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‘ ABSTRACT

[

»

A formalism is developed which can be used to calculate

\ .
nuclear level densities with rgalistic interactions. The

. .
generalization of the?technique tised when the only residual

interaction is the pa%ring forc,.\ It takes into account

both Hartree-Fock and pairing-type effects. Illustrative

examples are given in the specific|case of Sn isotopes. '

The formalism, as developed he¥e, pertains to spherical

o .
nuclei. It can be generalized to include cases where, for

4

example, shape transafions can odcugﬁ However, numerical

¢

)

calculations become d%fficult with generalized interactions.

To study this effect, instead, a pairing plus quadrupoﬁg

force is used. This effect may be important in Sn isotopes
-

and can explain experimental data. '
Exact model space calculations are also done to test
the validity of the.partition function approach for calcu-

lation of level densities.
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RESUME /
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e ’
Nous presentons dans ce travail un.formalisme, qui peut’ y

~ ¢

€tre utilisé pour calculer les densités\ee niveaux nucléaires, .
’ to. \

1
v

& B ,
avec des intéractions réalistes. La grande fonction de par- \
i N . »

\

tition est construite et la densité de niveaux est obtenue \
par une Jinversion de Laplace. Ce formalisme gui trent compte -
a_la\fois des effets de type Couplage ainsi que ceux de type

Hartree—Foék,)est‘une généralisation de la technique utilisée

¢

quand la seule intéraction résiduelle est la force de couplage.

3

Nous donnons quelques exemples type pour le probl&me spéci- i
i

'fique des isotopes de l'Etain. ) .

La formalisme tel gue développé& ici, convient particu-

lidrement aux noyaux sphériques, mais peut &tre généralisé
[N

I N h {

pour inclure des cas oll, par exemple, des chandgements de

'

forme peuvent avoir lieu. Cependant les calculs numériques

s -
pour les intéractions généralis&es deviennent trop &laborés;
pour étudier ces cas on a eu recours &.une force combinée

Ces changements de formes peuvent

a

"couplage plus quadrupole".
8tre importantes pour les isotopes de 1'&tain et peuvent
expliquer les données expé;imentales.

Nous avons aussi obtenu des solutions exacted pour des
modéies d'espace ce qui nous a pefmis de verifier la validité
de 1l'approche de la fonction de partition pdur le calcul des

densité&s de niveaux. : \
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CHAPTER I -

; INTRODUCTION

’
b -

The density of nuclear levels is one of the essential

' - features of the nuclear spectrum at high‘éxcitation ener-

giesf Measuremént of nuclear level density is neéessary for
the analysis of experimental data on the properties of highly
egcited states and also for understanding and analyzing com—ﬂ
plex gﬁclear rééctiong.

In theoretical- studies of the nuclear level density, .
two distinct approaches are commonly employed; the spectro-
scopic approach for the low excitation energy, and the sta-
tistical mechanics approach for t@e h%gh excitation energy.

The density of states of a nucléus depends strongly on

-

the energy of excitation. (with respectﬂto the ground state)

and on its ﬁass. Near thejgroﬁnd state of light nuclei, the

levels are about 1 MeV apart, while in heavy nuclei, they

i

may be about 50 keV apart (except for “the magic number of
(e ty

neutrons and protons). These may be obsefvedﬁin scattering

experiments.* Thus at the low excitation energy, the levels

are ‘small in .numper, well separated and rather simple-in

e =

structure. Spectroscopic approach is usually employed for

the analysfé of these low~lying excited levels and provides

information regarding configurations, residual interactions,

L

etc.

1‘E. Segre, Nuclei and Particles (Benjamin, New York, 1965).



The number of levels increases very rapidly with in-
creasing excitation energy and the nature of the excitations
becomes complicated. The existence of such complex levels is
illustrated by the densely spaced,Jshafp.resenances in the
slow qéutron capture reaction. The density of th&se.levels
is abautjlo6 times greater than the averaée single particle
leveljdensity (in a nucleus with A ~ 100), and their widths

a

are also 106 times smaller than’expected for a single parti-
cle excitationl). This eviéence]indicates that the neutron,
on entering the nucleus, can share its energy with a large
number ofkdegrees of freedom of the target, and thus forms a
highly complex configuration called the compound‘nucleusz'B),
‘which then decays to the final proddcts.' The spectrogcopic
approach is not so suitable for the analysis of this complex
state‘of motion. Instead, the statistical approach may be
used to obtain é more comprehensive descriptién of the aver-

age behaviour of the compound nucleus and of its decaf.

Therefore, at the neutron binding energy and higher, it is

~appropriate to use the nuclear»statisticai—modgl to study
the experimental data on the properties of high excitations.
The nuclear level density is the most fundamental quantity

in the nuclear statistical model since it describes the sta-

<«

tistical nuclear properties and can be inferred from reaction

~ *

experiments. -

»

Experimental data on nuclear level densities are ob-

tained principally from slow neutron captﬁre reaction. 1In



]

¥

_this‘experiment, the nuclear energy levels are observed at an
energy just above th;:neutron\binding energy and the level
density is obtained by counting the number of resonances in
a particular neutron enefgy interval. The levelsd excited by
»Slow neutron resonénce :pectrpscopy‘ha§e only selected valaes
of angulei momentum and parity. For a doubly even target
hucleus, s-wave neutron capture'expites levels of a single

. +

spin and parity 1 and therefore the level density p (E, +)

1

2 2!

is measured. If the capturing nucleus is odd«even and has
ground state spin and parity I", levels excited will have

spin I + % and I - % and parity n. 1In that case, one mea-

sures p(ﬁ, I + %, ) + p(E, I =~ %, ). In many calculations
and in the ones done here one first calculates the density

of states ) -
w(E) = 2(251 + 1) [p(E, I, +) + p(E, I; =)]

anq deduces subsequently the level density p(E, I, nf obmj
served ;n experiment. B

JtNUmerous studies have been devoted for the derivation of
fqrmu;ﬁe expressing the level density as a function of vari-
ous constants of motions, e.g., excitation energy, number of
particles {protons and neutroﬁs), angular momentum, parity,
etc. An analytlc expression for the nuclear level den51ty
was flrst given by Bethe, usually referred to as the BFthe/
4)

formula The derivation of this formula is based on a °

model of non-interacting fermions confined to the nuclear

r
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“olume 10 | The model is known as equidistant model as the
4

single particle orbitals are assumed to be equally spaced. 1
Due to its simple analytical %esglts, ;he équidistant model
has been yidely used infaqta analysis/althopgh the Hamilto~ -’
nian&on which it is basedfﬁs quite ungxealistic and oversim-

plified. Because of the pnreallstlcfﬂamiltonlan, the equi--
. J : .

distant model dbes-not predict the dtructure observed in level

densities near closed shells, Also/ it cannot explain -the |

I -

3
differences in level densities of odd mass and even nass
nuclei. The equidistant model has been modified in many ways

by a™number of authors. A pairing energy correction to the

11-13)

excitation energy , determined from experimentally ob-

tained odd-even mass differencesl3_la) has been introduced -~
to account for the odd;even effect. B2 shell ccrféction has

been introduced in terms of an energy shift in the’ ground
13,15)

state™ . A set of .eqgually spaced leve;s of constant
degqﬁeracylg’zo), or a bunched single par#icle level spéc-
21,22) ’

trum were used in order to simulateh£o~some extent the

to include the shell

effect of shell ﬁbdél degeneracies and bdﬁching.
Bloch??) developed. a general methoa/

model in level density-calculations. Mp#e detailed and ac~’ _
» : /r |:
curate theoretical information about lqul densities is ob-

. : . e . [
tained when one uses realistic single pértlcle levels calcu~ .
]

lated from the shell model. However a realistic calculation
, 2

9

of the level densities also needs the introduction of the

residual interactions. This can be done in a simple way by
| N .

- J
/ ; ,

0
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‘: means of the pairing\interaction. The superconduct1v1ty

15 ' theory and the BCS Ham11ton1an24 26) have been applied in
the evaluation of level densities. The application of the
;
pairing Hamiltonian to excited nuclei has resulted in much
% \ \\ improvementuin the prediction bf the low—energy’behavior of
the level densities. Numerical calculations of level densi-

ties have been performed on’ the basis of shell-model single-

particle level scheme and the pairing Hamiltonian by either
27)

R P A L T s

comblnatlonal method

tion method“z8 34) ) N

¢
The combinatorial method consists in counting the number

or by means of the partition func-

‘o

L s A S BT

.
\.

of different ways in which the nucleonsg can be distributed

among the available single particle levels for a .fixed energy

X of the system. Thus one may perform an exact counting of the

s

oy e st ey

levels. Since the value of level density 1s dquite high

especially for heavy nuélei, suck calculation can be done

only with large computers and .are limited to low excitation

energy. An improved method of direct counting of the number

-

N g

B

of states in the framework of the semi-microscopic nuclear

model wasqgiven\by Soloviev et al.35?. However, the method

]

# does not cbey a sum rule to be discussed in chapter II.

A rather new approach in the level density problem was
- Ay e

36)

initiated by French and c;llaborators The method is not

@ <
limited to a simple pairing force and can be used for general

interactions. -Consider a large but finite space of M ( = L ;
a ) a

. (L (Zja + 1)) single particle states. If there are N nucleons

ot

s

. o
i e e R e R N
-
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in this space, then the level density is, to lowest order,

o

approximated by

. d =2, .2 ' '
. w(E) = — 3 expl-{E - E)"/2F7]1 =~ . (1.1)
fu ’ 2 ( -0 z
. (2nF7) -
//
with .
M . i
= ()
4 A 1 - - B h '
E -~ 3I<N ilgly, >, ) ®
[N . i ) F t 4
F2 = <g% - B , . v
<g%> = %: <N, i|H2|N,‘ i, . ) [
. i
~ . ’ - LY
Eq. {I.1) is the first term of a Gram-Charlier seriesaﬁ) and

can also be ebtaihed37) from standard techniques of statis-
tical mechénics. Higher ordg? corrgctions to Eq. (I.l) have
also been given by French et/al.

\\Although globally Eq. /{I.1l) fits exact model space\cal—
culations remarkébly well, t@g method is not, very suitable
for comparing experimental dé%d étEB—Q MeV excitation. The
reasons are twq1fpld.5Aqu (I.1) is an expansion about E and
E is necéss&fily far removed from E (i.e., it is necessary
to také’enough“siﬁQfe pérticle:configurations). Secondly, to
compdré with experiment,\it is néceséary to transforg p (E)

into D(Eexc ). This necessitates defining a ground state

’ . >

energy EO usually through

R

PO

.
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. any essential difference from previous work

&)
,r%FaI nuclei. In chapter III, we present and discuss the /

The error in obtaining EO in this, approximate way can lead

to significant error in p(Eexc ). To compare with éxperi-

mental data, it is therefore advantageous to have a method
. 4
. .

which i;rectly gives D(Eexc.)'

The method used in this work is based on the grand par-

tition function approach. The method has been used for fer-(”

mions A a one-body potential and also for fermions in a one-

body field interacting with each other by a pure pairing

force. We extend the method to more general interactions.

We fipd that this is quite straigﬁtforward and practical
calculations can be carried out. The formalism developed is T
applied to spherical nuclei (Sn isotopes) and the results |

are compared with those obtained in pure pairing force case

and Hartree-~Fock case. The objective is to examine whether

such a formalism-is at all feasible and whether it leads to
28-34)

{ .
In the next chapter, we develop the mathematical forma-

Fism to calculate nuclear level densities with realistic

intefactions. For simplicity we restrict ourselves to sphe-

numerical results for Sn isotopes. We find that our calcu~-
lation of level densities underestimates expérimental results
£

by unacceptable factors. In order to test the validity of

i

& s

I R R
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the grand part $1on function aoproach exact calculations of
level den51t1es\?re done in a semi- reallstlc model!space
(chapter IV). It is found that the grand partition function
is a reasonable approximation in the model space. Finally
the question of whether Sn isotopes remain sphefical at
higher excitation energfes is discussed. Variational calcu-
lat%ons done in the.specific case of 8n isotopes suggest that
aithough these nuclei are spherical in the ground state (zero
temperature), it is possible that they prefer deformation at

o

finite but low temperature. This can lead to very large
\ X / )
changes in the calculated values of level densities. 1In

chapter V, we study this effect by con51der1ng a pairing plus

quadrupole force.
a !\-g

ten '
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CHAPTER II

r

|
\ MATHEMATICAL FORMALISM

It is well\@stablished that low energy spectra in sphe-
\ : .
rical nuclei are ‘strongly influenced by pairing correlation.
\ ‘ N

\ /u, I a

Thus it is easier to talk in terms of quasi-particles (qpl‘
. r
rather than in terms of particles. A BCS calculation for

low energy 5pectra C§F be routinely done even for a large

number of particles in a large shell model space. But it is
%

not necessary to assumq a simple pairing force; realistic
\
matrix elements can be used The formalism was set wp by

8)

Baranger3 many years aép and has since been used by various

ahthor 33~ 43) to 1nvestlgete 1ow enerqgy spectra. \Thus the
ground state of an even nué%eus is considered to be a BCS
ground state and low-lying égcited states are two gp states.
Higher excited states are prgguced by four gp, six gp, etc.
‘ The danger of using such:a procedure to calculate level

-

densities lies in overcountlng . For aeflnltlveness, consider

the model space to have 2M[ = I \23 + 1)] 51ngle particle
. - ~.a
states and.a nucleus with 2m partfcles in the model space.
2M

The total number ©f states in this nucleus is then (2m) -
The cqyntlng précadure described above would yvield for this

nucleus one BCS ground state, ( ) two gp states, ( 4) four

qp states,f(zn) six gp states, etc. Therefore, we would get

M .
£ (gl) states. Thus the total number of even qp states

- m=0

@

-~y




-

i 10
i

equals th¢ total number of states for all even systems; like-

l - .
wise, the;total number of odd qg states equals the total .

number ofistates for all odd systems. Thus if we write
‘ / oA
: -B8E ) :
Z a h (L + e ay o / .
‘ a - o

1 “ ol ¢

|

where EaJs are gp energies, then 2 cannot represent the cano-
f

nical partition function for a single given nucleus; rather

°
3

must be related to the grand partitién function.

