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ABSTRACT

In this thesis, we explore various aspects of the Ekedahl-Oort (E-O) strati-
fication of unitary Shimura varieties for any signature (mq,ms). We begin with
a detailed study of the E-O strata themselves, describing models for the corre-
sponding p-torsion group schemes, computing standard invariants of the strata and
exploring relationships between the E-O and Newton strata. We then explicitly
derive the E-O stratum of the reduction of a CM point from its CM type, hence
providing, under suitable conditions, concrete examples of abelian varieties lying
in given E-O strata. Following the techniques of Ekedahl and van der Geer in the
Siegel case, we show that the cycle classes of the E-O strata in the Chow group
can be written in terms of Chern classes of the Hodge bundle, and thus lie in the
tautological ring. Finally, we use calculations of Hasse-Witt matrices over certain

E-O strata to give new results on the geometry of these Shimura varieties.
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ABREGE

Dans cette these, on étudie plusieurs aspects de la stratification d’Ekedahl-
Oort (E-O) des variétés de Shimura associées aux groupes unitaires pour toute
signature (my,mg). On commence par une étude détaillée des strates d’Ekedahl-
Oort elles-mémes. Cette étude repose sur la description de certains modeles pour
les schémas en groupes associés a la p-torsion des variétés abéliennes paramétrées
par les différentes strates, sur le calcul des invariants de ces strates, et sur 'analyse
des relations entre les strates d’E-O et les strates de Newton. On montre ensuite
comment déduire explicitement la strate d’E-O de la réduction d’un point CM
en utilisant son type CM, fournissant ainsi des exemples concrets de variétés
abéliennes se trouvant dans une strate d’E-O donnée. Apres les techniques de
Ekedahl et van der Geer dans le cas Siegel, on montre que les classes de cycle des
strates d’E-O dans le groupe Chow peuvent étre écrits en termes de classes de
Chern du fibré de Hodge, et sont ainsi dans 'anneau tautologique. Enfin, on utilise
des calculs de matrices Hasse-Witt sur certaines strates d’E-O pour donner de

nouveaux résultats sur la géométrie de ces variétés de Shimura.
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Chapter 1
Introduction

Let M denote a unitary Shimura variety coming from the group GU(my, ms)
in characteristic p > 0. These Shimura varieties correspond to moduli problems
of abelian schemes with polarization and endomorphism structure coming from a
quadratic imaginary field K. The p-torsion group scheme A[p| and the p-divisible
group A(p) of points A on M can be used to partition the moduli space into
locally closed subschemes called strata. In particular, the Ekedahl-Oort (E-O)
stratification on M is the stratification based on the isomorphism classes of the
p-torsion group schemes A[p], where the isomorphism classes take into account
extra structures coming from the endomorphism and polarization structures on A.

The E-O stratification is a particularly refined stratification and is a powerful
tool for understanding the geometry of Shimura varieties in positive characteristic.
Additionally, previous study of the E-O stratification has been used to solve
problems outside of number theory. For example, the Hecke correspondences away
from the prime p respect the E-O stratification and lead to representations of
the Hecke algebra. Representations of the Hecke algebra arising from the zero-
dimensional E-O strata alone have been shown to contain fascinating arithmetic
and combinatorial structures in the case of Siegel and Hilbert modular varieties
[Ghi03, Nic05], with applications to expander graph theory and cryptography
[CLG09, CGL09].



The Ekedahl-Oort stratification was first studied extensively in the Siegel
case by Oort and others (see for instance [Oor01], [LO98]). A method for studying
the E-O strata by constructing a flag space over the Siegel moduli space was
carried out by Ekedahl and van der Geer in [EvdG09]—a technique we will apply
to the unitary case. Our approach to studying the Hasse-Witt matrices is due
to Norman [Nor75], Norman-Oort [NO80], and Koblitz [Kob75] in the Siegel
case. The E-O strata have been described for PEL Shimura varieties in general
[Moo01, MWO04, VW13], and we build on this work to recover more detailed results
in the unitary case.

Previous study of the E-O strata of unitary Shimura varieties when mo = 1
was done by Bultel-Wedhorn [BWO06], Vollaard [Vol05], Vollaard-Wedhorn [VW11]
in the case when p is inert in K and Harris-Taylor [HT01] for the case when p is
split in K. More recently, Howard and Pappas [HP13] gave extensive results in the
inert case of signature (2,2). Related results concerning the Hasse-invariants and
modular forms can be found in work of Goldring-Nicole [GN16], Reduzzi [Red12],
Boxer [Box15], and de Shalit-Goren [dSG15].

In this thesis we take up the study of unitary Shimura varieties in general
with no conditions on the signature, and in both cases where p is unramified in
K. This allows us to study two moduli problems that are in a sense opposites on
the moduli space of principally polarized abelian varieties. One the one hand, we
will show that the generic E-O stratum is almost never ordinary and the zero-
dimensional stratum is always superspecial when p is inert in K. When p is split

in K the generic E-O stratum is always ordinary and the zero-dimensional stratum



is almost never supersingular, let alone superspecial. Despite these differences, the
E-O strata in both cases are parametrized by the same Weyl group coset allowing
for a unified treatment of the subject.

1.1 Structure of the thesis

Chapter 2 provides a definition of unitary Shimura varieties and an overview
of fundamental tools that can be used to study these varieties in characteristic p.

In Chapter 3, we describe specifics of the Ekedahl-Oort stratification based on
the classification of the strata via a Weyl group coset YW . Using this classification,
we obtain bases for the Dieudonné modules corresponding to each E-O stratum
and derive invariants of the associated p-torsion group schemes such as the a-
number, f-number and the minimal power of F' that kills the p-torsion. We
show that there are four special strata of particular interest that arise from the
description of the E-O strata in terms of /W: the unique strata of dimensions 0, 1,
mims — 1 and my;ms. We exhibit models for the p-torsion group schemes of these
strata and make use of them throughout the rest of the thesis.

In Chapter 4 we construct CM points on unitary Shimura varieties in charac-
teristic zero that reduce to a given E-O stratum mod p. To this end, we explicitly
derive the E-O stratum of the reduction of a CM point from its CM type. This
leads to a constructive proof that under certain suitable conditions the zero-
dimensional E-O stratum is non-empty (even when it is not supersingular).

Chapter 5 introduces the Newton stratification—a stratification whose
strata can be classified by a poset B(G, )—and explores its relationship with

the Ekedahl-Oort stratification. In the case where p is split in the field K, we



effectively compute the map B(G, u) — ‘W that takes a Newton stratum to the
minimal E-O stratum contained within it. This allows us to give a nearly complete
description of the Newton strata corresponding to the special E-O strata.! While
we have not yet established as nice of a description for the relationship between
the Newton and E-O strata in the case where p is inert in K, we are still able to
give a complete description of the Newton strata corresponding to the special E-O
strata.

In Chapter 6, we adapt the techniques of Ekedahl and van der Geer from the
Siegel case [EvdG09] to the study of the E-O strata. In particular, we construct
a flag variety over M in such a way that the strata of the flag variety (coming
from its Schubert cells) map onto the E-O strata via finite étale surjective maps.
Therefore, the cycle classes of the closed E-O strata in the Chow group can
be written in terms of Chern classes of the Hodge bundle, and thus lie in the
tautological ring.

Finally, in Chapter 7 we calculate the Hasse-Witt matrices over the special
E-O strata from Chapter 3. These calculations show that the (partial) Hasse-
invariants vanish to order one on the non-ordinary stratum. Furthermore, in
the case where p is split in K, we show that the non-ordinary locus is not only
connected, but irreducible, with the corollary that the non-ordinary locus for a

Shimura variety coming from the group GU(2, 1) is a smooth, irreducible curve.

! The exception is in the case of the one-dimensional E-O stratum when
my —mo > 1 and my > 1.



Chapter 2
Background

We begin this chapter by defining unitary Shimura varieties and the associ-
ated moduli problem of abelian schemes in Section 2.1. We then introduce the
basic tools, techniques and definitions for studying abelian schemes in character-
istic p throughout the rest of the chapter. In Sections 2.2.1 and 2.2.2 we review
the definitions of the p-torsion group schemes and p-divisible groups arising from
abelian schemes (with extra structures corresponding to the unitary moduli prob-
lem). These are the primary objects of study in this thesis. However, it is easier
to study them through linear algebraic data coming through Dieudonné theory
which we recall in Section 2.2.3. The classification of isocrystals by slope sequence
is given in Section 2.2.4 so that we can interpret the results on the Newton stratifi-
cation in Chapter 5 using the classical approach to slope sequences. We also briefly
review the theory of displays in Section 2.2.5 which will be used for studying the
local deformations of the Hasse-Witt matrices of points on M in Chapter 7.

2.1 Unitary Shimura varieties with good reduction at p

Shimura varieties, according to Deligne’s formulation [Del72|, are defined
by so-called Shimura data. We begin by defining Shimura data with additional
structure at a fixed prime p according to Kottwitz [Kot92] in order to ensure that
we obtain models for the resulting Shimura varieties that have good reduction at

the given prime p.



2.1.1 The Shimura datum
Fix a prime p > 2. Consider the following data.

e (B,*x) = (K,x)is a quadratic imaginary extension of Q in which p is
unramified, and * is the non-trivial automorphism of K/Q.

o (V,9) = (K9,7) where ¢ : V x V — Q is a non-degenerate alternating form
such that ¢ (bu,v) = ¥ (u,b*v) for all u,v € V and b € B. Furthermore, let-
ting G denote the group of B-linear symplectic similitudes of (V,1)), assume
that Gg is isomorphic to the group GU(mq,msy) of unitary similitudes of the
diagonal matrix (1™, —1"2).

o Op = Ok ®z L), an *-invariant Z)-order of B such that Op Rz, Z, is a
maximal Z,-order of Bg,.

o A= (0 ®zZ,)? C Vg, = (K ®qQ,)?, an Op-invariant Z, lattice on which
Y is a perfect pairing.

e h: S — Gg is the homomorphism of algebraic groups over R defined on
R-points by taking z € C* to the diagonal matrix (2™, z22). Note that
h is a Hodge structure of type (—1,0), (0, —1) on V ®g R making (G, h) a
Shimura datum as in Section 1.5 of Deligne [Del72].

Then 2 = (B, *,V,1,0p, A, h) is a PEL Shimura datum' with good reduction
at p and in particular, we call 4 a unitary PEL Shimura datum of signature

(mq, my) with good reduction at p.

I PEL in this context refers to the polarization, endomorphism and level struc-
ture that appear in the corresponding moduli problems of abelian schemes.



Not only is Gg a unitary group, but G itself is a unitary group for K/Q. To
see this, begin by writing K = @(\/3) where —d > 0 is a non-square integer. Then
1 can be written as

¢(Ua U) - TrK/Q(\/;qu(uv U))

for a unique non-degenerate x-Hermitian form ¥ : V' x V' — K (see [Del81] Lemma
4.6). The involution oy on Endg (V') induced by ¢ is the same as the involution
oy induced by U, and the group G defined by the involution o, on Endg (V) is

isomorphic as an algebraic group over Q to the group

GU(V,¥)(R) := {g € GLkgyr(V ®q R) | ¥(gu, gv) = c(9)¥(u,v),c(g) € R*}

= {g € (Endg (V)® R)* | ow(g)g € R*}.

Over R, Gg becomes a unitary group with respect to C/R and such a group can
be uniquely identified up to isomorphism by its signature, (my, ms).

There are two cocharacters of interest associated with A : S — Gg. In order
to describe them, first make the identification of (C ®g C)* with C* x C* via

a® z + (az,az), and then the canonical identification

G((C) = GU(ml, mz) PR C Q GLg(C> X GLQ(C)

M® 2+ (Mz, (0g(M)z2)")

taking the involution (oy)c to the involution (My, My) — (ME, M{). Pre-

composing h(C) with the map G,,(C) — S(C) where z — (z,1) then gives



pn : Gpyc — Ge where

pn : € = GU(my, ma)c € GLy(C) x GL4(C)

z > (diag(z™, 1™2), diag(1™, 22)).

On the other hand, pre-composing h with the map G,, — S taking r ~ r~! for

r € R* gives the weight homomorphism

wy, : R* — GU(my, myg)

1
rer .

By the definition of h : S — Gg, the cocharacter u, induces a decomposition of
Ve into weight spaces, Ve = Vo @ Vi. The reflex field of a PEL datum & is the
field of definition E¢ of the isomorphism class of the complex representation V; of
K. When Z is a unitary PEL Shimura datum of signature (m;y, ms), then either
E4 = Q when my = my or Fy = K when my # mo.

As we will be mostly working with structures related to p, it is useful to let G
be the Z,-group of Op-linear symplectic similitudes of A. Note that this is a quasi-
split reductive group scheme with generic fibre Gg,. Let G denote the special fibre
of G.

2.1.2 The moduli problem

Before stating the moduli problem associated to the Shimura datum 2, we
begin with some necessary definitions. Let y; : K < C denote the two embeddings
of K into C and let E be the reflex field of . Let S be a locally noetherian

scheme over O ®z Z,), and let A be an abelian scheme over .S of dimension



g = my+my together with a Z)-algebra homomorphism ¢ : Op — Endg (A)®2Zp,.

Then (A, ) is said to satisfy the determinant condition if
charpol(b, Lie(A)) = (X — x1(0))™ (X — x2(b))™ € Og[X],Vb € Op. (2.1)

Suppose that f: A; — Aj is a prime-to-p isogeny of abelian schemes over S. Then
the Z(Xp )—equivalence class of f is defined by the equivalence relation f ~ af if
a:S— Z(Xp) is a locally constant map.

Let 9 = (B,*,V,1,Op, A, h) be a unitary PEL Shimura datum with good
reduction at p and let Fy be the reflex field of 2. Let G be the group associated
with & and let C? < G(A%) be an open compact subgroup (here A% denotes the
finite adeles that are trivial at p). Then as in Kottwitz [Kot92, Section 5], Z and
CT define a moduli problem in the following way.

Denote by M, m,),cr the set-valued contravariant functor from the cat-
egory of locally Noetherian schemes S over Og,, ®z Z,) taking S to the set of
isomorphism classes of tuples (A, ¢, \,n) where

e A is an abelian scheme over S,
e 1: Op — Endg (A) ®z Zy) is a Z)-algebra homomorphism,

Ais a Z(Xp )—equivalence class of an Op-linear Z(Xp )—polarization of A with

respect to the Op-action induced by ¢ on AV i.e. b € Op acts on A" through
L(b*)v,

n is a CP level structure in the sense of [Kot92],



such that (A, () satisfies the determinant condition defined in (2.1). Two tuples
(A1, 1, A1,m1) and (As, 2, Ao, 72) are isomorphic if there exists an Og-linear
quasi-isogeny f : A} — A, with prime-to-p degree taking A\; to Ag and 7; to 7.

Let s € S be a geometric point, and suppose that S is connected. Then
a level structure, 7, of type CP for (A, ¢, A) is a CP-orbit of isomorphisms of
Vip = H 1(As, A%) of skew-Hermitian B-modules (up to a scalar multiple) such
that the CP-orbit 7 is fixed by (S, s). Because 7 is fixed by (.S, s), a choice of
level structure is independent of the choice of geometric point s € S (see [Kot92,
Section 5]).

When C? is sufficiently small, M, ;n,) cP is representable by smooth quasi-
projective scheme over Op,, ®z Z) [Kot92]. We will assume that C? is “small
enough” throughout the entirety of this thesis.

Fix an embedding Q — @p. Let p be the prime of the reflex field E lying
over the rational prime p that corresponds to the chosen embedding. Let x(p)
denote the residue field of E,. Our main object of study will be the special fibre of
M (s ma),cP AL P,

M = My ma),cr Qo K(p).

To simplify notation, the fixed choices on which M depends—C?, Q —» @p, 9,
and hence (mq, my)—will be taken to be implied throughout.
2.2 Abelian schemes in positive characteristic

One of the most important features of varieties in positive characteristic is the
existence of the Frobenius morphism. To be precise, we begin by noting that for

any scheme X of characteristic p, there is an absolute Frobenius morphism

10



Fr*** : X — X coming from the p*-power map z + 2 on the structure sheaf Oy.
In case of an abelian scheme 7 : A — S, the absolute Frobenius morphisms on A
and S give rise to the relative Frobenius morphism Fr : A — A® a degree p

isogeny where A®) and Fr are defined by the diagram

N
N

AP A

Frabs S

S —

where the square is cartesian. The Frobenius morphism has a dual Verschiebung
morphism Ver : A®) — A satisfying Fro Ver = [p]4 and Ver o Fr = [p] 4y where [p]
denotes the multiplication-by-p isogeny. This special feature of the multiplication-
by-p map underlies all of the tools we will use for studying abelian schemes in
positive characteristic.

The remainder of this section will be spent reviewing the basic theory
of “mod-p structures” that are arise on abelian schemes in characteristic p,
and especially structures that encode information about the Frobenius and
Verschiebung morphisms. We are particularly interested in the structures that
arise when studying geometric points on M. For each of the mod-p structures that
we introduce, we will begin with a brief general introduction over a perfect field k
of characteristic p, to be followed with a description of that mod-p structure on k-
points of M together with the contribution of the polarization and endomorphism

structure determined by the moduli problem for M. To do so, it will be necessary

11



to also make sure that O /(p) ®r, k = k1 ® ky. In other words, we need & to be

any perfect extension of k where k = [F, when p is split in K and x = F,2 when p

p
is inert in K. Unless otherwise indicated, we will simply let k£ be an algebraically
closed field of characteristic p when considering structures arising from k-points of
M as this is all that will be needed in the sequel.?

2.2.1 p-torsion group schemes

Let 7 : A — S be an abelian scheme of relative dimension g. Then let the
n-torsion group scheme A[n] denote the kernel of the multiplication-by-n map
where n € Z-q. As the kernel of a proper flat morphism, A[n] is a finite flat
group scheme of over S of rank n?9. When S is the spectrum of a perfect field
of characteristic p, the group scheme A[p| is particularly interesting and encodes
significant information pertaining to A.

Let G be a commutative algebraic group scheme over k where k is an al-
gebraically closed field of characteristic p . Let «, be the local-local p-torsion
group scheme of rank one, and let Z / pZ be the constant group scheme of the
group Z/pZ. Then, the f-number® of G, f(G), is defined as the positive integer
such that f(G) = dim; Homy(Z/pZ,G), and the a-number of G, a(G), is given

by a(G) := Homg(cy,, G). In case of an abelian variety A/k, the f-number and

2 even though the results and arguments often remain valid over perfect exten-
sions of k.

3 The f-number of G is also known as the p-rank of G in the literature.

12



a-number of A are defined to be the f-number and a-number of A[p] and have
alternate descriptions as

o p/) = Alp|(k),

e a(A) is such that the order of the maximal a,-elementary subgroup of A[p| is
p®@ or such that the rank of a(A) := ker(Ver : A®) — A) N ker(Fr: AP —
A gg pald).

The f-number and a-number of A both range from 0 to g where g is the dimension
of A. An abelian variety with maximal a-number is called superspecial and an
abelian variety with maximal f-number is called ordinary.

Let (A, ¢, A\, n) € M(k) where k is an algebraically closed field of characteristic
p. The polarization A makes A[p] self-dual as a group scheme as \ : A[p] — A[p]
is an isomorphism and A’[p] = Alp]Y where A[p]Y denotes the dual of A[p] as a
finite commutative group scheme. Furthermore, the endomorphism structure ¢
induces an action of O /(p) on A[p|. This determines a decomposition of A[p| via
the characters x1, x2 : Ox/(p) — k.

Let I be an ideal in Og. Then we define A[I] to be the group scheme
Nierker(t), which is closed under the induced Og-action. Note that if I | J
then A[I] C A[J]. Furthermore, for (p) C Ok, A[(p)] = Alp] as ¢(p) = [p] so that if
p | (p), then Afp] C Alp] is an Og-subgroup scheme of A[p].
Lemma 2.2.1. Suppose that p splits as (p) = p1p2 in K where ker(x;) = p;. Then

Alp] decomposes under the Ok [(p) = Ok /p1 & Ok /p2 action as

Alp] = Alp1] @ Alpo)

13



where A[p;] = Ny, ker(t) for i = 1,2. Furthermore, Alpi] = AV[po] = Alpa]Y and

vice Versa.

Proof. Write A[p] = A; & A, as the decomposition of A[p] under the action

of Ok /p1 ® Ok /p2 and let i = 1,2. Suppose that B is an Ok /(p)-submodule

of Alp| contained in A;. Then for all t € p;, x;(t) = 0so that B C Alp,].

On the other hand, A[p;] is an Ok /(p) submodule of A[p] and decomposes as
Alp;]1 @ Alp;]2 under the action of Ok /p; & Ok /p2. However, Alp;|; C Alp;], and
Alpi] N Alpa) = Alpy + pa] = Nicoy ker(t) = 0 so that if i # 5, A[p;]; = 0. Tt follows
that A; = Alp,].

Cartier duality gives A[p]Y = A @ AY, where r in O acts through the dual
map rY : AY — AY. Note that Alr]Y = AY[rY] for all r € Ok so that r¥ : AY — AY
restricted to A[p]Y = AY[p] is same as r" induced by Cartier duality.

By the condition on the Rosati involution, r¥ = Xo7 o A7 for r € O, \is
an Og-module isomorphism A — A" if we twist the O action on AY; that is, if
r € Ok acts as 7V on AV where 7V is the dual of the endomorphism 7 : A — A.

Therefore, A is an isomorphism A; = Ay. O

Note that his implies that the rank of A[p;] is equal to the rank of A[ps]
giving them both rank p9.
Remark. The fact that the p-torsion group scheme A[p] splits as a group scheme
under the Og-action whenever p splits in K will come up repeatedly. In many
cases, this results in simpler proofs for the case when p is split in K than for the

case where p is inert in K (for example see Proposition 7.1.1).
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2.2.2 p-divisible groups

A p-divisible group (also Barsotti-Tate group) H over a scheme S is
an inductive system of finite flat commutative group schemes over S and closed
immersions

00— H <> Hy— ...~ H, — ...

such that for every ¢ > 1, the sequence

[p]

0 H, H;y H; 0

is exact. If S is connected, there exists an integer ht(H) called the height of H
such that rank(H;) = p"#) for all i > 1. The dimension of H is its dimension as
a formal scheme.

