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la (~), B. Koch uamiud lh. BDben I)'JIlbol ~" . lll. r p-ncklr .,.c., K~ 1 Xx • •. & o.ianria' 
1 4 1 , 

symplect1c fOl'1D.t ~d for Il r) 2 wu able to' d'Hnnlat &Ia. 8&nd1lN cl t&JIlOl'lllIa • ~iclÙVt, aice 7' 
TIaiIIk'aç'V' 'hecnm wu IX'-Dded br JakAwlev la IJ. II-1J& 41, .. 4 became llM priIlclpal iaped! .. & . , 
la JakoYJft", coaa&n~&~D 01 th. abtol.le Oa1oil pop olle la pa aJ. Fohlal K'Xh ad .J~. 

ww..kti w.. able &0 obtaiD & ~ t&r1lc&ve llaeaNlD far lia, HUben ~l OB &amely ramilld 

ex&euloal K al 2-adic: number &eIda wlat. K C:Oll\àiu 'he founh rocM 01 .ai", gd iD IZ 1) ued Lü 

-.1 
, rUDiW ut.euioll T eoalaiu ~he fourtb rooU of nitr. 

,...uc aumb .. a,1d le (iD 'he eu. , r) 2) by iDtrodueÎJlI 'he IlOtioD « a -Demllllda 'l:,'ioll, 0ftI' 9- j 

lupind br Koch', WOI'k. U. Ju .... ud K. Wiacbtr, wve able &0 sm a laiH pnMat~~ 

1)). t'oIIowia. J~. uad Wlacbers. ad uml 'he rtl1l1U cl Il 1). V. me ... DI able to pv. a aimUar 

Wh •• kil. 2-acUe D1IJD~r field WhOM. Maximal 'UlM ait". cloeI ao& eoa~ ,a.. ~ roola 

al uiaJ, ,la. oal" publillaed rtllIk bon &0 ,IWI autlaOl' • da. apia &0 1CocIl: la (L IJ, & d"lcMioa . . 
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" 11.1 lM Ir be. COIII_''''''''' .... lit a lM a ........ ~ bnol"dDa '.·1&&JII)oia1 f. aD 1.1' ~ R: 

(l,,)- • ,.-l-. {A- + ,,:a) - (A + "),, .. (A-·)· • A. AIl Jl.iaYlll'iut.fonD • Ga Ua« JI...-l" Il il .-

........ fana:lI)( JI- '.Rd' .... for aB "l, -a E Il ucll E R,' .. 
,.j 

'(Avt. -al • -(tilt "-.. ). # 

~r 

/ " 
w. will ... Ua« aoWioa (AI •• ) ~ cIeaoù ÜM Ipac:e Il wkl • fona 1 if UIl~ WOIIJd nnk ~ . ... 

M U1IaI, ~ .. bilia ... forml ia. • .w &0 he 8J11111M$ric (~, ~) fffor an VI ,"2 EV, 

CJDeoUa .(Vl,V,) - I(VJ,Vl) (r.p.,~Vl ... ) - -1( ... .,,)); a wctor _ E V il taicl &0 be "ropk if 

I( v •• ) - 0, ud ~. f __ t " caW alwaa&iq if ..,.., wc&œ "iIoVopic. Note 'hu .. akenuia, 

fOl'1ll il ~ &IIlÏIJIIUIMtric: 0 - 1(", + .... Va + ua) - 1(-11"" + 1(';". Vl); if 218 bmnlb .. III ~, &k .. 

,lM COll .... •• Vu. A form il .oa-alMrut.iq if li po ..... a aoItoiloVopk~. la 'he Mqa.!, ... 

wiI1 COlle .. oane~ oalJ d1l ~ aacI aadtyaÙacric ~. 

Gm.. ftC&Or.., E V, ln v.L - (veY: t(tI.v) - O}, &ad 1. w' c: V. lei w.L - n-Ew w1. Note 

'hM if W ."'- ~bmodù 01. V. 'Ja .. 10 III WJ.. ne ft"; W • eaW &otaIlJ iIIoVopk if W.l. ::> W . 

. ~ form •• DGIld ...... OB V ( mon JII"C"", aoù ...... aw oa Ut. Id, b..& for ou parpoae. 

~. r 
Itft.. aacl npt- aa.t .... enq an eqmwu) il V.l. - (O). la ,~ e ...... wiD..,. '~u V • complek. 

Let V lad W he coaapIMe .~ wkk JI.~ fonaa • uu:I •• ' AR iIam.}, 01 üae apac. ie &Il 
, • D 

!' 

R-ieoJDorpIUaD 1: V - W ndt ,Ut fOI' ail ~,"J E V J 

"-• tC/Cpt)./(...,» - .(Vl ... ). 

, 
Art .bDia..r fana • oa ,Ile R-mod" V cie ..... Iao~ 

'-
1.: V -.. HOII4t(V,~). 1.(v)(UI) - .(v •• ). (1.1) , 
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~ ~. il., iI~~& fCII'IIl ~ tH compMM ..,.ce ~ for 1 S i :s ' ... d ........... 1 

j &M.,... ~ w he u.. .,.. JI - eu. wi&Il fora • deb_ '" 

J.ernm. 1.1. lM le ". • •• leI or • »Cal ,., ... d JH r he .. 4aiNIy ...... u.d R-iIlodllle .. laid il 01 

IaiN rad ".... 14t • lM ... ~"'t UÛI)'JIIJIMViC Iona 011 V. aacf .. p~ " .. W cV». 
(j 

.. R .... odlde ..cA "al ü. ~a 01. to W ••• d.,......,.. n .. v decOllJ~" • AJa 01 fi. 
. hl' : 

COIJJ ....... ~ W. WJ.. ! 

PROOF ~ • e V, UId 100 f. ~-'(W,.I ho ... ~ 01 ;~(.) E -":,,.) .. w (s_. -
» aoadepatn&e OB W. lia .. il. w E IV .. da ~ù I.e",) - 1.(.,) 08 w. lM vi - fi - ", 80 &~ù . . . 

• • .me. 
{O} _ yJ. _ (W + W.L).L _~.L nW. 

SiDee • » aoacI ...... Ga Y ud Olt W t i& mu& ne&ric:& ta a aDIt':I .......... fana .. W.l. Il..n.~ 

t 
,,,, . Let M he .. R-lDOdaJe _la ao.cIepaeh&e. ~ Iona •. w. wiD..,. , ... At p raer ••• 

.. ~Uc d.-.poei&iaa- If &Un air& •• basod .... Mit JI. 01 JI..cJa ... JI - MI. JI" Il 

J.Mmn. 1.J. Sap,.. ÜaI le ÎI .. ..",. Md &A., M ... R·modde .ü:Jt il Ide .. ., .... al ~ le. ' . 
./ 

Lee li - Ml. JI, li- • A",..boJic d«OlDpoût_ 01 JI ,..ad! olIM tw •• d .... ....,., J."""., 
~~ ~ 

aa&HyJllJDeux fonD.. Md 9. Ti.' ~ UÏfU .. ......, -...... (M,.) Md (JI, .). 
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PROor Le& ft cS.ao&e ,lM compolk.ioa, . .. 

; .. . 
~ 

1. il c:maial,. ...... JaelllOlDOl"PhÎlm. . ft ia ~iYe, for if V:iI E Jill ud 1.("2)' - 0, 'he. ft("') - 0 

(1Iiac:e M" Il *aIb' ï.otropic) and h.ace "2 - o:-'Tlau climt.M2 S cnm.Bom(MI, k) - dimllMl. Dtbiq 
, ') 

ia a ...... ~ f.: Jll - lfom(M2, k) abows th~ dba,.N1. S dim.Bom(W2' k). 1& f~ eh~ 1. il 

.. iIolllCll'phkm. Del .. /. in ,h ...... -"f, aIld le, 

ud U/-" +,\12 la}", ft haw, 

... t(tllt I(l"J)) + 9('("2), "Il 

- -/. (I(UJ:t))fvl r+ /.('("2)'>(\01) 

- - /.(U2)(t/l) + 1.("2)(U/l) 

.. I(v, .. ) . 

• 
"-" 

1 

Il,t la &WI NCtioa. ft wiJl .. fJlOM &Ua.0 il • cyc:lie cr<*P 01 priJae ,powell cri .. f -", paera&ed lJf 

&lM ...... aù fT, I..-i lM \he .... , ria, 1'.(01, &ad cleIae tU tJn:ol1l'" '.'.". .... nie 

OD • ..., à.ecb •• &Il ........ bra. 'l • a ria, dia iaYOlutioa la ~ ...... 0111.1. JI •• aD r ,.-biliaeu: . ' 

form _ ,he ,,,",mod1l1e 1rI, Uau • la Mid tG b. cQ..iavuiaa'- if for aU ,E 0 aacl s" E AI o •• hu 
o • 

• 

• 
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t..mm. I.a. A if • local rm, who. maJÜlnaJ ideal ~ il principal, ,. .. r.cecl by de ~tm ... , " - fT - 1. 

n. power. 01 ,)( ..... eab,. oder ch. ÏJJYOlucioll ., ud &h. po,..en of II' rorm &II P p-b ... lor A; &be 

, Spo- Eg-III',-l. 
'"', ,eo 

PROOF TJ. HIJI'eDta&ion map e: A - FI'l d.IDeeI J mappm, (1 ..... 1 and extelldm, &0 a l'm, homo-

morphilm, hu kerael ~ ltJl.rated br fT~ - 1 - (C1 - 1)(1 + fT + ... + (11-1), hence .M ia principal. Not.ice 

that A il t.he Ilomomcwphie lm .... cl 'p[X] under t.he map X - D -1-", with the kemel"llerùed by 

(1 + X)' - 1 .. X'; aine. l, X, ... ,X'-1 c1early p'. a buÎI oC P ,IXlI X'. it. foUowa t.hat. t.h. powen of 

" rive à bu. of t.h. P ,-vettor .pace A~ ln P .(XI, onè h .. 

, 
~ 10 t.hat. ÎJl A, ".-1 - Spa. Spa ia eert&inly fixecl under .,10 if u E Ale, then (Spou)· - u·Spo and hene. 

u· E Ale. It DOW followa t.hat if,,· - 11"" wit.1l tI ~ 'fit, th.1l S"ô _ (11"-1). _ (,,_),-1 .. (11'.).-1,,'-1, 

10 t.hat & - 1, and t.h. powva of .M are .t..b1ised.~ 

For any s E A, .. un write s - ".oN,,}.) u wit.h u E A)(, uniquely d.finÎJl, t.h. all'adin, funct.ion-

ord... Pol' t.h. remainder 01 ~hit .ec:&iOD, _. will .. 1lJt1. t.1lat. p ia an ~d prime. 

Lemm. 1.4. Lft. he .1I000de,.eraee, uC;'l)'DUDeCric: toma OJi &Ia. A-modal. M. U X e M, &b .. 

• (x, SPOX) - o. 

PROOF W. can write 

\ 
_ith u e 'p. Thu, 

• 
(1.2) 

-O.~ / 
7 
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Propo.ltlOll 1.). TM M be • !Ne A·module 01 rw n, witll •• IIODd .... .,..,., uti..qmm.&ric [orm 

011 M. Tlto" .ewa, .. d Il cu be "l'lu .. al ell • .I1IiJI 01 t lIIalaa11y oldOfOaaJ co_plee. •• t.pllCel • 

..dl belar Iiwe 01 rut Jal. A-modale. 

P,R00F Lt~ Xl e M .ada &laù SflQXl ~ 0, .. d 1.& X2 he luth 'h" .(SPQX1.X,) - 1. Th.a Xl Uld 

X, ,derMe .. comple ... ab.pace of M. fret 01 rm 2. ladeed, aine • • (SpÇX1'X,) - .(Xl. SPoX,) ~ O. 

b e";, ud th. woald coDvadic& I.mm. 1.4. U)( - Al X1 + '\')(2 E M. ud (wit.hollt. Jou of I.aeralit.y) 

t,. ord,,(Alf S ord.(À,), th.11 .( ... -t-1X2' X) ~ O. Let Ml - !Xl • ÂX2' eo t.ha.t M - Ml. Mt al 

comp.t' •• plCa, wlih Mt fret of rulr ".:. 2. Th. propoei&ioll foUow. by induct.ioll.~ 

Propoeltlcm 1.2. (i) A Irae rani &wo A·module M .. j&,h IJoadep.eraee, uti-qmmeeric Iorm. ~ 

, 
(ü) Sada .. ·.flnMrbolie plall.- il aajqu. ap 10 ï.om.ery. Precï.ely. t/Jen uï.e ... eraCorl Xl ud X2 01 JI 

.(1.3) -. 

PROOF AI IR th. proof of propoiliioD U, let. Xl' Uld X2 pa .... M, wlth .(81'OX1I X2) - 1. No'ic. 

Ira& &Ila& ,la. lpKeI )( &.jl~, .,. &otally iIoUopic, aiDee for ~ ~ Mlf' , 

.(l1Xl, l'Xl) _ {.{Xl,uSPOX1), if or4Pl~- ord,,(A,) -1j1; 
0, otJa ...... 

. Allume th .. ft ha.,. fCSUlld ..... aron XI~2 10 th .. t(SpaXl'X2) - 1 uad 10 tha.t )(IXI and ~'X2 ... 
> • 

.,.-&o&aII)o iaoWopic nbtpacee 01 M, wi&Ja. :s 'i'-. u ~'-lXl il Ilot totally IIOkopic, tho for~ • 

.\1 • .\2 E ,N'-l, ft have .(llXl,À1Xa) - 1. SiIlce {""xlti - t -l, ••• ,9 -l} Iiwt .. h ... of ,'C1-1Xh 

aa.uy cakula&ioll .lLowa thM .(r-1Xl,.·Xl) - • .;, o. I.M Xt - Xl + .O .. - 21X2' wl&h ~ &0 he chOMJl 

later. For '" E A .... IL ..... 

po .(À1t.. ~2xD - .(llXl :.. ll~tr'-~X2.l2Xl +.l,-o"-·X') J 

,. 

+ .{Xl' (li"lt.o,,-21 - A;l l-o"t-It)X.). 

1 

.. 1 
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• 
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Il Lhe Àj .... la .Mt, LIUI expnMÏOll il eully .... ~ he 0, -wlùll 

.("-'r., rxH - +(JI"-l X1 • ,,'Xl) + +b:lo 11''''-1,,'-1(11' - J1'·)~JI'·-2tX2) 
(1.4) 

il ktallJ iIotropic, &IId SPor. - S,aXl' W. Cu apply Lh. Mme procedlU't &0 X,. prodUCÙll • ~ nch 

&ha& .M'-1~ il &oLally iIoVopic, wi&h .(Sp,x~.x~) -1. Thil ~ (i). 

S.ppoM 'bat • hM Lh. hypuboUc clecompoùLioa JI - A.Xl • A.~ ud .. hu th. hyperbolie d .. 
, ) 

compOliLioa M - A..1 • A.~. Tb. mappill, CI:" ..... X, exteJlcb~ &0 & A.·iIomorp1ù8nl of M 011&0 ,. 

ud ., by Jemma 1.2, + &IId .. are iIom.&rk. n followa Lh. ail forma hàYÙl, th. properties of ri) .... 

Mm.tric. Dehin •• b.7 (1.3) ud exkndÛl' by G-iIl..,.laae., &IIti-tymm.try, &IId "'tal iIotropy of ch. 

r 
CœoUary. A fret A.·modul. M "iel u ut;'.ymm.vk, DODd.fU&raY, G·ia .... .iuC Ionu. • po .... a 

.... radoiAi. 

PROOP Thil fo8on froftl propGli&lou 1.1 &IId U.Q 

1 1.' là &Ida IIttCUOil .e .......... ' Lh. aLlIatba .-kh , - 2. n .. 0 .. Q,. il a CJdk poup 01 criC' 

, - 2· wiLJa .. ~ Il, A. .. lb. po"p ria. 1',10), .. cl '" Il IN a he A..t... ... ~ r_k ft, POII!''' •• ' 

an IiIl&HymlDe&rie (and Ia •• ct, ~) .oD.Cl~, Q..i.aftriaM fana .. JI )( JI - l',. Suell. 

mple {Mt., G} will ~.'im .. he c:àlled & IfDIpledic .pace . 

Th ........ hro complieùio .. lrilial ia 'lUI a&llatioa ... hic:h dicba'& .ppeu 'CIl' Md prim... n. 6rR 

t 

1 • 
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" 

- .Cx. x) - +Cx. SpaX) fOI' ail X E M. (1.5) 

• 
fOl' i - 1 •... , t - l, .. h~ .(X, (a' + a'"")x) - 0, &Ad h •• " 

Propodtlœ 1.1. Supp<»e Ü., claetorm •• a1H1'D.CÛJ~ ud ... id .. &la. crace COIIdItioa(l.IJ. nu 

."... 01 A·rul &11'0; 

pa ...... & .1'&&1., ia&o two tot..u" lIovopic •• bmoduJu; , ' 

• !, 

(iü) TIN IW&ric:cioa 01. Co • A1J*boUe plu. ;. luaique al' eo iIomeV7~. 

(iv) 1rI pa __ ••• pJjUla~ .iaCo t1fO Wally laoVopic nbmodlll .. 

• 

(1.&) 

\ 

... &otan, IIIoUopk. 'JIfow....m. tha& .... a&cn x. Ia&WJlal (I.e) haw bMa Iouclnda th .. -"·XI .. 
an &ot~ iIokopic, '"'Il t :S f - 1. BJ dllAliaI· tu XI if MCI • ., wkh t,. - Xl + ".-tt-I XI ~ 
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(l 

1 • 

" ~ - x, + .,.-21-1X1 , ". obMia .. 1Mnkn tc .ûlliriac (I.e) wkla ""'-ltc ~ iIoVopic .. .,.,.... 

