INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI






ACCURACY CONTROL IN
THE OPTIMIZATION OF MICROWAYVE DEVICES BY
FINITE ELEMENT METHODS

by

Milorad Minya Gavrilovic, B. Eng.

Department of Electrical and Computer Engineering
McGill University, Montreal

A thesis submitted to the Faculty of Graduate Studies and
Research in partial fulfillment of the requirements

of the degree of Doctor of Philosophy

June 2000
Copyright © 2000 by Milorad Minya Gavrilovic



i~

National Lib Bibliothéque nationale
of Canada id du Canada
Acquisitions and Acquisitions et
Bibliographic Services services bibliographiques
Otawa ON. K1A ONS Otiwa ON K14 ONa
Canada Canada
Your e Votre rélérence
Cur fiw Notre rélérence
The author has granted a non- L’auteur a accordé une licence non
exclusive licence allowing the exclusive permettant a la
National Library of Canada to Bibliothéque nationale du Canada de
reproduce, loan, distribute or sell reproduire, préter, distribuer ou
copies of this thesis in microform, vendre des copies de cette thése sous
paper or electronic formats. la forme de microfiche/film, de

reproduction sur papier ou sur format
électronique.

The author retains ownership of the L’auteur conserve la propniété du
copyright in this thesis. Neither the droit d’auteur qui protége cette thése.
thesis nor substantial extracts from it  Ni la thése ni des extraits substantiels

may be printed or otherwise de celle-ci ne doivent étre imprimés
reproduced without the author’s ou autrement reproduits sans son
permission. autorisation.

Canadi

0-612-69880-7



Abstract

Computational optimization methods have long been used to aid the design of
microwave devices. Cost functions are commonly defined to be functions of S§-
parameters that are often unavailable analytically. With the ever-increasing speed of
computer processors, it is becoming standard practice for designers to use field-based
computer-aided design tools as “black boxes” to calculate as accurately as possible the
cost functions for such devices. However, demanding high accuracy from every cost
function evaluation (CFE) of the optimization can lead to excessive computational costs.
These costs can be reduced by two means: use a black box that calculates the gradient of
the cost function very cheaply and vary the accuracy of CFEs throughout the
optimization.

This thesis presents a system for automatically controlling the accuracy throughout
an optimization. A gradient-based, constrained optimizer is combined with a 2-D finite
element p-adaptive scheme that calculates the gradient at a low cost. The accuracy of a
CFE is controlled through a link from the optimization to adaption. The accuracy link is
based on the last computed gradient of the cost function and serves as an error tolerance
used to terminate the adaption. A new error estimator is developed to assess accurately
the error in the gradient, used for the termination.

Three H-plane, rectangular waveguide test cases are used for validation: a
waveguide T-junction with inductive post; a miter bend with dielectric column; a two-
cavity, iris coupled filter. Numerical tests show that the system is very effective in
reducing the computational costs of an optimization without sacrificing the accuracy of
the final answer. Compared to an optimization system with no link to the adaption, there

is a speed-up in computation by at least an order of magnitude for each problem.



Sommaire

Les méthodes d'optimisation computationnelles ont longtemps été utilisées pour
faciliter la conception des dispositifs & micro-ondes. Des fonctions de coit sont
généralement définies pour étre des fonctions des parameétres de diffusion qui sont
souvent peu disponibles sur le plan analytique. Avec la vitesse toujours croissante des
processeurs informatiques, il est devenu fréquent pour les concepteurs de recourir a des
outils de conception assistée par ordinateur, fondés sur les champs électromagnétiques,
comme “boites noires™ pour calculer aussi exactement que possible les fonctions de coiit
pour de tels dispositifs. Cependant, la recherche d’un haut degré de précision dans chaque
évaluation de fonction de coit (EFC) de l'optimisation peut mener a des coiits de calcul
excessifs. Ces colts peuvent étre réduits par deux moyens: (1) utiliser une “boite noire”
permettant de calculer le gradient de la fonction de coiit a trés bon marché ou (2) changer
I'exactitude des EFC a travers le processus d'optimisation.

Cette thése présente un systéme permettant de contréler automatiquement
l'exactitude a travers le processus d’optimisation. Un optimiseur avec contraintes, basés
sur les méthodes gradientes, est combiné avec une méthode p-adaptif du 2-D €léments
finis qui calcule le gradient a un bas coiit. L'exactitude d'une EFC est controlée par un lien
de l'optimisation a ['adaption. Le lien d'exactitude est basé sur le dernier gradient calculé
de la fonction de cout servant de tolérance a I’erreur utilisée pour terminer l'adaption. Un
nouvel estimateur d'erreurs, utilisé pour la terminaison, est développé afin d’évaluer
l'erreur dans le gradient avec exactitude.

Trois situations de jonctions de guide d’ondes parallélépipédique sur le plan A sont
utilisées pour fins de validation: un branchement en T avec poteau inductif, un coude
(onglet) avec colonne diélectrique; un filtre a deux-cavités et a diaphragme couplée. Les
essais numérigues démontrent que le systéme est trés efficace a réduire les coiits de calcul
d'une optimisation sans sacrifier I'exactitude de la réponse finale. Comparativement a un
systéme d'optimisation sans lien a l'adaption, il y a une accélération dans le calcul d’au

moins un ordre de grandeur pour chaque probléme.
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Chapter 1

Introduction

As the turn of the millennium highlights the rapid advancement of integrated circuit
technology, the demands for quick and accurate analysis and design of passive
microwave and millimeter wave devices increase.

A passive microwave device is a microwave component that does not increase the
power level of an electromagnetic wave passing through it. Examples of such
components are filters, power dividers, directional couplers and resonators. All these
components are junctions between some form of microwave guiding structures - e.g.
coaxial transmission line, strip line, microstrip, waveguides of various cross-sections.

As in any engineering design, cost, time and precision are key elements in the use of
computer-aided design (CAD) for passive microwave devices. The CAD of such a
component involves the simulation of the device to determine performance and reduces
and even eliminates the need to fabricate and test.

CAD gives the microwave designer great flexibility. Any minor design changes
stemming from the need to improve device performance or simple design flaws can be
easily re-worked and re-analyzed with little effort. Instead of fabrication and
experimental tests on devices, designers can make many changes and afford to re-analyze
the performance of a device repeatedly until they are satisfied with the results.

There are several choices to be made in the analysis of a passive microwave device.
Figure 1.1 shows a tree of possible options in the analysis of a typical device. A passive
microwave device can be approximated by a circuit model - consisting of a number of
lumped circuit components and lengths of transmission line. The values for the lumped
circuit components and the transmission line parameters are a result of electromagnetic
(EM) field analysis of parts of the microwave device. For standard geometries, these
values can be found in design manuals that have a wide range of published results based
on EM field solutions [1].



Circuit problem

Electromagnetic Field

Problem
Measurement Theo’y !/ ﬁe‘d'based Simulatiun
Analytical Numerical

Figure 1.1: Microwave device analysis process.

The EM field problem can be solved by direct measurement of device components
or theoretically, by solving Maxwell’s equations [2,3]. Theoretically, the key parameters
can be determined by the analytical or numerical solution. Closed form (analytic or
semi-analytic) expressions for the parameters would yield the quickest and most accurate
CAD tool. However, for microwave junctions of arbitrary shape there exist no closed-
form expressions for the desired parameters and thus numerical CAD tools must be relied
upon for accurate computation.

When the equivalent circuit components for different sections of the device are
available, circuit-based simulators are extremely quick. However, there are certain
inherent approximations in circuit models, such as undesired reactances and higher order
mode effects [4]. In problems requiring very high accuracy, a field-based simulation of
the entire microwave device, or at least substantial parts of it, is required — even though
this may be computationally expensive (especially in three dimensions).

Some examples of microwave device field-based numerical simulation methods are
finite difference time domain, finite element, transmission-line matrix (TLM), integral
equation, method of moments, mode matching and spectral domain [5-8]. In this thesis,

the focus is on field-based numerical analysis.



A powerful approach to the design of a passive microwave device is to first design
an approximate model, then to “tune™” it until the response is satisfactory. The goal is to
create a device over a single or range of frequencies that yields a certain performance or
response. The initial design can be obtained from formulae in a design manual, a circuit
approach or any other approximation that yields a reasonable enough design [9]. This
initial design is often inadequate. To improve it, a designer has two options: iteratively
re-fabricate with altered geometric parameters, or include an element in the device that
will allow post-production mechanical tuning. Re-fabrication is labour intensive and
slows down the design process. Mechanical tuning could be effective but designers
without high degrees of skill and experience may have difficulties tweaking a very
frequency sensitive device — especially when dealing with multiple resonances. In
addition, the inclusion of the tuning element to the device adds to the manufacturing costs
and each individual device needs to be tuned after production. A more automated and
refined approach is to tune the device by performing a computational optimization of the
device for the given parameters.

While choices in optimizers are great, certain methods are more natural to this
tuning process. The two main types of optimizers are deterministic and stochastic.
Stochastic optimization deals with problems where the “parameters of the optimization
problem are described by stochastic variables rather than by deterministic quantities”
[10]. Typically, stochastic programming excels at finding a global optimum in a design
space where the values of optimization parameters can vary greatly and which is laden
with local minima (a bumpy search space). Effective optimization methods that can yield
global minima have been developed, such as genetic algorithms {11] and simulated
annealing [12]. These types of methods typically require 10°-10* cost function analyses.

The initial design of a microwave device generally ensures that the starting point of
the optimization is already reasonably close to the optimum. Since stochastic
optimization methods require many cost function analyses (which are expensive if
simulated with field-based CAD tools), it seems natural to turn towards deterministic

based optimizers.

* The reference to “tuning” in this thesis refers to the tuning of a device to improve design performance —
not the mechanical tuning to correct manufacturing inaccuracies.



The geometric parameters of the optimization cannot vary freely and can be
fabricated only to a realistic limit and tolerance of physical variation. The optimizer
should be one that is not only deterministic in nature but finds a solution to the problem
in a constrained design space. Within the spectra of deterministic optimizers, gradient-
based methods tend to be the fastest.

To achieve the best design, the analysis method should be flexible so that a device
of arbitrary geometry might be used. Typical optimization problems of the type
considered in this thesis have fewer than 10 geometric parameters. A simple block
diagram of the typical optimization (or “tuning”) of a microwave device is given in

Figure 1.2 below.

]
. gmmal : “BlaCk BOX” :
Dﬁgg’:’&':g}gd > _» Field-based —
. EM Simulator C = Cost Function
] |
LS g = geometric parameters
C
.g_ Constrained ¢ |

Optimizer

i g final

Figure 1.2: Block diagram of a typical optimization scheme.

The choice of optimizer and “black box” simulator remain quite broad as long as
each tool performs its required job. In such a scheme, the ability of the EM simulator to
achieve high accuracy is critical to the optimization. However, the optimization process
is indifferent to the choice of simulator and is only interested in the value of the cost
function (C). The optimizer should have access to sufficiently accurate values of the cost
function in order to converge to the correct solution.

The thesis will address the issue of improving the efficiency and reducing the cost

of the “tuning” portion of the design. Many optimization schemes that use “black box”



simulators to calculate the cost function and its gradient have to account for very long run
times due to the lengthy run times of the EM simulator. A three-dimensional (3-D) field-
based EM simulator can amount to hours of computation time per geometry per
frequency. For example, a vector finite element simulation of a microwave component
consisting of 100,000 tetrahedra can roughly have a run-time of 1 hour (using a direct
solver) on a 400 MHz Pentium II processor [13]. This represents the run-time per
frequency point. In reality, calculating a cost function may require a sweep over a range
of frequencies — thus requiring simulations for multiple points, perhaps hundreds. The
total time it takes for the frequency sweep and cost function evaluation is basically one
step of the optimization. There may be hundreds of calls to such a simulator.

How can the expense of such a system be reduced? There are two major types of
improvement that this thesis will deal with. The first is to develop a black box that
calculates the gradient of the cost function very cheaply. This would mean calculating
the partial derivatives of the cost function within the black box and not forcing the
optimizer to use a finite difference approach to calculating the gradient. The second
improvement is to develop a level of accuracy control for the optimization. While the
easiest approach would be to ignore the level of accuracy and simply ask for the best
answer the black box simulator can supply, a more sophisticated approach would be to
open the black box and control the level of accuracy throughout the optimization. While
at certain points of the optimization a high level of accuracy may be needed, other steps
may only require a lower accuracy level for the cost function and its gradient to build a
reliable design surface that is easily optimized.

The simulation method chosen for this system is the p-adaptive finite element (FE)
method. P-adaption does not require re-meshing and allows accuracy control by varying
the orders of different elements. The analysis for purposes of this thesis is performed in
2-D in order to reduce run times, but all theory can easily be applied to 3-D. Chapter 2
develops the finite element method for computing the cost function and more importantly
the inexpensive calculation of its gradient.

Chapter 3 addresses the two main criteria that affect finite element solution accuracy
— discretization and basis functions. The elements involving p-adaption (such as error

indication) are addressed in this chapter.



Chapter 4 deals with the choice of optimizer and the developments of the control of
the optimization system, such as the choice of termination criteria.

The link between the optimization and black box simulation is the accuracy control.
Controlling accuracy during optimization with finite element p-adaption is covered in
Chapter 5.

Chapter 6 validates the optimization system as well as certain of its key components
on a variety of test cases. The key components are: error indication and port elements for
p-adaption, derivatives of cost functions using hierarchal, p-type elements and estimates
of error in cost function derivatives. Tests on the key components will precede the

numerical results on accuracy controlled optimization.



Chapter 2

FE Method for Computing the Cost Function and its Gradient

In order to tune a microwave device with an optimization method, one needs the
cost function analysis to be very accurate. The cost function is commonly a function of
the network parameters of the device (scattering, admittance or impedance parameters).
Since the devices designed in this thesis will be of arbitrary shape, a good field-based
CAD tool is required to compute the network parameters (which are derived from field
solutions).

Some of the best-established and most effective field-based simulators are based on
the finite element method [14-17]. Finite element methods numerically solve a set of
partial differential equations over a problem domain of arbitrary shape. Initially, the
advantages of such methods were proven most effective for structural, fluid, and other
civil/mechanical engineering applications [18]. Over the years, finite elements were
pioneered to suit the needs of electromagnetic problems [19-22]. Today, finite elements
are a mainstay in electrical engineering and are a well-developed electromagnetic
analysis CAD tool [23-25].

An accurate cost function evaluation can be quite costly with a field-based CAD
tool. Computing the partial derivatives of the cost function with respect to its
optimization parameters (i.e. the gradient) would be very expensive if a traditional finite
difference formula were used. The computational effort would be greatly reduced if the
gradient of the cost function could be computed with no extra cost function evaluations.
This chapter develops the finite element method for computing the cost function and its

gradient, for a microwave device.



2.1 Scattering Parameters

Since microwave design generally involves analysis of a circuit problem, designers
are seldom interested in the actual electromagnetic fields in a device. Rather, the
performance of a particular component in a network is the desired quantity. A
component can be viewed as a junction between N uniform waveguides (or transmission
lines), commonly referred to as an N-port device. The performance of an N-port device
can be characterized through its network parameters, given in the form of impedance,
admittance or scattering matrices.

Consider the N-port junction in Figure 2.1. In general, the waveguides connected to
each port can support multiple modes of propagation for a particular excitation
frequency. For each mode £, incident and reflected waves move towards and away from
the ports. However, practical devices are usually designed to allow only dominant mode
propagation and will be treated as such in the formulations in this thesis.
Electromagnetic simulators usually model each terminal plane, or port (P;), far enough

from the junction in order to allow the decay of evanescent modes.

k I+ B+
N
- - b H- _(3)-
I/I( ’Ik P P, 4 k s[k
- P] .___..‘

)+ _(2)+

Iy

Figure 2.1: A general N-port waveguide junction.



Let ¢ and A" be the transverse electric and magnetic fields of mode k (where the

dominant mode corresponds to k£ = 0) of the waveguide at port i, normalized such that

fel) - nds = -1 @.1)
P

'

where n is a unit normal outward from the surface of the junction. Note that the

normalization of e,{" and h,f" corresponds to unit power into the device [26]. This
relation allows definition of the normalized voltage (V,‘(') ) and current ([ ) ) at a terminal

plane. For an incident wave at port P;, in general,

E =v"el 22)

H, =14 (2.3)

where E, and H, are the electric and magnetic tangential fields at port P, and V,f"" and
I!'" are by definition, the voltage and current of the wave travelling towards the port. It

follows that

i+
o= (2.4)
Ilz
thus making the real power flow into the port:
1 1)+ 2
Power = E‘V" 2.5)
v is also called the incident “wave amplitude”. Similarly, for a reflected wave,
E, =Vl (2.6)



H, =14 Q2.7)

where Vk(’)' and / ,f’)' are voltage and current amplitudes travelling away from the port.

In this case

Vk“ )-

-

1 (2.8)

In general, when both incident and reflected waves are present, the total tangential fields

at port i are thus

E, =)l (2.9)
H, =1%p") (2.10)

where the normalized voltage and current at this terminal are

ALES AU 40 (2.11)

19 = [ 4 - (2.12)

It is now possible to characterize a microwave N-port junction by an admittance matrix

[Y ], which is an N by N complex matrix that relates the port currents to the port voltages,

such that

L =[rp. (2.13)

Any entry of matrix [Y ], Y,, can be found by applying unit voltage at port j, short-

circuiting all other ports, and measuring the short circuit current at port i.
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An equally effective method of characterizing a microwave device is the generalized

scattering matrix, [S], given by the relationship between incident and reflected wave or

voltage amplitudes:
v, =[slx (2.14)

A scattering parameter S; can be obtained by exciting port j with an incident wave of
voltage V" and measuring the reflected wave amplitude at port i. All other ports of the

junction are matched (all incident waves on ports other than the j port are set to zero) in
order to avoid reflections. This generalized scattering matrix definition assumes that the
voltage and current at all ports are normalized so that (2.4) and (2.5) hold [26].

Both admittance and scattering matrices are symmetric if the media of the
microwave device are reciprocal. Furthermore, if the network is lossless, the admittance
matrix becomes purely imaginary. The admittance and scattering matrices are equally
good in describing the behavior at a microwave N-port junction. Furthermore, one matrix

can easily be derived from the other. The scattering matrix can be found by

[s]= i+ @l-IrD (2.15)

where [U] is the N by N identity matrix. Similar calculation can yield the admittance
matrix from the scattering parameters. The convenience in using scattering parameters to
describe a waveguide junction is that each diagonal entry of the matrix is a reflection
coefficient while the off-diagonal entries represent the transmission coefficients. Due to
the normalization of voltage and current, the maximum value of the magnitude of any

scattering parameter is conveniently 1 (for passive devices).
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2.2 Computing Scattering Parameters by Electromagnetic Analysis

The definition of a scattering parameter (S-parameter) refers to the measurement of
a reflected wave at a particular port while another port is excited with an incident wave,
and all other ports are matched. Optimizing a microwave device by measuring the S-
parameters for each geometry is time-consuming and expensive. In order to avoid
measurement and obtain the S-parameters with field-based CAD tools, a relationship is

needed between the scattering parameters and field solutions.
2.2.1 S-Parameter Calculation

Consider an N-port microwave device that is excited by its dominant mode at port p.
The resulting electric field in the device is denoted E\?). By mode orthogonality [27], an

S-parameter can be calculated using [28]:

S, =vW(EP)-6, (2.16)
where &, is the Kroenecker delta and
yW(E)= _[E x ") - nds (2.17)

P

r

ie yN(E ) is a linear operator extracting the K™ mode voltage at port r from electric field,

E.

To compute every entry of the scattering matrix then, the field solution E!") must

be calculated for p=1,..., N.
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2.2.2 Boundary Value Problem for E{”

Computing E/”) amounts to calculating the electric field intensity in an N-port

microwave device where a port p is excited with its dominant mode and all other ports

are matched. All methods (analytical or numerical) used to calculate Eé” ) stem from the

theory that characterizes the classical electromagnetics problem. Note that in the sub-

sections below, the theory describes the physical nature of general electromagnetic fields

and all equations refer to the electric field as E rather than E"’ except in the section on

port boundary conditions.
2.2.2.1 Maxwell’s Equations

The physical laws that describe the behavior of electromagnetic fields are given by

Maxwell’s equations. For time harmonic fields in three dimensions with no sources,

VxE =-jou,u (2.18)
VxH = jwe, e, E (2.19)
V-g,eE=0 (2.20)
V-uuH=0 (2.21)

where E and H are the electric and magnetic field intensities, @ is the angular frequency,

& and & are the permittivity in free space and the relative permittivity, 4, and  are the

permeability in free space and relative permeability and ; = J-1.

