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ABSTRACT 

A formalism is developed which can be used to calculate 
\ ' 

nucl~ar level densities with r~alistic interactions. The 

grand partition functiQp is cO,~structed and the level den­

sity is' obtained by Laplace in,ersion. The formalism is a ,-,., 
t \ 

generalization of the/technique ~~~d when the only residual 

interaction is the paJ ring forc~.\ It takes into account . t \ \ 
both Hartree-Fock and pairing-typ~ effeets. Illustrative 

1 

examples are given in the ·speC~fiC \case of Sn isotopes: 

The formalisrn, as developed he~e, pertains to sphè~~cal 
\ 

nuclei. It can be g~neralized to i~clude cases where, for 
- , 

e,xample, shape trans\tions can oceur:' However, numerical 

calculations becorne d~fficult with generalized interactions. 
~ '. , 

To study this effect, instead, a pairing plus quadrupole 
( 

force is use'd. This eff~ct rnay be- important in Sn isotopes 

and can explain experimental data. 

Exact model space calculations are also done ~o test 

the validity of the'partytion function approach for calcu-

lation of level densi ties. , 
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RESUME 
( . • '4l;' . 

, Nous presento~s dans ce travail ~ formalisme, qui peut' 

êtr~ utilisé pour calculer les. densi tés '(le ni veaux nucléaires; 
• Il • 

avec, des intéractions réalistes. La grarlde fonction de par-. . 
, 

tit'ion est construite e1;: la densité de niveaux est obtenue 
, 

.. par une .inversion de Laplace. Ce formalisme qui trent compte . , 

à la fois des effets de type Couplage ainsi que ceux de type . ' , 

Hartree-Fock,' est'une généralisation de la technique utilisé~ 

quand la seule intéraction résiduelle est la force de couplage. 

Nous donnons quelques exemples type pour le problème spéci-

fique des isotopes de l'étain. 

La formalisme tel que développé ici, convient particu­

lièrement aux noyaux sphêriques, mais peut être généralisé 
1 

pour inclure pes cas où, par exemple, des changements de 

forme peuvent avoir lieu. Cependant les calculs numériques 

pour les intéractions généralisées deviennent/trop élaborés; 

pour étudier èes cas on a eu recours à.une force combinée 

"couplage plus q~adrupole". Ces changemen.ts de formes peuvent 

être importantes pour lès isotopes de liétain et peuvent 

expliquer les données expérimentales. 

Nous avonp a~ssi obtenu des solutions exacted pour des 

modèles d'espace ce qui nous a permis de verifier la validité 

. de l'approche de la fonction de partition pour le calcul des ) , 

, densités de niveaux. 
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INTRODUCTION 

The density of nuclear levels is one of the essential 
, 

featu~es of the nuclear spectrum at high'excitation ener-

• ,1 

g1es. Measurement of nuclear lever density is necessary for 

the analysis of experimental data on the properties of highly 

• exeited states and aIse for understanding and analyzing com-
\ . 

plex nuclear reaction~. 

In theor€tical~ studies of the nuclear level densi ty, . 

twe distinct approaches are eommonly employedi the spectro-

scopie approach for the low excitation energy, and the sta-

tisticai mechanics approaeh for thé high excitation energy. ,. 

/ 

The density of states of a nuelèus depends strongly on 
.' \ 

the energy of excitation, (wi th respect to the ground sta,te) 
'. 1 • 

Near the ground state of Iight nuclei,. the and on i ts mass. 

levels are about 1 MeV apart, while in heavy nuelei, 'they 
" 

\ may 1:>e about 50 keV apart (except for '-·t1le magie nurnber of 
•• _~ 1'!~ 

neutrons and pr.otons). These may be observe-d~~'~in seattering 

experirnen~s.t Thus at the low excitation energy, the levels 

are 'smaii in -n\pllper, weIl separated and rather simple' in 
/' 

structure. Spectroscopie approaeh is üsually employed for 
~" . -

the analysfs of these low-lying excited levels and prQvides 

information regarding configurations, residual interactions, A 

etc. 

t E. Segre, Nuclei and Partie~es (Benjamin, New York, 1965). 



2 

The number of levels inoreases very rapidly with in-

creasing exci tat.i0n energy and the nature of the, excitations 

becomes complicated. The existence of such complex levels is 

illus,trated by the densely spaced, }5harp. reS0nances ln the 

slow nèutron capture reaction. The density of these .levels 
i / • 

i~ about' 106 tirnes greater than the average single partic1e 

level density (in a nucleus with A ~ 100), and their widths , . 
are aiso 10 6 times small~r tnan'expected for a single parti-

cIe excitationl ). This evidence indicates that the 'neutron, 

on entering the nucleus, can share its ener9Y with a large 

number of degrees of freedom of the target, and thus forms a 

2 3) highly complex configuration called the compound-nucleus' .' . , 

'\v'hich then decays ta the final products.' The spectroscopie 

ap~roach is not 50 suitable fo~ the analysis of 'this complex 

state of motion. Instead, the statistical approach may be 

used ta obtain a more comprehensive description of the aver-

age behaviour of the compound nucleus and of its decay. 
" 

Therefore, at the neutron binding energy an~ higher, it is 

appropriate to use the nuclear·statistical model to study 
\ 

the experimental data on the propert~es of high excitations. ... .. 
The nuclear level density is the most fundam~ntal quantity 

in the nuclear statistical model since it describes the sta-

tistical nuclear properties and can be inferred from reaction 

experiments. 

Experimental data on nuclear level densities are ob-

tained principally from slow neutron capture reaction. In 

/ 

--

," 
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this experirnent, the nuclear energy levels are observed at an 
.~ 

energy just above the, neutron binding energy ~nd the level 

density is obtained by counting the number of resonances in 

a particular neutron e~ergy interval. The levels excited by 
~ ~ 

'"slow neutron resonânce spectr,oscoPY. have only sélected values 

of angular rnomentum and parity. For a doubly even target 

nucleus, 's-wave neutron capture'e~cites levels of a sin9le 

spi:n and parity 
1+ 1 
2" and therefore the level density p (E, 2' +) 

is rneasured. If the capturing nucleus is odd-even and has 

ground state spin and parity I TI
, levels- excited will have 

spin l + i and l - ~ and parity TI. In tha~ case, one rnea­

sures p (E, l + ~, TI) + p(E, l - ~, TI). In many calculations 

and in the ones done here one first calqulates the density 

of states co 

w (E) = L (21 + 1) [p (E, I, +) + p (E, 1'( -) ] , 

\ 

an~ deduces subsequently the level density p (E, l, 1T f- ob--

served in experiment. 
J-- 6 • 

Nurnerous studies have been devoted for the d~rivation of , 
l , 

formulae expressing the level density as a ftlnction of vari-
... / Il 

ous constants of motions, e:g., excitation energy, number of 
-. 

particl~s .(protons and neutrons), angular momentum, par~ty, 

etc. An analytic expression for the nuclear level density. 

was fi~st given by Bethe, usually referred to as the ~ethe. 

formura4~. The derivation of this formula is based on a ' 

model of non-interacting fermions confined to the nuclear , 
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4 '0 ' ~olume -1 ). The model is' known as equidis~ant model as the 
~ 

single partie le ~rbitals are assumed ta be equally spaeed. 

Due to its simple analY~~Cal IreSUlts,!:' he e'quidistant model 

has bean widely used iri' q4ta analysis 1~1~hough the Hamilto- , 

nian~,on whieh i t is based ,:'1s .quite U11r~ealiS~ic and ovelisim­

plified: Because of the ~nrealistic1Hamiltanian, th.e equi-' 
,- 1/" , 

distant mOdel does· not predict. the s!tructure observed in leve]: 
< • 

densities near elosed shel18.' Also: it cannot explain -the 1 

i 
differences in levei densities of odd mass and even mass 

nuc1ei. The equidistant model has beén'mo4ified in many ways 

by a4 number of authors"~ A pairing energy correction to the 

. t t' 11-13) 'd 'd f . t Il b exc~ a lon energy , et~rmlne rom exper1men a y 0 -

tained odd-~ven maSR differences13- 18 ) has been introd~ced / 

to account for the odd-even effect. À shel1 correction has 
, / , 

been introduced in tarms of an energy shift in the'ground 

state13 ~ 15). A set of .equa11y spaced leveis of constant 
" 19 20)' . 

dege,neracy , , or a bunched single par~icle lev,el sp~c-

trum 21. 22 ) \fore used in order to s i"",l ~ t -lit,o' sorne exte n t the 

effect of, shell mèdel degeneracies and b'iifching . 

BIoch23 ) developed. a generai method {ta inciude the s11.ell. 
1 ~ . 1. , 

model in level density ·calculation~. Mf'fe detailed and ac-~;'~. 
l' 1 

curate theoreticai information about 1e1el densities is ob-

tained when one uses realistic single ;trticie levels calcu-
l 

1 

lated from the shell model. However a, reaÏistic caIcu1ation 
fA 

of the level densities aiso needs the introduction of the 

residuai interactions. this can be done in a simple way by 
1 

1 
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means of the pairing\·interaction. The supercon<luctivity 

h d h S '1 ' 24-26) l' , t eory an t e BC Ham1 ton~an have been app 1ed 1n 

the evaluation of level densities. The application of the 
1 

pairing Hamiltonian to excited nuclei has resulted in much 

\ improvement in the I?rediction "of the low-energy behavior of 
1 • 

.,' 

, , 

, , 

1) 

the level densities. Numerical caiculations of levei densi-
o 

ties have been performed on'the basis of sheli-modei sin91e-

particl~ level scheme '~nd the pairing Hamiltonian' by either 

'rnb' ' t" l h' d 27 ) b f h "f co 1na 10na met 0 or y means 0 t e part1t1on unc-

tio'h method2 ~,- 34} . 

~he cornbinatbrial method consists in counting the nurnber 

of different ways in,which the nue~eon~ ean be distributed 

arnong the available single partiele levels for a .fixed energy 

of the system', Thus one Play perform an exact eounting of the 

levels. Since the value of levei densi ty is qui te high 

especially for heavy nuclei, suc~ caleulation can be done 

only with large computers and.are limited to low excitation 

energy. An improved metho'd of direct counting of the nurnber 

of' state's in the framework of the semi-microscopie nuclear 

mod~l was "giv~n~ by Soloviev et al. 35,>. However 1 the method 

• does not o~ey a SUffi rule to be discussed in chapter II. 

A rather new ap~roach in the levei density problern was , /" 

~ 36} initiated by French and collaborators . The method i5 not 

limited to a simple pairing force and can be used for general 
, 

interactions. 'Consider a large but finite spa ce of M ( = E 
• " a 

(2ja + 1)) single partiele states. I{ there are N nucleons 

~ , , 

1 
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in this space, then the 1e~e1 density is, to 10west order, 

approximated by 

w (E) :::: d dl - 2 2 exp[-,E - E) /2F] ( 1.1) 
"1 ... 

with 

a;----=, (M) 
N 

i ;\~' ~ E <N, ilHIN, i> , 
i 

<E2> l iIH2 IN, = d E <N, i> 
~ i 

,1 

,/ 

Eq. (LI) is the first term of a Gram-Char1ier . 36) serles arid 

can a1so be ~tai~ed37) from standard techniq~es of statis-
, 

tica1 mechanics. Higher ordeF corrections to Eq. (L1) have 
• 1 

also been given by French et al. 

Although globally Eg. (r.l) fits exact model space ca1-
\ 

culations remarkably weIl, the method is not, very suitable 

f~r comparing e~perimenta1 da-ta at 8-9 r.1,eV excitation. The 

""' reasons a~e tWQ~t9Id. Eq~ (r.l) is an expansion about Ë and 

E is ne~éssari1y far ~moved from E (i.e., it is necessary 
" 

to take enougIT'si~gie p~rtia1~ configurations). Secondly, to 

compdr'e wi th experiment, i t is ne'cessary to transform p·(E) 
tt:. .. 

into peE c)' This necessitates defining a ground state ex . 
" 

energy EO usua1ly through 

o 
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The error in obtaining EO in this, approximate way can lead 

to significant error in peE ). To compare with experi­exc. 

mental data, it i5 therefore advantageou5 to have a method , 

which directly gives P(Eexc.)' 
.< 

• 

The method used in this work i5 based on the grand par-

tition function approach. The method has been used for fer-( 

mions Cd a one-body potential and also for fermions in a one-

body field interacting with each other by a pure J?airing 

force. \ve extend the method to more general interactions. 

We find that this is quite straightforward and practical 

calculations can be carried out. The formalism developed is 

appliedto sph~rical nuclei (Sn isotopes) and the results 

are compared with those obtained in pure pairing force case 

and Hartree-Fock case. The objective is ta examine whether 

such a formalism', is at aIl feasible and whether i t leads to 

any essential diffe~ence from previous work 28 - 34 ) . 
\ 

In the next chapter, we develop the mathematical forma-

rism ta calculate nuclear level densities wit9 realïstic 
. \ 

intefactions. For simplicity we restrict ourselves to sphe-
o 

,rical nuclei. In chapter III, we present and discuss the 
" , 

numerical resul ts for Sn iSDtopes. ~"e find thai; our calcu .. 

. lation' of level densities underesti'mates expe'rimental results 

by unacceptable factors. In order tp test the validity of 

',-



,~ :/ 

the grand ~~tion function :pproaCh' exact- c:~culadons- of 
, \ ... f ,l 

level densit~es ~re .done in a semi-realistic mbdel space . 
(ehapter IV). It i5 found that the grand partition function 

is a reasonable approximation tn the model space .. Final1y 

the'questi~n of w~~ther Sn i~otopes r~main spherical at 
-. 

higher excitatïon energies is diseussed. Variational calcu-

lations done in 'the~specific case of Sn isotopes suggest that 

although these nuelei are spherical in t~~ ground state (zero 

temperature) 1 it is possible that they prefer deformation at 
o 

f,inite but low temperature. This can ,lead to very large­
\ 

changes in the caleulated values of level densities. In 

chapter V,' we study this affect by considering a pairing plus 

quadrupole force. 

• 
/ 

\ 
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CHAPTER II 

t1ATHEl\1ATICAL FORMALISM 

\ 
(] 

It is well \established that low energy spectra in sphe­
\ 

rical nuclei are \ptrongly influenced by'pairing correlation. 
\ 

Thus it is easier '\0 talk in terms of quasi-particles (q;} 

rather than in term\ of particles. A BCS calculation for 

low energy spectra c~ be routinely don~ even for a large 
\ 

number of particles in a large shell model space. But it is 
\ 

• not necessary to assumé, a simple pairinq force; realistic 
\. -

matrix elements c~n be,~sed. The formalism was set ~p by 

Baranger 3B ) many years a~o and has' since been used by various 
, ' 

1 39-43) , ,,\ qlUthors to l.nvestl.ga,te low energy spectra. Thus the 
\ 

ground state of an even nu~eus is considered te be a BCS 
1 

ground state and low-lying èxcited states are two qp states. 

\ 
Higher excited states are produced by four qp, six qp, etc. 

.\ 

The. danger of using such a procedure to calculate level 
\ 

densi ties lies in overcounting. \, For aefini tiveness, consider 

the model space ta ~ave 2M[ = r\?ja + 1») ~i~gle 'pa.rticle 
'.a , 

states and,a nucleus with 2m parti~les in the model space. 

The total number ~bf states in' this ~ucleuSi is, then (~:).­
The c,Q\lnting ·.proèE!dv·re described al?ove would yielq 

2r·l nucleus one BCS ground state 1 (2/) two \Jp states, 
, 

for this 

(2M) four 
4 

qp 
H 

2n states,' (, 6) six qp states, etc. Therefore, we would get 

E 
rn-O 

(2H) states. 
2m 

Thus the total number of even qp stat€s 

r 

9 

• 

t 
1 
1 û 

t' 

l' 
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10 

~quals th~ total number of states for' aIl even 
! 

systems: like-
1 -

wise, theitotal number of odd qt states equaIs the total., 

number of; states for aIl o~d systems. Thus if we write 

where 

nical 

Z ex 

1 

1 -aE 
h (1 + e a) 
1 

P­
I 
1 

Il 

• 

E ~s are qp energie~, then Z cannet represent the cano­
ai 

pattition function for a single given nucleus; rather 
r , 

i must be related to the grand partition function. 

A more ser~o~s Obj~tion 15 the follD~~ng; usuaI BeS 

calcul tians minimize the ground state whereas, at neutron 

energies on~ is concerned with four to eight quasi-
o ,~, 

13,)' .pa:r~ticle ex itations. It would b'e better ta have a the'ory 

which aiso mi 'mizes excited states. As we will see, the 

grand partition unctien approach takes care of bath these 

o • 

aspe~ts. The ObjeC~ve then is to obtain the grand ~artition 

function às preclsely s possible as a function of tempera-

ture and then to obtain t e density ox states in a given 

nucleus by "doub1.e fl LaJllace nversion. For completeness and 

for later use, we write down i the next section sorne weIl 
1 \, '" 

known quanti ties relating the de si ty of s-tates w,(E 1 N) in a 
} 

given nucleus to the grand pqrtiti n function Z. We begin 

the investigation of Z in Sec.~~I.2. 

Il 

1· 
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ILl T~edensi ty of states from the grand partition function 
\ 

The \:~tatistical prop~rtiés cff ~ nucleus defined in terms 
.< 

of its number of part~cles 'and totaÎ energy ,are contained in 

the grand partition function: 
... 