Far .... P .. 

'.(r~."xU - .(rX~Xl) + .(;,.+r-W-1X2, ,..«+·-a-,x.) 
(1.7) 

while lM tIÏIrd .... 01. (1.7) • 

(H). TIle prool cl (iii) la \he Ame .. the prooI 01 propœi&ioll 1.2(ü)-oae m .. lJ ..... tlae eDM.~ 01 

& hyperbolic: deeompoaUollj (Iv) foUowa &pm (i) aad (ü).~ , . 

JI. D.b. ,la. open&or 

80: JI - l'" So(X) - .(X.Sr>oX). 
dl 

ta ... .., \0 ... \Ut Bo E Boaa(W.I',), uiil Il aoa-VÎYial ~ _ .... 10 lM ...........,. 01 • 

.... u to r ..... Bo br & ........ '0 E M: 

Solx) - .('Ot xl for ail le E M. 

8iace Ba JI bIcl ... lM aàioa of 0, '0 Dl .... ÙIo bit bed br 0, _la_ u... 18 a • nc:Ia "U 
8~ -10. If Bo(.) .. 1., \Ua '. - No .. à complete .aw,.c. 01 M, &ad ,.. .., wrt&e 

• 

", ' , , 

.,. 

11 
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() 

... 

If .. (~)-o:_~_ .... ~-~ .. (~.)--t,..~.,-,."'.Ia~o/""""" 
1.1 •• ~. '.1 ... c.apleM-.. .,.. Mo 01 M 01 nak Wo. r-rlher • .mce 

.. 
"'1 Il • CClqI ........... fil Mo. eo .... Mo clecom,... .. à ... 01 &wo CO ...... ruait OU .......... 

lM ... _ ... 01, _WeIl Il .... ùla. ud acM W." \U Wace coacU&loa. 'ft • .,.ricdoa CJI ... 
) -

............. ~P'-a& 01 Mo • alMn", .. el clCNI n&LIIy &lae &l'_ coacIWcMI. 
-

...... ...., ~ _ iii .... alkraùla, o. JI uel cl~..." 'M' Wace coacllt". ,.. ~ ..... 

A.pla, Co, aH IMaM 10, " becl by Q, 10 ,la ... a , rila Spo, - 10. If 00(,) - 1. ,la .. A, la & 

com~ •• ~ 01 M, ad ,la. rMVktioa 01 • &0 ,he onlaOfOaal complem .. ' 01 A, il al .... a&., Md 

" ........ ~. u.ce coacll~ioa. If. OD ,la. «K1a ... la&Dd. Co(,) - O. th.a fOI' uy ., wiU, Co(.,) - .(10.11) - 1, 

........ pace ". AlI - Mo la comp .... uel ~Ia ..... tridioD of • ~ Mt • akerMtiD., &Del .Mila. ,la. 

Co(x) - -(x,x), &Del ~, Co by tIat G-aGr1ll 10. "tla SPo' - 10. If 00(,) - 1. th.a A, •• 

_ ....... nbep&ce Mo cl M (Olt _laida 'hl NRrictioa of • il • b'~form) ... cl th. ,..U1ctioa of • &0 ,,, , 

Mt iii akvaùm, &Dd clCNI.·' IMiIIy th. 'race co.daiea. If 00(,) - O. chOCIM ., wltla . ' 

.. ;. &U& Mo - A.,.k, il. eomple-. eabepaot 01 M, ud ,la. ,...lrietioll 01. ~ Mt .. alMra~ m., 

CIl' •• *" lM a &rie. fonD oa Mt t n' dia .. e ... il &rt&Md abcMI. o. AIo. ~. fona Il a tnce-fona 
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il 

o 

..... 0 

, . 

Il ... .., Il'(,,, ,,) - .(", Spo.,' - 1; if ~ ocean, ,Ma Mo 4ecoaa,.. !aM .... complete nù ._ 

........ ri. &Ile ,~ coa4Jlioa bolcliq. 

If &Irae lraca coadkloa doee.', Ilold OB Mo. ,la ... (", SPQ,,) - O .... Mo ... ....-b .. ,... w. 
.... .w.'&laal , .... r .. IE two .pac." _ ..... p to~. Firn .... &laû." .......... Ga trJle. , 

Iiaa '(rx,trx) - .(trX,SPQ,) - O . .unm"lad .. la ... f01llld" .. d '8o'.û .N·" .. d .... , 8ft..an, 

iIoVopic "btpaca, wi'il , ~ 2. If .M'-l, ud .... -1" 8ft 00& &okIly IIobopk, lb. lame calcala&io •• ; 

(1.'7) Ûlowe 'laal" cu. lad ri' aIld' 110 'laal Spal' - S'al, .(,,', Spa') -l, ud )1.'-11' .. d )1.1-1,,' , . , 

.... &otan, iIo&ropic. Procteclin. bldudiwlJ, ". 'lau cu. bd " aad , 10 tbd • il &o&aIly iIoUopic Olt 

,Iae nNpac. )1." Uld .M,. Now t(',I) - 0, 10 ,bM we may' apply lb. above proc:edun 08. more 'D' 

lIaee.nry &0 , to bit..,. ~~M A, il M'all)' iIobOpic. Tb. l&ory il œ..,..., rib ,,: we eu, if .1«IIAI'1, 

cIa .... " to ,,' - " + .. -a, 10 ,hu bo,1a t(n/, tr,,') - 0 holda, aad )1.,,' il iltropic. Tlao 'b. n1u. of. 

(l.a) 

fo ... ~H :S 9-1. lad_. haviac foud , 80 'Iaf' (1:8) h~ for t :S ,s ,-1 ••• p~ &Jaal.(" .... -l,) - O. 

lM'la, l' .' ,+ .. -. l, we ob'. (1.1) fer t -1 :S i :S f - 1, ad proceeclia. lad.dinl" .. ob&aia (1 .• ) 

for aD i :S f - 1. SiDce '!ù' pI'OC" amoanHd menly k "'dia, a Il .. pa .. Mor far ,la. to&aIly iIolropK 

~",-.. btpac. A" th. nha .. olt o. tla. 1.bepK. A., aIld A" &reuelaUlpd. W. Màpi&.lUe &Ia.. abon -... 

fII.lU iD 'hl foUowia. propœitioa. 

(J) • ;" ah.ulla. ud ....... Ü. &race COJldi&ioa (1.1). n .. ",. ..... aH M cu IN ",J'lU .. .. 

" • IWD 01 t IÏmpJe Ayperbolic plu.; Ua .. il, .1' te» ~.cry, GIlly 08' dut 0I1ana Of eac:l 01 li ... 
" 

(2) •• 1l01l-a1&en1MÜJ, and a&i.B. lA. &rac. co.dj&joa. Il''. odd, lA .. AI decomJK»ll .. eJi •• am 01 
• 

• • imple l'&Ù-OJle •• l»pace oa .. bJcA eAe/ona ... o.·aJ .... Uia" .. d • comp'" ••• pat:» 01 ru} ,. ! , 

'1 ' 

~-

; 
\ • , 
i 
~ 
< 



1 

() 

/ 
CMI wW lM Ioraa • 01 trIN (1). 1I*~'" » ......... M ~ .. tA .... 01 two _l'''' r_ 
eNIe ....... (CMI .- 01 wAJcb d.1onD ......... a&lafJ ucf a COIIIpJete ....... 01 ru} .. - 2 01 

.,.,. (1). 

(I) •• al ......... u4 cio. AoC Mdl(, $ft Cnce coaditiOli. Il .. le odcf. Iha AI ~ Il th ... 

oI ..... pM .... pace oIrw «NI. (oa wAJcl d.tona • ., .. .., Md wiÜoat ü. trac. coatHtloa). Md 

» eom"''' ,a.".. DI ru} ,,-1 01.,..,. (1). 11" ...... &la JI thcompolN .. Ü. d. 01l1III0 _~ 

J'Alli «NI. ,.blpac. (011 eacla of wW tIM ton. ;. ., ..... atia, _d w;the. ~ &rac. coadiJloa) ud • , . 
.. !»pac. 01 ,uf " - 2 01.",. (1). ' 

C7Pe. laayUa, ru} Cwo. 11" il ..... eA .. eieA#ir. JI decom""... .. Ü. ~ 01 eA • .uaple 01 ,u} Cwo . .' 
ud • ""'pace 01 CJpe (1) of ,. • .1 " - 2; or .. eA. lUI 01 • Jbapla of Ü~ ud • •• lwl'ac. 01 Cype 

(3) 01 nu rut; « AI ,II • • am 01 •• ple .a!»pac. of type (2) •• ,impie '."'pace 01 Cype (8), Uld a 

.. !»pac. oI'TPe (1) of,.u} ,,- 2; or .. ell • • am ofCwo IbapJ.. 01 type (2), two IÜJlp. ole,.,. (a) ... d 

• comple .... !»pac~ 01 ,..d .. - 4 01 CJpe (1). 11 .. ;. odel, dl .. w. CUl dec:ompoee M la OD' of two w.",: 

el ......... am 01 CWo IÙJJp. 01 qpe (2) •• ';'pJe 0/ type (3), .. d • ,.ad " - S •• !»pac. 01 Cype (l); \ , . 

« .. » .tIID 01 two IÙnpl. 01 ".". (3). ~ .imple 01 &ype (2), 1114 • rui " - 3 •• lwpace 01 type (1). 

CUl reJ)I'tIIa' 'he bomomOl'Plailm x - .(x. x) br • aoa-tririal G-Donn 1'0 - SPav iD AI. If .(v, v) • .. 
• (v, SPall) - 1, 'h •• Ali il comple'-... d il', anhOlOllal compltmeDL il of type (S) (it 'he "'ace eoadi'ioa 

.,..... u&illecL OB bo&h compoD'.", il would he ntill.d OD lh. whole). If .(11. v) - 0, bd " 10 tha 

. 
Iarm OB AIt al'-"aiDl. If t.h.lona .Mill. lh. "'ace COIldt&ioa OD Mo, lh .. il euao& he & "'ac .. fcnn , . 

OB Mt. &ad Ait il oC lype (3); if 1ft do RO& b ... & "'ace fCll'lD oa Mo, • • 1& .. 'Mo ÏI & Ibnpl. "'''pace of 

'Jpe ("'. ad 'he complemelll Nt ma, CIl' ma,. lIol Jaa .. &11. ",'ic. CoaclJ&loll, beba •• illler 01 typ4I (1) or 

ol~ (a).~ 

l , 



u 

l} 

· . 
~. NoM ,Jau ~ Olle , .. Ua. ~ .. ~ 01 ~ (4) riJa a tbDple 01 tjp4 (2), ll. ~ 

(-- . 

~ CU lM .... ,.. .. litt AIft 01 • dm .. el 'JPe (2) .. cl ma lùa"'" 01 'Jpt (3). 
" 

l.. 
1 1.4 W. ~ &lat ~ aacl colma ... 01 ,la. pnYiou .*-. la cri .. &0 comp .... lM ... 

~~iœ 01 aJlDpJ.clic fonnt ~ JI, .. wiD Il_ &0 ~ ll. ~ cJ... 01 Uaote .,..PWie 

__ wWell CUl occv 0Il nak-oa. A-mod ..... 

De ...... ~'"kK.· 
f 

6A -rt. 

{Ir} Th !onu ." ud .... .,.. ._tâ'ic 1/ ud oaI7 il ..... il • ail • E A Je "'1-"·; 
........... t ...... il .. &race ._11 .. 41 oaly Il t(cI) - 1 . 

• ' PROOr The 

u.. val •• 1.,.(1. '). Slac. hro cUra' d'I win P. ~ .. tD' forma, ft haw (i). If lis Ua Ua. r,1Idical 01 

dl. form .... al(ldcr-') - 0 for ail 0 SiS f-l, 10 ,ltu là •. 0 ... cl fi Il •• 0Il-1Ul~, .d co ..... lJ. 

fora ... il qDU1Mlric if .ad oalJ if t(~cI) • t(cfg-') for aD i, 110 lhu ~ • 4-« ~ 

, 15 
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1 

o 

<> 

... uit et E.lx• nU. lhlonu -4 aacl .... an iIoIaeUie if th .. Il • uta ta •• da ~a& , 

• • 
for aII'\"',. .. .l. Race, wi&l,\ -1 ~,. - ,,', ft'" 

J 

for .. ' .... lba " - .... n..u" il _. la • vece fClftll, , ... _.(1,1) - -.(81'0,1), ad hnce , 

l(4»- t(8rc"l - 1" Il • ..ua .... ,he COIl'ftl'M, 0Il. cMcJra ~ if t(d) - 1. th .. 

for fi. .ui'.~ 

. 
CoroIluT. n • ......,. ... (J/.,......cric, HM""""'" G.b ...... ton. CUI • m. i'WoQD. A-

lAt Abe. cyclic posp p • ..-a&ecI br " &ad Id A be a A-mod1lle. ~ &Ia. Tak colaomolotr 

p.,. ( .. 18 11, da.., VIn) &0 he tlll Ilomo. P'O'l" al tta. complu, 

cJ 

'l'IM aboft conD.ry th ... .,. thaK ... iIometry clIuee la ClS .. tio. an .. o ... to-oae CCIIftIPOacleac. ftll 

a •• It .... 0"11. cohomoJev IJ'01IP Jo(A,AX), wh .... A" ,he po"p {l,.}. 
~ " 

W. cu compute &la. ~(A, A:) br hud, wla •• ".'re leU., A..; - J'.IG",); 

_(1-.) - {l,"', 1 +" +cr',,, +",'+ "f}, 

lt 

1 

" -

( 

" , 



4< 

~. 

·1 ' '- . 

ü 

bO(A. Ar) III Z/2Z. Z/2Z. 

bl(A.~). Z/2Z. 1/2~. 

l4mm. 1.8. J}O(A. A) III bl.(A, A) III Z/21. 1/2Z. paerae.d br ~lae cl ..... 011 ud a f . 

PROOP la ta eue. the operat.on 1-. UJG 1+. ue th. lame. 10 'he c:ohomolol)' voupe lin ÎIomorplUc. 

NO" th. A-Ixed .lem.ab of A ha ... 'he b ... {1.a+"'-1 ..... "'t-1 +at +1. a t}-; 'he IUbepacl cf DorIU 

l4mm. 1.'. lIbr ail m ~ 2. olle Il .. 

bO(A. A!) ., Z/2Z. Z/d, 

~ .. -. '1 ,. ........ bythe.r...,tJI_ ud 1+"'+11- ; .. d .. 

bl(A. A!) • Z/2Z. S/2Z, 

....... 
PROO,. W. proceecl br iad_&a, \he caM m - 2 ham, beta aJrqiIl, .,1'Oftd abcMI. n. nrjedio. of 

.,.' • .lX - aX 1 1-AIII-_.-AIII-I- , (I.G) 

_lace K .. - 1 + Hl-a li ,lM ftbtrwp of Ai ole.mea. of orcltr 2. l". eu)' &0 ... ,la .. (U) t. &Il 

exac' Hqu"ce 01 A-mod • .., aacI , ... p... riM &0 , ... followiD,·...a1aexacoa8 ((8 1!.VIIIl4), 
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~I 
1 
1 

1 

() 

\ 
.toc A, K",) 

,. 
bOCA,!:,) -,a 

--/' .'\, 

b 1 (A,A:'_1) bOCA, ':'_1) (1.10) 

~ 
,,-
,0 

b'(A,A:.) 
,a 

k'CA,K",) -
w. c .. id.a&ify K_ .. d A.!-l .. A-modalet bJ th. map, 

b"(.1, K.l Il S" (.1,K.1 .. Z/1Z. ylZ, 

..... &Md br 'he ~ ...... c;i~ • • !.m •• 1 + (1'+' r",-a)(l) _ ~_-a ud 1 + (i + 112--1)~~--') - . 

1 + ~--. + ,.'2--' . 
w. m'" COlllp.&. the eo.adia, 1a00000lilorplUama (_, Ua. -.. ab-Jemm&-): if ~ E 

Ur(!!-l !.:::J!.-,), 'ua ,0(1) .. (.Iae cJu. 01) &lM ..... s(st)-I, wh ... Ir .. u, tiftial of • ia 
.. . 

A:.. Br Iad.c'ba, .. bd 'w ..... of ,. ....... a&ecI b:r ,he cJ... ol 

\ . 

où .... ~ al "(1+"+ .... 1) -1 .. 

Ir aow • E Ur(A!-1 !.±:!.-l), ~ .. 11C.) .. 'b. ca.. ol $u ....... u- ia jeCA, K",). Thu th. 

The iaQc'''' ol (1.10) DOW llaon &bd J'O(A, A!l m_ he ...... bJ ~. bD ... of ... ",-1 od ... ,,0 

aacI br ..... _ ... 011 +. +,-1, huce b)' ( .... cl.- of) ,s",.a ucll+11 +11-1; bl(A, A:') will be 

1 C -11--' ~ ,_., • • -11111.- ,"'--..... &Md br" 1 + ,,- + ,,-' ) &ad br & ..... imap olll, h.ac. br 11 aacI 1 +,,- + 11- .<> 
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1 
! 

(j 

CoI'oJJu)f. Let na ~ 2. A .... ""-0 .. J.-modllle po •••• 10111' uelact iIom.&r)r w..... oI.ad ..... 
1 \ J ~ ... .,.,..,..&ic Ianu. TIl ... .,.. l1PD ~ oIaoa-a1&eraaüt,. &race.tana., ,m. by &A. ft ........... ; ... 

~ ~ 

• 
1 Md 1 +" +6-1; Md &A.. are two cl.- 01 al ....... , •• ~ ,nu by .... ft,.......&athw 

r--I utf r--I + r--I+l + r--l-l. 

_1". W .... _ ...... _ ..... ~! ........ M.ud"' .. _~ 
.. 