2.2.2.2 Interface Conditions

At the interface of different media, E and H fields and their derivatives may be

discontinuous. The interface conditions describe the behavior of the fields at either side

of an interface and are:
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nx(E, -E,)=0 (2.22)

nx(H, -H,)=J, (2.23)
n-(D,-D,)=c (2.24)
n-(B, -B,)=0 (2.25)

where D and B are the electric and magnetic flux densities, 6 and J; are the electric

surface charge and current densities and # is a unit vector normal to the interface.

2.2.2.3 Boundary Conditions

For any differential equation, a boundary condition is necessary for a complete and

unique solution. Boundary conditions apply a known value to the tangential field

components on a surface. There are three types of boundary conditions that can be

applied:

(a)

~~

-

Dirichlet boundary condition constrains the tangential component of the field on

the surface to be

nxE =E, (2.26)

If E, is a non-zero value, the surface (or boundary) excites the problem. Such a
boundary condition could be used to excite a mode at a port; however, a different
approach is used in this thesis. If E, is zero, the surface is a homogeneous

Dirichlet boundary condition which corresponds to a short circuit or electric wall.

nxVxE=0 (2.27)

(2.27) can be re-written as

14



(c)

nxH=0 (2.28)
and physically corresponds to a magnetic wall.

Port boundary condition

Consider the following problem. Let e,E‘” and h,f"’ be the transverse electric and

magnetic waves of mode & at port ¢ of a waveguide junction (Figure 2.2) that

satisfy (2.1).

i Port g
4
D

irection of propagation
or attenuation

Figure 2.2: Port g.

Using the normalized relations for voltage and current in (2.4) and (2.8), the total

current at port g, from (2.12), can be re-written in terms of incident and reflected

voltages:

lﬁq) = Vk(q)+ - Vk(q}- (2.29)

From (2.11), we can write the reflected voltage in terms of total and incident

voltages where

Vk(q)- = Vk(q) _ Vk(ti% (2.30)
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s0 (2.29) can now be re-expressed:
qu) = ZV,‘(”* _ Vk(q) (2.31)

Suppose that we impose a unit incident wave, on port p for the dominant mode,

such that
Vi =56, (2.32)
(2.31) now becomes
=256, -V (2.33)

Assuming dominant mode excitation at port p, the total tangential magnetic field
on port g, Hf,f”, is the sum of all modal tangential fields (from (2.10)).

Substituting the expression in (2.33) for the current, the total tangential magnetic
field is

HY =3 (26,,6,0 -V W (2.34)

=0

where / is an infinite number of modes and V,“” are the modal voltages on port g.
As shown in (2.32), for p=gq, V,,(")’ is a unit excitation for the dominant mode

and is unity for mode 0 and zero for all other modes. If port ¢ is not the excited
port (p = g), the incident voltage is at port p, thus the first term of (2.34) becomes
zero for all modes. A new boundary condition can be written for the tangential
magnetic field at port ¢ due to dominant mode excitation at port p with modal

voltages extracted using (2.17) and is written as
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Héf) - 25.04"‘54) - Z},“(‘IJ(E(()P))II@) (2.35)

I=0

Non-propagating or decaying (evanescent) modes travelling outwards from the
device will be absorbed, as if the boundary were not there. This new specification
on the port is essentially an absorbing boundary condition for incident waves,
which will be called the port boundary condition. Similar formulation for both
incident and reflected waves can be derived [29]; however, assuming only
incident waves has proven to be an adequately accurate approximation. Properly
formulating a “port element”, along with the boundary condition of (2.35), will
allow ports to be placed as close as one desires to the junction. The advantages
and details of this flexible modeling capability will be described in a later chapter

on the “port element”.

2.2.2.4 Helmholtz equation
Taking the curl of (2.18) and substituting in that the expression for the curl of H

from (2.19), we obtain a second order differential equation known as the vector

Helmboltz or curl-curl equation:

VxVxE- kye,E =0 (2.36)
H,

where k, is the free-space wavenumber, and &, = w,feopo . Similar substitution could

yield a curl-curl expression for only H.
2.2.3 Finite Element Solution of E*’

Solving the wave equation (2.36) for an N-port device of arbitrary shape may not be

possible analytically. A numerical CAD tool must then be used to calculate Eé” ),

17



The problem is to find E{* when port p is excited with a unit incident wave of

dominant mode k& =0. The remaining ports are matched at all other modes. The partial

differental equation and the corresponding boundary conditions are as follows. The

equation that governs the behavior of E\” in the waveguide device is the curl-curl

equation, and can be written as

VxVxE® k22 EP =0 inQ @.37)
“,

The boundary conditions are

E/” xn=0 onelectric walls 5Q, (2.38)

VxE!") xn=0 on magnetic walls 8Q, (2.39)

and the boundary condition on port q is

HP =25, K" =Y 7 (ES 1 onport g (2.40)
=0

where H'? is the magnetic field due to the dominant mode excitation from portp, 8, is

the Kroenecker delta and / are all modes on this the port. The boundaries for the

microwave device are shown in Figure 2.3.
2.2.3.1 Weighted Residual Formulation

To calculate the electric field in €, with the boundary condition of the form (2.40) at
a particular port, additional terms must be added to the familiar weighted-residual

formulation of (2.37) [23]). The modified weighted-residual equation for the problem

defined in section 2.2.3 is
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Figure 2.3: Boundary conditions.

B(EY),w)= R(w) (2.41)

for all weight functions w, where B is the bilinear form given by

B(EY) w)=—— I{foé”’ —x w—kaéP’-e,w}dQ

Tk, H,
8 2.42)
+ ZZ?"!‘”(E(EI,))}Q(”(W)
p=11=0
and R is the linear function given by
R(w) =277 (w) (2.43)

17, is the intrinsic impedance of free space.
Equations (2.42) and (2.43) allow the electric field to be found under dominant

mode excitation at one or more ports.
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2.2.3.2 Discretization

To solve the defined problem numerically, the unknown field must be represented
by a finite number of degrees of freedom. The domain or volume of interest, Q, is
broken up into non-overlapping finite elements [18-25]. The grid of nodes and elements
is referred to as the finite element mesh. Basis or trial functions approximate the field

distribution inside the element [23] so that for a particular element,

E{(x,y,2)=> N(x,y,2)E (2.44)

where N, is a vector basis function for an element and E{") denotes the corresponding

t

unknown coefficient.
If the weighting function of the weighted residual expression is taken to be a basis

function, (2.41) can be re-written as
B(Z Nngf),N,) =R(N)) (2.45)
J

which becomes

Y EPB(N,,N,)=R(N,) (2.46)
J
which leads to a system of equations of form [K ]Ef,” )= b, where [K ] is a square, sparse,
symmetric matrix, 5 is a known column vector and gﬁ,” ) is the vector of unknowns for a

particular element. The elemental local matrix [K] and righthand side vector b are given

by
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K, =B(N,.N, )= 'kl (ivxzv, -VxN, -kjg,N,-N,JdQ
J :’,"’wdemem H, (247)
+3 3 yON, yAN,)
qal =0
b, = R(N,)=2r{"'(N,) (2.48)

Through use of the (2.47), (2.48) and a global numbering scheme, a global matrix

[K] and righthand side vector b can be assembled to form a global matrix equation

[1? Ef,p) =} . Matrix [K] is also sparse and E g,,) can be now computed using a direct or

iterative matrix solver. From E f,p) and the basis functions, a good approximation of the

field Eé” ) can be found at any point in the problem domain.

2.2.4 H-plane Waveguide Case

Up to this point, the theory has allowed for microwave junctions of arbitrary shape
in three dimensions. However, FE analysis could take hours in computation time had the
problems required solution by 3-D vector FE. In order to facilitate testing and
optimization, H-plane rectangular waveguide junctions will be examined in this thesis as
they can be analyzed in 2-D. This kind of analysis is still of great importance to many
applications — particularly space technology [30-32].

If each port of an H-plane rectangular waveguide junction (Figure 2.4} is excited by
its dominant TE o mode, there is no field variation in the y direction and the electric field

varies sinusoidally along each port plane [33]. This reduces the curl-curl equation of

(2.36) to a scalar Helmhoitz equation governing Eé"), the y component of the electric
field E{* of this planar device.

Since aEf,”)/ dy is zero when port p is excited with a unit incident wave of

dominant mode TE¢, the Helmholtz equation and the boundary conditions simplify to a
scalar partial differential problem. The scalar Helmholtz equation that governs the

behavior of E\) (for the TE;omode) in the waveguide device is
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Figure 2.4: H-plane rectangular waveguide junction.

1
V. —VEP +k2g,E) =0  onsurface Q (2.49)
H,

The corresponding boundary conditions become:

E{ =0 onelectric walls 8Q, (2.50)
aE(p)
60 =0 on magnetic walls 6Q, (2.51)
n

and the boundary condition on port q is

HY =26, - Y yEP RSP  on port g (2.52)

{=0

where the boundary locations are shown in Figure 2.4 and
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HE)= [Enfdl 2.53)
P

r

where y(") (E) is a linear operator extracting the ¥ mode voltage from a scalar electric

field, E. P, is a port length of the port in the x-direction (local co-ordinate in the x-z
plane) and (2.53) reduces to

yO(E)= 287 IE m( de (2.54)
ak,1, .2
for propagating modes & and
al? k )
7A(E)= 1= N5 ] Esinl 2 o @55
o'fo x'=0

for evanescent modes k where ﬂ,f"’ and a? are the propagation and attenuation

constants for TEmo modes and a is actual the length of the 1-D port.
2.2.4.1 Weighted Residual Formulation
The weighted residual for the H-plane rectangular waveguide junction becomes

B(EY) w)= R(w) (2.56)

for all scalar weight functions w, where B is the bilinear form given by

B(Ef,”’,w) kl I{l VE®) .Vw-k2EPs w}dS + ZZ}/“”(E‘”’)y"”(w) (2.57)
.’ oqo S ‘u" p=l 1=0
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and R is the linear function given by

R(w) =258 (w) (2.58)
where y{”/(w) can be easily evaluated using (2.54) or (2.55).
2.2.4.2 Discretization

Entries of [K] and 5 now become

1

K, =B(N,N,)= ,kl J' (—VN, VN, —kje,N,Nj)dxdz
J “17" element H, (259)
+3° 3 N, WIN,)
q=1 I=0
b, = R(N,)=2y"(N,) (2.60)

2.3 Computing the Gradient of the S-parameters from Field Solutions

To compute the entire scattering matrix for an N-port device, N field solutions are
required. Calculating the sensitivity of the scattering matrix by a finite difference
formula can be very costly for field-based CAD tools — especially in 3-D. A typical finite
forward difference equation for calculating the sensitivities of the scattering matrix with

respect to a design parameter g is

os] _ [5(g + ag)]-[5(e)] 2.61)
og Ag

Calculating the gradient (for problems involving more than one design variable) would

require NV additional field solutions for each design parameter, thus adding greatly to the
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computational cost. This section presents a formulation for calculating the sensitivity of
an S-parameter where no additional fields need to be calculated.
For problems involving V design parameters, the gradient vector of a scattering

parameter is

as as &,/ T
VS”’=[ %‘g. %gz %g,v,] (2.62)

where each entry of vector VS, is just the design sensitivity with respect to each

different design parameter, gi.

Expression (2.16) gives the relation between scattering parameter and field solution.
The goal of this section is to obtain a similar relation between the design sensitivity of a
scattering parameter, dS,,/dg, and the same field solutions obtained by the 3-D vector
finite element formulations from section 2.2.3. Once a formulation for a design
sensitivity is derived, assembling the gradient of the S-parameter becomes trivial with the
use of (2.62).

2.3.1 The Adjoint Variable Method

An efficient way of calculating design sensitivities of microwave devices is with the
adjoint variable method [34]. Assume that £ is a column vector of unknown field values

in a simulated microwave device. Solving for the electric field with the finite element
method results in the computation of [K]E =5, as explained in 2.2.3, where [K] is a
sparse, square matrix and b is a known column vector. Assume g to be a geometric
parameter of the modeled device. Any perturbation in g would result in an altered field
solution of £, thus [K ] and 5 will depend on g. If F is a quantity of interest and a

function of the field, £, it can be shown that [35]

&g gkl 269
g~ dg dg



where E is an adjoint variable, the solution to the adjoint matrix problem,

[K]E =4F, - Once the adjoint problem is solved, any of the derivatives of F' can be

found at a very low computational cost.
2.3.2 Scattering Parameter Sensitivities

The quantity of interest, F, is in our case any scattering parameter S,,. Assume the
problem definition for the 3-D finite element formulation in section 2.2.3. Given the
equation for S, in (2.16) and the result of the finite element formulation for matrix [K]
and vector b in (2.47) and (2.48), it can be shown [28] that if port p does not vary with

parameter g, the design sensitivity becomes

as,
By L per ] g (264)
dg 2 dg

The derivative of local matrix [K] can be calculated from the derivatives of the vertices

of the mesh with respect to the Cartesian co-ordinates [28]:

where 7/ is co-ordinate / of the ¥ vertex — which is dependent on design variable g.

From (2.64), the design sensitivity can be computed directly from the N field

solutions needed to compute the scattering matrix. No additional system of equations

need solving — thus providing cheap and efficient calculation of VS,
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2.4 The Cost Function

The previous sections of this chapter described a method for calculating the
scattering parameters and their gradients for a microwave device at a single frequency.
The tuning of the microwave device by optimizing a cost function with respect to its
geometric parameters can be performed for a single frequency or over a range of
frequencies’. The computation of any cost function must be repeated at discrete
frequency points or some other method found that builds a frequency response of the cost
function for a desired range [36-40].

The choice of the cost function 1s left to the designer. Cost functions are commonly
taken to be functions of magnitudes and/or phases of scattering parameters because of
their versatility in describing device performance. For the purposes of this thesis, the cost

function is found at a number of discrete points over the range of interest and is given by

N,
C=Ywe, (2.66)

1=]

where w; is a weighting function, Ny is the total number of frequency points and ¢, is a
function evaluated at discrete frequency point fi. Function ¢, is a function of the

magnitudes and phases of scattering parameters and is in general,
€ =¢ (]Sn(f«l’ Asu(fl)vl‘slz(f.l’ éSlz(f;)’ e‘S‘w(f,lv éS.VN(f:)) (2.67)

The choice of S-parameters for a particular c, is dependent on the frequency. Microwave
filters, for e.g., typically allow wave transmission for only a band of frequencies and
therefore require different definitions of ¢; in the pass and stop bands. Function c; (for
each frequency or range of frequencies) is chosen by the designer to best suit the

particular design of the microwave device.

* Note that over the range of frequencies for all microwave devices in this thesis, only the dominant mode
can propagate.
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2.5 The Gradient of the Cost Function

The gradient of the cost function is a vector given by

.
vc=|8C/ oc/  &C } .
< [ Ag. Agz ogy (2-68)

where 6C/0g, is given by

—= —Z Z (2.69)

agk og, < og,

¢, is a function of either the magnitude or phase (or both) of S-parameters and the
complex value 3S,,/0g; is readily available from (2.64). Some practical expressions for

the sensitivities are given below.

2
a) Derivative of IS,pl with respect to gi.

Bl _ 0 (5 (s, ) @70

08, agk
which becomes
aS, BS ’ 6S'
‘ | (ZS,; ZS,’)v 2.71)
og, 08, og,

or
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b) Derivative of |S ,pl with respect to gi.

Bl 2 (s f (s ) - e s} (s )

og, 08 2|Srp| 08

and similar to the derivation in a),

ol o) -o()
o2, “1s,p|{s"’ 2, ) "\ %,

c) Derivative of |S " |dB with respect to g
Syl _ 0 20l0g,,(e) 9IS,
=—120log,,|S,.|)= 10 .
o2 o borogis.) IS,| %

which becomes

Sl _ 2mog.o(e)[s, (a_sg J s [g J}
2 "

08, IS,p "\ %8 og,
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d)

Derivative of £S,, with respect to gi.

Lo e Ll |- — L 2 5] @
agk agk Srp 1 [S:p] aglz Srp
+
Sm
which reduces to
s Y as_ Y
o) (%)
045, _ "\ % %84 (2.78)
ogi (s,] +(s. )
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Chapter 3

Hierarchal Elements and P-Adaption

H-plane waveguide junctions are an important class of microwave devices that
allow 2-D analysis. Chapter 2 develops the FE formulation for an N-port waveguide
junction in the A-plane with the new port boundary condition. This chapter focuses on
the two main criteria that affect solution accuracy: discretization and basis functions.

Since any finite element solution is a numerical approximation to the actual
solution, it will contain a certain error. The solution accuracy is a function of the number
and placement of degrees of freedom (DOFs) in the problem. Increasing the number of
DOFs can reduce the error in the solution. This can be achieved either by generating a
mesh with a larger number of elements or approximating the field solution in each
element with higher order basis functions. Increasing the number of DOFs is obviously
costly. Although the final matrix equation of the FE method is sparse, the computational
cost per solution can still be quite high.

The electric field in a microwave device will have areas where it varies rapidly and
other areas where the variation is slow. There is no question that uniform distribution of
a large number of DOFs throughout the problem domain yields accurate results.
However, a great reduction in computational cost (while not sacrificing accuracy) can be
achieved by concentrating the distribution of DOFs to local areas of the problem that
require better field approximation.

This chapter addresses the type of discretization for the H-plane waveguide
junctions, how to control and add the DOFs to the problem and their effect on the FE

formulations from Chapter 2.
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3.1 Hierarchal Elements

The order of an element refers to the polynomial degree of the basis functions used
to approximate the field solution in that element. High-order polynomial basis functions
for finite elements are well established for general electromagnetic problems and
waveguide analysis [41,23,20]. Lagrangian elements allow high-order polynomial
interpolation, but it is not possible for Lagrangian elements of different order to be used
together in the same mesh. Since mixing the orders of elements is highly desirable, a
different kind of high-order element was devised — the hierarchal element [42].
Hierarchal elements allow adjacent triangles to be of different order without causing any
discontinuities in the approximated quantity — thus allowing p-adaption [43].

Hierarchal finite elements have been widely used and were described for the first
time almost 30 years ago by Zienkiewicz et al. [44]. Since then, they have been
successfully used for finite elements in low frequency electromagnetics [45,46] and for
microwave devices [47].

In hierarchal elements, the basis functions for the order n—1 element are a subset of
the basis functions of the order n element. With this relationship, any edge shared by two
elements of different order will contain a set of basis functions common to both elements.
For the element of higher order, the coefficients of the basis functions not in the common
set are set to zero — thus ensuring continuity across edges. This is not possible with
Lagrangian elements. The hierarchal triangular elements used in this thesis make use of
orthogonal, Jacobi polynomials, described by Webb and Abouchacra [48). The basis
functions of these elements not only preserve continuity between adjacent elements, but
maintain a strong degree of linear independence — thus avoiding potentially ill-
conditioned matrices.

The region of interest can be subdivided into non-overlapping finite elements such
as rectangles, triangles or curvilinear shapes. The 2-D problems examined in this thesis
will be discretized using simple, linear triangular elements.

In dealing with high-order basis functions on triangles, it is usual to introduce

simplex (or area) co-ordinates (see Figure 3.1), each ranging from 0 to 1, defined by
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¢ =—=; §r == gy =

3.1
Ay Ay Ay

where Ay is the area of triangle jk. Simplex co-ordinates have the property that

Gi+¢,+4=1.

~n

(0,1,0)

Figure 3.1: Simplex coordinates in a triangular element.

For an element complete to order n, (2.44) can be re-written as

EP =Y aN,(¢60rCer) (3.2)

1=l

where m = (n+1)(n+2)/2 is the number of DOFs, N, are linearly independent polynomial

basis functions of order » or less and ¢},4,,4, are simplex coordinates, each a function

of two global Cartesian co-ordinates (x and z). In a high-order element with Lagrange
basis functions [23], the coefficients a; are actually values of the electric field at the
nodes of a triangle, as mentioned in section 2.2.3. For a hierarchal element, the g, are not
necessarily field values. Note that since {; =1-¢, —¢,, the basis functions N, may be

expressed entirely in terms of ¢, and &,. They will be treated as functions of just ¢, and

¢, henceforth.
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3.1.1 Universal Matrix Assembly

Formulation of the FE matrix was shown in the previous chapter to require
integration of the basis functions and their derivatives over the problem domain. These
integrals can be evaluated numerically but this procedure can become lengthy for
elements of high-order. An alternate approach is to use pre-computed, universal matrices
[43,49,50]. The integrals can be expressed in a way independent of the size and shape of
the triangular element. The integrals are evaluated only one time and subsequently stored
in a universal matrix — used by the FE program for local matrix assembly.

