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ABSTRACT

ABSTRACT

The fundamental motivation for the work in this thesis is the analysis of the optimal
control of hybrid systems on Riemannian manifolds using the language of differential
geometry. Hybrid systems theory constitutes one of the major frameworks within
which one may model and analyze the behaviour of large and complex systems; in
particular, the optimal control of hybrid systems has been a focus of research over
the last decades resulting in the important generalization of Minimum (Maximum)
Principle of classic optimal control to hybrid systems.

In the work of Shaikh and Caines (2007) and their predecessors, a formulation
for a class of optimal control problems for general hybrid systems with nonlinear
dynamics and autonomous or controlled switchings at switching states and times
is proposed. In this thesis we extend the framework of Shaikh and Caines (2007)
to a general class of hybrid systems defined on Riemannian manifolds. Due to the
formulation generality, this class of hybrid systems covers a vast range of practical
examples arising in such different areas as mechanical systems, chemical processes,
air traffic control systems and cooperative robotic manipulator systems.

In this thesis, a formulation for general hybrid systems on differentiable Riemann-
ian manifolds is first presented. In the case of autonomous switchings, switching
manifolds are modelled by embedded orientable submanifolds of the ambient state
manifold and consequently hybrid optimal control problems are defined for hybrid

systems in this general setting.
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Second, the classic Minimum Principle is extended to the Hybrid Minimum Prin-
ciple (HMP) yielding the optimality necessary conditions for hybrid systems at the
optimal switching states and times. The HMP statement in this thesis is obtained
by employing the so-called needle control variation in the control value space. This
class of control variations results in state trajectory variations along the nominal state
trajectory in the ambient state manifold where the optimality conditions are derived
by analyzing the cost function variation with respect to state variations.

Third, in order to optimize switching states and times, numerical optimization
algorithms (Gradient Geodesic-HMP, Newton Geodesic-HMP) are formulated by em-
ploying the HMP equations on general Riemannian state manifolds. The convergence
analysis for the proposed algorithms is based upon the LaSalle Invariance Theorem.
Technically these algorithms generalize the standard steepest descent and Newton
methods in Euclidean spaces to Reimannian manifolds by employing the notion of
Levi-Civita connections.

Fourth, the derivation of the HMP results for hybrid systems on Riemannian
manifolds is carried out for hybrid systems on Lie groups. The group structure of
the ambient state manifold gives rise to a special form for the adjoint processes and
Hamiltonian functions as the solutions for the optimality equations. In this thesis
hybrid optimal control problems on Lie groups are only considered for the class of
left invariant systems, however, the analysis can be easily modified to right invariant
systems. In the setting of left invariant hybrid systems on Lie groups, the Gradient
Geodesic-HMP and Newton Geodesic-HMP algorithm are modified into algorithms
called the Gradient Exponential-HMP and Newton Exponential-HMP algorithms.

The fifth and last part of the thesis focuses on the problem of optimization of
autonomous hybrid optimal control problems with respect to the geometrical features
of switching manifolds. Such features include first order and second order information

on the switching manifolds such as curvature tensors and normal differential forms.
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RESUME

La motivation premiere du travail accompli dans cette these est 'analyse du controle
optimal de systemes hybrides sur les variétés riemanniennes en utilisant le language
de la géométrie differentielle. La théorie des systemes hybrides constitue un des
cadres majeurs dans lequel on peut modeler et analyser le comportement de systemes
grands et complexes; en particulier, le controle optimal de systemes hybrides a été le
centre d’intérét des recherches dans les décennies précédentes ayant comme résultat
une importante généralisation du Principe Minimum (Maximum) du contréle optimal
classique aux systemes hybrides.

Le travail de Shaikh et Caines (2007) et leurs prédécesseurs propose une formule
pour une classe de problemes de controle optimal pour les systemes hybrides généraux
avec des dynamiques non linéaires et autonomes ou des commutations controlées aux
états et temps de commutation. Cette these élargit le cadre de Shaikh et Caines (2007)
a une classe générale de systemes hybrides définis sur les variétés riemanniennes. En
raison de la nature générale de la formulation, cette classe de systemes hybrides couvre
un vaste éventail d’exemples pratiques survenant dans différents domaines tels que les
systemes mécaniques, les procédés chimiques, le controle des systemes de navigation
aérienne, ainsi que les systemes de manipulation de la robotique coopérative.

Premierement, cette these présente une formulation pour le cas des systemes hy-
brides généraux sur les variétés riemaniennes différentielles. Dans le cas des com-
mutations autonomes, les variétés de commutation sont modélisées par les sous-

variétés prolongées et orientables de la variété d’état ambiante et conséquemment,
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les problemes de controle optimal hybrides sont définis pour les systemes hybrides
dans ce contexte général.

Deuxiemement, le Principe Minimum classique est étendu au Principe Minimum
Hybride (HMP), produisant les conditions nécessaires d’optimalité pour les systemes
hybrides aux états et temps optimaux de commutation. L’énoncé du Principe Mini-
mum Hybride (HMP) dans cette these est obtenu en utilisant la commande de vari-
ation d’aiguille, ainsi nommée, dans I'espace de valeur de controle. Cette classe de
variation donne des variations de trajectoire au long de la trajectoire d’état nomi-
nale dans la variété d’état ambiante. Les conditions d’optimalité sont obtenues en
analysant la variation de la fonction de coiit en respectant les variations d’état.

Troisiemement, dans le but d’optimiser les états et temps de commutation, des al-
gorithmes numériques d’optimisation (Géodésique Gradient-HMP, Géodésique Newton-
HMP) sont formulés en utilisant les équations du Principe Minimum Hybride (HMP)
sur les variétés d’état riemanniennes générales. L’analyse de convergence pour les
algorithmes proposés est basée sur le théoreme d’invariance de LaSalle. Technique-
ment, ces algorithmes généralisent 1’algorithme standard de la plus profonde descente
et les méthodes de Newton dans les espaces euclidien aux variétés riemanniennes en
utilisant la notion des connexions Levi-Civita.

Quatriemement, la dérivation des résultats du Principe Minimum Hybride (HMP)
sur les variétés riemanniennes est appliqué aux systemes hybrides sur les groupes
de Lie. La structure du groupe de la variété d’état ambiante engendre une forme
spéciale des processus adjoints et des fonctions hamiltoniennes comme solutions pour
les équations d’optimalité. Dans cette these, les problemes de controle optimal sur
les groupes de Lie sont seulement considérés pour la classe des systemes invariants de
gauche. Par contre, 'analyse peut facilement étre modifiée pour les systemes invari-
ants de droite. Dans ce contexte, les algorithmes du Géodésique Gradient-HMP et du
Géodésique Newton-HMP sont développés aux algorithmes du Gradient Exponentiel-
HMP et a l'algorithme Newton Exponentiel-HMP pour les systemes hybrides invari-

ants de gauche sur les groupes de Lie.
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Finalement, la derniere partie de la these met ’accent sur la question d’optimisation
des problemes de controle optimal autonomes hybrides en ce qui concerne les car-
actéristiques géométriques des variétés de commutation. De telles caractéristiques
comprennent des informations de premier et de second ordre sur les variétés de com-

mutation telles que les tenseurs de courbures et les formes différentielles normales.
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Claims of Originality
The following original contributions are presented in this thesis:

e An extension of the Hybrid Minimum Principle (HMP) derived for hybrid
systems defined on Euclidean spaces to that of impulsive hybrid systems
defined on Riemannian manifolds.

e The design and development of numerical algorithms for the optimization
of switching states and times for a general class of hybrid systems defined
on Riemanian manifolds and Lie groups.

e The convergence analyses of the proposed numerical algorithms based upon
the optimality equations and the geometry of ambient state manifolds.

e The derivation and extension of the HMP for left invariant hybrid systems
defined on Lie groups and modifying the numerical optimization algorithms
in order to take into account the group properties of ambient state mani-
folds.

e The formulation and derivation of necessary conditions for optimality of
hybrid cost functions with respect to the geometry of switching manifolds

in the case of autonomous hybrid systems.
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CHAPTER 1. INTRODUCTION

CHAPTER 1

Introduction

The key notion of hybrid systems is the continuous and discrete nature of their state
space and dynamics. This fundamental concept has been characterized and crystal-
lized over the last few years (see [15,16,51,58,66,83,84]).

Examples of hybrid systems can be found in a vast area of engineering and indus-
trial applications including telecommunication and transportation networks, mechan-
ical systems, chemical processes and water systems (see [36,47,54]). One important
problem arising in the context of hybrid systems is optimization and optimal control
of hybrid systems. This problem is addressed in [7-9,22,26,27,31-34,44,45,55,
56,58,66,68,69,84-86,88]. Among these, and [58,66] and [69] present versions of
the Hybrid Minimum Principle (HMP).

Technically the HMP results are extensions of Pontryagin’s Minimum Principle
(often called Pontryagin’s Maximum Principle) for hybrid systems. In particular,
Shaikh and Caines proposed a derivation for the Hybrid Minimum Principle based
upon the control needle variation for autonomous and controlled hybrid systems (see
[66]). Their methods generalize the approaches of [25,87] where optimality conditions
are obtained by analyzing the cost variation propagation along the optimal trajectory.
Employing the HMP results, they also proposed a class of numerical algorithms (HMP
Algorithms) for the optimization of switching states and switching times for both

autonomous and controlled hybrid systems. The efficacy of their HMP algorithm has
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been illustrated via numerical comparisons with a gradient algorithm proposed by Xu
and Antsaklis in [84].

In the first chapter of this thesis, following [66], we generalize the formulation
of hybrid systems to those on Riemannian manifolds and then we obtain the Hybrid
Minimum Principle for a class of impulsive hybrid systems where the state trajectories
are discontinuous at switching instants. Our development is based on a geometric ver-
sion of Pontryagin’s Minimum Principle for a general class of state manifolds which is
given in [3,6]. It is shown that under appropriate hypotheses on the differentiability
of the hybrid value function, the discontinuity of the adjoint variable at the optimal
switching state and switching time is proportional to a differential form of the hybrid
value function defined on the cotangent bundle of the state manifold. In the case of
open control sets and Euclidean state spaces, these results appeared in [57] without
using the language of differential geometry. The results obtained are also extended to
the cases of time varying switching manifolds, time varying impulse jumps and mul-
tiple switching hybrid systems. The discontinuity equations of the adjoint variables
are also derived in the presence of discrete switching costs at switching states.

Chapter 3 presents numerical algorithms for the optimization of switching states
and switching times for autonomous hybrid systems. However, the analysis can be
carried out for controlled hybrid systems as well. The central core of the proposed
algorithms relies on the extension of the well-known Gradient Descent and Newton
algorithms for cost functions defined on Riemannian manifolds. In a natural way, the
notion of straight lines in Euclidean spaces are generalized to geodesic lines on Rie-
mannian manifolds, see [37,42]. In [37], it is shown that geodesics are locally length
minimizers where the neighbourhoods for which geodesics are length minimizers are
determined by the geometric structure of Riemannian manifolds (see [42] Chapter
10). In general, for a Riemannian manifold (M, gr), geodesics are locally computed
as solutions of a second order differential equation involving the Christoffel symbols
(see [37,42]). We introduce the so-called Gradient Geodesic HMP algorithm (GG-
HMP) which is an extension of the HMP algorithm in [66] where switching states
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are updated along the geodesics in switching manifolds. The convergence analysis is
performed using the Lasalle Invariance Principle (see [60]).

In order to further improve the convergence rate of the GG-HMP, the so-called
Newton Geodesic version of the GG-HMP is formulated in the local coordinate system
of the switching state. In the general case of Reimannian manifolds, it is always not
possible to define a Hessian matrix as can be done in Euclidean spaces, (see e.g. [29],
[67]). However, employing the notion of Levi-Civita connection V on Riemannian
manifolds, the Hessian may be defined as a bilinear symmetric form, [37]. Again the
Lasalle Invariance Principle provides a proof of convergence for the Newton Geodesic
method.

In Chapter 4 we further extend the results of Chapter 2 to hybrid systems defined
on Lie groups. By definition, Lie groups are differentiable manifolds associated with
group structures which are multiplication and inversion (see e.g. [19,38] ). Examples
of dynamical systems on Lie groups can be found in many mechanical systems where
state manifolds constitute group properties. Such examples include rigid body motion
and rotational systems (see [10,18,19]). Optimal control of dynamical systems on
Lie groups is presented in [38], Chapter 12, for general left and right invariant control
systems. The theory of Hamiltonian systems on Lie groups is based upon a special
realization of the cotangent bundle of Lie groups. This realization enables us to obtain
the Hamiltonian equations which correspond to the optimality of control systems, in
a special form of differential equations on Lie algebras of state Lie groups. For a
hybrid system defined on a Lie group, it is shown that the difference of the adjoint
variables gives a projection of the hybrid value function differential form on the Lie
algebra of the state manifold.

The numerical algorithms in Chapter 3 are then modified to Gradient Expo-
nential HMP algorithms to optimize switching states and times for hybrid systems
defined on Lie groups. The group properties of state manifolds generate different
possible directions for updating equations in descent algorithms performing on Lie

groups. One of these possibilities is given by the exponential map on Lie groups.



CHAPTER 1. INTRODUCTION

Note that depending upon the metric associated to a Lie group, the exponential flow
may coincide with the geodesic flow on the group, see e.g. [49].

Chapter 5 treats the problem of optimization of autonomous hybrid systems with
respect to the geometry of switching manifolds. The problem presented there con-
siders the variation of the switching manifold configurations which determine the
autonomous (uncontrolled) discrete state switchings. The optimal cost variation (i.e.
derivative) as a function of the switching manifold parameters is described by the
solution of a set of differential equations generating the state and costate sensitiv-
ity functions. This problem is addressed in [11,12,61,62] from different points of
views. In [62] the maximization of a measure of the stability of systems with pe-
riodic behaviour is analyzed in terms of the adjustment of the switching surfaces.
In [11,12] a method for deriving the cost variation induced by shifting the switching
manifold position is proposed. One direct extension of the optimal control problem
for autonomous hybrid systems concerns the notion of switching manifold geometry,
where this is interpreted as the shaping and displacement of switching manifolds in
order to optimize system performance. In this chapter, we analyze HSOC sensitivity
with respect to the parameters determining systems switching manifolds. Similar
to [11,12], we employ a method for deriving the optimal cost variation as a func-
tion of the switching manifold parameters, but we consider a general class of hybrid
systems for which there are continuous controls in each distinct discrete state.

Finally, in Chapter 6, suggestions for possible future research and extensions are

presented.
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CHAPTER 2

Optimal Control of Hybrid Systems On

Riemannian Manifolds

In the following definition the standard hybrid systems framework (see e.g. [15, 66,
75]) is generalized to the case where the continuous state space is a smooth manifold,

where henceforth in this paper smooth means C'*°.

DEFINITION 2.1. A hybrid system with autonomous discrete transitions is a five-

tuple
H={H=QxM,UF,S,J} (2.1)

where:

Q=1{1,2,3,....|Q|} is a finite set of discrete (valued) states (components) and M is
a smooth n dimensional Riemannian continuous (valued) state (component) manifold
with associated metric g .

H s called the hybrid state space of H.

U C R" is a set of admissible input control values, where U is a compact set in R™.
The set of admissible input control functions is T = (Luolto,tf),U), the set of all
bounded measurable functions on some interval [ty,tr),t; < 0o, taking values in U.

F is an indexed collection of smooth, i.e. C™, vector fields {f, }qeq, where f,, :

5
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M x U — TM is a controlled vector field assigned to each discrete state; hence each
fq. 18 continuous on M x U and continuously differentiable on M for all uw € U.

S = {ng YERXQ,1 <k KK oo,n’fY C M} is a collection of embedded time
independent pairwise disjoint switching manifolds (except in the case where v = (p,q)

is identified with v = (q,p)) such that for any ordered pair v = (p, q),n*

~ IS an open

smooth, oriented codimension 1 submanifold of M, possibly with boundary 8n§. By
abuse of notation, we describe the manifolds locally by nt = {x : nf(z) = 0,2 € R"}.
J shall denote the family of the state jump functions on the manifold M. For an
autonomous switching event from p € Q) to q € @), the corresponding jump function
is given by a smooth map Cpq,: M — M: if x(t7) € S the state trajectory jumps to
x(t) = Ggx(t™)) e M, (y € T. The non-jump special case is given by x(t) = x(t™).
We use the term impulsive hybrid systems for those hybrid systems where the con-
tinuous part of the state trajectory may have discontinuous transitions (i.e. jump) at

controlled or autonomous discrete state switching times.

We assume:
A1: The initial state hy := (x(ty),q0) € H is such that zo = z(ty) ¢ S for all
¢ € Q. A (hybrid) input function u is defined on a half open interval [to,tf),t; < oo,
where further u € Z. A (hybrid) state trajectory with initial state hy and (hybrid)
input function w is a triple (7, ¢, z) consisting of a finite strictly increasing sequence
of times (boundary and switching times) 7 = (t¢,t1,%2,...), an associated sequence
of discrete states ¢ = (qo, ¢1, @2, - - - ), and a sequence z(-) = (24, (+), g (+), Tgo(+), -+ )
of absolutely continuous functions z, : [t;, t;+1) — M satisfying the continuous and

discrete dynamics given by the following definition.

DEFINITION 2.2. The continuous dynamics of a hybrid system H with initial
condition hy = (o, qo), input control function w € T and hybrid state trajectory

(1,q,x) are specified piecewise in time via the mappings

(Zlfqi,U) : [ti,ti+1)—>M X (]7 iZO,...,L, O<L<OO, (22)
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where x4,(.) is an integral curve of fo, (., u(.)) : M X [t;, ti1) = TM satisfying

xf]z@) = fqi(xqi(t),u(t)), a.e.te [tivti-i-l)a

where x,,,, (tit1) is given recursively by

Lgiyq (tiJrl) = limtTt;_lC(Iiv(Iile (x(Ii (t))v ho = (QO7 xO)vt <ty. (2'3>

The discrete autonomous switching dynamics are defined as follows:
For allp, q, whenever an admissible hybrid system trajectory governed by the controlled
vector field f, meets any given switching manifold n,, , transversally, i.e. f,(z(t;),t;) ¢
Tx(t;)S, there is an autonomous switching to the controlled vector field f,, equivalently,
discrete state transition p — q. Conversely, any autonomous discrete state transition
corresponds to a transversal intersection.

A system trajectory is not continued after a non-transversal intersection with a
switching manifold. Given the definitions and assumptions above, standard arguments
give the existence and uniqueness of a hybrid state trajectory (1, q, x), with initial state

ho € H and input function uw € Z, up to T, defined to be the least of an explosion time

or an instant of non-transversal intersection with a switching manifold.

We adopt:

A2: (Controllability) For any ¢ € @, all pairs of states (z1,x2) are mutually
accessible in any given time period [0,¢],0 < t < ¢, via the controlled vector field

Tq(t) = fo(xg(t),u(t)), for some u € Z = (Loo[0,%y),U).

A3:{l,}yeco, is a family of loss functions such that l,, € C*(M x U;RT), k > 1,
and h is a terminal cost function such that h € C*(M;R*), k > 1.
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Henceforth, Hypotheses A1-A 3 will be in force unless otherwise stated. Let L

be the number of switchings and u € Z then we define the hybrid cost function as

L tit1
Ttosty hoi L) =3 / Ly (24 (), u(3))ds + Wy (t1)),
i=0 Yti
tL+1 :tf <T,U GI, (24)

where we observe the conditions above yield J(to,ty, ho; L, u) < co.

DEFINITION 2.3. For a hybrid system H, given the data (to,ts, ho; L), the Bolza
Hybrid Optimal Control Problem (BHOCP) is defined as the infimization of the hybrid
cost function J(to,ty, ho; L, u) over the hybrid input functions u € I, i.e.

Jo(t07 tfv h’Ua L) = inquIJ(t()? tf? h‘Oa La U)

DEFINITION 2.4. A Mayer Hybrid Optimal Control Problem (MHOCP) is defined
as the special case of the BHOCP where the cost function given in (2.4) is evaluated

only on the terminal state of the system, i.e. l,, =0, ¢ =1,..., L.

In general, different control inputs result in different sequences of discrete states
of different cardinality. However, in this chapter, we shall restrict the infimization to
be over the class of control functions, generically denoted U C Z, which generates an

a priori given sequence of discrete transition events.

We adopt the following standard notation and terminology, see [19,75,79]. The
time dependent flow associated to a differentiable time independent vector field f,,
is a map @ satisfying (f;(.) is used here for brevity instead of fy, (., u(t)) since the

calculations are performed with respect to a given control u):

Dy [t 1) X [t i) X M= M, (15,2) = B0(2) = By ((t,5),0) € M,

i

(2.5)
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where

f;l ‘M = M, q>;y() z, (2.6)

d

E(I)(ts( )| f[h( ( (8)))7 t,s € [tivti+1)‘ (27>

We associate T(ID(t S)( ) to (ID ¢ 5) : M — M via the push-forward of (I>(t >,

T(I)(ts TxM — T@;tf)( M. (28)

fqZ x)

Following [19], the corresponding tangent lift of fi(.) is the time dependent vector
field fI*(.) € TTM on TM

u d S
o) = TR (0), v € TeM, (2.9)
which is given locally as
0 ofwt 91"
T u — u,t G 5\ _—
i (l’,Ux) ( )(9x2 +( alL’j v )avz i,j:17

(2.10)

and T@;tf)(.) is evaluated on v, € T, M, see [19]. The following lemma gives the
a;
relation between the push-forward of @2’5) and the tangent lift introduced in (2.10).

For simplicity and uniformity of notation, we use f,, instead of f'.

LEMMA 2.1 ( [6]). Consider f,,(.,u(.)) : M x 1 — TM,I = [t;,t;+1) as a time
dependent vector field on M and CD%’_S) as its corresponding flow. The flow of qu’“,
denoted by W : [ x I x TM — TM, satisfies:

U(t, s, (x,0)) = (@1 (2), 7OV (v)) € TM,  (2,0) € TM. (2.11)

O



CHAPTER 2. OPTIMAL CONTROL OF HYBRID SYSTEMS ON RIEMANNIAN MANIFOLDS

2.1. The Pontryagin Minimum Principle for Standard Opti-

mal Control Problems

In this section we focus on the Pontryagin Minimum Principle (PMP) for stan-
dard (non-hybrid) optimal control problems defined on a Riemannian manifold M. A
standard optimal control problem (OCP) can be obtained from a BHOCP, see (2.4),
by fixing the discrete states ¢; to ¢, and hence L to the value 0. The resulting opti-
mal control problem in Bolza form becomes that of the infimization of the cost (2.4)

with respect to state dynamics which by suppressing notation of ¢ may be written

T = f(x(t),u(t)), z(t) € M,u(t) e U,t € [to, ts].

2.1.1. The Relationship between Bolza and Mayer Problems. In Sec-
tion 2 both the BHOCP and the MHOCP were introduced; since the results in this
chapter are only stated for the Mayer problem we now briefly explain the relationship
between them.

In general (see [6]), a Bolza problem can be converted to a Mayer problem with
state variable & := (x, z,41) by adjoining an auxiliary state z,41 to the state x, one
then defines the dynamics to be given by

o | | | o) | -

Fuia(t) I(2(1), u(t))
where f and [ are respectively the dynamics and the running cost of the Bolza prob-
lem. Then the equivalent Mayer problem is obtained by the infimization of the penalty

function h(.) defined as follows:

~

W@ (ty) = h(a(ty), was(ty) = @ (ty) + h(x(ty) = J(to,ty,20,u),  (2.13)

where h is the terminal cost function of the Bolza problem. Note that after such a
transformation from a Bolza problem the state space of the resulting Mayer problem

is M x R, where M is the state manifold of the Bolza problem.

10
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2.1.2. Elementary Control and Tangent Perturbations. = We now present
some results from [3], [6] and [41]. It is essential to note that henceforth in this paper
we treat the general Mayer problem with state space manifold denoted by M. In the
special case where Mayer OCP is derived from a Bolza problem, M takes the product
form given in the previous section.

Consider the nominal control input u(.) and define the associated perturbed con-

trol as

u th—e<t <t
uﬁ(tl,ul)(t7€) - ' S (2.14)
u(t) elsewhere,

where 0 < € < oo,u; € U. For brevity in notation w1 ,,(t,€) shall be written
Un(t, €).

Associated to u,(.,.) we have the corresponding state trajectory z,(.,.) on M. It
may be shown under suitable hypotheses, lim, 0z, (¢, €) = z(t) uniformly for ty < ¢ <
ts, see [30] and [41]. Following (2.6), the flow resulting from the perturbed control

is defined as:
L) [0,7] = M,z € M,ts € [toty], T € RT, 01" (e) € M,

where @S;)x() is the flow corresponding to the perturbed control u,(t!¢), i.e.
@S’;)’x( ) = q);tui)(tl »(x(s)). The following lemma gives the formula of the varia-
tion of @ ts) 7°(.) at the limit from the right 0% := limoe. We recall that the point
th e (to,tf) is called a Lebesgue point of u(.) if, ( [3]):

Slllintl |51 ] / u(th)|dr = 0. (2.15)
For any u € Loo([to,ts],U), u may be modified on a set of measure zero so that all
points are Lebesgue points (see [59], page 158, and [63]) in which case, necessarily,
the value of any cost function is unchanged.

LEMMA 2.2 ( [6]). For a Lebesque time t', the curve (Pgrtlf o). () = Cb;tu:()tl o(x(s))

[0, 7] — M is differentiable from the right at € = 0 and the corresponding tangent

11



CHAPTER 2. OPTIMAL CONTROL OF HYBRID SYSTEMS ON RIEMANNIAN MANIFOLDS

vector %@7(:;;8)@]6:0 is given by
d 1 S),x
Lot 07|y = fa(t). ) = F(a®).ult) € oM. (216)
[

The tangent vector f(z(t'),u1) — f(z(t!), u(t')) is called the elementary perturbation
vector associated to the perturbed control u(.,.) at (z(¢),t). The displacement of
the tangent vectors at x € M is given by the push-forward of the vector field f,, see

sections below.

2.1.3. Adjoint Processes and the Hamiltonian. In this section we present
the definitions of the adjoint process and the Hamiltonian function which appear in
the statement of the Minimum Principle. In the case M = R", by the smoothness of
f we may define the following system of differential equations:

M) = —)\T(t)%(x(t),u(t)), t € [to, 4], z(to) € R™ (2.17)

The matrix solution ¢ of p(t) = %(m(t),u(t))gp(t), where p(0) = I, gives the trans-
formation between tangent vectors on the state trajectory x(t) from time t! to 2
(see [41]), in other words, considering v; as a tangent vector at x(t!), the push-

forward of v; under <I>§ct2’tl) is

vy =T () = (= o1, v € Ty R" ~ R, 1,42 € [to,ty].  (2.18)

Evidently the vector v(t) = ¢(t)v(0) is the solution of the following differential equa-

tion:
. af n n
o(t) = a—x(x(t),u(t))v(t), v(0) = vo,v(t) € Ty R" ~ R™. (2.19)

12
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A key feature of the solution of (2.17) is that along z(.), A*(.)v(.) remains constant

d T _\T T . _ T af T af o
E(/\ (tv(t)) =X (B)v(t) + A (H)o(t) = = (t)%v(t)ﬂ (t)%v(t) =0.

(2.20)

For a general Riemannian manifold M, the role of the adjoint process A is played by
a trajectory in the cotangent bundle of M, i.e. A(t) € T;(t)/\/l. As in the definition
of the tangent lift, we define the cotangent lift which corresponds to the variation of

a differential form a € T*M (see [81]):
T u d * 5 (—t,8) *
o %ay) = E‘t:_ST P (o), o €TiM, (2.21)

where x = x(t) = <I>§ff) (x(s)). As in (2.10), in the local coordinates, (x,p), of T*M,
we have

) offt .0

M) = | P g~ (G50 |

: (2.22)
j=1
where T *@}Zt’s)(.) is the pull back of L0 applied to differential forms o, € T M.
The minus sign in front of ¢ in (2.21) is due to the fact that pull backs act in the
opposite sense to push forwards, therefore the variation of a covector a, at z = x(s)
depends upon ®~! which notationally corresponds to —t, see [81]. The following
lemma gives the connection between the cotangent lift defined in (2.21) and its cor-
responding flow on T*M. Let (T*@gf’s))*l = T*@}_t’s), the pull back of ®~!, whose

existence is guaranteed since ® : M — M is a diffeomorphism, see [81].

LEMMA 2.3 ( [6]). Consider f(x(t),u(t)) as a time dependent vector field on M,
then the flow T : I x I x T*M — T*M, I = [to, ty], satisfies

(s, (x,p) = (@1 (), (V)" (p)), (x,p) € TyM, (2.23)

and T is the corresponding integral flow of fT .

13
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We now generalize (2.17) and (2.19) to differentiable manifolds. Along a given tra-
jectory A(.) € T* M, the variation with respect to time, A(t), is an element of TT*M.
The vector field defined in (2.21) is thus the mapping f7 * : T*M — TT* M, which
generalizes (2.17) to a mapping from A(t) € T*M to A(t) € TT*M. The generaliza-
tion of (2.20) to M is given in the following proposition.

ProprosITION 2.1 ( [6]). Let f,(.,u(.)) : M x I — TM, I = [ty,tf], be a
time dependent vector field giving rise to the associated pair f7*, fT"%: then along an

integral curve of f(.,u) on M
(I,0) : I = R, (2.24)

is a constant map, where T is an integral curve of fT % in T*M and VU is an integral

curve of f% in TM. O

The integral curves I and ¥ are the generalizations of A(.) and v(.) in (2.19) and
(2.20) in R™ to the case of a differentiable manifold M. The corresponding varia-
tion of the elementary tangent perturbation in Lemma 2.2 is given in the following

proposition.
PROPOSITION 2.2 ( [6]). Let W : [t' ;] — TM be the integral curve of f** with
the initial condition U(t') = [f(x(t"), u1) — f(z(t'), u(t"))] € Tpu)yM, then

d 1) 2
TNl = (), te i) (2.25)

O

By the result above and Lemma 2.1 we have

i@ff;}”ﬂgzo:Tcpgf”([f(x(tl),ul)—f(a;(tl),u(tl))]) € ToyM. (2.26)
de

14
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2.1.4. Hamiltonian Functions and Vector Fields. Here we recall the
notions of Hamiltonian vector fields (see e.g. [5]), which were employed in [3] to obtain
a Minimum Principle for optimal control problems in a geometrical framework.

