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RESUME

Nous avons mesuré la conductivité thermique a basse température pour sonder les
propriétés du supraconducteur non-conventionnel YBa,Cu30:_s (YBCO). Deux as-
pects furent étudiés: 1) I’anisotropie dans le plan, afin de comprendre la contribution
des chaines CuO, et 2) l’effect d’'un champ magnétique, pour étudier la contribution
des lignes de vortex. Nos résultats sont en bon accord quantitatif avec la théorie
des supraconducteurs ”d-wave ”. Nous avons trouvé une anisotropie tres faible (voire
négligeable), ce qui suggere qu’elle ne puisse simplement résulter de I'anisotropie du
tenseur de masse ou de I’anisotropie de la fréquence de plasma. Les études en champ
magnétique ont révélé une augmentation du terme linéaire (x/T quand T — 0) avec le
champ, reflétant la contribution & la densité d’états des états électronique délocalisés a
cause du décalage Doppler en présence de vortex. Nos résultats sont quantitativement

en bon accord avec les prédictions théoriques.



ABSTRACT

We have used thermal conductivity measurements at low temperature to probe the
behavior of the unconventional superconductor YBa;Cu3;0;_s5 (YBCO). Two aspects
were investigated: 1) the in-plane anisotropy, studied in order to gain insight into
the contribution of CuO chains, and 2) the effect of a magnetic field, investigated
in order to explore the contribution of vortices. Our results on the low temperature
thermal conductivity are in good quantitative agreement with the theory for a d-wave
superconductor. We have found a very weak (or even negligible) anisotropy suggest-
ing that the anisotropy could not simply be explained by mass tensor anisotropy or
the plasma frequency anisotropy. The magnetic field studies revealed an increase in
the residual linear term (x/T as T — 0) with field, reflecting the contribution to
the density of states from the extended quasiparticles due to their Doppler shift in
the presence of vortices. These results are in good quantitative agreement with the

theoretical predictions.
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1

INTRODUCTION

Superconductivity was discovered in 1911 by Heike Kamerlingh Onnes. Researchers
in his group noticed that the resistance of certain materials such as lead and mer-
cury disappeared at low temperature. Since then, superconductivity has become a
very widely researched topic. With the discovery of the high critical temperature su-
perconductors by Bednorz and Miiller in 1986, the physics of superconductivity has
ceased to be only a low-temperature phenomenon. Nowadays. it is not uncommon
that every academic and research institution has a at least one active group in the
field of superconductivity.

One of the most striking features of the superconductors is the absence of the
electrical resistance. But by no means is this the only fundamental property of super-
conducting materials. The anomalous behavior is present when the superconductor
is placed in the external magnetic field. It is not only that the field does not pene-
trate completely inside the superconductor. but only a finite depth called penetration
depth. but it is also that if material is cooled in the ficld below the critical tem-
perature, the field will be expelled from the inside of the material as it becomes
superconducting. The superconductors exhibit so called perfect diamagnetism. This
is the famous Meissner Effect discovered by Meissner and Ochsenfeld in 1933. Fur-
thermore, superconductors exhibit interesting behavior in specific heat and thermal
properties.

Until high T, superconducting materials were discovered. the standard BCS theory
of superconductivity predicted that the highest critical temperature would be around

30 K; otherwise, the lattice would become too unstable and superconductivity would
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be destroyed. These high T. materials, mainly copper oxide crystals, have transitions
to superconducting state at temperatures higher than the boiling point of liquid
nitrogen (77 K). This makes them easily accessible: liquid nitrogen is readily available
and it is quite inexpenstve.

The possibility of transmitting an electrical current virtually without resistance
bears a lot of important applications in itself. Prototype superconducting wires ca-
pable of transmitting current in very high magnetic fields are being developed. It is
predicted that in next five to ten vears, high-T. cuprates will have significant impact
on technology. Some of cuprate’s technological applications include: SQUIDS, NMR
coils, wireless communications subsystems, MRI coils, NMR microscopes, and digital
instruments [1].

Some of the central predictions of the theory of unconventional superconductors
are: the existence of a residual normal fluid (RNF') at zero energy, and universality
in the transport properties in the zero temperature-limit. Here. we only focus on the
high T. cuprates. In order to fully understand these predictions, researchers have
been undertaking various investigations. Our own investigations in the context of
high T, superconductors include:

1. effects of impurities (Zn and Ni doping) on transport properties.

2. anisotropy in transport in the basal plane.

3. effects of the magnetic fields; behavior in the vortex state.

The thermal conductivity of SC. as one of the transport properties, has been widely
studied. It is one of the features of superconductors that differs from the normal metal
behavior. All three effects mentioned above, can be studied via thermal conductivity
measurements. Thermal conductivity can be used as a probe of the quasiparticle
behavior especially at very low temperatures. It is a useful tool for the investigation
of the gap anisotropy of unconventional superconductors as well as for examination
of the effects of magnetic field.

The outline of my thesis is the following:

- Review of the superconductivity theory and heat transport.



1: INTRODUCTION

- Experimental aspects and improvements.
- Effects of anisotropy and magnetic field on heat transport in YBa;Cu30s.9.
- Discussion of the results.

- Conclusion and the future prospects.



2

REVIEW OF THERMAL CONDUCTIVITY

In this chapter, a review of the basic aspects of thermal conductivity is given. But,
prior to the discussion of heat transport, a short introduction to the theory of super-
conductivity is given. The reader is referred to the books by Tinkham [2], de Gennes
(3], and Berman [4] for more extensive discussion of superconductivity and thermal

transport in solids.

2.1 Introduction to the theory of superconductivity

2.1.1 A Brief Historical Overview

The era of superconductivity began with its discovery by Heike Kamerlingh Onnes
and his research group in 1911. They noticed that the resistance of certain metals,
such as lead and mercury. dropped abruptly to zero at a certain temperature, labeled
T.. The perfect conductivity, i. e. form of current without resistance, was discovered
[5, 2.

In 1933, another discovery occurred which was to become known as the Meissner
effect. When a magnetic field was applied to a superconductor, not only did the field
not penetrate inside the material except in a thin region near the surface, but as the
normal sample was cooled through T, the field was expelled from the interior. This
was the discovery of perfect diamagnetism [3, 2].

Soon later in 1935, the London brothers proposed a phenomenological theory of
the electromagnetic properties in which the wave functions were not modified con-

siderably when the magnetic field was applied. In other words, they regarded the
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superconducting state as being ’rigid’[5].

Pippard proposed a non-local modification of the London equations and introduced
the concept of coherence length &, which plays a role analogous to the mean free path
¢ in nonlocal electrodynamics of normal metals.

Pippard’s coherence length is given by:

fwf
kT,

& =a

where a is a numerical constant of order unity. Pippard’s proposition was analogous
to Chambers’s nonlocal generalization of Ohm’s Law [5, 2. 6].

In 1950, Ginzburg and Landau put forward the general macroscopic phenomeno-
logical theory of phase transitions which was not as appreciated at the time of its
appearance due to its phenomenological foundation. But the theory was a triumph
of physical intuition [2].

Finally. in 1957, Bardeen, Copper and Schrieffer introduced the well known BCS
theory of superconductivity, now labeled BCS Theory. The theory is based on the
fermi liquid normal state; the essence of the theory is the attractive potential that can
give rise to the Cooper pairing. The theory combines the electrons into the many body
wave-function which is a coherent superposition of pairwise correlated states of band
clectrons. If superconductivity is to occur, an attractive interaction should dominate
the repulsive short-range screened Coulomb interaction between the electrons.

BCS theory is based on the model, referred to as BCS model. The main simplifying
assumptions of the BCS model are summarized here:

e the lattice is responsible for the positive attraction between the electrons via the
exchange of virtual phonons,

e the potential is isotropic (s-wave); hence, the energy gap in the excitation spec-
trum is isotropic [7, 3].

e the weak coupling limit (weak interaction between electrons) was assumed; there-
fore, no k dependence is needed.

[t seems by now that in the case of the cuprate superconductors, the mechanism

responsible for superconductivity is something different than the electron - phonon
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interaction. One of the signs of the unconventionality is the presence of nodes in
the superconducting gap that lead to existence of the quasiparticles even at the zero
temperature limit [8, 9]. The theory that would describe the unconventional super-
conductors has not yet been reached, but numerous aspects of the unconventional
superconductors have been investigated.

In our lab, we use the thermal conductivity as a probe of the quasiparticle behavior
in unconventional superconductors. Three of the main differences between a s-wave
superconductor (conventional) and an unconventional, e.g. d-wave superconductor
are:

1. effect of impurities

2. pronounced anisotropy

3. contribution of the vortices

All three features can be investigated using thermal conductivity. In my thesis, [

will mainly focus on the second and the third feature.

2.1.2 BCS theory

BCS Theory, developed by Bardeen, Cooper and Schrieffer is a powerful and elegant
microscopic theory that successfully predicts and explains the basic principles on
which superconductivity rests as well as the features of superconducting materials.
The theory rests on the idea that even a weak attraction can bind electrons into at
bound state.

The wave function ¥ that describes the superconducting system is a many body

coherent superposition of identical pair states. It can be written as:

Wees = [T (ug + veekye_g,) 0) (2.2)

k

2
uEI is the probability

2 - . 7 - .
where lv;l is the probability of a pair state & being occupied,
of a pair state k being unoccupied and the ct’s are standard creation operators from
second quantization.

[t was shown by Cooper in 1956 that even a very weak attraction between two
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electrons leads to the formation of a bound state, now called a Cooper pair. In
the original model, the two electrons in a Cooper pair have opposite momenta and
spins, £ T and —k |. The characteristic length scale of the correlation between two
electrons in the Cooper pair is labeled by £&. In conventional superconductors, the
positive attraction between two electrons is the result of lattice polarization. Note the
crucial role of the Pauli exclusion principle. The pairs can not be formed in isolation;
it is necessary that there exists a Fermi sea.

We can visualize the mechanism for superconductivity in the following way. The
first electron passes through point 7 and at time ¢ and polarizes the lattice since
the electron is negatively charged and it attracts the positively charged neighboring
ions. The electron moves off fast at the Fermi velocity while the ions, who have much
heavier masses than the electron, respond slower and relax from disturbance slower
with a characteristic frequency of the order of Debye frequency. At later time ¢/, there
is still some positive charge on the lattice because it is still partially polarized due to
the slow response. This can attract another electron. In such a way, the two electrons
have interacted via a lattice vibration: a phonon. The two electrons are separated
in time and space, and therefore the repulsive Coulomb interaction is reduced. The
separation between the two electrons, as it has already been pointed out, is called the
coherence length, &.

The pairs are created by the linear combination of the normal state electronic
configurations with opposite spin and momenta whose energy is less than energy of
the electrons in the normal state. In the ground state wave-function, the two states,
k 1 and —k | are either both occupied or both unoccupied. In order to create an
excitation, quasiparticles, there is a certain minimum energy that needs to be supplied
and that energy is given by the superconducting cnergy gap. Therefore, the energy
gap plays the role of the minimum excitation energy [2]. As shown by Valatin and
Bogoloyubov, excited states can simply be treated as quasiparticle excitations that

obey Fermi-Dirac statistics.
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The quasiparticle energy is given by:
= (a2 + 1A' (2.3)

where ¢, is the unperturbed plane-wave (or band) energy measured from the Fermi
energy, ¢x = &x— Ey, and & is the unperturbed plane-wave (band) energy. It is evident
that A plays the role of the energy gap since at the Fermi surface where ¢; = 0, the

energy of excitation

= |A] {2.4)

meaning that the energy is finite and greater than zero [2].

At very low temperatures, the system is not excited much, the mean free path for
scattering the quasiparticle by the other quasiparticle is large and it is sound to treat
the excitations as independent of each other. These quasiparticles correspond to the
normal electrons in the two fluid model [10].

Bardeen et al. [5] arrived at a self-consistent equation for the energy gap that
directly relates the & dependence of energy gap A, to the symmetry of the pairing

potential V.

1
=Y —2 v (2.5)
5

[2, 7].

Because of the BCS assumptions that the potential was isotropic and non-zero
only in a thin shell around the Fermi surface, the BCS gap has no k dependence. But
the symmetries other than s-wave can lead to anisotropic gap such as d-wave gap.
The anisotropic potential V; will lead to the gap A that is not isotropic. Therefore,
one can study Ay in order to reveal information about V;.

The temperature dependence of the BCS gap is given by:

hwe tanhif(c? + A2)'?
N(O)V (€2 + Az)lﬂ

de. (2.6)

From this expression, A can be calculated numerically [2].
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an |
A(0) i A(C) = 1.76kT.

i ] A i ]
0 02 0.4 0.6 08 1.0

I
T
Figure 2.1: The temperature dependence of the BCS energy gap after [2].

The temperature dependence of the gap A arises from the many body interaction.
The variation of A with the square root of (T. — T') is characteristic of all mean-
field theories. Figure 2.1 shows the energy gap as a function of temperature in BCS
theory. Near 7., the gap behaves as %‘%)l x (T. — T)l/2 with A(0) = 1.76kgT. as a
zero temperature value of the gap. [t was calculated using the weak coupling limit.
although it is a good approximation for most other cases. Near T = 0, the tempe-
rature variation of the gap is exponentially slow. Below about T/T,. ~ 0.4, the gap
becomes essentially constant because at these temperatures not many quasiparticles
are thermally excited.

Several measurements reveal the existence of a gap; for example the specific heat

as a function of temperature at low temperatures. In the normal metal, at low

temperatures, the specific heat is given by:
C(T)= AT + BT® (2.7)

where the first term is attributed to electrons and the second to phonons. The
specific heat of a superconducting sample shows a jump in the specific heat as a
result of the discontinuity in the density of states at T.. The specific heat, just below
critical temperature, jumps to some higher value than the one in the normal state and
continues to decrease but in an exponential manner falling well below the normal state
value as T — 0. The value of C(T) in the superconducting state at low temperatures
is much smaller than the value in the normal state. The electronic term is not linear

~-A/kgT

any more but it exhibits an exponential behavior of the form e , where A is
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Figure 2.2: Temperature dependence of the specific heat in both normal and superconducting states
after [2].

ir
2 -
N(E) Superconducting
NO)
g jhormal
1 ]
0 { 2 3

Bt

Figure 2.3: The density of states in normal and superconducting states as function of temperature
after [2].

the value of the gap. This exponentially activated behavior in the thermal properties
is typical of the systems in which the ground state is gapped from the excited state
[11]. All of this is seen on the figure 2.2.

A fundamental quantity in calculationsof the quasiparticle properties is the density
of states, DOS. In the isotropic case, i.e. s-wave the density of states is zero below
the gap energy and it diverges just above the point where the energy is equal to the
gap energy, meaning where the temperature is equal to the critical temperature. All
k states whose energies fall in the gap in the normal metal are raised in the energy
above the gap in the superconducting state.

Figure 2.3 shows the density of states in the superconducting and normal states.

Since it is well established by now that the quasiparticles can be treated simply as
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fermions, it is sound to evaluate the superconducting density of states by equating:

Ny(E)dE = N,(e)de (2.8)

Since we are interested in the energies that are just a few mel’ away from the
Fermi Energy, we can take

Nn(e) = N(0) (2.9)

Using this assumption, along with the expression for the energy of a quasiparticle

(Ei = A? + €%). we arrive at the following expression for the density of states:

N.(E)/N(0) = de/dE = E/(E? — AY?if (E > A) (2.10)

and

N(E)/N(0) =0if (E < 0) (2.11)

We expect a divergent density of states right above energy equal to A. The total
number of states is conserved [2].

The BCS theory is very successful in explaining conventional superconductivity,
where the mechanism responsible for the superconductivity is the electron phonon
interaction. On the other hand, the unconventional superconductivity, where the
gap function has nodes, can not be described by the phonon mechanism. In uncon-
ventional superconductors, such as the high-T. cuprates, pairing is not likely to be
electron-phonon. But the BCS theory, in its general from, is still valid in the case of
unconventional gap svmmetry. BCS model can be relaxed in order to describe such
systems.

The problem of the non-phonon mechanism is intimately related to that of the
critical temperature. This is because the critical temperature is expressed though the
parameters of the pairing interaction. For example, in the conventional superconduc-
tors T, is given by T. = 1.14AQe'/* where Q >~ Qp and X is the coupling constant
[12].
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Even long before the BCS theory, there was a hope for high temperature supercon-
ductivity. [n the early 1960’s after the development of BCS theory, it was erroneously
believed, because the theory implied it, that high temperature superconductivity was
not attainable. It was believed then that the superconductivity was just a low tem-
perature phenomena. The coupling constant A was predicted to have a highest value
of 0.5; otherwise, the lattice would become to unstable. This limit on the coupling
constant set the limit on the T.. According to the BCS formula, the critical tempe-
rature was expected to be order of magritude smaller than the Debye temperature.
It follows then that the critical temperature could not be high. But, in 1964 the hope
was revived by a paper by Little in which he proposes the model for non phononic
mechanism of superconductivity that would allow high critical temperatures. Little’s
work played a crucial role in the further development of superconductivity. Not only
because it proposed the non phonon mechanism, but it revived the old dream of high
temperatures superconductivity [12].

Several different mechanisms were proposed but the consensus has not yet been

reached on what is the mechanism involved in the unconventional superconductivity.

2.2 Review of thermal and electrical conductivity in solids

The heat current in a sample is given by the following formula:

jn = =kVT (2.12)

where j, is the heat current, « is the thermal conductivity. and VT is the tempe-
rature gradient.

When in equilibrium, there is no net heat flow, and the thermal current is zero. If
there is a disturbance, such as a temperature gradient, the heat current will flow.

Generally in the solid, heat conduction is due to different excitations such as lattice
vibrations, electrons, magnons etc. Therefore, the total thermal conductivity can be

written very generally as:

Kiot = Ke + Kph + Km + ... (2.13)
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In the case of the YBCO crystals, we do not expect any appreciable magnon
contribution to the thermal conductivity because either there are no magnons present
as in YBa,Cu3Q0¢9 which is non-magnetic, or because the spin wave gap in AFM
insulating YBa;Cu3Qs is at the order of 100 K; the effects of magnons are negligible
and can be safely excluded from the analysis at low temperatures (§].

The thermal conductivity of a metal in the superconducting state is in general very
different from the thermal conductivity in the normal state. This was first pointed
out by earlier works of Mendelssohn [13] and Olsen and Rosenberg [14]. The heat
current in superconductors is carried only by quasiparticle (the normal fluid’) and
by phonons. Because Cooper pairs do not carry any entropy. they are not effective
carriers of heat.

Now, as the temperature decreases below 7, the number of quasiparticles decreases
as electrons condense into a Cooper pairs. So. we expect «(7T) due to electrons to
decrease with temperature faster than in the normal state. And indeed in a conven-
tional superconductor, the electronic thermal conductivity decreases exponentially
as the temperature decreases. For unconventional superconductors, the situation is
more complicated, as we shell see.