A p-divisible group H, has an associated dual p-divisible group (or Serre
dual) H' defined by taking the inductive system obtained from the Cartier duals
pl” : HP? — HE,.

A homomorphism f : H — H’ between p-divisible groups is a family of

homomorphisms f; : H; — H] such that the diagram

0 H, Ho H;
f1j fzt fij

commutes. An isogeny f : H — H’is a homomorphism that is also an epimor-
phism with finite kernel. For example, for every n > 0 and p-divisible group H, the

multiplication-by-p™ map given by the family of maps [p"] : H; — H; is an isogeny
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with kernel H,. A quasi-isogeny f : H — H’is a homomorphism such that
[p"] o f is an isogeny for some n > 0.

Let k be algebraically closed. Given a point A = (A, \,n) € M(k)
corresponding to a PEL datum 2, there is an associated p-divisible group A(p)
coming from A[p'] < A[p"™!] for all i > 0. Since the construction of p-divisible
groups is functorial, A(p) comes with induced extra structures:

e an action «(p) : Op — End (A(p)),
e an isomorphism A(p) : A(p) — A'(p) = A(p)" respecting «(p) which is defined
up to a scalar in Z) such that A(p)" = A(p).
The association of the data (A(p), ¢(p), A(p)) to the point A is well-defined up to
isomorphism.

In order to account for the extra structures on p-divisible groups that arise
from (unitary) PEL moduli problems in a more general setting, we define a
p-divisible group with Z-structure over S, (H,:, \), for a PEL datum
9 = (B,*,V,1,0p, A, h) where S is a Z,-scheme as follows:

H is a p-divisible group over S of height dimg(V')

e an action ¢ : Op ®z, Q, — Endg (H),

e an Op-linear isomorphism \ : H — H' up to Z,-equivalence such that
A=\,
e Lie(H) together with the Op-action satisfies a determinant condition (see

below).
The determinant condition for Lie(H) is the analogue of the determi-

nant condition for an abelian scheme defined in Section 2.1.2. We require
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that the characteristic polynomial of the action of b € Op on Lie(H) to be
(X = xa(0))™ (X = x2(b))™.
2.2.3 Dieudonné theory

Let k be a perfect field of characteristic p, let W (k) be the Witt-vectors over k
with Frobenius morphism o : W (k) — W (k), and let Q(k) denote the fraction field
of W (k). Let Dy, denote the non-commutative ring generated by F' and V over

W (k) subject to the relations:
FV=VF=p,FA=NEA/ =VX Y\ W(k).

Then a Dieudonné module is a Dy-module that is a finitely generated W (k)-
module.

Given a Dieudonné module M of finite length over W (k), let MY denote the
dual of M as a Dieudonné module where M"Y = Homyy ) (M, Q(k)/W (k)) with

F, V-structure given by:

(Fo)(z) = o(Vz)?, (Vo) (z) = p(Fzx)”

for all z € W(k) and ¢ € Homy (M, Q(k)/W (k)). Similarly, let M be a
Dieudonné module that is free over W (k). Then let MY = Homyy ) (M, W (k))
denote the dual of M as a Dieudonné module, where the Di-module structure on
M is given by

(Fo)(x) = o(Va)", (Vo) (x) = ¢(Fa)”

for all x € W (k) and ¢ € Homyy iy (M, W (k)).
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Proposition 2.2.2 (Dieudonné). There is an equivalence of categories © between
the category of finite commutative group schemes over k of p-power order and the
category of Dieudonné modules of finite length as a W (k)-module. Furthermore, ©
satisfies the following properties:

1. If k' is a perfect extension of k, then there exists a functorial isomorphism

D(H k) =D(H) Qww W(K'). In particular,
D(HP) =2 D(H) Qw0 W(k). (2.2)

2. Fr: H — H® corresponds with V : ®(H) — D(H) and Ver : H — H/P)
correspond with F : ©(H) — D (H) through 2.2. It follows that H is étale if
and only if Vocmy 1s an isomorphism and H is connected if and only if Vo(m)
1s nilpotent.

3. The rank of H is equal to p" where r is the length of ©(H) as a W (k)-
module.

4. There is a functorial isomorphism:
D(H") =D(H)"

where HP denotes the Cartier dual of H.

Through the duality D(H?) = D(H)V, we can define the contravariant
Dieudonné functor D by D(H) := D(HP). It is worth noting that Fr becomes
Fp(gy and Ver becomes Vp(gy when applying D instead of ©.

On the level of p-divisible groups there is the following equivalence of cate-

gories.
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Proposition 2.2.3 (Dieudonné). There is an equivalence of categories © between
the category of p-divisible groups over k and the category of Dieudonné modules
that are free and finite rank as W (k)-modules. Furthermore, ® satisfies the
following properties:
1. If k' is a perfect extension of k, then there exists a functorial isomorphism
D(H k) =ZD(H) Qwwy W(K).
2. The height of H is equal to the dimension of ©(H) as a W (k)-module.

3. There is a functorial isomorphism:
D(H") =D(H)Y

where H' denotes the Serre dual of H.

Under this equivalence of categories, a p-divisible group (H, ¢, \) with 2-
structure over k induces the following structure on its associated Dieudonné
module ©(H) (see for instance [Red12, Prop2.6]):

e O(H) is free of rank dimg V' as an W (k)-module.
e ©(H) has an induced Op-action and sympletic form (, ) coming from ¢ and
A respectively such that (bm,n) = (m,b*n) for all b € Op and m,n € D(H).
e F'is an injective W (k) ® Op-linear map preserving the symplectic form ( , )
up to the scalar p € W (k).
Remark. A Dieudonné module with the above properties is called a Z-module in
[VW11].
Now let k be algebraically closed and let x; : Ok /(p) — k such that x; = xa.

Let A = (A, \,n) € M(k) and © be the covariant Dieudonné module of A(p).
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The extra structures on ® induced by ¢ and A are described in Proposition 2.2.4.
Write ® = ©; @ D, for the decomposition of © as a O @ W (k) = W (k); @ W (k)-
module.

Proposition 2.2.4. Let v : Cy — C5 be the identity when p is split in K and let
(i) =i+ 1 when p is inert in K. Then

(a) F(D;) C Dy and V(D;) C D)5

(b) writing Fi[p], Vi[p] := Flo.p), Ve : Dilp] = D) [p] we get that

ker(Fi[p]) = im(Vyi) [p]), ker(Vilp]) = im(F [p]);

(c) dimy (D;/V(Dyi))) = mi, dimy (Dy[p]) = my + my, and dimy, (V(Dya))) =
dimy, (ker(F;)) = myyq fori e {1,2};
(d) under the pairing {, ) : D XD — k induced by A : D — DV, D, 1L D;;

(e) when (i) =i, D;[p] = D;y1[p]” as Dieudonné modules.

Proof. (a) This is immediate as 0 o x; = X3
(b) By combining ker(F)[p] = im(V')[p] with (a) we have that F' = F} + F;, and
V =Vi + V5, and hence

ker(F[p]) © ker(Fy[p]) = ker(Flp]) = im(V{p]) = im(Vi[p]) ® im(V2[p]).

This necessarily corresponds to the decomposition of D[p] as an W (k); & W (k)s-
module. Therefore ker(F;[p]) = im(V,;[p]) and ker(V;[p]) = im(F, [p]).
(c) The identity

Lie (A(p)) =D /VD = D1 /V(D,1)) @D /V (D))
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corresponds to the decomposition of Lie (A(p)) as an Ox @W (k) = W (k)1 &W (k)o-
module. By the determinant condition for Lie (A(p)), dimy, (D;/V (D)) = m; for
i € {1,2}. Combining the determinant condition with (b) gives the desired result.

(d) For any r € O, we have that

(r-z,y) = Ay)(r-z)

=1’ o A(y)(x)

for all z,y € ©. In particular, if we take r € Ok such that r ® 1 — (1,0) under
X1: Ok @ W(k) — W(k), ® W(k)s, then

<£L'7y>:<T'$,T-y>:<l’,f’r-y>:07 vxvyegl'

Therefore ®; 1 ©;. A similar argument shows that D, 1 5.
(e) This is a restatement of Lemma 2.2.1. Note that the pairing induced by A

on ® becomes a perfect paring (, ) on D1[p] x Ds[p]. O

2.2.4 Isocrystals

Let k be a perfect field of characteristic p. A (Q(k)-)isocrystal, (P, F), is
a finite dimensional @Q(k)-vector space P together with a o-linear automorphism
F'. The height of an isocrystal (P, F') is the dimension of P a Q(k)-vector space.

An isomorphism of isocrystals is an isomorphism of vector spaces preserving F'.
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If H is a p-divisible group then its Dieudonné module gives rise to the associated
Q(k)-isocrystal (P, F) = (D(H) @wu) Q(k), F ®id).

Given an isogeny of p-divisible groups, f : H — H’, applying the Dieudonné
functor gives rise to an injective morphism of Dieudonné modules ©(f) : ©(H) —
D(H'). Since D(H) and D (H’) have the same rank (as f is an isogeny), tensoring
with Q(k) produces an isomorphism of the resulting isocrystals. On the other
hand, if ¢ : ©(H) @wau) Q(k) — D(H') @wu) Q(k) is an isomorphism, there
exists an m € N such that ¢(D(H)) C p "D (H’'), making p"¢ : D(H) — D(H')
correspond to an isogeny from H to H'. In this way, we see that the category of
isocrystals up to isomorphism is equivalent to the category of p-divisible groups up
to isogeny.

Furthermore, if (H, ¢, \) is a p-divisible group with Z-structure, then its
associated isocrystal comes with the extra structures that simply come from
tensoring with (k), and hence,

e P has height dimg(V).

e P has an induced Op-action * and sympletic form ( , ) coming from ¢ and A
respectively such that (bm,n) = (mb*n) for all b € O and m,n € D(H).

e F'is a Q(k) ® Op-linear isomorphism respecting the symplectic form.
2.2.4.1 Classification of isocrystals using slope sequences

There is a combinatorial approach to classifying isogeny classes of p-divisible
groups via isomorphism classes of isocrystals using what will be called slope
sequences. This idea will be generalized to p-divisible groups and isocrystals

with Z-structure in Section 5. For now, we give the classical theorem by Manin
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classifying isogeny classes of p-divisible groups without additional structures. For
this section let k be algebraically closed.
Let A = 2 € Q0,7 > 1 and (r,5) = 1. Define an associated isocrystal

P* .= (Q(k)", M - o) where M is the r x r matrix of the form

0 0 p°
1 0 0
0 1 0 0
0 0 1 0

For A € Q <0, define P* to be the dual of P~
Theorem 2.2.5. [Dem72, p. 85] The category of isocrystals over k is semi-simple
with simple objects given by P* where A =2 € Q and (r,s) = 1.

A X € Q appearing in the decomposition of P is called a slope. For any
isocrystal P, the multiplicity of A € Q for P is the Q(k)-dimension of isotypic
component of P with slope \. For example, the isocrystal P* where A = 2 has
slope A with multiplicity 7. The slope sequence of an isocrystal P = @, PN is
the sequence

A< A< <N

such that each slope appears according to its multiplicity. Note that h will be
equal to the dimension of P over (k). The slope sequence of a p-divisible group
is the slope sequence of its isocrystal.

The Newton polygon of P with slope sequence

M SN
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is the polygon formed from the coordinates (0,0),..., (i, A\ + ... + ;) for

1 <4 < h. Notice that the polygon has integral break points and the slopes of
its segments are the \;s. Furthermore, the Newton polygon of an isocrystal is
uniquely determined by its slope sequence and vice versa.

Newton polygons give rise to a poset structure on the set of isocrystals up to
isomorphism by setting P > P’ if and only if Y ; ;A\, < >0 N foralll <r <h
if and only if the Newton polygon of P is below the Newton polygon of P’ (that is,
no point of the Newton polygon of P is strictly above the Newton polygon of P’).
The Newton polygon of a p-divisible group is the Newton polygon of its isocrystal.

The slopes of an isocrystal arising from a p-divisible group fall in the interval

[0,1] [Dem72, p. 88] giving the following corollary of 2.2.5.
Corollary 2.2.6. Every p-divisible group H over k is isogenous to a p-divisible
group of the form @AeQﬂ[OJ](H}\)mA where my € N and H* denotes the p-divisible
group whose isocrystal is P*.

In other words, the isogeny classes of p-divisible groups over k of a fixed

height h can by classified by the set of slope sequences of the form

Equivalently, isogeny classes of p-divisible groups correspond to Newton polygons
P such that
e P starts at (0,0) and end at (h,h — d) where h is the height and d is the
dimension of the corresponding p-divisible groups,

e P is lower convex,

24



e cvery slope A of P is between 0 and 1.

Furthermore, if H has slope sequence \; < Ay < ... < A, then its Serre dual H*
has slope sequence 1 — A, <1 —X 1 < ... < 1=\

Since the p-divisible group of an abelian variety A(p) is in the same isogeny
class as A(p)!, the isogeny classes of p-divisible groups coming from abelian
varieties correspond to Newton polygons P such that

e P starts at (0,0) and end at (2g, g) where g is the dimension of the abelian

variety,

e P is lower convex,

e every slope A of P is between 0 and 1,

e the Newton polygon is symmetric (i.e. A\; =1 — Ayy_;4q for all 1 <i < 2g).
There are two extremes in terms of possible slope sequences for A(p): at one
extreme, all the slopes are equal to 1/2 and A is called supersingular; at the
other extreme, A(p) has slope sequence (09,19) and A is called ordinary.

2.2.5 Deformation theory via displays

Let k£ be a field of characteristic p. There is a well-known equivalence of
categories between local deformations in characteristic p of an abelian variety A/k
and local deformations of its p-divisible group A(p) by the Serre-Tate theorem.
In this context a local deformation is taken to mean deformations over local
artinian rings (R, mp) that are W (k)-algebras together with a fixed isomorphism
R/mp = k. The local deformation functor for a point A € M(k) where k is
field of characteristic p is pro-representable by the completed local ring @ MA, its

universal deformation ring. We have already seen that there is an equivalence
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of categories between p-divisible groups and Dieudonné modules, and we would
like to study the deformations of structures on A via the deformations of the
corresponding Dieudonné modules. Techniques of Norman [Nor75], Norman-Oort
[NO80] and Zink [Zin02] allow one to study the local deformations of A via the
theory of so-called displays through a particular choice of basis for the Dieudonné
module. We now outline a simplified version of displays that is suitable for our
purposes.

Let G be a p-divisible group over a perfect ring R of characteristic p, and let
© = D(G) be its covariant Dieudonné module. Then a displayed basis for © is
a set of generators {eq,...,e4.,} for © as a W(R)-module such that there exist
a;; € W(R) satisfying:

o Fley) = i e j € {1,....d},
o e, =V Hae),je{d+1,...,n}.

The matrix
A B

(aij) =
C D
is called a displayed matrix for ®. The matrix (qy;) is invertible and F is given
by
A pB
C pD
For an abelian variety over a field k, the matrix A (mod p) from displayed matrix

of its Dieudonné module is called the Hasse-Witt matrix, and it is the matrix of

Fon®/VD.
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The universal local deformation ring for a p-divisible group over k of height A
dimension and d is isomorphic to k[[t;; : 1 <7 <d,1 < j < h—d]], and its universal

displayed matrix has the form

A+TC B+TD
C D

where T = (t;;)1<ij<g- The deformation of F' on ®/V® is then captured by the
universal Hasse-Witt matrix A +T7'C (mod p), which will be studied in Chapter 7.

In case G is a p-divisible group coming from an abelian variety of dimension g,
the universal deformation ring respecting the polarization structure has the form
E[[t;; - 1 < i < j < g]] and the condition on the universal display is that 7" is
symimetric.

We now consider what happens if we want to incorporate endomorphism
structure coming from Ok as well. Let k£ be algebraically closed, and let the
Dieudonné modules and displays below be considered over k.

Lemma 2.2.7. Suppose p is split in K. Then there exists a displayed basis for the
Dieudonné module ® of A(p) of the form {e1,... ez f1,..., fy} such that
o Bi = {e1,.-,emy, fmit1, -5 fo} 15 a basis for 1, and By =
{€mi+1, s €g f1o- o, fin } 1S @ basis for D
o V(D) =span{fi..... o},
o (e, fj) = b = —(fi i)
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and the displayed matriz for ® has the form

A 0 0 B

A B 0 Ay By 0
D 0 Cy Dy O
ci 0 0 Dy

with respect to the basis {e1,...,eg; f1,..., fy}, and satisfies the relation

A pB —pDt  pBt
:p[d2g><2g' (23)
C pD ct —A

Furthermore, the universal display of ® preserving Ok -action and prime-to-p

polarization has the form
A+TC B+TD

C D

where
T Oy, M
M O,

Proof. The construction of a basis satisfying the desired properties is immediate

from Proposition 2.2.4. Since we have a symplectic basis for ©, we can obtain

—pDt  pB? ) A pB .
V = as a o~ !-linear operator from F = (a o-linear
ot A C pD

operator) via the relation (Fz,y) = (x,Vy)? so that F' o V = [p] gives relation
(2.3).

Consider now the universal display. In order to preserve polarization, we
require that 7 = T* by work of Norman [Nor75] and Norman Oort [NOS0].

Furthermore, in order to preserve the Og-structure we require that the lifted
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Og-action commutes with F; i.e. we need F¥(a)? = X(a)F for all a € Ok where

A pB
C pD

and
m g m2

N R

Y(a) = diag(gl(a), ...o1(a),09(a), ... 09(a),01(a),...,o1(a)).

Since M is known to be smooth of dimension m;ms the result follows from the

calculation. O]

Lemma 2.2.8. Suppose p is inert in K. Then there exists a displayed basis for the
Dieudonné module © of A(p) of the form {eq,... ey f1,..., fy} such that
o Bi = {e1,...,emy, fmat1, -5 fo} s a basis for 1, and By =
{€mi+1, - s€gy f1o- vy frnn } 1S @ basis for D,
o V(D) =span{fi,..., fy}
o (e, fj) = bij = —(fi,ei)
and the displayed matriz for ® has the form
0 A1 B 0
A B A, 0 0 B
Co 0 0 Do

0 Ci D O
with respect to the basis {e1,...,eg; f1,..., fy} and satisfies the relation
A pB —pD?  pBt!
= pIdZQXQQ' (24)

C pD ct At
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Furthermore, the universal display of ® preserving Ok -action and prime-to-p

polarization has the form
A+TC B+TD

C D

where
o [Om M
M O,

Proof. This result follows from Proposition 2.2.4 in a similar manner to the proof

of the case where p is split in K given above (Lemma 2.2.7). O

We are now ready to begin our examination of the Ekedahl-Oort stratification

of unitary Shimura varieties.
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Chapter 3
The Ekedahl-Oort stratification

The Ekedahl-Oort stratification is way to decompose M using the isomor-
phism type of the p-torsion group schemes A[p] that arise from A € M(k), where
k is an algebraically closed field of characteristic p. It is important to note that
the isomorphism type takes into account the extra structures on A[p] coming from
the endomorphism and polarization structures on A as described in Section 2.2.1.
In order to be precise, let a stratification be a partition of a scheme into locally
closed subschemes called strata. In this chapter, we will define the strata that
arise in the Ekedahl-Oort stratification, their connection to Weyl group cosets, and
explore the structure of the Ekedahl-Oort stratification in detail for the unitary
Shimura varieties that come from the Shimura datum described in Section 2.1.1.

Throughout the remainder of this thesis, we will be most interested in k-
points of M where k is an algebraically closed field of characteristic p. As such,
let k& be an algebraically closed field of characteristic p throughout the rest of this
chapter and even thesis, except where otherwise indicated (Section 6.4).

3.1 Combinatorics of Coxeter systems

As the Ekedahl-Oort stratification will be parametrized by Weyl group cosets,
it is necessary to begin by covering some combinatorial details of Coxeter systems.
This section only states basic facts; proofs of these statements and further details

may be found in Chapters 1 and 2 of [BB05].
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A Coxeter system is a pair (W, S) such that W is a group with a presenta-
tion
(51,82, .., 8n | (8i8;) =1),

where S = {s1,...s,} C Wandr; >2fori# jandr; =1foralli=1,...,n.

We call W the Coxeter group and S the set of simple reflections. The set
T = {wsw‘1 ’ seSwe W}

is called the set of reflections. In general, Coxeter groups may be infinite,
however, all of the Coxeter groups that we will consider will be finite.

We define the length, ¢(w), of an element w € W to be the length of a
shortest expression for w as an S-word. If w = s1... sy, then the word s; ... sy
is called a reduced word for w. Note that a reduced word representation need
not be unique.

There is an partial order on W called the Bruhat order defined as follows:

for u,w € W, u < w if there exists a sequence
Ug = U, ULy e ooy Uy = W

of u; € W such that £(u;_1) < l(u;) and u; |y, is a reflection (i.e. an element
of T) for i = 1,...,m. It immediately follows that if u < w but w £ w, then
((u) < £(w). The identity element e is the unique minimal element under the
Bruhat order. To see this, write any w as one of its reduced word representations,
W = $1...S8y. Then the sequence u; = s7...s; is such that ¢(u;) = ¢(u;_1) + 1 and

u;u; =5, € S CTforalli=1,...,m. The order makes W a directed poset with
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a unique maximal element which we denote by wy [BB05, Proposition 2.3.1]. We
now highlight some of the properties of wy as they will be used extensively as facts
throughout the rest of this thesis.
Proposition 3.1.1. The element wy has the following properties:

o wi=e,

o l(wy) =#T,

o ((wow) = L(wwy) = L(wy) — L(w) for allw € W,

o ((wowwy) = L(w) for allw € W,

e the maps w — wow and w — wwy are automorphisms of Coxeter groups that

reverse the Bruhat order,
e the map w — wowwy is an automorphism of the Cozeter group (W, S) that

respects the Bruhat order.
Proof. [BB05| Propositions 2.3.2 and 2.3.4. O

Let J C S. Let W, denote the subgroup of W generated by J and let wy ;s
be its unique maximal element. Each coset of W;\WW has a unique minimal length

representative which gives rise to a bijection
WAW < W i={weW|w<swVseJ}

under the identification taking a coset W w to its minimal length representative
[BB05, Proposition 2.4.4].
The set /W inherits a poset structure from W as /W C W. The poset /W

is also a directed poset. This follows from the facts that W is directed and the
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projection map W — W;\W — /W is order preserving [BB05, Proposition 2.5.1].
Call the induced order on /W the Bruhat order denoted by u < w.

