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Abstract 
Sohd modcllng sludies how to reprcsent geometric properties of solids by computer. A funda­

ment dl opcratlOn 1; the comtructlon of reprt'c,entations of solids Algorithms for set operations 

wn'itruct boundary reprc5cntattons of soltds from boundary representattons of other solids 

Â correct and efficIent inter~ectlOn algonthm for polyhedral solids that use~ boundary repres­

entatlOn\ 1\ de ... cnhcd Â fifllte-preclslon Implementation of the algorithm uses rncldence tests that 

me syrnhohe Inference ln arder to hmlt crrors due to firutc-pleclslon approximations fhe inCI­

dence te .. h arc de .. cnbed and expenmental eVldence IS presented to show that the incIdence tests 

arc both emplrically rchahle and practJcal 

The mterscctlOn algonthm u::>es a new boundary rcprcsentatlOn called the Star-Edge represen­

tahon A wmplcrnl'l1tatlOn algonthm for sohds that use; the n!;!\\ rcpresentatlon 15 gl\'en, and an 

algonthm j~ gtven that mc~ the new reprcsentatlon to dettrnune If two bound3.I) representatlOns 

dcscnhe the !lame !tohd A canorucal bOUlldéil) lepresentahon for sollds 15 descnbed and used to 

prove a l(mer bound for the same-obJect problem 
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Résumé 
La modélisatiOn volumétnque est l'étude de la représentation des propnétés géométnqucs des obJeb 

sobdes. t::ne des opératIOns fondamentales est la construchon d'une représentatIOn d 'obJcct!> Le~ 

algorithmes pour les opératlOns d'ensembles (union, interscctiOn et complémcntatlOn) comtn>lsent 
la représentation d'un objet à parhr de~ rcpréscntahom de~ compo~cnts de l'obJct pnnClpal 

Cette thèse présente une nouvelle représentatIOn par de~ contour~ fermé~ (bounddl}' rerrc~cn­
tation) des objets pol)hédraux, appclre le Star-rdge, ct troll, algonthme\ ba ... é~ ~ur cettc 

représentatiOn Le prenucr algonthme calcule l'tnter~ectlOn d'obJCh polyhédraux Cet algorithmc 

est correct et efficace Dans l'ImplémentatIon de l'a1gonthmc, l'uttlt,atlOn d 'mferencc~ ~ymboltque~ 

permet de réduire lc~ erreur5 mtrodUltes par les approxlmahom de l'an1hml?1lque de précl~lon fiOle 

On présente des résultats expenmentaux qui tndlqucnt que l'unplément;lhon de l'ciIgonthme 
d'intersectIOn f::;t à la fOIs pratique et fiable. 

Aussi décnts sont un algonthme de complémentatiOn des objets et un a1gonthrnc qUI pennet 
dt détemuner SI deux représentatiOns décrivent le même objet VtuI~ant une rcprc~cntatt()n 

canoruque, on démontre une lurute mféneure de complcXlté du probleme de l'égalité de deux 
représentations 
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Chapter 1. Introduction 

Fundamental to computer-aided manufacture is the ability 10 dc,>ign phy~h;al 

objects. One should be a bIc to comtruct computer repre~cntations that de,>crihl' 
these objecb. Ju~t as physleal proee",>e~ aet on ph~ sical ohjech, computational 
analogues to these proce~"e~ aet on repre~entatlOn" of the ohjcCh. FOI e'..ample, 
objects might be repre,>ented by their houndane,> anJ '>et m~ 'l'>l'ctlon might he an 
operation that we want to perform. Thu ... we need an algorithm that take~ ohjech 
rcpresented hy their boundaril'~. and produce,> a houndary rcplc,>cntation of thcil 
intcT';l'ction. Algorithms that compute th!,> intcr ... cction arc diffkult to lmplcmcnt 
reIiably becau~e ImplemcntatiGn'l of ,>uch algonthm ... u<.,ually me iInitc-prcci,>ion 

arithmetic and can fail or produce erroneou'> rc"ult.... Th!" thc"i,> dc"cihc ... 11 ne\\' 
intl'rsectlOn algorithm that u~e,> boundar) rl'presentation"> of a certain cla ... ,> or 
ph)~ical object~ called "~oiid,>" and U'ie~ symbolic inference to hmit error" duc to 
Dnite-precision arithmetic. 

J. J Defillillg Solids 

In this thesis. the term "solid" dcnote~ an)' physical object who ... e 'iurface comi ... t ... 
of planar pieces. (Sec Figure 1 on page 2 for an exampIe.) In order to preci ... cly 
define a "solid," wc first definc the tcrm~ regular set, the regularizatlon of a ... et, 
the regularized set operations, and regular convex polyhcdra. The rexulanzatwf/ 

of a set A, denoted Reg(A), l~ defined a" the clo ... ure of the in tenor of A, und a \et 
5 is defined to be a regular sct iff 5 = Re,R(S). The rcgulanzation of a "ct dclete ... 
evcry point from the boundary of that set WIth neighbourhood ... that do not 
intersect the set mterior (see FIgure 2 on page 2). Ju ... t a" there are !-.et operation... 
for manipulating sets, there are regula/'lzed set operafLOm, n', U'., -', and --,', for 
manipulating reguJar seb (sec FIgure 3 on page 3 for an example).J Given ~ct ... A 

and E, the regularized set operations arc: 

J ~ote that the~e operatIOns are not restncted to regulélT sct!>, although we will u!>ually apply them 

anly to regular scts 
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(1) A n·B == Re,~(A n B). 
(2) A U· B == Re;,(A U B). 
(3) A _. B == Reg(A - B). 
(4) -,. A := Reg( --, A). 

A rl'gu/a,. COn\'('X po/y tope in R3 is a bounded point set forrned as the regularized 
intcr.,ection of a finJte nurnbcr of cJm,ed half spaces. The solLds are the finite­
cJo"iure of rcgular convex polytopes in R3 under the regularized set operations. 
Th u~ a ~olid j) the re~ult of corn bining a bounded nurn ber of regular convex 
polytope" in R3 u"ing rcgularîzed set operations. 

Figure 1. A ~olid ha .. planar ~urface~ 

A Reg(A} 

In order to regularize A, boundary points which do not 
touch its interior are de!eted. 

bRure 2. Regulari/ation of a pOInt !>ct in R2 
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The regularized intersection oftwo sets is defined 
as the regularila tion of their intersection. 

Figure 3. Regularized intersection 

1.2 U1hy study the illtersectioll of sotids? 

Because solids are closed under the regularizcd ..,et operation" thcy arc an appro­
priate domain for studying intcrsection. although other domain" ha\'c hecn u..,ctL 
For example. if wc restrict thc surface of a solid tD be a 2-mamfold, then wc ob­
tain objects callcd manifold SO,,(/I ("CC Figure 4). 

Although (non-manifold) sohds con~titutc a larger cJa".., of ohject" than 
manifold solids. it has been argued that non-manifold "olid" arc not practically 
uscful, I.e., nùt manufacturablc [Eastman and Prcl"~), 19X4: Mantyla, 19X4J. In 
contrast, Requicha and Voelckcr [1977J havc argued that thcrc are manufactur­
ing processes su ch as material rcmo\'al thal can be de",cr;bcd u~ing non-manifold 
soIids but not using manifold solid~. It i~ still open to dcbate a~ to which of the 
two model~ is better, and thc solId-modcling application it"clf dictatc" the cJa,," 
of physical objects modclcd. 

(bl fbl 
E1 

(alJD (cl dJJ 
Solids (a,b) are not manifold solids because their surfaces 
are not 2-manifolds. Solid (c) is a manifold solid. 

Figure 4. Manifold solids are a proper subset olt solido; 
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---------- -------- ----

Rather than qudy an operation on a general domain such as solids, it is of­
ten ca\ier to \tudy the operation on a simpler domain comprising collections of 
object.., "'Impler than "olid,. An n-cell b a topological space whose interior is 
homcomorphic tn Rn (,>ee Appendix A or Rourke and Sanderson [1982J), and a 
(c!o\ed) cciI complex 1.., Cl colleclion of celb ,\'ith the following propenies: (i) cells 
of the compJcx have pa:rwI<,e-disjoint intcnor~; (ii) every ccli of the complcx has 
houndary that i, the union of cells of the complex; and (iii) if t\\'o cells of the 
complcx mter,ect, th en their intersection i~ the unIon of celb of the complcx. A 
3-{'omp!ex i<, a clo<,ed cell-complcx \\'lth 0-, 1 -, 2-, and 3-cells (sec Figure 5). 
Dobk.in and La<,zlo [1987] describcd both a rcpresentation for certain 
3-complcxc<, anù implcmentatIOm. of algorithm<; that use the rcpre'ient3tion. In 
particular, they ùi<,cu..,..,ed how to triangulate a polyhedron and construct a 
Delaunay tliangulation of a point-~ct. Edelsbrunner, O'Rourke, and Seidel 
[19~()J dc,",cnhcù algonthm<, that con<;truct higher-dirnen<;ional VoronOl diagrams 
u,ing (] reprc,",entatlon ()f ccii-complexe" duc to Grunbaum [1967]. 

Cells joined on corn mon face 

.... gure S. t\ l'l'II complc," ln Hl 

.Iu..,t a<, wc argued that manifold solids arc unsuitable for studying inter­

\crtion hccau ... e thcy arc not c1o ... ed under the regularized set operations, we can 

argue that 3-cllmplexc~ arc not closcd under the set operations. It is of course 

po.., ... ihle to define an oprration ~imililr to rcgularizatIon that con\'crts the inter­

~ection of t\\'o 3-comple'Xe'\ into a 3-complcx, for examplc, b), triangulatIOn. Such 

an opcration \muld abo con\'ert a solid ta a 3-complc:\. Convcrscly, a 3-complex 

can he com CI tcù mto a "oIid by regularizing the union of its cells, The need to 

rcgulanzc demnnstratcs that thcre arc 3-complc).es that are not regular sets. Set 

A of FIgure 2 on page 2 is a cell-complex, but not a regular sct. Thus we see that 

although ccll-complexe~ arc useful domains for the study of subdivision a180-

rithm-., ~olid~ ~ccm to br more suitable for the study of set operations. 
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1.3 Represelltillg Solids 

~... In order to formulate algorithms that manipulate ~olids wc nced a de~~ription, 
or represcntation, of thc~e solid'i. (By "representation." we mean cithcr an en­
coding scherne used to dcscribe a sol id or an 1f1.\tance of the ~chemc applied il 

particular soIid.) Three type .. of rcpre'\cnUlt10n'\ from Rel} lIirha\ [! 9~OJ 
taxonomy of representations are spatial dccompo .. ition. Con .. truct!\(' Slllid Ge­
ometry, and boundary representation. The fir ... t of the~e, ~patial dccompo"ltion, 
represents a solid a~ a disjoint union of slmpler soliùs. The "econtl. Con ... tructi\'e 
Solid Geometry, reprc"cnts ~olids by cxplicltly gi\'Ing il .. ct-themetic comh1l1ation 
of geometric primiti\ cs. which paralIel~ our ùefinition of a soEù. The third kmd, 
boundary representation. repre~ent" the boundary of a ~olid a .. LI collection of 
zero-, one-, and two-dimensional set'i. 

Spatial decompo"itlon of a <;;olid i~ a partition of ib \'olume into "impler ob­
jects. For c:xample, an octtrce repre~entation of a H)lume i" il decompo"iuon into 
cubes of volume 8'1', where r is a comtant. Thu~ an octtree approximate" LI vol­
ume with an crror that depcnd ... on r. Octtrec" tend tn be largc. For chample, if 
the sile of an octtree is the number of cube ... in the repre~entatlon. thell an oettree 
can be expollentially larger than a corrc~ponding Con"tructi\ c Sohd Gcometrv 
encoding (sec FIgure 6). Thu" oettrec" arc not oftcn u"C'd a" the ba ... i ... of a "olid 
modeling system [Rcquicha, 19~W]. although "'pa tral decompo"ition i" gcncrally 
used to represent complc\ mechanical-as,",cmblic" a" pan", [Rcquicha and 
Voelcker, 1982]. 

Octtree (a) with 56 nodes describes the difference of two 
cubes formed using Constructive Solid Geometry 
representation (b). 

Figure 6. Representation!> var~ widel~ in si7e 

Constructive Solid Geometry (CSG) represcnt~ a solid by giving an algcbraic 
expression where rcgularized set operators combine other ~olid,. CSG rcprc~cnt· 
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ation~ arc u~eful becau~e related objects will often have similar rcpresentations. 
For example, the rcgularizcd complement of an object with CSG representation 
(E) ha~ CSG rcpre~cntation (-,* E) or (R1 _. E). Ho\\,('\,er, not al! solid modeling 
operatJOn~ arc ca~ily implcmented u~ing CSG paradlgms. For example, Lee and 
RCLluicha [19g2a, 19~QbJ dl"cu~~ the difficulties of u<;ing CSG in algorithms that 
compute \'olumc~ or momenh of Incrtia. 

A boundary rcpre~cntation (B - RepJ is an organized enumeration of certain 
zero-, one-, and t\\'o-dlmen"ional sets of the surface of a solid which are called 
vert/ce'i, ed}{c\, and face'i, re~pecti\'ely. We will see that precise definitions of 
the"c \ct"i dcpend upon a particular boundary representation, although we will 
u~c the~e term'> informally (sec Figure 7). 

A face (f) is a connected, two­
dimensional set on the surface of a 
solid. 

A vertex (v) is the zero-dinlensional 
intersection ofthree or more faces. 

An edge (e) is a connected, one-dimensional set that is a 
component of the intersection oftwo or more faces. 

hj!urc 7. \ crtn .• cd!(l'. and face 

Boundar~ rcpre,>cntation~ consist of t\\'o parts: the geometric information 
ahout the fcature ... (\·crtice .... cdges. and faces) of the boundary and the adjacency 
informatIOn ahout ho\\' thc~e [catures arc joined. For examplc, the geornctric in­
formation in a B-Rcp of a tetrahedron ("el~ Figure 8 on page 7) might include the 
coonjinatc ... of the four \'erticcs, and the adjaccncy information might consist of 
a clock",i ... c lbting of the \'crtices around each facc. We will see that B-Reps can 
be more complicated than this simple example. 
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d<Db a: (xo,yo,zo) fI: (c,a,b) 
b: (xl 'YI ,Z}) f2: (d,a,c) 
c: (X2'Y2'Z2) f3: (d,e,b) 

c d: (x3'Y3,z3) f4: (a,d,b) 

Tetrahedron 
Geometrie Adjacency 

Information Information 

Geometrie information in the representation consists of 
the vertex coordinates. Adjaceney information in the 
representation consists of an ordered list of vertices 
around eaeh face. 

Figure 8. A boundar~ rcpre ... entation of a tctrahcdron 

Boundary repre..;entations arc often m.ed to irnplerncnt Con'ltructi\'c Solid 
Geometry. If a subchprcssion in a CSG rcprcc;cntation IS El n* E2' thcn a regu­
larizcd intcr'iection algonthrn computc~ 3 B-Rcp that dc~cribc'. the ohJcct defincd 

by El n* E2: in thi~ way a CSG reprcscntation i'l u'icd 3'1 a "rccipe" for 3 '.olid 
[Requicha and Voelcker. 1985J, and computatlonally int~n'll\'e operation'l, ('.~., 

finite-elemcnt analysi." u~c the B-Rep [Boy,e and RO'icn, 19X2]. Thu'l B-Rep'l 
and algorithms for the regularized set operatlon'l arc fundamcntal to 'Iolid mod­
eling. We will now di'iCUS~ algorithmç, for the~c operatIon". 

1.4 Intersectùlg Solids Represellted hy tlze;,. BOlllldaïies 

Algorithms that intcrscct ~olid~ rcprcscntcd by their boundanc'. havc bcen im­
plemcnted for variou'i clas ... cs of <;olid.., with varying dcgrcc'l of completenc~ .... 
These algorithms can be simplified by rcstricting the cla'i'l of solid'l intcr'lcctcd or 

the way in which the solids are allowcd to intcr'lect. For example, if the 'Iolid ... 
arc restncted to bc convcx polytopes. or if the 'Iurface\ of the 'Iolid.., are only al­
lowed to irterscct in a non-degenerate manncr,2 the inter'lcction i ... ca..,ier to com­
pute. Prcparata and Shamos [1985J survey several algorithm\ that require time 

2 For examplc, gJven sollds A and B. a tv.o-dunenslOnaJ set. or face, of the 'iurtaCl: of A cannot 

mtersect an)' face of B ID a two-dunensiorlal set 
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O(n log n) to compute the intcr~cction of two thr~c-dimensional convex polytopes 
(where f1 Ir., the number of vertIcer., in the input cOn\'ex polytopcs), and Hertel, 
Mchlhorn, Mantyla. and NlCYCrgelt [1985J describe O(nlog n) algorithms 1ha1 
compute thl ... mter ... ectlOn. ar., \rell a ... the a<;r.,oclated union and dlfference. Inter-
~ecting <.,olld ... 1'" a more compl1cated probkm than Intcr'lecting com'e).. polytopes. 3 

AIJO\~'lng degencrate cOl1lcidencer., In the ~olid boundanes further complicé:tte<; the 
prohlcm. TJlove [Inl] has pOintee! out that IntersectIOn algorithms must handle 
degenerate wmcldence ... becaur.,e the)' occur frequently m many solid-modeling 
applicatIOn.,. In addition, the inter<;ectlon aJgorithm~ for comex polytopes, ref­
crcncecl a boye, ail u ... e the conycxity property of the input polytopes in order to 
compute the intcr ... ection efficientl)'. However, it i.;; doubtful that the techniques 
ur.,cd to inter.,cct convcx polytope", arc extcn.;;ible to non-conn).. sohds or manifold 
... nlidr.,. 

Algorithm ... for intcrsecting ~olid(, have bcen pre<.,ented. although not proved 
corrcct. by \c\'cral rc.,carcher.,. Laldlaw, Trumbore. and Hughes [1986J have 
de.,crihcd an algorithm for computing thc regularized intersection of 1\\'0 solids, 
Mantyla [1986J ha., de.,crihed an algonthm which compute.;; the intersection of 
t\\'o manifold-.,oIlJr.,. and Paoluzzl. Ramella. and Santarelh [19X6J have de.;;cribed 
an algonthm for computing the regularized union of t\\'o sohds. Howe\'er, ail of 
the.,c algonthm<., ha\ e inherent shortcoming~. The algorithm of Laidlaw, 
11 um hore and H ughe." although clcgant. restricted face., of the 1 cpre~enta tian to 
come:\ rolygon~, thereby complicating the algorithm in order to enforce this 
condition. Mantj la re'-tricted hi ... domain to manifold sollds. thereby precluding 
the computation of a compound cxpres~lon like A n*(B n*C) because the sube).." 
prc ... "ion (B n'C) i .. not nece","arily a manifold solid. Paoluui, Ramella. and 
SarwlIellJ U.,c( 'cchniquc~ similar 10 Mantyla\, rcqricted faces of thcir repre" 
<.,enlatJon 10 he triangle.,. and clalmcd thcir algorithm worked for solid'i, as op­
po<.,ed ln manifold solid.,. 

J.5 NUIIU!rical Rohllstlless of Geollletric Algoritll1lls 

One of tht: problcm ... of impJcmentmg geometnc algonthms is that computers use 
finite-prcci"'lOl1 anthmctic. Numerical quantitles are represcnted as fixed"lcngth 
hit-"tring~. and it is weil known that not aIl fractions can be accuratcly described 
hy computers in thb way. Therefore, algorithms that make logical decisions 

, 1 \'(:11 !rom .1 tht'orcttc.ù standpomt, the problem of lOtersectmg 1\\0 com ex polyhedra has a 

lowrT hounJ of U(n) The morc generaJ problem has an 0(n2) lower bound 
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based upon finite-precision appro~imatiom arc (lften prone to erwr\. Con"idcr 
Figure 9 on page 9, in which the incidence of hne·~cgrncnt (' and linc P Il Q i .. 
computed: end point \' of (' IS on P, and cndpomt li 1" hcln\\" P. An incidence te ... t 
should not clalm that a point in the intcrior of c j" incident 10 P Il Q, hut u ... ing 
a finite-preci~10n appro~imation. it i" possible that A j" incident to Q. and hcnce 
e intersects P n Q. Algonthms whlch as'\umc thnt a and r, hut not /1. lie on P 
arc bound to fail: for examplc, a logicaI conseq ucncc of thl.., as..,urnption 1" that 
u. a. and r define a planc. 

( -;'l- - - - ---- -- - --- -- - - -.-.- - --.p .. ".- -.-----
u 

Even though a appears to lie on 
pnQ, we can infer that a does not 
because only one of u and v lies on P. 

Figure 9. Incon!>l'itent fimtc-prccl!\Îon ~e()mt'ttic computatIOn" 

v 

Ob\'iousl), researchcrs nccd ta sceh. numc/"lcally-roh[,(\{ algnrithm" I.C., algo­
rithms that are provabl) correct ming J model of finite-prcci,ion arithmetic. or 
at least algorithms that use fiOite-precision arithmctic :.md arc emplfically rcliahlc. 
Dobkin and Sllvcr [1988J describc sorne expenmem31\On 10 show how numerical 
accuracy dccreases as finite-precision calculation" arc rompo\cd. Thcy al"o 'ug­
gest that b) itcratively pcrturbing input data and thcn rcpc:Jling calculatiom, 
empirically good e~ dmate~ of the precision of a computcJ qu::mtity can he oh­
taincd. Hoffmann [1988J di~cu,,~c~ thcir work and de.,cribe" othcr ~c\'cral othcr 
approaches (~omc of which are abo dcscribcd in thl" ~ccti()n) to dcalmg with thc 
problem of robustnes~ in geomctric algorithm .... 

Although thcre arc a" yet no prO\ ably correct algorithm~ that intcr,cct "olid" 
using a model of fimte-prccision arithmctic, sorne work ha, bcen donc on formu­
lating robust aJgonthm~ for simpler gcomctnc problcm~\ ~uch as computing. thc 
intcr~ection of a collection of Imes on a plane. (lt may not be possible to exactly 
compute an mterscction point evcn tnough the cquatlon~ of tW() m1cr~ccting linc., 
can bc exactly Icprcsented.) Thcre ale t\Vo popular mcth()d~ for achicving nu­
merical robustncss: (i) configuratIOns whlch arc me:X3ct u~mg a finitc-preci"ion 
approximation with a ccrtain granularity are pcrturbcd, maintaimng topologic;al 
invariants, into exact configurations; or (ii) somctÎmc., algonthmli can be formu-
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lated to work with inexact repre<;entation\. Both of these techniques have been 
uc.,ed in numcrically-robust algorithm<; to intcrsect a collection of Hnes on a plane, 
producing set\ of inter\ection poinl~ ordercd along each line. 

Algorithm\ ha\ c been gI\'en by Greene and Yao [19g6] and Milenkovic 
[1<)X6] that achieye numericaJ robu<;tne'i\ by mo\'ing mtersection points so that 
the)' are exactly rcpre\entable u ... mg finite-preci ... ion. Greene and Yao used lhis 
technique to ~ol\'e the line interv:ction probJern, wherea~ MilenkO\ ic used this 
technique 10 rcpre\ent polygonal region'i on a plane. In hoth ca5e~, Jine segments 
\Vere ... ubdi\'ided into ... maller, non-collinear segments, thcrcby substantially in­

crca ... ing the complcÀlty of the arrangement". 

AJgorithm ... formuJatcd to work with inexact representations have l ~en pre­
~ented hy hoth Milcnko\'ic [19g6] and Ottmann. Thiemt. and UlIrich [1987]. 

Ottmann. Thiemt. and 1I11rich ~oh'ed the line-'iegmcnt intersection probJem by 
computing mter'iection pomt~ u ... ing finite-prccision arithmctic accu rate to the 
lea ... t- ... ignificant biV The importance of their approach is that the)' wcre able to 
intcgratc thl.., computation into the \cgment-intcr'iéction algorithm of Bcntley and 
Ottmann [1974J. without ~uh~tantiall), changing it, and thereh) making it nu­
rncrieally rohu'.t. Milcnkm ie modeJed the error due to finite-preci~ion by treating 
thc Jine ... a.., "\\'a\')''' cun'e.... Bccau'\c there can be many pO'isible mterpretations 
of eun'c-intcr..,eetion~. a data ... tructure wa" produccd which contains aIl possible 
intcrpretatlon.... MilenkO\ le [19gg] 'ihowed ho\\' to eÀtract a desired interpreta­
tlon ffllm the data ~trueturc, u'iing cither an eÀponentiaJ-tlrne algorithm or 
nonfinite-preci"'lon arithmctic.s Milenko\'ic has alc,;o shown ho\\' to interscct a set 
of plane" in R' b~ projecting inter~cction line'\ onto a plane, usmg a robust line­
intcrc.,ection algorithm. and then bad.-projecting. 

Greene and )'ao [19X6]. MJlcnko\'ic [1986, 1989], and Ottmann, Thicmt, 
and Ulh ich [19X7] ~oh rd one problem, computing the intersection of a collection 
of coplanar hnc ... , that ari'\c~ in m<lny geometric algorithrns; howc\'cr, many other 
prohh~m" mu"t he addressed in order to compute the regularized intersection of 
t\\'o ... olid.... ('cc, q~ .. Figure 9 on page 9). Segal and Séquin [1985] suggested 

4 If a fraction I~ rrprr~ented using a string of /.. bib, then a computahon is performed wlth an error 
of at most 2 A. 

~ If the equatlons of the lmes to be mttrsected are represented using k bits of preCISIon, then 
\tùl'IlkO\ H:'~ algonthm rcquircs k(l + c) bits of preCIsion, where c is a small constant (For 

J.. $ M. k(l + (")~ Il ) 
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ho\\' a boundary rcpresentation for a solid might be changcd by perturbing 
vertices to points on a discrete grid, and th en by rnodifying the other part ... of the 
represeI:tation. Although relevant, thelr work onl) bcgin~ tn addre~ ... the i""ue nI' 
nurncncal robu"tness. Sugihara [19R7] de ... cribed a techniljue in which certain 
parts of the gcometnc information in a boundarj reprc,",entat;on arc rcpr('..,~ntcd 
exactly. and other part~ arc approxlmated u~mg finlte pn?CI"lOn. 

\\ie have seen that boundary reprc~entation<., and rcgulallzed ... ct opel ation~ 
are fundarnental to sohd rnodeIing and that regularizcd inter<.,cction algol ithrn<., 
are complicatcd. ComplIcations arise from the nced to handle. in a nUl11crically 
robust and efficient \\'ay, dcgcneracie'\ in the rclati\e po ... nion ... of the t\\'o <.,olid~. 
In this thcsis. an algorithm to con~truct the regularized inter<.,ectlOn of two <.,oliJ<., 
represented by their boundarics i ... pre ... eJ1ted and prm cd correct u ... ing a modd 
of eX3ct afl1hmetlc. The algorithm \\ implcmentcd tn use ... )mholic inference in 
order to limit the error~ fJOrn fmite-prcci ... ion arithmetlc ln mCldcnce computa­
tions, and expcrirnental c\ idencc i ... pre~ented that dernomtnlte<., a mea ... ure of 
numerical robustness. The inter ... ection algonthm u ... c' a ne\\' houndary repre­
sentation. callcd the Star-Edgc representation, defincd in "Chapter 2. Rcpre ... ent­

ing Solid,,". 

Introduction JI 



Chaptcr 2. Reprcsenting Solids 

The regulanzed Înter",ection algorithm '.tudied in this thesis uses a new boundary 
rcprc",cntation for ",olid"" callcd the Star-Edgc representation. To show why this 
ne\\' houndary rcprc",cntatlon i", nceded, sorne rcpresentational issues are dis­
clI",",ed. Then the Star-Ed!!c rcpre"lentation i~ defined and comparcd to other, 
cxiqing repre",cntatlnn",. 

Rccall l'rom "Chapter 1. Jntroduction" that a boundary representation (B­
Rep) i .. an enurncration of zero-, one-, and two-dimcnsional sets, called \enices, 
edgc .. , and ft.lcc~, rc",pectivcly, that constitute the boundary of a solid, Exact de­
finition", of the ... e ",eb arc necc~sar) to definc a boundar) reprc",entation (Brown, 
19XI]. HO\\'c\er, there arc two fundamcntal assumptions about the facc~ of a 
houndary reprc",cntation that ~lmplify thc formulation of algorithms that use 
houndary rcpre",entation",. fhese al\'.umption'\ arc: (l) al! face ... in a B-Rep are 
regular ';Ch wlth pairwi<.,e-dl\Jolnt intenors;(' and (2) the union of ail faces in a 
B-Rep co\er", the total surface of the solid. A more gencral issue is wh ether a 
regularized inter",ection algorithm should use boundary representations for mani­

fold or non-manifold "olid~. 

Certainl) boundary representations for manifold solids can be simpler than 
for ~ohd", nccausc repre<.;entation<.; for 2-manifold~ can be us~d ta describe mani­
fold ~olid", [Baumgart. ) 972; Guibas and Stoltï, ] 985]; an edge in the boundary 
rcprc,entation of a manIfold solid i~ defmed by the intcr~ection of t'Vo surfaces; 
a \ crtc'\ j", defincd h~ thc intcr~cct!On of three or more surface'i: and the surfaces 
who",c inter",cction definc ... a vertcx can be radialJ) ordercd around that vertex. 
In contra"t, the ,>urfacc'\ who~c intersection defines a vertex of a non-manifold 
\ol!J ~annol nc ordcred a<.; easily (sec Figure ] 0 on page 13). Because manifold 
'\olid", arc c3",icr 10 repre,>cnt than non-manifold solids, there have been attempts 
to use boundary representations for manifold sohds in regularized intersection 

~ ln onkr for tlu, rrorert~ 10 hold. \\c must be careful ho\'. wc derme the "boundaT)" and "m­
trnor" of a Ide:.' 
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algorithms, even though manifold solids are not c10sed under regularizcd ~ct op­
eratIOns. 

Because the surface of manifold solid (a) is a 2-manifo~d, 
we can represent vertex v by the radially-ordered face list 
(fI ,f2,{3)' There is no radial ordering of the six faces 
incident to vertex win solid (b). 

Even though non-manIfold solId~ h,H c more complicated b()undarie~ than 
manifold solid .... Weiler [19t:4] demon,trated that by mm ing and deforming a 

manifold sohd. It can be made to look hke a non-manifold ,ohd. The technique 
i~ illustrated m Figure 1 \(a). whcrr a 2-manlfold (the "\urfacc of a cuhc) i~ de­

formed into an "hourglas,." Conceptuail~, thl ... dcformatlon work ... hy con ... truct­
ing a 2-manifold B-Rep fo; the cube and modlfying the gcometric part of the 

B-Rep (sec "Chapter 1. Introduction") to look lIkc an hour!,da". Thu" Wciler 
trcat') the hourg!a ...... a, a dcformed cu be, e"en though the em beddlI1g of the 

hourglas ... in R' i ... not bounded by a 2-manlfold. Weiler\ technique ha~ heen 
critlcized b) Ea<.,tman anJ Prei ...... [1<J~4J and Mant)la [1<JX4] becau ... c It I~ dlffi­

cult to manipulate su ch boundary reprc,entation,. For example. the hourgla ...... 

of Figure II(a) can be con ... tructed by mO\ing two pn ... m ... together a ...... hown in 

Figure Il (b), and po"'llional unccrtaintic ... m thc t\\'O comcldent IJne ... cgment ... can 
lead ta nurncrical error ... In algonthrn<; that u ... c a manifold boundary reprc,en­

tatlon fur thl ... houjglas~. Thl~ pŒ,;ibility of erro!" ari,e~ nccau~e the faet that two 

hnc segment~ are COlI1cldcnt i'i not record cd In the rcprc",cntatlOn. Evcn In the 

absenr.e of po,iuonal unccrtainty, such rcpfC'.,entatIon ... arc dlfficult to combine 
mto reprcsentatlons of new objects. For eJ\.ample, 0 manifold boundary repre­

sentation of thc objcct shown in Figure II (c) i, dlfficult tn con,truct from mani­

fold boundary representation~ of the obJcct ... in Figure l1(a,b). De,plte the 

diff;culties described hcrc in apprm.imatIng the boundé:!ry of é:! non-mé:!nJfold ,olid 
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u..,ing a 2-manifold, 'iomc rC'icarchers have formulated algorithms for regularized 
..,et operation" which u..,c thi~ (Weiler\) technIque. M:mtyla [1986J was able to 

( u.,e Weilcr\ technIque to intcro.,cct manifold soJid~. but dld not discus~ how to 
tntero.,cct o.,olldo.,. Paolum, Ramella~ and Santarelli [1986J pre"ented :t union al­
gorithm for "olid.., that U.,cJ Wej]cr'~ technIque on a B-Rep with tnanguJar faces. 

In (a) we farro an Hhourglass" by defor'.ning a cube. In rb) 

we form an hourglass by moving two prisms together. In 
(c) the union of these twa hourglasse3 has an edge th.1t is 
adjacent ta eight faces. 

FiI!UH' 1 J. \\ ("jlcr', tl'rhmque for reprt.ntin~ !ool.d .. 

Wc condudc l'rom the above (ÎI~cussion about Weiler's technique that a 

houndary reprc'IentatJon 10 be \J~ed for a cla.,.:; of solids should completely de­

.,crihe incidence., lfl the sohd· ... o.,urface. Thi'l IS not the case. for example. If wc 

U.,C :.l repre.,cntatlOn for LI 2-manifold 10 dcscrihc the surfaces of the objects in 

Figurl' Il. 'Wc derme a houndar) reprc~entatlÜn aS expltclt for a class of solids 

If. u,mg appropria te defïnitlOTlS for featurc~ (\crticc~, edgc~ and faces), that 

houndar~ reprc'Orntation describes ail :c mcidencc~ of the fcature" of any re­

pre,ented ,olid in the class. For examplc. the boundary representations of Stolfi 

and GUlba., [IQX5] and Baumgart [1972J arc exphcit for manifold solids; the)' 

tietine a face a'- a polygon (and it~ interior); an edgc is a line segment that is a 

componcTlt of the mter~ccti()n of 1\\'0 faœ~; a \ ertcx is the intersection of three or 
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more faces. We will see that the Star-Edgc represcntation üf this thcsis i~ cxplicit 
for solids. 

Even though precise dcfinition of a face depenJ,> on a particlIlar houndary 
representation, algorithms that manipulatc B-Rcp ... arc ea~icr to formlllatc if fal-c", 
of the B-Rep arc connected sets. For cxamplc, the fact that '/;/cC\ m a houndary 
representation arc connecteJ sets make ... it ea ... iel 10 dctcrmine if the rcpre ... cntcd 
sol!d is :l connected set ( ... ee Figure 12). Thus wc define a houndar~ repre~en­

tation to be a connected boundary reprcscntation if the face ... of the rcprc ... cntation 
are restricted 10 be connected sets. 

(a) 
B 

( 0) 
~ 

(c) a ~ 
Tile solid in (a) is a connected set; the solid in (b) is not. 
Because a representation that is not connected does not 
discriminate between these two situations, ~c) cannat 
immedia tely be classified as connccted or not. 

FIgure 12. Face and solid connecti\ it~ 

It is impvrtant for many geometric algorithm ... 10 have outward normal ... a ... -
sociated with the faces of a boundary reprc'icntation of a ~oliJ. Outward normal ... 
arc uscd to di'icriminate bctwcen point,> in the interior and exterior of the ... olid. 
For example. outward normal,;; can he u ... ed to determine if a point i ... in the mte­
rior of a comex polyhrdron. A ...... lgnmg an out\\'ard normal tn a face put ... a re­
quirement on the ncigh hourhood of the point ... of a face. A face lof a bOllndary 
representation of solid S 1 ... dcfined to have the l'on\tant-f1('Iy,hhour!lood p/'opl'rf)' 

[Requicha. 1980J if there i'i a plane P(xJ',z) defïncd by Ax + By + Cz + D = 0, 
containmgf, such that for half-space H defïned by {(x,y,z): P(xJ',z) ~ Of, every 
neighbourhood N of evcry point a of f ha~ the propcrty that N n H n Inf(S) i ... 
non-empty. Wc wiil require that boundary repre'lentation'l have face., with the 
constant neigh bourhood property (sec Figure ] 3 on page 16). 

Notatior: From the above definition, plane P(xJ-',z) i'l called the ortented 

boundmg-plane of face f For brcvity, wc say that P i ... the plane of j, and the ori­
ented bounding-plancs of the face'i of a sohd arc called the plane\ of the soltd. 
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.------------------------- ---- --- -------------l 

F == fI U f2 

f 2 

1 nt(f1) n 1 nt(f2} == 0 

Regular set F does Dot have the constant neighbourhood 
propcrty because fI and fz have different outward Dormals, 
but regular sets fI and f 2 do have the constant 
neighbourhood property. 

