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AlSTIACT 

A ~yat ... tic procedure for .tati.tically analyaing deteraiDlatlc 

multipatb modela ia preaented that eu he und to eatt.Ate the probable 

bebavior of a aecondar, neuron iD a typlcal .en.ory .,stea. A atatiatlcal 

approacb 18 taken since deter.1Dlatic analyal. i. phyaiologically tarractical. 
, 1 

A cla.. of aultipatb .o4ela ia propoaed in vbieh .. ch patb 18 vieved aa a 

realizatian of a randoa paraaeter .odel vhicb ia a cascade of randa. linear 

and randoa nonlinear blocka. In the ~ltipatb ayat... vavefora variation 

due to different realizatiana of tbl8 .,at. 18 approx1aated. The approacb 

ia especially canvenient for .ult'lpatb .yateu hav1n& au infinlte nuaber' 

of patha. WheD finite pa th ayst_ ue cOllslderad. nuaerical _thod. 

are required ezeept for at.ple .y.t .... The approaeh .hova that .any 

8Ultlpath model.~ havtna nonllnearitle. in .. ch path.ba .. an expected out-

pc.at that ia linearly related to the iDput under certain cOlldltlon.. An 

applic-atJ.an to the vestlbular syata 18 dlacuased. 
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~t une "thoa. d'analye. etetietique d. oodll .. 

. dEterminist\ques l brancha. multiple. applicable l l'Etude du ca.porte-

ment d'un neuron secondaire dana un .ysta ... ensoriel typique. Cette 

méthode statistique s'~ose vu l'IrrEalisme de,l'analyàe dEterainistique 

en physiologie du systa.. nerveux. On propose une classe de modales 

dans lesquels chacune des branches origine d'un .odile l para.atre 

alêatoire coapo.E d'une auite de blocs linéata. et de blocs l non
t 

linlaritf de type etatiqua. On obtient une approxi .. tion de la varia-

bilitf de. sigDaux chez difffrente. réali.ations du, .y.ta... La 

aithode e.t particuliEreaent utile pour de. .ysta... l branche • .ultiples 

en noabre infin~. Pour des .yeta..e plus liaités, des aEthodee 

nu.6riques sont nEcess.1res •• uf pour de. ca. trae staple •• Il eet 

dé.aatré que, chez plusieurs ~ilee l branches .ultiple. posa'dant une 
1 

bonliDéarité dans chaque braache, la valeur probable du signal de sortie 

eettaous certaines conditiona,en rapport lin'aire avec l'entrée. 

L'application au sJet'" veatibulaire eat diacuté. 
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PllEFACE 

1 

It h bop.ed that tbi,_ the.is vUl interest aD audience of 

.. the .. tician., engineers and physiologiat. wbo are coDcerned vitb 

" .odelllng the ne noua .yatea. Due to tbe vide range of backgrounds 
1 

of ... bers of thia group, 'it i. difficult ta adopt a style vbich is 

auitable for all readera. Aa a relult, vilU. SOll8 sections .. y be 

difficult ta read for aoae, otbers .. , Und it elftlen~ary. For exaaple, 

in Chapter 2, a ve., b .. ic di.cuision of part of the vestibular syatem 

atUllpts to provide a .inial. background for tbou unfaa1liar vith .ensory 

.y8t .... Also, it 1. hoped that the rather tutorial .tyle of part of 

Chapter 3 vill enable tbose having only a basic stati.tic. backaround ta 

follow the eseential id... of the tbe.is. ID order tha t .. !M'ge an 
, 

audience a. possible he able to follov the .. th ... tical diacu.sioo. 

eathe .. tlcal rlgor bas, for the aost part, beaD drOppe4. ID .pita of 

tbie, it 1. poped that eath ... ticiana vi Il be int.rèated in this appli-

cation of randoa proce .... aDel in the UDy .. the.tical yrobl_ that 

arile • 

, . 
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CIJAPTER 1 

INTlODUCTIOH ' 

1.0 THE THESIS IN PERSPECTIVE 

" 'i 
, 

In the 11ervoua s,.tn, It la Dot UDC~Q' to fiml that infor.atioo 

i8 tranaferred bet.een tva pointa alool hundreda of'nonlinear, parallel 
C:!, 

patha, each baving d1fferent characteriatics. One va, to lIOclel' th!'a 

aituation ls to identify eaeh path and t&en to at-ulate aIl patha actiul 

together. Thia not 001y poae8 .any physiologieal and .. th ... tiC~ 

probleaa, but la tedioua ane! vlthout direction. Althoulh other SOIIè-
• 

what .ore efficient appr~cbea are available, tha, requir~ .ore effort a. 

the nuaber of parallel patha {ner.a.e. • In addition,. the .adaller h .. 

no vay of pre.dieting or a1181,a1111 reaulta, exe.pt 811pirieally, by 

co.puter at.u1atioo. 

'niil tb~a11 presenta a .yat_tic _thod of approaehiug thla 

\1 
type of problea • proV1ded that tha .ult,ipath neural a,at_ .atiafie. 

• a.. quite general al.u.ptl00a (Table 2-1), OU8 cao, U.1D1 a .~atietlca1 
l 

approach, aaalytically predlct vith relative .... the reapODae of • 

• yate. baving an infinit. nu.ber of parallel patha. ID theM cas .. , 

tvo etrik1ng reault .... rge. Firet, ther. 18 • larae claa. of .ultipatb 

8,at_ that h&v.,uDdei certa1la coaditiGae •• ra8pODM J.atcta -la l1aearly 
\ 

rel.ted to the 1Dput d •• plt. the praMDC. of DOGliMarlt1ae ta uch ,.th. " 
. '. "'t 

Thil lin.ar relatioralhip ca he llal'Uclly d1ff.l:_~ fl'Oll the taput/ouJput • ;-

r.latiOllab1p of _, aiaa1e pa~h eillee the .,.~_ output ~ CM all CM 

; . 
-<)1 -

, , 
'. t, .~, ~ 

• l, .t':~ t"_1,:~,\ ;l"~~kM~ ::~j.; 
~, 1 ~ 1 ... t 

• ~ ~ t. 
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lndividual input/output rel.tionlhips acting together. Second" II&ny 
~ ~ 

different aultipatb .y.té .. can have the .a.e input/output relationship. 

Thil réault i~l1es thât it .. y Dot be nece •• ary to lIOdel eaeh path< 

exactly. Tbus, the approach .ee .. to head i~a more .ensible direction 

than the alternative method in vhich each path i. modelled more and more 

exactly vith the conaequence that multipath .imulation may be too'complex 

to considera 
~ ~ 

The method presented in thi. the si. cao al.o be u.e4 to 

" . • ystesatically analyse models (fra. the cla.s of Table 2-1) that q.ve a 

finite nUllber of paths. For any r.ndoaly a.lected .ystea, one c.n 

e.timate the probable range vithin which Any given~,y't .. v.ri.ble viII 

lie. In practiee, a nuaericàl solution i. often nec •••• ry to do thi. 

in .ore co.plex .y.t .... In addition, tb. difference betv •• n the output 

of the finite path .,.t .. and the infinite path orJ can bf e,tillated. 

The method provide. a poverfùl aad ua.fui lIOdellinl'tec:hniqùe 

for a cl... of neur.l ay.te.. baving a large nu~r of conversent parallel 
1 

patbvay •• For th.ae' .ylt ... , th. .aauapt101la u •• d to _ke tbe r.,p ... 
" . 

of the iDfidite patb model approx1aate th. neur.l .y.t .. •• re.poo" often 

ausge.t phy.iological relation. to be verifi.d. r" Al8o~ even vben tbe 

.. tbod i. appli.d to • finite p.th ayata for whléh n .... rie.l c~lc:ulatloaa 
, ,\, . - , 

are required, lt i. atill • ~r. efficient •• y te approxt.ately deecribe 
, . 

aultipatb .y.te .. tban other approacbaa .. allabl •• 
~\ 

" 
, 

" , .. .,., \ \ ' ... "'\Jf., ,1).,', 

1r .. ~'_~}.:J,,".~.J.;~;" '.'J ~:;:;" .... ~ 
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1.1 THESlS OUTLlNE 

To give an exa.ple of a multipath neural ayatem, the firat 

part of Chapter 2 vill diacuss the rotati~n aenaing syate. of the 

veatibular organ of .. n and other vertebratea. A elaaa of Amultipath 

modela will be propoaed in Section 2.3 that, it ia felt, can approxiaate 

many senaory ayatema. lt will be shawn that ~e,it~robably 
physiologically impo.aible to uae these .adela deter.1niatically, uaing 

them statistieally aeema feaaible. 

Cnapter 3 vill ~ntroduce randoa para.eter .odel" and then vill 
" 

ahow how they can he uaed to analyae multipath models atatiatieally_ In 

Section 3.3, it vill be delaOnst'rated that any aultipath aodel aatiefying 

Table 2-1 can, in principle, be analysed uèlng a syateaatic procedure , 

vhich vill he presented in Section 3.4. 

The firat part of Chapter 4 derive. the .a.ent ;elatiOQahiP.~or 
aeveral random parameter .odels. In the second part, the aspecte that 

iltroduce difficulties in thia .,ste_tic procedure vill be cOlipared', to 
, 

,41ose, in other approaches. Then, the procedure, vhich e..,loys S0.8 of 

~he derived ~t relat~OQahipa, vill'be used to illustrate the analyaia 

of tvo .ultipath .odela ahovn iD Figur.a 4-8 and 4-10. 

Chapter j viII discua. tbe application of tbe .ultipath ~els 

to the rotation aenaina syet ... In Secttoo"':S.2, it vlll he ahtNn that 

.. "* the approach a8D he used iD .,.at..a that bave pache ~th dUferent 01' 

raàdda st~ture.· ." ,ioally, Section S.3 v~l e~rtae th. tb.si •• 
, < 

/- ' 

. .-
\ 

, , ! 

r;I 

, .. 
. ~( ( , 
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CHAPTIR"2 

ROTATION SINSING: AN EXAMPLE or A KULTIPATB ~IURAL SYSTEM 

2.0 INTRODUCTlœ 

COIIImnic'atiou in a typi'ifl neural .y.te. in vertebr.tes has 

evolved in a signifie.ntly different direction froa th.t of .ost modern 

coa.unie.tio~ ~echno1ogy. Instead of .sing one path having a very 

-precise transaission charaeteristie, a neural syste ... y have possibly 

hundreds of para1le1 path. each vith different characteriatles. This 

usua11y r~su1ta in a ea..unication .ysta. Whieh i. .ore reliab1e sinee , 

redundaney ha. ainiailed the t.portance of a .ing1e path~ which ha. an 

butput with a better lignal to di.tortion ratio than 8Df of it. patha 

due to an 1Der .... d tr.~.ion rans_ and 1inaarizatiou, wbich ha. a 
'"' 

filterins characteriaUè. aad vhb:h ainiaize. the effect of interna1 

noiae sourc •• (Jayly, 1968;· Diday, 1971;)LasZ10, 1968; Lea, 1969; 

Maffei, 1968; Wi1l~, 1972). 

As an e~le of a .u1tipath.neura1 sy.t .. , the p.rt of the , 

ve.tibula~.t .. co.ce~d vith rotation .en.ina is de.crlbed ln 
, 

Sectl00. 2.1 &Del 2.2. In Section 2.3, a claas of aultipath aodel. that 

uy he uHful to d.acr~ .... , •• aory .yate.. i. introcSuced. Pin.lly, 
"l (-.J • \ 

the prob1 .. of appl,iDa tbaae aodela in a phyaiololica1 .yat.. 18 dl.cuaaed • 

" ' 



• ~ 

• 

• 

- 5 -

2.1 A DESCll1~ON OF llafATION SEHSING IN THE VESTIBULAR SYSTEM 

AlI vertebrate antaale froa the .o.t priaitive to man have a 

remarkabl~ s~lar .otion .en8ing apparatu8, located in th. iDDer ear, 

which aGni tors linear and angular moveaenta of the head (Outerbridge, 1969). 

Inforaation froa theee sen8or. ie ueed to stabilize the head, to reduce 

"v1aual 'Slip" of illages on the retina, ae weIl as for postural control 

(Clark, 1970; Bender, 1964; Jones & Milsua 1965;Kearney, 1971; Outerbridge, 

1969; Roberts, 1961; Young, 1968). 

One angu1ar sen.or, called a sea1circular canal, is 8hawn in 

idealized fora in Figure 2-1. lt cao be de8crlbed .. a toroid filled 

with a viscous fluid that deflect8 a flap or cupula wben the head turns. 

Since the cupula ia elaatic, it tenda to return to its equilibrium position 

after deflection (Mayne, 1950; Steer, 1968). The .otion of the cupula 
l' 

i8 aensed by hUDdred. of tiny baircells of ~ principle foras (Pigure 2-2) 

that change the firinl rate or action potential' frequency of primary 

neurons that synapse vith the haireells (lallentyne 6 Engatroa, 1968; 

Engstroa, 1968; Barada, 1972). 

Several huoclred priaary neurou, _ch receiving input. fra. a 

.. Il but variable n\Dlber of baireella of both type., carry inforution 

to a group of cella, ealled 8econdary neurOD., located in the brain 

(Figure 2-3) (Gacek, 1969). In additiOD, there are a ... 11 nuaber of 

efferaDt fiber. that feed back info~tiOD fra. the brain to the baireell 

region (cacek, 1967; Saith • "' ...... en, 1967) • 

) 
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FIGURE 2-1 DIAGIAMATIC llEPUSINTATI<If OP AM IDEALIZED SIPJICIICULAll CANAL 
(lIOdified froa Jone. & Milaua, 1969) • 

~ ........... ~'? HAIRCEllS 

1 

PRIMARY 
NEURON 

rlWU 2-2 SCJIIIIA1'IC DUIIDfC 01 'lU ftO mas tW BAIIt!l!U MD 
SCIII "DAI! ...... 8 

" " , 
-.4 " :. ,,'oJ ~ ~ 
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FIGURE 2-3 SClllMA.TIC DIWlIRG or Dl'rllCœDCTlœS II'NBD 'HAIlCELLS, 
PUMAU AD SICCIQ)üt IllUlœS 

, , . ~ . 
, 1 • (' .'_~ _, ". :.h~ 

. ' ' .. ,;' ~ '~"[, 
; \ 1 \.. • ..... ~ , ~ (~o-.. ' 
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2.2 THE RELATIONSRIP BETWEEN THE FlRING FREQUENCY OF PRIMARY NEURONS 

AND ANGULAR ACCELERATION 

A number of .adela have been developed to de.erlbe the relation-

.hip betveen input angular aeceleration and the inatantaneous ftring 

frequeney of the primery neuron (Correia 6 (Landolt, 1973; Goldberg a 

Femandez, 1972 a, b; Femandez & Go1dberg, 1972; Lawenstein & Sand, 1940; 

Preeht et al., 1971; Ro8s, 1936). In .ost cases, it i8 found that para-

meters in these models appear to hav~ different values in different paths. 

