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ABSTRACT :

I introduce a class of totally transcendental (tt) theories called
basic and prove a structure theorem for the models of such a theory. Every
tt module is basic. The model-complete theories of modules introduced by
Eklof and Sabbagh provide some strong analogies between the ideal theory
of a Noetherian ring and the stability-theoretic treatment of types. I
give purely model-theoretic proofs of Matlis' theorem on injective modules
and the Lasker-Noether decomposition of ideals. I generalize these results to
arbitrary tt theories of modules and give a purely model-theoretic proof
of Garavaglia's theorem on the decomposition of tt modules. I extend

these methods to topological modules in the topological logic L I

t .
generalize Deissler's rank for minimal models in order to analyze the com-
plexity of the injective envelope of a module over a commutative Noethekian

ring in terms of Krull dimension.



RESUME :

J'introduis une classe de théories totalement transcendantes (tt) dites
"basic" et je demontre une théor2me concernant la structure des modeles de
ces théories. Tout module tt est "basic". Les théories modele-completes
des modules introduites par Eklof et Sabbagh produisent des analogies
puissantes entre la théorie des id€aux d'un anneau Noetherien et le traite-
ment des types par stabilité. Je donne des démonstrations purement modele-
théoriques du théoreéme de Matlis sur les modules injectifs et de Lasker-
Noether sur la décomposition des idéaux. Je généralise ces resultats pour
les théories tt de modules quelconque et donne une demonstration purement
modele-théorique du théoregme de Garavaglia sur la decomposition des modules
tt. J'étends ces méthods aux modu]e; topologique dans la logique topologique

L Je généralise le rang de Deissler pour les modeles minimaux afin

t .
d'analyser la complexité de 1'enveloppe injective d'un module sur un anneau

commutative Noetherien en fonction de la dimension de Krull.
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0. INTRODUCTION

0.0 HISTORICAL SURVEY:

In this thesis I investigate some abstract stability theory, then
consider the application of this theory to the study of modules. In the
course of this study, many interesting and useful parallels are drawn
between the type structure of a complete theory and the classical theory
of ideals in rings. These parallels prove useful in different ways, first
when I prove several classical theorems about rings and modules from abstract
model theory, then later on when [ use algebraic concepts such as Krull
dimension as part of the solution of model-theoretic problems.

Stability theory originated in the work of Morley [Mr, 1965] and
afterwards, Baldwin and Lachlan [BL, 1971]. Here already the ideas of
rank of types, equal-rank extensions, and independence of elements were
central to the theory. The full theory was developed by S. Shelah in a
series of articles dating from the early 1970's and culminating in his book,

Classification Theory of 1978 (Sh]. Here for the first time the important

concepts of orthogonality (a sort of independence relation for types) and
reqularity of types were studied. Regularity is a central concept of this
thesis.

In recent years the treatment of the elements of stability theory has
been considerably refined and simplified; and my treatment and terminology
follows more closely the recent survey article of Makkai [M] and is strongly
influenced by the work of Lascar and Poizat [LP], [L].

The study of the model theory of modules originated in a paper of Eklof
and Sabbagh [ES, 1971]. Here they introduced the theory TA of unitary

left A-modules over a fixed ring A and determined conditions on A so
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that T, should have a model completion TX . The whole theory was put on
firm foundations by the work of Baur [Ba] and Monk [Mo] (1975) who proved

the basic elimination of quantifiers result for TA . My own work was

inspired in part by the paper of Eklof and Sabbagh, in part by an example

(vector spaces with a linear operator) studied in Poizat's .thesis [Po], and

*
at first involved extending Poizat's ideas to TA . Later on I did much
*

A
concepts of stability theory beyond those considered by Poizat. Afterwards

more, finding the theories T, a fruitful source of examples of many

I turhed the whole process around, studying general totally transcendental
theories of modules by using abstract stability theory to prove things about
them analogous to the properties of the earlier examples.

The model theory of modules has become an intense field of study since
1979 when Garavaglia began publishing a series of articles on the topic
[G2-G5]. Other work followed rapidly from authors including E. Bouscaren,

A. Pillay, M. Prest, P. Rothmaler and M. Ziegler (1980-1984). Some of this
work, as will be noted later, overlaps with my own.

In 1975-76, T. McKee, S. Garavaglia and M. Ziegler independently intro-
duced a logic suitable for the study of topological structures and Garavaglia
[G1] laid the foundations of the model theory of topological modules. As
a result I was inspired to extend some of my own work on modules to the
topological context. Work in the field has continued, with Cherlin and
Schmidt considering decision problems and elementary invariants for various
theories of topological abelian groups.

In 1977, R. Deissler introduced a rank suitable for the study of minimal
models (with respect to <) of a complete theory. I was able to generalize

Deissler's rank, in particular in a way that allowed me to study models of
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some of the theories TX . Woodrow and Knight have also studied Deissler's
rank.

The balance of this section contains an outline of this thesis. In the
next section of this chapter, I give a fairly detailed outline of the neces-
sary elements of stability theory from the literature. The ring theory and

module theory will be introduced in each chapter as needed.

0.1 OUTLINE OF RESULTS:

Chapter I studies basic theories. A totally transcendental basic theory
is one in which every type is non-orthogonal to a strongly reqular l-type
over ¢g. Examples are the theories TX where A 1is a Noetherian ring.

As a direct consequence of elementary properties of strongly regular types
as expounded in Shelah's book [Sh, Chapter V.1] I prove the following Basis
Theorem for such theories T (see I, 2.1):

Let P be a maximal set of pairwise orthogonal strongly regular
l1-types over ¢. A basis B for MET is a maximé] independent set of
elements of M realizing types in P . Then every model M of T is
determined up to isomorphism by its basis, in fact M is prime and minimal
over its basis. Equivalently, M 1is determined by its dimension, the vector

<$ where 6p is the maximum cardinality of an independent set of

>
p peP
elements of M realizing p .

This chapter represents work done mostly in 1979, although the material
in section 4 is more recent.

*

Chapter II studies the model complete theories of modules TA introduced

by Eklof and Sabbagh in 1971. I show how all of the basic concepts of stabi-

1ity theory manifest themselves in these theories: I characterize independence,
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the Lascar-Poizat fundamental order, orthogonality, regularity, and so on.
From these characterizations it follows that TX is basic if A 1is
Noetherian. The most important outcome is an intimate correspondence
between the stability-theoretic type theory on the one hand and the methods
and concepts of classical ideal theory on the other. As a result I am able
to give purely model-theoretic proofs of two important theorems of classical
ring and moduie theory: Matlis' theorem [Ma, 1958] that every injective
module over a Noetherian ring can be written uniquely as a direct sum of
indecomposable modules, and the generalization by Lesieur and Croisot

[LC 1958] to the noncommutative case of the Lasker-Noether normal decompo-
sition of an ideal of a Noetherian ring. In actual fact the proof of the
Lesieur-Croisot result is delayed until Chapter III where an entirely new
and more general version is presented.

This chapter represents work done mostly in 1979-1980, while the normal
decomposition theorem was derived in 1982.

Chapter III extends the ideas and methods of Chapter II to arbitrary
totally transcendental theories of modules. Here I am inspired by a result
of Garavaglia [G4] that every tt module can be written uniquely as a direct
sum of indecomposable modules (extending the result of Matlis mentioned
above). Garavaglia's proof is partly algebraic in nature. As a result of
the Basis Theorem I am able to give a purely model-theoretic proof using
characterizations that I develop of independence, regularity and weight.
This represents work done mostly in 1980-1981, but I have modified my
presentation somewhat after receiving preprints of articles of Pillay and
Prest [P1, P2, PP] in the spring of 1981, along with a very helpful letter
from Mike Prest criticizing an early draft of the results of Chapter II and

III.
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Later I realized that the work on the model theory of modules could
be put in a much broader context: the abelian structures of Fisher [F].
This context ties in naturally with the work of Chapter IV. For any tt
theory of abelian structures closed under products, the set of l-types over
@ shares many characteristics in common with the set of left ideals of a
Noetherian ring A . For such a theory I give a normal decomposition theorem
for Sl(¢) which generalizes the Lesieur-Croisot decomposition of ideals in
a Noetherian ring. This result dates from 1982-1983.

Chapter IV studies the topological logic introduced by McKee [Mc, 1976],
Ziegler, and Garavaglia. I first show how the basics of stability theory
can be brought in to topological model theory by providing a translation
of the topological logic into ordinary first order logic. [ then concen-
trate on topological modules. By means of the aforementioned translation,
they provide a new example of Fisher's abelian structures, and all of the
results of Chapter III apply. In addition I show that the complete theory
of a compact topological module has elimination of topological quantifiers.

This chapter represents work done mostly in 1981-1982.

Chapter V considers generalizations of Deissler's rank rk introduced
in [D, 1977], and their applications to modules. A model M of T s
minimal with respect to < iff every element of M has a rank. In some
sense rk measures the difficulty of defining an element by choosing elements
from definable sets. |

The generalization is accomplished by considering various restrictions
® on the concept of definable set. Associated with each & are a Deissler
type rank rk® and a relation <, between structures. If certain elemen-

o

tary propertieé are satisfied, er and < have the same relationship
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as rk and < . I consider various &'s and their relationship with each
other and with some standard model-theoretic and algebraic concepts. I
solve a problem of Deissler on the relation between rk and Morley rank
(actually I get a sharper result in terms of Lascar's rank U ).

The specific application is to injective modules over a commutative
Noetherian ring with @ being the set of positive primitive formulas and
the corresponding rank being rkt » positive Deissler rank. Analyzing
injective modules in terms of their direct sum decompositions into indecom-
posables, I obtain upper bounds on rkt in terms related to the Krull
dimension of the underlying ring.

This chapter represents work done mostly in 1982-1983.

0.2 ACKNOWLEDGEMENTS:
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people who taught me stability theory and who criticized my work as it
developed: Victor Harnik, Daniel Lascar, Anand Pillay, and Mike Prest.
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Most of all I owe a great debt of gratitude to my advisor Dr. Michael
Makkai, who first inspired me with my love of mathematical logic, and who
over the years has been a fine teacher and a constant source of inspiration.
My work would notvhave been possible without his patient guidance.

During the course of my graduate studies I received financial assis-
tance in the form of scholarships from NRC (later NSERC) of Canada, and
the Quebec Ministry of Education (FCAC). I later received aid in the form

of research assistantships funded through NSERC and FCAC. I thank these
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agencies for their help. In addition I have received generous financial
aid over the years from my parents.

I am especially grateful to Norine Wintonyk for undertaking the enor-
mous job of typing this thesis in a short space of time. I would also like
to thank the Department of Mathematics, University of Saskatchewan, for
granting me access to some of their special typing aids.

The final preparation of this thesis was undertaken while I was employed
full time by the Department of Mathematics, University of Saskatchewan and
I am grateful for the understanding and flexibility the Department has

shown in allowing me the time and facilities to complete the project.
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0 1. SUMMARY OF THE ELEMENTS OF STABILITY THEORY

1.0 SOURCES: The prime source for the work on stability theory in

this thesis is the book of Shelah [Sh]. The work of Shelah has been
so important that it has already inspired several articles whose main
purpose is to refine and clarify the ideas and techniques of Shelah.
The most important of these for my purposes are the paper of Lascar
and Poizat [LP] on the elements of forking theory, the paper of Lascar
on orthogonality and regu]afity [L], (both of which contribute major
new insights to their subjects) and the survey article of Makkai [M]
which synthesizes the various approaches. Wherever possible I will
refer each result below to each of these sources. The artic]es men-
tioned adequately cover the history of the individual resuits, some
of which is quite involved. I also refer the reader to the article

of Harnik and Harrington [HH].

1.1 NOTATION AND CONVENTIONS:

My notation and terminology are fairly standard and much of it
can already be found in [CK]. L, L', etc. denote finitary first
order languages; ¢(§), w(?) are formulas of L with free variables
included in the possibly infinite sequence of variables X ; [L| is
the cardinality of the set of all formulas of wa ; , o(X) are
arbitrary sets of sentences or formulas of L (with free variables
incluced in X ); T, T' are generally used to denote complete theories
in L p(X), q(X) , etc. denote complete types of a theory T ,

with free variables included in X .
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The equality sign "=" 1is the predicate symbol for equality in L
and is also used informally for the predicate of equality. The symbol

N, .,=n
..

is used for definitions and is read "is defined to be". The

symbol ":=" assigns a temporary value to a variable symbol. The
symbol ":=:" compares two strings of symbols:
"¢ :=: ¢(x, y) = 'x +y =0" "

means that ¢ is the formula ¢(x, y) with free variables x and
y , and ¢ is specifically the formula 'x +y =0' . The symbol
"::" compares the length of strings: "a :: X :: n" means that the
sequence of constants a has the same length as the sequence of
variables X , and this length is n e w . In many-sorted logic,
"::" means that the sorts match as well.

The model-theoretic symbols ""=", "=", f<", "', and "+" all
have their standard meanings. If parameters from a set A are to
N* and "M =

be considered, I write "M = N" or "M =N (A)" and

“A A
uM = N (A)" .

[ adopt the convention of working entirely in some saturated
model & of T of large cardinality © (say © strongly inaccess-

ible). & 1is called the Shelah Universe or Monster Model. The

important feature of & is that saturation implies that & s

universal and homogeneous, so the
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subsets and submodels of & adequately represent the models of T . Unless
explicitly stated otherwise, all sets, models, sequences are assumed to be
subsets of &€ of cardirality < @ , in particular, types are over sets of
cardinality < © and have fewer than © variables. Sometimes for emphasis
such sets are referred to as small sets, but usually I just say set with the
restriction understood. By the saturation of € every type, in fact every
type in £ @ variables over a small set, is realized in € . Furthermore

if b, ¢, A are small, b A C , then there is an automorphism of € fixing

A and sending b to C. That is, if b and ¢ have the same elementary

type over A , t(b, A) = t(c, A) , then they have the same automorphism type
in ¢ over A (and of course, conversely). If A is a small set, L(A)
is the language extending L with new constant symbols for each a € A
(also denoted by a) and T(A) is {o|loc a sentence of L(A) ,C F o} .

When I want to make the distinction, script letters M, N denote
models, M, N denote the corresponding underlying sets. Since everything
is contained in € and in particular M, N <& , mostly the distinction
doesn't matter, although in Chapter V where I am not always dealing with
complete theories it does. A, B, C, etc. denote arbitrary sets, lower case
letters a, b, ¢ denote elements and an arrow _ is used to denote possibly
infinite sequences: 3, b, C . aeA means that each element of the sequence
a is an element of A, and A denotes some enumeration of the set A
as a sequence.

If aeA and o¢(x, a) is a formula, o[A, 3) ::= {be Al E ¢[b, all .
Similar definitions are made for formulas o¢(x, a) and types p(Xx) . If

the formula is o(c, X, a) I write o(c, [A], a) .

Sn(A) is the set of all complete n-types over A ; if I need to specify
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the formal variables appearing as the free variables of the types I write
S;(A) . on, X may be infinite: S,(A) denotes the class of all types in
< @ variables over A , S(A) denotes the set of all finitary types over
A, S(A) ::= Un<w Sn(A) .

A useful device introduced in [M] is that of an ideal .type: a com-
plete type p over the universe g ; by the conventions adopted such a
P is not, properly speaking, a type. "Choose an ideal type p extending
p" stands in place of "choose an arbitrary extension p' of p to some
set B (to some sufficiently saturated model M)"; choosing ideal exten-
sions means that we do not have to keep track of the domains of the

extensions, and the saturation of & allows us to talk (in a useful way)

about automorphic copies of p .

1.1 DEFINITION: [Shelah]

Let X be an infinite cardinal, T a complete theory in L .

in

(i) T is stable in A if for all A, |A| £ 1 dimplies that ISl(A)| A

(equivalently we can write |S(A)| s X ).
(ii) T is stable if it is stable in some X .
(iii) T is superstable (ss) if for some AO, T 1is stable in all A 2 AO .

(iv) T is totally transcendental (EE),if for every countable sublanguage

L' of L, Ti' , the restrictionof T to L' , is stable in all infinite

powers.

1.2 THEOREM: Every totally transcendental theory is superstable with

Ay S |L| ; every superstable theory is stable. The converses do not hold.
For countable L , T 1is tt iff T s 8b-stab1e; there are uncountable

superstable theories T with A, = |IT| but T not tt.
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1.3 DEFINITION: [LP 2.1] Let p e S;(M) » q e S=(N) . A formula

w

¢(§, V) s represented in p if for some meM s ¢(§, ﬁ) Ep. "pzq"
if every formula that is represented in p is represented in q . "2" is
a pre-order on the class of types over models of T with induced equiva-
lence relation ~ . The equivalence classes of ~ are called classes of
types; the partially ordered set (by <) of the classes of types of T is

called the fundamental order (of n-types) of T . If p€q and p ~q

then q 1is called an heir of p .

1.4 THEOREM: [LP, 4.8, 5.1, 5.10] [M, "First Basic Fact"] Let p e S(A) ,

T stable. The automorphisms of & fixing A (AutA(@)) induce an equiva-

lence relation on the ideal type extensions of p: Bb and '51 are in the

same orbit if for some o € AutA(@) s a(Eb) =P -

(i) There is exactly one orbit of ideal type extensions of p under auto-
morphisms of € fixing A with cardinality <© (in fact < 2|T|). ATl
other orbits have cardinality 2 © .

(i1) The ideal types in the small orbit are all equivalent (~). Further-
more, their class, called the bound of p , B(p) , is the unique class
maximal among the classes of extensions of p to models, so if A was a

model, p 1is in this class, and so are all the heirs of p .

1.5 DEFINITION: (Continue the notation and terminology of (1.4)).

(i) The ideal types in the small orbit are called non-forking extensions

of p . All the other ideal type extensions are called forking extensions
of p. If p<qg,q 1is a non-forking extension of p iff q is con-
tained in some ideal non-forking extensidn of p. If qeS(B) ,B>2A,
and q 1is a non-forking extension of qtA , then we say that g does not

fork over A . (Abbreviations: "q is a nf ext. of p", "q dnf over A" ).
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(ii) Sets B, C are independent over A , B%(C , if for any bebB s

t(b, A UC) does not fork over A . A family (B;)ser

over A iff for each iel, B, *U(Bj(i#jed) .

is independent

(iii) The cardinality of the small orbit is called the multiplicity of

p . A type is stationary if it has multiplicty 1. If p -is stationary,
it has a unique non-forking extension to any set B containing the domain
of p , denoted by p|B . If p, q are stationary types over A , p ©gq
is the (unique) type of the sequence a~b over A » Wwhere a and b
are independent over A , a satisfies P b satisfies q . The nota-
tion is extended in the obvious way to ® iel Pi and to é:) 11= QHeK P .
If p and q are stationary types over arbitrary sets, p and q are

parallel, written p || q , if p|€ = q|€

1.6 THEOREM: [Sh, III, Cor 3.2], [LP 5.9] [M, "Second Basic Fact"].

Let T be stable.

There is an infinite cardinal « g |T| such that every type p is
the unique non-forking extension of its restriction to some set A with
|A| <« . The least possible «k satisfying this condition is denoted by
k(T) , and Kr(T) is the least regular cardinal 2 «(T) . In this situation
(p dnf over A , ptA stationary) we say that p 1is based on A, so the

theorem says that every type is based on a set of cardinality < k(T) .

1.7 THEOREM: Let T be stable.

(i) L is invariant under automorphisms of €.
(i1) For any A, B, C there is an automorphism o of €& fixing A such

that o[BI C .
A
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Thus for every p e S(A) , A<C , there is qe S{(C) , q2p , and
q is a non-forking extension of p , q dnf over A .

(i11) BLC , AcA' cAUC,C' €AUC=>BL C'
A A'
(iv) AcA' ,BJL C,BJLA 2BlC

A’ A A
(v) BLC=>cCLB
A A
(vi) Suppose that <Aa>a§8 s <Ba>a§8 and <Ca>a§6 are increasing chains

of sets with Ag =U o A and similarly for Bgs Cq « Then Ba\k ¢, for
all a < g 1implies that BBJ, CB . | o
Ag

(vii) Suppose that p € S(B) forks over A <B . Then there is a finite
BOCZ B and a formula ¥(X) e p over BO such that for any gq ,

dom(q) =B UA , w(X) e q implies that q forks over A .

REMARKS: These are the basic properties of |, (i.e. of non-forking) in
the form as summarized in [M, Al-A7]. They can all be found in various

forms in [Sh, Chapter II, III] and in [LP, section V].

1.7a ASSUMPTION: From now on I assume without stating it that T is a

complete stable theory.

1.8 THEOREM: (i) The Open Mapping Theorem [LP, 5.12], see also [M, A8].

Let A SB, ¢(X) a formula over B . Then there is a formula p(X) over
A such that for any p e S(A) ,ype p 1iff there is q e S(B) , q a non-
forking extension of p , with ¢ € q .

As a consequence if q 1is isolated and q dnf over A , then qtA
is isolated.

(ii) The Finite Equivalence Relation Theorem [SH, III, Theorem 2.8,
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Corollary 2.9]. See also [LP, 5.13] and [M, B3]. If p # q e S(B) do not
fork over AC B , then there is a finite equivalence relation E definable

by a formula of L(A) such that p(X) U q(¥) b =E(X, ¥) .

1.9 THEOREM: [LP, Section 8] T 1is superstable iff the fundamental order

of T is well-founded.

The foundation rank of the fundamental order is called Lascar's rank U ,

U(p) 1ds the rank of B(p) in the fundamental order.

1.10 THEOREM: Let T be tt. Then:

(1) [Mr] Every type has finite multiplicity.

(ii1)  [Sh, IV, Theorem 4.18] Let A be any set. Then there is a prime
model M over A . M is unique up to isomorphism over A and is charac-
terized as being atomic over A with no non-trivial uncountable sets of
indiscernibles.

(iii) [Sh, IV, Theorem 4.21] Suppose M 1is atomic over A . Then M

is minimal over A with respect to < iff there are no infinite non-trivial
sets of indiscernibles over A in M.

(iv) (Notation) If M 1is a model, p a type over M, a realizes P,
then M(3a) or M(p) denotes the unique prime model over M U {a} .

(v) [Sh III, 3.8] See also [M, A9, Al4, Al6]. Every type is based on

a finite set. That is k(T) = Xy - (In fact a stable theory T' is super-
stable iff «(T') = %) .)

1.11 DEFINITION: ([Sh, V, Definition 1.1] See also [L, 2.2, 6.1] and

[M, C.1]. Let p, q be *-types over arbitrary sets. p and q are
orthogonal, p +q , if for every p', q' non-forking extensions of p, g
respectively to the same set A , and for every b, © realizing p', q'

respectively, bl ¢ .
A
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1.12 THEOREM: [Sh, V, Theorem 1.2, 1.4]. See also [L, comments after 6.1]

and [M, C4, C5].
(i) . is invariant under paralielism of stationary types.
(ii)  Suppose {Eili < n} is independent over A . Then t(b, A) ; t(Ei, A)

-~

for all i <n iff t(b, A) 1tlcy ™ ¢y "™ .o “c 15 A) .

(i1i) Suppose (qi) are stationary. Then p .1gq. for all iel iff

jel
Pt ®er 95 -

(iv) Suppose B, C are independent sets over A and for each b e B ,
ceC, t(b, A) , t(c, A) are stationary and t(b, A) 1 t(c, A) . Then

B UC is independent over A .

REMARKS: The proofs of (i)-(iii) are elementary from the definition of .
and the properties of L, . (iv) is an immediate consequence of (ii) (i.e.
of [Sh, V, 1.4(1)]) as follows:

Without loss of generality B, C are finite. Fix beB . Then C
is independent over A and for each c e C , t(b, A) +t(c, A) so by (ii)
t(b, A) 1t(C, A) . Now B is independent over A and for each b e B ,
t(C, A) 1 t(b, A) as I have just shown, so again by (ii), t(C, A) +t(B, A).

Thus by the definition of . , BLC. Since B, C are each independent
A

over A, B UC 1is independent over A .

1.13 DEFINITION: (The ideas here ultimately have their origin in [Sh, V, 2]

where orders éw’ §s between indiscernible sets are considered.)

(i) [L, 5.1] See also [M, C.10] Let A, B, C be sets. B 1is dominated

by C over A iff for any set X ,

XL C=>xL8B
A A
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(ii) [L, 5.2], [M, C.13] Let p e S,(A) , q e S,(B) be stationary.

"p «q" (p s eventually dominated by q ) if for some E o> A|yB there

are realizations C, D of p|E , q|E respectively such that C is domi-
nated by D over E .

psq means p<q and q<p

1.14 THEOREM: [L, 2.3] [M, C.12(i)] Let T be tt. Then for any model

M and set C , M(C) ds dominated by C over M.

1.15 THEQOREM: [M, C.13™7], see also [L, section 5, especially 5.4].

(i) < is invariant under parallelism.
(ii) < 1is a pre-order, < is an equivalence relation.
(ii1) p<q, qur=>pa.r

(iv) p<qgq=per < gqer

1.16 DEFINITION: [Sh, V, Definition 3.2] See also [L, 7.2] and for the

most general version, [M, D.1] on which this js based.
(i) pw(B/A) ::= sup{|I| | there is (C;) e » independent over A ,
B C. forall ieI}.

'

(ii) The weight of B over A s
w(B/A) ::= sup{pw(B/A')|A cA', BLA'} .
A
(iii) If p e S,(A) , B realizes p , then w(p) ::= w(B/A) .

1.17 THEOREM: [M, D.2] See [Sh, V, 3.10, 3.12] and [L, Section 7]

(0)  w(B/A) s (x.(T))” + |B| , where for a cardinal « , k" =« if «
is a 1imit cardinal, «~ = A if k = A"
(i) B <B' => w(B/A) £ w(B'/A)

A cA' =» w(B/A') < w(B/A)
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(i) AcA' ,BLA' = w(B/A) = w(B/A')

A
(iii) w(B/A) = 0 1iff B <acl(A) , i.e. iff every element of B 1s
algebraic over A .

(iv) If p 1is stationary, p 4 9 for each iel , gq,

;L9 for

J
i#jel, then |I| < w(p) .

(v) B is dominated by C over A implies that w(B/A) £ w(C/A) . Hence
p<q implies that w(p) < w(qg) .

(vi) Suppose <C.>. is independent over B . Then there is I1'.'<1 ,

i" el

[T - 1| < w(A/B) , such that AL U<C.>, ;. -
B 1 1€

1.18 THEOREM: [Sh, V3.11, 1.15, exercise 3.12 (in part)]. [M, D4, D5].

(i) If <> . 1s independent over A then

W(Ua<K Ba / A) = Ly <k w(Ba / A) .

(i1) Suppose that B.s Cj.C-D for iel,jed, w(Bi/A) = w(Cj/A) =1

for all i, j , and <B.>, I <C are maximal independent families

>
i e J jed
over A in D . Then |I| = |J]| .

1.19 DEFINITION: [Sh, III, Definition 4.5] Let p e S(A) have weight

1, A<M . Let B be a maximal independent family of realizations of p
in M. Then B 1is called a p-basis of M , and dim(p, M) ::= |B| s
well defined by the preceding theorem. If C <p[&] , dim(p, C) 1is defined

\
similarly.

1.20 THEOREM: [M, D5'] See also [Sh, V3.1 and V, 1.13(1)].

(1) For p, q stationary, w(p) =1, we have p L g iff p <q .
(i1) If w(b, A) =1 then a b ,blc=>a,kc. |
A A A

(ii1) If p is stationary, w(p) =1 then gAp,pAr=>qir.
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Hence A s an equivalence relation on the stationary weight 1 types

and in fact, for such types p, q, pAgq iff pggq.

1.21 DEFINITION:

(i)  [Sh, V, Definition 1.2] See also [L, 6.2] and [M, D.61. p e S(A)

is regular if it is stationary, non-algebraic and orthogonél to every forking
extension of itself.

(ii) [Sh, V, Definition 3.5, Exercise 3.10]. See also [L, 2.6] and [M, D.13].

p € S(A) is strongly regular (sr for short) via ¢ if it is stationary,

non-algebraic, ¢ € p and for any q with ¢ € q either p1g or p | q.

1.22 THEOREM:

(i) Every regular type has weight 1.

(i1) Every strongly regular type is regular.

(iii) Regularity is parallelism invariant. If p is sr via o(X, 2) ,
dom(q) 23 , and q |p, then q is srvia ¢ .

(iv) (T tt) Let p be a stationary type over A , o(X) e p . Then p
is sr via ¢ iff there are models M <N , A, <M such that for every
ae o[N\ M], t(a, M) is a non-forking extension of p .

(v) (T tt). If M &N then there is a € N\ M such that t(a, M)

is sr.

REMARKS: (i) is [Sh, V, Lemma 3.10(2)]. See also [M, D.8]. (ii) is

[Sh, V, Theorem 3.18]. See also [L, 6.3] and [M, D.14]. (iii) is [Sh V,
1.8]. See also [L, 6.5] and [M, D.7]. (iv) is [Sh, V, Exercise 3.18].
See also [M, D.15]. (v) is [Sh, V, Exercise 3.11]. See also [L, 2.8]
and [M, D.161].
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1.23 THEOREM: [Sh, V, Theorem 3.9]. See also [L, 7.1] and [M, D.10, D.11].

Let T be superstable.
(1) Every stationary type q 1is equivalent to a finite produce of regular

198®

ien Pi is called a regular decomposition of p ,

types  (pi); ., -
and n = w(p) , so every type has finite weight.

(ii) If q' 9@,

i<n’ p% is a regular decomposition then q' < q iff for

some 1-1 map f: n' >n , p; L P(4) for all i <n' .

(ii1) If q, q' are stationary then q £ q' 1iff there is a regular p
such that p4dq,p Aq' .

(iv) If T 1ds tt we may take all the regular types mentioned in (i)-(iii)

to be strongly regular.

1.24 THEOREM: [Sh, V, Exercise 3.16], [L, Section 2]. See also [M, D19'].

Let T bett, MET . Let p e S(M) be strongly regular. Then for

every type q , p 1is realized in M(q) iff pLigq.

1.25 THEOREM: [Sh, V, Exercise 3.14]. See also [L, 4.2] and [M, D.19].

Let T bett, MET , pe S(M) . Then there is a sequence of models
M= Mg <My <o Moo= M(p) such that for each i <n , Mi+1 = Mi(pi) for

some sr type p, over M; (and (pi)i<n is a regular decomposition of p ).
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I. BASIC THEORIES

I 0. INTRODUCTION

The main content of this chapter is a Basis Theorem [K1] for certain

kinds of totally transcendental theories which I call basic. The Basis
Theorem provides a partial description of the structure of the models of
a basic theory.

The original motivation for the Basis Theorem was twofold. The
first aspect was an attempt to understand the stability theory underlying
the structure of the models of TAf , the model completion of the theory
of modules over a commutative Noetherian ring A as introduced by Eklof
and Sabbagh [ES]; and more particularly to understand the model theory
behind the theorem of Matlis [Ma] on the existence and uniqueness of a
direct sum decomposition for an injective module over A . The second
aspect was simply the desire to understand fully the meaning and signifi-
cance of the concept of "strongly regular type", particularly in such
theories as TA* . In fact, this program was successful, and it applied
in a more general setting, namely to the work of Garavaglia [G4] on
totally transcendental modules, discussed in full in Chapter III.

Several examples illustrating the ideas of the present chapter will have
to be delayed until the necessary background has been developed in
Chapters II and III.

The material necessary to treat these goals is discussed in sections

1 and 2.

Later I realized that the Basis Theorem was contained (although not

explicitly so stated) as a special case of the proof of the "Main Theorem"

~ of Shelah's book [Sh, IX, Theorems 2.3, 2.4]. The Basis Theorem has a
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simple proof, depending only on the elementary properties of strongly
regular types given in Chapter V.3 of [Sh]. (That is, principally -
1.12, 1.18, 1.20, 1.22, 1.24 of the introduction to this thesis.) The
reader should take note that the treatment of orthogonality and strong
regularity in this thesis has been influenced strongly by .papers appearing
after my abstract [K1] reporting the Basis Theorem was published, in
particular Lascar's paper {L] on the subject and Makkai's survey article
[(M]. Therefore I hoped that the Basis Theorem could provide some illu-
mination of the proof of [Sh, IX, 2.4], which in its original form is very
difficult. The relationship between the two theorems is not directly
apparent: the Basis Theorem talks about the structure of the models of
T , whereas [Sh, IX, 2.4] talks about the "spectrum functions"

It(ﬁi,age, T) of the theory T , the number of non-isomorphic modeis

of certain kinds.

In 1982 A. Pillay published an article [Pi] giving a more straight-
forward version of the proof of [Sh IX 2.4] for countable T and
It(xa,:xo, T) only. In section 3, I present the entirely combinatorial
arguments necessary to calculate the spectrum functions of an arbitrary
basic theory T . Then, as a sort of an appendix, I give in section 4
a fairly detailed outline of how to prove the full version of [Sh, IX, 2.47,
working from the Bgsis Theorem and the calculations of section 3. The

details of the proofs all come from Pillay's article (and of course

~ultimately have their source in Shelah's original proof), but the approach

and emphasis is quite different. I am very careful to separate important
structural questions ("models of T 1look Tike ...", "two models of T

are isomorphic when ...") from the purely combinatorial problem of
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counting the number of models. Neither Shelah nor Pillay emphasize
structure, and I feel that failing to do so obscures some important facts
about the models of non-multidimensional totally transcendental theories.
In section 1,(1.0-1.2)are included to put the material on basic
theories following into the proper broader context, and to prepare for
the application of the Basis Theorem in section 4, but(l.1)and (1.2)are
not actually applied in sections 1 and 2, and in section 3 all that is

used is u(T) £ |T| which is obvious anyways.
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I'1. BASIC THEORIES

1.0 REMARKS: Most of Definition 1.1 and Theorem 1.2 below are contained

at various places in Shelah's book [Sh], to which the following references
are made. u(T) is not introduced until [IX, Theorem 2.3], where it is
called ND(T) , although properties of it are dealt with extensively in
Chapter V. "Multidimensional" is developed mostly in [V.5] although it
begins in [V.2]. See in particular [V definition 2.2, definition 5.3,
and theorem 5.8]. |

For the simpler version given here, see [Bo L, Definition 3.2 and
following] and [Pi, III.1]. I restrict my attention to totally transcen-
dental theories, although of course the definition can be made more
general. So throughout the balance of this chapter T represents a
complete totally transcendental theory and M0 denotes the prime model

of T.

1.1 DEFINITION: Consider the equivalence relation [/ defined on the

class of all weight one types of T . Let u(T) be the number of
equivalence classes of £ ; I write p(T) = = if this is 2 €]

(i)~ u(T) is called the number of dimensions of T .

(ii) T ds multidimensional if u(T) = « .

(iii) T s non-multidimensional (nmd) if w(T) < = .

(iv) T s unidimensional if u(T) =1 .

1.2 THEOREM: (See [Sh] as referenced in (1.0), also [Bo L 3.2-3.4],

[Pi, III.2, III.71).
The following are equivalent:

(i) wT) < |7
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(1) w(@) <=
(iii) Every non-algebraic type is non-orthogonal to some strongly

regular 1l-type over the prime model M0 .

1.3 DEFINITION: (i) T s basic if there is a complete set P of

representatives of the £-equivalence classes of weight one types in the

form of sr l-types over ¢. Such a set P 1is called a set of primes for

T and each p € P is cailed a prime.

(ii) If MET , dim(M) ::= <dim(p, M)|p € P> is the dimension vector

of M.

In what follows, &, &', etc. represent vectors of finite or infinite
cardinals <6p> is the pointwise partial order on such vectors,
and 60 1= dim(MO). If k is an infinite cardinal, GK is the dimen-
sion vector satisyfing GK(p) =k forall pe?P.

(iii) A basis for M E T is the union of p-bases for M , one for each
pepP. B, B', etc. denote bases. If B 1is a basis for M and pe P

then Bp ::= B\ p[M] .

1.4 REMARKS: Clearly a basic tt theory is nmd. In fact, by (1.2), T

is nmd iff T(MO) is basic.
The choice of a particular set of representatives P may be important:
dimension is not an invariant of the £ -classes of weight one types, as

example (1.6) shows (among other things).

1.5 EXAMPLES:

(i) The characteristic example of a multidimensional tt theory T is

the theory of one equivalence relation E with infinitely many equivalence
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classes, each one infinite. In this case € has 0= L] classes, each
of cardinality © , and each class corresponds to a weight one type, any
two distinct classes being orthogonal. So w(T) = =,
(i1) The theory of one equivalence relation E with exactly n classes,
each one infinite 1 <n <w , on the other hand, is nmd with u(T) =n .
(As in (i), the classes of E are in 1-1 correspondence with the classes
of € ). However this theory is not basic: the sr types are of the form
E(x, a) where a is a parameter.
(iii) Any complete theory of modules is nmd. In fact, any tt theory of
modules is basic. I prove this in Chapter III only for the special
theories of modules which provide the proper context for the results of
that chapter, but afterwards I make some remarks on the general problem
(I1I, 3.3, 3.4).
(iv) In particular, Chapter II is an extended study of a family which
includes many basic tt theories of modules. Let A be a commutative
Noetherian ring, TAf the theory of existentially closed A-modules as
put forth by Eklof and Sabbagh [ES]. Spec(A) denotes the set of prime
ideals of A . In Chapter II I establish a 1-1 correspondence between
the strongly regular l-types over ¢ of TA* and Spec (A), and as a
consequence u(TA*) = |Spec(A) ] .
(v) Let T be a complete theory in a countable language. Then T is
unidimensional tt iff T is ml-categorica1.

Some wl-categorical basic theories are the theory of Z with the
successor function and the theory of algebraically closed fields of

characteristic 0.
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1.6 EXAMPLE: Section 4 of Baldwin and Lachlan's classic paper [BL]

contains examples which may be adapted to show that two naive intuitions
about the dimension of a model of a basic theory are in fact false. The
examples are quite strong, being of basic wl-categorical theories, so
p=1 and up to £ there is a unique sr l-type p over-g .

One intuition is that the dimension 60 of the prime model M0
should be "simple": p is not isolated (60 = 0), p 1is realized once
(60 = 1) or p 1is realized infinitely often (60 = RO) . Possibilities
such as, say, 60 = 17 seem unnatural. The first example has 60 =2.

The second example shows that dimension is not £ -invariant, i.e.
it is not a property of equivalence classes of weight one types over 4.
The example has prime model N', P £ p, sr 1-types over g, dim(pl, N') =1
dim(p,, N') = 2 . Thus the dimension of a model is sensitive to the
choice of a set of primes P .

The second example of course also illustrates the same point as the
first; both must be presented since the second is constructed from the
first. Furthermore the first example has a unique sr l-type over ¢ so
it is impossible to make the dimension of the prime model be anything
else but 2.

(i) Let M::= <@, T> with T(x, Y, 2) = =x +y + 2z . Baldwin and
Lachlan prove the following:
Every n-ary relation on Q definable by a formula of L = {T} s

a Boolean combination of relations R of the form

n
R(Xqs voes xp) @ 'Zl q;x; = 0
where Q1> «++> Qp € @ and _21 qi = 0 (of course 9qs -ee» Q can
'|=
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be taken jn Z ). In fact, for any n-ary term t of L , there are

ne-1s

al, s ey anez b ] .

a. =1, such that for any X{s wees X €Q 5
j

i

1
n
t[xl, eees X 1= § a.x. . It is easy to see that any such function

occurs as the evaluation of some term t of L , and as a consequence
any relation R of the form above is definable by a formula of L .
(Hint: din fact we can take t to be "special” where the set of special
terms is defined inductively as follows: A1l variables are special, and
if x, z are variables and t 1is special then so is T(x, t, z) .)

Baldwin and Lachlan then show that it easily follows from the above
elimination result that the formula "x = x" 1dis strongly minimal and so
~ Th(M) s Rl-categorical.

Now, the elimination result shows that every consistent formula in
one or two variables x, y is equivalent to one of "x = x", "x = y",
"x # y" and so there is a unique 1l-type p(x) over ¢ and a unique
2-type q(x, y) over g of distinct elements. Since "x = x" is
strongly minimal, p is strongly regular. Also, q(x, y) must be the
type p8¥ p, i.e. every pair of distinct elements is an independent
set over ¢ in p[M] .

It is clear that M 1is the prime model of its theory, in fact M
is minimal. Thus since every pair of distinct elements is independent,
dim(p, M) 2 2 . On the other hand, given a, b, ¢ distinct elements

of @ , the system of linear equations

aq1 + bq2 c
q1+ q2=1

is consistent,with’a unique‘solution 495 9y > because a # b . Since
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q; + qp = 1, there is a formula of L defining the relation R(x, y, z)e
® gyx + 9oy =2 . Thus ¢ 1is definable frbm {a, b} , hence c¢ depends
on {a, b} . Hence dim(p, M) = 2. |
(ii) Note that in the structure M above, for any b, c € @ the
function (Ax)T(b, ¢, x) defines an automorphism of M sending b to
¢ , and that if the automorphisms (Ax)T(b, ¢, x) and (Ax)T(b', ¢', Xx)
agree at one point, then they are identical.