For an optimal (non-hybrid) control problem defined on the state manifold M
(¢ fixed, L = 1), with controlled vector field f,(z(t),u(t)) € Ty M, the Hamiltonian

function for the Mayer problem is defined as:

H:T*M x U — R, (2.27)

H(p,xz,u) = (p, fy(z,u), peTiM, fx,u) € T,M. (2.28)

In general, the Hamiltonian is a smooth function H € C*°(T*M) with an associated

Hamiltonian vector field H ¢ X(T* M) defined by (see [3])
o HY=dH, NeT'M, (2.29)

where wy € Q?(T*M) is the symplectic form (see e.g. [28], [43]) defined on T* M
(see [3,38]) and X(T*M) is the space of smooth vector fields defined on T*M). The
Hamiltonian vector field satisfies iywy = —dH, (see [3]) where i is the contraction

mapping (see [37,43]) along the vector field H. Tn the local coordinates (x,p) of
T* M, we have:

““OH . OH . OH 0 OH 0
R G N S - 9.
— Op! Pt Zi Z opt dxt  Oxt Opt (2.30)

So the Hamiltonain system A(t) = ﬁ()\), A € T*M is locally written as:

. oH . oOH
@(t) = e p(t) = e

where  A(t) = (z(2), p(t)) € T" M, x(to) = w0, A(ty) = dh(z(ty)) € T M,

(2.31)

where dh = 7 Zhdgt € QY(M).

i=1 Oz

15
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2.1.5. Pontryagin Minimum Principle.  For standard (non-hybrid) opti-
mal control problems defined on a Riemannian manifold M we have the following

result known as Pontryganin Minimum Principle.

THEOREM 2.1 ( [41]). Consider an OCP satisfying hypotheses A1-A3 (L =
0,q; = q) defined on a Riemannian manifold M. Then corresponding to an optimal
control and optimal state trajectory pair, (u°,x°) there exists a nontrivial adjoint
tragectory \°(.) = (z°(.),p°(.)) € T*M, defined along the optimal state trajectory,
such that:

H(2°(t),p°(t),u’(t)) < H(2°(t),p°(t),v), Yo € U,t € [to, ty],
and the corresponding optimal adjoint trajectory A\°(.) € T* M satisfies:
Xo(t) = HOC(1), 1 € [to,17):

The Minimum Principle gives necessary conditions for optimality; the conditions
under which the Minimum Principle is sufficient for optimality are discussed in [13]

and [24].

2.2. The Hybrid Minimum Principle for Autonomous Impul-
sive Hybrid Systems

Here we consider a simple impulsive autonomous hybrid system consisting of
one switching manifold. Consider a hybrid system with a single switching from the
discrete state gg to the discrete state ¢; at the unique switching time ¢ on the optimal

trajectory x°(.) associated with the dynamics:

G (1) = fuo(x(t),ut)), a.e.t € [to,t,), (2.32)

Gy () = fo (x(),ut)), ae.t € [t 1], (2.33)

16
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where x(ty) = x¢ and
fo(ou() : M X [t tiy) = TM, i=0,1, (2.34)
together with a smooth state jump ¢ := (4 : M — M with the following action:
1%(ts) = C(2°(ty)) = lim,_,,-C(z(t)), 2°(t;) €S C M. (2.35)

We shall assume the switching manifold S is an embedded n — 1 dimensional subman-
ifold S := S, 4, which consists of a single switching manifold (see Section 2). Follow-
ing [66], the control needle variation analysis is performed in two distinct cases. In
the first case, the variation is applied after the optimal switching time, therefore there
is no state variation propagation through the state trajectory before the switching
manifold, while in the second case, the control needle variation is applied before the
optimal switching time. In this case there exists a state variation propagation along
the state trajectory which passes through the switching manifold, see [66] and Figure
2.1. Recalling assumption A2 in the Bolza problem and assuming the existence of
optimal controls for each pair of given switching state and switching time, let us define

v(z,t) for a hybrid system with one autonomous switching, i.e. L = 1, as follows:

v(z,t) = infueud (to, ts, ho,u), x € M,t € (to,ts), (2.36)
where
v =0} (z) €S C M. (2.37)

2.2.1. Non-Interior Optimal Switching States. In this subsection, we
show that the optimal switching state for an MHOCP derived from a BHOCP (see
(2.12)) cannot be an interior point of the attainable switching set A(xo,ts) C S, to <
ts < ty, for an MHOCP which is defined as

Ao, ts) = {z €8 st. uel, q>§{;;’f0>(x0) =z},

17
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1
\\

FI1GURE 2.1. Hybrid State Trajectory On the Sphere

Note that the state manifold of a Mayer problem derived from a Bolza problem
is Mp X R where Mp is the state manifold of the Bolza problem. In this paper, for
simplicity and uniformity of notation, the state manifold and the switching manifold

of a Mayer problem shall also be denoted by M and S respectively.

LEMMA 2.4. Consider an MHOCP derived from a BHOCP as in (2.12), (2.13)
with a single switching from the discrete state qy to the discrete state q; at the
unique switching time ts on the optimal trajectory (z°(.),u°(.)) and an n dimensional
switching manifold S = Sp X R := ny, 4, defined in an n + 1 dimensional manifold
M = Mp x R, where Sg C Mg is the switching manifold of the BHOCP. Then
an optimal switching state x°(t;) € S at the optimal switching time ts cannot be an

interior point of A(xo,ts) in the induced topology of S from M.

PrOOF. If A(xg,ts) has empty interior in the topology induced on S from M the

result is immediate. Assume x°(t; ) is an interior point of A(zo,ts), i.e. there exists

18
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an open neighbourhood B .-y C A(xo, ts) of 2°(t;) € S. Let us denote a coordinate
system around z°(t;") by («9,...,2%,,), where 27, corresponds to the running cost of
the Bolza problem, see (2.12). Since the switching manifold of the MHOCP is defined
by & = Sp x R, we may choose a neighbourhood B, of x°(t;) in the induced
topology of & with the last coordinate z,,, free to vary in an open set in R. Hence

fixing z{(t;), ..., 25, (t5 ), there exists y € B o (,-) such that

ceey n

o

yi=ai(ty), t=1,...1n, Y1 <y (L),

which is accessible by f,, subject to a new control u(t), ty <t < t5, where @ is not
necessarily equal to u®. Set the control u(t) = u°(t), ts <t < ty; then u(.) results
in an identical state trajectory on [ts,ts| for the Bolza problem (since the variables
x1,..., o, do not change). However, the final hybrid cost corresponding to the new

switching state y is
ty
I(tos ty, (T0, q0); 1, (6, u°)) = Yni +/ h(z%(t), u(t))dt + h(z°(t)) < v(z®(t]), L),
ts

where yp11 = Lis lo(2(t),u(t)dt < x0., = tzs lo(z°(t),u°(t))dt, contradicting the
optimality of z°(t; ); we conclude x°(t; ) lies on the boundary of A(zy, ). O

However the lemma above implies that the hybrid value function defined by (2.36)
cannot be differentiated in all directions at the optimal switching state for MHOCPs
derived from BHOCPs. Hence the main HMP Theorem 2.2 for MHOCPs below ap-
plies in potential to all MHOCPs derived from BHOCPs. The general HMP statement
given below employs a differential form dNV, corresponding to the normal vector to the
switching manifold S C M at the optimal switching state 2°(¢;). Now in the special
case where the value function can be differentiated in all directions at z°(ts) € S, it
may be shown that dNye«,) = pdv(2°(ts), ts) for some scalar p, see [70], Lemma A.1;
this fact has significant implications for the theory of HMP as is shown in [71,72,80].
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2.2.2. Preliminary Lemmas. In order to use the methods introduced in
[3,6,41], we establish Lemma 2.5 using the perturbed control wu,(.,.) and the asso-
ciated state variation at the final state 2°(t;). Denote by t,(€) the switching time
corresponding to u,(t,€). Note that, in general, (IDS”;S)(IO) does not necessarily inter-
sect the switching manifold at ¢5. Hence, we introduce the following perturbed control

to guarantee that eventually the state trajectory meets the switching manifold.

Un(t, €) = < - (2.38)

The following lemma shows that under the control above, the hybrid state trajectory

always intersects the switching manifold for sufficiently small € € R*.

LEMMA 2.5. For an MHOCP satisfying A1-A83 with a single switching from
the discrete state qo to the discrete state q; at the unique switching time ts on the
optimal trajectory z°(.), the state trajectory associated to the control needle variation
ur(t' €) in (2.38) intersects the n — 1 dimensional switching manifold S C M for all
sufficiently small € € RT and the corresponding switching time ts(€) is differentiable

with respect to e.
PROOF. The proof is given in Appendix A.1. O

LEMMA 2.6. For an MHOCP satisfying hypotheses A1-A 3 with a single switching

from the discrete state qq to the discrete state q; at the unique switching time ts on the

ap(ts (@t

optimal trajectory x°(.), the state variation at the switching time ts, i.e. ”’f+ =0,

1s given as follows:

(ts(e)t!),x
7r7fq1 s 1 o o o
— =0 = T(o T<I>§fqo a2t ur) = fo (2°(1), w0 (t"))]

de
Do) (T a02), w0 7)] — i (0°(02), 070021,

th € [to,ts).  (2.39)
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PRrOOF. The proof is obtained by the differentiation of the state flow combination;

it is given in Appendix A.2. O

The following lemma gives a variational inequality as a necessary condition for
the minimality of the Mayer hybrid cost function h(z(ts)) = J(t,ts, zo,u) defined
by (2.13) where for the simplicity in notation the Mayer cost function iL() is replaced
by h(.) . This inequality enables us to construct an adjoint curve A(.) € T*M which
satisfies the HMP equations.

In order to prove the following lemma we use the Taylor expansion of a smooth
function defined on a Riemannian manifold, see [4] and [67]. For a given smooth
function h : M — R and a vector field X € X(M), where X(M) defines the space
of all smooth vector fields on M, the Taylor expansion of h around p € M along a
tangent vector X, € T, M is given by (see [67]):

en—l
(n—1)!

h(exp,0X,) = h(p) +6(Vxh)(p)+ ...+ x (V% 'h)(p)

en 1
HCEDI / (1= t)" (Vi h)(exp,tbX)dt, 0 <6 <6,
—11 J,

(2.40)

where exp,0.X, is the geodesic emanating from p € M with the velocity X, € T, M,
X(p) = X, and 6" is the upper bound of the existence of geodesics on the Riemannian
manifold M. The existence of §* is guaranteed by the fundamental theorem of exis-
tence and uniqueness of geodesics (see [37]). In (2.40), V : X(M)x X (M) — X(M) is

the Levi-Clivita connection on M which satisfies the following characteristic relations:

XgM(sz):gM<vXY72)+gM(Y7vXZ)7 VX,Y,ZE%(M),

(i) : VxY = Vy X = [X,Y], (ii): Vxf=X(f) VX,Y € X(M), f € C®(M).

(2.41)
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Based on the fundamental theorem of existence of geodesics on M (see [37]), for

each v (tf) € Ty ;)M there exists a geodesic emanating from z(ty) with the velocity

Ux(ty).

LEMMA 2.7. For an MHOCRP satisfying A1-A3 with a single switching from the
discrete state qo to the discrete state q; at the unique switching time ts on the optimal

trajectory (z°(.),u°(.)),

(dh(z°(ty)),vx(ts)) >0, Vor(ty) € Ky, (2.42)
where
Ky, = K,, UK, (2.43)
and where

KL= | U 700 fe(a%(t), 1) — fio(2°(£),u(£))] € Tyoey M,

to<t<t; ui €U

(2.44)

and

K2 = |J U 10" o T¢o Tl D1fy, (a°(t), ur) — foo (2°(2), u(1))]

to<t<ts u1 €U

+(dt;£€) |€:0)Tq>§:;}::ts) (TC [fqo (:L‘O(ts_)’ uo(ts—)ﬂ . fq1 (mo(t5)7 Uo(ts))>
C TarapM. (2.45)

PROOF. To apply (2.40) to h, one needs to extend v.(ty) € Ty(;)M to a smooth
vector field denoted by V; € X (M) such that V,(z(t;)) = vx(t;). It is shown in [43]

that this extension always exists.
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Employing (2.40) on h along v.(tf) and using the extended smooth vector field
Vr € X (M), we have

h{epaate0ua(ty)) = ha(E)) + 6Ty, h) (@ (E5) + 0(6),0 < 6 < 0"

(2.46)

Here we show that K, defined in Lemma 2.7, contains all the state perturbations
at ty. Lemma 2.2 and Proposition 2.2 together imply that
Ktlf = Utsgtgtf Uwer T@;Z’t) [foo (z°(t, 1)) — foo (x°(t), u°(t))] contains all the state per-
turbations at x(ty) for all the elementary control perturbations inserted after ¢,. For
all the control perturbations applied at to < t < t,, either t5(€) < ts or ts < t4(e),
where ¢4(€) is the switching time corresponding to u, (¢, €).

Following Lemma 2.6, in a local chart around z(¢s), the differentiability of ¢,(e)

with respect to e implies

—dq)g"t’sf(q?’t% = TCo T " [f,, (a°(tY), 1) — fuo(2°(8), u(tY))]
de =0 fag q0 ) 1 q0 )
dis _ _
+<td—9|eo) (TC [fao(2°(t),u(£,))] — fau (2°(ts), (L))
€ Thor)M, (2.47)
therefore
K2 = |J UAT0" o TCoTa: U fyy (2°(t wr)) — foo(°(£), u”(t))]

to<t<ts ucU

+(dt;£€) |€:0)-T(I)§Z;Jivts) <T< [fqo (Q;O(t§>’ U()(t;))} . fql (Io(ts>, Uo(ts>>) }

C Thoey M, t € (to, ), (2.48)

contains all the state variations at x°(t;) corresponding to all elementary control

perturbations at ¢ € (to, ts).
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Since K, contains all the state perturbations at 2°(ts), choosing v.(ts) € K;, C
Ty(t;)M implies that at least at one particular time, one particular elementary control
variation (ur(t(vx),€),u1(vr)) results in the final state variation v.(t;) € Ky, .

Note that choosing € = 0, h(expyo,)fvx(ty)) and h(z(ty)), where z.(t;) is the
final state curve obtained with respect to e variation, are equal to first order since
they have the same first order derivative with respect to €. By the construction of
ur(t,€) € U, x(ts) is a curve in the reachable set of the hybrid system at t;. The
minimality of x°(t) consequently implies that h(x°(ts)) < h(z.(ts)); then h(z.(tf)) —

h(expyo(t,)€vx(ty)) = o(€) together with (2.46) implies

0 < (VoM (@), Va(2®(ty)) = valty), Voa(ty) € Ky (2.49)
For the smooth function h : M — R, (2.41) (ii) implies

Valh) = V5, har,) = D whllts) (2.50)

=1

where the second equality uses local coordinates. Therefore by the definition of dh

we have

Vi hlay) = (dh(z(ty)), vx(x(t))), (2.51)

which implies
(dh(x(ty)), vr(x(ty))) =0, Vor(ty) € Ky, (2.52)
and completes the proof. O

2.2.3. Statement of the Hybrid Minimum Principle.  Generalizing the
results for M = R" in [66], we have the following theorem which gives the HMP for
autonomous hybrid systems with only one autonomous switching which occurs on the

switching manifold S C M.
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For an MHOCP with a single switching from the discrete state gy to the discrete
state g1 at the unique switching time t, on the optimal trajectory (z°(.),u°(.)), where

the switching manifold is an n — 1 dimensional oriented submanifold of M, we have
vX eT,S, gu(N,, X)=0, (2.53)

where N, € T+S C T, M is the normal vector at z°(¢;) (the metric g is positive

definite). For use below we define a one form dN,, corresponding to N, by
AN, := gum(N,,.) € Th M, (2.54)
where the linearity of dN, follows from the bi-linearity of ga,.

THEOREM 2.2. Consider an impulsive MHOCP satisfying hypotheses A1-AS3.
Then corresponding to an optimal control and optimal state trajectory, u® and x°

with a single switching state at (z°(ts),ts), there exists a nontrivial adjoint trajectory

X°() = (z°(.),p°(.)) € T* M, defined along the optimal state trajectory, such that:
H,, (2°(t), p°(t), u’(t)) < Hy, (x°(t),p°(t), u1), Yuy € U,t € [to,ty], 1 =0,1(2.55)
and the corresponding optimal adjoint trajectory A\°(.) € T* M satisfies:
Xo(t) = H, (\(1)), € lto,ts],i=0,1, (2.56)

for optimal switching state and switching time (x°(ts),ts), there exists dN, € TXM
such that

p°(ts) =T7C(p°(ts)) + udN oo

PE) €T M, pP(Es) € Tha M,

°(t)
2°(ts) = C(2°(t;)), (2.57)

2(to) = w0, p°(ty) = dh(a®(ty)) € Tjo M, dh = Z—da: e T*M, (2.58)
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where € R and T*C : T"M — T*M. The continuity of the Hamiltonian at

(x°(ts), ts) is given as follows
Hoy (2°(t5), p°(t5), u®(t)) = He (2°(ts), p°(ts), u’(Ls))- (2.59)
PRrOOF. The proof is based on the control needle variation along the optimal state

trajectory and employs the results of Lemma 2.7; it is given in Appendix A.3. U

In the case where dim(S) < n — 1, the normal vector at the optimal switching

state is not uniquely defined and (2.57) becomes
P(t5) = T (1) € Tooy oS 17(67) € Ty M, P7(ts) € Tiogr,) M,(2.60)

where TS == {a € T M, s.t. VX € T,S, (a, X) = 0}.

2.2.4. Interior Optimal Switching States. @ Here we specify a hypothesis
for MHOCP which expresses the HMP statement based on a differential form of the

hybrid value function.

A4: For an MHOCP, the value function v(x,t), * € M.t € (to,ts), is assumed
to be differentiable at the optimal switching state z°(¢; ) in the switching manifold
S, where the optimal switching state is an interior point of the attainable switching

states on the switching manifold.

We note that A4 rules out MHOCPs derived from BHOCPs (see Lemma 2.3). The
following theorem gives the HMP statement for an accessible MHOCP satisfying A4 .

THEOREM 2.3. Consider an impulsive MHOCP satisfying A1-A4. Then cor-
responding to the optimal control and optimal state trajectory u®,x° with a single

switching state at (x°(ts),ts), there exists a nontrivial adjoint trajectory X\°(.) =
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(z°(.),p°(.)) € T* M defined along the optimal state trajectory such that:
H,, (2°(t), p°(t), u’(t)) < Hy, (z°(t),p°(t), u1),Yuy € U, t € [to, tf],i=0,1, (2.61)
and the corresponding optimal adjoint variable \°(.) € T*M satisfies:
Xo(t) = Hy (A1), t€tots].i=0,1. (2.62)

At the optimal switching state and switching time x°(ts),ts, we have

p°(ts) = T°C(p°(Ls)) + pdv(2°(t;), L),
po(tg) € T;O(t;)M, po(t5> S T;"(ts)M7

a?(ts) = C(2°(ty)), (2.63)
where p € R, T*C : T*M — T*M, and
d'l)(.To(t;>,ts) == Z %ﬁj),md.f"y S ;o(tS)M. (264)
j=1

The continuity of the Hamiltonian at (z°(ts),ts) is given as follows

Hyo (2°(15), p7(15), u®(85)) = Hoy (2°(ts), p° (), u®(Ls))- (2.65)

PRroOOF. The proof closely parallels the proof of Theorem 2.2 with the role of
d Ny being replaced by dv(z,t) whose existence is guaranteed by A4; this is pre-
sented in Appendix A 4. O

2.3. Time Varying Switching Manifolds and Discontinuity of

the Hamiltonian
In this section we extend the results obtained in the previous section to impulsive
autonomous hybrid systems with time varying switching manifolds. The HMP proof

parallels the proof of time invariant cases with a modification in the variation of the

value function v(z,t) with respect to the switching time. Since S is time varying, we
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decompose the metric of M x R as

IMxR = M D gR, (2.66)

where gg is the Euclidean metric of R. Now the one form corresponding to the normal

vector N,y at (x,t) € S C M x R is defined as
ANzp) = gmxr(N@p), ) ET"(M xR) =T"M & T*R. (2.67)
Based on the special form of gr(xr, we can decompose dN(, ;) as
ANz = ANy ® dNy, dN, € T"M,dN, € TyR ~ R. (2.68)

THEOREM 2.4. Consider an impulsive MHOCP satisfying hypotheses A1-A3
where the switching manifold is an n dimensional embedded time varying switching
submanifold § C M x R and where the switching state jump s given by a smooth
function ¢ : M — M whenever (x(t7),t) € S. Then corresponding to the optimal
control and optimal trajectory u®, x° with a single switching state at (z°(ts),ts), there
exists a nontrivial adjoint trajectory X°(.) = (z°(.),p°(.)) € T*M defined along the

optimal state trajectory such that:

qu’(x(t)>po(t>7uo(t)) < qu‘<x(t)7po(t)7u1)7 Vup € Ut € [t0>tf]7i =0,1,

(2.69)

and the corresponding optimal adjoint variable \°(.) € T*M, (locally given by \°(.) =
(x°(.),p°(.))) satisfies:

Xo(t) = Hy (1), t€ltots],i=0,1. (2.70)

At the optimal switching state and switching time (2°(ts), ts), there exists AN, € T M
such that
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p(t;)ET*()M, p(>ET*t)M
2°(ts) = ¢(2°(ty), (2.71)
2(0) = af, p°(ty) = dh(a°(ty)) € Ty M, dh = Z —dx eT:M, (2.72)

where p € R and T*¢ : T*M — T*M. The discontinuity of the Hamiltonian at
(x°(ts), ts) is given by

0

Hoo (2°(t7), p°(t5), u?(£7)) = Hoy (2°(8), °(ts), u”(ts)) — pldNe,, 20,

(2.73)

where dNy, is the differential form corresponding to the time component of the normal

vector at (x(t;),ts) on the switching manifold S.

PrOOF. The proof is given in Appendix A.5. 0

2.3.1. Time Varying Impulsive Jumps. In this section we investigate the
HMP equations in the case of time varying impulsive jumps. For a HOCP with
two discrete states, consider the state jump function as a smooth time varying map
¢: M xR — M. Therefore T¢C : TM®TR — TM and T*C : T*M — T*M & TR.
we denote TCA =T( & Di(, where

TC:TM —TM, D :TR— TM, (2.74)

where T'( and D,;( are the pushforwards of CA with respect to t € R and z € M
respectively. The following theorem gives the HMP for hybrid impulsive systems in

the case of time varying impulse jumps which is consistent with the results presented

in [57].
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THEOREM 2.5. Consider an impulsive MHOCP satisfying hypotheses A1-A3.
The switching manifold is assumed to be an n dimensional embedded time varying sub-
manifold S C M xR and the switching state jump is given by a time varying smooth
function ¢ : M x R — M which is enabled whenever (x(t7),t) € S; then correspond-
g to the optimal control and optimal trajectory u®, x°, with a single switching state
at (x°(ts),ts), there exists a nontrivial adjoint trajectory X\°(.) = (z°(.),p°(.)) € T*M
defined along the optimal state trajectory such that:

H, (2°(t), p°(t), u(t)) < Hy, (z°(t), p°(t),w1), Yuy € Uyt € [to,ty],i =0, 1,

(2.75)

and the corresponding optimal adjoint trajectory \°(.) € T* M, locally given by \°(.) =
(x°(.),p°(.)), satisfies

Xo(t) = Hy (1), € [to.ts],i=0,1. (2.76)

At the optimal switching state x°(ts) and switching time t4, there exists dN, € T*M
such that

p°(ts) =T7C(p°(ts)) + pdN oy,

Pt;) € Thyo M, p°(ts) € Thogr g M,
(1) = C(z(£])), (277)

2°(to) = w0, p°(t) = dh(a(ty)) € Tio M, dh = Z —d:c e T*M, (2.78)
where p € R,

T*C=TC®» D¢ : T"M — T*M & TR, (2.79)
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and
T*C:T*M — T*M, D:C:T*M — T*R. (2.80)
The discontinuity of the Hamiltonian at (z°(ts),ts) is given by

Hyo (2°(15), p°(L5), ul(t5)) =
0

qu (xo(ts>7po(ts)7uo(ts>> - D:C(po(ts» - M(dNtsv §> (2'81>

PrOOF. The proof is given in Appendix A.6. 0

2.4. Extension to Multiple Switchings Cases

In this section we obtain the HMP theorem statement for multiple switching hy-
brid systems where switching manifolds are time invariant. The standing assumption
in this section is that z°(.) is an optimal trajectory under the optimal control u°(.)
for a given MHOCP:; it is further assumed that this is a sequence of autonomous tran-
sitions along z°(.) at the distinct time instants tg, t1, ..., ¢, and S; is a time invariant

switching manifold subcomponent of M.

LEMMA 2.8. Without loss of generality, assume that for all sufficiently small
0 < € the needle variation u.(t,.) applied at t', t;_1 < t' < t;, the resulting perturbed
trajectories intersect only S;,1 = 0, ..., L and assume further that switching times are
greater than the optimal switching times, i.e. t; < t;(¢), i =j,...,L. Then the state

variation at ty 18 given as

d (trith), itj+1otitg) (tj5t")
o (H TR ) o TG ) o TOf
L—j
X (fay (1), 1) = fo, (@(t"),u(") + > ( H TR 0 TG )
i=0
X (#‘ﬁo(ﬁhﬂﬂ - TCiJrijiJrj)) € Tw(tf)Ma (2'82)
where T'Cr 41 = I and for simplicity we use (; instead of Cg, 4., fori=0,..., L.
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PROOF. The proof is based on the results of Lemma 2.2 and an extension of
(A.24) and (A.25) to the case where ¢, ;(€) is the (i+j)th switching time correspond-
ing to u,(t,e€). O

Employing the Lemma above, Lemma 2.7 can be generalized to multiple switching

hybrid systems as follows:

LEMMA 2.9. For a HOCP corresponding to a given sequence of event transitions

1=0,...,L, we have

(dh(a(E7), valty)) = 0, Voslty) € Koy, (2.83)
where
L
K, = K7, (2.84)
r=1
and

L—r
= U U (ngijwv OTCW) o {T® ) (f, (x(t),u)

tr—1<t<trucU =0

—fo (x(t), u(t))) }
+ U U Z H q)(tz+r+1,tz+r) T(l-f-z‘)(dtiz—z(e)|60(fqi+r+1 _ TCi+qui+T))7

ql+r
tr—1<t<t, ucU i=0 =t

(2.85)

PRrROOF. The proof is parallel to that of Lemma 2.7 and employs the results of
Lemma 2.8. O

The following theorem gives the HMP statement for the case of multiple switch-

ings impulsive hybrid systems.

THEOREM 2.6. Consider a multiple switching impulsive MHOCP satisfying hy-
potheses A1-A3. Then corresponding to the optimal control and optimal state tra-

jectory u®, x°, there exists a nontrivial \°(.) € T* M along the optimal state trajectory
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such that:
H,, (2°(t), p°(t), u(t)) < Hg, (2°(2),p°(t), u1), Yui € U,t € [to, ty], (2.86)

and the corresponding optimal adjoint trajectory A\°(.) € T* M, locally given by \°(.) =
(x°(.),p°(.)), satisfies:

Xo(t) = Hy, (A1), t€ltoty], i=0,...,L. (2.87)

At the optimal switching state and switching time (x°(t;),t;), there exists AN! € Ti'S;
such that

p0<ti_) = T*Ci(pa(ti)) + NidN;o(ti—y
p (t’z_) E Tl'o(ti_)

z°(t;) = Gi(z°(t;)), (2.88)

M, po(ti) € T;"(ti)M7

where p; € R and T*(; : T"M — T*M. The continuity of the Hamiltonian at the

switching instants (z°(t;),t;),i =0, ..., L, is given by
qu‘ (xo(ti_)7po(ti_)v uo(ti_)) = qu’+1 (xo(ti)apo(ti)v uo(ti»’ 1=0,.., L. (289>

PRrROOF. The proof parallels the proof of Theorem 2.2 employing the results of
Lemma 2.9. [

2.5. Simulation Results

To illustrate the results above we consider an HOCP and employ the Gradient
Geodesic-HMP (GG-HMP) algorithm (see [77]).
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F1GURE 2.2. Hybrid State Trajectory On the Torus

The HOCP is defined on a torus with the following parametrization:

z(¢,w) = (R + rcos(w))cos(C),
y(C,w) = (R + reos(w))sin(¢),

2(¢,w) = rsin(w),w, ¢ € [0, 27). (2.90)
where R = 1,7 = 0.5. The induced Riemannian metric is given by

gr2(C,w) = (R + reos(w))?d¢ @ d¢ + rdw @ dw. (2.91)

The hybrid system trajectory goes through each discrete state in numerical order

and the dynamics are given in the local parametrization space of the torus T2 as
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follows:
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The switching submanifolds and the cost function are defined as follows:

Ng1,q0 = {O <w< 27Ta C = z}a

Ngg,q1 = {O <w< 277—7( = O}, 6

Ngogs = {0 < w < 2w, = %}, Ngs.gs = 10 < w < 2w, = g},

2 1 /8
Ngigs =10 < w < 27, = ?W}a J = 5/0 u?(t)dt,
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and the boundary conditions are given as:

zo = (1.4117,—0.4367, —0.1478) € R®, (2.101)

z; = (—0.1478, —0.49980,0.10130) € R®.

The hamiltonian functions are given as

qu'( ¢ ,p(t),u(t)) = (pl(t>7p2(t)) ‘ + %UQ(t)> 1=0,..,9, L€ [thti-i-l)'

(2.102)

The GG-HMP algorithm is an extension to Riemannian manifolds of the HMP algo-
rithm introduced in [66]; this is done by introducing a geodesic gradient flow algorithm
on S and constructing an HMP algorithm along geodesics on S. Figure 2.2 shows
the state trajectory on the torus and Figure 2.3 depicts the adjoint variable with the
discontinuity at the optimal switching times

7, = [1.2137,2.6250, 4.0145, 5.2821, 6.6382].
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CHAPTER 3

Gradient Geodesic and Newton Geodesic

HMP Algorithms

In this chapter we consider hybrid systems defined on M = R""! and switching
manifolds are given by N' = M := {m;; = 0, i,j € Q}. The following theorem
gives the Hybrid Maximum Principle in an extended class of the cases treated in [66],
specifically the autonomous switchings case is extended to the time varying switching
manifold case. It is shown that the discontinuity of the Hamiltonian functions and
adjoint variables at an optimal switching state and switching time gives important

information about the geometry of the switching manifold M at switching states.

