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ABSTRACT

We start by generalizing the result of Kaledin and Verbitsky that twistor spaces
of hyperkéhler manifolds admit balanced metrics. It is shown that in fact the twistor
space of any compact hypercomplex manifold is balanced. We then study holomor-
phic vector bundles on the twistor space Tw(M) of a simple hyperkidhler mani-
fold M and the stability of their restrictions to the fibres of the twistor projection
Tw(M) - CP'. Extending an argument of Teleman, we show that fibrewise sta-
bility and semi-stability of a bundle on Tw(M) are Zariski open conditions on the
base CP*. We prove a partial converse to another result of Kaledin and Verbitsky,
namely that a generically fibrewise stable bundle E on the twistor space Tw(M) is
irreducible, in the sense of having no proper subsheaves of lower rank. The converse
is established for the case when the rank of E is 2 or 3, as well as for bundles E of
general rank that are generically fibrewise simple. Finally, we construct an example
of a stable vector bundle E on Tw(M) for M a K3 surface which is nowhere fibrewise

stable.
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ABREGE

On commence avec la généralisation du résultat de Kaledin et Verbitsky que
les espaces twistoriels des variétés hyperkahlériennes admettent des métriques semi-
kahlériennes. On démontre qu’en fait ’espace twistoriel d’une variété hypercomplexe
compacte quelconque est semi-kahlérien. On étudie ensuite des fibrés vectoriels holo-
morphes sur I'espace twistoriel Tw(M') d’une variété hyperkéhlérienne simple M et la
stabilité de leurs restrictions aux fibres de la projection twistorielle Tw(M) — CP'.
On démontre, en étendant un argument de Teleman, que la stabilité et la semi-
stabilité des restrictions aux fibres d'un fibré sur Tw(M) sont des conditions ouvertes
de Zariski sur la base CP'. On prouve une réciproque partielle d’un autre résultat
de Kaledin et Verbitsky, soit qu'un fibré E sur 'espace twistoriel Tw(M) dont la
restriction a la fibre générique est stable est irréductible, c’est-a-dire, ne possede pas
de sous-faisceaux propres de rang inférieur. La réciproque est établie pour le cas
ou le rang de E est 2 ou 3, ainsi que pour des fibrés £ de rang quelconque dont
la restriction a la fibre générique est simple. Finalement, on construit un exemple
d’un fibré vectoriel stable E sur Tw(M) pour M une surface K3 dont la restriction

a chaque fibre est non stable.
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CHAPTER 1
Introduction

Quaternions were introduced by Hamilton in the XIX™ century in his quest to
generalize the operations of multiplication and division of complex numbers, viewed
as points in R?, to higher dimensions. Although Hamilton’s ambitious plan to com-
pletely recast the geometry and physics of his time in terms of quaternions ultimately
fell short, it is fitting that in the XX™ century the great advances in geometry natu-
rally led mathematicians to search for suitable quaternionic analogues of the concept
of complex manifold, and it turned out that these in turn lead to a rich theory with
important applications to modern physics. It should be noted that the naive defini-
tion, namely that of a manifold with an atlas of charts taking values in H", is too
restrictive: the requirement that differentials of the transition maps H" — H" be
H-linear force the transition maps themselves to be H-affine, giving us only affine
manifolds. We follow a different approach that leads us to the definition of hyper-
complex manifolds and their special case hyperkahler manifolds, which are the main
objects studied in this thesis.

Recall that an alternative definition of a complex manifold is that of a smooth
manifold M equipped with an almost complex structure, that is, an endomorphism
of the tangent bundle I : TM — TM satisfying I? = -1, which is integrable in the
sense of Newlander-Nirenberg [38]. An immediate generalization to the quaternionic

setting is that of a smooth manifold M with a triple of integrable almost complex



structures I, J, K : TM — T M satistying the quaternionic relations
I’=J?=K?*=-1,1J=-J] = K.

We call such a manifold hypercomplex. These were first studied by Boyer [6] in
the 1980s, who gave a complete classification of compact hypercomplex manifolds in
quaternionic dimension 1, showing that the only such are complex tori, K3 surfaces
and Hopf surfaces. No such general classification exists for higher dimensions, but
a wealth of examples were subsequently found; in particular, Joyce [26] constructed
a large family of left-invariant hypercomplex structures on compact homogeneous
spaces, rediscovering and generalizing an earlier work by string theorists [45].

Given a hypercomplex manifold (M, I, J, K), suppose we have a Riemannian
metric g on M which is Hermitian with respect to the three complex structures
I, J, K (such g is called hyperhermitian). Letting wr,ws,wx denote the corresponding
Hermitian forms, we say that the manifold M is hyperkahler if each one of these is
closed. Equivalently, letting

Q= wy +V-lwg,

it can be shown that the above condition is equivalent to the form €2; being closed.
A compact hyperkahler manifold M is called simple if it is simply connected and
satisfies H*(M) = C. The study of hyperkihler structures predates that of general
hypercomplex structures: the above definition was first given by Calabi [11] in the
1970s, but hyperkahler manifolds also appeared in the much earlier work of Berger
[4] in the 1950s on the classification of irreducible holonomy groups on Riemannian

manifolds, where they correspond to the holonomy group Sp(n). It’s not hard to



see that the form Q; given above is a non-degenerate (2,0)-form with respect to the
complex structure I on M. The condition df2; = 0 forces it to be a holomorphic
symplectic form. On the other hand, it follows from Yau’s proof of the Calabi con-
jecture [53] that a compact Kahler holomorphic symplectic manifold is hyperkéhler,
showing the equivalence of these concepts. Hyperkahler geometry plays an important
role in quantum gravity through its ties with supersymmetry [24] and has a rich and
developed theory, but in stark contrast to the general hypercomplex case, there is
a dearth of examples of hyperkédhler manifolds. Two families of simple hyperkahler
manifolds in each quaternionic dimension, namely Hilbert schemes of points on a K3
surface and generalized Kummer manifolds, were constructed by Beauville [3], while
two sporadic examples in complex dimensions 6 and 10 (quaternionic dimensions 3
and 5, respectively) were given by O’Grady [39, 40]. It is currently unknown whether
there exist examples that are not deformationally equivalent to these.

An important tool for studying both hypercomplex and hyperkédhler manifolds is
the twistor formalism. Twistor theory was introduced by Penrose [43] in the context
of theoretical physics in the 1960s and has since played an important role in both
physics and mathematics. In the hypercomplex setting, it takes the following form.
Given a hypercomplex manifold (M, I, J, K), it’s not hard to see that there is a whole

2-sphere of integrable almost complex structures on M:
S*={a] + 2o + 23K s 2f + af +a3 = 1},

called induced complex structures. The product M x S? parametrizes the induced

complex structures at points of M, and identifying S* with CP' in the usual way,



we call Tw(M) = M x S* = M x CP' the twistor space of the hypercomplex manifold
M. Tt turns out that there is a natural complex structure on Tw(M) making the
projection 7 : Tw(M) - CP' holomorphic; in case there is also a hyperkéhler metric
g on M, it gives rise to a natural Hermitian metric on Tw(M). The usefulness of
the twistor space Tw(M) comes from the fact that its complex structure completely
encodes the quaternionic structure of the hypercomplex manifold M. For example,
M can be recovered from Tw(M). More generally and more importantly, there is
a notion of twistor correspondence, which takes many forms and associates to an
object on M somehow compatible with the quaternionic structure a corresponding
holomorphic object on Tw(AM), in a one-to-one fashion. For the case of hyperkahler
M, this correspondence can be roughly described as associating to a vector bundle
on M which is simultaneously holomorphic with respect to all the induced complex
structures a holomorphic bundle on Tw(M) satisfying certain restriction conditions
(Theorem 2.2.7, originally from [28]). This leads to an identification of the corre-
sponding moduli spaces, and in this way the geometry of the twistor space Tw (M)
helps in our understanding of the geometry of the original manifold M.

Recall that to have a meaningful structure on the moduli space of vector bundles
we need to look at stable vector bundles. The notion of stability was first introduced
by Mumford in a purely algebro-geometric setting in [36] for projective varieties and
then generalized to Kahler manifolds and then to general Hermitian manifolds. In
the early 1980s, it was independently conjectured by Kobayashi and Hitchin that
moduli spaces of stable vector bundles are essentially one and the same as moduli

spaces of Hermitian-Einstein vector bundles, a purely differential-geometric notion



introduced by Kobayashi in [29]. While this was known to be true for curves from
the earlier work of Narasimhan and Seshadri [37], generalizing this result took a
considerable amount of time and effort from many mathematicians. Known today as
the Kobayashi-Hitchin correspondence, it was gradually proved in increasing gener-
ality: Donaldson gave a new differential-geometric proof for curves [13], then settled
the case of algebraic surfaces [14] and manifolds [15], Uhlenbeck and Yau proved
it for Kahler manifolds [48, 49], Buchdahl gave the proof for general surfaces [10],
and finally Li and Yau settled the case of general Hermitian manifolds [31]. The
Kobayashi-Hitchin correspondence, among its many other applications, leads to a
better understanding of the geometry of moduli spaces of stable bundles. While there
is a rich theory of stability of vector bundles in the algebraic context (see for example
[25]), the non-Kéhler case is more difficult. Historically, the first explicit determina-
tion of a moduli space of stable bundles on a non-Kahler manifold is due to Braam
and Hurtubise [7]. They described the moduli space of stable SL(2,C)-bundles on
primary elliptic Hopf surfaces, which by the Kobayashi-Hitchin correspondence can
be identified with SU(2)-instantons. Since then, there has been a lot of interest in
the subject of moduli spaces of stable bundles over non-Kahler manifolds, but while
there were some results in this direction (see [9, 8]), much remains unknown.

One of the reasons why the non-Kahler case remains elusive is that, although the
Kobayashi-Hitchin correspondence holds for arbitrary Hermitian manifolds as noted
above, the absence of a Kéhler metric in general indicates a loss of structure on the
moduli spaces since the concept of stability becomes harder to work with. Without

going into too much detail at this point, we note that the crucial ingredient in the



definition of stability is the notion of degree, which for a holomorphic vector bundle

E on a compact Kahler manifold of dimension n takes the form

deg(F) := fcl(E)/\w”_l.

Here, ¢;(F) is the first Chern class viewed as an element of the second de Rham
cohomology group, while w is the Kahler form. To see that this definition does not

depend on the choice of representative of ¢;(E), note that for any 1-form 7, we have

fdn/\w”‘l:fd(n/\w”‘l)+/n/\d(w"‘l):0. (1.1)

The first term on the right is zero by Stokes’ theorem, while the second term is zero
by the Kéhler condition dw = 0. It follows from this that deg(F) is a topological
invariant of E, since ¢;(FE) is. In case w is a general Hermitian form that is not closed,
the degree as given above is not well-defined. In this case, one needs to adjust the
above definition of deg(FE), as will be explained in Section 2.3; it should be noted
that for general Hermitian manifolds deg(E') is no longer a topological invariant of
E but only a holomorphic one, which makes the theory more complicated and the
corresponding moduli spaces less tractable. However, if the Hermitian form w satisfies
the condition d (w" ') =0, one can see easily that the equality (1.1) still holds, and
the definition of deg(F) as above goes through. A metric whose Hermitian form
w satisfies d (w™!) = 0 is called balanced; balanced metrics were first studied by
Michelsohn [34]. They form a strictly larger class than Kéhler metrics for manifolds

of dimension > 3, and in view of what was said above, one can argue that the class of



balanced metrics is the largest one for which one can generally hope to have a nice
structure on the moduli space of stable vector bundles.
1.1 Overview of results

The article [28] of Kaledin and Verbitsky studies autodual connections on com-
plex vector bundles E over a hyperkahler manifold M. These are connections V with
curvature invariant under the natural action of SU(2) on the bundle A*M of differ-
ential forms of the hyperkahler M. They prove that the moduli space of autodual
connections on F is locally a complexification of the moduli space of Hermitian-
Einstein structures on £. They then work with the twistor space Tw(M) = M x CP!

and its natural projections

Tw (M)
/ \
M CP!
and establish a twistor correspondence for autodual connections, which takes (F, V)
to the holomorphic vector bundle (0* E, (0*v)*") on the twistor space Tw(M). They
explicitly describe which holomorphic bundles on Tw( M) can be obtained in this way
and show that the correspondence is bijective (Theorem 2.2.7). Furthermore, they
show that the image of an autodual connection via this map is semi-stable on Tw (M),
thus exhibiting the twistor transform as an injective map of the corresponding moduli
spaces. Finally, given a complex vector bundle £ on M with first two Chern classes
c1(F), co(FE) SU(2)-invariant, they study holomorphic structures on the complex

bundle 0*E on Tw(M) whose restrictions to all the fibres of the holomorphic twistor

projection 7 : Tw(M) — CP' are stable; these are called fibrewise stable bundles.



They prove that the moduli space of fibrewise stable bundles on Tw( M) is isomorphic
to the space of sections of the twistor projection 7 : Tw(M) — CP! (called twistor
lines), where M is the space of deformations of E, which carries a natural hyperkéhler
metric and thus also has a twistor space Tw(M): M is called the Mukai dual of M,
after the work of Mukai [35] on duality on K3 surfaces. In view of the twistor
correspondence described above, one obtains an identification of the moduli space of
autodual connections on E inducing stable holomorphic structures for every I € CP*
with a space of lines in the twistor space Tw(M) of the Mukai dual M.

This thesis is concerned with extending two results from [28]. One of these is
generalized, while for the other a partial converse is proven. We presently give a
brief description of these results.

To work with the moduli space of holomorphic bundles on the twistor space, and
in particular to construct the twistor transform as an inclusion of moduli spaces, one
needs a good notion of stability on Tw(M). As mentioned before, the twistor space
Tw(M) of a hyperkdhler manifold M comes equipped with a natural Hermitian met-
ric. However, this metric need not be Kéahler, and in fact when M is compact, it
never is (Corollary 3.2.4). In Section 4.4 of 28], the authors show that the natural
Hermitian metric on the twistor space Tw(M) of a hyperkdhler M is balanced (The-
orem 3.1.1), which, considering the discussion above, is the next best case scenario;
this balancedness result is crucial in their discussion of maps of moduli spaces arising
from the twistor transform and the Mukai dual correspondence. In this thesis we
generalize this result and show that the twistor space Tw(M) of a general compact

hypercomplex manifold M also admits balanced metrics (Theorem 3.2.3); in other



words, the balancedness condition holds on Tw(M ) without any metric assumptions
on the base manifold M whatsoever. In the absence of a hyperkahler metric on M,
the balanced metric on Tw(M) is constructed implicitly. The key result in the proof
is that on a general complex manifold of complex dimension n, for every strictly
positive (n—1,n—1)-form 7 there always exists a strictly positive (1,1)-form w such
that wm=! = n; thus, the existence of a closed strictly positive (n —1,n - 1)-form 7
guarantees that the corresponding (1,1)-form w is the Hermitian form of a balanced
metric (Lemma 3.2.1). One then proceeds to construct such a form n on Tw(M)
as a certain linear combination of forms obtained from an arbitrary hyperhermitian
metric on M. This work was previously published in the article [47] by the author
of the present thesis.

When working with fibrewise stable bundles on the twistor space Tw(M) of a
hyperkéhler M, Kaledin and Verbitsky prove a short technical lemma (Lemma 7.3
in [28]) that shows that such bundles are stable as holomorphic bundles on Tw(M);
this is then used to establish the Mukai dual correspondence as an identification of
moduli spaces. In fact, their result is stronger: they show that a holomorphic vector
bundle E on Tw(M) that stably restricts to a generic fibre of the twistor projection
7: Tw(M) - CP' (we call such E generically fibrewise stable) is irreducible, in the
sense that it has no proper subsheaves of lower rank. Here, genericity is understood
in the sense of Zariski topology on CP'. In this thesis, we prove a partial converse to
this result (Theorem 4.2.1): we show that an irreducible holomorphic bundle £ on
the twistor space Tw(M) of a simple hyperkéahler manifold M is generically fibrewise

stable with respect to the twistor projection 7 : Tw(M) — CP! in case the rank of



E is 2 or 3, as well as in the general case, provided that E is generically fibrewise
simple, i.e. the restriction E; of E to the fibre 7-1(I) for generic I € CP' is simple,
in the sense that Hom( £}, E7) = C. The first ingredient in the proof is the fact that
fibrewise stability of £ with respect to 7 : Tw(M) - CP' is a Zariski open condition
on CP' (Theorem 4.1.1). This is proved using a generalization of an argument of
Teleman from [46], where the Zariski openness of stability is shown for families of
type X xY — Y where XY are complex manifolds satisfying certain conditions.
Using this fact, we argue by contradiction: if E is not generically fibrewise stable,
then there are destabilizing subsheaves of some rank s for E; for every I € CP'.
Using the one-to-one correspondence between subsheaves of E; of rank s and line
subsheaves of A*(ET), one can show that there exists a line bundle L on Tw(M)

such that for every I e CP' there are nontrivial morphisms
L[ = L|7r*1(I) e CS(E]) c AS(E[)

where C*(E7) denotes the cone of exterior monomials, a closed analytic subset of
A*(Ep). The fact that these can be “glued” into a proper subsheaf F ¢ E of rank
s (which contradicts the irreducibility of F) is equivalent to the purely algebraic

condition that there exists a section of

YO P(r,(L* ® A°E))

L

CP*
where Y ¢ P(7,(L* ® A°E)) is the closed analytic subset parametrizing morphisms

Ly - A°(Er) with image in C*(E;). If the rank of E is 2 or 3, such sections

10



always exist, since in this case C*(Er) = A°(E;). Otherwise, one can construct a
multisection, i.e. a section of Y over a branched covering f : X - CP' (Lemma

4.2.2). The strategy then consists of taking the fibred product

7 —> Tw(M)

| E

X ——~CpP'
and using the multisection to construct a proper subsheaf F ¢ ¢*(E) on Z. One
can then show that if F is generically fibrewise simple, this condition together with
the irreducibility £ imply that the pullback bundle ¢*(E) on the fibred product
Z is irreducible as well, giving a contradiction, and thus proving our result. We
also construct an example of a stable vector bundle on Tw(M) for M = K3 surface
which is nowhere fibrewise stable, showing that mere stability doesn’t imply fibrewise
stability on the twistor space of a hyperkédhler manifold.

These results are both interesting in themselves and have potential to be gener-
alized and built upon. As concerns balanced metrics, these present a well-behaved
generalization of the Kahler condition with many interesting properties, and thus ex-
amples of balanced manifolds are of interest in their own right. While it was known
from the work of Kaledin and Verbitsky that twistor spaces Tw(M) of hyperkéhler
manifolds M are balanced, there are not many explicit examples of hyperkahler man-
ifolds themselves, as mentioned above. On the other hand, the corresponding result
for hypercomplex manifolds gives us a lot of new balanced manifolds Tw(M) since
hypercomplex M are plentiful. Furthermore, the existence of a balanced metric on

the twistor space Tw(M) of a hypercomplex manifold M naturally leads one to a

11



discussion of stable bundles on Tw(AM), and it would be interesting to see if any
of the results of Kaledin and Verbitsky in [28] relating various moduli spaces would
generalize to the case that M is hypercomplex. As concerns fibrewise stability of
bundles on Tw(M) for hyperkdhler M, a natural direction of research would be to
try to prove the full converse of Theorem 4.2.1, i.e. that an arbitrary irreducible
bundle on Tw(M) is generically fibrewise stable. It should be noted that irreducible
bundles only appear in the non-algebraic setting. For algebraic manifolds, irreducible
bundles don’t exist and one always has recourse to various filtrations, but the lack of
such techniques for irreducible bundles on non-algebraic manifolds make their study
challenging. Thus, in case the full converse to Theorem 4.2.1 is true, it would give
a very nice description of irreducible bundles on Tw(M), especially in view of the
Mukai dual correspondence in [28].

