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Abstract 

Inspired by the Randall-Sundrum (RS) solution to the weak-scale hier

archy problem we present a new five-dimensional brane-world model. While 

many cosmological implications of RS-type scenarios have been considered, 

the question of inflation is still relatively unexplored. In this work we inves

tigate the dynamics induced by fluctuations in the extra dimension and find 

that the so-called radion can be used for inflation. A class of models are found 

which simultaneously allow for radius stabilization by utilizing a bulk scalar 

field with a potential in the bulk and on the branes. The coupled radion-scalar 

field system is analyzed from the five-dimensional point of view and is seen 

to consistently reduce to a four-dimensional Friedmann-Robertson-Walker-like 

cosmology. An analysis of the constraints imposed during inflation fixes the 

radion mass and we speculate on the possibility that the new physics at work 

here may be distinguishable from typical four-dimensional models. 
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Introduction 

In one way or another, every generation may claim to have witnessed a great 

change in an understanding of the world. This is no less true today. Practitioners and 

observers of physics alike will undoubtedly agree that if some of the more speculative 

ideas currently under investigation are proven to be correct then our notions of phys

ical reality will certainly undergo another paradigm shift. One such idea postulates 

the existence of extra dimensions. 

The idea of incorporating extra dimensions into a physical description of na

ture, although novel, is not entirely a new one. It dates back at least as far as the 

propositions of Kaluza and Klein [1] in the 1920's. Its reemergence nowadays is chiefly 

due to theories attempting to reconcile quantum mechanics with relativity, the ever 

elusive quantum theory of gravity. In fact, there are many instances in physics to

day where the existence of extra dimensions has become a widely held belief. For 

instance, the idea finds a natural expression in such theories as supersymmetry, and 

especially superstring theory where a four-dimensional description of the universe can 

be reached as a low-energy approximation of the full theory. Obviously, the recov

cry of four-dimensional physics is paramount to the viability of any proposed theory. 

Often this has been accomplished by compactifying the higher dimensional space on 

a manifold which is small, usually much smaller than an atomic nucleus, through 

Kaluza-Klein reduction. 

1 



Introduction 2 

There have been developments in string theory and its subsequent extension 

M-theory where another approach to compactifying extra dimensions has ariscn [2]. 

The main idea relies on the fact that the particles of the standard model may be 

eonfined to a hypersurface called a brane. Branes are embedded in a higher dimen

sional space referred to as the bulk where it is assumed that only the graviton or 

other exotie matter such as the dilaton may propagate there. Originally motivated 

phenomenologically [3]- [6], it has been suggested that our universe may be such a 

brane-like object, so standard model particles will be restricted to move in only three 

spatial dimensions. However gravit y in this case, due to its higher dimensional na

ture, is sensitive to the presence of extra dimensions, suggesting that deviationB from 

Newton's law are to be expeeted. Needless to say, these developments have been re

ceived with a lot of enthusiasm as there is hope that emerging brane-world models 

will be directly testable. 

One sueh model was proposed by Arkani-Hamed, Dimopoulos and Dvali (ADD) 

[7]. Their main motivation was to address the longstanding puzzle of the weak seale 

hierarehy problem. That is, how does one aeeount for the large discrepaney between 

the eleetroweak scale at around 1 TeV and gravit y at the Planck seale? In their 

scenario, confinement of the standard model to a brane allowed for extra dimensions 

which were larger than previously anticipated. The new spatial dimensions, transverse 

to the standard model brane, resulted in a factorizable higher-dimensional spacetime 

which was essentially fiat. It was shown that the fundamental seale of gravit y eOlùd 

be close to 1 Te V through the large volume of the eompaetified extra dimensionB. 
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Explicitly, this was given as a relation between the 4D gravit y scale, mpl and the 

fundamental higher-dimensional mass scale Md 

m 2 - M 2+d r>d Pl - d rc (1) 

where d is the number of extra spatial dimensions and R is the compactification 

radius. They showed that gravit y will deviate from Newton's law on distances smaller 

than R. However, it is a problem whether or not such a large volume can appear 

naturally, with R being possibly as big as a tenth of millimeter to solve the hierarchy 

problem. Even so, with current experimentallimits suggesting that gravit y behaves 

in the classical way down to about a millimeter,.the possibility of testing their model 

becomes very real. 

The disparity between the fundamental scales of particle physics and gravit y 

has troubled physicists for many years. 80 the discovery that changing the behaviour 

of gravit y at short distances might naturally explain this hierarchy understandably 

created intense interest. Following close on the heels of the work of ADD, Ran-

dall and 8undrum (R8) considered an alternative involving a non-fiat or "warped" 

bulk geometry which is not factorizable [8]-[9]. They proposed two intriguing vari-

ants (RS1,R82) where the five-dimensional bulk spacetime was taken to be a slice 

of AdS space. In RS1, the extra dimension is compactified on SI jZ2 with positive 

and negative tension branes located at the orbifold fixed points. It was found that 

the curvature of the spacetime produces different physical se ales on the two branes, 

where the negative tension brane on which we are supposed to reside is exponentially 

suppressed relative to the positive tension brane. They found that this exp onen-
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tial suppression could explain the hierarchy problem naturally without the need for 

large extra dimensions as in ADD, a hierarchy problem in itself. In the RS model 4D 

gravit y is related to the fundamental gravit y scale through the relation 

(2) 

where k determines the curvature of the AdS bulk and b is the radius of the extra 

dimension. In fact, for all model parameters naturally on the order of the Planck 

scale, one only requires kb rv 37 to generate the weak scale through the so-called 

warp factor, e-kb "'TeV /mpl. 

In their second model, RS proposed that we live on the positive tension brane 

and that because of the AdS curvature, even if the radius is infini te , 4D gravit y could 

be recovered and localized around the brane. At the expense of relinquishing the 

solution to the hierarchy problem, by removing the negative tension brane from the 

setup, they avoided issues raised concerning the viability of the RSl model. In fact, 

it was found that the original RS idea had a serious fl.aw. This was due to the lack of 

a mechanism for stabilizing the radius of the extra dimension. The problem stemmed 

from the fact that the radius b, known as the radion, was a modulus and corresponded 

to a massless particle. The attractive force mediated by the radion in this case would 

result in an increase in Newton's constant at large distances [10], in obvious confl.ict 

with observations, and was therefore ruled out. 

A further problem with the RSI setup, and to a certain extent, brane-world 

models in general, involved the appearance of unconventional cosmologies on the 

branes [11]. Certainly, if brane-world models deviate from the plethora of four-
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dimensional cosmologies heretofore so well studied, then it could be hoped that this 

development would point to direct tests of the effects of extra dimensions. While this 

might be beneficial at the high energies of the early universe where it is expected 

that such effects are important, it is disastrous for late-time cosmology unless the 

requirements for a successful Big Bang nucleosynthesis are met. However, as it turns 

out, this problem too is avoided if the radius of the extra dimension is stabilized [10]. 

Obviously, stabilization will be an important and necessary feature of our study 

and various arguments for achieving this in a brane-world setting have been made. 

For the RS two-brane model, a simple and effective mechanism was provided by 

Goldberger and Wise (GW) [12] by introducing a bulk scalar field with both bulk 

and brane potentials into the setup. Fortunately, the presence of the bulk scalar 

field addressed the issues of stability without requiring any unnatural fine-tuning of 

the model parameters. The overall effect of introducing a satisfactory stabilization 

mechanism resulted in an effective potential for the radion. In this context the radion 

could then reasonably be identified as a massive 4D scalar field. Subsequently, studies 

were performed which investigated the effects of perturbing the RS solution with a 

stabilizing bulk scalar field. While it was found that RSl cosmology may differ 

significantly from four-dimensional FRW cosmology during the early universe, a cutoff 

temperature associated with the radion mass, on the order of 1 TeV had to be imposed 

[13, for example]. In particular, at high energies, the perturbative approach, so often 

employed in physics in the absence of an exactly solvable theOl·y, necessarily breaks 

down. 
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The problem of moduli fixing, particularly in string theory, is an old one. So 

the connection between the stability of the brane-world and a cure for the moduli 

problem in the context of RS cosmology highlights the importance of the radion as 

a scalar degree of freedom. In our study, we will investigate the dynamics of the 

radion in the early universe. Hence, we will also need to consider a dynamically 

realized stabilization mechanism. In particular, we would like to know whether the 

radion can be used for inflation and then decay to its stable value before the onset 

of nucleosynthesis. This is the equivalent of the graceful exit problem in a higher-

dimensional setting. Therefore, a suitable potential for the radion must be generated 

to ensure a dynamical evolution to its stable minimum. 

In general, there have been a number of studies in which inflationary solutions 

involving brane-world scenarios have been found, to a greater or le8ser degree of suc-

cess l . For RS-type models though, important already for the solution to the hierarchy 

problem that they offer, this issue has not been satisfactorily addressed. The ideal 

situation would involve exact, time-dependent solutions of the higher-dimensional 

theory incorporating stabilization. Considering that in the very early universe most 

brane-world models were likely far away from their quasi-static limits, this would 

certainly facilitate more detailed studies of the dynamics of the brane-world during 

inflation. Under sueh dreumstances we might even be able to distinguish the ef-

fects of the new physics from the variety of 4D inflationary models which have been 

proposed to date [16, for an overview]. For instance, consicler that the increasingly 

1 See [14] and [15] for scenarios which consider inflation due to dynamics on the brane and in the bulk 
respectively. 
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precise measurements being made in the cosmological laboratory are improving our 

ability to investigate the evolution of the universe back to earlier and earlier times, or 

to higher and higher energies. Consequently, the possibility for testing new physics 

coming from brane-world scenarios using observations of the CMB, for example, is 

not so farfetched. Moreover, the vast amount of research being published attests to 

the interest the brane-world idea is generating as the cosmology and particle physics 

communities continue to inform one another. 

The main motivation for this work is to build on the results of RSl by inves

tigating the dynamics of the radion during the inflationary era. In the first chapter 

we outline the developments in cosmology which will be necessary for our study. In 

particular, we summarily review the important features of standard Big Bang cos

mology and its most vaunted extension, inflation. This is followed by a brief sketch of 

brane-world cosmology, focusing mainly on the RSl model. In the second chapter we 

propose a new 5D brane-world model which solves the hierarchy problem through the 

warping of the spacetime along the extra dimension by utilizing a bulk scalar field. 

Here the bulk and brane potentials of the scalar field are used in place of the cosmo

logical constants which appear in RSl. The static solution we find is generalized to a 

time-dependent dilatonic model where the coupled radion-scalar system is analyzed 

in detail from the five-dimensional point of view. A whole class of possible solutions 

are found which will facilitate stabilization with a heavy radion. We also find that 

it is possible to study the resulting 4D FRW-like cosmology without losing any vi

tal information about the bulk energetics. In the third chapter, we present explicit 
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results from om model which allow for a period of successftù inflation. While there 

are multiple scenarios with more or less particle physics motivation available to us in 

the setup we propose, emphasis is put on a particular radion potential which allows 

for sub-Planckian initial field values. Finally, we conclude with a discussion of our 

reslÙts and speculations for future work. 



Chapter 1 
Cosmology and Particle Physics: The 

Hierarchy Problem and The Inflationary 
Universe 

The possibility of probing new physics at energy scales beyond those currently 

accessible in partide accelerators has helped cosmology blossom into a serious physi-

cal subjcct. A new era of precision measurement has compelled physicists to investi-

gate cosmological phenomena with a great deal more scrutiny than in the past, and 

in the process spawn more sophisticated theoretical analyses to go with ambitious 

observational programs. 

The increasing interaction between the particle physics and cosmology com-

munities has generated a multitude of papers and new research avenues. While the 

progress made on the observational front is largely responsible, the theoretical mû-

tivations for this collaboration are not to be overlooked. One could argue that the 

successes of the standard model of partide physics and Big Bang cosmology, both be-

ing incomplete pictures of physical reality, naturally lead the theorist to look for an 

underlying theory which will incorporate and hopefully explain their origins. Con-

sider, for example, the emphasis which has been put on research associated with the 

physics of the early universe. The realization that extensions to the standard model 

might also provide insights to processes such as inflation and baryogenesis while also 

9 



1.1 Standard cosmology 10 

possibly providing candidates for dark matter only further highlights the beneficial 

overlap of cosrnology and particle physics. 