THEOREM 3.1 ( [66]). Consider a hybrid system satisfying the assumptions A 1-
A3 in Chapter 2 and define

Hy(z,0,u,A) = AT fo(z,u) + log(z,u), N € R" ueUqeQ.
Assume that the hybrid system contains only autonomous switchings and let
Jo(t07 tf) hOa L) = infue?/{‘](tm tfv h07 L7 U)

be the infimized cost function with infimizing control u® and trajectory (x°,q°) which

are both assumed to exist. Let us assume we have L autonomous switchings and let
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ty,to, ..., 1, denote the switching times along the optimal trajectory.
Finally, assume that almost everywhere along an optimal trajectory, the continuous
state x, satisfies the controllability condition given in [66]. Then:

(i) There ezists a piecewise absolutely continuous adjoint process satisfying

. OH,;
A? - _('3_]<$0,00,)\,u0)a uto eU a.e.,t e (tj7tj+1)'
X

(ii) At the switching times the adjoint process and Hamiltonain function satisfy

Ai(t7) = N () + 0 Vamy s (2(t)), 1), 1 < j < L,

H;(t;) = Hjy1(t;) — piVemj g (2(t)),t5), 1 <j < L.

(3.2)

(iii) Along the optimal trajectory the Hamiltonian minimization condition is sat-

i1sfied
H;(z°(t),0°(t), A (2), u®(t)) < Hj(2°(t), 0°(£), A;(t), v),
YvoeU, te [tj,tj+1),j€ [0,1,7...,[/]. (33)

/\OT(t)on(qo(t_))(l‘?, ui’) + on(qo(t_)) (ZE?, uf) S

)\OT (t) fo-o(qo(t_)) (JJ?, U) + lo-o(qo(t_)) (.T?, U), VU G U

For simplicity of the analysis we only consider the case of one autonomous switch-
ing from gy € @ to ¢; € @, and so u® = (u$, us); the extension to the general case is

straightforward but engenders significant complexity, see [66].
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3.1. The HMP Algorithm

In this section we review the HMP algorithm presented in detail in [66].

By the assumption of the existence of solutions for the Hybrid Optimal Control
Problem (HOCP), there exists a switching time ¢ and a switching state x5 € M which
locally minimize the hybrid cost function. As stated in Theorem 3.1, the boundary
conditions for the Hamiltonian and the adjoint variables are as follows: A;(t;) =
A1 (t)+pVamjn (@(t;), ), Hj(t7) = Hiwa(t;) —p;Vemg i (2(t)), ), pj € R,
where, by the Pontryagin Maximum Principle (PMP), A= —H, & = H,, together
with the appropriate boundary conditions ( [66]).

In the case of an autonomous hybrid system consisting of two phases, separated

by a switching manifold M, the optimal hybrid cost is
Jr = Z-nfts,:ps [infueUJ(tO7 tr, ho, L, u, ts, Z'S)], (34)

where x4, t, are the switching state and switching time on the switching manifold
M. The HMP algorithm proceeds with initializing (x,ts) and taking e; such that
0 < e << 1. Setting the iteration number k to zero, the optimal control uf(¢),0 <
t <t and ub(t),t; <t < ty, are evaluated. Incrementing k by 1, VM (k=1 1)
and VM (x%~1 t*=1) are evaluated at the previous switching state and switching time

respectively. The updating procedure is given as follows:

= (AR - B

S

oM oM
_ﬁ(tg_lv x];_1>pk) - Tkﬁ(tlsc_lv x};_l)M(tg_lv xlsg_l)a
(3.5)
R R A BRIy
oM k—1 _k—1\ k oM k=1 ,k—1 k—1 k-1
——(t — rp——r(t M(t
ax(s »rs )p) Irkax(s 7xs ) (s 7x3 )7
(3.6)
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where

Hf(t) — Hy (¢

E_ (AT -1nT
PO g - e

(3.7)

and

HE(tE1) — HE(tE)
— . 3.8
P e - ey 3

By the algorithm above, the necessary conditions for the optimality are satisfied
whereby the switching state and switching time lie on the switching manifold, [66]. A
disadvantage of the HMP algorithm is that it does not guarantee 2% € M at each step
k. The last terms in (3.5, 3.6) are added in order to enforce the approach of %, t* to
the switching manifold in the limit. In the next section the general geodesic gradient

flow algorithm is defined on M, and then is used to construct an HMP algorithm on

the hybrid switching surface M.

3.2. Geodesic-Gradient Flow Algorithm

3.2.1. Formulation and Analysis of the GG-HMP Algorithm. In the
modified version of the HMP algorithm the initial ¥ is chosen such that 2% € M and
this constraint is maintained by moving along geodesics on M by recursively choosing
the hybrid value function gradient to initialize the geodesic search directions (see [74]).

For a hybrid control problem which consists of two distinct phases with a time

invariant switching manifold M, the hybrid value function v(.,.) is defined as:

U(‘ru t) = 7:n‘.]clLGL{'](ZL/()u tf; hOy xtsatm u)

ta=tar =z, Tty € M. (3.9)

In this chapter we shall always assume v(.,.) € C*{(M, R) for sufficiently large k, [ to
make the analysis under discussion valid. The following lemmas, respectively, give the
relations between the sensitivity of the hybrid value function and the discontinuity of
the Hamiltonian function and adjoint variables at the switching state and switching

time.
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LEMMA 3.1 ( [80]). Let (z(ts),ts) = (x(t2),t2) be the optimal switching state and
switching time subject to the hypotheses of the HSOC' problem and of Theorem 3.1,

then
L Ov(z,t
(@) E?t >|<w(tz),tg> =0, (3.10)
(ZZ) va(x, t) ’(:c(tg),tg) 1 Tx(tg)M, (311)

where Ty, M is the tangent space at the switching state x(t,).

PROOF. The proof is given in Chapter 5 (Lemma 5.1). O

LEMMA 3.2 ([1,80]). For the HSOC problem defined in Theorem 3.1 the following
relations hold for all (z(ts),ts) € R™™ x R,

av(af; t) |(33(ts)7ts) - Hl(ts_) — Hg(ts), (312)
Vao(a(ts),ts) = Aa(ts) = M(t7). (3.13)

O

The basic notions of Riemannian manifolds needed for the rest of the chapter are
as follows: For a given n dimensional switching manifold M, a Riemannian metric
g(x) € T!M ® T:M is defined as (T*M is the cotangent bundle of the switching
manifold M):

g(z) = Z gij(z)dr; @ dx;, i,5=1,..,n. (3.14)
ij=1
For a given curve v : [a,b] — M which is locally described as y(t) = (z1(t), ..., z, (%)),

the associated length with respect to the Riemannian metric g is defined as

Liy) = / (3 gis(a(s))is(s)5(5)) . (3.15)

1,7=1
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Fixing the initial and final points y(a),v(b) € M, a minimal length curve which
connects y(a) to y(b) is called geodesic, [37]. The solution of the Euler-Lagrange
variational problem associated with (3.15) shows that all the geodesics on M con-

necting y(a), y(b) must satisfy the following system of ordinary differential equations:

() + Y T ai(s)ain(s) =0, i=1,..,m, (3.16)
jk=1
where
i 1 g 0
Ui = BY lzlg (gjk + Grig — Gika)s  Gik = 6_a:kgjl'
(3.17)
All the indices 4, j, k here run from 1 up to n and [¢”] = [g;;]~'. The existence of the

geodesics on the switching manifold M is given by the following theorem.

THEOREM 3.2 ( [37]). Let M be a Riemannian manifold, choose p € M and
v € T,M, then there exist, ¢ > 0 and precisely one geodesic v such that v : [0,¢] — M
and v(0) = p,5(0) = v. O

The assumption that the Riemannian manifold is complete as a metric space
implies that it is geodesically complete [37], that is to say the interval [0, €] can be
extended to R for all x € M and all v € T,M. For the sake of simplicity in notation
we consider z alone as the optimization variable. However all the results can be
modified by extending the state variable by t*. Here we formulate the projection of
the value function gradient on the tangent space of the switching manifold. Following
[29] and [46] we consider a time invariant switching manifold M as an embedded n
dimensional surface in R**! x(.) € R"™!. Similar to the HMP algorithm, the analysis
and the algorithms in this chapter can be extended to the case where the switching
manifold M is time varying, i.e. locally described by M (x,t) = 0.

We assume the switching manifold M to be an n dimensional Riemannian em-

bedded connected submanifold of R"™ with metric g(.,.) induced by the Euclidean
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metric of R"!, i.e
9Pz, wy) =< Yp, Wy >, Vg, w, € T, M, (3.18)

where <, > is the corresponding Euclidean inner product in R"*!. Then the projected
gradient of the value function v(x) is defined as the unique vector V},v(z) € T, M,

such that (see [29])
g(Viu(r), w,) =< Vyou(x),w, >, VYw, € T, M, (3.19)

where V,v(z) is the Euclidean gradient of v(.) in R"*! given by Lemma 3.2. It is
important to notice that V;,v(x) satisfying (3.19) can be defined for an arbitrary g,

which is not necessarily induced by the Euclidean metric

DEFINITION 3.1. Let M be a geodesically complete Riemannian manifold, p € M
and V, = {w € T,M;~, is defined on [0,0]}, then expl : V, — M is defined by
exph(w) = v, (0), where 7, is the geodesic emanating from p and %, = w. ([

Here we give a continuous version of the HMP algorithm along geodesics (GG-
HMP) and prove the convergence by using the Lasalle Theory. By initializing the

switching state % on the switching manifold M, we solve two boundary value prob-
k

lems to obtain optimal controls for (zg,z¥) and (2%, 2;) and compute Vv (z*

) via
Lemma 3.2.

The Geodesic-Gradient flow is defined as follows:

DEFINITION 3.2. (Geodesic-Gradient Flow) Let 0° = 0, and x(0°) = 2° € M,
then for all 0 < k and all x* such that V,v(z*) # 0, define

x(0) = .+(0) :expxk(—QVLv(xk(Hk))),

0 c 0%, 0", () € M, (3.20)
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where

0k = sup{s; @ <0,t€ 0% 5),s€ 0% 08 +1)},

(3.21)

where v,x(s) is the geodesic emanating from z* with velocity —V3,v(z*) given by

(3.19). O

The next switching state is specified as
oM = (05T, 0< k < oo, (3.22)

and is the origin of the next step geodesic unless V},0(x*™1) = 0, in which case
2P = 2(0%1) is defined to be a finite iteration equilibrium point of the flow.

In other words, using (3.20) and (3.21) we construct a flow ¢ on the switching manifold
M which is differentiable from the right at all points z € ¢(6,2°). The derivative

from the right of ¢ at the switching state x? is given as

dv(x'(s)) Z.
— =0 = L@ v (@ (5))]s=0

= < V(z'),-V}u(z') >
= —9(Vip(a'), Viu(a'))

—[IVio@E)ll®,  2(0) =", (3.23)

where the third equality is given by (3.19). The equation above turns into the fol-
lowing formula for the derivative from the right of the value function at the point x
which is not a switching state.

dv(z(s))

S e = Lxv(a(s)leo (3.24)

where X is the tangential vector field to the geodesic curve v at z as:

d
X = ZliS)|s:0, 7(0) = .5 € [6%,6"),k > 0. (3.25)
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Over the interval of existence [0,w) we denote the total flow induced by (3.20)-
(3.23) as

(0, xo) = H?:ﬂ[},-(@i_l, o, xi_l) o, (0",0,2"), (3.26)
where
B8 ) = (6~ 67), (3.27)

6% is the switching time to the next iteration and n is the index number of the last
switching before #. By the continuity of the geodesic flows {¢;, 1 < i}, ¢ is a
continuous map on [0,w). In the notation of topological dynamics, and in particular
Lasalle Theory (see e.g. [20,60]), the limit set of the initial state 2° is denoted as
Q(z°), where

y e Qa’) = 0,,n>1, st lim,eozx(fn) =y, (3.28)

when lim,, o (0,) = w. Note the sequence {6, } is in general distinct from {6"}.
H1: There exists 0 < b < oo such that the associated sublevel set N}, = {z €

M; wv(z) < b} is (i) open (ii) connected, (iii) contains a strict local minimum x,

which is the only local minimum in N, and (iv) N, has compact closure.

Now choose 2° € N, _, for 0 < € < b. By the construction of ¢, for all 0 < 6 < 0 we

have
v(e(8,2%) < v(p(8,2°) < w(a®) <b—e<b, (3.29)
and hence for & := {(0,2°);0 < 0 < w}
o+t C Ny_e C N, (3.30)

Hence the flow ¢ is defined everywhere in AVy_. C N, where A,_. is compact
since A, is compact. So for all z € N,_. we have an extension of (., 2°%) in N,

therefore the maximum interval of existence of ¢(.,2%) in A is infinite.
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THEOREM 3.3. Subject to the hypothesis H1 on N, and with an initial state 2°
such that 2° € Ny C M, 0 < € < b, either the Geodesic-Gradient flow, o, reaches

an equilibrium after a finite number of switchings, or it satisfies
0(0,2°) = Q(2°) Cv(c), c€R, (3.31)

as § — oo, for some ¢ € R, where

dv(y)
df

Yy € Q(2°), lo—o = 0, (3.32)

1

and, furthermore, the switching sequence {x}° = {2°, 2, -+ |} converges to the limit

point x, € Q(z°) C Ny, where x, is the unique element of N, such that V,v(z,) = 0.

PRroOOF. The first statement of the theorem is immediate by Definition 3.2. To
prove the second statement, similar to the proof of the Lasalle Theorem, we proceed
by showing that v(.) is constant on the set Q(z°). The precompactness of ®* ((i):
@+ C Ny (ii): there does not exist 6; — w,i — oo, such that ¢(6;, 2°) — ON, i.e.
O+ N ON, = @), imply Q(2°) # @, see [20]. By the definition of Q(2°) we have

Vy € Qa°) = 30,,n>1, st.  @On,2°) =y, 0, = 0, (3.33)
and since v(.) € C*,

iy oot (2(0,)) = Uiy oov(0(0,, 2°)) = v(y) =: c.

(3.34)

Now choose 4 € Q(2°),y # y, then by the existence of a convergent sequence x(6,)

to y we have

Ve > 0= In,ni,k st 0,<0, <0,

c—e<v(@(Opr) <v(2(0,)) <v(@(bn)) < c+e,

(3.35)
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i.e. v(y') = ¢, hence Q(2°) C v~*(c). To prove stationarity, i.e (3.32), we observe that

Q(z) is positive invariant under the flow ¢, i.e
(0, Q2") c Q(2°), 6>0. (3.36)

This follows from the continuity of ¢(.,.), see [20]. Differentiability from the right
for all z € p(0,2°),0 < 6, implies

dv . v 97 — 07
@|0=0 = limg_o+ (¢( y>>9 (¢(0,9))

= lim9_>0+% =0, yeQ@E"),

(3.37)

since ¢(0,y) € Q(x°) by (3.36) and v(Q2(z°)) = ¢ by (3.35).

It remains to prove the statement for the sequence of the switching states {z}° =
{20 2! ---}. The switching sequence {z}5° consists of the switching points on (6, z°)
which by (3.21) is an infinite sequence.

The precompactness of ®* with respect to N, implies the existence of a convergent

subsequence of {z}5° such that

limi ep(07,2°) = 2 € Q(2°), Q(z°) C dF C Np_o.

(3.38)
Since v € C®(N})
limi oo V0(0(07, 2°)) = V,v(z*), (3.39)
and
: dv(p(67, z° dv(z*
zzmiﬁw%b_o - ; : oo, (3.40)
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But since the state o(67, 2%)) is a switching state chosen from the switching sequence

{z}5°,

dv(p(6}, 2°))

p7] o0 = < Verawoyv(z), Vio(e(d], %) >

= —|IViule(@r, a")IP, (3.41)
As is stated in (3.38), the limit point z* is an element of the limit set (z°), therefore

by (3.37) we have
dv(z*)

lo=0 = 0. (3.42)

From (3.39)-(3.41) we have

dv(x* ) dv(p(0F, 2°
0 = ;9 ) |9=0 = llmmoo—((p(de )) |9=0
= limiseo(—|[V30(0(07, 2°))|P) = —[[Vi0(=")].
(3.43)
Hence
Viv(z*) = 0. (3.44)

But by H1,z, is the unique point in N,_. C N, for which this holds, hence all

subsequences of {z}5° converge to x, = z* an hence so does the sequence. U

DEFINITION 3.3. (Conceptual GG-HMP Algorithm)
Consider the hybrid system with two phases separated by the switching manifold M,
and the performance function v(.).

Generate the Geodesic-Gradient flow, (3.20)-(3.22), on M with V}v(z), x €
M, evaluated by (3.12), (3.13), (3.18), (3.19).

Stopping rule: for a given 0 < 3, if ||V}, v(x)|] < 8 stop. d

THEOREM 3.4. Assume H1 holds for Ny, C M, for the HOCP with the switching
manifold M and the performance function v(.), then the GG-HMP with data (M, v, 3)
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halts at 2P (3), where either 2" (B) is a finite equilibrium point of the Geodesic-
Gradient flow, and hence V,v(x*®(B)) = 0 and 2*®(B) = z., where x, is the
unique point of Ny C M such that ||V},v(z.)|| = 0, or 2¥P)(3) is such that

" (B) = x,, k() — o0, as [ —0. (3.45)

PROOF. The first statement is immediate by Definition 3.3. The second holds
since v(.) has a unique local minimum at x,, and v(.) € C*(N}) with ||V],v(x,)|| = 0;

hence

ps(.) := sup{du (v, 2.); [|Viv(@)|| < B,z € M},

(3.46)

where d(.,.), the geodesic distance on M, is such that pg(z.) — 0 as § — 0. Hence
by Theorem 3.3, 2" (3) =z, as B — 0. O

3.2.2. Simulation Results. Here we simulate the GG-HMP for a simple
example and compare the results with the HMP algorithm in [66]. Consider the

following Hybrid system which consists of two different phases

Ty 0 1 0 Ty 1

S1 o | =10 0 1 e |+ 1 |u, (3.47)
1.'3 1 0 0 T3 0
Zij’l O O 1 T 0

Sa i | =11 0 0 o |+ 1 | (3.48)
T3 0 1 0 T3 1

where
1 Lo
Tog = (2, 1,4), If = (4, 1,3)7 J = 5/ UQ(t)dt7 (349)
0
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and the switching manifold M is considered to be the time invariant plane m(z,y, z) =
x +y — 2z = 0 and the geodesic curves on M are straight lines. Figure 3.1 shows

the convergence rate of the HMP and GG-HMP algorithms. As is evident, in this

1 1
20 30 35 40
Iteration

FiGUre 3.1. HMP and GG-HMP Convergence Rates

example the GG-HMP converges faster than the HMP to the optimal switching state
and switching time. It is entirely likely that this is because the switching and gradient
evaluation points are all on the switching surface and they are connected through the
shortest path by the GG-HMP. Figure 3.2 shows the state space evolution of the
example above derived by the optimal hybrid control; the optimal switching time is
5.5678s and the optimal switching state is (—0.3801, —0.7268, —1.1069). Both GG-
HMP and HMP start from an initial switching point (0, 2, 2).

3.3. GG-HMP Algorithm Along Local Parameterizations

In this section we present a simplified version of the GG-HMP algorithm in order
to reduce the computational load. As stated in the second step of the GG-HMP
algorithm, the updating equations require a solution of (3.16) on the given manifold
M. In general solving (3.16) imposes a significant computational load and slows down
the computational rate. In order to reduce this complexity, we propose an algorithm
which searches for the critical values of the value function in the local coordinates of

the switching manifold [71].
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F1GURE 3.2. A Switching Manifold and the Corresponding Hybrid State Trajectory

Consider an n dimensional smooth differentiable manifold M and z € M for
which the local coordinate chart and the associated neighbourhood are denoted as
(x71,V); by their definitions z and x=! are continuous maps which are furthermore

assumed to be smooth:
r:VcM-—-R', z:WCR"— MCR", (3.50)

where V and W are open sets in M and R™ respectively. The mapping x is called

the local parametrization of the switching manifold M. By the results of elementary

Ox1’ """ Oz

differential geometry, the tangent space at the point x € M is spanned by (
d d

or equivalently (8_901’ o Fo

). The hybrid value function minimization problem in the
local coordinates of the switching manifold converts to an unconstrained optimization

problem and we have the following lemma:

LEMMA 3.3. Consider the hybrid system defined in Theorem 3.1 with the associ-
ated time invariant switching manifold M , where by assumption the optimal switching
state and time (x°,1°) is an interior point of M x R. Then, in the local coordinates
of the optimal switching state and switching time,

ov(z,t)
8@-

ov(z,t)
ot

’:v:xo == 0, ’t:t" = O, Z = 1, o, n. (351)
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PRrROOF. Applying the chain rule in the ordinary differential equations implies

81}(:17,15)‘ B 81}(37,15)‘ Ox
or; T 9r TV ox,
By the results of Lemma 3.1, au(i ) is normal to the tangent space of the switching

manifold at x°, which proves the first statement. The second statement holds since

the optimization with respect to the switching time is unconstrained. 0

In this chapter we assume that the optimization process is performed in an open
subset of the switching manifold which is covered by a single chart. Hence the
parametrization is unchanged during the optimization process. The resulting GG-
HMP algorithm along local parameterizations, (denoted as the GGAP-HMP Algo-
rithm), for a time varying switching manifold which is considered locally as m(z,t) =

0, has the following specifications:

DEFINITION 3.4. GGAP-HMP (Multiple Autonomous Switchings) Algorithm
For a hybrid system with one switching manifold:
(1) Initialize the switching state x* and switching time t* on the time varying

s’ s CRANE]

switching manifold m(x, t) and compute g(V3,v(z* tk) ) =< V],v(xk tk), % >=

Vev(a®), i=1,...,n+1, where (2%, ...,2%) are local coordmates for ok, ok | =

and V,u(z¥) = [V, 0(2b), ..., Va,  v(@®)]T.

(2) Update the local coordinates of (z¥,t*) by the following equation:

0
vt =af = thg(Viu(al 1), g ) i = 1+ 1
o0x;
(3.52)
which is equivalent to
I ) i N S T
1 S axl xT=x") ) Y
(3.53)
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tlsﬂ-1 - t’; - Tk(Hl(mI; /\_(t];>> - H2(xl;’ /\+(tl;)))v (354>
and

d t
Rl = sup{—v(;( ) <0}, te [Tk, s),s € [Tk,Tk +1).

(3.55)

(3): If ||V,v(x®)|| < B, where 3 is a predefined bound then stop, otherwise go to
step (1) with the next initial state (x®1 ¢F+1). O

The proof for the convergence of the continuous version of the GGAP-HMP is
same as the proof of Theorem 3.3. Since the optimization problem is unconstrained
in the local coordinates of x, by Lemma 3.3 the updating step for (2%, t¥) are given

RIS

by (3.53),(3.54). It should be noted that the geodesic curves are straight lines in R™
(137D

3.3.1. Simulation Results.  We simulate the GGAP-HMP algorithm for the
given hybrid system in the first example with the switching manifold m(z,y, z) =

22 4+ y? — 2 = 0. As is obvious from Figure 3.3, the convergence rate of the GGAP-

—— GGAP-HMP
- - -HWP

Error

i i i i i i i i i
20 40 60 80 100 120 140 160 180
Iteration

Ficure 3.3. HMP and GGAP-HMP Convergence Rates

HMP algorithm is significantly faster than the HMP algorithm for the given example.

The state trajectory is shown in Figure 3.4. The optimal switching state and switching
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time are (0.0886,0.1428,0.0282) and 4.88s respectively. Both the HMP and GGAP-
HMP start with the initial switching state (2,2, 8) on the switching manifold.

F1GURE 3.4. A Switching Manifold and the Corresponding Hybrid State Trajectory

Remark: Following [37], we see that geodesic curves in M are given in a spe-
cial coordinates system (normal coordinates) for which they satisfy the differential

equations #;(0) = 0,i =1, ..., n.

3.4. NG-HMP Algorithm

3.4.1. Formulation and Analysis of the NG-HMP Algorithm. In this
section we define a version of Newton’s method along geodesics (NG-HMP) for hybrid
systems as a search algorithm to find the critical points of the hybrid value function

v. The update equation based on the standard Newton method for a function h(.) €

C?*(R") is as follows:
M =2k — (H YV h(2h), (3.56)

where Hj denotes the (assumed nonsingular) Hessian matrix of h.

In the general case of Reimannian manifolds, it is not possible to define a Hessian
matrix as can be done in Euclidean spaces, (see e.g. [29], [67]). However, employing
the Levi-Civita connection V on a Riemannian manifold, the Hessian H may be

defined as a bilinear symmetric form, [37]. We recall for all f,I € C>°(M) and
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X,Y,Z € X(M), where X(M) is the space of smooth vector fields on M, the Levi-
Civita connection on M with respect to the Riemannian metric g is uniquely specified

by the following axioms:

Vxf=X(f), feC>M), (3.57)
Vx/Y = X(f)Y + fVxY, (3.58)
VixizY = [VxY +1V5Y, (3.59)
VxY —VyX = [X,Y], (3.60)
Xg(Y,Z) = g(VxY, Z) + g(Y,VxZ). (3.61)

For a vector field X € X(M) the covariant derivative is defined as Vx : TM —
T M, where

V() = VxwY. Y €X(M). (3.62)

The Taylor expansion on a Riemannian manifold for the value function v is then given

as follows ( [67]):

v(erp,0X) =v(z)+0(Vxv)(z)+ ... + (ngrjl)! X
(V5 0w + o [ (10
(Vi) (x)(exp, t8X)dt, 0<6 <0, (3.63)
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which is equivalent to

v(exp,0X) = v(z) + 0(dv(X))|. + ... + o n_l)' X
(V3 2d0)(X)] + mefw / (-1 x
(Vi tdv) (X)) (exp t0X)dt, 0 <6 < 6%, (3.64)

where dv is the differential one form of v. As before we assume that z, is a strict

local minimum of v on M, then (3.63) implies

(Vxv)le. =0, 0< (Vi)

e, VX €EM, (3.65)
where

VxVyv = Vxdv(Y) =: H,(X,Y), VX,Y €T, M,
(3.66)

and H, (-2 B %) may be obtained from (3.68) below. The following lemma gives the

covariant derivative of the one form dv:

LEMMA 3.4 ([37]). On a smooth Riemannian manifold M, for all C*° one forms

dx;, 1 =1,...,n, the covariant derivative V o dx; is given as follows:
Oz ;
J

o dmz Z ¥ dzy, (3.67)

i,7=1

where T ; are introduced in (3.17). O

Then Lemma 3.4 and (3.66) together imply

2= (( ( 8%8% Z::rﬂa )dei @ de; € T;M @ TEM. (3.68)

i1
The following lemma is essential for the proof of the local convergence of the version

of Newton’s method presented below.
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LEMMA 3.5. For a strict local minimum x, of the value function v, there exists

a neighbourhood N such that 0 < H,(X, X)|sen,. for all X € X(M), X # 0.

PROOF. Asin (3.65, 3.66), , a strict local minimum implies that 0 < H,(X, X)|,.;
the result then follows from the smoothness of both v and the Riemannian metric g

on M. U

For any given X,Y € X(M), by (3.65) and (3.66), Vdv(X) = H,(X,.) which
induces an isomorphism between T, M and T M, where Vdv : X (M) — X*(M), and
X*(M) is the space of all smooth covectors defined on M. (The functionality, one
to one and onto properties of Vdv can be verified from (3.65) and (3.66).) Therefore
H™' . TxM — T,M. The Newton recursion along geodesics in M is given by the

following update equation:
" = exp (—0H  dv| ), 2t = 20,1 < k < c0. (3.69)

Similar to the flow defined for the GG-HMP algorithm, we define a flow for the
Newton HMP algorithm on the switching manifold M as follows:

DEFINITION 3.5. (The Newton-Geodesic Flow) Let 0° = 0, and z(6°) = 2° € M,

then for all 0 < k < oo and all 2% such that ﬁ[,;l is nonsingular, define

x(0) = v (0) = €$pxk(—(9ﬁ];1d'l}’$k),

0 c 0%, 0", x(0)eM, 1<k<o (3.70)
where
08! = sup{s; dv(;:t(t)) <0,t€ 0% s),s €08 0" +1)},
(3.71)
where v, (8) is the geodesic emanating from x* with velocity —ﬁk_ldv]xk. O
The switching state in (3.70) is defined as
2H = z(0FY), 0 <k < oo, (3.72)
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and is the origin of the subsequent geodesic segment unless H e Ydv|,x = 0, in which

case xFT! = z(6%1) is defined to be a finite iteration equilibrium point of the flow.

Over the interval of existence [0,w) we denote the total flow induced by (3.69))

as
(0, 2°) =TI (071, 0% 21 0 ah, (07,0, 2™), (3.73)

where
(00", 2T = (00 = 0'7Y), (0" = 07) = 40(07),6° =0, (3.74)

0" — 6"~ is the elapsed time between the switching times 6%, #°~! to the next iteration
and n is the index number of the last switching before the instant . By the continuity
of the geodesic flows {¢;,1 < i < 00}, ¢ is a continuous map on [0,w).

H2: There exists 0 < b < oo such that the associated sublevel set N, = {x €
M; w(z) < b} is (i) open (ii) connected, (iii) contains a strict local minimum z,

which is the only local minimum in N, (iv) N, has compact closure and (v) N, C N,

Without loss of generality, we assume N,, C N,_. for some ¢ > 0, then by

selecting 2° € N, C N,_. C N, we prove w = oo by the following lemma:

LEMMA 3.6. For an initial state 2° € N, the existence interval of the flow

defined in (3.73) is unbounded.

