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ABSTRACT

I first discuss Chihara's claim that the presence of Liar-
paradoxical sentences presents no problem for our understanding of
natural languages, and argue that this cannot be held as easily as
he suggests. T then consider the theories advanced by Martin, van
Fraassen, Kripke and Burge which attempt to meet some of the
problems involved. I argue that the claim in the first two
theories that Liar sentences are ill-formed cannot be maintained,
and that Burge's theory is methodologically unsound and seriously
incomplete. Kripke's theory, though it gives implausible truth-
values %0 some sentences, is more satisfactory. Finally, I
discuss Gupta's revision theory, and provide my own alternative
which has the following advantages. First, it facilitates our
understanding of Kripke's and Gupta's theories, and of their
relationship. Second, it provides a third theory in which we can
understand how the presence of the Liar does not radically infect

a language.
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PRECIS

Je discute en premier la the&se de Chihara selon laquelle la
présence du paradoxe du menteur ne preséntent aucune difficulté
pour la compréhension des langues naturelles, et soutiens que ceci
n'est pas aussi facile & défendre qu'il le suggére.

Je considére ensuite les théories de Martin, van Fraassen,
Kripke et Burge, qui tentent de faire face & certains des
problémes relatifs a ce sujet. Je démontre que la thdse des
premiéres deux théories selon laquelle les phrases du menteur sont
mal construites ne peut €tre soutenue,et que la théorie de Burge
n'est pas méthodologiquement solide et presente de sérieuses
lacunes. La théorie de Kripke, Vbien que donnant 4'implausibles
valeurs de vérité & certain phrases, est plus acceptable.

Finalement, je discute la théorie de révision de Gupta, et
présente ma propre alternative, qui a les avantages suivants.
Premiérement, elle facilite notre compréhension de Kripke et de
Gupta a ce sujet, et de 1la relation entre 1leurs théories
respectives. De plus, elle nous offre une troisiéme théorie selon
laquelle nous pouvons comprendre comment la présence du paradoxe

n'infecte pas totalement une language.
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PREFACE

The Liar Paradox has frequently been taken to present
problems, even insuperable problems, for our understanding of the
role of 'true' in English. Chihara has recently argued that this
is not so: the Liar presents few, if any, problems, and current
formal theories of truth which attempt to deal with the problems
are misdirected. I argue that although Chihara is in one respect
right, his position is not as readily maintained as he suggests,
and that theories of truth do have a role to play, namely in
supporting the claim that the Liar does not nullify all truth-
ascriptions.

I then discuss theories of truth presented by Martin, van
Fraassen, Kripke and Burge. The first two have been widely
criticised: I present some of this criticism, but argue that
there are deeper grounds for rejecting these theories. With
Kripke, I again present some well-known objections, and use them
to explain a certain scepticism Kripke expresses about the
possibility of a single theory of truth. Burge's theory has not
been widely discussed so far; however, as I argue, it too has
serious inadequacies.

Finally, I present a theory which I have developed, which has
the following advantages. First, it allows a reformulation of
Kripke's theory in which new results about that theory can be
established, and which removes the grounds for scepticism
discussed earlier. Second, it allows a similar reformulation of
Gupta's theory, in which again certain new results are provable.
Third, it allows us to compare these two theories, since they are
seen to share a common form of construction, and differ only in
the "closure rules” which they use. Last, it allows the

formulation of an independent theory of truth, in which we can see
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that Chihara's first claim can be supported, and hence that in one
sense, at least, the Liar is disarmed.

I would 1like +to thank the Philosophy Department for its
patient support, and to express my deep gratitude to my
supervisor, Professor Anil Gupta, and to Danielle Macbeth for

their invaluable assistance.
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Chapter 1

Introduction

In the following dissertation, I shall discuss the Liar Paradox,
paying attention to the question of what problem, or problems, it
presents us with, and what, in consequence, may be attempted by way of a
solution. I shall be concentrating, in particular, on the problems it
presents for our understanding of natural languages, problems connected
with reference, especially self-reference, truth ascriptions, sentences,
negation, and the like, rather than on such technical questions as 'What
degree of functional completeness can consistently be combined with
truth predication?' Not that such technical questions are irrelevant to
the former topics; rather, 1 shall only enter into them in any detail
where the results do seem to have some such significance.

What, in the first place, is the Liar Paradox, and why should it
worry us at all? Speaking generally, a paradox is a sentence, or set of
sentences, which is or are apparently indubitable, yet from which a
contradiction is derivable by apparently irrefutable means. In the case
of the Liar, the earliest version is attributed to Epimenides, a Cretan,
who said 'All Cretans are liars', but this version has been held by many
not to be truly paradoxical. 1In the first place, the notion of lying
involves various intentional aspects' which complicate the issue, but

even when the notion is interpreted as not telling the truth, the

Epimenidean version fails to satisfy the definition of paradox just
given. To see this, we can consider the following argument. Suppose no

Cretan utterance is true; then Epimenides’'s claim is true. But it is
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itself a Cretan utterance, and hence not true. Consequently some Cretan
utterance is true, and Epimenides’'s is not. Thus, the Epimenidean
example implies not a contradiction, but the truth of some other Cretan
utterance, and is hence not a paradox. Mendelson, for one, has
acknowledged that while the Epimenidean Liar is not strictly
paradoxical, the fact that by uttering that sentence, Epimenides could
imply the existence of another, true Cretan utterence is "rather

! To bring this home, we can alter the example slightly:

unsettling”.
if I were to write 'All the sentences I am now writing are false', it
would seem that I would bring into existence, miraculously as it were,
another, true inscription, though what it would be, heaven only knows.

Nevertheless, the version normally taken as the Liar Paradox is the
sentence 'This sentence is false', since it avoids the problems that the
Epimenidean version is liable to. I shall refer to this as the Ordinary
Liar, to distinguish it from a close relation, the Strengthened Liar,
'This sentence is not true'. Occasionally, when discussing particular
theories, I shall refer to various formal expressions as the Ordinary or
Strengthened Liar, if these expressions seem analogous. To show that
the Ordinary Liar is a paradox in the strict sense, the following
argument should suffice.

Let 'o' name the Ordinary Liar sentence. (1.1)

Either o is true or it is false. If o0 is true,

then what it says must be the case, so o is false.

If, on the other hand, o is false, then, since

what it says is what is the case, it must be true.

Hence o is both true and false.

But no sentence is both true and false.

This, then, is a preliminary sketch of what the Liar Paradox is. I

shall now make some similarily preliminary remarks on the question 'Why

should it worry us?'

1Elliot Mendelson, Introduction to Mathematical Logic, p. 3, fn.
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It is clear enough why the presence of a paradox in a formal system
is a serious problem, at 1least in any formal system in which any
sentence at all can be derived from a contradiction, because in such
cases the distinction ©between theorems and non-theorems becomes
nugatory. One might Jjust as easily declare all sentences to be
theorems. Consequently, it is of the utmost importance to choose axioms
and rules of inference in such a way that the system is consistent.

When we turn to natural languages, the question of what the problem
is becomes less clear. Some people seem inclined to hold the view that
there is nothing really to worry about--the Liar does not introduce any
serious practical problems in everyday life, in the first place, and in
the second it itself is an aberration of some kind, being meaningless,
or vague, or nonsense. While I sympathize with the attitude behind this
view, I think it is clear that more must be said before we can happily
dismiss the lLiar. Even if the Liar is meaningless, vague, or nonsense,
saying so involves us immediately in two problems. PFirst, we have to
explain why it is that the words involved in the Liar sentence seenm
perfectly meaningful (or specific, or sensible) and are put together in
a perfectly grammatical way, without any obvious failures of reference,
etec. and yet turn out meaningless. Charges of meaninglessness, in other
words, must be substantiated by some account of meaning in which it can
be seen that the charges stand. Second, and this is part of the
notorious dialectic of the Liar, even if such an account is 6ffered, it

has to meet the further challenge of the following sentence:
Either this sentence is meaningless or it is false. (1.2)

For if the Ordinary Liar could be dismissed as meaningless, this cannot
be so easily dismissed: if (1.2) is meaningless, then, since that
entails that it is either meaningless or false, apparently it is true.
So it seems that sentences can be meaningless and true, something which

runs contrary to most attitudes to meaning. I am not saying that no



()

4

such theory can be constructed, but I am claiming that it is not a
trivial matter to do so, and the Liar cannot be lightly dismissed this
way.

A different, though possibly related reason for not finding the
Liar so troublesome in natural language as it would be in a formal
language is also quite widely felt, though not often argued for. This
is the view that questions of consistency or inconsistency do not arise

for natural languages. Thus Putnam says:2

only theories (systems of assertions) are inconsistent, and
natural languages ... are not theories. Someone speaking
English may assert that ... all grammatical English declarative
sentences are either true or false, but 'English' does not
assert this!
0f course in a literal sense the last remark is true: English asserts
nothing, only users of English do. I take Putnam's cryptic remark to
mean, moreover, that English is simply a medium for expressing various
claims, and making assertions, and that if a set of such assertions
turns out to be inconsistent, the fault is to be attributed to the
assertor, not to English.

However, it does not seem to be true that every inconsistency
asserted in English is attributable to the assertor per se. For we are
all bound, as users of English, to abide by the conventions of English
usage. So I cannot, on pain of being accused of making a mistake, infer
'Some sentence is true and false' from 'Some sentence is true, and some
sentence is false', but nobody can readily point out what I have done
wrong in inferring 'Some assertion is true and false' from the example

of the Liar. Thus it does not seem that the notions of consistency and

2Hilary Putnam, Mind, Language and Reality, p. 75. Other authors who
have expressed similar views include Tyler Burge, in "Semantical
Paradox"”, and Yehoshua Bar-Hillel, in "Do Natural Languages Contain
Paradoxes?”.
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inconsistency are inapplicable to natural languages. In fact, to take

an ad hominem turn in the argument, both Putnam and Bar-Hillel go on
from the starting point that inconsistency is not predicable of natural
language to the conclusion that consideration of the notions of

sentence, statement, and the like enable us to see that English is not

inconsistent!

So putatively, consistency and inconsistency are applicable to
English, and other natural languages. Does the Liar show that English
is in fact inconsistent? With some qualifications, Tarski said it did.3
Insofar as speakers of English could be held to be committed +to
anything, he held that they were committed to the following principles:

[Tr] A sentence is true if, and only if, what is said (1.3)
to be the case by the sentence is in fact the case.

=
=

The principles of standard logic.

a' can name 'a is not a true sentence'
so long as 'a' is a referring expression.

]
j=o)
.

Since [Tr] is not altogether clear or formally irreprehensible, we can
consider instead the crucial Tarski schema [Ts], which is intended as an
explication of Tr].
lPs] X is true if and only if p. (1.4)
(Where 'p' is replaced by any sentence of English,
and 'X' by a name of that sentence.)
Since [Ts! seems just as plausible as [Tr], we seem committed to
contradiction by the following version of the argument (1.1).
Let 'Jack' name 'Jack is not a true sentence’. (1.5)
1) Jack is true (Hypothesis)
2) Jack is true iff Jack is not a true sentence

(Instance of [Ts]: 'Jack' for 'X',
'Jack is not a true sentence' for 'p')

3See below, and the discussion in Bar-Hillel, op. cit.
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3) Jack is not a true sentence
(Biconditional elimination)

The converse carries through in exactly the same way. Thus if Jack
is true, it is not, and vice versa. But an additional well-established
principle holds that every sentence is either true or not and hence
contradiction follows. It is true that various writers have wanted to
restrict this 1latter principle c¢iting failure of reference, or of
presupposition, or category error, but in none of these respects does
the sentence Jack seem lacking. Admittedly it is not very common in
English to call a sentence 'Jack', but there seems to be nothing
particularily amiss in doing so.4

Quine similarly seems to hold' that our ordinary intuitions about
'true' are inconsistent, but unlike Tarski, who seems to have held that
changing our ideas about 'true' would represent a fairly radical shift
in the nature of the language, he holds that such intuitions, being
essentially arbitrary, can ©be changed without great wupheaval if
practical considerations should ever warrant such a change.5 The case
is the same, he thinks, as that in which we adopted new intuitions about
sets once the deficiencies of our o0ld ones were revealed and the
pressure to establish foundations for mathematics forced reform on them.

This is not the place for a discussion of Quine's pragmatism, but I
want to point out that he and Tarski may have been premature in claiming
that our intuitions are incoherent: if it should turn out they are

right, there may be more interest in the question of whether changing

4pnd of course other referential devices will do the job equally well.
We are equally puzzled by the last sentence in this footnote. The last
sentence in this footnote is not true.

BSee, for instance, W. V. O. Quine, The Ways of Paradox, pp. 3ff, or
Set Theory and its Logic, p.5.
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our intuitions does or does not represent a major shift in our
conceptual apparatus, but the question is not absolutely settled.

To give some initial plausibility to this point, I want to comnsider
the Russell Barber paradox, in the following form: in Alcala, the
barber shaves all and only those who do not shave themselves. The
puzzle is, of course, who shaves the barber? This is freguently
classified as a pseudo-paradox, because we can see that there can be no
such barber, and once we realize this, the problem disappears. However,
the example has, I think, served to inspire some attempts to solve the
Liar. In such attempts, the project is to find some presupposition upoen
which the paradoxical argument is based, which, when exposed, will show
that the problem no longer arises. It is not sufficient in such cases
merely to find some restriction on some or all of [Tr], [L], [R] and
{Ts] which will prevent derivation of the contradiction; it is necessary
also to find some general grounds for accepting the restriction,
relating it perhaps to some other intuitively plausible feature of
language, or to ways we actually use the various expressions involved.
To make this point clearer, let me take two examples.

Various people have held that what is going wrong in the case of
the Liar is the self-reference which is permitted. If we banned self-
reference, they go on to say, i.e. rejected [R], no problems would
arise. Now there are numerous objections to this suggestion, not the
least being that it not only throws away most of the baby, but it does
not even get rid of all the bath water. However, the objection I want
to raise here is that the suggestion is not well enough motivated: it
seems implausible to suggest that there are any grounds independent of
the Liar for not wishing to permit self-reference, nor do we have any
other problems with usage, with the exception of other paradoxical
cases, such as the Berry or Grelling. The point is the following.

Unless we have worries about self-reference in situations where paradox
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does not threaten, we cannot argue that self-reference is impermissible,
and hence that there is no problem about the Liar and other paradoxes.
Rather the argument seems to go by reductio: the Liar is a problem, so
self-reference is impermissible. But why pick self-reference as the
target? Why not ordinary logic, or Tarski biconditionals, or whatever?
We must have some independent plausible grounds for rejecting the
assumption before we can feel comfortable that the Liar has indeed been
dismissed.

Another proposal which has some interest is the Prior-Peirce-~
Buridan suggestion, in which every statement is held to assert its own
truth.6 This disarms the Liar by making it a merely contradictory, and
hence false, assertion, though the suggestion has certain other
deficiencies. What is interesting about the proposal is that it seems
to fit in very well with certain pragmatic maxims of assertion, which
might well be strong enough to provide considerable motivation for the

position.

()

0f course, the proof of the pudding is in the eating; I merely want
to suggest at this point that it is an open question whether or not
English is inconsistent. The strong plausibility of [Tr], [L] and [R]
suggest that it may be, but the possibility remains that it is
consistent, and Prior's attempt, for one, gives us hope. What I want to

7 which might seem to

discuss now is an argument given by Charles Chihara
deny that hope, leaving all those who have attempted to provide a
solution along the lines just sketched in the position of merely having

provided alternative reforms of our (inconsistent) intuitions.

64, W. Prior, "Some Problems of Self-Reference in John Buridan".

Tcharles Chihara, "The Semantic Paradoxes: A Diagnostic
Investigation", and also "A Diagnosis of the Liar and Other Semantical
Vicious-Circle Paradoxes". The former paper will be referred to as TSP.

-
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Chihara starts with the claim that paradoxes present two problems,

the diagnostic and the preventative. The former is the problem of
explaining what has gone wrong, and how it happened, and the latter is
that of constructing systems in which it cénnot arise., To have some
idea of a diagnosis of a paradox, Chihara gives a fairly simple example,
called the Sec Lib paradox. Suppose that a community has several clubs
whose secretaries are not eligible for membership, and that these
secretaries, feeling disgruntled, decide to form a club, Sec Lib. The
eligibility condition for Sec Lib, then, is:

[sEC LIB] For every person x, x is eligible to join (1.6)

Sec Lib iff there is a club of which x is

a secretary and which x is not eligible to

join.
All goes well, and Sec Lib flourishes to He extent where it decides to
hire a secretary, Ms. Fineline. Problems sarise when Ms. Fineline
applies for membership of Sec Lib. Even this might not be totally
disaétrous, except that there is no other c¢lub of which s8he is
secretary. In that unfortunate case, she turns out to be eligible iff
she is not eligible.

What is the diagnosis here? Well, the contradiction arises from
the eligiblity condition, [SEC LIB], plus two empirically ascertainable
facts: that Ms. Pineline is secretary of Sec Lib, and that she is
secretary of no other club. Thus we are led to say that the trouble
arises because [SEC LIB], though false, seems to be perfectly in order:
first, because it seems to be just the kind of thing we can declare
true, and second, because, Fineline apart, it actually settles questions
of eligibility quite adequately.

Chihara goes on to examine the Grelling and Berry paradoxes, and
then turns his attention to +the Liar. Once again, we find that a
contradiction can be derived from a principle [T], another restricted

version of [Tr], together with an appropriate Liar sentence.
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[T] If &€ is a sentence consisting of the referring (1.7)
expression § immediately followed by the words
'is not true', and if B denotes the sentence
¥, then & is true if, and only if, ¥ is not

true. (TSP, p. 605)
As before, the Liar sentence could be the sentence Jack, namely 'Jack is
not true'. From this we can infer that Jack both is and is not true.
One part of the diagnosis remains the same as before: the responsible
principle is [Trl. In this case, however, {Tr? has not been laid dowm,
as was [SEC LIB?, so that there remains the guestion of how we came to
believe it. One way, Chihara suggests, was that we came to believe it
as an empirical hypothesis: we found that those sentences that were
true were Jjust the ones for which things were the way they said they
were. However, Chihara thinks that this account cannot explain the
intuitive attractiveness and resistance %to rejection of [Tr]. He
couples this picture of the basis for [Tr] with another view about

theories of truth, which he calls the consistency view; according to the

consistency view, a correct theory of truth must be “"consistent with all

known facts" (p. 607; his italics).

Chihara finds the consistency view implausible; given theories
which have presumed it, it is extremely hard to see how we ever could
have learned such a complex account, either as a species in general, or
as individuak¥s one from another. Instead, then, he proposes an

inconsistency view. According to this, [Tr] expresses the accepted

conventions which give the meaning of 'true', just as [SEC LIB]
expresses the explicit decision on the eligibility condition for Sec
Lib. Taking this view, we can readily account for the ease with which
we learn the concept, and for the intuitive acceptability of [Tr].
Finally, Chihara says his diagnosis can pass "a formidable test ...
which few, if any, earlier proposals could pass convincingly". The test

is, in brief, 'Is Jack true or not?' Chihara's diagnosis tells us that



O

()

-

1f
Jack both is and is not true. Other solutions, based on the consistency
view, are bound to have to say either that it is or that it is not. But
then they have difficulty saying why it is not in turn the other. That
is, having reached the verdict that it is true, how can they avoid
having to go on and say in turn that it is not, since it is true and
says it is not true?

There is no doubt that this problem is a severe one for theories
espousing the consistency view, possibly the most severe one they face,
and we shall see some of the difficulties when we examine such theories
later. However, I should like to express grave doubts that all the
advantages 1lie with the inconsistency view. In discussing the
consistency view, Chihara says that few people have ever bothered to
defend it, except for a brief remark from Parsons, that supposing that
our language was inconsistent would be to attribute to ourselves "an
incoherent conceptual apparatus".8 Chihara replies that it would be no
such thing: we can see that the inconsistency involved in the Sec Lib
paradox, for instance, though of course creating problems for the
question 'Is Ms. Fineline eligible?’, is perfectly adequate to answer
the question 'Is Joe Schmoe eligible?'. The conventions, although
inconsistent, are not unusable, or incoherent. later, again, Chihara
emphasizes that it is extremely implausible that the semantic paradoxes
create any difficulties in, say, determining the trajectories of
rockets, or any other aspect of everyday or scientific life.

Chihara's reply seems plausible: Mackie gives the analogy of a car
which is likely to explode if driven at ninety miles per hour, which can

nevertheless be driven with perfect confidence at lesser speeds,9 and we

8charles Parsons, "The Liar Paradox", p. 399.

9J. 1. Mackie, Truth, Probability and Paradox, p. 251.
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can similarly imagine a remote Aristotelian tribe, who every day chant
'To say of what is that it is, or of what is not that it is not, is
true', and who have never had the misfortune of meeting any breast-
beating, confessional Cretans or other formulators of paradox. We could
examine their uses of 'true', and would find them admirably consistent,
except, of course, for occasional mistakes.

Nevertheless, in an important sense their truth predicate would be
incoherent, and ours would be too, if Chihara's account is correct. For
suppose a malicious Buridan visited our tribe, and presented them with

an inscribed tablet:

3

Grass is not green. (1.8)
Al]l the sentences on
this tablet are false.

Being no doubt curious, and remembering their Aristotelian dictum,
they might argue as follows:

Well, the second sentence on the tablet cannot be true, (1.9)
because that would be contradictory, so it must be false.
So one of those two must be true, and it must be

'Grass is not green'.

The point is that neither they nor we can rationally defend saying
that any sentence is either true, or false, rather than the opposite, if
all we have to rely on is something like [Tr] plus [L]. The proclaimed
achievement of the inconsistency view, that it can justify calling Jack
both true and not true, is its downfall, since it can equally well
Justify calling any sentence both true and not true. It might be
tempting to suppose that we could justify asserting '"Grass is green" is

true' rather than '"Grass is not green"” is true' because we can get the
former sentence directly by application of [Tr] on 'Grass is green',
rather than by the piece of Buridan funny business above, but while in

the end I think that 'No Funny Business' is an important part of our



O

O

13

intuitive notion of truth, introducing it here is to acknowledge that
[Tr] is not the whole truth about truth.

Another point is connected with the previous one. In discussing
the Sec Lib paradox, Chihara clearly said that [SEC LIB] is false. 1In
other words, it is not true that x is eligible iff .... But if that is
not true then what is? Who is eligible? Chihara emphasized his claim
that nobody else's eligibility was affected by the fact that Ms.
Fineline is a problem case, but we might ask any of the members: 'By
what right do you claim membership in Sec Libd? The condition under
which you were declared eligible is false.' In point of fact, of
course, we have practical conventions which settle these matters, so
that presumably sll past members would be allowed to continue as members
and to decide on a new eligibility condition, but the logical point is
that no reference to the 0ld eligibility condition alone could guarantee
eligibility for anyone. Similarly, we must regard [Tr] as false, since
it implies a contradiction when conjoined with some empirical facts, so
that no truth ascription can in fact be justified by reference to [Tr].
Further we may ask: Since [Tr] is false, what are the correct
conditions for something to be a true sentence?

Finally, I must dispute the significance of passing the "formidable
test". I agree with Chihara that [Tr], or something exceedingly 1like
it, is the principle we mentally apply when faced with the Liar (or any
other sentence). However, it is clear that in practice, we are not led
(or, perhaps better, misled) by [Tr] into saying that the Liar is
genuinely true and not true. Of course, if we are inattentive, we may
at one point argue that it is true, and at another that it is not, but
if our attention is drawn to the contradiction, we do not proudly hold
to it, saying that we are committed to it by the meaning of 'true';
rather, we admit puzzlement and do not know what to say.

It seems useful here to recapitulate points of agreement and
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disagreement. I agree with Chihara in the first part of his diagnosis,
that we are tempted towards paradox by [Tr], and that it is plausible to
say that [Tr] is the principle of truth that we all believe, and learn,
or at least part of it. I also agree that in practice our use of 'true’
is untainted by paradox. It is clear, however, that we cannot say that
[Tr] expresses "the conventions which give the meaning of 'true'" (TSP,
p. 611), if meaning is to have any relevance at all to use, or truth
conditions, or assertability conditioms. Moreover, it seems an
essential aspect of the diagnosis of what is happening with truth and
the Liar that it should explain not only what tempts us towards paradox,
but also how we avoid falling for the temptation, with all its dire
consequences.

I would like to offer a distinction here which may help to clarify
matters. If we are interested in semantical and logical notions, we can
attempt to express various principles which seem intuitively to govern
these notions, and we may produce such well-known principles such as the
Law of the Excluded Middle, or the Principle of Mathematical Inductionm,
or a principle like [Tr]. These I take to be based on reflections about
the concepts involved, and, presumably, their fit with other such
notions. Moreover, a suitably reflective person, once introduced %o
these principles, recognizes them as tied up closely with the meanings
of the words involved, and finds it puzzling if they are questioned.

Simultaneously, however, the reflective user of English has to
admit that his use of concepts involved cannot always be referred
straightforwardly to these principles. Reference to Mathematical
Induction does not immediately lead us to accept every slippery slope
argument, even though that is the form of the argument. So we have two
classes of intuitions: intuitions about the principles of +truth,
inference and so on, and intuitions about which sentences are true, and

which arguments valid, and neither class seems readily reducible %o the
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other. The principles do not seem to generate the use, nor the use the
principles.

The situation here is very similar to Putnam's distinction between
stereotype and extension. For natural kind terms, for example, we want
to be able to say that 'zebra' means something like 'black and white
striped horse-like animal', without thereby making the claim that there
are, or might be, unstriped zebras, contradictory. I shall not discuss
the details of Putnam’'s theory here, as they become quite complicated,
but the basic idea is that 'black and white striped horse-like animal'
is the stereotype appropriate to ‘'zebra', but it does not fix the
extension of the term nor vice versa. Thus it would be equally mistaken
to try to decide whether there were any non-striped zebras by reflecting
on the stereotype, as it would be to try to determine the meaning of
'zebra' by finding out everything about zebras.

One disanalogy between the case of semantic principles and that of
natural kinds is that while in the latter case we can easily distinguish
between whatever meaning we invest the word 'zebra' with and however
zebras turn out to be, in the former it seems odd that reflection on
semantic concepts should not match how we use them. I think the reason
for this is that it is not necessarily apparent on reflection that there
may be the hard cases, possibly involving conflicts between various
principles; the principles are in fact hasty generalizations over
central cases, and leave out the tricky ones. One way of representing
the semanticist's job, then, is as looking for a coherent picture which
retains the central intuitions, but also fills in where there were
conflicts.

Specifically, then, with respect to truth, I accept [Tr] as a
stereotype for 'true', but deny that that is all that semantics has to
say on the matter. 1In particular, we have to find an explanation of why

we are justified both in saying that 'Grass is green' is true, and in
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withholding judgment on the Liar, when [Tr] gives us grounds for calling
both of them true and false. Of course, in admitting that [Tr] captures
our conception of truth fairly well, I am admitting that that conception
is inconsistent, and perhaps incoherent. However, I want to deny that
any serious consequences follow from that admission.

First, it cannot be used to show that English is inconsistent in
the most important sense. For to show that, we would have to show that
the conventions of usage of English lead to contradiction, and I have
carefully divorced the intuition which [Tr] captures from any
conventions of use. Second, it does not open the door to a Quinean
response to the Liar Paradox. That is to say, I have not conceded that
our natural conception can be replaced by any other useful theory
without regard to our intuitions, chosen merely for its practical
application. In fact, I would not concede that +the notion of
replacement is in the least appropriate at this point.

What we 4o need is an understanding of how we are able to use
"true' as safely as we do, given our incoherent stereotype of truth.
However, this understanding need not be an analysis of whatever rules of
the mind enable us to reach decisions without serious mistakes--that
seems to be a psycho-linguistic investigation. It is rather, for the
semanticist, a question of whether we can find a theory of truth and
associated notions which is consistent, agrees with whatever coherent
intuitions we may have about the concepts involved, and agrees with our
intuitions about the truth of sentences. If we can find such a theory,
we can reasonably be said to have shown that the Liar does not show that
English is inconsistent. Instead, we can justify our claims about the
truth of sentences, and show, what is so far a mystery, how we are able
to use 'true' without falling into the traps that [Tr] sets.

Notice that a theory of 'true' in this sense is not trying to

compete with [Tr] in any way: it makes no claim about its intuitive
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obviousness, or ease of learning, or any such thing. Nor is it proposed
as a replacement for {Tr], as a consistent theory in which 1logie,
semantics, and metamathematics could safely be pursued; it would,
instead of being a replacement, be evidence that, despite [Tr], we were
justified in using our ordinary intuitions in studying these pursuits.
The only reason a question of replacement might arise would be if in
some less natural theory of truth, such studies were simpler. Such a
situation seems, however, fairly remote.

Suppose, nevertheless, that despite the continued efforts of
semanticists, no satisfactory theory could be found. Would we have to
admit that maybe, after all, English was inconsistent? 0f course,
unless someone could produce a categorical proof that no satisfactory
theory existed, we would only have inductive grounds for admitting
defeat, but they might become quite powerful. In two short articles,
however, Hans Herzberger has argued that the mere suggestion that =a
language is inconsistent is itself contradictory.

In the first, "The Logical Consistency of Language", Herzberger
argues that no language can have an inconsistent set of analytic
sentences, and the kernel of the argument is short and sweet: if A is
the set of analytic sentences of the language L, the supposition that A
is inconsistent entails the two claims that some member of A is false
(because A is inconsistent) and that every member of A is true (because
all analytic sentences are true). Consequently, the supposition is
contradictory. In "The Truth-Conditional Consistency of Natural
Languages”, he extends his claim: the -supposition that a language could
be inconsistent in its truth conditions is also contradictory.v I shall
not go 1into the details of the argument here--briefly, he takes the
supposition to be that there is a possible truth condition for which an
inconsistent set of sentences all are true, and has little difficulty

deriving a contradiction from that supposition.
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However, the consequences of these arguments are not altogether
heartening for the view that I have been adumbrating. Admittedly, they
appear to guarantee that there must be some consistent theory which can
be taken as giving the truth-conditions for every use of 'true'.
Unfortunately, they carry no guarantee that the result would be at all
recognisable as a theory of truth: it might have no characteristics at
all that we had expected. PFor instance, it might require us to deny
that the Liar is a sentence at all, or force a different interpretation
of 'not', or rule that 'true' is ambiguous. Thus it remains an open
question whether there are any theories which are consistent and jyet
still conform to plausible constraints; of course, I have left it
extremely vague as to what counts’ 'as plausible comstraints, but this
should become clearer when we look at some actual proposals, and examine
their advantages and disadvantages. Some of the constraints, however,
are worth introducing immediately.

Although initially I suggested that a sentence like 'This sentence
is false' was the crucial case of the Liar Paradox, it should not be
thought that finding a theory which disarms this sentence alone ends the
matter. I have already mentioned +the Strengthened Liar, whose
importance will soon become apparent, but there are numerous other
versions which are also important. In fact, it has frequently been
observed that the Liar is excessively protean, changing into something
vicious again just when it seemed pinned down. Many of the variants are
only of interest as problems for specific theories, but I shall give a

short list here of some of the more generally important ones.10

The Indirect Versions: (1.10)
A card has written on one side only the

10For an amusing collection of other examples, see Mackie, pp.
296-301, and also Patrick Hughes and George Brecht, Vicious Circles and

Infinity.
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sentence 'The sentence on the other side
of this card is false', and on the other
side only the sentence 'The sentence on
the other side of this card is true'.
This example alone is enough to show that no naive ban on self-reference
will resolve all the paradoxes.
Quantified Versions: (1.11)
a) The Epimenides Paradox
b) Jones: "Everything Smith says is false".
Smith: "Sometimes Jones speaks the truth".
These two assertions, like Epimenides's, may get off without trouble if
the facts are all right. Here the problem arises when Jones and Smith
have always otherwise spoken falsely. I gave an argument above that
suggested these examples were not strictly paradoxical. However, Kripke
has emphasized the extreme importance of being able to provide a
plausible account of such cases. Moreover, some of them are the worst
possible cases, resisting analysis long after other versions have been
successfully subdued.
Truth-Teller Versions: (1.12)

The Ordinary Truth-Teller:
This sentence is true.

Truth-Teller variants of all the ordinary Liar forms are easily

constructed.11

Again, Truth-Tellers are not properly paradoxes: they
are true if they are +true, and false if +they are false, but no
contradiction, or even surprising consequence, results from supposing
them either true or false. Nevertheless, they are a problem, because

their truth or falsity is completely undetermined by any straightforward

combination of empirical facts and logico-semantic inference. In one

11One of my favorites is the supererogatory barber of Alcala who
shaves all and only those who shave themselves.
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sense they are "don't care" cases: it does not really matter to our
intuition what account is given of them. But some account must be
given.

Another methodological question concerns the notorious question of
the bearer of truth. Already it will be clear that I am treating 'true'
as a predicate applied to sentences, and, furthermore, all the theories
I shall discuss do likewise. I do not want to be interpreted as holding
that in fact, in English, 'true' is normally applied to sentences, nor
as holding +that in the ©best analysis of sentences, statements,
propositions, 'true', etc., that 'true' must end up as a predicate of
sentences. Indeed, I share Kripke's suspicion that a full resolution of
the problems presented by the Liar can only finally be achieved by a
more thorough analysis of these notions, and that the result might well
be that 'true' turns out to be applied to whatever it is that sentences
express, rather than sentences themselves. However, the presubposition
I share with the authors I discuss can be regarded as a methodological
expedient with several significant advantages.

First, statements and propositions are notorious for the problems
attached to their identity conditions..  This does not mean that I
therefore take it that they do not exist, but given the problems which
analysis of the Liar presents anyway, the fact that sentences are
relatively trouble-free in this respect is a considerable advantage.

Second, even if the ultimate theory attaches truth to statements,
say, it must also contain the predicate 'expresses a true statement’
which attaches to sentences, for the theory must provide some account of
how sentences can be used to make statements, and hence will need +to
contain an account of which ones make true statements. 1In that case, we
can just regard current investigations of the sentence-predicate 'true'
as doing duty for the predicate 'expresses a true statement'. That is,

if investigation of the sentence-predicate can produce interesting
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results, they must appear in the more comprehensive theory in some guise
or another.

Third, it should not be thought that retreat to statements can
immediately solve the Liar Paradox. It has commonly been held that
'true’ properly applies to statements, say, and therefore we can happily
dismiss the Liar by saying that 'This sentence is false' makes no
statement, and hence is neither true nor false.'? It may be that in the
end this is what should be done. However, let me make it quite clear
that merely doing this leaves several questions unanswered. What should
the response be to 'This sentence makes no true statement'? It is
tempting to say that it both makes no statement and is true, and this
problem must be resolved. Again, since we can find ourselves in paradox
by accident, as in the quantification examples, it can turn out that
whether or not we succeed in making statement with a given utterance of
a sentence 1is a matter of circumstance, something which has not
generally been acknowledged in theories of the relationship between
sentences and statements. These and many other problems are discussed
by Thomason in an interesting paper, "Paradoxes of Intentionality?".

The point again is that merely making the distinction between
statements and sentences does not solve any problems, because variants
of all the simple forms of the paradoxes can be formulated in terms of
statements, and to these problems are added the special problems about
the nature of statements.

Thus it seems easier, at this point in the development of logic and
the philosophy of 1language, to use the theoretical simplification of
taking 'true' to be a predicate of sentences.

I shall conclude my introductory remarks with a brief discussion of

12See, for example, William Kneale, "Propositions and Truth in Natural
Languages".
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Tarski's work on truth, because although it is clear that as it stands
his theory of truth cannot be happily applied to natural languages, all
subsequent work on the Liar, and especially the work discussed here, has
to be considered in response to his results.13 Tarski was concerned to
construct a semantical definition of +truth which conformed to the
conception embodied in [Tr], yet which also had the virtues of formal
correctness, clarity, and freedom from ambiguity, and as a step in that
direction suggested that instances of [Ts] could be seen as partial
definitions of the expression 'X is a true sentence'. However, he
thought that overwhelming difficulties present themselves if we try to
convert this schema by generalizing it to give us a general definition
of 'is a true sentence'. Some of these difficulties attach to problems
about how to understand quotation names, especially in an extensional
language, which I shall not go into here; others, of course, relate to
the possibility of expressing a Liar paradox. These problems led him to
think that no satisfactory definition of 'is a true sentence' could be
constructed in a natural language, and he expressed a belief about the
general features of natural languages which 1led to this. He thought
that the significant feature was the 'universality' of natural
languages: if we can speak about anything in any kind of language, we
must be able to speak about it in a given natural language. In
particular, we can talk about the syntactic and semantic properties of
languages, so every language must contain names for its sentences and
expressions, and predicates like 'true', 'refer to', and so on. But
once we have such resources, we can formulate the paradoxes, and all is
lost.

