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ABSTRACT

Abnormal heart rhythms are often associated with serious illness and sometimes cause
death. A new strategy to control cardiac arrhythmias involves precisely-timed elec-
trical stimulation of the heart in an attempt to restore normal dynamics. In the first
part of this thesis, I demonstrate that a particular abnormal heart rhythm is caused
by a period-doubling bifurcation. I describe a new control technique that suppresses
the abnormal rhythm by directing the timing of electrical stimuli according to a sim-
ple feedback algorithm. Subsequent analysis of the feedback controller revealed a
rich structure of stability zones that can be used for automatic adaptation of the
previously fixed feedback gain parameter.

While electrical stimulation of the heart guided by feedback control is a promising
new treatment, the standard means of controlling an abnormal heart rhythm involves
accurate diagnosis of the arrhythmia mechanism followed by appropriate medical or
surgical intervention. Since different arrhythmia mechanisms often have very different
treatments, accurate diagnosis is crucial. In the second part of this thesis, I describe
a new diagnostic technique that identifies the different spatio-temporal symmetry
properties of electrical wave patterns underlying different mechanisms of cardiac ar-
rhythmia. For one of the arrhythmia mechanisms, the surgical treatment involves
locating and destroying an abnormal region of the heart that generates unwanted
electrical oscillations. I present new techniques for locating these abnormal regions

and I suggest a procedure to confirm when the correct location has been found.
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RESUME

Les anomalies du rythme cardiaque sont souvent asssociées a des troubles graves et
peuvent étre mortelles. Une nouvelle stratégie de controle des ces arythmies met en
jeu des stimulations électriques précisément minutées, dans le but de restorer une dy-
namique normal. Dans la premiére partie de cette thése, je démontre qu’'un type par-
ticulier d’anomalie du rythme cardiaque est associé & une bifurcation de doublement
de période et je décris une nouvelle technique de controle qui permet de supprimer
le rythme anormal en réglant le moment des stimulations électriques conformément
a un algorithme de rétrocontréle simple. L’analyse subséquente du mécanisme de
rétrocontréle a révélé une grande richesse structurale des zones de stabilité, qui peut
étre utiliées pour ’adaptation automatique du parametre de gain du rétrocontréle
précédemment fixeé.

Tandis que la stimulation électrique du cceur guidée par rétrocontréle est un nouveau
traitement prometteur, les moyens standard de controle des rythmes cardiaques anor-
maux impliquent un diagnostic précis du mécanisme de |’arrythmie suivi d’une inter-
vention médicale ou chirurgicale appropriée. Les différents mécanismes d’arrythmie
demandant souvent des traitements tres différents, la précision du diagnostique est un
point crucial. Dans la seconde partie de cette thése, je décris une nouvelle technique de
diagnostic qui permet d’identifier les propriétés de symétrie spatio-temporelle des on-
des électriques sous-jacentes aux différents mécanismes d’arrythmie cardiaque. Pour
I'un de ces mécanismes, le traitement chirurgical implique la localisation et la destruc-
tion d’une région anormale du ceeur qui génére des oscillations électriques indésirables.
Je présente des techniques nouvelles de localisation de ces régions anormales and je

suggere une procédure permettant de confirmer ’exactitude de la localisation trouvée.
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PREFACE

In the course of my doctoral studies, I have benefited from collaborations with re-
searchers trained in chemistry, medicine, physiology, engineering, and physics. Such
a research environment provided me with unique interdisciplinary experiences and
opportunities. But interdisciplinary research has its share of problems. For example,
what journals are best suited for communicating research on controlling abnormal
heart rhythms using tools from nonlinear dynamics and geometry? In considering
that question, we thought that it was important to report each study to the most
appropriate community - to cardiologists when our results could directly influence
the interpretation or treatment of an arrhythmia; to physicists when our techniques
involved symmetry arguments or dynamic control.

Communicating our results to both physicists and cardiologists has resulted in
this manuscript-based dissertation that brings together the style, language, and con-
ventions of both communities. Chapters 2 and 6 are based on papers that have
been published in a cardiology journal, whereas chapter 3 has been published in a
physics journal and chapter 5 is presently under review in a physics journal. Since
this is a physics thesis, I have provided the necessary cardiology background in the

Introduction.

Contributions by the various Authors

Chapter 2 is based on the manuscript Alternation of Atrioventricular Nodal
Conduction Time During Atrioventricular Reentrant Tachycardia: Are
Dual Pathways Necessary?, by F. Amellal, K. Hall, L. Glass, and J. Billette, J.
Cardiovasc. Electrophysiol. T 943-951 (1996). All of the authors contributed to the
design of the experimental protocols. The experiments were performed in Jacques
Rillette’s laboratory by Farid Amellal with my assistance. I performed all of the
data analysis, played a leading role in the interpretation of the results, and wrote the
majority of the manuscript. I developed the model of AV nodal conduction presented
in the Appendix to Chapter 2 which was not included in the original publication.
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Chapter 3 is based on the text of Dynamic Control of Cardiac Alternans,
by K. Hall, D. J. Christini, M. Tremblay, J. J. Collins, L. Glass, and J. Billette,
Phys. Rev. Lett. 78, 4518-4521 (1997). This study was motivated by a previous
numerical study by David Christini and Jim Collins who suggested the experiments.
I modified their control algorithm and Maurice Tremblay incorporated the new algo-
rithm in an electronic stimulator. David Christini assisted me in the design of the
experimental protocols. I performed the experiments in Jacques Billette's laboratory
with the help of Karim Jalife, who dissected the rabbit hearts, and Lise Plamondon
who provided technical assistance. I analyzed all of the data and wrote the majority
of the manuscript.

Chapter 4 is based on a manuscript that is to be submitted for publication. I
developed the theory and analyzed the intricacies of the experimental data from the
previous chapter. The stability zones presented in this chapter were independently
discovered by Joshua Socolar and Daniel Gauthier (J. E. S. Socolar and D. J. Gau-
thier, Phys. Rev. Lett. T9, 4938 (1997)).

Chapter 5 has been submitted to Physical Review Letters and is currently under
review. I developed the theory, performed the computer simulations, and wrote the
manuscript under the supervision of Leon Glass.

Chapter 6 is based on the manuscript Locating Ectopic Foci, by K. Hall and
L. Glass, in press J. Cardiovasc. Electrophysiol. (1999). I developed the theory,
performed the computer simulations, and wrote the manuscript under the supervision

of Leon Glass.
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CHAPTER 1
INTRODUCTION

Four weeks into the development of the human embryo, a small cluster of cells begin a
cadence that will last a lifetime [1]. These immature cells will eventually form a heart
that can beat more than one billion times - but when it fails, the result is deadly.

In addition to its obvious physiological importance, the heart was once thought
to be the seat of the human soul, intellect, and emotion [1]. Thus, it is not surpris-
ing that this vital organ has been the subject of countless poets, philosophers, and
physicians - but physicists have also been intrigued by the heartbeat and its complex
rhythms. In particular, cardiac dynamics have been the focus of intensive study using
techniques from the field of nonlinear dynamics [2]. Yet, despite the many cases of
successful nonlinear analyses of the heartbeat, there has been little progress on the
most clinically important problem: control of abnormal heart rhythms.

In this dissertation I hope to make a contribution to the growing field of cardiac
control by attacking the problem along two lines: i) investigate the dynamics of an
abnormal heart rhythm and devise a practical method to restore normal dynamics,
and ii) exploit the spatio-temporal patterns of abnormal cardiac activation to improve

diagnostic methods and locate abnormal sources of cardiac activity.

Background and Thesis Outline

1.1 The Normal Heartbeat

The heart is a four chambered pump. The left two chambers are responsible for
pumping oxygen-rich blood to the body, while the right two chambers pump deoxy-
genated blood to the lungs where it is oxygenated. The upper two chambers, called
the atria, assist in filling the cavities of the lower, more powerful ventricles.

The rate of the normal heartbeat is set by the transmembrane voltage oscilla-
tions, called action potentials, of cells in a small region of tissue called the sinoatrial
(SA) node located at the top of the right atrium. For each heartbeat, the SA node
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sends out a wave of electrical activity that propagates through the atria causing them
to contract. The wave converges on a specialized structure called the atrioventricu-
lar (AV) node which is the only normal electrical connection between the atria and
ventricles. The remainder of the boundary between the atria and the ventricles is
composed of connective tissue which is fibrous and does not conduct electrical im-
pulses. Conduction through the AV node is slow (5 cm/s compared to 100 cm/s in
the atria). The slow conduction leads to a delay of 0.1 - 0.2 seconds between the
activation of the atria and the ventricles. This delay allows for complete filling of the
ventricles thereby improving the heart’s pumping efficiency. The massive ventricles
are subsequently activated nearly synchronously via rapid conduction of the cardiac
impulse through the Purkinje fibre network extending throughout the ventricles.
When the above sequence of electrical events is disrupted, the heart has an abnor-
mal rhythm or an “arrhythmia”. Depending on the mechanism of the arrhythmia, the
pumping capacity of the heart can be impaired to such an extent that the patient’s

life may be in jeopardy [3].

1.2 Abnormal Heart Rhythms as a Dynamical Disease

Cardiac arrhythmia is an example of a “dynamical disease” [4] where healthy dynam-
ics are replaced by diseased dynamics because of a change in one or more physiological
control parameters. For example, a reduction of blood supply to the heart muscle
(myocardial ischemia) can change a normal region of the heart into a rapidly firing
spontaneous pacemaker that causes the heart to beat too fast (tachycardia) [3]. In
order to understand the origin of abnormal heart rhythms, researchers are developing
realistic biophysical models of the heart’s electrical activity. The hope is that such
models will not only elucidate the mechanisms of disease-causing bifurcations, but

also suggest therapies to restore normal dynamics.



1.3 Models of the Heart’s Electrical Activity

An early theoretical model of the heart’s electrical activity was published in 1928
by van der Pol and van der Mark who likened the heartbeat to an electric circuit
whose resistance has a nonlinear dependence on the current [5, 6]. The peculiar
“relaxation oscillation” of the system is characterized by a periodic slow storage of
energy followed by its rapid release - a pattern that resembles the electric potential
across the membrane of a cardiac pacemaker cell [7].

Relaxation oscillators are reminiscent of the heartbeat because of their unique
response to external periodic forcing [3, 8].The amplitude of the forced oscillation
is relatively insensitive to the frequency of forcing, unlike the well known resonance
properties of linear oscillators, and the relaxation oscillation can be entrained to
the forcing period for a wide range of forcing frequencies. Since the heartbeat was
known to have similar entrainment properties when subjected to periodic electrical
stimulation (8], van der Pol suggested that the heart is composed of coupled relaxation
oscillators. By coupling three relaxation oscillators together, corresponding to the
atria, AV node, and the ventricles, van der Pol and van der Mark were able to mimic
the normal heartbeat as well as several clinically observed arrhythmias [6]. Their
seminal study paved the way for mathematical modeling in cardiology.

It was soon realized that the underlying mechanism of the heart’s relaxation os-
cillation is the flow of ions through various specialized channels in the cell membrane.
The conductance of an ion channel is a nonlinear function of the transmembrane
voltage, and each channel only allows the flow of a specific type of ion. Biophysical
models of cardiac electrical activity [9] were developed based on Hodgkin and Hux-
ley’s Nobel prize winning study of the ionic currents involved in the generation of
action potentials in the squid nerve [10]. However, unlike the squid nerve, where only
two types of ions (sodium and potassium) are responsible for the principal currents,
the heart has many more currents and the resulting mathematical models are very
complex — sometimes involving more than 20 coupled nonlinear ordinary differential
equations. The daunting complexity of modern biophysical models is believed to

reflect the inherent intricacies of the cardiac cell.



1.4 Low-Dimensional Dynamics of the Heartbeat

Despite the complexity of the underlying physiology, the dynamics of the heartbeat
can often be described by low-dimensional maps that can be measured experimentally.
For example, Guevara et al. [11] used an experimentally measured one-dimensional
map to predict the complex dynamics of spontaneously beating embryonic chick ven-
tricular cell aggregates in response to periodic electrical stimulation.

Why does this experimental system have low-dimensional dynamics? Although
the transmembrane voltage oscillation of a cardiac pacemaker cell is described by
many coupled nonlinear ordinary differential equations, the attractor in these equa-
tions is a limit cycle. The behavior of a limit cycle oscillation in response to periodic
forcing can often be described by an experimentally measurable one-dimensional map
as follows.

An isolated perturbation of a limit cycle oscillation alters the timing of the rhythm
so that it is shifted relative to an unperturbed oscillation. The magnitude of the phase
shift depends on the timing of the perturbation as well as its amplitude. For a fixed
amplitude b, the phase shift can be measured as a function of the time when the
perturbation was delivered. If the period of the spontaneous rhythm is Tj then the
phase of the oscillation is: ¢ = t/Tp mod 1, where ¢ is the time since some marker
event that defines ¢ = 0. If a perturbation is applied at a phase ¢g, then the resulting
phase shift can be measured by examining the timing of subsequent beats relative to
where they would have occurred in the absense of a perturbation. If the perturbed
rhythm is advanced in time by an amount At (after transients have dissipated), then
the phase of the rhythm is reset to a new phase ¢; given by: ¢, = ¢ + At/Ty. Thus,
by measuring the time shifts for stimuli applied at different phases ¢, we obtain the

so-called phase resetting curve:

for a fixed stimulus magnitude b.
If we assume that the system quickly relaxes back to the limit cycle after a pertur-
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bation, then the phase of the oscillation shortly after a perturbation is approximately
equal to ¢;. Thus, if stimuli are delivered periodically with a period 7Ty, then the
second stimulus arrives at a phase ¢; + 7 = g(¢y, b) + 7, and the arrival phases of all

subsequent stimuli are given by the map:

¢n+1 = g(¢m b) + T, (1-2)

where ¢, is the arrival phase of the n + 1 stimulus.

By measuring the phase resetting curve g using isolated stimuli of amplitude b,
and given the initial stimulus phase ¢, the one-dimensional map (1.2) predicts the
dynamics of the limit cycle oscillation in response to periodic stimulation. The map
is effective for a range of stimulation periods long enough so that the system has time
to relax back to the limit cycle between successive stimuli.

Experimental observations of phase resetting and entrainment of the electrical
oscillations in aggregates of embryonic chick ventricular cells confirm that the dy-
namics of the system are well described by the one-dimensional map (1.2) [11]. The
map exhibits complex bifurcations and chaos that have been observed in the cardiac
experiments.

Other examples of low-dimensional cardiac dynamics include the propagation of
electrical impulses in Purkinje fibres and ventricular muscle [12], as well as atrioven-
tricular conduction rhythms [13] - all of which can be approximated by experimentally

measured one-dimensional maps.

1.5 Dynamic Control Techniques

Traditional control techniques utilize a system’s governing equations to contro! the
dynamics [14]. Such techniques work well when the system under control is a mechan-
ical or electronic device whose governing equations are derived from first principles
using well-known physical laws. But since the heart is not man-made, the equations
of cardiac biophysical models are necessarily based on incomplete information pieced

together using ionic current measurements from many different experiments. New
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types of ion channels are discovered routinely and the models quickly become out-
dated. Thus, traditional control techniques are ill-suited for the control of abnormal
heart rhythms.

A new class of feedback control techniques {15, 16] could possibly be applied to
control abnormal cardiac rhythms because they do not require explicit knowledge
of the system’s underlying equations. Although these techniques were originally de-
signed for the control of low-dimensional chaos, they can also be applied to control
nonchaotic dynamics [17, 18] and therefore may be applicable to low-dimensional

cardiac rhythms.

1.5.1 OGY Control

In 1990 Ott, Grebogi, and Yorke (OGY) [15] developed a feedback control tech-
nique for the stabilization of unstable periodic orbits embedded in a low-dimensional
chaotic attractor. I will describe how the OGY control technique applies to the
one-dimensional map: X;,; = f(Xy,As), where X, is a measurable quantity and
An is an experimentally accessible parameter. The goal is to stabilize an unstable
fixed point X* = f(X*, Ap) by applying perturbations §\, to the control parameter
An = Ag + 6An, where Ag is the unperturbed value of the control parameter. The
magnitude of the perturbation is chosen to be proportional to the distance from the

fixed point:
«
A\, = E(X' - Xp), (1.3)

where a is a constant feedback gain parameter.

Notice that only a and X* need to be specified in order to apply the algorithm.
However, for the purpose of choosing a, the original OGY technique assumes that
X*, (6—8)-%) x- = 4, and (%)[Ao = B are known. For stationary chaotic systems,
these quantities can be determined by measuring the return map X,;: versus Xp.
The fixed point X* intersects the identity line X,,,, = X, and because of the ergodic
properties of chaotic systems, the system will eventually approach an arbitrarily small
neighbourhood around X*. When this happens, A can be measured by fitting a line
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to return map points near X*. If ) is shifted to Ag + A, where § is a small constant
perturbation, then B can be measured by observing the new value of the fixed point.
In the vicinity of the fixed point the system is described by the linear map:

n+1 = Aén + BéA,, (1.4)

where &, = X, — X*. Substituting (1.3) for )\, gives:
o -
bnt1= (A — '2‘3)511- (1.5)

The optimal value for the feedback gain parameter is a = 24/ B so that the next

iterate of the map is directed to the fixed point. However, for « in the range:

2(A-1) <0[<2(A-+-1)

- = (16)

the linear system (1.3) will approach the formerly unstable fixed point X*. Since
stabilization is only guaranteed for the linear system, the OGY algorithm is turned
on only whern tlic caaotic system wanders in the vicinity of the unstable fixed point

where the linear approximation is valid.

1.5.2 Delayed Feedback Control

In order to apply the OGY algorithm, the value of the unstable fixed point X*
must be determined prior to initiation of the control. This requirement can be met
for stationary chaotic systems where X* can be identified in a pre-control learning
phase. However, biological systems are typically nonstationary and the value of X*
may drift appreciably over the course of an experiment. Furthermore, in the case of
nonchaotic dynamics, the system may not approach X* before the control is initiated
which makes it difficult to estimate.

In 1992 Pyragas [16] proposed a delayed feedback controller that does not require



X"* to be specified:
a
8An = §(X,,_1 - X,). (1.7)

Notice that, like the OGY controller (1.3), the perturbations of the delayed feedback
controller (1.7) go to zero as the system approaches the fixed point. The time delayed
variable X,_; increases the dimension of the system so that the two-dimensional

linearized controlled system is:
a a
nv1 = (A - 53)&; + §Bfn—1: (1'8)

which stabilizes X* when the feedback gain a is in the range:

_3<a< (A+1)

B B (1.9)

provided that A < 1.

The delayed feedback controller has the advantage that an unknown fixed point
can be stabilized as long as a is in the range given by (1.9). This is advantageous
because biological systems typically drift over time, and the location of a drifting
fixed point can be tracked. However, this advantage comes at a price: the control
technique can only stabilize fixed points where the slope of f at the fixed point is
within the range -3 < A < 1.

1.6 Previous Studies of Cardiac Control

In 1992, Garfinkel et al. modified the OGY control algorithm [15] to control the
irregular beating of a piece of rabbit heart [19]. This study, and a similar subsequent
study controlling irregular dynamics in a rat brain [20], generated much controversy
[17, 21]. One point of contention was whether or not the respective biological systems
were, in fact, chaotic as claimed. Furthermore, it is unclear whether or not either
study actually utilized the system’s underlying dynamics for control. This problem
stems from their modification of the OGY control technique that originally called
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for small control interventions applied to some accessible experimental parameter.
Rather, the biological control studies directly modified the variable they wanted to
control.

Other control techniques have been applied to model cardiac systems [18, 21, 22|,
but most of these studies use an additive forcing term for control that would be
difficult to incorporate in a real physiological experiment [22].

We chose to avoid these problems by controlling a nonchaotic cardiac rhythm,
called an alternans rhythm, in a piece of rabbit heart. Unlike the previous biological
control studies, the dynamics of this system can be well characterized and the control
interventions were applied to an accessible experimental parameter. Furthermore,
control of cardiac alternans has clinical implications since alternans rhythms are a

risk factor for sudden death [23].

1.7 Alternans Rhythms

Alternans rhythms are a class of arrhythmias that are characterized by a sequential
alternation of cardiac activity between two patterns. For example, the strength of
the heart’s mechanical contraction may follow a strong, weak, strong, weak sequence
[24], the body surface measurement of the heart’s electrical activity (i.e. the electro-
cardiogram or ECG) may give a signal that alternates between two different patterns
[23, 23], or the shapes of sequential action potentials measured from a cardiac cell
may alternate from one beat to the next {26).

Particularly intriguing is the observation that ECG alternans are sometimes ob-
served prior to a dangerous arrhythmia called fibrillation. Fibrillation is caused by
irregular electrical wave patterns resulting in uncoordinated and inefficient contrac-
tions of the heart. Some researchers have suggested that fibrillation is an exam-
ple of spatio-temporal chaos [27]. Since alternans bear a striking resemblance to a
period-doubled rhythm, it is tempting to hypothesize that fibrillation is achieved via
a period-doubling cascade and that the observed alternans precursor is simply the
first step in the bifurcation sequence [28]. However, there is little evidence to support

such a hypothesis.
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Nevertheless, there is good evidence suggesting that alternans rhythms are asso-
ciated with cardiac electrical instability [29] and are a risk factor for sudden cardiac
death [23]. Although alternans have been observed in a variety of cardiac preparations
(24, 25, 26, 30], period-doubling is a possible unifying mechanism. But cardiologists
do not usually associate alternans with a period-doubling bifurcation.