Example 3.1.2. Let W = S, be the symmetric group on g elements, and
S={s;=(,i+1)]i=1,...,9— 1} its subset of simple reflections. Then (W, 5)
is a Coxeter group. Writing permutations as r = (x(ll) xé) B xﬁqg)) € S, or more
compactly, z = [z(1) z(2) - - - z(g)], the maximal element of (W, s) is given by the
reversal permutation wg = [gg — 1...1].

There is a convenient description of /W in case J = S\ {s;} for s,, € S. In

particular,
W={eeS,|z7' (1)< <z ' (m)andz ' (m+ 1) <--- <2 '(g)}.
Note that in the extreme case where m = 1,
W={zeS, |z (m+1)<---<z7'(9)}
and when m =g — 1,
W={zeS,|z7' (1)< <a7'(m)}.

Therefore, the set /W can be identified with the set of shuffles of the sequences
1,...,mand m+1,... g (i.e. any linear order of 1,..., g that preserves the order
of 1,...,mand m +1,...,g). It follows that the size of /W is (1?1) Furthermore,

the length of an element = € YW is given by
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For example, if ¢ = 3 and m = 2, the shuffles of the sequence 1,2 with
the single element sequence 3 are [123],[132], [312]. These give precisely the
elements of "W as (123),(123),(323). The lengths of these elements are 0, 1,2
respectively.

We will also need to use another partial order on YW derived from the Bruhat
order. Let ¢ : (W, S) — (W, S) be an automorphism of Coxeter systems. Then for

w,w' €W

w' <y w <= Jy € W such that yw'zyp(y ")z~ <w (3.1)

where & = wowo p(sy. This is a partial order by Corollary 6.3 of [PWZ11] (see also
[He07, Proposition 3.13]).

Example 3.1.3. For (W, S) coming from the symmetric group as described above
in Example 3.1.2, there are two standard automorphisms of the Coxeter system:
the identity automorphism, and conjugation by the reverse permutation wy,. We
now give examples showing how =, differs from the Bruhat order in each of these
cases.

If ¢ = 1, then < is given by
w <y w <= Jy € Wy such that yw'wywo sy~ wo jwy < w. (3.2)

In the example above, when g = 3 and m = 2, < is same as the Bruhat order.
However, this is not always the case. For example, when ¢ = 6 and m = 3, the

length 2 element w’ = [124536] is less than the length 3 element w = [412356]
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under <y, as yw'wowo Yy wo ywe = [14325] < w when y = [13245]. But [124536]
and [412356] are unrelated under the Bruhat order.

Suppose that ¢(w) = wowwy, then for J = S\ {s,,}, ¥(J) = S\ {sg—m}, and
Wowo,jWo = Wo ()~ 1t follows that w' <y w if and only if there exists a y € W

such that

yw’(w0w07w(J))(woy_lwg)(wo,wu)wg) = yw’wo,‘]y_lwovj < w. (3.3)

Again, in the example when ¢ = 3 and m = 2, < is same as the Bruhat order.
However, when g = 5 and m = 3, [41235] <, [14523] but [41235] £ [14523]. Here
£([41235]) = 3 and ¢([14523]) = 4.

3.2 The relative position of two parabolics

Coxeter groups arise naturally in the theory of connected reductive groups,
especially in the context of describing the relative positions of parabolic subgroups.
We review some of these connections following [Bor91] Section IV.14.

Recall that k is an algebraically closed field, and let G' be a connected
reductive algebraic group k. Fix a maximal torus 7" and a Borel B containing 7.
Then the Weyl group W = W(T,G) := Ng(T)/Z(T) of G relative to T' can be
generated by a subset of simple reflections S corresponding to B—together, (W, S)
is a Coxeter system.

Every subset J C S corresponds to a parabolic containing B by letting
P; = BW;B for J # () where W is the subgroup of W generated by .J, and
Py = B. Every parabolic subgroup of GG containing B corresponds to a subset

J C S in this way—such a parabolic P; is called a standard parabolic. Recall
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that every parabolic subgroup of GG is conjugate to a unique parabolic subgroup
of G that contains B. A parabolic has type J if it is conjugate to the standard

parabolic P;. Furthermore, for I, J C S there is a canonical bijection
W[\W/WJ — P[\G/PJ

obtained by sending W;-w-W; to P;-w - P; induced by the Bruhat decomposition
G = [l,ew BwB.

Let % denote the set of Borels of G, and let 27 denote the set of Borel
subgroups containing 7. Recall that the group of inner automorphisms of G
acts transitively on the set of pairs (B’,T") consisting of a Borel subgroup and a
maximal torus 7 C B’, and that the Weyl group acts simply transitively on %7
by conjugation by Ng(T') [Bor91, Proposition IV.11.19]. For g € G and H < G, let
9H denote gHg™!.

The following definition plays a key role in the sequel. Consider G\ (% x %)
where g € G acts on B x B by (YB,9B). Let (By, By) € G\(# x $B) and let T' be
a torus contained in both B; and B,. Then by conjugacy of tori, thereisa g € G
such that 97" = T. Thus 9B; and 9B, are both in %" and there exists an h € W
such that "B, = B. It follows that [By, Bo] = ["B,,"B,] = [B,"B] for some
w € W. By the Bruhat decomposition, this gives a bijection W — G\ (% x %) via
the map w +— (B,"B). The inverse of this map will be denoted by w(Bj, Bs), and
the resulting Weyl group element w(By, Bs) is called the relative position of B;
and Bs.
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Similarly, given two standard parabolics Py, P, of types I, J respectively, we
define an element w(P;, Py) € W, \W/W}, the relative position of P, P,, by
setting w(Py, Py) to be the class of w(By, By) € W, \W/W; where B; is a Borel
contained in P;. Alternately, if 9P, = P; and "P, = Py, then w(P;, P,) is the image
of gh™! under the bijection P/\G/P; — W \W/W. See Section 3 of [Moo01] for
more details.

3.3 The Ekedahl-Oort stratification

Let A = (A,;,\,7) € M(k) and let D = D(A[p]) be the contravariant
Dieudonné module of A[p]. Then recall from Section 2.2.3 that by functoriality of
the Dieudonné functor, D has the structure of a k-vector space with a symplectic
form ( , ) coming from A and a compatible Ok /(p)-module structure with
involution induced by ¢ (i.e. (bm,n) = (m,bn) for all b € Ok /(p), m,n € D). Let
G be the group of symplectic similitudes of D = k%9 respecting the Ok /(p)-module
structure.

By applying F, V! to (0) C D until it stabilizes, we obtain an F,V ~!-stable
flag of D,

Ce:Cy=(0)C...CC;=D[V]=F(D)C...CCyy=D

where dimC; = i, called the canonical flag (of A). This fact will be explored
in more detail in Section 6.3, and follows from Lemma 6.3.1 when S = Spec(k).
Observe that the canonical filtration is an Og-invariant symplectic flag. Refer to

[Moo01, Sections 2.5, 4.4, 6.3] for more details on the canonical filtration.
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Let any extension of C, to a complete Og-invariant symplectic flag of D be
called a conjugate flag (of A).! Let C, denote a conjugate filtration of A and
let @@ = Stab(C,) C G. Since C, is a maximal flag, () is a Borel, and its type is the
empty set.

Let J be the type of the parabolic P = Stab(D[F] C D) C G (typically D[F]
is not part of C,). The type J of P is determined by the moduli problem and does
not depend on the choice of A as D[F] is a maximal isotropic subspace of D, and
the Ok /(p)-structure on D[F] in relation to D is fixed by the signature condition.
We can associate to A an element w(4) := w(P,Q) € W,\W/Wy = W,\W. By
construction, the element w(A) measure the relative position of D[F] with respect
to the canonical filtration C,.

Proposition 3.3.1 (Theorem 6.7 [Moo01]). The element w(A) € W, \W is
well-defined and does not depend on the choice of refinement of the canonical flag
of A. Furthermore, the element w(A) € W, \W determines the isomorphism class
of Alp| as a p-torsion group scheme with polarization and endomorphism structure.

From now on, identify W;\W with /W as in Section 3.1. The Ekedahl-Oort
(E-O) stratum associated to w € /W is the locally-closed reduced subscheme V*

of M with geometric points given by

V'i={Ae M[w(d) =w}.

L' A choice of such an extension is equivalent to choosing a Borel contained in
the parabolic subgroup stabilizing the canonical flag.
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The following Theorem combines Theorems 2 and 3 of [VW13]. Note that
parts of this theorem were known prior to [VW13]. For instance, the result on
dimension was previously shown by Moonen in [Moo0O4a] under the assumption of
non-emptiness of the strata. Furthermore, non-singularity was shown by Vasiu in
[Vas08].

Theorem 3.3.2. [VW13] The Frobenius map on G given by the p-power map
induces an automorphism of the Coxeter system, 1 : (W, S) — (W, S). Let <y
denote the partial order on "W as defined by Equation (3.1).
o For allw € W the E-O stratum V" is non-empty and equidimensional of
dimension {(w) (where {(w) is the length of w as a Weyl group element of
e The E-O strata are non-singular and quasi-affine.
e The closure of an E-O stratum is a union of E-O strata with respect to a
partial order <y on W. That is,
vi=1T v*.
W pw

The unique 0-dimensional E-O stratum corresponding to the identity element
of the Weyl group will be called the core locus in this thesis. This is non-
standard notation. Note that in [VW13], the 0-dimensional E-O stratum is called
the superspecial stratum; we choose to call the 0-dimensional stratum the core
stratum as the underlying abelian varieties may or not be superspecial or even
supersingular. The unique E-O stratum corresponding to the maximal element of

the Weyl group is called the p-ordinary stratum.
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Remark. In [VW13] the language of so-called D-Zips is used to encode the
isomorphism class of D with extra structure to produce an element of w(A) € W
corresponding to A. In the case we are considering the procedures for obtaining
w(A) are equivalent.
3.4 E-O stratifications of unitary Shimura varieties

The k-points of the group G that appears from the unitary PEL datum of
type (my, msy) (see Section 2.1) is the group GU(k%*,¥) where ¥ is a Hermitian
form. Such a group is isomorphic to GL4(k) x G,,(k), and can be identified with
the subgroup of GL, (k) x GL4(k),

GU(k*, W) 2 {(M,aM") € GL,(k) x GL,(k) | a € k*}

where MY = (M")~!. Let B be the Borel subgroup of G given by the subset of
elements of the form (b, ab") € G(k) C GL4(k) x GLy(k) where b is upper triangular
and a € k*. This isomorphism identifies the action of b € O/(p) on D with the
matrix (x1(0)1g, x2(b)1,).

Using the description of G(k) € GL4(k) x GL4(k), the Weyl group of G is
W = {(wy,wy) C Sy xS, | we =wowywe} where wy = [g g —1...21]. The set of

simple reflections corresponding to B is then identified with
Sp = {(si,wgsiwo) S Sg X Sg | S; = (Z 1+ 1)} .

Observe that by projection onto the first coordinate W =2 .S, (the Weyl group of

GL,(k)) and Sp corresponds to the standard choice of simple reflections of S,,.
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Lemma 3.4.1. Let S denote the set of simple reflections of S, given by s; =
(ti+1) fori =1,...,9 — 1. The parabolic P stabilizing the flag D|F| C D

corresponds to the set of the simple reflections
J={(s,t) € S\ {sm,} X S\ {Smy} | § = wotwo} C Sp.

Proof. Let D = D; & D, be the decomposition of D under its Ok /(p)-action—note
that this corresponds to the identification of G(k) as a subset of GL,(k) x GL,(k).
The elements (g1,92) € P satisfy the property that g; is in the stabilizer of the
flag D;[F] C D; for i = 1,2. The stabilizer of D;[F] C D; as a subgroup of
GL(D,) = GL,4(k) is a maximal parabolic P;. Then W (S, S) is the Coxeter group
of GL(D,) = GL,(k) with respect to the upper triangular Borel of GL,(k), and
the type of P, (with respect to the set of simple reflections S) is S\ {s4} where

d = dim D, [F]. Similarly for Dy[F] C Ds, and since dim D;[F] = m;,

JC(S\ {sm} x S\ {sma}) NS5 = {(s,t) € S\ {sm,} x S\ {sm,} | s = wotwo} .
On the other hand, since the standard parabolic subgroup of G with type
{(s,1) € S\ {sm } x S\ {smy} | t = woswo}

preserves the flags D;[F| C D, it also preserves D[F| = D;[F] & Dy[F| C D.

Therefore, J is the type of the parabolic stabilizing the flag D[F| C D. O

Corollary 3.4.2. /W can be presented as the set

{(wl,wg) S Jng X JQSg ‘ Wy = wowlwo}
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where J; = S\ {sm,} and wy =1[g g—1...21].

Recall from Example 3.1.2 that /1S, where J; = S\ {s,,,} can be identified
with the set of shuffies of 1,2,...,m; with m; +1,..., g by writing the permutation
(w(ll) 122) " aly ) as the shuffle [z(1)z(2) - -~ z(g)]. For w = (wy,wy) € "W, the
length of w as an element in W C S, x S, is equal to {(w) = L(wowiwy) = £(ws)
as (W, Sg) is isomorphic to (Sy, S) by projecting onto one of the coordinates.

Therefore, for w € /W,

lw) = (wi'(a) —a) =) (wy'(a) —a) (3.4)

by Example 3.1.2.

We now explore the poset structure on YW as defined in Theorem 3.3.2 that
describes the closure relations on the E-O strata associated with the elements of
JW. In this case, G is defined over F, and Frobenius is an automorphism of G,
that takes a k-point of G to its p* power. Recall that the isomorphism of G(k)
with a subset of GL(k) x GL(k) identifies the action of b € Ok /(p) on D with the
matrix B = (x1(b)1,, x2(b)I,;). When p is split in K, B? = B, but when p is inert
in K, B? = (x2(b)1,, x1(b)I,). Therefore, when p is split, ¢ : (W, Sg) — (W, Spg)
is simply the identity, but when p is inert, ¢ : (W, Sg) — (W, Sg) is given by the
non-trivial automorphism ¢ (w) = wowwy which when w = (wy,wy) means that
Y(w) = (we,wy). Thus, <, can be described by using the two examples for ¢ given
in Example 3.1.3. From now on we will suppress the 7 in the notation, and use <
for <.

Example 3.4.3 (G has signature (m, mg) = (2,1)). In this case:
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o S={s1,8} CS;
o Jy =8\ {sa},Jo=5\{s1}
o wy=[321] = (}23)

Therefore /1S5 is the set of shuffles of the sequence 1,2 with 3:
N185 = {[123], [132] = 59, [312] = 5951},
and similarly, /2S5 is the set of shuffies of 1 with the sequence 2, 3:
7265 = {[123],[213] = 51, [231] = 5152} .
Now, "W = {(wy,ws) € /1S5 x 725, ‘ wy = wowywp } . Therefore,
TW = {(312,231), (132,213), (123,123)} .

Remark. The use of braces is dropped for elements of YW so as to keep the nota-
tion from becoming too cumbersome. For instance, (312,231) means ([312], [231]).

By Equation 3.4,
0((312,231)) = 2, £((132,213)) =1, £((123,123)) =0
which implies that 7 has minimal length Sp-word representatives of the form
(312,231) = (8281, 5152), (132,213) = (89, 81), (123,123) = (1w, 1y).
Thus the Bruhat order on /W is

(123,123) < (132,213) < (312,231).
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Now, W; = {(1w, lw), (s1,82)}, and Wi, 7w, = {(1w, 1w ), (82, s1)} so that
T1 = WoWo,g = (231, 312), To = WoWo,woJwy — (312, 231)

Then for y = (s1, 82) € Wy,

/ / —-1,.—1 ! —1 —1
w yw iy Ty YW T2WoY ~WoTy

(123,123) | (231,312) = (8251, 5152 (123,123)

(132, 213) (213, 132) = (81, 82) (321, 321) = (828152, 818251)

(312,231) (312,231) == (8281,8182) (231,312) = <8152,8281>

Therefore, for both p split and p inert, the partial order giving the closure relations

on the E-O strata is given by
(123,123) < (132,213) < (312,231)

Using the description of YW as shuffles, the following figures represent the
poset structure on YW and give an idea of how the E-O stratification works in
certain low dimensional examples. Here, the minimal element (core stratum)
appears at the bottom of each diagram. The black edges represents < in the
Bruhat order, the red edges represent < but not < where ¢ is the identity (as
in the case where p is split in K'), and the blue edges represent < where 9 is
Int(wp) but not < (the case where p is inert in K'). The braces in the notation
for permutations [w(1)...w(g)] are dropped so as to make the diagrams easier to

read.
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In general, the problem of determining whether two elements are related
under the Bruhat order is not clear; however, there exist effective methods for
checking this relationship (for example, by application of Theorem 2.1.5 or
Theorem 2.6.3 of [BB05]). The diagrams below were calculated by brute force:
first by calculating the Bruhat order using the above method, then calculating
yww0w07¢(J)y_1w07¢(J)wo for all y € W; and w € YW, and finally checking the

Bruhat order for new relations coming from <.

(912...g-1, 23...g1)

(4123, 2341)
(312, 231) (1423, 2314)

(132, 213) (1243, 2134) (1...9-2gg-1,213...9)
(123, 123) (1234, 1234) (12...g, 12...9)

Figure 3—-1: GU(2,1),GU(3,1),GU(g,1)
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(3412, 3412)

(3142, 3142)

N

(3124, 1342)

(1342, 3124)

N\

(1324, 1324)

(1234, 1234)

Figure 3-2: GU(2,2)
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(34512, 45123)

(34152, 41523)

(34125,

14523)

(31425,

14253)

(31245,

12453)

<

(31452,

41253)

(13452,

41235)

(13425,

14235)

(13245, 12435)

(12345, 12345)

Figure 3-3: GU(3,2)
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(456123, 456123)

(451623, 451623)

(451263, 415623)

(415623, 451263)

(451236,

145623)

(415263, 415263)

(145623,

(415236,

451236)

145263)

=

(412563, 412563)

—

(145263,

(4125386,

e

415236)

142563)

(145236, 145236)

(142563,

el

(4123586,

412536)

ey

124563)

(142536, 142536)

(124563,

i ———

(142356, 124536)

412356)

(124536, 142356)

(124356, 124356)

(123456, 123456)

Figure 3-4: GU(3,3)
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(345612, 561234)

(345162, 516234)

(345126, 156234) (341562, 512634)
(341526, 152634) (314562, 512364)
(341256, 125634) (314526, 152364) (134562, 512346)
(314256, 125364) (134526, 152346)
(312456, 123564) (134256, 125346)

(132456, 123546)

(123456, 123456)

Figure 3-5: GU(4,2)
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Proposition 3.4.4. The E-O stratification of a unitary Shimura variety of
signature (mq, ms) has the following properties:
1. There are (Wi’l) strata.

2. The number of strata of a given dimension d is equal to f(m,n,g) where

> fmn,g)s™q" = (14 sq)(1+5¢°) ... (14 s¢°)

n=d+mi(mis+1)/2, g =mq+my and m =m;.

Proof. Observe that a m-shuffle is completely determined by the choice of m
positions for the first m elements since the 1,...,m and m + 1,..., g must be
linearly ordered.? The first statement now follows immediately from the fact that
there are (TfL’l) = (ﬂfz) shuffles of 1,2,...,m; with m; +1,...,g fori=1,2.

The function

> flm,n,g)s™q" = (14 sq)(1+ s¢°) ... (1+ s¢°)

is the generating series for the number of partitions of n into m distinct parts that
are less than or equal to g. In other words, we need to show that the number of
strata of a given dimension d is equal to the number of partitions of d + my(m; +
1)/2 into m; distinct parts that are less than or equal to g.

Recall that for w = (wy,wy) € YW, the length of w as an element in

W C S, xS, is equal to £(w;) = ¢(wy) by considering w; and wy as elements in 5.

2 As a permutation, a choice of m distinct values between 1 and g for w=!(a)
where a = 1, ..., m determines the element w in S\{sm} Sy since w is an m-shuffle.
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Therefore, the number of strata of dimension d is equal to the number of elements
of /W of length d which, as noted above, is equal to the number of elements of

JiS, of length d. If £(w) = d, then for i = 1,2,

_ N~ X mi(m; +1)
d=tw) =3 —a) =3 @) - MU
In other words, the number of elements of length d is the number of elements of S,
such that
d+ —mi(mg T o () 4w (@) oy ()

where 0 < w; (1) < w;'(2) < ... < w;'(m;) < g. This is the number of partitions

of d + m;(m; + 1)/2 into m; distinct parts that are less than or equal to g. O

Corollary 3.4.5. There are unique elements in “W of length 0,1, m;my — 1 and
mime. In particular,
1. there is a unique 0-dimensional stratum, the core locus, corresponding to
the identity element of "W ;
2. there is a unique I1-dimensional stratum corresponding to the element (wq,ws)
where

wi=1[12...mi—1m;+1m;m;+2...9]

called the almost-core locus;
3. there is a unique codimension 1 stratum corresponding to the element

(w1, wsy) where

wy=[m; +1m;+2...9—11g2...my,
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called the almost-ordinary locus®
4. the pu-ordinary locus has dimension myms and corresponds the element

wo,; = (wy,wy) where

Proof. As 7W is a directed poset under the Bruhat order, it follows directly from
Proposition 3.4.4 that there is a unique 0-dimensional stratum (the core locus),
and a unique maximal-dimensional stratum, the p-ordinary locus.