Hgurt' D. ') hc ncighhourhood of a point of a facc 

The di<,cu ... ..,ion to thi.., point (in this chapter) abstracts from previous re­
... carch. (..,cc aho rRcquicha, :9XO; Brown, 1981; Silva, 19XI; Eastman and Prciss, 
19X4; Muntyla, 19X4].) Frr.!;n t/d~ discussion we extract fi\e properties of 
hounJary fcpre<,cntation.., wlllch ~cem 10 allow algonthm~ that u~e boundary 
rcpre"entati()n~ 10 be ea~ier to fOfmulatc (sec FIgure 14). The ne\\' boundary 
rcpre..,entation of thi.., the~i<'. called the Star-Fdgc rcprcscntation. has thesl? prop­
cnie..,. 

(1) faCl'~ ln a B-Rcp arc rcgular ~cts v,lth prurnlse-dis]omt intenors. 

(2) facc~ ln a B-Rep LOver th:: \urface of the reprcsented sohd, 

(3) bound,ll) rcpn:~cntahom arc cxpllclt (for solld~) 

(4) houndJJ\ reprc\l'lllatlOm arc connccten, and 

(5) lJcc., III " 13- Rep ha\ c a comtant nClghbourhood 

H~lIrc 14. Rl'prc!.cntatlOnal propl'rtlcs 

2./ A Alùlùllal BOlilldal"}' Representation fo,' Solids 

ln ordcr 10 define the Star-Edge representation for solids, it is necessary to define 
the feature" (\crtice<" cdges, and faces) of the reprcsentation. We will do this by 
dcfining the feature" of a \'Cf) gcneral B-Rcp for solids, and then restrict thesc 
dcfinitIOns appropriatel). We call this gcncral boundary representation a minllna! 
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boundary representation, denoted B-Replllln. Wc will definc what w(,' menn by a 
face of B-Repnun first, and then define \'ertices and edges as interscctil)fl~ of these 
faces. 

In the prevlous section we said that thc races of a B- Rer arc rcgular "et~ with 
pairwise-disjoint interiors that covler the surface of the solid, and Whll"C interim' 
points ha\'e a constant neighbourhood. A procedural dcfinition of a f:.lcC i~ gi\'cn 
as Aigorithm 1. Once a face is dcfined. wc can dcfine what wc mcan by the face 
interior and boundary in order that Propcrties (1) and (3) of the rcprc~cntational 
propcrtie'i (Figure 14 on page 16) hold (face interiors arc di"joint and aIl inci­
dences are enumerated). 

Let P be a plane of sohd X, and let H be the closcd half-!oIpace hounùed h) J> ~uch that the 

normal vector ta P points awa) from Il, The B-Rerm," face on PI" ocfined a!> follo\\'!>, 

(1) Compute the regulanzed mtcrsccllon of /1 \\'Ith the mtenor of .\, ùenole the re\ult by XII 
(~ee FIgure lS[aJ) 

(2) Compute the mtcr~ection of Ku wlth P, and rCbrulan/e the re .. ult \\ \th re~pect to P; the 

result, dcnotcd Xp , IS a regular pomt set on P that represcnb the cro~' !>cctlOn of K w r,t 

P (see FIgure 15[b]) 
(3) Compute the regulanzed differencc of Xp and the mtenor of X, the re!>ult i~ aB-Rer",," 

face of X on P (~ee FIgure 15[c]) 

Aigorithm 1. Dcfimng a face of B-RcPmm 
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.. p 

f. (a) 

.' 

RC'gularized intersection of interior of solid X with half­
space H is denoted X H . 

( deleted)') 

(b) 

Isolate points on P by inlersecting XR with P and the 
regularizing with respect to P; denote the result by Xp. 

(c) (J 
Remove points from X p that are in the interior of X by 
computing the regularized difference of Xp and the 
interior of X. (Both the rectangle and its interior 
disappear after regularizing.) 

Fi~url' l!i. I>cfininR a face of B-RcPnun 

\Vith the ocfinition of a face gi"cn in Algorithm 1 on page 17, we can define 

",hat wc mean hy the boundary and interior of a face, and the edges and vertices 

of 8- Repmm' Fir"t, the houndcry of a B - RCPrrunface is defined as the intersection 

of that face with aIl other B-Repnun faces in the rcprcsentatiOn. Faces interscct in 

line segments and point,>, called B-RepnlJn edges and vertlces, respectively. A point 

j" defîncd to he in the mterra,. of a B - Reprrun face if that point is in the face and 

not in the facc-houndary. An immediate consequence of thb approach to defin­

ing 8- RCPnun is that ail of the representational properties (FIgure 14 on page 16) 
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are sati5fied, with the exception ofconncctedness (Propcrty [4J), a!- demon"tratcd 
by Figure 15(c). In the next section wc d~finc the Star-Edge Icplc ... entation; wc 
refine the faces of B-Repffiln into connccted sets (~:jtisf! ing Propcrty [4 J): and wc 
define mechanisms, called adjaccnc)' mcchamsms. for de~cribing IclatlOmhip ... be­
tween the vertices, edgcs, and face" of the Star- Edgc reprc~en tation. 

2.2 The Sta,.-Edge BOlilldalT Represelltatioll 

We now define the Star-Edge repre~cntation h~ reftning dcfinition ... of thc 
vertices, edges and facc" of B-RcPrnm' Boundary rcpre<;cntation-. WIH) ... e face~ arc 
triangles [Paoluzzi, RarncIla, and Santarelh, 19~6], pol)gon ... [Baumgart. 1972; 

Guibas and Stolft. 19X5]. or come\. pol)gon~ [Laldlaw, TIUmbtl[c. and Iiughe ... , 
1986J hayc been dcflllcd. hut wc choo ... c a Ic~~ rc ... tncted dcfinlt!oll hy rcquiring 
only that the repre"cntationaI propcrtIe ... (Figure 14 on page 16) 110ki. Clln ... c­
quentI), Star-Edge f3ce~ can be a~ simple a~ the tnangular face ... or Paoluzzi, 
Rarnella. and Santarelli. or as complicate'l a" the connecteu component ... of thc 
faces of B-Repmm. With definition" of the \'ertIce .... cdgc .... and face ... of the Star­
Edgc representation. wc present adjacency mechani ... m ... that de"crihc incidence .... 

(An encoding of the Star-Edge repre~entation used h.y an implementation of the 
regularizcd mtcr<,cctIon algorithm of thi ... the,>is i .. dc ... crihed in Appcndix B.) 

Thc facc~, cdgc~, and \ ertIce~ of the Star- Edge repre..,entatIon arC' no\\' de­

fined. Subdi\ ide the B-RcPrrun faces of a ~oltd inta conncctcd, regular ... eh. Each 
set in the subdÎ\i~ion 1~ a Star-Edge face. The boundmJ! of a Slor-Edge /0('(' i ... 

deftned as the inter~ection of that face with ail other Star-Edgc face ... m the rep­

resentation. Face" inter~ect in line segment ... and point"" called Star-Edgc ('dRe~ 
and vertIces, respecti\'cl). A point i" deftned to be in the lfllel"/Ol (JI fi 's'far-Edxc 

face if that pOlOt i~ in the face but nOI the face-boundary. The ùcfmition\ of 

Star-Edge faces, edges. and \'ertice ... cJo\cl) re ... emblc thcir B-Repmlll analogue .... A 

consequence of thi" i~ that a11 of the repre ... entationaI propertle\ (FIgure 14 on 
page 16) are satisficd. Wc now define the adJaccncy mechani ... m ... of the Star-Edge 

rcpresentation. 

An edge i~ a line segment ln R' bounded by t\\'o \'ertiee",; one ofthe ... e vertice ... 

is arbitrarily called VertcÀ] and the other i", callcd Ycrtex2' Informally, an cdge 
is oriented with respect to an incIdent face a ... follm\' ... : wh en traverl.,ing an cdge 

of a face from Vertex\ to VerteÀ2' if the face i ... to thc right of the edgc thcn thc 
edge is assigned a nght OrientatIOn with rc)pect to the face. If the face i ... to the 

left of the edge then the edge i~ a ... "igned a left OYlentatlOn. ft 1<" po~)iblc to have 
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the face both to the right and to the left, and in this case th~ edge is assigned botil 
a right and left oricntation (~ec Figure 16 on page 20); this procedure is forrnal­
izcd ac., Algorithrn 2 on page 20. Wc call the~e oriented face,'edge pairs dlrected 

edj?{'\ [Kara'-.ick, J9X9J. The coincidence of an edgc and a face is represented ei­
thcr hy one or two dlrcctcd edgcc." and in general, the directed edges associated 
wlth an edge dcc.,cribe the orientationc., of that edge on all incident faces in the 
Star-Edgc reprcc.,entation. 

Vertex) ~T ------t ---;J-Vertex) 
I~___ ~ 1. (') 

(a) 7-;( i0!? ,/ -(:) 
.' --:;;, 1\ ,~' 
~ \ 1 \ 1 

Vertex 2 1 : ./ \. : Vertexz l.. _____________ -' 

Edge (a) gets a left orientation on f; edge (h) gets both a 
left and a right orientation on f; edge (c) gets a right 
orientation on {. 

FiJturr 16. Onrnting a facr/cdJtc intcr .. cction 

An cdgc e contamcd ln face fIs asslgned a )eft onentation, a right orientatIOn, or both, by the 

foJlo\\'tng proœdun: rhl~ proccdure assumes the eXIstence of the normal vector ,\ to fwhich 

poinb to the exterior of the repTe~cnted soltd 

(1) 1 Ir~t, COnstluct a vector l, defined b~ l'erleX2(e) - Vertexl{e) and then compute the two 

n:ctoT!\ / .md r JO the plane of [that pùtnt from the tnterior of e to the left and to the right 
m ( x }\, and /1'" +- ,\ x t 

(2) l'Ither 1 or r. or hoth. pOInt from e to the interior of! If 1 points into the intenor of J, then 
e gel<:. a Jcft onent atlon on f If r pomts into the interior off, then e gets a right orienta1Jon 

on r. If hoth 1 and r lte in the interior of [then e gets both a lell and a right orientation 
(~ee FIgure 16) 

Aigorithm 2. Orienting 8 dirccted edgr 
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A directed edge (e) has three components: an edgc (' gl\'cn hy 
(Fertext. Verte.x2), a containing face f. and an orientation hit nghr'! (which !s tl uc 

if the directed edge has a right orientation). Thcsc threc data arc u\cd te: infcl 

numerical quantlties such as the tangent f((;) corrc"pondmg to thc tra\er,al di· 

rection of the edge, and the initial and terminal \ crtlCC~ of a dircctl'J l'llgc. A 

vector, called a face directIOn \cctor, which point'- from the l'lige into :hc intclior 

of an incident face, is infcrred as weIl. Definition, for ail of thc\e quantitic, arc 

found in Figure 17. 

tct) 

Terminal Vertex o(~ 
Edge of-:-
Directed edge-: 

aceo(? 
nitial Vertex of ~ 

Figure 17. Directed edge notation: Wc denote dlreclcd edge ê b) the tnple (eJ,,,ght'I), ""here (' I~ the 

edge of ê, fIs the face of C, and nght'l I~ the onenLalIon bIt of (: \ote tlldl tllere may be 

man) dlrected edges as~oclated Wlth e \Ve sa) lhat ;: IS one of tllt' dlrec.ted edge, of (' 

Dlrcetcd edgc ë de~crtbes hov. (' I~ lra\ cr<;ed on f If ë ha~ a nghl ortentalIon, tllt'II V. e .. a) 

thal Vertexl(e) IS lb In/llal verrex, and Vert('x2(c) 1<; It .. Irrmmù/ V('f(('X, ((Jnver .. el}', (: ha' 

a Icft OrtenWlIon, then v.e sa). that Ver(ex2(r) 1" IL .. III 1 t .. 1 1 vertex, and !'er{('xl(d 1 .. Ih 1er· 

mmal ,"erLex l he tangent of';, deflotcd t((" l, l' dcfined .1 .. Lhe urllt ..,ector dlretled from 

ils Imllai vertex tov.ard Ils termmal vertex 1 mali)', v.e dcfirlC tlle jalt' dm'{'[uJn of (', de 

noted fd(e). a, Lhe unit veeto! tt/dt I~ we cro~, product of (i(:) v.lth the norm,1I V('(tor 10 

the face f of c l ~h<; \ eelor, v.hl(h IS m the plane of j, roml.<, ortllOgollclll) trom the IIItertor 

of e ioto the mteflor of f 

We can use the directed edge notation (Figure 17) to de'.cnbe a rcprc~en· 

tation for the direc~ed edges of a Star-Edgc face, which form'. part of the face 

boundary." First, the directed edge'i of a face arc ordcrcd radJall)' around incident 

, Recall that by bou'ldary of a face we mean the mtcr~ectlOn of that face wlth aU othcr facc~ ln the 

representahon 
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vcrtice., on that face (.,cc Appendix C). Using this ordering, the bounding 

dtrected-edge cycles of a face (dcnotcd sim ply as "cycles") are defined as those 
l. dlrected-cdge cycle.;; induced u~ing the following rule to deterrnine succession: 

gi\'en a directed edge ('.), the next dlrccted edgc e2 around the bcunding directed­
cdgc cycle j<., the counter-clockwi<.,e ~ucces<.,or to el in the radwl ordering of di­
rected edge<., around the terminal vertex of el ('iee Figure 18).B Wc arbitrarily 
di<.,tIngul'.h one dlrected cdge a'. the fir'.t one in a cycle in arder to facilitate trav­
er<.,al of thl.., cycle It i'. po<.,<.,ible that vcrtice~ incident to a face are nGt contained 
in uny of It.., cycle..,. Wc ~ay that these vertices arc lsolated vertlces of this face. 
Thu ... , wc repre..,ent the boundary of a Star-Edge face as éJ list of isolated vertices 
and boundmg directcd-edge cycles. 

-
l~ 1 

-
1 

/ 
1 

(Termina] .... _-.f_........ Vertex of ëi' 
The successor to e-;is the directed edge ( e;) that is the 
counter-clockwise successor to ~ around the terminal 

~ 
vertex of el. 

rl~urc HI. The 'uccc!o!oor of a dlrectcd ed~c of a face 

2.3 SOl1le C0l11hillato,.ial p,.ope,.ties of tlte Stal'-Edge 

R ep,'(!sellt arioll 

Now that the Stal-EJgc rcpre~cntation has been defined, we can rnake sorne ob­
sen atwn ... ahout propcrtics of the rcpresentation. Becausc of our definition of a 
bounJing dlrectcd-cdgc cycle. a vcrtex is alternatcly an initial and terminal vertex 

K Thl~ rule mduccs a c10ckwlse cycle. I.e. the face IS always found to the nght of its dlfected edges, 

If m~tead \\e uscd the radl.tlI)-c1od.\\lse successor al the tenrunal \'ertlces to determme thc next 

dm:ctcd cdge .. mmnd the c)c1e. the face would be found the the left of Ils drrected edges. and we 
\\ould mducc a countcr-c1od.wlse cycle 
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in the radial ordering of the dirccted edges of a face incident 10 that \'crtex, Thu ... 
on each incident face of a \ ertex therc arc an e\ cn numhcr of dircctcd edgc~ in­
cident to that \ertex, and a dirccted cdge togcthcl \\'1th lb -.ucce ...... or dill'ctcd cdgc 
"enç}o~e" an area of thls face, Sirnilarly. an cdge ma) hl? adjacent 10 many face ... , 
and as 'ociatcd \\lth each adjacent face i" one or 1\\ 0 dilectcd l'tige .. , ln total. an 
edge ha, an (','en number of dlrected eJge .. , and the face ... of thc'.c \.lIrcctcd clige ... 
can be radiall) ordered around thl~ cdge by 11\1I1g face dlrt.?ction ,cetol" to ~ort 

them (sec Appendlx C), Thus the face" of t\\'o CCH1'iccuti\c lhrccted cJgc'. in thb 
ordering enclose a volume of the rcpre~ented solid, The.,e t\\'o radi~j ordcrings of 

directed edges around \erticcs and cdge, arc ~hown in Figure 19, 

Radial arder irected 
edges on face around vertex. 

Fi~ure 19. Radiai ordcring of directed cdgc!o 

Vertex~ 

Radial order of 
faces around edge. 

Asymptotic analyses of algorithms that use the Star-Edgc rerrc~cntation of 

a soHd A are pararncterized by the numbcr~ of vcrtjcc~, edge~, dirccted edge., and 

faces of the Star-Edgc repre~entation of A. Wc denotc the\e quantitie., hy "A, 
EA' DA' and FA, rcspecti\'cly. and we further dcnote quantitie-; likc "the numhcr 

of directed edges adjacent 10 vertex v" by "Dv. " Wc now VA and FA in tcrm\ of 

EA' 

Lemma J. If a Star-Edge representation of sohd A has VA vcrtices, I~ facc!> , and L~ cdgc~, and cvcr) 

vertex is adjacent to at least Iwo edgr and two faces, then' (1) VA :5 fA; and (2) 2/~:5 3L~ 

Proof. 

(1) Each vertex is adjacent to at least two edges, and so by listing thc the edgc~ adjacent 10 ca ch 

vertex, each edge is listed twice: 
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VertICfs(A) 

2 VA=:;; L Ev = 2E A 
y 

VUIIC't's(A) 

(2) [-,ach vertex I!> adjacent to at least two faces, and 50 2FA =:;; 2: F. The number of faces F. 
adjacent to vertex v I!> bounded by one morc than the number' of edges adjacent to the v. (v 

can be l~oJatcd on exactI) one adjacent facc!>.) rmall~, using Result (1), wc have 

Vernces(A) Verllces(A) 

UÀ=:;; L FI=:;; l (Ey + 1) =:; 3EA • 
v 

Thcrc arc al..,o trivial rclationships bctween the numbers of edgcs and directed 
cdgc ... in the Star-Edgc repre",entation of a solid. 

I.l'Illma 2. If a '\l.n-rdgc rcprc~cnlatJon of !>olid A ha~ DA dlfected cdges and EA edges, then: (1) 

21. .. $ I>A, ami (2) for CWT) face f of the rcrre~cntatjon, 2Ei? DI' 

"roof. 1 \cr~ edge of the Star-Edge rcprc",entahon of A is adjacent to at least two faces of the rep­

rc~entahon. -

Wc will u..,c thc ... e hound~ W obtain a simple form for the asymptotic running time 
required by the inter~ection algorithm of '-Chapter 4. Intcrsecting Solids". 

2.4 A SIIITeJ' of BOlilldalT Representations 

Thi.., chapter began wlth a di",cu",~ion of repre~entatJonal issues. A very general 
B-Rep, called B-Repmln. wa.., dcfined and used to define the Star-Edge represen­
t~Hion. Wc no\\' compare the Star-Edge rcpresentation to other, existing bound­
ary reprc",cntation,- for manifold-"'olid .... non-manIfold solid", and ccli complexes. 
ManifolJ-solid rcpre~entation~ discu~~ed arc the lf 'lIlged-Edge boundary fepre­
,-cntation of Baumgart [1972J, the Quad~Ed}!.(' boundary rcpre",cntation of Stolfi 
and Guiha ... [19gS], and the Irm}!.ed-Tnang/c boundary represcntation of 
Paoluzzi, Ramella. and Santarelli [ln6]. Wc will a1so examine representations 
for ccll-complexe,- in Rl [Hanrahan 19R5; Dobkin and Laszlo 1987J and a repre­
sentation for solid~ dl!e to Laidlaw, Trumbore. and Hughes [1986]. 

The Wingcd- Edge rcpresentation [Baumgart, 1972J and the Quad-Edge 
rcpre~entation [Stolfi and Guibas. 1985J are expliclt. connccted reprcsentation5 
for manifold ~ohd~. Propcrty (4) of the repre~entational propertles (Figure 14 
on page 16) i ... enforced by reqUIring that face boundarics be simple polygons, 
I.C., that topologically, faces are dises. The \\'inged-Triangle representation 
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[Paoluzzi, Ramella. and Santarelli. 1986J further requires that face boundarie~ 
be triangles. The Winged-Edge. Quad-Edgc. and Winged-Triangk lepre~cnt­
ations for manifold solids explOit two propcrtie~ of manifold ... 01 id ... : an cdgc in 
the representatlon of a manlfold-soHd i~ dcfincd n~ the Inter"'Cl'lI11n of c\uetl) twu 
faces. and thc edge ... Incident ta a \'crte\ in the rcrre~cntation can hl' radiall~ 0(­

dered around that ,crtcx. Verte),. Coo(JIn~HC ...... cne a ... a mcan ... for embeddmg a 
2-manifold ID R 3 as the '\urfacc of a manIfold soltd. Thu .... li \ CI) "impie 
adjacency mcchani~m sufficcs to dc"cnhc the toroJog~ of a 2-manifnld: thi" 
mechanism is a lIst of the prececding and succecdmg edgc ... on the 1\\'0 adjacent 

faces of an cdgc (sec Flgurc 20). The adjacenc~, mcchanhm for the Wmgcd­
Triangle reprc"entation IS c\en simpler becau'lc each triangle (face) 1 ... adjaccnt to 
three other triangles. It j" ca"y to "cc. b) u~ing directcd l'dge notat\On. how rep­
resentatIon" for manifold solid'l arc "pccial ca ... e ... of the Star-Edge rcpre"cntatlOn. 
If the Star-Edgc rl'presentatlOn lS u<;co to repre"cnt a manIfold \ol1d. then ca ch 
edge has exactl~ two dircctcd cdgcs and cach vertex of a face i ... 'H.lJ3cent 10 t\\'o 
directed edgc~ on that facc. 

Vertexz 

Associated wlth each edge in the Wil1ged-Edge representatlon 
are the four edges that correspond to the predecesr-or and suc­
cessor edges on the left and flght faces. The ')uccessor (clock­

wise) to e around a face is the same as the successor 
(counter-c1ockwlse) to e around a vertex. 

Figure 20. AdJacencics of the Winged-Edge reprc\cntation 

AIthough polygonal face-boundaric~ are ea~icr to rcpre~ent than the gcneral 

face-boundaries of the Star-Edge represcntation, it is nece~<;ary tn examine how 

polygonal facc-boundaries affect algorithm~ that u~c such rcprc~cntati()n\. 

Polygonal or triangular face-boundarics increase the number of face ... in a rerre-
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<,cntation. Thi" ha,> t\\'o effect'i on regularized intersection algorithms: because 
face bounda ric,> of thc,>c rcpre,>cntations arc polygonal, e:Xlra work in addition to 
the actual intcr<,cctJOn computation is neccs~ary; on the IJthcr hand, the inter­
... ection \)f t\\'o face ... become,> ea ... ier to compute (but it IS not cJear if thi'i simplicity 

outweigh ... the other tnduccd computation [cf. Ea"\tman and Prciss, 1984J). 

Certain algonthm ... rcqulfc polygoni.ll face-boundanc'I. For examplc, the Quad­

Edge repre"cntation of GUlba,> and Stolfi [19X5] can be uscd to dcscribc sub­
divi\lOn'I of R2. and wa ... u,>cd in an algorithm to compute the Voronoi diagram 
and Delaunay tnangulatlOn of a ... et of point~ in Ri. 

Rcprc ... entatlon ... for ccll-complc:xe', cmbedded In R3 have been desl-ribed by 

Hanrahan [19X ~J and Dobkin and Lasl!o [1987]. Hanrahan's representation, 
the Fa('('-Edg(' 1 C!"Hc"cntatlon. wa ... u ... ed in a ,>olId modcling system. Dobkin and 
La\zlo :ndependentl) formulated the Fa('('{-Ed/!.(' rerre~entation, which the) u~ed 
to ~ol\'e gcornctI ic ploblelTl"\ llke the con ... tructlOn of Voronoi diagram~ and 
Delaunay triangulation ... in R'. The Face-Edge and Facet-EJge repre':->cntatIons, 
li~e the Star- bige repre,>entatlOn, arc ba ... ed on mtersection ... of edge ... with face~ 
(rec~.lIi that Star-Edgc nomenclature for the intcp,ection of an eJge \\'Ith a face is 

a directed el!ge). Not ~urrrj<;ingl}. the Star-Edge repre'ientatIOn ha,> adjacency 
rnechani ... rn ... \\'hich arc very "\Imilar to tho ... e u'\cd b) the ... e two rerre~entations. 
Dohh.in and La ... zlo ",uprlIed adjacenc) rnechanI':->rn ... for the Facet-Edge represen­
talIon wblch the} callcJ tra\ cr ... al function.... The~e function~ provide the four 
facct edge tra\cI ... al .... u~mg dirccted eJge notatlon. thcsc tra\cr~ab corre~pond to 

mO\ ing alOund a face or an edge to the .,ucccs~or or predecc~sor of :l directed 

ellge. (Fur the Star-Edge Icprc"entation. \\e dcfined only the ~uccessor of a di­
rectcd etlge around a face. but the other three traversaI functions could easily 
ha\ c hccn dctlncd, ... cc Figure ) 9 on page 23.) One Important dlfference bctween 

the StaJ-Edgc rcrre ... cntatlOn and the Facet- and Face-Edge representations is 
that the Star- Edge reprc ... entation can de ... cribl' certain cell complexes whlch can­

not he de'lcnhed u'iing the'le repre~cntation" ('iec Figure 21 on page 27). 
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This cell complex cannot be represented using either the 
Face- or Facet-Edge representations because these 
representations require that adjacent cells intersed in at 
least an edge and these cubes intersect at only a vertex. 

Figure 21. T\\o cells \\ith onl~ a \ertex in common 

There is a representation for ~olid~, duc to Laidlaw, Trumhore, and Hughc ... 

[1986J. that is closel) related to the Star-Edge repre~cntation. In Laidlaw, 

Trumbore, and Hughes' representatlon. facc~ arc hounded b) con\'(~:\ polygon .... 

This simplifie~ the adjaccncy mechanisms in t\\'o way": edgc-.. arc defincd by an 

e\en numbcr of faccs, and venicc ... arc defmed b) an c\'en numbel of cJge face 

pair~ (directed edges). In contra"t. St~r-Edge race" are much more general: an 

edge has an c\ en num ber of dlrected cdge ... , and on each facc a verteh i ... adjacent 

ta an even numher of directed edge .... Becau"ie Laidlaw. Trumbore. and Hughe ... 

bound facc,> with com CÀ pol) gom, their reprc~entation ma) contain many more 

face~ than the corrcsponding Star-Edge rcprc~entation.9 A rcgularized mtcr ..... 'ction 

algorithm that usc~ the Laidlaw, Trumborc, and Hughc.., rcprc ... entation 1'" com­

plicated by three factors: first, the input reprcr,entatiom arc quite lcngthy: and 

second, extra complication is addcd 10 the inter~ection algorithm In order to en­

sure face com chity; and thlrd, many edge', in thelr reprc..,entation arc not definco 

by the intersection of t\\'o faces, and thi ... can complicate incidence te'>! ... in thcir 

intersection algorithm. Laidlaw, Trumbore, and Hughe ... de ... igned their reprc­

sentation in this way hoping that the ease with which two convcx facc ... could bc 

intersected would compensatc for the'ic drawback.... On the othcr hand, the 

Star-Edge representation j, designed to minimize the number of face ... in arder 10 

Iower the ove rail cost of these computation'), 

9 Subdl\'idmg a single Star-Edge face with n dtrected edge ... can mducc as many a\ n convcx face,> 
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We have seen that the Star-Edge reprejentation subsumes many other rep­
re ... enlaliom for ~olid ... and manifold solids. Certainly the Star-Edge represen-

( tation i ... more general than the manifold-~olid B-Rep~ of Baumgart [1972], ~tolfi 
and Guiba ... [19X5] and Paoluzzi, Ramella. and Santarelli [1986]. For manifold 
\olid ... , in.;;tancc ... of thc..,c threc reprc':Icntation ... arc ca<,ily con"crted into instances 
of the Star-Edgc rcplc"entatron. FurtherITlore, wc sa\\' that there are cell­
clJmplcxc ... which the Star-Edgc rcprc':lcntation can dcscribc, t:lnd the represent­
ation ... of Hanrahan [1985J and Dobkin and Laszlo [1987] cannot. Finally, the 
boundary rcprc"cntation of Laldlaw, Trumborc, and Hughes [1986J for solids is 
ca ... ily con\'crted into an imtancc of the Star-Edgc representation. In the next 
charter we examine ho\\' to ... olvc 1\\'0 baSIC problcm'i u~ing the Star-Edge repre­
"cntation: (i) computing the regularized complcmcnt of a solid, and (iO deter­
mining if two in"tance'i of the Star-Edge reprc'icntation describe the same solio. 
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Chapter 3. Sorne Representational Results 

To demonstrate the Star-Edge re;,resentation\ utility, we can ~now how to usc 

the Star-Edgc representation in ajgorithm~ for solid-modcling operation\ othcr 

than regularized set operations. The Star-Edgc rcprc'.cntatlon will now hc u,cd 

to solvc two problem'i in solid modchng: (1) tran'lform a rcprc'cntation of a ~()Iid 

into one for thc sohd\ rcgularizcd complemcnt; and (2) ùcterminc If t\\'o ,olid~, 

repre~ented by their boundarie~, arc identIcal. An algorithm that \ol\'c'. the fir't 

pr0blem u~ing thc Star-Edge rcpre~entation can he u'.eù in cOI1Junctiol1 \\'ith a 

regularized intersection algonthm to Implcment an)' regulanzed 'ct operation. JII 

The second prohlcm. callcd the "~arne-objcct" problcm, wa, po,cd a'. an open 

problem by Requicha [1980J and "oh'cd for Con~tructi\ c Soliù Geometl ~ (CSG) 

t-y Tilove [lnl, 1984]. The complcxity of Tilo\'e'~ algorithm i'. O(n 4), whcrc fi 

is the number of intersection-. of surfacc~ u~ed to define primltl\ C \olid'. in thc 

CSG rcprcsenttltIon. The large a,,} mptotic complexlt) of Tilo\'e'\ algoIithm j'. 

duc to that fact that CSG rcpre~cntatjon~ can be redundant, /.e., given a CSG 

repre-.entation A U*B, thcre may be surface ... that defïne the bounùaric ... of A and 

B that do not dcfine the boundary of thrir regularizcd union. The rcdundancy 

tests used by Tilm e'~ algorithm have been imprrycd by Ro~~ignac and Voelcker 

[1986J, although the asymptotic complcxity rcm~in~ O(n4
). 

In order to analjze the asymptotic complcxity of an algorithm that u~e~ a 

B-Rep, it is Tleccssary to describe how the B-Rcp is cncoded a~ input to the al-

10 Kuratowski and Mostowskl [1968] proved that the rcgular set!> m conJunctlOn wlth the regular­

ized set operations fonn a boolean algcbra Bccause so1id~ arc rcgular set!> wc can cxprc!>'> regu­

larized union in terms of regulanzed mterscctlOn a..,d complcmentatlon u<;ing one of De:v1organ\ 

Laws: 

Similarly, we can write an expression for regulanzed dlffcrcnce 
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gorithm. A <,olid', boundary i~ composed of connected components, and we en­
code cach (\f the..,c component'> as an explicit, connected B-Rcpll r,ontaining 
verte>. cdge, and face Ii~ts of that component. We define the size of one of these 
compon('nt<., to be the total number of vertice~. face", and edge 'face intersections 
in that component. U~mg the Star-Edge repre~cntation, the size of this COTJ1pO­
'lcnt i.., tnc total number of vcrticc.." facc.., and dlrectrd edgc5 (a dIrected edge de­
..,cribe.., an edge, face intcr..,cction). Wc a]<.,o define the SIze of a boundary 
repre..,entatlon of a manifold 'iolid to be the total number of vertiees, faces, and 
cdge<, (a manifold-..,olid cdge i~ defmcd by the intersection of t\\'o faces: for the 
Star-Edge repre..,cntation, cach ed&e ha.., cxactly t\\'o directed edges). 

Wc oÎtcn cannot compare \'cry different representations by comparing the 
a..,) mptotIc complexItie.., of algorithm~ that u~c the diffcrent representations be­
cau'>e rcprc'-.cntational ..,ize.., can very greatl) (..,ce FIgure 6 on page 5). For ex­
ample the ',Ize of a Con,>tructi\c Solld Geometr) (CSG) repre'icntation is usually 
defmed a.., the total of the numbcr of regularized ..,ct operation" and primitive 
..,olid". and hener a CSG repre"entatlon of a sol id is muer! ~T11aller than a B-Rep 
of the "ame ..,olid. Furthcrmore, algorithm<., for the rcgularized ',et operations arc 
tri\ laI u,>ing CSG, hut difflcult Il''mg B-Rcp~. Howe\'cr, there are many other 
operatIon.., which arc ca"ier to perform on B-Rep" th an on CSG repre'ientations. 
FOI c\.ample, we will "CC that the same-ohject problem I~ eal,Ier to solve using 
hOllndar) rcrre..,entatlon.., than u"ing Conqructi\c Sohd Geometr). Very dlffer­
ent rcplc,>cntallon.., for I,olid" can bc cnmparcd b) implcmcnting equivalent algo­
nthm" u<.,mg the different 1 cprc-.entatIons, and then by measuring computatIOn 
lIme'> and other rclc\'ant factor.." "uch a~ numerical error. Using this approach, 
Lee and RCljuicha [19~~aJ e\aluated algorithm-. that compute volumes of solids 

rcpIl'"cnted in \ ariou" wa) '>. 

3.1 Reglilari:ed C'Oll1plelllelltatioll fOI" Solids 

It 1<" \'el) ca")' to tramform a Star-Edge reprcsentatIOn of a solid into one for its 
rcgulanzcd complement bccause a solid and its regularized complement have the 
..,ame boundary. 

iA'mma 3. [Rt'qulcha, 1 Q77] If A ha regular set then ô( -, "A) ~ àA. • 

Il Rcc:ùl the rcpresent.ltlOIlal propCrtlC~ of the representattonaI properties (Figure 14 on page 16) 
ln "Charter 2 Repre~enhng Sohds" 
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l, 

Algorithm 3 transforms a Star-Edgc re!J:-escnt,ltion nf a solid into onc for 

this solid'5 regularizcd complement by in\'crting cach facc's normal ,'cetor and 

each directed edge's orientation. (Rccall that dirccted cdgcs arc oricntcd inter­

sections of edges and their containing faces; faces ha\'e rl~rmal \'cetor .. that point 

to the exterior of the ~olid [sec FIgure 22].) 

t 

(a) 

,t 

z-d = Ohas t 
normal (0 0 1) 

(b) 

If 

-~ - z + d = 0 has 
normal (00 -1) 

Solid (a) is complemented by inverting the normal vector 
of each face equation in its boundary represenation. This 
has the effect ofinverting directed-edge orientations in (b). 

Figure 22. A solid and it!> rcgula:17cd complement 

The Star-Edge representation of a solld is transfonned into one for thl' ~olid's regulan/.cd 

complement as fo11ow5 

( 1 ) mvert the nonnaI vector of each face, 

(2) on each face, mvert the radIal ordenng of drrccted cdge!ot around vcrtlCC:' (!otee hgure 19), 

and 

(3) invert the orientatIOn hl! of each dlrected edge 

Consequently, the Ill1tlaJ and terrrunal ','crtICC' of each direct cd edgc arc mtcrchanged, cach dl­

rected edge tangent IS mverted, and the boundmg drrccted-edgc cycb of cach face arc rcver .. ed. 

Algorithm". Regularized complerncntaflon u!>ing Star-Edge cncoding .. 

If the solid '5 Star-Edge representatlon ha~ a Iength of n, thcn Algorithm 3 ha" a 

running time of O(n). We can compute representation.;; of the rcgularizcd union 
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and differcncc of two solids using both Algorithm 3 and an algorithm for regu­
larizcd intcr ... cction (~ce "Chapter 4. Intersecting Solids"). 

3.2 The Sallle-Ohject Prohlelll for Solids 

The other algorithm we examine in thi~ chapter determines if two Star~Edge 
repre~entatlOn ... deo.,cribc thc same object. This same-object problcm arises in 
many arca., of computer-aidcd manufacture. For example, an algorithm that 
compute.., a machining <,cquence for a modeled part would need to vcrify that this 
~equence yieldcd an abJcct idcntical to that part [Tilove, 1984].12 The same-object 
problem can he ..,01\ ed in term~ of regularized ~ct oper ations,11 but a more efticient 
algonthm u<,ing the Star-Edgc repre~entation is possible. Thi~ algorithm works 
by com ertmg the Star-Edgc repre'ientation into a canonical cncoding of the 
minimal hound;.lf)' Icpre..,cntation (B-Repmm) of "Chapter 2. Rcplr~enting Sohds" 
The <,ame"ohJcct pIOblcm can then be soh cd efficlCntl:y bccau"c there is only one 
canofllcal B-Repmm cncoding of a solid. Wc pro\'c that the B-Repmm vcrticcs, 
edge .... and face., of a ",olId arc unique, wc show hO\\' to encode them canonically, 
and thcn wc u ... e thi-. canonical encoding ta solve thc same-object problem. 

