Deep PDE Solvers for Subgrid Modelling and
Out-of-Distribution Generalization

PATRICK CHATAIN

Department of Mathematics and Statistics
FACULTY OF SCIENCE
McGill University, Montreal

MARCH 2024

A thesis submitted to McGill University
in partial fulfillment of the
requirements for the degree of
Master of Science

© Patrick Chatain 2024



ABSTRACT

Climate and weather modelling (CWM) is an important area where machine learning
(ML) models are used for subgrid modelling: making predictions of processes occurring at
scales too small to be resolved by standard solution methods. These models are expected
to make accurate predictions, even on out-of-distribution (OOD) data, and are additionally
expected to respect important physical constraints of the ground truth model. While
many specialized ML PDE solvers have been developed, the particular requirements of
CWM models have not been addressed so far, marking the motivation behind this thesis.
In this work, we explore the intersection of machine learning and PDEs, proposing and
developing a novel model architecture which matches or exceeds the performance of
standard ML models, and which demonstrably succeeds in OOD generalization. The
architecture is based on expert knowledge of the structure of PDE solution operators,

which also permits the model to obey important physical constraints.
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ABREGE

La modélisation du climat et de la météo (CWM) est un domaine important ot1 les modeles
d’apprentissage automatique (ML) sont utilisés pour la modélisation sous-maille qui con-
siste en la prédictions sur des processus se produisant a des échelles trop petites pour étre
résolues par les méthodes de solution standard. Ces modeles doivent faire des prédictions
précises, méme sur des données hors distribution (OOD), et sont également contraints
de respecter les contraintes physiques importantes du modéle de vérité terrain. Bien que
de nombreux solveurs d’EDP (équations aux dérivées partielles) utilisant le ML aient été
développés, les exigences particulieres des modeles CWM n’ont pas encore été abordées,
ce qui motive cette thése. Dans ce travail, nous explorons 'intersection de 'apprentissage
automatique et des EDP, en proposant et en développant une nouvelle architecture de
modeles qui égalise ou dépasse les performances des modeles ML standards, et qui mani-
festement, réussit a se généraliser dans les situations OOD. L'architecture est basée sur la
connaissance experte de la structure des opérateurs de solution des EDP, ce qui permet

également au modele de respecter les contraintes physiques importantes.
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CHAPTER 1

INTRODUCTION

In the contemporary landscape of computational science, the quest for efficient and ac-
curate solutions to partial differential equations (PDEs) stands as a cornerstone of ad-
vancement across diverse scientific and engineering domains. PDEs, the mathematical
models that describe the continuum of physical phenomena ranging from fluid dynamics
to electromagnetic fields, pose significant challenges due to their complexity and the often
intractable nature of their analytical solutions. This thesis aims to bridge the gap between
machine learning (ML) and traditional numerical methods by exploring the potential
of machine learning algorithms in approximating PDE solution operators, particularly

focusing on the critical aspect of subgrid modelling.

This thesis is structured to first lay the theoretical groundwork, introducing the basics of
machine learning as well as defining the fundamental concepts of PDEs and the challenges
inherent in their numerical solutions. It then delves into the research problem and its
connection to PDEs, ML, and subgrid modelling. We then define our proposed model
and test it against basic standard ML models. Finally, we present our results and set the

direction for future research.

1.1 PARTIAL DIFFERENTIAL EQUATIONS, NUMERICAL METHODS, AND STABILITY

In short, partial differential equations are mathematical models that explain physical
processes. They occur in a variety of applications like financial modelling, potential fields
(gravitational, electrostatic, magnetostatic, etc.), probability densities, heat flow problems,
and biological phenomena [Larsson and Thomée, 2009]. Solving these models, however, is
not an easy task, and sometimes it is even impossible to obtain analytical solutions. When
this occurs, numerical methods are a way to obtain approximations of solutions in an

accurate way.

Finite difference methods dominated the early development of numerical analysis of
partial differential equations. In this method, space is broken down into a finite grid of
points, and the approximation of the differential equation is accomplished by replacing
derivatives with difference quotients, reducing the differential equation problem to a finite

linear system of algebraic equations [Larsson and Thomée, 2009]. While a simple method,

1



2 1.2. MACHINE LEARNING

many mathematical details must be carefully addressed for the method to work correctly.
One of the most important conditions is stability, since in an unstable finite differences
scheme, solutions do not converge but rather "blow up" to infinity [Larsson and Thomée,

2009]. We will see later how having a stable scheme is crucial for solving PDEs.

1.2 MACHINE LEARNING

Machine learning is a field of artificial intelligence (AI) that focuses on the development of
algorithms and statistical models that enable computers to perform a task without using
explicit instructions. Instead, these systems learn and make decisions based on patterns
and inferences from data [Shalev-Shwartz and Ben-David, 2014]. These models can be
incredibly powerful, and thus machine learning has become a trending topic in today’s
world. Every year, numerous models are created that improve efficiency over previous
models. Thus, as the field progresses and research in ML continues, we can generate
models that we never thought would be possible before. ChatGPT, for example, might be
the most significant advancement in recent years, with the whole world now constantly

using it to increase productivity.

1.3 ML FOR PDESs

With the vast range of uses of ML models and the powerful computational capacity
available these days, it is no surprise that ML models can also be used to solve PDEs.
Recently, there has been a lot of research into the intersection of these two areas and how

we can leverage ML to help us solve PDE problems more accurately and more efficiently.

In recent years, many novel ML models have been developed to approximate PDE solution
operators. Probably the most well-known is PINNs (Physics Informed Neural Networks),
which uses known laws of physics described by general nonlinear partial differential
equations to define the ML model architecture [Raissi et al., 2019]. PINNs demonstrate
the key element that we are after; implementing PDEs structure directly into the model’s
architecture with the goal of obtaining more accurate solution operators. ML for PDEs is
an active area of research, and numerous novel models have shown promising results. We

discuss them further in Chapter 4.

1.4 SUBGRID MODELLING

Subgrid modelling is a concept used primarily in numerical simulations, especially in

tields like computational fluid dynamics (CFD), meteorology, and climate and weather
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modelling. Subgrid modelling addresses the challenge of simulating physical phenomena
that occur at scales smaller than the grid resolution of the model (or, more practically,
smaller than the scale at which we have observations) [Brasseur and Jacob, 2017]. In other
situations, it might also be computationally impractical, or even impossible, to resolve all
the scales of motion or changes due to limited computational resources. Subgrid models
aim to solve these problems by approximating the effects of these smaller-scale phenomena

on the larger scales that the grid can resolve.

1.5 CLIMATE AND WEATHER MODELLING

In this section, we introduce the main motivation behind our work; Climate and Weather
Modelling (CWM). CWM is an important research area which consists of the study of
predictive models for physical and atmospheric processes. These processes are represented
by time-dependent partial differential equations of fluid mechanics [Mcsweeney and
Hausfather, 2018]. In order to model these PDEs, traditional climate and weather models
break the ocean, atmosphere, and land up into many grid points and features that are too
small or complex to be explicitly calculated in the model are approximated using coarser
grids [Brasseur and Jacob, 2017, Balaji et al., 2022].

Recently, ML approaches have been used to make better approximations of these subgrid
processes [Weyn et al., 2019, Bretherton et al., 2022, Watt-Meyer et al., 2021]. For example,
Bolton and Zanna [2019] applied deep learning to ocean modelling, and found that they
could decrease the data resolution by a factor of 5 to 10 while maintaining accuracy
and conservation of momentum. However, these models fail to generalize to out-of-
distribution (OOD) data, and they can violate physical constraints [Kashinath et al., 2021],
two requirements of the CWM models. Thus, our motivation behind this work is to propose
a new mechanism to develop ML models for climate and weather processes that also
satisfies these requirements. We note that we are not creating climate models themselves,
but rather proposing a mathematical framework that can address the limitations of current

climate and weather models.

1.6 RESEARCH OBJECTIVES

Numerous Neural PDE solvers exist, each with its own unique approach and application.
However, many of these models grapple with two critical limitations: Firstly, they often
can’t learn directly from data, necessitating a complete knowledge of the governing
equations — a requirement that’s infeasible in complex scenarios like weather and climate

modelling. Secondly, they are constrained by the curse of dimensionality, compelling
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them to resolve at finer scales and thereby excluding the use of subgrid models. While
recent advancements in neural PDE solvers are promising, they often don’t incorporate the
comprehensive controls that traditional PDE solvers offer, such as stability, convergence
guarantees, and the preservation (or near-preservation) of qualitative solution attributes
like energy, mass, and linearity, to name a few. In this study, we focus on a specific PDE
problem pertinent to climate, atmospheric, and oceanic modelling.