In this chapter we will provide sorne of the necessary backgrOtmd for our work. 

We begin with a general discussion of standard Big Bang cosmology and the problems 

associated with it which have led to its most promising extension, infiation. We 

then establish the necessary criteria for a successful infiationary scenario, focusing 

our attention on scalar field dynamics. As our main results emerge from a study 

of a 5D brane-world which addresses the hierarchy problem, we will then give a 

sketch of brane-world cosmology. In particular, we will review the RS 1 model and its 

subsequent development, wherein the main features of interest will be the stabilization 

of the extra dimension utilizing a bulk scalar field and the significance of the radion. 

1.1 Standard cosmology 

The successes of standard Big Bang cosmology are well established [17]-[18]. The 

general picture of the evolution of the uni verse from one which was hot and uniform at 

early times ta its subsequent expansion and cooling up to the present has survived a 

litany of tests. This framework has allowed us to explain, among other things, the ob

served primordial abundances of elements as well as the redshifts of faraway galaxies. 

Perhaps most importantly though, for the CUITent progress being made in cosmol

ogy, is its allowance for the presence of the cosmic microwave background radiation 

(CMB) permeating the universe. The increasing precision of the measurcments [19] 



1.1 Standard cosmology Il 

being made of the CMB has opened up the possibility for testing and constraining 

the growing number of cosmological models appearing on a regular basis. 

However, there are sorne troubling questions which cannot be addressed by 

the standard picture of cosmology. For instance, the problem of explaining why 

the universe is as big, fiat, and lmiform as it is compels us to extend the standard 

picture in order to accommodate these concerns. The most lauded extension, and 

most relevant to our work, is the infiationary universe paradigm. In addition to 

addressing concerns raised by the Big Bang model, it has the important advantage of 

providing testable predictions in the cosmologicallaboratory. Below we will outline 

sorne of the prominent issues which plague the Big Bang scenario and lay the necessary 

groundwork for a discussion of inflation. 

1.1.1 Friedmann-Robertson-Walker models and the problems of 
standard cosmology 

A central concept in the development of cosmology is known as the Copernican prin-

ciple: Earth is not at the center of the universe. Modern cosmology generalizes this 

idea in its application and states that there is no center of the universe. When viewed 

on large enough scales, the cosmos looks the same in an directions. This fact leads to 

one of the most useful tools employed in physics, a symmetry principle. In particular, 

the distribution of matter in the lmiverse on large srales appears to be homogeneous 

and isotropie. 
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Standard Big Bang cosmology begins with the fundamental equations of general 

relativity, Einstein's equations 

(1.1) 

where Tp,v is the stress-energy tensor describing the distribution of matter in the 

mlÎverse and Gp,v is the Einstein tensor which is a fundion of the spacetime metric. 

Spacetime must also obey the principles of homogeneity and isotropy, and the most 

general metric consistent with this is the line element 

(1.2) 

where the dynamics of the uni verse are contained in t~e scale factor a (t) , and the 

vector product dx2 describes the geometry of space which can be fiat, open (negatively 

curved) or closed (positively curved). Generally the contents of the universe are 

modelled as a perfect fiuid with energy density p and pressure p. This leads to the 

stress energy tensor 

o 
-p 
o 
o 

o 
o 
-p 
o 

(1.3) 

The description of small scales on the level of planets or even galaxies certainly are not 

contained in this description, but it is a very reliable approximation for the smooth 

distribution of matter observed when we average over large seales. Not surprisingly, 
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if we consider the metric tensor for the Euclidean case, it is also simple: 

_ (~ -a~ (t) ~ ~) 
.Q/lV - 0 0 _a2 (t) 0 

o 0 0 -a2 (t) 

(1.4) 

This is known as a Friedmann-Robertson-Walker (FRW) space. Here, spatial dis-

tances are multiplied by the time-dependent scale factor a (t) which describes the 

contraction or expansion of the spacetime. 

With the general metric ansatz (4), Einstein's equations will reduce to the so-

called Friedmann equations 

(~)2 = 87rG p_ ~ 
a 3 a2 (1.5) 

47rG 47rG 
--(p+3p) = --p(1+3w) 

3 3 

a 
(1.6) 

a 

where H is the Hubble parameter and k is a constant describing the curvature of 

space: k = 0 (fiat), or k = ±1 (positive ~r negative curvature). Examining (1.6) we 

see that the second derivative of the scale factor depends on the fiuid's equation of 

state, p = wp. This is the important relation for describing what epoch the universe is 

in. For a positive pressure the universe is decelerating due to gravitational interactions 

slowing the expansion down. For instance, we know that the history of the uni verse 

involved a period dominated by radiation (w = 1/3) which was followed by matter 

domination (w = 0) and so a < O. The beauty of this model is its simplicity, and 

it is not difficult to determine how the scale factor behaves under these conditions. 

Similarly, a negative pressure will cause the expansion of the uni verse to accelerate. 

This is crucial for an era of inflation to be possible. One example where this might 

occur is if the energy density of the universe is dominated by a cosmological constant 
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(w = -1). Moreover, suppose that the geometry of the universe is fiat. The solution 

for the scale factor will then be 

(1.7) 

where ao (usually normalized to 1) is the initial value of the scale factor when inflation 

begins. As long as the universe is dominated by vacuum energy it will continue to 

expand at an accelerated. rate without end. 

Indirectly we can see that inflation is pred.icated. on a fiat geornetry. This is 

just one of the fiaws in the standard cosrnological scenario which inflation so ably 

addresses. Before we proceed. to consider inflation's other advantages let us summarize 

sorne of the issues which plague the Big Bang rnodel of the universe: 

1. The ftatness problem. This refers to the fact that for the total energy density, Oto! to be ., 

nearly 1 today, it would need to be 1 to many significative figures in the early universe. 

The evidence for this cornes from measurements of the first acoustic peak of the CMB 

[19]. 

2. The horizon problem. Measurements of the CMB support the notion of an isotropie 

and homogeneous universe on large scales. However, the expansion of the universe as 

described by standard cosmology leads to a problem of causality. That is, there are 

points in space that could not have been in causal contact with each other, making a 

thermal equilibrium impossible without fine-tuning the initial conditions of the Big 

Bang. This framework can not account for the uniform radiation of the CMB. 
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3. Anisotropies in the CMB. The temperature fluctuations in measurements made of the 

CMB require new physics to be explained. This has been a critical observation for 

studying the dynamics of the early universe. 

Another concern is that a uni verse which started in a hot Big Bang must have had an 

initial singularity. The problem of singularities is common in physics, and often leads 

to new innovations. A conceptual innovation which alleviates the aforementioned 

problems is inflation. We now turn our attention to this subject. 

1.1.2 Inflation and the CMB 

While it is true that little is known about the history of the observable uni verse be

fore nucleosynthesis, it is a widely held belief that there was an era of inflation early 

on [18]. The attractiveness of the inflationary paradigm lies in its ability to account 

for the initial conditions of the Big Bang, which otherwise must be input directly by 

hand. We know, for example, that observation requires there be no unwanted relics 

surviving to the present day. That is, no massive particles or topological defects that 

might ruin nucleosynthesis predictions. This is often referred to as the monopole 

problem. A successful inflationary scenario will alleviate this problem in a dynami

cal way and ultimately lead to a satisfactory late-time cosmology. Furthermore, the 

dynamics giving ri se to inflation can be constrained by observations of the temper

ature fluctuations in the CMB. Hence, any modcl automatically has built-in criteria 

which it must satisfy in order to be physically admissible. Unfortunately there is an 
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embarrassment of riches, as the vast number of possible models of inflation testifies 

to the relative ignorance we have of the physics operating at these energy scales. 

Inflation, as it is generally believed, is most sim ply described by the dynamical 

evolution of a weakly coupled scalar field that was initially displaced from the mini-

mum of its potential. In the present work we will find that scalar field dynamics in 

an expanding four-dimensional universe will be in one-to-one correspondence with so-

lutions to the five-dimensional model which we propose. Therefore, it will be helpful 

if we review the necessary requirements for a successful model of inflation involving 

a scalar field cp in some potential V (cp). Later we will see how a specific model is 

physically constrained by observations of the CMB. 

The general concept of inflation rests on being able to achieve a negative pressure 

equation of state. In using a scalar field to this end, it is critical that we produce an 

energy density which mimics that of a cosmological constant. Let us start by writing 

down the Lagrangian and energy-momentum tensor for the scalar field cp (xJ.L) 

L ~8J.LCP8J.LCP - V 

8J.Lcp8v cp - gJ.LVL 

Also the energy density and pressure can be written as 

p !<i>2 + ! (\lep)2 + V (ep) 
2 2 
1·2 1 2 -ep - - (\lep) - V (ep) 
2 6 

p = 

(1.8) 

(1.9) 

(1.10) 

(1.11) 

These are particular results to be used in Einstein's equations (1.5, 1.6) for a Euclidean 

space as the k/a2 term, if present at all, will be diluted by the rapid expansion of 
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the universe dming inflation. Similarly, spatial derivatives are usually taken to be 

negligible as field gTadients are also rapidly stretched by the expansion and so any 

inhomogeneities are damped away. So from now on we will neglect them. 

A classical analysis of the scalar field dynamics begins with the action for the 

time-dependent inflaton cP = cP (t): 

This leads to the equation of motion 

.. . dV 
cP + 3HcP =-

dcP 

(1.12) 

(1.13) 

To achieve analytic solutions to (1.13) , one generally employs the so-called slow-roll 

approximation. When cP is rolling slowly in a region of its potential which is flat 

enough to guarantee that time derivatives will be negligible this becomes a tractable 

problem. That the inflaton should behave in this way can be guessed from the fact 

that we require a negative pressme equation of state for inflation to proceed. The 

flatness of the potential is thus a key ingredient in determining whether the inflaton 

is in the slow-roll regime. The conditions which guarantee this are usually written as 

E m p1 _ «1 2 (V')2 
167r V 

(1.14) 

-El - «1 m
2 (VII) 

87r V 
(1.15) 

As long as the flatness conditions are satisfied the equation of motion can be approx-

imated by 

. dV 
3Hr/J c::::-

dcP 
(1.16) 



1.1 Standard cosmology 18 

and similarly for the Hubble parameter we find 

(1.17) 

When the Hubble parameter is approximately constant during the important (i.e., 

observable) stage of inflation, the inflaton will mimic a cosmological constant. 

It has been established that a successful inflationary scenario needs at least 60 

e-foldings of inflation to solve the horizon problem2 . We can calculate the e-folding 

number N in a straight forward manner. It is generally given as 

I
tf 

N = t Hdt (1.18) 

from sorne time t to tf when inflation ends. Using the slow-roll equation and substi-

tuting dt = idcP we may write this as 

81r l<pf V 
N= --2 -,dcP 

m p1 <P V 
(1.19) 

For a smooth potential, it is possible to approximate V' rv V/cP and assuming that 

cP ~ cPf for the observable part of inflation3 we get the behaviour N rv 41r (cP/mPl)2 . 

Unfortunately in this case, the initial value of the inflaton needed to meet the require-

ments of an acceptable model exceeds the Planck scale. Similarly, it can be shown 

that the slow-roll parameters E, 77 « 1 also lead to the same conclusion. This is espe-

cially troubling since the treatment we have presented is classical, and any quantum 

corrections we have neglected will tend to reintroduce the Planck scale. This sug-

2 The e-folding number refers to the exponential expansion of the scale factor. Note also that different 
values are sometimes allowed depending on the scale that inflation occurs (see for example [16]). 
3 A mode! of inflation for us will be taken to mean one which applies after the observable universe exits the 
horizon. While a given model may a1low for a large number of e-foldings, the last 60 or so are the only ones 
of observational relevance. 
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gests that if inflation did in fact occur, then a reliable derivation will have to come 

from a quantum theory of gravity. 