If the basis functions are generated symbolically (by a symbolic algebra package
such as Maple or Mathematica) and are assumed to be polynomials, the integration for
the universal matrix can be performed exactly [48].

Universal matrices are used for the local matrix assembly for the hierarchal, high
order scalar elements of this thesis. The computation of K; in (2.59) consists of three

terms: [, /» and /5, where

1
I = VN -VN dQ 3.3
Ljkna, Jon. oW, G
Qf
I, =kt N4 (3.4)
Jn,
Qt

I; is the term that takes the ports into account and Kj; =/, — [, + 5. The integrals in (3.3)
and (3.4) are surface integrals over the triangular element where dQ = dxdz. Since x and
z are mapped into normalized simplex co-ordinates and Q° is the surface of the triangle,

(3.3) becomes

1,=—22_[VN, VN d¢dc, 3.5)
Jk.n.u, A
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where A4 is the area of the triangle, factor 24 is just the Jacobian of the mapping from xz

to £\, co-ordinates and A is the mapped triangle in the £,{, plane, i.e. £, =0...1-¢,
and &, =0...1. Using the chain rule:

2 oN
VN, -VUN, = Lv¢, Ly (3.6)
’ [p= J Ll %% q]
and (3.5) becomes
2 2 6N
ZZV;‘F Ve, oN, (3.7)
alur p=l ¢=l1 Aac a;
where dA = d{\d{,. We define three matrices:
oN,
S ALY (3.8)
Ja¢, o,
oN, oN,
SO = j[aN 9%, , N, JdA (3.9)
Noc 3¢, "¢, 3,
SSS) = Iﬂgﬂ (3.10)
19¢; %,

The [S"’ ’Jmatrices (not to be confused with the scattering matrix) can be pre-computed,
are independent of element size or shape, and are actually square universal matrices
analogous to the Dirichlet matrix described by Silvester [22]. Using these definitions, /;

becomes

24

: (V¢ -ve,SP +2v¢, -V, 8P + V¢, Ve, SP) (.11)
Jkn,u,

I=
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It is easy to see that when the co-ordinate system is changed, the integral in (3.4) is
in itself a universal matrix of the form 24[T], where

= [N,N,da (3.12)
A

The [T] matrix is exactly Silvester’s metric [22].
The FE local matrix [K] can now be expressed in terms of the pre-computed

matrices:

’I

( Zb S~ kfe,T,J-l-ZZy"’(N “(N) (3.13)

H, p=t g=l 1=0

—jkn

where b, is given by:
b =V¢i b, =2V¢,-V,; b =V (3.14)

Pre-computing the [7'] matrix and |S* ’] matrices eliminates the need to evaluate the

surface integrals in (2.59) for every element (local matrix). For elements with higher
order basis functions, this results in a large reduction in computational cost for matrix

assembly.

3.1.2 Derivative of the Discretized S-Parameters

It was shown in section 2.3.2 that given the FE solutions for a device and d[K]/dg,
calculating the sensitivity of any S-parameter becomes trivial. As in the assembly of
global matrix [K], the local matrix d[K]/dg must be first computed for each element,

The derivative is based on the idea of changing the position of vertex &, while keeping all

other vertices fixed (see Figure 3.2).
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l element e

Figure 3.2: Changing position of vertex 4.

S

) vertex k

As shown by (2.65), matrix d[K]/dg can be found from 8[K]/dr/, where r, is co-

ordinate / of the k™ vertex. (Evaluating dr, /9g requires little effort, as it is available
from a user input data file — depending on the chosen parameter g.) Node & is shared
among N, elements. An entry in matrix 3[K]/dr! is found by summing the total

contribution to the derivative at node & from all adjacent elements:

K, _ :‘: oK

3.15
or, e a"k[ ( )

where 0K, / dr. is the contribution to the i/ entry from the ™ element. It is shown in

Appendix A that given any set of basis functions for a triangular element:

arkl j ko nO

oK 2
24 (-LZd,kps;P’-kje,vgk-a,ry) (3.16)

”r p=l

A is the area of the triangle and dy, is given by:
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dy, = V;lzvé-k "4 —2(V€| '0:)(V§l 'ak)
dy, =(V41 'Vé'z)vgk -aq, _(V;l 'G:XVCz 'ak)_(vgz 'UIXV§| 'ak) 3.17)
dys =V{22V4k'al—2(vgz'aIXV;z’ak)

where a; is a unit vector parallel to the axis of co-ordinate /. Co-ordinate /=1 is x, [=2 is z.

The elegance of the result of the formulation of Appendix A is in the similarity of
(3.16) to (3.13). Expression (3.16) uses the same universal [T] and S(’”] matrices
needed for the regular matrix assembly of the FE problem — eliminating the need for
evaluating additional integrals for computation of oK, /or!. Since the dy, terms are
purely geometric and the same universal matrices are used, evaluation of (3.16) requires

very little computational effort.
The formulation for (3.16) is applicable to any set of linearly independent scalar

basis functions. It is more general and more efficient than the early formulation in [51].

3.1.3 Orthogonal Polynomial Basis Functions

The basis functions of Webb and Abouchacra [48] for a hierarchal triangle of order

n are

N, =¢, (3.18)
N,=¢, (3.19)
Ny=¢, (3.20)
For p =2,3,..., n where a = p(p+1)/2,
New=E, £0.$,) (3.21)
Nex=E, (£::¢)) (3.22)
Ny =E, (£3.¢) (3.23)
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where E; are edge functions such that
E =¢¢P5Y6, - ¢) (3.24)

P“#) are Jacobi polynomials of order i, are explicitly available in literature [52]. They

can be calculated recursively.

Forp=3,4,..., nandi=0,1,..., p-3,
Nawtﬂ = Fp:((;l’(v g}) (325)

where F; are face functions given by

F, =¢640-¢,) PP (1-24,)P% ﬁ_;ﬂ (3.26)

where v = p-3—i. It can be shown that all edge functions and face functions are not only
linearly independent, but orthogonal. The first four edge and face functions are plotted in
[48].

3.1.4 Continuity and Boundary Conditions

Hierarchal basis functions can be used to guarantee field continuity between
elements of different orders. For two elements of different orders, the basis functions
along their shared edge must be matched. The first three basis functions (N, Na, N3) are
Lagrangian and their coefficients correspond to the nodal electric field values of the
element, so continuity of this port of the field is achieved simply by having a single value
of field at each vertex in the mesh. Face functions are not of concern because they vanish
along any edge of the triangle and thus are not implicated in enforcing continuity.

Assume an element is of order n and has an edge supporting basis functions

E.E,,...E,_, and its neighbouring element of higher order p supporting functions
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EL,E,. . E The coefficients of the edge functions of the neighbouring

n-1?

E,.E

p-1"
element (up to n-1) are matched to those of the first element while the coefficients of its

higher order functions E ,E ..., are set to zero. The polynomial order along that

p-1
edge for the neighbour element has dropped to n with matching coefficients — thus
ensuring Cp continuity.

A small problem with matching coefficients arises when edge functions are odd
functions of distance about the center of an edge. An edge function of this kind may
match the negative of the corresponding edge function from a neighbouring triangle.
This problem is corrected by numbering the vertices in all triangles of the mesh in a
counterclockwise fashion and actually always including a negative value when matching
coefficients of edges [48].

Edge functions must be able to approximate the field variation at Dirichlet
boundaries. For piecewise linear boundary conditions, all the coefficients of the edge
functions are zeroed and vertex values are constrained to those specified for the
boundary. For boundaries such as ports, where the electric field varies sinusoidally, the
order of the polynomial edge functions must be sufficiently high to accurately
approximate that variation. Alternatively, as in this work, the port boundaries can be

handled by a special port element.

3.2 Port Element

At a port of a microwave device, there are in general an infinite number of
waveguide modes, most of which are non-propagating, or evanescent. Several authors
have included in their finite element formulation an expansion of the field at the port in
terms of the modal fields in order to model the ports accurately [53—56]. A similar
approach was used to derive the boundary condition on a port and resulted in (2.40).

The port terms in the weighted residual formulation of (2.42) and (2.43) are handled
with the use of a new “port element” [29]. For 2-D problems, such as the H-plane

waveguide junction, this element becomes a line element approximating the same scalar
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quantity, E((,” ) (electric field in the y-direction), as inside the problem domain. In order to

match the triangular elements along the port, the port element is discretized into segments
corresponding to the edges of the triangles. Figure 3.3 shows an example of three
elements on the port of different order. The order of the field approximation on each
segment must match that of the higher order triangles within. Each segment thus
contains high-order, hierarchal, 1-D polynomials that match the basis functions on the

edges of the hierarchal triangular elements.

~
| 1
; 1! 1
| ! Q .
Port ‘/J ¢ < =
-~ 1 Q.‘
Element ) 4 4 < <:
|
-t .
T

Figure 3.3: A port element. The numbers are the orders of the triangular elements or
the polynomial approximation on port element segments.

The field on a segment s of a port element is

order+1

E= 3.a N() (3:27)
1=l

where E is the dominant mode scalar electric field in the y-direction, a*) are unknown

coefficients, ¢ is a normalized length coordinate that varies between 0 and 1 in the

segment and N, are the 1-D polynomial basis functions. To match the hierarchal basis

functions described in the previous section, N; must be defined as:

N =¢ (3.28)
N,=1-¢ (3:29)
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and for i=34,...
N, =¢(1-¢)P%(1-2¢) (3.30)

where P@#)(x) are Jacobi polynomials [52).

The port terms in (2.59) and (2.60) require the evaluation of the integral in the
voltage extraction operator, (2.53). This integral can be decomposed into a sum of
integrals over each segment of the port. For each segment, the electric field is replaced
by (3.27). The port term in (2.59) is expressed in terms of the unknowns 4" and a

stiffness matrix local to the port. The size of the square matrix is just the number of
DOFs (Dy) on the port. A similar procedure can be done for the port terms in (2.60),
creating a right-hand side vector, Dy entries in length, that represent the excitation of the
port in question.

Until now, all port terms involved summations up to an infinite number of modes.
The series of summations must be truncated to a finite number of terms (M). For modes
greater than M), the field will be reflected back (and not ideally absorbed) from the port —
thus introducing some level of error. An ideal choice for M, would be to ensure that the
amount of error from truncating the series is equal to the discretization error from the FE
problem inside the device. If M, were any higher than this value, instabilities may occur
due to the finite element’s inadequate representation of these higher modes. It would also
account for an unnecessary increase in computational cost for the overall solution.
Choosing M, to match the error in port representation to discretization error is not trivial.
A practical choice of M, is to relate it to the number of DOFs on the port. This method of
choosing M, is very convenient in that the better the discretization of the finite elements
at a port, the more modes are taken into account. Both the mesh errors for the regions
local to the port as well as the error of the truncation of the modes for the port decrease
with higher order basis functions in those elements. This relationship lends itself
perfectly to the concept of p-adaption, where the port element is now adaptive because as
triangular elements at ports are increased in order, so is the number of modes taken into

account. The choice M,= D;/2 was found to work well in practice [29].
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® 3.3 P-Adaption

Adaptive refinement methods in numerical electromagnetics are well-established.
They have been used in both FE methods [57-59] and integral methods [60,61]. The
concept of adaption is simple, yet extremely effective: analyze a device with the FE
method, estimate the error in the computed field, use the error to refine the mesh (i.e.
distribute and add DOFs) in key areas, and re-analyze. This process is continued until a
given accuracy is achieved. The most important feature in adaption is that given some
error tolerances, the process is automated with minimal user interaction. A typical block

diagram of an automatic adaptive algorithm is given in Figure 3.4 [62].

Initial mesh generator

ﬂ

Finite element solution

'

Global and local error
estimates

Mesh refinement
algorithm

Figure 3.4: Automatic adaptive algorithm.

The concept of adaption is very general and there are many possibilities in the choice of
major steps of the algorithm. The three key components are error estimation, error

. indication and refinement.
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An error estimator estimates the error in the quantity of interest in the problem. A
good estimate of the error gives the accuracy of the problem solution for a particular FE
mesh. The estimate in error can be either local or global to the problem domain. A local
error estimator tries to calculate the error in a local quantity of interest (electric field, for
example) for a particular element. A global error estimator attempts to calculate how
much a global quantity over the problem domain (such as energy) is in error. The
estimator is vital to the adaptive algorithm because it governs the termination of the
process. Two common termination criteria (the “stop test” block in Figure 3.4) are to
adapt until the estimated solution error in each element has been reduced to a certain
tolerance [63] or to adapt until the estimated error in a global quantity of interest has
reached a certain tolerance. Since the quantity of interest to a microwave designer is a
cost function that is a function of S-parameters of a device, any error estimations referred
to in this thesis will be global to the problem domain.

An error indicator [64] assesses an error of a particular element, for use in the
refinement algorithm’s choice of elements for adding DOFs. While the indicator could
be an error estimate in an element, it need not be. It only has to assess the error relative
to the rest of the elements in the mesh. Note also that an indicator may be an assessment
of the local contribution to a globa! quantity [65].

Refinement techniques are methods of adding DOF's to one or many elements in a
mesh in order to increase the accuracy of the overall solution. An example of an adaptive
strategy is to refine a fixed number of elements at each step (e.g. 25% of all elements).
What is common to most methods is that the elements refined are chosen based on their
error indication. As mentioned at the beginning of this chapter, to increase the accuracy
of the solution, one must increase the DOFs by either adding more elements or increasing
the orders of existing elements in the mesh. The process of subdividing an element is
referred to as h-type adaption [63]. P-type adaption (or p-adaption) is a method based on
increasing the orders (p) of elements to increase the accuracy of the solution [66,67]. A
combination of both 4 and p refinement schemes has also been shown to be very effective
[68,69]. Adaptive improvement of the solution without adding DOFs is also possible.
The general idea of this scheme is to change the position of existing nodes until they are

in near optimal placement (r-type adaption) [70].
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Both # and p adaption techniques for the analysis of microwave devices are
effective [58,59]. Re-meshing can be an expensive procedure — especially in three
dimensions. The advantage of p-adaptive refinement is that it needs only a single, initial
mesh. A further advantage of p-type methods is specific to wave problems. In quasi-
static field problems, a large number of DOFs are needed near singularities. Lower
densities of DOFs are sufficient far away from the singularities, where the field becomes
increasingly uniform. For wave problems, areas away from singularities can still have
large, wave-like field variations and may require a large number of DOFs. P-adaptive
techniques typically give a better rate of convergence away from singularities than
methods that use uniform, low order elements [58].

In this thesis, p-adaption, using the hierarchal elements of Webb and Abouchacra, is
used for refinement. The p-adaptive method is used to compute a cost function (at one
frequency) and its gradient, for a microwave device, to a given accuracy. A block
diagram specific to the adaptive method that is used in this work is given in Figure 3.5.
Variable r is a fixed percent value common to all adaptive steps, f; is the chosen
frequency for the adaptive analysis, and ¢, and V¢, are defined in section 2.4 and 2.5 to
be the cost function and its gradient for a particular frequency. For problems involving
analysis over a range of frequencies, the adaption is performed for a particular single
frequency f; (chosen arbitrarily to be the center frequency). A “post-adaptive” frequency
sweep is then performed for a discrete number of frequency points in the desired range
with the same distribution of DOFs as yielded by the adaptive procedure for the center
frequency. For each analysis in the frequency sweep, c; and V¢, are calculated and
summed to give the overall cost function and its gradient (defined in (2.66) and (2.68)).

For an analysis for a single frequency, no sweep is necessary and the cost function is just

Ca
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Generate mesh with
uniform, low order elements

Y

Increase the order by 1 for FE solution for a given
r x (total number of elements) " frequency f,
A
c&l V cﬂ
-adaption
p P Error estimator
Error indicator s

\StOp test

Converged | c,, V ¢,

Y

Frequency sweep

C |VvC
\

Figure 3.5: P-type adaptive process for microwave devices.

The stop test from Figure 3.5 assesses whether the error estimated in global
quantities ¢, or V¢, is low enough. The error estimate and stop test are crucial to the
accuracy control of the cost function and its gradient for the overall optimization, and are
discussed in a later chapter. The error indicator provides a local indication of the relative
error in ¢, for each element. The elements are ranked in order of highest to lowest errors
and a percentage r x (total number of elements) are increased in order by one for that

particular adaptive step.
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3.4 Error Indication

The goal of the p-adaptive finite element simulation (Figure 3.5) is to reach a
required accuracy of ¢, in the smallest number of adaptive steps for a particular strategy
(e.g. 25% adaption). While the estimate of the error in ¢, dictates the stopping point of
the algorithm, the error indicator directs the speed of convergence. To achieve a
discretization that yields the desired error in cost function, a poor error indicator may
require many more adaptive steps than a good one.

The definition of error indicators can vary greatly [71-77]. Many error indicators
assess the general quality of the field in an element [74-77]. It was shown that in
problems where a global quantity is desired rather than the field itself, a targeted error
indicator (TEI) is a better choice [65]. Since the quantities of interest in the analysis of a

microwave device are the scattering parameters, a TEI is the most natural choice.
3.4.1 A General Framework for Targeted Error Indicators

A TEI targets areas for mesh refinement based on local contributions to a global
quantity of interest, a single real parameter . The general idea behind a TEI is the
following: let U,,...,Uy be N FE solutions to the problem where U, = U(xy.z) (for e.g., U,

might be the electric field in a microwave device when port / is excited). Solution U™

is different from U’ in some respect, due to a change in the field in a specific region

(e.g. element) for which an indicator is needed. Let /;,...[i- be a set of solution-

dependent parameters:

 =1U,.....Uy) (3.31)

and

re=nue,..u)  and 1= U*,...U*) (3.32)
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For example, in a two port microwave device, /1=S);, 5h=Si2, 5=S». An estimate of the
error in /; arising from the change in field is
Al =" - (3.33)

]

Finally, suppose Q is a function of /,..../;. Then an error indicator, &, for Q, arising

from the specified region, is

e=|0(1 + AL,.... 1 + AL )- 017, 1] (3.34)
or, alternatively,

£= (3.35)

o

Varying the definition of U™ yields different TEIs for Q. The indicator developed

in this chapter calculates the effect of each element towards the global quantity. An
“ideal” error indicator of this type would be obtained by increasing the order of an
element, re-solving the entire FE problem to obtain U™ and using the difference in
global quantities before and after the increase as the indicator of error in that element
[78). While requiring an entire FE solution for each element may be computationally

unfeasable, there are indicators that emulate this ideal case successfully [78].
3.4.2 A Targeted Error Indicator for Microwave Devices
For the p-adaptive process for microwave devices of Figure 3.5, a suitable TEI

targets the cost function, c,, and can be developed from the preceding general framework.

The solution vector for N individually excited ports is:

48



... ) = (e EP.... EF (3.36)

where E is the field solution when the ¢™ port is excited. Solution U™ is just U

with the & degree of freedom (DOF) zeroed and all other DOF's remain unchanged. The
quantities /,, ..., Iy are defined to be the real and imaginary parts of the complex scattering

parameters, such that
Loy = 87,801,808 e S s Shn (3.37)

For calculation of complex S-parameters, expression (2.16) can be alternately expressed

in terms of the bilinear form, for the TE;o mode, such that

1

S =———BEV EP)-5 3.38
7 2jk,n, (° 0) ( )

m

The weighted residual formulation reduces (3.38) to

1 T[] e o
S, T@ZQ [Ke? -5, (3.39)
where [K] is the global FE matrix.
The estimated errors in /, ..., [ are:
Aly,...,Al, = AS)|,AS;,AS},,AS ;. .., AS gy ASyy (3.40)

where AS,, is an estimate of the change in complex S-parameter when the K" DOF is

zeroed. The error indicator, based on global quantity Q (= ¢,) for the K" DOF is:

Ca AS! +...+ —2_ A, 3.41
|as;, nt 8s!, as;,,\ (3:41)

Z

6‘_

llaca .0 L.
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where the terms of the sum depend on the the initial choice of cost function defined in
(2.67).