Example (ii) is constructed from M by pasting copies of M as
"fibres" over each element of a base copy of M by a binary relation
R: R[b, ¢] holds iff b ds in the base copy and c is in the fibre
over b . T 1is a ternary partial function which, restricted to each
copy of M, gives it the structure of example (i). T is extended using
the remark of the first paragraph to provide isomorphisms between the
base copy and each of the fibres. Thus any model of the resulting theory
is constructed from some M' = M 1in the manner described. The main
points of the construction are illustrated in figure 1.6a. Formally:
Let N=<N, T, R> where N =Q0& Qz and R(x, y) holds iff xe @,
y e‘D2 and y = <x, z> for some z . Let C denote the base copy ®.
C 1is definable over ¢ by the formula (3y)R(x, y) . For each b e C ,
let C, denote the fibre over {b}. Cy, s not definable over ¢, but
is definable over {b} by the formula R(b, y) . T(x, y, z) 1is defined
just in case
(a) X, ¥, z €e® in which case it is -x +y + z € R as before.

2 for some b ,

(b) x = <b, Xg> » ¥ = <b, Yo> » Z = <C, zp> in Q
Xg» Yoo and Zy > in which case it is <b, “Xg t Yo * Zo” -

(c) x,ze R, y=<x, Yo e®2 , in which case it is Ky =Xt yo 2>
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Now (a) and (b) establish that <C, T> and each <Cb, T> are
isomorphic to M . (c) provides a definable-with-parameters isomorphism
between <C, T> and <Cb, T> , in fact, for each be C and c ¢ Cb ,

- (Xx)T(b, ¢, x) 1ds such an isomorphism. Notice that the definable
isomorphisms on Cb “commute" with this isomorphism: if-c' e Cb
then for all x e C , T(b, c', x) = T(c, ¢', T(b, ¢, X)) .

Clearly then every model of Th(N) 1is uniquely determined (by
means of this construction) by some M' =M . Thus N 1is the prime
model of its theory which is R l-categorical. Furthermore, since
"x = x" was strongly minimal in Th(M) , the‘formulas (3y)R(x, y) and
R(b, y) defining the various isomorphic copies of M are strongly
minimal in Th(N) .

Now pick any b e C and let N' = <N, b>, T0 = Th(N') . TO has
(at least) two strongly minimal formulas over g: (3y)R(x, y) and
R(b, y) , with corresponding sr l-types over ¢ Pq and Py respectively.
dim(pl, N') = dim(pl, <C, b>) =1 (since dim(pl, C) = 2 by part (1))
and dim(pz, N') = dim(pz, Cb) = 2 , since no element of Cy is named

in N' . Since To is R l-categorical, hence uni-dimensional,

Py # Py -
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I 2. THE BASIS THEOREM
2.0 THEOREM: Let T be a tt theory, P a set of primes for T , M0

the prime model of T, «, = |M0| » 8 = dim(MO) . Let M, NET,
M| =k (so k2 KO) . Let & be a dimension vector and X an infinite
cardinal. |
(a) on bases:

(1) any basis of M is independent over g.

(ii) any two bases of M are isomorphic over g.

(iii) any independent set of elements in M realizing types

p € P can be extended to a basis of M .

(iv) M 1dis prime and minimal over any basis B of M.
(b) on dimensions:

(v) dim(M) = dim(N)® M 2N .,

(vi) dim(M) < dim(N)® M< N .

(vii) 50 < dim(M) < (SK .
(viii) 60 < 685 .

(c) on the existence of models and saturation:

(ix) &85 < 8% (N E T)[dim(N) = §]

0

In such a case, |[N| = $

) + ZpeP p -
(x) M is A-saturated® §, s dim(M) .
In particular, every N E T may be extended to a

A-saturated model of T .

(xi) M is the saturated model of power « iff dim(M) = &

K .

PROOF: (i), (i1) and (iii) are all immediate: (i) by (0, 1.12(iv)),

(ii) follows from (i) since for any two bases B, B', |Bp| |Bs| for

each p e P, and each p is stationary, and (iii) is obvious from the
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definition of basis (0, 1.19).

(iv): Let B< M be a basis for M . Let Ml be prime over B ,

BCS My <M. Suppose My # M. Then by (0, 1.22(v)) there is a e M\ M1
such that t(a, Ml) is sr. Hence there is pe P, p kt(a, Ml) . By
(0, 1.12(1)), p|M1,ift(a, Ml) and by (0, 1.22(ii1)) P|M1 is sr.
Hence by (0, 1.24) p|M1 is realized in M;(a) €M, say by b . Thus

in particular, b J,Bp , contradicting that B is a p-basis for M .

) p
(v) Since dim(M) = dim(M') it is easy to see that a basis B of M
is iéomorphic to a basis B' of M' . Since M 1is prime over B and

M' is prime over B' by (iv), M = M' follows from the uniqueness of

~ prime models (0, 1.10(ii)) ..

(vi)(=) Let B'<S N be an independent set of elements realizing types
p e P such that for each p e P, |p[B']| = dim(p, M) . This is possible
since dim(p; M) < dim{p, N) . B' 1is isomorphic to a basis E of M,
and by (iv) M s prime over B , so there is an elementary embedding

f: M< N.

&) Without Toss of generality, M.< N . Let B be a basis for M .
By (iii) B may be ex£ended to a basis B' for N, i.e. B B'.
Hence dim(M) < dim(N) . |

(vii) Mo-s M, so 60 < dim(M) by (vi). Clearly for each p e P ;
dim(p, M)< [M] , so dim(M) < SK |

(viii) Immediate by the characterization of prime models (0, 1.10(ii)) .

(ix) Let B, be a basis for My - Each p € P is non-algebraic, so

0
has arbitrarily large independent families in € . In € , choose

B> BO , an independent set of elements satisfying types p € P, such

that for each pe P, |p[Bl| =6 This is possible by the above

b
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Y‘k H = . A
~remar! and the fact that 6p 2 (60)p |

tet N be prime over B . Clearly |N| = Kg * T By the

pep %p -
maximality of BO s MO() B ='BO . Suppose B is not a basis of N .
Then there is be N, t(b) e P, and BU {b} is independent.  Thus
bE%B . Now T is tt, so N is atomic over B by (0, 1.1C(ii)) and
thus t(b, B) is isolated. Hence by the Open Mapping Theorem (1.8(i))
t(b, BO) is isolated. Thus there is b' e M0 , b' = B b . But b-l,BO .

0

¢ bLLBO ,» contradicting that B, 1is a basis of MO .

0 .
(x)(®) Let ME T be A-saturated, p € P . Suppose B 1is an independent
set of elements of M realizing p , TBI < X . By the A-saturation of

M, p|B 1is realized in M, hence. B is not a p-basis. Thus

xS din(p, M) . |

(&) Suppose &, s dim(M) , A=M, |A] <X . Let M' = <M, a> cp > 2

A
model of T' =T(A) . Clearly T(A) is basic with set of primes

P' = {p|lA |peP}.

Claim: dim(M') 2 &, (the dimension being taken with_respect to P'

A
of course).

Proof: Let B be a basis for M . |Bpl z A forall peP . If

A >R by (0, 1.17(0) ) w(A) £ |A] +R <X and if A =Ry - (so A s

finite) by (0,1.23(i)) w(p) is finite, i.e. w(A) <A . Fix pe?P,

choose CpCi B maximal such that AiCp . Then for each b e Bp’\ Cp ,

ALC o b, thus AlLb . But B_NC_ is independent over C_ so by
p c PP p .

p 4
the definition of weight |Bp\\ Cp| < w(A, Cp) < w(A) <X . Thus

|Cp| = ini , and, working in M' , C_ is an independent set of

p
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elements realizing p|A . Thus dim(p|A, M') = dim(p, M) 2 A .
As a consequence of the claim it suffices to prove that if

dim(M) 2 8y and p € S(g) then p is realized in M , for if

peS(A), |Al] <X, A<M, we may pass to <M, a> in T(A) . So

aeA
let p e S(@#) , let B be a basis of M and let BUY B'.be a basis

of M(p|M) . B' is finite (since w(p) 1is finite), and so since each

Bp is infinite, I can find B1 U Bi‘: B such that dim(Bl) = dim(B) ,

dim(Bi) = dim(B') . Thus I can find My < Mp< M, My prime over B

and isomorphic to M , the isomorphism extending to an isomorphism of

Mi to M(p|M) , Mi prime over B U Bi . In particular, p 1is realized
in Mi\\ M.

(xi) Immediate by (vii) and (x).

2.1 REMARKS: Clearly this theorem generalizes the "easy" version of the

Baldwin-Lachlan Theorem [BL, Theorem 2] in which the strongly minimal
formula is assumed to be over g. See for instance, the presentation in
G.E. Sacks, Saturated Model Theory, W.A. Benjamin 1972, sections 38, 39.
For further comments on this relationship, see 14. One consequence of the
Baldwin-Lachlan théorem is the homogeneity of the countable models of an
Rl-categoricé1 theory. In [Bo L], Bouscaren and Lascar show that every

countable model M of a non-multidimensional tt theory is almost homogen-

eous 1in the sense that if a and b have the same strong type in M
then there is an automorphism of M taking a to b . Thus, if T is
stationary (i.e. every type is stationary) then every countable model
of T 1is homogeneous.
Examples of tt basic theories which are not stationary are easy to
&)

- find, for instance the theory of the abelian group ZZ © 23 is one
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such. (It is easy to see, based on some of the results quoted in Chapter
ITI, that this group is totally categorical with strongly minimal formula
"2x = 0A x # 0" , but the complete formula "3x = 0A x # 0" 1is algebraic
with multiplicity 2.) However, I do not know any example of a tt basic

theory with a non-homogeneous countable model.

2.2 REMARKS AND EXAMPLE: The proof of the basis theorem depends on

several different things, of which perhaps the two most important are
the existence of a prime model over any set, and the fact that if M< N,
there is a strongly regular type over M realized in N~ M. Both of
these fail for superstable theories, even (in the second case) if we
only Took for a regular type. Thus it would seem unlikely that there
could be any sort of natural or direct generalization of the Basis Theorem
to superstable theories.

Nonetheless, the theory typically offered as an example of a theory
which is superstable but not tt satisfies a suitably modified version of
the Basis Theorem:

Let « be an infinite cardinal, (P unary predicate symbols

)

and for every finite I, J<«, IN Jd=¢,

T (EX)Z\ieIPi(x) A/\jed -aPJ.(x)] .

i<k

(T 1is the theory of "k independent unary relations"). Clearly T is
superstable, in fact for any A, |[S;(A)] = 2 + |A| , the types over
A being exactly those of the form "x = a" for some a € A and those
of the form

Pé = {x#alaeAtU {P.(x)|i e}V =P (x)[1 ¢ ¢}

for some 7 <« .
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The description of the forking relation is trivial: If AC B the
unique non-algebraic and hence the uniqué non-forking extension of pé
E . Thus every pé has Lascar rank U(pé) =1, and

P = {pg|c<= k} 1is a complete set of pairwise orthogonal regular types

to B is p

over ¢ . (Clearly there are no strongly regular types). - Notice that
if |A| <« there is no prime model over A: A is not a model, but
the only isolated types over A are the realized ones. But contrari-
wise, every element of a model realizes a regular type in P and by the
description of forking, every set is independent. Thus every model

is its own basis, and so is trivially prime and minimal over its basis

and determined uniquely by its dimension.

2.2a PROBLEM: Define a superstable theory T to be quasi-basic if

there is a complete set P of representatives of the f-classes of
weight one types in the form of reqular 1-types over ¢. 1Is there a

natural condition on T which forces the Basis Theorem to hold for T ,

~in particular which forces every model to be prime over its basis?

(Note that by considering the unified proof given by Shelah of [Sh IX,
2.3, 2.4] a natural theory can be developed for the a-models of such a

theory).

2.3 PROPOSITION: Let T be basic, MET , pe S.(M , let a e M(p)

realize p .
(i)  M(p) is minimal over MU {a} .
(i1) Suppose w(p) =1 . Then M(p) is a minimal proper prime extension

of M.

REMARK: If fact it suffices that T be tt nmd.
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PROOF: Suppose that M ;N 7fM(p) and in addition for part (i) only

suppose MU {a}< N . By (0, 1.20(v)) there are by € N\M and
b1 € M(p) \ N such that t(bo, M), t(bl, N) are strongly regular.
Since T is nmd, by (1.2) t(bl, N) £q , some sr type q over M, and

by (0, 1.24) gq|N is realized in N(b;) <= M(p) . So wlog er,N . By
M
(0, 1.14), since by, by e M(a), bpla for ie2. Inpart (i),
M
aeN\M so b1~LN implies le,'S , contradiction. In part (ii),
M M

by € N\M so bOJ,b1 , contradicting that w(a) = 1 .
M
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I 3. THE SPECTRUM FUNCTION FOR BASIC THEORIES
3.0 DEFINITION: [Sh VII, Definition 1.1, Definition 2.1]

I(x, T) is the number of isomorphism classes of models of T of
cardinality « .
For x:=:s, t, IX(K, A, T) is the number of ijsomorphism classes

of Fi-saturated models of T of cardinality « . (See below.)

t
A

2.1]. For the following remarks see [Sh, Ch IV, Lemma 2.2, 2.18]. The

3.1 REMARKS: For Fi, F. see [Sh, Ch IV, Definition 1.1, Definition

notation is introduced solely to connect the present results with a
theorem of Shelah's and is not used in any essential way.

For totally transcendental T , ﬁfo-saturated models are just
i-saturated iff M is
A-saturated. For A > |T| , MET is Fi-saturated iff M is Fi-saturated.

models, so It(K,xO, T) = I(c, T). MET s F

Thus I%(k, A, T) is the number of isomorphism classes of A-saturated
models of T of power « , and for A > |T|, It(K, A, T) 1is the same
thing. _

I(c, T) 1is called the spectrum of T . It was a central concern
of Shelah's book to find various spectrum functions explicitly.. As a
result of the Basis Theorem, I can find the spectrum functions I(k, T)
and IS(K, A, T) (and so It(K, A, T) for X > |T|) for basic theories
T . This result is seen to be a special case of Shelah's "Main Theorem"
[Sh, IX, Theorem 2.4]. It is, however, an important special case for two
reasons: the proof of the Basis Theorem is easy and depends only on
elementary properties of strongly regular types, whereas the "Main Theorem"

of Shelah is the culmination of a very long and difficult theory; and as



-40-

will be seen in Chapters II-IV, many interegting and important theories
are basic tt theories.

I will not present the computations for It(K, A, T) 5 A2 |T]
since the computations are idenfica] to those for I(x, T) but based on
(x) of the Basis Theorem rather than on (ix) alone. I will make a further

comment to this effect at the end of the proof.

3.2 COROLLARY: (to the Basis Theorem 2.0) Let T be a tt basic theory,

with prime model of cardinality Na < |T| , w=u(T) . Then the spectrum

function I(RB, T) R, 2 Ra ) is given by the following table:

B
IR, T) | I@B,T), B>a
(i) w=1
(a) §g = R, la + 1] X
(b) 8g <R0 |0L+R0|
(i) 1<u<RO
(a) 8= & o + 1M M(8 + 1) \ V|
(b) 60<6N0 |°‘+R0| |8+R0|
(i11) Ry sus|T]
N
(a) 8y = GRO lo + 1|¥
(b) éo(p)<R0 for at R, (e = 0)
least one but only |fla + 1|¥ (a > 0)
L 1
finitely many p e P ‘
(c) 8y(p) <®y for |a +RO|11
infinite]y many p € P
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3.2': For the case T countable of common interest, we have o =0 ,
u < RO in (3.2} so the table reduces to:
(R, T) IR, T), 8> 0
(i) wu=1
(a) 85 =¥y 1 ,
(b) 50 < RO RO
(ii) 1l<ucx< Ro
= M !
() o9 = oy, 1 M8 + 1) \ Mg
b) ¢ X
(B) &g < &, 0 8 + Ry
(1) wu = RO
~
(a) ¢, ='<5x0 1
(b) &§p(p) <Xy for at Ry
least one but only RO
> |8 + 1]
finitely many p € P
N
0
(c) 8y(p) <Xy for 2"
infinitely many p € P |-
-/

PROOF: By the Basis Theorem (v), every model is determined by its dimen-
sion; by (ix) every dimension vector & 2 8y » the dimension of the prime
model, occurs as the dimension vector of some model; and so by (vii) the

number of models of T of cardinality « =‘<B is just lDBl where

DB is the set of all possible dimension vectors of models of T of

cardinality RB =k, Dg= {§: P -+ Cardinals |60 $8<48 ,and if

K = ?is >E<a,U6[P] = k} . Note that if u < cf(k) (in particular when
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u is finite) the final condition can be written "k e S[P]1" .

Now it is a fairly straightforward combinatorial problem to check
the cardinalities given in {3.2).

Let uj = {p e P|60(p) <R0} and let Wy = {pe P|60(p) =‘c<0} .
Then |ug| + [w| = wslTl, so if u is infinite at least one of g,
My has cardinality u .

Notice that for any X _, there are |g + 1| infinite cardinals

B

sRB and |B +t<0| cardinals sRB.

cardinal arithmetic: for any ordinal 8 and finite A , [B + a(olx =

I will use repeatedly some simple

= |8 +E<0| 2 |B+ 1|X ; and for any ordinal B > 0 and infinite cardinal

TR T P
If u=1, then 60 is a single cardinal shto and so

D, = {8|8 a cardinal, 8y S

[D,| is o+ 1] or [a+R4[ as 8y 1is infinite or finite respectively,

8 gbéa} and DB = {RB} for B>a . Thus

and |DB| =1 for B>a.
For cases (ii) and (iii) (u < cf(&B)) first notice that Da and

D8 (B > a) can be regarded as being the following sets:

D
o

u
0(m + 0+ 1)x l(a + 1)

H

Ho M1 Yo
D (w+ B+ 1)x (B+ 1)\ “(w+B)x "B

B

The expression for D, 1is not correct when u 2 cf(RB) in case

B
(iii), but nonetheless it is clear that when u 1is infinite, the number
of u-sequences < GK whose Timit is «k =R 8 is the same as the number
of wu-sequences containing « , so the cardinality is correct.

Thus for all B z2a , |DB| < |8 +L~<0|u SO ff u is finite,

Dg| s [B +R | , and if w is infinite, 8 >0, [D ] < |8+ 1" .
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In part (a) of (i) and (i), wy =14, Iull =y, SO
|Da| = |a + 1|* and |DB| = Mg + 1)\ H3| for B >a , giving (iia)
immediately as well as the first part of (iiia). For the other part of
(iiia), it suffices to show that |DB| 2 |g + 1|% , which is easy: Given
fek@+1), define f e Dy by f(y) = 8 when y =Uy. is an ordinal
<u , and %(e +1) = f(e) forall e<pu. Then f#ge"™(B+1)=
F # a € DB .
The second part of (iiib, c) now also follows immediately, since I
already have for B > o that |DBI < |8+ 1" . But (iiib, c) allow
more dimension vectors than (iiia) and for (iiiaj I have |D8| = |8+ 1" .
Therefore the same holds for (iiib, c) as well.
In (iib) both Mg and 1wy are finite and uy # ¢ . Thus
|DB| 2 |B +-R0| for all B2a . Fix pe uo’. Since u > 1 there

is at least one qe P, q# p . For each cardinal « , so(p) Sk s RB

(there are |B +-N0| such since p e uo) , define 5: by:

* K q=p
§.(a) = (qeP)
RB otherwise
* B
Then & e DB s SO |DB| 2 |8 +-RO .
The only cases remaining are (iiib, c) for B = a .
luol |U1| . oeas .

D, = lw+ o +1] lo + 1| When u, s finite this reduces
to Ja +R ][a+ 1/, so |Da| =X, when o =0 and [D | = o+ 1M
when o >0 . Finally, when uy is infinite, [D | = |a +R |" .

3.3 REMARKS: (x) of the Basis Theorem tells us how to define Dé R

the set of all possible dimensions of A-saturated models of T of power

R'B (RG§A§RB=|<)':
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A _ . . . -

DB = {§: P~ Cardinals | &, <38 s . » and if « RB >R s
Usfr] = «} .

The calculation of |Dé| proceeds in a manner similar to that for

D] -
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I 4. APPLICATION TO GENERAL nmd tt THEORIES

4.0 INTRODUCTION

By Theorem 1.2(iii) every non-multidimensional tt theory T is
close to being basic: in fact, T(MO) is a basic theory, as noted in
(1.4). So a great deal is already known about the strﬁcture of the
models of such a T by the Basis Theorem and its corollaries. However,
not enough is known to calculate any of the spectrum functions of T:
clearly it may be possible to expand a given model M of T to a model
of T(MO) in many different ways.

This problem and its solution are the main points of one of the
culminating theorems of Shelah's book [Sh IX, 2.4]. Several points
about this theorem and its proof should be made. Firstly, it is obvious
that Coko11ary 3.2 is just a special case. What is not at all obvious is
that the main points of the Basis Theorem are contained in the proof of
[Sh IX, 2.4]. However, there is something very important here: the
proof of the Basis Theorem is quite elementary, whereas that of [Sh IX,
2.4] is not. Furthermore, I feel that it is very important to separate
the structural details (Basis Theorem) from the combinatorial details
(Cor. 3.2) to gain a clear understanding of the models of a tt basic
theory.

To what extent can the Basis Theorem be used to clarify the statement
and proof of [Sh IX, 2.4]7 As it turns out, a great deal can be said.
A. Pillay [Pi] , building on a nice characterization of nmd tt theories
discovered by Bouscaren and Lascar [Bo-L 3.4] (but see also [Sh V, Theorem
3.4 and V, Definition 5.2]), has recently given a very nice explication

of [Sh IX, 2.4], covering the spectrum calculations for I(RB, T,
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T countable. However, Pillay's treatment, as does Shelah's more compli-
cated version, does not separate the structural from the combinatorial
aspects of the theorem.

This section is intended as an informal sketch of how to adapt
Pillay's paper to the present context. The reader should -be familiar
with [Pi] or at the very least with [Sh IX, 2.4]; this discussion is
not entirely self-contained. It should be emphasized that ultimately
the general idea of the proof is due to Shelah.

The main idea behind the solution of the problem mentioned at the
end of the first paragraph is that T(MO) is too large an expansion of
T . We want to choose AC M0 "in as nice a way as possible" so that
T' = T(A) is basic and so that the relation "Ml, M2 E T' are isomorphic
as models of T" can be characterized in some simple way. Unfortunately,
the choice of A cannot be made canonically, but we can come close
enough to gain a fair understanding of the structure of models of T and
to calculate the various spectrum functions.

I would 1ike to acknowledge the helpful comments of Anand Pillay who

encouraged me to include this section.

4.1 DEFINITIONS: (i) (Refer to the finite equivalence relation theorem,

0, 1.84i) a = E b means that for every finite equivalence relation

E(X, y) definable over C , ¥ E(3, b) . (Clearly a = é b implies
a ECB ). stp(b, C) = {E(X, b)|E as above}.
(ii) If A =B then there is an automorphism o of ¢ sending A to

B. If pe S(A) then Py denotes the image of p under a .
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4.2 THEOREM: Let T be tt.

(i) [Bo L 3.4] See also [Pi, III.2]. (Extends 1.2)

T is nmd iff for every a , every sr p(X) e S(3) , and every
Essﬁ,plps.
(ii) [Bo L 4.6] See also [Pi III.5, IV.1] (T nmd)

i
o
-
t
—~
o}
~—

peSa)sr, M>aUDb, MET and: b=°a or(b=

isolated, p £ pE)' Then dim(p, M) = dim(p,, M) .

4.3 REMARKS: In the remainder of this section T 1is a fixed nmd tt

theory, u = u(T) .

4.4 LEWMA: Let == <gp>;

the weight one types of T . Let o be an automorphism of € . Then

be the equivalence classes under [ of

{1

(23]

o induces a permutation mii=moon by the relation "a(p) e m(&)

for every £ e = and p e &" .

Alternatively, once an enumeration of = in order type u has been
fixed, m can be regarded as a permutation of u by n(gi) = gﬂ(i) .
As well, if P 1is a set of representatives of = , (say, by strongly
regular l-types) then w can be regarded as a permutation of P by the

relation "m(p) 1is the representative in P of m(class of p)".

A1l three viewpoints are used freely.

PROOF: Obvious.

4.5 DEFINITION: [Sh, Theorem IX, 2.4]. G(T) = <{ﬂa\'a € Aut(®)}, o> .

4.6 REMARKS: (i) The group G(T) 1is an important invariant of T .

Clearly, if u 1is finite then |G(T)| < u! , and if u is infinite then
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AN

|G(T}i ¥ . In fact, we will see that for infinite TN |G(T)| <y .
(i1} T basic = G(T) = {id} (id the 1dehtity permutation).

(i11) T uni-dimensional = G(T) = {id} .

(iv) Let Tn be the theory of Exampie 1.5(ii). Then G(Tn) is

isomorphic to the full permutation group on n .

4.7 DEFINITION: Let x = {50, cens En_l}, 2= <Ggs eees Gy g be n-tuples

in £ (or alternatively n-tuples in P) . Then x and =z are associates

if for some m e G(T) , g. = “(gi) for all i <n .

t

4.8 PROPOSITION: [Pi, page 18, immediately pfeceding Lemma IV.6] (for
part (ii)). |
(i) Association is an equivalence re]ation_on'n—typ1es from = .

(ii) Any n-typle £ € = has only finitely many associates.

PROOF: (1ii) Clearly it suffices to prove this for n =1 . Suppose &

has infinitely many associates. lLet pe&f besr, pe 51(3) for

some a (possible since T 1is tt). There are a, € Autl) (1 < w)

J J
for all i, j <w . But T is tt, so all types have finite multiplicity

with 17 3= a;(p) 2 os(p) . Let a. =o.(a) . Then t(a;) =4t(3j)

(O; 1.10(i)) and thus by the finite equivalence relation theorem (0, 1.8ii),

for some 1 #J 31 =S Ej . But then by (4.2(1)), ai(p) 1 aj(p) , contradiction.

4.9 REMARKS: In choosing a base set A so that T(A) is basic, we

attempt to code up the relation of association by suitable types. Unfor-
tunately we can only do this for elements Z , not for arbitrary n-tuples.
This contributes, in part, to our failure to get a precise result later on

(4.14). It follows from 4.8(i) that |G(T)[ = u +xy -
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4.10 PROPOSITION: [Pi IV.6, IV.7]

Fix M0 a copy of the prime model. Let u' be the number of

associate-classes of elements of = . (Clearly 1su'su; u=1-=

' =15 u

is infinite iff u' = u is infinite by 4.8).
There are types qi(x, ?i) and ri(yi) e S(¢g) , r, -isolated,
n; <w, (i < u') ; and sequences 3%

in My, t@d) =, (<,
Jj< ni) such that, letting pg = q(x, 3?) and P = {P€| i<ypu', jc< ni}
(i) P is a complete set of sr representatives of = , (pg)j<n1 is a
complete set of representatives of an associate-class for each i < yu' .
(1) din(pd, My) € {0, %4} .

(11) For any i, # i; <u' , for every EO’ El €6,k rij(Ej)

(Je2)= qio(x, Bb) l-qil(x, El) .

REMARKS: This is somewhat modified from Pillay's version. In particular
I do not restrict |T| . For completeness I give the proof of this impor-
tant result, but the reader should note that except for some small details
it is copied from [Pi].

Note that even with the gq's and r's fixed, the type of the sequence

of all the Eg's is not determined.

PROOF: Recall that each class has only finitely many associates, so the

(3 .<nn
comments on u' apply and we can enumerate = as (E%)i(L; , $0 that for

. \ jyd<ng . : :
each i <u', n. <Rj, (Ei) is an enumeration of an associate class.
For each i < u' pick P; € g? » an sr l-type over MU , based on
3? € My such that if dim(piﬁ?, MD) <Rq s 1t is in fact 0 . Such a

representative p. exists by (1.2 such an 3? exists, since p, fis
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based on a finite set 31 (0, 1.10(v)), so we let 3? be 31 together

with any finite basis for pirgi in M0 . Furthermore, if dim(pirE?, MO)
is infinite, it equals beo by the characterization of prime models
(0, 1.10(ii)). Let the type qi(x, y') be determined by pirz? = qi(x, 3?)

t(Q?) , isolated since 3? € M0 .

and let ri(yo)

For each j, 0 < j < n; s there is o e Aut(€) such that

a(qi(x, a?)) € 52 , an associate of a? . Since rs is isolated and
T is tt, stp«x(a?)) is also isolated. Let Eg realize this stp(a(gg))
in M0 and let pg = qi(x, 3?) . Then, since T is nmd, pg € 52 .
Since 3? = 5? and M0 is prime, hence homogeneous, there is B € Aut(MO) s
B(a?) = a? . Hence dim(p?, MO) = dim(pg, MO) .
Thus (i) and (ii) are ensured. It only remains to check (iii).
Note that for any b with E ri(B) . qi(x, b) is sr (there is
an automorphism of € taking 3? to b ), and hence qi(x, b) is an

(x5 b) 4 qi(x, 3%) for some j < n. .

associate of qi(x, 3?) , i.e. q; ;

(i) follows immediately.

4,11 DEFINITION: Fix once and for all a “"standard copy" of MO in

€ together with all the things yielded by the preceding proposition.
= [ad3 Vo
Let A fay[i <u's § <n} oM.

A dimension schema s for N E T is an elementary map s: MO - N 3

and for each such, N has a dimension relative to s ,

. _ . J
d1ms(N) = <d1m(s(pi), N>i<u',j<ni

4.12 PROPOSITION: T(A) 1ds a basic theory.

4.13 REMARKS AND NOTATION: As before & denotes a dimension vector,

. Jj<n,
§ = <8J>, |

S where each ldi is a cardinal. I denote by A(S8) the
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reduct to T of the (unique) model of T(A) with dimension ¢ .
What we would like to be true is the foﬁ]owing:
A(S) 2 A(8') ® (3m e G(T)) [S' = Som]
(interpreting 7 as a permutation on the appropriate index set). For
u(T) finite, this fact is "Stage H" of Shelah's proof of {Sh, IX, 2.4].

Shelah points out that the result is not known for u(T) idinfinite.

4.14 THEOREM:

A(S) FA(S')= (3m e G(T)) [8' = &ém] and if u < Ry the converse
holds.

PROOF: (=) Let f: A(8) = A(8') . WLOG A(8) = A(§') =N ; f is an

~

automorphism of € with f: N =N ., Let w:=r_ e G(T) , RS = f[A] .

f

Take any pd = q.(x, 3) . Then q,(x, £(33)) = f(pd) £ pI' for
i AR R jyvhe i i i

some j' < n; by (4.10), and <i, j'> = nf(<i, j>) by the definition

_‘j = &j ' =
of L But t(f(ai)) t(ai ) rs

din(pd ', N) = din(F(pd), N) . That is,

, isolated, so by (4.2(ii)),

81(<i, §2) = 8(<i, §'5) = dome(<i, 3)
(¢) Now assume that u' < xo .

Since ' < RO » |A] < RO and since AC M0 , t(A) 1is isolated.
Since T 1is tt, each of the finitely many strong types extending t(A)
is isolated. Let N = A(S) . Let 7 = M, € G(T) . I construct
s: A+ N so that dimS(N) = Som which does it.

Consider a[A]. stp(a[A]) 1is isolated, so realized in N .

Define s by the fact that s [A] realizes stp(a[A]) . For each

i<ty §<ng, gi(x, s(@0) £ q.(x, a@])) since s(al) =fa(a))
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(4.2(i)); and qi(x, a(gg)) £ qi(x, a(w(i, §))) by the definition of
m=a, . Now, by (4.2(ii1)) dim(a;(x, s(3)), N) = din(qy(x, An(i, §)), N).

Hence dimS(N) = 8o .

4.15 PROPOSITION: (A ;hio) (i) NET is A -saturated iff dims(N) 2 GA

for some (any)dimension schema s .
(ii) N E T s the saturated model of power A(|N| = 1) iff dimS(N) =8

for some (any) s .

PROOF: (ii) is immediate from (i). For (i) suppose N 1is A-saturated,
and s: A -+ N a dimension schema . Since s(pg) is a type over a
finite set, by XA-saturation there is an independent family of cardinality
at least X realizing s(pg) in N, so dimS(N) 2 6A .

Conversely, suppose for some s , dims(N) 2 Gk . Then by the Basis

Theorem (x), <N, s(A)> is A-saturated. Hence N is A-saturated.

4.16 THEOREM: Let bta be the cardinality of the prime model, 60 its

dimension. (Note that 8y is well-defined by (4.10(ii)) and the homo-

geneity of the prime model, and 8y S Oy ) . Let B 2o and for fixed
0
B, let vy range over 0 sy s R.

Let DB={6|60§6§6 » and if X >R then

>
RB B

Jis boa e -
U{q|1<11,3 <ni}-NB}.

Y - <
Let DB {§ e DB|<SRY < 68t .
(i) 6 eD, iff for some MET , |M| =b<B , and some dimension schema

B
s , dims(M) =6 .

(ii) & € DY iff for some biY-saturated MET, |M=X,, and some

g

dimension schema s , dimS(M) =3 .

B
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(111) 1QRgs T) 2 [Dy/6(T)]
(V) IRgN . T) 2 [DY/6(T)]

(v) If u(T) 1is finite, equality holds in (iii), (iv).

PROOF: (i) is immediate by the Basis Theorem, (vii) and (ix); (ii) follows
by (4.15). ‘

By (4.14) the equivalence relation induced by G(T) on DB or Dg
is coarser than that induced by the isomorphism of models, and the two

equivalence relations are the same if u dis finite.

4,17 REMARKS: (4.10), (4.12), (4.14), (4.15) constitute a structural

description of the (saturated) models of T , and (4.16) nearly reduces

the combinatorial problem of calculating the various spectrum functions

to a direct appeal to the Basis Theorem, where I already calculated |DB| .
Below I will indicate the possible values of I(RB, T) (RB 2 xu) and
follow it with a brief sketch of how to compute the values from Corollary
(3.2) and Theorem (4.16). As before, I will leave the similar computations

required for IS(RB,tia, T) to the reader.
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4.18 THEOREM: [Sh, Theorem IX, 2.4] See also [Pi IV.10] Let Ra, 60
be as in 4.16, u = u(T), G = G(T) .

Ima,T) IWB,T)
(i) wu=1
(a) 65 =R, la + 1] .
(b) §g < RO |au +-R0|
(i) l<ucx< RO
(a) 8y =& Mo+ 1/6(M)] [[(M(8 + 1)N\FB)/G(T) |
0
(b) 60<6&0 |ou +‘x0| |8 +x0|
(ii1) NO sus |T|
-
= M
(a) 60 -.%0 |C1 + 1|
j o
(b) 60(p1.) <R0 for at xo if a=0
least one but only lo + 1|¥ if a> 0
finitely many i < ' . |8+ 1
(c) éo(pg) <RO for |ou +x0|“
infinitely many i <u' |

PROOF: As noted in the proof of (3.2), D and D can be regarded as
Mo + 1), M(8 + 1) \Mg respectively, so the entries in (ii)(a) make sense.

By (4.16) in (i), (ii) I(RB, T) = |DB/G(T)| for Bz2a . In case
(i), G(T) = {id} , and so all of (i) follows immediately by (3.2). In
case (ii)(b)‘, DB (B 2 a) 1is infinite, and G(T) is finite, so

|DB/G(T)| = |DB| . Thus all of (ii) follows immediately from (3.2).
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The only really new part of the proof is to see why the entries in

(ii1) are the same as in (3.2(iii)).

We must examine more closely the calculation of |DB| . Let
Xg = |DB| (B 2 @) . By checking how each dimension can vary, clearly
M
Xg = Hi<u' K3 where
3. 1Bl g AF g(E, 9) =0
i . s osy o
|8 + 1| if 8q(1s j) = Ry -

As noted in the proof of (4.10), 60(1, j) does not depend on j . Let

K, = Ko Then =1 Kni
R Xg T M<u' 59

LI ] =
hence u ¥ , and, with n.< RO s Xg I

But in case (iji), u is infinite,
1<u Ki .
Call & wuniform if &(i, j) does not depend on j . Clearly two
distinct uniform & are inequivalent mod G(T) , and there are
Hi<u' ¥ different uniform & which are dimensions of models of power

Rg . Thus |DB/ G(T)| 2 Xg - Also, by (4.16), |DB| 2 IG&B, T) 2 |DB /] G(T)]|.
Thus I&(B, T) = Xg = IDB' , and IDBI was calculated in (3.2(ii1)).

4.19 SUMMARY: The structure of the models of a tt nmd theory T can

be understood as follows: there is a nice set A such that T(A) is

basic, and the structure of models of T(A) is given by the Basis Theorem.
The group G(T) contains information about the different ways models of

T can be expanded to models of T(A) . The problem of counting the

number of models of T 1is handled by means of the basic theory T(A)

and the equiValence relation induced by G(T) . This theorem is the
generalization of the famous theorem of Baldwin and Lachlan onb(l-categorica1

theories (which is, in fact (i) for T countable).
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IT AN EXTENDED EXAMPLE:

EXISTENTIALLY CLOSED MODULES OVER A COHERENT RING

IT 0. INTRODUCTION

The intent of this chapter is to pfesent an extended example, and

.to show how, in the context of this exampTe, the concepts of stability

theory relate to concepts and theorems of classical mathematics.. I study
in detail the stability theory of'the theories TX introduced by Eklof -
and Sabbagh [ES]. Here A {s a coherent ring'and TX is the model
completion of the theory qf unitary left A-quules:. TZ fs the theory
of existentially closed modules.

These theories are especially interesting because their mode] theory
is very a1gebréic‘ih nature, a consequence of the fact that TZ has
elimination of quantifiers. Thus I wi]] be able to_show that many stand-
dard concepts of stability theory as they appear in TX corféspohd to
standard concepts of ring theory or module theory. With somé trivial
qualifications to be made explicit in the text, I establish the f0110wing
correspondences (N: A Noetherian only; CN: A commutative Noetherian
only): V\ |

‘ 1-types over ¢ =~— TJeft idea]s
Lascar-Poizat fundamental «——> ideal lattice
| order
independence  «—> linear independence
product of types «—— 1ntérsection of ideals
orthogonality ~=— no common prime factor (CN)

weight 1 «— indecomposable injective

strongly regular type <«— prime ideal (CN)
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regular decomposition «—— Lesieur-Croisot tertiary decom-

of types position of ideals (N)

In fact I will show that two classical theorems of Noetherian rings
— the Matlis theorem that every injective module over a Noetherian ring
can be written uniquely as a direct sum of indecomposab]e.injectives,
and the Lesieur-Croisot theorem extending the Lasker-Noether theorem on
the primary decomposition of an ideal — follow directly from the stability
theory of TX .

In section 1 I gather together the basic facts about TX from [ES]
and the basic facts about injective modules needed for this chapter. In
section 2, I develop the "easy" stability theory of TX , including the
first four correspondences from the list above. In section 3 I
characterize orthogonality, weight, and regular types. [ show that if
A is Noetherian then TX is basic, and I show how to find sr types.

In section 4 I use these results to prove decomposition theorems, includ-
ing the two mentioned above.

These results form the basis of my abstract [K2] and represent
work done mostly in 1978-1980. The abstract contains a misstatement
which will be.pointed out where appropriate (3.9). In addition, some
of these results, essentially those of section 2, were discovered inde-
pendently by E. Bouscaren and reported in her thesis [Bo 1]. Some of the
terminology of section 2 is borrowed from B. Poizat's description of
theories of linearly closed vector spaces with operator in his thesis
[Po, Ch 10, Ex 8].

Subsequent and for the most part independent work by other researchers
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has greatly extended the scope of these results. See especially the work
of Ziegler [Z] and Prest [Pr 1, Pr 2], both of whom saw an early version
of these results. My own work extending the results of this chapter will
be reported in Chapter III. In addition, where appropriate in these two
chapters, I will discuss the subsequent work of other researchers which
relates to my own results, and I will summarize all such references at

the end of Chapter III.
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IT 1. THE THEORIES TZ AND INJECTIVE MODULES

1.0 REMARKS: I assume that the elementary definitions and theorems in

the theory of rings, ideals and modules, particularly injective modules,
are known, for which I refer the reader to the books of Northcott [N]

and Sharpe and Vamos [SV] cited in the bibliography. In what follows,

I emphasize those definitions and theorems which are the most significant

for this chapter. For the most part I do not give proofs.