The above discussion notwithstanding, inflation is still the soundest explanation 

for the shortcomings of standard cosmology. Consider the production of anisotropies 

in the CMB. If we begin with a homogeneous and isotropie universe at the classical 

level, the expansion due to inflation ''freezes in" the vacuum fluctuation of the inflaton 

and so it becomes essentially a classical quantity. This fluctuation is associated with 

a primordial energy density perturbation, which not only survives after inflation but 

may be the origin of structure in the universe. Significantly, the quantum fluctuations 

of the inflaton field provide a definite mechanism to account for observations of the 

CMB and so provide models with a direct link to known physics. To see this, let us 

consider an explicit example. The simplest potential motivated by particle physics 

which will produce inflation iS4 

(1.20) 

The prediction from inflation is that the fluctuations in cp will pro duce a spectrum of 

horizon scale density perturbations with amplitudè 

H 2 

15H = --
2n Iqy! 

(1.21) 

4 This quadratic potential leads to what Linde dubbed chaotic inflation when he invoked a simple )..1} 
potential to study the dynamics of this epoch while inflation was still in its infancy [21]. The term refers 
to the high temperatures close to the Planck time when the uni verse would have been dominated by chaotic 
quantum fluctuations in </J. 

5 Other normalizations are used in the literature, but this will not affect our results. See [16] for example. 
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Using the slow-roll approximation for the equation of motion (1.16) and the Hubble 

parameter (1.17) we find 

(1.22) 

(1.23) 

Plugging V into (1.19) as well, we find the e-folding number for the simplest model 

of ehaotic inflation as 

(1.24) 

Henee 

(1.25) 

Observations taken sinee the 1990 launeh of the eosmie background explorer [20] 

(COBE) eonfirm6 that when the relevant seales 1eft the horizon, 8H rv 2 X 10-5 • 

Depending on the exact model, usually one sets NCOBE ~ 50 and so the mass of the 

infiaton is eonstrained to be 

(1.26) 

We should note that this constraint points to a defeet in inflation when it is formu1ated 

in this way. That is, it uses the observed fact of 8 H to eonstrain the theory rather than 

explaining why the amplitude of the density perturbation spectrum is 8 H rv 10-5 . It 

is no wonder thcn that there are so many competing mode1s of inflation which can 

aeeount for the CMB anisotropies. As inflation is a theOl"y still in search of a derivation 

6 See [19] for future precision measurements being scheduled. 
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from sorne more fundamental theory we must accept this limitation as being beyond 

the scope of this work. 

Another important observation which we need to consider is the spectral index 

d ln (81) 1 d (81) 
n - 1 = d ln k ~ - 81 dN (1.27) 

where k = aH is the scale exiting the horizon. This is a measure of the shape of the 

spectrum of density fluctuations and, as its value becomes more precisely determined, 

will help further restrict possible models of the early universe. Current observations 

have constrained this value to be n = 0.98 ± 0.02 [?]. The result for cmr quadratic 

potential with NCOBE = 50 then gives n = 1 - iv ~ .96, which is within the limits of 

observation. 

Following the recipe of the above discussion, we are now equipped to initiate 

the construction of a model of inflation due to scalar field dynamics. Of course, there 

are other considerations which must be taken into account, but the basic setup is in 

place. In this work we will not investigate the dynamics of the subsequent cosmology 

which follows inflation. Nevertheless, any scenario which can be constructed in the 

five dimensional framework which we propose should also be amen able to an analysis 

of the transition to FRW cosmology. The most notable study involves the reheating 

process whereby the rapidly oscillating scalar field is converted into hot radiation 

through its couplings to matter fields as it decays. In our case, the radion will serve 

as the inflaton so its phenomenology will be deterrnined by the model parameters. In 

other words, the way the radion couples to the standard model will also affect the 

reheating pro cess in a model-dependent (i.e., not arbitrary) way. This observation 
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suggests that the emerging picture of the universe as being fundamentally higher-

dimensional may be able to address many concerns simultaneously. 

The fact that the new physics arising out of attempts to extend the standard 

model of particle physics and big bang cosmology are not mutually exclusive is excit-

ing. Consider inflation, for instance. It is possible to show that any scenario which 

has at least 140 e-foldings will produce fluctuations today on the order of the visible 

universe after starting from the Planck length during the inflationary period. This 

cornes from the ratio of the horizon size presently, lH to that of the Planck length, lpl 

ln (l H) rv 140 
lpl 

(1.28) 

The implication is that Planck-scale physics would be responsible for the generation of 

quantum modes during inflation [23]. Consequently, remnants of such physics could 

be imprinted on the CMB. In this way, observations of the cosmos may provide sorne 

intriguing opportunities for measuring new physics against observables. Here we are 

primarily motivated by just such an overlap between particle physics and cosmology. 

In fact, this dynamic is evident in one of the most vibrant fields of research today: 

brane-world cosmology. 

1.2 Brane-world cosmology 

The framework for many of the brane-world models which have appeared have drawn 

their inspiration from the work of Horava and Witten [2]. They investigated the 

strong coupling limit of the E8 x E8 heterotic string theory which is described by 
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eleven-dimensional supergTavity compactified on an orbifold with Z2 symmetry at low 

energies. Significantly, it was found that the E8 gauge gTOUps could be confined on 

the ten-dimensional boundaries of the spacetime. Witten further simplified matters 

by showing that six dimensions could be compaetified on a manifold much tinier than 

the distance between the two branes on the orbifold fixed points, and therefore the 

spacetime could appear to be five-dimensional with two four-dimensional branes [24]. 

Along with other compaetification schemes which have been investigated, a definite 

framework has thus emerged in which the standard model can be consistently confined 

to a brane. Consequently, the possibilities for investigating the higher-dimensional 

effects of new physics has increased tremendously. 

It is not surprising then that brane-world cosmology has attracted an immense 

amount of interest in recent years [25]. Earlyon, a great deal of work centered around 

the suggestion that the 4D cosmology of a brane-world rnight differ significantly from 

ordinary FRW cosmology [11]. This stemmed from the higher-dimensional nature of 

gravit y generic to brane-world models. We know from observation thus far that our 

universe is described by Einstein gravit y and so the issue of unconventional cosmolo

gies in such models crucially depends on whether one recovers 4D gravity. This arises 

in RSI through the radion which describes the fluctuation in the distance between 

the two branes. In the absence of a stabilizing potential for the radian, it is fotmd ta 

be massless and sa will yield an additionallong-range force. In addition, it will con

tribute to the expansion of the universe giving rise to a cosmology in contradiction 

with a successful nucleosynthesis (see for example [26]). The importance of stabiliz-
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ing the radion before the epoch of nucleosynthesis is thus paramount to building a 

successful cosmology in a RS-type scenario. 

The main focus of this work is motivated primarily by the RS solution to the 

hierarchy problem. However, in our brane-world model we want to extend previous 

results to include the dynamics of the radion. In particular, we would like the radion 

to double as the inflaton. Before we can get there however, we need to first review 

sorne of the important results spawned from the original scenario of Randall and 

Sundrum, highlighting the issues we will need to consider. 

1.2.1 The Randall-Sundrum model and beyond 

The RS two-brane model which solves the hierarchy problem is both simple and 

elegant. Here, two 3-branes with opposite tension are taken to sit at the fixed points 

(y = 0, 1) of an Sl / Z2 orbifold with AdS5 bulk geometry. Gravit y is localized on the 

Planck brane (hidden sector) and the warping of the spacetime generates the weak 

sc ale hierarchy on the Te V brane (visible sector) were we are supposed to reside. 

Specifically, the action of the five-dimensional model can be written as 

(1.29) 

where R is the Ricci scalar, A is a bulk cosmological constant and, Ao and Al are 

the tensions on the Planck and TeV branes respectively. A fine-tuning between the 

bulk cosmological constant and the brane tensions is imposed 80 that a 4D Poincare 

invariant solution can be obtained. The metric which solves Einstein's equations 
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(GIIIN = /'\,2TMN ) can be written as 

(1.30) 

where b is the radius of the extra dimension, k is the AdS curvat ure , and TfJ-tl! is the 

4D Minkowski metric. Furthermore, one must fix the bulk cosmological constant 

A -6k2 / /'\,2 and the brane tensions as Ao = -Al = 6k2 / /'\,2 in order to complete the 

solution7 . This fine-tuning is equivalent to setting the 4D cosmological constant to 

zero and so the perpetual1y difficult conundrum of the cosmological constant problem 

remainsB• 

The hierarchy problem however, is neatly addressed. With a moderate choice 

of the value kb t'V 37, we find that the large hierarchy between the Planck and Te V 

scale is generated by the ''warping'' of the space along the extra dimension from the 

exponential factor e-kby . This can be seen directly if we consider the following. The 

action for a scalar field 'Ij; in a potential V ('Ij;) = ~m2'1j;20n the TeV brane, our 4D 

universe, can be written in this scenario9 as 

(1.31) 

After rescaling W = e-2kb'lj; we find 

(1.32) 

7 The fundamental 5D mass scale is related to the 5D Newton's constant by ",2 = 112M3
. Other normal

izations have been used. This will not be important for our mode!. 

8 See [27] for related work investigating the cosmological constant problem. 

9 see, for example, Cline and Firouzjahi in [12]. 
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so that the physical mass as measured by an observer on our brane will be 

-kb 
mphys = rne 

26 

(1.33) 

Now if m rv mpz, then the physical mass will be mphys = lQ-I6m rvTeV. In fact, an 

attractive feature in the RS scenario is that ail model parameters are naturally on the 

order of the Planck scale. In contrast to the ADD scenario [7], the warped geometry 

of the RS model resolves the hierarchy problem without the need for a large extra 

dimension. Unfortunately though, the possibility of testing deviations from Einstein 

gravit y are negligible. On the other hand, a very discernible spectroscopy is possible 

at future collider experiments if the RS idea is found to be correct [8]. 

It turns out that a fl.aw in the RS idea exists because their solution can be found 

for any value of the radius, b. In order to ensure that the hierarchy problem is indeed 

solved, this implies that we need a mechanism which fixes b rv 37/k. At the same 

time, we must not reintroduce any other large hierarchy of scales and avoid severe 

fine-tuning. Further complicating matters, there is the concern that a long-range force 

will be mediated by a massless radion as it will behave like a Brans-Dicke scalar. In 

other words, the radion must be massive in order to recover 4D Einstein gravit y [26]. 

A mechanism to address these concerns was put forward by GW [12]. They 

introduced a bulk scalar field cI> with a bulk potential V (cI» and potentials on the 

Planck and TeV branes VO,I to stabilize the interbrane separation. It was shown that 

a vacuum expectation value for cI> is generated by the competing bulk and brane 

Lagrangians. This results in a 4D vacuum energy for b, the radion potential, Vr (b). 

In this scenario, a mild fine-tuning is required to fix b at the proper value of its 
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stable minimum and the resulting radion mass tmns out to be 0 (TeV) (see also[13]). 

Fortunately, as the interactions between the rad ion and standard model particles are 

l/TeV suppressed, the radion mass will satisfy the lower bound which is set on the 

order of 10 - 100GeV [13]. These couplings also ensme that the radion should be 

able to decay quickly enough to avoid overclosme of the uni verse before the onset of 

nucleosynthesis. In other words, there is no cosmological moduli problem associated 

with the couplings of the radion to the standard model10 . 

It turns out also that there is no moduli problem coming frOID the cosmology 

of RSI if the radius is stabilized before nucleosynthesis. That is, a concrete stabiliza-

tion mechanism alleviates the problem of fine-tuning the energy densities on the two 

branes. This was a necessary requirement for a static extra dimension with matter 

present [26]. The origins of this constraint was derived from the extra-dimensional 

component of Einstein's equations, C55 • When a nontrivial radion potential is pro-

duced however, it is just the shiftll in the extra dimension lib that is determined by 

the C55 equation and the constraint on the energy densities of the two branes is effec-

tively removed [10]. The main point is that a stabilized radion will result in ordinary 

FRW cosmology (up to small corrections of 0 (Te V4 ) [26]). 