(1.11) 

<IlL 

PROOll' JI Spa' - 110, &Ia .. , - , + rr {or IODle 'J E M. &ad 

.Ci. ,...-1 l" - .(" "'-',) + .(rr, ,...-1,) + .(,. ".-2.,) + ~ry ... ,-2,) 

(1.12) 

- 'M + .( .. ( .. *'-' + ,...-a)-y.,) + .c",.,). 
Now .. ( ... -1 + .. -,-a) _ Spa: iDdeed, olle lau, 

... -1 _ 1 + " + 0" + ,,6 + ... + "." + 0'''''+1 + ... + ",-t + crt-a, (1.13) 

u may he verifi.d br multiplyia. botb Iid. of tbe idntity 

X9-1 - 1 + (1,+ X) + ... + (1 + X)'-' 

.... -a _ 1 + tr9-1 + crt-t + ,.-1 + ... + ~. + ~ . (1.14) 

&ad makiplyia, t!ail eqauiaa by .. prow. th. cJaim. lI'iaaOy. 

w. caU 'II 'he -Koch bavariaa&. • 01 ~ fana •. 

• Koc:Ia'. 'ortpa .. iImrlad, dela. la (Ko al. la 01 ,Ile oppoaik pariiy. 
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Lemma I.G. n. KocA inftl'i&l1e dÎ6tÎllpld .. b.e. .... tla. ewo IlOD-aleeraadll, &race-{OI'IIUI oa • !ne 

raak-oa. A-modale M. ,.. 

PROO' lM A,- Mj br tH COI'olluy tG lemma 1.1, th •• eJleJ'&tor, ma)' he chOM1l ~ tha& 

la caM 1, ,.. ..... from equa&ioJl (1.14), 

whUe iDe ... 2. 

'M-t(I+C1,-l+ ... +~)-l. ~ 

• 
iDYariaIù 01 th. NRrictioD of • tG each of t_ .. blpac. il I-t1aa& il, th. X4 cu he chONJl 10 that 

fUS) 

, 
th. Koch iaYUiaDt ofAX2 il 0, chu & caJcaJùioJl eimiIar &0 (I.U) .hon tlaa& 'II - 1.0 
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PropcMdtlaa •• 1. n. Kocb blYarluc 'M, tope_ wid ,je rad 01 tA. lift A-moduJ. M, '"'" a 
~ 

t:O.fJJplel. _1 01 ùwariuu for ell. J.OllNtry duad 01 JloJl.altunada,. trace-t~ OD M. 

PROOP:na- followl imm.cU.U,. from propo.itioll 1.4 ucllemmu 1.8-1.10. ~ 

Tho.&p iD th. lequel .. will be eOlleemecl 0Illy wi&h wac .. forma, ... complet. th. eluli&catioll of 

&Ile iomomorp'" X ~ .(X, 8J1QX). lAt 8f101-lo • .. cl c1e~ 

le", • .(' ... -l". 
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1 1.1 ha thJa eectloa, G will denoM ut Ab.1iaa sroup wid& StlOW' 2-Iubpoap G2 cyclic cl order q. Let H ". 
~ '.e nbpoaptf' G of ....... of orel. prime k) 2, 10 th" G - BG,. Uld let A -1'2IGI. The ob,itd 

01 th» .. dioJl Il ta elaaify nond .. e~ak, symmetric, G-invariant fCll'JDl OD & free A-modale M al rw 

n. 
~ 

We fint d~ompoM tbe l',.altebra A into iu indec:ompotable CODt&ku&IlY .. followa: the lub-altebra 
l' . 

1'2(H1, hein, aemiaimple, clecompciIIM ... direct .ain ollub-alcebr .. ÎIomorpbic ta bite field IxHJlI~JlI 

-

(1.18) 

~h ... thl .. '. an (uJÙqaely deBDeeI) primi&iw orihopDal idempoMnu-in what. ronow. we will ideDtify 

l',(HI'I db K. br me ... of a &x.d iaomorphiam, &Bd coa.ider (whln nece .. ary) K, ... (11ft) l',IHI-
1 

module by meau of thie identi&catioa. Of partkular in&ereat in the sequel ia the idempotent, 
~ 

which .plib th •• utmentatioD 'map r.I',(HI - l',. 10 that. KI - ',. AU otber Ki' • .... IlOlltrivial 

idempotenu ta primitlvejdempotenta. Onler the .. '.10 that '1 .... , ... , are tbOlN idempotenb &xed by 

., &Bd .,.,+1":,+1'" ~"'I~""':I+r1 ve thoN idemp*DY in~&D.ed in pain. It foDOWI tbat. fOI' ' 

ide.&iled "Uà • Galoil aalomorphiam J - J. of the field K.. JI il cenabal)" u;.w, bd for 2 SiS rI, 

J, il th. 1UÛque Don-trivial lalola &utomorphiam !1i ord ... 2. hadlld, '-& 1& e H have wace e" 1 und .. 
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,) 

1 

0Il"a1: 
! - J'.IO) .; ,,(H.O,I- J',IHIIG,! 

l', 

- eJ',IHIlG,)-. 

lIe~4(a,). 
Thit ... cJecampoütioa of A. iMo laclecampoilab_. _ce t1a. l1lIrlJI\&DCÙ K,(~I an &OC .. riap. Nc* 

thai. for 1 S, S rit t1a. iaYOha~ • wiD ....net ~o aÀ iavol.lioll (do calItd .) oa the 11lIIUIL&Ild K.IO,), 

(E (,gr - E e:g-1
• 

IEQI IEO, 

Je.ft B·modul. M. S.l'poI' ibae & .,.. cea&ral, mldaally oriJAoroaal idempoNau .. lûcl .... JlCId", *, 
, <;' t • \. 

nppoN E E, - 1 Ua B, .. d Je, Bt SI B.~. tA .. tIl. fotm ... &rJeu '0 a 1l000d ........... B.-mvari .. , 
, 

lorm~, o. dll R ... bmodulr ~.M - M" and eII • .ï.ome&r7 cI.. of •. ;' aaJqlleJ.y d.&ermia.d." .... 
• a 

, 
that th •• , are nond'I.nerate; if o:M - 11 ÎI an t.ometry of fO!'DUl. &ad ., &a_ Q(~ •• ) - E,.o(s), 

10 tbat Q remicta to aD ÎIOm.vy ~ 01 forma ., and ., On AI,. Con....ty, lifta R.-iIlvuiaDt fOl'ml •• 

r 
cm Mi, 1ft may coutne' an B-iavariut fOnD·. OD JI !If eM, iD $he obviou ft1! a ..... ly, couicltr 'Ile 1 . ' 
M, • R·modÛl by JDeUI 01 tIt. l1ll'jec&Îoa B - R.~ -'Rtt 10 &hal th. forma., beco~. R-ia~ 

• ê 

fonnai 'he fonn ... debed to he th. nm (u R-Ûlvariut, fonna). A formai c:omp1l&a&ioa ..... tbu 

R,.iIom.tn. cl fonu _, and ., wDl d.te'miBe an R-ÎIOlIlttry of the coutnctt4 fCII'DII • &ad •. ~ 

" .. aer., C1-iaftl'iaù (orDII oa JI 1ft la .... tcMJ •• CCIrnIpODduct wkJl .... fil _...., dutet 01 

A.g,.m~& (OlmI GD &le he 'f.mod .... ".M. 
U 

( 
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1 
1 

ü 

1 1.8 la tm. "dioll, let ~ be a. ..1t. leIcl ateuioll of ." let J EO'" ei&h .. Wivial 01' of ord .. 

2, uad Id 0, he a qcllc 2-p)ap ol arder f - 2"'. Le, R he ,lM croup riq ~02J, 'wiUl bawhl&1oa • 

(E e.·,r - E ç.,-l. (1.17) 
,.0. .. 0. 

• 
ndl 'hM for aD , E .a uacI ml. "" E M 08. la .. 

" 
w. wU! callnQ .. form -Hmni&iaa1 if_(ml, m,) - +(m,''''l)'", a.lule '- ea.1d w he IlOlld.,.Il ... (011 - . i ' 
th. Id) if for ur ml E AI &Ja~ la &Il "" nch thal •• (m .. ",,) "O. Two MICluillaear Ionu • ud • 

an Mid w ~*lui"'n' on JI if 'hln la a Don-lÎllllllar, R-u... .. trauf'ormulÔia CI cl AI eada ,Ia&& for 

- , 
PropoeltlOD 1.T. n ... il. oa.-to-oJae corntpOIIduce Ntw-.a *Il1Wa1eace cJuM. 01 (aOlld ....... , 

IHrmitiu) .-qaiJia..,./onu 0Jl &la_Irae R-JIIod .... JI, ud "'-&17 duNI 01 R-iD ...... ' l'onIw : JI X , 

1) ft. .s-1I.aear; ( 
2) t(G'"' -l(G); 

à) Tb. pair!a, L: R )( R - l', p".. b1 . 

" / 



o 

ü 

.. 

lM 41, ...... '" a b .. lOI" R oww ~" &ad lM /l, ...• 1. lM. du! bu5I dt. ri.p.ct ~ , ... pairlal 

.. a): 1.(-.11) - ÎcJ. 'i 

G"- • a ..-qaWa'U' fonD 011 M, chbe 

fonu ,m. iIoaae&ric R-Ûlftri&at forma. 1& ia aJao CM. ~h .. if ••• Htl'lDkSu fora. "' ••• il.,....... 
, JI ... JlOIldeaa .... , aad ml E M, \h ... la an m, E M wkla .(m"m,) - A E li. Let" E B M..da 

&kai t(l,,·) - l--&ü CUl he doa. br proper&y a) oll-to 'h" 

s •• ~ •• , 

•• 
• *(mlrm,) - E.(ml,f,'"2)~ ER. ,., ' 

• 
•• -("'1,"") - El .... , '.1 

t 

1t ~ t(.cE 9(ml' ftl7l2)'j)R) 
1-' 

- L'(·9(ml./im,)'d;) 
i ~~ 

-E t.("JI.·).(m,,/jrJ'a2» 
1 

~ .(ml' E t("j 1;)/,,,,,). 
1 

Th .......... 01 , MOW ",a' t("IIt) - t(s* "'i), ",cl _l,Il. fact ,W tH Il • .. a .,.. 01 Jt 

....... th. 'j'a al c1al bull (far th. pQiD, Ll, 

Il ", 
.' j 

E t(ui/;)/j • Et(s·".j)//- .*1" 
1 i 

25 



1 

o 

C) 

ftCIIIIl .ü:J& il foDon thal." la ~ar. 

lia •• ,lM -.oc:Ia&iou • - .... ut .. - .. an Iat1l&Dr bawnl to eaQ o&Jatr: 

( •• )*("'1 ..... ) - E •. ("'h 1,Ift2)f4 
~ 

- E l(.(ml' ', .... ))14 , 
.. E l(/:.(ml, .... ))~ 

~ 

•• (mltmt)i 

(r).("'I'''). t( .. (m~.t'n2)) 

r • teE 'l'(ml' Ifm,)~) 
• - B 9'(ml, "m,)t(f4) , 

~ 9'(ml' E tf~)f.mg) , 
- 9'(m1' '"2), 

.. ct la Il .. CUl wrke 1 !!III E L(1..~) /, - Ete en ,. - E t( ~h. Thl propoekioll foUowe.~ 
" 

tanna 1.12. Sap1H* tluat J acU lJo.-b'irially Oille, ud le. 6 b. CAelfOUp {l, e}. n .. cla. là-modal. 

R+ Uld Bk are collomolorkally Ujyjal. 

PltOOI' n. additive 1J'01IP R+ h ... Ilmtio • .ma br t.h. powen 01 th. maxbul i4ea1 )( .~ la 

û&b&. ud. th. action of th. iDvo111tima, ciriDc for 0 ~ i S , - 1 t.h •• nd ...... cu of A .. modalll, 

(1.19) 

, 

.htN c(.),... mod -"Hl. Now fli(t:.,lc) - 0: for; ~ 0 bec:aue 'he t.taU map" Iv.;tc'iv. from" OD~ l 
,la. btd a,1d or Jj .. d for ; - 1 by th. additive 'YVIion of HUben', Tbeorem go. ftoom th, 10.' exact. 

< ", 

colaomoloo' ,,,,,, .. au lIIOCiaWd to (1.19), w. tind t.hat. hi (t:., .Mi) " Il;(6, )t4+1) for 0 S i ~ fi -1, and 

_CI 

la & .imilar .ay, lN lker th. mult.iplicat.m. p1lp Rle ." th. nbpoogpe of -principal 1Iai"- U, -

1 + -"i for 1 SiS, r- l, U. - 1. TIùt l1&ralioll lÎfta 'he followia. aac' Mquac.' 01 A-taoclalN: 

(1.20). 

.. 



o 

() 

----------

..... q _,*H aapml&ûioll map uad .h.,. ~(s) - s-1 mod ~Hl. NO" .1/(6,.+)': 0: for;-O 

becaue the aorm map ia nrjec\ivt tram le ~ 'be Ixed fi.1d of J ( ... Bourbaki, IBo 21); aad for ,. - 1 bJ 

'u IIldipl1catift ftllioll of Hilbert'. Thtonm go. ftoom the IoD, exact .equeac:e &NOCiated &0 (1.20), 

... dedace tha& Jl"i(A,RX) .. Ji/(A. Ul ). ud fer 1 SiS q -1 tb. Ion, exact uquene. auoew.d &0 

(1.21) atv- biCA. ~)_ Jiiri UH1 ). li t'ollows ,hal RX ia cohomol.)JÎcally trivial, aiDee Ut - 1 bu 

ViYiù c:ohomoloJy.~ 

Propo.ltlon 1.1. AaumiD, .eiB cha, J ACU lIoD&riYia.Uy OD le, th.,. ., up &0 eqaiYaluc:e, OD' cJu. 01 

Iorm _ Au &II onbODOl'mal b .... . . 
PROOF Tb. prool ia by iDdudioa OD tb. rank n of M. Let Int" - l, &ad let X be. pn .. alor 01 the 

co • .....,.. ur lUeh d d.termiD ••• Humitian forme ~ ia ail •• qlliv.Jen& fana if th ... il a 1lnit uER 

.. ch UaM .(UX,UX) - .,{X, X), ao 'hai uu·d. - d.,. b f('.now. that th. equivùene. cl ..... al Henni&iall 

fonu Oll M an la one-tQ one corr..pOlldlllc, with th •• lem.ntl of ~h. cohomoJocy croup r(A, RX l, 

.W • trivial by 'emm. 1.12. la parciculU', WI ma,. bd • caerùor X .ucll that -(X, X) - 1. 

Let IlOW • he a llOudlpDuak H.rmi&iu fcnn on th. free R-module AI of ruk ,,+ 1, and let Xl 

.mm. tben il • unit fi .uch th&& vuv- - l ,10 X' - VXI , •• wahI a frM .ubmodule 01 AI, Uld 

, ''\ 
.(x', X') - 1. (1.22) 

If " " Ilot a UDk, .. eu (br th. IlODcl .... eraq 01 .) bd • X2 with .(xl, X,) - 1. If .(~ X2) il a 

.&. proc_ u""" &0 bd a x' •• ch &Jau '(r,x') - 1. JI boül -(Xl, Xl) uad -(x'iX,) an iD th. 

• 

~. 

1 
f 
~ . 
i' , , 
~ 

't \ 

., 



ü 

Illlxim .. ideal -'C, daoaM A Rel t1aa& .\+.\. -I--tmHIIl be dOlae by lemm.l.12-_., x - Xl +.\XI. 

TUa X Il .... erator 01. h. nbblodule of M, ud 

- . 
il a 1UÜl ia R. A,. by,the procedure~,.,. cu lad ."Jt"hic:h .ft~. t'ne .ubmoclù of M, 

nel t1aù (1.22) i» aùiaW. 

Let Mo:' R,(, witla 11 nbIia, (1.22). nell the ruuic:,ÏOIi 01. \0 No. aow .. ..-.w. u uaal, 

lee 

Mt :a (m e M, t(m, ml) - 0 fOI' ail ml e Mo. 

Mt il c:lear1J III R-module, aad by uiae th. lame ide ... ~ ~he proel of lemma -1.1, le foDowa ,Jau 

ltI - Mo. Nt-. By th. KnalJ.Schmidl Iheonrn. Mo la fret 01 raak ". and ( .. la lemma 1.1) tb. hltidioa 

olt &0 Mt la noDdecen.ru.. By induction Nt b .. aa orthollOrlnal bu •• heac:e eo doa AI.~ 

C0r0llary. Lei R - klG21 tridi ÛJvoludOlJ pven by (J.J1). ud nppaN IAII J AC" JlOJl-&riYially. 11 AI 

.. a&.. R-moduJe 01 rad n. t"'.JI aU R-ianriaJlt 1« .. t: J,I X M - P2 .... J.Qmetric. 

PROOF Thia follow. from propOli~iolll 1.7 Uld 1.8.~ 

Propo.(tlOD .1.0. Let G Il. • tini'e Abeliu fJ'Oup wf&.h c7dic 2-SyIow 'lIbpoap GI, Jet B &.'Ü • 

... ~ap 01 G 01 .Jem.nu 01 ord.r prim. to 2, and let A - :r11G). 11 JI ;, • a... !-modale 01 ru! 

_ ' f 
~ n, CA.a tla. üomet,.,. cl ... of U .. ."mplec:tic: IplC. {M, • , G} ;. uiqualy d ......... ed by tllI. C_ oI.la. 

qmpl.dic .pac. {El N, ., G2}, wh.,.. El .. lA. primidYfl idempotut S'R E A. 