This could be due to several factora such .. expert.ental errora, an 

inadequate model (preeht et al., 1971) or an actuel differenee ln the 

parametera ln different ;atha. It la felt that tbe lest ~o points are 
',' 

the most probable causee of thi. par ... ter apread. 

The lov frequeney or etatlc relationebip between ansu1ar 

acceleration and frequeney for aeveral hypothetical patha ia ebovn in 

Figure 2-4. Rach unit ha. a threahold and satura tes vith a .ufficientl, 

large input. Unite that have a ".poo.taneous" or reatins fr.queue, vith 

no input applied have a Deg.Uve threahold, vhUe tho," vith politi" 

threlhold. are called "enent units". Hote tbs d1fferent rsstina 

frequeneie., threshold., .aturation frequeueies, aensitlviti.e aod ranaea 

in Figure 2-4. As au aetui exaple of thia par_ter aprucl, Flpre 2-S 

.bova thi relati., auaber of unit. in the .aakey w1th .,.cifle values of 

reetins frequeue" 's,aiDe and thr .. bolu. 10 cletalled uta la a.a1lable 

about d1fterent valù.. for raDS" t eaturatiOll frequenc1ea or tb. ahape of 

the .tatic r.latloa.b1p. betweea tbrahold aGd eaturatlO11. S1ace tlda -. relatioub1p la Qot a1vaJ. liMaf ... bon, DOIlliDear ru.,.... an e~. 

'~ 

'''r' a' 't;:":'~'èg--: afi'~ 
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INSTAN T,AN E OUS ' 

F IRING 

FREQUENCY 

ANGULAR 

ACCELERATION 

FIGURE 2-4 SCIŒ BYPOTUTlCAL STATIC ULATI<IlSBIPS BE'1'WUN AHGULAI 
ACCELERATIOR AlQ) PIlDWlt lŒUIlœ FUQUDCT 

Unita A to D h~e r .. t1Da frequeaciee of fA' fB, fe aad fD• Uni" It and F 

are neUent" unite vith poaiti" threeholdtl TI' T,. All unit. eaturat •• 

Unit E eaturat.. Vben the input exceed. S. and baa • ..turatioa frequeDCJ 

" 

'Ir 

,1>, .~. • - , •• _ • 
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A RE STI NG DI SCH ARGE RATE 

160 Rest in 9 f r e que n c y 
(action potentials per sec.) 

STATIC ACCELERATION GAIN 

.... Acceleration gain 

(
action potentials per ,ec.) 

per degrees per sec~ 

Relative number 
of un)t, 

c ACCELERATION THRESHOLD 

-100 o 
Accelerat ion threshold 

(degr •• , per ,ec.l ) 

~ .:1/ 

PlGUII 2-5 IlU.!lYI ... U or VAUIES roi lIftlJIG JUqUIICt 
QUI AD t'IIIISICU D DI IIDIJI! 

Parts (a)', (b) an ft'. ftpl'a 7, 13 nllptlCtiftl., of GoUMl'.1 ......... , 1972 a. 1 
Pan (c) u .,.... _ "ta fna fipft 4 of Go~ & ,........ 1.71 'lt_ 

. ~( •. ':.~.I 
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Wh ... -.,d.llial the dyDallic relatloaahip between anaular 

acceleratioo and the frequeDCy of the pd .. ry ueurou, lIOCIele ranliul froa 

traD8fer functiona vith oue or two polea up to tran.f.r funetion. vith 

tbree aeroa and four pole. ha.- bèen propoaed (Cornu 6 Landolt, 1973; 

Goldberg & Fernandez, 1972; Fernandez & Goldberl. 1972; Laven8tein & Sand, 

1940; Precht et al., 1971; Ro •• , 1936). ln all c.... vbere .any eareful 

e8tt.atea of thea. pol •• or aeroa have been .. de, par ... t.ra apread h .. 

been found. An ex..ple (F.rnandea & Goldberl, 1972) of a trauafar 

function obtained 1 • 

.f.W.-
1(a) 

.. 
vben f(a).ad i(a) are the Laplace traDafor.a of firinl fr.queuey aud 

anaular acceleratiOll reapecti~ly, a 18 the Laplace .ariable and Tl,' T2, 

TA' TL are fiz.d c0D8t ..... iD each patb. IatiMtea of Tl' TA' and TL 

ha.- been Mcle that lie betvee1l 2 - 7 .. cODda, 30 to an 1Dfinite DUllber of 

It la falt that ... actuel 

diff.reac. of the.. par ... tera betweeD patha cODtrlbute. aiaa1ficaDtly to 

th .. e par ... ter apr ..... Par_tera auch .. t .... will be call.d 

''path .~1Da par ... ten" • 

' ........ ' 



•• 
, 1 

1 • 

-12-

2.3 MOOELLING THE RELATlœSBIP BE'l'WEBB 'l'BE PIlING P1EQUENCY OP 

SECONDAlY HIUR.ONS AND ANGULAIl ACCELERATION 

Although there are .everal eapirical .odela tbat have beeu uaed 

to de.cribe the relationahip betveen the firiDg frequency of the secondery 

neuron and anguler Acceleration (Cr.~ton, 1965; Jones & Mileua, 1970; 

Hilaua & Jone., 1969). there exlat no reali.tic .odel •• Thia ia becauae 

the exact structure of the ay.te. convergiDa dnto a secondary neurou ia 

unknown. 

Table 2-1 describea a ca •• of Mdela that, iD thia author'. 

opinion, shou1d be te.ted exper~tall, to see if the, cao repre •• ut thia 

relationahip to a firet approxiaatlon. ~ An .xa.ple of • .ultipath .odel .. 
froa th1e cla •• 1a shovn 1D Figure 2-6. ln this figure, hl(t, ai) .. 
and h2(t, Ci) are the t.pulae re.poosea of the firat and s.cond liD.ar .. .. 
.yst ... where ai and Ci each denotes a .et of fixed par_ter., 

(ail' ai2 , ••• ) and (cil' ci2 ' ••• ), contaiDed in .. ch iapulae re.poose. 

Thua, for exaaple one cao vrite 

Each gl() repr.sent. a atatic naol1aear relationabip betveen xi(t) and 

't(t) vblcb CaD be expr •••• d in .... ral ways. 

vritte. aa: 

,( 

(1) a pOftr !HW n1tt1OD!b1p • 

'2(t) • j!O b2j ~ (t) 

-'or uaple, 82 ( ) can he 

vben the b2j ,. ~tan of. ~tJa. order po1,..1.1. 

'\ 

;t 
~~-" ~ ..•. ',)~~~~ 
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1. The aultipath .adel haa tbe .... kDovn input applied to a paraI leI 

coab1Dati~ N path. and aD output tbat i. the .. erage of the 

outputs of all~ the petha. 

2. Each pa th i. a cucade of dyuaa1.c lin.ar aDCl .tatic: DoaU.DeAr blocb 

.uch that corre.pond1ng blacks iD diff.reDt patha have the a_ 

mathe~tieal fora but .. y coat.in diff.reDt par ... tere. 

3. Tbe relative DUIlber of patha Uy1ng • particular value for A g1VeIl 

4. 

parame ter la knovn. ao that ona cao eatt.Ate the probability of 

obtaiDing this value in a randoal~ choaen pa th • 

A particuler N-path .ultlpath -odel CaD he regarded .. hav1ng patha 

that bave been randa.ly aelected fre. 8Il,.!nf1nite populat101l of 

patb. deseribed by (2) and (3). 

5. Per ... ters in different blacks of ODe peth are indepeadent. 

TABLE 2-1 A. PROPOSE» CLASS or MœELS POR UPUSIII'l'DIG sason SYStIIIS 
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(2) a functional relationship auch .. 

elaevhere 

or aa 

(3) a graphieal or tabular relationship. 

Since eaeh path can bave different para.etera in it, correapouding liDear 

(or atatic Donlinear) blocka in each patb cao have a different t.pulae 

for the propoaal of Table 2-1: 

type of DOIllinearit" and it ia 

felt that _D' nouliDear .,at_ that do aot g ... rate a1pificant aub-

hal'llOllica cao he repreunted to a firat approxiut1on b, .adela cODWiatina 

of a."eral linear aDd atatic DOIllinear a,at_. 

(2) A cucue of a l1Dear a,at_, a atatlè' .DOIllin_rit, ad a aecODd 

l1Dear .,.tea haa beeD auec ... full, und iD th. viaul .,.t_ (Spekr.ija •• , 

1969; Spekr.1jae, 1970; 8pekr.1ja. a Van der !weel. 1972). Purther. 

exiatiDg ,..at1bular clata relat1ll1 prtary _rOll frequeacy to anaular 

acce1eratioa (SeetiOD 2.2) cao he adeqaatel, approzt.atad by a l1Dear 

ayat_ fol1ovecl bJ a atatie .oa1~ty. 

(3) EquatiDa the frequenc, of tM .. ..sa.., ___ to the aver ... · of the 

path ta oatpata 18 eqalvaleat to .. u.t" tIWI f~ tG • w1ahted .. 

of cha path'a outputa. 'fIlia iII _ •• ad .. to iCa a.U.city. 



• 
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'Ii (4) A recent ici_tifieation procedure 18 availabie (lor_bera, 1973 a; 

Korenbera, 1973 b) for identifyiDg any cascade of alternatina liD .. r and 

. statie nolllinear blocka_ 

(5) Finally, wbile the relative nuaber of BOIDe parueter value. in • 

aultip,th ,odel vould have to be aasuaed, othetB (e.a_ Pigure 2-5) are 

readily available. 

The queation of hov to .nalyae thea. modele naturally ariaea. 

Clearly, deteraiDi.tie lIOdelliDa V? be ted10U~ even,.if aU parueter. 

iD all pathe vere movn. In f.ct~phY810logiCally illpractical, 

if DOt t.poaeible, to obtain all of theae par ... tera .ince each of t~ 

poeBibly hundreda of pathe that converge onto • particular aecoudary 

neuron vould have to be identified. Hovever, lI&I1y primery neurona, 

part1cularly "sUent" onea, vould be 4eatroyed during the procea. of 

ttearch1DI for tb ... Also, the atate of the aillai vould probably ehanae 

dur1l11 the tiae BC .... r, to aecUlUlate eDOUgb clat.., to id.nUfy all of 

the path •• Tbua, it appear. difficult to .adel th. frequency of the 

eecondary neuron deterainiatieally. 

An alternate approach, taken iD thi. tbuia, ia to a* vhat 18 

the probable firing frequency of a.y .econUl'7 Muron, or equiYalently to 

aalt what 18 the probable output of the .. ltipa~h .... 1 _ben a movo input 

ia applied. Th18 approaeh ia f ... ible ainee ODe cu ~tiaat. the 

" ebaracteriatiea of the entir. populatioa of prt.a~ ,atha by ...,liQa th .. 

randOllly. If it ia apermatally .erif1ed that each path ta of che a .. 

_tb_tieal fora but CODtaiDa differellt pu_tera, the. the 'l'Opœt1oa /1 
1 

of path. that have • part1cular val_ of • path YUJI.aI par_CU ,cu .. 

fGUlld. 

, 
:' 
, 

"l, 
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CHAPTER 3 

A STATlSTlCAL APPI.(lACH TO THE AHALYSIS OF 

DETERKINlkIC MULTIPATH SYSTEMS 

3.0 INtRODUCTION 

Cbapter 2 h.. described a typical aultipath neural syste. and 

then proposed a general claas of .adels that could repre.ent .. ny neural 

" syste ... ln Section 2.3, it vas shovn that while it is physiologically 

imp~ssible to use theae modela deterainiatically, usina the. statistica11y 

is feaaible. Chapter 3 presenta this Btatistical approach. 

In Section 3.1, rando. para.eter .odel. are introduced. lt 

is then shovn that when the se rando. par ... ter .adela are applied to the 

proposed class of multipath .odels, there .xists a .. an and autocorrelation 

corresponding to each point in the aultipath .odel. Section 3.2 shows 

how 'tbese atatistical qÙ8ntities can he ua.cI to approxiaere the behavior 

of the ~orre8pODdins points in the .ultipath .odel. Sectioo 3.3 

cI~natrates that f~r any ~el fr~ tbe proposed clasa tbe ..an ~ auto-

Q correlation correspondus to any point can alvay. b. fouad. A .yst ... tic 

IMthod of, ~YS1118 th1s clau)of lIOClel. la li~ea in Section 3.4. 

3.1 JWU)(JI PAlWŒTBJ. datS: mEIIl APPLlCATICli 'l'O lIJL'llPAft SYSTEMS 
• 1 

If ~ rude. proc .. a ia the ioput to a cletem1a1atic 8J1t., tbe 
4 

atatiatieal quantit1ea of the input proc... c:aIl __ ts... be UNd to 
u-

- 17 \ 
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determine a atatiatical deacription of the output proce.a (Barret, 1964; 

Davedport & Root, 1958~ Stratonovitch, 1963). The .ean and auto-

correlation of the output cao easily be found if the system is linear 

(Papoulia, 1965) and cao often be found if the system ia nonlinear but 

static (Harmon, 1963; Thompson, 1955). 