The obvious benefits of stabilization for the cosmology of the RSI model are 

clear. With the addition of a bulk scalar field. the RS solution is put on more solid 

gTound. In general, there has been a gTeat deal of work done in studying the effects 

10 See [13] for details about the phenomenology of a massive radion. 

Il Later, when we study our brane world model, we will find that the G55 component reduces to the equation 
of motion for the radion, extending previous results to incIude the dynarnics of a time-dependent scalar field. 
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of a bulk sealar on the eosmology of brane-world scenarios [28]. Although mueh 

progTess12 has been made on this front, relatively little is known about the cosmology 

of brane-world models during the early tmiverse. This is mainly due to the lack of 

exact time-dependent solutions to the higher-dimensional theory. Stabilization turns 

out to be a hindrance in this case, since its natural function is to produce a static 

brane-world. For instance, in the RSl model linearized treatments incorporating 

stabilization have successfully shown the scenario to be robust under small time

dependent perturbations (for e.g. [10], [13], [30]). Once temperatures approach the 

TeV scale however, these solutions tend to break down. So, for example, when energy 

scales which drive inflation (typically ~TeV4) are reached one can no longer be sure 

of recovering the stable, static RS configuration. Studying the high-energy regime of 

RSl cosmology thus remains a difficultprospect. 

There have been efforts made to investigate possible realizations of inflation 

in both RS models as weIl as other brane-world scenarios. Whether this occurs 

through dynamics on the brane [14] or in the bulk [15], there is as yet no satisfactory 

inflationary solution which simultaneously allows for a successful transition to 4D 

FRW cosmology, and a dynamically generated stabilization of the extra dimension in 

the case of two-brane models. l t has been suggested that the radion might be used as 

the infiaton [31 ]-[32], but the fact that the radius is displaced causes a back-reaction 

on the metric, thus changing the expansion rate, and introducing time-dependence 

12 See, for example, the self-tuning models attempting to address the cosmological constant problem [29]. 
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into Einstein's equations. At high energies, the problem must be treated as a five

dimensionalone [34], further stressing the need for exact solutions. 

With the generally nonlinear behaviour of Einstein's equations when time

dependence is introduced, this is obviously a difficult question to probe. For RS-type 

brane-worlds which address the hierarchy problem at the static level, the central issue 

as we present it thus becomes: how does one study a 4D inflationary scenario (i.e .. 

the expansion of our brane universe) and simultaneously generate the stabilization of 

the 5D brane-world without using a low-energy expansion seheme? It is this ques

tion we hope to provide some insight into by examining the dynamies of a eoupled 

radion-bulk sealar field system in five dimensions. 



Chapter 2 
A New Model: Cosmological solutions in a 

dilatonic brane-world 

The difficulty in studying early universe cosmology in brane-world models arises 

due to the high energies associated with this epoch. For example, in the RSl model, 

it is possible to find perturbative solutions to Einstein's equations valid to energies 

typieally of order the Te V seale. However, the lack of exact dynamical solutions 

prevents one from constructing an inflationary model which simultaneously ensures 

a stable radius will be recovered. In order to study the early universe in such a 

setting, it is imperative that we find solutions which are robust enough to handle 

large departures from the static level. This is a difficult problem given the nonlinear 

features of Einstein's equations in this regime. 

With an infinite number of possible metrics we may write down there is clearly 

no intuitive way of choosing one which generates exact solutions while meeting other 

requirements such as stability in a RS-type scenario. However, as we will show, it is 

possible to find approximate solutions to the global equations of a 5D brane-world 

model which are extremely precise everywhere and still retain the main features of 

the RS 1 model that have intrigued physicists so much in recent times. This will 

be the major result of this work, as we will propose a new model in the spirit of 

RS which addresses the hierarchy problem and issues of stability, while allowing for 

30 
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the construction of viable models of inflation. The method by which this will be 

accompli shed can be surnmarized as follows: 

1. A new solution which also addresses the hierarchy problem is given at the static level. 

2. A specifie time-dependent metric modelling a 5D dilatonic brane-world which will 

allow us to study 4D cosmology is then proposed. This ansatz must contain the static 

solution. 

3. The C05 equation is then used to construct an exact time-dependent solution for the 

stabilizing bulk scalar field. 

4. The coupling of the radion to the four-dimensional part of the metric is made small 

enough to ensure that the rest of Einstein's equations are satisfied to a high degree of 

precision in the bulk and on the branes. 

5. After separating the radion from the graviton, we find that Einstein's equations are 

reduced to a 4D FRW-like cosmology driven by the dynamics of the renormalized 

radion. 

6. Finally, we impose that the radion potential generated by this solution must vanish at 

its stable minimum. In this way, the radion acquires a mass and the static solution will 

be recovered. 

Let us begin by introducing the setup for our 5D brane-world model in a very 

general way. The action for 5D gravit y coupled to the stabilizing scalar field, <P = 
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<I> (y, t) with a bulk potential V (<I» and potentials on the branes VO,1 (<I» is 

s = J d5xJg ( - 2~2R + ~8m<I>8m<I> - V (<I») 

-J d4xJg Voly=o - J d4xJg Vi ly =l 

32 

(2.1) 

The extra dimension, y is an 8 1
/ Z2 orbifold and so aH functions are symmetric under 

y --+ -y. Thus, as is norrnally done, we consider the interval y E [0,1] for the 

compact extra dimension with the Planck (y = 0) and TeV (y = 1) branes located 

at the orbifold fi.xed points. The most general metric ansatz which will respect the 

principle of homogeneity and isotropy of our universe can be written as 

(2.2) 

This ansatz, leads to the scalar field equation 

~ (N- 1BA3<i» _ ~ (NB- 1A3<I>') +NA3B [dV + dVo8(By) + dVi 8 (B(y_1))] 
dt dy d<I> d<I>· d<I> 

. (2.3) 

and after substituting into the Einstein equations, GMN = K,
2TMN gives 
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in the bulk where the indices are M, N = 0,1,2,3,5. The bulk contribution to the 

stress energy tensor cornes from 

(2.8) 

and we have the sources on the Planck and Te V branes: 

B- I (0, t) {j (y) diag (Vo + Po, Va - Po, Va - Po, Vo - po, 0) (2.9) 

+B- I (1, t) {j (y - 1) diag (VI + Pl' Vi - Pl, Vi - Pl, VI - Pb 0) 

where PO,1 and PO,1 correspond to arbitrary distributions of matter. In what follows 

we will not consider the effects of adding matter to the branes, since we will be 

primarily interested in the cosmology generated by the dynamical evolution of the 

radion coupled to the bulk. With the general setup established, we now present our 

new static solution. 

2.1 Static solution 

Below we will present the static solution to our brane-world model in order to lay 

the groundwork for the more complicated dynamical analysis later on. In modifying 

the usuai metric ansatz in the RSI scenario (1.30), we will see that it is still possible 

to address the hierarchy problem, while eliminating the need to use cosmological 

constants to satisfy Einstein's equations. Anticipating the result, our solution is the 
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conformally fiat metric: 

(2.10) 

N(y) (2.11) 

As only y-dependence is present we find that Einstein's equations in the bulk reduce 

to 

-3 -(Nil) 
N 

-6 -(
N')2 
N 

~2 (~cI>'2 + (bN)2 V (cI») 

~2 ( _~cI>12 + (bN)2 V (cI») 

This is satisfied by choosing the bulk potential 

in analogy with the work done in [33]. Also, we have the scalar field equation: 

By using the relation 

dV 1 dV 
dcI> cI>' dy 

we find 

and it immediately follows that the bulk scalar has the solution 

cI>' 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 
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In order to satisfy Einstein's equations (2.12,2.13) we must then fix Cl = v'!kb. AIso, 

for the sake of brevity, we set C2 = 0 as it is undetermined and arbitrary and so we 

find 

v 

J3
kby 

/'\, 

9k2 ~<I> 
--ev'3 

2/'\,2 

(2.20) 

(2.21) 

This potential is similar to the one found in the Horava-Witten model [2]. Notice 

also that this solution differs from those usually found in RS1, <P rv e-CY as <P is linear 

my. 

Now that the bulk solution has been determined we must examine the boundary 

terms. The brane potentials are found from the Israel junction conditions [33, for 

example]: 

1 [NI] 
(bN) N y=O,l 

(b~) [<p']y=O,l 

A possible choice of potentials is then 

Va 

± /'\,2VO,1 

3 

aVOl 

± a~ 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

where Vo and Vi when evaluated at y = 0, 1 respectively result in the necessary tuning 

of energy densities for a static solut.ion as in RS1, and we are now done13 . 

13 As with the original RS 1 solution however, there is no guarantee that our solution will result in a stable 
extra dimension with the branes at the orbifold fixed points y = 0 and y = 1. This is because we have not yet 
addressed the dynamical problem that arises when this solution is perturbed. To do this we need to investigate 
the dynamics of the radion. We will treat this in the time dependent solutions which follow. 
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2.1.1 Solving the hierarchy problem 

Fortunately our static solution can be used to address the hierarchy problem 14. To 

see this, consider the action for a scalar field 'ljJ (t) with potential V = ~m2'ljJ2 located 

on the TeV brane where we reside, 

After rescaling \li = e-3~b 'ljJ we find 

so that the physical mass as measured by an observer on our brane will be 

-kb 
mphys = me 

(2.26) 

(2.27) 

(2.28) 

So for m rv mpI, the physical mass will be mphys = 1O-16m rvTeV. Thus, the hierarchy 

problem can be easily addressed in the same manner as the RSl model. Furthermore, 

the 4D mass scale mpi is found to be related to the fundamenta15D mass scale, K,-2/3 

by 

(2.29) 

and only differs from the RSl result by a constant factor rvl. In this way, our 

static solution seemingly offers little improvement to the RS solution. The benefits 

of the setup we have employed will only become apparent when we incorporate time-

dependence. 

14 Here we follow the same procedure which led to (1.33). 
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2.1.2 Motivating radion dynamics 

In order to motivate the approach we will follow, let's trivially modify our solution 

to include time-dependence. Suppose we have b = b (t), and <I> = <I> (y, t) with the 

metric15 

(2.30) 

Einstein's equations then become 

( 
<Ï>2 <I>'2) ",2 e2kbY2 - b-2e2kbYT + V (2.33) 

GO.s 3k2bby = ",2<Ï><I>' (2.34) 

The G05 equation is satisfied by the modified static solution with b = b (t) 

V3 <I> = -kb (t) y 

'" 
(2.35) 

15 A similar metric ansatz was used in Ref. [33] to derive braneworId solutions in the presence of a static 
bulk scalar field. 
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Upon substituting the cg + c~ combination into the c~ equation and then plugging 

in our solution with the bulk potential 

(2.21) 

we can compare it with the scalar field equation of motion (2.3) in the bulk and 

see that they are equivalent. This will be a consistency requirement for the time-

dependent solutions that follow or else the system will be overdetermined. 

Now, upon examining the cg equation we find 

(2.36) 

Since the brane potentials will be cancelled by the nondistributional part of the metric 

derivatives through the junction conditions, we are left without a potential for the 

radion. Furthermore, the dynamics of b (t) will not be satisfied everywhere in the 

bulk because of the y-dependence. Thus, the only possible solution is b = O. This 

illustrates sorne critical obstacles that must be overcome if we are to investigate radion 

dynamics in the early universe. Firstly, the most important criteria, is to find a time 

dependent solution which will generate a radion potential that gives a stable radius. 

In particular, we will need a potential which vanishes at its minimum, resulting in a 

heavy radion and the recovery of the static solution. Secondly, although usually aIl 

y-dependence is integrated out to study the effective 4D theOl'y, a good solution will 

have to be valid everywhere in the bulk. This is due to the fact that cosmologieal 

backgrounds which describe the evolution of our universe at early times will typically 

be in a high-energy regime that requires the full theOl'y [34]. 
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Fl'om the ab ove discussion we get an indication of the necessary features required 

for satisfactory global solutions to Einstein's equations with a bulk scalar field. While 

exact time-dependent solutions to RS-type two-brane models which incorporate sta-

bilization have proven to be elusive16 , we will show that one can find highly accurate 

approximate solutions and still allow for the investigation of high energy regimes. 

2.2 Time dependent solutions 

Up until now, any attempts to study radion dynamics in the early universe have been 

hampered by the lack of global solutions. For example, the RS 1 solution has been 

found to be stable under small time-dependent perturbations and the resulting cos-

mology of our universe has been fully described when arbitrary matter distributions 

are included on the branes [30]. However, if we are to investigate the high energy 

regime associated with inflation, we must be able to get a handle on the time deriva-

tives which will appear, so that larger departures from the static solution can be 

considered. In other words, we should be able to analyze Einstein's equations with-

out using a linearization procedure which relies only on small perturbations from the 

static solution. 