PllOOF Let E; he the idefDpotenu d.&neclla 11.5, and le, A.~ -~. JI'rcm lemm. 1.11 il rono.. Ih. 

tbe _metry cl .... th. 'TIIlplec:tic .pace {At,t,G} la uniquelJ deWmilled br tbe I.omew,. dutet cl 

the I)'IIlpIKtk 'paeu {E;At,., ~}. FOI' 2 S, S ri tlae eoroDuy ~ propoeUioa 1.1 impU. ,bat for • 

pveJl rull: n of the fr .. A-module M, tb .... il. u.niqu. clua of .ymmemc. nODd ... nvat., R..-invariaa& 

\ form OD EiM. For ri + 1 S, S ri + rI, lb ..... 'idioll 01 aDJ Donlde,.rate Conn. &0 ~M poeI~ a 

~ecompœition: I4M e "M, and huee by lemm. 1.2, th. ÏIomc.lry clue of {~.AI, .,~} il 

.. ain aniqllely detennined br tb. rulr n. Benc., the bomeb'y cl ... of 'b. form • OB M • detemüaed 

21 

.. ... 
" 

• 



" 
\~ l, , 

o 

J,(OII QI!~ - RI wlüch il compMibJe wi'b tb.rtlPedm IC.~ of O • .. d RI ca EIJlj Jalau, ,he 

spaca {EtM,-JGt} ad {EIM,_,RI} are ÛIome&ric:.~ \ 
, / \" 

_k. "" ?J - GIH. ood .... - r,ll'). sm.. u.(~4) - u.(l-l). ft _ -.v, .. wIIb 

I, ... ~1Ua idatilealion ia compatible witb lb. aMural &ei. olll oI81N., Thu ,lM .,mpl.dic:.pIIee 

{Al,.,O} ua."" d ..... ~. IfIDPltclic ..,ac. {17,I, ll}, wh .... ~ IN wri&iD,17 - J/' •• (M..!!.JI) 

1 .. cl 5 ._ ,Ile ia~ fcnn. 

0.. ean exHDd 'he cl.&diolI cl -tonn ..mh UIIC. coacllilcalt &0 O-baYariut. forma • la ,Ile obriou 

,..: if 8 il &~.~ap of G, th .. for an SEf','I(S,s) - 1(.,Sp •.• ). 

LaDma 1.11. \, n. qmpJeceJc .P*!' {M, l, G} ~u cil. mac. co"d!*ioa Il ... 4 0Il~ ilt",."ac.e {M, ., Qt} 

PROOF Th. coJldit.ion il ceriainly Rectllary. On 'hl oth. hadJ il S if aD U'bit.rU7 .abcrollp of 0, 

wrlt,e-S - TU witb T 'h. 2-S)'low 1.'bcrollP of S and U th. Illbcroap ol.r.m.nll of S of arder prim. &0 

- .(s,Spv .• ). 

Beca ... U hl o4d crit'r, '" OÙJ .lame.t of U lui by th. la,",l." .• Il 'M Id.".., t1a ....... 
... • ~ t'"' .. 

-----___ ail olW .......... Jae.rcIa .. , ... la pairs. n. aa'Hyaunttr)' olt ùon 'Il" for ., EU, l' " l, 
~---- ._- ~ 

,. 

1(., Cr + 1'-1 ) •• ) - 0, !rom wW li followa 'ha! I(s, S,., .s) - t(s, s).~ 

tA • .he A·modlle 01 rui ft. Tl ... b.Ioap &0 H' 01 &wo Uome&r7 d ...... cU.&.ütplded br lA. Kodi 

baYlriaa& ol&l • ."ac. {S,.JI,.,o,} (oraqlÜftlea&ly, b7'" Kod bnwiu& of (l7,I,l1}). 

PIOOl' Thil all foDowa immeclt&kIJ from propOli&ioll 1.0 aaclJamJDM 1.10 .. cll.la.~ 

20 
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{Jlt-., Q} .. cJe....ua.d br , ... baYariu& ,of tU.pace {S,p •• JI,', O .. }. r.- '0 nprue.' , ... llomOmor-

,.... X - '(x,X) la Sp •. N , ad.et' E Sp •. AI he ncJa tIlu Spa.I. '0. Th.1l ,- .(I .... -al-). JI 

~ E JI il .1Ida "ù SPot - '01 'h .. 
I(e, ""-·S,.e) -I(S,.e, ,...-·Sp.e) 

- , 
- &. 

w. will cali , lU iavari&at. cl t.1a. apace {M,'. a}. 

Propo.I .... 1.11. Lee" b. ti. rad of Ü. qmpJ.ctJc ~ {M,I,O}. ad .. , - &JI h t" 

........... TA. --etr7 d ... 01 u.;. .pac •• compJeCel;y d ........... ",. di .... ftriM •• la puiicaJar. 

&1& .. .., !.6'_ pa ...... XI"",X •• ud tA., tu. ü.IoUowia.YÙ.,-: (1) Il,,. odd, 

"u Ax. toeaDj ùo&ropJc for 2 S i :st fi, ud lot i 2: l, 

Uid 

'(Xat,lXat+l) - {Ol" il, p1; ot.r. ...... 

Il, -1; 
iI,_",.,-l; 
od.,.J.e; 

PllOOI' TIau au Iaftriaaae " &ad 'II de&ermia. t.Ia. iIom.t.ry clau 01 JI tollaln tron. propoel&loa 1.0; , 

. , 

1 
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12.1 W. becia t .... claapkr with aa example of G-iavuiuat fenu comm, hm laik a.lda. Let le he a 

bi&e ate .... 01 .. , of d ..... 10, ad le, X/le he a Brute ukuioa olle ~ CII'd.r J aad Galoil croup 

Q-we wiJl ..... throlaCbollt 'hÎI eec'ioa 'Hl " dMeI .. 1. A ... w.D b~ lift, •.•.• (La 1)). the 

II'O"P 0., Cfc:Jic of CII'd. 1. paera&ed br ,1Lt -l'IolNaiu utcmorphias· ~ ~.S - rie for ail s E /C. 

J\artta ....... ,ta. eldeuioa K / Je ~ a 1IGI1Ilal buia: th .. '. & ~ E K .um toha' , 
la o'lau worcla, K la fne of ..... k 0 ..... a IcIGJ-mod1Ùl. 8iace le ,_li ia of raak /0 owr P~. i' tollowa 

,hat .. a .,(Ol-moclale, J( • !rH of rallll: 10 . 

• il cenabaIJ lJ'DUIlelric, and la DOD~ .iDee tla. w .... map ia nrjec:t.ive for eJdeuiou of tinit.e 
'. 1 

l.ldI ([Bo IJ,elaapHr V.I11). Lellm, 0' - GaJ(K~2), .. have fot &Il)' , E 0, 

~,.s.g.~) -WK/W,(,.(SlI)) - E ".(g·(SJI)) 
f. .... 0' 

- E (I,).(SJI) 
.. 0' 

- .(s,,), 

10 'h'" • ia O-lDveriaat. FiDaIly,. Il a DOD-alkr1lMm, liac.-bm: ladMd, for s E K, 

. 
ad &JaiI • aoa-IMIO f« lOIn •• br nrj.dWity of ,la. t.nce. Note 'hat ,hie comp'!.'atioD ÙIO thon 'hat 

.(s •• ) ~ .(.,1). JI " - 1 ~ Q, ad if K' il lta. becl 1.1d of {l, pl, , .... 

IÙaCl sp.s E IC'. k followa Will le_a US aad ,la. dJacuaioa prior &0 pI'OpCIeit.ioa 1.S 'hat • il a 
6 

v.c..form. Let 'K'. he tta. ia..riaal of " •• ,.ce {K, tlCl'" Q). 

SI 

... ,_ ........... ~ ~... ... .. 
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~ Lemma 2.1. Le, Il IN d •• "bpoap 01 G 01 el.a. of orcI .. prim. te) J, 1.' G .. G / a, uel Jet Ko Ile. 

ü. s.d-,eJd of a. T1aa 'KI" - 'K./,,' 
,""' 

PIlOO' li ~ •• paerdor of. aormù buia of K/Ie, th.n ,rx/"e .. "" 0, ud br leUlne r - e,,-l, • 
lI)a)' lII1lJIW ,IaM VK/.e - 1. Dy ,la. cliIcuaion foDowba, ~poei'ioll 1.10, 

'ICI"" .«(,""-'$PH() 

_ee H hu odd ~er. Now $PH( -lh .. "'Ko,,,(ê)" 1, 

"'K",,(l, .. -al) - .IC 1,,(l,1re- al) 

Now 8Uppoee 'hù [K : kJ - 9 la & power of 2, 1., he th. maximallul)tleld of K which la of 2-powet 

depee over Pa, ad Id W - G&l(K/ L). w' 1 - n Li 1 il 'lae lubleld of K/Pa flxed br the IJ'OUP 

.. aerUecl by W ad G. 

~ .. 
PROO' Let ( e K he IUch 'bù SPa.( vlC/"e - 1. Th .. $po(SI1W.e) .. SI1WSpo.(" SPw.l- 1, 

L.Th .. , 
m ... -a·m - "'LI". ~VICIL«()("'-·.f)) 

'" 

- '1.",(> 

Lnnma 2... Sap,... &la .. IC/Ie 01 J-J>O'N' fi."... f, ud &~at 1e~2 ;" 01 J.p..,. el.".. 10. Let K' 

l-;:- ',"! 

'XI. - &rxl".«()(""-·'(» ,. blC'/r. 0 VK/IC,((f)( ... 4'e/
4

-
11.(». 

12 

1 
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'KIIa ~ trK'/P,(trK/K,«((tr.,)) - VKI/P,(&r~/K'{())(tr.')) 

- VKI/p,l'(tr.l» 

PR.OO!' Dy l.mma 2.S, ft 8.fIlc: .. to compuk, for KIr, of orcler •• la 'hia CaM, • normal buil 01 KI", 

.,.nera&ed by a primitift fifth root of unily e (Iine. trKIP, - 1), and tb. Caloil P'OUP Q ill'Dera&ed 

by th. Frobenius 0': ~ 1-+ ~ for aU ~ e K. Th.n 

-0, 

1 • 

01 arder w divi.ibJ. by 4, ",id. GaJa. fJ'Oup G pJlera&ed by el. hobai ... aalOmorpl_ tI. n.. &1Je 

PROO" By lemmu 2.1, 2.2, &Del 2 •• , we m.,. .... am. ,Jau "(12 • 01 2-ponr orcier /0' _d f - 4. lM 

a - Gal(K/I',). &Del le, • be th. lI'robeniu aatomorphilm _ ~ s2. 80 üa. -,. - tI. lM f ..... & 

tr (Ef") {l, if i - -l,D,li 
Klw, - 0, oth ...... (2.1) 

• 

teuÏDc , - El:;l e" 1 1& foUowI 'bat vKI.(') - 1. JI" - 1'2 .. an doa. bJ lemma 2.4, wbill for "~2 

sa 

• 
. ' . 

.. " 



- t.rJr/.,(,2) + t.rK/.1 (1. (1') 
1,-1 1.-1 

- t.rJr/.,(L e·4 
• ,'e E e-J

) 

1110 1-0 

- EVK/J.(e·'e·I,+/) 
iJ 
'" le+I- 1 

- .l.J UK/J,U . ~ ). 
iJ 

Now /0 + ; - , • 1 (mocl "'0) only if; - 0 and i - /0 -: 1, and C&I1Jlot tab OD th. valua 0 or -1. From 

(2.1) ü roUowa ihM 'KIlt -1.~ 

u 

.. 

f l: -./ a. 
\ 

1 -"w l :-1 • 
'\. 

•• 
r i ,-. , 

. r' 
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1 

1 
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1 2.2 n. MCOIId ~ of our I&r1Ictare theonm c:oac:ena. th. qmpleetic ÂI'1lc&are of th. Hilbert 
/ 

I)'JDboi la auamiiecl (uel Mace, AbtIiaD) exMuiou ol2-adic awnber 6e1da. Ov maia neuk (propo-

dtioa 2 •• ) il ail meUÏOll of SÛ1' ta of Koch (Ko a) .. w. heP. by nviewina t1). clebition of/the Bilben 

l)'IDhel for localhld.-for lhe det", ... [Sb 1), (8 1). or (Ko 2). 

For th. time btba,. let" he ail)' prime. aad Mt K he • .o-c:aDad "irnplar'" ".adk aamber 1eId.....&Jaa& 

il. K contaiu th.,. l'GOt. ot.1UÜtJ ppo for~ ... ~ L Let n ~ & tx.d ... braie donn of K. &ad let 

XK - Gal(n/1C) &. th. "lllte Galoii p-oup of K. Kummer th.., p... • poup homomorphiam 

, 

\ 
-aa 

,,(a)(a) - - E ppo. 
a 

(2.1) 

" la nrj.cti". ... cl lu bnl.1 la pnciHly the nbpoup 01 ,'·powen la J{x. thu Ûlduc:ia, ua iaomorphilm . ~ 

(whic" ,.. will llao caU. ft) .. 

On the other huad, th. NCiprociiJ map of local cI... field theory ci".. aD iDjec'lYe croup homomor-

Thil il ·the (,.-) Hn~ 1JDl~1 for th. ,.Id K, uad P'" • bi-mu1&1plica&m f~ wbote left.. acl 

npt.- ~.II coU. th. nbpoup K)(p
o

• thu baclllcm, a IClI'ID (alla d_o&tcI II, ( • )K) oa UA Cne . 

as 

.' 



Ci mod,' -('. 

11 lh .cro-p G acta 0Il1I?-. ,.,. ma, cie". a (caaoaicaU) 1a0lll0m0l'p1aiam Of G - Z,,.Zx 80 lhat 
'\ 

0._ aCIW tlle -hrt.lecl· .dioa of G OD Z/,~Z br ,..t - 0('), ad ., Z,,.Z(o) ~eDo&e 'he ...... ,Îa, 
G-moclale. TIl. l'p_ .. Z/,.Z(o) .. G-m,od--. With llail ideatllca&iOIl, ,.,. ma, couider th. Hilbert 

l)'1Dboilo be an anti-I,mmew, G-invari.an& billn •• r'form iD lhe ..... of chapter 1. t 

PropoGtlCllll 2.2. Tb. Hilberc qmbol ( , )K h .. ch. follDWÙJr pro".,.i .. : 

(i) (, )A: ;. • 1I0Jld.,oer.,., Ul~ biJùa.ar fOlm oa AIC; 

(U) (a.4)K - (4, -I)K for all 4 e KX; 

(iii) (a. 1 - a}K - 1 1« aU 4" 0,1; 

(iv) 11 Kif. Saite exteum 01 L, .. d L alto eoahlu Üe ,. J'OOU oIuiey, Üa 

• (v) (a, ')x - 1 _ all. E KX ü .. d oaIr ü a ... ,..poww iD K. 

(Yi) (a,6)K - 1 if.,.d ollly il a;' • JlorD! ûom Ke6jr) (for wIUc:A NUO" ( J )x 1tlOmetÜDu c:aIW U. 

"0I'IJI001'Mid." qmboJ)j 

• 

_Ill/l'EG. 
t TM baYolu'_ œ 'llelfO'lp riq SfpeZO be1q (l:..,). - 1:"'0(,),-1. la 'U Mq1IÙ 'he cr wD1 

he UiYiaL 

.. 
• 
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ü 

n , 

L 
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PROOr TIÙI .. aD ..u.uoWa. ,s.e. 'ror aample, (Ko Il. 1 '.11. ~ 
, 1 

........ Propert)' (b) cu be ba&erpt6~ iD krma of th.. c:ommu'M~'" diip-am, 

Ax X Ax (.:..!t 

lNft'l. l(ft'. J ' (2.2) 
X ( • II. _h_ 

L L - l''P'' 

H .. , ,Ile Irtt nnkal U'I'OW il ~ JD&p ind.cecI br ~Ia. D.orm, W~. MCOD.d YiRkat ~ .. th. m., 

blelucecl by the iDdUfioa. L - K. 

Lem",.. 2.1. Suppo.e ellai KI" ï. Gal • .,i&la pup G, ud .,UPJHNM dlai " coa'aia Ü. p# roo .. 01 
~ . 

wai.". Tlau ( • ) Je il • trac:.lonn. 

pR.Oor Le~ H he & nbpooup of G, uad let L b. th~ &x.cl-Ielcl of H. Firat Ilote tha, il 41 e Xx &Ad ifCJ . 

/ 

lAt " bt • p-adic a1llft_ Wd CCIIl'aWat tb. p' -1'00&1 of nitr, &D.Cllet , he & 1llliformiJia, paramuv 

, 
p#. Bec .... of th. llOad ..... aq of th. Hilberi. aymbol &Del th. fte' thM • ."" uk 01 " '- & lIOnIl hm 

. 
Illy uruniled akaIioa olle ( .... '.,., ISla 1) propolitioll 51), it loUowa tJaM (',~). » • ;limiUn " 

root 01 uity. At., btcuIM ~ il. DCII'IIl hm Ie(';\'). ,.,.'). - 1. If l' ~ 2. th •• tU aat.Mrmmak'J of 

th. Bilba1.ymbollmpU. (1.'). -1. 

JAmm. J.8. S.p".. Cld el. J..MfJe ..... leJd " ...... C'GII .... th 1cP1II'd nHIÙ 01 uity, Md 

nplH* tIId ,,(A) ilramJ.IetI CIftr'. n.. • ............,,......., cu "lOud 1/0 dld (', '). - 1. 

PIOOI' The ..... "({_1)1/11)/" .. UJll'&IIliW If aad oa1J ill - (",-1) ... (u,u). fot ail uiù 

u E leI(. Thu, ill«-I)"-)/" il ramiled. ......... uii " E" 110 thM (.,u). - -1. Il'11 &AJ' 

uifonnJaiDc p ........ &èr, and ('.'). - -1, tJan , .. aaffcnaJIJq paruDtMrI' - vI wi1I 'WW •• ~ 

~, <1 r 
• ,,~f • ~ 1 .. 