1 r exp [-8 (Ei (N) - hN) J 
i ,)J 

where 8 is the inverse of the temperature and u = ÀS where À 

• is the chemic~l potential. Here a and Sare two Lagrange 

multipliers associate'd with particle number and energy re-

spectively. 

In the framework of statistical mechanics, the den~ity 
,. 

of states is the inverse Laplace: transform of,the grand par-
" 

tition function 

w(E,N) = 

... 
The\integ~al i5 evaluated with good approximat}9n by the 

. saddte-point method [for derivatiorr, se_e Appen'dix Il and" 
. \ 

leads\ to 
\ 

1 w (E, N) ::; 

where S is the entropy 

cal mechanics 

/ 

of 

1 

, , 

( ILl) 

the system as'defined in statist-i-

,: ;/ 
, , 

1 
1 

l ' 
r' 

i J 

1 
f ~ 

1 

1 
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he constants,<xo'so are so chosen that 

(II. 3) 

( 

, 
::;:: -r: .. (II. 4) 

The quantities Daa' Des and Da/3 are second de:çivatives: 
. .. 

11.2 

D aet 

.. 

Density of states in a pair-correlated nucleus. 

(II. 5) 

(II.6) 

"-
.(11.7) 

We will first try to obtain the grand partition fune ion 

for our system. To do this, it is neeessary ta extend B -
~ . 
• 1 - 38) . l d f' . 1 ranger 5 treatment ta ~nc u e ~n~te temperature., 

we deal with spherical nuclei, the single particle she 1 

Î 

model states will have quantum numbers ja' ma' TheYL:ay a150 

have other quantum njumbers like parity, 2., n, ete . .IThese will 
/ 

r, • 

• ,1 

, , 

1 
, 1 
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be collectively labeled by lower case latin subscripts, and # 

,. 
the corresponding single par.ticle creation and annihilation 

operators wili be called, for example, ct and c. They sa-a a 

tis'fy the usual Fermi anti-commutation relations 

- - t 
{ca' cb} == ôab 

1 
, / 

In association w±th the subscript a, we will use, the capit,al 

latin subscript A which stands for aIl the quantum numbers 
,"-. ' 

except the maqnetic quantum'rtumber ma" The Hamittonian 

H ÀN is given by 

(11.8) 

where E 's are shell model single particle energies and a ... 
o' 

V is an antisymmetrized matrix el~ment. acbd 

V acbd == - v cabd == - Vacdb = V 'b' cao 

In order to avoid excessive writing, we take the matrix ele-

rnents to be real. 

We nO\"1 seek a transformation by which the Hamiltonian 

reduces to the form 
1. 

(II.9) 

i 

If such ~ reduction i5 p~Qssible, then the 9ran~ partition 

function will be obtained as 

, , ..... ' 'l /';l'~/ 

• 1 

i. 
! 
) , 
1 

.t , 

'\ \ .". .~~; , 

w .. --: :,r-"-:-.--~--:~-7".~_~,.,.w.._"""".""",~~~~!w'" ... 'c............L-....u.;" .... ,.~~~ •• ~"..:.._L~~"'-::!...~~.j.".""'-... ~~..:...,.....a..~,;.r,;.~~,"'a 
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( 

(11.10) 

using the rules of grand canonical ensembl~44,45), the pro-

o bability of occupation f is givèn by . a 

f ::: <a t > 1 
a aqa aE 1 

l+e a 

<:a t 0 f Ct >.= 
ab a b a 

< tIf> ::; <Cta(lb> ::; 0 (l (J.. , 
a b 

(Il. lIa} 

, (1Lllb) 

(~1.11c) 

where the notation < > implies an ensemble average. The re­

ductiQn Implied~in Eg. (11.9) is attempted using the 

Bogoliubov-va1atin25 ,46) transformation ~ quasi-particles, 

t 
, .u . - u c - s v c 
----. a a a a a - a 

where 

t 
a = U C -a '. a a 

/ 

j. -m 
s ::: (_) a a 

a 

• 

v = v a . A 

(1Ll,.~a) 

(II.12b) 

t ua and (la are the quasi-pa~ticle creation and absorption. 

operators respectively. -a is obtained from a,by changing 

the sign of the magnetic quantum number. ua and va are real 

and for the transformation to be unitary and preserve the 

Fermion anticommutation rules 

1· 
1 
i 
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''', 

'" 
( {a t ab} ô 

t t {a 1 ab} 0 {a 1 (lb} = -
a' ab a ,a 

() 

" 
/ 

, 
l: and. va must satisfy 

t 
ua 

2 + 2 1 1 u v = (11.13 ) 
a a ' ' 

d_~ 

t 
, 

"The inverse-of relati,ons (11.12) • are 
,; 

1 
r 

~l 

~ 1 

C = U a + S v a (II.14a) 
a a a a a -a : 

J ,,! 
,J 

i- t t 
, 

:;: + :' (II.14b) " 

\ 
C u Cl s v a f 

a a a a a /r~ 

t 
"'i 

, 

i As in the usu~~ theory" we will rewrite (H - ÀN) as , , 

a sum of normal pro u~~s using_Hick'-s theorem':,. 

" • 
, > - l 

t t + ( IL15a) 
1 

~. caCb = :cacb : <CaC!? 
J 

'1 
> 
1 

t t t <C~Ca> ~c:ci> <C t cacccdcb == <cacb> ccb> 
~ 

+ <etc t> <:CdCb> 
'.j 

a c , : 
1 

1 
+ t t t . t 

<eacb> : C cCd + <ccc.d> Ca~b 

- <C t ctc <c~Cl? t 

1 
ace? : - cacd c b 

.t3 

+'<ctct > cdcb + <cdcb> 
t t 

: : C C 

~ 
a c a c 

+ t t ( II.lSb) : cacccdcb \ 

oc. 

Since V acbd we can group, to-
- , 

identical 
, 

'è gether terms w'hich give over 

( ------~-

, 
f: ','.& .. urau ..... , •• ~p P'~- .... ';'"_v~~ ",~."H~~ 
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aIl acbd. Then we rnay"write 

t t 
-+ 2 t t 

cacccdcb <cacb> <cccd> + 

+ t t 
4 <cccd> : cacb : 

+ t t 
<cacc> cdcb : 

t t 
: cacccdcb 

t 
<cac 

+ <CdCb> 

~\l'e can now reYlrite Eq. (IL.8) ,as 

~ 

H - ÀN 

t t 
C C a c 

(ILI6) 

where the subscripts on the"right-hand side of Eq. (11.16) 

refer ta the nqmber of qp opera rs in normal arder: ... 

, t . l:. E t 
A = I: (€ - À) <c c > + V acbd <c ca>- ----0 ? a a· 2 -c 

\ 

\ 

1 <ctc t ). 
\ 

+ "4 E V acbd <cdcb> (IL17a) a C 

A 0 = E (€ - À) 
t + E V 

-t -r 
C aCa : acbd <cccd> cacb 2 a 

1 , 
<ctc t > + "4 I V acbd ccicb a C 

+ ·1 E Vacbd <cdcb> .ctc t (IL17b) "4 a C 

1 t t '. A4 = 4" I: V : c c cdcb : (ILI7c) acbd a c ,. 

The only difference from the zero temperature calcula tian is 

that ~nseNble averages replace ground state ~xpectation 
~ 

values. SA as t9 be able ta write down a simple expression 

J .' 

'> 

" 

1 
• 1 

1 
-[ 

.. 
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~ 

for the grand partition function,' ~e wiil neglec~ A4 in this 
'n 

section. We will return to its discussion in section II.4. 
" . . ~ ..... - , 

The r+ght-hand side of Eq. (11.17a);can~be evaluated 

by uSting Eqs. (11.14) and Eqs. (11.11). 

tain 

_ t 
'P =, <c c > , a a a, 

We then -have 

s <ctc t > 
a a c 

" 

= ô! k 
a-c A' 

", 

'For example, we ob-

, " 
{J, : 

(11.18) 

=" ô k a-ç a 

(II .19) 

using Eqs. (11.18) and (11.19), Eq. rII.17a) reduces to 

, 1 

l " 
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1 
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f , 
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l' 

it 
() 

;; 

1 

f 
~ 

~ 
.;. 

" ~ 

~ 

'* .' ~ 
, ,. 

~ • il 
y" 
r 
f' 

'1 
f. 
7-', 

~' 
t. . t 

<, ~, 
. p~ 

,') f 
(' 

1) 
t' 

- - _.,--_...-.:_-----..... _-----------~ ...... ---............ 

18 

., . ,-
We 

,1 

turn to 1\2 . We ,split it into four parts~ nOw 
, l' 
'. 

A2 = 
. (1) 

+ A (2) 
~2 2 

, with 

,( 2)' 
E V ~2 acbc Pc 

A (3),. = 1 
E V 4" 2 a-abd 

.. 
A (4) 1 

E V = 4" acb':"b ,2 

+ A(3) 
·2 

t 
C· c 

a a 

+ A.(4) 
. 2 

, , , 

: ~c a b : , 

k S cdcb a 'a 

sbkb 
t t c c 

, , , 

: , 

'wné'iè-we have used Eqs. (11.18) and (11.19). 

conside:r AJ2}'. 

t 
:' c c ,a b 

Let us now 
""-

Summing oyerqm , we obtain j = jb" ma = m. ;- otherwise the 
\ -c a n 
1 

term is zero. If further, as in Ref. 38, we aSSUIT\e 'that 
\ 

'/ 

among aIl 'our orbitaIs A, B " .• , a given combination of 1 

t " charge, parity, and j value occurs on1y once, then the abQve 

term can be written as 

A(2) = E V p 
2 acac c 

t, 
c c a a 

t For a more general tréatment, see Appe~dix II. ~ 
" , 



'M'ti 

{' 
()- ) 

.. 

i' 

'\ 

o 
o 

- \. 
'f 

'1 

. , 

19 

~bll0Wiiig I,th~ sarne argument, we oan 'write 

-and 

, ~ 

= J. L V 's'/k '." 0 " 0 4 a-ab-b ~a a, -b b 

,~ 

t t 
C 0 a -a 

o 

"., Let us now define 

" 

.... 

" . 

lla = - t V Po acac .... c 
, 

1 '. ~ ,= 2" s,a L V a-ab-b sbkb a ~ b 

and 

1 . \ 

Tl ,= 
a, 
:} 

E .- À 
a 

We, then have 

". 

Now 

A (l) + A(2) = t' • 

2 2 ~ na 

.;. 'A (3) A (4) 1 = - 2" 2 • 2,' 

" ;... ~J'« 

.... ,. . ..; , , 
\ ,.,r ',' 

from Eqs . (II.14) , 

" 

., 

.,:---- < .~_:': 
".' 
" 

. 
• 1 

.. . 
1:0 '5 A [ : t t 

: '0 C a a a -a ., .. 

:\ -,' 

" .. , 

" . . 
" 

• 

+ 

D 

/ 

(II. 20) 

;-

(II:21), 
Q 

\@ \ ,. 
" ' 

(II.22) 
.. 

/' 

~ • 

-' 
ç 

(II.23a) 
o ' 

1 • oc C -a a., : ] 

(,II. 2 3b) 

1 . , ~ 1 

.. ' 
l 
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\ 
1 

/ 

b 

'1j 

'", 

" 

-j. t 
s C C a a -a 

'. 
5 C C a -a a 

/ 

",' 20 
, . 

2 t t 
- s' (u Ct a ,a a a :::-a 

. 
• 2 - s· Cu a a 'a a -a a 

" 
) 

2 l ' 

- V a a ,) 
a-~a a 

t t a a ,- a a ) a a -a -a 

2 t t) v a a a a -a 

t t + UaV
a 

(1 -, a. a - a 'a ) a a. -a-a 

, ' 

-
, 0 

1 Let us now use' Eq. (II.lS'a) and Eqs. (II.lB) and (II ~l9) to 

ontain 

: == 

", 

" 
t' t 

5 
9-

: Ca C -a 

,1 , 
and 

5 C C 
a -a a 

. . 

. -' 

2't U. a a a a a 
o 2 + v Cl. Cl a -a -a, 

+ t t + a~~~., .suav (a Cl 'a a 'a -a· !~ 

'"i 
2 t t 2 " =, (u Cl a - vâa_afla) a a a -a 

~. 0 

t 
.. t 

--u V (CI Ct + CI -a ) + 
a a a a -a -a 

'""t.~ 

2 <;> 2 t t 
::; Sa (uaa_a?a - .v Ct a a,}-"" a a -

, 
, (t of. 

-uava ClaCta + CI, 'ci ) + - -a -a . 

EqS. (II. 23). then reduce ,to 

• 
~. 

, (1) A(2) E:n [(u
2 2 ' t' Il 

.A2 (; + va:)' ,aaaa 2 , a a 
;; 

~ 

~ 

-~, 4> 

r 
~ 0 

b, 
4 

, 
~Q '" ,-. 

: 

(u2 2' 
fa - va) a 

" . 

1 
r 

2f U· V a a a 
>\ 

1 ~ .-
~ . 

. ..,~ .. .... , 
"" ..... ::': 
~ 

1 
; , 

) 
>/If 

" 
~ 

2~aUava 

oS 

'. 
, . 

' y 
1 

• 

.. 

1 J9 
, 

" 
, 
,1 

Q' 

• 

J 

.. 
r 
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1 

" 

c..~~ 

21 " 

t t 'f 
+ s ~ v (a a, + a 'a ) a a. a a -a -a a-' 

, < 

t2Et.uva t a. a a a a a 

--. :. 

2 LAu v f a a a,a 

(II.24a') 

-l (141:-. 2 4b) 

rlnally, using our ~efinit1' ns, of ", :' and n we obtain 

AO = q e: À) P - L U P - ~ L h k a a 2 'a a ~ a a 
1 

1 j i 
.t .~:: E naPa + 2' E taPa - '2 E, ha*a 

fram Eqs. (2~4'), ';, 
A = E [1"1 (u 2 - /v2 ) + 26. u v 1 a. ta Z ,a.a a a a a a a 

[n u vi -

J 

+ 1: 
1 - 2 V!)J s 

a a a 2' ~a(ua 

- 1: 
2 v2 ) + 26 u v J fa [na (ua - a a a a 

In order te ebtai-n Eq.' (II. 9) , we 

satisfy the-equation • J, 

l 2 . 2) 0 f1aqava -~_. A . (u Va = ,2 a a 

,. 
which.together with Eq. fIl. 13) ~ives 

2u v == 6a/Éa -a. a u2 - v
2 = Tl lE a a a a 

/' 

, 

t t 
a_{aa<X_a 

requir,e 

, .. . 

) 

1 

(II.·25) 

+ a Cl ) ,-a a 

(II.26) 

that u and v 
.... 

/' . {II. 27) . , 

1. 

" 

t 

t 
l-
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t3 
-.,..' 

( with ""'-

=_(1)2 6 2 ) 
! 

~a + (II.28a) 
fl a ',-

"-

='1) (u2 '_ v 2 ) 
.1 

+ 211. auava 
(II.28b) 

a a a 
;r 

, . ~, 

~ \ 

Eq. (II'. 2~) ~ then reduç~s to /' 

t , 
A2 = t E t r E f. Cl (l -a a a a a 

Also, substi tuting Eqs. (II', 27) irito Eqs. (II.le) and (1I:19) , 

we geot 
. 

'1 [1 ~a (1 2f )] 
Il (11.29) l' 

p = 2" - -a Ea a. 1 
/' 

t . ,-

j Il' . ) ' 

k 
a (l 2f a) (II. 30) :::: 

2Ea 
- -{JI 1 

a 1 , . 
l ' 1 - . -=-tl 

where • t . 
... ( ...... , 

{ " 1< SE . l, 

:E. 1/ (1 + e a) 
1 

== 
/' ! 

a ( 
,t 
F 

We are now ready for the reduction impli~~ in Eq. (11.9). 1 

"". - t 
H - .l.N ~ R + L E aaa a a 

,/' .. 
where R is Ç{iven by the c-number terrns of AO and A2 

- \ 

! 
" ., 1 . 1 

R == E l'laPa + 2" E uaPa '- 2" E Il k - E Ea f 
\ ,a a a 

- , 

{'l . 
. , • . 

j / 

.. ,// 
/' .. 

, 
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23 
/' 

l 
E 

na 
(1 ,- 2f )] +1 E = '2 n [1 - - Il atP a a . E a ' 2 a 

2 J 
b. 

E 
a (1 - 2f ) + ! l: b, k E E f -

2Ea 
-a 2 a a a a 

= 1 ï (rr - E ) + l 
E + 1 

t b, k 2" a a "2 ~aPa 2" a a (IL31) 

. 
II.3 The grand partition function and related 

statistical quantities. 

We finally obtain an approxima te expression for the 

grand partit~on function from Eqs. (II.ID) and (11.31): 

-SE 
,Z = exp [- 1:. a ï (n - Ea + !J' P + li k }) TI (1 te"", a) ,2 a a a a a 

\ ' a 

(II.32) 

By letti~g'!Ja + D, one obtains the grand partition function 

of the pure BCS.case (Section II.7)~ by letting lia + 0 one 

obtains the Hartree-fock case (Appendix II). There is a 

selt-consistency condition imp1ied in Eqs. {II.29} and (11.30) 

and Eqs. (II.20) and (II. 21)-: Pa and * depend upon \.la and a 
/). which in'turn depend upon Pa and k . The ,=mergence of a a 

non-zero f y.; the only new feature from the forma1ism of 
a r ... 