With the intention of recovering our static solution while satisfying Einstein's 

equations everywhere, let us start with a general 5D spacetime modelling a dilatonic 

16 In [33] exact time-dependent solutions were explored. However, their treatment required a static bulk 
scalar field. 
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brane-world: 

(2.37) 

Notice that wc have reparametrized the most general metric (2.2) by choosing 

A (t, y) = a (t) N (t, y) = a (t) e<Pl(t,y) (2.38) 

Since a (t) is the scale factor associated with our universe, we will more readily be 

able ta study the 4D cosmology. Also, the bulk and brane matter content remains 

the same, as we still have our stabilizing scalar field cI> = cI> (y, t) with bulk and brane 

potentials V (cI» , Vo,l (cI» respectively. Sa Einstein's equations in the bulk become 

Gg = 3e-2<p, ( (~)' + ~ (2<Pl + <p,) + <pl + <P, <p,) - 3b-'c-2", (",r + 2",;, - <1, </,) 

K' (e-'" ;2 + b-'e-2" "';2 + V ) (2.39) 

3e-2<p, (2~ + (~)' + 2~ (2<Pl + <p,) + <pl + <P, <p, + <pl + 2<i\ + 4', ) (2.40) 

-9b -'e -2., (",r + 2",',' - '1", '1",) = 3,,2 ( -c -2., ~2 + b -2e -'" "'2" + V ) 

3e-2<p, (~+ (~) 2 + 3~<Pl + <pi + 4'1) - 6b-2e-2<p,'I"{ 

K' (e-2e , ;' _ b-2e-2., ~2 + V ) 

3 ( 1 • • 1 )' 2A;.;F,I 
<Pl <P2 - <Pl = l'L 'l!'l! 

(2.41) 

(2.42) 

Notice that the Go.') equation is now independent of a (t) and much simpler than 

the most general case. The Go.s equation is important since it determines energy 

conservation conditions for matter on the branes [11]. Although we have not included 
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matter on the branes in our treatment, the G05 equation still plays an important role. 

That is, we will use it to construct an exact solution for our bulk scalar field, the 

f01.mdation for our global solutions to Einstein's equations. 

2.2.1 Small departures from 4D cosmology 

Theories involving extra dimensions should eventually be linked to the known physics 

of the observable universe. In this way, the low-energy effective 4D theory is invaluable 

for testing their viability. However, the 4D description of the early universe we hope 

to achieve will require a solution to the 5D theory. The question we must address is 

then: under what conditions can a 5D solution also have a 4D description [34, see 

for example]. The most important criteria for us will be to require that our solution 

be weakly dependent on the extra dimensional coordinate, so that the dynamics are 

valid everywhere. 

Examining the G05 equation, it is obvious that the solution for <I> requires that 

sorne further assumptions about the metric must be made. In Refs. [35]-[37], 5D 

solutions which also include the dJ:llamics of a btùk scalar field with an exponential 

potential are fmmd for the case of a single brane. One of the techniques employed was 

the assumption of the separability of the metric functions and the bulk scalar field. 

Wc will find that we can apply this criteria to obtain the desired effect of weakening 

the y-dependent dynamics in our model. To begin with, let's restrict 'Pl,2 to being 
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separable functions in t and y in the following manner: 

rpl n (y) (1 + <1'1 (t)) (2.43) 

n (y) + <1'2 (t) (2.44) 

Here, n (y) = -kby is the static result for the warp factor. Then (2.42) becomes 

(2.45) 

and there is the possibility of recovering the static spacetime when <1'1.2 -+ O. Next, 

we define the function 

(2.46) 

in the most general way so that <1'2 is the radion generating the back reaction on the 

metrÏc 

(2.47) 

and we only require that 

f (0) = 0 (2.48) 

so that the static solution (2.10) is recovered. Now (2.45) can be written as 

1 ~ (( ) df) K
2

. 1 n rp2 1 + f - -_- = -<I><I> 
drp2 3 

(2.49) 

and upon examining the static solution (2.20) for the btùk scalar field wc must have 

yI3 
<I>(t,y) = - (rp(t) - n(y)) 

K 
(2.50) 
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where 

. ~ ( df ) 
cp = -CP2 (1 + f) - d02 (2.51) 

Here we see that cp --+ ° as 02 --+ 0, since f (0) = ° and so we will be able to recover 

the static solution for the bulk scalar field. 

The functional form of f (02) will be model dependent but we can gain some 

intuition of how to make this choice by examining the cg ~quation: 

(( ')2 . ( d+ ) ~2 ( 2n.!!L (1+n.!!L) )) 3e-2n(1+f) ~ + ~(P2 2n-:- + 1 + CP2 déh déj;2 2 

a a dCP2 2 - ((1 + f) - 4L) 
dCP2 

(2.52) 

where we have inserted equations (2.43)-(2.44), and (2.50)-(2.51) and chosen 

(2.21) 

for the bulk potential as in our static solution 17. The first concern ~e need to address 

is that the y-dependence have a negligible effect on the dynamics of 02' An obvious 

solution to this problem would be f = 0, but we will see that this choice does not 

generate a potential for the radion. Let us now impose the constraint 

and f~1 (2.53) 

80 that 

(2.54) 

1 ï There are other instances in the literature where bulk scalar fields with exponential potentials are used 
in investigating brane-world cosmology (see for example refs. [35]-[37]). Scalar fields with exponential 
potentials can be found through a sphere reduction in M-theory [38]. 
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We can think of this as being equivalent to a sruaU perturbation of the 4D slices of 

the ftùl 5D spacetime induced by 'P2: 

(2.55) 

We are not however restricting 'P2 to being smaU and so we will then consider 

a a ~ <P2 2 -2- 2' 2 

( ( 

. ) 2. ~ 2 ) (3 ) 3k2 -;;, + -;;,<P2 - 2 = k e 'P2 "2 + 3f + 2f - Te 'P (2.56) 

to be a good approximation of the cg equation18 • Similar arguments can be applied 

to the rest of the Einstein equations. 

We have now effectively removed the y-dependence from the bulk equations, sub-

ject only to the constraint on f. Thus, we should be able to arrive at a 4D description 

of the 5D theory without losing any vital information about the bulk energetics. How-

ever, we have yet to account for the equation of motion of the bulk scalar field and 

so we must also ensure that our solution for <I> is consistent with this. 

2.2.2 The G~ equation is the bulk scalar equation 

In a study of the RS two-brane model incorporating radius stabilization Ref. [10] 

found using a perturbative approach that, due to gauge-invariant degrees of freedom, 

the G55 cquation and the bulk scalar equation are equivalent. Although we do not 

neglect an time derivatives we find that this is also the case here. To see that the Gâ 

18 The argument that we can neglect terms involving y-dependence will also apply to the 0 (I, /2) terms 
due to the constraint (2.53). We include them here since we do not yet know how Ç:;2 and <p are related. We 
are interested in finding the dominant contributions to Einstein's equations and then checking that the terms 
we ignore are, in fact negligible. So it could be that the 0 (J) terms, for example, are the lowest order terms 
(not involving time derivatives) which dominate. 
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equation and the scalar equation are equivalent we proceed in the following maImer. 

Using (2.50) and (2.53), our exact solution for <P can be recast in the form 

(2.57) 

where 

(2.58) 

(T (0) o (2.59) 

The G05 equation now imposes the relation 

(2.60) 

for (2.57) to be an exact solution. In addition, from (2.53) we must also must have 

(T « 1. Clearly this is a much simpler constraint as it involves only the small terms 

f (02) and (T (02), and it will help us to derive suitable potentials for the radion, 02. 

The exact solution to the G05 equation written in this way tums out to be the starting 

point for our assertion that the bulk equatioIlB will be effectively independent of y. 

After substituting (2.57), along with our previous results, the G~ equation and 

the scalar field equation in the bulk now become respectively 

3C2
;(1+f) (fp2 + 3~~2 + ~~ (2n d~2 + 1) ) 
9k

2 
2( - ) 3 2 2 2-= -Te- n+'P2-o- + 2k e- n- 'P2 (3 + 4f (1 + f)); (2.61) 

e-2n
(1+f) ((fp2 - a) + 3~ (~2 - &) + (2n d~2 + 1) ~2 (~2 - &)) 

= k2e-2n- 2'P2 (3 + 4f) - 3k2e-2(n+'P2-o-) (2.62) 
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We only need to drop the small j2 term in the G~ equation and the small Œ time 

derivatives in the scalar equation to see that they are equivalent. The equations 

written in this form also reveal once again that y-dependence will have a negligible 

effect on the radion-scalar dynamics. The important contributionsl9 reduce to an 

equation of motion for CP2 

(2.63) 

and will be true for the bulk if (2.53) and (2.58) are met. We are almost in a position 

now where we can study the radion dynamics directly from the 5D theory. Next, we 

must be concerned about what happens with the contributions from the branes. 

2.2.3 Boundary terms 

Having found that Einstein's equations can be satisfied to a high degree everywhere 

in the bulk when the deviation in 'Pl (t, y) is small compared to that in 'P2 (t, y) .from 

n (y) , we know that we will not be limited to small departures from the static solu-

tion. However, we must be careful with the boundary terms as they should also be 

consistent with our solution for the stabilizing field on the branes. In the following 

analysis we show explicitly that the back-reaction generated by the radion is fixed by 

our choice of boundary potentials Vo (cI» and VI (cI», and by the G05 equation which 

generates an exact solution for the bulk scalar field, cI> (y, t) . In particular. we will see 

that j (cP) is not an unphysical free parameter put in by hand into the model. 

19 We see now that the 0 (j) tenus which we kept in (2.56) will contribute to the dynamics and so we cannot 
ignore them. 
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Starting with the jump conditions (as in (2.22) and (2.23)) we get 

Substituting for <1> and 1.P2 (t, y) 

6k (1 + f) e-no ,l-ip2 _ 

",2 

2y!3k -__ e-no ,I-'P2 

'" 

2 
± '" Va,l 

3 

± 8Va,1 

8<1> 

±Va,l 

± 8Va,1 
8<1> 

47 

(2.64) 

(2.65) 

(2.66) 

(2.67) 

We already know how the y-dependence is satisfied from our analysis of the static 

solution, so we focus on the time dependent part to complete the bulk solution. Let's 

consider an arbitrary brane potential Va evaluated at y = O. Using (2.66) and (2.67) 

we find the exact solution 

",Va 
f= y!3V~-l 

where the prime denotes d~. From (2.68) and (2.57) we have 

(2.68) 

(2.69) 

Plugging (2.68) and (2.69) into (2.60) and using (2.67) evaluated at y = 0 to find 

d-
V~' = -~V~, we see that (2.60) reduces to 

(2.70) 

From (2.57) this is automatically satisfied for a given brane potential Va so long 

as (2.68) and (2.69) are satisfied. Interestingly, the fact that we have guaranteed 

an exact solution for the bulk scalar field also addresses the issue of the boundary 

tenus affecting the dynamical btùk solutions. Furthermore, the system of equations 
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(2.60,2.66,2.67) is not overdetermined even though we only have the two lmknowns 

f and (J. Similar arguments can be made for the Te V brane potential Vi evaluated at 

y = 1. In this way a fine-tuning is imposed on the brane potentials which is equivalent 

to setting the 4D cosmological constant to zero at the static level. 

Since we will be primarily interested in the radion potential which is generated 

from f and (J, our procedure will be to "choose" f and derive (J from (2.60) to see the 

range of possibilities available to us in this setup. Once we have chosen an explicit 

model we will make sure that our brane potentials fix f according to (2.68). Further, 

it will be a requirement that when <I> -+ -1!-n (y) , our brane potentials evaluated on 

the branes must become 

Vo 
6k 
tl,2 

(2.71) 

Vi 
6kekb 

---
tl,2 

(2.72) 

so that we can recover the static results of (2.24-2.25). Depending on the model, 

exponential potentials of the type used for the static solution can be employed to 

achieve this. Now that we have outlined how Einstein's equations can be satisfied ev-

erywhere, we must demonstrate that the dynamics will conform with the assumptions 

that got us here. 