An error indicator for an n™ order element can now be defined as a sum of the

contributions of &* for all DOFs k that are of order 7 (i.e. not contained in the element of

order n—1):

e= D& (3.42)

n™ order DOFs

While it may seem computationally expensive to compute AS,, a number of times
for each element in order to evaluate the indicator of (3.42), the programming is quite
simple and the computational costs are low. From (3.39), we see that the computational
expense in calculating an S-parameter comes from the matrix calculation of the general

form:
F=u"[R]v (3.43)

where u and v are a pair of FE solutions and [K] is the mxm global matrix. Function F

can be decomposed into two parts:

F =F +AF, (3.44)
where F; is F with its & DOF zeroed:

F = iiu K,v, (3.45)

and AF, can be computed by:



AF, =Y u K, +> uk,v, (3.46)
=1 i=]
1=k

An efficient algorithm which uses (3.46) to calculate all changes, AF;,...,AF, , is:

m?*

i=1...m
AF =0

i=1....,m
J=L..,m

If K, =0, skip (to account for the sparsity of X| )

AF‘=AF,+u,1?,,vj
Ifi=J:
AF}=AFI+u,Zv

yJ

This algorithm computes AF,,...,AF, with no more computational cost than computing

u' [I? ]g. Using this approach, the estimate of changes of complex S-parameters for every
DOF zeroed, AS,,,...,AS,y, need only be computed once, globally, and stored for
subsequent use. Any estimate of AS,,, needed in (3.41) for DOF k, is readily available
from global quantities, AS,,,...,AS,, .

Since an estimate exists for every DOF in the FE solution, the change in global cost
function need not be limited to only one element. Some variations of (3.42) can possibly
provide an effective global error estimator for c,.

Discussion of error estimation for the gradients of cost functions is postponed to

Chapter S, after a consideration of the optimization process.
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Chapter 4

Optimization

Optimization methods have long been used to aid the design of electromagnetic
devices [79]. Since microwave devices can be modeled as circuits after sufficient
analysis or measurement, much of the practical optimization theory in microwaves
originated from the circuit community [80,81].

There are effective optimization algorithms that use actual measurements of device
parameters [82,83]. However, with the ever-increasing speed of computer processors,
many methods take advantage of the advances in computational analysis [84,85,32,4,51].
Since it has become standard practice for designers to use commercial CAD tools for
their own design [86], the CAD industry has noted the importance of incorporating
optimizers into its own software packages [87].

While many new optimization techniques have appeared in the past decade [88-91],
the debate between deterministic and stochastic algorithms remains.  Stochastic
optimizers are effective tools for finding global optima in electromagnetic devices

[92-94.11,12],but require large numbers of field solutions — which is expensive.

Deterministic methods are quick and efficient in finding local optima, but are hampered
by their dependence on a well-chosen set of initial parameters to find a global optimum.
However, it is not always necessary for a global optimum to be found. As Alotto and
Magele point out, “there are many problems, mainly shape optimization problems, where
any improvement of the current design can be considered as a success” [95].

Since gradient-based optimizers are particularly powerful, efficient sensitivity
analysis is an important facet of the research [96-99]. Using gradient information to
guide the design (especially the shape of the device) is highly desirable [100]. Avoiding
the numerical computation of the gradient leads to a considerable reduction in
computational cost.

In this thesis, which uses optimization to “tune” a microwave device, it is assumed

that a reasonable choice has been made for an initial set of geometric parameters. The
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block diagram in Figure 1.2 is re-drawn in Figure 4.1 to better resemble the block
diagram of a gradient-based deterministic optimizer.

. C
e »|  FE Simulation
= vcC
_'W Constrained
< Gradient-based [¢ ‘
Optimizer

-

Figure 4.1: Block diagram for gradient-based optimization scheme.

The cost function (chosen by the designer) and its gradient are available from the FE
simulation. Two blocks that have been omitted from Figure 4.1 are the parameterization
and meshing blocks. The geometric parameters must be parameterized into Cartesian co-
ordinates to generate a data input file for mesh generation. Automatic parameterization
of arbitrary geometric structures is a complex area of research on its own [101], and for
purposes of this thesis, parameterization specific to a particular problem is used.
Parameterization and mesh generation are discussed in Chapter 6.

In the practical design of any device, the geometric parameters, g, are in reality

limited to certain ranges. In this thesis, the constrained gradient-based optimizer from the
MATLAB toolbox [102] is used. The theory that underlies this algorithm is summarized
in this chapter.
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4.1 The Constrained Optimization Problem

The optimization problem begins with a set of parameters, g, that are restricted (or
constrained) to acceptable values. The objective or cost function, C(g), is a real scalar

measure of “goodness”, dependent on the parameters [103]. Finding an optimal value for
the cost function translates mathematically to either minimizing or maximizing® the cost

function. The problem of minimizing an objective or cost function, C@), subject to

equality and inequality constraints can be characterized by:

minimize C g)
geiﬂ"

(4.1)
subject to: h,(g)=0, i=1,....m

hg)o, i=m'+l...m

where g is a vector of geometric design parameters (g € R"), C is the cost function

(C:R" — R) and A is a vector of constraints (E:ER” - R").
The Kuhn-Tucker equations are necessary conditions for local optimality of the

constrained problem:

42)

* Since max C (g) = mgin[— C(g)]. without loss of generality, optimal solutions for this chapter will be
g g &

minima.
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. where ¢ is a local minimizer for (4.1) and ,1, (=1,...,m) are Lagrange multipliers. In the
special case where C(g) and A, (g) (i=1,...,m) are convex functions, the Kuhn-Tucker
equations are necessary and sufficient conditions for the global optimality of g. The

Lagrangian of the problem is defined as:
L(g.2)=Clg)+ X anle) @3)

It is easy to see from (4.2) that VL t, 4)= 0.

In order to calculate the Lagrange multipliers, a nonlinear programming algorithm
must be used to solve the Kuhn-Tucker equations. An effective constrained method that
uses second order information about the Kuhn-Tucker equations (obtained with a quasi-

Newton updating scheme) is Sequential Quadratic Programming [102].
4.1.1 Sequential Quadratic Programming

The Sequential Quadratic Programming (SQP) algorithm [103] attempts to emulate
the unconstrained Newton method [102,104—107]. The general idea is the formulation of
a quadratic programming (QP) sub-problem based on a quadratic approximation of the

Lagrangian [102]. Given a latest estimate gk of parameters, solve

mipimize 34114+ vClg'a

Vh(g Jd+nlg )=0, i=t..m (44)
vh(g* fd+nlg)<0,  i=m+1,.m

Each major iteration k of the SQP algorithm uses the search direction d*, obtained by

solving (4.4) — which can be achieved by any QP algorithm. An appropriate line search
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procedure then tries to minimize C along this direction. Figure 4.2 shows the block
diagram for the SQP method used in the MATLAB toolbox.

Initialize

> gl’[H]l
A 4

Evaluate Gradients

lvc(g* ) va(g*)

Update Hessian

1 l[HJ"”

kel Solve QP sub-
problem

k+I k+!
Ve k
g Evaluate cost

Line search function and
gradient

Figure 4.2: Block diagram for SQP in [102].
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At each major step of the SQP method, a positive-definite approximation of the

Hessian ([H]) of the Lagrange function is made with a quasi-Newton updating scheme.
At the (k+1)" iteration, an update can be made of [H ] using the Broyden-Fletcher-
Golfarb-Shanno (BFGS) update, where

" __[HF[HE

k Kk
H o H 949
[ r [ r + ngAg_k Ang [Hr Ask

k+l (4’5)

where Agk =g —gk

gr=velg e Samnly)-{volg)- Saonte)

1=1 1=1

A, (i =1,...,m) are estimates of the Lagrange multipliers.

The Lagrange muitiplier estimates are values that minimize the Lagrangian in a

least-squares sense, omitting the multipliers for inactive constraints (because these are

zero anyway). If gk’[ is the latest feasible estimate of the parameters, the active

Lagrange multipliers estimates, A*! (i =m' +1,...,m), are given by the minimization:

i;{:(HVh'(gk«»l): _Vc(gk'l) 4.6)

1=m'+1

Multiplying (4.6) by VA, (gk") for each active constraint gives a matrix equation of the

form:

[G]a*"' =1 4.7)

where

Gu =Vh @M)-th(ghl) s
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The active multiplier estimates, A*"", can be found by solving the system of equations of
(4.7) where [G] is a square, symmetric and positive definite matrix.

A positive-definite (PD) Hessian can be maintained if the initial choice for [H] is
PD (e.g. [H]' =[U], the identity matrix) and ¢""Ag" is positive at each update [102].
This quantity is kept positive by halving the most negative diagonal element of c_]"Ag"T
until it is greater than a certain tolerance (e.g. —10™). If this is not sufficient to make

g"Ag">0, g* is modified by:
gk = gk + wy 4.9)
where

v, = V(g b e )-va(e* hlg*) (4.10)

if g*w <0and g*Ag, <0 and v; =0 otherwise. The scalar w is increased in size until

Q”Agk becomes positive [102].

4.1.2 QP Sub-Problem

The MATLAB Optimization Toolbox [102] uses an active set strategy (similar to
the projection method described in [108,109]) to solve the QP problem for each major
iteration of the SQP algorithm. Expression (4.4) can be re-written as:

1
minimize Q(d)=—d'[H]d+¢'d
deR~ 2

Add=b i=l...m (4.11)
Ad<b, i=m'+1,....m
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where 4 is the " row of an mxn matrix [4]. The solution to (4.11) involves first

calculating a feasible point (should one exist), then generating a set of feasible points that
converge to the solution [102]. Let matrix [Z]k (size Ixn) be an estimate of / active
constraints (on the boundaries) of (4.11) at the minimum [102]. [4] is updated for each
iteration within the QP problem, , and is used to form a search direction, d*(not to be

confused with <_ik of the major iterations for the SQP algorithm). Search direction, d*,

minimizes the quadratic function QO while remaining on the boundaries of the active

constraints, and a new iterate is desired such that
d'=d" +ad* (4.12)

The feasible subspace for d°, guaranteed to remain on the active constraint
boundaries, is created from a basis [Z]* (i.e. 4 is a linear combination of the
m ~ I columns of [Z]*, which is nx (m~1) in size). The columns of [Z]* are orthogonal
to [4], thus [2f [2]* =0. Matrix [Z]* is formed from the last m—I columns (/ is the
number of active constraints) of the QR decomposition of [2]‘ [102].

Once [Z ]" is calculated, it is desired to find d* that minimizes O(d). Since d*isa
linear combination of the columns of [Z]°, the search direction can be expressed as
d' =[z]) p, where p is an unknown column vector. Substituting p into (4.8) for the

(k+1)" iteration yields:
)_ I rp,pr k T[]k 3
olp =5’ 2l [Hlzl p+c'lz] e (4.13)
Differentiating (4.13) with respectto p gives:

vo(p) = [z} [H]zY p+[2]" ¢ (4.14)
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If the Hessian, [H], is positive definite (it was computed to be so in 4.1.1), the minimum

of Q(g) can be found by setting its gradient to zero, thus giving a linear matrix equation

for p:

] [#]z} p = [z} (H)a* +¢) 4.15)

k+1

The next search direction can be found from 4*' =[Z]" p and step a is taken in

direction d* to give the next iterate of parameters for the QP sub-problem,
d“*' =d* +ad*. Since (4.11) is quadratic, a step of unity along d* is exactly the
minimum; and if there is no violation of constraints, the QP problem is solved. However,
if a constraint is violated, the step @ along d"* is less than one and the new constraint is
added to the active set for the next iteration. The distance to the constraint boundaries in
direction d* (towards a constraint boundary) can be found for constraints not in the

active set by [102]:

i=1,..m (4.16)

This is checked for each constraint not in the active set to make sure that & does not

violate these constraints.
When there are n independent constraints in the active set and there is no minimum

at that point, the Lagrange multipliers are calculated with a set of non-singular, linear

equations [102]:

[ala* = [H]g +¢ 4.17)

60



When all terms of 1* are positive, d* is the minimum of the QP sub-problem in (4.11).

If one or more entries of A* are negative (and do not correspond to equality constraints),

those elements are removed from the active set and a new iteration begins.

The QP algorithm requires a feasible starting point. In cases when the SQP method
yields points that are not feasible for the QP problem, an initialization procedure for the
starting point (for the QP sub-problem) must be performed. An initial point can be found

by minimizing a linear programming (LP) problem for a slack variable, y, subject to the
same equality constraints as in (4.11) and inequality constraints of the form,

A,g-7<b,. A feasible point can be obtained from the solution of the set of linear

equations formed from the equality constraints. If such a solution (or feasible point)

exists, y is set to the maximum value of inequality constraints for that point. The LP
problem is iteratively solved using the gradient of C (steepest descent) as its search

direction, such that
d* =[zI"[z] ve (4.18)

If the LP problems yields a feasible point, the initial search direction for the QP problem

is found by solving the matrix equation [H ]4 '=_vC.
If the QP sub-problem does not yield a feasible solution, the search direction for the

SQP algorithm is the solution that minimizes y [102].

4.1.3 Line Search

For each main step of the SQP method, an improved value for the vector of

parameters, g, is obtained from

k+1 k

=g" +a*d* (4.19)
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The QP sub-problem provides the search direction, d“. The length of step that should be

taken in this direction, a*, is computed using an appropriate line search method [102].
The line search procedure generates a* that reduces a merit function [110,102] of the

form:

w(§)= C (§)+ ir,lh, (g] + ir, max {O,h, (_)} (4.20)

1=] 1=m'+}

where r; is a penalty function [110]:

1

rf=mw{l%&“”+&%, i=l,...m (4.21)

The initial penalty function is chosen to ensure larger contributions from constraints with

small gradients (i.e. active constraints at the solution point) and is [102]:

el @22)
[vn (el

There are many effective line search methods (e.g. Fibonacci, Golden Section) and
polynomial methods (e.g. Quadratic, Cubic) that can be used to find @*. The default

method for calculating a* in MATLAB’s constrained optimizer, is bisection.

For every iteration k of the bisection method, a cost function evaluation is

performed in order to find a new point, _g_r'“' , that satisfies:

w(g*')< wlg*) (4.23)
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If (4.23) is not satisfied, a* is halved (or bisected) to form a new step, a**' [102]. Step
size, a*, is reduced by half for every iteration k until there is a sufficient decrease in the

merit function. For each line search, the initial step size is reset to unity.

4.2 Termination Criteria

An important part of the optimization process is knowing when to stop. Judging
when the cost function has converged to a local minimum is vital to an efficient
algorithm.

4.2.1 General Termination Criteria

For any general optimization problem, there are two common ways to terminate the

process [102]:
a) Termination for g

If the worst case precision required by an independent parameter is &g, the

optimization can terminate when for every i in vector g, at step &+1:
et -gt|<e, (4.24)

b) Termination for C

The optimization can similarly be terminated with respect to the precision of the

cost function, such that

c*' - Ct|< & (4.25)
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where ec is the worst case precision for the cost function.

Termination criteria a) and b) can be used independently or together. An overall
effective strategy is to use both criteria to ensure proper convergence. For constrained
optimization, the constraints must be taken into account and there are many variations of
termination criteria that can be used [103].

In the construction of microwave devices, there is a physical limit to the precision of

dimensions or material properties. For optimizers terminating on g, an obvious choice

for g, is the manufacturing tolerance (e.g. 10° m for geometric parameters). The
constraint violation can also be chosen in the same way. The choice of - can be based

on the desired precision in the cost function.
4.2.2 Goal Oriented Termination Criteria

Since the cost function of a microwave device has physical meaning beyond its
mathematical definition, the termination can be viewed as a goal in the design that is to
be achieved by the optimization. While the goal of a design process is very subjective
and open-ended, an example is given to illustrate the point.

Assume that the desired design of a band pass filter is an attenuation lower than 0.5
dB in the frequency band and higher than 30 dB outside the upper and lower band
frequencies. For each discrete frequency point, the cost function ¢, is given as ¢, = |S nl
The global cost function is a sum of ¢; of the form (2.66). A possible termination for the

optimization with respect to the cost function C is to ensure that for every frequency

point i,

ket~ cf| <107 (4.26)

k+l
10 Iog{ & - )
i G

or

< 0.5dB (4.27)
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Expression (4.26) corresponds to smaller variations of |S;;| in the pass band and (4.27) is

more effective for larger variations.

4.2.3 Gradient Based Termination Criteria

The termination criteria in sections 4.2.1 and 4.2.2 are based on a relative change in
cost function (or geometric parameters) between two iterations. A deficiency in such an
approach is that while there may be only a small change in cost function for a particular
step, the solution can still be far from the minimum. If the change is small enough to
satisfy any of the criteria described previously, it will prematurely terminate the
optimization without reaching the minimum. An alternative is to use a residual approach,
based on the gradient of the cost function.

At a local minimum for an unconstrained problem, the gradient of the cost function
is zero. In lieu of monitoring the relative change in cost function from step to step, an
absolute termination with regard to the Euclidean norm of the gradient of that cost
function can serve as an effective indicator of the optimizer’s convergence to a local

minimum. Such a termination criterion is:

[vcte],

<%||VC(E“’M I, (4.28)

where R is a constant, chosen by the designer. The concept is to reduce the magnitude of
the gradient to one R™ of its initial value. R=1000 was found to work well.

For a constrained problem, in addition to the norm of the gradient, the constraint
vector, h, must be accounted for. From the Kuhn-Tucker equations (4.2), the local

minimum of a constrained problem satisfies, by definition,

foile:”)

,= 0 (4.29)

where
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o],

"VC(_'“') > A\Vh (_“"1‘ (4.30)

2

and A**! is an estimate of the /" Lagrange multiplier at the (k+1)" iteration. Expression
(4.28) can be adjusted to:

[vele ). <

wode™ ],

(4.31)

This termination criterion is used in the problems solved in this thesis to avoid the
problem of premature termination to which the other criteria are prone. In addition, no

knowledge of the minimum of the cost function is needed and convergence is dependent
solely on gradient information.
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Chapter 5§

Controlling Accuracy during Optimization

Many optimization problems deal with objective or cost functions that can be
determined analytically. In such cases, the cost function is in effect “infinitely” accurate
and accuracy of cost function evaluation (CFE) is not a concern. In problems where a
CFE is calculated using a numerical approximation, as in the present work, the accuracy
of the CFE becomes an issue.

The highest level of accuracy that can be achieved in a CFE by a FE simulation
depends on the performance of the computer being used. High accuracy requires a large
number of DOFs (whether it arises from dense meshes or high-order basis functions),
leading to large matrices. Solving large matrix problems creates three major demands of
a computer: large amounts of RAM, a lot of disk space and high processor speed. The
machine must have a large amount of memory available to hold part or all of the large
matrix. Lots of storage space may be required if matrix files are written and read from
the hard disk (the case in direct matrix solvers). The processor’s ability to execute
floating-point operations quickly greatly affects the overall time it will take to solve the
matrix problem. Achieving high accuracy in a CFE can result in a long computation
time.

In the optimization of microwave devices, where each CFE requires full-wave
electromagnetic simulation, the computational cost can be excessive. Since
computational cost is dependent on the accuracy required in a CFE, varying the accuracy
of CFEs throughout an optimization design can save a lot of computation time. This is

the central idea of this thesis, and is explored in detail in this chapter.
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5.1 Accuracy Control of the CFE

Figure 5.1 shows what a plot of cost function versus a single design parameter may

look like for three different levels of accuracy.

=
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Figure 5.1: Graph of variation of cost function, C(g), at three different accuracy levels.

Each cost function has its own variation with parameter g and there are thus three

different optima: g™, g and g™ . If C? is the cost function of highest accuracy

possible, and C' the least accurate, the minimum of CV) is Ag = g™ - g away from
the “true” optimum of the problem (i.e. the optimum of the highest accuracy cost

function).

The interest to a microwave designer in using a CAD tool to simulate and optimize
the design of a microwave device is to quickly generate a solution that meets the design
specifications. Two parameters that must be chosen are the accuracy of the optimization

process itself (termination criteria) and the accuracy of the cost function at the optimum.