Furthermore, from Proposition 3.4.4 the elements in YW of length d are
related to partitions of d +m;(m; +1)/2. In case d = 0, the number of partitions of
m;(m; + 1)/2 into m; distinct parts is exactly 1 as m;(m; +1)/2 = > ", a, which
corresponds to the identity permutation as previously expected. When d = 1, the
only way to partition 14+> ", a into m; distinct parts is by taking 1+24...4(m;—
1)4(m;+1). This corresponds with the shuffle [12---m; — 1 m; + 1 m; m; +2--- g].

By the requirement that each part in the partition is less than or equal to g,
we see that the maximum possible length of an element in 71.S, is Y9 _ g1 @ —
Yot a = myms, and even more, the sum (g —m; +1)+ (9 —m; +2)+... +¢g
is the only way to partition mymsy + m;(m; + 1)/2 into m; distinct parts with

each part less than or equal to g. Similarly, there is only one way to partition

3 The use of almost-ordinary is meant to convey the notion of almost p-ordinary
in the sense of E-O strata and not almost ordinary in the sense of abelian varieties
as in the Siegel case.
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mymsy — 1 4+ m;(m; + 1)/2 into m,; distinct parts with each part less than or equal
to g: (9—m;)+ (g—m;i+2)+ (g —m; +3)...4+ g which corresponds to the desired

element in 7. n

Proposition 3.4.6. The poset diagram of the E-O strata for GU(my, ms) has a

line of vertical symmetry when my = my.

Proof. To show the poset diagram of the E-O strata has a vertical axis of sym-
metry when m; = ma, it suffices to show that /7 has an order preserving
automorphism. Consider the isomorphism 7t S, x 25, — 28 x 715 given by
(wy,wy) = (we,w) or rather w — W = wowwy. Since J = J; = Jp, this is an
automorphism preserving the Bruhat order.

It remains to show that w — w preserves < for ¢ = 1 and ¥(w) = wowwy. Let
T = WoWoy(s). Again, since J = J; = Jp, and w — @ is a Bruhat order preserving
automorphism, x is the same for both choices of ¢, namely, x = (21, x2) = wowp s
and r = 7.

Suppose that w < w’. Then there exists a y € W; x W such that

ywrp(y) a7t <

—_—

For either choice of ¢, ¥(9) = ¥ (y). Then,

——1 ,

gurp(y) et = gurd(y) 2Tt = woyway(y) e wy < 0.

Since W is preserved by w — w, it follows that ¥ € W; and w < w’. Therefore <

is preserved. O
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Remark. Note that the map w — wowwy on strata comes from the automorphism
on the unitary Shimura variety of signature (m,m) that arises by twisting the
Ok-action by complex conjugation.

It is also natural to ask if and when there may be a horizontal line of sym-
metry to the diagrams. The map a : w — wp jwwy is an anti-automorphism of
JW with respect to < [BB05, Prop 2.5.4]. Therefore, when the Bruhat order is the
same as <y, if my and my are odd, or when every element of length %ﬁl is fixed
under «, then there is a horizontal line of symmetry. These are necessary condi-
tions as the diagram for signature (4,3) under the Bruhat order does not have a
horizontal line of symmetry. In general there is no horizontal line of symmetry,
as « is not an anti-automorphism of YW with respect to <,. As examples, see
Figures 3-4 and 3-5.

3.5 Models for mod p Dieudonné modules

The explicit presentations of YW obtained above can also be used to construct
models for the Dieudonné modules of the p-torsion corresponding to each given
stratum using the proof of [Moo01, Theorem 4.7]. Throughout this section assume
that my > my > 1.

Let (wy,ws) € YW and let D = D(w;, ws) be the contravariant Dieudonné
module of the p-torsion group scheme (up to isomorphism) corresponding to the
E-O stratum of (wy,ws). Recall from Proposition 2.2.4, that D decomposes as

D, @ D, under the Ok /(p)-action on D. By [Moo01, Theorem 4.7] there is a model

%)



for D such that each D; has a basis €;1,...,€;4 and F,V act on D as follows:

4

F(ei,j> = . (35)
\ (e WilJ) =m; +a
0 J < Mg

Er(i)h J = My(it1) + Wy (D)

0
where (i) = i for p split and (i) = i + 1 (considered as the cyclic group of
order 2) for p inert. This choice of basis has the property that D is self-dual as a
Dieudonné module under the transformation taking e; ; to €;41 ()
3.5.1 Invariants of p-torsion group schemes

Some basic invariants of commutative p-torsion group schemes are their
a-number, f-number, and the minimal power of Frobenius that kills them as
introduced in Section 2.2.1. The latter is finite if the group scheme has no étale
part and is equal to the power of Verschiebung that kills the group scheme if it is
a self-dual group scheme (as in this case). For example, let A be a g-dimensional
principally polarized abelian variety. If a(A) = g then A[p] is uniquely determined,
and by a theorem of Oort, A is superspecial [Oor75, Theorem 2]. At the other
extreme if f(A) = g then A[p] is again uniquely determined and A is ordinary.
Likewise, if f(A) = g — a(A), then A[p] is uniquely determined by its a-number
and f-number. Or, in case g = 2, a = 1 and A[p] is killed by F?, the E-O stratum
of A is uniquely determined by the a-number and the minimal power of Frobenius
that kills A[p]. In other words, there are circumstances where one can determine

the E-O strata by other invariants. This motivates the following discussion.
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Proposition 3.5.1. Let w = (wy,wy) € 'W. Then the E-O stratum associated to

w has a-number

#{00,7) i e {1,211 <j <mia, 1 S wij) <Sma} p s split,

#{(i,5) i€ {1,2},1 < j <my, 1 <wi(j) <mi}  pis inert,

a(w) =

Proof. The a-number of the E-O stratum of w is equal to dimD/(FD + VD)
where D = D(w) is the contravariant Dieudonné module (up to isomorphism)

corresponding to the E-O stratum of w. When p is split,

0 wi(j) <my 0 Jj<min
Flei;) = Viei;) =
Cia wi(Jj)=mi+a eip J=mip +w(b).

Therefore,

F'D = span {62‘,17 - 7€i7mi+1}i:172 , VD = span {ei’wfl(a) ‘ 1<a< mi}i:1 .

For a set S, let w;(S) := {w;(s) | s € S}. Now, w; is a bijection so for a fixed 1,

{ae{l,....m} |1 <w ' (a) <mi}
=w; ({w; (1), ..., w; (my)} N{L, ..., mis1})
= {1,,mz}ﬂ{wl(1),,wl(m,H)}

={je{l,....,m1} |1 <w(j) <m}.
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Therefore the dimension of F'D 4+ VD is given by

dim FD+ VD =dim FD +dim VD — dim(FDN VD)
=29 —#{ac{l,...,m} ‘ 1 <w;'(a) <m0 =1,2}

and dimD/(FD+ VD) =#{j € {1l,....mip} | 1 <w(j) <my,i =1,2}.

On the other hand, when p is inert, FD = span{e;; | 1 < j <m;},_,, and

1=

VD = span {eiwfl(b) ‘ 1<b< ml} . Thus, the dimension of F'D + VD is
y Wy 2

i=1,
dim FD+ VD = dim FD +dim VD — dim(FD N VD)
=29 —#{be{l,....m} |1 <w;'(b) <myi=12}
and dimD/(FD+ VD) =#{j e {l,....mi} |1 <w;(j) <my,i=1,2}. O
Proposition 3.5.2. Let w = (wy,wy) € 'W. Then the E-O stratum associated to

w has f-number

#1{0,7) | wi(j) = j +mi} p is split,
i {(Z,J) \ wi+1<wi(j> - mi) =7+ m7j+1} p 1S inert.
Proof. Begin with the following observation. Recall that since w; is a shuffle,

w; N (my +1) < w;H(m; +2) < ... <w;'(g). In particular,

a < w; Ha+m;) ac{l,...,mi1} (3.7)
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as w; '(m; + 1),w; (my + 2),...,w; (m; + a — 1) must all be smaller than

w; ' (m; + a); that is,
L<w (m +1) <w; (mi +2) < ... <w ' (m; +a).

The identity (3.7) will be used repeatedly in what follows.

The f-number can be calculated by finding the dimension of F¥D where N is
large enough to kill everything except for the étale part of D. Recall that when p
is split,

Fei;) = o=
eia Wi(j)=m;+a

and F(e; ;) = e;; if and only if w;(j) = j + m;. It then suffices to show that
FND = Span {67;7]' | F(em) = 62',]'}1-:1,2 , N >> 0.

We begin by showing that if F'(e; ;) = e;, # 0, then a < j. Suppose that
F(e;;) = €;q # 0 where a = w;(j) — m;. Then w;(j) = a +m; where 1 < a < m;yq,

and by identity (3.7) above,
a<w;(a+m) =7

Fix i € {1,2}. Now we show that F¥ND; = span{e;; | F(e;;) = e;;} for
N >> 0. Trivially, the span of {e;; | F(ei;) = e;;} is a subset of F¥D;. On
the other hand, suppose that e;; € F¥ND. Then there must be an m such that
F(e; ;) = e;j. Butif F(e;;) = e;, # 0, then a < j, and in particular, if a < 7,

F™(e; ;) = eip where { < a < j for all m > 1. Therefore F(e; ;) = e; ;.
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The proof in the inert case is like that of the split case, only F? will need to

be considered instead of F. Indeed, when p is inert,

0 wi(7) < my
€itl,a ’wl(j> =m; +a

and if F2(€i,j> 7£ O,
F?(eij) = F€it1,mi()—ms) = Ciswss (wi()—mi)—miss -

Therefore, F?(e; ;) = e;; if and only if w;y1(w;(j) — m;)) = j 4+ mit1. It remains to
show that
FND = span {em | FQ(GM) = em}i:l 5 N >> 0.
Similar to the proof of the split case, this can be done by showing that if
F*(e;;) = ey # 0, then b < j. Suppose that F2(e; ;) = e;, # 0 so that

w1 (w;i(§) — m;) — mypq = b. Setting a = w;(j) — my, (3.7) gives
b<wii(b+mip) =a<w ' (a+m;) =]

completing the proof. ]

When f(w) is zero, there is a minimal power of Frobenius that kills A[p].
Denote this invariant by minF(w), and let minF;(w) be the minimal power of F
that kills D; where D(A[p]) = Dy @ Ds. If S is a set of integers, then for a € Z
write

S—a:={s—al|seS}.
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Proposition 3.5.3. Suppose my > ma. When p is split, minF(w) = minFs(w) and

can be calculated as follows. Let S; = {mq+1,...,g} and for i > 2, let
Sz' = Sl N w2(Si_1 — mg).

Then minF(w) is the smallest i such that S; is empty.

On the other hand, when p s inert, let
Si={mi+1,...,9}, Ty={ms+1,...,9},
and inductively for v > 2
S = S1Nwy(Tiy —ma), T; =Ty Nwi(Si—1 —ma).

Then minF(w) is the smallest © such that S; UT; is empty.

Proof. The calculation of minFs(w) (and likewise minF(w)) in the split case and
minF(w) in the inert case follows directly from Equation 3.5. Since m; > ms, when

p is split, minF; (w) < minFy(w) so that minF(w) = minFs(w). O

When m; = my = 1, there are two strata, the core stratum and the p-ordinary
stratum which have the following invariants both when p is split and when p is
inert:

e p-ordinary: f=2,a=0
e core: f=0,a=2, mnF = 2.
As a further application of Propositions 3.5.1, 3.5.2, and 3.5.3, the Tables 3—-1 and

3-2 give the a-numbers, f-numbers and smallest powers of F' killing A[p] for the
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Table 3—1: Invariants of E-O strata when p is split

p is split a(w) f(w) | minF (w)
Core 2my 0 [+2]
My =My =M 2m — 2 0 3
ml—mgzl,mgzl 2m2:2 1 —
Almost-core
ml—m221,m2>l,m2]m1 2m2 0 mi2+1
mi — Mo Z 1, meo > ]_, mgfml 2m2 0 I_mLQ-I
Almost-ordinary 2 g—2
p-ordinary 0 g —

Table 3-2: Invariants of E-O strata when p is inert

p is inert a(w) f(w) minF(w)
Core g 0 2
m; > mg > 1 qg—2 0 3
Almost-core
my >mo =1 g — 2 0 4
m;=mog=m 2 2m — 2 —
. ml—m2:1,m2—1 my — My 2m2—2:0 4
Almost-ordinary
ml—mg—l,m2>1 mip — Mo 2mo — 2 —
my —meo > 1 m1 — Mo 2mo — 2 —
p-ordinary mip — Moy 2mo —

E-O strata of particular interest in all cases where m; > my > 1 (excluding the

case where m; = my = 1).
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Note that in the case where p is split, the core locus consists of superspecial
abelian varieties if and only if m; = msy, but the u-ordinary locus is always
ordinary. At the other extreme, when p is inert the core locus always consists of
superspecial abelian varieties, but the p-ordinary locus is ordinary if and only if
my = my. This result for the u-ordinary locus is consistent with [Moo04a, 1.3.10].

For the most part, we see that these invariants can be used to distinguish
the almost-core locus from the core locus and the almost-ordinary locus from the
p-ordinary locus. However, it is worth pointing out that when p is split even the
combination of the a-number and the minimal power of Frobenius that kills the
group scheme is not sufficient to distinguish the core locus from the almost-core
locus in the most generic case.
3.5.2 pinert in K

Recall from Corollary 3.4.5 that there are 4 strata of particular interest,
the core stratum, the almost-core stratum, the almost-ordinary stratum and the
p-ordinary stratum. In this section we give models for the p-torsion of these strata
when p is inert by computing models for the covariant Dieudonné modules.

The signature (n,0) and (1,1) cases are special cases in which there are 1 and
2 strata respectively. The results in these cases are well-known and follow from
Deuring’s Theorem. They are recorded in Table 3-3 for completeness. Here ¢
denotes the p-torsion group scheme of a supersingular elliptic curve, and subscripts

are used to indicate the action of K (i.e. 4 has signature (1,0) and % has
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Table 3-3: E-O strata when p is inert

Signature | Stratum Alp]
(m,0) Core G
(0,m) Core g

(1L,1) | prordinary | (Ox ® 1) © O/ (0)

(1,1) Core 9 DY

signature (0,1)). Having taken care of the (m,0) and (1, 1) cases, for the rest of
this section, assume that m; > my > 1 and if my =1, my > 1.
Proposition 3.5.4 (The core locus). The p-torsion group scheme of a point in the

core locus is isomorphic to

Alp] = 9™ & 95"

Proof. Equations (3.5) and (3.6) give that

i J Fei;) = Veiz)
1 1<75<my 0
I|m+1<j<g €2,j—m1

21 1<j<m 0
21me+1<j<gyg €1,j—ms

and in particular, for 1 < j < m;,
€it1,j+miq1 Ci,j 40 :

64



my ~Y
Therefore D(94™) = span{e;1, ..., €it1m; Citlmit1s-- - Citlg ), and
m mo
Alpl =29™ © 9.

]

Proposition 3.5.5 (The almost-core locus). Let AC(my, ms) denote a model for
the p-torsion group scheme of the almost-core locus of signature (my,ms). Then
AC(mq,ms) is isomorphic to the following group schemes

o my >my>1: AC(2,2) @Y™ 2@ g2

o my>my=1: AC(2,1) ® 97>,

Letting —— denote F' and - > denote V, D(AC(2,2)) has a basis where

6174"“. ..V"€2,4
and D(AC(2,1)) has a basis where

VRN

0 €11 _€21 >0

65



Proof. The almost-core locus corresponds to the element (wy, wy) where
m;+1 j=m
wi(j) = ¢ m; j=m;+1
7 otherwise.

By equations (3.5) and (3.6), bases for D(w) are described in the following

tables—there are two cases depending on whether my =1 or my > 1.

p is inert and my > mgy > 1

i J Flei;) | Vieiy)
1 1<57<m;—1 0 0

1 my €21 0

1 my+1 0 €21

Lim+2<7<g—1|€2jm | €2j-m

1 g €2,my | €2,ma+1
2 1<j<my—1 0 0

2 mo e1,1 0

2 me + 1 0 €1,1

21me+2<j<g-—1|€1j-m, | €1j-mm

2 g €1,my | €1,mi+1
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For2<j5<m;—1,

/\/\

61+17]+ml+1 627]
. 7

Tl V AAAAA V

corresponding to m; — 2 copies of D(%;), and the remainder consists of

€19 €29

which is a basis for D(AC(2,2)) by setting m; = mg = 2 and g = 4 in the diagram.

p is inert and my; > mo =1

i j Flei;) | Vieis)
1 1<j<m;—1 0 0

1 mp=g—1 €21 0

1 m+1=gyg 0 €29
2 me =1 €1,1 0

2 me+1= 0 e1.1
2| me+2<j<g—1] e j1 | e1j-1
2 g €1,m €1,q
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For2<j5<m;—1,
NN
2t S <

which gives m; — 2 = g — 3 copies of D(%;) and

which is isomorphic to D(AC(2,1)) by setting ¢ = 3 in the diagram. O

Remark. Note this is consistent with the results of [BWO06] in the my = 1 case as

AC(2,1) is the dual of a braid of length 3.
Proposition 3.5.6 (The almost-ordinary locus). Let AO(my, m2) be a model for
the p-torsion group scheme of the almost-ordinary stratum with signature (ms, ms).

Then, depending on the difference between my and my, AO(my, ms) is isomorphic

to:

o my—my>1: AO(3,1) @ (O ® )™ @ (Ok/(p))"> " @ G ™"

® M1 —Ma = 1: AC(27 1) S (OK & Np)inl S (OK/(p))m*l

e mi=my=m: (Og Q)" ' & (Ox/(p)" ' &G & %.
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Letting —— denote F' and - > denote V, D(AO(3,1)) has a basis of the

form

Proof. The locus with codimension 1 corresponds to the element (w;, ws) where

(
J+m; 1<j<myy—1

J—mip1r mipn+2<j<g
1 J=min

g J=m;s1 + 1.

\

When m; —ms > 1, D(w) has a basis as described in the following table.
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p is inert m; —mo > 1

i J Feiz) | V(ei,)
1 1<73<my—1 €25 0
1 Mo 0 0
1 mo + 1 €2.ms 0
Lime+2<j<m—1 0 0
1 my 0 0
1 my + 1 0 €2.m1
1 m +2<j<g 0 €2,j
2 1<7<my e1,j 0
2 mo + 1 €1, €1,mo
2ime+2<j7<mi—1] e €1,
2 my 0 €1,j
2 my +1 €1,m €1,j
2 m+2<j<g 0 1,5

For mgy +2 < j <mj — 1 (when such a j exists),

62,1_. .461,3'__‘ ‘40 :
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which gives 4™ 72 D((Og @ )™ ") = span{e;; | m;+2<j <g},_,,, and

D(Ok/(p)™ ") Zspan{e;,; | 1 <j < my— 1},_, o What remains is

0 <o e+l < €2 myt1
/\

0 ~ el,ml T 627m1 - 0
L . ‘7

corresponding to D(AO(3,1)).

pisinert my —mo =1

i J Fei;) | Vieiy)
111<j<my—1 €2,j 0

1 Mo 0 0

1 mp =mo+1 €2 msy 0

1 my+1 0 €2,m4
Ilm+2<j5<g 0 €2.j
2 1<7<my €15 0

2 m; =mg+1 0 €1,ms
2 my + 1 €1.m, €1,m1+1
2lm+2<75<gyg 0 €1,
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When my; —my = 1, D((Ox ® )™ ") = span{e;; | mi +2 < j < g}, 19> and

D(Ok/(p)™ ") Zspan{e;,; | 1 <j < my— 1}._, o This leaves

)

which is isomorphic to D(AC(2,1)) as desired.

p is inert m = m; = my > 2

J Flei;) | Vieig)
I1<j<m-—1| €1 0
m 0 0

m+ 1 €it1,m | €itlm

m+2<j<g 0 €it1,j

Finally, when m = m; = my > 2, D((Ox @ p,)™ ') is isomor-
phic to span{e;; | m+2<j <g},_, ,, and D(OK/(p)mfl) is isomorphic to
span{e;; | 1 < j <m —1},_,, which leaves

/\/\

62—1—1 m+1 62 m
el V AAAAA V

for i € {1,2} giving rise to 4 & %.
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Proposition 3.5.7 (The p-ordinary locus). The p-ordinary locus corresponds to

Alp] = (Ok @ )™ © (Ok /(p))™ ©G™ ™.