Soaetimes the system itself varies aa, for exemple, in an 

electronic circuit that containa a ca.ponent vith a value that changes 

randollly. Rere the system cao be represented by a random parame ter 

model described by an equation containing parametera that are rando. 

processes (Ado mLan , 1964; Bharucha-Reid, 1964, 1970; Fuller, 1970; 

Kozin,' 1969) . Usually the variation of the system para.eter ia independent 

of the input process. In this case, a statistical description of the out-

put process cau be obtained in a manner ca.pletely analogou8 to the deter-

ainiatic aystem case, axcept that the output expectationa are taken ov~r 

" the additional random proceaa of the ayatem. This procedure viii be 

illuatrated in a slightly different physical application that follova but 

i. aiailar eatheaatically. The diff.rence aris.. aince the randoa para-

meter .adela ta be used in thia application have par ... tera that are randoe 

variable. inatead of randOil proceaa... f r 

,._)lnatead of haviDg 011. ayat .. vith, a paralieter that yari .. rand.J.y 

vith tille, conaUer an inf1Dite euabl. of .,at_, of ~h. a~ .. tb_tical 

fora, each vitb a fixed but poaaibly differ8llt par_ter. Let a kDcND 

raDCl611 proce.a ha appUed to aU .,.at_ and ...... that the relati"e 

. 
ia bown. Suppo.. aD axper~t 18 repeatedly perfor.ed iD vbich dilf.raDt 

i 

l. 

~~~ :~, .~ ., 



'. 

- 19 -

output. are randomly .elected aad ob.erved. Iwo questions cm be asbd 

about this randoaly selected output: 

(1) What is its ezpected value? and 

(2) What ia tbe expected product of it. values at tvo fixed instants 

of U .. ? 

These queatl0D8 can he ansvered by defin1ng a randOli paruaeter 

model that con tains a randoa variable vitb a probability denalty conaistent 

vith the relative distribution of values of that parameter ln the enseable 

of systems. Then one can consider eacb systea to be a reallzation of 

the randoa para_ter .adel, and each randoaly aelec:ted output to be a 

realization of the output randa. procesa of the randoa par ... ter .odel 

when tbe knovn input 1. appl1ed. By using tbe def1nltlona of the .. an and 

autocorrelatlon, the tvo queations are ansvered by evaluating tbea. reapec-

tive statistical quantitle. of the output process. 

A fundamental cbaracteriatic of the randOli process just cOIlaidered 

i8 seen if one con.idere vbat IYppena if a ain~d't4al input 1.8 appl1.ed to an 

eni_le of lin.ar &ys te. • ~ Sinee eacb syate. output will al.o be slnuaoicft.l. 

each realization of tb. proc... at tbe output of tbe raoda. par ... ter .adel 

jUlt d.fined viII he co.pletely deteraiDi.tie. WhU. for tbe rudOll 

proces.es aoraally ecxaaldered. put yalues of • real1aat1oa CaDDOt be u.ect 

to preclict future yal .... of tbla rul1utiOll; bowe'Yer. for tb. proc ••• 

cOlldd.r.d aboY., ooly tbr. put y&lues of aa.y rea11utioll ara required to 
-.t.t • 

predict a11 of it. future .alue.. SlDc2 • .at of tlle proc..... couUerad 

in thi. tbeala will baYe detera1aiat1c rea11utiaas, May aillpl1ficatiou 

will reault. 
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A. a fir.t ...-ple, eonaider an infinite eQBeable of fir.t 

order lov paa. fil ter. eaeh of which .. y haye a diffarent angular break 

frequeocy iu thair t.pulae reapon.e -b t -b t e l,e 2, ••• , 

* and let a knovn, rul, rando. proce.. , .! (t), he .pplied to all 

ln order to deacribe a randoe1y .elected output, • rando. para-

_ter model 1a defined that bas a rand01l 1IIpul.e re.ponae, e -bt, where 

the angular break frequeuey. ~, has a probability de~aity, f(b), conaiatent 

vith the relative d1atribution of theae break frequenci.. in the enaeable of 

Ultera. The output of the rando. para_ter .odel la 

[

110 -bv 
~ (t) = e - ~ (t - y) dv • 

o • 

The expeeted output of the rando. pareaeter aodel la 

[

aD
bv < ~ (t) > = < 0 e -- ~ (t - y) dY > 

vhere < > d.note. expec:tatioo. Sinee the input &Dd .y.t .. proee.... are 

iDdependaut. the output çan be vritteu .. 

l aD bY 
< l: (t) > • 0 <.- > < .!. (t - y) > dY • 

----------------
* Tbe eo .... UOll uaecl iD thia th .. ta ia that &Il uad.rU .... latter deaot •• 

a raDdca yadablA (or raDdoa proce •• ). Wbea the letter la DOt uaclerl1Decl, 

thia d_ot .. a reaU.uti_ of duat radca nriable (or ,roc ... ). la additiOD, 

al1 proc ..... (acept Pourier tr .... fona) are ....... co be rea1 • 

• ... ~! ~. 
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Thus the expected value of a raodoaly .elected output .qual. the expected 
0::--

input convoluted with the expected t.pul~e.poll8e of the euaeable of 

filtert· Note that, in geueral, the shape of tbe expected impul.e 

response 1a d1fferent fra. each impulse 1n the ell8eable. 

The autocorrelation of the output of the randoa par ... ter .odel 

1& 

where * * denotes a double convolution, Rx (tl , t 2) denote. the auto

correlat1on of tbe input proc ... and, analoaoualy, Rn (tl , t 2) deDote. the 

autocorrelation of the randa. i-,ul.e re.pooee. 

Coapletely aoalogoua result. are obtaiaed if .ach t.pul.e response 

fra. the enaable conta1n8 .. ny paraMter. that are different in each .yate •• 

If the 1 th illpulae reapoue contains K paraMtar., then lt cao he 

written.. b(t, hi) wbere hi i. a ~-d1MuiCJllal yecto~coDta1D1n& the 

value. of th •• e par"'Cer. for that path. The r_cloe blpul.. rHpOu. of 

the randoa par_ter lIOdel can he vrltten.. h(t~ ... .$> aDcI the j01D~ 

probability delUlity of the K rudoa variable. iD r ca 'be claoted.. f (b). 

ü a •• coud ezaple t auppoae one 18 iDter_tecl iD the ra4oa1y 

.alec:ted output of • DeW .... bl. of atatic DGGU ... riU .... -.ch of dut 

-- uth ... t1cal fona but vith diffar_t fixecl par_tara ta eacIa tay.t._ 

Piaure 3-1 ahon aaplea of ,.alltle nlatloaahipa WtvMa tlle iaput, 
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~(t) and the output, Yk(t). Dep.nding on vhich IMIthod. (trOll Section 2.3) 

18 Ulled to repreaent the atatie nonlinearit,., a different type of random 

par ... ter .adel describe. a randoal,. aelected output: 

(1) When the power serie ... thocl ta uaed, the output of .. ch atatic DOn

tb liDearity 18 repreaented b,. a "best Ut" ({ order polynoaial in the 

th input variable. Por ex..., le , in the k .patb 

,where c ko ' ckl ' ..• ,c~ are constanta. The relative nuaber of syat ... 

vith particular values of coefficient. (thi. 1. "'UMd to he knovo) cu be 

u.ed to define a .et of rand .. v.riables -Sot cl' ••• , ~ .nd. joint 

probabilit,. denaity, f(co ' Cl' ••• , c~), conai.tent vith the relative 

distributiona of these coefficients in the enseabla of nonlinear .,..t .... 
Note tbat any order IIOMnt of these coefd,clents cao be found. Tbe 

th 
re.ult1ng randoa p.r .... ter lIOdel relate. the output to tbe iaput vitb • ~ 

order polynOlliaI that bu r.nde. .ari.ble ... coefficlenta. 

U) Wben the fuoctlO!fl relttiouh1R .thod la uaecl, • rada. par_ter 

.odel tut la • rand .. DODliDear functioo r .. utta. Tbia ia baD4.lecl ia. 

the lIUIe va,. .. the randOli l1a.ear .,. te. already d1acua.ecl. 

(3) Whea. the Iralhle&! alat_hi, .t\Of la und a "rude. araphical 

relatiooahlp" radola par_ter .. el nault. vh1cb requiru all Joiat 

probMWt,. deultiu of aU adj-ac_t .al.... for • cClllplete .tatiat1c.el 

de..:r:iptlO1l. 

- y' 
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argu .. ut, x(t), a. g(x(t». The firat order probability deu.ity, 

f(g(x(t)?), cau he eat~ted. for each x(t), by finding the relative 

nuaber of ayate .. that bave au output betveen g(x(t» and g(x(t» + dg 

* (where dg i8 a ... 11 incre .. nt about g(x(t» 80 that 

f (g(x(t») .. Pr {g(x(t» < A(x(t» < g(x(t» + dg}. 

Similerly, the aecond order denaity of adjacent value. cao he defined a., 

.~ 

are ... 11 incr ... uta about 

reapec Uv.ly. Note that th •• e denaltiea are indepelUleat of ti_. Thie 

procedure vould bave to he cOlltiDuecl UIltil the reaolutiOll of th. input 

variable ia reached. It ia DOt kDown vblch repreaentation vill he .or. 

uaeful experiantaUy. "aardl ••• of vhich .. tbod is actually ua,d, a . 

atatic DODl1Dearity vlll he denoted aa A() vith a probability deaaity 

of f(S(». 

t'be previoua eu.plea ha'Ye ab.. that ô. output of a randOlÙ.j 
; 

"" 
.. lected .yat. cho .. froa _ iIlfWte eDHIIb1e of .,.t .. vith tha ... 

input aDd baY1q the .... _thaatlcal fon but coataial •• clUf.nat 

* r,,{A} .-.oc.."tIae pnbabU1Cy of A" 

. 
• 1".< • 

"' \..... ~, ~ 

.. ~ .~tt}::r ,I\I~~t.t :~~ 

, . 
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par_tera ln each ayst .. cau be deacribed by the output of • randOli 

par_ter .odel. TM .. .odel vill be of the ._ ath_tic&! fora as 

each .,st. but vlll cOlltain raDcloa variable. for lu par.-etera. 

ReYleving the d •• crlptiOll of the c1& •• of .ultipath lIOCIela in 

Table 2-1, It le elear tb.tt che output of a randc.ly .. lected peth can 

he deecribed usina randoa par_ter .odel.. Sine. the .. th_tical fora 

and thua the block claira of .. ch path and the randOli paru.ter lIOdel 

are the SUIe. each block output ln Any path corre.ponds to an output rando. 

• 
proce.a in the ranclo. par_ter ~el. (See Plgure 3-2). Thua, corres-

pondinl to each block output of the .. ltipath sy.t_. there exi.ta a .. an 

and autocorre1&tioo vhich i. the ._ .. that of the correaponclinl output 

in the randOli par_ter .odel tbat deac:ribu aIl posdbl. output. at thia 

point 10 the .. ltlpath sy.t ... 

The next .~tiOll vlll .how bow the .... aad autocorrelation cao 

be uaecl to approxillately de8Crtbe the variation, due to 41ffereDt poaelble 

par_ter. ln .. ch path. of any vavefora iD a lilultipatb .yst ... 

3.2 THE USE OP TIŒ MIWI AI1D ADTOCOIIII..ATICII 01' A SET 01' WAVUOIDIS 

ODc:e"'àoe bu fOUDd the ..... aBd ntocorrelat~OIl eonupolMl1Da tf 

a veriable ln • .ultlpath 87.t-. ....r&1 propert1es of aa, nal:1aatlaa 
, .. 

of thia yariable c:aa ba foaad. lIa.a1y.~for .. , ...... fona (or rNU ... t1oll) 
~ . 

of thia yar1abla 01IIII ca e.t~te cOIlfÙece laterYals for: 

(2) lu 'OKar Cr_fon (PapouU'-"q 1962) Oft't .. ~ce"al of tiM .... t:J 

M 

, . 
1. ' 
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Kach path of A (Plaure 2-6 reproduced) 1. a r.alizatlon of the randoa paraaeter ~el in B 
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(3) it. power çectrua (Jenkin. , Watts, 1969) ov.r an iDtenal 

of tt.a. 

Tbe derivation of each confidence interYal vi11 he diacusaed. 

(1) The Confidence Intenal for the Value of • p!oc •• , "'lbatlon 

at any tae. 

For any real, ralldOli pr~ •• s, ~(t), h .. lll1 a ....... <.!.(t», and 

autocorrelation. Rx (t1 • l t 2), Cheby.bey'. loequa1ity (Freund, 1962); 

Papou1is, 1965) can he used to estt.&te the probab11tty that the randa. 

proce'lI viII lie vithin a apec1fied intenal about the .an value of the 
, 

proce'lI (i.e. to elltablish confidence iDterYa1s for th. procH'). The 

2 
variance of the proc.ss, Var (~(t», vhich cao he dellOt.d as. 0t ' 