1.A'lllma 4. 1 hl" idCC!>, edge~, and \'l:rtH:e~ of D- Repmln arc uruque 

Proof. ;\""ume that Rand 5,' arc t\\'o minimal boundaT) -repre~entatlOm of 50hd X. We praye that 

en:r) f,IC~, cdge, and vertcx of R J'> eontdlned ln S. that evef) face, cdge, and vertex of SIS contamed 

111 R 

Wlthout lm" of gcncrahty, wc argue that there must be a face, edge. or \ert~x of R that IS not 

found U1 ~' l..ct u~ d ... ~umc {hat there 1:' a f..lee f of R that 15 not eontamcd ln S Thw, thcre IS a pomt 

that 1" 111 the mtenor of / (.md on the houndaT) of X) Bccame f 15 not 1Il S. or.e of the followmg 

mu ... t he trul' about 1111' pomt Il 1" on ~oml' fdee of ), Il IS m the mtenor of X, Il I~ ID the extenor 

of X, It 1" ,II ,\ \ ertn 01 ), or It 1" on an edge of S An: of thesc ca<,cs Impl~ that the nelghbourhood 

of the palOt dlller .. 10 Rand ), and thcreforc R and S descnbc drlferent sol!d~ SuruJar argume'1ts 

10110\\ for the l'dge .. and vertlCC'" of R and S Wc conclud~ tha! the face,>, cdges, and vertlccs of R 
and S arc IdentlC.il, dnd thercfore, the face ... , edge~, and vertlCt:~ of B- Repmm arc unique -

12 S1011lant) tc~tmg, 1~ a ~pCCla1 ca~c of congruence tc~tlng Suglhara [1984] ad..lpts an algorithm 

that te ... 1-. for pl.mar-gr,lph ic;omorphl!>m to test for the congruence of ma.m:-old sollds Atkinson 

[IQ~7] te~h for the congruence of point ~ets 111 R\ and Alt, \1ehlhom, \Vagener, and Welzl 

[IQ8!\] dl~CU"" .1 Vd.I1ct) of algonthms that test for exact and approXlJ11ate congrucnœ of point 

se" 10 R' We (dnd rllO\'e [19114J) do not address thl~ more dlfficult problem 

\, Gwen regular ~eb denotcd A and B. A = B tff (A -"B) ': cP and (B -"A) = cP 
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Lemma 4 established that the vertices, edges, and faces of B-RcPmm arc 
uniquely defined. The canonical cneodmg of B-Repmlll i" ~imply a lcxicographical 
ordering of the faces and face-boundaries of B-Repmm' The facc-ordcring b di­
reetly obtained by sorting these faces using their facc-equation cocfflclent'- (sec 
Figure 23 on page 33) and the facc-boundar) ordcring i, oht~lined fr\)m the 

vertices that constitutc thl~ face boundary. 

We represent each vertex v, b) It~ coordinatc tnplc (x,.)'" z,) and repn:scnt l'.ICh oncnted 

face J; b) the tuple (A), Bl' C" D,), \'ohere A)x + B).\' + C,:: + D, = 0 b the oricntcd unphclt 
equation of the face, and (A., B .. C) lS a unit vcetor Wc lcxicographlCall) compare t\\ () \wtICl'\ 

or two faces usmg these tuple~ T\\o tuples ean he leXJcof:.'Tdplucally ordcrcd h) companng 
them clement b) clement tuple (J. IS Jes~ than tuple P If Cl and P ha\e Identical prdixc~. anù 

the ürst clement m the suffix of Cl l~ sm.ùler thdll the corre"pondll1g. clement of li 

Figure 23. LexicogrllrhÎcall~ orricrmg B-Reprrun ,ertÎ('c\ and facr, 

We now define a canonical encoding of the boundary of a B-RepmlTl face. 

Recall that thc bO'Jndar) of a B- Repnun face i" defincd as tho<.,e edge<., and "ertice\ 
that constitute the inter'\cetion of that face with :111 other face ... in â B- RePmli1 
representation. Becausc a Star-Edgc face can be a" general a ... a B-RcPmlO face ( ... ce 
"Chapter 2. Replc~enting Solid"") we could u,e the Star-Edge adJ3ccncy mech­

anisms, i.e., bounding dircctcd-edgc c) cie" and iq)luted \ C'nlee" 10 de,enhc the 
boundar) of a B-Rep'Tlln fdcr. Using dirceted edge ... complIcute ... our "arne-ohject 
algorithm, and sa wc choo ... C' 10 de ... cnbc a B-Repnufl fale-boundary u ... ing \'ertIce,. 

To convert from a directcd-edgc cycle to a vertex cycle, we extract the mltial 
vertex of each dlrected edge: funhermore. wc can trcat an ir;:J1ated vertex a ... a 

cycle of length zero. Each hounding \ertcx cycle l~ canonically encoded hy iden­
tifying it ... lexicographic(] 11) -... malle';t vertex ( ... ee Figure 23) a ... the fir ... t vertex of 

that cycle (see Figure 24 on page 34). If the lcxicographically-smalle">t vertex i ... 

the initial "ertex of more than one directcd edgc of the cycle, then the 
lcxicographlCall) -smallc ... t of the corre ... pondmg terminal vertice.., i ... di">tmgui..,hed 
as the second vertex of the cycle. A canl'Oical encoding of ail of the vertex cycle ... 

of a B- Reprrun face IS a btamed by ordenng the h~t of vertex cycle ... u ... ing thelr 
lcxicographically-smallcst \ertice~. If a Icxicographically-~mal1e ... t vertex i ...... hared 

by two or more cycle~ then the succe~~or of thi" vertex ln caeh cycle di ... tingui ... he<., 

and orders these cycles (sec Figure 25 on page 34). 
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y 

z 

b 
c 

The canonical representation 
for the bounding cycle of this 
face is gi ven by the 

~I+--.ol:"""'=-'" X lexicographically-smallest 
vertex in this cycle (n. 
Therefore, the cycle is 
represented as (f,b,a,d,e,c,eJ. 

Ilgurr 24. ranonicall~ rrpw.cnting a bounding c~cJc of a faer 

b If canonical representations of 
---c bounding vertex-cycles Cl' c2, and 

~-----= 

-d c3, are (a,b,c), (a,d,e), and (a,{,g), 
respectively, these three cycles 

~ f are ordered by lexicographically 
~g Drdering coordinat~s of b, d, and f. 

.... gurr 25. CanoIlÎca"~ rrprr'l'ntmg thr boundar~ of a facc 

U'oing Lcmma 4 and thc canonical encoding dcscribed for the boundary of 

li B-Repmm face, wc define the canonical cncoding of B-Reprrun' Each component 
of the \urface of a ~olid is canonicall), cncoded by a li'it of lexicographicall)­

ordcrcJ B-RcPmm faces. Each face is repre~ented by Its (normalized) oriented 

plane cquation and by thc Ic"icographlcally-ordcred Iist of lexicographically­

ordcrcd hounding vcrtcx cycles of the face boundary. Final1y, we canonically 

encodc the list of surfacc-componcnt encodings by lexicographically ordering 
thcm u'oing thc smallcst vcrtex on each component. 

ln ordcr to solvc thc ,arne-object problern for t\\'o boundary representations, 

con\'crt to B- Repmm, encode canonically, and then compare the two canonical 

cncoding" of B-Repmln' A'i this compari~on can be done in linear time, the lime 

rClJuircJ to 'iol\'c the ~amc-object problem using the input boundary represent­

mion\ i'i hounocJ n) thc time required to convcrt the two input representations 
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to B-Repnun and canonically encode them. Wc no\\" examine that conversion and 
encoding process for the Star-Edge representation. 

If an instance of the Star-Edgc rcprcsentation has facc" that arc the ~am(' a ... 
the connccted componcnt~ of a B-Repmm face, thcn COO\ cr~ion of that in ... tancl' 
of the Star-Edge representation j" relatl\ely easy. In gencral, Star-Edgc face ... can 
be much simpler than the connectcd component,,> of B-Repmlll' and then COI1\ CIt­

ing the Star-Edge representatlOn to B-Repmln i~ mOle tcdiou ... Thu ... wc nced an 
algorithm that finds a canonical encoding of thr B-RcPmlll reprc~entati()n of a 
solid, given the Star-Edge repre<,cntation of that ,,01ld. 

Constructing the car,onical B-Repffiln cncnding from a Star-Edge reprc~en­
tation of a solid is donc first by combinmg coplanar facc ... and then h~ dcleting 
a11 edges and \'crticcs that arc not boundar~ clement ... of B-RcPmm' Thi ... con-
struction IS described by AIgorithm 4, which ha~ an a ... ~ mptotic running time of 
0(1' + D log D + F log F). wherc r', D, and F arc the num her ... of \'ertiee ... , di­
rccted edgc~. and faces. re">pecti\'el), in the Star-Edgc rcprc.,cntation. 

The followmg alganthm canstruets the canorucal B·Repmm encodmg from the Star·l~dge 

representatlOn of a solld 

(1) Lexlcographlcally arder the facc~ of the Star·Edge repre~entatlOn \1drk aU face~ wlth the 

sarne oncnted face-equatlOn a~ bdongmg to one B· Repmm face 

(2) If aU faces adjacent ta an edge belong ta the "aIne B·Repm,n face, dcJetc the cdge: and thl' 

assoclatcd dIfected edge~. and J0ln the afTectcd boundmg dlrccted-edge cyc1c~. 

(3) If evel) edge adjacent ta a vertex belong~ to evcT) B·Repm", lace InCIdent 10 the vertex. 

delete the vertex, Join the edges (henee dlIected edge~) adjacent to the vertex, anù jom the 

afTecled boundmg dlrected·edgc: c) cIe!> 

(4) Construet the lehieographtcally·ordered vertex cyc1c~ from bath the bounding·dircctcd 

edge cycles and the isolated vertlœs of cach face boundal) 

If there are V dIfeeted edge~, F faces, and V vertlces, re~pectJ\'c1y, in the Star·Ldge rcprc .. en· 

tatton, Ihen Step (l) can be carned out m tune O(no~ 1), Step" (2) and (3) requlTc hmc 

O(V + V), and Step (4) requl1'e!> tune O(D log D) 1 hm B·R"Pmin can be extrat.ted from a 

Star·Edge representatlon ID a total trme of O(V + D log D + /log 1) 

Aigonthm 4. Convertmg from Star-Edge to canonical B-RepllUn EncodlOg 
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Wc now prove that the problem of computing B-Reprrun from an explicit, 
connccted boundary rcpre.,entation with F faces has an Q(F log F) lower bound. 

l The proof of Thcorcm 5 ~how., that the problem of determining if the elemcnts 
in a li.,t of .,ize n are unique, can be sol\'ed by constructing the canonical 
B-Repmm cncoding from (Jn c>.plicit, connccted B-Rcp of a particular salid. The 
model of computation u.,ed, the algebralc-decislOn-tree model, is sufficiently 
powcrful for the algorithm\ of thi<; thc<;b. 

') hl'on'm 5. The prohJcm of comtructing the canorucal B- Repmtn encodmg from an exphclt, con­

ncctC'd rcprc ... crltatlOn (of a ~ohd) wlth F faces ha~ an n(Flog 1) lowcr bound ID the aIgebraic­

ÙCci.,Hm-lrce mode! 

Proof. Cil\'Cn a h~t a of n numbcrs (a], a2, ., a,,), thc problcm of deterrruning li the elements of a 

arl' umqul' 1 ... tramformcd mto the problem of constructmg the canonical B-Repm,n encodmg from 

ail L'xphcl1. conncctcd B- Rep \\'Ith 2n + 4 faces, 6n + 6 edges and 4n + 4 \'ertICes, \\ luch descnbes 

a ""tairLa~l' " ') Ill" tramformation I~ donc b) conc;tructrng tlm staIrcase a10ng the h-aXlS bel\,\ een 

x:= 0 dllÙ \ == fi, \\'Ith the heig.ht of a "~tep" correspondmg to an clement m a (Wlthout los~ of 

g~ner dht \ . \\ ~ a""uml' that no Iwo conrrcullve elemcnb m a are IdenttcaI and that the flrst and lasl 

c1emcnt... ar~ Icm \\Ilh ail the other~ positive) Fmall) , the clements of a are umquc tf and oruy li 
th~ "t.l.1rl:a~l' ha~ chactl) 2n + 4 fac~~ \Ve nov. de~cnbe hm\ 10 conslruct the ~t31rcase 

An cxphclt. conncctcd rcprc"cnlallOIl of thl~ stairca.,e has four t) pcs of faces the suppr rtmg 

none the top 0/ a stcp. the front of a step. and the IwO sides Wc gJ\'e the \ertlces of cach ( 1 the se 

f.Il'C~ ..... .t c1ockwl~c c)cIe (Wc \\il! not reprcscnt lhe~c faces in the canomcal fonn of r 19ure 24 

on page ~4 and l'Igun: 25 on pag.e 34. dlthough we could easù) do thls \\ Ithout penalty) The 

~l1rror1lIlg 1100r. or bo/tom of thl~ ~talrcasc (~ce FIgure 26). is a rectangle on the plane (y =: 0), wlth 

.1 hounùmg. verte>. cycle 

«(0,0,0), (0.0,1), (n,O,l), (n,O,O) 

1 ... ----------. 1" "1 .... ----:., 
,...---------" ... ,. r.:--r ...... 1 

(O,O,Or" : L...' _...1 1: ((n 0 0) 
, 1 : : ___ ., , , 

w1 l , ... ' ... ' 
r-'-~ 1 ... -1---'1" 1 

(O,O,l)~ 0J1'-.......... ---" ",~' __ L_ ... _·_+G4 ...... 
1 

-
~ .. ..c-"'---___ . , --------4Ir 

'--(n,O,I) 

Figure 26. Hottom of thc !otllircll!>c 

l'hl' top of a step. or rn'ad (sec FIgure 27 on page 37), is a square in the plane (y = a,), i.e., the ;th 

tre.ld of thi~ ~talrc,he has helght given by the ,'h element of a. The ,'h tread has a bounding vertex 

c)c1e 
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------------------------------ ------ -------------

Figure 27. Tread of the staircase 

The front of a step, or riser (sec Figure 28), is a rectangle in the plane (x = 1), with a boundmg 
vertex cycle: 

,,---------.... -.... j .... '--7. 
r---------T' ,~ ,r---.e~------
: L" __ .1 : ~ ___ ,., (i,ai,l) 

..... 1 .. ' .,.... 1 
r'-...I l'~--~ 1 (0 0) 

L____________ -----~ (::::: ~: 1) 

Figure 28. Riser of the staircase 

Finally, the two sldes of tlùs staircase, shown in fIgure 29 on page 38, arc more comphcatcd ') he 

side on the plane (z = 0) has a boundmg vertex cycle, 

«n,O,O), (n, "n'O), (n - l, an,O) , ,( l, al' 0), (0, al ,Cl), ((J,O,O)), and 

the side on the plane (z = 1) has a boundmg vertex cycle, 
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--(n,D,O) 

Figurc 29. Sille .. of the .. tairca .. e 

ThL' compktl"d <1,urCd'>C l' the manifold sohd sho\\n in Figure 30 

Figurc JO. Thc completed staircase: A boundar) representallon of the stalrcase contains 4n + 4 

\erllll'\ (2n + 2 Vl'ruee, along cach slde of the stalrcase). 2n + 4 faces (n treads, n + 1 

n,cp" 1\\'0 ~Ide" and one bOltom), and 6n + 6 edges (4 boltom edges, 2 vertical edge~ in 
cath n'cr, dnd 4 edge\ , n l'a ch lread) 

ln order hl complete the praof of tlm thcorem, we must show ho\\ an algonthm that con­

!>Iruct~ thl' canol11cal B- Rep'llI" encodIng from an expliclt, connected representation lS used to de­

tl'nmne If thL' c1emenb of the hst a are umque FlfSt \\e observe that an exphclt, connected 

rcpre~cntatlOn of the ~talrca<;e i~ lm car m the sue of a because It has (from FIgure 30) 12n + 14 

hounoary elerncnh 14 More Important 1) , there arc 2n + 4 faces m trus representatIon ~ext we ob­

~er\'l' that thm: arc dupltcdtc~ 1I1 a If and on])' if thcrc arc coplanar trcads m the starrcasc, and that 

an algorithm, h) comtructmg the canorucaJ B-Repmm, encodmg, combmcs these coplanar trcads. 

14 :'\ote that \\ c m.l) ha\'l' addcd a hncar number of clements to a 1Il order to ensure that no two 

adjacent c1emcnb of a \\ cre IdcnhcaJ T'lus technlcal condition makes the starrcasc construction 
sunpkr 
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Thus, the clements of a are unique if and oruy li thcre are 2n + 4 faces 10 the B-Repmm rcpresl'n­

tation of the staircasc Becausc thc problem of dcktmg duplIca1cs from a 1\31 of Sile n ha~ a 10\\ l'r 

bound of O(n log n) m the algebrruc-dcClSlOn-trec model [Pœpdrdt.l and Shamo~, 1 QK5, pg 1 Sfl J, 
th" construction of B-Repmln from an eJ\.plIclt, connectcd tcpresentatlOn of thl' ~t,urca~l' rl'qUlrc~ 

time O(n log n) Thereforc. the problem of comtructmg. the cdnoIUcal B-RcPmm cnlllJmg lrom an 

expliclt, conncctcd rcprc~entatJOn of a ~oltd \\ Ith F faces hd~ a lower bound of n(1' log. J) • 

Theorem 5 gi\ es a lower bound of D(F log F) for the problem of con ... t, ucting 

the canonical B-Reprrun eneoding from a connectcd, explicit rcpresentation of a 
solid with F faces; and Algorithm 4 on page 35 sol\e~ thi ... problcm in tlmc 

O(V + D log D + Flog F). where F, D, and J arc the numher of facc". dllcctcù 
edges. and \ e,ticc~, respccti\'cly. in the Star-Edge rcprc ... entation. FOI manifolù 

sohds \\'ith polygonal face~. D < 6F and " < 4F. and ~o Algonthm ..t on page 35 
is optimal. HO\\'c\'cr, It 1" possible to con~truct a Star-Edgc reprc,cntatlon of a 
solid that ha" few faces, but a great mimy "ertice, and directeJ cJge.... For cx­
ample. Figure 31 describc~ a soliJ with 0(11) Star-Eoge face,. 0(1/') oirectco 

edgcs, and 0(11 3) \ crtiees. 

For n = 4, the solid is made from 32 
cubes; the Star-Edge representation 
for the solid can have: 

24 faces, 115 vertices, and 768 
direct2d edges. 

\ 
Figure 31. A !>ohd "Ith man~ more edgc!> and ~crticc ... than rate .. : "he ~ohd i .. made h) Joinmg T 

cubes along edge<; l he Star-Edge rerre~entaLJon of thc <;ohd ha .. 6n fa cc .. !ri the <;ohd (n 

face,; ln cach of the SIX pnncipal dlfecuon), 12n J dlrected edge .. (cach cu he tM" 24 dlrected 

edgcs). and (n + 1)3 - 2n - 2 \crlJ(:,c~ (m a pnntlpal dlrccuon, cach of the n + 1 plane .. 

has n2 + 2n - 1 verl.lce~) 

The sarnc-object algorithm, I.e., comparison of two canonical B-RcPm,o en­

codings constructcd using Algorithm 4 on page 35, can be implementcd u<.,ing 

exact arithmetic (e.g., rational arithmetie) in the straightforward way. Howeycr, 

if we wish to implement the samc-object algorithm using finitc-prcci<"Jon (e.g., 

floating-point arithmetic), wc mU'it be more eareful. Bccau~c finitc-preci<.,ion 
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arithrnetic implement~ cquality using proximity (within a tolerance t:), three 
problcm<., ari<.,c: 

(J) Two verticcli with proximal x-coordinates cannot be sorted using a finite­
prc(.;l<.,ion lexicographlc comparison: cono;;equently, il may be impos'iible to 
idcntify the lexicographically-smalle~t vertex of a bounding vertex cycle of a 
face. For the <.,ame rea"on, it may not be pos~ible ta lexicographically-order 
t\\'o differcnt vertcx cyclc" on thc same face. 

(2) Two facc~ who"c normalized face-equatiom have proximal x-coefficients 
cannot hc Iexicographically-ordered u'ling finite-precision arithmetic. 

(3) If two face" lie on oricntcd plane~ that arc almost identical, it may be impos­
"ible to detcrminc if the two faces should be coalesced into a singlc B-Repnun 
face. 

The"e three prohlem\ illustrute that it ma) not be possiblc to construct the 
canonicaI B-RcPmm encoding of a ~olid u~ing finite-prcci5ion arithmetic. Algo­
rithm 4 on page 35 can alway~ make arbitrary choices to solve these thrce prob­
lem ... , but then the cornparbon phase of the sarne-objcct algorithm will sim ply 
report that the 1\\0 "oli<.h are dlfferent. By modifying the B-Reprrun encoding to 
explicitly de"cribe ambiguitie" that result from irnplementing tht> ~rdering calcu­
btiol1\ with fiOlte-prccl ... ion, error duc to the thrce problerns can be reduced. 

Problem (1) i" 501\'cd by identifying, for cach cycle, the list of "possible" 
lexicographically-\mal/est verticc<., with proximal x-coordinates; and the B-Repnun 
encoJing of "uch a cycle b augrncntcd with the list. The cornpari'iOIl pha~c of the 
~amc-ohjcct algorithm compare" t\\'o such augrncntcd cycles by comparing ail 
po""ihlc cycle-pair.... Sirnilarl), if the cycles of a B- RepTlùn face cannot be 
lexicographicall) -orJercd, the cornparbon pha~c of the same-object algorithm 
compare" B-RcPml11 facc\ b) comparing aIl p(\~siblc pair~ of cycle~. 

Problem (2) i~ ~Oh'Cd similarly to Problem (l); the B~RepnlJn encoding of a 
... olu.! i,> rnoJificd Hl contain clustcrs of face, with proximal x-coefficients. The 
compari"on phase of the same-object algorithm compares two su ch clusters of 
face" hy comparing ail possible face-pairs. 

To aIle\'iatc Problcm (3), wc make a minirnum-feature-size assumption 
[Sq:al and Séquin. 19~5J about the input boundary representations: Two faces 
that arc coplanar to a tolcrance t and that sharc a vertex v are defined to be 
coplanar. The idea behind this assumption is the following: two of the three 
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planes that define v are nearly coplanar, and so the coordinates of \' conta in a 
large error. Wh en t\\'o faces are coalesced to form a single B- Repmm face, t hcir 
face-equations are combined to form an equation with intcr\'al~c()cfficicnt~, For 
example, (WO \'cctors of coefficients. (a, b, c. d) and (a',!>', c', d'), arc cornhincd to 

form the vector of intcn al-coefficient'-

([a mm a', amax a']. [bmm b' , bmax b'], [c mm c', cmax c'], [dmin d', dm.!},. d']); 

the cornparison phase 
lexicographic:J.J!y-ordered 
coefficients. 

of the samc-objcct 
Ibts of facc-equations 

algorithm comparc~ t\\'o 

by comparing Înter\'al-

Our discussion of the problems in a finite-prccbion implC'mentation of the 
sarnc-objcct algorithrn pro\'idc sorne contcxt for the remainder of thh thc"oi"o, If 
we choose to impkmcnt a geornctric algolithm 10 use exact computation, thcn the 
implementation \\ ill be correct, although ineffîcicnl. COD' cr~el), jf Wi.' implcmcnt 
the algOl ;thm mmg finnc-precision arithrnctic, thc!1 the Implementation will be 
efficient, although probabl) incorrect. In the neÀt two ch.lptcr-., \,c di ... cu"o"o both 
a solid-interscction algorithm and its finitc-preci"ion implcmcntation. Thil, im­
plementatiùn usc~ symbolic infcrencc technique ... to all('vwtc crror~ duc to finite 
precision. 
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~ ........ --------------------------------------------------------------------

Chapter 4. Intersecting Solidi 

ln thi ... chapter, il nt:w regularized intersection algorithm for ~]ids is described, 

analyzcd, and pn)\'cd correct. Givcn Star-E(jge ïcpresentations of solids A and 

B, the algorithm computc~ a Star-Edgc repreç,entation of A n· B. The new inter­

... ect!on algortthm ha ... hccn Implemented a~ d('<;cribed here, u~.ing finite-precision 

incidence tCq.., to oc dC'Icribcd in "Chapter 5. Incidence T.csts" ("CC also Appen­

dice ... B-E). 

Fc\\' ~ttcmpt" ha"e bccn madc to dc\'clop correct, efficient algorithms that 
imer ... cct ..,olid~. ahhough '\uch algorithm<; ha\ c bren prescnted for convex 

polyhedra. Muller and Prcpalata [197XJ dc~cribe an algorithrn that intersects 

t\\'o come:\. polyhcdi(J, and Browlî [1978] and PIeparata and Muller [1979J use 

thi ... :.llgoflthm to imcr..,cct a collectIon of half-~pace.... Hertel. 1\1 antyla, Mchlhorn, 

and Nic\'Crgclt [l9~4J dc",clIbc algonthm ... thnt Lomputc the union. intersectlOn, 

or dlffcrcncc of COn\CA pol}'hcJuJ. Ali of thc:.c algûntJ1m .. u<.;c a reprc~cntation 

of Preparatn and Muller [1 ~7XJ. l:al1cd the douhz\'-conflectcd i'dge lis! (De EL), 

WhlCh i\, almn ... t idc-ntical ta th~ Wingcd-Edgc rcprc'Icntalion of Baumgart 

[197~J (de ... cribcd in UChaptcr 3. Sorne Represcntatjonal Results"). 

Muller and Prcparata [1978J describc an algorithrn that, gl\'cn DCEL rep­

rc ... cntation ... of con\'c'\ pol) hcdn.l P and Q, cumtructs [l DCEL rcprcsentation of 

P il Qin time O( V log J'), whcre V is the total numbcr of \'crtices in P and Q. If 

ooth P and Q conta in the origm, thc;r m~CI'IcctlOn can be \\TÏucn as the inter­

;;ectitln of half-"'racc .... of the forrn Il,X + b~\1 + C,= .:s;; 1. The dual of cach half-spacc 

i ... dcfincd Hl be the POi111 ta" bl; c,), and the dual of a COD' ex polyhcdron is dcfined 

10 ['le the C(ln\'c:\. nul! of the dual" cf iL~ dcfining half-spacc~. Muller and 

Prcparata [197~J prove thon if P .and Q are (.om'ex polyhcdra that contain the 

origin, thrn P n Q is the dual of the convcx hull of the UnIon of the duals of P 
and Q. Thu'> P n Q is ::'ound by: (i) fmding a point a in the interior of P n Q; (ii) 

t:-an'\latmg P and Q ~ that a 1S at the origin: (Hij computing the pomts that are 

the d !.laI .. of the (uansiatcd) defining half.·spaces of P and Q: (i\') fïnding the 

come\. hu!lnf the pojnt~ found in Step (i\')~ and (\.,) obtaining P n Q by appiying 
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the inverse translation of Step (ii) to the dual of the comex hull round in Strp 
(h"). Muller and Preparata [1978J ghr a detJiled algorithm fOI Stcr (i) that u\e\ 
time O( V log V) to eithcr find a or determme that P n Q = cjJ. The) aho U\C the 
convex-hull algonClm of Prepara ta and Hong [1977J in Stcp 0\ ), which IInd .. the 
con\'cx hull of fi points in tlme O(n log fi). 

The intersection algorithm of Muller and Prcparata [147~] i .. u\cd hy Brown 

[1978J and Preparata and Muller [1979]. 10 intersect a ~et of F half-\pacc .. in 
time O(F log F) First, the F half-space'l arc partltioned into n,'u ~C'l'l: ~ct H' 

contains half-spaces of the form ù,X -+ "J' + CI: ::;; l, and ~ct H conta1l1" hall'­
spaces of the form ay: -+ h).v + c .. : ::;; -1. Then the dual-. of the half-"pace .. of H' 

and H- arc fCllnd: the dual of a half-"pace of H' b point (a" hl' l',). and the dual 
of a half-'\pace of H- is pomt ( - a)' - hl' - (J)' The F half-"racc.., mtcI"ect if and 
only if thcre i" a plane that "cpamte'l the duah Gf the half-"pacc ... of H l'rom the 
duals of the hctlf-<:.pacc<, of H . (Prcparata and Shamo.., [19~). pg. 291J gl\(, an 
algorithm that uses ume O[F]. to cither fmd <l \cparating plane or dC1C'lminc thal 

one does not e.x.ist.) Using hornogeneou ... coordmate ... the rotation that map" the 
separating plane 10 the plane at infmit) aho tran..,forrn" e\ery halr- ... race of H 
and H- to contam the ongm. Fmall). the F rotated half-~racc.., arc mtel"ected 
u')ing the rncthod \)f Muller and Preparata [197XJ. and the imcr"e rntation i" 

applied to thc re"u~ting comex polyhedron. In total, the algorithm~ of Bp)\\'I1 

[19ï8J and Preparata and Mulkr [1979J requlre time O(Flog F) to prouuce a 
DCEL representatIon of the inter ... cction of F half-\pace'l. 

HerteL Mantyla, Mehlhorn, and Nicvcrgeit [19X4] de .. cribe algorithm.., that 

compute the intersection, union, al differencr of con "ex pol)hcdra Po and PI in 
time O(V log V), whcrc V 1<; the total number of vertice .. in Po and PI. (They 

represent the polyhedra using the DCEL reprrsentation). A plane, orthogonal to 

an arbitrarily cho~en lme. b swept along that line. A" the plane pa .. ..,c.., through 

P'J and PI. balanced binar~ tree~ Co and C. keep track of the edge ... and face ... of 

Po and Pl, respectively, intersected by the plane. The Jircltion of ,wecpmg In­

duces an order, calJ.:?d a 5wcep-ol'der, on the vcrticc~ of Po and Pi' An coge (v,w) 

of P, is dcfmed to start at \crte:{ v if v prccede.., w in ... wecp-oruer, and a face of 

PI is defined to start at v if v precede ... every other \ ertex (lf the face in I.,weer­

order. Face~ and edge~ of P, that end at v are similarly dellneo At cadI vertex 

v of PI' in sv.:rep-order, the foiJowmg procedure i., u';cd to lino ..,orne of the inter­

sections of edge~ of P, with face., of P1_,: 

(1) First C is updated. Added to C arc the cdge~ and face.., of P, that qart at v, 

and delcted from C, are the edgeç; and face ... of P, that end at l'. 
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(2) Thcn the cclge~ of C, that start at v are intersected with the faces in CI_" and 
the intcr,,>cction point.<;, if any, arc recorded. 

(3) Finally, for cach face f of C, that starts at v, if no intersections of edges of f 
with the face.., of Cl 1 wcrc found by Step (2), the interior off could be picrced 
by thc face .... of CI /. To detcrmine whcthcr this is 50. an arbitrary edge of 

CI / i" inter .... ectco with J, and the intcr..,cction point, if any, is recorded. 

The aU1hor ... ..,rHl\\, that thc abo"c procedure reqUires total time 0(1' log V) to find 
a "ufficient numbcr of intcr .... ection pomi<, 50 that a boundary representation of 

Po n Ph Po U Ph 01 Po - PI. can bc su b~equcntly constructed in time O( V). The 
author" concludc that although the dctail.., of their intersection algorithm are 

complicatcd. the algonthm i" conccptuall) ~imple, and the) also sugge~t that the 
~pacc-<"\\eep paradigm doc ... not ha\c the ~ame power in R' as plane-sweeps ha\ e 
in R2. 

The algorithm ... de .... cribed a nm'c arc not so relc\ ant to the problcm of 50Iid 
regularizcd-intcr .... cction bccause 1hcy explOlt the propertic'l of cam CÀ polyhcdra. 

The prohlcm ... of dc\ cIo ring correct and efficient algonthms for regularized set 

operation ... of .... oliù.., arc summal ized by Mantyla [1986]: 

". ct ~ct operatl0m algonthm mu~t be ahJc to tfeat a11 po~siblc kll1d, of gl'Ometnc mter· 

'l'ctlom that ma~ Jppcar bet\\cen fdCC~, cdgc~, and \'crhcc~ of the t\\O ()bJect~ The propcr 

trcatment of all Cd'l''' C3 ~ll) Icad, to a \'CII hall) case anal) <;1" Second, the vel} case anal) SIS 

mu~t he h.t'cd on \<mou~ tc,{; for o\'crldp, coplanant), and mterscctton, \\ luch are dtfficult 
tn pcrform rohu ... th ln the prc,tnce of numcncal crror~ .. 

Mant) la de',crihe ... the detail, (corre'lpondmg 10 the "hairy case anal)sis" above) 

of incldencc te .... h u ... ed in union, intcr'\cction, and diffcrencc algorithms for mani­

fold ~olid.., rcpre..,cntcd u~ing the \Vmgcd-Edgc rcprc~cntatIon. Laidlaw. 

Trumhore. and Hughc ... [19~6J rre..,cnt a <;irnp!c. alheit a'\)mptotically slow algo­

rithm fOI the rc!!ulanzcd mtcr<.;cction of t\\'o sollds with connected boundary. 

Laidla\\'. TI um hore, and Hughe,," claim that a proof of correctnc~~ of their algo­

rithm j ... po"'''ihlc. although th!?) do not offer one. Paoluzzi. Ramella, and 

Santarelli [19~6] prc .... cnt an algonthm that compute~ the rcgularized union of 

t\\'o ~olH.J... W!lh connectcd boundan, but thelr dis('u~siom of special cases !lnd 

a,,}mrtOtic cnmple\it~ arc sketch) (1he~c 1WO algonthm~ are di~cussed in 

UA"ymptotic Cornplc\ity of the Intcr~ccti\.m Algonthm" on page 50). Segal and 

SéqulI1 [19~~J prc"cnt an algon1hm th3t intersccts manIfold solids. but the)' do 

not prc-..cnt an analy"i" of a'lympt(ltic complexity nor do they discuss special cases 
ln an) detai!. 
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The presentation of the new intersection algorithm of this charter impro\'cs 
upon the work citcd abo\'e by giving an asympt0tic analy~i~ of complc~ity which 
encompasses aIl of the special case~. (Of the algorithm~ cited a ha\'e, the onl) one 
that discusses special cases in detail is that of Mnntyla\.) The nc\\' mtcr"cction 
algorithm improves on Mantyla's algorithm by gcncr~\lizing the Jomain 10 "olid ... , 

4.1 Ol'erl'iew of the Intersectiol1 Aigoritillu 

Star-Edge representation~ of A and B are used by the ne\\' intcp .. ection algorithm 
to construct a Star-Edge representation of A n·B. The boundar) of li ,olld j" not 
necessarily connected. and so each she!l, or connected component of the .,olid 
boundary, will be rcpre~entcd b) Ii"t~; of the verticc" cdgc", L.lnd face ... of the 
Star-Edgc representation of that shell. lS Figure 32 i., a paradigm 1'01 intcl"ecting 
objects that ha\c several boundary component" and are reprc,rnted hy their 
boundaries. 

Gtvcn regular but not ncces~an1) wnncctcd obJcct~ A and B rcrre~cnled h) thclI hound· 

aries. a boundaT) reprcsentatlOn of A nB I~ produccd a~ follow~ 

(1) Intersect the shells of A \\lth th.~ shell~ of B. and a~~emblc piece!> of the mter~cctmg .. heU .. 

ta obtam sorne of the shdh of A n' B 

(2) Obtarn the Temaming shclh of A (I"jJ b) takmg tho~e shdb of A (re~r B) contamd en· 

tircl) In the mtcnor of B (re~p A) 

St cp (1) ]s cornpbcated b) extra procc~l~mg ta cnsurc that the result of the inlmectlon I~ a 
regular set 

Figure 32. Standard computation of A n' B 

Before showing how Figure 32 might lcad to an algorithm thélt mter.,cct., 

solids A and B, wc examine a ~irnplcr ca ... e. In two dirnen.,ion." A anù B mlght 

be polygons with polygonal ho]e~, and Figure 32 would .,a)': (1) mlcr<.,ect the 

boundary polygom of A with the boundary p,)lyg(ln., of B, yiclding :J collectIOn 

of intersection point'. that arc uscd to trace out ~ome of the boundary polygon., 

of A n-B: and (2) obtain the remaining boundary polygom of A n' B by ta king 

15 Wc will me sorne shorthand for brcvit) FOI example, when \I.e Tefer 10 a "face of Il .,olId" we 

mean to refer to a "face of the Star-Edgc repn~scntatton of a shell of a 50bd " 
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evcry boundary polygon of A that i~ in the interior of Band e\"ery boundary 
polygon of B that i" in the intcrior of A. Regularization of the intersection might 
be nece\\ary if a vertex of a boundary pol)gon of A (rcsp. B) i~ Incident with an 
edge of a boundary polygon of B (re,>p. A). A boundary repre~enta tion of A n'B 
contum'" four lhffcrent typel., of edgel.,. Thc~e arc cdgc~ of A n' B contained in 
cdgc" of A (rc\p B) that Inlcr..,cct po!ygon.., of B (rc~p. A). and cdgc~ of A (rcsp. 
B) contained within the Interior of B (resp. A). (\Ve could also distingui'\h ectges 

of A n" B containcd both ln cdge~ of A and edges of B.) 