'tl1 ~ ~. 

L 



1 , , 

ü 

'-. \ 

1.- le lM t. p-adic Juunber ItId COD,aiaia, ,he p. rooU of ai&)" (wi&Ja p arbitorarr) .... d let K ~ & 

kmtlr raaai4td extealioJl CI( le laaviDa Galoil poap Q. Le,' he a 1UÙIOnD.II1ac panm.w olle,' aad let 

fJ H ,,'--primary eJem .. , of K. 

. 
PI'opoIIItI~ ~ ••• TlM •• IIpo.p 01 A • ..... a&ed' • ü ..... 01' ... d, • Ir. oIrui 2 cnw Z,,. • . 

; , 
Md,. ....... ad .. tA. actioa 010. TM,......,..W» .000d ....... o. UlI.ulçac:e, .. d üe 

ortA..-al c:ompJem ... JI. - M" .. ... A1\ 1/,-ZIO}-moclaJe 01 raa.t " - (le : Q,I, CUI .,6ldI (. lK 

PROOF Proot 01 ,he propodlioa iDvolva " d.tailed exammalioJl of explicit ncipl'OC1~ fcnmalu ,lya 

br th. ,·Slaalanvich E-fuetion· ((Sb. 11). l'or p ~ 2, 'Ilia theonm il coat&iatd iD (J.11. II_ 23 uad 

'24. For, - 2, Me Sua G of (Ko 31 or thecnm 2 of (Z 11,~ 

" ~ lolo av. Q2, CO hein, the ramilealioll index and /0 ,h. l'Mid". cl ...... 01 th. IXklllioa è,Q2. l.-

X H ail unramiied (AbeUaa) exhDIlon olle with Galoia ~p 0 cl cri. 9~, wh .. fil ol2-power 
, . '\ ' 

( order and q' ÏI prim. &0 2. W. furth.r 'UPPOII ,hat " divid .. 9, aIlcl 'h&& K doeell'& COIl&aba 'dIw Comb \ , , 

AA ba .'he pnviou •• dioa, .. , , b •• UDifCll1lÛliD, ~ lor ", 1 • J.~ .lIme. 01 K, aacI 
, 

\ . 

Lemme 2.". TA ..... Cricdoa of &6. BU&.n qmf,oJ ta JI ............... . 

PROorsmc. K(v'J)/Xlauramiltd. -Iii .aormfrom K(VJ), 110 bt (Yi) olJll'OPOlkioa 2.3, ~,-1)

~~ KI' • 1ftIl, 

_ ('fi', -1). 

-1. 
10 'Ilal =ï E M". 8 ... -1 il ua • ICI""', &lM Jload .... enq of Ut • .,...w ...... ~ _&Ga 01 .. 

Il 

" . 

.. 

-... 



o 

• 

~) 

la Yiew cl ~'2.1 ucl Jemma 2.7, 1re dfto&e." 'KI. t;h. Koda iaYariaD& cl au .,.plec&k 
_ J \Jb. 

.,.. {JlK, ( , )K,O}. Sf" 

IMam. 1.1. lM L h tA. trJ.m.w •• bSeJtl 01 K ol2-~ ordu O'NI' ", let B -O&l(KIL). ud Jet 

11- QIN IillGaI(LIAI). 1l~ il .2-primN7 .... U& 01 L. ud ML S. .... comp1cm ... ùa AL oIt_n.pace 

,.. ..... ."., ud 10 W'iab ru".ct Co cAelonlJ ( , )1., d .. d •• bn .... iaa .. 'KI. 01 {MK,( , )K,Q}. -1 
'LI. 01 {JlL, ( , )z.,l1) AN eqaaL ... 
PROOr P'int note tha& w. m&y tab ~ .. our 2-primU'J emnent clIC" liDee KIL" cl odd d ...... '~; 

Ur. oclda .. cl" .JaO impu.. that ~h., m&pa,NKI" &ad 'KI" 01 diqram 2.2 Ire, "pec&MI,y, .,.-j.dM 

... d btj.dm. W. daim tha& iKIL(Mz.) - SPB.M". Indeed,p.n ëie Ah, 

1 

,kloUawQ.ai NKI"Mlt S;; JI",'. keace UW 

n. f01lowia1 propo.kioll, due ~ Koch «(K SJ, 8at. 9), aIIowa ... lU iIwuiaIû cl tu fona Il 

clepud .. , Ga lU Irilhm.k:.oI &he .. Id ~. 

• 
, , 



ü 
• 

\ 

PropGeItiao 2.1. (H. Kod) ~ ~ he • 2-1N1Jc IUUJlber Belcf 01 d ..... tl = lolo CMr Q2, _la .. 'au ia Ut. 

,...ifculolt fada ud /0 al. r.id ... d.- «lba uteuJo. l/QI. lA. K ". &la., .1II'UIIJed uteuIoa
j 

01 l ri, d.".. Il ~ " «2-poww ortf .. 09V /co "..ume ela .. &1 •• loard. rooe. 0/ ultr do .~ Ile la K. 

&ft - to(fo + 1). ' 

PROor lM G -Ou(KIAI), aael ., t1 be ,b. Pto~ .. iu ntoancrphinD 01 K/I#, h~ ..... ùcr of G. 

Dy tU prool oIlemma 2.1, =t E MIC npruea&. 'hl bomomorphiam X - Cx:X~Xt _ &0 compa&e '1C1'u 

.... IIUIH comp,," ("""-")IC for 1Odl. , E K '"&11 SPQ:Z - -1 (recaD ,ba& W - (f - 1). Le& T be lia. 

Iare- nbi.1d 01 K which ÏlUJU'amilld uel of ~POW'" dtp'M / 0ftI' QI, aad le, 7" - T n l. n .. 

1 - fr, l' hein, lh. d ...... of lb. meuicm T' IGa. Le, r b. "'. Prohealu al 'he exkDtioa T/Qa. 

Th .. the r.Uk'loa cl (f &0 T'- .,.1'. te, 'J E T be 1",11 ,hal NT ,QI'J - -l, and la, 

n .. 

1'-1 .- n r','Y. 
caO 

, No.- • E Mx. 1acIMd, (I •• )x \:. 1 ••• il a nit, and (l, .hl' - (1. -1). - 1 for 1 cIaoMa •• Ià.aa. 

2.e.'rIau 

(2.S) 

Iiace ~ Il ocId. 

W. DOW com.pa&t (', ,...-1.)2' .. ,Ua 'he prool of peopaG'ioa 2.1. Nam.~t·we Rlar In& ..... &!lai 

"TIr .. of depee 4: if To il ,11.. 11lb&eId of T 01 de ..... 4 cmII' T' t 'h •• ,,-•• - Nf' rr •• , .... d 
'. 

l , 

(.,.---.)2' - (.,H2'''''(''.»f' 

- (Nf'rr.(·) , ... Nf'/'I'.{c)h-•• 

a.pJlOlMl DOW 'bal T ku d ...... 4 ON' 7" - QI ... d le, f he a primitm SAJa root 01 .., la T . 

• 

.• 

( 

-

.' 



( -
'lb ........ (_.6'0)2" - (1- 2r. 1-2t'b" .... mab aM cl th. foDowinC formula, d •• '0 Ka.- «(Ka 1). 

equ&loa la): far .., SJI" 0,1 ia T, le& CI - 'f~::'. Tho ainc.e (CI, 1- a)!" • l,1re la ... , . 

1 (,(1- s) 1- ~ ) - ,-,. 1-SJ/ 1-.~ 

- (,,1- s~);:I(l- s.l- ,),.(1 - .,1- .. );:1(1- s~,I- ~);:1(1_~, 1- s,),. 

- (-r, 1- ~);:1(1_ s, 1- W)T(l - _,1 - sr);:~(1 -.,,1- .);:', 

from wldcJa ou Ob\Ùba, 

(1- s,l- ~)T • (-,,1 - .,),.(1- _,1- .")2"(1- ... 1- ,),.. (204) 

Wi&1a $ - 2f and JI. 2C2 • .qua,,"oa (2.4) lifta • 

Il la eq •• iO'a (2.4) Il' la &11 ink._ of T CORlI'1le.& ta 0 (mod 8), ,he .. &h. principal u.ai& 1-s, la a IqU.,. 

m(T ( .... for uamplt, (Sba! 11, pac' Tg). 1& foUowa ,Jau 

(1 - 2(,1- 2(2
),. - (-2f ,1- ",'h" • (-2. 1 - "C'}T ,.-

\ • (-2. NT/QI(l": 4f1))ra, 

• (-2.1)0. 

.'-1. 

na.. tr,Ot - o. 
, Mow ....... ,Ua T l'r il uramIIed ol2-powv d .... f cUvkible br 4 (rila Oalola lfOuP pnerUtd 

br ,), ad &IW '1" /ql il uraaaileci cl t-poww cl ... r ~ 1. o.. nptMa "'. ~ 01 ~&a 2.1 
• 

la 'oDowa &Jl&& ba ,," .. aI, 'T' '- .ma br ah. pui&y 01 l' + 1. aDd Iteace br ah. paria)' or /0 + 1. W. 

DOW obta1n froID (2.1) &laat '10 il p... br lM padJ 01_(10 "l).~ 

'1 



( 

,\ 
.. 

, 

o 

/ 

CoroJIarr, LeI • lM • 2-adIc .... Ud, ad Jec le ,.. .. UJ'aDtlfecl ___ 01 • Ja&YÙI, arder 

. dlririlJe lIT 4, ad .Qt coacaiaâa, Cla. loartA l'OOU 01 ol., 11 tel &ad 10 ......... pectlnly, lA ........ -

Ilcat10a batlu ~d ü. ,..u .. d."... 01 .le ueeuioa k/Q,. &11. qmpJ.dic: mactare 01 &11. _1*» 
, r 

{KM' KlCt 1 ( 1 )K, Oal(K'.)} .. deNraIlaed ", ela.laMaae "KI" - 'fi - eo(fo + 1) . 

PROOF From th. proot. cl Jenunu 2.e ad 2.1. lN mar bd & uifonniain, pU'UD" , &ad 'a. t-primarJ 

- .. 
AI la propotkioa 1,11, .. ~ cIlOOM leDerUon of Mit wl'h th ..... 01 'u BJlben .,.bol oa $la .. 

P"ÛOI'8 cl.Wrmlud compleklr br 'lae ~ "KI"'~ 

.. 

" 

. " 

------~-

~~

-~-~--

i 

1 
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ü 
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1 1.1 'nia .. , eectioa rm.w. tome of tll. tIun • ....,. upèèa. of probltt cMoaoloo' aMd" la , ... 

MIl ....... more d.'alIa .... {8 21.18h 1). -IKo 2). 

'- u Abeliaa poup wit" tll. dilc:nlt ~oloaJ OD wlaith X aca. cODtba.outy. For U a cloHd nbtroap 

of X ... dook br AU th, nbmeduI. of A Ind '" U. NcM th"" U la a llormal,uhsro.Pr tu. A" 
o • 

ilu XIU-rrwd:a.le. 

Lft G"'(X, A) lM tla. poup of COJlt.mv.ou ma,. from r to A. ucl d .... ,he eoboucJuy opII'ÛGI'I 

1,,: O"(X. Al - C-+1(X. A) by th. u\I&l formula. 

ft 

(8"/)(So •. .. , ~ .. ) - I(slt .... s .. } + E( -1)' /(So, .... 8("'l~,"" -.1 + (-1)·+1 I(CG." •• -.-1)' '_1 . 
W. thu '1' tlut Iludud cochain complex 0 -. C·(X. A) wheM cohomOlotY ItOU»> .... H"(X. A) -

.... {B,,)/im(~ .. -l). with IfO(X. A) d,bed to he AX. 

" Let X aud Y lM JII'Obik p-oupt. aad Id A aud B bl. rapec~, .. cliIcre&e X-module .. cl a 

dlKnlt y -module. 0 .. ..,. 'hd th. pair ~ mape #: X - Y ad ~: B -. A .... compa&ibl •• if for &IlJ 
< 

:1 E X ud • E B, .(#(_).') - •. ~('). O ..... ily checb th" &DT .ch comp"lble pair ind.,. a map 

OB. cohomolou po.,. (_.~)·:B'(Y,B) - N'(X,A). liYU OR COCTC-"" 

)br IXUIlPle, if U ... ~ nbpoap of X wiih q.OÜU& 0, &Del A '- .. X-mocI", ,,, .. AU '- a Q. 

-010, ........... X -(a .... AU - A .. _'-' 1U~...t ~ -... .. .-..." 
. • d 

" 

., ~ , . 
,o. 

\ 

J 

\ . 
\ 



( 

o 

l) . 

... dM -ua1aUoa· bolDOl'Plûama, bat:1!'(O,AU ) - Ilf(X, A). A. aao&Jaao imponua' exam,le of th. 

prbIdpIe: wUh U .m DonDal ha X. d .... fOJ' :r: E X lhe mapt ~.: U - U *«) he coaj'II,ùiœ br. (wlaen 

..... tla. CODftIlliaD. Ir - X-l,S), ud ~.: A - A by a - s.~. ne compa&ibililJ of tlae pu (~., ~.) 

tll. ladu .... action œ X ou th, cohollloloo' croUpi aA(U, A) iD which U &dl &rlvlally. W. thu la ... 

a Hlval Idioe of G. XIU on NA(U, A). 

Let X be a prolaite p.p, U a (doeed) •• bpoup 01 X, uacl le, A be a diacnte U-module. Delu 

tu Iad.ad modale, 

M: (A) '. {/: X - A .uela tlaaS /( ua) - u./(s) for aD u E U uul • E X). 

The laduc:ed module curiu aD X-aclion d,becl br (s./HII) - /(IIS) for aU s, Il E X. Thil IdÎOD il 

colllPA'lble wlth tla, X-module homomorphWm Mj(A) - A d,lned br 1 - 1(1) , and .. thu ,tt 
"1 

a map on the cohomolocY pooUpi g.(X,UI(A)) - a.CU,A), whlch il aD iIomorphima br Shapiro'. 

lenuna (Ko 2): U.iD, thil, .. CaD d,In, th, .tudard -chu" 01 pou,· m&}» 0Il cohomoJou : if A il 

.. X-module, d,ID, lia, X-module homorphiam s: A - M~A) br i(G)(s) - s.a. Th. indac:ed map OB 

colloJllOloo li th, lWtrlctioD map, r .. : Hf(X, A) - Hf(U, A). Simllarly, if U il 0,.. in X, deh. tla, 

X-mod'" Ilomomorphlam 

lI': MI (A) - A, 1- E CF./("'-'), 
~ ~X~ 

TIaiI de~ioa • lad.pelldent t:l tla. choie. 01 ~, rep ...... '.lwe .,. 01 U la X,' ucl Wuc. ou colao- ' 

lDOIau ,la. ccnauxtioa m&p, cor: B·W, A) - Hf(X, A). 

14mma '.1. (i) lM U b • .. 0".. .abfroap 01 X,\'ud Jtc A ". .. X-mocl". n .. cor 0""(0) • 

IX: U}O !or 0 E H9(X, A). 

" lU) Sap,.... ad4f1.ioa Üû,U JI a_al hi X wlü ,.odIa'If'ORI' O. n .... ocor(o) - SPQo,fot 

UT ° E Ilf(U, A). Here SI'O. E .. a' JI d. __ ....... 1a lA. po., riq Z(O). 

PROO' (i) la ..B-bGW1l. Par aample, cor 0 NIl il th. map oa cohomolooiDdaced br ,la. compoailioll, 

A-Mi(A)-A, 

• 

lI'oi(o) - 1: .,..'(0)(.,.-1) -IX: UJa. 
..,XIU 

... ... -/' .. 

\ . , 
1 

1 
, 
'! 

i 



ü 

" (ii)l'IuCOI' .. \Jae lDap Wacad 011 coMmolog br &l&eCOll1pcdioa MI(A) - A - M~(A), 

i(tr{/)(s) -:1 E lf./(lf-I ) - E .~./(lf-l) 
",xlu •• xlu 

- E lf./(U-IS) 
".xlu 

- E (a./)(s) 
"'Xlu 

- 8J1a./(s). 

na. nnl& il uw ~ Î1. dia .... 0, aU bJ climeuiolHlùftia .... obtû the reluit in .eaval.~ 

lM A, B, ucl C N X-mod.. AD X.pùriA • .. a I-blIiaaar map (-.-): A )( B -+ C nch th. lor 

aD sE X, CI e A, uul i E B, (s.a. d) - s.( ... ). For all m, ft ~ 0, 011. obtaiDa a bilinur pa!riD., 

, _ -u- :H"'(X,~ SW(X.B) - 8"'+"(X.O), 

c..u.cl th. C1lpo-produc:t, dellled 0Il coehaiu ." \.. 

(j) "N(f U,) - -(t) u ra(,): 

(Ii) cor(f U N(,)) - cor(t) u 'i 
(Iii) lu,- (-1)-,u/: 

(w) 11 .. lu eue' .., ..... 0 -+ Al - BI - C, - 0, 0, - At - Ba - Ct - 0, 0 - 4 -

1 E B"'(X,C.) ud., E B-(X,Cs), Ob 1 .. 

(.}WXudY NpolaJterro.,., ud.t (·,·h:A1XA,- At (~(·,·)t:B,)(~ -'Ba) 

lM ... X-".... (r.p., -.T-palria,). U~:Y - X ud .. :~ - A .,.Rèl .... th pMI (~.~) are 

(3.1) 

t,"'" 

~. 
{ , 

'" '. 