Reflecting on the properties of natural languages, Tarski made the

131he prime source is A. Tarski, "The Concept of Truth in Formalized
Languages" (CTFL), but see also "The Semantic Conception of Truth"
(scT).
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following claim. No language in which the following conditions hold can

be consistent:14

[TC] I The language contains a name for (1.13)
each of its sentences.
II All instances of [Ts] are true
sentences of the language.
IIT A Liar sentence can be constructed
in the language.
IV Ordinary logic holds (i.e. [L]).
This claim 1led Tarski to +two conclusions. First, since mnatural
languages seem to satisfy all four conditions, there seems no
possibility of constructing a definition of truth for natural languages;
only for formal languages are there still any prospects for success.
Second, since he saw no possibility of rejecting condition IV, the
only formal languages for which a definition of truth was possible would

be ones in which one or more of I to III were not satisfied. He called

languages which satisfy conditions I and II semantically closed, and his

valuable result was to show that for certain formal languages that are
not semantically closed, a truth definition can be constructed, not, to
be sure, in the language itself, but in a metalanguage which names the
expressions of the object 1angﬁage.

What is slightly odd about Tarski's claim is that he appears to
have held that any language which is semantically closed also satisfies
condition III. However, in the second section of "Truth and Paradox",
Anil Gupta has shown that if the syntactic resourcés of the language are
weak enough, a semantically closedAlanguage can contain its own truth
predicate. This result alone, however, holds out little hope of showing

the consistency of natural languages, since they are considerably more

14This formulation of the conditions comes from CTFL. In BSCT,
conditions I, II, III, and IV are rearranged: I and II are combined,
and III and IV are interchanged.
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15 In the foregoing I said that

powerful in their syntactic resources.
to Tarski there seemed no possibility of constructing a truth definition
for natural language; this remark needs some qualification and
explanation. At one point, Tarski says that his discussions of the Liar
and the problems of quotation "emphatically prove” that the concept of
truth in natural 1languages inevitably 1leads to confusions and
contradictions (CTFL, p. 267). On other occasions, he only says that
the possibility of a consistent use of 'true sentence', and hence of a
definition, seems very questionable (CTFL, p. 165). In "The Semantic
Conception of Truth”, the suggestion comes that, since definitions of
truth can only be given for languages of precise structure, and since
natural 1languages do not have prropriately precise structure, the
question whether natural languages can have a truth definition is "more
or less vague" (SCT, p. 19). Actually, it seems that the questions of
consistency and the definability of truth diverge with respect +to
languages of imprecise structure: if the structure of the language is
not precise, a Tarskian-style truth definition cannot be constructed for
formal reasons, even if the language is consistent, and conversely, even
the most vaguely constructed 1language could prove definitely

inconsistent if it were sufficiently clearly committed <to some

15Exactly what condition is necessary to make a language inconsistent
remains an open question--see "Truth and Paradox". On the other hand,
it is clear that if a language contains the syntactic function ¥, which
takes any sentence S which begins with 'Every sentence', replaces
'Every' by 'The', and then inserts 'S' after the words 'The sentence’,
then the language is inconsistent (assuming the other conditions hold).
This function is taken from footnote 11 of SCT, p. 43, in the Linsky
reprint. The contradiction arises when we suppose that we can define a
predicate 'is self-applicable', such that a sentence S is self-
applicable just in case S* is true. Then we can ask whether 'Every
sentence is non-applicable'is (self-) applicable or not, and of course
if it is, then it is not, and vice versa. This is obviously a fairly
powerful syntactic device; what lesser functions would suffice is still
unclear.
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contradiction. Thus the only grounds Tarski can have for hedging bets
about consistency would be doubts about the extent to which natural
languages do clearly satisfy conditions I to IV.

The further suggestion which Tarski made with respect to natural
language definitions of truth concerns what would be required to adapt
his formal result to represent truth in natural languages. He candidly
admits that it would be an awesome task, and that results would bear
little resemblance to the original phenomenon. First, we would have to
remove any vagueness in the non-semantic part of the language, and
formalize that. Then we would have to construct a metalanguage in which
the semantics for that language could be defined, and then another for
the semantics of that language, and so on in an unending hierarchy
(CTFL, p. 267).

I am not sure that anybody ever boldly held that this is how truth
is, or that this is how to understand it. Many writers have taken
Tarski to hold this, and attacked him for it, but it is clear that he
makes no such claim. However, I shall briefly give some of the
objections which have been raised against this "Tarskian" account,
because although they seem well-founded, there have been attempts to
revive more or less Tarskian theories, and I shall consider one below,
given by Tyler Burge, so it is interesting to see whether these
objections can be met.

Two of them are quite straightforward. The first is a bold denial
that -we use any hierarchy of languages: we do not have one predicate,

"true,' which is applied to sentences not containing 'true;

for any i,
and then another which is applied to any sentences containing 'true1',
and so forth. The Tarskian account may be offered as a revision, but it
cannot claim to represent anything we currently do. The second
objection makes the same point more politely, perhaps. It might be that

some of our utterances could be understood as if they did contain
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predicates like 'truei'. Nevertheless, the claim goes, there are some
uses of 'true' which are intended to be wunderstood as having no
restriction on what sentences they apply to: for instance, 'Bvery
gsentence is true or not', or 'God is omniscient' (i.e. knows all
truths). Since every truth predicate in the hierarchy can be applied
only to sentences accurring at the level or 1levels below, no truth
predicate can apply to all sentences, on pain of admitting the Liar.
Thus Jjust as a ban on self-reference impugns 'This sentence is in
English', with no apparent justification, so does a Tarskian ban on a
gso-called "global"™ truth predicate impugn the apparently satisfactory
'God is omniscient'.

Two more complicated objections have been put forth by Saul Kripke
in his "Outline of a Theory of Truth", which I shall just mention here,
and take up in more detail when I discuss that paper below. They are,
first, that it is necessary for the hierarchy to be capable of handling
some cases that extend it beyond finite levels, but there seem to be
difficulties in so extending it. The second objection is that on many
occasions we can find examples of sentences to which it might be
plausible to attach 1levels, yet the Tarski account gives implausible
truth values.

Faced with all these objections, it seems that we can agree with
Tarski that it is improbable that the language hierarchy represents with
any degree of accuracy the natural-language use of 'true'. The question
then is whether any other theory works any better, and this is what we

shall go on to find out.
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Chapter 2

Martin and the Category Approach

In a series of articles, Robert L. Martin has expounded and
defended what he calls a "category approach” to the Liar.'® One of the
points of interest of these articles is that he commits himself to
certain methodological claims about whaf is to count as a satisfactory
solution of the paradox. Unfortunately, I think it is ultimately clear
that his own theory does not satisfy those requirements.

Basically, he sees the Liar as presenting us with a challenge to
our understanding of various concepts of our language, and a solution to
it as casting doubts on some assumption which, while plausible, leads to
contradiction. However, these ‘doubts must not be generated by
reflecting on the fact that this assumption leads to a contradiction,
and hence concluding by reductio that it cannot be true; that argument
would be palpably ad hoc. Instead, he says:

What is wanting, ideally, is the wuncovering, the making
explicit, of some rulelike features of our language which when
considered carefully have the effect of blocking at least one of
the assumptions of the argument; if not actually showing an

assumption to be false, at least casting doubt upon it. (CSL,
p. 91)

Despite this methodological claim, Martin's expressed objection to the

16Principally in "Towards a Solution of the Liar Paradox" (TSLP), "On
Grelling's Paradox", "A Category Solution to the Liar" (CSL), "Sortal
Ranges for Complex Predicates" (SRCP), and finally, with Peter
W. Woodruff, "On Representing 'True-in-L'in L" (ORTL).
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"Parskian"” hierarchy outlined in the Introduction is not that it is ad
hoc, but that it rules out certain kinds of self-referential sentences,
like 'This sentence is in English'. Kripke has complained that this
charge is ill-founded, and that Godel has shown that self-reference is
permissible.17 What Martin seems to have in mind, however, is that for
the hierarchical approach not to be ad hoc, there has to be a feature of
language which can Jjustify it, and the only one available, he seems to
think, is the use-mention distinction. If a hierarchical approach to
truth depends on the use-mention distinction, however, consistency
demands that a hierarchy be constructed even for 'is in English', and
hence no self-reference is possible.18 With respect to Tarski's four
conditions, Martin is going to reject [L], and adopt a three-valued
logic. Since [Ts] turns out not to be true in all cases, it is rejected
also, and the well-formedness of Liar sentences is also denied. Thus
only condition I remains unchallenged.

The 'rulelike feature' which Martin's theory takes up is that of a

semantic category. When we are confronted with the task of developing a

theory of the deviant sentences of a language, we can readily identify
some as ungrammatical--'Hat top very is a virtuous', for example--while
others seem more or less grammatical, i.e. have the items of the right
syntactic categories in permissible combinations, yet are stll plainly
deviant, e.g. 'A top hat is very virtuous'. To explain this second kind
of deviance, it is plausible to introduce the notion of the semantic
category of a word, somehow related to its meaning, so that well-formed
sentences would not only be grammatical, but also have words of the

right semantic category in the right places. Martin does not claim to

1T"0utline of a Theory of Truth", fn 13, p. 698.

18This seems to be what is suggested in TSLP, p. 280.
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offer a systematic account of semantic categories, since such a theory
would have to be extraordinarily wide-ranging; what he does is develop
various results which, he claims, "any satisfactory theory would yield"
(TSLP, p. 286). In particular, he concentrates on category mistakes
arising out of subject-predicate category mismatches, although other
kinds are clearly possible: e.g. 'Two plus two equals four violently'.
However, this restriction seems adequate to discuss the Liar and other
such sentences, and no problems seem to arise because of it.

If we look at a typical example of a sentence of subject-predicate
form which seems to make a category mistake, 1like ‘'Virtue is
triangular', the natural response is to say that there are things which
we can comprehensibly assert to be triangular, and virtue does not
happen to be one of them. Thus we associate with a predicate a range of
application (RA), which is a set of objects to which the predicate is
properly applicable (whether it is truly or falsely applicable is
another matter altogether; ideally, knowing the RA of a predicate is
part of knowing its meaning, so whether a predicate is applicable to an
object can be determined before questions of fact arise). So if the
referent of the subject term of a sentence falls in the RA if the

predicate, the sentence 1is semantically correct, otherwise it is

semantically incorrect. We could say that the RA of 'is triangular'

contains physical objects and certain abstract mathematical ones, and
since virtue is neither a physical nor a mathematical object, 'Virtue is
triangular' is semantically incorrect.

To get nearer to the Liar, various obstacles have to be overcome,
or bypassed. The first is the problem that, though in 'Virtue is
triangular' we only had to ask whether virtue fell in the RA of 'is
triangular', we do not want to have to decide whether 'The present King
of France is bald' is semantically correct or not by asking whether the

present King of France falls in the RA of 'is bald', since that seems
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rather hard to say. What seems appropriate in this case is not to
examine the referent, if any, of the referring expression, but just to
examine its sense. On the other hand, we do not always want to judge by
the sense, Martin thinks, because then we could decide that 'This
semantically correct sentence is false' is semantically correct, and
paradox would follow. So sometimes it seems important to follow sense,
sometimes reference, and the question arises which is correct on any
given occasion. Martin thinks that the line is drawn at self-reference:
for self-referential sentences, take the referent, and for others, take
the sense. I am inclined to doubt that this is the right place to draw
the line, but will agree that in the case of 'This sentence is false',
and its variants, the appropriate'éhoice is the referent.

A problem which compounds the previous one is that many sentences
are paradoxical only in certain circumstances, as we have seen with the
Epimenides case among others. If the project is to show that Liar
sentences are semantically incorrect, and semantic correctness is
essentially a function of the meanings of words, these examples clearly
present problems. For why should 'All Cretans are liars' be
semantically correct (but false) on some possible occasions of use, and
semantically incorrect on others? It seems that it should jJjust be
always correct or always incorrect. Martin suggests that in these cases

an associated idea, token oddity, will do the necessary work; I suspect

that it cannot, but since I hope to show that even in the central
example, Martin does not make good his case that semantic incorrectness

is at the heart of the Liar, I shall not pursue this question here.

Having agreed that the appropriate object to consider when
determining the semantic correctness of the Liar sentence is the Liar
sentence itself, we have next to determine the RA of 'is false'. Martin
suggests that since 'true' and 'false' are partners in the same way that

'yellow', ‘'blue’', 'green', etc. are, and since in the second case it is
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clear that the RA of any of them is the RA of any other, the RA's of
‘true’ and ‘false’' are the same. Now it is plausible to hold that a
sentence which is semantically incorrect is neither true nor false, just
as meanihgless sentences are, so equally it is plausible that for a
sentence to be true or false, it must be semantically correct. But this
suggests that the RA of both 'true' and 'false' is just the semantically
correct. In other words, Martin says, '"Saturday eats algebra" is
false' is just as semantically incorrect as 'Saturday eats aléebra'.19
Given these resources, we can turn to the question of whether the Liar
is semantically correct or not. This question turns on whether g_(if
this is the name of 'This sentence is false') falls in the RA of 'is
false'. But the latter is just the semantically correct sentences, so
it turns out that o is semantically correct just in case it is
semantically correct. Since this decision process can clearly never
yield the result that o is semantically correct, Martin argues that it
is unreasonable to assume, as the premise of the derivation of the
contradiction does for the Liar, that it is semantically correct and
hence is either true or false. Thus we are able to block the derivation
of the contradiction, and the paradox is unmasked, because we can show
that one of the premises rests on a tacit, and illicit, assumption.
Furthermore, the solution clearly does not result in any ban on
self-reference in general: we can perfectly well understand 'This
sentence is in English', or 'This sentence is interesting', because the
RA's of the predicates involved are clearly both much wider than just
the semantically correct sentences of English, so that whether those

sentences fall in the RA's of their predicates can be determined

independently of the test for semantic correctness.

19There are other considerations here; I shall look at some of them
later.



O

32

Although I have expressed doubts that Martin's approach can
encompass all the variants of the Liar, it is interesting to note that
it handles the Truth-Teller quite happily: since the RA of 'is true' is
just the same as that of 'is false', we can see that we are under no
pressure to say that the Truth-Teller is either true or false, and can
relegate it to the ranks of the semantically incorrect if we wish.
However, overall the account so far is clearly limited in its scope, so
Martin expanded and revised it on several occasions, producing the final

version in an important paper entitled "On Representing 'True-in-L' in

L", written with Peter W. Woodruff. In this paper, they present a

formal language which, they show, can contain its own truth predicate.
Before I give the formal details of this language, which I shall call
MW, I shall discuss the background assumptions, based on category
considerations, which lead to the particular choice of valuation rules
for MW.

Much of the motivation for Martin's choice of valuation rules
depends on intuitions about complex predications, as in such examples as
'Virtue is triangular or unattainable' and 'Virtue is not triangular’,
which we can think of as predicating 'is-triangular-or-unattainable' and
'is-not-triangular', respectively, of virtue. I shall start with the
issues concerning disjunction. There are strong intuitions that 'Virtue
is triangular or unattainable' is just as bad, semantically, as 'Virtue
is triangular', and that 'The cup is coloured or yellow' is just a
redundant way of saying 'The cup is yellow'. These and similar
intuitions suggest that we can treat the RA of a disjunctive predicate,
which I shall follow Martin in abbreviating as RvS, as the intersection
of the RA's of R and S. Since we can go on to think of any disjunction
as a complex predication to an appropriate kind of object, however, this
intuition leads us to the general rule for disjunction, that if either

disjunct is semantically incorrect, and hence neither true nor false,
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the disjunction is likewise; otherwise if one disjunct is true, the
disjunction is true, and if both are false, it is false.zo

There is, however, a strong counter-intuition about the truth of
disjunctions, which is ¢that a disjunction is true if one of its
disjuncts is, whatever the other may be. Thus, '2+2=4 or virtue is
triangular' is held to be true because of the truth of '2+2=4'. This
intuition also preserves the inference from any sentence A to AvB, which
the preceding account does not. The difference between these two is
given in the Kleene 'Strong' and 'Weak' three-valued tables, though van

Fraassen's supervaluation technique also preserves this aspect of the

strong intuition.

Strong Disjunction Weak Disjunction (2.1)
t £ u t £ u
_;— t ¢t t t|t t u
flt £f u flt £ u
ult u u uju u u

Unfortunately, there are further counter-intuitions. As Thomason
has pointed out, a sentence like 'Today is Tuesday or today is less than
ten' is, on the Strong view, true on Tuesdays and otherwise semantically
incorrect. However, this makes semantic incorrectness partly a matter
of fact, contrary to the intuition that it is an aspect of meaning.
Thomason takes the moral of this story to be that semantic incorrectness
is only clearly a property of atomic sentences, and cannot readily be
extended to complex ones. But Martin regards this as unjustified: in

particular, since we may apparently have, in natural language, a

2OThis discussion occurs in SRCP: at various different stages, Martin
espoused different disjunction rules. See, in particular, the confusion
in CSL, p. 99 and fn 3, et seq. For Thomason's objections, discussed
below, see "A Semantic Theory of Sortal Incorrectness”.



O

O

34

predicate which is synonymous with a disjunctive predicate, the question
of which sentences are truly atomic or complex becomes rather arbitrary.
Moreover, it is logically possible, if the RA of the atomic predicate is
not actually the intersection of the RA's of the predicates in the
disjunction with which it is synonymous, that two sentences supposedly
synonymous could have different semantic evaluations, one true, and the
other semantically incorrect. As an example, suppose we had a word, in
English, ‘'greentresting', synonymous with 'either green or interesting',
and suppose that the RA of 'greentresting' were a proper subset of that
of 'interesting'. Then the sentence 'Model theory is greentresting'
would turn out to be true because of the strong inference from 'Model

21 Persuaded by such considerations, Martin

theory is interesting'.
finally opts for a thoroughgoing weak disjunction rule.

Martin follows the customary 1link between disjunction and
existential quantification in his gquantifier rule: an existentisally
quantified sentence is semantically incorrect if any instance is;
otherwise, if there is a true instance it is true, and if not it is
false. Left like this, however, the rule diverges considerably from our
intuitions. A sentence like 'Some basketballs are round' would turn out
to be semantically incorrect if any abstract objects, say, were in the
domain, since they would give semantically incorrect instances, like
'Seven is round'. The technical remedy for this is to adopt a segmented
domain and restricted quantification, so that the quantifier in a given
sentence only ranges over a part of the domain. If the domain is
appropriately divided, 'Some basketballs are round' can avoid being
semantically incorrect by being interpreted as having a quantifier which
only ranges over physical objects, say. An example Thomason gives

presents a practical problem for this approach, namely how the domain

21This discussion follows Martin, SRCP, p. 160.
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must be segmented: 'I finished doing one of the things we talked about
yesterday'. Conditional on settling such issues, though, the segmented
domain works well, and certainly saves the quantifier rule from utter
implausibility. It may even be possible to justify the claim that we
implicitly fix restrictions on the domain of quantification in ordinary
speech, presumably depending on some context of assertion account.

The most problematic valuation rule is that for negation. Since
his choice here opens Martin to powerful objections, I shall just
briefly outline first some of the options which are apparently open, and
then Martin's reason for the choice he makes, and reserve the topic for
fuller discussion later. The problem is slightly reminiscent of the
appropriate choice for disjunction, since we start by looking at 'Virtue
is not triangular' as a predication of 'is-not-triangular' to virtue.
Now one way of treating 'is-not-triangular' is as predicating a kind of
shape to an object, non-triangularity. In that case, 'is-not-
triangular' has as its RA that of all predicates of shape, in
particular, that of ‘'is triangular'. Consequently, since 'Virtue is
triangular' is semantically incorrect, so is 'Virtue is not triangular'.

On the other hand, if we think of negation as being more like the
operator 'It is not the case that ...', we have a very sbrong intuition
that 'Virtue is not triangular' is actually true, and even that the
truth of that claim is a consequence of saying that 'Virtue is
triangular' is semantically incorrect. These two intuitions, when
combined with the classical notion, represent what is known as choice
negation and exclusion negation (or complementation). Their

representations in three-valued logic are:
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Choice Exclusion (2.2)
A | o A
t f f
f t t
u u t

Martin chooses to reject exclusion negation entirely, saying that
it represents a breaking-down of category distinctions. That is, it
introduces, for every predicate P, an associated predicate -P whose RA
is the whole domain, no matter what the RA of P was. Thus, if we are to
maintain the framework in which categories have a role to play, Martin
says we must reject exclusion negation.

Thus MW uses a standard first order quantification language L, with
a one-place predicate constant T, and the usual formation rules, taking
negation , conjunction, and universal quantification as primitive. Its

semantics has two distinctive features:22

1. To each variable x; is assigned a sort, s(i), where s is(2.3)

i
a function from the integers into the integers 1 through
k, for some finite k. In addition, the domain D is
segmented into k sorts, so that a given variable ranges
over only the objects in the sub-domain which its sort
assigns to it.

2. The valuation rules follow Kleene's weak three-valued
approach.

Given these general remarks, we can give the semantics of MW:
Definition 1: M (=<U;...U,,v>) is a model for L iff

1. for every i, 1€i<k, U; is a non-empty set. Let D (the
domain) be Ul, ...V,

22My exposition follows Martin and Woodruff closely but not exactly.
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2. v is a function (the valuation function) such that

a. if a is an individual constant v(a)eD.

b. if F is an n-place predicate, _!(g)=<§1 »S,>, where
81, 5,6D" and 5yNS,=A.
S. is called the extension  and §2 the
anti-extension of F. Let S, be represented by vF+,

§2 by V_F-o

Definition 2: & is an assignment iff & is a function such

Definition 3: The value of an expression for a model M and

assignment &, valc,y_(g), is the function such that:

1. valc,ﬁ(-&i)
=&(t;) if t is a variable

=v(t) if t is a name

2. valg, M(Ft,...t )
=t iff <val¢ M(t1)...val M(t )>EVF+
=f iff <valc M(t1)...vala M(t )>€evF-
=u otherwise.

3. valc,ﬁ('”ﬁ)
=t iff valg y(A)=f
=f iff valg M(A) =t

=u otherw1se

4. vala M(A&B)
=t iff valg y(A)=valg y(B)=t
=u iff valgy M(A) u or valu,!(§)=u

=f otherw1se
5. valg y((x;)4)
=t iff for all @', valg: u (A)=t

where &' is an assignment just like @&,
except perhaps at x, ,and a’ (x eu Us(1) (G'-"'c)

=y iff for some & f‘g-zc,valu-’!(ﬁ) u

=f otherwise
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Definition 4: A sentence A is true (false) in model M

(Vy(8)=t(£)) iff valg y(A)=t(f) for all &, and neither true
nor false in model M (Vy{(A)=u) otherwise.

An important relation in the proof which follows is the notion of a
model M' extending a model M:

Definition 5: Model M' (=<U,'...U,', v'>) extends model M
(=<U4 e e Uy, v>) iff:

1. k'=
2. U,'=U; for all ik
3. v'(a)=v(a) for all individual constants a

4. vF+&v'F+ and Xzfszfgf, for all predicates F.
In particular, we are interested in the notion of a T-extension:

Definition 6: M' is a T-extension of M (MKM') iff M
extends M and for all predicates F other than T, ﬁ+=y_'§+,
yF-=v'F-.

In MW, a model which extends another has a crucial property: every
sentence which is true in the "smaller" model is true in the "larger",
and similarly for falsity. Thus if we consider a series of models each
of which extends its predecessor, the set of sentences which is true
grows conservatively: no sentence is true in earlier models and drops

out later. We shall use this result in the following form:

Lemma 7: If MSKM', then for all A, if Vy(A)=t then
Vyr (A)=t, and if Vy(A)=f, Vy«(A)=f. B

Proof: By induction on A. The proof is given below, in the
chapter on Kripke.

To show the truth-representation result, we need to consider sets

of models which share & common feature.

Definition 8: A set of models, S, is a common base set iff
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1. any two models M, _r_«_'e_s_ agree everywhere except at T. Let
S be complete in that respect.

2. for some j, L=U i.e. one of the segments of the domain

=j!
comprises the sentences of L.

In a common base set S we can define a subset PR(S):

Definition 9: M€PR(S) iff for all A,

1. if A€vT+ then Vy(A)=t and

2. if AevT- then Vy(A)=f, where veM.

For models in PR(S) we can say that T partially represents truth

because every sentence assigned to the extension of T is true in the
model, and every sentence assigned to its anti-extension is false. What
we want to show is that in some member of S, T is (wholly)
representative, that is, that the converse holds as well. The strategy

is to apply Zorn's Lemms. To do so we need two lemmas.
Lemma 10: { partially orders PR(S).
Proof: By definition of ¢, PR(S).

Lemma 11: Every (-chain in PR(S) has an upper bound in

Proof: Let C be a (-chain in PR(S), and let Top be the
model defined as follows. Top belongs “to S, and the extension
of T in 3)_2 is the union of the extensions of T in all members
of €, and its anti-extension 1is the union of all the
corresponding anti-extensions. Top is clearly an upper bound on
C; now we have to show that T_oEEPR(S) Suppose AevT+, where v
is in Top. Then, for some member M of C, AEV T+, where _v:' is in
M. But then VM(A) =t, because CSPR(S). However, M{Top, so by 7,

Vpoo(A)=t. Similarly for vI-. So Top€PR(S).

Lemma 12: For any common base set S, and every M in PR(S),
there is a maximal model in PR(S).

Proof: By Lemmas 10 and 11, and Zorn's Lemma.
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It only remains to be shown that a maximal partially representing

L
%‘ ; interpretation is a wholly representing interpretation.

Lemma 13: If M is maximal in PR(S), then v(T) in M
represents truth in M.

Proof: Suppose, for reductio, M is maximal in PR(S), but
v(T) in M is not truth-representing.

1. Suppose, for some 4, VM(A)=t, but Afzgf.

Then we can construct a mode1‘§ y Whose valuation is_!',
which coincides everywhere with M except that Aev'T+. So
MM'. Now we show that M ePR(S)

a. Suppose BEv'T+. Then either B=A or BfA.
If B=A, Vﬁrﬁjlt by the initial hypothe31s.

If B#A, BevT+, by construction of v’',
hence vﬁ(gTEt.
Either way, Vy(B)=t, so by Lemma 7 V. (B)=t.

b. Similarly for v'T-.

7 But M was supposed to be maximal under . Consequently
- there can be no A such that VM(A)=t, but‘éizg+.

2. Suppose instead VM(A)=f, but A¢vT-.

By a similar argument, this is impossible.

So v(T) in M represents truth in M.
The concluding theorem is:

Theorem 14: If M is a model, then there is a model M' which
coincides with M on all sentences not containing T, and whose
truth predicate represents truth.

Proof: Let M''be the model which agrees with M everywhere

but at T, where M'' has <A,A>. M and M'' belong to the same
common base set S, and M'' is in PR(S). Consequently there is a
model M which is maximal in ﬁ_rﬁj' and has a representative
truth-predicate. Since M and E, are both in S, they agree on
all sentences not containing T, by the " standard 1local
determination lemma.

Given this result, we can see that a language can contain its own

()
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truth predicate even when there are paradoxical sentences present.
Since many people thought Tarski had shown that no language could
contain its own truth predicate, the result was a surprising one. More
interesting is the fact that it can be shown that a language using weak
three-valued tables can include representative falsity and neither-
truth-nor-falsity predicates.23 The truth-representation theorem can be
established for stronger connectives, but not this latter theoren.
However, I shall discuss these details when looking at Kripke's theory.
It is interesting to see how MW, extended to include 'neither true
nor false', treats Liar sentences and their cohorts. Since MW uses only
choice negation, there is no difference between the treatments of 'is
false' and 'is not true'. However, some of the difference between 'This
sentence is false' and 'This sentence is not true' might seem reproduced
by considering 'This sentence is either false or neither true nor false'
as our Strengthened Liar. Suppose, then, that the valuation function

specifies the following denotations for the sentences 51 8, and LT

v(s,)=Ts, (2.4)

v(s5)="Ts,

¥(83)="TszVNs3
Since all the truth-representing models whose existence we have proved
are maximal,.§1 must always be in either the extension or anti-extension
of T: if in some model it were not, that model would not be maximal.
So sy is either true or false; Martin points out that this models the
Truth-Teller's easy-going nature.

With 85, however, we soon see that it cannot be put in either the

extension or anti-extension of T: suppose.!' is the representing model,

25mnis was established independently by Martin and Gupta, who have
jointly written a paper "A Fixed Point Theorem for the Weak Kleene
Valuation Scheme".



O

o,

()

42

end v' the corresponding valuation. Then if s,€v'T+, Vyi(Ts,)=t by
ordinary valuation rules, but also VMv(f2§2)=t, by.-the truth-
representation claim, and similarly if_§2§i7i;. However, s, can happily
belong to the extension of N. So S5 is neither true nor false in any
truth-representing model.

The same result holds for 53, though the argument is longer. Since
33 is a sentence, either.§3§xf§f, or_§3gxﬂ§7. Suppose the latter. Then
VM.(§§3)=f, and either.§3ng2f or §3g1f27 (if it is not neither true nor
fglse, it must be either in the extension of T or its anti-extension).
If the former, VM-(f2§3Yy§3)=t, by the representation fact, and hence
_§3€1'_T_-, by the _:raluation rules .for v. But similarly, if 5_361'2—,
Vy'("Ts3)=t, and since Vy'(Ns3z)=f, Vy'("TszvNs3)=t, so szev'T+.
ﬁ;wever, no contradictions r;;ult if_§3ngi}.

Thus in many respects MW handles the paradoxes quite neatly. Given
Martin's defense of his category approach, do we not have sufficient
grounds to regard this as a satisfactory solution of thé' paradoxes?
Several strong objections have been lodged against the account which
must be considered. Actually, these objections are strongly
interconnected, so that picking up one tends to lead on to another:
they focus on problems with negation, the RA of 'is true' and 'is
false', the treatment of the Strengthened Liar, and general
considerations about categories.

It is perhaps easiest to start with negation and the Strengthened
Liar. As I mentioned above, there are strong intuitions that 'Virtue is
not triangular' is ambiguous: in one sense, it attributes a shape
property to virtue, and is semantically incorrect, and in the other it
denies that virtue is triangular, and seems to assert a truth. These
two senses can be expressed just by introducing a distinction between

two senses of 'not', as I described above. However, another method is

also available, which does not impute lexical ambiguity to 'not', bdut
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rather a structural ambiguity to 'Virtue is not triangular'. In this
method, negation is pure choice negation, and the exclusion sense is
capture by treating 'Virtue is not +triangular' as '"Virtue is
triangular" is not true'.

Martin takes neither of these options. If we accept exclusion
negation, we can no longer establish <the existence of a truth-
representing model, as can be quickly seen. Let !f§4)=12§4. In any
model VM(12§4)=f or VM(12§4)=t, since -A only has t or f in its column.
But the;:§4 must eith;; belong to vT+ or Vt- if T is to represent truth.
But by familiar reasoning, if it is in one, it must be in the other. So
T cannot represent truth. Intuitively, it seems that exclusion negation
is what we need to express the Strengthened Liar, so the rejection of
exclusion negation creates a concomitant objection that the Strengthened
Liar is not properly expressible in MW.

If, on the other hand, we look at the paraphrase technique, we see
that '"Virtue is triangular"is not true' can only represent the sense in
which 'Virtue is not triangular' is true if 'is not true' can truly bdbe
predicable of a semantically incorrect sentence. Since in this account
we are only using choice negation, this amounts to the requirement that
the RA of 'is true' and 'is false' be taken to include sentences which
are semantically incorrect. Permitting that, in this context, 1leads
straight back into paradox, for if even semantiecally incorrect sentences
can be true or false, we cannot ward off the contradiction by claiming
that it illicitly presupposes that the Liar sentence is semantically
correct.

Thus at the very 1least, the expense to our intuitions about
numerous sentences like 'Seven is not red', 'The Elgin Marbles are not
speaking tonight' and so forth is heavy, if we adopt MW. However,
Martin's response to this objection is that our belief that these

sentences are true is based on ignoring category considerations. It is
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important to understand one consequence of Martin's methodological
approach. This is that although the assumptions which give rise to
paradox are plausible, recognizing the appropriate rulelike feature of
language casts doubt on these assumptions, even shows them to be false.
It follows that once we recognize that rulelike feature, we may be led
to reje¢t numerous intuitions we formerly held. Thus in a way, Martin
is offering a proposal for a reform of language. The difference between
his approach and the radical Quinean one is that the reform is motivated
not by the fact that our intuitions lead us to contradiction and are
dispensable, but by establishing a part of those intuitions as paramount
in formation of the revised 1language. That the revision has the
consequence of eliminating the paradox is, so to speak, =a happy
coincidence.

It follows from this that the mere fact that the theory diverges
from intuition is not a decisive objection against it. Thus Martin's
own objection against the hierarchical approach, that it led to a ban on
self-reference, was followed by the claim that a category theory could
provide at least as good an account at less cost. Moreover, it does not
seem entirely implausible that we could account for our belief in the
truth of these banned sentences by treating them as metaphorical, i.e.
category-distorting, uses of 'not' and 'true'. Thus though strictly
speaking they would be category mistakes, there would be an extended
sense in which they could be understood.

A more serious objection is brought by Donnellan, who draws
attention to a fact which he finds as puzzling as the paradoxes

themselves.24 This is that in Martin's early accounts, but also in MW,

" there are three mutually exclusive categories, namely truth, falsity,

24geitn s. Donnellan, "Categories, Negation, and the Liar Paradox".
My discussion of these topics rests partly on Donnellan's clear and
useful analysis.
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and neither. Sentences which are true or false can be said not to be of
the third category, but those which are neither cannot be said not to be
true or false, or at lemst cannot be said truly. Of course, this point
is connected to the previous ones because a different treatment of
negation or the RA of 'is true' would permit us to do that very thing.
Martin's response to this is to say that it ignores the category
difference between 'true' and 'false' on the one h;nd, and 'neither' on
the other, though he has some difficulty in reconciling this claim with
the semantics of MW. The point is this. We want to be able to say,

what is true, that any sentence s is either true, false or neither.

However, we cannot express that by
IsvFsvis (2.5)

because i* 8 1is neither, both Ts and Fs are neither too, so the
disjunction is neither, by the valuation rule for V. However, Martin
has a device to account for this, at least informally: he suggests that
if we have a disjunction in which all the predicates which exhaust a
category are applied to one and the same objects, we can treat that as a
predication to that object of the covering category predicate. That is,
if blue, yellow and red exhausted the category of colour, saying the
moon is blue, yellow or red is just like saying that it is coloured.
Since the predicates in the first two disjuncts in (2.5) exhaust the
category of the semantically correct, the true sentence which

corresponds to it is actually:
“NsvNs _ (2.6)

Thus Martin <thinks that he can account for the intuition behind
(2.6) while blocking any argument from Ns to “Ts. Of course this cannot
be embodied directly in the language MW, so the situation is something
of a standoff. The point to be made against Donnellan's objection is

that the inference could be made if true, false, and neither were joint
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category mates, but since in Martin's theory they are not, the air of
paradox is lessened. In fact, the situation has an exact analogy with
colour predicates: given the simplifying assumption about blue, yellow
and red, and the supposition that 'is coloured' is applicable to
anything, it is true that anything is blue, yellow, red, or not
coloured, but it does not follow from the fact that something is not
coloured that it is not red.