Standard machine learning models have shown efficacy in learning PDE solution operators.
However, when applied to climate and weather models, their limitations become evident.
Specifically, they might not always adhere to the fundamental governing laws of physical
systems, and their generalizability to out-of-distribution data can be questionable, as
pointed out by Kashinath et al. [2021]. It is imperative for PDE solvers in this context to be
not only physically consistent and scientifically rigorous but also data-efficient, requiring
fewer input data points. Moreover, they should be adept at making reliable predictions for
unseen and non-stationary scenarios, such as changing climates.

Subgrid models address some of these challenges by solving PDEs at coarser resolutions,
thus necessitating fewer data points to capture the complete physical process. The impor-
tance of these models in climate and weather studies is underscored by the fact that no
single resolution can capture all climate-relevant phenomena [Balaji et al., 2022]. Addition-
ally, subgrid models offer computational advantages over fully-resolved grid models in
many climate areas, for example, orographic precipitation [Leung and Ghan, 1995]. Bolton
and Zanna [2019] implemented neural networks to model turbulent processes and subsur-
face flow fields at coarser resolutions, but their results showed a need for generalization
and better subgrid accuracy. A different approach outlined by Kashinath et al. [2021] is
custom-designed neural network architectures to enforce physical constraints. However,

until now, these have not been made to work.

The challenge of OOD generalization is pervasive across the machine learning landscape.
In scientific applications, the ability to apply models to data distributions distinct from
the training set is of incredible value. Yet, this remains one of ML's most formidable
challenges, with climate and weather models often falling short in their generalization
to novel weather patterns [Kashinath et al., 2021]. Through our research, we aim to
demonstrate that incorporating extensive domain knowledge and expected mathematical
properties directly into the models can facilitate OOD generalization. We contend that
a deep understanding of the underlying mathematical structures and domain-specific
knowledge can guide the training process, rendering models that are not just data-driven

but also grounded in theory, fostering a robust generalization performance for unseen data
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distributions.

In this paper, we propose a pioneering architecture crafted for solving inverse problems
in PDEs while aiming to exhibit exceptional out-of-distribution generalization. Our con-
tribution is a hybrid neural network model that has many of the controls built into PDE
solvers, but can also learn from data and overcome the grid limitations. Leveraging the
mathematical properties inherent to PDEs, this innovative architecture promises to carve a
pathway toward resolving the long-standing issue of OOD generalization by embedding
structured knowledge into the learning process.

1.6.1 Key contributions

Our key contributions through this research are outlined as follows:

1. OOD generalization for subgrid PDE solution operators: By restricting to an
architecture grounded in theory, we show that we can accurately approximate the

true solution operator, even on OOD data.

2. Accurate subgrid models: Addressing the needs of scientific computing, we develop
and integrate subgrid solvers into our model, which maintain accuracy even at

reduced grid resolutions (data dimensionality).

3. Physical constraints satisfied: Our model hypothesis class has the benefits of tradi-
tional PDE solvers, which satisfy physical constraints by construction, and has the

framework of a neural network training pipeline.

In the broader landscape, many are making significant strides, like establishing foundation
models for climate and weather. Our paper’s intent is to spotlight the OOD generalization
challenge using a concise example where we can study precisely what happens. We
illustrate the construction of an architecture adept for OOD generalization in subgrid
models, hoping our insights will pave the way for future endeavours in more expansive

projects.



CHAPTER 2

MACHINE LEARNING

Machine Learning stands as one of the most transformative fields in computer science and
artificial intelligence. In its essence, ML is a subset of artificial intelligence that focuses on
enabling computers to learn from data and make predictions or decisions without being
explicitly programmed. At its core, ML algorithms seek to uncover patterns, correlations,
and structures within datasets, allowing them to generalize from observed examples to
unseen data. This chapter presents a brief literature review that navigates through the core
elements of machine learning, encompassing neural networks, loss functions, and training

optimization.

2.1 NEURAL NETWORKS: THE FOUNDATION OF DEEP LEARNING

Neural networks, inspired by the human brain’s neural architecture, are the cornerstone of
modern ML [Stanley et al., 2019]. These computational models consist of interconnected
layers of artificial neurons, which process information and learn complex representations
from data. While neural networks vary in architecture, they all share the same underlying

concept.

Each layer of a neural network consists of a linear mapping composed with a non-linear
activation:
fi(z) = oi(Wiz + by),

where WV, is a matrix of learnable parameters (or weights), b; is a (learnable) bias vector,
and o;(-) is a non-linear activation function that is applied element-wise. Of course, the
dimensions of W; and b; are chosen to match the input size and desired output size of the
layer.

A Multilayer Perceptron (MLP), the simplest version of a neural network, is just a combi-
nation of many of these layers one after another [Kruse et al., 2022]. An MLP of K layers

would then take the form

fure(x) = fx(fx—1(.. fofi(x))...))
2.1)

= UK(WKUK—l(WK—l Ce Ug(WQUl(W1$ + bl) + bg) R + bK—l) + bK)
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Here z is our input vector and the final output is our output vector. Each intermediate
output obtained after applying f; for i # K is considered a hidden layer of the network.
Hence the network described above would contain K — 1 hidden layers and one output

layer. Below is a graphical representation for K = 3.

Q O
O e O O
@ O 0O
O e O O — O
SRS e = A o
NNS a2~
05 O
Input Layer =R+ Hidden Laver £ R? Hidden Layer SR % Output Layer € &7

Figure 2.1: An example of a multilayer perceptron with 2 hidden layers [LeNail, 2019].

The activation functions at the end of each layer are crucial to the computational power
of neural networks. While there are many common choices for the activation functions
of hidden layers, the output layer will usually have a softmax or identity activation
function, depending on the task of the network (usually identity for regression problems
and softmax for classification problems) [Kiaei et al., 2023]. But more importantly;, it is
precisely the non-linearity between layers that allows neural networks to fit data in such
accurate ways. In fact, the universal approximation theorem states that a neural network
with a single hidden layer and suitable activation function is able to approximate any
continuous function up to arbitrary accuracy [Kidger and Lyons, 2020, Cybenko, 1989].

2.2 TRAINING OPTIMIZATION: NAVIGATING THE PARAMETER SPACE

Having defined an architecture for a neural network (number of layers, activation functions,
etc.) we now turn to the question of how to train the network in order to get the best-
performing model. This involves optimizing the internal parameters in the model to
minimize a given loss function. Loss functions quantify the disparity between predicted
outcomes and actual data [Mohri et al., 2018]. The simplest example would be the L, loss,

or mean squared error (MSE).

For a given network fy(z) (where 6 represents the collection of parameters of the network),
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we define the L loss of a given (input, output) pair as

Ly(z,y) = (x —y)*.

The total loss of the model is then defined as an average of the MSE over all the training
data [Shalev-Shwartz and Ben-David, 2014]:

1 N
Ly =+ ;(fe(fcz) — i) (2.2)

There are many modern optimization algorithms for minimizing the loss, such as Adagrad,
RMS Prop, and Adam [Duchi et al.,, 2011, Kingma and Ba, 2014]. The simplest of all,
however, is stochastic gradient descent (SGD). This involves taking a small step in the
direction of negative the gradient of L at every iteration. More precisely, we have that the
parameters of the model are updated according to

Oiy1 = 0; — MVLf@>

where 11 is just a small constant (called the step-size).

Due to the nonlinearity of neural networks, this is a non-convex optimization problem
which often might have many local minima [Kingma and Ba, 2014]. This is precisely the
reason that SGD is implemented (where one data point is fed in at each iteration) instead of
normal gradient descent (where all the data points are fed in at each iteration). In practice,
batch gradient descent (where a few points are implemented at a time) is a very common
practice.

2.3 A SIMPLE EXAMPLE: LINEAR REGRESSION

One simple problem that demonstrates this optimization pipeline is fitting a linear regres-
sion problem. Suppose we have a set of data,

D= {(wz,yz)}z]L

and we want to fit a linear model as well as possible to the data:

fw(x) =We.