ProoOF. By H2 we have N, C N;,_.. Choose 0 < 0 < 0" then if 6 is not a
switching time by the construction of ¢, i.e. (3.71)

v(p(®,2°) < v(p(d,2°) < v(a®) <b—e<b. (3.75)

We need to prove the statement above when 6 is a switching time. The derivative

from the right of the flow ¢, which is the combination of the flows defined in (3.70)
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at the switching state ¥, is given by

WO, = do(— g o) = —do( B o).
(3.76)
By the definition of H we have
Vxdv=H(,X), XeX(M), (3.77)
therefore V_g 1g,dv = =V zdv = H(.,—H 'dv) = —dv, as may be seen by

evaluating the expression on any Y € T, M. Hence
—dv(Hy vl ) = =V g, do(Hy 'dv) | = —Hy(Hy ' do, By dv) e, (3.78)

where the last equality holds by (3.77). By H2 and Lemma 3.5 we have

dv(z*(6))

o7 =0 = —Hy(H; *dv, H_ *dv)|+ < 0. (3.79)

It follows by the construction of ¢ in (3.73), that for all 0 < § < ',
v(p(@,2°) < v(p(d,2°) < v(a®) <b—e<b, (3.80)
and hence for & := {(0,2°);0 < 0 < w}
o+t C Ny_e C N, (3.81)

So the flow ¢ is defined everywhere in N,_., where N}, has compact closure. Hence
for all z € NV,_. we have an extension of ¢ in N, therefore the maximum interval of
existence of ¢(.,2%) in N, is infinite.

O

THEOREM 3.5. Subject to the hypothesis H2 on Ny and with an initial state z°
such that z° € N, C M, either the Newton geodesic flow, @, reaches an equilibrium

after a finite number of switchings, or it satisfies
0(0,2°) = Q(a") cv(c), c€R, (3.82)
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as 0 — oo, for some ¢ € R, where

d
weae), W _q (3.83)
do
and, furthermore, the switching sequence {x}* = {2°,x',--- |} converges to the limit

point x, € Q(z°) C Ny, where x, is the unique element of N, such that V,v(x,) = 0.

PRrROOF. This follows by the same argument as in the proof of Theorem 3.3. [

3.4.2. Convergence Rate of the NG-HMP Algorithm. In this section
we discuss the convergence rate of the NG-HMP algorithm based upon the analysis
given in [67]. As is shown in [43], for a given curve v : I — M and a tangent vector
Vo € Ty M, there exists a unique parallel vector field V' along v such that V (ty) =
Vo. This parallel translation defines a linear isomorphism Py, @ Thy0) M — Ty M.

The corresponding dual map is denoted by Py, : T, \M — 17, M.

v(t1) 7(to)

Consider the map Pt*;(.)dv R — T;‘(to)M, where dv € T;‘(t)M, then we can apply

the Taylor expansion on Py dv(V) where V' € T M. For a given X € T;,,M we
set x(0) = 2(0,20) = expy,(0X) then for a differential form dv,, € 17, o) M we

have

Qn—l
(n—1)!

Pydv,, = dv, +0(Vxdv), + ... + (Vi ldv),

n

—i—W(V}dv)xa oP,, (3.84)

where a € [0,6] and without loss of generality we assume to = 0. Let us consider

¥ "1 for a sufficiently large k. As proved in Theorem 3.5, z* converges to .,

the unique local minimum of v(.) in N, hence limy_ o d(z*, 2%T1) = 0, where d is

+1. Employing the Normal

the minimum length of the curves connecting z* and z*
Neighbourhood Lemma in [43], we may select k large enough such that 2%, 2**! x, C
Uy, where U, denotes a normal neighbourhood corresponding to 2%, see [37]. Let

0, = 0*T!1 — f*_ the running time of the geodesic flow from z* to z*+!, where z*+! =
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expyr (—Op Hy ' dv|,). Since 2*41 x, C U,

AXy € Ty M, Xpyq € Typi M, st x, = expor(Xy),

Ty = expyrtr (Xpt1), (3.85)

where the existence of X}, is guaranteed since 2" is close enough to z,.

As is shown in [67], we have
X = —0cH vl + Py Xjir + €, (3.86)

where € € T, M is the additional third order displacement term ( [67]). By applying
H on both sides of (3.86) we have

;
The Taylor expansion of dv, at x, gives
dvge = —Hu(X,) — %v?,zkdv,:k oP,, «acl01] (3.88)
where inserting (3.88) into (3.87) yields
Hy,(Py Xi1) = Hi(Xe)(1 - Hk)%vizkd%k o P — Hy(£). (3.89)

As is shown in [67], the smoothness of v and g gives

Ol Xkl < [HK(XIl < 8l | X,

~

||V 2dv, (X, X3)|| < 0]|Xk||?, 0 < 61,05, 0, (3.90)

for some 01, 09,0. Therefore in the case where 6, # 1 we have a linear convergence

rate as follows:
36, € Ry st d(2™ x,) < 6pd(2”, ). (3.91)

In the case 6, = 1, a quadratic convergence rate can be obtained from (3.88) and

(3.90).
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3.4.3. NG-HMP Algorithm for Embedded Surfaces in R""!.  In order
to implement the Newton Geodesic algorithm, the second derivative terms in (3.68)
must be computed. In this subsection a system of differential equations is introduced
in order to compute these quantities. Let us define the state and the adjoint variations
in a local coordinate system of the switching state for a hybrid system consisting of

two distinct phases as follows:

ox(t

yf(t) = lim(;xiﬁ()%, 1=1,...,n,t € [O,tf], (392)
£
ON(t

2 (t) = limgmi_}()%, i=1,..,n,te[0,tf], (3.93)

where dx, 0\ are state and adjoint variations with respect to the variation of the ith

component of the local coordinate of z(ts). In [71] it is shown that y¥(t), z¥(t) satisfy

) <4

the following differential equations (see Appendix B):

i Of1 o of1 ,

i) = 2L+ S, et (3.0
oy = O ey P e (3.95)
Zi - 81'2 yz a)\axzz ) 05ls)y .

ey Of2 Of2 ,

w0 = 2Ly + W, vy (3.96)
oy = O ey P oy (3.97)
G T T Y oNgr st ‘

where H;,7 = 1,2 is the associated Hamiltonian function corresponding to f; and fs.
For a fixed end point optimal hybrid trajectory the boundary conditions for (3.92)

and (3.93) are given as follows:

Y; (0) = Y; (tf) =0, y; (ts) = %Lﬂ(ts)' (3-98)
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The following theorem gives the relations between the second order variation of the
hybrid value function v and geometrical properties of the switching manifold involving

the second fundamental forms.

THEOREM 3.6. At the optimal switching state x% on the switching manifold M,

and at the switching time t2 the following holds:

02T 0Pu(ag,tg) O LT Ox
ik M@xi 0x?  Oxy ' Oxy

0zT 0%v(2°,1°) Ox Ox
25 4+ Tp— i k=1, ..
'u(?xk ox?2  Oux; + k@xi’z’ et

(3.99)

where T;, Ty, € Tpo M, 1 is the discontinuity parameter appearing in the adjoint pro-
cess boundary condition at the switching time (see [58, 66]) and H; is the second
fundamental form of the switching manifold at x°, see [40].

PROOF. A proof is given in Chapter 5 (Theorem 5.3). O

Based upon the relations given in Theorem 3.6, the following corollary is estab-

lished:

COROLLARY 3.1. In the local coordinates of the optimal switching state x% we

have
0z v(x°,19) dxz  D*v(x2,t%) 1
»ls) 9T _ sls) _VH k=1, .0, 3.100
(91:1- 8x2 8$lfk 8@8% H ka0 ’ " ( )
PROOF. A proof is given in Chapter 5 (Corollary 1). O

The second variation of the hybrid value function v at the optimal switching state
x¢ and switching time t? is given in the following lemma by using the results derived

in Theorem 3.6.

LEMMA 3.7. The local Hessian matriz components of the value function of the

hybrid system at the optimal switching state z¢ satisfy the following equations for
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0*v(22,19)

3%59’51; yr () = 25 () + p Ha
= Yt (F () — 22 (t2) + p T Hyy

(3.101)

where (25(t°7) — 2E(t97)) is the discontinuity of the z solution of (3.95),(3.97).

PROOF. A proof is given in Chapter 5 (Lemma 5.4). O

For an arbitrary given switching state x which is not necessarily optimal, the

local Hessian matrix of the hybrid value function is given as follows:

LEMMA 3.8 ( [73]). The local Hessian matriz of the value function of the hybrid
system at a non-optimal state xs and the switching time tg satisfies the following
equations for i,k =1,...,n:

agx(jcgg;zs) =y (=) — 2z (t) + (AT () — A7 (t)) aai;xk’ (3.102)

where (2 (t7) — z¢(t;)) is the discontinuity of the z solution of (3.95),(5.97).

S

PRrROOF. The proof parallels the proof of Lemma 3.7 where the analysis is per-

formed at a generic switching state z,. 0

The following lemma gives the second order variation of the hybrid value function
v with respect to the local coordinates of the switching state 2,7 = 1,...,n and the

switching time ;.
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LEMMA 3.9 ( [73]). The components 882:‘(;22), i=1,...,n of the Hessian matriz

0%v(zs,ts) 0%v(zs,ts)

H(v(zs, ts)) = a%a(its) 8281]’”(;8;,;) is computed as
Ots0x; ot2
D*v(zg,ts)  OH1 (L) OH,(tT)
2 = SLyr(tD) — —=—SLy¥(th
vy o Vi) - — () +
OH\(t) o,y OHs(E)

— S/ TENs ) omgt
a)\ zz(s) a)\ ZZ (t )’

(3.103)

where Hy and Hy are the corresponding Hamiltonians of the hybrid phases before and

after switching time respectively.

PRrOOF. The proof parallels the proof of Lemma 3.8 where the analysis is per-

formed at a generic pair of switching state xs and switching time t;. O

Similar to the variations defined in (3.94) and (3.96), the state and adjoint vari-

ations with respect to t, are defined as follows:

dx(t

yi(t) = lZ‘m(;tsﬁg%, te [to, tf], (3104)
OA(t

2H(t) = lim(;ts_m%, t € [to, ts]. (3.105)

0%v(xs,ts

The following lemma gives = ) which appears in the Hessian of the hybrid value

function.

LEMMA 3.10 ( [73]). The component % of the Hessian matriz H(v(zs,ts))
satisfies
Pv(zg, ts)  OHy(t7) , OHy(tF)
1 Us) s tip—) - T2\ ) -t+
OH,(t5) OH,(t})

T o\Ts )Lt A N Y Y
a)\ Zl( s) a)\ Zl(ts)’
(3.106)
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where zL(t) is the solution of

. O?H;(x, \) O?H;(z, \)
t _ 7 ) t (3 9 t
, O*H,(z,\) O*H;(z, )

t _ I3 9 t _ (3 9 t

where yi(to) = yg(ty) =0, ys(ty) —yi(td) = falults), #(ts)) — frlults), x(ts)).

PRrROOF. The proof parallels the proof of Lemma 3.8 where the analysis is per-

formed at a generic switching time t,. O

DEFINITION 3.6. NG-HMP (Newton-Geodesic-HMP) Algorithm
For a hybrid system with one switching manifold:

(1) Initialize the switching state z* on the switching manifold M and the switching

time t* then compute V},v(x% t*), where (z%,...,2%) are local coordinates for x*,
ko _ gk
Tpaq =ty

(2) Compute y?F, z¥ as the solution of (3.94) and (3.95) and y} and z} as the solution

vz t)  O%u(zgth)

2 20t .

of (3.107) and (3.108). Compute H* = a%ﬁi’;,ﬂ;) 62?;(;;}:’;) using Lemmas 3.8-
OtsOx? ot2

3.10.

(3) Update the local coordinates of (x*,t*) by the following equation:

s17s

k+1
s

(33 7t§+1> = exp(x’;,t’g)<_Hk_ldv‘x’§,t’§)a (3109)

where H), is computed by (3.68) together with H* which is the second order variation
of the value function in (3.68).

(4) If ||V,v(2®)|| < 8, where 8 is a predefined bound then stop, otherwise go to
step (1) with the next initial state (z5+1 k1), O
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3.4.4. Simulation Results. Consider the following hybrid system which

possesses the two phases:

i —01 1 1 7 1
Si:| i |=] 0 —01 1 z [+ 1 |w
T3 0 0 —.01 T3 0
(3.110)
T —-01 0 0 x 0
So:| i |=[ 1 —01 0 z |+ 1 |w
Qs 1 1 —.01 T3 1
(3.111)
with the initial and terminal conditions and the cost function given by
1 (10
zo=(2,1,4), x;= (4,1,3),J:§/0 u?(t)dt, (3.112)

The switching manifold M is taken to be m(x,y,z) = 2> + y*> — z = 0. Figure 3.6
shows the convergence rate of the NG-HMP and GG-HMP algorithms.

Simulations of the GG-HMP and NG-HMP algorithms for the given hybrid system
with the switching manifold m(z,y, z) = 2?4+ y* — 2 = 0 resulted in the state and cost

trajectories shown in Figures 3.5 and 3.6 respectively. As is obvious from Figure

F1cURE 3.5. The Switching Manifold and the Corresponding Hybrid State Trajectory
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—N-HMP
- - -GG-HMP)

FiGUrE 3.6. NG-HMP and GG-HMP Convergence

3.6, the convergence rate for the NG-HMP algorithm is significantly faster than the
GGAP-HMP algorithm for the given example.
The optimal switching state and switching time generated by the algorithms were

respectively
(1.1787,0.1837,1.4232) and 2.5353s. Here both the NG-HMP and GGAP-HMP start

with the same initial switching state (2,2,8) on the switching manifold.
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CHAPTER 4

The Hybrid Minimum Principle On Lie
Groups

4.1. Control Systems on Lie Groups

In this section we introduce control systems on Lie groups and then extend the
definition of hybrid systems to that of hybrid control systems defined on Lie groups
(see [76,78]).

4.1.1. Lie Groups and Lie Algebras.
DEFINITION 4.1. A group (G, *) is called a Lie Group if, (see [82]):
(1): G is a smooth manifold,

(2): The group operations are smooth.

(The group operations are associative multiplication and inversion, i.e. ¥g1, g2, g3, g €

G, gi*(ge*g3)=(1rx9)*g3€G, g7 €G, g xg=gxg ' =e). O

In this chapter it is assumed that the continuous part of the hybrid system evolves

on a Lie group G.

DEFINITION 4.2. A Lie Algebra V' is a real vector space endowed with a bilinear

operation |.,.| : V x V =V such that (see [19,82]):
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(2):A¢ A+ [, vl + [ [Gnl]l =0 YOnyeV O

The Lie algebra L of a Lie group G may be identified with the tangent space at
the identity element e with the associated Lie bracket defined on the tangent space

of G,ie. L=T.G. A vector field X on G is called left invariant if
Vg1,92 € G, X(g1xg2) = TLy X(g2), (4.1)

which immediately implies X (gxe) = X(g) = T L, X (e) where L, : G — G, Ly(h) =
g* h where TLy : T}, G — T,,,,G.

DEFINITION 4.3. Corresponding to a left invariant vector field X, we define the

exponential map as follows:
exp: L — G, exp(tX(e)):=D(t,X),t€R, (4.2)

O

where ®(t, X) is the solution of g(t) = X(g(¢)) with the boundary condition
g(0) = e. The following theorem gives the flow of a left invariant vector field with an

arbitrary initial state g € G.

THEOREM 4.1 ( [82]). Let G be a Lie group with the corresponding Lie algebra
L, then for a left invariant vector field X

O(t, X,9) = Lyoexp(tX(e)),t € R, (4.3)

where ®(t, X, g) is the flow of X starting at g € G. O

A left invariant control system defined on a given Lie group G is defined as follows:

(see [19,21,38))

9(t) = flg(t),u) = TLyw fle,u),  g(t) € Giu € RY, (4.4)
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where f(g(t), ) is a left invariant vector field on G. Similar to left invariant systems,
right invariant systems are defined. In this chapter we only consider hybrid systems
where the associated vector fields are left invarian, however the analysis can also be

applied to right invariant hybrid systems.

4.1.2. Left Invariant Optimal Control Systems. A left invariant optimal
control system is an optimal control problem where the ambient state manifold M is
replaced by a Lie group G.

The corresponding vector field f, is a left invariant vector field defined on G for

any given u € U such that
fo(u(l) : G x [to, tf] = TG, (4.5)
and the cost function is defined as
ty
Lp:/ L(g(s), u(s))ds, uell, (4.6)
to
where [,(g(s), u(s)) is assumed to be left invariant i.e. I,(Lng(s),u(s)) = l,(g(s), u(s)).
In general, a Bolza problem can be converted to a Mayer problem using an auxiliary

state variable in the dynamics, see [66] and [6]. The following lemma shows the

equivalence of a Bolza problem defined on a Lie group GG and its Mayer extension.

LEMMA 4.1. Consider a left invariant Optimal Control Problem (OCP) defined

on a Lie group G with the following dynamics and cost function:

g(t) = f(g(t)7u)v g(t> € G,u € R, (47)

J:/Wwﬂgw@mm (4.8)

to
Then the Mayer problem associated to the optimal control problem above is defined

on the Lie group G x R and the corresponding dynamics are left invariant.

73



CHAPTER 4. THE HYBRID MINIMUM PRINCIPLE ON LIE GROUPS

PRrOOF. The state space equation of the Mayer problem concerning the Bolza

problem is given as follows:

- = F(g(t), ), (4.9)

where g = (g,2), g € G,z € R. The group action defined on G x R is given as

follows:

(g1, 21)%(g2, 22) = (91 * g2, 21 + 22), (4.10)

where x corresponds to the group action of G' and * is the group action of G x R.
Since G is a Lie group it follows that (G x R,*) is also a Lie group. It only remains

to show F'(g,u) is left invariant. The left translation on G' x R is defined by

Lg(h) = (Lgha Zg + Zh)? g = (97 Zg)a h = (ha Zh)7 (411>
therefore
TLyF(hyu) = TLyf(hyu) & ULohyu) = f(g* hou) & Ughyw),  (4.12)

which yields F(h,u) is left invariant since f(g,u) and [(g,u) are both left invariant.
[

4.2. Optimal Control Problems On Lie Groups

The optimal control problem on Lie groups has been addressed in [17,18,38,39].
In this section we give the Minimum Principle results presented in [39] for optimal
control problems defined on a Lie group G. As shown in [38], the left translation gives
an isomorphism between T'G and G' x L. Since Ly maps g to e, then T Ly : T,G —
T.G = L is the corresponding isomorphism. This statement also holds between T*G
and G x L* where L£* is the dual space of the Lie algebra £. The corresponding
isomorphism is given by T*L, : T/G — T;G = L*. We use the equivalence T"G =~
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G x L* associated to the isomorphism above to construct Hamiltonian functions on

Lie groups.

4.2.1. Hamiltonian Systems on 7T*M and T*G. By definition, for an
optimal control problem defined on an n dimensional differentiable manifold M, a
Hamiltonian function is defined as a smooth function H : T*M x U — R, see [3,38].

The associated Hamiltonian vector field H is defined as follows (see [3]):
o H)=dH, XeT'M, (4.13)

where o is the symplectic form defined on T* M which is locally written as follows:
o=y d¢Adx; (4.14)
i=1

and ((,x) is the local coordinate representation of A in 7% M.

The Hamiltonian system of the ODE corresponding to H is
A=THO), (4.15)

where locally we have

OH ;1. ..

“?’:84;;{ et (4.16)
Ci:_a_xﬂ 1=1,...,n.

Similar to Hamiltonian systems on smooth manifolds we can define Hamiltonian
functions for left invariant vector fields on the cotangent bundle of a Lie group G.
This is done by using the isomorphism between £* x G and T*G introduced above

which is denoted by Z:

(1) I(X,9) € T°G, X el geq, (4.17)

(2) Z(,g): L = T,G is a linear isomorphism. (4.18)
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A Hamiltonian function for a left invariant vector field X on G is defined as
Hx(g,\) ==\, X(e)) = (\,\TLy,-1X(g)), N€L (4.19)

The preceding identification realizes that T7*G ~ T'(G x L*) = (G x L) x (L* x L*),
therefore the tangent vector at (g,\) € G x L* is an element of £ x £* denoted by
T = (X,7v). The symplectic form ¢ along a given curve ['(t) € T*G satisfies the

following equation, see [3,38|:

or(T1(I), To(I) = {72(t), X1(£)) — (n(2), Xa(t)) — (A(), [X1(2), X2(1)]),

(4.20)

where T; = (X, ;). Similar to Hamiltonian systems on 7% M, the Hamiltonian vector

field ﬁ on GG x L* satisfies the following equation
dH = ore (. H). (4.21)

The following theorem gives the Minimum Principle for optimal control problems

defined on Lie groups.

THEOREM 4.2 ( [38]). For a left invariant optimal control problem defined by
(4.5) and (4.6), along the optimal state and optimal control g°(t),u°(t), there exists

a nontrivial adjoint curve X\°(t) € L* such that the following equations hold:

H(g°(t), \°(t),u’(t)) < H(g°(t), \°(t),u), YueU, (4.22)
and locally
ddg: - TLgu(t)(%—if), (4.23)
d>\o * o
o = ~lad)on (A°(1)), (4.24)

where H(g, A\, uw) :== (XN, TLy~1f(g,u)).
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PROOF. The proof is by employing (4.21) and applying the symplectic form o
given by (4.20). A complete proof can be found in [38], Chapter 12, Theorem 1. [J

For each n, ( € L we have the following definition
adc L= L, adC(n) = [C777] (425)

For each (,n € L,y € L*, ad* is defined as

(adi(y),m) = (v, ad¢(n)). (4.26)

For more information about the definition above see [2,82]. Tt should be noted
that, in general, for a Hamiltonian function defined on G x L£*, the integral curve of
the Hamiltonian vector field, i.e. (4.23) and (4.24), satisfies the following equations
(see [38]):

dg 0H
@ =~ TLao(55): 427

dX ., (OH .

=T Lg(t)(a_g) — (ad)bu (A(t)- (4.28)

In our framework since the Hamiltonian function is ¢ invariant then T*Lg(t)(%—g)
does not appear in the statement of Theorem 4.2. Since the tangent space of T*G is
identified with £ x £*, by the definition of the Hamiltonian H : G x L* — R, it is
noted that %—I/{ € L =L and %—I; e T,G.

4.3. Hybrid Systems on Lie Groups

The definition of hybrid systems on Lie groups is similar to that of hybrid systems
given in Definition 2.1 for which the ambient manifold M is replaced by a Lie group
GG. Here we only consider a hybrid system consisting of two different phases with the

associated left invariant vector fields fi, fo as follows:

9(t) = filg(@),u(t), 9(t) = fa(g(t), u(t)), u(t) € U. (4.29)
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The switching manifold N associated to the autonomous phase change is considered
to be a submanifold of G which is by definition a regular Lie subgroup. The hybrid

cost function is defined as

J= Z / L (o (5), u(S))ds + h(gys (£1)), u € U, (4.30)

where [;,7 = 1, 2 are left invariant smooth functions on GG. The hybrid optimal control
problem is to find the optimal switching state ¢ € N, optimal switching time ¢, € R
and the associated optimal controls u{ and u§ in order to minimize the hybrid cost
defined by (4.30). Here we assume the state variable for both dynamics evolve on
the same Lie group G. Similar to the proof in [75], we apply the needle control
variation in two different parts. First, the control needle variation is applied after
the optimal switching time so there is no state propagation along the state trajectory
through the switching manifold. Second, the control needle variation is applied before
the optimal switching time. In this case there exists a state variation propagation
through the switching manifold, see [66], [73]. With the assumption of accessibility of
g(t) = fi(g(t),u(t)), for a hybrid system with one autonomous switching, we define

the hybrid value function v(g,t) same as the definition given in Chapter 2.
v(g,t) = infucud (to, ts, ho,u), g€ G,t€R, (4.31)

where ¢(t, 9, go) = g € G. We use the value function v to explain the discontinuity
of the adjoint process appears in the statement of the Hybrid Minimum Principle in

the next sections.

4.4. Non-Interior Optimal Switching States

In general the hybrid value function for a Mayer type problem attains its minimum
on the boundary of the attainable switching states on the switching manifold hence
is not differentiable. In this case the discontinuity of the adjoint process in the HMP
statement is given based on a normal vector at the switching time on the switching

manifold. In order to have a normal vector N the switching manifold we need to
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define a Riemannian metric on G. A left invariant Riemannian metric G on (G, %) is

defined as follows:
G(9)(X,Y) = G(h* g)(TLy(X), TLp(Y)), (4.32)

where X,Y € T,G. An inner product I on £ is given by I : £ x £ — R. Then the
following theorem gives a Riemannian metric on G with respect to the inner product

I defined on L.

LEMMA 4.2. ( [19]) The inner product I on L determines a smooth left invariant

Riemannian metric G on G as follows:
G(9)(X,Y)=ITLy, X, TLy1Y), (4.33)

where X,Y € T,G. 0

It is also shown that a left invariant Riemannian metric G on (G determines an
inner product I via left translation operation, see [19], Theorem 5.38. A normal

vector N at the switching state g(ts) on N satisfies
G(g)(N, Y) =0, VY € Tg(tS)N C Tg(ts)G, (434)

where by Lemma 4.2 we have I(T'L,~1 N,T'L,~1Y) = 0. By the linear property of the

inner product I on the vector space £ we can defined the following one form
DyN:L— R, DgN=I(T'L,1N,.) € L". (4.35)

The following lemma shows that the one form G, (X, .) is the pullback of I(T'L,-1 N, .)
under the map T'L,-1.

LEMMA 4.3. For a Lie group (G,*) associated with an inner product I on L we

have
Vg€ G, G(g9)(N,.) = T*Lg_ngN c T;G, (4.36)
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Proor. We show VX € T,G, G(g)(N,X) = (I"L,~1D,N, X). As is obvious
TLy :T,G — L therefore

(T*Ly-1 DN, X) = (T" L,y K(TLy1 N, ), X), (4.37)
By the definition of pullbacks, see [41], we have
(T Ly X(TL,N,.),X) =
((TL,1N,.),TL,1 X) =
I(TLy-1N,TLy,1X) = G(g)(N, X), (4.38)

where the second equality comes from the definition of 1. O

The following theorem gives the HMP statement for hybrid systems defined on

Lie groups in the case of non-differentiability of the value function.

THEOREM 4.3. Consider a hybrid system satisfying the hypotheses presented in
A1, A2, A3 (presented in Chapter 2) on a Lie group G and an embedded switching
submanifold N C G with an associated inner product I : L x L — R. Then corre-
sponding to the optimal control and optimal state trajectory u°(t), g°(t), there exists

a nontrivial \° € L* along the optimal state trajectory such that:
H, (g°(t), \°(t),u’(t)) < Hy(g°(t), A°(t),u1),Yuy € U,t € [to,tf],i=1,2, (4.39)

and at the optimal switching state and switching time g°(ts),ts we have

—0\ __ +o0
Mt%) = MtE?) + pI(TL o

S

ey N, ) €L (4.40)

and the continuity of the Hamiltonian is given as follows:

Hy, (9°(15), X(85), u(15) = Hyy(9°(Ls), A2(Ls), w” (L)) (4.41)
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The optimal adjoint variable \° satisfies

dg° oH,,. d\°
=TLg & = —(ad)su, (X°(1)), t € [ti,tit1), g , 4.42
dt g (t)( O\ )7 dt (a )321;\11( ( ))7 € [ ) +1) q; € Q ( )
where
HQi(g7>\7u> = <>\7TLg_1fq¢(guu)>' (443>

It should be noted that in the case which the normal vector is not uniquely given,

the discontinuity of the adjoint process is given by

N(t5) = A°(ts)) € T Lyo(u) (Tio - N, (4.44)
where
T7N = {a € TG, s.t. VX € TN, (a, X) = 0}. (4.45)

In order to prove Theorem 4.5, we employ the notion of control needle variation

which has been used in the optimal control literature, see [3,6,41].

4.4.1. Control Needle Variation.  Similar to the control needle variation
introduced in the proof of the Hybrid Maximum Principle in [66], we introduce the

following control needle variation for a left invariant control system.

(.o w th—e<t<t! (4.46)
U ,€) = s .
u®(t) elsewhere

where u; € U. Let us denote the state flow of the left invariant control system
g(t) = f(g,u) as g(t) = g(t, s, go) where s is the initial time and g, is the initial state.

Due to the needle variation, the perturbed control system is given by

g(”ﬁ)@) = f(g(ﬂ,ﬁ)(t)7uﬂ(t>)7 te [to,tf]- (4.47)
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The following theorem gives the state variation of a left invariant control system with

respect to a control needle variation.

LEMMA 4.4. For a Lebesgue time t', the curve

gfi’;)’g(e) : 10, 7] = G is differentiable at € = 0 and the corresponding tangent vector

d (tl 78)79 o
2 n s |le=o is

d

00 o = Ty (flevw) = fe,u”(t)) (4.48)

PRrROOF. The proof is based on the left invariance property of f. As is shown by

Lemma 2.3 the state variation with respect to the control needle variation is given by

Flg(t),ur) = f(g(t),u(t)) = TLyy (f (e, ur) — fle,u(th))), (4.49)
which completes the proof 0
The following lemma gives the state variation at an arbitrary time ¢, where t* < ¢,
for a non-hybrid left invariant control system.
LEMMA 4.5. Let g(z o (t) : [to, ts] = G be a solution of §(x.)(t) = f(Gir,e)(t), ur(t))
then for t+ <t <t;

d (tt1),x
deg”’f

T Ly (fle,u1) — fle,u’(t")) € Ty)G, (4.50)

le=0 = T Reap((t—11) f(e;u%)) ©

where T Regp((t—t1)f(e,u0)) @S the push forward of the right translation Rep(i—)f(euo))
at g(t').

PROOF. As is shown in [6] for a given control system on a differentiable manifold

M, the state variation at time ¢ where t! < t is given as follows:

d (i) .
20 e = TRE (ot w) = fola(th),u(t))]) € TogM,  (451)

(tt!

where & ’;q)’x is the flow initiates form x and corresponds to the control u,, see [6].

The push-forward of @2,151),9@’ ie. T@S{_{’tl) is computed along the nominal control u(t)
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and is evaluated at z(t'). For a left invariant control system evolving on G, based on

Definition 4.5 and Theorem 4.1 we have

Iimo)(t) = go o exp(tf(e,uz)) = go o exp((t') f(e,ur) + (t — ') fe,ux)). (4.52)

Since u,(t) = u°(t), t € [t',tf], by the one parameter subgroup property of exp
(see [82]) we have

Imeo(t) = gmo(t') o exp((t — ') f(e,u?)), t' <t <ty (4.53)

Therefore, by evaluating the push forward of composition maps, we have

d (t,th),x d (t1,s),
Iy lemo = TRep—t)p(ee)) (-0 leo) (4.54)
which together with Lemma 4.4 and (4.49) yields the statement. O

We analyze the HOCP with the cost defined in (4.29) and (4.30) by defining a
differential form of the penalty function A(.) which is differentiable by the hypotheses.