1.1 DEFINITION/THEOREM:

(i) A is a ring with unit. X, u etc. denote elements of A . I, Jd, P,
Q etc. denote left ideals of A . All ideals are assumed to be one sided
unless explicitly stated otherwise. I(A) 1is the lattice of left ideals
of A . M, N, etc. denote unitary left A-modules (for simplicity, just
"A-modules"). If A< M, ((A)) denotes the submodule generated by A ,
so in particular if Ac A, ((A)) dis the left ideal generated by A .
(ii) [ES] The first order language L(A) for the theory of A-modules
has the symbols for the language of abelian groups (constant 0, unary -,
binary +) and unary operation symbols A(+) for each A € A . The theory
of unitary left A modules TA has the obvious axiomatization in this
language.

(iii1) (a) A set of linear equations Z(X) in arbitrarily many variables
X and parameters from the A-module M 1is consistent if it has a solution
in some extension of M .

(b) Consistency is preserved by homomorphisms. That is, if f: M-+ N

is a A-module homomorphism, f(o(X, Mys «e+» M_1)) is defined as

(X, f(mg), ..., f(m__;)) for each Tinear equation o over M, and
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£(X) is a consistent set of linear equations over M , then f[Z] is
a consistent set of equations over N .
Algebraically, this is expressed as follows:
If g 1is an embedding of M > K then
9/ the diagram can be completed as shown,
A with g' an embedding. L 1is constructed
E‘F' as NOK /My where M, is the submodule
{<f(m), -g(m)>|m e M} . If £(X) has a
9 solution k in K , then f[Z] has the
solution f'(k) in L .
(c) A set of liqear equations Z(x) = {Aix + ai|i e I} in the single
variable x is consistent iff for every finite J< I , {ui|i e Jdlc A,

if I, A; =0 then Z

ied¥iti a. =0 . [ES, Lemma 3.2].

ieg"i%
(iv) A A-module M is injective 1if every consistent set £(x) of
linear equations over M has a solution in M. E, F, etc. are used
to denote injective modules. The following are equivalent: |
(a) E 1ds injective.
(a') Every consistent set xz(x) of linear equations in one variable
" has a solution in. E .
(b) If f: M~E is a homomorphism and g: M- N is an embedding,
then there is f': N -+ E such that f = f'og .
(c) E 1is a direct summand of every extension.
(v) If E 1is injective then every homomorphism between submodules of

E can be lifted to an endomorphism of E .

(vi) A finite direct sum of injective modules is injective.
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REMARKS: I choose the "logical" or "model-theoretical" form of the
definition of injectivity rather than the categorical form (b). The
equivalences of (iv) are all easy. I remind the reader of how to prove
that (a) = (b): Enumerate N as n,let X bea sequence of distinct
variables indexed by n, let z(X) be the set of all linear equations
o(X) over M such that N E oln/x] . Then % 4s consistent and so by
(iiib) so is f[Z] . Thus f[Z] has a solution e in E since E is
injective. Define f': N—+E: nee . A similar proof of (b) from the
weaker condition (a') can be given by induction, extending f to the
elements of N~ M one at a time.

(v) is an easy consequence of (ivb): Suppose M, N are submodules

of E and f: M~> N . Consider the following diagram:

E\ fl

! ST~
@ \\*

Since M< E 1is an embedding, f' exists by (ivb) and is the required

endomorphism of E extending f .

1.2 DEFINITION/LEMMA:

(i) I:x ::= {ujur e I}
I:d ::= {plpoc 1}

ann(m) ::= {u|um = 0} 1is the annihilator of m .

Remark: If A dis not commutative, it is not necessarily true that

I:a = 1:(()))
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(ii) I:A, I:J , and ann(m) are all Teft ideals.
(iii) I:a=4pA iff X el .

(iv) Icd=1I:ac d:r

(v) (I:MAS 1 3 if I 1s two-sided then 1< I:x
(vi)  (I:A):u = I:(ur)

ann(m) :A

ann(im)

REMARKS: A11 of these are obvious. The notation may be extended to a
submodule M and subset A of some N (M:A = {u|uA< M}) so that
ann(m) = (0):m. The fact mentioned in (vi) is particularly useful, so
I give the proof: u e ann{im) iff u(dm) =0 iff (uA)m=0 IJff

uA e ann(m) iff up e ann(m):\ .

1.3 DEFINITION/THEOREM: See [SV Chapter 2.4]

(i) A module E 1is an injective envelope of a module M , and we write
E=E(M , if E 1is injective, M 1is embedded in E , and every
embedding of M 1into an injective module F may’be 1ifted to an embedding
of E into F .

(ii) Every module M has an injective envelope, unique up to isomorphism
over M .

(iii) N 1dis an essential extension of M if N2> M and every n e N\M

satisfies a non-trivial equation over M (a trivial equation being
Ax = 0 for some X e A) . In algebraic terms, this says that if
neNNM then MN ((n)) # ¢ .

E(M) is characterized as being a minimal injective extension, as a
maximal essential extension, or as an injective essential extension of M .

The fact that every n e E(M) , n # 0 satisfies a non-trivial equation
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over M will have a very important model-theoretic consequence (2.12).
(iv) E(+) commutes with finite direct sums, and if A 1is Noetherian,

with arbitrary direct sums.

1.4 DEFINITION/THEOREM: See [SV, Chapter 2.5] and [Ma].

(i) E 1s indecomposable if E # {0} and the only direct summands of E

are {0} and E .

AM, =M

MC N is irreducible if M# N and M 2

1 M= N My
implies that M1 =M or M2 =M.
(ii) An dinjective module E 1is indecomposable iff E # {0} and

{0} # M E implies E = E(M) iff {0}< E 1is irreducible.

1.5 COROLLARY: (i) E(M) is indecomposable iff {0}< M 1is irreducible.

(ii) If 0 # e e E an indecomposable injective A-module, then

E= E(A/ann(e)) , and ann(e) is irreducible.

(iii) E 1is an indecomposable injective A-module iff there is an
irreducible left ideal I of A such that E = E(A/I) .

(iv) If E 1is an indecomposable injective A-module, eq #0# ey

are elements of E , then for some Ao M € Ay OF Ao = MO o that

is, any two non-zero elements of E satisfy a non-trivial equation.

1.6 REMARKS: (1.5(iv))is used repeatedly without comment. Except for

the existence of injective envelopes, the proofs of {1.3-1.5)are all

straightforward. A1l proofs may be found in [SV].

The following material (1.7-1.13) is all taken from the paper of
Eklof and Sabbagh [ES] where the proofs may be found. Most of these

results are quite straightforward, among the first ones only (1.10(i))
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requiring any great sophistication. (The proof of [ES 3.12] uses an
ultraproduct construction.) The final theorem, however (1.13(i) or

[ES 4.1, 4.8]) 1is much more complicated, the proof building on all the
preceding model-theoretic and algebraic development.(l.10-1.12 are included

primarily for information; (1.13) is used in a substantial way.

1.7 DEFINITION/THEOREM: [ES 3.13, 3.14]

The ring A is coherent iff it satisfies the following two equiva-
lent conditions:
(i) The kernel of every homomorphism of A ds finitely generated,
for all n<w.

(ii) Every finitely generated left ideal is finitely presented.

REMARKS: Suppose A is coherent and {Aili <ntc . f(<“i>i<n) =

u;A. defines a homomorphism f: A" (and in fact all homomor-

=1 i™i

i<n
phisms A" > A have this form). Let {bj|j < m} be a generating set

of ker(f) , b. = <B

; ji>i<n’ B.: € A . By (1.1 iiic) for any left

Ji
A-module M and {a1|i < ntc M, the system of equations {xix ta, = 0}

|i < n} is consistent iff M F/\j<m(z

coherent, the consistency of a finite system of equations in X can be

1.<n[3j1.a1. =0) . Thus if A 1is

expressed by a single formula. (These remarks are the central part of
the proof of the case (iii) = (i) of [ES, Theorem 3.12] and show some

of the "model-theoretic" content of coherency.)

1.8 DEFINITION/THEOREM: [ES 3.4, 3.5, 3.53]

(i) Let o be a finite or infinite cardinal. M {s a-injective if M

satisfies the following equivalent conditions:
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(a) Every consistent system of fewer than o equations "Ax = m" with
AehA and me M has a solution in M.

(b) For every ideal I generated by fewer than o elements and every
homomorphism f: I - M , there is a homomorphism f: A -+ M extending f .
(ii) vy(A) 1is the least (finite or infinite) cardinal vy . such that
every ideal of A is generated by fewer than vy elements. Clearly
v s [A]" and A is Noetherian iff y(A) SR .

(iii) M is a-injective for all cardinals o 22 iff M is vy(A)-

injective iff M is injective.

1.9 PROPOSITION: [ES 3.10] If « éh(o , then the direct sum of

a-injective modules is oa-injective. Thus arbitrary direct sums of

injective modules are h(o-injective.

1.10 THEOREM: (i) [ES 3.12] The hto-injective modules form an elemen-
tary class (in the wider sense) iff A 1is coherent.
(ii) [ES 3.17] If A 1ds coherent, every h%o-injective module is an

elementary substructure of an injective module.

1.10 PROPOSITION: [ES 3.18] The following are equivalent:

(i) A is Noetherian.
(ii) Every Ro-injective module is injective

(ii1) The injective modules form an elementary class (in the wider sense).

1.12 REMARKS: A module M is absolutely pure if it is a pure submodule

of every extension. Recall that MC N is pure if every finite system
of equations £(X) with parameters in M that is solvable in N s

solvable in M . Thus M 1ds absolutely pure if every finite consistent
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set of equations £(x) over M is solvable in M . Comparing this to
(1.8(i)), we see that M is ?<0-injective iff every finite consistent
set of equations Z(x) over M 1in one free variable x 1is solvable in
M, so every absolutely pure module is ago-injective. Eklof and Sabbagh
prove [ES, 3.23] that if A 1is coherent, then the converse holds. It is
not known for which rings A that b(o-injective implies absolutely pure.
When the definition of a compact (pure-injective) module is given
in Chapter III, it will be obvious that M is injective iff M is
compact and absolutely pure. In fact, from (1.1(iva')) it will follow

that M is injective iff M 1dis compact and b(o-injective.

1.13 THEOREM:

(i) [ES 4.1, 4.8] TA has a model completion TX iff A 1is coherent;

in fact TX is obtained as Th(MO) where
@io)
Mo = @ (E(A/T) |T e 1(A))

(ii) [ES 4.7(i)] Let A be coherent. Let M, N be bto-injective
left A-modules which contain submodules elementarily equivalent to MO .
Let f: A > B be an isomorphism of finitely generated submodules of

M, N respectively. Then <M, a> =z <N, f(a)>aeA .

aeA ~

(iii) [ES 4.7(i1)] Let A be coherent. E(M,) =M, . In fact, by

0) 0
*
(1.10(ii)) 1if M is any model of TA then M< E(M) .

*
(iv) Let A be coherent. Every model of TA is Ro-injective. If

*
ME TA and N is any Ro-injective left A-module, then M< M@&N .

*
(v) Let A be coherent. T, has elimination of quantifiers.
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REMARKS: (iv) follows from (1.10(i)) and (1.13(ii)). (v) follows since

" .
TA is the model completion of the universal theory TA .

1.14 REMARKS: For the remaining sections of this chapter, A is a

coherent ring.
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IT 2. TYPES, STABILITY AND INDEPENDENCE IN TX

2.0 DEFINITION: Let M <N be A-modules, a € N . An equation of a

over M is a formula Ax +m=0, A e A, meM, such that
NEXa+m=0. f=Eq(a, M) is the set of all pairs <A, m> such that
Ax + m =0 is an equation of a over M . I ::= I(f) ::= {Al<x, m> e f} .

I write Eq(a, M) = (I, f) .

2.1 LEMMA: (i) The definition of Eq(a, M) does not depend on N
(insofar as M<SN, aeN).

(ii) A set f< A®M is equal to Eq(a, M) for some a iff f 1is a
submodule satisfying f (N ({0} ® M) = {<0, 0>} iff I(f) 1is a left ideal
of A and "f 1is a homomorphism of I into M.

(iii) There is a 1-1 correspondence between sets of the form Eq(a, M)
and . Sl(M) . That is, the sets Eq(a, M) are exactly the l-types

over M .

PROOF: (i) Obvious.

(ii) That the first clause implies the second and that the second and
third clauses are equivalent is obvious. Suppose f< A® M satisfies
the conditions of the second clause. Let N = (A@® M)/f . Clearly M

is embedded in N and f = Eq(<l, 0>/f, M) .

(ii1) ;uppose Eq(a, M) = Eq(a', M) . Then ((M U {a})) *M (MU {a'})
by the map o: m+ pa >m+ pa' . But TX is the model completion 6f

TA » SO a is elementary.

2.2 DEFINITION: Eq(a, M) is called the module of equations of a

over M,
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(This definition extends the definition of Poizat [Po, Example 10.8].)
(The notation (I, f) for a module of equations is the same as Bouscaren's

[Bo, Boll).

2.3 REMARKS AND NOTATION: (2.0)-(2.2) clearly extend to types in many

2.4 LEMMA: Let MCN . A type q

(possibly infinitely many) variables.

Since 0, +, and scalar multiplication are part of our language, for
any set A t(a, A) +—t(a, ((A))) . Thus it suffices to consider types
over modules, which I do from now on.

In Tight of the above, the following notational conventions are
adopted for the balance of this chapter:

A type over a module M 1in o variables (o a finite or infinite

cardinal) is determined by a pair (I, f) , I a submodule of A(a)

f a homomorphism of I into M . If M must be made explicit I write
the type as (I, f, M) . A type over ¢ (that is, a type over the zero
module {0}) is determined by 1 and says "ann(x) = I" where

ann(a) = (A EAKQ)|Zi<aAiai=:O} . Thus I freely confuse a-types over ¢

and submodules of A(“) . Clearly then if p = (I, f) 1is a type,

ptd is the kernel of f , ker(f) = (X e A |¢() =01 . If p s a

type, then p+ is the set of equations in p . So if p = (I, f) , then
+_ . - -
pr = {Z; % + F(X) 0|A e I} .

(The very free use of the equality sign in expressions like

"p = (I, f)" should cause no confusion.)

(J, g, N) is an extension of the

type p= (I, f, M) iff 1cd, f=gM, I=g M.
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PRCOF: (I prove it for 1-types). Subpose p<qg. Then "xx +m=0"€p
impiies that "\>x +m=0"eq, sol <J and f =gtl.. Also,
"Ax +m# 0" ep implies "Ax +m# 0" ¢ q so I = g"l[M] . Conversely

suppose that p, q satisfy the conditions of the lemma. Then

“Ax+m=0"eq,meM, imply X e g'l[M] =1, hence m= f(A) so

)

"X+m=0"ep. If "Ax+m= 0" € p,then A el and m= f()) =

=g(A) , S0 "X +m=0"eq. By(2.1(iii)h p<q .

2.5 THEOREM:

* .
(i) T, is stable,in fact for any M

A
sy | s Jrea <Y,

<y(h) _

so T, is stable in every «k 2 |I(A)| such that « =K .

A
*
(i1) TA is superstable iff TX is totally transcendental iff A s

Noetherian.

REMARKS: In fact, every complete theory of modules is stable. See III
1.11.

PROOF: (1) By(2.1) |s;(M)| =z Hom, (I, M)| . Let v, be the

IeT(A)
least cardinality of a generating set of I e I(A) » SO Y < v(A) .
' Y _
Thus  [Hom, (I, M)| s M| T < MY so s o) s ey mYA)
* .
(ii) First I show that if A dis not Noetherian, then TA is not super-

stable. So let I be an ideal of A such that I = ((xi|i < w)) and

. ' _ . C :
with In D= ((A1|1 < n)) . In ” In+1 for all n<w . Let n, be thg

natural homomorphism L-I/I . Pick « 2 |T(A)] + |A[ such that
> . Let M =65n<w(I/In)(K) . Clearly M| =x . For a<«x ,

Tet Mg be the projection of I onto the a-th copy of I/In . For
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f e Y% define LPE I +M by ¢f(x) = Zn<wnn,f(n)(k) .- o is well
defined since for any X € I there is N < w such that for every m 2z N ,
nm(x) =0 . (N is the least n such that XA e In) . Clearly d¢ is

a homomorphism. Now suppose f # g € Y . Pick any n < w such that

f(n) # g(n) . Now A ¢ In s SO nn(An) # 0 . Thus the -<n, f(n)>
coordinate of ¢f(xn) is nonzero, whereas the <n, f(n)> coordinate

of ¢g(x) must be zero since g(n) # f(n) . Therefore there are «* >k
homomorphisms of I into M , hence more than « 1l-types over M, so

TX is not superstable.

If A is Noetherian, then vy(A) gxo and [I(A)] s o] +R8, so by
part (i) TX is stable in every cardinal « 2 |A| Ry, i.e. TX is
superstable. Notice that by results of Shelah, this implies that TX
is tt if |A] < 2&0 . However, much more work is required to show that
TX is always tt when A is Noetherian.

First I show that if A is Noetherian then there are no proper
descending sequences under - in TX of conjunctions of equations.

Let (¢i(x, 31))i<w be conjunctions of equations such that

€ B (¥)[o5(x, 3) > 6;(x, 3;)] for 1<j<w. let I be the left
ideal of A generated by all the coefficients of x appearing in the
¢.'s . Since A 1dis Noetherian, I is finitely generated, say by the

J
)

coefficients of x appearing in (¢
appearing as conjuncts of Ai<n¢i(5 ¢n-1) as <ij + bj = O>j<N .

ilien Enumerate the equations

I claim that for k zn, ¢; isa consequence of ¢, . Let

vx + ¢ = 0 be a conjunct of ¢k . Then v = Zj<Nujkj for some

CA. Thus =c = vx = (Z.<Nujkj)x = Zj<Nu.b. » since ¢, and

(1) 5 j i

¢n-1 are mutually consistent.
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Tﬁerefore for any subring Ay of 4, TZFL(AO), satisfies the same
condition on conjunctions of equations. Now it is‘ciear that if AOC: A
is a countable subring, then there is»a countable subring A1:> AO such
that T = T*rL(Al) has elimination of quantifiers (just close down
under cdefficients fequired to eliminate quantifiersv{n TX ). T1 is a
comp1ete:theory of modd1es and, just as in TX , types over a Al-modu1e
M are determined by the equations they contain. The condition‘in fact
implies that every type is determined by finitely many equations, hence
|5,(M)]

hence T

M| +R for all A;-modules. M . Therefore T. 1is w-stable,
0 1 1

is totally transcendental. !

= % A

2.6 THEOREM: (In what follows, [a, b] denotes a closed interval in a

partially ordered set; * denotes the converse of a partial ordering; 1L
denotes the disjoint union of partially ordered sets.)

The fundamental order (0, 1.3) of 1-types of B: is isomorphic to
LTI, AT 1 e 1(A)} . |

PROOF: Recall the following e]ementafy facts from [LP;»immedfate1y
following 2.1]: The minimal classes of the fundamental order are in

"~ 1-1 correspondence with‘the types over ¢ , and distinct types over ¢
have no common extension. Since the 1l-types over g of TX correspond
to the left ideals of A , it will be enough to show that the fundamental
order among the extensions of "ann x =~I"'is isomorphic to [I, AT . By
(2.4), the extensﬁons of "ann x = I" have the form (J, g) where I <J
and ker{(g) =1 , and a1] such occur by (2.1(11?));

Supppse now that M.F TX and p = (J, g) 1is such a type over M.

A formula ¢(x) :=: ) x + % = 0 is represented in p iff x e J and

. V.
j<n™i'i
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5uj=0 for all j <n implies that sx e I = ker q. For clearly

if & 1is represented in p by <mj|3<n>, then ZinMMy € M and

s - (3.9). A s o= aln.
so by the definition of p = (J,g), x € d an jen*i™; g(r)

_ . . * .
Now Zj<nujvj = g{») has a solution in M, a que] TA, iff

0 = duj for all ‘j <n dimplies that 0 = sg(x) = g(sr), that is,
§x € ker(g) = I. Thus the fact that ¢ be represented or not depends
only on I and J, not on 4.

A formula of the form 1¢ 1is always represented in p if
Zj<n“jvj can be made different from g(x) (1f‘the latter is defined
at all). If x ¢ I, then the choice of vj =0 forall j<n will
do, and so such a 14 is always represented. If re I, lp is
represenfed in p iff 2j<hpjmj # 0 for some'A<mj|j<n> in M, a
condition independent of I, J and g.

Any formula w(x,V) is equivalent to a positive Boolean combination
of formu]asvof the form of ¢ and 4. Hence by the above arguments,
the class of p in the fundamental order depends only on the pair
(J,1 = ker(g)) and not on ¢ itself. In particular, for the fundamental
order between extensions of "ann x = I" it suffices to check only the
formulas of the form of ¢, since the representation of formulas of the
form bf J¢ depends only on I, which is fixed. Clearly if gq ='(J',q')
is another such type over 1, by the above characterization q represents

more formulas like ¢ than p iff J' > J; so q <p in the fundamental

order iff J'>J and gq~p iff J' = 4.
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2.7 COROLLARY: (i) Let p =(J, g) bea type, I =ker g . Then

U(p) , the Lascar rank of p , is the ordinal v(J) defined by: wu(J)
is the Teast ordinal greater than vu(J') for all J' ZJ , if such
exists, or « .

(i) [Bo, Proposition 3] (J, g) is ranked by U iff the A-module

A/d 55 Noethefian.

2.8 REMARKS: (i) By an argument identical to that of Theorem 2.6, it

* .
is easy to see that the fundamental order on the n-types of TA is

isomorphic to LL{[I, A"T*|I a submodule of Ay

(ii) In regards to (2.7) it is interesting to note the following result
from Bouscaren's thesis [Bo, Proposition 4]: Let R denote Morley rank.
p=(J, g) is ranked by R iff J 1is finitely generated and A/J is

Noetherian, in which case R{p) = U(p) .

2.9 COROLLARY: Let M <N . Then (J, g, N) “is a non-forking extension
of (I, f, M) iff J =1 and g = f ; hence every type is stationary,
and furthermore, p = (I, f, M) 1is based on f[I] , so every type is

based on a set of cardinality < y(A) .
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PROOF: (J, g, N) s a non-forking extension of (I, f, M) 1iff the two
types have the same class and the former extends the latter. So by (2.6),
J=1 and by (2.4), g=f . Thus (I, f, N) 1is the unique non-forking
extension of (I, f, M) to N, so (I, f, M) 1is stationary. Clearly
p is the non-forking extension of (I, f, f[I]) and f[l] 1is generated
by a set B of cardinality < y(A) since I 1is. Thus p 1is the unique

non-forking extension of ptB , i.e. p 1is based on B .

2.10 COROLLARY: The concepts of heir, representability, etc. (0, 1.3)

are well defined over submodules M of &€, not just over elementary

submodels.

2.11 THEOREM: "Non-forking independence = linear independence"

(i) If A, B, C are A-modules then BJLC iff (A+B)N(A+C)=A.
A

In particular, if A <C then B|C iff B(IC A .
A

(ii) Let (A.) be A-modules. Then {Ai|i € I} is independent (over

i’iel

g) iff I,.A; 1is direct. Hence if a, e A; and I, ,A, fis direct,

then {gili € I} 1is independent.

(iii) If M dis a A-module, (Ei) are tuples in €, then

iel _
{mi|1 € I} 1is independent over M iff for every family {ii|i e I1< 4,

Xi of same length as ﬁi . ii =0 for all but finitely many i el ,

ZieIAi -mi e M= Ai M, € M forall iel.

Note: For finite sequences Xel , me € of the same length,

Xem = I.A.m. .
Z5*im;

PROOF: (i) Without loss of generality A <C .
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(€ I must show that for every finite b e B , t(b, C) is the non-
forking extension of t(b, A) . .Let t(b, C) = (I, f) . By (2.9) I
must show that f[I]J< A . Let n = length (b), so Ic A" Let
Xel. Then A+b+f(X) =0. Now f(}) e C, and f(2) = X-beB R
so f(X) e BN C< A .

(=) Suppose me BN C and BLC . Thus t(m, C) is the non-forking
A

extension of t(m, A) , and t(m, C) = (A, f) with f(1) =m . By(2.9,
t(m, A) = (A, f) , SO meA .

(ii) Note that Z1eIA1 is generated by U1eIA1 . ZieIAi is direct

iff for every j el , (2161\{J}A ) A A = {0} ; iff for every jel,

(Z1eI \{J}A )J,A iff for every jel, UieI\{j}Ai‘LAj iff {A1.|1' e I}
is independent.(iii) is similar to (ii). Let A. be the module generated

by fﬁi UM (so for any family of sequences (X\.) as described,

i’jel

e

li"n?. e A, ). Now (m.)

; ; i)ier s independent over M iff (A, )1eI is

independent over M iff (I, A.)N AjS M for all j el (by (i))

iel \{j}i
iff for all families (X, )1eI as descr1bed, all jel,

n=2z2 m. e AJ.= neM and the latter is easily seen to be

iel NG ™
equivalent to the condition of (iii).

2.12 COROLLARY: Let A be any set. Then A dominates E(A) over ¢ ,

that is, for every B, AlB= E(A) L B .
(ii) Let 0 # b e E(A) . Then b,LA .

PROOF: (i) WLOG A and B are modules. Suppose E(A\KB . Then by (2.11)
E(A)N B # {0} . Since E(A) is an essential extension of A ,
AN B # {0} that is, A,LB .
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(ii) Immediate since E(A) 1is an essential extension of A (1.3(7i1)).

2.13 DEFINITION: Let p; = (Ii’ fi’ M1.) (i € 2) be types. Then

Po@Py = (1g@1y, f@fy, Mo + ;)

2.14_ LEMMA: py@p; s a type over My +M; and pjyep; = (p0|M0 + M) e
(p11M0 + Ml)) where @ .denotes the usual Lascar product of types
(0, 1.5(iii1)).

PROOF: Immediate by (2.9).

L

2.15 COROLLARY: Let P; be 1-types over ¢ determined by the i.deals

I (i e 2). Let q(xo, Xl). = pb(xo)@;pl(xl) and let <ay, a;> -reaTize‘
q . Then t(ay +ap, ¢) = IgNI, .

REMARKS: This apparent]y trivial result ties the product theory of types
(regular decomposition, etc.) to the intersection fheory of ideals, and .

so has very important consequences throughout the rest of this chapter.

+ Aja 0 iff A, eI, and X, e I. by (2.11(iii)).

Ag2g * A3 = O 0 ¢l 184
Hence A(a0+a1) =0 iff Aeloﬂll .

PROOF :

2.16 DEFINITION: Let p =1 be an n-type over ¢ . Let AC A"\ T

p 1is constrained by A if for any type J Z1 over g s JNAZ G .

p 1is finitely constrained if it is constrained by some finite set A .
Similarly, if p = (I, f, M) is an n-type over M, A cA"eM\ f .

then p s constrained by A if for any n-type q =(J, g, M) , J 21

and gtl = f = g(}) =m for some A, m e A .
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2.17 PROPOSITION: p = (I, f, M) 1is isolated iff I 1is finitely

generated and p 1is finitely constrained.

REMARK: The principal interest is for l-types over g¢: "ann x = I" is

isolated iff I dis finitely generated and finitely constrained.

*
PROOF: By the elimination of quantifiers for TA s p is isolated iff
p 1is axiomatized by a finite set of equations and inequations over M,

and this is exactly what the conditions says.

2.18 PROPOSITION: The only algebraic n-types over M are of the form

{x; =m i <n} for some m; eM.

PROOF: p = (J, g, M) is algebraic iff U(p) = 0 iff J =A" (2.7),

and A 1is a ring with unit.

2.19 PROPOSITION: Let A be Noetherian.

(1) Let MET, ,qeS,M ,BEq,beMq) . Then M(q) %, E(MU {B)) .
In particular if blM then M(q) 2y Mo E(b) .

(ii) As a consequence it makes sense to define M(q) as above for an
arbitrary injective module M , and with this definition (0, 1.24) holds

for such M: Let p e S(M) be sr. Then for every q, p 1is realized

in M(q) iff piq.

PROOF: (i) E(M U {b}) is a model of T* by (1.13). If q is realized

A
in N>»M, say by b' , there is an embedding of ((M U{b})) into N

over M with beb' . Since N is a model, it is injective (1.11),

and by the definition of injective envelope there is an embedding of

*

E(MU {b}) into N . This embedding is elementary since TA is model
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complete. The prime model over M U {b} is unique up to isomorphism,
so M(q) EM E(MU {b}) .

The comment follows by the characterization of independence (2.11)
and the fact that M 1is injective. |
(ii) So for any injective M, q e S,(M) , I define M(q)} = E(M U {b})
for some b realizing q . Let p e S(M) be sr.

Let N be any model of T Then N< N®M . Let p' = p|N@®M ,

*
g
q' = q|N®M . By (0, 1.24) p' is realized in N@®M(q') = N®E(MUDb')
(some b' E q') iff p'fq' iff pLq . Since NLE(MUB') , if
<n, e> e N® E(MU '5') realizes p' then so does <0, e> . To see
this, let p = (I, f, M) . Since p' ='p|NQM , p' = (I, f, N®M) by
2.9. Let t(<0, e>, N®M) = (J, g, N®&M) . It is enough to show that
J=1,9g=f. Take Ax+a' ep'. Then Ae I and a = <0, m> where
m=f(x) . Thus F A<n, e> + <0, m>=0 and so F e +m=0 . Thus
J DI and gt =f . Let wed and g(u) =<n', m'> . Thus

Fu<0, e>+<n', m'>=0 and so Fue+m' =0. Let n" = -un.
Then Fk u<n, e>+<n", m'>=0 andso pel. Thus J=1 and

e e E(MUB') realizes p .
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IT 3. ORTHOGONALITY, WEIGHT AND REGULARITY IN TX

3.0 REMARKS: 1In{3.1yand B8.2)I make some trivial observations and

introduce some notation which allows me to express the concept of ortho-
gonality (0, 1.11) algebraically, and thus tie it in with the algebraic
treatment of independence in section 2. This eventually results in some
strong analogies between parts of stability theory and the ideal theory

of A .

3.1 DEFINITION/LEMMA:

(1) Llet p, e S;i(Mi) (i € 2) be types, M> Mg+ M qe S;BII(M) .

q is compatible with (p,, py) if for ie2, q&i = p;[M .

(ii) Let (Ii’ fi) be m; -types (ie?2), (Jd, g) an my + my type
| M0 M1 . .

(so that J< A "®A ) . (J, g)m.1s cozg.ahb]e with ((IO, fo) R

(I, f))) if for ie2, (3N AT, g ') = (I, f) .

(Note that this definition (i1) is independent of the co-domains of

fos f1s g ).

(iii) Suppose p; = (Ii’ fi) ,q=1(J, g) as in (i), (ii). Then q

is compatible with (po, pl) iff (J, g) 1is compatible with ((IO, fo) ,

(Il’ fl)) .

(iv) For types over ¢, I drop "fo" and "fl" in the notation, as

they are both the zero homomorphism.
PROOF: (iii) is immediate from the definitions and (2.3).

3.2 PROPOSITION: (Notation as in 3.1)

Po* Py iff (J, g) compatible with ((IO, fO), (Il’ fl)) implies

that J = Ioell .
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PROOF: Let M be any module > M0 + M1 . The unique non-forking
extension of P = (Ii’ fi’ Mi) to M is (Ii’ fi’ M) by (2.9)

(i € 2) and (p0| M)®(p1| M) = (10611, fo@ 1 M) by (2.14) and (2.9).
Thus the condition of the proposition is seen to be a direct restatement

of the definition of 1+ (0, 1.11).

REMARKS: (Same notation) Suppose in addition that M0 = M1 . We say
that Po and p; are weakly orthogonal (po.x.w pl) if pO(;O)LJ pl(;l)

is a complete type. If this is the case, then necessarily

{IO, fO) &9(11, f1)|M is the only type over M compatible with

((IO, fo), (Il, fl)), SO py+ Py - This contrasts strongly with the
general stable case, where weak orthogonality implies orthogonality only
over a-models, and even with the general tt case, where weak orthogonality
fmp]ies orthogonality over models. In all the theories TX this holds

over arbitrary A-modules.

3.3 THEOREM: Let py, p; € 51(¢) » Py = 1 (i €2) . Then Po+ Py
iff (V)\o)(v’xl) [(Ig:hg = I:Ag) » (Ag e IV Ay e 1)1 .

REMARKS: (i) Note that if I.:X I A and AO € IO then necessarily

00 " 1"
Al € I1 (1.3(i1i)) so I could just as well write "A"™ 1in the consequent
of the right hand side of the equivalence.

(ii) This theorem generalizes easily to a many variable version but I
will not need it: Let p; € Smi(¢) > Py = Ii(: Ami (i € 2) . Then

pgt Py iff (v*oxl) [(IO:XO = 11:1‘1) > (io e IyV Xy e 1)1 , where
for 1€A™, Xea™, I:X = {o e Alok e I} .

(iii) Continuing the policy of confusing l-types over ¢ and ideals of A,
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I write I0 L I1 to mean that the types "ann x = Io" and "ann x = Il"
are orthogonal.

(iv) Recall that in a commutative ring A we say that a prime ideal P
belongs to an ideal I , or is an associated prime ideal of I , if for
some A, P=1:A. (See, e.g., [SV, Theorem 4.16]). Thus, for a prime
jdeal P, P belongs to I iff Py I . See corollary (3.14) for a

further application, as well as the material from (4.3) onwards.

PROOF: (=) Assume that Po+ Py and that 1,:A, = II:A1 . Let
J = ((Ioellu {<Ag> )\1>})) , let g: J~-»{0}. (J, g) is compatible
with (IO, Il) , for a typical element of J s Uy * aAO, Hy t ax1>
where ;€ Ii and o e A . If, say, uy t aAl =0 , then axl € I1 s
hence o € Ille = IO:A0 SO uy * aAO.e I0 . Thus, since Pg+Pq > by
(3.2) J = IoeI1 s 0 € I0 and A € I1 . |

(&) Suppose P # Py » SO there is (J, g) compatible with

that is, X

(Io, Il) but J # IoeI1 . Thus there is Nps Ap> € J\IOQI1 . By
compatibility AO ¢ I0 and Al ¢ I1 . Now a e IO:)\0 iff aAO € I0

iff <ar,, 0> € J ; and a<k0, A1> = <ax0, aA1> €dJ ;s0 oe IO:A0

0’
1ff <0, axf>e J iff ae Ilzll .

3.4 COROLLARY:' IO L Il iff E(A/IO) and E(A/Il) have no non-zero

direct summand in common.

PROOF: (=») Suppose 1 I Then by orthogonality, for any a; € ¢

ot ‘1°

I; (ie2),ala ,andsobyl2.12 E(aO)J,E(al) .

with ann(ai)

n

But E(A/Ii) E(ai) , (i €e2), soif the E(A/Ii) have a non-zero

direct summand E 1in common, then (by a suitable automorphism of &)



-82-

there is an isomorphic copy E(a;) of E(A/I;) with E(ag) N E(aj) = E .
Thus by 2.11) E(ao)>ZE(ai) , contradiction.

(€) Suppose 104{ I1 . Then by (3.3), there are >\1. é Ii (i € 2) such

that I 11:)‘1 =J,say (J#A) . Therefore there is e; € A/Ii

0t =
with ann(ei) =J (ie2) . Hence, each E(A/Ii) has E(A/J) # 0 as

a direct summand by the definition of injective envelope.

3.5 THEOREM: Let A be a A-module. w(A) denotes the weight of A

(0, 1.16) over ¢.
(i) w(A)
(ii)  w(A)

0 iff A= {0}.

w(E(A)) .
(iii) If 0 # A 1is an indecomposable injective A-module then w(A) =1 .

(iv). If A2@. ;A with A, #0 forall iel, then w(A)z 1] .

I
(v) If Aceiel A1.' , where 0 # E(Ai) are indecomposable, then
w(A) < |I] .

PROOF: First I remind the reader that A< A' implies that w(A) < w(A')
(0, 1.17(4)).

(i) w(A) = 0 1iff A is algebraic /¢ (0, 1.17(iii)) +iff A = {0}
(2.18).

(ii) Since A S E(A) , w(A) < w(E(A)) . Since A dominates E(A) over
¢ (2.12), w(E(A)) < w(A) (0, 1.17(v)).

(iii) By (i) w(A) =21 . By the definition of weight (0, 1.16) it
suffices to show that pw (A/B) £ 1 for all B such that ALB . So
suppose that ALB and pw(A/B) 2 2 . Then there are CUJBjcl , With
A,éﬁci for ie2, and wlogB <Cy, C; are all modules. By (2.11)
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A flCi<¢ B so in particular A Flci # {0} (ie?2) . Since A 1is an
indecomposable injective, A.ﬂ CO N C1 # {0} also (1.4(ii)). Again by

(2.11), ANB={0} and C,NC,< B . Hence ANC

0 1 N ¢, = {0} ,

0
contradiction.

(iv) w(A) 2 w(® iel A;) and {A;]1 e I} is independent-(2.11), so

w(® A.) = Liel w(Ai) (0, 1.18i). But Ai # {0} so by (i) w(Ai) 21

iel i
for all i eI . Therefore w(A) 2 [I] .

(v) By (i), (ii), w(Ai) =1 foreach iel . w(A) S w(*%iel Ai)

(0, 1.174) , and w(eieI Ai) = Tiel w(Ai) just as in (iv) so

w(A) sz, . 1=11] .

el

3.6 THEOREM: Let peS;(g) ,p=1.

(1) p is regular iff I 1is maximal among the annihilators of non-zero
elements of E(A/I) (I say that I 1ds critical), in which case I s
irreducible and E(A/I) 1dis indecomposable.

(ii) If I 1is finitely generated, then p is regular iff p is
strongly regular iff p is strongly regular via the formula "ann x 2 I" .

(iii) If A is commutative then p is regular iff I is prime.

PROOF: Notice that if A is commutative then I is prime iff I s

critical. (If A 1is commutative then I is prime iff I:A =A or

I:x =1 justas xel or X¢1I . Nowin A/I , ann(r/I) =1:AD1 .
Since E(A/I) 1is an essential extension of A/I , I is a maximal
annihilator of non-zero elements of E(A/I) iff I s a maximal
annihilator of non-zero elements of A/I iff 1 is prime, by the first

remarks). Thus (jii) follows immediately from (i).
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The proof of (i) and (ii) contains several subtleties. Note that
the description in (ii) of sr types holds in arbitrary TK , not just
the tt theories. The first thing I prove is that if I 1is critical and
¢(x) 1is the set of formulas "ann x D I" then p and ¢ satisfy the
characterization of sr types in tt theories (0, 1.22iv). -I then imitate
the usual proof that every sr type is regular (see, e.g. [L, proposition
6.3]) to show that p is regular. In fact, the proof shows more: it
shows that p and ¢ satisfy the definition of sr type (0, 1.2(ii)).
When I s finitely generated, ¢(x) 1is equivalent to a single formula,
so one direction of both (i) and (ii) is proved. For the converses, it
suffices to show that if p 1is regular, then I 1dis irreducible and
critical.
Now assume that I is critical. Let MF TX and Tet N:= M© E(A/I) ;
M <N by(.13(iv)). Clearly p|M is realized in N by <0, 1/I> . I
show that for any <m, b> e N\M (so b # 0) , ann(<m, b>) © I 1implies
that <m, b> satisfies p|M . But ann(<m, b>) = ann(m) N ann(b) DI ,
so ann(b)o> I , and thus since I 1s critical and b #0 , ann(b) =1 .
Hence ann(<m, b>) =1 , that is, <m, b> satisfies p . I only have to
check that <m, b>LM . Suppose that XA<m, b> e M, that is, for some
<n, 0> e M, A<m, b> + <n, 0> =<0, 0> . Then Ab =0, hence A el ,
aso A<m, b> = <0, 0> and by (2.11), <m, b>IM. Thus p and ¢(x)
satisfy the characterization (1.22(1iv)) of sr types in tt theories. |
Now I show that if o¢(x)< q , then p.q or p||g . Since p is
a stationary type over ¢, pl|g iff q 1is a non-forking extension of p .
Assume that o¢(x)< q and that q 1is either a forking extension of p

or not an extension of p . I will show that p + q ; comparing this
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situation with the definition (0, 1.21(i) and (ii)) this is enough to
show that p 1is regular and, if [ 1is finitely generated, that p is
sr via ¢(x) .