Thus Martin evades the whole force of all these objections by
reiterating that the category approach demands certain sacrifices, which
we must accept as long as no better alternative presents itself.
However, I want to argue that these and similar objections constitute an
overwhelming argument for rejecting Martin's account if they are
advanced in the right way. If Martin is going to hold that we can
regard the Liar as disarmed by his theory, despite its counter-intuitive
consequences, because it is based on a principled discussion of
categories and semantic incorrectness, that discussion cannot be allowed
to settle questions about categories by any reference to the Liar,
without opening itself up to charges of being ad hoc. I want to argue
that Martin's approach to categories is distorted by the attempt to
handle the Liar, and that conversely some of the arguments about how
‘true’ works are distorted by category considerations. Thus Martin
cannot claim to have an independently motivated theory of the categories
which happily solves the problem of the Liar, nor can he claim to have a
useful theory of truth.

I shall start by returning 1o the debate about negation and the
category of 'is true'. Martin's position is that the intuition that
'Virtue is not triangular' is true is mistaken, through ignoring
category distinctions. I shall argue that this position cannot be
defended by pure category considerations, and that its justification

only comes from the desire to avoid paradox.
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The starting point for any theory of categories must be, as usual,
some collection of data about what sentences are accepted or rejected,
plus various intuitions about the notion, such as the intuition that in
hierarchical category structures, the RA of a predicate at one level is
the extension of the predicate at the next more general level. Thus 'is
yellow' is only correctly predicable of those things that 'is coloured'
is true of, for example. These data and intuitions are then put to work
in the usual way of theory construction, one being rejected here,
another there.

What then, are the data we are interested. in for negation and
truth? I suggest that 'Virtue is triangular' and 'Virtue is not

"

triangular' and Virtue is triangular” is not true' are respectively
rejected; sometimes rejected, sometimes accepted; and accepted, and that
we have to explain these facts. Two alternative explanations have been
offered in criticism of Martin's position, namely that ‘'not' 'should be
treated ambiguously, or that 'a is not @' should be: together with the
accepted semantic incorrectness of 'Virtue is triangular, these explain
the ambivalence over 'Virtue is not triangular', though both also

tn

predict ambivalence over '"Virtue is triangular” is true', unless the RA
of 'is true' is taken to include semantically incorrect sentences. If
we are going to do that, however, we have no need of exclusion negation
as well, as explained before. So one explanation of the data is that
negation is choice, and the RA of 'is true' is all sentences, or perhaps
all grammatical sentences.

Martin rejects this position because it leads to a breakdown of
semantic categories, but this explanation alone is not satisfactory.
There is nothing incoherent in the notion of a language which employs
semantic categories, but also has the resources for cross-category

assertions. Nothing that Martin has said should be taken as an argument

that a language must be rigorously categorical. So there has to be an
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argument, based on intuitions about categories, that at least 'is true’
should not be the device that allows us to cross categories, and Martin
in fact offered an argument for taking the RA of 'is true' to be just
the semantically correct: first, we regard 'is true' and 'is false' to
be category mates, having the same RA, and second, sentences which are
semantically incoherent are neither true nor false. From this, Martin
argued that the RA of either 'is true' or 'is false' is just the
semantically correct.

However, this does not follow directly, without various other
assumptions. We can accept both the claims just given, and deny the
conclusion. The crucial assumption is that 'semantically correct'
hierarchically dominates both 'is true' and 'is false'. If this were
clearly so, then the yellow/coloured example would be strongly

suggestive here: 'true' and 'false' would be properly predicable of
just those things of which 'semantically correct' is truly predicable.
But this assumption is not self-evident. For instance, there are
sentences which seem to be semantically correct, but neither true nor
false, such as 'The present King of France is bald'. This may just
suggest that 'semantically correct' dominates a three-way split 'true',
'false' and ‘'neither true nor false', each only predicable of the
semantically correct, but this would be altogether inappropriate, since
we could no longer say that semantically incorrect sentences are neither
true nor false. 1In conclusion, it appears that although there is a very
close connection between the fact that 'Virtue is triangular' is
semantically incorrect and +the fact that it is not true, it cannot
confidently be claimed that 'is semantically correct' dominates 'is
true'.

Furthermore, the intuition that Virtue is triangular" is not
true' is true is so strong, and indeed seems to be a consequence of

adopting a category approach, that it is hard to see why a defender of
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the category approach would wish to deny it: in Martin's case, the
reason is that doing so gives an account of the Liar.

This situation is rather different for disjunction. Here, we have
good reasons on sortal grounds for adopting Weak disjunction as the
rule. The problem is that it is extremely implausible that this is the
right rule for truth. Semantic incorrectness, like meaninglessness, is
heavily infectious: if a part of a sentence has it, the whole has it.
On the other hand, typically disjunctive inference goes by the Strong
rule.

In one interesting attempt, Martin suggested combining the two
rules, in "A Category Solution to the Liar". Essentially the idea was
that there is a difference between a complex predication to a single
object, where the Weak rule is appropriate, and a regular disjunction,
where the Strong one is. Technically this was achieved by
supervaluations over a restricted range of classical valuations, and the

effect was to prevent the inference above froml§§3 to fggavgga, where §3

is the Strengthened Liar of (2.4). Since, given the interpretation of
A and the RA's of N and T, f2§3 is a category mistake if-§§3 is true,
permitting such an inference would be to permit the inference of 'Virtue
is triangular or unattainable' from 'Virtue is unattainable’, which
Martin holds is impermissible. The theory does permit the inference
from 'Virtue is unattainable' to 'Virtue is unattainable or seven is
green', however. Unfortunately, a more complicated paradox escapes the
restriction. - Suppose we have sentences S5 and S84

v(sg5)=Fsgvlsg (2.7)

v(sg)=Ts5
Suppose s, is neither. Then Bg is true, and EESVEES is permitted by the
strong disjunction rule: trouble will clearly result. If Sg is either
true or false, then in the first case 55 must also be true, which
contradicts Fs, y§§6, and in the second case 55 must be false, and

another permissible strong inference gives jgsts ,and trouble again.
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So in the end, the only option, apart from abandoning the project,
is to adopt weak disjunction. However, as I said, weak disjunction does
have some category arguments in its favour: it just cannot handle truth
correctly.

These problems are exaggerated when we turn to quantification.
First, it seems, unsurprisingly by now, that truth is not governed by
the Weak quantification rule. Second, and more surprisingly, it seems
that semantic correctness is not either.

The first point is easily established. Nobody can now truly say
either 'Something a Cretan once said is false' or 'Something a Cretan
once said is true' because Epimenides made his fateful remark. Yet
obviously we might truly say both, and other such examples multiply
beyond end.

As for the second point, consider the sentence 'Some creatures can
see colours'. My dintuition is that that is true and semantically
correct, but that 'The bacteria in my "drains can see colours' is
bizarre. But any segmentation of the domain which allows the quantifier
in the first sentence its full range will result in its being ruled
semantically incorrect because of the bacteria in the drain. This is
like Thomason's example 'I finished doing one of the things we talked
about yesterday', but avoids the problem of the questionable sortal
'thing'. More immediately to our present interests, suppose we accept
all of Martin's theory about atomic sentences and simple truth
predications. It still seems that 'Something a Cretan once said is
true' is semantically correct, whatever a Cretan may have said. The
point is that what Cretans have said may make problems for evaluating
the sentence as true or false, but we should not have to investigate
these questions to decide whether our own assertions are proper or not.
This would threaten once more to make semantic correctness too much a

matter of fact, and not enough a matter of meaning.
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It is interesting again to compare semantic correctness with
meaningfulness. For meaningfulness, as I suggested, it seems plausible
that a meaningless part of a sentence gives meaninglessness to the
whole. However, it is extremely unlikely that meaninglessness of an
instance infects a quantified sentence. 'Fred said something true' does
not become meaningless if Fred happened to say 'Doo-be-doo-be-doo', for
example!

Consequently it seems sensible to reject the normally useful
parallel bYetween disjunction and existential quantification. Semantic
correctness may be governed by a Weak disjunction rule, but not by the
corresponding quantifier rule. However, if we do this, paradox looms
again, as Kripke's quantified examples show. If Smith and Jones say

Jones: Smith sometimes tells the truth about me. (2.8)
Smith: Jones always lies about me.
and otherwise each has &2lways 1lied about the other, contradiction
readily follows.

So once again, Martin only avoids paradox by using a rule which has
little or no justification on category grounds. Thus finally we must
reject Martin's theory as giving either of two kinds of solution to the
paradoxes. First, he doés not give us an independently justified theory
of sortal correctness in which the paradoxes can Se resolved, and
second, he does not give us a plausible theory about 'is true' which

could illuminate the problem either.
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Chapter 3

Van Fraassen: Supervaluations and Presupposition

25 » van Fraassen seems to apply a

In his discussion of the Liar
similar methodology to Martin's; I say ‘'seems to' here because van
Fraassen's methodological remarks are rather 1less explicit than
Martin's. In "Truth and Paradoxical Consequences”, he suggests that a
solution to the paradoxes comprises two parts: first, "an analysis of
the logically relevant features of the paradoxes as stated in natursl
language”, and second, "a formal construction in which corresponding
sentences play roles roughly similar to those which our analysis
ascribes to the paradoxical statements"” (TPC, p. 13). He later goes on
to say, after a discussion of the Epimenides version, "This is a
solution, in the sense of an analysis which credits the Epimenidean
statement with s8ll the logical features that lead to the subordinate
conclusions in the paradox, but blocks the final derivation of absurdity
on general grounds concerning the structure of language" (TPC, p. 16).

I take this to be a contrastive characterization of a solution,
contrasting, that is, with any proposal for a solution in which the

paradoxical sentence does not have "all the logical features that lead

25The principal writings on the Liar are Bas van Fraassen,
"Presupposition, Implication, and Self-Reference” (hereafter PIS-R), and
“Pruth and Paradoxical Consequences"” (TPC). Some relevant details are
also discussed in "Presuppositions, Supervaluations and Free Logic",
"Inference and Self-Reference”, and "Singular Terms, Truth-Value Gaps,
and Free Logic".
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to the subordinate conclusions in the paradox". I take it, for example,
that a 'solution’ based on banning self-reference would not satisfy this
characterization because we would not credit the Liar sentence with
generating either of the sentences 'If it is true, then it is false' and
'If it is false, then it is true'. As T understand van Fraassen, he is
saying that his analysis allows these claims, but bdlocks the final
absurdity by pointing to "general grounds concerning the structure of
language” which enable us to say that it is in fact neither true nor
false. In van Fraassen's case, the relevant feature of language is the
semantic relation of presupposition between sentences, and I am going to
suppose, just as with Martin, that it is crucial to the success of van
Fraassen's solution of the Liar that his analysis of presupposition is
both plausible and independent of the Liar.

Van Fraassen follows StrawsonZG, among others, in taking
presupposition to be a semantic relation between sentences such that, if
one of the presuppositions of a given sentence fails to hold, then the
sentence is neither true nor false. Thus, if 'There is a present King
of France' is a presupposition of 'The present King of France is bald',

then the letter sentence is neither true nor false because the former is

false. So:

A presupposes B iff A is true or false only if B is true. (3.1)

If we introduce +two ©pieces of notatioﬁ, we can simplify this
characterigation. The first is that we are going to use choice
negation, the second that we are going to express the relation between A
and B that holds if, whenever A is true, B is true, by éjfg: this will

be called semsntic entailment or necessitation. Using these devices,

(3.1) can be written as:

26Peter F. Strawson, Introduction to Logical Theory and “On
Referring”.
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Definition 1: A presupposes B iff

1. Al=B and

In a bivalent language, either A or ”é'is always true, so that the only
sentences which can be presupposed are ones that are always true, i.e.
the logically true. Furthermore, presupposition becomes just a species
of implication. If we follow Strawson, though, in allowing sentences
with false presuppositions to be neither true nor false, we clearly need
a three-valued languasge, and can then distinguish implication and

presupposition. Consider:

a) AB b)  A>B e) AB (3.2)
A B A
..B JTA "B

If we take the corner as representing implication, a) and b) are
familiarly valid inference forms, and c) is not, whereas if we take it
to be presupposition, a) and c¢) are valid, but b) is not: if A
presupposes B and B is false, A is neither true nor false, not false.

In order to construct a language in which presupposition can be

represented, van Fraassen uses the notion of a supervaluation. In a

classical valuation, every sentence is awarded one of the values t or

f. But in a language in which we want to express presupposition,
classical valuations go too far in assigning t or f to everything: a
valuation which assigns f to 'There is a present King of France' and
either t or f to 'The present King of France is bald' is not an
appropriate valuation. So a supervaluation is generated by a set of
classical valuations: it agrees with them when they all agree, and
gives u (for undecided) where they differ. In the case just given, the
two valuations which assign f to 'There is a present King of France' and
variously t or f to 'The present King of France is bald' generate a

supervaluation in which the former still gets f, and the latter gets u.



-

55

More precisely, in a propositional language L with just negation

and disjunction;

Definition 2: v is a classical valuation of L_iff v is a
function such that

1. v(aelt,rl.
2. v("A) = £ iff v(A) = t.

3. v(AvB) = f iff v(A) = v(B) = f.

Definition 3: s, is the supervaluation induced by k iff

1. E.is a set of classical valuations of‘g.

2. 8 (4) = t iff for all vek, v(A) = t,
- = f iff for all vek, v(A) = f;

= u otherwise.

The question now is which supervaluations are the ones we are
interested in when trying to represent presupposition. Since
presupposition is & semantic relation not captured by classical
valuations, it has to be specified separately. Thus part of the
semantics of a language is a relation N, the (non-classical)

necessitation relation. N is just a set of ordered pairs of sentences:

if we want it to represent presupposition, we must include in N the pair
<A,B> and <fét§}, vhenever A presupposes B. If we think of the set of
sentences which are all true in a given situation, we can see that it
must include all the sentences which are classically entailed by any
true sentences, and those that are non-classically necessitated by them,
for if 'The present King of France is bald' is true, we know that 'There
is a present King of France' is too.

To define this set, then, we need the following:

Definition 4: An ordered pair <V,, N> is a presuppositional

semantics for a language L iff
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1. is a set of classical valuations of L.

B<:

2. is a relation whose field is a subset of sentences of

e =t

Definition 5:

1. Valuation v satisfies sentence A iff v(4) = t.

2. v satisfies a set of sentences X iff v satisfies every
member of X.

3. X classically entails A (XigA) iff every valuation which
satisfies X satisfies A.

Definition 6: A set of sentences G is saturated with

respect to <V, ,N> iff:

1. there is a valuation _geyo which satisfies G.
2. G is closed under classical entailment.

3. G is closed under N.

Definition 7: A supervaluation g, is an admissible

valuation for a presuppositional semantics <V , N> iff for some

saturated set G, vek iff v satisfies G.

We

can now define supervaluational properties, parallel to

Definition 5:

This

Definition 8:

1. Admissible valuation 3 supervaluationally satisfies

sentence A for pgesmgsitional semantics <V,,N> iff
8 (8)=t.

2. 8, supervaluationally satisfies set X for Np, N> iff it
sﬁpervaluationally satisfies every member of X.

3. X supervaluationally entails A (§_I=supg) iff every

admissible valuation that supervaluationally satisfies X
supervaluationally satisfies A.

use of <V,,N> as a presuppositional semantics is an odd one in
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some respects. There are two alternative ways to introduce
supervaluations f;om scratch, both of which are theoretically simpler
than this method. The first is merely to specify a set of
necessitations, N, and define a consistent saturated set under N alone,
and then use the saturated set to define a supervaluation directly: a
sentence is true if it is in the set, false if its negation is, and

neither otherwise.27

The other method is to specify a subset of the
powerset of the classical valuations of a language: each member will
define a supervaluation by Definition 3.

The method van Fraassen uses is neither flesh nor fowl, but it has
certain advantages. First, presupposition, being a relation between
sentences, is most readily represented using the relation N, rather than
as a direct constraint on sets of valuations. On the other hand, the
supervaluations are partial valuations, and it is useful to be able to
compare the initial set of valuations with +the resultant set of
supervaluations, whence the mixed mode of Definition 6, where both
satisfaction and closure under N are used.

This definition of admissible valuation corresponds to the so-
called "radical policy" for presuppositional languages. For some
purposes, this admits some valuations which seem excessively "gappy":
that is, these valuations give u to some sentences which do not suffer
from failure of presupposition. For instance, suppose the language L,

contains only the sentences A,B, and C:

A: There is a present King of France. (3.3)
B: The present King of France is bald.

|

Roses are red.

Suppose further that N is the plausible EO = {(B, >,<f§, >}. Then one

2Tsee also Herzberger's "Canonical Superlanguages.”
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saturated set is the logical closure of {étg}. This generates a
C supervaluation in which C is given u, even though C does not have any
presuppositions. If we want a theory which gives u to 2ll and only
those sentences whose presuppositions fail, +this is of course an
unsatisfactory situation, and there is some discussion in the literature

28 However, I shall not go into this

on strategies for dealing with it.
problem, as its consequences for treatment of the Liar are not
immediately serious, and shall continue to use the above definition of
admissible valuation.

Obviously from the definition of admissible valuation, there is a
close connection between a supervaluation and the saturated set of
sentences which engender it. Since it is often easier to discuss the

membership of sentences in the saturated set, rather +than the

supervaluation, the following theorem is convenient:

Theorem 9: When s, k, and G are as defined above,

"

N 1. 8, (A) = t iff AcC.

2. s, () = £ iff "AeG.

3. 8, (A) = u iff neither AeG nor “AeG.
Proof:

1. Suppose s, (A) = t: then for all vek, v(A) = t. But vek

only if v satisfies G. So every v that satisfies G
satisfies A, i.e. Q}gﬁ. But G is closed under classical
entailment. So A is in G.

Suppose AeG. v(A) = t for all vek. Hence s, (A) = t.

2. Suppose s, (A) = f. Then, for all vek, v(A) = f and v("A)
= t. Hence, as above, TAeG.

283ee van Fraassen "Presuppositions, Supervaluations and Free Logic",
- Hans Herzberger, "Presuppositional Policies", and T. P. Lightbody, “An
{ Examination of Two Recent Approaches to the Liar Paradox", ch. 1.
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Suppose ~AeG. Then v(A) = t for all vek, and v(A) =
f. So Ek(D = f.

3. Suppose s (A) = u. Then g, (A) # t and s (A) 7 f. By a)
and b), A¢G and "A¢G. Similarly for the contrapositive.

Before going on to consider how to add truth to a presuppositional
language, some other features are worth pointing out. First, since a
supervaluation represents what various classical valuations have in
common, any sentence which is either true, or false, in every classical
valuation will be so in any supervaluation. Hence the laws of classical
propogitional logic remain true in a supervaluational language. In
particular, the law of the excluded middle holds; for any sentence A,
Av'A is true in every admissible valuation, even when A itself is
undefined in some of those valuationms. This curious feature of
supervaluations can create some problems of interpretation, accustomed
as we are to inferring that one or other disjunct of a true disjunction
is true. Supervaluations also retain the characteristic of strong
three-valued tables, that a disjunction with a true disjunction is true,
whatever the value of the other disjunct. To see this, consider a
supervaluation g, for which s, (A) = t. Then in every vek, v(A) = t. By
classical rules,_khen, XKAXE)-: t, and hence Ek(éxﬁ) = t also.

So much for the relationship of supervalaztional languages to other
logics. In addition, there are some properties characteristic of
presuppositions, which will become important when considering the Liar,

In particular, the following results are readily obtained.

Theorem 10:

B.

1. If <A,B>eN, then {A} 1= gup B

Proof: If A is true in s,, then A€G. But if A€G, so
does B, by closure under N. Hence B is true in

S,- So {a} I=sup B.
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Proof: -Similarly, by closure under classical
entailment.

3. If A presupposes A, A cannot be false.

Proof: Suppose A is false: since A presupposes A, A
must be true. So A cannot be false.

4. If A presupposes "A, A cannot be true. Similarly.

5. If A presupposes a contradiction, A is neither true nor
false. Similarly.

Henceforth, all entailments will be supervaluational, and I shall
omit the subscripts on !=. I shall also informally treat entailment as
a relation between sentences.

The next question to be faced is how to introduce truth ascriptions
into a propositional language. Doing this involves making decisions
about a familiar nexus of problems concerning negation, bivalence,
Tarski biconditionals and so forth. For simplicity's sake I shall
follow van Fraassen in starting with only a truth operator, rather than
a truth predicate, and will look at his theory which uses a predicate
later. Thus, we have the additional monadic operator T, whose intended
interpretation is "It is true that...". The next question is how to
express "It is false that...". The answer to this depends on two
preliminary features of truth and choice negation. First, independent
of any further decisions about the truth operator, if A is true, so is
TA, and vice versa. Second, "_A_ is true Jjust in case A is false.
Consequently T"A is true when A is false, and vice versa. So "It is
false that A" can be rendered by T"A. This apparently means that the
Principle of Bivalence can be expressed by TAvI™A, which is not, unlike

Ayﬁﬁ, a logical truth. It is, however, a consequence of the Tarski

biconditional:
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1. ASTA Tarski (3.4)
2. TAOTTA Tarski

3. "TASTA Contraposition 1

4. “TAST A Transitivity, 2 and 3

5. "TTAVTTA Def 2, 4

6. TAVI™A Double negation elim. 5

Van Fraassen considers three courses of action: we interpret TAvT A
differently; we reject the logic embodied in 1-6; or we reject the
conditionals 4) and 2). He elects the third course: the grounds for
retaining standard logic if at all possible do not need rehearsing, but
the grounds van PFraassen gives for rejecting the first course are
interesting, since they reflect a certain attitude towards truth and the
interpretation of sentences in a supervaluation language.

The possibility of reinterpreting TAvT A in such a way that it is
true even when A is neither true not false rests on the fact mentioned
above, that in supervaluational 1languages, disjunction of sentences
which are neither true nor false can turn out to be true, as for example
AvTA. In order to take advantage of this opportunity to reinterpret
TAvT™A, we might adopt the policy that if A is undefined, so is TA, and
vice versa. This would certainly do what was required here, but it
would also leave various necessary things undone. The problem is that
we could no longer truly say of a sentence which is neither true no¥
false, that it is not true. PFor if we tried to do so by asserting fgﬂ,
we would only succeed in saying something which is itself undefined.

Van Fraassen elects instead to reject the Tarski biconditionals and

adopt as semantics for the truth operator: if A is true, so is T4;
otherwise TA 1is false. This has the advantage of making truth

ascriptions bivalent, and gives us a global +truth operator, bdut
eliminating the biconditionals leaves us with the problem of how to

introduce the operator into L.
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Van Fraassen's solution is to expand N in such a way that it
handles not only presupposition relations but also the relation between
A and TA. He suggests that this can be done by including, for every
sentence A, <A,TA> and <TA,A> in N. However, this alone will not
accommodate all the characteristics of truth that van Fraassen has
desiderated. To see this, we can consider all the classical valuations
associated with a sentence A; since no feature of T is defined at the
level of classical valuation, both TA and T"A count as atomic sentences.

Hence there are the familiar eight possibilities:

A A A (3.5)
vy t t t
Y5 t t f
Y3 t f t
Y4 t f f
Y5 f t t
g f t f
¥q f f t
g f f f

Let us first consider the situation when A is true in a
supervaluation, and thus belongs to G. Since <A,TA>eN, TA€G. Hence the
only members of k are vy and v,. But in these two valuations T"A has
different values, so in the supervaluation T°A has no value. However,
it is hardly plausible that A be true, as well as 'It is true that A',
yet 'It is false that A' have no value.

Similarly, if "A is true, 11‘_"5_ -is also, but TA has no value. Two
possible solutions present themselves. First, we introduce some
restrictions on the classical valuations, and second, we introduce some

further necessitations between A, TA and T"A. The former can be done as

follows:

In the definition of classical valuation, 2, add (3.6)

If v(TA) = t, then v(T7A) = f.
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This will result in both > and Y5 being eliminated as classical
valuations, so that all classical valuations in which A is true, and TA
is true will also be ones in which T"A is false, giving the desired
result at the level of supervaluation. The same happens for A, T"A and
TA.

On the other hand, we could retain the original definition of
classical valuation and add <TA,"T"A> and <T"A,"TA> to N. Then if A is
true, so are both TA and "T"A by necessitation, and similarly if A is

false, mutatis mutandis.

However, a further problem presents itself when we suppose that A
is undefined in the supervaluation Sy and this time neither
restrictions on classical valuatioms nor ;hditional necessitations éan
be used to solve it. If A is neither true nor false, then it is not in
G and neither is "A. By van Fraassen's reasoning about truth in this
situation, TA should be false, and so should T"A, so both "T4 and "T"A
should belong to G. However, nothing said so far has the effect of
bringing this about. Intuitively, necessitation can add other sentences
to G if certain sentences are already in it, but it has no power to add
anything to G in virtue of any sentences which are not in it.

More precisely, we can look at the admissible valuations which can
be formed from the classical valuations in (3.5). Using either the
restriction (3.6) on classical valuations, or the additional
necessitations suggested above, we can see that the following saturated

supervaluations are possible:



O

O

65

to truth- saturated sets rather than ordinary saturated sets. With this
revised definition, if A is true in a supervaluation, so is TA (by
closure under N) and so is “T"A (by truth-saturation and consistency).

Similarly, if A is false, so is TA, and Eii is true. If A is neither
true nor false, TA cannot be true, so "TA must be, and similarly "T"A
must be true also. Notice that the condition of <truth-saturation
eliminates the need for the restriction on classical valuations imposed
by (3.6), or the similar additional necessitations.29 I shall collect
here various useful results: those noted (a) depend essentially on
truth-saturation, and those noted (b) could be obtained by restrictions

on classical valuations. They will be referred to subsequently as TP1,

TP2, etc.

1. Al=TA (3.8)

2. Al="T"A b)

3. TAI=TTA
4. “AI="TA D)
5. TAi=

29Van Fraassens's views on the foregoing discussion are unclear. All
he ever says that we have to include in N to obtain a truth theory are
<A,TA> and <TA,A> (in PIS-R, p. 145, and TPC, p. 16 and p. 21). He does
say " that by “restricting the set of clasgical valuations, or by careful
construction of N, we could make "various harmless principles about T
valid; e.g. TADA" (TPC, p. 16, and similarly at TPC p. 20). On the
other hand, the principle 'If A is true, so is TA; otherwise TA is
false', which is espoused in PIS-R, p. 145, cannot, as I have shown, be
made true by any restrictions on V, or by any changes in N. T do not

know whether van Fraassen thought that it could, but he certainly gave
the impression that it could.

Moreover, the inference from "A to "TA is not merely a "harmless
principle": it must be validated if van Fraassen's claims about the
paradoxes are to justified, as in the proof that the Strengthened Liar
presupposes a contradiction, (3.12). All in all, the account of truth
and the paradoxes might have been clearer.
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9. If A is assigned u in s, then "TA and "T"A are both
' true. a) -

10. If A is assigned u in g, TAVI"A is false. a)
Hence the principle of bivalence fails.

However, although bivalence fails, what van Fraassen calls the
"uwltimate presupposition” holds: every sentence presupposes its own
bivalence. This is a simple result, using only TP! and 3, and the

"strong" disjunctive inference, which supervaluations license:

1. Al=TA by TP1 (3.9)
TAI=TAVI"A by v

2. "A|=T7A by TP3
TTAI=TAVITA by

Hence A presupposes TAVT A.

I would like to emphasize at this point that the principles for
handling T have been justified by general considerations, rather than by
the desire to accommodate the Liar. Given that we accept the initial
claim that failure of presupposition makes a sentence neither true nor
false, we must reject the Principle of Bivalence, and since Tarski
sentences entail that principle, under a plausible interpretation of
_’12._2"5_, we reject Tarski biconditionals as well. We retain, however,
the intuitions that if A is true, so is TA, and vice versa, and that if
A is neither true nor false, "TA and "T A are both true.

Given all this, how does the theory handle the Liar? Of course the
propositional syntax gives us no way of expressing Liar sentences,
relying as they do on self-reference and truth-predication. What we can

do is introduce, for a sentence X, enough necessitations to enable us to
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get the effect of the Liar,

and study that. What are the semantic

necessitations of 'This sentence is false', for instance? We are able

to see that if this sentence is X, both <X,7°X> and <_T_"_)£,_}§_> should

belong to N. In effect, N now contains three different types of

relation: necessitations due to presuppositions, truth relations, and

Liar sentences.

The gist of van Fraassen's solution of the Liar is that he can show

that it has contradictory presuppositions, and hence is neither true no#

false. The proof is quite straightforward, using principles from (3.8).

1. X|=X & “X:

a. Xi=X

b. X|=T"X
X=X
=%

(3.10)

trivially

by N for X
TP7
transitivity

TP3
N for X
transitivity

trivially

Since both X and "X entail a contradiction, X presupposes the same

contradiction. But a sentence that presupposes a contradiction is

neither true nor false, by Theorem 10, above.

also at the consequences of TX:

TXi=X & “X:

— ——

N

33| 4|3

>J zl~—I><

—>d 0 —~
=43
o, 2>

| >4 >4
>4

It is instructive to look

(3.11)

TP5

TP5

N for X

TP7

by transitivity
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However, no corresponding result holds for "TX: that is, we cannot
establish that TX presupposes a contradiction, only that it entails onme.
Correspondingly, T°X entails but does not presuppose a contradiction.
Since neither TX nor T°X can be true, “TX and “T"X must be (by truth
saturation), in accordance with TP9 and indeed with common intuitions.
A Liar sentence says of itself that it is false, but it is neither true
nor false: consequently the claims that it is not false and not true
are both true.

Everything thus seems wonderful, until we turn to the Strengthened
Liar. For van Fraassen, the Strengthened Liar is a sentence that says
of itself that it is either false or undefined. Thus, parallel to the
Ordinary Liar, it can be represented by a sentence Y for which both
A,TYv(CTY & "T7Y)> and <T°Yv("TY & T°Y),Y> belong to N. And just as

for the Liar, it can easily be shown that Y presupposes a contradiction:

1. Y|=TY&"TY (3.12)
a. Y|=TY TP1
b. Yi=1"Yv("TY&"I7Y) N for ¥
T™YT="TY TP8
“TYS T Y| ="TY classical logic
Y="T transitivity

a. “Y[=T"Y TP3
TY =T Yv("TY& T7Y) logic
TYy(TIY&TY) (=Y N for ¥
Yi=TY TP1
X}ﬁ;[ transitivity
b. “Y|=T"Y TP3
T-Y {="TY TP8
YT="TY transitivity

So X, like X, is neither true nor false. However, when we look at TY, a

difference emerges:
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1. TY|=TY&"TY (3.13)
a. TY|=TY trivially
b. TY =Y TP5
¥="TY (3.12)
Y i="TY transitivity
2. "IY|=TY&"TY
a. "TY|=T"Y (“TY& T"Y) classical
r'Y (rYery) iy X for Y
Yi=TY TP1
TIYT=TY
b. “TY|="T trivially

So not only does Y presuppose'a contradiction, TY does also, and

thus TY is neither true nor false. But the buck does stop somewhere:

1. TTY|=TY TP5 (3.14)
TY]=TY&"TY (3.13)
TTY | =TY&"TY

2. TTTY|="TY TP7
“TY | =TY& TY (3.13)

TTTY{=TYETY

Hence both TTY and T'TY entail

presupposes one, since neither "TTY nor "T°TY entails ome.

and "T"TY are true.

a contradiction,

but neither

Hence ~TTY

Before going on to consider various criticisms of this proposal, I
shall give an outline of van Fraassen's quantificational version of the
theory, which he gives in TPC, p. 19ff. Suppose we have a
quantificational language -LO which includes a distinguished monadic
predicate T, and quotation names for all its expressions. The question
is how to use supervaluations in such a case so as to define the truth
predicate. In many ways, the easigst method of applying supervaluations
in quantification is the following. 1In an ordinary three-valued model,

every predicate is assigned an extension and an anti-extension, as
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described for MW, above. Then we can define a supervaluation as the
intersection of all the classical valuations which arbitrarily fill in
the "blanks"” in the three-valued model. Thus in a three object
universe, we might have & three-valued model which assigned to F the
ordered pair <{d1},[d3}>. Then the appropriate classical valuations are
those that assign either {d1 ,d2} or just §d1} to F. Since, for example,
both (Ex)Fx and (Ex)"Fx are true in all such valuations, the
supervaluation will assign t to both these sentences.

However, when trying to keep +track of presuppositions, the
situation is more complicated. Once again, we have to define a
saturated set G, and then take a supervaluation over those valuations
that satisfy G. The reason for this is that since presupposition
remains a semantic relation beitween sentences, we have to see which
sentences can be true together before taking the supervaluation. So
once again, we have to consider the result of adding a presuppositional
semantics <V,, N> to .Iio Iﬁ this case, -YO is the set of customary
classical valuations, subject to the condition that quotation names
receive their intended interpretation. If N contains, for every
sentence A, <A,T'A'> and <T'A',A>, then we can establish a
representation theorem (the theorem numbers that follow are van

Fraassen's own):

Theorem 1 In any admissible valuation for Ly + <V,,F>, (3.15)

8y (A)=t iff 5, (T'A")=t.

Theorem 1 follows because of the construction of the saturated set,
given the condition on N. It is worth noting the difference between
this representation theorem and that of Martin and Woodruff. 1In the
latter, roughly speaking we were able to show that, given any model, we
could construct another model which agreed on non-truth predications
with the original and also had a representative truth-predicate. Here

we have no guarantee that, if we start with a collection of true
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sentences and then add a truth necessitation set, the original sentences

are still true. This difference leads to the following two theorems:

Theorem 2: X{=A holds in L (=L, + <Vy,N>) (3.16)

iff A belongs to the smallest set of sentences of L
contalnlng X and closed under N and the relation of
semantic entailment in Lb and !O

Theorem 3: If N only contains <A, T A > and <T A yA> for
each A in L, (N is minimal), and X is a set of

sentences containing neither T nor quotation names
which is satisfiable in Lb+ XO’

then X is satisfiable in lb + <XO,§?.

The third theorem goes a 1long way towards assuring us that
sentences which are true in a classical model will turn out true in a
truth-representing model too: that is, that incorporating truth-talk in
the language does not endanger non-truth %alk. There are some
limitations however: it does not protect the veracity of 'Sarah said
that "Snow is white" is true'. Nevertheless, it is an important result.

However, I shall npnot discuss this quantificational language any
further. As van Fraassen says, "this is largely an application of
previous techniques and results to a new case"” (TPC, p. 19), and it is
easier to discuss the examples in the propositional theory developed
earlier. Since this seems to entail little loss of generality, I shall
return to that theory.

I want to start my discussion of the. success of van Fraassen's
theory with two general objections which rest on the Martin-style
methodology which I have attributed to van Fraassen. According to this
methodology, a solution to the Liar requires an independently motivated
theory of some feature of the language, plus an account of how that
theory disarms the Liar. The two objections I shall consider first hold
that van Fraassen's theory of presupposition is a bad one, and that he
has not shown that the Liar is really a problem of presupposition.

There seem to be two points advanced against van Fraassen's theory
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of presupposition: first, that it has the implausible consequence that
every sentence presupposes any logically true sentence, and second, that
presupposition is not a semantic relation anyway.Bo With respect to the
first objection, it seems clear that our intuitions about presupposition

do not accord with van Fraassen's theory here, but this does not seem

insurmountable. We could, ©perhaps, modify the definition of
presupposition:
A presupposes B iff A{=B and "A|=B and A*B. (3.17)

This fits the bill quite adequately. The second objection is less
easily disposed of. I am generally inclined to agree that treating
presupposition as a pragmatic matter gives rise to a more interesting
general theory, as Stalnaker has argued: in this account, presupposing
is something we do in conversational contexts, and what the
presuppositions of an assertion are may depend on what has gone before,
and what the shared ©beliefs of .speaker and audience may be.
Nevertheless, while van Fraassen's theory may not be a complete account
of presupposition, it seems to capture some aspects. It seems plausible
to argue, for instance, that the relationship of 'The present King of
France is bald' to 'There is a King of France' is not merely in the way
we use these sentences in conversation, and that there is a semantic
relation between them, so that the former simply cannot be true if the
latter is false , rather than just not assertible, On this view, then,
some pragmatic presuppositions would be explained by reference to
semantic presupposition. At any rate a8s a theory of semantic
presupposition, van Fraassen's account is not to be dismissed out of

hand.