Algorithrn ... that u ... c the puradlgm of Figure 32 on page 45 to inter~ect solids 

A and B fir"t intcrl.,cct facc" of A with facc~ of B to obtain line segments and 
pointl., thal arc u .... cd 10 trace the boundariel., of the face~ of sorne of the shells of 

A n'B; thcn the remuming "helh of A n' Barc ohtained by taking the shell, of 
A (B) that arc contained in the interior of B (A). Ju'-! a, in the t\\"o-dlrncn:-.ional 

cxarnple aho\'e. a houndary repre..,entullon of A n'B contaim four different type" 

of fuœ.... The,e four 1) pc .... corre~pond ta face~ of A n' B that arc: 

(i) containcd in face" of A that inh?rl.,ect the 'iurfélce oÎ B: 

(Ïi) cllntained in fa('c~ of B that intersect the surface of A; 

(IiI) face~ of A that are contained in the interior of B: and 

(h) face ... of B that arc containcd in the interior of A. 

Wc di,tingubh face~ of A n'B that are contained in both faces of A and B to be 
face,", of Typc (i). 

Wc now ,ho\\' ho\\' the four type ... of facc~ of A n'B as defined abo\'e are 

con'\tructed hy the ne\\' intersection algorithm of this thesis. The algorithm has 

... i\ "tep". whlch arc performcd in turn. Step (1) of the ne\\" algorithm intersects 

B \\'ith the orientcd plane P of ca ch facefof A. yielding a partitIOn (Gp ) of Pinto 

two-diml'n'\ional set.;; that arc in the intcnor of B, in faces of B orientcd identically 

10 P, or in the c:\tenor of B a~ shown in Figulc 33(a). Face~ of B oriented 

(lppo ... itcJ~ to Parc conl.,ldercd 10 br In the exteflor of B. Concurrentl)', Gp is 

augrncntcd with cdge ... and \'ertices (If B that lie on P. Step (2) of the algonthm 

finds all face .... of Type (1) and -'orne face" of Types (iii). Enr)' face f of A is 

inter .... cctcd \\lth the corre"ponding Gp• If .r contains points that arc on the 

houndar~ of B, the Type (i) face~ contained in f arc found (sec Figure 33[b J): 
nthef\w.c. If f i ... contained 10 the intcrior of B. then fis a Type (iii) face itself. 
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Step (3) of the algorithm finds additional Type (iii) faccs. 16 If a face ffrom Stcp 
(2) contains Type (i) faces or lS a Type (iii) face ibClf. then f mi!,!ht ha\c 
neighbouring faces that are in the interior nf B. Thcsc ncighhouring face .... LIIC 

Type (Hi) face<;. which can 10 tum neighbour additional T~ pc (iii) face.... Bcgm­
ning with J, a breadth-first search e:\3rnin~ the l:'dgc~ and \ ertlec ... of facc~ or A 

to find Type (iii) faces that wcrc not found hy St cp li) and ha\c not }ct hccll 

found by Step (2) (not shown in Figure 33). 

,----------7' 
i' " , , 1 

, " l , , , , 1 1 1 

1 , 1 "-{ An*B 

r----r--."...,--~ 
1 .'.""- i ' . G 
1 '" 1 P 

t----/i--~-~ - ?! g 

1 , 1 A 1 
1 i',J... ) 

'B' ,,' -. ~f 

: i~fJ : orBI .. f 
,., 1 ~ v ___ -,1. __ : __ .1 /' • 

' ". f " 
,~"", - - -.' 

(a) The intersection of solid (B) with the cube (A) is a 
cuboid. Plane P of the front face f of A is coincident with 
face g of B, and the cross-section Gp defined by B n P 
contains g and a two-dimensional set in the interior of B. 

. . 
" ....... _ ......... ______ Gp 
-: /: ~ , .. ~-h 
:./l~' . :: : . .... f 
~. .. , 

::: ..... :. ~.: ~ 

(b) The intersection of fwith the points of Op that are inB 
or onB is the square area h that is a face of An· B. 

Figure 33. Step~ (1) and (2) of the nc" intcrM.'ction .~()nthm 

Step (4) of the ;nter~cction algorithm find'. al! Type (ii) face'., and Step () 

finds sorne Type (i\) faces. The Type (ii) and Type (i\') facc~ could he con­

structcd by interchanging the role,; of $olid~ A and Band repeating the fir"t three 

steps of the aIgorithm. but therc is 3. more dircçt ',,'ay to generate the ... e face'.. By 

definition, every face g of B that contains Type (ii) facc~., mu"t inter"ect the 

boundary of A, and 50 SteD (2) of the intersectIOn algunthm mu"t have found the 

points and line segment') of the boundary of A th~t arc containcd in g. Wc can 

IG Step (3) I~ necessaJ) tf 'iolld BIs unbrlUndcd, e g , jf B 15 the complement of a cunc 
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( 

u,",e thc,",c point~ and linc-<.,cgrncnts, which are edges and vertices of A n·B, to find 
the Typc (ii) facc\) containcd in g (Flgure 34 on page 48). Note that t""o­
dimcn"iona) intcr<.,ectIOm of g with the boundary of A arc contained in Type (i) 

face'., and '"'0 we onl) comidcr Typ.: (ii) facc\) that inter,>ect the mtcrior of A. Step 
(5) of the intcr'.cction a)gonthm obtain'. ,",orne Type (l\') faces by searching for 
face,> of B that Ile cnlIrel)' in the inlerior of A, beginning \\!th the neighbouring 
face,> of J.:. Ail facc,", thu,> ohtained arc Type (h) faces (not shown in Figure 34). 

Finally, Stcp (6) of the intcr ... cction algorithrn obtaim the rcrnaining Type 
(iii) and Type (iv) face,>. The rcrnainmg Type (üi) faces be)ong to shells of A that 
Jill not contribute any boundary points to the facee; of A n' B found in Step (2). 
The rcmaining Type (i\') faces bc)ong 10 shelb of B that did not contribute any 
houndary pomt'. to the faces of A n' B found in Stcp (4) (not shown in 

Figure 34). 

(b) , (a)/----------:,~-----....... , 
, '/1 g t---- rr -----(: -

l' /. j,,~ e 
1 ,'. ,,_) -( ~ '\ 

, 1 1;' 1 r 
, .L--,-_ ..... ". J 
,'$ ,;",;"- 1 A'" 
,,_" L ___ :.J.-" .' 

In (a), the plane of the top face f' of A intersects the 
rightmost face g' of B in line segment e. Because e is an 
edge of A n*B, e is used in (b) to construct the face h' of 
An*Bcontained ing' 

I.",un· .14. Stlp (4) of the ne" intrf\l~l'ti()n algorrthm 

Thc nc\\' ifitcr'CCtlon algorithm is gi\'(~n as Algorithrn 5 on page 49. The rc­
rnumùcr of thi" chaptcr ti]]s in the details of the algorithm. For example, we will 
... cc ho\\" the inter ... cctlOn is rcgularizcd by di!>carding certain intersections of the 
... urfacc .. of A and B. 
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A Star-Edge representation of A n"B lS constructed from Star-rdge rcprc~cntatlOm of A and 
B as follo\\ s 

(1) For each face f of A, mtcrsect B \\ lth the onentcd plane P of r. ) lckhng G l', d partltJon 

of P mto two-dunenslOnal ~ets that are ln the mtenor of B (in 11) , in fdcc~ oï B om'ntcù 

Identicall) ta P (onB), and m the extcnor of B ract:s of B oncnh'd opro~ltd) to Parc 

consldcred ta be m the extcnor of B Also. Gp J5 augment cd \\ Ilh cdgl'~ .md \'crtICC~ 01 
B th:lt lIe on P (sec Figure 33[aJ) 

(2) For each face f of A, mtersect f \':Ith subsets of Gp that an.' inB and onB, ) Ic\dmg \'ertice~. 

edges, and faces of A n" B contamed m f (sce Figure 33[h J) 

(3) Find the faces of A that are in the mtenor of Band hclong. to shells of A that cont,ùn the 

faces of A n'B fouf'd fi ~~ter (2) The face~ of A obtamcd h) thl~ !iearch arc aho facc' of 

A n"lJ (not sho\\n fi Figure 33) 

(4) For each face g of B, find the edg.l:~ and vertlce!. of if n" B con ... tructcd h) ~tcp (2) that arc 

also contamcd ln g, and u~c thc~c edge~ and \ crtJ(.C~ tn comtruct facc~ of -t n' B cont,ul1l'd 

fi g that mterscct the mtenar of A (~t:C Figure 34) 

(5) Fmd the face~. of B thdt arc lB the lIltenor of A and helong 10 ~hcll~ of IJ that contalll the 

faces of A n-B found m Stcp (4) The facc, of B ohtaml'd h) thl~ !-carch arc ,i1 ... o fdcc, of 
A n'B (not shown m FI!:,'1.!re 34) 

(6) Fmall) , the remruillIlf shelb of A n'B arc obtamed from the .. et A" of !.hell, 01 A that do 

not contrihute an) boundaJ") pomh to the faces of A n"1J jound 10 Step (2), and the !let 

Bo of shells of B that do not contnbute an) boundaf) pomt-> 10 the face ... 01 A n" JJ found 

in Step (4). The shelh of AD (B,,) that arc contamed m the mtcnor of B (A) arc taken to 

be shells of A n" B 

In each of Steps (1 )-(2) and (4). extra processmg 15 donc to regularue th/: mter!lcetion of A and 

B 

Aigorithm 5. The nc" regulari/ed inter,ection algorithm 

ln the description of the algorithm to follO\\', wc a ...... ume that computation ... 

can be pcrformed exactly and that nurncrical quantitic ... can be tc<.,tcd for 

equality.p Then in "Chaptcr 5, Incidence TC"b" a finitc-preci~ion implerncntation 

1" It is pOSSIble to unplement algonthms hl.c the ne\\ regularv.cd mtencction algonthm 10 u~c ra· 

tional anthrncl1c [O'Connor and Rosslgnac. 1987]. <ilthough thl'> ha,> not been donc (nvcn an 

algonthm that sorts vectors radlaIl) around a pomt on a plane (~ce AppcndJx C J, the IOter,>cctlOn 

algonthrn could be unplerncnted to use ratIOnal anthrnchl 
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of the incidencc test ... u",cd by the algorithm is discussed. Before describing the 
nev: intcr ... cction algorithm, the main result of this chapter is stated. 

4.2 ASYlllptotic C0l11plexily of the l1ltersectioll Algoritlllll 

T'won'm 6. Gm:n ~lar-I ,dgc rcprc<;entatlOn<, of the shclh of A and B wlth DA and Dh drrected edges 

n:"pclIl\'c1), d ~tJ.r·J dgl' n:prc"cptaflon of A n'B, which has total suc O(DADS)' can be constructed 

ln llmc o (/)A/)8 )og[l)"IJ/J]) • 

Thc number ... of facc~, edge~, directcd edgc ... , and vertice" in a Star-Edge 
reprc ... entation of an abject Sare denoted b} Fs. Es, Ds. and Vs. re~pecti\'ely; and 
the "Ize 151 of S i ... dcfined a" F!; + D\ + r '.s. For example. if 5 = fis a face then 
D, i ... the numbcl of dilcctC'd cdge~ of f, and lfl = 1 + DI + 'J' The simple ex­
prc ... "ion ... for the a,,) mptotlc compJcxities in Theorcm 6 arc obtained by simplify­
ing u ... ing the rclation<,h1r'" among FA, EA' DA, . and VA pro\'cd in "Some 
Combll1atorral Propeftlc", of thc Star-Edge Representation" on page 22. The re­
maindcr of thi" charter plm e ... Theorem 6 and e"'tabli\hc~ the corrcctness of the 
intcN~ctJ()n algonthm. 

Other rc"c,m:hcr~ clalm th,n their algorithm", imp)cment regularizcd set op­
eration", in ume that 1" quaJrath.: in the ~Ize of their input boundar) reprcsent­
ation", but \\ hcn carcfull) anal)zed. their algorithms arc significantly slower. 
The algorithm" of Laidlaw. Trumborc, and Hughes [1986J and Paoluzzi. 
Ramella. and Santarelli [19~6J intcr~cct '\olid" A and B b) intcrsccting cach face 
of A \\'lth each face of B. Pair" of mter"ccting faccç; are subdiyided into sm aller 
faIX''' that intcî"cct only at elige" anJ \'crticc,\. The replc~cntation of Laidlaw, 
Trumborc. und Hughc" reljuire" face" \Vith cnm ex polygonal boundanc~ and sa 
the "ubdl\ I"ion plOduce ... COD' e\ pol) gonal face". Similarl). Paoluui, Ramella. 
and SantarclIJ ",uhdi\'ide face" into triangular face" ("CC Figure 35 on page 5 l). 

ln l'lthcl Cl"l' the ... ubdi\ I ... ion i" de ... cnhed h) a slmple ca~c-anal) ~is and 50 one 
"oult! C\pcct the \ubdi\ i .... 10n to bc efficient for the~e two representations. HO\~.'­

('\cr. cal:h "uhdi\ I ... ion increa ... e" the numbcr of facc!> of A and B 50 th<:tt the sub­
dÎ\ i"Hln reljuire" umc O(D 4èDn=:). Thu~, the aIgorithm of Laidiaw. Trumbore. and 
Hughc ... and the algonthm of Paoluzzi, Ramella, and Santarelli require time 
O(D/DJ:~) to compute boundary rcprc~enta:ions of A n'B and A U'B, respec­
tiwly, from hllundar~ representations of A and B. Thus these two algorithms are 
in faet ~l'\~ mptoticall~ slower than the ne,," intersection algorithm of this the!-.is. 1 l 

j 
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Two intersecting triangles are 
subdivided by the intersection 
line and by additional segnlents 
that partition the subdivisions 
into triangles. 

Figure 35. Triangulating the subdi,ision of iotcr!\cctmg face~ 

4.3 C0111pUtillg Cross-I-S'ectiolls of Solid B 

Gi"cn solids A and B. Stcp (1) of Algorithm 5 on page 49 intcr~cct ... B with the 
oriented plane P of each face f of A. The re\ult of cach inter ... ection, callcd Gp , h 
a partition of Pinto t""o-dlmcn,,ional ~eh that arc insidc. outsidc, or on thc ~ur­
face of B. denotcd inE. outB. and onE. rc~pecti\'Cly (sec Figure 36 on rlige 52). 
Bccause wc arc computmg a rcgulanzcd intersection of A \Vith B. the interior\ of 
faces of B coincident with P but whu ... c p13ne~ arc oricntcd opro ... itely to Parc 
outB. and face~ of B who~e planc" arc identical to Pare onB. Wc aho augment 
Gp with edges and vertice~ of B that he on P. 

Ju~t as dirccted cdgc~ and \ crtlee ... reprc~ent the boundary of Star-EJgc 
faces. directed edgcs and \ erticc<, arc u<,ed to rcprcsent the boundanc~ of the 
connected t\\'o-dlfficnsional inB and onB ",Cb of Cp (recall the dcfinitlon~ of 
Star-Edge and B·Reprrun faces from "Charter 2. Rcpre.,cntIng Sol1<,l\"). A~ dc~ 

scribed in Algorithm 6 on page 52, certain edgc~ and \'crticc\ of B that coincide 
with Pare edgc<, and \'crtice\ of Cp; and other edge'l and vertlcc"- of Ci!, re.,ult from 
trans\'erse inter~ection~ of P with face., and cdgc'l, r~"rcctl\ cl:. of B (',ce a).,o 
Figure 36 on page 52). Wc orient the edgc<, of Cp",o that on P, the area to the 
right of the dircctcd cdgc i~ either inB or onB whcn tra\'cr ... ing the dirccted edge 
from its initial 10 it", terminal vertex. If the lOterior of B i~ not boundcd, ('.~., if 
B is the complemcnt of a cube, then one of the inB point ~ct., of G" i., not 
bounded, but we can still represcnt the (bounded) boundary of thi ... unbounded 
point set using directed edges and vcrtlce~. 
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/p Î • . /'" 
mB 

Cross section of B with oriented plane P partitions Pinto 
line segments and points that are on the boundary of B, 
and two-dimerls!onal sets that are in the interior of B, on 
the boundary of B, and in the exterior of B. 

) or e.tch lace ~ of /1, fino the tv.o-dlmemlOnd.l set\, lme-~egmcnts, and pomts that are the 

mleN.'dlon oi ~ wlth onwtcd plane P a~ loUO\\ ~ 

(J) 1 1Il0 th .. I~(ll..ttcd \'ertlcc!> 01 !!. thdt he 1Il P )'or ca ch edgc r of g, compute the mter~echon 

of (' \\llh l' rh,:r .. MC four ca~e~ e d(}e~ not mtersect p, the mtenoT of e mteT~ccts Pal 

a romt. l' he' III J> (thc lOter~ectlOn pomts are tdJ..en ta be the endpomb of e), or an 

endpo:nt of e mter~ccb P 

(2) Il the onl'nh:J pl,me of ~ 1\ Idmtlcal tn p, then the mtenor of g l~ onB If the plane of g 
I~ Idenlll-'il 10 P. hut ()ppo~ltcl) onenleo, then the rntcnor of g 1~ outB 

(.1) OtllL'm I~e, If.s: mler~ech P tram\'er,d), then the lOter~ectlOn pamts computed m Step (1) 

arL' collllledr Computc a tangenl 1 alOllg tru~ hne a~ \: X \ r. v. hen' \ and \ p are the 

lIonn.th to g ,md l'. re~pectl\ cl), ~ort thl' m1er\ectlOn pomt, along /, and remO\ e all du· 

ph-ale" irom thl' h,t 

(4) /\1 l',ld] IlItcr"l'ctl(1n pomt a. Jet{'ml1n~ \\hl!1her the hnl'-~cgmcnt that connccb a \\lth the 

ncxt p01llt " 10 arder aiong the ml('r~ccllon lme IS lfl the mlcrior of face g TlilS lme­

~l'gT11t'Ot. c,ùled ..t (I{/n-fuet' rdgc, 1" crcatco If / pomb mto the mtenor of.s: at a 

(1) If a I~ 10 thl' mtcnor of an edgc e of ~ and (' ha~ a dlfCcted edge on g who!>e face­

dlrectlOn \ cetor has a pO~ltl\'C dot-product wlth 1. then create a cross-face edge be­

t\\ccn Il .md b (scc Figure 37[dJ) 

(JI) If a I~ at a vertex v of g and elthcr .' lS Isolated m g or 1 spbts an area-enclosing 

dlrccted-cdgc pair of l' on g, then crcate a cross-face edge betwcen a and b (see 

Figure 37[0]) 

AI~\ltilhm 6. InlCtloecting the facelo of solid B \\ith oriented plane P 
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(i) (a) The Face-direction 
(ii)'----'~---- vector at (i) has a positive 
--t--~--'---lé--.......... '"-~ti dot-product with il' but the 

(iii) 
planeP 

(i v)-.----\--. 

f~ce-dir~ction vector at (i i) 
has not. 

Cb) Vector t2 splits an area 
enclosing pair of directed 

t2 edges at (iii), but not at (iv). 

Figure 37. Intcr!>ccttnl! facc!> of loolid B "ith planc P 

For each face g of B, Steps (1) and (2) of Aigorithm 6 on page 52 examlnc cvery 
dirccted edge and \ertex of g, and Stcp (3) might have to ~orl O(E); + l'J;) poinh. 
Step (4 [ii]) requires that wc insert t into 8 radially-ordcred Ibt of \cctor\, corrc­
sponding to the directcd edges of g adjacent to a vertex of ~. Thu ... Stcp (4) rc­
q uires time O(Dg ). In total, for aIl faces of B, Algorithm 6 on page 52 rcquirc~ 

time 

to intersect the faces of B with P. If the nurnber of intcr~ection\ of P with each 
face of B is bounded by a constant. then the O(DB log Dn) time bouml il., reduccd 
to O(DB). 

The ne;,t stage in the construction of Gp i~ an orientation of it ... cdge .. , ~o that 
when tra\ ersing a directed edge of Gp , the region of B to the right (~m oricntcd 
plane p) is either iDB or onE. Then the directed edgc~ of Cp arc hnked to form 
clockwise cycles (the algonthm was dc~cribcd in "Chapter 2. Repre~enting 

Solids"). A cross-face edge of Gp get~ a single dirccted edgc, onentcd by the 
vector t of Algorithm 6. An edgc of Gp induccd by edgc e of B get .. zero, one or 
two directed edges using the following idea: If on one side of e, orientcd plane P 

is either iDB or oDB. a directcd cdge is created (sec Algorithm 7 on page 54). 
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The edge~ of CI' get zero, one, or two drrected edges as foUows' 

{ (1 ) A cro~~-facc edge of G p get ~ a ~;llg1c drrccted edge, onented by the vector t of 

Algonthm (, on page 52 (~cc FIgure 38[a]) 

(2) An eJg.e of C/, induced h) l!dge c of H get~ zero, one, or two directed edges Frrst, con­

,truct face dIrectIOn Vf:ctor~ fe!, and Id, for the left and and nght sldes, respective!) of e 
on P (rec.ul lIgure 16 on page 20) Then see v.luch of Id, and [d, :!Ither pomt into faces 

of /J thal arr onfJ cr "pht volurnc-enclosmg facc-pam of e (pomt mto :nB seb) Therc are 
ttlfCC case,; 

(1) If nelthcr [dl nor [d, poin!~ mto a subsct of P thal 1S inB (or onB) then Gp gets onJy 

the vertlCC\ of c, and the cdgc of CI' i~ removed (sec FIgure 38[b]), 

(II) If hoth [d and (d, pomt mlo sub~eb of P that are inB (Gr onB) the1 creatc two 

Oppo~ltcl)-onenll!d dlf(~ctcd edge!> (sec rigUll' 3R[c]), finall) , 

(1II) if on!) onc of Idl and Id, pomt~ mto a ~uhset of P that I~ illB (o. onB) then create a 

,ing!e dJT(~ctcd cdgc on G h oncnled \\ ith the inB (or onB) subsct of P ta tne nght (sec 

1 IgUTC 3Rf d]) 

Aljtorlthm 7. Orient in): cd~c, of (;p 

----------------------------------------------------------~ 

ln ort.!cr to get a hound on the running timc of Algorithm 7 we obsen'e that 
plane P might inter~cct cach cdgc or vertex of B. and so the numb~r of \ertices 
of CI' j, bounded by EI/ + 1'1/ < 2ER• Furtherrr,ore. Gp is a planar graph. and so 
E(I/'::;' 3 J '(1/ and E(I/ ~ 6ER• Thu,; Algorithm 7 oricnt~ the cro~'\-face edge~ of Gp 

ln lime O(E(I}) = O\LI/). ln order to orient an cdgr of Gp induced by edge e of 
B. we m u .. t delcrminc ~f a f3cc-direction "ector fd splits a \ olume-enclosing face­
p~llr of ('. W~ do thi, hy in~erting rd into a radJally-ordcred IIst of face-direction 
\CctM' that corre .. pond tn the dlrccted cdges al\,>ociated with e. Uscd to orient aIl 
('dgc-I, of GI'. Algorithm 7 has an asymptotic running time of 
O(E{" + D/l) = O(Di/). hccau~c c\ ery dircctcd edgc of B might have to be exam­
incd in onkr to orient the edges of Gp • If the number of faces dcfining each edgc 
of B i ... bounded by a constant, Algorithm 7 will orient the edgcs of Gp in time 
O(D(,I') = O(EI/I. 

A~ Algorithm 7 crea tes the directed edges of Gp, we con5truct li5ts of di­
rcc.cd edgc .. of Gp incident to èach vertex of Gp • Wc a150 construct lists of di­
rcctcd l'cgc ... associatcd with each edge of Gp • The time needed to construct these 
li ... h il, O(D{'i'l = O(Ell ). 
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(a) 

(b) 

(r.) 

(d) 

\ 
\-...;:;: ..... > in B l outB 

A cross-face edge is 
oriented with the 
llinB side" of the edge 
to the right (on PL 

~ outB 

\ On one sicle of e, P is 
outB, and on the other 

outB sicle, a face of B i8 
coincident to P but 
oriented opposite. 

'I-/'-+--~~ in B l Î onB 

/ 

On one sicle of e, P is 
inB, and on the side 
a face of B coincides 
with P; two directed 
eclges are crea ted. 

1 
--.-.;)-...> in B l 

This case looks very 
much like (a) because 

outB P is in the intcrior of 
/ B on only one side of 

_...- e. 

p The page corresponds to oriented plane P, and 
J. the Udotted" parts of the solid B are below P. 

fIgure 38. Orienting edgc!o of Cp 

It is possible that Cp h3S iso/ated vertiees, which arc dcfincd Hl be vcrticc ... 
of Gp that are not incident ta any edge~ of Gp • We nccd to dctcrrninc which i..,o-
lated vertices of Cp are contained in onB, inB, and outB ... ub ... et'i of P. Becau ... c 
each isolated vertex of Cp l~ induced bya vertex of B, wc can dl ... tingul ... h the thrcc 
cases by examining edge~ and faces of B incident to the inducing vrrtex of B. A 
vertex isolatcd in an onB subsct of P is ca ... y to di ... tingui ... h but the v'cond two 
cases are harder (see AlgoIithm 8 on pagr 56). 

Intersecting Sohd!o 5S 



1 

(I1\'(:n a vtrtex v of B lhat mduces an isolated vertex of Gp , we determinc whether the isolated 

vertex of G, h contamcd m an inB, onD, or outE subsct of P (sec also FIgure 39) 

(1) if r i\ j.,olated in a lace of IJ that I~ onB, Ihen v i~ 10calC'd 11l an cnE subset of p, 

(2) 'mJ the cdge e olB IncIdent to v that fOnTIS the ~hallowest angle \'vith P If e bes m P then 

r 1\ contamt:d In an outB subset of P (hy Algomhrn 7011 pagc 54) 

(1) Con!>truel a plane Q that I~ orthogo>1a1 to P and eontams e 

(4) Comtruet the fa le dIrectIOn vceler fa' on Q from e, pOlnting to\\ards P 

L
I) Vert" ,. ;, con,"incd m an inB ,ub,,, of P .r Id ,ph!> , wlume-éndo,mg paU- of fam 1 

adjacent to e Othcrwl\c r 1\ tontamed m an oUIB suhset of P 

Algunthm H. t\olatcd ,cIlice ... of Gp arc in mE. on8, or outE sub!>rts of P 

- -

J.(·mma 7. AI!!onthm R dctcnnme~ \\hether an i~olated vertex of P mduced by vertex v of B is in 

.!Il inIJ, on/J, or ()ulIJ ~uh"ct of P 

Proof, 1 hl' nl'Ighhourhood~ found h) ~tcp~ (1) and (2) are str<ughtfofward Otherwise, plane Q is 

unlqul'1) ddineù (10 "'Ign) h) e and P, b~camc (' cannot be orthogonal ta P fmaIl),Jd cannat lie 

on .\ I.ll'l' adJ .. iI:ent ta e, and hence rd c1a~~lfic., the nClghbourhood of .. on P • 

The isolated vertex is in an outB subset of P becau~e rd 
does not split a volume-cnclosing face-pair adjacent ta e. 

l~"" .'9. 
holntcd \crtICC\ of (;p arc in ioB. onB. or outB subsets of P 

St('p (~) of Aigorithm g cxamines each directed edge adjacent to the isolated 

\'crtC'\ \' and Stcp (5) c),amincs e\'cry dirccted edge of ont:' edge e adjacent to v. 
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Becausc the number De of directed edgcs of e is boundcd by the nurnbcr of di­
rected cdges DI' adjacent to l'. Algorithm g requin!~ time O(VI ) to dctcrrnine 
whether l' is inB. onB, or outB. The total numhcr of verticcs of B that ITiight he 
isolated on P is bounded by the nurnber DR of \'ertice~ of B. and bCl:au~l' c~lch 

dirccted edge of B is adjacent 10 two \crtIce .. , th\! tl'tal time requilcù by Algo­
rithm 8 to rxamine them is O(DB ). 

The la~t stage in the con~truction of Gp is the organization of ito-. directed 

edgcs into bounding cycles. Recall from "Chapter 2. Rcprcl,cnting Solid,," that 
directed-edpc cycles of a face are mduced by a radial 01 dcnng of directcd etlge,> 

around incident vertices on the face plane. Thu", the dircCletl cdgr" of Gr mu,t 
be 1 adially ordcrcd 8round the \'crtires on P (sec Arrcndix Ct The lIme rcquired 
to radia1l) order the'le directed edgc~ b 

(
vertlce~(GP) ) 

o "'-, Ev log Er = O(E(, log E(, ). L p r 
r , 

Recall that EG/' < 6ER• and so the abo"c expre~sion i, O(E/llog EJI). 

The construction of Gp is repeated once for Ca ch f2ce of ~olid A, and ~() il. 

requires time 

10 construct aIl cross-sections of B. If every vertex of cvery Gr ha, comtant dcgree 

and the planes of the faces of A cach intcrsect a comtant number of edgc ... and 

vertices of each face of B. the constructions require total timc O(FAD/I). 

4.4 Illtel'sectÎllg Faces of Solid A witll Cross-Sectiolls of 

Solid B 

After computing the cro~s-section~ of ~olid B using the oricnted plane, of facc, 

of solid A, wc intersect each face f of A with ~ub",ct.., of thc corrc ... ponding cro,',­

section. More prcciscly, given a face f of A with oricnted plane P, we mteï~ect f 
with the ~lIbsets of Gp that are inB and onB (recall that G, i'i the crOI,c:,-~ectJOll of 

B with P). The Ic')ulh of this intcrsection arc connccted regular ,ctl, on ?, cach 

of which is a face of A n* B. First wc will interc:,C'ct the edgcl, and vertIcc, of fwith 

the edges and vertices of G p and th en wc will trace ou t the boundarie, of the 
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connected regular sets that are in f, and in aoB and onE subsets of P (see 
Figure 33[b Jand Figure 36 on page 52). 

Cl) Intcr,cLt tbe dm:ctcd edge~ and vertlcc~ of J v. Ith the directed edges and veI1ices of Cp. 

(2) At cach mter\('ctlOn pornt, dctenninc v.Juch incIdent edgc segment!> bound faces of 

A n'/J 

(3) l race out boundmg dlrccted-cdge cycles of A n'S b) traversing drrected edges of Cp and 

fhctwecn mter,cction poÎnb 

(4) AdJ Jlrccted cdge cycJc~ and i~olated vertlCes of f (respectively Gp) contamed in f 
(re\p ioB and ooIJ suhs.ets of Gp ) 

Algorithm 9. RCJ.!uluwcd intcr .. cction off and Gp 

In orùer to guaïantcc that the facc~ of A n'B constructed by Algorithm 9 are 
regulaJ ... et ... , ... ome of the intcrser.tion points found in Step (I) of Algorithm 9 are 
di ... carÙeJ. Bcfore ~ccing ho,," to do thi~, wc will describc how to intersect the di­
rcctcd cJgc ... and \ ertice ... oîfwith tho"c of Gp in more detail (sec Aigorithm la). 

(Jlwn d face j of .. ohd A ana the correspondrng crm~-~ectlOn G,. the edp;,s and \'ertices of f 
arc mtl'r .. ectcd \\Îth the edges. and vertlCC .. of G l' as fo11o\\'s' 

( 1) 1 or cach IM)latl:d vertex l' off, dctennim' If an) \'ertICCs. or edge~ of CI' comcidc \\'Ith l' 

(2) } or cach edge e off, mters.cct (' v. Ith the edges and ver1lces of (j} 

(J) 1 or cach edge c of l ~ort. along ('. the inter~cct\Ons of e with the edges and \'ertlce~ of 

C, 

(4) 1 or c.lch cdgl' c' of (i" sort, aloog l", the mtersections of (" \\Ith the edgcs and \'ertlccs 

of r 

AIj!or!ll!m 10. Intctsecting the edgel! and vertlce~ off and Gp 

If in Stcp (~) of Algorithm la, wc discover that an edge of Gp O\erlaps an edge 

off. thcn the inter'\ection of the vcrticcs of one edge with the other edge (and vice 

versa) con'\titutc the intersection points. AlI intersecting edges are subdivided b) 

thcir lntcrsc(:tÎon point~. For cxample, two edge~ mtersecting in interior points 

OCCl)mC four edp.c scgment'\. and directcd-cdgc segments inhcrit orientations. 
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The time required by Algorithm lOis bounded by the time rcquircd Hl 

intersect the edge~ and \ ertices off and (ip and thcn !>ort tho\e lIltcr\c~tion poinh 

along the intersecting edges, If there arc k interr.cctinn point" and 11 line\_ the al­

gorithm of Chazellc and Edclsbrunncr [19~~J can implcmcnt Algnllthm !O in 

time O!n log n + "-), Ho\\'~\'Cr, a slmpler algomhm that ju·;t IIltel'~cch ail po\\ihk 

pairs ofengc" and \crtlces IS :mplcmentcd: Stcp~ (1-2) nf Algnr:thm JO on page 

58 fir~t obtain the cdge\ and wrtlce" off and Cl' ftOm tI.elr dlleL'tcd edge c~clc\ 

and isolatcd \'ertlCe\, Tllen these ('dgc~ and \crtlCC ... arc lIlta:'l"t:'Ctl'd, Ber:lu\c 

thl're are at mûst E, + J'r and Ecr + r(,/, edgc" and \l'rllce\ 1Il.f and G/" respec­

tively, Stcp" (1-2) require tlme 

1 he running tlme of Step (3) i!> dctciminl!d by the number of intersection point ... 

contained In each edge of f Th) ... is bounded b) E{IJ + J '('l" WhlCh i ... in tUI n 

bounded b) number ER of edge ... of B, Thu ... Stcp (3) requill"" time 

O(EfEn log En), Similarl). Step (4) require ... time O(EI/[E + l',] log[D + , ',]) tn 

~ort the inter~cction pOInb along the edge, of GI'. 

In total. 10 intersect edges and \ ertjce~ of e\ cr." face of A with the eJge" anù 

\ erticcs of the corrc!>ponding Ch Stcp" (J -2) of Algorîthm JO requirc tlme 

ln total, Stcp (3) sort~ the intersection poinb found in Step" () -2) along the edgc .. 

of evcry face of A in time 

and Step (4) sort~ the points along evcry edgc of c\'cry CI' in total lime 
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1 '4) = o( E RFa~AJ [Er + VI] log [ El + 'f]) 
= o( Eolog DAFa~A)ErL 'f) 
= O(EBDA log DA)' 

Summarizing. the lime rcquired b) Algorithm 10 to intcrscct the edgcs and 
vcrticc'-t of A with tho,c of the cros<;-section<; of 8, and then sort thc intcrsection 
pOlOt" along the inter"ccting edge'-t is boundcd b) 

7(1.2, + TOI + 7(4) - O(EAEB 10g EB + EBDA log DA) 

- O(DAEn log[DAEBJ)· 

The :.J'ymmetr) in the aho\'e c:xpre\"ion reOeet'-. the fact that th(' Gp's arc com­
pUlcJ inJcpenJentl). If Stcp, (3) and (4) "ort onl) a constant number of inter­
"ection pOlOt" along e\'ery edge. then Algorithm 10 requires time O(DAER ). 

Once the edge" and "crtice, of a face f of A ha"c been intcrsectcd with those 
of the corre"ponding Gr to ohtain intcr~ection pointli. the~e points an: analyzcd. 
At each inter,ectlOn pOInt wc deterrnmr which edge <;egmcnts of Gr (respJ) arc 
cnntamcd in the intcnor of r (rc\p. ioB or ooB SUh.,eh of Gr): wc U'.c this con­
tainmeni information ta di\card certain inter"eetion pomt" and hence regularizc 
the imcr'.ection. 

A" a fir"t ,tep in the inter~,ecti()n-point analysb. directed cdge-<;cgment" inci­
dent 10 cach inter\ection point arc radially mcrged. ThIS merge is cffceted bl 
radJall) mcrging \ ector, parallel 10 the dirccted edgc""egmcnt<; and oricnted awa) 
from the inter"cctIOn point. For chample, if\crtcx r ùf Gr is contamcd b) an edgc 
(' of A that ha~ t\\'o directed cdge" on r. then the \ cetor~ parallcl to each 
dirccted-edgc of Gr and orientcd awa) frorn \' arc radiali) rncrged with four vec­
toi" paralle! to the intcr"cctrd ( .Jgc off (two oppositely oriented \'ectors for each 
directed l'lige of (' on .f). A case analy~i~' describing this merge proee~s is given in 
Algonthm lIon page 61. 
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The duectc~ edge-scgmenb of land G p meldent to mtcr~ectlOn pomt a arl' merged h~ raùlall~ 

mergmg t\\O sets of veetors, one set PdIallel io the edgc" of f rncldcnt to Il and tla: otlll'r ~l't 

parallel ta the cdges of G f InCIdent to a 

If a 15 fi the mtenor of an edge e of l (resp Gp ), then the sct of vl'ctor" par,ùkl to t' 1" 

obtarned b) talmg, for cdch dlrec!ed edgc of e onf( rl'sr Gr), t\\'o Opp()~ltd~-om'ml'J \el'lor' 

paraHe! ta e 

If a c01nCldc~ \\llh a vcrtex l of! (rcsp Gp ), then the ~et of vcctor' p,lralld 10 thl' rdpl" 

ofj( rcsp Gr), 1<; ohtd.lDed h) takmg, for each dlrcctrd edge è of ( rcsp Gr) ltJ),ICl'nt ln \', a 

veelor parallel ta c and oncntcd away from v 

The possible ca~C5 arc as follo\~ ~ 

(1) a 15 fi the mtcnor of an cdgc off élnd G i · (rlgurc 40[.1]), 

(il) a IS a vcrtcx of Gl' and I~ m the mlenar of an edge of / (lIgure 40[b]), 

(ru) a t' a \crtex offand t~ m the mtenor of an cdge of (if' (llgurl' 40[h]I, 

(IV) a 15 a \'ertex ofbothfand Gi , (FIgure 40[c]), and finall~, 

(\) m ca sc!> (u-n), a can abo he an l\oIdted \'ertl'x of r:ither j or (,'" and Ihcll no mngl' l' 

necc!>saD (no t ~hO\·. n m FIgure 40) 

Aigorithm 1 J. Local ana'~ .. i .. al IOler .. ccllOn POint, 

~. 
, (b) J; 

Directed edge-segments are radially sorted around an 
edge/edge intersection (a), an edge/verlex intersection (b), 
and a vertex/vertex intersection (c), and intersecting areas 
in tl:e neighbourhood of the intersections are marked_ 

FI!(ure 40. Local anal~ o;is at intersectIOn point .. 