1.7.1 AV nodal Alternans

Alternation of the AV nodal conduction time is often observed during an arrhythmia
that occurs in patients with an abnormal accessory electrical pathway connecting
the atria and the ventricles in addition to the normal AV nodal connection [31]. In
these patients an impulse can propagate normally through the AV node and back-
wards through the accessory pathway thereby re-exciting the atria and completing a
self-exciting reentrant loop (Figure 1.1). This arrhythmia is called orthodromic AV
reentrant tachycardia and, when the heart rate is fast enough, conduction through
the AV node can alternate in a fast, slow, fast, slow pattern.

The AV nodal conduction time alternans have been attributed to alternating prop-
agation between two parallel pathways [32]. The two pathways are believed to have
different conduction properties: one pathway conducts faster than the other, but the
slower pathway requires less time to recover between impulses. This implies that for
slow heart rates, the fast pathway is the effective pathway since it delivers the cardiac
impulse to the nodal output first. However, as the heart rate increases, the cardiac
impulse eventually blocks in the fast pathway, due to a short recovery time, and the
slow pathway becomes the effective pathway. If the conduction is slow enough then
the next impulse may arrive at the atria late enough for the fast pathway to recover,
and a fast, slow, fast, slow pattern would be observed.

To test for dual AV nodal pathways during a normal heart rhythm, the atria
are electrically stimulated so that the recovery time of the AV node is progressively
shortened. If the patient has dual AV nodal pathways then there is a discontinuous
increase in the AV nodal conduction time as the effective pathway shifts from the fast

to the slow pathway. This discontinuous jump in the measured AV nodal recovery
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curve (i.e. the nodal conduction time versus the recovery time) is the clinical criterion
for dual AV nodal pathways. Although recovery curves are not usually measured in
people with alternating AV nodal conduction times during reentry, dual pathways are
sometimes presumed to be the underlying cause.

However, a recent study by Sun et al. [33] proposed a mathematical model of AV
nodal conduction that demonstrated conduction time alternans in a single pathway
arising from a period-doubling bifurcation. The model incorporated experimental
observations of how the AV nodal conduction time depends on the rate of the heart-
beat. Careful experimentation has revealed that the AV nodal conduction time is
determined by three rate-dependent functional properties: recovery, facilitation, and
fatigue [34].

The recovery property refers to the observed increase in AV nodal conduction time
with a decrease in the recovery time between impulses. The recovery time is usually
assessed by the time interval between activation of the His bundle (the nodal output)
and the next atrial activation (HA interval). When the recovery time is held fixed, the
AV nodal conduction time is a decreasing function of the previous conduction time.
This property is called facilitation and, along with the recovery property, accounts
for the short-term dynamics of the AV node. The fatigue property is a superimposed
slow increase in the AV nodal conduction time as the heart rate is increased.

When these rate-dependant properties were incorporated in a finite difference
equation model of AV nodal conduction, Sun et al. observed that the AV nodal
conduction time could alternate as a result of a period-doubling bifurcation.

So, the question is: Are dual pathways necessary for AV nodal conduction time
alternans in a real heart, or are they caused by a period-doubling bifurcation? In
Chapter 2, I will describe the results of our rabbit AV node experiments that were
designed to answer that question by simulating the reentrant arrhythmia where AV
nodal alternans are observed clinically. The retrograde propagation through the ac-
cessory pathway was mimicked using a protocol called fixed-delay stimulation. We
detected when the cardiac impulse exited the AV node by placing an electrode at the
output of the node called the His bundle. After a fixed time interval, corresponding to
the desired retrograde accessory pathway conduction time, we stimulated the rabbit
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heart at the top of the right atrium. By varying the fixed delay, we simulated acces-
sory pathways with different conduction times and generated AV nodal conduction
time alternans when the fixed delay was short enough. Like previous observations
of cardiac alternans in other settings, the AV nodal alternans indicated electrical
instability in our experiments.

We concluded that dual pathways were not the cause of the alternans in our exper-
iments, but rather the alternans were likely caused by a period-doubling bifurcation.
This implies that the dynamics are low-dimensional and that there exists an unstable
period-1 fixed point between the alternating conduction times. Thus, it may be pos-
sible to stabilize the period-1 fixed point and suppress the alternans rhythm using a

control technique like the ones previously described.

1.8 Control of Cardiac Alternans

In Chapter 3, I describe a feedback control technique that was used to suppress AV
nodal conduction time alternans in the rabbit heart. Since the dynamics of the AV
nodal alternans are described by a slowly-drifting one-dimensional map, the inter-
pretation of the control interventions was clear: stabilization of a formerly unstable
period-1 fixed point. Furthermore, our control study was the first example of bio-
logical control that adapted to system nonstationarities - a ubiquitous property of
biological systems.

The control technique used in our experiments was a modified version of the de-
layed feedback control discussed above. The modifications were introduced as a result
of biological limitations, but subsequent stability analysis of our control algorithm re-
vealed a rich structure of new stability zones. In Chapter 4, I present the results of
this analysis and show some examples from the experiments. Finally, I will use the
structure of the stability zones to modify the control algorithm so that the feedback

gain parameter is automatically adapted.
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1.9 Other ways to Control Arrhythmias

Although dynamic control of cardiac arrhythmias is an exciting area of research, clin-
ical implementation of such techniques has yet to be realized. Rather, present-day
control of clinical arrhythmias involves accurate diagnosis of the arrhythmia mecha-

nism followed by either medical or surgical intervention.

1.9.1 Diagnosis of Arrhythmia Mechanism

The mechanism of an arrhythmia can often be diagnosed on the basis of body sur-
face measurements of the heart’s electrical signal called an electrocardiogram [35].
Intensive study of these electrical signals over the past century has led to a beau-
tiful set of interpretive techniques that are invaluable for the assessment of cardiac
health. Indeed, clinical cardiac electrocardiography is one of the most widely-used
and informative medical procedures.

However, sometimes different arrhythmia mechanisms produce indistinguishable
surface electrocardiograms making it difficult to obtain a definitive diagnosis. More
detailed information about the heart’s electrical activity can be obtained by threading
catheters through blood vessels and placing electrodes at strategic locations on the
inner surface of the heart [36]. These electrodes are used to monitor local electrical
activity and deliver electrical stimuli. Assessing the heart’s response to electrical
stimuli is called electrophysiological testing which can be used to assist arrhythmia

diagnosis.

1.9.2 New Techniques for Arrhythmia Diagnosis

Despite the success of electrophysiological testing, some arrhythmia mechanisms re-
main difficult to distinguish. In Chapter 3 we suggest a new procedure that could be
used to distinguish between two superficially similar arrhythmias that cause the heart
to beat too fast (tachycardia): anatomical reentry and ectopic tachycardia. Since the
treatments for these arrhythmias can be radically different, accurate diagnosis is cru-

cial.
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Ectopic tachycardia is caused by an abnormal (ectopic) region of the heart that
generates rapid oscillatory activity. The resulting abnormal pacemaker region beats
faster than the normal SA node pacemaker which becomes entrained to the faster
rhythm. Therefore, the origin of the cardiac impulse shifts and the heart rate is set
by the rate of the ectopic pacemaker.

Anatomical reentry is caused by an electrical impulse propagating in a circuitous
pathway around an obstacle such as a valve, the opening to a blood vessel, or a piece
of damaged tissue. Since the period of circulation is usually faster than the intrinsic
rate of the SA node, the normal pacemaker is overdriven and a rhythm similar to
ectopic tachycardia results.

Presently, diagnosis of the arrhythmia mechanism is based on the following em-
pirical observations [36]: i) Initiation of ectopic tachycardia is often characterized by
a gradual increase in heart rate, called “warm-up”. Furthermore, the ectopic tachy-
cardia may “cool-down” with a gradual decrease in heart rate before the tachycardia
stops; ii) Unlike ectopic tachycardia, anatomical reentry can often be initiated and
terminated by electrical stimulation.

Unfortunately, while these criteria are useful, they are not absolute. It is some-
times difficult to terminate reentry using electrical stimuli. Furthermore, terminating
a rhythm with a stimulus doesn’t necessarily imply a reentrant mechanism since
pacemaker activity can also be terminated in this manner [38]. Also, the warm-up
phenomenon upon initiation of ectopic tachycardia is sometimes not observed simply
because the rhythm may be on-going. Furthermore, the cool-down phenomenon has
been observed prior to termination of reentry [33, 37].

Thus, a new technique to differentiate these arrhythmias might improve the ac-
curacy of diagnosis. In Chapter 5, I will present a new diagnostic procedure that
identifies the arrhythmia mechanisms based on their different spatio-temporal activa-
tion patterns: reentry corresponds to a topological spiral pattern whereas an ectopic
pacemaker produces a topological target pattern. In principle, the two patterns could
be distinguished by using a large number of electrodes to map the activity on the
heart’s surface. However, such a procedure is neither practical nor desirable.

We suggest a method for discerning targets from spirals using only two electrodes.
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We test the method in computer simulations of targets and spirals in a sheet of ex-
citable media. Our method reveals the different spatio-temporal symmetry properties
of topological targets and spirals by measuring local activity and delivering stimuli

at two points in space.

1.9.8 Surgical Control of Etopic Tachycardia

If the cause of the tachycardia is an ectopic pacemaker, then the patient can be cured
thanks to a recent advance in clinical cardiac electrophysiology. Once the location
of the ectopic pacemaker is found, a catheter can be placed at the offending location
and the abnormal tissue can be ablated by applying radiofrequency current through
the electrode [36]. This process destroys the ectopic pacemaker and the SA node
subsequently resumes its normal pacemaking activity.

The trick is finding the ectopic pacemaker. In principle, the localization strategy is
simple: find the position that is activated the earliest since this site must correspond
to the source of the rhythm. In practice, this requires a lengthy procedure where
electrodes are dragged over the endocardial surface until an early activation site is
found. The placement of electrodes is directed by a process of trial and error. As a
result, it is often necessary to apply radiofrequency current at several early activation
sites before targeting the ectopic focus [39].

In Chapter 6 we propose two new localization techniques that were used to locate
a pacemaker in a computer simulation. Qur techniques are based on the geometry
of wave propagation in homogeneous isotropic excitable media. Since the heart is
neither homogeneous nor isotropic, we used an iterative procedure to converge on the
pacemaker source. Furthermore, we developed a confirmation strategy that could be
used to check that the ablation electrode is at the correct location before applying

radiofrequency current.
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AV Node

Abnormal
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Figure 1.1: Schematic of orthodromic AV reentrant tachycardia. The dark arrows
refer to the circulating reentrant cardiac impulse.



CHAPTER 2
ATRIOVENTRICULAR NODAL CONDUCTION TIME
ALTERNANS

2.1 Foreward

Alternation of the atrioventricular nodal conduction time (NCT) is often observed
during supraventricular tachycardia' [1, 2, 3, 4, 3, 6]. It is especially prominent near
the termination of the tachycardia and therefore may reflect instability (2, 7, 8, 9,
10, 11, 12]. The alternation is enhanced in response to pharmacologic or hypoxic
increases of AV nodal refractoriness [2, 4, 6, 13]. A typical example occurs in the
orthodromic AV reentrant tachycardia associated with Wolff-Parkinson-White syn-
drome. The reentrant circuit of this tachycardia is composed of an antegrade pathway
through the AV conduction system and a retrograde accessory AV bypass pathway
(14]. Because the retrograde delay is nearly constant during this tachycardia, the cy-
cle length alternation is clearly due to beat-to-beat changes in NCT. This sequential
alternation of NCT has often been attributed to alternating conduction between dual
AV nodal pathways [3, 5]. However, it has also been suggested that the alternation
may arise solely from the functional properties of the AV node [4, 8, 11, 12]. In a
recent study [12], we observed the NCT alternation in an in vitro rabbit heart model
of AV reentrant tachycardia and proposed that the alternation resulted from the in-
trinsic dynamics of the AV node. The main goal of the present study was to further

investigate the characteristics of the alternation and to elucidate its mechanism.

2.2 Methods

2.2.1 Preparation and Apparatus

The experiments were performed in six superfused isolated rabbit heart preparations.

Animal care was conducted according to the guidelines of the American Physiological

!'Supraventricular tachycardia refers to a rapid heart rate whose anatomical site of origin is above
the ventricles.
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Society and the University of Montreal. The preparation, perfusion system, stimu-
lation techniques, and recording system were as previously described [15]. Briefly,
the preparation (Figure 2.1A), including the right atrium, AV node area, and up-
per part of the ventricular septum, was mounted in a tissue bath. The bath was
perfused at 200 mL/min with a 6-L volume of oxygenated (95% Oz, 5solution and
maintained at 37° C and pH 7.38. Its composition (in mM) was 128.2 NaCl, 4.7 KClI,
2.0 CaCl,, 1.0 MgCl,, 20.0 NaHCO3;, 0.7 NaH,PO, and 11.1 dextrose. A bipolar
platinum-iridium stimulation electrode was placed on the crista terminalis near the
sinus node. As indicated in Figure 2.1A, unipolar electrograms were recorded from
the upper atrium (UA), low crista terminalis (CT), low interatrial septum (IAS) and
His bundle (HIS). An additional electrogram (E) was recorded from the surface of
the node. This electrode was positioned using a micromanipulator and visual control
through a dissecting microscope. A similar nodal electrogram has recently been used
to monitor intranodal activation [16]. All recording electrodes consisted of sharply
cut, teflon insulated, 0.01” silver wires. The electrograms, stimulation pulses, a time
code and a tachogram were digitized at a sampling rate of 5 kHz per channel and
recorded on a video tape. The bandwidth was 0.1 Hz to 3 kHz. Stimulation intervais
were generated with an accuracy of 1 ms and a precision of 0.47 usec using a locally
developed computer algorithm [17]. Stimulation pulses had voltages which were twice

threshold and a duration of 2 ms. Data analysis was performed off- line.

2.2.2 Rabbit Heart Model of Orthodromic AV Reentrant Tachycardia

Since the retrograde accessory pathway has a nearly constant conduction time [14],
the time interval between the His bundle activation and atrial activation is fixed. This
implies that the retrograde pathway can be electronically mimicked by stimulating
the atrium after a fixed delay from detecting the activation of the His bundle [8,
9, 11, 12]. This fixed HS interval stimulation protocol formed the basis of our in
vitro model of orthodromic AV reentrant tachycardia and is schematically depicted
in Figure 2.1B. The excitation propagates from the upper atrium to activate the

low crista and low septum nodal inputs. The activation of the inputs triggers a
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nodal response documented by a His bundle deflection. Each His-bundle activation is
detected and the next stimulation is given with a predetermined HS. The retrograde
delay of the accessory pathway is thus modeled by fixing the HS value.

2.2.8 Stimulation Protocols

After a 30-min stabilization period, the preparation was paced for 15 minutes at a rate
which resulted in an atrial cycle length 30 ms shorter than that of the spontaneous
sinus rhythm (SCL = 376 *+ 43 ms, n=6). An incremental pacing protocol was
performed to determine the HS which results in a nodal block. As illustrated in
Figure 2.1C, the tachycardia was initiated by stimulating the atrium with a fixed
HS (HSinit = 70 £+ 22 ms, n=6) which was 30 ms longer than that which resulted
in a nodal block during incremental pacing. This pacing rate was maintained for 5
min in order to establish a steady state NCT and cycle length. The HS was then
progressively decreased by 2 ms steps, with each step being maintained for at least 1

min.

2.2.4 Interval Measurements

Activation times, defined by the negative peaks of the first time derivatives of the elec-
trograms, were determined with 0.25 ms precision. This analysis was performed off
line using Asyst acquisition software from Keithley and Data Pack analysis software
from Run Technologies. Time intervals between the stimulation pulses, atrial elec-
trograms, and His bundle activation were determined with 0.35 ms precision. Data

is presented as mean * standard deviation.

2.2.5 Definitions

The AV node includes the anatomical structures corresponding to the transitional,
midnodal and lower nodal cells. The atrial reference site (A) was taken from the low
interatrial septum. NCT refers to the time interval between the atrial activation and

the following His bundle activation. The AV nodal functional properties of recovery,
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facilitation and fatigue are as previously described (15, 18]. Briefly, the recovery
property refers to the increase cf the NCT with a decrease in nodal recovery time as
assessed by the His-atrial (HA) interval. Facilitation refers to a decrease in the NCT
for a given recovery time when the previous cycle is shortened. This effect is most
pronounced for short recovery times. Fatigue is defined as a slow, rate-dependent
increase of the NCT.

2.3 Results

2.3.1 Progressive Onset of Alternation

The alternation of both the cycle length and the NCT developed progressively with
decreasing HS (Figure 2.2). In the illustrated example, the tachycardia resulting from
a 60 ms HS gave a constant NCT and cycle length. As the HS was decreased to 36
ms, NCT increased due to a reduction of the nodal recovery time associated with this
pacing rate. Since the decrease of HS was offset by the increase of the NCT, the cycle
length remained virtually unchanged. As the HS was further decreased, a sequential
alternation of progressively larger magnitude developed. Such a progressive onset of
sequential alternation between two levels was observed in 4 out of 6 preparations.
Since the retrograde delay was fixed and the atrial conduction time was constant,
the NCT alternation accounted entirely for the cycle length alternation. Although
the NCT alternation was usually vuite small (ANCT, .. = 4.6 + 0.5 ms, n=4) and
required high experimental precision to be detected, it was consistently observed and

maintained for long periods of time.

2.3.2 Spontaneous Termination and Reinitiation of the Tachycardia

The HS decrease eventually resulted in a nodal block which temporarily terminated
the tachycardia. Figure 2.3A and B show typical beat to beat NCT changes and cor-
responding electrograms, respectively. The termination was preceded by an increase
in NCT alternation (Figure 2.3A and B). The last successful conduction through the
AV node always corresponded to the lower branch of the alternation. Atrial stimula-
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tion temporarily ceased due to the absence of a His bundle complex (Figure 2.3B). A
spontaneous atrial beat (arrow) was generated after a time interval greater than the
spontaneous sinus thythm. The spontaneous atrial beat propagated to the His bun-
dle with a short NCT and reinitiated the tachycardia. The next NCT was markedly
prolonged, probably because of the absence of facilitation. The return of facilitatory
effects at the next beat caused substantial NCT shortening. Subsequently, the NCT
gradually increased and resumed its alternation with an increasing magnitude. The
tachycardia persisted until another nodal block occurred. Such transient nodal blocks
preceded by NCT alternation were observed in all but one preparation. In the latter,

1:1 nodal conduction persisted even at an HS of 0 ms.

2.8.8 Origin of NCT Alternation

In an attempt to localize the origin of the NCT alternation, we positioned an electrode
(E) near the central area of the node (Figure 2.1). The E electrogram deflection was
slower than atrial or His bundle deflections and occurred well after the last atrial
activation. Using the E signal, the NCT could be divided into proximal (AE) and
distal (EH) components. The AE reflected the contribution of the inputs to NCT
[16]. Figure 2.4 shows the local dynamics shortly after a restarting of the tachycardia
with a 40 ms HS. The gradual onset of NCT alternation is observed in the EH but
not in the AE. Although the exact anatomical locus of the alternation can not be
identified with precision, these results indicate that the site is distal to the E electrode
and thus unlikely involves the inputs. Similar results were found in all but one of
the preparations exhibiting alternation. The other case demonstrated a significant
alternation in the morphology of the nodal electrogram (E), even for HS too long to
induce NCT alternation. As a result, the proximal and distal intervals were observed
to alternate oppositely even when the NCT was constant. This made it difficult to
localize the region of the NCT alternation in this case.
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2.3.4 Continuous Recovery Curves

Recovery curves were obtained at three basic cycle lengths in all preparations. In
every case, the recovery curves were smooth and continuous, without breaks or jumps,
as depicted for one preparation in Figure 2.5. Changes in the recovery curve with
different basic cycle lengths are consistent with previous findings and reflect the AV
nodal functional properties of facilitation and fatigue [15, 18].

2.8.5 Mathematical Modeling

A mathematical model quantifying the properties of AV nodal recovery and facilita-
tion showed that, for the fixed HS stimulation protocols similar to those used in the
present study, the NCT is a unique function of previous NCT, NCT,; = f(NCT,),
when the level of fatigue is constant {12]. This means that we can plot a curve
of possible beat-to-beat conduction times, NCT,,, versus NCT, (Figure 2.6A). By
iterating this function starting at some initial value (NCT;), we obtain the NCT
sequence plotted in Figure 2.6B. Graphically, this iteration is performed by a process
called cobwebbing and is illustrated in Figure 2.6A. Notice that there exists a NCT
value where the curve intersects the identity line, NCT,,, = NCT,. This point,
NCT", is called a fixed point because at this point NCT* = f(NCT*). It turns out
that when the slope of the curve is sufficiently shallow at the fixed point, the NCT
sequence converges to it as shown in Figure 2.6A. In this case, NCT™* is called a stable
fixed point. Therefore, a perturbation of the steady state would result in a damped
alternation (Figure 2.6B) which relaxes to the stable fixed point value (NCT*), as
previously observed by Simpson et al [11].