2.3 The 4D theory 

Without evidence to confirm the existence of extra dimensions, any higher-dimensional 

theOl'y ultimately must make contact with the real world. Generally this is achieved 
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through the use of a low-energy effective 40 theOl-y. When one considers high en

ergies, as we are doing however, there is a danger in representing intrinsically fiv(,>

dimensional theories with a four-dimensional description. It is not always possible to 

distinguish between the true dynamics of the system and its dimensionally reduced 

equivalent, especially when an attempt is being made to go beyond the moduli-space 

approximation20. In fact, as we have indicated throughout this work, studying brane

world cosmology in regimes which are far from the static level, in the absence of 

exact solutions to the full theory, demands a five-dimensional treatment. With this 

in mind, we now proceed to derive the four-dimensional Friedmann equations from 

our five-dimensional model. 

2.3.1 The Friedmann equations 

To study the cosmology of the 4D effective theory one usually integrates out all y 

dependence to determine the Friedmann equations for the radion. First, we would 

find the 40 potential for the radion by integrating the cg equation [26], 

Vr = 11 bé'Pl +'P2 (k2e-2
'P2 (~ + 3f + 2f2) + h:

2v) dy (2.73) 

an analog to Gauss's law in classical electromagnetism. In Einstein's theory we would 

have 

J GljfJgdy 

Jg 

h:
2 J T;:"Jgdy 

bé'Pl +'P2 

20 see [34] for a discussion ofthis issue involving the radion in a two-brane mode!. 

(2.74) 

(2.75) 



2.3 The 4D theory 50 

where the brane potentials Vo, VI are implicitly included by recognizing that the metric 

derivatives on the branes will cancel these sources through the junction conditions. 

But since we have effectively removed any y-dependence by employing the method 

in the previous section we need only consider the results given in (2.53) and (2.58) 

where f (<P2) is used to find <P exactly. Thus, the following analysis, for the sake of 

clarity, involves only terms which will make a demonstrable contribution to the radion 

dynamics. 

To arrive at the Hubble equation we write (2.56) as 

( m' + ~~, - ~:) = k'e-2i>, G + 31) - ~k'e~ + 0 (l') 

k,..;2e-<P2 v,. (2.76) 

where by keeping terms only up to order f and (J" we find 

(2.77) 

Now, in order to separate the massless graviton from the radion, we perform a con-

formaI transformation21 on the metric [26] 

a (t) "(a (t) (2.78) 

dt (2.79) 

21 It can be shown that there always exists a transfonnation allowing this separation for a 5D spacetime with 
a metric of the form: 
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To eliminate the cross terms atp2 in Einstein's equations '"Y is fixE~d to be22 

(2.80) 

Explicitly, we find 

a 

a 

(2.81) 

will reduce the cg equation to 

(2.82) 

Notice also that the difference in the two frames can be quite large for if!; > 1, so 

it may be possible to see the effects of new physics eoming from the 5D brane-world 

mode123
• Using our definition of the fundamental mass seale (2.29) given earlier 

(2.83) 

we can now write the Hubble equation in the Einstein frame as 

(2.84) 

22 The exact result found by integrating Einstein's equations over y fixes 

and so conforms with our assumptions about f required to solve the SD the ory. 

23 Two frames re1ated by a conformaI transformation should still describe the same physics. The argument 
here is that if the scale factor in the conformaI frame li evolves as in ordinary FRW cosmology then a will 
exhibit nonstandard behaviour due to its coupling to the radion. We will see how this happens when we study 
inflation in this mode!. 
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wherc 

(2.85) 

is the renormalized radion field and 

(2.86) 

modifies the radion potential by a factor of ,4. Similarly, using (2.85) we also find 

the G~ equation reduces to 

.. (.)2 ( ) Ci Ci I6n 1 ·2 -
2-::- + -::- = -2 --0/ + v,. 

a a m pl 2 .0 

(2.87) 

and so the Friedmann equations will be analogous to those found in standard 4D 

cosmology with a scalar field. Given that FRW cosmology involving various potentials 

has been so extensively studied, we can be confident that our dynamical solutions will 

be analytically treatable. It now remains to be seen that the G~ equation will produce 

the equation of motion for the radion, as it did for the bulk scalar field. If this is 

truc, and our assrnnptions are cOlTect, then we have assured ourselves that the 5D 

dynamics will have a genuinely 4D description even at high energies. F\lrthermore, 

we will also be ready to construct some explicit potentials for the radion with which 

we can study the inflation of our brane-universe. 
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2.3.2 The rad ion potential: explicit models 

To arrive at the equation of motion for the radion, we start with (2.63) , keeping the 

highest order terms which will contribute to the dynamics of the system: 

(2.88) 

Transforming to the Einstein frame, and substituting for the renormalized radion we 

get 

(2.89) 

the equivalent FRW equation of motion for a 4D scalar in sorne potential. Note that 

the radion potential (2.86) is now written as 

(2.90) 

80 the last equality is found by evaluating the derivative and substituting om condi-

tion for an exact solution of <I> in a given model (2.60): 

(2.91) 

Rence if om assumptions about f (cp) are valid then the entire system of equations 

will be consistent. This also confirms the result that the G~ equation determines the 

shi ft in the radion (for e.g. [26] and [10]) due to the cosmological expansion. The 

obvious advantage we have from om derivation is that the radion dynamics are also 

ineluded so that om analysis can be extended beyond small departures from the static 

result. 
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Next it is also instructive if we ealculate the radion mass in general as it will 

help us fmther restrict the possible brane potentials we need to fix f: 

m 2 = d2~ 1 = 2k2(3df 1 

r drjJ 1>=0 drjJ 1>=0 

(2.92) 

where we have imposed f (0) = (j (0) = O. Renee, for a stable radion with m; > 0 

we must have ~ 1 > O. 80 the radion mass is determincd by the way in which the 
4>=0 

radion couples to the 4D part of the metric. We now can investigate possible forms 

f ( <p) may have such that a suit able radion potential is generated which will allow 

us to explore inflationary scenarios while guaranteeing stability and the recovery of 

the static results. While there are many existing models of inflation motivated by 

particle physics [16] which we could explore, orny those which conform with the 

imposed behaviour of f and hence (j will be of interest to US24 . 

From the above discussion we are obviously restricted to models which are 

quadratic in <p near <p = O. For example, it is easy to construct the weIl known 

chaotic potential ~m;rjJ2 by setting f (rjJ) = 2~~2 e3* rjJ (~rjJ + (3) and deriving (j (rjJ) = 

f m2 3~ 2 f ( ) . 
- 4k2~2e f3rjJ rom 2.60. However, the problem of super-Plancklan field values 

needed to generate enough inflation will still remain. Therefore our analysis will 

involve the construction of sorne new models to study inflation, and the problems 

this epoch poses. Let us begin with a simple example: 

(2.93) 

24 Exaet dynamieal solutions to the 5D spaeetime would give a specifie fonn of the radion potential. Argu
ments of naturalness aside, our primary eoncem here is that Vr ~ m;4>2 for 4> « 'Tnpl. 
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glves us 

(2.94) 

where a ~ 1 is the necessary assumption. The radion potential now becomes 

(2.95) 

This potential (shown in Fig.2.1) is similar to the simplest chaotic potential, and has 

a stable minimum at cP = O. However, the presence of a local maximum and the 

steepness of v;. for cP < 0 willlead to infiationary results which are either inconsistent 

with observation or require an unnatural fine tuning of initial conditions25 . Next we 

Vr 

0.2 

.15 

.1 

Fig.2.1: 11;. rv f'-3~ f,. For inflation to occur below cP = m~p, cP (0) must be very close to 

the local maximum. 

25 This is reminiscent of a typical potential for the dilaton field one would expect to find in string theOlY [39]. 
The radion potential also has a runaway minimum for which the theory is free and a nontrivial minimum at 
finite values. 



2.3 The 40 theory 56 

eonsider the slightly more elaborate model 

f Œ (eW
<P2 - 1) = Œ (ew * - 1 ) (2.96) 

CT f (1 - ~) + Œ02 = ct (1 - ~) (ew* - 1) + Œ~ (2.97) 

where w is sorne constant26
. This gives a radion potential of the form 

(2.98) 

If we expand for ~ ~ 1 we find 

(2.99) 

which is consistent with (2.92) 

(2.100) 

Thus, the radion will be heavy and stable provided WŒ > O. As shown in Fig. 2.2, 

the numerical constant w determines the curvature of the radion potential and can 

be restrieted by finding the range of parameter spaee which will allow us to address 

infiationary constraints. 

The optimum choice for a potential which is fiat enough to generate a large 

amount of inflation is W = 3. In this case 

(2.101) 

26 An exact derivation for f (cjJ) using the brane potentials for the special case w = 3 is given in Appendix 
A, as we will employ this model in a detailed study of inflation in the next chapter. 



2.3 The 4D theory 57 

Il, -w=3 
.... w<3 

.25 - w>3 

0.2 
~/ 

.15 
~// 

./ 

/ 

2 3 

Fig.2.2: V;. vs. * showing qualitative behaviour of the radion potential for different choices 
ofw. 

and it will perhaps be the most natural choice as it resembles very closely potentials 

derived in supergravity models [16], without the additional ~ term. We also note that 

steep inflation [40], when the exponential terms become large for 1> < 0, is an avenue 

we can investigate. This corresponds to initial conditions which involve a radius of 

the extra dimension which is smaller than the stabilized value. Keeping in mind that 

our approximations require that -v;. will be altered for large27 'P2 = ~, we are now 

ready to look at inflationary scenarios in detail, and physically constrain the possible 

models available to us in our five-dimensional brane-world. 

27 Regardless, for 4> much above 7npI, the semicIassical analysis we have employed willlikely break down. 
In particular, if the energy density of the inflaton is ab ove the Planck scale the theOlY of quantum gravity will 
be required .. 



Chapter 3 
Inflation and the Radion 

The paradigrn of inflation has been very successful in addressing many questions 

left unanswered by Big Bang cosmology. Figuring prominently among these are the 

horizon problem, the flatness problem, and the lack of explanation for the observed 

anisotropies in the CMB. In spite of its well known benefits however, this hypothesized 

epoch of the early universe also has its own set of problems. 

To begin with, we know that it is possible to achieve inflation when the energy 

density of the universe is dominated by a cosmological constant. Such a scenario in 

the early uni verse is unacceptable though for the simple reason that inflation must at 

sorne point end in order to allow for the emergence of the eras of radiation and matter 

domination. In other words, if inflation is in fact driven by vacuum energy, it must 

be dynamic. For this reason, the most likely and most often studied candidate for the 

inflaton is a time-dependent scalar field, usually considered to be minimally coupled 

to gravity. In this context the primary concern in model building is the generation of 

a potential for the scalar driving inflation. Once this is achieved, a mechanism must 

be in place to allow for a "graceful exit" from the inflationary phase to ordinary FRW 

cosmology. 

The vast array of inflationary scenarios which have been successfully proposed 

bears witness to the relative ignorance we have of the physics in play at these energy 

scales. Fortunately, the advent of precision measurement in the cosmos will help to 

58 



3 Inflation and the Radion 59 

restrict the lllyriad of models, and further inspire work towards a derivable theOl'y 

rather than one whose potential must be put in by hand. Admittedly, om model 

suffers from the same defect of generic models of inflation. Namely, the fi'eedom to 

choose the exact form of the metric through f (cP) (that is, Vo and VI) can also lead 

to a wide variety of potentials which satisfy inflationary constraints. Nevertheless, 

insight may be gained from the fact that the radion is a natmal featme of the brane

world which does not need to be inserted for pmely cosmological reasons. That the 

radion is also a scalar field coupled to gravit y suggests that the problem of moduli 

fixing in higher-dimensional models and justifying its existence for the inflation of 

om universe may be directly linked. In fact, by demanding that our five-dimensional 

model have a dynamically realized stabilization mechanism, we have simultaneously 

allowed for a possible inflationary potentiaL This result underscores the importance 

of studying the dynamical evolution of brane-world scenarios in the nonlinear, high

energy regime. 