can be vritten as 

a2 = R (t,t) - <x (t»2 • 
t x 

Cheby.heY'. lDequality can he UNd. to .how that 

~p! { <x(t» -k' < x(t) < 
- t-

wh.r. k i. a poeitive coaataat. If ~(t) !JI kDoft to ..... a GauHiaD 

probabl1ity. at aay tt... a ...uer cOllfs..t.e. lat ... l thaa t:Iae .. ai .... 

by Cbeby ... '. I_quelit,. ca M fOUDd. rot aa ale, 

J, 

'". .. ./t{'L~,1O J ... ~ ... ~1~~ 
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) 
table 3-1 tabulatea tba aise of _ intarYal about the __ • 

for 68. 90 aad 99% confidence level •• vithiD vbicb .... arbitrary or a 

Cau •• ian proca •• voule! 11e. 

Diatribution 
tYDe Coafideoc:s Lnsl 

68% 90% 99% 

Any :t 1.8 a
t :t 3.2 0t :t 10 0 

t 
l-

Caua.i_ t a 
t :t 1.7 0t ± 2.S 0t 

TABLE 3-1 UQUIUD IRTEIlVAL SUI ABOUT MIWI TO DlCWDI. 
AT VAl.lOUS cœFIDDICE LIVILS. ALI. IAHD<II PIOCBSSBS 

Thua. if the ruade. proc .... I(t). correapOlllÙ to a .. vefora, 

x! (t) , in the ! th patb of a _ltipatb eyat_ aad if <..!.(t) > _d a. (t
l

• t
2

) 

are kD.owo. tbea Olle CaD .. , that ,about 90% of ail poeaibls .,.t_ vUl 

ba.e a .alue, at tt.. t. at thia point tbat lie. vitbiD 

Alteraatel,. if .. loob at the .al ... of corrMpOlldilla ,otH. la aU .. Clla 

of a ...ttipath 8'8t_. cha aIMMIt 901 of al1 of cM .,a ta , 8 ,.ttaa will ... 

a .ah. at data ,olat vithia tbia r .... 
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(2) Confideaç. lut'rTal for th. Pourier Tr'p'fo[8 of • Proc'" 
Re.lisation oyer .n Int.n.l of Tt.e. 

Any vavefora, x(t), vhich can be cOIl.idered a realiution of 

the r.ndOlll proces., .!o(t), h .. a Fourier tr.nafora*, x (Cd) , vhich 18 a 

realiz.tion of • randOII v.riable, A(Cd), wbere w 18 angular frequency. 

It 1s ••• umed th.t <!(t» .nd _ I.x (t p t
2

) are known. Tbe •• n, 

(X(Cd», and v.riance, V.r(!(w», of thi. randOia v.riable viII he found 

in order to .pprox1aate .!(w). Let .!(Cd) = A(w) + j .!(w) wbere \~) 

A(w) .nd .!(w) .re the re.l and :1aag1nary part. of the coçlex procas, 

X(w), and j = (_1)1. Tatinl expectatioa. of the definitioa of the 

Fourier tr.nsfora give • 

( X(w) > =1 ao< .!(t) > e -jwt dt 
-ao 

- (!(w» + j(l(w». 

Tbua (I.(CaS» CID he found frOia <let»~ , wbicb 18 1m0Wll. Alao, 

t 
= r <.a,., "2) 

""'r. r (c.a.t. ~) la the tvo cl:a-.ta..l roan.. tr .... fon of a.(tl " ta) 

(P!pGU11a" 1965). P1u11y" aiaa, tM clef1ù.t1-. (Papouli_" 1965) of the 

" 
" 
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variance of a coaplex randoa variable sives 

2 
Var (!(w) ) • < 1 !(w) - < !(w» 1 ) 

= < X(w)X*(w» - < X(w) ) (X*(w» 
',. 

whicb can be evaluated using r (w.w), (X(w) > and < ,!*(w» • 

Thus. 90% of a1l Pourier tran.foras of Any po •• ible vavefora in a path 

that ha. a corresponding random proce •• , ~(t). will bave a .. gnitude within 

1 I(w) 1 ± 3.2 (var(!(w»)' 

-- '. 
and a pha.e within 

< 

Thia coofidellce iaterval ta .hOVD in Figure 3-3. 

• 
(3) Cogf1c1egce Iutenal of the fmr 1Rtc1œ of , PrOS!!! .. ,I!Htioa 

i 

"et ID lntetytl of Tilt 

CouUer _iu , .... fona. a(t). WIa1dt ca ba CGlUt-1dencI • 

..... Uat1oll of the nad_ proceu. ,&(t). !bia ""'01'& .... .,... 
apec:trua*, S (fi), vhich ca .. c .. Uen4 • ftaltaatt..oe of the pnceea. l(co). 

}" 
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uau. that ttie .avefol'll' 1. zero for t<o and t>T. 

(Kol.s, 1970) that the pOwer apectrua .qual. 

.l(w) X*(w) 
.!(w) • 

T 

lt eau be· ahovn 

" 

\ 
It vill be ehovn that a confidence tnterYal for thia proc ••• cao be fouDd. 

TaklDg expé~tatlons gives 

Aleo, 

Nov 

and 

~ua the variaDee CaD be .. a1uated a1Re. th. autocorrelatioD of the iDpuc 

~roe.a. ta ,)blatta and the four th .... t of th. iJaput un be calculated for 

the proc..... coaa1cl.ncl. Coaf1deae. iDt.nala caD be fOUDd as Mfor •• 

el 

"'. ,.f,. 

If 
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3.3 OBTAIlUtfC THE HIAIIS AI1D AutOCOUII..ATIOIIS OF VAIlIABLIS IN 

A MULi'IPATR MOOn 

Th1 •• ect101l .UI cle-.strate that for aDY .ult1path lIOdel frOll 

Table 2-1, the .an and autocorrelatloa of tha proce •• a •• ociatecl vith 

Any block output or tbe .odel output c:an theoretlcally be found. In 

Sectlon 3.4, a .,..t ... tic .. thod of approxt.ately anal,.inl .ultipath 

.odel. 1. li.ted • It .bould he pointed out that for .ore cOliplex 

• y.te .. , the .y.t ... tic .. thod require. uu.erlc.l aclutloaa. 

Since each path of a .ult1patb .adel la couUe,red to be • 

reallzation of a knovd randoa par ... ter .adel, aay patb in the .ultlpath 

.odel cao he de.cr1hed ooc:e tha ... nta of each .ariable lD the randa. 

par ... ter cascade are lOUDd • Tbi. i. alvay. po •• ible aince it vUl 

he abovn that the input/output _nt relationahip c:aD theotetically he 

obtained for any randoa liMar black or Any atatic DODlinear block. 

3.3.1 KœeDt lalatiODthip. for a 1ancI0Il L1Dear Iloslt 

COIlaUer tbe raadoa par_tei .oclel of "iaure 3-4. x(t~!.> la 

the input raadoa proce •• and h(t,!) le the r_d_ t.pul .. reapoaae of 

the 8Odel, vbere .!. and .1t are rad.,. .ariable. _octat_ vith eacb proce.a. 

Por conveu1ence lt i .... UMCl tut both x(t,A> aad h(t,),> eacb coata1R 

U uch coat:aiRa ..-..rel nadaa .ariablea, --

the cH.ac:uuioa .ti11 appU ... , kt .!. .. 1. aboulcI,W nplaced .., the 

will be uaed tatere ......... l, with .I(t) ad 11(t). 

1 

Î' 
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th lt 1 .... u.ed that .11 u order .a.8nt. of the tDput, 

<~(tl) ~(t2)··· A(tu) >, .ud of the randa. t.pul •• Teapouee, 

< ~(tl)h(t2) ••• ~(tu) >, (vher. a 1. au intes.r) .re knovu. Sinc. the 

th u order ___ ut. CODtain ouiy cma raudOli variable, ouiy the tir.t order 

th 'den.lty of thl. raudoa v.riable 1. aee •••• ry to evaluate the u order 

___ t. For asuple, 

< A(t l ) ••• A(ta ) >. f x(tl,a) ••• x(ta·a~ f(a)da 

alla 

vhere f(a) 1. the fir.t order probabil1ty deuaity of A ~ich 18 ... u.ed 

,to be knovu. It 1 •• 1.0 asaa.ed that th. l'ADda. variable. of the input 

aud the lIOdel are indepeuclent aDCI that A(t) and b(t) aré real. 

th J 

The n order .o.ent of the output, < ~(tl) ~(t2) ••• L(ta) >, 

1 

z ••• f ... < x(tl-vl ) ••• x(t -v ) > < b(vl ) - - a Il -
••• b(y ) 

- Il 
> ••• dY1 •••• 

a tiM. 

Thie vill he denotad .. 

< L(tl ) ••• L(ta) > • < A(tl ) ••• ,&(ta ) > ••••• < !\(t'l) ••• !l(ta ) > 
D tau 

la p.rtlcJll,ar. elle __ -tput la 

, 

. , .. 

u tiM. 

(3-3-1) 
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and th. autocorr_1atiOD of the output 1. 

reapective1y. FiDa1ly, the joiDt _Dt of ord_r r + a 18 

> = r • 
< A (t1)A (C2) > • .~. * 

r+* 
tiMa 

'(3-3-3) 

Note that the _n and autocorrelatiOll of the oappat of tM.. rad_ 1iDear . 
ayatea.require ooly the firat and aecODd.~ta of the iDput. When the 

input 1. deteraiaiatic, thea_ relat10âahipa at.p1ify to 

and 

S1Dc. !!.(t,,!) 18 ' .... rel1y a DOUtatlO1UlI'J proc_. %(t) 18 a1ao ... -

.tat1oDary. 

(~ 
, . 
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x ( t,g ) 
--.. -;... .... h (t, I!) -

y (t, - -

- g( ) -
y (t) --- .. -

ncuu 3-5 IWIDCII S1'ArIC IHIILI .. ' ...... 
1 

,... .~ 

1 

• '~ ! , 
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3.3.2 .... t .. 1tU.opahlp, fOI' • "dO! Statis H.l1g!tr Il'oct 

Cou1.der the raacl_ ttattc DOIlliDur ..tel iD Plaure 3-S. 

A(t) 18 Qthe iDput proc ... vith mOVD Il
th orcter __ t., < A(t

l
) ... A(t

ll
) ", 

.nd the radOli .t.tic 1lOIl1iDearlty. 1 ( ), la repreaeatect by th. power 

.. ri •• , 

The coefficient.. J!.O' È.l , ..• .re raadoa •• rl.blea aad all of th. _nt., 

Po P 1 P~ 
< b b· •• b " , are bOWll. wh.r. PPP Il and -0 -1 '9( 0 + 1 + ••• ... 1· ,. 
Po' Pl' ••• , n .nd ~ .r •• 11 iDt.g.r •• 

output 18 

1 

< ~.<tl) ••• .I.(tll) " • < \! O!t xittl » ••• 

tb cf 

The Il orcl.r __ nt of the 

(~b_ x-'(t» " 
j.Ol - Il 

..... re P 0 ~ ••• ... Pl: Il, _d fit. 0, l, .'., 1. 

III part1cular. the __ output 18 
} 

, , ' 

, ,. 

. ' 
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aDCl the autoconelati_ of th. output la 

> • 

K 

Pl 
t<b ···b > 

a1l ~ .::c 
producta 

vbere l Pl = 2 and '1- '2 • 0, l, •••• 1. 
1.0 

Note that the nth order .o.ent of the output of thla Ith order randoa 

tb p'olynoaia1 requlres the (nII) order __ Dt of the input. , iDa lly , the 

output ~Dt of order r + S la 

, proclucta 

vhere PO + ••• + Pl = r+a and '1' '2 = 0, 1 •••• , 1 . 
.-

W'ben the input 18 deteraiDiatic, the expectaU,,. OYer the lnput cao he 

droppecl. 

It has beeD sbOWll tbat for ADJ racle. l1nÙr or atatic DODlibear 

a,.ata, the IIOMOta of tbe output caa ha relatecl to the ..-.ata of ta.. input • . 
nua, the ...... uad autocorre1atiOll of ..,. .arlabl. iD aDJ caecacle of tbue 

racloa lIOde18 caa theoretlca1ly be obtaiDed. la particular. the .... ..a 
autocorrelat1oll of th. procua which la the oatput of the r ___ caacacl. 

cm be fouad. It wU1 DGIJI he .bon tut the __ .. autocol'I'e1att.l of 

mie r.ad_ proceo(wb1c:b colftapODâ to the OIIItput of .. ., ~ of • .a1t1-

,ath ".1) ca be related to th. __ ..... ",toconelattoD of tbe l' ..... 
- ' 

procen co1'h8pGDfl1aa to tbe ~put of tba .a1ttpatla Mftl.. 

" 

" 

.~ ~ ,,; 
," 

~ ~ll'I 
>,,, ''..'' 
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3.3.3 Ob,"!'" tilt !en al "Wme1at1oa CorugapdW, to 

the Oacn' of 1 M'web Sut. 

For die clue of ..altipath .,.t_ eau:l.cl.red. a11 • path. aJ;. 

cho .. 1Dcl.,.ad_tl,. Lat the output of CM 1 th peth cornapoDd to a 

proc: .... x(t. ~). Slac. the patu an cbosea 1Dclepeadatl,. a a.t of 

< x(t.~) > • < x(t..s) > (3-3-4) 

(3-3-5) 

Sille. all of the .. proc: ..... Ire iDdepead .. t. thell 

'. 
(3-3-6) 

n'er ... of aU of tbe tadepelld"t proc __ • 

1 • ~(t) • i E &(t..At) • 
pl 

1'- .... 1.'. Dt 18 , 

uaJ.oaoua to ~ 1.2 la rn 1'. 1962. 

-,' 
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1 

;7 

1 -
~ 

1 -N 

• • • 

1 -N 
fin : 

< lIt' > 
Ry(tl'~) 
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'lb. MaD of the ,roc:_ corrupoDd1Da to tb. outp"t of tbe 

.w.t1patb 8y.t_ cu' be witt .... 

• 
< L(t) >. < ~ t s(t • .At) > • 

lal 

Uainl (3-3-4) li" .. 

< .t(t) > • < s(t • .!,) > • (3-3-7) 

The autoc:orrelatl00 of the ,roc... corr.8pODdiDa to th. _ltlpatb 

ayat .. '. output la 

8ovev.r, by (3-3-51 ad (3-3-6) 

• • 
+ l t x(tl • .!t)x(t~) > • 

lal j.l 
~j 
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t'ber.fore, 

(3-3-.) (1-1) \ 
• < x(tl~ > < Z(t~~ >. 

, 

Thua, th. _11 aad autoeorrela~toD corr"poocUAS to the .w.tl

path ayat.'a output ca he related to thoN of the path'. output •• 

Tberefor., It baa ben d ..... tr.tecI tbat a ....... autocorrelatloo cao 

he found for al1 poiDta iD &rrf .w.tlp.th .,at- fre. t~ clau of T.ble 2-1. 
(, 

It 1. iDt.rutilla to DOte tut ...... ....,11 .. rlevpoillt of thu 

altuatlO1l 1. t.UD, a reault cClD81ateDt vith th. CeDtr.1 L1a1t Tbaor.* 

(Papou11., 19.5) 1. obtailled. To a.. thia, DOte that the .ar1.aDce 

corr..,ODdlna to the output. of the p. tt., at aDJ tiM t, ia 

li 