30see Robert Stalnaker, "Presuppositions” and "Pragmatic
Presuppositions”.
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The next objection, that the Liar has nothing to do with
presupposition, rests partly on the realization that most of the results
obtained about X and Y would hold even if there were no reference to
presupposition at all. We can see that this is so from geveral
features: first, truth is handled not as a matter of presupposition,
but just as a set of co-necessitations, and second, although we
explained the non-truth of the Liar sentences by reference to their
contradictory presuppositions, this was in fact inessential. Since X
and Y and their negations both necessitate contradictions, there is no
way either could be +true or false, since no true sentence can
necessitate a contradiction. Therefore, the reference to presupposition
in proofs (3.10), (3.12), and (3.13) above is irrelevant. In fact, all
that there is in this account, the objection might run, is a disguised
use of reductio: the Liar cannot be true and cannot be false, so it is
neither.

This objection can ©be strengthened because of the problenm,
mentioned earlier in connection with presuppositional policies, that
truth-value gaps do not necessarily signify failure of presupposition.
Now it does seem possible to restrict the admissible valuations, and
impose other conditions in such a way as to arrive at languages in which
all and only those sentences whose presuppositions fail are neither true
nor false. However, one of the conditions is that, for every pair <A,B>
included in N, <"A,B> also must be included. In effect, this means that
the only necessitations allowed are those due to presuppositions. But
we have also been including <A,TA>, and would hardly want to have to put
in <"A,TA> as well, since this seems most implausible. In other words,
the truth relation is not a presuppositional one, and in a language in
which truth is treated this way, there are bound to be truth-value gaps
not attributable to failure of presupposition. Thus we can hold that

the Liar is neither true no# false without referring to presupposition.
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However, all this ignores the fact that according to the theory the
Liar does have contradictory presuppositions, and to demand that we
prove that fact without reference to the necessitations concerning it is
to demand excessive purity. The argument, stripped of its
Justification, might look like a bald reductio, but it is not. What van
Fraassen is offering is & general account of semantic presupposition,
and a theory of how to handle truth based on that account. Furthermore,
the theory of truth does not rely on any observations about the Liar, as
I pointed out above, but only on methods of avoiding the Principle of
Bivalence. These taken together lead to certain results about the Liar,
and justify our saying that the Liar is neither true nor false because
of these results.

Nevertheless, critics have advanced various other objections
against van Fraassen's account. Most of these focus on the treatment of
the Strengthened Liar, and of bivalence. As we saw earlier, the
Strengthened Liar, Y, is a sentence which is neither true nor false, and

for which TY is neither true nor false. Similarly, T°Y cannot be true:

TY{=T"Yv("TY & “T°Y) Classical Logic (3.18)
TY(TY & TTY) (= Y X for ¥
Yi=1Y TP1
TY=TY & "TY (3.13)
T°Y!=TY & ~TY Transitivity
Nor can "TY & "T"Y be true
“TY & TTTY =T"Yv("TY & "T7Y)  Classical logic (3.19)
TYV("TY & "T°Y) i=Y N for Y
Yi=1Y B TP
TY=TY & “TY (3.13)

Hence none of TY, T°Y, and °“TY & "T°Y are true. On the other hand,

(3.20) is a tautology:
TYVTTY v (°TY & “T7Y). (3.20)

Now as we saw before, it is a commonplace of supervaluations that
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true disjunctions need not have true disjuncts, so the fact that
(3.20) can be true even though none of its disjuncts is not, in one
respect, a surprise. However, the three disjuncts are the expressions
which we have been associating with 'Y is true', 'Y is false', and 'Y is
neither true nor false', and one of these is true. In fact, we would say
(I have already said it) that Y is neither true nor false. Van Fraassen
therefore faces a fork: either he admits that we have an ineffability
problem, in that we cannot say what is true,31 or he denies that (ﬁgg &
fgf}) says that the Strengthened Liar is neither true nor false, in
which case it geems that the effect of the Strengthened Liar is not
captured by the sentence Y.

In fact, van Fraassen attempté'to evade the fork in an interesting
way (TPC p. 17). The sentence "TTY & “T"TY is true, i.e. the sentence
asserting that TY is neither true nor false is true. Now suppose we
write a sequence of n T's as T%, and let A be written as 29&. Then we
can call a sentence A of vslue type' n if n is the least integer for
which TPA is true or false. Then 'Snow is white' is of degree O, X is
of degree 1, because X is neither true nor false but TX is false, and Y
is of degree 2 because TTY is false. Then there is a sentence which, in
an extended sense, expresses the non-truth of Y. However, the breathing
space this manoeuvre affords is slim.

Suppose for some sentence Z, N contains §§,"g?g) and <fg§gtg>, for

every finite n. This sentence could be expressed by

For no value type n is this sentence true. (3.21)

The result is that Z is of value type W, and its non-truth is once

again inexpressible.

31The ineffability problem is urged by Brian Skyrms in "Return of the
Liar", p. 161.
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The Strengthened Liar creates another problem for van Fraassen's
account. Y, after all, forces a failure of bivalence at the level of
truth ascriptions: neither TY nor "TY, and neither T°Y nor "T°Y are
true. What can we say about the notion of a truth-saturated set, as
given in Definition 11? Clearly, no set containing any of TY, “311, 2’1,
or “T°Y and closed under N and classical entailment is satisfiable, so
long as N contains both the standard truth necessitations and the
necessitations for Y. So there can be no admissible valuations in my
revigsed sense. Thus in order to be able to say anything true at all, we
must abandon the restriction of admissible valuations to those generated
by truth-saturated sets, and return to van Fraassen's original
definition. However, as we saw, something like truth-saturation was
essential if any semantic facts about sentences which are neither true
nor false are to be reportable. Thus the Strengthened Liar shows not
only ineffability in the language about its own non-truth: it forces us
to stop saying anything about any non-true, non-false gentence. In the
end, van Fraassen, just like Martin, has three exclusive and exhaustive
categories, one of which is such that things that fall in it cannot be
said not to be in either of the others.

However, problems in handling the Strengthened Liar and 'neither
true nor false' are not peculiar to van Praassen: they are in fact a
pervasive problem for three-valued solutions. I shall discuss this
aspect further when talking generally about such solutions, but I want
now to turn to other desiderata of solutions to the paradoxes.

The Truth-Teller brings out strongly the problem, discussed above,
of sentences being neither +true nor false without failure of
presupposition. We can introduce the Truth-Teller as a sentence W for
which <W,TW> and <TW,W> are included in N. Since, however, these are
Just the standard necessitations for truth, W can clearly never be shown

to have contradictory presuppositions. On the other hand, for any
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saturated set G which does not éontain ¥, there is another which
contains it and its consequences, but is otherwise identical, and a
third which contains its negation. Thus in some supervaluations, W is
true, in others false, and in yet others neither true nor false, all
without any failure of presupposition. Once again, we see the easy-
going nature of the Truth-Teller. It is perhaps worth noting that one
of the restrictions imposed to minimize non-presuppositional truth-gaps,
that of insisting that admissible valuations be generated by maximal
saturated sets, would have the effect of making the Truth-Teller always
true or false, a less plausible result than that given by the radical
policy.

A serious problem arises when we turn to contingent paradoxes, like
the card example, where one side of the card bears the sentence 'The
sentence on the other side of this card is true’' and the other bears
'The sentence on the other side of this card is false'. It might be
thought that this could be dealt with as follows. Introduce two
sentences, Xj and <K2, with the following necessitations:
<11L2!2>,{!2,f211>. If we do this, however, we find it insufficient to
derive any contradictory necessitations; perhaps surprisingly, we need
to add <f!1,2!2> and <!2,214>. Once we have done this, however, it is
easy to show that y_1 and 12 have contradictory presuppositions, and
hence are neither true nor false, But the situation is not really this
simple. The necessitation relation is a relation based on meaning; that
is, it is part of our understanding the meaning of 'The present King of
France is bald' that we recognize 'There is a present King of France' as
a presupposition, and it is part of the meaning of 'It is true that A’
that A and TA co-necessitate one another. It is not, however, part of
the meaning of 'The sentence on the other side of this card is true'
that it presupposes the contradiction 'The sentence on the other side of

this card is true and not true'. The contradiction is only an unhappy
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consequence of the fact that the sentence on the other side of the card
is 'The sentence on the other side of the card is false'. The card
might have been a flash-card for grithmetic and said '3 x 9 = 27°'.

This problem becomes worse when we look at van Fraassen's
quantificational theory. Suppose we look at the sentence 'Sentence b)
is true'. We are meant to enter in N the appropriate ordered pair. But
what that ordered pair is can be revealed only by the model, the facts
of the situation, and not by the meaning of the sentence. As Kripke has
emphasized,32 no theory concentrating on the semantic properties of
individual sentences can hope to account properly for the "riskiness" of
truth ascriptions, mnamely their 1liabiity to plunge us into paradox.
Instead of taking 'This sentence is false' as the central case to be
solved, we should worry about 'Fred said something false yesterday'.

In conclusion, it seems that van Fraassen's theory suffers a milder
fate than Martin's, but a final one nonetheless. Unlike Martin's theory
of semantic correctness, van Fraassen's theory of presupposition seems
comparatively undisturbed by the attempt to handle truth and the Liar,
since the motivations for its construction are independent of those
problems. Even the strategy for introducing truth was independently
motivated. However, the resulting theory fails to handle the Liar in a
satisfactory way, and in particular, fails to explain how the Liar does
not pollute ordinary truth ascriptions, for as soon as we introduce the
Strengthened Liar, we lose the ability to assert the non-truth of non-
true sentences. A desirable theory of truth would be one which would at
least allow us to say that 'The present King of France is bald' is not

true.

3258u1 Kripke, "Outline of a Theory of Truth", pp. 690-694.
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Chapter 4

Kripke and Fixed Points

In his "Outline of a Theory of Truth", Saul Kripke specifically
denies any claim to be providing the theory of truth for natural
languages. Instead, he proposes a collection of theories which have in
common a certain mode of construction and he points out some of the
virtues of certain aspects of the different theories, without commitiing
himself to a preference. He even expresses a doubt as to whether there
is altogether a matter of fact as to which is the best account. Rather,
he claims to have provided a structure in which various comparisons can
be made, and whose properties can be iﬁvestigated.

Nevertheless, Kripke makes several methodological eclaims, both
explicitly and implicitly, about what a theory of truth should do, and
while all the theories that his construction generates satisfy these
conditions, many others do not. Thus while he suggests that there may
be no final answer to the question "What is the best théory of truth?",
he indicates clearly a belief that some theories are better than others.

The central point about truth and paradox, for Kripke, is that we

can find ourselves making paradoxical assertions through sentences which

~ in many contexts would be harmless, but which, when things turn out

badly, achieve some kind of wvicious circularity of reference.
Epimenides, for instance, was presumably trying to tell people about the
Cretans, unless as well as being 1liars, they were 1logically more
sophisticated than we think, and bloody-minded to boot. St. Psaul,

anyway, took him to have succeeded in saying something about them, even
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though Epimenides could not {ruly say what St. Paul took him to have
said. Given this feature of the relationship between truth ascriptions
and how the world is, no formal theory of truth can hope to succeed in
identifying, 1let alone disarming, paradoxical sentences merely by
reference to some intrinsic semantic or syntactic property that a
sentence may possess. There is nothing intrinsically wrong with the
sentence "All Cretans are liars”, it is just that it is a sentence which
can be used in a situation in which paradox is the result.

Kripke uses this property, the "riskiness" of truth ascriptions, to
point to a defect in the Tarski hierarchy. Even if we presume that in
such sentences as 'Something Fred once said is not true', "true" has an
implicit index i which fixes at what level in the hierarchy of languages
the sentence is to be assessed, two problems present themselves. First,
we are often in situations where we do not know at what level we should
be making our claim: if I say 'Something Fred once said is not true',
remembering that Fred once said 'Enid- always lies to me', and that Enid
once, in a helpful moment, told Fred that Paris was the capital of
France, then we may have a problem. For if I do not know what the level
is that Fred put on his use of 'true' in his remark about Enid, I cannot
be sure that my choice of level for my remark may not cause it +to
misfire. Second, we can think of examples in which we can give
plausible grounds for assigning truth-values +to sentences which,
whatever levels we choose, cannot be given values in Tarski's hierarchy.

Suppose, in addition to Fred's and Enid's utterances above, Enid,
holding Fred in considerable esteem, said 'Fred always tells the truth'.
We seem to be able to argue as follows: since Enid did once tell Fred a
truth, Fred's 'Enid always lies to me' is false, and hence so is Enid's
'Fred always tells the truth'. On the other hand, in the Tarski
hierarchy, no two sentences can assess one another's semantic

properties: either Fred's or Enid's remark is construed as being at a
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higher level than the other's, in which case the higher one can evaluate
the lower one, but not vice versa, or both are at the same level, sand
neither can evaluate the other.

So in the Tarski hierarchy, riskiness comes out in the wrong way:
we do not run the risk of saying anything paradoxical, but we do run the
risk of not having succeeded in saying what we wanted, even in
situations which are not paradoxical. Kripke's objections to van
Fraassen's and Martin's work are different: in their work he complains
that the theories are not rigorous enough, and that no definition of
truth is offered (with the exception of Martin and Woodruff's paper).
This last point has some significance when this work is construed as a
reply to Tarski's work on truth-definitions. Tarski showed that some of
the conditions on the relationship of ML to OL could be relaxed if all

that was desired was a consistent theory of truth in ML, rather than a

definition of truth. Thus finding a theory in which truth is taken as a

primitive in the language, governed by axioms, is less of an achievement
than defining the truth predicate in terms of the model, and it is the
latter which Kripke's construction gives us.

However, although Kripke does not bring this objection sgainst
them, I want to argue that van Fraassen's and Martin's theories are also
open to the riskiness objection, at 1least under <the most mnatural
interpretation of what they are doing. Both want to attribute to Liar-
paradoxical sentences a certain kind of defect, semantic incorrectness
or failure of presupposition, and use this defect to Jjustify the claim
that therefore those sentences are without truth-value. This may seem a
justifiable approach with respect to 'This sentence is false', which,
under one interpretation anyway, can never have a sensible, non-~
problematic use. Problems, arise, however, when we look at 'Fred always
tells the truth', because of its riskiness. Do semantic correctness and

failure of presupposition depend on the facts in the right kind of way
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to account for the paradoxical sentences? To be sure, for 'Fred always
tells the truth' to be true or false its presuppositions have to be
satisfied: there has to be someone called Fred, who at least said
something, and so forth. But once these facts have been determined, we
should not have to go on and find out what he said before being
satisfied about the propriety of the assertion. In fact, of course,
even checking what Fred said cannot guarantee against vicious
circularity, since Fred said things about Enid's remarks, and no doubt
about other people's, so we should have to go and check those, too. All
this makes presupposition too 1little a matter of the sense of a
sentence, and too much a matter of fact.

It seems that this result arises from two aspects of the method
Martin and van Fraassen used. The first is the concentration on 'This
sentence is false' as the problem to be solved, and the second is the
kind of solution that this example invites. It seems that it suffers
from some semantic irregularity or other, so it is plausible to look for
the culprit, and having found one, construct a theory which explains the
mistake we made in accepting the Liar sentence. But if we accept
Kripke's contention, what we should be looking at is our other uses of
'true', with their distressing tendency to fall into paradox, rather
than examples whose paradox is flaunted too obviously. - Paradox is just
a natural danger of truth-ascriptions, not a result of semantic
carelessness.

As a consequence of his approach, Kripke's only constraint, afart
from purely formal ones, is agreement with our intuitions about the
truth of sentences . But he does offer an inviting intuitive picture of
the workings of his theory. Suppose we were teaching someone English,
and wanted to specify how to use 'is true'. We could say: "If you can
assert some sentence by virtue of what you know already, then you can

also assert that that sentence is true, and if you can deny a sentence,
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then you can deny that the latter sentence is true." By this means we

Ll

could ascend from 'Roses are blooming in Picardy' to Roses are
blooming in Picardy” is +true' and then to 'Both the sentences just
mentioned now are true' and 'I once uttered a true sentence', and so
forth. Two questions arise, given this informal account. Can this
process make every sentence containing 'true' assertible or deniable?
If not, is it a complete account of the rules for 'true', or can it be
supplemented to make it complete? As we shall see, the answer to the
first question is 'No', and trying to answer the second gives rise to a
host of new theories, and to new problems.

Kripke's formal construction models this intuitive picture very
closely. Suppose we have a language L, a standard first-order language
with negation, conjunction, and universal quantification as primitives,
plus a list of names, denumerable at most, and of n-place predicateslzp.
Let it further contain quotation names of its own sentences, and a truth
predicate T.

Definition 1: <D,v> is a model for L just in case:

7. D is a non-empty set, and LeD.

2. v is a function, the valuation function, such that

a. v(a)eD, where a is an individual constant.
b. Xﬂ'éf)=éj where A is a sentence of L.

c. l(gn)=<§1 »S,>, where F" is an n-place predicate.
54 ,§292n and _S_1n_S_2=A. 5y and S, are the extension

and anti-extension of EP, respectively, and will be

written here as g? and'gg.

Definition 2: I=<M,<S,,S,>> (abbreviated M<5,,5,>) is an
interpretation of L just in case M is a model for E.and.§1, §252

and §hn§2= A.

Definition 3: @ is an assignment for L just in case @®(x)eD
when x is a variable.
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Definition 4: val; c(e) is the value of expression e i
yali, ot e

interpretation I for assignment & just in case:

1. valI c(t)
=v(t) if t is a name.
-c(j) if t is a variable.

n
2. vall’c(_Fl_j;J...in)
=t iff <valy c(t1)...va11 a(tn)>eF§‘
AL2S Y yalr,a\ln/ el

=f iff <valy c(t1)...va11 c(tn)>an.
yalr @'t vali,a'h

=y otherwise.

3. Va%{,d(zi)
=t iff teS,,
=f iff t€S,,

=u otherwise.

4. va;l’c("ﬁ)
=t iff vall’c(£)=f.
=f iff val; g(A)=t.

=u otherwise.

5. valI a(A&B)
=t iff valp alA)= valy, a(B)=t.
=f iff valI ald)=f or valI a(B)=f.
=u otherwise.

6. I c((x)A)
=t iff valy g (A)=t,

for all &' which agrees with &
except perhaps at x (c'*—c)
=f iff for some &' -c valI c‘(A) =f,

=u otherwise.

Then A is true (false) under an interpretation I (VALI(£)=t (£))

iff valI’c(ﬁ)=t (f) for all assignments &, and neither true nor false

under I otherwise (VALI(£)=u).
We can now define the important function ¢, which takes an ordered

pair into an ordered pair. 0(<§4,§2>)=<§4',§2'>, where 55' is the set

of sentences which are true in.§<§4,§2>, and §2 is the set of sentences
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which are false in M<§,,S,>. The crucial property of the function ® is

that it has fixed points: that is, that there are values for which

.(<§1 ,§2>)=<§1 s55. What this signifies is that there are
interpretations in which the sentences which are assigned to the
extension of T are just those which are true in that interpretation, and
the sentences which are assigned to the anti-extension of T are those
which are false in the interpretation. In other words, at a fixed
point, T is truth-representing.

If we define a precedence relation between the ordered pairs
<_S_1 ,§2>, we can go on to prove a crucial result about @, its

monotonicity.

Definition 5: <S,',5,'> extends <S,,5,> (£54,5,>€<81"',55,">)
iff 5,€S,' and 5,¢5,°.

Theorem 6: If <84 ,5,>¢48; ' 'S5 >, then
‘(<§1 ,§2>)<0(<§1 ' ,§2'>)-

The proof relies on the following lemma:

Lemma 7: If 1=M¢S,,S,> and 1'=M<S},S8)>, and if

<_S_1 ,§2><<§1' ,§2'>, then for all sentences A, and all assignments
&, if wval (A)=t, valy: H(A)=t, and if wval (A)=f,
=71, —I",&'= —1I1,a'—

Vallv ,c(_A;)=f._

Proof: By induction on the length of A.
Induction Hypothesis (IH): for all B, shorter than A, and

for all @&, if vall’c(_B_)=t, vall"c(§)=t, and if vall’c(§)=f,
val_I_. '¢(§)=f.

1. A is of the form ﬁ1"'£n’
1f va¥£’6(5)=t,
then <va{l,¢(31)...va{l,c(jn)>gg1.
Then valy, L(A)=t.
=1,e2

If valy g(A)=f,
valr g'd
then <Val£,d(.1i1)"‘Vall,d(inbeb'
Then valy: L{(A)=f.
velr: gld
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2. A is of the form "B.
If valy g(A)=t, valy g(B)=f.

By IH, valy: g(B)=f,
ayr,a'\=
S0 val;[_"c_(i)‘-'t.

Similarly if valy ¢(A)=f.
yali,e't

3. A is of the form B&C.
If valy c(A)'t valp c(B)‘valI c(C)=t,

and by TH yvalys c(BT-vall c(c) =t.

So valp c(A)’t.

If valLa(A)=f,

either vzalI G(B)“f or valy c(C) f,

so by IH, either valI G(B) f or valIv a(C)=f.
So valI c(A) =f.

4. A is of the form (x)B.
If - valI c(A) =t,

then, for all C";C, vall,c.(§)=t.
By TH, valy: g +(B)=t, for all €% a.
So valI cTA) =t,

Analogously for valI alb)=f.

5. A is of the form _'}‘_t_
If valI Q(A)’t valI c(t)eS1.

Since valI c\‘c) valI G(t) and S,65,",
ValI c(D€S1 .
So val.I‘ ,C(.‘A;) =t.

Similarly for vall’c(_,ﬂ;)=f.
To complete the proof of Theorem 6, let Q(<_S_1 ,§2>)=<§1,§2> and

.(<§1 ',§2'>)=<§1',§2'>. Suppose A€R,. Then A is true in M<S,,S,>, by
definition of @, so val; g(A)=t for all &. But by the lemnma,
valr @f4

val-I_.’c(_._A_)=t for all &, so A is also true in -H<§‘i’§é>’ i.e. 5531"

Similarly if A€R,. So @(<S;,5,>)<@#(<Sy",S,">).
What the monotonicity of @ entails is a certain conservativeness:
if a sentence A is true, or false, in a given interpretation then

enlarging the extension or anti-extension of LI'_ cannot make that sentence
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change its value. Instead, all that happens is that some sentences
which were neither true nor false become one or the other . This fact,
which is crucial to the proof of the existence of fixed points, can be
generalized for other valuation schemes than the Strong Kleene
valuations given. In particular, ©both the Weak Kleene and
supervaluational schemes preserve the result. Clearly the significant
cases in Lemma 7, given other standard relationships, are 2 and 3,
negation and conjunction, and I shall look first at possible matrix
schemes for these, and then at supervaluations.

For negation, the only other plausible scheme which preserves the
classical relationship is exclusion negation. However, with exclusion
negation, monotonicity fails. Take-:any interpretation !ﬁ§1,§2> in which
some sentence A belongs to neither Sy nor S,, and represent the
exclusion negation of A by -A. In such an interpretation, -T'A' is
true, since T'A' is neither true nor false. But then there is an
interpretation E(Qu{ﬁ} »S,>, which extends M<S,,S,>, and in which -T'A’
is false. So by extending the extension of T, we have changed the value
of the sentence -Efiﬂ from true to false, and monotonicity cannot be
preserved; choice negation is the only possible scheme which
preserves classical intuitions and monotonicity.

With conjunction, two options present themselves. -I shall restrict
myself to those valuation schemes that preserve the classical valuations
when both conjuncts are true or false, and that preserve commutativity.

These options are given in the following partial table:

A&B t f u (4.1)
t t f u

f f f f/u

u u f/u u

To see that these are indeed the only options, we need only

consider how to preserve the consequences required by Lemma 7
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i) If valy o(B&C)=t, valy: g(B&C)=t (4.2)
ii) If valy g(BaC)-f, gggi-,c(ggg)=f
No entry of t is possible in the bottom row or right hand column,
if i) is to be preserved, for then la_l_I,c(E&E)=t might be true and
XEEI',C(EQE)gt not, if one conjunct weré—neither true nor false in I
buf—false in 1}, as might occur . Similarly, f is only possible in the
places shown, otherwise it would be possible for B&C to be false in I
and have another value in I'.
Some general conditions in which @ is monotonic have been given by
Fine, cited by Martin and Woodruff33 . Fixed points can be obtained for

any set of truth functions % which include t and f in their field and

have the following properties:

Stability: if & has the value t or f for given truth (4.3)
values as arguments, it retains that value when any
argument not in {t,f} is replaced by either of then.

Fidelity: when all arguments are in {t,f}, ‘ behaves
classically.

For supervaluations, the proof of Theorem 6 is somewhat different,
and I shall not go into it in detail. The result follows quite easily
from the notion of a supervaluation as what a certain class of clasgssical
valuations have in common. In this case, the class of classical
valuations is determined by M<(S,,S,>: it is the class of classical
valuations which replace each partial interpretation <§?, .E§> by a
standard two-valued interpretation, in such a way that everything that
is in E? is in the classical interpretation, and everything that is in
EB is out of it, and the remainder are distributed in or out. PFrom this

we can see that the set of classical valuations generated by_§<§j,§é> is

33Martin and Woodruff cite Kit Fine, "Vagueness, Truth and Logic."
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included in that generated by M<S,,S8,>, if <§4£§2>(<§1't§2'>' But then
the appropriate supervaluation for‘§§§j,§é> must give the same value to
anything given a value in the supervaluation for‘H{§1t§2>, since it just
takes what is common to a subset of the latter's set of classical
valuations.

So we can see at least that monotonicity does hold for Weak Kleene
and supervaluation schemes; to show that € has fixed points, where
.(<§1{§2>)={§1t§2>, I shall revert to the Strong Kleene formulation
given earlier. So far , all we know is that the sets of true and false
sentences in an interpretation which extends another interpretation
include the respective sets in the latter interpretation, but we do not
know from that how to find a fixed point. Here our student of English
gives us a helpful hint. This student knew for non-truth ascriptions
which to assert and which to deny. Given that and the rule for 'true’,
he was able to generate a new collection of assertable and deniable
sentences, and then to apply the truth rule again, and so forth. So we
can start with Id_(l\,ﬂ), and see what sentences are true and false in
that interpretation. That gives us an ordered pair, call it §§4',§2'>.
Now see what sentences are true and false in‘§{§i,§é>, and use that to
construct another interpretation. Since we know that <A,A>(Q(<A,ﬁ>),
A, B>¢<5,7,8,">.  So @(<A,A>)K(<8,,5,">), by monotonicity. But
<§1',§2'>=0(<ﬂ,ﬂ>), s0 what we generate is a steadily growing chain,
AR, 0KAA), ¢(@(<A,A>)), and so on, and taking these as the
interpretations gives us a steadily increasing truth set. However, this
process alone will not normally produce fixed points. For consider the
series:

Apples are green. (4.4)

The previous sentence is true.
The previous sentence is true.
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The steadily increasing truth sets will, step by step, incorporate the

members of this series. But suppose we also have the sentence
A1l the members of (4.4) are true (4.5)

This cannot be decided until all of them are, and that will never
happen. To accommodate this kind of sentence, we have to carry on the
construction of the truth sets at transfinite levels. The way we do
this is by taking the union of all the previous extensions, and the
union of the anti-extensions, at each limit ordinal, and then carrying
on with reiterations of @. To see that we finally reach a fixed point,
we must first define a series of interpretationms, ;(c)fg<§1,¢, Sp,a”
by transfinite recursion. In fact, since M is constant in all the

following interpretations, mention of it will frequently be suppressed.

Definition 8:

For  @&=0, (a)=<H,MA>.
x=+1, I(@)=9(1(8)).

@ = limit ordinal,
H@)=<Ug g8 g.UgcaSs, >
Theorem 9: If @B, then I(&K)KI(B).

Proof: The proof is by strong transfinite induction.
Induction Hypothesis:

(#)(If %<@ then (B)(If 4¢P, then I(#)<I(R))). We show that
(#)(If &<B then I(@)KI(H))

Suppose, for arbitrary $, ®<B. There are three cases:

1. $=0
Then &=0
So I(@)<I(B)

2. B is 2 limit ordinal
1t @8, 1(@)<I(B)
If @<§, 1(&)-1(%), for some ¥<B
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. But L(#)=<Uy g5+ UnycpS2, o
- So L(@)¢L(8)

3. B=8+1

a. &=0
I(a)=<A,A>
Hence I(@)(I(8)

b. & is a 1limit ordinal.

(@)=<Uy (oS, ¢ YycaSo, x>
By Induction Hypothesis,
(¥)(1f <&, then I(w)CI(M)).
Hence I(@)KI(B).

c. @=€+1
Instantiating the Induction Hypothesis,
If €& then if €8 then I(€)I(H).
But €<& and €¢B.
Hence I(€)<I(8).
By monotonicity, @(I(€) )\<0(}_(5)).
But I(&)=@(I(€)) and I(8)-0(1(5)).
Hence I(@)KI($).

Since B was arbitrary, (B)(If &S then I(&)KI(B)).

Finally, we can demonstrate the existence of fixed points:
Theorem 10: @ has a fixed point.

Proof: Suppose, for reductio, that @ has no fixed points.
Thus, for every &, I(&)*#I(®+1), and since by Theorem 9 if
ach, I(@)I(B), for every «,B, I(&)+1(8)(x#R). since

I(C)UP@))Q, it would follow that there was a relation from
T®(D))° to the ordinals which held between any pair <S,,S,> and

at most one ordinal. But by the axiom schema of replacement,
this entails that there is a set of all the ordinals. Hence for

some distinct &,#, I(@)=I(8). But if &, then by Theorem 9,
for all &, &¥<B, I(&)=I(¥). So I(&)=I(&+1), for some &.

This is not, however, the only fixed point of @, and much of the

interest of Kripke's construction lies in the properties of other fixed

o~
| -



92

points. To see that there are more fixed points, consider the set of

functions defined by:

Definition 11:

For a=0, F(@)=<84 0,55, 0>

a=p+1, F(x)=¢(F(B)).

&€ 2 limit ordinal,

F@)=<VUy aSt,qVuycaSs, >

In the special case where S, =S, =M, F(&)=I(&). To see that F can
=,0=2,0 = = -
generate fixed points as I can, we need to consider the proof of Theorem

9: the only relevant part is 3a, where we must show that

i) F(O)KE(1). (4.6)

ii) If F(O)SF(&), then F(O)SF(@+1).

In general, for F, (4.6)i) does not hold. If for some F it does hold,
however, then (4.6)ii) also holds. For suppose F(O)SF(®). Then, by
monotonicity of @, @(F(0))<®(F(&®)), i.e. F(1)gF(@+1). But given
F(O)F(1), we obtain F(O)SF(&+1), so (4.6)ii) holds. Let us say that a

function F has an acceptable starting point if (4.6)i) holds for F: in

fact, unless F has an acceptable starting point, it is not well-defined,
because @ is not defined for non-disjoint pairs, and at the limit we
cannot guarantee thatlz(c) remains disjoint. Then we can state the

theorem:

Theorem 12: If F has an acceptable starting point, then
for some &, F(@) is a fixed point for §.

The distinctive feature of the fixed point generated by I is that every
other fixed point extends it. It will henceforth be written as FP(I)
(=<FP(1)4,FP(I)5>). Other fixed points will be written analogously as
FR(F).
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Theorem 13: FP(I)SFP(F), for all FP(F)

Proof: We can prove that I(@®)SF(®), for all &, by strong

induction on &.
Induction Hypothesis:

(#)(1f #<&, then I(B)F(H))

1. &=0.
1(0)=<A,A>, F(0)=<Fy ,Fy >
so I(®)<F(&).
2. &=8+
1(8)<F(8), by Induction Hypothesis.
@(1(8))<®(F(®)), by monotonicity.

But I(m-o(l(s)) Fla)= 0(1«"(6>)
So I(@)KF(&).

3. & is a limit ordinal.
Ii,a=Ypcali,pr F1,a"Ygcats, g
(B)(1f <& then I, g Fy g)
by Induction Hypothesis.

SoI1cC£,¢.
Similarly, h,QCFz a:
So I(&)SF(®).

So we have shown (@)(I(®)KF(®)). Since we know that
there is some ordinal @ for which I(@)=FP(I) and F($)=FP(F),

we obtain FP(I)SFP(F).

Thus at every fixed point, at least those sentences are true, and
false, which are true, and false, at the minimal fixed point. All that
happens at non-minimal fixed points is that some other sentences get
truth-values which did not have them at the minimal fixed point. Now
that we have the basic features of the construction, we can ask what
happens to the Liar and the Truth-Teller. If we suppose that M is such
that:

v(a)="Ta (4.7)
v(%)=

then we can establish the following results.
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Theorem 14: For no function F does “Ta belong to the
extension or anti-extension of FP(F), E'E'~E@(E)1UE(E)2'

Proof: Suppose for some F, ~E€E(F)1' If ""I‘za(-FP(F)‘I , then

“Ta is true in MFP(F) and so is Ta. But then FP(F) is not a
fixed point. Similarly, if “Ta€fP(F),, 7'"Ta' and fa are false

in MFP(F), and FP(F) is again not a fixed point.
Theorem 15: Tb¢FP(I) 1U£13(£)2

Proof: By induction.
Suppose (#)(I1f <& then Tb¢l, gUI, g)

1. ¢=O.
T¢I, ,¢U£2,¢, trivially.
2. a=b+1.
Suppose TbEI1 a’
— =l
Then Tb is true in _Ig<£1 ,8’12,5>’

But by the valuation rule for T,
this requires that v(b)eI, g,
-_—- -l

i.e. Tbel, §-
— 1
This contradicts the Induction Hypothesis,
so Tbfl, o-
1l

Similarly, Tb¥I, o
So Tb§ly g VI, g-

2. & is a limit ordinal.
¢l qVIs a

by definition of I(®&) and
Induction Hypothesis.

Theorem 16: For some Fy, F, To€FP(F, )y, TLEFP(F,),.

Proof: Let F, (0)=<{Tbl,A>, F,(0)=<A,{Tbb>.
Both F, (0) and EZ(O) are acceptable starting points; since

Tb is true in M<{Tb},A>, <{Tb},A><@(<{Tb},A>), and since Tb

is false in M<A { bl>, <M, {Tb}><0(<n {Tb}>) Given Theorem
12, then, TbeFP(F )1, and TbeF_(_F_z)z.

These results show that neither the Liar nor the Truth-Teller are

true or false in the minimael fixed point, and there are fixed points in
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which the Truth-Teller does get a value, but none in which the Liar

does. This prompts the following definition:

Definition 17:

1. A sentence A is grounded iff AGE_B(L)1UQ(£)2,and
ungrounded otherwise.

2. A sentence A is paradoxical iff for no fixed point FP(F),
A€FP(F) VFP(F),.

We can express the results of Theorems 14, 15, and 16 by saying
that the Liar is paradoxical and the Truth-Teller ungrounded but
unparadoxical. Before Kripke's definition, groundedness was a property
informally ascribed to sentences whose truth-value could be seen to
depend ultimately only on brute facts34'and Kripke's definition gives a
formal account of that. If we start from a model and assign no
sentences to either the extension or anti-extension of T, then it seems
that when we reach a fixed point, a sentence is assigned to the
extension or anti-extension of T solely because of the facts of the
model and the rule for asserting sentences containing 'true', and not
because of any other considerations about truth. The minimal fixed
point therefore represents an especially important interpretation of T
not merely for the technical reason that it is minimal, but also for the
conceptual reasons connected with groundedness.

By contrast with the minimal fixed point, the fixed points Egﬁg1)
and FP(F,), above, in which the Truth-Teller is true and false
respectively, seem to rest on arbitrary decisions, namely putting Tb
into the extension of T in 21(0) and the anti-extension of T in 22(0).

However, the minimal fixed point is not the only one of theoretical

34See, for instance, Hans Herzberger "Paradoxes of Grounding in
Semantics”.
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interest. There are two classes which claim special distinction, the

maximal fixed points, and the intrinsic ones.