We can define our loss function as the L, loss defined above in (2.2) (the standard loss for
least squares regression), and use a standard optimizer like SGD (as explained above) and
we will solve the problem
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1 T T )

AN ;(fW(wz) —Yi) = AN ;(Wﬂ?z — )"
Essentially, we are constraining our models (or hypothesis space) to the set of linear models,
and we are finding the best possible parameters by optimizing the L, loss through gradient
descent. At convergence, the optimal parameters found, W*, will then give us our optimal

model

f(x) =Wre.

Of course, there are other standard ways to solve linear regression problems, includ-
ing even analytical solutions, but these methods often have strong requirements like
the covariance matrix being invertible. Therefore, by setting up the problem through a
machine-learning perspective we can obtain very accurate solutions using an efficient

optimization pipeline.

2.4 ARCHITECTURE: THE KEY TO BEST-PERFORMING MODELS

The previous example was just a very simple problem that can be tackled with machine
learning. In practice, we have incredibly complex problems that require models with deep
architectures and large numbers of layers (like in (2.1)). Designing such models is not an
easy task and picking the best architecture (number of layers, type of layers, activation
functions, etc.) for a neural network is an open problem. There is no methodology for
tinding the optimal architecture for a given task, and the best architectures and hyper-
parameters are often found through experimentation. Nevertheless, the field of ML
and deep learning has advanced enough for certain models to become the standard
when it comes to particular tasks. For example, convolutional neural networks for image
classification [Krizhevsky et al., 2012] and transformers for large language models [Vaswani
et al., 2017]. Each of these types of models has properties that cater to their respective
objectives, so we can see that even though there is no optimal methodology to find the
best architecture, domain knowledge of the task or goal of the model plays an important
role in designing a good architecture.



CHAPTER 3

STABILITY THEORY

Partial Differential Equations are a fundamental tool for modelling a wide range of physical
phenomena and natural processes in various scientific disciplines, including physics,
biology, and economics [Larsson and Thomée, 2009]. They describe the evolution of
quantities that depend on multiple independent variables and their partial derivatives.
However, solving PDEs analytically is often an unfeasible task due to their complexity,
and therefore mathematicians have come up with diverse numerical methods that provide
practical and efficient solutions. These methods, of course, come with their own set of
challenges and considerations, particularly concerning stability and consistency.

This chapter aims to introduce the Forward Euler Method, a numerical method for solving
PDEs. It emphasizes the significance of stability and consistency in ensuring its conver-
gence, as well as deriving explicit conditions that ensure stability. It is important to note
that while our discussions will use the heat equation as an example, the concepts and

principles outlined are universally applicable to a diverse array of PDEs.

3.1 THE CONTINUOUS PROBLEM

Start with the heat equation with Dirichlet boundary conditions:
U = 'U/:Jc:z:a in [0, 1] X |R+

u(+,0) = v(z), in [0,1] (3.1)
uw(0,t) =u(l,t) =0, in Ry.

The solution to this problem can be obtained through separation of variables and Fourier
Series [Joel, 2007], but we are more interested in the behaviour of the system as time

evolves. More precisely we want to examine the behaviour of the L, norm of the solution

10
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1
|ul|? = / u’dx as t — oo. Taking the derivative of the norm with respect to t we get
0

1 19
9 u2dx:/—u2d:1:
o Ot

a |,
1
=2 / uly dz
0
1
=2 / Ul dX from (3.1)
Jo
1 1
=2 (uugc . / u? dx) integration by parts
0
1
= -2 / u? dx using the boundary conditions
0
<0

which shows that the solution norm is non-increasing in time [Olof, 2013]. More precisely
we have that
[uz, )| < flu(z,0)]| = [lo(z)]]- (3.2)

This is a very desirable property since it means that a small perturbation of the initial state
v(z) won’t cause a big discrepancy in the solution. Indeed, note that if we have u; and us
satisfying (3.1) with v(z) = ¢1(x) and v(x) = go(x) respectively, then u; — u, also satisfies
(3.1) with v(z) = ¢g1(x) — g2(z). Then by (3.2) we have that

lur = sl < g1 = gall

so the difference in the solutions is bounded by the difference in the initial conditions, and
we say that the system is stable.

3.2 THE DISCRETE PROBLEM

Now take (3.1) and discretize it by introducing mesh points {(z,t)} = (z;,t,) where we
have z; = jh and ¢, = nk [Larsson and Thomée, 2009]. Here h is the mesh width in
(this is our discrete approximation of dz) and £ is the time-step (discrete approximation of
dt). Now, using the notation U} := u(z;,t,) we define our discrete approximations to the
partial derivatives as:

n _Jn
Uj+1 Uj

* u, ~ 0, U] = —
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o u, ~0,U":= f, and

urtt—uyr
°ut~8tU”'— % L,

We can then turn back to (3.1) and use the forward Euler method to define a discrete

approximation to the equation as

U = 0,0,U7, for jE{0.1,...,J}, neN
U = v(x;), for je{0,1,...,J} (3.3)
Uy=U73=0, for nel,

where J = h™! is the number of intervals in the space mesh [Larsson and Thomée, 2009].
Plugging our discrete operators into (3.3) we get that

upt -uy  Up, — 207 + U
k h?
and then we can solve for U} to get
UMt = NUT + (1= 20UF + AU, (3.4)

where we defined A = %

Equation (3.4) defines the core algorithm that we will use to generate the numerical solution
to our problem, and there are some important properties we would like it to satisfy before
we continue with our discussion. These properties are consistency and stability and are

defined below.

Definition 3.2.1 (Consistency). A numerical method is said to be consistent if its discrete

operator converges towards the continuous operator.

In other words, if we replace the continuous operator in (3.1) with its discrete analogue in
(3.3), the discrepancy should tend to zero as the step sizes tend to zero [LeVeque, 2007].
Mathematically this takes the form

79 = O} = Op0uf — (up(,tn) = o (5. )

= (O} — (w5, t,)) — (68u — Uy (25, 1)) (3.5)

_ (u(a:j7tn+klz—u(azj7tn) N ut<xj7tn)> . (u(xj—h,tn)—2u(v;clé,tn)+u(xj+h,tn) . um(:cj,tn)) .
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Now using the Taylor series expansion for © we get that
2

uw(zy, t, + k) = u(xj, tn) + kug(z;,t,) + Eutt(xi, tn)

for some t,, € (t,,t, + k) and thus rearranging we get that

U(l’j, ln + k) - U(Jﬁj, tn)
k

On the other hand, we have that

k _
= ut(ﬂ'}j,tn> + §Utt(ﬂ7j,tn).

2 h3 h4
u<xj + h7 tn) - U(l‘j, tn) + hux<xj7 tn) + ?umx(‘rja tn) + Fumzx('rja tn) + ﬂuxmzx(‘fja tn)
for some z; € (x;,x; + h) and similarly that
h? 3 h4
U(.Z'j - h7 tn) = u<xj7 tn) - hu:p(mja tn) + ?uzx(xja tn) - Eumzx(mﬁ tn) + Qzuzzxx(f_ﬁ tn)
for some 7; € (x; — h, ;).

Hence adding the last two equations we get that
4 4

u(xj —h,t,) + u(xj +h,tn) = 2“(553" tn) + hQUM(%& tn) + ﬂumm(fh tn) + ﬂumm(fﬁ tn),

w(z; — hyty) — 2u(z), t,) + u(x; + h,ty,) h?
: ) £l ) 4

Replacing these results into (3.5) we get that

(uxaczm ('fj7 tn) + u:pxmz(fﬁ tn)) .

h?

24

Ty = §Utt(«%’j, tn)

j (uzx:px(fja tn) + Uzzzr (*fja tn))

and thus 7' — 0 as k, h — 0 so the method is consistent.
It is important to note though that we assumed smoothness conditions for © when applying

its Taylor series. Namely, we assume that v is C? in t and C* in z.

Definition 3.2.2 (Stability). A numerical method is said to be stable if for any T' > 0, there exists

a constant C' > 0, which depends only on T, such that forn = 0,1,. .., -=. we have that

7 At

(Ax > |u§‘|2> 2 < C.

In simpler words, stability means that the L, norm of u™ at every time-step less than 7" is
bounded by 7" [Lee and Jeong, 2017]. This is a very important property since it guides us in

determining whether small disturbances in the initial conditions will eventually dissipate
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or amplify, offering insight into the system’s long-term behaviour.