As seen in Figure 5.1, it is important that once the optimizer finds an optimum, g™, it is
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based on an accurate representation of the cost function for those parameters. One way
of ensuring that an optimizer finds such an accurate optimum is to perform every CFE as
accurately as that of the final CFE. However, heavy computation can be avoided by

using CFEs of lower accuracy for steps where gk is far from the optimum. The early

steps of an optimization scheme may not require CFEs that are very accurate. As the
process continues and the parameters near an optimum, every CFE can become
increasingly accurate. The design space of the cost function in such a scenario is
dynamic in nature and is allowed to change (rather than stay fixed) throughout the
optimization until it gets close to an optimum, where the changes in the design space
become very small.

An automated optimization scheme “links” the optimizer to each CFE in order to
control the level of accuracy of the CFE throughout the optimization (see Figure 5.2),

instead of demanding a fixed accuracy.

Approximate g il Cost Function cvC
Design Method —p— —p{ Evaluation (CFE)

H

- "\E&:A EY : g = geometric parameters
" \ e
4 TR
-t -

C = CostFunction

Constrained <
Optimizer

l g/'mal

Figure 5.2: Block diagram an optimization scheme with an accuracy link.

0%
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5.2 Accuracy Link between Optimization and FE Adaption

The accuracy of an adaptive FE solution is dependent on an error estimate. When
the error estimated in a FE solution at an adaptive step is below a certain tolerance, the
adaptive process stops. The accuracy link can increase the accuracy of a CFE by
reducing the error tolerance.

A quantity that decreases throughout an optimization is the gradient of the cost

function (or the gradient of the Lagrangian, VL(g), for constrained problems). At an

VL(g), =0. We could, then, require of the CFE that

optimum, theoretically, |

fercor in vL(g* | <afvilg"], 5.1)

As the optimization progresses, this would hold the percentage error in "VL(glL fixed at

a level determined by a.

As ”VL@‘ ]L reduces with an increase in k, the error in ||VL@k }'2 will reduce - thus

increasing the accuracy of the FE solution as an optimum is approached. Since the CFE’
computed with the adaptive FE method described in this thesis calculates both the cost
function and its gradient, demanding high accuracy in the gradient ensures an increased

number of DOFs and thus there will be also be high accuracy in the cost function.

Computing the actual error in "VL@" ]L is of course not possible and must be replaced by

an estimate of that quantity from the FE solution — discussed in section 5.3, below.
Applying this approach to the p-adaptive FE process from Figure 3.5 requires some

modification. For problems involving analysis over a range of frequencies, the cost

function and its gradient (and in turn, lVL(gk ]L ) is calculated as a sum over a number of

discrete frequency points. Since the adaptive process is performed for a single frequency,

the estimate of the error in ”VL(gk lL should also be calculated for a single frequency.

* Note that CFE will refer to the evaluation of both the cost function and its gradient from here on in.
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The adaptive frequency (frequency at which the adaption is performed) is chosen to be

the center point of the frequency range. Requirement (5.1) can be approximated by

N, "estimate of errorin V[, (gk l‘z < a”VL(g,_r"" ]L (5.2)

where g is the center point of the frequency range; VL, (é") is the gradient of the
Lagrangian of the single frequency cost function, ¢, and Ny is the number of frequency

points sampled in that range. Since VL, (é") is calculated by:

VL, (g")= Ve, (g")+ > 4 (g") (5.3)

=1

we have from (5.2)

Ny

est. error in (Vca (ér" ))+ est. error in (i}.,"Vh, @‘ ))
1=]

K ovilg], 4

Since we do not have error estimates for the Lagrange multipliers, we drop this term and

require simply that

N, “estimate of errorin Ve, (gk JL < a"VL@"l ]I (5.5)

2

Any CFE for the optimization has two parts. The first part is the p-adaptive process
where the FE solution adapts at the center frequency until (5.5) is satisfied. (The error
indicator used for the adaption is (3.41), targeted towards the single frequency cost
function, c,.)

After the adaption is complete, the second part of the FE analysis is a post-adaptive
frequency sweep over the Ny points performed with the same distribution of DOFs as the
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final step of the adaption. The center frequency is available from the adaptive part and
does need to be re-calculated, so the frequency sweep is actually performed over Ny — 1
points. The result of the frequency sweep is the cost function and its gradient — the
desired quantities needed as input to the optimizer.

The adaption need not necessarily be performed over a single frequency.

Alternatively, a frequency sweep could be performed at each adaptive step to calculate

the full gradient, VC(gk). However, this would be very costly computationally and the
approximation of "Vca (gk ]L = "VC(g" IL /N, works adequately in practice.

An optimization-adaption system is illustrated as a block diagram in Figure 5.3. In
order to allow the first CFE of the optimization to be adaptive, a value for "V[.(g(’ IL is
required. To provide a rough reference value, a pre-optimization CFE is performed non-

adaptively at a uniform low order (chosen to be 2™ order). The geometry for this pre-

optimization step is the same as in the first optimization step. The approximation is made

that “VL(,E" ]'2 is approximately equal to the pre-optimization computation of ||VL(§' ]L
This quick, uniform order CFE adds little to the overall computational cost yet allows
adaptive solving for the first CFE of the optimization.
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Figure 5.3: Optimization-adaption block diagram.
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5.3 Estimating the Error in the Gradient of the Cost Function

Accurate error estimation in any quantity used for terminating an adaptive FE
process is very important. Underestimating the error can lead to premature convergence,
since the actual FE solution is not as accurate as the estimation predicts. Overestimating
the quantity is generally safer than underestimation because the adaption will not be
terminated too quickly. A good estimator computes an error not too different from the
actual error.

The proposed error estimator for the gradient of the cost function works in the
following way. Assume cost function ¢, (which is any function of scattering parameters)
varies with geometric parameter g, The derivative of ¢, with respect to g; can be

expressed as:

Za Ox, 0, O | Oc, 0z, (5.6)
g, G ox, 0g Oy 0g 0z Og

where & are nodes of the finite elements on any boundary or interface parameterized by

g:. The error in the derivative of ¢, at those nodes is

dc, < ac A | ﬁ{ 5.7)
og, P 6x |agl| ayklagll azk og,
where Aac" i i i 2 . To estimate A@"—,Aac" ,Aai, we
0g, og, ox, Oy, Oz

consider the internal nodes of the mesh. An internal node is a node of a finite element
whose movement does not alter the geometry of the problem being solved. In other
words, these are nodes in a mesh that are not located on any boundary or interface in the
problem. Since the geometry does not vary with movement of these internal nodes.
neither should c¢,. The fact that ¢, does change is a result of discretization error. An

oc, .
estimate of A o, orA oc, or A Ca is
axlz aavk azk
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] & oc,||0c,| |0c,
B H o9

where i is an internal node and ¥, is the total number of internal nodes in the mesh. If,

further, c, =lqu,2'
a <25y +]5:)m [ as., J 59)
and an upper bound for (5.8) is
2lsz.|+[s.,|)s. (5.10)
where
1 las;,| |ase, las' as' ”as' as., |
S =— (5.11)
v el e o e e
k
oc,
og, .
dc, , ay oz
A% = 2(s, | +[se,|)s., Z( - ag‘: +6-gk,U (5.12)

Note that all derivatives of scattering parameters are already available (at no extra cost)

for every adaptive step from the adjoint variable method described in Chapters 2 and 3.
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k ayk _k_
og, ag, agl

available from the FE formulation previously described. The summation from (5.12) of

The derivative terms are purely geometrical and again already

the absolute values of these terms needs to be performed only once, at the beginning of

the adaptive FE solution.
The cost function does not need to be of the form c, =|Sm|z. However, (5.12)

changes depending on the cost function. Using the practical expressions for sensitivities
from section 2.5 and similar derivation as (5.9) through (5.12), two other practical

estimates of error of cost function derivatives are for:

a) c,= |Spq|
de,”  |Spl*|Sp ayk ]
A = S, 5.13
dg, |S,,,,| Z[ og,| |08 agl G-13)
b) c, =4S,
de,” _ |S | ( H aﬁ) 5.14
dg, ‘S I Z g, * og, * og, G419

In both (5.13) and (5.14), S, is given by (5.11).

For error estimators of this type to work, the FE mesh must contain at least one
internal node. All estimates of this type are based on errors in the derivatives of global
quantities. For that reason, it is probably preferable to ensure that a mesh contains
enough internal nodes to represent all areas of the geometry. A well discretized mesh for

use with these types of estimators has internal nodes in the vicinity of each node located

on a parameterized boundary or interface.
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5.4 Issues Arising from the Combination of Optimization and Adaption

A number of important issues arose during the construction and testing of the

combined optimization-adaption system.
5.4.1 Implications of the Choice of a

In general, a controls two aspects of the optimization: final accuracy of the answer
and the way the accuracy is adjusted en route.

The accuracy of any cost function is set at a fraction @ of the previous CFE’s

"VL(g" ]L /Ny Since the termination criterion for the optimization is that

VL(igl ]L , the accuracy level of the final CFE must be less than /N, of

[vilg*), <0.1%

0.1% VL(g[ llz . The choice of ain this case is therefore a control over the final accuracy

of the answer.

The choice of a also determines the speed at which the accuracy levels of the CFEs

change. A large o means that until gk is in the vicinity of an optimum, the CFEs

throughout the optimization will have a low accuracy level. Alternatively, a small
means not only an accurate final answer, but also more accuracy (and cost) at every stage
of the optimization.

The fact that o controls both these aspects is not necessarily ideal. Schemes could
be developed to de-couple them, e.g. using two different @’s ~ one to control the final
accuracy and the other controlling the path taken to get there.

A practical limitation is the possible inability to achieve the required accuracy of a
CFE. A limitation to using only a p-adaptive process is saturation of all elements at a
maximum of 10” order. In the present work, while & the‘oretically controls both aspects
of accuracy, in nearly all cases it actually had no effect on the final accuracy due to this

saturation — so it just controlled efficiency.
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5.4.2 Continuity of C and the Effects of Re-Meshing

Given any geometry gk, the parameterization block writes out the corresponding

co-ordinates of the nodes as a data file — later used as input to the mesh generator.
Because of the new parameterization and re-meshing, a change in the geometry (even a
small one) can change the structure of a mesh. A subtlety that was encountered was the
phenomenon of “diagonal flipping”. For very small changes in geometry, the structure of
the mesh (around the change in geometry) might change. This change may be as subtle
as a diagonal being flipped between two adjacent triangles (shown in Figure 5.4).

VAV

Figure 5.4: Diagonal flipping between adjacent triangular elements.

Different variations in mesh discretization will give different FE solutions to C. The

numerical cost function is thus discontinuous (see Figure 5.5). Small discontinuities in C
throughout the optimization are usually acceptable, except near termination when gk is

changing by small amounts and the gradients are small. Here there can be an adverse

effect on convergence.
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Cost Function

\'

g

Figure 5.5: Discontinuous cost function close to an optimum.

A certain level of continuity near local optima can be preserved by avoiding re-meshing;

instead all nodes affected by that change are dragged in the appropriate direction by the

amount, Ag"" )

Forcing the same mesh configuration for large changes in geometry can create
poorly shaped elements. For that reason, dragging the nodes replaces re-meshing only

when the maximum change in a parameter is less than 10%, i.e. when

k+l k+l k k+1

_k _ _k
100xmax(g' £ 8 —& & g")<10 (5.15)

k k

g g g

where V is the total number of geometric parameters, gk is the geometry from the last

major step (which generates the search direction) and g‘“' is the geometry updated at

either the next line search or major step.

5.4.3 Generalized Termination Criterion
An interesting observation from optimizing microwave devices is that the optimizer

sometimes tends to perform many line search CFEs close to the optimum - thus

increasing the computational cost of the overall optimization considerably and reducing
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the cost function very little. For the test cases solved in this thesis, the problem of
excessive line search CFEs was resolved by generalizing the termination criterion to
allow the optimization process to terminate within a line search. While this may mean an
actual increase in C, the increase in cost function is usually negligible and the process

successfully converges.

In order to terminate the optimization during a line search, values of "VL(‘Sk ]L are

needed for every CFE of the k™ line search step. While each CFE provides the gradients

of the cost function, the Lagrange multiplier estimates, A¥, are needed to fully compute

”VL(gk ]L . The MATLAB optimizer provides A* for only main steps of the optimization.

Expression (4.7) was implemented to calculate A“ for any CFE. The programming

implications were trivial and added little to the computational expense.
5.4.4 Accuracy of CFEs during Line Searches

The accuracy of a CFE was only changed at main optimization steps. Line search
CFEs were kept at a constant level of accuracy as far as possible. If the CFEs from the
line search were of different accuracy than that of the main step, the MATLAB optimizer
had trouble converging to an optimum.

For every main step of the optimization, the Hessian is updated and a search
direction is generated. The subsequent line search depends on that search direction to
point roughly towards the optimum of the cost function. Varying the accuracy of line
search CFEs changes the target of the bisection algorithm (the line search method used).
Attempts to reduce the cost function in such cases can lead to a large number of line

search steps and possible non-convergence.

5.4.5 Smoothing out Sharp Changes in Accuracy

It is possible for the value of "VL(;" ]L to reduce in magnitude sharply as an

optimum is approached. Since this can result in a change of accuracy levels by a great
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amount, a weighted-average is taken to smooth out (to an extent) the potential

discontinuity between design spaces. Expression (5.5) becomes
N, "estimate of errorin Ve, (g" lL < a(w"VL(gk" llz +(1- wﬂVL@“ llz) (5.16)

where the weight w is intended as a “safety” measure to avoid drastic increases in

accuracy and was chosen to be 0.9.
5.4.6 Multiple Local Optima

The graph in Figure 5.1 plots a hypothetical cost function at three different accuracy
levels versus a geometric parameter. Although g™ (the minimum of the least accurate
of the cost functions) is not really a minimum at all for curve C¥, if an optimization were
started at this point at an accuracy level equivalent to the third cost function, g* would
eventually be found as the local minimum. This is only the case if the curve C® is
convex and quadratic, thus containing only one, global, minimum. In problems with
multiple optima, it was observed that varying the accuracy levels during optimization
might lead to finding different local optima. Since using a gradient based optimizer can
only guarantee quick convergence to a local optimum, this characteristic is not of great

concern — due to the equal likelihood of finding a better optimum than a worse one.

5.4.7 Generating Suitable Meshes for the Error Estimator

At each step, the mesh generator creates an initial mesh based on g*. The mesh

generator used does not have the flexibility to guarantee an initial mesh discretized with a
specified number of internal nodes. For this reason, an initial mesh may contain few or
no internal nodes — thus hampering the effectiveness of the error estimator.

To overcome this problem, in cases where fewer than N, = 5 internal nodes are
generated, a uniform refinement of the mesh is applied, dividing each element into four

new triangles — thus creating four times the number of total elements and more internal
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nodes. Uniform refinements are performed until ¥; 2 5. A uniform refinement of the
initial mesh is sometimes overkill — creating more elements than are needed for p-
adaption. However, the error estimator worked relatively well in ensuring that in CFEs
with big differences in numbers of elements, if the accuracy demanded was the same in
both, a similar number of DOFs was used to solve the problem. The p-adaption in the
denser mesh requires fewer adaptive steps (i.e., a lower overall order for each element) to

reach the desired error tolerance than in the mesh with fewer elements.
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Chapter 6

Validation

All computer programs used to implement the theory described in this thesis were
written in either Fortran 90 [111] or in MATLAB [112]. All codes were implemented on
a Windows NT 4.0 [113] platform with an Intel Celeron 400 MHz processor, 128 Mb
RAM, and 6.4 Gb hard disk. Implementation of the optimization-adaption system of
Figure 5.3 requires four independent blocks of computer code necessary for testing the
theory from Chapters 2 to 5: optimization, parameterization, mesh generation and
adaptive FE solution.

The commercial constrained optimizer from the MATLAB Optimization Toolbox
[102], constr.m, was slightly modified to include features needed to implement the
accuracy link for the optimization-adaption system. The optimization is executed from a
MATLAB command window while the rest of the blocks used in the optimization-
adaption system are run as executable programs outside the MATLAB environment. For
this reason, all data between programs is transferred by ASCII files that can be read by
both MATLAB programs and Fortran executables.

The termination criterion given in (4.31) was added to the optimization code and

used instead of the optimizer’s default termination criteria. The accuracy link was
implemented within the actual optimization program by computing Ni“VL(g" ]L and
, 2
writing it to an output file — later to be used as the error tolerance for a CFE. A smalil
MATLAB subroutine was written in order to allow calculation of ||VL(g" ]L at any

optimization step (including line searches). The constant value of « is hard-coded at the
beginning of constr.m. The optimization code (in general) requires two user-defined

subroutines necessary for calculating the cost function and its gradient: fun.m and grad.m.

Subroutine fun.m generally evaluates expressions for C@“) and each constraint, h,(g,_r" ),
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while grad.m computes VC (gk) and partial derivatives of the constraints (a matrix whose

dh
ii™ entry is d—’-). All constraints are problem dependent and their partial derivatives can

be performed analytically. A CFE is performed from fun.m by invoking a Windows
batch file that executes programs that parameterize the input geometry g" , generate the
mesh and solve the FE problem adaptively. The geometric parameters are transferred to
the CFE via data file, as are the return values of C(gk) and VC@k ) Both the cost

function and gradient are not actually calculated by MATLAB code, but are read in as
data — written by the FE program.

The parameterization of g" varies from problem to problem and is performed

through a separate, Fortran-written executable. The parameterization program takes as

input gk and outputs a file full of co-ordinate information, which is used as input to the

mesh generator. Each optimization problem requires its own parameterization program.

A mesh is represented in a data file with information about elements, nodes and
their x-y co-ordinates. An additional, separate file contains the derivatives of the nodes
with respect to the user-defined parameters, dx/dg; and dy/dg;. The mesh generator
(written in Fortran) creates an initial mesh, which can be manually or automatically
refined by subdividing each element into four new triangles, and writes all pertinent
information to the two output data files.

A small Fortran program was created to drag the nodes (as an alternative to
parameterization and re-meshing, described in section 5.4.2) of an existing mesh by an

amount Ag in the correct direction. The dragging program requires information about

the mesh, its derivatives and the amount by which the nodes should be dragged. The
program only modifies the co-ordinates of the mesh.

The entire adaptive FE solution was coded in Fortran and available as an executable
file (for use in the batch file, called from MATLAB). The FE code must be slightly
altered for different types of cost functions, but is general for computing the scattering
matrix of any H-plane, N-port, rectangular waveguide problems. For each adaptive step,

the sparse matrix equation is solved by the frontal method [114].

84



6.1 Choice of Measures of Computational Costs

In a typical FE method, most of the computational effort lies in solving the matrix
equation. The size of the matrix equation depends on the number of DOFs (n) for that FE
solution. While the number of DOFs is a good measure of the size of a particular FE
problem, a more interesting quantity is a measure of the cost of solving the problem, i.e.
the computational cost. In 2-D, the computational cost of solving a matrix equation by
the frontal method is O(n?), so this is taken as approximately the total computational cost
of an FE solution.

In comparing the costs of optimizing different microwave devices using the system
from Figure 5.3, cumulative computational costs are used rather than clock speeds.
Ideally, both the optimization routine and the adaptive FE CFE would be written in the
same language. Combining the two through batch files in the Windows environment
caused some difficulty that was resolved through the use of “pause” statements in the
MATLAB code. The computational cost of the optimization program, parameterization,
and meshing is negligible compared to the cost of performing a CFE. For that reason, the
cumulative computational cost (CCC) of any CFE is based on the cumulative cost of
solving matrix equations. In addition, the overall cost of an optimization is taken to be
the sum of the CCCs of each CFE.

For measuring the computational cost of a CFE (which involves muitiple adaptive
steps and a frequency sweep), a cumulative measure of cost must be defined. An N-port
device requires N FE solutions per frequency. In the p-adaptive FE solution (given in
Figure 3.5), for N, adaptive steps taken to converge the solution at the center frequency
and a frequency sweep (requiring an additional Ny— 1 FE solutions) for an N-port device,

the measure of CCC is assigned to be:

Ng
Cumulative Computational Cost= N ( Yn(i)+ (N ;= l)n2 (~, )) 6.1
=1
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6.2 Test Cases

Four different test cases are used to validate the theory developed in the previous
chapters. Each test case is an H-plane rectangular waveguide component excited by its
dominant TE;o mode. All operating frequency ranges and guide dimensions are selected
to propagate only the dominant TE|; mode. Conductor losses due to induced current in
the walls of the waveguides are ignored and all test cases are assumed to be lossless and
source free. All guide walls are subject to the Dirichlet boundary conditions given by
(2.50) while planes of symmetry are handled by the Neumann boundary condition, given
in (2.51). Electromagnetic fields at ports are modeled using the port boundary condition
in (2.52). The port element allows various lengths of waveguide to be attached to the
ports. Except for the results that compare the convergence of p-adaption for different
lengths, a length of / = 0.14 is used.

