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Abstract

Several investigations involving strongly interacting matter at high temperature and den·

sity are pursued. First concentrating on relativistic heavy ion collisions slightly below the

GeV/nucleon range, we perform studies of the equation of state (EOS) for nuclear matter.

The non-equilibrium aspects of such collisions are simulated by the Boltzmann-Uehling­

Uhlenbeck transport model with a momentum-dependent nuclear mean field. The EOS

effects on the collective fiow observables and dielectron spectra have been systematically

'lilli 1j11ëultitatively t'xamined by comparing with the experimental data gathered hy the

DIOGE~E. Streamer Chamber, Plastic BaIl, EOS TPC, E848H and DLS collaborations.

The irnportance of the precise functional dependence of the nuclear mean field on the par­

ticle momentum, and the compressibility coefficient K of the nuclear matter are addressed.

Using a simple coalescence model, we show that a quantitative connection between the

composite flow and K can he established. In such nucleus-nucleus collisions, we also

consider and discuss lepton pair production mechanisms. These include nucleon-nucleon

bremsstrahlung, ~ decay, Tl decay, and pion-pion annihilation. We then turn ta lepton pair

production in ultrarelativistic heavy ion collisions. We concentrate on pion-pion virtual

bremsstrahlung in the soft limit M <300 NIeV, and we make a quantitative comparison of

various soft-photon-approximation(SPA) formulae with a full one-hoson-exchange(OBE)

calculation.
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Résumé

.\lJlb faisuns plusieurs études concernant la matière en intéraction forte à des températures

pt des densités élevées. :"jous étudions tout d'abord l'équation d'état de la matière

nucléaire. en considérant les collisions d'ions lourds aux énergies intermédiaires. Les as­

pects hors d'équilibre sont inclus dans un modèle de transport dit de Boltzmann-Uehling­

Uhlenbeck. Nous déterminons les effets de l'équation d'état sur les observables de flot

collectif en examinant des résultats d'expériences faites par les collaborations DIOGENE,

Streamer Chamber, Plastic BalI, EOS TPC et E848H. Nous établissons un lien quan­

titatif entre le flot des noyaux légers et le coefficient de compressibilité de la matière

nucléaire. :'ious abordons ensuite le phénomène de la production de paires de leptons et

nous comparons avec des résultats de l'expérience DLS, réalisée au Bevalac. Finalement

les collisions d'ions lourds aux énergies ultrarelativistes sont examinées. A ces énergies

nOlis nous intéressons aux mécanismes de production de paires de leptons de petite masse

~lj\·ariëLlltt-·. Plu~ particulièrement, les résultats d'un calcul exact de bremmstrahlung pion­

pion dans un modèle d'échange de bosons sont comparés à ceux obtenus dans plusieurs

types d'approximations dites des photons mous.

ii



.{

(

Preface

l am especially grateful to my supervisor Professor C. Gale, not only for suggesting the

tapic of this thesis but also for his patient guidance and encouragement. Without his

always available help this work would have been impossible. 1 also highly appreciate the

stimulating discussions, encouragement and guidance from Professor S. Das Gupta. 1

am particuiarly thankful ta Professors J. Barrette, S.K. Mark and N.B. de Takacsy for

their encouragement. The useful communications and discussions 1 have had with Drs. J.

(·(trrull. /J. LJaIlielewicz. H. Eggers. K. Haglin. M.M. Htun B.K. Jennings, B. Kamal, D.

h:eane. R. ).[adey. V. :\Ietag, J. Pan, Q. Pan, J. Porter, G. Roche, D. Seibert, 1. Towneri,

h:. v\ïlson and \V .~I. Zhang are also appreciated.

l am indebted ta all my colleagues and staff who have made my stay at McGill Univer­

sity memorabie. In particular J. Anglin, M. Chiao, Y. Dai, Y. Feng, O. Hamadi-Ravari,

A. Hares, lVI. Kamela, 1. Kvasnikova, G. Michaud, D. Persram, J. Peralta, Y. Qi, C.

Roderick, and R. Tabti. l should like to thank N. Brown and P. Domingues for all the

assistance they provided, and J. Gallego and P. Mercure for bearing my heavy computer

uses.

l aiso would like to express my gratitude to my wife, Shu, for her patience, constant

help and endless encouragement.

iii



.{

(

Statement of Originality

r 111:-; t 1lt-)~is is di vided into four chapters. Chapter 1 is a general introduction. Chapter 2

tllscusses the relationship between the baryon fiow and the nuclear equation of state in

heavy ion collisions. The material covered in this chapter represents original contribution

from four papers: J. Zhang, S. Das Gupta, and C. Gale, Phys. Rev. C 50, 1617­

1625 (1994); J. Zhang and C. Gale, Phys. Rev. C 51, 1425-1432 (1995); W.M. Zhang, R.

~adey, J. Schambach, M. Elaasar, D. Keane, B.D. Anderson, A.R. Baldwin, J.W. Watson,

C.D. Westfall, G. Krebs, H. Weiman, J. Zhang and C. Gale, Phys. Rev. C 52, 2643-2651

(1995); and ivLNI. Htun, R. Madey, W.M. Zhang, M. Elaasar, D. Keane, B.D. Anderson,

A.R. Baldwin, J. Jiang, A. Scott, Y. Shao, J .W. Watson, K. Frankel, L. Heilbronn, G.

Krebs, M.A. McMahan, W. Rathbun, J. Schambach, G.D. Westfall, S. Yennello, C. Gale

and .Jo Zhang. submitted ta Physics Review C (1996). AlI the calculations included

in rhis rhapter were done by myself. Professar C. Gale provided guidance and sorne

\"t~riticatiün of results. The experimental group at Kent State University provided me

wrth detailed information about E848H data. Chapter 3 studies dielectron production

in nucleus-nucleus collisions at DLS energies. The material there also is original. The

derivation of the forrnulae and the calculations were done by me. Sorne nucleon-nucleon

bremsstrahlung results are from the paper: J. Zhang, R. Tabti, C. Gale, and K. Haglin,

Int. J. )"-Iod. Phys. E, in press. Chapter 4 contains pion-pion virtual bremsstrahlung.

This work was done by myself.

IV



(

Contents

Abstract i

Résumé li

Preface iii

Staternent of Originality iv

Table of contents v

1 Introduction 1

Introduction 1

2 Collective Flow And The Nuclear Equation of State In Heavy-ion Col-

~~m 6

2.1

) .)

Introduction

Till' BL' L' microscopie :Ylodel .

6

8

(

2.3 The:\uclear Equation of State(EOS) . . . . . . . . . . . . . . . . . . . .. 10

2.4 Transverse Momentum . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 13

v



(
2.5 Comparison With Pseudo-nucleon Flow Data 17

2.5.1 Ar+Pb Data 17

2.5.2 Au+Au Data .................. , 24

2.6

.) ..._. ,

BUU Model + Coalescence Prescription

Comparisons With E848H Free-neutron Data

................ 28

................ 31

2.71

.) - .)_.1._

DlJublt>-differential Cross sections . . . . . . . . . . . . . . . . . . . 31

Triple-differential Cross sections . . . . . . . . . . . . . . . .. 31

2.7.3 Maximum Azimuthal Anisotropy Ratio. . . . . . . . . . . . . . .. 39

2.7.4 Average In-plane Transverse-Momentum . . . . . . . . . . . . . . . 40

2.8 Fragment Azimuthal Distributions. . . . . . . . . . . . . . . . . . . . . .. 47

2.9 Summary . . . . . . . . . .. 58

3 Dilepton Production in Nucleus-nucleus Collisions 61

3.1 Introduction................................... 61

:3 '2 :\ lIC!PuIl-Cluc!eon Bremsstrahlung 63

J.J Dalitz-Decay................................... 76

3.3.1 ~ Dalitz Decay . . . . . . . . . . . . . . . . . . . .. 76

3.3.2 TI Production and Dalitz Decay . . . . . . . . . . . . . . . .. 79

{

3.4 Pion-Pion Annihilation and Bremsstrahlung . . . . . . . . . . . . . . . .. 82

3.4.1 Pion-Pion Annihilation. . . . . . . . . . . . . . . . . . . . . . . .. 82

3.4.2 Pion-Pion Bremsstrahlung . . . . . . . . . . . . . . . . . . . . . .. 83

3.5 Dynamical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 84

vi



(
3.6 Summary 90

-t The Formalism For Bremsstrahlung: A Simple Test Case 92

4.1 Introduction................................... 92

...................... 93

4.3 rr-rr- Bremsstrahlung Amplitudes. . . . . . . . . . . . . . . . . . . . . .. 94

4.4 Derivation of the cross section . . . . . . . . . . . . . . . . . . . . . . . ., 98

4.5 Soft-photon Approximation(SPA) . . . . . . . . . . . . . . . . . . . . . .. 99

4.5.1

4.5.2

Rûckl Approach .

The Complete Phase-space Approach

................. 99

· 101

-1. tj

·1.7

Sub-Ieading arder approximation

Exact Results . . . . . . . . . . .

· 103

· 104

4.8 Anisotropy of Dilepton Emission.

4.9 Dilepton Rates and Yields

· 107

109

4.10 Summary

Conclusion

........................... 112

114

(

A N uclear Mean Field Potentials

A.l .\lomentum-independent Potential .

:\ '2 (; I3 0 \ [orTlpnt l1rn-dependent Potential

A.3 ~lDYI Nlomentum-dependent Potential

B Derivation of Ll Dalitz Decay Width

vii

117

118

· 119

· 121

124



(

(

C Electromagnetic Current (-F)

Bibliography

viii

126

130



.{

(

Chapter 1

Introduction

It is fair to say that the field of heavy ion collisions is a fiourishing area of contemporary

research in physics. In its higher energy extension, it straddles high energy and nuclear

physics. The main objectives there are to create higher energy densities than ever at­

tained in terrestrial accelerators before. In this pursuit, one will surely learn a great deal

.lt '1111 ( t Ill' (Jt'ha\"iur uf strongly interacting matter at high temperatures and densities.

1 -: rLlllél t ply. une will 'o'_'ant to verify experimentally one of the most intriguing predictions

of QCO: the formation of a plasma of quarks and gluons, deconfined over macroscopic

portions of time and space. A vigorous experimental program is presently under way and

the theoretical interest, both direct and indirect, being generated is considerable (1, 2, 3].

Heavy ion collisions can roughly be divided in a few broad regions, depending on

the physics goals being pursued. The theoretical methodology and collision mechanism

also vary from one region to the other. In the so-called intermediate energy regime

(from ~ 100 NIeV /nucleon to a few GeV/nucleon), one main axis of research consists of

the investigation of complex nuclear reaction dynamics. As one goes beyond the Fermi

energy in kinetic energy per projectile nucleon, the phase space accessible ta nucleons

in rn icroscopic two-body collisions opens up dramatically, owing to the disappearance of

Pallii hlocking effects. This area thus offers the intriguing possibility of studying the

t"IHIIlJetitiun and the individual effects of the nuclear mean field and two-body collisions.

In other words, the intermediate energy region stretches from a domain where mean

1
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field dynamics dominate ta a regime where microscopie nucleon-nucleon collisions play a

major role. One of the main goals of this !ine of research is an accurate determination

of the bulk properties of nuclear matter as characterlzed by the nuclear equation of state

(EOS). The EOS plays a crucial raIe in the dynamics of heavy ion collisions and also

has a major influence in the theory of supernovre explosions and neutron star properties.

One realizes the many facets of the nuclear EOS, thumbing through the proceedings of

n'cent dedicated conferences [4J. Information on the EOS, as characterized generally by

. hl' ,OlJt,ffjcif'nT nf c(Jmpressibility for nuclear matter in its ground state, K, can also be

d"tiuced from detailed Hartree-Fock plus RFA analyses of giant monopole resonances

III hUite I1udei .5.. These lower energy experiments probe regions of excitation energy

adjacent to the nuclear ground state while intermediate energy heavy ion collisions will

create zones of high density and temperature. Consistency requires that the value of

the nuclear compressibility coefficient of equilibrium nuclear matter deduced from bath

sets of experiments be compatible with one another. Happily, after a period of apparent

disagreement, this goal seems on the verge of being fulfilled. It now seems that the analysis

of giant monopole resonances and of heavy ion flow data can both accommodate a value

of K ::::::: 210 :YleV [6, 7). We will elaborate in detail on this in the current thesis.

The extraction of the nuclear EOS from heavy ion flow data at the microscopie levei is

IlunIlally based on the Boltzmann-Uehling- Uhlenbeck(BUU) transport equation [8J. This

l}1lt'-budy theory includes the effects of Fermi motion, the nuclear mean field, nucleon­

1,lj'!t'lill l·ullisiull~ a.nd Pauli blocking, and has been quite successful in modeling the six

dimensional one-body phase space distribution and its time evolution. In the next chapter,

we will systematically establish a relationship between the so-called flow observables and

the nuclear EOS within this mode!. Note in passing that the BUU equation without its

hard collision component is often called Vlasov equation [8], and without the mean field,

Pauli blocking and Fermi motion is labeled the intranuc1ear cascade model [9J. As we

will see, the produced flow from BUU is not a simple matter of the SUffi of the Vlasov

contribution and the cascade contributions.

2
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Ouring nucleus-nucleus collisions, the initial longitudinal energy of the projectile nu­

cleus is convertecl into thermal and compression energy by the nucleon-nucleon collisions

and the nuclear mean field. The collided nuclei are compressed and heated. At the in­

termediate energy regÏrne, the nuclear density may reach values of more than three times

equilibrium nuclear matter density. After the nuclear matter reaches the highest density

aud tt'mperature. it then expands and cools clown. The energy is carried partly in the

Iludear Huw. and partly by the emission of secandary particles, such as pions, etas, direct

phurllll~. dilt'ptnns. kaons etc.. These particles represent probes of the collision dynamics

and will carry important information about the compressed nuclear matter. A lot of effort

has been devoted to this subject in the past decade. A detailed description can be found

in several recent review papers [10, Il]. In this work, we will discuss the production of

dileptons! together with the creation of other particles, such as pions and etas.

Oileptons are pairs of particles interacting via the electromagnetic interaction: once

they are produced, they will not be affected much by final state interactions. Thus, they

can directly go from the produced point to the detector. This unique property 1 implies

that by studying dileptons, we may be able to understand the history of the whole collision

prucess. especially in the earliest and hottest stages. The production rates are maximum

III t tH' hut auo dellse phases.

Ir is uf high interest ta try and understand theoretically the lepton spectra rneasured

by the OLS collaboration at energies around, and less than, 1 GeV/nucleon. This state­

ment is true for several reasons. First, a quantitative connection between the high density

EOS and the measured spectrum of produced electron-positron pairs is stilliacking. Sec­

ond, a recent re-analysis of the dielectron spectrum produced in Ca + Ca collisions at 1

GeV / nucleon shows that the previously released data needs to be scaled upwards by a

factar of roughly 6 [12]. Finally, sorne previous calculations [13, 14, 15] have been able

to reproduce the oid data, but sorne assumptions need to be clarified and the recent data

certainly needs to be considered. We feel that a careful study of the dielectron production

1Photons also have this property.

3
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CIlt'rhanisrIlS. combined with our state-of-the-art BUU modeling can fill this gap. The first

ift'rarion of such a calculation is presented in chapter 3. It is also extremely relevant for

the HADES experiment, in construction at the GSI. The motivation of the HADES ex­

periments is to understand possible in-medium modifications of vector meson properties

by measuring leptons. It may weIl be that nuclear collisions in the GSI energy range

represent an arena of choice for such manifestations, as relatively high baryon densities

can be attained while the dynamics are still within the realm of BUU approaches.

In the ultrarelativistic energy domain, a qualitative picture of lepton pair produc­

tion can be drawn as follows: for dilepton invariant mass M > mJ/\ff, the spectrum is

dominated by Drell-Yan production [16], with a contribution from DD decays [17J. The

spectrum around .1\1 ::::::: 1 GeV is dominated by the radiative and direct decays of p, w and

I.J. whilp rwo-body :18! and many-body reactions [19] will also have contributions in this

region. For the so-called soft dileptons (20), AI < m p , the dominating sources are Dalitz

.ft·cay. a.nd virtual bremsstrahlung from meson-meson reactions. If there is a phase tran­

sition from the hadron matter to quark matter, the quark interactions may contribute

to this region as weIl. On the final part of this work, we will focus on pion-pion virtual

bremsstrahlung in the soft dielectron limit M < 300 MeV. Note that the dynamics of

collisions at these energies is meson dominated.

In hadron-hadron collisions, bremsstrahlung is usually calculated with the soft photon

approximation(SPA). In this limit, the radiation from the externallegs of Feynman graphs

dominates the bremsstrahlung amplitude. At the energies we are interested in, we need

ta study corrections to this approximation. Different formalisms have been developed ta

study real situations [21]. As a fundamental physical rule, aU the approximation formulae

."ilUldd :;at isfy symnletry requirements such as gauge-invariance and Lorentz-covariance.

Bur for nlost formulae. it is not the case as pointed out by Lichard [21]. The basic Rückl

formula [22] violates these requirements. We have compared [23] different formalisms for

nucleon-nucleon bremsstrahlung. Our goal there is to investigate how good (or bad) the

often-used Rückl formalism is, when we compare it with an approach that is acceptable in

4
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: Ill' CcqJlJrupnate liuüts and satisfies symmetry requirements. In the DLS energy regime, the

Rückl approach has been compared with one-boson-exchange(OBE) model calculations

for nudeon-nudeon reactions [24, 25, 26]. We will update this situation in chapter 3. In

chapter 4, based on an OBE model, we have done a full-T-matrix calculation for pion­

pion bremsstrahlung. The formalism will be clearly derived, and the assumptions and

approximations used to recaver the SPA farmulae we used in chapter 3 will be dearly

stated. The results of using different formulae will be compared. This is also relevant

for the CERES experiments at the CERN SPS: before daims can be made about the

modification of meson mass in the medium and the possible presence of the quark-gluon­

pla::;ma(QGP), background calculations have ta be performed carefully. In chapter 5, l

will make a simple sunlmary. followed by appendices.

5
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Chapter 2

Collective Flow And The Nuclear
Equation of State In Heavy-ion
Collisions

2.1 Introduction

In the framework of heavy ion collision physics in the 100 MeV/nucleon ,....., 2 GeV/nucleon

enprgy regime and its relation to the nuclear equation of state, the measurement and the­

tlf!'t ical iIltprprpt ation of collective fiow observables have been vital [27]. Among the

IIICt!l\" lIluJt'lS ~uggested to describe theoretically heavy ion collisions at such energies, the

i)ultzIIlann-L'ehling-ühlenbeck (BUU) approach has proven to be very successful [8]. In

BUU simulations, nucleons can suifer hard collisions and can also move on curved trajec­

tories, owing to interaction with the self-consistent nuclear mean field. The properties

of the mean field are crucial to such calculations and can also he directly related to the

nuclear equation of state. Sorne effort needs to be devoted to obtain realistic nuclear mean

fields that can be used in practice within such numerical approaches.

Early on in microscopic analyses, it appeared that the data on nuclear fiow, as charac­

terized by transverse momentum plots [28, 29] and fiow angle distributions [30] demanded

an equation of state with a high compressibility coefficient (K ~ 380 MeV) [31]. However,

i t was later shown that if a reasonable momentum dependence was introduced in the

6



11l1l1~·d.r lueau heid. a lower compressibility would be favored in the interpretation of the

experimental data (32. 33, 34, 35]. Finally, it is clear that the momentum dependence

of the nuclear mean field is an unavoidable feature for a fundamental understanding of

nuclear matter properties [36] and for the successful interpretation of CUITent heavy ion

data.

Additional properties of momentum dependent mean fields have also emerged in the

BUU analysis of heavy ion collisions. Different sets of momentum dependent parametriza­

tions sharing a cornmon compressibility coefficient have been used. We will concentrate

on two of those. vVe label them GBD [32] and MDYI [37], in accordance with the articles

in which they have been introduced. Another momentum dependent potential used in

uUt:'- body nuolerical simulations is associated with the Gogny interaction [38]. The prop­

,·n It':-- qf r he G BD and \IDYI potentials are somewhat similar in the ground state, but

they will have different behaviors in actual dynamical situations [37, 39]. We shaH discuss

this aspect in the present work.

vVe have analyzed the quantitative differences between GBD and MDVI type ap­

proaches. vVe also give our own opinion as to whieh parametrization should be used in

calculations where nonequilibrium effects can be important, as in intermediate energy

heavy ion collisions. We further explore the impact of our conclusions on the determina­

tian of the nuc1ear EOS, by comparing with current pseudo-nudeon heavy ion data. We

perform BUU calculations for symmetric and asymmetrie projectile-target combinations,

at various colliding energies. We also comment on the quantitative importance of angular

momentum conservation as weIl as the Coulomb effects at the microscopie level in the

inrt'rprf'fation of nlldear transverse momentum data.

Fulluwing Rer. l40j, we further address the azimuthal distributions [37, 41] for free

neutrons measured by the E848H collaboration [42, 43, 44] at the Bevalac. Ca1culations

done with the BUU model [8] have reported that the azimuthal anisotropy ratio [37] was

an observable sensitive ta the value of K used in the theory. We will explore in this

work the issue of the sensitivity of this particular observable to the nuclear equation of

7



-
state. As the BUU is a one-body theory, we apply a simple phenomenological coalescence

prescription to differentiate free particles and composites. The complexity in theory of

the cluster formation will be also explored.

This chapter is organized in the following way. In the next section, we will give a

very simple description of the BUU mode!. Following a detailed presentation of nuclear

[nean-fields used in the microscopie numerical calculations, section 4 is decidated to the

evaluation of transverse momentum generation from several different sources. We then

compare our results with experimental data for pseudo-nucleons in section 5. After in-

r r"oucing the coalescence prescription i:l section 6, we compare the simulation results to

F>·-t~H fret' Ut'lltru[l data in section 7. vVe also wish to provide a quantitative connec-

llul1 oetween composite fiow and the coefficient of compressibility for equilibrium nuclear

matter in the framework of the BUU mode!. This is presented in section 8. We finally

summarize.

2.2 The BUU microscopie Model

"'le study the dynamics of heavy ion collisions by use of the BUU transport equation:

:~ + (~ + \lpU(T,p)) \li' - \li' VtT, P)\lplf(T,p, t) = 1[/] (2.1)

wherp f (r. p. t) is a semi-classical phase space density. In this approach, the particles

IHTéLSiunally coUide and in between collisions, they are propagated by solving Hamilton's

-.çj;:u(r,p)

ft - -- + 'V1f(r,p)
m

(2.2)

The U('r, PJ will affect the behavior of the particles and needs to be evaluated self­

consistently. As mentioned previously, the one-body potential is phenomenologïcal and

will depend on the nuclear density as weIl as on the particle momentum. The various

8



potentials. which may yield different nuclear matter equations of state, will be addressed

in detail in the next section.