The level of fatigue varied so slowly in our experiments that it did not produce
appreciable changes in the NCT from one beat to the next. Therefore, the shape of the
NCT,,, versus NCT, curve remains unchanged. However, the slow increase of fatigue
will slowly moved the curve up and right in the manner depicted in Figure 2.7A. Notice
that NCT* slowly increases with increasing fatigue. Therefore, the observed NCT
will gradually increase as shown in Figure 2.7B. If the fatigue increases enough, the
slope of the curve at NCT* will reach a critical degree of steepness (i.e. slope = -1)
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where NCT"* becomes unstable {(Figure 2.8A). When this happens, the observed NCT
will no longer be NCT* but will sequentially alternate between two values, NCT}
and NCT3, one of which is larger than the fixed point value and the other is smaller.
The resulting beat-to-beat alternation may be stable (Figure 2.8B) or may gradually

increase with increasing fatigue (not shown).

2.4 Discussion

2.4.1 Mechanism of NCT Alternation

Cycle length alternation during AV reentrant tachycardia has often been attributed
to alternating conduction between fast and slow AV nodal pathways [3, 5]. If such a
mechanism were responsible for the sequential alternation of NCT, then one would
expect the alternation to begin abruptly with a discontinuous jump caused by a shift
of the conduction from fast to slow pathway [19]. This did not happen. We observed
a gradual onset of NCT alternation with increasing magnitude (Figures 2.2, 2.3 and
2.5). This observation cannot be easily explained by the dual pathway theory.
Another finding was the continuity of the AV nodal recovery curves at all 3 basic
cycle lengths studied (Figure 2.53). While a jump or break in the AV nodal recov-
ery curve is the hallmark of dual pathway physiology in humans [19, 20], continuous
recovery curves without breaks or jumps were found in all preparations. This ob-
servation rules out dual nodal pathway physiology as clinically defined. However,
because reentry can occur in both human and rabbit heart without a discontinuity in
the recovery curve [21], one may suggest that the absence of discontinuity does not
in itself rule out the existence of dual pathways nor their involvement in the alter-
nation. Nevertheless, our observation that the alternation was confined to the distal
conduction time (Figure 2.4) makes it unlikely that dual nodal inputs are involved
in this phenomenon. As suggested by the success of the ablation therapy for nodal
reentrant tachycardia [20] and by other characteristics of nodal reentry [22], the in-
puts constitute the main component of the dual pathways. Therefore, it is unlikely

that dual pathway physiology is responsible for the alternation in our preparations.
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In a previous study [12], we proposed that the NCT alternation resulted from the
intrinsic dynamics of the AV node. We showed that a mathematical model of the
AV nodal functional properties could generate NCT alternation by a process called a
period doubling bifurcation. As shown in Figures 2.6- 2.8, the period doubling mech-
anism is consistent with our present findings. This model predicts a gradual onset of
NCT alternation with increasing magnitude as the HS is decreased (Figures 2.2- 2.4).
These theoretical considerations suggest that the alternation is a natural consequence
of the AV nodal functional properties.

2.4.2 Magnitude of the Alternation

Since the magnitude of the cycle length alternation was usually quite small, it is
probably below the current resolution of most clinical studies. Nevertheless, the
existence of a small magnitude cycle length alternation preceding the termination of
the tachycardia may point to a general mechanism of reentry termination (7, 10, 11].
A recent theoretical study of reentry showed that an alternation of the action potential
duration of a circulating reentrant pulse strongly reflects reentry instability [10]. For
some model parameters, the cycle length alternation during this unstable reentry
was shown to be very small. Therefore, the present study supports the hypothesis
that even a very small cycle length alternation may be an important indicator of
instability. Based on these considerations, we predict that cycle length alternation
will often be observed prior to the termination of clinical tachycardias provided that
the measurements are carried out with sufficient precision.

The magnitude of the alternation is not always small. The magnitude of NCT al-
ternation is dramatically increased in response to pharmacologic or hypoxic increases
of AV nodal refractoriness (2, 4, 6, 13]. Such conditions may be quite common in
a clinical environment. Therefore, a relatively large magnitude alternation of cy-
cle length might often be observed prior to the termination of tachycardia in such

patients.
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2.4.8 Implications

The alternation of the NCT in this study results from the rate- dependent nodal
properties. Similar observations are expected for any tachycardia driving the AV
node near its upper 1:1 conduction limit. We propose that similar mechanisms could
produce cycle length alternation in a variety of reentrant arrhythmias. For example,
Ortiz et. al. {23] found that a cycle length alternation preceded the termination of
atrial flutter. They showed that the alternation was due to beat-to-beat changes of
the conduction time through regions of the reentrant circuit where the conduction was
slow. The tachycardia was terminated by a block occurring in the slow region. The
final beat corresponded to the lower branch of the alternation. These observations
are very similar to the events preceding the spontaneous termination of AV reentrant
tachycardia in our experimental model.

Very small electrical alternans have also been associated with the development of
ventricular arrhythmias [24]. This may be related to our observation that alternation
often precedes conduction block in a slow region. For example, a region of depressed
myocardium may result in conduction time alternation and the development of a local
block, thereby initiating functional reentry and possibly fibrillation.

In conclusion, our results demonstrate that NCT and concomitant cycle length
alternation can arise during orthodromic AV reentrant tachycardia when the retro-
grade delay is sufficiently short. This alternation has a gradual onset and increases in
magnitude with the shortening of the retrograde delay. Further shortening eventually
results in an AV nodal block which temporarily terminates the tachycardia. The last
successful propagation through the AV node corresponds to the lower branch of the
alternation. The reinitiation of the tachycardia is triggered by a spontaneous beat
successfully propagated through the AV node. These characteristics of the alterna-
tion are predictable from the known functional properties of the AV node without

postulating dual pathway physiology.
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2.5 Appendix

The previous mathematical model of AV node conduction {12] was based on the
rate-dependent functional properties of the AV node. In this model, it was assumed
that the shape of the decreasing facilitation function, NCT,,, = f(NCT,), was
concave down. The proposed bifurcation mechanism was that the fatigue property
generated a slow vertical shift of f, and since f was concave down, the vertical shift
caused the slope at the drifting fixed point to decrease (Fig. 2.9A). A period-doubling
bifurcation occurred when the slope became less than -1, thereby destabilizing the
period-1 rhythm and generating an alternans rhythm. This bifurcation mechanism
relies on two assumptions: i) fatigue causes a vertical shift of f, and ii) f is concave
down.

The physiological mechanism for facilitation has been suggested to result from
the properties of the action potentials of cells in the distal node. Here, we show that
a simple model incorporating this physiological mechanism has implications for the
shape of f as well as the proposed bifurcation mechanism.

Our simple model is a special case of a class of models proposed by Chialvo et al.
[25] for the dynamics of propagation along Purkinje fibers. Figure 2.9B illustrates the
variables in the model. Our basic assumption is that both the AV nodal conduction
time (AH interval) and the action potential duration (APD) of the distal nodal cells
(H cells) are functions of the time interval between the end of the H action potential
and the next atrial activation called the diastolic interval (DI):

NCT,.. = P(DIL,), (2.1)
APDn-H = Q(DIn)-

The function P is called the recovery curve and Q is called the restitution curve.
Since our recordings were obtained using unipolar extracellular electrodes, the
action potentials were not measured and the diastolic interval was not controlled.
Rather, our fixed-delay stimulation protocol held the HA interval fixed at some in-
terval \. But since DI, = A -~ Q(DI,_;) and DI, = P"!(NCT,), the diastolic
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interval can be expressed in terms of A:
DI, =\- Q(P“(NCT,,)), (2.2)

and thus the nodal conduction time can be expressed as a function of the previous
conduction time for fixed A.

Given the following analytic forms for P and Q [26]:

P(DI,) = a+bexp(—DI,/Trec), (2.3)
Q(DI;) = c—dexp(—Dly/Tres),

by substituting (2.3) and (2.2) into (2.1) the AV nodal conduction time is given by:
NCTh+1 = a+ h(NCT,) exp(—=A/Trec) = f(NCT,, A), (2.4)

where h is the following decreasing function:
h(NCT,) = & exp(-£(NCT, — a)7), (2.3)

where k = b exp(c/Trec) and € = db™7/Tree With 7 = Tree/Tres-

Equation 2.4 predicts that a decrease in the fixed-delay time A causes f to become
a steeper function. Therefore, the fixed point can become destabilized and alternans
can be generated by decreasing A just as we observed in the experiments (Fig. 2.2).

This simple model predicts the shape of f: if v < 1 then f is concave up every-
where, whereas if ¥ > 1 then f is a bell-shaped function. Therefore, the assumption
that f is strictly concave down is not supported by our simple model of facilitation.
This means that the period-doubling mechanism suggested in the previous AV node
model is not likely because a vertical shift of f due to fatigue will decrease, rather
than increase, the magnitude of the slope at the fixed point. If our simple model is
correct, then fatigue must be more than a simple vertical shift of f. Rather, fatigue
probably shifts f up and to the right as depicted in Figure 2.7.
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Figure 2.1: A, preparation with anatomic landmarks, pacing site (rectangular pulse)
and recording sites (closed circles). B, schematic representation of our model of
atrioventricular reentrant tachycardia with the two nodal inputs, the node itself and
the retrograde return pathway to the atrium simulated by an electronic circuit. The
His-stimulus (HS) interval controls the retrograde delay of the reentrant circuit. C,
electrograms recorded during the initiation of the tachycardia with an HS of 60 ms.
UA, upper atrium. CT, low crista terminalis. IAS, low interatrial septum. CS,
coronary sinus. HIS, His-bundle. TV, tricuspid valve. E, nodal electrode.



200 -
\ .
£
] 190 omem== o st ooy gt
O | [ o NN AR
aprasre
180 -
120 - -
& B Sty
E 1 P, Vangag,
5 110 e
ufftastay
Z 1 ouiattumgiete
100 - 50
= 4 . 52
50 - = . _48

Figure 2.2: Progressive onset of cycle length (top) and NCT (middle) alternation
obtained from one preparation in response to decreasing HS values (bottom). Each
sequence countains 100 beats taken at steady state approximately 1-min after the HS
shortening. All values are in ms.
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Figure 2.3: A, beat to beat changes of NCT observed during spontaneous termina-
tion and restarting of the tachycardia associated with a constant HS of 40 ms. The
last conducted beat corresponds to the lower branch of NCT alternation. A sponta-
neous atrial beat (arrow) reinitiates the tachycardia. Corresponding electrograms are
depicted in B.
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Figure 2.4: Origin of NCT alternation during restarting tachycardia initiated with a
40 ms HS. While both NCT and distal conduction time (EH) similarly alternate, the
proximal conduction time (AE) does not.
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Figure 2.5: Recovery curves (NCT plotted as a function of HA) obtained at the 3
listed basic cycle lengths {(BCL) in a typical preparation. The 3 curves were obtained
at steady state basic NCT. Note the continuous nature of the curves at all 3 basic
rates.
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Figure 2.6: A, schematic representation of a function, f, relating successive NCT for
a fixed HS. Given some initial NCT value, NCT;, we can iterate this function to
determine the sequence of NCT depicted in B. In this case, the NCT relaxes to a
steady state value, NCT", called the fixed point.
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Figure 2.7: Simulation of the effects of AV nodal fatigue. A, as fatigue increases, the
function f is slowly shifted up and right. The fixed point, NCT™*, slowly increases
and gives the NCT sequence shown in B. Notice that the slope of the function at the
fixed point is becoming more negative with increasing fatigue.
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Figure 2.8: A, NCT alternation occurring when the slope of the function, f, at the
fixed point, NCT*, becomes less than -1. The graph predicts that the magnitude of
the alternation, ANCT = NCT, — NCT; will gradually increase as the slope becomes
steeper. B, typical sequence of resulting NCT alternation.
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Figure 2.9: A) Bifurcation mechanism proposed by Sun et al.. B) Definition of
variables in a simple model of facilitation.



CHAPTER 3
DYNAMIC CONTROL OF CARDIAC ALTERNANS

3.1 Foreward

Control techniques from the field of nonlinear dynamics [1] have been used to control
both chaotic [2] and nonchaotic [3] dynamical systems. Since these control methods
do not require knowledge of the system’s governing equations, they are particularly
applicable in biology where detailed mathematical models are usually unavailable.
Control of biological dynamics is important for medical science since abnormal phys-
iological rhythms can be life-threatening [4]. Attempts have already been made to
control both experimental [5] and model [6, 7] biological systems. However, none of
these studies used control algorithms which adapted to evolving system parameters.
Since physiological environments typically drift over time, practical biological control
schemes must adapt to these changes. Here, we utilize an algorithm which controls

an evolving cardiac arrhythmia called an alternans rhythm in the rabbit heart.

3.2 Cardiac Alternans Rhythms

Cardiac alternans rhythms are characterized by an alternation of the timing or mor-
phology of the heart’s electrical activity from one beat to the next. While the clinical
importance of cardiac alternans has only recently been recognized (8], their discovery
dates back to the earliest recordings of cardiac electrical signals [9]. We generated
cardiac alternans by electrically stimulating a piece of dissected rabbit heart!. Each
stimulus delivered to the upper atrium caused a wave of electrical activity to propa-
gate through the atrium, the atrioventricular node and out the His bundle (Fig. 3.1A).
We measured the electrical activity near an atrial input of the AV node and at the

His bundle output (Fig. 3.1B). X, was the time for the impulse to pass through the

!The experimental methods used in this study are identical to those described in the previous
chapter with the exception that the alternans magnitude was increased by either inducing tran-
sient hypoxda (n=2), or using a combination of hypoxia and the calcium channel blocker verapamil
(30 ng/méf) (n=3). These maneuvers decreased the electrical excitability of the preparation and
mimicked the situation where large amplitude AV nodal alternans have been observed clinically (8].

43
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AV node. The output impulse was re-injected into the atrium after a time delay A.
When A was made sufficiently small, the conduction time through the AV node began
to alternate [10] (Fig. 3.1B).

3.3 AV Node Dynamics

The dynamics of AV nodal conduction can be characterized by a one-dimensional

map
Xn+1 = f(Xm ’\): (31)

where X, is the AV nodal conduction time following the nth atrial stimulus, A is the
time delay from His bundle activation to the next atrial stimulus, and f is a nonlin-
ear, decreasing function of both arguments which relates the successive conduction
times [10]. The map is represented as a graph in Fig. 3.2A. This map determines the
sequence of AV nodal conduction times, X, X2, Xj,..., X, given some initial con-
duction time, Xj, for fixed A. The intersection of the curve with the line of identity
(Xn+1 = X,) defines the period-1 fixed point X* = f(X*,)). If |g,{-| < 1at X*, then
X* is stable and the sequence of conduction times will converge to X* (Fig. 3.2A).
If g,f; at X* becomes less than -1, then X* loses stability and a period-2 cycle gains
stability. In our preparation, this period-doubling bifurcation causes the alternans
rhythm [10]. For example, Fig. 3.2B shows a sequence of conduction times diverging
from the fixed point (dashed arrows) and the development of alternans (solid arrows)
for one of our preparations. Slow nonstationary effects are associated with gradual
deformations of f over several iterations, which can both shift X* and change the

slope of f at X*.

3.4 Alternans Control Algorithm

Since alternans arise when a fixed point loses stability in the manner described above,
the unstable fixed point must lie between the alternating X's. Control of alternans can

be achieved by directing the system towards the unstable fixed point by varying A for
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certain beats?. This procedure is schematically depicted in Fig. 3.2C. By shortening
A by an appropriate amount 4, after a large X,,, the map f shifts to the dashed
curve. The subsequent X, is thereby directed closer to the unstable fixed point X*
as shown by the dashed arrow.

The simplest way to choose the magnitude of d A, is to make it proportional to the
distance between the system’s present state point, X,, and the unstable fixed point.
Therefore, the stimulus delay time for beat n + 1 was shortened by an amount 42,

where
8, = a(X, — X*).

The proportionality constant a established the sensitivity of the control algorithm.
X* was the current estimate of X* approximated as the midpoint of the alternating
X’s

X = %(X,, + Xn_1)-

This fixed point estimate was recomputed after each beat allowing us to adaptively
locate the real fixed point. It is not necessary to know the analytic form of f to apply
this algorithm.

3.5 Results

We used this control method to suppress alternans rhythms in 5 rabbit heart prepara-
tions. The left panels of Fig. 3.3 show the sequence of AV nodal conduction times X,
before, during, and after the control period along with the corresponding values for
Arn in 3 different preparations. The right panels are points of f obtained during the
transient periods at the onset (+) and following the termination ( e ) of the control.
Fig. 3.3A shows control of nonstationary alternans which have an increasing magni-
tude and a slow average drift of the AV nodal conduction time. Because the unstable
fixed point was adaptively located, its evolution was tracked. The right panel shows

the shift of f over the course of the control. Fig. 3.3B shows that when control was

2Qur control algorithm is a modified version of the one used in reference [7]. Our modifications
ensured that the algorithm changed the stability, but not the location, of the uncontrolled system’s
unstable period-1 fixed point.
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initiated near the onset of alternans, relatively small perturbations (less than 2 ms)
were required to suppress its development. In this case, the unstable fixed point did
not evolve appreciably over the course of the control.

The control technique requires that we choose an appropriate proportionality con-
stant a. In our experiments, o was chosen by trial and error. If a was too small the
alternans magnitude was reduced, but not eliminated. For example, the preparation
depicted in Fig. 3.3C shows that the first control attempt, with a; = 3.3, was not
sufficient to eliminate the alternans. The next attempt, with a; = 5.0, was successful.

These observations led us to examine the stability conditions of the controlled system.

3.6 Stability of the Controlled Fixed Point

Turning on the control algorithm had the effect of transforming the one-dimensional

map 3.1 into the following two-dimensional system:

(04
Xn+l = f(Xn, A— §(Xn - Yn)) (32)
l/ﬂdl'-l = Xn

The period-1 fixed point of this system (X*, Y*) has the property: X* =Y*, which is
also the value of the uncontrolled system’s fixed point. The Jacobian of this system

is

—a aB
[A 2B 3 (3.3)

1 0

where A = 2L and B = 2. In our case, both A and B are negative at the fixed

point.
The fixed point is stable provided that the Jacobian has eigenvalues which fall
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within the unit circle. This condition is met for a in the following range:

(4l -1)

34
18] (3.4)

<a< B
where all terms are evaluated at the fixed point. Although it is not necessary to
know the analytic form of f to apply the control algorithm, the properties of the map
determine the range of a which gives effective control.

Because many beats had conduction times which were less than X *, 0\, was
often negative, implying that the stimulus should have been delayed for those beats.
However, in clinical situations where alternans occur naturally, beats induced via
electrical stimulation can only shorten A. Therefore, premature stimuli were delivered
only after beats with conduction times larger than X*. Otherwise, §), was set to
zero and the stimulus was delivered at the unperturbed delay, A. This modification
doubles the lower limit of effective o and the upper limit increases as described in
Chapter 4.

To estimate the lower limits of effective a in our experiments, we assumed that
f had the following form: f(Xa,A) = a + exp(—A/7)h(X,), where a and 7 are
parameters which can be determined experimentally, and A is an unknown decreasing
function {10]. Therefore, at the fixed point B = —2(X* — a). Previous studies have
shown that typical values for a and 7 are 80 ms and 70 ms respectively. [10]. Using
these parameters, and X* and A determined from the maps in Fig. 3.3, we estimated
that the lower limits of effective a are 2, 0.7, and 5 for the preparations shown in

Figures 3.3A, B, and C respectively. These limits agree with our observations.

3.7 Complex Alternans

In some preparations the alternans rhythm was more complex. For example, Fig. 3.4A
shows irregular oscillations superimposed over each alternans branch. This kind of
behavior is seen when the curve f shifts back and forth with a period of about 20 beats
(not shown). The physiological mechanism of such a nonstationarity is unknown.

Nevertheless, the control algorithm successfully eliminated these irregular alternans
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(Fig. 3.4B, C), thus showing that the technique is robust to complex rhythms.

3.8 Discussion

Previous biological control experiments implemented a pre-control learning phase to
estimate X* which was held constant over the course of the control [3]. Any error in
the fixed point estimate leads to a controlled fixed point which differs from that of
the uncontrolled system. Furthermore, an evolving fixed point of the original system
can not be tracked using such a scheme.

Since we recomputed our fixed point estimate X* after each beat, our control
algorithm accurately targeted the original system’s unstable period-1 fixed point.
Slow evolution of the fixed point was tracked. However, since f slowly evolves, the
limits on the range of effective « correspondingly change. Therefore, while o may
initially be in the effective range, the system’s evolution may lead to destabilization.
In most cases, the range of effective a was sufficiently large so that the gradual
evolution of the system did not destabilize the fixed point.