We now give a concise description of the contents of each chapter of this thesis.

e Chapter 1 is the present introduction in which the results of the thesis are
briefly outlined.

e Chapter 2 gives an overview of balanced manifolds, hypercomplex and hy-
perkahler geometry and stability of vector bundles. It consists mostly of def-
initions and statements of results that are needed in the next two chapters.
None of the results are original, and the corresponding references are given at
the beginning of the chapter and throughout the text. Most of the content in
Section 2.1 appeared in the article [47] of the author and is reproduced here

with only minor additions.
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e Chapter 3 starts with the proof in Section 3.1 of the fact that for a hyperkahler
manifold M, the twistor space Tw(M) is balanced. The argument is due to
Kaledin and Verbitsky and appeared in [28]; we reproduce it here for conve-
nience and because ideas from the proof are needed in the next section. In
Section 3.2, it is shown that the twistor space Tw(M) of a compact hyperher-
mitian manifold M is balanced, which also establishes the result for arbitrary
compact hypercomplex M, since these always admit hyperhermitian metrics.
The material in this chapter is reproduced from the article [47] with only minor
adjustments.

e Chapter 4 is concerned with irreducibility and fibrewise stability of bundles on
the twistor space Tw( M) of a simple hyperkdhler manifold M. In Section 4.1 it
is proven that fibrewise stability and semi-stability are Zariski open conditions
on the base of the twistor projection 7 : Tw(M) - CP'. The proof is basically
a verification that the argument of Teleman from [46] works in the case of
the twistor projection 7 : Tw(M) — CP'. In Section 4.2 it is proved that
a generically fibrewise stable bundle F on Tw(M) is irreducible; the proof
is due to Kaledin and Verbitsky [28]. A partial converse to this statement is
proved, which covers the cases rk E/ = 2,3 and the general case for E generically
fibrewise simple. In Section 4.3 an example of a stable but nowhere fibrewise
stable bundle on Tw(M) for M = K3 surface is costructed.

e Chapter 5 is the conclusion which presents a number of possible generalizations
of the results above and potential avenues of research to build upon these

results.
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CHAPTER 2
Preliminaries

In this chapter, we introduce the main notions with which we will be working,
giving the definitions and stating important results that will be useful to us in the
subsequent chapters, mostly without proof. The main references are the article [34]
and the book [30] for Section 2.1, the papers [50, 51, 27, 28, 52] for Section 2.2, and
the books [30, 32, 41] for Section 2.3.

2.1 Balanced manifolds

Our first goal is to give the definition of balanced metrics on manifolds. We start
with some preliminaries from differential geometry. In what follows, let M denote a
(real) C'*° manifold and £ - M a (real) C* vector bundle over M. In what follows,
we will denote by I'(E) the space of C* sections of E.

Definition 2.1.1. A connection on E is an R-linear operator V : I'(E) - T'(A'M®FE)

satisfying the Leibniz rule:
V(fs)=df ® s+ fVs VfeC®M,se'(E).

Given a vector field X e ['(T'M), we denote by Vxs € ['(E) the usual pairing of
X with Vs ¢ F(A1M®E). Associated to a connection V is its curvature RV :

A*(TM) - End(E) defined by

RY(X,Y):=VxVy-VyVx -Vixy] VXY el (TM).

14



In the special case of ¥ = T'M being the tangent bundle, we can also define the

torsion TV : A*(T'M) - TM of the connection by
TY(X,Y):=VxY - VyX - [X,Y] VX,V eD(TM).

In fact, it’s easy to verify that both RV and TV are C'™ linear operators, hence
we can think of them as tensors: RY € T'(A*M ® End(E)), TV e I'(A*M @ TM). If
RY =0, the connection is said to be flat, while if TV =0, it is called torsion-free.

Observe that a connection Vv : I'(E) - I'(A'M ® E) on E induces a canonical

connection on the dual bundle E* = Homg(F,R), also denoted by V, and defined by
(Vn,s)+(n,Vs)=d({n,s)) Vnel'(E"), seT'(E),

where we denote by (, ) the pairing of E* with E. Given connections V¥, V¥ on vector
bundles F, F', we can consider the induced connections VE@F vEeF on Fe ', E®F
defined by

Vi (set) = (VPs) @ (VIt) Vsel(E), tel(F),

vEer(set):= (VPs)@t+s®(Vit) Vsel(E), tel(F).

Thus, starting with a single connection V on F, we can form induced connections on
all tensor products (E*)®" ® E®I. Moreover, it’s not hard to see that the subspaces
of symmetric and antisymmetric tensors are invariant under these connections. In
what follows, all these induced connections on tensor powers of F will be denoted
by the same symbol V, and when Vs = 0 for some tensor s, we will say that the

connection preserves s, or that s is parallel with respect to V.
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We now specialize to the case when M is a complex manifold and £ - M is a
complex vector bundle. Since FE is in particular a real vector bundle, we can have
connections on F defined as above, but this time we can single out those that are
C-linear as operators I'(E) - I'(A' M ® E); these are precisely the connections which
preserve the operator I : E - E, I* = -1, of multiplication by the imaginary unit
in E viewed as a complex vector bundle. In addition to the induced connections
described in the previous paragraph, a C-linear connection V on E induces C-linear
connections on the complex dual E* = Home(F, C) and the conjugate bundle £. For
the special case that ' = T'M is the tangent bundle, the operator I : TM — TM
above is called the almost complex structure of M. It is a well-known result that the
condition of (M, I) being a complex manifold is equivalent to the integrability of I,
i.e. the existence of a torsion-free connection V that preserves I [38].

There is a canonical eigenvalue decomposition of the operator I on the complex-

ified tangent bundle TeM = TM @ C = T*°M & T*' M, where
TYOM = {v e TeM : Tv = \/—m} - {X VoIX X e TM},

TOJM={veTCM:Ju=—\/—_1v}={X+¢—_11X:XeTM}.

Observe that TM = TH°M as complex bundles, while T%'M is the dual of TH°M.
We can also define the induced operator [ : T*M — T*M on the cotangent bundle
by putting IQ(X) := -Q(IX), and more generally on A"M by I (3 A...AQ,) =
(I) A...A(I,). There is a similar decomposition T5:M = T*M g C = (1)’ M @

16



(T*)"' M, where
THYPM={weTfM:ww)=0VYoeT"'" M} ={Q+/-1IQ: Qe T*M},
C

(T M ={weTEM w(®)=0VoeTOM} = {Q-/-1IQ: QeT* M| .
C

The higher differential forms on M can then be decomposed as
AM =AM erC=A"Me AN Me.. AV M e A M,

where

APIM = AP (T M) @ A2 ((T*)™ M).

The (real) exterior derivative operator d : I'(A*M) — T'(A**' M) can be extended by
C-linearity to A{EM . and on the spaces A7) as above, it decomposes as d = 9 + 0,

where

§: T(APIM) —> D(AP*YIM),  §:T(APIM) —> D(AP M),

We also introduce the differential operator d© = V-1 (5 - 8) for convenience. Observe
that d° is a real operator like d, i.e. it takes real forms to real forms.

We now turn our attention to Hermitian structures on complex vector bundles
E — M over a complex manifold M.
Definition 2.1.2. A Hermitian metric h on E is a section of E* ® E* which is an
inner product over every point in M. In other words, for any x € M, viewing h as a

sesquilinear form on E,, we have:

h(u,v) = h(v,u) Yu,ve E,, h(u,u)>0 Yu+0eFE,.
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Given a holomorphic vector bundle E with a Hermitian metric A, it can be
shown (see [30], Proposition 1.4.9) that there exists a unique C-linear connection
V" on E that preserves h and such that for every local holomorphic section s of E,
Vhs is of degree (1,0), in the sense that Vs lies in A"°M ® E ¢ AtM ® E. This
connection is called the Chern connection of the Hermitian vector bundle (F,h). It
can be shown that the curvature R" of the Chern connection is of degree (1,1), i.e.
taking values in A" M ® End(E) ¢ AZM ® End(FE).

For the special case that £/ =T'M is the tangent bundle, a Hermitian metric on

the complex manifold M is a Riemannian metric g on T'M satisfying
g(IX, 1Y) =9g(X,)Y) VXY eI'(TM),

where [ is the almost complex structure. To see that this is equivalent to the above,
observe that given such ¢, h(X,Y) = g(X,Y) —+/~1¢g(IX,Y) is a Hermitian metric
on T'M in the sense of Definition 2.1.2. Conversely, given a Hermitian metric h
on T'M viewed as a complex vector bundle, g := Re(h) clearly satisfies the above
condition, showing the equivalence of the two definitions. Hermitian metrics always

exist, in fact, starting with an arbitrary Riemannian metric gy on 7'M, we can define
g(X,Y)=go(X,Y)+go(IX,IY) VXY eI'(TM),

and this is clearly Hermitian. Observe that, as a Riemannian metric, g induces a
(real) bundle isomorphism 7'M = A'M. On the other hand, identifying TM = T"°M
as complex bundles, h as constructed above induces an isomorphism of complex

vector bundles T°M =~ A% M.
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Given an arbitrary Hermitian manifold (M, I,g), there are two canonical con-
nections on its tangent bundle 7'M:

1. The Levi-Civita connection V¢ is the unique R-linear connection which pre-
serves the metric tensor g and whose torsion is zero.

2. The Chern connection V¢ is the unique C-linear connection which preserves
¢ and whose torsion tensor lies in A*°M ®c TH°M ¢ (AQM ®Rr (C) ®c TOM =
A*M ®r TM, where T"°M and (T'M, I) are identified as complex vector bun-
dles. It can be shown (see Proposition 1.7.6 in [30]) that this coincides with
our previous definition of Chern connection for the Hermitian metric h on T'M
constructed from g as above.

Associated to each Hermitian metric g on M is its Hermitian form w € A*M given
by
w(X,)Y)=g(IX,)Y) VXY e['(TM).

It’s easy to verify that w is a non-degenerate real (1, 1)-form which satisfies the strict
positivity property:
w(X,IX)>0 VX #0eTM.

We are now ready to go ahead with the definition of Kahler and balanced metrics.
Definition 2.1.3. Let (M, 1, g) be a Hermitian manifold of complex dimension n.
It is called a Kdhler manifold if its Hermitian form w is closed; it is called a balanced
manifold if the weaker condition d(w™!) = 0 is satisfied.

It can be shown that the Kéhler condition is equivalent to V¢TI = 0, and also to

the vanishing of the torsion tensor 7¢" of the Chern connection V¢*. On the other
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hand, observe that T¢" lies in
A2OM @c THOM c AYOM ®¢ (ALOM ®c Tl’OM) = AMM ®c Ende (T M),

and it can be shown (see Theorem 1.6 in [34]) that the vanishing of the (1,0)-form
obtained by taking the complex trace pairing on Ende(7T°M) of the tensor T¢" is
equivalent to the balancedness condition on the metric.

Observe that in dimension dimgc M = 2, the balancedness condition is equivalent
to the Kéhler condition, since in this special case w”! = w. In general dimension,
however, the condition of being Kahler is stronger than that of being balanced.
Examples of balanced non-Kéhler manifolds are twistor spaces Tw(M) of certain
self-dual Riemannian 4-manifolds M. These are 3-dimensional complex manifolds
which encode the conformal structure of M. They are always balanced (see [34],
Section 6), but, as shown by Hitchin in [23], the twistor space Tw(M) is Kéhler only
if M = S* or CP?. In Chapter 3, we will extend the balancedness result to twistor
spaces of hyperkahler manifolds (following [28]) and general compact hypercomplex
manifolds.

2.2 Hypercomplex and hyperkahler geometry

We now introduce hypercomplex and hyperkédhler manifolds and their twistor
spaces and state some results in hyperkéahler geometry that we will need later on.
Definition 2.2.1. A C* manifold M is called hypercomplex if it admits a triple of
almost complex structures I,J, K that are integrable and satisfy the quaternionic

relations

P=J*=K*=-1,IJ=-JI =K.
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A hyperhermitian metric on a hypercomplex manifold M is a Riemannian metric g
on T'M which is Hermitian with respect to the three complex structures 7,.J, K. In
case the Levi-Civita connection V€ of g satisfies VLCT = VL€ J = VICK =0, we call
g a hyperkdhler metric.

Similarly to Hermitian metrics, hyperhermitian metrics always exist: for an
arbitrary Riemannian metric gy on a hypercomplex manifold M, define VX,V €

[(TM),
g(X,Y)=go(X,Y)+ go(I{ X, IY) + go(JX, JY) + go( KX, KY).

It’s straightforward to verify that this is hyperhermitian. Hyperkahler metrics, on
the other hand, are rare, and their existence puts rigid restrictions on the geometry
of M. For the condition VF¢T = V1€ J = vECK = () defining a hyperkéahler metric, it’s
not hard to see that in fact one needs to check that only two of I, J, K are parallel:
for example, if VI€J = VECK =0, then VEC] = VICJK = (VICJ) K+ J (VECK) = 0.

Letting w;,wy,wx denote the corresponding Kéhler forms, since
dwj=0 < VI =0, dwug=0 < VYK =0,

we see that the hyperkéahler condition on ¢ is equivalent to the condition that the

form

Q] =Wy +V —1(,UK.

is closed on M. It is straightforward to check that this 2-form is nondegenerate and
of type (2,0) with respect to the complex structure I. This shows that a hyperkéhler

M is a holomorphic symplectic manifold. Conversely, the Calabi-Yau theorem [53]
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implies that every compact Kahler holomorphic symplectic manifold admits a hy-
perkéhler structure. We say that a compact hyperkédhler manifold M is simple if it
is simply connected and satisfies H*°(M) = C.

For a hypercomplex manifold (M, 1, J, K), note that the complex structures
I,J, K induce an action of the quaternion algebra H on the tangent bundle T'M,
making each tangent space T,,M into a quaternionic vector space; in case M is
hyperkahler, this action is moreover parallel with respect to the Levi-Civita con-
nection V¢, since I, J and K are. A straightforward verification shows that any

combination
A=x ] +x9J + 23K, 21,29, 03 € R, 23+ 25+ 22 =1,

satisfies the relation A% = —1, and is thus an almost complex structure on M. In fact,
it is integrable, since I, J and K are. We call such A the induced complex structures
of the hypercomplex manifold M. A hyperhermitian metric g on M is easily seen to

be Hermitian with respect to each A as above; we let
wa(X,Y):=g(AX)Y) VX, Y eT(TM)

denote the corresponding Hermitian form. The hyperkéhler condition on g is easily
seen to be equivalent to the condition that all such w4 are closed. Topologically, the

set of induced complex structures on a hypercomplex manifold M forms a 2-sphere:

52:{A:x1[+x2J+x3K:x%+x§+x§:1}:{AEH:AQZ—I}EImH.
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We would now like to assemble the induced complex structures at each point of M
into a single geometrical object.
Definition 2.2.2. Let (M, I, J, K) be a hypercomplex manifold. The product man-
ifold Tw(M) = M x S? is called the twistor space of M.

In this definition, we think of S as the set of induced complex structures of
M, as above. Identifying the 2-sphere S? with the complex projective line CP*, we
can give Tw(M) = M x CP' a natural complex structure. If Iop : TCP' — TCP!
denotes the complex structure on CP', then for any point (m, A) € M x CP* we define
T Tim,ay Tw(M) = T ay Tw(M) as follows:

7z : T,Me&T,CP' — T,MeaT,CP".
(X7 V) i (AX7 I(CIP’IV)

It’s clear that this defines an almost complex structure on Tw(M), which is in fact
integrable [27], thus making Tw(M) into a complex manifold of complex dimension

n + 1, where dim¢ M =n. There are canonical projections

Tw(M)
/ \ 1
M CP

the second of which is a holomorphic map. The fibres of 7 are copies of M with the

?

corresponding induced complex structures, and it will be useful to think of Tw(M)
as the collection of complex manifolds (M, A) lying above the points A € CP' via the
map 7. Following this analogy, in the canonical decomposition of the tangent space

Tem,ay Tw(M) =T,,M & T4CP', we will call vectors in T}, M wertical and vectors in
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T4CP' horizontal, and similarly for 1-forms. Sections of the map 7 will be called

twistor lines, while constant sections

sm : CP' — Tw(M)
A — (m,A)

for m € M will be called horizontal twistor lines. There is a canonical antiholomorphic

involution on the twistor space Tw(M) = M x CP', given by
' rid x o M x CP' — M x CP*,

where ¢ : CP* - CP" is the antipodal map on CP* = §%: clearly, we have com = o (/.
The hypercomplex structure on M can in fact be recovered from the horizontal
twistor lines in Tw(M), which can be completely characterized as sections of the
holomorphic projection 7 : Tw(M) - CP' that commute with the antiholomorphic
involutions ¢, +' and whose normal bundle is isomorphic to Opp (1)®" (see [42] for
details).

In case M has a hyperhermitian metric (in particular, if it has a hyperkahler
metric), there is a natural Hermitian metric defined on the twistor space Tw(M).
Letting gps denote the hyperhermitian metric on M and ggp: the usual Fubini-Study

metric on CP*,
g9:=0"(gu) +7" (gep)
is easily verified to be a Hermitian metric on Tw(M); simplifying notation, we will

write g = gar + gept- At a point (m, A) € Tw(M), the corresponding Hermitian form
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w decomposes as
w ((X7 V): (Xla V,)) = WM(X7X,) + w(CIP’l(V? V,) = gM(AX7X,) + Jept ([(C]P’IV7 V,)v

where (X, V), (X", V") € T, M & TsCP" = T(,, 4y Tw(M).

When considering the totality of the induced complex structures on a hyper-
complex manifold M, sometimes the particular structures I, J, K no longer play any
vital role, in which case we will denote an arbitrary induced complex structure in CP*
by I. On the other hand, in case the original complex structures I, J, K are impor-
tant in our discussion, we will use A € CP' to denote an arbitrary induced complex
structure. It will be clear from the context which is the case; generally speaking, in
Chapter 3 the complex structures I, J, K will appear throughout our calculations, so
we’ll use the latter notation, while in Chapter 4 we’ll use the former. For the rest of
this section, we will assume that M is a compact hyperkahler manifold and we will
denote an arbitrary induced complex structure on M by I, while the corresponding
Kéhler manifold (M, I') will be denoted by Mj.

Recall that a hyperkahler manifold M is equipped with a parallel action of the
quaternion algebra H on its tangent bundle. Restricting to the group of unitary
quaternions in H, we get an action of SU(2) on T'M, hence on all of its tensor
bundles, and in particular on the bundle of differential forms A*M. Since the action
is parallel, it commutes with the Laplace operator, and thus preserves harmonic
forms. Applying Hodge theory, we get a natural action of SU(2) on the cohomology
H*(M,C).

25



Lemma 2.2.3. A differential form n over a hyperkahler manifold M is SU(2)-
invariant if and only if it is of Hodge type (p,p) with respect to all induced complex

structures M.
Proof. Proposition 1.2 in [51]. O

Definition 2.2.4. Let M be hyperkéahler and I an induced complex structure. We
say that [ is generic with respect to the hyperkahler structure on M if all elements
in

@ HPP(M;) n H*(M,Z) c H*(M,C)

p
are SU(2)-invariant.

This terminology is justified: most induced complex structures are generic, in a

sense made precise in the following proposition.
Proposition 2.2.5. Let M be a hyperkihler manifold. The set Sy € S* of generic

induced complex structures is dense in S* and its complement is countable.
Proof. Proposition 2.2 in [50]. O

As we will see, the genericity of the complex structure I puts rigid conditions
on the geometric structure of the manifold M;. For instance, all line bundles on
M7 have only zero or nowhere vanishing sections (see the proof of Corollary 2.3.14),
hence M; can never be algebraic since it has no effective divisors.