All test cases contain materials that are isotropic — thus the scattering matrix is
symmetric in each case, i.e. S; = S,

While the MATLAB optimizer can handle many different forms of constrained
problems, all optimizations in this chapter minimize a chosen cost function subject to

inequality constraints only.
6.2.1 Length of Uniform Rectangular Waveguide

The first test case is a simple length of air-filled uniform rectangular waveguide. It
is used in only one section of the results — to validate gradient computations of the cost

function (because they can be calculated analytically).
The propagation constant £ for the TE;o mode is:

2
5=k _(1) (6.2)
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where kg is the wavenumber and a is the width of the broader wall of the waveguide (or

port width). For a length of waveguide with a port at each end, S,, =0 and S); is given
by

S,=e’* (6.3)
where / is the length of the line. The phase of S is:
L8, =-p4 (6.4)

and thus the derivative of the phase of S, with respect to length is simply:

dsS,
— =B (6.5)

The problem is normalized to have a port width of a = 1 m and the length of the device is

2 m. The wavenumber range is 1.17r <k, <1.97 (where the cutoff wavenumber is
k_ =), safely within propagating range of the dominant TE o mode. The geometry and

dimensions of the length of waveguide in the H-plane and the mesh generated for the

problem are given below, in Figure 6.1.
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Figure 6.1: Length of uniform rectangular waveguide and its mesh.
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6.2.2 Waveguide T-Junction with Inductive Post

Consider the problem of maximizing transmission in a waveguide T-junction with
the use of a symmetrical, inductive septum (or post), shown in Figure 6.2. A waveguide
T-junction has two functions: equal power division of the incoming wave at port 1 and a
90° change of direction. The interest in such a device is to minimize the loss of power
transmitted from port 1 to borts 2 and 3. Since losses due to heat are minimal and
ignored, the main reason for loss is the reflection of the wave. Loss can be minimized by
inserting an inductive post to help the incident wave split and change direction by 90°
(i.e. maximizing transmission to ports 2 and 3) rather than reflect back to port 1. The
inductive post is an effective feature in dividing power and optimizing transmission
[115,87]. The post chosen for the problem is rectangular and symmetric — guaranteeing

an even split of power to ports 2 and 3.

o L4 -

o

2 5

I a
Port 1

Figure 6.2: Waveguide T-Junction with inductive post.
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In order to maximize transmission to port 2 (and/or 3) over a range of frequencies,
the reflection at port 1 must be minimized. The cost function for the problem is defined

as:

clg)=>¢, (6.6)

where the optimization parameters g are the length and width of the post (see Figure

6.3).

a=2cm
[=0.1A=0.23 cm
&1 = 0.5cm
g2=lcm
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Figure 6.3: Initial geometry and dimensions of the waveguide T-junction.

90



The single frequency cost function is the coefficient of reflection, i.e.
2
¢, =[S, (/) (6.7)

The frequency range over which the reflection is minimized is:

8GHz < f <12 GHz (6.8)

with a center frequency of f; = 10 GHz. The number of discrete points sampled by a
frequency sweep of a CFE is Ny=5. The wavelength of the device at its center frequency
is calculated to be A, =4.53557 cm.

The bounds for the two geometric parameters are chosen to be:

0.lcm<g,<1.9cm

6.9
0.lcm<g, <2.70712cm (6.9)

The choice of the limits in (6.9) is, of course, subjective. For any problem, it is important
to choose constraints that limit the geometric parameters to a range where any geometry
of the device within that range is physically possible. A poorly constrained optimization
problem (or an unconstrained one) may allow edges or boundaries to overlap ~ making it
physically impossible to build and a useless design. A well-constrained optimization
problem will converge more quickly than a poorly constrained or unconstrained problem.
Although the constraints for the inductive post are quite simple, the choice of upper and
lower limits must be made. An additional concern in the optimization of a device is
meshing. While a particular geometry may be feasible (in a physical sense), meshing
difficulties can easily arise when modeling the device. Edges too close together or too
small in themselves may force the generation of many small elements — which may not
be necessary. To prevent this, a minimum “cushion” of space was left between any two
boundaries — thus affecting the choice of bounds for the parameters. For the T-junction

meshes, a cushion of 0.1 cm worked well. The lower limits for both parameters are taken
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to be 0.1 cm. The upper limit for g; (1.9 cm) was chosen because at g; = 1.9 cm, the
bottom edge of the post is 0.1 cm shorter than the port width of 2 cm. The upper limit of
£2 was chosen because when g; is at its upper limit, the left and right edges of the post are
0.1 cm away from ports 2 and 3, respectively. Four inequality constraints, of the form
h, (g) <0, based on those bounds are:

hy
h,

hy
h,

)g—19

; o1- (6.10)
)

oq

R
[

g, — 270712
0.1-g,

[0q 0

)

The starting point of the optimization is arbitrarily taken to be g= [0.5 1]T cm. The

mesh of the initial geometry of the T-junction is given in Figure 6.4.

Figure 6.4: Mesh of the initial geometry of the waveguide T-junction.
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The mesh generated for the initial geometry contains 17 elements. However, this
mesh does not reach the criterion for the minimum number of internal nodes necessary
for error estimation. The mesh in Figure 6.4 is the result of one uniform mesh
refinement, yielding 68 triangular elements and a good discretization of internal nodes.
In the Results section (section 6.3), the 17 element mesh was used for most of the results
except for testing the error estimator, where the 68 element mesh was used. The initial
mesh of the optimization was the one of 68 elements, shown, because every CFE
underwent the scrutiny of meeting the minimum generated 5 internal nodes.

Figure 6.3 shows a plane of symmetry for the waveguide T-junction. While
computational cost can be reduced by exploiting this plane of symmetry, practically, the
number of elements in the mesh is quite small. Solving the problem in 2-D is quite
speedy (even with higher order basis functions) so the decision was made to model the

whole T-junction instead of half.

6.2.3 Miter Bend with Dielectric Column

A right-angled bend is a common microwave component that changes the direction
of microwave energy by 90°. The interest in such a device is again to minimize the loss
of power from one port to another. Once again, the loss is attributed to reflection of the
wave. In order to create a smoother corner, the comer is cut at 45° to create a mitered
right-angle bend [116]. The 45° chamfer has a mirror like effect and reflects the
incoming wave around the comer. In addition, performance can be substantially

improved by adding a square column of dielectric. The H-plane device is shown in

Figure 6.5.
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Figure 6.5: Miter bend with dielectric column.

In order to minimize the reflection, the same cost function is used as in the T-
junction problem (defined in (6.6) and (6.7)). However, in this case, the cost function
varies with four geometric parameters: length of the chamfer (g;), dimensions of the
dielectric block (g: and g3) and distance from the corner to the center of the column (g;).
The parameters and the dimensions of the initial geometry are given in Figure 6.6.

The frequency range is also chosen to be 8 GHz< f<12GHz with a center
frequency of 10 GHz and wavelength of 4, = 4.53557 cm. The number of points in a
CFE frequency sweep is Ny = 5. The relative permittivity of the dielectric block is
g, =2.1.

Creating constraints for the miter bend with dielectric column (or block) is quite
complex. Varying the size and position of the dielectric block can result in many
collisions between edges and boundaries of the model. The fact that the dielectric block

is not necessarily square increases the complexity of choosing proper constraints. The
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. constraints that were “derived” ensure that a “cushion” of & is kept between any two

edges or corners (parameterized by g ).

a=2cm
[=0.1A=0.23cm
a1 = 272 cm
g2=1lcm
g3=lcm
a § g21= V272 em
'\'\ ./'
., ./
., ./
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g4 7 ‘.‘
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Figure 6.6: Initial geometry and dimensions of the miter bend.

The nine inequality constraints for the problem are:

g -2(+0)+8

h, g):
hig)=6-¢,
h,(g)=5—g2
h4(§)=5"83
h(g)=26-g, (6.11)
h6(§)=gl +g;+28, +2(5-‘/5)
h(g)= g, -2g,+26
hs(g)=gz +8,—28, +2\/§-(_1+5)
e

g +8 +2g,-2v2(1-9)

N
M

=
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where §=0.1 cmand /=0.14=0.453557 cm.
The starting point of the optimization is arbitrarily taken to be

g=PvZ 1 1 v2/2] cm. This initial geometry centers the square dielectric block

(of dimension 1 cm x 1 cm) in the middle of the device. In both the miter bend and T-
junction problems, the entire frequency range is “all-pass™ and there is no danger of
choosing a bad starting point that would lead to total reflection (which can happen in a
bandpass filter). However, the miter bend problem has more than one local optimum,
and starting the optimization at a point where a smaller block is centered, an interesting

different local optimum is obtained (see Appendix B). This alternate starting point is

g' = [2J§ V272 2712 V21 Z]T cm. Many of the results in section 6.3 use a mesh

based on this alternate starting point (arbitrarily). However, while starting an
optimization from this point yields an interesting optimum (shown in Appendix B), the
results for the accuracy linked optimization-adaption system in section 6.3 are based on
the former starting point.

The mesh generated for the initial geometry contains 16 elements. However, the
initial mesh did not have a single internal node. A uniform refinement of all elements is
necessary for estimating errors in Vc,. The refined, 64 ciement mesh of the initial
geometry is shown in Figure 6.7.

Once again, there is a plane of symmetry (the diagonal cutting through the center of
the block, in Figure 6.6) that it was not thought necessary to exploit due to the relatively

small number of elements.
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Figure 6.7: Mesh of the initial geometry of the miter bend with dielectric block.

6.2.4 Two — Cavity, Iris Coupled, Waveguide Filter

Consider the problem of designing a waveguide device to have the characteristics of
a two pole, Chebyshev bandpass filter. The design and optimization of iris coupled,
waveguide cavities using CAD tools is common in achieving bandpass filter
characteristics [117-119,32]. Filters of this type have resonating cavities (where each
guide cavity is roughly A/2 in length), coupled by thin (or thick) irises with coupling
apertures between any two cavities. While some designs make use of varying the
thickness of each iris as design parameters [117,119], the 2-cavity filter described below
has irises of constant, small, thickness (see Figure 6.8).
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Figure 6.8: 2-Cavity, iris coupled, waveguide filter.

The characteristics of a bandpass filter are to maximize transmission over a band of
frequencies and stop transmission outside that band. While filter design specifications
are commonly given by pass band and stop band attenuation, a slightly different approach
is used here: minimize reflection in the pass band and minimize transmission in the stop

band. The cost function for the problem is:

Clg)= e +>c (6.12)

where there are N/ discrete frequency points sampled in the pass band and N points in

the stop band. The single frequency cost functions (in the summation terms of (6.12)) are

given by:

clp = ISI 1 (j;pr

(6.13)
¢ =|s.(r*)

The design problem has three varying geometric parameters. The aperture width of the
left-most and right-most irises (symmetrical) is g;. The aperture width of the center iris is
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g2. The lengths of the two, symmetrical cavities is g3. The geometric parameters and
dimensions are illustrated for a quarter of the problem in Figure 6.9.

a=19.05 mm
[=0.1A=331 mm
t=0.1 mm
g1 =45 mm
£ =3mm
23=16 mm
{
! —p— 83
4
s
alla
12
gl/2 i‘ g2/2
y - 1y

Figure 6.9: Initial geometry and dimensions of the 2-cavity filter.

The frequency range is taken to be between 11.8 GHz and 12.2 GHz with a pass
band (of 100 MHz bandwidth) centered at f, = 12 GHz. The pass and stop bands are

therefore

Pass band : 11.95GHz < f <12.05GHz

(6.14)
Stop bands : 11.80GHz < f <11.95GHz

12.05GHz < f <12.20GHz
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The total number of frequency points sampled for a CFE is N, =21, with N 7=15

points in the pass band and N =6 points in the stop band. A greater number of points
are taken in the pass band because in the optimal design of the filter, both cavity
resonances are within this range of frequency. The guide wavelength at 12 GHz is
A, =33.12948 mm.

Choosing constraints for the geometric parameters is quite simple because as long as
the parameters are positive quantities, there cannot be any overlapping of edges. The

bounds for each parameter are loosely chosen as:

2 mm<g, <10mm
2 mm<g, <10mm (6.15)
10mm< g, <20 mm

and six inequality constraints can be written as:

(6.16)
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The thickness of the irises was taken to be 0.1 mm.

The choice of initial geometry is more difficult in the bandpass filter than in both
the T-junction and miter bend test cases. To optimize the filter effectively, both resonant
frequencies must be within the pass band frequency range (also meaning they are close

together because of a relatively narrow bandwidth). A poor initial choice for g might

have resonant frequencies that are far apart and far from the pass band. In addition, a
resonant cavity frequency might be outside the entire range of frequencies sampled

(outside the stop band, as well). Using a frequency sweep for such a poor design will not
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work because there will be no detection of the presence of the cavity resonance in the
sampled frequency range. However, microwave filter design is a good example of where
an initial geometry is found by an initial design method [9] and “tuned” by the optimizer
to enhance performance. The method of filter design from [9] is used to design a filter to
have the frequency response within a desired initial range (roughly). The initial geometry
used is g=[4.5 3 16]" mm.

There are two planes of symmetry in the filter model. Since the thickness of each
iris is very small, the mesh generated for any geometry will contain many elements.
While the filter can be modeled with a mesh of fewer elements (by modeling an iris as
infinitely thin), it was found that for adequately accurate results, a fine discretization
around the iris apertures is necessary. Therefore, both planes of symmetry can be used
and in the results of the optimization, only a 1/4 of the problem is modeled. The mesh for
the initial geometry is given in Figures 6.10 and 6.11. Due to a large number of internal

nodes, there is no need for further refinement.

Figure 6.10: Mesh of the initial geometry of the 2-cavity filter.
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Figure 6.11: Zoom of region A from the mesh in Figure 6.10.

6.3 Numerical Results

The combination of optimization and FE p-adaption requires each component within
the system to function properly. In addition to presenting the results of the optimization-
adaption system, this section first validates the different aspects of the adaptive FE
process on the pre-defined test cases. Each aspect of the adaptive process is tested on the
different problems for several cost functions and geometric parameters. All adaption is

performed at a single frequency, within a test case’s defined range.
6.3.1 Error Indication and Port Elements for P-Adaptive Cost Function Calculation

The T-junction, miter bend and 2-cavity filter are analyzed three times, with
different lengths of waveguide connected to the ports. With 1.54 of guide length attached
to each junction, all evanescent modes decay to very small amplitudes by the time they
reach the ports. In this case, the ports have virtually nothing to absorb and they can

alternatively be modeled by a constrained-field boundary condition. However, when the
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length of guide is 0.14, the fields at the ports are no longer pure TE;o and the port
element must be used to absorb evanescent waves.

In order to show the convergence of a p-adaptive scheme for each problem, the
Targeted Error Indicator (TEI) from section 3.4.2 is used to guide the adaption, based on
a defined cost function. To reduce the error, 25% of the elements (those with the highest
errors in the cost function, determined by the TEI) are increased in order by one, at each
adaptive step. The order of each element is initially 2. The error at an adaptive step is

defined as the difference between current value of the cost function, ¢, and a reference

1.54
conv

. The reference value (c ) is obtained by converging the value of ¢

conv

value, i.e. |c -3t

in the 1.5 case by repeatedly refining the mesh (dividing each element into four new
elements) with all elements at 10" order.

Figures 6.12 through 6.14 show the convergence of p-adaptive schemes for the three
1EH0 -
1E-1 -

1E-2 -

Errorinc
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1E-4 -

1E-5 -
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Figure 6.12: Convergence of p-adaption for the T-junction, with ports placed three
different distances away. The cost function is ¢ =|S,,|" +|S,|"; frequency is

f =10GHz and geometry is g:[O.S 1]" em.
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problems with guide lengths of 1.54, 0.54 and 0.14.

The cost function used for the T-junction is the transmission coefficient from port 1
to ports 2 and 3: ¢ =|S,[" +|S,,/'. The meshes for both 0.51 and 0.14 cases have 17

elements while the mesh based on 1.54 guide length has 21 elements. The solution was

adapted at a frequency of 10 GHz and the T-junction model used has the geometry
g= [0.5 1] cm. The adaption was terminated when the error in the cost function was

below 107 (the error tolerance).

The miter bend cost function is chosen to be the coefficient of reflection at port 1, or

¢=|S,[". The mesh with a guide length of 1.54 has 28 elements; the mesh for the 0.54

case has 30 elements and the 0.14 case has 16 elements. The test frequency is

f=1125GHz with the geometry g=[vZ v2/2 v2/2 v2/2]"cm. The ermor

tolerance is 107,

1E+0 .
—o—0.] lambda
1E-1 - —0— 0.5 lambda
’ —a— 1.5 lambda
o 1E-2 -
E
5 ‘
t .
@ 1E-3 -
1E-4 -
1E-5
0 100 200 300 400 500 600 700

Degrees of Freedom

Figure 6.13: Convergence of p-adaption for the miter bend, with ports placed three
different distances away. The cost function is ¢ =|S”|2; frequency is f = 11.25 GHz

and geometry is §_=[2\5 272 212 w/f/2]Tcm.
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The full model of the 2-cavity filter (no symmetry used) generates meshes of 490,
540 and 494 elements for guide lengths of 1.54, 0.54 and 0.14 respectively. The cost

function for this problem was the transmission coefficient, ¢ = ]Slz|2 , and the frequency of

the adaption was 12 GHz. The geometry for this test case is g = [4.5 3 16]T mm. The

error tolerance for the filter was chosen to be 107,

1E+0 -
—o— 0.1 lambda
, —0— 0.5 lambda
IE-1 - ~a— 1.5 lambda
Q ,
R= !
g 15-2*3
[$]
1E-3 -
1E-4
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Figure 6.14: Convergence of p-adaption for the 2-cavity filter, with ports placed three
different distances away. The cost function is ¢ = IS,Z[Z; frequency is = 12 GHz and

geometry is g = [45 3 16]" mm.

From the viewpoint of computational efficiency, the above results suggest that 0.11
is the best distance to place the ports. However, there are other problems for which 0.14
is not the best choice [29]. When the guide length is large (such as 1.51), more elements
are generated in the mesh, but since the fields near the ports vary slowly, they require low
polynomial orders. Alternatively, placing ports too close to the junction can cause the

generation of a large number of small elements [29] — which may not be needed because
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high order elements are available. The ideal placement of the ports may vary from
problem to problem.

Overall, while it is difficult to conclude what the optimal distance is from port to
device, the important point is that by using the port element, accurate, converged results
can be obtained regardless of where the port is placed. In addition, all three graphs show
the TEI to be an effective indicator in guiding the adaption to accurate and quick

convergence of different cost functions, for a variety of problems.
6.3.2 Derivatives of Cost Functions using Hierarchal, P-Type Elements

The cost function derivatives are computed for hierarchal, p-type elements using

(2.69) and the theory from Chapters 2 and 3. The results are validated in two ways.

a) The true error in a derivative is computed when design sensitivities can be

calculated analytically.

b) For problems with no analytic solution, the discrepancy between the derivatives

calculated with (2.69) and a finite difference formula is used for validation.

A typical central finite difference formula is used to calculate the derivative of a cost

function with respect to parameter g:

oc _ clge +2g,)-clg, — Ag.) (6.17)
og, 2Ag,

where Agi = 10~ cm for the T-junction and miter bend test cases and Agy = 10~ mm for
the 2-cavity filter problem. The values c(g, + Ag, ) and c(g, - Ag,) are obtained from
FE analyses. The “dragging” method was used instead of re-meshing (as described in
section 5.4.2) and thus variation by a small amount Ag, does not change the structure of
the mesh (i.e. no diagonal flipping). Cost function discontinuity, therefore, is not a

concem.
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For test cases with no analytic solution, there are two types of comparisons made
between derivatives computed within the FE solution, with (2.69), and those computed
with (6.17). The first type plots the percent discrepancy between the two methods for a
p-adaptive FE solution. The second type plots the percent discrepancy for a range of
frequencies, but a fixed number (and distribution) of DOFs. For every adaptive step (and

frequency point, for the second set of results), computation of c(g, +Ag,) and
c(g, — Ag,) is required for finite difference calculation of the derivative. The number of

DOFs in computing these additional cost functions is the same as computing ¢(g, ).