! S

A more seriouds obj@ition is the following; usual BCS
u calculations minimize the ground state whereas, at neutron

energies one is concerned with four to eight quasi-
0 [ . v
%, particle exgitations. It would be better to have a theory

§ which also minimizes excited states. As we will see, the

- grand partition Function approcach takes care of both these

aspects. The objéct{ye then is to obtain the grand partition

&

function as precisely as possible as a function of tempera- ~
ture and then to obtain the density of states in a given
nucleus by "double" Lapglace \inversion. For completeness and .
gor later use, we yrite doyn in the next section some well
Jknown gquantities relating the de sity of states %&E, N) in a
given nucleus to the grand partitipn function 2. | We begin

*

the investigation of Z in Sec.pJII.2. .
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‘: I1.1 The density of states from the grand partition function
N \ -
. The ‘statistical propertiés ¢f 'a nucleus defined in terms

) _ of its number of particles ‘and total energy are contained in

' the grand partition function:
A .

N ~BE,(N) ,
/ ‘ Z2{(«,B) = "I &V o ('l ] =L expl-B(E,(N) - AN)]
’ B SRR '

H ’ i
where B is the inverse of the temperature and o = AB where X *

- ) . )

is the chemical potential. Here a and B are two Lagrange //

-multipliers associated with particle number and energy re- /

o In the framework of statistical mechanics, the density

1 spectively.

r . t ) .
¥ . of states is the inverse Laplace transform of‘the grand par- f

N
s

tition function

. i *
1 Ir ean(a,B) e oN eBE dadf .

(211)% ~jw

3 w(E,N) =

Y

, ‘ -
The\integral is evaluated with good approximation by the

e -saddle—poinﬁ method (for derivation, see Appendix I] and’
leads\ to : ' | : S
\\ - . ¥ j
3 S , ‘ .
. - 1 e ‘ ' -
S N(EyN) = 2“ - 2 % ’ (II.].)
, Oy Pgg = Poq ! ‘ <

AN - &
where S is the entropy of the system as defined in statisti~

cal mechanics ; - |

et o e————— R

v e i e
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.t , 3 \‘\\\
a N T~
= - + . 1
S ° an(aO,BO) aON BOE~' (11{2)
, The coﬁhtants,uo,ﬂo are so chosen that boa «\\\
K AU R “
' —= . =n, (I1.3)
0'80 -
<« f
{
\ 2 g’gzl = L ., < s (II.4)
o,,B

T By g

| »

4 ! ) : "
,The quantities Dyo? DBB and DaB are second derivatives:
. . ’
-3 2 A , %
4 v - 97 inZ ’ '
5 I Pae T T ' . (1-3)
§ | 30. o B 7 -
1 ’ p 0'"0
/ D = 32 in2 4 !
BB 2 ! )
98 0B d !
7 0'"0 I
p
A
D‘ - 82 inz }
oB dadB a g ‘ 2 ~E
. 0'"0

‘ .
// ) i
i ,/

II.2 Density of states in _a pair-correlated nucleus.

~ °  We will first try to obtain the grand partition function

for our system. To do this, it is necessary to extend Ba-

"> ranger's treatment38)

to include finite temperature. Since™
we deal with spherical nuclei, the single particle she\l

) model states will have gquantum numbers ja' m, . The%/ﬁay also

"‘rh

N ' s
(: have other quantum npmbers like parity, &, n, etc. /These willk

Py

*

.
v
- e e e - TR ey s w Bty W, L T * M~
AP Sale T e ““’f;?;w}éé“f”“ TrETET ERsd m— LA
N IR RNE D VLA ¢ U T SO0 S pre, SR L P e e ; .
A » cend cdesirion RS Lo b Be e, 0T & <
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be collectively labeled by lower case latin subscripts, and’

the corresponding single particle creation and annihilation

g

operators will be called, for example, c; and c,. They sa-

tisfy the usual Fermi anti-commutation relations

+

i
C } - {Car

b =8 b

c,}l =10.

.t t
[ca' %y ab ' {Ca’ b

x : P

In association with thg subscript a, we will use the capital

latin subscript A which stands for all the quantum numbers
. r "

except the magnetic gquantum Yumber ﬁ;. The Hamiltonian

H - AR is given by

/

+ 1 t
+ =
CaCa 2 LV c_c c.cC

acbhd “a’c’d’b (I1.8)

H =~ AN = Z(ea—k)

i4 - > ) . .
where aa‘s are shell model single particle energies and

\

v is an antisymmetrized matrix élement.

acbhd

Vacbd T Vcabd f - vﬁcdb N Vcadb :

In order to avoid excessive writing, we take the matrix ele-

1

ments to be real. ¢

We now seek a transformation By which the Hamiltonian

reduqes to the form

i

H- M YR+ I E.a

¥ . '
a%a%a , (1I1.9)

A
!

If such a reduction is possible, then the grand partition

y

function will be obtained as\‘

-
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Z(Br,B) = Trée ‘ ~
_ . ~BE '

=e PR pn+e 3 (II.10)

Using the rules of grand canonical ensemblé44'45), the pro-

’. . bability of occupation £, is giveén by
fo=<alg>= L1 (II.1la)
a, a'a BE_ ' :
e 2
< 1 = ' - ¢

- \U.a(lb> (Sab fa r ‘ ’ (II.llb)

t 4o B ’ ‘
, <aaas> = <o o> = o, (IIL.1llic)

where the notation < > implies an enisemble average. The re-

duction implieddin Eq. (II.9) is attempted using the

25,46)

Bogoliubov-Valatin transformation {0 quasi-particles,

\\\\\\“a = u_Cc. - S_V cT . (II.12a)
- ~a_ aa- aa-a s
.8y = U Cy Sa¥3 .

where .

s/

j_—-m
_ (_y-a a

sa - ( ) 1

t

o and «_ are the quasi-particle creation and absorptgon
operators respectively:. =~-a is obtained from a- by changigg
the sign of the magnetic quantum number. u ;nd v, are real'
and for the tranéformation to be ﬁnitary and preserve the

Fermion anticommutation rules =

Ny e e

1

YT P
PR e kb a wdkdetdd
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t _ . t ty _ -
‘: {aa, ab} Gab : {aa, ab} {aa, ab} 0o, ;
- /
uy and,va mu§t satisfy
wrvi=1 ; (I1.13)
a a

A

AR

‘The inverse of relations (II.12) are
@; ie it .

" (II.1l4a)

c_.=ua_+s a
* a a a a’a -a .
t T 2
= ya_ t 5 v_a ) ‘ .
, 2%a aVa®-a ) (I1.14b)
’ //{ ~

, As in the usual BCS theory, we will rewrite’(H - AN) as

a sum of normal products using Wick's theorem:

S 4 ;

' c;cb = :c;Cb: + <c ¢ > , ) ) (I%.l?a)
’
. ca§chcb = <c;cb> <c2cd> - <c;cd> <chH> -
+ <c;c2> <cdcb> ¢ (
f <c;cb>': clcd : 4+ <c2cé> : c;?b .
—'<c;cd> : c:‘:cb : -J;czcb> : c;cd :
“ ' -

c, (I1.15b)

symmetries, we can group to-

n summed over

!




Py :
i ’ i ‘ "! .
RGN s wotiorn sminis s v e o o s e e -, 1
e} ~.
. 16 . \\\\\\"
( all achd. Then we may-write '

c+c+c c, + 2 (cfc > <c+c > + <c+c‘>
acdhb ~Ya’b c d ac

t t
+ : :
4 <cccd? : ?acb‘

. _i. + . -
o + . . .
<cacc> 2 C4C ¢ + <cdcb> :
” -c+ +c [
*€a%%a%
‘ _We can now rewrite Eq. (IL.8) as
I . i
H AN A0 A2 + A4 !II.lG)
\\ where the subscripts on the right-hand side of Eq. (II.16)

refeg to the number of gp operators in normal order:

v

_ o + . ; + L
., By =L (eg 2 <> Y 7% Vaona <Ca <CCq>
+ 1y v‘ <clels <c.c > ) (II.17a)
- 4 acbd a ¢ ad~b ’ ‘
A2 = 7 (ea—h) 2 Cc 0, + LV cﬁd <cccd> 1 C cb |
1.~ + 4 P y
+ ry O Vacbd <cacc> H Cdcb :
- 1 bt
+ i L Vd bd <cdcb> : Cacc : - (II.l:'lb)
- 1 R . - -
A4 = I b Vacbd : cacccdcb-; , ‘ (IT.17¢)

The only difference from the zero temperature calculation is

that ensemble averages replace ground state expectation

i

values. S50 as to be able to write down a simple expression

(} °
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B

‘: for the grand partition function, we will neglec; A4 in this

section. We will return to its discussion in section II.4.

ey

EENCR

The right-hand side of Eq. (II.17a):can_be evaluated
by using Egqs. (II.14) and Eqs. (II.1l). 'For example, we ob-

tain J ’ y ]

2

t 2 2
) + -
<Cacb> éab{va (ua va

) £,] :

+ +
= < =
acc> sa\\ccca> 8

s_ <cC
a a-c

a . d ugvpl-2fy)

—betHUS'an’aéfiﬁE‘Tﬁﬁ??ﬁ&féﬁantiEiééWE;nand k, .

+
a ‘<Cacaf> ’ . \\

©
1]

< t . f '
~ a <657 T s‘ <c__¢ s

v
\

[ e

‘£ <elo> =0y, 3 - ‘“i‘f;{flfzﬁayfsf Sab Pa = Sab *a -
- (Ii.le)_
o <clefs s <ce>=s.  uv (1-26) =6 K :
a ac c-a a-c "a a a a-c a ,1
: - S ok o E (II.19) ‘

°

Using Egs. (II.18) and (1I1.19), Eq. (II.l7a) reduces to

-

1
0= % (g2 oy ¥ 51 Vopap Pa Pp. .

. N

z Va—ab-—b Sasbkakb * .

~ e 3

+

-
S

=
¥

)1, 7;

s s g R . - 3
Poe e amed -

w-"‘/ :

p <
Ce

kikdabiy
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J( . d
(-‘ We ney turn to A,. We split it into four parts:
L (1) (2) 4 ,(3) (4)
= + + +
B T A Ry B2 A2 \
¢
L
J;
. -
S
1
i‘ .. - . -whére we have used Egs. (II.18) and (II.19). Let us now
g N ~’ * a -
i consider A§2}. |
L
v -
: | AéZ) =TV nm 5 m_ Pc :'c;cb ;
4 * JaMalc gjbmbjc c ‘ =
J; ¢ ‘ ] -
. § ] Summing oyergwc, we ob@aln iy = g my = oM otherwise th? K
1 5
% term is zero. If further, as in Ref. 38, we assume\that
5 o among all ‘our orbitals A, B ,..., a given combination of +
g, - P
kR 3 ; N
g charge, parity, and j value occurs only Once’h then the above
§ term can be written as
(2) + ' - ‘
T = ¢ ¥ B
? A L Vacac Pc ' Ca®a :
B oo . . .
o N ¢
'§ TFor a more general treéatment, see Appepdix II. o)
O
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ﬁéllowiﬁghthé same argument, we can ‘write S T \

- u N . i v ' . ‘ ‘%'
a3 -

o

] -

I v ?aka,: C pp B

a-ab~b

t o ¥
( “and e e T, S,
- . ° i i
. T {4) _ 1 ) b+ -
. art = 2 3y s k. :tcoc . .
2 1" arab-b %"p * ©3%a.
’ © s 9 o B -

"* Let us now define . : , .

. u, = -1V p. R T (I1.20)

S
.

_ . 1 & J N h )
, by =7 38, lz) Vo-ab-b 5bKp C(II:21)-
3 x } . & o
. and . : ' ’ .
,\ - i - . .;‘{ B
_ “a:_ e My T A n L (I1.22) g i
. ¥ - i .
Y rs . R . T /a
. : We. then have \_ ) L ‘ ' . &
all) + A(i) =fnl:ecle :, - S (II.23a)
—— :‘ 2 2 \ naa- aa - 7 , .

(4) ;.03 2 _1 . Lt P
- : f “Az + ~A20V . 2 Z SaAa[ . Cac . + : C C -] :

s ' ' . ' -,
. L. - ‘ : . (II.23b)
-’ﬁ:‘ e N i & ‘ ) . a . R

Now from Egs. (II.14), o ;

7
o

L=

.0

oot .
+ s + 0y
ay alaValoge g + o_se,) A . )

5 .

N

ok 'c+c = u af
¥ ° . Taa a

—

] =
. - ' o
| : ' B
4
v
o , 6
/ v b + o vy - !
- Ve « Fl
- . .
‘ )
- ] -
2 - . : ¢ -
R Ny 87 . Y N
R + S -
¢ NVowm L b * . 7 e 4
l r\ a " CR * * - - - ~ he
o 1 ° » e ° / ¢ '
- ' * ’l - k4 ®
3t ° i o . : ~
4 s oW = ‘
- . . N
- , ! .
N o °
~ .
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H
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N
Ex
- *
' 0 ,
! .
L .
z
g [
g
- A
L]
i . J ;
2
.
&
~

' B 1 .
D A ?i oA

L] g"‘,‘uﬂ“ ‘
. B
PR A
L H

Cdal .
A ’ . -
-~ 20 s
u ,/‘.
t 4 2t + . 2
= g (u o_o - a' o )
53%%-a ga( aa -a Val-a a)
o~ st ~
( ~ ' t ' :
- . *Tuv (l-aa@d_-— o
, . a a( a a -a -a) !
)
‘ -
a , :
v - N - A
s c = g (uza a' - v2aTa +)
a~aa ~a' a-aa aa-a
. .
t +
o + 1 -0 o0 = o ‘a
. \ uava( a a. -a -a)
. -

- N
o
v

&ﬂaﬂ

Let us néw use Eq. (II.l5a) and Egs. (iI.lB) and (II.1l9) to

obtain ;o .
v < e l
. Lo = a_o via.. o
Lt €a© , Uy aa _a=-a-a,
) - s u,v_(o_ a ¥ + a .xa.) - (u
"y “a’a a’ a -a 3
- <
Ve . ‘}
" tY o+ 2t t _ 2
H HER o_Q - V.
Pa * ©3%-a ) €, (v, a -a 5%-a%a’
° - )
! + +
' ! C=u_v_ (o + a o + 2f
{ E . u v, (20, a -a)
and ' ~
. i
s_ E *‘s (u2a o évzu
H S = .
- Ta -a’a a''a -a.a a
¢
. ] Py .
- u .
, mugv ama., o

Eés.'(II.ZB).then reduce to

N

¢
. o,

» (1) (2) _ ;.. 2 _ 2. F
Ayd A 3 E“"a[(Fa V) o

1
-

-

T

3

R ’
TIITTE ~
* i itdi i s

e

e

Y

~ Py
T A T T




Loy B
oy
£ ‘ )
21 v L
. , ’”"l""
s X : w
P , _
A X oot , /' 2._ 2 B
+ T+ - - : e
( Szall’(a‘.'\'a. (agog ¥ o g%l = (U = V) £,] C
. /- ) : Co (II.24a)
' (3) 4 ,(4) o=l 2 _ 2yt t N B
- By Ay A~2:E‘§a£a£?a _va?(“ag~a ¥ a-ada) =
. | | f v
S + 2 I Aauavaaaaa 2z Aauavaga .
. 1 (1Z.24b)

.« Finally, using our definitions of u, 4, and n we obtain

- A = Ele 2 L rax *
0 (e4 ) Py T /7 E YePa T 3 a“a - B
/ ‘ : b
« L o= ! _l... % - ,1_ R ;i'j
- Ingpe,t5Ifie, - 5E 8k - (11.25) -
. ’ - )
x , d ) R ‘ s 8 -
and from Eqs. (24), , ' 4
2 2 R ST o IE
= - + AL
Ay z gna(l?a /Va) ZAauava] *a®a : -
‘ T B N o
- - = - + )
tr ["auava 7 %a(¥g Va)] Sa‘(ma"‘-a ?-aaa) e
B |
- % [n (u2 - v2) + 28 uv.] f_ . (IX.26) g
- . a'"a a aaa “a . oo
. »
. : . -
In order to obtain Eq.” (II. 9), we require that u and v !
. T ' ‘ - 9
satisfy the equation ‘
' e
. ! 2 _ 2y o » v . |
’ "a%a¥a T3 s luy = V) = 0‘0 ' ' )
’ : : , .o ¥
. ‘ . L - x & ~ 1
which together with Eq. (II. 13) gives « A4
C guv =agE s ut-vieasE ;. r.2m '
“ara . a’a ' Ta a a’"a '’
- : c ‘
P | , S ~ .,
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5
with
5 -

2 2
~,(n§ + Aa)

=
!