We would now like to give a notion of a vector bundle on M which is simul-
taneously holomorphic with respect to all the complex structures induced by the

hyperkahler structure on M.
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Definition 2.2.6. Let M be hyperkéhler and let £ be a (smooth) complex vector
bundle on M. If E admits a connection V whose curvature R¥ € I'(A*M ® End(E))
is SU(2)-invariant, the bundle with connection (£, V) is called autodual. In case V
can be chosen so as to also preserve a Hermitian metric A on E, the bundle (F,h)
is called hyperholomorphic.

By Lemma 2.2.3, the SU(2)-invariance is equivalent to R" being a section of
AY'M; ® E, for any induced complex structure I. By a version of the Newlander-
Nirenberg theorem (see [30], Proposition 1.3.7), the (0,1)-part V"' of such a con-
nection with respect to I induces a holomorphic structure on E over M;. In this
way, an autodual connection V gives a family of holomorphic vector bundles E; over
the Kahler manifolds M;, and in case of a hyperholomorphic structure, V is simulta-
neously the Chern connection for all Hermitian bundles (Ey, k). To assemble these
bundles into one object, we use the twistor formalism.

Recall that the twistor space Tw(M) comes equipped with a (non-holomorphic)
projection o : Tw(M) - M. Given an autodual bundle (E,V) on M, we take the
pullback bundle and connection (¢*E,0*V) on Tw(M). By the considerations in the
previous paragraph and the structure of Tw(M), the curvature of the connection
0*V is of type (1,1), hence the (0,1)-part (¢*V)”" of the connection defines a
holomorphic structure on the bundle o*E over Tw(M ), which we denote by Tw(E).

The correspondence

o*:(E,V)— Tw(E) = (c'E, (U*V)O’l)
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defines a functor from the category of autodual bundles over M to the category of
holomorphic bundles over Tw(M), called the twistor transform. It turns out that
this functor is invertible and its image can be described explicitly.

Theorem 2.2.7. The twistor transform (E,V) ~ Tw(E) defines an equivalence
between the categories of autodual bundles on M and holomorphic vector bundles on

Tw (M), whose restrictions to all horizontal twistor lines are trivial.
Proof. Theorem 5.12 in [28]. O

We end this section by stating one further technical result, which computes the
higher direct images of the twistor transform Tw(FE) of a hyperholomorphic bundle
with respect to the holomorphic twistor projection 7 : Tw (M) — CP'.
Proposition 2.2.8. Let M be a hyperkdhler manifold with holomorphic twistor pro-
jection w: Tw(M) — CP', I an induced complex structure and E a hyperholomorphic
bundle on M with the corresponding holomorphic bundle Tw(E) on Tw(M). Then
for any >0,

Riﬂ'* TW(E) = Ocpl(i) Q¢ Hi(M[, E[),
where H'(My, E;) is the i-th holomorphic sheaf cohomology of E; on Mj.
Proof. Proposition 6.3 in [52]. O

Note that for a hyperholomorphic E, the cohomology groups H'(M;, E;) are
isomorphic for different I € CP', albeit non-canonically (see Corollary 8.1 in [51]).
2.3 Stability

Let (M,I,g) be a compact Hermitian manifold of complex dimension n and

w its Hermitian form. We will denote by O the sheaf of holomorphic functions on
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M. Our goal in this section is to define the notion of stability for (holomorphic)
vector bundles I over M, Hermitian-Einstein metrics and the Kobayashi-Hitchin
correspondence.

For a coherent sheaf F over M, we have the dual sheaf F* = Hom (F,Q), as
well as a natural morphism into the double dual o : F — F**. It can be shown that

the kernel of ¢ is the torsion subsheaf of F:
kero, ={a€F,: fa=0 for some f+0in O,} Vxe M.

Definition 2.3.1. A coherent sheaf F over M is called torsion-free if Vo € M, the
stalk F, is a torsion-free O,-module, or equivalently, if the natural morphism of
sheaves

o:F— F**

is injective. If it is an isomorphism, we say that F is reflerive. We call the sheaf F
normal if for every open set U ¢ M and every analytic subset A € U of codimension

at least 2, the restriction map
FU)— F(U~NA)

is an isomorphism.
Clearly, a vector bundle E, viewed as a locally free sheaf, is reflexive (and hence

torsion-free). On the other hand, for an arbitrary coherent sheaf F, let

S(F)={xeM:F,isnot free over O,}
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denote the singularity set of F. It can be shown (see Section §1 of Chapter 2 in
[41]) that for an arbitrary coherent sheaf this is a closed analytic subset of M of
codimension > 1 (> 2 for a torsion-free sheaf, > 3 for a reflexive sheaf), so that F
restricted to M \ S(F) is locally free. This justifies the following definition.
Definition 2.3.2. The rank rkF of a coherent sheaf F over M is the rank of the
locally free sheaf

Flarsry over M\ S(F).

For an arbitrary coherent sheaf F and any integer s > 0, we can define the
exterior power sheaf A°F. If s is the rank of F, then A°F has rank 1, and the
determinant of F

det F = (A*F)*

is actually a line bundle on M, as the following two results show.

Lemma 2.3.3. The dual of an arbitrary coherent sheaf is reflexive.

Proof. Proposition V.5.18 in [30]. O
Lemma 2.3.4. A reflexive sheaf of rank 1 is a line bundle.

Proof. Lemma 1.1.15 in Chapter 2 of [41]. O

To proceed with the definition of degree of a coherent sheaf on M, we need to
impose a certain differential condition on the metic g.

Definition 2.3.5. The metric ¢ is called Gauduchon if it satisfies the condition

90 (w”_l) =0.
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Definition 2.3.6. Let g be Gauduchon. The degree of a coherent sheaf F on M

with respect to g is given by

degg(]-"):v/Mcl(det}",h)/\wn_l,

where h is an arbitrary Hermitian metric on the line bundle det F, and

¢ (det Fh) := —V2_1Rh,

™

where R" e (A" M) is the curvature form of the Chern connection on (det F, h).
We will write deg(F) when the metric will be clear from the context.

The Gauduchon condition on g ensures that deg,(F) is well-defined and does
not depend on the metric h (see Lemma 1.1.18 in [32]). If the metric ¢ satisfies the
balancedness condition d (w"') = 0 (in particular, if it is Kéhler), then it is clearly
Gauduchon, and in fact the degree only depends on the first Chern class ¢;(det F),
making it a topological invariant of detF; for an arbitrary Gauduchon metric it
is only a holomorphic invariant of detF. Note that, for an arbitrary Hermitian
metric ¢ on M, the definition of degree does not make sense, however, as shown
in the following theorem proved in [19], the conformal class of g always contains a
Gauduchon metric, which is essentially unique.

Theorem 2.3.7. If M is compact, then for every Hermitian metric g on M there

exists a positive function o € C=(M,R%) such that

g =¥-9
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1s Gauduchon. If M is connected and n > 2, then ¢’ is unique up to a positive
constant.

We are now ready to define stability of torsion-free coherent sheaves on M.
Definition 2.3.8. Let g be a Gauduchon metric on M, and let F be a nontrivial

torsion-free coherent sheaf. The g-slope of F is given by

deg, (F)

fg(F) == W,

denoted simply by p(F) when the metric is clear from the context. The sheaf F

is called g-stable (resp. g-semi-stable) if for every subsheaf G ¢ F with 0 < rk(G) <
rk(F) we have

1g(G) < p1g(F) (resp. pg(G) < pg(F))-

F is called g-polystable if it is a direct sum of g-stable bundles of the same slope. It
is called #rreducible if it has no proper subsheaves of lower rank.

It’s clear that an irreducible F is stable with respect to any metric on M. It’s
also clear that for a reflexive sheaf, F is irreducible if and only F~ is irreducible.

We would now like to give the definition of Hermitian-Einstein structures on a
holomorphic vector bundle E over a Hermitian manifold (M, I,g), a concept which
is intimately related to the notion of stability, in a sense that will be made precise
later. Recall that the Hermitian structure on M defines a linear operator on the
bundle of differential forms of M given by exterior multiplication with the Hermitian

form w of g:

L APINM  —s  APHLatLNf

(0% [ a N W
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We will denote the g-adjoint operator of L, by Ay : APIM — APRTUAL Tt can be

shown that for a (1,1)-form «, A;(«) satisfies the following identity:
anw”l = ! Ay(a)w™.
n g9

Definition 2.3.9. A Hermitian metric A on a holomorphic vector bundle E on M is
called g- Hermitian-FEinstein if the curvature R" € T(A™M ® End(E)) of its Chern

connection satisfies the equation
V=1A,R" = v -idg,

or equivalently

(\/—_th> Awl = %w" -id g,

where v is a real constant, called the Finstein constant of h.

In case the metric g is Gauduchon, the Einstein constant is proportional to the
degree of the vector bundle E, as the following proposition shows.
Proposition 2.3.10. If g is Gauduchon and h a Hermitian-FEinstein metric on E

with Einstein constant vy, then

B 2w
~ (n-1)!-Vol, (M)

y ',ug(E)a

where
Vol, (M) f L o
o = —w
g M n!
is the volume of M with respect to the metric g.

Proof. Lemma 2.1.8 in [32]. O
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The following theorem is known as the Kobayashi vanishing theorem.
Theorem 2.3.11. Let (E,h) be a g-Hermitian-Einstein vector bundle with Finstein
constant . If v is negative, then E has no nontrivial global holomorphic sections. If
v =0, then every global holomorphic section of E is parallel with respect to the Chern

connection of (E,h).
Proof. Theorem 2.2.1 in [32]. O

A consequence of the Kobayashi vanishing theorem is that Hermitian-Einstein
metrics are essentially unique. Recall that a simple holomorphic vector bundle £ is
one whose only endomorphisms are homotheties, in other words, Hom(FE, E') = C.
Proposition 2.3.12. If E is simple, then a g-Hermitian-Einstein metric on E (if

it exists) is unique up to a positive scalar.
Proof. Proposition 2.2.2 in [32]. ]

For examples of Hermitan-Einstein vector bundles, let M be a hyperkahler man-
ifold. As in the previous section, we denote by g the hyperkédhler metric on M and
by Sy € S? = CP' the set of generic complex structures of M. We have the following
lemma.

Lemma 2.3.13. An SU(2)-invariant 2-form B on a hyperkihler manifold M satis-
fies
AB=0

for any induced complex structure I, where by A; we mean the operator A, on the

manifold M.

Proof. Lemma 2.1 in [51]. O
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It follows immediately from this lemma that any hyperholomorphic bundle £ on
a hyperkahler manifold M is Hermitian-Einstein with Einstein constant 0, since its
hyperholomorphic connection has SU(2)-invariant curvature. Another consequence
of the lemma is the following.
Corollary 2.3.14. Let M be a compact hyperkdhler manifold and Tw(M) its twistor
space. The twistor projection w: Tw(M) — CP' establishes a one-to-one correspon-

dence between divisors on CP' and those on Tw(M).

Proof. 1t suffices to show that the only (irreducible) hypersurfaces on Tw(M) are
the fibres of the twistor projection 7 : Tw(M) — CP'. Suppose this is not so, and
V ¢ Tw(M) is an irreducible hypersurface which is not a fibre of 7. Using Remmert’s
proper mapping theorem (see [21], p. 34), we can conclude that 7(V') = CP', so that
V' intersects every fibre of m. We can choose a generic structure I € Sy so that the
restriction V n7w=1(1) = V. n My is a divisor on M;. Letting L be the line bundle
corresponding to this divisor, the first Chern class ¢;(L) € H"'(M;) n H*(M,Z) is
SU(2)-invariant by genericity of I. Letting  denote the harmonic form representing
c1(L), it’s clear that n is SU(2)-invariant as a differential form. By Proposition
11.2.23 in [30], there is a Hermitian metric A on L such that ¢;(L,h) = n; in other

words,
V-1 B -

o U
where R" is the curvature of V". Since R" is SU(2)-invariant, (L, k) is hyperholo-
morphic, and it follows from Lemma 2.3.13 that (L,h) is Hermitian-Einstein with
Einstein constant 0. But then by the Kobayashi vanishing theorem (Theorem 2.3.11)

all global sections of L are parallel with respect to the Chern connection of h, which
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implies that they are either globally zero or globally non-vanishing which contradicts
the construction of L as the line bundle of an effective divisor on M;. In fact, the
argument shows that M; has no effective divisors and thus cannot be algebraic. In

particular, V ¢ Tw(M) as chosen above cannot exist. O

There is an intimate relationship between Hermitian-Einstein structures and
stability. The following fundamental theorem, whose proof is the subject of the book
[32], shows that the two notions are essentially equivalent.

Theorem 2.3.15. If g is a Gauduchon metric and E is a holomorphic vector bundle
on M, then E admits a Hermitian-FEinstein metric if and only if it is polystable. In
case the bundle is stable, this metric is unique up to a positive constant.

This result is called the Kobayashi-Hitchin correspondence, after the people who
conjectured it, and was proved in increasing generality by various mathematicians,
among whom the greatest contributions were by Donaldson [13, 14, 15], Uhlenbeck
and Yau [48, 49], Buchdahl [10] and Li and Yau [31].

As a first application of this theorem, we see that a holomorphic line bundle
L on M, which is clearly stable in any metric, always admits a Hermitian-Einstein
metric h, unique up to constant rescaling. Since the Chern connection stays the same
when the metric is multiplied by a constant, we see that for an arbitrary Hermitian

metric g on M, we can define the Einstein constant of L with respect to g by
Yo(L) :=V-1A,R",

where R" is the curvature of the Chern connection of (L,h). We then have the

following result.
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Proposition 2.3.16. Let g’ be a Gauduchon metric in the conformal class of g.

Then there exists a positive constant c, depending only on g and g', such that

degy, (L) = c-74(L)
for all holomorphic line bundles L on M.

Proof. Let ¢’ = p- g, where ¢ € C®(M,R*°). Then w’ = ¢ -w for the corresponding
Hermitian forms. Let A be a g-Hermitian-Einstein metric on L, and let R" denote

the curvature of the Chern connection of (L,h). We have
- 1 -
degg (L) = [ en(Lm) A (@) = o= [ VIR A (pow)" -
M 2m Jm

1 1
- [ VA R = ([ o) (D).
2mn Jm 2mn \Jm
]

We close this section with one further notion of stability which is defined for
a hyperkahler manifold M. Recall that M comes equipped with a twistor space
Tw(M) and a holomorphic projection 7 : Tw(M) - CP', whose fibres parametrize
the totality of the induced Kahler structures M; on M.
Definition 2.3.17. A holomorphic vector bundle E on Tw(M) is called fibrewise
stable if its restriction E; to M; is stable in the induced Kéhler metric for each
I e CP'. E is called generically fibrewise stable if E; is stable for all I in a nonempty
Zariski open subset of CP'. Similarly, E is called fibrewise simple if all the restrictions
E; are simple, in the sense that Hom(E;, E;) = C, and generically fibrewise simple

if E; is simple for all I in a nonempty Zariski open subset of CP'.
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CHAPTER 3
Balanced metrics on twistor spaces

Recall that the twistor space Tw(M) of a hyperkdhler manifold M comes
equipped with a natural Hermitian metric induced from the hyperkahler metric on
M and the Fubini-Study metric on CP'. One would like to hope that this metric
on Tw(M) is Kéhler, but this need not be so (Corollary 3.2.4). However, as shown
by Kaledin and Verbitsky [28], the metric on Tw(M) satisfies the weaker condition
of being balanced. Thus, in a certain sense, there is a loss of metric structure when
passing from M to Tw(M). In view of this, one would not think that for general
hypercomplex M without any ambient metric, Tw(M) should enjoy any interesting
metric properties. The surprising result presented in this chapter is that in fact
Tw(M) is balanced for a general compact hypercomplex manifold M, showing that
no metric assumptions on M are needed for the balancedness of Tw ().

In Section 3.1, we present the argument of Kaledin and Verbitsky (perhaps in
a bit more detail than in their original article [28]) that for a hyperkahler M, the
induced metric on the twistor space Tw(M ) is balanced. In Section 3.2, we show that
the twistor space Tw(M) of a general compact hypercomplex manifold M admits a
balanced metric. In this case, the construction of the metric is implicit: it is obtained
by taking the “nth root” of a certain closed strictly positive (n,n)-form on the twistor
space Tw(M), where n = dimc M. The content of this chapter is largely identical to

the material in the article [47] by the author of the present thesis.
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3.1 The hyperkahler case
Recall that for a hypercomplex manifold (M, I, J, K), the twistor space Tw(M)

comes equipped with the natural projections

Tw(M)
RN
M CP!

and at a point (m,A) € Tw(M), the tangent space decomposes as a direct sum

Y

Tim,A) Tw(M) = T,,M & TACPI; we call vectors in T, M vertical and vectors in
T4CP' horizontal, and similarly for the cotangent bundle. If gy, is a hyperkéhler

metric on M, then

g:=0"(gm) +7" (gcp1)
is a Hermitian metric on Tw(M), where gept is the Fubini-Study metric on CP*;
we write simply g = gar + gepr. Similarly the Hermitian form w of g on Tw(M)

decomposes as

w :CUM+CL)(C]P;1,

where wy; € A2 M and wep € AZCP! at the point (m,A) € Tw(M); there is no
component in A} M ® A4CP'. Note that wep: is just the pullback of the Fubini-
Study form on CP! via the map 7, while wy; is not the pullback of any single form
from M but rather it is assembled from all the Kéahler forms wy4 of gy on M for the
various induced complex structures A € CP'. More explicitly, for (X, V), (X', V') e
T,,M & T,CP* = Tm, 4y Tw(M), we have:

w ((X7 V): (Xla V,)) = C")]V[(AXY?)(,) + w(CIP’l(V? V,) = gM(AX7X,) + Jep! ([(C]P’IV> V,)
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Theorem 3.1.1. (Kaledin-Verbitsky) Let (M, I,J, K, gy) be a hyperkdhler manifold
of complex dimension n. Then its twistor space Tw(M) with the Hermitian metric

induced from the hyperkdhler structure is balanced.

Proof. We closely follow the argument laid out in Section 4.4 of [28]. In the notation

used above, we need to show that d (w™) = 0. This is clearly equivalent to showing
W Adw = 0.

Observe that we have a decomposition of the differential operator d = dys + depr

according to the direct sum 7 Tw(M) =TM & TCP'. Since w = wy +wept, we have

The first term is zero by the hyperkéhler condition on M, while the last two terms
are zero because wept is a pullback of a closed form on CP' to Tw(M). We need
to investigate the second term. To simplify our argument, we will work over a fixed
horizontal twistor line {m} x CP' ¢ Tw(M).

Let

Wi=ImH={al +bJ +cK} 2R3

and let W = CP' x W be the corresponding trivial bundle. When we view CP' as a
parametrization of the complex structures on M, it’s just the unit sphere S* ¢ W,

hence we can view W as the restriction W = TW|g.. There is a canonical embedding
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of W into the (trivial) bundle of vertical 2-forms over the horizontal line {m} x CP";
W=CP'xW — {m}xCP'xAZM

(Ayal +bJ +cK) — (m, A aws +bwy + cwi) .
Given an element V = al +bJ+cK of W, we denote by wy = awy+bwj+cwg its image
under this mapping. In this way, we can think of W as a bundle of vertical 2-forms
over {m} x CP' with global frame {w;,wy,wx}. Since depiw; = deprwy = deprwi = 0,
we can think of the operator dpp1 on W as a flat connection

depr =V:T (W) — T (AICP'oW)

Jiwr + fows + fawx — dfi®@wr+dfs®w;y +dfs ® wi.

Of course, this is just the usual Euclidean connection on R® = ImH restricted to
S* ¥ CP'. Note that W = TW|g & TR3|, = N @ T'S?, where N is the normal

bundle of the embedding S* ¢ R* and T'S? is the tangent bundle. At the point

A =(ay,as,a3) € S* = CP', we have
NA = {/\a1w1+)\a2wJ+/\a3wK : )\GR},

TaS? = {vywy +Vywy + V3w © A V1 + AgVy + aszvz = 0} .