The radiaH) mergcd list of directed cdgc·~cgmcnt~ IncIdent 10 an intcr~ccti()n 

point produccd by Algorithm Il i~ examincd twicc. In the fir..,t pa"'~, ail <.lJrcctcd 
edgc-~egment5 of fthat lie within inB or onB ~ub~Ch of Gr arc markcd; In the 
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.,econd pa.,<" ail dlrectcd cdgc·<,egments of Gp that lie within f arc marked. Ali 
unmurkcd directed cdgc-"cgmcnt" arc then discarded. Coincident iùentlcaIly· 
oricntcd dircctcd cdge<, arc treatcd a~ dircctcd edges of both f and Gp • Finally, 
remuining radiaIly·adjacent dlrcctcd edgc~ \vhich cnclm,c arca are paired and 

hound the "ume face of A n'B. 

Aigorithm 1 j ha., a running time that is Iinear ln the number of dlrccted 
edge· ... egrnent<, incident 10 the lntcr~ectJon point. Each dlrected edge-segment is 
incident to al mn'>t two mter ... cctlon point~ and ~o is rnerged by Algorit.hm Il at 
mmt tWlce ln the intcr<,ection-point analysi~ of fn Gp• Thu~ Algorithm Il re­
qUlrC'" tlme O(Dj + D(" + ,', + J 'c} + D,DG}') to anal~ze aIl of the intersection 
point... of./ n GI'. For aIl face ... of A Algonthm Il requires total time 

o(IU~AIDI + D"I' + li+ l'Gr + DrDor) = O(DAE.), 

Arter the intC'r ... cction-point analy.,j., j~ complete. the Ji~t of radially-mcrgcd 
dn cCled-edge ... egmcnt'- incident to the point i<, ~:1\ cd .,0 that bounding directed­
edge C)c1c' offuce ... of.4 n'B on the plunc P of fcan \:)c traccd OUt by tra\crsing 
dllcctrd edge ... of land GI' betwccn intcr~ectjon point.,. ThJ~ tra\crsal requires 
lime thut l' hncar ln the numher of dlrected-cdge .,egment~ offn Gp , which (as 

ahll\c) 1'" 

O(Dj + D(, + If' + "( + Dr De ): 
'1' JI' '1' 

and for ail face,> of A and cl)rrc ... pondmg Gr tlle tra\ cr~ai requires O(DAEn). 

After dlrected-cdgc cycle' and i,olatcd \clticc., that arc induccd b~ inter­
,ccuon ... (lf cdge,> JN1 \crtiec' of f and G,> ha\C hren constructcd. thcre may re· 
maIn c~cic ... or j ... ol:.ltcd \crtICC'" of GI' contamcd In for cycles or Isolated \'ertice~ 

or 1 contamcd ln inB 01 onB "Uh\Ch G/'. For c'\amplc, con'Ider the c)c1es of Flg­
lIr '.' 41 on pure ,13. Hcre the face fl~ houndcd h~ Cl and C:. and GI' C'ontains two 

inB (tH onB) "'Uh'Ch. one enclu,>cd hy C, the other by C3, C4 • and Cs. Ali cycle~ 
::ll' orlented ~h ... ho\\'n. CI and Cl intcr~cct and yICld the merged cycle (1.2.3.4). 

C and C hoth ure ",ithm f and so must bounJ sorne arca of inter~cctJon. C6 is 

not contarncd \\'lthm f and will be di~carded. C2• a nonintersecting cycle of f. is 
not wlthin an~ cnclo~cd ~ubsct of GI' and is aho discardcd. As result, the inter­

'>ectlOn aIra i'> houndcd h~ the cyclc~ (1.2.3.4). C, and C. This cycle contain­
ment l' te'>ted hy ca"ting a ra) across P (sec Algorithm 12 on page 63). 
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Cl and C3 intersect; C4 and C 5 are contained by Cl' 

Figure 41. Inter!oectmg f and Cp 

10 test for the contammcnt of a c) ciL' (or l~olateù vertex 1 (' h~ the arCd houndeù h~ ~'rour (' 

of c~c1c" and l!>olated \ l'rtiee", perfonn the follO\\lng stcp' 

(l) Plck a pomt u on C and a pomt l' on one of the r) cil" of (' 

(2) Intersect the lme contatnmg u and \' \', \th the c) cil" of ('. partillonmg the hne lOto ,cg­

menb thal are m~lùc or oublde the arca bounùcù h) the c)c1e\ of ( beL' J Igure 1'2) 

(3) Cycle C IS contamed b) the area hounded b) (' If the \egrucnt cont,unmg u \, m the an'd 

bounded b) C liu" 1" dctcmuncd h) cl local an.!l) \1\ hke Ca'e\ (1) or (U) 01 

Algonthm {, on page 52 

-\Igorithm 12. C~c1e Contamment 1 est 

~ . , . 
~ . V .. 
'-tJ:" "', 

::." . 2: 

Cycle C is not contained in the area bounded by CI and C2 
because u is not contained in a line segment in the area. 

Figure 42. C~c1e ('ont am ment 1 e!ot 
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The running tlme of Algorithrn 12 i" dctcrmined by the time nceded to e:r.ecute 
Slep (2), which il, lincar in the number of edges and verlices in the group C of 
dircctcd cdgc cycJc~ and I"olatcd \'ertice~. For a face f of A, this number is 
Dj + l'j, and for the correl,ponding Gp thil, number is D Gp + l'cp. whleh IS O(EB ). 

Algonthm 12 tel,t\ for contamment of a cyele or i~olated ycrtex of j Insidc inB 
or onB I,ub ... et ... of G,. in time O(DR ), and te'it" for containrncnt of a cycle or iso­
Jatcù \'ertcx of GI' in the intenor of f in timc O(Dr + ! J)' Potcntially, 
Algonthm 12 could bc u ... ed 10 te ... t the contamfl1cnt of c\'er) cycle and isolated 
vertex of e"ery face of A (and ih corrc ... ponding Gp). There arc potentially O(Ef ) 

dlreclcù edgc cyde ... and O( ',) I ... olatcd \ ertlces of fand O(EB) dircctcd cdge cycles 
and i ... olatcJ \ crt lec ... of Gp, and ... 0 the total time required by Algorithm 12 to test 
them for containmcnt 1'> 

FlnalJ~. Il 1'" pol, ... iblc that a face of ... olid A i~ in 1 n· B c\ en though the cor­
I~ ... pondJng clO" ... • ... cction GI' comaml, no cJgcl, or \crtICC .... A'i~umc tbat f i'i sueh 
a face. anJ funher that the ... hell (If A 10 which J belong~ IDter~ccts the surface of 
B. Face 1 can he JdJcd 10 A n'B becau ... e it i~ rcachablc b) \crtC''\ and edge ad­
ja(~nt face ... from annthel face l of A that intersccts the '\urfacc of B (sec 
FII,!UIC ...f3). Thu ... face ... of 4. that arc In the imcrior of B arc tran\iti\el~ addcd 

10 .J n' B h~ 11 <1\ er ... ing the houndar} of A. Thi" proL'C~'" rcquirc ... time 0(1..11). 

A 

.. ~ 

.V. 

~ B is complement of cuboid 
/. ,/fnGp 

Face fis the only face of A that induces a cross-sectional 
graph. The other faces of An· B in t.he interior of A are 
those transi tively adjacent to edges of f . 

.. i\tutt· 4.1. f\ddmg facc~ of A in the intcrior of B 

Summanzing thi~ ~ection, Steps (2) and (3) of Aigorithm 5 on page 49 

(intcl ... ccting face" of A with corrcsponding crosl.,-sections of Band constructing 



faces of A n*B on the surface of A) require time O(DAEB log[D~ERJ). Thb hound 
is reduced ta O(DAEll ) if no edgc" of A intcrscct morc than ::J con~tant numhct uf 
faces of B (the log terms arisc from sorting intcrsecting points). 

4.5 llltersectillg Faces of Solid B with Solid A 

Wh en the proccs~IOg of the prc\ ious section i .... completc. the hnundarics of face" 
of A n* B on the ~urfacc of A and in the Intenor of B that rel.,ult from inter"cctmg 
shelb of A and B ha\ e been found. The nrxt steps in the inter"cctlon algorithrn 
(Steps [4-5] of Algorithm 5 on page 49) conc;;truct bounding dircctcd edgc cycle" 
and isolated \'erticcs of faces of A n' B that arc in the interior of -t and on the 
'iurface of B. The simplcc;;l way 10 ohtain the~e face" j'-. to run Step" (1-3) of AI· 

gorithm 5 with the mIes of A and B interchanged. but a more Jirect approach i ... 
u",ed. 

v.,'e examine the edge':l and \ertice\ of A nOB to timl tho"c which he on the 
surface cf B. tram/rr tho':le cdge~ and \ crticc" tn face" of B e'\tending in"idc A. 

and then u':le the tran~ferred edëc':I and \l:rticc'" 10 mtcr"eLt the facc" of B \\'ith the 
intcrior of A (see al'm FIgure 3-l on page 4X). Then the houndarie, of face, of 
A nOB on the surface of B and in the Intcnor of A arc traccd out. Arca" that Ile 
on the ~urfacc~ of hnth A and B can he ignored. a" the) wcrc cla ... ..,iflcd a" onB 
and ha\'e alread) bren accountcd for. 

Wc tir"t transfer edge,", of A n° B to face" of B. orientmg the edge" on the 
face", of B appropriatel) (sec Algonthm 13 on page 66). 
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Glvcn oncnted planl! P of a face / of ~ohd A, and gJ\'cn cros~-sectlOn Gp of B \l,lth P, edges 

01 A nïJ aIC tran~&rrcd to facc~ of B m the follO\\lng manncr 

(1) A ~egmcnt of ;m rogc of / locatt:d in an ioB area of Gp 15 not transferred (see 

hguTe 44[aJ). 

(II) A ~c!!1m'nt of ~ t: of f]ocau:J in an ortlJ area of Gp is transfc:mxf 10 the correspondmg 

l.Ju~ of Il If t! bas exact))' ODe dn-ected ~ on f llle orienta1lOn of the transfcrrcd edgc 

,rgment l, ~rt~Ùl;rt orthe drrectro cdge of (' onf(see Figure 44fb]) 

(111) A .,egrnent of a cr.m-fan: C4lgc ë of Cl' locatcd ID the mtcnor of f tS tran~fcrrcd to the face 

~ of fI tlMI mduLcd r The oncntdtlOn of the trdn~krrcd edge ~egmcnl ), OppO~ltc that of 

the dmx ted cJge or r on (i" (.,ce fIgure 44[ c J) 

(I\') A "egment of an cd[!c (" of IJ locdtcd ln the llltmor of f l' tr,m~fcrrl'd to cach face of B 
ddJ.lu.'nt to (" and hdo\\ f A f,\I..l" X .ldJdœnt 10 c' 1" hdc)\\ /11 a .tacc-dm.'ctIOn \ector that 

pOlllh lrom e' mto the mtmOT of g al-;o pomts belo\\" f(sec hgure 4-l[dJ) The onen­

tdll0m 01 the lTan.Jmtld edgc -.egmenh are gl\en b~ ,he drrcC1ed cdgC"!- al (" 

h) A 'l'gment of.t ":m ..... fl1œ ~ i of of (il' comCJdrnl a"rth an edg.e e of (1" trd.mfcrrcd ta 

thl' I,lLL' g 0/ fJ th.!t mJt'.,:cJ c li th\: f.ll\:-dlredJon Hctor thdt P"ln1<; from C 1Iito thc m­
tL'Tlor 0/ J: ~phh.! \o!umL'-cm!o"lI1g p,ur offdlc" dùJdcent 10 (' (not ~hO\\n m FIgure 44) 

1 hl' oncntatlOn 01 the trdmfcrrcd cdgl' ~cgmcnt l~ opposite thJt of the dlrectcd cdge of ë 

on ('/ 

(\ 1) A "q;ment of an cdgL' (" 0/ B that cOlnclde<; \\lth an edge (' of (1" tran,ferred ta ('a ch face 

ot JI dJJdCl'nt 10 t" tb.J.l ~.lJb.à \OJwne-cndo!olIlg pau- ot face~ adJacent to e Trus deter­
!ll1\l.!t1on 1" m,lÙl' h) mcrgmg the r ddld.lh -orJered lI,b of face-dm.:r.tlOn \ ector~ of e and 

c' ("L'l' 1 IgUfL' 44[ l' J) 1 hl' oncntallon" of the 1IaDsicrrcd cdges Me gl\ en h) th(' ducctcd 
cdge, ot l", 

'\lJ:ofllhm 1 t 1 r....r~ ~Cti of A n-B to f&Cft of B 
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- -- - -------------



(a) Edges el' e2• and e3 of 
f are not transferred to B. 

g 
el 
e2 
e3 

~) --=E~d=g=e=s=e~l-' -e
2
-,-a-n-d-e 3--' 

of f are ~ransferred to g. 

, 
e 

g 

h 

(c) Edge ë of G ~I 
is transferred to 1 (d) Edge e' of Bis transferred 1 

1 to facesg and h of B. __ 

e 
..... ~-"""" .... """ ................ .., 

, , 'J 
, ~, 1 

(el Edge e of Bis transferred to face g because g sPlitSJ 
a volume·enclosing pair offaces. 

FIgure 44. Tran~fcrnng ed~c, of A n' B to facclt of B 

The transference of an edge of A n· B to a face of B can he donc in con..,tant 

time if the edge does not coincide with an edge of eithcr A or B (Ca\c [iii] of AI­

gorithm 13). If the edge of A nOB coincide~ with an edge e' of B thcn cvery dl­

rected ed,~c of e' is cxamincd (Ca"c~ [iv] and [\ iJ). If the cdge of A n" B coincide.., 

\vith an cdge e of fthcn every dlrccted edge of e i.., exammcd (Ca..,c.., [il] ~nd [v] 

of Algorithm 13). In ordcr 10 bound the time necded by Algorithm ] 3 10 traO">-
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fer c\'cry cdge of A n' B to the appropriate face(s) of B, we analyze each case 
",crarately. 

(ii) Edge e of A might intcr~cct O(Eo) edges of B, and so the total time required 
J\ 

(ili) For each faccfof A, therc might be O(EB) cross-face edges that intersect e\"­
cr~' edge and vertcx of of f, and 50 the transferencc of every segment of every 
cro\\-facc edge require, ume 

(i\) A.., in Cl..,C (iii), edge ri might intcrsect e\'cr~ edgc of A. and so the transfer­
cncc of e\ Cf) ... egmcnt of e\ cr) edgc of B to a single face of B requires time 

(\ ) \Vc could potcntially find cvery cros~-facc edge of e\'er~ Cp coincident with 
c\cry l'lige of A. and 'i0 the total time rcquired to transfer cros,-face edge­
... cgrncnh i~ 

(\ t) Fmally. c\ er~ cdge of B might hl' coincident with and subdi\'ided by O(EA ) 

l'lige\ of A ,a no "'0 the total time to transfer ail of the cdge segments is 

O(Ed,l,'~('Ç(,B) Lèlgt's(A) ') 

~ ~ Dc,De = O(DADB)· 

Summarizing, Algorithm 13 requires time O(DADB) to transfer the edges of 
A n'B to the appropriatc face\ of Band th en orient the transferred edges. 

Artel cdgl'~ of An' B ha\ c been tl ansfcrrcd to faces of B, it ma)' bl! necessary 
10 tran,fcr \'l~rticcs a\ weil. Verte ... \' of A n' Bis transferred if \' is a non-manifold 
\ crtC\ of B (l'l'cali Figure 10 on page 13) or if Algorithm ] 3 did not transfer any 

1 ntcrlol'ctmg Snhd .. 68 



adjacen~ edges of v to B. There are thrcc s:tuations: thc "crtc\. may t"te in il fan' 
interior, on the edge of a facc. or coincident with a \ crtc:\.. For c:\ampk. in 
Figure 45(a), tetrahedron B i, intcrseclcd \\"ith cuhe A. The ~urfacc of B i~ cun­

tained cntirel) within A C'\ccpt for a \ cne\. of B that rcquirc~. the face\ of B 10 
be added to thc surface of A n'B. In FIgUIC 45(h). the "ulface\ of the dcfnl'n1cl1 

cube (A) and the triangular c~ lindcr (B) Inter~ect al a pOInt In the tntcriol of t\\'o 
edges. Thl~ intersectil'n point must bc transfcrrcd ta B a ... \\"cl1. 

(b) 11 
l-..-___ .-Ï/ 

In (a), the surfaces of the cube and tetrahedron intersect. 
at the tetrahedral apex; and in (b), tbe surfaces intersect 

l
at a single point (two edges intersect). 

Figure 45. \ ertice~ of A n' B tran .. ferred to face!> of B 
---- . _______ J 

For a vertex v of A n*B in the interior of a face of A. wc detcrmine which 
edges of A n* B adjacent to \-' arc inside A. and tran\fer tho\e edge ... lO facc" of 
B incident to v (sec Algorithm 14). For cach l'dge e of B Incident to \' therc arc 
O(De) such faces, and 50 Algorithm 14 rcquire~ lIme ü(DJ;) 10 tran\fcr edge ... of 
A n' B incident to vertices of B jf tho~e \'crticc\ of B are located in the intcrio(\ 
of faces of A. 

If v is a vertex of A n" B contamed m the mtenor of a idee 01 A. anù (' I~ an cdgc of A rr IJ 
adjacent 10 l' and containcd h~ an edgc of n, then (' 1" tramfcrred Il, thl' facc' of !J tont,unmg 

e as fo11ows' 

(l) if the other endpoint of e 15 belov. the face of A, then tramfer (' lo Ih adJuccrot face, he,' 

FIgure 46[a]), otht'n\'13C, 

(2) if e lIes fi the plane of the face of A, then transfcr e to cach Di lb adJucent faCL., that are 

below the plane (U'iing Case [IVJ of Algonthm 13 on page 66, sec aho hgurc 4h[h]) 

~orithm 14. Transferring a vertex in Il face of A 
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v 
e 
w 

out-ward normal 
of the face of A. 

(a) Vertex v is in the face of A and the oHler endpoint w 
of e is below the face of A, and so e is transferred ta its 
adjacent faces. 

v­
e 
w 

outward normal 
of the face of A. 

(b) Vertex v is in the face of A and the other endpoint w 
of e is a150 in the face, and so e is transferred to its adjacent 
faces that are below the face. 

J'iJ!lIrl' 46. 1 ran~fl'rrrng a \crln in a facl' of A 

For a \'crtex \' of A n'B in the intcrior of an edgc of.4. we determine which 

CU!!l'''' of A n' B adjacent to r split \'olume enclm.ing face-pairs adjacent ta the 
cd!!(' or A. and tran~fer tho'\e edgc, to face,", of B incident to \' (scr Aigorithm 15 

on r~Ij.!l' 71 ). 
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vol ume-enclosing 
face-pair of A 

isolated vertex v 
'projection oÎ e onto Q 

...... e 
----------~------------------~~ w 

(a) The page corresponds to plane Q and the projection of 
e onto Q splits a volume-enclosing pair of faces adjacent to 
the edge of A~nd 50 e is transferred to its adjacent faces. 

---~ -- vol ume-enclosing 
face-pair of A 

isolated vertex v ----e ------w 
(b) Edge e coincides with an edge of A, and 50 e is 
transf~rred tü each of its adjacent faces that split a volume­
enclosing pair of faces of the edge of A. 

J I~Urt· 47. '1 ran .. fl'Trtnl( Il \crtc\ in an cdgc of A 

A hound on the total ume rcquired 0) Algorithm 15 lS obtained by obsen'ing 
that the algorithm e\amlne" the dirccted edge~ of B incident to \'ertex \' of 
A n' B once, and for C\ Cf) edgc of B incident to \', the algorithm examines every 
dilcctcd cdge of the containing edge of A once. The total time reyuired b) AI­
gorithm 15 to tr<.tn,fer cJge, of A n' B Incident 10 vertices of B i~ 

und the total lime re4uircd b) Algorithrn ] 5 to transfer edges of A n' B adjacent 
10 \ l'J'ticc" of A n' B that are contamed by edge~ of Bis 

F('r a wrte:\ \' of A n'B coincident with a "ertex of A, we determine which 
edgc" of B incident to l'are in the interior of A b) examining cross-sections of the 
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neighbourhood of the "ertex of A (sec Algorithm 16). Then segment ... of thesc 

edges of Barc tranlifcrred to adjacent faces of B. 

~s a Vtrtt!X of A n' B cOlnC1dcnt \\ Ilh a verte\ of -1, dIld t' I~ al1 edgl' of A nÏ? ,1d}dCCnl ln 

~'and conl,uncd b) an cdge of B. thcn e I~ tran~fl'rn'd to the facc~ of /J l'Oot,uIlIng (' ,l' fO!){l\\, 

(1) Construcl a plane Q that contalIl\ bath (' and an eJgc of :1 tnCldel' to \' (llgUft' 41\[,1]) 

(2) Intcr~cct Q \\Jth the edge~ and face~ of -1 l!1cld~nt to \ 1 hl' rnuit ot Ihe mtel Wl hon dl'­

tennmc~ a cOl!l'cllOO of st:clor~ on Q ccntrcd at l' 1 ach ~l'Ctor l' cllht'r m'llh- '1. on ~oml' 

face of A. or oUhlde A The scctor hound,mc~ ,ITC ddined l'lther h) edge, 01 _ 1 Ih.!t ht' III 

Q or h) tnter~ecIIOI1~ of faCt:~ of A \\ JIn Q Bt:cau'c Q wntall1'. ''. (' l', l'!ther 111 ,1 '>l'clof 

or comcldl'r:t \\ 11h ...t ~cctor hounddr~ (,>c .. : J Igurl' 4S[ h J) 

(3) Once \\ e ha\ c COl1structed the sect or' on Q. \\(' Cd-11 find \\ luch ~l'ctor wnt,un'> (' d~ fol-

10\\~ Ddinc a duccled ~C(I01 bvunJw) to he a Unt! veclor pdr.!llcl to a ~cLlor hound.lT) 

and dlf(:ctcd a\\ a~ from \ hnd thc !argl.'"t dol product hel\\ l'en ...t ducctcd "l'(tor hnund,lT\ 

and the Ul11! \ l'ctor pa raIl cl to (' dueckd aVl a~ lrom \' 1 lU', dckrmmc" the do~e"t ~ettor 

houndar) 

(4) If e comcldes \\'Ith the c1o~est sector houndul"). thl"n 

(1) if thls c1o~est sect or houndaf) I~ the mter~cction of Q v.lth a facl' of -1. thcIl u",c ( :l'l' 

[IV] of Al[!.onthm 13 on page 66 to tramfLr p to laC\:~ of /J ih.ti cont<l1Jl f' and arc 

belo\\ the face of A, othcm l~C, 

(u) tlus c1o!'>l"st seclor boundaf) l~ an edgc of A. and ~o Ca 'Il: [\ IJ of Algonthm 1" 1" u~cd 

to transfer c ta face~ of B thal contam (' and split volume- endo\ing fa.;e-palr~ 01 the 

edgc of A 

(5) Otherwi~e. construct the veetoT Id that I~ ttc cro~" prodULt of the normal of Q \\'Ith the 

closes! dlTected sector bounddI) AdJust the ~Ign of Id ~o thal jd pomh from tht: mtertor 

of the closest ~ector t-oundar~ 10 the mtcnor of thc ~cctor contam1l1~ (' 

(6) If the sectoT contamrng e I~ on a f.tce of A. thcn u~c Ca\c [I\'J of Algonthm 13 on p.lge 

66 to tramfer (' to faces of /J that contam (> and are helnv.' the face 01 A 

(7) If the c10sest sector boundary i~ the mter~ectJOn of Q wlth a face 01 A, th en tran,fcr (' tn 

the face~ of B that cnntam e If Id pomb beIo\\ tll(' face of A (~ee Ilgun! 4~[LJ) 

(8) OtheT\\'JSc, the c10sest se~jor boundaI) I~ c:Il1 edge of A If fd spht.. a \'o!ume-cnc!o,>mg 

pair of faces adjacent to the edge of A, then tramfcr e to the adjaLent fac.:e~ of IJ that 
contam e (sec FIgure 48[dJ) 

Aigorithm J 6. Transfemng a vertex that roinc1de!t with a vertex of A 
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Q 

---edg of A 

(a) Plane Q is defined 
by an edge of A and edge 
e ofB. 

~ ----- ----

(c) The closest sector 
boundary is in a face of 
A and rd points below 
the face. 

inA V /" fnQ 

Q 

(b) Q is intersected with 
the faces and edges of A 
incident ta v. 

- - - - ->---_--.J 
(d) Closest sector 
boundary is an edge of A 
and rd splits a volume­
enclosing face-pair. 

Jo i~lIrc 4K. .. ran • .fl>rrinlt a \crlc~ thul cuincidc .. ~ith a \crtc\ of A 

A hound on the time requircd by Algorithm 16 is obtained by ohserving that the 

algorithrn examines c\ery dircctcd edge of B incident to a vertex v of A n' Bonce 

in cw:h of Stcp" (4), (6). (7), and (~). For each edgc of B incident to r. the algo­

rithm examine,- e\\."ry dircctcd cdge adjacent to the coïncident vertex of A once in 
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each of Steps (2), (3), and (4). Thc total time rcqulred b\ Algorithm 16 to 
transfer edges of A n· B incident ta \'cniC('~ of B 1'" 

and the total time required by AJgfmÙlm Jb to tran"fer cdgc' of A n· B adjaccnt 
to \'ertices of A n·B that arc contained b~ edge ... of B is 

After a11 relevant edj;cs and \ cnicc ... ha\ c bren tran"ferrcd to B. the hound­

anes of the face" of A n' B that arc CIÙlCI in A and on the ... U. face of Barc traccd 

out u"mg the techniquc ... of the pre\ iou" ~C1.1on. The rc..,ultin~ face ... of A n' Barc 
boundcd h) c~c1e, comi...rmg oftr~m\icrrcd cdge ... and \ertlcc-... a ... \\cllu'" cdgc" 
and \cnicc' of B cntlTcl~ m'Ide A. ln order tn con-.truct the'.c C'ycl~. tran .. ,rcrrcd 
vcnlcc" that coinclde \\'lth pOInt'-. In the mU.?rJ(\r ... of cd!2e ... of B mu"t he ... oncd 
along the cdgc.., of B. E\er) cdge of B might mter"cct Q(Ed cdge, and race, of 

A (rccall thc anal)'I" of Algonthm 10 on page 5~), und 'Il 11 rCLjuire ... time 
O(EIJEA log E 4 ) tu ~On \ertlec ... or ..f n'B along the cdgc ... or B. Once the ... e pOInt-. 

ha\ c heen soned. the c~clc ... or -1 rI' B m face ... of B that IIltcr-.cct the ... urfllec or 
A arc con,tructed b) tra\ l'r,ing het\\ cen cdgc ... or Band tran ... rcrrcd edgc, of 

A n'B. A~ de~cribcd in the prc\wu~ scctlOn. thl" tIa\cf'al TCqUIfC'" tlme 
O(EADIJ ). 

After the edge~ and \erticcl, of A n'B have bren tran ... ferrcd 10 face ... of Band 
thc tra\'crl,al of the bounding c~cJe" ha ... hren pcrformeJ. il 1" pm"'lhle th:Jl therc 
arc cycles of (he rc~pecti\'e facc ... of B th al }je in the inlerior of A, and henee ha\c 

yct not been added to A n' B. In order to dctermJOe If thi, i~ the "a~c, a cycle 

contamment test lik.c Aigorithm 12 on pa.ge 63 1'> donc. Thl' contamment te,t 
could work in one of two ways: 

(1) A cycle of a face g of B can ne tested f()r L.ontainment hy A by tc<.,ting tn ~ec 

if the cycle i~ containcd in the lntenor of the facc ... of A n-B boundcd by cy­

cles and isolated venices of A n* B œntamcd In g. Te,>ting conwinment in thi ... 

way also te'>ts for containmcm JO A, but the teq i'> very cxpen"'l"e: Therc 

might be O(EA[E1: + VgJ) d1Tccted cd.!!co;; and vcniee'. of A n*B contarncd JO g 

and each of the O(Eg + Vg } containrnent te,>t.., would thereforc rcq uire time 
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O(1:.~[Eg -+- l'x]). Hencc it would reCjuirc lime O(EAD B 2) to tcst for the con­
tammcnt of ail dlrccted cdge cycle,," and isolated vertices of B by A. 

(2) Altcrnativcly, cach containrncnt tc'>t can irnplementcd by inter'\ccting the 
plallc of K wlth ... olJd A and thcn tc~ting to ~ec if cach c) cIe or isolated vcrte:x 
of K i ... contained ln the inA ~ub':lct~ of the constructcd cross-section. Con­
... trucllOn of the cro.., ... -<,ection of ~ohd A requlre,," ume O(DA log DA), and each 
containment te ... t additionall) require~ tlmc O(EA). Using thi ... rnethod to test 
ail of the cycle ... and i~olated vcrticc~ of B for containrncnt by A rcquires time 

Notl' th:l! contalllment i.., te'ted in the actual implementation of the intersection 
algorithm u ... ing the face ... ~)f 4 rl' Band not the cro~~-"ection" of A. 

Fmall~, aIl face, of B that he completel~ ln the interior of A and arc adjacent 
10 edgc,> or A n' Barc aho face,> of 4 rI' B The,e face ... arr dÎ~co\ ercd b) 
hICiH!th-fll ... t ... earch (a ... \Il the pre\lou,> ... ecuon) and arc addcJ to A n'B. Thi ... 

tran'>Ît1\1.' ch)'Uf(' rCljullc'" ume O(IBI). Note that thi" closurc operation can oh­
\ latc ... orne or the contammcnt tc...r ... dc ... cnbed abm e. 

SummatizlI1g thl' .,ectlOn. Step' (4) and (5) of Algonthm 5 on page 49 re­
ljUlIC tlme OIDj/DA log DA) 10 fmJ the houndane ... of face ... of A n'B that are in 

the inll'! 1111 of -1 and on the "urfacc of B. 

4.6 ('ollstructillg tlte Stal'-Edge Represelltatiol1 of A n * B 

At thl' pOInt In the algonthm, ail of the hounding dlrecteJ-cdge cyclc~ and i~o­

Iated \ertlcc, of AirS that re,ult l'rom Inter,cctIng ... hel'" of A and B ha\e bren 
conqr ucted The,>c C\'cle'> and I ... oluted \ l'nice,," oclong 10 four t) pc.., of faces of 

.4 n'B: 

(i) face ... con ... tructed l.1y suhdl\'lding a face of A that intcr~ccts the surface of B: 
(il) facc~ conc.,tructcd 1.1) subdi\'iding a face of B that intersccts the surface of A; 

(iii) face ... nf A that arc In the interior of B; and 
(1\) face ... of B that arc in the intenor of A. 

Cycle" and i ... olated \crticc~ of fuces of Type" (1) and (ii) might not a1l belong to 
the ~amc Star-Edgc face of A n'B (~ec Figure 49 on page 77) and so it is neces-
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sary to find the cycles and lsolatcd \ crticc;; th:lt belnng to con ncctcd ... u h"'Ch of 
the subdi\ ided face. Thb can be donc using cithcr a unlOn-find pwgram [Aho. 
Hopcroft. élnd Ullman, 1983J (~ec Aigorithm 17 on page 77) or point location 
[Kirkpatrich.. 1983J (sec Algonthm 18 on page 79). (Algorithm 17 WU" the one 
actual1y implcmentcd. but both \Cr,ion\ arc prc'\cntcd hL'IC.) 

r-
I 

* - -

Figure 49. \ !tubd" Idcd face ma~ not be u connected rcgllln 

Gl\eo a CGlkctlOfl C of Cycle, and l ... oJateJ \er11cl" ln a ... uhdl\lJed 1,1(.,' of A or 1/. the ndl· ... 

and lsolated \er1lee, contarned ln the ccnncctl'J ,uh,ch of the ... ubJI\ !l~ed f,lll' .tTl· fourJli mm!! 

the follO\ung algonthm 

Fln!. tonn the collectlon r of {clIIùl/l f' j"U( t'I b~ COOm'cl1l1g the C\ dL" of ( ml0 compo· 

neob [ach l~O!dtcd \crto. J" aï,o a h:ntall\ e fale Repeitt Ille follo\\ Hl!:! prou:Jurl' untl!l.'\er) 

tentatIve face of F ho!, hleD m.!rhed !!', cXdmmed 

(1) Select 1\\ 0 unex.lffil!led tenldll\ l.' lal~' trom r (or one ~).amlI1l:d ,mu om unex:Jml!ll'o 

tcnldtl\e fdCC If tlm l~ not po,,!hk), choo"l.' a pomt on t:.tl'h of them, and mlt:NTl a lull' 
contd1mng the t\\O pomt... \\lIb dll tenlatl\c Lill" 01 r 

(2) Sort the mtcr~cctlon pomb dh'ng the hm: .mJ ~uhd!\ IJl' thl' hm' mto ~l'!:!mcnh 

(3) l'or cach Ime segment 10 the mil'nor of 1\\ 0 dtfTerl'n! tcntail\'l' faœ\, und) thc Iwo tenta· 

lIve IdCC' and mark Ihcm Cl\ cxarnlI1cJ 1 he JO(.!) dna!) "'i\ pt:rlorrmu 1\ IdeOllLal 10 th,ll 

of A!gonthm 6 on pdgc: 52 

The urufied tenlatne faces arc Stdr-I dgc fale, of A n'/J 

Aigorithm 17. Fmdmg conncctcd ~ul"ct., of Il l>ubdi\ldcd fULC u.,ing Il unmn-find progrllm 

If there are n cycles and I~olated vertlcce., in the collection C of 

Aigorithm 17, then C will be intcr"cctcd with at mo\t n; 1 linc<., If thcrc arc D 

directed cdgc~ and verticec., in C, thcn Stcp (1) rcqulrc<., ume O(D) to mtcre.,cct a 
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'-:Inglc linc with C, and Stcp (2) requirc!' Lime O(D log D) (Q sort the intersection 
romt., <llong a .,inglc !ine. Recalling the analy!'is of Algorithrn 6 on page 52, we 

... cc that for cach intcr.,ccted linc, Stcp (3) requin~s Lime O(D) to do ail of the 
ncighoourhood analy,>e., along a singk line. Fmally, Step 0) does a total of 

O(nD) union and find opcration\. which requirc a tot;;1 time of O(nD.:x[nDJ). 
tJmc.l~ 

In total, Aigorithm 17 rcquire\ time 

O(nD log D t nD.:x[nDJ) = O(nD log D) 

tu find the conncctcd ,>ub,et\ of a ,ubdi\'ided face. Eacb <,ubdi\'idC'd face f of A 

ha, 11 == D = ü(EH[Er + r',J), and ach <;ubdi\'Jded face g of B has 
11 = D = O(E/[E, + "I.J), ln ordcr 10 flnd the connectcd ~ub<;et"i of ail subdivided 

facc, (lI' -1 and B. Algonthm 17 rCljulre'- time 

If the rrohlcm ,ol\cd m A1t!oflthm 17, findmg the connccteù ~uh~ct,> of the 

... uhdl\ idcd f:..!Cc ... of A and B, '" rephra"cd é1' a romt location pf(\hlcm. therc is 
an algoIlthm that "ol\e" the prohlcm in t!n1e O(DADn log[DADR]I. "The idea i~ a~ 

1'0110\\''': 1 he L~ck, and l"olated \ erucc,- of é.l face are cither "outer'" or "inner" 

c~c1c, of the f;lce (,-cc Fl&UrC 50) and the wnnected "ub"et" of a ~ubdi\ idee! face 
can hl' round h~ élrportloDmg InDer c) cie ... of the suhdi\ Idet! face tn outer cyclc~ 

of the fal'c ('cc Algof1thm 1:-: on page 74) . 