Proof. The p-ordinary locus corresponds to the element (wq, ws) where

. J+m; 1<y <min
wi(]): ' .
J—miz1 mipn+1<7<g

Then D(w) has a basis such F' and V' are given by

i J Fleiz) | Viey)
1] 1<j<m, €2, 0

1 ime+1<j<my 0 0

1| m+1<j<yg 0 €2,
2 1<j<my €1, 0
2\me+1<j<m| e €15

2| m+1<j<g 0 €15

D((Ox ® pp)™?) is isomorphic to span{e;; [ mi +1 <7< g},

D(Ok/(p)™) is isomorphic to span{e;; | 1 < j < mo}, and D(¥™~"?) =

=1,2’

span{e;; [mo+1<j < ml}i:l,? :
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Table 3—4: E-O strata when p is split

Signature | Stratum Alp)
(m,0) Core (Ok/p1 @ pp)™ & (Ok /p2)™
(0,m) Core (Ok/p)™ & (Ok /P2 @ pip)™
(1,1) | p-ordinary |  Ok/(p) ® (up ® Z/pZ)
(1,1) Core G © Y,

3.5.3 psplit in K

As in the previous section, the cases where my = 0 or m; = my = 1 are
treated separately and are given in Table 3-4. For what follows in this section,
assume that m; > my > 1 and if my =1, my > 1.
Proposition 3.5.8 (The core locus). Let C (my, my) denote the p-torsion group

scheme of the core locus of signature (my,ms). Then, if d = ged (mq, ms),

C (my,my) = 63?:10 <m1 m2> )

Td
In particular, when m; = my = m,

C(m,m) = &L C(1,1) = (% & %)™

Proof. When p is split, Equations (3.5) and (3.6) give a basis for the Dieudonné

module of the core stratum as in the table below.
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i J F(eij) | V(eiy)

1] 1<j<my 0 0

1 ime+1<7<my 0 €1,j—mo

1] m+1<7<g | eijm | €1 j-mo

2 ma+1<7<my | ejm 0

20 mi+1<753<g |€j—m | €2j—m

Let d = ged (my, my). Then for a fixedt € {g—d+1,...,g}

span {ei,tfsd ’ s € {07 s 7g/d - 1}}7,’:1,2

is a submodule of D(w) that is stable under F' and V. By sending €;;—sq — €; g/d—s

we obtain an isomorphism of

span{e;s—sa | s €{0,...,9/d—1}}_,

with D ( (71, 72)) respecting F', V' and the Og-action. Since this is true for

every t € {g—d+1,...,g}, it follows that

C (my,my) =2 @L,C (%, %) :

O

Recall that AC(my,ms) denotes a model for the p-torsion group scheme of a

the almost-core E-O stratum.
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Proposition 3.5.9 (The almost-core locus). The group scheme AC(my, ms) is of
the form:

o my=my=m: AC(2,2) D (%4 D %)™ >

o my—my>1,my=1: (Ok/p1 @ pip) ® (Ox [p2) ® C (my —1,1)

e my—mo=1mg>1:C(my,meg—1) DY &%

e my —my > 1,mo > 1: There is no obvious way to consistently describe the

models in this case. For example,

(my,my) AC(my, mo)
(4,2) AC(4,2)
5.2 | C31)eCE 1)
(5,3) C(3,2)®C(2,1)
(6,2) AC(6,2)
(6,3) | AC(4,2) @ C (2, 1)
(6,4) AC(6,4)
1,2) | C1)eCE )
(7,3) C(5,2)aC(2,1)
(1.4) | C(5,3)eC 1)
(7.5) | C(4,3)eC(3,2)

Note that D(AC(2,2)) has a basis {e; ; | 1 < j <4} where for i € {1,2},

i=1,2

F and V' are given by



Proof. The almost-core locus corresponds to the element (wy, wy) where

wi(j) =4 my j=m;+1
7 else.

There are different cases depending on the difference between m; and msy.

p is split mqy —mgy > 1

i J Flei;) | Vieiy)

1 1 <5< my 0 0
1{me+1<53<m —1 0 €1,j—mo
1 my €1,1 €1,mi—ma
1 mi+1 0 €1,m1—ma-t1

1l m+2<7<g—-1 |ej—m €1,j—mo

1 g €1,5—mq €1,my+1
2 1<ij<my—1 0 0
2 Mo €2.1 0
2 me + 1 0 0
2 mo+2<j7<m €2, j—mo 0

2| m+1<7<g—-1 |erj—m, €2.j—m1

2 q €2 j—my €2,ma+1
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First consider the case where m; —my > 1 and my = 1. Then F(ey,,,) = €11 =

€mi—(mi—1) and V(eag) = €2myt1 = €29—(mi—1). Since j —mg =j — 1,
span{er; | 1 <j<g—1}@span{ey; |2 <j <y}

is isomorphic to D(C (my — 1,1)). This leaves the one-dimensional submodules
span{e; 4} and span {es;} corresponding to (Ok/p1 ® p,) and (O /p2) respec-

tively. Therefore,
AC(my,m2) = (Ok /p1 ® 1) & (Ok /p2) ® C (M1 — 1,1).

Now suppose that m; — my = 1 and my > 1. Observe that

T

61,ml
and
€24 €2,m,
s A

giving rise to ¢ & %. By relabelling:
ecijr fijoifor2<j<myg=m;—1landm; +2,<j<g,
® Clm+1 f1,m2
then F' and V on span{fi; | 1 <j < 2my — 1 = g — 2} are determined by,
0 1<j<mgy

F(fl,j): '
fijome ma+1<7<g—2

78



and
0 1<j<my—1
V(fi;) =
fl:j—(m2—1) me <7< g—2.
Similarly, for ¢ = 2, relabelling by:
° 62,]"—>f27j for1<j<mg=m;—1

® ey fojform+1=my+2<j<g-1

means that F' and V on span{fs; | 1 < j <2my — 1 = g — 2} are determined by,

0 1 S] < mgy — 1
F(fa;) = ‘
foj—(ma—1) M2 <j<g—2
and
0 1<j7<my
V(fay) = |
f2,j—m2 me+1<75<g—2.
Therefore,

AC(my,my) = C (mg,mas — 1) &Y & %,.

p is split my = mgy =m

J Fei;) | Vieis)
1<j<m-—1 0 0
m €i1 0
m+1 0 el

m+2<j<g—1]| €j-m | €j-m

9 €ij—m | €im+1
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Finally, consider the case when m = m; =my. For 2 <j<m —1,
TN TN
ei,j+7 .A{/@i,j_n .. .40
giving m — 2 copies of 4 @ %. This leaves the submodule
span{e;; | j € {1,m,m +1,g}},_,,. Here I and V' are given by

ei,g €im+1 €i,m €i1 -

which means that span{e;; | 7 € {1,m,m+1,g}} is isomorphic to

i=1,2

D(AC(2,2)). Therefore

AC(m, m) = AO(Q, 2) EB (gl EB g2)m—2'

Proposition 3.5.10 (The almost-ordinary locus). There is a model for the

p-torsion group scheme of the almost-ordinary locus of the form
(O /p1 @ p1,)™ 1 & (O /)™ © % @ (Okc 2 @ p1)™ ™ © (Oxc /p2) ™ ™ © %o

Proof. The locus with codimension 1 corresponds to the element (wq,wy) where

(
7+ my 1<j<myy—1

J—mip1 mip +2<j<yg
1 J =My

g J=mi +1

\

thus giving a basis
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J Flei;) | Vieig)
1<;j<m;—1 €ij 0
m; 0 0
m; + 1 Cim; Cim;
mi+2<j<g 0 €ij

Then span {e; ; | 1 < j < m; — 1} is isomorphic to D(Ok /p; ® p,)™~* and

span{e; ; | m; +2 < j < g} is isomorphic to D(O /p;)™+ . Finally,

TN TN
Cimit1 Sims
T V,f V ’
for i € {1,2}, and

AO(my,ms) =(Ok [p1 @ p1,)™ ' & (Ok /p1)™ ' @ %

® (Ok /P2 @ p1p)™ ' @ (O /p2)™ ' & %

Proposition 3.5.11 (The p-ordinary locus).

Alp] = (O /p1 @ pp)™ @ (Ox /91)™ © (Okc /P2 @ p1p)™ O (Opc [p2)™

Proof. The p-ordinary locus corresponds to the element (w;, ws) where

. J+my 1<7<min
wz‘(]): . .
J—miz1 mipn+1<75<g
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The basis in this case is particularly straightforward as the p-ordinary locus

consists of ordinary abelian varieties. In other words,

J Fleij) | Vieiy)
1 <7< min €i 0
mi1+1<7<g 0 €ij

hence span {e; ; | 1 < j < m;i1} corresponds to the Ok /p; part and

span {e; ; | miy1 +1 < j < g} corresponds to the Ok /p; ® p, part.
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Chapter 4
CM points on unitary Shimura varieties

4.1 CM points over the complex numbers

Let E be a CM field—that is, £ is a quadratic imaginary extension of a
totally real field ET. Let p denote the non-trivial automorphism of E over E*. A
CM type of E is a subset ® of Hom (F, C) such that

Hom (E,C) = & U pd

where p® = {pop| ¢ € ®}. A pair (E,P) for which ¢ is a CM-type for F is
called a CM pair. A CM-pair (E, ®) is said to be primitive is there are no
proper CM subfields E’ of E for which ®|g is a CM-type for E'.

Let A be a simple abelian variety over C of dimension g = [ET : Q], and
suppose that there is an embedding ¢ : £ — End’ (A). Then A has complex

multiplication (by E). Furthermore, ¢ induces an action of £ on Lie(A), and

g
Lie(A) = @ Lie,,
i=1

where ; : £ — Cand a € E acts on Lie,, via ¢;(a). Then ® = {¢1,..., ¢4}
is a CM-type of E, and A is said to have CM type (£, ®). This CM type is

necessarily primitive as A is simple [Lan83, Theorem 1.3.5].
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Given a primitive CM-type (E, ®), and a lattice a in F, define an associated
complex torus Ag := Cg/P(a) where
g
co=@e. - B,
ped i=1

such that C, denotes a copy of C indexed by ¢, and

®(a) := {(p1(a), a(a),...,py(a)) € Co | a € a}.

By construction Ag comes with an injective homomorphism ¢4 : £ — End’ (A),
which is in fact an isomorphism, by letting £ act on Ag through ¢; on the C,,
component. When the choice of lattice a is relevant, we will write (Ag; a) for the
abelian variety Ce/®(a).

Proposition 4.1.1. The complex torus Ag is a simple abelian variety with CM-
type (E,®). The map (E,P) — (Ae,te) is a bijection between primitive CM types
of E up to isomorphism and simple abelian varieties with CM by E up to isogeny.

Furthermore, for (Ae,te;a), the subring R = {o € E | aa C a} satisfies
Lq;.(R) = Lq;(E) N End (Aq;) .

Proof. [Lan83, Theorem 1.4.1, 1.4.2]. ]

It is worth noting that a simple CM abelian variety (Ag,ts) with CM type
(E, ®) is not only defined over C, but can be defined over any field containing the
reflex field of the CM type (E, ®) (see [Lan83, Theorem3.1.1]). As such, unless
otherwise specified, we fix an embedding Q < C and will consider all the CM

abelian varieties that follow to be defined over Q.
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Polarizations on (Ag; a) correspond to Riemann forms ¢ : a X a — Z such
that ¢ is symmetric and positive definite. Polarizations that respect 14 are
the Riemann forms for which the associated Rosati involution induces complex
conjugation on E. The elements A € E* such that

o p\=—)\
o J(p(N)>0forallpe ®

give rise to non-degenerate Q-bilinear forms:

Uy ExE—Q

(z,y) = Trgo(Azp(y))

with the properties that

e the involution on F induced by v, is p,

e 1) is alternating,

e the associated form ¢, (z, Joy) on E ® R is symmetric and positive definite

where Jg is the isomorphism a ®7 R — Cg induced by .

Furthermore, any non-degenerate Q-bilinear form E x E — Q satisfying the above
properties has the form 1, for some A € E* such that pA = —\ and S(¢(A)) > 0
for all ¢ € ® (see [Mil06, 2.9] or [Lan83, Theorem 1.4.5]). Given a A € E*
such that pA = —X and I(p(A)) > 0 for all ¢ € @, every other element of E*
satisfying these properties is equal to a\ where a is a totally positive element of
E*. Even more, for any such v, there exists an m € N such that ma), restricted

to a x a is a Riemann form. This gives a description of the polarizations on Ag in

85



terms of elements of E*. Note that such an element always exists so Ag is always
polarizable, making it an abelian variety.

The condition that 1, is integral on a x a corresponds to the condition that
A € (Dgjgap(a))~! where Dg g denotes the different ideal of E/Q. In case a = O,
the degree of the polarization associated with A is Nmg/q(A)dg where dg is the
discriminant of the field F; for p unramified in F, finding a prime-to-p polarization
when a = Op amounts to finding a A € DE}@ as above where Nmpg,g(A) is
prime-to-p.

For example, suppose that E* has strict class number 1 and Dg/p+ = (o).
Then D+ /g = () for a totally positive element 3 so that o3 € Dp/g and
aff = —af. Furthermore, since E* has strict class number 1, there are units with
all the signs in Op+, and there exists an € € Oy, such that A = 1/eaf gives a
principal polarization on any (Ag,tg; Og) with CM type (E, ®).

Recall that K denotes quadratic imaginary field used in the definition of
a unitary Shimura datum & in Section 2.1.2, and x1, x2 denote the distinct
embeddings of K into C. We assume that p is unramified in K.
Lemma 4.1.2. Fiz a prime p. Let E be a CM field containing K such that p is
unramified in E, Og is a free Og-module of rank g = [E : K], and A € DE}@ of
prime-to-p norm. Let (E,®) be a CM type and let m; = #{¢p € ® | ¢|x = xi}-
Then there exists a complex abelian variety with CM by (E,®) on a unitary
Shimura variety with good reduction at p with level structure CP corresponding to

the group GU(my, ma) as in Section 2.1.2.
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Proof. First consider the case where (E, ®) is simple. Let (As,te,A; Og) be a
corresponding abelian variety where A € E* represents a primte-to-p polarization
on (Ag,te; Op) coming from the construction above. Then let tx be the restriction

of 1p to Ok as

LK . OK Q OE CLEHd(A@) .

Since the Rosati involution induces p on E/E™, it restricts to the non-trivial
Galois automorphism of K/Q, and therefore A respects the Ok-action coming from

ti. Let x; : K — C be the two embeddings of K into C. It follows that
det(a; Lie(4s)) = (T'— x1(a))™ (T — x2(a))™

for a € O where m; = #{¢o € ® | 9|k = xi}-

By assumption, there exists an Og-module isomorphism f : 0% — Og.
Write ¢y (v, w) := TrE/Q()\f(v)m) for v,w € K9 (f is the induced isomorphism
K9 — FE). Then 1y is an alternating form on K9 over Q, corresponding to
GU(my, my) over R. Suppose that & is a unitary Shimura datum of signature
(my,mg) where ¢ : V x V — Q. Then from the description of the complex points
of Shimura varieties in Section 8 of [Kot92], f will produce a level structure 7 of
type CP for any Z of signature (mq,ms) as long as ¢ and 1, are equivalent up to
a scalar multiple after tensoring with Q, for all primes gq. Then (As,tx, A, ) is a

C-point of M, ms),cr-

Suppose that (E, ®) is a lift of a simple CM type (E', ®’) such that [E : E]
d and O is a free Og-module of rank g/d. Then X' = Trg/p(A) is an element

in Dg,l/@ such that Nmg ,g()\') is prime-to-p, p(X') = =X, and J(¢(N)) > 0
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for all ¢ € ®'. Then E’ contains K and by the preceding argument, there is

an abelian variety with CM by (E’, ®') of the form (Ag/, ¢}, \') together with a
symplectic isomorphism f’ : O%d — O for some unitary Shimura datum with
signature (m;/d, my/d). Then the product B = (A%, (/)% ,N'9) is an abelian
variety with CM type (E, ®) and f’ induces an isomorphism f : 0% — O that
induces a level structure on B for some unitary Shimura datum with signature
(mq, my). Therefore B gives rise to a C-point on a unitary Shimura variety with

good reduction at p coming from the group GU(my, ma). O

4.2 Reduction of CM points

Fix embeddings Q — @p — C allowing the identifications Hom (F,C) =
Hom (E,Q,) and Hom (K, C) = Hom (K, Q,). For the remainder of this chapter,
let M := M, ms).cr, the unitary Shimura variety of signature (mq, ms) and
level structure C? with good reduction at p as defined in Section 2.1.2, and let M
denote its special fibre defined over x(p). Furthermore, let k = F,.

Suppose that A = (A, ¢, \,n) is a CM point of type (E,®) € S in M(C). Then
A reduces mod p to a point M(k). We now determine the Ekedahl-Oort stratum
in which the reduction of A lies.

Let A € M(C) be a CM point of type (E, ®). Then write (As, g, A; a) for an
abelian variety with CM by (E, ®) such that (As,tg|lo,, A, 1) is a representative
for the class A where 1 denotes an E-structure on Ag that restricts to ¢ on
Op = Ok Qg Ly).

Recall that the E-O strata of M(k) are in bijection with the elements of the

Weyl group coset “W as in Section 3.4.
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Proposition 4.2.1. Let m; > my # 0, and let p be a prime that is unramified in
K. Let S(E, my,my) be the set of CM types (E,®) such that
o F is a CM field containing K such that [E : K| = g = my + mg and p is
unramified in F,
o & is a CM type of E such that m; = #{¢p € ® | |k = xi}-
Let A € M(C) be a CM point of type (E,®) € S(E,my,ms) and let (Ag, Lg)
be a corresponding abelian variety with CM by (E, ®). Then there is a map
v S(E,mi,my) — W with the property that if O = 1;'(tg(E) N End (Ag))
is mazimal at p, the reduction of A is in the Ekedahl-Oort stratum associated to

v((E,®)). Moreover, the map v can be calculated explicitly.

Proof. Let A € M(C) be as in the proposition and let (Ag, g, \; a) be a corre-
sponding abelian variety with CM type (E,®). Then Ag is defined over a number
field L where Ag has good reduction at a prime p|p of L. Let (Ag, Ik, A; a) be the
reduction of A mod p.
Let @y be the image of ® under the identification
Hom (E, C) — Hom (E,Q:") — Hom (O/pO, k) = | [ Hom (O/P, k),
Plp
and let o denote the Frobenius element of k. Then there is a model for the
Dieudonné module of Ag[p] with a k-basis {e4 | ¢ € Hom (O/pO, k)} where
o Fey) = €pop if ¢ ¢ ®p, and F(ey) = 0 otherwise.
o V(epop) = €4 if ¢ € Py, else V(eyop) = 0.
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Additionally, the element z € O/pO acts on e4 as multiplication by ¢(x). This
means that O /pOk acts on ey through x; where ¢|x = x;. Therefore, D; has a
basis {ey | ¢ € ®o, d|x = Xi}-

We can now use the methods from Chapter 3 to identify the E-O stratum
of A. As in Section 3.3, applying F' and V™! to the flag (0) C D = ®yea,kes
gives rise to a canonical flag. This can be completed to a conjugate flag, which
is a complete, Ok-invariant symplectic flag, using the basis elements given above
in a way that only depends on ® and w. The relative position of the conjugate
flag and the Hodge flag gives an element v((E,®)) of /W by Proposition 3.3.1
and (Ag, ti, A; a) reduces mod p to a point in the E-O stratum associated with
v((E, ).

In Sections 3.4 and 3.5, a presentation for YW was given corresponding to
a particular choice of basis for D. We now explicitly describe the procedure for
obtaining v((E, ®)) = (wy,wy) € /W with respect to that presentation.

The conjugate flag decomposes as two flags, one of D; and another of D,.
Now, make an identification between the labels for the basis of D;, {¢ | ¢|x = xi}

with {1,..., g}, so that the conjugate flag has the form:
(0) C {6@1} C {67;71, 67;72} C ..., {61'71, Ce ,61',9} = Di,
and the Hodge flag takes the form

(O) - {61‘7]' | €ij = 6¢,¢ € CDQ} C D.
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Then define v((E, ®)) to be (wq, ws) where w; is the image of any permutation
taking {j | e;; = ey, & € P} to {1,2,..., g} under the map S, — ’iS,.

Observe that the procedure from obtaining v((E, ®)) € /W from a Dieudonné
module with basis {e, | ¢ € Hom (O/pO, k)} as constructed above can be carried
out completely formally. In this way one defines v : S — W independently from

any reference to a point in M(C). O

Corollary 4.2.2. Let (E,®) be a CM type as in Proposition 4.2.1 and let ®q be
the image of ® under the map Hom (E,C) — Hom (Og/pOg, k). Then

a(v(E,®))) = #0(P5) N Py

and
FW(E,®)) =#{d € 2N o(®)) | 0?09 = o}
where o(S) ={oos|seS}.
Proof. From the proof of Proposition 4.2.1, the size of ker(F') N ker(V') is
#{ey | ¢ & y,00¢ € Oy} giving the a-number. As for the f-number, the proof

of Proposition 3.5.2 showed that for w € /W, f(w) = # {e,s | F*(ey) = €4}. The

result follows. O

4.3 Examples
Example 4.3.1. Let (£, ®) be as Proposition 4.2.1 such that p splits completely
in /. This implies that p also splits in K. Then F' acts as 0 on e, when eg € P

and as the identity otherwise, and V acts as 0 on e when e, ¢ ®; and the identity
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otherwise. Therefore, v((E,®)) corresponds to the ordinary locus (see Example
3.5.11).
Example 4.3.2. Let E be a CM field and suppose further that

e F=KET,

p splits in K,

p is inert in B,

E* is cyclic Galois of order g,

® is a CM type of E as in Proposition 4.2.1.
Then E/Q is Galois with Galois group Z/27Z x Z/gZ where Z /27 corresponds with
complex conjugation on E so that the complex conjugate of an element (a, b) is

(a+1,b) and (0,b) restricts to x; on K. Then the CM type ® of E has the form
{(ai,i) [0<i<g—1}

where a; € {0,1}. For convenience, denote the CM type ® of F as the binary
string a = apay . ..aqy—1. Observe that m, is equal to the number of 0’s in a and my
is equal to the number of 1’s in a.

Since o acts on ® as right shift, by Corollary 4.2.2

a(v((E,®))) =#{a;|a;+1=a;41 (mod2)}

and
f((E,®))) =0.
In particular, v((E, ®)) is never almost-ordinary (unless ¢ = 2) and never p-

ordinary. Furthermore, if the CM type is chosen so that a has the maximal
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number of alternating Os and 1s, then a (v((E, ®))) = 2my and v((E, ®)) has
maximal a-number among E-O strata of signature (m;, my). Note that this does
not mean that v((E, ®)) corresponds to the core locus (see Section 3.5.1 and the

examples below).

Table 4-1 gives v((E, ®)) = (wy, wsy) for all CM types up to signature (5, 2).
Observe that for every signature in the table, there is a CM type ® such that
v((E,®)) is the identity Weyl element; that is, v((E, ®)) corresponds to the core
locus. These CM types have the property that the 1’s are as evenly spaced among
the 0’s as possible. This pattern continues, and was checked! for m;,ms < 200,
supporting the following conjecture.

Conjecture 4.3.3. Let E be a CM field such that
e [ =KET,
e p splits in K,
e p isinert in ET,
o £ is cyclic Galois of order g.
Then for every signature (mq, ms) such that my + my = g, there exists a CM type
O for E such that v((E,®)) is the identity Weyl element.
Remark. One may ask why we have yet to obtain a proof of this conjecture.