' 2 2 3
na(ua Va) + %Aauava

1

§
Eq. (II.ZQ)“then reduces to .

: ' i .
A2 = I Eaaaaa b Eafé

'

[y

(IT.28a)

(II.28b)

LS

s

Also, substituting Egs. (I1.27) into Egs. (II.18) and (;1319),

we get

' BE_ .
£.=1/(+e ).

3

Y

* (11.29)

. (II.30)

&

We are now ready for thé reduction implfgq in Eg. (II.9).

-

¢

S

- AN R+ :
H~AN,§ }.”.Eaa a

’
a
o -

*a
a ’

where R is given by the c-number terms of A, and A, :

-

[

2 ve -
— iy
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23

¢ Lo ’
.

n

1 a 1
b - o o - + o -

5 I na[l. N (1 Zfa)l 5 T LRCIN

. /
Aa2 - i
- _a_ - + = - ;
Pam (17 26) ¥ 5 Ak, T RS,
S, 1,00 41
) > b (na Ea) + 5 L HaPa + 3 b Aaka (II.31)

II.3 The grand partition function and related -

statistical quantities.

We finally obtain an approximate expression for the
* grand partitioﬂ function from Egqs. (II.10) and (II.31):
. . -BE

z_='exp[-\% BI(n, ~E, +up *a k)T (1te )
v ‘ 2

. ’ © (II.32)

By letting'ua + 0, one obtains the grand partition function
of the pure BCS_ case (Séction IT.7); by letting by > 0 one
obtains the Hartree-Fock case (Appendix II). There is a
self-consistency condition impliéd in Egs. (II.29) and (II.30)

and Egs. (II.20) and (II.21); Pa and ka depend upon Mg and

Aa which in'turn depend upon P and ka' The emexrgence of

non-zero fa ;é the only new feature froQ the formalism of

Ref. 38. _In solving the self-consistent egquations numeri-

cally, this extra feature causes little extra work.
. . ] -
We now need the derivatives of &nZ and an expression

w®

_ for entropy [Eq. (II.2) to Eq. (I1.7)]. After some algebra

-

-
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¢

( , (Appendix III)} one obtains
_*3 in?d _ )
S e I (I1.33)
. . 7 B
= .3 ind 1
: “E = 78
=-Iep +Ezup +Lzax (II.34)
. ) aa 2 a a _ ’
- f - ~8E, .
’ S=81 Eafa + L 2nll + e ] (I1.35)°

’

Eguations (ITX.33) and (11.34) determine the values of %o

Ro- . The needed second derivatives are

L
b2

32 ingd _ 5 apa
- r
A a(12 do
' 2 90
3”7 A&nz
—_— = I ¢ + Iy
382 a 86‘ a

2 38 * Yafa Ha I8
) and .

1 ak
1l 3 — a
Zﬁzbaka T

We also get '

) 2 V ap

3 _etnz _ _- a4
3038 ey 7 Ha

98

ap

da

v

+ I A
' a

@

(II.36)
aka
TRl (I1.37)
/ ?_
ok,
= (11.38)

e e
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or equivalently, ' -

/
e

’ 2 ap
X 3° knd _ a
/' asaa E SB . ’ . N ' (II-39)

[

Thus in order to evaluate the second derivatives, we need
. the values of,dp_/du, 3p_/38, 3k_/da, and 9k, /8. We will
"now proceed to illustrate how these can be obtained.

. N i ¥
From Egs. (II.29) and (IX.30) by direct differentiation
~n

(Appendix 1V), ,we-obtain

ap u
a 2 2 a
—— = + B e+
da (YaAa - xa“a)(B 2a 1) ,
1\ i ‘/__
8Aa .
- BN (X e Y ) A 5=, (II.40) §
3k ! « . . K - !
a . _ - a . ;
\ Ju ng (X, = ¥) 6,8 55 + 1) : - :
A _— ; f
2 2 a “ ! i
+ — .
ﬁ(Yana + xaAa) el " . (IT.41) ‘ ;
!
13 i ‘ !
where we have defined . 5
X = f (1 - £ )/E> : > . -
a a a a i P
Y. = (L - 2f ))(2353) v ’ ‘ ’ !
a , a a’ ’ - ) i
Equations (II.40) and (II.41) cannot yet be used to solve . .

fpr apa/aa and aka/aa as these contain the unknowns aua/aa‘ ;gﬁ

and BAa/aa. However, these unknowns can be expressed in

terms of 3p_/8a and 3k /da. From Egs. (II.20) and (II.21)

3 *

4




. i
-ﬁ’ Ve
26
- -
du dp
a - _ [] c ~
T L Vicac 73 ! . (I1.42)
, ' b , e
34 . " 3k 1
, a_ _1 : , b
g K da 7 5ot Vacap-b Sp 7 (II.43)
‘Substituting Egs. (II.42) and (IT.43) in Egs. (II.40) and
- i 1 A
(II.41), we obtain a’set of coupled linear Eqﬁations for
'r)pa/aa -and Bka/au: ' /
b, 2. 2 Ao '
\ + __c -
i da Bl 8, * %7a) T Vacac da
: ak
. l - - b pa
2 g"a(xa Ya) Sa%a ¥ Va-ab-b Sb da )
) 2 2
= + t ’
YaAa Xaja ! /
and “
. ‘ 30, aka/‘ :
v - By (X - Yg) By L Vacaq da da ,
‘ - ‘ ak - ‘.
1 . 2 2 b
T3 BN, t X)) S, T Vaabb Sp Tg )
= - na(_Xa - Ya) Aa . \
o In matrix form, we may write
- r T T e -—
- 30 2, 2 .
— = +
) P Q ™ YA Xn .
- .
R s E_}S - n(X - Y)A (1I.44) .
da /
with .
, - - ~ .
~— )
T e T F i BT et 7 SO L il fa




[ A S x . e i f
¢ Y
27 - ~ \
) p = § - B(Y A2 + x'ﬁz) 2 [(j, + 5))(‘ + l)]i F (AABBO) ;
‘: AB AB aa Aa B 7/ a T3 ’
| Q. = Bn, (X -y ) A [ + 2)/(3, + lni G(hzmao)" -
Rap T Fiatfa a’ falllg T 2/ T3 '
’ R, = Bn (X, - Y ) A, 27[(j, + l)/(' + 1)]§ F (AABBO)
. ap = ""alfa a’ “a ): DAY S ‘ ’
=8, — B(Y, 0 + X,82) (5. + 2)/G, + 1)1 G(aaBBO) ’
Shg °ap T PYaAM ASa) tUpg T 31/ T 3 '

where we have used the spherical symmetry of our problem to
do the summation over the magnetic quantum.numbers (Appendix

| V):

' 3
- _ : l ) l 2 )
' I Vpap = - 205 + 31/, + 31 F(anBRO),
m .
b -
s, T sy V - 216Gy + 576G, + b asso)
Y Ca b "a-ab-b i JB 2 JA ) .

M
N i
The F and G are the coupled matrix elements of the potential

38)

as defined by Baranger The dimensionality of the Watrix in

Eq. (II.44) is 2n where n is the number of j shells .in thg

active space,’ It is possible to write ‘the matrix equation A

in a much/hore symmetric form; this is done in Appendix VI.

A similar Pprocedure for Bp/aB»and ak/38 (Appendix IV)

leads to Co i - . - N "
P 0 %% =/ -a¥2? - nx(E%+m)
' -
& R s/ \ 2k BEZX + A(X - Y)nA (II.45)

[+ %)
™

2 . T
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Thus only one matrix inversion is réquired;to get all the

(

second derivatives. 3

-

I1.4 Introduction of an Auxiliary Hamiltonian.

The grand partition function of the previous section is,

-~

of course, approximate as the term A

A, of Eq. (I1.16) was

4

dropped in Sbtaining it. Neglecting this term is dangeroﬁs
in the nuclear case as the .following argument will show.

From the fundamental definition of the partition function

2 2 2

d
(Section II.1), 3% &nZ/3a” and 3 RnZ/SBZ are fluctuations

and as such, must be positive definite:

-

- \3

3% ¢ 2 5
22w - a?>0,
Ja
- 32 anz 2 2
. = <B°S - <E>° > 0 .
32 .-

-

\\“xm/e»ﬁ96#233ﬁ%ther hand, with our approximation [Eq. (II.36)],

~
i

2
3% anZ _ 3 2 1
. a2 56 Y Pa T 3 >'= 3

3 <N>
-

(II.46)

s
~

There is no guarantee that the right hand side of Eg. (II.46)
will turn out to be posit;ve. Nuclear forces are saturating
which means 2 stays more or less constant as particles are
added. ’This suggests Fhat the right-hand side of Eg. (II.46)

is as likely‘to be positive as negative if realistic matrix

elements are used. The-cause of this trouble is that as more
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(A

and more particles are added, the single particle energies
€, " ¥, decrease and eventually drop below the essentially

constant Fermi energy. This problem could disappear in
some schematic moéels (such as the pairing plus quadrupole
model) in which the single particle energies-stay more or
less constant and Ehe Ferm} level rises with increa;ing
number of particleg.

| Fortunately, we are not Anterested in the‘grand parti-
tion function per se, rather, in the density of states in a

given nucleus and at a given excitation energy. Thus we are

allowed to add to the actual Hamiltonian another two-body

‘interaction provided it does not change the excitation spec-

&

trum in a given nucleus. Therefore we replace

1 t§
T Vacbd ©aCab

by

(

i =

‘ .
Vacbd " ™ %ap ®ca T M fag %cp) ®aCcCa% -

¢ - -
This amounts to adding a term - % M(N2 ~ N) to the Hamilto-

nean. The idea is try to cancel optimally the A4 term due

term due to M. The &hoice of M is dic-

to Vacbd by the A4

- tated by the condition that [Eq. (II.40}]

3y
e 2 2 a _
D (Yg8, * Xng) 55— =0
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[ . but the following choice is also adequately accurate:

“

Vabab '

, M =

!
3

where the averaging is done over the orbitals near the Fermi °

level. 1In terms of the F matrix, we may write '

+ - ’ M
- I Vv
, _ ab abab .
I . °
ab . e

—

B
-2 1 [y + %—)/(jA + %)] ¢2j, + 1) F(AABBO)

_ AB
) h . .
am (23, + 1) (255 + D)
IO, + 1)+ l)]i F (AABBO)
- AB A 2 B 2
) 1 \ 1
P4, I (5. + )
AB A 2 B 2

The coupled mdtrix elements F and G will now be differ-

P ent from their original values. They will be given as (Ap-
¢ pendix VII): .
. F'®Y (AABBO) = F(AABBO) + M[(3, +'l) G+ Lt
’ AT 2 Ys T2 )
, \ M '
: *ap 2 -
c"®¥ (anBBO) ? G(AABBO) + 8, , M @

1 . )

o

— e e D w o T2 MY SEAT SIS IR T e SRR

e n e B s = n bt s bt gt = 4w
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( II.5 Extension to two kinds of particles. ; ’
‘ ' <
/
\ The formalism developed so far deals with a single kind

.of particles;but'actually the nucleus is composed of two
kinds of particles, neutrons and protons. The calculation

. of the density of states may be genera;izea for two 'kinds of

particles by introducing a new Lagrange multiplier foY the

‘new kind of particles. The grand partition function will - g .

¢

now depend on three parametérsgso that we are éple to specify

. the averaée values of the energy.ﬁ, the neutron number Nn and’
the proton number Ny: - ‘ B
. . : e
A} ,/ - . - -
t = + - . (D s
Z(an,up,ﬁ) ) _ exp [apr a N BEl(\Ip, Nn)I
N ,N_,1 ,
P’ n N B
. . N
AXs before, we take the Lapiace.inversé of %2 to get the den-
- sity of states - E
A H
a
‘ 1 ie 4 B
\ ’ w(E,N_,N ) = [/] expenZ{a_,a_,B) - a N : ¢
{ - “nk:;‘p (27i) —fie p n ) PP . -,
; K - - +
x ’ , ; anNn BE] dap dun das. ' ‘
N
| : . . . . . : i
In the saddle point approximation (Appendix I), this leads
y ; i
tO ° . RN " E
. LR
- > .« S N n - *e ’J
= l1- e ' . 5
w (B, NN )= ——=ps = , : , e
Po2n¥? v x _ ,
' h J{‘f*’:i:,
' . . s
Here the entropy S is . - . iﬁ:
- - tm .?";;,é" .
v B f i 8
: . . . . \gﬁé}%
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Extéﬁéion pf the formalism of the three previous sec- ~_

‘tions to two kinds of partic;es is straightforward. We as-

Kl

sume that pairing correlation exists between similar particles

i

only. We introduce an extra indeg'which may stand for either

' neutren or proton. Thus the generalization aof Egs. (II.20)

\ j
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The generalizations of Eqs. (II.33), (II.34), and (II.35)
. = ! . (-3
‘ . are given as (A&:pendix VIII): R _
- ‘ - 3 an2 _ o . - T
0 T Ny = == p (1), ‘ “
1 » Bai Coa a , . ) )
. ‘ FeoL
’ \ . v.- / ) vex .
A R C RN N SN EN I ¢Y
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The generalizations of éqs. (IX.44) and (II.45) which
are nééded fd} the aefivatlves o£ ;a and ka are given in '

« Appendix IX.