Suppression of cardiac alternans has important clinical implications given that
alternans in the ECG morphology often precedes life-threatening arrhythmias and is
a risk factor for sudden death [8]. If a control algorithm similar to the one used in
the present study was incorporated in a prosthetic cardiac pacemaker, such alternans

rhythms might be suppressed and a route to a fatal arrhythmia curtailed.
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Figure 3.1: A) Schematic diagram of the rabbit heart preparation and pacing strat-
egy. Following detection of His bundle (HIS) activation, we applied the next atrial
stimulus after a time delay, A, which was our control parameter. B) Stimulation
pulses and electrograms recorded from the atrium and His bundle during alternans.
The conduction time, X, through the atrioventricular node (AVN) was defined as the

time interval between atrial and His bundle deflections. Here we show an alternation

of X between 119 ms and 163 ms for A = 90 ms.
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Figure 3.2: The difference equation, X, ;) = f(X,, A), relating successive AV nodal
conduction times and a schematic of the control mechanism. A) Convergence of
successive conduction times to a stable fixed point, X*, when the slope of f(Xp, ) at
X" is greater than -1. B) Development of alternans in one of our preparations when
the slope of f(X,,A) at X* was less than -1. C) Effect of a premature stimulation,
A —6),, on f. A premature stimulation applied after a beat with a long AV nodal
conduction time directs the subsequent conduction time closer to X* (dashed arrow).
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Figure 3.3: Control of alternans in three preparations. A) AV nodal conduction times
X, and delay times ), in the first preparation. Control was implemented from beat
266 to 787 (2 minutes) with a = 2.5. The right panel plots X, ., versus X, at the
onset (+) and following the termination ( e ) of the control sequence. The fixed point
X" after the control was 130 ms and the slope of the map at this point was -1.7. B)
X, and A, in the second preparation. Control was implemented from beat 319 to 550
for = 1.7. X* after the control was 123 ms and the slope at the fixed point was -1.2.
C) X, and A, in the third preparation. The first control attempt was implemented
from beat 79 to 134 with a; = 3.3. The second control attempt was implemented
from beat 219 to 255 with ay = 5.0. After the second control, X* was 92 ms and the

slope at the fixed point was -1.5.
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CHAPTER 4
RESTRICTED CONTROL OF ONE-DIMENSIONAL
MAPS

4.1 Foreward

Recent success controlling complex dynamics of nonlinear physical and chemical sys-
tems [1] has opened the door for the control of biological rhythms. Some researchers
have speculated about the medical implications of controlling heartbeat dynamics or
brain rhythms [2, 3], but biological systems typically have characteristics that require
special consideration. For example, all biological control studies to date {2, 3] have
required that the control interventions be unidirectional - only allowing shortening of
a parameter. This restriction can have detrimental effects on the ability to control
these systems [4]. To extend the analogy of dynamic control being like balancing a
meter stick on one’s palm [3], restricted control is like trying to balance the meter
stick by only allowing hand movements in one direction.

Surprisingly, the unidirectional restriction can improve the controllability of some
systems. Here, we will describe how restricted control can introduce new stability
zones, and we show that some of these zones were observed in our recent cardiac
control experiments [3]. Furthermore, the structure of the stability zones suggests
a way to modify the original control algorithm to automatically adapt the feedback

gain parameter.

4.2 Delayed Feedback Control of Systems Described by

One-Dimensional Maps

The cardiac dynamics in our experiments were described by a one- dimensional map:

Xn+l = f(XFH A)} (41)

[$}}
[4)]
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where X, is the variable under control and A is the control parameter. The goal is
to stabilize an unstable period-1 fixed point X* = f(X*,A) by perturbing A by an

amount:
«
6n = 5(Xn-1 = Xa), (4.2)

where « is a feedback gain parameter. This is an example of delayed feedback control
originally proposed by Pyragas [6]. The controlled system’s fixed point is identical to
the uncontrolled system. Thus, if the fixed point drifts over the course of the control
(as is typical for biological systems) the controlled system will track the fixed point
provided that the system stays in the stable range of the feedback gain a.

4.3 Linear Stability Analysis of Unrestricted Delayed
Feedback Control

Linearizing about a fixed point at the origin gives:

Xn+l = AXn+ﬁ(Yn_Xn): (43)
Yn+1 = Xm

where A = (%%, and 8 = § g—’f) where both derivatives are evaluated at the fixed
point. In the case of our cardiac experiments, A < —1 and 3 < 0.

The eigenvalues of (4.3) are (A — 8 + /(A — §)2+43)/2. The fixed point is
stable provided that both eigenvalues fall inside the unit circle. This condition is met

when:
1<f< %(A +1), (4.4)

provided that A < 1 [3]. Note that the stability zone shrinks to zero for A < -3 [7]
thereby limiting the applicability of the unrestricted control algorithm to maps with
a sufficiently shallow slope at X*.



4.4 Restricted Control

Restricting the above control algorithm by only allowing shortening of A gives the

following linearized system:

Xps1 = AXp+6.8(Ys — Xn), (4.5)
Yn+1 = Xn:

where

{1 if (X, —Y,) >0,
O, = (4.6)

0 otherwise.

Thus, when O, = 1 the control is turned on, and when 6,, = 0 the control is turned
off.

4.4.1 Geometric Interpretation of Restricted Control

Geometrically, the restriction 4.6 means that perturbations will only be applied if
points on the return map lie above the line of identity X,,; = X, (the dotted
diagonal line in Figure 4.1). For example, Figure 4.1A shows how the restricted control
algorithm stabilizes the unstable fixed point X* in a linear system with A = —4 and
B = —3.1. The solid line corresponds to the uncontrolled system and the dashed lines
correspond to the perturbed system. X* is at the intersection of the solid and dotted
lines. In this case, the first control intervention causes the next iterate to fall below
the line of identity implying that the next iterate will be uncontrolled. Furthermore,
since the first controlled iterate was less than the fixed point, the next iterate will
be above the identity line. Thus, control is applied every other iterate so that the
sequence of ©,, is 0101.... In this case, the fixed point is stabilized because control
directs the system closer to the fixed point. For larger values of 3 the fixed point is
not stabilized, but the oscillatory growth of X, is slowed (not shown).

In our cardiac experiments, if the gain parameter « is increased, then # becomes
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more negative. Figure 4.1B shows the situation when 3 is decreased to -3.23. As in
the previous example, the first controlled iterate is below the line of identity (implying
that the next iterate is uncontrolled). However, in this case the perturbation is bigger
and the controlled iterate is slightly larger than the fixed point. This means that the
next iterate is also below the line of identity and the control is applied in a 001001...
sequence. This sequence is stable for 3 = —3.23 because the first controlled iterate
directed the system closer to the fixed point. But if 3 is decreased to -3.4, we see
from Figure 4.1C that the same control sequence is unstable because the system is
directed away from the fixed point.

If « is further increased, then a new control sequence is achieved. Figure 4.1D
shows a stable 011011... sequence for § = —35.76. In this case, the first perturbation
is so large that the controlled iterate is also above the line of identity, implying that
the next iterate is also controlled. The second controlled iterate is below the line of
identity and below the fixed point, thereby giving the 011011... sequence. In this case,
the fixed point is stabilized because the second controlled iterate is directed closer to
the fixed point. However, larger values of 3 give an unstable 011011... sequence (not
shown) because the second controlled iterate is directed farther from the fixed point.

Just like the transition from the stable 0101... sequence to the stable 001001...
sequence depicted in Figures 4.1A and B, there is a transition from the stable 011011...
sequence to the stable 00110011... sequence as 3 is further decreased (Figure 4.1E
shows the case for § = —5.798) and the 00110011... sequence becomes unstable as 3
is decreased still further (Figure 4.1F depicts 8 = —35.82).

For the linear system (4.6), the progression of unstable and stable periodic control
sequences continues indefinitely as 3 is decreased. In other words, the swiiching
parameter O,, imposes the following progression of control sequences: unstable 01%,
stable 01%, stable 001%, unstable 001%, unstable 01%+!, ..., where 1* denotes k control
perturbations in a row before the sequence repeats and k progresses from one to

infinity as (8 is decreased from zero.



4.4.2 Computation of the Stability Zones!

Since we know the progression of the control sequences imposed by the switching

term O, X4, can be expressed as:
Xiy1 = ex Xo, (4.7)
where e, is given by the following iterative expression:
exr = (A — Blex— + Bex—2 (4.8)

with ¢ = A and e, = A% + B(1 — A) or e; = A? for the 01 or 001* sequences
respectively. In this study, we consider the case A < —1 since that is when the fixed
point is unstable.

The boundaries of the stability zones are computed by using the criterion that
stable sequences move the system closer to the fixed point after one control sequence.
Since Xy, is the last iterate of the first 01* control sequence and X, is the last
iterate of the first 001* sequence, the stability conditions are ez < 1 and e;;; < 1
for the 01¥ and 001* sequences respectively. Therefore, the boundaries are given by
k degree polynomials in 3. For example, the £k = 1 control sequences are stable for
l1+A+1/A < B <1+ A for A < —1. Figure 4.2 depicts the stable zones for k = 1
and k£ = 2. The condition e, = 0 marks the boundary between the stable 01* and
001F sequences (grey lines in Fig. 4.2) where the fixed point is reached after a single
control sequence 01%.

The striking feature of this analysis is that the domain of control is extended by
the restriction. Figure 4.2 shows that the linearized system has stable sequences for
an arbitrarily negative slope A. This contrasts with the unrestricted system, whose
control domain is bounded by the dashed lines in Figure 4.2, that can only stabilize
fixed points with slopes greater than -3.

While there are an infinite number of stable zones corresponding to an arbitrary

1The stability zones were independently discovered by Socolar and Gauthier [8] using different
techniques.
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number & control perturbations in a row, the stability zones are bounded by the curve
B = A—2—2+/1 — A. This boundary is computed by recognizing that as k£ approaches
infinity, the control is always on such that X,,, > X, for every iterate. Thus, the
algorithm behaves just like the unrestricted control (4.3) with real eigenvalues greater

than one - a condition met only when 3 is below the boundary.

4.4.3 Ezperimental Observation of different control sequences

Although our experimental cardiac system was not linear, application of the restricted
control algorithm resulted in several of the control sequences predicted in the above
linear system. These control sequences were especially clear at the initiation of the
control where the control perturbations were relatively large and therefore easy to
see.

For example, Figure 4.3A shows the variable X,, and the control parameter A,
during an unstable 01 sequence for a feedback gain o = 3.3. This example corresponds
to the initiation of the first control sequence of Figure 3.3C (the baseline value Ay
is shifted by -35 ms to assist in plotting the data). The first controlled beat is
indicated by the arrow and corresponds to a negative perturbation of A¢ (all control
perturbations are negative as imposed by the switching term 6,). Since the system
is nonlinear, oscilatory growth of X, is quenched and the original large amplitude
alternation of X, is reduced in magnitude — but not eliminated.

However, as shown in Figure 4.3B (corresponding to the second control sequence
shown in Fig.3.3C) when a is increased to 5.0 the system shifts to a stable 001
sequence that eliminates the alternation of X,,. The first controlled beat is indicated
by the arrow. After the fourth perturbation to )\, (beat 323), the system shifts to a
stable 0101 sequence. This shift is due to the close proximity of these stable zones
(Fig. 4.2) and any noise or drift in the system can cause such transitions.

Figure 4.3C shows a stable 0011 control sequence that eliminated the alternation
of X, in another preparation with a = 2.5. Again, the system switches to its adjacent

stable 011 control sequence shortly after the control was initiated.
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4.5 Automatic adaptation of the feedback gain

The control algorithm requires that the feedback gain parameter a be specified. In
our cardiac experiments, we chose a by trial and error. However, the structure of the
stability zones suggests a way to automatically adapt a so that X* can be stabilized
more robustly.

Since multiple perturbations away from the fixed point are not desirable, the
optimal stability zone is the £ = 1 zone. Furthermore, since the stable k£ = 1 zone has
the largest area, it will be the most robust to noise and drifting system parameters.

Therefore, to target this zone we adapt a according to:

an_1 +0a if O,_4 to O,_, was 0101 or 1010,
oo = (49)
ay_; ~ 0a otherwise,

where da is a small increment. When (g{) |x- is negative (as in our cardiac experi-
ments) a and da are positive. Otherwise they are negative. This simple algorithm is
motivated by examining the stability zones in Figure 4.2. If « is too small then this
corresponds to  being above the k£ = 1 boundary and the control sequence will be
an unstable 01 sequence. If a is too large, then 3 is below the optimal 01 boundary
depicted by the uppermost grey curve in Figure 4.2. Thus, the adaptation will adjust
the system so that it oscillates between the stable 01 and stable 001 sequences pro-
vided that the increment da is small enough so that the stepsize of 3 is sufficiently
less than the thickness of the &k = 1 stability zone.
To illustrate the adaptive algorithm, we used the restricted controller:

An = Ao + e,.%(x,,_l - X,), (4.10)

with ap randomly chosen between 0 and -10 and da = —0.1. We applied (4.10) to

the quadratic map:

X1 = MXn(l = Xp) + Cn, (4.11)
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where (, is a normally distributed random variable with a mean of zero and a variance
of 0.001. QOur goal was to stabilize the fixed point X* = (Ag — 1)/ A,.

Figure 4.4 shows the results for adaptive control of the quadratic map. For iterates
1-500, Ag = 3.3 corresponding to an uncontrolled stable period-2 orbit. Control was
initiated at iterate n = 125 and the random initial value of o, was -2.03. The adaptive
algorithm stabilized X* and the subsequent fluctuations of a, kept the system in the
k = 1 stability zone. The control was shut off at n = 375 and the period-2 cycle
returned.

At n = 501, Ay was switched to 3.52 which corresponds to a period-4 rhythm.
The control was initiated at n = 626 with a random initial value of a, = —8.38.
The adaptive control stabilized X* and the control was turned off at iterate 876. At
n = 1002, Ao was switched to 3.65 which is in the chaotic regime. Control was initiated
at n = 1127 with the initial o, = —8.32 and X* was stabilized after approximately
130 iterates. When the control was shut off at n = 1378 the chaos resumed.

Since the adaptive algorithm was designed to track a drifting fixed point, we
applied the control to a quadradic map with Ag starting at 3.3 and increasing by an
increment of 0.007 every iterate. The small increments to Ag introduced a slow drift
in the system. Control was initiated at iterate 250 and Figure 4.5 shows that the

drifting fixed point was tracked and stabilized well into the chaotic regime.

4.6 Conclusion

The biological restriction of unidirectional control perturbations surprisingly enhances
the controllability of systems described by one-dimensional maps. Since biological
systems typically drift over time, dynamic control algorithms must adapt to these
changes. The restricted delayed feedback control technique allows for moderate track-
ing of the fixed point as long as the system remains in a stability zone. However, a
simple modification of the restricted control algorithm allows for automatic adapta-
tion of the previously fixed feedback gain parameter to ensure that the drifting system

is directed to, and remains in, the largest stability zone.
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Xu+l

Xn+l

Figure 4.1: Return maps showing the progression of control sequences as 3 is de-
creased. The dotted diagonal line is the identity line and the solid line is the un-
controlled system with slope A = —4. The dashed lines shows the system when per-
turbed by control interventions. A) 8 = —3.1 results in a stable 01 control sequence.
B) B = —3.23 results in a stable 001 sequence. C) # = —3.4 gives an unstable 001
sequence. D). # = —5.76 gives a stable 011 sequence. E) 3 = —35.798 gives a stable
0011 sequence. F) 8 = —5.82 gives an unstable 0011 sequence.
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Figure 4.2: Stability zones of restricted control. The £ = 1 and k£ = 2 stability zones
are indicated. The grey lines inside the zones mark the transition from 01* to 001%.
The dots indicate that there are an infinite number of stability zones for larger number
k perturbations in a row. The infinite sequence of stability zones is bounded by the

curve f = A-2-2y1 - A.
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Figure 4.3: Experimentally observed control sequences. The first control perturbation
is indicated by the arrow. A) An unstable 01 sequence for a = 3.3. B) The same
preparation with & = 5.0. In this case the control begins in a stable 001 sequence
and shifts to a stable 01 sequence. C) A stable 0011 sequence shifting to a stable 011
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Figure 4.4: Adaptive control of the quadratic map. Control was implemented in the
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of period-2, period-4, and chaotic dynamics respectively.
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Figure 4.5: Adaptive control of a drifting quadratic map. The baseline value of Ay was
incremented by 0.007 each iterate causing a slow drift in the system. The adaptive
algorithm tracked the drifting fixed point as the system moved into the chaotic regime.



CHAPTER 5

HOW TO TELL A TARGET FROM A SPIRAL: THE
TWO PROBE PROBLEM

5.1 Foreward

Targets and spirals are topologically distinct wave patterns that have been ob-
served in a variety of physical, chemical, and biological systems [1, 2|. A target
pattern is produced by concentric waves traveling away from a rhythmic source,
whereas a spiral wave is generated by a rotating source. Despite their different
mechanisms, both wave patterns lead to indistinguishable rhythms when mea-
sured at a single point in space. This ambiguity sparked the early debate over
the mechanism of the periodic radio waves measured from pulsars' [3], and has
implications for the mechanisms of several biological rhythms, some of which are

life-threatening (2, 4].

Our interest in distinguishing spirals from targets is motivated by a problem
in cardiac electrophysiology: targets and spirals underly serious arrhythmias in
the heart [4] and cardiologists need to diagnose the mechanism to launch the
appropriate therapy. However, cardiac targets and spirals are not readily distin-
guishable since it is presently impossible to measure a high-resolution activation
map in an intact human heart. Rather, a small number of probes can be placed on
the heart’s inner surface in order to measure local electrical activity and deliver
stimuli [3].

Here, we pose the following problem: what is the minimum number of probes
required to distinguish a target from a spiral? We show that the answer is two,

provided that the waves propagate in an “excitable” medium, like the heart.

'Periodic radio waves may be caused by a stationary “pulsating” source or a rotating source
called a “lighthouse” model.
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5.2 Wave Propagation in Excitable Media

An excitable system (1, 6] is characterized by the following properties: i) there
is a stable rest state; ii) a suprathreshold perturbation away from the rest state
causes an excitation (i.e. a “large” excursion in phase space); and iii) after an
excitation, there is a refractory time period when another perturbation will not
give a new excitation [6]. When excitable elements are coupled together in space,

the resulting excitable medium can support excitation waves.

A local stimulus delivered to an excitable wave pattern can cause a global spatio-
temporal change. For example, a time-shift of the wave pattern is caused by a
sufficiently large stimulus delivered at the right time and location (7, 8]. The
time-shift of the rhythm is called phase resetting, or simply resetting (Fig. 5.1).

We will show that stimuli delivered at a single probe cannot distinguish between
a target pattern and a spiral wave. However, targets and spirals can be distin-
guished by interchanging the stimulus location between two probes and measur-
ing the resetting response for both arrangements. This procedure identifies the
wave pattern by exploiting the different spatio-temporal symmetry properties of

targets and spirals.

5.3 Target and Spiral Phase Fields

Let 7(r) be the time when the wavefrount passes through the position r. A probe
located at r records 7(r) as the time at which the activation variable crosses some
threshold. The spatio-temporal activation pattern can be described by identifying
the phase of the rhythm ¢ at all locations and times ¢:

b(r, 1) = 5—"{5@ (mod 1), (5.1)

where ¢ advances from 0 to 1 with the period of the rhythm. The local phase dif-

ference measured at locations r; and rj is determined by the time delay between
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the activation of probes at different locations:

B(r, 1) — B(rz, ) = — 2, (52)

where At = 7(r,) —7(r2) is the time difference between the activation of probes
p1 and p,.
The phase field of a target pattern is given by
é(r,0,t) = ~ — _ (mod 1) (5.3)
L - To CT() ] .
where c is the propagation velocity? and (r, ) are the radial and angular coordi-

nates of a polar coordinate system with the origin at the center of the pacemaker

region. The spiral phase field is given by:

t 0 -
o(r, B,t) = TTO + ’!/)(T) + é; (mod 1), (0.4)
I where § = — 27 3(r) describes the shape of the spiral wave-front rotating clock-

wise around a circular obstacle at the origin {9].

5.4 Symmetry Properties of Targets and Spirals

The target and spiral phase fields have different symmetry properties. Let the
operator ﬁv denote a rotation of the plane about the origin by an angle ¢ and let
f} denote a time translation by an amount ¢. The symmetry properties of the two

phase fields are expressed by their invariance under the following transformations:

target: R,¢(r,t) = é(r,t), Vo (5.5)

spiral: f}-ﬁ‘ﬂb(r,t) = ¢(r,t), t‘=%?.

?Because of curvature effects, the propagation velocity c generally depends on the distance r
from the pacemaker. For simplicity, we have taken ¢ to be a constant. Nevertheless, our results
apply provided that the time for a wave to propagate from the pacemaker to the stimulus probe is

. approximately equal to the time for the stimulus wave to propagate to the pacemaker.
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Thus, the target pattern is invariant under a rotation about an arbitrary angle,
whereas the spiral pattern is invariant under a rotation combined with a partic-
ular time translation. We will show how two probes can be used to reveal the
different symmetry properties by measuring the resetting response of the wave

patterns.