Cooper pairs are also not effective as scatterers of phonons and electrons. As T
is reduced, there are less electrons off which phonons are scattered and the phonon
mean free path increases. Hence, £(T') due to phonons can be much larger than in the
normal state [12]. If the phononic (lattice) contribution to the thermal conductivity
is negligible in the normal state, then as electrons condense. the thermal conductivity
in the superconducting state becomes lower than the thermal conductivity in the
normal state.

The microscopic theory of Bardeen, Rickayzen and Tewordt [10] gave a clearer
picture of the thermal conductivity in the superconducting state. This will be dis-
cussed in more detail later on, but let just mention that they were able to calculate
the magnitude and temperature dependence of the lattice and electronic thermal

conductivities in the superconducting state [15, 10].
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2.2.1 FElectrons

The Drude theory for metallic conduction developed at the turn of the century is based
on classical physics where electrons are treated as a gas-like particles. Although it
fails to explain some experimental details that require extensive quantum-mechanical
approach, it is still widely used for rough estimates of the transport properties in
metals [11]. The Drude model assumes that electrons are accelerated by the electric
field for the average distance ¢ (mean free path) before they lose the extra velocity
acquired. The acceleration process is stopped by the electron’s collision with the

atom. Then, the electrical conductivity as carried by electrons is given by:

n.e’r

g =

- (2.14)

where n. is the number of free electrons per unit volume, m. and e are electron
mass and electron charge respectively, and T is the scattering (relaxation) time.

Thermal conductivity is treated in a similar manner. In the presence of the tem-
perature gradient, electrons travel a distance { (mean free path) before colliding with
atoms and transferring their excess thermal energy. The heat conduction is given by

the following formula:

(V]
—
o
N——

K= éCcv;‘fr (2.
where C. is the specific heat of electrons.
If we take the ratio of the thermal and electrical conductivities as given by the
above expressions using the appropriate substitutions, we arrive at the following :

kw2 (kg\®
— == 2.1
o 3(6)T (2.16)

This is just a Wiedemann-Franz Law stating that the ratio of the two conductivities
is proportional to the temperature [4, 11]. The constant in the above expression is
the Lorenz number, L,, whose value, now labeled the Sommerfeld value of the Lorenz

number, is equal to 2.44 x 1078 WQ/R™2.
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At high temperatures, the mechanism that mostly limits the electronic mean free
path is scattering of electrons by the lattice. At these temperatures, effectiveness
of the lattice in scattering off electrons is proportional to the vibrational energy of
lattice which (lattice energy) is in turn proportional to the temperature. It follows
then that the mean free path of the electrons is proportional to 1/T. Hence, the
electrical conductivity is expected to vary as 1/7. At lower temperatures, the lattice
is less effective in the scattering electrons and limiting their passage; it follows that
the electrical conductivity increases faster than the 1/T law.

We will be interested in the low temperatures where the electrons are mostly
scattered not by the lattice but by the imperfections in the lattice (impurities, in-
terstitial atoms, defects...). Here, the mean free path of electrons becomes constant
independent of temperature. Therefore, the electrical conductivity is constant at low
temperatures as well. At low temperatures, the phonon mean free path is mostly
limited by the crystalline boundaries as we shell see in the next section.

One can utilize the Wiedemann-Franz law along with the known behavior of the
electrical conductivity, discussed above, to extract information about the expected
behavior of thermal conductivity in metals. The general results of such naive analysis
are in pretty good agreement with what has been observed because in most metals
thermal conductivity is almost entirely due to electrons; but the details are incorrect
because we can not generally assume that the mean free path in expression for the
thermal conductivity is the same as the mean free path in the expression for .

If the heat transport at low temperatures is dominated by electron - impurities
scattering which is an elastic process, the Wiedemann Franz law should be obeyed.
On the other hand, if the predominant mechanism for scattering is inclastic electron
- electron scattering, we do not expect W-F to hold. In inelastic scattering, there
is loss of the heat from the system to the surrounding, and the heat transport by
electrons will be degraded. One can think of this scenario as being equivalent to
charge transport. We think of the electron’s charge as being responsible for the

transport of the electric current. Due to the electric charge being fixed, the only way
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Figure 2.4: Thermal ~ and electrical o conductivity in metal as function of temperature after [4].

of degrading the electrical current is by changing the momentum of the electron. In
the case of thermal conductivity, one can think of the ‘charge’ on the electron as being
simply the energy carried by it. Depending on the nature of the scattering process,
the thermal conductivity will be affected differently; hence, the ratio of thermal to
electrical conductivity will either stay the same, meaning W-F will hold; or it will not
stay constant and W-F will fail [7].

At low temperatures, electrons are mainly scattered by impurities. This is an
elastic process and we expect W-F law to hold. For example, aluminum is the system
in which electrons dominate transport at all temperatures, and we expect W-F law
to be obeyed at low temperatures.

The results illustrated in figure 2.4 are the following. The thermal conductivity
at high temperatures is constant. At low temperatures it is proportional to the
temperature. This is easily realized if ¢ (whose temperature dependence we know) is
plugged into the expression for the Wiedemann-Franz Law. In the temperature range
between the two extremes, the variation of the thermal conductivity is not as rapid
as the Wiedemann-Franz Law would predict [4].

However, in YBCO, such a simple picture is not valid. In these systems, electron-
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electron interaction is strong. An example of a such an interaction would be the
interaction via exchange of virtual spin fluctuations. The thermal conductivity at

low temperatures will be discussed later on in section 2.4.

2.2.2 Phonons

In non-metallic crystals, the only carriers of heat are phonons. Here, we can not
speak of electric conductivity simply because there are no itinerant electrons present.
Phonons are quanta of energy of lattice vibration in each vibrational mode. Their
mean free path is nowadays commonly defined as a measure of rate at which the energy
is exchanged between different vibrational (phonons) modes. If the vibrational energy
of some part of the crystal is increased, meaning that the temperature in that region
of crystal is increased, the temperature gradient will be established such that heat
flows from the region of higher temperature to the region of lower temperature.
Debye investigated heat transport by lattice vibrations, and he viewed it as being
equivalent to the wave motion. He defined the phononic mean free path as the distance
the wave travels before its intensity reduces (by scattering) to 1/e of its original
intensity. As in the case of electrons, the thermal conductivity due to phonons can

be written as:

K= %CUZ (2.17)

where C is the heat capacity of the lattice and v is the mean phonon velocity [4].
Let us now look at the mean free path and its behavior in different temperature
regimes. We will use that knowledge later to deduce information about the expected
behavior of phonon thermal conductivity. At high temperatures, the mean free path
of phonons is determined almost solely by the interaction of the phonons between
themselves. Then, as in the case of electrons, the mean free path of phonons is pro-
portional to 1/T. As the temperature decreases, the interactions among phonons are
less effective in limiting the phonon mean free path, and mean free path increases

more rapidly than 1/7T. At low temperatures, the interactions among phonons them-
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selves reduce, and the mean free path becomes constant of the order of the crystal
dimensions (dependent on the size and the shape of the crystal and limited by the
external boundaries of the crystal).

If we regard the mean phononic velocity as being independent of temperature, we
can extract the behavior of the thermal conductivity due to phonons by taking into
account the mean free path, as discussed earlier, and the temperature dependence of
the specific heat. At high temperatures, where ¢ is inversely proportional to tempe-
rature, the specific heat is almost constant leading to the thermal conductivity being
proportional to 1/T. As the temperature decreases, specific heat C also starts to
decrease and ultimately to vary as T3. This is just a well-known Debye result for
low temperature specific heat, C, « (T/8p)°, where 8p is Debye temperature; but,
the exponential dependence of the mean free path is the dominant factor and thermal
conductivity essentially follows the exponential variation in temperature. At low tem-
peratures, where mean free path is virtually constant, C is still cubic in temperature,
and thermal conductivity varies as T° [4].

It is useful to compare the mean free paths in metals and non-metals at low tem-
peratures where both /. and /,, become constant. At low temperatures, constant
clectron mean free path is determined by the lattice defects while the mean free path
of phonons is limited by the size of the crystal. Generally, the thermal conductivity
due to phonons is also influenced by the defect in the lattice but this effect dimin-
ishes considerably at low temperatures. As the temperature decreases, only long
wavelength lattice waves are important, and they reach ~ 100 atomic spacing at 1
Kelvin for the average crystal (here, average refers to crystals whose Debye temper-
atures are between 200 and 300 K). Long wavelengths are almost unaffected by the
lattice disorder at the atomic scale but are strongly affected by the scattering off
the external boundaries of the crystal. As for the ordinary metals, the energies of
electrons that are responsible for the heat conduction are little dependent on the tem-
perature. Since the de Broglie wavelengths of these electrons in most metals (such

as for example in copper), are of the order of the interatomic spacings, electrons are
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strongly scattered by the imperfections in the crystal [4].

As stated by Ashcroft and Mermin in Solid State Physics, the famous Boltzmann
equation lies at the heart of the theory of transport in solids [L1]. It iz the starting
point for derivation of various transport properties. In our case, we use it in order to
arrive at the expressions for thermal conductivity in solids. Berman’s book Thermal
Conduction in Solids[4] extensively treats the thermal conductivity due to phonons.
Here we will highlight the basic steps of the derivation.

Boltzmann equation has the following form:

af af .
(3t) + F- V;,j +v-V,f = (Bt)w,,_ (2.18)

where f is distribution function, F' = eFE, and E is electrical field. Here, the terms
on the left hand side are usually referred to as drift terms, while terms on the right
hand side are commonly known as collision terms [11].

In practice, it is quite difficult to solve the Boltzmann equation; but if some
approximation tools such as the relaxation-time approximation are used, one can
arrive at the quite satisfactory expressions for the transport properties. According to

relaxation-time approximation, we can write:

ory  _ _fR) = Lk :
(at)scatt - T(E) (2.19)

The approximation is exact for the isotropic fermi surface, isotropic elastic scat-
tering and spatially homogeneous disturbance. When heat flows in the system, the
system is disturbed from its equilibrium state, given by the equilibrium distribu-
tion function f,(k). In the case of phonons. f,(k) is just given by the Bose-Einstein

distribution function:
1

exp(e — pu)/kgT — 1

The presence of a temperature gradient also implies that the spatial gradient term

Jfo= (2.20)

v ~f in 2.18 is non-zero.
In a steady state conditions and without the electromagnetic force, the first and

second terms on the left hand side in equation 2.18 are zero. Then, the Boltzmann
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equation becomes:

at

The next step is to linearize the Boltzmann equation. To the first order, under

(af) v V.f (2.21)
coll.

the relaxation-time approximation assumption that the distribution at the presence
of temperature gradient is not much different from the equilibrium distribution fo(l-c.)

we can write:

- " -~ _0Of,
-V, f=0-V,.f,=0VT /. (2.22)
oT
Making use of the fact that 2 = —%%ﬁ_‘:ﬂ we arrive at the linearized Boltzmann

equation in the relaxation-time approximation:

VT df,(k)
T Bck ’

The heat current j, due to the phonon with wavevector k is the product of the

f(R) = fo(k) = —r(k)esvi - (2.23)

thermal energy in that mode and the group velocity of propagation.

: - VT
Jh = 22 |fi — folexti = —QZef_vE——— faTk. (2.24)
k k T Oex
Since 7, = —&VT, it follows that the thermal conductivity can be written as:
2 5 507,
. — 2.2.,27J9 2.925
Ky = C€LU). Tk £.29D
i T zk:ﬂ' k Laek k ( )

where p is a directional cosine, cos 8, and § is the angle with respect to the tem-
perature gradient axis. Changing the summation over momenta & into an integration
over energy and using the appropriate substitutions along with some simplified ap-

proximations of Debye theory, we arrive at:

ks kg 3 s [OIT rhe* N
R = 27?21);,[, (T) T /0 T(I)(ET_—I)—.zdx. ( . 6)

[SV]
(™)
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Here, 8 is the Debye temperature, v,, is the average phonon velocity, and z =
hw/kgT. Using the expression for phononic heat capacity in Debye approximation,

thermal conductivity can also be written as:

oL T 2.927
n—gv/; r(2)C(z)dz. (2.27)

In terms of mean free path, one can write 7(z) = {(z)/v and therefore, x =
sv f{(z)C(z)dz. This is just the extension of the simple kinetic expression for thermal
conductivity from the beginning of this chapter.

It is clearly seen that the phononic thermal conductivity depends on the specific
heat and on mean free path. At very low temperatures, the specific heat of phonons
is cubic in temperature (just a Debye result, C « T3), and { becomes independent
of temperature and limited by the crystalline dimensions (boundaries). Therefore.
thermal conductivity of phonons at low temperatures varies as T>.

In a lot of metals, which are regarded as good heat conductors, the heat is pre-
dominantly carried by electrons. For example, in metals such as silver and coper.
the electronic heat conduction is so dominant that it is a good approximation to re-
gard the conduction to be due to electrons in the whole temperature range up to the
melting temperature. On the other hand in some other metals. such as antimony and
bismuth and many alloys, lattice conductivity is comparable to the conductivity due
to electrons and even exceeds it in some temperature ranges.

One can arrive at the expression for the thermal conductivity due to electrons in
metals following a procedure analogous to the one employed for the phonon thermal
conductivity. If we start with the Boltzmann equation, as it is done in the case
of phonons, we will arrive at the expression for the normal state electron thermal
conductivity in metals. The same can be done for the electrical conductivity o..
In this case. the electron distribution function. which is the central quantity in the
Boltzmann equation, is given by Fermi-Dirac statistics since electrons are fermions.
Therefore, the average population of the electron state with energy ¢ and with a

particular spin orientation can be written as:
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1
F(E;) = (2.28)

exp(e — p)/ kT + 1
where g is a chemical potential [4].

Again, as in the case of phonons, T designates the rate at which non-equilibrium
electron distribution tends to return to the equilibrium as a result of the scattering
processes. If 7 is the same for all electrons over the Fermi surface, then upon manip-
ulation of the Boltzmann equation, one arrives at the following expressions for the

electrical and thermal conductivities:

n.e*r

o. = (2.29)
me
and
K= %cevf'r. (2.30)

where v, = vy [4, 7).

2.3 Conventional Superconductors

The extensive theoretical study of the thermal conductivity in the conventional super-
conductors has been done in the theoretical paper Thermal Conductivity of Supercon-
ductors by Bardeen, Rickayzen, and Tewordt that appeared in 1959. We summarize
their findings as they have set the cornerstone for the treatment of the heat conduc-
tion in conventional superconductors. For more thorough explanation. the reader is
referred to the original paper [10] and reference therein.

In general, as in the case of any solid material that contains both electrons and
phonons, the heat current in superconductors can be carried both by electrons and
phonons. [t is not uncommon that at a certain temperature range lattice conductivity

completely dominates the electron conductivity, and vice versa.

2.3.1 Flectrons

The main finding by Bardeen et al. was that the mean free path of the excitations

was the same in the normal state as in the superconducting state:
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=4, (2.31)

In the superconducting state, the relaxation time 7, can be written as:

Ty = Tn (2.32)

€

where 7, is the relaxation time in the normal state [10]. The group velocity of the

quasiparticles in the superconducting state is given by:

1 1 1 i
v = EvkEk A (ICL-IEVL-CL- + IAklfTi'vak) (2.33)

The last term on the right hand side can be shown to be small, and therefore the
velocity can be written as:
N(0)

o= L 2.34
Ex vr NS(E)UF (2.34)

where N(0) is the density of states at the Fermi level in the normal state, N ,(E)

v =

is the quasiparticle density of states, and vg is the fermi velocity [7]. Therefore, by
taking the product of vy and 7, we see that the temperature dependence cancels out

leaving us with:

g = vty = VT = (, (2.35)

Therefore, the mean free path in the superconducting state is the same as in the
normal state, assuming an s-wave scattering, namely 7, — 7, [10, 7].
The expression for the thermal conductivity due to electrons when predominant

scatterers are impurities (elastic scattering) was given by:

ANt [t L Of R
Fes = 3T /A(T) el OFE" (2.36)

The expression for the normal state k., was obtained from the above expression,

letting A — 0. Dividing the two conductivities, Bardeen et al. have arrived at:
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Kes +oo of +o0 af
= dEE*—— dee*—=. 2.37
Ken A(T) 6E/[) e (2.37)
For T « T, the expression was reduced to:
Kes A 2 =4
k5T 9
e (kBT) € (2.38)

[10], [7]. Therefore, in conventional superconductors, at low temperature, x., shows
an exponentially activated behavior which is characteristic of the transport properties

in conventional superconductor.

2.3.2 Phonons

According to Bardeen et al., thermal conductivity of the lattice in the superconduct-
ing state should scale as T?. The T? dependence is also true for the normal state.
Therefore, the form of the thermal conductivity due to lattice stays the same when
the superconducting state is entered from the normal state. Again. they start with
the Boltzmann equation and using the appropriate substitutions they arrive at the

following expression for x(7') in the superconducting state:

2 e W3d
Kph—s = D(%) /0+ (eu— 1)(1diz S (2.39)

where D is a constant independent of temperature and g(u) is a lengthy function
that is given in terms of the energies: E, E’, ¢ and ¢, [10].

After we have presented the theoretical expressions for the thermal conductivity
in conventional superconductors, let us briefly touch upon some experimental results.
Aluminum, whose T, is around 1.1 K, is a conventional superconductor that serves
as a excellent example of the supercondiucting system where electrons dominate the
transport of heat throughout the whole temperature range. Since the Debye tempera-
ture for aluminum (6p = 394" [11]) is much bigger than the critical temperature for
superconducting transition (7. = 1.1R’), we expect that the transport at all tempera-
tures, and specifically at very low temperatures, will be dominated by electrons. One
expects that measurements of the thermal conductivity of the aluminum in the su-

perconducting state agree with the BRT calculation for the case of electronic thermal
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Figure 2.5: The theoretical BRT curve along with the Satterthwaite’s results for three Al samples
with different impurity concentration after [16].

conductivity when elastic scattering dominates, given in section 2.3.1. The informa-
tive study on aluminum was done by Satterthwaite [16]. He measured the thermal
conductivity of normal and superconducting aluminum for three different levels of
impurities. Therefore, he examined the system with different mean free paths, de-
pending on the level of dirtiness of the aluminum. The measured data x,;/x, was
plotted against reduced temperature T /T, along with the theoretical BRT curves for
three closely spaced BCS values of the energy gap at the absolute zero, 2A, = 3.0kT.,,
2A, = 3.25kT,, 2A, = 3.52kT.. This is shown on the figure 2.5.