Constructing ® with the property that the 1’s and 0’s are as evenly spaced as

! This check was done using a Python implementation of the map v following
the proof of Proposition 4.2.1.
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Table 4-1: E-O strata by CM type

CM type w1 wWa l(w) | a(w) | Type of Stratum
001 123 123 0 2 Core
0001 1234 1234 2 Core
0011 1324 1324 1 2 Almost-core
0101 1234 1234 0 4 Core
00011 14235 13425 2 2 —
00101 12345 12345 0 4 Core
000111 145236 | 145236 4 2 —
001011 142356 | 124536 2 4 —
010011 124536 | 142356 2 4 —
010101 123456 | 123456 0 6 Core
000011 152346 | 134526 3 2 —
000101 123546 | 132456 1 4 Almost-core
001001 123456 | 123456 0 6 Core
0000111 1562347 | 1456237 6 2 —
0001011 1523647 | 1425637 4 4 —
0100011 1256347 | 1452367 4 4 —
0010011 1253467 | 1245367 2 4 —
0100101 1234567 | 1234567 | 0 6 Core
0000011 1623457 | 1345627 4 2 —
0000101 1236457 | 1342567 2 4 —
0001001 1234567 | 1234567 0 4 Core
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possible is quite subtle, which means that the interaction between F' and V' that
give rise to v(E, ®) is difficult to characterize in general. For instance, when the
signature is (12, 5), the choice of ® = (10001000100100100) does not correspond
to the core locus and instead corresponds to v((E, ®)) = (wy,wy) € /W where
(w) =2 and

wy = [1234567891011131412151617].

The core locus for (12,5) corresponds to ® = (10001001000100100).

This conjecture has the following application: under the additional assump-
tions that F has a relative integral basis over K (i.e. O is a free Og-module of
rank ¢) and that there exists an element \ € DE}Q satisfying:

* p(A) ==X,

e SP(N) >0 for all ¢ € D,

e Nmpg/g(A) is prime-to-p
then by Lemma 4.1.2 there exists an abelian variety with CM by (E, ®) giving rise
to a point in the core E-O stratum of M by Proposition 4.2.1.
Remark. The previous examples show that CM points occur in the most extreme
strata for M when p is split (and when CM fields with the appropriate properties
exist). It follows that on the level of CM points of type (F,®) (where E has
degree 2(my + my) over Q), the restriction on the splitting behaviour of p in the
CM field E coming from the prescribed splitting behaviour of p in the CM subfield
K is reflected in the possibilities for the types of the extreme E-O strata for M:

since p cannot be completely inert, this dictates how close to superspecial a point
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in the core locus of M may be. However, p can split completely in £, and this is
reflected by the fact that the p-ordinary stratum is always ordinary.
Example 4.3.4. Let E be a CM field and suppose that

o [ =KFET,

e pis inert in K,

e I is cyclic Galois of order g

® is a CM type of E as in Proposition 4.2.1.
Write Dg (or Dk, Dg+) for the decomposition group of E (resp. K and E™) over
p. Since KN ET =Q,

Gal(F,s /F,) = Dy = Di X D+ = 7/27 x T/,

where h = f/2. Tt follows that h is an odd number such that Z/hZ is a subgroup

of Z/gZ. Then under

g/h
Hom (E,C) — [ [ Hom (Op/POg, k) = [ | Gal(F,2 /F,)
Plp i=1

complex conjugation maps to o”.

If h =1, then p splits completely in E*. Furthermore, Dy = Gal(F,2/F,), and
every P|p is fixed by complex conjugation. Under
g
Hom (E,C) + [ [ Hom (Op/POg. k) = [ | Gal(F,2/F,)
Plp i=1

complex conjugation maps to 0. Then ¢ € P if and only if 0 0 ¢ ¢ P and

02 0¢ = ¢. Then o(®§) = @y and a (v(E,P))) = # (D) N Py = g by Corollary
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Table 4-2: E-O strata by CM type

CM type | (mq,ms) wy Wy l(w) | a(w) | Type of Stratum
001 (2, 1) 132 213 1 1 Almost-core
00011 (3,2) | 14235 | 13425 | 2 | 3 —
00101 (3, 2) 14523 34125 4 1 —
0000111 (4, 3) 1253647 | 1425367 3 ) —
0010011 (4, 3) | 1256374 | 4152367 | 5 3 —
0001011 (4, 3) 5162347 | 1456273 7 3 —
0100011 (4, 3) 1562374 | 4156237 7 3 —
0100101 (4, 3) 1567234 | 4561237 9 1 —
0000011 (5, 2) 1263457 | 1345267 3 ) —
0000101 (5, 2) 1627345 | 3451627 7 3 —
0001001 (5, 2) 1263745 | 3415267 ) 3 —

4.2.2. It follows that v(E, ®) is the identity Weyl element corresponding to the
core locus which is also superspecial when p is inert.

At the other extreme, suppose that h = g and hence p is inert in . Then
the image ®, of a CM type corresponds to a choice between o and 9% for each
t=1,...,9. Since g is odd, exactly one of 2 and g + 7 is even for each i. Then ®,
can be represented as binary string of length g, a = ajas...a, where o' € @ if
and only if i = a; (mod 2). We may assume that, the signature of the CM type is
(#a; = 0,#a; = 1) (as opposed to (#a; = 1,#a; = 0)). Since 0% 0 ¢ # ¢ for all
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¢ € Gal(F,s /IF,), it follows that the f-number of a CM type of this form is always

0. Low dimensional examples of these CM types are listed in Table 4-2.
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Chapter 5
The Newton stratification

Chapter 3 gave rise to a stratification of the moduli space M by isomorphism
classes of p-torsion group schemes with extra structure. We now study another
stratification of the moduli space that can be obtained by considering p-divisible
groups with extra structure up to isogeny—the Newton stratification. We will
ultimately demonstrate the relationship between the Newton stratification and
the E-O stratification of unitary Shimura varieties—reflecting the often subtle
relationship between the isogeny class of a p-divisible group and the isomorphism
class of its p-torsion part.

5.1 Group theoretic classification of isocrystals

In Section 2.2.4, we introduced isocrystals, and recalled how they can be
used to classify the isogeny classes of p-divisible groups of abelian varieties with
prime-to-p polarization using slope sequences. However, we will see that this is
not always enough to classify p-divisible groups with additional endomorphism

1

structure up to isogeny.” In order to obtain a classification of p-divisible groups

with Z-structure—where Z is a unitary PEL Shimura datum-—we require the

! For example, this can be easily inferred from the diagram in Section 5.3.1.
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classification of isocrystals with additional structures due to Kottwitz [Kot85].
This is the subject of this section.

Let 2 = (B,x,V,(, ),0p,A,h) be a PEL Shimura datum with good
reduction at p, and let G' be the Z,-group of Opg-linear symplectic simili-
tudes of A with Borel B and maximal torus 7" as defined in Section 2.1.1. Let
(X*(T),®, X.(T),®",A) be the corresponding based root system (i.e. A is an or-
dered basis for ® corresponding to the choice of Borel B). Furthermore, recall from
Section 2.1.1 that there is a cocharacter uj; of G over C coming from h, such that
pn(z) = h(C)(z,1) and the G(C)-conjugacy class of uy, is defined over the reflex
field of 2, a finite extension of Q. Then by fixing an embedding of Q < @p where
Q C C, the conjugacy class of i, can be considered a G(@p)-conjugacy class [u]
of cocharacters of G. In turn, [u] can be thought of as a W (G, T)-orbit of X, (T),
where W(G,T) is the Weyl group of G with respect to T'. Define p € X,(T') to be
the representative for the class [u] that is dominant with respect to AVY.

There is way to classify p-divisible groups with Z-structure using the group
G of Op-linear sympletic similitudes of A by passing through its associated
Dieudonné module and isocrystal. We follow the presentation of [VW13] closely
throughout this section, and more details can be found in [RR96].

Recall that k is an algebraically closed field of characteristic p and that Q(k)
denotes the fraction field of W (k). Consider the following observation, given the
Dieudonné module ® coming from a p-divisible group with & structure, there
exists an isomorphism a : ® — A ®z, W (k) where A is the Z,-lattice from 2
[RZ96, Theorem 3.16]. Then F' corresponds to b(id ® o) for some b € G(Q(k)), and
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for any other choice of isomorphism o/ : P — A ®z, W(k), there exists a unique
g € G(W(k)) such that F corresponds to 0'(id ® o) on A ®z, W (k) through o’
where V' = gbo(g)~!. Tt follows that the set of isomorphism classes of p-divisible
groups with Z-structure up to isomorphism injects into the set G(Q(k))/ ~ where
b~ U if = gbo(g)~! for some g € G(W (k)). Thus, considering p-divisible
groups with Z-structure up to isogeny requires taking elements b € G(Q(k)) up to
G(Q(k))-o-conjugacy instead of G(W (k))-o-conjugacy.

Let the G(Q(k))-o-conjugacy class of b € G(Q(k)) be denoted by [b], i.e.

0] = {gbo(9)™" | g € G(Q(K))} .

Let B(G) denote the set of all G(Q(k))-o-conjugacy classes of G(Q(k)). The

considerations above give an injection

p-divisible group with
— B(G). (5.1)
P-structure up to isogeny

Finally, let B(G, p) be defined to be the image of this map taking p-divisible
groups to B(G).
5.1.1 Description of B(G, i)

In order to properly define the Newton stratification, we need a poset struc-
ture on B(G, p) that corresponds to the closure relations on the Newton strata.
The poset structure on B(G, ) is not immediately accessible by the definition
given in the previous section. Work by [RR96, KR03, Luc04, Gas10] shows that
there is another description of B(G, i) that can be used to endow it with a poset

structure that will reflect the closure relations on the Newton strata as desired.
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Following Kottwitz [Kot85], define N'(G) to be the set of o-invariants in the

set of conjugacy classes of homomorphisms Dgy — Go):
N(G) = (Int(G(Q(k)))\Homguy (D, G)) .
As in [RR96], we make the identifications

N(@) = (It(G(Q(K)))\Homeqe (D, €)

= (X* (T)Q)gom

where I' = Gal(Q,/Q,) and (X.(T)g)dom is defined by as the set of representatives
from X,(T)g that are dominant with respect to the Borel B.
Theorem 5.1.1. [Kot85, Section 4] Let b € G(Q(k)). Then there exists a unique
v(b) € Hom (D, G) for which there exists s € Zo and ¢ € G(Q(k)) such that
e sv(b) € Hom (G,,,G),
e Int(c) o sv(b) is defined over the fized field of o° in Q(k)
o cbo(b)...c%(b)os(c)™t = c(sv(b)(p))c.
The morphism v(b) satisfying the above criterion satisfy the following properties:
o gba(g)~t — Int(g) ov(b) for all g € G(Q(k)),
e o(b) = a(v(b)),
e v(b) = Int(b) o o(v(b)).

Succinctly, there is a map called the Newton map, vg, given by
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The image under v of an element b € B(G) is called the slope or Newton
polygon of b. These terms originate from the terminology for G = GL; where
N (G) corresponds to the classification of isocrystals of height h by slope sequence
and Newton polygons as in Section 2.2.4.1. As an example, we now show how v
captures the classical information of the slope sequence for an isocrystal of height
h (as in Section 2.2.4.1).

In particular, any isocrystal (P, F') of height h, can be written as
(P, F) = (V &g, Q(k),b(idy ® o))
where b € GL,(Q(k)). Suppose that (P, F') has slope sequence
AL < ... < A\
and isotypic components P; corresponding to each A;. Then
vaL, (b) = ®_ 1\, Ai: D = G, — GL(P).

The Newton map for GL,, is injective by the classification of isocrystals by slope
sequence.

While the slope morphism v captures all of the information necessary to
classify the elements of B(GLjy), this is not the case in general. Therefore, an
additional map is required to classify the elements of B(G) for other reductive

groups G. There is a map kg : B(G) — m(G)r where m(G) := X.(T)/®'? and

2 recall that ®V is the coroot lattice of the root system for (G, T)
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m(G)r denotes taking the independent of 71 (G) under the Galois group I'. See
[Kot85] and [RR96] for the general description of xg. Denote by A’ the image of

A € X.(T) in m(G). Given a b € G(Q(k)) there exists a unique A € X, (T")gom such
that b € G(W (k))A(p)G(W (k)) by the Bruhat decomposition of G. Then k¢ has

the simple description:

kg - B(G) — 7T1(G)F

[B] — XN

In particular, when b = A(p) for some A € X,(T)gom, kc([A(p)]) = N°. Together,
vg(b) and kg (b) determine an element b € B(G) uniquely.

Now, (X.(T) ®z Q)aom has a partial order given by v < v/ if and only if v/ — v
is a non-negative linear combination of positive coroots. This induces a partial
order on B(G) via b < b if and only if v(b) < v(V) and kg (D) = ke(V'). In the
case when G = GLj, the condition that rg(b) = k(D) corresponds to the Newton
polygons (in the sense of Section 2.2.4.1) of b and &’ having the same endpoints,
and if kg(b) = kg(V'), then v(b) < v(V') if and only if the Newton polygon of
b lies above the Newton polygon of ¥’ [RR96, Proposition 2.4]. In other words,
the partial order on B(GLy,) corresponds to the familiar partial order on Newton
polygons as described in Section 2.2.4.1.

Let I', be the stabilizer of ;2 in I" and set

pa=T) Y0 (1) € (Xa(T)o)tom:

Tel /Ty
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then

B(G.u) = {be B(G) | v(b) < . w(b) = '}

By [RR96, Proposition 2.4], B(G, u) is finite. This last characterization of B(G, u)
will be used to construct the stratification of M by isogeny classes of p-divisible
groups.
5.2 The Newton stratification

We are now in a position to define the Newton stratification. Recall that M
denotes the special fibre at x(p) of the Shimura variety corresponding to the PEL
datum & with level structure C? C G(A’J’c) as defined in Section 2.1.2. Following
[VW13, Section 8], define

Nt: M — B(G, p)

by taking a point A = (A, ¢, \,n) € M(k) to the image of its p-divisible group A(p)
with Z-structure in B(G, i) under (5.1). Nt(A), is called the Newton point of A.

Let b € B(G, ). Then by [RR96, Section 3|, [VW13, Theorem 11.1], [Ham14,
Theorem 1.1] the set

No = {A € M(k) | Nt(4) = b}

is a non-empty locally-closed subset of M(k), and

N = [ A (52)
b <b

The Newton stratum of b € B(G, ) is then N, endowed with its corresponding

reduced subscheme structure.
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There are two extreme strata that come from the maximal and minimal
elements of B(G, ). In particular, B(G, i) has a unique maximal element, b, by
construction, and a unique minimal element, bpasic, by [RR96, Proposition 2.4].
The element b, is characterized by the property that v(b,) = f, and the element
brasic 1s characterized by the property that v(bpasic) € X«(Z)g where Z is the centre
of G. The stratum N, is called the p-ordinary stratum and N, is called the
basic stratum. By the closure relation in (5.2), the basic stratum is closed and
the p-ordinary stratum is open in M.

Let N(G), be the image of B(G, u) under vg : B(G) — N(G). By con-
struction, every element v € N(G), satisfies v < fi. Suppose that v/ < v for

v, € N(G),. Then a chain between v/ and v is a sequence:
V=p<n<..<uy =v

where v; € N(G),. A chain is called maximal if it is not a proper subsequence
of another chain between v/ and v. By work of Chai [Cha00, Theorem 7.4] and
Hamacher [Ham14], maximal chains exist between v/ and v, and every maximal
chain has the same length (which is independent of ). We write length([/, v]) for
the length of a maximal chain between v < v/ in N(G),.

Theorem 5.2.1 ([Ham14, Theoreml1.1]). Let b € B(G,u). The Newton stratum

N, is equidimensional and

dim N, = myms — length([v(b), f]).
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Remark. For our purposes, this description of the dimension of N is sufficient,
although there are explicit formulae for how to calculate the dimension of N;. See
[Ham14] for details.
5.3 Newton stratifications of unitary Shimura varieties

In this section, we calculate B(G, ) and its poset structure for a unitary
PEL Shimura datum & with signature (ms, ms) and good reduction at p. In the
end, we will give a description of B(G, ) together with its poset structure using
classical slope sequences by embedding G into general linear groups, making it
easier to visualize and understand the results.

We begin by describing the structure of the group G arising from Z. In
a similar manner to Section 3.4, the group G(Q(k)) can be identified with the
subgroup of GL,(Q(k)) x GL4(Q(k)), given by

GU(Q(k)*, W) = {(M,aM") € GLy(Q(k)) x GLy(Q(k)) | a € Q(k)"}  (5.3)

where MY = (M*")~!. Under this isomorphism, the involution oy corresponds
to the involution e : (My, My) — (M3, M}). Let T be the diagonal torus of
G; i.e. the torus whose Q(k)-points are given by pairs (M, aM") where M is a
diagonal matrix and a € Q(k)*. Let B be the Borel subgroup of G corresponding
to the subset of elements of the form (M, aM") where M is upper triangular and
a € Q(k)*.

Let ¢; denote the cocharacter given by sending ¢ to (M;, M,”) where M; is

the matrix with ¢ in the i** position on the diagonal and 1’s on the rest of the
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diagonal, and let ¢ be the cocharacter taking ¢ to (1,t). It follows that
X(T)= (g, |i=1,...,9) =79 X Z.

On the other hand, ®¥ = (¢; — ¢;, 0|1 < i # j < g) and (X.(T)g)dom corresponds

to situation where ¢; — ¢; is positive if ¢ < j. Furthermore, m1(G) = Z and

For a unitary PEL datum with signature (my, ms), py, is the cocharacter
z > (diag(z™, 1™2), diag(1™, 22)).

Therefore, p is the character (1™,0™2,1) € X, (T') or (1™,0™2), (0™, 1™2) if
viewed inside GL,(Q,) x GL,(Q,) with respect to the standard 2g cocharacters.
So far, the Galois action on X, (7') has not been taken into account. The next two
sections consider the two cases arising from when p is either split or inert in K.
5.3.1 p split in K

In the situation where p splits in K, even the Q,-points of G can be viewed

as a subgroup of GL,(Q,) x GL,(Q,) via (5.3) and o acts trivially on X, (7). It

follows that /i = p and ;> = m,. Therefore,
B(G,p) = {b € B(G) | v(b) < p, 5(b) = ma} .

B(G, i) can be described in terms of its embedding into B(GL,) x B(GL,).

Using the description of the B(GL,) in terms of Newton polygons to describe the
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first factor of the embedding, b, can be recognized as corresponding to the Newton
polygon having endpoint (g, m) and slope sequence (0, 1) with multiplicities
(mg, my). On the other hand, by.s; corresponds to the Newton polygon with
endpoint (g, m;) and all slopes equal, that is, slope m; /g with multiplicity g. The
rest of the elements on B(G, p1) correspond to Newton polygons with integral
breakpoints and endpoint (g, m1) lying between by, and b,. The second factor in
the embedding into B(GL,) x B(GL,) can be obtained by taking the dual of the
Newton polygon of the first factor. This discussion leads to the following corollary.
Corollary 5.3.1. When p is split in K, the total Newton polygon (as embedded in
B(GLgy)) of beasic has slopes (ma/g,m1/g) each with multiplicity g, and b, is the
ordinary Newton polygon.

The following figures represent B(G, u) as embedded in B(GL,) x B(GL,).
In order to better explain the diagrams, suppose that A € M (k) lies in the
Newton stratum defined by b € B(G, ). Then the embedding of b into B(GL,) x
B(GL,) corresponds to the decomposition of the Dieudonné module of A into two
Dieudonné modules D = D; @& D, under the Ok /(p)-action as in Proposition 2.2.4.
The Newton polygon with height equal to m; is the Newton polygon for D;. Each
slope b corresponding to a Dieudonné module D = Dy & D, is depicted in such
a way that D; and D, are depicted using the same colour on both diagrams. The
blue lines represent the Newton polygons for the p-ordinary locus, and the red

lines represent the Newton polygons of the basic locus.
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3 0 2 3

Figure 5-1: GU(2,1)

4 0 3 4

Figure 5-2: GU(3,1)

4 0 2 4

Figure 5-3: GU(2,2)
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Figure 5-4: GU(3,2)
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Figure 5-5: GU(3,3)

112



5.3.2 pinert in K
In this case, only the L-points of G can be embedded into a product of GL,
where L is field containing Q(IF,2), and o acts on X, (1) as ¢; — QS;i 410 and
O 192 ... 4. Then,
o) = (17,07, 1)

and

fi= (172, 1/2m-m g7 1),

In this case it is easiest to describe the Newton polygons that arise via the

representation of p : G — GLyyq, taking the character (ai,...,ay,a) € X.(T) to
(ai,...,ag,a —ay,...,a —ay) € X (D)

where D is the standard diagonal torus and dominant coroots of X, (D) are taken
with respect to the upper triangular Borel. The corresponding action of o on
(dy,...,dyy) € X.(D) is given by d; — dag—it1-

Under this description,
po= (172 1/2mmme m2 (mz 1/2mTm2 1m2)

and 1> = g. The conditions for b € B(GLy,) to be in the subset B(G, i) become:
e b lies above b, the Newton polygon with slopes (0,1/2,1) and multiplicities
(2mg, 2(my — my), 2my);

e every slope of b has even multiplicity;
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e if b has slope sequence (Ay, ..., \,) with multiplicities (2hy,...,2h,), the
polygon of (A1,...,A,) with multiplicities (hq, ..., h,) is symmetric in the
sense that \; =1 — A,y ; and h; = hp_q4;.

In this case bpug. is always supersingular, as the Newton polygon with slope 1/2 to
multiplicity 2¢g will always satisfy the above criteria and factors through the centre
of G. This is consistent with results for ms = 1 that can be found in [BW06] and
[VW11]. The figures below give a visual representation of the Newton polygons of
low dimensional examples. As in the previous section, the blue lines represent the
Newton polygon for the p-ordinary locus, and the red lines represent the Newton

polygon of the basic locus.