Co 

o 

, 

.iU) u ,.,C,) - ~:(/ u ,). , 

PROor (i)-{iU) CM " fOUJld in lB 2). (iY) il 'hecnm t of (Sh 1). aad (v) Il Sab 3 .• of (Ko 2).~ 

wh •• U il & Donnai nbpo.p of X rih quoU.D& O.~Th. map. (~ •••••• ) wlUch iDdace th. D"1II'al adioa . 
l' œ G OD H"(U. A4) • • uiIfJ th. coDdkioll (S.l). el) that th. cap.prodllct d.b ... O-ianriut bi-additiv. 

form. 

,OD' laye tka' th. probM lI'Oap X hu coho~topeal ~D8ÎoJt Iqaal &0 n (cdp(X) - n) if for 
( 

ail &omoll modal. A IIIld aU m > n. tht poprinwy pan ~ 'he croup H"'(X, A) - 0, and th. ".primary 

pan of H"(X. A) ".0 for tom. I .. ch. A. T1uIlt~t cohomoJop:a1 p-dim.llIioD of Xian (.cd,,(x) - n) if' 

th. ~ .tat.meDt ~olda for ail d'l.cr.te (Do& Dec:uIU'ly &onion) X-mod,d ... 

~tlOD I.~. 11 c4(x) - n < 00. tb ... c:cI,(X) - n il &/Id oaly il1l"(U, Q/Z} - Olor aH ope1J 

.abpo • .,. U of X. 

PROOP s.. (B 1), cor 5.1.~ 

. 
Le& X" • probite pap, lad Ie& UlM • • a •• p 01 Ide iAdex. te, Il. b. a .,.~ œ Ieft.cOHt 

rep ...... ~iwe 01 XIU, ud .ma ur • E Xi cIda. • E .1 &0 b. tJae pankalal' c:oM nprtHlltatm cl 

• yert.) - n sr'.,. JDOd (U, U) .... . 
wh .. (U. U) il 'he COI'AIIl1Ila&Ol' aubtro-P of U. By Sah 3.12 of lKo 2}, Ua, "'aufer la dual to th. 

corr_ricUon, 

car: Hl CU. QI,.) - H' (X, Q/Z). 

Pl-OJ*IItlaa 1.1. w& X N • prohite fnHIP wiü .cdp(X} - 2, ad w U be •• orllJaln6poup 0/ X 

'. .,jÜ ,aotiat lJ'Oap G. n .. Ci, &l''''''' • .., Ver: XÜ - (lf'I't)Q il .. iIoaaarpiiaa • 

• 
PROOr Bee IR lI. propoU'-' 10 .. d "11.0 

, 



a 

o 

1 •. ~ A D.muJkiJa P'OUP X il a pro.p aroup IÙiûyia, th. folJowùl, axioma: 

-.. 
(l) clim.,Hl(X, Z/,Z) - " < OOj 

(H) clbar,B'(X, Z/pZ) - 1; , 

(W) Th. bDiDear IGI'IIl on th • ., ,-vecklr .pace B'(X, Z/pZ) clYen by tll. cup-procluet la nond ..... 

erùe. 

..J 

(M' (8 SJ). For aDJ clI.c:n .. X-modula At ddu ihe Q/Z-dul 01. A br A- - Bom(A, Q/Z), caaTJia, ,Ile 

X-action: (s.J)(ta) - I(S-l.CI). !'- X of cohOlllOJocXal cUm""'1l 2, 08. d.lft .. tla. -dualllia, mocI~le" 

cl X, 

(3.2) 

.. 
wh .. ihe dlnd limI& ÏI ,alrin ovw aU opea nbpoo1a,. U of X (Ut. mape beia, ,hl dual of cor) ud 

ùl , ~ 1 (th. ma,. .,., dual io 'hoee laducecl oa cohom.olocY'b, 'he projtc~ Z/,·Z - Z/rf.Z 

for • ~ r). I~ ia bown ( ... fS 2), propaû&ion 30) thù il A • uy ,..primaty &onloD X-module, &h.n 

H'(X, A) x IP-'(X,IIam(A,l)-B'(X,I) 

.Je 
Jr(X, A)· • g'A-'(X, &m(A, 1). 

XIX - Au'(Q .. /Z .. ). Z:, ' •. '; - x(slo for ~.~E X ~ CIl EIx. 

. 
", 

1 

. \ i 
X. .w he callecl &h. iavariall' of the pup X. If ,la. imap of X ÏII la"", iho ,ccI,.(X) - :1 {eee (8 2). 

PI. 1-12), ud ~ il ahown miL 1) 'hM ,Ida lm., top"-_ wi&h 'he r&Ù ,,- dim • .,Bl(X,~,,) 01 X, 
- , 

farm a comp .... M' cl iDYaI'iaDU for X, deCermfÎUq X uictuly ., &0 iIomorp .... Par th. remaiacI. 

of ,Ida paper, ....... o,henriM ,,&Mel ... will .. 1UM &hM ."'(X) • 2. 
,~. 
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() 

) 

'Propo.ltlOll 1.4. Let UlM .. 0".. nbrroap 01 ~e Dfmultia voup~. TAu olle Il .. , 

(I) lu - 1% ; 

(il) ~(U, Z/p' Zpc Ifp. uab , "II.,. trw uy Abe1laa fI'Oup Â. fÂ u t6e .abpoap 01 A 01 eJCpOlIUC f; 
\ 

(iIl) TJi. tonJoJI ... bmodDJe tor{lfÙ) 0/ U· • J.omorplûc ta ~, ad il U • aormal ia X ",i'lI quot~'. 

PRoor (i) foUowt from the d.W,io. of 'he duaU.iD, modw., aiDe. $0 bd lu on. ~ ou, ai moIt 

a 6nite num~r 01 krma in th. iDduetm Iimii (3.2). ra.. (U). conaider thelp., exact Hquellce obtaiDed 

!rom the exact MqHIIC' of U-modules (1mh 'ririal acUon), 0 - Z/~Z - Q,./Z'p"Qp/Zp -.0 : 

wh .... th. JaR map la .urjective br propoeition 3.2 aine. 'he .edpU - 2. Taldn, duala, we obtaiJl the 

"" 

wh .... we haft id.ntll.d gl(U.Q,./z,,)· wkh lfÙ. Nœe that for • large .nou,h. we have 

!'rom the commutative diap'&m (wi&h exact row.). 
p' 

o -+ Z/,rZ - QpfZp - Q .. /Zp - 0 
, T lIlOd ,,' p.-r Il ~ c:+ 

o -+ Z/,,-Z - Q,,/Z,. .L. Q,,/Z,. - 0 

WI ob'. (after dualiaiq) Uae commu'atm cn..ram (with exact rowah 
o _ B2(U,Z/p·Z)· _ Uab _ Uab 

T ~ T 
o - ~(U,Z/P"Z)" - Uab - Uab 

(3.3) 

(3.4) 

-
ABd a HU. cUacnm-chuin1 MM thu .r(U,Z/;Z)· - IP(U,Z/P'Z)· .. bajedm. Now if V S U 

J 

il open, ABd Vo ~ y la aaanal iD U with q~t 0, th .. by propoIition 3.3, Ver:U'" ,- (Yo"')O il 

AB i8oJDorphiaa; '1ae\~'J of th. trauf .. map imPU.'thai Ver ·fackn t~rh· yab, 10 'hat 
, 

Uab - V'" il injec&iw. k foUow. &bu 

l l 
~ 
j 

1 i 

l 

• 



il ÎAjK'ive ror aU " .. d heau aU 'u mapI ÎIl (1.2) .... bajediv •• la panicalK, by chooein, • Jar,. , 

eaolllll,.. .. ,he ~boa ~Uab) - 11. Let v ~ X he ~~ ebbliNr of ~,IO 'Ilù ~ -~. 
~ • 1 

. 
V. U. il a , ...... ,of ~ (u aa Abeliaa II'Ollp) ·combl. from- ~(W, Z,,-Z)· ror IOIU OJMD aonn&l 

nbpoap W of V la ,he direct Iimk (1.2), &Il ... E kII'(Wab)v. B.& bY pnpod'ioa U, Vab _ (Wab)V 
, 

X. lA view of th. abOft propoàtioa, q .. d.termiud '" ,Il. im ... Û1 Z; of ~ ÎIlYUÏUl& x: if. E lx 

hu cd .. l, ,h •• for s E X, S.6 - X(s). - • il and oaJ, if X(s) • 1 (mct V). 

Propoeltlcm 1.1. Wil1l .aol.doJl u abON. oa. lA_ ,,,./oBOtrÏlJf deKriptiOlJ ofim(x): 
'" 

(i) 11,,;. 2. e6 .. im(X) » 01 ,lA. lorm 1 + ,-Z. _ MJ_ , ~ 1 ...... d cIle torIlo. i ..... luc » q - ,'; 
1 

1 

11 p - 2, tb ... ~ Clar .. poeeibi1i&;" lor im(X): 

(ii) im(X) - {±1} x {l + 2·~} ",il1l , ~ 2. ud Al. tonio. illYariue q • 2; 

(iii) im(xl - 1 + 2'Z2 ",if A • ~ 2,-..ad 9 - 2"; 

(iv) im(X) • tla • • ubpoup ot~)( plIer.aI«l (u. A-.. Z~.lDocIaJt) by -1 + 2' .. ifla • ~ 2, 'ud q - 2. 

v 

.im(x) .... ÎIl (i), (Hi). Gr (iv) &ban, ,aU U - X-1(1 + ,-+11.,), wJaile la (ü) Id U -

Z2)' Th. uaiq ...... il dMr.~ 

/ 

.. 
~ 

1···"'IB·JudIL1Jamolùdlo ...... _ ... _X"' ... __ XapIIdOIr \ 

&om. • pa miDimal ......... tiÎw of x. VIe .... w..' ..... -.-&rie» aMtw &0 lad &U 

.. 



B1(X. Z/fZ) X RI (X, Z/qZ)~H'(X. Z/,Z) (S.5) 

. " 
Il a DO ........... a&e Iarm. 1adMd, il .. Ie& .. , deDOk ~Ia. (nrjec:tift!) lD&pe OD tu ,,,la coIaom..,. poapt 

iDdtlUd br ••• ....;.ctioa Z/,1 - Z/,Z. &Il ..... (1) u ... (,) - tr:a(f u ,l (Uùa follows!rom J'IOPOIIÜioa 

U (v)). JI~. E BI(X,I/,Z) Ua arder ,. ~_ .. ,('#11)" o. 10 , .... a "le.,) Rda UlM 

0- Ir»(X •• lx) - ,HO(X",lx} - no 

&cm wlaida oD.obhbu th. iaj..:Uoa ,Ix - NI(X, .Ix} p.a by th. COJUlec&ba, hOIDOm«philm 6. Le~ 

• lit a i-.era&ar ol ,Ix. _d ... , - 1(.). JI" E f.lx 1111lCh tlaU f.VI - ., th..(IOI' • eX. 
1 

" 
'(s) - 6(.)(s) - S.VI - w. 

Blac ..... a paera&or of f.lx, U - _(il Il tb. alÙq1lf labpo.p 01 X oa-da f 1xlD ••• lx, 10 tbû . . 
,ri, _ '0 will ..... ah. q~ -btroap .. iU bna.l U.In, tlaia chbice ol pura&or. E ,Ix, 1ft 

maJ ideD&ify ,lx wkIl Z/fZ br. -1; .. maJ th .. '1Uak of' Il ... "saeu of BI (X,I/,Z). 

TU .... ~,..... B:HI(X,Z/,Z) - .H2(X,Z/,Z). \he co~.1aoJDorp1üllll cOllÙDl 

hm ahe Mqlluc. ci - Z/,Z - Il'-'Z-I,I - O. AB...,HeM caIcalMio. ol&l1. coueetla, hom«

phillllllaon &hM 

, • J 

-CS) - {fi E Hl (X, Z/fl) nda ,Ut .(s) - 0 ,. • E Cor(.x-)}. 

Propo.att_ 1... n. Ga. cli ....... al .. ~ Mr(B)J. 01 RICX, Z/,Z) "üe .. ~,.,...., ", 

de daanle_ , deiINd ah .... (wl .. AI. lu. "nd_ct" p.... br ~. c.p-JII'OCf.c:t .. la ('.') &kw). 

Plloor &am propoeiaioa e of ~L 11, it ~ bowD &Il. 'hemap Hl(X".lx} - HI(X,.Ix ) .. nrjM&iwi 

liace &Ilia JD&p -fadon &broqJa· HI (X, ,Ix), lad .me. f Il tU &Grâoa-bmriaû ol X, ft ....,. coaclade 
"". D 

10 

.. 

1 , 1 



1 

" . 

... 

, 

':81(%"lx} - "(X,./x) la lU., eue' ~ -.oc:1aHd &0 'u exacl eequace 0 - ,Ix -, 
.-lx - ,l" - 01. , .. MIO map. l'rom \be G-pahia .. • Ix )!: zl'l.z .... ,Ix .. d tllX )( z/",z - ,11;(, 

.. tJuy Hw &la. COIDJUhtm 4iacr- ( ... propCIiiloa U (iY)), 

,gl(X,.lx) )C N'(X,Z/fll) ~ H'(X"Ix) , 

T~ ~ 1 
SO{X,.lx) x S'(X, 1/'1.11) ~ H'(X"lx) 

(s.e) 

b '0'" '"' &lat .. bpoap .... eMd br' .. coa~abaed la br(B)", b., _(B) hu co-dhneuioa lia 

gl(%, z/,Z). ne C1Ip-proclac& .. aoad.punk, 10 br{B)J. • oa ... Ii1M._al, hac. "tr~td br .l 

,.~ 

~ ".4. DwDpl •• (1) Il X hu (.wll) ruk " and kIraÏOa IaYUiu& f" 2. &h •• bJ (8 al ,IMre ... & 

'./' ' ' 

• miaimal patntm ... t S1o.'" S,. of X .ulltyiA, ~b. d.hm. nlaUoD 

and ~h. mYal'iu& x: X - Z: iI,mua br 

If ." ••. ,.;,. e R'(X, Il,Z) il 'he dul .. of 'he ..... Il, ...... cl ,lM ail" la XI X-IX,X), 'b •• 

~ , 

WÎth • ~ 2. la thll CMI, X • P. '" J.,. 

{

-1 i-l, 
x(sd- 1,1';r, i-', 

~i. 

Il • 

) 

1 

t 

·1 



• 1 

1 
1 

, () 

o 

, 
\ 

.-Ji 
i-4j 
~brwt.e, 

X(a:.)_{(-l-24), .-2; 
l, ~. 

Il .. &onIoa iaYll'laù 2', • .u. la (f) 

........... "+1 •. 

.. 

(U) 

(U) 

(s.?') 

(s.8') 

" 

CU .,. ~ ( .. la ~ioa U) ........... <lbr(B}J.. For __ pie. if X Il lM Demdkia 

P'"p-eltMnlliaed br nld"-. (S.T), 

Iv 
ud tu perpadic_ ccmpleauU fil Ua. nbepaca ~ N'(X, St) Il (ft) . 

• 2 

" . -: L 

• 

-

1 

1 



. . 

o 

L) 

, 
.......... br SI.st,S, rila the dehùtrnlMioa 

1- -f1.,.s.l. 

() { 
-1. i -1, 

XSI - l, ~, 

.......... cl X la Z: la {=1}. BylB 2) it follon '~ClcI,(X) - a. Ncnr IIIII'{B) Il ,~ .... ,.. 

.. ...., b.r ~3 ud XI, ud ite perptadicular complem" la Su 1."Pace pathMcl b.r Xl- 0 .. CU 

ùOw ,la. (br(XIWb la tonioD-lree. 

1 •••• 1& Il ..u.bowa (M' lB SI) 'hu aay ope .. IU.bpo.p tl & Demulkbl poup il .... a DeImaIkIIt 

P'O.p. If U c X la OP" w~h iDdu :X : UI. &ho ,he .en,ra*ia, raak ol U cu " caIc1aJued ... 

-Z"'Poiacari char.d~tict· ( •. ,.,IKo 2J, 1 5.2): 

- -XII - IX: Ulx. when Xv - E(-l)"dimr,."(Y. Z/,Z), 
,,-0 

Y,ar ...,. JII'01I croup y ol bite coltomolocical dim .... ioll. JI X il minimllly ..... a&ecl br ,,+ 2 ....... , 

&_ X. - 1- (" + 2) + 1 - ", •• h&VfI X" - nlX :. UI. Uld hlnce U h .. '.Il .. ùiDr rull "IX: VI + 2. 
j • 

PropcMItlcm •• f.' lM X he • Demall:ill ... J;.idI.IICd.X-2.UdWIAIEBI(X.I/.Z). U 

y - br(w), .- Olle lu &le aace --a ... ce, 

noor Jroaa propoliUoa 1.1 (U), .. hvt Uae comm.~M diap'UIl, • 

• 
BI (Xt:l ) )( g'(XT~:,Z>f - IP(XT~::) 

BI (Y, Il,1) X g1(Y,I/,Z) - /P(Y,Z/,I), 
(1.0) 

..... cor, 61 .. iIomorphiam br propol~IoD ,S ••• Le& W - lm(CGrah p... .. ., , ". III la W, &la .. 

la a. E Bl(Y,Z/pZ}ada ,hu 1 - nIIU# - 'Ucor#. eo tlall eik W Il & COBl.,w. qllepace cl 

as 

.-

• 



( ) 

o 

(J 

t 
B'(X. S/,Z" CIl' &Il. radical 01 W .. (w). Il the former UN, Id • t! W.L. aad nppON 'hu • _ (Col). 

4a ~ 'IN cu lad & • ncIa 'hu ..... U ~ - l, ad .... ce 'hu • u ~ - l, la coa&ndic'ioa.. l' 

...... la' 'lUI c ... \hu B'(X,Z/,Z) - w ..L (Col) .. compI.M tpaeeI, ad be.e. 'bu W - br{w).L. 