The etfert of the twa body collisions can be handled by considering the average rate

lif ("han~p ltf rhe uccupanc~' fl at a given phase space point (rl~pd. It reads

(2.3)

where a Pauli blocking factor ï(r,p)=l-f(r,p) is included and V12 is the relative speed of

the t\Vo colliding particles. The total elastic nucleon-nucleon cross section u(12 H l' 2')

is parametrized in the following way:

55 [mb] for VS ~ 1.893GeV

35 + 20 [mb] for 1.893 < .jS ~ 2.255
1 + lüü(fi - 1.893)

17 + 10pace.2in[mb] for .jS > 2.255GeV (2.4)
s - 3.52

which i~ different from a previous parametrization [8]. The modification is motivated to

improvp the fit to data for kinetic energy over 1 GeV (see Fig. 3.8). For the inelastic total

\T\ t:;:,,\ :-it'et iun. we use

20( VS - 2.015)2(Jin - -=- _
nn-n~ - 0.015 + (VS - 2.015)2

ifVS ~ 2.0l5GeV (2.5)

otherwise it is zero. And (J~Â--mn is related to u~"n-ma by detailed balance, as described

in the next chapter. In the collision term I[f], we include elastic collisions for NN--+NN,

.:.\~ ~ ~!1. ~V~ ~ ~V!l~ and the inelastic reactions of Nil --+ N N, N N -t NA.. The ex­

tension ta handle the pions explicitly will be presented in the next chapter. The dynamical

consequence on the collective fiow of the pions will be also addressed there.

The SUU equation is solved numerically with a test-particle method. The initial

momentum distributions of the test particles are determined by a iocal-density approx­

imation. The dynamical evolution of the collisions is divided into time steps of length

II :~ !'rll (0. \\ïthill each tirne 5tep. the elastic or inelastic collisions between the test par­

udes are simulated by .:\IIonte-Carlo. The collision probability between two particles is

9



(2.6)

proportional ta the nucleon-nucleon cross section G"nn' The density of final state is then

inspected for Pauli blocking.

.-\ ;drt'rt1atl\'p way to soive the BUC equatian is the Lattice-Hamiltonian method devel­

uped by Lenk and Pandharipande [45]. This method can conserve the total energy exactly

and currently is only used for momentum independent potentials. But with a momentum

dependent potential! this method requires the calculation of an average density PL at the

sites of a six-dimensionallattice. The computer memory and the CPU tiroe will increase

drastically. For actual such simulations, this method currently is unpractical [46].

2.3 The Nuclear Equation of State(EOS)

As shawn in appendix A, the nuclear potential is directly related to the nuclear equation of

::itate. Since full G-matrix calculations are still absent for such a potential, different forros

llf pht'[w(Jwnological monlentum dependent potentials are found in BUU applications.

(;rdt-,. Bt:>rt:-ich and Das Gupta employed a parametrization of the potential energy density

that can be written as [32)

TT ((;;'1) A p2(T) B prr-,..l (T) CpeT) / d3 fer, f/)
veSD P rI = --- + -- + p -----:-=---~-

2 Po G" + 1 p~ Po 1 + [P-1P>]2

The corresponding mean field is obtained by taking a functional derivative with respect

to the single-particle occupation function; U = ~~ Ip. One then obtains

\vhere fi is the momentum of the particle, < ft > is a local momentum average, and

f (f. pl is the phase space occupation density . This quantity is normalized such that the

nuclear density p(f) = J d3p f(T.PJ. In cold nuclear matter, f(r,f/) = (4/h3)8(PF - p)

and ---: p > == O. In a collisional case. f( T, PJ will deviate from its zero temperature value.

Thus

(2.8)

10



will not in general be zero. There are five parameters to be determined in UGBD(P(T),P).

Previously [32], one of them was chosen arbitrarily: the momentum scale A = 400 MeV.

\re require the following at the saturation density: (i) the effective mass m- lm is set to

0.7 at the Fermi surface, and (ii) the total energy per nucleon is adjusted ta reproduce

the volume term of the semi-empirical mass formula, ElA = -16 MeV. We use Po =

0.163 fm -3 and thus obtain K = 215 MeV, for cr = ~. This exponent has a large influence

IHl K.

S(J(Ilt-· ~llbsequent \',:ork by \Velke et al. ~37) used an improved functional

t" .. ( iî - .-t p:.!(fl _ ~ pU-l(F) ~ C JJd3 d3 ,f(f,f)f(r,p') (2.9)
\lD\ l ,,)~ J - ? '1 q P P ["_ril]2

- Po cr .,.... Po Po 1 + Cf-

which leads to the other form of the momentum dependent potential we shaH consider:

u ((T'. ~ = A(P(T)) + B(P(T))~ + 2 C Jd3p' j(r,p') .
~OYI P ') PJ [ __'] 2

Po Po Po 1 + 2=E:...
A

(2.10)

The five constants A, B, C, cr, and A in UMDYI(P(T),p) were set by demanding that,

at saturation: El A = -16 MeV, K = 215 ~1eV, the real part of the optical potential
2

U(Po. P = 0) = - 75 yleV and U(Po, ~ = 300 MeV) = O. It then follows that

U(Po. P ~ oc) = 30.5 MeV and that the effective mass m- lm = 0.67, at the Fermi

surface. The agreement of UMOY1 with the real part of the optical potential as extracted

t'rum experiment is remarkable. at both low and high energies [47, 48]. To clarify the

"rigi ll:-' 1)1' t hf'St, paraIllct rizat ions. we state here that a Yukawa interaction would have

cl Illt'aU held whose exchange term would be a momentum dependent expression of the

.\IDYI type. The GBD energy density can be obtained from its MDVI counterpart by

replacing p' in the denominator of the integrand of Eq. (2.9) by its average, < p' >. The

momentum dependent term of the MDYI mean field is attractive and important at low

momentum~ but it weakens and disappears at very high momentum. Even though both

of the above parametrizations (GBD and MDYI) can share the same compressibility K,

the quantities U(Po, P --7 00) and the effective mass m* can be different. The value of

U(Po~ p --7 (0) has important consequences for the modeling of nuclear collisions at high

energies, as we shall see.

11



(2.11)

In this work, for the sake of consistency and for the purpose of a quantitative com­

parison. we reset the five constants in our GBD and our MDVI potentials. The detailed

procedure of the parametrizations is presented in appendix A. For both parametrizations

we require that a = 12/11. E/A = -16 MeV, Po = 0.15 fm- 3
, U(p,p ~ 00) = 30.5 MeV,

and nl· / rTl = 0.67. vVe then obtain K = 210 MeV, for bath potentials. \Ve calI these the

BPI,\" \IDYI (\"\IDYI) and new GBD (~GBDL respectively, ta distinguish these new pa-

: .;:l;t·[ t'r ~t'r:-, fruIll tilt' pre\"iou~ ones. vVe further note that bath N'GBD and NMDYI give

d :,imilar f'xrrllent tit of the optical potential (defined at saturation density), a desirable

and important feature.

If one neglects the momentum dependent term, which means C=O, the mean field is

a function of the nuclear density p alone. This simple Skyrme parametrization has the

l'orm (making the r dependence implicit):

U(p) = A (~) + B (.e.)0' .
Po Po

\Ve may thus further define two additional parameter sets. The first is a Hard potential

(K = 373 )"IeV) and the second a Soft potential (K = 200 MeV). The parameters for

the GBD. ~IDYI. ~GBD. Ni\IDYI. and momentum independent Hard and Soft potentials

dre ~urnrllarized in Table l, together with a hard ~IDYI potential(HM), which has K =
T;-:~ \k\". Tilt> pararneters for the \IDYI interaction with K=lOO, 150 and 250 MeV are

abu prpsented for completeness. ~ote that for aIl those potentials P(po, T = 0) = 0 and

E/A(po, T = 0) = -16 MeV.

Fig. 2.1(a) shows the difference between the NGBD and NMDYI single-particle poten­

tials. Both those potentials produce the same bulk nuclear matter properties at equilib­

rium. vVe plot the potentials as a function of wave vector k, for densities ranging from 0.1

ta 0.5 f m -3, in units of 0.1 f m -3. Both potentials have a somewhat similar momentum

dependence. but for higher densities the NGBD is more attractive at values of k ~ kF and

notably more repulsive at k ~ kF . We thus insist on the following important fact: even

though the two interactions have an identical high-momentum behavior for p = Po, the

similarity in their asymptotic values is nat guaranteed for densities other than equilibrium

12
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-Lddt' '2 l: \\'p writp here the parameters and characteristics of the single-particle paten­
t lai:- Wt' han- intruduced in the main texte

~vlodei A B a C A m*/m U(po, 00) K
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

Soft -351.3 300 7/6 0 1 -51.3 200
Hard -120.5 69.2 2 0 1 -51.3 373
GBD -144.9 203.3 7/6 -75 400 0.7 -1.34 215
~IDYI -110.44 140.9 1.24 -64.95 415.7 0.67 30.5 215
\"GBD -227.5 347.7 12/11 -103.9 495.4 0.67 30.5 210

);}v[DYI -322 352.5 12/11 -62.75 417 0.67 30.5 210
H:\[ -9.0 39.5 2.27 -62.75 417 0.67 30.5 373

:\IDYI1 66.13 -35.78 0.404 -64.95 417.5 0.67 30.5 100
~\'IDYI2 146.6 -116.21 0.769 -64.95 417.5 0.67 30.5 150
:\JDYI3 -52.62 83.11 1.451 -64.95 417.5 0.67 30.5 250

lluclear [natter density. The influence on the collective observables will he discussed in

. ::1' !·I.]ttl\\"i[lg ..t·nilln~. As an additional comparison. we aiso show the momentum depen-

dl'UCl' ur the GBD and :\GBD parametrizations in Fig. 2.1(h). The two parametrizations

yield almost identical compressihilities (c.f. Table 1), but the high momentum NGBD

i5 much more repuisive owing mainly ta its asymptotic optical potential: U(p, p ~ 00).

Also~ comparing with Wiringa's microscopie calculations [49] one realizes that NMDYI

is very close in behavior to that of the UV14 + UVII interaction, over a wide range of

momenta and densities. On the other hand, the high momentum part of NGBD reaches

values closer to that of the UV14 + TNI potential. The potentials described by Wiringa

are known to provide a good description of light nuclei ( they also can reproduce nucleon­

nucleon scattering and few-body data) and bulk nuclear matter properties and have a

nuclear compressibility K=210 MeV consistent with nuclear breathing mode analyses.

2.4 Transverse Momentum

One important technique proposed to quantify the flow of nuclear matter is the trans­

verse momentum analysis [28]. The basic idea involves estimating the orientation of the

13
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shù\'ls the wave number. Starting from the bottom, the different curves are for densities
of 0.1. 0.2, 0.3, 0.4 and 0.5 fm- 3

• (b): the same as in (a), but with the GBD and NGBD
potentials.

reaction plane for each event by using the beam direction and the constructed vector

Q = )'L' J.J(Yv)p;_. where p;~ is the transverse momentum of the lIth outgoing particle,

oN'V = 1 for Yv > 0 and W v = -1 if Yv < O. Here y is the rapidity. Within each rapidity bin,

the average transverse momentum < P~(Yv) > in this estimated reaction plane is then

defined as

P I ( ) >= Qv< x Yv Pv IQ..... l'
. vi

Qv = L wl-'Pp.l.

1-'#11

(2.12)

The autocorrelations are removed by calculating Qv individually for each particle without

iI1cllHliIlg rhat particle(p i= 1/), Since this estimated reaction plane is not the true reaction

plaIlt'. du-' in-plane average transverse momentum < PX(YII) > is obtained by correcting

the measured value of the < P~(YII) > for dispersion [29] . In our theoretical calculations,

the reaction plane is always known as the plane formed by the impact parameter (x­

direction) and the beam direction (z-direction). This analysis method has also been used

to clarify the transverse momentum generating features of different nuclear mean fields in

the BUU approach to nucleus-nucleus dynamics. In the framework of such studies it has
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been shown that under certain circumstances, a soft momentum dependent potential can

produce about the same transverse mornentum as that of a hard momentum independent­

interaction [32. 33]. In order ta further highlight the behavior in a dynamical situation of

tht' Hard. GBD. ~GBD and ='i~IDYI potentials. we plot in Fig. 2.2(a) the time evolution of

r ht' êl \"t'rag;t' rrans\"t'rsp mornentum for a symmetric ~b + ='lb collision at projectile kinetic

"llt'rgy t. - -HW \lpV uucleon at an impact parameter b = 2.1 fm. A sizeable differenee

in the saturated transverse momentum is observed. The hard momentum independent

potential follows the behavior of the soft momentum dependent one quite c1osely, at this

impact parameter. The asymptotic values of their average transverse momentum are only

4 ~IeVle apart. We comment on the behavior of the momentum dependent interactions

below.
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Figure 2.2: (a): Average in plane transverse momentum per nuc1eon versus time for
BUU calculations: (b) Average ln plane transverse momentum per nucleon versus time
for Vlasov calculations; of Nb + Nb at 400 MeV/nucleon, at an impact parameter b =
2.1 fm. The results are for the Hard, GBD, NGBD and NMDYI potentials.

By setting the collision term in the BUU equation to zero, one cao study the Vlasov

behavior of the Hard~ GBD NGBD and NMDYI potentials. From Fig. 2.2(b) one realizes

that the momentum dependent single particle potentials alone can generate large trans­

verse momenta. whereas the Hard poteotial can only yield very small transverse momenta.

Comparing Figs. 2.2(a) and 2.2(b), we can further deduce another important faet: the

.".1' Id' lli,rd IWII-IHHiy culli~iun~ is quite differenL depending on whether the nuclear mean

15
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field is momentum dependent or not. Comparing the Hard and NMDYI potentials, the

fraction of the net average transverse momentum generated by adding the collision term

tu the \lasov equation is ~ 100 % and ~ 42 %, respectively. However, it is important to

'''.!;! "Ilf rfldr dIt' rran:-;n'rSf> rnomentum is generated by the nuclear mean field and the

lldrd twu budy cullisions in a highly non-linear fashion. From Fig. 2.3, the pure cascade

70
Nb~Nb ct 4-00MeV/ A(b =2.1fm)

60 r~ :NC
t

50

Î\

Q..
v

30 ~
r

~:u;
"'1 •

U •.
-;0

a 5 ~O 15 20 25 30 35 40 45

Fig;un' 2.3: Average in plane transverse momentum per nucleon versus time for Cascade
,'<tkttli-tt iuns uf \"h - \"b collisions at 400 yleV/nucleon. at an impact parameter b = 2.1

sirnulation results, Figs. 2.2(a) and 2.2(b), one can readily deduce this important argu­

ment. Fig. 2.2(b) also tells us that, even though the GBD and NGBD potentials have the

same functional dependence on momentum and aimost identical compressibilities, they

produee net transverse momenta that are very different from each other. As discussed in

the above section, this result can he understood simply in terms of the different asymp­

totie values of the respective one-hody potentials. Continuing our interpretation of the

results in Fig. 2.2(b), we find the following interesting fact: the NGBD and NMDYI po­

tentials produce average transverse momenta in the Vlasov model that differ by ~ 10

\leV/c. 80th these parametrizations share the same U(Po,oo) and K. As mentioned

[Jre\'iously. fitting the statie nuclear matter properties and optical potential is not enough

'" i J[ ,'( tlll 11tlcUllbiguuu::ily the consequences of the different interactions in nonequilihrium

si t uation::i. lt is aiso Iikely that realistic cases will also carry the added complication that
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generally, < p> i= a in the GBD formulation of the one-body potential.

Fig. 2.4 shows the average in-plane transverse momentum, calculated in the BUU

[nodel, as a function of centre of mass rapidity. From this figure (a), it is also clear that

~GBD is more repulsive than Nl'JIDYI. we also plot the results with the GBD and MDYI

potentials in Fig. 2.4(b), and the GBD and NGBD results in Fig. 2.4(c). lt shows that

the GBD and MDYI potentials produce almost exactly the same results. The NGBD

potential produces larger transverse momenta than the GBD potential. This feature has

alrt'ad.\" appeared in bath Figs. 2.2(a) and 2.2(b) .

.-\ rIl.r LtOr iL.~pt'n \.\01' (lt'ed tu address here. is the importance of Coulomb effects. When

tl1t' Iludei are large, ::iuch effects could play a large role in the heavy ion dynamics. To settle

this issue, we solve the Poisson equation on a grid, using fast relaxation methods [50].

The results of our dynamic ca1culations, with and without the Coulomb interaction, are

displayed in Fig. 2.5. One can see that the effect on transverse momentum, in the energy

region relevant ta our studies is not very important. Nevertheless. these factors need to

be consistently taken into account. We do 50 in our calculations.

2.5 Comparison With Pseudo-nucleon Flow Data

2.5.1 Ar+Pb Data

[Tl r 111:''' :'t'cfio!l and the following. we compare BUU calculations with experimental data.

\\ t' wi[i hrSi CuIlcentrate on values of the flow parameter F and transverse momentum

distributions, as measured in asymmetric heavy ion reactions by the DIOGENE collah..

oration [51] and by the Riverside/GSl/LBL Streamer chamber group [52]. The flow

parameter F is defined as

F= [d < ~/m >] . (2.13)
Y y=yo

Here < Px > is the average value of the transverse momentum projection on the reaction

plane and Yo is the rapidity at the intercept: < Pz > 1riO = o. Since the experimental
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'~~:'1'::(" \ llL.: :IlHllt1nCt' tht ' ohspn·ables. corresponding restrictions have to be applied to

r lit' r 1!t'IJ["pt Lcal cakulations in order to compare with measured values.

\Ve first turn to measurements by the DIOGENE collaboration. There, the laboratory

polar angle of the particles is limited to

The transverse momentum Pl- of the particles have to satisfy

(2.14)

P1./m > 0.36 + 0.72y

P~/m ~ 0.36 - 0.8y

if Y < 0

if Y ~ 0 .

(2.15)

(2.16)

The measurements of rapidity distribution for "pseudo-protons" 1, around Yo are plotted

! fl Fi~ '2 (j ta 1 for Ar ~ Ph at 400 \;[eV/nucleon at an impact parameter b=4.5 fm. Well-

,,111,\\'11 gt',)[uetrical arguments are used to estimate the impact parameter [53]. The data

shows a linear rapidity dependence of < Px >, in the interval [0, 1]. The flow parameter

F is obtained by fitting the data to a straight Hne in the appropriate interval, as shown

l AlI protons. whether free or bound in clusters, are included.
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on Fig. 2.6. The BUU caIculations were performed with 120 parallel events to minimize

numerical fluctuations, and with free space nucleon-nucleon scattering cross sections. We

note in passing that since the two-body collisions contribute more to the transverse flow

with a momentum independent potential than with a momentum dependent potential as

discussed previously~ this observable is not expected to be greatly sensitive to reasonable

variations in the in-medium cross sections. To illustrate this point, compare Fig. 2.2(a)

with Fig. 2.2(b).
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F:~i:n' '2 tl .-\n'rag;(' in plant"' transverse momentum (divided by the proton mass) as a
111 Ilct lOn ut" rapidity in the Ar ....... Pb reactions at 400 yleV per projectile nucleon at an
llUlJdct lJaralueter b=-l.5 fm. The solid and dashed lines represent linear fits through
data[51] and calculation. respectivel)'.

Our results also show that the transverse momentum < Pz > depends linearlyon the

rapidity around < Px >=0 with both NGBD and NMDYI potentials. Fig. 2.6 dearly

shows this. The fit to the experimental data is quite good with both interactions. To

increase data sensitivity ta the model parameters, the extracted values of the flow pa­

rameter, F, are plotted as a function of the impact parameters b in Fig. 2.7, together

with the relevant data. We see that the overall agreement is quite remarkable with the

~~IDYI potential whereas the NGBD potential gives a larger values than the experimen-
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tal measurernents. The rnomentum independent potential fails completely to reproduce

the data. 'vVe show the important point that the asymmetric system can nicely separate

out interactions of a similar compressibility but with a different momentum dependence.

The results associated with the hard and soft interactions of the MDY! type do not differ

[Iluch in this plot.

: : -~;:<:

0.0 i'--_....o-... -..._.o..----.......--'-~__'

C 2 3 4. 5 ô 7 8 9 10

b (fm)

Figure 2.7: Impact parameter dependence of the flow parameter F for Ar+Pb reactions
at -l00 A:\leV. The results of BUU calculations with different single particle potentials,
Hard. ~GBD. NyIDYI and Hl\tI. are compared with the data of Ref. [51]. Error bars in
the theory reflect statistical errors and are only given for one set of calculations.

\'ow we turu to rapidity distributions as measured by the Streamer Chamber. The

!. ''''il! r .... "f (lit' él.l1ëd.\·~is are presented in terms of the mean in-plane transverse momentum

fur pseudo-protons as a function of normalized rapidity in Ar + Pb central collisions at

400 and 800 NleV/nucleon, respectively. Fig. 2.8 shows the calculation results of rapidity

distributions with the NMDY! and NGBD potentials at 400 MeV/nucleon in comparison

with the data. The behavior differs slightly from the common S shape [29] due to the

asymmetry in collision geometry. It also differs from the linear DIOGENE data as the

two detectors have widely different acceptances. In the calculation, the maximum impact

parameter was evaluated within a geometrical clean cut mode!. Our calculations with

the NMDYI potential reproduce the data very weIl. A considerably larger transverse

rnornentum transfer was generated by the NGBD potential. In Fig. 2.9 we compare the

results obtained with the two potentials with data obtained with the same projectile-
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target combination, at 800 MeV/nucleon. We reach similar conclusions as in the 400

:VleV/nucleon case.
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Figure 2.8: Average in plane transverse momentum as a function of normalized rapidity
in central Ar + Pb collisions at 400 MeV per projectile nucleon. The data of Ref. [52] are
compared with BUU calculations with the NMDYI and NGBD potentials. Errors bars in
the theory reflect statistical errors only and are given for one set of calculations.
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Figure 2.9: Same caption as in Fig. 2.8 but with incident kinetic energy 800 MeV/nucleon.

Fig. 2.10 presents the excitation function of the average in-plane transverse momentum

in Ar + Pb collisions. The average transverse momentum per nuc1eon is evaluated from

protons with rapidities in the c.rn. system greater than 0.1, 0.15, 0.2 and 0.3 for beam

energies 400,800,1200 and 1800 MeV/nucIeon, respectively. The average BUU transverse

momentum with the NGBD and hard MDYI(HM) potentials are much larger than the
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data. The only good fit is provided by the NMDYI potential. There, the agreement is

~triking at aIl energies. Again, a hard momentum independent potential is completely

ruled out by this data.
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Figure 2.10: We plot the excitation function of the average transverse momentum per
nucleon in the reaction plane for the forward centre of mass hemisphere as a function
of beam energy for Ar+Pb reactions. The data of Ref. [52] are compared with the BUU
calculations with the Hard. Hl\tl. ~GBD and NMDYI potentials. Errors bars in the theory
retfpet statistical errors only and are given for one set of calculations.