Definition 18:

1. A fixed point FP(E) is maximal iff for every fixed point
FP(F'), if FP(F)KFP(F'), then FP(F)=FP(F').

2. A fixed point gz(g) is intrinsic iff, for every other
fixed point FR(E'), FR(E)NFR(E"),=FR(F),AFR(F'), =A.

The maximal fixed points have the virtue that they assign truth-
values to the greatest possible number of sentences. Since the minimal
fixed point clearly has gaps, it might be thought desirable to fill them
in as far as possible, though of course if the model gives rise to Liar
sentences, the gaps cannot be filled completely. The truth-representing
models whose existence is proved in MW correspond to maximal fixed
points, whence comes their characteristic of giving the Truth-Teller
either the value true or the value. false. Although it might seem
desirable to fill in as many truth-value gaps as possible, which
explains the interest of the maximal fixed points as a group, it seems
implausible that any of them represents the extension of 'true', because
if there is a Truth-Teller in the model, there seems no good ground for
picking a maximal fixed point‘in which the Truth-Teller is {rue, say,
rather than one where it is false. Both have the advantage of giving it
some value, but neither is more plausible than the other, so in the end
neither is plausible.

The intrinsic fixed points are of interest because they fill in
truth-value gaps, but only where it can be done non-arbitrarily. To see
that there are sentences for which this can be done, consider the

sentence (4.8):
v(e)=Tev Te. (4.8)

Using this sentence we can construct an intrinsic fixed point, as

follows:
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Theorem 19: If F(0)=<{Tcv"Tc},A>, FP(F) is an intrinsic

fixed point.

Proof: First, F(O) is an acceptable starting point,

since

Tc and ch Tc are true in M({ch Tc} A>. Hence there is a
fixed p01nt FP(F3 To see that it is intrinsic, we need to use

transfinite induction. Assume that .g'(O) is an acceptable
starting point , and let F'(@)#F(@) just in case
F'1 a¥o an = . In this case let us call the

1nterpretat10ns con3111ent. Then the Induction Hypothesis is:

(8)(If <& then F' (B)#F(8))

1 L] ¢=O

Clearly F' 1 ,On£2,O=A

For no acceptable starting point does Egyfgg
belong to EfZ,O' for if it did,

“Pc and Tcv Tc would be true in MF'(0),

so it would not be the case that F'(0)<@(F'(0)).
Hence F'(@)#F(@&)

2. ®=8+1
F'(8)#F(#) by Induction Hypothesis
Consider the pa1r FU=

E',4V8,9E 2, gUF >

F'(B)KFU, and F(B)LFU.

By the monotonicity of @,

B (B+1)¢o(FU),

and F(8+1)<@(FU).

But @(FU) is a disjoint pair, by definition.
Hence F'(@)#F(a). '

3. ® is a limit ordinal.
Using the Induction Hypothesis,

trivially, F'(@)#F(&)

Consequently (C)(E'(C)#_F_‘(C)), and hence E(E)#ﬂ(_{"),

is an intrinsic fixed point.

Intrinsic fixed points have some formal points of interest:

complete lattice under {, for one thing, whose infimum is

i F

L

they form a

the minimal

fixed point, since this is clearly an intrinsic fixed point, and is a

lower bound on any other intrinsic fixed point. The supremum, the
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greatest intrinsic fixed point, is an especially important fixed point,
being the fixed point which fills the greatest possible number of gaps,
without making any arbitrary assignments. Because of this interesting
property, it shares with the minimal fixed point the candidacy for the
best model of our intuitions sbout our use of 'true'>?

This completes the account of the basic construction, and we can
easily see that the answer to the question "Does this step-by-step
strategy finally distribute each sentence into either the true or the
false?" is "No", at least if the model contains certain fishy kinds of
items.36 Moreover, the account clearly fails to meet a strong intuition
which allows that some sentences may be neither true nor false, but
holds that any truth ascription should be one or the other: if the
model contains a denotation as in (4.7), not only is “Ta never in the
extension or anti-extension of T in a fixed point, no sentence ascribing
truth or non-truth to it can be either. For if a sentence A consisted
of "Ta prefixed by any mixture of negations and truth ascriptions, and A
was true or false in a fixed point, the sequential detaching of the
negations and truth ascriptions would show that "Ta was true or false
there too.

Recognising this alternative intuition, though still preferring his

own intuition that A and T'A' always have the same value, Kripke offers

35There are some limitations to the plausibility of the 1largest
intrinsic fixed point, which can be seen from considering Tb¥"Tb. 1In
any fixed point where it has a value, this sentence, like Tcv Tc, is
always true. However, for it to be true, Tb or "Tb must be true, so it
is never true in an intrinsic fixed point. Thus the greatest intrinsic
fixed point does not give every unambiguously valued sentence its
appropriate value , though it does give values to all sentences which
can receive one without making any arbitrary choices.

361n fact, as we shall shortly see, the answer can still be "No", even
if the model contains no obviously fishy items.
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some further interpretations, based on a prior construction of the
standard hierarchy. The first move is to "close off" a fixed point.

Suppose we have a fixed point FP(F). Then the closure of FP(F)
interprets T by <E§(§)1,§§RE§}>, where FP(F), is the complement,
relative to D, of FP(F);. Call this interpretation Clos(FP(F)). Now
clearly if this model contains paradoxical sentences such as fgg,
Elgg(gg(g)) is not a fixed point, nor even an acceptable starting point,
since ~EE§E§I§§:' However, Clos(FP(F)) enables us to express some facts
about EE(E) that are not expressible in the fixed point. Any sentence A
which is without truth value in Egﬁg) will belong to EEKE};, and so will
“A, so in the interpretation MClos(FP(F)), both “T'A' and “T'"A' will be
true. Thus it seems that in the closure of a fixed point we can express
the lack of truth value in the fixed point of sentences like A.

What is more, closing off a fixed point can easily be included in
our instructions for learning to use 'true', since we Jjust add the
instruction "And when you find you cannot add any more assertions to the
interpretation of 'true', just deny everything that remains undecided”.
Of course, you have to wait for a fixed point, because something might
lack a truth-value at an earlier stage just because of its complexity.

However, although the closure of a fixed point has some advantages
over a fixed point, it also suffers from inexpressibility, since it is
not a fixed point! 1In particular, if A is as above, "T'A' and "T'"A’

are true in MClos(FP(F)), but that fact cannot be reported in that

interpretation, because “T'A' and "T'"A' both belong to E’_(_F_)1, 80
neither T'"T'A'' nor T'"T'"A'' are true. Kripke suggests a further
strategy: since in fact the interpretation MClos(FP(F)) is a fully
interpreted model, we can define a standard Tarskian truth predicate for
it. Let that predicate be T: clearly the extension of T will not
coincide with that of T in MClos(FP(F)), since “T'A', for instance, will

belong to the former and not the latter. So in turn T can express



O

100

facts about MClos(FP(F)) that were not expressible in it, just as it in
turn could express facts about EE(E) that were inexpressible there. One
0odd thing about T concerns its treatment of the Liar and Truth-Teller.
If b is the Truth-Teller sentence Tb, and is without value in FP(F),
then EE?EE(ES;' Hence “Tb is true in MClos(FP(F)), and is therefore put
in the extension of T. Consequently T'"T_b‘ is true in the
metalanguage. On the other hand, if a is the Liar sentence fgg,
"_’I_‘gig__li_(z)—“ “Ta is true in MClos(FP(F)) and T'"Ta' is true in the
metalanguage. This means that the sentences expressing the truth of the
negation of the Truth-Teller and the truth of the Liar are both true in
the metalanguage, an odd quirk of the theory.

On the whole, then, it seems that either closing off a fixed point,
or going on to introduce a Tarski truth-predicate, while enabling us to
express certain features of the construction which are inexpressible
there, cannot represent our primary uses of ‘true'. Kripke suggests
rather that the primitive use of  'true' is given by the basic
construction, and that these further manoeuvres represent the result of
further reflection about the primitive use. As I have already
explained, I am sympathetic to +the general oposition that not all
intuitions about truth have to be reflected in e theory of our use of
‘true'. Rather, our first responsibility is to account for our most
natural uses of 'true'. Accordingly , I shall not discuss these
additions, but will return to the basic construction to see how well it
meets this responsibility.

The first +thing to notice is that it admirably meets the
‘riskiness' requirement. TFor suppose someone asserts a sentence which
is rendered as (x)(Px>Tx), and it unfortunately turns out that the
extension of P is simply {(5)(§£>f2£)}. Then there cannot be a fixed
point in which (x)(Px>"Tx) is true or false, for if (x)(Px>"Tx) is true

in an interpretation M<3,,3,>, it has to belong to S,, by the valuation
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rules, and if it is false in §<_S_; ,_S_é), it has to belong in §1. So in
every fixed point, it is neither +true nor false, and hence is
paradoxical. On the other hand, if the extension of P contained various
harmless sentences, (x)(Px>"Tx) could readily be given a value.

Other prominent advantages are the extremely plausible distinction
between mere ungroundedness and paradoxicality, which reflects the
feeling that Liars are seriously worse than Truth-Tellers, and the
satisfying match between the formal construction and the account of
learning how to use 'true'. Given all these useful characteristics, the
obvious question is "How does the formal theory relate to natural
language?"” and the equally obvious answer is to find the fixed point
which best fits our intuitions: +that is the formal interpretation of
"true'. However, things turn out not to be so straightforward. Kripke
even goes so far as to suggest that there may simply be no fact of the
matter as to which is the valuation scheme, or the fixed point. He does
not elaborate on this agnosticism; what I want to do is to explore some
of the problems which may have given rise to it, which are of two basic
types. First, it turns out that no valuation scheme or fixed point has
2 monopoly of the various advantages, so that choice between them tends
to be a matter of theoretical preference rather than obvious fact.
Second, there is also some tension between the idea that some specific
fixed point captures the extension of truth, and the various overall
advantages that the formal construction presents.

Taking the various valuation schemes and fixed points first, we can
see that whatever scheme we may settle for, there are only two serious
candidates for the choice of fixed point, namely the minimal fixed point
and the greatest intrinsic fixed point, so these are the only ones I
shall consider. I shall now discuss some (though certainly not all) of

the relative merits of the valuation schemes.
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Weak Kleene

While differences between the other two schemes are fairly subtle,
the Weak Kleene scheme is rgdically different. 1Its principal merit is
its ability to contain not only a truth predicate, but also a falsity,
and a neither-truth-nor-falsity ome, t00. ! On the other hand, it
purchases this expressive power at a serious cost, one which effectively
rules it out as a contender.

First, we lose expressibility of truth conditions, since in Weak
Kleene, typical Strong Kleene connectives are inexpressible: any Weak
compound with a component whose value is u has velue u too, whereas the
Strong disjunction t u has value t: On the other hand, Weak disjunction

is definable using Strong connectives:
A weak disj. B=AvB &((("AvB)&(Av™B))v("Av'B)). (4.9)

Second, in terms of accounting for our intuitions, typical Strong truth-
values seem much more plausible. As the discussion of Martin's work
showed, Weak existential quantification, for instance, seems to bear no
resemblance to our intuitive assessment of "Something Enid said is true"
when she may have said something true, and something neither true nor

false.

Strong Kleene

By comparison with Weak Kleene, Strong suffers from its inability
to express non-truth. Suppose, for instance, we wanted to express

‘neither true nor false' by a predicate N. Then the sentence d,
v(d)="TdvNd (4.10)

causes the customary problem. Expressing for the moment the extension

37See the discussion of MW in the chapter on Martin.
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and anti-extension in a fixed point of T and N by T(1), T(2), K(1), and
N(2), we can see that any sentence falls into only one of T(1), m(2),
and N(1). But if we ask which of those d falls into, we get the usual
problem: if in 2}1), then Td and fgg are %true, so fggygg is false; if
in T(2) then “Td and hence "TdvNd are true; and if in N(1), N& and hence
"TdvNd is true. In no case can we have a fixed point.

We can see that in the general case not even N alone can be
represented. For suppose there is a predicate G, for which the sentence

e is undefined:
v(e)=GevNe. (4.11)

Suppose we formed a fixed point for N: if e belongs to N(1), Ne and
GevNe are true, so e cannot belong to 2(1). On the other hand, if e
belongs to N(2), Ge is undefined, Ne is false, so GevNe is undefined and
hence should belong to N(1). However, in the case where the basic
language is fully defined, N can be represented by the trivial <1‘,2}.

However, the theoretical approach Kripke has adopted minimises this
failure. For if we suppose that the primitive notions =are truth and
falsity, then lack of truth-value can be treated at a later stage, as a
meta-theoretical concept . 1In fact, if lack of truth-value was treated
as a primitive notion, the appropriate construction would have to have
four values, truth, falsity, neither, and none of the above, in order
for monotonicity to hold. 1In this case we would have three expressible
values, and one inexpressible one.

This is perhaps an appropriate point at which to make an
observation about truth-values in the basic model. XKripke starts with a
standard three-valued model, and proves the existence of a
representative truth predicate for the model. However, not all the
concepts he goes on to define are intuitively satisfactory in the
general case. For example, if some sentence Fa is neither true nor

false in the model, it will never be put in the extension or anti-
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extension of T, and hence will be, by definition, paradoxical, which is
rather surprising, since it may just represent "Fred is bald". The
requirement for these definitions to be satisfactory is that the basic
model be fully defined, with no truth-value gaps. As such, the full
theory is really a three-valued truth theory for a two-valued language.

Returning to the merits of the Strong Kleene scheme, we find that
the comparison with the supervaluational approach is harder. The main
advantage of the Strong version is a certain naturalness; the main
disadvantage 1s some surprising inexpressibilities.

The naturalness can best be seen by considering the concept of
groundedness. Strictly, groundedness is ambiguous: its definition
relies on a given valuation scheme,” but there is 1little doubt that the
intuitive notion is closely tied to the Strong Kleene version. If a
sentence is Strongly grounded, then we can easily +trace the route
through which it is connected to "the facts", and by comparison, Weakly
grounded sentences seem to need too strong a connection, while
supervaluationally grounded ones may end up at some tenuous kinds of
facts. To see this latter claim, consider any sentence of the form
.ﬁvi£3 since every such sentence is true in the minimal fixed point, they
are all grounded, even if A is itself paradoxical. As a result,
'grounded’ is now almost universally used to mean Strongly grounded.

What is surprising about the Strong Kleene scheme, however, is its

treatment of certain logical and semantic laws. For instance, if Sent

is a predicate true of sentences, then the sentence
(x)(Sent(x)> Txv"Tx) (4.12)

might be expected to be true (as a logical law) or false (because some
sentences are neither true nor false). However, in the Strong schenme,
it is always ungrounded, because one requirement for it to be true is
that it be true. If all other sentences have intrinsic truth-values,

then it is true in the greatest intrinsic fixed point, but if there is,
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say, a Truth-Teller in the model not even that is true. Finally, in the
presence of a Liar, this apparent logical law is paradoxical, because

one of its instances is.38

Supervaluations

To some extent these problems are overcome in the supervaluation
scheme. In supervaluations, as we saw before, the logical laws are
always true. Since in every classical valuation, for every sentence Xx,
x is either in the extension of T or out of it, either Tx or fgg will be
true. Hence, in the supervaluation (4.12) is true, even in the minimal
fixed point. If we restrict the classical valuations in an intuitively
plausible way, we can make further principles true. For instance, as
things stand, a classical valuation can assign both A and ﬁﬁ to the
extension of T. If we impose the restriction that only classical
valuations which assign consistent extensions to T are admitted, the

following sentence is true:
(x)~(Tx & Tneg(x)), where neg(x) is the negation of x. (4.13)

And if we insist that classical valuations assign maximal consistent
extensions to T (or consistent extensions and anti-extensions) we can

obtain

(x) (Sent(x)> (TxvTneg(x))). (4.14)

though of course this does not mean that every sentence is true or
false, as it might appear to do.
Thus we actually have a system of different supervaluation schemes,

of which the most interesting are the basic one, and the last-mentioned,

38Note that it can never be false, because either the extension and
anti-extension of truth together exhaust L, or they do not; in the first
case it is true, in the second, neither.
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the maximal-consistent (m-c) one, for there seems to be little reason to
stop at any half-way house.

However, not even the m-c supervaluation scheme can preserve our
intuitions about every sentence. Consider

(x)(Sent(x)>(TxeT(true(x)))) (4.15)
w'ﬁer-e__Eg-g'_(_x_).fa—t-ﬁe_fe;ult of predicating T of x.

Since nothing prevents a classical valuation from assigning a
sentence A to the extension of T, and omitting T'A', (4.15)will not be
true in the minimal fixed point, nor, in the presence of a Liar, will it
be true in the greatest intrinsic fixed point. Wé could impose further
restrictions on the set of classical valuations, but at this point it is
clear that to preserve our intuitions we will need to impose constraints
which will themselves begin to resemble a complex theory of truth. Thus
it will no longer bYe the case that our theory of truth starts from a
simple set of basic assumptions; its basis will be as complex as the
theory itself. Moreover, the sorts éf considerations we will have to
adduce are precisely the kind of thing we would like the theory to tell
us.

Thus we can see that although the supervaluation schemes get the
right truth-value on some sentences on which the Strong scheme gets the
wrong one, they do not seem to get to the heart of ihe matter, and
suffer from a certain loss of naturalness and plausibility. Choosing
between these virtues is not obviously refefrable to some fact of the
matter, and may easily lead to scepticism about the existence of a real
extension for true.

This scepticism is compounded by the second kind of problem
mentioned above, where the claim that such-and-such a fixed point gives
the extension of 'true' has to be reconciled with other advantages of
the construction, esﬁecially with the ungroundea/paradoxical distinction

and the analogy with the instructions for learning the use of 'true'.
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The most serious conflict arises if a greatest intrinsic fixed
point is proposed for the extension of 'true'. In that case, both the
other advantages seem unavailable: the former, because then it is hard
to see what interest the ungrounded/ paradoxical distinction could have
for us, and the latter because no plausible instructions could help us
reach it. If, after all, we are genuinely using one fixed point , what
can be the significance of a distinction which refers to another, lesser
one? And what could we make of the instruction which said, in effect:
Construct sll the fixed points, and then find the largest one which does
not disagree with any other?

Even if we pick a minimal fixed point, some shades of these
problems remain. The learning instructions are secure, of course, but
for the distinction, again it is not clear what interest we should have
in what might happen if we used other instructions. The main answer to
this is that we readily understand a distinction, among those sentences
to which our process has not awarded a value, between those that would,
and those that would not, wreck that process if we tried to add them in
a certain way. Nevertheless, this is an unusual kind of modality; it is
not, like riskiness, a matter of how the world is, but rather a matter
of how we might use our langusage.

These considerations taken together may inspire the following view
of the construction and its relation to natural language. 'True' may
not be a very well-defined concept, and the best-defined part of it
might correspond to the general application of the Kripke construction,
i.e. taking for extension and anti-extension of T at one level the true
and false at the previous level, and continuing to a fixed point. What
might be ill-defined would be such things as the valuation scheme used
to determine the true and the false at a level, and the fixed point we
are aiming at. These open questions correspond to a group of general

principles 1like maximising the award of truth-values, avoiding
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arbitrariness, sticking to groundedness, and so forth. Thus it would
not be the case that any particular fixed point represented our
intuitions; rather, the whole structure would do so. Luckily, for most
sentences, this vagueness would not matter, since there would be
agreement on them across all or at least most fixed points.

This may in fact be the way things are: certainly it is possible
that our intuitions about truth may disagree over certain exsamples.
However, it seems a little soon to give up the search for a definite
theory of the extension of "true'. We can regard Kripke as having done
two things to this end. First, he has established certain desiderata
for such theories: the ability to handle riskiness, the importance of
defining truth in terms of & todel, and +the ability to provide
definitions of such notions as groundedness, paradoxicality and so
forth. Second, he has provided a challenge for others: <to produce a

better theory which meets these requirements.
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Chapter 5

Burge and Indexical Truth Predicates

It should be clear by now that the foregoing three-valued theories
share some common deficiencies. In general, they tend +to have
unsatisfactory accounts of the Strengthened Liar, and a widespread
inability to express various semantic facts about sentences which are
neither true nor false, namely their non-truth and non-falsity.

These defects are essentially due to their common failure to
express exclusion negation. We may share reasonable doubts whether any
common use of negation expressions in English should be expressed by
exclusion negation, but the function is comprehensible, and expressible
in English,so that it is a deficiency in a theory if it fails to express
it. Furthermore, something 1like exclusion negation is obviously
responsible for the inference we find plausible, from "The Strengthened
Liar is neither true nor false" to "The Strengthened Liar is not true",
so that failure to express it is part of the dissatiéfaction with the
treatment of the Strengthened Liar in these theories. But, of course,
none of them could contain it: as we saw with MW and the Kripke
construction, exclusion negation .prevents the formation of truth-
representing T predicates, and the most obvious way of infoducing it
into a supervaluation would be to add to the notion of a saturated set
the condition that, for every Aﬁg, -A€G: this has the effect, when we
take a supervaluation, that for every sentence A which is not true, -A
is true. However, if we had a Liar sentence U, such that <U,TU> and

<{TU,U> belong to N, we could not form a ‘consistent saturated set:
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either UeG, in which case both TU and -TU do too, or Hfg, in which case
TU does not belong either, so -TU must, and so both U and TU do. 1In
either case, we can obtain no supervaluation, and the construction
collapses. Another way of introducing exclusion negation would be to do
so after taking supervaluations, defining it by the usual three-valued
valuation. Then for any sentence A, either A or -A would be true. In
particular, either TU or -TU would be true, and contradiction would
follow as usual. Unlike the other Liar sentences, however, we could not
disarm this by saying that this showed that TU and -TU had false
presuppositions, and so must be neither true nor false, since one of
them must be true.

Moreover, we can see that the’ possibility of representing truth,
even if not non-truth, was gained not by moving to a three-valued
language in the face of the Tarskian challenge: it was, rather, at the
cost of expressibility of certain truth-functions. We can eésily show
that a Liar-type paradox is constructible in any multi-valued language
if arbitrary truth-functions are expressible. Suppose we have an n-

valued language with the truth-function =:

valy g(-A)=1 iff valy g(A)#1 (5.1)
=n otherwise

Suppose in some model, the name a denotes as follows:
v(g)=1Ta | (5.2)

Then if 1 is the preferred value, there can be no representing
truth predicate in that language for that model. For suppose there

were, and that -Ta belonged to the "extension" of 2,39 then Ta would be

39The "extension" of a predicate F would be analogous to the extension
of a predicate in either two- or three-valued theories, and is roughly
the set of denotations which, when F is predicated of the corresponding
terms, gives the preferred value for the resultant sentence.
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true. On the other hand, if-Ta did not belong to the "extension" of T,
Ta would have some value i#1, and ~Ta would be true. 1In either case,
the extension of T is not the same as the set of true sentences.

We saw in MW that further weakening of the truth-functional
expressive power of a 1language leads to greater expressibility of
semantic facts, but the latter cannot be got free. On the other hand,
if we are bound to lose one kind of expressibility to gain the other, as
it seems we are, we may well ask why we should bother to go to three
values, and not look at restrictions in two-valued languages. It is
open to question what advantages three values have &t all.

In Kripke's construction, the main advantages of three values seem
to be that they preserve a certain naturalness, and make the "book-
keeping" easier, but there does seem to be some sense in which a third
value is redundant. The point is this: given the extension of T alone,
we can construct its anti-extension and hence know the remainder,
because the anti-extension just contains all- the negations of the
members of the extension. Thus of the three values, true, false and
neither, we only need to know what falls under the first, and we know
what falls in each of the others. There really only seem to be two
significant categories, true and not true. On the other hand, we could
not apply a straightforward two-valued scheme to get 'a hierarchy 1like
Kripke's which would reach a fixed point, since the ordinary valuations
cannot give a monotonic function like @. To see this, we need only
consider a model in which there is a Liar sentence, and compare the sets
of sentences true in the model when the extension of T does and does not
contain the Liar sentence: the set of sentence true when the extension
of T contains the Liar will not contain it, and the corresponding set
when it is not in the extension of T will contain it. We need to
distinguish, for book-keeping, among the non-true sentences, those which

have a true negation, and those which do not, and adopting the three-
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valued scheme with an extension and an anti-extension for T is one way
of doing this.

With Martin and van Fraassen, things are slightly different because
the initial motivation for a three-valued system is to express various
semantic relations which are thought to require three values. I am not
going to comment extensively on whether the proposed systems are
satisfactory with respect to these initial inspirations: in discussing
Martin's theory I argued that his system was not a happy theory of
semantic correctness, and even with van Fraassen's, which is less
unsatisfactory, there is a problem that truth-value gaps arise without
failure of presupposition. 1In general, it seems that even if we agree
that sentences of certain kinds should lack truth-value, it is unclear
that the theory of such sentences should be a logic in which lack of
truth-value is a sign that a given sentence belongs to the relevant
class.

If we disregard the prior motivation for the three values, and look
just at the handling of the truth predicate, Martin's theory can be
considered as a version of Kripke's. With van Fraassen's, some
interesting points appear, concerning bivalence and trivalence, and
their representations. In supervaluation theory, Av™A is a logical
truth, and hence does not represent the principle of bivalence, because
in a three-valued language it could still be true, even if A is neither
true nor false. Given some decisions on the treatment of T, a far
better candidate is _géy@fﬂf Discussing this sentence, van Fraassen
argues that we cannot adopt the valuation of TA whereby it is given the
same value as A, because this would mean that the sentence could not

express the non-truth of A, since it would be neither true nor false if

A was also. Instead, we should treat TA as false if A is not true. 1In

that case, TAVT™A does seem to express bivalence, since it is true if A

is true or false, and false if A is neither.
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The sentence that seems to express trivalence is
TAVIAv("TAST"A) (5.3)

which, like Av"A, is a logical truth. But this means that any sentence,

A, whatever its value, makes (5.3) true. An alternative version is:
TTAVIT AVT ("TA&™T™A) (5.4)

which bears the same relationship to (5.3) as TAVI™A does to AVTA. The
trouble is, of course, that the Strengthened Liar, though neither true
nor false, is such that "TY&T"Y is neither true nor false. Moreover,
for Y, (5.4) is false. Thus the Strengthened Liar presents the same
problem with respect to trivalence that a "neither" sentence does for
bivalence. The response to this, however, is not to introduce a fourth
value, But if that is so, why should we have introduced a third value
either? 4

It might be thought that supervaluational language must be a three-
valued language, but we can readily introduce a two-valued

supervaluation:

1

Definition 1: The . function §k is a two-valued

supervaluation induced by a set k of classical valuations iff
§k'(§);t iff v(A)=t, for all vek
- =f otherwise

In such supervaluations, all the 1logical truths will still be
true, of course, so AvA will be true,. but TAVT™A need not be .40
Suppose we still introduce T by necessitation, and construct a saturated
set G to generate supervaluations. Then, just as before, a sentence A

can be such that A¢G, “Agi, TA¢G, T"AfG. Then TAVI™A is false as

4OHerzberger discusses this kind of supervaluation in an unpublished
paper "Supervaluations without Truth-Value Gaps”.
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before, and fgé does not express the non-truth of A. Parenthetically,
it is interesting to note that in two-valued supervaluations, sentences
and their negations can both be not true, so negation is no longer
truth-functional. Anyway, clearly the 1language has an ineffability
problem. Nevertheless it is no worse than for three-valued languages.

A final problem for three-valued solutions to the Liar is that it
is not even clear that they offer an intuitively satisfactory version of
the Ordinary Liar, let alone the Strengthened lLiar. It ig true that if
the Liar is true, there is a contradiction, and if it is false, there is
one too. It does not necessarily follow that there is no contradiction
in calling it neither true nor false. For the Liar sentence says that
it is false, and if it is supposed to be neither true nor false, it is
presumably not false, so in +turn it must be false (since it says

something which is not so). And off we go in circles again. This

. argument, which might be called the strengthening of the Ordinary Liar,

is at least as plausible as any of the intuitions about the Strengthened
Liar, and the means of meeting it in the different theories are
essentially the same: we are not allowed to say of something that is
neither true nor false, that it is thereby not false (rather than not
true, as in the Strengthened liar). Thus these theories 1leave the
paradoxes very much at large, not éven restraining the Ordinary Lisar.
One author who has argued this point strongly is Tyler Burge, in
his paper "Semantical Paradox". In particular Burge thinks that none of
the approaches discussed above can satisfactorily account for a

particular sequence Jf Jjudgments which is characteristic of Liar-

1
paradoxical sentences, exhibited in the following story.4

A student writes on a board in a room the sentence 'No

41This is a simplified version of Burge's example ¢, p. 179. Burge in
turn derived it from A. N. Prior, "On a Family of Paradoxes".
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sentence written on the board in room 10 is now true':
Unfortunately he is in room 10, and that is the only sentence
written on the board. A passer-by, reflecting on the student's
predicament, realizes that the sentence cannot be true, and says
"No sentence written on the board in room 10 is now true.” The
student, hearing him, says "That is just what I wrote".

Schematically, we have here a) an assertion of a paradoxical
sentence, b)the judgment that that assertion is not true, and hence c¢)
the judgment that gince that is what it says, it must be true.
According to Burge, it is a central part of a theory of truth that it
account for this reasoning, and he offers an attempt to do so. Roughly,
he thinks that, given a), b) is justified by certain pragmatic features
of truth-ascription, and that given a) and b), c) is justified by a
change of the extension of the truth-predicate. The main part of his
theory involves a choice of constructions based on a Tarski hierarchy of
truth-predicates, which I shall describe. Since Tarski himself, and
most writers following him, thought that a Tarskian theory would be most
unnatural, it is of the greatest interest to find a proposal for which
is claimed the greatest possible concurrence with our intuitions. Of
course, one of the elements which Tarski thought unintuitive will
remain, namely the elimination of vagueness and the full definition of
all predicates. Setting this aside, still, few have thought a Tarskian
theory could be a very natural account of our use of 'true', as I
outlined in the Introduction.

Basically, Burge's theory consists of two parts, a set of
constructions which use a hierarchy.of predicates jzggi and which define
the extension of each of these predicates, and a set of priciples
governing how ordinary sentences in English, using 'true', match
sentences in the construction using 'EEEEi' I shall discuss Burge's
three constructions C1, €2 and C3 first, and then the principles

governing the translation from English into the constructions.

Besides the Thierarchical truth-predicates there is another
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hierarchy of predicates gi,for pathologicali. The simplest construction

to consider is C1 which quite closely follows Tarski's definition,
except that it seems more useful to think of the hierarchy not as a
sequence of languages, but as an infinite collection of truth-predicates
Try, for a single bese language l,, i.e. L1=LoU{P; 10<ice}u{Tr; [0<icoa}.
Burge is not specific sgbout this, but I take it to be his intent. He,
properly, gives his constructions in terms of a satisfaction predicate,

but for ease of exposition I shall just use a truth predicate.

Ci:

1. f&'ﬁf iff A contains predicative occurrences of Ek or Ek'
for k3i.

2. B;'A'S7Ir; A

3. “By'A'S(Tr;'"A'="Tr;'A")

4. ("Pi'A'&"P;"B') > (Ir,'A8B'=Tr, 'A'alr, 'B')

~ Pyt vat_ar\42
5. "By 'A" (Try'A'sA)

As Burge points out (p.186), C1 agrees with Tarski about such
sentences as 'This sentence is true', which cannot have truthi
conditions, but it goes further in allowing it to have truth conditions,
for kdi. Burge feels +this is justified by the fact that most
paradoxical sentences do not seem to be seriously deviant; if they were,
we would be justified in ruling them out: entirely. Rather they are
merely unfortunate, so we should be able to make semantic judgments
about them, which C1 permits.

Two useful theorems follow:

N ta Tyt
Theorem 2: Tr; 'A'>Tr;,,'A

42Using satisfaction, we could lay down axioms governing‘gsi'(i)é';

essentially the rule follows the standard analogy with conjunction.
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Proof: Suppose Tr;'A'. Then "P.'A’, but hence "Pisg A

Since Tr;'A'=A and Tr,,,'A'sA both hold, Tr,;'A'sTr.. 'A'.

Theorem 3: _T_ri'i'blgk'g‘zi'_l_\_", k>i.

Proof: Suppose _';’_zi'é'. Then ~£i'£’ and hence for the
highest predicative occurrence °f.2£j or Ej in 4, j<i. Hence in
gzﬁ'éf, the highest such occurrence is i. Consequently

~ ’

_gky_i'_A_”! 30 ifgitil, Ty .E‘_Ei'i'.'

So once a sentence A is true;, it is true,, for all j>i and so is
the sentence 'A is true;’'.

C2 and €3 1loosen the restrictions on pathologicality in the
following ways. First, C2 permits valid inferences from true sentences
to be true too. Thus if 'Snow is white' is true;, so is 'Snow is white
or Af even if A contains -sz' k>i. C3 goes further and permits

iteration of truth predicates: if 'Snow is white' is truei s0 is Snow

is white" is true;' and Snow is white" is true;' is true;’', and so
on. However, I shall not go into the technical details of these
constructions.

Any of C1, C2 and C3, then, gives axioms governing the predicates
Tr.. How do these constructions represent the way we use 'true' in
English? 1In the first place, occurrences of 'true' are interpreted as
being implicitly occurrences of 'truei': the next question is which

uses of 'true' get assigned which indices. Burge offers two principles

which govern this assignment, the Principle of Verity and the Principle

of Justice.
The Principle of Verity is:  "subscripts on 'true' are assigned

ceteris paribus so as to maximize the interpreter's ability to give a

sentence truth conditions by way of a truth schema" (p. 193). 1In
particular, in any given case we should assign the lowest subscript
compatible with Verity. We can consider an example. Suppose we have

the sentence 'Everything Descartes said that does not concern mechanics
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is true' and we want to know what index to assign to the occurrence of
'true'. The first point is that that assignment will be affected by the
choice of construction, since whether under a given assignment a given
sentence is pathological or not may vary with Ct, C2 and C3. Supppse,
then, that we are using C1, and suppose further that we have assigned
indices to all the occurrences of 'true' in all Descartes' utterances on
topics other than mechaniecs. Suppose the highest such is 93. Then we
can satisfy Verity by any assignment greater than 93 for the occurrence
in question: 93 or 1less would result in our sentence being
pathological, and hence not having an a appropriate truth schema. Thus
we should assign index 94.

The Principle of Justice is intended to override Verity in cases
where two or more truth ascriptions fall in one another's scope, as in
the example where Aristotle says 'What Plato ié now saying is not true'
and Plato says simultaneously, 'What Aristotle is saying is mnot true';
We have three options open: to assign Aristotle's use of 'true' a
higher index than Plato's; to do the reverse; and to assign both the
same index.

In the first case, we have two sentences:

a: p is not true;. (5.5)

p: & is not truej. i<i
Under this assignment, a and p are pathologicalj and not truej, but p is
not pathologicali, and has a truthi schema, which is Ezigsigzjg. Hence
P is truei, and a is not truei, because of the biconditional EZiE?ﬁEEiB'
Thus Plato's remark succeeds, and Aristotle's fails. In the second case

the reverse happens, and in the third we have the following:

a: p is not true,. (5.6)

p: ais not truei.

In this case, no schemata can be properly applied, and both sentences
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are pathologicali. Thus Verity would Jjustify either of the other two
assignments because in each at least one sentence gets evaluated by a
truth schema, but choosing one or the other seems arbitrary, so Justice
requires the third assignment.

Unfortunately, these remarks are inadequate to give us a thorough
indication of how indices are to be assigned. I shall discuss Jjust one
example which Burge analyses, and suggest another analysis which seems
equally well justified by the principles. Burge takes two sentences,
numbered iii) and iv), (p. 195)

iji) Mitchell is innocent and iv) is not true. (5.7)

iv) iii) is not true.

Burge suggests that since Mitchell is not innocent, we can say that iv)
is true. The question is how this can be rendered using the indexical
predicates. I shall give the version using C1: C2 and C3 are given in
a footnote.

Burge starts by assigning i to both occurrences of 'true'. Then we

can argue as follows. Since iv) contains 'truei',

it is pathological;
and not truei. Similarly, since iii) contains 'truei', it is
pathologicali and not truei. However, iv) is not pathologicali+1, S0 we
have the biconditional 'iv) is true;,q iff iii) is not true,’, and hence

iv) is true. So we can model the truth of iv), though it is worth

i+
noticing that no semantic evaluation by truth schema of iii) took place.