......--Outer cycle offace 
/ ,Inner cycle of face 

",u" 'o. Ou'" .. :" •• « ",.", of ar", J '------_._-

I~ 1 unl'twll lIn) grO\\' ~o slO\\ 1) that for fcaslblc n, ex(n) I~ constant 
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Cl1ven a collection C of c)cles and isolated wrtices ln a suhdmded fan' of A Of B, t}w l'~ dl" 

and isolated vertices contained in the connccted sub~ets of the ~ubdl\ Ilied (,1\:e .11\: tound u ... mg 
the foIlC\\üng. algonthm 

Fust, form the collection }-' of lenlalTve faces b~ connectmg 'he c~ cie ... 01 C mIn lompo­

nents Each I~CJlated vcrtex IS also a tentati\'e faCl' 1 hl'n pl'rtonn thl' follO\\ Illg PWU'dUfl' 

(1) Fmd an e\treme pOillY of each tentdtl\ e face dnd Ill~nCl' dctt:mutll' Il tlw tent.tt!\l' tacl' 

contams an ou1l:r C\c1e (h~ a local andl)~:~ a ... In Algonthm (. on pdgl' 52) ln tl\l" \\a) 
dl\'ide the tentall\'e faces into outer comp()ocnt, and \Boer cOll1pont.'nh 

(2) Tnangulatc th,- pldl1ar suhdl\'1sJOn compmmg the outer C'omponl'nb 

(3) PIC}.. a pOint (~a~ a \ertl'x 1) from ",,,ch mncr LOmpllncllt, dnd "'l'.mh thl' tn,lIlgulatl'd 

subdl\'lSIOn for the ouler compol1l'nt tllal hound, d reglOn cOllt,ul1mg \ 

Each outer componcnt logrlhl'r \\llh lb conldtned 1I11lt:r lOmponl:nh, ton11\ thL' hound,lr~ of 
a StdT-r dgl' fdll' 01 A n-}) 

AI~oflthm 1 H, rmdmg conncctcd ,uh .. ct, uf a .. uhdi, id~d fuel' u'lO~ pUlnt-lm at ion 

If a suhdl\ idcà facc ha'- Il dIIccteJ-cdge,- and \cnicc ..... and D dirccled cdg(' c)clc ... 

and i~olated \Crtlce'-., th en Stcp (1) of Algonthm 1 X rcqUlfe'- O(ln IImc, B) U"I/lg 

an algonthm of Prcparuti.l and Shamm [1()X51 to triangulate a plana! .... uhdi\ I"ion 

WIth ln \ crtlCC'- ln urne 0(177 log 111). StL'P (.2) leljUl! c" ume O( D l(lg D), FIIl:!II). 

u~mg an algorithm of l\irh.patnd., [1()~!3J that IOCHC .... a pllmt In a tJwngulatcd 

subdl\Î .. ion with fll \crticc ... In ume Q( I{'~' m) aftcI O(m log m) plcproce""lng. Step 

(3) rcquire .... ume 01 D log D + fi log D) 111 apportlOn in ner c) dc .... or the "u bdl\ Illed 
face to outer c)d~ ... of the face, 

Each .... uhJl\ iJed facc f of 4 ha .... n = D :-- O(Eli[E + "(J). and cach .. uhdi­

vidcd face K of B h3<" n..:=: D = O(EI[E" + l'!J). and "0 for ail "uhdl\ldcd face" or 
A and B. Algorithm UL which i .. dominated 0) Step( 3), reljulrc., ume 

O(EsDA log[EHDAJ + E 1D" log[E 1DHJ) 
- O(D AD B log[D ADfJJ) 

4.7 Illte"sectillg Solids with Multiple Shells 

The pre<;entatlon of the regularized inter .. ect!on algorithm thu-.far concentr:.ttcd 

on intersccting the ~helll., of a sOlid, I.e., If the "he!l .. of A und B Intcr'-.c<.:t, Stcp" 

(l-5) of Algorithm 5 on page 49 a,,",cmblc plC<..:C" of the IDtcr~ectJn~ .,hell .. into 
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Star- Edge repre.,entaliom of the shell ... of A n* B. ln order to intersect multiple­

.,helJed "nlitl .... A and B. 1WO problcm., mU\;jt be .,ohed: 

()) It j., po".,ible that there arc ~hell~ of A that do not intcr~ect the surface of B 
and "hell ... of B thal do not lnter<.,ect the ~urface of A, yet the non-inter~ecting 

"hclh are contained ln A n*B (Step [6J of Algorithm 5). An algorithm that 
detcrminc .... whlCh of the .. e non-mtcr\;jecting shell~ farm part of the boundar~ 

of A n'B doc" the threc dlmen"ional analogue of the cyclc-containment test 

of Aigomhm 12 on page 63. 

(2) Il mlght bc necc" ... ary iD dctcrminc which "hell ... of A n'B bound each con­

ncctcd componcnt of A n'B. (Thi.., is the thrce-dimcnslOnal analogue to find­
mg the conncctcJ "uh"ct" of the subdi\'lded face .. of A and B. described in 

Algonthm 17 on page 77 and Algonthm 1 ~ on page 79). 

Solution" to the ... e two prohlcm .... arc now dc"crihed. 

Prohlcm (1) \" "oh cd h) fir .... t idcntifymg candidate shclj., of each solid that 

ma~ he cO/ltaJned in the othcr ,,<,Jid and then pcrforming shrll-mf1lalflIllCII' lests. 

T hl' algorithm\ of "Con ... t! ucting the Star-Edgc Repre'\cntation of A n' B" on 

ra!}C 76 can hl' ca\il~ modliled 10 deteet .,hell .. of A and B that mlght bc shell~ 

of -1 n' B. Speclficall), Algorithm 17 un page 77 (or Algonthm 1 X on page 79) 

1" modlllcd 10 IdcntIr~ a ... canùld::!tc" tho"c ..,hell<, of ..,olid A (re"p. B) that dld not 

contiihutc an~ h(lundar~ pOint'> 10 face" con...rructcù u ... mg the algorithm~ of 
"lntl'r .. ectm~ Face.., of Snl1d A \\'1th Crn.., ... -Sectlon.., of Solid B" on p3ge 57 (rcsp. 

"lntcl"cLtm~ Face" orSul!J B \\'Ith Sol!d .4" on page 6~). Once a ~ct ofcandidate 

"hclh ha., hcen idcntifieJ. the"e '\hclh arc chech.cd fur containmcnt ming an al­

gllnthm analogllU\ 10 the c~clc-containment tc~t (lf Aigonthm 12 on page 63, 

I.C .• a ... hell or -1 i ... ln the mterior of B if a point on A l' 10 the interior oî B (and 

\ JCC \ CI.,a). Th \\ .... hell-con lammcn t tc~t l~ dc.,crihctl in Algorithm 19 on page 

XL 
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To test for contamment of a shcU 5 0) solid S, perfonn the folIo\\ mg ~t~'r~ 

(1) Plck a point u on S and a pomt v on one of the shdh of S 

(2) Construct a plane Q contammg u and v. mler~ect S \\Ilh Q (cons:ructlllg the cro~'-~l'ctjlln 

GQ of S \\ith Q, sec "Computmg CroS~-Sl'ctIOn'i of Sobd Ir on page 51) 

(3) L'sc the cycle-contamment test (Algonthm 12 on page 63) to detenlUlll: ifpmnt III' lI\~uk 

a subset of GQ that IS m the mtenor of S 

Aigorithm 19. Shell Containment Tc .. t 

If ~olid S has Ds dlrcctcd cdgcs. then Stcp (2) of Aigorithm 1'1 con\truct\ the 
cro'i~-scction GQ of Sin time O(D~ log D<;). and Stcp (2) tC\1\ for the containmcnt 
of point u in an inS sub~ct of Gr,} in lime O(E.\). The number of "hclh or J .. plid 
i" bounded b) the numher of facc" (lf that ,,0110. and '0 AIgllnthm Il) caf! te\t 1'01 

containmcnt of al! ~hell" of 4 b) B and ail .. hcll\ of B h~ A m time 

O(F1DR log DB + FnD l lug D.1) 

- O(DADR !og[DADR])· 

Problem (2), finJing the connecteo componenh of A n' B. 1" ,,(\l\ed h) ~cn­
cralizing the union-f1nd pro!!ram of Algorithm 17 on page 77. Recall that AIgo-· 
rithm 17 fino'i the connccted subsct ... of the ~uhdl\ !ded face, of A and B ln lime 
O(D/-DB" log[DADB]) .. Unfortunately. Algonthm 1 X \,'hICh \oh e, the \ume 
prohlcm in time O(D~DH log[DAD/IJI u\mg the tnangulatlon-reflnement technique 
of [Kirkpatrich.. 19~3J does not ~ccm to gencrallzc 10 threc dimcn"lOn\, ln con­
tra,>t, just a~ AIgnnthm 19 gcnerahzc\ the c~clc-wntu1l1m('nl te"l of 
Algorithm 110n page 63, Algonthm 17 gcneralizc ... tll f1l1d the connccteJ \ub\Ch 

of A n' B (~cc Algorithm 20 on page 82). 
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(J1Vcn a StdT·Ldgc TCprC\CntatlOn of solId A nOB. the shells of each connectcd compcnent of 

A n° Barc found u~mg the followmg aJgonthm 

IIT ... t, a ...... umc tha! calh ... hell of A n° B hounds a dlffcrcnt tentatrve component, and denote 

the wllcctwn of tl'ntattve componcnh h) ) Rcpcat the foUowmg procedure untl1 ever) 

lomponcnt 0/ ,) ha ... ht~l'n market! a\ cXan1lOed 

( 1) \ekLt tv. 0 uncxdrmncd ~hcll\ lrom 1) (OT onc exammed and one unexanuned shell If tlus 

1 ... not pm~lhh:) and lhoo~e a pom! on edch of them Con~truct an oriented plane Q 
contammg the t\\O pOInh, and comtruct the cross·.,echon G(J of A nOB (see "Computing 

( ro ...... · <.)cctlOm of Sohd jJ" on page 51) Intersect the Irne contammg the tv. 0 pOlOts \\ lth 

thl' dITccted edge ... anJ \'Crtlle~ of G(' 

(2) \or1 the mtcN'ltlon pomh d.long the hne and subd"'lde the Ime mto segments 

(1) J Of edch \l'!!ment ID the mlenor 01 1\\ () dlfferenl tentatJ\ c components, umf) the t\\ 0 

tClltatl\ e componcnh and mark the comtitucnt shells as cxarnmed The local anal) SIS 

pl'r/ormeù 1" IdentlldJ to th..!t of AJgontlun 6 on page 52 

'ill' fl· ... ultmg tcntatl\'e wrnponcnb arc the connectcd componcnb of A n" B 

\1J.:()flthm 20. FmdlOl! thl' connelled component .. of A n"n 

Thl' analy\!'. of a\} mptot!c running time of Aigorithm 20 i\ ~imilar ta that of 
Algol Ithm 17. If there arc fi ~hcl]<" in the Star-Edge rcpre'\entation of A n'B then 
-/ n" B i\ intcr\ccted with at mo,t n ~ 1 oriented pi3nes. If \'hcre are D directcd 
cdgc" and \'crticc" In A n' Bo Step (1) requlre'\ time O(D log D) to construct a 
\inglc cro ...... -"ection GQ and thcn ume O(D) 10 mter'\ect GQ \\'ith a !inc. Step (2) 
lequlre" timc O(D log D) to \ort the mtcr~ectlon point~ along a ~inglc linc. Step 
(3) Icqulrc ... Ume O(D) to do ail of the ncighbourhood anal)~e ... along a single line, 
FlIlall}. Step (3) doe\ a total of O(nD) union and find operations. which requin? 
~I total lime of O(nD.:x[nDJ), 

ln total. Algonthm 20 requires lime 

O(nD log D + nD.:x[nD]) = O(nD log D) 

10 find the shell" of the connecled components of A n·B. For A n'B, 
D = O(D,4D}/). U..,ually f1 is small. and then Algorithm 20 requires time 
O(D~D/l log[D..jD/I]). altlwugh fi can bc as large as O(F4Fn). 

If A and Barc srngle shcllcd ~o"d~ then Algorithm 20 is unnecessary. If we 
"-mm which of A and B i .. bounded. th en therC' i~ a simple algonthm, gi\en the 
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sheils of A n* B. to determinC' which ~hcl1s bound each of the conncctcd compo­
nents of A rl*B (~ee Algorithm 21 on page 83). 

Givell Sld.T-Ldge representatlons 01 !'>ingle-shcl1cd sohds A and B, and gl\ t.'tl the Star-. Il)!.\.' 
rl'presentatlons of the shells of A rr B, the shcll~ of the conncrtcd componcn1o; of A ntJ can 

be found u<,ing the follo\\ mg procedure 

Flrst, b) local anal) ~l~ at cxtn:me \ crtlCCS, dcterrninc if A and Barc bout1\..kd l'her; ap- 1 

portIOn the ~hells to components accordmg to the followmg ca~c!> 

(i) 1f.4 and B arc both boundt'd sohds, then A n' BI'> a collectIOn of houmkd. !'>1flgll'-~,hdleù 

componcnts, 

(ü) if nClthcr Anor B 15 bounded, then A n'/J I!- a collectIOn of ~iog.k "hdk'd compoIll..'nh, 

one of WhlCh 1" unbounded, and fmail) 

(li) If A IS hounded and H I~ oot then A n' HI'" l'llher a collection of houndcJ .... mglc ~hdbl 
componcnb or d 2-shdled ~ohd hounded h) the ~hdb of :1 and B 

In order to analyzc the a~) mptoth: C'omplcxit) Algorithm 21. wc fïr..,t ~ee hm\' to 

deterrnine whcther a shcll bound~ a bounded volume. Wc dClcrminc if u .. hell S 

bound~ a boundcd \olumc b) fïnding an c\trcrnc \ cnc\ r of S ID an urbitrary 

directIOn d. and constructing an oncnted plane Q with normal d that contain .. \', 

Then wc u'\c Algurithm g on page ~6 tn detcrminc if \. j .. inS. onS. 01 Ou(S. 

Finall), shell S bounds an unbounaed volume if \' i .. ÎnS Oï If r i" outS and ha .. a 

face that lies 'n Q. ft require.., tirnc O( l'!,) to fïnd \ crtcx l', anù Algorithm ~ ad­

dltionally requires O(D,) time: finall~. if \' i~ outS. il rCtjuire .. lime O(F,) 10 dCler­

mme if therc i~ a face of v onentcd oppo~itcl; to Q. 

Lemma 8. If A and B are smgle-shclled ',o!tJ~. thcn Aigonthm 21 IIncl ... the ... heJl" of the wIlI1CLteù 

componcnts of A n'B in tune O(DADû 

Proof. Case (1) IS tnvlal bec au se A n' B i~ boundcd Case lU) jollow~ by exammlllg the n'guJan/ed 

UOlon of --, 'A and .. 'B, WhlCh I~ boundcd, but ma) have holc, Ca!>c (lU), WhlCh compute" 

A -"B, ylelds a 2-shclled sobd If the shclls of A and B do not intcncct, and a collectIOn of hounùcù, 

:.mgk-shells componcnts otherw)~e 

Il reqUlre!'> time O(DA + DB) to dctcrmmc if A and /J are l'>(Junùcd, :.nd It rC4ulrc~ (}(fjAJ)/I) to 

fUld out", hich component of A n' B i~ unbounded a 
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l ____ _ 

Thu~, given Star-Edge representations of single-shelled solids A and B, a 
Star-Edgc rcpre<,cntation of the compvnents of A n' B can be constructed !n time 
O(DADR log[DADn]). 

~.~ ~11111111tlIJV 

The main thcorem of this chapter, that Star-Edge representations of the shells of 
A n'B can be comtructed in time O(DADB log[DADS]) from Star-Edge represent­
alJOn"t of the .,helh of A and B, has been proven. This bound might not optimal, 
becau"te the only Jower bound known for intersecting A and B, given their Star·· 
Edge reprel,entation." is !J(DADB). The problem of apportioning thc shells of 
A n'B to the COfJ1pOnenb of A n' B i'l more difficult. Wc saw that if there are n 

~helh in A n' B, thcn the problcm of constructing Star-Edgc reprcsentations of 
the componenb of A n'B can be sol"cd in time O(nDADB log[DADB]) using a 
ul1JOn-fÏnd algorithm. Wc abo 5.aw that if A and Barc singlc-shcllcd sohds, then 
wc can con,truct Star- Eègc rcprescntations of the components of A n' B in time 
O(DADlllog[DADn]). 

Interlocl'lmg Solid~ 84 



Chapter 5. Incidence Tests 

In order to compute the intersection of tw\.) solids, it i~ nece~sary to idcntify which 
points on the ~urfaces of these ~olids coincide. Incidence tesh \\'ork hy compi.lrinp 
features (\ eItice", l'tiges, and face,,) of repre..,entati()n~ of the t\\'o ..,olilh. ) mplc­
rncntations of tl1c~e test~, often onl~ 2pproximate true incidence. If numcllcal 
data such a~ \crtcx coordinâtr~ aIl' reprc~cnted u~ing finitc plcci..,ion. or the tc"'h 

themsel\ es a.c nnp!rIDented u~Îng fmnc-preci..,inn arithmctlc. we can ne\ cr a ... k if 
t"'o feature .. arc truly incident. \Ve can onl~ a..,k. if the)' are ..,uffidcntly clo .... c that 
wc might presume incidence. 

This chapter thcn. contains a dc ... cription of new fmite-precl..,ion incl<.lcncc 
tests used by an implementation of the nc\\ intersection i.llgorithm of "Charter 
4. Intersecting Solid~". (b,perirncnt'i which e\:.lluate the uti!it~ of the incidence 

tests are gi\'en in Appendix D.) 

5"l Illcide1lce ill a Fill;fe-p,.ecÎs;oll rVorld 

Before the ne\,- mcidence test~ can be" pre~cntcd, it i~ necc ...... ary to ... how why 
testing for incidence b diffïcult in a finite-preci ... ion world. Suppo .... c thtlt \\'c arc 
gi\'en the equation of a plane p, and wc are gi\ en a boundar) repn: ... cntation A 

of a solid, and W~ would likc to say that a feature of A i ... "deemcd incl<.Jcnt" with 
P if the feature is \cry clo~e to P. U ... ing pro\lrnity to dcfînc incidence i.., n('cc ... · 
sary if P or the reatures of A are gi"cJ1 u ... ing finlte preci ... ion, or if we cannot im­
plement a test for exact Incidence. A~<;ume then, th3t edgc (' of A i.., defined by 

the coordinatc~ of il<., end point ... v and w, and w i ... far from P but r 1.., ... ufficicntly 
close to P that wc think v is incident with P. Then there are three po ...... ibihtie ... : 

(l) e intersects P at v; 

(2) e intcrsectli P at an interior point, and \' and w are on OppChlte "'H.1e ... of P; or 

(3) e daes not inttrscct P, and \' and H' arc on the ~ame "'Ide (If P. 
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Whichever of (l )-(3) wc choose to be "true" is unimportant. Becau'\c wc h. ~ de­
fining incidence using pïoximity, en P cannot be computeo independentl~ of the 
incidence of v with P. Ir gencral, the result of an incidence te..;t mu~t he C()fHI.\tcnt 

with the results of other inlidence tests. Note that the "cqucncc in \\'hich the in­
cidence tests arc done is als0 important. For e\.ample. decidmg that c mtc,..,ccted 
Pat an interior point is ;nconsi"tcnt with the deci.,inn that \. and \\' arc on the 
same side of P. Such con"i'\tcnc) i., gi.J:1rantccd If wc cm lN for exact Incidence. 
but not if wc define incidence u'\ing prOXimlt). If wc arc to implcment an algo­
rithm that inter~ects t\\'o sohds. and the geomctnc data in the input houndary 
representations are a pproxÎma ted using finitc precl':lion. thcn te'\tmg for incidence 
is difficult. 

Definition. If the embeddmgs in R~ of the feature,> of '\olid'> A and Barc applOx­
imated u,ing finite precIsion. then fcature., a and 1> of'\olid., A and B. re ... pecti\·el~. 
arc proximal to a tolerance E; if the di.;;tance d(a.h) i., at rno.,t c. Feature ... a and h 
arc dcemed l!1cldeflt If the) arc proxl1llal and their deemcd incidence doc,> not 
logically contradict the non-proxlmality of an) other featule,> of A and B. 

For brc\'ity. whcn we say that t\\'o feature ... arc lIlC/dent wc \viIl mcan that to 
say the featurcs arc deemed incident. 

The a boyc dcfinition suggc~ts using a stratcgy of symbolic infcrem:c to te"t if two 
features arc incident, sumrnarized as Algorithm 22. 

(1) TC!>t for prO),.imit~. If fcatures a and b of D·Reps A and /J. rcspcclJvel~, arc ".:paratcd hy 
more than c then a and b arc not Incident 

(2) Search for contradiction. Othei\"~c. If A and f) have featurc~ a' and b', re~pcctJ\'(:ly, that 

are separated h) marc than [.. but who!-oc inCIdence 1<; logically implied h) the incldcr.ce 

of a and b. then a and b arc not Incident 

(3) Concludc incidence. Fmally, If no ~uch feature~ can be found, then a and b are incident 

Aigorithm 22. Testing for deemed incidence 

Once we have decided that a and b are not incident, wc would Iike to determine 

their positions In sorne local coordinate sy!\tem. If a and h are not incident he­

cause they arc ~eparated by more than E, then thi~ i~ straightforward. For ex­

ample, if Aigorithm 22 reported that a vertex i~ far from an oricnted plane, we 
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can eac.,iJy dctcrminc if thc ,'crtex is abo\'c or below the plane. ln contrast, if AI­
gorithm 22 reported that feature~ a and h are not incident because of a contra­
dIction, then the relativc location.., of a and b are found by working backwards 
along the chain of rca)oning that led to the contradiction. We will see \\'hen we 
di.,cu)) the actual inciùence te)t) that thl ... backward ... reasoning can get quite de­
t;Jileù, 

We will be u.,ing thc incidence te'it~ de~cribed in this chapter in an impIe­
mentation of a rcgularized inter'iection algorithm for solids, and it is possible that 
an incidence te ... t can make a "mIstakc" and causc the intersection algorithm to 
fail. Suppo ... e th;Jt an incidence te'it i'i 'iearching for contradictory c\'idencc to 
di"pro\'e the incIdence of t\\'o feature), and In this '>carch discc\ers that rcgardJess 
of the outcomc of thc te..,t, an incon.,l..,tent incidence deci)ion will ha\'e been made, 
/.('. mo dccmed incidencc.., arc contradictor). For cxamplc. a con<;cquencc of one 
incIdence tcc.,t might be that a vertex b abm e a planc. and a con~equence of an­
othcl incIdence te"t might be that the \erte). i~ heIov, the plane. In the context 
of thi, thc.,i" wc ..,ay that If an inter ... ection algonthm 1~ pro\ abl) Cl)frect using a 
modcl of cxact arithrnetic and thc algorithm i, impJcmented to u~c the incidence 

tc ... t<., of th 1'" charter then the algonthm 'iuccced, if no mistakc ... are made. 

Becau"e our fÏnite-precj"ion test~ do nN report true incidence. we cannot use 
them in an algorithm and e\.pect them to function like true Incidence tests. For 
~\.amplc. if wc u'>c the incIdence test~ of thi" chapter In an mtersection algorithm 

for "olil}.,. we might decide that A n B = .4. and that B n A = B. Both ans",crs 
ma~ he conect hecau,e e\'ery feature of A might be withîn E of the corre~ponding 

fcature of B. Thi ... e'XampJc doe'i iIlu"trate. that unlikc true incidence. deemed in­
cidence i ... not ,ymmctric. For exampk Ju..,t hecau ... e wc can deem \'ertex v inci­

dent with \ ertc\. Il. wc cannot deem u incident \Vith l'. More importantl). deemed 
Incidence tc"t, arc ba,ed on proximit), which b not a transitive relation, and 50 

u nliJ...e true incidence. dcemed incidencc j" not transiti\'c. 

5.2 Sitllplificatiolls alld ASSlII11ptions 

Thc idra that sym holic inference can make incidcnce tests more relia bic i~ ne"" 
and one of the ohjccti\'e", of thÎ'i the'iÎs Î<; to demon<;tratc that it is practical. In 

ortler 10 do thb. the ne\\' incidence te't<; that use symbolic inference should be 
eithcr prO\ ahl~ correct. or at leaS! more e\.perimcntally reliable than incidence 

tC"h that do not use sym holie inference. Furthermorc, the new tests should be 
implcmentable and not too inefficient. For e,ample. one could hypothc'iize the 
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existence of t\\'o different kinds of finite-precision incidence te'it... Gi\'en St3r­
Edge representations of solId~ .4 and B: 

(1) A ,ery simple incidence test that does not test for deemed incidence could 

declare that a fe3ture of A i~ comcident \\'lth a feature of B If thl' di"tancc 
bet",een the two features is less than a tolerance f.. 

(2) A \ery complicated incidence test might u~c the distance of e\'er~ feature of 
A from e\'ery feature of B in order 10 determine the d\..emed incidence of an)' 
t\\'o of the features. 

Certainly. the naive test (1) i" efficient. but it will make error" and sa may not 
be reliable. The ~ophI"ticated Incidence test (2) might be provahly correct, totally 

reliable. but probably Inefficient. In order to ma"-e Incidence te"ting \ ia "ymbolk 
inference practical. we would lI,,-e to de\elop incIdence te ... t ... that arc more "'0-
phisticated than Test (1) abo\C. but le ... ~ compllcated than Tc<.,t (2). \Ve ale will­

ing to report an occasional mi'ita"-e if the incidence te ... t<, arc relat" cly efficient 

and cas) to impkment. In partIcular thi" mean" that the lI1ciJence te ... h wc adopt 

are neither complete nor pro\ abl) correct. The expenmenh de"cnbed In Appen­
dix 0 demonstrate wh en the ne\\' incidence teq ... can be expected ln be relia hic 

and when the) might fail. The experiment~ abo "ho\\' that the ne\\' inCIdence te ... \<, 

are practical. 

In the context of this thesi'i. no attempt ha~ yet been made to analyze the 

stability of numerical computation" u'\ed by the incI(;cnce te"t .... If the magnitude 

of a numerical computation, e.1{ .. an inner product of two vectnr .... i ... le., ... thLln t, 

the computation i~ assumed to be unreliable and a ~ymbolic inference detcrminc" 

the sign of the unreliablc quantit). (The "'Ign of the qULlntit) i" ... ufflclent for our 
purpŒes if the quantity i~ nearl) zero). ft i., important to choo ... e t ~mall enough 

50 that the result of an inc:dencc te.,t '" meaningful. It 1'" al ... o Important that 

[eatures of a solid be larger th an f.. We use the idea of a minimum {caturc \/ze of 

a boundary representation [Segal and Séquin 19X5] and reqUIre that every edge 

of a sol id have length at Ica st T, and the angle between two incident face" or edge ... 

must be at lca~t ex and at mmt n - r:J.. Thcse two condition" guarantec that, for 

examplc, wc can 'iort edges around a common vertex and that at mo ... t one vertex 

[rom a solid i'i in the same t:-ball. For the expcriment,> de~cribed in Appendlx 

D~ the sohd~ ha\e approximately unit ~ize, finitc-preci,>ion quantitie .... arc repre ... -

ented usmg 53 bit'i of precision, and value ... of E a .... large a ... 10 2 and a ... "mali a,> 

JO- 6 were uscd WIth succe,>~. Much larger value,> of t: violated mmim um feature-
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~izc a~~umptiom in thc input boundary representations, and mueh smaller values 

of [; cau~ed nurnerical imtabiht). 

Wc ..,aw in "Chapter 2. Repre..,enting Solids" that the Star-Edgc represen­

tation can de..,cnbe .,011<.1 boundane.., th::lt ore cornphcated non-manifold surface~. 

H()w~\'er (u..,ing fïnitc precl.,lon) it i.., unlikely that equations of planes can be 

gi\'cn with ..,ufficlent prcci..,ion to correctly de-.crihe high-valenec \'ertiees. For 

exampJc, four plane., mcant to inter..,ect at a point probably inter~ect a~ t\\'o sets 

of thrcc planc.., connectcd by a very tm)' lme scgment Thu~ many sym bolic in­

fercncc.., arc rc..,trÎCted 10 \'alcnec-thrce \'crtice-. becau..,e mference" that use high­

valencc \'ertICC" may fa Il. More gencrally, we a"..,ume that \'ertices arc defïned 

hy thc ,nter.,ection of three plane.." and cdge~ arc dcfincd by the intersection of 

two planc..,.'~ ln practlce, re..,tnctmg the inferencc" ha" not pro\ cd to be a great 

problem. The fir..,t te'>t ahject who..,c cnn-.truction i.., descrihed in Appendi\ 0 has 

VCI tice" with \'a lence 12. The in ter..,ection algorithm can fall if t\\'o ~olids cqincide 

neur a hlgh-\'alcnce \'ertex, and neithcr nurncrical test'\ nor "impIe inferences 

l'rO\ c or :1..,prO\ c a decmcd wir."ldencc. 

The remainder of th,., charter contaim a dC'irription of thc incidence test~, 

which computc thc incidence of featt;;-c~ of ~olid B with solid A. A related prob­

lem, "ortmg, i" al.,o d,.,cu..,.,eù; in palticular, the inter~ection point~ of a line \\'ith 

LI loliJ can be arbltraril) clo..,e, and s)mbolic rca~oning ma) be neee~sary to order 

thc. ... c pOInt ... along the linc. 

Notation. fhe narned fcature~ (\'crtices, edgc~, and faces) of sol id B will be suf­

lhcd wlth a "''', l'.g .. c' i~ an edgc of Band e i~ an edge of ~olid A. 

l" 11ll' kl'~ oh~er\'atlOn \U' m,iJ..e i~ that certain geometnc data m a boundary representation are 

"ongmal," anù cert.un reùund,ml ddla mferred ln a scheme related to ours, Sugthara [1987J 

dl'~cnhcd a techIllquc \\ herl' planc-equdlIon coefficlCnb are dlscrete quantllIes Chenee error-free), 

and redund,mt d,lt,l l' dpproxlmated from the plane equatloll"o using ftmte preChlon A major 

dl~ad\ ,mtagc 10 SUgIhard ~ tcclmlquc l~ that rotahonal transfonnallons arc dtfficult to apply to 

n'prc'cntcd 'ohd, hec.lu'l' rotatcd planes tend to ha\ e transcendl'nt,Ù col'fliClcnt'i 'ote that our 

'd1l'me dol" Ilot h,!\'c thl' dl'ddv,mtdgc becausc \\e alway~ approXlTI1dte planes usmg fll1lte pre­

mlon ln dllkrcnce h) tlm. Segal and Sequin [1 <]85] dl~cus<; hO\\ to me least -~quares approXl­

m,ltlon to 1l)1l1pU!l' pl.ull' cqudllon' th.lt fit d collectIOn of \'l'rtICC::- ) amaguchl and lOh,ledd 

[14S5] ,md P,lOlu.l/l, Ramell.!, and S.ll1tarclh [191'6] a\ OId the problcm of redundanc) altogethcr 

b\ u,mg tn.mgular t'Kl" 
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5.3 Vertex-Incidence Tests 

Given facc f of solid A and \ crtc:\. l" of solid B. wc classif) r/ with f tir~t. wc a~­
certain whether V/ 15 aho\'e. bc1ow. or 0n the plane P of.l: ... ccond. if \,' b nn P. 

wc asccrtain whether 1" b contamed in the linc P n Q. whcll' Q i ... thl' planl' of a 
face adjacent to f. finall) , if l" i" in P n Q. wc a~certain \\ hl'ther \,' 1" in the inte­
rior of the edgc e of f containcd by P n Q or coincident with an en~lroil1t of (' ( ... ec 
Figure SI). 

(1) Vertex Vi is in the plane P of face f. 
(2) Vertex v' is in the line P n Q, where Q 

is the plane of a face g adjacent to f. 
1'---- (3) Vertex Vi is not in the intcrior of the 

of edge defined by P n Q. 

Figurc 51. Organiling \crtc>.-incidcncc tc\h 

The tirst test to be pcrforrncd dctcrm1l1e~ whether \ ertc:\. r' i ... a hm c, hein\\', 
or on planc P. Flrst, v' is not on P if the computed di..,tancc bctween 1'/ and P i ... 
large. I.e., greatcr than c. If r' i~ near to P, th en \ / doc ... not lie on P if thcrc i ... an 
edgc adjacent to v' that doc" not intcr~cct P within c of l". If no ~uch cdgc cxi ... t .... 
then v' and Pare decmed incident (~cc Algorithm 23 on pagc 91 ). 
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Compult; the dl~t<mce bet\\een vertex v' and plane Pb) substltutmg the coordinates of r' mto 

the Imphclt equdtlOn of P If thls dIstance IS larger than c, then v' 15 off p, and the Slgn of trus 

dJ,>tancc c1a.,.,I';c., v' a., elther above or bclo\\ P If the comput cd dIstance 15 smallcr than c and 
îht.'re I~ .in cdge adJdccnt to r' thdt doe~ not mtcr!>ect P \\ I1hm [. of 1-', then 1-' I~ not on P 

('oO'>Jdcr edge (" adjacent to v' and \. ertex t\', \\ here w' ha~ been sho\\ n to be off P by 

/\I)!onthm 21 on page 91 Compute the mtcr!>ectlon of e' wlth P b) mtcr!>ectmg P \\ Ith 

the t\\O plane~ that dcfine e' If the computed mter'>cctlOn po lOt a 15 not wltlun c of 1" ,hen 

r' I!> not on P, 1 urthermore the c1d~!>lficatlOn of w' 15 used to 3etermrne \\ hether 1-' IS above 

or hl'!o\\ P If a l\ 10 the mtenor of e', then v' and l\' are on opposIte sldc~ of P, otherwlse 

v' and w' drl' ('Il the .,amc '>Ide of P 

If the .Iho\ l' prOl L'durl' dol''' Ilot c1d\"lf\ 1-' a" ahm e or hekm P, then \' he" on p, hecause aU 
l'lige, .tdpu:nt tn )" clther hl' on P or mter!>cct P \\ Ithm [. of \,1 

,\I~urlthm 2,1. 'Il"tlng for ,crtn,/planc mddcncr 

If Algorithm 23 report ... that \'cne:\. 1" lie ... in the plane P of face f, th en r' 

ma~ he incIdent \\'Ith an edge or \ertex off. Thi ... cannot happen if r' does not 
hc in the plane of an~ face adjacent to r (Algonthm 24). 

(,I\'L'n nOll-COIOCldl:nt plane., P and Q and a vertex v' on P, v' IS in the hnc P n Q 1fT the test 

for \l'rtl'\. pl.llll' modem'l' c1d,.,lfie\ v' on Q Il.' I!> not on Q, then .,1 IS elther abo\'e or belo\\ 

{J, .IIlO hellCl' to the Idt or nght of P n Q (on p) 

\I~ortthm 24. Il,,ting f()r ,erte,,/Iine Incidence 

If \'crtc\. r' 1'" contained m the line P n Q that dcfine~ the intersection of face 
(with facc ~. thcn 1" may be in the mterior of the edge e Bdjacent 10 f and g. or 
LOlIh:iJcnt \\'!th a \ crtc\ l'of c dcfincJ b) thc intersection of e with a third plane 
R, Algorithrn 25 on page 92 tests 10 sec if r' lies in R (usmg Algorithm 23). If 
l,I lie ... in R thcn r' coincides with v. Otherwise. v' is in either the exterior of e or 
the open ray containmg e and beginning at l'. By applying Algorithm 25 to both 
cnJpoint-. of c. we detcrmine if \' is in the interior of e or coincidcnt with an 
cndpnmt. 
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Gi .... en hne P n Q that defines edge c and contams verte>. \", wc detemll!1C If \" c()!flcldt'~ with 

v or is contamed fi the open ra~ begmrung at \' and contammg c 

(1) Lse the test for \ l'rte>. plane !flcldencc (Algonthrn 23) to detennme ~; l' l' ahO\ t'or hdow 

R 

(2) If 1" IS not on R, then the c1dSSlficatton returncd h~ the test for \'crtcx pl am' !flCIJl'I1Cl' \', 

used ta infer whether v' I~ m the c>.tenor of e or m the open ray cont.untng l' .md hl'b-'1\1mng 

at v Th)!. detenmnatlOn 1<; made b) e",anuning the dot product of thl' nonn,ll to R \\'Ilh 

a vector duected from 1 to thc other endpomt of c 

~ __ ~ ... ~v=pnQnR ,~ ... 
V . '---e = P n Q -. 