5.5 Phase Resetting Targets and Spirals

To illustrate our technique, we investigated the effects of stimuli on a target
pattern and a spiral wave rotating around a circular obstacle in the modified

FitzHugh-Nagumo model:

%; - E(U - %vs — w) + DV + Dipe + Leim(t), (5.6)
R = o+ B )alv)

where v is the excitation variable, w is the recovery variable, 8 = 0.7, v = 0.3, and
€ = 0.3. The diffusion coefficient D = 1 cm? s~!. I, is a constant current applied
to a localized region at the center of the sheet in order to either make it oscil-
late, mimicking a pacemaker, or depress excitability thereby creating an obstacle
around which a spiral wave can propagate. I, (t) is a pulsatile stimulation cur-
rent used for resetting. The sigmoidal function g(v) = (wg —w)/(1+e %) +w
controls the rate of the pacemaker, where £ = 4.0, wyg = 0.6, and w; = 0.13
in the pacemaker region and 0.4 everywhere else. For the spiral wave k = 4.0,
wy = 0.6, and w; = 0.4. The equations were solved using a simple Euler inte-
gration scheme on an 80 x 80 grid with zero-flux boundary conditions, a spatial
discretization of 0.4 mm and a time step of 0.03 ms3. Figure 5.1 shows resetting

of a target and a spiral with periods Ty of 59.7 ms and 47.7 ms respectively. We

3Halving either the time step or spacial discretization step decreases the period of the rhythm
by less than 0.2% and points on the resetting curves are changed by less than 1%. Thus, we can be
confident of convergence of our numerical algorithm.
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measured the activity at two probes labeled p, and p, and delivered the stimuli

to probe p,.

The local phase ¢; of the stimulus is measured at both probes. The effect of the
stimulus is determined by measuring the successive activation times since the
activation prior to the stimulus Tfi), Tg(i),..., ’.'l';f") where the index ¢ indicates the
probe and the index j indicates the number of activations since the stimulus
was delivered (Fig. 5.2A) [7]. The local activation times TJ-(ﬂ depend on both the

phase and the location of the stimulus.

Figure 5.2B shows the normalized resetting curves for the spiral and target pat-
terns using stimuli delivered and measured at probe p,. The local phase measure-
ments at probe p; is given by equation (3.2). Furthermore, the resetting curves

measured at po are given by:

Aty

L) =T (¢ -

), (5.7)

for j large enough so that the transient effects of the stimulus have dissipated.
Thus, the resetting curves measured at different probes are related by a horizontal
shift equal to the phase lag between the probes (not shown). This is a general
result expressing the fact that the resetting response of the rhythm is independent

of the measurement location.

The resetting curves obtained at the stimulus probe are strikingly similar for
both targets and spirals (Fig. 5.2B). The similarity is easily explained. Early
stimuli fall in the refractory and therefore have no effect on the rhythm. Such
stimuli give the flat part on the left of the resetting curve. On the other hand,
a late stimulus results in a new wave that is annihilated before interacting with
the pacemaker or the tip of the spiral. Thus, late stimuli fall in an “interference
zone” and also have no effect on the rhythm. Only stimuli at intermediate phases

reset the rhythm and result in the diagonal part of the resetting curve.

Therefore, the resetting curve measured at the stimulation probe is divided into

three zones: the refractory zone at small phases, the resetting zone at interme-
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diate phases, and the interference zone at late phases. The stimulus phase ¢*

marks the juncture between the resetting and interference zones.

The position of ¢* is determined by the distance between the stimulation probe
and the source of the rhythm. Since a resetting stimulus must generate a wave
that interacts with the source, the stimulus must be delivered early enough so
that the wave has time to travel interact with the pacemaker or the tip of the
spiral. A wave generated by a late stimulus will be annihilated by the original
target or spiral wave before interacting with the source. Therefore, the greater

the distance from the source, the smaller the junction phase ¢°*.

Figure 5.2C shows the resetting curves measured at the stimulation probe p,.
Comparing with the resetting curves from stimuli delivered at p; (Fig. 5.2B), we
find that ¢3 < ¢} for both the target and the spiral, implying that p, is farther

from the source than p;.

5.6 Distinguishing a Target from a Spiral

5.6.1 Homogeneous Media

Because of the rotational symmetry of the target pattern, the time delay be-
tween activation of the probes depends on their relative distance from the source:
At = (11 — rg)/c. Therefore, for a target pattern the time delay between the
activation of two probes predicts the shift of the junction phase ¢* resulting from

interchanging the stimulation site between the probes:

2At -
$—di=—-"5" (5.8)
0

where ¢} is the juncture phase measured at the stimulus site 7. The factor of
2 arises from equation (5.2) since the phase measurements are made at their
respective stimulation sites. Since the spiral pattern lacks rotational symmetry,

probe activation delays alone cannot predict the change in the interference zones
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caused by interchanging the location of the stimulus. Therefore, targets and

spirals can be distinguished on this basis.

To illustrate this symmetry property, we applied prediction (5.8) in our simula-
tions of the FitzHugh-Nagumo model. From Figure 5.2B, we find that ¢} = 0.57
and 0.84 for the target and spiral patterns respectively. Similarly, Figure 3.2C
shows that ¢; = 0.45 for the target and ¢; = 0.68 for the spiral. The activation
time delays were At;; = -3.5 ms for the target and At,; = 8.0 ms for the spiral.
Thus, as expected, (5.8) is satisfied for the target pattern but not for the spiral

for this arrangement of probes.

Whereas a target pattern satisfies (5.8) for any two probes positions, a spiral
pattern will satisfy (5.8) only in the special case where the probes are placed
along a curve whose shape depends on the shape of the spiral. Measurement
uncertainties may also lead to 3.8 being satisfied for a spiral. For example, in the
real heart it is likely that the largest uncertainties are associated with measuring
the junction phases ¢} and ¢3. Since the junction phases appear as a difference
on the left side of equation (3.8), their absolute uncertainties add together and
equation (5.8) may be satisfied within experimental uncertainty even for a spiral.
Thus, failure to satisfy (5.8) rules out a target pattern, but resetting from more

than two probes should be used to confirm a target.

5.6.2 Heterogeneous Media

Although our analysis is based on the rotational symmetry properties of tar-
get patterns in homogeneous media, equation (5.8) is also satisfied for target
patterns with broken rotational symmetry arising from anisotropic wave propa-
gation. Provided that the time for a wave to propagate from the pacemaker to
the stimulus probe is approximately equal to the time for the stimulus wave to
propagate to the pacemaker, the broken rotational symmetry is compensated by
the anisotropic propagation of waves generated by stimuli. Thus, equation (5.8)

can be used to identify topological target patterns.
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For example, Figure 5.3A shows a highly distorted target pattern with a period
of T, = 61.6 ms that was produced by inhomogeneous anisotropic diffusion.
This pattern was created by integrating equation (5.7) on a domain with four
randomly chosen squares of average size 30 x 30 grid points where each square was
assigned random diffusion coefficients, averaging 1 cm? s~! in one direction and
1.5 cm? s7! in the perpendicular direction. Elsewhere, the diffusion coefficients
were assigned the average values!. We measured the activity at p;, and p, and
found that At;, = 0.8 ms. The curves in Figure 5.3B show the resetting response
for stimuli delivered at p, (left panel) and p, (right panel). We find that ¢} = 0.35
and ¢35 = 0.38, thereby confirming that equation (5.8) is satisfied for the distorted

target pattern.

Since inhomogeneity and anisotropy do not affect our ability to identify a dis-
torted target pattern, our techniques will work in excitable media with complex
wave propagation. Furthermore, our technique also applies to target patterns
in three dimensions since they are also described by the rotationally symmetric
phase field (5.3).

5.7 Conclusion

Targets and spirals are believed to correspond to different mechanisms of cardiac
arrhythmia with different therapies [4, 5, 10]. Therefore, distinguishing between
them is of crucial clinical importance. Our two probe diagnostic technique uses
resetting stimuli to identify the geometry of the propagating waves. Since reset-
ting stimuli are routinely used for other diagnostic purposes [3, 11], we suggest
that cardiologists will be able to use our method to distinguish targets from

spirals in clinical settings.

4The source code for choosing the diffusion coefficients is presented in Appendix B.
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Figure 5.1: Resetting of a target pattern and a spiral wave. A) A target pattern
with period Ty = 59.7 ms generated by a pacemaker at the center of the square.
B) The stimulus delivered at p; at phase ¢, = 0.4 results in a wave that causes
the pacemaker to fire prematurely and thereby resets the rhythm. C} A spiral wave
propagating around a circular obstacle with a period T, = 47.7 ms. D) The stimulus
delivered at p, at ¢ = 0.4 generates a wave that collides with the obstacle and breaks
into two waves circulating in opposite directions. The wave traveling in the sarne
direction as the original wave continues on to reset the rhythm. The original wave
collides with the oppositely traveling wave and both are annihilated.
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Figure 5.2: Resetting curves for stimuli delivered at p,. A) Definition of measurements
at probe p;. B) The resetting curves as measured at the stimulus probe p, for a target
(left) and a spiral (right). The phase ¢} at the junction between the interference and
resetting zones is marked by the dotted vertical line. C) Resetting curves for stimuli
delivered at p,. ¢3 (dotted vertical line) is shifted to the left compared to ¢} in B)
because p; is farther from the source of the rhythm. The magnitude of the shift is
predicted by equation (5.8) in the case of the target but not for the spiral.
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Figure 5.3: A) A distorted target pattern with Ty = 61.6 ms caused by heterogeneous
anisotropic diffusion. B) The resetting curve measured at the stimulation site p, (left
panel) shows that the junction phase ¢} = 0.55, wheras the resetting curve measured
from stimulation site p, (right panel) shows that the junction phase is ¢ = 0.38.
Equation (5.8) is also satisfied for the distorted target.




CHAPTER 6
LOCATING ECTOPIC FOCI

6.1 Foreward

Ectopic depolarizations can arise from many areas of the heart [1]. Frequent
ventricular ectopic beats can be incapacitating in some patients {2], persistent
atrial ectopic tachycardia can lead to heart failure [3, 4, 5|, and recent reports
suggest that atrial fibrillation can be generated by a rapidly firing atrial focus
[6, 7, 8]. While ectopic rhythms are often refractory to pharmacological treatment
[9, 10, 11], radiofrequency catheter ablation of the ectopic focus is an effective
therapy (2, 5, 7, 8, 10, 11, 12, 13, 14].

Locating an ectopic pacemaker is presently achieved by mapping the electrical
activation of the endocardial surface in an attempt to find the site of earliest
activation [2, 3, 10, 12, 13, 14]. The mapping process is time-consuming and
involves much trial and error. As a result, it is sometimes necessary to apply
radiofrequency current at several sites before targeting the ectopic focus (2, 5, 7,
10, 12, 13, 14].

We suggest that an ectopic focus can be located by simple geometric strategies
using three or more intracardiac electrodes. Specifically, we propose that the site
of origin of an ectopic depolarization can be estimated from the activation se-
quence of electrodes placed away from the ectopic focus. Furthermore, in the case
of an on-going ectopic rhythm, the resetting response of the ectopic pacemaker
to stimuli applied at an outlying electrode can be used to estimate the distance

to the pacemaker.

We devise two localization strategies based on these ideas and test them using
a computer simulation of a pacemaker in an excitable sheet. While the basic
strategies are sensitive to the electrode arrangement and measurement uncer-

tainties, by iterating our techniques we were able to locate the pacemaker in a
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homogeneous isotropic excitable sheet as well as in an inhomogeneous anisotropic

sheet.

6.2 Methods

6.2.1 Numerical Stmulations

We implemented the following modification of the FitzHugh- Nagumo equations

in two spatial dimensions:

Zt—v = ‘l‘(v - %va — w) + DV?v + Ipgee + Lytim(2), (6.1)
% = o+ B - ru)f()

where v is the transmembrane voltage, w is the total slow current, # and v
are constants whose values were chosen to be 0.7 and 0.5 respectively. I, is a
constant current applied to the pacemaker region in order to make it oscillate.
Iim(t) is a pulsatile stimulation current used for resetting. The small parameter
¢ = 0.3 controls the relative time scales of the action potential upstroke and
plateau. The sigmoidal function f(v) allows us to control the rate of the pace-
maker by adjusting the amount of time spent in phase 4 of the action potential.

f(v) also affects the action potential duration. In our simulations

fv) =

where k£ = 4.0, wy = 0.6, and wy = 0.13 in the pacemaker region and 0.4

everywhere else.

The equations were solved using a simple Euler integration scheme with zero-flux
boundary conditions, a spatial discretization of 0.4 mm and a time step of 0.05
ms. Simulations for the hyperbolic localization strategy used a 160 x 160 grid
whereas the localization by resetting strategy used an 80 x 80 grid.
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When simulating homogeneous isotropic excitable media, the diffusion coefficient
was chosen to be 1 cm? s~! everywhere. For hyperbolic localization in inhomoge-
neous anisotropic media, we assigned diffusion coefficients by randomly identify-
ing fifteen squares of average size 52 x 52 + 11 grid points with each square being
assigned random anisotropic diffusion coefficients, averaging 0.9 + 0.5 cm? s™!
in one direction and 1.9 + 0.6 cm? s~! in the perpendicular direction. Elsewhere,
the anisotropic diffusion coefficients were assigned the values of 1 cm? s~! in one
direction and 2 cm? s~! in the other!. For localization by resetting, we randomly
assigned anisotropic diffusion coefficients to eight squares of average size 23 x

i

23 + 8 grid points. The diffusion coefficients averaged 0.7 + 0.5 cm? s™! in one

direction and and 2.2 £0.7 cm? s~ ! in the other direction.

6.2.2 Localization Strategies

Our strategies make the simplifying assumption that the conduction velocity is
approximately constant and isotropic. This implies that an impulse generated
by the pacemaker propagates radially and creates a circular activation pattern.
We measured the time-course of the transmembrane voltage at three electrode
positions which were 6 mm apart and arranged along the vertices of a right
triangle, thus simulating a catheter. The time of electrode activation was taken
to be the time at which the voltage crossed zero. In all of our simulations, we
estimated the conduction velocity by stimulating at one electrode and measuring
the time delays to activation of the other two electrodes. The conduction velocity
was computed using the average of the two time delay measurements, and was
calculated once per trial using the initial electrode configuration. Since the radius
of an ablation lesion is about 3 mm [21], the ectopic focus was considered to be
located if an electrode was placed within 3 mm of the center of the pacemaker

region.

1'The source code for assigning the diffusion coefficients is presented in Appendix B.



Hyperbolic Localization

Our localization technique based on electrode activation sequences is strikingly
similar to an artillery localization strategy called “sound-ranging”. During World
War I, a method was devised for locating long-range enemy guns by listening to
a gunshot at three locations. Since the listening posts were different distances
from the gun, the gunshot was heard at different times. Each listening post
was electrically connected so that the three detonations could be recorded on
one chronograph. By measuring the time delays between the recorded gunshots,

soldiers could compute the location of the enemy gun (15, 16].

If the gun is analogous to an ectopic focus then the listening posts are like intrac-
ardiac electrodes. Subsequent to an ectopic depolarization, a time delay between
activation of a pair of electrodes implies that one of the electrodes is closer to the
ectopic focus than the other. The difference in distance from the ectopic focus
is given by the product of the measured time delay and the conduction velocity.
Since the curve defined by a fixed differential distance between two focal points
is a hyperbola [15, 17], the ectopic focus lies somewhere on a hyperbola with its

foci at the electrodes.

By measuring the time delay to activation of a third electrode, the predicted loca-
tion of the ectopic focus is at the intersection point of two hyperbolae (Fig. 6.1A).
In the Appendix we derive the coordinates of the intersection point and hence

obtain the predicted location of the ectopic focus.

Localization by Resetting

Resetting of an ectopic pacemaker using stimuli applied to an electrode away
from the pacemaker is identical to the protocol used to measure the sinoatrial
conduction time. The standard sinoatrial conduction time test involves deliver-
ing premature atrial stimuli at various coupling intervals during a sinus rhythm
[18, 19]. A premature stimulus causes a wave of activation to propagate towards

the pacemaker. Depending on its timing, the incoming wave may collide with
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an outgoing wave generated by the pacemaker. The range of coupling intervals
where this happens is called the interference zone. Alternatively, an earlier stim-
ulus generates a wave that invades and resets the pacemaker. By measuring the
resetting response to stimuli at various coupling intervals, one can compute the

sinoatrial conduction time [18, 19].

We propose that the same protocol can be applied during an ectopic rhythm to
measure the conduction time between the stimulation electrode and the ectopic
pacemaker. In fact, resetting of an ectopic pacemaker has previously been ob-
served with results similar to that of the sinus node (9, 20]. Given an estimate
of the conduction velocity, the distance from the electrode to the ectopic focus
can be determined. Therefore, the ectopic focus lies on a circle centered on the
stimulation electrode with a radius equal to the distance between the electrode

and the pacemaker.

We show in the Appendix that by measuring the times of activation at other
sites, we can also determine the distance from these electrodes to the pace-
maker. Therefore, the ectopic focus can be localized to the intersection of three
circles centered about three electrodes, one of which delivered resetting stimuli
(Fig. 6.1B). Alternatively, the coordinates of the ectopic focus correspond to the
intersection of the circle centered at the stimulation electrode and a hyperbola
determined by the activation delay between the stimulation site and another
electrode (Fig. 6.1C). In this case, the activation time of a third electrode is used

to discriminate between the two intersection points.

6.2.83 Sensitivity of the localization strategies

The predicted location of the ectopic focus is sensitive to the position, orientation,
and arrangement of the electrodes as well as measurement uncertainties. These
factors are analyzed in the Appendix. The resulting imprecision means that the
predicted location may not correspond to the real ectopic focus - but it is closer

than the initial catheter position. Therefore, we expect to converge on the true
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ectopic focus by moving the catheter to the predicted location and repeating the
localization scheme. Specifically, we moved the catheter such that the electrode
that was activated latest was moved to the predicted pacemaker location and

the orientation of the catheter was preserved.

6.2.4 Confirmation strategy

Once a putative ectopic pacemaker location has been identified, how can we be
sure that it is at the correct location before applying radiofrequency energy? In
addition to the established strategies of pace mapping and activation sequence
mapping (12, 22], the resetting procedure suggests a new technique to confirm
the location of an ectopic pacemaker. If stimuli are delivered directly to the
pacemaker, then we expect that the interference zone on the resetting curve
will be eliminated. Therefore, a resetting protocol could be used to confirm the
location of an ectopic pacemaker, regardless of how the putative location was

found.

Since the entire resetting protocol is time-consuming, this may not be a practical
confirmation strategy. However, we do not need to determine the exact distance
to the pacemaker. We only need to know if we are within the ablation lesion
radius 74y which is roughly 3 mm [21]. This can be determined by checking to
see if resetting results from a single stimulus delivered at a coupling interval CI

given by:

=~ _ 2Tau
Cl=CL(1 - =57)- (6.2)

where CL is the cycle length of the ectopic rhythm and v is the conduction
velocity. Resetting occurs if the time interval between the stimulus and the next

unpaced beat, called return cycle (RC), satisfies the following inequality:

RC < CL(2 - CI/CL). (6.3)
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If the stimulus resets the rhythm then the ectopic pacemaker is within the abla-

tion radius of stimulation electrode.

6.3 Results

6.3.1 Hyperbolic Localization

Homogeneous isotropic excitable sheet

A pacemaker with a radius of 1.2 mm was placed at cartesian coordinates (1.6
cm, 1.6 cm) where the origin is at the bottom left corner of a 6.4 cm x 6.4 cm
square of homogeneous isotropic excitable media described by equation (6.1).
This produced a periodic circular spread of excitation depicted in Figures 6.2A
and B. We measured the activation times of the three electrodes on our simulated
catheter and performed 10.trials of hyperbolic localization corresponding to 10

random initial catheter positions and orientations.

Since we knew the relative positions of the electrodes and we estimated the con-
duction velocity to be 36.9 cm/s, the measured activation delays defined two
hyperbolae and the predicted pacemaker location was at their point cf inter-
section. We computed the intersection point using equations (6.9) and (6.10)

derived in the Appendix.

In 2 of the 10 trials, the pacemaker was localized after the first iterate. For exam-
ple, Figure 6.2A shows the results for trial 3 where the intersecting hyperbolae
were determined by the depicted initial electrode configuration with measured
time delays of 3.0 ms and 5.2 ms. In the other 8 trials, the first iterate gave
a predicted pacemaker location that was closer than the initial catheter posi-
tion, but not within 3 mm of the pacemaker. Subsequent iterates converged on
the true pacemaker location in all of the trials. For example, Figure 6.2B shows
the results for trial 4 where the pacemaker was located after two iterates. The

average number of iterates required to locate the pacemaker was 2.2 + 0.8.
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Inhomogeneous anisotropic excitable sheet

The irregular, elongated activation pattern of a pacemaker in an inhomogeneous,
anisotropic sheet is depicted in Figures 6.2C and D. Again, we measured the
activation times of the three electrodes and performed 10 trials of hyperbolic
localization corresponding to 10 random initial catheter positions and orienta-
tions. The measured conduction velocity was different for each trial depending
on the initial catheter location and orientation. The average conduction velocity

was 65 + 8 cm/s.

Only 1 of the 10 trials (trial 2) located the pacemaker after one iterate (Fig. 6.2C).
Rather, an average of 4 + 3 iterates were required to locate the pacemaker in 9
out of 10 trials. For example, Figure 6.2D shows the results of trial 9 where the
pacemaker was located after 2 iterates. In one trial, the hyperbolic localization
failed on the fourth iterate since the computed hyperbolae did not intersect. Nev-

ertheless, the three prior iterates directed the catheter closer to the pacemaker.

6.3.2 Localization by Resetting

Homogeneous isotropic excitable sheet

Due to the computation time required to simulate the resetting protocol, we
reduced the size of the excitable sheet to 3.2 cm x 3.2 cm with the pacemaker
being centered at coordinates (0.8 cm, 0.8 cm). The cycle length of the rhythm
was 39.7 ms. We performed 5 trials of localization by resetting starting from

random initial catheter positions and orientations.