Ref. 38. /' In solving the self-consistent equations nurneri-

cally, this extra feature causes litt1e ~xtra work. 

We now need the derivatives of ~nZ and an expression 
"" 

for entropy [Eq. (II. 2) to Eq. (IL7)]. After sorne algebra 

\-...... ... 
, 

/ 
1 

/ 
/ li' 

JU 

, ~~! 

"~,;t <~ 
,i'$." 

! ' 
1 

1 , ' 
1 

, 

1 • 

1 . , 
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1 (Appendix III) one obtains 

-a R.nZ 
N = =j E p aa a ' 

/ -- . 
-E = .a R-nZ 

'a a 

= - E €: aPa 

S = a E Eafa 

+ 

+ 

l 
E + ! E 2" ].l a P a .2 

. 
-SE 

E ln[l + e al 

. 

/:,. k a a 

E9uations '(II.33) and (II.34) determine 

aO " . The needed second derivatives are 

.a 2 inZ = 
dP a 

2 E --
\ ~a 

- da 

.. 
a2 ap 

tnZ 
ap 

= - E 
a + E a + E E ].la ra ae 2 a as 

where we have used (Appendix III) .,' 

1 a 
l: = E 

dP a 

2" ai ~ aPa ).la W-

and 

\ ~k 1 a-
E ~ k' == E ~ 

a, 
î'ai a a • a. --as 

~Je also get 

2 ap
a , ap a a .R.nZ E + E = - E E: a --+ lJ a aa-daaa ao. 

,/ 

(II.33) 

(II.34) . \ 

(II.35)' 

, 
the values of (JO ' __ 

(II.36) 

ak 
/j a (II. 37) a as 

- 1 ~ 

ak 
8 a (11,.38) 
~ a 

,\ 

f 
, 1 

1 

. ' 

r • 
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/ 

or eqy.i'valently, 

/ 
,/ 

(11.39) 

h 

Thus in order to evaluate the second deri~atives, we need 

the val.ues of.ap l'do., ap lae, ak laa, and ak lae. ~~e will , a a a a 

now proceed to illustrate hOv1 these can be obtainèd. 
1 • 

From Eqs. (11.29) and (11.30) by direct differe~tiation 

(Appendix IV) , . we" obtain 

op 
(y .1 2 

xan;> ('13 
aj.l 

~= + ~+ 1) aa a a ao. 
\ 

Sna(Xa 
40 y ) /). 

a/).a 
- a a aa 

ak --2. =' _ 

an 
- a Il 

n (X - Y ) li (e 2 + 1) - , a a a a aa' 

where we have defined 

X :::: f (1 
a a 

(1 

f )/E2 
a a 

-

(11.40) 

, 
(I~. 41) 

Equations (11.40) and (II.41) cannot yet be used to solve 

for 

and 

ap alaa and aka/aa as these contain the unknowns a-j.l a/ôa­

a/).', la Ct. However, these unknawns can be expressed, in a 

terms of oPaloa and oka/aa. From Eqs. (11.20) and (11,.21) 

\ 

, 
._11 ••.. 

f 
" f 

, 
~ , 

'\ i 

'1 
1 
1 
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"\ 

âlJ a _ 1 âpc 
(11.42) an - - 1': V acac aa , 

V". 

dti " dk /\ 
~ == 1 

5 a J I: V 
b (II. 43) aa - ï a-ab,..b Sb da 

Subsltïtuting Eqs. (11.42) and, (II.43)/in Eqs. (II.40) and 
1 1 
't 1 

(11.41), ~e obtain a" set of coup1ed linear ~q'uations for 

/ 

~c 

\ l akb 
trn (X - y ) s t:. - E V - 2 a a a a a a-ab-b Sb da 

and 

-dP , dk 
Bna(Xa 

Y
a

) tJ. a 
o I: V ~+ a 

acac da da 

+ l:. B (1 2 + X 1I
2

) E V Sb 
akb, 

s 2, ana a a a a-ab-b da 
" 

= - na(~a - Ya ) fl a 

In matrix form, we may write 

, r 
(III.44) 

f 
1 
t 
1 
1 

with 

\ . 

.' 

, , 

1 ~ , 

1 
j' 

j , 

1 

1 

1 
i 

• ·i 
i 
1 

-1 
• 1 

1 1 
l ' : ,) 
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2 " 2 i> / (jA + 1)) i PAS 
::; 8

AS 
- P(YAt..1\ + XAnA) 2 [( jB + F (MBBO) , 

2 

! 
.. 

1 . - 1 
,QAB ::; anA (XA 

Y
A

) hA [(jB + 2,> / (J A + 2» G (MBBO) , 

RAB == 6, nA (XA - YA > hA 2''«jB + ~)r(jA + ~)] ~ F(AABBO), 

~ ~ 6AB -. a (YAni + XAAi) [(jB + ~)/(jA -> ~)). G(AABBO), • 

where we have· used the sphe'rical symmetry of our problem to 

do the summation over the magnetic quantUrnJnumbers (Appendix 

V) : 

l: Vabab , Inb 
= -

! 
2 [(j~ + ~)/(jA + ~)] F (AABBO) , 1 

The F and G are the coupled matrix elements of the potential 

as defined by Baranger38 ). ~he dimensionality of the matrix in 

Eq. (11.44) is 2n where n is the number of j s~ells Jn th~ 
:' 

active space. It is possible to write the matrix equation 

in a much~ore. symmetric form; this'is done in Appendix VI. 

A similar ~rocedure for ap/ap and ak/ap (Appendix IVt 

leads to 

(II,45) 

, ., 

j. 
"f' \ 

! 

, . 

" 
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, ~ 

Thus only one matrix invers~on is required"to get aIl the 

second deriyatives. 

II.4 Introduction of an Auxiliary Hamiltonian. 

The grand partition funotion of the previous sec,tion is 1 

o 

of coursé, approximate as the term Â4 of Eq. (11.16) was 

dropped in à~aining ft. Neglecting this term is dangerous 

in the nuclear case as the .following argument will show. 
/ 

From the fundamental definition of the partition function 
if 
(Section II.1), a2 tnz/aa 2 and a2 ~nZ/da2 are fluctuations 

and as such, must be positive definite: 

a 2 
<N

2> 
\, 

R.nZ <N>2 > 0 = -2 1 

au 

a2 tnZ = <E
2> <E>2 > 0 

a~2 

~~ther hand, with our approximation [Eg. (11.36)], 

a L P = aa a (11.46) 

There is no'guarantee that the r~ght hand side of Eg. (II.46). 

will tur~ out ta be positive. Nuclear forces are saturating 

which means À stays more or less constant as particles are 

added. This suggests tha t the right-hand side of Eq. (11.46) 

is as likely to be positi~e as negative if realistic matrix 

elements are used. The-cause of this trouble is that as more 

,.,. 



r . 
~""" 

r 

-? l -( 

29 

and more particles are added, the single particle energies 

E - ~ decrease and eventually drop bel0w th,e esse.ntially a a ' 

~ constant Fermi energy. This problem could disappear in 

sorne schematic models (such as the pairing plus quadrupole 

model) in which the single part~cl~ energies-stay more or 

less constant and the Fermi level rises with increasing 

namber af p~rticle9.. 

Fortunately, we are not interested in the grand parti-

tion function per se, rather, in the density of states in a 

given nucleus and at a given excitation energy. Thus we are 

allowed to add to the actual Haroil tonüm another two-body 

'interaction provided it does not change the excitation spec-

trum in a given nucleus. Therefare we replace 

This amounts ta adding a term - f M(N2 - N) to the Hamilto­

nean. The idea i5 try ta cancel optimally the A4 term due 

ta Vqcbd by the A4 term due ta M. The choiee of M i5 dic­

tated by the condition that [Eq. (1I.40)] 

'. 

~: " ~, " ~! 
- , . 

'>' ' 

( 
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.,' 

but the followi~g choice is also adequately accurate: 

ro1 = V
abab 

where the averaging is done over the orbitals near the Fermi . 

,level. In terms of· the F matrix, we may wr~ te 

M:: 

E V 
ab abab 

E 1-
ab , 

- 2 E [{jB + ~)/(jA + t)1 , 

t2jA + 1) F (AABBO) 
AB 

;:: ----~----------~----------------------------
AEB (2jA + 1) (2jB + 1) 

+ 1:.) 0 

+ 1:.) 1 
! r: [(j A (j B F (A..lù3BO) 

AB 2 2 
:=: 

E ( . + 1:.) (jB + 1.) 
AB 

JA 2 2 

. -

The coup1ed matrix elements F and G will now be differ­
/ 

ent from their original values. They will he given as (Ap-

pendix VII) : 

F
new 

(MBBO) 

Gnew(MBBO) f1 G(AABB?) + Ô
AB 

M 

\ 
• 

.. i 
1 
1, 
1 
! 

L 
l , 
1 -

• / ;0 
1 

.... 
,..; '. 
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Extension to two ki,nds of part;,icles. 

" 

1 n L 

~he formalism developed so far deals with a single kind 

,of particlesibut actually tpe nucleus is composed of twa 

kinds of particles, neutrons and protons. The calculation 

of the density of states mé\.Y be general,ized for two 'kinds of 
f 

particles by introducing a new Lagrange multiplier fo~ ~he 
• f 

new kind of,particles. The grand partition func~ion ~ill 

nO\i depend on three parametÊ:rs'?so that we are àble to specify 
, " 

the average ,~alues of t~e energy.E, the neutron number Nn and 

the proton number Np: 

/ 

Z(un,ap'S) ;::: E ' exp [a N + a N aB. (N , N )l 
. P P n n ~ p n N ,~ ,~ p n 

'. 
1) 

AS before, we take the Laplace, invers~ of Z to get the den-

sity of states 

l wCE,N ,N ) =-....;..--,,-
n ~ { p ( 2 11 i )--3 

~.. ..r 

.) 
ff[ exp[~nZ(a ,a ,13) 

p n 
-i"" 

a N + ~El da da da. n n p n 

Iri the saddle point approximation (Appendix 1), this leads 

to 

Here the entropy S is 
'r' 

5" • 

" ! " . 

, " 

1 • 
i' 
{' 

1 \ 
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( , 

S = .tnZ (<x 0' ctnO ' So) - a N - Cl N + SOE 
P , • pO P nO n 

" 
and the constants ctpo ' anOnand 

...., ; '" ~~ 

8Q }ire 50 ~hosèri '1:hat 

= N 
P 

:::: N 
n 

-rl 
~, ~,~" --

The quantity 0 is a determinqnt of second derivatives 
." 

evaluated at <X pO ' a no' and 13 0 
: '1 

... 

0 = a2 R.nZ a2 R.nZ a2 inZ; 
2 3an Clap aBaa a<x p p 

a2 a2 a2 , 
inZ. R.nZ- ~nZ 

aa a a 2 aaaCl ....... ' " p n ,.- da n n 
~ . 

\ 

a2 inZ '2 
d .R.nZ a2 9.nZ 

ael as aa n),·a8 aa 2 p 

Exte'l1S,ion of the forrnalism of the three previous sec-

tions to ,two kinds of particles is str~ightforward. Ne as-
. ~ , 

. \ 

s'ume that pairing correlation exists between similar particles 

only. We introduce an extra index which may stand far either .,. 

neutrGn or proton. Thus thè generalization Q~ Eqs. (11.20) 

- f~-



, , , 

il 

".11111 

l't. 
~ 

iL 

J >. i 
'" 

.. 
1"", 

. ' . 

.. 

~ 

\,. . '. 
' ... '\ ,~- . 
_"f. '." 

'" 

. ,.­
\ 

,>. 

/ -
, .. 

• 

.. 

"'l,, .. ', 

-t 

• 
~" 

", 33 
,,J __ ~- '0 

vij ( . ) 
acac Pc J 

o 

, .--r 

, , . 
The gen~ra1iz':lt.ions of Eqs. (IL 3·3)',' (I1.34), and (II.35) 

are given°. as (A1?'pendix VIlI): .. 

• 'N. = ê R-nZ = 
• l. aai 

o' 

. ' a tnZ -E = = aB 

E Pa Ci)· f. 

a ~ 

, 

' . - r E:â{i) 
a,i 

1 

Pa/Ci) +~, .E. ~a(i) Pa(~')' 
.a,~ 

\, ...... 

, 1 <'1 
+ .,- E .!:J' (-1 r ka (i) , 2 . a .. a,~ 

in [1 
. -BEa (i) + ] e.. . • 

, . 
Similarly Eqs. /;~(II. 4P> a~d: (II. 41) ,'l)ecome 

J' "' 

alla (cj.) , . , 
[Y'l') Â2(j) + X (j) na2 (j)1.(S - -+- ô .. ) 

a J a a êa. ~J ... ~ 

, 

-" 

~: 

.. , 

'Cf) 
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The generalizations of Eqs. (11.44) and fII.~5~ which 
: , . , ' / 

are needed for the derivatives of'Pa and ka are given in 

< Appendix IX. Following th~ sarne argumeht ~s in section Il.4, ..... 

\ ,. 

one needs in general three constants, 1-1 , M ' ' and M given . nn, np' pp 

as 1 

M,', 
1.J 

=: vij 
abab 

, 
morneJj.turn l,. (both paritie;s included). w(E) includes level~\ 

" 
degenera~ in M, the z-projection of the Jangular mornentum 1. 

w~ can also write 

then 

~(E) = 1: peE, M) 
M 

p~E, 1) =: peE, M =: I) - peE, M = 1+1) 

For our grand canonical ensemble', we have <f.t> = 
1 

a Gaùssian approxirnaëion,'we w~ite 

: 

(11.47) 

o and making 

-- . 

• 
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" 

, (II. 48) 

2" • ,. -
where cr lS called the spin cut-off parameter a~d i5 given 

by 

.1 
(II.49)· 

2 r) 
quanti ty <M > is the ens'ernble average of the' operator5 

Now 

J2 r(J~) t 
E' (J z) 

t = cacb cccd Z· ab cd 1 , 
2 -r + E (Jz) (J z> 

t t 
=1 l:(JZ)âd cacd cacccdcb . 

,ab dd , 

\ 
\ 

The first term ls a ohe~body ope,r a tC?r • In our'basis, i.~ i~ 

diagonal and gives E m2 f a . a The second term i9 a two-body 

operator. It gives 

(Jz) f f . 
ca' a c 

Together one obtains 
/' 

1 1 

(II. 50) 

• In the present work, w(E) was first calculated and 

• 

• 

.; 
1 

.. 

'" 
, " 

.. 
-1. ~~ 4 

;'~:~";i' 
">' I,,~~X-'t 

" . ... , ....... 

;. 
1 

1 
" 1 

J 
! 
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peE, I) was then obtained from Eqs. (II.47) (11.50'-)".: 

A formally exact expresston fiir p (~, N, M) may also be 
ft, 

written down. 
,) 

1 
i ... tnZ(a,v,j3) -aN -\lM 

p (E ,'N ,M) = fff 
(2:1fi)1. 

e e" e 
-i--

0 

)( e BE dadvdS 

where v is a Lagrânge multiplier associated with M. The 

grand partition function Z(a,v,a) is. t9 be ob~ined by sol-
-'. ", ' 

ving for the'Hamiltonian H - ÀN 
f 

point approxi~ati9n gives 

p(E,~,M) 

where 

nt (~ = 
1 

BY)., The saddie 

r 
) 
, , 

1 c 

an_q as 'before aO' V o and P'O are 50 bhosen that 

- \ 
\ 

â>R.nZI 
-av 

«:. 

(10'''0,13 0 

= N " 

, ./ 

= -E , 

(;1 

( 

/ 

1 

.' 
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( and D 'is a 3x3 deterrninant of second derivatives of tnZ . 
~valuate~/at/aO/ vO,and 13 0 • 

/' .... .... 
The"Harniltonian H - ÀN - YU i6 given by 

H YM = E ( ~ ... À - Y ) c t c + lEV . caf C
c
t cdc

b
' • a ma a a "4' acbd 

l '. Using the Bogoliubov-Valatin transformation to quasi-

particles 1 the 'above Hamilt:onian. can be .diagom!lized to the 

forrn 
'f 

.... .... 1 
H - ÀN - YM z 2" E (n - E + \.laPa + t. k ) , a a a a 

+ I: tE 'yin } t - Qalla . ·a a 

1 - .. ", 
\ 

,Therefore the grand partition funct;.ion will be obtained as .. 

• 

" 
l , 

"k ")] . Z(aÀ,aY,a) = exp{- ï BII:(n - E +i ]J P +'ll 
a a a a J a a 

-aCE -Yrn ) -' 
JI {l ~ e a a]. / 

~ 

a 

The quasi-particle occupation probability fa will now be 

given by' 

a (E -Ym ) • 
fa = <Il t Cl > = 1/(1 + e a a) a a 

Since -a is obtained from a by changing the sign of thè rnag-

netic quantum number, we may write 

f -a 

a(E +Yrn ) 
= 1/(1 + e' a a) 

~~------.--.......... . 

.. ; 

" .. 

./ 

. 
! 

! 

," 
; 

l, ~' 
Î 

L, 
i 
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/ 

t 
Ô {v2:+_f u2 f v 2J ~~acb> =:1 

ab Br' aa -aa 
,. 

ô [.2 faV; f u~] = + ab va -a a. 

= ô Pa = ô P /" ab ab -a 

Similarly, 

- 5 \ k = ô k" a-c.a a-c-a 

Therefore- f now depenQs upon ma and hence P ,a and k a1so , a a 
1 depend upon In a although Pa and k a are independent of the 

sign of ma. 
, ( 

"', The Gxpre·ssions. for N and E are"same as before [Egs. 