Now, Burge suggests, we naturally tend to.go on: since iv) is
true, the second conjunct of iii) cannot be, since it says iv) is not
true. In C1 we cannot model this. For we find the Tarski biconditional
'"iv) is not true;" is true; iff iv) is not true;' for any j>i, and

J

since iv) is not truei,'iv) is not true,' is true.;. Burge suggests that

1 J
the only way C1 (and in fact C2) could get this right would be for us to

say that there is an equivocation over levels somewhere, but this is not
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a good move!4> The moral of this, Burge suggests, is that C3 is better
than C2 or C1 at rendering our intuitions correctly. I want to point up
some other morals.

I assume that Burge gave the assignment i to both occurrences of
'true' by some application of the Principle of Justice, on the grounds
that each of iii) and iv) attempts to evaluate the other, and neither
should be favoured, Jjust as in the example of p and a. However, the
examples are not exactly parallel,

Consider the assignment in which 'true' in iii) gets i+1 and in iv)
gets i. Then in C1, as before, iv) is truej,q. Since this is just what

the second conjunct of iii) denies, it, in turn, is not true,+2.
. i

Consequently, under +this assignment even C! models our intuitions
perfectly. On the other hand, in the reverse assignment, C1 is
incapable of rendering our intuitions, and depending on the exact
levels, even C2 and C3 will have trouble.

So the situation is as follows. We have three different
assignments, one even-handed and two not. Of these three, two get one
truth-value right (that of iv)) and one wrong (that of the second
conjunct of iii)), while the other gets both right. Consequently the
situation is very different from the Plato and Aristotle case, where one
had to choose between two which were apparently better than a third, and
Justice was called in to pick the third. Here, there is every reason to
pick the single, best assignment.

This leads to two subsidiary morals, and one major. First, it is

43In C2, an evaluation of iii) takes place, assuming that the falsity
of 'Mitchell is innocent' has been established by level i. In that case
iii) is genuinely not truei, rather than by default, as it were.

Otherwise C2 works like Ci. In C3, iii) is not truei

hence iv) is truei, and the second conjunct of iii) not truei, so C3

as for C2, and

works fine.
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obvious that Justice is not sufficiently well explicated for us to know
how to apply it on any given occasion. Second, until we do know exactly
how to apply it, we cannot really draw any morals about the relative
merits of C1, C2 and C3.

Most important of all, however, we realise that both Verity and
Justice are the wrong kind of rule to give for the role they have to
play. When we use the predicate 'true', the index which should be
agsigned to each occurrence of its use depends on the context of
utterance, and in this sense depends on pragmatic features. On the
other hand, it does not depend on pragmatic features such as
conversational convention, or speaker desires and intentions. Once the
facts of the context of utterance are fixed, s0 is the assignment of
level. This is a slight idealisation, but it is one whose rejection

44 Technically, what

calls for much more argument than Burge offers.
seems to be needed is the following. The facts of the matter determine
a model of a certain kind, in which the interpretations of some
predicates contain occurrences of Tr with no subscript, corresponding to

ordinary language facts like Fred's saying '"Snow is white" is true'.
What Burge must provide is a systematic way of transforming a model of
that kind into a model in which every such occurrence of Tr gets a
subscript, and then show that the extensions of each of the !E& can be
satisfactorily defined. Until we have some such systematic account, we
cannot really say how his theory treats any sentence at all, except that

Verity and Justice do seem to embody plausible constraints on such an

account.

44It is an idealisation because there may be pragmatic conventions
which enable us to restrict our truth predicate in certain ways, just as
we clearly use guantifiers in restricted ways on many occasions.
However, these conventions should not be confused with semantics for the
truth-predicate: indeed, until we have the semantics, we cannot go on
to discuss the precise effect of pragmatic phenomena.
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The task of constructing such an account is not trivial. C1
provides +the easiest version, because there we decide on 1levels
independently of truth-values. That is, assigning a level to the non-
specified truth-predicate in g;fg;zg‘ggag' is straightforward in C1, but
in C2 and C3 we have to know the truth-values of Tr,a and 2333 before
making the assignment. I shall discuss some of the difficulties of this
process below.

Supposing that an account of the right kind could be produced, how
does Burge's theory describe what is happening in a), b) and c¢) above?
We can model a) 'No sentence written on the board in room 10 is now
true', b) 'No sentence written on the board in room 10 is now true', and
c) 'The sentence written on the "board is true', with some 1loss of

generality but otherwise harmlessly as:

is not true,. , (5.8)

a'
a' is not truej.
al

lo lo |

is truek.

How should i, j and k be chosen to model our intuitions? Burge's
suggestion is the following. First, we have no absolute index to
substitute for i so we leave it as it is. Understanding how we are to
treat Jj relies on the following implicature which Burge claims:

"sentences being referred to or quantified over are to be evaluated with

the truth schema for the occurrence of ‘true' in the evaluating

sentence" (p. 180, emphasis in the original). I take that to mean the
following: if we have a sentence like ''A' is true;', then "P;'A' and
hence gziﬂﬂf;é will be implicated. If that is so, then a' causes
trouble for the implicature, because 'a' is not true' would implicate

-~ [} r_~ [ .
P;a ‘and Tr;a's Tr;a’ which are clearly false.

Thus as I understand Burge, when someone asserts 3', we realige

that the implicature fails, and acknowledge it by asserting '3} is not

true.’

i but without the implicature, merely recording the failure of gf
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to have truth; conditioms. Thus in b', j=i. However, since a' is not

pathological,,y it will have truth;,, conditions:
Tri4q8's"Ir;a’ (5.9)

So a' turns out to be true;,q allowing us to set k=i+i in ¢'.

I must confess at this point that Burge's use of an implicature is
completely unclear to me. The problem which he wishes to account for is
that in b' we want to record the non-truth of a', but use an identical
sentence token to do so. Burge carefully discusses various options,
such as explaining the difference between a' and b' as due to some
semantic shift either in reference, negation or the truth predicate, and
rejects them all. Thus he takes the shift to be explained "in terms of
change in implicatures or background assumptions on the part of those
propounding or interpreting the relevant sentences" (p.184).

I have two comments to make about this attempt. First, the problem
of accounting for a' and b' exists independently of anyone asserting a
(or a'). If we merely ask what the truth value of a' is, we have to

explain how we can say that Eﬁ is not truei by using the very sentence

a . In fact, of course, if someone seriously asserted a, pragmatic

considerations would lead us to understand something entirely different
by the assertion, since nobody can assert a literally, knowing it to be
paradoxical, and still be abiding by conversational conventions. Thus
we interpret anyone saying it as either meaning it non-literally, or
being mistaken about the facts, and thinking it is non-paradoxical.
Since, however, a' and b' present a problem without there being any
question about conditions of assertion, it seems unlikely that b' can be
explained in terms of the failure of pragmatic conventions that are
supposed to hold for a'.

The second comment I have is that even if the change of implicature
that Burge describes occurs it cannot explain a change in truth-value.

Changes of implicature may change our assessments of truth-values, given
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somebody's assertion, but not the actual truth-value. To extend an
example of Grice's, suppose A says "Fred broke up the furniture: he was
a little drunk",45 then the obvious implicature is "Fred was seriously
drunk”. Suppose, however, A goes on to say "Poor Fred, whenever he gets
the least bit drunk, his repressed anger comes out and he starts
rampaging around”". This clearly cancels the implicature of the first
remark. So an audience that did not know Fred well might reasonably
think first that "Fred was a little drunk"” was false and then that it
was true. But none of this affects the case of whether Fred was a
little drunk or not. When we look at gf, the problem is not that we
first think that it is not true and then that it is true; it is rather
that the non-true assertion a' and the true assertion b' are given in
one and the same sentence.

_ I think, however, that there is a way of achieving some
understanding of a, b and ¢ in terms of Burge's theory without resort to
the conversational implicature offered, and it is the following. Given
an indexical predicate, we can make lots of semantic judgments that do
not have corresponding assertions under our intuitions about the simple

predicate 'true'. Suppose, for instance, that we consider Snow is
white" is true' is true': call that sentence sq. In C!1 and C2, at
least, the occurrence of 'true' is_s_1 nust be given indices 1 and 2
respectively. Consequently, 84 is pathological1, and not true1.
However, the report that s, is not true (simpliciter) is false. So not
all sentences that are true; for some i in the hierarchy correspond to
true sentences of English. This holds true for C3 as well, thought the
examples are more complicated to construct.

The question then arises, "Which evaluations in the hierarchy are

reportable in FEnglish?"”, and part of an answer might run as follows.

45this is borrowed from H. P. Grice, "Logic and Conversation"”.
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Suppose you have a sentence Tr;t where i is the appropriate index
applied to express 't is true'. Then no judgment fgzjg is translated
back as 't is not true' if j<i. Thus in our example, the translation of

8 is true' is presumably E£2§1 and neither of the (true) sentences
“Trys; and “Trys; is translated back as 'sy is not true'. Since in
general i will be assigned in such a way that t is not pathologicali,
the truth of Tr;t is ascertained by the schema Tr;t=X where X is the
denotation of t. By Theorem 2, if t is true;, it is also truej, i, so
all judgments 2553 for j>i will uniformly go back to English as 'j,is
true'.

However, for the paradoxical case like a', a' is not true;, but is

i
true;,q and given the above rule, both of these sentences can be
translated back, the first as 'a is not true', the second as 'a is
true'. Then Burge can find a way of Jjustifying b and ¢, but the
Justification for b is based not on a pragmatic feature, but on semantic
rules about representing 'true' in the constructions using_'I_‘__z:i and vice
versa.40

Unfortunately, Burge's ground for claiming that 'true' is an
indexical predicate seem insufficient. I should point out that there
are two very different ways of regarding the relationship between 'true’

and the Tr, predicates. In the one I have described, 'true' is a

genuinely indexical predicate, just as 'is here' is, or 'is now'. That

4rpere are still problems attached to this. The judgment 'a is not
true' for which the hierarchy does produce some justification, as I have
outlined, is still itself not true in the same way that a is not true,

namely it is not truei. Thus for the judgment b, both the sentences ﬂg

is not true' and ﬂh is true' are justified by the hierarchy, just as
they both are for a. Thus we could see Burge's use of pragmatic
principles as an attempt to rule out the judgment 'b is not true' as out
of order in some way. My point still stands: pragmatics cannot change
truth. If Burge could give a semantic account which justifies rejecting
'b is not true', all well and good, though it seems impossible that he
should.
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is, different occurrences of 'The clock is here' or 'The race is now'
can have different truth-values because of the different contexts of
use. On the other view, the English predicate 'true' is non-indexical,
but its extension is determined by a hierarchy of distinct truth
predicates Tr;. We could, for instance, describe Kripke's construction
not as giving a series of extensions for a single truth predicate T, but
as giving the extension of a series of truth predicates Ei (though it is

not really as simple as that, because of the occurrence in the model of

2). On this second view, the value of 'EH is true' is determined by the

ultimate verdict the hierarchy settles on: it might be false when the
occurrence of 'true' gives indices 1 or 2, but since it settles down
after that to be truei, we take it to be true, simpliciter. On this
view of Burge's theory then, the Liar sentence is Jjust plain true,
because after some funny stuff, it settles down to truej, i+,
Clearly on this account the non-truth of a cannot be reported in English
any more than the non-truth of.§1 can be.,

So if we are to explain b and ¢, it seems we must adopt the
genuinely indexical view. But cases like b and c are the only pieces of
evidence that 'true' is indexical. In general, other indexical features
of language share three characteristics:

a) Different tokens of the same sentence-type (5.10)
can have different truth-values.

b) In reported speech indexical sentences go
through systematic shifts as in 'He said that
he was there”.

c) We can eliminate indexical elements in

favour of non-indexical ones.

Of these three features, truth ascriptions share only one, once we
have accounted for other sources of indexicality in sentences. The
third feature seems particularly important, in view of the first, since

unless there is a way of publicly specifying the referent of 'here', for
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instance, 'l am here' communicates no information. This is not to say
that all indexical claims are ultimately eliminable altogether, but Jjust
that on given occasions, ambiguity is eliminable by reference to some
public framework. Not only is it the case that 'true' does not have
this property, but apparently it must not have it. ‘For presumably
elimination of the indexicality of 'true' would involve some reference
to the particular Tr, relevant on some occasion. 3But if we were allowed

to refer to particular Efi we could express the sentence:
This sentence is true at no level. (5.11)

a sentence which Burge calls a Super Liar. Of such sentences, he says
that they represent a misunderstanding of his account, because even in
that sentence 'true' will have an index i; they are akin to 'I am here
at some place' (p. 192). Maybe that is true of the Super Liar sentence:
the point is that we do have for 'here’, but do not have for 'true' a
non-indexical reference scheme, and to that extent 'true' is very unlike
other indexical expressions.

There might perhaps be no serious harm in holding that 'true' was
an unusual indexical expression if there were clear-cut cases in which
it was indexical, but the cases Burge offers seem so dubious as to open
him to the charge of offering an ad hoc solution. First, I do not think
that our native intuitions plump readily for the claim b), that a Liar
sentence is not true: I have suggested above, in my Introduction, that
the reliable limit of our intuitions is reached when we see that holding
that the Liar is true or not true leads to contradiction. At that point
we are reduced to non-comprehension, and make no Jjudgments at all.
Furthermore, I doubt that anyone's intuition is that the Liar is clearly
irue, which is Burge's verdict on it. What has happened is that
numerous writers have held that the Liar is not true, and it does seem
plausible to say that if you are going to say that, you cannot justify

not going on to say that it is true; but invoking an indexicality in



O

128

'true' to explain what semantic theorists have held is going a long way
from dintuition. A final doubt that 'true' should be held to bde
indexical is cast by the following consideration. With other indexical
expressions, we recognize that there is no contradiction involved in
saying that one occurrence is true and another false. Nobody naturally
would hold that saying that the liar is true and saying it is not true
is contradictory, however: it is precisely because it is contradictory
and yet apparently justifiable that makes the Liar a paradox.

So it is methodologically unsound to hold that 'true' is indexical,
at least for the reasons that Burge offers. Nevertheless, we can still
consider his theory as a proposal for a Tarskian theory of truth, by
taking the second interpretation of the relation between 'true' and the
predicate Tr,. How well does the proposal meet the standard objections
against the Tarskian approach, given in the Introduction?

The first objection, that we simply do not use a hierarchical
predicate, is obviously met: in practice we do not, but Burge can say
that the predicate we do use is a systematically ambiguous one, ranging
over a hierarchy. I am less happy with the device Burge adopts to meet
the second objection, that there are global uses of 'true' which cannot
be modelled by any hierarchical technique.

Burge's suggestion is that a sentence like 'Every sentence is true
or not' be interpreted not as having any particular index on its
occurrence of 'true', but rather as a schematic sentence with an open
place for the subscript, to be filled in as the context requires (p.

192). Thus we could express it as:
(8)(Tr;svTr;s) (5.12)

If someone then judges this sentence to be true, they can be

thought of as asserting

(8)(Tr;,48v7Tr;,q8) (5.13)
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Once again, this suggestion is seriously inadequate to cope with
the different cases which occur and some of the difficulties may be more

than just technical ones. Suppose we have:

1) Apples are tasty. (5.14)

2) 1) is true.

3) 2) is true.
etc.

A1l the sentences in the box are true. (5.15)

Intuitively, all the sentences in the box are true so (5.15) is
true. However, under C1 and C2, at least, the truth of (5.15) cannot be
represented using ordinary indexical truth predicates. TFor suppose we

express it by

(8)(BsoTr;s) (5.16)

where B&: @& is in the box.

Then whatever value we choose for i, there is bound to be a ji
such that some sentence in the box contains Eﬁj' and hence for that
sentence Bs and fzzig. hold. Consequently no choice of i can make
(5.16) true.

Several problems appear if we try to claim that (5.15) is really
schematic. It seems plausible to say that 'Every sentence is either
true or false' or E&'A};gziﬂé', for instance, are schematic. There is
indeed no particular index we would care to attach to them, and they are
true whatever index we do attach to them. They seem to be abstract
principles in about the.right way to be schematic. (5.15), however, is
a very different kind of sentence. First, whether or not it can be
expressed by (5.16) will be a matter of fact: if an appropriate
collection of sentences is in the box, there will be a choice of i for
which (5.16) represents (5.15) quite satisfactorily. Thus whether or
not (5.15) is a schematic utterance is a matter of fact. Furthermore,

if it is schematic in some model, it cannot be expressed equivalently to
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(5.13), because (5.16) will still be false for each and every i. 'Every
gentence is true or false' might be regarded as a schematic utterance of
each and every instance of (5.12): 'Every sentence in the box is true'
cannot be regarded as a schematic utterance of each and every instance
of (5.16).

Thus we cannot tell, independently of the results of a model, which
sentences are to be understood schematically and which not, and we have
no uniform way of interpreting schematic utterances in terms of non-
schematic ones. A final problem is that we may be left with the re-
emergence of paradox. Consider the sentence

Either this sentence is not true or (5.17)
one of the sentences in the box is not true.

Intuitively, this is paradoxical: if it is true, both disjuncts
are false, and if it is false, one of its disjuncts is true. We cannot

however represent it by the sentence d, where
v(d)="Tr; dv(Es)(Bs&™Trs) (5.18)

because for every choice of j, (EE)(gg&fgzjg) is true, so that
(5.18) would represent (5.17) as true, counterintuitively. So it must
be schematic., We can perhaps represent the second disjunct by the
schematic izﬂihi where b, is the i-th sentence in the box, but
representing the first disjunct seems impossible without using a new
predicate Tr, for ‘true (schematically)'. | Then we might represent

(5.17) by 4", where
v(d")="Tr_(a')v-Tr. b, (5.19)

but then we do not know how to evaluate zzs(g'). We could take Burge's
hint that saying of a schematic sentence that it is true is to raise the

indices by 1; this gives

,X(Q')=~(12£s(g')V72£i+thi)Vi2£i§i (5.20)
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However, this process clearly can never eliminate EES entirely, and
without some account of what it% truth conditions are, we cannot be
satisfied that paradox has been eliminated.

It is true that in C3, (5.15) can be handled without schematics:
in fact the index on all occurrences of 'true' in (5.14) and (5.15) is
just 1. However, a different example shows that C3 cannot escape all

such problems. Consider the sequence:

84t &, is not true (5.21)
8, 8y is true

8on.1% 8op.p is true and &, 4 is not true
8on% 8op.q 1s true

C3 permits iteration of indices only for non-pathological cases.
If we assign 1 to the occurrence of ‘true' in 84, 8y 1is clearly
pathologicaly and not true;. Since a, is pathological,, the occurrence
of 'true' in a, must be of index 2: then @, is non-pathological,, and in
fact true,. In general, the index on the second occurrence of 'true’ in
8,.4 is n, and that on the occurrence of ‘true' in 8y, is n+1. Then
the remark that eifher one of the ay, are not true or that very remark
is not true will be in the same situation that (5.17) is in with respect
to C1 and C2. Thus C3 may give better results for some sentences, but
cannot avoid problems with schematics altogether.

In the end, it really does not seem that reference to schematics
meets the objection about global truth ascriptions. The schematic form
of 'All sentences are true or false' admittedly has the right truth-
value, insofar as schematic utterances have them, but when we look at
'God is omniscient' (i.e. knows all truths) then we are inclined to say
that if it is true, God should know that he is omniscient, too. Since
the schematic form seems to imply merely that God knows all the non-
schematic truths, it fails to represent this feature.

Overall, I feel that Burge has failed to satisfy certain
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requirements on a theory of truth which Kripke's article made essential:
that such a theory should provide a definition which determined the
extension of truth given a model, and that it should readily handle
transfinite examples like (5.15). Furthermore, Burge's account rests on
some methodologically unsound premisses. The problems with global
truth-predications are less serious methodologically, though serious
enough, of course, for a theory of truth. We are still in the position
of looking for a theory which might plausibly be called a Tarskian
theory of truth which nevertheless matches our intuitions rather better

than Tarski's own.
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Chapter 6

Truth and Dependence

I want, finally, to develop an alternative to the foregoing
theories, and shall start by summing up some points of agreement and
disagreement with Kripke and Burge.

As should by now be clear, I agree with Kripke that it is important
to offer a theory of truth which is defined with respect to a basic
model. This is one area in which Burge's theory is seriously deficient,
as I argued in the 1last chapter. Second, I follow Kripke in using
levels only as a calculating device, so that ordinary uses of 'true' are
not presumed to have an implicit index. Again, =as I have already
argued, the support for the claim that 'true' is intrinsically indexical
is so slight that it would require a very convincing theory to persuade
us of its truth, and I am not in a position to provide one.

On the other hand, Kripke's account has its disadvantages: first,
as Burge argued, the use of three-valued 1logics 1is insufficiently
motivated, and only produces such results as it does by restricting
expressibility, and second, it treats logical laws in an implausible
way. However, a few points about.the first disadvantage have to be
cleared up. As I argued, Kripke's theory ié, in & sense, a three-valued
truth theory for a two-valued language, and in many ways my own theory
ends up the sane. My objection to Kripke, then, is not that the
resultant theory does not give a truth-value to some sentences: it is,
rather, that the twin disadvantages of failure to express exclusion

negation and inability to make logical laws tfue result from not taking
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bivalence seriously, and not taking it as far as possible. Thus I shall
start with a two-valued language, and make the truth-predicate reflect
as many of the facts of that language as possible, rather than treating
it as a degenerate three-valued language.

I would like to put this disagreement in the terms of an earlier
discussion of semantic principles. The Principle of Bivalence, at least
construed as a principle about meaningful sentences, is much more like a
stereotype than a defining principle. The situation may be very
different for propositions, where it may be defining, but it has long
been recognized that many kinds of sentences can be highly meaningful,
yet fail to be true or false. Consequently, I have no & priori
objection to a semantic theory which holds that there is some additional
class of sentences which are meaningful but fail to be true or false.
My objection is rather that Kripke gives up bivalence on some sentences
for which we have a strong intuition that bivalence holds, and if
another theory can accomodate that intuition, so much the better for it.

These and similar considerations also provide the starting point
for a closely connected set of theories of +truth discussed by
Herzberger, in "Notes on Naive Semantics” and "Naive Semantics and the
Liar Paradox”, Gupta, in "Truth and Paradox", and Belnap, in “Gupta's
Rule of Revision Theory of Truth", and before giving my own theory, I
shall sketch this set of theories, and then 1later discuss the
relationship between them and my own.

The central characteristic of these theories is the revision rule
for 'true'. Suppose L is a standard first order language with a logical
predicate T, and M is a base model for L, namely a two-valued model
which interprets everything except T. Suppose we add to M an arbitrary‘
set U as the extension of T: then we can define the revision of U,
qﬁ(y), as the set of sentences true in the model M+U, and then revise

that set again, to cﬁ(g), the set of sentences true in_§+7&(g). We can
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go on repeating this process ad nauseam. Now if the model contains a
Liar sentence, for instance, it will steadily switch in and out of the
extension of T, but no matter how obscure a set U might be, gradually
more and more sentences settle down as the revision continues.
Eventually we will need to use a 1limit rule, and it is here that
divergences between the different theories appear. Obviously at the
limit it is sensible to keep in the extension of T those sentences that
have settled in it by then, and to keep out those that have settled out.
The question is what to do with those that have not settled down at all
yet, and different revision rules decide this question in different
ways. In this initial discussion, I shall give Gupta's original rule,
and discuss different versions later.

Gupta's suggestion is that at limit ordinals we refer to U again to
decide the wobbly cases. To define the appropriate function we need

some preliminary definitions.

Definition 1: P is locally stably true at & for U iff
(EB)(B<a& and (4)(If <y <a then Pery (V).

P is locally stably false at & for U iff (Ef)(@<& and
(4)(1f B¢y <a then Pery (U)).

Definition 2: By recursion
a=0 *¥(U)=U, where UsL
a=§+1 *%(0)={P:P is true in M+1f (1))
@ is a limit ordin;z a
7y (U)=XUU-Y)

where X={P:P is locally stably true at &]
Y={P:P is locally stably false at &}

Now what is interesting about ?M(g) is that while in the general
case it will not settle down to a single stable value, it will
eventually reach a stage at which the same sets are repeated in sequence

with most of the sentences being settled one way or the other, and only
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a few wobbling in a regular pattern. What is more, no matter how
strange U might be, most of the same sentences will settle down in the
end.

In certain models, in fact, every starting point leads to the same
set. In such cases the model is called Thomasonian, and it represents a
criterion of non-pathologicality, because we can regard the truth
predicate as wholly defined by the model. 1In models containing a Truth-
Teller, this will not happen: from some starting points the Truth-
Teller will be in the extension of T, and from others it will be out of
it, though from each starting point a single extension set results.
Increased degrees of pathologicality result in a greater divergence of
one starting point from another, but a large measure of uniformity still
runs through the truth extensions.

Relative to a given model M, then, we can define kinds of stability

that a sentence may exhibit,

irf (28)(¥)(1f 438 then Pery (U) (or Py (1))).

Definition 4: P is stably true (false) in M iff P is stably
true (false) in M relative to all U.

Since the definition of ‘M relies on regular two-~-valued valuation

rules, sentences such as
(x) (TxvTx) | (6.1)

will clearly be stably true, as will all the logical laws. 1In addition,
Herzberger and Gupta have shown that all the Kripke grounded sentences
are stably true or false, so the theory obviously has many advantages.
One minor disadvantage is that, as we shall shortly see, the sentence

(_x_)(_'l'_x_vil‘_(g?g(_g))), ' (6.2)

where neg_z) denotes the negation of x,

is not stadbly true.
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I shall turn now from this brief sketch of the revision theory to
present my own. The most immediate difference is that whereas both the
Kripke and Gupta theories start with notional extensions for T and then
proceed to revise those extensions by moving up through level after

level, I present a downward or dependence theory, in which we start with

a sentence and ask what would have to be true for it to be true, and
what in turn that depends on, and so on. Ideally, this process gives
simpler and simpler sentences, and at some point we can say that the
simple sentences are +true and that our original sentence thereby
inherits its truth.

One advantage of such a theory over the upward theories is its
correspondence to our actual method of determining the <truth of
sentences. We do not, after all, determine the truth of 'Everything
Fred said is true' by constructing a minimal fixed point and checking to
see whether it is in the extension of T there: rather we look at what
Fred said and ask 'Is each of these true?’ If he said things of some
complexity, then in turn we must analyze them, and see if what they
depend on is true, and so forth. This advantage is, in itself, rather
slight, since so long as an upward theory gave a plausible definition of
"true', it would not matter whether we actually determined truth by
another method. However, it is important that there be another method,
for the following reason. If a given upward theory had no corresponding
downward version, then it would cast doubt on the legitimacy of the
theory because it could not correspond to a usable theory of truth. If
we could not determine the truth of 'Everything Fred said is true' by a
comparatively local investigation of what Fred said, but instead also
had to find out who won the 1932 World Series, what the current
precipitation in China was, and how o0ld Julius Caesar's mother was when
she died, then there would be a serious flaw in the theory. (Unless, of

course, these were all things Fred made claims about!)
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An additional advantage of the downward mode is that even in cases
where it is equivalent to an upward theory, it may provide considerable
insight into that <theory, and allow us to prove results which are
otherwise difficult to prove within the theory. Downward versions of
the Kripke construction are available in papers by Lawrence Davis ("An
Alternate Formulation of Kripke's Theory of Truth") and Steve Yablo
("Grounding, Dependence and Paradox"). The former is limited only to
giving a downward version of the Strong Kleene minimal fixed point, but
the latter is considerably more general. Both, however, are restricted
to grounded sentences, but in the following sections I shall not only
discuss both grounded sentences and those that get truth-values in non-
minimal fixed points, but also establish some correspondence with the
Gupta revision process, all in a unified framework which enables us to
compare easily various theories which differ quite markedly in their
upward versions,

What, intuitively, is the dependence of one sentence on others?
Suppose we start with a sentence A like 'Either it is true that snow is
white or it is not true that it is true that snow is white'. Clearly
the first dependence we recognize is the disjunction: one or the other
of 'It is true that snow is white' and 'It is not true that it is true
that snow is white’ has to be true for A to be true. For the former to
be true, 'Snow is white' must be true, and for the latter , 'It is not
true that snow is white' must be. This last, in turn, depends on 'Snow

is not white' being true. Schematically, we have

T'Ws'vIT'T'Ws'" (6.3)
/ \
2'_8-' ~_|2!_sl 1]
| [
¥s “T'Ws’
|
“Ws

Since snow is white, Ws, T'Ws' and T'Ws'v"T'T'Ws'' are all true, and

none of “Ws, "T'Ws' and "T'T'Ws'’ is.
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In this dependence we can easily recognize two different aspects.
One is the dependence of T'Ws'v™I'T'Ws'’ on T'Ws' and "T'T'Ws'', the
other is that of T'Ws' on Ws, for instance. Roughly, we can call the
former logical and the 1latter semantic, These +two aspects will, in
general, alternate, since a truth predication may depend semantically on
a logically compound sentence: once we have analyzed the logical
dependence of this sentence there may be some truth predications whose
semantic dependence we need to expose, and so on. Suppose we represent
logical dependence by double lines, and semantic dependence by single
lines. Consider, for instance, the sentence B: 'It is true that either
snow is white or jade is, but it is not true that coal and ebony are.’

The downward analysis now gives:

B (6.4)
I WsviWj I Mcdie
stlﬁ (Wcaie)
7 N\ 2N
¥s wj We We

In this diagram, the double lines still represent vastly different

kinds of dependences, conjunctive and disjunctive., TFor simplicity, I

47

shall henceforth use conjunctive branching only, so that the preceding

diagram becomes:

B (6.5)
S
T'Ws ¥j' T’ WedWe'
I o
LENLA] (Weawe)
_§|, LA] ”_sl, “We

Thus we understand this diagram to say that the truth of B depends

47Natura11y, disjunctive branching could have been used: later
definitions and proofs are easier with conjunctive branching.
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ultimately on one of Ws and Wj being true, and one of “Wc and “We being
true.

For simplicity I shall restrict the investigation to propositional
connectives only. This does not result in any serious restriction on
the wusefulness of the theory, ©because many different kinds of
pathologicality can still be represented, and the gain in economy is
very great. I shall briefly discuss the treatment of quantifiers later.
Furthermore, I shall treat conjunction as primitive. Thus there are

only three basic forms of logical dependence:

~(A&B) ~A (6.6)

I
A

A&B
7\ _|.
A B CACB

Turning now to semantic dependence, the basic rule being applied is
the disquotation rule: Tt depends on den(t), the denotation of t, and
“Tt depends on neg(den(t)), the negation of den(t). However, there is
an added complication in the way the disquotation is used, which rests
on an important aspect of the whole notion of dependence which I have
not yet discussed.

This aspect is revealed when we examine the dependences of the two

sentences Ta&T'"Ta' and Ta& Ta where, as usual, a is a Liar sentence,

i.e. den(a)="Ta.

Te&T'"Ta' Tad"Ta
R N
| | | |
L N o [
Ta Ta Ta Ta
| | J |
Ta Ta Ta Ta
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It is, perhaps, natural in the dependences so far discussed, to
take each branch separately, see what that requires for the truth of the
original sentence, and then sum up the requirements for all branches.
These examples show that that policy cannot accomodate our wishes for
these two sentences. If we try it in these cases, we come up with
essentially the same result: for either sentence to be true, it would
be necessary for both Ta and "Ta to be true. This is obviously
impossible, so neither sentence can be true. However, this conceals a

crucial difference between them. The first sentence is equivalent to

Ta, since it merely says that the Liar is true in two different ways,

and should presumably receive the same treatment as the Liar, whereas
the second is an out-and-out contradiction, and its dependence should
register that fact.

What has happened is that some crucial information has been
ignored, namely what each branch contains after each successive use of
the disquotation rule. If we examine this information, the resemblance
of the first sentence to the Liar and of the second to a 1logical
falsehood becomes closer. For the first sentence merely requires after
each disquotation either that Ta be true, or that fgg be true, just as
the Liar does itself, while the second requires that both Ta and "Ta be
true each time.

To preserve this information, and the discriminations +that it
permits, it is necessary not only that logical analysis and disquotation
alternate on each branch, but also that they do so in a regimented way
on the dependence structure as a whole. First, all logical analysis is
completed, then disquotation is applied, then logical analysis, and so

on., So we finally obtain structures looking like this:

2'21!20&—'2'&'1' & 2’2‘_!2" (6.7)
/ \

2'2'_@_'&2'2'&”' 2'2_'__8“

_______ i Sy

T'¥a' &T'T Wb
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where the dotted lines mark stages of (universal) disquotation.

These preliminary remarks explain most of +the following
definitions, except that instead of dependence structures, I only define
a function on sets of sets of sentences. This method results in a loss
of some structural information, such as what sentences in the structure
depend on which others, but it turns out that the essential information
is how various sentences at one level depend en masse on other sentences
at other 1levels, and this method has the virtue of emphasizing the
level-by-level dependence rather than dependencies within each branch.

So let L be a standard first-order language with negation and
conjunction, but no quantifiers. In addition, let it contain quotation
names of all its sentences, plus a monadic 1logical constant T. An
ordered pair M=<D,v> is a model for L if LeD, and v is a regular two-
valued valuation function in which quotation names get their intended
interpretation but T is uninterpreted. Then, relative to L and M, we
can define a series of dependence relations between sentences, sets of
sentences and sets of sets of sentences.

The basic relations between sets of sentences are the literal

conjunctive dependence relation C and the disquotation relation D. To

define the former, however, we need first to define a more primitive
relation, the "one~-step” conjunctive dependence relation C', and the
notion of a literal:

Definition 5: A sentence P is a literal iff P is an atomic

sentence or the negation of one. Let Lit be the set of literals
of L.

Definition 6: If A is a non-empty set of sentences then B
is a conjunctive dependent of A (C'(A,B)) iff:
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1. for every literal P, if PeA then PeB
2, if P&QeA, PeB or Qe¢B, but not both
3. if “(P&Q)eA, "PeB and ~QeB
4. if ""PeA, PeB
5. nothing else is in B.
Definition 7: If A, B are finite sets of sentences, then B

is a literal conjunctive dependent of A (C(A,B)), iff there is a
sequence of sets of sentences <£4""'°An> 'such that

1' _A.1=_A_’ &l-_-_,i
2. for all A;, C'(A;, Aj4q)

3. for all PeB, P is a literal.

Effectively, a literal conjunctive dependent of a set of sentences
bears a relation to that set similar to the relation one conjunct in a
conjunctive normal form for a sentence bears to that sentence.

Definition 8: If A is a non-empty set of literals, B is the
disquotation of A (D(A,B)) iff

1. if TteA, v(t)eB

2. if "TteA, neg(v(t))eB, where neg(A)="A
3. all other members of A belong to B

4. nothing else belongs to B.

The two relations between sets of sentences, C and D, give rise to

two functions of sets of sets of sentences:

Definition 9: If X¢¥(L), and X#&, then AeC(X) iff AsLit
and (EB)(BeX and C(B,A)).

Definition 10: If Xe®(Lit) and X#&, then AeD(X) iff AL
and (EB)(BeX and D(B,A)).

Finally we can define, for a set of sets of sentences X the
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dependence function R, by recursion.48

Definition 11: If X<®L), then
1. R(X,0)=c(X)
2. R(X,n+1)=C(D(R(X,n))).

Using R, now, we can represent the dependence tree of (6.7),

— v — —— —

r({{p}},0)={{r' ' Wa'ar' 2'wp' ' '}, {1' 2" Wa' " }} (6.8)
r({{eH,=l{r'we'}, {2 '’ " }}

r({{p}},2)={{wal, {2'Wo' }}

r({{p}},3)={{wa}, {wn}}

R({{}},n)=r({{P}},3), for a2l m>3.

For those accustomed to a tree-style semantics, the development so far
has a striking omission, namely the absence of any discussion of a
closure rule. Even the most innocent sentence, such as '"Snow is white"
is true', has an infinitely long dependence function: in fact, it is

the following.

R({{r'ws' }},0)={{T'Ws" }} (6.9)
R({T' Ws' }},1)= zgﬁ
R({{T'Ws'}{,n)={{Ws}} n>1.