SUllUllarizing this section so far, we reproduce both the DIOGENE and the Streamer

Chamber measurements quite weIl in terms of BUU microscopie simulations with the

~IDYI type momentum dependent potential, with a eompressibility K = 210 MeV. A

GBD type momentum dependent potential with the same K value is not so suceessful

and a momentum independent interaction fails completely. The flow data for asymmetric

systems is quite efficient in separating interactions that are momentum dependent from

those that are momentum independent, even though their compressibility coefficient are

the same.
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2.5.2 Au+Au Data

EOS Flow Parameter F

vVe now turn to a set of data on symmetric systems [54], as measured by the EOS TPC

Collaboration. Such data are of high quality, virtually free of experimental biases. The

EOS Time Projection Chamber, with its simple and seamless acceptance, good particle

ident ification and high statistics. was designed to overcome the limitations of the previous

generation of -l1i detectors. The Plastic BaIl detector, even though having provided a sem­

iIlal contribution to the field. had a complex acceptance that was not sa easily simulated.

Llit' Strealuer Chalnber was somewhat limited by its particle identification capabilities.

In the EOS TPC measurements we shaH consider, aU nuclear fragments species up to

-1 He are included. The multiplicity trigger was set in arder ta select an interval centered

about the value where the flow has its maximum. This multiplicity interval corresponds

ta baryon multiplicities 0.6Mmax ~ M ~ O.9Mmax • Mmax is a value near the upper

lirnit of the multiplicity spectrum where the height of the distribution has fallen ta half

its plateau value. In our BUU calculations, we have adjusted our impact parameter limits

to reproduce the multiplicity cuts, in a geometrical clean-cut model. The integration was

then carried out by sampling impact parameter values between those two limits. The

data are in-plane transverse mornentum measurements as a function of rapidity. The

Ho\\" parameter F can then be evaluated. Fig. 2.11 shows the TPC data, together with

11llr ralrlllarpd results. \Ieasurements were made for Au + Au at beam energies 250,400,

tjtHJ. ~Utl and 12UO \le V/ nucleon. We display results of calculations with a soft (NMDYI)

and a stiff (HM) momentum dependent potential. Calculations done with the N1tIDYI

interaction reproduce the data exactly. Bath the data and the results display that this

flow parameter F from Au + Au symlnetric systems is energy independent. It would be

very interesting to see at higher energies, such as the AGS, if such a feature is still there.

Since the HM potential produces much larger results, it shows that these symmetric EOS

data have much larger sensitivity ta the nuclear compressibility than the asymmetric Ar

+ Pb data.
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Figure 2.11: We plot the excitation function of the fiow parameter F , where F is defined
in the main text. The solid squares refer to Au + Au data as measured by the EOS TPC
Collaboration [54], the circles are calculations done within the BUU approach, with a soft
and stiff compressibility coefficient. The numerical uncertainties in the calculations are
less than 10%. as previously.

Therefore. the different characters of the DIOGENE asymmetric data and the EOS

"·lllrJlt'rric data implv that the asymmetric systems may be used to appreciate the im-

ptlrt éUlCP uf tht> mÛITlentum dependence of the nuclear interaction. For the study of the

nuclear compressibility, one needs ta focus on symmetric systems. However, it is also very

important ta point out that at low energies, e.g. Ekin < 150 MeV, the fiow parameter F

derived from the symmetric systems may not discriminate between a soft (NMDYI) and

hard(HNI) nuclear equation of state, as displayed by Fig. 2.12. As at such low energies,

the fragment contamination complicates the situation.

Angular Momentum Conservation

A li ~ Au is a reasonably large system and it might be that there exists effects that

could safely be neglected for smaller nuclei at lower energies that are important here. It

\vas brought up recently that an improvement in the angular momentum conservation in

r lit' micruscopie models could perhaps lead to a re-evaluation of the raIe played by the

nuclear mean field in generating transverse momentum in heavy ion collisions [55]. The
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Figure 2.12: The flow parameter F' = F . (Ybeam)cm as a function of kinetic energy for
~~IDYI and Hl\iI potentials. The fiow values are extracted from Au + Au collisions at
the impact parameter b=4.8 fm with the rapidity coverage (Y/Ybeam)cm from -0.4 ta 0.4.
The flow parameter F is defined in the text,

qUdIltitati\'e inlportance of conservation laws in microscopic models of heavy ion collisions

tLa:-, ht't'H invpstigated before :56. 57], In the case at hand, the only difference might come

frlllI1 the faet that we are clealing here with very heavy systems at high energies. Thus the

respective role played by two-body scattering and mean field effects rnight be modified.

vVe have considerecl two independent algorithms. In the first approach, whenever two­

body scattering occurred at the microscopie level we made sure that the direction of the

reaction plane was unchanged in the centre of mass of the colliding nucleons. The other

algorithm made sure that angular momentum was conserved exactly. The latter algorithm

can however only he practically applied in a cascade calculation. This does not affect our

general conclusion.

Fig, 2.13(a) displays the effects of reaction plane conservation on the results of BUU

calculations. for Au + Au collisions at 1 GeV /nucleon. The impact parameter range

and kinematical cuts were adjusted to match those of the TPC. Fig. 2.13(b) shows the

1 l'I!:-.t'lillt'I1l·t>~ ur reacriull plane and exact angular momentum conservation on cascade

~iIl1ulatioIls of the same nuclear reaction. The imposition of exact angular momentum

conservation increases the fiow parameter by roughly 23% in cascade simulations. We can

also see that the dominant effect in angular momentum conservation cames from keeping
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the direction of the reaction plane constant in individual two-body collisions. In the BUU

calculations, reaction plane constraints raise the flow by only 8%. The net effect on the

transverse momentum can readily he appreciated in those two figures. Basically, the effect

on 8 UU calculations is considerably smaller than in cascade approaches.
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Figure 2.13: "'le plot the transverse momentum generated in Au + Au collisions at 1
GeV1nucleon against rapidity in the centre of masse We investigate the consequences of
(a) imposing a reaction plane (RF) on each two-body collision in the BUU model with the
~NIDYI momentum dependent potential and (b) reaction plane (RF) and exact angular
momentum conservation (AMe) in a cascade approach.

Fig. 2.14 displays the actual collision numbers between nuc1eons during the dynamicaI

process with each time step 8t = 0.3 fm/co From this figure, it is also clear that the effec­

tive nucleon-nucleon collisions are decreased by the imposition of the angular momentum

conservation. This decrease is much more on the cascade simulations than in the BUU
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approaches with the NMDYI momentum dependent potential.
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Figure 2.14: The effective number of nucleon-nucleon collisions within each time step
c5 = 0.3 fmlc during a Au + Au reaction at 1.0 GeV/nucleon and impact parameter
b=4.8 fm. The consequences of the imposition of angular momentum constraints on the
cascade simulations and BUU model with the NMDYI momentum dependent potential
are shown.

2.6 BUU Model + Coalescence Prescription

\1"1'1' r hall (t'Il .....t'ar~ uf cakulation with the BUU transport model [58] have left no doubt

on the complexity of nucleus-nucleus reactions at intermediate energy and on the need for

a complete transport approach. As shawn in the previous sections, the mode! has been

quite successful in reproducing single partic!e fiow patterns and transverse momentum

distributions. However, the BUU equation is the representation of a one-body theory.

It yields the time evolution of the average one-body density and consequent!y it is not

weIl suited to describe aspects of nuclear reactions that deal with significant dynamical

branching or fluctuations. Nuclear mu!tifragmentaticn is a good example of this class of

phenomena. A significant amount of theoretical activity has been devoted to incorporate

the effects of fluctuations in the transport approaches. An attempt ta extend the standard

Bl'C in this direction was made recently [59]. Also , in an approach similar to the theory of

hnlrooynarnic fluctuations. a Boltzmann-Langevin equation for the evolution of the one-

28



LJuJy Jen::)ity was used ~601. A formalism for addressing stochastic one-body dynamics

within the framework of transport theory was devised [61]. The above three techniques

have been critically compared in a recent publication [62]. With the exception of the

first approach, these scenarios are still not amenable ta calculations that can directIy he

cumpared with experimental results. Sorne recent important developments involve the use

of quantum many-body theory to derive transport equations with bound-state production

and absorption [63~ 64J. The work along these Hnes seems extremely promising.

Driven by the need to interpret the available experimental data in a plausible fashion,

ut her nlore phenomenological avenues have been followed in the extraction of composite

l'UIlrrihutinns from transport theory results. One simple and intuitively appealing ap­

pr{Jélrh rplie~ on the idea of coalescence. This concept was introduced already long ago

tJ:j .. The uriginal fornlulation for heavy ion collisions was devised around the thermody­

nanlÏc model. Put sirnply, the picture stipulates that if two or more nucleons are close

enough together in phase space when the momentum space configuration of the reacting

system ceases to change, they will emerge as a self-bound cluster.

In performing theoretical analyses of intermediate energy heavy ion data and com­

paring the results of complete BUU calculations with measurements of single nucleon

observables~ the need to subtract the "spurious" (in this context) cluster contribution

from the full simulation results has also arisen. Some early experimental measurements

have concentrated on this independent cluster component. For example, the Plastic BalI

group has observed relatively large triton yields in nuclear reactions at intermediate and

high ent::rgies ~ 66;. A coalescence prescription to study the transverse flow of intermediate

llléi:-i:-i fragments with a relativistic SUU model has been used previously and has been

~buwn tu provide a good description of the data (67]. At energies below and around 100

~leV /nucleon, a six-dimensional coalescence model has also been used ta friter the results

of VUU simulations and ta very successfully compare with experimentai results [68]. At

such energies, the composite to free nucleon ratio is larger than at the energies we will

consider here.
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It is important to remember that a cluster is really an entity correlated in six­

dimensional phase space. However, in view of the fact that our BUU approach contains

a binding mean field interaction, we shall adopt a somewhat simpler viewpoint. It is

weIl know from transport theory calculations that the transverse momentum generation

in heavy ion reactions begins quite early in the history of the reaction and then stops.

The amount of transverse momentum generated has then saturated and the momentum

space distributions are approximately stable. Our idea is to apply a coalescence crite­

fion in coordinate space only. at this point. Typical BUU calculations consist of several

llucleu~-I1ucleu~ cullision events performed in parallel to enhance statistics and to pro­

\"ldt' a ~lIluuth initial state density profile in coordinate and momentum space [8]2. The

d~pruac.:h is then the following: within a given BUU event, a nucleon will be considered

·'free" only if no other nucleons are found within a certain critical three-dimensional dis­

tance. de' Otherwise, it will be considered a component of a bound cluster. We justify

restricting our analysis to coordinate space by the fact that, owing to the dynamical na­

ture of the problem and to single particle propagation in the self-consistent mean field,

particles nearby in coordinate space but far apart in momentum space will separate after

a certain time. There are two parameters to our scenario: the time at which the coa­

lescence model is applied, tc, and the critical distance parameter, dc. We choose te as

the time when the transverse momentum generation just starts to saturate. The value of

the critical distance de is left as a free parameter and adjusted to experimental data (see

rlt'xr ~Prtion). This coalescence picture is verified quantitatively in a more sophisticate

dppnJé!ch. b\" ~panning the momenta of the nucleons temporarily assigned to a cluster and

h~' fPjecting thase for which it was kinematically impossible to belong to a common Fermi

sphere. This last criterion brings modifications of the straight coordinate space picture at

the level of less than 1%. We do recognize that the above simple criterion for clustering

is approximate, nevertheless, it is verified to be quantitatively sound and it does provide

a basis for adequate phenomenology.

2 An alternate viewpoint is that each "physical" nucleon is represented by a number of "test nucleons"
equal ta the number of BUU events.
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2.7 Comparisons With E848H Free-neutron Data

2.7.1 Double-differential Cross sections

Siun' t ht-' full one-body BUV theory considers aU the nucleons whether free or bound in

r li'· 1 iI1:-II'I":-. Il} :-iimulatt-' the E8--l8H free neutron data. the coalescence picture described

in the above section has been applied to differentiate the free nucleons and the composite

fragments. The value of the critical coalescence parameter de is determined such that the

BUC simulation results with the NMDYI momentum dependent potential would repro­

duce the double-differential cross section data for emitted neutrons. As before, the impact

parameter range is determined by a geometric mode!. This critical distance was found ta

be 3.3.3.0,3.2 and 2.7 fm for the kinetic energies of 150, 250,400 and 650 MeV/nucleon,

respectively for Au + Au systems. And for La + La and Nb + Nb systems at 400

~[eVInucleon~ de was chosen to be 2.8 fm, and for La + La at 250 MeV/nucleon, de = 3.0

fm. The double differential cross sections in the rapidity bin O.7 ~ Q = (Y/Ybeam)cm ~ 1.2

fur Ail ~ Au collisions at beam energies of 150. 250,400 and 650 MeV/nucleon are shown

in Fig. ~.15. whereas Fig. 2.16 are for La + La and Nb + Nb collisions at beam energy

WII \lp\' [}w:lpon and La - La collisions at 250 MeV/nucleon. As displayed in both

Fig. 2.15 and Fig. 2.16. this single coalescence fitting parameter reproduced weIl the

double-differential cross section data of free neutrons for different systems and energies in

both magnitude and polar angle dependence. At smaller angles the agreement worsens

because of evaporation neutrons.

2.7.2 Triple-differential Cross sections

By restricting the BUU calculations to free neutrons with the spedfied NMDYI mo­

mentum dependent soft potential, the triple differential cross sections are compared with

the experimental data. There are no additional free parameters in this calculations.

Fig. 2.17 shows the triple-differential cross sections for Au + Au systems in the rapidity

Illll O.iS ct S 1.2 region at polar angles () = 15° and () = 21°, with kinetic energies
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Figure 2.15: The polar angle dependence of the double-differential cross sections for free
neutrons emitted with rapidities 0.7~ Q = (Y/Ybeam)cm ~ 1.2 in Au-Au collisions at 150,
25U. -100, and 650 :\'1eV/nucleon. The open circles represent the experimental data, the
filled symbols represent the results from the BUU theory: filled triangles represent all the
nucleons whether free or bound in the clusters and filled circles represent free neutrons.

32



..
el ..

e •

..

20 30 40 50

i i

250 AMeV

La on La

(0.7S a S 1.2) ~
::
1

~

l
o : l

...............~...............T~

la'
-l00 AMeV

La on La .. .. ..
(0.7S o$ 1.2) la' rO ..

c ....
c

• ~ ... ;
e ..

1 la' f •
e 4-

~
j

~

~ r
t ~

1 i
~ 10J r~ 11 • r-

I ~
, l 1 la' 1

20 30 40 50 0 ID

10'

10· ~!_.........-_~--.......-...:.....--:.--'-'-.........

o 10

· ~ ..
· ..

~lOJ r ~ •
~ :· .. ~ ~

• ••

8 (deg)

1

~
1o

400 'AMe~ i~

Nb on Nb 1
(O.7S a S 1.2) l

~
1

~
3

..
- 0' i e..r;; 1 r ..
~ : 0 ..

- r-
'=:l r·· i ..

Ct.I • 1 i
8 10 r 8 •

"l::!: • •
...::::.. ~

.g 10' r •

10· ---.;-~_...........-...-..._---

o 10 20 30 40 50 60

8 (deg)

Figure 2.16: Double-differential cross sections for free neutrons emitted with rapidities
O.7:S; Q = (Y/Ybeam)cm ~ 1.2 in La-La collisions at 400 and 250 MeV/nucleon, and Nb­
~b collisions at 400 MeV/nucleon. The open circles represents the experimental data,
the filled symbols represent the simulation results from the BUU theory: filled triangles
represent aIl the nucleons whether free or bound in the clusters and filled circles represent
free neutrons.
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250. -t00 and 650 ~leV/nucleon~ respectively. Fig. 2.18 displays the triple-differential

cross sections for Au ~ Au at 400 MeV/nucleon, in three different rapidity bin regions:

0.7 ~ Q ~ 1.2, 0.2 ~ Q ~ 0.7, and -1.0 ~ Q ~ -0.2. The polar angles are () = 18° and

e = 24°! respectively. In both figures, the open symbols represent the BUU simulation

results. the filled circles represent the measured data with correction ta the true reaction

plane (zero dispersion ~</JR = 0) . Sînce the BUU calculation results are always extracted

in the real reaction plane, it is important that the measured data should be corrected to

zero dispersions in order to make meaningful comparison between the theory and the data.

In fact, Fig. 2.17 displays the energy dependence of the triple-differential cross sections,

as aIl the graphs shown in Fig. 2.17 are in the same rapidity region and also for the same

svmmetrir Au ~ Au system. We can see the values of the triple-differential cross sections

iucrease with the kinetic energy. Fig. 2.18 displays the different rapidity regions. In the

forward rapidity regions. bath the simulation results and the data tend to peak at 4> = 0°

and faIl off at (jJ = 1800
• \Vhereas in the backward regions, the triple-differential cross

section distributions peak at 180°. These features agree with our understanding of the

nuclear flow properties. In general, the simulation results reproduce the measured data

\vell, including both the shapes and values. For Au + Au at 150 MeV/nuc1eon and other

polar angles at 250, 400 and 650 MeV/nucleon, one can refer to Ref. [42] to see how weIl

the complete data are reproduced by the theory.

The calculated triple-differential cross sections for free neutrons are shown in Fig. 2.19

for La ~ La and Nb + Nb systems in the most forward rapidity region O. 7 ~ Q ~ 1.2 and

backward rapidity region -1.0 ~ a ~ -0.2 at 400 MeV/nucleon. In the rapidity region

u.~ :S u s-; 0.7. the triple-differential cross sections from the three different systems Au-Au,

La-La and 7\b-Nb are shawn in Fig. 2.20 at 400 MeV/nuc1eon, and also 250 MeV/nuc1eon

for La-La system. The polar angle 8 is around 20° for aIl the systems in this figure. From

these two figures, we again see that the BUU calculations agree remarkably weIl with the

measured data.
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2.7.3 Maximum Azimuthal Anisotropy Ratio

If we integrate over the polar angle 8 of the triple-differential cross sections, we will get an­

uther observable. the so-called azimuthal distributions :. Those azimuthal distributions

art' measured event-by-event with respect to the reaction plane which can be estimated

experimentally. There is always sorne error associated with the reaction plane determi­

nation ~691. As emphasized previously, the dispersion effect has to be corrected for in

arder to he able to compare with the simulation results. The sensitivity of such azimuthal

distributions to the nuclear equation of state was examined by Welke et al. [37]. The

maximum global azimuthal anisotropy ratio can be defined as

~l~=oo
'R = dt; • (2.17)

d,p IcP=1800

\Velke et al. have shawn that the maximum azimuthal anisotropy ratio for all test nucleons

in a chosen rapidity range, R, was sensitive to the value of the compressibility coefficient

for equilibrium nuclear matter used in the theory [37]. Here we concentrate on free

neutrons. The character of the cOlnposite fragments will be addressed in the following

~eetion. A maximum azimuthal anisotropy ratio can also be defined at each polar angle,

in a given rapidity range:

(2.18)

where

(2.19)

The variables defined above can he determined in the experiments in the following

way. For each polar angle, the cross section measured in the experiment are fitted with

the function (73(8, cjJ-(j>R) = a(B)+b' (fJ) cOS(cjJ-4>R), where (j>R is the determined azimuthal

angle of the reaction plane, and b' (8) = b(8)e-(a~RrJ/2 is the correction for the finite rms

dispersion ~(j)R, which was obtained for each event. For positive rapidity particles, the

triple-differential cross sections peak at (r/J - (j>R) = 00 and deplete at (4) - 4>R) = ±180°,

a~ seen in figures 2.17. 2.18. 2.19 and 2.20. The maximum azimuthal anisotropy for

positive rapidity neutrons becomes r(8) = [a(8) + b(8)]/[a(8) - b(fJ)].
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The BUV calculations of the polar-angle dependence of the maximum azimuthal

anisotropy ratio r(0) for free neutrons emitted from Nb-Nb, La-La and Au-Au colli­

sions at 400 MeV/nucleon are shown in Fig. 2.21 for (bmaz:/2R) = 0.5. In this figure, the

SUU calculations with K=380, 210 and 150 MeV are done for free neutrons. Fig. 2.22

shows the BUU calculations of the polar-angle dependence of the maximum azimuthal

anisotropy ratio r(O) from La-La collisions at 400 and 250 MeV/nucleon for three different

values of the nuclear compressibility coefficient K=380, 210 and 150 MeV. Consistent with

the experimental data (see Ref. [44]), the BUU results in these two figures (Fig. 2.21 and

2.22) show very little sensitivity to the system mass and also the beam energy. The BUU

calculations of the polar-angle dependence of the maximum azimuthal anisotropy ratio

r( fi) for free neutrons emitted in La-La and Nb-Nb collisions at 400 MeV/nucleon and

La-La collisions at 250 J\tleV/nucleon are compared with the data in Fig. 2.23. As we can

see from this figure, the polar-angle dependence of the maximum azimuthal anisotropy

ratio r(8) is unfortunately insensitive to the nuclear compressibility coefficient K of the

nuclear equation of state.

2.7.4 Average In-plane Transverse-Momentum

The calculated average in-plane transverse momentum < Pz > of the free neutrons can

be obtained by following the method of section 2.4. Fig. 2.24 shows the average in­

plane transverse momentum of free neutrons from Au-Au collisions versus the normalized

neutron rapidity Q == (Y/Ybeam)cm for the beam energies of 150, 250 and 400 MeV, re­

:ippctively. The curves show the BUU calculation results with the momentum dependent

~)..IDYI potential K=210 )';IeV and the symbols represent the measured data. From this

figure, we can see that the BUU results agree weIl with the measured data. If we fit the

data of this figure in the middle rapidity region (up to a = 0.5), the flow parameter F' 3

are plotted in Fig. 2.25. The open squares are the flow F' of neutrons for the three bom­

barding energies; the circ1es are the results for the same three energies for protons plus

3Note F' can be connected with the fiow F defined in Eq.(2.13) by F' = F x Yb~':m
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Figure 2.21: The polar-angle-dependent maximum azimuthai anisotropy ratio r(8) of free
neutrons as a function of the polar angle 8 for Nb-Nb, La-La and Au-Au collisions at 400
;\;leV/nucleon from BUU calculations with MDYI type potential: K=150, 210, and 380
NIeV, respectively.
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Figure 2.23: The polar-angle-dependent maximum azimuthal anisotropy ratio r(8) of
free neutrons as a function of the polar angle 8 for La-La at 400 MeV/nucleon and 250
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the measured data and the open symbols represent BUU calculations with MDYI type
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BUU calculations with NMDYI potential: K=210 MeV.
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bound nucleons from the Plastic BalI Group [29]. The BUU calculations (solid squares)

agree within uncertainties with the experimental data. We also calculated the average of

< p./PJ. >, where Pl. is the transverse momentum of neutrons. The average < p.1Pl. >

is plotted as a function of the neutron rapidity in Fig. 2.26 for Au-Au system. One tan

see again that the BUU calculations agree with the experimental data for the average

< p./PJ. >.