Thus, N is a trivial bundle with a global trivialization given by wy; = x1wr + xowy +
T3wy, while the almost complex structure Iopi : TCP' — TCP' at the point A € CP!
is given by the quaternion multiplication V' ~ AV, where we once again think of

Ae Ny, VeTyS? as elements of W. We want to compute

deprwyr = V (11wr + Towy + T3wg ) = dry ® wy + dre ® wy + das ® wi.
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Fix a point A = (a;,as,a3) in {m} x CP' and look at the decomposition dgpiwys =
Ocprwir + Ocprwys. We claim that Oeprwy € T (Ao’l(CIP’l @AM ), where the complex
structure on 7, M is understood to be A. To verify this, we use the description of dpt
as the connection V and plug in an arbitrary vector V + \/—_1]@1‘/ =V +V-1AV ¢
Tg’l(C]P’l, where V = (vy, vy, v3) € TACP' is real.

VV+\/—_1AVwM = VW1 + VoW + UsWi +

+V —1(&2’03 - CZ3’U2)CU] +V —1(613@1 - (Il?)g)u)J + V —1(&1@2 - Clg?}l)(JJK =
=wy +V —1wAv.

Plugging into this form an arbitrary vector X € T, M and a (0,1)-vector Y e To;' M

(with respect to the complex structure A), we get
wy(X,Y)+V=1lwap (X, Y) =g(VX,Y)+V-1g(AVX,Y) =

= g(VX,Y)+V-1g(A(AV)X,AY) = g(VX,Y) +V-1g(-V X, —/=1Y) = 0.

Hence Ogpiwyr € I (AY'CP' @ AL’ M) and dgpwny € T (AYCP! @ AP M), since way
is real and Ogprwyy is the conjugate of Oepiwyy.

We now examine the form w™ ! A dw. We have

n

— -1 _ _ a
WA dw = (Wi +wep )" Adeprwar = Wit A Oeprwns + Wi A Opprwas+

_92 -2 3
+(n = D)W Awept A Ogprwar + (1 — 1)wiy? Awept A Ogprway.

Since w';*t € A" UM ) the vertical bidegree of the first two terms is (n—1,n + 1),

(n+1,n-1), respectively, making them zero, since dim¢ M =n. On the other hand,
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the degree of the horizontal part of the last two terms is 3 > 2 = dimg CP', making

them zero as well.

3.2 The hypercomplex case

We now would like to prove a generalization of Theorem 3.1.1 for compact
hyperhermitian (and hence general hypercomplex) manifolds M. In contrast to the
hyperkéhler case, the product metric on Tw(M) = M x CP' need not be balanced,
so we need to approach the problem differently. We start with two lemmas of an
essentially linear-algebraic nature. Recall from Section 2.1 that a real (1,1)-form 7,
on a complex manifold (M, I) of complex dimension n is strictly positive if it satisfies
the condition n(X,/X) > 0 for all nonzero X € TM. Similarly, we say that a real
(n - 1,n - 1)-form 7 is strictly positive if for any nonzero a € A'M we have that
nAanlais a strictly positive multiple of (any) volume form on M compatible
with the orientation determined by the complex structure. There is an intimate
relationship between closed strictly positive (n —1,n — 1)-forms on M and balanced
metrics.
Lemma 3.2.1. Let (M, I,g) be a Hermitian manifold of dimec M =n. The existence
of a closed strictly positive (n—1,n—1)-form on M is equivalent to the balancedness

of M, not necessarily with respect to the given metric.

Proof. (Cf. [34], pp. 279-280) Let n € T'(A" "™ M) be a closed strictly positive
form. The Riemannian volume form Q € I'(A*" M) induces an isomorphism of bundles
APEIN 2 AV = THYOM @ TO' M, whereas the metric ¢ gives an isomorphism

AY'TM = AYM. Under these identifications, n can be thought of as a strictly
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positive (1,1)-form on M. By basic linear algebra, there exists a local orthonormal
frame {e1, Iey, ... e,,Iey} of TM, such that n e (A" M) can be expressed as
n= Zaiei/\lei,
i=1
where we think of e; as sections of A'M ~ TM and all a; > 0. Since Q = e; A Teg A
... Aep A Te,, we have that, as a section of A" %" 1M, n can be expressed in terms
of this frame as
77:Zaiel/\]el/\.../\ei/\]ei/\.../\en/\len.
i=1

We are now looking for a strictly positive form w e I'(A"' M) such that w™t = 7. If
we can establish the existence of such a form, our proof will be finished, since the
condition d (w"1) = 0 will imply that the Hermitian metric on M induced by w is

balanced. If we write

n
w:Zbiei/\]ei,
i=1

we then have

n
w"‘l=Z(n—l)!bl...bi...bnel/\161/\.../\ei/\]ei/\.../\en/\]en.
i1

If wn=t =1, observe that

a; (n—l)!bl...a...bn _Q
a; (n—l)!bl...g;...bn b
Writing
a1 = (n=1)lby. b= (-T2 O gty @ Ygeer
bl bl a2 Qn
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we can solve for b; uniquely, since we know that b; > 0 and all the a; > 0. Knowing
by clearly gives us all the other b;. This shows that w exists locally, while its global

existence is a consequence of its uniqueness. (]

Lemma 3.2.2. Let (M, 1) be a compact complex manifold and suppose that its tan-
gent space TM decomposes into a direct sum TM = E @& F of compler subbundles
E and F. If w,w' are real (1,1)-forms on M such that w is strictly positive when
restricted to E, while w' is strictly positive on F' and E ¢ kerw’, there exists a number

T >0 such that w +TWw' is strictly positive on M.

Proof. The problem is local in nature by compactness of M, since if {U;} is a cover
of M such that w + Tjw’ is strictly positive on U;, then taking a finite subcover and
letting T" be the maximum of the corresponding T;’s, we get a strictly positive form
w + Tw’ on the whole M.

Let w = wy + we + w3 be the decomposition of w according to the direct sum
AN (E*eoF*)=AN(E*)e (E*® F*)® A*(F),

and observe that w’ lies entirely in the third summand. By assumption of strict posi-
tivity, wy is a Hermitian form on E, hence comes from a Hermitian metric. Choosing
a local orthonormal frame {ey, leq,. .., ek, [ex} for this metric, we can express w; as
k
w1 = Z e; N\ Iei,
i=1
where we regard the e; as sections of E* = E. Similarly, w’ is a Hermitian form on

F induced by some Hermitian metric. By simple linear algebra, there exists a local
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orthonormal frame {fi, [ f1,..., fi,1f;} of F in which the two forms decompose as
1 l
w3=Zajfj/\[fj, w':ij/\[fj,
J=1 j=1

where again we regard f; as sections of F* = F. Clearly, we can choose T > 0 such
that on some neighborhood, w3 + Tw’ is strictly positive on F'. This makes w + Tw’
locally strictly positive when restricted to both £ and F', so we only need to take
care of the ws term. For this, it is enough to show that we can choose T' such that
wy + wo + T'W' is locally strictly positive. Let
k l
X = ; (Xoirei + Xoile;), YV = J; (Yojo1fi + Yoi1 f;)

be arbitrary nonvanishing sections of E, F' written in the above bases and let ¢ > 0.
We want to show that plugging in (X +tY,I(X +tY")) into the above form always

gives a strictly positive number:
Wi (X, IX) +wo (X tTY) +wo(tY, IX) + Tw' (LY, t1Y) > 0,

wi (X, IX) + 2wy (X, 1Y) + 2Tw' (Y, 1Y) > 0.

Thinking of this as a quadratic equation in ¢, its strict positivity is equivalent to the

discriminant being negative:
4wy(X,IY)? = 4T wi (X, IX)w' (Y, 1Y) <0,

wo(X, IY)2 < Ty (X, IX)w' (Y, IY).
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Writing out the right hand side in the bases {e;, Ie;}, {f;, 1 f;}, we get
2%k 2l
() (2)
i1 j=1

whereas

LL)Q(X, [Y) = Z Cl]X’LYm

,J
for some coefficients ¢;;. Applying the Cauchy-Schwarz inequality to wo (X, [ Y)Q, we

get
2k

2 21
(Sewxn) < Sy T (522 (57).
i,J i, 1, 2, ? J=

The sum ¥, ; (cij)2 is clearly locally bounded by some 7' > 0, which gives the required

inequality. [

Now let (M, I,J,K,gy) be a hyperhermitian manifold, let n be the complex
dimension of M, and let g denote the induced Hermitian metric on the twistor space
Tw(M) with Hermitian form w, following the notation in the previous section. If
g is hyperkéhler, the argument in the proof that Tw(M) is balanced in Theorem

3.1.1 consisted in showing that the (n,n)-form
W' = (Wi +wept)" = Wl + Wit A wept

on Tw(M) is closed. For a general hyperhermitian g, we will instead use Lemma

3.2.2 to show that a certain linear combination of forms

awly + pdde (w?[l)
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is a closed strictly positive (n,n)-form on Tw(M), and then use Lemma 3.2.1 to
conclude that Tw(M) is balanced. We will need compactness of M in order to apply
Lemma 3.2.2.

Theorem 3.2.3. Let (M, 1,J, K, gy) be a compact hyperhermitian manifold of com-

plex dimension n. Then its twistor space Tw(M) is balanced.

Proof. The volume form on Tw(M) = M x CP' with respect to the product metric

is given by

wrtt (wpr + cu(cpl)wr1 ~ (n+ 1w, Awep

_ - Q 1
(n+1)! (n+1)! (n+ 1) M A Weps

Qrw(my =

where €2,; denotes the pullback of the volume form on M via the projection o :
Tw(M) - M. Note that w?, = n!Qy and dd°(wi;') are closed (n,n)-forms on
Tw(M) and we can think of them as elements of AT Tw(M) via the isomorphism
induced by the volume form Qg (ny. Because the metric on Tw(M) induces an
isomorphism 7' Tw(M) = Al Tw(M), we will be able to apply Lemma 3.2.2 if we
can show that w}, is strictly positive on horizontal forms and vertical forms lie
in its kernel, while +dd®(w;') (the sign will depend on the dimension of M) is
strictly positive when restricted to vertical forms in A'M. The first statement is
easy, since wj, is a constant multiple of the vertical volume form €2,,, and we know
that Qrw(ary = Qar Awepr. For the second statement, since we only need to establish
strict positivity on vertical forms, it’s enough to restrict to a horizontal twistor line

{m} x CP" and consider the form

deprds (Wirh) = 20/-1(n-1) (OcprOgpronr) Awhr 2+

CP*!
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+2V=1(n = 1)(n - 2) (Ogprwar) A (Ocprwnr) Awhr®.

Note that if n = 2, the second term vanishes. We will now use our description of the
depr operator as a connection from the proof of Theorem 3.1.1 to show that both of
these terms are multiples of wepr A wl; !, which is strictly positive since products of

positive forms are positive (see [12], Section III.1).

1 1
70v07

a(cplécpr =V CUM=85[E1 ®C«)[+85I2®WJ+(95I3®WK.

Ocprwnr = V0w = 021 ® wr + 09 ® Wy + 073 ® Wi
8@,le = Vo’le = 81‘1 ® wr + E)xg ®uwy + 85(73 ® Wk -

We will work in the local holomorphic coordinates coming from the stereographic
projections on CP' = S, Recall that the sphere S = {z? + 23 + 23 = 1} has holomor-

phic charts

Py :S%25{(0,0,1)} <«— C Ps: 52~ {(0,0,-1)} <«— C
($1,$27$3) i “1,—“;?’”2 (I17$27$3) — %
stz V1(2-2) 14|22 wrw  V-L(w-w) 1-|wf?
(1+|+z\2’ Tz 1++\z|2 ) — Z (1+r;u|2’ T+[w]? >1+|w\2) — w

We will make the computation in the holomorphic coordinate z = z + /-1y coming
from the stereographic projection Py from the point (1,0,0). The computation in
the other chart is completely analogous, and we will omit it. The Fubini-Study

metric wepr takes the form

wept = V-1001og (1 +|2]?) = \/—_18( zdz ) _v-ldzndz

T+lP) ™ e Y
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Calculating the various partial derivatives of x1, x9, x3, we get

Oy = 8(11‘272) ) (11\_5;)2 @z, Oy = 5(1'352) B (1:;;)2 4z,
om2 =0 (Y52 = S b 0= O (D) - e
oei-0(5H) - i, e -0(3HF) - s
00, = -2(z+2z)dzndz

(1+]z)*
00z, - ~2/-1(z-2)dz ndZ

(1+]=2)° 7
90, = -2(-1+1z?) dz A dz.

(1+]=2)°

Thus,

- - - (- _ = _ 2
\/_—18@15@le:_2(\/_1¢12/\%)®(z+z \/_1(2 z)w 1+]z| K):

+
(1+|z|2)2 1+|2? w1 1+|22 J 1+ |22
= _2 W(C]Pﬂ A C(.)M7
from which we conclude that

If n = 2, then, as we noted above, this is equal to deprdip (w);'), so taking the
negative of dd” (wy;!) gives a form that is strictly positive on vertical 1-forms, and

we can apply Lemma 3.2.2 to conclude that 37" > 0 such that

T wh, —dd° (wﬁ/jl)
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is strictly positive. For the case n > 2, we also need to examine the other term. We

know that at any point A € CP', for any V e T4,CP",
Oeprwn (V = V=-14V) = wy - V-lway,

5CP1WM(V +V —1AV) =Wy +V —1wAV.

If we take V' = %3%, then V —+/-1AV = %, V+V-1AV = %, and we conclude from
the above that

Ocprwy =dzAwao =dz A (wv - \/—1wAV),

0z
=dzZ A (wv + \/—_1wAv).

oz

Hence
V=1 (Ocprwnr) A (Ogprwnr) = V-1dz A wa A dz A wa =
B V-1dz AndZz A

(1))’
n-3

We now compute the expression ¥ A U A wir®. To simplify things we only do the

T4z )wo All+]2P)we =wept AU AU,
(14]2)wa A (1+]2P)ws = e

computation at the point z = 1, which corresponds to I € CP!, where it takes the

form
(wK + \/—_1wJ) A (wK - \/—_1wJ) AW = (wJ + \/—_WK) A (wJ - \/__MK) Ap,

while at a general point A € CP' corresponding to z € C, an entirely analogous

argument applies, except that (I, J, K) need to be replaced by (A, 1+|22|2 %, 1+|22‘2 8%),

which form a quaternionic triple in the space W = Ny & T4CP.
The vertical tangent space T, M to the point (m, ) e M x CP! is a quaternionic

vector space with respect to the triple (7, J, K), so we can identify it with H*, where
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k = dimg M = %dim@M = 5. The metric g restricted to T,,M is quaternionic-
hermitian, hence we can find a quaternionic orthonormal basis {es, ..., e} of T,,M;
let {e{, . ,e;} denote the dual basis of A} M. We define the following complex-
valued 1-forms V1 < i < k, which constitute a complex basis of AL, M ® C = ALOM &

A%TM | where the decomposition is relative to the complex structure I.

d¢:=e; +/~-1le; d§=Je: +/-1Ke;
d¢=ef —/-1ler d&=Jef —\/-1Ke;}

With respect to this basis, it’s not hard to see that the forms w;, w;, wx decompose

as follows:

V-1
2

i(—dQ AdG; + d&'/\dgz')7
-1

Zk:( d¢; ndE&; + = dg/\dfz),

i=1
k /—1 -1 _ _
(—— d¢; nd&; + —— d(; ~ d&) .
2 2
Further computing,

k
wy+V-lwg = chz A dfz,
i=1

hence

(J+\/_WK)/\(WJ—\/_WK)/\Q}] =
n-3
=(zk:d@/\dfl-,)/\( dCi/\d&,)/\{zk:(—dQ d@+§d£i/\d§)} =
i=1

(%

w\h

)n3<n—1><n—3>'i(7\ ;) (e ) -

i=1 J#i

w\h

)M(n n - 3>'Z(/\dmd<j) (f\ Ad@)

=1 \J#t
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On the other hand,

n—1
{Zk: (—dQ dQ"‘gd&/\dSi)} =

i=1

:(g)"‘un-ni(g ) (it 5.

-1 j#i

+ (g)“ (n-1)! zk: (/¢\ dg; /\d@) A (;\déj A déj) :

i=1

We conclude that

(wJ+\/—_1wK) (WJ_\/_WK)/\WI =iw?_1

n-2
at the point z = 1, and generally, U A U A w3 = ﬁw?jl. We thus have
2V=1(n-1)(n-2) (Ocprwnr) A (acuﬂwM) AwiT® =
=2(n-1)(n-2)wept AUAU AWY? =
=8(n-1)wep Awi7 ',

and so if n > 2,
d(cﬂmld(cpl ( ) = 4(n - 1) W(Cpl N W}l\il,
which is strictly positive on vertical forms, hence applying Lemma 2, we get a T > 0

such that

T why +dd* (wir")

is strictly positive.
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Thus both in case n = 2 and n > 2, we are assured of the existence of a closed
strictly positive (n,n)-form on Tw(M), which immediately implies that Tw(M) is
balanced by Lemma 3.2.1. We are finished. ]

We conclude with a short corollary demonstrating that the Kahler condition is
too strong for twistor spaces, as opposed to balancedness.
Corollary 3.2.4. Let (M, 1I,J, K, gy ) be a compact hyperkdhler manifold of complex

dimension n. Then its twistor space Tw(M) is never Kdihler.

Proof. In the notations of the previous proof, we have dywys = dj;wy = 0 by the

hyperkahler condition on M, hence
ddwas =V =10pp1 Opprwns = —2Wept A Wiy,
hence if wryw(ary is any Kéahler form on Tw(M),
—ddwyr A (wTW(M))ml

is an exact strictly positive (n + 1,n + 1)-form on Tw(M), in the sense that it is a

strict positive multiple of the volume form Qry,(pr). But this is impossible, since then

n—1

B /TW(M) d (deM 4 (WTW(M))H_I) T fTw(M) ddwyr A (wrwan) >0

by compactness, whereas the first integral is zero by Stokes’ theorem. [
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CHAPTER 4
Fibrewise stable bundles on twistor spaces of hyperkahler manifolds

In this chapter, we work with compact simple hyperkahler manifolds M and
their twistor spaces Tw(M ). Our main topic of study is the relationship between ir-
reducible and fibrewise stable bundles on Tw(M ). The main result is Theorem 4.2.1,
whose forward implication that a generically fibrewise stable bundle on Tw(M) is
irreducible is due to Kaledin and Verbitsky [28]. It is the partial converse, namely
the result that an irreducible vector bundlle £ on Tw(AM) is generically fibrewise
stable provided it is of rank 2, 3, or generically fibrewise simple, which is the most
difficult part. In contrast to the previous chapter, where the exposition is more
differential-geometric in nature, many algebro-geometric and complex-analytic theo-
rems and techniques are used here. The main references for these are the books [20],
[21], [22] and [41]; other sources are referenced throughout the text.