Henceforth, I shall seldom, if ever, give the full form of the
dependence function, but rather give its values sequentially, divested
of inessential braces, and sometimes with added lines for clarity. Thus

Bﬂ{{ziﬁé'}}) will be shown as:

481 shall frequently use 'the dependence function of 2'(or A)' to
refer to the dependence function of {{P}} (or {A}).
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W’ (6.10)

¥s
Ws

The following two sections are devoted to a discussion of closure
rules, but until that discussion, the dependence functions will be 1left
in their current infinite state. Given some of the closure rules
proposed, it would be easy to close the function for T'Ws' after
reaching Ws, as is only natural, so the excess material can be thrown
away. However, until it is quite clear what parts of the functions may
be thrown away without loss, we shall drag all of them around with us.

To start the discussion of closure rules, it is worth seeing why a
naiQe application of the closure rule for straight propositional
conjunctive trees will not work. By that rule, if a branch contained A
and f&, the branch was closed, and if every branch closed, the sentence
was logically true. However, the dependence function for the Liar
sentence, a, is:

Ta (6.11)
Ta
“Ta

Consequently, applying that rule here would have as a result that
the Liar is logically true, which is rather startling. A little
reflection will show why this rulé is inappropriate, since successive
members in the function will not necessarily be simultaneously
satisfiable, though if the sentence is true, they should be.

ﬁhat instead we can do is give closure rules which are equivalent
to various different policies in the Kripke construction, and also ones
which compare with stability in the Gupta revision process, and I shall

now go on to discuss these.
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6.1 Closure Rules for Kripke Constructions

As the discussion of Kripke's theory showed, it is important that a
theory of truth be able to represent groundedness in a natural way.
Consequently, the first closure rule I shall discuss is one which does
precisely that.

The intuitive notion of groundedness is that a sentence is grounded
if one can trace its relation to some collection of facts which are
sufficient to determine its truth value. Since the relation of a given
sentence to the successive values of its dependence function is closely
related to the claim that the sentence is true just in case a series of
conjunctive normal forms are true, the obvious closure rule is to say
that a dependence function is closed if at some level the appropriate
conjunctive normal form is true in the basic model. This notion is

captured in the following definition:

Definition 12: A dependence function R(X) is a-closed in a
model M iff for some &, (A)(If AeR(X,&), then (EP)(PeA and
valy(P)=t)), where valy(P)=t iff P is true in M.

Note that if P is in A, where A belongs to some level of a
dependence function, it must be a literal, and if it is true in the
model, it cannot ascribe or deny truth, since M is not defined for T. A
typical a-closed dependence function would be the one for
T'Ws'v(T'T'Ws''&T'T'"Ws''), which is:

{T'Ws', T'T'Ws"'}, , TT'TWs''} (6.12)

“¥s, TWs'T, {ws, T ws'T T T

.

so long as M makes Ws true.
To show that the a-closure of the dependence function of either P

or fg is equivalent to P being grounded, we must first establish various
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lemmas concerning the relationship of ascent in the Kripke hierarchy to

descent in dependence functions.

Lemma 13: For all &>0, all A and all B, if D(A,B), then A
Int S iff BInt S, ., where A Int B iff ANBFA.
20t O &+ 2 A8t o) & am 2 A

Proof: See Appendix to chapter.

Lemma 14: For all &>0, and for all A, A Int S, a iff for
’
all B, if C(A,B) then B Int S1 a:
=2 Ay2 =22,

Proof: See Appendix.

Lemma 15: For all m, if &+n-m>0, A Int S, g, iff (B)(1f
12
Ber({A},m), then B Int Sy gip p)-

Proof: See Appendix.

What 15, the crucial lemma, says is that if a set intersects with
the extemsion of 'T' at some level, then we can descend any number of
levels in the dependence function, and the sets there will intersect
with the extension of 'T' at the correspondingly lower level, so long as
we stay above zero. This has an interesting consequence for the levels

in the Kripke hierarchy:

Lemma 16: If P is grounded true, then P is in S, g for
- =l

finite &.

Proof: Suppose P is grounded true, then there is a lowest
level vhere P is in §1, €+n, where @ is a non-successor

ordinal. Suppose @ is not O. Then, by using Lemma 15, setting
m=n, (B)(If BER({{P}},n) then B Int S, ). Let F be the set of

sentences (ug(ii_lz}},n))n§1,¢. Since !:JB_(H_EH,n‘) is finite, F

is finite, and hence there is a level B<& at which the last of
its members became true. But applying Lemma 15 again, upwards,

we find that P Int S, B+n where B+n<{&. This contradicts the
= T =l

hypothesis, so &=0.
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This means +that not only 1is quantification sufficient to
necessitate +transfinite 1levels, it, or something 1like it, appears
necessary. All grounded truth-values for the propositional case are
decided at finite levels. (Obviously the case is the same for grounded
false sentences, since sentences are true iff their negations are false
and vice versa.)

Finally we obtain the equivalence theorem for a-closure:

Theorem 17: P is grounded iff either the dependence

function for {{g}} is a-closed, or the dependence function for
"2)} is a-closed.

Proof:
1. Assume P is grounded.

a. Assume P is true.
Then, for some n, P intersects §, n*
- ==l

By Lemma 15 settlng m=n-1,
(B)(1f Ben(i {P}},n-1) then B Int 5, 1)

But QeSy 4 iff valy(Q)=t.

Hence (B)(If BeR({1P}},n-1)
then (EQ)(QeB and valM(Q) =t)).

so R({{P}}) is a-closed.

b. Assume P is false.
Then P is true.
Hence, as above, R({{ P}}) is a-closed.

2. For the converse, reverse the steps above.

Technical complications aside, the comparison with the Kripke
hierarchy is thus straightforward. To determine whether a sentence is
grounded, Jjust construct its dependence function and that of its
negation until you reach a level where every set of.sentences at that
level contains at least one sentence which is true in the base model:
naturaily, it will not be a truth ascription. If neither function
reaches such a level, the sentence is ungrounded.

In fact, the process could be simplified: in constructing the
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dependence functions one could close off any set containing a sentence
true in the model, because any descendant of such a set will contain the
same sentence, it being a non-truth ascribing literal. Thus, for
instance, if we have the sentence T'T'Fa''&T'Fa’', where Fa is true in

the model, we need only construct the following:

{%‘_‘?1‘5} } {2{%} | (6.13)
{Fa} X

However, we can do more than model (Strong) groundedness: we can
see whether a sentence is true in the minimal fixed points for other

schemes as well. Consider the closure rules:

Definition 18: A dependence function R(X) is

1. b-closed in M iff for some &
(A)(If AeR(X,&) then (EP)(PeA and valy(P)=t) and (P)(If
PeA then valy(P)=t or f)). -

2. c-closed in M iff for some & (A)(If AeR(X,®) then
TEP)(PeA and either valy(P)=t or “Per).

Thus a dependence function 1s b-closed if you can find some level
where -in every set there is at least one sentence true in the model, and
all the others are true or false. Consequently, none of them can be
truth ascriptions. On the other hand, c-closure demands the existence
of a level where every set either has a true member, or some sentence
and its negation: +typically, the latter pair mayrbe a truth ascription
and its negation. A typical sentence which has a b-closed dependence
function might be T'FavGb' where Fa is true in M and Gb is false. Its

dependence function looks like:

T'FavGb' (6.14)
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On the other hand, g'Fav b', where b is the Truth Teller, has a

function which is a-closed but not b-closed, since Tb gets no value in
M.

Tb (6.15)
avTb

A typical c-closed sentence might be TbvT'Tav™Ta' where a is a Liar
sentence. This gives:

Tb, T'Tay Ta’ (6.16)

Clearly, this latter dependence function is not a-closed. A final
characteristic c-closed function is the one for T'Ta'vl'"Ta',

an

instance of the general form T(a)yT(neg(a)):

Ta (6.17)

We can prove two analogues of Theorem 17:

Theorem 19: P is true in the Weak Kleene minimal fixed
point iff R({{P}}) is b-closed.

Proof: See Appendix.

Theorem 20: P is true in the m-c supervaluational minimal
fixed point iff R{{{P}}) is c-closed.

Proof: See Appendix.

These three closure rules allow some interesting reflections on the

Kripke hierarchy. In the three schemes, the minimal fixed point is
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reached by starting from the same point, and applying diffent valuation
rules at each successive level., In the dependence function, however, we
can find equivalents to each scheme by using the same reduction from
level to 1level, but different finishing points. Thus one way of
constrasting the three schemes is to say that they only differ in the
kind of fact that is sufficient to ground a sentence, the Weak being the
most demanding, the supervaluational the least so. Furthermore, we can
say that there is a strong sense in which the logic of all three schemes
is the same: instead of regarding choice between them as a choice of
different logics, ;e can Jjust regard each as a device for keeping a
desired property in the truth sets at successive levels. This tends to
bear out some cryptic remarks Kripke makes in his "Outline of a Theory
of Truth", p. 700, fn. 18.

As noted before, in the discussion of the Kripke construction in
Chapter Four, the Strong Kleene scheme geems to give the most plausible
account of groundedness, and the supervaluation scheme gets more truth
values correct. Also it is quite obvious that the supervaluation scheme
extends the Strong Kleene one. This could of course be proved directly,
but it is particularly evident in the difference between a-closure and
c-closure.

Finally, we can also use the dependence function to look at non-
minimal fixed points. Once again, at this point I shall revert to the
Strong Kleene scheme, but similar results hold for the other two.

Reflection on the proofs which lead to Theorem 17 show that only at
one point is appeal made to the fact that we are working with the
function generated by M<A,A>, namely where we note that Qe_§1,1 iff
gglm(g)=t Otherwise, all the other claims remain true for non-minimal

fixed points, especially:

Lemma 15: A Int Sy g, iff (B)(If BeR({A},m) (6.18)
then B Int S, ,@+n-m° )
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Theorem 16 generalized: If P is true in a fixed point,
then P is in §4’¢ for finite &.

So suppose we have an acceptable starting point_E(O), and want to
know whether P will be true in the resulting fixed point FP(F). All we
need to find is some level n in 5({{2}}) where all the members intersect
with 24’1. If there is one, P is in 24,n+1' and once in, stays there.
It follows that if every member of R({{P}},n) intersects with F; ,,
every member of gﬂ{{g}§,m), m>n, must do so too, since P belongs to
i ,me1e

Conversely, if we have a sentence P and want to find out if there
is a fixed point in which it is true, we can adopt the following policy:
take any final segment of‘g({{£¥}), and use it to construct a pair of
sets as follows. For each set B occurring there, if B contains a
sentence Q such that XElM(Q)gtv do nothing. Otherwise, pick either a
truth ascription or the<;egation of one (if there are no sentences of
either kind, abandon the task). 1If you have picked a sentence Tt, put
QEE(E) in the first member of the pair. 1If you have picked a sentence
“Tt, put den(t) in the second member. When this is completed for all B,
see whether the result is an acceptable starting point: if it is, then
P will be true in the resulting fixed point.

0f course this method will not generally be effective, but in
simple cases it is easy to follow. The reason for taking a final
segment of Eﬁ{{z}}) rather than just some level is that finding the
sentences to construct the acceptable starting point may require
reference to more than one level. Consider, for instance, the set of

sentences‘gi, where:

l(_a_o)=la;1 (6.19)

The dependence function for Ta; just looks like
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220 (6.20)

Clearly .220 is true in any fixed point where the extension of T

contained a final sequence of the Ta., but you could not tell that just

i’
from looking at one level: that would just tell you that the desired
starting point must have some Eij in the first member, but nothing more.

We can even tell whether a sentence is intrinsically true, i.e. is
true in an intrinsic fixed point. Clearly, we can in principle expand
the previous method to generate all the acceptable starting points from
which P will end up true. First we check that there is no acceptable
starting point from which P is false. Now the proof that <{Tev"rc},A>
gave a fixed point (given on page 96) relied on only one essential fact:
that <that starting point was consilient with every other. If the
starting point is consilient, the fixed point is. Consequently, we need
only ask whether any of the acceptable starting points which make P true
are consilient with all others.

This method is not noticeably easier than constructing all the
fixed points, seeing which are intrinsic, and seeing if P is true in any
of them, but again it emphasizes that the dependence function can
illuminate the process, because we find that the result can be achieved
by looking only at the starting points, i.e. at the kinds of "facts"
that must obtain or be assumed for the result to obtain.

Of the various fixed points in the Kripke hierarchy, neither the
maximal fixed points nor the greatest intrinsic fiied point have any
correlate in the dependence function for individual sentences, for the
simple reason that they are characterized not by their treatment of any

particular sentence, but by how they treat the whole set of sentences.

For a particular sentence, there is no discernible difference between
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its being true in a maximal fixed point and its being true in an
arbitrary fixed point which is extended by that point, and similarly for
the intrinsic fixed point. These exceptions aside, the dependence
function approach yields a much more unified account of the whole
hierarchy, in which debate about whether to call a given sentence true
or not can be reduced to questions about the desirable characteristics

of the kind of facts to which truth should be reducible.

6.2 Dependence and Gupta's Revision Rule

Not only does the dependence function unify the different parts of
the Kripke construction: it also clarifies the relation between that
construction and the revision rule theory. One question, for instance,
is how close the latter theory is to the m-c¢ supervaluation scheme,
since they are similar in their treatment of sentence like AvTA. Before
discussing that question, however, I shall first establish a fundamental
theorem relating the revision rule and the dependence function. The
theorem closely resembles Lemma 15, but there are some important

restrictions at limit ordinals which did not apply there.

Lemma 21: If D(A,B) then A Int 7% ' (U) iff B Int THU),

for all successor ordinals &.

Proof: See Appendix.

Lemma 22: A Int 4§(U) irf (B)(If C(A,B) then B Int

?g(g)), for all successor ordinals &.
Proof: See Appendix

In general, since U need not be consistent, complete, nor even
faithful, that is, it may contain "Rt,...t;, when <v(%,)...¥(% Dev(R),

these lemmas are not true at &=0, nor, because of the limit rule, when
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@ is a limit ordinal. However, for successor cases, they give the

Wh_y fundamental theorem:

Theorem 23: If @ is a non-successor ordinal, then for all

mn, A Int 4F ™(U) iff (B)(If Ber({A},m) then B Int
awrr). T

Proof: See Appendix.

One of the most frequently used forms of Theorem 23 is:

Pe‘rg (y) iff (B)(1f B&({{P}},n-1) then B Int ‘rg” ). (6.21)

Thus P belongs in the extension of T at one level just in case
there is a 1level in its dependence function where every member
intersects with the extension of T at a level one after the last non-
successor ordinal. Clearly, as with the Kripke hierarchy, revision
upwards is closely related to dependence downwards.

Having established this relationship, we <can turn +to the

relationship between stability and c-closure.

Lemma 24: If R({{P}}) is c-closed then for some m and any

successor ordinal &, (B)(U)(If _1}6_11({{2” ,m) then B Int ‘Ig(g)).
Proof: See Appendix.
We can now readily obtain a theorem relating c-closure and stability:

Theorem 25: If R({{P}}) is c-closed, then P is locally
stably true at every successor limit ordinal for any starting
set, where a successor limit ordinal has a last preceding limit
ordinal or is the first limit ordinal.

Proof: Assume R iiP}} is c-closed. By Lemma 24 and

(6.21) we can readily obtain P 'M *B(y), for any limit ordinal &

(or @=0) and any n>m, and any U. Consequently, at the next
limit ordinal, P is locally stably true for any U.

e
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Unfortunately, this is as close as we can come in connecting the two.
There are sentences which are locally gtably true at successive limit
ordinals, but not stably true. Consider the example T'"Ta'vT'Ta', where
a is a Liar sentence. This has the dependence function:
_T_'~2E", 2'_T_£' (6.22)
“Ta, Ta

Clearly this is .c-closed. On the other hand, if we take the

starting set U=A, we obtain the following stages:

« |rv) Remainder (6.23)
o= Ta,T'Ta’, Ta,T Ta ...

1 ~E, e 'q-;a-’g'Ta' ’-T—' ~2&_' ' L N

3 [Ta,2'Ta’,1'"Ta' T'Ta’,... |Ta,T" Ta',...

After a moment's hesitation, T'"Ta'vl'Ta' settles down, and at W is
locally stably true. Neither Ta nor “Ta, however, is locally stably
true, and their fate is decided by U: both go out of ‘rg(I_J_).
Consequently, at W+1, T'"Ta'yI'Ta' is not in T§(U), and this pattern is
repeated at each limit ordinal in turn. 'Co;sequently, T'"Ta'vl'Ta',
though it has a c-closed dependence function, is not stably true.
Clearly the divergence between stable truth and c-closure is here
largely tied up with the limit rule being used: if the rule did not use
U to decide the fate of Ta and "g‘_g, it might be possible to keep
T “Ta'yT'Ta' in fg(g), and then this example at least would not show

the non-equivalence of c-closure and stability.
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We can approach a new limit rule which does tie the two together
more closely by first considering a generalization of Gupta's rule.
Overall, the revision process contains a random element, represented by
the arbitrariness of U, and a regulated element, the step-by-step
revision process., After the latter has gone as far as it can, the
random element is reintroduced, and the process is repeated until it
settles down to a steady repetition. Belnap's suggestion in "Gupta's
Rule of Revision Theory of Truth" is that we maximize the random element
by introducing a "bootstrapping policy". A bootstrapping policy is just
a function I from the limit ordinals to the power set of the sentences
of L, which we use to settle the extension of T at limit ordinals, just
as before we used U. Thus we can define a new function Qg(r), parallel

to Definition 2.

Definition 26:

For a=0 3 (T)=T(a)

a-+1 *%(T)={p:P is true in 1§ (I))
& 2 limit ordinal

18(T)-xUT(@)-1)

is locally stably true at & for r}
is locally stably false at & for T}

where X=

Naturally, ‘'locally stably true (false) at @ for I' is defined
analogously to the definition given for U. Further, we can define

stably true in I and bootstrap stably true parallel to Definitions

3 and 4.

What is perhaps surprising is that this rather radical random
element does not greatly change the set of stably true sentences; a few
sentences are stably true for Gupta's 1limit rule, but not bootstrap
stably true. Naturally, since the Gupta limit rule is a special case of
a bootstrapping policy, corresponding to taking the constant function

T(&)=U, T'"Ta'vT'Ta’ is no more bootstrap stably true than it is stably
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true. However, a plausible restriction on bootstrapping policies brings
us much closer. This is the restriction to acceptable bootstrappers. A
bootstrapping policy is acceptable Jjust in case Qg(rv is consistent and
complete at each limit ordinal @&. This limig-rule is mentioned by
Gupta in fn. 10 of "Truth and Paradox".

The intuition bYbehind this restriction is partly derived from
examples like T'"Ta'vT'Ta’', and partly from general considerations about
consistency and completeness. As we saw, in the revision stages either
T'"Ta' or T'Ta' was always in the extension of T, and it was essentially
this fact that led to T'"Ta'vI'Ta' being locally stably true at W. At
the limit, however, the rule said "Keep T'"Ta'vT'Ta', but throw out
T'"Ta' and T'Ta'", even though the latter pair were responsible for the
disjunction being there at all. Furthermore, since the revision process
always gives a consistent and complete extension, and the revision
process is so central to the way we calculate the extension, it is
plausible to suggest that the limit rule should also give a consistent
and complete extension.

It is useful to note an important distinction: a bootstrapper I
can be such that (@) is always consistent and complete, without being
acceptable. Suppose, for instance, I'(W) contained "T'Ta', “T'"Ta' and
“(7'"Ta'vI'Ta'), as it well might. In this case M3y(I) will contain
T'"Ta'vT'Ta', because that is locally stably true, but also “T'Ta’ and
“T'"Ta', because they are in the bootstrapper. Whether a given
bootstrapper is acceptable can only be determined by sitting down and
working through the revision process stage by stage.

Given acceptable bootstrappers, then, we can establish closer
connections between stability and c-closure. Clearly; all the preceding
proofs for arbitrary U hold for arbitrary I'. To go on, we need some

preliminary definitions and lemmas.

Definition 27: If -Ei is a finite set of sentences
{24“'2n}’ then disj(B) is the disjunction PyvPov.. P .
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If 3({_}\;},n)={§_1...§m}, then conj(A,n) is the conjunction
aisj(B)&...8disj(B ).

Lemma 28: For all n, P is locally stably true at limit
ordinal @ for I' iff conj({P},n) is locally stable true at &
for T.

Proof: See Appendix.

Henceforth I shall assume that I is an acceptable bootstrapper,
unlegss there are explicit remarks to the contrary. Two important
results follow, one a result internal to the revision theory, but
unavailable without the dependence function, and the second relating c-

closure and stability for acceptable bootstrappers, or a-stability.

Theorem 29: If P is locally stably true at limit ordinal @
in T, P is stably true in Tr.

Proof: Assume P is locally stably true at & in .

I shall show that, for all 4>&, Pery (T), by induction.
Induction Hypothesis -

(8)(1f @¢B<y then Perf (I))

1. ¥ is & limit ordinal.

By definition, and IH, Pery (T)

2. % is a successor =8+n, where § is a limit ordinal 8)e,
and n>0.

So P is locally stably true at & in I

Consequently conj({P},n) is locally stably true at & in
T, by Lemma 28.

So conj({_li*,n)é‘rg(r).

By consistency and completeness, however,

(B)(1f Ber({P},n) then B Int 43(T)).

Moreover, in acceptable starting points,
the restriction in Theorem 23 to m<n can be 1lifted.

Hence P ng(r) .

Hence ger;{(r), for all 4, i.e., P is stably true in L.
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It is crucial to recognize that the reason Lemmas 21 and 22 were
restricted to successor ordinals, and that Theorem 23 had the
restriction m<n was the possibility that at limit ordinals Qg(r) was
neither consistent nor complete. In acceptabdle bootstrappe_rs, this
possibility no longer exists, so that these lemmas and the theorem hold
more generally: the only restriction is that @#0 in 21, and that m<n
and &+n-m¥0 in 23. These 1last remaining restrictions hold because
although I'(0) is consistent and complete, we have done nothing to make
it faithful to the model. Hence knowing that A Int ‘r,’ﬁ(l') does not
necessarily mean that if D(A,B), B Int ‘rg(r). or course, the
restriction m<n is to ensure that @+n-m is well—-defined.

Finally we obtain the relation between a-stability and c-closure.

Theorem 30: If _l_t({{_li}}) is c-closed, P is a-stably true.

Proof: If g({{g}}) is c-closed, P is locally stably true at
W in r, for any I', by Theorem 25. Hence, by Theorem 29, P is
stably true in T, for any T. Hence P is a-stably true.

Unfortunately, the converse does not hold: there are sentences
which are a-stably true, but which do not have c-closed dependent
functions. One example, due to Gupta, is the following. Suppose M is

such that:
v(a;)="Tay8Ta,,y, 130. (6.24)

Then we can represent the dependence function for "Tao as the following

tree, in which some descendants are suppressed.

"Ta, ' (6.25)
Tay, Ta,
Tap,Tay,"Ta, Iy ,Ta,,"Tap

etc. //\\
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AN

~

TTagTeg, Ty ay,Tay Doy, Tay “lag,Te,Dag,Mag Ty ,Dap,Tey, Tas
ete.

Clearly, at each line there will be a collection of sets containing
Ta, and "Ta,, and one containing Tay...Ta,, "Ta, ,,. By definition,
then, the dependence function is not c-closed. However, it can be shown
that “Tay is a-stably true, as follows. Take any I: either T(0) is
such that Egiefk(r), for some i, or none of them do. Suppose the
former. By insp;_ction, for all n>i+1, the sets belonging to R({“Tay},n)
either contain ggo or "250, or they contain 221' Either way, every
member intersects with Qﬁ(rﬁ. Hence for all n>i+2, fggoefﬁ(r) and so
“Ta; is locally stably t;;e at W in T. Suppose none of th;iggi are in
ng(r): then every set in the dependence function intersects c,}(l‘},

since each set contains fggj for some j. So again ~TaC is locally stably

true at W in I. But then, by Theorem 29, "T_ao is stably true in all
T, i.e. "Tay is a-stably true.

This example points up an important difference between Kripke
grounded sentences and a-stable sentences. For "250, no matter what
extension of T you start with, fggo will become true and stay true after
a finite number of revision steps. However, there is no finite limit by
which every extension you start with will make fggo true. In
groundedness, however, there has to be a finite 1level by which all
starting sets make a given sentence true.

Some reflection on the relationship of revision processes, either
Kripke- or Gupta-style, to the dependence function enables us to think
of this difference in a fruitful way, and leads us to a different
closure rule. Initially, the dependence function was based on an
intuition which was, in a way, static. Given a model which fixed

everything but the interpretation of T, all we could say was that if a
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given sentence was to belong to the extension of T, certain other
sentences had to as well. However, we now can see whether revision of a
given interpretation of T will lead, ultimately, to one in which our
given sentence is true. All we have to do is consider the value of
gggi({ﬁ},i), if P is our starting sentence. If there comes a point in
the sequence after which all the gggi({g},i) are true given the initial
interpretation, we know that revision will make P true in the final
interpretation. The difference between Kripke grounding and a-stability
amounts to this: for Kripke grounding, it is necessary that one
particular conj({P},i) have an appropriate property which guarantees
that all the following levels turn out true, and with a-stability, this
need not be so.

We can define a new closure rule by considering how one might try
to find an extension which could not be revised to make the sentence P
true. Suppose we start with P, and go through.g({{gj}) assigning values
to the sentences occurring there in such a way as to try to make the
occasional Eggi({gj,i) false. If every such attempt fails, that is, if
there comes a point in each attempt when it is no longer possible to
make any of the conj({P},i) false, then R({{P}}) is closed. 1If, on the
other hand, we can systematically assign values to the sentences so that
at every level there is a lower level where‘gggi({g},i) ig false, then
5(i{2¥}) is open. This leads to the following definition.

Definition 31: B({A}) is d-open in M iff there is an
infinite sequence B=§§1x§2"'> which satisfies the following

conditions.
1. Every B; is in‘g({é},j) for some j.

2. For every i, there is a j,k such that B. is in R({A},k)

J
and k>i.
3. No B; contains a sentence P such that valM(g)=t.
4. UB is consistent.

Otherwise, R({A}) is d-closed in M.
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Using this definition we can see that E_({{"_T_&OH) is d-closed,
because only one member at each level could be used to build the
infinite set, and if we pick any one such, then there is no subsequent
gset which can be used to form the appropriate consistent set for
condition (4). We can go on to show that d-closure implies a-stable

truth:

Theorem 32: If R({{P}]) is d-closed, then P is a-stably
true.

Proof: Suppose 3({{2}}) is d-closed, and suppose, for
reductio, that there is an infinite number of levels for which

conj({g})E‘l’&(r), for some I'. Then for each such level m, there
is a Ber({[P}},m), for which B ‘r;,l(r)#\. Consequently, there
is an infinite B = <By,...?”, each of whose members is in

3({{2_}},m), for some m, none of whose members contains a
sentence +true in the model, and for which UB is consistent.
Thus 3({{2”) is d-open. But this contradicts the hypothesis,

so there can only be a finite number of 1levels where
cong‘({ﬁ})éf&((f). Suppose the last such is m. Then, for all
n>m, cong(ﬂg}},n)ef}ﬁ(r). But then by Definition 27 and

(6.21), for all nom, _lgefﬁ”(l'). Consequently P is locally

stably true at W in I, and by Theorem 29, is stably true in T,
and, since I was arbitrary, P is a-stably true.

Further, we can also show that d-openness and instability have a

connection:

Theorem 33: If _g({{z}}) is d-open, P is not locally stably
true at W for some I.

Proof: Suppose R({{P}}) is d-open. Then there is a set B

of the specified kind. Construct F(0) in such a way that
BAI'(0)=A, and it is faithful to M, that is, among the literals

which are not truth ascriptions, P is in I'(0) just in case P is
true in the model. Now consider an arbitrary BjeB: 1let it

belong to 3({{2}},111). As usual, there is a C and a D such that
cer(i{r}},n-1), p(c,D) and ¢(D,B;). By Lemma 22, DAF(0)=A.

Moreover, since I (0) is faithful, _qrﬂ’;i(r)=h. Consequently,
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not all members of g({ig}},m-ﬂ intersect 1‘;[(1'). But this is
true for an infinite number of levels. Hence for an infinite
number of levels, Pgry(T).

Unfortunately, again there is a counterexample to the claim that
E({{E}}) is d-closed iff P is a-stably true. There are sentences which
are locally unstable at W in some I, but stabilize thereafter. The
example which I shall give is extremely complicated, and I shall
approach the matter gently by considering the infinite series of
sentences a; given in (6.19). Clearly, B({{EO”) is d-open, since
there are numerous ways of picking consistent sets from different
levels. However, I want to look carefully at the set
i_’l‘_&1 ,:1‘32,254,E7...}, whose i-th member has index i{i-1)/2 +1. Suppose
r(O) contains all the 233’ except those ones. Clearly _'IEO is unstable
at w in T: there is an infinite number of levels where ﬂ)_n_l(figo})
does not intersect with ‘r&(f). Consequently, each and every 25:] is
also unstable at W in r.— However every disjunction Ej"_'l_‘ik’ jtk, is
locally stably true at @ in T. To see how this happens, consider

TaOvT_a_z, and its dependence function:

Tay,Ta, (6.26)
Tay,Tas

185,724
Tas,Tag

The following sentences are not in ‘r}{(r): EEO'E‘I ,253,Ta , &and
the i-th has index i(i-1)/2. Inspection of R({{ra; Tay}}) shows that
only the pair Ta,, Tag are both out of «;4(1'): for every other pair
given, ‘one or other is in 1114(1'). The reas;n for this is simple: for a

—i

given pair in this dependence function, Ei’ ‘I‘a-+2, both to be out of

‘r;,[(r), we have to be able to find a value of i in the series
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0,1,3,6,...i(i-1)/2,... where the difference between the two terms is
exactly two. But, in general, the difference between the (i-1)th term
and the i-th term is i-1. Consequently, for any i>2, the difference
between successive terms is bound to be greater than 2, and hence one or
other of Ta,, Ta;,, is bound to be in 7&(1’).

This result can be extended quite generally to any pair _T_gj, Ta]
where k-j=m: once past a certain point, no pair Ej*'n' E—kﬂl can
possibly both be out of TH(F). So all the TajvIay are locally stably
true at W in A. This means that when I'(w) comes to distribute the Ta,

to give ‘l’;(r), it must respect all those stabilities, and as a result,

at most one of them can be left out of 1'(1'). If two were, say the j-

th and k-th, then ‘l'r?(r) would no1.: be consistent, since it would have
EﬂjVEk’ and also "E_gj and "Ta,. Hence Ta, is bound to be locally
stably true at W.2 in I, and hence stably true in I.

Now this argument does not mean that Ta, is a counterexample to the
claim that a-stability and d-closure are equivalent, because Ta, is not
a-stable and has a d-open dependence function. However, this argument
forms the basis for constructing a counterexample. 1In the following,
the various denotations are designed so that the dependence function is
d-open, but the various bootstrappers which can make the sentence
locally unstable at W have the characteristic of the set

{1,2,4,7,...i(i-1)/2 +1,...} that successive members are further and

further apart. Suppose M contains denotations as follows:

1) wlay g)=Ta; g4 1€,5¢0 (6.27)

11)  v(by)=ThyvTe
i o1 s
V(D)= By VI ayq v (T gy

~Ti—1

84,100V 28y 4)

where TPt=T'T'...t'' ' with n occurrences of T.

Let me sort out this complicated apparatus. Each a

8; 4 generates an
’
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infinite chain just like %) above: we just have an infinite set of such
chains. They serve two purposes: to prevent the b, from ending up
grounded, and to permit the kind of argument used above. The.hi, on the
other hand, are what force the T(0) for which our sentence will be
unstable to have the characteristic spacing. Omitting their dependence

on the a;, the b; have dependences as follows:

b (6.28)

T'Thy", T'Tay 47y Tag qs Tay 5

ete.
Tb, (6.29)
pitty, | pitly ~pia, ,,~ri-14 “Ta
i+1'=  Bi+1 1 = 24,1 = 1000 285

| l | [

| 1 | : :

1 i |
2'2‘31” ,T'Ta. i1, 1 Ta1 4 *tterms in .?Ei,j

05410854910 2&1,2 +terns in “Ta;

etc.

Thus if b;,y first occurs at the first line, b;,, first occurs at
the (i+1)-th line, and similarily for a5, 4 and a3, 4. Onme crucial
feature of this dependence is that every line containing 2E3i+1’ hPa!
also contains an occurrence of Ta A but Tb;,4 has Tal+1 4+ A summary

of the dependence function of Tby follows, with unimportant terms in

g{gi and 2231 omitted (the omission being marked by dots).
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R({{To1}): 0 Iy (6.30)
v Iby Tay
RN

2 ... Tayy Tay,

~ ~ ~
3 Tbo, Ta, T4y , Ta, 4

¢ \_ ~ ~ ~N

4 .-- Tapy T8y, 7Tay 3 Tay

S~ N UNTUNTS
R PR 322.2\'”_“2.3 Taq,4 I8¢5

NN NN
6 """3\""3 1\22,@\."‘12,3 3’.2,4\1".1,5\251,6
N ~

7 33.1\1”-3.2\22.3\'1'_“2,4\1’;2,5 1".1,6\?&1,7

N ~ ~
8 EBJ\EB.?\E},B 22.4\1‘12.5 T_’iz.é\T“1 7 T84,

. . N N
Y Exk?hq<311354.ﬁaslgiT%7 “182a9

N NN
10 by Tay,y Tajp Tay 3 ey, Tas s Tap 2.6 Tog,7 oo T"\ .9 T“1 10

~ ~ ~ ~ ~ ~

etc.

First we need to show that .EK{{EPO}}) is d-open. The set B
contains the unique set B, from _IE({{_'I:I_)_O}},m) where m has the values
0,1,3,6,...n{n+1)/2, O¢n¢ed&. In other words, we take all the levels
where there is an occurrence of Tb,. Clearly B satisfies conditions (1)
and (2) in Definition 31. To show that it satisfies the third, consider

the i-th member of B. It contains:
TbsTay 407025 ¢ peeeT8y g gaqeee T8y 5 peeTay oo (6.31)

We are particularily interested in the lowest and highest values of
n for which Ta1 j,n occur, whether negated or unnegated. For j=0, they
are 1 and 1, for Jj=1, they are 2 and i+1, a&nd in general they are
2+(j-1)(2i-3+2)/2 and 1+j(2i-j+1)/2, for j)'. YNow to show consistency,
we can show that no sentence occurring in the i-th member of B occurs in
the (i+1)-th member. Clearly none of the Ehi are the same.

Furthermore, the highest n on Ta. in the i-th member is 1+j(2i-

1Jn
j*1)/2, and the 1lowest on T8(541)(5+1),n in the (i+1)-th member is
obtained by replacing i by i+1 and j by j+1 in 2+(j-1)(2i-j+2)/2, namely
2+j(2i-3+3)/2: the difference between these is j+1.

Since none of the members of B have any members in common, UB is

consistent. So .5({f22013) is d-open, and hence _220 is not locally
stably true at W for some I'. Consider the I' determined by B. Let it
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be I'. I shall show that Tb, is stable at .2 in I'', and that a1 T
in which it is unstable, the same occurs.

Clearly, at W, all the Eggl(fgpo},i) are unstable in I''. However,
by exactly similar reasoning to the case for the Ta; before, every
disjunction gm({il‘_bo},i)vc_ogi({gl_)o},j) is stably true at W, since
there comes a stage where both disjunctis cannot simultaneously be out of
7;4(1'). Consequently, Tby, will be locally stably true at W.2 in I'',
a;d stably true in I''.

However, inspection reveals that B, and hence r', has a special
property. Consider another set of the B, B', whose union is
consistent. Let the members of this set be §O'..ﬂ§j'...,and let the
level at which they occur be m(0),...m(j),.... Then, if m(j) 1lies
between n{n+1)/2 and (n+1)(n+2)/2 then m(j+1)-m(j) is at least n+i.
That is, no other consistent set can choose sets from levels which are
closer than the corresponding levels in B. Hence every T in which Tby
is locally unstable at W has the spacing property at I'(0), and hence
leads to 2}0 being stable.

One interesting observation about 220 is that it shows that even in
the propositional case ascent to levels higher that W may be necessary
for a sentence to stabilize. This is different from the Kripke case,
where sentences always grounded at a finite level.