• 400 AMeY
0.4 x 2SO AIleY

o ISO AIleY

0.2

0.0
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-G.I L....._.........L......-...~ ........-J,.....................~.......--...a.-........~
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Figure 2.26: Normalized average < Px/Pl. > of free neutrons as a function of the rapidity
(0 = (Y/Y6e4m)cM) for 150, 250 and 400 MeV/nucleon Au-Au collisions. Symbols repre­
sent the measured data and lines represent the BUU ca1culations with NMDYI potential:
K=210 MeV.

For the two smaller systems La-La and Nb-Nb, the average in~plane transverse ma­

mentum distributions versus the normalized rapidity cr for free neutrons are presented in

Fig. 2.27 at 400 MeV/nucleon and also for La-La collisions at 250 MeV/nucleon. The

filled symbols represent the experimental data, the open symbols represent the DUU cal­

culations with the NMDYI potential (K=210 MeV). The experimental cuts are cautiously

applied in the BUU simulations. Agam, the BUU calculations generally agree with the

experimental data within their uncertainties, especially in the mid~rapidity regions which

gives the information about the ftow parameter F'.

Let us summarize this section. By restricting the analysis to Cree neutrons, our BUU
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•
calculations with the Nl'vlDYI potential (K=210 MeV) plus the simple coalescence pre­

scription generally agree very weIl with the E848H measured double- and triple-differential

cross sections, except for smallest polar angles where the BUU cannot treat the neutron

evaporation. Note that the prescription for calculating free neutrons is in fact approx­

imate and ITlay need improvement for low beam energies. It is in fact well known that

the composite "contamination" in the BUU grows as the bombarding energy is lowered.

l )ur 8 l' L ca1culatiuns can reproduce the experimental results of the in-plane transverse

rUOInentum < Px > for free neutrons. Both the experimental data and the BUU calcula­

tion results show that the polar-angle-dependent maximum azimuthal anisotropy r(B) is

insensitive to the system mass and the bombarding energy. The BUU calculations reveal

that the r(8) data for free neutrons are insensitive aiso to the nuclear compressibility

coefficient K of the nuclear equation of state.

2.8 Fragment Azimuthal Distributions

As the sophistication in detection techniques increased, the separate measurement of the

flow of nuclear clusters has revealed that "clusters go with the flow" [70] i.e. the amount

of directed flow. as characterized by the in-plane transverse momentum per nucleon, was

fuund to Lncrea.sr: v;ith fragment mass. This feature had in fact been predicted rather

early ~71]. Other calculations capable of producing nuclear fragments also contained the

feature that flow effects should be stronger, the heavier the fragment [72, 73,74, 75]. Here

we will focus on the azimuthal distributions of the fragments.

As we have shown in the above section the azimuthal anisotropy ratio r(9) of the

f ree neutrons is insensitive ta the compressibility K of the nuclear equation of state.

However, calculations by Welke et al. [37J have reported that this azimuthal anisotropy

ratio was an observable sensitive to the value of K used in the theory. The insensitivity was

confirmed by a recent analysis of neutron azimuthal anisotropy [76]. Ta reconcile these

two apparently contradictory analyses, we concentrate here on the case of semicentral
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collisions of Au-Au at 400 MeV/nucleon. The impact parameter range we shaH integrate

U\'er is 0 :s b ~ 6.2 fm~ and the critical distance in the coalescence approach was set at

de = 3.2 fm. These conditions were determined in the investigation of E848H free neutron

data in the above section.

The calculations were done with our momentum dependent MDYI type potential. The

five parameters A,B,C, A and (j used here will correspond to the nuclear compressibility

coefficient K=100, 150,210 and 380 MeV (see table 2.1). Fig. 2.28(a) shows the maximum

azimuthal anisotropy ratio r(B) of free nucleons plotted against laboratory polar angle 9

for near-central Au + Au collisions at 400 A MeV. For now, we restrict our analysis to the

rapidity region 0.7::; (Y/Ybeam)c.m. ::; 1.2 (40, 42, 43]. The statistical uncertainties in the

calculation will he slightly larger near the edges of the populated region. As clearly shown

in a previous section, these results further confirm that the free nucleon azimuthal data are

essentially insensitive to variations in the nuclear EOS. In Fig. 2.28(b), we show T(0) vs. 9

for aIl BlJU nucleon test particles. A much clearer sensitivity to the nuclear compressibility

K can now be seen over most of the covered polar angle range. We may now subtract

the free nucleons identified with our coalescence prescription to obtain a signal due to aIl

the clusters averaged-over in the one-body BUU. This is show in Fig. 2.28(c). Clearly,

the highest values of the azimuthal anisotropy ratio are reached with the clusters only. A

strong variation with K is also observed. This is a quite important piece of information, as

it verifies that the maximum azimuthal anisotropy of composite fragments as a technique

to probe the nuclear EOS is really effective. As a further quantitative scrutiny, in Fig.

2.29 we plot the polar angle integrated azimuthal distributions for free nucleons and

clusters, using the procedure described above. Both distributions peak at 4> = 0°. The

azimuthal differential cross sections for composites are considerable larger than those for

fret' nudeons for small azimuthal angles q; and become comparable at large (j), which shows

that much higher partition of the clusters are emitted to small cP region compared to the

free nucleons. The width of the composite distribution is also significantly smaller. Thus,

our calculations are entirely consistent with the experimental observation that fragment
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Figure 2.28: (a) We plot the azimuthal anisotropy ratio for free nucleons at a given polar
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.. flow is more correlated with the reaction plane than that of single particles [77]. These

distribution differences between the free nucleons and clusters implicate that clusters may

be subjected to less random thermal motion, thus could carry more information about

the nuclear compression. which is directly related to the nuclear EOS. We will come back

tu discuss this point later. The azimuthal distributions for all the test particles can he

pruduced by sunlnling up these two components: the free nucleons and the clusters.
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Figure 2.29: (a) The azimuthal distributions of free nucleons with respect to the reaction
plane are plotted for Au-Au collisions at 400 MeV/nucleon with the BUU theory. The
calculations shown correspond to three different values of K. The units of K are MeV.
The curves were drawn ta guide the eye. (b) Same caption as (a) but for clusters.

We now calculate the maximum global anisotropy ratio R" subject to the same kine­

maticai rapidity and spectator cuts as before. We plot R, against the coefficient of com­

pressibility for equilibrium nuclear matter, K, in Fig. 2.30. Each point in this figure

rt'prpSPIl[S a set uf impact parameter integrated BUU calculations. The power and sim-
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plicity of this plot is immediately apparent: an experiment measures one value of R,

given a well defined set of kinematical constraints. This would appear on this plot as an

horizontal lîne. The intercept of this Hne with the appropriate theoretical curve would

then directly yield a value of K. The free nucleons do not constitute a very sensitive ob­

servable, as we can see: the steeper the curve, the more accurate is the deduced value

of K. AU the test nucleons analyzed together are somewhat sensitive ta the value of K,

but the clusters alone are much more sensitive. As in the past onè-body theories such as

the BUU have compared with "pseudo-nucleons" obtained from folding all the measured

particles (free nucleons and composites) together [78,79], an analogous procedure can be

followed ta produce a value of 1{ to be interpreted with the top curve in our Fig. 2.30.

The values of R obtained here with the full BUU test particle ensemble are comparable

in magnitude with those of the original study of Welke et al.[37], done with a different

~ystem at a slightly different bombarding energy.
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Figure 2.30: \;Ve plot the maximum global azimuthal anisotropy ratio R as defined in the
main text. as a function of the compressibility coefficient for equilibrium nuclear matter
for Au-Au collisions at 400 MeV/nucleon with the BUU theory. The kinematical cuts are
such that particles with rapidity Y such that 0.7:S (Y/Ybeam)c.m, ~ 1.2 were accepted.
The curves were drawn to guide the eye.

As mentioned above, the usefulness of the azimuthal anisotropy ratio depends largely

on an accurate determination of the event reaction plane. A method which circumvents
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this difficulty is based on the azimuthal pair correlation function [41]:

(2.20)

where 1!J is the smaHer azimuthal angle between the transverse momenta of two particles.

Peur ( v) is the ~ distribution for abserved pairs from the same event, and Puncor('r/J) is the

l' distributiun for pairs from mixed events. Following Ref. [37], let us assume that the

azimuthal cross section has the farm

du
d(fj> _ (/JR)dY = a[1 + Àcos(rj> - tPR)] (2.21)

where fPR is the azimuthal angle of the reaction plane. If this parametrization is exact,

C(w) can be written as

(2.22)

(2.23)

The maximum global azimuthal anisotropy ratio defined earlier can he expressed as

R= :1';=00 = l+À .
diP 14>=1800 1 - À

Thus. measuring the azimuthal pair correlation function can immediately provide us with

the anisotrapy ratio. 'R. without the ambiguities associated with event-by-event reac­

t iun plane deterrnination. \Ve can easily verify the validity of Eq. 2.21 as an accurate

parametrization in the case at hand. Since the issue of statistics is quite important here,

\\'e shaH slightly shift our rapidity window. We shaH choose 0.4 < (Y/Ybeam.)cm ~ 0.8

as a sufficiently populated region with a reasonable sensitivity to the nuclear EOS, other

kinematical constraints being the same. We study the same reaction as before, with the

same reaction parameters. Fig. 2.31(a) is a plot of the azimuthal cross section for aIl test

particles. calculated with three different equations of state: K = 100, 210, and 380 MeV.

The curves represent a fit with the parametrization of Eq.(2.21). Fig. 2.31(b} represents

the same exercise repeated for c1usters as defined through our coalescence prescription. In

both cases the accuracy of the cosine assumption is remarkable. We plot on Figs. 2.32(a}

and 2.32(b) the azimuthal pair correlation function as calculated numericaIly, together

with the parametrization, Eq.(2.22). The value of À used are the same ones obtained by
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fitting the results in Fig. 2.31. Again, the agreement between the analytic formulae and

the numerical results is excellent. We can now easily plot the azimuthal anisotropy ratio

as a function of compressibility as before. See Fig. 2.33. The results are very similar ta

thuse ùbtained with the rapidity window 0.7 ~ (Y/Ybeam)com. :5 1.2, but with somewhat

~rIlaller numerical values. In cases where the cosine form is not appropriate or when the

reaction plane is simply not measured, one can define a slightly modified definition of a

global azimuthal anisotropy ratio:

'R/ = C(tP = 0°)
C(lP = 180°)

(2.24)

[n the theory. this quantity has the same desirable beha·....ior with respect to variations of

the nuclear matter compressibility coefficient as R as seen in Fig. 2.34. It can then also

be useful in comparisons of experimental results with theoretical calculations.
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Figure 2.33: We plot the maximum global azimuthal anisotropy ratio as defined in the
main text, as a function of the compressibility coefficient for equilibrium nuclear matter
for Au-Au collisions at 400 lVIeV/nucleon with the BUU theory. The kinematical cuts are
such that particles with rapidity Y such that 0.4 ~ (Y/Ybeam)c.m. ':5 0.8 were accepted.
The curves were drawn to guide the eye.

Sinn' the maximum azimuthal anisotropy ratio 'R, in Eq.(2.23) depends only on the

constant À, to see the feature of fragment mass dependence in the SUU theory, in

Fig. 2.35(a). we have plotted À as a function of the normalized centre of mass rapidity
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Figure 2.34: vVe plot the modified global azimuthal anisotropy ratio as defined in the
main text. as a function of the compressibility coefficient for equilibrium nuclear matter
for Au-Au collisions at 400 ~leV /nucleon with the BUU theory. The kinematical cuts are
::iuch that particles with rapidity Y such that 0.4 ~ (Y/Ybeam)c.m. ~ 0.8 were accepted.
The spectator cut as defined in the main text was aiso implemented. The curves were
drawn ta guide the eye.

Y::m = (Y/Ybeam)cm for the fragment mass A ~ 2, A ~ 4 and aIl possible sizes, respec­

tively. Bear in mind, the BUU is one-body theory. Fig. 2.35(a) shows that the value of

À is slightly fragment mass dependent. The displayed features are in fact consistent with

the measured data [80]. For the light fragments, the BUU simulation results can really

match the data as shawn in Fig. 2.35(b).

The reasans for the maximum anisotropy ratio of clusters being more sensitive to the

nuclear EOS may be complicated. But. a simple interpretation might assume that clusters

::iuffer less thermal motion. thus being more affected by the compression energy. Ta probe

the thermal aspect of the dynamical evolution, we make use of the quadrupole tensor in

momentum space. The diagonal component of this quadrupole moment at the freeze-out

time t is

Q f drdp(2 2 2 2)/(- - )zz = (21r)3 Pz - Px - P" T, P, t

For a completely thermalized system, Qzz=O. For two noninteracting Fermi sphere , which

approximately form the initial state of two colliding nucleus, Qzz can be calculated [81]:

Qzz = 4APb2 , where Pb is the projectile momentum in the c.m. frame, A is the nuclear
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represent the data, the filled circles represent the calculations with the hard MDYI type
potential: K=380 MeV, and the open circles represent the calculations with the NMDYI
potential: K=210 ~IeV; for Au-Au collisions at 400 MeV/nucleon with the BUU theory.
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mass r!umber. The smaller the moment, the closer the system is to a thermal one. During

the nucleus-nucleus collision processes, this quadrupole moment will have its largest value

at the beginning~ then decrease and to a smaller value at the so-called freeze-out time.

'vVe have calculated the average quadrupole moment per particle at freeze-out time. The

values are 0.035 (GeVjc)2 for free nucleons, 0.109 (GeVlc)2 for test nucleons, and 0.135

(GeV/c)2 for the clusters. It clearly shows that clusters suffer much less thermal random

rnotion.

2.9 Summary

\Ve have used the Boltzmann-Uehling-Uhlenbeck equation to describe the dynamics of

nucleus-nucleus collisions. Concentrating on the momentum dependent features of the

one-body self-consistent nuclear mean field, we have seen that the precise functional de­

pendence on momentum of the interaction was important. Taking two phenomenological

potentials with the exact same characteristics at saturation density and zero temperature

();GBD and :'IMDYI). we have shown that their behavior in situations removed from

equilibrium could be quite different. From a purely theoretical point of view we believe

that approaches based on MDYI type interactions are on a firmer basis. In GBD like

approaches, the quantity < fi> was put in by hand to enforce the Galilean invariance of

the potential. yIDYI has Galilean invariance from the start and furthermore, the fact that

it can be identified with the Fourier transform of a Yukawa potential is pleasing. Both

interactions have the virtue of being relatively simple to handle (MDYI is however trick­

ier ta implement numerically). Again. in equilibrium or close to equilibrium situations it

should make little difference which is used.

By performing calculations to address data on symmetric and asymmetric systems

at high energies, one can indeed assess the importance of the density-dependent and

momentum dependent terms in the nuclear equation of state, separately. In pursuing this

point, we have for the first time compared DIOGENE and EOS TPC data with BUU
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results. vVe find that aIl the data we have considered in this work can be reproduced with

a momentum dependent interaction with a nuclear compressibility coefficient of K = 210

~'1eV. Aiso. we have verified again the importance of angular momentum conservation on

the generation of transverse momentum in high energy heavy ion collisions. Relaxing the

conservation law leads to a slight variation in the fiow parameter in BUU collisions. This

change should be considered in high precision fits of the experimental data as it should

undoubtedly lead to lower values of :(2 [82]. This does not however alter the general

conelusions reached in this work.

Furthermore, by using a simple coalescence prescription to restrict the analysis to

f ree neutrons, we have simulated the E848H collaboration measurements. The BUU

calculations of the triple-differential cross sections and in-plane transverse momenta for

f ree neutrons agree generally with the data. Comparisons with the data reveals that the

maximum azimuthal anisotropy ratio r(8) of free neutrons is insensitive to the nuclear

compressibility K of EOS. This is a quite important piece of information, as a previ­

ously full one-body calculation of r( 8) exhibited considerable structure and sensitivity to

K :76:. \\"e have provided an explanation for such an apparent discrepancy. This involved

emphasizing the role played by the nuclear composite fragments and their participation

LU the collective nuclear flow. vVe have found behaviors in qualitative agreement with

earlier calculations with different models [75] and with existing experimental data [83].

Because of the large sensitivity of the composite flow to the nuclear EOS, we further es­

tablished a quantitative connection between the composite flow and K. It is clear that our

approach to clustering in heavy ion reactions is simple but we believe that more sophis­

ticated scenarios should reach similar physical conclusions. Our aim is to extract sorne

physics content in an admittedly phenomenological fashion, not to provide a rigorous and

complete theory of cluster production. However, the theoretical problems associated with

a complete time-dependent theory of composite formation are being addressed. We be­

lieve that therein lies the key to a more complete understanding of the nuclear dynamics

iuvulved in heavy ion collisions. In this respect, it is quite stimulating that very high
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quality data is becoming available.

Finally. it is worth pointing out that after more than a decade of careful experimental

investigations and theoretical progress. a consistent picture of the behavior of nuclear

matter at high temperatures and densities is emerging. Perhaps the crudest way of char­

acterizing the nuclear equation of state is by its compressibility coefficient and this value

is now stabilizing to sorne number around 210 !vIeY. The fact that low and high energy

heavy ion experiments seem to require compatible values of K is satisfying. The fact that

high quality~ bias-free, exclusive experirnental data is now available and will continue to

be generated in the immediate future will set even more stringent tests for the models.
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Chapter 3

Dilepton Production in
Nucleus-nucleus Collisions

3.1 Introduction

Dileptons and photons are possibly the best carriers of information from the hot and

compressed nuclear matter produced in the early stages of heavy ion collisions [84].

As introduced in chapter 1, in principle, those electromagnetically interacting parti­

des can leave the hadronic environment from which they are created without signifi­

cant disturbances. offering thus a relatively clean probe of the nuclear collision dynamics.

In heavy ion collisions at incident energies of 1-5 GeV/nucleon, where the Lawrence

Bflrk{'lp~' Laboratory Dilepton Spectrometer(DLS) has already taken dielectron measure­

ments [85] l the most important sources of e+e- pairs seem to be the Dalitz and radia­

tive decays: mainly from Tl mesons and l:i.'5, pion-pion annihilations, and nucleon-nucleon

bremsstrahlung [13, 14, 15, 86]. Measurements of lepton pair production in single nucleon­

nucleon reactions have also been performed in the GeV energy regime. In those, the

measured pd/pp dielectron yield ratios display a clear beam energy as weIl as a clear

invariant mass dependence [87]. This suggests that the dominant mechanism for dilepton

production rnay be changing as the beam energy per nucleon increases from 1 ta 5 GeV. In

particular, one should pay attention ta the opening of inelastic channels. The latter have

been shown to play an important role for dielectron production in nucleon-nucleon colli-
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sions at -1.9 GeV [86]. To eventually understand quantitatively and completely the relative

roll"" ur aU thesp contributions and their excitation function in the complex environment of

nucleus-nucleus collisions, it is vital to calculate the lepton pair production cross section

for indiviciual processes as accurately as possible and to simulate the nucleus-nucleus col­

lision dynamics with a successful model. The aim of this work is thus to re-analyze the

main dielectron sources and compare the BUU simulation results to measurement made

at 1 GeV/nucleon kinetic energy.

The previous BUU calculations [13, 14, 15] for dielectron yields in nucleus-nucleus col­

lisions used a simple Skyrme momentum-independent potential. As displayed in Chapter

2, the momentum-dependence of the nuclear potential is essential to interpret the collec­

tive side-flow phenomenology. Stimulated by the re-analyzed DLS Ca + Ca dielectron

spectrum data at 1.05 GeV/nucleon [12], we will also analyze, for the first time, the effect

uf nuclear EOS on the dielectron pair production.

vVe extend our approach to explicitly include pion degrees of freedom and also to

consider the ~ -+ Ti 1V. rr lV -1- ~ proeesses in conjunetion with processes already deseribed

previously. This method then reproduees the measured pion yields with high accuracy [88].

Instead of conventional detailed balance, the an~~nn is related to ann~na by [63]
2

1 mPt
8 p' ann~na

an~-mn(Vs) = r,fi-mN ~m' , F ( ') ,
JmNTm", 21r m ~ m P

(3.1)

(3.2)

with the actual mass of the ~, m2 = E 2 - p2, E and p are the c.m. energy and momentum

of delta in the initial or final state channel. PI and Pi are the C.m. momenta in the NN

channel and IV~ channel, respectively. And the delta mass distribution is

4m~r~
F~ (m) = (2 2 )2 2 r2 .m - m~ + mtJ. tJ.

For the ~ width. r ~. we take [63J

r tJ. = ~ fl mN p3 [/3
2

+ p~] 2 (3.3)
3 4rr m; m /32 + p2

with f'i/4rr = 0.37, /3 = 300 MeV je, and p, p6, are the pion three-momenta in the rest

frame of the Ll with mass m and m6" respectively. The cross section for a formation in
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(3.4)

7r N interaction is determined such that

1r 9A
UN-rr_6. = p2 Tf6.--..N-rrFA(m),

where gQ is the spin degeneracy of the Ll resonance, and p is the c.m. momentum in

Il~ channel. The isospin components of the Ll are followed explicitly in the numerical

calculation. In addition to the nucleons and delta resonances, the propagated particles

include free pions, which follow the classical Hamilton equations.

\\·e have checked the effect of explicitly including free pions on the collective baryon

HII\\" Calculat ion~ were done with two different algorithms: including free pions or not.

The ~~lDYI momentum dependent potential with nuclear compressibility K=210 MeV

was used. The results show that the differences between results with the two algorithms

are within the nurnerical fluctuations.

This ehapter is organized as follows. In the following section, we will discuss the

microscopie ealculation rnethod for the nucleon-nucleon bremsstrahlung. Comparisons

with previous approaches will also be made. Then in section 3, the treatment of Dalitz

~ decay and Tl decay will be presented in detail. The Tl meson production in heavy

ion collisions will also be studied. Following the presentation of pion-pion annihilation

and bremsstrahlung (section 4), in section 5 we discuss the nuc1ear EOS effects on the

dileptons and compare the ealculated dilepton production results with the experimental

data. Finally. we give sorne eoncluding remarks.