(11.33) and (11.34») and 

a R.nZ ~ 0 

'\ 
M = = 1: ma fa , av 

.. E - y ma 
S a t a + l: tn [1 + exp (-a (E -.ym. ) )] • = 

exp [a (Ea -'Yma ) 1 1 + a a 

We a1so obtain 

... 
·2 tnZ 

m;' fa (1 
a t fa) + a E m· fa(l = -

av 2 a 

• a fj aA 
x 

TJ a lJ a a a\l a) 1------
~a a\l :F , 

a 

() . .../ 
.... 

, /" \ 
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a2 /' ap 
~nZ 

t 
a, 

avaa = av 

a 2 '~nZ ap tlp "- ak 
= 1: a + 1: a + 1: ~ 

a 
dVas - E: av J,la "fV av a a 

, 
'. 

Other second derivatives will~ave,same ,expressions as given 

in Eq 5 • ( l l . 36) - (1 l • 39) . 

Since p and k now~dèpend'upon magnetic quantum numbers, a a 

the summation over rnagnetic quantum numbers in Eqs. (11.42) 

and (1I.43)/ (See aiso Appendix V) can no more-be done for-
• 

~ m~lly. Thus the dimensions of the ~atrix to be inverted 

[Eg. (11.44)] 1S rnuch 'bigger and pence the caiculation of 

level density becomes' too long and laborious. ' 
o 

'Ta compare with experirnent, only...- level densitiê's of low 

spin states are needed. This rneans only low values of Mare 

required. In ,such cases, the Gaussian approxi~ation is quite 

valid aso will be shawn in later 'sections • . 
Finally, experimental data are available for the lèvel 

1 

density with a Jdefinite pa~ity rr. If one aSSQmes that the 
1 

number of /levels of each parity, are equal, then the level 
r 

, 
density for a singIe.parity will be given as 

,..~ \ 

~P (E, l , 11 );' 
l 

= '2 l> (E, 1) 
;, - .. 

J \ 

• 
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II.7 Reduction ta the ~i~ple pairing force problern. 
1 

Most, calculations for levei densities ernpl~y a pure 

pairing force 

G (ABCDO) 
i 

,+ ~)] 

, . 
,/ 

9 

where 9 is a 'constant. œhe' Hartree-Fock contribution coming' 
7 

fr'om a pairing ,force is small {lnd this is neglected. Pre-
,/ 

'\ 

viously we had-

f-

j> / (jA 
1 ,1 \.-." 

l!.A = L [(jB + + -) ] G(AABBO) ka J 

B 2 
(II. 51) 

.... 
J. 

Therefore for a simple pairing force, the,gap parameter will 

be 

• = ,. (' + 1:.) k • uA g" J B 2 B - u. 
B 

Let us now use Eg. '(II.3l) in Eg. (II. 52) 

/" 

l!. = 1 r k 2 g a a 
$ • $ 

19 
l - 2f 

~ r a = 
2Ea 

, 
2 

"\ 

from which we obta~n the gap equat·ion 

~=" 1.- 2fa 
9 ",/ '2E 

a a 

" 

(II.52) 

, (II. 53) 

J' 

'. 

.. 

, 
" , 

,1 
1 

, , 
h 

i 
1 
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4 ' 
Neglecting,~ in Eq. (11.32), we obtain the grand par­a . 

ti tion ,function of the pur El ,BeS case:) 

1. a t:. 2/g} 
-IŒ , 

Z = ~xp(-: E (e: À Ea) a II 
. 

(1 + e a) ~ - -2 a 
" a 

'f ~ 

~ , . , 
.,.l "'-

where the quas'i-partiçle epergy E ls', ndw 'gl ven as a 

The derlvatives of triZ are 

/ 

N == 
a R.nZ 

= ): Pa aa ,] 
(II. 54) 

-E a R.nZ == • aa 

= E € aPa + 1).2/g CIL'55) 

" 

The single-p~rticle occupation probabili~r Pa is now given 

by 

e: - À 
/ 

.! (1 
1 .. a (1 2~a) J (11.56) Pa = -2 -.Ea 

... 
/' 

a~'-before will 
. 

(E9-The entr?py have the sarne expression 

. (II. 35) ) r • 

-j3E 
S = a E .Eafa + 1: tn (1 -* e al • 

" 

The.second derivatives of tnZ are 

.. 
" 

. ' 

/ 
IJ;JI. ... 

... 
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a~ tnZ = L 
al' a 

aa 2 ra (II.S7a) 

a2 
-., ap 

tnZ = E 
a + 2.1 él.1 

a'a 2 - e: a ,ra g~ , (II.57b) 

a2 tnZ = E, 
aP a + 2A ail - e: --élaaS a aa 9 aa , (ILS7c) 

.. 

(II. 57d)' 
B 

a2 R.nZ
I 

= L 
dPa 

aaâa as \ 

The derivatives of p are obtaine~ from Eq. (11.56) by direct a ~' 

differentiation: 

al' 
-2. = - a a 

where X and Ya are as defined in section II.3. 
a , 

/" 

The gap equation (ILS3) défines 6. as an implicit 
r , 

tian of Cl and a and the partial derivative of .1 can be 
-: 

culated from it e}tplici tly: 
," . 

~ 

a.1 
E (e: -).) (X\-Y ) • a a a 

-= tex :.y ) 
/' 

aa BA a a 

;~ = !~â 
1 lA t(E - À) Ya 

_ - 42 E Xa t(Xa-Ya) a , . 

- t Ea (E a - ~) XaJ.- . 
• 

,; -
i ! • 

fune-

cal-
" 

If 

-

1 

) 

!, 
l., 

r 
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/' 

Sinèe ~he gap equation is true only for non~zero A, therefore 

above derivatives should be set equal to zero whenever 'A - O. 

\ 

.. 
" 

'--

/' 

.. 

\ 
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( CHAPTER III 

CALCULA TI ONS 

./ 

Numerical calculations of the state and level densities '. " 

have been performed for a realistic set o~ single particle _ 

levels and a genera1 b'lo-body inte~action using' the theory 

of the previous sections. The specifie nuclei chosen are 

1168n , l18sn and 120Sn. The twe1ve active orbitaIs for both 

'" protons and neutrons and their slngle-partic~e e~ergies are 

given in table 1. The inert core is assumed to be the nucleus 

56Ni . The sïngle particle energies ar~ taken from Lee and 

Hara 42 ,47). The residual interaction is derived from the 

nucleon-nucleon interaction of Kahana, Lee and scott48 ). The 

Gand F matrix elements of the residual interaction are given 

in tâble 2. With these single-particle energies and two-body 

matrix elements, a very reasonab1e description f?r low energy 

t . bt' d 42 , 47) Tb' 1 l l d 't' spec ra ~s 0 a~ne . 0 0 ta~" nuc ear eve ens~ ~es 

/ 

at about 9 MeV excitation, it is ~robably necessary to take 

into accounb a few higher shells. However the effects of the 

truncation are studied later. 

The constants f.1 ,M and M w'ere chosen to b~ nn np pp 

M = pp. 

. 44 

1 

ï , 
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= - 0.174 MeV 

= 0.380 MeV 

-
The Gand F rnatrix elernents of the potential, after the 

introduction of the auxiliary Harni1tonian are given iI1 table 

3: 
" '\ 

At zero ternperature, the occupation probability fa i8 

zero and there'fore~ the zero-temperature calculation for the 

ground state ~given even-even nucleus:'weJ:'e done' by the 
--------~, 

usual BCS iteration method, There are n~,pâiring co 1a-
,---" /-:.-

tions on the proto~'~ide. Z = SO'being a closed shell, 
~ \ ~ ----. 
~s ,have a large ene~gy ga: ( - 5 MeV) between the 0 

pied Og~~al and the ernpty, ldS/ 2 orb~ta1 and therefore 

show no pairing 'è~1~O~S. The single particle energies 

of 116sn ,_118Sn and 120sn corrected for the s7lf-energies ~a 

are given in table 4. 
1 

1 The following procedure works well in performing a tern-
I 

,perature dependent BCS calculation. For a given temperat~re 
- -

and a given nucleus, we guess values for PA and kA' 

. prov,ide trial values for )J.à~.~~d IJ.A: 
-., 

'V 

r [. (j B +~) / (j A +~)] i F
ij 

(MBBO) P-B (J,> 
B, j 

1 

They' 

""- .. 

( 

, . : 

l ' 

1 

1 
[ ~ 1 
l': 

, . 
~. 
I~ 

, 
1 r 
1 

[ 

1 



/ 

'\ ' 
\. 
\ 

'. 

.~:.. - Î:'> " 

(1 

-.~ 

13
A

(i) 

, 
. The ehemical po~ential is then fixed hy demanding that 

.,. 

.,' 
r 

N. 
1. 

E (j +1:.) (1 -
A ",A 2 

.. 

CA (i) - llA (i) L 
1. 

) ] 

One canonow recalculate PA and kA from Eqs. (11.29) and 

(11 .. 30) . 'l'1:1e proèedure is then repeated until serf-consis-:- : 
j 

tency is achieved. 

Calêulations of state and level densiÉies were per-

The values of 
, . 

PA and kA at a certain température were used ta obtain the 

tria~, values of llA and 13A for the next higher temperature. 

As expected, the pai+ing correlations 6A for neutrons d~opped 
\ 

as a function of température. 
• 1 

The exci.tation energy corresponding to the. given .t~m ... 

perature is 

* E (T) = E (T) 
\ 

E ('0) 

where E (T) is the energy at tempera ture T and E (0) is the 

"'energy for T = o. ,.,;. 
~r 

~ 
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TABLE 1. 

.... . 
OrQit -:..;'-.' . . ' 

~ 

'~: IP3/2 

. 
~f5/2 

IP1/2 " 
099/2 

'ldS/ 2 

Og7/.2 . 
2s 1/ 2. 

J:d:ri2 
.' . 

Oh11/ 2'· 
.' 

.Oh9/ 2 " 

, ' 

- \ 

. :; 
" 

<Q 

4? 

s'ingle-part>ic1e enefgies in MeV.. The 
nuc1eu$ 56Ni is 'taken to he the c10sed 
shell. " 

.. 

Protons Neutrons 
~ 

7.64 . 

9.;1.4 .8.03 
" 

9.90 
o 

'a. 52 

""0 
8.12 8.83 

-; ~ 
..,1 

~ 1'0. OÔ ..fi' 
.9.46 

11..83 11. 97 

,9.99 9.1f 
J 

l" '" 
10.47 11. 00 

~...-'/ -... -- '"" 1 • 

" "'\" 
•• v 10.66-

~J' - " 
~ 

11.66 
/. 

, / 
~,...~ 

-:>~4. 96 . 
--', . ~ 

13.24 

12.31 ,... 
14.92, . 14.66 

< , 

-' . 
.. 

<",/ 

• , . 

• c:. 
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J . TABLE '2 • The Gand F matrix-elements of the residua1 interaction of Kahana, 
Lee and Scott 48 ). \ 1 

0 

, 
25 1/ 2 1P 3/2: ?~5/2 IPl/2 og9/2 IdS/ 2 og7/2 ld3/ 2 Oh11/ 2 Oh 9/ 2 lf7 / 2 Oi13/ 2 

.; 

G(AABBO) 0.,90" (h 515 I.G22 00523 0.5,16 0 .. 608 O.12ê (;.6<;'1 ().5ù!.;. 00611 0.163 ~.~18 
Û~51S O • ..3C;2 0.211 lo~ 0.494 0.280 o. t 71 J.~BO 1.278 0 .. 175 u,,6~6 Cc 914 : "t \ t 
1 ,1; 22 Coi 211 0 .. 177 n.~ 0.654 0.264 C.4)8e; o. 141 0 .. 515 0.258 tJ .. 239 \"'01:144 1 ( . .,523 10641 v.518 v.s 1 1j.315 1.724 '0.202 0.495 0.422 1.,557 () •. 141 ·li. 2 76 l (.~Slé 0.494- 0" é54 0 .. 315 0.6()7 00517 G .. 3,) 3 lou 33 0.374 0.597 CJ.385 0 .. .375 
\),,~O8 {J.28f) ù.264 1 .. 724 O.m' 0.195 O. 181 Oa 155 1. :51 t.l C7 t>.481 1.259 

\ (,0126 IJ.171 0.089 0 .. 202 D.30 , 0.181 <:'.840 .)0247 -00238 o .~17 00363 O .. 2t2 
'Co~99 Oar.ao 0.141 0~495 1.033 "- • 155 0.247 0.185 O~!;ié5 t;).2u3 0.761 0 .. 567 
~" 5;)4 1.278 0.515 O!»422 0.374_ 1. 51 0.238 0.565 Oa315 1.5«;4 0.196 0.201 

t 0 .. 611 0.175 0.258 1.. 557 0.~97 00 L G.217 ~1»2';3 1.594 CI w24 0.499 1.453 
\)0163 vo6J6 G.239 0 .. 141 0;385 O~48 0,,363 0.76_1 0 .. 196 0.499 O~.398 C .. 2-42 
0 .. 418 0.914 0.444 0,,276 0.375 1<>259 CI.262 \:,.587 0 .. 20 1 1.453 00 2tr 2 0 .. 108 

-----.... , , \ 
,1' 1 \_ , . 

'~, inn(~BO) li <> 702 0.549 C.672 0,,548, 0.632 0.567 0.509 0.476 (,.!:O~ 0.525 0.541 O.4é4 ,- ~ 

r,/'--' =,FPP(AABBO) 
~'o 5~,9 '0 .. ~42 0.266 10522 0.598 0 .. 3'8 00254- 0.258 1.39v ,0.261 0.684 1 .. 184 CD 
(.0672 0.266 ct·0 89 0.494 0.728 0 .. 272 0.,136 C.119 0.469 0.243 ü.567 Ci.442 , 
(.0.,548 1.522 0.494 0 .. 755 0.548 1 .. 517 0.317 ~ .. 651 0.694 1.341 (J".514 O.6e;4 

fil' 0 .. 6.32 0.598 00(28 0 .. 548 0.582 00615 C.43é 0 .. 787- 00511 00635 0",-54(, 0.473 
i- .. S67 \i.3t:.d .0.272 1.517 0,.615 0.296 C, .. 2·55 0.288 1.S53 O.2é6 0.637 1. '[5 é 
0,509 (;.254 0.136 U.317 U.436 0.255 0042C ,3.261' ".Jii3 0.266 ' O.37~· 0.293 . ,'" '" .. ' ''':)476 0.259 ti.119 0.651 0.787 0.28e {J. 261 o. 147 O.ofJ(l 0 .. 292 U.,85~ v.SSC 

'" ".504 --" .. :J C; 0 0.469-:-: 0.694, 0" 511 1.553 CI.3\i3 Û.6ÙO Of646 1.524 U.497 O~~O9 
(,0525 0.261 0.243 -1.341 0.635 0.266 a.2oé v.292 1 .• 524 0.2'50 {,.65b 1 .. 569 

-iJ,,541 ," .. 084 &;567 ".514~ 0.540 O~6"37 O.37e 0.855 0.497 0.656 (,.49(> O • .lo65 
0,,:464 1., 184 442 U.65,4 0.473 1~45é 00293 ~.580 \).6\.!9 10509 ~.465 C.558 

Fnp(AABBP) 1~ 764 1.150 1. 591 1.275 1.,409 "10 1 98 00889 .. 1.313 10188 1.161 û~99Ç t. (. 49 
1" 15·' 1.4C19 0.7,')2 2 0 914 1.233 le 318 0.560 00756 20432 lo111.1 1,,395 1. ç 1 1 
10581 0.702 0.510 1.029 1~322 O~715 0.501 U. S,55 Il. 9750 C .. 667 0.863 0.873 
1 .. 275 2.914 l.ü 29 2.143 1-.227 3~O 30 C.661 r.212 1.946 2.703 1.17û 1.7(;0 
1041)9 1.,233 1.322 10227 1.521 1.2(;9 0 .. 656 1.726 1.199 1.254 1.282 --1.131 
10198 1 .. 318 0.715 3.03() 1.209 1.347' 0.557 0.187 2.840 1.2M 1 • 23 7_ ' l'? .'4 69 
0 .. 888 C.560 0.501 0 .. 661 0 .. 856 0.557 1.248 O.olle 0 .. 661 0.577 0.8:32 0.655 
1.313 0.756 \Ï.555 1.212 1.726 0.787 0.600 O.70S. 1.183 0.7S6 1.53(, 1. 159 
1 .. 188 2.432 0.975 1.946 1.199 2.840 0.661 1.183 1.933 2.860 1.139 1.785 
1.161 1.141 0.667 2.703 1.254 1.261 0.577 C.796 2.stO 1.259 1.222 2.761 
O~999 I.JC;S 0.863 1. 170 1 .. 282 1~237 li.8C2 1.530 1.139 1.222 1.331 1.108 
1.1J49 1.911 0.873 1.700 1.131 2.469 0.655 1.159 1.765 2.761 1.108 1.739 

- ----.~~~ ~ 
,~-~.' .... 
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TABLE 3. The new Gand F rnatrix elernents of t~e residual interaction after the 
IL introduction. of the auxiliary Hamiltonian (section II. 4) . Ji 

lP3/2 Of 5/2 1P1/2 og9/2 1dS/ 2 og7/2 2s1/ 2 ld.3/2 Oh11/ 2 Oh9/ 2 lf 7/ 2 Oi 13/ 2 

G(AABBO) 0,726 0.515 1 oC 22 0.523 0.516 QI) 60S ,('.126 Co 6<;9 C. '5û4 Ou611 ~'. 163 r:.418 
~o 515 0.219 0.211 1.641 CI~494 O02ec ù.],. 71 ,:,.e·8D 1 .. 279 0.175 \:.oé06 t. .. 914 
1..022 - c. 211 0 .. 003 o~ 518 0.654- 0 .. 2E4- lJ~()89 00141 0.515 O.2t>8 ,j.23-9 Go«4.4 
1 •• 523 1.641 0.518 O04(J7 ".315 1.724- C.2G2 0.495 0.422 1.557 C.141 0.276 
t. .. 51f 00494 0.654 0 .. 315 0.433 0.517 O. 3e 3 1.033 0.374 0.597 \).385 0.375 
~) 608 0028i) C.264 1.724 0.517 O.IJ 21 0.1 el C.155 1 CI :51 0.IC7 0.481 1 12!,;C; 

Î C.126 c. 171 0.':'>89 Oo2C2 0.303 0.181 0.666 0.247 0.238 u.217 CI. 363 O.2ô2 .. 
40699 o. r;l3~ 0.141 0.495 1.033 o. 155 0.247 0,,012 0.565 ".203 (j07ôl 0 .. 567 
C,,,,5"4 10278 (j.51~ 0.422 0.374 1.551 0.238 0.Sé5 0.141 1.SQ4 0.196 00201 
V .. 611 0.175 0.258 1.557 0.597 0.107 C~17 Il. 2û 3 1.5';4 -0.150 0.499 1.453 
(;,,163 v.6<J16 G~239 0.141 0.385 0.48-1 Ci. 363 0.761 0.196 0.2.99 0 .. 225 0.2 .. 2 
('-.418 0.914 0.444 00276 0.375 1.259 C..Zf.2 ~.5 97 0.201 1.453 <,).242 -(>.0,66 

Fnn (AABBO) 
..... 