We applied stimulation pulses at various coupling intervals with a magnitude
of 1.0 and a duration of 5 ms to a 1.2 mm radius around the electrode that
was activated earliest. Figure 6.3A shows the effect of a stimulus given in the
interference zone for the initial electrode arrangement in trial 1. Such a stimulus
caused a wave of activation to propagate towards the pacemaker, but it was

annihilated by an outgoing wave. Therefore, stimuli delivered in the interference
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zone had no effect on the pacemaker. Figure 6.3B shows the effect of a resetting
stimulus where the wave generated by the stimulus invaded the pacemaker region

and resulted in a time-shift of subsequent pacemaker beats.

The extent of resetting was determined by measuring the return cycle (RC),
as a function of the coupling interval of the stimulus (CI) (Fig 6.4A). These
intervals are typically normalized by dividing by the cycle length (CL) of the
rhythm?(18, 19].

Figure 6.4B depicts the results of our resetting simulations for trial 1. The diag-
onal dashed line is called the compensatory line and points that fall on this line
ccrrespond to an absence of resetting. Thus, stimuli given at coupling intervals

in the interference zone gave return cycles that fell on the compensatory line.

As labeled on Figure 6.4B, the height of the plateau of the resetting curve deter-
mines the conduction time from the electrode to the pacemaker and back (2CT)
(18, 19]. Therefore, the one-way electrode-pacemaker conduction time (CT) is

related to the size of the interference zone and is given by:
1
CT = ECL(I - CI*/CL), (6.4)

where CI* is the coupling interval at the junction between the interference and
resetting zones. For trial 1, CI*/CL was about 0.52 which gave a one-way con-
duction time of 22.9 ms. Given that the estimated conduction velocity was 56.9
cm/s, the distance from the stimulation electrode to the pacemaker was esti-
mated to be 1.3 cm. Since the activation delay times were 10.1 ms and 15.4 ms,
the predicted pacemaker location was at coordinates (0.85 cm, 0.87 cm) corre-

sponding to the intersection of three circles or the intersection of a circle and a

?The resulting resetting curves are plotted differently in Chapters 5 and 6 corresponding to
the different conventions in the physics literature (Chapter 5) and cardiology literature (Chapter 6).
Whereas Chapter 5 plots the normalized time intervals T; /T, versus the stimulus phase ¢ (see Figure
5.2A), Chapter 6 plots the return cycle RC = T;/Tp — ¢ versus the normalized stimulus coupling
interval CI/CL = CI/Ty = ¢ (see Figure 6.4). The relationship between the plots translates to the
following rule: horizontal lines transform into diagonals and visa versa. The different “zones” of the
resetting curves are important for the analysis and they are labelled consistently in both chapters.
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hyperbola (Fig. 6.5A). These intersection points were computed using Appendix

equations (6.17) and (6.18) respectively.

In 3 out of the 5 trials, the initial catheter position was too far away to reset
the rhythm. In such cases, we reasoned that CI* was at most equal to the local
refractory period around the stimulation electrode which was 20 ms. Therefore,
the local refractory period defined a minimum distance to the pacemaker. The
localization strategy was iterated using this minimum distance as the radius of

the circle centered about the stimulation electrode.

Figure 6.5B shows the results for trial 4. In this case, there was no resetting for
the initial catheter position. But after the first iterate of the localization strategy,
resetting was observed for stimuli given at normalized coupling intervals shorter
than 0.75 and the pacemaker was located on the next iterate. The pacemaker

was located in all 5 trials after an average of 1.2 + 0.4 iterates.

Inhomogeneous anisotropic excitable sheet

In order to test the resetting strategy in an inhomogeneous anisotropic sheet,
we simulated a 3.2 cm x 3.2 cm sheet with a pacemaker at coordinates (0.8
cm, 0.8 cm). The irregular periodic activation pattern is shown in Figures 6.5C
and D and the cycle length of the rhythm was 63.9 ms. We performed 5 trials
of localization by resetting starting from random initial catheter positions and

orientations. The average conduction velocity for the 5 trials was 56 + 4 cm/s.

An average of 1.4 * 0.5 iterates were required to locate the pacemaker in 3 out
of 5 trials. In 3 out of the 5 trials, the initial catheter position was too far away
to reset the rhythm. In these cases, we used the local refractory period of 18.5
ms as our upper estimate of CI*. Figure 6.5C shows the results of trial 1 where
the pacemaker was located after 2 iterates. In 3 cases, movement of the catheter
to an erroneous predicted location caused one of the other electrodes to fall in

the correct position. For example, Figure 6.5D shows the results of trial 3.
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6.3.8 Confirmation strategy

We applied the confirmation strategy to trial 2 of the hyperbolic localization
scheme in an inhomogeneous anisotropic sheet where the cycle length was 81.6 ms
(Fig. 6.2C). We applied resetting stimuli at the earliest activated electrode and
Figure 6.6 shows the resulting resetting curve (o) which had a large interference
zone and therefore was not at the true pacemaker location. However, resetting
stimuli delivered at the predicted pacemaker location resulted in a resetting curve
with no interference zone (c) which suggests that the electrode was at the correct

position.

But is the electrode within the 3 mm ablation radius? This question was ad-
dressed by checking to see if a single stimulus given at the coupling interval CI
from equation (6.2) resulted resetting according to the inequality (6.3). Since the
velocity for trial 2 was estimated to be 66.8 cm/s, equation (6.2) implied that
the normalized coupling interval for the single stimulus was fﬁ/ CL = 0.89. The
resulting return cycle was 83.9 ms which satisfied the resetting condition (6.3) -

but only by 6.6 ms.

6.4 Discussion

In the present study, we suggest that an ectopic focus can be located using
measurements from resetting and electrode activation sequences. The hyperbolic
localization strategy can be applied to isolated ectopic depolarizations, whereas
the resetting strategy can only be used during an on-going ectopic rhythm with

a relatively constant cycle length.

By assuming a constant propagation velocity, our localization techniques neglect
curvature and recovery effects which are general properties of excitable media.
Nevertheless, our simulations showed that the pacemaker region was accurately
located by iterating our localization techniques in homogeneous isotropic media

as well as inhomogeneous anisotropic media.
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Our localization strategies and computer simulations were carried out on a flat
surface. This is an obvious but not necessarily fatal flaw of the present formula-
tion. While the heart is clearly not flat, some regions may be thin enough to be
approximated by a surface. Our techniques could be used to locate the break-
through site of an ectopic focus by measuring the shape of the endocardial surface

and solving our localization equations in an endocardial coordinate system.

A new electromagnetic mapping technology was recently introduced that could
accomplish this task [23, 24]. Catheters with high-resolution location sensors can
be dragged over the endocardium thereby creating an anatomical map of the
endocardial surface. The relative positions of the catheters with respect to the
endocardial surface is determined by integrating the sensed electromagnetic fields
to a set of known radiated fields. This technology could be used to automatically
compute the predicted location of an ectopic focus in an endocardial coordinate

system and efficiently guide the mapping process.

Since our localization techniques require an iteration process before locating the
ectopic focus, they must be used in conjunction with a confirmation strategy
such as pace mapping [22] or activation sequence mapping [12]. Interestingly, our

hyperbolic localization analysis has implications for activation sequence mapping.

Activation sequence mapping works by comparing the activation sequence of sev-
eral intracardiac recording sites during an ectopic tachycardia with the sequence
during pacing at the putative ectopic focus {12]. If the activation sequence is the
same then it is assumed that the pacing electrode is at the true ectopic focus.
However, our results suggest that depending on the orientation and number of
recording electrodes there may be more than one pacing site giving rise to the

same paced activation sequence.

For example, if only two recording sites are used then there is a continuum of
pacing sites giving the same paced activation sequence, although the morphology
of the electrograms would generally vary depending on the stimulation site. In
the case of homogeneous isotropic conduction, the continuum corresponds to a

hyperbolic curve, but in the real heart we would expect a distorted hyperbola.
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Similarly, if three recording electrodes are used then there may be two pacing
sites giving the same activation sequence corresponding to two intersection points
of hyperbolae. Whether or not one of these sites can be ruled out depends on
the orientation and activation sequence of the electrodes, and our hyperbolic
localization equations could be used to rule out an alternative ectopic focus.
Otherwise, the pacing electrode may be at the wrong spot. This suggests that
one should consider the morphology of the electrograms in addition to their
timing. Nevertheless, a fourth recording electrode could be used to resolve the
ambiguity.

We suggest an additional method for confirming a pacemaker location. While
our confirmation strategy was successful in our simulations, it may be difficult
to apply in a clinical situation because the cycle length of a clinical ectopic
rhythm is typically much longer than what we found in our simulations. There-
fore, according to (6.2) and (6.3), our confirmation strategy would require the
precise measurement of a very small amount of resetting. This requirement may
be impractical due to measurement uncertainties and any variability of cycle

length.

Rather than verifying the correct pacemaker site, our confirmation strategy could
be used to rule out an erroneous location. As shown in Figure 6.6, stimuli de-
livered near the pacemaker result in resetting that can be easily measured for
a large range of coupling intervals. However, when stimuli are delivered away
from the pacemaker, the resetting curve has an interference zone for a moderate
range of late coupling intervals. Therefore, a putative pacemaker location can be
ruled out if there is no resetting for a stimulus delivered at a moderately late
coupling interval. Furthermore, such a stimulus defines a minimum distance from

the pacemaker according to equation (6.4).

In conclusion, simple geometric strategies can be used to locate a pacemaker
in both a homogeneous isotropic excitable sheet as well as an inhomogeneous
anisotropic sheet. The sensitivity of the localization strategies requires that they

be iterated in order to find the pacemaker. Since the iterates converge rapidly on
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the ectopic focus, our techniques could be used to efficiently guide the mapping
process. Furthermore, once a candidate ectopic pacemaker has been identified,
we suggest a simple test to help determine whether or not the candidate corre-
sponds to the real ectopic pacemaker. While the results from our simulations are
encouraging, the utility of our localization strategies has yet to be determined in

a clinical setting.

6.5 Appendix

6.5.1 Hyperbolic Localization

Coordinates of intersecting hyperbolae

It is convenient to use a polar coordinate systemn to compute the intersection
points of two hyperbolae. We choose one of the electrodes to be at the origin
and label it e, (Fig. 6.7A). The # = 0 line is defined to be along the line joining
e, to another electrode which is labeled e;. The distance between e, and e; is
known and is labeled 2¢;. The third electrode e; is at a position (7, #) = (2c;, ¢)
(Fig. 6.7A).

Since the circular activation front propagates radially, a measured activation
delay between recording sites implies that the electrodes are different distances
from the source. This difference in distance is given by the conduction velocity v
multiplied by the measured activation delay between the electrodes. For example,
if the activation delay between e, and e; is At;2 then the differential distance from
the source is 2a; = vAt,,. Similarly, for a delay of At;3 between the activations

of e; and e3, the differential distance is 2a, = vA#,;3.

The hyperbola is defined by the set of points that are an equal difference in
distance from two focal points {15, 17]. In our case, the focal points of the two

hyperbolae are the electrode pairs (e;,e2) and (e;,e3). Therefore, the two activa-
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tion delays At;; and At,; define two hyperbolae given by:

¢ —a} .
T cicosf +a;’ (6.5)
and
2
_ G —a (6.6)

= cacos (8 — @) + ay’

with focal points corresponding to the above electrode pairs respectively.

The intersection point (r*,8*) of these hyperbolae gives the coordinates of the

ectopic pacemaker. Therefore, from equations (6.3) and (6.6):

¢t —af _ G—a
cicos@* +a; cpcos(6* — @) +a:

at the intersection point. After some algebra, we obtain:

(a® + 3%) cos? 8" — 2aycos6° + (v* — B%) =0, (6.7)
where
c1 C2COS @
a = - : (6.8)
d-a d-d
C2 sin ¢
B = 77—,
G —aj
as ay

i

TE g-a d-a

Equation (6.7) can be solved for cos * by the quadratic formula:

.oy g VETB -7 6.9
cos§* = *arEvVe -7 (6.9)

a? + 32

and from equation (6.5), r* is given by:

2
. __ c%—al.

= — 6.10
c,cosf* + a; ( )
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The number of intersection points is determined by the number of real, positive
values of 7* determined by the two values of cos §* corresponding to the + sign.

Hence, there may be zero, one or two intersection points.

Since cos@ = cos (2m — ), equation (6.9) does not completely determine #°.
However, the value of At,3 resolves the ambiguity since the distance to e; is only

consistent with one of the values for 6°.

Sensitivity analysis of hyperbolic localization

The precision of the hyperbolic localization strategy depends on the positioning
of the catheter, the orientation and arrangement of the electrodes, and the mea-
surement uncertainties. The catheter determines both the interelectrode spacing
(corresponding to ¢, and c;) and the electrode arrangement (corresponding to
®). The conduction velocity v and the electrode activation delays At,; and At3
are the measurements with the largest uncertainties and they combine to give

the parameters a¢; and a,.

An uncertainty in the parameter a results in an uncertainty in the opening angle
w of the hyperbola (Fig. 6.7B). The opening angle is determined by the hyper-

bola’s eccentricity € = c/a such that:
tanw = Ve — 1, (6.11)

where € > 1. The sensitivity of the opening angle to variations in the parameter

a is given by:

dw _1
d—a'z"‘(cz— ?)-a.

Therefore, the uncertainty in the opening angle is

dw = —(¢? — a®)"%8a, (6.12)
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to first order in da. This means that the uncertainty of the opening angle is
minimized when the electrode spacing is large and the electrodes are oriented

such that there is a small time difference between their activation.

Uncertainties in the opening angles 6w, and dw, result in an uncertainty in the
predicted location of the ectopic focus. This uncertainty can be determined by
finding out how far the hyperbolic intersection point moves when the opening
angles w;, and w; are varied. For small variations of the opening angles, the

intersection point moves by an amount D which has the following dependency:
D? ~ [6w)? + wq? — 26w 8w cos Y] esc® y, (6.13)

where 1 is the intersection angle between the hyperbolae which can be approxi-
mated by the angle of intersection between the lines that are asymptotic to the

hyperbolae:
1
Y& (W —w) + 4. (6.14)

D? is minimized when 1) = 90° and the uncertainties in the opening angles are
small. Therefore, the optimal electrode arrangement is such that the electrodes
are widely separated at right angles to each other and oriented so that they are

activated simultaneously.

6.5.2 Localization by resetting

Coordinates of intersecting circles

If the resetting protocol is performed by stimulating at electrode e; then the
distance r; between e, and the pacemaker can be estimated as discussed above.

Therefore, the pacemaker must lie on the circle:

2 +y* =1,
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where we have taken the origin of cartesian coordinates to be at e;.

Given an estimate of the conduction velocity v, the activation delays At,; and
Atz determine how much farther e; and e; are from the pacemaker relative to

€.

T2 = 11+ VA, (6.15)

Ty = 7'1+'UAt13,

and the pacemaker lies at the intersection of the three circles:

?+y* =
(-2 +(y—w)® = 7, (6.16)
(z-z3)*+ (y—ws)? = 3,

where e, and e; are at coordinates (z,y2) and (z3, ¥3) respectively.
For simplicity, we orient the axes of the coordinate system so that y, = 0. There-

fore, by solving (6.16) we obtain the coordinates of the intersection point (z*, y*):

2 .2 2

. Ty — 713+ I3
= = 7v7 6.17
z 52; (6.17)

2 2 2\ 2 2 2 2 2
. rP—ri+z Ti—Ta+ZI
Yy =i\/7‘%—(———_1 2:2 2) = y;,j:\/rg—(——-——l 2:2 2--’53) )

where the two expressions for y* allow us to resolve the ambiguity introduced by

the =+ signs.

Coordinates of intersection between a circle and a hyperbola

i From the previous section, if stimuli are delivered at e; then the pacemaker
must lie on a circle of radius r; centered at e;. By measuring the activation delay

to eo we can determine that the pacemaker lies on a hyperbola given by equation
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(6.5). Substituting r* = r, into equation (6.3) we get:

cosf* = u - ﬂ, (6.18)
i C1

where we have returned to the polar coordinate system depicted in Figure 6.6.
The ambiguity between * and its complement can be resolved by measuring the
activation delay to a third electrode e3, since its distance r3 is only consistent

with one of the values for 6°.

Sensitivity analysis of localization by resetting

The precision of the resetting strategy is determined by the orientation of the
electrodes in addition to uncertainties of the conduction time, propagation ve-
locity, and electrode activation delays. Since the pacemaker location is identified
with an intersection point between a circle and a hyperbola, the uncertainty in
the predicted location is determined by finding out how far the intersection point
moves when the opening angle of the hyperbola and the radius of the circle are

varied.

If r, is the predicted distance to the pacemaker, then the uncertainty of r, is

given by:
dr, = v(6CT) + CT(dv),

where v is the propagation velocity, CT is the conduction time, and év and
6CT are the respective uncertainties. The uncertainty in the opening angle of
the hyperbola dw is given by equation (6.12) above. If the circle’s radius and
the hyperbola’s opening angle are varied by dr; and éw respectively, then the

intersection point moves by an amount D given by:

D? = (6r))? + 2(1 — cos 6w)(r? + 1, 67)) (6.19)
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Therefore, the uncertainty of the predicted pacemaker location is minimized for
a small dw. This means that the optimal electrode arrangement is such that the

electrode spacing is large and the activation delays are small.
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Figure 6.1: a) Hyperbolic localization. An activation delay between a pair of intrac-
ardiac electrodes (e;, ez, e3) defines a hyperbola upon which the ectopic focus lies.
Therefore, two electrode pairs define two hyperbolae and the pacemaker is located
at their intersection. b) & c) Localization by resetting. Resetting stimuli are given at
electrode e, and the pacemaker’s response is used to estimate the electrode-pacemaker
distance. This distance defines a circle centered on the stimulation electrode and the
pacemaker lies on this circle. By measuring the activation delays to the other elec-
trodes, the various electrode-pacemaker distances can be determined and the pace-
maker can be located by computing either b) the intersection of three circles centered
about each of the electrodes with radii equal to their respective electrode-pacemaker
distances, or c) the intersection of the circle about the stimulation electrode and a

hyperbola.
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Figure 6.2: Hyperbolic localization in homogeneous isotropic (left column) and het-
erogeneous anisotropic (right column) media. The large concentric curves are the
contour lines of zero voltage. The hyperbolae are the solid black curves whose inter-
section corresponds to the predicted pacemaker location. a) Trial 3 in a homogeneous
sheet where the hyperbolae intersected within the 3mm target radius of the pacemaker
(gray circle). b) In trial 4, the first iterate gave a predicted location outside the target.
For the next iterate, the catheter was moved so that the latest activated electrode
was positioned at the predicted pacemaker location (arrow). The next iterate gave
hyperbolae that intersected within the target. ¢) Trial 2 in an inhomogeneous sheet
where the target was hit on the first iterate. d) Trial 9 showing convergence after two
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Figure 6.3: a) A stimulus (arrow) given in the interference zone for trial 1 of re-
setting in a homogeneous isotropic sheet. When the normalized coupling interval of
the stimulus was longer than 0.52 the wave generated by the stimulus collided with
an outgoing wave generated by the pacemaker and had no effect on the subsequent
rhythm. Here, the normalized coupling interval was 0.7. b) A resetting stimulus given
at a normalized coupling interval of 0.36 propagated into the pacemaker region and
reset the rhythm.
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Figure 6.4: a) Measurement of resetting for trial 1 in a homogeneous isotropic sheet.
Stimuli given at various coupling intervals (CI) resulted in different degrees of reset-
ting, quantified by measuring the return cycle (RC) as a function of CI. Normalizing
for the cycle length (CL) allows for the comparison of different rhythms. b) The
normalized resetting curve shows that stimuli given in the interference zone yielded
points that fall on the dashed compensatory line, whereas resetting stimuli gave a flat

part of the curve.
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Figure 6.5: Localization by resetting in homogeneous isotropic (left column) and
heterogeneous anisotropic (right column) media. a) Trial 1 in a homogeneous sheet
where the pacemaker target (gray circle) was hit after one iterate. b) Trial 4 required
two iterates to locate the pacemaker. c¢) Trial 1 converged after 2 iterates in an
inhomogeneous anisotropic sheet. d) After the first iterate of trial 3, the catheter
was moved so that the latest activated electrode was at the predicted pacemaker
location (arrow). As a result, one of the other electrodes fell in the target region.
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Figure 6.6: Confirmation strategy. Stimuli were applied to the earliest activated elec-
trode in trial 2 of hyperbolic localization in an inhomogeneous anisotropic sheet (Fig.
2c). The resulting resetting curve (e) had a large interference zone, thereby ruling out
the stimulus location as a possible pacemaker site. Stimuli applied to the predicted
pacemaker location (hyperbolic intersection point in Fig. 2c) gave a resetting curve
(o) with no interference zone, thereby confirming the correct pacemaker location.
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Figure 6.7: a) Polar coordinate system and relative positions of the electrodes. b)
Geometry of intersecting hyperbolae.



CHAPTER 7
CONCLUSION

In this thesis, I have described several aspects of cardiac control. The first part
of the thesis delt with characterizing the dynamics of an abnormal heart rhythm
and using feedback control to suppress the arrhythmia. The second part of the
thesis delt with diagnosis of an arrhythmia mechanism and developing methods

to assist in the surgical control of arrhythmias caused by ectopic foci.