3.2 Nucleon-nucleon Bremsstrahlung

Several different calculations for electron-positron pair emission through nucleon-nucleon

brenlsstrahlung have been performed for reactions at, and slightly above, 1 GeV. Sorne

of the more sophistîcated approaches used relativistic one-boson exchange (OBE) La­

grangians, with the coupling to the electromagnetic field done by minimal substitution

[24, 25, 26}. These approaches are thus entirely Lorentz-covariant and are also gauge­

invariant in the electromagnetic sector. Note that the OBE dilepton calculations can be
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(3.5)

made gauge-invariant even when form factors at the strong interactions vertices are used

)-(. Such approaches have all the transformation properties that are required of a com­

plete theory but they are not completely satisfactory in two respects. First, they are very

cumbersome. If several meson fields are involved, the number of Feynman graphs to he

evaluated proliferates rapidly and the difficulty of the calculations increases accordingly.

The coupling constants in the OBE model are fitted such that the total nucleon-nucleon

cross sections are reproduced as closely as possible. This exercise thus has ta be repeated

for each colliding system. Second, even if two different OBE calculations with two slightly

different set of ingredients (meson fields, form factors and coupling constants) can do a

good job of generating total nucleon-nucleon cross sections that are in agreement with

experimental measurements, generally they will then have different predictions for the

differential cross sections. As we shaH see below, there is a way of writing the very low

invariant mass dilepton production cross section in nucleon-nucleon collisions such that it

clearly depends on the differential elastic cross section of the colliding partners. This fact

thus imposes very stringent requirements on the OBE models as far as their ability to

predict lepton pair production yields is concerned. Because of the above considerations,

several calculations pertaining to the bremsstrahlung generation of low invariant mass

lepton pairs in nucleon-nucleon collisions have used a soft photon approximation [90]. A

lut of the recent calculations of dielectron production in nucleon-nucleon collisions that

have used the soft photon approximation as their starting point a formula suggested by

Rückl (22j:
d6ae

-
e

- Cl:: 1 ( d3a-')
ETE- d3 . d3 = -2-2 W-d3 .

p. p_ 27r M q q=p++p_

This equation links the cross section for production of dileptons via virtual photon

bremsstrahlung to the bremsstrahlung cross section for real photons. In the above, P± is

the three-momentum of the electron or positron, E± is the energy, M 2 = (p+ + p_)2 is

the dilepton invariant mass squared, q is the photon momentum and w is its energy. The

fine structure constant appears as Q.

The derivation of soft photon formulae in the context of bremsstrahlung emission of
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lepton pairs has recently been re-analyzed (21]. It was shown that Rückl's formula was not

prupt'rly Lorentz-covariant and did not contain the relationship betweec dilepton cross

section and virtual photon cross section that is required by gauge invariance [92]. We will

derive sorne leading-order and next-to-leading arder formulée for dilepton emission from

nucleon-nucleon bremsstrahlung in this work.

Consider the reaction
, ,

Pl + P2 -t Pl + P2 + eTe- (3.6)

where Pl. P2. P~ and p~ represent the four-momenta of the initial and final state nudeons,

respectively. The schematic Feynman diagrams for the contributions to the emission of a

virtual photon are shawn in Fig.3.0. The circle represents the strong interaction.

In the limit of soft photons, real or virtual, the radiation from the strong interaction

blob (Fig.3.0( d)) and seagull graphs (Fig.3.0(c)) is a sub-Ieading contribution [91]. The

Ipading-order contributions of lepton pair emission~ which are represented by Fig.3.0(a)

and (b), should be added coherently. ~ote in passing that there have been arguments

that bremsstrahlung from np reactions should be significantly more important than that

from pp. These were based on the fact that, nonrelativistically, the first non-vanishing

multipole contribution for pp appears at the quadrupole level, whereas for np it is at

the dipole stage. It has however been recentIy shown that such arguments do not hoId

for relativistic collisions [86]. In fact, the dilepton yields from these two processes are

cornparable at 4.9 GeV [86]. vVe also will discuss pp contributions in this work.

Using the Feynman rules of spinor electrodynamics [gO}, we can immediately write

down the contribution ta the matrix element Ml from Fig.3.0(a),

­(
.i,

(3.7)
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(a) (b) (c) (d)

Fig.3.0: The lepton pairs emission from the nucleon-nucleon collisions.
(a) From the incoming nucleons; (b) From the outgoing nucleons;

(c) From the contact terms; (d) From the internaI strong interaction blob.

where q represents the four momentum of the dilepton, and 5F (P1 - P~ - q) represents

the strong interaction appearing as a circle in Fig.3.0(a). r represents a hadronic vertex,

LIA represents the lepton part. ~ote that {"'YP, "'YV} = 2gPV and ("'Y •Pl - m)u(p1' sr) = 0,

we then obtain

["(Pl-q)+mj P ( ) ( )[2Pi-("'Y°q)"'YP]
2 2 'Y U Pl, SI = U Pl, SI 2 2Pl . q - q Pl . q - q

(3.8)

Anticipating the soft photon limit, we assume that the hadronic part of the total matrix

element is unaffected by the fact that one of its legs is slightly off-shell. And we further

just keep the leading-order of four-momentum q in the current part. Then, Eq. (3.7) can

be re-written as

(3.9)

\Ve have written the on-shell matrix element for elastic nucleon-nucleon scattering as Mo,

(3.10)

.--
"

."!,.

Summing the amplitudes of aIl the relevant Feynman diagrams represented by Fig.3.0

(a) and (b), we label it as M, and further squaring it and also summing over the spins of
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the final-state leptons, we obtain

(3.11)

In the above.

(3.12)

i:-- r hl' ha.dron electronlagnetic current. and the lepton tensor is

(3.13)

The Q's and p's represent charges and four-momenta for the partic1es, and qP = (p+ +p_)p.

~ote that JlJq~ = 0, as a consequence of electromagnetic gauge invariance.

After performing the appropriate contractions and relativistic kinematic calculations,

we may write the differential cross section for e+e- pair production with invariant mass

JI and energy qo as (please refer to the next chapter for the detailed derivation):

(3.14)

where R2 (5) is the two particle phase space integral [93] and

R2(52) À4(S2) S
= l -

R2(s) À 2 (s) 52

with 52 = S + A{2 - 2.jSqo in the c.rn. Pl + P2 frame, the kinematic function

À(X, y, z) = x2 + y2 + Z2 - 2(xy + xz + yz)

and the weighted cross section

o
&(s) = Jdt da-;;cd (q51E • J12

) •

-("-4m2 )

here é is the polarization of the emitted real or virtual photon.

(3.15)

(3.16)

(3.17)

In the evaluation of the original Feynman diagrams, we have neglected the four­

momentum q of the virtual photon in the phase-space t5 function in order to obtain the

on-shell elastic nucleon-nucleon cross section. Because of this approximation, we include
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9-( the ratio of twa-body phase space [93] R2 (S2, m2 , m 2 )/R2 (s, m 2

, m 2
) ta restore energy

conservation. This correction restores energy-momentum conservation and thus has a

significant effect on dilepton distributions. The ratio constructed from Eq. (3.14) with

and without: the phase space correction factor drops monotonically to zero in the limit of

maximum invariant mass. Handling the phase-space properly is quite important.

By summing up the coherent superposition, the squared modulus of the polarization

dotted into the current, Eq. (3.12), for equal-mass two-body scattering (ml = m2 = m)

reads 1911
~ J

where t is the four-momentum transfer and s 2: 4m2 , -(5 - 4m2) < t :5 O. Suppose the

momentum transfer is small relative to the mass in the problem (specifically,ltl < 4m2
) ,

a good approximation to the electromagnetic factor for p-n scattering is:

then the weighted cross section reduces to

_ () 2 JO ( - t ) da~~ d
(Fa S = - - -- t

3 -(.t-4m~) m~ dt

(3.19)

(3.20)

Furthermore, if the differential cross section is symmetric about (}cm = 90° ,or equivalently

dunn / dt is a symmetric function of u and t , then we get:

(3.21)

where a~~ is the total elastic nucleon-nucleon collision cross section. We comment imme­

diately on the reality of this approximation.
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25 5.: 7.5 ·c.a

-t (GeV/c)2

Figure 3.1: The comparisons between the parametrization for the n-p differential elastic
cross section and the experimental data at kinetic energy Ekin (from top to bottom): 0.21,
0.414, 0.65, 1.028, 1.25, 1.741, 2.252, 2.752, 3.25, 4.25, 5.252 GeV. The Scaling factor for
Ekzn =0.21 GeV is 2x109

, for E kin =0.414 is 4x108 and 0.65 GeV is 4x107
, else is from 1

to 10 ï starting from the bottom in steps of 10.

Several previous n-p bremsstrahlung calculations use the symmetric weighted cross­

section âlf(s) [13, 14]. At kinetic energy less than 1 GeV! this should be a good approxi­

mation. as for np elastic collisions. dO'ldt is nearly symmetric for such low energy. But at

higher energies. the observed distributions are not symmetric about 8e.m . = 90° but rather

develop a stronger forward peak. This asymmetry increases with the scattering energy

and can suppress the np bremsstrahlung contribution to dilepton production by a factor

of .:1 at 4.9 GeV [86, 89]. We choose ta parametrize the n-p and p-p elastic differential

cross sections with functional forms that can fit the experimental data up to energies of

6 GeV with the necessary accuracy. Please refer to Fig. 3.1 and Fig. 3.2 ta see how good

the fit is. The experimental data are taken from Ref. [95] and Ref. [96].

In Fig. 3.3, the comparison between the momentum transfer weighted cross sections

aul") and O".sls) for n-p scattering, and Eq. (3.17) with Eq. (3.18) leading to &(8) for both

n-p and p-p collisions against the invariant energy of the system is plotted. We view this

comparison as a test for the effects of small t approximation and the symmetric approxima­

tion for n-p differential elastic cross section ~;'p. The forward peak in the ~;'p distribution

69



..

6

-t (GeV/c)2

Figure 3.2: The comparisons between the parametrization for the p-p differential elastic
cross section and the experimental data at kinetic energy Ekin (from the top to the
bottom): 0.21, 0.414, 0.65, 1.0, 1.27, 1.73, 2.21, 3.17, 4.149, 5.135, 6.124 GeV. The
scaling factor if from 1 to 1010 from bottom ta top in steps of 10.

leads to a smaller weighted cross-section than that from the symmetric parametrization,

for kinetic energies larger than 1 GeV, where the asymmetric parametrization is effective.

In the low energy region up to 1.2 GeV ! the weighted cross section for p-p is negligibly

:ilnall compared with that for n-p. But it becomes comparable in high energies. At kinetic

energy more than 1 GeV. it is thus imperative to have an accurate parametrization far

the elastic nucleon-nucleon differential cross section du/dt aver a relevant range in t.

In aIl of the above comparisons, we have consistently set q = 0 in the 4-dimensional

phase space delta functian. We now avoid making this approximation and investigate

the consequences (full phase space approach). The many-body Lorentz-invariant phase

space can be expressed in terms of Mandelstam-type invariants [93], or in this case one

can perform the integrals directly. We leave the detailed derivatian of the procedure far

the next chapter and we simply write down the result

dAJ2
(3.22)

.'
where y is the dilepton rapidity, E; is one of the nucleon energy in the final state, qJ. and

o are the dilepton transverse mornentum and azimuthal angle, respectively. The electron
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Figure 3.3: Comparisons of the rnomenturn transfer weighted cross sections (see the text)
for n-p and p-p . respectively. as a function of invariant energy. The solid Une refers
ru (he n-p symmetric pararnetrization ÙS~ the dot-dashed line is for n-p unsymmetric
parametrization ùa (small t approximationL and the dashed line and the dotted Hne give
the exact results for Ù with Eq.(3.17) and Eq.(3.18) for n-p and p-p scattering.

nlass fJ. has been set to Ji. = O.

Note that MO(Pl,P2'P~,p;)depends on the virtual photon four-momentum q at the

zerotn order, and JJJ at the order -1. Now we evaluate the next-to-leading order. Suppose

Mo in Eq. (3.10) is slightly off-shell, then the first-arder derivative LlM of Mo should he

a function of q at the order 1. Let LlJ represent the correction of the current JJJ ta order

O. Rewrite the matrix ",1\1{ in the following farm,

M = (Mo + LlM)(J + DaJ)JJ

('f.q)'yJJ ('"y.q)'yJJ , ('Y.q),JJ , (7·q)7JJ
D.JJJ = QI + Q2 + QI 1 + q2~-:-/"""""----

2PI . q 2P2 . q 2PI . q 2P2 . q

and D.M can be obtained by writing

(3.23)

(3.24)

(3.25)

;
.',

However, the amplitude expressed in Eq. (3.23) is not gauge-invariant. Gauge-invariance

is restored by the contribution from the contact term (seagull graphs represented hy
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Fig.3.0(c)), which can be obtained by the minimal electromagnetic substitution pa ~

pa - eQgap then take the first derivative of the expansion for Mo(pf - eQigI-W
),

(3.26)

Putting aH the contributions together. Eq. (3.11) can be rewritten up ta next-to­

ieading order in q as follows

where

2: IM!2 - 4rraHIJv LlJv
!~!-

(3.27)

HJJV = [(Mo + ~M)(J + ~J)IJ + ct] [(Mo + ~M)(J + f:1J)V + c~]

~ M~JIJ JV + Mo [JIJ(Mo~Jv+ ~MJII + C~) + (Mo~JJJ + t::..MJ~ + CC)JV]

lM 1
2JIJJII , 1" QiQ~ alMol

2

~ 0 --r - L- Pia
2 i,j (Pi' q)(Pi . q) apf

X [pj(gvacl_ gllt3 qQ
) + pj(gJJOqt3 - glJt3qO)] (3.28)

To sîmplify the formula. we have used the convention Q~ = -Qj for the incoming nucleons

ltllli Q~ == Q) fur the outgoing nucleons.

The differentîal cross section for dielectron emission up to next-to-leading order now

reads

0
2

./ ( 2 1 J 1 [( 2)dunn " QiQ~
24rr3 V s s - 4m ) M2 1tl1 -J & + f:; (Pi' q)(Pj . q)

x ((Pi· q)iJ - (Pi· Pj )t!)) ae;;;) Idyd~ dt/JdE; (3.29)

­.;

On Fig. 3.4 we display three different curves for the case of p-n scattering, at energies

of 0.5, 1.0 and 2.0 GeV. We compare calculations done with Eq. (3.14), calculations done

with Eq. (3.22) and Eq. (3.29). The three approaches display general behaviors that are

similar. But there are sorne effects that can be seen from this figure. At each energy, the

difference between the soUd Une and the dotted line is the subleading-order contribution.

At low energy and low invariant dilepton mass M, this effect is really smal!. The largest
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contribution occurs at high invariant mass M and high energies. Since the subleading

formula is not appropriately defined there, we should not take the large subleading effect

at high .M tao quantitatively. This only serves as an indication. Comparisons between

the solid !ine and the dot-dashed line at each energy display the effect of approximating

the phase space. The largest deviations are at low kinetic energies and low M. Recall

that the '~soft photon limit" is not really properly defined by M ---+ O.

n-p

..... .:.

1

":

~

\
~

"C.S ::L80.4:.2

",
",

M (GeV)

Figure 3.-1: vVe plot the differential cross section for production of lepton pairs of invariant
.:.\1 in the case of p-n collisions at kinetic energies of 0.5, 1.0 and 2.0 GeV (bottom ta top
curves, respectively). The solid Hnes represent calculations done with Eq. (3.22), full
phase space; the dotted lines represent the calculation results with Eq. (3.29), next ta
leading order~ and the dot-dashed Hnes are done using Eq. (3.14), soft approximation.
The scaling factor is 1 at 0.5 GeV. 10 at 1.0 GeV and 100 at 2 GeV.

Another useful comparison is the relative radiative intensities from pp and np scat­

tering. As olentioned above. pp bremsstrahlung has often been neglected because of a

classical nlultipole argument. We examine the relative importance of proton-proton and

neutron-proton bremsstrahlung here, with the full phase space approach (Eq. (3.22)).

The relative intensities depend on kinetic energy as shown in Fig. 3.5 which presents

the ratio R=(~)pp/(ftt)np as a function of invariant mass at different kinetic energies.

Proton-proton bremsstrahlung becomes more and more important as the kinetic energy

-
.l

Increases.

We also calculated the angular distribution of the bremsstrahlung dileptons. Angular
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Figure 3.5: The ratio of dilepton production cross section in pp and np reactions,
R=(~ )pp/(:f:t )np, as a function of invariant mass M at kinetic energies 1.0, 2.0, 3.0
and 4.9 GeV, from bottom to top.

anisotropies have recently been put forward as a means of distinguishing between compet­

ing lepton pairs production sources [97. 98J. This argument has power only if the angular

distributions of those sources can reliably be calculated.

Uwing to collision dynamics, the polarization of the virtual photon eventually con­

verting into a lepton pair may be such that, in the rest frame of the dilepton, the single

lepton distribution may not be isotropie [23]. This is the essence of the idea. Following

Ref. [97}, we write the differential cross section for emission of a lepton pair of invariant

mass NI, with a lepton coming out at a polar angle B in the rest frame of the lepton pair

as
da 2

S(M,8) = dM2d cos () = A(! + B cos 8)

This enables us to write the polar anisotropy coefficient, B, as

B
S(lvI, B= 00

)

= -1
S(l\lf,8 = 90°)

(3.30)

(3.31)

Since the full phase space is obviously crucial to the proper kinematics, we use methods

which will be discussed in detail in the next chapter. Here, we simply give the results.
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In Fig. 3.6. we plot the coefficient B as a function of invariant mass M, with the

leading- and next-to-leading-order formalism, for the kinetic energies 0.5 and 1 GeV.

The next-to-leading contribution has shifted the curves upwards a little bit. For further

results at higher energies, please refer ta Ref. [23]. There, we have shown that the angular

anisotropy of the lepton spectrum depends on the details of the calculations. We thus do

not include such calculations in the BUU simulations for nucleus-nucleus collisions, for

the moment. There are presently no data for this quantity.

:.8

\ "
" .

: 2 -

-·:.2

Figure 3.6: We plot the polar anisotropy coefficient, as defined in the text, against lep­
ton pair invariant mass 1\;/ in the case of p-n collisions at kinetic energies of 0.5, 1.0
GeV/nuc1eon. The dotted curves represent calculations done with leading arder, the solid
curves represent the calculation results ta subleading arder.

Finally. we get the differentiallepton pair yields in nucleus-nucleus collisions at a given

impact parameter. b :
d.ve - e - (b) dae '- e - 1
---2- = L 2 --Wp

dkl p-p,n-p dA! ŒNN

where ŒNN is the total nucleon-nucleon cross section and

(3.32)

(3.33)Wp =~! dn[l - f(f,PIl t)][l - f(r,P2' t)]
41r

is the effect of Pauli Blocking of the final state phase space, r and t give the space time

coordinates of each collision, Pl and P2 are the final momenta of the collided nucleons,

and f is the phase space occupation density as in chapter 2.
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·,-
The dilepton differential cross sections from the nucleus-nucleus collisions thus can be

obtained by integrating over the impact parameter

(3.34)

3.3 Dalitz-Decay

The main processes of Dalitz decay of hadrons which contribute ta the dielectron produc­

tion considered here are Ll and 71-meson decays. The Dalitz decay of rro is neglected due

ta the low invariant mass of the produced dileptons.

The contributions of the Ll and 11-meson decay ta the dielectron yields in heavy ion

collisions can be considered as a two-step process in which at first the Ll or T}-meson is

formed in the inelastic N-N reactions and then decays into a dielectron pair.

3.3.1 ~ Dalitz Decay

For the cierivation of the ~ ~ .V-, amplitude. we start from the interaction Lagrangian [102]

where r {3~ is

-{j
t:, = eA~\)fA rB~ \)f N

rB~ - Gl(q2)r~~ + G2(q2)r~" + G3(q2)r~"

GM(q2)r~ + GE(q2)r:~ + Gc(q2)r~~

(3.35)

(3.36)

which includes the contributions from magnetic dipole GM(q2)r~, electric quadrupole

GE(q2)r:~, and Coulomb quadrupole interactions Gc (q2)rg". Gi (q2) is a corresponding

formfactor. The r1~, r~~, and r~~ have the form

r1~ (Q/3"Y1J - q . "Y9BIJ)"Y5

r~~ (qaPIJ - q . P9/3" )"Y5-
r~~ - (qaqlJ - q2ga ,,)'YS (3.37)
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where p = ~(p~ -r PN), q = p~ - PN. The P~,PN and q represent the four momenta of

delta, nucleon and virtual photon, respectively. Thus, q2 = M 2, pi = m~, P1v = m~. We

further just keep the dominant magnetic dipole term and use

(3.38)

with

(3.39)

The Jitferential probability of the ~ decay into dileptons with invariant mass M reads

(3.40)

(3.41)

where

B ( ) - ro(m~, 0) R( M 2 ) _ ro(m~, M 2
)

.., m6, - , m~, - ,r 7r(m~) ro(m~, 0)

ro(m~, A12 ) is the total decay width of ~ into a virtual photon ( please refer to Appendix

B for the derivation), and the total width of ~ to a pion-nucleon pair is r :r(m~).

The function R(m.~, .1.\;[2) can be written as

with

(3.42)

2 '12 2m~ ;-.v. - ml\[
qo = .

2ma
(3.43)

In the vector dominance model (VMD) [99], the delta decay would proceed through

Ô ---* 1Vpo ---* Nf. The formulas obtained in Eq.( B.9) and Eq.(3.42) thus need to be

multiplied by a VMD form factor IF:r(M)12, which is defined as [100]

(3.44)
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with m p = O.775GeV, m~ = O.761GeV and r p = 0.118 GeV.

As an alternate procedure, we directly use the interaction Lagrangian [101]

LpN~ = i gpNâ w~T(8vPIA - 8IA Pv)"Y II,sWN + h.c.
mN+mâ

(3.45)

where r is the isospin transition matrix, mN is the nucleon mass, and the coupling

constant gpN~ is from Ref. [101]. And we further apply vector dominance to calculate

the \\"idth of delta photonic decay in the same fashion as developed above. The obtained

Jitferential probability of delta decay inta a dilepton pair with invariant mass M for delta

:llél:->:" llf llJ. 1:23. 1.33. 1.-l3. 1.53 GeV (dotted Line) are compared to the results with

Eq.(3AO) (solid line) after having added the VMD form factor, in Fig. 3.7. While this

figure shows that the difference between the two approaches is small, it in fact illustrates a

very important point: the magnetic dipole term in Lagrangian Eq.(3.35) is the dominant

contribution to the delta photonic decay. The neglected contributions from the quadrupole

interactions GE (q2)f8lJ and GE (q2)rg
lA

are in fact of higher order [102]. Note that only

~ - and ~o can decay into dilepton pair due to charge conservation.