Thus it turns out thaf even d-closure and a-stability are not
equivalent. Two points about d-closure should be made, however. Tirst,
it seems to be considerably closer to a-stability than c-closure. This
can be made specific in the following way. I described a Thomason model
as one in which all starting points led to a unique truth-extension, and
remarked that they represented a plausible measure Sf pathologicality:
no genuinely pathological self-reference can occur in a Thomason model.
Now if the only self-reference in a model M is of the order

characterized by (6.24), then the model is Thomasonian: no matter what
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starting set one chooses, every one of the fggi is a-stably true, and,
by supposition, every other sentence is either a-stably true or a-stably
false. Hence c-closure disagrees with a-stability on sentences which
can get values in Thomason models, and since there is such a strong
intuition that the values sentences obtain in a Thomason madel are the
right values, untainted by pathology, c-closure seems an inadequate
closure rule. On the other hand, salthough -220 is always in the
extension of T, it depends on sentences which can themselves stay
unstable. Supposing, for instance, that in I'' at W we put all the T%b,
in the extension of T. Then we are at liberty to leave all the Ta. i,3
out, or to distribute +them here and there. This 1liberty can be
continued at higher levels, so the Ta. 1,3 need never be stably true.
Consequently, 220 cannot have a value in a Thomason model, and though I
have not shown that no sentence whose dependence function is d-open can
obtain a value in a Thomason model, it is doubtful that there could be
one.

The second point relating d-closure +to a-stability is the
following. We can easily modify the definition of d-closure so that a-
stability implies the new closure property:

Definition 34: R({{P}}) is e-open iff it is d-open and

successive levels in R(f}? ) from which the members of some B

are drawn differ by less than m, for some m. Otherwise R({{P}})
is e-closed.

Theorem 35: If P is a-stably true, then R({{P}}) is e-
closed.

Proof: (Sketch only.) Suppose R({{P}}) is e-open. Then P
is locally unstable at W in r’ for some r, as for d-openness.
Furthermore, m-long conjunction
con Q({P!,n)&co g({P],n+1)&...&co g({ },n*m-1) is locally stably
false, because one conjunct will be false at each level. Since

each is locally stably false at W, all are stably false in [.
Hence, at every 1imit level, one of every m successive

conj({g},n) must be out of ‘l‘g(r). Hence P is unstable in I,
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Consequently, if P is a-stably true, gﬁiig}]) is e-closed.

Unfortunately now the converse is unproven. What we can see, though, is
that a-stability lies somewhere between d-closure and c-closure, and the
difference between these two is not very great.

The chief open question in the revision process is what the
appropriate limit rule is, and on what grounds preferences for different
limit rules can be established. What comparison with the dependence
function shows is that the revision process and dependence function
agree exactly on what happens up to W, or from one limit level up to
the next, but that there is a corresponding diffibulty in the downward
theory in matching the upward theory.

The problem can be put in the following way. If we take a starting
set, and then revise it to W, we can think of a limit rule as a rule
for handing us a new starting set, based on properties of the old one.
Now suppose we think of the dependence function for a given éentence,
and suppose that sentence is locally unstable at W in the starting set
we have taken. All the changes which the limit rule introduces ought to
be derivable from information in the dependence function, at least with
respect to the changes which are relevant to +the sentence being
considered. In fact, in discussing Tb,, it was precisely certain
features of R({{Tby}}) which I took to show that Tby would stabilize by
w.2. However, we still 1lack a general characterization of the
properties the dependence function has to pbssess which correspond to
the action of a limit rule. Nevertheless, without a dependence function
it would be virtually impossible to discuss some of the examples given.

Thus, use of the dependence function has enabled us to see how the
Kripke and Gupta constructions are related, and to prove several
important results both about the relationship of reivsion to dependence

and purely about the revision process itself.
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6.3 Dependence and 'True'

At this point, it seems necessary to say something about the
relationship of +the dependence function to natural language uses of
"true'. The claim can be put straightforwardly: all successful (i.e.
intuitively correct) uses of 'true', given agreement with the facts,
correspond to formal sentences whose dependence functions are d-closed.

I shall first defend my choice of d-closed dependence functions.
These functions have the advantage over a- and b-closed functions of
making T'A'v™T'A' true for any A, and over c-closed functions of getting
the right value on "Tay in (6.24). Compared with a-stability, the
choice is based on slim differeqces indeed. Since it is virtually
impossible to have an intuitive opinion about the truth of Tby, the
choice between them cannot be based on that, and assuming a-gtability
and d-closure agree on essential cases, there is not much to say one way
or another. One small intuitive source of preference for d-closure is
that a slight change in the denotations for the -Ri would make _220
unstable rather than stably true. Suppose, for instance, the

denotations are as follows:

v\ m ~ ~mi-1 ~
V(01 =TTy 44wy 0q v (T7a; T M8y 4eeyTTay ) (6.32)

Then 230' turns out to be d-open, but also e-open, and hence unstable.
Since this only seems to differ from Eﬁo in how long a trail of f251’1
each_gi drags after it, it seems surprising that this is not stably true
and 220 is. All this may perhaps emphasize how marginal these cases are
in explaining ordinary uses of 'true'!

For ease of exposition, I shall say that a sentence whose
dependence function is d-closed is dependence-true or d-true. Further,
we can introduce d-false, for sentences whose negations have dependence
functions which are d-closed. Now clearly not every sentence is either

d-true or d-false: the Liar and Truth-Teller are immediate examples.

Furthermore, not even "T'"Ta' and "T'Tb' are either d-true or d-false.
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Consequently, the language has gaps: some uses of ‘'true' and
'false' will be held not to be successful. A familiar response, at this
point, is to hold that 'The Liar is not true' is a consequence of my
theory, and ought to be successfully sayable. I want to respond to this
challenge slowly.

First, it 1is clear that sentences not in the immediate
neighbourhood of pathology are treated in a natural way, including the
logical laws. Moreover, for such sentences the Tarski biconditionals
are true: g({iyg'g}},o) is

{A,7r'a'}  {r'a', "A} (6.33)

So if A is d-true, T'A' will be also, and so AzT'A' will be, and if A is
d-false, "A and "T'A’ will be d-true, and so will A=T'A’.

On the other hand, for the Liar and Truth-Teller we get:

{~7a} {Tal {Tb, “Tb} (6.34)

(ra]  {Ta) T, “Th)

In fact, for the Liar, the Tarski biconditional is d-false, since

R({{"(Tas™Ta)}}) is:

Ta, Ta (6.35)

This completely matches our intuition that "a is true iff a is not true"
is false, and the Truth-Teller comes out with a d-true biconditional,
reflecting the unenlightening remark that "b is true iff b is true".
Thus the Tarski biconditionals do not all turn out true, though of
course the intuition behind disquotation which is closely linked to them

is central {0 the construction of the dependence function. This release
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from +the thrall of the biconditionals allows us to make sensible
responses to Buridan-style cases. Suppose we have the sentences a and b
a: Either a or b is false. (6.36)
b: God exists.
In the absence of direct information about the truth of b, the
standard argument goes: Suppose b is true, then if a is true, it is

false, and if false, true, so b is false and a true. On the other hand,

the dependence function for Ta is:

Ta | (6.37)
“Ta,"Tb

{Ta,~Tb} Ltg,“_ﬂ?_ys

{“Ta,“Tb} Tb, Tb

{Ta, ~Tb] {Tb, “Tb}

So Ta is only true in case God does not exist. This is éurely the
intuitively correct response: either God exists, or God does not exist.
If the former, then a is paradoxical and we have no idea what truth-
value to give it, and if the latter, it is staightforwardly true.

Thus the dependence function allows us to understand how ordinary
truth assertions are uninfected by paradox: we do not determine them
using Tarski biconditionals, but rather by using the function. We can
now go on to say why the challenge given above is misplaced.

What I have offered is a theory which accounts for our basic,
intuitive uses of 'true'. In doing so, I introduce a predicate 'd-
true', and claim, with Kripke, that the sense in which 'The Liar
sentence is not true' proper is a reflective, theoretical use. In this
use, 'true' actually corresponds to 'd-true', rather than the basic
"true'. Burge claims, in a footnote of "Semantical Paradox", p. 174,
that this is unsatifying and that there is "no intuitive ... basis for
the claim that the natural language 'true' changes its sense or logic as

a result of reflection.”
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I want to argue that in this case, it is quite clear that the use
of 'true' is ambiguous: in one sense 'The Liar sentence is not true' is
improper, and in the other it is proper. Whether this ambiguity is a
consequence of reflection is irrelevant: the theory being offered
explains it as due to a natural language/metalanguage distinction, and
claims that there are intuitions which correspond precisely to the basic
language.

Thus the proper use of 'true' in this case is when it is taken to
mean 'd-true', and the improper use is when it is understood as basic
‘true'. PFor there is a perfectly clear intuition that it is as bad to
say 'The Liar is not true' as it is to assert the Liar itself, or to say
'It is not true that the Liar is not true' and so on. Part of what we
recognize here is that not all iterations of '...is true' represent
semantic ascent, which confers the ability to make genuine semantic
assessment. The most apt analogy here is treading water in an abyss:
if we compare for instance R({{"T'~Ta'}}) with R({{"Ta}l}), they are
indistinguishable below the zeroth level, and stretch away to infinity,
so expecting “T'Ta’ to evaluate "“Ta seems absurd. Faced with this
problem, we simply refrain from assenting to any such sentence.
Similarly, we refrain from asserting either the truth or falsity of the
Buridan sentence a, because we have no evaluation open to us. |

My proposal is in one sense programmatic. It should include
evidence for the claim that 'd-true' can be included in the language
along with 'true'. Clearly any such addition would itself be gappy, and
hence necessitate a further metalanguage and so on. However, the theory
would not need to have coincident gaps: ‘'d-true' can be fully defined
where 'true’ has gaps, and only have gaps itself for 'This sentence is
not d-true' and so forth.

Though a more comprehensive theory would indeed include all these

elements, nevertheless it is important to get the basic language
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straight first, and worry about higher levels later. What is more, even
without the higher levels, there is a well-defined set of intuitions
which it explains in a satisfactory way: the fact that there are
further phenomena to be explained should not be allowed to cover this
up.

At this point I should explain that there is a problem with
introducing quantifiers into the account of R({A}l). The natural

approach would be to add to the definition of C'(A,B) the condition:
If (x)Q€A then Q(t/x)eB (6.38)

This would, of course, pose the usual problem about names and
infinite domains, but even assuming that this problem was met in one or
another of the customary ways, this condition does not invariably give
the right results. Suppose the model M contains the following

assignment to a predicate F:
v(E)={a, T'A", D'T'A"",.0) (6.39)

Let us suppose, for convenience, that _Q={Q_,A,E'A',...} and that
v(a)=d. Then we can take the dependence function for (Ex)(Fx& Tx) by

stages. Eliminating (Ex) we get
{Fa&™ma,P'A'&™T A", ...} (6.40)

Now distributing the conjunctions, we get an infinite collection of
sets each containing just one of each of Fa and "Ta, F'A' and "T'A' and

80 on. The only set of significant interest is

{Fa,"r'a’,"2'7'4"",...} (6.41)

{Fa,”a,"T'A","T'T'A"", ...} (6.42)

and this just depends on itself, repeating level after level. Now, if A
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happens to be true in the model, all A, T'A', T'T'A'' and so on are true
too, and so (Ex)(Fx& Tx) should be false. However, we cannot discern
that from the dependence function, which just repeats, and gives us no
option to build up truths and falsehoods level by level. The trouble
seems to be that (6.41) does indeed depend on (6.42), but to get to the
truth of (Ex)(Fx& Tx) we need to separate out the dependencies of each
of A, T'A', T'T'A'", and so on, and not lump them all into one set.

On the other hand, the rule is not completely mistaken because if

we look at the dependence function for (x)(Fx>Tx) it gives just the

right results:

(x) (FxoTx) (6.43)
{E,Ta ~E'A'92'A'I {~£l20Al , T'A"}e‘tc.
Fa,Taj {"F'A’, _T “F'T' T, T T} ete.
etc.

Bach member of R({{(x)(Fx Tx)}}) will be reduced to
{ﬁgﬂg...'g}g}' 'xﬁ} after a finite number of 1levels, so fhe whole
function would be d-closed, which is an appropriate evaluation. It
seems that the general solution of this problem is to introduce finer
divisions than the simple dependence sets, but the means of doing this
remain obscure. It should be clear, however, that though the current
theory cannot treat quantified sentences in a satisfactory way, it can
nevertheless cover a wide variety of cases, including nearly all the
important variants of the Liar. Even Kripke's important quantified
examples have propositional analogues with~ extended conjunctions and
disjunctions, so that the technical restriction does not render the
dependence function devoid of significance.

Finally, I want to argue that the dependence function enables us to
take a more unified view of our intuitions about 'true' than Kripke's
construction suggested, and 1lessens the scepticism which various
problems led to. Briefly, it seemed that vafious plausidble intuitions

about 'true' were represented by incompatible alternatives: Strong
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Kleene gave some advantages, supervaluations gave others, minimal fixed
points others again, and so on. Now there is still room for debate
about what the best closure rule may be, but the dependence function
shows that many of these alternatives are not as incompatible as
appeared. If we take d-closure as the correct explication of our use of
'true', then we can see that, say, the Strong Kleene grounded sentences
have a particularly interesting property, having a-closed dependence
functions, but that is not incompatible with d-closure being the right
account. Similarly, supervaluation schemes characterize another
interesting group of sentences, and the maximizing intuition is also
given more rein than in the Kripke construction.

As a result, d-closure of the dependence function can claim to
represent the basic intuitions about 'true' in an illuminating and

satisfying way.
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6.4 Appendix: Proofs

Lemma 13: For all &>0, (A)(B)(If D(A,B), then A Int S, g, iff B
AB A Int S5 B

Int S, ,c)

Proof: Suppose D(A,B). Then for each PGA, P is a literal

of one of the following forms:

1.

3.

Tt

If PES; q+1, then by definition of Sy o and
- =T '

the valuation rules, Xﬁj)§§1’¢, and conversely.
So PeS, ,G+1 iff X(E)e§1 ,a°

“Tt

IT PeSy ge1r Tt€S, guq, 80 ¥(1)XS; o

and J.(.‘L(E) )e_S_1’°, and conversely.

So P€Sy g+t iff neg(v(t))es, g.

Rty..ot, or "Rt,...t,, RFT
£g§1 , &+ iff 2§§1 a’ gsince @>0.

However, every member of B is either a) v(t) where Tt is in 4,
b) neg(v(t)), where “Tt is in A, or c) is in A.
Hence A Int S1 ¢+1 lff B Int §1 a

Lemma 14:

§1,¢))

For all @>0, (A)(A Int S, o iff (B)(If C(A,B) then B
, B AB B

Proof:

i, Suppose A Int S, o, and c(4,B).

Then there is a sequence <A,,...A > such that A=A,, B=A ,
and C'(A;,A;,9), 1¢i<n.

It suffices to show that if A; Int §1,¢ then A;,q Int
S1 ¢.

§hﬁpose Ai Int Sy a Then for some PGAi, PeS1 «
4 T - - =l

Then either

is a8 literal.
P is a literal, PeA,

a. P i
If Aivqr 80 Ay qInt S1 P

b. P is of the form QSR.

nt

—
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Then either Q or R is in A and both are in

2i+1»
Sox +1 Int S, ,a

c. P is of the form ~(Q&R)
Then both "Q and R are in A;,,,

and one or other is in S1 a
=1l
So Aj4q Int 5,

d. P is of the form "°Q
Then Q is in A,,, and S1,¢

So A i+1 Int S1 a
So A1+1 Int S1 g+ hence B Int S, &

2. Suppose (B)(If C(A,B), then B Int S, o).

Suppose, for reductio, ANS, c=l‘.
Iecurtlf, 2y
Define A', as follows

a. if P is a literal in A, then P is in A’

b. if (Q&R) is in A, then, if QeSy g, Q is in A’
otherwise R is in A'

c. if “(Q&R) is in A, then both "Q and "R are in A’

d. if "7Q is in A, Q is in A’

e. nothing else is in A’

By inspection we can determine two facts.
First, C'(4,4").
Second, A(\S1 « =A.

i.e. if ARS; c=’t then there is an A’ such that

C'(A,A') and £n§1’¢

Consequently there is a B such that C(A,B) and BnS, o=A.
’

But this contradicts the hypothesis.
So A Int 3 q-
— — '

Lemma 15: For all m, if &+n-m>0, A Int S1 a+niff
(B)(1f Ber({a},m), then B Int 5, @+n-n)

Proof: By induction on m.
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Base Clause,
By Lemma 14
A Int S g, iff (B)(If C(A,B), then B Int 5y g.,)

By deflnltlon of R and C,
(B)(C(4A,B) iff BeR({a}, )
Hence

A Int Sy gup iff (B)(If BeR({4},0), then B Int Sy g.n)

Induction Clause.
Assume, for p=m-1,

AInt Sy g.n iff (B)(If Ber({A},p), then B Int Sy, @+n-p)

P

a. Suppose A Int Sy g, Then
= =1
(B)(1f BeR({A},p) then B Int S
= Pt B 513 = == =2 ,c+n_
Supposelggg({é},m)
Then, by definition of R, there is a C and a D such
that:
c(c,B),d(D,c) and Der({A},p).
Hence D Int §4,¢+n—p'

p)

and by Lemmas 13 and 14
C Int S, ,@+n-m and B Int S1 a+n-m

Hence (B)(If BeR({A} then E.IEE.§1,c+n—m)

b. Suppose (B)(If geg_({_A} ,m) then B Int Sy gipn_p)

Let Ber({A},p)

Then there is a C such that D(B,C)

But by definition of R

(p)(c(c,D) iff DeR({AT m))

Hence TDT(If c(C,D), then D Int Sy gypnp)

By Lemma 14

C Int S1,&+n-m, and hence B Int S1,&+n-p.
So (B)(1f Ber({A},p), then B Int Sy @+n-p
Hence, by the Induction Hypothesis,

A Int S5y g+n-

)

So A Int 8y gup iff (B)(If BeR({Al,m) then B Int

§1,¢+n-m)

This completes the induction, and the proof.

Theorem 19:

Proof: (Sketch only.) The proof parallels the proof of 17,
except that everywhere that proof uses A Int S1 g °r B Int

5,

this proof needs A 1Int Sy g and AcS, cu_z a and
- T ==ty s !

P is true in the Weak Kleene minimal fixed point iff

R({{P}}) is b-closea.
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similarly for B. Inspection of the lemmas shows that the proof
then goes through.

Theorem 20: P is true in the m-c supervaluation minimal fixed point iff

R( { {B} 1) is c-closed.

Proof: (Sketch only.) The proof again parallels that of
Theorem 17, though this time the relevant property is that A
intersects with every maximal, consistent assignment to T at

level @. Call this property ®(&). One case worth looking at
in detail is the relation D and change in levels.

Suppose a set A={21 gn} has ¥(@®). Then every admissible

valuation makes one of TP,...TP  true, and so the supervaluation

makes TP,v...TP = true. Conseﬁuently the set {_'121..._'?_1111} has
w(a+1). Suppose P, is of the form Ft. Then at any level
greater than zero, the value of g‘_lii is fixed by the
supervaluation: whether true or false, {121"‘£i"'2n} will

have w(@+1). Suppose Pj is of the form "Q : then, since any

valuation in which -T—Ej is true will be omne in which Ej is

false, and "TQ; true, {TP1...P-..."TQ....TP} will also have

x(x+1). Hence any set B which bears D to A will have ®(@&+1).
To reverse the arguxnent, similar considerations apply.
Consequently we can obtain: A has (&) iff (B)(If
BGR({ Al,n) then B has ®(&-n)). But {P} has ®(&) just in case
P gets t in the supervaluation at @, and (B)(If Ber({{P}},&-1)

then B has #(1)) can only be true if every B contains either a
sentence true in the model or both a sentence and its negation,
since B contains only literals. Hence the theorem holds.

Lemma 21: If D(A,B), then A Int #§''(U) iff B Int ‘I’M(U) for all

successor ordinals &.

Proof: Suppose D(A,B), so A only contains literals.

1. Assume A Int 'gﬁ(-q)
If PeA and ze‘l‘g”(g), there are three cases:

a. P is of the form Tt.
Then _g(_'g)efg(g) and v(t)eB.

Hence B Int fg(U)
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b. P is of the form "Tt.
Then _Y_(i)d'g(g) Y
and, since ‘lg(g) is complete,
neg(v(t))e ‘\‘g(g) .
But neg(v(t))eB
Hence B Int 71?(2) .
c. P is of the form Rty...t,, or "Rt,,,,t, (R/T).
Then Eé‘l‘g(g), gince @#0.
But PeB.
Hence B Int ‘rg(g).

2. Assume B Int Ty(U).
If Q€B and Qef{U), then there is a P in A such that one
of the following holds:
a. P is Tt and Q is v(t).
Then Per®1 (V).
b. P is “Tt and Q is neg(v(t)).
By consistency of 1’%([_1_), X(_t_)gé‘rg(g)
So ﬁ#ﬁg”(g), and hence
Pert* (u)
c. P and Q are either Rty...t, or "Rts...t, (R¥T).

Then PeTy (V).

In each case, we obtain A Int Qg+1 (v).

Note: In this proof, neither of the second subcases holds generally if
@ is a limit ordinal, and if @&®=0, neither of the third subcases holds.

Lemma 22: For all successor ordinals &, A Int vg(g) iff (B)(If

C(A,B) then B Int #%(V)).

Proof:
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Suppose A Int fg(g), and C(A,B).
Then there is a—sequence <44 RRY. S
such that A=A,,B=A, and C'(4;,A;,,),for all 1§i<n.

Hence it suffices to show that if A; Int ‘r (U)

A;4q Int ‘IM (H).

Suppose PEA; and Pe? (U) Then:

a. P is a literal.
=i+1*

Then P€A
Hence A,,, Int T%(V)
23+ === ![- -

b. P is (Q&R).
Then Q,Ret§(U),
by consistency and completeness,
and either Q or R is in A;,,.

Hence A;,y Int Ty & ().

c. P is “(Q&R).
Then either “Q or "R is in ¥ (U)

by cons:.stency and completen—e-ss.

Both "Q and "R are in Aiae

Hence A;,y Int Ty ).

d. P is ~"Q

Then Qc?c(U), by consistency,

and QeAlM .

Hence A.,, Int ‘rg(_q).
Consequently (B)(If C(A,B) then B Int #§(U)).

Suppose (B)(If C(4,B) then B Int *§(U)).

Suppose, for reductio, Amg(g)ﬁQ.

Then there is a sequence ?51..._.5_13 such that A,=A, A =B
and each member bears C' to its successor. For suppose
that there is a sequence <Ay...A > such that
A=A, ,C'(A;,A;,9) for all 1<iln, and Anmg(gﬁh. 1
shall show that there is a sequence <:A‘-1"'An'-‘e‘-n+1> where

C'(AysAp4q) and An+1ncn (U)=A.
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1 be defined as follows:

if P is a literal in A , PeA

if (PaQ)eA,, then if PéeS(v),
QeA B

2n+1°

if “(P8Q)eA,, then "P,7QeA 4.

if “"PeA,, then PEA ...

—-n+1°

PeA otherwise

=n+1?

By inspection, C'(A,,A ,;) and An+1n"M (u)=A, so long as
Qg(U) is consistent.

Since

e (0)=A
A Int T(D).

Hence

AMM(U) <A, for some B

such that ¢C(A,B),

But this contradicts the hypothesis.

Note: Again, this proof relies on & being a successor ordinal.

Theorem 23:

If €@ is a non-successor ordinal,

then for all m<n, A Int

73 2(0) iff (B)(1f BR({A},m) then B Int f“*n‘m(u))

1.

Proof:

By induction on m.

Base Clause.
For m=0, BeR({A},m) iff c(4,B).

Hence

by Lemma 22, & set at &+n,

A Int ¥ (V) iff

(B)(1f BeR({A},m) then B Int #F " 7(V))

Induction Clause.
Hypothesis: for p=m-1

A Int o8'2(U) iff (B)(If Ber({A},p)

then B Int 7% 0-P(y))

8.

Assume A Int ‘rg“n(y_). Then

(B)(1f Ber({A},p) then B Int *§'0P(y)).

Suppose ggg({&},m).

Then, for some D,E

c(p,C) and D(E, D)

By definition of R, EeR({al,p),
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hence E Intfg*'n'p(y_))

So by Lemma 21, D Int cc*n‘m(g).
So C Int % ""™(u)

So, by universal generalization,

(8)(1f Ber({A},n) then B Int #if*™™"™(1))

b. Assume (B)(If BeR({A}l,m) then B Int ‘l¢+n'm(U))

Suppose CeR({A},p).

Then, for some D, D(C,_]Q_).

By definition of R,

(E)(If C(D,E) then Eer({A},m)

Hence (E)(If C(D,E) then E Int 7% 2"%(y)).
By Lemma 22 D Int ¥ “"(U). B

So by Lemma 21, C Int ‘r“*n‘m(g)

Hence (B)(1f Ber({A},p) then B Int ‘rg 2-P(Y)).

So A Int 7% (V).

Lemma 24: If g({{g}}) is c¢-closed, then for some m and any successor
ordinal &, (B)(W)(1f Ber({{p}},n), B Int 7y &),
Proof: Suppose _&(“2}}) is c-closed. Then at some level m,
every member B contains either a sentence Q true in the model,
or Q and its negation "Q. Suppose the former: then Q is in

U) for any U and successor ordinal &. Suppose the latter.
S¥nce the sentences true at any level for any starting set must

include either Q or ~Q, either Qc—.fM(_l_I_) or Qer ®(y). Either

way, B Int 7%(U).

Lemma 28: TFor all n, P is locally stably true at limit ordinal & for r

iff conj({P},n) is locally stably true at & for I.
Proof:

1. Suppose P is locally stably true at & in I,

By definition (ES)(4)(If B4 <& then geﬂr,‘{(r)).
By Theorem 23 -
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(EB)(4)(1f My <& then (B)(If BeR({{P}},n) then B Int
Ty ().

But (B)(1f _§€§({ {P}},n) then B Int 'r;{‘n(r)

is just the condition for conj( {gl,n)qu'n(r).

Hence (ES)(4)(If B<¥<& then conj((P}n)ery ~™(T))
Consequently, conj({P},n) is locally stably—true at &.

. Suppose cong’({g},n) is locally stably true at @&.

Then (EB)(4)(If BSY¥ <& then conj({g},n)éf;{(r)).
By reversing the preceding argument, -
P is locally stably true at &.
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Conclusion

In "The Semantic Paradoxes" Chihara made several claims. First,
his diagnosis of the Liar was that it is caused by the truth principle
[Tr], which represents the convention which gives the meaning of 'true'.
As a corollary, he claimed that exponents of the "consistency" view
could at best be offering an alternative meaning, perhaps with a view to
replacing the current one. However, he further claimed that since
nearly all the time our current principle of meaning works perfectly
well, there is little point in replacing it: the only areas where any
serious problems arise are in the study of semantics and formal
theories, and the suggested changes just seem too cumbersome to adopt
for such recherche studies.

I argued in response that the diagnosis was worse than the disease.
Accepting the claim that in fact the Liar gives us 1little trouble, I
pointed out that Chihara's explanation of what is involved would mean
that the Liar gave us a mountain of trouble. No truth ascription would
be preferred over any other: from [Tr] plus ordinary logic, plus the
presence of a Liar, T'A', "T'A', T'"A' and "T'7A' can all be inferred,
no matter what sentence A might be. This led to the suggestion that
more was involved in using 'true' than the simple principle [Tr], even
though [Tr] does seem to represent a large part of the meaning of
"true', and I suggested the analogy with Putnam’'s idea of a stereotype.
This in turn led to the claim that the so-called "consistency” theories
could be seen as playing another role, namely that of explaining our use

of 'true' rather than its meaning.
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The paramount constraint on such a theory would be that it
accounted for our use of "true': it should agree with our intuitions
about all sorts of straightforward cases, and show how the Liar, in all
its many forms, was different and failed to be assertable, yet did not
infect other cases. In their theories of truth, however, Martin and van
Fraassen adopted a different methodological starting point, one which
might have been inspired by the solution of the pseudo-paradox of the
Barber. In that solution, a crucial presupposition is shown to be
false, and we no longer feel the need to say either that the Barber
does, or does not, shave himself: there simply is no such barber. Thus
Martin tries to show that the Liar sentence is not semantically correct,
and van Fraassen that it presupposes a contradiction. In Martin's
discussion, he even claimed that apparently innocent truth-ascriptions
like '"Virtue is triangular" is not true' are also tainted, so that it
becomes clear that his theory in fact involves a revision of our
intuitions about use rather than just accounting for them. However, I
argued that Martin's theory suffers from a double defect: as a theory
of semantical correctness it contains implausible elements that seem to
be justified only by the need to account for the Liar and as a pure
theory of truth it contains other implausible elements which are
attributable to the desire to explain semantical correctness. In van
Fraassen's theory, these particular problems are less acute: the theory
of presupposition, ¢though not without its defects, is at least not
distorted by the Liar, and the principles which govern the treatment of
truth seem plausible once the Principle of Bivalence is abandoned.
Nevertheless, the resultant theory remains unsatisfactory: the non-
truth of sentences without truth-value is unassertable, and the
treatment of the Truth-Teller, the card variant, and quantified examples
are all doubtful.

Furthermore, adopting Kripke's point about the importance of
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riskiness in truth-ascription, we realize that the programme adopted by
Martin and van Fraassen is misguided. In general, paradoxical sentences
do not have any obvious defects as sentences: they just happen to go
wrong oﬁ certain occasions of use. Thus semantic properties like
presupposition and sortal correctness turn out to be inappropriate tools
for tackling the whole range of Liar-paradoxical sentences, however
plausible they may 1look when applied to 'This sentence is false’'.
Consequently Kripke concentrated on how to define the extension of a
truth-predicate in a model in which various sentences might fall in the
scope of various others, thereby leading to paradox. The result is an
inductive definition of a whole structure of fixed points, such that in
each the truth-predicate T represents truth., This structure has many
felicitous features: it allows an intuitively satisfying definition of
the notion of grounding a sentence, it gives an invaluable distinction
between merely ungrounded Truth-Tellers and truly paradoxical Liars, it
has a very plausible story about learning to use 'true’ which reflects
the structure of the definition, and of course it handles riskiness
perfectly. Unfortunately, it has two disadvantages, which interact in
an interesting way. The first is that some highly plausible logical and
gemantic principles turn out not to be true, and are even, on some
occasions, paradoxical, and the second is that it seems difficult to
connect all the advantages of the theory with the claim that the
extension of 'true' is given by, 'say, the minimal fixed point in the
Strong Kleene construction. I shall return to thié problem in a moment,
but I first want to discuss Burge's theory.

Burge, too, presents a theory in which riskiness should Ye
representable, and has the advantage of using a two-valued framework, in
which a quasi-Tarskian theory of levels is constructed. Unfortunately,
the theory has grave defects., We cannot tell exactly what levels are

attached to what sentences; the handling of sentences requiring
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transfinite indices is inadequate; and the claim that 'true’' is
indexical is insufficiently justified.
However, I adopt from Burge the insistence on the importance of a

two-valued theory, and use straightforward classical motivations to

‘construct the dependence function for a sentence. When we look at

possible closure rules for such functions, we find that appropriate
choices can model any Kripke fixed point, and that other choices closely
approximate a-stability in the Gupta revision process. Using the d-
closure rule we can see that any logical law will come out true, but
that some Tarski biconditionals, that of the Liar in particular, come
out false. Thus I claim for a-closure that it gives a Dbetter
explanation of our use of 'true' than any fixed point.

Now one response to this might come from the sceptical attitude
which Kripke's theory apparently encourages, which is to say that d4-
closure represents another aspect of our already fragmentary theory of
truth, and is interesting enough, but is not to be taken any more
seriously than any other proposal. I have admitted that there may be
some limit to our intuitions about truth, beyond which certain competing
theories would be indeterminate as to which was the theory of truth.
What I want to deny is +that that limif is at the 1level of the
alternatives presented by the Kripke hierarchy, and part of the reason
for this denial comes from the way the dependence function shows that
the alternatives in fact have a greater unity than appears at first
sight. Thus if we think that d-closure represents our intuitive notion
of truth, we can agree that groundedness, for example, is an especially
important ingredient in our notion, and point out that it characterizes
a special subset of the d-closed dependence functions, rather than a
significantly different intuition.

There is another reason beyond our mere intuition of their truth,

however, for favouring an approach in which classical laws are given a
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more prominent status than they are in the Kripke hierarchy, and this
reason returns us %to some of the constraints imposed by the paradoxes.
The principal constraint that I have been exploring is that a theory of
truth must allow us to make truth-ascriptions in the presence of a Liar
sentence: that is, it must explain why the Liar does not create too
many problems. There is a Charybdis to this Scylla, though, since the
theory ought not to make the Liar itself completely unproblematic,
otherwise we might doubt that there was any need for the theory!

In a thoroughgoing three-valued theory like Martin's, for instance,
if his account were right, and Liars were just category mistakes, then
satisfying this constraint would be a serious problem. We should never
have been worried by them at all, any more that we are worried by
'Virtue is triangular'. The only way this could be handled would be by
an account which explained how we had been misled into thinking that the
Liar was not a category mistake at all, and were comnsequently worried by
the contradictions which ensued.

Kripke's account is much less clearly three-valued, and indeed, as
I suggested, has strong ties to two-valued theories, but nevertheless
the same problem arises. Suppose we return to the person learning to
use 'true': this person starts off with a basketful of sentences, and
progressively distributes more and more into one or other of two further
baskets. Eventually no more sentences can be redistributed and the
process stops. Nothing about the process suggests that there would be
any surprise about finding some sentences left at the bottom of the
first basket: indeed, one might expect it. Of course, among those left
it will be true that some, but not others, could be put in one of the
other baskets right at the beginning, and the process would still work
smoothly, but it still is not clear why the Liar should worry us: it
just lacks a truth-value.

Only if we take two-valued assumptions seriously can we see why the
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Liar creates problems. Starting with bYoth the desire to preserve
classical logic and the intuition that the truth of T'P’' depends on that
of P, T constructed the dependence function for sentences. The result
not only validates logical laws like Fav'Fa, it also validates semantic
laws like T'Fa’'vl'"Fa'. But the appeal of such laws is strongly rooted
in the assumption that predicates are fully defined. Tt comes as a
considerable shock to find that for some sentences truth is not defined,
because their dependence functions are not d-closed, and neither are
those of their negations.

The problem the Liar presents is that if we maintain the assumption
of full definition, we find that when we try to make the Liar true or
false, the customary contradiction ‘arises. Thus when we actually try to
judge the Liar we have to abandon the assumption, and are unable to come
to any verdict. We do =abandon the assumption and the infection is
contained, but nevertheless the Liar gives us a genuine conflict of
intuition between assumptions we base the dependence function on, and
the results we obtain.

Furthermore, we discover +that any attempt to give a total
definition of the truth-predicate will result in unpleasant results
elsewhere.  Suppose, for instance, we "close-off" by declaring that
sentences with d-closed dependence functions are true, and all others
false. Then the disjunction of the Liar and its negation is true, but
both disjuncts are false, and the Tarski biconditional for the Liar is
false though the Liar and 'The Liar is true' will both be false. 1In
other words, we not only discover that the dependence function does not
give a total definition, we also discover that we cannot give a total
definition.

My insistence on the importance of two-valued logic and semantic
claims may seem misplaced when the resultant theory ends up not giving a

total definition for 'true'. My point is the following: unless we take
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the presupposition of two-valuedness seriously, we can neither explain
our intuitions about the truth of various sentences, nor explain why the
Liar is worrisome. Thus the theory of truth which uses the d-closed
dependence function is not merely one of an interesting collection of
alternatives which includes various fixed points: it is, rather, a
genuine improvement, which includes the advantages of the fixed points,
and offers some additional advantages of its own.

The comparison with the different theories which use various limit
rules in the Gupta revision process is more open to debate. I have
suggested that the d-closure rule and a-stability are as alike as makes
no odds: it may be that the differences between them are indeed beyond
the power of any intuitions to settle. This question is, at any rate,
one for further research. What is clear is that the dependence function
gives an invaluable basis for comparing numerous of both the Kripke and

Gupta theories, and provides an alternative theory in its own right.
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