In Section 4.1 we show that for a vector bundle F on Tw(M), viewed as a family
of bundles on the fibres of the twistor projection 7 : Tw(M) — CP', fibrewise stability
and semi-stability are Zariski open conditions on the base CP'. The argument is
basically that of Teleman from [46], where the result is established for families of
bundles on the fibres of X xY — Y, where X,Y are complex manifolds satisfying
some conditions. Section 4.2 contains the main result described above. In Section 4.3

we explicitly construct an example of a stable but nowhere fibrewise stable bundle

on Tw(M) for M a K3 surface.
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4.1 Zariski openness of fibrewise stability

It is a general fact, which can be made precise, that given a morphism of spaces
f: X - S and a vector bundle E on X, thought of as a family of vector bundles
{E;:seS} on the fibres {f_l(s) 1SE€ S}, the set

S5t :={s€S: K, is stable}

is open in S under some assumptions on the morphism f: X — S. This holds true
in the projective algebraic setting (see Proposition 2.3.1 in [25]), where the topology
on S is understood to be the Zariski topology, as well as in the complex hermitian
setting (see [32], Theorem 5.1.1), where the topology on S is the usual Euclidean
manifold topology. We would like to study families of vector bundles on the fibres of
the twistor projection 7 : Tw(M) — CP! for a hyperkéhler manifold M, and while it
is natural to work in the Zariski topology on CP*, the twistor space Tw(M) is never
projective (not even Kéhler, see Corollary 3.2.4). We could apply the result of [32]
and conclude that the stability condition is open in CP' in the classical topology,
but for our purposes we would like to have the stronger result of Zariski openness.
In the paper [46], Teleman proves, among other results, the following theorem.
Theorem 4.1.1. Let Y be a compact connected Gauduchon manifold, S an arbitrary
complex manifold, and E a holomorphic vector bundle on'Y xS, thought of as a family

of vector bundles on Y parametrized by the projection Y xS - S. Then the sets
St ={seS: E, is stable} , S= = {s € S: E, is semi-stable}

are Zariski open provided the parameter manifold S is compact.
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Although the twistor space Tw(M) is topologically a product M x S*, we cannot
apply this theorem directly since it is not a complex-analytic product of M and
CP'. We would thus like to extend Teleman’s result in the slightly more general
setting of the complex structure M; varying on the fibres of the twistor projection
m: Tw(M) - CP".

Theorem 4.1.2. Let M be a compact simple hyperkdhler manifold with hyperkahler
metric g and twistor space Tw(M), and E a holomorphic vector bundle on Tw (M)

of rank r. Then the sets

sst

((CIP’l)St = {I eCP': E; is Stable}, ((C]P’l) = {I eCP': E; is semi—stable}

are Zariski open in CP*.

Our notation will follow that of [46] and our proof will essentially be a verification
that Teleman’s argument in [46] works for the twistor projection 7 : Tw(M) — CP*,
We will start by defining the relative Picard group of the twistor projection 7 :
Tw(M) - CP', which will be an object Picopr Tw(M) parametrizing the Picard
groups {Pic Myp:1e€ (C]P’l} of the fibres of .

Fix an induced complex structure I € CP* on M. The exponential sheaf sequence
0—7Z—0; 2% 07 —0
gives rise to a long exact sequence in cohomology, a portion of which looks like

0— H'(M,Z) — H'(M;,0;) — Pic M; = H*(M,7Z)

57



Since M is simply connected, H'(M,Z) = 0 and H*(M,Z) has no torsion. By Hodge
theory, H'(M;,O;) =0, and by the Lefschetz theorem on (1,1)-classes, the image of
Pic M; 5 H*(M,Z) is equal to H"'(M;) n H*(M,Z). It follows from all this that
Pic M is isomorphic to the Néron-Severi group NS(M;), and we can identify it with
a subgroup of H*(M,Z):

Pic M; = HY(M;) n H*(M,Z) ¢ H*(M,7Z).
We now assemble the groups Pic My into one object, and define
Picep Tw(M) == {(I,[n]) : [n] = e1(L;) for L; € Pic M;} € CP' x H*(M, 7).

To see that this is a closed analytic subset of CP' x H*(M,Z) (viewed as a dis-
joint union of copies of CP', parametrized by H*(M,Z)), observe that its connected
components are either of the form CP' x {[5]}, where
(nle N HYY (M) n H*(M,7Z)
IeCP?

(by Lemma 2.2.3, this is equivalent to [n] being SU(2)-invariant), or singletons
{(I,[n])} for non-generic I. For such [n], the proof of Proposition 2.2 in [51] shows
that the intersection

Picep Tw(M) n ({CP" x []})

is finite, hence Zariski closed in CP' x {[n]}, from which we can conclude that
Picept Tw(M) is a Zariski closed subset of CP' x H*(M,Z). It is clear from con-
struction that the fibre of the natural projection Picept Tw (M) — CP' over I € CP!

is just the Picard group Pic Mj.
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Recall that stability of a vector bundle E is defined as a condition on its sub-
sheaves F' ¢ E. Equivalently, it can be defined as a condition on its quotient sheaves
E - @ (see Theorem 1.2.2 of Chapter 2 in [41]). Given a vector bundle E on the
twistor space Tw(M), we will think of it as a family {E;} of vector bundles over
the manifolds {M;} parametrized by CP'. In order to study stability of bundles Ej,
we would like to assemble all of their possible quotient sheaves into one geometric
object. This is accomplished with the relative Douady Quot space construction [44],
which we now introduce.

We will work in the category Comp of complex-analytic spaces and their mor-
phisms. A complex space is a locally ringed space (X,Ox), where X is Hausdorff
and Oy is a sheaf of local C-algebras, locally modeled on (V, Oy ), where V ¢ D is
a complex analytic subset of some domain D ¢ C" with an ideal sheaf .# ¢ Op and
Oy = (Op/F )|y is the structure sheaf of V; for an introduction to complex spaces
and their properties, see, for instance, Chapter 1 in [20]. We will fix a proper mor-
phism of complex spaces X — .S, which we will think of as an object in the category
Comp(S) of complex S-spaces, and a vector bundle £ on X. To ease notation,
given any other object T'— S of Comp(S), we will denote by X7 the fibred product
of X and T over S, while Fr will denote the pullback of E via the map Xy — X.

We define a contravariant functor
Quots(E) : Comp(S)°? — Set.

as follows. Recall that for a morphism ¢ : X — Y, a sheaf of Ox-modules F is called

at at x € X if F, is flat as an O, -module, and simply flat if it is flat at every point
o(x)
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xr € X; we say that X is flat over YV if Ox is. Given an object T'— S in Comp(S5),

we define
Quots(E)(T) = {quotient sheaves Er - Q) - 0 on X7 : Q is flat over T},
whereas for a morphism of S-spaces f:T' — T, the corresponding map
Quots(E)(f) : Quots(E)(T) — Quots(E)(T")

is just taking the pullback along the map of fibred products X;: Xp» - Xp, where
we use the fact that base change preserves flatness (Proposition I11.9.2b in [22]). The
following theorem is proved in [44]:

Theorem 4.1.3. Quotg(E) is representable. In other words, there is an object

Quotg(E) in Comp(S) together with a quotient sheaf
EQuotS(E) - RS(E) —0

on the fibred product space Xquotg(m) = X x5 Quotg(E) that satisfies the following
universal property:
(1) Rs(E) is flat over Quotg(E);

(11) given an object T in Comp(S), and a quotient sheaf
ET . Q — 0

on the fibred product space X1t = X xgT such that () is flat over T, there exists

a unique S-morphism [ : T — Quotg(E) such that (X;) (Rs(F)) = Q, where
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Xy 15 as in the diagram

Xy
Xr—-- >XQuotS(E) —X

]

T- - Quoty(§) —— 8

The space Quotg(F) is called the relative Quot space of E with respect to S.

Set-theoretically, we have
Quotg(E) ={(s,15) : s €S, Vs : Es > Qs — 0 quotient sheaf over X},

and the universal family Rg(F) represents these ()5 as a family of sheaves on the
spaces X. Note that, because the universal family Rg(FE) is flat over Quotg(FE),
the rank of @), is constant on connected components of Quotg(F), and also the
set of points (s,1;) of Quotg(E) where v, : Ey - Qg — 0 has locally free kernel
is open. We denote by Quoty (E) the set of elements (s,1,) of Quotg(E) where
Vst By > Qs — 0 has invertible kernel; by the above, QuotIIﬁ ¢(F) is an open subspace
of Quotg(E). In the particular case E = Ox, we denote Quoty; ¢(E) by Doug(X)
and call it the relative Douady space of X with respect to S. Set-theoretically, it is
just the collection of effective divisors D of the spaces X,. The following properness
result mentioned in [46] is a consequence of Bishop’s compactness theorem [5].
Theorem 4.1.4. Let h be a Hermitian metric on a complex manifold X, and let
X = S be a proper map onto a compler manifold S. Then Ye > 0 the topological
subspaces

Doug(X)<. := {D € Doug(X) : Vol (D) < e} € Doug(X)
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are proper over S. Here, for an element D ¢ X, s € S, Vol,(D) is the volume of D
with respect to the restriction of the metric h.

We now come back to the special case of a vector bundle E over the twistor
space Tw (M), thought of as an object of Comp(CP") via the twistor projection
7: Tw(M) - CP'. We will identify the relative Quot space Quotllf’wl(E ) with the

set of equivalence classes of sheaf monomorphisms ¢;: L; <& E;, where [ € CP' and

Ly is a line bundle over M;. We can define a map

p Quotllﬁwl(E) —  Picgepr Tw(M)

[pr:Lr = Er] —  (I,ei(Lr)),

where we think of Picepr Tw(M) as a subspace of CP' x H*(M,Z), identifying L; €

Pic M; with its image ¢;(L;) € H*(M,Z) under the homomorphism ¢; : Pic M; —

H?*(M,Z), whose injectivity follows from the fact that M is simply connected, as

discussed previously. To see that this map is analytic, note that the flatness of the

universal family Rep1 (E) over Tw (M) xcpr Quotllf’(cpl (E) ensures that the first Chern
1

class of Ker(y;: Er - Qr) is locally constant on Quot,, i (£). It’s not hard to see

that, given an element L; € Pic M7, the set-theoretical fibre of p over L; is simply
p (L) =P(H(M;, L ® E))).

Now let Z = P(E™) be the projectivization of the dual bundle of E over Tw(M),
thought of as a family of projectivizations Z; = P(E7}) parametrized by I € CP', and
let Dougpi (Z) be the relative Douady space of Z. As a first step in the proof of Theo-

rem 4.1.2, we will identify Quot;; .,: (E) with a certain subspace of Dougp: (Z). Just
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like for Tw (M), we can define the relative Picard group of Z with the natural pro-
jection Picppt Z - CP', with the fibre over I € CP' being Pic Z; = PicP(E?). Since
PicP(E7) is canonically isomorphic to Pic M x Z, with the Z summand generated

by the line bundle Oy, (1), we conclude that
Picepr Z 2 Picepr Tw(M) x Z.

There is a natural map

ny : Dougpi(Z) —  Picep Z
D[EM[ — (I,[ODI]);

which is analytic for the same reason as p is. Given an element N; € Pic Z;, the

set-theoretic fibre of ny over N is just
nz (Nr) =P (H*(Z;,Ny)).

Let ¢ : Z - Tw(M) denote the natural projection, and let q; : Z; — M| be the
obvious restrictions. Given a line bundle L; on M; such that H O(M Li® Er) #0,
we use the projection formula ([41], p. 6) and the fact that ¢.(Oz(1)) = E, to obtain

the following identifications:
HO(My, LT ® Er) = H(M1,q1.(q; (L7) ® Oz,(1))) = H*(Z1,47 (L}) ® Oz,(1)).

Taking into consideration the set-theoretic identifications in the previous paragraphs,

we have defined a bijection

©:p~H(Lr) <= ng (a7 (L]) ® Oz, (1)).
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If we now let a: Picgpr Tw (M) — Picepr Z be the embedding
[LI] — [q;(L;) ® 021(1)] )

the mappings ® between fibres of p and nz defined above assemble into a set-theoretic

embedding ® : Quot; .p1(E) - Dougp: (Z) that makes the diagram

/| j

Picepr Tw(M) —— Piceprt Z
commute. We would like to verify that ® is actually analytic.
Proposition 4.1.5. The map

O : Quoty i (E) = 15! (a(Picem Tw(M))) € Dougp: (Z)

15 a complex-analytic isomorphism.

Proof. The proof closely follows the argument of Teleman in Proposition 2.3 of [46].
We will exhibit ® as a morphism between the corresponding functors on the category

Comp(CP'). Recall that the object Quotj; .p1(E) represents the functor

Quot, p (E) : Comp(CP")°P — Set,

which takes an object T'— CP' in Comp(CP") to
Quot. ... (E)(T) := {quotients Er - Q - 0 on Tw(M)p =Tw(M) xgp T':

1f,CP!

Q is flat over T" and Er — @ has invertible kernel} ,
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where E7 denotes the pullback of E via the projection Tw(M )y = Tw(M) xcpr T —
Tw(M). On the other hand, the subspace n,'(a(Piceps Tw(M))) € Dougpi(Z)
represents the functor

D : Comp(CP')°? — Set,

which takes an object ¢g: T - CP' in Comp(CP') to
D(T) :={divisors D € Zp = Z xcp T':

Op is flat over T and Vt € T, O(D;) € a(Pic Mg(t))},

where we identify Pic M; as a subset of Picgpr Tw(M).

Now fix ¢: T — CP'. We want to construct a bijection

O - Quotllmpl(E)(T) «— D(T).

This will be essentially a generalization of our previous construction of the maps

®:pt(Lr) <= 1, (¢*(L}) ® Oz,(1)). Indeed, identify Quot .,(E)(T) with the

set of equivalence classes of sheaf monomorphisms L < Er on Tw(M )y, where L is

a line bundle on Tw(M )z. There is a canonical map

. 1
pr - QUOtlf,(C

[L - Er] — [L].

L(E)T) — PicTw(M)r

Note that, if L € Pic Tw(M ), the fibre of pr over L looks like
pr (L) ={[¢] e P(Hom(L, Er)): ¢ : L - Er is a sheaf monomorphism

and the quotient @ is flat over T'} .
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Now let gr : Zr 2 P(E}) - Tw(M)r be the natural projection, and let nz,. be the
map
ngz. : D(I) — PicZr
DcZr — [O(D)].
Similarly to the above, if N € Pic Zp, then

nz (N) ={[¢] eP (Hom(Oz,,N)):4: Oz, - N is a sheaf monomorphism,

the quotient @' is flat over 7" and VYt € T, N; € a(Pic Mg(t))}.

Now, given L € Pic Tw(M)r, using the projection formula and (gr).(Oz.(1)) = Er,

we have
Hom(L, Er) = H*(Tw(M)7, L*® Er) 2 H*(Z7, ¢(L*)(1)) = Hom(Oz,., ¢-(L*)(1)).
In order to conclude that this defines a bijection

O i pp (L) <= nz, (qr(L7)(1)),

we need to verify two things. First, we have to check that sheaf monomorphisms in
Hom(L, Er) correspond to sheaf monomorphisms in Hom(Oyg,,¢r(L*)(1)). Since
this is a local statement on Tw(M )7, we can restrict our attention to a neighbour-
hood U of a point « € Tw(M )7 where L|;; = Oy and Er has a local frame sq,...,s, €
O(Er)(U). Then, with our identification, both elements of Hom(L|;, Er|;) =
Hom(Ov, E7|;;) and Hom(Oy1 (1), q}(L*)(1)|q%1(U)) = Hom(Oy:1 (1), Ogz1 (1) (1)) cor-
respond to sections

181 + ... S,
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where aq,...,a, € (’)TW(M)T(U). It’s not hard to see that in either case we have a
sheaf monomorphism at x € Tw(M)r <= Ann((a;),)n...nAnn((a,),) = {0} in
O,.

The second verification we have to make is that the flatness conditions for
p7 (L) and nz! (¢7(L*)(1)) are equivalent. So let Q be the quotient of a monomor-
phism L — Ep, and let ' be the quotient of the corresponding monomorphism
Oz, = ¢5(L")(1). Choosing a point z = (m,t) € Tw(M)r = Tw(M) xep T, by the
local flatness criterion (see [16], Theorem 6.8), @ is T-flat at (m,t) if and only if
Tor{ (Cy, Qm.y) = 0. Since 77 : Tw(M)z - T is a flat morphism (a consequence of
the fact that 7: Tw(M) - CP' is flat, and that base change preserves flatness), we

have

O m
Tor? (Ct, Q(mypy) = Tory ™ (Cy 80, Oy, Qumaty)

and the latter is just the stalk at (m,t) of the sheaf

TOTI(OMﬂ%l(t) ) Q) = TOTI(OMQU) ) Q)a

where the fibre 77! (t) € Tw(M)r is identified with M, via the diagram

M,y Tw(M)p —= Tw(M)
A
(1) T CP

9
So the flatness of () is equivalent to the vanishing of the sheaves T or(O M, (t),Q) for

every t € T', which in turn is equivalent to the injectivity of the sheaf morphism
Lt = L|7r%l(t) —> (ETNW,}l(t) = Eg(t)
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for all t. By an entirely analogous argument, Q' is flat if and only if the induced

sheaf morphism
OZT|7r%1(t) = OZg(t) - q’;(L:)(l)

is injective for all . The equivalence of the two conditions is shown exactly as the
corresponding statement for Hom(L, Er) and Hom(Oy,.,¢7(L")(1)).

Finally, if we let ar : Pic Tw(M )y — Pic Zr be the map L ~ ¢5(L*)(1), and put
the bijections p;' (L) «<— nz (¢7(L")(1)) together, we get a bijective map @7 that
makes the diagram

Quot, . (E)(T) —D(T)

PICTW(M)T Pic ZT

ar

commute. m
We would now like to apply Proposition 4.1.5 to translate Theorem 4.1.4 from a

statement about properness of subsets of Dougpi (Z) into a statement about proper-

ness of subsets of Quotllf cpt (B).

Proposition 4.1.6. Let g denote the hyperkdhler metric on M. For any d € R, the

subspaces
Quotme (E)sa, Quotme (E)sa < Quotllf7C]P1 (E),

defined by the inequalities deg,(L;) > d, resp. deg,(L;) > d, are complex-analytic

and proper over CP*.

68



Proof. Recall that we have maps

de
Quotl 1 (E) > Picep Tw(M) —3 R

[p:Lr > Er] —  (I,a(Lr)) > deg,(Lr)

By construction of Picgpr Tw(M) and Lemma 2.3.13, we can easily see that the
map deg, is locally constant on Picgepr Tw(M), hence it is also locally constant on
Quotllf’ml(E). It follows at once that both Quotllfﬁcpl(E)Zd and Quotllfﬁcpl(E)Nl are
unions of connected components of Quotllfm,,l (E), hence they are analytic. It remains
to show that they are compact.

The rest of the proof closely follows the argument of Teleman on page 9 of
[46]. Let r denote the rank of E and n the complex dimension of M. Recall that the
hyperkahler metric g induces a natural metric on the twistor space Tw (M), which we
will also denote by ¢, abusing the notation slightly. Choose an arbitrary Hermitian
metric h on E. The Chern connection of (E,h) induces an Ehresmann connection

on the projective bundle ¢ : Z = P(E*) - Tw(M), that is, a subbundle HZ ¢ T'Z

such that there is a direct sum decomposition

TZ=-HZaVZ,

where V' Z is the vertical tangent bundle of ¢ : Z — Tw(M). With this decompostion,
one can think of HZ as the horizontal tangent bundle with respect to ¢g. Note that,
because the Chern connection of (F, h) is compatible with the holomorphic structure
of E, the distribution HZ € T'Z is preserved by the almost-complex structure of Z.
On the other hand, note that the metric h on F induces a natural Hermitian metric

on the vertical tangent bundle V' Z on Z; this is just the Fubini-Study metric on the
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fibres ¢7'(z) = P(E}) = P! of the projection ¢ : P(E*) - Tw(M) induced by the
metric h. We will denote by wgg the corresponding Hermitian form, thought of as a
real vertical (1,1)-form on Z. It is now easy to see that if w denotes the Hermitian
form of g on Tw(M),

Q:=¢"(w) +wrs
is a real positive (1,1)-form on Z such that TZ = HZ & V Z becomes an orthogonal

direct sum in the corresponding metric G on Z. Letting I € CP', the restriction of

G to the submanifold Z; ¢ Z, as in the diagram

Z; = P(E})— Z = P(E")

qIL |

M~ Tw(M),

will be denoted by Gy; the corresponding Hermitian form is
Qp = qj(wr) +wrs

with w; the Kahler form on Mj.