'\:
\ -:1

\ ~
\~, ,

5 .6

M (GeV)

Figure 3.7: The differential probability (Eq.(3.40)) of delta-decay into a lepton pair with
invariant mass N! for the different delta masses. From the left to right, the curves are
for ma=1.13, 1.23, 1.33, 1.43, 1.53 GeV, respectively. Please refer to the text for more
details.

In principle, the delta decay contribution to the dilepton pair production should be

summed up coherently with the nucleon-nucleon bremsstrahlung amplitudes, as the delta
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is produced from nucleon-nucleon inelastic scattering. Its decay into virtual photon is

indistinguishable from the bremsstrahlung contributions. A recent one-meson-exchange

nlodel calculation considered such interference [104]. Their results show that the inter­

ference is insignificant at kinetic energy Ekin = 1 GeV/nucleon, which is the energy we

art' llltert'sted in 1. Therefore, we believe that the coherent effects from the delta Dalitz

decay and bremsstrahlung is negligible at 1 GeVI nuc1eon, even though a complete study

to clear up such an issue is necessary and goes beyond the scope of this work.

3.3.2 7] Production and Dalitz Decay

In our BUU approach. the 17-mesons mainly come from two classes of elementary processes.

The first is

J.V~V -7 J.V JV1], ~VIl -7 N N17, (3.46)

where :\ is a nucleon.

pp (total)

_..~ - ... -
a: - ~ - - ~ - - -.. - - ..~ - .::a

pp (elastic) ~

- ....-. .
_'-'J1.~.~ ... _•. pp -.ppr.0

--.- --'- -..---._-_ ..~

b

-~--",--"," .. "..: -
~..

'C
;- '.- .!
, .~ .....---

•

5.C 7.5 '0.0 ~2.5 '5.0

T (GeV)
p

Figure 3.8: Comparisons of the elementary cross sections for Tl and 7r0 production and
the experimental data from proton-proton reactions. The elastic and the total p-p cross
sections against the projectile proton energy are also shown. The data are from Ref. [106]
for pp -t PP17 and pp -7 pp1r0

, and Ref. [108] for elastic p-p cross sections.

1The delta radiative decay will dominate the virtual bremsstrahlung at this energy.
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In Fig. 3.8 . we show the measured cross section for the process pp ~ PP"7 [106] and

the total cross section of nucleon-nucleon collisions as a function of the projectile nucleon

kinetic energy. It's very easy to see that the cross section of this process is very small

compared with the total nucleon- nucleon cross section. The other class of processes

involves pions,

1rN -+ .N'TI (3.47)

where the free pions are produced by the delta decay during the dynamical evolution

of the nucleus-nucleus collision. Fig. 3.9 shows that the cross section for this process is

also much snlaller than the total cross section of 1rN scattering. Thus, we treat TI-meson

production in nucleus-nucleus collisions perturbatively. In this method, the probability of

IJruducing IJ-rnesons is calculated without taking their energy out of the nucleus-nucleus

simulation. This is different from the treatment of pion production, where the processes

of ~ decaying into pion and nucleon, and pion fusion with a nucleon into a a are treated

explicitly with energy and momentum conservation in the simulation, since pions are

produced at a much larger rate (see also Fig. 3.8).

For baryon-baryon collisions, we treat the process NN-+NNTI as a reaction of two

particles into three particIes. There are four variables ta describe the phase space. The

momentum value of TI-meson can be set by Monte-Carlo method after the maximum pos­

sible value of 1]-meson momentum is determined with exact kinematics. We parametrize

the total cross section for Tl-meson production process as [107]

(mb), (3.48)

\vhere A=0.17 mb GeV, B=0.253 GeV2 , yS is the total available energy and the threshold

energy .;sa = 2mp +ml1 = 2.424 GeV. The comparisons ofthis with the experimental data

is made in Fig. 3.8, where the fit to the experimental data is quite reasonable. According

to OBE calculations, the cross section for pn ~ pn1] is considerably larger than that for

pp -t PPT/. The calculated value of the ratio between the cross section of pn -+ pnTJ and

pp -+ PPT/ is approximately 3.5 near the threshold and this ratio will decreases to around
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Figure 3.9: Comparisons of the parametrizations of ff-P -+ nf7 cross sections and the
experimental data taken from Ref. [113]. The dotted curve is the parametrization used
in Ref. [112]. The 80lid curve is what we used. The tota1?r-P experimental cross sections
against the pion kinetic energy are aIso shown, which are from Ref. [115].

2.0 with increasing energy .fi. The first measured resu1ts aIso support this [110]. We use

a cross section for nI' -+ npt] that is three times larger than for pp, and O'nn-+n,." = 0'w-+1'fWI.

AlI the other cross sections are given by the corresponding nuc1eoD-nucleon CI'Ofm sections

at the same invariant energy with the appropriate spin average. For pion-nucleon reaction,

the 11-meson production cross section can be parametrized like

u.-p-+"" (VS) = 13.07(..;s - v'8O)0.S288 (mb) for ..fiG < Vi < 1.562GeV

O.8( 1 )1.452 (mb) for 1.562GeV < v'i. (3.49)
Vi -..;so

where ..;so = mn+m" = 1.486 GeV is the threshold energy. The energy dependence of the

cross section of the process '7r-p -+ nTJ with the function of Eq. (3.49) is compared with

the experimental data [113] in Fig. 3.9. We calculate the rrmeson production directIy

with this process.

The differential probability of rrmeson Dalitz decay inta dielectron with invariant mass

M is given by [116)

(3.50)
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wherp the form factor
1

Fr,(AI) = M2;
1-­

A~

with ATJ=O.77 GeV~ and B r =0.39 is an experimental branching ratio.

3.4 Pion-Pion Annihilation and Bremsstrahlung

3.4.1 Pion-Pion Annihilation

(3.51)

The 7r-rr- annihilation proceeds through the p meson which decays into a virtual massive

photon by vector dominance. A standard expression for this annihilation cross section is:

(3.52)

w [wrt' F7f \ .\lJ 2 is the farm factor as defined in Eq.(3.44).

The probability of dilepton production from this process is calculated with the ratio

between the pion annihilation cross section given by Eq.( 3.52) and the total pion-pion

cross section for which we approximately use the pion-pion elastic cross section which is

parametrized in the following way [118]:

(a) For ,jS ::; 0.6GeV the chiral model expression is used:

2 1 1 [ 5m
2

7m
4

]CTel(8) = ---8 1 1[' + __1f'

3 F4 167r 8 8 2
1['

with the pion decay constant F1r =0.098 GeV.

(3.53)

(b) At a collision energy near the p mass, 0.6::; yS ::; 1.5 GeV, the largest contribution

to rr7r scattering amplitude is due ta resonance formation. Therefore

(3.54)

where the coupling constant 9ptr1r ~ 6, m p = 0.775 GeV, and r p = 0.155 GeV.

(c) For large collision energy .JS ~ 1.5 GeV, CTel becomes energy independent CTel::: 5

mb.
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3.4.2 Pion-Pion Bremsstrahlung

As another possible source for the dilepton production, pion-pion radiation can be handled

in the same way as nucleon-nucleon bremsstrahlung in the section 3.2. The momentum

transfer weighted cross section for rr"T"rrO, 7r-rro and rr+rr- processes (the cross section of

the other isospin channels are relatively small) then are

-1 el s [4 1 ]&(8) = -a (8)(- - 1) - + - 1(8)
3 7r7r 4m2 3 2

7r

(3.55)

with

(3.56)

f(s) 8 S - 4m; m; {2y'S (VS) 3

2(s-4m;)- 2s --;- /S-4m;+ JS-4m;

+ Js ~m;} ln (.fS + /8 - 4m;) .
8 .fS - J8 - 4m;

Calculations for such rrrr bremsstrahlung processes will be discussed in detail in the next

chapter. There, we perform a calculation using (j and p meson exchange to model the

::;t rang interaction.

The comparisons of the differential dilepton cross sections at invariant mass M from

pion-pion bremsstrahlung at different pion kinetic energies are made in Fig. 3.10. In

the region of low invariant mass Iv! of dileptons, this differential cross section is large

compared to n-p bremsstrahlung in Fig. 3.4 for a single collision event. But the number

uf :\-~ collisions is much larger than that of pion-pion collisions in the heavy ion l'eaction.

These two effects will go against each other, it's still possible that the contribution of the

pion-pion bremsstrahlung is important relative to n-p radiation. The dynamical results

will he discussed in the next section. The pion-nucleon bremsstrahlung is neglected as

its contribution has been shown negligible in comparison with the n-p source [13, 14].

The cross section for rr+rr- annihilation is also plotted in Fig. 3.10, which will mainly

contribute ta large invariant mass dilepton yields.
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Figure 3.10: The differential cross sections of pion-pion bremsstrahlung at the pion kinetic
energies: 0.5 GeV (dashed-dotted line), 1.0 GeV (dotted line), 4 GeV (solid line) , against
the lepton pair invariant mass M. The solid curve marked a 1r
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- is for the pion-pion
annihilation cross section.

3.5 Dynamical Results

The BUU equation is solved with the test particle method, and the dynamical evolution is

divided into time steps as described in chapter 2. The number of the paraUel events used

was 200 and the time step 0.3 fm/co Since bath the neutron-proton and proton-proton

bremsstrahlung will not affect the final state of two collided particles much due to the

:-irllall probability. we treat the dielectron production from the nucleon-nucleon radiation

perturbatively like the TJ - meson production described in section 3.3.2. The Dalitz decay

of delta is also calculated perturbatively, because the duration of the dynamical evolution

uf nucleus-nucleus collision is less than 30 fm/c in the energy range of our interest, which

is small compared with the half-life of delta decay into a virtual photon. Furthermore,

the delta can decay into pion and nucleon, the half-life of this process is much shorter

than its photonic decay. In our treatment, the deltas are produced not only from the

nucleon-nucleon collisions but also from the pion-nucleon fusions. The total probability

of dielectron production is calculated by adding the contributions from neutron-proton,

proton-proton, pion-pion bremsstrahlung, the Dalitz decay of delta and Tl-mesoo, and
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finally the rr-7r- annihilation. The real dilepton production cross section is then obtained

by dividing by the number of simulations and integrating over the impact parameter.
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Figure 3.11: The dielectron invariant mass spectra for reactions Ca + Ca, impact pa­
rameter b=1.2 fm at kinetic energy 1.05 GeVInuc1eon with solid lines: NrvlDYI (K=210
11eV). long-dashed lines: hard NIDYI (K=380 MeV), dotted Hnes: Hard (K=380 MeV,
momentum independent). dashed Hnes: Soft (K=210 MeV, momentum independent) po­
tt'nt ials.

As a first calculation, we test the nuclear EOS effects on the dielectron spectra for the

reactions Ca ~ Ca at an impact parameter b=1.2 fm at kinetic energy 1.05 GeV/nucleon.

The resuLts are shown in Fig. 3.11. The calculations were done with the soft (K=210 MeV),

hard (K=380 NleV) momentum independent potentials, and NMDYI (K=210 MeV), hard

)'·[DYI (K=380 MeV) momentum dependent potentials (see chapter 2 for the details

of these interactions). Ta clearly display the nuc1ear EOS effects, the relative ratio of

the dielectron spectra are also plotted (see Fig. 3.12). One can see that the dielectron

spectrum is sensitive ta the momentum dependent features and to the variation in the

nuclear compressibility K. The momentum dependent mechanism decreases the dielectron

spectrum nearly by a factor of 2, while the variation of K from 210 to 380 MeV generates

differences exceeding 30%. owing to the compLex collision dynamics. As we will see later,

the dielectron spectrum reveals that the 77-meson Dalitz decay is the dominant source

at low invariant masses and pion-pion annihilation is a very important one for the high

invariant mass range. The EOS effects on the 1J-meson and pion total cross sections for Ca
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Figure 3.12: The ratio of the dielectron invariant mass spectra for the reaction Ca +
Ca. at impact parameter b=1.2 fm and for kinetic energy 1.05 GeV/nucleon. Long­
dashed Line: HNI (hard NIDYI, K=380 MeV), dotted line: Hard (K=380 rvleV, momentum
independent), dashed line: Soft (K=210 MeV, momentum independent). The common
denominator in these ratios is the result with the NMDYI potential (K=210 MeV), (solid
Line) .

~ Ca system at 1.05 GeV/nucleon, b=1.2 fm are recorded in table 3.1, which shows that

the Tl yields are somewhat sensitive to the EOS, while the pions are less sensitive [117]. Our

calculation shows that the contribution to the Tl yield from rr-nucleon sources dominates

over the nucleon-nucleon channels, the sensitivity of the 11-meson to the nuclear EOS may

be understood from the feature of 1r-nucleon cross sections: a little energy change could

!t'ad ru large cross section variations. The Tl-meson decay contribution to the dielectron

:jIJectra depends on the TI total numbers. Thus it is very important ta reproduce the

experimental measurement of this quantity. We have ca1culated the impact parameter

dependence of the TI yield for Ca + Ca at 1.05 GeV/nucleon with the NMDYI potential

and this is displayed in Fig. 3.13. Note a scaling factor of 300 is applied in order to

directly compare with the experimental data. The recent measurement of 77*300 yields

23.5±9.5 for central collisions [114]. Fig. 3.13 shows that our results with NMDYI

potential are within the error bar of the measurement, especially after considering the

necessary integration over the central region in arder ta directly compare with the data.
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Table 3.1: The Tl and 1r total yields from Ca + Ca collisions at impact parameter b=1.2
fm. Ekin = 1.05GeV/nucleon. with four different potentials: Hard, Soft, NMDYI and HM.
The TJ yields are multiplied by 300.

li Potential i T] 1 1r tr .... rro tr -

.i Soft : 53.28 ! 11.18 3.76 3.68 3.74
:: Hard 1 38.08 1 10.42 3.47 3.49 3.46

Il ~~lDYI i 31.31 1 9.98 3.36 3.34 3.28

il H~l 1 24.85 i 8.85 2.97 2.92 2.95

The momentum independent potentials produce larger Tl crOSS section than the NMDYI

potential which has been shown to he able to reproduce the 17-meson cross section data

weIl. Recall that NMDYI also gives much better baryon flow results.
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Figure 3.13: The impact parameter dependence of the rrmeson yields for Ca + Ca colli­
sions at 1.05 GeV/nucleon.

To get a better understanding of the collision dynamics, the dynamical evolution of

the1J, tr and ~ from NMDYI potential are plotted in Fig. 3.14 for Ca + Ca at 1.05

GeV/nucleon, b= 1.2 fm, together with the central density of the system. Note that the

'l-meson yields are completely generated in the compression stage. As bath the Tl-meson

and 1r are stabilized at freeze-out time, another useful comparison is the 17/1r° ratio. For

Ar + Ca reaction at 1.0 GeV/nucleon, the TAPS measurement of 100*17/1r° combined

with a thennal model [109J gives the result 1.9 ± 1.2 with the full phase space. The BUU
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calculations for this ratio is 3.2 with NMDYI patential, which is slightly higher than the

U1t'aSUrellleIlt .l0g!_ Our calculations also display that this ratio is not very much sensitive

to the impact parameter, which is a desired feature that the absolute Tl yields fail ta have.

·2

:c ~ c~ Gt ".G5Gev ~= ~.2fm

'C -

)- 5-

"

l',

24 32

­,:
.~,

Figure 3.14: The dynamical evolution of various quantities in Ca + Ca collisions at 1.05
Gt'V'nucleon. b=1.2 fm. Dotted line: central density in units of Po, dashed line: pions,
~ulid liue: 'J-Iuesons( 50*T}), dash-dotted line: ~.

Now we are at the stage of comparing our calculation results with the DLS experi­

mental data. The simulation results must be filtered by the DLS acceptance in order ta

directly compare ta the measurements.

In Fig. 3.15, we compare the BUU calculation results to the new re-analyzed pre­

liminary DLS data for Ca + Ca collision at 1.05 GeV/nucleon. The contributions from

different sources are also displayed. The acceptance filter version we used is version 2.0 2.

One can see that the BUU reproduces the spectrum in the mass region 0.2 ~ M ~ 0.5

Ct'V reasonably weIl. and the dominant source for this region is the 7J Dalitz decay. As

emphasized above, the contribution of the 1]-meson clecay to the dielectron spectra only

depends on the 1]-meson number and on the experimental acceptance, thus a measured

'J-lIlesun number could be used to normalize the absolute dielectron cross section in this

region. In the high mass region where the pion-pion annihilation is very important, the

2The experimental filter relevant to this experiment has not yet been released. However, it should be
similar ta the version 2.0, except at very low invariant masses [12].
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Figure 3.15: Dielectron invariant mass spectra for Ca + Ca collisions at 1.05
GeV/nucleon. The contributions from different sources are given by short-dashed­
line: 7T7T bremsstrahlung; dashed-line: p-p bremsstrahlung; short-dashed-dotted-line: n-p
bremsstrahlung: long-dashed-line: Ll decay; dashed-dotted-line: 7r+-r.- annihilation; long­
dashed-dotted-line: Tl decay; and the solid-line: sum of aIl the sources. The symbols are
the preliminary experimental data from DLS [12]. The dotted-line is the sum of all the
sources, where the VDM form factor is not included for delta Dalitz decay.
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sinlUlation results are within the experimental error bar. Note in this region, the statis­

tics are quite low. The large difference in the very low mass region M ~ 0.2 GeV can

be attributed to the fact that we neglected the very rich 1r0 Dalitz decay and very im­

portantly. the experimental filter in that region is different from the version 2.0 [12]. In

the intermediate mass region, vector dominance improves the fit, but the calculation is

still slightly under the data. A next generation calculation should explicitly include the

7i-:\ channel and also consider coherent effects with the delta Dalitz decay. From this

tigure. one can see that the bremsstrahlung contributions play a minor role. The 1r1r

and proton-proton bremsstrahlung channels have much smaller contributions than the

llt'utron-proton channel.

\Vith respect to our results. there are still important issues. The intermediate dielec­

tron invariant mass region reflects the in-medium Dalitz decay of the Il and 1r1r annihi­

lation. There are genuine in-medium processes. While the difference between the data

and the calculation in this region may be an indicator of in-medium effects, such a con­

elusion can only be drawn after we have understood the dielectron sources in this region

cornpletely. An improved precision measurement of the Tl production total cross section

or the T]/1r0 ratio will be very useful. The simulations about particle multiplicity distri­

butions and kinematics to determine the impact parameter range of the measured data

from the DLS is also important. as our calculations display that the dielectron spectrum

is somewhat dependent on the impact parameters. The next generation of calculation

should also inelude the '7 absorption mechanism. In OBE model, this could proceed via

:\ (1535) dynamics. This effect has to be explored cautiously. Its importance is presently

somewhat of an open question [15, Ill}.

3.6 Summary

vVe have used the Boltzmann-Uehling-Uhlenbeck model to describe the dynamics of

nucleus-nucleus collisions. Our BUU can reproduce the pion yields and the numerical cal-
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culation of dilepton production is carried out in a two-step process for all the sources. For

nucleon-nucleon bremsstrahlung, we include the exact real photon electromagnetic CUITent

and the asymmetric parametrization for the n-p elastic differential cross section. Using

these. we find smaller results than when using the small t approximation (Eq.( 3.20)) and

usiug tht> syrumetric parametrization for the n-p differential cross section. The proton­

proton and pion-pion bremsstrahlungs are unimportant at the energy of our calculations,

but they are expected ta play a more important role at higher energies. As the 1] cross

section is small, we treat the Tl production perturbatively. Our results show that the 1]­

meson decay dominates the dilepton spectra with the invariant mass from 0.2 to 0.5 GeV.

A next generation calculation will use non-perturbative methods. In the mid-invariant

mass region 0.5 < :.\1 < 0.7 GeV, the delta Dalitz decay is the dominant source. The 1['1['

annihilation determines the dielectron spectra shape at the high invariant masse Further

measurements of TI production, and the determination of the impact parameter range for

the Ca -; Ca dielectron data at 1.05 CeV /nucleon will be very helpful. The facts that

the HADES experiment is under the way at GSI and that the DLS is still improving their

data analysis make this field promising.
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Chapter 4

The Formalism For Bremsstrahlung:
A Simple Test Case

4.1 Introduction

Testing theoretical models [26, 104, IDS, 99, 119, 120, 123, 121] and approximations [21,

22, 23, 91, 122, 100, 124] has been a very important aspect of studying hadron-hadron

bremsstrahlung processes~ especially those processes containing significant resonance or

exchange effects. In this chapter, with 1f+1f- bremsstrahlung as a case study, we con­

sicler the p, (j meson exchange interactions to evaluate the effects of various approximate

formulae for bremsstrahlung.

The plan of this chapter is as follows. In the following two sections, we present the

ra - Ti - --t rr- Ti - elastic scattering amplitude and 1f"T"1r- bremsstrahlung amplitude using u

and p interactions. Then we will derive the general virtual-photon bremsstrahlung cross

section in two-body scattering. In section 5 and 6, we will discuss explicitly different soft­

photon approximations. The formalism for exact virtual-photon amplitude calculations

and the numerical results for different approximations are presented in section 7. In

section 8, we discuss the anisotropy of virtual-photon emission. Then, we calculate the

dilepton rates and yields. The dilepton yields are obtained by integrating the rates over

the time or temperature evolution of the colliding nuclei within a Bjorken picture [126].

The results are presented in section 9. The final section is a simple summary.
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For charged pions interacting with a neutral p-meson, the Lagrangian is [123]

e, = !:D <1>1 2 - !m2 1cP1 2 _!p "pli + !m2 p ,..p2' JJ 2 7[", 4 JjllfJ 2 p JjfJ (4.1)

where <Il is the complex charged pion field, PJjIl = 8JjPlI - 8v PJj is the p field strength and

D JJ = 8JJ - igpPJj is the covariant derivative. Note that this Lagrangian is just like scalar

electromagnetism but with a massive photon m p ' Then, the 1r - P interaction will be

For rra dynamics, we use [125]

e,int = 9 a8 cP •a~~
7["U U Jj

(4.2)

(4.3)

Putting these two components together, we obtain the effective interaction Lagrangian

(4.4)

\\ïth the Lagrangian Eq. (-lA) . we can get the amplitude Mo for the 7r+7r- --t rr+7r­

(Pl -+- P2 ~ p~ + p;) elastic scattering. There are two terms Ml and M 2 in the matrix

element ivto

(4.5)

For the s-channel, we include the imaginary part explicitly in the propagator,

vVe can rewrite Eq. (4.6) with Mandelstam variables

g;(u - t) + g;(8 - 2m;)2
Ml = - 2' r 2' rs - m p + 1.mp p s - mu + l.mu u

Fur the t-channel. we include a monopole form factor [91]

(4.6)

(4.7)

(4.8)
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Figure -l.1: Total elastic rr-rr- cross section as compared with experimental data from
Refs. )27; and [128]. The symbols represent the data, whereas the solid line is for the
model calculation results.

to ::iuppress high momentum transfers, then

(4.9)

or with :Ylandelstam variables

(4.10)

-..'