Let Modom(q) ; wlog M is an injective model of TX (1.13(i14)).
Let Pys 9q be the non-forking extensions of p, q respectively to M
and let N = M®E(A/I) . N 1is also an injective model of TX' (1.13(iv)) .
Py is realized in N\M by a ::= <0, 1/I> , but not even q{ is
realized in N\M . For qID "ann x D I" and by the first part of
this proof, the only elements of N\M satisfying "ann x 2 I" are
those satisfying Py - Let b realize qq - It suffices to show that
a]&,b . By (2.11(ii1)) to establish this I must show that if

Ma+ub+m=0 (A, ue A, meM) then Xa, ube M. Let

Z(y) ::={da+uy +m=0}V q{(y) . ZIZ(y) 1is a consistent set of
equations (satisfied by b) with parameters from the injective module
N, so z(y) 1is satisfied in N , say by c . But c satisfies
qJ{(y)D "ann(y)> I" , so c ¢ N\M, that is, ce M . Thus

Aa+ (uc+m =0 estabh’lshes that Xa € M , and therefore also

ub € M. Thus aJ,b .
M

For the converses, suppose that p is regular. I 1is irreducible

iff E = E(A/I) 1is indecomposable (1.5(iii)). If E 2 E.® E1 R E1. # {0}

0
(i e 2) then by 3.5(iv)),w(E) 22 . Now p dominates t(E, ¢) (2.12),
so by (1.17(v)), w(p) 22 and p is not regular (0, 1.22(i)). Thus
E 1is indecomposable and I 1is irreducible.

Now suppose that J 21 , 0# b e E with annb =3 . Since E is

essential over A/l , b and 1/I satisfy some non-trivial equation:
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0 # kO/I = uob for some AO’ Mg € A . In particular, Mo ¢ J . Consider
A = E(A/I) © {0}<B = E(A/I) ® E(A/I) . Let ag = <0, 1/I> and

a; = <1/1, b> . Let p; = t(ai, A) (i e2) . Clearly Po is the
non-forking extension of p to A but P is a forking extension of

p to A. (ha; =0 iff del NJ=1 so p, extends-p , but if

A€ d\I then 0 # kal € A) . Therefore by the regularity of p ,

Pt Pp > hence ao\l!(a1 . But Moy - Aoao = <u0/I, 0>e A, and

Aoao = <0, AO/I> ¢ A , contradicting aO\J(a1 . Thus I 1is critical.

3.7 REMARKS: (i) Much more general characterizations of a similar

nature (and with similar proofs) have been found independently and some-
what later by M. Prest [Pr2]. In addition I have characterized strongly
regular types for certain tt theories of modules. This will be discussed

in Chapter III where I will make some more comments about the connections
with Prest's work.

(ii) The word "critical" to describe the ideals with the property described
in the theorem is taken from a paper of Lambek and Michler [LM, prdposition
2.7]. Many of the properties they discuss are seen to be manifestations

‘.
concept of relatedness introduced just before proposition 2.2 of [LM] is

of aspects of the theory of regular types in T For instance, the

just non-orthogonality (theorem 3.3), and proposition 2.2 itself will be
proved below (Lemma 3.8(i)). Corollary 2.4 of [LM] is a direct consequence
of the fact that £ 1is an equivalence relation on weight one types.

Lemma (3.8(i1)) below gives proposition 2.8 of [LM]. A1l of these corres-
pondenceé are immediate and direct. More remarks will be made later, as

appropriate.
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(iii) As a consequence of Theorem (3.6), I will refer to critical left

ideals as regular ideals.

3.8 LEMMA: (i) Let IO’ I1 be regular left ideals. Then I0 £ I1

iff E(A/IO)E E(A/Il) .

(ii) Let I0 be regular, X ¢ IO . Then IO:A is regular and
IO:A £ Iy -

0° Al such that
A# IO:A0 = 11:>\1 = J , say. Hence there are e; € E(A/Ii) such that
ann(e.) =J (i e 2) . But E(A/Ii) is indecomposable since each I,

i i
is regular, so E(A/Ii) 2 E(A/J) (e 2) .

1w

(¢=). If E(A/IO) E(A/Il) then IO £ I1 by (3.4).

(i1i) Let I, =1.:x . Then I,:1=1.:x so I0 £ I1 by (3.3). It is

1 0 1 0

enough to see that I, is critical. Suppose 0 #y e E(A/IO) and

I1 Cann(y) . Consider the map f:((X/IO)) > ((y)):ux/lok* py . f is
a well defined homomorphism since ann(x/IO) = IO:A = IIC: ann(y) . By
(1.1(v)) there is an endomorphism ao of E(A/IO) extending f , and
y = f(x/Io) = a(A/IO) = Aa(l/Io) . Thus ann(y) = ann(a(l/IO)):A .
Since o is a homomorphism, ann(a(l/IO)):D ann(l/IO) = I, . But I0
is critical. Therefore ann(a(l/IO)) = IO , so ann(y) = IO:A = I1 .

Thus I1 is critical.

3.9 REMARKS: In my abstract [K2] reporting these results, the sentence

"Any two such types [sr types] which are non-orthogonal are in fact equal"

occurs. This is incorrect, and the sentence should begin "If A s

commutative, then ...". The following sentence should begin "A representative
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set P of primes ..." instead of "The set P of primes ...". This does
not affect the validity of the main result announced there, for which see

section 4 of the current chapter.

3.10 COROLLARY: (See [LM, Theorem 2.131]) Let A be left Noetherian.

(1) If E 1s an indecomposable injective A-module, O % e e E, then
for some A , ann(e):A is regular, that is, 0 # Xe has a (strongly)
regular type.

(ii) If M 1is a direct sum of indecomposable injective A modules and

0O#beM, then for some X , O # Ab e M has a strongly regular type.

PROOF: (i) Since A is Noetherian there is I , maximal among the

annihilators of non-zero elements of E , and since E 1is indecomposable,
E = E(A/I) . Therefore I 1is critical. But E 1is essential over A/I ,
so for some X, u, 0 # e = u/1 , and by (3.8(i1)) u/I has regular type.
(ii) WLOG M 1is a finite direct sum of indecomposable injectives,

M= ei<n E1. ,and b = <b1'>1'<n . Claim: There is u such that 0 # ub
and for every i<n, ann(ubi) = ann(ub) or ann(ubi) = A . Proof of
claim: If A # ann(bi) , A # ann(bj) , and ann(bi)\\ann(bj) #06 , pick
Hy € ann(bi)\.ann(bj) . Then ygb # 0 (since Mgby 7 0) and ugb has
(at least) one more component (“Obi) equal to zero than b . So, by
recursion, I find u = Hg = eee Mo (some m < n) with the desired
property. Suppose “bi # 0. By part (i) there is A such that xubi
has regd]ar type. By the choice of u , t(kubi, g) = t(Aub, 4) , that is,

Aub has regular type.
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3.11 THEOREM: Every non-algebraic type p is non-orthogonal to some

l-type p' over g¢. Furthermore, if p is regular (sr) then p' may

be taken to be so, too.

PROOF: WLOG p € SI(M) where M 1is an injective model of TK , and p
is realized in an injective model M® N , say by <m, n>. with n#0.
Let p' = t(<0, n>, g) . Clearly <0, n> realizes p'|M by (2.11), so
it is enough to check that <m, n>,££<0, n> which is again obvious by
(2.11). "

Now assume that p is regular and that p' is not. Let I = ann(n) ,
so wlogn-=1/I e E(A/I) . Since p' is not regular, I is not critical,
and there is J , A#J 21, and bje E(A/T) ann(bo) = J . Consider
M ®E(A/I)® E(A/I) , a model of TX , and elements a = <m, 0, n> ,

b =<m,n, b0> . Clearly both satisfy p over M, and the former satis-
fies p|M' , where M' = M ® E(A/I) , while the latter satisfies a forking
extension of p to M' . Thus by the regularity of p , t(a, M') » t(b, M').
But E(A/I) = E(n) 1is an essential extension of A/I , so there is a non-
trivial relation An + ubo =0 . Hence Xa +ube M , ubgM , q.e.

aﬂéé b , a contradiction. Clearly if p is sr via o¢(x, c), Ce M,

then p' s sr via o(x, 0) .

3.12 THEOREM: Let A be left Noetherian.

(i) If M SN are injective modules, then the non-forking extension to
M of some sr l-type over ¢ is realized in N\ M .
(i1) Every type is non-orthogona]Ito some sr l-type over g.

*
(ii1) TA is basic.
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€:>

PROOF: Let M< N be injective. Then N =M &@M' for some (injective)

M' . Let M0 be any model of TX . Then Moe M<M @M B®M' are

0
models (1.13(iv)) and so there is an sr type realized between them (0, 1.22v).
By (the proof of) 3.11, wlog it is the non-forking extension to Moe M

of an sr 1-type over ¢. Applying the method of the proof of (3.11) once
again, we find an sr l-type over ¢ realized in N\ M.

Parts (ii) and (iii) follow immediately.

3.13 COROLLARY: Let A be Noetherian, let N be an injective A-module.

Then N has an indecomposable direct summand.

PROOF: In (3.12(i)) take M = {0} , then apply (3.6).

3.14 COROLLARY: Let A be commutative Noetherian. Then IO..L I1 iff

no prime ideal belongs to both IO’ I1 .

PROOF: Recall remark (iv) to Theorem 3.3. This corollary restates a basic
property of &+ and sr types in tt theories: see (0, 1.23(iii) and (iv)).
(3.12) establishes that the sr l-types over ¢ (i.e. the prime ideals of A)

are enough.

3.15 THEOREM: Let A be Noetherian, M an injective A-module,

qe€ Sl(M) a non algebraic type, b F q . Then there are (a1)1‘<n ,

independent over ¢ and from M , each a; definable from b over M

such that <t(a1., ¢)>1'<n is a sr decomposition of q (see 0, 1.23).

PROOF: Since M is injective, E(MU {b}) = M® N for some injective
Q N. Let b=<m b'> in M& N . Since b' (i.e. <0,b'>) is

definable from b over M, it will be sufficient to find (a1.) as

v i<n
described, definable from b' (over ¢).
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be any model of TX . Mo.l,M J {b} , so M0 is injective
(1.13(iv))

Let M0

(1.11). Let M =M0$ M. Now M, < M. ®N are models of T*

1 1 1 A
and clearly b' realizes q' = q|M by the same argument as in the proof
of (2.19(ii)), and Ml(q') =M ® N by (2.19). By (0, 1.25) M;® N
has an sr resolution over M1 , and by (3.12) I may take the types
involved to be the appropriate non-forking extensions of sr 1l-types

(p;)
a slight abuse of notation, M; ® N = Ml(po)(pl) (pn-l) . If E,

s<n oOver ¢, where (pi)i<n is a sr decomposition of q . Thus, by

is the indecomposable injective associated with P; (i < n) (3.6(i)),

oo E. . Thus b' can be written as

then by (2.19) M i<n Bi

ONz, M
My

. Vo
an element of €Bi<n Ei , that is, b <bi>i<n

1 1

Now I claim that ann(b') =N ann(bi) is an irredundant decompo-

i<n

sition. For suppose, say, that ann(bo):>r]0<i<n ann(bi) . Let

b* = <0, bi>y 5. + From ann(b') = ann(b") and b \L'Ml » b"L My

it follows that t(b", Ml) = t(b', Ml) = q' . But I do not need the

component E0 to write b" , thus I have Ml(q') = Ml(pl) cee (pn_l) R

contradicting that (p1.)1.<n
Thus, for each 1 < n , there is My € (N

is a sr decomposition of g (q' = q|M1) .
j<n, j#i am bj)\
(ann bi) . (Incase n=1 note that Ng = A ) . Thus uibj # 0

iff i=3j. Now 0 # uibi € Ei , an indecomposable injective, so by
(3.10) there is 'Ai such that Xi“ibi has strongly regular type. Let

a; = A;u;b' . Therefore t(ai) is sr and t(31)<¢ p; » that is,

(t(ai, 8)) is a regular decomposition of q definable from b over M.

i<n

3.16. REMARKS: This theorem picks out a "best possible" sr decomposition

of the type q: all the types are over ¢, and the decomposition is
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"definable". It is not claimed that every decomposition is definable in
this way.
This is much stronger than what is true in the general case [Sh,

Theorem V4.11]. Shelah's result requires that we work in g®q- , and

we only get "semi-regular" types.
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IT 4. INVARIANTS AND UNIQUE DECOMPOSITIONS

4,0 THEOREM: Let E be an indecomposable injective A-module, and M

any A-module. Let {Ai|i € Il be a maximal independent family of
submodules of M such that E(A;) ®E for all iel . Then || s
an invariant of M.

In particular, if M can be written as a direct sum of indecomposable

injective modules, its expression as such is unique up to order.

PROOF: By (3.5i11) w(Ai) =1 for each iel, and by (2.12) ,
A; £ E . Hence by (0, 1.18) |[I| 1is determined by M and E .

iR

Suppose M Eeiel E1. ejed FJ. are two expressions of M as a
direct sum of indecomposable injectives. From (3.4) it is easy to see
that for indecomposable injectives E and F , t(E, ¢) £ t(F, ¢) iff
E=F . Itis also clear that (Vi e I)3j e J)[EiXKF}] hence
t(Ei, g) £ t(Fj, g¢) . Thus for any indecomposable injective E , by
the first part of this theorem |[{i e I|E, = E}| = [{j e Jle = E}| and

there is thus a bijection o:I ~ J such that Ei = Fd(i) for each i el .

4.1 COROLLARY: [Ma]l. Let M be an injective module over a Noetherian

ring. Then M may be written uniquely as a diéect sum of indecomposable
injective modules.

Furthermore, if P 1is a representative set of the £ classes of
critical ideals (sr l-types over @) the decomposition is given by

~ (Oﬂp)
M -6Pep E(A/P)

where ap = dim(P, M) .

PROOF: Let {Ei|1 € I} be a maximal independent family 6f indecomposable
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injective submodules of M. I # ¢ by (3.13) . Again, since A is

Noetherian, I Ei is injective and thus a direct summand of M ;

iel
thus by (3.13) and the maximality of the family, M Eeiel Ei . By (4.0)
this expression is unique. |

Note that each E, is E(A/P) for some critical P-, (3.6) and
wlog I may choose P e P (3.4), and finally dim(P, M) = dim(E(A/P), M)

= a (2.12).

4.2 REMARK: Note that this corollary extends to all injective A-modules
what the Basis Theorem says about models of TX , namely that they are
determined by the vector <dim(p, M)>peP .
Eklof and Sabbagh [ES 5.2] give conditions on dim(M) that deter-
mines whether or not the injective module M is a model of TX .
The classical proof of this theorem (and others of a similar nature)
appeals to the Krull-Remak-Schmidt-Azumaya Theorem by showing that if
E is an indecomposable injective, then EndA(E) is a local ring. Here

"weight one" serves the same purpose. I will have more to say about this

in Chapter III.

4.3 REMARKS: In the remaihder of this section I give a sketch of the

relation between the regular decomposition of types (0, 1.23), (3.15)
and the classical decomposition theorems for ideals in Noetherian rings
(Lasker-Noether in the commutative case, Lesieur-Croisot in the non-
commutative case. See [N] and [LC]). I giye a sketch only, because I
can prove the theorems in a more general context, which I do in Chapter
'IIT. However the results are presented here because the correspondences
between the type theory and the classical theory of ideals in Noetherian

rings is so striking.
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I remind the reader of the simple result of corollary (2.15) which
may be rephrased as follows: alb = ann(a + b) = ann(a) M ann(b) .

In what follows A is a Noetherian ring, I, J, P, Q etc. are left -
ideals, and in notation I seldom make any distinction between the ideal
I and the l-type over ¢ "ann x = I" .

Recall that by (3.6) P 1is regular iff P 1is strongly regular iff
P is critical, and if A is commutative, P is regular iff P is
prime. In this discussion, then, the regular types are made to play the
role of prime ideals, P, Q are always assumed to be regular, and for
the purposes of emphasizing the algebraic analogy, I refer to them as

pseudo-prime ideals here.

4.4 LEMMA: (i) £ ds an equivalence relation on the pseudo-prime ideals.

(ii) PLINIS>PLI®ISP LI or P LI,

PROOF: (i) The basic property (0, 1.20(iii)).
(i1) (2.15) and (0, 1.23).

4.5 DEFINITION: {Extending the algebraic analogy, and recalling remark

(iv) to Theorem 3.3):

I 1is P-primary (and I say that P belongs to I ) iff for every

pseudo-prime Q , (I £ Q iff P£L£ Q) . I idis primary if it is P-primary
for some P .

In general, P belongs to J iff P £J.

4.6 LEMMA: (i) P#£ P' & (I is P-primary iff I is P' primary).
(i) I dis P-primary iff I 1dis realized in E(A/P)" for some n < w .

(iii) I is P-primary iff (VI)(I £J=> P £J) .
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(iv) I s irreducible > 1 s primary.
(v) A finite intersection of P-primary ideals is again P-primary; and
conversely any P-primary ideal is a finite intersection of irreducible

P-primary ideals.

PROOF: I just maké the following comments: I is irreducible iff
ECA/I) is indecomposable (1.5(iii)). (i) is immediate, (ii) is the
important one and uses the regular decomposition for (=2). (v) follows

immediately from (ii) and (2.15).

4.7 REMARKS: By (4.6) it is immediate that if A is commutative,

then "I is P-primary" has its usual meaning. See [N].

4.8 LEMMA: Let I be P primary. Let PC) be a regular decomposition
of I . Then n is uniquely determined by I , n=w(I) . n is also

of course the least possible n appearing in (4.6(ii)).

4.9 THEOREM: Let I be a left ideal. Then:
(i) 1 =N

i<m Ii with Ii irreducible for i <m and the decomposition
is irredundant.

(ii) Let P = {Pj|j < n} represent the distinct i—c]asées of primes
belonging to the I, (i <m) . For each j <n, Tet ny = l{illi £ Pj}| .

Then P , <nj|j < n> are uniquely determined by I .

PROOF: This is just the regular decomposition of I wusing an argument
similar to that of (3.15). In brief, E(A/I) E®,i<mE(A/P1.) , and

/T = <b;>. . Then I =(]1<m ann(bi) is the desired decomposition.
The uniqueness results of (ii) follow from the uniqueness of regular

~ decompositions.
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4.10 COROLLARY: Let I be a left ideal. Then I has a normal decom-

position, that is, I =r1j<n Jj where for j <n, Jj

for j<j'<n, Pj i Pj. , and the decomposition is irredundant.

Such a decomposition is uniquely determined up to the [f-classes

is Pj—primary,

of prime ideals occurring in it and the weights of the corresponding

primary ideals.

4.11 REMARKS: Theorem (4.9) is of course the classical Lasker-Noether

(commutative) or Lesieur-Croisot (non-commutative) decomposition theorem
for the ideals of a Noetherian ring, with some slight differences in the
non-commutative case, as pointed out below. In addition, I have not seen
the parts of (4.9) and (4.10) which refer to the weight stated in the
usual treatments. (What this says is that even though the P-primary
ideals occurring in a decomposition are not uniquely determined, the
number of irreducible P-primary ideals is.)

I've had to abuse the classical terminology in the non-commutative
case somewhat. The usual algebraic definition of "primary" can be
generalized directly to the non-commutative case; this is not particularly
useful. Lesieur and Croisot are forced to look for a stronger property
and introduce "tertiary ideals". My uniform definition (4.5) gives the
primary ideals in the commutative case and the tertiary ideals in the
non-commutative case.

~In the non-commutative case, regqular ideals are not prime, even in
the weak sense of prime left ideals. As noted before (3.7(i1)) fhey are
exactly the critical ideals of Lambek and Michler [LM]. This paper gives

several important properties of prime and critical ideals, which may be
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rephrased in stability theoretic terms. (In reading [LM] the reader is
reminded to keep in mind that they talk about right ideals in a right
Noetherian ring, whereas I work on the left.) The following numbers

all refer to results from [LM]. Corollary 2.9 shows that a critical
ideal P satisfies an algebraic property 1ike primeness:- I 2 P ,

JZ2P > IJEP . By 2.13, every regular.left ideal is non-orthogonal

to some critical prime left ideal. Theorem 3.9 says that every two-sided
prime ideal P 1is primary in my sense, and w(P) is the "left Goldie

dimension" of the ring A/P .
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IIT. TOTALLY TRANSCENDENTAL THEORIES OF MODULES:

TYPES AND DECOMPOSITION THEOREMS

IIT 0. INTRODUCTION

In this chapter I extend some of the results of Chapter II and in
some cases provide proofs on a more elementary level. 51(¢) is developed
as an analogue of the ideal lattice of a ring.

In the first section I begin by putting things into the most general

context possible, the abeljan structures of Fisher [F]. These are many-

sorted structures such that each sort is an abelian group and such that
every atomic formula defines a (many-sorted) subgroup. Since "abelian
structure” generalizes the idea of module, I refer to such structures as

abstract modules or even just modules. When I want to refer to the usual

concept, I say ordinary module. The associated many-sorted first order

language L 1is called the language of modules. A particular example

of a family of such structures is of course the class of all modules-
over-a-fixed-ring-A as considered in Chapter II. Chapter IV will ihtro-
duce a new example.

The e]ementaky model-theoretic facts about modules over a fixed ring
A actually depend only on the fact that positive primitive formulas
(1.3) define subgroups, not on any explicit ring-theoretic properties
of the ring A Thus all of the standard theorems on pp-elimination of
quantifiers, stability, and so on, as well as the characterizations of
stability-theoretic concepts 1ike independence, go through without modifi-
cation. All of these basic results from the literature are gathered

together in section 1, with appropriate explanations where necessary.
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The two substantial results quoted are the pp-é]imination of quanti-
fiers (1.6) and Garavaglia's characterization of forking (1.19). The
rest of the results from the literature are straightforward. Corollary
1.21 is one of the first facts I noticed about forking theory when I began
this research. (1.24) and (1.25) are fairly straightforward consequences
of Garavaglia's result which I find necessary for my particular approach
to the problems of sections 3 and 4. My goal is always to use as much of
"model-theoretic techniques" and as Tittle of "algebraic techniques” as
is possible. I will continually re-emphasize this point in the remarks
I make. Because of the pp-elimination of quantifiers, the division between
the two techniques is sometimes obscured.

In particular the treatment of independence is elementary throughout.
By this I mean that I make only weak appeals to algebraic concepts. The
main fact about tt modules is that they are equationally compact (= pure
injective). Beyond this, I use very little: I do not need to appeal to
the rather deep theory of compact hulls as developed by Prest, Ziegler
and others in recent years. Thus the proofs presented here are at a more
elementary level than the ones in Chapter II, where I do not hesitate to
appeal to the well-established theory of injective hulls. In fact, I am
able to recover the beginnings of the theory of compact hulls as conse-
quences of abstract stability theory: the existence of unique prime
models over any set in a tt theory is the central point. As toAindepen-
dence, the starting point is Garavaglia's 1980 characterization [G5]
already mentioned. The more recent work of Pillay and Prest [PP] and
Ziegler [Z] would apparently allow simpler proofs in some cases, but this
is illusory, because the underlying theory of compact hulls is itself

quite complicated.



-101-

The context of abelian structures naturally leads to questions about
the effect of expanding a language for modules by a new relation defining
a subgroup. In section 2 I briefly consider questions of this nature and
show that adding a pure congruence relation does not change the stability
classification.

In sections 3 and 4 I study totally transcendental theories of modules
T , mostly under the assumption that T 1is closed under products. As
will be seen, such an assumption is innocuous for the applications that I
have in mind.

In section 3 I study regularity, weight, and indecomposable modules.
I show that such a theory T is basic and use this to prove the existence,
uniqueness, and minimality of the compact hull H(q) of q € S,.(4) (3.5).
I characterize those types p € Sl(¢) which are strongly regular (3.7)
and when q e S,(#) has weight 1 (<> H(q) 1is indecomposable) (3.10).

In section 4 I deal with decomposition theorems. First I prove
Garavaglia's theorem [G4] that every tt module can be written uniquely
as a direct sum of indecomposable modules (4.2, 4.3). My proof is entirely
model-theoretic in nature, primarily appealing to weight and referring
back to the Basis Theorem. In particular, i do not need to use the usual
algebraic argument involving the Krull-Remak-Schmidt-Azumaya theorem. The
existence of such a decomposition is essentially the fact that for any tt
theory T , if M<NET then there is an sr type over M realized in
N ; the uniqueness is the fact that dimension is well defined for weight
1 types. Pillay and Prest were aware that such a proof might exist; I
thank them for encouraging me to complete and publish these results.

Secondly, I characterize the decomposition of H(q) 1in terms of the sr
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decomposition of gq (414). Finally I prove a Lasker-Noether style
"primary decomposition" for Sl(¢) (4.9, 4.10). This is again a conse-
quence of the sr decomposition of types. By the remarks at the end of
Chapter II, these results properly extend the classical Lasker-Noether
primary decomposition and Lesieur-Croisot tertiary decomposition of ideals
in a Noetherian ring.

At the end of section 4 I make some historical remarks and summarize
the references made in Chapters II and III to the work of other people

which overlaps or extends these results.
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IIT 1. ABSTRACT MODULES, STABILITY AND INDEPENDENCE

1.0 DEFINITION: An abstract module (in the future I will mostly say

just module) is an abelian structure in the sense of E. Fisher [F]. So

<f.>, Ad;

a module is a many sorted structure M = <<M > R1>ieI’ j J&J’

s seS’
Val> , where
(i) S 1dis the set of sorts, INJ=¢g ,s#s'eS > MSﬂMS. =g .
(ii) Each R, (fj) is a (finitary) relation (operation) on UgesMs -
(iii) Ad s a function on I UJ , with Ad(k)< S" for some n <w ,
for keI UJ.
(iv) Val 1dis a function on J with Val(j):Ad(j) - S . (Ad(k) is the
set of admissible sort assignments for the n-ary relation Rk (the n-ary
function fk) (as the case may be). Val(j) is the sort valuation map
for the function fj . For convenience I will write Ad(R ) Ad(f )s
Va](f.) instead of Ad(i), Ad(j), Val(j) respectively).
(v) Among the (R, )1eI is the relation "=" with Ad(=) = {<s, s>|s € S} .
"=" is interpreted as equality.
(vi) Among the (fj)jed
with Ad(+) = {<s, s>|s € S} and Val(+)(<s, s>) = s; Ad(-) = {s|s € S}
and Val(-)(s) =s; and Ad(0,) = ¢ and Val(0)() =s foreach sesS.

are the functions "+", "-", and "Os“ (s € S)

(vii) For each s e S, <Ms’ +ts, -1is, Os> is an abelian group.

(viii) Each R, (i € I) 14s additive, that is, assuming that X, y are
chosen from USeSMs compatible with Ad(Ri) and pointwise of the same
sort, then X, y e Ry = X+ (-y) e R; , where the latter expression is
to be evaluated co-ordinatewise. |

(ix) Each fj (j € ) 1is a group homomorphism, that is, assuming X, y

are chosen from Us sM compatible with Ad(f.) and pointwise of the

same sort, then f (x + (-y)) = f(X) + (-f(¥)) .
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1.1 DEFINITION: Associated with any abelian structure are the correspond-

ing many-sorted language (with, in particular, sorted variables) and its
many-sorted model theory. The rules for well-formed formulas of this
language are quite standard and insist the Ad and Val be respected.

)
Ad, Val and S and is provided with infinitely many

Thus the language consists of predicate symbols (R function

i'iel °

symbols (fj)jed’
variables of each sort s €S .

1.2 REMARKS: For a full and very formal treatment of the many-sorted

logic assoéiated with abelian structures, the reader is referred to the
first two sections of Fisher's article. The main point to keep in mind
is that virtually all the differences with ordinary (l-sorted) model theory
are notational rather than fundamental. The one significant difference
is in fact one of the strongest motivations for a many-sorted approach:
every element of a model has a unique sort, even if there are infinitely
many sorts. Of course an interpretation of many-sorted logic into ordinary
logic loses this property. |

Natural examples of abelian structures abound. Among them are modules
over a ring A , chain complexes of modules, additive group valued functors
on an abelian category (for all of which, see [F]), and the examples
arising from my study of topological modules in Chapter IV, which are new.

Abelian structures are the natural starting point for the study of
the model theory of (ordinary) modules, for reasons which I will try to
make clear now.

The fundamental fact about the first order logic of (ordinary) modules

is the family of theorems due to Baur, Monk, and Garavaglia (1.6) which
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describes first order properties in terms of positive primitive formulas
(1.3). Since parameter-free positive primitive formulas define subgroups
(1.4) the proof of this fundamental fact lies entirely within the theory
of abelian groups. Conditions (viii) and (ix) are all that are needed
for (1.4) - and after that is established, the relations and functions

(Ry)ieg » (F;)

ilie disappear from the discussion and are seldom if ever

jed
explicitly mentioned again. Thus with a few exceptions, the reader will
be able to treat all of the following material as if it applied only to
ordinary modules. The only extra work involved in taking the many sorted

approach are the definitions (1.0) and (1.1).

1.3 DEFINITION: A positive primitive formula (afterwards: ppf) is a

formula of the form (3§Y\k<nak(§, y) for some n , where for each k < Ny oy

is an atomic formula.

1.4 LEMMA: (i) If ¢ 1is a ppf then so is (Ix)¢ . If ¢ and ¢ are

ppf's then ¢ Ay 1is logically equivalent to a ppf.
(i1) If ¢(x) ds a ppf, then ¢ is additive, that is for every abstract
module M ,
ME (XY (X) A 6(Y) + o(X - ¥)]
~In particular if X is of sort <Sy seey S> € sn , then
¢[ﬁs] = {me Ms| E o[m]} is a subgroup of Mg . In general, o[M1 s

a subgroup of some product M_ x ... xM_ .
v 51 Sn

(i1i) For every a , M E (¥xy)[4(x, 3) > (¢(y, @)« o(x - y, 0)1 for
ppf ¢ and a of the appropriate sorts. Thus, if x is of sort s,

for every 3., ¢[Ms, a) s either ¢ or a coset of ¢[MS, 0) in Ms .
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Hence o(x, 3) , o(x, b) are contradictory or equivalent.

(iv) ppf's factor across direct sums, that is, for every ppf o(X) ,

every pair of modules M, N, and every meM, neN of the right sorts,
M® Nk ol<m, n>] iff M E ¢[m] and Nk ¢[n] .

(v) For ppf's o(X), w(X) , Tet ¢Ny ::='6 AY', ¢ + ¥ ::="Ay2)[o(¥) A
WA X=y+2, o<y 1:="ME (WX)[o(X) » w(X)]'. Let L+ be the

set of equivalence classes of ppf's in X (by the relation '¢c< YA Y <¢) .
Let 0 ::= "X =10", 1= "X = X" .

Then <L§;IW » +5 0, 1> is a bounded modular lattice with induced

order < .
PROOF: A1l of these are quite elementary and are left as an exercise.

1.5 DEFINITION: Let o¢(x) , v(x) be ppf's over ¢. Then Ind(M, ¢, ¥)

is (¢[M]: oA Y[M]) (the group theoretic index) if finite, "~" otherwise.
Note: if x 1is of sort s , then by (1.4(ii)), these formulas define
subgroups of the abelian group MS » SO the definition makes sense: we

are not trying to calculate the cardinality of a many-sorted object.

1.6 THEOREM: Monk [Mo], Baur [Ba].

(i) Let M, N be modules. Then M = N 1iff for all ppf's ¢(x), ¥(x),
Ind(M, ¢, ) = Ind(N, ¢, ¥) .

(ii) If M s a module, o¢(X) a formula in the language of M , then
there is a Boolean combination of positive primitive formulas w(I) such

that M E (VX)[o(X) < v(X)] .

1.7 REMARKS: This result was first proved by Monk in his thesis, for

abelian groups. It was also proved, in whole or in part, independently
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by Baur, Garavaglia, and Martyanov. For a nice proof, the reader is
referred to Ziegfer [Z, Theorem 1.1]. (1.6(ii)) is the single most impor-
tant fact about the model-theory of abstract modules. It is referred to
as "the pp-elimination of quantifiers".

Since the standard proof eliminates quantifiers one at a time, and
consists entirely of a group-theoretic/combinatorial argument, the very

general context taken here has no effect whatsoever.

1.8 DEFINITION: Let p = t(a, M) be a complete type. (M some (abstract)

module).

(1) p = tT(@, M) = { ¢ | ¢ ppf, ¢ € p}
(i1) p” ::= t7(a, M) ::= 5% | ¢ ppf,—9 € p}
(ii1) % = t5@, M) = pt U P

1.9 LEMMA: (i) p+ uniquely determines p  and conversely.

.. +
(ii) p p

PROOF: (i) p 1is complete, so for every ¢, ¢ ep or —p ep.
(ii) By (1.6(ii)) every formula in p 1is equivalent to a disjunction

of conjunctions of formulas in pi (since p 1is consistent and complete).

1.10 REMARKS: The intuition behind many of my results in sections 3

and 4 is that the pp l-types over ¢ play the role of the (left) ideals
of a ring. Certainly this was clear for the theories considered in
Chapter II, where the correspondence was exact and explicit: a l-type
over ¢ says exactly "ann x = I" for some left ideal I .

It is interesting to note in passing that_(in the case of ordinary

modules over a ring A ) it is possible to characterize syntactically
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those pp 1-types over ¢ which correspond to two-sided ideals:

DEFINITION: p' s two-sided iff &¢(x) e p* = ¢(Ax) e p* for all Ae A .
Clearly this is exactly the right condition for the theories considered

in Chapter II, and is a reasonable extension to arbitrary theories of
ordinary modules. In such a case, clearly p+[M] is a sﬁbmodu]e of M.

In the general case of a complete theory T of abstract modules, I offer

the following:

DEFINITION: Let s be the sort of x . p'(x) is two-sided if for

every ¢ € p+(x) and term t of L such that <s, ..., s> e Ad(t) ,
Val(t)(s) = s , then o(t(x, ...s X)) € p+(x) . Similarly, T is
commutative if for every sort s , every ppf #(x), X, Yo» +++s Ypo1 of sort
s , and every term t(y) of sort s , T‘h—(V?)DAﬁ<n¢(yi) > o(t(y))] . As a
consequence each ppf ¢(x), x of sort s , defines a substructure of M,

for each model M of T . An even stronger condition would be to require

that every ppf #(x) should define a substructure of each Mk T .

1.11 THEOREM: (i) Baur [Bal; (ii), (iii) MacIntyre and Garavaglia [G3].

For a proof see [Z].

(i) A1l modules are stable.

Let M be a module.

(ii) M 1is superstable iff there is no infinite descending sequence of
pp-definable subgroups of M , each of infinite index in its predecessor.
(iii) M is totally transcendental iff there is no infinite descending

sequence of pp-definable subgroups of M .

REMARKS: These are all fairly straightforward from the definitions and
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(1.6). It should be noted in (ii) and (iii) that we only need consider
formulas in one variable. (iii) is the result of main interest in this
chapter. Two interesting and useful ways of rephrasing it are the follow-
ing (for T a complete theory of modules):

(iii') T s tt iff for each sort s , each variable x -of sort s ,
there is no sequence <¢i(x)>i<w of ppf's such that

T (W)0(95,0 > ;) A= (5 + ¢,,4)] for each i<w.

(iii") T is tt iff for each sort s , each variable x of sort s,
there is no sequence <p_i(x)>1.<

that p: S p:ﬂ for each i < w.

" of complete types over ¢ in x such

Thus "T tt" 1is seen to be exactly a Noetherian condition on the
pp l-types over g. I exploit this to develop analogies between the ideal
theory in a Noetherian ring and the type structure of T .

Also note that the conditions of (ii) and (iii) can easily be
rephrased in terms of the elementary invariants (1.5):

The module M 1is not tt (ss) iff there is a sequence (¢i(x))i<w
of ppf's, for all i <w ME (¥Vx)[¢.

i+1
Ind(Ma ¢.is ¢1+1) 22 (= °°) .

- ¢i] , and for all i < w

1.12 DEFINITION: [F]. Let M, N be modules, f: M >N .

(1) f dis a homomorphism if for every atomic formula of(X) and me M,

MEa[ml = NEa[f(m)] .
(ii) f 1is an embedding if for every atomic formula of(X) and me M,
M E o[l € N E a[f(m)]

(iii) f 1is a pure embedding iff for every positive primitive formula

o(X) and me M, ME ¢[m] iff NE o[f(m] .
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NOTATION: For (ii) I write f: MS>N or if f 1is the inclusion map,

just MS N . For (iii) with f the inclusion map I write M < opf N .

REMARKS: It follows from the definitions that in each case f s a
sorted map, f[MS] c-'-NS for each s e S .

If there are relation symbols in the language, a 1-1.homomorphism
need not be an embedding.

Because of the pp-elimination of quantifiers, the concept of pure
embedding will be of central importance. Notice that for any M, N,

< . i < i i < .
M ppreN Notice also that M <N implies M ppr

1.13 PROPOSITION: (Ziegler [Z, Corollary 2.2]). Suppose R < M.

ppf
Then M is ss (tt) iff both R and M/R are ss (tt) .

REMARKS: Ziegler proves this by establishing the following two formulas

in the case R < M:

ppf
(1) For each ppf ¢, ¢[M/R] = ¢[M]/R .

(2) For every pair of ppf's ¢, y, Ind(M, ¢, ¥) = Ind(R, ¢, ¥) - Ind(M/R, ¢, ¥) .
The result then follows easily by considering the characterization of

ss (tt) in terms of the invariants.

1.14 DEFINITION: Let M be a module.

(i) M 1is compact (also: algebraically compact, equationally compact)
if for every set =z(X) of atomic formulas with parameters in M (X
may be infinite); ME %) A z(X) iff for every finite z'< 3% ,

ME @X)AZNX) .
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¢:> (ii) M 1is pure-injective iff for every N, N', homomorphism f: N + M
and pure embedding g: N -+ N' , there is a homomorphism f': N'+> M

such that f = f'og .

1.15 LEMMA: [F, 3.1, 3.7] [Z, 3.1].
Let M be a module. The following are equivalent:
(1) M dis compact.
(ii) M 1is pure-injective.
(ii1) (1.14(i)) holds for z(X) any set of ppf's with parameters in M.

(iv) M is a direct summand of every pure extension.

REMARKS: The proofs are all elementary and similar to those discussed
after (III 1.1). In [F] , Fisher gives a unified treatment of these
different kinds of injectivity. For another discussion and many more

references, see [W].

1.16 THEOREM: (Garavaglia [G3]). Let M be a module. The following

are equivalent:
(1) M 1is totally transcendental.
(i) M(K) is compact for all cardinals « .

(i) M( o) is compact.

‘:D REMARKS AND PROOF: I have stated this theorem in its full strength, but
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all that I actually need is that every tt module is compact. This is
easy, and I give the proof, modelied on [G3, Lemma 6].

Let I(X) be a set of ppf's over M , finitely satisfiable in M .
Enumerate X as X<k for some cardinal « . It is enough to find

my € M of the appropriate sort such that Z(mo/xoa <X 0<a<k

) s
finitely satisfiable in M , because then the desired solution may be
constructed by recursion on o <k .

For each finite subset I'(X) of I , the formula
ds1 (xgs n) ::= (3%) 0<ger AT'(X) 1ds actually (equivalent to) an
ordinary finitary ppf over M , where n s the finite list of parameters
from M occurring in ' . 5 [M, n) is a coset of L M, o) by
(1.4(ii1)) (it is non-empty by the finite satisfiability of I in M ).
Since T is tt, there is no infinite descending sequence of subgroups
ds 1 [M, 0) (5' a finite subset of ), hence no infinite descending sequence
of cosets b5 [M, n) . Thus, since the family {og0 M, H)lz' finite < £}
is downwards directed by < , there is a smallest member

o 2 oo [M, Na) < 6., [M, n) for all finite ' <z . Let
ZO 20 0 T

my € ¢ZOEM, no) .

1.17 COROLLARY: Let N be tt, M '<ppf N . Then M 1is a direct

summand of N . In particular, if M <N then for some A <N ,

N =M+ A(dir).

PROOF: M < opf N implies that M is tt (1.13) and hence M is compact

(1.16), so M 1is a direct summand of N (1.15).
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REMARK: Thus if T 1is a tt theory of modules "A 1is a pure submodule

of €" and "A is a direct summand of € " are equivalent.

1.18 REMARKS: In all of sections 3 and 4, the following assumption about

a complete theory T of modules will be of central importance:

(T = TRO):‘ Mod(T) 1is closed under finite direct products.
By considering the invariants (1.6(i)) associated with T , it is easy
to see that the following are all equivalent:
(1) T=T
(ii)  for any ppf's o(x), ¢(x) and ME T , Ind(M, ¢, ¢) is 1 or =,
(iii) Forany MET ,MxMET .
(iv)  Mod(T) 1is closed under arbitrary direct sums.
(v) If MET , N is a direct summand of a model of T , then
MENET.
X0

In addition, if T =T "~ , aeMEFET , then a 1is algebraic over

g iff a=0 (for if a # 0 then t+(a, g¢) 1is realized infinitely

(R)
often in M O ET .
R
For many algebraic applications, the assumption T =T 0 is innocuous,
. (Rg)
for if M 1is any module, then M 1is a direct summand of M 0 and

%o

(¥)
T = Th(M NO ) satisfies T =T "~ . Since pp formulas factor across
direct sums (1.4(iv)), most facts about M expressible in terms of pp
formulas (and these are quite a few by (1.6)) can be dealt with in T

just as easily as in Th(M) . Again, by (1.4(iv)) and the characterization
(X))

X0
The reason for preferring theories that satisfy T =T

of tt modules (1.11(iii)), if M 1is tt then so is M
is that the

forking relation has an especially simple characterization. Along with
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(v) above, this characterization will allow me to prove theorems of an
algebraic nature about totally transcendental modules.