Following the same argument as in section II.4,
one needs in general tbree constants, M

: nn',Mnﬁ; and Mpp given
/as.’ i i ~
‘ ij abab
- g "
L4

¥
.
e

IT.6 Level density for a particular angular momentum.

“a

The denslty of states derived in the previous sectipns
©

is obv1ously . )

. w(E) = £ (2T + 1) p(E, I)
¢ o . IW -

'where p (E

. v
I) is the density of lévels of a given angular
momeptum I. (both parfties included)

<

»
<

w (E) includes levell,
degenerate in M, the z~projection of the:anéular momentum I.
We can also write

w(E) =

*
r p(E, M) , ’ . -
M N
then v
o(E, I) p(E, M= I) - p(E, M= I + 1) (1II.47)
- e

For our grand canonical ensemble, we have <M> 0 and making
a Gaussian approximation, we write

"~/

¢

”
&: +4

N
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0(E, M) = u(B) —2— ™M /20 . (11.48)
. 3 (2“q2) ) 14

s

where o is called the spin cut-off parameter and is given

by - ., , :
NP NP R ) 9 (I1.49).
\ _ . oot 4 .

.
-
I 2 . °

- - r ,, :
The quantity <M”> is the ensemble average of the operators ¢

,. .Jg, ITIOW | . ‘ ¢ - /D,)

- 2 . ¥ ¥
R J, = £(J,) c.c (J,.) c. cC
Z 2 2b 2.4 ¢d | ) ] .

2 ¥ Tt -
=% I(J, )z, c.c, + £(J,) (3,) c.c c.,c. .
Z'ad "a’d Z,ab b4 ca a\c dsb

}
, + I}
The first term is a ohe-body operator. In our basis, it is “/
diagonal and gives I mi fa. The second term is a two-body

operator. It gives

T3, 3, £E - I(T) (3, £ E_

aa ce 2°¢ ac ca L
. 2 .2 T ' ,'
Xmafa. »
- ) ! =
Together one o@pains ' tod
2, _ 2" _ e .
<M™> b m, fa(l_ fa) ) ({I.SO)

In the present work, w(E) was first calculated and
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p(E, I) was<£hen obtained from Egs. (II.47) - (II.Sﬁ);:

A formally exact expression ;ﬁr p(E, N, M) may also be

-

2 "
written down. '

.

¥

i

.

-

~

p(B,NM) = —E— yyy FPEIGVBL ol oM
¢ ©(27d) ~-imw
. x eBE dadvds n
where v ié'a Lagrange multiplier associated with M. The .

s

grand partition function Z(a,v,B) is to be obi#ined by sol-

A N

~

ving for the°hamiltoniaﬂ H - AN -~ M (& = BY).. The saddle

/

point‘épproxlyatibn gives

- \ s '
1 e :
p(Er,N'M) = p — .
H e n .
where ‘ ’ i /
- i

/\«..MMM = - -
S .inZ(uo,vo,Bo) uoN VOM BOE

- N 3

-

t

ang as before agr uo and Pb are so ‘chosen that

.

9 inZ
— da =N, .
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, 0’.’0'"0 oL
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and D 'is a 3x3 determinant of second derivatives of inZ N -
’ . . e N . *
@valuatef/at LhY vo‘and 80

THe Hamiltonian H - AN - YH is given by

LR + 1 ot
- - = L Y +...
. H AN ™M Z(ea A Yma) C5C, 7 I Vacbd C,CeCqp

@ " -
»~

* ) .
Using the Bogoliubov-Valatin transformation to quasi-

€

, = particles, the 'above Hamiltoniah.can be .diagondlized to the

form ' oL 7 ‘
¥ ’ .
o "\ll
- - = - +
H AN YM\ 7,E(na Ea + Wafa A ka)

N+ W

.
-

. + - _ .
L(E, Yma) a0,

| . ! ' X

. Therefore the grand partition function will be obtained as .

-~

*

2(BX,BY,B) = expl- %— B Z(n, - B, +uo, +/7'Aaka)]~ . .
| T -8 (E_~-Ym_) ,
T [l+e S I - , ,
a : , - -

°

The quasi-particle occupation probability fa will now be

3 R SP N

given by’ ' ©- ' -
. o, q B (E,-"m_)
£, = <o o> = 1/ + e ) - .

a

-

.2

Since -a is obtained from a by changing the sign of the mag-

netic quantum number, we may write ’ T

a

' t L BB *Ymy)
f»a = <u_au_a>‘= 1/(1 + e ) - .
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= § ' - + N —
ab[va fava f—aual
- = Sab Pa = %ap Poa - _ ) )
Similarly,
s <c+c+$ =8_<gc>=6§ u v (1 - £ ; f 5 g
Ya _ “Cac¢ a “%cCa a-ca a a -a
8 = § k' _ .
a-c.a a-c ~a

'\l‘herefore-fa now depends upon m, and hence Pa and ka also .

- 1

' depend upon m, although p; and ka are indepenéent of the

Vo .

si f m_. ) .
gn o a '

.

«~ The exp}eésiona for N and E are same as before [Egs.

(Ir.33) and (II.34)] and

: _ @ inZ N\ , !
M= v = I ma fa R !
' " By — /My -
= by + + - -ym, .
S B T eXQ[B(Ea-Yma)l I en [l + exp( B(E, Yma))]
- i S 7 =
We also obtain
- ' ! “~ ) ﬁ‘\‘
" 32 nz 2 o ' w
) ‘-—;:i—_ = L ma'fa(l - fa) + B8 Z‘mé fa(l’- fa) \ . s
" x :'__ Lua - f_ia_ ____aAa] s
= ’
, Ea v Ea av
e i
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32 LnZ = 1 apa.
dvia ov !
33_&2& = - 1L € 325 + L u Bpa + L Bka
dvde a av a v . | a v °
- AN

Other segond derivatives will}baﬁé\sameKexpressions as given
in Eqs. (I1.36) - (II.39). ,

Since Pa and ka nowudépend)upon magnetic quantum numbers,
the summation over magnetic gquantum numbers in Egs. (II.42)’
and (II.43) (See also Appendix V) can no more-be done for-
mally. Thus the dimensions of the matrix to be invertead
[Eq. (II.44)] is much bigger and hence the calculation of
ievel density becomes too long and laborious. ,
t “To compéré with experiment, only level aensitiés of low
sbin states are ﬁeeded. This means only low values of M are
required. 1In .such cases, the Gaussign approximation is quite
valid as° will be shown in later 'sections.

Finally, experimental data are available for the level
density with a definite parity n. If oﬁe assumes that the

number of levels of each parity are equal, then the level

density for a éingle.garity will be given as
o \

»

PUE,I,M, = 3 »(E,I)-

Ed

J A}
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II.7 Reduction to the simple pairing force problem.

!
Most calculations for level densities emplay a pure

<

pairing force ‘ |

N

) _ Co 1L,
G (ABCDO) = GAB GCD[(JA + 5)(3c + 5)] g

where g is a constant. The Hartree-Fock contribution coming’

from a pairing -force is small and this is neglected. Pre-
-

viously we had-

g{"‘—»--.

.. 1 . 1 4 i~«
z [(JB + 5)/(3A + 7)] G (AABBO) kg 7 (II.51)
B »

I8 B
Therefore for a simple pairing force, the.gap parameter will

be : ’ . -
, . “w
~. - 5
_ . 1 - : ’
AA =g é (]B + 5) kB z A, e (11.52)
Let us now use Eq. '(II.31) in Eg. (II.52) ‘
=1
A 5 9 i ka ]
_ l-g L g 1- Zfa '
2 2Ea )
~
from which we obtaln the gap equation
) 1l.- Zfa
—_—= E e ,7'—— \(II.53
9 a Ba . )

N
-
.

e

—
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Néglécting—ua in Eq. (II.32), we obtain the grand par-

t{tioh\function of the pure.écs case:,

\ /1 v 2 -BE, .

expl~ 3B L (e, = A - E,) -8 & /9l T (1L + e )
.. ' R . a .

. T Y ')";

Y >. ",“ ’:\-r .\
*. where the quasi-particle energy Ea 1s' now 'given as

14 “ 2

7z =

} A

L 2, 2.} f -
- - Ea— +A] L4 .

(fe, - 2}

® . . »
¢ The derivatives of Lnz are

(II.54)

¢ inZ

- 2, —
= Lep,t A /9 (I1.55)

L)

. The single-particle occupation prohébili;y g is now given /

T (I11.35))

E
-~

- S =

B Z,Eafa + L in[l+ e

-4

¢

.

e

g

-

-

-

-BE

The .second derivatives of &nZ are

3

Bk

s

by
- 1 Ea = A ’ [ *
2 pa = —2'[1 - —:—E——— (1 - 2,fa)] ) (II.SG)
Ta 1
T * . The entropy wiil'have the same exéiessioh aé\before (Eg;,’
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or AnZ a .
= ¥ ’ (11-57a)
6&2 da |
2 A 3p :
3 4nd . a 24 3A ~ .
= e — g L2 o .
ar 3 I € B g 38 (II.57b)
.B . " ' . % !
2 ap N 4 LN
3° inZ _ _ a , 248 34 - L
3098 Lea % ' g 30 (11.57c) 4
2° - 3p , 44
37 4nZ _ a ‘ b
, “S5re- = 53 \ (11.574) i
I
. The derivatives of pa‘are obtained from Eq. (II.56) by direct 3
differentiation: ‘ - ‘ ]
' ‘ |
ap : . R - i
a 2 2 3A
- e - - - -~ e !
Ja A, ey — AT Xy B(e_a RN N T ' [
ap ’ f
o 55 AY - ey - MX [EL + (e, -2 Al ;
o 24 :
- .- B(ea' A) (Xa Ya) a g ! L
Lo 3
where X  and Y are as defined in section II.3. - i
The gap equation (II.53) defines 4 as an implicit func- i
- ~ H
" tion of o and B and the partial derivative of A can be cal- A
culated from it explicitly: ) : : - }
. v . v -
3y . .
3 _ z (ea—A) (Xa-Ya) E
e ’ . . -
‘ da BA (X -Y)) . / ' -
b _ 1 l —
== — A T(e_ ~A) ¥ -"4°IX
) ’/BA ):(Xa Ya) a. a a ,
) - Degleyg = 1) Xl .
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'spectra is obtained . To obtain nuclear level densities

«

CHAPTER III

CALCULATIONS B

-
e

Numerical calculations of the state and level densities

<
'

have been performed for a realistic set of single particle -

levels and a general two-body interaction using 'the theory

of the previous sections. The specific nuclei chosen are

116Sn, 118Sn and 12OSn. The twelve active orbitals for both

k)

) #
protons and neutrons and their single-particle energies are

given in table 1. The inert core is assumed to be the nucleus

56Ni. The single particle energies are taken from Lee and

ara42’47). The residual interaction is derived from the

48)

H

nucléon—nucleon interaction of Kahana, Lee &and Scott The

G and F matrix elements of the residual interaction are given

-

in table 2. With these single-particle energies and two-body

matrix elements, a very reasonable description for low energy
' 42,47) '

at about 9 MeV excitation, it is brobably necessary to take

into account a few higher shells. However the effects of the

truncation are studied later.

The constants M__, M and M were chosen to'be
nn np PP

- 1 1 i nn !
‘ -~ I [(jA+5) (jB+5)] F (AABBO)
M=y = -8B
mmo PP Io(40) (345
. . ap A27B72




' \
4 45 L] *
— ’ : v
‘, “ = ~ 0.174 MeV ,
: , . N )
. I [(3,+3) (3.+5)]  F°P (aAABBO)
. A2 B 2 Y
| AB o
"' LA (543 (543
\ .
- AB. A2 B 2
T L ; = ~ 0.380 Mev
. The G and F matrix elements of the potential, after the
‘ introduction of the auxiliary Hamiltonian are given in table
3. o .

At zero temperéture, the dccdbation probability fa is
zero anthherefore} the zero-temperature calculation for the
ground state of a“given even-even nucleus-were done by the

N ) ' /v‘\\
usual BCS iteration method. There are no pairing corxela-
X L - . )
~._  tions o? the proton side . 2 = 50-being a closed shell, ‘the

\\gggfiié‘have a large energy gap ¢ ~ 5 MeV) between the occu

pied 09972~9531fa1 and the emp%y ld5/2 orbital and therefore

show no pairing\Ebtggiggioﬁs. The single particle energies

of 116Sn,_llSSn and 120Sn corrected for the self-energies Mg

are given in table 4. . - : {

“ The following procedure works well in performing a tgm—
.perature dependent BCS calculation. For a given temperaﬁ?re
and a éiven nucleué, we guegs values for °a and kA. They'

.provide trial values for uAvgnd'AA:
= -

s T T I3
A -
4
. a -~

. R N TN S :
up(i) = 2 Bz_ ({Ig+3) /(ip*+3)]  F - (anBBO) o, (3) ,
r] ‘ i

o e i
3 ¢ A

e e — e ,
- . TR N P
M Ey

b
1
=

v
t
b
bt

par e
0T e




mﬂm‘a“ J

'

!