Alltorithm 25. Te~ting for ,ertr.\./ra~ Incidence 

Prc\'iousl). wc ob~cncd that our dcfmition of (dccmcd) incidence j\ nOl 

symmctric. FDr cxamplc. ,;uppo\e tha t thc te"t for \ crtC\ plane IIlcidc:Jcc report\ 

that \<ertex ~.I of !lolid B 1" incident to each of the defining plane" of vertex \' of 

solid A. and hencc wc would deem r' incidcnt with 1'. Thcre 1\ no rcqulrement tnat 

r be incident with ca ch of the defining plane'\ of ,,'. and "0 wc mlght not decm " 

incident with r'. Wc a\oid thl" po" .... iblc incon\i\tcnc) h) diffcICntIatmg hetween 

frature,; of A and featurc<; of B. Wc a'-J... onl) if a featurc of B 1 .... Incident with a 

fcature of A. and not if a featl!re of A i" incid-:nt \\'ith a fcature nI' B. 

5.4 Edge-/Ilcidellce Tests 

ln this section we de\'C'lop the èdgc-inciüencc te~t~ u'\ed by the mtcr\ection algo­

rithm. Gi\ en face f of !lolid A and edgc e' of ~olid B, wc c!a-,,,if) e' \Vith ,. Fir"t, 

we ascertain whcthcr e' intersect<; the plane P of.l; ~econd, If tl1c interior of e' 

intersech P, wc ascertam whether e' mter-,ecb the line contaming an edge of ./; 

finally, if e' does intersect this hnc, we a~certain whether e' inter"ech a vertcx of 

f or the intcrior of an edge of f. The edgc-incldcnce te~b, lIke the \ crtcx-mc.idencc 

tests of the prcvious section, arc neither symmctric nor tran..,ltIYC, and \0 they 

must be used with care. 

Wc begin b) computing the inter~ection of cdge e' with the plane P of a face 

f This intersection IS easily computed U\ing the te"t for vertex planc incidence 10 
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cIa<,<,ify the endpoint~ of l". A case analysis, given in Algorithm 26, is used to 
determine how l" and P inter<.,ect. 

JntrN~ct cdgc c' wlth pl.mc P a~ follov,,!> hr~t, use the test for vertex/plane incIdence to cla~­

"If) hoth cndpomt .. of e' wlth P, If both endpomts of e' arc on P, then e' 15 on P; if the 

cndpmnb of r' arc on oppmlte "Ides of P, then the mtersectlOn of e' wlth P IS computed 0) 

mkr.,cctmg P vdth the t\'.o plane .. that dcfinc e, otherv.lse e' mtersects Pat a smgle endfùmt 

'.lT not at ail 

Aigonthm 26. '1 c .. ting for ('d~e/plane incidence 

If a "mglc endpoJnt of edgc e' lie<., in the plane P of face f, then the test for 
\ erte\ ray irt:idencc i-. u-.cd to fini<.,h the incidence computation. Otherwise. P 

ma~ wntain (" or mter-.. cct the Interior of e'. A ... in the \ertex-incidencc tests, we 
a-.I-.. if (" inter ... cct-. a linc P n Q, whcre Q b the plane of a face adjacent to f AI­

!!orithm ~7 dc-.crihe ... the <.,imple ca~e .... 

Glwn non'l'oIJlL'ldl'nt planc~ P and Q. and an edge e' that mtcrsect5 p, \\e compute the mter­

MxtlO11 of c' \\Ith P n Q In ~oml' ~peclal ca~,t~. If e' hl', on P then 

(1) If c' hl''' 011 (! thl'n e' \" colhm:,if \'.Ith P n Q. 
(11) If one l'l1dpOlJ1t l'of e' mtl'r~l'ct~ Q, thcn e' mtcr~ccb P n Qat l', 

(m) JI tht.> mtcnor of c' lOtl'r~cch Qat a pomt b thl'n c' mtcr~ects P n Q, and 

(1\) JI fI' dol''' not mteN'ct Q. thcn e' doc~ not mtcr,ect P n Q 

/' p 
• 

1 (i) Q Uv) (ii) 

Olhcrwl~c, the mtcnor of c' mll'r~cch P al a pomt a. and 

(\) JI tht' dl"t,lIllt' {!((1) hel\\ l'cn Q .md al" ldrgt' ( > L) thcn c' doc~ not interscct P n Q. 
(\ 1) If c' I~ 011 Q, tht:11 l" mtt:r~ech P n Q, 

(\ Il) Il ont' endpollli )" of e' mter~ech Q, thel1 a and the other endpomt w' of e' arc on the same 

~IJl' of Q. and 

(\Ill) If l" dol''' n01 mteN'ct Q, thcn a 1~ on the same ~Idc of Q a~ the epdpomts of c' 

LvY--'? 
,- (V) 

w'-"­
• (vii) 

I\IRorithm 27. Slmpl~ C8\e\ in testing for edge/hnl' im.idcnce 

/ 
.(viii) 

p 

Q 

93 

1 , 

j 



If the ca~cs described in Algorithm 27 do not appl~. thcn thc intclior of cdge 
e' intersects planes P and Q: furthcl more, the intersection of c' wlth P \" \\ïthin 
f. of Q. ;:Ind the intersection of c' with Q is wnhm f of p, If P and Q a[c neaIl~ 
coincident it IS pos~iblc that the~c t\\'o mtersection pomt.., ~!IC not ncar Pli Q 
(Algorithrn 2R), 

If the mU'nor of an edge c' mtersecb plane P at pomt a and plane Q al pomt b. then wc de­

tenrunc If e' mtersects P n Q 

(1) If a and b arc separdted h~ more than 1:, then nelther a nOf b l' contamed III P n {J 
Furthennorc. h) ordenng a, b and the endpolllls of (" along P n Q, \\'l' C.ln Chl"II) a d' 

above Of belo\\ Q and h a, abO\ c or belo\\ P (u,mg the tc,1 for vrrtex 'pl.illl' IIlndt'l1ll' 10 

classrl~ an endpolllI 01 r' \\ 11h l'lther P Of Q) 

p 

1 Q 

(2) Olhef\\I,e a l' \\llhm 1: of h dI10 \\c delermlOl' Il Il <ind h afl' nc.tf /' n {J h~ lOIl'lru('tll1~ 

a plane contdmmg P n Q and a!1prm,lmdld~ orthogonal ln hoth /' and {J ( )' == JI + (i WIll 

do), and cornputmg t he dl,l,mce~ S( a) dIld S( h) If hoth (lf thl"t' dl'I,lnll" ,1ft' Je" th,1II 

c, then r' mtef'cets P n Q Other.\ l'C, onc of the'c pnlllh 'a\ a l' f,u lrom <., (and 

P n Q), and \\ e muq detcnnmc \\ hethn a 1" .. hm C Of hl'!o\\ Q i hefl' .in' 1\\0 l,I"~" 

~ in': 1 . _;('" ~a 
e IV 

1 le'-.~ anotin{: ~ a 

hr~t. \\ e dctcrmlnl' JI Il l' ln the mlenOf of thl' l.tlc (on P \H' locnlll\ tlll' COgl' l' WIlI,lIlll'd 

h) P n Q (adpcenl 10 l.tee, (and~) and computl: thl' faLl: olfeltlOI1 \'eLlor ITllJJ1I' mlo the 

mtcnof of r ncxt, \\ e lompuIl' the dot !1rod ud of thl' \ l'dm \\ Ith tk !lorm,t1 \ 'lt 01 tn 

S, and a I~ m ltfT th", "lgTl of thl" dol produll agree, \\1111 the ~lgTl of )(a) III1<til~ a l' 

belo\\ Q 1fT hoth Of nelthcr of thc follO\\mg 1" lrul: (1) tlll' an!!1c ,uhlmdcd h\ thl' foill" 

at c I~ aeutl:, and (II) Il l' m the mtcnor of j ()11~'l' Il hd' hem dd"tfil'd <1'> dho\l' or hdm\ 

Q, b l~ c1.t~slfied d" ahcn e or hrio\\ P from the c1d,,,tfiL.tllon' of Ihe endpoll1h 01 (' \\ Ilh 

Pand Q 

Aigorithm 28. The general case for edge/line incidence 

If edge e' inter~ect~ the line P n Q, thcn Cf ma~ Intcr~cct the edge (' dcfincd 

by P n Q. If a single cndpOlnt r' of c' inter~cct~ P n Q. then the tc~t for 

vertex ray incidence (AIgorithm 25 on page 92j i ... u~ed 10 te~t if \,1 intcr~cct~ the 

intcrior of e or an endpoint. Otherwil,e thcre arc two rcmallling ca..,cl,: cithcr thc 
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Interior of c' mtcr..,ect ... P n Q at a point a or e' is collinear with P n Q, 

Aigonthm 24 determine ... if c' clthcr contam.., cndpoint ': of e or intcr!.ects the 
open ra) heginnmg at li and contalning e, By appljmg Algonthm 29 10 both 
cndpoint ... of c, wc drtcrmmc if c' mtcr..,cct ... the mterior of e or an endpoint. 

(mell a hne P n Q whlch definc'i cdge l'and mtcf!.\ect'i the mtcnor of edge e' at a pomt a. \\e 

ùl'llTImnc If c' mll'r'ech vertex r of (' Of the open ra) contammg (' and begmrung al, Because 

t' "ddi/ll'J h) P n Q. dnd • l' ddined h) the mter~cct\on of e v.lth d trurd plme R. we compute 

Ihl' 1Il1lJl'nCl' of l" v.lth JI n Rand Q n R If c' mtcfscct'i hoth of the~e Ilncs. then c' mtefsects 

)' ()Iherv. N·. hel aU'l' r' dOl~' nol mtn,ecl one of the'e tv. 0 Ime' ('id) P n RJ. the edgc lme 

1Il1lÙl'Illl' tc,1 da .... dieJ the mtl'r'l'llion of (" \\ Ith P (pomt a) d' ahm e or hclO\\ R 

• .......---~ p :-v=pnQnR 
e~. - e=pnQ 
a ~pnR 

J rom Ihl' d.l"dil.IIJOIl (lf pllInI Il \\llh R \H' mter \\ hether c' mter'l'lh the open rd) contammg 

c' .mù hl'l!II1/l1/1g .11) 1111" Jl'Il'nTIlO.ttJl)/1 I~ mdJe h) h) l'X,lmllung thl' dot product of the 

norlll,t1 \ L'l'lm 10 R \\Jlh IhL' \l'llor lhrnll'J irom 1 to the othl'r l'oJpomt of (' 

AJ,!.!onthm 2lJ Infcr ... that cdge c' l'1ter ... cct, a \ertc\ \' of cdge e onlj if e' 

1I1~('r"'lxt ... ail thrcc hnc ... contu1I1mg edge ... adjacent III \" Therc l' inconsi ... tenc\ if 
the rla ...... lflCation" uf c' \\ llh the ... e l1Oc ... do not agree, Thi ... mconsistcnc) I~ re-
plll {cd a ... a O1I,,!al-.c b) the ImpJc01ented 10Cldence te ... "', 

The re01a101O!! cd,!.!e-mcidencc te ... ! ari~c~ if the te..,t fOI edge !ine incidence 
!"CPOI", that l'd~c c' of "'(llid 4 i ... collmear with aIme contain1Og an cdge e of "olid 
B It i ... pll ... "ihle that Cndp(lln", of c arc 10 the intcrior of c', Thl' b re~ohcd b) 
t hl' ca ... e a n a I~ ... i ... 10 A.1!!Oflt h m 30 on page 96, 
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Gtven collin car edgc~ e and e'. \\c detcnnme lf thc cndpornts of e mtcN,'ch c' 

(1) Dlnde the lme contammg e and c' 11110 fi\ l' reglons cOTTe~pondmg to thl' Icft, left· 
cndpomt. mtcnor. nght·cndpOlnt. d.110 ngh! reglOn .. of c 

(2) An cndpomt of e 15 contmned h) c' 11 thd! enJpo1l1t l', "suTTmmded" h) thl' endpOlnts of 

e' (for cxamplc. if one °nopo1l1t of e' 15111 the left reglOn, then \H' rl'qUtrC th.lt the other 

endpornt l~ rn nClther the left nor the kit·mdpo1l1! rl'glon'). 

Aigorithm 30. 1 esting for colhnear-edgc mtcr.,cctÎon 

5.5 Face-lllcidence Tests 

In this sectIOn the la..,t of the Incidence test.." the face-incidence te"t", arc de­
scribcd. Gi\ en (To\Î:facc cd}!,c c defineJ b) the intcr..,ectlon of face l' of \)Iid B 

with plane P of face f of "olid -1 ("CC Figure )2) we determll1e if c inter"cct ... an 

edge or \ ertc\ of ;: A'> in the \ crte\- and eJge- incidence te"h. i' ca n not Inh,'r"ect 
an edge or \erte\ of fil' (' doc.., not mter..,cct a hnc P n lJ. ",herc (! 1" the plane 

of a face adjacent to f Wc bcgin h) cla~"lf) ing the endroInt\ of c \\ Ith P rI (J. 

Becau~c the cndpoInl\ of ë can he enher \ cnier.., of ..,lllld B (lI pOll1h III the mte­

riors of edge\ of B. Aigorithm 31 on page '-'17 u"e" ellher the le..,\ fOI \crtcx linl' 

incidence (Algonthm 24 on page 91) or the teq for edge 11I1l' InCidence (Algo· 

rnhm 27 on page 93 and Algonthm 2X on pugr 9"') tll cla""ify an endpOlnt of i' 

with P n Q. 

Cross-face edge ë is a component of g n P 

Figure 52. A cro .... -face edgc 
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(ll\ en cro,,-Iacc cdgc ;; definl'd b) the mterscctlOr. of face f' (of solld B) \\!th the plane P of 

IJll' f (of \ohd A), and gJven plane Q n0t comcldcnt \\Ith P. we determine If ë mtersects 

p n Q \\'e hcgm h) wmputIng t ~~ Ifll,dcnce of the cndpOInh of ë \\ 11h P n Q to detenrune 

If ;; can Inter"'lTt P n Q "' here arc 1\\ 0 la..,e.., If d.n endrOIT.I 01 ë I~ a \ ertcx. th en \\ e me 

Algonlhm 24 on pJge 91 10 te,,1 for \cr1ex-lme IncIdence. olheJ"\\I~e. the endpomt of (IS a 

rOm! III the mtenoT of an edgc e' 01 ~oltd !J and \\l U"'L' ,\Igonthm 27 on page 93 and Algo­
nt hm 21\ (Ill P,I!!l' 94 to te\! for edge Imc InCldenle \\' L' ldenllf) ... c\Cral case~ 

(1) li thl' mdpOlnh of ë arc on the "'d.ITll.: ~ldL' of P n Q then ë doe~ not Ir.tcr~ccl p n Q, 

(11) ~ m,l\ 1Illl'r ... cct P n Q at a ... mgk endpomt 

~~ ~~ênQ 
i 111) JI hlltIi mdpolllh 01 Ï' .Ife 1Il l' n (J then Ï' l' wntameJ 111 P n Q olhel"\\ ISl' 

(1\) the l'ndpolJ1h of Ï' .Ire on OppO'ltt' "Ide, of P n {J and ~o ë mtl'r~ccl" P n Qat an mtcrior 

pOlIIt 

p~~~ Q ënQ 

If <\1~OI1thm 31 report .. that (î intcr'\cct .. the hne P n Q. thcn ë can intep'(!ct 
thl' l'd~c c deflned h) P n Q: (i) the case whcrc ë intersccts thi~\ lifl.~ at an 
cndrOJnl 1" de:!lt with hy u .. in~ the \'erte~- and edge-incidence tests already de­
'~lihed: (II) the ~a"e whcre ë i .. collinear with P n Q i" dcalt with in 
AI!!orrthm 32 on page 9X. u~ing a ca"e analysi~ ldentical 10 the test for the inter­
~ecti()n of t\\'o collinear edge .. of Aigorithrn 30 on page 96: finall). (iii) the case 
whcle the tnterior or ë inter~ccts P n Q at an interior point (actually a point in 
the intcrÎor of 1" ') i .. dealt with in Algorithm 33 on page 9X. 
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GI\'cn edge e colhncar \\ Ith cross-face edgl: ë, \\ c dctcrnllne If the cnùpl'Ulb of t' IIlter~l'ct ë 

(1) DI\'lde the lmc contammg c and c mto fi\ ~ reg.lOm corrc~pondmg. tn the Idt, kft-l'ndpolllt, 

mtcnor, nght-cndpoint. and nght rC~'10n~ of c 

(2) An endpomt of e 15 contalOcd h) ë If that cndpol11t I~ "~urrounùed" h) the enopomb 01 

ë (for cXJmple. If one endpoUlt of ë I~ m the Idt reg.lon. then \\e reqUlre tlMt the othl'r 

endpomt I~ m nelthcr the Icft nor the Icft-cndpol11t rcglOm) 

Aigorithm 3:::. Testing for collinear cross-face-edge/edge inter .. ection 

Given line P n Q and cross-face edge ë dcfmed b) the inter ... ection of facc f 1 wlth P, ~uch that 

the mtenor of ë mtersects P n Q al a pomt a. \\ e determme tf a comC'ldc~ \\ Ilh vertex v of t' 

or IS conlamed m the open ra) contammg e and hegmnmg at~· Became (' I~ dcfined h) 

p n Q, and v J<; defmed h) the mtcr~eetion of r wlth a llurd pl.me R, we detcnnme \\hether ë 
intcp;eets v h) usmg either the tert fOl ~cllcx fme Inndrn('(' or thr t('rl fOI rdj!,t' flf/(' ÎnCldrf!c(, 

(on p n R) 

(1) if both cndpomt<; of ë are conlamed in P n R, then VIS m the mtenor of r, 

-~?, : p e 1 - • A_,c.--1-_....,o,---__ --'=----:.~ 
• ( 0 

: ~ Q 
· 

e=pnQ 

(11) if both endpomts of ë are on thl! same side of R, then wc mfer whether ë mtmecb thl' 

mterior of e; 

e()Q'~~-~ : p · «~~~--..,.~------~---~ 

· . Q · ~ · 

e=pnQ 

(iti) ~f oru)' one endpoint of ë 15 on R, then we infer whether ë mter'iech the mteril~r flf Po 

(,therwise 

e()Q'~: 
.' 0 

• 0 · ~ · 
Q 
p e=pnQ 

(iv) neither endpoint of ë mtersects R, and 50 we use the test for vertex/plane mCldencc (AI­

gorithrn 23 on page 91) ta detennme whethcr v mter~eeh the face f' whlch tnduccd ë. 

(Tlus is equivalent to detenrumng If the mtersectlOns bctwet!n the plane of f' and the 

edges adjacent to v are aIl Wlthm c of v ) 

A'~orithm 33. The general ca .. e for cros .. -face-edge/ra:- incidence 
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5.6 SOl'tÎllg Illtersection Points along a Line 

Wc often wi"h to "ort the intersections of a solid with a line. We can usually 

perform thl.., "ort nurnerically, c.g., by sorting projections of tb~ points along a 

principal axi..,. HOWC\CT., because the ne\\' incidence tests can produce intcrsection 

point" that arc not ~JlaTatOO by.at œast L. wc \~'i1J have to usc incKknce compu­

tation" to ordcr "uch point~. 

If wc u..,c the VCTtC"X-., cdgc-., and fac~incidence t.ests descrjbed prc\'lOusly to 

generate the II1tcr~ection" of a yalenCe-lhrCf solid with a line, !ben thc number 

of different apparent coincidence~ i~ quite ~rnall. The minimum-fcature-size as­

"urnption guarantee.., that t\\'o inter..,ection points in thc sa me E-ball arc inter­

"cction" of the lme \\'ith [caturc" Jr:cldent to the "arne cdge or \ enex of the solid. 

T\\'(l mtcr..,cction point~ can be within E of each other if the)' are on: (i) t\\'o 

coplanar edgc,> adjacent to the sa~ \'ene~ (ii) 1\\'0 face~ adjacent 10 the sarnc 

cdge; or (iii) a face and an ed~ adjacenl 10 ~ ~m.r. vertex. lf wc abstract the 

intcr..,cction linc tu corr~1>ond 10 the edge e' 0; sohd B describe.d in the incidence 

te"t", t hen ail threc ca'>e" are hand1cd h~ the te~t for cdgc 'line incidence (AIgo­

rithm 27 on page 93 and Algorithm 2R on pagc 94) and the tcst for edgc ray in­

cidence (Algorithm 29 on page 95). 
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Chapter 6. Conclusions 

This thesis has studied the representational requirement", design, and implcmen­

tation of algorithms for regulanzed "ct operatiom. Wc began hy defming a cer-

tain su bcla"s of point set ... m R'. called solid". for studying '\et opeI:ltion .... After 

examining b"ues that arise in repre~enting the boul1darie~ of 1.,()lid~, wc de ... cIibcd 

a ne\\' boundary repre ... entauon called the Star-Edge rcpre ... entation. Wc ... a\\' ho\\' 

to construct a Star-Edge repre~entation of the regularized complement of a I.,olid 

from a Star-Edge representation of the solid. v..,'e al ... o e'\amincd the prohlcm of 

determining if two solid" represented by their boundarie ... arc ldenticaI. and gave 

an algorithm that sol\'ed thb problcm usmg the Star-Edge rcprc,",cntation. Wc 

described a correct algorithm that u~cs the Star-Edge rcpre ... cntatlOl1 to compute 

the regularized intersection of t\\'o solid ... Wc then di ... cu ...... ed how to ul.,e ';ymbolic 

inference in order to impJcment finitc-pre.::il.,lOn incidence te ... 1\ more reliahly. 

Final1y, wc sa\\' experirncntall) that finitc-prccil.,ion incidence tel.,l<., \vhich u ... e 

symbolic inference can be used bl' the interl.,ection algorithm in order 10 limit er­

rors ciue to finite-precisioll approximations. 

The major contributions of this thesi ... are the ne\\' regularized inter ... ectlon 

algorithm and the new incidence te'\t". The a'\ymptotic complcxity of the new 

interscction algorithm shows that the algorithm i ... efficIent, and the expcriment ... 

describcd in Appendix 0 show that the algorithm can be implcmcnted 10 limit thc 

errors due to tinite-prccision arithml'tic. Finally, the simple prcprocc ...... or de­

scribed in Appcndix E eliminates l'liminates extraneou~ computation, and 1.,0 rc­

duces the actual computation tirne for many intersection .... 

After studying the design as weil as the implcmentation of a complicated al­

gorithm, it is usl'ful to re-examine ~omc of the themes adoptcd al., dogma. Not 

surprisingly, sorne of of thesc themc~ conniet and it i ... diffieult to unify ail of 

them. 
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6.1 h11plel11elltillg the Illte,.sectioll A 19orithnl 

MŒt of the .,pecial ca.,e., handled by the intcr~ection algorithm are more compli­

catcd than wcrc addrc.,~cd by the infcrcnce schcmes of th~ fînite-precision inci­

dence te ... t.,. (Recall that we limitcd most infercnees u.,ed by the ne\\' incIdence 

tc"t" tn valencc-thrce \'crticc".) Thu ... we havc de.,cnbcd an algorithm that we do 

not a ... j'ct know how to implcmcnt reliably using finitc-preeision arithrnetic. 

The experimentation described in Appendix D demonstrates that even 

though the incidence te.,t ... are ncither complete nor corrcct. they are empirically 

relia hic. Before it 1 ... po ...... ible to prove the test.;; cither complete or correct. a suit-

ahlc notion of corrcctnc.,~ i., neces~ary. First attempts at defining correctness of 

finitc-preci ... ion implcmentation... of geometric algonthm~ are given in 

[Hoffmann, Hopcroft. and Kara ... ick 1988J and [Milenkm ie, 1988]. b~ recasting 

thc idea of numerical ... tahility in the context of geomctric algorithms. 

6.2 The Star-Edge Rep"eselltatioll 

A "mali ... ct of con"traint ... that dc.;;cribe relation~hip.;; between the numbers of 

\ ertice .... face .... edge'\, and directed cdge~ of a Star- Edge representation would be 

u ... cful to \'crify that a boundary rcpresentation produced by the intersection al­

gorithm i ... valid. It ha ... not pro\'ed po~~ihle to gcneralizc a formulation lik.e 

Euler\ to de ... cIibe the relation ... hip ... between 1.::': feature~ of a Star-Edge repre­

... cntatlOn. It i ... unlik.el) that an exact formula ehist.;; because face boundaries are 

not requircJ 10 ha\ c ... imple form~ likc di~joint polygom. For e:xample. wc saw a 

con~truction of a solIJ In "Chaptcr 3. Sorne Representational Results" of this 

thc"i" with 0(11) faec~. and O(n1) \'ertice~. 

The Star-Edgc rcpresentation is unusual in that it allows a very general 

notion of facc boundary. For examplc, vertices are not required to be incident 

to cdgc.... Such "i'\olated \'crtices" also detract from the eJegance of the inter­

section algorithm. Morco\'cr. 5.omctimc'\ algorithms that use boundary repres­

cntations are more efficiently formulated if faee-boundaries are simple polygons. 

Many cfficient gcomctric algorithms cannot be used by the intersection algorithm 

hccau"c Star-Edge [acc-boundaries do not have simple forms. 
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6.3 ASYl1lptotic COlllp/exity of the Intel'sectioll Algo"ithlll 

The asymptotic analysis of com;>lcÀity gl\'cn in "Chapter 4. Inter"ccting Solilb" 

established the asyrnptotic cornple'\it~ of the IrnplcrnenteJ inteN~ction algorithm. 

Certainlya great deal of work could be donc to reduce the asymptouc complc'\lty 

of man)' of the procedures u"cd h) the inter-;cctinn algorithm. FOI c)"amplc, one 

of thcse procedures inter"ects t'.\ 0 embedded planar graph, that ha\'c a total of 

n \'ertice~ in time O(fl~ log n). In faet, thcre l~ an O(n:') algorithm that "ohc~ the 

same problcm [Chazelle and Edebbrunner. 1988J. U~ing thb algonthm, it might 

be pmsible ta implerncnt most of the inter-;ection algorithm in optimal time 

0(DADR), where DA and DB arc the numbers of directcd edge" in the Star-Edge 

repre~entatlOns of the solids to bc intersected. 211 

ln most cases the asymptotlc analysi~ of the procedure~ u,ed by the inter­

section algorithm A more careful analy~is might show that the inter"cction algo­

rithrn is actually faster than the asymptotic comple).ily pro\'ed in "Chapter 4. 

Intersecting Solid,··. There arc certainl) trade-off, in comple:'>.ity het",een diffcr­

ent phase~ of the algorithm that wcre not accounted for in the analy"i".21 

6.4 Future fJl o,.k 

The most exciting work that might arise from thi~ t1')e"i" l~ a provahly correct 

implementation of finite-preeision ine denee te~t'\ that u"e the Star-Edge repre­

sentation. The experimcntation presented in Appcndix D is ~ufficicnt)y proml"-

2(1 Fundamental change~ ma) have to be made to the l11ter~ectlOn algonthm ln order to adlle\ e an 

as~mptotlc runrung brnc of e(DADiI) For l'Àample. rl'cal! from "Chapter 4 Inter<.,ectmg S()hd~" 

that the asymptohc complcxlt) of a procedure that mtl'r~ect <., a ~lng.le onented plane ()i ~()hd A 
wlth l>oltd BIS 0(/)11 log DB) The "log" tcnn 15 a comegucnce of \orting IOter,>ectlom orthe plane 

wlth each mtersected face of B If an mter<;ected face g of B ha,> /'f + Vl edge,> and vertICC'>, then 

O(E& + Vg ) pomb arc sorted Each of the mdl\'ldual pleine" of ,>ohd A 1~ mter,>ected wlth ,>ohd 

A, and If solld A has FA faces, then the mtersectlOn a1gonthm r('qUlre'> O(/~/)" log /)/1) tn com­

pute these mtersectlOl1S In order to reduce the asymptohc complexlt) of the mter,>ectlOn algo­

rithm ta 8(DA[)II). the FA cross-sectlOm mmt be computed more e!liclCntl) 

21 For example, there are trade-off<; bet\A.een the tune reqUlred to subdlvlde mter~ected face,> of A 
and B mto connected regIons and the tune reqUlred to detenmne If a pomt on the boundary oi 

one solId 15 contamed in the mtenor of a face of the other ~()lId bccau,>e both procedure,> cxamm(' 

subdlvlded face<; of A and B 
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ing that it might be pm.'iible to develop a useful definition of correctness for 
finite-preci ... ion geomctric algorithm .... 

Thc <.;ym bolic infercllce paradigm has only been investigated (in the conte"t 
of thi" the ... i ... ) to limit the error'> duc to finite-precision arithmetic. If the regu­
larized inter.,cction algorithm of thi" the~is were impleii'lcnted ta use rational 
anthmetlc, correctne,>" would be a~~ured, but the algorithm would be much 
.,Io\\'cr becau,>e rational caJculation b cÀpen~ive. (For example, if wc wish to 

compute the mter ... ect.on of 11 plane~, each plane ha~ k-bit coefficlCnts, and two 
ah. bit quantitie., can be multiplied u :ng a2 k-bit multiplications, then it requires 
O(4n) k-bit multiplication... to dlagonahze the Imear system.) Symbolic inference 
ha., been u ... ed in thi., the<.;i<.; to attain robustness, but it should be possible to use 
... ymbolic inference in order to emplrically lessen the runnmg time of gcornetric 
algorithm ... that U'ie exact, rational arithrnetic. (This idea was suggested by Dr. 
Lee Nackman of IBM Research.) 

On a le ...... thcoreticalle\ cl. work i~ proceeding to generalize sorne of the inci­
dence tc ... t... to work on point ... et" with cun cd, rather than polyhedral boundaries. 
The Star-Edgc repre-.cntation is ea ... ily generahzed to represent regular sets 
bDunoeo by onented q uadric surfaces in addition ta oricnted planes. Givcn nu­
mcrical procedure ... that inter,>cct curved surfaces (scc for example, Thomas 
[19X4] or Sinha [19Xfl]), an intcr~ection algorithm can be generalized ta intersect 
ohjcct ... wlth houndaric~ defineo u~ing cun'ed surface'i. The challenge is efficient 
and rcliahle implementation. 
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Appendix A. Some Elementary Topology 

A Top%gy for a set X is a family T of su~ts of X satlsfying the followin6 three 

properties: 

(1) The set X and the empt)' set <p arc in T. 

(2) The union of any family of membcrs of T 1S in T. 

(3) The intersection of any fmite f.amj]y of~mber~ of T is in T. 

A member of T is called an Open Set. An open sct that contains a point P b 

called a Neighbourhood of p, dcnoted Nbhd{P). A point p is a houndary pOInt of 

a set S iff every neighbourhood of p intcrsccts both S and ,s. The houndary 

as of a set Sis the set of boundary pomts of S. Thc closure of a !-.ct S, denotcd 

by C/(S), is the set suas. The mterlOr of a ,>ct, dcnotcd Int(S), 1" thc ~ct 

S - as. If S is open, then S = Int(S), and if Sis c1o,>cd then S = C/(S). 

A homeomorphlsm bct\\'cen topologk~] spacf'':: X and Y i" a contJnuou~ 

bijection between X and Y. A topologic.aJ sp.aœ IS a Hauçdorff space iff for cach 

pair of distinct points p, q, there nist disjoint neighbourhood~ Op and Oq of p and 

q respectively. An n-manifold is a Hau~orff spacc cach of WhŒC pomt" ha,> a 

neighbourhood homeomorphlc to an open bail in Rn. 

A set S is convex iff for any pom1..~ a,b E S, the sct l'a + (I - y)b, for 

Os; y < l, is a subset of S. A sel S i'i connecled Iff for any two point~ a,h E S, 

there exists a sequence of points Po. Ph--... Pn with a = Po and h = Pn such that for 

each l, 0 < 1 < n, thcre is a subset of S homeomorphic to a convex set that con­

tains both P, and P,,,,)_ A set Sis bouruied ln Rn iff thcre exists a bail of finite ra­

dius, containing S. 

An n-cell is a closed subspace of a topologlcal spacc T with intcrior 

homeomorphic ta Rn and whose boundary is non-nul!. A c/osed cel! comp/ex of 

T is a finite collection C of celb such that: 
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(1) the intcrior" of the ccll'l of C are pairwisc disjoint; 

(2) for each ccli CEe the boundary oc of c is the union of elements of C; 

(3) If (',d E C and end # </), then end i" the unioJl of clements of C. 

An n-.,imp)cx i., a "ub.,ct of Rn that il, a lincar combination of n + 1 indepcndent 
pOInt'.. A ccli compJcx C i'l a simplicwl comp/ex iff cach ceII C of C is a simplex. 
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Appendix B. A Star-Edge Data Structure 

In order to cIaim the time bounds for the algorithm" gi\'en in "Chapter 4. Inter­

secting Solids", wc must show how the Star-Edge rcprc"entation i" encoded in the 

actual implcmentations. 

A solid i!l represented bya list of ... hcll~. and each ... hell R il, pre,",cnted b~ Iiq" 

of its \ ertice~, edges and faces: 

An Edgc e i.;; rcprescnted a" a triple. The fir ... t t\\'o clement" arc pomtl'f" 10 the 

bounding vertices of the edge. denoted r'crt('\'I(c) and /'ertc)dr). The third cle­

ment is a list of directed edge ... , "ortcd b~ face direction around c on the plane 

with normal Vertex2(e) - , 'ertHI(e): 

A face fis a repre~entcd a~ a pair. Th" fir ... t clement in the pair i ... a lI ... t of i ... oLlted 

\'ertices and bounding dirccted edge cycle ... that form the "houndary" of f. The 

second clement is the cquation of the oriented plane of f 

[BoU//da,/) '(f). Equa f lOf/On Fan'(/) J. 

A \'ertex v is a reprcsentrd a~ a pair. The fir.;;t clement contaim the actual coor­

dinates of the \'ertex, and the second clement i ... a li<,t, for ca ch face f adjacent to 

v, of directcd edge~ adjacent to v on f Each li"t of directcd edgc ... il, ... orted 

radiaily-clockwise around v on f. 

Star-Edj!c DIS 

POintAl Vertex(v), 
(fj, DlrectedEdge!;A t VertexOnFace(r,fJ )), 
(fi, DlrectedEdg/:sAt l'ertexOnFace(v,.!2)), 
• • • 
(fk, DtrectedEdge<;A t VertexOnFace(v,!J<)) 
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A directed edge ë is represented as a quadruple containing a pointer to the asso­
ciated edge, an orientation bit, a pointer 10 the containing cycle and a pointer to 
the succe~~()r dirccted edge around the containing cycle: 

Edg('OfDlrectedEdgc(ê ), 

RlghtOrtentation?(e ), 

Cj'c!('OjD 1 fectedEdge(ê) , 

Sn:t DlrectedEdgeA roundCycle(e) 

A bounoing dlrected edge cycle c is encoded as a pair. The firq element is a 
pointer to the face that thi~ cycle bound~. and the second is a pointer to a distin­
glll\hed arhitrar) directed edge on this cycle: 

l FaceOfC) 'cie ( l').D 1 rectedEdge On Cycle( c) J. 

An j"olated \ crtC\ 1 i ... encoded a ... a pair. The first clement is a pointer to the 
containing face. and the ,;econd i" a pointer to the \ertc'\ itself: 

[FaccO} 1 w/ated l·c/'tex(f). r 'CI tC'l:Oflso/a trdl 'ertex(f) J. 

1 n oroer for the ume hound~ of the algorithrns in "Chapter 4. Intersecting 
Solid ... ·· to be reahzcd. the actual data structure~ for "ertice .... faces, edge~. and 
i"olatcd \ert;ce,> arc augrnentcd \\!th an e\tra "~cratch" field u~ed b) the inter­

"ecuon alg'lnthm for htlOkkeeping. 

The relation"hip ... de~crihed here among the components of the Star-Edge 
data o..,tructurc an: ,>ummarized in Figure 53 on page ]08. 
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Figure 53. The Star-tdge Data Structure 
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Appcndix C. Gconlctric Primitives 

In ortler for the proof of corrcctnc"" of "Chapter 4. Intersecting Solids" ta bc 
valid. Il m u ... t be pm"iblc to implement thc numencal procedures of "Chapter 4. 
Inter ... ectmg Solld,," and "Chapter 5. Incldcnce Tests" using sorne form of exact 
arithmetic. In particuJar, wc mu"t be able to: 

( 1) dctermme if a point 1" bclo\\', ahm'e. or on an oriented plane: 
(2) r:l<.hally ... ort face ... around an incident edge: and 
(3) radwll~ ... ort coplanar dirccted edge" around an incident \'enex. 

\Vc no\\' dl"cu,," hm, to Implcment the ... e te"t" u"mg rational arithmetic. 

Rceall l'rom "Chapter 5. Incidence Test"" that the point plane incidence te~t 
1" Implcmented 3" follo\\',,: gl\cn plane P(\') = X. r + d, a point a 1~ on Pif: 

IS. a + dl 
-----<~ IIXII _c.. 