The characterization is due to Garavaglia [G5, Lemma 1] who only
states a simple version of it, but his proof actually contains the stronger
version as stated by Pillay and Prest [PP, Theorem 3.3]. -The proof and
very general statement of the result given here is due to Makkai, and is
similar to the treatment of the topic by Ziegler [Z, 11.1, 11.2]. Note
that the characterization applies in a broader context than theories of
modules alone, and that the proof is of a much more elementary nature

than that of Garavaglia or Pillay and Prest.

1.19 THEOREM: Assume that:

(1) T is a complete stable theory.

(ii) Every formula is equivalent (modulo T) to a Boolean combination
of ppf's.

(iii) M, NET=> MxNET.

Then if p < q are complete types, q 1is a non-forking extension of p

iff p—gq' .

PROOF: It suffices to prove that for every A , every p e S(A) , there
is a unique p € S(€) such that p Sp and o =Pt . For if this is
true, every A-automorphism of € leaves p fixed (E'+ determines p
by (ii)), hence {p} 1is the unique small orbit of ideal extensions of p
under A-automorphisms of €& , that is, p 1is the unique non-forking
extension of p to € . The result then follows immediately.

If the above statement is true, then p must be defined by

PocL:=p U{-6(X, B)|be€, p'eo(x, b), ¢ ppfl. I claim that & is
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consistent. If it is not consistent, then for some ¢i(§, Bi) such that

P

P 05 (X, b)), o ppf (1 <m) L pT Vo 60X, By (%) But
hﬁ74qﬁ(§; Bi)~ so there are Ei € €, Ei F p+‘, F—’¢i(25’ Ei) for each
i< h . Now since a ppf can be checked component by component across a
direct product by (ii) and (iii) the diagonal embedding A:6—s 6" gs
elementary. Let ¢ be the sequence in € N whose i-th projection is Ei .

Now & " E p*[?] and € " F-1¢1[E, A(Bi)] ,» the Tatter since it holds in

the i-th projection. Therefore & n EV.

ien 93LCs é(bi)] , ;ontrad1ct1hg

(*) since A 1is elementary. i

REMARK: When we work over ¢ as in [G5] it is convenient to reformulate
(1.19) as follows:

N

1.20 COROLLARY: [G5] (T =T 0)

a b iff for some ppf ¢(X, y) over

¢, Fola, blA=¢[a, 0] (equivalently, F ¢[a, bJA=1¢[0, BI) .

NS
1.21 COROLLARY: (T =T0C) Let a, b have the same sort.

alb =t (a+b)=tha) Ntp) .

PROOF: Suppose a. b . t'(a +b) >t7(a) NtT(b) is automatic since
5pf's are additive (1.4(ii)). On the other hand, suppose ¢(x) € t+(a + b)
Let ¢(x, y) :=&(x +y) . Thus F Y[a, b] . By (1.20), F y[a, 0] and

F yL05 bl . That is, F ¢lal and Kk ¢[b] .

REMARKS: Just as in Chapter II, this corollary will allow me to establish
a relationship between the stability-theoretic regular decomposition of

types and an (decomposition paralleling the Lasker-Noether primary decom-
position 6f ideals, (1.21) clearly generalizes to arbitrary (possibly o

infinite) sequences a, b as Tong as the sorts match.
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N
1.22 COROLLARY: [G5] (T =T 0). A11 types are stationary.

PROOF: This is immediate by the first paragraph of the proof of (1.19).

R
1.23 PROPOSITION: (T =T 9). Suppose N < .€ , A, N

“ppf N, < N and

0° "1

N="Ny+A+N (dir) . Then NOJKNI.

REMARKS AND PROOF: Actually a much stronger version of this proposition

is true, for which see [PP, Theorem 5.3], or, for A =¢ , [G5, Theorem 1].
However, the converse requires the theory of compact hulls which I avoid.
The proposition that I give is quite an easy consequence of (1.19), as
follows:

Let b, e N, (i €2) . 1 must show that t('ﬁo, AUEI) is a non-
forking extension of t(B'O, A) . By (1.19) it is enough to show that for
every ppf ¢('§0, 21, a) over A, if E ¢[50, 31, 2] then there is a
ppf w(?o, a') over A such that w[Bo, a']l and
E (on)[w(io, a') » ¢('§0, 31, a)] . For ¥ 1 take the formula

¢(§0, 0, a) . Nowsince N < .€ , NE ¢[EO, El’ al , and since ppf's

ppf
factor across direct sums, N E ¢['50, 0, 2] ,and so €k xp[Eo, a] . In

particular, o[&, '51, a) and ¢[€, 0, a) are the same coset of

9[€, T, 0) , so GF (\1;0)[\41 + ¢] as required.

N
1.24 PROPOSITION: (T = T‘O, T tt). Let peS.(8) , MFT,

M(p[M) 2, M® A . Then p is realized in A .

PROOF: In fact I prove a slightly stronger statement: if <m, a>e M@ A

realizes p|M , then so does <0, a> .

First note that M(p|M) has a representation as stated by (1.17).
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Next note that if p is trivial (i.e. the type of 0) then A = {0}
and I am done. So assume p is non-trivial, let <m, a> realize p|M
in M®A with a #0 . By (1.23) M.L<0, a> . Thus it suffices to
prove that t+(66:—3>) = p+ . Fix some assignment X of variables of
the appropriate sorts to éﬁ?_3> . In each ppf o(X) only finitely many
of the variables in X actually occur of course.

Since ppf's factor across direct sums, for any ppf ¢ ,
E ¢[<m, a>] = E ¢[<0, a>] , S0 tJ'(<Tah>)D p+ . On the other hand,
since é?nT?> realizes p|M , <m, a>LM and so <m, a>l -<m, 0> . By

(1.21), t+(<m, a>)N t+(-<m, 0>) = t+(<0, a>) , and so t+(<0, a>) c:p+ .

REMARKS: This proposition is in some sense new. It is almost vacuous if
one accepts the theory of compact hulls as a prerequisite for studying
independence, and both Prest [Pr 1, Pr 2] and Ziegler [Z] use something
of this sort freely. This proposition is the first step in i]]ustrafing
that the compact hull theory is not a prerequisite for the study of tt
modules. This will be completed in section 3 Qhere I show that A s
uniquely determined by p and minimal over a realization of p (3.5).

I then define the hull of p as H(p) = A.

X

1.25 LEMMA: (T =T O). (i) Suppose (Ai)ieI are submodules of & ,

independent over @¢. Then ZieI Ai is direct.

(ii) In addition suppose that T is tt and for each i eI , Ai '<ppfs‘
Then Zie Ai < g,

I ppf

PROOF: (i) Assume il A.

i 1s not direct. Then there are (aj)jsn

taken from distinct Ai's (i e 1) , each ndn—zero, but I. =0 .

jsn 3j
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Consider the ppf o(x, y) t:= "x + yp t ooty T 0" . I have
E ¢[a0, 815 «ees an] A'ﬂ¢[a0, 0, ..., 0] . Hence, by (1.20)

ao,&:{al, -..» 3.}, contradicting the independence of (Ai)iel .

(i1) Let ME T, {M}U {A;|iel} independent. Then N =M+ I, . A,

I4
is direct by part (i), so it suffices to show that N<€ .,

Well order {A.[i eI} as {Aala <k} and let MB‘: N be defined

as M_ =M+ Za< Aa for each B<sx (so M, =M, M'< = N and (MB)

B B 0
is an increasing continuous chain). It is easy to see that this is in

B<k

fact an elementary chain, by an induction using (1.18(v)) (taking note
of the remark to (1.17)) at successor stages. Thus in particular,
N=M <€ |

K

N
REMARKS: In regards to (ii) if T # T 0 it is not always true that a

direct sum of summands of € s a summand of € . If T is not tt, it
is not always true that a direct sum of compact pure submodules of € s

compact.

X

1.26 COROLLARY: (T =T 0

, tt) Suppose Ai <ppf € for each iel.

Then <Ai>ie1 is independent over ¢ iff ZieI Ai is direct and pure in

a .

Proof: Immediate by (1.23) and (1.25).
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III 2. EXPANSIONS OF ABELIAN STRUCTURES

2.0 REMARKS: In this section I briefly consider some simple cases of

the following question:

If M ds tt(ss) and (Ri)'  and (fj) are new additive rela-

jel jed

tions and functions on the sorted structure M , what is the stability
classification of the expansion <M, (Ri)iel’ (fj)jeJ> to the new
language containing the appropriate relation and operation symbols?

Of course, if all of the R., fj are definable in Th(M) , the
stability classification does not change. Clearly the expansion is no
more stable that M ditself because Th(M) is interpretable in the
expanded theory. In fact, if we regard each relation Ri and each
relation "x = fj(?)" as abelian structures, we see that the theory of
each such relation is interpretable in the theory of the expanded structure,
so the new structure is no more stable than any of the new relations. Note
that since the relation "x = fj(§)“ and the homomorphism fj are inter-
definable, we might as well assume J =g . All of these remarks are
essentially trivial.

I am able to give two results on the preservation of the stability
classification and a limiting counter-example. The two main tools are
the characterization of stability for modules (1.11) and the corollary
of Ziegler (1.13).

In (2.1) and (2.2) a pure substructure R '<ppf M s used to induce
a new relation on M . As a many sorted structure R = <Rs|s € S>>, so
as a relation Ad(R) = <s|s € S> , so as a relation Ad(R) = {s|s e S} .

Ad(R) can be considerably restricted without changing anything by setting

Ad(R) = {s|s € S, RS # {OS}} . It is less confusing on first reading to
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assume that for some s eS, R <ppf MS and Ad(R) = {s} .
In (2.3) and afterwards for the sake of simplicity (and readability)

I restrict myself to one sort at a time.

2.1 LEMMA: R < £ M=> <R, > < <M, R> .

pp ppf

PROOF: WLOG a ppf o(X) in L U{R} has the form (3?)/\jaj(§, ¥) A 8(X, ¥)1
where each oy is an atomic formula of L and B 1is a conjunction of
expressions R(xi), R(yj) . In the structure <R, R> , R(x) 1is always

true. Suppose ¢ 1is a ppf with parameters in R satisfied in <M, R> .

Then (3y) /\J.aj(sz, y) s a ppf of L with parameters in R satisfied

in M. Since R <ppf M it is witnessed in R , hence o¢(X) 1is witnessed

in <R, R> .

2.2 THEOREM: R M = <M, R> has the same stability as M.

<
ppf

PROOF: By (2.1) <R, R> < <M, R> . By (1.13) <M, R> is tt (ss)

£
iff both <R, R> and <M, i2/<R, R> are tt (ss) . Both of the latter
structures allow elimination of "R(x)" :

<R, R> E (UX)[R(x) < x = x]

<M, R>/<R, R> E (¥x)[R(x)})+ x = 0] .
~ (Note that these actually refer to families of formulas, one for each
sort admissible for R).

Thus the structures <R, R> and R are essentially the same, as

are <M, R>/<R, R> and M/R . But R and M/R are tt (ss) since

R < M and M s tt (ss) .

ppf
Hence <M, R> is tt (ss) .

2.3 DEFINITION: (4) e(xo, cees xn-l) is a generalized pure congruence

relation (n 2 2) if
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(a) 8 < Mg for some sort s .

ppf
(b) (¥x) 6 (x, x, 0) .
(c) For each permutation © on n,

(on, cees Xn-l)[e(XO’ cees xn-l) > e(xﬂ(o), cees x“(n_l))]

(For n =2, 6 really is a pure congruence relation. Furthermore when

n =2 (c) of the definition is unnecessary since symmetry and transitivity

of e(xo, Xl) both follow easily from (a) and (b).)
(i1) For any generalized pure congruence relation 6 < Mg s (n22),

] n"l . . n"l
' M, ~ is defined as {<Xgs «ees X 1> € M7 <5 ooy X5 0> € 6} .

In general for mew , 0sm<n, e(m) is defined by 6(0) =9,
e(m+1) = (e(m)). . Thus in particular e(n-l)(: M.

2.4 LEMMA: (n22) Let © be a generalized pure congruence relation,
c M’ ' n-1 . P s .

8 MS . Then 86 <ppf MS and if n23, 6' 1is a generalized pure

congruence relation.

PROOF: For simplicity of notation I check ppf's ¢(x, y) in two
variables only. Suppose Mn'1 E (Ix)o(x, a) where ¢ is a ppf and
aed' ,a=<ay, ...,a_;>. (I mustshow that 8'F (Ix)¢(x, a).)
Let ¢ =<a;, ..., a _4,0>. Since aed',ced . Iclaimthat
M E (3x)é(x, c) . But this is easy: if M"lE o[b, a] then

M e o[b™0, c] . Since 8 £ M? , 9 F @x)o(x, c) . Let beb

<
pp
witness this, b = <b1, cees bn> . Now by (b) and (c) of the definition,

<bn, 0, bn> € 6 , hence, since 6 1is a subgroup of M" , also

<b;y = b s byy «ees b

1 n® "2° n-1°
a 1 0>] , hence, since ppf's factor across direct sums, ME ¢[b1, ai]

n
0>e8 . Now M E ¢[<b1, cees bn>, Qys eees

for 1<i<n and ME ¢[bn, 0] . Since ppf's are additive,
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n-1
ME ¢[by - b, a;] and so M" " F ¢[<by - by s bys <evy B 1> <475 ..us

a,_1>1 . But <by - b, byy ...y b > €6

mn-1

n-1

H 1 <
ence 6 ppf

If n2 3, conditions (b) and (c) of the definition are immediate

for 8' , so 8' 1is a generalized pure congruence relation.

2.5 LEMMA: Let 6< M" be a generalized pure congruence relation.

<M, 8> F 6[ay, ..., a1 iff M, o™ DoV 0 o -a7.
1 n 1 2

n

PROOF: The result follows by an easy induction once I establish that

<M, 6> E e[al, cens an] iff <M, 8'> E e'[a1 = A s eens an_lj . But

=

<a, 0, a,>ed by (b) and (c) of the definition, so if @1y ... 3> €0,

then by (a)’ <a1 - an, a2, LI I an_l, 0> € e . ThUS <a1 - an, a2, eece

a,_1> € 8' . These steps are reversible, so the claim is proved.

2.6 COROLLARY: Let 8< M" be a generalized pure congruence relation.
(n-1)

Then <M, 6> and <M, 8 > have the same stability classification.
PROOF: By (2.5) the two structures are mutually interdefinable.

2.7 THEOREM: Let o< M" be a generalized pure congruence relation.

Then <M, 6> and M have the same stability classification.

PROOF: By (2.6) <M, 6> and <M, e(”'1)> have the same stability.
sut o(N-1) <ppf M by (2.4) and so <M, o{M1)

stability by (2.2).

> and M have the same

2.8 LEMMA: Let M be a module, f: M > M a homomorphism, and 6 the

graph of f (8 = {<m, f(m)>|m e M}) . Then o < M2 .

ppf
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———-

PROOF: Suppose &(x, a) is a ppf with 3= <a0, f(a0)> satisfied in
2 0 .1

M~ by b = <b”, b*> . Then since ppf's factor across direct sums,

— —

ME ¢[b0, a0] . S1nce f dis a homomorphism, ME ¢[f(b )s f(ao)]

—L

Thus M2 E ¢[<b f(b }>, <a . f(a0)>] and <b0 f(b > 1is a sequence

of elements of 9 .

Thus 6 <__ o M2 .

ppf

2.9 THEOREM, EXAMPLE: Let M, f, 8 be as in (2.8) and in addition

suppose f: M = f[M]. |

(i) If f 1is not onto, then <M, 6> 1is not tt.

(ii) If M/f[M] is infinite then <M, 6> 1is not ss.

(iii) Thus, in particular, taking M==Q(“» and f: M > M, the "right
<m.>, eﬂJ(w) , (f(m))o =0,

1 1<w

shift operator" defined as follows: for m

&(m))i =m;_q (i >0) , I obtain an example of a tt module M and relation

2

B < M= such that <M, 6> 1is not even superstable.

ppf

PROOF: Let ¢ be the ppf (yy, ..., y,) [8(yy, x) A AL 6(y1+1, ;)1 .
¢n(x) holds iff x 1is in the image of f1 | thus (since f[M] = M)

Ind(M, 0> ¢n+1) = |M/f[M]| . So (i) and (ii) follow immediately by the
(w)

characterization of stability (1.11). For (iii), R is clearly a tt

abelian group (in fact it is wl-categorica1) and in this case M/f[M] 2Q ,

so <M, 8> 1is not superstable.
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ITI 3. tt MODULES: REGULARITY, WEIGHT, INDECOMPOSABLES

3.0 REMARKS: Throughout this section T 1is a complete totally transcen-

dental theory of (abstract) modules satisfying T = TRO . L s the
language of T and if I must refer to sorts, notafion is as in (1.0, 1.1).
Recall that all types are stationary (1.22), that if A is a summand of

€ and M a model, then M @A 1is a model (1.18v) and that if M< N

are models then N %, M ®A for some A (1.17).

3.1 DEFINITION: (Compare II, 3.6(i)) Let A # 0 be a direct summand

of €. pe Sl(,¢) is critical in A if p+ is maximal (under < ) in

¢,

{t+(a-, g)|0#aeAl. pe Sl(¢) is critical if for some A <ppf

p 1is critical in A . Prest uses the same terminology [Pr 1, Pr 2].

3.2 THEOREM: (i) Every non-zero direct summand A of € contains an

element realizing a critical type.
(ii) Let p e S,(g) be critical. Let ¢ € p° be minimal under - ,
1

i.e. E ¢ >y for all wep+. Then p is sr via ¢ .

PROOF: (i) 1is immediate by the characterization of tt theories of modules
(1.11(i44")).
(ii) Such a ¢ exists because T 1is tt. Suppose pJlL is maximal in
(t'(a, #)[0 #aeh}, p=tag 8) ,a5eA. Let MFT. By (1.18v)
M AET, in fact M<M®A . By (0, 1.22(iv)) it is enough to show
that any a e M ®A \ M satisfying ¢ satisfies polM .

So suppose a € M® A\ M satisfies ¢ . Then a = <m, b> for
some meM, beA, b#0 . Since ppf's factor across direct sums,

AE [b] . Now ¢ is minimal in p* , thus t'(b, ¢) ®p . But
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0O#beA, and p is critical, so t+(b, g) = p+ , i.e. t(b, 8) =p.
Also, since ¢ 1is minimal in p+ , and FE ¢[a] , p+<: t+(a, ) . But
a =<m, b> so t+(a, g) < t+(b, g) = p+ . Therefore t(a, g¢) =p .

To check that alM , I use (1.20). Let w(x, y) be a ppf over ¢ ,
éﬁf_5> elements of M , and suppose F y[a, éﬁj—ﬁ$] . Taking the second
projection, Fk y[b, 0] . But t+(b, g) = p+ = t+(a, ¢) , hence k y[a, 01 .
Thus a\LM .

Hence p s sr via ¢ .

3.3 COROLLARY: T 1is basic.

PROOF: Let peS(M) ,MET . Let N=M(p) . Then M< N, and since

T s tt, M 1is compact so for some A , NEM&A . By (3.2) A realizes
a sr 1-type q over ¢, say by a , and by (1.23) al M. So q|M is
realized in M(p) . By (0, 1.24) q|M L p . Hence q{ p , that is,

every type is non-orthogonal to a sr l-type over 4.

3.4 REMARKS: The trick used in Corollary 3.3 to construct a type q

over ¢ not orthogonal to p 1is actually much more general than the current
situation would indicate. In his work (independent of mine) M. Prest uses
this construction to great advantage (he calls it p,) and as a consequence
of Prest’s work it is immediate that every tt theory of modules is basic,
in fact in any complete theory of modules whatsoever, every type is non-
orthogonal to a type over ¢, regular if the given type was regular.

The construction of (3.2) can also be made much more general as
Prest's work shows. In the general case, a direct summand of € need

not realize a critical type, but if it does this type is regular, and
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every regular l-type over ¢ is critical. The outline of the proof in the
general case is the same, however it does seem to require some of the

theory of compact hulls. See [Pr 2] for details.

3.5 THEOREM: (i) For any set A there is a unique (up to isomorphism)

B <ppfs' » A< B , called the compact hull of A in & , B = H(A) ,

such that if AN <ppf€ there is a pure embedding f: B + N fixing A.
(ii) Let p = t(R, ¢) . Then for any ME T , M(p|M) =, M® H(A) . So
in particular H(A) can be recovered as M(p|M)/M for some (any) ME T .
I write H(p) = H(A) .

(ii') Suppose M <& , MLA . Then there is a copy of H(A) > A such
that M(A) = M + H(A)(dir) .

(iii) H(A) 1s minimal over A in the following sense:

A cN < - H(A) = N =H(A) .

ppf
(iv) A dominates H(A) over g.

PROOF: Fix ME T . By (1.24) for some B , M(p|M) =M ®B and wlog A<B.

Since T is basic, M(p|M) dis minimal over MU A (I, 2.3). Thus .
A< B! <ppf B dimplies that B' =B (B' is a summand of € by (1.17),
hence M® B' is a model (1.18v) containing A ). Thus (iii) 1s proved.
Now et Nk T , N(p|N) 2 N® B' , and again wlog A< B' . But p[N is
realized in N® B , thus for some C, N® B'® ( ENuA N® B . Since the
isomorphism isover N,B'® C EA B, and so A< B' <pr B,so B'=B.
Let H(p) ::= H(A) ::=B . (ii) is proved.
For (i), suppose A c N <ppf € Let M«T ,MLA. By (ii)
M(A) =M@ H(A) . Now M@NEFT and A <N, so M(A) <M ®N . Thus
for some C, M & H(A) &C EMUAMQBN and so H(A)_<ppr .

For (iv) I must show that X Q1 A = X LH(A) . Pick some XJL A,
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pick ME T , ML X UH(A) . Then XLA . Now M(A) = M® H(A) and A
i M

dominates M(A) over M (0, 1.14). Thus XJLH(A) , and by the choice of
M
M, XL HA) . |
(ii') is a simple rephrasing of (ii) in light of the characterizations

of independence.

3.6 REMARKS: The hulls produced by (3.5) are the T-injective hulls of

Prest [Pr 1]. They are also treated in a somewhat different fashion by
Ziegler [Z] where all the elements of the theory of compact hulls are
thoroughly explored. The idea was first developed fully by Fisher [F],
and has been explored from a purely algebraic standpoint by several
authors. For further references consult the three papers cited as well
as the survey [W]. |

I do not need to use very much about compact hulls in what follows,
but it would certainly be interesting to go through the papers of Prest
and Ziegler and see how much can be rephrased in suitable terms and proved
by entirely model-theoretic means.

One should note, however, that my model-theoretic approach depends
strongly on the assumption that T = TNO » T tt and so theorems like (3.4)

are only very special cases of the results cited above.

3.7 THEOREM: Let p € Sl(¢) . Let ¢ e p+ be minimal (under =). The

following are equivalent:
(1) p is sr via some
(i) p dis sr via ¢

(iii) is critical in H(p)

=}

(iv) p 1is critical.



C

-128-

PROOF: (iv) = (ii) is exactly (3.2) and (ii) = (i) is immediate, as is
(iii) & (iv).

[(ii) % (iii)] Suppose O # c e H(p) , t'(c, 9) 2 p . Then ¢ ¢ t'(c, ¢).
Let MET , M(p|M) = M® H(p) . Now F ¢[<0, c>] , <0, c> ¢ M , hence
since p is srvia ¢ , <0, ¢> satisfies p|M . Hence -t+(c, g) = p+ R
that is, p 1is critical in H(p) .

[(i) = (i1)] Suppose p 1is srvia ¢ . Clearly if ¢' >y and y' ep
then p is sr via @' . Since ¢ 1is minimal in p+, wlog by the
pp-elimination of quantifiers, y has the form ¢ A /\j<n—‘°‘j where the

aj's are all ppf's.

* The claim

Claim: Let b e H(p) , b#0 , F ¢[b] . Then t+(b) =p
suffices to prove the theorem for the following reasons: Suppose MET ,
so M(p[M) = M @H(p) , and <m, c> € M(p|M) satisfies ¢ . I must show
that <m, c> satisfies p|M . Since <m, ¢> satisfies ¢ which is
minimal in p+ , then p"'C t+(<m, c>, ¢) . But c also satisfies ¢
since ppf's factor through direct sums, so by the claim, t+(c, g) = p+ .
Thus t+(<m, c>, g) = p+ . Suppose B is a ppf, <, 0> e M,

E B[<m, ¢>, <n, 0>] . Taking the projection on to H(p) , k B[c, 01,

sO B € t+(c, g) = p+ = t+(<m, c>, 8) . Thus E g[<m, c>, <0, 0>] and
so by (1.20), <m, ¢>LM . Thus <m, ¢c> satisfies p|M .

Now I prove the claim. Let MET , M' = M(p|M) =M ®H(p) , and
N=M®H@p). Let aeM realize p|M. Consider <a, b>e N .
Clearly FE ¢[<a, b>] . Since I=—raj[a] for each j <n, h—.ocj[<a, b>]
for each j < n . Therefore F y[<a, b>] . But N = M'(p|M') and p

is srvia ¢, b # 0 (hence <a, b> ¢ M') , so <a, b> realizes p|[M' .
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Consider, for each j < n the formula aj(x - <a, 0>) , a ppf over
M' . If F aj[<a, b> - <a, 0>] , then, since <a, b>lM' ,
kE aj[<a, b> - <0, 0>] , a contradiction. Thus for each j <n,
F-qaj[<a, b> - <a, 0>] , i.e. F'ﬂaj[<0, b>] . But a., is a ppf, so

J
k—a0b] . Thus, since k ¢[b] , I have F y[b] .

Now, in M' = M(p|M) =M @H(p) , beH(p) ,b#0, and F y[b] .

Since p is sr via ¥ , b satisfies p|M . In particular, t+(b) = p+ .

3.8 REMARKS: (i) = (ii) is the subtle part of the theorem. Similar

theorems hold in a more general context, as discovered independently by
Prest [Pr 2, Theorems 20-23] and Ziegler [Z, 11.4]. In 1ight of the above

theorem and in analogy with Chapter II, I make the following definitions:

3.9 DEFINITIONS: (i) p 1is a pseudo-prime iff p is a sr l-type over

¢, that is, iff p 1is critical.
(ii) qe Si(¢) is irreducible iff for no qq, q; € S?(¢) s Qg #a 749
is q+ = qg fqu . (Note that by (1.21) for any Gg> 91 € S.(g) there
X
+ + +
= g9 Nay) -

(1) Let A be a submodule of € (usually A < .€) A is indecom-

is r e S.(#) such that r
X

posable if Ags Al‘: A, A= Ay * Al(dir) implies that Ay = {0} or A; = {0}.

3.10 THEOREM: Let q e S,(d) . The following are equivalent:
(i)  w(g) =1
(i) w(H(q)) =1

(i11) H(q) 1is indecomposable

(iv)  H(q) = H(p) for some pseudoprime p

(v) q is irreducible.
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PROOF: [(i) =¥ (ii)] Let b e H(q) realize q , so that H(q) = H(b) .
By (3.5(iv)), b dominates H(q) over g, so w(H(q)) s w(q) =1 by
(0,1.17v). Clearly w(H(q)) # 0 .

[(ii) = (ii)] Suppose H(q) = AO@ Ay A; # {0}, ie2. Since

{0} # Ags Ap S H(a) , clearly A LH(q) (ie2). But by (1.23) AjbA; .
Therefore by the definition of weight, w(H(g)) 22 .

[(iii) % (iv)] By (3.2) H(q) realizes a pseudo-prime p . By (3.5(i))
H(p) 1is a summand of H(q) . Since H(q) is indecomposable, H(p)=H(q) .
[(iv) = (i)] Since H(q) = H(p) , by (3.5(1'v)5 p dominates q . p

is a pseudo-prime, so 'w(p) =1, hence w(q) =1.

[(i) = (v)] Suppose gs 97 € S.i(¢) and q+ = qg ﬂ.q{ . Consider
H(q0)$ H(ql) , let 31 € H(qi) realize a; (i e2), soby (1.21)

3 = <@gy, a,> realizes q . Now 3yl 3 by (1.23) and w(a) =1, so
either 3&30 or 3.],31 . Suppose 3.],30 . I claim that q;C q+ ,
which completes the proof. Since E\LEO , for every ppf o(z, ¥)

F o[a, ay] = F ¢[a, 01 by (1.20). Let w(Z) e q; (Z some finite

subset of X ), let o(Z, y) ::=w(z -y) . Since v e qI , F ula, 30] ,
hence F ¢[a, 01 so ky[al . Thatis, veq .

[(v) =& (ii1)] Suppose H(q) = A;® A; , Ag# {0} #A; . g is realized
in H(q) by some <a0_,'$ >, and by (3.5(iii)), 30 £0 # 31 R 30, 31 do
not realize q . Therefore q+ = t+(30, 8) N t+(31, g) 1is a proper

reduction of q .

3.11 COROLLARY: 0 # A <ppf6' » A indecomposable i‘mplies that A = H(a)

for every a, 0 #ae A . In particular, A = H(p) for some pseudo-prime

p .
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‘:D PROOF: A = H(a) by (3.5(iii)). By (3.2) for some aeA ,0#a,

t(a, ¢) dis a pseudo-prime.

3.12 COROLLARY: Let O # A -<ppf €. Then A has a non-zero indecom-

posable direct summand.

PROOF: For some ae€A ,0#a, t(a, 4) is a pseudo-prime p . Hence

H(p) 1is a summand of A .

3.13 REMARKS: Prest [Pr 2] and Ziegler [Z, 11.5] both establish that if

p 1is regular then H(p) 1is indecomposable. As (3.10) reveals, the
central connection is between weight 1 and indecomposability, not between
regularity and indecomposability. The arguments in terms of weight go
through in the moré general contexts of arbitrary complete theories of
modules studied by Prest. It is interesting to note that both Prest and
Ziegler define q to be irreducible (indecomposable) iff H(q) is
indecomposable, whereas (3.10) shows that "irreducible" has its natural

meaning.

3.14 PROPOSITION: Let q4, q; € $1(8) have weight 1. Then
H(qo) = H(ql) D ad qO £ q]_ .

PROOF: First note that wlog 99 and q, are strongly reguiar, by (3.10)
on the left and by (0, 1.23(iii)) on the right. Let MET ,

N=M eH(qO) E M(qOIM) . If H(qo) z H(ql) then q1|M is realized
in M(q0|M) , hence q, £ q (0, 1.24). Conversely, if 9 £ 99 » then
q1|M is realized in N, so M< M& H(ql) <M eH(qo) , and by the
c:; standard argument H(ql) = H(qo) since H(qo) is indecomposable.
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IIT 4. DECOMPOSITION THEOREMS

%

4.0 REMARKS: As in section 3, throughout this section T =T is a

totally transcendental theory of modules.

First I give an entirely model-theoretic proof of Garavaglia's thorem
on the unique direct sum decomposition of tt modules. Then I prove a
primary decomposition theorem for Sl(¢) analogous to the Lasker-Noether
decomposition. I establish more general versions of those results (II14.3-

4.11) left unproved or only sketched in Chapter II.

4.1 PROPOSITION: Let A be a direct summand of € . Then A can be

written as a direct sum of indecomposable modules.

PROOF: By (3.12) A has a non-zero indecomposable direct summand.

I call a collection F of non-zero indecomposable summands of A
nice if F is independent over ¢ and IF is pure in A . I claim that
the union of an increasing chain of nice families is nice. Certainly it
is independent. To check the other part of the definition it is enough

to see that if (Ai) is an increasing chain of submodules pure in A ,

i<k

then LJ1<K A. is pure in A . But this too is obvious. By Zorn's lemma

i
I choose a maximal nice family F . By(1.25), IF 1is direct. Since ZIF
is pure in A , it is a summand of A by (1.17). If A = IF + A'(dir)

with A' #{0}, then A' again contains an indecomposable direct summand

A" and FU {A"} contradicts the maximality of F . Hence A = @F ,

4.2 THEOREM: Let A be a direct summand of € . Then A may be written

uniquely (up to order) as a direct sum of indecomposable modules.

Furthermore, if P is a representative set of pseudo-primes for T
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H(p)(ap) where a_ = dim(p, A) .

(I, 1.3) then A = "epeP 0

PROOF: By (4.1) A may be written as a direct sum of indecomposable
modules, by (3.11) and (3.14) these may be taken to be H(p) for some
peP,so AE épeP H(p)(ap) for some cardinals ap . By (1.23) the
family of indecomposables in this representation is indepéndent, and by
(3.10) the weight of each H(p) is 1. Thus the cardinals ap are uniquely
determined as dim(p, A) for each pe P (0, 1.18, 1.19).

4.3 COROLLARY: (Garavaglia's Theorem [G4, Theorem 4]). Let M be any

tt module. Then M may be written uniquely as a direct sum of indecom-

posable modules.

xR

0
PROOF: Th(M )

satisfies the conditions set out in (4.0), hence (4.2)
®,)
applies to M, a direct summand of M .

4.4 THEOREM: Let q € S,(d) . H(q) has a decomposition as in (4.2).

The following are equivalent:
(1)  H(q)
(i)  H(q)

(iii) q = ®1'eI p; -

n

eieI H(pi) (pi pseudo-primes)

mn

H(® ;1 P3)

In addition, (i) - (iii) imply that w(q) = |I| .

PROOF: The final comment is immediate from (iii), the fact that each P;
has weight 1, and the additivity of weight (0, 1.18).

[(i) = (ii)] Let A =H(® pi) » B =@, H(p].) . Let {a1.|»1' e [}1<A

iel
realize ®1'eI Pi > that is, a; realizes P; for each i eI and

{a;[1 € I} is independent over . By (3.5) for each i e I there is
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A1. < opf A, a; € Ai 2 H(pi) and a; dominates A1. over ¢. Thus

{A;|i e I} is independent and by (1.25), Zie1 Aj

i is direct and pure in

£, hence in A . But again by (3.5), A is minimal over {ai|i e I},
S0 A=ZI:g Ai(dir) , that is, A 2B .

[(ii) = (i11)] Let A, {ai|i € I} be as in the preceding paragraph
and let b e A realize q . By (3.5), since A =H(q) , b dominates
{aili e I} over ¢, and since A = H( &, ; pi) , {a1|i € I} dominates
b over ¢ . Thus by the definition (0, 1.13(i1)) qQ ®; P; -
[(iii) & (i)] Suppose qa 8.1 Py o and also for some pseudo-primes
pj. (j e J) s H(q) 2 ejeJ H(pj.) . Then by (i) & (iii) already esta-
blished, qa ® jed pj . By the uniqueness of sr decompositions there is
a bijection f: I +J with p; # p%(i) for all i . By (3.14)

Hp;) = H(pgeqy) forall 1, so H(a) = & Hpy) .

REMARK: The regular decomposition theorem (0, 1.23) is usually stated
only for q e S(M) some M, so w(q) is finite. Thus the uniqueness
result used above is only stated for finite products of regular types.

In actual fact the finiteness assumption is not necessary.

4.5 LEMMA: (i) £ 1ds an equiva.1ence relation on the pseudo-primes.
. . + _ + +
(ii) Let p be a pseudo-prime, r, 9> 97 € Sl(¢) » r =g qp .
Then p,£r=>p,tq0®q1 and p,(q0®q1 iff p,:(q0 or p,tql.

PROOF: (i) (0, 1.20(iii)) (since pseudo-primes have weight 1.)
(i1) The first part is immediate from (1.21). The second part is

(0, 1.23(ii1)).

4.6 DEFINITION: (Extending the analogies drawn in (II, 4.5)).
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(i) Let p Pe a pseudo-prime, q € 51(¢) . q is p-primary if for
every pseudo-prime p' , q £p' iff p £p' . q is primary if it is
p-primary for some p .

(ii) Let p be a pseudo-prime, q € Sl(¢) . Then p belongs to gq
iff piq.

4.7 PROPOSITION: Let p, qe Sl(¢) » p a pseudo-prime. The following
are equivalent:

(i) q is p-primary

)(n)

(ii) q s realized in H(p for some n < w

(iii) 9 = pC> for some n < w

(iv)  H(q)

m

H(p)(n) for some n<w .

PROOF: (iii) and (iv) are equivalent by (4;4) and (iv) = (ii) is
immediate.

[(i) & (iv)] By (0, 1.23) w(g) is finite so by (4.4),

H(q) = ei<n H(pi) for some pseudo-primes p; - Since q 1is p-primary,
by (3.14) H(pi) = H(p) for all i <n, so H(d) 2 H(p)(n) .

[(ii) & (i)] Since q 1is realized in H(p)(") , H(q) <ppf H(p)(n) .
If p' 1is a pseudoprime, p' £q , then p' 1dis realized in H(g) , hence

in H(p)(") = H(pCD) . Therefore p' £Lp N, so p' £p .

4.8 PROPOSITION: (A1l types are in Sl(¢) and p, p' are pseudo-primes.)

(i) p £p' = (q is p-primary iff q is p'-primary)
(ii) q s p-primary iff (¥r)[q £r = p £r]
(iii) q s irreducible & q 1is primary

(iv) A finite intersection of p-primary types is p-primary, and conversely
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any p-primary type is a finite intersection of irreducible p-primary types.

(Here r =9, ) ees r\qn_l means that r 1is the unique type such that

=g .. Nar o (1.21))

PROOF: (i) and (ii) are both immediate by (0, 1.23(iii)) and the definition

of q being primary. (iii) follows immediately from (3.10) and (4.7).
: (n3)
(iv) Let (q.). be p-primary types, q; realized in H(p) R

1°1<n
(m)

Then ®; n 9 is realized in H(p) (where m = I,

ien "i) , hence,

by (1.21), so is Nsen 95 -

For the converse, suppose q is p-primary, q realized in H(p)(n)
by <@;>. 0 and wlog , a; # 0 for all i <n . Then each t(ai, 8)
is irreducible p-primary by (3.10) and (iii), and q+ = rk<n t+(ai, 8)

by (1.21).

4.9 THEOREM: Let q e Sl(¢) » w(q) =m . Then:

(i) q+ = e r: with r irreducible for i <m and the decomposition

is irredundant.
(ii) Let r; be p.-primary. Then qd9® p. .
i i ~°, i
i<m
(iii) In (i1) group together equivalent pseudo-primes and write

19 @4 P with §j <j'<n=p; .p;

J it
map ps > n; are uniquely determined by q (up to £ ).

Then {pj|j < n} and the

e

PROOF: w(g) is finite so by (4.4), H(q) = B o H(pi) for some pseudo-

primes (p1.)1.<m where m=w(q) and q<® Now q 1is realized

i<m Py -

+ + - :
by some <a.>; . so q =, t(a;, #) where t(a;, 4) =r, is

irreducible pi—primary. The decomposition is irredundant (else a factor
could be omitted from the essentially unique decomposition

H(q) 2 @ H(pi)) . The regular decomposition of q 1is unique up to K

i<m
(0, 1.23(ii)) so the results of (iii) follow.



-137-

4,10 COROLLARY: Let P be a set of representatives of the £ -classes

of pseudo-primes. Let q e Sl(¢) . Then q has a normal decomposition,

that is, q+ = r\j<n r; where for j <n, rj is pj-primary, some
pj eP, for j<j'<n, pj # pj,, and the decomposition is irredundant.
v {pj|j < n} 1is the set of pseudo-primes (in P) belonging to q and
is uniquely determined by q . As well, for each j < n the number of
irreducible pj-primary types necessary to represent r. 1is uniquely

J
determined by w(rj) .

PROOF: Immediate from (4.9(iidi)).

4.11 REMARKS: As noted in Chapter II, these results have as corollaries

the usual Lasker-Noether and Lesieur-Croisot decomposition theorems for
Noetherian rings (with some minor qualifications on the latter). My decom-
position theorem for types in Sl(¢) appears to be an entirely new generali-
zation of these algebraic results, as is of course the model-theoretic
proof. The model-theoretic approach allows me to emphasize a point

usually not mentioned explicitly in the usual algebraic statement of the
normal decomposition (4.10), namely that the number of irreducibles contri-
buting to each pj-primary type rj is uniquely determined by q and pj s
and in fact this number is an important model-theoretic measure, the weight

of r. .
J

4.12 HISTORICAL REMARKS: At various points throughout Chapters II and

IIT 1 have remarked on research done independently of my own which overlaps
or extends my work. I will try to summarize those remarks here, re-emphasize

which parts of these chapters should be regarded as original, and indicate
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the influence of this other work on the final version of my results as
they appear here.