Now fix I € CP! and let L; be a holomoprhic line bundle on M;. We want to
relate the degree of L; with respect to ¢ to the degree of ¢j(L;) with respect to a
Gauduchon metric in the conformal class of G;. By Theorem 2.3.15, there exists a
g-Hermitian-Einstein metric v on L, and by Proposition 2.3.10, the curvature R of

the Chern connection on (Lj,~) satisfies the equation

/= deg, (L
vl R | Awlt = —egg( 1) wi.
27 n!'Vol, (M)
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We now verify that the metric ¢j(v) on ¢j(L;) is Gj-Hermitian-Einstein, and its

Einstein constant is proportional to deg,(L;). We will use the fact that wh.g =0 for

k>ron Z.
-1, o . -1 n+r-—2 . e .
() nare =g (G ) o (") oy atd -

(n+r-2) (/-1
(r—l)!(n—l)!ql( o
~ (n+r-2)1 deg,(Ly)
T r-Dl(n- 1)l Vol, (M) "
_ 1 degQ(LI) Qn+r—1
(n-1)!'Vol, (M) )™

Y n—-1 r—1 _
RY nwj )/\wFS =

(Wi) Awhg =

n+r-1

where we have used the fact that

n+r-1

Q?I’L+7‘—1 — ( o

)q}(w?)Aw%‘sl'

We have thus shown that the G;-Einstein constant of the line bundle ¢;(L;) on Z;
is proportional to deg,(L;) (and in fact the constant of proportionality does not
depend on the complex structure ). If G} is a Gauduchon metric in the conformal

class of Gy, it follows from Proposition 2.3.16 that

deger (q7 (L)) = C - deg, (L)

for some positive constant C' > 0. If we now let I € CP" vary, then since G; depends
smoothly on I € CP', we can choose a family of Gauduchon metrics {G}} on {Z;}
such that G} is in the conformal class of G; and G depends smoothly on I € CP*;

furthermore, using Proposition 1.3.5 of [32], we can choose the G} in such a way that
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for any nontrivial line bundle N; € Pic Z;, and any nonzero section s € H 0(Z 1, Nr),

we have

deggr Ny = Volg, {s =0},

where Volgr {s =0} is the volume of the analytic subset {s =0} ¢ Z; with respect to
the restriction of the metric G. It follows from this that there exists a continuous

function C; : CP' - R*® such that for any [ € CP! and L; € Pic My,
degGII(q}“(LI)) = C1 (1) - degy(Ly).
Recall that we have a map
o : Quotllfy(cpl (F) — Dougp:(Z),

which is a complex-analytic isomorphism of Quo‘cllf cpt (E) with a union of connected

components in Dougpi(Z). We have, for an element [¢;: Ly - Er] of Quotllﬂml (E),
Vol ©([p1]) = dege, (Oz,(1) ® q7 (L])) = degg (Oz,(1)) = C1(1) - degy(Ly).

Using the continuity of the family {G"}, we have that the function Cy on CP' defined
by
Co(1) = deggy (O, (1))

is continuous. In other words, we have that

Volay ([1]) = Ca(1) = Co(1) - deg, (L),
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where C : CP! > R, ¢, : CP' - R are continuous. Letting € > 0, we know by

Theorem 4.1.4 that the subset

is proper over CP', hence in particular compact. Accordingly, its preimage under

the map &,

Cy(I)-¢

O (Dougp (Z)<) = {[gp : L; > FEf] :degg(LI) > A0

} c Quotllf’wl (E)

is also compact. Since CP' is compact and C; > 0, we can choose € > 0 such that

CQ([)_5

< d for all I e CP".
Ci(I)

Then both Quotj; wpi(E)zq and Quoty opi(E)sq are subsets of @' (Dougpi (Z)e.),

hence both are compact. We are done. O

To go ahead with the proof of Theorem 4.1.2, we need one more technical result,
whose proof is given in [46]. Recall that if V' is an r-dimensional complex vector space,
for any 1 < s <r -1, the Grassmanian Gr(s,V") of s-dimensional complex subspaces

of V' can be embedded via the Pliicker map
Gr(s,V) — P(AsV)
(v1,...,05) — [vi1A...AU,]

as a Zariski-closed subset of P (A*V'). We denote by Cs(V') the cone in A*V over the

image of Gr(S,V) in P(A*V'). Similarly, if F is a complex rank r vector bundle over

a manifold Y, we denote by Cs(E) the fibre subbundle of A*E consisting of exterior
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monomials in the fibres of A°E. It turns out that to test E for stability we only have
to consider line subsheaves of the various bundles A*F with values in the closed cone
subbundle C5(F) c A°E.
Proposition 4.1.7. Let Y be a complex manifold with a Gauduchon metric g, and
let E be a holomorphic rank r vector bundle over Y. The following conditions are
equivalent:

(i) E is g-stable (g-semi-stable).

(i1) For every 1 <s<r—1, and any non-trivial morphism ¢ : L - A°E, where L is

a line bundle and Im(p) € Cs(E), one has
deg, L < s-juy(E) (resp. deg, L <s-py(E)).

Proof. Proposition 2.15 in [46]. O

Proof of Theorem 4.1.2. Recall that we denote by Sy € S? the set of generic complex
structures on M. Note that if I € Sy, p14,(Er) = 0 by Lemma 2.3.13. Since Sy is dense
in S? (Proposition 2.2.5), by continuity, we have u,(FE;) = 0 for all I ¢ CP'. By

Proposition 4.1.6, the subpaces
Quotllf’(cpl (E)sa, Quotllf,ml (E)saq € Quotllf’ml(E)
are analytic and proper over CP', hence their projections in CP*
CPi, ={I:3L; € PicM; and ¢; : L; = E; such that deg, L; > d},

CP.,={I:3L;ePicM; and ¢;: Ly = Ey such that deg, L; > d}
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are Zariski closed. For any 1 <s<r-1, let Quotllf opt (B )" denote the closed analytic
subspace of Quotllf cpt (A°E) consisting of equivalence classes of sheaf monomorphisms
[pr: Ly > A°Er] with Im(ipr) € Cs(Er). Then the intersections of Quoty: .pi (A°E)sq

and Quoty; .p1 (A°E)sq with Quot, .pi (E )" are again analytic and proper over CP*,

hence their projections
((CIPid)s ={I:3¢;: L; > A*E; with Im(p;) € Cy(Er) and such that deg, Ly >d},

(CPL,)" ={I:3¢r: L; > A*E; with Im(p;) € C(E;) and such that deg, Ly > d}
are again Zariski closed. It only remains to observe that, by Proposition 4.1.7,

(CPHY =cP'~ U (CPY)", (CPY)™=CP'~ |J (CPL)".

1<s<r-1 1<s<r—1

4.2 Irreducible bundles and fibrewise stability

Recall that an irreducible vector bundle is one that does not have proper sub-
sheaves of lower rank, while a generically fibrewise stable bundle £ on the twistor
space Tw(M) of a hyperkdhler manifold M is one that stably restricts to all the
fibres of the twistor projection 7w : Tw(M) — CP!, except perhaps finitely many.
For an arbitrary induced complex structure I € CP*, we denote by M; the complex
manifold (M, ) and by E; the restriction of E to the fibre 771(7) = M;. The main
result of this chapter follows.
Theorem 4.2.1. Let M be a compact simple hyperkahler manifold and let E be a

holomorphic vector bundle on the twistor space Tw(M). If E is generically fibrewise
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stable, then it is iwrreducible. The converse is true for vector bundles of rank 2 and

3, as well as for bundles E of general rank that are generically fibrewise simple.

Proof of forward implication and converse for the cases tk E =2,3. The forward im-
plication is due to Kaledin and Verbitsky (28], Lemma 7.3). Suppose E is generically
fibrewise stable. Since the set of generic induced complex structures Sy is dense in
CP' by Proposition 2.2.5, we can always choose a complex structure I € Sy such that
E; is stable. In fact, by Lemma 2.3.13, it is irreducible, since any proper subsheaf of
E; of lower rank would destabilize Ey, both having slope 0. Given a subsheaf F ¢ F
on Tw(M), observe that F is torsion-free, being a subsheaf of the torsion-free E,
hence its singularity set has codimension > 2, so in particular its restriction to M is
a subsheaf F; ¢ E; of the same rank as F. It follows that either rk(F) = 0, in which
case F = 0 since it’s torsion-free, or rk(F) = rk(E). Thus E is irreducible. Observe
that in our proof we have only used that Ej is stable for a single generic complex
structure I € Sy € CP*, which is consistent with the results of the previous section.
We now prove the converse for the cases rk /' = 2 and 3. Let E be an irreducible
rank 2 bundle on Tw(M ), and suppose F is not generically fibrewise stable, i.e. there
are infinitely many I € CP* such that E; has a destabilising line subsheaf. Then, by

Theorem 4.1.2, it actually follows that E; is non-stable for all I € CP', i.e. the map

Quoty; cp1 (E)s0 — CP'

is surjective. Since this map is analytic and proper, we conclude that there is a con-

nected component in Quo‘cllf cpt (E)s0 which projects onto CP'. By the set-theoretic
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description of Quotllﬂ(cpl (E) in the previous section, this means that there is a com-
plex line bundle L on M with SU(2)-invariant first Chern class ¢; (L) (which guaran-
tees the existence of a unique hyperholomorphic structure on L, see proof of Corollary
2.3.14), such that VI € CP!, if L; denotes the induced holomorphic structure on L
over My,

dimHOHlMI(L[,E]) = dlmHO(M[,L; ® E[) >1.

Let Tw(L) be the twistor transform of the hyperholomorphic bundle L. We will
examine global sections of the vector bundle Tw(L*) ® E on Tw(M). Applying the
semicontinuity theorem ([41], p. 5, see also Theorem I11.12.8 in [22] for the algebraic
version) to the twistor projection 7 : Tw(M) — CP', we see that there exists an
integer m > 1 such that dim H°(M;, L} ® E;) = m on a non-empty Zariski open
subset of CP'. Since the pushforward sheaf 7, (Tw(L*) ® E) is torsion-free, and
torsion-free sheaves on CP' are locally free, we conclude that 7, (Tw(L*) ® E) is a
vector bundle of rank m on CP'. By the Birkhoff-Grothendieck theorem (Theorem
2.1.1 in Chapter 1 of [41]), m.(Tw(L") ® E) splits as a direct sum of line bundles.

It’s clear that the evaluation map
™ (. (Tw(L*)® E)) — Tw(L*)® E
is nonzero, hence for a suitable d € Z we can find a line subbundle

0— Ogpi(d) — 7. (Tw(L*)® F)
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such that, when taking the pullback along 7, we get a nonzero composition of mor-

phisms
Orwny(d) =7 (Ogpr (d)) — 7" (m.(Tw(L*) ® E)) — Tw(L*) ® E.

But tensoring with Tw(L), we get a sheaf monomorphism Tw(L)(d) - E. This
contradicts the irreduciblility of E. It follows that £ has to be generically fibrewise
stable.

Now let E be an irreducible rank 3 bundle on Tw(M), and suppose E is not
generically fibrewise stable. Again, by Theorem 4.1.2, E; admits a destabilizing

subsheaf VI € CP'. In the notation of the proof of Theorem 4.1.2, we have

and since these subsets are Zariski closed, it follows that one of them is equal to the
whole CP'. If ((CIP’;O)I = CP', then a repeat of the argument for the case tk F = 2

gives a line subsheaf of F. In case
(CPLy)" = {I:3L; € Pic M; with degL; >0 and L; = Co(E;) € A2E;} = CPY,

observing that the cone subbundle of exterior monomials Cy(E) ¢ A*E is equal to the
whole A%F for a rank 3 vector bundle, we repeat the same argument as above with
F replaced by A?E to conclude the existence of a hyperholomorphic line bundle L
and an integer d € Z such that there exists a sheaf monomorphism Tw(L)(d) < A*E
on Tw(M). Since the image of this morphism clearly lies in Cy(E) = A*E, we

can use it to construct a rank 2 subsheaf of E (see proof of Proposition 2.15 in
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[46]), contradicting irreducibility. We thus conclude that E is generically fibrewise
stable. =

Before proving the converse for the case that E' is generically fibrewise simple,
let us try to see if our proof for the case rk ¥ = 3 would generalize to irreducible
bundles of a general rank r. Arguing by contradiction and assuming £ is not gener-
ically fibrewise stable, we can again deduce from Theorem 4.1.2 that all E; admit

destabilizing subsheaves over M;, from which it follows that

r—1

CP' = (CPly) U (CPL,) U u (CP)
Since this is a union of Zariski closed subsets of CP', we must have
CP! = (CIP;O)S ={I:3L; € Pic M; with degL; >0 and L; = Cs(E;) € A°E}}

for some 1 < s<r -1, and so a connected component of the intersection of analytic
spaces Quotllﬁwl(E)s N Quotllﬂml(ASE)Zo projects onto CP'. Just as above, this
connected component is associated to a hyperholomorphic line bundle L on M and
we can conclude that m, (Tw(L*) ® A°E) is a nonzero vector bundle on CP'. In fact,

by Grauert’s theorem (Theorem 10.5.5 in [20]), outside a finite set in CP', the fibre

of m(Tw(L*) ® A°E) at I € CP' has the form

W*(TW(L*) ® ASE)] = HO(M[,L; ® ASE[) = HOII]MI(L],ASE]).
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However, unless s = 1 or r - 1, it’s no longer true that Cs(E;) = A*E}, so that taking

an arbitrary line subbundle
0 — Ogpi(d) — m(Tw(L*) @ A°F),
on CP' no longer guarantees that the corresponding sheaf monomorphism
0— Tw(L)(d) — A°E

on Tw(M) will take values in Cs(FE), so it will not in general give a rank s subsheaf
of E. So while for every I € CP' there exist sheaf monomorphisms ¢ : L; > A*E]
over M taking values in C(Ey), it’s not apparent that they can be “glued” into a
global monomorphism over Tw(M). Thus, in case s # 1,7 -1, a direct generalization
of the argument for the case rk E/ = 3 fails, and we need to make further efforts to
arrive at a contradiction.

To describe this problem slightly differently, take the projectivization of the vec-
tor bundle N = 7, (Tw(L*)® A*E) on CP', and note that there is a 1-to-1 correspon-
dence between line subbundles of N and sections of the projection v : P(N) - CP*,

By Grauert’s theorem, the generic fibre of v looks like
’U_l(I) = P(HOH]MI (L[, ASE])),

and since for an element ¢ € Homyy, (L, A*Ey) taking values in Cs(Ey), every mul-

tiple ag for a € C clearly also takes values in Cs(E}), we get a well-defined closed
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analytic subset

Y ={(I,[¢]) | ¢: L = A°E} takes values in C5(E;)}——P(N)
u i
\ CP!,

where the map w is surjective. The problem then reduces to finding a section of the
map u: Y - CP', which would give a line subbundle Oppi(d) < 7, (Tw(L*) ® A*E),
from which one can construct a rank s subsheaf of E on Tw(M), as described in the
previous paragraph. Note that at this point it becomes a purely algebraic problem,
since P(NV) is projective algebraic, being the projectivization of a vector bundle on
CP', and thus so is Y, by Chow’s theorem ([21], p. 167). Unfortunately, we don’t
have any information about the structure of Y, so we cannot assume the existence

of a section of u. However, we have the following algebraic result.
Lemma 4.2.2. Let u:Y — C be a surjective morphism of complex projective vari-
eties, where C' is a smooth curve. There always exists a multisection of u, in other
words, an algebraic curve X, which we can assume to be smooth and projective, to-

gether with a branched cover f: X — C, and a morphism s : X - Y, making the

diagram
Y
X — C
commute.

Proof. We use the language of schemes (see [22], Chapter II). Let K(C) denote
the function field of C, and let K(C') be its algebraic closure. We take the fibred
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product of u : Y — C' with the composition of canonical morphisms Spec K (C') -
Spec K(C) - C:

Y x¢c K(C)—=Y

Spec K(C) ——C
By the scheme-theoretic version of the Nullstellensatz (see Proposition 1.8.3 and the

discussion following it in [33]), there exists a K (C')-rational point of Y xo K(C'),

i.e. a morphism Spec K (C) » Y x¢ K(C) over K(C). From the diagram above, it’s
clear that such FC)—rational points are in a 1-to-1 correspondence with morphisms
Specm — Y making
Y
)
Spec K(C) —C
commute. We fix such a morphism Spec K (C) — Y, and choose open affine sub-

schemes V = Spec B ¢ Y, U = Spec A € C such that Spec K(C') maps into V' and

w(V) cU:
V =Spec B B (4.1)
| v
Spec K(C)——=U = Spec A K(C)<—A

Now observe that the subfield L ¢ K(C') generated by the image of B contains K (C'),
and in fact K(C) - L is a finite field extension, since B is a finitely-generated
A-algebra. By the correspondence between smooth projective curves and finitely-

generated extension fields of C of transcendence degree 1 (see Corollary 1.6.12 in [22]),
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there exists a unique smooth projective curve X such that K(X) = L and a unique
dominant morphism f: X — C that induces our field extension K(C') - K(X) =L
on the level of function fields. Let W = Spec R € X be any open subscheme such that

f(W) cU, so that we have commutative diagrams

W = SpecRT> U =Spec A R<T>A (4.2)
Spec L —— Spec K (C) L<—K(C)

By shrinking W if necessary, we can make sure that the homomorphism B — L ¢

K(C) in the diagram (4.1) can be written as the composition
B3Ro Lo K(CO),

where the homomorphism §: B - R induces a morphism of affine schemes s: W =

Spec R - V = Spec B. Combining the diagrams (4.1) and (4.2), we get

V =Spec B /j?
SpecK(C’)—>W=SpecRT>U:SpecA K(C) ’T F 7;[4
Spec L ——— Spec K(C) L<—K(C)

We have f = S04 in the diagram on the right (and hence f =wo s in the diagram on

the left) since the upper and lower paths from A to K(C') are the same by virtue of

(4.1), the lower triangle and square are commutative, and R < K (C') is injective. It
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only remains to observe that the commutative diagram

Y Y
7
/ lu can be completed to i Lu
Ve
C C

W=7 X7

since X is smooth and Y is projective (see Proposition 1.6.8 in [22]). O]

Going back to the map u: Y - CP' we have constructed previously and applying
this lemma, we get a multisection of u over some branched cover f: X — CP'. We
proceed as follows to arrive at a contradiction.

1. We take the fibred product Z of w: Tw(M) - CP* and f: X - CP" as in the
diagram
7 —>Tw(M)
| |-
X ——~CP'
and use the multisection obtained above to construct a subsheaf F ¢ ¢*E of
rank s on Z.
2. We take the pushforward of F and ¢*E along ¢ to obtain a rank s subsheaf
0.(F) € 0u(¢*E) over Tw(M). We show that ¢.(p*E) is a direct sum of

copies of E twisted by some divisors on Tw(M):
0. (p*E)2E(D))®...® E(Dy).

3. In view of the above direct sum decomposition of . (¢* E') and the irreducibility

of E, we show that the subsheaf ¢,(F) € E(Dy) @ ... ® E(D,) is essentially
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isomorphic (in a sense to be made precise) to a direct sum of some of the
E(Dy),...,E(Dy),say E(D1)®...® E(D;) with t < d.

4. Identifying ¢.(¢*E) with E(Dy)®...® E(Dy) and ¢.(F) with E(Dy)®...®
E(D,), we now use the generic fibrewise simplicity assumption on F to deduce
that the sheaf monomorphism from E(D;)®...@ E(D;) to E(Dy)®... @ E(Dy)
has a particularly simple form, namely that of a d x t matrix of meromorphic
functions on CP'. From this we can get a contradiction to the fact that F is a
proper subsheaf of ¢*E of lower rank on Z.

To sum up the above in one sentence, the irreducibility of £ and the fact that
is is generically fibrewise simple put rigid conditions on subsheaves of direct sums of
copies of E on Tw( M), from which one concludes that the pullback bundle ¢*E on Z
is irreducible as well, and this gives a contradiction to the fact that the multisection
constructed in Lemma 4.2.2 can be used to obtain a proper subsheaf of p*E of lower

rank. We now proceed with the rest of the proof of the theorem.