Therefore, the derivative found with (6.17) has the same accuracy as a%g computed by
k

(2.69). For this reason, the discrepancy between derivatives is not expected to change
with the number of DOFs or with the test frequency.

The error in a cost function derivative can be calculated exactly for a length of
uniform, air-filled, rectangular waveguide. The derivative of the cost function, ¢ = £8),
with respect to length is calculated analytically using (6.5). Figure 6.15 plots the percent
error in dc/dl (for uniform, 1%, 2™ and 4™ order elements) computed with (2.69), for a
range of wavenumbers. The mesh has 24 elements and the derivative was evaluated for

51 discrete points in the wavenumber range: 1.17 <k, <1.97.

As expected, the percent error in the derivative reduces with an increase in element

order and varies little with change of wavenumber.
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Figure 6.15: Percent error in dc/dl, calculated using (2.69), with an increase in element
order for a length of uniform rectangular waveguide. The cost function is ¢ = £S,, ;
guide length is / = 2 m and there are 51 discrete, equally spaced, data points sampled
for the range of wavenumbers.

The percent discrepancy in the calculation of dc/dg), where ¢ = £S5, is plotted in
Figure 6.16 for the T-junction problem. The error in the cost function is reduced by
increasing the order of 25% of the elements by one, at each adaptive step (25% adaption).

The adaptive process is terminated when all elements reach 10" order. The frequency of
adaption is 10 GHz and the T-junction geometry is g = [0.5 1]T cm — modeled witha 17

element mesh. A plot of percent discrepancies in the derivative throughout the adaption
is given in Figure 6.16. Figure 6.17 plots the percent discrepancy over a frequency range
of 8 GHz < f <12 GHz for 51 different points. The element orders used for the result in

Figure 6.17 are those at the 10" step of the adaption (225 DOFs) from Figure 6.16.
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Figure 6.16: Percent discrepancy in’'dc/dg) using (2.69) and (6.17) for the T-junction
problem — solved at 25% adaption. The cost function is ¢ =ZS,,; frequency is

f =10GHz and geometry is g = [O.S l]T cm.
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Figure 6.17: Percent discrepancy in c/dg; using (2.69) and (6.17) for the T-junction
problem — solved at 51 different frequencies using the same distribution of DOFs (225
’ DOFs) as the 10" adaptive step of Figure 6.16.
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Both Figures 6.16 and 6.17 show good agreement (less than 0.22%) between the
derivative calculation from (2.69) and the finite difference calculation of (6.17). As
expected, there is little change in the discrepancy of the design sensitivity for the T-
junction when varying the number of DOFs or frequency.

Figures 6.18 and 6.19 plot the percent discrepancies in dc/0gs, where ¢ = [S|3], for
the miter bend problem. The 25% adaptive process reduces the error in ¢ = |S;| until all

elements are 10" order. The frequency of adaption is 11.25 GHz and the miter bend

geometry is given by g = [2\/2_ V272 212 27 Z]T cm - generating a mesh of 16

elements. [Each derivative calculation in Figure 6.19 is based on the element
configuration from the 10™ step of the adaption, which has 172 DOFs in its FE solution.
The frequency range is 8 GHz < f <12 GHz and 51 frequency points are sampled.
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Figure 6.18: Percent discrepancy in dc/dg; using (2.69) and (6.17) for the miter bend
problem — solved at 25% adaption. The cost function is ¢ =|S12 ; frequency is

f=l].25(}Hzandgeometryisg=[2s/5 V212 212 s/—2_/2]Tcm.
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Figure 6.19: Percent discrepancy in 8c/dg; using (2.69) and (6.17) for the miter bend
problem — solved at 51 different frequencies using the same distribution of DOFs (172
DOFs) as the 10" adaptive step of Figure 6.18.

Figure 6.18 shows good agreement of derivative calculations for the adaptive FE
solution at 11.25 GHz. Figure 6.19 shows a similar level of discrepancy as that of Figure
6.18, except at around /= 8.4 GHz. The higher discrepancy (about 1.7 %) at 8.4 GHz is a
result of a resonant frequency at that point, e.g. RL (return loss) - — o or |Si)| = 0.
Derivatives of S-parameters around this point are very sensitive to small variations in g; —
thus making it difficult to calculate with a finite difference equation using the same step
size, Ag3, as at the other frequencies. It is likely that the derivative calculation of (2.69)
is more accurate at such a point.

For the 2-cavity filter, graphs for percent discrepancy of dc/dgs, ¢ = |S12], are plotted
in Figures 6.20 and 6.21. The 25% adaption in Figure 6.20 reduces the error of ¢ until
each element is 10™ order. The frequency of adaption is 12 GHz and geometry of the

problem is g = [4.5 3 16]T mm. The full geometry (no symmetry) is meshed with 494

elements. The results in Figure 6.21 are based on the element order distribution of the
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. 1o* step of the adaption (5277 DOFs). The 51 frequencies sampled are from the
frequency range 11.8 GHz< f <12.2GHz.
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Figure 6.20: Percent discrepancy in dc/0g; using (2.69) and (6.17) for the 2-cavity
filter problem — solved at 25% adaption. The cost function is ¢ =|S,,|; frequency is

S =12GHz and geometry is g=[4.5 3 16]Tcm.

The discrepancies in errors are a little higher for the filter than the other test cases —
probably due to the presence of two resonant frequencies (one per cavity) in the
frequency range. Nonetheless, the Figures 6.20 and 6.21 show good agreement between

derivatives (less than 1% discrepancy) for variations of DOF and frequency.
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Figure 6.21: Percent discrepancy in dc/dgs using (2.69) and (6.17) for the 2-cavity
filter problem — solved at 51 different frequencies using the same distribution of DOFs

(5277 DOFs) as the 10" adaptive step of Figure 6.20.

Usually, calculating the derivatives of various cost functions with (2.69) yields
similar results to the finite difference calculations. Computing derivatives using the
adjoint variable method not only saves a great deal of computational effort (by avoiding
extra CFEs required by the finite difference method), it appears to be immune to the
effects of resonant frequencies. The choice of Ag, is not always clear when using a finite
difference approach and a convergence study is necessary to ensure an accurate
calculation. Reducing the size of Ag; too much may lead to numerical round-off error
(because of single precision accuracy used in the FE solution) in calculation of the
derivative. The choice of Ag, = 107 (cm or mm) was based on a convergence study (for
each problem) at the center frequency. The study showed the derivative slowly started to
diverge after Ag; was reduced further.

Using (2.69) requires very little extra computational effort. The only controllable

limits to the accuracy of the derivative in this case are the same that limit any FE solution
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— the discretization of the problem, whether it be the order of the hierarchal elements used

in the FE model or the number of elements in the mesh.
6.3.3 Estimates of Error in Cost Function Derivatives

In order to show the effectiveness of the error estimator from Chapter 5, estimates
of the percent error in cost function derivatives for the T-junction, miter bend and 2-
cavity filter are compared with their corresponding “true” percent errors. The “true”
error in the derivative of a cost function is calculated from the converged value, obtained
by uniformly refining a mesh consisting of 10™ order elements. The percent error
estimates are compared for different steps of adaptive processes. The cases of 100% and
25% adaption are examined. Note that in the case of 100% adaption, there is no need for
any error indication because all the elements are turned up in order at each adaptive step.
In addition, 100% adaption can start with a uniform solution of 1* order, where 25%
adaption requires the initial element orders to be 2. The error indicator in the 25%
adaption targets the cost function (from section 3.4.2).

The estimates of the error in dc/dg,, ¢ = |S23}, for the T-junction are shown for the
cases of 100% and 25% adaption in Figures 6.22 and 6.23, respectively. The problem

was solved at the center frequency of the range, f= 10 GHz. The geometric parameters
used are g = [0.5 1]T cm. Since the initial mesh (of 17 elements, used in sections 6.3.1

and 6.3.2) does not contain enough internal nodes, the mesh of 68 elements is used.

In all the plots of error estimates in this section, any values that lie above the
diagonal line are overestimates while underestimates of the error lie below the line. The
estimated percent error in Figure 6.22 shows a slight, but consistent overestimate of the
true percent error in the derivative. Figure 6.23 shows that the error estimator is no less

effective in true p-adaptive schemes, when using elements of different orders in the mesh.

114



. 0.01 0.1 1 10 100 1000

: 1000

¢ o
3 s ‘ i

! ' i
= ; o 10
g i Lo - i
- o
X <o 1
T U el
£ all
Z ~ 0.1
44] !

' 0.01

True % Emorindc/dg 2

Figure 6.22: Estimated vs. true percent error in dc/0gz (¢ = [Sz3|) for 100% adaption in
the T-junction problem. The initial element order is 1; frequency is /= 10 GHz and

geometry is g = [0.5 1]T cm.
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Figure 6.23: Estimated vs. true percent error in dc/0ga (¢ = |Sas|) for 25% adaption in
the T-junction problem. The initial element order is 2; frequency is f = 10 GHz and

‘ geometry is g = [05 1] em.
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The miter bend problem was solved adaptively at a test frequency of 11.25 GHz for
the geometry g = [2«./5 V2712 V212 V21 Z]T cm. The estimates of the error in the

derivative dc/0g,, c = £S)7 are plotted in Figures 6.24 and 6.25. The initial mesh of 16
elements does not contain a single internal node, so the uniformly refined mesh of 64
elements was used.

The results in Figures 6.24 and 6.25 show very good agreement between estimated
and true error, especially in the later adaptive steps. Once again, there is no loss of

estimate accuracy in using p-adaptive (25% case) elements to reduce the error.
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Figure 6.24: Estimated vs. true error in dc/dg) (c = £S2) for 100% adaption in the
miter bend problem. The initial element order is 1; frequency is f = 11.25 GHz and

geometry is g=[2v2 v2/2 272 2/2] em.
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Figure 6.25: Estimated vs. true error in dc/0g) (¢ = £8y2) for 25% adaption in the miter
bend problem. The initial element order is 2; frequency is f= 11.25 GHz and geometry

is g=[v2 V2/2 ¥2/2 272 em.

The estimates of the error in dc/dg;, ¢ = |y for the 2-cavity filter problem are
given in Figures 6.26 and 6.27. The problem is solved with the geometric parameters
g= [4.5 3 16]T mm. The mesh (of the full model) has 494 elements and the
frequency of analysis is taken to be the center frequency, f= 12 GHz.

While there is an underestimate (under an order of magnitude) in both Figures 6.26
and 6.27, it is important to note that with an increase of DOFs, there is a reduction of

discrepancy between estimated and true errors. By the last steps of the 100% case and

step 11 of the 25% adaption, the estimated percent error has practically converged to the

true percent error.
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Figure 6.26: Estimated vs. true error in dc/dg; (¢ = |Sl|{2) for 100% adaption in the
2 - cavity filter problem. The initial element order is 1; frequency is /= 12 GHz and

geometry is g=[4.5 3 16| mm.
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Figure 6.27: Estimated vs. true error in Jc/og) (¢ = ISu?) for 25% adaption in
2 - cavity filter problem. The initial element order is 2; frequency is f = 12 GHz and

. geometry is §=[4.5 3 16]T mm.
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In each test problem, the 25% adaptive solution yielded equally accurate estimates
of gradient error as in the 100% adaptive scheme. An interesting side note is the
effectiveness of using a truly adaptive scheme, such as 25%. While termination is taken
to be the saturation of every element at 10" order, many of the steps from the 25%
adaptive scheme were unnecessary because a similar level of error as the 10" order
solution was reached with a small number of steps. The best example of this is in the 2-
cavity filter, where Figure 6.26 shows that to reduce the true error in the derivative to a
level of about 0.05 %, a uniform 10" order solution is needed. Alternatively, the scheme
in Figure 6.27 requires only 11 adaptive steps (25% of the elements turned up in order at
each step) to reach roughly the same error.

In the development of the error estimator of section 5.3, a difficulty in accurately
estimating errors of gradients near optima was overcome by defining the value S, in
(5.11). Early versions of the error estimator used an average value (for the internal
nodes) of the maximum of the partial derivatives of the cost function itself — not the
maximum of the partial derivatives of both real and imaginary parts of the S-parameters
(as is used in calculating S,,). Depending on the definition of the cost function, there was
sometimes a cancellation effect between the real and imaginary S-parameters that

occurred in the calculation of oc/ox,0c/dy or dc/dz. Using such an approach to

estimate errors risks massive underestimation when the derivative is very small.

The miter bend test case was re-analyzed at a different frequency and geometry,
where the derivative of the cost function is very small. The estimates of error in the
derivative dc/0g), ¢ = |S12l2, are given for adaptive solutions in Figures 6.28 and 6.29.

The frequency of the analysis is 10 GHz and the geometry of the device is
g=[1.1208 0.4989 0.06713 0.5685]"cm. The mesh has 50 elements and the

converged value of the derivative is %g =43x10 (the derivative value in the
1

previous miter bend test case was BAS%g =136 ).
1
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Figure 6.28: Estimated vs. true error in dc/0g; (¢ = lSnIz) for 100% adaption in the
miter bend problem. The initial element order is 1; frequency is /= 10 GHz and

geometry is g =[1.1208 0.4989 0.06713 0.5685]" cm.

Estimated % Error indc /dg 1

10 100 1000 10000
! 10000
|O\ T
e, - 1000
o
©
[+
| 5 100
i r'd
<
<
10
True % Error in dc /dg |

Figure 6.29: Estimated vs. true error in c/dg: (¢ =[S lzlz) for 25% adaption in the miter
bend problem. The initial element order is 2; frequency is /= 10 GHz and geometry is

g=[1.1208 0.4989 0.06713 0.5685]" cm.
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Expectedly, the percent errors are quite high in Figures 6.28 and 6.29 — due to the
relatively low value of the derivative. The results in these plots are a reminder that as the
values of any derivatives in cost function reduce, the difficulty in reducing the percent
error increases greatly. However, the point is that regardless of the size of the gradient of
the cost function, the error estimates continue to be accurate. One of the error estimates
in both figures seems to be a drastic overestimate (error estimate of about 2400% while
the true error is 10%). This is attributed to “spurious” convergence in the problem.
Figure 6.13 also shows how convergence of S-parameters (and in this case, their
derivatives) is not necessarily monotonic in the early stages of an adaption. While the
solution may be very small in error for a particular distribution of DOFs, it is purely
incidental and not necessarily converged (and unfortunately unpredictable). In this case,
the error estimate (2400%) is more accurate than the actual error (10%) in dictating at

what stage of the convergence the adaption has reached.

6.3.4 Accuracy Controlled Optimization .

The optimization-adaption system from Figure 5.3 was used to optimize the T-
junction, miter bend and 2-cavity filter. Three optimizations with different accuracy
control (or accuracy links) are compared for each problem: = 0.1, = 0.01 and a third,
benchmark case. The benchmark optimization used requires each CFE to be of the same
accuracy as the CFE at termination. The termination criterion of (4.31) guarantees that
the final gradient of the Lagrangian (when the optimization terminates) is 1/R™ its initial
value. Combining (5.5) and (4.31) gives the accuracy link for any CFE for the

benchmark, or “fixed accuracy” case:
N, "estimate of errorin V¢, (g" ]L < %|,V[,(g‘""“'al )L (6.18)

where R = 1000 and @ = 0.1. There was no need to try a lower level of « in any test case
because even with a = 0.1, the FE p-adaption saturated each element at 10™ order before

it could reach the actual accuracy controlled by (6.18).
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For each test case, R = 1000 was chosen as the termination criterion of (4.31). In

addition, 25% adaption was performed at the center frequency to reduce the error in the

gradient, Vca(gk).
Optimizing the T-junction problem for the three different accuracy links yielded
similar design parameters. The T-junction geometries for initial and optimal designs are

illustrated in Figure 6.30.

[nitial Design Optimized Design

Figure 6.30: Initial and optimized designs of the inductive post for the waveguide
T - junction test case. The initial geometry is g“""‘l = [0.5 1]T cm and final design is

g™ = =[1.0444 0.1000]" cm.

The optimization (for the fixed accuracy case) reduced the cost function from
(g™ )=8.95193x 10" to an optimal value of C(g™™*}=7.9992x102. Both values

of cost function are based on uniform 10" order solutions, i.e. the maximum accuracy
that can be achieved at any step by p-adaption. The optimized geometry has a mesh of 47

elements. The accuracy of the optimum can be verified by refining the mesh. Uniformly

refining the mesh twice gives cost function values of C(g°""’“"°")= 8.0231x107 (for a
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188 element mesh) and C(g""""’“‘)=8.0263><10'2 (for a 752 element mesh) — thus

validating the accuracy of a 10" order solution for the optimization of the T-junction.
While the effectiveness of the optimization can be seen through the reduction of the
cost function, the cost function is based on a discrete sum of reflection coefficients in the
frequency domain. A more “continuous” display of the effectiveness of the optimization
is a plot of the return loss throughout the frequency range for a large number of points.
Figure 6.31 shows a plot of the return loss for 200 evenly spaced frequencies in the given

range. Each evaluation of return loss is based on a 10™ order solution.
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Figure 6.31: Initial and optimized frequency responses of the return loss for
T - junction problem. Each curve is based on a discrete sampling of 200 points in the

frequency range.

The three different accuracy links lead to different levels of accuracy for CFE
throughout each optimization. Figure 6.32 plots the variation of number of DOFs used

for CFEs at major optimization steps.
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Figure 6.32: Number of DOFs used by CFEs at major optimization steps for the three
different accuracy linked optimizations of the T-junction.

As expected, requiring the accuracy of a CFE to be the same as at termination for every
optimization step leads to a large number of DOFs at each step. The number of DOFs for
the most accurate accuracy link corresponds to meshes consisting of 10" order elements.
Normally, a straight line would be expected because the required accuracy is a fixed
number. However, varying geometry changes the number of elements in a generated
mesh (sometimes by a significant amount) and makes it difficult to keep a perfectly
constant level of DOFs throughout the optimization. Both the cases = 0.1 and a=0.01
started with few DOFs and increased throughout the optimization — which is desired in an
accuracy controlled optimization. Requiring a = 0.01 accuracy at every step resulted in a
final CFE accuracy corresponding to a uniform 10™ order solution while the = 0.1 case
terminated at a lower accuracy level (fewer DOFs).

The three curves in Figure 6.32 are exactly what is desired in the accuracy
controlled optimization from Figure 5.3. However, the goal of such a system is to reduce
the computational costs of designing a microwave device. Table 6.1 gives the final

cumulative computational cost (CCC) for each optimization and a speed-up factor in each
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. case. The speed-up factor is taken simply to be the CCC of the fixed accuracy
optimization divided by the CCC for that case.

Table 6.1: Cumulative computational costs and speed-up factors for different
accuracy-links in the T-junction.

Accuracy Link Cumulative Computational Speed-up Factor
Cost
Fixed accuracy 2.72E+09 1
a=0.01 2.32E+07 46
a=0.1 5.92E+08 117

The results in Table 6.1 show the remarkable speed-up that can be attained by controlling
accuracy using a. In the case of o = 0.1, the design process finds the same optimum as
the most accurate case, but at 117 times the speed. However, Table 6.1 gives information
only about final CCCs. Figure 6.33 plots the values of the cost functions and the CCC
throughout the optimization. In order to provide a fair comparison of cost function
values, each cost function must be of the same accuracy level. Since 10" order elements
achieve the highest accuracy (for a fixed mesh size), each point in Figure 6.33 is the 10"
order cost function value at the geometry of that particular optimization step. In other
words, it is a plot of the “true” value of the cost function versus the CCCs obtained using

the different accuracy links.
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Figure 6.33: “True™ values of the cost function and the corresponding cumulative
computational costs for different accuracy links in the optimization of the T-junction.

Figure 6.33 shows that a great deal of the computational costs in the optimizations
lie in the final few steps, which is expected because the CFEs require higher accuracy
levels as an optimum is approached. In addition, Figure 6.33 shows that throughout an
optimization (not only at the end), controlling accuracy can drastically reduce
computation time without sacrificing the validity of the cost function. In other words,
despite the fact that CFEs are of the lower accuracy at the initial stages of an optimization
(for a=0.1 and a = 0.01), the cost function does genuinely reduce by the same amount
as the fixed accuracy optimization— at a much lower cumulative computational cost.