Let us denote

oh
dh = — € T*d. 4.
99 €T, G (4.55)

In order to use the method introduced in [3,6,41], we prove the following lemma
using the optimal control u°(.) and the associated final state ¢g°(t;). We denote ¢,(e)
as the associated switching time corresponding to u,(t,€) which is assumed to be

differentiable with respect to € for all u € U.

LEMMA 4.6. For a Hybrid Optimal Control Problem (HOCP) defined on a Lie
group G, at the optimal final state of the trajectory ¢°(t) we have

<Ig;1(tf)(dh(gO(tf))),TLgO_l(tf)(fuﬂ(tf))> > 0,V (ty) € Ky, (4.56)
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where

K, = U U TReap,~n 1)

ts<t<tyui €U

oT Ly (f(e,u1) — fle,u’(t)) C TyupG, t € [ts, ty],

(4.57)
and
KL= | U TReap(tyt) oty ©
to<t<ts u1 €U
TRea:p((tsft)ﬁ(e,uo)) o TLg(t) (f(67 ul) - f(ea uo(t))>
dts(e)
+ de ’ezOTRezp((tf—ts)fg(e,uo)) o
TLg(ts) (ftI2 (67 uo(ts» - fth (6, uo(t8>>)
C TyupG, t € [to,ts), (4.58)
and
Ky, =K} | JKZ. (4.59)
PROOF. Based on the definition of pull backs (see [2,19]), we have
(Zootu) (AR(g° (1)), TL o1, (va(ty))) =
(T* Lyogs,) oIg_Ol(tf) (dh(g°(ts))), va(ts)), (4.60)
and since by the definition Z, = T* L -1, then
(T, (g (1)), T Ly ) (0n(E))) = (dR(g (), 0nlt)). (461)

As shown in [73,75], (dh(g°(ts)), vx(ts)) > O for all v(t;) € K;,. The set K;,, as
is constructed above, contains all the possible final state variation of ¢°(t;) € G,

therefore the statement follows. O
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The following lemma gives the relation between G(g°(ts))(N,.)) € T, /G and

any tangent vector X € Tyou N C Tyor)G.

LEMMA 4.7. Consider an autonomous HOCP consisting of two different regimes
separated by a k dimensional embedded switching manifold N C G; then at the optimal

switching state g°(ts) € N and switching time ts we have
(Zoots ) (G(g°(t))(N, ), TL o1,y X) = 0,¥X € Ty )N (4.62)
PROOF. The proof is same as the proof given in [75] since
(T (G(QO(tS))(N, .)) Lyt ) X) = Gg°(t))(N, X) = 0. (4.63)

0

Here we give the proof for the HMP theorem on G.

PROOF. Step 1: First consider ¢, < t! where the needle variation is applied at

time ¢'. As shown in [75], we have
0 < (dh,vx(ty)), Vur € Ky, (4.64)

where dh € T g*(tf)G. As mentioned before the cotangent bundle of the Lie group is
identified by G x L therefore

Zg*(if)(dh) e L. (4.65)
By employing (4.64), we have
0 < (Zy (), TLy1p) © T Reap(ty—11)s(euo)) ©
TLg(tl)(f(e, uy) — f(e, uo(tl))). (4.66)
The flow of the left invariant system on G implies
g(ty) = Lywyexp((ty —t)f(e u)), (4.67)
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then by the vector space properties of £ and one parameter subgroups property of

exp we have
g(t) = Lyapexp(—(ty — 1) f(e,u)), (4.68)
which finally gives
0 < (T*Lggry © T* Reap(t;—11) (e (dh), f(e,ur) — fle,ul(th))). (4.69)

Therefore Vu € U

(T* L1y © T* Reap(t; 1) sl (dh), fle, u?(t))) <

(T Lgry © T* Reap((t;—11) f(e ) (dR), f (€5 u1)),

(4.70)
and
T Ly © T" Reap((t-11) ey (dh) € L7 (4.71)
The adjoint variable is then defined as
A(#) = T" Lyt © T" Reap((t—1) ey (dh) € L7, T <t <ty (4.72)

Step 2: Second consider ty < t' < t, where t! is the needle variation time. Similar
to the approach in [75] we introduce the value v(gs, ts) function with respect to the
switching state and switching time (gs, t5), gs € G,t5 € R. For a given switching time
t, the differential form of the value function is then given by dv(g,t) € T;G. In the
case for which t,(e) < t5 = t? we have (see Lemma 2.6)

€ 1 1
dglto D9 at.(6)
g e = (g leo)

XTLg(tS) (fl (6, uo(ts)))

+TRexp(t5—t1)f1(e,u°) (e} TLg(tl) (fl (6, U) — fl (6, Uo(tl))) C Tg(tS)G- (473)
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Note that the differentiability of ¢s(e) with respect to € is shown in Lemma 2.5 for
hybrid systems on Riemannian manifolds.

And for the case in which ¢; < t5(€) we have

€),t! !
dg(ts( )t1),9(th)) dt4(e)

mTle:o: —(=4 le=0)T Ly, (f1(e, u’(ts)))

+TRea:p(ts—t1)f1(e,uo) o TLg(tl) (f1 (6, u) — f1 (6, uo(tl))) C Tg(ts)G' (474)

Equation (4.62) together with Lemma 4.5 implies that

dtizf) ez = =Tyt (Glalt))(N.) ). file ul(E) ™!

H(T* Loy © T Reap((ts 1) o) <G(g(ts))(N, .)),

f1(€7 Ul) - fl(ev uO(tl)»’

(4.75)
. (ts(.),tl,g(tl)) ) dgT(inge)’tl>*9<t1))
since g, % : 0] = N and —"H———|y € Tyu N C Tye,)G. In the
second case
dts(e€) 5 o 3
19— (g0 (Gt N.). fule () x
(T* Ly(ery © T* Reap((ta—tt) (e (G(g(L)) (N, ), f1(e, ur) — fi(e, u®(th))).
(4.76)

In order to obtain the state variation at ¢4 in the case (ii) we use the push-forward of
the combination of the flows before and after ¢, as follows:

1 1
dgll=1+(©) o O g(t1)
2 A1 le=0 = T Reap(t,—11) f1 (eu)

de
oT Ly (fi(e,w) — file, u(th)))
+dtcsl£6) le=0T' Ly, (frle, u’(t1)) = fale,u’(t))) € Tyu,)G, (4.77)
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and for case (i)

dg(ts(t%),ts) o g(tatl,g(tl))

m.J2 de /1 |e:0 = TRe:vp(ts—tl)fl(e,uo)
dt,(e
oTLg(tl)(fl(e,ul) — fl(e,uo(tl))) + di >]€:o
XTLg(tS)(f2(€, u’(th)) — fl(e,uo(tl))) € Tyu,)G. (4.78)

The final state variation at the final time ¢ is now given as follows:

(tg,tt,9(t")) (ts(e):ts) (ts,t',g(th))
d 71'»ff2 (6) _ TR d‘gﬂ'an © ‘gﬂ'vfl 4 79
de |e:0 - exp(ty—ts) f2(e,u”) de |€=0- ( . )
Therefore

0< <dh(go(tf>>> TRea:p(tf —ts) fa(e,u®)

X [dtgiﬁ) le—0oT Ly s, (fg(e7 u(ty)) — file, UO(tS)))
AT Reap(t,—1) fu(esue) © TLgy (fale,un) = fule,w?(t1))]) (4.80)

Hence

0 < (dh(g°(ty))s T Reapt;—t.) fole.u)
X[ =Ty, (Gg(t)) (N, ), frle,ul(ts)) ™
X(T* Ly(sy © T* Reap((ts—11) (e (G (9 (£:)) (V)
file,ur) = file,u(t)))
XT Lysy (fale,u(t,)) — file, u®(ty)))
AT Reap(te—t1) 1 (e;ue) © T Lgry (f1(e,ur) — file,u’(th)))])
(4.81)
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equivalently

0< —(Z, 1, (G(g(ts)(N, ), firle,u(ts)))
X(T" Loy © T Reap(t—1) () (G (9 (£)) (N, )
file;ur) = file,u(t)))

X(dh(g°(t5)), T Reap(t; 1) po(ee) © T Ligity)

(fale, u?(ts)) = file,u’(ts))))

+(dh(g°(t5)), T Reapt;—t.) fo(eue)

OTRexp(tsftl)ﬁ (e;u®) © TLg(tl) (fl (6, ul) - fl (67 U’O<t1))) >7

(4.82)
Let us denote u by
= —(Z 1 big(G(g(t)(N, ), file, u(ts)) ™!
(dh(g°(ts)), TRe:Jcp(tffts)fz(e,uo)TLg(ts) (f2(ev u’(ts)) — fi(e, uo(tS)))>>
(4.83)
therefore
0< <dh(go(tf)), TRexp(tf*ts)fg(e,uo)
OT Rep(t,—1)fi(euo) © T Ly (fi(eswr) = file,u®(8))) + p{T" Lyqa)
OT*Rea:p((ts—tl)f(e,u)) (G<g(t8))<N7 )) ) f1(67 ul) - fl (6, uo(t1)>>' (484)

Similar to step 1 we have

<dh(90(tf))a TRexp(tffts)fg(e,uo) o TReacp(ts—tl)fl (e;u®) © TLg(tl)
(frle,ur) = file,u®(th))) = (T*Lygry © T* Reap(ta—t1) fu (eue)

OT" Reap(ty—t) fotesue) (AR(g° (1)), (frle,ua) = fale,u’(t)))),  (4.85)
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Combining (4.84) and (4.85) we have
0 S <T*Lg(t1) ¢ T*Rexp(tsftl)fl(e,uo) e} T*Remp(tf—ts)fg(e,uo) (dh(go(tf))),

(file,ur) = fule,u®(t)))) + p(T* Ly

oT*Re:pp((tsftl)f(e,u)) (G(g(t8>>(N7 ))7 fl <€7 ul) - f1(€7 uo(tl))>' (486>
The adjoint process A is defined as follows:

A(t) = T Lywy © T Reap(t,—) fr (e.u0)

T Reap(t—t) patee) (A(9° (t1))) + 1T Logey © T Reapit,—1) () (G (9 () (N, )

(4.87)

At time t = ¢, we have

S

A(E7) = ME?) + 1T Ly, (Gg(t:)) (N, ) € L7 (4.88)

It only remains to show

dg 0H,, dA
- = Y), — = —(ad)bu, (A()), t € [ti,tiz1), ¢ € Q. 4.89
dt Q(t)( EN ) dt ( )aaAl( ( )) [ +1) q Q ( )

The first part of (4.89) is obvious by the definition of H,, := (X, T'Ly-1(4) fq,(g(t), ),
since f,, is left invariant and % =TLgwyoTLg14)fq,(g(t),u) = fo,(g(t),u).

Step 3: In order to invoke results from [38], it is sufficient to show that for the

constructed adjoint variable A(.), we have A(t) = Ad*, (A(0)) where Ad* is defined

9(?)
below. For a given g € G we define the conjugate map I, : G — G as follows

(see [2,19]):
I,(h) =gxhxg ™ (4.90)
The adjoint map Ad, : £ — L is defined by

Ady =TI, =TL,0TR,1, (4.91)
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where the dual of the adjoint map Adj is calculated as Ady = T"Ly, o T"Ry-1. As is
obtained in the step 1, A(t) = =T Ly 0 T* Reap((t ;—t)f(e;u)) (dh) € L*, then in order to
show the second claim of (4.89), it is enough to show that A(¢) = Adj ;) (A(0)) where
without loss of generality we set ts = 0 and A\(0) = A(ts). Therefore we should show

T*Ly(ty o T" Reap((ty—t) f(e,u)) (d) =
T*Lg(t) © T*Rgfl(t) o T*Lg(o) o T*Remp((tf)f(e’u))(dh)'

(4.92)
Employing the group operation we have
g(ty) = 9(0) x exp(ty fole,u’)) = g(0) x g(t) » g7 (t) x exp(ty fole,u?)),  (4.93)
and also
g(ty) = g(t) x exp((ty — t) fae, u%)), (4.94)
then

Reap((ty—) fa(eruo)) (9(8) = Reapey faieno)) © Lgo) © Bg-11)(9(t)),  Vg(t) € G,

(4.95)
which implies
T" Reap((ty—) fa(eno)) = T" Rg=1() © T" Lyg(o) © Tg(0) Reap(ts pa(eweyys  (4.96)
which shows (4.92). As is shown in [38], A(1) = Ad} ;) (A(0)) implies
d\ . .
o _ad@ ()‘(t)) = _a’daHi (/\<t>>a (497>
dt dt 2N
and completes the proof. Same argument holds for A(t), to <t < ts. 0

4.4.2. Interior Optimal Switching State. Here we specify a hypothesis
for MHOCP which expresses the HMP statement based on a differential form of the

hybrid value function.
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A5: For an MHOCP, the value function v(g,t), g € G,t € (to,ty), is assumed
to be differentiable at the optimal switching state g°(¢;) in the switching manifold
N, where the optimal switching state is an interior point of the attainable switching

states on the switching manifold.

We note that A5 rules out MHOCPs derived from BHOCPs. The following the-
orem gives the HMP statement for an accessible MHOCP satisfying A 5.

THEOREM 4.4. Consider a hybrid system satisfying the hypotheses presented in
A1, A2, A3, A5 on a Lie group G and an embedded switching submanifold N C G.
Then corresponding to the optimal control and optimal state trajectory u®(t), g°(t),

there exists a nontrivial \°> € L* along the optimal state trajectory such that:

Hy,(97(1), A°(8), u®(t)) < Hy,(9°(t), A°(#), wn),

Vuy € Uyt € [to, ty],i = 1,2, (4.98)

and at the optimal switching state and switching time g°(ts),ts we have

s

A(t7) = AMtS°) + nT" Ly, (dv(gs, ts)) € L. (4.99)
and the continuity of the Hamiltonian is given as follows

Hy, (9°(t), A(85), w”(t5)) = Hoyy (9°(Ls), X2(Es), u” (L)) (4.100)

The adjoint variable A satisfies

dg 0H,, dA
—_ = : y —:—ad*Hq. A(t ,te tl,tl , Qi € s 4.101
Y= TLy(G3). G = ~(ed)on, ()0 € fiti) g€ Q, (101)
where
H, (9 M u) = (\TL, 1 f,,(g.u), (4.102)
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and

(g2, ty)

5 G. (4.103)

dv(g°(t;), ts) = € Tg*o

(ts)

O

PROOF. The proof is a repetition of the proof of Theorem 4.5 where G(g)(N,.)
is replaced by dv(g,t) where G is the Riemannian metric associated with the inner
product I, see Lemma 4.2. As shown in Theorem 4.3, the adjoint process discontinuity

is given by
A(ty) = Mt,) + pT™ Ly ydvo(g(ts), ts). (4.104)

O

4.5. Exp-Gradient HMP Algorithm

In this section we introduce an algorithm which is based upon the HMP algorithm
first introduced in [66] and then extended on Riemannian manifolds in [77]. The
algorithm presented in [77] is an extension of the Steepest decent algorithm along
the geodesics on Riemannian manifolds. As known (see [37]), geodesics are defined
as length minimizing curves on Riemannian manifolds. The solution of the Euler-
Lagrange variational problem associated with the length minimizing problem shows
that all the geodesics on M connecting y(a),v(b) € M must satisfy the following

system of ordinary differential equations:
#i(s) + Y T%ai(s)aik(s) =0, i=1,....m, (4.105)
k=1
where

i 1< il M M M M Y
Fj,k = 9 Zg (gjl,k + G — gjk,l)v Jjie = a_xkgjl )
=1

(4.106)
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where g™ is the Riemannain metric corresponding to M and all the indices i, j, k
here run from 1 up to n = dim(M) and [¢"] = [g5}"] .

In order to introduce the gradient of the value function on a Lie group G we
employ the notion of inner product on a finite dimensional Lie algebra £ defined in

Section 4.4. For a given value function v : G — R on a Lie group G we have

v .
dvly =5 € T,G. (4.107)

The gradient of v, i.e. Vv, is defined as
(dv, X,) = G(9)(Vv, X,), VX, € T,G, (4.108)
which can be written as
(dv,X,) = (dv,TL,X) = (T"Lydv, X)

— I(TL,Vu,TL, 1 X,), VX, € T,G.

(4.109)

We call 'L, Vv the projected gradient of v on L. Similar to the geodesic gradient
flow defined on Riemannian manifold M in [77], we introduce Exp-Gradient Flow

on Lie groups as follows:

DEFINITION 4.4. (Exp-Gradient Flow) Let 6° = 0, and g(6°) = ¢° € G, then for
all 0 < k and all g* such that TL Vo(gk) # 0, define

79:(0) = g(0) = ¢* x exp(—OTL .+ Vu(g")),

0 €08, 0", ¢(0) €@, (4.110)

where
05 = sup{s; dv(jt(t)) <0, telf* s),sc[0" 6"+ 1)} (4.111)
O
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Over the interval of existence [0,w) we denote the total flow induced by (4.110))

as
0(0,9°) = T i (6,0%, 9" 1) 0 (67,6, g™), (4.112)
where
Di( 007, 97Y) = 1 (0 = 077Y), (0" = 0°) = 90(601),6° =0, (4.113)

0" —0~1 is the elapsed time between the switching times 6, §~! to the next iteration
and n is the index number of the last switching before the instant . By the continuity
of geodesic flows {¢;,1 < i < o0}, ¢ is a continuous map on [0,w). In the notation
of topological dynamics, and in particular Lasalle Theory (see e.g. [20,60]), the limit

set of the initial state z° is denoted as Q(g°), where

y € Qg% = F,,n>1, st limueg(f,) =1,

(4.114)

when lim,, o (0,) = w. Note the sequence {6,} is in general distinct from {6"}.

H1: There exists 0 < b < oo such that the associated sublevel set N, = {g €
M; wv(g) < b}is (i) open (ii) connected, (iii) contains a strict local minimum g, which
is the only local minimum in N, (iv) N, has compact closure and (v) N, C N.

Without loss of generality, we assume N, C N, for some € > 0, then by

selecting ¢" € N,, C N,_. C N, we prove w = oo by the following lemma:

LEMMA 4.8. For an initial state ¢° € N,,, the existence interval of the flow

defined in (4.112) goes to oc.

PrROOF. By H1 we have N, C N .. Choose 0 < 6 < ¢ then if 0 is not a
switching time by the construction of ¢, i.e. (4.111)

v(p(6',9") < v(p(6,9") < v(g") < b—e < b, (4.115)
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We need to prove the statement above when 6 is a switching time. The derivative
from the right of the flow ¢ which is the combination of the flows defined in (4.110)
at the switching state ¢* is given by

dv(g*(0))

o lo—o = {dv,~TLpTL,1 Vo)

= —<T*Lgkd'U, TLgk—l VU>

= —I(TL,1Vv,TL,-1Vv) <0,

(4.116)
It follows by the construction of ¢ in 4.112, for all 0 < 6 < ¢, that
v(e(8', ) < o(p(6,9°) <v(g’) <b—e<b, (4.117)
and hence for @+ := {(6,¢°);0 < 0 < w}
o+t C Ny . C N (4.118)

So the flow ¢ is defined everywhere in NV,_., where N, has compact closure. Hence
for all g € N}_. we have an extension of ¢ in N, therefore the maximum interval of

existence of ¢(., ¢°) in N} is infinite. O

THEOREM 4.5. Subject to the hypothesis H1 on Ny, and with an initial state g°
such that ¢° € Ny_. C M, 0 < € < b, either the Geodesic-Gradient flow, @, reaches

an equilibrium after a finite number of switchings, or it satisfies
0(0,9°) = Q") Cvl(e), ceR, (4.119)

as 0 — oo, for some ¢ € R, where

d
vy € Q(g"), 1;(0;;) =0 = 0, (4.120)
and, furthermore, the switching sequence {g}5° = {g° g',--- .} converges to the limit

point g, € Q(g°) C Ny, where g, is the unique element of N such that V,v(g.) = 0.
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PRrROOF. The first statement of the theorem is immediate by Definition 4.4. To
prove the second statement, similar to the proof of the Lasalle Theorem, we proceed
by showing that v(.) is constant on the set Q(z°). The precompactness of ®* ((i):
&+ C N, (ii): there does not exist §; — w,i — 0o, such that p(6;, ¢°) — ON, i.e.
O+ N ON, = @), imply Q(g°) # @, see [20]. By the definition of Q(g°) we have

Vy € Q¢") = 0,,n>1, st,  ©0,4¢") =y, 0,— oo, (4.121)
and since v(.) € C*,

iy —500v(9(0,)) = limy, oo (0(0n, ¢°)) = v(y) =: c.
(4.122)

Now choose y* € Q(g°), 3" # y, then by the existence of a convergent sequence g(6,)

to y we have

Ve>0= In,n,k st 0, <0, <0

’

¢ =€ <v(g(fnir)) <v(g(b,,)) <v(g(fn)) <c+e

(4.123)

i.e. v(y) = ¢, hence Q(2°) C v=!(c). To prove stationarity, i.e. (4.120), we observe

that Q(z°) is positive invariant under the flow ¢, i.e.
p(0,Q(4°) € Q¢%), 6>0. (4.124)

This follows from the continuity of ¢(.,.), see [20]. Differentiability from the right
for all g € (0, 4°),0 < 0, implies

@| o v(p(8,y)) —v(v(0,y))
=0 1Moo+ 0

do

= limeam% =0, yé€ Q(go),

(4.125)
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since ©(0,y) € Q(g°) by (4.124) and v(2(g°)) = ¢ by (4.123).

It remains to prove the statement for the sequence of the switching states {g}&° =
{¢°,g",---}. The switching sequence {g}° consists of the switching points on (6, g°)
which by (4.110) is an infinite sequence.

The precompactness of @+ with respect to N, implies the existence of a convergent

subsequence of {g}5° such that

limiseop(07, 6°) = g* € Q(g°), g") C DT C Np_e.

(4.126)
Since v € C®(N,)
limi o Vo(p(07, 9°)) = Vu(g"), (4.127)
and
. dv(p(0r, ¢° dv(g*
lzmi_mo%b:o = a(lg )\920- (4.128)

But since the state p (07, ¢°)) is a switching state chosen from the switching sequence

{9}8°,

dv(e(07, 9°))

|9:0 = —I(TLSD(@n’gO)flVU, TLgp(gn’goerv),
de ’ !

(4.129)
As is stated in (4.126), the limit point ¢g* is an element of the limit set £(g°), therefore
by (4.125) we have

dv(g*)
do

lg—o = 0. (4.130)

From (4.127)-(4.129) we have

dv(z* , dv(p(07, z°
0 = 59 )|0:0 = lzmi—wo%b()
= limioo (= (T Lyop g0)-1 VU, T Lyy(gr goy-1 Vv)). (4.131)

98



4.4.5 EXP-GRADIENT HMP ALGORITHM

Hence
Vu(g*) =0, (4.132)
or equivalently

dv

g =0 (4.133)

But by H1,g, is the unique point in N,_. C N, for which this holds, hence all

subsequences of {g}g° converge to g, = ¢* an hence so does the sequence. 0

DEFINITION 4.5. (Conceptual EG-HMP Algorithm)
Consider the hybrid system (4.29) with two phases and the performance function v(.).
Generate the Ezp-Gradient flow, (4.110)-(4.112), on G with Vv(g), g € M,
evaluated by (4.109).
Stopping rule: for a given 0 < f3, if I(TLgkfl Vo, TL - V) < B stop. O

THEOREM 1. Assume HI1 holds for N, C G, for the HOCP with the perfor-
mance function v(.), then the EG-HMP with data (G,v, () halts at g*®(B), where
either g*®)(B) is a finite equilibrium point of the Geodesic-Gradient flow, and hence
Vu(g*®(B)) = 0 and g"®)(B) = g., where g, is the unique point of Ni, C G such that
IVu(g.)|| = 0, or g*®(B) is such that

gk(ﬁ)(ﬂ) — gs, k(B) =00, as [ —0. (4.134)

PRrROOF. The first statement is immediate by Definition 4.5. The second holds

since v(.) has a unique local minimum at g,, and v(.) € C*(N;) with Vu(g.) = 0,

pa(gs) + = sup {da(g, 9.); (T Ly Vv, TL,1Vv) < B,z € G},

(4.135)

where d(.,.) is the geodesic distance on G, is such that ps(g.) — 0 as § — 0, hence
" (B) = g., as B —0. O
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4.6. Satellite Example

In this section we give a conceptual example on SO(3) to clarify the notion of
left invariant hybrid systems optimal control.

As known SO(3) is the rotation group in R® which is given by
SO(3) = {g € GL(3)| g.9" =1, det(g) = 1}, (4.136)

where GL(n) is the set of nonsingular n x n matrices. The Lie algebra of SO(3) which
is denoted by so(3) is given by (see [82])

so(3)={X e MB) X+X"=0}, (4.137)

where M (n) is the space of all nxn matrices. The Lie group operation * is given by the
matrix multiplication and consequently T'L,, is also given by the matrix multiplication
@X, X eT,G.

A left invariant dynamical system on SO(3) is given by

g(t) =9X, ¢(0)=go, X € so(3). (4.138)
The Lie algebra bilinear operator is defined as the commuter of matrices, i.e.

(X,Y]=XY -YX, XY €so3). (4.139)
The kinematic equations expressing the state trajectory g(.) for a satellite is given by

(1) = g(OX(X), X(0) + 171 (X(1) x IX (1) = I"'7(t),

g(t) € SO(3), X (t) € so(3), (4.140)
where © : s0(3) — R? is an isomorphism, T is the inertia tensor and 7(¢) € R? is the
input torque. For more details of the modelling above see [19], Page 281. The second

part of (4.140) is the controlled Euler-Poincare equation and (4.140) is the geodesic

equation on G in the presence of external forces, see [5,19].
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A controlled left invariant system on SO(3) is defined as
0 U1 (t) us (t)

9B =9 [ —wm() 0 w(t) |,
—Ug(t) —Ug(t) 0

g(t) € SO(3), (u1, ug,u3) € R>. (4.141)
0 1 0 0 0 0
The Lie algebra so(3) isspannedbye; = | —1 0 0 |,ea=| 0 0 1 €3 =
0 0 0 0 -1 0
0 0 1
0 0 O |. Onecan check that
-1 0 0
[61,62] = €3, [61,63] = —€9, [62,63] = €1. (4142)

By the controllability results presented in [38] since all the Lie algebras generated by
(e1,€3), (e2,e3), (e1,e3) span the tangent space of the Lie group then all the systems
derived by each pair of controls are controllable. Here we define a hybrid system on

SO(3) as follows: The continuous dynamics are given by

a®) =g | —u@t) 0 wu(t) |. tE[tots)

G(t) =) | —w@) 0 0 Lt € [ty ]
g1(t), g2(t) € SO(3), (uy, uz,u3) € R?, (4.143)
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ui(t) + uj(t)dt.
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(4.144)
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The Hamiltonians corresponding to the left invariant dynamics are

1
Hy(A\ ug,u) = (N ure; + uges) + é(uf +ul), (4.145)

1
HQ()\, Uy, U3) = <)\, ue; + U3€3> + §(U% + ug), (4146)
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where A = A\jef + A€ + Agel and (e}, e;) = 6;;, i,j = 1,2,3. By the Minimum

Principle, the optimal controls are obtained as

Ui(t) = _)‘l(t)vu;(t> = _)‘2(t>7 te {t(bts)? (4147>

W) = =M (), wi(t) = —Ns(t), t€ [t tg]. (4.148)

We can put the elements X € £ into one to one correspondence with the vectors in R?
via the unique coefficients of the linear expansion of any X in terms of ¢;, ¢ = 1,2, 3,

ie.
3
X = Z Q€4 X = (0417 a2, Cl/g), (4149)
=1

which yields in particular e; — e; € R3, i=1,2,3.
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Using the identification above and by (4.142) we can identify the ad operators as

3 x 3 matrices as follows:

00 0 00 1
ade, =| 0 0 —1 |,ad,=10 0 0 [, (4.150)
01 0 -1 0 0
0—-1 0
ade; =1 1 0 0 |, (4.151)
000
where for example
000 0 0
ade,(e2) =1 0 0 —1 | x| 1 |=]0 [=es. (4.152)
01 0 0 1

We note that (4.152) and related expressions display the correspondence between the
operators ad,, and rotations around the ith axis in R® i =1,2,3.

Equations (4.145) and (4.146) together imply
0H,

H
W = ue1 + U2€9, 8_)\2 = ue1 + Us€s, (4153)
therefore
0 0 U9 0 — us 0
adom, = uwjade, +usade, = | 0 0 —wy |,adom, = | us 0 —uy |- (4.154)
O O
—uy u; O 0 uw; O
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Hence the differential equations corresponding to the adjoint variable A\ are given by
Au(t) = As(t)us (),

Aa(t) = =As(t)ui(t),

As(t) = =Aa(t)us(t) + Ao(t)ui(t),  t € [to, 1),

(4.155)
A(t) = —Aa(t)us(?),
Aa(t) = M()uz(t) — As(t)uy(2),
Ns(t) = Aa(B)ui(t), ¢ € [t ty].

(4.156)

DEFINITION 4.6. For a finite dimensional Lie algebra so(3), we define the Killing

Form B as

B(X,Y) =tr(adxady), X,Y € so(3). (4.157)

The Killing Form is invariant in the sense that
B([X,Y],Z) = B(X,[Y, Z]). (4.158)
Now corresponding to B we introduce an inner product Iz on so(3) as
I5(X,Y) = —tr(adxady). (4.159)

Lemma 4.2 implies that B induces a left invariant metric on G. By (4.150)-(4.151)

we have

Ig=10 2 0 (4.160)
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By the realization above, T*L,dv = A\e] + Agel + Azel € so*(3) implies that

TLy1Vv = %61 + %62 + %63 € so(3). (4.161)
0 0 1
The algorithm initiates from ¢ty = 0, t; = 10, go = |0 -1 0 |, ts = 5.8s
1 0 0
0 1 0 1 0 0
and gs = | =1 0 0 and gy = 0O 1 0 . The algorithm converges to
0 0 1 0 0 1

0.3039  0.9574 —0.1194
gs = | —0.3688 0.1508 —0.9165 | and t5; = 5.9733. The state trajectory and

—0.8604  0.3156  0.3988
adjoint variables are shown in Figures 4.1-4.4 and Figure 4.5 shows the convergence

of the Exp-HMP algorithm.
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5.5.1 PROBLEM FORMULATION

CHAPTER 5

The Geometry and Deformation of

Switching Manifolds

5.1. Problem Formulation

The hypotheses of Theorem 2.1 restrict attention to hybrid systems without con-
trolled discrete state switchings, that is to say, switching occurs if and only if the
state trajectory meets a switching manifold.