He found that, for all three specimens, the measured thermal conductivity was
in agreement with BRT predictions for the expression of k. with dominant elastic
scattering. His data fitted the BRT curve with value of the energy gap 2A, = 3.52kT,
as good as any other of the two choices. Therefore, Satterthwaite concluded that x was
not sensitive enough function of the energy gap, and that his data was not accurate
enough to claim the disagreement with other measured values for the energy gap that
ranged from 3.25k7T, to 3.37kT.. For more explanation the reader is referred to the

original paper [16] and references therein.
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All three specimens showed linear temperature dependence of the normal state
thermal conductivity in agreement with the theory of transport in metals. The super-

—bT./T as proposed

conducting x was closely approximated by exponential law x, o< e
by Zavaritskii [17]. But the author pointed out that although his findings agreed
qualitatively with Zavaritskii’s, there was no detailed agreement between his findings
and Zavaritskii’s proposition for the expression for .

He also noticed that the variation of the mean free path by as much as a factor
of 140 did not appreciably change x,/x. ratio as a function of the reduced tempera-
ture. The transition temperature T, varied only slightly with mean free path; and
therefore, the same k,/x, ratio for specimens with different mean free paths would
indicate slightly different energy gaps. He found that the difference was consistent
with Anderson’s theory of dirty superconductors.

We have also measured the thermal conductivity of normal and superconducting
states of pure Aluminum (99.99% purity); the results will be discussed in chapter 3.
Let us just mention that we also found good agreement with standard BRT curve.

But unlike aluminum where electrons dominate transport at all temperatures,
there are other systems, such as niobium, where phonon transport complicates the
situation at low temperatures. Kes et al. [18] have measured thermal conductivity of
niobium. Their findings are shown in the figure 2.6.

In this system according to BRT [7], the electronic contribution to thermal conduc-
tivity is negligible for T < 2K'. Therefore, as the temperature decreases, the phonon
contribution increases since there are less electrons to serve as scatterers and x,; may
even dominate the heat conduction at low temperatures. The phonon mean free path
fos also increases until limited by the sample boundaries, and x4 increases; but at the
same time, the number of phonons decreases. Kes et al. have noticed a pronounced
peak at low temperatures arising from the competition between increasing phonon
mean free path and decreasing number of phonons at low temperatures [18, 7].

Unlike in aluminum, where the predominant heat carriers at all temperatures are

electrons, in the unconventional superconductor YBCO the scenario is more similar
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Figure 2.6: The thermal conductivity of niobium in superconducting state after [18].

to niobium. This is because phonons in YBCO are also important. The critical
temperature of YBCO is around 93 K and the Debye temperature is § ~ 400 K [19].
Therefore, we do expect appreciable phonon contribution to the thermal conductivity

at low temperatures.

2.4 Unconventional Superconductors

Since all our experiments are done at low temperatures, here is the outline of the
theoretical findings for the thermal and electrical conductivity in unconventional su-
perconductors in the low temperature limit.

In unconventional superconductors, thermal conductivity differs significantly from
that of normal superconductors. In cuprates, the relative importance of k. and Kps
depends on the temperature. At very low temperatures, the two contributions to the
thermal conductivity are comparable; but at T< 1 K the interesting physics lies in
#.. Using thermal conductivity as a probe of a quasiparticle behavior and by going
well below 150 mK, one has a reliable way of extracting the phononic contribution to

the total thermal conductivity and separating electronic and phononic contributions
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to the total thermal conductivity.

Another aspect of unconventional superconductors is that both the finite tempe-
rature correction to x(T') in zero field and the finite field corrections to x(T) at T =0
K. give us information about the scattering phase shift §,. But since the finite tem-
perature corrections are quite small (0.1% effect below 1 K), finite H corrections to

x at T = 0 are more promising for the study of &,.

2.4.1 FElectrons

One should ask in what way is an unconventional superconductor different from a
conventional superconductor? The main three differences are:

- effect of impurities

- pronounced anisotropy in transport properties

- contribution of vortices.

The low temperature « in d-wave superconductor is dominated by nodes; therefore,
in the superconductors with a gap that has nodes along certain crystalline directions,
one observes anisotropy in the transport properties as well as pronounced effect of
impurities. The unconventional superconductor with a gap that has linear line nodes,
has linear density of state in excitation energy, N(e) ~ Nyz= [20, 21]. But in the
presence of impurities, the energy is altered by the random distribution of impurities.
Impurities are always present in the crystals and are the source of the scattering. The
disorder in d-wave systems gives rise to a finite density of states at zero energy [9] and
to a broadening of the gap node. A new energy scale develops, labeled v below which
the density of states is constant and non-zero at zero energy (7" = 0)[22]. In such
a system, novel features are predicted to occur such as zero energy quasiparticles.
The existence of this so called residual normal fluid (RNF) is a direct and novel
consequence of impurity scattering.

We talk of two regimes:

e gapless regime (e < v), where DOS is finite and non-zero

and

e clean (diagnostic) regime (e > v), where N(¢) ~ e.
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Both +, the impurity bandwidth, and N(0), the density of impurity bound states
at zero energy are finite for any finite concentration of impurities n;,,, ; furthermore,
both are dependent of ', the scattering rate, and §,, the scattering phase shift [22
v, which is the crossover energy scale that separates universal behavior from non-
universal, is (for the given impurity concentration) largest in the limit of unitarity
scattering, and for d;2_,2 pairing is given by: ¥ ~ /#A,[,/2. In the Born limit,
v ~4Aexp(—7A,/2[,) where [, = (';—;‘,";L) is the scattering rate.

It has been predicted by Patrick Lee in 1993 [9] that in unconventional super-
conductors with a certain gap topology at low temperature (i.e. a linear line node
such as 2D unconventional superconductors with d,2_,2. symmetry), transport in the
T — 0 limit should be universal, independent of the concentration of impurities and
of scattering phase shift. This is the result of the perfect compensation between the
growth in the residual normal fluid density with increasing impurity concentration
and the concomitant reduction in the mean free path of the carriers as T — 0.

In 2D, the electrical conductivity (per plane) as found by Lee [9], in the universal
limit is given by:

€

*\ 2y :
olw—=0)=0, = (ﬁ) - (2.40)

where vy is Fermi velocity and v, is velocity along the direction parallel to the Fermi
surface (k). In the two dimensional coordinate system k; is normal to the Fermi
surface and at 45 degrees with respect to the a axis, and ks is parallel to the Fermi
surface. The two velocities, v; and v,, completely define the quasiparticle spectrum
at low energy (near the nodes): F = h\/m. The ratio of two velocities
i1s a measure of the slope of the gap since Ar ~ huvyky near the node. Electrical
conductivity is independent on both impurity concentration and the scattering rate
[9].

In the other language, in terms of the density of states, Graf et al. [22] have derived
the theoretical expressions for the thermal and electrical conductivity due to electrons

at zero temperature limit. They have also calculated the leading temperature correc-
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tions to the thermal conductivity at higher temperatures [22]. Their main finding was
that x was also universal in the limit of T — 0. Furthermore, the Wiedemann-Franz
law was found to be obeyed in the limit kgT <« v. But, the significant temperature
dependence of the Lorenz ratio was found for T < T.. The quasiclassical calculations
by Graf et al. reproduce Lee’s result for the isotropic <;stems, py = ps(cosd, sing)
and for the standard model for d-wave pairing, i.e. A(py) = A,cos(2¢).

The result for the low temperature limit of thermal conductivity with d-wave

pairing is universal but depends on the slope parameter.

- - -2 9

f\,“ — Koo " 2 -~ <

- = ~ —Njp—0— 2.41

T T 3 TmuA, ( )
where u = KlZlgédfb_é)l‘-"node; it measures the slope of the gap at the node. The

dependence of the universal value of £(7T) on u reflects the importance of a low-
energy continuum states with € < A, in formation of zero-energy impurity bound
states [22, 8].

Similarly, the universal value of o in the plane given by the language of Graf et

al. [22] is in agreement with Lee’s finding with g = 2.

Reo(T.w — 0) 2 2e*Nyvl /(wpd,) (2.42)

The leading order finite temperature corrections to the transport coefficients were
obtained by Graf et al. via Sommerfeld expansions of previously calculated expres-

sions for thermal and electrical conductivity. For the d,2_,. pairing, these are:

. - 2 272
h.“(T) Koo (1 iwta*T ). (2-43)

T =T 15 ~2

to a leading order in aT/+. The coefficient a is strongly dependent on the phase
shift; therefore, the finite temperature corrections in zero field give us information
about the scattering phase shift §,. For resonant (strong) scattering ¢ = 1/2, inde-
pendent of the specific pairing state. In the Born limit (weak scattering), for dz_,2

pairing, a = 7uA,7,/2. It is important to point out that the finite temperature cor-
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rections are in general small, and at T < 1 K they are only at the order of 0.1 %,
unlike the finite field zero temperature corrections to £ which can be much bigger.
Finally, the third main difference between conventional and unconventional super-
conductors is given through their behavior when an external magnetic field is applied.
The vortex contribution to «(7T') is discussed later on, but let’s just point out that
the finite field corrections are potentially a great tool for investigation of §,. These
corrections in the clean limit when the field is applied in the direction perpendicular

to the heat current, H L jo are given by:

w(0; H) K, p?
T T pJI+p%—sinh~lp
where p? = %, x,/T is the zero temperature and zero field universal value of

(2.44)

thermal conductivity, and a is a constant of the order unity [23].

2.4.2 Phonons

In this section, the temperature dependence of the thermal conductivity due to
phonons in cuprates is discussed. In the low temperature limit T — 0, the ther-
mal conductivity due to phonons approaches the well-known Debye T® asymptotic
behavior given by equation 2.27 [8]. It stems from the cubic temperature depen-
dence of the low-temperature phonon specific heat C,;, combined with the fact that
at these temperatures (T < 150 mK) (,; achieves its maximum, boundary-limited
value, independent of temperature.

Then, the thermal conductivity due to phonons can be written as:

1
Kph = a-ﬂ < Upp > AoTs. (2.43)

Here, 8 is the specific heat coefficient, A, is the temperature-independent, maxi-
mum phonon mean free path, and < vy, > is a suitable average of the acoustic sound
velocities. In high quality crystals A, = 2w/\/7, where @ is the mean geometric
width of a rectangular sample [8, 24].

Early work on « in high-T. superconductors showed that ~ o« 72. This was well
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accepted as a correct temperature dependence [25]. Such a temperature dependence
was an indication that thermal carriers in these systems were phonons since, after
all, that was the temperature dependence of x,; in the superconducting state derived
early on by Bardeen, Rickayzen and Tewordt [10]. But recently it has been shown in
our lab [7, 8] that it is only by going quite low in temperature (namely to T" < 150
mK), that one can reach the correct asymptotic T° dependence due to phonons and
can extract the correct phononic term. The validity of such a dependence is verified
by comparing the theoretical Debye prediction using the known values for the various
parameters in the above Debye expression and the values obtained from the linear fit
of the data. It has been shown by Taillefer et al. that our data agrees quite well with
the theoretical values [8].

[n summary, the total thermal conductivity at low temperatures in high-T. super-

conductors (cuprates) can be written in the following form:

Kept, = aT + st (2.46)

where the first. linear term is attributed to electrons and the second. cubic term to

phonons.
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EXPERIMENTAL SETUP

3.1 Experimental setup for thermal conductivity measure-

ments

The thermal conductivity measurement is a powerful bulk probe of superconducting
properties. It is also a directional probe that allows us to examine the gap anisotropy
in unconventional superconductors. Some of the other advantages of this measure-
ments are are the following. It does not require extra input, extra assumptions or
complex analysis. Reasonably high precision can be achieved (relative 2-3%. abso-
lute 10%). Very low temperatures are accessible (T < 0.1A"). Lastly, the thermal

conductivity measurement is a fairly straight-forward measurement.

3.1.1 Steady state method

In our laboratory, we have employved a standard one heater two thermometers steady
state method for measuring &(7"). The heat is supplied at one end of the parallepiped
shaped crystal (sample) and removed at the other end. The two thermometers
mounted along the crystal are used to monitor the temperature across the sample.
Depending on the orientation of the crystal. one can measured thermal conductiv-
ity along different crystalline directions. The thermometer that is closer to the heat
source is labeled T},,, and the one closer to the heat sink is labeled T,,4. The copper
block on the sample mount is used as a heat sink. The simple diagram of our setup
is given in figure 3.1.

Then, the thermal conductivity is related to the rate P at which heat is supplied

33
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Figure 3.1: The schematic of the experimental setup for the thermal conductivity measurement
using the standard onc-heater two-thermometers steady state method.

by the following simple formula:

P
= 3.1
"~ ATa (3-1)
where AT is the temperature gradient across the sample equal to (Tho; — Teotd) and

a is just a geometric factor that tells us about the size of the sample (the distance
between the two contacts on the sample divided by the cross sectional area of the
sample).

Generally, there are two methods of obtaining the geometric factor. One method
uses SEM (Scanning Electron Microscope) to look at the crystal’s dimensions. while
the other is based on the resistivity curves. We use the same contacts to measure
resistivity as those used to measure thermal conductivity. Assuming that we have
good contacts on our samples (meaning that we eliminate/minimize the heat losses
through the contacts ), we can obtain the geometric factors for the different samples
by forcing the resistivity curves for the crystals to be parallel based on reasonable
assumption that the only difference between samples is in the elastic, temperature-
independent term. The elastic term just sets the size of the intercept on the resistivity

versus the temperature curve.
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3.1.2 Contacts and the connecting leads

The contacts are made using superconducting/nonsuperconducting solder. Flux is
used to aid in making contacts. It is used as the agent which helps soldering to be
confined to the particular shape and not smear around. The thermometers on the
sample mount are connected to the sample via silver wires. The electrical contacts on
the sample are also made with silver wire using silver epoxy annealed at 500°C for 1
hour and quenched at room temperature. It is made sure that the thermal resistivity
of the contacts is comparable to the thermal resistivity of the samples such that no
heat is lost in the contacts. This is the criteria for good contacts. The heater is
connected to the sample via Ag wires and to the ground via NbTi coils (15 ¢m in

length prior to coiling).

3.1.3 Electronic equipment

All measurements were done using LR700 resistance bridge from Linear Research
and the temperature controller AVS - 46 resistance bridge from RV Elektronikka OY'.
The two lock-in amplifiers were used to monitor the voltage output across the two
thermometers as a function of the time.

The data that is recorded comprises the foliowing quantities:

'

Stabilization temperature monitored by the germanium thermometer,

current across the heater.

resistances of the two thermometers with and without the heat on,

voltages across the two thermometers with and without the heat on.

All data is collected by the computer that is interfaced with the electronic devices.
The electronic equipment is placed inside the cage to shield radio frequencies. Since
our lab is close to the Mount Royal where radio station’s antennas are nested, one has
to be careful and screen the possible interferences from occurring. These antennas
produce high frequency signals (100 M Hz). Therefore, all of the electrical devices
were placed inside a Faraday cage to prevent these frequencies from coupling to the

signal we measured. The base of the cage is a wooden frame on which two layers of
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the copper mesh are placed. In April 1998, a new Faraday cage was set up in our lab
such that both the fridge and the electrical devices are enclosed in it. However, none
of my measurements discussed here were performed inside this new cage.

All measurements, except for the normal state Al thermal conductivity (which was
measured in the dipstick), were conducted using the Oxford Kelvinox 300 dilution
refrigerator equipped with a 15 tesla superconducting magnet that is situated at the
bottom of the cryostat. The dilution refrigerator has been in our lab since 1992. All of
the work of setting it up and wiring it were done before my arrival at McGill by Ph.D
student Benoit Lussier and post-doctoral fellow Brett Ellmann. The basic procedure
for measurements of low temperature thermal conductivity in superconductors (high
T.) was developed prior to my arrival to the lab, as well. The improvements to the
set up for measuring thermal conductivity, namely, the design of a new sample mount
for samples with high thermal resistance, were done by myself. This is discussed later
in this chapter.

One of the problems that one encounters when dealing with the low temperature
measurements is the self heating of the thermometers that are used to monitor the
temperature. At very low temperatures, the thermometers are to stay ’isolated’ from
the outside world, and the only way they can dissipate the heat is through the sample
itself. One has to be careful to avoid the self heating of the thermometers; otherwise.
the data points collected will not be a measure of the desired situation. One way
to avoid self heating is to use the lowest possible excitation that is inputed into the
system in order to develop the temperature gradient across the sample. One downfall
of this is that we will reduce the sensitivity since as excitation voltage is decreased,
the ratio of signal to noise decreases as well. An other possibility is to use limiting
resistor of the higher resistance. For all measurements we used a 2.2 M} resistor,
except for the one on the aluminum where we used a 5 MQ limiting resistor. The role
of the limiting resistor is to convert the input voltage signal from the lock-in amplifier

into the current.
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3.1.4 Thermometry

The Germanium thermometer, which is placed at the bottom of the mixing chamber
in a field-compensated region of the magnet, was used to measure the reference tem-
perature. It was obtained from and calibrated by the Lakeshore in the 50 mK to 5 K
range.

The thermometers used to monitor the temperature gradient across the sample
were RuQ, thick film resistors obtained from Orsay. These sensitive 2.2 kQ resistors
already had contacts when we obtained them. The bottom part of them was glued to
the thin copper plate. We just needed to shorten the contacts slightly and to wound
them one time along the bottom of the copper plate and glue them some more with
GE varnish in order to insure a good thermal contact. All of the thermometers were
tested for their performance prior to mounting them on the sample mount. We have
simply measured their resistance at low temperatures (T < 1A") in one of the dilution
fridge runs in our lab. The thermometers were connected to the sample mount via
five superconducting Niobium Titanium wires (25 gm in diameter) for the four probe
electrical measurements (V+4, V-, [+, I-). In order to preserve the space, I made a
superconducting coils out of these wires by wounding 15 cm of the wires into the
coils. They were copper plated at the ends in order to make contacts to the copper
pads on the mount via superconducting solder.

The measurements of the temperatures of the hot (T+) and the cold (T-) ther-
mometers were done using the two lock-in amplifiers SR 850 {rom Stanford Research
Systems. During the run, we monitored the voltages across the two thermometers as
a function of time on the lock-in amplifier’s display windows. [t was a good visual
aid in monitoring the noise on the thermometers, and it allowed us to determine
the necessary time for stabilization of our signal. As mentioned earlier, the limiting
resistor was used to convert the voltage input signal into the current.

The heater used in our set up was a strain gauge. It was connected to the sample
via a silver wire (100 uzm in diameter). The electrical contacts from the copper plate

to the heater were made via two superconducting Niobium Titanium wires coiled
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just like the thermometers’ connections. They were attached to the heater with
superconducting solder. The resistance of our heater was constant below 1 Kelvin.
Its value was recorded with a two probe measurement using a digital multimeter right
before starting the thermal conductivity run when the system has already achieved

the base temperature.

3.2 Improved sample mount

The new improved sample mount was designed for measuring the thermal conductivity
of samples with high thermal resistance. That means that one aims at a design which
minimizes, as much as possible, the heat losses through the leads enabling us to
measure the thermal conductivity of such samples.