: } 4
Y ¢ S 4 =T UG/ Garp] T G(aABEO) ky (i)

- The chemical potential is then fixed by démanding that
. T

Y §

C L1y
\ N. = L (jpt5) 11 -
A PA2

‘ .t . 2 2%
S [eg Dy (=2 ? + 2, ()%
5 o X - 2 . T
s expl8l(en (1) = wy(i) = 2% +22) 1+ 1
¢ e . .
}

1

3 . One can.- now recalculate Pa and kA from Egs. (II;29) and
(I1.30). The procedure is then repeated until self-consis- <

tency is achieved. ) S

Calculations &f state and level densifies were per-

formed for a given sequehce of teppegatures7 The values of
Pa and k, at a certain teﬁperature were used to obtain the
T A\"\ . A -
ST ' trial, values of Hp and 4, for the next higher temperature.
’ As expected, the pairing correlations AA for neutrons dropped
\ .
’ as a function of température.
\ The excitation energy corresponding to the given .tem-
‘ 4t : -
v perature is - L. ;9{
o
— N , » \ . N -
E(T) = E(T) - E(0) , \ -
: i ‘ 5 ‘. -
_where E(T) is the energy at temperature T and E(0) is the )
. LT ' ) -
-t -~ % ~“energy for T = 0. e
1.\
C ‘
. "
{ S ¢ . ! o - ]
o * s \
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o . TABLE 1. Single-particle energies in MeV. The .
‘ " _ ¥ * nucleus 56Ni is taken to be the closed

‘ , . shell. - . : \
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" TABLE 2. The G and F matrix-elements ?f the residual interaction of Kahana,
, Lee and Scott48), . !
t -
(&) d o] 2s 14 Oh Oh 1f oi
‘ : 1p3,p Ofg,y 1Py 0995 145,y 099, 281,5 1d3,, ORyy5 Ohgyp 9,2 Ol13/2
. . . )
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‘'Ce€99 0,080 Celdl 0es 495 14033 Qe 155 02247 0e185 02565 Ue2U3 Ga761 0587
v Ce 5114 1278 CaS15 Gad22 Ge374. 145851 0,238 0.568 0,315 14554 Qe 198& De201
- 01611 O0el175 00258 1,557 0597 QolT7 Ce217 3203 1594 0Ge324 06499 15453
- velBS3 086368 Ge239 0Dal4l 0s53BS 0,48 00363 0e761 DolS6 (4SS 05398 C(a26¢2 ~
. Call8 UeT914 0ed34 0,276 Ve375 10259 (e262 CoS587 (00201 1453 0,262 0.108 .
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: . VTABLE 3. The new G and F matrix elements of the residual interaction after the
R - ' introduction. of the auxiliary Hamiltonian (section II.4). »

-

14 2s 14 1f

4572 %972 Ohg

o1
I3, Ofs/ P12 99,2 172 a2 Mgz OMgs2 ez ®tizg

E . G (AABBO) 0:726 U0a.515 10022 0D0523 06516 02608 - Cel2& (€069 CoB04 Cobll velb3 fe&lB

S o S15 0s 218 De211l le 641 Cal4948 Qe 2EC Uel71 ve O8O 1278 Cal75 CoBULE Lo914 f

; 1,022 - Ce 211 C003 Ds5S18 G1654 Qo 2€8& Las UBO Calél Qs 515 Qe258 Qe 239 Codé & H

: - Le%23 1,641 DeS18 Ced07 Veldl5 le724& Ce2G2 Ceb495 Qe&22 1,587 Coldl Pe276 H

; LoS1E 00498 065654 00315 06433 00517 0303 16033  0e374 06557 0Ve3BE (.37 H
€608 068280 (Ce264 1e 726 D+S517 04021 (Oelé8l Ce 135 10 €51 Cel L7 (8481 1,256 é
Coe 126 Cel?71 G089 0e2C2 0e303 02181 Ce66E Oe247 Ues238 Vel21t7 Ge3€E3 Ce202 3 -

{ a699 VolCBZ 0Oasl4l Oe 495 16033 Qe 1E5 0247 0e012 0a565 (Ge203 Go701 U367
C-504 16278 GeS1S $ed22 0374 Le 551 0e238 O0s5E5 Vael4al 1eE94 Del196 00201
Labll 0e 175 0Oe258 1 557 06597 06107 <C3217 Ce2c3 1e5%4 =04150 Ued59 164653
Ca3163 GebU6 Co0239 UVelal Je38BS 0Qs481 Ge 363 Co 761 Vo156 0499 0a225 ULez2462
CGa418 006914 064454 o276 Q375 16259 (e262 CaS87 JUs201 18453 Q6282 -CGe0086

! © onn ' ‘ ~
F (AABBO) Co%42 Tul23 De426 —0e001 0e206 00075 Co263 0,128 =CeB868 =0+025 J,050 =Go186 =
‘ pp Go123 ~0eiS2 ~02035 0e850 02577 00294 —0e046 ~Uel68 Ge6S3 ~0e412 0,082 o387
= F** (AABBO) 0os26 ~0el35 Col!G2 00195 0e427 =0e076 04038 ~00127 02084 =00146 0e22:) =Cecl7?
~Lo 0J1 Ce 859 Ce10S =00027 -Gal24 0741 —0,071 Deldl ~0,257 Ce473 =~Ls263 —-Ge374
G205 OeC77 05427 =06 124 06147 0,013 0. 135 L0362 =G00228 =036 =Jel&2 —=00323
(3075 =00294 =0elU76 Ce741 0e013 ~0e312 =0e092 =0e263 0e7C1 =0eS1l =0sUSE8 00537
! Ca263 ~0o04E =06038 ~0o071 00135 =0e0092 €+333 0e016 =00ol22 =0el23 04023 =Celb7
: Cal28 —=Co0168 ~Gol27 00181 0362 ~0e2C3 Co01€ =Uelil3 =CaUG2 ~0e258 Ue363 —UslUTOL
i ~0s098 00653 00036 ~Ga257 =0e226 08701 —00122 —G3002 =00e310 ©0e572 —0e354 —0s517
: =G aD25 ~00412 -Dallb Vo873 ~0Veil 38 —0e5S11l —-0e123 ~Ue258 Ge572 -00531 -Cel2} CoS¢1
b va 050 CaB2 Co225 =~N0263 ~0.062 ~0.958 0,023 U2363 ~0e3S4 =0el21 —0es1l8 —-0e&3S4 -~
~Ce 186 00387 =0o017 =00374 =0e323 00537 =0e167 ~CoG70 =05517 02541 ~Je4354 =0,571

} |

an(AABBO) 16505 Go 2290 16 044 Da Q73 0479 00123 L4351 UeSSE —-Dal29 <0604l o075 —~(0e373
Co220 Ne2EF LeDA44 10442 0e093 00001 =0eu%8 ~0e 175 UaB20 =04331 0s078 D.170
10064 o084 Del30 Val79 00b564 ~0e045 0e121. 0018 (o045 ~-0.182 Qe lV4 ~Gel 327
Ca073 12442 (Gol79 De243 —0e245 16330 =(Ce188 Uoflll —0e1l35 ©QeBL4 ~0529 ~0eC43
Ced79 00093 03664 =062485 (0381 —~0e1C7 CelGE (Ge785 =Ued13 ~0e217 —3e035 ~Ge€l0
Vel23 Vo1l =La$35 16330 ~0el07 =05173 =06203 =0 e287 0+979 ~0e438 =0283 Lo&E8
Ce3S]1 -0De98 Del21 ~0o188B 0Vel98 =Qe203 0CeBETF DaVE3 —06270 —-Ua272 Ce042 -0-3350C

7 LeESSE —~0.175 CeJd18 04011 0e795 =0e28B7 " De0EI —Ds051 =0,4133 ~0e4U5 Ue 455 =0e263
{ ~“Us129 0,820 Vo085 =0s135 =0s4s413 00979 =0e270 —0el33 ~0¢346 0,779 —=0:723 ~Ds0678
_ PUel41l ~Ue331 ~0,182 Qo804 —0e217 ~0a438 ~06272 =00405 G779 ~Ueb640 —0e4s77 CeS13
-0 076 053078 00104 ~00529 —=0e035 =02283 040482 0855 =0723 ~0e477 ~0.189 ~0e902
~C o373 00170 06132 ~0eS548 =0a610 064858 =00350 =0De263 ~0e678 0DeS513 =Ge902 —-0921

»
[ VN S




Wor— | L TR
e s RGN R S B

- ,/ ¢
- T 50 .
0 _TABLE 4. Values qf £ -ua in Mev at zero temperatl?(
i . for 1ll6gn, i“.'lBSn and 120gn. ''The fermi
T, level is denoted by A. ‘ \ ‘
116 - I s ‘120
Sn Sna Sn
N A ° “w ¥
Orbit ’

Proton Neutron Proton  Neutron Proto% Neutron
(A=8.98) ¥ {(A=9.31) . (r=9.62)

\ - ?
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ITII.1 Results

’

Figufe 1 shows the energy dependence of the density of

116 118, . 1200
Sn

states for the nuclei Sn, Sn and: . For even Sn- v

>

isotopes, the experimentally measured quantity is

- | N

“p =p(E, I =0, %) *p(E, I =1, +). \ y
b
In figure 2, p for llsSn, 118Sn and 12OSn are plotted against

excitation enéergy. The exnerimental values of p for each of

9)

. . .4
the three nuclei at neutron separation eﬁergles are also

shown in the:figure. It is seen that our calculation under-
L 4 v
estimates the level densities by a factor of thirty or worse.

Discrepancies of the order of 100 for these isotopes have

been mentioned in the liéerature beforeBl)«

For the nucleus 116Sn, calculations were also done as-

F-]

suming no pairing correlation ‘to exist. Figure 3 compares

- 116

the state densities for Sn calculated with and without -

: !
pairing. It is seen that the density of states is much higher

if no pairing correlation is assumed to exist.

S

Simple pairing force calculations (Section II.7) were :

also performéd for the three Sn isotopes to determine if there

were significant deviations from our calculation with rea- °

listic matrix elements. To do this comparison, we obtained

the quantities €, ~ Mg from our zero temperature calculations
!

s

(Table 4). With these fixed, a pairing force calculation was

done in which the value of g, was varied. (Since there is no °

pairing on the proton 'side’, the value of gp is immaterial).
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fbr a value of g = 0.1495 MeV, the pairing force calculation
‘: fog 1168n gives a density of 'states which is indistinguish-

A ' able from our calculation except at and.near the criticalA
temperature (Fig. 4). The density of states-obtained from
thg pairing force calculation has an abrupt rise at the cri-
tical temperéture. This is due po the fact that in a pairing
force calculation, the gap paFameter A decreases with tem-

«qgrafure until, at and above a critical tempera?ure, A=20
and the pairing correlation disappears-altogether (Fig. 5).
The value 9§ DBB (Egs. (II.1l) and (II.G))—decreases'suddgnly

-at this temperature resulting in a sudden inc;ease in the
density of states. In our calculation with realistic matrix -
;lements, the gap parameter B has different values fd; dif-

ferent orbitals and therefore akl.of them do not vanish at

the same temverature although they do vanish within a small

~

‘range of temperature.’

AR S SRR TR g sogm oo g TR A T
.

Pairing force calculations were also performed for the

B T ’né;lei 118

i ey

Sn and 120Sn taking the same value of 9,- The ¢

density of states for these nuclei were found to be almost

ok
identical to that obtained for ~1°Sn. On the other hand,

Lok e R

-

our calculation with realistic matrix elements gave differ-

- ent state densities for these three nuclei (Fig. 1}.

Calculations done in this chapter show that it is:pos-

sible to incorporate realistic intefactions in computing

nuclear level dehsity. However, our results thus far have o

\ grossly underestimated the experimental data. " The reasons
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. 2 -

‘for this are explored in the following chapters. It is temp-

tingmto put the blame on the matrix elements used. However,

\ .
this ‘is unlikely to be the reason as Lee42'47) fits low

: energy data quite well. Another possibility is that the grand

-partition function approach is.very inaccurate or that not
»

enough number of configurations have been included in the

model space. We investigate these possibilities in the next

;

chapter. The third possibirity is the most interesting one.
In our calculations we assumed thatisﬂ igsotopes are spheri-
cal in the ground state (zero tpmperatufe) as well as at
fipi%e temperature. The qpestion of possibility of shape
change at finite temperature is dealt with in chapter V; the
resulting change in level density is gquite profoupd.

‘ n

>

N
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FIGURE .1. The energy dependence of the density of’ states .
for the nuclei (a)116gn, (b)118sn and (c)129sn;
s includes a sum over states of both parities
and all spins and all magnetic substates.
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FIGURE 2.
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The level defisities for the nuclei (a) ll6£-1n,

(b) 1188n and- (c) 1205:\; p is a sum over the
levels of/spins 0% and 1% with only one mag-.
netlc supstate included for each spin. The

experiméntal values of p for these nuclei are 9
denot by the symbols x, + and © resnect:.vely“ ) N
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Density of states for the nucleus 1lGSn' obtained
from a pure pairing force calculation with

gn = 0.1495 MeV. The dashed line represents,
the calculation with realistic matrix elements
and is the same as in Figure 1(a}.
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‘ ) CHAPTER IV

IV.1 Accuracy of the grand partition function approach.

The purpose of.the work done iﬁithis chapter is to ob-

tain some idea ©f the accuracy in a grand partition function

«

' approach. For the calculations in this bhapter, we take a "ﬁﬁgﬂ
-

’

——— ____pure pabring force.

-

The model space for which exact calculations are ta be

e
1

o ’ . i
.{... 4done must be semi-realistic. A completely realistic valence
space 1s too larée to handle exactly. Exact calculations,

therefore, were done in a moderately large space.

116 117

The two ﬁuclei studied are Sn and. Sn. These are

regarded as 16 .and 17 neutrons in th

e orbitals ld5/2, OgJ/z,

251/2, Ohllfz and ld3/2. The 51qgle particle energies for

2)

neutrons are taken from Kisslinger and Sorensen- and are

listed in Table 5. The pairing forée strength is g = 23/A

MeV. The exact diagonizations were done using Kerman's

52)

quasi-spin formalism . In spite of the'simplification that

this formalism provides, some of the matrices were quite

11e

large. The largest matrix in the case of Sn was 110x110.

o The code for doing exact calculations with a pairing force

was developed by B.C. SmithsP). . - i

1
The results of matriy diagonalization are sShown in the
form of histograms in Figs. 6 and 7. Exact level densities

obtained from a pure pairing force exhibit significant fluc-

(i tuations. Some of these fluétuations are not real but rather
.—::;u‘ - ‘
v .

{
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‘[ result from the simple nature of the pairing force which leads
to many degeneracies. It is,desirable to smooth these fluc-
tuations in order to compare with results from approximate

grand partition function method which provides a smoothed
- 2

~

. density. We smooth the exact level density by using the

i |

saddle-point method. This requires the following -steps.
- N . (

From the exact eigenvalues one can obtain

it

A

g
i
|

b -8B ‘ \
. ) : :"' ZC(B) = L e B . '
: 2: e A
/" The exact density is related to Z, by ' . » -~ '
I - = 1 BE
«© §

The integral is evaluated. by the saddle-point method and

leads to : T .
™~, . 2 2 5 -‘
p(E) = explin Z_(By) + By E}/[27(<E"> —ET)]
® . where- )
¥ 5. ’ -
h;ér,”" ) :
~8 . E, b @ .
— % 0 i 9 5
E _z Ei e /ZC(BO) r . : ';.. N - . «
- - —BE “', .‘ "/

. 2. _ 2 i,- .
, {g >-\z Ej e /2 (8y) -

g P - -

- » . -

_ In the present context, the main feature of the saddle-point

K

method is that it converts a discfetg?density into a-smooth”

%




*

’ . The smogthed densities obtained from the exact calcula-

tionsafegiven in Table 6.