Now let us consider switching manifolds as structures defined by time and state
variables, as in the definition of N' = M, and in addition, depending upon a parameter
a € R™. Such a definition gives us the ability to parametrize families of manifold
configurations by changing «. It is assumed that any local equation description of
M, generically denoted by m(z,t, «) is such that m(z,t,a),z € R",t € R,a € R™,
depends C?-smoothly on its arguments. Similar to the method in [66], the optimal
cost variation is obtained here by perturbing the manifold parameter around the

nominal parameter. First consider the nominal manifold described locally by

mpq(z,t,a) =0, z€ R acR" pqgeq (5.1)

109



CHAPTER 5. THE GEOMETRY AND DEFORMATION OF SWITCHING MANIFOLDS

and the perturbed family by
mpq(z,t,8) =0, z€R", [eN(a)CR™, (5.2)

where AN (a) is an open neighbourhood of a. Changes in the nominal switching
manifold will generally result in deviations of the nominal hitting time and state of
the optimal trajectory on the switching manifold from those of the nominal manifold.
In this setting, the motivating problem of this work is to find values of a which

infimize the total a dependent value function
infoermV (to,ty, ho, ), € R", a0 € R™, (5.3)
where

V(to, tr, ho, ) = inzg J(to,ts, ho,u, @),
(<

(5.4)

which J (o, s, ho, u, &) denotes the cost function corresponding to the switching man-
ifold with parameter a.

AO: It is assumed that the discrete states (0g,01) along the associated optimal tra-
jectories do not depend upon « as a varies in R™. It is further assumed that the

minimizing values (z(.), u®(.),t*), where ¢*, for (3.4) is unique. O

5.2. Definition of the Sensitivity Function

In this section we formulate the differentials of the state and adjoint variables with
respect to the switching time. Here for both the nominal and perturbed manifolds,
the controls are taken to be optimal. Let us write 2%(.), 2°(.) for the optimal state
trajectories corresponding to the nominal and perturbed parameters respectively, and

let u®(.),u”(.) be the associated optimal controls, i.e.
u®(.) = ArgmingeyJ (to, tr, ho, u, @). (5.5)
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and similarly for u”(.). Define the state and adjoint variables variations for the

nominal and perturbed manifold parameters as:

vt = tim "0 e (5.6)
z(t) = 5}}}30 5:;;?, t €0,tf] (5.7)

where
So(t) = 2P (t) — (1), ONt) :== No(t) = N(t), o6t :=1° — 1™ (5.8)

OJ
We note that in the definition above §t* — 0 does not necessarily imply 5 — a. The

following result deals with the restricted single switching case.

THEOREM b5.1. Under the standing assumption, A0, and the hypotheses of The-

orem 2.1, consider a hybrid system possessing two modes:

jﬁ'l = f1<£[}1(t),ul(t)), t e [O,ta]. (59)

Ty = f2(x2(t)vu2(t))v te (ta’tf]v (510)

and for which the cost function is defined as
ty

J(O,tf,ho,u,a):/o ll(acl(t),ul(t))dt—f—/t lo(wo(t), ua(t))dt + h(z(ty))

@

(5.11)

where t“ is the switching time which is assumed to be unique.
Let the switching manifold be locally defined by m(x,t,a) = 0,z € R", o« € R™;
then for the nominal manifold parameter «, the optimal state and adjoint variable

variations with respect to the switching time are given by
t
)= [ Fraly(r). 20 teo.e) (5.12)
0
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a

y(t) = /0 Fiexn(y(r), 2(7))dr + Ry +/t Fo@n(y(r), 2(1))dr, te [t ty],

(5.13)
and by
A0 =gt [ (2 Ddr [ H (), 2
g ) + VIS e 4 e, g 0))
op*Vm(x*,t*) , _ | OH1 |, o/ on varia
S () = G ) A )
Op*Vom(z®,t*), o OHy, . v o 0
P ) - ). 05()
+8pav"’fgz£$a’ta), te[0,t%), (5.14)
) = [ 00) 20+ et te i)
(5.15)
where p* is the adjoint variable discontinuity parameter and
Ry = fi(@®(%), AT (7)) — f2(a*(%), A3 (£7)), (5.16)
Fl(x)\) (y(t)v Z(t)) - v(z,)\)fl(xa(ta)7 /\?<ta))'[y(t)v Z(t>]T7 (517)
Hloy (e, A) = (1) X(1%) — 20 (1%), A1), (5.18)

70 (00),2(00) = 22 o) 3 0) o), =), =12 (5.19)

PROOF. See Appendix B O
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5.3. Sensitivity of the Optimal Cost Functions

This section connects the previous formulation of z(.),y(.) to the variation of
the optimal hybrid cost (i.e. value function) with respect to manifold parameter
variation. Using (5.4) we define the new function V in order to study the variation

of value function; we set

V(t,to,tf, he) := mfueu(/o l1(z(s),u(s))ds + /t ' lo(z(s), u(s))ds + h(z(ty)),
(5.20)

where t denotes the switching time from discrete state ¢ = 1 to ¢ = 2, but z(¢) is not
assumed to lie on m(.,.,a) = 0. By the uniqueness assumption on the minimizing ¢*

in AO, the switching time t* is
t = t(a) = Argminoci<i, (V(t,to,tr, ho);  x(t) € mpyg(a,t, @), (5.21)

where in this chapter #(.) is assumed to be C' with respect to a. Then the value

function corresponding to the manifold parameter « is
V(to,tr, ho,a) = V(t,to, s, ho)limse- (5.22)
So

V(t0>tf>h07a):/0 l1($a(t)»ua(t))dt+/tflz(ﬂf”‘(t)vua(t))d“rh(fca(tf)),

@

(5.23)

and similarly for the manifold parameter 5. Then we have the expression (5.24) below

based on y(.), z(.) for the optimal cost variation.

THEOREM 5.2 ( [71]). Subject to AO and the hypotheses of Theorem 2.1, the

optimal cost variation with respect to the switching time, t* of the hybrid system
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(2.3)

Tl = [ e O 00 + G 0.3 @)=

H(L (1), A% (7)) = L (2% (8%), A% (2)))

taf %((Ia(t), A () y(t) + %((w“(t% A%(t))z(t)dt
+%y(tf), (5.24)

where L;(x*(.),\*(.)),i = 1,2, is expressed as a function of optimal adjoint process

A2 ().

PROOF. The proof parallels the proof of Theorem 5.1 by extending the hybrid

cost function along the nominal trajectory z. 0

We may now compute the optimal cost variation as a function of the switching
manifold parameter. The first step is to apply the chain rule to the value function

variation to obtain (see [71])

ov. oV ot
= | (5.25)
Oa Ot Oa

where %_‘t/’t:ta is the optimal cost derivative with respect to the switching time as
presented in (5.24) and the second term is the switching time derivative with respect

to the manifold parameter o. Taking derivatives of the nominal manifold equation

with respect to the manifold parameter «, we have

om(z,a,t*) dx ot*  Om(x,a,t%) Ot*  Om(z, o, t*)

or o oa o da’ oa (5:26)
So

ot*  om(r,a,t*) dr  Om(x,a,t*) _ Om(x, o, t%)

0= et e ) da (527)
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om(z,a,t*) oz + om(z,0,t%)

1 5ia— ) is non zero and it is shown

subject to the assumption that (
that

ox

S =) + Ala(t), u(t), 01 <ty (5.28)

We conclude that the value function variation with respect to the manifold parameter

perturbation is computable via (5.24),(5.25),(5.26),(5.27) and (5.28).

5.4. Example

Here we present an example in order to illustrate the results above. In the case
below, since analytic solutions are not available, the optimal switching time and state
for the nominal o are obtained numerically via the HMPC algorithm [66]. Consider

the hybrid system with two modes given by:

#(t) = z(t) +u(t),  te[0,t%), (5.29)

(t) = —x(t) + u(t), t € [t*, 2], (5.30)
where the switching manifold is the following time varying structure:
m(z(t),a,t) =z —t—a=0, tel0,2] (5.31)
The cost function for the hybrid system is chosen to be

I 1 [?
J(0,2, ho,u) = 5/ uz(t)dt+§/ u?(t)dt, (5.32)
0 t

where L = 1 and hg = (0,1). Let us define the corresponding Hamiltonian function

in the first discrete state to be
Hy(x(1), u(®). M) = S0 + M) +m(®), ). (5.39)
The optimal control is then given as the minimizer of the Hamiltonian function:
u*(t) = Argmingey H(2*(t), \*(t),u), t€[0,t%), (5.34)
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and we get the following equation relating the optimal control and optimal adjoint

process
ui(t) + Aj(t) =0, tel0,t%). (5.35)
The optimal state and optimal adjoint differential equations are

a1 (t) = 23 (t) — N\ (1), t €10,t%), (5.36)

Xi(t) = =Xi(t),  te[0,tY). (5.37)
In the second discrete state the Hamiltonian function is
1
Hy(z(t), u(t), A(t)) = 5ug(t) + Ao (t)(—2a(t) +ua(t)),  tet*,2.  (5.38)

As in the first discrete state the optimal control is derived by minimizing the Hamil-

tonian function, giving
us(t) + A5(t) =0, te[t?, 2], (5.39)
and the optimal state and adjoint differential equations are then

z*o(t) = —xh(t) — N3(1), t et 2], (5.40)

Xo(t) = A5(t),  te 2. (5.41)

By taking derivative of y(.) and z(.), given by Theorem 5.1, with resect to time

we obtain

§(t) = y(t) — =(0), te 0,1, (5.42)

y(t) = —y(t) — 2(t), t et 2], (5.43)
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FiGure 5.2. Optimal Cost as a Function of Manifold Parameter

2(t) = —z(t), t €10,t%), (5.44)
Z(t) = =(t), t e[t 2], (5.45)
y(0) =y(2) = 0. (5.46)
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F1GURE 5.4. Optimal Cost Derivative versus Manifold Parameter

For this numerical example we consider z(0) = 1,2(2) = 0; then for « = 0, for

instance, the HMP algorithm [66] yields the optimal switching time and state values
t* =0.834, z%=0.834, (5.47)

and the value function at « = 0 is
V (0,2, hy,0) = 0.5624. (5.48)
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The adjoint variables for the first and second system phases at the switching time are

as follows:
A1(t*) = 0.6825,  A\(t*) = 0.1796 (5.49)
And furthermore

OpRVm(a®, %) ey % (2°(t)) = 6.4830.10~,

O\

apwgg’;ixa’ta) (%) — %(w“(t“)) 13744, (5.50)
ap?vxgvfa’ta)(y(ta) + (%), AS(E%))) = 1.015T. (5.51)

The boundary conditions are respectively:
y(0) = y(2) =0, (5.52)
y~ (t%) =y (t*) — 1.1657, (5.53)

and

0.999427 (1) = 2.374421 (t*) + 1.0157y~ (t*) + 1.2624. (5.54)

The final solution for the state and adjoint variation function are

—t t

y(t) = 0.9989% - . t e [0,.834), (5.55)
and
y(t) = 0.2327e 083 — 0,025(e! O — o708, t €[0.834,2].
(5.56)
with
z(t) = 0.9989¢ 7", te[0,.834), (5.57)
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2(t) = 0.05e! 70834 t € [.834,2]. (5.58)

The state and adjoint variables variations have been computed so far with respect to
the switching time variation. This is motivated by the simplicity of the use of the
chain rule in (5.25) for the computation of g—‘a/. The optimal cost variation based on

the switching time variation is then given by

%—th:ta _ /0 A(7)z(T)dT + /0 .834/\(7)2(7')(17'—0—%()\2(0.834)—/\1(0.834))

0.834
— / 1.5715 x 0.9989¢~2"dr
0

2
+ / 0.1796 x 0.05¢27=839dr + 0.2168, (5.59)
0.834

where t* = 0.834 and 1 (z(t),u(t)) = su*(t) =
2A3(t). Now

[

ot ox
= (1= =yt
O ( 875“) ’

where

% =y(t*) + fi(z*, A¥) = —.9331 + .834 — .6825 = —0.7816. (5.61)
So we see that at o = 0, ‘g—‘; can be easily computed and so it is plausible that starting
from an initial nominal value for o one could find the optimal a by a gradient method.
In Figure 5.1 the optimal cost function is displayed as a function of the switching time
t*. In this example we vary a between 0 to 0.5 and the optimal cost is then obtained
as a function of the manifold parameter.

Figure 5.2 shows the optimal cost plotted against the manifold parameter «, while
Figure 5.3 displays the optimal cost variation (i.e. derivative) displayed as a function
of the switching time t*. In Figure 5.4 the optimal cost variation (i.e. derivative)
as a function of the manifold parameter « is shown. In both Figures 5.3 and 5.4

numerical results obtained from both the method above and by direct calculation

are indicated by the solid and dashed lines respectively. The close approximation of

120
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each curve by the other corroborates the theory presented in this chapter. As Figure
5.2 indicates the optimal hybrid value function is attained on the boundary of the
manifold parameter set, i.e. @ = 0.5. In general a local optimal manifold parameter

o’ satisfies at least one of the following conditions:

ov o o om o oy
%(as(t(a ), t(a’)) =0, 0r %(x(t(a ), t(a?)) = 0. (5.62)

5.5. Geometrical Representation of Switching Manifolds and
Optimality

5.5.1. Geometrical Preliminaries. As stated in the literature, for a hybrid
system with state space R""!, time invariant switching manifolds are defined as n di-
mensional surfaces. Considering hybrid trajectories in state xtime space, time variant
and time invariant switching manifolds are both defined as n+ 1 dimensional surfaces
in R"™2 see e.g. [65]. Based on the discussion above, we define an n dimensional
smooth differentiable manifold M as a surface for which the local coordinate chart
and the associated neighbourhood will be generically defined by (¢, V') , where ¢ is

a local homeomorphism, see [14,40].
0:VyCM—=R" z=¢ ' :Up CR"— MC R"", (5.63)

where Vj; and Ug» are open sets in M and R" respectively. The definition above is

helpful as we mostly work with = instead of ¢. The tangent space T, M, at x € M, is

then represented as a linear space spanned by the vectors [2%, i =1,...,n], see [40].

Using the same notation as in [40], by the assumption of differentiability of z, the

fundamental forms of the switching manifold in the local coordinates are defined as:

Oor Oz o
9ij = <%7 %)7 1] = 17 w1 (564)
0%x ON Ox

=N g = Vo gur”

,j=1,..,n. (5.65)
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where (.,.) is the inner product in R"*, g and h are the first and second fundamental
forms and N is the unit length normal vector, [40]. By reversing the direction of the
definition above, equation (5.64) can be interpreted as the Riemannian metric defined
for general Riemannian manifolds, that is to say, manifolds which are not necessarily
embedded in Euclidean space, [40]). Let Y be a differentiable vector field, defined on
an open set of "' and let X be a fixed directional vector at some fixed point p of
this open set. Then the directional derivative of the vector field Y in the direction X

is defined as
1
DxY|, =lm—-(Y(p+tX)—-Y(p). (5.66)
t—0 t

Here the vector fields X,Y are not necessarily tangential to the manifold and are
defined as X,Y € T,(R""') = R"". Moreover, in the special case where X,Y €
T, M, the directional derivative is itself not necessarily tangential to the manifold; to
be specific the tangential derivative on the manifold, i.e. the covariant derivative of
Y in the X direction, is defined to be the tangential component of the directional

derivative defined above. Then the covariant derivative has the following definition
VxY :=DxY — (DxY,N)N. (5.67)

The last term above is the normal component of the directional derivative which is
subtracted from the total vector, DxY. Now we briefly introduce the Christoffel
symbols (see [14,40]). Consider a tangential vector field Y as

Y = Z W ax] (5.68)

ox

oz’ 18

The covariant derivative of Y in direction X, where X = >"" ¢

VY = Zg’ ZVaz W 8:10] (5.69)
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Based on the tangential property of the covariant derivative which is given by (5.67),

we define
Ox x 0T
and
or Ox

where I';; , and Ffj are called first and second kind of the Christoffel symbols, see [40].

Using the notation above we get:
Lok = > T7 Gk (5.72)
m=1

Hence (see [40])

VY =) &

ik=1

i

ont < ik 0T
o T ]Zln L) o (5.73)

5.5.1.1. Necessary Conditions for Optimality.  Here in this subsection we repre-
sent the results presented in [80] and formulate the necessary conditions of optimality
of autonomous hybrid systems consisting of two modes associated with a time invari-

ant switching manifold. The hybrid value function is defined as follows:
U(%t) = mfueuJ(tmtf; ho;fftsat57u)|ts:t,zi5:x,$ts € M.

This formulation shows that the hybrid value function depends on the switching state
and switching time on the switching manifold M. The next lemma gives necessary

conditions for optimality of HSOC problems.

LEMMA 5.1. Let (z(ts),ts) = (x(t2),12) be the optimal switching state and time
subject to the hypotheses for the HSOC problem and the hypotheses of Theorem 5.1,

then (z(ts),ts) satisfies the local stationarity conditions.

ov(x,t
%kxusm) =0, (5.74)
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Ve (2, )] (b)) L Te ) M, (5.75)

where Ty, )M is the tangent space at the switching state on the manifold M.

PrOOF. By the Principle of Optimality we know that the variation of the value

function around the optimal time state pair must be positive therefore

v(z,t) —v(x(ts), ts) >0, x € Byuy(n),t € (ts —€,ts +€),

(5.76)

where B, ,)(n) is defined by the induced topology on the manifold m(z) = 0. The
value function variation is written as the summation of variations around the optimal
switching time and the optimal state. The point here is that the state variation must

be defined with respect to the switching manifold, then:

v(z,t) —v(x(ts), ts) = Vu(z(ts), ts).(x — z(ts))
ov(zx,t)
ot

|(e(t0),4)0t + 0(02) +0(6t) >0, (5.77)

Fixing x = z(t5) and varying ¢ we have

ov(x,t
(8t )|(x(ts),ts) = 0. (5.78)

Setting t = t, i.e. ot = 0, (5.77) yields V,v(z(t,),ts) 0 = >0, oy 2oltadta) >

ox; -

Vi) € Tyu,ym(x) which completes the proof since 1, =) € Ty, ym(x). d

It should be noted that switching manifolds in this chapter are considered time
invariant and we can see very close similarities between (5.75) and (3.1). The next

lemma presents the relation between these equations.

LEMMA 5.2 ([1,72]). For the HSOC problem defined in Theorem 5.1 the following

relations hold:

Ov(x,t)

ot (@it = Hi(ty) — Halts), (5.79)
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Voo(z(ty), 1) = Aa(ts) — Mi(£D). (5.80)

O

The results of Lemma 5.1 and the chain rule imply

dv(z°,t°) o or OT
Tow )

) = 0. (5.81)

The following theorem is a generalization of a theorem which appeared in [80].

THEOREM 5.3. At the optimal switching state x° and optimal switching time t°

we have

o 0aT 0Pu(a0,t°) O LT oz
= Mori T 922 oxk | loaF
oxT 9?v(z°,t°) Oz Ox

Maxk oxr?  Oxt + W

(5.82)

where T;, T, € T, M and p s the discontinuity parameter appearing in the adjoint

process boundary condition at the switching time, i.e. Ay — N] = u 'N(x°), see

/58, 66].

PrOOF. Applying Lemma 5.1 we have
Vou(2°,t°) = p~'N(2°), peR. (5.83)

Since the normal vector N(z) is unit length we have

d
dxt

(NT(2).N(x)) = N¥(2).Nyi(z) + NL(z).N(x) =0, i=1,..n, (5.84)
where

N,i(z) = lim A , i=1,..n. (5.85)

NT(z).== =0, i=1,..n. (5.86)
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The derivative of the last equation with respect to x* implies

Ox Oz 0*x o
(N,i(x), @> = Ng(x)% = —NT(x).aIixj =—H;, i,j=1,.n. (5.87)

perturbing z* to 2 + dz* gives V,v(z° + dz,1°) in the new coordinate z° + dz. Since
by the assumed uniqueness of the optimal trajectory the new switching state is not
optimal, the perturbed vector is not necessarily normal to the switching manifold .

The normal vector at 2° + dx is estimated as follows:

N(2°+62°) = (p+ 6p) Vou(a® + 02,1%) + 61Pyi, 6yi € Thoyspo M

(5.88)
hence
N = lim (u+ op)Vav(z® + b, t )4+ )y — pV (20, t )7
6zt —0 oxt
(5.89)
where 01, € Thoy5.iM, 1=1,...,n.
Finally, (5.87) together with (5.89) yield
o on OT NMr _, o on OT Ox
where
L
T, = a}ilino S 0T 1,...,n. (5.91)
The optimality of (z°,t°), i.e (5.75), yields
va(xo,to).% =0, k=1,..n, (5.92)
and hence
oMz _, o Lov O Oz
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which proves the theorem statement. By changing the role of 7 and k£ and symmetrical
properties of the Hessian matrix and second fundamental forms, the second statement

is proved. O

PROPOSITION 1. In the local coordinates of the optimal switching state x° we
have

oz v(x°,t°) dx  9%v(a°,t°)
drt  Ox2  OxF  Oxidxk

—p tHy, i, k=1,..,n. (5.94)

PRroor. In the local coordinates of x° we have

ov(z,t°)  Ov(z,t°)t Ox

or ~ or  on (5:95)

taking derivative with respect to 2* we obtain

OPv(z,t°) 9 ,0v(x,1°) , Ox ov(z, o) 0%z
oxidzk 8:}6’“( Ox ) or? *+ ox )8xix’f' (5.96)
where we have
9 ,0v(x’t°) p 0w 9%v(x°,t°)

(%k( or ) = <8xk) ox? (5:97)
(5.96),(5.99),(5.83) and (5.87) imply (5.94) and completes the proof. O

The vectors T;, T}, which appear in the statement of Theorem 5.3 are still un-
known and needed to be computed. The following lemma and theorem give us a
mathematical description of those vectors in a specific coordinate (coordinates of the
sensitivity function of the value function) system around the optimal switching state.

LEMMA 5.3. The local components of the vector T; = Z?th 9z j=1,..nin

15 9l

Theorem 5.3 satisfy

o'
tij = —hy g BI= 1,...n, (5.98)

where 1 = [n',...,n"] is the tangential local representation of the sensitivity function

of the value function with respect to the switching state at the optimal switching state.
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PROOF. As shown in the proof of Theorem 5.3, T; € T,. M,
1 =1,...,n, then by the symmetryl properties of the Hessian matrix, the definition of

the second fundamental forms H;; and (5.93) we have

ox ox ox ox

(T, 55) = Tig g =Thgs = (T, %>

- ik=1,..n. (5.99)
x

The sensitivity of the value function with respect to state x is defined in a neighbour-

hood of the optimal state x° with the following local representation:

a’U :U t Z’)’] a ; TH-lN (5100)

The derivative of (5.100) with respect to z* is

o) (81}(9:,750)) _ Q*v(z,t°) Ox
ozk* Oz - 022 O2b

J ) 2 n+1 N
Z Op O 5 0%y O i OV (5.101)

oxk 8xi 895] ok oxk ok

Based on the Gauss formula, see [40], we have

&Ejamk ZF]k ot T H N G k=1 (5.102)

Applying the inner product with g; (5.101) and using (5.102) it follows

0zt 0%v(z,t°) Ox o
ox' 8(x2 )axk B Z 8 o T erkglz T Hy. (5.103)
Jj=

Hence from (5.93) and (5.99) we have

ox
-1 -1 — n+1
= = T = JZ: o kgw +pf ZF]kgz, Hy, (5.104)
where
ox -
Tyos = ;tkjgz’j- (5.105)
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Using (5.105),(5.104) and the fact that at the optimal switching state 7 = [n', ...,n"] =

0 (tangential components of the sensitivity function), p=! = n"*! (Lemma 5.1) we
get

on’
The same argument evidently holds with ¢ replacing k in the statement. 0

It should be mentioned here that all the results above are valid only at the optimal
switching state which optimize (minimize) the hybrid value function on the switching
manifold. The following theorem gives the behaviour of the tangential component of
the value function sensitivity on a neighbourhood of the optimal state at the switching
manifold.

Ov(z,t°)

THEOREM 5.4. Consider a vector field Y = =52

on a neighbourhood of an
optimal switching state x° of the switching manifold, then there exist local coordinates,
a2t ..., a", in which the tangential components of the defined vector field satisfy the

following differential equations:

T
ik o Dk
@:G*T : : 7+ GT0,...,2,0,..,0/ k=1,...n
Ok yeeey Ly Uy eeey ) y ey Iy
Qn,l,k Qn,n,k
(5.107)
where
and
1 — -
Qi,j,k - 5 Z(Fikgl] + Fékgh); 1,7, k= 17 - N (5109>

=1

and [0, ..., 2,0, ..., 0] has 2 in the kth position.
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PROOF. Using the statement of Proposition 1 and (5.103) we have

0*v(z,t°)

_ 877 .
oziozk M 'Hiy = Z(a 7 9ij + 1 erkglz — " Hy,.

J=1

n+1

By Lemma 5.1 we have u=! = p and the symmetry properties of the second

fundamental form give H;, = Hj;, then

0*v(z,1°) 87]]
oriork —jz o7 kg@]—F?? erkgh (5.110)
By an application of the Morse Lemma, [50,52], and the positivity assumption of the
value function Hessian matrix, there exist a system of local coordinates around the
optimal state x° such that
0?v(x,t°)
CON ) 95, dik=1,...n. 5.111
oxtoz* S " ( )
where 6;; is the Kronecker delta. (5.110) and (5.111) together prove the theorem

statement. O

The coordinates in the Theorem 5.4 are the Morse coordinates which appear in
the Morse theory for critical points of a scalar function defined on a manifold [50,52].
One direct result of Theorem 5.4 is that if two value functions are minimized at the
same point x on a manifold and have the same Morse coordinates then they both
have same tangential components on the switching manifold. Combining the results

of Lemma 5.1, Theorem 5.4 and (5.110) we get:
tili=1,..n = —pG0,0,...,0,2;,0,,...,0]", i=1,..n. (5.112)

In order to compute the tangential vector 17 we apply a method similar to the state
transition matrix in the linear systems. The main point here is that we have n
different coordinate variations, consequently we propose the following method which

1 n

starts from the initial condition 0 and will finally attains the coordinates =", ..., ™ in

the neighbourhood of the optimal state z. Let us denote p(x!, ..., 2" z'(z), ..., x™(x))
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as the state transition matrix corresponding to the linear system described in Theorem
5.4. Starting from the optimal point we have [72]

n(z',0,...,0) = p(z*,0,...,0)7(0, ..., 0)

1

+/ ©(x,0,...,0,0,0,...,00G7 72,0, ...,0]" do,
0

1

= / o(2',0,...,0,0,0,...,00G"7[2,0, ...,0]" do, (5.113)
0

now applying the same method to the new initial condition 7j(x!,0, ...,0) we have

QO("E , L ,...,:En,:L“ 7,...,Un_1’0)77l(x17x2’”"un—170)

n

+/ o(at, 2?2t 2w e)GTT0, L, 2] do.
0

Remark: In this chapter the value function arguments are x, ¢t which are assumed
to be independent of the local representation of the switching manifold which is also
assumed to be time invariant and independent of the switching time t. Perturbing
the switching state x to x 4+ dx generally results in a change to the optimal switching
time t. Employing the hypotheses introduced in the first section, the switching state
x and switching time t are considered independently therefore the sensitivity formulas
derived before are valid as long as = and ¢ are treated independently. If the value
function is defined as the infimized cost with respect to the switching time for a given

state on the switching manifold by, i.e.

0(x) = infiep.iv(w, ), (5.114)
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then the sensitivity of ©(.) with respect to the switching state x is

do(x) _ ov(z,t) N ov(x,t) Ot

— 5.115
dx Ox ot oz’ ( )

where 0(z) = v(z,t(z)). At the optimal (z°,t°), we have % = 0 then
do(@?) _ 9v@™#) _ (5.116)

dzx ox

Henceforth the argument of Theorem 5.3 holds for ©(.). Finally, Theorem 5.4

statment holds for the value function o(.).

5.6. Local Variation of the Value Function

In this section we present a numerical method in order to compute the second
order derivative of the value function v(z,t) with respect to the coordinates z!, ..., z™.
As proved in Lemma 5.1, the sensitivity of the value function with respect to the state
variable is the discontinuity of the adjoint process at the switching time. Based on
a method in [66], the optimal state and adjoint process are solutions of a two point
boundary value problem which satisfy the boundary conditions at the final time and
on the switching manifold. Here in this chapter the hybrid problem is considered in
the context of the fixed end point optimal control therefore the total hybrid trajectory
is a sequence of solutions of two point boundary value problems between the switching
state pairs on switching manifolds, see [66].

By the controllability assumption of the hybrid system, we only perturb the ith
coordinate of the optimal switching state x° where the switching time is fixed. The
state and adjoint variable variations with respect to the corresponding perturbation

are defined similar to [71] as follows:

wrn . O0x(t) .
yi(t) —6}61}30 e i=1,..,n,tel0,t], (5.117)
. OA(D) ,
ol =1 - =1,.. A1
2 (t) 5x1i130 St ) ? ) >n7t € [07 tf]; (5 8)
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where y¥(t), 2F(t) satisfy the following differential equations:

(et

L _ 8fq X afq €T
gr(t) = 5w () + 5= (M), teftnt), (5.119)
aZHq x 82Hq x

() =

o 3x2 yl( ) - 8)\ax'zz (t)u te [tsflyts% (5120)

where H, is the Hamiltonian function in the time interval [ts_;,¢s). Since the final
state is given, the boundary conditions for (5.117) and (5.118) are given as follows:

_ Ox

= (5.121)

i (0) = yi(ty) =0, w7 (ts)

The following Lemma gives the second derivative of the value function evaluated at

optimal switching states on switching manifolds.
LEMMA 5.4. At an optimal switching state, the local Hessian matriz of the value
function of the hybrid system satisfies the following equations (i,k =1,...,n):

0*v(x,t)

W ygc(ts)(zlf@s) - Z}?(ts_)) + ,M_IHZ'k

= yr(t) (= (ts) — 27 (7)) + p~ Hy (5.122)
where (2§ (ts) — zp(t5)) is the discontinuity of the z solution of (5.119),(5.120).