The improvements include: the removal of the vespel posts that used to support
the thermometers, the replacement of non-superconducting manganine wires that
connect the thermometers to the copper pads (ground) with superconducting Niobium
Titanium wires, and the reduction of the amount of copper used.

In the case of samples with high thermal resistance. it is crucial to insure that all
of the heat supplied to the one (hot) end of the sample travels to the other (cold)
end of the sample. The best way to do this is to make the thermal path from the
thermometers to the heat sink very highly thermally resistive. The best choice of
material for such a path is a superconducting wire because superconductor is a poor
conductor of heat.

Figure 3.2 shows a simple schematic of the new sample mount. The new mount
was designed such that the coils that are used to make contacts between the copper
pads and the thermometers are superconducting (but without the insulation) NbTi
coils as opposed to the previously used non-superconducting Manganine coils [7]).
It is desirable that the length of the wires that connect the thermometers to the
copper pads is increased as to decrease possible heat losses through the wires. The
longer the wire the higher the resistance leading to a minimization of the heat losses.

Since the length of the Niobium Titanium wire before winding was approximately 15
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Figure 3.2: The simple schematic of the new sample mount with its parts.

cm, we were not particularly worried about some of the winds in the coils touching
cach other. We were sure that even if two adjacent winds on the coils touched, we
had enough winded length to compensate for such a minute short. Furthermore, as
the coils were soldered to the mount and connected to the thermometers, they were
stretched enough such as to minimize the possible shorts if adjacent winds would
touch.

Firstly, the copper plate, dimensions 3 em by 3 em by 1.5 mm (thickness) was
machined in the machine shop at the McGill University. In the middle portion of the
upper end of the plate, the copper part in the shape of a cube (area 8 mm by 8§ mm)
was placed to serve as a heat sink. It was made such as to have a hole for the screw.

In order to make the contact pads, the cleaned copper plate was covered with epoxy
on its four corners. Then, small pads of tissue paper (a good thermal insulators) were
placed over the spots covered with the epoxy and glued to the four corners of the plate.
The top portion of the four rectangular shaped paper pads were then covered with
the approximately 1 mm of the epoxy paste in which small rectangular copper pads
were nested. These were to serve as contact pads. They were very well insulated from
each other by the epoxy paste that surrounded them and kept them from touching.

These pads were used to make contacts from the mount to the thermometers needed
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for the four probe electrical measurements. Unlike in the previous sample mount, the
thermometers on the new sample mount were not placed on the vespel posts. They
were smaller and lighter and were able to be supported only by the five coils. They
also had much less copper underneath them than the previously used thermometers.

For the magnetic studies, we used the old sample mount because a new one was not
suitable for in field measurements since the superconducting coils would be affected
by the magnetic field. The non-insulated superconducting coils tended to move and
tangle in a manner to create a short in a circuit. From the previous experience, it was
noticed that copper parts on the mount (copper plate underneath the thermometers
and copper pads used for the electrical contacts) took a long time to thermalize in
field due to large thermal capacity of Cu. Therefore. we removed the copper parts on
our sample mount and replaced them with silver ones hoping that the time constants

for the thermometers to stabilize in field would be greatly reduced.

3.3 Principles of dilution fridge operation

When one talks about the refrigeration, one is mostly concerned with two thermody-
namics laws. The second law states that the entropy of the system always increases.
The third law says that the heat capacity of any metal goes to zero as T — 0. The
object of a good refrigeration system is twofold: to minimize the increase in entropy,
or in other words, to do the least work that is required to remove the certain amount
of heat from the system, and to optimize the overall efficiency of the system even
though the cold end of the system (due to Third Law) suffers from the low efficiency.

The principle of all refrigerators is basically the same: some amount of work is
inputed at the warm end in order to remove an amount of heat Q at the cold end.
This process leads to the net increase in total heat but that heat is released to the
surroundings at the warm end. It is important to bare in mind that the efficiency,
as a measure of the irreversibility of the process, drops as the temperature decreases
[26].

The Kelvinox dilution fridge is a unit that allows very low temperature measure-
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Figure 3.3: The schematic diagram of the dilution refrigerator with its main parts after [27].

ment to be conducted. In our lab, we are able to measure the thermal conductivity
down to 50 mK using the germanium thermometer to monitor the stabilization tem-
perature. The resistance of the germanium rapidly increases as the temperature is
decreased. In practice, our dilution fridge is capable of measuring temperatures down
to 8 mK using a nuclear orientation thermometer.

The dilution fridge consists of the following important parts:

- The 1 K pot that is used to condense the *He/*He mixture into the dilution unit.
[t will cool the mixture of helium isotopes down to 1.2 K but not low enough for the
phase separation to take place.

- Still

- Coil heat exchangers

- Silver heat exchangers

- Mixing chamber

The schematic presentation of the dilution refrigerator is shown on figure 3.3. The

top of the refrigeration unit has ports that give access to all of the lines inside the
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Figure 3.4: Phase diagram of He/*He mixture used for cooling to the base temperature of 50 mK,
after [27).

refrigerator as well as the refrigerator’s parts to which those lines lead. There are
some additional ports, such as magnet connections, relief valves and ports for the
liquid helium and liquid nitrogen transfers but that will not be discussed in any great
detail except listing them here.

The principles of the dilution fridge operation are thoroughly discussed in books
by Pobell [28], and Lounasmaa [29]. Therefore, we will present a short summary and
refer the reader to the books for a more extensive description of the dilution fridge
operation.

When the fridge reaches the temperature of liquid helium, 1 K pot is used to
condense the *He/*He mixture into the dilution unit. At this point, the mixture is
not cooled down to the temperature of phase separation but only to 1.2 K. To reach
the temperature close to the one for the phase separation (0.87 K) the still is used;
in fact, the still is the first part of the fridge to cool below 1.2 K. The incoming 3He
is cooled by the still before it enters the heat exchangers and the mixing chamber.
Gradually, the rest of the dilution unit is cooled to the temperature of the phase
separation {27].

When the mixture of the two stable helium isotopes (*He and *He) is cooled below
0.87 K, the phase separation takes place. The phase diagram of the *He/*He mixture

is represented on figure 3.4. The phase boundary is inside the mixing chamber, while



3: EXPERIMENTAL SETUP 43

the liquid surface is positioned in the still. The 3He phase is a concentrated phase
and consists of almost pure *He liquid. It floats on the top of the dilute phase
that consists of superfluid *He with approximately 6% *He . 3He is a fermion and
therefore unlike *He which is a boson, it is active and behaves as an ideal gas. ‘He
on the other hand, is inert due to its superfluid properties and zero nuclear spin.
Therefore, *He will move through the *He phase without interacting with it. The
process of cooling takes place in the dilution unit of the refrigerator, more specifically
in the mixing chamber. In a continuously operating system, *He must be extracted
from the dilute phase and returned to the concentrated phase keeping the system in
a dynamic equilibrium. 3He is pumped out of the lower dilute phase with a powerful
roots pump (it is pumped away from the liquid surface in the still). The concentration
of *He in the still therefore becomes lower than it is in the mixing chamber. The
result of the pumping is to produce the osmotic pressure between the two phases
since the equilibrium concentration is disturbed. *He atoms from the concentrated
phase migrate across the phase boundary to the dilute phase. This process of cooling
is equivalent to the process of evaporation of the liquid into a gas phase, resulting in
an effective cooling of the system. The process continues to work even at the lowest
temperatures because the equilibrium concentration of *He in the dilute phase is still
finite even as T — 0. For the continuous operation, the *He that has been pumped
out needs to be reinjected into the mixing chamber. But before it is reinjected, it
needs to be liquefied by putting it in thermal contact with the main helium bath and
precooled by series of heat exchangers. This is done to avoid excessive heat loads
[7, 27].

The cooling procedure to the base temperature of 30 mK is done in several steps
which involve in addition to achieving the low temperatures, the electrical check-up
and the leak testing procedures. In order to reach low temperatures, it is necessary
to provide a very good vacuum; the system should be as clean as possible. Therefore,
it is crucial to detect any possible leak at all stages as they will destroy the vacuum

of the system and prevent us from reaching very low temperature. The system is
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first brought from room temperature to liquid nitrogen temperature (77 K) and then
cooled further to liquid helium temperature (4.2 K). The final cooling is done via the
dilution fridge that utilizes the cooling power 'stored’ in the stable mixture of the two

helium isotopes (as discussed previously).

3.3.1 The room temperature procedure

Our thermal conductivity set up allows us to measure the thermal conductivity of
up to three different samples. Upon mounting the samples on the sample mounts,
they are placed on the end of the mount holder. It has the shape of a copper rod of
approximately 30 cm in length with a broadened rectangular region at the end where
the three sample mounts are placed. It is easily screwed at one end to the bottom of
the mixing chamber. Once it is placed, a quick electrical check is done to insure that
all connections are in good working order. The inner and outer shields are placed
over the dilution refrigerator. In the mean time, the Outer Vacuum Chamber (OVC)
is pumped preferably for a couple of days, first with the mechanical and then with
the dilution pump.

Upon successful electrical check, the whole refrigeration unit is inserted into the
cryostat. The necessary lines are connected, and the leak test on the lines (still line,
condenser line, 1K pot) and on the OVC and the IVC (Inner Vacuum Chamber) can
be done using the leak detector that is equipped with a dilution pump. At this time,
we also pump on the still and condenser line. Since the insert is safely placed into

the cryostat, the final electrical check can be done.

3.3.2 Cooling to 77 K:

As it takes some time for the system to pre-cool to 77 K and to come into equilibrium,
it is preferable to perform the liquid nitrogen transfer at the end of the day and allow
the fridge to cool over night. Prior to the transfer, two bellows of nitrogen gas are
placed into the inner vacuum chamber (IVC) to serve as an exchange gas in cooling
and to isolate the [VC. The nitrogen liquid is then transferred into the main bath.

The transfer lasts approximately three hours. The leak test is done to insure the
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proper working order at 77 K. Two probe and four probe electrical checks are done
when liquid nitrogen temperature is achieved. The next step, after the equilibrium is
achieved, is to start pumping on the exchange gas and blow out the liquid nitrogen
from the main bath into the jacket using the slight overpressure of the nitrogen bath
(200 milli bar). The main bath is pumped to insure that all liquid nitrogen is removed.
When this is done, the leak testing can be performed. The *He and *He mixture is
cleaned before proceeding to the next step of cooling to 4.2 K. The liquid nitrogen

through put test shows if there are any blockages in our system.

3.3.3 Cooling to 4.2 K:

Again, the exchange gas is inputed into the IVC; this time we use helium gas (250
milli bar). The main bath is then filled with the helium liquid by transferring helium
into it through the siphon port on the cryostat; the process takes several hours. Upon
filling the main bath with liquid helium, and when the germanium thermometer shows
a stable 4.2 K temperature, we perform the electrical check; the helium gas is removed
from the IVC by the pump. Leak tests are also done at this point. Since the system
is only at 4.2 K, in order to lower the temperature, one has to start the condensing
process. In order to further reduce the temperature to about 1.2 K. the 1 K pot is
pumped on. But this temperature is not low enough for the phase separation to take
place. Some power from the still is inputed into the system for it to cool down below
1 K. When the mixture of the two helium isotopes is cooled below 0.87 K, the phase
separation takes place. This process of cooling via the power stored in the mixture

was described earlier in the section 3.3.

3.4 Heat losses and Aluminum test

3.4.1 Heat losses

The heat losses associated with the measurement of heat conduction can be catego-
rized in the following three groups:

e Heat lost due to the measuring leads.
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e Heat lost due to gas conduction.

e Heat lost due to radiation (important only at T > 100A").

All of the three losses should be minimized to ensure proper measurement that
will yield reliable data. Since the heat losses due to radiation become significant only
at higher temperatures, T > 100K (see reference [7]), they will not be discussed here.
All our measurements were done at much lower temperatures, below 1 K where these
losses are negligible.

In order to prevent the heat losses due to gas conduction, it should be insured
that the experiment is performed in a good vacuum. Therefore, it is necessary, at
the various stages of the cooling, to perform the leak testing procedure. In the case
of our experimental set-up, the only gas left at temperatures less than 1 K is some
helium exchange gas because all other substances in our set-up become solid at these
temperatures. Helium gas can liquefy and cause thermal shorts in our set up. To
prevent this from occurring, it is made sure that the helium exchange gas is pumped
well at 4 K. But usually, this is not a problem.

The heat loss we are most concerned of in our experimental setup is the heat
loss due to measuring electrical leads and supports. One wants to insure that the
whole heat supplied to one end of the sample travels to the other end of the sample;
or in other words, that the temperature gradient applied across the sample be fully
developed.

There are two main conditions that will, if employed, lead to a minimization of heat
losses: firstly, good contacts on the sample, i.e. ones with a thermal resistance com-
parable to thermal resistance of the sample in the normal state, W mpte = Weontaces-
Secondly, the thermal resistance of the leads should be made much bigger than the
thermal resistance of the sample plus contacts, Wiceas > Wsampte + Weontacts- The
schematic descriptions of the thermal paths in our thermal conductivity circuit is

shown on figure 3.5.
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T

Figure 3.5: The schematic representation of the thermal paths in our thermal conductivity circuit.
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Figure 3.6: The detailed schematic representation of the various thermal resistances used in estima-
tion of the heat losses.

3.4.2 Estimation of the heat losses due to measuring leads

The detailed schematic description of the various thermal resistances used in the
estimation of the heat losses is shown on figure 3.6.

The Kapitza resistance used in tables 3.1 and 3.2 was calculated using the expres-
sion given in Pobell’s book (and references therein [28]). The thermal resistance for
a boundary between copper and glues is given by:

cm?i
AR T? = 0.007 — (3.2)
where A = 5.5 x 1072(3.1 x 1072) em? is the area of the contact between the copper
plate and the glue for the heater (thermometers), R is the Kapitza (boundary)

resistance, and T is the temperature.
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We assumed that the thermal resistance of the contact on the sample was the
same as the thermal resistance of the aluminium sample in the normal state. Then,
Weontaet can be calculated in the following manner. We estimated that the length of
the sample was approximately equal to the length between the contacts; therefore,
the resistance of the sample in the normal state at 4.2 K was equal to the resistance
Ry2n = 505 uQ) (which was constant below 4.2 K) as measured in the fridge run.
Wiedemann-Franz law for the normal state of Al was used to obtain the values for
the normal state thermal conductivity of aluminum at 0.1 Kk and 1 K and thus the
thermal resistance of the contacts on the sample (since the two were assumed to be

equal):

Rk
L,

where Wonieet = 1/Kcontact 1 the thermal resistance of the contact at 4.2 K and

(3.3)

Mfcont act T =

L, is Summerfeld value of the Lorenz number equal to 2.44 x 1078 WQ/A™2

The value for the thermal resistance of the aluminium sample at 0.1 K and 1 K
was obtained in the following manner: The normal state thermal conductivity of Al
at 0.1 K and 1 K was obtained in the manner discussed above. Then, utilizing the
BRT standard theoretical curve, it was estimated that at 0.1 K ratio of xs;/x, was
0.0008. and at 1K approximately 0.92. From these values, W,mpie = W = | /Ksampie
was calculated and recorded in tables.

In order for heat losses from the heater to be negligible, the thermal path from
the heater through the sample to the heat sink (W + W3 + Wianpe + W) should
be much less resistive than the direct path from the heater to the heat sink (W or
We + WY).

In order for the heat losses from the thermometers to the sample to be negligi-
ble, the path between them should be much less resistive than the path from the
thermometers to the heat sink. Therefore, one requires that W, (W) <« W5(W}).

Using the data from the tables 3.1 and 3.2 for the heat loss along the heater path,
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Table 3.1: Thermal conductivity and the geometry of the various components used in thermal
conductivity setup. t This quantity could not be measured and thus was estimated

Compound Length Area x(0.1R") k(LK)
name
em | amr | mw | aw
NbTi wire 15 49 x 1076 | 1.5 x 1073 | 1.5 x 107!
GE wvarnish 1.0 x 10727 |55 x 1072 | 4 x 1071 3 x 10°?
(heater)
GE varnish 1.0 x 10727 3.1 x10"%2| 4 x 10 3 x 1072
(thermometers)
Copper plate | 1.5 x 1072 | 5.5 x 1072 | 4 x 10! 4 x 102
(heater)
Copper plate 5x 1072 [3.1x1072| 4x10! 4 x 102
(thermometers)
Silver wire 1 x 10° T9x107% | 1 x 10 1.1 x 102
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Table 3.2: Thermal resistivity of the various components used in thermal conductivity setup.

Compound W(0.1K) W(1K)
name
W 7
NbTi wire 2.04 x 10° | 2.04 x 107
GE varnish 4.5 x 102 | 6.1 x 10°
(heater)
GE varnish 8.1x10% | 1.1 x10!
(thermometers)
Copper plate 6.8 x 1073 | 6.8 x 1074
(heater)
Copper plate 4.0 x 1072 | 4.0 x 1073
(thermometers)
Silver wire 1.3 x 10° | 1.2 x 102
Kapitza resistance | 1.3 x 102 | 1.3 x 107!
(heater)
Kapitza resistance | 2.3 x 10%? | 2.3 x 10~!
(thermometers)
Sample 2.6 x 10° | 2.3 x 10!
Contact on sample | 2.1 x 10?2 | 2.1 x 10!
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we get:
Wa + Ws & Waampie + We _ 5 10-2 (2 x 10-%) % (3.4)
W,
and
Wat Wo + Waampte + We _ 3 1072 (1 x 10-%) % (3.5)

W{ + W,
for temperature, T = 0.1 K (1 K)

For the heat losses associated with the thermometers’ path we have:

W, Wi » )
M 4, - 3.
W= gy =7 X107 (10X 107) % (3.6)

We performed the test on aluminum (see next section) in order to test for the heat
losses of the new sample mount. It is clear, from the above calculations, that the heat
losses due to electrical leads and supports in the thermal conductivity measurements

performed in our lab can be safely neglected over the whole temperature range.

3.4.3 Test on aluminium wire

In order to test the new improved sample mount for heat losses and general per-
formance, we performed a test on a wire of aluminum. We measured the thermal
conductivity of 99.999 % purity aluminum wire [30] in the superconducting state
from 170 mK up to 900 mK using the dilution fridge. The length of the wire was
chosen such that the thermal resistance of aluminum in its superconducting state
was comparable to the thermal resistance of our most resistive sample, deoxygenated
YBa;Cu306.0, Wyeor ~ 5.6 x 10* A'/mW at 0.1 K. The normal state thermal conduc-
tivity of aluminum was measured in the dipstick above 1.5 K, and it gave a perfectly
linear x, below ~ 5 K: x,/T = 5094 mW/cm K. It verified that the Wiedemann-
Franz law held and that the normal state thermal conductivity of aluminium could be
written as: kK, = oL,T = L,T/R,. The critical temperature could not be measured
because neither the refrigerator nor the dipstick are capable to operate around 1.1 K.
The refrigerator has an upper limit of 1 K, and dipstick lower limit of 1.5 K. Therefore,
we were only probing the superconducting state in the dilution fridge measurements.