4

' . . Using the same set of single-particle energies and the

116 117

same pairing force, level densities for Sn and Sn were

+ . »

o "also calculated by the approximate grand partition, funcgeou
T .method (Sectlon II.7). These level Qensitles are compared %
with smoothed ‘exact densitiesgin Figs. 8 and 9. The approxi=-
mate method is cqorrect to within a factor of two. One fea-
. 2 ture ef the aﬁ}roximate calculation is thal. it underestimates

/ the level density below the critical temperature and over-

H

N ' N - ° ~—
12 \ \ .

. . P : - : v

estimates it above the critical temperature.

If %e now compare the exact model space ealculation with
49)

L3

iéxperimehtal data , we find that we underestimate the ex-

perimental densities by a factor of 25 in both 1165 ana’
[

o 117Sn. The first remedy that comes to mind is to increase'

%l
g
:
=
b

the valence space. In this increased space (see’Table 7),

exact calculations are not possible. We use the approximate

o
-

grand partition function method of Section II.7 since it was
a reasonable abproximation in the model space. (For the

level density of odd-particle system, see Appendix X). When

N iacreasing the -valence space, the value of the pairinggcon—
stant q has to be decreased such that the gap A at zerb

temperature remains unchanged. The results of the,langer‘

space calculations for 1165n are shown in Fig. 10. Th%re is

°

no 51gn1f1cant 1mprovement in the results frdm our prevjious

calculation w1th realistic matrlx elements. It is possl@le

o . »
¥ )

TS oy A
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to oBtain the correct experimental data by further reducing

the value of g by more thdn 20%. However, this reduces the
value of A to unacc

eptably low values.
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TABLE 5. Neutron shell model energies for exact

calculation in inodel space.

Orbital Energy (MeV)
ld5/2 ' “ i — Y . 0 Q .
_:: i "
/og .* N } 00 8
7/2 | v
- ’
. B 251/2/’ . 11.3 ',
. .
Ohll/Z / ~ 2.5 t
"~ 1d3/2 - , 2. 8 .
- - ™
. ¢ v ) ¥
- X - ¢
M 2 . }_ uy . - _o
L |
- * . \
‘ > Ay
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TABLE 6. The smoothed state density w(E) and
: smoothed level density o (E,I,n) for
- 116sn and 117sn resulting from an .
exact calculation in the model space.

A

> 116 - 117

Sn Sn
Excitation . "
—_ + ,
Energy 0 (Efo+)+ o : 1 3
, w(E) " <p(E,17) w (E) . 7D(E17 ) _t
E . < (MeV) . (MevTh (Mev™ 1) (Mev™l) - (Mev' 1)’
e v 'l
? 5 3 x103 - 2 x10® -
6 - l.3x10® | - 7" x10* -
7 4, Jx10 1 x10° 2.3x10° 2 x10°
8 1.4x10° ©3 x102 | 6.5x10° 4 x10°
9 4.2x10° 6 x102 1.6x10° 9 x10°
10 - 1.1x10° 1 x10° . 3.7x10° 2 k103
11 " 2.6x108 ‘3 x10° 7.5%x10° 4 x103
12 ¢, 5. 4x10° 6 x103 1.4x107 7 x10°
7 4 ro 4
13 1.0x10 1.1x10° 2.3x10 1.0x10
1 . 1.9x10’ | 1.sxio? 3.4x107 1.6x10%
/ \o
15 - 3.0x10”7 3 x10f 4.8x10 2.1x10% -
¥ 7 ‘ N
.‘ s J
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TABLé 7. Shell model energies used in full space
- calculations. These energies were cal-
., ¢ulated for  a spherical Woods-Saxon
potential well{a). fThe energy scale for
the weutrons has been shifted so that
the 1d5/2 orbital has zero energy.

Orbital Energy (MeV)',/
B " Proton* Neutron
Toof, -15.695 Co- /
Ofg 5 - -11.224 ) -
1p3 “ -10.759 -
xlpl/z. - 9.637 -
0dg /- - 17.701 -4.6§
14, ,, - 2.508 - 0.0
0935 - - 2.489 0.8
28 5 - 0.669 : 1.3
14y, -~ 0.750 2.8
Ohy1/ - 2.5
1f, 9 - i 7.68
P37 - o - 892
20, 1 - 9.63
‘ £, ) . - .10.24
, Ohg ) L he 10.28

(a) N.B. de Takacsy, private communication, 1977.
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70
/
6 s
10 |
4
10
10° -/
1 | 1 b .
3 6, 97 .1’ =
(MeV)
. : 1lie
State density and level density for Sn re-

sulting from the grand partition function method.
The solid lines are the same as the dotted lines
in Figure 8 and result from a calculation in the
semi-realistic space defined in Table 5. The
dashed lines give the results for the full 'space
(Table 7). ,The dotted lines are obtained by re-
péating the full space calculation but with the
pairing force reduced by 20%. This gives closer
agreement with the experimental value indicated
by x. Ufifortunately this reduces the pairing gap
A from 1.234 MeV to the unrealisticallv low value
of 0.714 MeV. »
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IVv.2 Discussion -

+

We thus reagh the conclusion that provided one takes
realisticisingle particle energies and reasonable values- of
the pairing force, the spherical model wili grossly u?der—
estimate level densities in Sn isotopes. zpdeed, in fitting

-nuclear lexel density data over é_wide range of the nuclear

1)

also found a similar

v

periodic Eabler Dossing and Jensen3
discrgpgncy for Sn isotopes; One reason for this failure
~may be the following interesting possibility.’ As is well’
established, the Sn isotopes are fpherical in the ground
state. fhe formalism~developed here, assumes, as most otLer
calculltions do, that nuclei,which are spherical in the

ground state, remain so at higher 'excitation energy. . If how-

ever a large number of excited intrinsic states at about 8
, ‘

MeV in these nuclei are deformed, then rotational states

" built-upon these deformed intrinsic states will lead to a

o s
. large increase in level density. Such increase can be as
- high as a factor ,of forty3l’34{,in the well deformed region.

It is well-known that the major featurés of the resi-
' ’

“dual, interaction can be simulated by two forces--the pairing
x .

force and the quadrupole force. ' So long as the nucleus re~
mains spherical, the quadrupole force makes no contribution
- to the energy of th; system: The deformation of a nucleusi
is the€ result of two competing effects:; the pairing Eorce,

N *




r

EES

-

S

7

ST A SRR S P S
o ; Y

Y 3-‘;‘;:«;

A
A SR

vt o &

72

which tends' to make nuclei spheiica& and the quadrupole force
which favors deformation. 1In Sn isotdpes, at zero tempera-
ture the pairing force dominates and a spherical shape is
favored. However, as mentioned earlier, the pairing effect
decreases with increasing temperature and A drops in value

as a function of temperature. But if ghe effect of pairing

force is reduced, what keeps the nucleus from deforming? Of

>
(¥4

course, finite temperature tends to wash out the effdcts of
the quadrupole force as well; however, it is a ﬁétter of dif-
ferential effects that one has to study. This can be in-
vestigated by adding fhe quadrupole force to the pairing
Hamiltonian and calculating the energy surface against defor-
mation at zero temperature (ground state) as well as at
finite temperature (excited states). At zero temperature,
the sﬁépe is spherical; at finite but still low temperature,
the pairing effect is weakened and the guadrupole force may
take over, giving preference to a deformed shape over the
spherical one. Provided nuclei do favor deformation, it is
clear that a different formalism should be useq to calculate
level density at the app?opriaée exclitatibobn energy. ¢
The formalism developed in chapter II to calculate the
level densities for spherical nuclei may bg'generalized to
include cases where shape transitions can occur. However,
numerical calcglations become difficult with generalized

interactions. Therefore, to study the effect of deformation

on nuclear level densities, we are constrained to use a

*

s

LN
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P ; g
he general two-body

pairing plus quadrupole force instead of t

'

interaction.
Qui te apartrfrom the question of level density, the pos-

sibility of deformation at finite temperature/in a nucleus

>~ <y _ .
wﬁ%ch is spherical in its ground state is interesting in it~ -
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CHAPTER V

. 3
V.1 Pairing plus guadrupole force at finite temperature.

We take the quadrupole force to be

=
a
N

(1 = '.2x
V(%,2) = %{i Xy E sz(l) Yau(Z) ’ \(Vfl?

The other part of the residual interaction is the pairing

force. At zero temperature, the energy vs. axially symmetric

53,54)

deformation can be studied by the following procedure.

i
¢

(1) Diagonalize the one;body Hamiltonian
i "
-prly L (v.2)
. 20 e :

[

‘“ v

H = Ho

to obtain eigenvalues € Here HO is theishell model part

P '
apnd’D is a parameter. If we equate D= mm2
w1

app%opriate oscillator frequency, then B, is closely related
, »

82, where o is the

to,£he quadrupole deformatid% parameter of the Nilsson model.

—t .

I

(2) The pairing force problem is now solved on these de-

formed orbitals. "This means one solves the number equation

and the gaé equation:

N= I (1--2—), , . (v.3)
a>o a ,
N . AY .
2. b %—— R ¥ . - (Vv.4)
g a>0 Ta




A
i ¢ -
:
; .
,5 .
. :
S s :
* ! . €E_—~X . A
" - Qp = I <a¢!r2 Y20|a>(1 - g ) . .7
f - o X a>0 a
S T \An‘ extremum in energy is obtained whenever D = XQq- - "
: The generalization of this procedure %o a given finite
tiempefature (= —;—) leads to the following steps.
' ~
' 1) Same as (1). . o
. ‘ [ ’ . = f b
. ; - N
" 2y) One solves - .
1 J‘ {X o - 0
» . ‘ ' . Ca"'A " ¢ ~ A
4 ~ n‘-’ N = X [1 -~ ;] E (l hd Zfa2] ’ : (V-B)
. a>0 a ) .
' P - ¢ ° .
| r 2.0y g a-2e) (v.9)
o 1 ) 9 a>o0 a-
4 . f where—as Refore - . ‘ .
SR ;' , u -
5 | f ) vo2, 23 ‘ '
? ' : E_E [(e_-0)" + a7l ff- .
. | st P A
:‘. v - ' r ./ . ° S v ‘ » ’ °
r . * 9 ‘ - - . )
| ) - ‘ ! a
. . ,

n
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v . SE

: £,=1/(1 +e % . J

“ 1

) The energy of the system as a function of deformation is
] . ! ‘ ] o a
‘given by !

- = '
- 4
- ! e =2 L,
E(B,) = L (Hb) ~1 - 55— (1-2f))] 5 ‘
R Q>0 1aa a - - \ Y
¥
. 2
S : L -3 - b, .(V.10)
. where
l ’ - .
h b 3 l T R : :
§ 0, = I <er-y . Ja> [1- (1-2£.)] . (v.11l) -
- . ; 0 a>0 200 "2 Ea a. .
X - . .
: .The free energy is given by ) !
§ ~ -
E . F=E-"18 ’ B
: .
g ' where the entropy S is ) - e
?”; ‘ S e S N UL AL (v.12),
. a ' .
1 ", *

The condition D = XQ, gives an extremdh in F°°). If there

A

;, .

3 e . .

. "’ are more than one self-consistent solutions, then the one
éi \ » - N

which gives the minimum value of F should be chosen.
3 3
4 ) The results of “such variational calculations done on'

the nucleﬁs llfSn are shown in Fig. 1l1l. The var{ous shell"

1
Pa

model single particle enérgxfs used for this calculation are

©

=]
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same as given in Table 7 (chapter IV). The results unfor-

o

tunately are sensitive to the relative value of g and X.'
The results shown in Fig. 11 are for fixed g, = 0.16 Mev.
ngis~é;ves An = 1.3 MeV in 116Sn in the sphericai zero tem-
perature limit. Since b, = 0, the value of 9, is imﬁatef al.
T?e value of X lies between thé values of Ref, 53 and Ref.
54. Effects of small variations in the value of X on'the
free energy curve are showﬂ. ‘We find that shape transition
ca; indeed‘occur. ’At zero temperature, the free energy is
equivalent to the energy of thg“§ystem and,i; minimizes at
zero deformation. Yet at finitextemperature, the free ehergy
may minimize at non-zero d8formation although the variation '
of free enerqy with deformation is'notrgreat. If one now

takes this deformation as the proper static deformation and

pérforms a standard rotational model calculation for level

" density, very large differences from the values in sections

(III.1) and (IV.1l) are found. !
Although the free energy against deformation curves are
relatively flat; the energy against deformation curves vary

1
more rapidly. They also tend to favor larger deformations.

V.2 Level density using the rotational model.

are

i
The rotational model formulae for level density30'31'34)
. S

quige straightforward. Assuming a deformation'B2 = - 0.104
" L ]
(the free energy was minimym at this value of deformation at

i

temperature Tt = 0.743 MeV and the corresponding excitation

-~
i

ORI
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FIGURE 1l.

-

-

EXCITATION ENERGY, FREE ENERGY gMeV)

2

Potential energy surfacé and Helmholtz free
energy surface as_a function of quédrupole
deformation for+116gsn at-warious temperatures
t. The unit of 1 is MeV.' The solid lines -
correspond' to_a quadrupole strength x =
00966 (mw/h)2 MeV with hw=41.2 A-1/3," The
dotted lines give the results for X altered
by t3%. The arrow Indicates the minimum of
P for v = 0.743 MeV.
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. , f
(' ener%y was 9.51 MeV) we calculate “intr. (E) from which Pintr. °
(E,Q) is obtainéd: .
1 | . 2,2
” (E,2) = (2m0%)  w, . (E) e % /29, (V.13)

¢ /, ®intr intr
1

PR Y
)

*

"Imeré pinér(E’ﬂl is the level density for mahy particle’ states

-
& . S(
gach-of which has magnetic quantum number 9 and -
2 _ 2
o = 2 I ~k fk(l—fk) (v.14)
k>0
In Eq. (6.14) k is' the megnetic quantum number for each
. Nilsson-type oribital. Now
3}: I ' ) .
' 9‘(ElI) =n>zo pintr [E - Erot(nrl)l §] (V.15)

and the rotational model prescribes ' 3

*
. M -

E‘ (@,1) = h? [I(I+1) - 2% ~ _ (V.16)
rot '’ 53: , .

s

.
. :
‘ ) ‘
P

where 51 is the moment of inertia about an axis perpendicular

to the symmet¥y axis., Combining Eg. (V.15) and (V.16) and.

»

with the usual approximation, one finally obtains

v

.1 - 8h? 2
‘ P(E,I,4) = 5 1 o, . (B,0) expl- 55~ {1(1+1) - 2’}
o 1
w 230 , |
” STy
4 - .
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A

The rigid body moment of inertia is used in this calculation.