Now take (3.4) and note that if A < % this is a convex combination of previous solution
states and thus we have that

UM = AU + (1= 20U + AU |
< AR+ (1 =20 U7 | + AU |
= MU |+ (1 =20)|UP | + AUT |

< sup|U}|.
J
This holds for all j so we get that sup|UJ*!| < sup|U?|, or more precisely
J J

U7 oo < 11U Nl
which clearly implies that for all n:
107 oo < 107 o0 = [v(2) [l -

This is the discrete analogue of (3.2) and we can see that under the condition A < % the

numerical solution is stable.

Theorem 3.2.3 (Lax Equivalence Theorem). A consistent numerical method is convergent if
and only if it is stable.

We proved that under the step-sizes condition /5 < 3, the Forward Euler Method is both
consistent and stable. Therefore, by the Lax Equivalence Theorem, the method is also

convergent. For a proof of the theorem see [Tekriwal et al., 2021].

It is crucial to remark on the importance of the A < ; bound since we cannot ensure the
stability (and hence the convergence) of the numerical method when A > 1. As an example,
set an initial value problem as

vj = U} = v(x;) = (=1)sin(wjh), for j=0,1,...,J

[Larsson and Thomée, 2009] which satisfies the boundary conditions U} = U} = 0 (re-
calling that h = J~!) and then applying the forward Euler method we get by induction
that

U = (1 =2\ — 2Xcos(mh))"v;. (3.6)
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The base case is trivial and then note that

01 = (=) sin(m(j — 1))
= (—1)7"!(sin(mjh) cos(—mh) + cos(mjh) sin(—mh))
= —(=1)’(sin(mjh) cos(—mh) + cos(mjh) sin(—mh)).
Similarly we get that v;,1 = —(—1)?(sin(wjh) cos(mh) + cos(wjh) sin(mh)) and thus we have
that
V1 4 Vi1 = —2(—=1)’(sin(wjh) cos(mh))
= —2v; cos(mh).

Now let A = 1 — 2\ — 2\ cos(wh) and then using (3.4) we get that

UMt =AU, + (1 =20 U + AU,

= A v+ (1= 20 (V)" + ANy

= A (031 +vy0) + (1= 20V,

= —2X(\)"vj cos(mh) + (1 — 2X)(A)"v,

= (1 —2X —2Xcos(mh)) ()" v,
= (M)

= (1 =2\ = 2\ cos(7wh)) v,

so we proved (3.6) by induction.

Then we can easily see that by letting 2 be small enough |1 — 2A — 2\ cos(mh)| > v > 1 and
thus we get that

|U2(| = |[(1 = 2X — 2\ cos(mh))"v|
= |1 — 2\ — 2\ cos(mh)|"||vj]|
> 7" ||

which goes to infinity as n goes to infinity, and thus the solution becomes unstable.



CHAPTER 4

LEARNING PDES WITH DATA

Having traversed the fundamental concepts in PDEs, stability theory, and numerical
methods, we now stand ready to define our research problem. This chapter marks the
transition from theory to application as we use all of our previous tools to address a
pressing research problem that emerges at the intersection of mathematics and cutting-
edge technology: the learning of PDEs through the integration of Machine Learning
techniques, Stability Theory, and subgrid methods.

4.1 THE PDE PROBLEM

Start with a parabolic PDE of the form u; = a(z)uy, + b(z)u, + c(z)u + d(x) and define a
PDE operator S that takes in as inputs an initial condition v(z) and a vector of coefficient
functions (a(x), b(x), c¢(x), d(x)), and outputs the solution to the underlying PDE u(z,t). S
is then the "forward" PDE operator. For example, for the heat equation with non-constant

coefficients:
gy = a(X)Ugg, in [0,1] x Ry
u(-,0) = v(z), in [0,1] (4.1)
uw(0,t) =u(l,t) =0 in Ry

we would have that S takes in v(z) and a(x) and returns the solution u(z, t). If for example

a(z) = 1 and v(z) = sin(7mz) we have that
S(v(z),a(z)) = sin(rz)e ™",

where the solution is obtained by just solving the PDE through separation of variables
[Joel, 2007].

4.2 THE ML PROBLEM

Now we consider the other direction. Given samples of solutions of a time-dependent
PDE at several time slices, our goal is to learn a solution operator F' that maps an initial

condition to its corresponding solutions at the respective time points:

16
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F(u(x,0);0) = u(x,t), x,teQxT, (4.2)

where 0 are the parameters of the model, (2 is our space domain, and 7' is the set of times
at which we have observations.

We assume that the functions are all solutions of some time-dependent advection-diffusion

partial differential equation, with unknown coefficients, a(x, t):
ou(z,t) = L(a(z,t), Vou(z, t), Vi u(z,t), u(z,0) = uo(x),

along with some known boundary conditions.

The ML problem is then to learn a function F' : D — ) through a dataset

D = {u;(x,0), {ui(@, te) Hoy 1y,

where u;(, 0) and u;(x, t;) are the initial conditions and their respective solutions at times
tr. In essence, we wish to generate a solution operator such that it approximates the
solutions with high fidelity, i.e.,

F(u(x,0);0) =~ u(x,ty), Vi, eT,

where 0 are the parameters of the learned operator and 7' is the set of times at which we
have observations.

At its core, our ML problem will be similar to the linear regression problem discussed in
Section 2.3. The solution operator we are modelling (the heat equation) is linear in the
data, and therefore we are just applying a sort of “deep linear regression.” Each layer of
our model will take the previous output and apply a convolution operator, which can
equivalently be represented as matrix multiplications. The shorter the convolution kernel,
the more sparse the matrix is. Combining all the layers will therefore just amount to
combining all these matrices into a big matrix multiplication, and then we optimize it
through ML algorithms.

The only technicality about our model is that the entries of these matrices will be non-
linear in the parameters themselves (not in the data) to account for stability conditions. We
discuss the architecture of our model in more detail in Chapter 5, but we can essentially

view our approach as a linear model with a non-linear parametrization.
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4.3 THE SUBGRID PROBLEM

Subgrid modelling is a crucial concept in the realm of computational science and numerical
simulations, finding applications in diverse fields, from climate and weather modelling to
fluid dynamics and material science. In scenarios where simulating physical phenomena
at fine spatial resolutions becomes computationally infeasible, subgrid modelling steps in
to bridge the gap. Typically, it involves the representation of smaller-scale, unresolved fea-
tures within a coarser grid by incorporating parameterized models that capture the effects
of these subgrid-scale processes. In climate and weather modelling, for instance, subgrid
modelling techniques are indispensable for capturing complex atmospheric and oceanic
interactions that occur at spatial scales beyond the reach of high-resolution numerical

simulations [Brasseur and Jacob, 2017].

In this section, we delve into the domain of subgrid modelling in the context of Partial
Differential Equations. Building upon the foundation of machine learning and PDEs, we
adapt our machine learning problem to address the specific challenges posed by subgrid
modelling. Our objective is to develop a solution operator that accurately represents the
behaviour of PDEs on a coarser grid, leveraging the insights gained from a finer grid.

Similar to before, we start with a dataset consisting of sample values of m functions of the
form w;(z, t) for « in a physical domain, and ¢ € [0, 7]. The functions are sampled at points
x; in a uniform grid in space of resolution N,, and at time intervals 7/"¢, consisting of
Nr, uniformly spaced time intervals. Each function is represented by a vector of the form

Ui jx = ui(x;, t;) and our training dataset, on the fine grid, is of the form,

DI ={Uyp = wixj, te) @t € GI" x I i =1, m}.

We are now given a list of target subgrid resolutions (for example, from fully resolved to
an 8 times smaller grid resolution) and coarsened data of the form,

DCOGJ‘S@ — {Uz7j7k — U,Z(wj, tk) w7 t E GCO(Z'I'SE X TCOH/I'SE’/I: — 17 L 7m}.
The goal is to learn, from the fine grid data, a solution map for each of the target grids
F(u(zx,0);0) = u(zx,t), x,t€ G x T (4.3)

where 0 are the parameters of the model and 7°°“"*¢ is the set of times at which we have

observations on the coarse grid.

Note that the function values on the fine (well-resolved) grid would be sufficient to

solve the PDE with acceptable accuracy using standard numerical PDE methods if the
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coefficients were known. However, building a solution operator on the coarse grid requires
machine learning tools since there are no analytical formulas for the operator of a coarse
grid. For example, in current climate models, simplified operators are approximated, but
this leads to a known loss of accuracy [Rasp et al., 2018]. Thus, our goal is to learn a
subgrid solution operator as defined in equation (4.2) that accurately approximates the
ground truth solution, as represented by the fine grid PDE solver in our example, or by

assimilated data in a full-scale weather or climate model.