C.~42 0.123 0.426 -0.001 0'.206 0.075 0.263 0.128 -a.Oç8 -0."25 0.05(1 - G. 1 86 A 

= ppp (AABBO) Ci.123 -0.O~2 -O~O35 0.850 OaCi77 ·-0.294 -CI .1)4 é -I,j. 168 0.653 -0.412 0.u82 0.387 \0 

{.oo426 -O;(J35 0.n02 0.1·'5 0.427 -0.076 -0.ü38 -0 .. 127 0.044 -O;J 146 ü.22" -{ .• ~ 17 
-Co O~l c. 85.J C.105 -0.027 -0.124 0.741 -0.071 0.101 -0.257 0.473 -C~263 -0.374 

(; 0 206 0.077 0:0427 -0.124 0.147 0.013 0.135 '0362 -0 .. 226 -~.ù36 -ù.ü62 -00323 
(:0075 -(".294- -\1.(; 76 0.741 o .013 -0.312 -0.092 -0.203 0.7C1 -0.511 -û.u58 00537 
1:.',0263 -1),,046 -0.,(138 -00071 0011:35 -0.092 CI.333 Cl.O 1 6 -0. 122 -Ij.123 0.023 -0.1&7 
~~128 -Co168 -C.127 00101 0.362 -0.203 C~Olé -0.113 -O~Ju2 -0.258 iJ.363 -~. 0 70 

-0,,098 ".653 0.044 -0.257 -0.226 0.701 -0.122 -O~O~2 -U.310 0.572 -O.35~ -0.517 
-00025 -0 0 412 -0.146 00473 -1>.C.38 -0.511 -0.123 -0.258 "'.572 -0.531 -G.121 G05 .. t 

.-: .. 050 C .lt8.2 (·022..J -1)., 263 -0.062 -00058 o ~O 23 0.363 -0.354 -0.121 -o. 11 B -'0.454 
-C.186 00387 -00017 -0.374 -0.323 0.537 -O.lé7 -Go~7û -!)~517 0.541 -û.45~ -0.571 

Il <: J \ 
1 Fnp(AABBO) --.::. .D76 - 0.373 1.005 00220 1.044 0.073 0.479 0.123 0.351 0 .. 554 -0.129 -0.041 

C.220 0.269 Ci.044- 1.442 0.093 e.OGl -o.vge -(J. 175 "a820 -0.331 1>.078 0017Q 
10044 ù.044 0.130 0.179 0.664 -0.045 0.121" 0.018 ".045 -0.182 o. Il) 4 - Cla 1 3 2 ' 
(1.073 1.442 ".179 -0.243 -CI. 2~ 5 1.330 -0.188 U .. Oll -0.135 0.8(,4 .... 0.529 --0.5 .. 8 
C:.47Q 00093 O lt 664 -00245 00381 -0.lC7 o. 1 Cie 0.795 -û.413 -Q.217 -1.ù35 -C.61\) 

.' . (1.123 ~o(lnl -c').ù45 1 .• 330 -\l.107 -0.173 -0.203 -(J.287 0.979 -0.438 ~.283 ll.45è 
C- .351 - 0.U9'3 0.121 -0.188 O. 19 e - Q. 2V3 0.869 0.063 -0.270 -0.272 0.042 -0,,35(' 

/ "-.55~ -l'la 175 0 • .)18 0.011 0.795 -0.287 . 0.063 -0.051 -0.133 -O.4tJ5 Ci.455 - O. 263 
( -':tJ ~ 129 O~ 82\) 0.045 -0.135 -0.413 0.979 -O.27Ù -0.133 -0.346 0.779 -0.723 -0.678 
J(;.041 -0.331 -0,,182 0.804 -0.217 -0.438 -0.,72 -O.4Ü5 0.779 -0.640 -0.477 0.513 

-0.076 C~ù78 O.i~ -00529 -0.035 -0.283 ,0.042 0.455 -0.723 -0.477 -0.189 -0.902 
-(;.373 0.170 -0.132 -6.548 -0.610 0.458 -0.350 -Oô263 -0.678 0.513 -Cl.902 -0.92) 
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Values Qf 'Ef"a' in MeV at ~et;O tempèratf. TABLE 4. 
for 116Sn , ISSn and 120sn. 'The fermi 
1eve~ i8 denoted by L ~ ... 

" 

116sn 
1 -118 '120 

Sn ... Sn 
...... • .. 

. Orpit 
p.roton Neutron Proton' Neutron prot~ Neutron 

()'=8.98) y (}.::9.31) <).==9.62) 
4 

1P3/2 -0.12 0.24 -0.26 0.19 -0.37 0.16 

" 
Of5~2 1. 95 1. 39 1.81 1. 32 1.64 1. 22 

-
IP1/2 2.16 L86 2.07 1. 85 , 2.00, 1'.86 

0g9/2 2.49 3.78'" 2.38 3:74 2.31 . 3.72 

--- 7:30 IdS/ 2 7.58 7.32 7.55, 7.54 7.,29 
. 

og7/2 . 7.85 8.00 7.7S' 7.95 7.61 7.86 

281/ 2 8.80 8.40 8.77 8.39 8.81 8.42 

1~3/2 8.75 - 9.99 8.78 1Q .. 01 8.83 10.04 
" 

" 
Oh11/ 2 9.07 ,10.05 9.07 ~ 10.04 9.09 10.05 , 

Oh9/~ 14 .. 85 12.91 14.8_5 12.9"1 14.80' 12.89 

" 

1f7Î2 14.38 13. ,74 .. 14.51 . 13.78 14.64 13.82 

Oi13/ 2 17.09 16.120 17.20 16.:25 " 17 __ 32 16.31 
! 

! , 1 -
1 

-
/' --, 

" 

d 

" 
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III.1 Resu1ts 
. 

Figure 1 shows the energy dependenee of the density of .. , , 
f h 1 · 116 118 120 ~ states or tenue e1 Sn, Sn and, Sn. For even Sn-

isotopes, the experirnenta1ly measured quantity is , 

1 
/' P = p(E, l = 0, +) + p(E, l = l, +) ... 

'" In figure 2, P for 116sn , 11BSn and l20Sn are plotted against 

excitation enérgy. Th~ ex~erimental values of p for each of 

the three nU91ei a t neutron sep.a~ation epergies 49) a're also 

shO\v"n in the· figure. 1t is seen that our cal.culation under-
.-

estimates the l~vel densities by a factor of thirty or worse. 

Discrepancies of the arder af 100 for these isotopes have 

heen mentioned in the 1itèrature before3l ) '. 
, 116 

For the nucleus Sn, ca1eulations were also oone) as-

suming no pairing correlation -to exist. Figure 3 eo~pares 
.N 

th t d . t . f 1165 1 1 d . h d . h esta e enS1 1es or n ca cu ate W1t an w~t out 
\ 

pairing. It is seen that the density of states is much higher 

if nq pairing correlation is assurned to exist. 

Simple pairing force calculations (Section II.7) were 

also performed for the three Sn isotopes to determine if there 

were signifi~ant deviations fram our ealcu1ation with rea­

listic matrix elements. To do this cornparisan, we obtained 

\ 

the quantities €a - ua from our zero temperature calculations 

(Table 4). With these fixed, a pairing force ca1culation was 

done in which the value of gn was varied. (Since there is no 

pairing on the proton 'side~ the value of gp is immaterial). 1 ~ 
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a value of 9 = 0.1495 HeV, the n 
l16sn gives a density of 'states 

from our calculation except at 

r ., _____________ _ 

pairing force calculation 

which i5 ind.istinguish-

and near the critical 

t~rnperature (Fig. 4). The density of states·obtained from 

the pairing force calculation has an abrupt rise at the cri-
\ 

tical te~perature. This is due ta the fact that in a ,pairing 

force calculation, th~ g'ap pararneter t. decreases wi th tern-
I 

-""1.erature until, at and above a critical temperature, t. ,= 0 
'\ 

and' the pairing correlation disappears'altogether (Fig. 5). 

(Eqs. (11.1) and (II.6») decreases suddenly 
1 ' 

'at this ternperature resulting in a sudden increase in the 

density of states. In our calculation with realistic matrix -
, 

e~ements, th~ gap parameter 6A has different values for dif-

ferent orbitals and therefore all;of thern do not vanish a~ 

the sarne temperature although they do vanish within a small 

range of temperature.' 

pairing force calculations were also performed for the . 
'n~lei il8sn and l20sn taking the sarne value of g. The 

1 n 

density of states for these nuclei were found 'ta be almost 
o~, 

identieal to that obtained for 116Sn . O~ the other hand, 
, , . 

our ca1culation 'with'realistic matrix elernents gave differ-

ent state dénsities for these three nuelei (Fig. 1). 

CalculatioDS done in this chapter show that it i~;pos­

sible to incorporate realistic interactions in computing 
1 

nuclear level density. H9wever, our results thus far have 

gros$1y underestimated the exper!l!lental data. 1 The reaso'n;s 

._ ......... _ .... _. __ +_,"''' ........ ''''!''''''*JL_., 
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for this are explored in the,following chapters. It is temp­

ting,to put t~e blame'on the matrix elements used. However," 

this 'is unlikely to be the reason a~ Lee 42 ,47) fits low 

energy data quite weIl. Anoth~r possibilit~ is that,the grand 
-

·partition function approach is.very inaccurate or that not 
~ 

enough number of configurations have' beert included' in t~e 

model spacè. \'le investigate these possibilities in the next , 
l, 

chapter. The third possibility is the most inte~esting one. 

In our calculations we assumed that Sn isotopes are spheri­

cal in the ground state (zero temperature) as weIl as at 
) '..... --

finite temperAture. The q~estion of possibili~y of shape 
" 

\ change at finite temperature is dea,lt with in chapter V; the 

resulting change in levei density is quite profound • 

l 
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'\ 
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FIGURE 2 .. The level d s~ties for the nuc1e~ Ca) 116sn , • 
(b) 118Sn nd' '(c) 120Sni p is a sum over t.he 
levels of spins 0+ and 1+ with only one mag-. 
netic su state included for each spin. The 
eiperi ntal values of p for these nuclel are 49) 
,denot by the symbols 'x, + and 0 resrectively • 
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. 4[ CHAPTER IV 

IV.I Accuracy of the grand partition (unction approach. 

The purpose of, the work done in this chapter is to ob-

tain sO~é idea Sf the accuracy in a gr~nd partition function 

approach. For the ca1culatidns in ~his chapter, we take a 

-'~--- \-~l'ure::~:::e:O::::e for which exact calcu;atiOns aretabe 

( 

,,;~1-,~., ,done must be, s.emi-realistic. A completely re,alistic valence 
" , 

space is too large to ~andre exactly. Exact calculations, 

therefore, "'ere done in a moderately large space. 

h t ' l' t d' d 1165 d 117 T e wo nue e1 5 u 1e are n an. Sn. These are 

regar~ed as 16 ,and 17 ne~trorys in the orbitaIs 1dS/ 2 ' 097/2' 
".... ~ , 

, , 

2~ 1/2' Oh l112 and ld3/2 • The sir:gle pa,rticle en,ergies for 
. ." -' '52) 

neutrons àre taken- from Kisslinger and Sorensen· and are 

listed in Table 5. The pairing fOl;'ce strength is 9 == i 3/A 

MeV. The exact diagonizations were done using Kerma~'s 

quasi-spin formalism52 ). In spite of the'simp'lification that 

this forma1ism provides, sorne of the matrices were quite 

large. The largest rnatrix in the case of l16sn w'as llOxllO. 

The code for doing exact calculations with a pai,ring force 

• d 1 db' h50 ) was eve ope y B.C. Smlt . 
1 

The results of matri~ diagonalization are shawn in the 

form of histograms in F~gs. 6 and 7. Exact level densities 
, 

obtained from a pu,e pairing force exhibit significant fluc-

tuations. 
~ 

Sorne of these fluctuations are not real but rather 

. 
~, 59'" . 
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result from the simple nature of the pairing force which leads 

l' 

1 Il 

to m~y degeneracies. It is, des~rable ta smooth these fluc-
. 
tuations in order to compare with results fro~ approximate 

\ 

grand partition, function method which provides a smoothed 
/' ,1 , 

~ensity. ~"e smooth the exact level dens~ty by using the' 

s~ddle-point method. 
l 1 

This requ~res the following-steps. 
i 

From the exact eigenvalues one can obtain 

The exact density is related to Zc by 

p (E) :; 1 
2ni 

- 1 

The integral is evaluatedby the saddle-point method and 
:\ 

leads to 

p (E) 
2 2! = exp [in Zc (6 0 ) + 13 0 EI/ [2n «E? -, E )] 

-, ". l'lhere ' 
-.r .. ;~ . 
. .... ~~ . ..-r 

~, 

<E 
2> ='" 2 - BE i . 

1- E.'e IZ {BO> 
_ \ J. C 

,'­
" 

, 
1 -

In the present context, the main feature of the saddle~point 
-

method is that it converts a discreteqdensity into a'srnooth~ 

one. 

, . 

" • 
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. The smo~d densities obtained from the exact calcuIa-
\ 

tions are given in Table 6. 

,Using the same set of single-particle energies and the 

same pairing force, level densities for l16s~ and l17Sn we,re 

also calculated by the approximate qrànd partition, funct.j.on , 
.method (Section II.7). These levei densities are compared 

with smoothed'exact densities~in Figs. 8 and 9. The approxi~ 
" l ' 1. 

mate method is cQrrect to \o,Iithin a factor of two. One fea-
• 

. ~ ture of the approximate caiculation 'is that·it unde~estimates 

1 the levei density below the criticai temperature and over-
\ 

estimates it above "the critical temperature. 

If ~e now comp.are the exact model space calc'ulation with 
• l '" • 

,èxperimehtal data 49 ) , we find that ~e underestimate the ex-

perimel'ltp.l densities by a factor of 2,5 ,in both l16sn and' 
1 

117 Sn. ,The f'irst remedy that cornes to mind is to increase' 

the valen'ce spaceo. In, t..l-tis increased space (see)'Table 7), 

exact calculations are not possible. We use ~he approximate 

grand p~rtition function method of Section II.7 sinee it was 

a reasonable ~pproximation in the model space. (For the 

level density of odd-partièle system, see Appendix X). When 
, 1 . 

in,?reas:ing the ,valenc~ space, the value of the pairing ~con-
4 • , 

sta~t g has to be decrea-Sed sych that the gap' 6, .a,t zer6 
, i • 

temperature remains unchanged. The resu~ts of 
o " 

the,. laute'r . "\. 

1 1 , f 116 h' F' 10 space ca cu at~ons or Sn are s own ~n 19. . 
\ ~ 

Th~re ls 
:t 

np significant improvement in the results from our previous 

. , 

ealc~lation with realistic matrlx elements. It ls POSSi\l~ 

u 
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c 

, ' 1 • 

(; 

'0 

,to ~tain the correct experimental data by further reducing 

the value of 9 by more thin 20%. Hbwever,'this reduces the 

value of "6 to unacc~ptably low values • 
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TABLE 5. 
J i 

Neutron shell model energies for exact 
calculation in model space. 

~ 

Q 

Orbital Energy (MeV) 
/1 

0 

~ 
0.8 ., 

; 

\ 
1.3 

1 1 

Oh11/ 2 . 2.5 , 

... 2.8 

\ ' 

" 

; 

.. 
il '. .. 

l · -
\ 

... 