Because only level densities for I =0and I =1 are neéded

to compare“withfexperimental data, the calculated value for
]

level density is insensitive to the choice of g ‘Reducing

[

Jl by a factor of two changes’ the calculated level?density

by a few per cent.

\
The method outlined in this section gavé p(E,0,+) +

-

p(E,1,%) = 6xlO4 Mev"l for 116Sn at the’neutron separation

! _749) >
energy. The experimental value is (21.8)x104vMeV 1 . The

&

spherical model (section IV.l) gives leO MeV l. The neu-

tr?n %eparatlon energy is 9.56 Mev. At this energy, Wlth
our forces the gap An has already gone to zero. We know from
the exact model caléulétion in section IV.1 that ébove the
critical temperature the grand partition function method
overestimates the exact level densities. dtLooked in this
llght the deformed model ‘is in much better agreement w1tﬁ
experxmenﬂ than the spherlca%AFodel. -

.
3

V.3 Concldsion.

The present wofk hati two main objectives. One was to
obtain the level densities for spherical nuclei with
interactions. L.

The igcond motivation fér tH{s work arose as a byprQduct’
of this study above. It was found that it is not possible
achieve agreement with the experimental data in Sn isotopes

o

using a sphericdl model.; If one considers the quadrupole

v

A A A O vy

¢
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force in addition to £he pairing force, quite interesting

features emerge. In the cases -inbestigated, the nucleus

(1168n) is spgs;ical in the ground state, yet it is mbre
> ‘ proper to think of it as beinggdeformg§~when,considefing

-~ -

8-9 MeV excitations. While this is an iQealized model, it

is moYe valid than a simple spherical model for level den-
sities. ‘It will be very interesting to verify if similar

results are obtained with more realistic interactions.
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. [ THE SADDLE-~-POINT METHOD
:/ /
/
4 i ,
. , Let us consider an inteqral of the type
f:;! ’ ’ . ' 1 n . im im
I = (ZWi) { dul . { dan exp[ﬁ(al sevey un)]
‘* -lw - —lm
e =

where f is a real function of reeey 6 _. In evaluating this

1 n
expression, we will assume that the integrand is a rapidly

'varying function of Gy reeer @ Thus, the main contribution’

to the integral comes from a small region around the point

; I3

(“10’“20 Jessy “no)' where the integrand is stationary. This

~ point is called the saddle point. The conditions that deter-

mine this saddle point ‘are |

f /, i R ] n. - ,(AI.l)
i (

Q

(=34
[}
o
-
[
H
[

%io0

' Let us therefore assume that we can choose the péths of
integration so that they go through this point. Expanding

the exponent f in' the integrand in a Taylor series around the

point (&10',..., ano)'determined by the conditions (AI.1l), we
obtain )
. » N
S0 f(a ceay G ) = f(a/ reesy a_n) T i I (o, = o..)
1’ ' “n 10 ' "no 2 3 i i0
. 5 4
o - ﬁt’ BZf - “\4
. X (a, = a,,) ———p— + ... ’ ‘
] jo’ da, da,
. . : *1 J 0
. , W , .
2! . 82
' i LA ‘
b s . ' ‘ - - .
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Let us write
¢
i T %0 *1 v - *
32f~ = ¢ hY ¢ 4
da, o4 _ ij *’ 4
i il
Then, up to second order, , ' »

f(ul [ 4 “l'f) = f(ﬂlo gooeyg Qno) .
" ' : i, .

Now, by a linear orthogonal transformation ‘
xi'= I Cim ym {AI.2)
m
4
the quadratic form I X5 xj,fij can be diagonalized to,
i,j !‘.
I yi Fi where Fi are the eigen~values of the matrix fij‘

1 >y

‘Theﬂ
, ' 3 b e im
1= exp[f(ul0 peeny uno)l (EFI) £ dxy ... £ 'dxn
. 1 - ) t -
, xexp{sx I x, x, £,.) ;
2 i3 i73 713 ~
[N - ‘
» 1 n ie L P
= exp[f(a10 P “no)‘i?f)" ! dyl cee S dyn
—lw -—)]_m ~
~ LAY )
1 2 Ay e Xy . 5 )
x explz. L-y5 F.) - '
‘ % WoTiT Ay .- an
~ 3(xy «en X,) Y _ . \
where -is the Jacobian of the transformation from

'a;(y1 .o yn) ‘ ‘
to Yy and is equal to‘the determinant of the matrix axi/ayj

L

X
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‘ which by (AI.2) is datlcijl = 4., since the transformation is
. orthogonal. . ‘ ) ' " X
Let us now write
YR T iz
- and obtain a Gaussian integral \ §

ra

. 1 P 7
I =’ explf (o ceera I S dz, ... S dz
(21)" 10’ no”" 771 « =

x exp(- % bX F, zi)
’.v' i 3 oo 2
_ (2m)"/
- GXP lf(u 1 v ey [+ )}
s (21r)n 10 n0 (Fl Fz . Fn)l/z

-

" where we have used

A o 2
I e-ax dx = »/g-

-0 “ - 3 s

In ordeér to evaluate this integral, all the eigen-values

Fi must be positive. Now, the product of all the eigen-values
of a matrix is equal to the determinant of the matrix and

o '
therefore we finally obtain

- - ‘ o
by i . ;
e?(p{f‘u Py QO )]

1= 10 n0 7 (AI.3)
(2m) ™2 et | (22 £oa; 2ay) |14
: 0

Fl
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APPENDIX II

~N

~

. . DENSITY OF STATES IN THE HARTREE-FOCK THEORY

-

-

Let us consider the case when pairing correlation is

eithér absent or uﬁimportant. Thus at any temperature, the
nucleus 'is a system of independent particles. However éhe
system péw is not necessarily spherical. Therefore, the wave
functi;ns of orbitals can change as a function of temperature.

The Hamiltonian (H - AN) is givén by
( H- Ay = I(T, -

]

t ot

* Vacba a ¢ %a b

]

.1.
+
Adab) €, S

(AII.1)

*

o

where Tab is a one boéy part and Vacbd is an antisymmetrized
two-body matrix element, and for convenience, taken to be
real. If in some orthonormal single paréicle basis |a>, we -

can reduce the Hamiltonian to the form

v R~ - + ‘
H= AN = K+ I(e_=p) ¢,
‘tien the grand partition function will be given as
2 = Tr e_B(H_AN)
’ -B(e_=A)
= e Mpte 2 ). (AII.2)
t ) '
The probability of occupation'ip the state |a> is .
N
+- S(Ea_)\) ° ) K .
<c, ¢ > =1/(1l+e ) = fa -7 (AII. 3)
and , .
o :
3 85
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N 1. ' )
‘ <c a b> = <Sab fa - . - (AII.4)

- 3
The basis |[a> is not a priori kpown; it can be expanded in

terms of some known fixed basis.

Let us define a normal product

+ t t
.cacb.~cacb—<cacb> .
\\ . Using Wick's theorem for the grand canonical ensembie, we
write ) _ —
T (d
H=- M= A +A, +a “
3 5
, with
A, = L(T_,=\¢§ )<c+c>+}-£v <c+~/c><c:‘rc> .
N 0 ab " ab a b 2 achd ¢ d -"a b
| = — l t
g “Taa ») fa t3l ]acac f::1 f
i = L(T —}:6 ) f : DAY <c+ c > c_ C :
#2 "Tap™%ap) * €2 % ¢+ ! Vacpa “%c ¢ ¢ b’ g
" {
_ + _ + )
- ”Tab ‘a )(ca b aab fa) t1 vacbc f (C cb ab b) !
\ N '
p. 1 LT . . ]
A= T Vipa? % % % %% - . . |
< 1
i / ) oot ) i
Neglecting A, we obtain , . »
. ' ’ e
H~ AN = Ao + A2 i |
= . 1 ’ . _ i
- 7 ¥ Vieacd fa fc + \z [Tab tE Vacac fc ”ab]
; xeler = o _ (AIL,5)

L}

- %« The above equation shows that the basis [a> is to be chosen

<

+
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such that -
N .

ToptEVoae £o=-65 6 ‘ (AII.6)

l‘.

Then—the graﬂagparﬁitioh:function will be given by

i

1 —B(Ea—X)
z = exp[i B I Vabab fa fb} 2 (;+e )
and therefore
1 ~B (ta—kr)
znz--z-szvababfafb+zzn[l+e i }

It is convenient to introduce a "fixed" basis \|A> in

terms of which the H.F. orbitals can be expanded
. »
la> = zzx dak!_fp.} ) . ~ (AIT.7)

!

where we take the trqﬂéformation coefficients d., to be réql.

We have, for example,

c.> =

£
<CA B

-

q . . @ ¢ . —Bc(ea—x) N
: b+ +
Vacep Ppc Ppa T An [lYe ] ‘

N

(A11.8)°
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El ’ < .
L f : .
- LT, +t L Vv pJ d . = ¢ .
- B AB cD ACBD DC aB a alh
Id (T, + L Vv, ~_p )=d_ce
A aA "AB cb _ACBD DC aB a
2 . v :
L d = I‘ ! ) ¢
A aA s /
q -
. _ ' ; ‘ o ..
We now need the derivatives of in.2 and an expression for:
| :
entropy. {a .
. 3 in Z “ J .
N = —— . C ;
da ’ - g . |
) = la_&_ll__z__ . ‘ I ) .a;
. B~ oA ‘ . _ ~ . e
<) -B(ea-)\)
.—.ligv ' P p -~z & A (e_-2) C
* 2 3 ACBD "DC "BA -gle_=2) ax ‘"a
. l+e '
A : t\‘.\*
- : ' de ‘ u
. a 1l 3 .
= - e paciad 8 - :
iy -5t 25 ' Vacep Poc PBa
’ / -
4 . - < ¢ ~
Physically) the answer must be simply & fa and hence the two
terms of Eq. (AII.8) must cancel each other. We have 3
- ap j * . 1
\ 1 3 5 a1l DC, - _ o
i 3 3% * Vacep Ppe PBa © 7 EVacen 3% fea * Vacep y
4 ! RS i
- : - '(?QBA) v o :
pc'ax ') ‘ )
; 4 - , : . '
x i o
g -7 . . Ip {
\ bf}f N = T p Vv ..._9_C_ ..
= o C BA 'ACBD ai_*
3 . . . - N
r . - .
Let us now consider ~ s -
-\ \
“J »> . \ .
‘ v
\ + " . \
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ae‘a 3 . . . . .
I f =L f_ o L [d (T, + L V P q) d ]
a 3A a @ dA Ap @A "AB cD . ACBD "DC’ ~aB .
. /' { ’ . v ° ' 4 -
! -« . 3p
N A DC .
. ‘ " F %39 F Vacep (an ) daB ‘ N
2d_, | A X
~ + + /. - £
T Pfatmn ) [Tag * 2 Vacpp Ppcl, daB‘ :
' N , : b .
\ - 5 . 3d Tt
. + ~a’ + '
‘ - 22 %alTas * % Vacap Podd [on ) .
. ap . o7 ad . -
DC aA
= -{- -~
oF Pea Vacep % P Ei(m) ¢5 dan
. ad J \J
» » + A . aB |
. I £, s daplmn) ) s
, " , , ' - ~ 7 |
. 0 ) g |
: DC - . 9 2
. = —— —
, = % *pa Vacep I «F fa Ca 92 ; dan”
Since in any variation, the norm of the vector must be con- //’
, ‘4 2 ’ - 4
s+ servéd, we get ' ‘ . T /
. . . . ‘ ‘ i %
aE _ e ap - » *
a - DC
. I Eex =T epa VACBD X % SR
. > K . o s
and therefore: e : . . ‘ ‘e
N =1 fa . R (AII.9)
Consider now ) .
. p-21inz S -
E 38 : \ “ ‘ )
¥ . ‘ A -
1 1 9 :
.0+ =3 % Vaeep Ppc Pea ©7 8 % Vacep 38 (Pnc Pea)
de
< - _ o a
. . z €, fa B Z' fa 58
* ° - " 4
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DERIVATIONS OF “EQUATIONS (II.33), (II.34) AND (II.35)

o . .
< 3 3
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The expression for the logarithm of the grand partition
, v . ) h . |
. + function [Eq. (II.32)] is ! . .
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Similarly : , ‘
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The coefficients of au;/as and aAa/as obviously vanish. Re-
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The two-body interaction term of the Hamiltonianh is

. ' < ryLd
1 + t g
1 4 z Vacbd Ca Cé cd Cb 3 . R "f.“‘
. : . . . SO .
: It is appropriate to write the interaction Hamiltonian in a - 'k%
7 . ) ' , ‘ X
? way which exhibits its invariance under rotations and re- S
v . . "y
¢ flectibns. This can be doﬁe, for example, by coupling-two i
- , . ’ 'e
# of th¢ particles, say a and c, to angular momentum JM, coupling |
é the Hther two also to JM, and writing an invariant tensor pro-
g : ’ o . . ! -
; duct. We may therefore write V_ , . in jthe form |
£ ~ SR :
% v = - 2 .I G(ACBDJ) CJ CJ . . ) (AV.1) .
¢ acbd ac “hd .
. JM ' :
i 5 ‘
4 where C's are the Clebsch-Gordon coeffi ‘
, . ' "
1 3 . ’
S = (3 . +
3 Cac ﬂja ma Jc mclg ma mc) ¢
& |
: N . .
. ¢ - +
, Theaparlty of za + lc must ?e tnhe same as that of lb %d’ ‘
otherwise G vanishes. We must also have‘qa + 4, = 9y + d3- g
From the Hermiticity of the Hamiltpnian and time-reversal B gL
o <. J . g
invariance, it folloys that G is real and satisfies
/ ' ) - A -
G(acbdJ) = G(bdacdJ) .
= Cj_+j 4T . ;
- ‘ = - (=) "¢ " G(cabdd) Voo
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Now we may also couple two of the particles, say a and b to

a

angular momentum J' M and similarly c and d; or alternatively
- - v v ) / .

a and d to J'M’', as well as ¢ and b. - ¥le can therefore define

o © .