7.1 Dynamic Cardiac Control

The abnormal rhythm that was controlled in our experiments involved an al-
ternating AV nodal conduction time. The alternation was caused by a period-
doubling bifurcation consistent with a simple finite difference equation model
of AV nodal recovery and facilitation properties, although the slow drift of the

system due to fatigue remains poorly understood.

AV nodal alternans are not dangerous, but cardiac alternans occurring in other
areas of the heart are a harbinger of sudden death. If the dangerous alternans are
also caused by a period-doubling bifurcation, then a control algorithm similar to

ours could suppress the alternans and possibly prevent serious illness.

The dynamic control experiments presented in Chapter 3 were the first example
of biological control that tracked the evolution of a drifting fixed point. How-
ever, the degree to which tracking could be maintained was limited by the fixed
feedback gain parameter. In Chapter 4, I presented a new control algorithm that
adapts the feedback gain parameter based on the dynamics of the control pertur-
bations. This algorithin may be especially useful for the control of nonstationary
biological systems since it requires little information about the system other than

the correct direction in which to apply the perturbations.

Using feedback algorithms to direct the timing of electrical stimuli is a promising

approach to the control of abnormal heart rhythms. However, the techniques
111
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based on feedback control of low-dimensional dynamics have yet to be used in a

clinical situation or an in vivo experiment.

7.2 Diagnosis of Arrhythmia Mechanisms

The first step in the control of any cardiac arrhythmia is the accurate diagnosis
of the arrhythmia mechanism. In Chapter 3, I described a procedure to distin-
guish a spiral wave pattern from a target pattern by delivering resetting stimuli
and measuring activity at two electrode locations. Targets and spirals correspond
to different arrhythmia mechanisms that are sometimes difficult to distinguish
using standard clinical electrophysiological testing. Our technique exploits the
different spatio-temporal symmetry properties of targets and spirals. Because
our technique requires only standard intracardiac stimulation and recording pro-
cedures, our diagnostic method could easily be incorporated in a typical cardiac

electrophysiology clinic.

7.3 Locating Sources of Abnormal Cardiac Electrical
Activity

In Chapter 6, I presented two new methods to locate regions of abnormal pace-
maker activity. The techniques were based on the geometry of wave propagation

in an excitable medium like the heart.

Unlike the diagnostic method of Chapter 3, the localization procedures require
new medical devices to help orient the intracardiac electrodes as well as compute
their relative positions and activation delays. The predicted location of the ec-
topic focus must be computed on-line and a catheter must somehow be guided
to that spot. Fortunately, new technology is currently being developed that will

facilitate these requirements.

Nevertheless, the confirmation strategy presented in Chapter 6 requires no new

technology and could be implemented immediately. All that is required is an
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appropriately timed electrical stimulus in order to ensure that the stimulation
electrode is at the correct location for ablation. The confirmation strategy is
based on the properties of resetting curves when the stimuli are delivered away

from the source of the rhythm.

7.4 Future Work

The material presented in this thesis suggests that methods from nonlinear dy-
namics and geometry can help control of abnormal heart rhythms. But much

work remains to be done.

Dynamic control of cardiac arrhythmias should begin with an understanding of
the dynamics of the abnormal rhythm. In our case, the AV nodal dynamics were
well approximated by a slowly drifting one-dimensional map. But the nature of
the drift is not well understood. New stimulation protocols that exploit the short-
term dynamics of the AV node should be developed in order to rapidly assess
AV nodal recovery and facilitation so that the evolution of these properties can

be measured over the course of the drift.

The restricted control algorithm used in Chapter 3 and analysed in Chapter
4 should be studied in higher dimensional systems since it is likely that some
cardiac arrhythmias are not described by one-dimensional maps. In particular,
it would be interesting to know if the stability zones are also extended in higher
dimensional systems when compared with unrestricted control. Also, does the

adaptive algorithm extend to higher dimensions?

The phase resetting curves in Chapters 5 and 6 suggest that the dynamics of
reentrant arrhythmias and ectopic pacemakers may also be described by one-
dimensional maps. It would be interesting to study whether or not feedback con-

trol techniques could direct the timing of electrical stimuli in order to eliminate

these arrhythmias.

Although the localization and confirmation procedures of Chapter 6 were devel-

oped for ectopic pacemakers, they could also be used to localize microreentrant
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circuits or narrow reentrant pathways through damaged heart tissue. The local-
ization methods should direct electrodes towards all point-like sources of electri-
cal activity. These hypotheses should be tested in future numerical simulations
and experiments since there are significant clinical implications for locating and

confirming ablation sites to eliminate reentry.
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APPENDIX A

The following C++ source code was used in the resetting simulations for Chapter 5 and

Chapter 6

/* Resetting of a reentrant spiral around an obstacle */

#include
¢include
#include
#include
#include

#define
#define
#define
#define
$cdefine
#define
#define
#define
#define
#define
#define
#define

$define
#define
#define
tdefine
t#define
#define
$#define
#define
#define
#define
idefine
#define
$#define
idefine
#cdefine
#define
#define
#define
#define
#define

double v[2] [ROW+2] [COL+2];

<stdio.h>

<stdlib.h>

<fstream.h>

number of elements */
grid spacing (cm) */
time step size (msec)*/

diffusion coefficient (cm*2/msec) in region 1%/
diffusion coefficient (cm~2/msec) in region 2%/
constant current in region 1%/

constant current in region 2*/

sigmoidal max amplitude in region 1 */
sigmoidal min amplitude in region 1 */
sigmoidal max amplitude in region 2 */
sigmoidal min amplitude in regicn 2 */

obstacle center */

radius of CN2 are coupled with D2 and Ic2*/
row position for stimulus */

column pecsition of stimulus */

physical size of stimulus region ~*/
positions for measurments */

/* threshold voltage for nnise 0 */

<icstream.h>

<math.h>
ROW 80
COL 80 /*
H 0.04 /*
K 0.05 /*
D1 0.001 /~
D2 0.001 [/~
Icl O. /=
Ic2 -5.0 [/~
Wl h 0.6 /~
Wil 0.4 [/~
W2 h 0.6 [/~
W2_1 0.4 [/~
Obst 40 /*
CN2 8 /*
Rstim 20 [/~
Cstim 4C /~*
Ssize 2 /*
Rmeasl 20 /+*
Cmeasl 40
Rmeas2 40
Cmeas2 15
Rmeas3 60
Cmeas3 60
Vthresh 0.0
nlearn 2
nbtwn 7
maxdel 50000

prestep 10

strtpre 950

Iapp 1.0
Idur 20
APDmin 40

/* number of beats before stim */

/* number of beats for each resetting trial*/
/* maximum delay before restarting */

/* stepsize of coupling interval */

/* starting coupling interval */

/* applied current during stim */

duration of stim */
minimum duration of action potential */

/*
/*

/* array of variables in the grid */

double w[2] [ROW+2] [COL+2] :



double vini[RCOW+2] [COL];

double wini[ROW+2] [COL];

int nstim =

double D H
double Ic = 0.0;
double W

double
double
double
double

clml
clm2 =
clm3

vmlm0 =
vmliml =
vm2m0
vm2ml
vm3mo
vm3ml =

doukle
double
double
doubkle
double
double

[
loNeoNoNeoRoNo]

double
double
double

pottactml
pottactm2
pottactm3

double
double
double
double
dcuble
double

tactmlmO
tactmlml
tactm2m0
Tactm2ml
tactm3mO
tactm3ml

double
deouble
double
double
double apdm2
double apdm3
int dmlcount
int dm2count
int dm3count =
int dscount =
int ncount = 0;
int dur = 0;

toffml
toffm2
toffm3
apdml =

It
M OO OO0 0

o

double clmlm0 =
CNmeasl */

double clmliml =
double ¢clm2m0 =
double clm2ml =
double clm3mQ =
double clm3ml =
double Del =
double Tml = 0;
double Tm2 0;

(strtpre / prestep)

/'
/ -
/=

,“

4

/ -

: /
/*

(]
S OO
loNeoNe]

no
N eNoNoNeNe)

~e

[eNeNeNoNeNe]

SeoNe @)
OQ O« . .

Nese v OO O

R

Y

0.0;

0.0;
0.0;
0.0;
0.0;
0.0;

strtpre;

/* delay

-1; /*

diffusion coefficient

constant current

~/

*/

/* initial cendition array */

number of stimuli

anplitude of restitution in FHN */
conduction time between stim & meas

measured cycle lengths */

current

A

/* activation time at CNmeasl
/* previous activation time at CNmeasl */

/* end of action potential at CNmeasl

/* apd at measl

/* delay after activation at CNstim +/

*/

value of v &t CNmeasl
value of v at CNmeasl at last time step */

*/

*/

after activation at CNmeasl */

/* action potential counter */
/* stimulus duration counter */

/* cycle length for this beat measured at

v/

*/

activation time if apd > APDmin */

-/

/* cycle length for the previous beat */
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/* stim delay time from CNmeas activation */

/* activation times after stimulus */



double Tm3 = O;

double I = 0;

double phasel = 0;
double phase2 = 0;
double phase3 = 0;

/* function declarations

double f(doukble,
double g(double,

17

/* applied current */

/* phase of stimulus

*/

cdouble) ;
doukle) ;

/* read initial conditions */
int 1,3:
for (i = 1; i<= ROW; 1i++){
for (3 = 1; j <= COL; j++) ({
vin >> vinif{i) [3]:
win >> winifi]([j]:
vneww] [i] []]
wlneww] [1] [J] =

= vini{i][3j]:
winifij(i]:

~/

main ()} {
/* connect input stream tc files vinit.dat and winitc.dat */
ifstream vin ("vinit. d““");
ifstream win ("winit.dat");
if (fvin) cout << "error opening v input file" << endl;
if (!'win) cout << "“error opening w input file" << endi:
/* connect output streams to .dat files */
ofstream ofilel ("prcl.dat")}; /* prc at CNmeasl =~/
cfstream ofile2 ("prc2.dat");
cfstream ofile3 ("prc3.dat"):;
ofstream cfileé4 ("explcg.dat"):; /* log of the simulation */
if (tofilel) cout << "error opening prcl cutput file" << endl;
if (!tofile2) cout << "error opening prcZ2 output file" << endl
if (!ofile3) cout << "errcr opening prc3 output file”" << endl,
if ('ofile4) cout << "error opening explcg output £file" << endl;
int old = 1;
int neww = 0;



/* no flux boundary conditions */

for (i=1;i<=ROW;i++){
vineww] [1] (0] = v[neww] (1] [1];
v{neww] [i] [COL+1] = v(neww] [i] [COL]

e

}

for (i=1;i<=COL;i++) {
vineww] [0] [i] = v[neww] [1][i}];
vineww] [ROW+1][{i] = v{neww] [ROW] [1]

~

}

/* start integrating equations */
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int time = 0;
int k = 1;
int trial = k;
while (k <= nstim } { /* continue until finished protocol
time++;
if (dur > 0) dur++;
int n = old;
old = neww;
neww = n;

; 1 <= ROW; i++) { /* cell loop */
= 1; j <= COL; j++) {

/* record time of potential activation at CNmeas, cl,
/* and compute the stimulation delay time Del */

if (i == Rmeasl && j == Cmeasl && vmlmO >= Vthresh
vmlml < Vthresh) {
ncount++;
dmlcount = 0;
pottactml = (Vthresh - vmliml)/{(vmimC - vmiml) +
tactmiml = tactmlmO;
tactmlmO = pottactml;
clml = tactmlmO0 - tactmiml;

Tml += clml;
clmlml = clmlmO;
clmim0 = clml;

time - 1;

ofiled << "activation time at el = " << tactmlm0 << endl;



if

}

=
e
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(i == Rmeas2 && j == Cmeas2 && vm2m0 >= Vthresh &&

vm2ml < Vthresh) {

dm2count = 0;

pottactm2 = (Vthresh - vm2ml)/(vm2m0 - vm2ml} + time -

tactmZml = tactm2mO;

tactm2mQ0 = pottactm2;

clm2 = tactmZm0 - tactm2ml;

Tm2 += clm2;

clm2ml = clm2m0;

clm2mQ = clm2;

cfile4 << "activation time at e2 = " << tactm2m0 << endl;

1=+

(i == Rmeas3 && j == Cmeas3 && vm3m0Q >= Vthresh &&

vm3ml < Vthresh) (

dm3count = 0;

pottactm3 = (Vthresh - vm3ml)/(vm3m0 - vm3ml} + time - 1;

tactm3ml = tactm3mO;

tactm3m0 = pottactm3;

clm3 = tactm3m0 - tactm3ml;

T™m3 += ¢cim3;

clm3ml clm3m0;

clm3mQ = cim3;

ofiled4d << "activation time at e3 = " << tactm3m0 << endi;

/* increment duration above Vthresh */
i1f (i == Rmeasl && j == Cmeasl && vmlmO >= Vthresh)
lcount++;
1f (i == Rmeas2 && j == Cmeas2 && vm2m0 >= Vthresh)
dm2count++;
if (i == Rmeas3 && j == Cmeas3 && vm3m0 >= Vthresh)
dm3count++;
/* if the incursion above Vthresh was not an AP */
/* then make the necessary corrections */
if (i == Rmeasl && j == Cmeasl && vmlmO <= Vthresh &&
vmiml > Vthresh && dmlcount < APDmin) {
if (ncount != 0) ncount--;
dmlcount = 0;
tactmlmO = tactmlml;
Tml -= clml;
}
if (i == Rmeas2 && j == Cmeas2 && vm2mO <= Vthresh &&

vm2ml > Vthresh && dm2count < APDmin) {
dm2count = 0;
tactm2m0 = tactm2ml;
Tm2 -= clm2;



if (i == Rmeas3 && ] == Cmeas3 && vm3m0 <= Vthresh &&
vm3ml > Vthresh && dm3count < APDmin) ({
dm3count = 0;
tactm3m0 = tactm3ml;
Tm3 -= clm3;
}

/* determine apd at CNmeas and write cl & apd to files =~/

if (i == Rmeasl && j == Cmeasl & vmlmQ0 <= Vthresh &&
vmiml > Vthresh && dmlcount >= AFDmin) !
toffml = (Vthresh - vmlml)/ (vmlmO - vmlml) + time -1;
apdml = toffml - tactmlmO;
ofile4 << ncount << " ¢l = " << ¢clmil << " Del ="
<< Del << " apd = " << apdml << endl;
if (ncount > nlearn) {
ofilel << phasel << " " << Tml << endl;
}
}
if (i == Rmeas2 && j == Cmeas2 & vm2m0 <= Vthresh &&
vm2ml > Vthresh && dm2count >= APDmin) {
toffm2 = (Vthresh - vm2ml)/ (vm2m0O - vmZ2ml) + tTime-1;

apdm2 = toffm2 - tactm2mO;
if (ncount > nlearn) {

ofile2 << phase2 << " " << Tm2 << endl;
!
}
if (i == Rmeas3 && j == Cmeas3 & vm3m0 <= Vthresh &&
vm3ml > Vchresh && dm3count >= APDmin) (
toffm3 = (Vthresh - vm3ml)/ (vm3m0 - vm3ml) + time -1;

apdm3 = toffm3 - tactm3m0;
if (ncount > nlearn) {
ofile3 << phase3 << " " << Tm3 << endl:;
}
}

/* continue incrementing delay counter */

if (i == Rmeasl && j == Cmeasl && vmlm0 < Vthresh &&
dmlcount > APDmin) dmlccunt++;

if (i == Rmeas2Z && j == Cmeas2 && vm2mO < Vthresh &&
dm2count > APDmin) dm2count++;

if (i == Rmeas3 && j == Cmeas3 && vm3m0 < Vthresh &&
dm3count > APDmin) dm3count++;

1f (i == Rstim && j == Cstim && ncount >= nlearn)

dscount++;
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/* STIMULATION */

if (i == Rstim && j == Cstim && ncount == nlearn &&
trial == k && dscount >= Del && dscount < Del +1){
trial++;

phasel = dmlcount;
phase2 = dm2count;
phase3 = dm3count;
Tml =
Tm2 =
Tm3
dur = 1;

Del = strtpre - k * prestep;

ofile4 << "delay = " << dscount << endl;
dscount = G;

.

4

N

= OO0OO

’

if (i >= Rstim - Ssize && i <= Rstim + Ssize &&
j >= Cstim - Ssize && j <= Cstim + Ssize && dur > 0)
if {dur < Idur) I = Iapp;
else dur = 0;
I
else I = 0;

/* COMPUTE ARRAY FOR NEXT TIMESTEP */

if (nccocunt == nbtwn || dmlcount >= maxdel) ({

ncount = 0;

dmlcount = 0;

dm2count = 0;

dm3ccunt = 0;

int rlim, clim;

for (rlim = 1; rliim<= ROW; rlim++) {

for (clim = 1; clim <= COL; clim++) ({

v(ineww] [rlim] [clim] = vini[rlim] [clim];
v(iold]irlim] [clim] = vini[rlim] (clim]:;
w(neww] [rlim] (clim] = wini[rlim] [clim];
wlold) [rlim] {clim] = wini[rlim] {clim]};

}
}

ofiled << "return to initial conditions"” << endl;
k++;

dscount = 0;

time = 0O;

{



/* integration step */

vineww] (1] [J]1 = v[old][i] (3] +

K * £(v[eld]l [1]1[]j], wloldl[i][j]) + K*(I + Ic) +
K * D * (viold] [1][]j+1] + wv[old]fli}([j-1] -
2*v[old} [i][3]1}/(H ~ H) +
K * D * (viold]{i+1]([j] + v old][i-1](]]
2*v[old] [i][3])/(H * H}:

wlneww] [1][j] = w(old] (1] (j] + K * g(v[old](i][]],
wlold] (11 (3])* W;

/* set parameters for obstacle */

if ((i-Obst)*(i-Obst)+(j-Obst)*(j~-Obst)} < CN2*CN2) {
D = D2;
Ic = Ic2;
W= (W2_h - W2_1)/(1 + exp(-vineww] [i][j])) +W2_1;
}

else {
D = Di;
ic = Icl;
W= (Wil_h - W1_1)}/(1 + exp{-v(neww] [1]{j])) +W1l_1;
}
if (i == Rmeasl && j == Cmeasl) {vmiml = vmlmOQO;
vimlmO = v[neww] [i][j};}
if (i == Rmeas2 && j == Cmeas2) {vm2ml = vm2m0;
vm2m0 = v[neww] [i][3];}
if (i == Rmeas3 && j == Cmeas3) {vm3ml = vm3mO;

vm3m0 = v[neww] [i][3]:}
}
/* boundary conditions */

for (i=1;i<=ROW;i++) {
vineww] {1][0] = vineww] [i][1];
vineww] (1] [COL+1] = v[neww] [i] [COL]:;
}

for (i=1;i<=COL;i++) {
vineww] [0]1{i] = v{neww] [1]{i];
v(neww] [ROW+1] (1] = vi{neww] [ROW] (1]



/e

define

the 2 dimensional differential

double f(doublie v, double w) {

}

double g(double v

double
return

double
double
double
return

eps = 0.3;
(v = v*v*v/3.0 - w)/eps;

double w) {
eps = 0.3;
beta = 0.7;
gamma = 0.5;
eps * (v + beta - gamma*w):;

equaticn */

3
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APPENDIX B

The following C++ source code was used to assign random inhomogeneous anisotropic
diffusion coefficients for the simulations in Chapter 5 and Chapter 6:

tinclude <stdio.h>

finclude <stdlib.h>
f$include <fstream.n>
#i

I dE e oae

Eid

inciude <math.h>
#define ROW 80
sdefine COL 80
#define Diffx 0.C01
direction */

t¢define Diffy 0.0015

direction */

ne Nisl 5
ne ILS 30.0

doukle ns = (0.001;

double nsilsz = £.0;

double Dx[ROW+2] [COL]:
double Dy [ROW+2] [COL];

double dxtemp
couble dytemp

int islsz = 0;
int isllocx=0;
int isllocy=0;

int 1 = 0;
int 3 = 0;
int isin = 0;
main () {

nclude <iostream.h>

Diffx:
Diffy;

/v

/f

/v
/*

number of grid points */
average diffusion coefficient in x
average diffusion ccefficient in y

number of sguare islands */
average island size */

/* connect output streams to *.dat files */

ofstream ofilel
ofstream ofile2

("diffx.dat");
("diffy.dat");



1f (!ofilel) cout << "error opening vinit output file" <<

endl;
if (!ofile2) cout << "error opening winit output file" <<
endl;
for (1 = 1; 1i<= ROW; i++){
for (3 = 1; j <= COL; j++) {
Dx{i] []J] Diffx;
Dy{i] [j] = Diffy:
}
}
for (isln = 1; isln <= Nisl; isln++){
islsz = ILS + nsiisz * {(drand48()- 0.5);
isllocx = 70 * (drand48());
isllocy = 70 * (drand48()):;
dxtemp = Diffx + ns * (drand48() - 0.5);
dytemp = Diffy + ns * (drand48() - 0.%5);
cout << "loccation = " << isllocx << ", " << isllocy << ",
size = " << islsz
<< ", diffusion coeff's = " << dxtemp << ", " <<
dytemp << endl;
for (i = 1; i<= ROW; i++){
for {(j = 1; 3 <= COL; J++) {
if (i >= isllocx && i <= isllocx + islsz
&% j >= isllocy && j <= isllocy + islsz){
Dx{i][]j] = dxtemp;
Dy{i] (3] = dytemp;

}

for (i = 1; i<= ROW; i++){
for (j = 1i; j <= COL; j++) (
ofilel << Dx([i]{31:
ofile2 << Dy[i])[3]):
}



APPENDIX C

The following Matlab source code performs the hyperbolic localization procedure from

Chapter 6.

o

(42

the coordinates of an ectoric pacemaker.