PRrROOF. The chain rule in ordinary differentiation gives

O(alts) = Ma(ty)) _ 90(Aa(ts) — Mu(ty)) O

As given by Lemma 5.1, V,v(z°t5) = Aa(ts) — A1(t; ) hence
zT _, o,y Oz dx" O(Xa(ts) — Mi(ty))
W'V(LZ)U(I ’ts>‘8xk n (&'Ei A oxk )
_ (8IT)(5'(>\2(tS) — Al(ts_)))
Ok oz’ ’
and by the definition, y;(t) = 6;;? and z;(t) = aé\—éf), therefore
yi (b (25 (ts) — 2 (67)) = i () (27 (Es) — 27 (1)), (5.124)
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where together with Proposition 1, the lemma statement is proved. 0

COROLLARY 1. (1): If in (5.122) the positive Hessian Condition [8;;(52?] >

0,2,7 = 1,...,n, ([8;;(5;?)} > 0,4,j = 1,...,n) holds, the local stationary state x° is

locally (strictly locally) optimal on M.
(ii): The local optimality of x° € M implies (5.122) holds.

We observe that equation (5.122) gives the Hessian matrix in any given parametriza-

tion of the switching manifold at the optimal switching state.

5.7. Example

Consider a hybrid system consisting of two modes with the following dynamics:

1 0 1 0 1 1

S | =10 0 1 zo | F| 1 |u (5.125)
T3 1 0 0 T3 0
T 0 0 1 1 0

Sa 2 | =11 0 0 x |+ 1 |, (5.126)
T3 0 1 0 T3 1

for which the cost function and boundary conditions are defined as:

1 10
J = 5/ u?(t)dt, xo=1(0,0,0), wy=(41,3).
0

The simulation is performed with respect to the following switching manifold:
M = {(x1,79,73); a7+ 225 — w3 = 4}, (5.127)

By direct calculation we have

1 -2 0
H— (5.128)

- )

\/(1—1—41’%—1—161’%) 0 —4
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FIGURE 5.5. State Trajectory of Example 1

By applying the GG-HMP algorithm introduced in [77] to the example above,

the optimal switching time and state are computed as follows:
t? =6.1900s, 2°=[-1.1771,—-0.8307,—1.23420], pu = —27.8, (5.129)

where at z° we have

—0.4770 0
e = , (5.130)
0 —0.9539

(GG-HMP algorithm denotes the Geodesic-Gradient Hybrid Mazimum Principle
algorithm whose convergence properties are proven in [77]). The evolution of the
state trajectory in the example is shown in Figure 5.5 and the Hessian of the value

function at x° is obtained by direct calculation as

2.8235 —1.5010 0.7973
= | —1.4993 45418 —1.4824 |. (5.131)
0.7987 —1.4827 2.8875

D?v(x°,t°)
ox?
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Employing Theorem 5.3, Proposition 1 and the solution of (5.117,5.118) we get

T, = [16.0188,40.2344, —171.4023)], (5.132)
T, = [—155.4266,207.9389, —325.0340].
Inserting T3, T» and % in (5.82) we obtain
—0.4458 —0.0521 —0.4770 0
[H;] = = , (5.133)
0.0500 —1.0430 0 —0.9539

which (to two decimal places) is consistent with (5.130). The lack of symmetry in
(5.133) results from the lack of symmetry in (5.131) which is due to the level of

precision chosen in the numerical calculation.

5.8. Local Deformation of Switching Manifolds

In this section we analyze the deformation of switching manifolds with the ob-
jective of reducing the HOCP value function via changes in the design of the switch-
ing manifold configuration. This problem can be studied within the two different
frameworks of global or local deformations and both will be considered in this sub-
section. The question is how we can deform the switching manifold to reduce the
value function. This problem can be studied in two different classes of global or local
deformations.

In principle, the study of the global deformation of a switching manifold neces-
sitates a global parametrization for manifolds. As discussed in Section 5.1 and [71],
if we parametrize the manifold perturbation by a variable o we can proceed by a
gradient algorithm to find the optimal parameter a® which minimizes the value func-
tion. Here we assume that the nominal manifold is parametrized around the nominal
optimal switching state by z, and we search for a perturbation in the parametrization

space to reduce the value function. This perturbation is defined by the following
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formula:
zf(zt, . 2") = x(zth . 2") + eB(at . 2™, (5.134)
where
B(xt,...,2") € R™, Bat,...2") =0 V(a', ..., 2") & Ugn. (5.135)

One possible perturbation candidate is changing the switching manifold along the
normal direction of the switching manifold, therefore, the perturbed parametrization

is given as follows:
zé(zt, 2" = x(xt ™) +ef(xt 2" N (2 2™, (5.136)

The following lemma shows that by choosing small enough ¢ we can always find a

normal deformation to reduce the hybrid value function.

LEMMA 5.5. For a nominal parametrization x around the nominal optimal switch-
ing state x of a nominal switching manifold for a given HOCP such that A — A\~ =
pN # 0, there exists a parameter € and a function 6 by which the perturbation of the
nominal parametrization with
zé(zt, . 2") = x(zh, . 2") + e0(at, . a").N (2t ... 2™), resulls in a deformation of
the switching manifold which yields a decrease in the HOCP wvalue function for all
0,0<d <e.

PROOF. Here we give a proof in three dimensional Euclidean spaces. A proof
for general n dimensional Euclidean spaces can be obtained by the generalization
of the presented method. The switching manifold is defined in R® then the new

parametrization is given as
2¢(zt, 2%) = 2(at, 2?) + ef(z', 2%).N(2', 2?). (5.137)

Consider (z,t) as the nominal optimal state and time (for the simplicity in the nota-

tions we drop the superscript 0). Consequently the perturbed optimal switching state
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and switching time will be (z + 0z, t + 0t). Expanding the value function around the

nominal switching state, time implies

ov(x,t) N ov(x,t)

o Sx(e) o 5t(e) + O(0t%) + O(0z?).

v(x + dz(e),t + 0t(e)) = v(z,t) +

(5.138)

Lemma 5.1 gives v(z + dz, t + §t) = v(z, t) + Bv ) 53+ 0(5t) 4 o(6z) since 2L “ =0.
The new coordinates of the perturbed optlmal state is given as (x! + dz', 22 + dz?)
where dxr = z¢ — x is as follows:
br = a(z' + o2, 2 + 62%) — x(at, 2?)
= w(z" + 0zt 2 + 62%) + el(xt + 6t 2 + 62 )N (2" + 0zt 2% + 62%)
—z(zt, 2?)
= i (at, 2?0zt + 10 (2, 2%)02% + €l (2, 2*) N (2, 22) 52!
+e0,2(zt, 2*)N (2t %) 62
+e0(zt, 2*) Ny (2!, 22) 02t 4 e0(zh, 2*)Nyo (2!, 22)02” + ef(xt, 2*)N (2, 22)
+o(d2') + o(62?). (5.139)
By the first order optimality properties of the hybrid value function given in Lemma

5.1 and geometrical properties of the switching manifold we have

ov(x,t)

LM, @, @, N, Nw € ToM, (5.140)
xXr

where r,: = %,i =1,2.

Theorem 3.1 and Lemma 5.2 together imply

vz + 0z, t+6t) = vz, t)+ (A= X)) (0 (zh, 2*)N (2, 2?0z’

+el,2 (2, 2*)N (2, 2°)62* + ef(z', 2*) N (2!, 2%)).
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We shall choose the function € such that
Opr (v, 0%) = O (2, 2%) =0, 2° = z(2',2?). (5.141)
Since A — A\~ = pN(z',2%),p € R, therefore

v(x + 6z, t+6t) = v(x,t)+epd(zt, 2?)||N (2!, 2?)|?

= ov(z,t) +epd(zt, 2%). (5.142)

The statement of lemma is proved if we choose ||¢|| as small as (5.138) is valid and

sign of € as epf(z!, %) < 0. O

Remark: One important consequence of the previous lemma is that for all au-
tonomous hybrid control systems there exists a normal perturbation around the nom-
inal optimal point such as to reduce the hybrid value function unless p = 0, which is
an optimal controlled switching point of hybrid systems, see [80].

Subject to the smoothness constraints, the arbitrary class of functions generically
denoted 6 are chosen to be stationary with respect to epsilon (at the nominal optimal
state x). Such functions are usually referred to in differential geometry as bump

functions (at a given nominal point).

5.8.1. Simulation Results.  Here we consider a simple example in two di-
mensional Fuclidean space to confirm the existence of the normal deformation of
switching manifolds. Consider the hybrid system consisting of two phases with the

following dynamics:

i 10 x 1

Sy = e u, (5.143)
i’g 1 0 i) 0
i 0 1 x 0

S, = S e u, (5.144)
i 0 1 - 1
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m(x)=0

0.5~ . ; : 4

Ak -

FIGURE 5.6. Hybrid Optimal Trajectory

The dynamics are both controllable and the boundary conditions and cost function

are given as follows:

0 -9 1 10 )
z(0) = , x(10) = , J = —/ xdt. (5.145)
0 —2 2 Jo

The switching manifold is considered as a simple one dimensional line in two dimen-

sional space:
(z,y) = (z,1) € R*, z € R. (5.146)

The hybrid state trajectory and switching manifold are shown in Figure 5.6. The HMP

algorithm, see [66], gives the following results for the nominal switching manifold:
t? =3.69, z°=(0.4498,1.0088), J° = 0.3082, p = 2.6875. (5.147)

Based on (5.142) we can choose #(x) = 1 which satisfies (5.141) at the nominal

optimal switching state xs = (0.4498,1.0088) so just by choosing small negative € we
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f(u)=(u,1)

fg(u):f(g)+§ 6, (u)v(u)

08—
0.6~
0.4

02—

0
u

FIGURE 5.7. Deformation Functions

will end up a hybrid system with a lower value function. By choosing ¢ = —.038 we

have the following results:
t°=3.7092, z°=(0.4041,0.9084), J’=0.2517, (5.148)

which obviously gives a less cost function than the nominal one. Another candidate
for the deformation function is a bell function which also satisfies (5.141) and is given
by

O(z) = exp(f(x+§(l))2). Figures 5.7 and 5.8 show the perturbed and nominal hy-
brid trajectories for the perturbed and nominal switching manifold applying 6(z) =
e:vp(_(z+§(l))2) as a deformation function. By choosing ¢ = —.03,x = .6 results in

the following parameters:
t? =3.5957, ,z°=(0.4707,0.9749), J°=0.2783, (5.149)

where again the new optimal cost function is lower than the nominal optimal cost,

J? = 0.3082.
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FiGURE 5.8. Hybrid Optimal Trajectory for Perturbed Systems

5.9. Global Deformation of Switching Manifolds

In this section we introduce hybrid systems for which the total cost is the sum-
mation of the cost defined by (3.4) and the energy of the switching manifold deforma-
tion mapping (as originally introduced in [73]). As shown in Lemma 5.5, for a given
switching manifold it is in general possible to decrease the value function by a local
perturbation around the optimal switching state x°. In practice, changing the switch-
ing manifold may impose an extra cost. Consider an automatic gear changing system
which changes at a certain speed. Changing the speed level at which the switching
happens requires a change in the mechanical structure of the gear box which may not
be feasible or may make its manufacture more expensive.

This motivates us to include an extra term in hybrid cost which corresponds
to the cost of deformations of switching manifolds. This extra cost depends on the

nature of the hybrid system and may differ from one system to another. We shall

142



5.5.9 GLOBAL DEFORMATION OF SWITCHING MANIFOLDS

assign a positive cost for changing the nominal switching manifold M to a new switch-
ing manifold F'(M). Figure 5.9 provides a picture of such deformations in a three

dimensional space.

FIGURE 5.9. Switching Manifold Deformation

We now define an energy function for the mapping F': M — N, F € C*(M,N).
We note that in this section N is the image Riemannian manifold and is not the nor-
mal vector to the switching manifold M. In general, we consider (M, g) to be an m
dimensional domain Riemannian manifold with the corresponding Riemannian metric
g and (N, h) to be an n dimensional image Riemannian manifold with the correspond-
ing Riemannian metric h. The push forward of the mapping F' at point x € M is

defined to be the linear map from 7, M to Tp,) N given by:
TF :=dF, : T,M — Tr@)N. (5.150)

The local coordinates on T, M at + € M and at T, N at y are given respectively by
{(%)}izlmm and {(ay%)}azlmn, the push forward of F' applied on a base tangent

vector is given locally as follows:

sz<(£:i)) S Em L), i1 m (5.151)

a=1
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The space Hom(T, M, Tp@)N), i.e. the space of all linear maps from T, M to Tp(,) N,
is linearly isomorphic to TyM ® TN, (see [37]), therefore dF, can be locally
described as an element of Ty M ® T, N.

dF; € Hom(T; M, Tps)N) = T;M & Tps) N, (5.152)
where
m n 8F“ i 8
aF =3 (G @)da) @ (5.0). (5.153)

=1 a=1
The norm ¢* on T;M and h on N induce an inner product on the tensor product

space T M @ Tk, N given by
(dr' @ (=—),dr’ @ (==)) = g”has(F (1)) (5.154)
oy’ dyP g ltap ’ :

where

g* = [gij]ia 27] = 17 ey 10 (5155)

Employing (5.153) and (5.154), the norm squared of dF, is defined as follows:
|dE,|*> = (dF,,dF,)

m n - o 5
= S G @has(F) () ) (2 ),
or oxJ

ij=1 a,f=1

and the mapping dF is defined as the following section:
dF € T(T*M ® F7'TN), (5.156)

where F~'T'N is the induced tangent bundle by F and I is a cross section of the
vector bundle T*M ® F~'TN. The norm squared of dF over the manifold M is

written as

mnon y a B
AFPE =33 ghas(F)( (25, (5.157)

£ oxt " Oxd
1,7=1 a,f=1
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where h,g is the metric on N. The energy density of F' is finally defined as
1
e(F)(z) = §|dF\2(x), r € M, (5.158)
with the corresponding energy functional

E(F) = /M e(F)dp,, (5.159)

where p, is the Lebesgue measure defined by g;; on M, see [37].
The minimization of the energy functional E with respect to a parametrized map-

ping may be analyzed using the variational methods, [37,53].

Consider a variation F of F as follows:

F:IxM-—N, I=(—¢c)eR,

F(z,0)=F(z) e N, VYxe M,FeC®IxM,N). (5.160)

We shall write F, = F(.,s),s € (—e, ). Harmonic maps are solutions to the differ-
ential equationt E(F})|s—o = 0.

The corresponding tension field 7(F) in the induced bundle F7'TN is written
as (see [37,53] ):

Ly OPFC OF" | aFﬁ OF
Fy= Y gl -3 el
r(F) Jzzlg (B — 2= g +ﬁ; ) G o

a=1,...,n, (5.161)

where T'};, T'3, are the Christoffel symbols defined on (M, g) and (N, h) respectively.
The following theorem gives an expression for the first variation of energy of maps

from M to N.

A

THEOREM 5.5 ( [37] , Eq 8.1.13, [53]). Let Fy = F(.,s) be a C* wariation of
F=Fy: M — N, then

SEEa == [ (P, (5.162)
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where Y = LF,|,_q is a variation vector field of F and 7(F) is the tension field of F
defined in (5.161).

5.10. Extended Hybrid Optimal Control Problems

Employing the notion of the energy of mappings among manifolds, we modify the
cost function defined in (3.4) to the following formula which includes the energy of

deformations:

TF(to, 15, u) = / Loy (20r(5), u(s))ds + / 0y (5), u(s)) ds

(g, (t) + |1 E(Far-n) — E(Lu-w)I1%, (5.163)

ts

where [, .y is the identity map from M to N. For a given Fj, the corresponding

value function is defined as:

v(z,t, Fy) i= infuer J (to, tr, u)

rs=x,ts=1>

r € Mt,s€ R Fs € C°(M,N). (5.164)

Since the first two terms on the right hand side of (5.163) are computable separately,
the value function defined in (5.164) can be split into two independent terms as

follows:
v(x,t, F) = vp(z,t) + ||[E(F) — E(Inn)|?, (5.165)

where vp(z,t) is the value function of the hybrid system without considering
the deformation cost. In order to be able to compute the sensitivity of v(x,t, F) at
(x,t, Fs) we use the variation of F', introduced in (5.160). The sensitivity of v(z, ¢, F)

with respect to (x,t, Fy) is given as follows:

ov(w,t, Fy)  Ovp,(w,t) N O||E(Fy) — E(Iyy—n)||?

ox oxr oxr ’ (5.166)
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and similarly for ¢ and s we have

ov(x,t, Fy)  Ovp,(x,t)  O||E(F,) — E(Iy—n)||
BN = ot + 5 ; (5.167)
ov(x,t, Fy)  Ovp,(x,t)  O||E(F,) — E(Iy-n)||?
= + _

Os 0s 0s

(5.168)

By definition, E(F;) does not depend on z and ¢ therefore the second terms in (5.166)
and (5.167) vanish; hence

ov(z,t, Fy)  Ovp,(x,t)  Ov(Fy(x),t)
oz - Ox OF,(2) W(z), (5.169)

where v(Fy(x),t) is the hybrid value function given at the switching time ¢ and the
switching state Fi(z) € F(M), therefore

= A- AT W@y:a%fx (5.170)

Ov(Fi(x), 1)
OF ()

where W (z) is the Jacobian matrix of the coordinate change and A — A~ is the adjoint
process discontinuity at F(z).

By the results of Lemma 5.2, the first term on the right hand side of Equation
(5.168) is given by the following lemma:

LEMMA 5.6. For the extended hybrid cost function defined in (5.163), m%—(f’t) 15
given by

Ovp,(x,t)

—0=((A=A"),Y 171
L SR L) .17)
where (A — \7) is the adjoint process discontinuity at Fo(xr) = F(x) € F(M) and

Y(z) = 0| .

PROOF. In the case of general Riemannian manifolds M and N, the sensitivity
function defined in (5.166) is a linear map from the tangent space of M to R. By

definition 2.1, x € R™™! and so in our analysis N = R""1. Since by the definition
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(5.164), t and x are chosen independently of s, we have

v(x, t, Fy(x)) —v(x, t, Fo(x))
0s T 50 s

Y

(5.172)

where Fy(x) is the switching state on Fy(M). Applying the chain rule we have

Ovp,(z,t)  Ov(x,t, Fs(x)) dF(x)

s = 0. ) 1

Os OF(x) s=o ds (5.173)
Lemma 5.2 gives
Ov(z,t, Fy(z)) -

0= \— 174
OF.(2) lsso=A— A7, (5.174)
hence (5.174) and Y (z) = %p\szo yield (5.171). O

The following theorem gives the optimal mapping characteristics for the extended

hybrid cost function defined in (5.163).

THEOREM 5.6. A mapping Fy which passes through the optimal controlled switch-
ing state, at which necessarily, N\ — A~ =0, and which 1s a harmonic map, i.e. a map
satisfying %E(FSNS:O = 0, satisfies the necessary conditions for a solution to the

extended HOCP.

PrRoOOF. We observe that Theorem 5.5 implies that the second term of the right
hand side of (5.168) is given by:

O||E(Fy) — E(I 2
IEE = PIIE o) = Bt ). [ 8y
S M
(5.175)
Now if (x,t, Fy) corresponds to the minimum of v(x, ¢, F) then
t, F t, F
Q. tFo) | oy, Ot R) (5.176)
ox ot
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and

ov(x,t, Fy)

s=0 — Y, NI
55 ls=0=0 (5.177)

where (5.176) holds by Lemma 5.1.
(5.177), Lemma 5.6 and Theorem 5.5 yield

0= P = (0 A )Y ) = 2B — BT [ Yr ()
(5.178)
and consequently
(=AY (@) = 2B - Eun)) % [ Vr(Flduy. (65179

We observe that equation (5.179) must be satisfied for all C*° variational vector fields
Y'(.), the left hand side of (5.179) only depends on Y'(.) at the optimal x and the right
hand side of (5.179) is independent of x.

Clearly A — A\~ = 0,7(Fy) = 0, satisfy both (5.176) and (5.177). Hence the
necessary condition (5.179) for optimally with respect to joint hybrid control and
switching manifold perturbations is satisfied for the mapping Fy for which Fy(M)
passes through the optimal controlled switching state, i.e A — A~ = 0 (see [80]), and
for which Fj is a harmonic map, i.e. 7(Fy) = 0, (see [37]). O

Remark: 1t should be noted that such a mapping always exists since, for example
in R3, a simple shift is a harmonic map and it is always possible to obtain a shift

for which the initial manifold M passes through one of the states for which A— A\~ = 0.
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PROPOSED RESEARCH ON GG-HMP AND NG-HMP ALGORITHMS AND HMP ON LIE GROUPS

CHAPTER 6

Future Research

Proposed Research on Hybrid Minimum Principle

In the Hybrid Minimum Principle discussed in Chapters 2, it is assumed that (i)
all dynamical equations are defined on a same ambient Riemannian manifold M; and
(i) all switching manifolds N are smoothly embedded orientable submanifolds of M
(see [66,75]).

These assumption can be relaxed so as to generalize the HMP framework and in
particular to extend the HMP results to hybrid systems with non-smooth switching

manifolds.

Proposed Research on GG-HMP and NG-HMP Algorithms
and HMP on Lie Groups

So far, the GG-HMP and NG-HMP algorithms mainly focus on the minimization
of the hybrid value function along geodesics. It is of interest and of potential value
to extend these algorithms to hybrid systems where switching manifolds do not have

pre-specified geometric structures. In that case geodesic curves are necessarily a priori

defined.
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The GG-HMP algorithm was modified for hybrid systems in such a way that flows
along exponential curves were utilized in the specification of the algorithm [76]. In
this connection, the general extension of the NG-HMP algorithm to hybrid systems on
Lie groups is a most important candidate for the further application and development

of optimization techniques on Riemannian manifolds.

Proposed Research on Hybrid Dynamic Programming on Man-

ifolds

It is known that the sufficient conditions for optimality can be derived by applying
dynamic programming to optimal control problems. A generalization of the standard
dynamic programming approach to hybrid systems was introduced by Shaikh and
Caines in [64]. In this case the hybrid value function is defined by the optimization of
hybrid cost function with respect to continuous and discrete controls; in principle, this
hybrid dynamic programming approach can be extended to hybrid systems defined
on Riemannian manifolds by employing the language of differential geometry and in
this connection we note a generalization of classic dynamic programming to optimal

control problems defined on manifolds is given in [23].

Proposed Research on Hybrid Systems with Uncertainty

All the analyses presented in this thesis are based upon full information about the
continuous and discrete dynamics. The analysis of hybrid systems where uncertainty
appears in both the continuous and the discrete dynamics constitutes a generalization
of the hybrid systems framework considered in this thesis. These problems can be
divided into two classes: (i) robust hybrid systems, and (ii) stochastic hybrid systems.

In the first case, within the framework of this thesis, one would analyze hybrid
systems on manifolds where uncertain parameters are constrained to lie within pre-
specified sets; in this setting the use of robust control methods such as H,, and
p-synthesis is to be investigated to obtain optimal performance under dynamical

uncertainties.
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SECOND ORDER VARIATION OF THE ENERGY OF DEFORMATION MAPS

In the second case, uncertainty is modelled within the framework of stochastic
dynamical systems, see [35,36,48]. Consequently the fundamental methods of Sto-
chastic Dynamic Programming and the Stochastic Minimum Principle would be used
for the construction of a theory of the optimization of stochastic hybrid systems on
manifolds.

A paradigm problem illustrating both cases above is that of a controlled rotating
satellite (see Section 4.6) whose mechanical parameters are not exactly known and

which is subject to random disturbances in the functioning of its thrusters.

Second Order Variation of the Energy of Deformation maps

In Chapter 5 we obtained the necessary conditions for the optimal deformation of
switching manifolds for autonomous hybrid systems in order to minimize the extended
hybrid cost function. However results presented by Theorem 5.6 do not guarantee
the minimization of the extended hybrid cost function introduced in (5.163). Similar
to standard optimization problems, sufficient conditions of optimality could be given
by the second order variation of the extended hybrid cost function with respect to
the optimization variables. In this connection, an investigation of the second order
variation of the extended hybrid value function is an important candidate for future
research, in particular this could be based upon the analysis of the second order

variation of the energy of maps presented in [53], Section 3.5.
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APPENDIX A

Proofs and Extended Results for
Chapter 2

A.1. Proof of Lemma 2.5

PROOF. Since S is a smooth embedded submanifold of M the inclusion i : S —
M is a topological embedding and hence its rank is constant (see [43]). By the Rank
Theorem for Manifolds (see [42]), i may be locally given as

i([El, ...,ZL‘n_l) = (ZL‘l, ...,J}n_l,()).

Hence, S is locally homeomorphic to R™*™!. As stated in Subsection 2.1.2, @S;;g)(xo)
converges to z°(ts) € S as € | 0 (see [30]), therefore @S’?js)(xo) converges into any
neighbourhood of z°(ts) € S as € | 0. Let us denote the coordinate domain neigh-

bourhood given by the Rank Theorem as U, -, where 2°(t; ) = @;t:;’tl)(x(tl)) €s.

Consider 0 < 6t such that @%jr&’ts)(xo(t;)) € U,o(-y- In the local coordinate
system around z°(t; ) defined above, the switching manifold S separates Uyoizy nto

1 2 1 _ 2 _
two subsets Uzﬂ(t;)’Uxf’(t where Uxo(t;) = {z € Usotzy: Tn < 0} and an(t; =

3) )
{z € Uxo(t;),xn > 0}. For definiteness, we assume that first, the state trajectory

and second, it enters U? after meeting the switching manifold;

enters U! ~
x° :E"(ts )

(ts)
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s (e 1
@y (x("))

N

L (x(") |
L@ (x(t')

x(t') OO
AL ‘—/\/"

x° (1) /

(@ (x (1))

xo (ty) — CI)F;;O,tl) (xo (tl ))

FIGURE A.1. Nominal and Perturbed State Trajectories

therefore <I>(ts+5tt )( °(ty)) € UZ, 2 for all sufficiently small ¢ > 0. The conver-

s

gence of <I> t +6tt ( (ts)) to (I> (t +5tt )(xo(t_)) implies that for sufficiently small e,

q)ff,}jo& tS)(x( 5)) e U, 2 hence by the continuity of the trajectory there exists a
switching time, t,(€), suCh that (IDJ}(;) ) (x(t,)) € S, see Figure A.1.

Furthermore by the continuity of the state trajectory, we may choose 0 < e suffi-
ciently small that @7 (x(t,)) € U,y Let us define ¥ : R* x R — R by
V(e t) = x, 0 @?;{2 (x(t')), where x, is the last coordinate function. Hence, the

differentiability of ¥ with respect to t is immediate by the construction of ¥ since

dV(e,t)
dt

dinate of f,.

to() = fon(x(ts(€))), where f2 is the corresponding coefficient of the last coor-

In order to show the differentiability of ¥ with respect to € the following needle
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variation is applied

w(t) t<t'—e
(4.0 Uy th—e<t <t (A1)
Ur(l,€) = , .
w(t) <t <t

[ u(ts) ts <t <ty(e)

We recall that @ff;q)x(e) .= @Y (z(s)) then one can verify that, by the results

f;w(tﬁ)
of Proposition 2.2, the needle variation control u, (¢, €), given in (2.14), results in the
following tangent perturbation vector at ¢!, where € € [0, ¢) for some €y > 0.
tl,s T tl,s T
d (tl,s),:c (bgrvffm) (6 + 5) o (I)Eﬂfqo) <€)

— = lim
de ™ . 5—0 )

= TR ([t = ) wr) = fuo(a(t — ) ult! — )
S Tx(tl)M T (tl s),x M

27 (o)

(A.2)

That implies the differentiability of ¥ on [0, ¢), where (see Figure A.2)

d ttl

d
O = TRE (el e [ (0).

fLZO (de 7T,fq0

The transversality hypothesis at the intersection of the state trajectory and the
switching manifold implies that f (z(ts(€))) # 0; then by employing the Implicit

Function Theorem (see [43], Theorem 7.9) we have
U(e,ts(e)) =0=Tr: R =R, s.t. k(e)=ts(e),

and x and ¥ both are C'; then the derivative of x(.) with respect to € is given as

dli(e) 8\1/ 1 a\lf . n—1 n (t (6 d (tl,s),z
= () e = S (@) TR (el ),

(A.3)

where T”@;Zz(e)’tl)(%q)(tl’s)’z |c) is the nth coordinate of T@%Z(e)’tl)(diq)(tl’s)’m|€).