. ‘another matrix element F-as : » ’

'\ . 0 J’ J'

: Vacbd =2 E.F(ABDCJ ) 8y Ca-b Sc Cazc - )

3 ’ ' Q- J'l J'l Ce ‘ ‘.‘ ) .
i i ’
, “ )Z'EH“F(ADBCJ ) Sd Ca_d Sc Cb-c (AV.2)
o » N
v ¢ r
™ . VY -t - ' Y - -

. . . , /\0 . .
where -c is obtained from ¢ by changing the sign of the mag-

‘netic quantum number M s The -function F is related to the

R ._____ —_ £

) two—body matrlx element for a partlcle and a hole. It is real

~
and satisfies
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- . T ) _
‘ s P \

F(abdcJ) = F(dcabJ) ="(-) ~ 7 7 E(bacdJ) :
but it,is not simple to ‘interchange a and b. F and- G are
related by ' . . ] '

_{ ’ - _ + . . ‘u P 4 . \

F(ab@cJ {'1 ; (2J+1) W(]a Jo 3y g JJ) G (cade)k
t '. . i >
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Now we defined [Egs. (II.20) and (II.21)]
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. From (AV.2), we can write ’ :
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: R! Vabab = S2 I  F(RABBJ) (=) p (]a my, Jg =M, JD)
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i . . -
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i - . - ‘s = -+
: ()78 Gy my 3, malo‘o) (23 +1)
- Thérefo‘rel, summing over' m and then over J, we obtain .
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| R = - 2[(j +l)/(j +.~1.)]' F (AABBO) (AvV.3) -
“abab b 2 a2 ! ‘ /
" and Cob ' - ' o
) ey = zay, 103 3&.)/;' +l)'15 F(AABBO:) ‘ /(z;v 4)
Ma T ¥a 5 0B 2/ A"z ! Pp a
o t Similarlyifrom (X{;.l) ,-we obtain,
_ . L g o
~ ' = - 1 _].".. 1 ..].'. } - :
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' ALTERNATIVE MATRIX EQUATIONS
& »
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Simpler matrix equations than those in Egs. (11.44) and /

(IT.45) can be’obt‘ained. Eqs. (II.40) and (II.41l) can be

‘ du 34 ) ,
a a L “ - )
. solved fox: 5o and 5o to give . (
- - : ' L cor )
¢k
2 .—.@; = - .]-'- + l [n (x -Y ) A ———-—-ﬁ B -
e Jo 8 4 a a a a 230
g X_ Y _ E .
fa "a Ta
- . " dp -
\ s 2 2 a
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N 3A \ ~ . Ak
aa= 1 -4,[(A2y £ x ) —2 L
a 8 X Y E a "a a "a’ o
roe ’ - a a a N : \ .
& . ‘ apta * v )
‘ - g (XY 8, g % M
) « Using these ef;uations in conjunction with Egs.” (II.42) and
- . (II.43) we get \
o ° ap - 1 ' :
. PoT ba | R T '
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3k
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i 4 3d .
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, ¢ .
I R 3
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APPENDIX VII

THE F AND G MATRICES OF THE AUXILIARY HAMILTONIAN
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-The extra term int'roduced to the actual Hamiltc;nian' is;

1 - t ot — ' "
T M0 Sca ™ Saa Sbe) Ca Cc-% % - .
» If we write the new two-body interaction term as vacbd'
l ‘then g .
- ‘ V'acbd - V'acbd B M_(aab Sca ~. $aa Gbc)‘ . # Co ‘i”:
:i T N a / ' :‘_,.‘
? Therefor;, hachd . |
i" £ ' . . ' / . :t
; e vabab = Vabab‘ - M(l-dab) \ (AVII -l) i
2 . {
4 ’ >~ i
2 = - - §
: Va-a b-b = Va-a b-b.” Map = 85p) (AVII.2) .
3 - . ! °
E N ' : *
? From Egs. (AV.3) and (AV.5), we have £
/ FaaBe0) = - 2105,4hy /5 ah1 0 1 v (AVII.3)
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3 - m ~
: SN b
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4 2°°°A 2 B 2. a b "a-a b-b
; ! »~ The new F-matrix will then be . 7]
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= F(AABBO) + M[(j,*+3) (Jg*3)]
- ' L i M
6ABE

s . ol ;
Similary, G-matrix will betome.

AT
t G.(AABBO) = - F((3,+3)/(Ig+5)] I

) o S M(s -8 )1 .

r

= G(AABBO) + = M[(j.+%)/(3 +l)1%'
¥ 7 B UaTy) /gty e

'S -5_S
x(sa a "a —a) §

A}

AB

= +
| G (AABBO) %AB M.
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GENERALIZATIONS OF EQS. (II.33), (I1.34) anp = °= -
g / (II.35) FOR TW’O KfNDS OF,PARTIC]/LES -
e .
- ;o d - " ( / Y :
- e _ B / e
g s For two kinds of particles, the logarithm of the grand.
S} partition function will be given as g ’ /
\ ‘ , y
. 1 : . /
i z=- 38 5 [ng(i) - E (1) 4w (4) o (4) /
. a,i
' - —BEa(i)
tAa_ )k ()] + 1 wn[l + e 1.
- P a,i ] -,
Hence, B
N] = 5%— Wi 2 ‘ ' .
j -
- du TR .
1 ! 1 3 .
=-3 8 I [- - =>8,.v- — E_(1)] . *
-~ | ﬁ 2 a,i aaj g 13 aaj a \,/
. 3 . .. 1 . .
- _ : -%85-5—.—2 Hgy (1) o, (1) ——isgg—v—zAa(l) k(1)
S - : ' i ‘
3E_ (1) Co
- g5 f (i) —2 . p T
* > a da - -
\ 5 . J \ - . /\
? As before, o ¥
St + du_ (i)
1 3 C (s iy o= L : a ‘
v u, (1) o4 (1) 5 L pa(f,) .
J P J - -
: 3p 4i) " \
1 . a
+ =
212 ua(l) da .
- I . 3
7 /
<€ ’ : ’
” ’ " 108 /
- ! //
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3
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L - S ’
‘ 3u_ (i) L 3p (i)
= 1 Sy | a 1 . ik a
=231 p (i) + =z L [- I vV P (k)]
- 2 a’’ ‘ou 2 a,i , ¢,k acac c Baj
/ , W (1) e - 3p_ (1) —
| @ w [
‘ - %X pa(i) a: * ']2; L) pc(k) - V:L]ciac a: I
’ j ¢,k a,i 2 j
\ o (1) au_(k) 3 _ (i)
_ 1, a 1 et "
71 Pat —a»—aj +52&pc(k) _r—‘“j ~= L.p_ (1) a“j -
L Similarly, - . ) . ' A .
) : ) a_.,A (i) » -
19 . A . a' -
—2— 30 T Aa(l;) .ka(l) L ka(l) EYIN 'L
J R J
. ¥ ’ v .
and using . [ , )
]
aEz(l) T B %i) [na(i) [ a';a(l) - B]; ai'] * Aa(i) 'al;a(l) ]“'
: “3 Ca I “3
, - . . Ry
. k
~we obtain - ,
,/ B / . o
1 . 'na(l) )
, N. = 5 L fl = —=———="(1 - 2f (4))] 3..
‘J 2 a,i Ea(l) a ij ) |
. on_(d) ou_ (i) “
‘ a,i a 3
.l A (i) . (1)
- 2B Ig oy 20N 5 _ |
a ]
u_ (i) an_ (i) ‘
B - sy o_a : a
) B I op, (i) o B L ka(l) T -
fo T , j
§
. = T pa(j) .
a . o
; P "“'Y',M‘\ s 1
0 ,éhe ene&gy of the system will be
’ 7




; #
>

.n 2 .
@ ! ,

) = %_z [n, (i) .- E_(i) + afi) e (d) + 8 (i) k (1)1

K]
t
it
i
ééiw
4%

¢

. (1) A, B
- X - a _ i a 141 ? , »
-53 Z[—‘f—'a—s———' B .':.38' 1 -2—‘3 ﬁz Ha(l) Oa(l)
/1 S e ] .- L E(D)
. | L/.// 3 B -é—B- Aa(l) ka‘(l) 8 i’l,fga(y) ~5F ¢
54 . ‘J -1 . ". . /. J‘Qt . ) - )
o Using : .- ,f
) . .
dE_ (i) ' ' g 3u_ (1) A
a = 1 : - : - a 1
3B Ea(i) {(ea(l) Ua('%-). Ai,) (/—'—-a—s————— + .-é_)
e : + e (4) )
. ; ' | Aq(l) ‘ aB‘ ] ’
. 3 (i) ' A ’ f
1 3 . T \ a :
‘\ 3 58 °© pali) p (1) = I o, (1) —55—— ¢ , N
- ,aA (i) e
! l _a_. 3 M 3 ‘: 3 2
5 38 & Aa(l) ka(l) z ka(l) 3 ¢
. we get ,
g l / l | -
E=3 E[Eaﬁl) - ua(l) - Ea(i)] + %) .Aa‘i) ka(i) :
v . n
‘+—§-£u(1)0(1)+zf(1)1‘2(1) ﬂ
1 i 3 -
- -5 Z E;—('ﬂ' [Ea(i) g ua(i) - ),"i] 1 —42fah(i)]
s - 1 e/é(i) - ua'(i) - Ai -
] -8 L ['2"'(\]- - - Ea(i) [l - Zfa(l)])
. au (i) - A {1). . :
- 4 (ﬁl)] 'P—a"B—'—' - B bX [Tm (1 -~ ija(l)) - ka(l)]
4y ‘
A (i) * %:Ea.“f . o ‘)?35* H . o
a Ay oyl TR c
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‘ *  Simplifying, we finally obta‘in ’ "
E=1I e (i) p (i) = 2 E-8 (i) k/(i). <% 5 u_(i) p_(d)
' . R a'. 2 7 walt altht 2 a Ta’ )
0 ‘ N ¢ _‘Z’»‘
The entropy will be given as .
’ ]
- ER = - - ) o + ‘ ‘ 3
o iy §=1n2 - a N - o N_p B E .
o 1. L . . . B '
58 I [na(l) Ea(l) +. “a(l) oa(l) + Aa(l)’ lia(l)l
P a,l ©
o o ~8E_ (1) -
‘ + . "anfl + e ] -8 L Ay pa(i) + Bz ea(i) pa(i)
: . a,i a,i a, i \‘
¢ ’ 1 . . 1 . V .
r 5B L u_ (i) p (i) - 58 A_(i) k_(1i)
2 a,i a. a 2 a,i a 3Val
: N 8E, (1) , ~BE_ (1)
s o ) ‘ = g8 I Ea(i)/(l+e Y+ T wanfl + e
- ©oa,i f - a,i :
§ N ' - -
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. yto
P11 P12
: P12 P22
& '~ RI1  RI2
) ‘ R21  R22
-~ L]
o i =§.. 6
. (Pijlyg =. 6134

|

|

AND (II-.4

AB

4

7

2 [(35+3) /(3,+5)]

| - xG'*(AABBO) ,

i

i

o~

]

e

i XEN
aal

&

3p (2)

aal

sk (1)
aal

2k (2)

aal

s

orbitals or vice versa -and we have

7 (AABBO) ,

GENERALIZATION QF THE ‘MATRIX EQUATION
). FOR TWO KINDS OF PARTICLES

-

|-
»

(EQs; (I1.44)

By straightforward alggbia, the mdﬁrii’equation of  Eg.

(II.Q4) generalizes, in the case of twé kinds of particles,

v

v (1942 (1)+x(1)n% (1)

!

1

}

- v 2, . 2,.
- BIYA(I)AA(li + XA(l)nA(l)]

-n (1) (X(1)-Y (1)) a(l)

where the index 1 stands for proton orbitals and 2 for neutron

[ (Qiddy = Bn, () [Xy (1) = ¥y (0)] 8y (d) [(jB+!2:)/(jA+-§-)]

1
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(RL3) g = 87, (1) X, (D=0, (D18, (0) 206,45 /(3,11 71 (anemo),

Doy o 2, iy a2y
(8ii) yp-= S5 — BI¥, (D)0 (1) + X3 (D)4, ()] N’

, .
< [(3g+3) /3,+5)1 G (anBBO)

PR

N

The corresponding generalization for Eq. (II.45) is ‘

#

. , 20 (1)

P11 P12 Q11 0 —2—

. apa(Z)
P21 P22 0 Q22 38

y ' ok, (1)
R11l R12 ~ S11 0 3B

° . ‘ aka(2) \
o R21 R22 0 -.822 T -
. = | Sa (LY (L)a%(1) - nMR(WIE> (D) +n (L)X (D]

2 (2)Y(2)8%(2) - n(2)X(2)[EX(2)+n(2)A (2)]

~\ 1 aEZW X+ a1 [X(1)=Y (LI n(1)A(L)

A(2)EZ(2)X(2) + A(2)[X(2)-Y(2)1n(2)2(2)
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LEVEL DENSITY FOR THE ODD-PARTICLE SYSTEM

' The expressions for state and level densities obtained
v e /o_ *
in Chapter II refer only to doubly even nuclei, sin7é«thiéu
+ {
formalism of the superconductivity theory describes the be-

havior of pairs of particles. If one or both of the nucleon 2

¢ N § \

' A
v , \"-.";"".' N
numbers are odd, the presence of the last odd particle ({(okigis .

‘,ﬂ:_“ - - )

particles) must be taken into account in the calculation of =

¥

L M
o8

level densities.. In the ground state, the odd pucleus (with . °

A+l nucleons) has already one quasi particle compéied to the \

.

-doubly even nucleus (with A nucléons)‘and the odd nucleon

occupies the first level over the Fermi one. The ground
]

L\

" state of a nucleus with an odd number of neutrons or protons

corresponds, therefore, to t@e state of doubly even nucleus
" L 2 2, 4

. - R +

w1thfan excitation enngy Ea [(ea Mgy x) Aa] (?r Ea+Ea,
*if both the number of neutrons or protons are odd), where

a(a') is the level nearest to the Fermi-level for the given
;-

kind of particfes. Also, the odd particle has the effect éf

reducing the pairing gap through blocking. .For these reasons,

\

the odd A nucleus ‘reaches the same level density as the adja-

cent douﬁly even nucleus at a lower excitation energy. The
level density of an odd-mass (or doubly oddf nucleus with an
excitation energylf'cof}eSponds to the level density of an

P v, . » - 3
even nucleus with an excitation energy E + Ea {or £ + Ea'+ Ea,).
> 4
. } 3
|
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When calculating the level densities pf odd-mass nuclei, the
statistical quantities are evaluated for the adjacent doubly
even nucleus and then the enerdy scale is shifted by an energy
equivalent to that required to produce one quasi-particle.
EI) = B -
pe‘e( I) = D'Oe[ Ea(P): I] ' - ’
\‘ = E'- E I
‘ = P B - Ey (m, T . |
A . _ ‘ * . ( I]
v e = DOO[E - Ea(p) Eal n), . “
\ - ~
| - | . ) .
| ’ ‘
§( . ) . ~— S
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