One of these influences was somewhat negative: I have felt that an
important goal of the mode15theoretic approach to algebra is to show the
generality of certain results by showing that they are essentially model-
theoretic in nature. Thus in each of the results presented in these two
chapters I have tried to use as much model theory and as little algebra
as possible, most particularly in Chapter III. This is quite different
from the approach of other researchers.

The paper of Prest [Pr 2] develops the theory of orthogonality and
regular types in arbitrary theories of modules. It is interesting to note
that although the context is often quite different, the theorems and their
proofs are very similar to the ones that I have presented in Chapters II
and III. In particular, Prest's theorems 18-23 are natural generalizations
of my results in II 3 and III 3. My results and Prest's were obtained
independently. However I have modified somewhat the presentation of my
results, especially in Chapter III, in the light of kind suggestions made
by Mike Prest after he saw my original manuscript [private communication,
1981].

Another substantial change from the early (1980-1981) version of these
results is the emphasis on weight one sets, rather than on strongly regular
types alone. This has resulted in a substantial clarification of proofs
and a more concise statement of results.

Both Prest [Pr 1] and Ziegler [Z] discuss compact hulls and indecom-
posable compact modules in great generality and fn a generally model-

theoretic setting. There are two important points to what I have done
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that seem at first somewhat contradictory. Firstly, in the context

T = f&o » tt, the results are very reminiscent of well-known algebraic
results, especially as has been seen in this section. Secondly, in the
same context, the proofs can be accomplished with very little algebra.
Indeed, the compact hulls which are so important in the very general
treatment by Prest and Ziegler arise in my work as a natural consequence

of the existence of prime models. [Pr 2] makes explicit the connection
between indecomposable compact modules and regular types, as does, to a
lesser extent, the final chapter of [Z]. As remarked in (3.13) both

Prest and Ziegler seem to have missed the fact that H(q) 1is indecomposable
iff q+ is irreducible in the usual sense (at least in my special context).
However [Z, Theorem 4.4] appears to be related to this.

Ziegler also proves the most general theorem about the decomposition
>of compact modules, due, apparently to Fisher [See Z, Theorem 5.1]. Again
the proof of uniqueness is by means of the Krull-Remak-Schmidt-Azumaya
theorem, and one might ask if the general stability theory of modules
developed in [PP], [Pr 1] and [Pr 2] is enough to give a proof of Fisher's
theorem in the same spirit as my proof of Garavaglia's theorem: namely,
that uniqueness is a consequence of the fact that indecomposables have
weight 1. This is a matter for further research.

The proper context for such research is probably nothing more than
T = TRO . Thus I propose the following question related to the KRSA

theorem and Fisher's theorem:

PROBLEM: Suppose (Ai) are modules with End(Ai) a local ring for

jel
A]- (Ro)

all iel . Let T= Th(®1.eI ) (so that T = TRO and each Ai
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is a summand of a model of T ). Is it the case that w(Ai) =1 for
alliel?

As to the elementary theory of forking, I only need the theorem of
Garavaglia quoted as (1.19) here, in fact for the most part I use only
its corollary (1.20). This has the important consequences (1.21) (this
simple idea dates back to my earliest work on the subject) and (1.23).
Because of the approach I take, avoiding the introduction of a lot of
algebra to establish the theory of compact hulls, I need the two additional
lemmas (1.24) and (1.25). I do not need any of the more general (and more
complicated) results of Pillay and Prest [PP].

The results of III 2 appear not to have been considered at all by
other authors, which is perhaps natural. Although everyone seemed to be
aware that the model theory of modules can be done in a much more general
context such as Fisher's abelian structures, they do not appear to have
realized that this context opens up some new and interesting problems.

At first it seems as if there is no model-theoretic difference at all

between ordinary modules and abelian structures.
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IV . TOPOLOGICAL LOGIC: STABILITY THEORY AND MODULES

IV 0. INTROBUCTION

In this chapter I study the topological logic first introduced by
McKee [Mc] and studied in detail by Garavaglia [Gl] and Flum and Ziegler
[FZ]. This is a logic suitable for the study of topological structures.
After a summary of basic results on topological model theory (1.0-1.14),
mostly taken from [FZ], I develop a translation of the topological language
Lt into an ordinary first order language L* . This translation is faith-

ful to the model-theoretic content of Lt (1.18). This allows me to

consider individual stability theory for Lt : the stability-theoretic
study of those types of Lt in which only individual variables occur
freely and in which only individuals occur as parameters. That is, I do
not allow an open set to be represented by a free variable or a constant
symbol. I originally developed this stability theory entirely within Lt ;
the fact that the theorems and their proofs were identical to those in
ordinary first order logic suggested the reduction from Lt to L* .

This reduction allows me to prove the following basic fact about stable
Lt-theories (1.22): Let <M, o> be a saturated (more generally, special)

model of a stable L, theory, p a type over a small subset A of M.

t
Two extensions Pys Py to M of p are equivalent if for some topological
automorphism o of <M, o> fixing A, a(pl) =Py - Then there is exactly
one equivalence class of extensions of p with cardinality < |M| , in
fact < 2|T|.

In the second section I study topological modules. First I modify a
result of Garavaglia [Gl] to prove an analogue of the pp-elimination of

quantifiers for ordinary modules (III 1.6(ii)). Although the proof of my

theoremparallels Garavaglia's proof almost exactly, my theorem is not a
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corollary of Garavaglia's. This theorem allows me to state some elementary
facts about the stability theory of topological modules analagous to the
results of Chapter III.

Finally I prove a strong quantifier-elimination result for compact

Hausdorff modules. The complete L, theory of such admits elimination

t
of set quantifiers from formulas with only individual variables free.
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IV 1. TOPOLOGICAL LOGIC AND STABILITY THEORY

1.0 DEFINITION AND REMARKS: A topological structure is a pair <M, ™

where M 1is a structure for ordinary first order logic and Tt 1is a topo-
logy on M . |

Generally, ordinary first order model theory is not suitable for the
study of such structures, since topology involves genuinely second order
concepts. The topological language Lt extending a given first order
language L and the associated topological model theory are introduced
as a best possible approximation to the model-theoretic study of full topo-
logy. Here "best possible" means that Lt satisfies a Lindstrom-type
theorem [FZ, p. 48].

For completeness and to fix terminology, I include the following arti-
cles (1.1-1.14) which follow sections I1 to I3 of [FZ] closely.

(1.8(ii), (iii)) and (1.9), however, are new.

1.1 DEFINITIONS AND DISCUSSION: Let L be a fixed language for finitary

first order logic. (In general L may be many-sorted, but for simplicity
I assume here that L has a unique sort.) L2 denotes the two sorted
language with variables of the first sort (x, y, z, etc.) corresponding

to L , variables of the second sort (X, Y, Z, etc.), and a single new
relation symbol € with sorting determined by "x e X" . The intended
(standard) interpretation of variables of the second sort is as sets of
elements of the first sort. Variables of the first sort are called indivi-
dual variables, those of the second sort set variables. If L was initially
many-sorted, introduce one new sort s for each of the original sorts s ,

and new relation symbols e, with sort s e s .)
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A weak structure for the second order logic of L 1is a pair (A, o)

where A is an ordinary first order structure for L and ¢ # o < #(A) .
Such weak structures interpret L2 by giving € its standard meaning and
requiring the variables of the second sort to range over ¢ . Conversely,
any model (A, S, €) . of the L2 sentence
ext: (YX)(YY)[X = Yo (V2)(z € X+ z € Y)] (extensionality)

can be construed as a weak structure for the second order logic of L by
replacing S by o , where o ::= {{a e A|<A, S, e> F a € s}|s € S} and
e by the real e. In the sequel, all structures for L2 are assumed to be
weak structures, in particular in the use of the symbol F .

It is clear that it is impossible to write down a set of axioms I in
L2 such that <A, o> E I iff £ 1is a topology on A , since this concept
is second order over o. However, the concept of o being a basis for a
topology on A is axiomatizable (1.3).

Since L2 is a standard 2-sorted first order logic, and by the remarks

on ext above, all the usual elementary theorems hold. In particular:

1.2 THEOREM: (Compactness) A set I of L2 sentences has a weak model

iff every finite subset of I does.

1.3 DEFINITION AND DISCUSSION: Let bas be the following sentence of L, :

<

(Vx)(IX)[x e XT A (Wx)(WVX)(VY)[(x e XA yeY) »

+~ (3Z)[x e ZA(VZ)[zeZ > (zeXAzelVY)I.

Clearly <A,o> is a weak model of bas iff o 1is a basis for a
topology on A . In such a case c* denotes the topology on A generated
by o.. Many topological properties can be described in terms of the basis

o rather than the topology o* . One of the goals of topological logic is
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to make the relevant logical concepts invariant for choice of basis as well.
In particular, two weak models <A;, o> and <A;, 0;> of bas are regarded
as being the same if A0 = A1 and 06 = cI . Clearly every topological

structure is a weak model of bas.

1.4 DEFINITION: Let ¢ be a sentence of L, . ¢ is invariant for topo-

logies if for all weak models of bas <A, o>, <A, o> F ¢ iff <A, o*> E¢.
Similarly, a formula ¢(§, X) of L2 is invariant for topologies if for
all weak models of bas <A, o>, aeA,Ueo, <A, o> F ¢[a, U] iff

<A, o> F ¢a, U] .

1.5 DEFINITION AND REMARKS: Let ¢(X) be a formula of L2 » wlog ¢ is
in negation normal form. X occurs positively (negatively) in ¢ if all
the occurrences of X as a free variable of ¢ are of the form "t e X"
("t e X") for some term t of L .

Note that if X 1is not a free variable of ¢ , then X occurs both
positively and negatively in ¢ , and that if X has occurrences of both
forms "t e X" and " -t e X" then X occurs neither positively nor
negatively in ¢ . The notation ¢ :=: ¢(x1, cees Xos X;, cees X;,
Yi, cees Y;) indicates that the free variables of ¢ are among Xy, ..., X,
Xl’ cees Xm, Yl’ cees Yp ,» with each Xi occurring positively and each Yi

occurring negatively.

1.6 DEFINITION: (McKee [Mc], Garavaglia [Gl], Ziegler [Z1]). L, 1s the

t
least set of L2 formulas containing the atomic formulas other than equali-

ties of the second sort (i.e. of the form "X = Y") , closed under the
formation rules of wa allowing only individual quantifiers, and closed

under
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(i) If t is a termof L , X occurs positively in ¢ € Lt » then
"(WX)[t e X >¢]" el .

(ii) If t 4s a termof L, X occurs negatively in ¢ e L then

t 9

"(X)[t e X Ad] € Ly -
Clearly up to logical equivalence (ii) is an immediate consequence

of (i) and closure under - . The formula in (i) is abbreviated as

'%VX)t¢" , that in (ii) as "(BX)t¢" . The intended interpretation of these

formulas is as "for every open neighbourhood U of t , ¢[U] holds" and

"there is an open neighbourhood U of t such that ¢[U] holds".

1.7 THEOREM: [Mc] [Gl] A sentence ¢ of L2 is invariant for topologies

iff bas E ¢+ ¢ for some Y e Lt . A formula o(x, X) of L2 is invariant

for topologies iff bas F (W) (W) [« w] for some w(X, X) e Lt .

REMARKS: The forward direction is quite deep. Garavaglia first derives a
topological form of Keisler's ultrapower theorem [Gl, Theorem 1] and then
(1.7) follows immediately by a standard argument. McKee proves it by a

consistency property argument.

1.8 DEFINITIONS: (i) The model-theoretic relations k£ , =, £ are

relativized to Lt as Ft > Sp s Et as follows: they hold only between

weak models of bas and refer only to sentences of L, .

f: <M, o> 2_ <N, > iff f 1is an isomorphism of the first order

t
structures and a homeomorphism of the topological spaces. f is called a

topological isomorphism.

* .
(ii) <M, o>< t <N, v iff M 1dis a substructure of N 1in the usual sense,

and there is f: o - 1t such that for every formula o(X, X) of Lt , all
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meM,all Ueag, <M, o>E ¢[m, U] iff <N, t> E o[m, f(U)] .

(iii) <M, o><, <N, ™ iff MS N and for all o(X) e Lt with only

t
individual variables free, all me M , <M, o> E o[m] iff <N, v E ¢[m] .

*
REMARKS : <4 and <'t have not been considered previously by other authors.
- . .

Both satisfy some nice properties (1.9) but <i is too strong for my present

purposes. Part (iv) of the important theorem (1.18) only holds for the

weaker relation < 0f the two, < is clearly basis invariant, but it

t° t

is not at all clear whether or not <M, o> <N, > 1implies that

<*
Tt

* t 3
<N, T > . The function f 1s introduced because I insist that

t
all structures be weak structures. The reader should note that neither

*
M, o> <

relation implies that the first structure is a topological subspace of the

second. Also note that if f is a map defined on M Uc , then
*

t <N, > , and the latter

f: <M, c><2 <N, > implies that f: <M, o><

implies that f: <M, o><_ <N, > .

t

1.9 PROPOSITION: (i) <M, o>< <N, > 2> <M, o> % <N, ™ .

(ii) <M, 0>< <M, o> .
(ii1) <My» Tp>< ¢ Mps 01><, <M2, 0> * <Mys Tp>< ¢ <M2, ap> .
(iv) <My, op>< 4 <My, 05> <My, 01><, <My, 0,> and My M; imply that
Ho> 9p> g My 0p>
. *
g BV T
Lk * * _
(1V) f: <M0, 00><t <M2, O'2>, g: <M1, 01><t <M29 02> s f[Moj “‘g[Ml] ’

*

and f[ao] Cg[olj imply that h: <MO, 09>< ¢ <M1, 0y> where for

()7-(311)": replace < in (1)-(iii).
x € My Uoy , h(x) is the unique y e M; Uo; such that f(x) = g(y) .

*
0 PROOF: These are all trivial. For (1'v)* note that by the definition of < ,

g must be 1-1 (consider the formula "x € X Ax ¢ Y" ).
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1.10 EXAMPLES: [FZ, pp. 6-7]. The following sentences axiomatize topolo-

gical concepts in L,

v (HX)X[Y ¢ X1 v (HY)y[x ¢ Y1l

v (3X),3Y), Ly ¢ X A x ¢ Y]]

y.v (30,3 (¥2) [z e X Az e Y]]

To:  (¥x){¥y)lx =
Ty (W) (¥y)Ix =
haus:  (¥x)(¥y)[x
reg:  (¥x)(¥X),(3Y), (4y)ly € X v (3U) (V2)[z ¢ W v z ¢ V1]

y
y

1

disc: (Vx)(HX)X(Vy)[y eX~>y= x]
triv:  (¥x)(vX) (vy)ly e X]
perf: (Vx)(¥X), (3y)x #y Ay € X] g

Suppose t is an n-ary term of L . Continuity of t 1is expressed by:

(Vxl, e xn)(VY)t(X : Xn)(Hxl)Xi . (EIXn)xn

170+
(V¥1’. yn)[(y1 € X]A oo AY, € Xn) >ty oees yn) e Y]

If ¢(x1, cees X ?) € Lt then
(¥y) (V)L o(x, ¥) > @Ky, e (), (v2)

[(z; € X Auee AZ € X ) > - 6(Z, y)1
expresses "for every a € M, {§|<M, o> Ey o[X, al} is closed". As a
consequence, 6ne can express "P is an open re]ation“, "P is a closed rela-
tion".and "graph of f is c]oséd“.‘ "f is an dpen'map" is also expressible
in Lt .

1.11 EXAMPLES: [FZ, Section 3], [Banl.

There is no set t of Lt sentences axiomatizing connected spaces,
compact spaces, spaces With topology induced by a uniformity, normal spaces,
separable, first and second countable spaces, and "f is a closed map".

Refer to[Ban] for many more interesting examples.
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1.12 FUNDAMENTAL THEOREMS:

(1) Compactness Theorem: A set I of Lt sentences has a topological

model iff every finite subset of I does..

(ii) Completeness Theorem: If L 1is recursive, the set of L, sentences

t

which hold in all topological structures for L is r.e.

(iii) Lowenheim-Skolem Theorem: A countable set of Lt sentences which

has a topological model has a countable topological model (<M, t> 1is
countable if M 1dis countable and T has a countable basis.)

(iv)  Ultrapower Theorem: (Garavaglia [G7]). <M, 0> =, <N, > if

<M, o> and <N, > have topologically isomorphic ultrapowers.

REMARKS: (i) is the main result used in the rest of this chapter. (ii)-(iv)
are quoted to show the full strength of the logic for Ly - (i)-(iii) are
immediate consequences of the corresponding results for L2 and Theorem

1.7. In (iv), the ultrapowers are of the two-sorted structures, so by the
ordinary +oS theorem, the ultrapowers satisfy ext and bas and thus wlog

are weak structures. The proof of (iv) in [Gl] is quite substantial and

is used by Garavaglia to prove (1.7). Although Bankston does not directly
treat the language Lt in [Ban], his paper does give facts about topo]ogica1
ultraproducts and topological ultrapowers which are directly relevant to

the model theory of Lt .

1.13 DEFINITION: <M, o> 1is saturated if it is saturated as a two-sorted

structure for L2 . Note that saturation is not a basis-invariant concept.

1.14 THEOREM: [FZ, I, Lemma 4.7]. Let <M, o> % <N, ™ be saturated
structures of the same cardinality (i.e. [M| = |o| = [N| = |t]) . Then

M, o> =, <N, > .

t
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REMARKS: Flum and Ziegler state this theorem only for countable saturated
structures. I do not include the rather lengthy proof of the more general
statement given here because it is virtually identical to the proof given

by Flum and Ziegler for the countable case with the following addition: it

is necessary to prove (and to use) that the set I of partial homeomorphisms
constructed in the proof is closed under the union of increasing chains of
length less than [M| .

As in ordinary first order logic I introduce a universe (St = <‘5,qs >
which is a saturated model of large cardinality. Since I will want to be
able to embed any model in a small saturated elementary submodel of €,

I insist that [€| = © be hyperinaccessible. (Recall that a cardinal «

is hyperinaccessible if it is regular and for every X <k there is u ,
A<u<k and u inaccessible. Thus if <M, o> is small, [MUg| =1 <«,
there is a saturated submodel of Gt of cardinality u containing <M, o>).
Note also that the assumption on © 1dis inessential and serves only to
simplify the expression of proofs. For the results that follow the assump-
tion can be eliminated by an absoluteness argument or better yet, by an

appeal to special models. See (1.23) for further remarks.

Let T be the comp]efe Lt theory of €

L
AutAt(Gt) denotes the set of all topological automorphims of €

£ For each small A €€ ,

t fixing
A . The following facts are immediately apparent by (1.13), (1.14) and

~ elementary facts about saturation in L2 .

1.16 LEMMA: (Notation as in (1.15)).
(i) If <M, o>k, T, IM| < @ then there is f: MUo € Ugg , respecting

the sorts, such that for every formula o(X, Y) of Lt ,meM,Ueo,
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M, o>k olM, U1 iff € F o[f(M), f(D)] , that is, f: &, o> <, &, o>

(ii) If A <&, B, C sequences of individuals of €, |[AUBUC| <o,
and B EN C(A) (that is, they satisfy the same formulas of Lt with para-

meters from A ) then there is a topological automorphism o of € fixing

A and such that ofB] =T .

(iii) If A <€, |A| < © then there is <M, o> <; €, g >, two-sorted

saturated with AS M, [M| < 0.

PROOF: As noted, (i) and (ii) are straightforward. For (iii), there is

certainly a two-sorted elementary substructure <M, c'>'<2 <€, G > Wwhich
is saturated, A<M, |[M| < ©. Since <M, o'>F ext A bas , o' induces
a basis o for a topology on M . <M, o'> = <M, o> as two-sorted struc-

*
tures and clearly <M, o> <t <€, g >.

1.17 DEFINITION: (i) Given a language L define a language L* 2L as

follows: for each formula (¥X)é(X, X), (IX)o(X, X) of Lt with only
individual variables free, introduce a new relation symbol R(VX)¢(;) ,
R(HX)¢(X) . | )

(i) If <M, o> 1is a weak structure for L , define M a structure for
* * * -~ . -~

L sothat MM =M and M E R(VX)¢[m] iff <M, o> ht (¥X)o(X, m] and
similarly for R(

K)o °
* *
(ii1) Given a universe (€, 0g) , let T = Th(€ ) .

1.18 THEOREM: (i) there is a bijection * between the formulas of Lt with

only individual variables free and the formulas of L*.
(1) for Te S, 06l , (S,05) k, o[C] iff € ko[C] .

*
(ii1) T is uniquely determined by T = Th(@t), and conversely.
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(iv) <M, o> <¢ | 0> iff M*,< a* .

(4 4
(v) If p is a complete Lt-type over Acg with only individual variables
free, then p* is a complete L*-type over A in the same free variables.

*
(vi) p>p is a bijection between the set of L, -types over A and the

t

*
set of L types over A .
*

L
(vii) o e AutAt(@t) implies that o € Autk (S*) .
* L
(viii) If o e Autk (cs,*) », AcB cg, |[B|] <@, then there is ateAutAt(st)

L * %
such that o°tB = atB . (I say that AutAtGSt) is dense in Autk c©).)
(ix) g* is saturated.
. * % * .
PROOF: (i) For ¢(§)e.Lt define ¢ e L by recursion: ¢ ::=¢ if ¢

is atomic, * commutes with the first-order connectives and quantifiers, and

((¥X)00X, X)) 23 Riyyyo(0) 5 (B0, X)) 132 Rigyyo(X) « Clearly *
satisfies (i). The inverse of * is denoted by t . Note that, e.g.,
(R(Vx)cb('f))t = (¥X)o(X, X) s completely well defined since the result
of ' is encoded in the subscript of R .

(ii)=-(vii) are then all obvious. Note that in (v) p* = {¢*|¢ e p} .
Note also that (iv) fails fori< : . (viii) follows immediately by the
saturation of S > (1.16(i1)) and (ii). (ix) is immediate by (vi) and
the saturation of € -

e

1.19 REMARKS: The essential content of (1.16(ii)) is that the Lt-

elementary type of b over A, t(b, A) = {4(X, 3)|¢(§, y) e Lt ,a €A},
and the &, -automorphism type of b over A, {a(3)|a € Autkt(@t)}

contain the same information. Reviewing the definition of forking adopted
here (0, 1.5) it is seen that Theorem 1.18, in particular the density property
(vii) and (viii), allows me to reduce the whole problem of stability theory

in Lt to the ordinary stability of L* .
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1.20 DEFINITION: Let T be a complete L, theory. Then T is stable,

t
*
superstable or totally transcendental just as T  1is.

It is clear by (1.18(vi)) that I could equally well have defined

stability for L

+ in the traditional fashion by counting complete Lt—types.

:1.21 REMARKS: Recall the following things from Chapter 0. When I talk
about A <€, etc., it is always assumed that |Al <© . An ideal type
is a type p over € . Autkt(ﬁf) acts on the ideal types, in particular
0(p) , the orbit of p , is {a(p)|a e Autkt(@t)} . If peS(A) the

orbits of ideal extensions of p under topological A-automorphisms are

important: for brevity I call such an orbit of p-extensions.

1.22 THEOREM: Let T be a stable L

¢ theory, p(X) a éomp]ete Ly type

over A <G&. Among the orbits of p-extensions there is a unique orbit of

cardinality < @ , in fact this orbit has cardinality £ ZlT‘ .

* * *
PROOF: T is stable and p is a complete type over A& € so by

*
(0, 1.4) there is exactly one small orbit of ideal extensions of p to
* *
€  under A-automorphisms of € . By (1.18(vii)) every orbit of
.
p-extensions is. contained in an orbit of p -extensions, so there is at

least one small orbit of p-extensions.

I claim that in fact the two kinds of orbit are the same. It is

» '—* —* '_* 3 - »
enough to show that if p , g = af(p ) are ideal types in the same orbit of

* * L —_ —_—
p -extensions, o € Autk (Gf), then for some of e AutAt(Gf), ut(p) =q .

—k %
‘But for some B> A, p MB is stationary, as is q talBl. By (1.18(viii))

L

te AutAt(Et) such that olB = oB . By (1.18(vii)),

there is o
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* , * £, —* —
ab e Auty (Gf) so by stationarity in L , a(

So p, @ are in the same orbit of p-extensions.

1.23 REMARKS: "This theorem is a version for stable Lt-theories of the'

fundamental property (0, 1.4) of stable theories. It is not just a simple

restatement of that basic fact, but is a new result depending on the density

property, (1.18(vii), (viii)), and says something about stable L, theories

t
*
independently of the translation into ordinary first order logic L .

In fact of course the proof does not depend on any assumptions on ©
and it suffices that (3, qé) be some saturated model (see the prdof-in
[LP]). Somewhat more is true: with a s]ight‘restatement of the. theorenm,
it suffices that (€, qs) be a sbecia] model (in the two-sorted sense).
Recall that M is special if for some elementary chain (MA)A<K indexed

and each M, s x+-saturated.

A A
Every theory T has special models in all powers « ,

by cardinals A <k = M| , M = L&<K M
2% = > |T]..
: (MA)A<K is called a specializing chain for M . B <M 1is called bounded
if for some specializing chain and some X < Kv, B.CzMA . Bounded sets
replace sets of cardinality < « in saturated models, in particular, if M
is special and B is bounded, then: |
(i)' Let peS(B) . Then p is realized in M .
(ii) Let ¢, d be finite sequences in M (or more generally, sequences
such that BUcUd 1is bounded). If ¢ = d then there is an automor-
phism of Mv fixing B and sending ¢ to d. |

It is straightforward but tedious exercise to verify that (0, 1.4)
holds for special models M and types p over a bounded subset of M .

Thus I have the following:
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1.22' THEOREM: Let T be a stable Ly theory, (M, o) F, T and special
as a two sorted structure. Let A< M be bounded, p € S(A) . Among the
orbits of extensions of p to M under topological automorphisms of

(M, o) fixing A , there is a unique orbit of cardinality < |M| , in fact,

of cardinality < 2|T| .

1.24 DEFINITION: Let T be a stable Lt theory.

(i) an ideal type p does not fork over A (dnf over A) or is a nonforking
extension of prA (ﬁf ext. of A) if p lies in the unique small orbit

of ideal extensions of ptA under topological automorphisms of @t

fixing A .

(ii) Let p>qe S(A) . pdnfover A, or p is a nf ext. of q iff
each ideal type p which is a nf ext. of p 1is also a nf ext. of q .

(iii) The multiplicity of p 1is the cardinality of the unique small orbit

of p-extensions, i.e. the maximum number of nf extensions of p to any

set (so the multiplicity of p is s 2|T|) .

1.25 COROLLARY: Let p, q be types of T , a stable Lt theory. Then

*
p is a nf ext. of q iff p* is a nf ext. of q .

PROOF: By the proof of (1.22), the unique small orbit of p-extensions to
Gt is contained in the unique small orbit of p* extensions to s .
Therefore for an ideal type p over & , p is a nf ext. of p iff B*

. * *
is a nf ext. of p to € .

1.26 THEOREM: Let T be a stable Lt-theory, p an ideal type. Then

there is A<C& , |A| £ |T| , such that p 1is the unique nf ext. of p*A

to & -
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PROOF: By (0, 1.6) there is A<& , |A| s |T| such that P is the

‘unique nf ext. of P M to € . By (1.18(vi)) and (1.25), P is the

unique nf ext. of prA to c, .

1.27 REMARKS: (1.22) and (1.26) are the two basic facts underlying stabi-

lity theory. Together with (1.18) and (1.25) they justify 'developing
stability theory for Ly in L* by means of the map *. Thus all results
of ordinary stability theory have their analogues for the stability theory
of topological structures. In particular, the results of Chapter I are

applicable to Lt .
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IV 2. TOPOLOGICAL MODULES

2.0 DEFINITION: A topological module is a structure (M, t) such that

M 1is a module (III 1.0) and T 1is a topology on M . (For simplicity I
assume that M has a single sort, but the results are equally applicable

in the general case when T 1is assumed to be a family of topologies, one

for each sort of M .) Each function of M 1is continuous in the topology

T , and each relation of M 1is closed. In all of this section L 1is some
fixed 1angﬁage for modules. It is clear that there is a set of Lt sentences
T such that for each weak structure <M, o> for L , <M, o> By T iff

*
<M, o > 1is a topological module.

2.1 DEFINITION: (Garavaglia [Gl]). A topological positive primitive

formula (tppf) is a formula of Ly of the form Q,Q, ... Q.0 where ¢ s
a conjunction of atomic formulas of Lt and each Qi is of the form (3x)
or (VX)0 for some variables x, X . (Recall (1.6) that "X = Y" 1is not

allowed.)

REMARKS: Because of the abelian group structure of M , We may restrict
to set quantifiers of the type (VX)O, (3X)0 . The formula (VX)t¢ is
equivalent to (VX)Ow where ¢ is obtained from ¢ by replacing all
occurrences "s € X" of X , s some term, by "s - t e X" . Note that

any free set variables of a tppf occur only positively.

2.2 REMARKS: I am now going to present a theorem analagous to (III1.6(ii))

for topological modules: for every topological module <M, o> every Lt
formula with only individual variables free is equivalent in <M, o> to

a Boolean combination of tppf's.
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A few comments on the history and proof of this result are in order.
Garavaglia proves in [Gl] that if <M, o> and <N, > satisfy exactly
the same Lt-sentences which are V3 with respect to individual quantifiers,
then <M, o> =t <N, > . This is a direct generalization of an early result
of G . Sabbagh [Sa] for ordinary modules. Baur [Ba] first proved the pp-
elimination of quantifiers for modules inspired by this same result of
Sabbagh's. Al1 three authors use a saturated model method similar to what
I present here. My theorem and proof has somewhat the same relation to
Garavaglia's as Baur's does to Sabbagh's original result.

In his excellent article [Z], Ziegler gives an entirely different proof
of the pp-elimination of quantifiers which is "local" in the sense that it
works in any module, not just a saturated model, and "constructive" in the
sénse that it is shown how the Boolean combination of ppf's equivalent to
a given formula is determined by the definable-submodule-structure of the
module. Monk's invariants (III 1.6(i)) follow directly. Unfortunately,
there appear to be several obstacles to giving a similar proof for my theorem.
Although the main steps of Ziegler's proof can be adapted to the topological
context, set parameters must be carried through the induction steps and it
is not at all clear how it is possible to preserve positive/negative occur-
rences of set variables in this method. Thus the proof breaks down because
some intermediate formulas cannot be shown to be in Lt . Also, the Ziegler-
style proof seems to be intimately tied up with questions of recursiveness
and decidability (Monk's elementary invariants). As is pointed out by Flum
and Ziegler [FZ] and in the articles by Cherlin and Schmidt [CS1, CS2] there
are many undecidable theories of topological modules. Thus I prove the theorem

in the style of Baur's original proof. A somewhat peculiar situation arises;
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although my result is not a corollary of Garavaglia's theorem, the proof
itself is virtually identical, except of course for the details of the
initial set up and,fina1 interpretation. Thus the work I present here
should not be regarded as a new proof, but instead as a significant inter-
pretation of an already existing result.

I begin by quoting a series of technical results from [G1] that esta-
blish that a sufficiently saturated topological module has a very special

neighbourhood basis at 0.

2.3 LEMMA: Let (X, X) , ¢(X, X) be tppf's. Then (3x)¢ , (VX)g¢ are

tppf's and ¢ Ay is equivalent (in weak models of bas) to a tppf.
PROOF: Obvious.

2.4 LEMMA: [Gl, 4, Lemma 1]. Let <M, t> be a topological module and
suppose that T has a basis at 0 consisting of subgroups of M . Let
Aps vees Am € T be subgroups of M , and let o(X, X) be a tppf. Then
o[M, Ays -o.» A) is a subgroup of M. '

PROOF: Let {Hili € I} be a basis at 0 consisting of subgroups. Then

(VY)O[M, Aps wves Ao Y) = N 561 OIMs Ay vees A, Hi) . The result follows

immediately by a simple induction.

REMARKS: Note that if {Hj|i € I} 1is a basis at 0 consisting of subgroups,
then {a + H1|1 eI} is a basis at a consisting of cosets. Thus under the

assumptions of (2.2), if 85,1> --» @, €M then o[M, i1 v+ @

Al’ cees Am) is either empty or a coset of o[M, 0, ..., O, Al’ vees A) .

m

2.5 DEFINITION/LEMMA: [Gl]. Let <M, o> be a weak model of the axioms
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for topological modules and Rl-saturated in the two-sorted sense.

ag = U e o|0 e U}
GE 2= {U e o*|0 e U}
06 = ﬂjn<wun|(un)new is a decreasing sequence in 00}

- ' *
(i) a9y € 93 € 9,

(ii) <M, o> satisfies the conditions of (2.4), that is, c* has a basis
at 0 consisting of subgroups of M . In fact, such a basis can be found
in 06 .

PROOF: (i) Let Ve g9 » V =M, Uy - I must show that V is open.
Let aeV ;I will find U e Ty » @ € U<V . Consider the set of L2
formulas I(X) ::={ae X A0e XU {(W)[xeX>xce Un] | n < w} over
countably many parameters in <M, o> . I 1is finitely consistent because
o is a basis for a topology on M , so is realized in <M, o> by some
U,0elU,aelcV.

(ii) Since "-" is continuous, given any U ¢ 0y » there is Ve 9y »
V-VcU (where V-V =1{a-bla, beV}) . Thus I define by recursion
on n<uw (Un)n<w a decreasing sequence in % such that U0 =U,

Une1 = Unaa
group of M.

'C'Un . Then V = r\n<wun € 06 , 0 e VEU 1is clearly a sub-

<

2.6 DEFINITION: [G1]. Let Prs woes by s Vs cees W be tppf's with

free variables among Xps eees xp s Ul’ ceus Un . Foreach s, 0<s<n,

let o(¢1, cees ¢m; wl, cees wk; s) denote the following formula of L

(Weip)o(gyqdg -+ (VUn)O(HVn)O(Vxl,...,xp)

t

AK 1 wi(xl, cees Xos V

i= Vn) i

pa 12 "

m -
—v\/i.=1 ¢i(x1, cees Xp’ Ugs «ees Un)] .
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Note that each Vi (1 14 ss) occurs only negatively as a free
variable, each Ui occurs only positvely as a free variable, and no other
variables are free. I abbreviate as follows: Let ¢::= {¢1, cees ¢m} >
Y o::= {wl, cees wk} ; then c(¢1, e Ops Wps eees Y s) :=:

a(®; v; 5)(UI, U;';

Vl, cens VS) .

2.7 LEMMA: (a) [Gl, 4, Lemma 4] Let <M, > be a weak model of the

axioms for topological groups, k-saturated in the two-sorted sense,

|L|+ + |M| + |t] s« . Then there is a sequence (AB)B<K of elements of
16 such that

(i) ABDAY for B<y<x.

(ii) Each Ag is a subgroup of M .

(iii) If A e Tg then there is B <« such that AB|C:A .

(iv) For all tppf 1 wees By s Yps eees Ve if <M, ™ F o(d; ¥; 0)

then for all s , all Bl < s < BS <K , <M, T*> E o(d; ¥; s)YA
- U

By Bs

(v) For all tppf Ops wees Oy 5 Ups oo Yy if <M, ™ E= o(d; ¥; 0)

.s AB 5o

Bl’ a S

A

then for all s , all 81 < ... < Bs <k o, <M, > E=o(d; V; s)[AB s sees AB :
1

s
A coes AB 1.

Bl’ S

(b) (From the proof of’[G4, 4, Theorem 1]) SUppbse <M, t> 1is as described

in (a) and in fact t, = {ABIB <«} . Suppose ¢(x, Uy, oovy U s

P(X, Ugs «ees Un) are tppf's, Yy € oo Y, <K, By <L <B <K
Then:

|0[Ms A, 5 cous Ay )/(0 AWM, A, 5 ouuy A
By B B

= |¢[M, AYl, cees AYn)/(¢/\w)[M, AYl, cees AYn)| if either is finite.
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‘:3 REMARKS AND PROQF: Part (a) is a generalization and strengthening of

(2.5(41)). I refer the reader to Garavaglia's paper for the proof. Note
that (ii) and (iii) say that {AB|B~<K} js a basis of open subgroups at 0,
so it is possible to assume in (b) that Tg = {AB|B <Kk} .

For (b), note that the left-hand side is s m iff
8 ] where

n

o i:= {o(xs Ugs oens Un)|1 sism+ 1} and ¥::= {y(x; - X§s

Uys oees Un)ll €i<jsm+ 1} (and similarly for the right-hand side), so

ME o(®; Y35 n)[A, 5, ..., A, 3 A, , ..., A
By By By

(b) follows immediately by (a(iv)) and (a(v)).

2.8 LEMMA: [G1l, 4, Temma 6]. If G, G' are abelian groups, S, Sl’
cens Sn’ S'y S, eees Sﬁ are subgroups of G, G' respectively,
9s 915 +-v5 G, € G, gqg', gi, cees ga e G' , for every C < {1, ..., n},
= : 1 ! 1 1y =
(9+3S)N [hclay +S;) =¢ iff (g' +s') N[, (a5 +S5) =4 and for

every C < {1, ..., n} [N (SNS)/M_(SNS)| =

= ' ' n t t

g+ = L,Q=1((g +S) N (g; +5,)) iff g' +s° =U?=1((g‘ +5') N (g5 +53))

REMARK: This is essentially the same as the main éombinatorial/group-
theoretical step in Ziegler's proof of Baur's theorem [Z, Theorem 1.1] and
indeed, in that case is practically the whole proof. Here much more is
needed. It is pointed out in Garavaglia's proof that without loss of

generality, all the cardinalities mentioned are finite.

2.9 THEOREM. Let <M, v be a topological module. Then for every

b

‘:> c::deM, <M, 1, c> Etppf <M, T, d> implies <M, T, > = <M, T, d> .
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PROOF: (See [Gl, 4, Theorem 1]) Without loss of generality I can assume
that <M, 1> 1s a k-saturated weak structure, |L|+ + |M| + |t] £k and
Tg = (AB)B<K is a described in Lemma 2.7 .

Now I construct sequences {aBIB <k} and {bB|B < k} exhausting M,
and increasing functions p, q: « »- « such that for all tppf

¢(x1, ees Xoo y, Ul’ cees Um) , y::g , and all 81 < vee < Bm <K ,

M, ™ = w[ag, Cs Ap(E)] iff <M, ™ ¢[b§, q, Aq(g)] . (Here and

elsewhere I abbreviate as follows: az :=: a, , H
B 81 Bm
Ap(E) 1= Ap(Bl)’ cees Ap(Bm)) . Note that this construction will establish

“ o0y a

the theorem since then the map a: a, -~ bB is a topological automorphism

B
of <M, > taking Cw d , because the necessary conditions can be
expressed by tppf's.

Well order M 1in order type k . I procede by recursion on vy <lK .
Notice that the initial condition (y = 0) says simply "for all tppf
¢(§) s M, > E ¢[E] iff <M, ™k ¢[E]“ which is precisely the hypothesis
of the theorem. |

Suppose that the construction has been carried out for all B <y and
y < k 1is even. (When ¥y 1is odd carry out similar steps with the roles
of aY, p and by, q interchanged.) Let aY be the first element of
M\ {aBIB < v} if non-empty, 0 otherwise. Now I choose b so that for
every tppf ¢(x1, cees Xoipo Y, Ups wees Um) and all By < eee <BL<Y s
My y> F $laz, 2, C, Apcz)] 1FF <M,k olbg, b, d, Agg)l - Since
<M, 1> 1is saturated, it is sufficient to show that a certain set of
formulas (determined by this condition) is finitely consistent. In terms
of the cosets defined by the tppf's involved (see the remarks to (2.4)),
it is enough to show that for all tppf ¢(x1, cees Xpiqo Y, Ugs oees Un)
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and wi(I, Y, U) (1sism andall By < vee <B <y, if
e - - m Y Py -
¢(ag, [MI, c, Ap(B)) 7 Uj=1(9 A wi)(as’ M1, c, Ap(B)) then
olbg, 1, G, Agy) # Ui (0 Avgog, D1, G, Agy)
For this I use (2.8). (For the subgroups referred to in (2.8) take
those defined by the above formulas with the individual parameters replaced

by 0's.) The cardinality conditions in (2.8) are satisfied by (2.7(b)).

- For the other condition of (2.8), let C< {1, ..., m} . Then

ﬂu_:c (¢ A 1P1)(b", [M], a: Aq(_é)) = ¢ iff <M3 ™ F -T(HXn_I_l) //\iec(qb A lp1)
[bgs Xpeqs ds Aqg)] 1ff (induction hypothesis)

<M, ™ F "’l(axn_‘_l) /\1€C(¢ A 1111)[3'6‘, Xn+1s C, Ap('é)] iff

n1ec(¢ A 1P1)(a'§, (M1, c, Ap('é)) =g .