\Vc can e\ aluate thi" e:\.rre~"lOn u"ing rational arithmetic b~ rewriting it a~ 
, ") 

( \ .• a + dr :::.:;: ["(S. 1\'), 

and Ir 1 = O. thcn point a i" on P if .\' • a + d = O. 

ln order 10 radially "ort face" around an incident edge or radially sort 
coplan:l1 dlrcctcd cdgc ... around an incident \ erte:\. it IS ncces~ary to sort coplanar 
\ cetol'" radJall~ around a point on the plane. The implementation of the regu­
lanzcd intcr"cction algonthm u'le'\ a simple technique which radially orders a set 
of coplanar unit \'ector~ relati\'e to a bcal cartesian coordinate system on the 
common plane (P). First, arbitrarily choose one of the unit vectors and den ote it 
a".\'. Thcn compute }' = Al' X X, ",hcre 1\'1' i~ the normal vector to P (sec 
FlgUIl' 54 on page 110). Using thi~ coordinate "l'stem, two unit vectors on Parc 
radiall~ ordercd using Aigorithm 34 on page 110. 
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----counter-clockwise order 

A vector is arbitrariJy chosen and 

denoted as X~ J" is computed as 

Np )( X. 

FI~urc 5~. Embedding a carte"ian coordinate 6~litrftl on a plane 

G1\'en urut vectors X and Y that dcfine a cal1\'''ldl1 LOord1l1.11l' '" "tl'm on ..t pl.IOl' l', and !,!l\'cn 

umt vect01"~ il and { ln P, u and \' arc rJ(h.:Ùl~ on1.7cd (counlcrc1od,\\l'C. n:l.IIIH' ln \) h\ 
computmg a pseudo-an!;.lc hcl\\ l'en X and each of u and l' 

GI\'cn a umt "l'ct or 11 on the plane P ~p,mncd h~ X and r. thl' IN'ud()-~\I1gk ,7 hct\\l'l'i1 

r and l~' is computcd mmg thc fol1u""in~ proœ.durl' 

(1) Ifl~.}"2: (J then '1 <- -1 -II· \, otbl.7\\l"t, 

(2) 1I'.}" < 0 and :J ..... 1 + ~~, • .\ 

The umt \ l'clar' û and \' arc radl.ùl) ordercd h) companng thCIT comput rd p'l'udo-angk" 

Aigorithm 34. Radiall~ ordcring coplanar Unit \cc!or" 

The unit "ectors of Algorithm 34 can hayc irrational componenh. anu in 
order to \alidate the proofof"Chaptcr4. Intcr ... cctmg Sohd ... ··.11 mu ... t hc pO ...... lhlc 

10 radiaHy order a "ct of rational ,·cetor ... u~mg c:xact anthmcllc. A ... heforc. ar­

bitrarily choo ... e one of the \'cctor ... ar.d denOlC It a... X. Then compute 
}' = Np xX. wherc l\'p i" the normal \Celûr 10 P. T\\o \CClor ... u :md \' arc radwlly 

ordcrcd by first localizing thcm 10 quadrant!-. or prmclpal 3}'C". Then If u and \' 
arc in the same quadrant, they arc radialJy ordered u,"mg U. X and \'. X. Wc 

defîne 

U. X v. X 
CO" li = - and cm p = ---.;~ 

IluilliXIl 1I1'1I11XII 

Wc observc that if u and v are in the "ame quadrant, thcn co ... rx and co ... /J havc 
the same sign, and wc can radIaII~ order u and v by comparing CO,,2)' with c()"~/J, 

In the fîrst or third quadTant~, u i" ordered beforc v jf CO,,2:t < co ... 2/J: 
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.., 2 .., 2 (u. Ày (V. X) 
CO'"'-~ < co., fi Iff u • u > \' . \' 

and in quadrant., t",o and four, 

co,",2'Y .:::- co., 2fJ 
(u e X)2 (1' • X)2 

iff u. u < 
l' • r 

The r'H.lJal ordcnng of two rational \cctor~ i" gi\'cn as Algorithm 35. 

G!n:n ratlOna) \ ector~ X and }' that dcfinc a cartc~lan coordmate system on a plane p, and 

!!I\l:n ratlOn.t) \ector~ u and l'!Il p, u and \' an' radlall) ordcred (counterclock\\lse, relative to 

.\, u~lI1g the follo\llllg procedure 

( 1) 1 m.tll/l' l:dl h of u and 1 to d qu.tJr,ml or a}"l~ h~ comput mg dot products \llth X and Y 
(~ce ) Igure 5:,) 

(2, Il "tl'P ( 1 ) JOl~~ not radlaH, order 11 .tnJ v. thcn u and l'are 10 the ~ame quadrant If u and 

\. drl' m the lir,t or thlrJ qu,tJr.tnh. thcn 11 I~ orJercd ~)cfore .. If 

\
' , \,2 

(10 \')(u o , \' > (uo u)(\ 0.,\) , 

,md JI u ,mJ \ art' m the ~cc()nd or fourth quadr.tnb. thcn U 15 orJcrcd hcforc l'If 

') , 
(1 o\)(u o.\')" < (U o u)(l'oXr 

·\Ij!Clflthm .l5. Radlall~ ordt.'rinl! coplanar \ccton. u .. mj:: rational arilhmetic 

(u'X = O,U'y >0) 

(u·x<O,u·y>O) (U'X>O,u'y>O) 

~[\ 
t tt· X < O,U' y = 0) 4~----+----4~ Cu 'X>O,U'y = 0) 

(u·x<O,u·y<O) (U'X>O,U'y<O) 

.r 
(U'X=O,U'y<O) 

hlo!urt.· ~5, 1 ocaJallnp. a \cctor to a principal a"i~ or quadrant 
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Appendix D. Benchmarks 

The correctncss proof of the intcrsection algorithm. a"i gi\'en in "Chaptcr 4. 
Intersecting Solids", assumc~ exact arithmctic. HO\\'c\er, thc actual algorithm i" 
implementcd usmg finite-precision arithrnctic and thc incidence test" of "Chapter 
5. Incidence Tests". Experirncnt., that demon~trate the utility of the inciùence 
tests are no\\' desciibed. 

Th.~ alg('rithm is implementcd in LISP, on a Syrnbolic"i LISP machine run­
ning the Gen~ra 7.] cperating system. Ali cxpcrimcntation i" .donc u"ing finitc­
precision arithmctic with 53 bits of prcci5ion and nurncrical quantItIe" are tc.,ted 
for equahty usinr. a te~t for absolute error: a = 1> if la - 1>1::; t. llnlc ...... othCf\\ l''C 
stated. ail .:omputations are performeJ u~ing l: = 10 4. For cach e\pcnment per­
forrned. data for the test ~olids. where rele\'ant. arc pre ... ented: Vertcx coordin:Hc" 
arc gi\'en. and for l'ach face, a li"t of c1ock\\'i~e bounàing \crtex-cyc1e" i ... givcn. 

D.l The Con!polilld 0.( Fh,!! Cubes 

A first test of the intersection algorithm 1" the con"truction of the "compound of 
fi\'c cubes." Thi'\ solid is obtained by computing the union of the f1\'e cu he., gi\'en 
in Figure 56 on page 113. Plctorially. the compound i" "ho\\'n in FIgure 57 on 
pagc 114. 

The Star-Edgc represcntation of the compound ha" ] X2 verticc." 540 cdge", 
and 30 faccs. Each face ha~ 12 triangular boundmg dirccted-cdgc-cyclc.., (i.,ec 
Figure 58 on page 114). Thc compound of fi\'e cubc., i~ one of the carly tc"t ob­
jects constructed by the intcrsection algorithm and i5 the fir'.t non-trivial inter­
section computed by the algorithm. 
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~ 

Cube 1 

1 (1.0 .-1(10) 

2 (1 0 lOLO) 

1 (-1.(1 1.0 1 0) 

4 (- 1.0 -1.0 1 0) 

5 (/ li -1 (J -1.0) 

fi (1.0 1.0 -1 0) 

7 ( -1 () 1 0 -1 0) 

H (-10 -1.0 -10) 

Cum' 2 
(1 fi 1 R0339RR75 -0 61803398875 0 0) 

2 (1 0 1 0 1.0) 
3 (-0 fi 1 k0319HR75 0 () 1 fi 1 H(3398875) 

4 (00 -1 61HU339XX7S(61803398875) 

5 (0 fi 1 k0339HR75 0.0 -1 618033(8875) 

(, (0.01 6IX03J9XX75 -0618(3398875) 

7 (-1 fi 1 X0339RR75 Il 618033981175 0 0) 

X (- 1 0 -1 0 - 1 0) 

Cum' 3 

( -0 61 X03,N8R75 0 () 1 fi 18033988'75) 

2 (001 6IXO"NXX750 61R(3398875) 

3 (-1 0 1.0 - Ul) 
4 (-1.61 !\0139RR75 -0618033988750.0) 

5 (1 (1 -1.0 1.0) 

fi (1 !lI X033lJX875 O.fl1803398875 00) 
7 (06IX()33(jX~7500 -1(1803398875) 

X (0 (1 -1 61X033l)XX75 -061X(3398875) 

Cube 4 

1 (0.6180339887500 1.61803398875) 

2 (1.618033988750.6180339887500) 

3 (0.0 1 61803398875 -061803398875) 

4 ( -1.0 1.0 1.0) 

5 (0.0 -1.6] 8033988750.61803398875) 

6 (1.0 -1.0 -10) 

7 ( -0.618033988750.0 -1.61803398875) 

8 (-1.61803398875 -0.6180339887~0.0) 

Cube 5 
(0.618033988750.0 1 61803398875) 

2 (0.0 1.61803398875061803398875) 

3 (-1.6180339887506180339887500) 

4 (-1.0 -l.ü 1.0) 

5 (1.61803398875 -0.618033988750.0) 

6 () 0 1.0 - 1 0) 

7 (-06180339887500 -1 61803398875) 

8 (0.0 -161803398875 -0.(1803398875) 

Bounding Fat't' Cycles 

1 (1265) 

2 (23 ï 6) 

3 (3487) 

4 (1 584) 

5 (1432) 

6 (5678) 

Joigure S6. Data for the eompoulld of live cubes: Each vertex 01 each of the five cubes IS numbered, 

alld bOllllJlIIg laLc (ydc~ arc gl\CIl a' c10CJ..\\I~(, vcrtex-c)c1es. for example, face (1) on 

c<lch cuhc ha, a single houndmg \'crle\-c)cJc \crllcco; (1). (2). (6), and (5). 
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Figure 57. The compound offhc cubes 

Each face has 12 triangular bounding cycles 

Figure 58. A face of thc compound of fi, c cube .. 

The intersection algorithm can be used to cono;truct the c,olid of Figure 57 in 

two different wayc" and timing rcsults for each are gi\'cn in Table 1 on page 

115: 

(i) each union operation is implerner.ted uc,ing DeMorgan\ law." and the CI\­

pression 

IS evaluated, entailing five inter~ection operation~, and 15 rcgularizcd 

complernentation operations (~Cl! "Chapter 3. Sorne Rcprec,cntational 

Results"); and 

(ii) the complementation operations are di~countcd, i.e .• if Cube, je, the Tcgular­

ized complement of the ith cu be, then the exprc~c,ion 
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i~ cvaluatcd. 

Operation Timc Operation Timc 
(scc) (sec) 

A ~ Cubel U'Cube2 32 A -- Cube) n'Cubeï 3.3 
'-

B -- Cubej U'Cube4 65 B--Cube) n'Cube4 74 

C-- A U'B 37 (J Co- A n'B 35.0 

}) - C U' CubC', R40 D -- C n'Cuber 75.5 

"ahle 1. Timinl: dut a fln- the compound of th c cubc~: 1 he computatlOn llme for the 
four rl'gulilnzcd ~et operation, \\ luch, gl\Cn Star·Ldge representations of 

ÛI(' the (uhe .. _ comtrucl a Stdr·' dgc rcprc,cnlatlOn ofÛle compound of/he 

cuhc\, dre gl\L:'ii aho\ l' J he llmmg .. mcludc <;omc error dl1c 10 garbagc 

LolJclLJon, and 50 tllere IS ,orne vanahlht~ ln parllcular. compare thc 

comput,lIlOll time~ for the conqruction of Wlld, A anà B usmg the t\\O 

d./Jerl'rll rnethod, 

D.2 Perturbatioll Experùllellts 

SC'\ cral cxpcrirncnt ... donc 10 md in the de\'eloprncnt of the incidence tests of 
"Charter 5. Incidence Te'it~ - arc of the form: 

"Gl\(~I. a Star-rdge rcprc\entation of ~ohd .4, comtruct a Star-Edge representatlOn of sohd 

H h, rot,itmg tlll' fdce~, cdgc~. and \ crtlce~ of the Star-Edgc reprc~entatlOn of A about the 

on~m, then compute the mtersectlOn of A \\Ith B .. 

If the angle of rotation i .. ,"cry small (in comparison with the tolerance E of 
"Charter 5. Incidence Tel.,Lfi;'·O) then any intersection algorithm should announce 
that A arc Barc identicaJ. ln contrast, if the angle of rotation is sufficiently large 
then any inter'iection algorithrn shou Id be a bIc to construct a boundary repre­
~cntation of A n'B from boundar~ rcprcsentations of A and B. For example, 
~uppose the perturbatiOn is a small rotation e about cach of the principal axes: 
For sufficicntly small \alues of thcta. es Ci, A and B cannot be distinguishcd; 
and for sufficicntl) large va]uc~ of theta, {J < e, a boundary representation of 
A nOB i~ constructed hy an intersection algorithm. However. for rotations of 
lJ. < fi < II. finite-precision intersection algorithrns can fail because of mistakes 
made h~ the incidence test'i. as described in "Chapter 5. Incidence Tests", Using 
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these incidence tests. the reglOn of l1lstability (/1 - tx) is e\trcrnel~ small for the 
experiments donc, which indicate!i that syrnbolic infcrcncc techniques can he u"ed 
to implernent geometric tests more robustl). 

The tirst perturhatiun experiment i ... the inter<;ection of t\\'o nearl) identical 
unit-cubes: Gi\'en a Star-Edge representation of a UnIt cube (A) in ~tandard po­
sition centred at the origin. a Star-Edge repre'ientation of li ",econd unit cube (B) 

is constructed b~ rotating the face~. edge~. and \ ertice ... of the Sta r- Edgc repre­
scntation of A a ~mall amount e m turn about cach principal a\b. Unit cuhe A 

is then intersected WIth unit-cube B (~ee Figure 59). The unit-cube intcl~cction 
e\perirnent ha<., bcen tried on a \ anet) of intcr ... ection algorithm .. that u..,e unite­
precision arithrnetic, and aIl of them ha\c a region of inqahilit), f.('., for fi suffi­
ciently small. each of the algorithms catastrophically faib and i.., unablc tn 
construct a boundary reprc ... entation of thc re",ult.22 

(a) 6 = 20 degrees (b) 9 = 2~O degrees 

Fi~ure 59. Inter~ectm~ h~o Uni! cube .. 

Figure 60 on page 117 describes a .. ituation that ari ... c ... In the inter"cction of 

Figure 59(b). Considcr an edgc of unit-cube A dcDncd by plane" P and Q. and 

an edge e of unit-cube B with endpoint~ u and l'. If v i ... in P but not in Q, and u 

is not in P, then e cannot inter~cct the linc P n Q. ft i" po ... ~ible to pcrturb (! "0 
that e appears to interscct P n Q cven though u doc,; not lie in P. Any algorithm 

22 The SlZe of the reglOn of instablltty j~ dependent on pararneter .. ~uch a~ the tolcram.e u .. cd JO 

equaltty tests. the numbcr of bIts of precIsIon used m computation .. , etc '} he algonthm of 

PaoluZll, Ramella, and Santarclli [1986] faù5 at () = 1 dcgree, and the algonthm of Latdlaw, 

Trumbore, and Hughes [1986] faùs at 0.1 < 0 < 05 dcgrce Ille algonthm of ~cgal and ~équin 
[1988] faIls for 000001 < 0 < 0 05 degree Several commen,lal mter .. ectlOn algonthm .. aho fall 

on tlm exarnp)c, but therr perfonnancc IS propnetaf) and thu .. cannot be reportcd here 
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which declare~ that: (i) e intersccts P n Q. (ii) v liee;; on P, and (iii) u does not lie 
on P, will fail becau~e it impossible to con~truct a valid topology for the surface 
of A n' B con~i~tent with thesc a,,~umptions. In contrast, the incidence tests of 
"Chapter 5. Incidence Tec;te;;" cannot make this mistake because hypotheses (ii) 
and (Iii) arc u~ed to ~how that hypothc~i~ (i) i~ incon~istent. 

( ~l--------- ----- -- --- --------p---------
u-

Even though a appears to lie on 
Pn Q, we can infer that a does not 
because only one of u and v lies on P. 

v 

The inter..,ection algorithm of thi" the~i~ doe~ fail on the unit-cube example; 
onl) h) u ... ing the bl~cction technique of Aigorithm 36 on page II g to search for 
the region of in ... tahilit) b the region found. U~ing a tolerance of t; = 10-\ the 
region of in"tability i~ 2.8610 x 10- 3 < e < 2.~)686 x 10- ~ degrees; at 
{1 = 2.8610 x 10 'l degree~. the inter<.ection algorithm announce~ that the two 
cube ... arc identical: al e = 2.8686 x 10 3 degrees. the inter~ection algorithm 
producc'" a duodecahedron; and at the ne~t e \ alue examined (8 = 2.8648 x 10- 3 

dep cc ... ) the in ter ... ection algllrith m faik Th u" the region of insta bility is bounded 
hy M' = 7.6 x 10 (, degree .... 

The rea ... on that the inter~cctilln algorithm faib on the unit-cube example i~ 
ea ... il) ùe ... cribcù. One of the carl) <;tage~ in the algorithm b the computation of 
Gr. cmhedded planar graph that de<;crihes the interc;;ection of an oriented plane 
P of ..,oliù A with ~olid B ("CC "Chapter 4. Intersecting Solids"). Because the ro­
tation {I i ... \ery ~mall. there is a face g of B whoc;;e yertices are almost incident 
with P. U ... ing the \'erte~'planc mcidence test of "Chapter 5. Incidence Tests", 
threc of the four \'erticc~ of Rare deemed incident \Vith P, and the fourth vertex 
b deemcù below P ( ... ee FIgure 61 on page 118). Thus g is neithcr coincident with 
P. nor is there a line of intersection between g and P. This failure of the inter­
section algorithm i" not ùue to an) numerical error, but rather illustrates a prob­
lem in inter~ccttng nearl) coincident faces: in cases such as this, no attempt is 
made n) the incidence tesb ta infer a line of intersection of g with P. 
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Given a Star-Edge repre5entatton of solld A. thl~ algonthm lIeraI 1\ cl) find~ a ~o!td /J wlllch. 

when inter5ected \\ lth A, causes the mtersectton algonthm to fail If no such soM e~i~b. thl'Il 

the algontlun lenrunates \\ hen Ihl: rcglOn of mslahllil) 15 ~ma1ler than Ihe g:r.U1ul,tnl~ of the 

flrule-preclslOn appro~lmatton u~ed to repre~ent the endpolllb oj the regiol1\ 

(1) ex - 0 0 degrees 

fJ - IOde grec 

Repcat Steps (2-3) untù ellher ex = f3 (to fmlte pn.'c15ion) or the 1Oter~ccl1on algonlhm 1mb. 

(2) 8- :l;fI 
Rotate the faces, edgcs, and \'crtlces orthe Star-Edgc rcpre,entatlon of A 0 dl'~'Tees 10 tum 

around the Z, r. and X a~e~. fonning the Star-Fdge repre~entdtlon of Il 

(3) Intersect A \\lth B, )leldmg C B) e~am1Omg the \'ertlce~ ot C, detcnn10c If c\'cr~ \'crtc~ 

of A lS deemed equal to lb rolated coul1terpart of B. and' 

(i) If A 15 decmed Identtcai 10 B then set (J +- n. othcn, I~C 

(il) ~ct f3 .... 0 

<\Igorithm 36. 1 nducing failure in an intcr .. cction algorithm 

Figure 61. Failure of the unit-cubc experiment 

dges el and e2 were not 
intersected with P; edges e3 
and e4 intersected P near to 
vertices. 

Results for the unit-cube experiment using vdue". of [. other than JO 4 are 

now presented, demonstrating that to a certain extent, the performance of the 

intersection algorithm is scalable: 

(l) With E; = 10-2, the intersection algorithm failli at 0.2851 < fi < 0.2891 degree"., 

as ilIustrated in Figure 61, yielding a rcgion of in~tability of ".ize at moq 

Ml = 0.0039 degrees. 
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(2) WJth L = ] 0 li, the intersection algorithm fa ils at 
2J~647X3 x 10 s < e < 2.864794 x la 5 degree~ as shown in Figure 61, yield­
ing a rcgion of in~tability of Slze 0(10 -10) degrces, i.e., one ten-billionth of a 
degree. 

(3) At a tolerance of E; = IO-~, the intersection fa ils at 
2.3X x 10 7 < 8 < 3.57 x lOi degrees became of a mistake made caused by a 
numencal error while computing the incidence of a vertex with a plane. 

E".".entially, the unit-cube benchmark causes the intersection algorithm to fail 
hecau".e the \'ertice~ of the square faces of the cubes are not in gencral position . 
.Iu ... t a". the Incidence te~t~ of "Chapter 5. Incidence T~5ts" do not reason about 
"ertice., defined hy more than three plane., (and edgcs defined by more than two 
plane.,), nenhel do the incidence tests rea ... on about faces defined by more th an 
three \,ertice.,. SpcclflCall~. no fimte-preci"'lon incidence tests are defined in this 
thc.,i., that rohu.,tl~ intel ... ect a face with a plane. Thus a rea~onablc perturbation 
e\periment 10 tr) arplie., Algorithm 36 on page 118 to an equilateral tetrahedron 
(data for the tetrahedron are gi\'en in Figure 62). 

lï!:ure 62. ( on,truckd tctrahcdron: \'eruces and faces of Ull' "unit"·tetrahedron arc 

, crticc!o 

1 (-1 Il -II S773502bYI896257 -040S24S2904(3863) 

2 (1 0 -0 5~7 3S02b91896257 -0 40li24R2904638(3) 

3 (Il 0 1 1547005383792515 -0 40824S2904638(3) 

4 (001 1 102230246251565 x 10- 1(
1224744871391589) 

Facc~ 

1 (432) 

2 (413) 

3 (421) 

4 (231) 

Algorithm 36 on page 118 docs not cause the intersection algorithm does not 

fail for the solid~ of Figure 62: 

(1) \Vith E = 10 ~, the bis~ction algorithm does not find a region of instability. 

At B = O.2Xg9261375847983, the intersection algorithm constructs a 
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pentahedron, and at (} = 0.288926i3758479824, the intersection algorithm 
r('turns one of the original tetrahcdra. 

(2) Wilh c = 10-4
, the bisection algorithm docs not find a rcgion" of in,tahility. 

At fi = 2.9141868296453733 x 10 5 the inter~ection algorithrn con~truct .. li 

pentahedrol1, and at e = 2.914186829645373 x 10 ' one of the original 
tctrahedra is returncd. 

(3) With c = 10-6, the biscction algorithrn does not tint! a region of instability. 
At () = 2.91444002899654 X 10- 5 the inter,ection algorithrn con .. truct... a 
pentahedron, and at (} = 2.9144400289965397 x 10 ' one of the original 
tetrahedra is returned. 

The results of the tctrahedron benchmark show that if the region of instability 
(M1) for the tetrah~dral intersection exi.;;t ... , thcn bR 1" .. maller than 2 ~\ 

A differcnt tetrahcdron intcr~ecti(n-c:\periment i~ ohwinetl h) fir"t con­
structing a boundar) representation of the tetrahcdron (A) of Figure 62 on page 

119. and then by con-.tructing a boundary rcprc"entatlOn of a .... ccontl tetrnhcdron 
(B) b) independently perturbing cach of the ,crllce" of A. Onc \\'ould expect an 

intersection algorithm to fail while trymg '''1 intcr.,ect ·1 \\'ith B if the perturhation 
is sufficicntly sm al\. (Th') experirnent \I-;a., ~uggc ... ted b) Allan Buck). The exper­
irncnt uses thc ne\\' inter.,ection algonthm to mtcr.,ect 100 pair .... of tctraheJra A 

and B, wherc the, ertices of B are ohtaincd b) randoml) pcrturhing the (ompo­
nents of the \ ertex-coordinate ... of A. In ail ca.,c., the algnnthrn .,uccceded III 

constructing a Star-Edgc rcprcç,entation of A n*B (.,cc Tahle 2). 

'umbl'r of ral'l'!t in A n* B 

4 ::; 6 7 S 

Perturbation (T): (rrl'qul'n('~ ) 

-2c.$ T $ 2c 1 )(J Ji 4(J IX 

-C$.T$C 5 29 42 II< (, 

Table 2. Re'iult<. of random-tctrahcdron intcrlocction-c"pcrimcnt: J wo sct~ of 100 

tnals are descnbed. ThiS table dc~crtbe~ data hke "ror the lir~t exper­

iment. m whlch mdl\'ldual c.omponcnL~ 01 thc coOrdtndlc~ of UIC vcrIJc.c~ 

of A are randomly pcrturbed by -2€ $. T :s 2€, 31 of the 100 mtcrsccIJom 

yteld $oltds Wtth SIX faces .. 
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The unit-cube benchmark is perhaps one of the easist tests that one might try 
on an mter~ection algorithm becau'ie the t\\'o cube'i are ~ymmetric about the ori­
gin, and ail vertice~ are orthohedral. Similarly, the tetrahedron benchmarks are 
ea~y te<.,t<-, becau<.,e and the vertice'i of a tetrahedron are in gencral position. A 
more difficult examplc i" given b) applymg Algorithm 36 on page 118 to the ir­
reguJar heptahedron of Figure 63: None of the vertices arc orthohedral. the ob­
jecl i~ not ~ymmetric. the \ ertlce" of the face~ are not in general position. and the 
centre of rotation u~cd bj Algorithm 36 i~ not contained in the interior of the 
heptahedron. 

Iigun' 6.1. Data u .. ed tu lOn .. truct heptahedrun: \'crllcc" and fa~e' 01 the heptahedron arc 

(00-10-20) 

2 (0 666tJht,h6I>b66h6(," () 3333D3J.H3333J26 -4 n) 

3 (II 333333333333333S () 666h66hhh66h61>n7 -40) 
4 (1 400(J(J()()000000004 1 0 -4.0) 

S (-1000 -20) 

6(-ID-IO-IO) 

" (2 () () S()!lOO[][)l)[)[J()()()(J()2 -0 2S00000nOOOOO()O II 

li (200 3JJ333J3JJ333l3S -061J(166h6666666(,"2) 

1} (201 () -:~S) 

10 (2 () [) 7 S -lI 51 

Face .. 

(1098 i) 

2 (10765) 

3 (4910 5 3) 

4 (R 9 4 2 1) 

5 (6711 1) 
6 (23 S 6 1) 

ï (432) 

The hi ... cctlOn tllgorithm (Algorithm 36) does no! cau'\c the intersection algorithm 

to fail thl" benchmark. Thc resulh are similar to the results of the rotated 

tctrahedron intersection. 

(I) With f. = ID 2, the bi"cction algorithm doc'i not find a regions of insta bility. 

At fi = 0.01 X739636635571332, the intersection algorithm constructs a 

hcptahcdron that 1" distinct from the original ones, and at 

tI = 0.0 1 ~73963663557132. one of the original heptahedra is returned. 
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(2) With E = 10-4
, the bisection aIgorithm doe~ p.ot find a region of instahility. 

At e = 1.8683966414379427 x 10 4 the intersection algorithm l.:on'\1rul.:t" a 

heptahedron that b distinct from the original one". and at 

e = 1.8683966414379425 x 10- 4 one of the origmal heptahedra i ... retu rnrd. 

(3) With E = 10 6. the blsection aIgorithm doc ... not lind a 1 cgion or in .. ta hility. 
At e = 1.86~D412011679224 x 10 (, the inter"ection algllrithm wn .. trUI.:1\ a 
heptahedron that is distinct from the original one" 1" gencrateJ. and at 
e = 1.8683412011679222 x 10 6 one of the original heptahedra i ... returncd. 

The perturbation experiment... prcscnted thu ... far inter .. ect .. olid... ",ith 
valence-three vertices. Rccall from "Chapter 5. Incidence Te ... t .. '· that no claim-, 
arc made about the robustness of the implementation for \erticc~ of \ alenœ 
higher than tluce. To demon~trate thi .... Algorithm 36 b applied 10 a ... ymmetTÎc 
octahcdron centred at the origin (~cc Figurc 64). and the rcginn of in ... tahilit) i" 
found. 

Figure 64. Interscctcd octahcdra (c 

"umt" ,oCl.dhedron arc 

10-6; () = 0.001 degrec .. ): \' erlllc\ .wu t.llC\ of tllC 

\ ertlce!> Face .. 

1 (0 (J 1) 1 (1 34) 

2 (0 (J -1) 2 (1 h 3) 

3 (1 1 Dl 3 (1 "6) 

4 (l -1 n) 4 (145) 

5 (-1 -10) 5 (2 3 6) 

6 (-J JO) 6 (24 3) 

7 (254) 

8 (265) 

(1) With [; = 10-2, the biscction algorithm find~ a rcgion of imtability al 

0.20 < () < 0.57 degrees, of size most (j() = 0.37 dcgrcc .... 
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(2) With ~ = JO 4, the bi'iection algorithm finds a region of instability at 
0.0019 < (J < 0.0057 degree~, of size at most MJ = 0.0038 degrees. 

(3) With E. = 10 <>. the bi"ection algorithm finds a region or instability at 
1.9 x lOs < (J < 5.7 x 10 5 degrce". of size at most Ml = 3.8 x 10- 5 degrees. 

Even though no claim" arc made about the robustnes'i of the intersection algo­
rithm for inter"ection" of "olid" ',vith high-\'alence \'ertice~. the region of instability 
i" ... til! relatively "mali for thi-. example, of ~ize 40c. 

D.3 ApproxÏlllatillg Quad,.ic Sillfaces 

The finul heflchmark pre ... ented con<.,truct<, an approximation 10 a unit-spherc as 
follo\\,.,: heginnmg \\'Jth a Stur-Edge repre ... entation of unit-cube Ao in standard 
po ... ition ccntreJ at the ongin. con ... truct a Star-Edge representation of Ba by ro­
latlng Ali 45 degree<., alOund the X-a\I .... and form a StaJ-Edge representation of 
A 1 h~ mtcr ... ecting Ao with Bu Ne~t, rotate AI 45 degree~ around the l'-axis to 
~ ield BI. and iiltcr ... cct AI \\'Jth BI ln ~ ield -1:> Sol id .-h i~ obtamcd by rotating 45 
degree ... amund the Z-a\l'" and inter ... ecting. The procedure terminates when the 
"phcrical apprO\imatlOn of /h, ha~ mer 1000 face". The result. shown in 
Figure 65 on page 124. ha ... the large .. t Star-Edgc reprc~cntation gencrated to 
da te. "'lth 3034 face .... R236 edgc ... , and 5204 \ erticc .... 
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Figure 65. Pol~ hedral approximatIOn tn a 'pherc 

The algorithm used to con'\truct the ~()Iid of Figure 65 1\ interc ... ting for ... c-
vcral rcason~. The repre\cntation ~ize (total of the numher of \ crtiec .... edge\. a nt! 
faces) double\ m each of the t\\'eh e itCI auon .... and \0 the computation timc rc­
quired to perform the final intcr\ecuon i\ ~Ignificant. In fact, the tImIng data 
shawn in Tabie 3 on page 125 arc the re~ult of man)' trial\; the LISP implemcn­
tation of the mter\ection algorithm ~eem\ to mduce machIne failure artel com­
puting for 'ie\eral hour,,23 and the data of Table 3 on page 12') are tl. ~ he\' 
obtained before a "machine crash." The data ofTahle .3 al\o 1Ilu"trate the utIlJt~ 
of a preproce~~or that elImmate~ extraneou\ compùtation «,ec Appendl\ El. LI,,­

ing thb preproce~~or, the Implemented mter"ectlon algonthm, v,:hlch ha" 
asymptotIcall) qUadratic performance for the inter ... ection" u,>ed 10 comtruct the 
solid of Figurc 65, inter'iCCb two con"ex polyhedra in lincar Ume. 

23 Tlus example has been tned on several diffcr~nt typc~ of 1 ISP machIne and ail machIne., fal] 

because of memory management errors, 1 e , the ImplementatiOn exerCI.,e., memOJ) management 

algonthms unplemented fi the Symbolics opcratmg system 
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'1 Îml' tn gcncratc (sec) Output sizc 

Soltd Preprorentn!; To/al Fares Edges Verlices 

Au 6 12 8 

AI 0 5 \0 24 16 

A2 0 JO IR 36 20 

Al 2 21 34 84 52 

A4 2 55 5R 144 88 

A, 5 71 9R 226 130 

A,. 14 12S 162 406 246 

..1- 2!i 242 266 676 412 

A. 63 434 434 1076 644 

:/" 12'1 ni 710 17711 1070 

AI" 26/\ 1536 1150 29811 1840 

Ail SOI 330(, IS66 4S80 3UI6 

AI: IOXS 67S1 3034 8216 5204 

1 allft>.1. -llmlOj! data fur 'phcre apprOXimatiOn: J ach rO\\ dt.'~cnbes the preproc­

c~'lIlf ume. Illl,lllll!cr"C'luolI llllle. alld rC'pre~C'nlduon outpul size al each 

Ilt.'r,lIlofl 'Oll' 111,11 111(',1.' daw dC'lflbc lotal clap~ed ume, a, opposed 10 

<.ompul.sllon lime 

l 
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Appendix E. Elinlinating Extraneous Incidence Tests 

The regularized intersectIon algorithm of "Chapter 4. Intep,ecting Solid ... " ha ... 

been a ugmented with a preproces"or (written b~ J. SéNlk.i) that. gi\ en SUlI - Edge 

representations of A and B. identifie" inter"ectmg face-pair ... of :f and B. The 
preproccssor \Vork." a~ follm\',,: each face i ... cnclo~ed in an orthohl'dl al box. and 

the set of bo\.e~ je; Intcr~ected. u ... mg a ~jmple \'ariant of an inten al tlee 

[Mehlhorn, 19X·l] lO uctclmmc a sub"ct of face-pail" that might inlcN:ct. The 

time requm~d to fmd a1l intcrsecting bo'\e~ i.., O(nlog"fI + k) wherc n j ... the numbcr 
of boxes and k IS the number of box-pair InLCP,ect!on .... 

In ordeI to interface thi~ preproces~or WI1h the intcr.,ection algorithm, 1\\'0 

sm aIl change~ are made to the intersection algorithm: 

(1) In the first stage of the algorithm, plane P of a face t of "olid A i" intcr ... ected 

with solid B. ylClding an emheddrd planar graph callcd Gp• The prerroce" ... or 

identifies a set of faces of B that mlght intcr.,cct f, and onl)' thc"c facc ... are 

interscctcd \\ïth P. Con~cqucntly. it may no longer po ...... ihlc 10 organlzc the 

edges of Cp into boundmg cycle". In~tead. the edge ... arc mganlzed into 

chains. Each edge of Gp is either (i) a line .,cgment aClo".., a face of B that 

may inter~ect facefof A, or (ii) an edge of B that ma)' intcr.,cct face f of A. 

(2) In the second stage of the algorithm, it i" pos~iblc that an cdge-chain of CI' 

does not intersect the boundary of f Before tc~ting tn .,ee if.t i ... contaIned in 

the interior of B (using the cycle-containment tc,,\ dc~cribcd in "Chapter 4. 

Intersecting Solid..,") it i~ necc~sary to augment CI' with the edgc" and verticc", 

eliminated by the preproce<,~or. 

A good cxample of the ulie of the preproccli"cr is givcn in Appcndix D, whcre 

a sphere is approximated uliing repcated intcrlicctiom. With the prcproce",..,or, the 

intel section algorithm require.., onl)' lincar timc to mter..,cct two convcx polyhedra. 

As shown in Table 3 on page 125 the rcprc..,entation ..,ize.." preprocc..,..,ing tlmc, 

and total computation time double at cach itcration. 

Ehmmatmg Extrancou!. Incidenr::c .. c\h 
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In order to understand wh)' the total computation times of T~ble 3 are em­
pirically linear (a", 0pp0':led to the a",ymptotic bound of "Chapter 4. Intersecting 
Solid~") it i~ ncce"""ary to cxamme thc computation steps morc carefully. The first 
preprocc",.,ing <;tep boxc~ every face of solid~ A and B (requiring examina!ion of 
e\'ery face, edge, and vertex of A and B) ; the second pref'roce~sing stcp sort, the 
h()xe~ in a principal direction: the third step i., a tra"ersal of the tree; and the final 
'lep i\ a ~earch of the trec. For the total preproces<;ing Ume 10 be empirically 
Imc:.Jr, the con~tant of computation of the fir~~ and third <;tep~ must be large rel­
ati"e tn the con,tant of computatIOn of the other ~tep<;. Because the preprocessor 
rep()rt~ that each face of A ma)' interscct only a constant num ber of face~ of B, 
each con"'tructlOn of a cro..,,-\ectional graph Gp requires constant time. Sub~c­

quent computation.., are al",o donc quickly, and the total computation time (each 
itclatlOn of Table 3) i<; empirically linear in the ~ize of the input Star-Edge rep­

re"cn ta tion". 
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