Proof of converse of Theorem 4.2.1 for the case E generically fibrewise simple. Let
E be a vector bundle of rank r on Tw(AM) which is irreducible and generically
fibrewise simple. Assume E; is non-stable for infinitely many I € CP'. By Theorem
4.1.2, E is non-stable for all I € CP', and by the proof of Theorem 4.1.2, there exists
a number 1 < s<r -1 and a hyperholomorphic line bundle L on M such that for all

I € CP! there are non-trivial morphisms

L[ —_—> CS(E]) c ASE[
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over M;, where as usual C5(FEy) denotes the cone subbundle of exterior monomials
in A°E;. if s=1orr-1,Cy(E;) = A*E;, and an argument entirely analogous to the
case tk ' = 3 shows that these morphisms can be assembled into a line subsheaf of
A’ E on Tw(M) taking values in Cs(E), which in turn contradicts the irreducibility
of E, proving that F is generically fibrewise stable. Assume 1< s <7 —1.

By a previous discussion, 7, (Tw(L*) ® A*E is a nonzero vector bundle on CP'
whose generic fibre is isomorphic to Homyy, (L;, A*Ey). Taking the corresponding

projective bundle P (7, (Tw(L") ® A°FE), we have the closed algebraic subvariety

V={([eD [ ¢: Lr = C(Er) e NE}—P (m(Tw(L") ® A°E),

u

CP!

v

where u is surjective. Applying Lemma 4.2.2; there exists a multisection
Y
/ 1
X ; CP
where f: X — CP' is branched cover of degree d. Taking the fibred product

Y xept X € B(f*(r.(Tw(L*) ® A'E))),

our multisection s : X — Y gives a section of the morphism Y xqp X — X, so we

obtain a line subbundle

0— Ox(D) — f*(r.(Tw(L*) ® A°E))
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on X, where D is some divisor. By construction, over a generic point P € X, this
subbundle is taking values in f* (L} py®Cs(Efp))). Let Z denote the fibred product

of f: X - CP' and the twistor projection 7 : Tw(M) - CP', as in the diagram

7 —> Tw(M) (4.3)
I
1
X — CP
On X, there is a canonical morphism,

[ (Tw(L?) @ AE)) — p (" (Tw(L") ® A°E)),

which over a generic point of X is an isomorphism, since f is biholomorphic in a
neighborhood of every P € X except at branch points, of which there are finitely
many. Composing this with the morphism Ox (D) - f*(m.(Tw(L*) ® ASE)) con-

structed above, we get a line subsheaf
0 — Ox(D) — p.(¢"(Tw(L) 8 A°E)) = p. (0" (Tw(L))" ® " (A°E)),
and pulling back along p to Z, we take the composition
0z(D) = p*(Ox(D)) ~ p* (p« (0" (TW(L))* ® " (A°E))) = ¢*(Tw(L))" ® " (A*E),

which is a monomorphism since it is nonzero, and which takes values in o*(Tw(L)) ®

©*(Cs(F)) by construction. Tensoring with ¢*(Tw(L)), we get

0 — ¢"(Tw(L))(D) — ¢"(A°E),
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which takes values in ¢*(Cy(E)) = Cy(p*E). The line subsheaf ¢*(Tw(L))(D) <
©*(A°FE) gives rise to a rank s subsheaf F € ¢*E on Z; replacing F by a normal
extension in ¢*F if needed (see [41], p. 80), we can assume that F is a normal
subsheaf of p*FE over Z.

Taking the pushforward of the sheaf monomorphism F < ¢*E along the map
¢, we obtain by the left-exactness of p, a sheaf monomorphism ¢, (F) < ¢.(¢*F)
on Tw(M), which we will denote by ~. Since we assumed that F was normal over
Z, it’s not hard to see that ¢, (F) is normal on Tw(M) as well. As for ¢, (p*F), it
happens to be a vector bundle whose structure can be described nicely in terms of

the original bundle £. In the diagram (4.3) we have an isomorphism

e« (p"(Ox)) 27" (f:(Ox))

(see Theorem II1.3.10 and Theorem II1.3.4 in [1]). Using the Birkhoff-Grothendieck

theorem, we can write

0 (0z)=¢.(p"(Ox)) 27" (f.(Ox)) 27" (é OCPI(DI)) = @OTw(M)(Dl),

where Dy, ..., D, are some divisors on CP': we use the same notation for the corre-
sponding divisors on Tw( /), which should cause no confusion in view of Corollary

2.3.14. Using this decomposition and the projection formula ([41], p. 6), we have

V(P E)=0. (0 EF®0z) 2 E® ¢, (0z)2E(D))®...® E(Dy).

88



We thus have a sheaf monomorphism 7 : . (F) = E(D1) ®...® E(Dy) on Tw(M).

For any subset {i1,42,...,%;} € {1,2,...,d}, we have the usual projection
EDy)®...@ E(Dy) — E(D;)®...® E(D;,).

We would now like to show that there exists a choice of such a subset {i,is,...,i;}

so that the composition
¢.(F)— E(D))e...0 E(D;) — E(D;))®...® E(D;,)

is a monomorphism of sheaves with quotient being a torsion sheaf; this last condition

is equivalent to the condition rk ¢, (F) =tk E(D;)®...® E(D;,). Let 1 <j<d and

look at the composition

0 (F) 5 E(D))e...e BE(D;) — @ E(D)=E(D)e..e0E(D;)e...0 E(D,).
l#]

Let K; denote the kernel of this composition. We have the following diagram with

exact rows

0 K; 0. (F) D E(Dy)
|
|

Y

0— E(D;)—=E(D)) ®...® E(Dy) —> ®.; E(D;) —=0

It follows from the irreducibility of E(D;) that the induced morphism K; - E(D;)
is either zero or rk K; = rk E(D;). If the latter is true for every j from 1 to d, it’s
not hard to see that rk g, (F) =tk E(D;)®...® E(Dy), but this cannot be as ¢, (F)

is a subsheaf of ¢, (p*E) of lower rank. Thus for some j = j;, Kj, =0, and so the
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composition

p.(F) — E(D1)®...0 E(Ds) — @ E(D)

l#j1

must be a monomorphism. If rkp.(F) = tk@®,.;, E(D;), we stop here. If not, we
repeat the argument above with {1,...,d} replaced by{l, T ,d} to conclude
the existence of an index j, € {1, T d} so that the composition

pu(F) — D EMD) — D E(D)

121 1£j1,42

is still a monomorphism. Continuing in this manner, we eventually arrive at a
monomorphism ¢, (F) = E(D;) ® ... E(D;,) with tkg.(F) =1tk E(D;,) @ ...
E(D;,). We cannot have t = 0 as this would imply ¢.(F) = 0, contrary to the
construction of F. Rearranging indices if necessary, we can assume that E(D;,) @
. ®E(D;,)=E(D))®...©E(D;). We denote the morphism that we just constructed
by

w:p(F)— E(Dy)®...® E(D),

and taking its quotient, we get the short exact sequence
0— ¢.(F) 5 E(D))e...0 B(D) — T — 0, (4.4)

where 7 is a torsion sheaf because of rank considerations. Thus, the morphism
p:p(F) > E(Dy)®...® E(D;) has an inverse on the open set Tw(M )\ Supp(T)
with a complement of positive codimension, and we would like to extend this inverse
to the whole Tw(A/) in some way.

We start by observing that Supp(7) has pure codimension 1 in Tw(M), in

other words, it lies on a divisor. Indeed, let x € Tw(M), and suppose 7T, contains a
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nonzero element ¢, defined over a neighborhood U 5 z. Suppose A = Supp(¢) € U has
codimension > 2 in U. Shrinking U if necessary, we can assume that ¢ € 7(U) comes
from an element € € (E(Dy) @ ...® E(D;)) (U). We have the following diagram with

exact rows:

0 — . (F) () —2

(E(Dy)e...e E(D))(U) T(U)

0—— o (F)U~ D" T2 (BED)e...0 B(D)) (U~ A) —=T(U~ A)

The first and second vertical arrows are isomorphisms because the corresponding
sheaves are normal. As the restriction of ( to U\ A is zero, it follows by the exactness
of the second row that the restriction of £ to U \ A comes from ¢, (F)(U N A). But
then the same must hold over U, so by the exactness of the first row, ( must be zero
over U, which is a contradiction. It follows from this that Supp({) € U cannot have
components of codimension > 2. Globally, it means that Supp(7) must have pure
codimension 1.

In order to construct an inverse to the morphism p : ¢, (F) - E(D;)®...@E(D;)
on Tw(M), we first need to pass to a different category. Let M denote the sheaf of
meromorphic functions on CP', and let 7*M be its pullback to Tw(M). As 7*M
is a sheaf of rings on Tw(M) (in fact, a sheaf of Ory(ar-algebras), it gives rise to
the corresponding abelian category m*M-Mod. Tensoring p with 7* M, we get a

morphism in this category, which we will denote by the same letter:

prp(Fyeomw M — [E(D)®...0 E(Dy)]® m* M.
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Moreover, by tensoring the short exact sequence (4.4) with 7* M, we get the sequence
0— o (F)eom*M AR [E(D))e..e E(D)]emM—Term*M—0 (4.5)

in 7* M-Mod, which is also exact. To see this, note that the sheaf M is flat over CP'.
Indeed, since the stalk of Opp over any point in CP' is a PID, the flatness condition
of M is equivalent to its stalks being torsion-free, which they certainly are. It then
easily follows that 7*M is flat over Tw(M). In the above short exact sequence, we
have T@7m*M = 0. Indeed, for any x € Tw(M) with 7, # 0, we know that the support
of every element ( € T, lies on the hypersurface V' = 7=1(7(z)). Choosing a local
coordinate z about 7(x) € CP', the fact that 7, is a finitely-generated O,-module
guarantees that a sufficiently high power of the local coordinate z* annihilates 7.

Then for any element ( ® f € T, ® (7*M),, we have
(of=C2Peozrf=0.

Thus, T@mM =0, and so p: p.(F) @ mM - [E(Dy)®...® E(Dy)] @ n*M is
an isomorphism of 7* M-modules. So it has an inverse in the category m* M-Mod,

which we denote by
n:[E(D))®...e E(D)]eonm*"M — ¢, (F)®m* M.
The Ory(an-algebra structure on 7 M gives rise to the natural functor

-®mM : Opy)-Mod — 7*M-Mod,
g — G mT*M
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which, as we have seen above, is exact. On the other hand, there is a natural forgetful

functor in the other direction,

(—)@TW(M) i mM-Mod —  Oqpy)-Mod,

H HOTW(]W)

where by Ho,,,, we simply mean the sheaf of 7* M-modules H viewed as a sheat of
Oy (amry-modules; if the context is clear, we will usually denote Horywan by H as well.
Just like for ring extensions, the tensor product functor and the forgetful functor
described above are adjoint to each other; namely, for an arbitrary Oy ar)-module

G and an arbitrary 7*M-module H we have a one-to-one correspondence

Homﬂ—*/\/{ (g ® W*M7 H) (;) HomOTW(]w) (ga %OTW(]W)) )
GoemM—H — §—0gmM—H
GgomM —H i Gg—H

where the natural morphism G - G ® 7*M is obtained by tensoring the inclusion
Orwmy = ™M with G. Taking G = E(D,)®...® E(D,), H = p.(F) ® 7™M in the
above correspondence, the isomorphism of 7* M-modules n: [E(D1) @ ... ® E(D;)]®
T*M — ¢, (F)®m* M that was constructed in the previous paragraph gets mapped

to the composition
E(D))®...@ E(D;) — [E(D)®...© E(D)]®m"M — ¢, (F)®n*M,

which we will denote by 7 as well. We would now like to show the existence of a divisor

D on CP' and a morphism of Orpyyy-modules E(Dy) & ... ® E(D;) - ¢.(F)(D)
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that completes the diagram

0. (F) e m*M
]
E(Dy)e®...® E(Dy)--->p.(F)(D),
where the vertical map is the natural morphism ¢, (F)(D) = ¢.(F)(D) ® m*M =
©(F) ® Oryoy (D) @ M = (F) @ T M.
Our first goal is to show that for any divisor D the natural map ¢.(F)(D) —
0« (F) ® m* M is a monomorphism. We can combine the short exact sequences (4.4)

and (4.5) into the following commutative diagram with exact rows:

0. (F) E(Dy)e...e E(D,) T 0

| |

00— (F)emM——=[E(D)e...0 E(D,)]®nm*"M—=0

The second vertical arrow is a monomorphism since it is obtained by tensoring the
inclusion Ory () = ™M with E(D,) @ ... ® E(D;) which locally is just a direct
sum of copies of Ory(ary. Then by commutativity and exactness it follows that the
first vertical arrow ¢, (F) — ¢.(F) ® 7*M is a monomorphism. Given any divisor
D, twisting the above diagram by D and repeating the same argument shows that
0 (F)(D) - ¢.(F) ® 7*M is a monomorphism as well. In this way, the collec-
tion {@.(F)(D): D is a divisor on Tw(M)} constitutes a hierarchy of subsheaves

of v.(F)® m*M, in the sense that for divisors D < D" we have the commutative
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diagram

P« (F)(D) © o« (F)(D')

/

o (F)em*M
In fact, it’s not hard to see that ¢,(F) ® 7*M is the direct limit of the system
{o(F)(D)}

Recall that we have the morphism n: E(D;)®... @ E(D;) - ¢.(F)®m* M, which
was obtained from the inverse to the morphism u : . (F) - E(Dy) ® ... & E(Dy)
in the category m*M-Mod. We would like to show that there exists a divisor D
on Tw(M) such that the image of n: E(Dy) ® ... ® E(D;) — ¢.(F) ® m*M lies
inside the subsheaf ¢, (F)(D) € ¢.(F) ® n*M. Going back to the short exact
sequence (4.4), it’s clear that p is an isomorphism outside Supp(7’), so on the open
set Tw(M) ~ Supp(T), n takes values in the subsheaf ¢,(F) ¢ p.(F)® 7*M. On
the other hand, let x € Supp(7). We have previously shown that Supp(7) is a
union of fibres of 7; letting V' = 7=1(7(x)), we can choose a local coordinate z about
7(z) € CP' and a neighborhood U 3 z in Tw(M) such that U nSupp(7) € V, and
such that the vector bundle E(D;) @ ... ® E(D,) trivializes on U with generating
sections {s1, S2,...,sx}. The restriction of 7 to U is completely defined by its action

on these generating sections, and shrinking U if necessary, we can write

nU) = [E(D)e...e E(DY](U) — [e(F)ermM]U)

S; — u; ® ki
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for 1 <4 < N, where u; € p,(F)(U) and z* is some power of the local coordinate.
Taking

k =— min k;,
1<i<N

it’s not hard to see that 7|y takes values in the subsheaf ¢.(F)(kV)|y € p.(F) ®
7 M|y. Repeating the above argument for every point in V' besides z, and invoking
the compactness of V', we can conclude the existence of an integer ky € Z such that

for an open neighborhood W 2 V' satisfying W n Supp(7) € V, we have

Im(nlw) € @ (F)(kvV)lw € 0. (F) @ 7° Ml

Writing Supp(7) = Vi u...V, as a union of fibres of 7, and repeating the above for
every hypersurface Vi,...,V,,, we can conclude that there exist integers kq,...,k, € Z

such that, globally,
Im(n) € o (F)(BiVi+...+ k. V) o (F)@m M.

In other words, letting D = k1 Vi +...+k,V},, the morphism n: E(Dy)&...®@ E(D;) —
0« (F) ® m* M factors through the subsheaf p,(F)(D) € p.(F) ® 7* M, giving us a

morphism which we will denote by the same letter:

n: E(Dl) D... @E(Dt) - @*(f)(D)
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This morphism 7 is a partial inverse to the morphism p: o, (F) - E(Dy)e...®E(D;)

in the category Ory(ar)-Mod, in the sense of the following commutative diagram:

0« (F) E(Dy)e...® E(Dy) (4.6)

f/f

P-(F)D) 5 [E(D) & ® B(D)] (D)

Note that outside Supp(D), p and 7 are bona fide inverses of each other. Our next
goal is to use the identification of ¢, (F) with E(D;) @ ... ® E(D;) via the above

diagram to describe the sheaf monomorphism
Vi (F) — (e E) = E(D1) @ ... @ E(Dy)

in a particularly simple form.

Let 1<j<t t+1<1<d, and look at the composition
E(D;-D) - E(D,-D)e...eE(D;-D) "D 0. (F) 2 E(Dy)e...®E(D,) » E(D;),

where the first and last arrow are the usual direct sum inclusion and projection,

respectively. To describe the structure of this morphism, we look at
Hom (E(D; - D), E(D;)) = H(Tw(M), E*(-D; + D) ® E(D;)) =
= H'(Tw(M),End(E)(-D; + D + D;)) = H*(CP', 7, [End(E)(-D; + D + D;)]) =
H(CP', 7. (End E)(-D; + D + D)),

where we have used the projection formula in the last line. At this point we examine

the pushforward sheaf 7, (End E) on CP'. It is locally free since it is torsion-free, so
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it splits as a direct sum of line bundles by the Birkhoff-Grothendieck theorem. Since
the vector bundle E on Tw(M) is irreducible, it is stable, hence it is simple (see [32],

Proposition 1.4.5), so we have
Hom(E, E) = H*(Tw(M), End E) = H'(CP', 7, (End E)) = C,

Consequently, using the Bott formula (see [41], p. 4), we can conclude that in the
Birkhoff-Grothendieck direct sum decomposition of 7,(End E), there is exactly one
summand of the form Ogpi, while all other summands (if any) are negative line
bundles. On the other hand, by Grauert’s theorem, the rank of 7, (End F) is equal
to dim H°(M;,End E;) = dim Hom(E;, E;) for a generic point I € CP'. But since we

assume F to be generically fibrewise simple, this is equal to 1, so
T (End E') = Ogpr.
With this in mind, we have
Hom (E(D; - D), E(D;)) = H*(CP', Ocpi (-D; + D + D;)).
In other words, the composition
E(D;-D) > E(D,-D)6...0E(D;-D) "5 ¢.(F) X E(D))e.. ®E(D,) - E(D,)

is simply the pullback of a meromorphic function on CP' to Tw(M). Let us denote

this function by a; ;. It now follows that the composition

E(Di-D)e...® BE(D;~ D) "2 0.(F) L E(D) ®...0 E(Dy)
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takes the form of a d x ¢ matrix of meromorphic functions from CP':

10 0 )
0 1 0
0 0 - 1
A=
Q11 Ape1,2 00 Qe
Q21 Age22 0 Qg2
Qq.1 Qg2 * Qdy

Here, the upper t x t submatrix is the identity matrix by the commutativity of the
diagram (4.6). From now on, we restrict our attention to the open set Tw(M) \
Supp(D). We know that on this set n(-D) is an isomorphism while the bundle
E(Dy-D)®...® E(D;— D) is naturally identified with E(D;)@...® E(D;), so that

the above composition takes the form
E(D))e&...0 BE(D,) — ¢.(F) - E(D))e...0 E(D,)

In what follows, we will identify ¢, (F) with E(D;)@...® E(D;) on the set Tw (M)~
Supp(D).

We will now complete our argument by showing that the above description of
the morphism 7 : ¢, (F) - ¢.(¢*E) is incompatible with the fact that F is a proper
subsheaf of p*E of lower rank on Z. Recall that in the diagram (4.3) f and ¢ are
branched coverings of degree d. We can choose a point z € Tw(M) and an open

neighborhood x 5 U such that
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(i) « lies outside the ramification locus of ¢ (equivalently, m(x) lies outside the
ramification locus of f) and the neighborhood U is evenly covered by ¢, that
is, o "1(U) € Z is a disjoint union of open neighborhoods Uy, ..., U, such that

V1<i<d, ¢ restricted to U; is an isomorphism

v U — U.