To study inflation in our brane-wodd model we must determine the equation of 

motion for the radion, constrain the model parameters according to physical obser

vations by making analytic approximations, and then check our results numerically. 

The equation of motion for the radion given in (2.89) can also be found from the 4D 

effective action in the Einstein frame. Typically one finels this by averaging the 5D 

Einstein action ove1' the btùk after linearizing about the static solution [26]. How

ever, as we have noted, this can leael to the danger of losing infoIDlation about the 

bulk at high energies and care must be taken in doing so. 
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Using our definitions and assumptions about f and a we may write the effective 

4D action after performing the conformaI transformation (2.78-2.79) as: 

s = jdt--3 ( 9m~l (â? 1.:.2) 41T) ,a - 167r 0,2 - 2'P2 - 'Y V r 

-3 2 a 1·2-f dtO, -2(3 0,2 + 24> - Vr ( ('2) ) (3.1) 

Here we have included only the dominant contributions, eliminating the y-dependence, 

as we did in the more a.ppropriate global treatment. This is again the analogous re-

sult to the four-dimensional result for a scalar field in some potential, except that we 

are working in a different frame. 80 the equation of motion for the radion is 

.. - . dV;. 
4>+3H4> =-

dcjJ 
(3.2) 

where fI is the Hubble parameter in the Einstein frame, in agreement with the equa-

tion of motion more reliably derived from the 5D theory. 

During inflation the dynamical evolution of the scalar field proceeds roughly 

as follows. The inflaton roUs slowly in the flat region of its potential, mimicking a 

cosmological constant, and so leads to an exponential expansion of the universe. As 

it roIls towards its minimum, quantum fluctuations in the inflaton pro duce the pri-

mordial density fluctuations which exit the horizon of the uni verse and generate the 

observed anisotropies in the CMB. The inflaton then oscillates rapidly about its min-

imum, and through its couplings to matter lead to the reheating of the uni verse and 

pal,ticle production. In this work we are not concerned with the details of the transi-

tion to the radiation era, but focus solely on the possibility of employing the radion 

as the inflaton. 80 the crucial feature of this evolution which will allow for an analytic 
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treatment of the radion dynamics during inflation is the slow-roll approximation. We 

now proeecd to obtain sorne analytic results and sec how our 5D brane-world model 

is constrained. 

3.1 Analytic results 

The slow-roll approximation is more than an analytic tool in invcstigating scalar 

field dynamics during inflation. Sinee the scalar field potential will dominate the 

energy density during slow-roll it is also a condition allowing for the negative-pressure 

equation of state required for inflation to proceed. The most important criterion which 

guarantees that the inflaton is rolling slowly in its potential are the flatness conditions. 

In our model the conditions given in equations (1.14) and (1.15) are equivalently 

written as 

E 
(32 (V')2 - - ~1 
9 V 

(3.3) 

2(32 (V") - - ~1 
9 V 

(3.4) 

As long as these conditions are satisfied, the time derivatives of the radion will be 

small. Using the slow-roll approximation the equation of motion for the radion then 

becomes 

(3.5) 

and for the Hubble parameter in the Einstein frame wc get 

(3.6) 



3.1 Analytic results 62 

To determine the number of e-foldings until inflation ends analytically, we must also 

transform N: 

N J H dt = J fi dl + J ~I 
I

tend - - 1 i<Pend 
Hdt - - d4> 

t 2(3 . <P 

(3.7) 

1> -
9 1 1!,.d 1 ( ) 

2(32 <Pend V; 4> + 2(3 4> - 4>end 

This result is model independent and only requires that the slow roll conditions be 

met. 

Now that we have arrived at the relevant slow-roll equations in general we can 

apply them to an explicit model. Here we investigate the potential (2.101) where the 

radion ind uces a back reaction on the metric gi ven by f (4)) = a (ew * - 1 ) . This 

choiee leads to 

V. (ew* - 1) - w!E. 
-,;:.. = (3 f3 

V; (w - 3) (ew* -1) +3w% 
(3.8) 

We will be primarily interested in the region of parameter spaee28 where w ~ 3 sinee 

w < 3 requires an extreme fine tuning of the initial conditions near the local maximmll 

of Vr (see Fig.2.2). 

We know that the minimum amount of inflation required to solve the problems 

of standard Big Bang cosmology is N = 60. F\rrthermore, we would also like to 

have field values which are below the Planck sc ale in order to trust our semiclassical 

analysis. By numerically integrating (3.7) starting at cP (0) = mpI, we find there is a 

28 We might also con si der w < 0 but a stable radion would require changing the sign of 0' giving us the same 
results except with 4> -+ -4>. 
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narrow range of w which satisfies both requirements. 

3 :c::; w :j 3.155 (3.9) 

where the closer we get to w = 3 the flatter the potential becomes. From (Fig.3.3) 

we see that the optimally flat case of w = 3 will enable us to achieve the maximum 

amount of inflation for initial conditions bf the inflatonjradion field below the Planck 

scale.Although (3.7) is not exactly solvable for cp, it is still possible to obtain some 

N 

800 
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200 

3.025 3.05 3.075 3.1 3.125 3.15 

Fig.3.3: N vs. w, The maximum amount of slow roll inflation possible starting at 
<P (0) = mp for the class of models. 

highly accurate analytical results. 

Let us now concentrate on the most natural formulation of Vr : 

(3.10) 

The e-folding number N is now given by 

N = ~ (1 (1 
- e3~ (

1 + 3* ) ) d) .!t 
2{3 cp cp + 2(3 (3.11) 
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Ignoring the small contributions from the endpoints29 a numerical solution yields the 

analytic behaviour of cP: 

1 ( c!É. ) 2 e i3 -1 (3.12) 

f!..ln (2N<p + 1) 
c 

(3.13) 

where c '::::' 2.23. This is found to be an accurate approximation in the region of 

interest before the end of inflation (Fig.3.4). Furthermore, with N<p = 60 we find 

that cP '::::' .65mpl, confirming that the problem of super-Planckian initial field values 