0 3 6

Figure 5-6: GU(2,1)
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4

Figure 5-7: GU(3,1)

4

Figure 5-8: GU(2,2)

5

Figure 5-9: GU(3,2)
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Figure 5-10: GU(3,3)

12

6

Figure 5-11: GU(4,2)
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5.4 Relationship with E-O strata

The Newton and E-O stratifications have an interesting relationship. Given a
point A = (A, 1, A\, n) € M(k), its Newton stratum corresponds to the isogeny class
of its p-divisible group, and its E-O stratum corresponds to the isomorphism class
of its truncated p-divisible group—that is, its p-torsion part. For abelian varieties
in general, this relationship is rather subtle (see for instance [Oor05]) and we will
see that this is no different for abelian varieties with extra structures on M.

In particular, a p-divisible group (H, ¢, \) with Z-structure is called distin-
guished if the isomorphism class of (H, ¢, \)[p| determines its isomorphism class
as a p-divisible group. A point A € M(k) is called distinguished if its p-divisible
group is distinguished. Likewise an element w € /W representing an E-O stratum
is called distinguished if there exists a point A in the E-O stratum V* that is
distinguished.
Remark. Note that we are using the term distinguished p-divisible group in place
of the more common minimal p-divisible group (see [Oor05] or [VW13]) so as
to not confuse the use of minimal in the context of p-divisible groups with the
minimal elements with respect to the partial orders we’re discussing.
Proposition 5.4.1 ([VW13, Proposition 8.17] [Moo04b, Theorem 0.3]). The core
E-O stratum is distinguished and contained in the basic Newton stratum. Likewise
the p-ordinary E-O stratum is distinguished and the same as the p-ordinary
Newton stratum.

Observe that this means that there is a consistent notion of a p-ordinary

stratum between the Newton and Ekedahl-Oort stratifications.
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5.4.1 p split in K

When p is split in K, the group G itself is split and results from [VW13,
Section 9] and [Oor05] can be combined with the explicit models of E-O strata in
Section 3.5.3 to give a thorough description of how the Newton strata and E-O
strata are related.

Theorem 5.4.2 ([VW13, 9.10, 9.20, 9.22]). There is an injective map of posets:
w: B(G, p) — W

such that V¥©®) C N, and w(b) is distinguished. Furthermore, w(b) is the unique

mainimal element in the set
Wy = {we’W | VNN, #0}.

Corollary 5.4.3. When mo = 1, there is as a one-to-one correspondence
between Newton strata and E-O strata. Furthermore, the map B(G,p) — ‘W
takes b = (b1,by) € B(G, ) where by has slopes (#1, 1) with multiplicities

(d+1,9—d—1) for0 < d < g—1 to the unique element w € W such that

l(w)=g—d.

Proof. In this case there are exactly g + 1 Newton strata and g + 1 E-O strata, so
the one-to-one correspondence follows immediately from Theorem 5.4.2. The rest

follows from Theorem 5.2.1 by a comparison of dimensions. ]

This map b + w(b) can be made explicit. Given a slope A = ~ such that
(r,s) = 1 and r,s € N, define the p-divisible group H;_,, as in [dJO00, 5.3] by

giving a model for its covariant Dieudonné module. It has a basis {eg, e1,...,e5_1}
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over W (k). For j > s, write e; = p“e;, for j = i+ as. Then define F'(e;) = €;45_r
and V' (e;) = e;4,. The p-divisible group H,_,, has dimension s — r, its Serre-dual
has dimension 7, it is isosimple with slope r/s, its endomorphism ring is a maximal
order in its endomorphism algebra (over k), and these properties characterize it
completely as a p-divisible group over k [dJOO00, 5].

Furthermore, for an element b € B(GL,) with slope sequence (Ay,...,\;) and
multiplicities (nq,...,ny), where \; = ot such that (riys;) = 1, define H(b) to be

the p-divisible group with covariant Dieudonné module,
69;:1([{31'7”7”)"1'/81-'

In [Oor05], Oort shows that the isomorphism class of H(b)[p] determines the
isomorphism class of H(b).

Write b = (b1,b2) € B(G,pn) € B(GLy) x B(GL,), and let w(b;) be the
isomorphism class of H(b;)[p] in 7'W. Then w(b) = (w(b;), w(bhs)). Since the model
for the covariant Dieudonné module of H(b;) is given, w(b) can calculated directly
from the models for H(b;)[p]. The following Figures represent the map b — w(b)
in low dimensional examples. The underlying poset diagram corresponds to the
E-O stratification as derived in Section 3.4, and the blue ovals represent the map
b = (b1,b2) — w(b) in the sense that by is the blue label for the oval around the
element w(b). In many cases, the diagrams imply more relationships between the

E-O and Newton strata. For example, Figure 5-13 implies that the two smallest
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E-O strata comprise the basic Newton stratum and in all other cases the Newton

and E-O strata agree.

(01 1)

(23..g-11, g123...g-1)

(123, 123)

7
0111) l
!
|
(2341, 4123) i
i
!
(011) (1/21/211) :
i
(231, 312) (2314, 1423) |
|
!
(1/21/2 1) (2/32/32/31) ((g-2)/(g-1) ---=(g—2)/(g—1) 1)
(213, 132) > ( (2134, 1243) > ( (213...9, 12...g g-1)
(2/3 2/3 2/3) (3/43/43/43/4) ((g-1)/g - fg-1)/9)

N

(1234, 1234) > ( (12...g, 12...9)
), GU(g

Figure 5-12: GU(2,1),GU(3,1), ~1,1)
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(0011)
(3412, 3412)

(01/21/2 1)
(3142, 3142)
7 -

(1/3 1/3 1/3 1) /

)
<

(1342, 3142)
(1324, 1324)

<:: (1234, 1234)

(1/21/21/21/2)

N

N

02/32/32/3)

(
<
(3124, 1342)

~ Z

N=V/

N

Figure 5-13: GU(2,2)
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(001 11)

(01/21/21 1)

(1/31/31/3 1 1)

(45123, 34512)

(41523, 34152)

(34125, 14523)

(02/32/32/31)

(31425, 14253)

(31452, 41253)

(13452, 41235)

(31245, 12453)

(1/21/21/21/21)

(13425, 14235)

(13245, 12435)

(1/21/22/3 2/3 2/3)

(12345, 12345)

(3/53/53/53/53/5)

Figure 5-14: GU(3,2)

122

(03/43/43/43/4)



(00011 1)
(456123, 456123)

N—

(00 1t1/21/211)

(451623, 451623)

(002/32/32/31) (01/31/31/311)
(451263, 415623) 3 (415623, 451263) 3
(003/43/43/43/4) (1/4 1/41/41/41 1)

( (451236, 145623) 3 (415263, 415263) ( (145623, 451236) 3

(0 1/2 1/2(1/21/2 1)

(415236, 145263) (412563, 412563) (145263, 415236)

—

(1/3 1/31|/3 1/21/2 1

(142563, 412536) )

-

)
A

(01/21/22/3]2/3 2/3)

C (412536, 142563) (145236, 145236)

(1/31/3 1/3(2/3 2/3 2/3)

(412356, 124563) (142536, 142536) (124563, 412356)
(0 3/5 3/5 3/5 3/5 3/5) (215 2/5 2/5 2/5 2/5 1)
(142356, 124536) (124536, 142356)

(124356, 124356)

( (123456, 123456)

(T212172172172172)

Figure 5-15: GU(3,3)
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(001111)

(561234, 345612)

(01/21/2111)

(516234, 345162)

(1/31/31/3111)

(02/32/32/31)

(156234, 345126)

(512634, 341562)

(152634, 341526)

(125634, 341256)
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(03/4/ 3/43/43/41)

(152364, 314526)

(1/21/22/32/32/3 1)

(1/21/21/21/211)

(125364, 314256)

(512346, 134562)

(0 4/5 4/5 4/5 4/5 4/5)

(152346, 134526)

(123564, 312456)

(125346, 134256)
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(1/21/23/43/43/43/4)
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(123456, 123456)

(2/32/32/3 2/32/32/3)

Figure 5-16: GU(4,2)
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5.4.1.1 The Split Case: Special E-O Strata

Proposition 5.4.1 describes the Newton strata of the core and p-ordinary E-O
strata, but what are the Newton strata corresponding to the almost-ordinary and
almost-core E-O strata?
Proposition 5.4.4. There exists a unique codimension one Newton stratum, and

it 1s the same as the almost-ordinary E-O stratum.

Proof. Consider the Newton stratum associated b = (b, by) such that b; has slope
sequence (0,1/2,1) with multiplicities (mg — 1,2,m; — 1). This is the unique
codimension one Newton stratum. By Theorem 5.4.2 it suffices to show that w(b)
corresponds to the almost-ordinary E-O stratum.

This is straightforward as w(b;) corresponds to Hy[p]™ & Hyolp]™ ' @
Hy[p], and this is isomorphic to "' @ Z/pZ™ ™" & 4. Therefore w(b)

corresponds to the almost-ordinary E-O stratum by Example 3.5.10. ]

Proposition 5.4.5. FEither the almost-core E-O stratum is distinguished or it is
contained in the basic Newton stratum. Furthermore, if the signature (mq, ms)
satisfies

e my = my > 2: the almost-core E-O stratum is basic,

e mi—my > 1,my=10rm; —me=1,my > 1: the almost-core E-O stratum

15 distinguished.

Proof. Let w € ‘W be the element corresponding to the almost-core stratum.
Suppose that V¥ NN, # 0 for some b € B(G, ) where b is not basic. But

w < w for all w' € YW \ id. Therefore w is the minimal element in /W, :=
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{we W | VNN, #0} and by Theorem 5.4.2, w = w(b) and the almost-core
stratum is distinguished.

Suppose that m = m; = my > 2. Then by Example 3.5.9, the almost-core
E-O stratum has a model of the form AC(2,2) ® (4 ® %)™ 2. In the case where
my = mg = 2, Figure 5-13 together with Theorem 5.4.2 shows that AC(2,2)
is contained in the basic locus and is isotypic of slope 1/2. On the other hand,

(4, ® %)™ 2 is the core locus for (m — 2,m — 2) and is therefore distinguished and
isotypic of slope 1/2. It follows that the almost-core E-O stratum is contained in
the basic Newton stratum.

Next, suppose that m; — mo > 1, my = 1. Then the fact that the almost-core
E-O stratum is distinguished follows immediately from Corollary 5.4.3.

Finally, suppose that m; — ms = 1,ms > 1 so that the almost-core E-

O stratum has a model of the form C (mg,ms —1) & C'(1,1). Then since the
core stratum is distinguished for C' (mg, ms — 1) and C' (1, 1), it follows that the

almost-core E-O stratum is distinguished, and furthermore, it has slope sequence

(%7 277222_1) with multiplicities (2, 2m, — 1). -

In the remaining cases, where m; — mo > 1, my > 1, determining which choices
of (mq,msy) correspond to a distinguished almost-core E-O stratum is not clear.
Recall from Example 3.5.9 that even determining a model for the almost-core E-O
stratum in this case is subtle. Even so, observe that if there exists a b € B(G, )
such that w(b) corresponds to the almost-core locus, then necessarily b < b’ for all

b € B(G, p) such that b’ is not basic.
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Necessary conditions for the existence of a b € B(G, 1) such that w(b) is the

almost-core E-O stratum are that either
e my{my and mo tmy — 1 and my + 1 # ged (my, ma) + ged (my, me — 1), or
e my | my — 1.

Interestingly, even under these conditions w(b) may not correspond to the almost-
core stratum. For example, if (mq,ms) = (6,4), the element b € B(G, p1) such
that b, has slope sequence (4/7,2/3) with multiplicities (7,3) is less than or
equal to every element in B(G, u) except for the basic element. Here w(b;) =
[12345786910] is a 2-dimensional stratum and does not correspond to the
almost-core locus. This demonstrates, once again, the intricate relationship
between the signature (m;, ms) and the possibilities for the almost-core E-O
stratum as was previously encountered in Section 3.5.
5.4.2 p inert in K

In the inert case, much less can be shown as the analogue of Theorem 5.4.2 is
not true for general signatures (my, my). However, we are still able to determine
the relationship between the E-O strata and the Newton strata on a case-by-case
basis. We give results for the almost-core and almost-ordinary E-O strata in this
section.

In the case where the signature is (¢ — 1, 1), the distinguished strata were
determined in [BW06], leading to the following lemma:
Lemma 5.4.6. Let p be a prime that is inert in K, and let (mq,mg) = (g — 1,1).
Then
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1. the basic locus is supersingular and corresponds to the closure of the Weyl

element w € YW such that {(w) = [ (g — 1)/2]. That is,

AR A
S ST Y Tt |

2. every non-basic E-O stratum is distinguished.

Proof. (1) is simply a combination of [BW06, 5.4] and [BW06, Proposition 5.5]
with the observation that there is a unique element w € 7 (the one given above)

such that f(w) = (g — 1)/2]. Claim (2) is exactly [BWO06, Theorem 5.3]. O

Another case that follows from [BWO06] is when mq = 0:

Lemma 5.4.7 ([BWO06, Lemma 3.4)). If (H,t, \) is a p-divisible group of signature
(m,0) or (0, m) whose slopes are all 1/2, then H is superspecial, that is FD(H) =
VD(H), and H = 9G" (resp. 49").

We now extend these results to get an understanding of the relationship
between the Newton stratification and the Ekedahl-Oort stratification in other
cases.

Proposition 5.4.8. If m; = msy, or my — mg > 1, then the almost-ordinary
E-O stratum is distinguished and is equal to the codimension 1 Newton stratum. If
my1 — mg = 1, the almost-ordinary E-O stratum is contained in the Newton stratum

having slopes (0,1/2,1) with multiplicities (2(mg — 1),6,2(my — 1)).

Proof. Begin with the situation where m = m; = msy. Then the slope sequence of

the p-ordinary stratum is (09, 19) and the codimension 1 Newton stratum has slope
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sequence (0972,1/22,1972). Let (H,, \) be the Dieudonné module of the p-divisible
group of a point in the codimension 1 Newton stratum. Then H decomposes into
étale-local, local-étale, and local-local pieces, H? @ H%*¢ @ H%°. Therefore,
HY @ H* corresponds to the slopes (0972,1972), and this p-divisible group
has signature (m — 1,m — 1). The p-torsion of H%? & H%¢ then must have the
form Ok /(p)™ ' & (O /(p) ® p,)™ . This leaves the self-dual p-divisible group
H°? with signature (1, 1), which corresponds to the basic locus for the signature
(1,1) case. The only possibility for the p-torsion of H*? is then ¥ & % where
4, (resp. %) is the p-torsion of a supersingular elliptic curve with signature (1,0)
(resp. (0,1)) as in Section 3.5.2. Therefore, there is only one isomorphism class of
p-torsion group schemes with extra structure corresponding to the Newton stratum
of H, which corresponds by Proposition 3.5.6 to the almost-ordinary E-O stratum.
Conversely, suppose that decomposition of (H|[p],t, A) is a model for the
almost-ordinary E-O stratum as in Proposition 3.5.6. Then the decomposition of
H{p] into étale-local, local-étale, and local-local pieces and its decomposition under
the Ok /(p)-action correspond to the respective decompositions of the isogeny class
of any lift of H[p] to a p-divisible group with extra structure, H. The étale-local
and local-étale parts correspond to O /(p)™ ' @& (O /(p) @ p,)™ " which lift
uniquely to p-divisible groups with slopes (0972,1972), which leaves 4 @ % which
lifts uniquely to the local-local isogeny class with slope sequence (1/22). Therefore
the almost-ordinary E-O stratum is contained in the codimension 1 Newton
stratum and it is distinguished. This proves the desired result for the case when

my1 = Mmao.
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The argument for the case where m; — mo > 1 is similar to the previous
argument. In this case the codimension 1 Newton stratum has slope sequence
(0m2=1 1/4,1/20m—m2=2) 3/4 1m2~1) By separating off the étale-local and local-
étale parts, we are left with slopes (1/4,1/2(m1=m2=2) 3/4) and H%" has signature
(my — mg + 1,1). On the other hand, the analogous local-local part of the

almost-ordinary E-O stratum has the form
AO(my —my +1,1) =2 AO(3,1) @ g™ ™22

by Proposition 3.5.6. As H%? is not basic, Lemma 5.4.6 completes the proof.
Now consider the case m; — mo = 1. The almost-ordinary E-O stratum has a

model of the form

Hlp] = AC(2,1) @ (O @ p1,)™ ™ @ (Ok /(p))™ "

There exists a unitary p-divisible group with slope sequence 1/2 whose reduction
mod p is AC(2,1) by the (mq1,ms) = (2,1) case. Again, since the étale-local

and local-étale parts of H|[p| lift uniquely, it follows that the almost-ordinary

E-O stratum has non-empty intersection with the Newton stratum with slope
sequence (02(m2=1) 1/26 120m2=1)  However, the Newton stratum with slope
sequence (02(m2=1) 1/26 12(m2=1) is the unique codimension one stratum, and
since the p-ordinary Newton stratum is equal to the p-ordinary E-O stratum, it
follows that the almost-ordinary E-O stratum is contained in the codimension one

Newton stratum. In this case, the almost-ordinary E-O stratum is not equal to the
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codimension 1 Newton stratum as the E-O stratum with model:

G DYy ®(Ok @)™ @ (Ok/(p)™!

is also contained in the codimension 1 Newton stratum. O]

Our next goal is to find the Newton stratum corresponding to the almost-core
E-O stratum in general (Proposition 5.4.10); however, we begin with the specific
situation of signature (2,2).

Lemma 5.4.9. The almost-core E-O stratum AC(2,2) of signature (2,2) is

contained in the basic Newton stratum.

Proof. Recall that the E-O stratification for GU(2,2) was given in Figure 3-2.

By Proposition 5.4.8, the almost-ordinary E-O stratum and the codimension 1
Newton stratum are the same. Passing to the next codimension, we find two E-O
strata of dimension 3 whose p-torsion only differ in that their Og-action differs by
the non-trivial automorphism of Q. Dimension considerations from Proposition
5.2.1 as applied to Figure 5-8 show that the two 3-dimensional E-O strata are

in the Newton stratum with slopes (1/4,3/4) and multiplicities (4,4). Since the
basic Newton stratum is one dimensional, it must contain the almost-core E-O

stratum. O

We can now prove the general case:
Proposition 5.4.10. The almost-core E-O stratum is contained in the basic

Newton stratum.

Proof. Recall from Example 3.5.5 that the almost-core E-O stratum has the form:
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o my >my > 1 AC(2,2) Y™ @ g2

e my >my=1: AC(2,1) ¥ >
The case where ms = 1 was already proved in Lemma 5.4.6. Suppose that
my > my > 1. Then AC(2,2) © 4™ % @ %,">7? has all slopes equal to 1/2 as a
consequence of Lemma 5.4.9. This proves the result since the basic locus has slope

sequence 1/2 by Section 5.3.2. [
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Chapter 6
Cycle classes of E-O strata

This chapter develops a relationship between the Schubert cells of flag spaces
of a g-dimensional vector space and the flag spaces over M that come from
extending the Hodge filtration E C H. We will ultimately show that these are
locally isomorphic in the étale topology. This gives finite étale covering maps from
strata in a flag space lying over M (coming from extending the Hodge filtration),
onto the Ekedahl-Oort strata of M. One consequence of this result (to be pursued
in future work) is that the cycle classes of the closed E-O strata in the Chow group
can be studied by pushing down cycle classes of strata from the overarching flag
space. A significant intellectual debt is owed to Ekedahl and van der Geer for
their work in the Siegel case. Many of the proofs that follow are closely related
to those in [EvdG09], and complete details are included for the purpose of being
self-contained. There are two salient features that allow us to take advantage of
their approach: the interaction of the Ok-action on the de Rham cohomology H
of the universal abelian variety A — M with the symplectic pairing on H induced
by a prime-to-p polarization; and a combinatorial description of the map on strata
from M to the Siegel space (see Proposition 6.1.4).

6.1 Combinatorial preliminaries
Recall from Example 3.1.2, that (S,, S) where S, is the symmetric group on

g elements and S is the set of reflections S = {s; = (i,i+1)[i=1,...,9g— 1} is
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a Coxeter group, and in case J = S\ {s,,} is a subset of simple reflections, the
quotient group S, ;\ S, has a choice of minimal coset representatives with respect

to the Bruhat order on Sg;
I8, = {w € 8y |47 (1) <+ <o) and w M m+ 1) < - < 7 (g)}

Let W; denote the subgroup of W = S, generated by J. Then there is a

Jw where Yw denotes the

projection map S, — W;\S, = /S, taking w
minimal length representative of the coset W w, and another projection map
Sy — Sy /Wy = S’!}] taking w + w”, where w’ denotes the minimal length

representative of the coset wW;. The first map, S, — 7S, consists of taking the

element w = [wyws ... w,| and permuting the order of the elements wy, ws, . .., w,
so that the set of w; € {1,...,m} still appear in the same places, but now appear
in ascending order, and likewise for the set of w; € {m+1,...,¢}. That is,

{fwa)sm[l<a<gt={w(@)<m|l<a<yg}

={w; [ 1 <w; <m}
and

{Jw_l(a)ZM-i-l 1§a§g}:{w_1(a)2m+l|1§a§g}

={w; |m+1<w; <g},

Tw = [Twy ... w,)

but now the elements of these sets appear in ascending order in
so that 7w=(1) < ... < 7w™'(m) and 7w (m + 1) < ... < 7w™!(g). On the other

hand, S, — Sj consists of taking w = [wjws ... w,| and putting each of the first
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m-entries wy, ..., w,, and the last (¢ —m)-entries w11, ... w, into ascending order.