We assumed that the critical temperature of our sample (with RRR = 513) was
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1.178 K which was justified by the previous measurements on aluminum where 7, for
aluminum with RRR = 430 was found to be 1.178 K [16].

Aluminum is often used for testing. It is a well-behaved conventional supercon-
ductor that follows the standard (BRT) thermal conductivity curve in the supercon-
ducting state. The critical temperature is around 1 K and the critical magnetic field
needed to kill superconductivity is only at the order of couple hundred Gauss. Since
the Debye temperature for aluminum is much larger than the superconducting critical
temperature (p = 394 K > T, [L1]), we expect the heat transport at all tempera-
tures and even at very low temperatures to be dominated by electrons (in high purity
samples).

If there are heat losses, then the experimentally measured thermal conductivity
will turn out to be higher than the standard BRT curve. The reason for this is
that if heat is lost, we will not acquire the temperature gradient that we aimed for;
this will lead to overestimation of x(T) because x(T') is inversely proportional to the
temperature gradient.

The thermal conductivity of the aluminum wire was measured in the dilution
fridge from 170 mK up to 900 mK using the standard onec heater two thermometers
steady state method described at the beginning of this chapter . The characteristics
of the sample were the following. The length of the wire in between the contacts was
calculated to be 1.918 cm from the ratio of the quoted room temperature resistivity
in Alfa AESAR [30] p = 2.655 uQcm and value of the resistance at room temperature
Raeriy = 259.4 mQ. The resistance at liquid helium temperature (4.2 K), recorded
during the LHe temperature electrical check in the fridge was Ry2xn = 505 p£) and
remained constant below 4.2 K. Using the above values of resistances, we got the
residual resistivity ratio, the ratio of the resistance at room temperature to one at
liquid helium temperature, to be RRR = 513. It is a measure of the purity of the
sample, which was seen to be high.

We have plotted the thermal conductivity of aluminium divided by temperature

as a function of the temperature from 170 to approximately 900 mK, as measured in
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Figure 3.7: The thermal conductivity of aluminium in the superconducting state divided by tempe-
rature versus the temperature.

the dilution fridge. Our results are shown on figure 3.7.

In order to compare our results with the standard (BRT) curve, we needed to ob-

tain the ratio of the superconducting to normal state therinal conductivity. Assuming

Wiedemann-Franz law (as justified by the measurement on the normal state thermal

conductivity of Al in the dipstick where x, was found to be perfectly linear). the

thermal conductivity in normal state x! without the geometric factor can be written

as:

(3-7)

(3.8)
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Figure 3.8: Ratio of the thermal conductivity of aluminum in superconducting state to thermal
conductivity in normal state (solid circles) against the reduced temperature (where T¢ was taken to
be 1.178 K), along with the standard BRT curve (open squares).

where P is the power through the heater and AT is the temperature gradient

across the sample. Then the ratio of the two conductivities is simply:

ks PR, P x 5.05 x 107Q _ P x 20700 K?*/W

km  L,AT T 244 x 108 WQ/KAT T AT T

ta ~

R (3.9)
KYI

where k, and &k, are the superconducting and normal state thermal conductiv-
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Figure 3.9: The ratio of the experimentally determined (x,/rc,,)"r_ to the theoretically determined
(xs/Kn),, versus the reduced temperature T/T., where T is taken to be 1.178 K.

ity with the geometric factor included. The ratios with and without the geometric
factor are equal because the geometric factor cancels out. This way. we eliminate
the uncertainty in the geometric factor. Our data on aluminum shows very good
agreement with the predicted theory. Figure 3.8 shows the theoretically calculated
ratio of the superconducting to the normal state thermal conductivity as a function
of the reduced temperature for aluminum {10] and our results plotted on the same
graph. The inset shows the low temperatures results. We are particularly interested
in the low temperature limit because that is the limit where heat losses are most
intensified. At the higher temperatures, our values are somewhat higher which can
be attributed to the scattering of data at higher temperatures. This might a problem
with the fitting of the data. The voltage and current readings are collected using two
thermometers mounted on the sample mount (T},; and T.,4). These thermometers,
which monitor the temperature gradient in the dilution fridge experiments, need to
be fitted so that the temperature in Kelvin can be obtained. Since in our analysis
we used a power law to fit the thermometers, it is possible that at the end points
of the fit we have curve fitting problem. The frequency of the data points at higher

temperatures is less than at the low temperatures which gives us somewhat less data
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points from which to extract the curve fit.

Figure 3.9 shows the ratio of the experimentally determined (xs/k5).,,. to the the-
oretically calculated (x;/x,),, versus the reduced temperature 7/T.. From the plot
it is evident that the heat losses through the whole temperature range are approxi-
mately of the same magnitude ranging from 15 % to a maximum value of 40 %. The
experimentally determined ratio of the superconducting to normal state < is at most
40 % higher than the theoretically predicted one. We believe that by normalizing
the results by forcing the ratio to go to 1 at T/T. = 1 (by definition) the relative
magnitude on the percent heat losses would be reduced. But, since the experimental
data could not be collected in the dilution fridge at the temperature as high as 1.1
I, we do not have a way of determining the exact normalization factor. Although at
first it appears that the heat losses are high, we are able to justify them through the
uncertainty on the value of the T,.. The position of the experimentally determined
Ks/Kn in relation to standard BRT curve is sensitive to the value of T,. By just chang-
ing the value of the T, by few percent, the experimental curve is shifted. Therefore,
it is possible that the experimental curve is underestimated as a result of an under-
estimation of the 7.. This would aflect the ratio of the experimentally determined
(Iis/h‘.n)crp. to the theoretically determined (xs/kx.),,. Since we could not measure
the T,, we made a reasonable assumption that it was close to 1.178 K as given for
the aluminium with the similar purity [16]. Furthermore, some uncertainty is buried
in the normal state thermal conductivity since we did not measured it directly in the
dilution refrigerator.

We conclude this section by pointing out that the heat losses through the whole
temperature range were of approximately the same magnitude and were less than
40 %. Through the whole temperature range. the heat losses varied not more than
(40 - 15) % = 25 %. But this seemingly high value is probably due to the uncertainty
in T. and &, and could possibly be re-normalized if the proper normalization factor

could be obtained.
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THE HIGH-T,. SUPERCONDUCTOR YBA-CU307_5

In this section, we summarize some of the basic features of the high-T. superconductor

Y'BaQCu307_5 N

4.1 Crystal structure

The high T, cuprates have a highly anisotropic structure that belongs to a wide class
of perovskites. Some of the materials in this class are: La,_.Sr.CuOy (T. = 38 K),
YBa;Cu30; (T, = 93 K), Bi;CazSr,Cu30y (7. = 110 K). TI;Ca;BazCuzOy (T =
125 K). YBa;CuzO7_s which is the focus of my thesis and is the most thoroughly
studied of the high-T.’s, was discovered in 1987 [7].

The general structural characteristics of these class of compounds are as follows:

1) highly two dimensional CuQ; planes positioned in the ab plane and responsible
for superconductivity.

2) metal-oxygen insulation planes which serve as a charge reservoirs and separate
sets of adjacent CuQO, planes. Here, the metal atoms are La, Ba, Tl or Bi.

The crystal structure of YBa;CuzO7_;s consists of double CuQ, layers stacked on
top of each other along the c axis and one dimensional CuO chains positioned along
the b axis. The lattice parameters for YBa;Cu;Qe9 are: a = 3.88 A, b = 3.84 A
and ¢ = 11.63 A [7]. There are two CuO, planes per 11.63 A. In addition, there
are metal-oxygen isolation planes which act as a charge reservoirs and separate one
layer of the CuO, planes from the other layer. In the case of YBa;Cu3;O;_s the
metal atoms are Ba atoms (for example in LaSrCuO, these atoms are La atoms).

The two adjacent copper oxygen planes which form a layer are separated from each

37
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other by Yttrium atoms; the Yttrium atom simply servers as a spacer between CuO,
planes. The presence of the double CuQ, layers is the key feature of the unit cell of
YB&gCU307_5 [7, 26]

¥8a,Cu, 0y

Figure 4.1: The crystal structure of YBCO, after [7, 31].

Figure 4.1 shows the crystal structure of YBa,;Cuz0O,_s. This structure gives this
class of superconductors prominent quasi-two-dimensional character which results in
many anisotropic properties.

Clearly, since there are planes and chains in the structure, there are two channels
of electronic conduction in YBa;Cu3O¢9. Therefore, it is not surprising that one
finds anisotropy in transport properties, such as the normal state resistivity, the
temperature dependent penetration depth, and the in-plane thermal conductivity of
YBa;Cu3z069. We are interested in:

1. general behavior of CuO, planes

and

2. behavior of CuQ chains.
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Figure 4.2: Generic phase diagram of the temperature versus the dopant concentration x in cuprates.
The solid lines labeled T and T, set the borders for the antiferromagnetic (AFM) and supercon-
ducting regions respectively (after [1]).

4.2 Oxygen doping

One can profoundly alter the properties of YBa;CuzO-_s by changing the oxygen
content. When it is reduced, oxygen is removed from the chains. When complete de-
oxygenation is achieved, § = 1. YBa,Cu307_-s becomes YBa,Cu30¢o and the crystal
is tetragonal and a (non-superconducting) insulator {26]. By adding oxygen, even-
tually the crystal becomes metallic with § ~ 0.1. At this point, the YBa;Cu3O¢g9
is optimally doped and the maximal T, is achieved. When § = 0.0, the crystal
YBa,Cu307 is fully doped.
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The generic phase diagram for the cuprates is presented in figure 4.2. One can
observe the change in phase of YBa,Cu30-;_s as a function of the oxygen doping.
YBa;Cu30¢,0 is an insulating antiferromagnet. As oxygen content is increased, the
Neel temperature reduces and finally vanishes when § = 0.64. Upon further increase
in oxygen content, from § = 0.36 to § = 0, the crystal becomes metallic, nonmagnetic,
and superconducting. The maximum 7. is achieved for é = 0.05 (called optimal).

The proximity of the antiferromagnetic and superconducting phases has attracted
a lot of interest. Some new theories have emerged recently in order to explain this
phenomenon. One of them is the Unified theory of antiferromagnetism and super-
conductivity proposed by Zhang et al. [32], commonly known as SO(5) theory. It
postulates that the two phases (antiferromagnetism and superconductivity) have the
same origin and can be unified into a single theory, just like the phenomena of elec-
tricity and magnetism are unified in the electromagnetic theory. No conclusion has

yvet been reached on this issue, and more research is needed.

4.3 Crystal preparation

All crystals used in the measurements presented in this thesis were grown by Robert
Gagnon, a research associate in our lab. They were grown by the self-decanting flux
method [33, 34]. One starts with powders of Y203 (99.9999%), BaCQO3 (99.9999%).
and CuO (99.9999 %) mixed in a molar ratio Y:Ba:Cu of 1:18:45. YSZ (vttria-
stabilized zirconia) crucibles were used as they are known not to contaminate YBCO
significantly [33, 34]. The crystals are oxygenated for 6 to 10 days at 500° C in flowing
O2 gas and quenched at room temperature. The oxygen content is then expected to
be 6.9 < 7T — 4§ < 6.92, based on existing oxygen diffusion studies [35, 36]. In the
air above 800°C, YBa,Cu3Or.s has tetragonal crystal symmetry. As the crystal is
cooled, oxygen enters the chains and the crystal becomes orthorhombic which results
in an asymmetry between a and b axes. We say that the sample becomes twinned
with small domains. Since the a and b dimensions of the crystal are comparable,

it is quite easy for a and b axes to become reversed when the unit cell is repeated
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again and again to form the grain. Then, there is a slight change in direction of
the orientation but not enough change for it to be considered a new grain [26]. The
crystals are detwinned by applying a uniaxial pressure of approximately 50 MPa at
550°C in air for 30 minutes or less. Then, the detwinned crystals are reoxygenated
for 1 day at 550° C in O,.

Electrical contacts on the crystals are made with silver wire using silver epoxy
annealed at 500° C in O; for 1 hour and quenched at room temperature. The typical
diameter of the contacts is 40um and the typical resistance of the contacts is < 0.1Q
at room temperature. The resistive transitions are typically narrow (~ 0.2 K) and
T. ~ 93 to 94 K. The extent of detwinning can be measured by a polarized light
microscope. The dimension of the crystals and the separation between the contacts

are measured by scanning electron microscope [37].

4.4 Normal state resistivity

It is well established by now that the normal state properties of high T. supercon-
ductors are unusual. The first anomalous normal state properties of this class of
superconductors to be identified were the electrical resistivity and the Hall effect [1].

For optimally hole doped systems of high-T. superconductors, the in plane resis-
tivity pes(7T) a has linear temperature dependence between T, and high temperatures
(~ 1000 K). The extrapolated residual resistivity is very small, p(0) = 0. The total

normal state resistivity can be written as:

Patr(T) = pas(0) + T (4.1)

[1, 39]

The linear dependence of the resistivity was observed for the most optimally doped
compounds [39]. But there are some previous studies in YBCO that showed that p in
a-b plane was not linear. The distinct upturn in p(7T) has been observed in powders
[40] and in thin films [41] as well as in crystals [42, 43, 33, 34]. The upturn was

attributed to the chains although the detailed description of the separate conducting
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Figure 4.3: Temperature dependence of the resistivity along a and b directions for YBa,Cu3QOs_.s{38].

planes and chains was missing. Clearly, the chain and the plane resistivities are
different. Furthermore, the anisotropy here is not constant, in particular as 7" — 0.
Therefore, the anisotropy is not describable simply by mass tensor anisotropy (see
chapter 5). Then, it is natural to ask what role in the superconductivity is plaved by
the chains?

The normal electrical resistivity of YBa;CuzO;_s has been measured by Gagnon
et. al [38]. They were able to characterize the resistivity curves by treating the
resistivity along the b axis as the sum of the resistivities of plains and chains. For
more details on their study, the reader is referred the the later discussion and to the
original paper [38]. Gagnon et al. showed that conduction in Cu-O chains was very
different to that of the CuQ. planes.

Friedemann et al. [43] were the first to use detwinned crystals and measure the
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Figure 4.4: Temperature dependence of the chain and plane resistivity for the detwinned
YBa-CusOg. o crystal. The chain resistivity was obtained using the simple model of two parallel
conduction channels for the b axis after [38].

resistivity along the a and b axes separately. Their crystals were grown in YSZ
crucibles, known not to contaminate the crystals significantly. They were the first
to report separate temperature dependence of p, and ps. Their findings were: an
anisotropy ratio of p,/ps = 2.2 + 0.2 for temperatures between 150 and 275 K; both
pa and p, were reported to be linear in temperature. But although only one of their
crystals showed a slight upward curvature in both p, and p, above 240 K. the authors
didn’t attempt to explain that feature.

It is known that the anisotropy is reduced by:

1. reducing the oxygen level,

2. by putting the impurities into the chains.

Welp et al. [44] found lower anisotropy ratio that ranged from p,/py, = 1.2 to
1.85 and was sample dependent. But their crystals were grown in gold crucibles

that are known to contaminate the samples and introduce up to several percent
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gold impurities into the crystals that preferentially go into the Cu-O chains. They
attributed the lower anisotropy to a high sensitivity of the chains resistance to oxygen
disorder. But it appears that the more suitable explanation for their findings would
be that the introduction of the gold impurities into the chains increased the chain
resistivity. The contamination by gold, therefore, could cause lower anisotropy ratio
since p, incorporates chain resistivity in itself; as p, increases, p,/ps, must decrease.
The chain carriers were scattered more by the impurities; p.pq;n increased and the
intrinsic behavior of chains was masked by increased scattering. Like Friedemann et
al.[43], Welp et al. [44] have also found both p, and p; to be linear in temperature
from T ~ T. up to 300 K. They didn’t detect any deviation from linearity.

Gagnon et al. [38] performed systematic study of resistivity along a and b directions
in detwinned YBa;Cu30;_s crystals. They obtained an anisotropy ratio p./py =
2.12 £ 0.05 at T = 250 K in agreement with previous studies mentioned earlier by
Friedemann et al. [43]. But unlike the previously mentioned studies, their study was
able to recognize qualitatively the differences between p.(7) and ps(7T"). Above the
superconducting fluctuation regime (1. < T < 130K’), p, was found to be perfectly

linear in temperature up to T = 300 K.
pe =p, + AT (4.2)

The residual resistivity along a was very small, even negative p° = —14uQem; the
coefficient of a linear temperature term was A, = 0.94 uQcmA™~!. On the other hand
pe had a distinct upward curvature as a result of the contribution from the chains.

Above 150 K, Gagnon et al. found that p.,;, roughly obeved the following equation:

Pchain = Pgh,,,-n + ~4cluzx'~r17‘2 (4.3)
[38].
Their results of the temperature dependence of the resistivities along the a and

b directions are shown on figure 4.3. To understand the observed temperature de-

pendence of the chain resistivity, Gagnon et al. applied a simple model to the b-axis
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conductivity: the model of parallel conduction channels. According to this model,
one can view the b axis conductivity as the sum of the separate conductivities in CuO,
planes and along Cu-O chains, or in mathematical form: 1/ps, = 1/ps + 1/pchain- In

light of this model, one obtains the following expression for p.pain:

cainT:’_p—apb_ .
penain(T) (Pa — Ps) 44

where it is assumed that resistivity in the plane was isotropic and ppiane = pa-

Gagnon et al. plotted ppiane and pepains versus temperature. From the plot on
figure 4.4 it was evident that:

L. pptene(T) and peaqain(T) were about the same magnitude.

2. an obvious difference existed between the temperature dependence of the two
resistivities:

Pplane Was linear in T, while pcrqain Was quadratic.

CONCLUSION:

The in-plane resistivity (resistivity in the basal plane) of the high quality YBa;Cu.O¢g
can be summarized as foilows: Below 300 K, pcxqin obeys T2 law in temperature with
large extrapolated residual resistivity (~ 100uQcm) while the p of the planes is per-
fectly linear with negligible residual resistivity p,. Above 300 K. the chain resistivity
increases steeply. This is possibly due to the onset of an additional scattering mech-

anism probably related to the enhancement of the oxygen mobility [38].
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EFFECT OF ANISOTROPY: RESULTS AND DISCUSSION

Here, we present our results on the effect of anisotropy on the heat transport along
with a review of previous findings. We compare our results with the present theory.

One of the interesting features of YBa,Cu3O+_s that comes out of unconventional
gap pairing is the anisotropy in the transport properties. As it was mentioned earlier
in chapter 3, the thermal conductivity is a directional probe that allows us to examine
properties along different axes in the crystal.