7"7fq0,u1 € ﬂ'afqo
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1 (ll,s),x
(D(t o (8 + 5) q)”»fqo ()

. \

x°(1)

Xt —£-0)

cp(lI ,8),X (E)

7S

Xt =)
x(s) X (') = DY (0)

FIGURE A.2. Nominal and Perturbed State Trajectories

This completes the proof of differentiability of ¢(€) with respect to e. The proof
for the differentiability of ¢5(€) in the case where t5(€) < ts parallels the proof given

above. O

A.2. Proof of Lemma 2.6

PrOOF. Without loss of generality assume ts < t4(¢), then

(I)(ts(e),tl),:ﬂ(E) — (o CD(tic(e)’tl)’w(E), t € [to, t,), (A.4)

vaql ™Jao

where @fff}q(;)’tl)’x(e) = CIDS,S;;;)”‘/S) o @Sji{;zl)’x(e) and x(t') = x, then in a local coordinate

system of z(ts) we have

C o Q)(ts_(d:ts) o @(t‘s_’tl)vm(e) _ @(ts

Wafqo 7r7fqo fql

le( /:(6) o000t + (1)) } — / " fa 00+ ).
(A.5)

Since u(t) = u(ts),t € [ts,t; (€)), foo(ze(t),u’(ts)) is differentiable with respect
to t. Hence by the Taylor expansion of ¢ around z.(ts) and the Mean Value Theorem
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we have

ts ()
{C(/t fQO(xE(t)auo(ts»dt+$6(t8>)} _
C(xe(ts)) + (ts(€) — ts) X TC. foo(xc(£), u°(ts)) + o(02),

(A.6)
where £ € (4,17 (¢)). Applying the Taylor expansion of ¢ around x°(,) imples
Clze(ts)) = C(@°(Ly) = TC(xe(ts) — 2°(L,)) + o(0w), (A7)
where by the definition of the derivatives we have
(ts(e),t'),x (ts(e)th),x _ g (ts(e)t'),x
dq)qul =0 = lim (I)”’fql q)ffn
de =0 el0 €
(t5 (€),ts) (ts )z g (ts(e)ts) (t5,th),z
i (o Q)W’fqo o CI)quo CI)fql oCo <I>fq0
el0 € ’
(A.8)
therefore as € | 0, Lemma 2.5 and (A.8) together yield
d(I)(ts(e),tl),:c B (t4,t0),20
7, fqy _ (ts ,th) ™ fao
I le—=o = T¢ oTdy"" o v — |e=0
dts(ﬁ) 0f1— 0f1— o o
g le=0- (TC( oo (2°(8), w? () = fou (°(86), 0 (£))).
(A.9)

Lemma 2.2 and Proposition 2.2 complete the proof for the case t; < t4(¢). The same

dts(€)
de

argument holds for t4(e) < t5 with a sign change for |e=o- It should be noted that

the derivative in (A.8) gives the state variation at t4(€), therefore the nominal flow is

subtracted from the perturbed one up to t4(e). O

A.3. Proof of Theorem 2.2

Proor. We split the proof into the following steps: First, the needle variation is

applied at t!, where t; < t! < t; and ¢, is the optimal switching time on the switching
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manifold from ¢q to ¢, hence there is no switching phenomena after ¢'. At this stage
the proof is same as the proof presented in [3] and [6]. Second, the needle variation
is applied at t1, ty < t!' < t,. Third, we show that the constructed adjoint variable,
A, satisfies the Hamiltonian equations and, fourth, the continuity of the Hamiltonian
at the optimal switching state and time (z°(t,),t;) is obtained.

Step 1: Choose the following control needle variation:

w tl—e<t<t
ur(t,€) = , (A.10)

u(t) elsewhere

where t, < t!' < tr,u; € U. By Lemma 2.2 the state variation at this
[far (z0(th),ur) — fou (2°(t), u®(t"))] € TyoryM. By the definition of K;, we have

DL ([ fy (w7(t),w0) = fo (2°(#), u (1)) € K, € Toogu M. (A.11)
Lemma 2.7 implies that
0 < {dh(a°(t7)), TOL ([ f (2°(8), 1) — fo, (2°(t), u(#))])) (A.12)
and by Proposition 2.1
0 < (dh(a°(t;)), TOY™ f, (2°(t),un) = fo (2°(8), u”(t")
= (T @ dn (7 (1)), fo (2°(8), 1) — f, (27t u(£)),

te < th <ty (A.13)
Therefore

(T*fbtft dh( “(t1)), fau (@°(8), w0 (1))
< (1"} Ddn(w(ty)), fo (1), m)), b, <t <ty, (A.14)

for all u; € U and setting p°(t) := T*@%fl’t)dh(:vo(tf)) yields a trajectory p°(.) satis-

fying the minimization statement of the theorem.
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Step 2: Here we use the needle variation before the optimal switching time ¢ i.e:

u th—e<t<t!
U (t, €) = : (A.15)

u®(t) elsewhere
where t! < t,,u; € U. Similar to the first step, the derivative of the state trajectory
with respect to € at t* is obtained as [f,, (z°(t'), u1) — fy, (z°(¢1),u°(t1))] € T, M and
%(I)ffjg(’)x\e:o = U(t),t € [t',t;). In order to use the method introduced in the first
step, we describe the evolution of the perturbed state, @Sﬁjx, after the switching
time. Note that each elementary control variation, u,(t',¢), results in a different

switching time ¢, which depends upon both of € and u;. Now let us consider a state

mapping from z(t') to the switching state z(¢; (¢)) induced by the needle control

variation; then the state variation at the optimal switching state z°(¢;

) is obtained

as the push forward of

LT 0. 7]+ S, weM, a(ti(e) €S, (A.16)
where @S’S;q(;)’tl)’x = @S’iq(;)’tl)(x(tl)) € S and t,(e) is the switching time corresponding

to the selected e. Here we have two possibilities, (i): ts < t5(€) and (i7): ts(e) < ts.

The corresponding control needle variations for these two possibilities are given as

follows:
[ wet) t<tl—e
, w th—e<t <t
(1) i ts <ts(e), uq(t,e)= : (A.17)
w(t) th<t<t,
[ u(ts) ts <t <ts(e)
and

w'(t) t<tl—e

N Uy th—e<t <t

(1) s ts(e) < ts, un(t,e) = . (A.18)
w(t) <t <tye)

| wo(ty) ti(e) <t <t

171



APPENDIX APROOFS AND EXTENDED RESULTS FOR CHAPTER 2

Notice that u(t;) in (i) corresponds to f,, under the optimal control and in (i7)
corresponds to f,, under the optimal control. The right differentiability of ¢,(¢) with
respect to € at 0 by Lemma 2.5 (since the needle variation is defined for 0 < ¢) and

Lemma 2.6, in case (i), together imply

d@(t; (5)=t1)7$ d
7T7fq0 ts(E) of1— o(41—
T|e:0 - (7’620)'.](‘(10((1: (ts )7 U (ts )))

TR fo (@ (t1), 1) = fao (2 (), u(#)] € Tho(u)S € Thoury M.
(A.19)

And in case (ii) we have

dq)(ts_(ﬁ)vtl)@ d
m,fq tS(E) o(4— o(4—
d—2|e:0 = _(7‘6=0)'fq0<<x (ts ),’U, (ts )))

— 41
FTRG [ foo (2°(t) 1) = Fao(@°(8), 0 ()] € Toor)S € Tpogery M.

(A.20)
In the first case, (2.53) and (A.19) together yield
dt5<€> o(4— o(4— -
de ’520 = _<d]\fgvo(t;)7fqo((aj (ts ),U (ts )))> !
AN ey T o (), 1) — o (), 0 ()],
(A.21)
and in the second case, (2.53) and (A.20) together yield
dts(ﬁ) of1— of4— -
de |€:0 = <dNa:0(t;)afqo((x (ts ),U (ts )))> !
1
XAAN oy, TOL [ foo (@ (t1), 1) = fo(2°(8), w0 (#)]),
(A.22)

172



AA3

where due to the transversality assumption in Definition 2.2,

(AN po(i7) Jao ((2°(85), w2 (E5)))) # 0.

( We notice that (A.21) coincides with (A.3) since in the coordinate system given
in the proof of Lemma 2.5, dN .-y = (0, ...,0,1) therefore

(AN oz s fao ((2°(E5), u(£0)))) ™ AN oo ‘I’(ts’tl)[fqo(ivo(tl)jul)

1

~Fao @ (), u W]y = fi @(t) T " [fo (@(t), 1) = foo (2°(8), w(2))].)

Based on (A.19) and (A.20), we have
aplts (1)
w2—06|e 0 € To S where for the simplicity of notation 7% is omitted. The

variation of the state traJectory at t4 is obtained by evaluating T'C on

(59 o) foo (2°(£5), w0 () + TR Vfao (228, 1) — Foo (2 (£1), u*(t))], where by
definition, 7'¢ : TM — T M is the push forward of (. Therefore

T<<(7i@u:@4@«m%@vnwa;»><+ T 1y, (), )

fqo(x”(tl)auo(tl))o € Toory M. (A.23)

Parallel to the results in [66], and following Lemma 2.6, in case (i), the state variation

at tg is

Add (tssts(e)) @(t§(€),t1)(x(t1))

T fa d’;:fqo |5:0 = T(o Tq)gfqitl)[fqo(xo(tl)»ltl) _ fq0(~170(t1), u"(tl))]
dt, ) ) . )
‘%$%~ﬂﬂmwwdw%n»—m@%nw%gnem@wa
(A.24)

and in case (i)
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dq)(ts(e),ts) o (I)(t‘:’tl)(x(tl))

T faqq T, fqq

de

o = TCo TR [ f (a(th), ur) — fo (2°(t"), u(t"))

dt()
de

le=olfar (2°(t), u(8)) = TC(foo (2°(E5), u?(¢)))] € Taor) M.
(A.25)
Due to the sign change in (A.21) and (A.22), both of the cases (i) and (ii) give

the same results as in (A.25) and (A.24) respectively. Henceforth, we only consider

the second case. (A.22) and (A.25) together imply

d(I)(tS(e)’ts) o (I)(t‘:’tl)(x(tl))

T faqq T, fqq

- m0 = TCoTRY [ fyy(@(t), ) = fuo (@°(t"), (1))
AN oy Fao (@) 0 () AN oy TR [ g (@°(8), 1)
= Jao (@ (), u E)D s (2 (82), 0 (£)) = TC(Fao (2°(17), 0 (£)))] € Tooe) M,

(A.26)
(te(e) ts) @(t ) x
where T@;Z’ts)< . ) |e:0> € K7, and by Lemma 2.7, we have
dds(ehts) o (I)(t;’tl)<x(t1))
o s . fq 7 fq
0 < {dh(a(ty)), Toy ) (—In Tt o)) (A27)
therefore
— 41
0 < (dh(a®(t7)), TO M TCo TR fy (2(t), 1) = fin2(2"), w?(2))]
HAN o4y, Joo (27(15), w0 (1))
— +1
(AN oy, T [ fog (@(),ur) = foo (2°(81), u(¢1))])
[far (2°(ts), u”(ts)) — TC(fqo(xO(ts_),uo(ts_)))]}%
(A.28)

which implies
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0 < (T dh(a7(t;)), TC o TR [ fy (x°(1), 12) — foo(2°(t"), u? (£1))]

(AN oy Fao (@), 1)) % { (AN oy, TR
oo (27(tY), ) = Fo(2(2), w7 (£))]) }

X[ (2°(t), 1 (£2)) = TC( fop (2°(87), 17 (7))

(A.29)
By the linearity of push-forwards (see [43]), (A.29) becomes
0 < (T dh(x°(ty)), TC o TR [ f (2°(t), ur) — Foo (2°(t)), u (1))

(AN oy Fao (2785, 07 (£5))))
X(AN o, T [ (°(8), ur) — fo (°(E), w2 (E)])
(T O dh (2 (L)), foy (2°(8), u”(8)) — TG fan (2 (£), u (7)),

(A.30)

where one may write this as

st 3 o o o
0 < (T*DY ) o T o T*®Y ! dh(2°(ty), fao(1°(t"),ur) = foo (2°(t"), u(t)))
— 41
FI(T DL VAN oo, oo (2°(8), 1) = foo (2°(81), (1)),

(A.31)

where

o= (dh(a(ty)), TOY [ £, (2°(t), u? (£)) = TC(fon ((2°(E]), u(t)))])
XAAN oz, oo ((2°(85), 0 (1)) 7 € R.

(A.32)
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Applying Proposition 2.1 to (A.31) on [t!,¢;], we have
(10 ) o 7o T dh(a°(t))
U AN . (), ()
< (T o T o TR B dh(a? (1)
T AN o, foo (2°(2), ) (A.33)
then, as in the first step, define
pO(t) = T® ) o T°C o T* @ dh(a°(t))
+MT*<I>t VAN ooy, tE [tosts): (A.34)

Since T*fID(t t2) = I choosing t! = t, gives

p°(t) = T7C(p°(ts)) + pdNpo (s (A.35)
Following (2.28) in the non-hybrid case, the Hamiltonian function is defined as

Hyy(2°(8), p°(1), u*(t)) = ({770 0 T*¢C o T dh(a°(1))
+ prrals th i b fao (2°(8),u0(8)),  t € [to, ts).

(A.36)

Step 3: We need to show \°(t) = (z°(t),p°(t)) = (:ro(t),T*@Si’i’t)dh(a:"(tf))), t €
[to,ts) and

N(t) = (2°(t), T*® Y 0 T o T* @ dh(ao(ty)) + T @Y VdN, (), t € [t tf]
satisfy (2.31). By the definition of Hamiltonian functions given by (2.27) and (2.28),

it is obvious that (t) = 8;; , i =0,1. To prove p°(t) = —%Ii", 1= 0,1, first we use

the adjoint curve expression A(t),t € [ts,tf] given by (A.14). Therefore we have

p(t) = ST dn(a(ty))), (A31)
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where together with Lemma 2.3 and 2.22 implies

) O 7 ) 70 o
po(t) — |:_($pj):| — _ath( 8(;?7]) (t)) (A38)

ij=1

n

Same argument holds for p°(t) = T*q)(ts Do T*C o T*® tft dh(z°(ts))
+ TR VAN, tE [t t).

Step 4: Here we complete the proof by obtaining the continuity of the Hamilton-
ian at the optimal switching time t;. In [66], the Hamiltonian continuity based on
the control needle variation approach is derived only for controlled switching hybrid
systems. We give a continuity proof in the case of autonomous switching hybrid sys-
tems via the following algebraic steps.

Notice that

(T dn(2°(t4)), [ ((2°(t), 0 (1)) — TC(fa (2°(8),u(t5)))]) =
(T dh(x°(t4)), (AN o= fao (2 (L), 0 (1)) 7 %
(AN o1z s Fao (2 (t), 1 (1)) %
o (22 (1), 0 () = TC(fao ((2°(E5), u(£))]).
(A.39)
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Therefore by (A.39) we have

Hyy (2°(£),p°(t), u”()) = (p(t). for (2°(t), u (1))
= (T dh(x(ty), Sy ((2°(L), u0(L))) by A.14
= (T dh(x(ty)), TC(foo (2 (1), u”(15)))
+ (mwdh( °(t)),
(AN ooy Fao (22 (), 07 (£:))) ™
[ ((2°(t), 10 (8)) = TC(Foo (2°(£5), u (1))
(AN o=y fao (2°(8), u”(£))) by A.39
= (T*CoT B " dh(°(ty)), fu(2°(t), u(t]))

+ :u<de°(t:)7fqo(mo(t5)7uo(t5))> by A327 <A40)

X

X

hence by the definition of p in (A.14) and (A.34) we have

(p(ts), fo ((2°(ts), u’(Ls))) = (p(E5), foo ((2°(E5), u°(2S))), (A.41)
which gives the continuity of the Hamiltonian at the switching time ;. 0

It should be noted that setting ¢ = I above subsumes the results obtained in [66]

for non-impulsive autonomous hybrid systems.

A.4. Proof of Theorem 2.3

The following results for the variation of the hybrid value function is presented
and then a complete proof of Theorem 2.3 is provided.
Since § is an embedded submanifold of M, necessarily there exists an embedding

i from S to i(S) C M. The push-forward of 7 is given as
Ti: T,8 — T,M. (A.42)

For any tangent vector X € T,S, the image vector Ti(X) € T, M is a tangent vector

on M. There exists a local coordinate representation of X, i.e. X = Z X722 such

8:)33 )
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that X € T,,S if and only if X =0, j > k, where k is the dimension of S, see [43].
The following lemma gives a relation between dv(z°(t]),ts) = >_7_, Wdﬂ €
T;o(t;)/\/l where v(z°(t5), 15) is smooth by A4 and a tangent vector X € T,,,-\M
which is also a tangent vector in Txo(t;)S in the local coordinate system given above.

The statement of the following lemma is given for a general embedded submanifold

S which is not necessarily n — 1 dimensional.

LEMMA A.1. Consider an MHOCP with a single switching from the discrete state
qo to the discrete state q; at the unique switching time ts on the optimal trajectory
x°(.) and a k dimensional embedded switching manifold S C M satisfying A1-A4;

then at the optimal switching state x°(ts) € S and switching time ts, we have
(dv(z°(t]),ts), X) =0, VX € Ti(Txo(t;)S). (A.43)

PRrooOF. Since X € Ti(T

wous)S) there exists Xs € T,,,-\S such that X =
Ti(Xs). By applying the same extension method employed in Lemma 2.7, we ex-
tend X to a vector field X € X(S) such that Xg(z°(t7)) = Xs.

Let us denote the induced Riemannian metric from M to S as gs. By the fun-
damental theorem of existence of geodesics and the Taylor expansion on Riemannian
manifolds we have

V((epo 0Xs),ts) = v(@°(t7),ts) + 0V 0)(2°(t]), ts) + o(8),

S

0<0 <6, (A.44)

where V' is the Levi-Civita connection of S with respect to the induced metric gs.
Since § is an embedded submanifold of M, the inclusion map is a full rank homeo-
morphism from § to i(S), therefore, for each X € Tu(T,(,-)S) the corresponding Xs
is unique. The vector space property of Txo(t;)S implies —Xs € To(;,)S, hence, by
the optimality of 2°(¢;) on S and the accessibility of @(t) = f,, (=, ), an application
of (A.44) to v along — X gives

/

Vv =0, VX5 € Tho)S. (A.45)
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(A.45) and (2.41) (ii) together imply

ov _ .
@(x"(ts ),ts) =0, j=1,..k, (A.46)

where k is the dimension of S. In the local coordinates of x°(t;) € M, (A.46) yields

o/ B "L Ov(x°(t), ts) ; " ;0
(dv(z°(t;),ts), X) = <; B T ’;X %% (A.47)
where (A.46) together with X7 = 0,5 > k completes the proof. ([

The proof of Theorem 2.3 is then given as follows:

PRrROOF. The proof is parallel to the proof of Theorem 2.2 where by Lemma A.1,
dN oy 18 Teplaced by dv(z°(t), ts). O

A.5. Proof of Theorem 2.4

PRrROOF. The first step of the proof of Theorem 2.2 is unchanged. For the control
needle variation before the optimal switching time ¢, i.e. step 2, in case (i): t; < t,(€),
we have
I (@t

7l'»cho

de

dts(e)l 0 (dts(e)| )
de 6:08ts N de 70

X Fao (2°(t7), u(t7))) + TR [y (°(t), un)

— foo(z°(tY), w0 (t))] @ dt;id =0 8(1

|e:0 S

€ T(mo(ts),ts)S.

(A.48)

And in case (i1), i.e. ts(€) < t5, we have
5 (e),t),x
d@%@”)| @du&ﬁ ) _ﬁ4@|
de =0 de " ot, de '
X fao (2°(8),u(£))) + T foo (° (¢, 1)

~pate @) e B o 2

€ T(mo(ts),ts)S.

(A.49)
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Therefore by (2.67) we have

d@ (t; (6)»1‘/1)733

T Ja0 dt8<€> d
<dN(m"(t;),ts)’ 2—6’@0 D T’&Oa_tg) =
WOy ;
(ang(e), =y B gaw,, Dy =
(A.50)
and finally in case (i) we have
dts 0 o d -t
A9 g = (N Faola 0000 + (AN, )
(AN TG [y (28, 01) = foo (2”(E), 0 (E))]),
(A.51)
and in case (i7)
dts 0.\ 1
L)y = (AN S (1) w0 (E) + (AN, o)
X (AN o TR o (0(1), 1) = i), u”(#))]),
(A.52)
where p in (A.34) is given as
= (dh(@e(t)), TR [y (22(0), (1)) — TC U (8. ()]
9 \-1
% (AN iy oo (@) D)) + (AN 50 )
(A.53)
Following the steps of the proof of Theorem 2.2 we have
po(ts_) = T*C(po(ts)) + MdNa:O(t;)u
po(ts_) S T;o(t;)M7 po(ts) S T;"(ts)MJ
2%(ts) = ¢(2°(t5), (A.54)
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where
p(8) = T ) o T°C o T @ " dh(a° (1))
+pT @ Vdo(x (t;),ts), t € [to,ts), (A.55)
and
(1) == T Vdn(a0(ty)), t € [t 1], (A.56)

Step 3 in the proof of Theorem 2.2 also holds for time varying switching cases.
To analyze the possible discontinuity of the Hamiltonian we employ the same method

as that used in step 4 of the proof of Theorem 2.2. Therefore

VAR % tf “an(a(t)), o ((@(ts), u”(ts)) — TC( oo (2°(85), u®(8)))]) =
<T*<I> ) A0 (t ), AN o1y Jao (2°(85), 10 (t5)))
+(dN,, %ﬂ_l X <<deo(t;)7 Fao@®(t5), u®(t7))) + (AN, %»

X [far ((2°(ts), u®(ts)) — TC(foo (2°(E5), U"(t;)))]>,
(A.57)
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which implies

Hy, (2°(2), p° (L), u? (1)) = (T dh(z(ty), f ((2°(L), u°(L))) by A.14

= (T 0T dh(a(t1)), TC i (2°(8), w"(£)))
+<T @7 dh(a“ (t)).

(AN oy S a0, (1)) + (0N, )

X ((@7(8), 0 (8)) = T (2°(5), w0 ()]} )
< (AN iy Fao (1), 0 (120)) + (AN )
= (T*C o T O} " dh(x°(t))), [y (2°(t7), u(t7)))

0
+:u<de°(t§)’ fqa (xo(ts)’ UO(tS))> + M(dNtsv ar

by A.57

8t> by A.53,

(A.58)

and finally we have
0
(P°(t)), far ((@°(ts), u(t:))) = (P°(6)), fao ((2°(E5), w?(E5))) + peld N, 220,

(A.59)

or equivalently
0
qu (xo(t;)vpo(t;)7 uo(ts_)) = qu (Zlio(ts),po(ts), UO(tS)) - N(dNtsa a%

(A.60)

which completes the proof. O

A.5.1. Interior Optimal Switching States, Time Varying Switching Man-
ifolds and Impulsive Jumps. In this section we extend Theorem 2.4 to MHOCPs
satisfying A4 where the switching manifold & and the impulsive jump é are both

183



APPENDIX APROOFS AND EXTENDED RESULTS FOR CHAPTER 2

time varying. The results here are consistent with the results presented in [57].

In the case where the switching manifold is a time variant submanifold S € M x R,

we have
dv(x,t) € Tf, oy (M x R) = ThsM & T/ R, (A.61)
where locally
do(z o Qu(a(ty), s)dxﬂ + Djvo(a°(t;), ts)dt € T, , MST; R
g ”
(A.62)

The following lemma is an extension of Lemma A.1 on time varying switching mani-

folds.

LEMMA A.2. For an MHOCP with a single switching from the discrete state qq to
the discrete state ¢, at the unique switching time ts on the optimal trajectory x°(.) and
an embedded time varying switching manifold S C M xR of dimension k < dim(M);
then at the optimal switching state and time (x°(t;),ts) € S,

(do(z°(t]),t5), X) =0, VX €T 04-)1)S- (A.63)

PRrROOF. The proof is parallel to the proof of Lemma A.1 concerning the extra

variable t,. O

THEOREM A.1. Consider an impulsive MHOCP satisfying hypotheses A1-A4;
then corresponding to the optimal control and optimal trajectory u®,x°, there exists
a nontrivial adjoint trajectory \°(.) = (z°(.),p°(.)) € T* M defined along the optimal
state trajectory such that:

H, (x(t),p°(t),u’(t)) < Hy,(z(t),p°(t),u1), Yuy € U,t € [to,tf],i=0,1,

(A.64)
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and the corresponding optimal adjoint variable X\°(.) € T* M, locally given as \°(.) =
(2°(),p°(), satisfies

Xo(t) = Hy (A1), € [to.ts],i=0,1. (A.65)

At the optimal switching state and switching time, (xz°(ts),ts), we have

pP(t5) = T7C(p°(ts)) + pdv(2°(t;), L),

Pt) € Ty My 9°(ts) € oy M,

2°(ts) = ¢(2°(ty), (A.66)
(o) = w0, p°(ty) = dh(a°(ty)) € Troqr M, dh = Zn: %dﬂ e T*M, (A.67)
im1
where i € R,
T =TC®» D : T"M — T*M & TR, (A.68)
and
TC:T"M = T*M, Di¢:T°M — TR. (A.69)

The discontinuity of the Hamiltonian at (z°(t]),ts), is given as follows:

Hyy (2°(t5), p°(t5), u’(t5)) =

ch (wo(ts>apo<ts)>uo(t5)) - D:C<po(ts)) - uD:U(l‘O(ts_),ts). (A7O)

PrOOF. The proof is parallel to that of Theorem 2.4 and employs the results of
Lemma A.2. O
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A.6. Proof of Theorem 2.5
PRroOOF. The proof closely parallels the proof of Theorem 2.4 where
() =T 0 T*C o T dh(a° (1))
+uT*<I>(t VAN tE [torts), (A.71)
and
pO(t) = @Y Vdh(2%(ty)), t € [taty], (A.72)

where

— (dh(a®(t7)), T £, (01, u(8)) = TCfoo (085, u?(£)

—DiC(2°(t),t)]) X (AN oo, foo (2 (s),uo(ts)))>+<dNts,%>)

(A.73)

It should be noted that D((x°(t), ts)(%) € TM and for simplicity we drop %. To

prove the Hamiltonian discontinuity we have

(7@ dn(ae (t). { fi (20 00(1)
~TC(fun (0(1),”(6))) = DiCa”(E:), 1) } )
= (T 07" dn(a® (1), ((dv(a”(87), ), Fan (0°(8), 0 (E)
N D) (AN ) ) + (0, )

X [far (2°(ts), u®(ts)) — TC(foo (2°(E5), u’(tS))) — DeCa”(s), ts)]>7
(A.74)
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which implies

Hy (2°(t:), p°(t), u°(t:)) = (T*® " dh(a?(t5)), fo (2°(t), u°(t,))) by A.14
= (T @ dh(a° (), T (2(8), 00(2))
TR (@), DiC(a°(L), 1))
TR (a0 (17)), (1N oy T a°(0), w0 (ED) + (AN, 09)
%o (2 (E) 1 (8)) = TC(fan (2°(8), u(E))])
s (AN o (0, w0 (1)) + (AN, S
= (T°Co T*® " dh(a° (1)), fin (1), u”(t)))

+u<deo<r  Jao (2°(t5), w”(L]))

) by A.74

DT O dh (2ot >>>+u<dzvts,§> by A.73
= Hy(°(£), 7°(8), u”(£)) + Dy (T @ dh(a(¢ )))+,u<dNts,%),

(A.75)
where by the definition of pullbacks (see [43])
(T2 dh(a°(t7)), DiC(a°(t). 1)) = DC(T* @ dh(a*(t)) € R (AT6)

and p°(ts) = T*@;Z’ts)dh(q:o(tf)). The remaining of the proof is similar to that of
(A.59) and (A.60). O
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APPENDIX B

Proofs and Extended Results for
Chapter 5

B.1. Proof of Theorem 5.1

PRroOF. The state variation is derived by subtracting the perturbed and nominal

states as follows

2¥(ty) —a(ty) = /0 (fu(@?(r),u’ (7)) = fila®(7), u®(7)))dr

n / (12 (7), P(7)) — fola® (), u(r))) dr

+ /taf (fo(a® (1), 6P (7)) = fo(a®(7),u*(7)))dr.  (B.1)

The problem here is the dependency on the optimal controls in the integral equations.
To be able to expand the terms above we replace the optimal controls with the
corresponding optimal adjoint variables. The formal optimal control definition is

given by
u*(t) = Argmin,e H(z,u, A), (B.2)
where U is the set of admissible controls. (B.2) suggests to write the optimal control

as a function of optimal state and adjoint process, so u*(.) at time ¢ is computed by

189



APPENDIX B. PROOFS AND EXTENDED RESULTS FOR CHAPTER 5
x*(.), A*(.) at time ¢t. Here we write the optimal control by
w'(t) = u* (2" (1), A*(1)). (B.3)

Rewriting (B.1) we have (for simplicity in our notation we drop )

2¥(ty) —a(ty) = /O (fr@? (1), X(1)) = fi(a®(7), A*(7)))dr

= [ (0N ) = A @)
= [ (0N ) - @A) (B

B

Now expanding (B.4) around the nominal trajectories =%, A* we have

2P (ty) —a®(ty) = Ot" %(m“(ﬂ, A7)0z + %(wo‘(ﬂ, AY(T))dAdT
b (R V() ~ hlat(r), 30 ()t
+ t: 2 (4 (), X))+ 2 (0% (7), A% (7))o + 0{0) + 0(6N).
(B.5)
So in the limit we have
vy = [ e + 2 ). et
(AP, N0) — fola (), X))
+ t:f %(mo‘(ﬂ, A(T)y(T) + %(wa(r), A (7)) z(T)dT. (B.6)
Therefore we have
w0 = [ L + B e e .
(B.7)

190



B.B.1

and
"0 0
W) = [ A+ G @ () X )e(r)dr
+ (AP (1), (1)) = fala®(1),X%(7)))
+ t %(xo‘(T) A(T)y(T) + %(I‘Q(T) A(T)z(T)dr, t €t ty]
o OT ’ Y oA ’ ’ A
(B.8)
For the adjoint variables the evolution equations are given as follows:
ANP(E) = NP () + / ! %(Q;aﬁ(r), AP(T))dr,  te (P ). (B.9)

Therefore z(.) satisfies the following equation

0 = [ G
tfgigfi(x%f),xa(f))z(ﬂ+%y<m fewt] (BAO)

For ¢t < t“ equations need little modification on the switching time in order to be

computable. Writing the backward equation for the adjoint variables we have

tB
0OH
AP (1) = NP (1) —I—/ 8—1(1‘0"5(7), NP () dr,  t € [ty tP). (B.11)
¢ x
Applying the results of Theorem 3.1 on the adjoint process discontinuity at switching

times we have

N(t) = A1) = M) = A(t%) = pVm(a?, 7) + pV,m(a®, 1)

¢ 8H1 8}Il o «
[ G @)X = ), ()

/t OH (2% (1), NP (7))dr, (B.12)

o Or
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and
A7) — A1) = tﬁf%(asﬂ(ﬂ,kﬁ(r))—%(w“(ﬂaka(mdf
- [ GRE @+ ) - S )

(B.13)

The discontinuity parameters p® and p” are parameters of (z®?, A8 t*8). Therefore

O(pVam(z,t)) O(pVam(z,t))

p’Vom(2?, %) — poVom(2z®,t%) = e (%, t%)0x + o (Y t%)0N
+ a(pvxa?;x’t)) (2%, t%)0As + 8(pvzgz(£€,t)) (®,1%)ot
+ o(6x) + 0(6A1) 4+ 0(dA2) + o(01), (B.14)
where
SAL = N (t7F) — A (179), (B.15)
Sy = N () — A (¢ 1), (B.16)
and
5 = 2P (t7) — 2°(t*). (B.17)
It is shown that
o = y) A, A7),
O o7 = D), (1)),
% = 2(t") — %(xa(ta), A*(17)). (B.18)
Employing (B.14,B.18) in (B.12) the proof is obtained. 0
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