Hence bY can be chosen as specified. Now I choose p(y) and q(y)
so that the induction hypothesis is verified for all B < vy .

To choose p(y), q(y) first note that set variables appear only
positively in tppf's so that if <M, 1> F ¢[Aa] and B < a then

<M, ™ F ¢[A L

There are £ RO'

B] . y| < « formulas ¢(a§, 3, C Ap(g), V)
with By < .e. <B <Y 5 SO by choosing p(y) and q(y) large enough
(that is, AP(Y) and Aq(Y) small enough) I can ensure that for all tppf
¢(x1, ees Xpigs ¥s Ul’ cees Un+1) and all By < eee <B <Y s
<M, > E ¢[a§, aY, C, Ap(g), AP(Y)]
iff <M, > F (VUn+1)0 ¢[a§, a s C Ap(g), Un+1]
iff (by choice of bY)
<M, > F (VUn+1)0 ¢[b§, by, d, Aq(g), Un+1]
iff <M, ™ F ¢[b§, bY’ d, Aq(g)’ AQ(Y)]

as was required.
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2.10 COROLLARY: Every formula o¢(X) of Ly with only individual variables

free is equivalent to a Boolean combination of tppf's.

PROOF: This follows immediately by a standard compactness argument. See
for instance the proofs of the various preservation theorems in [CK],

section 5.2 and especially Lemma 3.2.1 of [CK].

2.11 DEFINITION: (See III 1.8). Let <M, t> be a topological module,

AcM,beM. Let p:=t(b, A) where t(b, A) ::= {¢(X, 3)|o(X, ¥y) e Lys

aeh, <M, > E ¢[b, a] }.

Then p* ::= t7(b, A) ::= {6(X, 3) e p|6(X, ¥) tppf} .
p” i:= t7(b, A) :i= (= 0(X, 3) € plo(X, ¥) tppf}
p* := t5(b, A) s=p' Up”

2.12 COROLLARY: (Notation as in 2.11). (i) _p+ uniquely determines p~ ,
and conversely.

(i) pip

2.13 DEFINITION: (Recall (1.17), (1.18) for L* , etc.) Let

L' =1L LJ{R¢ € L*|¢ a tppf of L}|C:L* . Define ¢', £', T', €' by analogy

* *

%  *
with ¢ , 2, T, ¢

*
2.14 COROLLARY: (i) If ¢ el is a tppf, then o el' and o =o'

is a ppf of L' .

(ii) L' is a language for modules (III 1.1).

(i11) Every formula of L* is equivalent to a formula of L', in particular
to a Boolean combination of ppf's of L' .

(iv) Up to equiva]ence, ' defines a bijection from the formulas of Lt

to the formulas of L' .
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(v) . Theorem 1.18(ii)-(ix) holds for ' 1in place of

PROOF: (i) is obvious. (ii) follows from (2.4) and (2.5) taking a suffi-
ciently saturated extension (thus in any topological modu]e, a tppf with
only individual variables free defines a subgroup). (iii) follows from

(2.10) and (1.18(4i)). (div) and (v) are then immediate.

2.15 COROLLARY: (See III 1.11)

(i) Every topological module is stable.

(ii) <M, > 1is tt iff there is no infinite descending sequence of
subgroups of M definable by tppf's.

(iii) <M, 1> 1is ss iff there is no infinite descending sequence of
subgroups of M , each of infinite index in its predecessor, definable by

ttpf's.

2.16 REMARKS: Thus the results of Chapter III apply to topological modules

via the correspondence between Ly and L' . As well, the results (1.22)
and (1.22') apply to topological modules. Furthermore, this correspondence
provides an opportunity for investigating by model-theoretic means the
interaction between the algebraic structure of a topological module and
its topology.

For example, consider one of the standard topological groups: the
circle groups C =I®/Z . The first order structure is tt and, following

(c)

the results of Chapter III, is decomposed uniquely as @ Z(pw) D Q

p prime
The unique copies of each Z(p~) are rigidly fixed in C and dense in the
topology of C . Thus if the topological group C is written as a direct
sum, C=A ©®B with A, B closed, either A or B must contain the

copy of Z(2°) , say, and by density is then all of C . Thus the ordinary
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_decomposition theory shows that the circle group is topogically indecom-

posable.

By the L _-analogue of (III, 4.2), C has a unique decomposition as

t
a direct sum of indecomposable modules, all of these concepts being taken
in the sense of L, structures (weak models) rather than topologically.
What is this decomposition and how does it relate to the first-order decom-
position and the topology? Since C is compact, the following results

answer this question.

2.17 REMARKS: The following facts about convergence in topological spaces

can be found in Chapters 2 and 3 of Kelley's text [Ke]. Kelley presents
these facts in terms of convergence via nets; I find it more convenient here
to treat convergence via filters, for which see [Ke, 2, Problem L].

Let F be a filter of subsets of a topological space X . F converges
to ce X, lim(F) = ¢ , iff every open neighbourhood of ¢ 1is in F .
If Ce€X, F isin C iff forall AeF ,ANC# ¢ . The following
hold:
(i) f: X > Y dis continuous iff for all filters F , 1im(F) = c¢ in X
implies that 1im(f[F]) = f(c) in Y .
(ii) € <X s closed iff for all F in C , 1im(F) = ¢ implies c e C .
(ii1) X is Hausdorff iff for all F , 1im(F) = ¢ and 1im(F) = ¢'
implies ¢ =<c¢' .

(iv) . X 1is compact iff every ultrafilter converges to some point of X .

2.18 DEFINITION: Let ¢(X) be a tppf of Lt with only individual

variables free. Let ¢0(§, ¥, Y) be the open matrix of ¢ . Let gﬂi)

be (3y)(¥Y) let 3(x) be (\1\()0(337)¢0 , and Tet &(X) be (337)30,

0% °
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where @0 is obtained from ¢0 by replacing every conjunct "t e Y" , t

some termof L , by "t =0".

2.19 LEMMA: (Notation as in 2.18)

(1) "wo < wl“ iff Ft (V?)(wo > wl) is a preorder on the set of tppf's
¢(§) of Lt with the same free variables as ¢ and open-matrix ¢0 )
is the least element (strongest element) of this order and ¢ is the
greatest element (weakest element). In particular #t (V?)[g,+ v Ny > ] .

(i1) B, (UX)[3 > o] .

PROOF: Obvious.

2.20 THEOREM: Let T be a complete Lt theory of Hausdorff topological

modules with a (topologically) compact model. Then for every tppf ¢(x) of Lt
TE, (VX3 >3 .

Thus T has complete elimination of set quantifiers from formulas with only

individual variables free.

PROOF: The final comment follows by (2.19) and (2.10).

Let <M, t> be a compact model of T , T = T . ¢ is a formula of
the form (V7)0(3§) /\j ¢j(§, ¥, Y) where each ¢; s an atomic formula

of L hence of one of the following forms:

-
(a) t5(x,¥) =0

(B) R(EIR, 9, oo (R, D)

(c) tj(i, y) eY , some Y in Y

where the t's are terms of L and R is a relation symbol of L .

Let Ty = {U e 7|0 € U} , a neighbourhood basis around 0. Fix aeM,

o a::X , and assume that <M, > E (V?)0(3§)/\j ¢j(§, ¥, Y) . Suppose y::n
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and consider the compact space M" . For each U e T » U::Y , et

Bﬁ :i={be M"|<M, ™ #.ﬂ§¢j(3, b, U)} . By assumption each BU is non-
empty. Since the Y's appear only positively in each tppf ¢j , U U
(componentwise) implies that BU'CiB*. . By the definition of Ty if
U, ﬁl € 1y and U= ﬁofﬁ ﬁl (componentwise) then U e T4 and by the
preceding remark, By < BUO(W BUI . Thus B = {Bﬁlﬁ € TO} is a filter
base in M" .

Therefore B may be extended to an ultrafilter U over the compact
space M" » and U converges to a unique Timit b since M is Hausdorff.
For each term t(X, y) occurring in the ¢j‘s , {{t(a, ¢)|c e C}|C e U}
is a filter converging to t(a, b) by the continuity of terms. If ¢j is
of form (a), then tj(g, b) = 0 by continuity; if ¢j is of form (b),
then R(t%(a, [ t?(ﬁ, b)) holds since R is closed; and if ¢j

is ~ of form (c) then tj(g, b) = 0 by convergence, since for each

Ue T » {tj(g, E)|E € Bﬁ}¢C3LJU . Thus b witnesses that '<M, ™ E ¢[a] .

2.21 REMARKS: Let T be a complete Lt-theory of Hausdorff topological

modules with a compact model <M, > and Tet T° be the ordinary theory
of M 1in L . Then the stability theory of T is essentially the same
as the stability theory of T° .

Theorem 2.20 thus can be regarded as a strong reduction theorem in the
style of (1.18) and (2.14). In particular it says that every topologically
definable subset of a compact Hausdorff topological module is already first
order definable (in the sense of Ly and L respectively).

Theorem 2.20 can be generalized somewhat to arbitrary topological

structures <M, > with continuous functions, closed relations, and at
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least one constant symbol. A tppf is defined as before, but with the
universal set quantifiers restricted to a constant term of Lt . If
<M, 1> 1is compact Hausdorff, T is the Ly theory of <M, ™ and ¢(x)
is a tppf as before, Tk, (VX)[¢+ 8] . OF course the second part of
(2.20) depends on the tpp-elimination of quantifiers (2.10}. A stronger
statement along these lines seems unlikely by the present methods since
the proof depends heavily on the form of tppf's.

A generalization in a different direction might be possible, It

follows from [FZ, II, 2.9, 2.10] that the L, theory of the topological

t
group of the reals has complete elimination of quantifiers (Flum and Ziegler
suggest a proof by a saturated model method). R 1is locally compact and
complete. Here I mean completeness in the sense of complete uniform

spaces, see [Ke, Ch. 6]. Thus R is very close to being compact.

PROBLEM: Does theorem 2.20 hold when T has a 1ocally compact complete

model? The problem with applying the current proof occurs at the crucial
point of showing that B may be extended to a convergent filter.

I conjecture that the answer to the problem is in the affirmative.
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V. EXTENSIONS OF DEISSLER'S RANK WITH APPLICATIONS TO MODULES

V 0. INTRODUCTION

In [D], R. Deissler introduced a "minimality rank" which I denote by
"rk" here. This rank provides an ordinal measure on the difficulty of
defining a given element b 1in a structure M: if A <M-, rk(b, A, M) =0
iff b is definable in M by a formula with parameters from A . Roughly
speaking, in the general case rk(b, A, M) measures how hard we have to
work at adding new parameters to A from definable sets in order to be
able to define b . "rk" is called a "minimality rank" because of the
following: M s a minimal model of the complete theory T = Th(M) iff
rk(b, ¢, M) < » for every b e M . Deissler's rank was studied further
by R. Woodrow and J. Knight [WK].

The central concept underlying Deissler's rank is that of a definable

set. In section 1 I introduce the idea of a context for definability

o(x) . A set B is o¢-definable over A if for some

(X, V) e o(x) and aeA, B = o[M, a) . For Deissler's rank, © is
the set of all formulas; for rk’ used in the study of modules, " is the
set of all ppf's. Associated with each & 1is a relation % between
structures which says that &-definitions are preserved. In section 1 I
develop the basic properties of these two concepts and give a list of
examples.

Associated with each context for definability &(x) is a Deissler-
type rank rk@ , although for rk® to have all the nice properties of
Deissler's rk I must impose additional restrictions on &(x) . With these
restrictions I obtain: M s minimal among a]]lstructures for the same

language, ordered by %0 iff rk® (b, g, M) < for every beM . In
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particular, if E 1is an injective module over a Noetherian ring and A cE
then E 1is the injective envelope of A iff rk* (b, A, E) <« for all
beE . Section 2 develops these ideas.

In section 3 I introduce the concept of an analysis of lr'k(I> ; this is
a tree structure which records the steps taken in the recursive computation
of er(b, A, M) . In attempting to provide estimates of rk@(b, A, M) ,
such tree structures are often easier to deal with than the original defini-
tion, although all the arguments using analyses could in practice be converted
to inductive arguments which appeal directly to the definition of er .
I prove several elementary Temmas on r'k(I> and on analyses, and prove a
simple rank inequality (3.9) which turns out to be quite useful in estimating
upper bounds.

In section 4 I begin to concentrate more on modules and I establish
some relationships between rk and rkt in modules. [ also prove a theorem
relating the Lascar rank U to rk: If M is the minimal model of a tt
theory T , then for any be M, rk(b, A, M) sw « (U(b, A) +1) , and
as a consequence I give a substantial generalization of a result of Deissler's
stated but not proved in [D], and answer a question posed about this result,
namely the relation between rk(M) and ap

Section 5 is devoted to the study of rkt in injective modules over
a commutative Noetherian ring A . If E 1is an indecomposable injective,
E = E(A/P) for P a prime ideal of A , then the rkt of E over AJP -
is 1 or 2, and rkt of E(K) over (A/P)(K) is bounded by w for ény
cardinal « . Finally, if P 1is a set of prime ideals of A, I define
the Krull dimension p of P, and show that for A some direct sum
(A/P)(ap) and E the injective envelope of A , then

D pep
rk* (b, A, E) < w® P} forall becE .
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I would 1ike to thank Robert Woodrow for listening to me talk through
the first draft of this chapter and for offering some constructive criticism

on the work presented here.
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V 1. A GENERAL CONTEXT FOR THE STUDY OF DEFINABLE SETS

1.0 DEFINITION: Let L be a fixed first order language. A context for

definability in L is a set & :=: ®(x) of formulas ¢(x, v) of L with

the one distinguished variable "x" and "' an arbitrary string of

parameter variables (it is understood that "x" is distinct from any

parameter variables or bound variables appearing in ¢) and satisfying:

(1) ® 1is closed under the arbitrary renaming of parameter variables;
(ii) © contains all formulas "x = t(V)" where t is some term of L ;
(iii) If o(x, u, v) € ® and y(x, w) € & then

(Ay)[o(x, ¥, V) Av(y, w)] € & (where y is some variable not occurring
in ¢, v ). The formula resulting from the application of (iii) is denoted

by &ow(x, vV, w) for reasons which will be made clear below.

1.1 DEFINITION: Let L, #(x) be as in (1.0), let M be an L-structure,

let A,CcM,ceM.

(i) C is &-definable over A in M iff for some ¢(x, 7) € o,

3eh,C=o[M a).

(ii) ¢ s ¢-algebraic of degree n <w over A in M iff for some

C,|C]=n,ceC,C is o&-definable over A in M and n is the
least cardinal for which such a C exists.

(ii1) ¢ 1is ¢-definable over A in M iff ¢ 1is &-algebraic of degree

lover A din M, i.e. iff {c} 1is o-definable over A in M.
(iv) A% = fce Mlc is ¢-definable over A in M} .

(v) 3(A) ::= {o(x, a)|é(x, V) € ® , V :: 3a e A} .

1.2 REMARKS: (Continue the notation of 1.0, 1.1).

(1) In the phrase "¢-definable over A in M" , I suppréss "M"  when
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the context makes clear what M 1is, or when a specific M 1is irrelevant;

and I suppress "A" when A =g .

(ii) Note that neither M nor ¢ are necessarily ¢-definable over A .
(iii) Rule (ii) of definition 1.0 implies that any element of M computable
from A by a term of L 1is ®-definable over A . This rule provides a

bare minimum of definable sets: I do not even require that sets definable

by a predicate of L be ¢-definable (that is, sets {m e M|M F R[m]}).

(iv) Rule (iii) may be extended by a simple induction to the following

rule:

1.0(ii1")s If o(x, Ugs +ees Up_qs V)ed and for i<n, wi(x, Wi) € o,
then ¢°<wi>i<n(x’ v, Wb, cees Wn—l) € & where oo<y> ::= (3y0, cees yn-l)
[0(Xs Ygs =ves Yppo V) AN (s WT .

(v) The rule (iii') essentially says that the composition of ¢-definitions
over A is again a ©&-definition over A . For instance, suppose that ¢

is "x = f(uo, cees Ugqs v)" and for i<n, Py is "x = gi(Wi)" where
f, g are function symbols of L , then ¢o<w1> is equivalent to

"x = f(go(Wo), cees gn-l(wn-l)’ V)" . When the wi's do not have unique
solutions, we must take a more liberal definition of the word "composition"
in this remark.

(vii) Another way of expressing a consequence of rule (iii') is the follow-
ing: suppose Cgs +++» €1 are d-definable over A and C is &-defin-
able over A L}{co, cees Cn—l} . Then C is ¢-definable over A .

(viii) It is often useful to consider additional conditions on & beyond
those of definition 1.0. In particular, closure under conjunctions and

closure under existential quantification of parameter variables are natural

conditions.
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1.3 DEFINITION: Let M, N be L-structures, M a substructure of N, and

®(x) a context for definability in L . M <5 N iff for all ¢(x, V) e o
and- m, neM .
ME ¢[m, n] € NE¢[m, nl .

I say that M is a ¢-elementary substructure of N .

1.4 PROPOSITION:

(1) M<g M
(i) M07<® M1 and Ml <5 M2 implies M0 <s M2
(ii1) M0‘<¢ M2 s Ml <s M2 and M0 C‘-M1 imply  that M0-<® M1

(iv) M <5 N, AcC M, ¢(x) e a(A) 1imply that o[M] = ¢[NII M .
PROOF: A1l obvious.

1.5 DEFINITION: Let &(x) be a context for definablity in L . & s

T-V if <, satisfies a Tarski-Vaught type criterion: for an L-structure

¢
N and Mc N, M is a o&-elementary substructure of N under the opera-
tions and relations induced from N 1iff for all ¢(x) e &(M) ,

NE (Ix)$p(x) = for some me M , N & ¢[m] .

1.6 REMARKS: If L has no relation symbols, it suffices in definition

1.3 to assume that M < N . The same applies if & contains all the atomic
formulas of L . If M, N are as in(l.5) and satisfy theecondition of the

Tarski-Vaught criterion, then definition 1.0(ii) ensures that M 1is closed

‘under the operations of L .

1.7 DEFINITION: (Examples of &'s)

(i) @0 is the least set of formulas satisfying definition 1.0.
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(i1) @1 is the least set of formulas containing all the atomic formulas

a(x, V) of L and satisfying the conditions of definition 1.0.

(iii) o" is the set of all formulas of L logically equivalent to a
positive primitive formula of L .

(iv) &P is the set of all formulas of L logically equivalent to a
primitive formula of L (primitive formulas are defined 1ike positive
primitive formulas but allowing negated atomic formulas to appear).

(v) o3

is the set of all formulas of L Tlogically equivalent to an
existential formula of L .

(vi) @L is the set of all formulas of L .

1.8 LEMMA:

(1) <I>0l C<I>1: C<I>+: C<I>p, C<I>3, C<I>L and there is a language L 1in which

all the inclusions are strict.
(i) @0, @1, ¢+, @p, @3, @L are all contexts for definability in L .

PROOF: Obvious. Note that it is possible in (i) to have some equalities.

's)

1.9 REMARKS: (Meanings of some of the ¢'s and <

(i) ¢ s éo-definab1e,over A in M iff c¢ 1is computable from A

in M by some term of L . This follows from (1.2(ii1), (iv)), which

0 that @0

establish from the definition of ¢ contains only formulas
logically equivalent to "x = t(v)" for some term t of L . There are
no other @0 definable subsets over A in M. M:< 0 N iff M is a
substructure of N . ?

(i) ot contains, in addition to the atomic formulas x = t(v) of L ,

atomic formulas s(x, v) = t(x, V) and R(x, v) for s, t terms of L



-178-

and R a predicate symbol of L . Thus in @1 , sets of solutions to equa-
tions and relations are definable sets, and there is no general simple
characterization, independent of L , of when an element is @1-definab1e.
Repeated application of rule (1.0(iv) may yield very complicated definable
sets. |

(ii1) o7 s naturally applicable to theories of modules by the Baur-Monk
elimination of quantifiers (III 1.6). o" will be the major example studied
in this chapter, with some quite specific calculations 1nvsection 5. As

observed in Chapter III, the ¢ -definable subsets of a module M are cosets

of a o -definable subgroup or empty. In this context, M < + Niff
9

M,-<ppf N iff M dsa pure submodule of N .

In a more general context, recall the following definition (e.g. [ES,

~7.1]): M is algebraically closed in N iff M 1is a substructure of N

and every finite set of equations over M which has a solution in M has

a solution in M . Thus in general, Mo< + N iff M 1is algebraically

ol
closed in N .

(iv) Recall the following definition (e.g. [ES, 7.2]): M 1is existentially
closed in N iff M »is a substructure of N and every finite system of
equations and inequations over M which has a so]utibn N has a solution
in M . It is easy to see that M 1is existentially closed in its extension
N iff any existential sentence over M true in N 1is true in M (whence

the name). Thus M <

N iff M< D N iff M ds existentially closed
3 :

3 9

in N .
(v) An element or set is @L definable iff it 1is first order definable

in the usual sense. M< LN iff M <N .
e .
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1.10 PROPOSITION: If L has only function and constant symbols then @0

is T-V. o, oP, oF, o

are all T-V.

REMARK: The situation for @1 is problematic and @l may or may not be

T-V depending on L .

PROOF: For &7 by the remarks (1.9(i)) if McN , 3 e M, then ¢(x, 3)

is either inconsistent or has a unique solution t(g) for some term t of

L . M is the underlying set of a substructure of N iff all such solutions
lie in M (since L has no relation symbols). Thus <9 satisfies a T-V
condition. ?

For ®+, @p, and @3

a proof like the usual proof for < | ( = <)
9

can be given (see [CK 3.1.2]). The important point is that each of these

is obtained (up to logical equivalence) by closing a certain set of open

formulas under existential quantification.
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V 2. GENERALIZED DEISSLER RANKS

2.0 DEFINITION: (After Deissler [D, 1.1]). Let M be an L-structure,

beM, ASM, ¢ a context for definability in L .

(i)  rk®(b, A, M) =0 iff b is ¢-definable over A in M.

(ii) For £ >0, rké(b, A, M) =& iff &£ 1is the least ordinal a such
that for some ¢(x) € ®(A) , ¢o[M] # ¢ and for every c € ¢[M] ,

rk®(b, A U {c}, M) < a .

(i1i) If rk¥b, A, M) # £ for all ordinals £ , then rk¥

b, A, M) = @ .
2.1 LEMMA: Let M, L, b, A, & be as in (2.0).

(i)  ASBSM=> rk®b, A, M) 2 rk(b, B, M)

(11) M <, N = rk(b, A, M) < rk®(b, A, N)

(i11) rk®b, A, M) = rk®(b, A%, W)

(iv) Let ¥ be a context for definability in L, ¢ <V

Then rk®(b, A, M) 2 rk¥(b, A, M)

PROOF: (i), (ii), (iv) are similar and easy, so I prove only (i) in detail:
By induction on o I show that for all b, ACBCM,

(*)rk®(b, A, M) = a = rk®(b, B, M) Sa. The main point is that

3(A). € &(B) . Thus (*) holds for o =0 . Now assume that (*) holds for

all b, all A, B, ASBSM forall B8<a. Suppose rk®(b, A, M) = a .

Then there is ¢(x) e o(A) < &(B) , ¢[M] # ¢ and for every c e ¢[M],

rkq)(b, AU {c}, M) =B <a for some B (depending on c). By the induc-

tion hypothesis, rkq)(b, BU{c}, M) £ B . Hence, since ¢ € @(Bv) .

rk®(b, B, M) s a .

(ii) By dinduction on o show that for all b , all AcCM,

k2(b, A, N) = a = rk®(b, A, M) S o and use (1.4(iv)).
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(iii) Immediate by rule (iii) of definition 1.0 (see remark 1.2(vii)).
(iv) By induction on o show that for all b, all A€M,

rk®(b, A, M) = o = rk’(b, A, M) S a .

2.2 NOTATION: Let * be one of 0, +, p, 3. Then

* o* ot :
rk (b, A, M) ::=rk (b, A, M) . rk(b, A, M) ::=rk (b, A, M) is

Deissler's rank. I call rk" positive Deissler rank, rkP primitive

Deissler rank, and rk3 existential Deissler rank.

2.3 LEMMA: If rk%(b, A, M) > 0 then
rk2(b, A, M) = inf  sup  (rk®(b, AU {c}, M) + 1) .

ded(A) cedp[M]
¢[M]#¢d

PROOF: Recall that for X a set of ordinals, 1inf X 1is the least element

of X and sup X 1is the least ordinal a such that for all x e X ,
X £a . Inparticular, sup g =0.

The lemma is.immediate from the definition.

2.4 DEFINITION:

G) kb, M) ::= rk®(b, 4, M)
(i1)  rk®(M/A) ::= suplrk®(b, A, M) + 1|b & M}
Gii) rk®0 = rk®(/g) .

2.5 PROPOSITION: (See [D, 1.3]). rkq)(b, A, M) = o =
=> (yo(x) € o(A))(3c & M){[O[M] # ¢ = F o[cI] & rk®(b, AU {c}, M) = =} .

PROOF: Supose not. Then there is ¢(x) e ®(A) , ¢[M] # 4 , such that
for each ¢ e ¢o[M] , rk®(b, AU {c}, M) <~ . Then by (2.3),
rk®(b, A, M) < sup{rk®(b, AU {c}, M) + 1|c e 6[MI} < = .



-182-

2.6 THEOREM: (See [D, 1.4]). Suppose ¢ is T-V. Then er(b, A, M) < o

iff for all M' , A M <®M=>beM' .

PROOF: The proof is essentially the same as that given by Deissler.

(=) Suppose er(b, A, M) < » . By inductionon o < = 1 show that

(*) fm~ﬂ1M',ACM'ﬁpM,fm'ﬂ1 CcM ,

rk®(b, AUC, M) =a = b e M' .

(Then (=) follows by taking C =¢ .)
(. = 0): Then b is defined in M by some ¢(x) e ®(A UC) , A UC &M .
Since Mk (Ix)d(x) and % is T-V , there is me M' , M E ¢[m] . But
¢ defines b, i.e. b=m,beM .
(0 > 0) Suppose (*) is verified for all B < a and we are given M', C
as described and rk®(b, A UC, M) = o« . Then there is a formula
4(x) e o(A UC), o[M] # ¢ and for each d e o[M] , rk¥(b, AUC U{d}, M) <a.
But M' <5 M and < is T-V , so ¢[M'] # ¢ , that is, there is d e M'
with rké(b, AUC U{d}, M) <o . Therefore by the induction hypothesis
(*) ,beM .
(*): Suppose rké(b, A, M) =, 1 construct M' s ACM < M so
that b ¢ M' .

Let C = {cala < k} be new distinct constant symbols, «k = |L| + |A]| .
Let L' :=L UC , and give expressions like &(C UA) their obvious inter-
pretation. Let <0y <k enumerate ®(C UA) so that the new constants
of ¢, are contained in {CBIB < a} . I find interpretations of the Cq
in M (also denoted by Cq ) such that rk¢(b, A LJ{CBIB <al, M) =
and <M, Co”aco F (3x)¢a(x) - ¢u(ca). Once given {cBIB.< a} satisfying
this property, the new constants of ¢u are among those already interpreted.

Since rk®(b, A U{c,|B <a}, M) = o , by (2.5) there is d € M such that

gl
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6,[M1 # 6 implies that Mk ¢ [d] and rk®(b, A Ulcy|g < a}U {d}, M) ==.

1
So I interpret Cy by d.

CLAIM: Let M' be the structure induced on {cala < k} by their inter-
pretations in M . Then A< M' <5 M and b g M' .

Since < satisfies a T-V criterion, the first part of the claim

 holds because the interpretations of the c, Wwere chosen to witness all

the conditions of the criterion. Now b ¢ M' because if b = Cy then
rk®(b, A LJ{cBIB <o}, M) =0 since "x =v" e & . But by construction,
rk®(b, AU {egls s aby W)

o L

2.7 COROLLARY: Let MO.CZM .

(i) er(M/MO) <o jff M 1is a minimal member of the class of extensions

of MO ordered by < -
(ii1)  (Theories of modules) Let {0} denote the trivial module (i.e.
every sort is trivial). Then rk (M/{0}) <« iff M = {0} .

(iii) (Theories of modules) Among the compact extensions M of a module
MO’ rk+(M/M0) <« 1implies that M is a compact hull of M0 .

(iv)  (Theories of modules over a Noetherian ring) Among the injective
extensions - M of a module MO R rk+(M/Mo) <o iff M 1is the injective
envelope of M0 .

(v) (Theories ofvmodules) Suppose M is tt, M 2M Then

0"
rk+(M/M0) <= {ff M {is a compact hull of M, .
(vi) Among the existentially closed extensions M of a structure M0 s

rk3(M/M0) <o iff M 1dis an existential closure of M0 .

REMARK: For elementary facts about compact hulls beyond those given in

Chapter III, consult [Z, Section 3]. In particular, if Mg M, M
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compact, then the compact hull of M0 in M exists and satisfies (III,

3.5(1)). The hull is denoted H,(Mj) , NS HM(MO).<ppf M.

PROOF: (i) (=») Suppose M is not minimal. Then there is M', M < M'-<® M,

0
M'"#M . Let beM\ M . By the theorem rk®(b, MO’ M) = = , Hence
¢ - ® :
rk (M/Mo) = .
(<) If M 1is minimal, b € M, then the only M' satisfying
M0 c:M'-<q> M is M 1itself. Hence b e M' and by the theorem
rk®(b, My, M) <= . Hence rk®(M/My) < = .
(ii) The trivial module is a pure submodule of every module.
s . , -
(ii1) Suppose M 1is a compact extension of M0 . Then MO HM(MO)-<ppfA4.
If M 1is not a compact hull of M0 , then M # HM(MO) and by (i),
K (M/Mg) = e
(iv) Since the underlying ring is Noetherian, M injective and
M"<ppf M implies that M' 1is injective. Thus if M 1is injective,
M0<: M, then HM(MO) is the injective envelope of M0 , i.e. a minimal
injective extension of M0 . Thus (<€) follows immediately and (=) follows
by (iii).

(v) and (vi) are similar to (jv). For (v) use that M tt and M'< M

ppf
implies that M' 1is tt. For (vi) use that (for arbitrary languages) M

existentially closed and M'< 3 M dimplies that M' _is existentially
Y]

closed [Es, 7.7].

2.8 REMARKS: (i) Although (2.7(iv), (v)) are statements abour rk" in

modules parallel to (i), the converse of (iii) is false in general. For
suppose M0 is any module which is not compact. The pure hull of M0

is that compact hull of M 1in which M 1is purely embedded. (The pure
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hult of M is H,(My) where N isa |L|+-saturated elementary extension
of My .) Since My is not compact, M # MO-. Since M0 is pure in M,
K" (M/lg) = =

(ii) Note by an example of Eklof and Sabbagh [ES, Appendix], (vi) does

not hold for algebraically closed structures, even with r-ka . ((i) taken

together with (1.9(i11)) shows that the analogue of (vi) with algebraically

closed structures and rk' fails).

(11i) Recall the theories T,

A
but not Noetherian ring. Let M0 E TX as in (II 1.13(i)),

of Chapter 1I. Let A be any coherent

My = e(E(A/I)(RO)|I e I(A)) . Then M is the existential closure of the

module A ::= @ ((A/I)(R0)|I e I(A)) but M ids not injective. Thus

rka(MO/A) < o but since by (II 1.13(iii)) M, < E(MO) = E(A) , even

0
rk(E(My)/A) = = , not to mention rk+(E(MO)/A) )
(iv)  Of course, Deissler's theorem also follows [D, 1.4(i)]: M 1is a

minimal model of Th(M) 1iff rk(M) < = .

2.9 EXAMPLES: Recall the examples of Baldwin and Lachlan (I,1.6). Reread-

ing part (i) we see that it is established there that rk(M) = 3 (where M
was the prime model of the theory discussed); Let ae M. Up to equiva-
lence the only consistent formula over ¢ is "x = x" . Thus

rk(a, ¢, M) # 0. Let b be some solution of "x =x" in M different
from a . The only new formulas over {b} (up to equivalence) are "x = b"
and "x #b" . Thus rk(a, {b}, M) # 0 and so rk(a, ¢, M) >1 . Let ¢
be some solution of "x # b" . It was shown in (I,1.6(i)) that every
element of M is definable from two distinct elements of M . Thus

rk(a, {b, c}, M) =0 and rk(a, ¢, M) = 2 , and in fact rkP(a, g, M) = 2 .



-186-

It is also relatively easy to check that in part (ii), rk(N) =4 .
(The elements of the fibres of N have rk 3 . One way of showing that
be Ca has rk 3 is to define a 1in two steps as above, pick out an
arbitrary c € Ca by the formula R(a, x) and then use the definable
isomorphism T(a, ¢, x) from C to Ca and the fact that, in defining

a , we have accumulated enough parameters to make every element of C

definable.)
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V 3. RANK ANALYSES AND SOME SIMPLE RANK CALCULATIONS

3.0 DEFINITION: An analysis of rké(b, A, M) 1dis a labelled rooted tree

<T, <, A> of the following sort:
(i) For each node t e T , the label A(t) 1is a pair <¢, C> where
C<M and ¢ e o(C) 1is such that o[M] # ¢ .

(ii) If t 1is the root of T , A(t) = <4, A> for some ¢ .

(iii) For each teT , if t is a leaf of T and A(t)

<¢, C> ,

then b is defined by ¢ over C in M.

(iv) Foreach teT, if t 1is not a leaf of T and A(t) = <4, C>
then the successors of t are in 1-1 correspondence with ¢[M] , the second
component of the labels ranging over the sets C U{m} , me ¢[M] .

(v) The tree is well founded, i.e. every branch is finite.

“rank (T)" denotes the usual foundation rank for we]]-founded trees.
Sometimes I suppress the labelling function A and refer to each node by
its label, as if each label corresponded to a unique node. Although this
is in fact false no harm is done as long as we keep in mind what we are

doing.

3.1 LEMMA: (i) If rk®(b, A, M) < = , an analysis of it exists, say
<T, <, A> , with rank (T) = rké(b, A, M) .
(ii) If <T, <, A»> 1ds an analysis of rké(b, A, M) then rk®(b, A, M) < w

and in fact rk®(b, A, M) < rank(T) .

PROOF: (i) I show by induction on o e On that (*) for all C, A €C CM ,
if rké(b, C, M) = o then an analysis <T, <, A> with rank(T) = a exists.
Then (i) follows by taking C =A . If o =0 then b is definable over
C in M by some formula ¢(x) € &(C) . Let T:= {0} , <:=¢ ,
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A(0) := <¢, C> . Then <T, <, A> 1is the required tree.

Suppose a > 0 and (*) holds for all B <a . Suppose A <C <M
and er(b, C, M) = a . Then for some ¢(x) € &(C) , ¢[M] # ¢ and for
every d e ofM] , rk®(b, C U{d}, M) < a , and furthermore

o = sup rké(b, C U {d}, M) . By the induction hypothesis there are trees
de¢[M]

Ty <g» A (d e o[MI) such that rank (T,) = rk®(b, C U{d}, #> for
each d e ¢[M] . Without loss of generality these trees are disjoint.

Let <T, <, A> be the tree with root ¢, A(g) = <¢, C> , the subtrees
succeeding the root exactly the trees Td (d € ¢[M]) , and <, A extending
the various <q kd's .

(ii) This follows by an easy induction which I will not give here: By
induction on o € On show that (*) for all C, ASC <M, if <T, <, A>

is an analysis of rk¢(b, C, M) with rank (T) = a then rké(b, C, M) s a.

3.2 COROLLARY: rk®(b, A, M) = inf {rank(T) | <T, <, A> is an analysis of
rk®(b, A, M)} .

3.3 DEFINITION: An aha]ysis as in (3.1(i)) is called an accurate analysis

of rk2(b, A, M) .

3.4 PROPOSITION: Let M be a structure for L , A<M . Suppose &(x)

is a context for definability in L such that for each ¢(x, v) e & ,
there is w(x, u, V) € & such that M & (¥x, u, V)[¥(x, u, V) <>

(6(x, V) Ax #u)] . Let beM. If b is o-algebraic of degree n
over A in M, then rk®(b, A, M) <n .

PROOF: By inductionon n , 1< n<w, I show that for all C,AcCCCM,
if b is ¢-algebraic of degree n over C in M, then rk®(b, C, M) <n .

The proposition then follows by taking A =C .
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If b 1is ¢-algebraic of degree 1 over C in M , then b s
¢-definable over C in M , hence rké(b, C, M) =0 .

If the statement is true for all m<n , and b 1is &-algebraic of
degree n , then there is ¢(x) € o(C) , |¢[MI| =n, and M E ¢[b] .
For each ¢ € ¢[M] \ {b} consider the formula ¥(x, c¢) given by the
hypothesis of the proposition, so Y[M, ¢) = ¢[M] \ {c} . Thus b is
d-algebraic of degree < n -1 over C U {c} , hence by the induction
hypothesis, rké(b, CU{c}t, M) <n-1. But ¢ ranges over all solutions
of ¢(x) e o(C) , thus by (2.3) rk@(b, C, M) <n.

3.5 LEMMA: (Strengthening formulas) Suppose <T, <, A> 1is an analysis
of rk®(b, A, M) , teT ,A(t) =<b, C>, and ¢' € o(C) , ¢'[M] # & ,
ME (YX)[6'+ ¢1. Define a new tree <T', <', A'> as follows: Let T'
be obtained frcim T by deleting all subtrees above t whose initial node
t' satisfies A(t') = <¢', C LJ{c}S where ¢ e ¢[MI~N¢'[M] . Let
<" =<t T' , and Tet A" = AKM(T' \{t}) U<t, <¢', C>> .

Then <T;, <', A'> 1is an analysis of rké(b, A, M) and

rank(T') s rank(T) .
PROOF: Obvious.

3.6 COROLLARY: Suppose M 1is atomic over A , more precisely, for every

C,A<CeEM and every beM, t(b, C) is isolated. Suppose
rk(b, A, M) < » . Then without Toss of generality every formula in an
analysis of rk(b, A, M) 1is complete in Th(M) , in particular there is

an accurate analysis as described.

n

3.7 DEFINITION: Let & be a finite sequence of ordinals, £ e On .
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Then V € ("join £") is inf{z_ Eom | ™ a permutation of n} . Thus V&
is the Teast possible sum formed by adding the components of & 1in any

order.

*
3.8 REMARK*: In the following starred ( ) articles I suppress parts of

the notation to improve readability: & is a context for définabi]ity in

L and M 1is an L structure, and for rk©(b, A, M) I write rk(b, A) .

3.9 PROPOSITION :

(1) rk(b, A) s rk(b, A Ufc.|i <n}) +V
(ii) rk(b, A) < rk(b, A LJ{ci|i <n}) + L;

N

n rk(ci, A)

IA

rk(

Cn-1-i

- LA ULcsl3 <n-1- 1))

REMARKS: Of course (ii) is the sharper statement but the main application

will be where we know rk(ci, A) for each i <n .

PROOF: Claim: For any c € M, rk(b, A) £ rk(b, A U{c}) + rk(c, A) .

Proof of Claim: Let Ty be an accurate analysis of rk(b, A U{c}) and

let T1 be an accurate analysis of rk(c, A) . Créate a new tree T by
attaching copies of T0 to the leaves of Ti as follows: Each leaf of
Tl is labelled by some <¢, D> where ¢(x) € ®(D) and ¢ defines ¢ .
Replace this leaf by a copy of TO modified by replacing each label
<p(x, c), D'> of TO by the label <@y)[v(x, y) Ao(y)l, D U(D'~ {cl})> .
The formula of this label is in &(D U (D' N\ {c})) by rule (iii) of (1.0)
and has exactly the same solutions in M as y(x, ¢) . Thus it is easy to
see that the resulting tree T 1is an analysis of rk(b, A) , and clearly
rank(T) = rank(TO) + rank(Tl) = rk(b, A U{c}) + rk(c, A) .

Now (ii) follows easily by 1hduction on n<w . Thecase n=1 is

given by the claim. If (ii) holds for n - 1 and we are given {cili < n}
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then (*)rk(b, A) £ rk(b, A lJ{cili <n-1}) +¢ rk(c

i<n-1 n-2-i?
A Ulcg|ld <n-2-1}) , by the claim rk(b, AU {e;li<n-1}) s
rk(b, A tJ{cili <n}) + rk(c,_q» AU {cili <n-1}) , and replacing
this in the right hand side of (*) I am done.

(i) follows immediately since

rk( A Ll{cj|j <n-1-14}) 5 rk(c A) by (2.1(i)), and

Ch-1-3°

clearly I can arrange {cili < n} 1in order so that I, . rk(ci, A) s

n-1-1°

as small as possible.