aDd that the .ar1aace correapoediDa to the output of the .ttipath ayat_, 

at U ... t, ta, 

V.r tt(t» •• (t,t) - < Z(t) >2 
'1 

e , 

• al(t,t) t (1-1) < I(t) >2 2 
• - < I(C) > • 

-, 

-.. 
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Therefore, 

Var (x,(t» • Var I(t) • .. (3-3-9) 

ThUI, at any U ... t, al1 tha output. of the patb. fora a •• t of • r .... 011 

variable. that are coaaidered to haN beaa raaclOllly •• leeted frc. aD 

infilltte population of output. that bu a ..... , < A(t) >, aDd .ar1ac:., 

Var ~(t». Bovever, the .,..t_ output ia the .".r... of the.. • iDde-

pendent • ..,1e. ad bas a __ .alue, 

< L(t) > • < .!.(t) > 

aAd a var1aDc:e, 

Var(I.(t». Var <.!.(t» , 

• 
vbieh i. vhat vould he pre4ieted by the C-tral Lillit Tbeor_. la 

add1tiOll, Chia theor_ .ay. that the probabil1ty .... it1 of al1 poe.tl»1e 

.. ltipath " • .t_ outputa, at ct ... t, ia approst.ate1Y ~1aal7 cliatrDot4l!d. 

The error in Chia approxtMt1oll CD .. fOUDd (Papoulia, 1965). 
1 

lt vill be ..... la Chapt.r 4 tut ...... cartata a.aüt .... 

< !(t) > ta l_ar1, re1ated to tbe eyatea 1apat la .., .a1Up&Ch .,at_. 
1 

lor th ••• cu .. , ..., dUf.nDCe ltetw •• tbt actual .,.ta-.... t ,aM tba 

-', .)/} .. 
"\., 

~ 

j, 
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by the output .tlDdard d .. 1atioD. !ha .igDal-to-di.tortion ratio of 

the output 18 

< l.(t) > 

[Var (x(t»]1 • /1 < .!(t) > 

[Var (!(t»]t • 

Aa N mer ...... the output .ipa1 00 cll.tortiœ ratio 10er ..... a. l''i. 

Tbi, is a180 the t.pro.eaeot of thia ratio at the .u1tlpath .y.t .. output 

oyer the value of thia ratio at the output of a .iDal. path. 

Equation (3- 3-9) .bowa chat .. III iDcr...... tha output of the 

.u1tipath .yst .. beco.ea .ore Dear1y dater.iDiatle or .ore certain re.ar4-

1 ... of vhlch pA th. ha.e heen •• lectecl. ror an 1Dfi1l1te pAth .yat_ the 

output equala the expeeted output. lu thia c.... the .y.tft outpat, Ua 

Fourier tranafora and ita power .pec:tru. al'. a11 deterai1llltie aDel are 

laaoVIl exact1y. 

3.4 THE SYSTEMATIC HITIlCI) or AMALYSUG MULTIPATB SYSTDIS 

'l'1l. prw10ua .ecUou ha .... bon that dUf __ t realiaat.1oIUI 

of a .. ltipath .... 1. of Table 2-1. will ha •• cU;ff."'8lt .... fOl'M !ta it vith 

lt .... bowD that the _ ... autocorrelatiOli 

correspoDdiq to thia .... fon .ariat101l eaD:, al.vap .. f.... lectloD 3.2 

..... that tbue quatit1u CUl he .... to •• tendae coafU ... itl.~ 
, , 

f~ the poe.Ale l' .... of ftluae fol' .., .... fon. tt. rouid t~~oàa 

01.' 1ta pGIIat tlpeCt~. 
,'., 

~ , J Q • r''' ~ 

!bu ...... A ..... tic .ath04 of -.1,.., ...a;t~~.,"~* 
~ -:" -.:. T ~ .....,) 1 1 

{J " " , 
. " .' '. c. '. ~': .. ' .. 

~ .... I ~ 

,,, . ~ ~~~ 
'1 , " 

,~ ..J' ,;#';.t ~ 
• ;' • r'.oJ, 

j! • h., "( _ "j<t .. Il ~ ',.. '~ • "b.
' 

"t ~,~ t'" < .. ~ '$.... ~: ~~ ~ .... 
10' '",~'" l,)"w< '1"'[ ~, ~"r~ .. ~' .. "J..,j~lr~\'l~'\t":''''kl'~~i~~1 

t ~ '. Lit i" ~ " ... ~ '~, " ,,,, ttr', 'lu, ",<1(; ., ..... ~, .. ~, If.t:, ' '., \ ~:o ~;:~8 q,-'H}",~~;e~'1e'.\iI 
.:'l~ .... J'" . 'i.'!.. _['<Il" •• '" ~' . ., ~_ A'J: .... f,. ...J~ ~d , ;.tt"n~ .. l "'J~.,J,... _.\ .ALlt ... ~ ,-:..iZ~,~{ ~ 

. " 

.. 
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) . 
, . -

(1) Set (up the rand a. par_ter aodel correapolldiDl to a randOlll.y 
\ 

aelected path. 

(2) . ~1.nd the I!latiOll8hiP be~ .. the iDput aocI output' .... nt. for 
'. , 

each block aeparately in the anda. par ... ter ~el. This , 
18 elvay. po •• ible .iDce aU liDear ;r etatic 

(3) U~ing tbè relation.bip. iD (2) ad the Imown .yat_ input, 

dete~e the .. an and autocorrelation at eacb point alous the -~ 

cascade iu the randOli par_ter lIOdel. Note tbat to f1Dd the 
r 

( 
... u and autocorrelation of the output of the laat atatic uon-

linearity in the caecadé, in l8Deral, all the .a.enta of tbe 

output of each preeeedmg black ... t be found. 

(4) Find tbe ~n and autocorrelatiOD correapond1ua to tbe-.ultipatb 

".yat_ output f\OII tbe .au and autocorrelatiOll fouM in (3) • 

(5) For any point üa) the aultipath .y.~_, uae the r .. ul~a of 
'~ 

Section 3.2 ~tcf'àpprOld. .. te it. value, a~ .. y tt.e, and to approxi-.... 

.. te lt. Fourier tranafora or paver apectrua ower an iDterval of 

tiM. 

When propert1 (5) of table 2-1 CUDot be .. a~,' the a,at_ can 

etill he analy.ed but .... and autocorrelatiQlla .... t be ,fOUlUl "1tbout 
"",' , 

breaktD, up the raDda. par ... ter .adel. 

difficult to dOT 

'. r 
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• • 
\ 

1t .houlAl be point" out that the .. ltlpath 8JSt .. caG h ... -. 

lIOn tha~ ODe input. lu partlcuJ.ar, iDdep.udat nol.. 1tOUrc:.. cau 

of ten be .clelecl iD -..ch p.th .ithou t cbaaaiDl the approach. Tbt. vill 

) 
be 11luatr.teel in Chapt.r 4. 10 addition, Chapt.r 1. vi il f1Dd .... r.1 

input/output ... t relatiOlUlh1p. for ... r~OII p.r_ter lIOcIe1a aAd vill 

di.cua. th. probl... iDYolvecl in .Pp1,108 th~ .yat ... tic .. tbod to .ulti-

path .,.te_. 

6 -

• 
-. 

1 

• 

-.• 
, . 
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CllAPTBR 4 

TU AllALYSIS or 1mL1'IPATII IIOO~ 

4.0 INTRODUCTION 

-
The purpo_ of th18 cbapter ta to .how hov the .,.at_tic 

_thocS deacribed 1D Section 3.4 i. uaed to ual,... IUltiP8th .,..t_ • 

• To thi. end, the cbaptar la dl.1decl 1Dto t1Io part.. The firat part, 

(Section 4.1) deter.1Dea .o.e of the .a.ent relatloa.hip. required in 

the eecood atase of the .,..t ... tic .. thod. Thu la don. for a raDdoa 

lov pa •• filtar aDd for se.aral .tatle llOal1Dearltia •• Por all raadoa 

static aonl1aear .,..t ... con.idared, outputs ara liaearl,.* related to 

the laputa UDder cenain cOlldlt100a • Thua, atty _ltipath .,..t .. 

...,107i88 realiaatioa. of the .. raodOil .y.t_ ia each path vill ba.a, 

undar certain cooditlO1l8, aD upectéd output that la l1aearly related to 

tha expected input. Also, if thi8 .. ltipath .,..t .. ha8 aD iofiaite . 
auaber of patha, aad if the 1Dput la clatera1D1at1c, tua Cha actul output 

of ~bl. .,..t_ li~ UDdel' the pru1.oua cOllditiOll8, ~1Dear1,. ralated to the 

iDput. /-

* \ A1thou~h the ralat1ouh1p. that will be obta1Ded vill ... l1aaar, tba 

The ralatlOll, ,. • _ + b, 18 aD eullple 

of a liDear ,fUDCtiOD tbat l'epnHllt. a aoal1.ar .,..t •• iDca tlae .,..t .. 

clou DOt .. tiaf,. the Superpoeltioa Pr1acip1e clue to the coatat, b. 

(Dorf, 1967). 

i 
- 41-

.. ' , 

o '.<1 
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The .. cODd part (Section 4.2) of thia chapter illuatratea the 

a,.at_tic .. tbocS, uataa .~ of the .... t relatiOllahipa fouDd in tha 

firat part. and indicatea hov the andy.ta of the tvo ... ltipatb laOdela 

in Figurea 4-8 and 4-10 voulld proceed. lad.pendent Doia. aourcea bave 

been added in Plaure 4-8 to ehov hov notae cu be handled vith thia 

.pproach. 

4.1 IOŒNT RELATIONSBIPS OF SœI! lWfD(II PAIAMETO !d)ELS 

4.1.1 . MoMnt Relationahiea of a Rancl_, Firat OrcIer le! r ... Filter 

Conaider the a,.ata iD Plaure 4-1 (a) that ha. a rancio. illpulae 

-bt 
reapon.e, e - , vhere the aqular break frequency.,!?, ta • raDdOli variable 

vith a probahllity denait)' 11ven b,. 

f(1)). ! .! s • 
T~b~T+S 

o • ela"'re . 

The expected blpu1 .. rupODM of chia qat. ia 

-ht> <.-
T+& 

- f e-
bt 

f(h) dh • 

T 

UaUI (4-1-1) aifta 

= 
-Tt -('r+ I)t . -. .:-_ ....... tS~-- • (4-1-2) 

;, 

... 



• 

• 

• 
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xlt, g) _ -bt l(t) -. -
A 

(X (t, a» - --

B 
.. 

rlCUU 4-1 UJDCII LaI .AII 'IInlt AJID lIL&U.aBIP II'IW&II lIAIS 

(b) abowa relat1ouh1p MtveeD iaput ad CNtput ..... of dado. 
par ... tar ... 1 1a' (a). 

., 
.. ~ .. ' i-.. :... ~ '1." 1 .. 

. ~ ,~.~ ~_~ ~ .... ' :~ .. ~~~ .. .<-\: .. ;. ~~!' ,,~., JI:~~:, 

-
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Note tut the expec:ted illpu1 .. rupèmae bu a different .!Iape tball any 

-bt rea1izatiOll of e - • 

u.tng (4-1-1) Siva. 

The autocorrelatlon of tble .y.t_ le 

-T(t1 i't2) -(T-tS)(t1+t:..) • e - e -~ • 

tS 

Ellp10ytng (3- 3-2), tbe expected output ( ... Figure 4-1( ~) le 

< ~(t) > = 
-Tt -(T+S)t . - , * < ~(t) > 

tS 

.DeI ua1ng (3-3-3), the output autoc:orr.latiOD le 

Siailar1y. ellploytns (3-3-1) 

can be fouDel • 

.' -Jo' 

(4-1-4) 

, ' 
" " , , 



• 
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4.1.2 MoMat I!UtioMhlp. for, St. n_pt vith. UDiforaly 

Di!trlbute4 thre.hold 

'igur. 4-2 (a) .how. a rand_ .tatic aoalfn .. rity tbat 1. a 

.tep fUDctiOD vith a uDtfor.ly diatributed threehold. The output. 

" 1.( t .A,,]ù. wbich la abbr."iated .. , .x. (t), la wltten .. 

.x.(t) • 

1 " . x(t,v ~!t 

o , 

vber. x(t • .!,) 18 the iDput. proe ... cODtaill1ll1. for coavenlenc., a .iDlle 

randOli • .,r:1able, A. vitb. kDovu probabUity daDaity, f (a) i M 1. a 

cOIl.t.nt and the tbre.hoU. .!!., if a randOll 'Yariable tuw1q th. unifora 

probabi1ity deDaity of (4-1-1). Th. op.ctecl output if 

<.I.(t)>" o· Pt { x(t.A> <.!!. } + "-Pt {z(t.A> ~ !t } 

= M • Pr { b ~ x(t • .!.> } • 

WheD x(t • .!.> < T, theD Pt { ~ ~ x(tt.!> } • 0, 

80 thet 

< .x.(t) > • o. wben x(tt.!.> < T. 

VbeD T ~ x(t • .!.> S T l' S, 

z(td,) 

Ir { .I!. ~ x(t..J) }. l 1 l 
• , T 

cIb I(.)da 

< x(t • .a) > - 1: : . 
S 

" , 
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• 
< .%o(t) > = : ( < z(t.v > - T), T ~ x(t • .!,) ~ T + S. 

Flnally. vben x(t.,!) ~ T + S. theu Pr { l!. S z(t.A> } = 1, 

80 that 

< :1(t) > = ~ ,,(t,V> T + S 

" eo.b1DiDg tb ... r .. ult., tha expected output b 

0, x(t,y < T 

<.t(tp • f ( < x(t • .!.> > - T), T~ z(t,A> ~ T + S 

l e 1 

z(t,.!,) > T + S M, 

, 
Thua vheu a(t,,!) 1a rutrlcted to the raDse of tbr .. bolcl •• the expected 

output 18 Unearly related to the apected 1Dput de.,lte tbe f •• t that 

If the lnput 1a DOt re.trlct.d 

to thia r.qe th. apected output requir .. a DUMrlcal aolut1OD UDl ••• tb. 

probabllity d •• lty of . z(t • .!,) 1. kDc:ND. If tbe input 1a detera1Dl.t1c, 

the relatloaab1p .hown in Ftaure 4-2(b) r •• ult •• 

The autocorr.latioD of the output rill DOW be fOUDCl ••• uatna 

that th. laput 18 rutr1cted to the ruae of thrubolda. lt cn he 

vr1tten .. 

• 
". "',,' 
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• ; 

M 

xh,a) y(t) -- - -- -,\ 

.. 
0 

b - A 

• 
M 

x(t) < l,t) > 

8 
0--' 

T T+S 

-.• ncua 4-2 



• 

• 

• 
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Sinee J!. ... c he 1 ••• cban or equal Co the lu .. r of z(tp !.> aad z(t2 ,.!.>. 

define 

\ 
and let f(q) be th. probability d .... ity 0 

Then 

q 

• l'Î" J J ~ db f(q) dq 

ail q T 

vhere the iDte,raUoa 18 over th. .et of .s. aDd. b in the preceeding 

probabi1ity and (4-1-1) haa bean uaed. Thua 

(4-1-5) 

Section 4.2.1 will diac:uae the probl_ 1aYOl'Yed ln findin, Chu auto-

correlation. Nota tbat vben x(t.!,) la a aoDOtonically 1Den.uin, 

functiOll, the autocorralatlO1l cau he vritt_ .. 

/ 
S1a1lar1y. it Cd he abcNn tbat 



• 

• 

• 