.

crear;

pmkr = input('input the PACEMAKER location "([row colj":');

% input electrode positions

el = input('input coordinates of ELECTRODE el "[row coll":
e2 = input('input coordinates of ELECTRODE e2 "[row col]":
e3 = input('input coordinates of ELECTRODE e3 "[row col]l":

¥ compute interelectrode distances

di2 = sqgrt((el(l,1)-e2(1,1))"2 + (el(l,2) - e2(1,2))"2):
di3 = sqrt((el{l,1)-e3(1,1))"2 + (el(1l,2) - e3(1,2))"2});
d23 = sqrt((e3(1,1)-e2(1,1))"2 + (e3(1,2) - e2(1,2))"2}:

¥ input activation times and wvelocity estimate

input {'input TIME of activation for el: ');
input ('input TIME of activation for e2: '
input('input TIME of activation for e3: ');

toctoct
W N
It

v = input('input an estimate of the conduction VELOCITY:

% deterimine the electrode arrangement

ecc_12 = dl2/(v=~ abs(tl - t2));
ecc_ 13 = d13/(v* abs(tl - t3));
ecc_23 = d23/(v* abs(t2 - t3));

i

[ecc, orderecc] sort([ecc_12 ecc_13 ecc_23}):

if (orderecc(l) == 3)

e_a =el; t_a = tl;

e b =e2; t_b=1t2;

e_c =e3; t_c = t3;

d_ab = di2; d_ac = d1l3; d_bc = d23;
elseif (orderecc(l) == 2)

e a = e2; t_a = t2;

')

*

A

’

)
)

This M-file uses hyperboclic localization to compute and plot

« NeoN.

i ¢



e b =¢el; t b=tl;

e c = e3; t_ c =t3;

d_ab = d12; d_ac = d23; d_bc = d13;
elseif (orderecc(l) == 1)

e a = e3; t_a = t3;

e b = el; t_b = tl;

e ¢ =e2; t_c =1t2;

d_ab = dl13; d_ac = d23; d bc = dl2;

end

¢ determine t

cl
al
eccl
c2 =
a2 =
ecc2
A=

I
Ol ool oo

—

if ((eccl <=

disp('Warning!

pause (2);

end

he hyperbola parameters

abs(cl/al);

abs(c2/a2);

1 | ecc2 <= 1))

% CASE #%#1: TWO HYPERBOLAS

% compute the

i1f (eccl > 1

.5*sgrc((e_a(l,1)-e_b(l,1)}"2 + (e_a(l,2)
.S*vr(t_b -t_a);

.9*sgrt((e_a(i,1)-e_c(1,1}))"2 + (e_a(l,2)
.S5*vr(t_c - t_a);

_ab®2 + d_ac”2 - d_bc"2)/(2*d_ab*d_ac);

- e_b(1,2))72);

- e c(1,2))72);

At least one eccentricity is less than 1.');

intersecticon pecints first in polar ccordinates

& ecc2 > 1)

B = sgrt(l - A"2);

alpha = cl/(cl”2 - al®2) - c2*A/(c2"2 - a2°2);

beta = c2*B/{c272 - a2~2);

gamma = a2/ (c2"2 - az2"2) - al/(cl”2 - al~2);

costhl = (alpha*gamma + beta*sgrt(alpha”2 + beta"2 -
gamma“~2))/(alpha~2 + beta”2);

costh2 = (alpha*gamma - beta*sqgrt(alpha~2 + beta”2 -
gamma“~2))/ (alpha~2 + beta"2);

rl = (cl”2 - al"2)/(cl*costhl + al);

r2z = (ci~2 - al”2)/(cl*costh2 + al):;

% determine whether the angle is theta or 2 pi - theta

eaxis = (e_b - e_a)/sqrt(dot(e_b-e_a,e_b-e_a))};

eoffaxis = (e_c - e_a)/sqgrt(dot{e_c-e_a,e_c-e_a));

if (eaxis(1l,1l) =~= 0)

testperp = [-eaxis(1,2)/{eaxis(1l,1))

if (eaxis(l,1) > 0)
perpaxis = testperp / sqrt(dot(testperp,testperp)):;

1);



else
perpaxis = - testperp /sqgrt(dot(testperp, testperp)):
end
else
i1f (eaxis(i,2) > 0)
perpaxis = [-1 0];
else
perpaxis = [1 0];
end
end
testvec = cross{f{eaxis(l,1) eaxis(1,2) 0], [eoffaxis(i, 1)

eoffaxis(i,2) 0]);

if (testvec(l,3) > 0}

phi = acos(dot (eaxis,eoffaxis)):
else

phi = 2* pl - acos(dot(eaxis,eoffaxis));
end

if {(rl1 > 0 & imag(rl) == Q)

d_thetal = sqgrt(rl”2 + d_ac”2 - 2*rl+*d_ac~cos(acos(costhl)

- phi});
d_Z2pimthetal = sqrt(rl”2 + d_ac”2 -
2*rl*d_ac*cos(acos(costhl) + phi));
if (abs(v * (t_c - t_a) - (d_thetal-rl)) <
abs(v * (t_c - t_a) - (d_Z2pimthetal-rl)))
thetal = acos(costhl);

else
thetal = 2 * pi - &cos(costnl);

end

¥ now find estimated cartesian coordinates

rvecl = rl*[costhl sin(thetal)l:

disp('the hyperbolae intersect at:');

elocl = e_a + rvecl(l,1l)*eaxis + rvecl(l,2)*perpaxis
% compute the distance to the pacemaker

disp('the distance to the pacemaker is: ');
distl = sgrt(dot(eloci-pmkr,elocl-pmkr))

pause (2);
end

% repeat for the other possible intersection point
if (r2 > 0 & imag(r2) == 0)

d_theta2 = sqgrt(r2”2 + d_ac”2 - 2*r2*d_ac*cos(acos{costh2)
- phi));



_2pimtheta2 = sgrt(r2”2 + d_ac”2 -
2+r2*d_ac*cos(acos (costh2} + phi));
if (abs(v * (t_c - t_a) - (d_theta2-r2)) <

abs(v * (t_c - t_a} -(d_2pimtheta2-r2)})
theta2 = acos(costh2);

else
theta2 = 2 * pi - acos(costh2);

end

% now find estimated coordinates

rvec2 = r2*{costh2 sin{theta2)];
disp('the hyperbolae intersect at:'):;
eloc2 = e_a + rvec2(l,1l)*eaxis + rvec2(l,2)*perpaxis

% compute the distance to the pacemaker

disp('the distance to the pacemaker is: '):;
dist2 = sqgrt(dot (eloc2-pmkr,eloc2-pmkr);

pause (2) ;

end

if (rl > 0 & r2 > 0 & imag(rl) == 0 & imag{r2) == 0)
disp('The hyperbolae intersect at two locatiocns');

end

if ((rl1 < 0 & r2 < 0) | (imag(rl) ~= 0 & imag(r2) ~= 0))
disp('Localization failed: hyperbolae don‘t intersect');
fail = 1;

end

end
% CASE #2: ONE HYPERBOLA AND ONE LINE

if (eccl <=1 & ecc2 > 1) disp('Warning: using only one hyperbola'):
eline3 = e b - e_a;
ehyp3 = e_c - e_a;
costh3 =
deot (eline3, ehyp3)/ (sagrt(dot (eline3,eline3) ) *sqrt (dot (ehyp3,ehyp3))):
testvec3 = cross([ehyp3(1l,1) ehyp3(1,2) 0], (eline3(1,1;
eline3(1l,2) 01);
if (testvec3(1,3) > 0)
r3 = (c2°2 - a2°2)/(-c2*costh3 + a2);

else
r3 = (c272 - a2°2)/(c2*costh3 + a2);

end



end

dot (eline4,ehypd) /(sqgrt (dot (eline4,elined)) *sart (dot (ehyp4d, ehypd) )}

end

rvec3 = - r3 * eline3/sgrt{doct(eline3,eline3));

disp{'the estimated coordinates are (line + hyperbola)
eloc3 = e_a + rvec3

% compute the distance to the pacemaker

disp('the distance to the pacemaker is: '});
dist3 = sgrt{dct(eloc3-pmkr,eloc3-pmkr))

pause(2);

eline4 = e _c - e_a;
ehypd = e_b - e_a;
costhd

HA

testvecd4 = cross([(ehypd4(l,l} ehyp4(1l,2) 0], [(elined(l,1)
elined (1,2) 0]):

if (testvec4{(l,3) < 0)
r4d = (cl~2 - al”2)/(~-cl*costh4 + al);

else
r4 = (¢cl*2 - al”2)/(cl*costhd + alj};
end
rvecd = - r4 * elined/sgrrt(dot(eline4,elined));

tdisp('the estimated coordinates are (line + hyperbola)

eloc4d = e_a + rvecd
% compute the distance to the pacemaker

disp('the distance to the pacemaker is: ');
dist4 = sgrt(dot(elocd-pmkr,elocd4-pmkr))

pause(2);

HAD I

% plot the relative electrode positions and pacemaker estimate

% figure indicating loci

figure(l);axis ([0 160 0 160C}); axis square: hold;

plot (pmkr(1l,1),pmkr{i,2),"'*"};
plot(e_a(l,1),e_a({l,2),'0"');
plot(e_b(l,1),e_b(l,2),'0"'):;
plot(e_c(l,1),e_c(1,2),'0"):

r

{ecc2 <= 1 & eccl > 1) disp('Warning: using cnly one hyperbola'};
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if (fail == 0;
if (eccl > 1 & ecc2 > 1)
if (rl > 0)
plot(elocl(l,1),elocl(1,2), '."'):
end
if (rz > C)
plot(eloc2(1l,1),eloc2(1,2}, '."):
end
end

if (eccl <=1 & ecc2 > 1)
plot(eloc3(1,1},eloc3(1,2), '.');

end

1f (ecc2 <= 1 & eccl > 1)

plot(eloc4 (1,1),elccd(1,2), *'."):
end
end
hold;
title('Pacemaker Localization (o = initial positions, . = pacemkr

estimate) ')

xlapel ('ROW'); ylabkel ('COLUMN');

% figure showing intersecting curves
figure(2); angle = (0:0.01:2 * pi);

i first get the angles right for plotting the electrode positions in
pclar coordinates

if (eaxis(l,1l) > 0 & eaxis(1,2) > 0)

rotl = atan(eaxis(1l,2)/eaxis(1,1)):
elseif (eaxis(l,1) < 0 & eaxis(l,2) > 0)
rotl = pi + atan(eaxis(l,2)/eaxis(1,1));

elseif (eaxis{l,1) < 0 & eaxis(1l,2) < 0)

rotl = pi + atan(eaxis(l,2)/eaxis(1,1)):
elseif (eaxis(1l,1) > 0 & eaxis(l,2) < 0)

rotl = atan(eaxis(1l,2)/eaxis(1l,1)):

elseif (eaxis(l,1) == 0 & eaxis(1l,2) > 0)
rotl = pi/2;

elseif (eaxis(1l,1) == 0 & eaxis(1,2) < 0)
rotl = 3 * pi/2;

elseif (eaxis(l,1) > 0 & eaxis(1l,2) == 0)
rotl = 0;

elseif (eaxis(1l,1) < 0 & eaxis(1l,2) == 0)

rotl = pi;
end



i1f (eoffaxis(l,1) > 0 & eoffaxis(1,2) > 0)

rot2 = atan(eoffaxis(l,2)/eoffaxis(1l,1));
elseif (eoffaxis(l,l) < 0 & eoffaxis(1l,2) > 0)

rot2 = pi + atan(eoffaxis(l,2)/eoffaxis(l,1)):
elseif (eoffaxis(l,1l) < 0 & eoffaxis(i,2) < 0)

rot2 = pi + atan(eoffaxis(1l,2)/eoffaxis(i,1)};
elseif (eoffaxis(i,l) > 0 & eoffaxis(1l,2) < 0)

rot2 = atan{ecffaxis(1l,2)/eoffaxis(l,1)):

elseif (eoffaxis(l,1l) == 0 & eoffaxis{l,2) > C)
rot2 = pi/2;

elseif (eoffaxis(l,l) == 0 & eoffaxis(l,2) < 0)
rot2 = 3 * pi/2;

elseif (eoffaxis(l,1l) > 0 & eoffaxis(l,2) == 0)
rot2 = 0O;

elseif (eoffaxis(l,l}) < 0 & eoffaxis(l,2) == 0)

rot2 = pi;
end

* polar coordinate plot of hyperbolae

polar(rot2, 2*c2, 'o');hold; ax = axis; axis(2.5*ax);
polar(rotl,2*cl,'c'); polar(0,0,'0o"'); plot({pmkr-e a(l,1),pmkr-
e a(l,2),'*");

if (eccl > 1 & ecc2 > 1)
polar{angle + rotl, (ci1i”2 - al~2)./(cl*ccs(angle) + al),’
polar (angle + rotl, (c272 - a272)./(c2*cos(angle-phi) +&2
end

if (eccl <=1 & ecc2 > 1)
polar{(pi + rotl) * ones{1l,1001), (0:0.1:100),'rc"):
polar(angle + rotl, (c272 - a272)./(c2vcos!{angle-phi) +aZ2
end

if (ecc2 <= 1 & eccl > 1)
polar{(rot2 + pi) * ones(1,1001), (0:0.1:100),'g"):
polar{(angle + rotl, (cl~2 - al~2)./(cl*cos(angle) + al),’
end
hold;

1y
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APPENDIX D

The following Matlab source code performs the localization by resetting procedure
from Chapter 6.

¢ This M-file uses localization by resetting toc compute and plect the
5 coordinates of an electrical source in a plane.

ciear;
pmkr = input('input the PACEMAXER location "[row coll": ');

CL = input('input the CYCLE LENGTH of the rhythm: ');

CI = input('input the latest COUPLING INTERVAL giving resetting: '):;

% input electrode positions

el = input('input coordinates of ELECTRODE el "[row col}": ');
= input ('input cocrdinates of ELECTRODE e2 "[row coll": '};
)

23 = input('input coordinates of ELECTRODE e3 "[row col]l": '

(Y
N
|

.
’

¥ compute interelectrode distances

dl2 = sqgrt({el(l,1)-e2(1,1))"2 + (el(1l,2) - e2(1,2))"2);
dl3 = sgrt((el(l,1)-e3(1,1))"2 + (el(1l,2) - e3(1,2))"2);
d23 = sqgrt((e3(1l,1)-e2(1,1})"2 + (e3(1,2) - e2(1,2))"2);

% input activatlion times and velocity estimate

tl = input('input TIME of activation for el: ');
t2 = input('input TIME of activation for e2: '};
t3 = input('input TIME of activation for e3: '};
v = input('input an estimate of the conduction VELOCITY: ');

% deterimine the electrode arrangement

ecc_12 = di2/(v* abs(tl - t2)};
ecc 13 dl3/(v* abs(tl - t3));

1f (ecc_12 > ecc_13)

e a = el; t_a = tl;
e b =e2; t b =1t2;
e c = eld; t_c = t3;
d _ab = dl2; d_ac = d13; d_bc = d23;
else
e a = el; t_a = tl;
e b =e3; t_ b= t3;
e c = e2; t_c = t2;
d ab = d13; d_ac = d12; d_bc = d23;



end

% determine the distance to the pacemaker
rlil = 0.5 * v * CL * (1 - CI/CL);

¥ determine the hyperbola parameters

cl = 0.5*d_ab;
al = 0.5*v*(t_b ~-t_a);

costhl = (cl”2 - al"2)/(cl*rl) - al/ci;

% determine whether the angle is theta or 2 pi - theta
eaxis = (e b - e a)/sqrt(dot(e_b-e_a,e_b-e_a));
eoffaxis = (e_c - e_a}/sqrt(dot(e_c-e_a,e_c-e_al);

if (eaxis(1l,1) ~= C)
testperp = [-eaxis(l,2)/(eaxis(1,1)) 1];
if (eaxis{1,1) > 0)

perpaxis = testperp / sgrt(dot{testperp,testperp));

else

perpaxis = - testperp / sgrt{dot(testperp, testperp));

end
else

\%
o

if (eaxis(1,2)
perpaxis

I
—
[
—
O
—
~e

else

I
=
o
~

perpaxis

end

testvec = cross{[eaxis(l,1l) eaxis(1,2) 0], [ecffaxis(i,1)

eoffaxis(1,2) 0]):

if (testvec(l,3) > 0)
phi = acos(dot (eaxis,eocffaxis));
else
phi = 2* pi - acos{dot (eaxis,eoffaxis});

end

d_thetal = sgrt(rl”"2 + d_ac”2 - 2*ri*d_ac*cos(acos{costhl)

- phi});

d 2pimthetal = sqrt(rl”2 + d_ac”2 - 2*rl*d_ac+*cos(acos (ccsthl) +

phi));

if (abs(v * (t_c - t_a) - (d_thetal-rl)) < abs(v * (t_c - t_a) -

(d_2pimthetal-rl)))
thetal = acos(costhl);

else
thetal = 2 * pi - acos(costhl);

end



¢ now find estimated cartesian coordinates

rvecl = rl*[costhl sin(thetal)}]};
disp('the estimated ccordinates of intersecting hyperbolae are:
elocl = e _a + rvecl(l,l)~eaxis + rvecl(l,2) *perpaxis

Y compute the distance to the pacemaker

sp('the distance to the pacemaker is: '):
stl = sgrt(dot(elocl-pmkr,elocl-pmkrj)

pause (2);

%2 plot the relative electrode positions and pacemaker estimate
¢ figure indicating loci

figure(l);axis ([0 80 0 80]); axis square; hold;
c{pmkr(i,1l),pmkc{1,2},"'*");

t(e_a(l,1l),e_a(l,2),'c"}):

t{e_b(l,1),e_b(l,2),'0c"});
t(e_c(l,1),e_ci(l1,2),'0c"});

0000

1
plot(elocl(1l,1),elocl(1,2), '.");

hold;

title{'Pacemaker Localization (o = initizl positions, . = pacemkr
estimate) ') ;

xlapel ("ROW'); ylabel ("COLUMN'):;

3 figure showing intersecting curves

figure(2}); angle = (0:0.01:2 * pi);

s first get the angles right for plotting the electrode positions in

polar coordinates

if {eaxis(l,1) > 0 & eaxis(1,2) > 0)

rotl = atan(eaxis(1l,2)/eaxis(1l,1)):
elseif (eaxis(l,1l) < 0 & eaxis(1l,2) > Q)

rotl = pi + atan(eaxis(1l,2)/eaxis(1,1));:
elseif (eaxis(l,1l) < 0 & eaxis(l,2) < 0)

rotl = pi + atan(eaxis(1,2)/eaxis(1,1));
elseif (eaxis(l,1) > 0 & eaxis(1l,2) < 0)

rotl = atan(eaxis(l,2)/eaxis(1l,1));
elseif (eaxis(i,l) == 0 & eaxis(1l,2) > 0)

rotl = pi/2;
elseif (eaxis(l,1l) == 0 & eaxis(l,2) < 0)

rotl = 3 * pi/2;
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elseif (eaxis(l,1) > 0 & eaxis(l,2) == 0)
rotl = 0Oy

elseif (eaxis(l,1l) < 0 & eaxis(l,2) == 0)
rotl = pi;

end

if (ecffaxis(l,1) > 0 & eoffaxis(l,2) > 0)
rot2 = atan(eoffaxis(l,2)/eoffaxis(1l,1)):
elseif (eoffaxis(l,1) < 0 & ecffaxis(i,2) > 0)

rot2 = pi + atan(eoffaxis(l,2)/eoffaxis(i,1));
elseif (eoffaxis(l,l) < 0 & eoffaxis(l,2) < 0)

rot2 = pi + atan(eoffaxis(l,2)/eocffaxis(1,1}));
elseif (eoffaxis(l,1l) > 0 & eoffaxis(l,2) < 0)

rot2 = atan{eoffaxis(l,2)/ecffaxis(1,1))};
eiseif (eoffaxis(l,1l) == 0 & eoffaxis(l,2) > 0)

rot2 = pi/2;
elseif {(eoffaxis(l,l) == 0 & eoffaxis(l,2} < Q)

rot2 = 3 * pi/2;
elseif (eoffaxis(1l,l) > 0 & eoffaxis(l,2) == 0)

rot2 = 0;

elseif (eoffaxis(l,l) < 0 & eoffaxis(l,2) == 0)
rot2 = pi;

end
% polar coordinate plot cf hyperbola and circle

polar(rot2, d_ac, 'o');hold; ax = axis; axis(2*ax};
polar(rotl,d ab,'o'); polar(0,0,'0'); plot(pmkr-e_a(l,1l),pmkr-
e a(l,2),'*");

polar(angle + rotl, (cl”2 - al~2)./(cl*cos(angle) + al},'x');
polar(angle, rl*cnes(1l,629) ,'b'):;
hold;
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