3.10 COROLLARY™: Let A SM , b, Cys +oes €. ;€M . Then
$
be (AU{cys «ovs €y 13)

(1) rkib, A) sV, rk(cy, A) .

implies that

WA

(ii) rk(b, A)

A

Zicn rk(cn_l_i, A LJ{cjlj <n-1-14})

3.11 COROLLARY™: (Suppose also the hypotheses of proposition 3.4).

If b is &-algebraic of degree m over A LJ{ci|1 < n} then
(1) rk(b, A) sm+ V. rkic, A)

(11) rk(b, A) sm+z, - rk(c _; .5 A L){cjlj <n-1-i})

3.12 COROLLARY™: Let A <M , b, c, d € M , and suppose b e {c, d}° ,
ce b, d}¥. Then rk(b, A U{d}) = rk(c, A U{d}) .

PROOF: rk(b, A U{d}) s rk(b, A U{c, d}) + rk(c, A U{d}) by the theorem.

But since b e {c, 3}® » the first term on the right is 0. Similarly
rk(c, A U{d}) < rk(b, A U{d}) .

REMARK: In the context of modules, a simple and useful form of 3.12 is:

3.12' COROLLARY: Let M be a module, A< M, b, ceM . Then
rkT(b, A Uib + ¢}, M) = rkT(c, AU {b + c}, M) .
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V 4. RELATIONS BETWEEN U-RANK AND rk; BETWEEN rk AND rk* IN MODULES

4.0 LEMMA: Let T be a complete tt theory, MET ,ASB<M, M
minimal over A , p € S(B) . Then there is k € w such that if I <M

is an independent set of realizations of p over B , then |I| < k.

PROOF: Note that M 1is also minimal over B , so wlog I assume that
B=A. Since T is tt and M is minimal over A , there is no infinite
set of indiscernibles over A in M and M 1is prime over A (0, 1.10(iii),
(ii)). Hence M is homogeneous over A . Furthermore, since T 1is tt,

p has finite multiplicity d < w . Thus there are d strong types over

A extending p and any independent set of realizations of p over A

can be partitioned into at most d sets of indiscernibles in these strong
types. I claim that if Py and p, are two strong types over A extend-
ing p and Il’ I2 are maximal independent sets of realizations of Pys Py
respectively in M then [I;| = [I,[ =2 , some £ <w . It then follows
that k = deg + 1 suffices. (For details on strong types see [Sh, III 2]).

That both I and 12 are finite follows from the second remark above.

1
So suppose |I;| 2 [I,| =2 >0, let I, = {bfli < %}, and let

{b%|i < 2} c:I1 . By homogeneity there is a € AutA(M) with a(bé) = bg .
Then a[Ilj is an independent set in the strong type Py s and so
<a(b%)>i<l = <a(b§)>i<2 . Again by homogeneity there is B e AutA(M)

such that Boo (b}) = b? for i <2 , and so Boo [Il] is an independent

set in the strong type Po extending 12 . But 12 was maximal, so

|I1| = |12| =2

4.1 THEOREM: (Recall Lascar's rank U , (0, 1.9)) Let T be a complete

tt theory and assume the prime model M of T is minimal. Then:
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rk(M) s sup{w(U(b, ¢) + 1)|b e M} .
In fact, for any beM, A<M, rk(b, A, M) < w(U(b, A) + 1) .

PROOF: The first statement is an immediate consequence of the second. I
prove by induction on o € On that for all A €M, if U(b, A) = a then
rk(b, A, M) < w(a + 1) . '

If U(b, A) =0, then a 1is algebraic of degree n over A for
some n<w , and by (3.4) rk(b, A, M) <n<w=w0+1).

Now assume that the claim is proved for all B €M and all B <a ,.
and that U(b, A) = o . Construct by recursion on its levels a tree
<T, <, A> satisfying (i), (ii) and (iv) of the definition (3.0) of an
analysis of rk(b, A, M) and such that for each t e T , A(t) = <¢, C>
where ¢ isolates t(b, C) and t is a leaf of T diff t(b, C) forks
over A . This constitutes a complete set of instructions for building T ,
and the construction is possible since be M , and M 1is prime, hence
atdmic, over all C<c M. Let k <w be determined by lemma (4.0) so
that if I ©€M 1is an independent set of elements equivalent to b over
A, then |I| <k . I claim that <T, <, A> as constructed has at most k
levels, i.e. every branch of T has length s k . Clearly every branch
of T consists of elements equivalent to b ~over A by the choice of the
formulas ¢ , so it is enough to show independence. Suppose that
(t5)5¢n €T 5 t5 on level i, t

i2n i+l

{c_i|1§1‘sn} in M such that for C1.={cj|1§js1'} (i £n) and

Mti) = <bs» A UCi> with 9 jsolating t(b, A Uci) , then Cisl

a successor of ti . Then there are

satisfies ¢ and b\LCi (i < n) . Note that by the construction
A

b% C, if t_ is a leaf. Then by the choice of the c,'s , CHIJI.\’C’.
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(i <n) so Cn-l is independent. Thus by (4.0) n -1 < k , and so each

branch of T has length < k .

Thus each branch of T terminates with a node t , A(t) = <4, C> and
t(b, C) forks over A . Thus U(b, C) = B <a for some B , and by the

induction hypothesis rk(b, C, M) < w(B + 1) £ wa . For each such t , let

<Tis <¢» A> be an accurate analysis (3.0(1)) of rk(b, C, M) , and replace
the leaf t by Tt so that Tt becomes a §ubtree of T . Naming the root
of T, by t again, rank(t) = rk(b, C, M) £ wa . After replacing all

leaves of T 1in this manner, and calling the resulting tree T' , it is

clear that T' 1is an analysis of rk(b, A, M) and rank(T') € wa + k < w(o + 1).

4.2 COROLLARY:

(i) Let T, M be as in the theorem. Then rk(M) < w-(aT +1) .
(ii) Suppose in addition that T is countable and Kl-categorica1 not

b%-categorica]. Then rk(M) < wz .

PROOF: Recall that o is the least ordinal greater than or equal to the
Morley rank of p for all types p ; hence in particular U(b, g) < ar for
all b € M since Lascar's rank U 1is the smallest rank. Thus by the theorem
rk(M) < w-(uT +1) . A well-known theorem of Baldwin [B] stafes that for

Nﬁ-categorica] not Rb-categorica1 T, ar < . So in this case rk(M) < w2 .

4.3 REMARKS: Deissler states (4.2(ii)) in his article [D] without proof.

He then asks if for 8&-categorica1 not sb-categorica1 T there is any
relation between rk(M) and ar Part (i) of the corollary directly
answers this question and considerably generalizes the result of Deissler.
Of course, by the theorem I can replace Oy in (4.2(i)) by a¥ defined

in the same way as ar but with Lascar's rank U . Note that in (4.1,
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4.2(i)) I place no restriction on |T| .

In (4.4, 4.5) I give two examples relating to this estimate of rk .
The first example is of a theory T, prime model M , and bn € M such
that U(bn, ) =n (new) . Ineach case, rk(bn, g, M) £1 . The second
example gives Rl-categorical not Ro-categorica1 Tn with all types p
of U-rank 0 or 1, but the prime model My has rk(Mn) =n+2.

4.4 EXAMPLE: Let M0 be the prime model of the theory of existentially
closed abelian groups (i.e. take A =Z in Chapter II). Let

N := <M0 ®q, <0, 1>, <m, 0>>meMO and T=Th(N) . T dis tt and N is

the minimal model of T . From Chapter II it is clear that N realizes
types of arbitrarily large U-rank < w , for instance U(<0, 1/2">, 4) =n .
I claim that for any b e N, rk(b, @, N) §71 .

let beN,so b= <Mqs c/d> where my € M0 and c,deZ ,d#0,
c, d relatively prime. Since all elements My 0> are constants of the
language, wlog my = 0. If ¢c=0, then b 1is the definable element
<0, 0> . Otherwise t(b, ¢) is iso]a;ed by the formula "“dx = c-<0, 1>"
which has solutions b' = <m, ¢/d> where me M0 is such that dm =0 .
Given any such b' , b 1is defined by the formula x = b' - <m, 0> . Thus
rk(b, #, N) s 1.

Thus U-rank can be large while rk remains small.

4.5 EXAMPLE: For results about stable theories of lattices, refer to the

work of K. W. Smith [Sm 1, Sm 2]. The example I present is quite simple
and the facts stated about it are fairly obvious. For detailed proofs,
the reader will have to refer to [Sm 2, Section 6]. (In Smith's terminology

the examples I present are all "type 3 Ni-categorica1 Tattices in S" and
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so they are not ab-categorical (Corollary 6.10)).

I define a family of lattices (Ln)n<m . L3 is pictured in figure
(4.5a). An element like b which has a unique predecessor and a unique
successor is called a dead end in Smith's terminology. The elements denoted

by open circles form an infinite fence. Ln is the four level lattice with

an infinite fence such that every element on level 2 is covered by exactly
n dead ends on level 3. Tn is the complete theory of Ln .

The theories Tn are clearly Ni-categorica] not 8b-categor1ca1. In
fact Ln is the minimal model of Tn and the elementary extensions of Ln
are formed by adding new copies of the infinite fence with its associated
dead ends between the 0 and 1 of Ln . The types of Tn have a very
simple structure: the realized types are the types of 0 and 1, the other
1-types over ¢ are strongly regular and are the type of an element on level
2, the type of a non-dead-end on level 3, and the type of a dead-end on
level 3. These types all have U-rank 1, and so every l-type over ¢ of
Tn has U-rank £ 1 .

’ It is easy to check that 0, 1 have rk 0 and that the elements on
level 2 and the non-dead-ends of level 3 have rk 2 . I will only sketch
a proof that the dead ends on level 3 have rk n + 1 , leaving the details

to the reader. In figure (4.5b) I 1ist the general form of the formulas

appearing in an analysis of rk(b, @, Ln) .
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4.5b FIGURE: (how to construct an analysis of rk(b, ¢, Ln) ).

level of tree

formula, general solution

r.n - 1 Tlevels
< OR

n levels
L .

"x dis a dead end on level 3"

(solutions ¢, ...)

"x 1is a dead end on level 3 accessible by a fence
of length k from c"

(two groups of solutions,
one to the "left" of ¢ , the other to the

"right" of ¢ . Call one such d .)

(If b, d are in the same family of solutions)
"X is a dead end on level 3 covering the same

point as d"

(If b, d are in different families of solutions)
"x 1is a dead end on level 3, accessible by a
fence of length k from c¢ , not covering the

same point as d"

In the two possibilities for the last (n - 1) or n steps, we need

this many steps because we must find b among the n different (and

indistinguishable) dead ends covering the same point that b covers.
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4.6 REMARKS: I wish to establish a relationship between rk and rkt

for indecomposable tt modules. Recall that all tt modules are compact

(III 1.16) and recall the concept of compact hull (III 3.5(i), V 2.7). I
will need two additional results from Ziegler's in-depth study of the theory
of compact hulls, namely [Z, Temma 3.7] which I take as the definition of

small and [Z, corollary 3.10].

4.7 DEFINITION: [Z, 3.7]

Let M be a module, A, BS M . B is small over A din M iff

t; (5, A)—t(b, A) for every finite b e B .

4.8 LEMMA: [Z, 3.10] Let M be compact. B 1is a compact hull of A

in M iff B is small over A in M , compact, and pure in M .

4.9 COROLLARY: Let M be a tt module, A<M ,beM, Ma compact

hull of A . Then t(b, A) 1is isolated by a ppf.

PROOF: Since M s tt, t; (b, A) 1is equivalent to a single formula by
the characterization of tt modules (III 1.11).

REMARK: This is also proposition 5.5 of [Pr 1].

4.10 THEOREM: Let M be a tt module, A <M , M a compact hull of A,

beM. Then

(1) rk'(b, A, M) = rk(b, A, M) .

(i1) if in addition, M 1is indecomposable associated with the sr type
(p, v) of Th(M(Rb)) (see III 3.10) and A = y[M] , then

rk (b, A, M) s rk(b, ¢, M) < sup{rk'(b, {a}, M)|0 # a e A} + 1 .

(iii) if A is a commutative Noetherian ring, A = A/P for some prime
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ideal P of A and M = E(A) , then
rkT(M/A) < rk(M/@) < rkT(M/A) + 1 .

REMARK: A1l the ranks mentioned are < o by (2.7(v)).

PROOF: (i) By (2.1(iv)) rk(b, A, M) < rk+(b, A, M) . Let (T, <, 1)

be an accurate analysis of rk(b, A, M) . Clearly <M, a>aeA is the prime
model of its complete theory so by (3.6) wlog for every teT,

A(t) = <¢, C> with ¢ a complete formula over C . Since A SC &M,

M dis also a compact hull of C so M 1is small over C and by (4.9)

wlog ¢ 1is in fact a ppf. Thus <T, <, A> is also an analysis of

rk'(b, A, M) and so rk'(b, A, M) s rk(b, A, M) .

(i1) The first inequality is immediate by (i) and kz.l(i)). If a is

any non-zero solution of ¢ in M then M is the hull of {a} in M
since M 1is indecomposable. Construct an analysis of rk(b, 4, M) as
follows: the root of the tree is labelled by «<y(x) Ax # 0, > ; the
subtree succeeding the root and labelled with a solution a at its root

is an accurate analysis of rk+(b, {a}, M) . The resulting tree has rank
sup{rk+(b,z{a}, M) |0 #aeA}+1 as required.

(iii) In (i1) take wy(x) to be "Ann x = P" which can be done by (II, 3.7).
Then any a # 0 realizing wy(x) generates A as a submodule of M , so
the second inequality of (ii) becomes rk(b, Mj < rk+(b, A, M) + 1 . Then

(i1i) is immediate.

4,11 LEMMA: Let A be a left Noetherian ring and L the language for
left A-modules. Let o¢(V) be a ppf of L . Then there is ¢*(V) , a
conjunction of equations of L , such that for all injective left A-modules

E, EE (W)[6< ¢ ] .



-201-

REMARK: This well-known but I have not found it stated explicitly anywhere.
The following simple proof is based on part of the proof of a theorem of

Eklof and Sabbagh [ES, Theorem 3.12].

*
PROOF: I define ¢ by recursion on the quantifier depth of ¢ . So suppose
_ -—:—- N .
=1 A.Y + D, = |
(V) (3y)/§<n( Y pJ(v ) = 0) where each p; s some term of L
where y does not appear. Since A is left Noetherian, the kernel of
. n . . -
the homomorphism A f A: <ocJ.>J.<n > Zj<najkj is finitely generated. Let
i i sl n
the generators be <§ >ick where § <6J.>J.<n € A" . Then by [ES, lemma
3.2] (See (II, 1.1(i1i)c), the criterion for consistency in injective

modules) (VV)[(Hy)/E

all injective left A-modules.

-~ 1 - R
<n(Ajy + pj(v) = 0)<-+/\i<k 2j<n6jpj(v) = 0] holds in

4,12 REMARKS: As a consequence, when studying rk"  for injective modules

over a Noetherian ring, I may restrict my attention to formulas which are
conjunctions of equations.

Of course, by the results of Eklof and Sabbagh [ES] we know that
every formula is equivalent to a Boolean combination of equations. (4.11)

gives a more precise result for ppf's.
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V5. rk’ IN INJECTIVE MODULES OVER A COMMUTATIVE NOETHERIAN RING

5.0 ASSUMPTIONS: Throughout this section, A 1is a fixed commutative

Noetherian ring and all modules are unitary modules over A . I study rk’
for injective A-modules. By the decdmposition theorem of Matlis (II 4.2)
any injective E may be written as E(M) where M is a direct sum of
cyclic modules A/P, P some prime ideal of A . Thus a reasonable under-
standing of the complexity of injective envelopes may be obtained through
estimates of rk+(E/M) where E, M are as above. Recall that by (2.7(ii))
if E# {0} then rk'(E/{0}) == . If M=® (A/P)(O‘P) then

E(M) = © (ap)

E(A/P) , S0 this study progresses through several natural

PeP
stages: indecomposables, powers of indecomposables, arbitrary injectives.
By (4.12) every ppf I consider in analyzing rk+ will be taken to be a
conjunction of equations.

As well as the results about injective modules and injective envelopes
quoted in Chapter II, I will need some more detailed results of Matlis [Ma]
(5.1, 5.2, 5.7).

For elementary results on primary ideals, consult Northcott [N, Section

1.5, 1.9].

5.1 LEMMA: (i), (ii): [Ma, 3.2(2)]1) Let P be a prime ideal of A,

E = E(A/P) . Then:

(i) Q 1is an irreducible P-primary ideal of A iff for some 0 # x e E,
ann(x) =Q . |

(ii) Let X e AN P.. Then there is unique division by A in E .

(iii) If xe P \ {0} , division by XA is defined and not unique.

- REMARKS: The proof is easy, for which see Matlis. For (iii), note that
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Ax = 0 has many solutions when 0 # A e P (e.g., u/P , any u ¢ P ).
See also (III 4.5) and the related material for my model-theoretic approach

to (i).

5.2 LEMMA: [Ma, 3.8(1)] Let P be a prime ideal of A, E = E(A/P),

Yo Xps eees X € E . Then rﬁ ann(xj) cann(y) diff there are X € AN P
_ N

and Mys eoes Mo € A such that Ay = Zi=1 MiXs o

5.3 COROLLARY: Let P, A, E be as in (5.2), X, y € E . Then

ann(x) = ann(y) iff x and y are definable in terms of each other by

an equation.

PROOF: (<=) is immediate. For (=), by the lemma for some A e AN P

and u e A, AXx =uy and by (5.1(ii)), x 1dis the unique solution of

REMARKS: (5.2) arises as a corollary to some of the deepest results of
Matlis' paper. The corollary (5.3) apparently states a much simpler fact;

the question arises whether or not a more elementary proof can be found.

5.4 THEOREM: Let E be an indecomposable injective A-module, so

E=E(A) , A=A/P, P some prime ideal of A . Then rk+(E/A)

A

2 .

PROOF: Let b e E . It suffices to prove that rk+(b, A, E) 1. By
(4.9), t(b, A) 1is isolated by a ppf ¢(x) e A . Let b' e ¢[E] . Then
ann(b) = ann(b') , so by (5.3), b is definable from b' . Hence

rk*(b, A, E) s 1.

5.5 EXAMPLE: Suppose that A is Noetherian domain, so that {0} is a
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prime ideal. Then E(A) 3 K , the quotient field of A [Ma]l. It is
easy to see that every element of K 1is definable over A , hence

rk (K/A) = 1 .

5.6 EXAMPLE: Let A=Z , P = ((p)) any non-zero prime jdea]. Then
Z/P .

E(Z/P) 1is the Prufer group Z(p~) . Let E =Z(p~) and A

Represent E 1in the usual way as the set of all fractions 0 £ m/pn <1
with addition modulo 1 (hence A = {0, 1/p, ..., (p - 1)/p}) . Consider
any element b = m/p” . b is pp-definable over A iff b e A by (4.12)
and (5.1). Thus every b represented in lowest form as m/pn with n 22

has rk" 21 . So by the theorem, rk+(E/A) =2 .

5.7 THEOREM: The Matlis Hierarchy [Ma, 3.4]. Let P be a prime ideal

of A, E ::= E(A/P) . Define A, ::= {x e E[P'x =0} . Then:

. A,
1<w 1

(i1) The set of non-zero elements of Ai+1/Ai is the set of elements of

(1) A; 1is a submodule of E, A, cA. ., E=U

E/Ai with annihilator P . In other words, for X e E \ Ai’ Px CiAi iff

(Ax € A1~¢# A eP) iff xe Ai+1 .
(111) Let K be the quotient field of A/P . Then A, /A, is a vector

space over K and A1 2K .

REMARKS: The proof is quite easy and as I need to refer to some of the

details in the later work, I include it essentially as given by Matlis.

PROOF: (i) Since A 1is commutative, each Ai is a submodule of E and
A CAp - If xeE, x#0 then ann(x) 1is a P-primary ideal (5.1)
- and so since A is Noetherian, p' cann(x) for some i , thus x e Ai .

(1) Let x e ENA, . If Px CA, then P'(Px) = 0 , that is,
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E1+1x =0 or xe A1+1 . If x e A, then Pi+1x =0 or Pi(PX) =0,

i+l °?
that is, Px CZAi . Furthermore, if X ¢ P , ann{)x)

ann{x) by (5.1)

SO AX ¢ Ai . Finally, if A e P , then Ax e Ai .

(iii) Define the operation of K on Ai+1/Ai as follows: For ke K,

k = (a/P) + (A\/P) where XA ¢P ,a, A eA. Let k(x/Ai) t:= ay/A; where

y is the unique solution of Ay = x . It is straightforward that this

operation is well defined and makes A1+1/Ai a vector space over K.
Since A0 = {0} , A1 is then a vector space over K . Choose

0#xe€ A1 and define g: K- A1 : k+>kx . g 1is an embedding. Let

Ze€ A1 ,» 2#0 . Since E 1is an essential extension of A1 » X and z

satisfy a non-trivial equation oax =Bz #0 . Since x, z € A1 R

aXx = BZ# 0 implies that o, B € ANP by part (ii). Thus

g{(a/P) = (B/P)) = z by the definition of the action of K on A1 , and

s0O g is an isomorphism.

REMARK: The careful reader may wonder why I don't simply quote (5.2) to
prove the latter part of (iii). These results are taken out of their
logical order in Matlis' paper, and in fact (5.7) is one of the prerequi-

sites for (5.2).

5.8 COROLLARY: Let P, A, £, A; be as in the theorem. Consider g(x)

for some finite or infinite cardinal « . Define A . :i:= {x € E(K)|P1x = 0}.

i

Then:

. . (k) = (k)
(1) AK,i is a submodule of E‘“/, AK,i 2 (Ai) , AK,].,c:AK’].+1 .
and £ oy, A L.

i<w Tk,
: s (x)
~(ii) For x e E\™/ N AK ;

R Px,CIAK,i iff (Ax e AK,i & ) e P) iff

X & A sl
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(iii) Let Q be an ideal of A (which can be written as an intersection
of £ « irreducible ideals if k is finite). Then Q 1is a P-primary

ideal iff for some 0 # x € E(K) , ann(x) =Q .

PROOF: (i) and (ii) are immediate consequences of the theorem and the defini-
tions. Since A 1is Noetherian, every ideal is the 1nterseétion of finitely

many irreducible ideals, in particular a P-primary ideal is the intersection
of finitely many irreducible P-primary ideals, so (iii) follows from (5.1(1))

and the fact that ann(<xj>j<K) =r]j g ann(xj) .

<

5.9 THEOREM: Let P,A, E, Ai be as in (5.7). Then:

(i) If E=A, then rk(E/A) =1

1

(11) If E#A, then rkT(E/A) = 2 .

By (5.4) these are all the possibilities. Examples (5.5) and (5.6) illus-

trate the two cases.

PROOF: (i) If E = A; then since A; ¥ K, the quotient field of A/P,
every element of A1 is definable from A/P: if x € A1 then Xix e A/P
for some X e ANP .,

¢ii) By (5.1(ii), (iii)) no element of E not in Ay s definable from
AP .

5.10 THEOREM: Let P be a prime ideal of A , k a finite or infinite

cardinal, E := E(/PY, 8 1= (a/P)(%) (so that E = E(B)) , Tet B; be

AK ; as defined in (5.8), and let k be the minimal number of generators

of P ,say P = ((Ajij <k)) .
(i) If ae Bn+1\Bn , then
rk+(a, B, E) <

n .
EE—E—%- (k > 1)
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(i1) rkT(E/B) £ w .

PROOF: (i1) follows immediately from (i).
(i) By induction on n 20 I show that a e Bre1 implies that
* + n-l .i = i =
(*)rk’(a, B, E) s Z;_5 k . Let a=<a;>, = with a, 0. almost
everywhere.
If n=0, then a e B1 and so for each non-zero component a; of

a, ann(ai) = P = ann(1/P) ; hence by (5.3) there is i € AP such

'R

that 0 # “iai e A/P . Let p:=1 i+ M is well defined since a; = 0

i<k
almost everywhere, and u ¢ P since P s prime. Thus 0 # ya ¢ B and
a is the unique solution in E of ux - (pa) = 0 . Thus rk+(a, B, E) =0 .
Notice that for n = 0 , the right hand side of (*) is also 0.

Now since any b € B1 is definable over B by the previous paragraph,
rk+(a, B, E) = rk+(a, By> E) by (2.1(iii)) for any a e E . So I proceed
to prove (*) with B replaced by B, .

Assume now that the statement is proved for n - 1 and that
ae Bn+1\\ Bn . By (5.8(ii)) Pa,CiBn , S0 in particular for each j < k ,
bj 1= Aja eB . Let o(x, b) ::=/\j<k(ij + bj = Q) , a ppf over B, ;
Suppose c € E , E F ¢[c, b] . Then E¢ [a - c, 0] , and since
((Aj)) =P,P@a-c)=0, hence a-ceB . Thus a is definable over
B, U{c} for every solution ¢ of ¢ and so rk (a, By LJ{bj|j <k}, E)s1.
12 ) -
But bj € Bn for all j < k and so by the induction hypothesis,

12 E) S Z?;g k' <w, so the V is just I and:

Hence by (3.9(i)), rk+(a, By> E) 1 +\/j<k rk+(bj, B

rk+(bj, B
+ n=2 iy _ -n=1 i
rk’(a, Bys E) s 1+ k(Zy g k) =255k .

(i) follows immediately.
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5.11 COROLLARY: For any a e E , there is an accurate analysis <T, g, A>

of rk' (a, B, E) with rank (T) <w and for every t e T , A(t) = <é, C>
with ¢ a conjunction of equations which isolates the type of some element
over C , in particular ¢ decides the annihilator I of its solutions by

conjuncts WX = 0 with ((ui)) =1,

PROOF: Apply (3.5), (4.9) and (4.11) to an accurate analysis of rk+(a, B, E) .
The resulting analysis is necessarily also accurate by (3.5), has rank < w

by the theorem, and satisfies the other conditions by (4.9) and (4.11).

5.12 COROLLARY: If E =B, , rkT(E/B) = 1 . (Notation as in (5.10),

compare (5.9).)

5.13 EXAMPLE: In certain special cases, different techniques can lead to

more precise estimates of rk+(E/B) . Consider again Z(p~) as in (5.6)
and look at E = (Z(p°°))k ,» 1 k< Nb , and take other notation as in
(5.10). Then B, =B E(Z/P*ﬂ and in general Bn consists of those vectors
whose components can be written with denominator pn . I claim that
rk"(E/B) s k + 2 .

Note that for any d, C, {d} UC CZBn+1‘\ Bn , t(d, B UC) decides
whether or not {d} UC 1is linearly independent over B, - ({d¥ UC is

linearly independent over B, iff for all _j <w , (dj)i<j‘C:{d} Uc
A.di € Bn implies that Aidi € Bn

0 i)i<j i<j i
forall i <j. Now xeB iff p"x = 0.) Also, t(d, BUC) deter-
n+l

with d, =d , all (X <Z,rz:

mines the level of d: (p™*x = 0) A (p"x #0) € t(d, BUC) iff

deB N\ B . Therefore by (4.9) if {drUC CIBn+1\\ B, s linearly

n+l
independent over Bn , there is a ppf ¢(x) over BUC which implies

"x € B,y B  and {x} U is linearly independent over B, "
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Now {x1|1 < jle By ™ Bn is linearly independent over Bn iff
{xi/Bn|i < j} 1is linearly independent in the vector space Bn+1/Bn
(Here Bn+1/Bn is clearly isomorphic to (Z/P)k , the k-dimensional vector
space over the p-element field), and so any such set has cardinality < k ,
and if {xi|i < k} CZBn+1 is Tinearly independent over Bh" then it

generates B as a submodule of E .

n+l
Now it is clear how to construct by recursion on the levels an analysis

<T, <, A> of rk+(a, B, E) (ae Bn+1*\.Bn) with rank(T) =k +1 . Let

the label of the root be <¢0(x), B> where ¢0 is a ppf over B implying

that x € Bn+1\\ Bn . The induction hypothesis will be that for each

teT , A(t) = <p(x), B UC> where C CZBn+1\\ Bn is linearly independent

over B . If |C| < k then the ppf ¢ 1is chosen so as to imply that

X € Bn+1\\ B, and {x} UC is linearly independent over B, 5 if |IC] = k

then ¢ 1is chosen so as to define a . This all works by the remarks of

the preceding two paragraphs.

5.14 CONJECTURE: (Notation of (5.10)). If k 2R, then rk+(E/B) =1

0

or rk'(E/B) = w .

This seems reasonable, since if ENBy #4 and « 2R » there are
arbitrarily large finite linearly independent sets. Thus there is no
reason to expect the calculation of rk’ to be much easier than the method

indicated in the proof of (5.10).

5.15 NOTATION: I introduce the following notation and conventions for

the subsequent definition and theorem.

A as always is a commutative Noetherian ring. P is a set of prime
(ap)
is a family of cardinals, A_ ::= (A/P) P .

ideals of A , (oaP)PeP o
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(op)

(o)
P E(A/P)

o
Ep 1i= E(AP) = E(A/P) A = epep Ap , E ::= E(A) S @0
The module E together with the various submodules just defined are
regarded as being fixed once and for all.

Let beE . Then b = <b(P, i)> that is, b(P, i) is

PeP,i<aP ?
the component of b in the i-th copy of EP . b will mean one of two
things, depending on the context:

(a) that element b' :=: <b1!>1.<0‘P of Ep satisfying b% = b(P, i) for
all i< ap -

(b) the image of the element described in (a) under the inclusion of Ep

in E .

5.16 DEFINITION: For each P € P 1let p(P) be the least ordinal > p(Q)

forall QeP, Q2P . Let p(P) be the least ordinal > p(P) for all
PeP.

5.17 REMARKS: For maximal members P of P, p(P) =0 . For P a chain

(necessarily finite since A is Noetherian), p(P) 1is the length of the
chain. If P is the set of all prime ideals of A, then for P e P,

o(P) is the Krull dimension-of P and p(P) 1is the Krull dimension of

A . For many more facts about Krull dimension, I refer the reader to the

monograph of Gordon and Robson [GR].

5.18 THEOREM: rkT(E/A) < o®(P) .

PROOF: First note the following facts about ordinal addition: if

O<n,m<w and ac< wsn, B < mém , then a + B8 < wﬁ(n +m-1) . In

$

particular, for each ordinal § , w° is closed under addition.

I must show that for any b e E , rk+(b, A, E) < wp(P) . Since b
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may be written as a finite sum b = Zi<n

the first paragraph and (3.11) it is enough to establish that

(eri) for some Qi € P, by

rk+(b, A, E) < wp(P) for each b satisfying b = b for some P e P .
I prove by induction on & < p(P) :
(A): Forany PeP,po(P) =68, forany beE , b=>btP.,

rkt (b, A, E) < t1 .

Let <TO, <9 AO> be an (accurate) analysis of rk+(brP, Ap> EP) as
described in (5.11). Let T', <' be copies of TO’ <0 respectively and
for te T0 with copy t' e T' , define A'(t') ::= <¢', C'> where
Ao(t) = <¢, C> by renaming the parameters of ¢ and the elements of C
according to the inclusion of EP in E , then letting C' =CUA .
(Remark: I preserve a formal distinction between the elements of Ep (of

the form <e.>. o ) and the elements of E (of the form
p

<e(Q, i)> ) even though EPiC:E because I have to deal with rank

QeP,i<aQ
analyses in Ep and in E at the same time.)

The result T' 1is not necessarily an analysis of rkt in E ; in
fact it is possible that a formula ¢' appearing as a label in T' has
solutions d in E with dM # 0 for some Q different from P . Such
a solution will not appear in the label of a successor of the node where
¢' occurs. Thus additional subtrees must be added to T' to turn it into
an analysis of rk+(b, A, E) . I do this, keeping track of the ranks, by
recursion on the rank n <w of the nodes of T, . I do not complicate
notation any further by using an index to denote the successive modifed
versions of T' : they are all called T' .

So by recursion on n<w I fixup T' so that:
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(B): For every node t of T0 , rank t < n , the subtree
T%. = {seT'|s 2t'} is an analysis of rk+(b, C, E) where

A'(t') = <p, C> and furthermore rank (t') < mG (rank (t) + 1) .

Note that this is vacuous for n =0 .
Now I need:

(C): CLAIM: If teT A'(t') =<', C>,and ceE, EF ¢fc],

0°
cMQ#0,QeP, then P<Q .
PROOF: Recall that ann(ctQ) is Q-primary (5.8(iii)) and that if I is
P-primary, J 1dis Q-primary, J oI , then Q oP . (I again refer the
reader to [N]). By the choices made in (5.11), ¢' asserts that ann(c)
contains a P-primary ideal. But ann(ctQ) Dann(c) . Hence Q DP .
(Note that ¢ 1is a complete formula in Th(EP) and decides ann(ctQ)
in that theory. But ¢' 1is not necessarily a complete formula in Th(E)
and so I need the specific form of ¢ guaranteed by (5.11) to obtain the
claim.)

If §=0, then P 1is a maximal in P . By the claim, for each
te T0 s AMt) = <4, C> , the solutions of ¢' in E satisfy c = ciP ,
that is, they are the solutions of ¢ in EP , 1ifted to E by the
inclusion of EP in E. Thus T' 1is an analysis of rk+(b, A, E) and

w

rank(T') <w = 0+1

Now assume that (A) holds for all Q e P with p(Q) <8, o(P) =6,
b =bt , and that TO’ T' are as described above. Assume that (B) holds
for n and that ty € T0 , rank(to) =n , with A(to) = <, C> , SO
At = <¢', C'> . Every solution d of ¢' 1in E satisfies

(i) dM 1is a solution of ¢ in EP .
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(ii) dMQ #0 ,Q#P = Q 2P and hence p(Q) < p(P) =8 (by
claim (C)).

).

(iii) &M # 0 for at most finitely many Q # P , say for (Q1 i<m
When m21,d is a "new" solution of ¢' , that is, one not obtained
from a solution of ¢ . Thus I must add to T' a subtree which is an

analysis of rk+(b, C' yld}, E) as a successor of té . By (3.9):

(0): rkT(b, C' U{d}, E) s rk'(b, C' U{d} U{dig; | 1 <m}, E)
W o TKT(dN,, € UL, E)

Now, on the r.h.s. of (D),
rk(b, C' U{d} U{dr; | § <m}, E) s rk'(b, C' U{dP}, E) because dtP
is definable from {d} LJ{dei | i <m} (dtP =d - Zi<m eri) , and
rk+(eri, C' Ui{d}, E) s rk+(dr01, A, E) because A <C' U{d} . Thus:
rk*(b, C' U{d}, E) < rk'(b, C' ULdIP}, E) #V.  rk'(dM,, A, E) .
Now dM 1is a solution of ¢ , so C' U{dtP} 1is the set label of some
node ti of T', ti beingvthe copy of t1 an immediate successor of
t, in T0 . Thus rank(tl) =n -1 and by the induction hypothesis on
n, rank(ti) < ws(rank(tl) + 1) € wsn . Furthermore, by (ii) above,
p(Qi) < p(P) for each 1 <m and so by the induction hypothesis on § ,
for each i <m rk+(dr01, A, E) < w6 . Thus by the comments on ordinal

arithmetic and the inequality above, rk+(b, C' U{d}, E) < oOn .

Let Td be an analysis of rk+(b, C' ufld}, E) with rank(Td) < wn ,
and add this to T' as the successor of té corresponding to the solution
d of ¢' . Note that this does not change any subtrees of T' which are
rooted on a node t' of T' with rank(t) <n (in Ty ). Thus the

validity of (B) is preserved for such nodes t' .
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Now the rank of té is the least ordinal greater than the ranks of

all the successors of t' ; thus, after all Td , d e ¢'[E] have been

Sn < mé(n + 1) as was to be proved for (B). Note

added, rank(té) Sw
that by the remarks in the last paragraph, rank(té) is not changed at any
subsequent stage of the construction.

Now, applying (B) to the node at the root of T' ,

+1

rkT(b, A, E) < oS(rkT(btP, Ags Ep) + 1) < w1 | establishing (A).

5.19 THEOREM: Let A be commutative Noetherian, P, Q sets of prime

ideals of A such that if PeP and Qe Q then P 2Q . Fix sequences
. . (ay)
of cardinals <a,[P e P> and <BQ|Q €Q> . Let My ::= @, ,(A/P) P

Bn)
and Ny ::= @ QeQ(A/Q) Q" . Let M ::= E(M) » N ::= E(N Let

0) ’

A::=M ON

0 0° E ::=E(A) =M@®@N, let beN. Then:

rkT(b, N., N) = rkT(<0, b>, A, E)

09
PROOF: Let T be an accurate analysis of rk+(<0, b>, A, E) ,
T= <T0, <, A> . Define an analysis T' = <T0, <, A'> by the following:

if teT At) = <o(x, <c, d>), B>, B oA, then

0°
A(t) = <d(x, d), (BN (0@ N))M> , that is, A'(t) 1is the restriction
of A(t) to N . T' 1is clearly an analysis, SO rk+(b, No» N) s

rank(T') = rank(T) = rk*(<0, b>, A, E) .

Now let T be an accurate analysis of rk+(b, NO’ N) . By (3.5, 4.9)
every formula occurring in a label of T can be taken to be complete;
hence each formula decides the annihilator I of its solutions in N .

So without loss of generality each formula of T contains explicitly

conjuncts {“ix = 0/1 < n} with {uili < n} generating I . Let 4(x, ¢)

be such a formula. Then ¢(x, <0, c>) 1is a ppf (over some B, AcBcE)
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and any solution of it in E has the form <d, a> with a a solution

of ¢(x, c) in N and ann(d) 21 . However, since I is the annihilator
of an element of N , I 1is the intersection of Q-primary ideals, Qe Q .
As well, ann(d) 1is the intersection of P-primary ideals, P e P , or

ann(d) = A . But the first alternative is impossible, since then P 2

for some Pe P, Qe , contradicting the assumptionon P and Q .

Thus ann(d) = A, i.e. d=0. As a result, the solutions of ¢(x, <0, ¢>)
in E are exactly of the form <0, a> where a is a solution of ¢(x, E)

in N . Supose T = <T0, <, A> and define T' = <TO, <, A'> by the
following: if t e T0 , A(t) = <¢(x, C), B> where B :>N0 , then

A (L) = <o(x, <0, ¢>), AU ({0} ®@B)> . Clearly T' is an analysis of
rk’(<0, b>, A, E) so rk'(<0, b>, A, E) S rank(T*) = rank(T) = rk*(b, Ny, N) .

5.20 REMARKS: Corresponding to theorem (5.18) there should be examples

showing that the upper bound may be attained. Theorem (5.19) is possibly
a useful tool in studying examples, because it identfies cases when adding
new direct summands to a module does not change the rk+ of old elements.
However, the problem of calculating exact ranks (or even lower bounds
for rk' ) is a much more difficult problem than that of finding upper
bounds. The difference in difficulty is a very fundamental one: to obtain
an upper bound on rk+ it is enough to check an existential quantifier
(there exists a formula ¢(x) verifying that rk+(---) < o) whereas for
lower bounds one must verify a universal quantifier (no formula ¢(x) esta-
blishes that rk+(——-) < o ). What is needed then to provide estimates of
lower bounds for rk+ are some new general properties of rk which would

simplify this kind of checking.
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It seems to me to be Tikely that the upper bound of theorem (5.18)
can be attained. In particular the rings constructed by Gordon and Robson
[GR, Section 9] should provide such examples. These rings are commutative
Noetherian unique factorization domains with large Krull dimension; because
they satisfy strong properties and are given explicitly, it should be easier
to work with their injective modules than with arbitrary ones. Consequently,

I make the following:

5.21 CONJECTURE: Let A = F{G} be the commutative Noetherian ring con-

structed in [GR, Section 9] with Krull dimension o, P the set of prime

(8))

ideals of A, A =@ 5 ,(A/P) ,E=E(A) . Then rk'(E/A) = u* .

Given the difficulties of calculating rkt exactly, it might be more

reasonable to first attempt to show
5.21 a: rk+(E/A) 2 wo , Or even rk+(E/A) 2a.

I have some very fragmentary results along these lines (A, prime
ideals Q< P , b e E(A/P) ® E(A/Q) = E such that rk'(b, A, E) = 2) but
the result is too special and the proof too involved to include here.
Essentially it is a proof by exhaustion checking every possible formula
¢ to show that ¢ does not establish that rk+(b, A, E) =1 . The proof
also requires some very technical resu]%s from the theory of injective
modules beyond those considered here.

For a published example of how difficult it may be to calculate rk
exactly, I refer the reader to the article of Woodrow and Knight [WK].
Their example is of quite a different sort than those considered here, and
an affirmative resolution of conjecture (5.21) would augment the examples

of Deissler, Woodrow and Knight by examples which are much more natural and

familiar.
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