In our lab, we have measured thermal conductivity of YBa,Cu3;0¢9 along high
symmetry directions in the basal plane at both gapless and clean regimes. In order
to resolve the anisotropy in the basal plane, the thermal conductivity along the @ and
b axes was measured separately on five detwinned, high purity crystals. Three of the
samples had the heat current directed along the a axis while two of them had the
current along the b axis. We extracted the residual linear term at T — 0. We have
found very weak anisotropy in the zero temperature limit of x(T') which is in contrast
to the quoted 2.2 + 0.2 anisotropy in the square of the london penetration depth or
plasma frequency. Our results will be explained and discussed later on in this chapter

(see section 5.2).

5.1 Motivation for anisotropy studies

Lets us first motivate the anisotropy study by simply looking at the crystal structure
of YBay;Cu30gg. The lattice consists of:
e roughly tetragonal CuO; planes positioned in the a-b plane and stacked in pairs

on top of each other along the c axis, thus forming CuQ, bilayers,

66
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and

e one dimensional CuO chains that run along the b axis between bilayers.

(See figure 4.1 for the structure of YBa;CuzOs:_; .)

Clearly, two channels (namely planes and chains) of electronic conduction are
supported by the crystal structure of YBa;Cu3Qg¢g9. The charge conduction along the
b axis is higher than along the a axis. Therefore, one expects some anisotropy in the
transport properties along the two directions.

It has been agreed generally that the most important element in the high tem-
perature YBa,Cuz0O;_s superconductors are two dimensional copper-oxygen planes
believed to be responsible for the superconductivity. But although the origin of the
superconductivity is attributed to these planes, there are other elements in the unit
cell that need to be examined in order to fully understand these systems. Vari-
ous theoretical investigations of the CuQ chains and their role in the gap structure of
Y Ba,;Cu30;_s have been driven by two experimental results namely, tunneling exper-
iments that give results inconsistent with d,2_,2» symmetry [45]. and measurements
of the penetration depth along the a and b directions indicating that superfluid den-
sities along a and b differ only in magnitude and have the same functional form [46].
Some previous experimental work on anisotropy in transport properties in YBCO in-
cludes the resistivity measurements along the a and b axes. high temperature thermal
conductivity along the a and b directions, the microwave conductivity measurements
along the two axes, and the penetration depth along two axes. These findings will
be discussed in the following few sections. But still, there is no general agreement on

the magnitude nor the origin of the anisotropy in the different transport properties.

5.1.1 London penetration depth

Zhang et ai. [46] used cavity perturbation technique to measure the real and imag-
inary part of the surface impedance. The real part of the surface impedance, called
surface resistance R,, gives information about the real part of the conductivity, o,.
The real part of conductivity, in turn, is sensitive to the density of states of quasipar-

ticles and scattering rate of thermally excited quasiparticles. On the other hand, the
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Figure 5.1: The change of penetration depth from 1.3 K, AX(T) = A(T) — A(1.3K) and A%(0)/A*(T)
in the a and b directions versus the temperature. A,(0) is taken to be 1600 A and \s(0) was 1030 A
from infrared data (afier [46]).

“imaginary part of surface impedance, called surface reactance, is directly related to
the penetration depth A. The temperature dependence of A, labeled AA(T'), in turn,
reflects the quasiparticle density of state available for thermal excitations. Therefore,
AX(T) probes the gap structure of the superconducting state. Below 25 K, AX(T') is
linear in T for high quality YBCO single crystals [47] which suggests a pairing state
with nodes in the gap [46].

Zhang et al. found both A\, and AJ, to be linear in temperature at 7' < 15 K,
and the slopes for A\, and A\, were 4.7A/K and 3.64/K respectively. Their main
finding was that the penetration depth along the a and b6 directions did not differ
much in the form but only in the magnitude. This is clearly seen on figure 5.1 taken
from the original paper by Zhang et al. [46].

Basov et al. [48] studied the penetration depth anisotropy using the infrared
spectroscopy technique. The far infrared reflectance measurement has an advan-
tage over other techniques used to probe superfluid (such as uS R, dc magnetization
or microwave techniques) since it gives the absolute values of each of the diagonal
components of the london penetration depth while other techniques give usually the
average of at least two components. The superconducting penetration depth can be
found from reflectance measurements using Kramers-Kronig (KK) analysis of R(w).

[t gives us a real and imaginary part of the complex conductivity o(w).
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o(w) = o1(w) + ioz(w). (5.1)

The imaginary part of the conductivity o;(w) is directly related to the square of
the frequency dependent london penetration depth A% and the square of the plasma

frequency of the condensate w}?.

C2 2
= W =
2 P
AI.}

where w? is given by 4wn.e?/m" (n; is density of the condensate and m* is the

drwao,(w) (5.2)

effective mass of the carriers)

Basov et al. [48] found that the superconducting penetration depth in untwinned
crystals was smaller in the chain direction than in the direction normal to the chains.
They concluded that a large portion of the spectral weight attributed to the chains in
the normal state condensed below T.. The superconductivity in the crystals was not
confined only to the planes but extended to the chains as well. They found that the
anisotropy in the normal state microwave conductivity and in the penetration depth
was close to 2.2 and accounted for these results by the anisotropy in the squared
plasma frequency w?,/w?, = 2.2+ 0.2 (the anisotropy in the n/m* ratio, the ratio of
the carrier density to the effective mass).

Their results showed that the penetration depth along the b direction Az, was much
smaller compared to the penetration depth along the a direction A,. The values they
obtained for the crystals were the following. For YBa,Cu;0s: Ay = 800 A and
Ae = 2000 A. For the two YBa,;Cu30-_s crystals, labeled sample 1 and sample 2,
the results were the following: sample 1: Ay = 1000 A and A, = 1600 A; sample 2:
Ay = 1200 A and A, = 1600 A.

Using a two-component analysis of the normal state optical conductivity [49],
Basov et al. obtained similar anisotropy in the square of the normal state Drude
plasma frequency, w} = 4wne?/m": wh,/wd, = [(2.0eV)/(1.3eV)]* = 2.240.2. These
results agreed well with the local density approximation band structure calculation

[50] that predicted an anisotropy of approximately 2.3 for w?. The anisotropy in the
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Figure 5.2: The real part of conductivity along a and b directions at 34.8 GHz as a function of the
temperature, after[46].

squared london penetration depth (Ag/As)° = 2.3 was very close to the anisotropy in
the normal state w? [48].

All of the measurements discussed agree with a factor ~ 2.2 anisotropy. There is
no indication of anything different occurring in 1-D chains than in the 2-D planes.
It appears that all of these anisotropies could be explained by the anisotropy in the
mass tensor, n/m*. But, this turns out to be just a very naive picture that breaks
down and cannot fully account for the anisotropy in the transport properties. This
is specifically revealed by low temperature x(T') measurements done in our lab and

discussed later in this chapter.

5.1.2 Charge and heat transport: high temperatures

At a temperature just below T, Zhang et al. [46] observed that s, the real part of the
conductivity along the b direction, was about 2.4 times as large as o,,. This anisotropy
is of the same magnitude as the one seen in the normal state. At low temperatures,
both curves of o,, and oy, versus temperature were linear in temperature. oy, was
observed to be about a factor of 2 larger than o, throughout the whole temperature
range from 1.3 to 100 K. A large peak in o, below T¢ in both directions was attributed
to the rapid drop in quasiparticle life-time () below 7,.. The temperature dependence
of the real part of conductivity from Zhang et al. is shown on figure 5.2.

Basov et al.[48] found that the anisotropy of the low frequency limit of o; at 95

Kelvin was o,/0, = 2. Using a classical skin effect in the normal state, the surface
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Figure 5.3: Comparison of plane and chain thermal conductivities in YBa2Cu3Qs g normalized to 1
after subtracting a constant offset. Normalized A« is plotted as a function of 7'/T" whete T* = T,
for planes and Tonse for chains after [37].

resistance measurement on a similar crystal yielded a slightly higher anisotropy of
2.3.

Again, as in the case of Ay measurements, there is no indication of any qualitative
difference between the electrical conduction along the two crystalline directions. The
only difference found is the quantitative difference between charge transport along
the @ and b axes.

The high temperature thermal conductivity measurements on YBa,Cu3zO7_; crys-
tals by Gagnon et al. [37] showed a definite difference between transport along the
a and b axes. Their study was motivated by two previous findings that were in con-
tradiction with each other. The first set of experimental findings was the previous
tunneling data [45]. It was suggestive of independently conducting planes and chains.
The second set of experimental evidences were the penetration depth measurements

[46]. They were indicative of similar nodal structures in planes and chains; A, and A,
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differed only in magnitude but not in functional form suggesting that one needed to
understand the plane-chain coupling below 7.

Gagnon et al. measured &x(7T) along two crystalline directions (¢ and b) of de-
twinned YBa,;Cu3Oegy crystals from 5 K up to 150 K thereby using £(T') to probe the
behavior of the CuO chains. In the simplest approach, one assumes that the phonon
spectrum is roughly isotropic in the a-b plane and attributes most of the anisotropy
in £ to chain electrons. The thermal conductivity along the a axis is attributed to
the planes k., and the thermal conductivity along the b axis k3 is viewed as a sum
Of Kchain and Kplane. Then, Kcnain is simply given by the difference in conductivities
along the two crystalline directious, Kchain = Ko — k4. Figure 5.3 shows the normalized

thermal conductivity from the planes compared to the one from the chains.
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Conduction along the b axis was higher than along the a axis throughout the
whole temperature range, which indicated that the increase was at least partially due
to additional electrons in the chains. Gagnon et al. observed that while the normal
state anisotropy was roughly constant (x, — k., ~ 3.0 to 3.5 W/mAK'), the anisotropy
ceased to be constant as the temperature was reduced below 60 K and was significantly
decreased at lower temperatures. Both x, and x; showed a clear peak below T, (where
T. was 93.8 K) but there was a clear addition to xs(T") below T, at about Tonser =
55 K. The well-known increase in x(T) below the critical temperature is a general
characteristic of all high 7, superconductors [25]. This increase is explained by fact
that as temperature decreases below the critical temperature, electrons condense into
Cooper pairs and there are less normal electrons left to scatter heat carriers; hence, the
mean free path of the heat carriers increases and the thermal conductivity increases
as well. This is valid as long as the main source of scattering for heat carriers comes
from electrons. The threefold increase in ks — x4, which Gagnon et al. called "chain”
conductivity taking place between 55 K and 15 K, resembled the increase in plane
thermal conductivity between 90 K and 30 K. The chain carriers experienced a sudden
increase in mean free path below T, = 55 KA, which pointed to the onset of pair
condensation or increase in superfluid density in chains at 55 K. This is shown on
figure 5.4. It is clear by now that one can use x(T) to detect changes in superfluid
density not only at T, but also at lower temperatures. This works as long as electrons
are the major source of scattering for the carriers of heat.

CONCLUSION on the anisotropy of x(T') at high temperatures:

Gagnon et al. [37] found a qualitatively similar behavior for x, and kcpqin. as well
as the absence of any anomaly in Kkein at T, (see figure 5.3). These observations
suggested a simple scenario where planes and chains were largely decoupled and each
electronic system underwent its own superconducting transition. This agreed with
the single electron tunneling model’s predictions [51, 52]. The proposition of Gagnon
ct al. at that time was phenomenological. Therefore, there is a clear need for a better

understanding of underlying heat carriers and scattering mechanisms. Certainly, their
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study shows that a naive treatment of anisotropy in terms of plasma frequency or
london penetration depth is inadequate.

The different results from o and x measurements call for a closer look at the
anisotropy. This is best done at low temperatures as we shell see in the following

discussion.

5.2 Heat conduction: low temperatures

We have measured the low temperature thermal conductivity in the gapless regime,
T < T./100, of five high quality untwinned single crystals of YBa;Cu3;0s9 along
both high symmetry directions in the basal plane. The temperature range of the
experiments was 70 m KA to 1 A'. For three crystals the current was along the a axis
(J || @) and for the other two crystals, the current was applied parallel to the b axis
(I 6).

Since other techniques that aimed at the anisotropy measurements of the trans-
port properties didn’t allow for the resolution of the question, we have decided to use
a straight forward measurement that probes the anisotropy without much complica-
tions in the analysis of the data. The thermal conductivity measurement were done
in the limit of low temperatures where neither the phonons nor the inelastic scat-
tering complicated the interpretation of the results and where the impurity scattering
dominated. At low temperatures, phonons are easily separated from electrons. The
temperature dependence of xp; is given by well-known asymptotic 72 behavior. Also
at low T, inelastic scattering is negligible [53].

As discussed in the review of thermal conductivity (see section 2.4.2), the phononic
term in the thermal conductivity at low temperatures, where scattering of phonons is
limited by crystalline boundaries (the mean free path becomes limited by the crystal
boundaries), approaches its well defined asymptotic 7° dependence given by Debye

expression:

1
K= §/3 < vpn > AT (5.3)
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Table 5.1: Specifications of the five crystals used for the anisotropy study.

Crystal | T, wo/T
K|

a-1 93.6 | 0.15 £ 0.01
a-2 93.7 | 0.14 £ 0.04
a-3 93.3 | 06.12+0.01

b-1 93.3 | 0.17 £ 0.03
b-2 93.4 | 0.18 £ 0.01

0.7
0.6
0.5
0.4
0.3
0.2

x/T (mW/K*/cm)

L € YBa,CuSO()0 -
(9= \ ] - .
0 0.01 0.02 0.03

T (K?)

Figure 5.5: Low temperature thermal conductivity, x/T versus T2 for five YBa>Cu3QOe s crystals
used for study of anisotropy: a-1 (solid circles), a-2 (solid triangles), a-3 (solid squares), b-1 (open
circles), b-2 (open squares). For three crystals, current was parallel to a axis, J || a and for remaining
two, J || &. The solid lines are linear fits to the data for 72 < 0.015A%. The dashed curve shows
measurement on deoxygenated YBa2Cu3Q0s ¢ crystal.

1 ] L

where [ is the phonon specific heat coefficient, < vpr > is the average of the

acoustic sound velocities, and A, is the maximum mean free path independent of
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temperature and limited by the crystal boundaries.

Only by going quite low in temperature, can one extract a meaningful phononic
term from the measurements. This is verified by comparing the theoretical Debye
prediction using known values for the various parameters in the above Debye expres-
sion and the values obtained from the linear fit of the data. It was shown by Taillefer
et al. that our data agrees well with the theoretical values [8].

The electronic term is linear in temperature and the phononic term is cubic in
temperature at low temperature; therefore the total thermal conductivity can be

written as:

x =aT + bT3 (5.4)

We plot x/T versus T? such that the fit to the low temperature data (T < 150 mA")
is linear and the slope of the fit gives the magnitude of the phononic term while
the intercept at T = 0 gives the magnitude of the residual normal fluid due to

quasiparticles.

5.2.1 Results

The results of our measurements are shown in table 5.1 and in figure 5.5. Firstly, all
three curves for the a axis conduction, and both curves for b axis respectively, fall
close to each other at the zero temperature limit. The intercept of the lines repre-
sents the residual linear term. This clear residual linear term is entirely attributable
to quasiparticles at zero temperature [8]. This is confirmed by the fact that fully de-
oxvgenated insulating YBa,Cu3z0Oso has a zero intercept (represented by the dashed
line on figure 5.5).

The slope of the linear fit of x(T")/T versus T2 is mostly due to phonons. This is
supported by the fact that the insulating sample, where there are only phonons as
heat carriers, shows a similar increase in conductivity with temperature. The slope
could also be in part due to higher temperature corrections to « as calculated by Graf

et al. (see section 2.4.1) [22] but they are probably very small.
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Cr

The values for the zero temperature x(7T') obtained from the linear fit are:

"T =0.14 £0.03 mWHA"'em™! for J || a (5.5)
and
"7";” =0.18 £0.03 mWK ~'em™ for J || b (5.6)

leading to an anisotropy:

Kob

Ko

=1.3+0.3. (5.7)

This is a much weaker (perhaps even negligible) anisotropy than the one found in
the normal state resistivity (pa/ps(250K) = 2.2+0.2) [38], the normal state microwave
conductivity (o15/01..(95K) = 2) [48] or the square of the london penetration depth
(A2/7F = 1.7) [46].

Zhang et al. [46] obtained the residual microwave conductivity by fitting their low
temperature data to a straight line: o ,(7T — 0) =~ (0.45 £0.13) x 10°Q~'m~! and
op(T = 0) = (0.7 +0.2) x 10°Q~!m~! giving an anisotropy o14/0;.. = 1.6. But the
uncertainty here is quite large, of the order of 50 %. Our results are consistent with
their data. By simply multiplying their values of o by the Lorenz number L,, we get
values for xk: 0.11 mW/cmK and 0.17 mW /cmK for the a and b axes respectively.
They are compatible with our measured values.

The total uncertainty of 20 % on our data comes from two main sources: uncer-
tainty on geometric factors (up to 10%) and uncertainty in linear fits of the data
(T=0 extrapolation). The anisotropy ratio bears in itself only the uncertainty due
to the fit because it depends directly on our estimate of the resistivity ratio at room
temperature which is taken to be 2.3. In this sense, the uncertainty in the geometric

factor is minimized and can even be eliminated from the ratio.
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5.2.2 Comparison with the theory for a tetragonal superconductor
with d,»_,» symmetry
[t is instructive to make the comparison with the theory for a tetragonal supercon-

ductor with d.;2_,2 symmetry. First, we compare our results for properties along the

-y
a axis with the theoretical predictions and show that indeed there is agreement with
the theory. Then, we argue that taking an anisotropy of 2.2 £ 0.2 in n/m" (or wﬁ)
as being the only source of anisotropy leads to an inconsistency with the theory for
J || b. We conclude that the weak anisotropy can not simply be explained in terms of
an anisotropy in the ratio of carrier density to effective mass (or in plasma frequency
squared). Here, we take the gap function to be: A = A, cos (2¢).

Above the gapless regime, in the clean limit, the temperature dependence of the

in-plane London penetration depth is linear and given by [54}:

7= A4(0) S &

(5.8)

wpS

where S = |dA(J)/dd| is the local slope of the gap at a node. For a d-wave gap,
the nodes are at ¢ = 45° and § = 2A,. A;(0) = ¢/w, is the zero temperature value
of the penetration depth: here, ¢ is the speed of light and «, is the plasma frequency
[54]. Therefore, the temperature dependent London penetration depth is inversely
proportional to the product of w, and S.