Il., ..... __ ,he radkal 01 W, chOGefl " E NI (X, Z/,Z) 10 'bat" u CIl - 1; 'he. W ad " .... aH & 

complet •• abepace of NI(X,I/,Z) whiclt mut he 'be wbo. ;PKe by quiq .. abQft. Thu la ,laie 

-CUI ..... W - _(car). The lurjec'Wily oI·UCoI il cleu from &he aoa-d .. ,.ency of ,he car-prodac:,. ~ 

c.on.,.. lM X lM • .0.. .. J.JJ'O." .. d ,.. fil E RICX, Z/2Z). r...&bt, y - _(fil) ."d 

, &\. X/Y, oa .... ü. lolJorwlDr aac' ..,.ace: 

PIOOl' J:xadaeea lat &he lret N'(X, Z/2Z) follows froID ,he Hoch.:llield-8ern .pectral Meta.ace ~, 

far ..... pIe, Sau S.15 of (Ko 2)) ad a& the MCOlld RI (X, Z/2Z) !rom propoeitioll 5 .•• bove. SiRe. 

COI' 0 .... l NI (X, Z/2Z) - NI (X, Z/2Z) le 'be HI'O-map, bn( .... ) c _(cor). O. th. otber h.aud, if 'be 

...... Mla'rankol X III ,,+2, im(ccr) h .. raù ,,+1,10 &hu .... (cor) h .. raù 2n+2-(,.+I) - "+1 from 

\ '~ .,: 

\ ? 
\ il -, " 

1 

• 1 

( , 



( ) 

o '. 

\ 

la tIaiI da..,., ... cleh. ~. Dotloa of & Z,.towc iD & Demulkia poap. Wh .. fi" 2 uuI ~ .. , - 2 

ucI ,It. -.onioa-iDvvit.Dt of th. tower'" il ao& 2, ... obt. a comp~ cIu.lI",loa of ,la .. sonn. 

flMa ,la. kriioa-iD...n&n& 01 th. knrer il 2, & comp .... cluai&cuion ÎI not obtainecl, bu' ... examia. 

IOIM a~ary invuiaDtI. 1 4.1 Let X .,. & Demulkia ll'0up with ,cdpX - 2. B,. th. Z,,-towu (X,.) 

... ltan ID .... & (CODtta.OU) .pimorphiam ~:X - Zp of X OIlto th. add~i". P'ODP cl p-Mic tate .... 

Two luit kJwen (X,~l) &ad (Y,~) an .aid ta he iIomwpJUé if th ... il an i80morphilm Q:X - Y 
• 

10 lltù ., - ~ 0 Q. FOI' & Ixed &owv (X,~), d.ln. th. ",la Inel.llbll'ODp X .. - ~-l(P-Zp),1O ,It .. 
x - Xo ~ Xl :::> ••• IÏ ... & daain of aormalnbcroup. of X rih XI XII - G" • Z/p"Z, Uld nx" - V 

il ,1tI bra.l of ~. 

Z, kJwen in a pYln o.mulkia p-ollp IR quit. plentiful: &II,. DOD trivial .l.m.nt 01 Rom(X, Z .. ) 
; 

wm d .... on •. If X hu torsion invariant Il and ia minimalJy I.neratecl br " .lem'DSt. then X" • 

Z/9ze Z .... -l, 10 that Hom(X,Z,) il a fre. Z,-module of r~ ,,-1. An exampl. of panicular intetat 

il th. -buic tow": if X, ia th. invariant of X, then lor .ada of th. pouibl. ima... of X u.ted iD 

propoei'ion 3.5, th ... il auniqu. (up to choie, of topolOSical pneruCll') '1II'jedioD ,.. of im(X) 011&0 Z .. ; 

&Ja. compœition ~ - "'0X will yield a Z .. knnr in X. In lac', if im(X) " {±l} X {1+2'~}. tla.n im(X) ia 

alnad,. WolDorphic to Zp, whü. In th. remainin, c .... projection. onta th •• 1C000d factor pv.. a .uilable 

&Ja. lJ'Oap of COJltiDlloU automarphÎlIU 01 Xi tla.n Tact. on th.apac. Homex, Z.) by 

(v.~)(~) - ~(v.s), 

.. 
w .... u E T, ~ E Bom(X,z,,), lAd • EX. Th. orbi&a udu 'hÎlICÜOIl wDl he OU' eqatnMac, clMeee, 

ad ft wUI .. d ..... to tin baftriutl whkla diltiapiah orbiù. 

1 

l 
1 



(' ) 

, J 

o 

l) 

• cUracteriale nbpooap of Yi_l, .d ..... cIlll'ac __ * la X. I& Iollowl 'IaM nYi - V - brX .. .. 
chU'lCkridic ba X. If bn(l) If Zp, 1re an don.. If im(X) • z,. Z/2Z, tian Vo • X-l(Z/2Z) .. 

dl~WriÂic ba X: 'bia foUOW'I becaue V ia char.ct_m,ic in X and Vo/V, b.ba, th. kInioa nbtroap 

cl XIV, ia chll'adlllÏ8tic. n. Xi are th. lewlnbcroupt iD th. towv pe br X/Vo, ancl.m« XdVo 

il charac:'-riMic ba X/Vo, X, .. characten.tic in X.<> 

JI (X,.) .. & Z,.-$ow" which il Dot tla. bule~, th ....... maxlmà 9OIitiv. inkler no .. cil &laa& 

~ "0". levellubpoap X ... .. th'.ame .. tla. no'll lewlnblJ'OUp la th. buic &ower. Tlaa& ., .Ubac 

.. Abeliu poOupt. W. will call thie f th. kmion Ûlvariant 01 cA. eolHr (X, ~). If,,. 2, d.fiD. tu 

1aom0000orplÛllm o:Z .. - (Z/,Z))( wlùch p.... th. action of XIV. Z .. OD~: for .. " e ~, fil EX, 

ud J th. lm ... cl fil Ûl X/V, 

Ia.ww of Iemma Ll, th. iatopr f .. cl the _ .. _ of (li in Z/qZK will he Wt a.acUapcllUlclv tU 

IICt1cm clany COlltinuoU &lItomorphiem of X. Propoeitioll 4.2 beJow .la0W8 thaa, in tla. 411 ........ , " 2. 

\la. towtr (X,.) IIp ~ iIolDOl'~, .. tlM IlOtioll (da., &0 KocIa, IKo '1) of tll • .a-c:alled -Demulkin 

fonnatioa aMr O· la .... lpeeileCl par ...... , wlücla .. deecrib. be1ow. 

",tI-1 - or", \ 

.. 

t- 1 ~ 

• 

i 

\ 

1 
j 



lJ 

o 

__ ~ • "_'" _~ ... ____ w _________ ,-_~ __ ._._ .... 

. 
j 

V. -illJiac uIoIu (1), (2), aacl (S) HM. Wk~ 11 49. 11 c _(0), Q - 9111, uul X. - ~-1(1I). .. .1 

(1) TM lIlIJtbnal proo, qao&iai ~. cl ~" il a DemuW.R 1J'01Ip of rw "IOj + 2, la .... ~ 

iIaftrlaù ,.; 

(2) The 8JDlplecUe .pace B'(N t Il,1).L 1 H'(II, Z/,Z) il a rr.. l' ,rG~modll" of raü '" .cl ,he 

bilbaearlana (indac.d oa tlùI ~ by ,Il. np prodlId) Il h~: ~ ... a cftcompollitioa of 

PROOF Tb, t.llecr.m wu Snt R~ed for , " 2 br Koda (lKo 4)), ud provecl in d,un bJ Wba,beq (IW 

11. S~. 1). Th. ctM p - 2 ud • ~ 2 wu proved by D.bri ([D II, 5 2.2).~ 

1 4.' lAt X he a DUlaJJdA croup oleed. - 2 ud hamaC lfteratÛlI r&lÙt " + 2. SUppoM 'liai (X,~) il 

llle &ower it Ilot. 2. Deb. cr. 9 - Z/,.Zx &0 b, th. cbrackr ..... th • .tt.ioll 01 9 If XIV oa .lx. If 
. . "-. 

"... .. If Ji C _(0), wilb G. 9tx lf XIX., 'Ia.lrcompulduioa uin, E .... Poiacari ch.ad.riRa 

\ 

(lM '3.5) Illon &hd X", - A" il a o.mlllkiD croap of raak "101 + 2 Yi'1l ~ioll iDftriaDt f - ,. , lIIICl 

CII,m.. 'Il. actioa of a GD .lx If H'(X",Z/qZ)·. TJau ,la. ~ (X,~) .lal .. ,la. lm ad t.kW , 

Deh, ~ .. E B'(X"" Z/,Z) bJ 

rot. EX",. 

r 
J-
Il 

( 

y. 

f 

1 •• c.) - ,... l'Mx. (;)(.) (1aOd l'), 

'" . 

" 

("1) 

\ 

. ' 

! 



- . 1----------------------------------

() 

J,em •• 4.2. ;.;. &..cf ucMr lM acdoa 01 Q - XIX •• 

PROOr If ~M - 1. Ua_ {l., ..... ",--J} Il & comple. '" vi CGMt ~ oI'X". la X. wWaI 

il .......... for ~ • EX •• 

~:.(.) - ~(.,-I .. ) - ;.~(,-I.,,) (aaocI l') 

- :.. ;(.) (aM 'p) (4.1) 

-1-(.). 

abace # ....... OD Ua. CODUD_&a&or 1., ,I.~ 

laama ~ Tl. lm ... ot~ .. uad .. cor:Hl(X""Z/,lf- RI(X,Z/pZ) "h. 
PllOor ft-omlaluna S.l, ,... 0 cor(;",) - 3'G.~_ - lOI#. - O. tJace th. .. becl by G. Oa",- 0Ül .. 

lauad, br( .... ) - (~). 10 '!.la cor(;",) - 0;" fOC' ~IM (1 e z/,z. ud 

,"'-1 
ca - car(;",)(,) - ;"'(Va-x_x,,(r)) - ;.( II (;;.-1 wI}) - i ... (,. ... ) - 1. 

'.0 
",Iaere ... ch. COM& npreMDca&ive of • E X",.~ 

, 
Oouider 'he foUoIriD, commucati". dlacram ( ... propoQCioD U(ü»: 

Hl (X ... Z/pZ) x NI(X .... Z/pZ) ==:. N'(x .... z/,Z) 
The leM le .. 

al(x.z/pZ} X a'(x.z/pZ} ~ N'(X,I/,Z). 
(4.3) 

- TU aoa-d .... vacy of 'hl cap-producc aUow. u ~ chOCIM" e Hl(X.Z/"Z) 10 'hat "U~ - 1. lad Ua • .. 
.. Wbio. of ,he Cllp-procbl~C "- Vo - (~o, ,,).1 C Hl (X. Z/,Z) la & IlOD-d,,'D~. (enD. l'roDa dlatram 

(4.1), 

NI(,,) U;". -" U cor(;".) - ., u fo - 1, 

10 Ula& V ... - (; ... , ... (,,)~.1. C RI(X ... Z/,Z) la & wc&or .pac.« dim.uioa .. 101 wkh a aoa-depJl."', 

G-iaYariaD'. &kenaa&in, fOrin iaducecl br th. cup-produd. 

PlOO' Pirtc DOCe 'hü, if X ::> Y ::> Z, 'hen cor:Hl(Z,Z/"Z) - Hl(X,Z/"Z) -racton &laroqla-
\ 

'--
\ ". 

J 

l 

1 



û 

o 

-

ü 

. ~ .. ' 

~~----------------------~~---~-~----

...cl') - 't ... write " - ..... + 6tr + ., wUIl G, 6, &ad c la I/pZ, .. cl rih. .., eV .... Becaue 

"",ul' - "uc~ - "u, - 0, . ~ 

ft ... &Hl. - 0. .Iace cor{l') - cor(" - "').,.. coacl.cI. 'ha& cor(C'J) - l, 10 ,Jau cor(V ... ) - V",_,. 

) 

J..wne' '.1 • .w. Q" Z/",.Z, Je. JI,N.~,...,....,'" -1'.[Q}-IDOdu, pd JI. r h. ah r 

cl ••••• I.&.. ..... lUIUIIucf 01 M. n .. r .. Ü. l' • ..-.ai 0/ SPaAI. &le ".pIC' 01 -Q-.orm..- la M. 

paoor 1',10} il a local ria, h.m., prbadpal m&ldaaalideal ...... Mecl br ,lM eIem.ll' •• (fT - 1). 

wla ... , ÏI a ._en.&or 01 ,la. eycJic IJ'O'P O. No..ftI'J' iaclecolllpolib&e ... (OJ-moclale il iIomorphk 

to IOl1U1 ponr of iIae maximal Ideal: btd~ 1'.(0) il 'ubue' 01 ,Ja. P.I.D. B - l',,ITJ. AI ia a 
~ . 

bke ..... .-a&ed R-module ancl ft m&, ... ~ ... cive lheonm f« bBel)r..,..~ mochal .. <Wei' a 

P.~. towriM 
• 

JI- 1l' • EB B/(~), 

witJa CIl E R. a..cua. ~ .. CMiaJo &la. lrIqaeJ (TIII-)B of Ua. riq epimDrp"'m R - ".101 iadu* by 

T - ., ft pK Ua. drac' ... fil At u .. l' .IO}-moclGle. III panicalar, if N il iIact.compoe1ble, .iUler 

H 1111',.101 01' N .. ',.IOJ/( .. )· for 8OID ••• Ou"cu check 'kM la lJae lM ... e ... , N If (.)··-~,.rG). 

TJae KnJ1..Sda.mid' Uaecnm ~ for IaiWr-lea ....... ,.[OJ-mocl-elel. 10 ft m., wriM 

• J/.".Ior. e(tr)". (~.4) 

'.1 
Now SPa ... (.)"--1 ( ........ 1.1). 10 if 'ft .. ~ .. equ&i6a ,,-.) br ~ ."Il*. ,.. ob&aia 

SPo.' " l' ,lOf, &lM lIOJlooh ...... beba, .. "1),0."'.<> ' 

Hm .... \.... TU.".ce V .. il • hM l' .1G)-modaJe 01 rad ft, ud .. & qJIIpJecaJc .pau, ~ Ü. 

~boJi:. dec:o.mJ*idoa: V • • W • • Ilia, wiü dl ••• haIod •• W ..... cl 6. Wally ~ 

JI 

PRaOr rlolll lem-. a.l, .... 0 cor - 8pOi 'be nlkic'~ map .... : H'(X. Z/"z) - Hl(X •• I/pZ) il 

iDJ'dive CIIl Vo, .. Iaile cor. nrjec:'iw, 10 lhû lb. imat. 01 NI oeer: V. - V .. ... l',.-raak n. Lemma 

,1 

......... ' ,.. .. 
, , " ,,,. ,~... .. .. 

\ 



( 

ü 
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4.1 ah .. .-.ne QI 01 a fne .. .,(GJ-nmiaaad 01 raak '" Oa ,Il. 0&1l. bad, &he ",,-dimellaioa il ~'lT 
( 

"101; 10 V • .. fret .... r,(GJ-mocl., al raù ". n. bOlu_ form ôa V", lael.ceci by aJa. C1Ip-pro]1ld 

.. ao ......... , V. belq lU-anbOCOaal COInp ..... ' of'''' D01l-d ...... ùe nbepac ...... aMcI br ~ 

ad ". niI fGrlll .. ÙIO ....... bat: ,". cwpoprod1ld .. aJ..,. U&i-qmmtlric, aad., _1 .. , " 2 

ddI will_pif 'u ...... propet'&J ( .. lU). If, - 2, ...... Rill aJrich': Ilace 'he ~Ia..wa& 

al ala. kMW .. f'" 2 .., ~ .. , &Ile &oniDa-........ ~, t' of X. for • ~ lit al ..... 6, ad .o;~ 
,Ir-

, 
Hl(Z.,I/t'I) )( lI1(x...,S/tl) - S'(X •• S/,I)' 

wm cUqnm ( .... pI'OPCIIidoa 3.1 (.)), 

NICX,,,!B/t'I) x BI (X,'} Z"Z) - ~(X.l Z/t'Z) 

~ NI (X"" Z/2Z) X RI (K ... , Z/2Z) -: B'(x.., Z/2Z). 

Tb • ...nicalllla,. la ~ cUap-am an aD .1U'jecUft, beba,--*1aDr ndac&_ (mod 2). Froua ah. anli-

1)'IIlJM"7 d &Il. C1lP-Pl"Ocbld., if X E gl(X""I/t'Z), ,Ia.a 2(x u x) - 0, &ad heac:. X U x(mod 2)- O. 

TIaiI bDpU. ,Jau \h np-prod1ac' ...... la ~ bottoaa rvtr 01 ,JaU dlacram .. .u.naalia •. By propoei&loa 

1.1, .. cu dacom,.. V", iùo a.ua 01 ,"/2 he ... IG)-mocl .... 01 raak 2, .à 01 .ha pa •••• , a 

PropoIItlGD 4.1. lAt (X,~) h a z..~ Ù cH .De." .... P K .. ldci •• oC th bMJc ~., 

f " 2 h tU tcnIoa hIftriu. 01 .... 1ofNr: .. d JIt 0: Z. ... 1/ ,Zx ". .... dlaracw ,Ma ..... ac:Cioa 01 . . 
.... ,.oI.iut X/{àr(I» -., 0fI ~.'. Il (X,~) • MOder Zp-toww la X widt ü ..... iInwi .... f 

.cI 0, üea ........... tom~ , 01 X ..el &la .. "0' -~. ' 
PROor Le, 11 - rZ. &ad X ... - Xr - .-l(N). TM I/,&-da" cl ,IN nrjecUoa X .. - 11 .. ,Ile 

lal-cüoa (laiatioa) 8 1 (11 ,I/"Z) - Hl(X.~ Z/"I), .. cl 'h .... 01 ........ &Ja ••• bIpace ......... 

br ~",. l' foUowt .IW, .. aympJec&ic ...... 