4.4 RELEVANT WORK

In recent years, there has been a lot of work on ML PDE models, physics-informed models,
inverse problems, subgrid models, and out-of-distribution generalization. For example,
Liu et al. [2022] build neural network models that integrate PDE operators directly in the
model while retaining the large capacity neural network architecture. However, they solve
a different problem: learning the solution operator of several different PDEs but with
constant coefficients. Additionally, Long et al. [2018] explored the learning of coefficients
for the solution operator, though they did not delve into the subgrid aspects. On the
other hand, the potential issues of out-of-distribution generalization with neural networks,
especially for data with varied spectra, were highlighted by Rahaman et al. [2019]. In
addition, early attempts at using physics-informed neural networks (PINNs) as PDE
solvers were presented by Karniadakis et al. [2021] and Shin et al. [2020]. While innovative,
these PINNs occasionally struggled with accurately representing the solution operator
and ensuring physical constraints.

The inverse problem in PDEs has been widely studied. Its goal is to learn the coefficients of
an operator given input-output pairs [Stuart, 2010, Kaipio and Somersalo, 2006], but it does
not address the subgrid aspects of a solver. On the other hand, homogenization of PDEs
takes the extreme approach of replacing an operator with a spatially homogeneous one
[Marchenko and Khruslov, 2008], an approach that is valid in fields like material science
but not in weather and climate modelling, where the emphasis is on the heterogeneous

nature of operators.

Moving onto the subgrid area, Li et al. [2020] introduced the Fourier neural operator, which
supports varying grids. However, their focus diverged towards a different PDE challenge:
learning the map from the coefficients to the solution, which is different from our case,
where we want to allow for different initial data to evolve in time. Recent contributions

from Pfaff et al. [2021] and Han et al. [2022] present a PDE solver on irregular meshes.
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Several other works connect neural network architectures and solution operators for dif-
ferential equations. Chen et al. [2018] proposed a neural network architecture based on
ODE solvers, and Haber and Ruthotto [2017] focused on the stability aspects of the archi-
tecture. In addition, Ruthotto and Haber [2020] advanced in this domain and proposed
architectures based on discretized PDE solvers.



CHAPTER 5

OUR MODEL

In this chapter, we delve into the intricate architecture of the proposed model, a symbiotic
fusion between machine learning and the rich theoretical domain of partial differential
equations. The model’s foundation lies in its ability to encode the underlying physical
laws governing the system under study while harnessing the flexibility and adaptability
of machine learning techniques. Through a meticulous exploration of the properties
satisfied by the PDEs modelling the physical process, this chapter unveils the architecture
and construction principles of this hybridized model, showcasing its unique capacity to
synthesize domain expertise with data-driven intelligence, thereby offering a promising
avenue for tackling complex real-world challenges like climate and weather modelling.

As we have mentioned several times, in this work we focus on the heat equation as the
foundational physical process of our research. Hence, it is also the pillar for the model’s
construction since we will integrate domain-specific knowledge from it into the model’s
architecture. However, it should be noted that while our immediate focus lies within
this domain, our work is intended as a novel proof-of-concept approach to showcase the
efficacy of our architecture in capturing and leveraging physical processes. We chose the
heat equation since it is much simpler to analyze than a system of advection-diffusion
PDEs, or the Navier-Stokes equations, yet complex enough to highlight the results. This
deliberate choice aims not only to demonstrate the model’s capability from both a practical
and theoretical point of view but also to beckon further research and exploration in this
direction, fostering an avenue for a more expansive and impactful application of this
hybridized approach. The overarching goal would be to establish a robust and adaptable
framework capable of accommodating a spectrum of physical processes, underscoring our
aspiration for this work to serve as a catalyst, motivating future endeavours to model and

simulate a diverse array of complex phenomena across various scientific disciplines.

5.1 MODEL PROPERTIES

Based on the physical properties of the process being modelled: 0;(x,t) — a(x)Au(x, ),
our strategy is grounded in four theoretically desirable properties for our solution oper-
ator. These are locality, stability, linearity, and memory-less recurrence. We explain and

implement each of those four properties into our model’s architecture as follows:

21
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5.1.1 Locality

PDE:s are local operators since they depend on the derivatives of the functions. Based on
this, we aim to integrate the same locality property into our model architecture. To achieve
this, we structure each layer as a convolutional layer, which will ensure that output values

are only affected by nearby input values.

For all grid resolutions, we require that the solution operator be the discretization of some
coarser heat equation. For this reason, it is more restrictive than a standard convolutional
neural network. The convolution kernel will be a diagonal multiple (corresponding
to the unknown coarsened coefficients) of the fixed Laplacian operator. The Laplacian
convolution kernel corresponds to

0 1 0
dt dt
WLap,l = @[17 _27 1]7 WLap,Z = @ 1 -4 1},
0 1 0

in one and two dimensions, respectively.

5.1.2  Stability

As seen in Chapter 3, when solving any PDE numerically, we are bound by some stability
constraints that are necessary for obtaining a convergent solution. Using the same proce-
dure as in Chapter 3 we can generalize our result to the case of non-constant coefficients.
Then for the heat equation with non-constant coefficients, assuming we take space intervals
of dz (and equal in all dimensions) and time intervals of dt, we are bound by the stability
ﬁ where D is the dimension of the data [Courant et al., 1967].
Thus, when one knows the coefficients a(x), then one can simply pick dt and dz to satisfy

constraint 0 < a(z) - -2 <

the stability constraint.

In this case, we take the opposite approach. Given fixed values of dz and dt, we can bound
the coefficients themselves by

da?
2D - dt
This is a crucial constraint since the parameters of our model will take the place of the

0<a(x)<C,= (5.1)

coefficients of the equation being modelled. In this way, we design our model precisely

with the aim of learning the physical process that we are trying to approximate.

In order to satisfy the stability constraint, we bound the raw parameters learned by the
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model with a scaled sigmoid function. This is, if the model’s parameters are 6, then the
values that we multiply with the output of the convolution layer are given by C, - o(6).
This ensures that the parameters are bound by the stability region of the PDE and thus

forces the model to find a solution in the parameter space in which the PDE itself is stable.

It is important to note that when coarsening our data to subgrids, the same stability
constraint must be satisfied. Thus, we will always coarsen our data according to the same
Lt factor. More precisely, if we coarsen our data in space by a factor of \,, we will sample

our time steps at intervals of \; = A\2.

5.1.3 Linearity

Since the differential operator of the heat equation: 0;(x, t) —a(x)Au(x, t) is linear, we want
our model to be linear in the data as well. This is achieved by requiring that our model
be linear in the data U, which is not typically the case for neural networks. We achieve
this by simply not including non-linear activation functions in our model. However, we
note that to satisfy the stability constraints mentioned above, the model is nonlinear in the

parameters 6.

5.1.4 Memory-less recursion

Our differential operator is time-independent, meaning that no matter what the starting
time ¢, is, the physical process is the same. Naturally, we implement this property into our
model by making each layer identical, ensuring the same physical process between each

predicted time step.

5.2 THE COMPLETE MODEL

Putting all of it together, our model is then a composition fy(Uy) = lpoly o --- o ly(Up)
of repeated layers. The layer is defined as (i) the convolution of the data with the fixed
(non-learnable) dimension-dependent Laplacian Wi, qim defined above, followed by (ii)
component-wise multiplication by weights bounded between zero and a fixed, given
upper bound (determined by the PDE operator as explained in equation (5.1)), and finally
(iii) this update is added back to the input vector U. We note that since the bound on the
weights is achieved using a sigmoid nonlinearity, the model is linear in the data U, and

nonlinear in the model parameters 6:

b(U): U — (diag(C, - o(6))conv(Wiapdim, U)) + U. (5.2)
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Thus, the number of weights in the model is on the order of the number of grid points
(spatial data points) as shown in tables 7.1 and 7.2. The architecture is motivated by
domain expertise: the coarsened solution of a time-independent PDE should be captured
approximately by an operator which also looks like a coarse solution operator [Pavliotis
and Stuart, 2008]. In the case where the PDE coefficients depend on time, we would have a
similar structure but with different weights for each layer.