, 

, . , 
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TABLE 6,' The smoothed state density /.il (E) and 
srnoothed level density'p(E,I,n) for 
116Sn and 117Sn resu1tinq ftom an 
exact calcula~ion in the model space. 

116Sn 
Excitation 

Energy 

w(E) w(É) 
,- (MeV) (MeV-1 ) (MeV-~) 

5 3 x10 3 
2 x10 4 

6 1. 3x104 
, . 

x10 4 7~ 

7 4J:t104 1 xl02 2.3xl05 

8 1.4x105 3 xI0 2 l' 6.5xl05 

9 4.2x10 5 6 xi02 1. 6xl06 

, " 10 1.1x106 l xl0 3 .. 3.7x10 6 

Il 
J 6 

2.6x10 , 
/ 

3 xI0 3 7.5xl06 
. 

12 , 5.4~106 6 xl0 3 1. 4xl0 7 .. 
13 -- 7 1.0x10 1.lxlO~ 

,. 
2.3x107 

lit 1.9x10 7 
, , 1.8xl04 3.4xl07 

, 

15 - 3.0x10 7 3 x10 4 • 4.Bxl07 

.., ! / 

\ .. Il • 

• 

.. .~ 

~ ( 

/' ..... 
:; • /' 

" 

er tH" 

i ! t,j teS! 

'-

lL+ 
,/ p CE'2 > .. 1 

. (Mev:,"l) -

/' 

2 xlO 2 

4 xl02 

9 xl0 2 

2 xI0 3 

4 xl0 3 

7 xI0 3 

'4 
1.0x10 

1.6xl04 
, 

4 2.1x10 _.-
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" • 
! ,(': 1 '" f' TABLE 7. Shell model energies used in full space ~: 
r calc~lations. These energies'were cal- -

" 
culated for'a spherical Woods-Saxon 

* 
potential weIl (a,)' Th,e energy scale for 
the~eutrons has been shifted so that 

-7"" the Id5/ 2 orbital has zero energy. ... " t· , 

(MeV)/ 
l 

Orbi·tal Energy 
li 

Proton' Neutron , 
.. /' 

Of 7/ 2 -15.695 
./ 

Of 5/2 0, -11.224 

IP3/2 -10.759 ,-

'. lPl/2 , 9.637 

1 
,/ 

.og9/2 ' - 7.701 -4.6.j 

1dS/ 2 2.508 0.0 

Og:/ /2 - 2.489 0.8 
# 

2s1/.2. ... 0.669 1.'3 

1d3/2 0.750 2.8 

Oh1l/ 2, 2.5 
~ 

If7/ 2 j -" 7.6a 

2P3/2 .' 8.92 / • 
2Pl/2 9.63 

If 5/2 /10.24 ; 

l' \ Oh9/ 2 
" 10.28 )', 

, * • 
", ; 

, , , 
(a) N.B. de Ta.kacsy., private communication, 1977. ' y l ~ ,. 
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FIGURE 6. Histogram of energy levels for 1~6sno The sol id 
line represents the atate density w. The dashed 
line ~epresents the level density p.. It is a sum .. 
over the levels of spin 0+ and 1+ with only one 
magnetic substate included for each spin. 
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Sta~ density and level density for Sn. The 
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/ 
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. sol d lines represent the densities obtained by 
srno thing the exact results by the saddle-poiht 
me od. They correspond to the histograms in . 
Figure 6. The dashed lines represent the approxi­
mate densities obtained from the grand partition 
f~ction method. 
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100~ ____ ~ ____ ~ ____ ~~ __ -L __ ~-J 
J 6 9 ,~ , 12 

E* (M~V) • 

State density and level density for 116sn re­
su1ting from the grand partition function rnethod. 
The solid lines are the sarne as the dotted 1ines 
in Figure 8 and resu1t from a calcu1ation in the 
serni-rea1istic soace defined in Table 5. The 
dashed 1ines giv~ the resu1ts for the fu'!l 'spa ce 

. (Table 7), ,The, dotted line~ are obtaineq by re­
péating the full space calculation but with the 
pairing force reduced by 20%. This gives closer 
agreement with the experimentàl value indicated 
hy x. Unfortunately this reduces the pairing gap 
A from 1.234 MeV to the unrealistically low value 
of 0.714 MeV., ' 
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IV.2 Discussion 

, We thus reach the conclusion that provided one takes 

realistic' single particle energies and reasonable values, of 

the pai,ring fo,rce, the spherical model will grossly under-

estimate level densi ties in Sn ~sotopes. I.ndeed, in fitting 

-nuclear level densitt data over a wide range of the nuclear 
4 . 

periodic lable,. Dossing and Jensen 31) also found a similar 
,) 

discrepancy for Sn isotopes, One reason for this failure 
J -

may b~ the following interesting possibility.' As i5 weIl 

established, the Sn isotopes are spherical in the ground , .. 
state. The formalism developed here, assumes, as most other 

, ' 

calc~tions do, that nuclei;which are spherical in the 

ground, state, remain so at higher'excitation energy. ,If how­

ever a large number of excited intrinsic states at about 8 

MeV in these nuclei are' deformed, tf1,en rotational states 

built-upon these deforme~ intrinsic states will Iead to a 
r~ Î 

large incr~a3e lin levei density. 5uch increase can be as 

. high as a factor ,of forty3l, 34)_ in the weIl deformed region. 

It is well-known that the major feqturés of the resi-
, 

~dual_ interaction can be simulated by two forces--the pairing 
~ 

force and the quadrupole force. ' 50 long as the n~cleus re-;-

mains spherical, the quadrupole force makes no contribution ~ 

to the energy of the systern~ The deformation of a nucleus . 

i8 thè result of two competing effects; • 
~.pairing force 

\ 
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, 1 
which tends' to make nuclei spherical and the quadrupole force 

v 

which favors deformation. In Sn isotopes, at zero teMpera­

ture the pairing force dominates ànd a spher~cal shape is 

favored. However, as mentioned earl1er, the pairing effect 

decreases with increasing temperature and 6 drops in value 

as a function of temperature. But if the effect of pairing 

force is reduced, what keeps the nucleus from deforming? Of 

course, finite temperature tends tp wash out the eff~cts of 
.J 

\ ,the quadrupole force as weIl; however, it ~s a matter of dif-

ferential effects that one has to study. This can be in­

vestigated by adding !he quadrupo~e f,orce to the pairing 

Harniltonian and calculating the energy surface against defor-

mation at zero temperature (ground state) as weIl as at 

finite temperature (excited states). At zero temperature, 

the shape is s~herical; at finite but still low ternperature, 

the pairing effect is weakened and the quadrupole force may 

take over, giving preference to a deformed shape over the 

spherical one. Provided nuclei ~o faver defermation, lt is 

clear that a different formalism should be used to calculate 

level density at the appropriate excitatibn energy. 

The formalism developed in chapter II ta calculate the 

level dénsities for spherical nuclei may be 'generalized to 
, 

include cases where shape transitions can occur., However, 

numerical calculations become difficult with generalized , 

interactions. Therefore 1 to study the effect of de'formation 

on nuclear level densities,. we are ~onstrained to use a 
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-1 lit 
( plus force instead of 

i' general t~o-body pa~ring quadrupole the 
" 

;-
interaction. ' 

Quite apart fram the question of le~el density{ the- pos-, 
r 

sibility of deforrnation at finiti=! tempe,rature/in a nucleus 
/ ~ 

wh,~h is spherical in its ground state Js interesting in it-

self. 
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CHAPTER V 

, 
V.l Pairing plus q.uadrupole force at finite temperaturE!. 

We take the quadrupole force to be 

vq",2) (V.l) 

The other' part of the resicluai interaction is the pairing , , 

force. At zero temperature, the energy vs. axially symmetric 

deformation can be stu,died53 , 54,> by the following procedure. 

(1) Oiagonalize the one-body Hamiltonian 

(V.2) 

to obtain eigenvalues Here HO is~the)shell model part e: • a 

If we equate 0 = mw? 132 , where w is the 
, , 

and/o is a parameter. 
~l -

app'ropriate osc,il1ator frelJu~ncy, then 13 2 is closely rel~ted 
! 

to ,the quadrupole deformation p~rarneter of the Nilsson model: 

'f 

(2) The'pa1ring force problem is now solved on these de-

formed orbi taIs. o"This means one solves the riurnber egua.ti(;)lJ 
. 

and t.he gap equation: 

e: -À 

N = E (1 - _a_) 
a>O E a 

(V. 3)' 

.) 

C? 

2 r l 
;jl - = 

Ea 9 
, 

a>p 
(V.4) 

/ 
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w\)ere 
, . 

E a 
"(V.5) 

Jhe energy of the system" as a function of deforrnation is 
, 

given by .. . 

(V.6) 

where \ 

·rV.7) 

, . 
,An' extremum in energy is obtained whenever 0 = 

The genera1ization of this ,procedure ~ a given \ finite 

t~mperature t( = !) leads to the fo11owing steps. 

/ 

, 1 

----.. e 

f,) Same as (1). 
1 

; , 
,~. ) One solves 

E: -À 
N = E [1 - .3!.- (1 - 2f )f 

. E a' 

" 
a> 0 

E 
a>O 

where" as .fore 

" a 

L (1 - 2f ) 
Ea' a 

" .. 

" 

, . 
(~ 

CV.8) 

CV.9) 

• 

• 

: . 

. , 

, ' 

T 
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and 

The energy of the systém as a function of deformation is 

'givèn hy 
\ 

. 
~ 

1 

122 
'2 XQO' -~ Il /g 

wllere 

1:2 1 1: <é' ,r ' Y 20 a~ [1 -
a>O 

(1-2f ») a, 

.The free energy ia given by 
~-, 

F = E - 'tS , 
where the entropy S is 

. (V.IO) 

<v. 11,) 

, 
5 = - (V.12), 

, 
; 

The condiFion 0 = XQO gives an extre~Jm in F55 }. If there 

~: ' .. are more tha~ one self-consistent sçlutions 1 then the one .. 
which gives the minimUm value of F should he chosen. 

1 II< 

The results of·such variational ~alculations done on 

the nucle~s Il;sn are shown in Fig. Il. The var~ous shell' 

model Bingl~e particle en~rg),~ used for Nlis calculation are' 

• 
'" .. 

- r 

2 
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sarne' as given in Table 7, (chapter IV).. The results unfor-

tunately are sensitive te the relative vaiue of 9 and X. 

, " . . The resu1ts shown ~n F~g. Il are for fixed 9 = 0.16 MeV. 
o n 

~ive~ ~n ~ 1.3 MeV in ll6sn in the spherical zero te~-· 

is immate~)al. perature limit. since f, 
p 

0, the vaiue of 9 
P .. 

The value of X lies betwéen the values of Ref. 53 and Ref. 

54. Effects of srnall variations in the value of X on the 

free energy curve are shown. ~ve find that shape transition 

can indeed occur. At zero ternperature, the free energy is 

equiva1ent to the energy of the system and,it rninimizes at ..... .., , 

zero deformation. Yet at finite ,temperature, the free ehergy 

may minirnize at non-zero d'formation a1though the variation 

of free energy with deforrnation is notgreat. If one nOl" 

takes th1s de~o~ation as the proper static deforrnation and 
. 

perforMs a standard rotational model ca1culation for level 

density, very large differences from the values in sections , 

(111.1) and (IV.l) are fo~nd. 

Although the free energy against deformation curves are 

felatively fIat, the energy against deforrnation curves vary 
, , 

more rapid~y. They aIse tend to favor larger deformations. 

V.2 Level density using the rotational model. 

The rotational model formulae for level density30,3l,3~)are 
J 

quite straightforward. Assuming a ~ef.ormation' 13 2 == - 0.104 ,. 
(the free energy was minim~ at this value of deformation at 

1 

temperatu~e T = O.74j MeV and the corresponding excitation 

• 

,­, 

1 
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/ 
ener9,N was 9.51, UeV) we ca1cu1ate Ill. t (E) from which p. t . 1n r. 1n r. 

. '. 

1 
(E 1 n,J is obtainèd: 

f, 
1 

,1' r : 

(E fi) (2 "oÂ,) P. t ' = .. l.n r 

-, 

-! 
, CV.13) 

. .. 
,'wher'e p. t' (E,O) is the 

1n r ' . 
level density for many partic1e" states 

,aoh'of which ha~ magnetic quantum'number t and 

1 
(V.14) 

o 

In Eq. (V.14) k is' the megnetic quantum ~umber for each' 

N~I~son-type oribital. Now 

(V.IS) 

and the rotational model prescribes 

(V .16) 

\ 

~_/" 
/" 

where 9
1 

is the moment of inertia about an axis perpendiculàr 

to the syrnmetvy axis., Cornbining Eq. (V .15) a,nd (V .16). and" 

\'iith the/' usual approximation, one fina11y obtains 
" 

Q 

1 sh2 2 
p(E,I,+) ::: ï E Pintr(E,O) exp[-, "2'r {I(I+l) - n }) 

J. 

" • 

n~o 

f ' 

...... ~--~----------..... d.,.,.& ........ L • ~ • '. > , .... "'.. t. ",' 
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The rigid body moment of inertia is used in this calculation. 
, . 

Because only level densities for l ~ 0 and l = lare needed , 
to compare"with!experimental data, the calculated value for 

r 

level density is insens1ëiye ta the c?oice of Ji. )Reducing 

l
L 

by a factor of two changes' the calculated level!density 

by a few per cent. 
\ 

The method outlined in t~is section gave p(E,O,+) + 

- 4 -1 116 p(E,l,+) = 6xlO MeV for Sn at the 'neutron separation 
1 ~49) 

energy. The experimental value is (2±.8)xI04 'MeV- 1 The 
, . . 

spherical model (section IV.I) gives 2xl0 3 Mev- l • The neu-
1 

tron ~eparation ene'rgy is, 9.56 HeV. At this energy, with 

.our -torces the gap 6. has already gone ta zero. ~~e know from 
n 

\. 

the exacn model calculât ion in section IV.l that above the 

cr i t ical tempera ture the, grand parti tian func'tion me thod 

overestimates the exact level densi~ies'4(LoOked in this 

lignt, the deforrned model 'is in much better agreemen,t wi th 
, 

experiment\ than the spherical' model. 
A 

V.3 Conclu&ion. 

The present work ha6 two main objectives. One 

obtain the level densities for spheriçal nuelei with 

interactions. 
(l 

The )econd mo~ivation for tnis work arose as 

of this seudy above. It was found that it is not 

achieve agreement with the experimental data in Sn isotopes 

using a spherioàl moqel. 1 If one considers the quadrupole 

'. 
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force in addition ta the pairing force, quite intere~tin9 /" 

features emerge. In the cas.es -investigated, the nuciLe'us 
, 

~ll6sn) i5 sp.)-rical in the ground state, yet, it is rre 

proper ta think of it as bein~ deformed-whe~ considering ..... 
, 

8-9 MeV excitations. While-this is an idealized model, it 
... 

is m~ ~alid th~n a simple spherical model for level den-
, 

sities. "It will be very interesting ta ve~ify if s~milar 

results are obtained with 'more realistic interaction • 
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! ' APPENDIX l 

/ . ( 

JJ 
THE SAODLE .... POINT METHOD 56) 

i 
1 
1 , 
1 , 

lA!t us consi.der an inteqral of the type 

/.) 

where f i5 a real function of al"'" an" In evaluating this 

expression, we will assume that the integrand ls a rapidly 

varying function of al , ... , a • n Thus, the main contribution· 

to the integral cornes from a small reqion around the point 
1 

(a 10 ,a 20 , .•• , anO)' where the integrand is stationary. 
/ . 

This 

/ poi~t is called the saddle point. The conditions that deter-

• 

mine this saddle point'are 

'-, 
af 
âail = 0 i = 1 n. (AI.l) 1 ••• , 

(1iO • 

. Let us therefore assume that we can choose the paths of 

integratiQn so that they go through this point. E~panding 

the exponent f in'the integrand in a Taylor series around thr 
\ 

point (a lO ', ... , a nO ) ~eterrnined ~y the conditions (~I.l), we 

obtain 
" 

1 1 
' " fi(a

l an) = f(a lO anO) + 1: (a"i CliO) 1 ••• 1 , ... , '2 -
i,j 

'(, ;l2f 
x (ex • - Cl j 0) + 

J ôa. ô (1.1 
• • 

.~ J 0 
.lJ , 

1 

• 1 82 ": 

.. • .. 

\' 

.. 
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Let us write 

ai - a iO = xi 

, t 1 

Then, up to second order, 

, ... , 
• > 

Now, by a linear orthogonal transfo~ation 

x = i, t c. y 
m ~m m 

{AI.2} 

.. 
the quadratic form, LX, x. ,fi' Céln be diagonalized to 

• . 1.) JI • 
1., J 1 2 

1: y. F. 
• ~ J. 
~ 

where Fl.' are the eigen-values of the matrix f, .• 
1) 

Then 
.... , 

l = exp [f(a l !> , ••• , ana}) 

~ l n i'" 
= exp [f (ClIO ' .... ana) '2'1fi)" f dy 

1 

ioo 
f 'dx 

-ioo n 

"'t 

~ 
'100 
f dy 

n 
-1'" -i'" .... 

'\, 

where 

\. 

)--' 

exp (~. E -,y'~ F.) 
il (Xl xn) 

x 
il (YI Yn ), j -~ • l 

t a (Xl •• ", xn ) , 
- " 1.3 -a (Yl ... y ) the Jacobian o,f the transformation from 
, n 

y. and ia equal 
1. 