In the T=0 limit, heat transport in the basal plane is expected to be universal as
a result of perfect compensation between the increase in density of quasiparticles and
the concomitant reduction in the mean free path with increasing impurity scattering
[9. 8]. In the zero temperature limit, x;;/7T is then given by:

L,ne* 2h _ hkpul 1

2
Koo “p
= Lo0, —

- =
T m* 6e? S'Oc S

where o, is the charge conductivity in the universal limit and L, = (%2/3)(kg/e)’

(5.9)

is the Sommerfeld value of the Lorenz number [22, 8]. Again, as in the case of the
penetration depth, the thermal conductivity is related to the same two parameters,

wp and S.
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We use these theoretical expressions and calculate the values for A\ /T and «;/T.
First, we apply the expressions to the a axis properties.

We obtain a perfect agreement with the experimentally determined values,

U 0
[46]
and
Koa _ g 1q4 W (5.11)
T cm ki
respectively, using § = 2A, and the weak coupling value for A, = 2.15k,7T,.

(where T,. is value of T, in a clean limit) if the plasma frequency is set to 1.5 eV.
This value for w, is not far from the value 1.3 eV obtained from far infrared reflectance
measurements [48]. Not only do we have an excellent theoretical understanding of
A(T) and &(T) but we have also established the excellent quantitative agreement for
the properties along the a axis in two different regimes (clean and gapless).

[f we repeat the same procedure for the b axis properties, we do not obtain the
same consistency as for the case of a axis properties. In order to obtain agreement

between the theoretical expressions and the experimental values, which are:

AA(, fi
=06 =2 512
T 3.6 % (5.12)
and
Kob _ mW oL
T =0.18 IR (5.13)

we need to use w, = 2.0eV for AN\/T and w, = [.TeV for x,,/T. The fact
that there is no consistency in the value of w, from the two separate estimates is an
indication that the anisotropy can not simply be explained by an anisotropy in the
plasma frequency. Furthermore, neither estimates obtained for w, give an anisotropy

D) : 2
as large as 2.2 in wj.
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5.2.3 Discussion and possible explanations

In summary, here are the values of the anisotropy obtained from the various experi-
ments:
e The plasma frequency anisotropy from far infrared reflectance measurement [48]

was found to be:

(wpb/wpa)® = (2.0/1.3)% = 1.54% = 2.2, (5.14)

e Irom the temperature dependent London penetration depth measured by Zhang

et al. [46], we have an anisotropy of

(AN /AN) = (4.7/3.6)° = 1312 = 1.7 (5.15)

(In a linear node, one expects AXA ~ ) and the A and w, to be related by ¢?/\3 =
w?).
e From the low temperature thermal conductivity. we obtain the much weaker

anisotropy of:

Kop/[Koa = 1.3 £0.3 (5.16)

which may even be negligible.

It is obvious that there is no general agreement between the values on the anisotropy
in the transport properties in the basal plane of YBa;Cu30;_s5. There are some other
factors beside n/m* that contribute to the anisotropy.

W. C. Wu et al. have suggested that small anisotropy could come from the d
wave pairing with small s-wave admixture. Could it be that the gap anisotropy is
neglected in previous treatments of the anisotropy? For such a pairing (d,2_,2 + s).
they found the anisotropic features in the low-temperature microwave conductivity
and thermal conductivity. In this model, the Fermi surface would be distorted from
the tetragonality due to the presence of the chains and the nodes would be shifted

off the diagonals. But this theory does not provide agreement between the different
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experimental results, since the « fit requires a large s component, while this is in
contrast with the X data [55].

Could it be that the chain gap is nodeless and that the nodes ir the chains do
not intersect the Fermi surface? There would nof be zero energy quasiparticles in
the chains since they would be gapped. leading to no transport along the chains at
T — 0. This would bring down the value on the anisotropy ratio to what it is strictly
in the CuQ, planes (slightly orthorhombic) [56].

It is possible that conduction in 1D chains is net universal. Since chains are
one dimensional system and the passage of the heat carriers is limited to the one
dimensional path, it could be that the scattering rate in chains [,; becomes very
large for a certain critical impurity concentration such that conducticn in chains is
greatly diminished or even stops [57].

A last possibility is that localization occurs in the 1D chains, along the lines of

Lee’s proposal [9].
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EFFECT OF A MAGNETIC FIELD: RESULTS AND DISCUSSION

As pointed out earlier, one of the main features of superconductors beside their perfect
electric conductivity is their distinctive magnetic behavior. When cooled below 7, a
superconductor becomes a perfect diamagnet. meaning it expels the applied magnetic

field that was inside the material in its normal state before it became superconducting.

/

Type 1

Type Ul

=) S

<1 -] B

Figure 6.1: The induction as a function of the applied field for Type I and Type II superconductors,
after [3].

When high enough fields are applied, the superconductivity starts to break down.
In the case of the unconventional superconductors, which are called Type II super-
conductors, we have two critical fields labeled H., and H.,. When the first field
is reached, the ficld starts to penetrate inside the material in the form of tubes of
flux, known as vortices. Vortices are arranged in an hexagonal lattice and their cores
are in the normal state (the gap goes to zero there), while outside the core of the
vortex material is still in the superconducting state (with the full gap). When the

upper critical field H., is achieved, superconductivity is completely destroyed and the

82
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material becomes non-superconducting. In between the lower and the upper critical
fields, the material is in the mixed state. The mixed state in Type II superconductors
was first predicted by Abrikosov in 1957. He showed that the field should penetrate
inside the superconductor in the form of vortices each carrying one quantum of flux:
b = %c‘i = 2.07 x 10~7 Gauss cm?. Figure 6.1 shows the response of the two types of
superconductors to an applied magnpetic field.

Since YBCO is a Type II superconductor, we will be largely interested in the
magnetic properties of these superconductors. However, we will draw some compari-
son between the conventional and unconventional superconductors. We will compare

s-wave and d-wave superconductors.

6.1 Type II superconductors

It has been realized a long time ago, when the superconducting theories started to
emerge, that there are two types of superconductors, namely Type I superconductors
and Type II or London superconductors. It is important to distinguish between the
two because their properties differ. The Ginzburg-Landau theory provides us with
the useful ratio labeled « that gives the criteria for distinguishing between the two.

Ginzburg-Landau theory is the phenomenological theory proposed by Ginzburg
and Landau in 1950 before appearance of BCS microscopic theory. It concentrates on
superconducting electrons rather than on excitations. The central physical quantity
which Ginzburg and Landau proposed was complex pseudowave function #; it is an
order parameter which describes the superconducting electrons. The biggest success
of the theory was the explanation of the intermediate state of superconductor where
normal and superconducting states coexist in the presence of a field, H = H.. Gor'kov
showed that the Ginzburg-Landau theory was a limiting case of the BCS theory valid
near T, in which ¥ was directly proportional to the gap parameter, A [2].

[n Ginzburg-Landau theory, the coherence length is given by:

h

N ™

(6.1)
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It is the distance over which ¥ (r), the order parameter, can vary without significant
increase in energy. In the pure superconductor at T « T, £(T) = & [2]. Here &, is
the Pippard temperature independent coherence length. The free energy is expressed
through the dimensionless parameter . It is the ratio of two characteristics lengths,

penetration depth A and coherence length £.

K = E (6.2)

Near T., £(T) diverges as (T. — T)~'/2 because o vanishes as (7. — T'). Because )
also diverges as (7. — T')!'/? near T, ratio x is approximately independent of tempe-
rature. It is convenient to use x to distinguish between two types of superconductors.
When & < 1/v/2 the material is Type [ and when x > 1/v/2 the material is Type II
superconductor.

The characteristic which will be used to discern among the two types of supercon-
ductors is the surface energy. It can be both positive and negative, and depending
on the sign, it will be favorable to reduce the boundary surface between the normal
metal and superconductor or to increase it. In addition, we will use the coherence
length, as given by the BCS theory:

hv
¢=—1

(6.3)

7l
in the discussion of the two types of superconductors.

[f x is small, meaning that £ > A, then the coherence length is long and the
penetration depth is small. These are so called Type [ superconductors. For ex-
ample, for the typical metal superconductor Az is small (~ 300 A) and vy is large
(~ 10® cm/sec) leading to large coherence length (£, ~ 10* A for aluminum) [3]. The
coherence length, in the G-L theory, is viewed as the distance over which the wave
function can vary without a great increase in energy. Since here £ is large, it means
that the order parameter varies slowly from the value 1 in the superconducting region
toward the value 0 near the boundary with the normal region. On the other hand,

the field drops rapidly inside the superconducting region as A is short. There will be



6: EFFECT OF A MAGNETIC FIELD: RESULTS AND DISCUSSION 85

h(r)

Iy (r)l

i )|
0g A ro——

Figure 6.2: Structure of an isolated Abrikosov vortex in a material with x =~ 8. The maximum value
of h(r) is approximately 2H,,, after [2].

a region near the interface where both order parameter and field almost vanish. In
this region, the pairing (i.e. the condensation energy) vanishes but the field does not
penetrate here. There is no compensation of the screening of the field by the gain
in energy due to pairing. This scenario leads to a positive surface energy which sta-
bilizes the domain pattern into the intermediate state, where the size of the domain
is in between the macroscopic sample size and £ [2, 12]. When H. is reached, the
sample is not superconducting any more as the field has penetrated uniformly across
the sample.

If x is large, meaning £ is small and A is large, the superconductor is a Type II or
London superconductor. Ay is large and typically of the order of 2000 A, v, is small
(~ 10° cm/sec) and the transition temperature T is high, leading to small &, [3].
Here, the surface energy is negative. This means that the energy of the system can
be lowered by increasing the boundary surface between superconducting and normal
regions. This is effectively done if the field penetrates inside the superconducting
region in the form of vortices, which are flux quanta. Inside the vortex, the material
is in normal state and these states are bound and quantized. Outside the vortex,
the material is in the superconducting state. Figure 6.2 shows the diagram of the
variation of the order parameter ¥ and the flux density h in a domain wall for a

Type II superconductor.
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Using expressions for the coherence length, §, = hv;/nA, and for the zero tempe-
. rature london penetration depth A(0) = ¢/w, along with the values for v; ~ 107 em/s
[9], A, = 2.15 kgT. [8] and hw, = 1.3 eV [48], we get the following values for YBCO:

& =122 A (6.4)

and

M0) = 1519 A (6.5)

Clearly, A > &, showing that YBCO is a Type II superconductors.

6.2 Heat transport: conventional superconductors

In conventional superconductors, the coherence length is a few thousands A, contrary
to unconventional superconductors where ¢ is minute and of the order of 10 A. Here,
the separation of two vortices is approximately given by: 2R ~ 2§, \/m In con-
ventional superconductors, the density of states at low energies is dominated by the
contribution from the bound states inside the vortex cores. With the applied mag-
netic field, vortices are created; but the bound quasiparticle states inside the cores
are spatially localized and hence can not easily participate in the low-temperature
transport. At the same time, the states outside the cores remain fully gapped, and
their contribution to the thermal conductivity is exponentially suppressed. There-
fore, while the vortices do not introduce the extra heat carriers, they are effective as
scatterers of the carriers. As the vortex density increases with the magnetic field, the
scattering of the quasiparticles by vortices increases which shortens the quasiparticle
mean free path. This results in the initial suppression of the thermal conductivity
x(T) in the magnetic field [23].

We present the findings of Lowell et al. [15] who performed an extensive study
of the thermal conductivity of Type II superconductor in the magnetic field. They
examined the response of x(H) in pure, i.e clean (¢ > §,), dilute and dirty limits

‘ (¢ < &,). The samples were niobium (Nb), NbMo, and NbTa - clean, dilute and dirty
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Figure 6.3: Thermal conductivity of niobium as a function of field for two different temperatures.
The dotted curve shows data taken in decreasing field. The magnetic field is perpendicular to the
sample plane after [15].

superconductors respectively. We focus on their treatment of pure niobium because
it serves well for a contrasting comparison with our d-wave system.

In a pure limit (Nb) and without the magnetic field, according to Lowell et al.
[15], the normal state thermal conductivity varied linearly with temperature suggest-
ing that x« was mostly due to electrons and was limited by impurity scattering. The
thermal conductivity in the superconducting state was found to be a monotonically
decreasing function of temperature. The thermal conductivity due to electrons in the
superconducting state dominated the total thermal conductivity at the temperatures
above 2.5 K. At T < 2.5 K the thermal conductivity due to phonons became signif-
icant. All of these features are very well established by now [15]. For example, see
section 2.3.2.

At H « H. (low field) where ¢, >> &, (pure limit), x was rapidly decreasing

with the increasing field up to some minimum value, K,;,. This was the result of
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Figure 6.4: Field dependence of the thermal conductivity on NbggMosg measured with the field
either parallel (xj) or perpendicular (x.) to the heat flow direction (but always parallel to the plane
of the sample) at two different temperatures: 2.90 K (a), and 1.52 K (b). The dotted line is the
thermal conductivity in the field parallel to the plane of the sample and to the heat-flow direction
after [15].

electrons being scattered by vortices (fluxoids). The thermal resistivity (W ~ 1/x)
in a "dilute” system of fluxoids is given by:

W =W, (1 + Bj"“) . (6.6)

where W, is the thermal resistivity in the superconducting state at B = 0, ¢, is

the electronic mean free path, ¢, is a flux quantum, and a is the effective diameter of

aN

the fluxoids for the scattering of the electrons. Lowell et al. found that in niobium,

5 x 107® c¢m and approximately independent of temperature. The electronic

mean free path in the pure limit (Nb) was found to be { =2 x 10~ ¢m and £/¢ = 2

Therefore, it was concluded that excitations associated with the fluxoid cores did
not contribute appreciably to the heat transport in low fields.

It was rather the
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scattering of electrons from the vortices that was responsible for the increase in .
Excitations were bounded to the vortex cores and all H dependence was due to the
vortex scattering.

At higher fields and near H,,, s rapidly increased to its normal state value. In
this case, it was not the scattering of the vortices that was important, but it was
a pair breaking effect (single particle excitations associated with fluxoids) that were
significant in determining the heat transport [15]. Results of Lowell et al. are shown
on figure 6.3. Niobium obeyed Maki’s prediction for thermal conductivity of a pure
Type II superconductor in the gapless regime (i.e. in a fields close to H.;) in a

magnetic field [38]. That is:

k(H) — ko = (Ho — HYY?*o(T) (6.7)

In a pure Type II superconductor, the electronic mean free path is much bigger
than the coherence length, €/&, > 1. For such a system, Maki arrived at the fol-
lowing theoretical results. The thermal conductivity x(7") dropped rapidly in the
superconducting region as (He — H,)'/?, where H, is the external field. The dy-
namic properties of a pure Type II superconductor differed considerably from those
in a dirty Type II superconductor. The thermal conductivity in field was strongly
isotropic. The conduction was maximal when the heat flowed along the fluxoid di-
rection. The angular dependence of the thermal conductivity in a field showed that
at T K T, Ks1. 2> Ky; the transport of heat was higher in the transverse than in the
direction parallel to the fluxoid. At higher temperatures, T ~ T, or less than T, the
conductivity along the fluxoid direction was greater than in the transverse direction.
Therefore, at higher temperatures, the anisotropy was inverted from the one at lower
temperatures [58].

The early theory for the response of k to the field in a dirty superconductor was
derived by Caroli and Cyrot in 1965 [59]. They found that the thermal conductivity
in fields close to H,; varied linearly with H, in contrast to the previous average-gap

model by Dubeck et al.[60, 61] that failed to predict such kind of behavior. But
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at lower fields, both models were correct in predicting a linear behavior. Results of
Lowell et al. {15] for a dirty sample NbgoMo,g are shown on figure 6.4. At higher fields,
for a dirty superconductor, Lowell found that x(T) increases linearly with magnetic
field. This finding was in agreement with Caroli-Cyrot theory [39]. But, the linear
behavior extended well below H., which couldn’t be explained by the Caroli-Cyrot
theory. The angular dependence of the thermal conductivity x(#) was much weaker
than in a pure sample. At lower fields, some anisotropy due to the electronic term
was observed, while at very low fields the anisotropy was attributed to the phononic

term.

6.3 Heat transport: unconventional superconductors

The fact that in the d-wave superconductors the density of states and the entropy are
dominated by the contribution from the extended quasiparticles states rather than
by the bound states associated with the vortex cores was first pointed out by Volovik
in 1993 [62]. In a d-wave superconductor, the density of states is linear in energy.,
N(E) ~ E. When a magnetic field is applied, it creates vortices with a superfluid
flow around them. In this new reference frame, the quasiparticle energy is Doppler
shifted on average from energy £ —» E £ %l-} - A. This average shift in energy (so

called the field energy) Ey is given by:

h_
Ey=—vy- A (6.8)

[

where A is the vector potential. Using the expression for the magnetic flux ®,:

m=f§w€ (6.9)

where the surface integral is taken over one vortex, one obtains that the vector
potential A can be written as: A= %&é Then, by calculating the appropriate
integrals over the volume and knowing that by definition H = 4“%, the average
energy Ey can be calculated in terms of the Fermi velocity vy and the magnetic field

H. Here, R is the vortex radius. [t turns out that Ey scales with vV H (also see
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equation 6.10). At T = 0, the quasiparticle energy is shifted roughly from 0 — Ey.
Therefore, we can write: N(0) — N(Ey). Also, because the DOS is linear in energy
and because Ejy scales as VH, it follows that N(Ey) ~ Eg ~ Vv H. This causes
the H dependence of all quasiparticle properties ( e.g. C/T and x/T) because all of
them are dependent on the DOS. The density of states near the node is increased as
more quasiparticles around the nodes are Doppler shifted as field increases; there are
more carriers and & increases as well. Furthermore, each carrier is still subject to the
scattering rate from impurities, [. As a result, an increase in « will be the largest in
pure samples where scattering rate from impurities is the lowest.

Contrary to conventional superconductor, the coherence length € of YBCO is much
smaller than the mean free path of the heat carriers. Vortices are far apart from each
other and can be treated as a point objects for all practical purposes. Here, the vortex
scattering is certainly much less important than in conventional superconductors.
Unlike in the s-wave superconductors, in the d-wave superconductors, there are nodes
in the gap that lead to the existence of quasiparticles at zero temperature and at
zero field. This residual normal fluid is the result of impurity scattering. At low
temperatures, as the field is increased, it is not the scattering of the vortices that is
dominant but it is the impurities that still largely determine the scattering rate and
thus the mean free path of the heat carriers.

Lately, increasing interest in the studies of the d-wave systems in the vortex state
by both theoreticians and experimentalists has appeared in order to reconcile some
previous findings. For instance, the different results on specific heat need to be
resolved. Recent work of Kiibert and Hirschfeld [23, 63] has shed more light on the
transport properties of d-wave superconductors in the vortex state. By definition,
the field energy Ep is proportional to the average quasiparticles Doppler shift. The

quasiparticle energy, Ey is given by:

1/2
Ey=a(:) A, (6.10)

c2

where A, is the upper critical field, A, is the gap maximum over the Fermi surface,
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and a is a vortex-lattice dependent constant of order unity [23].