Another way to look at our model architecture is to visualize its resemblance to the forward
Euler method for solving PDEs numerically. The core algorithm of the Euler method for
solving the heat equation in one dimension is given by [Larsson and Thomée, 2009]

U = () (Ui = 207 + ULy ) + U )

where U}' = u(z;,t,) represents the solution at space point j and time step n, a(x) repre-

sents the non-constant coefficients of the equation, and A = -

We can then see that each layer in our model’s architecture in equation (5.2) is built to

resemble equation (5.3):
* AU}, —2U} + U} ) is replaced by our fixed convolution operator conv(Wiap,dim, U)-
* a(x) is replaced by the bounded model parameters diag(C, - o(6)).

* Adding this update back to U} in equation (5.3) is analogous to adding the update to
U in equation (5.2).

Thus, at its core, our model is designed to learn a solution operator that resembles the Euler

method but at coarser grids, with coarser (fewer) coefficients as the resolution decreases.
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EXPERIMENTS

In this chapter, we describe the experiments conducted. We will dive into how we created

the dataset for the experiments and how we define out-of-distribution data. We will also

define the two baseline models that we will use to compare our proposed architecture

and then define the experiments conducted. This chapter gets down to the mathematical

details, detailing how we set up the experiments, compare across models, and interpret

our comparison metrics.

6.1 DATASET GENERATION

We construct our training dataset by:

1. Generating m distinct initial conditions u(z, 0) from a fixed Fourier spectrum.

2. Generating n distinct initial conditions @(x, 0) from a different fixed Fourier spectrum.

3. Solving for u(z,t) numerically using the forward Euler method (as described in

Chapter 3) fort <T.

4. Averaging down the data in space by a factor of A and sampling down the data in

time by a factor of A\? to obtain the data for the subgrid problems.

6.1.1 Initial conditions

Our initial conditions u(x, 0) are of the form

10
u(z,0) =) ¢sin(miz) 0<z <1

i=1
in 1D, and of the form

4
u((z,y),0) = > ¢ysin(miz)sin(riy) 0<z<1,0<y<1

i=1 j=1

in 2D, where the coefficients ¢; and c¢;; are obtained from fixed data distributions.

More precisely, we generate the functions through the following procedure:

25
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1. For the 1D data: randomly generate a vector w € R'® where each component of the

vector is sampled from a uniform distribution w; ~ U[77, 7). The function f(i) for

i€ {1,...,10} is fixed, and will determine the decay of the coefficients.

For the 2D data: randomly generate a matrix W € R* x R* where each entry of
the matrix is sampled from a uniform distribution W;; ~ U [%, %} Again the
function f(i,7) fori € {1,...,4},5 € {1,...,4} is fixed, and will determine the decay

of the coefficients.

2. For the 1D data: Generate a function v(z) = 3.;2, w;sin(miz) based on the generated

vector w as Fourier coefficients.

For the 2D data: Generate a function v(z) = i, 35 Wy sin(miz)sin(miy) based on

the generated matrix IV as Fourier coefficients.

3. In both cases, normalize the function by setting u(x,0) = v(x) - m This

will result in functions of the form (6.1) and (6.2) where the ¢; and ¢;; are just scaled

versions of the w; and W;; respectively.

In this way, every time we run the process we will generate a new initial condition
with amplitude of 2. However, each of these functions will be sampled from the same

distribution since the w; and W;; respectively were sampled from the same distributions.

We also note that, by construction, all of our initial conditions (and hence the full solutions)
satisfy the Dirichlet boundary conditions «(0,t) = u(1,t) = 0 and «((0,v),t) = u((1,y),t) =
u((z,0),t) = u((z,1),t) = 0 for 1D and 2D respectively.

6.1.2  Out-of-Distribution Data

Generating the out-of-distribution data is now a simple task. We run the same process
explained in the previous section but change the functions f(i) and f(7, j) that define the
sampling distributions. In this way, the new data now corresponds to a different Fourier

spectrum (distribution of the coefficients) than the original training data.

Thus, it is important to note that here we consider OOD data to be initial data with a
different shape (Fourier spectrum) from data previously seen by the models. In a climate
model, this would correspond to the problem of having the same physical dynamics, but a
different distribution of the density of particles (e.g. a more oscillatory density profile).
However, we assume that the solution operator (the coefficients of the equation of the

underlying process) remains the same. A different OOD problem that we do not address
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in this work would be where the underlying dynamics changed (resulting in different
coefficients of the equation modelling the physical process), which corresponds to learning

a different solution operator.

We can now visualize the spectra of both data distributions by calculating the empirical
expected value of the square of the coefficients E[c}] and E[c},] for 1D and 2D respectively.

These are shown in Figure 6.1 below.

W in-distribution
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(a) Distribution spectra for one- (b) In-distribution spectrum for (c) Out-of-distribution spec-
dimensional data two-dimensional data trum for two-dimensional data

Figure 6.1: Fourier Spectra for in-distribution and out-of-distribution data in one and two dimensions.

6.1.3 Solving in the fine grid

Once our sets of initial conditions are generated, we solve the equation numerically to
obtain a solution u(x, t) for all ¢ < T'. For this, we need to define two things first: the PDE
to solve (i.e. the coefficients of the heat equation) and the discretization of the fine grid (i.e.

define our dx and dt).

As mentioned several times before, we are solving the PDE: 0,(x,t) — a(x)Au(zx,t) = 0, so
we need to define our coefficients a(x) before being able to solve the equation numerically.
We define the coefficients randomly by using the same procedure as we used to generate

our initial conditions with some minor adjustments:
1. First, we generate another instance of a possible initial condition.
2. Second, we add 1 to all of the coefficients.
3. Finally, we bound the coefficients between € and 2.5 — ¢ for a small constant e.

Step 3 is necessary since we need to know the maximum bound on the coefficients in order
to solve numerically under a stable algorithm. Step 2 is just done so that the coefficients are
more meaningful (otherwise we would have a lot of zeros). This bound on the coefficients

is precisely the bound that will be implemented in our model parameters in equation (5.1).
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More precisely, we will set C,, = 2.5. We will see the importance and effect of this bound in
Section 7.6.

Below we show the coefficients generated, and for which the experiments were carried on.

T T T T T T
00 0.2 04 0.6 08 1o 0.0 0.2 0.4 0.6 0.8 Lo

(@) 1D heat equation (b) 2D heat equation
Figure 6.2: Coefficients of the ground truth process.

We now define our space domain to be [0, 1] in 1D and [0, 1]? in 2D, which is consistent
with the Dirichlet boundary conditions described before. We then discretize our space
grid by making it have N, = 256 points in the 1D case and N, = 64 x 64 points in the 2D

5= and in 2D we get dz = dy = &;. Now, according to

the stability constraints from Chapters 3 and 5, we must choose dt small enough so that
dt < =% __ [Courant et al., 1967], where max a(x) = 2.5 by construction and D is the

2D max a(x)

case. Hence, in 1D we get dz =

dimension of the data so D € {1, 2}. To allow for leniency, we chose dt = 3.05 - 10~ for the
1D case and dt = 2.44 - 107°.

Having chosen dz and dt that guarantee stability, we now solve the PDE numerically to ob-
tain a solution u(x, t) for ¢t < T, where T' must be large enough to allow for downsampling
in time for the subgrids (explained in the next section). For our experiments, 7" = 0.002
and 7" = 0.0156 are sufficient for the one- and two- dimensional experiments respectively.

Now for the fully resolved grid, we simply train our model with the data generated. More
precisely, the initial conditions are our inputs, and the solutions at the first £ time steps are
our outputs. For the results presented, k = 10.

6.1.4 Subgrid Data

To obtain the coarse data for the subgrid problems, we average our data in space and
sample it in time according to the stability constraints described before. We take our data

and average it down in space by a factor of A, (in each dimension) and sample it down in
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time by a factor of \; = A\2. More precisely, the subgrid data has a dimension of £% where
D € {1,2} is the number of space variables and every time step is \; - dt apart where dt is
the original, fine grid time interval. An example is shown below where we average our
data by a factor of 16 in 1D and 4 in 2D.
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(a) 1D data in fine and coarse (b) 2D data in fine grid of size (c) 2D data in coarsened grid of
grid (sizes 256 and 16) 64 x 64 size 16 x 16

Figure 6.3: Example of subgrid coarsening in one and two space variables.

We note that by construction, the subgrids still follow the same stability constraints as the
original fine grid since we averaged down in space and time by the proportional factors
(i.e. the ratio - remained the same). This will play a crucial role in our model learning as
described in the results section later on.