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4.1. 3 !IoMot RtlatiogûiD. for • Uaifonly Pifttibuttd ".ft 
SÇftiç NogliMarity wh'" he' • th!!!bold _d I,turat" 

\ 

Tb. iDput 1 •• rlDdoa prôc: ••• htnAa (for ÇODYellleDC') a ,ulle randa. 

v.tabl., .!., vhlçh bal • probabl1lty d .... ltJ, f (.) • na. output u 

0, x (t,.,!) < 11. 

1(t) • .&(x (t,.,!)-b), (4-1-«») 

K, x (t,.,!) > b + R. 

wher. th ••• tur.tlO1l v.lue, K, tDd ranle, Il, are C0Q8tat. 8UCIl that 

Il < S, th. thr •• ho1d, l, 1. • randOia y.riab1e bav1ll1 the uaifora prob.bility 

den.ltJ of (4-1-1) and .& ( ) u • raDdOll .t.tic DODl1DearltJ wbo8. 

prob.bl1itJ deDIlty 11 dIDoted Il f (1 ( » or f (&) • AU raDda. v.riabl •• 

are ••• UMd to he 1DdepeDdent. 

If lt 11 ulu.ecl tbat tlM iDput 11 11ll1te4 to (ne r1pr. 4-l(b» 

T + 1 S x(t • .I.> S T + S , 

tben th. upec:ted output b 

x 

< :I.(t) > t: 0 + J f J I(x-b)(&). l(b)clb 1(.)_ 

.11. x-a al1. 

x-a 
t f Il J f(b) db f(a)" 

aU.· T 

.' 
~ .r~, t, ' 

(4-1-1) 



• 
, 

J 

1 

"-. 

... 

T 

.. 

- S6 -

_,.-1\,1 
-.-

". -• 

• • • • • • 
• 1 ._ . . -

0--- • 
b b+R - -

LINEAR 
RANGE 

2 _ 3 .. 
. 

T+R 

.. 

Y+5 

",' 

l't) _ 

A 

4 _ 5 .. 
-- b 

T+S+R 

B 
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/ 

where x(e.a) bu ..... abbrniated.. x aDIl the thue t ...... con..,cmd 

to .!.(t) < L J!. S A(t) "l!. +.. ancl '~(t) > &" + 1. reapectl.ely. 

Defiae the ruade. .ar:1abl.e 1(t) • A{t)-.J?. Uataa (4-1-1) and deaot1D& 

v(t) aa v Sb' •• 

< .I(t) >. t f If(Y)dY f(a)1Ia + J ~ (,,(t)-(I.<'I:» f(a)da, 

wb.re 

ail a 0 aU a 

g(v). f l{v)f{l)dl .. " 

ail 1 

) 
1 , 

denotes the averale input/output relatlooahip for the atatlc DODll1l .. rity. 

Note that aiDee 

u iDdepeDdeDt of a, the tlrat tet'1l for < ~(t) > 1. eoaaeant. ao tbaè* , 

< ~(t) > = A < x(t) > + 1 

vbltre A. JI _-..1 

s' - (4-1-8) 
(1 

• .. t 1 i<y)dY - f (I.+T) 

upauiola for the .tatic aoaUaearlty. 

Je.J. IoreDltera. 

. , 
" 

" " , 

. ' 

.. 

" 
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provided the 1aput i. boÛIIdeci Ity (4-1-7). Once apill the axpeetecl 

output 18 li1learl,. related to the upectecl 1Ilput da.pite the fact chat 

.. eh real1&atioa of the raacioa par ... ter .adel ba8'a dlffarent threahold, 

saturata., and ean have a differaDt .hape betveeR tbre.bold aad .. tur.tloa. 

If tba lDput raDIe 18 not 11a:1.ted by (4-1-1), the relationahip ..., ,., 

betveen ... n. 1. ca.plex aad requlr.. a nu.arlcal .olut1oD. Iftlle 

input to the .tatlc noD11nearity 1a detendlliatlc" the r.latiouhlp abovD 

in Figure 4-4 (a) re.ulta. ~ In ordar to indicata how tbie relati..,bip -

ari ... , ".\IM for the __ nt that ,he abepe of the randOli par_ter .odal, 

g( ),. is deteraiDi.tic. The ezpacted output 1& 
1 

< %(t) > = !1(X(t)-b) f(b)db + J Mf(b)d~ 

wbe" the end point. o~ each iDtalra1 dependa ou tbe ipput. Suppoee tbe 

input ranse i. divided into five relions, 1 to S, ... hawn in rieure 4-3 (Il). 

If the abOYa intelrai. are delloteci .. 

1 • !1(X{t)-I)f(b)db 

II • f Kf(b)db 

theo rieure 4-4(b) eu ... UHd to ... &luata tIae ..... poillt. of 1 ad II. 

wbeD tbe input i. iD ucb of tha fl .. na1oD8. 
output eaa he Ritt_ .. 

'. 
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• 

• 

• 
.. 
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'\_~-T. T+R 
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(' 

• .··~-M .. . 

• • 
T+S T+R+S, 

< V(t) > -

FlGUII~ 4-4 (a) STATIC ULATIOBSBIP lB'1'WIEII OUTPUT MIAII 
AllI) DITIIMINISnC llIPUT 

.' 

1 
1 

/ 
j 

! . (; 
, 

,;' 

• 

" 

• • 



/ 

-6(,)-
1 

• x (t J 

.. 

5 

T-t'S+R 
4 

T+5 

3 

~ 
T+R 

• 
1 1 

'\ b 
T T+R T+5 T+S+R 

\ 
REGION LIMllS OF b IN l LIMITS OF b 1 

1 
2 T, x 

3 x-R, x T x-R , 
4 x-R, T+5 T x-R , 
5 T T+5 , 

<yttl> = t J g (x - b J db + ~Jdb = 1 ~-':n: 

•• rlGUU 4-4 (b) DI) roDITS ro BVAUJATI DPICTID OUTPUT 



• 

• 

o 
1 

x(t) 

! f 8(x-b)db • 

1 
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R 

<.I.(t»= i (x(t)-(R+T» + t j8(Y)dV • 

o 

z(t) ~ T 

1 < x(t) < T+I 

1+S li: (t)-Il 

t J 8(lI:(t)-b)db + ~. J db. 1+5 < lI:(t) ~ 1+5+R 

x(t)-It 1 

• 

If the shape of the atatie non1inearity bad eonta1lled randOli variables, a 

.<:J a1ailar reault vould be obtaifted ezeept that se) vould appear inst.ad 

of ge ). 
Mote that lt ia poasible for tvo different randa. para.eter 

lIOdala, eaeh vlth rea1tzatlona of different shape., to bave the s .. 

exp.cted shape. the.. .adel. vould have the a... relationahip betveen 

input and output ___ • 

One _thod of obtatailla the output autocorrelatioa ...,101. tbe 

Lebesgue Integral ~b, 1965; Papoulia, 1965). The input proc... la 

divided into three rea10u (u .bown in riaure 4-5) vbieh de Un •• three 

.ets of valu.s of l!. .... f: 51 t 52 .ad 53. ror cOIlvenience, d .. ote 

lI:(tl'.!.> .ad x(t
2

,,!) ., lI:
1 

.ad lI:
2 

aDd def1De 

/ 
1 1 jt • lia ~. Az> 

J. = Mill Q1 ~ .Iz> 



• 
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2 3 

b+R 

1 2 

b 

b b+R 

FlGUJlB 4-5 DIV18IOll OF IBPUT PROCBSS DI THaEB UGICIIS 

For au, tbresbold ~.1ue h, 1,2~ &ad 3 deaote the oa1, tbr •• res10Q8 tbat 

eontribute to the output autoeorrelat1oa. Bach rel~ defiA •••• et of 

value. of ~ aad A as follow.: 

) 

S1 • { .,b : b < x(tl ,.) < b + a aad b < x(t2~.) < b + 1 } 

s2 • { .,b, : b < lUn(s(tp .). s(t2,.» < ka < 1Iu(:a(t
1
,.). x(t2,a» } 

~3 •. { a,b : b + a < s(tl ,.) aad b + k < :&(t2,a) } 

\ 



-------------
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• 
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By integratiDI in the Leheagua aenae over the seta 5p 52 and 53' the 

output autocorrelatioo caD be writteD a. 

dgdbda 

J 
q-R 

+ l K: f(a) 
aIl a T 

dbda 

vhere the abave three tera. corre.pond to poiDt. iD 51' 52 and 53 

re.pectively, the thre.ho1d den.ity of (4-1-1) ha. been uaed and 

l, x ~ 0 

0, x < O. . 

Although the analytical aolution caD be c,GGt:I.Duecl .00000t, thi. viII, 

Qot be dQlle .inea a nu.erieal aoldioo ia ey_tua11., required. Thia 

viII be diacu ... d iD Section 4.2.1. It .hould he point" out that 

vhen .. ch realiaatiOil of the iDput proca.. to the randa. _el :I.a a 

aonotODica11y :I.Dcr ... 1ng fuoctiOD and lta1ted bJ (4-1-1) thea the output 

autocorre1ation cao he vritten .. 

(4-1-9) 



• 

• 
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R +: f f ;(v)u_1Jv+x2-X1-I)dv f(.) da 

aU a 0 

vbere tbe ... batitutiOll ~. xl - b vu' uHcl iD tM 8eCœd tent. Thia 

upr .. alon can be evalQated anal~lcally. 
J 

Mote that whea tbe 1.aput ta l1aited br (4-1-7) t theu (4-1-9) 

cau he \&Md to ahov that * 

< ~2(t) > = C < ~(t) > + D 

vbere C • s 

aad D = 
R If f 2 .,2 i / 1 (y) f(a)dldY - S (I+T) • 

o ail 8 

xareaberl bu .taon that 

< Xa(t) > = B < A(t) > + r 

vbera & ad ., an cOIUItaAta • 

(4-1-10) 

,1 

(4-1-ll) 



• 

• 
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A eOlWea1.at. 1Dput~_t. upper bound for the output "eruac. can 

be fouDCl .. follon: 

, Sine • 

..ihen 

< .%,(t) > • A <.!.(t) > + a 

Var(x.(t» • U + v < ~(t) > + W < A(t) ~' 

wbere U = D - .2 

.Del 

V.C-2AB 

2 
W = -A • 

Var(x.(t» vith re.pect to < ..!.(t) > al" .. a .. zj •• et 

v 
< .!.(t) > • - fi 

.0 thet the "er1aace la 

C2 Be 
Vat(x.(t» ~ - + D - A · 

4A2 
(4-1-12) 

To l11uatrate the UN of the .. equtl •• eGll.Uer the raDclOli 

par_ter 80Clel in Flaure 4-6 (a) • The &y.ta output 1. c1eflDeC1 .. 

0, • (c • .!.> <!l '. 

.I,(t) = Il i (x(c • .a)-l!). J!. ~ z(cd> ~ b + 1 

J 

Il. .(td) > l2. + • 



• 

, 

• 
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o 
b 

, 
b+R '-- -

, " 

----M· 

x (t) 

o---~ 
T T+R T+S T+S+R 

_ncuu 4-6 lAlIIKII STArIC 1qILIIIAIIT! AlI) ut..lTI(II lI'1'VIDI 
DI'rIllqlUTIC mUT AllO IIPICTID OUTPqr 

(b) ahon the atatic relat10Dahlp "tweeD • detendlliat1c iaput 
aDd the ezpeeted output of the raa40a par_ter Mdel in (a) • 

l ' 

A 

" 

B 



• 
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wbere aIl Yariablu ara dafill_ .. before. App1yiac (4-1-8), 
J 

(4-1-9) ad (4-1-12) aive aD output __ • autoconelatiOll aDd aaxt..ua 

var1aDc:e of: 

< .x.(t) > 

R 

~~2_àY)d~ u_1(R-â) f(a)da 

Il 

1. 
+ :1. 1 J v u -1 (v+'Il-R.)dv f (a)da 

1 a 0 

+ ~[ J q f(a)da - (R+T)] 

alla 

pl"OY1decl the lDput ta l1a1tecl by (4-1-7). 

(4-1-13) 

(4-1-14) 

(4-1-15) 

4.1.4 The kiateac:e of a Clee of NoaUnar S.,.t_ vtth HelIon 
1 

tbàt ha .. LiDear1Y "1ft- ..... 

l'he prnioua .ect.1 ... bne ahow that raadc. l1Daar\aad rudoa 

.tati.c DOIll1Dear ayet_ Cial ..... tba1r oa~t Maa liDearl, related to 

the iDput .... proriAlecl the iapat ta e.iUbl, lillited. 

vUl llluatrata tbat, ..... 1' certaiD c..uU ..... .., aoallDear nad_ 

, 
\ 

.', 
~ , , 

f , 



• 
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par ... ter ~ele vlth ...ory vl11 bave thelr axpected output liDearly 

relateci to th. expected lnput. 

ODe cla.s of the.e lIOCIela cu he ehovo to exist by coasUering 

a rudoa etatic nonliaearity euch that 

< ~(t) > = A < .!.(t) > • 

(Put B • 0 iD (4-1-8». TheD uy liDear ca.biDatioa 0~an1 other li08ar 

.yste. w1ll produce a DODllDear .yetea vith aeaory that ha. ita iDput and 
n') 

output _ne linearly reated. 

Figure 4-7 eh~ one exaaple* of .uch a DODl1near ranclo. para-

lt cau be shovn that 

A 
< ~(t) >.!-Ai < A(t) > 

provlded that R. = - T/2 aDd tbe input to the static DOIllinearJ,ty, .!.(t), 

ia bouDded by T + R. < e(t) < T + S. Higher ao.eDte vlll Dot he 

cona1dered. 

Another clue 01 randoll par_ter melela havinl liDearly re~tecl 

.e&na are those co.po •• d of .eitber parallel coabinatioaa or caacad.a of 

blocka vh1ch Ar. elther deteraiDistic and l1Dear or are randoa vith 11Dearly .. 
related ....... This the.la is .. 1D1y coocerned vith the eucade c .... 

Sa.. of the intereatiDI .. t~tlcal probl... that are aUllaetad 

are: 

* Ca.pare vith Paynter. 1966 • 

• 
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(1) What ia tbe .,.t ,eoeral IlODliDear rad_ par_ter .odel 

vith ... ry that bu liMarly relatecl ..... ? 

. 
(2) Ci"en a apecific _th ... t1cal font coataiDmg ralldOli paraMtera" 

hov cao tbeae par ... tera be aelected 80 that the re8ultiag 

randoa par ... ter .odel b.. linearly related ...aa? 

4.2 A DEMONSTRATION OF THE AlALYSIS OF TVO MULTIPA7B SYSTEMS 

4.2.0 Introduction 

/ 

1 
1 

, . 

;' 

Section 3.2 ha. deacribed a .. thod of f1Ddillg a confidence iJlterval 
/ 

to eattaAte tbe pos8ible vavefora variation due to different realizi'ioa. 

of a aultipath syet .. by uaing the aean and autocorrelation of t~prOCP8S 

correapondiDg to thia vavefom. However, if the probaùi1ity ~e1l8ity of 

this proces. is known, one cau speelfy a confidence interyal v,JllCh 1. slg-
1 

/ 

nificantly 8_11er than the urger Olle vhich ia uaed for an .rbitrary 
/ 

prob.bility denelty. Section 4.2.1 geoerally indièatea .'av .ucb effort 
1 

i8 requlred to obtain .ither the larger coafidence iDterval (for an 
/ 