,f 

to'the determinant of the matrix 3x./3y. 
1. ) 

" 

1 , 
1 

1 1 

-' . ;t':\ 
J f~ '1 

l} 
~ 

~ k. 

t; 

L 
j 

1 
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. 
which by (AI. 2) is detIC .. 1 =1., sinee the transformation is 

1J 
orthogonal. .. -. 

Let us now write 

. ':Yk = iZk 

and obtain a Gaussian int~gral 

'" 

. .. l 
l =, n exp[f(Cl lO ' ••• 1 

(211 ) 

exp (- l E F. 2 
)( 

'2 Zi} 
~ 

= l exp lf (a lO (2'1f) n 
' ... , 

where we have used 

l- CI) 2 =r-! -ax dx e a 
-co 

\ 
\ 

co 

anO) ) f 
-(JO 

anD) } 
(FI 

"" 

-, 

In ordér to evaluate this integral, 

\ 

co 

! dZ I dZn 

" 
-CiO 

(2'1f)n/2 

F2 
F )172 

n 
... 

aIl the eigen-values 

Fi must be, positive. Now, the ,product of ~all the eigen-va:lues 
j 

of a matrix i5 equa~ to the determinant of the matrix and 
[> 

ther~fore we ~inally obtain 

.t? 
(AI.3") 

, " ) 

'''''' 
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\. APPENDIX II 

DENSITY OF STATES IN THE HARTREE-FOCK THE ORY 
• -

Let us'consider the case when pairing correlation 1s 
, 

either absent or unimportant. Thus at any ~emperature, the 

nucleus'is a system df independent particles. However the 

system ~ow is not necessarily spherical. Therefore, the wave 

functions of orbitaIs can change as a function of temperature. 

The Hami1tonian (H - ÀN) is given by 
. , 

= r. (T \ 1: ) t + l t' V ' ct t , ab - Il U ab ca cb '4 Û acbd, a c ~ cd cb 

(AII.I) 

where Tab is a one body part and V~cbd is an antisymmetrized 

two-body matrix element, and for convenience, taken to be 
-

rea!. Ïf in sorne orthonormal sing,le particle basis '1 a > , we 

can reàuce the Hamiltqnian to the form 

il 

ttnen the grand partition function will be given as 

-Q (H-ÀN) 
Z = Tr e ., 

-pK -etE -À) 
= e Il (1 +e ~,) 

~ . 
The probab~lity of occupation' i11 the state la> is 

and 
l' 
i 
\ 

\' 

... 
85 

(Allo 2) 

(Allo 3) 

" 

. " 

1 

i 
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/ t 

" , 
(AII.4). 

~ 

The basis la> is not a it can be expanded in 

terms of sorne known fixed basis. 

Let us define a normal product 

Using Wick's theorern for the grand canonical ensemble, we 

write -
... 1" 

H },N = AO f A
2 

+ A
4
' 

with 

" 
E(Tab-Ào ab ) 

t 1:. E V <ct t 
cb> AO = <ca cb> + acbd ci> '<Ca 2 c 

) 

= E CT -À) f + !. E V f f a. a 2 acac, a c 

.~~ E (Tab -Haq) 
t , : C cb a ,. 

, l' 

=: LCT b- Xo b) (ct cb-ô b a . a a a 

A <*:: !. r 
\ . ' . t " t , 
Vacbd 

. c C' Cd 4, 4 . a c 

Neglecting A4 we obtain 

,. 
H - ÀN ::: 

/ 
. 1 

:::: - 1:. E Vacac ~ f f + E [T b + E V f - À ô . ] 
2 a c \ a acac c ab 

r 

x ct c 1rl ... (Allo' 5) a b 

0 . ~ .. The above equation shows that the ba§,is la> is to be chosen " 

.. 

01 ., ..... 
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such that 

Tab + r V acac 

87, 

" 

Then-the grand~ ~ari:ltion~ function will be given by 

I -6 (E -).) 
Z = exp{'2 a r v f fb} fi (l+e a ) 

abab a a 

and therefore 

I -s (t: -)d 
ln Z = B 1: V f fb + r Ln Il+e a t ) 

'2 abab a 

(AII.6) .. 

It is convenient to introduce a Il fixeq-'-' basis \1 A> in 

terms of which the H.F. orbitaIs can be expanded 

(AIL 7) 

l , 

where we, take the transformation coefficients daA to be réal. 

We have, for example, 

<c.t c > ~ 
A B 

The Iogarithm of the grand partition function can now be writ-

ten a6 

·tn Z 
l - Sc( E - À) 

= '2 a E VÀCBD PDC PBA + E tn (I+e a ] 

(AIL 8) 

where 
, . 

• 1 

i' ,; 
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( ~' " 
\. 
'" 
~\ 
~ 

" , ,. 
1 

" !\ 
" 

\ 
1 

" . ;, " -
If " 

~~ . .,.,...-.... "'M , . .- dl • 

1 

.. 8s1 
1 

1: (TAB 
+ L VACBO poc] d = r; d 

B CD aB "a aA 

+ L daA(TAB 
r VACBD p DC) = d r; 

A CD aB a, 

d
2 

1: == I-
aA t 

A 

1 - • 

We now need the derivatiV:es of in ... Z and an expression for-
1 

1 

entropy. 1 0 

f 

il R.n Z 
N'!:::: aa 

= 1 Cl in Z 
"if ";n 

= 1 Cl '2 IT E VACBD 

Physi~ally~ th~ answer must be simply E fa and hence the two 

terrns 'of Eq. (Allo 8) must cancel each other. t'le have 

, 

l ilpoé 
~ '2 E [VACBD(-ar-) PBA-+ VACBD 

, 
• 

. -

'. 

c, 

i' 

----.,~--------------.. --_.~ 
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~,1. . , , 89 >, 

de: a , . 
1: fa 

a -'r f r lo A (TAB 
+ 1: V P DC) d ] ar - a ax- AB a CO , ACBO aB .' a , 

r ~ . 
~ 'Jo. ap oc = I: fa d

aA 
I: VACBD , (ar) d 

aB 

ad 
+ ! .fa ( a~~') [TAl3 + E VACBD POC]' daB -

/ 

, . • a j) b' ,,- a d' 

= . I: P VACBO ~ + I: f (~) e:" d ~A d JI. a d À a aA 

1 

" 

= 

'" • 0 • 

Since Ln any var1at1~n, the norm of the vector must,he con-

" .. 
; serv€d, we get 

"11{' 

." 

. 

" and therefore' 

N = 

Consider 

-E 

". . 

.. 

I: f 

<t\ 
now 

a" = 

1 
= 2" 

a 

in Z 
d/3 

I: VA"CBD POC 

• 

\ 

PBA 
+ 1 
·2 a 

de: .a-
- E E ~ - a E fa ---( a a a/3 

" 

.. .. ~. 

, .. 

, . (AIL 9) 

., 

E 
a 

VACBD ae (P OC P·BA) 

,. 

\~ 

1. 
/ 
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(! '" . ", 
Using techniques as ~efore, \ 

. ' 
6 ~ ( , . " 

~ Il tn Z - 1: L VACBQ .P ,oc' P Bi li fa 
/ . 

aa e: 
2 a . , 

1 , ! " 
= 1 • 

Vabab f fb 1: f" ~_ (AIl _,10) 2' L e: 
a a .. a 

,C> 

The expression for entrop~ will be 

s == t n Z - aN + a E 

-B(i -À) 
== 1. f3 L V b b f . f

b
' +. R. n .[1 + e a ] 

2·· a a ' al' 

- B À Efa !,6 E Vabab,fa fb + BE e: a fa' 

== B E (e: -À) f ~ ~n 
1 .. 

a a ,-a (E -À) 

l + e a 

loif 
= L f 't'n [TJ - E ,R,n [1 - f ] 

·a a a 

", . 
• L ~ 

\ 

= - t [fa "1p f + (l-r) R,n(l-f )]. 
a . a a 

:.~ (AII. LI:.) 

which is the sarne as obtained for non-interayting fermions •. .. 
We alf?o need the 'second' der i va ti veJ of ,.tn Z. ~ey ar7 . . 

given as 

" 
a2 

~ri z Cl fa 
= E 2 -;aa • 

'!la 

!le: -
E f (1-f ) (1-6 a = aa-) 

l a a . 

a2 
1n Z 

Il f , a = - L e: a ---aa .' aa 2 

/ 

'\ 

~ / 

cl .. 
\~ 

/ 

'1. 

" 

.. 

1 •. 
.• f: 

• '!j ~ 

... 
-
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91 ,-
1 fr 

\ .-
t., 

a E> 

1: f (1-f ) (e:.+8 à = e: aj3'> a a a a 

a2 'tn Z a2 tn Z 
af af \.. 

= = 1: a = 1: 
a 

aB e: --ra aaas aaaa a 
o 

~ 
Thus in arder to eva1uate thersecond derivatives'of tn Z, we 

. 
peed the v~lùes of 'af laa and 

a ae: 
a quantities like 1: f (1-f ) --­a a ' aa 

1 [' 

a f la 8 •. The eva1uation of a , 

are difficu1t, a1tho~gh these" 

ca~ a1ways be eva1uated nurnerica11y. 
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APPENDIX III , 
",. 

• .'> 

DERIVATIONS OF"EQUATî'ONs (II."j'3), (11.34) AND (11."35) 
l " 

The '\xpressi~n t:or the logarithm of the grand parti,tion 

/ function IEq. (I1.32)J is 
1 

\. . , 
l:. a 
2 L [n -

. a Ea + !.laPa + 

/ 

-aE 
A K ] + L .tn [1'+ e aJ a a 

(AIlI.l) 
0 , 

..... We have two inde pendent variables 
/ 

a, and a and a = 

'l'herefore, 

'H l --
3a a 

and 

a~ a 
~ 

<) as rr( BÀ) = 

which gives 

a À' À 

as :;: 

B 
fi 

; 

, 

~+ 
.. 

B À aa f Q. 
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1 Cl 

. ' 
, 

Q E 'Il Ip 
'2f.' 3tl aa 

" 
a - aB ~ 

l 'B -' I: !::. k ~ a El.. f Q.-
2 ad a a a ~ 

!-Ising 

dE al::. au 
a - l [A a (a i>] ;ro:-:- E Lla ac:;- - n~ aa + IJ 

a 

a ~n Z 
Cla 

1 
== 2" 1: [1 

1 na 
+ - B E[I - -(l-2f)] 

2 Ea.a 

Il' 

a!::.a 1 a 
+SEk B--E8k a au - '2 ~(). a a 

Let us now consider 

ail Clp 
1 E a:J. a 
2" a P a an- - '2 a E b vabab Pb a a 

l' 

/ 

(AII~r. 2) 

" 

/ 
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Similarly 

all 
= r k a 

L. a au 
/ 

and therefore we obtain 

a ln Z 
da 

Consider now 

a 

Using , 

" 

l 

ln 
aB 

a 
2aa 

l a 
2aa 

we get 

Z 

/ 

~ 

L 

l 
- "2 

1 + 
"2 

l 
2" 

llaPa 

lia k 
a 

~ Cf; -ll ->"-À-E +ll P +ll k J 
a a a a a 'a a 

S 

f3 

E 

E 

• 

all 
À 

E [a B a B 

Cl 
Il k aiL a a 

Pa 

k a 

alla 

aa 
alla 
as 

. 
" i-
l, 

'. 

\ \. 
\ 

'\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 

dE 
1:. B + ~J-

H3 2 

aE 
E f a - B ,:ae a 

(AII1.3) 1 

! 

(AII1.4) 

.' 
(11.33) 

Cl 
L aB II aP a 

- L f E a a 

(AllI. 6) 

(AllI.?> 
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él ~n Z =/_! È a f3 2 (E -Il -E ) \ a a a ' 

+ l L 
À 

(E -Il .-À ) (1- 2 f ) 2" E a a a a 

L f E 
l ' 

~ k -!'I: - ... - i: -a a 2 a a 2 

+ '! B I: [1 
2 

f, 

!:!J / 

+ B L 
a ' 

[ 2Ea(!(1-2fJ) 

Il aP a 

1 
! 

The coefficients of a\l laf3 and aA laB obviausly vanish. R~-
r a a , 

arranging the surviv,ing te.rms, we get 

+ l 
2" 

ri 
l -

/ - 2 

= 1 - 2 

+ E 

l ' o' E , -Jj 
-::.. 

/ 

L 

I: 

E 

(E -Il ) + ! E E ( 1- 2 f ) a a 2 a ,a 

À (E -]1 ->d (1 .... 2f ) 
Eq a a a 

/ 1-2f 
(E -Il ) + 1 

E 
a 

a a 2 E a 

1 
--2E~k a a 

(E -]1 -À,) (E -Il ) 
a a a a 

(E -Il ) [1 
na 

(1-2f )] -
Ea a a • q. 

A k 
l, 

Â k 1 
1: - I: .2 ll a Pa ~ a 2 a a 

+ 1 
E Â k 

'1 
1: (II. 34) -EaPa 2 + - \laPa a a 2 

Lastly fram Eqs. (AIII.l) , (II.,33) and (II.34), the expression 

Ifor entropy is 

" 
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llP +lIk]+E a a a a 

-BE' 
R.n [1 + e, a] 

S À E Pa + S E caPa J~ S' E "aPa -, ~ S E Aaka 

1 

B I;"(n -E ). + S r (E -~ - À') p - S r t. k 
a a a a a a a 

-BE 
L R.n (1 + e a J 

1 
(na -Ea ) + ![l 

'la . 
'2 e E e E T'la - - (1-2f )] 

2 Ea a 
~ ':J: \ J 

" 2 
/). , -SE a· + R.r[l + e al B L - (1-2f ) L: 2E a a 

-SE 
= 13 E fa Ea + E R.n [1 + e a] (11.35) 
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o 

DERIVATIVES OF P a AND ka 

From Eg. (+1.29) we have 

a Pa 1 a e:: a -ll a -À 

~=' - 2aa [ 
Ea 

(l-2f )] 
a 

\ 

" 
~ 

1 dIJ 1 na 
[~ + + = 

2Ea 
-](1-2f) ;;! (1-"2f ) aa. e - a a 

'""a. 

J 

fla aE 
a f (1-f ) a - --aa-:- . 

E a a a 

'-
us~ng (AllI. 2J we obt,aiIl 

1 
""\ 

2 

~= 1 n . 
[ (2E ~)' (1-2f ) 

da. 2E3 a a a ~ 

2 ail 
'+ fla a f (1-f ») a + l' 

, E 2 (a-;- -) , 0 

a a a 
a 

na ~ na 
+ [- (l-2f ).- 72 a f (1-f )] f1 

2E
3 a 

Ea 
a: a a 

a 

Let us define 

1 1 " \ 
, 2 

X f. (l-f ) lE ' 
a a a a 

, ' 

. y = (1-2f ) 1 (2I3E 3 ) 
a a a 

() " 
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Thez;t 

/ 
8jJ 

(1I
2 

Y + 2 X ) Ce ~ + 1) a a Tl a a oet 

.. ' 

. \ 
Simi1ar1y 

( 

alla 
+ 5, n ( y -x ) li 

, a a a a aa 
p 

(1-2f )] a 

0 1' djJ a . À 
= - (-- - Q') (1-2fa ) 

2E ~ dB 1-' a ~ 

Using (AIII.5) we get 
, . 

= [(~.:~) (1-2f )_ 
2Ea 2E3 a 

a ..... ' 

r 
f (l-f }j 
-a a 

+ 

na ·f (l-f ) a a 

( 1I
2 Y + 2 X ) = - a a na a 

'':'' 

-+ B n (Y -x ) tJ.-a a, a a 

alJ a (as 

djJa 
(6 --

~B 

all , 
a 

'aS . 

L 

l) 
6 

À) - na 

~( 

R 

'., 

JI 

E2 
X a a 

.") 

1 
/ 

1 
/ 
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From Eq. (II.30l we have 

a ka _ l a fj a 
---aa:- - 2" ao [E (1-2f ) J 

a ·a 

l 
d li li 

= (1-2f ) a a (1-2f ) 
2Ea a aa -

2E2 a 
a 

li aE 
+ a 

6 f a(l-fa ) 
a 

Ea ---aa 

l 
fj2 

= {(2E ~) (1-2f )-
a 2E 3 a 

a 

/),2 d/),a /), 

+ a 
6 f (l-f )] {~ 

E2 --+ a a da . 
2E 3 

a a 

lla 
a fa (l-fa)l 

al-! a !) 
- E2 n (-- + a a ct 6 

a 

2 y -+- /),2 X ) 
alla 

= S(l1 a aa--a a a 

an 
+ Il (y -X ) /),a .. a __ a+ 1 ) 

a a a aa 

Similarly 

\ , 

-, 

, 

aE 
a 

---aa 

(1-2f ) 
a 

-" , 

.' 