The invariant energy is s = (Pl + P2)2, the four momentum transfer is t = (P2 _ p~)2,

and u = 4m; - s - t. The parameters have been adjusted to roughly fit the total 7r+7r­

cross section up to fi = 1.0 GeV with 9p = 6.25, m p = 0.775 GeV , r p =0.155 GeV,

gu = 3.55. mu = 0.525 GeV and ru = 0.1 GeV (see Fig. 4.1). The differential cross

section distribution with such parameters is also plotted. This is shawn in Fig. 4.2.

4.3 7[+7[- Bremsstrahlung Amplitudes

For the reaction (Pl + P2 --+ p~ + P; + q)

(4.11)
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Figure 4.2: The 1r T 1r- differential elastic cross section distributions at the system invariant
energies 004 (dotted line), 0.6 (solid Hne), and 0.8 (dashed-dotted Hne) GeV, respectively.

unly the Feynman diagrams where the virtual photon is attached to one of the external

legs and the ··seagull" terms contribute to the invariant matrix element M as shown

in Fig.4.0. There are eight Feynman graphs to be added coherently from the external

legs for each t-channel (Fig.4.0(a)) and each s-channel (Fig.4.0(b)). The total number

uf the ··seagull" graphs represented by FigA.O(c) are also eight. In our case, we do not

l"UIlSider Feynluan diagrams in which a virtual photon is radiated from internaI lines as

the propagatof is neutral.

\Vith the aid of the Feynman fuIes of pseudoscalar electrodynamics [129], we can write

the radiation matrix element

M=eK·L (4.12)

after summing up the contributions of a11 the individual Feynman graphs. There Lp.

represents the lepton part

(4.13)
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(a): t channel

". 1 /

/ Pl P2".

(b): s channel

~l
/

(c): Seagull graph

FigA.O: The lepton pairs emission from the 1r+1r- ~ 1r+1r- reactions

and the hadron-electric current includes two parts

K I" - KI" 1 KI"
- li 2

where Kr is the contribution from the externallegs

(4.14)

K I" ­
l -

(4.15)

\vith the definitions
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(4.16)

The Q's represent the particle charges \Vith QI = Q'I , Q2 = Q~, and q = p+ + p_. The

variables k;s are defined as kt = Pl - p~. k 2 = P2 - p;. k3 = Pl + P2, k4 = p~ + p;.

The contribution from the seagull diagrams can be written as

K~ ­2 -

(4.17)

For [IU\\". by squaring the invariant amplitude M, and summing over the spin of the
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lt>ptu[} pairs. we ùbtain

(4.18)

(4.19)

After summation over the eTe- spins, the lepton tensor is equal ta

~ 87rCk 2
LIJV = L- LIJLv = M4 (q/.4Qv -llJlv - M 91Jv)

~+"-

where l~ = p_ - p_ is the relative dilepton momentum. Then, the invariant amplitude

can be expressed as

L IMI2 = 32:;.Q2 l(q - K)2 - (l- K)2 - M 2 K 2]
~_s_

4.4 Derivation of the cross section

\\'t' cau direct ly write the differential cross section for eT e- pair production

(4.20)

(4.21)

(4.22)

(4.23)

Recall the general formula from relativistic kinematics

d6(Je~e- 1~ d6(JeT e-

qo dA,f2d3qdo._ ="4Y 1 - WE+E- d3p+d3p_

where J1. is the electron mass, qo = E+ + E_, and df2+ is the solid angle for positron

monlentum in the dilepton rest frame. Note in that frame, the integral

J(l. K)2 dO. = 41r( _ 4J1.2)[(q. K)2 _ K2]
1\;[2 + 3 1 1\12 M2

\\"e hnally obtain the differential cross section for lepton pair radiation with invariant

mass .\/ and energy qo as

d4 (Je-e-

qo dl\l[2d3q =

(4.24)
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4.5 Soft-photon Approximation(SPA)

If we suppose that the non-radiative matrix element will not change when a virtuaI photon

is radiated from the incoming or outgoing charged particles, it means that the dilepton

(IlOrnentum q in Eq. (4.16) can be neglected (approximation 1), then we get

(4.25)

llu;:, dppruxirllatiun. in fact, neglects aH the contributions from the Feynman diagrams

in which a virtual photon radiates from the internaI Hnes and contact terms, and is the

basis of most soft photon approximations. Approximation 1 is aIso known as the on-shell

approach. The hadron-electric current Kr in this case can he written as

(4.26)

with the four-vector electric current

(4.27)

Taking charge conservation (J . q = 0) into account, we can immediately rewrite the

tiitferential cross section from Eq. (4.24) as

d4 a e - e ­

qo dlvf2 d3q

(4.28)

4.5.1 Rückl Approach

~ow we further neglect the lepton pair four-momentum q in the argument of the four­

dimensional 8 function in Eq. (4.28) (approximation II). Because of this approximation,

the energy-momentum conservation will he violated. Ta restore the energy conservation,
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\\,p will inc!ude a twa-body Lorentz invariant phase space ratio factor ~{t,~~,m2V'where s
2 8 ,m t ·m2

lS the invariant energy available for aIl the final state particles and 52 = S + M 2
- 2qoVS

in the center of mass of Pl + P2 frame. This ratio factor originates from

3' 3'

! 4 " d Pl d P2
5 (Pl + P2 - Pl - P2 - q) 2E~ 2E; =

and will reduce the dilepton production accordingly with the increase of e+e- pair in­

variant mass J;f as mentioned in Chapter 3. Recall that the two-body elastic differential

cross section

The Lorentz-covariant differential cross section from Eq. (4.28) then reads

dola"~ -... n:.! 1 2J.l2 / 4J1.2 f 2 da12- I '2' R2 (52, mi, m~)
(lu d~"l"2d:Jq -= 12rr3 .\J2 l1 ~ AI2)V 1 - II;/2 (-J) dt R

2
(s, mI, m~) dt

(4.30)

(4.31)

\Ve note that if the electron mass is set /1-=0, the formula Eq. (4.31) is the same as

the expression used by Haglin, Gale, and Emel'yanov [91], except for a numerical factor

~ originally omitted from Rückl's formula [22]. However, the electric current J/A in this

approach is exact for the case of interest, whereas in theirs the current for real photon

emission
~ '~'~

J~ = _QI_P_II_ - Q2 ~ + Q~~ +Q;~ (4.32)
Pl . q P2 • q Pl . q P2 . q

was used for soft virtual photons. In general, the current J~ Eq. (4.27) contains at least

the subleading order in q ~ whereas the current of Eq. (4.32) is in the leading arder. A

quantitative cornparison will pin clown the effect of different levels of approximation.

Aftl'r irltt>grating aver the 3-momentum space of the e~e- pair from Eq. (4.31), we

can tinally express the differential cross section as

(4.33)
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The two-body phase space ratio factor has been put as

R2 (S2, m~, m~) = 1 8(82 - 4m;')
R2(8, mI, m~) ~ 82(8 - 4m1r )'

(4.34)

, ,
In principle~ the elastic differential cross section da12~1 2 1dt can be parametrized from

measured experimental data. Here we rely on the model calculation ta make use of the

uIl-::ihell matrix element Mo in Eq. (4.5) for consistency. The result is

da I2 - I '2' iMo[2
=dt 161T"s(s - 4m;)

(4.35)

In Fig. -l.3. we plot the dilepton differential cross section dae+e-ldM as a function of

e-e- pair invariant mass M with the virtual photon current Eq. (4.27) and the exact real

photon current Eq. (4.32). Since the solid and dotted curves are obtained under the same

approximations, this eomparison clearly shows the effect of using virtual photon current

and real photon current. Our results do not substantiate a recent general argument [21]

that the virtual photon eurrent may make significant differences in dilepton production.

From here on. we use the virtual current Eq. (4.27).

Summarizing, we have presented the SPA approach along the lines introduced by

Rückl. \Ve shaH refer the above approximation as "Rüekl 's approach" .

4.5.2 The Complete Phase-space Approach

Because of approximation II inherent to SPA, one can not calculate the eurrent term

(- J2) precisely. To ealculate the kinematics exactly (Pl + P2 = p~ + p; + q), we need ta

keep the argument q in Dirac 8 funetion as in Eq. (4.28). Write one of the final state

particIe integral d3p~/2E~ in the explicitly invariant form

(4.36)

where O(pO) is the step function, and note that in the center ai mass 1+2 frame

(4.37)

101



~OJ

~\
, i i i

')1T" + 1T-

>

~CI)

Co'

'".c

~
3
::g
"0

'" ~
b 1

"'0 l
~G

- , '. "-r \ ~
\ ::l

\
..,

- \ j\
'C-2 l • \ j

2 J 4 5

M (GeV)

Figure ..1.3: The Lorentz covariant global dilepton differential cross section against the
lepton pair invariant mass Nf for 1r T 1r- collisions. The solid Unes are for real current
approximations, the dotted Hnes are for virtual current approaches at system invariant
energies 0.45, 0.6 and 0.8 GeV, respectively.

the final state integrals can he rewritten as

(4.38)

Using the fact that d3qjqo = ltï1dqodcosep1qdet/, and further integrating over the free

variable <!J', we obtain

dJI:!

(4.39)

The integral range of the variables dqo and dE; can he determined from the 8 function

condition

(4.40)
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Up to this stage, we have used the invariant matrix Ma(Eq. (4.5)) expressed by the

invariant variables sand t: KJJ(s.t) (Eq. (4.7)), or by u and t: KJJ(u,t) (Eq. (4.10)) l, to

calculate the dilepton production differential cross section as a function of the e+e- pair

lIl\"arianr Inass .\/ under the complete phase-space approach. In this method, the current

; l't:ll .P b t'\"àluateJ exactly (refer to Appendix C) and the effective four-momentum

transfer t is determined strictly by the kinematics Pl + P2 = P~ + p~ + q.

4.6 Sub-leading order approximation

In this section, we will only consider the KJJ(s, t) scheme for the leading order amplitude.

To the subleading order, we can expand

(
a8Mo

Mo Pi - q) = Mo - q -8Q

Pi
1 Q8Mo

Mo(pi + q) = Mo + q -8'
PIQ

(4.41)

However. this procedure breaks gauge invariance. To restore gauge invariance, we should

incllldp rhp :îeagull graphs contribution up to the sarne order as mentioned previously.

The seagull terms to this order can be written as

(4.42)

Thus, the hadron-electric current reads

(4.43)

:\ow. substituting KJJ into Eq. (4.24) and using the same procedure as in the leading

order approximation, we get the differential cross section in dilepton invariant mass lvl

up to the subleading order

d.\;f2

:\\"e refer [hem as K~(.s,t) scheme and K"'(u,t) scheme. Note that the difference between these
::;chemes is relevant only in the case of approximation I.
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:\"'ote for simplicity, we have used the convention Q~ = -Qj for the incoming hadrons,

Q~ = Q] for the outcoming hadrons, and p~ = P3, P; = P4 in Eq. (4.44).

To express the subleading term in term of scalar products Pi . Pi' we write

8!Moi
2 = 81Mol

2 as + ajMol
2 Bi .

OPt 8s OPt &t api
(4.45)

Since we expand the Mo in powers of the dilepton energy q, and only keep the first

derivative, the above subleading formula will be effective only for the case that the maxi­

mum energy of the dilepton is much less than the energies of the partic1es in the system.

4. 7 Exact Results

For an exact calculation, we make use of the hadron-electric current KP in Eq. (4.15).

Since gauge invariance is an important issue here, a gauge-invariance check leads to

(4.46)

lt shows that q/-iKIl = O. the sum of the amplitudes KP presented in Eq. (4.15) is

I!;augp invariant. Then we have

dae- e­

d.''v[2

(4.47)

The square of the invariant matrix element K2 just involves the combinations of the

ten scalar products and known relative constants (see Appendix C).
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Figure 4.4: The comparison between the exact dilepton differenti~l cross section calcula­
tion and the leading-order approximations (often used Low-scheme: KP(s, t)) for 1r+1r­

collisions at the system invariant energies 0.32, 0.36, 0.6 and 0.8 GeV. At the two smal1est
energies 0.32 and 0.36 GeV, the subleading-order contributions are also presented. The
solid lines are the exact calculations (Eq. (4.47)), the dotted !ines are the KJJ(s, t) scheme
leading-order results. While the dashed-dotted lines represent the calculation results up
ta the subleading-order with the KJJ(s. t) scheme.

Thp results for the calculation of the dilepton differential cross section with Eq. (4.15)

<Lrl' lJrest'Ilted in Fig. -lA. and compared with the results of the KJJ(s, t) scheme for

v.s=0.32. 0.36. 0.60 and 0.80 GeV, respectively. At JS=0.32 and 0.36 GeV, we also

plot the SPA KJJ(s, t) results up to the subleading-order. It shows that the traditional

SPA KJ.'(Sl t) approach overestimates the exact results. This overestimation may suggest

the size of off-shell contributions to the dilepton production cross section. At VS=0.6 and

0.8 GeV 1 we do not include the subleading-order contributions, since at large energies our

expansion technique will cease to be valid. The results up to the subleading-order match

the exact results with a reasonable accuracy in energies where they have been calculated.

In the low energy limit, when VS of a system is not too large, our results suggest that

the soft-photon approximation formula are appropriate.

In Fig. -l.5. we present the comparison the different soft-photon approaches and the

pxart calculation for energies y'S=0.32. 0.4 and 0.6 GeV. From this figure, (i) the effect of
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Figure 4.5: The comparison between the exact dilepton differential cross sections in 1r+1r­

collisions and the three-different soft-photon approaches (see the text), for invariant en­
ergies of 0.32, 0.40 and 0.60 GeV, respectively. The solid lines represent the exact cal­
culation: the dashed-dotted lines and the long-dashed-dotted Hnes are for KP(st t) and
KJJ(u. t) schernes~ respectively. Finally, the dotted lines represent the Rückl approach (see
the text) with virtual current.

t. he SPA approximation II can be appreciated by comparing the "Rückl approach" results

a.nd thase with the KJJ(s, t), as the '''Rückl approach" uses both approximation 1 and II,

and the cornplete phase-space approach only uses approximation 1. Although the virtual

current is used for both cases, there are differences between the two approaches. (ii) we

can see the effects ofusing KP(s, t) scheme and the corresponding KP(u, t) scheme. There

are sorne differences between these two approaches to the soft-photon approximation. (iii)

At low energies, e.g . .JS = 0.32 GeV, aIl the SPA approaches can give reasonable dilepton

cross section, comparing ta the exact results.
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4.8 Anisotropy of Dilepton Emission

From Eq. (4.20), Eq. (4.21) and Eq. (4.22), we obtain

d6 (je"-e-

qo dA;f2d3qdO_

(4.48)

Write dn~ = d cos Bd(/>. and integrating over d3 q and d<p, Eq. (4.48) can be simplified

as

(4.49)

In the rest frame of the lepton pair, the gauge invariance condition ql-'KI-' = 0 leads ta

(4.50)

Define an unit vector p.:.- in the dilepton rest frame ("i' / k'l' frame, refer to Fig. (4.6))

- - -
p.:.- = cos Bk' + sin Bsin <Pi' + sin Bcos <pi'

where f) is the angle between the unit vectors fI and P+ .

(4.51)

.\ u\\" LU t he center uf rna~~ pï -;- P2 frame of the two colliding pions, we choose the

coordinate system( "ijk" frame) 3uch that

Pl = cos Bp1qk + sin Bp1q) = -P2,

P; = cos Bp;qk + sin 8p;q sin c/>11 + sin 8p;q cos c/> l i

p~ = -CP; + q)
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Figure 4.6: The coordinate relation of the dilepton rest frame (i'j'k') and the center of
mass two colliding pions frame (ijk). p~ is the positron momentum in i'j'k' frame, Pt is
the initial pion rnomentum, p~ is one of the final pion momentum in the ijk frame.

Then the ..( / kt .. frame is coincident with the "ijk" frame (see Fig. (4.6)).

A~ aIl t hp variables :3hould obviously be evaluated in the same frame, here we choose

lU tht' /lI ~ p:!. centre of mass frame. ~ote that the vector p+ up to now is in the dilepton

rest frame. we need to perform Lorentz transformation, which is between two frames of

reference moving with the momentum q along the k direction.

In the dilepton rest frame, the dilepton has energy M, and E+ = E_ =M/2, Ip:1 =

Ip: = J~2 - J.L2. In the c.m. of Pl + P2 frame,lpil = pil = p = J~ - mi, El = E 2 = E =

1,and the dilepton has energy qo, then

qo
''f = !v!'

{3 = _'1'_7
2
_-_1

'Y
(4.53)

After perforrning the Lorentz transformation, we have in the pion-pion c.m. frame(PI +

P2 = 0)

.:vI - - -
p-- = 2 [(,J3 + , cos (}) k + sin (1 sin cPj + sin 8 cos 4>i]

~\;l

E ... = 2(1 + ,BcosB)
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p:' =~ [b.8 - 'Ycos B)k - sinBsin..p) - sinBcos..pij

M
E_ = 2(1 - (3cos8) (4.54)

The electron mass has been set J1. = O. Therefore, aH the scalar products (Pi 'Pj), (Pi .p+),

and (Pi' p_) implied by Eq. (4.50) can be expressed in term of the integrating variables

of Eq. (4..19). \Vrite

\\"e are finally able ta calculate the anisotropy parameter B, which is defined as

B = S (.\1. f) = 0) _ 1
S(~\tI. f) = 90°)

(4.55)

(4.56)

Fig. 4.7 presents the so-called anisotropy parameter B against the invariant mass M

of the lepton pairs at the system effective energy VS=0.35, 0.6 and 0.8 GeV, respectively.

The soHd Hnes represent our exact result while the dotted lines are for SPA KI.J(s, t) results.

At .;8=0.35 GeV, we also show the SPA results up to subleading-order. The contribution

of the subleading-order slightly reduce the parameter B from the SPA leading arder. At

small invariant mass !vI of the lepton pairs, the exact results are very different from those

in the SPA approach. Once the effective energy becomes high, the anisotropy coefficient

B stays at araund zero for large IvI of dileptons.

4.9 Dilepton Rates and Yields

\re now seek a simple framework for the application of the method developed up ta

now. Since we know that ultrarelativistic heavy ion collisions are meson-dominated, we

concentrate on that area. Bear in mind that the following calculations are done for

comparison purposes mostly and we do not attempt to modei any data." Rather, we have

looked for a somewhat idealized and simple environment.

In ultrarelativistic nuclear collisions, the dilepton emission may serve as a very im-

portant probe for the QCD phase transition [2]. The low invariant mass(M < 0.5 GeV)

109



-

--oC

5

Figure 4.7: The polar anisotropy coefficient, as defined in the text, against the lepton
pair invariant mass 1\1 for invariant energies of 7r+7r- system 0.36, 0.6 and 0.8 GeV,
respectively. The solid lines represent the exact calculations; the dotted Unes are for the
f(I-'(8. t) scheme soft-photon leading-order approximations. At invariant energy 0.36 GeV,
the dashed-dot line is the result up ta subleading-order with the KI"(s, t) scheme.

dilepton spectrum may be sensitive ta the quark and the pion dispersion relations in

rtlt' high-tt'mpprature medium )31}. The virtual bremsstrahlung in pion-pion and quark­

qllark collisions should aIsa contribute ta the spectrum in this mass range. Such rates

have been evaluated by Haglin et al [91] with a SPA approach. We use kinetic theory for

the processes Pl T P2 = p~ + p~ + e~e-:

(4.57)

(4.58)

v{Pl'P2)-m2m 2 1
W here Vrel = El E2 1 2, f3 = kT' and 912 = (2s 1 + 1)(2s2 + 1) is the spin degeneracy.

Any modification of ~~;- will change the reaction rates ;~~;;2' Integrating over the

momenta in Eq. (4.57),

d1Vi;e- _ T 6 g12 f d ,x(z2T 2
, mi, m~) ()daeTe

- ( )

d4xdlvf2 - 167T4 l:mln z T4 KI Z dlv[2 Z,

-
whpre .: = 'T:J. =mm = (ml -+- m2 + }vf)jT. and KI is a modified Bessel function.

~ùW we further evaluate the dilepton yields from two different scenarios of collision

dynamics based on Bjorken's relativistic hydrodynamic model [126]. At first, we assume
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that the collisions lead to the formation of a thermalized QGP at initial time ti, and the

initial temperature Ti' Before time ti, a very complicated initial stage might be simulated

by the Parton Cascade model [132, 133, 134]. Then QGP expands and the temperature

decreases until a critical temperature Tc' At Tc, QGP enters a mixed phase. We are

assuming a first order phase transition. After the QGP is converted inta hadronic matter,

rhe hadron matter will cool down and reach a temperature Tf to freeze out. Another

scenario is no QGP formation and the hadronic matter expands and cools, going from an

initial temperature Tt to freeze-out temperature Tf-

\"urt' d4
.1' ~ iiR~dytdt . and T(t) = T&(to/t)i based on hydrodynamic model [126], the

dilepton yields can be directly written for the second scenario as

(4.59)

For the first scenario, there is a mixed phase contribution [130]. The dilepton yields

from pion processes can be calculated as

(4.60)

.-

Here r is ratio of number of degrees of freedom in QGP to hadron phase(r ::::::: 12). Note

that here we do not calculate yields from the quark phase. We simply seek ta compare

the effect of different approximations ta the pion rate~ in a simple dynamical model.

III Fig. -LS(a). we present the lepton pair rates from pion virtual bremsstrahlung at

ternperature T=200 :\IleV under three different approaches. While this figure illustrates

that the SPA method is a good approximation for the dilepton rate's calculations, we

add that rates should perhaps not be used to test the bremsstrahlung formalism, as the

integration over a range of temperatures may change cohensions based on rates. After

integrating the time evolution in the Bjorken's model, the resulting invariant-mass spectra

through virtual brernsstrahlung are plotted in Fig. 4.8(b). From this figure, it is clear

that the SPA is finally a reasonable approach. Note if we assume that there is no phase

transition, the initial temperature has to be set unreasonably high (360 MeV), in order
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ta reproduce the yield with a QGP phase transition and initial temperature T=200 MeV.

From a purely theoretical point of view, this tells us that the mixed phase has significant

contribution to the dilepton spectra.