is avoided in this model. Now that we know how the radion behaves during the 

N,N; 
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10 

~~~~~~~~~~~~~~ 1 
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Fig.3.4: N, N <pvs <p up to 60 e-folds before the end of inflation. The dotted line is the 
allalytic approximation. 

slow-roll regime we must investigate whether we can trust our assumption that f (cP) 

is small. In particular, we must determine whether this daim is consistent with the 

spectnun of energy density perturbations fixed by observations of the CMB. In order 

to do so the mass of the radion must be constrained. 

29 Our results depend very weakly on the precise value of fend' For our purposes, the anal y tic approximations 
used here suffi ce. 
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3.1.1 Spectrum of density perturbations 

The attractiveness of inflation as a viable model of the early universe is its predictive 

power. The CMB, since its discovery, has provided the most important experimental 

data constraining possible models. To see how the observational constraint is met in 

our model we write the perturbation spectrum in the Einstein frame as 

- - 1 
H Dt - 2(3 D<jJ (3.14) 

fI2 fI fIl fI 11 
- 27r~ - 47r(3 = 27r ~ - 2(3 

where the last tine follows from the standard derivation30
• So, as with the e-folding 

nurnber N, the spectrum of density perturbations will be affected by the difference 

in frames describing the evolution of a and a. Using the slow roll approximation we 

find 

(3.15) 

where we have used the analytic approximation in (3.12). Setting JV,: ~ m;3 for 

the early part of inflation during which the radion mass must be constrained by 

30 The important measurable quantity is actually the amplitude of the spectrum of density perturbations, 
18H1 2 Hence, wetakethe ab solute value. See [18] fordetails. 
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observation we find 

8 rv crn r (N +~) 
H 27rV6{3 </> 2 

(3.16) 

for the region of interest. Furthermore, we know that when COBE seales leave the 

horizon 8 H ~ 2 X 10-5 and after setting NCOBE ~ 50, this restriets the radion mass 

to be 

3J67[ X 10-5 

(N + 1) mpl 
c </> 2 

m r ~ 1.15 x 1O-6
mpl 

This result is not very sensitive to N. Henee, we ean approximate 

m2 
Œ = _r rv 2 X 10-13 

6k2 

(3.17) 

(3.18) 

ifwe set k rv mpl so that aIl the other input parameters to the model are natural31, as 

it is done in RS 1. Also, the maximum value of f (cp) we would expeet in this analysis 

if we set cp = mpl is a very small number: 

ç ( ) ( 3~ ) -10 Jmax rnpl = Œ e f3 - 1 rv 10 (3.19) 

Thus, the assumptions we have made throughout this work are still valid even up to 

the Planck seale. Although this result gives us hope that our toy model ean be used 

to make sorne definite physieal predictions, it must be noted that we are still required 

to explain a new mass seale for the radion, as with the m2cp2 model of inflation. This 

is the same deadend whieh many infiationary models find themselves in, as 7nr will be 

31 The expansion parameter Œ, written in this way is reminiscent of the small E expansion of the GW sta
bilization mechanism where the mass of the bulk scalar was required to be much smaller than the curvature 
scale k [12]. 
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effectively undetectable in the laboratory. Nevertheless, in contrast to the simplest 

model of chaotic inflation, we have found that we can ameliorate the problem of super-

Planckian initial field values. Furthermore, our inflaton has not been introduced into 

particle physics purely for cosmological purposes as in many of the 4D models, but is 

a natural outcome of adding dynamics to the brane-world. 

Another observational constraint we must test our model against is the spectral 

index. As we noted in chapter 1, this is a measure of the shape of the spectrum of 

density perturbations. Using the slow roll approximation, the spectral index is found 

to be 

Substituting (3.16) we get 

1 a (8~) 
-82 aN 

H 

2 
n-1~- 1 

N</> + 2" 

(3.20) 

(3.21) 

Depending on the precise value of N, this can comfortably lie within the bOlmds set 

by observation [?], n = 0.98±0.02. We note that this result is similar to non-minimal 

inflation [41] which has a potential of the form V = Va (1 - e-q</>/mP1 ) , where q and Va 

are constants. However, that model which can be derived from supergravity, suffers 

from large initial field values [16], and so the semiclassical analysis cmployed herc 

would beeome suspect. Now that we have secn that it is possible to construct yet 

another successful model of inflation, albeit in a higher-dimensional setting, we must 

check our analytic results numerically. 
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3.2 Numerical results 

Numerical simulations were performed to test the validity of our analytic approxima-

tions and were found to be complementary. Below we present sorne of the results for 

the w = 3 scenario. Notice that we have chosen the convenient dimensionless time 

unit Hot, where Ho is the initial value of the Hubble parameter, since during slow roll 

inflation Ht is approximately constant so that at the end of inflation fIt f"V 60, the 

minimum number of e-foldings required. 

Ina, Ina 

60 

-ma 
_o. Jn a 

Fig.3.5: ln a, ln a vs. Hot. The minimum amount of inflation required to solve the prob
lems of standard Big Bang cosmology. The inset shows the effect of <p oscillating on ln a. 

2 

Fig.3.6: * vs. HoE. The infiatonjradion field is in slow-roll during inflation then oscillates 
about <p = O. Initially we have <p (0) = .645mp . 
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Fig.3.7: p, li;. VS. Hoi.The radion potential dominates the total energy density during 
inflation. The units are mJ,l' 
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Fig.3.8: p, li;. , ~vs. Hoi. The plot shows the oscillating kinetic and potential energies as 
inflation ends and the inflatonjradion decays. 

Inspecting om results we find that the qualitative dynarnical behaviom is simi-

lar to that of m,2cp2 chaotic inflation. This is not too smprising given that the radion 

potential becornes quadratic as cp approaches zero. The difference i8 obvious in the 

early part of inflation where the radion is in an extrernely flat region of the poten-

tial. Additionally, and this would be generic to any rnodel constructed in this setup, 

large difl'erences between the evolution of the scale factor of om universe. a and the 

conformally transforrned one, Ci as shown in Fig.3.5, could lead to distinct signatmes 
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Fig.3.9: D H, Dnum vs. Hot. The analytic approximation and the exact numerical result for 
the density perturbations are in good agreement for the region of interest. 

coming from the higher-dimensional dynamics. Observing the oscillating behaviour 

of a as inflation ends, this might be especially evident when studying the reheating 

process in models of this kind. 

3.3 Alternative scenarios 

As we noted earlier, there a number of possible potentials which would allow for 

the inflation of our universe. In the absence of a complete set of exact solutions 

to the Einstein equations, this is inevitable. However, om analysis shows that it is 

possible to obtain very accmate approximate solutions where <p can reach as high 

as the Planck scale and still be valid. We have raised the cutoff energy applied to 

studies involving small pertmbations by allowing for a dynamical stabilization of the 

extra dimension. This raises the possibility that there may be other approaches to 

achieving inflationary solutions which we cmùd employ. 
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First, we can rule out steep inflation [40] in the radion potential we have studied. 

Examining (2.101) we see that v,. begins to climb very steeply when fjJ < 0 and blows 

up as fjJ --t -00. Physically this amounts to the situation where the radius ofthe extra 

dimension approaches zero. With initial conditions in this region of the potential, we 

will have a case similar to the exponential potentials of steep inflation. The most 

inflation oeeurs for w large (Fig.3.10). 80 we can approximate 

(3.22) 

where an initial value fjJ = -mpl gives at most N rv 2.12 e-folds of inflation. It could 
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Fig.3.10: N vs. w, The maximum amount of slow roll inflation possible for cp (0) = -lnp 

for the class of models. 

be that our universe began as a result of the expansion of an extra dimension, but 

such an assumption in this seenario will always lead to Planck se ale energies and 

lengths sinee bphys rv rnpJe-#;3, again pointing to analyses which must come from the 

quantum theOl'y of gravity. 

Using the radion as the inflaton is obviously the deanest method at our disposaI 

sinee we are not required to introduee any other entity whieh would be used solely 
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for the purposes of inflation. However, given that TnT could be heavier and still 

allow for f ~ 1 if the radion were not used for inflation, there are other scenarios 

which we could consider. For example, we speculate that assisted inflation [42, see 

for example] might be possible here. Generally, assisted inflation utilizes the Kaluza

Klein modes of a blÙk sealar field to eolleetively drive this proeess. The end result is 

a lowering of the energy seales usually required with distinct signatures from single 

field models. We might also try to drive inflation by including matter on the brane 

and then proceeding as the standard lore dietates. In either case, the overall shape 

of the radion potential need not be signifieantly altered. 

Other than allowing ourselves the freedom to set the radion mass at sorne other 

seale by relieving it of its role as the inflaton, there is no clear reason why we would 

want to explore either approaeh. However, what our analysis shows is that it is 

generieally possible to study the dynamies of a five-dimensional brane-world in the 

early universe. Moreover, in spite of (or beeause of) the wealth of options available to 

us in this setup, with the radion doubling as the inflaton it is not sueh a long journey 

from inflation to a stabilized solution to the hierarehy problem. 



Chapter 4 
Conclusions: discussion and future work 

The cosmos has inspired humanity since time immemorial. In the world of mod-

ern theoretical physics however, the study of cosmology has long been a neglected 

stepchild. Today this is rapidly changing as cosmological parameters are being rou-

tinely quoted to many significant figures while cosmology continues to mature as an 

experimental science. In fact, recent developments suggest that it will be possible to 

test fundamental theory in the cosmological laboratory in ways which are impossible 

at our terrestrial laboratories. Many traditional particle physicists are now putting 

on the hat of the cosmologist and vice versa. This union has been a long time in 

coming. 

In the 1980's two seemingly disparate, albeit fertile ideas emerged in theoretical 

physics: string theory and inflation. AlI _these years later, legions of papers have 

appeared in various periodicals, and there is as yet no definite connection established 

between them. N evertheless, recent progress seems to suggest that we may be getting 

close to inflationary scenarios which can be realized by fundamental objects in string 

theory [43, for example]. 

The appearance of moduli fields has troubled string theorists for a while. In 

cosmology their presence is problematic since they can ruin nucleosynthesis predic-

tions or overclose the universe if they acquire a mass [44]. Furthermore. massless 

moduli, such as the original RS radion can lead to an untenable fifth force. In t.his 

73 
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way, the problem of mochùi-fixing is generic to studies of higher-dimensional theo

ries. This makes the suggestion that moduli fields may be used for inflation [45] even 

more attractive as direct tests of fundamental theory will likely be possible. 

This obvious overlap between particle physics and cosmology is the main mo

tivation for the work we have presented here. Building on the ideas of RS we have 

constructed a 5D brane-world which addresses the hierarchy problem at the static 

level. This result has been achieved in various ways utilizing the brane-world idea in

spired by the Horava-Witten model [2], and so adds relatively little to the CUITent 

discourse. However, the main idea we have exploited in our setup which is novel is 

that it may be possible to use the radion as the inflaton and dynamically arrive at the 

stable configuration and the recovery of 4D FRW cosmology. To this end, we have 

employed a time-dependent bulk scalar field with an exponential potential for which 

we have analyzed the dynamics of the coupled radion-scalar system in some detail. 

Our treatment circurnvents the problem of relying on a four-dimensional descrip

tion of an intrinsically five-dimensional setup. This is necessary given the importance 

of the nonlinear terms in the Einstein equations once time-dependence is introduced 

at high energies. We have explicitly shown that, even in the absence of exact solutions 

to the full system of equations, it is possible to obtain an equivalent 4D representation 

of the 5D dynamics. This was accomplished by weakening the extra-dimensional de

pendence on the 4D part of the metric. In particular, the back-reaction of the radion 

on the metric was made to be small without requiring that it be near its static value. 

In this manner, we were not restricted to following a typicallinearization procedure. 



4 Conclusions: discussion and future work 75 

The model in some ways is artificial however, given the freedom we have in 

determining the back-reaction effect of the radion from our choice of brane potentials. 

This defect indicates that the dynamics of the radion will be uniquely determined by 

exact global solutions to Einstein's equations as opposed to the partial solutions we 

have presented here. On the other hand, the flexibility of our model allows us to 

constructa variety of suitable potentials for inflation leading to results which can 

be distinguished from the many existing 4D models. And since our method allows 

us to obtain Friedmann-like equations even at high energies, we have found that the 

radion-scalar system and its coupling to gravit y is just the setup required for a model 

of inflation. 

We know that observations require that the extra dimension should be static, 

or very nearly so at least since nucleosynthesis, otherwise we would see variations in 

fundamental constants [46]. 80 the fact that we have a variety of potentials which 

allow for inflation and also radius stabilization is beneficial, but this must be confirmed 

for explicit models as the transition to ordinary FRW cosmology is made. From a 

preliminary investigation it appears as though our setup will allow for the radion to 

decay weIl before the onset of nucleosynthesis. Detailed work with explicit potentials 

might even lead to sorne interesting results during the reheating pro cess as the radion 

will have a distinct (read: not adhoc) phenornenolo~y associated with it. This is 

already an irnprovernent on existing 4D rnodels which invoke a scalar field solely for the 

purpose of powering inflation. Furthermore, we saw that there will be deviations from 

typical 4D inflationary predictions due to the fact that the radion is coupled to the 
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graviton in Einstein's equations. Aside from the noted differences from the standard 

resclts during inflation, reheating resclts cocld strongly differ. This is because our 

scale factor will fiuctuate according to a = a exp (-cP/2) as the radion oscillates about 

cP = 0, indicating that our universe will breathe during its transition to the radiation 

era as the radion decays. 

Another interesting line of research wocld be the nature of cosmo10gical per

turbations in this model. There has recently been work done on this subject in 

brane-world cosmo1ogy which cocld a1so 1ead to testable predictions [47J. Given that 

our ana1ysis allows us to almost breech the Planck scale without violating Our con

sistency requirement that f (cP) be srnall, there rnay also be sorne hope that Planck 

scale physics originating early on during inflation cocld be imprinted on the CMB. 

This argument follows the rnodel-independent work being done on "trans-Planckian" 

physics nowadays [48]. Add this to the fact that the phenornenology of our model 

still needs to be detailed and there is rnuch future work which can be done. 

With aIl the innovative developrnents in cosmo1ogy today, both theoretically 

and observationally, we can only hope that the universe will yield up a mystery or 

two. Whether string theory or inflation or any other theory probing deeper into the 

nature of physica1 reality turns out to be correct, the enve10pe will inevitab1y be 

pu shed further. Needless to say, the prospects for getting something that nobody 

ordered are as good as they ever have been. 
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In the following we show how the brane potentials are used to solve for the 

back-reaction on the metric in our brane-world model. In particular we show that 

the particular case which was studied in detail 

(2.96) 

is a derived quantity. Let's begin by choosing a potential on the Planck brane 

(A.l) 

where Ao, ~o, ao and Co are constants. When evaluated at y = 0, (2.66,2.67) imposes 

(A.2) 

and 

(A.2) 

Anticipating the results given in (2.96) and (2.97) , we can fix ao = 12a and Co = - l~a 

and redefine 

(A.3) 

where a ~ CP2 (eq. 2.58) must still be imposed.to protect the bulk solutions. Now we 

have from (2.69) and (2.70) 

6k (1 + f) A -la E +" 302-2-1" E = Oe -0< UOe -0< 
/'\,2 

(A.4) 

and 

6k (1 - a) A ~E 2" 30 -2~E --'--::---:... = Oe 1-0< - UOe 2 1-0< 
/'\,2 

(A.5) 
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The recovery of our static result fixes 

Ao + Llo 
6k 
",2 

Ao - 2Llo 
6k 
",2 (1 - 0') 

from the jlUlction conditions. Solving, we find 

Llo 
2k 
-0' 
"1'\,2 

(A.6) 

2k 
Ao - (3 - 0') 

",2 
(A.7) 

From equations (A.5)-(A.7) an exaet solution is fOlUld for E: 

(1-0:) ln 
0: 0:-=-3 (g (02) + (0:~1)2 + 0' - 1)) 

2(0:~3) t-g - (O:~l): - 2 (0' - 1) + iV3 tg - (O:~l):jjj 
_1_ -g-~-2(a-1)+iV3 g_~ 
2(0:-3) 9 9 

E= (1-0:) ln 0: 
(1-0:) ln 

0: 

(A.8) 

where 

(A.9) 

This is not a very attractive solution for our purported use in the radion potential. 

However, using the second solution in (A.8), as it gives real values of E (henee Œ), and 

expanding in powers of 0' we find 

(A. 10) 

so that (A.3) becomes 

(A.11) 

In a similar manner if we expand (A.4) in powers of 0' we find 

(A.12) 
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We ean solve f and a exaetly using (A.8) and (A.9) but it would not affect our results 

at aU since 

2 
m r -13 

a = 6k2 rv 2 x 10 (3.18) 

from our analysis of infiationary eonstraints. AIso, 'P2 < 1 ensured we had sub-

Planckian field values for the renormalized radion 

(2.85) 

Therefore to an extremely good approximation 

f (2.96) 

a (2.97) 

as given and are derived quantities from our choice of the brane potential, Vo. 

The potential on the Te V brane must also guarantee our solution for f. If we 

choose 

where 

.6.1 = 

2kekb 
kb 

--;;?e- l - a (3 - a) 

2kekb 
.liIL 

---el-aa 
K,2 

(A.13) 

(A.14) 

(A.15) 

is irnposecl from the boundary conditions on the statie reslùts then the sarne solution 

for f and a is also generated. Note again that the fine-tuning of the AO,1 and .6.0,1 

constants arnOlmts to setting the four-dimensional eosmologieal constant to zero at 

the static level. We note also that the jtmction conditions are satisfied for <fi and 
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110,1 (<1» only when y = 0 and y = 1. That is, the branes will remain at the orbifole! 

fixed points even as the extra dimension evolves. 80 when the radion decays to its 

minimum, the radius will be stabilized. 

This procedure can be followed for any set of brane potentials to derive f and (J 

in order to arrive at the radion potential. What we have done with our analysis is to 

"choose" f and use (2.60) to derive (J generally to see what kind of radion potentials 

can be generated. The jump conditions however must be satisfied at least up to order 

Œ for f and (J where we have been working, so as not to introduce dynarnics which 

will make our bulk solutions inconsistent. In this way f is really derived fromphysical 

quantities and can be found with as much precision as we want. 