H'Ut .J~'" 
V •• HtIR.ShIl" 

eo 
~ 
1 
i 
t 

l 
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( 
". f ..... /li, Ua. aaiq1a ••• up to AD .. toaaotp~ 01 X lo ..... trom ,....,.,..,. 4.1.~ 

" 

-0 

;-

() el 
') 
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1 J 

DeamIkiJa f ......... ). 

- ' 
TJn .. , J.& X IN al)emplldn 2-p'oIlp, Je, Ir. x ~ Z. he a ~ùla"oua lurjec:tÎOn with bra.} V, nppoll 

.. ~ Ilu .... 2. De •• by X' &lM -cyc:JokmUc nbcroup· of X of index 2, ud let V' - X' n V. 

TUa V /V' - A 81 Z/2Z. X' /V' - r 81 Z" .. d XIV' - r a A; .. 6 bt the .. nll'~ of A, aud 1., .., 

he a &opoJocical ",G'doIr for r. 

If (X',~(~»)".o& th. buk towtrofX', th.n th ... ÎIIaq - 2- ~ 410 thu ~' SI!! Z/qZ .. Abelian 

•• J œ:X/V'-Z/qZX 

, 
whkh pvu the action 01 XIV' oa ~/. NoM thû œ ia d.~ed by th. imac. of 'J and of 6. F~ an 

~propria&. choie. of 1 •• erakIr 1, w. lIl&J auum. th. ima.p of.., ia 1 + t, wh ... ri ~ " ia th. cardinality 

of If'. Beiq of orcIeJ. 2, 0(6) cu he .liber -1 or -1 + 2--1 (th. thin:I poaibili&y 1 + 2--1 ÏI ru.Ied out: 

k would imp~ $bu ,Ix w .. lad by X, cO»JV)' te> ...... ptioa). 
) 

LM No - _(a). _d let XJt. - ;-1(No}. A c:lGH WpectÎOa of th. prool of lemma 4.1 ahow. 

a(r) .. cl 0(6) la z/91X will maaia uchuapd. la th. apirit of propoaliioa -1.2, ft thua propoM fi &acl 

o:r. A ~ S'f#,Zx u iawriuu 01 th. &owv (X,;) . 

. 
Dean. ~'" E gl(x;., Z/21) J in 1 4.S, uel Je, '0 E Hl (X, Z/2Z) be th. bomomorphiam whCIII 

bm.l il th. cyc:lo&omIc nbpoup X'. 

I-nma '.'1. n. 1a00000lllorplûaa ~ E Hl (X, 1/2Z) ,lIIb to ....... t ; E Hom(X. Z,) li uad 0ZJlr JI 
fp 

,u '0 -o. (We .. lia .. ~ • to J il, -J (mod 2J). 

~ ,. 82 

• 

" 

f 

\ 

\ 
1 



,0 

\ 

.. 

, . 
PROOr. lifte &0 nch a J iI_ oelr il • il la dt. bup of B'(X,Z/d) - H'eX,Z/D), !lace if 

aacl oaIr If " E W(B) ..... B il ~ Boc:bteia op4Ifator clll.3. a, pI'OPOIlUoa 1.8, ... eaa n ...... 

.... Boe ..... opera&ol' bJ 'o.~ 

lM X lM a JII"O-IJ IfO'IP, aM le, f lM a POWa' ol p. Ddu lM Joww t-eatral ... {XC""} br 

lew., Xfo •• , - X &ad for i ~ l, 

S.p~ ,la" X il mipimallr .......... b)' .......... {s ...... .,.l, _ Id , be 'u he .,.., aroap 

CIl the • ...-.&on {'l •... , •• }, riJI dM ..... r." - .. cl ...... ....-w- cl X: 
.. 

l-R-r...!..X-l. (4.5) 

SappoM 'U& (Pl •• .•• ~} mi~imallJ paera&e R Il ';~a1 .. bpo,p cl r. If 9 il 'Il. maximal poww cl 

P." &JW Hlcr,Z/qZ) • gl(X,Z/qZ), , .... tJae -&l'aft8II'4IMioa- maper:H'(R,r./qZ)X - H'(X,Z/qZ) 

(comiq &Gm ,he Hocbac.hield-Bure ~ral Mqueace UIOCiMecl to (404» ia u ilbmorpllitm. Th».uow. 
- 1 

ODe &0' d.au, for each p e R, a map P4: B2eX, Z/,I) - Z/,Z, 

IAmm. 4.'. (Sem) U .. , th lIa1l coIIK ... ~ wria. , E R ÎII Ü. lorm, 

p - II ·:C'fll",'I' .. ·I", 
IS'S.. 'SI 

wJü &6. CIe'. ad th ~J.".u,.-o-d.~ (mJqJ, aad trida 1 e ,,~). ·r .... 

• , 
aad 

,.,(S(x.)) - -"', 

Pltoor. Set (Ko 2), s.. US and San ".24. 

.. , 
J' :::'1 

~;~~~~.!-~ '~. ~ : ~/ ~~k ~ 

• 

f 
i 

l 
.1 
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\ 
PROOlP Takia, p &0 he a ddniD, rela$dr for , ... Demdkia IJ'01IP X. 1, folbra hm s.rr.'. lemma &ha& 

XUx - Six) - XU'o.~ ,., ... . 
lM" E gl(X,Z/2Z) lM cIa ... .o ~ ~ UIJ - 1. W. may fanher ..... ~ha& "Ulo ~ 0: il 

., U '0 - l, mooee "ao ', ... Il U (#0 + 'o) - I-br "1UDp&io., ~ " '0, .0 &lUI CUl lM dO.1 ~ &u 
" 

DOIl~ of tu C1l~prodlle'. JI" U ;0 - l, lei ,,' - ", whiM il " U 10 - 1, Ie& ,,' ,. " + Il. No&. 

lh-' " " ." .me. ~ U'o - O. 
, 

A.. ... 1 U. d.la. a& och ... lb •• 1Ibtpace V", - <."",,).L. 1& foBcrn &ba&IV .. U for.ac:h ma 

V", oùo Vo. 

PROOlP A' ,ach MYeI m, lb. cyeIokJmk nbpolIp X' ... la lh. bnae1 01 &he homomorpllilm '0 - rw('o) e 

V",. ~ lbe corollaa-7 a~. if X E g'(X",.Z/2Z), lh .. 

XU.x -" Ulo 

- c«xU'o 

- c«x U CClIX 

,. n.ocarxUx 

1 

Thu. apoprocl.a il Il tnceoIona. .ad " il ~I Ga V,. ... " la aoa-aJ&.raa&iq Oll Vo: 

ifXU~-lla Vo, &ad corx -f, ,- , .. ..,.. c:oaap.k&iaIr ÙOft ~ XU}C -lia V_.~ 
• 

JAmm. 4.10. L.t cor - cor-.2:Bl(X .. ,Z/2S) - gl(X3 .1/21), .. 41 Pu UT' E 0,., Jet J .. 

;u ba..- ÏII G2 .. d ..... CUCMtical."'U. XIX", - X/Xt. na • .., XE B'(X",.Z/2Z). 

cor(,.x) - ,.cor(x) . 

. , 



Li , . -

-

o 

, 

PRa or ft ..... ~ IWO" ~ leaama ~ , .. tf, .Mn tf il ' ........ of 0".. Le, • bt a lift .. tG X 

ol Il. TINa .,. ......... cl X,IX .. , ••• a ........ ù&&m 01 ~'ia X" aad fOI" .., r EX" 

1 . 

care.x)(,) - tfX(V-X.-X.,) 

_ X(.-l( - II ~-l ,.41).) 

OS.S .... ·-l 
- x(n~-~·-l,. ... ) 
- x(n .-r;;~-1.-1., .. 4I) 

1 PROOr Le, m ~ 2, uul 1ft X E V", bt ncIa tUt SPa.X .. 'o. n'D '- - X u .,2--'. Aa ba ~ 2.J, 

\ - carx u 1'carX, 

SinCt SPo.C«X" '0 ba vi, &h.1emma follDwl.~ 

AAJ &1I&omorp1UaD el X KU la u.. oIMou ."." oa coda·m ... cl iacl1lCel .. adÏoIi oa ~. coItoàIDoIocJ 

11'0"" 1I'(X, Z/21); um,~ S.l, •• caa ... tUa &M c.~)IIOCl1ld. ~ .. cler tliIldioa. 

nu aay &oww .IaIda,. ~ ..... of ~ ....... _kaaorpldlm of X wiD Un ~ .... KocJa ........ 

a.,.. 

• 
Le& (X,;) .... J\eeeIrh .... wlAll .... ta..iaat 2, Jet zr he &lM ~ ..... , cl X, 

. ~ . 
... let A - xlr. 0.. ....... CCIII8W .. Hoa{X',I.) ... 1.14J-lIIOdale, riIa &M ~ ol4_, 

• E 1IaIa(X',1., Iiwa. br. 1.(.) ... (cr1N), ....... tlil &Il7 Utüac 011 E 4 ~ X. on. ~ .... 

HI ...... la tIM ..... of~ Ix.d '" 4, ad ....... 01"" u.. .... of~'" a 4-

.... will N lIA iaftriut .... tu __ fi ~ fi X (eillee X' Il curachlÜ. la X, &If 

1 

, , 

-' 
t' {, .... ,~ 



• 

'ne aaÜGr f.1I &bù tu iaftriut. r, 0, '1: ud i. ar. nftideat &0 diItiapiaJa t.omorpbil. duMe • , 
'.~ towua ll.wIq toww ÏImIriaû 2, b., aupedl' th .. &0 be ia~ la IOIU wa1 • • >, 

..... 12Qmpl_. Let 1., ~I'" da. COllUDll$a&Qr .-',-'." aacI let" deaoH 'M CO!IIJqa&ioa ,-'.,. If 

X ... prolaite cro-p, ad Y il & aonul .. bpo.p of W" W_ la X, ln The. compltte .. , cllea 

~2 IfOlIP o. tlat .... a&on '1" .. , ' .. , aad Ie& .. :, - X he &Jae bomomorphina d.4aecl ~ '1Ùppiq 
" \. 

" -~. TM bmel of .. iI.e.erat.ed u • aormal .ubpollp of' br •• iqJe relûor P, &ad •• able 

.... &&on yaDd " C&Il he f01llld 10 &bai p bu ou of tIl. forma ,ma la aectiota 3.4. If Y il • iaonul 

'~ .. bpoup of X dia iDiM quot .. 0, ga if , - .. -'(Y), th •• Olle hu tJae coJlUlUltatift cUacrua (wi&Ia 

eud l'Oh ucI col1lJllU), 

(Ut) 

\ 

r-"--', \ 
/ ( 

.......... ~ ........ :: •• ::.::, .... 1ft .... 1a T'. 

(4.7) 

... Il • .. ~mallJ ........ &.....t ...... of , br ~ ........ (aM ·B ........ làniar 

""""j ~ (LI 1)) 

( 

, 
" 
1; 
l 



o 

o 

.. 

l> 

Aa will he .... la lM GUIlp" heIDw. il au CII'Cl.- 01 0 il 2"' .... wUl he ab .. tG d •• k 2'" - 1 01 &lM 

......... 01 " ud ~ - 1 cl , .. nla&on Pc. "avia, ou rila a miaimal pnHIltùioa 01 'lM Dewnllkia 

lI'O'lP Y. TM Ill .. latend Ùl doia, aB ru. (ad t" colllpatatiou an IOmetimee rdla .. metey) il dau 

&M nnkiat ....... tùioa carn.. with it tJae adioa of G oa yab. Tc l~pUly the DotdioJl, we will wrik 

, .. nIa&on Pc • nla&iou Ùl X « Y. 

" 
lM X he 'u DemaIkiD lI'Oap .... ahcI ." ,he •• maÙl {.l"" .s.}, wltla th. delaia, nla&ioa 

(4 •• ) 

~ let {~.J he th. buia cl Bl(X, Z/2Z) wlUda .. daal tG ~ buia 01 XI X2(X, X) pftll br tJa ...... 

cl .... { .. J. TM qclo&omk 11Ibp-ollP X' 01 X .. (hm 1 S.4, lXamp)e (S)) ,hl k ...... cl X2' Ia •• ce • 

............. il T - {1,S2J. Th, paerakIn cl X', u compated ia (4.7) aboni, lA 

(4.10) 

u .... (4.10) 10 wrik -:. la termII 01 the 0&1aer ......... , ud ... batit.tiq ia&o (4.8) ... la ..... X' 

cu lM ... enMcl br tU ........ a. 
'1 

$ - {.l • .:, ... .;-r ... .:·J, 

(4.11) 

om. • EX', let WIN .... iaap cl " la X'ab. n.. X'ab il miaimaDr pa""" u' a Z,-IIIOd" 
'~, 

.., &lM .~ {J,,",.a,II·,I.,!%,}; au tonioa .. blDoehale 01 rab ia ,.aenMd br th •• Ie .... 

f - -r-1 
•• ; aacl the adioa cl ~ - {l,f} - XIX' Da X'ab .. pfta br. , 

I.JI - ,-1.JI - .;' ..... -l'J. 6.W. - sj"i •• tra - W;' - rJa. 

.: >.: • \ , .• ,. 

• 

· · , 
~ 

t , 
! 
J 



.. 

o 

.... ha{ .. 10), 

. . 1., .. .;1(sr)-I ..... _ .. 1.; __ ~-I, 

y(.) - {!: ~~. 
{ 

1 If, - Ct, •• (,) - 0: • .,..... 

{

l, 
.,(,) - l, 

0, 

.,(,) _ {l, 
, 0, 

y~(,) - {!: 
if. - _., 
il, - ':', 
o&berwiM. 

Il,--:,, • 
o&MrwiM. 

n. RbmoIIaIe of 1Ioaa(X' ,It) hiICI br 4 il "....,. paera&ecI br Il ......... {Y2, (1 + 1) ... , .. - ~1), 

.. Ua .......... of A-1lCII"aII il '-1)- ,.en&ecl br {2." (1 + 1) ••• , 2ft - •• 1}' 

TM Irmodale HôlD(X.Zt) il"" punHd br tU lomomœplaillu {~, ..... } ...... br 

..L() {l, if, - 2, ..L () {l, ifi - " 
" .. - 0,0$ ........... - O. ~~. 

{

l, ifi - S, 
h( • .)- -2, ifi -l, 

0, ~ ........ 

0.. c. MW coaa,... , .... ba ... fl n.: 1Iom(X. Z,) -lIom(X',Zs): 

.' , 

1 . , 



( ) . 

o 

() 

~ ~ .. - --~-.... .. -~-..... ,.-_ .... _------------_ ..... 

lM ~ - .. e Hom(X,I,) ... d Ie& x, - ; ... l(,~). W. JlOW ut th. abon &ecluliqll. &0 ezpIfdUJ 

...na. dowa ~ Iympledk 1VIIc''''' of ,he .pact Hl(XJ .Z/2Z). la view of Iemmu •• 10 ud •. 11. Ü 

wiJl .no. .. k) eom~" 'he Koch lavariua' , of tla. &oww (X, ~). 

W. \ab .. 0111' tr1IU\IerIal T 01 X~ la X da. ", {l .... sI.sU. ad ut (4.1) &0 obtaba , .. 11 

(4.12) 

0 .......... ,u.. Hldio ....... elimba. &le ...... ùcn c-C, 0-1; ud 0-'. ud &bu 
e"r-1. 
~ u.. foIIowial mlalmal pneeaWioa cl ·X,: X, .. mi~imaUr ,. ... a&ed br ,h. &ta ...... 

{Â,"-',A-l.A-:.B.r'. rl.rlle,S}. nbjed to a ~. de"" nlUb of ,Ile fOl'lll. 

.1- A·(A-·)J(A-.)·(A·')J.g4(A.A·'IIA··, A-.IIA~.Â-CJlA·I. AllB. r·ur·, rlurl , ,11lr:,BI 

lA, BilA, r'IlA, r'U"", r'UA·· , ,lU"·' ,BIIA'I • .-IIiA-I , saI liA" , B"I 

lA·:. ri liA':, BIIA-: J saIJlA. SUB, SIIA". SilS" • Sile. SIl. 
('.lS) 

rita ; E xj"J, . 
\ 

Let G - XI XJ. ud lM tI he lh. imact al aa ha G. TIa_ &a. actioa of G 0Il %ft c.&Il lM Nad 04 'M 

..... a&cn. _iD, &laa* Irom (4.12) .,.. hu 

\ 

1 ~' "', 

0'" • CABA·I(,I)-18 JDOCl ~"X.J. 

te 

' .. 1 

i 
Î • , ! 

1 

1 

1 

1 , 
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\ , .. ~ ~ 

Le& (.t.A.b.': i - O.1.2.a) b.lIi. bute ~ gl(X:a. Z/2I) dul to sM bull cl XIlXl(XI.XII ..... 

br ou ......... of XI. Un., Ua. nit cr./(s) _/(s'la ) for 1 e Hl(~2.Z/2Z) uel sE X,.", oIMIa 

&Île follalwUat G-module .tt_due of g'(X:a.Z/2Z): 

.,() - (J, ",-, + (J, "A. - .la + (J, .A. - A., ~ - A. + (J, 

~(:al - Ac, + AI + Â:a+A. + 1. 

sac:. iD gl(x. Z/2Z) ou hu ~(O) u x. - x. u x. - 1. it foUow. &am Jemma 4.2 .Iaù .... ex.) U.~t) - 1. 

Nota, 'hù na(x.) - tJ. we le, VI - (~(I). ~.1. Olle DOW UMe 'he form of 'he nlûlaa (Ua) &ad lIaaa& 

.. 1 to .how Ülai V:a il & he l',(GJ-modale .enera&ed by Ào &Dd /Jo. Now 
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