We also note that we manually set the boundary end points to zero to satisfy the boundary
conditions (i.e. just for the endpoints we set them manually to zero, rather than the average
of their neighbouring points).

We will apply this subgrid coarsening to both the training/test data and the out-of-
distribution data, and run the experiments on both data sets. For each subgrid, our
data is thus our coarsened initial conditions as inputs, and our coarsened solutions at the

corresponding (down-sampled) first k time-steps as outputs.

6.2 BASELINE NEURAL NETWORK MODELS

We are now in a position to define our off-the-shelf ML models for comparison. We conduct
the experiments for both our proposed model architecture and for two baseline models
which are: (1) a standard fully connected 2-layer ReLU neural network (FCN), and (2) a
standard convolutional 2-layer ReLU neural network (ConvN). We chose these models

given their simplicity and as a proxy for off-the-shelf ML models.
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6.2.1 FCN

The fully connected network consists of 10 layers, each being a multilayer perceptron with
a single hidden layer of size 32 and ReLU activation (similar to Figure 2.1 but with only
one hidden layer). We note that for the 2D case, before feeding the data to each MLP, we
must first flatten it to a 1D vector (so for example an 8 x 8 grid would be flattened to a
vector of length 64). After passing the flattened vector through the MLP, we re-shape it

back to its original dimensions.

It is important to note that layers are not repeated in this network, and the model learns
different weights for every MLP.

6.2.2 ConuN

The convolutional network consists of 10 layers, each being a simple 2-layer convolutional
neural network with 3 x 3 kernel, ReLU activation, and hidden layer with 16 channels, as

shown in Figure 6.4 below.

16@64x64

1@64x64 1@64x64

Convolution (3x3) Convolution (3x3)

Figure 6.4: Convolutional network corresponding to each layer of the ConvN model [LeNail, 2019].

Again, we note that layers are not repeated in this network, and the model learns different
weights in every layer. Logically, we apply 2D convolutions for the two-dimensional case

and 1D convolutions for the one-dimensional case.
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6.3 ERROR MEASURES

Since the norm of the solutions might vary within the dataset (and more importantly
between the training/test data and the out-of-distribution data), we measure the error as
the relative L? error with respect to the norm of the solutions, using a normalization that
sets the variance of the initial data (as a function of x) to be 1. Thus, the relative errors
plotted in Figure 7.1 in the next chapter are calculated as the average normalized error of
the predicted solutions. More precisely, we calculate

I fous (@, 0)) = us(, )12\ *
= (Lt O

Tp

where o> = E [ JE T (u(x, t) — a(x, 1)) dwdt} is a normalization factor that sets the variance
of the initial data (as a function of x) to be 1, and allows us to do a fair comparison across
distributions. In short, we are measuring how far off, percentage-wise, the predicted
solution is from the ground truth solution.
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RESULTS AND DISCUSSION

We conducted the experiments for 4 subgrids of varying resolution in both 1D and 2D,
and Figure 7.1 below shows the results obtained. We can see from the figure that the FCN
achieves 10% training and test error, nearly constant across grid resolutions. The error
decreases slightly as the grid gets coarser, which is contrary to what we would expect.
However, we note that as the grids get coarser, the models also have fewer parameters,
as shown in tables 7.1 and 7.2. This is an indication that the FCN might be overfitting
to the training data, and as the model parameters decrease, the overfitting is reduced.
Nevertheless, the test error is not significantly larger than the training error, indicating
that overfitting is not the main problem with the model. On OOD data, however, the FCN
performs poorly, with a relative error close to 100%. Thus, the model is unable to adapt to
distinct distributions and is learning aspects of the dataset itself rather than features and

properties of the underlying physical process.
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Figure 7.1: In-distribution and out-of-distribution relative errors for subgrid models in one and two
dimensions.

Subgrid resolution H 256 128 64 32

Parameters in our model 256 128 64 32
Parameters in FCN 166,720 83,520 41,920 21,120
Parameters in ConvIN 1,130 1,130 1,130 1,130

Table 7.1: Model parameters for our model and the standard neural networks in one dimension.

32
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Subgrid resolution 4,096 1,024 256 64

Parameters in our model 4,096 1,024 256 64
Parameters in FCN 2,662,720 665,920 166,720 41,920
Parameters in ConvIN 3,050 3,050 3,050 3,050

Table 7.2: Model parameters for our model and the standard neural networks in two dimensions.

On the other hand, our model maintains high accuracy, with less than 1% training and
test error, except on the coarsest grid in two dimensions. More importantly, on the out-of-
distribution data, the model is also quite accurate, with below 10% error on all subgrid
problems except the coarsest grid in two dimensions, which is just slightly higher. Thus,
we have a 10 fold improvement in distribution versus the FCN and success versus failure
on out-of-distribution data. This is a remarkable result since most current PDE models fail
on OOD data, even though it is a very desirable property in areas like climate and weather
modelling [Kashinath et al., 2021].

As for the ConvN model, we observe that it performs significantly better than the FCN for
both in-distribution and out-of-distribution data, but it still underperforms significantly
compared to our model. This result is not surprising, since the ConvIN model contains one
of the properties of our model: locality (created by the convolution layers), while the FCN
shares none of the properties of our model. This reinforces the claim that incorporating
physics knowledge of the underlying processes into the ML model framework creates
better-performing models for simulating physical processes. In this particular case, having
the locality property, which is inherent to PDEs, helps the ConvN outperform the FCN,
while it still underperforms with respect to our model, which has an additional 3 properties

derived from knowledge of the process being modelled.

7.1 MODELLED SOLUTIONS

We now show some of the modelled solutions across all three models tested. Figures 7.2
and 7.3 show an instance of the predicted solutions for both our model and the standard
neural networks for both in-distribution and out-of-distribution examples. Figure 7.2
shows an example of a two-dimensional subgrid problem with resolution 256 (16 x 16)
where we recall that the original fine grid had a resolution of 4096 (64 x 64). Interestingly,
we can observe that even though Figure 7.1 showed that our model is around 10 times
more accurate on average, both neural networks’ relative error is still good enough to

produce a visually similar solution for in-distribution data.
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On OOD data, however, it is visually clear that the fully connected neural network does
not learn an accurate solution operator and tries to adapt the new data to what it was
trained on. Our model, on the other hand, can adapt to the new distribution with high
accuracy, producing a solution that is visually similar in structure to the ground truth
solution. As expected, the convolutional network fares in between, producing a solution
with a similar structure but less accurate than our model and visually different from the
ground truth solution.

We note that to compare accurately with the original solution in the fine grid, the subgrid-
generated solutions by the models were linearly interpolated back to the original, fine grid

resolution.

m . H ‘” .' :::: M . :::“’ , .I :::
(a) In-distribution (b) In-distribution our  (c) In-distribution (d) In-distribution FCN
ground truth model solution ConvN solution solution

(e) Out-of-distribution  (£) Out-of-distribution  (g) Out-of-distribution  (h) Out-of-distribution
ground truth our model solution ConvN solution FCN solution

Figure 7.2: Two dimensional modelled solutions for an in-distribution and out-of-distribution example in
a subgrid with a resolution of 16 x 16.

Figure 7.3 shows an instance of a modelled solution in one dimension in a subgrid problem
with a resolution of 32, where we recall that the original fine grid had a resolution of 256.
Again, we observe the same phenomenon, with all models being able to produce a curve
very close to the actual solution for in-distribution data (with our model being the most
accurate) but only our model being able to adapt to out-of-distribution data accurately
(with the FCN completely failing and the ConvN replicating some structure but failing to
capture the full dynamics).
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Figure 7.3: One dimensional modelled solutions for an in-distribution and out-of-distribution example in
a subgrid with a resolution of 32.

7.2 DATA COMPLEXITY

In addition to the standard experiments, we also performed an ablation study on the data
complexity used in the model. To do this, we changed our functions f(i) and f(¢, j) that
define our data-generating process to create data with more complex Fourier spectra. Fig-
ure 7.4 shows the empirical Fourier spectra for the in-distribution and out-of-distribution
data used in the ablation study, which shows a jump in data complexity compared to the

spectra used for the main results in Figure 6.1.
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(a) In-distribution spectrum (b) Out-of-distribution spectrum

Figure 7.4: Fourier spectra for in-distribution and out-of-distribution data in the ablation study.