The miter bend with dielectric block was also optimized three times, once for each
accuracy link. The three optimizations resulted in the same local optimum. There is
negligible distinction between minima found in all three cases. The initial and optimized
(based on the fixed accuracy case) geometries for chamfer and dielectric block of the
miter bend are shown in Figure 6.34. Other interesting local optima are shown in

Appendix B, along with the frequency response of their return losses.
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Initial Design Optimized Design

Figure 6.34: Initial and optimized designs of the chamfer and dielectric block for the
miter bend test case. The initial geometry is g"’jm = [2\/5 11 27 Z]T cm and
final design is g™ =[2.2489 1.0167 0.1346 1.1280]  cm.

The optimization of highest accuracy (fixed accuracy case) reduced the cost function
from Clg™™ )=7.5645x10" to C(g™™**)=5.8413x10. The mesh at the optimum
(for the highest accuracy case) has 56 elements. Refining the mesh once and re-solving
with uniform 10" order elements yields a cost function of C(lg_r""““"zed )= 1.8597 x10~° (for
224 elements). Another uniform refinement creates a mesh of 896 elements and a cost
function value of C (_g_""“m‘"d)= 6.0797 x107°. The percent change in cost function when

uniformly refining the mesh is larger than in the case of the T-junction because of the
small value of C. The important point is that 10" order uniform elements are accurate
enough that the cost function for 56 elements is genuinely an accurate minimum. Figure
6.35 shows the frequency response of the return loss in the miter bend for the initial and

optimized geometries.
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Figure 6.35: Initial and optimized frequency responses of the return loss for the miter
bend. Each curve is based on a discrete sampling of 200 points in the frequency

range.

The existence of two resonance frequencies in the frequency range (at around 8.5 GHz
and 11.5 GHz in the optimized case) explains the dramatic decrease in the cost function
throughout the optimization. Without the dielectric block, there are no longer resonant
frequencies in the range and the cost function of the same geometry has a much higher

value: C (g""“m"”d )= 1.4464 x107'! The frequency response of the return loss in the miter

bend (with the same optimized chamfer length) without the dielectric block is given in

Appendix B.
Figure 6.36 illustrates the variation of number of DOFs used for CFEs at major

optimization steps of the miter bend problem.
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Figure 6.36: Number of DOFs used by CFEs at major optimization steps for the three
different accuracy-linked optimizations of the miter bend problem.

The three different accuracy links results in final CFEs of the same accuracy
(corresponding to a uniform, 10™ order solution). The optimization of fixed accuracy
once again oscillates dramatically due to relatively large changes in geometry and thus
mesh size.

Table 6.2 gives the final cumulative computational cost for each optimization and a

speed-up factor in each case.

Table 6.2: Cumulative computational costs and speed-up factors for different
accuracy-links in the miter bend problem.

Accuracy Link Cumulative Computational Speed-up Factor
Cost
Fixed accuracy 6.95E+09 1
a=0.01 2.54E+09 27
a=0.1 3.19E+08 22
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. The results in Table 6.2 show the speed-up that was attained by varying a. Figure 6.37
plots the values of the cost functions and the CCC throughout the optimization.
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Figure 6.37: “True” values of the cost function and the corresponding cumulative
computational costs for different accuracy links in the optimization of the miter bend.

Figure 6.37 shows that great savings can be realized at any step of the optimization when
the size of « is increased. The last value of C for the a = 0.1 optimization is actually
higher than that of the previous step. This is a result of terminating the optimization
within a line search. While the actual cost function may increase slightly, the gradient of

the Lagrangian has satisfied the termination criterion.
The initial design and final frequency responses for the return loss of the 2-cavity

filter are shown in Figure 6.38. The cost function (in the fixed accuracy case) is reduced
from C(g™ )=9.6227 to C(g™™)=1.8833. Due to the sensitivity of the device, the

geometric parameters do not change by a large amount in the optimization of the device

(maximum parameter change is roughly 20%), yet produce a big difference in the

performance of the device.
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Figure 6.38: Initial and optimized frequency responses of the return loss for the
2 - cavity filter. Each curve is based on a discrete sampling of over 500 points in the

frequency range. The initial geometry is g™ =[4.5 3 16)" mm and the optimized
design is g™ =[5.4208 2.3938 15.7488]" mm.

All optimizations find the same minimum, where the optimized response corresponds to
maximum transmission in the pass band of 11.95 GHz < f < 12.05 GHz, as shown in the
above figure. In order to save computation time, symmetry was used in the FE analysis
and Y of the problem was solved for each CFE. The final mesh had 149 elements. The

meshes of this level are very well discretized and refining the final mesh to 596 elements
changes the cost function (by very little) at the optimum to C@"‘“‘"‘"‘" )= 1.883297 (from
Clg™™=)=1.883300)

Figure 6.39 plots the variation of DOFs for each optimization step for the three

accuracy-links.
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Figure 6.39: Number of DOFs used by CFEs at major optimization steps for the three
different accuracy-linked optimizations of the 2-cavity filter problem.

The optimization with the highest control of accuracy in the 2-cavity filter has almost a
constant level of DOFs throughout the optimization (corresponding to uniform 10" order
elements). The flatness of this curve is expected because small changes in geometry
correspond to similar meshes throughout. For the accuracy controls of @ =0.01 and
a = 0.1, there is a big jump to a higher level of accuracy, but as expected, in the case of
a = 0.1, the large change in accuracy takes place only near the end of the optimization.

Table 6.3 gives the final cumulative computational cost for each optimization and a

speed-up factor in each case.

Table 6.3: Cumulative computational costs and speed-up factors for different
accuracy-links in the 2-cavity filter problem.

Accuracy Link Cumulative Computational Speed-up Factor
Cost
Fixed accuracy 8.39E+10 1
a=0.01 3.01E+10 2.8
a=0.1 7.33E+09 1
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Once again there is great computational cost saved when optimizing with CFEs of lower
initial accuracy. The variation of the cost functions and their CCCs are shown in Figure

6.40.
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Figure 6.40: “True” values of the cost function and the corresponding cumulative
computational costs for different accuracy links in the optimization of the 2-cavity
filter problem.

Figure 6.40 shows that once again, while much of the computational effort lies in the
final steps of the optimization, there is consistent savings at any point in the optimization.
In addition, the figure shows that even when the accuracy demand is low, the cost
function is reduced in value at the same rate as the more accurate case.

The results for the optimization of the three problems demonstrate that costs can be
saved by controlling the accuracy of the CFEs. While a =0.1 is the best choice in
accuracy links for the problems optimized, it is important to remember that there is a
saturation (in most cases) of all the elements to 10™ order. Had there been looser
restrictions of increasing the number of DOFs further (by h-adaptive refinement, for

example), the final costs and accuracy at the optimum would be different. The choice of
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a (as mentioned in section 5.4.1) implies a control over the final accuracy of the problem
and also the path taken to get there. For the most part, the choice of a does not change
the accuracy of the final answer because of the 10" order saturation, but does affect the

path — where @ =0.1 clearly is the best choice for the optimizations performed on the

test cases.
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Chapter 7

Conclusions

The objective of the work in this thesis has been to illustrate the dramatic cost
savings possible when controlling cost function accuracy throughout the optimization of
a microwave device. The accuracy-controlled optimization system requires two major
components: a gradient-based, constrained optimizer and a CAD tool to perform
evaluations of the cost function and its gradient. While an “off-the-shelf”’ optimizer is
used, a p-adaptive FE method was developed to allow accuracy control in a CFE.
Developing an effective p-adaptive FE method that satisfies the needs of an accuracy
controlled optimization required research in several different areas.

While the gradient of a cost function can be found by a finite difference approach,
embedded calculation of the gradient in the FE code saves a lot of computation time. The
theory behind the adjoint variable method was extended to allow calculation of design
sensitivities with hierarchal elements — thus allowing inexpensive calculation
(computationally) of the gradient at any adaptive step.

The port element for p-adaptive, S-parameter calculation was developed in order to
allow some flexibility in the modeling of the microwave devices. The port element uses
a port boundary condition to allow placement of the port at an arbitrary distance from a
microwave junction. As the p-adaption proceeds, the number of waveguide modes taken
into account on the port increases and so does the accuracy of the port boundary
condition.

Error indication and estimation are two key concepts in FE p-adaption. An error
indicator was developed to target elements in the mesh that had the largest impact on a
global cost function. Accurate error estimation, while important in itself, is vital to
combining FE adaption with optimization. To suit the needs of the optimization, the
error estimator developed assesses errors in the gradient of a cost function. Calculating
the error in a cost function (indicator) and its gradient (estimator) is very computationally

inexpensive.

135



The combination of optimization and adaption was automated by defining an
accuracy link (from optimizer to error estimator) to control the error tolerance required
for termination of the adaptive process — thus controlling the accuracy at any step of the
optimization. A number of unforeseeable, important issues arose in the practical
implementation of the system, and were addressed satisfactorily.

The results validated all aspects of the system for a variety of test cases. The
optimization results were compared to an optimization of fixed accuracy that required the
accuracy of the gradient of any CFE to be the same as that at termination. Varying the
levels of accuracy throughout the optimization led to speed-up factors (for @ =0.1) of
computational costs by at least an order of magnitude in each case. For the T-junction,
the a =0.1 case achieved a speed-up of 117. In addition, it was shown that even when
low accuracy is used at the early stages of an optimization, the cost function does
genuinely reduce by the same amount as the fixed accuracy optimization, but at a much

smaller, cumulative computational cost.

7.1 Original Contributions

In the course of developing an accuracy-controlled optimization, the following

original contributions to knowledge have been made:

a) A method of controlling accuracy by linking optimization to finite element p-
adaption.
b) An error estimator for design sensitivities for finite element analysis of

microwave devices.

c) A new element for the treatment of ports in p-adaptive finite element analysis of

microwave devices.
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d) An error indicator that targets S-parameters for p-adaptive finite element analysis

of microwave devices.

€) Efficient calculation of S-parameter derivatives for scalar, hierarchal finite

elements.

7.2 Suggestions for Further Work

Given the large number of components needed to assemble the optimization-
adaption system, there are several research directions that can be followed from this
work.

Most of the theory from this work can be extended to suit 3-D problems. The FE
formulations for p-adaptive schemes can be generalized to 3-D by implementing
tetrahedral finite elements with hierarchal vectdr basis functions [120]. In terms of time
taken to complete microwave designs, using accuracy-controlled optimization to reduce
computational costs in problems requiring 3-D FE analyses would be even more
beneficial than in 2-D.

There are two issues in mesh generation (in 2-D or 3-D) that require improvement.
Error estimation in the gradient would benefit from a mesh that is well discretized in
terms of internal nodes. A mesh generator of this type would generate internal nodes in
the vicinity of each node located on a parameterized boundary or interface. In addition,
an interesting research question deals with modeling infinitely thin objects (like the iris of
the 2-cavity filter). Suppose the thickness of such a post is a parameter of an
optimization (e.g. the width of the inductive post in the T-junction), and the optimal
geometry is an infinitely thin width. At the optimum, the post can be modeled as
infinitely thin in a mesh. However, in the earlier stages of the optimization, the post
might have a considerable width that must be modeled as such. An interesting question is
when the width is being reduced throughout the optimization, at what point should the
mesh generator begin to model the post as infinitely thin. Automating such a process

would add much more flexibility to the mesh generation process.
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All the theory proposed for the FE formulation is easily applicable to h-adaptive
finite elements. Furthermore, a combination of 4 and p refinement schemes would
probably be the most logical choice in creating a more powerful adaptive process. Using
both 4 and p type refinement for the adaptive process would resolve the problem of not
reaching a desired accuracy (because 10" order elements for a particular mesh were just
not accurate enough).

An improved control of accuracy for the optimization is to create two different o’s:

final

one to control the final accuracy of the answer (e ") and the other to control the path to

get there (a®). Furthermore, a study could be performed to find (if there is one) the

best choice for ™.

It is feasible to couple the entire system to a stochastic optimization method — thus
increasing the chance of finding a global optimum. While there have been attempts to
optimize in noisy search spaces [121], an interesting research path would be to visualize
errors in CFEs as “numerical noise™ and use this concept to develop an accuracy control
in a combination of both gradient-based and stochastic optimization.

On a more general note, the concept of controlling accuracy throughout an
optimization is not necessarily limited to one type of optimization method or CAD tool.
The system developed in this thesis proves that great time-savings and reduction in
computational effort can be achieved by controlling accuracy of CFEs throughout an
optimization. For a problem to be a candidate for accuracy controlled optimization, it
must have two main features: an expensive CFE and a way of trading cost for accuracy.
Most problems whose cost functions are computed numerically (e.g. finite elements,
finite difference, etc.) possess these two features. This leaves open the possibility for such
a system to be applied to a range of fields outside microwaves and electromagnetics —
such as fluid dynamics, structural analysis, etc. Furthermore, it would be fascinating to
see if this idea can be applied to areas where the cost function is determined by sampling.
For example, the result of a poll of N voters is defined to be a cost function. Controlling
accuracy of such a cost function could correspond to the number of voters, N. The
greater the size of the poll, the more accurate an assessment is achieved by the cost

function.
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Appendix A

Derivative of Matrix [K] with respect to 7/

For a vertex k, vector r* is permitted to move in direction a; while all other nodes

attached to & via adjacent elements have fixed positions. Figure A.l shows the vertex

within region €2, , discretized into triangles Q; .

» 7

Figure A.1: Vertex & among surrounding elements in region Q.

Unit vectors &, and a; are parallel to axes »; and 72 (x and z in the H-plane defined in

Chapter 2). As node k moves, it is assumed that all points in Q, move also, in a

continuous way. The general position of a point 7 in 2, becomes

r+w (A.1)
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where y is a parameter controlling the movement and v is a continuous displacement

field, having value a; at node & and 0 at all other nodes:
v =a/d, for I1=12; k=123 (A.2)

where v° is the local denotation for v Since ¢,¢,,4, are simplex co-ordinates defined
locally for each element, v* conveniently becomes equal to a; at » = #* and zero outside
region £, .

Consider element e connected to the A" vertex. The derivative of local matrix [K]

becomes

oK. aB(N N
, _BWNN) & 1 J‘{lwv VN, K&, NN, [d

ot ot ot jkm, Ik
(A3)

0 < (9) (9)
+?ZZ}'( (Nr}yl (N/)

T q=l1=0

Provided that the ports do not vary with parameter g (or rather do not contain any vertices
affected by g), the last term becomes zero and (A.3) can be shown [51] to be

oK
s ] fvr L UN, VN, - kNN, )dQ
ar} jkaqo ﬂl’

: (A.4)

[3 L ove [N, N, aN, N,
jkorymu, oF 1 or, | or, or, or, or,
k

n

where the divergence of v* is given by

Vv =V¢, -a (A.5)

and
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avm = vv:! 'an = amlvé'k 'an (A'6)
or,

n

[4
Both av%r and V-v* are constant over element e because v° is defined to be linear.
n

Substituting (A.5) and (A.6) into (A.4) yields

oK
y _Vei-a, ( UN, - VN, lceNN)dQ

arlk Jk n 0%r "7
., (A7)
a;l, mel ne 8r ar 6r,, or,

(A.7) can be rearranged to contain 3 explicit terms:

K, Véi-a [on, -ow Jio
o gk, S
i’

ZZV;’ 4,6 _[ NN, NN o A
konu s t or, or, ar,, or, '

Vg, -ak;e,
Jk,n, I.(N' Ve

If the basis functions ¥, and N are expressed in terms of simplex co-ordinates, using (3.6)

following relations apply:

VN,-VN, ZZ ¢, v, (A.9)

p=l g=1 ? a: a{
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ON, ON, & oN,
=33 (¢, a,)v¢, a,) 2N (A.10)
rm n p=l q=1 a(p 6{
Let
oN,
W= jaN —LdA (A.11)
641 ¢,
) N, oN,
S = I[aN : LN, JdA (A.12)
A 8¢, 8¢, 642 9¢,
oN
SO = J'QAL—J (A.13)
’ 9¢, 0,
, 9%
where A ranges from ¢, =0...1-¢, and ¢, =0...1 and dA =d{,d{,. The integral of

(A.9) can now be written as a function of these “universal” matrices.

JVN, - VN, =24(V5iSP + V¢, -, 8P + v isY)

Q;

&

(A.14)

where A is the area of the triangle and 24 is the Jacobian of the mapping from Q to A.

In using (A.10), the integrand of the second term of (A.8) can be expanded so

aN, oN, 6N oN,

or, Or,

m p=| g=1

=330, 0494, 0.)+ (55, 0. Ko<, o)

o, N,
o¢, ¢,

(A.15)

and its integral can similarly be re-written as a function of the [S”] matrices, so with the

use of (A.15):

j- ON, ON, 8N oN,
or,, or, ar or,

Q,

+24(v¢, -
+4A4(V¢, -

]dg =44(V¢, -a,XV¢, -a,)SY

amXV§v ‘a )+(V;l 'anxvgz 'am) 1‘(,2) (A'l6)

amxvg1 -a 19(3)
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The integral of the last term of (A.8) can be recognized as the metric, of the form
24(T], where

T, = j NN dA (A.17)
A

By combining (A.14), (A.16) and (A.17), (A.8) can be expressed in the convenient

form of universal matrices:

oK, 24 [

R (r) 2 \
a": =jkono —Zdn‘kquP -_kogrvé'k'alr:/) (A.18)

yr p=1

where

dy = Vglzvgk a -Z(Vé 'alxvgl 'ak)
ds =(V¢1 'ng)VQ ‘a —(V{, 'aIXVCz 'ak)_(vgz 'az)(Vé'l 'ak) (A.19)
dys =V§§V§k -aq, —Z(Vé'z 'al)(Viz ‘ak)

154



Appendix B

Local Optima of the Miter Bend Probiem

Three local optima were found in the optimization of the miter bend with dielectric
block: optima 1, 2 and 3.

The geometry of the miter bend for optimum ! (same as that in section 6.3.4) is
illustrated in Figure B.1, with and without the dielectric block. For the same mesh and

accuracy level (all 10" order elements), removing the block increases the cost function
from C(g“”""”“')=5.8413x 10 10 C (g°°'i’"‘""')=l.4464x10". Frequency responses of

the return loss for optimum 1 with and without the dielectric block are given in Figure

B.2 (for 200 discretely sampled points).

With dielectric block Without dielectric block

Figure B.1: Miter bend with and without dielectric block for optimum 1. The geometry
of the device with the block is g™™"' =([2.2489 1.0167 0.1346 1.1280]" cm and

without is g™*™"' =2.2489¢cm .
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Figure B.2: Frequency responses of the return loss for the miter bend with and without
dielectric block. g™™"' =[2.2489 1.0167 0.1346 1.1280]" cm.

Figures B.3 through B.6 illustrate optima 2, 3 and the corresponding return losses
(computed using all 10™ order elements) plotted for 200 points throughout the frequency
range. Although the geometry is different, optimum 2 yields a similar frequency
response (and thus, a similar cost function value) to optimum 1 - with 2 computed

resonances (see Figure B.4). Optimum 3, a result of starting the optimization at

g' =[2\/5 212 212 2 /2]T cm, is interesting because the dielectric block is

reduced to its minimum size, as close to the corner as possible (Figure B.5). Although it
is a genuine local optimum, the cost function is considerably higher than for the two other

optima and its frequency response has only one computed resonance (Figure B.6).
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Figure B.3: Miter bend with dielectric block at optimum 2. The geometry of the device
g™™"? =[2.2680 0.1382 0.7979 0.6176]"cm and the cost function at this

optimum is C(g™™"*)=7.3910x10°°.

Return Loss (dB)
3

-100

-120
8 8.5 9 9.5 10 10.5 11 11.5 12

Frequency (GHz)

Figure B.4: Frequency response of the return loss for the miter bend with dielectric
block at optimum 2, shown in Figure B.3.
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Figure B.5: Miter bend with dielectric block at optimum 3. The geometry of the device
g™™* =[1.9441 0.1 0.1 02]"cmand the cost function at this optimum is

Clg™™?)=3.8874x10".

Return Loss (dB)

8 8.5 9 9.5 10 10.5 11 1.5 12
Frequency (GHz)

Figure B.6: Frequency response of the return loss for the miter bend with dielectric
block at optimum 3, shown in Figure B.S.
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