approxiaate deacrlption of tbi. variation) or the 8_11er one (for ita 

exact deacription) vbicb ta tbeoretleally available. - Sectioaa 4.2.2 

.Del 4.2.3 deacribe hov the IIOCIela :la Piguru 4-8 and 4-10 cau be approxi

_tely kleacribed • 

..' . - - -- - -~. -
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4.2.1 An Indication of th! Elfort Reguirad for Eitbar aD 
\ 

APerou.te or as lxaet Deaeription of ltultlpath Syate_ 

Aa diaeu ... d at the end of Chapter 3, onl, f int IIOMnt 

relationahipa are necessary to deacribe the output of a aultipath system 

vith an infinite nu~er of paths exactly aince choosing diff.rent patha 

for the system viII not change ite output. 'or e~le, conaider an' 

infinite path .adel fma. Table 2-1 auch that aach petb ia a rea1izatioo 

of the randoa aodel of 'igure 4-1 (a) (or one of 'igure. 4-2(e), 4-3(.) 

or 4-6(e». Thua if the input ia deteraiDistic, the relation between 

the input and output la given b, the relatiODahip ahovn in 'lgure 4-1(b) 

(or Piguree 4-2(b), 4-4(a) or 4-6(b) respectivel,). Clearl" analogous 

results can he found if each path is a ca.eade of realizationa of the 
, 

previoua randoa pare .. ter .odela and the input to eech atatic nonlinearity . 
i8 suitably ltaited. 

(J 

ln order to approxiaately describe either vaveforas ineide an 
/ 

infinite .ultipath ayat .. , or at the output of e finit. path ayatea, 

autocorreLationa .ust he found. In aeneral, finding thesa autocorralatloaa 
, 

analytically is po.sible only in aueb st.pl. syst... as tho •• vith different 

patha conaiating of (1) a linear ayat .. , (2) a static DODlin.arity, or 

(3) • atatic nonlinearity followad'by a li08ar .,.t ... 'or aore co.pli-

cated syateu havl1l8 an arbltrary input, the autocorrelation at the output 

of .. eb atatic nonlinaarlt, (a.l. (4-1-5) or (4-1-9» ... t he touRd 

IlUMrieal1,. Bov"a~. if the .yn_ input la e~ 80 that tbe iaput 

to ~.tat1c: nOlllinearlt, la ehaDaill, IIODOtODleal1y. tbea an aaa1yUcal 

upr ... 101l for tha autocorretaU_ .y he writtaD ( •• 1. (4-1-10». _ 

, 1 

l 
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Although nuaerical calculation of autocorrelationa ia tedioua, 

aeveral facts ahould be pointed out. Firat, thia calculation ta not 

started until firet ~nt relatioaahipa have indicated that the model 

under conaideration ia uaeful. Thua, unneceaaary ca.putation ia 

avoided. Second, once aIl autocorrelationa are knovn, one can t..ediately 

approxiJute confidence liait.a (uaing Chebyahev' a Inequality) for wavefora 

'variation ln each path and at the .yate. output aa weIl .. f~ all posaible 

Fourier transforas and power spectra. Thi. ahould he campared to the . ' 
alternative of simulating every poaaible realization of this systea, 

calculating aIl Fourier transforma and power spectra for each poseible 

waveform and then establishing etror bounds for the three aets ot waveforma. 

\ 
It sbould be pointed out that i~ ia theoretically poaaible to 

obt.ln the probability den.ity of ~he procesaes that are used ln thia 

theaia so that an exact de.cription of the variation of wavefora. in 

.ultipath syate .. la available. This la posaible since each realization 

of the processes conaidered ia deterainlstic. The next paragraph will 

ahow how thia can be doue deapite the preaence of linear dyumc ayate .. , 

which noraally (Davenport & Root, 1962) .. ka thia difficult. 

It ia well known that the probability denaity at the output of a 

atatic nonlinearity can be re1ated to the input probabillty den.ity 

(Papoulia, 1965). Thia re~lt can he ~tended~to the caae of a randoa 

atatic nonllnearity. Purth.r, the probability denaity of th. output of . , 
• raDdOli lin.ar &yate. can he handlad with th. a .. Mthocla atoca the 

CODYolution integral for the output at aDy particular tt. ia a atatic 

functlon of the raDdOil par_tera of the input proc •• a. Unfortunat.ely, 

-.. 
'. 
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finding the output probability deneity uaually requirea a nu.erieai 

solution. Nevertheleaa, aIl firet order deneitiee are available in 

pt-inciple. In addition, aIl higher order probability densities can be 

expre8sed in teras of the first order denaity although this again requires 

a numerical solution. Thus one can exactly deseribe the variation of 

vaveforma in muitipath systeas due to different ayaCe. realizations. 

Finally, since the Fourier transform and power speetrua functtons are 

again static transformations of the randoa variables in the random procesaes. 

exact descriptions of these processes can be found. Again, deterainlng 

~hese last probablllty den.ities requires numerical solutions. This 

discuasion ia summarized in Table 4-1. 

In viev of the additional computationai requirementa for an 

exact deacription, it is felt that the approx1aate aethods are .are useful. 

The next tvo sections viII illustrate the approxt.8te analyaia. 
'. 

4.2.2 Multipath Syat .. vith Pat~ having a Caacade of a Line.r 

SIstea. a Static NonltoearitI and a Pure Gain Block 
1 

This aection viII illuatrate the ua. of the syatematie .ethod by 

ind~cating how the IUltipath aodel in Figure 4-8 ean he .nalyaed. Thia -.odel 

ia aaauaed to satiafy aIl tbe r.quir..anta of table" 2-1 and, in addition, 

haa ., noiae aource in eacb path vbicb ia independent of all otbe" noiae 

aoureea, the input aad aIl .,at .. par ... tera. lt abould he DOted that 

noi .. at thia point caD correapoDCl to tranaducer-.acoder nol .. iD a 

phyalolo,lcal ayat ... 

• ., 
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th Tbe i path of the .œel in Pilure 4-8 can be deacribed by 

Xi (t) • w(t) * h(t-,~i) 

8 i (t) = xi(t) + ni(t) 

0, sl (t) < bl 

Yi(t) 
M bi !> sl(t) .~ bi + R = i (·l(t)-bl ), 

M, sl(t) > bi + R 

and &i (t) - ciYi(t) cf' 

wbere w(t) is the determiDlatic input, 

h(t,ai ) is the real t.pulae re.ponse of the firat liDear syatem 

vhich C:9ntaioa, for canvenieace, the a1011e par_ter, ai' 

x
1
(t) is the output of tbe firat lin.ar ayatea, 

Dl (t) la a noia~ aource vith a zero .. an, a variance, 0
2 

and an autoeorrelatiog In(t2-t1), 

8 i (t} ,ia tbe input to the static DODlinearity, 

tbe saturation value, K, aDd ranae, l, Ar. cODatant., 

b 1 1.. the thr •• bolcl 

----ci 1.a the ~ of the. lue block. 

The ayat .. output, a(t), ,ia 

, 

.... n • ia the ..... r of patha • 

" 
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lUsume that the path varyins parameters ai' bi aDel ci are reallzations 

of the independent randoa variables ~,~, and ~ vbich have probabillty 

densities f(a), f (h) given b,. (4-1-1) with S > R. and f(c) reapectivel,.. 

Tius, the multipath .adel 8ati8fies the requireaent. of Table 2-1. 

Following the procedure of SectiOn 3.4, each path is cOD.idered 

a realization of the randoa para.eter model in Figure 4-9. The e1pected 

value of the proc~ss corresponding ~o the .ultipath sy.te. output 1& related 
1 • 

to the output proceS8 of the random parameter .odel by using (3-3-7) to sive 

< i(t) > • < .!o(t) >. 

Since ~ is independent of aIl other randoa variables, 

'f 

< i(i} '~J. < S. > < ~(t) >. 

lt viII be assumed that 

T + R ~ ~(t) ~ T + S (4-2-1) 

which, in principle, cao he ralated to condition. on v(t), h(t,!> 
, 

and .!!.(t). Using (4-1-1S) sive. 

< ~(t) >-. 
1 

• A < .I(t) > + B 

wb.ra A 
M .-S (4-2-2) 

-.'1 + 211 and B • • 2S 

SiDca < ~(t) > • O. tbeo 

< .t(t) > • < set),>. -
" -

, 
'-
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Using (3-3-1) 

< .!.(t) > = _Ct) * < h(t.~ >. 

Therefore. the expected output 18 

< i(t) > = <S>M 
S < h(t.a) > * v(t) 

< S > M(R + 2T) • 
25 

(4-2-3) 

Thus, if the input and noiae are Buch tba~ (4-2-1) 1a .at1sf1ed. the \ 

expected output 1a linearly related to the input, de.p1te the pre8~ 

of noulinearitiea in e.ch path. 

The aequence of operationa required to find the correlation 

correBponding to the output of the aultlpath systea viii nov he Indicated. 
li 

Equation "(3-3-8) givea 

Sinçe .E. la an iDdependent par_ter. 

(4-2-4) 
\ 

Ilote tbat the incIependent DOi .. sourc ..... "e lt iIIpoa.lbl.e to prècU.ct 

futur •• a1u •• of a rea11ut:10il of .!.(t) fra. lt&~p .. t .al ..... Thu to 

0" •• a1uate 1,.(tp t 2).aD equattoD _101OU8 to (4-1-14) coulet be aM but 

lta, ao1utloa voald ~o1.e .Dulat~ al1 poe.lb1. DO~ real1aatiOGB • 

Alt.rUte1,. . the autocorrelatloa coulAI be fOUlld by fiDdilla ~ 8eCoad orcter 

probabUlty d~lty of .I.(t) wh1ch 1& alao 1_tby. 

... 
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An estt.ate of vavefora variance (due to different system 

realizations) of ~(t), ~(t) and ~(t) i. e.s1er since ~ • 0 (io equatioo 

(4-1-14» in thi. caae. Thi. vill be i11u.trated, a8sualn. (4-2-1), by 

calcula tinS the sy.tee output •• riance. Using (3-3-9) 

Var <!.(t» = varN<.!.(ç» 

cP 

The variance of the output of • path ls 

Var. <!.(t» = Il (ttt) - < z(t) >2 • z -

Uains (4-1-14). vith ~ - 0 and taking expectatl0D8 vith respect ~o 

all randoa variables in ~(t) sives 

Since < ~(t) > =,0, then 

< .!.(t) > • < .!.(t) > 

aud < .!o(t) > • v(t) * < la(t,,5,) >. 

1bu. 
. --., .. 

v~r(i(~)} • i{ vIth < b(t,A» [r <S2> + ~~It:~) 

_ (,,(t). <b(t,,,!) »~ <$, >2x~ 
2 " . S 

.: f [(, + t) < S2 >+ la + 2t)24~' >2] t " 

(4-2-5) 

~ 

1 
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Note that 81nee both the .. an and variaQe~ of the ayate. output contaln 

no nolse ter.s, the nolse does Qot affect these aspects of the system 

responae. Physlcally, thla occurs since the nolse ln each path can be 

referred to a change ln the input for that path, vhlch can either increase 
/ 

~ decrease the path output variance (due to dlfferent reallzatlons of 

that path) since (4-2-5) ls a quadratic equatlon ln <w(t». For zero mean 

no18e, neither the output mean nor variance 18 affected by the nolae. 

A convenlent, input lndependent, upper bound for the variance 

can be shawn to be 

Var (i(t» 

)-
-:sJ . 

PP' 

4.2.3 Hultlpath Syac .. vith Path! Conca1n1ng a Ca.cade of a 

L!neer Sy.t... a Raftdoa Static Nonlinearlty. and a Second 

Linear Sy.tem 

Aa a second illustration of the .yst ... tic aethod, ~he .ad~l 10 

Figure 4-10 will be cOD.idered. 

th 

This -adel is s1adlar to the preylou. 

on. ocept that 10 the i path 

S1 (t) • 'i (t) * h2(t,ci ) 

0, xi(t) < bl 

Yi(t)'. 8l(:Kl (t)-bl ), bi ~ :Kl (t) ~ hi + R. 

" . Kt xi(t) > bi + Il 1 • 

1 
:Kl(t) = v(t) * -b(ttat) .. , .j 

\ , , . 
, . .. 

--', 

o 

j 

., 
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and the noise sources in eac:h path hav~ been oaitted~ , AlI other . 
parameters are defined in the previoua section. Bere, fi ( ), denotes 

th the static nonlinearlty ln the i path vhlch .. y be dlfferent froa tbose 

in other paths. 

tvo dlfferent linear sy.t~. eac~contaln1nl, for convenlence, a single, 

pat9-varying par.meter. 

Folloving the aequeuce in Section 3.4, the rando. par ... ter model 