4.10 Summary

\\ïth a One-Boson-Exchange model for 7I-7r- interactions, we have presented results of

\ë-triuliS soft-phuton approxirnations and also of exact calculations. Our case study shows

that at relative snlall energy system, the SPA amplitudes K"'(s, t) or KP(u, t), can be

used ta evaluate the differential cross section for dilepton emission. The subleading­

arder formula should only be applied for small energy (compared with the energies of the

particles in the system) lepton pair production. This formula should improve the precision

of the calculations over the leading SPA approach. For hadron-hadron bremsstrahlung,

the advantage of using SPA amplitudes can be easily seen. Such amplitudes depend only

on the corresponding elastic amplitude and electromagnetic constants of the participating

particles.

"vVe may extend our approach ta other charged pion contributions, for example, to

ii -;r - and rr -71 - collisions. \Vhen the exchange mesons have charge (e.g. 1r01r+, or 1r01r­

collisions 1. internaI radiation will also contribute to the exact amplitudes. Also a more

precise evaluation is possible by considering the f-meson exchange [135], for example.

Starting from our dielectron rates, we have evaluated yields based on Bjorken's hy­

drodynamical mode!. We show that the soft-photon-approximation (SPA) is in fact not

a bad approach ta such calculations.
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Figure 4.8: (a) The dielectron rates from pion virtual bremsstrahlung at temperature
T=200 N'leV under (i) solid line: the exact calculations, (ii) dotted line: only using
approximation l (see text), called KJJ(s, t) scheme, (iii) using both approximation l and
II, or called Rückl approach. (b)The dielectron yields from pion virtual bremsstrahlung.
The bottom three lines are under the same three different approaches as in Ca) with
T I =200 ~IeV. Tf = 140 MeV without QGP formation. The upper two lines are (i) solid
liIW: Tl = 200 :\IeV. Tc = 160 MeV, Tf = 140 IVIeV with QGP formation, (ii) dotted line:
T, = 360 Y[eV. Tf = 140 N[eV without QGP formation.
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Conclusion

\Ve have used the Boltzmann-Uehling-Uhlenbeck equation to simulate nucleus-nucleus

l·ul1i::iiUIl dynarllics at the intermediate energy regime. The transverse flow has been shown

dt>~endent on the nonlinear combinations of nucleon-nucleon cascade collisions and nuclear

mean field. Concentrating on the momentum-dependent features of the one-body self­

consistent nuclear mean field, we have seen that the precise functional dependence on

momentum of the interaction was important. Taking two phenomenological potentials

with the exact same characteristics at saturation density and zero temperature (NGBD

and :"iYIDYI), we have shown that their behavior in situations removed from equilibrium

could be quite different. The relative importance of Coulomb potential has been shown

dependent on the projectile kinetic energy as well as impact parameter. We have also

verified the importance of angular momentum conservation on the generation of transverse

momentum in high energy heavy ion collisions. Relaxing the conservation law lead to a

very slight variation in the fiow pararneter in BUU collisions.

B\' perfornlÎng calculations to address data on syrnmetric and asymmetric systems

at intermediate energies, we have shown that one can indeed assess the importance of

the density-dependent and momentum-dependent terms in the nuclear equation of state,

separately. We have, for the first time in a comparative study, considered Streamer Cham-

ber, Plastic Ball, DIOGENE, EOS TPC and E848H flow data and BUU calculations. We

find that all the flow data we have considered in this work can be reproduced with a

momentum-dependent-Yukawa interaction with a nuclear compressibility coefficient of K

= 210 MeV, which is consistent with the analysis of giant monopole resonance. As BUU
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being a one-body theory, we have applied a simple coalescence prescription to restrict the

analysis to free neutrons for simulating the E848H measurements. Comparison with the

ddtd rp\"eab that the free neutron symmetric system data is insensitive to the nuclear

l"lJl[lpre~sibi1ity K of the EOS. This is an important piece of information, as the previous

calculations of flow in the collision of symmetric systems exhibit considerable structure

and sensitivity to K. We have provided an explanation for snch an apparent discrepancy.

This involved emphasizing the role played by the nuclear composite fragments and their

participation in the collective nuclear flow. Because of the large sensitivity of the com­

posite flow to the nuclear EOS, we have shawn that a quantitative connection between

the composite flow and the K can be established. The tests of BUU accuracy provided

by the simultaneous comparison to double and triple differential cross sections and flow

data is completely unprecedented.

Then we turned to dielectron production at Bevalac energies. We have analyzed the

production mechanisms in nucleus-nucleus collisions. These include delta and eta Dalitz

dpCél.\". nucleon-nucleon bremsstrahlung, and pion-pion annihilation and bremsstrahlung.

\Ve have included the exact real-photon electromagnetic current and considered the effect

of an asymmetric parametrization for p-n elastic differential cross section and found that

these two aspects have significant effects on the dielectron yields. The relative importance

of p-p and n-p bremsstrahlung has been shown dependent on the kinetic energy and

p-p bremsstrahlung becomes more and more important as the energy increases. This

invalidates the classic multipole argument at high energies. We have also calculated the

angular distribution of the bremsstrahlung dielectrons. The angular anisotropy of the

dielectron spectrum has been shown dependent on the details of the calculations. Thus

sorne caution must he taken before such observable can be put forward as a means of

distinguishing between competing lepton pair production sources. We have aiso examined

tilt> nuclear EOS effects on the dielectron spectrum. Comparing to the re-analyzed DLS

Ca~Ca dielectron data at 1.05 GeV/nuclean, we have shown that this data can also

accommodate a nuclear compressibility K=210MeV with momentum dependent feature.
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()llr céilndari()[l ~ho\\"s that the T]-meson Dalitz decay dominates the dilepton spectra for

the invariant rnasses 0.2 < .\1 < O.5GeV. A precise measurement of eta production

could be used to normalize the dielectron spectrum in this invariant mass region. In

the intermediate mass region, the delta Dalitz decay defines the spectrum shape, and

vector dominance improves the fit. The bremsstrahlung contributions are insignificant at

such energy and the pion-pion annihilation determines the shape of the spectrum at high

invariant masses.

Finally. based on one-boson-exchange model, we have done a full T -matrix calculation

of pion-pion bremsstrahlung. The formalism has been clearly developed, and the assump­

tions and approximations used to recover the soft-photon approximation(SPA) formulae

in the literature have also been clearly stated. The calculation results are compared ta

each other. We have shown that the SPA approach is in fact not a bad approxima­

rwu fur e\·aluating the bremsstrahlung contributions to the dilepton rate and yields in

ul t ra-relativistic heavy ion collisions.
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Appendix A

N uclear Mean Field Potentials

In this appendix, we show how to adjust various sets of parameters for three different

potentials used in the text. We assume that there exists a Hamiltonian giving the energy

of the system in term of the phase space distribution f (r, PJ

(A.l)

here J f/nf(r, p)d3 jj = Ekin(P) is the kinetic energy density, and V[f] is the potential

energy density.

Consider the single particle potential U(p, Q), where p is the nuclear matter density

p = J dJ Pf (r. pl. and Q represents the other quantities on which the potential may depend.

As stressed by Bertsch and Das Gupta [8l, U(p, Q) is not the same as V[f], but they are

related

(A.2)

The total energy density is then

(A.3)

where p(p) is the Fermi momentum corresponding to the density p of particles in the sys­

tem, E B is the binding energy per particle of nuclear matter, at the equilibrium conditions

for the ground state, which has the empirical value EB = -16 MeV.
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\ow we follow the well-known procedure to calculate the pressure P of nuclear matter.

If we hold the nurnber of particles ~ fixed in the system, the thermodynamics gives

dEs
P(p, o.) = ----;J;;

where v is the volume of the system.

\Vith the fact that 1v = t ~ = _p2 ;p' we cao rewrite

2 dEB
P(p. o.) = p dP

(A.4)

(A.5)

At equilibrium, the pressure should vanish. Another equivalent way is to use the pressure

tensor(also called the momentum current) as defined in the Appendix E of Ref. [8]

This expression does not assume equilibrium, and thus is general. But in equilibrium,

the appendix of ReL [34] has demonstrated that IIij = r5ij P. The disappearance of the

pressure then is equivalent to the momentum current vanishing.

Another very important quantity of nuclear matter is the nuclear compressibility co­

efficient K, which is defined as

(A.7)

where k is the bulk modulus. The derivative here is taken under adiabatic conditions.

A.l Momentum-independent Potential

Thl' sÎugle-particle potential has the form

and
A p2 B pcr+l

V(p) = -- + ----
2po u+1 p~
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(A.10)-
'vVith the Fermi momentum PF(P) = (3;2 p)!, Eq. (A.3), Eq (A.5) and Eq. (A.7) yield

_ 3p} A p B ptT
Es - -+--+---

10m 2 Po a + 1 pg

p2 A p2 Ba ptT+1
p = -.E... p + -- + ---- (A.11)

5m 2 Po a + 1 pg
2 tT

K = gr PF -+- A~ .J- Ba~l (A.12)
"3m Po pg

The parameters (A.B.a) of the potential should be chosen ta satisfy (i)EB = -16 MeV,

(ii) P=O and (iii) a specified value K, e.g. K=210 MeV, at the saturation density Po, say

Po = G.ISfrn-3 . This system of equations can be solved analytically.

A.2 GBD Momentum-dependent Potential

With the single-particle potential

U(p,P) = A (P(T)) +B (p(T))CI + C jd3p' f(:,p') 2

Po Po Po 1 + [p -:P>]
c P

+------=
Po l -+- [p- ~P> ] 2

(A.l3)

<tud t lit> putèlltial energy densi ty

'!' ;;"\ .4 'p2(i) B p
U

-
1

( i) C p(T) Jd3 f (T, P)
v (P,Pl = ---+-- CI +-- p 2'

2 Po a + 1 Po Po 1 + [p-~ë>]
(A.l4)

(A.l5)

Eq. (A.3) leads to

Es = 3p} + A .!!- + .-!!..-pCl + C j d3p' f(r,p')
lOm 2 Po (j + 1 P~ Po 1 + [p'-:ë>] 2

For static nuclear matter, the average value of 'fi is zero, < p >= O. The integral thus

.:

rPF
d3p' f(~,p') = 3p(~ )3[PF _ tan-l(PF)]

Jo 1+[p'-J~p>]2 PF A A

'vVhere f (r, PJ is a zero temperature Fermi distribution

f(r, fÎ) = :3 8 (PF - fÎ)

119

(A.16)

(A.17)



..-
The factor "4" is the spin-isospin degeneracy, h is Planck's constant, and e(x) is the

normal step function. The total energy EB can be written as

K =

3p} A p B pU P A 3 PF -1 PF
E B = - + -- + --- + 3C-(-) (- - tan (-)]

10m 2 Po a + 1 P8" Po PF A A

~ote

d fP F d3 ' f (T, p') _ 1

dp Jo P 1 + [p'-:P>] 2 - 1 + (Pf)2 '

\'le readily obtain the pressure P from Eq. (A.5) and Eq. (A.1B)

p} Ap2 Ba pa~l p2 1
p= -P+-- +----+c- ,

Sm 2 Po (J + 1 p~ Po 1 + (Pf) 2

and the nuclear compressibility coefficient K from Eq. (A.7) and Eq. (A.20)

p2 P pa P 1
9r-E.. --.4- + Ba- + 2C----

.3m Po P~ Po 1 + (Pf)2

2C P PF 2 1
-"3 Po (A) (1 + (Pf)2)2J

(A.1B)

(A.19)

(A.20)

(A.21)

After applying the integral Eq. (A.16), the single-particle potential Eq. (A.13) for

static nuclear matter at T=O turns out to be

A( !!-) + B( !!- )0" + c!!- 1:z
Po Po Pol+~

+ 3C..e..(~ )3(PF _ tan-1(PF))
Po PF A A

(A.22)

:\ow we evaluate the nuclear effective mass m*

m* 1

m l+';\lpU

\\ïth the identities

(A.23)

8 1

8p 1 + (Pf)2
8PF a 1

- 8p 8PF 1 + (Pf)2'
8PF 1 PF
-=--,
8p 3 P

(A.24)

m.J
"

Eq. (A.23) can be thus simplified,

m* 1
- --2C-L-m---=1--'

1 - Po A2 (1+(!f )2)2

120

(A.25)



p =

-...
'.-

A.3 MDVI Momentum-dependent Potential

Substituting this type of single-particle potential

\\ rudl lt'a<.l:; tu the potential energy density

L' ;;"\ A p2 (T) B pa-l Cr) C JJd3 d3 ,fer, P>f(r, p')
v (p(r) = --- + -- d + - P P _ 2'

2 Po a + 1 Po Po 1 + [p~f!]

inta Eq. (A.3), we readily obtain

Es = 3p~ + A.!!... + ~pu + Cl!...! Jd3pd3p,f(r,i/)f(T,~').
10m 2 Po (j + 1 pg Po 1 + [p~P']

Using the Fermi distribution Eq. (A.17), the integral

{PF (PF d3pd3p,f(r,P'Jf(r,p') = 6p2A2[~ _ ~ tan- 1 2PF _~
Jo Jo 1 + [P~f] 2 p} 8 2PF A 16p~

3 A2 1 A4 4PF
+ (16p} + 64Pf;) ln(l + A2)]

and

_ A3 p} + A2
- p2 ln (p + PF )

2 + A2 + 2pF

27r[ 2pA (p - PF)2 + A2 A

_ 2(tan-1 P + PF _ tan-1 P - PF)]
A A

Wîth Eq. (A.5) and Eq. (A.28), the pressure can be expressed as

p} A p2 Ba pu
+

1 C !! d3 d3 ,f(r,P'Jf(r,p')-p + - - + ---- - - p p .;......;...----.,;~----,......;.,.

5m 2 Po a + 1 pg Po 1 + [P~ir
+ c.!!...!:... JJd3pd3p,!(i,fÎ)/(i{).

Podp I+[~]

::"iote
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(A.29)

(A.30)

(A.3I)

(A.32)



we finally obtain

p
p~ A p2 Bu pfT+I 3C (il A2 1 A2
-p + -- + ---- + ---[1 + --
5m 2 Po u + 1 p[ 4 Po p} 6 p}

1 A2 1 A4 4p} 4 1 A2 1
- (-22" + -8 4 ) In(1 + A2 ) + (-3 + -32) 4 2 ]

PF PF PF 1 + -tf
(A.33)

The nuclear compressibility coefficient K can be calculated from Eq. (A.7) and Eq. (A.31)

K 9 [p~ + A~ + Bu
PfT +C~~ JJd3Pd3plf(r'PJf(r,~/)]

3m Po p~ Po dp'l 1 + [p~P']

9 [p} + A.E.- + Bu P: + c.E.-] .
3m ~ ~ ~

(A.34)

By perfurrning the integral Eq (A.30). we are able to express the single-particle po- .

tential for the statie nuclear matter here

U(p(T)~PJ =

Then,

A (P(T)) + B (pC f) ) fT + 3C .!!.... A
3
[p} + A

2
- p

2
ln (p + PF)2 + A

2

Po Po 2 Pop} 2pA (p - PF)2 + A2

+ 2~F _ 2(tan-1 P :PF _ tan-l P ~PF)I. (A.35)

.ç» = 3e A
3 .!!.- [~ _ 2p~ + A

2
ln 4p} + A

2
] •

p 2 p} Po A 2p} A2

:'iow. we can immediately write out the effective mass m*

m* 1

m = 1+ 3mC'p" A2 [2 _2p}+A2 ln 4P}+A2]
2 Po P} 2p~ A2

(A.36)

(A.37)

­.~.

As in the GBD potential. there are five parameters (A, E, C, u, A) in this MDVI

putential. Ta set these five parameters in both GBD and MDYI potentials, respec­

tively, we need to define five equations, which should come from the empirical nuclear

matter properties at the ground state. The two equations (i)EB = -16 MeV, (ii)

P=O at the saturation density Po (e.g. O.15fm-3 ) are essential conditions. Another

three equations can be chosen by specifying three quantities from U(Po,j/), ~* and K.

We could choose U(Po,O) = -75MeV, U(Po, ~ = 300 MeV)=O, and K=200 MeV; or
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."....
r;;; = 0.67, U(po, 00) = 30.5 MeV and K=200 MeV. These conditions stem from static

nuclear matter properties and from features of the nuclear optical potential. Then we

have five non-lïnear equations for the five parameters. This system of equations can be

solved numerically with ~ewton-Raphsonmethod [136, 137), for example.
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Appendix B

Derivation of ~ Dalitz Decay Width

~lJW we e\Oaluate the ~ Dalitz decay width for ~ -+ ~V''1. Write A~, WN, and \lia as the

u~ual eX[Jausiuns of Dirac spinors and creation/annihilation operators

A~

(B.I)

Thus. the amplitude for the process ~ -t N'''f can be expressed as

A < ~I - .cint l7N >

-e~ ~€~(q, À)u~(Pa, ç)E{3~U(PN, cr).
(21r) 2 V 2qo

(B.2)

Ullt' llt'eds to average over the spins of the incoming particles and SUffi over the spins of

the particles in the final state. We then obtain

-2
A = ~ L A2

4 .
"rnn6

- ~ ~;)29 2~o TT[~ e'''(q, À)eU(q, À)~U(PN, U)U(PN, (T)

"foE;~ 1'0 L u13 (PA , Ç)ua(PA, ç)EolI ]

~
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~ote the SUffi over the polarizations of the virtual-photon vectors and Dirac spinors

- L €-I-l(q, À)€JI(q. À)
À

(B.4)

and with the Rarita-Schwinger formalism for the spin ~ particles [103]

L uQ(Pa, ç)tf(p~, ç)
e±~t±t

_ mA + 1 . Pa (gQ{j _ 2p~~
2mA 3mA

IQ,f3 p~ '"Yf3 - ~,Q
- -3- + 3m~ ), (B.5)

we use ~Iathematica to simplify Eq.(B.3) to he

The differential width takes the following form:

using the identities:

(B.6)

(B.7)

d3p

2E

R2(p2, mi, m~)

/ d4po(p2 _ m 2)e(p°) ;

! ~Pld4p28(pî - mî)8(p~ - m~)84(p - Pl - P2)

1 ( 2 2)rrÀ2" s,m1,m2

2s
(B.8)

we finally get the the total width roof .6. into a virtual photon with invariant mass M as

where R2 is the two-particle phase space integral.
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Appendix C

Electromagnetic Current (_J2)

For rhf' \'irtual photon current J of Eq. (4.27), we evaluate the (-J2 ). Define

- ij
n = 1c11

(C.I)

Then

(C.2)

Since p~ = m;. with the aid of the virtual photon current conservation JJJqJJ = 0, a forma!

exercise will lead to

Q~(mî -~) Q~(m~ - ~)

Erq5 (1 - jl . fi - 2~:o)2 E~qij (l - g2 .Ti - 2~~o)2

Q~2(m? _~) Q~2(m;2 _ ~)

E?qij( 1 - à~ . fi + 2Eh)2)2 E?qij(l - 13; . fi - 2E~2 )2
l~ 2~

Afl ~ ~

2Ql Q2 (1 - 4E1E2 - ,31. :32)
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(C.3)

\Ve can see that no terms in Eq. (C.3) are directly proportional to l/q since those terms

are canceled exactly due to the charge conservation.

, 1

Since the elastic differential cross section da12-+1 2 / dt only depends on the momentum

transfer t~ for simplicity, we take an angular average for the squared current (-.fl), in

Rückl's approach. Recall the two parameter Feynman integral

ln our case,

with the scalar

then we obtain

F(f. YJ

1 fI dz

ab = Jo [az + b(1 - z)]2 1

Jdnq 1
47r (1 - Ï . Ti)( 1 - Y. fi)

_ rI d'J" JdOq 1
Jo ... -1 il" (1 - Ti . [xz + y( 1 - z)]) 2

1 1 [i· g - x2 - ,;R][x. y - y2 - ,;R] 1

- --ln rn ln
2,;R [x· y - x 2 + V R](x . y - y2 + v R] ,

R = (1 - i . YJ 2 - (1 - x 2)(1 _ y2) ,

(CA)

(C.5)

(C.6)
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To make the formula more compact, we have introduced the variables

Ml
1'=1--2 ,

qo
(C.8)

The ,38 are related to the dilepton invariant mass .lv!, energy qo and the above definitions

through

2 2 2 4m; ) 8'2 _ [3'2 _ \ 2 ( _ 4m;)
BI = 32 = À 1"y(1 - --, ,1 -, 2 - "2T 1 ,

s S

-0 - 2 4m;...,..., 2 4m;
31 .32 = -Àdl - -). 81 , (32 = -À2 (1 - -),

s s
-..... -0..... 4m2 2t
JI . JI = -31 ·3? = À1À 2T(l - __71" + -) (C.g)

- 8 S

Suppose we set /v! = O. the formulas from Eq. (C.7) recovers Eq. (3.18), which is for the

squared real photon current.

For the complete phase space approach, we can rewrite the current squared term (_J2)

Eq. (C.3) in term of ten scalar products Pi . Pi' which is

Qî(4m; - M 2) Q~(4m; - M 2)
(2pI . q - M2)2 (2p2 . q - M2)2

Q't2(4m; - .~[2) Q;2 (4m; - M2)
(2p~ . q + 1v[2)2 (2p~ . q + M2)2

2Q1Q2(4p1 . P2 -1V/2) 2QlQ~(4pl . p~ + M 2 )

(2p1 . q - A12 )(2p2 . q - .1\12) + (2Pl . q - M2)(2p~ . q + M2)
, '2) , ( , 2)2Ql Q2( 4P1 . P2 + Al 2Q2Q1 4P2 . Pl + M

T (2PI . q _ 2\;12)(2p~ . q + ~\t!2) + (2p2 . q - ..\12)(2p~ . q + M2)
1 1 2) , Q' ( " 2)2Q2Q2( 4P2 . P2 + .i\;f 2Ql 2 4Pl . P2 - M

(2p2 . q - ~V12)(2p~ . q + 1\;[2) (2p~ . q + M2)(2p; . q + M2)
(C.lO)

In the center of mass 1+2 frame, the ten scalar products Pi . Pj can he expressed in

term of the integral variables in Eq. (4.39). Suppose that the magnitude of the initial

particle momenta Ipil = Ip21 = P = JS/4 - mi, and the energy El = E2 = E = ...[8/2,

then

E2 2Pl . P2 = + P ,
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Pl . P~ = EE; - plp~ 1(cos 8ptq COS 8p;q + sin 0Ptq sin Op;q sin ~),

P2 . q = 2Eqo - Pl . q.

P2 . P~ = '2EE; - Pl . P~.

p~. q = E;qo - Ip~i1ti1 cos Bp;q

1 2 '
Pl . Pl = ml + Pl . P2 - Pl . P2 - Pl . q

" , "2'
Pl . P2 = Pl . P2 + P2 . P2 - m 2 - P2 . q

1 1 2
Pl . q = Pl . q + P2 . q - P2 . q - M

1 2'
P2 . Pl = Pl . P2 + m2 - P2 . P2 - P2 . q
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