They argue that the transport properties in d-wave systems at low temperature
and low fields can be described by the model in which quasiparticles are scattered by
the same processes as in zero field and can be calculated from the energy dependence
of the zero field relaxation time. The dependence of these properties on the magnetic
field is a result of the change of the quasiparticle occupation number near the nodes.
The extra quasiparticles are created because of the Doppler shift in the presence of
the superfluid flow around the vortices. The quasiparticles are Doppler shifted by an
energy Swi(R) = v k, where v; is the superfluid velocity distribution that depends
on the exact form of the vortex lattice, v; = ¢,/r5. As the distance from the center
of the vortex r increases, the velocity decreases and therefore the energy decreases as
well. Authors also point out that in high-T, superconductors and in U Pt; systems,
¢ {mean free path) is not significantly determined by the vortex scattering. At low
temperatures and fields, the scaling relation as derived by Kiibert and Hirschfeld is
given through H'/2/T variable.

For the quasiparticle energy that is comparable to the impurity bandwidth, Ey ~
~, the breakdown of the scaling occurs [23]. The scaling is not square root in H, but
it is rather H log H scaling as supported by specific heat data by Fisher et al. [64].

It has been theoretically predicted by Simon and Lee [65] that the transport prop-
erties in the magnetic field in d-wave superconductors should, in some way, depend on
the square root of H. Utilizing the fact that the excitation spectrum of the low energy
quasiparticles in two dimensional d-wave superconductors scales as H'/2, they were
able to calculate the predicted form for the various transport properties expressed
through the exact one-parameter scaling. The transport properties they have ex-
amined include: specific heat in magnetic field, quasiparticle magnetic susceptibility,
optical conductivity tensor and thermal conductivity tensor. They have found that

the thermal conductivity tensor is given by the following formula:

Key ~ T2 Frzy(aT/H'Y?). (6.11)
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where F is some scaling function [65]. This form arises simply from the low-energy
Dirac form of the electronic spectrum [63]. The results of Kiibert et al. show that
the exact one-parameter scaling found by Simon and Lee with X = T/VH is not
necessarily obtained but the approximate scaling as predicted by Simon and Lee will
be valid in the unitarity limit.

As a result of the density of states being dominated by the extended quasiparticle
states, the excitation spectrum of a clean d-wave superconductor in field scales as a
function of vH. Such a scaling further leads to a specific heat C exhibiting VHT
dependence on the field rather than HT dependence as in classical superconductor
where localized quasiparticle states inside the cores contribute to the specific heat
because the number of vortices scales proportionally to the field. This approach
assumes that the coherence length is independent of the field. But some recent SR
work shows that this is not true in systems such as NbSe; and YBCO [66]. Still, the
theoretical predictions for specific heat in field have been supported by the previous
experimental work. Moler et al. [67] have found that the specific heat of YBa,CuzO7_;s
crystals in field scaled as vH and could be best described by such a dependence on
the field which was in perfect agreement with Volovik's prediction [23. 62]. On the
other hand, some other measurements reported a behavior that deviated from such a
scaling [64].

The contradictory experimental results were reported on the electronic thermal
conductivity in field where H L c axis. While Wand et al. [68] didn’t find any
increase in & in field, the work by Bredl et al. [69] indicated an increase of thermal
conductivity in the field. Therefore, there is a need for resolution of the contradictory
experimental results as well as for the theoretical understanding of the problem. We
have performed the measurements of thermal conductivity in field, where H || ¢,

aiming to help resolve the issue.

6.3.1 Theory for d-wave superconductor

Recently, Kiibert and Hirschfeld have been involved in theoretical investigation of the

behavior of thermal conductivity in d-wave systems in field [23, 63]. They have arrived
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at the expression for the magnetic field corrections to the thermal conductivity in the
clean limit as T' — 0. For the field applied parallel to the ¢ axis (H L jg). the field
dependence of the thermal conductivity for H << H. at T=0 K is best described
by:

£(0; H) K, P’

T Tp\/l + p? — sinh~!p

where p? = 88082 and k,/T is zero temperature and zero field universal value of
m2a2A.H

(6.12)

the thermal conductivity [23].
The central variable in this equation is p? = ShTH.;/7%a*A,H. In d-wave super-
conductor, in the unitarity limit, Ay >~ 0.61/T'A,. The Doppler shift (field energy)

1/2
is given by: EFgy = a(-”—) / A,. Therefore, p can be written as:

H<2
2 2 [ hy
_ ‘/_ Ty 6.13
P 0.61 TT(EH) ( )

It is simply the ratio of the relevant energy scales: the impurity bandwidth + and
the average Doppler shift energy Ey. This ratio comes into the finite field correc-
tions at zero temperature as a squared term thus intensifyving the difference in the
magnitude of the finite field versus finite temperature corrections. The finite field
corrections to K at zero temperature are promising for investigation of the scattering
phase shift because these corrections are sensitive to d,; but what is even more promis-
ing is the fact that they are not as small as finite temperature corrections in zero field
[22]. Contrary to the 0.1% effect of finite T corrections to x(H = 0) at 1 K. the effect
of a field can be much bigger, even of the order of 100 % in a few Tesla. For example,
in the unitarity limit, which is believed to be the case for YBCO, at A = 2 T, the
energy is gy =~ kv, while in zero field, the energy is kgT =~ h~/10. Thus, the finite
field corrections at zero temperatures are much bigger than the finite T corrections
in zero field.

It is important to point out that the thermal conductivity in the field is not
expected to be universal any more. Contrary to the thermal conductivity in zero field

which is universal [9], the field corrections are not universal. There is an increase
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Table 6.1: Residual linear term of thermal conductivity, x,,/T, obtained from the linear fit to the
data below T2 < 0.0150 K in the magnetic fields up to 8 T.

Crystal | K,,/T in H=0T | k,o/T in H=2T | K,,/T in H=AT | k,,/T in H=8T
mW miV miyv miV
emA2 cm A2 emA? cm A2
Pure 0.12 4 0.01 0.16 £ 0.02 0.20 £ 0.025 0.23 £ 0.03
0.6%Zn 0.13 £ 0.01 - 0.167 £+ 0.0012 0.18 £ 0.014
3%7Zn 0.137 £ 0.004 - 0.14 £+ 0.008 0.147 £ 0.005

in thermal conductivity with increasing field as a result of population of extended
quasiparticle states that are Doppler shifted in the presence of the vortices. As the
concentration of impurities increases, the effect of the field is suppressed. Since the
impurities still dominate the heat transport in field in d-wave superconductors at low
temperatures, the increase in impurities will cause more quasiparticle to be scattered
and thus the thermal conductivity in field will not increase as much as in a pure

sample.

6.3.2 Experimental results

We have measured the thermal conductivity of pure YBa;Cu30¢.9, YBaz(Cug.994Zn0.006)306.9
(0.6 % doped YBCO) and YBa;(Cug.97Zn0.03)306.9 (3 % doped YBCO), in the gapless
regime at low temperatures in fields up to 8T. The field was applied along the ¢ axis
(H || c).

Our measurements, as in the case of anisotropy studies, have been conducted in
a low temperature and gapless regime, kgT K hy ~ Ey < A,, where impurity
scattering dominates, and where it is possible to separate the phononic from the
electronic contribution of the thermal conductivity. We plot /T versus T? such that
the cubic and linear terms can be separated. Since the total thermal conductivity is
given by: k& = aT +bT3, upon dividing it by the temperature the expression becomes:
k/T = a + bT?. Therefore, if the data is fitted to x/T versus T?, the intercept will

give the linear electronic term and the slope of the fit will give the cubic phononic
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Figure 6.5: Thermal conductivity of the pure YBa2Cu3Og o a axis sampledivided by the temperature
versus 77 in the magnetic field up to 8T. The solid lines are linear fits to the data for T2 < 0.0150A7°.
The open circles correspond to the data for H=0T. solid circles to H=2T, open squares to H=4T,
and solid squares to H=8T.

term.

We have extrapolated the residual linear term in thermal conductivity in all three
samples at all fields up to 8 T. Our results are displayed on figures 6.5, 6.6, 6.7 and
table 6.1. The uncertainties on our values of /7" are a combination of the uncertainty
in the geometric factor (maximum was 12%) and uncertainty in the linear fits, which
is much smaller than the former one. Note, on the other hand, that the normalized
field dependence (used in our comparison to theory) is not affected by the geometric
factor uncertainty.

Firstly, in zero field, the curves exhibit the well known universal behavior. The
intercept of K/T vs T? in zero field is entirely attributable to the zero energy quasi-
particles (residual normal fluid). The slope in the x(T')/T versus T2 is predominantly

due to phonons. When the field is applied, there is a definite increase in x(7") in all



6: EFFECT OF A MAGNETIC FIELD: RESULTS AND DISCUSSION 97

0.5 T 1 T | l T T T ‘ T T T T [ i i 1 f! T T T T

YBaz(Cu Zn O

0.994 0.006)3 6.9

0.4
0.3

0.2

x/T (mW/Kzlcm)

0.1

lllllilillllliﬁlllllll!

lllllllll]lllJlLL

0 1 1 5 ' L 1 I i1 J 1 1 1 1 [ 1 1 1 1 l L] 1 1 1

0 0.005 0.01 0.015 0.02 0.025
2 2
T (K")
Figure 6.6: Thermal conductivity of 0.6% Zn doped YBCO crystal divided by the temperature /T

versus T2 in magnetic field up to 8 T. The solid lines are linear fits to the data below 772 < 0.0150A72.
The open circles represent the data for H=0T, solid circles for H=4T, and solid squares for H=8T.

three samples, and the universal transport is lost. Clearly, the zero intercept (which is
due to the electronic linear term) increases with increasing field because the electrons
are affected by the magnetic field. On the other hand, we do not expect phonons
to be influenced by the field and therefore the slope should remain the same. The
increase in £(T) in the field is the result of an increase in the density of states that
comes about due to increase in occupation of extended quasiparticles states in the
presence of vortices.

[t is seen that the pure sample is affected by the field the most while the increase in
3% Zn doped sample is much less pronounced. By introducing up to 3% Zn impurities,
we have effectively varied the scattering rate by a factor of 30 [8].

Upon establishing our main experimental findings, we would like to compare our
results with the theory for d-wave superconductor in the field. Kibert and Hirschfeld

have arrived at theoretical expressions for the corrections of the thermal conductiv-



6: EFFECT OF A MAGNETIC FIELD: RESULTS AND DISCUSSION 98

0_5 L 4 v L§ T l ¥ L T i I L T 1 T I T T 1 ¥ I T T T T
YBaz(Cuo.mZ110.03)306.9 H=8T
0.4
H=4T
H=0T

0.3

0.2

/T (mW/K*/cm)

0.1 .

[l 1 1 ] 1 1 1 i l I J S

0 0.005 0.01 0.015 0.02 0.025

2 2
T (K)
Figure 6.7: Thermal conductivity of 3% Zn doped YBCO crystal divided by the temperature x/T

versus T2 in magnetic field up to 8 T. The solid lines are linear fits to the data below T < 0.0150A™.
The open circles represent the data for H=0T, solid circles for H=4T, and solid squares for H=8T.

ity in the clean limit and zero temperature when the field is applied in a direction
perpendicular to the heat current, H L jo given by equation 6.12 [23].

We have plotted the normalized thermal conductivity for the three samples x( H)/x,
versus the field as given by equation 6.12 along with experimental data collected in
our lab. Normalized thermal conductivity in field was calcuiated from the expres-
sion 6.12 using A, = 2.15kgT.(1 — 0.8 x ['/T.) and H., = 320 T as determined by
the specific heat measurements [70]. This is shown on figure 6.8. The lines represent
the calculated fits while the squares represent our data. We see that the theoretical
prediction agrees well with our data. Our points, within the uncertainty (error bars),
fall on the theoretical curves for all three samples.

For all three fits (pure, 0.6 % Zn, and 3 % Zn) in the field, there is only one

adjustable parameter, namely vy;. This is true given that the other two parameters
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Figure 6.8: Normalized thermal conductivity of YBCO (pure and Zn doped) in a magnetic field

(H 1] ¢). The lines are theoretical fits with H.a = 320 T to the equation 6.12 while squares
correspond to our data.

in the expression for x(7', H), a and " are well known and understood. The constant
a is of the order unity and depends on the particular lattice structure. It can vary at
the most from 1 to 1/2. The scattering rate [ can be obtained for each fit from the
separate measurements. The one parameter self-consistent calculation agrees well
with the value for ' obtained from separate measurements, as we shell see in the
continuation of the discussion. Therefore, we have a good understanding of both a
and I' which leaves us with v as the only adjustable variable.

We have used the known relations for £, = ?1-, H. = 22 to calculate the
Ao 2x€2
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adjustable parameter v;. Here, ¢, = %f =2.07%x10""® Tm?2. For YBCO, H., =320T
as determined from specific heat data [67] and A, = 2.15kg7T, as given by the weak
coupling limit [53]. From the above expressions and given values, the Fermi velocity is
.calculated to be vy = 8.5x10° m/s. This is in a good quantitative agreement with the
Fermi velocity obtained by Lee vy = 1.18 x 107 cmn/sec [71] based on photoemission
data.

As a check on the extent of the agreement between the theory by Kiibert and
Hirschfeld which we used and other works, we calculated the scattering rate I’ from
the theoretical fit using A, = 2.15kgT(1 —0.8 x ['/T.), a = 1/2 and H.; = 320T and
compared it with other estimates for . The calculated values are shown in table 6.2.
There are a couple of other ways that can be used for the estimation of I:

1. T can be calculated from the residual resistivity obtained from the microwave
conductivity measurements. Under the assumption that the inelastic scattering term
in the resistivity is independent of the concentration of element used for doping, which
in our case is Zn, the scattering rate [' = 1/27, can be estimated via p, = m~/ne?r,
by the following expression:

2
[, = (-S:) [pol = 0) + A(z) — A(0)] (6.14)
where w, = \/I-.n_ez/?is the Drude plasma frequency and p,(z = 0) is the resistivity
of the pure crystal at T=0 estimated from the microwave conductivity. Taillefer et al.
[8] have calculated I for crystals with various Zn concentrations using w, = 1.3 eV
and p,(z =0) = 1 uQem. Their findings are summarized in table 6.2.

2. The other estimate is based on the suppression of the critical temperature upon
doping given by Sun and Maki {72]. They plotted x/k, vs I'/T". where . = 0.887,
is a critical scattering rate and &, is the universal value of thermal conductivity at
T=0 in the pure limit ([ - 0). The values for 0.6% Zn, and 3% Zn doped crystals
obtained from fit of Sun and Maki are also summarized in the table 6.2.

The separate estimates of the scattering rates are in a good agreement, specifically

the estimates from 2. and from equation 6.12. The observation regarding the effect
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Table 6.2: Various estimates of the scattering rate [ in units of A/kp for Zn doped YBCO crystals.
Source | Pure | 0.6%Zn | 3%Zn
from 1. | 0.014 0.13 0.54
from 2. ref. 0.06 0.25

from 6.12 | 0.014 0.04 0.25

of the different levels of impurities agrees well with the theoretical prediction that
the increase in impurity concentration leads to a lesser effect of the field due to an
increase in the scattering rate; as the concentration of impurities is increased, the
scattering of the quasiparticles by impurities increases as well.

In conclusion, our experimental results of £(T) in the magnetic field are in a good
agreement with a d-wave theory. In the absence of a field, the zero temperature
limit of thermal conductivity x,,/T exhibits a well known universal behavior. Our
measurements confirm the existence of the residual normal fluid at zero temperature.
Furthermore, at the low temperature and in the magnetic field, we observe the pre-
dicted increase in thermal conductivity as a result of the population of the extended
quasiparticle states in the presence of the vortices. In the low temperature regime,
k(T = 0; H)/T is governed by the impurities, and as the concentration of the im-
purities increases the effect of the field is suppressed. The fitted values of I' agree
with the l-parameter self-consistent calculation. The calculated value for the Fermi
velocity from our data agrees well with the one predicted by the theory.

In order to shed more light and to understand even better the behavior of thermal
conductivity in the field, the best approach would be to look at the behavior of other

superconducting compounds.
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CONCLUSION

The thermal conductivity at low temperatures has been used as a probe of the quasi-
particle behavior in the high-T. superconductor YBa;Cu3zO7_s. Both the effects of
anisotropy and of magnetic field were examined.

The experimental results revealed a very weak (perhaps negligible) anisotropy in
the low temperature thermal conductivity in the basal plane contrary to the much
higher anisotropy of 2.2 + 0.2 found in other transport properties such as the nor-
mal state resistivity, the normal state microwave conductivity, the plasma frequency
(squared) and the London penetration depth (squared). QOur results for a current
along the a axis, agreed well with the predictions of the theory for the d-wave super-
conductors. We have also attained great qualitative understanding of properties in
both gapless and clean regimes. Such a weak anisotropy in transport calls for a more
detailed examination of the role of the chains in YBa;Cuz;O+_s.

The magnetic field studies also agreed well with the theory for d-wave supercon-
ductors. We found that the thermal conductivity at 7 — 0 increased in field, in
the expected way. The growth in x/T with field is the result of an increase in the
density of state due to the population of extended quasiparticle states in the presence
of vortices. This is in contrast to the classical superconductors where the field causes
an initial decrease in thermal conductivity, as a result of vortex scattering. The in-
troduction of a varying impurity concentration suppressed the effects of the magnetic
field. The growth in x,,/T was much less pronounced for the Zn doped crystals. This
finding was in a good quantitative and qualitative agreement with the theory.

Now that the behavior of the thermal conductivity in field has been established,
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more studies should be undertaken in order to explain some new puzzling data ob-
served recently. Particularly, one would be interested in field induced phase transi-
tion (~ 1% effect) in d-wave superconductors as observed in BSCCO compound. An
abrupt kink followed by a plateau in field dependence of thermal conductivity has
been observed and was attributed to the new phase transition into the gapped state
for a certain critical field which is dependent on temperature. The quasiparticles in
such a state would have an exponentially activated behavior. Krishana et al. pro-
posed that the new state above the kink is one in which order parameter changes from
dy2_y2 V0 dp2_y2 +1d,,, where d,, is the term that breaks the time reversal symmetry.

We measured the thermal conductivity of YBCO crystal in the magnetic field and
observed a clear increase in residual linear term: but we did not detect an effect
similar to the one in BSCCQO. Because we found the excellent agreement between our
experimental results and the theory for the pure d,2_,2 pairing states, it is very likely
that the gap A, that develops in the phase transition is much smaller than our energy
scale. It could be that the effect of the field is observed for very low fields (of the order
of milli Tesla) since the critical field for the transition is temperature dependent. If
the field at which the phase transition occurs is indeed in the milli Tesla range, then
our measurements of low temperature x(T') in field for YBCO could certainly put the

upper bound on the value of the gap, A,.
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