for each path, _hawn in Figure 4-11, 1_ analy.ed. Usinl (3-3-7), the 

mesn of the proces8 correapondinl to the .ultlpatb .yste. o~tput 1. 

U8i~g (3-~-2) 

From (4-1-8) 

vhere 

< i(t) > - < A,(t) > • 

< .!.(t) >. < y(t) > * < b2 (t,!:,) > • 

< y(t) > = A < ~(t) > + 1 

A 

1 

B i(v)dV - t (a + T) 

1 <v) = / I(v) f(a)da 

.11 1 

provided that A(t) 18 bouDded by 

'1' + 1 S ~(t) S T 1- S 

vh1ch. 10 priaciple, cau be ulatecl to reatl'1ctloaa OB w(t) aad hl (t,,,>. . 

1 • 

• 

·'''2 

. . 



• 
J 

• 

•• 

, 

83 -

Sinea (3-3-2) gives 
II 

" l' 

< ACt) > • v(t) * < hl (t • .!.> > 

then al1 the previou. equatioaa can be eoab1Ded to 8iye 

whera A and B a~ defined .. before. Tb_ the expected sy.t_ output 

18 aga in linearly related to tha input deepite the praence of DOIllineariUe. 

in each path • 

Finding autocorrelationa &ad variances require. a nu.er1cal \ 
solution .s diaeu.sed in SectiOD 4.2.1. 

Approxiaate confideDè. intervale for vav.fora variatioo due to 
\ . 

diff.rent syste. realisatiou can then be found ... indicated 10. SecUoo 3.2 • 
.-

, 

) 

• , 
, . 

) 

. . 
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CBAPTEIl 5 

DISCUSSI<II AND SUIIWlY 

5.0 INTRODucnœ 

In tbe firet part ,of tbi. 'cbapter, Section 5.1 briefly diacu.aes 
<, 

the application of the preeeediD, .ulttPatb .odela to an, aenaory aylte •• 

" Theu it ~dicatea that lIOet data fra. the rotation 8eDaing syeta ia not 

lnc~tent vith ,these" aoclela. Section 5.2 illuatrates that IllÙltipath 

.yête.. haviug patha vitb different structurea in ea.e of the. can he 

handled by the randoe par8lleter aodel approac:h. 

thie chapter, _Section 5.3 au..arizea the th_ta. 

In tbe lut part~f 
',-

"", 

.. , 
5.1 THE APPLlCATlœ or MULTIPATR MODm:s ABD JII PLAUSIIILITt 

IN THE VESTlBUt.ü SYSTEM ,::~"" .... , 

~ 

In order to eatabliah vhetber .ultipatb .adele fra. the preYioua 

chaptera can explain tb. behavior of a aec_clary Huron iD a aeaaory .yata, 

• lengthy eeriea of pbyaiolo,ical expert.eDta .uat be perfor.ed. A, 

. detailed diacuaaiOll of the.. expert.e.ata 18 outaide the acapa of th1. tbeaia, 
/ 

but a brief id .. of theae expertMnta will be ,iva. 'irat, a ur,e 

...... r of prfaary pathe vou,ld ba~ to he ideatiflad. lat, the r .. pcnaae 

of.a lara_ ....... r of aecOadary aeuroaa would ~ be CODllU.red. 'Ibn, 

" ~ll tlie ".Ullpt1oaa of Table 2-1 vould ..... to he cbec:1racl aDd tbs tu_bold 

./ 

-u- 1 
\ 
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deneity for each static nonlinearity vould Dave to be esti .. ted. 

Since .ast sensory syste .. have a significant nuabér of efferent or 

feedback pathvays, the model of each path .ight repreaeDt an open loop 

or a closed loop systea. Thus, it vould be necessary to eliminate, or 

correct for, the effect of efferents before the model fdr each path could 

be uaed to maka anatoaical correlations. 

Before starting such a lengthy set of expert.ents, it vould be , 
• r 

natural to aak whether the presently available data is consistent vith 

the proposed mu1tipath ~s. The following paragraphs viII indicate 

that this seeDlS true for the.rot:-,ation sensing syaum of S01le aniDlals. 

\. The data describing t~::rotation sensing syatem of the frog 
\ c ~ 

(Precht et al., 1971) and the pigeon (Correta & Landolt, 1973) see .. to 

1 

be consistent vith aIl of the as.uaptions in Table 2-1. , However, in the 
, 

monkey seme patha may contain dependent par..eters (Goldberg & Fernandez, 

1971(b» and others _y not aIl he of the ..... _the .. tical fora (FerQandez 

& Goldberg, 1971). 

Perhap. surpr1aingly, tbere doe. DOt .... to be Any deUnite 

n1c;1ence that eOlle of the obeened linear bahavior of eecOlldary Deurona 

in th*\ rotat.ion .enaiDg ay.ta cannot be explained by t ..... 8OCI.l •• 

Solie of 'the rea.ons for this conclu.iOll viII be d~cua.e, 

(1) A .ultipath aY.,t .. vith a .tatic nonU.l'leari-ty in each ~tb cao have 

a l1raear outJNt range na if the probability dena1ty of ita tbr .. holda 

1. DODUDifora. AlI that 18 required for the .. ltipatb 80CIel to bave a 

• 
liMar r~Dge 18 that th. thr .. bolcl d .. ity DOt che.... e1gllific:antly cwer 

a lar,. eouab raDi. of yalue •• 

l' ( 

...... 

'. 
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, 
(2) The that estiutes of the "path threshold ll 

density are\nOnUnifora (Precht et al., 1971; Figure 2-5(e» is not 1n

consistent wl'th a hypothesis that the "atatic nonlinearity threshold" 

density is uniforme This could happen if a uniform "static nonlinearity 

threshold" density were preceeded by elements whose De gain 41180 had a 

probability density. In this case, each IIpath threahold" wou Id depend 

on both the OC gain preeeeding the etat~c nonlinearity aÔd the threshold 

of this statie nonlinearity. The reault1Dg "path threehold" denaity 

would probably be noaunifora. 

(3) One may object that these .adele require that a signifieant proportion 

of 'primary paths be saturated when thera 1.s no input and that thil bas not 

been obeerved. It ahould be realized that if these units were obaerved, 

they would probably be rejected fro. DOat etudies on the basia that tbey 

''vere not reaponding to tbe rotationa! aUJlUlua". 

5.2 MULTIPATH SYSTEMS WITH PA'l'ilS OF DIFPEUN'l' SRUCTUB 

In aany 1lU1tipath .euory .,~t ... , it 18 not uauaual for aOM 
, 

patha to have a differant iltructure thaD o~hera. 
, .... For ~la, in tbe 

rotation senain, ay.t .. , each prillary lMluron cau ha.a fr_ one to t.u 

". (Bilia trOll , 1968) input hat.rcella of tvo priDC1ple for.. 
• 

ln addlt10D, 

... paths are .ffsctecl by afferat feedbaclt patlav.,s 1IbU. othars. are DOt .. ':' 

tbu.., ~ CaDlo(t:m cou1dar a raadoaly .alac:ted path fre. ... ltipath 

la order for th. rad_ paraMter 

... 

, 
, ( 

• 

.-
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lIOde! approaeh to he 8 ... ningful tool fo~e1l1~ l!ensory ayate .. 

they .ust be able to baud!e those patha which eontain path-varying 
t ~ , 

paraJletera 8S vell as thole having a raudOil structure. The o.ext 

paragraph viII illu8trate that rabdoa paraaeter ~dels are naturally 

suited to do tbls. 

Suppose that the rotation aensing syate. cao be repreaented by 

the multlpath syatem shawn in Figure 5-l(a), where it la aa8uaed that there 

la onl, one tyPe of baireeUs. !abelled H. The randOlll par_ter lIOdel 

for each pa th la ahawn in Flgure 5-l(b) where a randQ1l variable, .!" bas 

been defined vith a probabil ity density that gives the probability of having ,.. , 

a'" given nUliber of haireeUa ln a randoaly chosen path. The random para-

aeter .,dei can çhen be aulyaed in the usual manner. A procedure s.1a1.lar 

to thia ean he used to bandle any rando. structure. 

5.3 StooWtY 

Sinee, it la pbyeiologicaUy Ülposaible to observe .. ch psrt of • 

large .ultipath neural systea'vltbout d.stroying part of it, • dete~lstie 

analy.ie of·th.ae .Y.~'" i. unauitable. AA alteruate approach taken in 

tbia th.sia, la to u •• rando. paraaetar .ad.la to d .. crlbe·d.t.~tic 

s,sc ... statiatica11y. 

It 18 propoeed that !8D1 s._ory Iyst_ cao he repru.cecI by 

th. cllss of •• la l~tad in Table 2-1 • 

fona in aacb peth. 
/ 

. ~ ~ 

;.' .~~~ .. \'>-f~~J'~,,, 

, 
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• systems and the ahapes of the static nonline.ritiea can be different in 

each path. The model output cau be v~ewed aa a veighted aua of the 
if 

outputB of 4!&ch path. Any lIOdel frOlll thia clas. can be analyaed 

statiat1cally. 

The statistical approach 1a based on the analysis of a random 

• 
parameter model vhich is defined auch that each path of tbe multipath 

system can be con.idered a realization of thi • .adel. Reg.rdle.. of 

the c~lexity of a model chôsen from the class of Table 2-1, it is de.on-

strated that a mean and autocorrelation of any variable in the çorresponding 

random parameter model can theoretically be found. These atatiatical 
. 

quantities can then be uaed to approxiaate (Section 3.2) the value of e.ch 

vavefom of the multipath ayatem at any tille, as vell .. to approx~te 

• 1 

lU Fourier tranafor. and power spectrua during any tt.e intena1. In 

Sectiod 3.4, a systematic .. thod ia listed so that any aultipath model 

fra. Table 2-1 can be approxiaately described. 

This syst ... tic .. thod is especially convenient vhen Infinite 

path syate_ are considered, since • syst_ output cd then be d.scribed 

entirely by fint ..... relations bat are ... ily deteE1l1oed. The 
\ 

approach shows tbat .. ny infinite path yst .. cao act liDearly de.pite 

nonlinearities in each path. As vell, .ince it abovs tut any diff.rent 

sltipath lIOdel. cao behave in the __ vay, this illpliea tut it ., Dot 

he aaces .. ry to identUy each p.th euctly. thua. it appears tut this 

approacb represent. a ponrfu! tool for aaalya1Da .... r.l ay.t_ baYll11 • 

ara_ nuaber of cOIlyeraent par.Uel pat"'a,. • 

• 
• 

" J., 

,. 
\ "':, ... , .. ' ... ,., . ~ 
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When' the number of paths ia finite, this metbod can a1&o be used, 

but numerical techniques are necessary to evaluate the autocorrelations in 

more c~lex systema. In SGme cases, when special inputs are used, it 

may be possible to evaluate these autocorrelations analytically. Even 

when arbitrary inputs are used, one ~a~ approx1aate aIl possible vavefor.. 

in the system, their Fourier transfor.. and their power spectra vith auch 

less effort and computation tban vould be poa8ible in a straightfo~ard 

computer simulation of the syetem. 

~ The systematic metbod proposed to obtain approxt.ate confidence 

limita (using Chebysbev's Inequality) on variables in .ultipath .adele 
1 

requires much less effort than the exact deacription vbich,is theoretiçally 

available. The appro:d .. te procedure 18 i11uatrated by ana1ys1ng tvo 

1IUltipath models vhich could r~sent a aenaory ayst ... 

The application of these .adela to eenaory syat ... 1& briefly 

diacU8sed and it i8 ahovn that thaae .adela -y be useful in the rotation 

sena~g .yatem. since tbe asllUllptiona u.de are not 1nc:cmaiatent vith .o.e . . 
" available data. Finally, it 1& illuatratad tbat r_doa par_te~ JIOCleb 

can be \used in sylt_ vith patha tbat bave a varytng structure.: 

In vin of what baa been pr ... nted in tMa the.ia, part1ctliarly 

lince the _thod 8t.p11f1ea as the nuùer of patu 1Dc:r_ea, it 18 felt 

tbat thia approaclt will prove uaetul iD wocIè1l1aa actlvlty at Jd&ber levela ,- , . , 

in the brain. Clearly, llaDy lUlV pro'b~ are 1Dtrodac~ at the •• l ... la, 

but lt 18 f.lt tbat th. fields of stat18t1ca àDd raDdola _t'-'t1cal fuactlCllu 

.., prov1cle the tecbDiquu for _lviDa t .... probl_ oac. tbey an 

.. ~t1caUy for.lated. 

, , . . , ,'~ ,>/>~ , ~ ... ,' .. ~"', /",J '" 
.... :;, .. 't,.'..JI"!'" .... , ~ f~,\flÂ,", :-",r-l;:1 •• r 
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