.. 

f' 

1 
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r:} 
1 

[(ïE ~) (1-2f ) 
2E

3 a a a 

t:J.2 

+ a2 e fa(l-ta )] 
E a 

+ n (Y -X ) Il (8 a a a a 

~I 

.. 
a t:J. t!, a a -- .+ . [-3 ( 1" 2 f ) 
a 8 " 2E . a 

a Il . 
a ---as-

a 

'" 
'1 

-, 

\ 

t .~::~: 
'~~~,T, 

\ 
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APPENDI V 
. ! 

il 
Il 

THE COUPLED MATRIX ELEMENTS OF THE POTE~TtAL 
1 
1 •• 

The two-:",body interaction term of ,the Hamiltonian is 

V 

opriate to ,,,rite the interaction Hamiltonian in a /, 

ex~ibits its invariance under rotations ,and re­

This can be dohe, for exampIe, by coupling·two 

p~rticles, say a and' Cr to angular momentum JI1, coupling 

two also to J~I, and wri ting r invariant tensor pro-
" 

We may therefore wri te Vacbd in ,~~hle form 

acbd 2 .I; G'(ACBDJ) cJ C~d'} (AV.l) 
JM ac 

C's are ., 1 
, • ,i 

~ 1 J 

the Clebsch-Got:dOll coefftients 

cJ = <,j a m jc m IJ m + m) a ac a c ." c 

f 

The,parity of ~a + tc must be the same as that of ~b + ~d' 
, , 

otherwise G vanishes. We must aiso have qa + qc = qb + qd' 

From the Hermiticity of the HamiItpnian and time-revérsal 
i 

invariance, it follows that G is real and satisfies 
1 

G (acbdJ) == G (bdacJ) 

= -
. +' +J J a Je ' 

(-) G (cabdJ) 
o 
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, . 
jb"tjd+ol 

'(-) G(acdbJ) 
: 1 

~' Now w~ may also c~uple two of the particIes, say a and p to ' 

~ 
/ 

, 

~ , 

a~gular momenturn J' rt and similarly c and di or alterna~ive1y 
, -- / 

a and d to J"M", as weIl as c and b. 'J'7e can thereforf3 define 
1 0 (\.> 
1 

, i 
. another matrix element Feas 

\ 
0 \J' , J' . 

V.;tcbd = - 2 L F (ABDCJ' ) Sb C s Cd ... J 
J' a-b c -c 

l' r", 

2 E F (ADBCJ") J" J" 
~ sd C s C 

, ;f' '. a-d c b-c (AV. 2) 

l' r 

i' , 

where 
0-.. , \ 

-.c is' obtain!='d from c by changing the sign of the mag-

._ .net~c quantUm nurnbe! mc~ The 'fu~ction 'F is related to the 
- -- -, t-' - -' --' 

two-J)ody matrix element for a pa:rticle ând a holè'. ,It is real 

and satisfies 

.. , 
- l ' 

j +j +j +j 
F (abdcJl - F (dCabJ). = . (-) a c b~r~ (bacdJ) 

but it,~s not simple to 1nterçhange' a and b. F apd, Gare 

related by . . . __ ---' ___ ~-------1. __ .... _______ _ 

JO 

F(abdcJ/ ) =:=~ - E (2J+l) W(ja je jb jd; J J') G (cabdJ)~ 
J' 

, 

Now we defined [~qs. (II.40) and (II.2l») 
---------

/_~-.". ------ , - --~----- ------

lla = E V' Pb 
b abab 

; , 
l s-'ô = ~ ï E V sb kb a a b a-ab-b 

, 1 

-. 
-. 

/( 
" 

, , , 

t .) 
l ' 

1 

~ " 
, 1 

J 
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1 

From (AV.2)" we can write 

But, 

• j-m 

- 2 
...;, 

(\,: 
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.. 
b b 

(jb mb _ jb-- mblJo) '4·(-Y, 
rob 

and' ) 
j -m a In' ·lo 0) a 

~ja ja ,-(-) .~. ma = a 
c 

", .. 

Q 
, 

1 • 1)' ~ ( 2j b .+ ôJO 
" 

(2j +1)-' 
' ~ 

a 

, 
Thérefo!e, summing o~er'mb and then over J, we obtain 

= - F(AABBOt 

and 

.. ....; 
Simi1arlY\from (AV.l) ~'we obtai'n, 

. -. 1 

" 

.. 
and 

.' 0 

o • 

.. . 

~ 

" -

\ 

',(AV.3) > 

. . 
(AV. 4) 

(AV. 6) 
• f 

r , 

" 

" 
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-' 

, ALTERNATIVE MATR1X E~UATIONS 
~ 

1 
Simp1er matrix equations than those in Eqs • (1i.44) and • 

1 

(II.~5) can beAObtained. Eqs. (II.~O) and (II.41) cah be 
ail a ,H a 

solved for ~ and ~ to give -' 
(' r 

~ 1:+ l [n (X -y ) 
~kj 

--C:. = - A, 
aa a a Xa 

y E4' a a a. a aa 
a- a 

/ 2 
À

2 
' (lp , 

+ Xa ) a 
" ('Il a y + ~] a a 

ClÀ 1 , [ (À 2 Y ,r; 2 oJe ) 
ôk a = ~4 
~ 

aa : a Xa 
y a a na a 'da 

" 
a a 

a . / 

+ n- (X -y ) 
Pa 

fla --j-.., "" y a a a' aa , 

, , 

Using these equations in conjunction with Éqs.- (1I.42) and 

(II. 43) we get 

p 

r 

where 

== ôAB 

r 

q 

"., 

\ 

ak 0 

Cla 

2 2 

= 
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, .. 1 ... , 

• 
= °AB 

y -+ 
A 

a x··y A A 

, ,x, G (MEBO) 
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-, 

'. 

! 
[ ( j a +~ ) j ( j A +j) ] 

'" A simi1ar technique can'be used for ap/ae and akjae. -After 
'" / / 

consid~r~le algebra, one gets 

p r !e.. l' + = E II aa a '\. 

". 

ak b. as r q 

, r 

/ 

'. 

\ 

.-

/ 

-- -- ----~--- ._---- -- - -y-- -- -;---- ---------;-, --------------------_.!-_:...-_-----I 

-, - . 
• 

.1 



Ct, 
APPENDIX VII 

THE F &~D G MATRICES OF THE AUXI~IARY HAMILTONIAN 
r , 

" 
" >!!f " 

-The extra term introduced to the actual Hamiltonian'is 

' . 
. - î ,M{oab ôcd - ôad 0bc} c: ~~.cd cb 

. J 
If we write the ne\~ two-body interaction term as v'acbd' 

-
then '" 

v 

v' = V '- MÜ ô - ô ô ) acbd 'acbd,. ab cd - ad bc, 

" 

Therefol , 
.. v'abab (AVII.l) 

....... 

v'a-a b-b' = Va - a ,b-b.- M(ô ab - °a-b), (AVII.2) 

From Eqs. (AV.3) and (AY.5), we have 

% [(j A) /. ( j B\%) 1 
! 

F(AABBO) = - L V abab mb 

(AVII.3) 

~ { ( j A +~) / ( j B +j.) ] 
!' 

G(AABBO) == - E s Sb V a a-a b-b (AVII.4) 

l '1 • 
fi" The new F-matrj..x will then be 
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/ 
". 

71,.. 

1;> 

,~ c ~ 

\ G'. (AABBO) 

/ 

!I ~ 
i \\ () 

~5·· -'0\'(. ~ 'l., c 

~> 

.' , 

/ 

H 1 

" , f -Ç"lif :;\\\V"~'j:'~'l~;"I-r 
l, f 1 '.. !. <... F ,j:> jd p ~ 

, , 
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~ 

= F (AABBO) + M [(j A +~) (jB +~)] ! 

• 
\ 

! 

o l' 
/ . . / 

" 

~ [ (j A +~) / <:f B·+~) ] = - E s Sb [Va- a a 
rob 

M(ô b- ô b)] 
, t - . ." • , a . a-

= G (AABIBO) + 
l Il! . 
2 !"1 [ (j A +2) / ( j B +2')l~ 

./ 

x(S"s -5 S ) 
a a a-a ôA~ 

G(AABBO) + ~AB M = . 

/ 

l 

, , 

" . 

" 
.0 

o~ 

b-b 

.)., 

1 , 
, 

... 

• 
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APPENDIX VI";rI 

GENEMLIZATIONS OF EQS. (II.33)', (I1.34) AND 
(II. 35) FOR TW6-K~NDS OFf PARTICLES 

. (' J / 
/ "_r / / 

F0r two kinds of partie1es, the logarithm of the grando 
, . 

, 
partition funetion will be given as • 

Jl.n Z 

Renee, 

N. = 
J 

;::: 

As before, 

1 a 
2" da j 

1 = - 2" e I: 
a,l 

\.la (i) Pa (i) 

- ~E (i) 
E Jl.n[ 1 + e a 1 + ~ (i)' k (i)] + 

a a 
/ 

a ,i .; 

a Jl.n Z 
da • 

J 

lIJ a 
. 

1 a I:. 
'1; 

O •• "-
a 

E (i») -- 2" I..: -- -
~ " .-' . da. 8 ~] a / a,l. ] J ~ ( 

1 a - 1 a 
- 2' a da. E lia (i) Pa (i) 2' 8 da]: E lia (i), ka (i) 

! ] 

I: 

a E f (i) a 

dE (i) . a 

1 
}J' (i) pet(i) = ï a 

+ 

/ 

E 

1 
ï, 

1 

/ 

108 
/ 

d\J (i) 
P a (~) 

a 
da. 

] 

dP -~i) • 

If )J (i) a 
a da. 

] 

/ 

/1 

/ 
/ 

/ 
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'. { 1 ) ri! 

\ 
/ 

=!rpa(i) 
~ 

~~ a (i) l 
-;:;---- + - r [ ..: 

. ~a J' 2. 
a,~ 

r vik 
Pc (k)] acac c,k 

dli' (i) 
P aW(i) __ a __ + lEI P (k) 

da . 2 , k c 
f = - r ,2 [- 't 

a,i _ ,J c, 

l~' ", 'd~ (~) 1 
='" . :-::I~fII--- + " (k) 2' l. P a a&: '2 l. P C 

, J "'" 

SiItdlar1,y, 

! _d_ E f. (i) ,k (i) = 
2 9Cl . a' a 

J 

and' uslng "" / 

aE
a 

(i) 

E 7i) [na (i) 

;}Il
a

(i) 
= aa. aa j 

J ' a 

we obtain 

, 'n (i) 

-

al! (k) co 
.aa. = 

J 

06 (i)' a " 
aa : 

J 

) 

1 - '15 •• ] a 1) 
+ 

1 a ' 2f (Ii»] N. = ï r [1 - E (i)' (1 - ô .. 
) a 1) a,i a 

1 . Il ( i) 
+ E [1 a . ,( 1 2f (i»] 2' a 

a,,i 
- E (i) - ,a 

a 
• 1 

'+ 1 f.a(i) ,M (i) 

2- B r,Ea(i) [1 - 2f (i»] a 
• a aa j 

V
ik 
acac 

, 
. f,' 

. . 

!J. (i) 
a 

• 

a~ (i) 
a 

aa. 
J 

al! (i ) 
a 

él!J. (i) 
a 

(3 E 

::: E p (j) 
a a 

p (i) 
a ! aa . 

J 

/".~:;---'\ 
~ The ene~gy of the system will be 

- S E k (i) 
a aa. 

J 

'. 
1 

, 

da. 
J 

dp (i) a: . ] 
J 

al! (i) 
1 a 

da . 
) 

.af. (i) " 
da] 1 
a· 

J 
'" '1 

" 
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.0 

. t 

lid 

E = a 
9-,n Z -ra . ~ 

::: l I: [n (i),- E1a (i), + J.I (i) P . (i) + '2 ,a a a . 

1 /3 
a:J.I a (i) L aE (i) 1 

r [ 1 ..J:.+ __ a }+_ a 
2' ae a '. a e . 2, 

, 

.I \.:. , 
1 a 

E '1= (i-) " + "2 6. IT ,I: ô (i) kaJi) + /3 ./ a .I~a , -~~ 

Using 

+ t.àr(i) 

'." 

' .. 

\la (~) 

at. (i) 
a 

i a 13 ]', 

1 " .au a (i) 
o E' Jl (i) p (i) = E p (i) '2 IT a a . a aa 

l'le get 

~I 

x 

. + 1: 
2 E li (-i) a 

1 
À. 

E 
1 

-'2 E (i) a 

- ·13 E [~(.1 

.dl\ (i) 
a 

• i . ' 

, 

[€a (i) - }.la (i) - .. ~'i] [1 

É' (i) - }.l ( i ) - À. a ,a· 1 
E (i) (1 . a 

-' p W-)] 
a)J"a(1) L\a(i>. 

aa a E.[2E H> (17 , ·a ' a 
• 

.< 

" 

<' 

/:,. (i) 
,a k (i) 1 

a 

a 
aB): }l (i) 

a 

aEa(i) 

aa , 

2f (i)] 
a' 

2f (i)]) 
a 

/ 

., . 

p (i) 
a 

\ 

.1. 
1 

!.Il 
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Simp~ifying, we fina11y obtain 0 . . 

E = l: E: ( i ) p ( i ) - !2 E, /). J)i , k / (i ). -' -21 1: II a ( i ) p ( i ) 
a a , 'la. a ' a' 

tt ~ '-
The entropy will be given as 

* 

S = f.n Z - a Nrr - a .N + a E n ,p .p 
, 
l' . 

=. - '2 a I: [na(i) - E (i) +, lla(i) p (i)' + /). a' ( i r ~a (i) ] 
a, i a a 

, 0, 

-aE (i) 
+ . l: . R. n [1 + e a ] _., a E À. p (i ) + a E E: ( i ) p (i ) 

~ a a a. a,i 

. 1 
.- 2' a 

,= B 

/ 

l 

E 
a,i 

>, 

L 

1 1 

E 
a, i 

.. 

, '. 

'. 

/" 

• 

. . 

a,l a,1 

E 
a,i 

,-

-éE (i) 
f.n [1 + e . a ] 

<, 

.. ~, -... 
~ 

/' 

f 

. .: 

\ 

• 1 

1 
/ 
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, 1 \,v,:. 
THE 'I-tATRIX EQUATION. (EQS. (11.44) 

T\m KHmS OF PARTlcLES 

By strap.ghtforward alg~bra, the rnatrix equa tian 01;/ Eq. 

(1I.i4) generalizes,'in the case of tw6 kinds of part{cles; 

'j to 
\ 

( , 

PlI P12' 
'/( 

0 Y(L'A 2 (I)+X(I)n 2 (1) 
1 

y 

" = • 
PI2 P22 o . Q22 Cl p (2) 

0 
da

i .~ , ' 

i}k(l) Rl1 R12 SIl 0 aa l 
-n(l) (X(l)-Y(l» A(l) 

,\ 

~21 R22 0 S22 0 

where the index 1 stands for proton orbitals and 2 for ne~tron 

orbitaIs or vice versa ·and we have 

3).2 

ê 

1" 
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(RiJ)AB = SnA{i) (XA(i)-YA(i)}~A(i) 2[(jB+~) /(jA~l)l! Fij(AABBO), 

(Sii)AS'= 0AB - S [YA(i)n~(i) + XÀ(i)6~(i)J 

The corresponding genera1ization for Eq. (JI.45) is 

P11 p12 Q11 o 

P21 p22 o Q22 

RII R12 S11 0 

R21 R22 o ~.S22 

= ->'(1)Y(1)6 2 (1) 

. . 

->. (2)Y(2)6 2 (2) 

ae 

ap
a (2) 

ae 
ôk

a 
(1) 

~ a e 

ak (2) 
a 

n(1)X(1)jE 2 (1)+n(l)X(1») , 

n (2) X(2) [E 2 
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APPENDIX X 

1 
LEVEL DENSITY POR THE ODD-PART~CLE SYSTEM 

The expressions for state and level densities obtaiqed 

in Chapter II refer only to doubly 
-f 

formalism of ~he superconductivity 

~. ',_ t-
even nue lei, sincr-é, th

l
8 ~ 

\, 
theory describes the be-

havior of pairs of particles. If ~ne or both of the nucleon 
" ~~r .. :~ _~), ~{, v .. 

numbers are odd, the presence of the last odd part~cle (o~j~:',,:( 
,""~ :'-' 

particles) must be taken into account in the calculation of' ~ > 

lavel densities~. In the ground state, the odd nucleus (\ofi!=h "\' 

A+ 1 ,nucleons) has alr~ady one quasi par'Hcle compJa~ed to the 

-doubly even nucl~~s (with A nucleons), and the odd nucleon 

occupies the first level over the Fermi one. The ground 

state of a nucleus with .an odd nurnber of neutrons or protons 

corresponds, therefore, to the state of doubly even nucleus 
• . 2 2! 

wi th an excitation energy Ea:::;: {(i: -11 -À) + /':J.) (or E +E , a a a a a 

, if both the number of neutrons or protons are odd), where . 
a(a') is the level 'nearest to the Fermi"level'for the given 

/ . ~ 
kind of particles. AIso, the odd particle has the effect of 

reducing the pairing gap through blocking: ~For these reasons, 

the odd A nucleus "reaches the same level density as ~he adja-

cent doubly even nucleus at a lo\ve,r excitation energy. The 

level densi ty of an odd-mass (or doubl:f odd)' nbcleus wi th an ... .--
excitation energy E corresponds to the level density of an 

1 *. J 

even nucleus with an excitation ener,gy E + ~a {or E + Ea ,+ Ea' }. 
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Wh~n calculating the,level densities pf odd-mass nuclei, the 

statistic~l quantities ~re evaluated for the adjacen~ doubl~ 

even nucleus and then the ener11 scale is shifted by an energy 

equivalent to that required to produce 9n~ quasi-particle. 

• * p' (E,I') = P'oe [E - Ea (p) , Il ee 
fi, 

= P [E- E , (n) , Il eo • a 

Ea (p) - Ea' (n), I] 
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