¥

V1<i<d, let x; € U; denote the point mapped to x by ¢.
(ii) U does not intersect Supp(D) u Supp(D;) U...uSupp(Dy) in Tw(M).
(i) ¢~ 1(U) € Z does not intersect the singularity set S(F) of F. In other words,
the restriction of F to ¢=1(U) is locally free.
We first look at the sheaf ¢,.(Oz) on Tw(M). Since by choice of U the covering

© trivializes over this set, we have the natural trivialization
a:.(0z)ly — OF,

over U, where the i-th direct summand on the right corresponds to the sheet U; over

U. On the other hand, we have the decomposition

©:(0z) 2 Oty (D1) ® ... & Oryary(Dy).

Since U was chosen to lie outside Supp(D;) u...uSupp(Dy), for each 1< j <d the
restriction of the direct summand Ory(ar)(D;) to U is naturally isomorphic to the

structure sheaf Oy, giving us another trivialization

B9 (0g)|y — 024,
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The transition function o 7' : (’)?}d - (’)?}d takes the form of a d x d matrix B of
holomorphic functions on U, everywhere non-singular. In particular, at the point

x € U, the matrix B(z) represents the transition
O.(D))e...e0,(Dy) — O, @...00,,

between the two descriptions of the stalk ¢.(Oz).,.
We now look at the restriction of the sheaf monomorphism v : ¢, (F) - ¢.(¢*F)

to U, in particular at the corresponding morphism of stalks at z € U:

Yot Pu(F)a — 0u(@*E),.

v, can be described in two different ways. Firstly, as U is evenly covered by Uy, ..., Uy

with zq,..., x4 the corresponding preimages of z, we have
SO*(F)CE = fx1 D... Q‘Fl‘d? (10*(90*E)I = (SO*E)Il ®...0 (SO*E)Z‘W

and -y, is simply the direct sum of the monomorphisms F,, = (¢*F),, defining F as

a subsheaf of ©*FE on Z:
Vo' Fue,®... ®F, — (0"E)y, @...0 (9" E),,.

In particular, since F was constructed as a proper subsheaf of p*E of lower rank
(and by choice of U, F is locally free in a neighborhood of each of z1,...,z4), for

any 1 <1 < d the composition

0(F)o=Fu, ®...0 Foy 5 0 (0" E)y = (0*E)g, ® ... @ (0*E)y, — (¢*E)a.
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of ~, with the usual projection cannot be surjective. On the other hand, with the
isomorphism ¢, (¢*E) 2 E®p.(0z) 2 E(D,)®...® E(Dy) and the identification of
0«(F) with E(Dy)® ...® E(D;) on Tw(M) ~ Supp(D) (and hence on U), we have

0 (F)e2E.(Dy)®...® E.(Dy), 0 (O E),2E (D) ®...® E.(Dy),

and 7, can be described by the matrix A(z) constructed previously:

Az
et Eo(D) & ...0 En(Dy) "D E (D) ®...® E.(Dy)

By the discussion in the previous paragraph, the transition between the two descrip-

tions of the stalk ¢, (¢*FE),

B(:v) * *
E.(D))®..0E.(Dy) — (¢*E)z, ®...0 (¢*E),,

is given by the matrix B(x). Taking the composition of the above two morphisms,
since the matrix B(z)A(z) has rank ¢ > 0, at least one of its entries, say (i,7), is

nonzero. This means that the composition
B(x)A(z) , N N
E.(Dj) > Ex(D1)@®...0 E.(D) — "(¢"E)ey®... @ (" E)zy > (¢"E)a,
is an isomorphism, and in particular the composition

0u(F)o = Eo(D1)@.. .0 E (D)) = 0, (¢E)y = (" E)y @...0(p"E)yy — (9" E).,

is surjective, contradicting our earlier statement. We conclude that our original
assumption that F is not generically fibrewise stable is wrong, finishing the proof of

the theorem.
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]

4.3 A counterexample: stable but nowhere fibrewise stable bundle on
Tw(M)

A K3 surface is a compact simply-connected complex surface M with trivial
canonical bundle A*°M (see, for example, [21], pp. 590-594 for basic properties
of K3 surfaces). A nonzero section of the canonical bundle A*"M is a holomorphic
symplectic form on M; as a consequence of the Calabi-Yau theorem [53], a K3 surface
is hyperkihler. It is a simple hyperkihler manifold as h*°(M) = dime H*M = 1.
Its Picard group is discrete; the Picard number p(M) of a K3 surface is the rank of
Pic M, a number between 0 and 20 = "' (M).

Let M be a K3 surface of Picard number p(M) > 2. Then the degree map
deg : Pic(M) — Z has a nontrivial kernel, and any L € Pic(M) of degree zero is
actually hyperholomorphic (see Theorem 2.4 in [51]). We claim that such L can be
chosen to satisfy h'(M,L*) # 0. Indeed, the Riemann-Roch formula (see [21], p.

472) for a line bundle L on a K3 surface reads

hO(M, L) - hY(M, L) + h2(M, L) = # 12,

If L is a nontrivial line bundle of degree zero, then hO(M ,L) =0, since the fact that
L is hyperholomorphic guarantees that the Einstein constant of L is zero, and then
by the Kobayashi vanishing theorem (Theorem 2.3.11), any nonzero global section
of L must be parallel, hence nonvanishing. Similarly, h*(M, L) = h®(M,L*) = 0, so

for such line bundle L,
a(L)’

WM, L) =~

2.

103



By the Hodge-Riemann bilinear relations (see [21], p. 123), ¢1(L)* <0, since ¢; (L) is
primitive with respect to any induced Kéhler form on M (see the proof of Theorem
2.4 in [51]), hence replacing L by its multiple if necessary, we get h'(M, L) # 0, and
similarly ht(M, L") # 0.

So let L be a nontrivial degree zero line bundle on M with h'(M, L") # 0. Since
L is hyperholomorphic, we can take the corresponding twistor transform Tw(L) and

look at extensions
0 — Orwn)(-1) — E — Tw(L) — 0

on the twistor space Tw(M). These are parametrized by Ext' (Tw (L), Orw(ar)(=1))-

We have
Ext!(Tw(L), Onyan (1)) 2 HY(Tw(L") ® Oryan (-1)) = H (Tw(L7)(-1)).

Recall that we have the twistor projection 7 : Tw(M) - CP'. Using the projection

formula and Proposition 2.2.8, we have

Rz, (Tw(L*)(-1)) 2 Rz, (Tw(L*)) ®0.., Opt (—1) = O ®c H' (M, L*).

Thus,
HY(M,L*) =T (CP', R'r,(Tw(L*)(-1))) = H'(Tw(L*)(-1)) =

= Ext' (Tw(L), Orw(y(-1)).
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By the choice of L, this space is nonzero, hence we can choose a nontrivial extension
0— OTW(M)(_l) — F— Tw(L) —0 (4.7)

E is actually a vector bundle: given any coherent sheaf G on Tw(M), taking the

long exact sequence of the above with respect to the functor ##om(-,G), since
Ext?(Orwany(-1),G) = Ext?(Tw(L),G) =0

for any p > 0, it follows that likewise &ztP(FE,G) =0, hence E is locally free.

We now show that the vector bundle E is stable on Tw(M). Firstly, note that
1
degE = deg(’)Tw(M)(—l) + degTW(L) =-140=-1 =— H(E) = _5'

Given any horizontal twistor line {2} x CP' ¢ Tw(M), the short exact sequence (4.7)
restricts to

Since Ext'(Ogpr, Ogpi (-1)) = H' (Ogpi (1)) = 0, E|{x}><(CIP’1 = Ocpt @ Ogpr(-1). It
follows that the only possibility for the degree of a destabilizing line subsheaf of
is zero. Suppose we have such a subsheaf, which by Theorem 2.2.7 must necessarily
have the form Tw(L) < E, where L is an autodual line bundle on M. We look at

the composition 8 of Tw(L) = F with the map E — Tw(L), as in the diagram

Tw(L)
|
0 Oryqany(—1) ——= B Tw(L) —=0
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If 6 = 0, then by the exactness of the sequence Tw(L) < E lifts to a sheaf monomor-
phism Tw(L) < Orw(my(=1). This, however, is impossible, because, restricting to
any horizontal twistor line, the only possible morphism Ogpr = Ogpi(—1) is zero.

Thus, 6 represents a nonzero section in
Hom(Tw(L), Tw(L)) 2 H(Tw(L)* ® Tw(L)) 2 H*(Tw(L* ® L)),

but since Tw (L~ ® L) has degree zero, by the Kobayashi vanishing theorem (Theorem
2.3.11), this section is parallel, hence in particular nonvanishing. It follows that
0:Tw(L) - Tw(L) is an isomorphism, so from the above diagram we see that there
is a splitting ' = Tw(L) & Ory(a)(-1), contrary to the choice of E. It follows that
E must be stable.

Finally, we notice that restricting the short exact sequence (4.7) to any fibre

7 1(1)=M;<cTw(M), we get
0—>OMI—>E[—>L[—>O,

where both O);, and L; have degree zero, hence E; also has degree and slope zero.

It follows from this that E; is not stable for any I € CP'.
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CHAPTER 5
Conclusion

The results presented in this thesis can be generalized and investigated further in
many ways. Just as the result of Theorem 3.1.1 is used in [28] to establish correspon-
dences between certain moduli spaces on a hyperkahler manifold M and its twistor
space Tw( M), a natural question to ask would be whether the result of Theorem 3.2.3
could help one to establish similar correspondences in the case of a hypercomplex M.
While one cannot hope for the overall picture to be as nice for general hypercom-
plex manifolds as it is for hyperkahler manifolds as too much structure is lost in the
absence of a metric on M, one can still try to establish a twistor correspondence for
hypercomplex manifolds in one way or another. Perhaps the right procedure would
be to investigate the case of HKT-manifolds. These are hyperhermitian manifolds
that satisfy the property 9/ =0, where Q; =w; + V-1wg (see Section 2.2). Being
a generalization of hyperkahler manifolds, they retain enough structure and have a
rich and developing theory (see [2] for a survey of HKT-geometry). One can ask
whether in the case of existence of an HKT-structure on M Theorem 3.2.3 can be
proved in a simpler way, perhaps giving the balanced metric explicitly. While the
canonical Hermitian metric on Tw(M) obtained from the HKT-structure fails to be
balanced, it could perhaps be altered to produce a balanced metric.

Another question to investigate is whether the twistor space Tw(M) of a com-

pact hypercomplex manifold M admits other types of non-Kahler metrics in addition
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to a balanced one. For example, an astheno-Kahler metric on a complex manifold is a
Hermitian metric such that its Hermitian form w satisfies the condition 99 (w2) =0,
where n is the dimension of the manifold. It was shown in [18] that for a compact
hyperkéhler M the twistor space Tw (M) doesn’t admit astheno-Kéhler metrics. In
fact, balanced and astheno-Kéhler metrics are somewhat adverse to each other: a
longstanding opinion (referred to as “folklore conjecture” in [17]) stated that a com-
plex manifold cannot admit both a balanced and an astheno-Kéahler metric unless it
is Kéhler. Although this was proven wrong in [18], it would still be interesting to
see whether or not the twistor space Tw(M) of a compact hypercomplex manifold
M admits an astheno-Kahler metric.

For the results of Chapter 4, it is strongly suspected that the full converse to
Theorem 4.2.1 in fact holds for bundles E of arbitrary rank, without any further
conditions. One way of approaching this is apparent: knowing that the converse
is true for generically fibrewise simple E, we can try to show that this condition is
always satisfied for any irreducible bundle £ on Tw(M). An idea for the proof is
to argue by contradiction and assume the existence of a morphism F : E - E(D)
for some divisor D, which doesn’t come from a meromorphic function on CP*, and
look at the eigenvalues of this morphism. Clearly, no such eigenvalues exist over CP*
(else, their eigenspaces would contradict the irreducibility of £), but one can take a
branched covering f : X - CP' over which they do exist, and try to argue similarly
as in the proof of Theorem 4.2.1 by taking the fibred product of f: X — CP' and
7 : Tw(M) - CP', and using the eigendecomposition of the pullback of E to this

fibred product to arrive at a contradiction to the irreducibility of E.

108



1]

[9]

[10]

[11]

REFERENCES

C. Banica and O. Stanasila. Algebraic methods in the global theory of complex
spaces. John Wiley & Sons, 1976.

M. L. Barberis. A survey on hyper-Kéahler with torsion geometry. Rev. Union
Mat. Argent., 49(2):121-131, 2008.

A. Beauville. Variétés Kahlériennes dont la premiere classe de Chern est nulle.
J. Diff. Geom., 18:755-782, 1983.

M. Berger. Sur les groupes d’holonomie des variétés a connexion affine et des
variétés riemanniennes. Bull. Soc. Math. France, 83:279-330, 1955.

E. Bishop. Conditions for the analyticity of certain sets. Michigan Math. J.,
11:289-304, 1964.

C. P. Boyer. A note on hyper-Hermitian four-manifolds. Proc. Amer. Math.
Soc., 102:157-164, 1988.

P. J. Braam and J. Hurtubise. Instantons on Hopf surfaces and monopoles on
solid tori. J. Reine Angew. Math., 400:146-172, 1989.

V. Brinzanescu, A. D. Halanay, and G. Trautmann. Vector bundles on non-
Kaéhler elliptic principal bundles. Ann. Inst. Fourier Grenoble, 63(3):1033-1054,
2013.

V. Brinzanescu and R. Moraru. Stable bundles on non-Kahler elliptic surfaces.
Comm. Math. Phys., 254(3):565-580, 2005.

N. Buchdahl. Hermitian-Einstein connections and stable vector bundles over
compact complex surfaces. Math. Ann., 280:625-648, 1988.

E. Calabi. Métriques kihlériennes et fibrés holomorphes. Ann. Sci. Ec. Norm.
Sup., 12:269-294, 1979.

109



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

110

J.-P. Demailly. Complex Analytic and Differential Geometry. Available at
http://www-fourier.ujf-grenoble.fr /~demailly /manuscripts /agbook.pdf.

S. K. Donaldson. A new proof of a theorem of Narasimhan and Seshadri. J.
Diff. Geom., 18:269-278, 1983.

S. K. Donaldson. Anti self-dual Yang-Mills connections over complex algebraic
surfaces and stable vector bundles. Proc. London Math. Soc., 50:1-26, 1985.

S. K. Donaldson. Infinite determinants, stable bundles and curvature. Duke
Math. J., 54:231-247, 1987.

D. Eisenbud. Commutative algebra with a view toward algebraic geometry.
Springer Verlag, New York, 1995.

T. Fei. Construction of non-Kahler Calabi-Yau manifolds and new solutions to
the Strominger system. Adv. Math., 302:529-550, 2015.

A. Fino, G. Grantcharov, and L. Vezzoni. Astheno-Kéahler and balanced
structures on fibrations. Int. Math. Res. Notices. 'To appear, available at
arXiv:1608.06743.

P. Gauduchon. Sur la 1-forme de torsion d'une variété hermitienne compacte.
Math. Ann., 267:495-518, 1984.

H. Grauert and R. Remmert. Coherent Analytic Sheaves. Springer Verlag,
Berlin, 1984.

P. Griffiths and J. Harris. Principles of Algebraic Geometry. John Wiley &
Sons, New York, 1978.

R. Hartshorne. Algebraic Geometry. Springer Verlag, New York, 1977.

N. J. Hitchin. Kahlerian twistor spaces. Proc. London Math. Soc., 43:133—-150,
1981.

N. J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rocek. Hyperkahler metrics
and supersymmetry. Comm. Math. Phys., 108:535-589, 1987.

D. Huybrechts and M. Lehn. The geometry of moduli spaces of sheaves. Cam-
bridge University Press, 2 edition, 2010.



[26]

[27]

28]

[29]

[30]

[31]

32]

[33]
[34]

[35]

[36]

[37]

[38]

[39]

111

D. Joyce. Compact hypercomplex and quaternionic manifolds. J. Diff. Geom.,
35(3):743-761, 1992.

D. Kaledin. Integrability of the twistor space for a hypercomplex manifold.
Selecta Math. New Series, 4:271-278, 1998.

D. Kaledin and M. Verbitsky. Non-Hermitian Yang-Mills connections. Selecta
Math. New Series, 4:279-320, 1998.

S. Kobayashi. First Chern class and holomorphic tensor fields. Nagoya Math.
J., 77:5-11, 1980.

S. Kobayashi. Differential geometry of complex vector bundles. Princeton Uni-
versity Press, Princeton, NJ, 1987.

J.Liand S. T. Yau. Hermitian Yang-Mills connections on non-Kahler manifolds.
In Mathematical aspects of string theory, pages 560-573, London, 1987. World
Scientific Publ.

M. Liibke and A. Teleman. The Kobayashi-Hitchin correspondence. World Sci-
entific Publ., River Edge, NJ, 1995.

Yu. Manin. Introduction to the theory of schemes. Springer, 2018.

M. L. Michelsohn. On the existence of special metrics in complex geometry.
Acta Math., 149(3-4):261-295, 1982.

S. Mukai. Symplectic structure of the moduli space of sheaves on abelian or K3
surfaces. Invent. Math., 77:101-116, 1984.

D. Mumford. Projective invariants of projective structures and applications.
In Proc. Internat. Congr. Mathematicians (Stockholm, 1962), pages 526-530,
Djursholm, 1963. Inst. Mittag-LefHer.

M. S. Narasimhan and C. S. Seshadri. Stable and unitary vector bundles on a
compact Riemann surface. Ann. Math., 82:540-567, 1965.

A. Newlander and L. Nirenberg. Complex analytic coordinates in almost-
complex manifolds. Ann. Math., 65:391-404, 1957.

K. O’Grady. Desingularized moduli spaces of sheaves on a K3. J. Reine Angew.
Math., 512:49-117, 1999.



[40]

[41]

[42]

[43]
[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

112

K. O’Grady. A new six-dimensional irreducible symplectic variety. J. Alg.
Geom., 12:435-505, 2003.

C. Okonek, M. Schneider, and H. Spindler. Vector bundles on complex projective
spaces, volume 3 of Progress in Mathematics. Birkhauser, 1980.

H. Pedersen and Y. S. Poon. Deformations of hypercomplex structures. J. Reine
Angew. Math., 499:81-99, 1998.

R. Penrose. Twistor algebra. J. Math. Phys., 8(2):345-366, 1967.

G. Pourcin. Théoreme de Douady au-dessus de S. Ann. Scuola Norm. Sup. Pisa
1T, 23:451-459, 1969.

Ph. Spindel, A. Sevrin, W. Troost, and A. Van Proeyen. Extended supersym-
metric o-models on group manifolds. Nucl. Phys., B308:662-698, 1988.

A. Teleman. Families of holomorphic bundles. Commun. Contemp. Math.,
10(4):523-551, 2008.

A. Tomberg. Twistor spaces of hypercomplex manifolds are balanced. Aduv.
Math., 280:282-300, 2015.

K. K. Uhlenbeck and S. T. Yau. On the existence of Hermitian Yang-Mills
connections in stable vector bundles. Comm. Pure Appl. Math., 39:S257-S293,
1986.

K. K. Uhlenbeck and S. T. Yau. A note on our previous paper: On the existence
of Hermitian Yang-Mills connections in stable vector bundles. Comm. Pure
Appl. Math., 42:703-707, 1989.

M. Verbitsky. Hyperkahler embeddings and holomorphic symplectic geometry
II. GAFA, 5(1):92-104, 1995.

M. Verbitsky. Hyperholomorphic bundles over a hyperkahler manifold. J. Alg.
Geom., 5(4):633-669, 1996.

M. Verbitsky. Coherent sheaves on general K3 surfaces and tori. Pure Appl.
Math. @Q., 4(3-2):651-714, 2008.

S. T. Yau. On the Ricci curvature of a compact Kéhler manifold and the complex
Monge-Ampere equation I. Comm. on Pure and Appl. Math., 31:339-411, 1978.