Figure 7.5 below shows the numerical results for the experiments under the complex
data spectrum compared to those under the simple data spectrum (conducted before).
We can see that under the new data spectrum, the fully connected neural network was
unable to learn an accurate solution operator, with relative errors of around 50%. On the
other hand, our model exhibited a stable pattern across both sets of data, demonstrating

that it is resilient to changes in the data complexity. As usual, the convolutional network
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stood in the middle, losing some accuracy when translating to the complex spectrum but
performing significantly better than the fully connected network. We note that at this level
of data complexity, it was not possible to resolve the data at the coarsest resolution, so we
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Figure 7.5: Subgrid errors for both simple Fourier spectra and complex Fourier spectra.

7.3 TRAINING DYNAMICS

As remarkable as the results themselves, the training dynamics of the models display
insights into the benefits of our model architecture and the incorporation of domain
knowledge. Figure 7.6 displays a sample of the training dynamics for all three models. It
shows that our model’s dynamics are a lot smoother than those of the standard neural
networks, leading to less volatility in the training and a more stable model. Furthermore,
we recall that tables 7.1 and 7.2 showed that our model had significantly fewer parameters
than the standard neural networks (as a function of the subgrid size), which is desirable

for computational efficiency.

200 100 600 s00 1000 0 200 100 00 800 1000 [
nnnnnnnnnnnnnnn

(b) Training dynamics of the
FCN model

(c) Training dynamics of the
ConouN model

(a) Training dynamics of our
model

Figure 7.6: Training dynamics of our model and the standard neural networks in a two-dimensional
subgrid of resolution 16 x 16.
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Moreover, when we step inside to take a look at the learned parameters of our model, we
can compare them with the actual coefficients of the equation being modelled. Figure 7.7
shows the learned coefficients of our model for a given subgrid compared to the actual
coefficients of the heat equation modelled (where we again linearly interpolated back to
the original grid size for comparison). We can see that the coefficients learned are very
similar to those of the ground truth process, looking like a sort of (non-linear) average of
them. This is not entirely surprising, since we expected the optimal solution operator in the
coarsened grids to behave like a coarsened version of the heat equation. This underscores
another advantage of our model architecture, which, by construction, has parameters that
act as the coefficients of a coarsened solution operator.

(a) Coefficients in 1D (b) Actual coefficients in 2D (c) Predicted coefficients in 2D

Figure 7.7: Learnt coefficients of our model and the standard neural networks in a one-dimensional sub-
grid of resolution 32 and a two-dimensional subgrid of resolution 16 x 16.

7.3.1 Stability

Now, we discuss probably the most fascinating result of all: How the training dynamics of
the model relate to the stability constraints embedded in its architecture. Recall that the
coefficients in our model were bounded between e and 2.5 — ¢ to ensure the stability of the
solution operator. These same bounds are applied to our model architecture by bounding
the coefficients in each layer through the constant C, = 2.5 in equation (5.1). This means
that the parameter space of our model is the same as the stability space of the original
PDE. In other words, our model is constrained to look for a solution within a "stable" set

of parameters. How important this bound is becomes clear when we change its value.

If we change C,, to different values, we are essentially allowing the model to search outside
the stable parameter space. Figure 7.8 below shows a specific instance of the training
dynamics for the 1D model with a subgrid size of 32 in which C, = 10 (compared to the
original C,, = 2.5). We can see that allowing the model to search a wider parameter space
made it take longer to converge. In fact, it almost seemed to have reached a suboptimal

solution between 2, 000 and 3, 000 epochs (and one could have even assumed convergence



38 7.3. TRAINING DYNAMICS

by then), before moving towards the optimal solution. This suggests that searching in an
unstable region might lead to suboptimal solutions. Figure 7.9 below shows the training
dynamics for the 2D model in a subgrid of size 16 x 16 with C, = 2.5 (stable) and C,, = 10
(unstable). We can see that the model converges to a sub-optimal solution under the
unstable regime.
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Figure 7.8: Training dynamics for different bounding constants in 1D.
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Figure 7.9: Training dynamics for different bounding constants in 2D.

We now fixed the subgrid size (32 for 1D and 16 x 16 for 2D) and repeated the experiments
with different values of C, and also by changing the sigmoid function to a tanh function
(to allow for negative values). In tables 7.3 and 7.4 below, we show the epochs required
for convergence for both activations and bounding constants. Where no value is shown
it means that the model did not converge to the optimal solution. We also conduct the
experiment without any activation function (and hence the bounding constant is irrelevant
in this case since the parameters are unbounded).
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Activation C, Epochs to optimal convergence

sigmoid 2.5 600
sigmoid 5 1,000
sigmoid 10 3,700
tanh 2.5 1,000
tanh 5 2,000
tanh 10 3,200
identity ~ — 2,000

Table 7.3: Training dynamics for the 1D model with different bounding conditions.

Activation C, Epochs to optimal convergence
sigmoid 2.5 600
sigmoid 5 1,100
sigmoid 10 -
tanh 2.5 1,600
tanh 5 3,500
tanh 10 -
identity =~ — 3,700

Table 7.4: Training dynamics for the 2D model with different bounding conditions.

We can see that allowing the bounding constant to increase (and assuming random and
uniform initialization of parameters) leads to slower convergence and can even lead to
sub-optimal convergence of the model. This is a very interesting result since it shows that
PDE models should search in the appropriate "stable" parameter space to guarantee the

best results and computational efficiency.

An interesting case is when we have no activation function at all. While the model takes
longer to converge, it does always converge to the optimal solution. This is likely due to
the linearity of the solution operator modelled (heat equation) and the fact that removing
the activation function makes the model linear in the parameters. This does not, however,
diminish the importance of the result found for non-linear activations, since 1) almost all
ML models are non-linear and 2) other climate and weather processes are non-linear (e.g.
the Navier stokes equations [Rind, 1999]).
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CONCLUSION

In this work, we have explored the relationship between ML models, PDEs, and subgrid
modelling, shedding light on the technicalities of their interplay and their potential in areas
like climate and weather modelling. Our findings underscore the significant promise that
neural PDE solvers hold, especially when equipped with the robust controls traditionally
associated with PDE solvers.

We introduced a novel neural network architecture that is firmly grounded in theory
and meticulously designed to uphold the physical constraints inherent to the PDE. This
architecture consistently outperformed standard models and has three properties desired
for climate and weather modelling:

1. Accurate subgrid modelling: Our proposed model outperformed the standard ML
models in every subgrid tested.

2. Satisfying physical constraints: Our model satisfies the physical constraints of the
process being modelled (represented by the boundary conditions of the PDE), by
construction.

3. Out of distribution generalization: Our model succeeds in out-of-distribution

generalization as opposed to the other basic ML models tested.

While our model just tests one physical process (the heat equation), it serves as a proof-of-
concept that integrating domain knowledge of the physical process being modelled directly
into the ML model’s architecture can lead to better results in subgrid modelling and even
out-of-distribution generalization. Furthermore, we also discovered that our model was
able to adapt to more complex data distributions when compared to the standard ML
models. This is also of great importance for climate and weather modelling since weather
patterns are often represented by complex dynamics [Flato et al., 2014].

Finally, we discovered that the training dynamics of the model are intricately related to the
stability of the PDE being modelled. More precisely, we found that by embedding stability
knowledge in the model architecture itself, we can speed up convergence, which is not

even guaranteed if we omit these crucial stability bounds.

40
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While our results are fascinating, there are also limitations to our work. First, we only
compare our model with very basic standard ML models (a 2-layer fully connected network
and a 2-layer convolutional network). An interesting next step that would be of more
interest to current research would be to test it against current state-of-the-art ML PDE
models such as PINNSs [Raissi et al., 2019]. Second, we only address one specific problem:
the heat equation with non-constant coefficients. While this problem is simple enough
to demonstrate our results and complex enough to outline their importance, the next
step would be to expand the model architecture to general advection-diffusion equations,
and later to all parabolic PDEs. Finally, our data is artificially constructed, and it would
be interesting for future research to test our models with real datasets. Nevertheless,
our research serves as a proof of concept that incorporating domain knowledge of PDEs
directly into the model’s architecture can lead to more efficient and accurate PDE solvers

for subgrid modelling.

In summary, this thesis contributes to the growing field of scientific machine learning by
showcasing a successful integration of machine learning with domain-specific knowledge
in PDEs and subgrid modelling. The proposed model not only demonstrates improved
efficiency and accuracy in solving PDEs but also lays a foundation for future research to
build upon, with the potential to revolutionize the way complex physical phenomena are
modelled and understood.
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