For example, if J = S\ {s4}, then in the first case

w = [[341]5[2]76| > [[123]5[4]67] = w,

and in the second case,

w = [3415 276} s [1345 267] — W’
Let
W = {(wl,wg) g Sg X Sg | Wy = wowlwo},

where wy = [g g —1...21]. Recall that this is the Weyl group of the unitary
group of signature (mq,msy) where my; + my = g. From Section 3.4, (W, 5) is a

Coxeter group where
S = {(si, wosiwg) € Sy x Sy | si = (4,1 +1)}.
For

J=A{(5:0) € S\ {sm,} X S\ {sm,} | 5 = wotwo},

one has

TWw = {(wl,wg) € Jng X JQSg | Wy = wowlwo}

where J; = S\ {sm, }. Furthermore, (wq,wp) < (w},w}) under the Bruhat order if
and only if w; < wj if and only if wy < wj. The maps W — /W and W — W’

arise from taking S, — 7S, (resp. Sy — S;%) on each component.
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For a permutation w € Sy, and integers 1 < j,n < g, define

rw(jym) = #{a <j|lw(a) <n}.

This function will give the analogue of a final type in the Siegel case.! For
example in the Siegel case, v(j) = j — 7,(J, g) is the final type associated to
the Weyl group element w € ° \{59}529, and there is a one-to-one correspondence
between final types and elements in \{*s}S,  [EvdG09, Section 1],

Lemma 6.1.1. Letw e S, andwy=[g g—1...21]. Foralll1 < jn<g,

Twowwo(j7n> :j+n_g+rw(g_jag _n)'

In particular, for (wy,ws) € W,

rwl(j7m1) = .] — mg + 7’wz(g —j,mz).

Uin the language of Oort
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Table 6-1: w = ([1235467] , [1243567])

j 0 1 2 3 456 7

Tw, (J,4) 0 1 2 3 3 4 4 4

Ty (7, 3) 0 1 2 2 3 3 3 3
Fuy(5:4) =Ty (T—5,3) | -3 2 -1 0 1 2 3 4

Proof.

Twgwwo (4, 1) = # {wowwo (1), ..., wowwo ()} NA{1, ..., n}
= #{wow(g —j +1),...,wow(g)} N{L,...,n}
=#{wlg—j+1), .. wg}pn{g—n+1... 4}
=j—#{wlg—j+1),...,wg}n{L....g—n}
=j—(g—n—#{w@),...,wg—-7)}n{L....g—n})

=j+n—g+ru(g—7J,9g—n).

As an example consider the element (wy,wy) € W for (my, my) = (4,3) of
length 1 where
wy = [1235467], wy = [1243567].
Then Table 6-1 shows the values of r,,(j,m;) for i = 1,2 and the difference

Twl(jv ml) - rw2(g - ju m2)'

Proposition 6.1.2. Let w € S,. Then
1. 14(1,5) = 1p-1(J, 1)
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2. Let J = S, \ {sm}. Then forw € S;, r1,(j,m) =ry,(j,m) foralll <j<g
and ry1(m,j) = ry(m,j) for all1 < j <g.

3.0 < ry(s,n) —ry(t,n) <s—t for0<t<s<g nef0,. .. g}
Proof. First, r,(i, j) = ry-1(j,4). That is,
ru(i, j) = #{a <i|w(a) < j}
= #{w(1),w(®2),...,w(@)} N{1,2...,5})
=#({12.... 0 {w (1), 0 (2),..., 0w () })
=#{a<j|w () <}

= Tw—l(j, Z)

As the map S, — 7S, consists of taking w = [wywy...w,] and linearly ordering
1 <w; <mandm+1 < w; <gon the same places, it follows that w(i) < m if

and only if Yw(i) < m. Therefore,
ru(im) = #{a <ilwla) <m}=#{a <i| w(a) <m}=r,(im).

On the other hand, the map S, — Sg consists of taking w = [wyw, ... w,] and

linearly ordering wy, ..., w,, and W41, ..., w,. In particular,

{w(1),...,wm)} = {w(1),...,w'(m)}.

138



Therefore,

ru(m, j) = #{a <m [ w(a) < j}
= #({w1),w(2),...,wim)} N{1,2...,j})
=#({w’(1),0’(2),....w'(m)} n{1,2....5})
=1y (m, j).
Finally, it follows from the definition that r,(s + 1,n) is either r,(s,n) or

rw(s,n) + 1 depending on whether w(s + 1) is greater than n or not. In other

words, 0 < 7y,(s,n) —ry(t,n) <s—tfor0<t<s<g ne{0...,g} ]
For 1 <t <g, let
fr; (1) = min {0 < j <y | 7y, (8, m +j) =t}
and
Ui, (B, ) 1=t — 1y, (t, ). (6.1)

Lemma 6.1.3. The inequality fu,,(t) > vy, (t,m;) holds for all1 < t < g.
Furthermore, the following are equivalent:

o tu,(t) = Vi (t,m),

o w=(w,wy) €W,

o 7y, (t,m; + vy, (t,m;)) =t.

Proof. Let 1 <t < g. Then p,,(t) = s implies that

{w;(1),...,w;(t)} C{1,...,m; + s}
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and
Tw; (E,m;) = #{w;(1),...,w; (O} A{L, ... om} <t —s.
In other words, fu,, (t) >t — 1y, (t, m;) = v, (t, m;).
Recall that w € %W; if and only if w; (1) < ... < w; *(m;) and w; ' (m; +1) <

. < w; '(g). Hence if p,, (t) = s,

#{wi(1), ..., w@®IN{L, .. om+ s =#{1, .. 3n{w (1), w7 (m +s)p =t

and there exists 1 < r <t such that w;(r) = m; + s. Thus,
#{1L,.. .t {w (1), w (m+ )} =t
Since w; € FW;, wyt(m; +1) < ... < w; (m; + s) =r < t. Therefore
#{1,....t3n{w; (mi+1),...,w;7 (mi +5)} =5

and
#{1,.... 30 {w; (1), ... w (my) } =t —s,
giving fuy, (t) = vy, (t,m;).

On the other hand, suppose that i, (t) = vy, (t,m;) forall 1 <t < g. It is
enough to show that w; '(m; +1) < ... < w;'(g) fori = 1,2 as w; '(m; + 1) <
.. <w;Y(g) if and only if w (1) < ... < wipri (M)

By the definition of pu,,, for each ¢, either w;(t) < m; and vy, (t,m;) =
U, (t — 1) or wi(t) = my; + iy, (t) and vy, (t,m;) = vy, (t — 1) + 1. Since
fhw, (1) = v, (t,m;), either w;(t) < my or t = w; (M + vy, (t,m;)). But v, is

non-decreasing, (either v, (t + 1) = vy, (t,m;) or vy, (t + 1) = vy, (t,m;) + 1), and
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hence, w; '(m; + 1) < ... < w; *(g) for i = 1,2. Therefore, w € W. This also
shows that if ju,, (t) = v, (t,m;) for all 1 < ¢ < g, then 7y, (t,m; + vy, (t,m;)) =t
for1 <t<y.
Finally, if r,, (¢, m; + vy, (t,m;)) = t, then vy, (t,m;) >y, (t) by the definition
of f,,. But we always have that v, (£, m;) < ., (t), so equality holds. O
Define v : Cy — Cy (where Cs is the cyclic group of order two) by either
~v(i) =i+ 1fori = 1,2 or (i) = 4. These two choices will again allow us to
differentiate between the two different cases for unitary Shimura varieties that we

are considering.
Proposition 6.1.4. Fiz a choice of v as above. Let (wy,ws) € W (i.e. w; € Sy

and wy = wowiwyg ). Then there exists a choice of functions

d; : {0,...,2¢9} = {0,...,g}

satisfying
1. dy(j) +do(j) = 3,
2. 0 < di(j) —di(n) < j —n for j <n;
3. di(29 = j) = g — dia(j).

and a unique w € Sy, such that

wl(l)<...<w(g),w ' (g+1) <...<w ' (2g),

Tw(jv g) = T, (dl(])a ml) + TU}Q(dQ(j)? mg),
and
Ay iy (Vo (35 9)) = v (di(7), )
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for all 0 < 5 < 2g.

Proof. Begin by defining functions d; and v inductively on a subset of {0, ...,2g}.
Let v(0) = d;(0) = 0 and d;(2g9) = v(2g) = ¢ for i = 1,2 (this is forced by
properties (1) and (3) of the d;. Let T be the subset of {0,...,2¢} on which the d;
are defined. Then, for j € T such that Y v, :(di(j),m;) ¢ T, set

v(j) =Y v, (di(4), ma),

d'y(i)(y(j)) = sz<dl(])a mi)>
di(29 — v(j)) = g — dira(v(j)),

and

I/(2g—V(])) = ' Vwi(di(Qg_V(j)vmi)

for i = 1,2. Repeat until > v, (d;(j), m;) € T for all j € T.
Then d; : T'— {0, ..., g} satisfies the following properties:
L di(j) + da(j) = J,
2. 0<d;(j) —di(n) <j—mnforj <n;
3. di(29 — j) = 9 — dita(j).
Properties (1) and (3) of d; are immediate from the definition. For (2), we prove it
by induction on the size of T' (starting with 7' = {0, g,2g} and increasing the size
as new elements are added to T" by the above construction, in particular, if j € T,
then so it 2g — j).
Suppose first that 0 < n < j < g. Then there exists some j’,n’ € T such that

Jj =v(j) and n = v(n’). Since v(n') < v(j), v, (d;(n'), m;) < vy, (d;(j"), m;) for at

142



least one of i = 1,2. We may assume that it is true for ¢ = 1. Then d;(n’) < dy(j')
as vy, is non-decreasing by Proposition 6.1.2. By the inductive hypothesis, n" < j’

and dy(n') < ds(j"). Therefore,

for i = 1,2, and

On the other hand, suppose that ¢ < n < 7 < 2¢g. Then there exists some
j',n' € T such that j = 2g — v(j') and n = 2¢g — v(n'). Then, without loss of
generality, vy, (d1(j"),m1) < v, (di(n'),m1) and dy(j") < di(n’). By the inductive

hypothesis, j* < n’ and

Vi, (di(3"), mi) < v, (di(n'), my)
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for i = 1, 2. Therefore,

0< I/wi(di(n,)ami) - Vwi<di(j/)>mi)

Finally suppose that 0 <n < g < j < 2g. By the previous two cases,
0<di(g) —di(n) <g—n

and
0<di(j)—di(9)<j—g

which combine to give the desired result. Therefore d; : T — {0, ..., g} satisfies the
given properties for ¢ = 1, 2.
Now, the stopping condition implies that v : T"— T'N{0,...,g}. Furthermore,

v and T satisfy the following properties:

1. T is stable under t +— 2¢g — t;

2. v(2g9) = g and v(0) = 0;

3.0<v(j)—vin)<j—nforn<jeT;

4. for any two consecutive elements in 7', n < j, then v(j) —v(n) = j—n implies

that v(2g — j) = v(2g — n);

5. v is surjective.
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Now, items (1), (2) and (5) are immediate by definition. For (3),

(Vi (i () = vy i(di(n))),

di(7) — di(n) = (1w, (di(5), mi) — 7, (di(n))).

M

But d;(j) > di(n), 0 < 1y, (s,m;) — 1y, (t,m;) < s—tfor0 < s <t < gand
di(j) + da(j) = j. Thus
0<v(j) —v(n) <Y di(j) —di(n) = j —n.
i=1,2
Finally, for (4), suppose that n < j such that there is no k such that n < k < j
and v(j) —v(n) = j —n. Then

V(Qg _]) - V(2g - n) = Z sz(dl(zg _j)ami) - sz(dl<2g - n)ﬂml)

1=1,2
= Z g dH—l ) ml) V'wi(g - di+1(n)>mi)
1=1,2
= ] -—n- Z 7,wi(g - dl+1<])7ml) - rwi<g - di+1(n)7mi)
i=1,2
—=j=n=> rulg—di1(j), g — mis)
i=1,2
—=j=n— Y (ru(di(5),mi) = di(j) — mi + g)
i=1,2
+ ) (ru,(di(n), m;) — di(n) —m; + g)
i=1,2

=j—n—v(j)+v(n)

—j-n—(j-n=0
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The properties (1) — (5) of v and T are exactly the properties needed to satisfy
[EvdG09, Lemma 2.11], which in particular, means that either v(n) = v(n’) or
vin) —v(n') =n—n'foralln,n € T,and that v : T — {0,...,9} NT can
be extended linearly to a non-decreasing surjective function v : {0,...,2g} —
{0,...,¢g} satisfying v(2g — j) = v(j) — j + g for 1 < j < g. Furthermore, by

[EvdG09, Corollary 2.13], there exists a unique element w € Sy, such that
w ) <...<w ' (g),w Hg+1)<...<w ' (29),

and v(j) = v,(7,9) for all 0 < j < 2g¢.
Note that the statement r,,(j, g) = 7w, (d1(7), m1) + 7w, (d2(j), m2) is equivalent
to vi(J, 9) = Dic1 0 Vi (di(j), mi). Therefore, d; and w satisfy the requirements of

the proposition for all j € T. It remains to extend d; to the rest of {0,...,2g}.

Claim. Let n,n’ be two consecutive elements in 7" where n + 1 < n’. Then either
e v,(n,9) =v,(n,g) and 1 < w;(j) <m; for all d;(n) +1 < j < d;(n'), or
e vy(n,g9) —vw(n',g) =n—n"and m; + 1 < w;(j) < gforall di(n)+1<j <

First suppose that v, (n, g) = v,(n', g). Then,
Vi, (di(n),mi) = dyi) (v (n, 9)) = dyiiy (v (0, 9)) = v, (ds(n'), mi).

But v, (—, m;) is non-decreasing, so vy, (j, m;) = v, (d;(n), m;) for all d;(n) <
Jj < d;(n’). By definition of v, (7, m;), this means that 1 < w;(j) < m; for all
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On the other hand, suppose that v,(n,g9) — vw(n',g) = n —n'. Then
V(29 — n,9) = vy(29 — n', g) so that for d;(2g —n) + 1 < j < d;(2g — n'),

1 <w;(j) < m;. But
g—diti(n) +1=d;i(29 —n)+1<j < di(29 —n') = g — dipa(n)

and di1(n)+1<g—7+1<d;s1(n). Then m;y1+1 < wiy1(g—j+1) < g proving
the desired result.

Now, we can define d; on the rest of {0,...,2¢g}. Set Tj to be the original
set on which v and d; were defined. Let S be the set on which d; has yet to be

defined. Then as long as S is not empty, let j be the smallest element in S and let
n=max{t €Ty |t <j}, n=min{t €Ty |t>j}.

In particular, n < j < n’ where n,n’ are two consecutive elements in 7y. Then
either v, (n, g) = vy (7, 9) or vy(J,9) — Vw(n,g) = j —n.

First, suppose that v, (n,g) = (7', g). Then v,(n, g) = v, (j—1, 9) = vu(J, 9).
Since j was the smallest element for which d; was not yet defined, d; is defined for

j — 1. Fix ¢ such that d;(n’) — d;(j — 1) > 0. Then by the claim,
v, (di(n), mi) = v, (di(j = 1), mi) = v, (di(§ = 1) + 1,m3) = v, (n', my).

Set di(j) ==di(j — 1)+ 1, dit1(j) = dixa(j — 1), di(29 — j) = g — di41(j) and

diy1(29 — j) = g — di(j)-
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Now, suppose that v,(n’, g) — v,(n,g) = n’ —n, and hence v, (0, g) — v, (j —

1,9) =n'—(j — 1) > 0. Fix 7 so that
dy(iy (v (1, 9)) = doiy (v (5 — 1, 9)) > 0.

Then set d;(j) == di(j — 1) + 1, dis1(j) = diy2(j — 1), di(29 — j) = g — di41(j) and

and by the claim,

V’wz<d2(j)7 ml) - sz(dl(] - 1)7 ml) + 17 Vwiq (di+1(j>7 mi-i-l) = Va4 (dH-l(j - 1)7 mi+1>‘

By induction on the construction, at each step d; satisfies
L di(j) + da(j) = J,
2. 0<di(j)—d;(n) <j —mforj' <n, j/,;n €{0,...,29}\ S,
3. di(29 — j) = g — di+1(j), and
4 dyiy (v (7)) = Vi, (di(5), M),

completing the proof. O

Remark. Lemma 6.1.4 provides a canonical map from YW to /' W’ where W’ is
the Weyl group of the symplectic group with 2g elements and J’ is the subset of
standard simple reflections for W’ with s, removed.

6.1.0.1 Examples

We now give examples of how Proposition 6.1.4 works for the element
([1235467] , [1243567]) € “W and (my, ms) = (4,3) for both choices of v : Cy — Cs.

First consider the case where v(i) = i. The first step of the construction of
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Table 6-2: w = ([1235467] , [1243567]),v(i) = i
J 01 2 3 4 5 6|78 9 10 11 12 13 14
di(7) 0 0 0 1 21313 3 4 5 6 7
ds(7) 01 2 3 4 414 6 To7T 7T 7
v(j) 0 0 0 1 1 11 3 5 5 6 7
Vi, (jym1) |O 0 0 O 0 0|0|0 O 1 1 2 3
Viy(ym2) [0 0 0 1 1 11|22 3 4 4 4 4
Table 6-3: First choice of dy, ds
J 01 2 3 4 5 6|78 9 10 11 12 13 14
di(7) O 00 o0O012(3|/33 3 4 5 6 7
ds(j) 0 1 3 4 4 4145 6 7 7 7T 17 7
v4) |00 01 1 1 11|23 4 5 5 6 7
Vw,(jymy) O O 0 O O O O|OjO O O 1 1 2 3
Vg (j,mQ) O 00111 1j112 3 4 4 4 4 4
Table 6-4: Second choice of dy, ds

j 01 2 3 4 5 6|78 9 10 11 12 13 14
dy(j) 0O 00011 23|33 4 4 5 6 7
da(7) 01 2 3 3 4 44 6 6 7 7 7 7
v(j) 0O 0 0 1 1 1 1|1 3 4 5 5 6 7
Ve, (jymy) O O 0 O O O OjOjO O 1 1 1 2 3
Vip(3,mo) O 0 O 1 1 1 1|1]2 3 3 4 4 4 4

149




Table 6-5: w = ([1235467], [1243567]),7(i) =i + 1

J 01 2 3 45 6|78 9 10 11 12 13 14
di(7) 0 1 3 4 5 6 7
ds(j) |0 1 2 3 4 6 7
v(j) 0 0 0 2 2 5 7

Vi, (j,m1) | O 0 0 1 1 2 3
Vi (j,m2) | O 0 0 1 1 3 4
Table 6-6: First choice of dy, ds

J 0O 1 2 3 4 5 6|78 9 10 11 12 13 14
di(7) 0 1 1 2 314/4 5 5 6 6 7 7
ds(j) 0 0 1 1 31314 4 5 5 6 6 7
v(j) 000 O0O0O0DT1}2{22 3 4 5 6 7

Vw,(jymy) O O 0 O O O Oj1})1 1 1 2 2 3 3
Viy(j,m2) O 0O O O O O 1|11 1 2 2 3 3 4
Table 6-7: Second choice of dy, ds

J 0O 1 2 3 4 5 6|78 9 10 11 12 13 14
dy(j) 0 0 1 2 41415 5 5 6 6 6 7
da(7) 0 1 1 1 2 213/3 4 5 5 6 17 7
v(j) 000 O0O0O0OT1|2{22 3 4 5 6 7

Voromi) |0 0O 0 0 0 0 1|1/1 1 1 2 2 2 3
Vio(3,m2) |O 0O O O O O Of1(1 1 2 2 3 4 4
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Proposition 6.1.4 partially defines the functions v, d; and dy, and this is exhibited
in Table 6-2 as determined immediately from (wy,ws). As expected, the partial
function v(j) in Table 6-2 extends uniquely to a non-decreasing function. In this

example, v corresponds to the element of length 9 in Sy,
w=1[12834569101112713 14].

Since Table 6-2 is not complete, extending d; and ds to all of {1,...,14} involves
making choices, and in this example there are two possible choices for the pair of
functions d; and ds, as in Tables 6—3 and 6—4 respectively.

For the other choice of v : Cy — Cj, the first step of Proposition 6.1.4

partially defines the functions v, d; and dy as in Table 6-5. The partial function

v(j) in Table 6-5 extends uniquely to a non-decreasing function v : {1,...,14} —
{1,...,7}. This time, the element w € Sy, corresponding to v is the element of
length 4,

w=1[123458967101112 13 14]

and there are again two choices for the pair di, ds satisfying the desired conditions.
Tables 66 and 6-7 give the two choices for d; and d,.
6.1.1 Complementary elements and canonical domains

Let (wy,wy) € /W. Then the canonical domain for (w;,ws) is the smallest
pair of sets (Dy, Dy) where {0,g} C D; C {0,1,...,g} for i = 1,2 such that if
j € D; then g — j € Dy and vy, (4, m;) € Doy
Lemma 6.1.5. Let w € Sy, and dy,ds : {0,...,2g} — {0,..., g} be the resulting

element and functions associated to (wy,ws) from Proposition 6.1.4. Let D be the
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smallest set containing {0,2g} such that if j € D, so is v,(j,g) and 2g — j. Then

Proof. This follows by induction from the construction of D and (Dy, Dy) together

with the properties that follow from Proposition 6.1.4 that

Va, (di(§), ms) = d’y(i)(’/w(j7 9))

and

di(29 —j) = g — di1(j)-

Corollary 6.1.6. Ift; < s; are successive elements in D;, then either:
or

Vi, (81, M) — vy, (N, M) = 85 —
forallt; <n <s;.
Proof. Suppose vy, (Si, m;) # vy, (t;,m;). Since D; = d;(D), there exist elements s, ¢
in D such that d;(s) = s; and d;(t) = t;. Let s be the smallest element in D such
that d;(s) = s; and let ¢ be the largest element in D such that d;(t) = t;, so that
t < s are consecutive elements in D. Then by Lemma-Definition 2.11 of [EvdG09],
Vi(S,9) — vu(t,g) = s —t. By Proposition 6.1.4,

Z Vwi(di(s)7mi> - V'wi(di(t)?mi) = Vw(87g> - Vw<t7g> =s—1= Z dz(s) - dz(t)

i=1,2 i=1,2
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but by Proposition 6.1.2,
0 < v, (di(s), mi) = v, (dit), m;) <~ di(s) — di(t),
i=1,2
and hence vy, (s;,m;) — vy, (t;, m;) = s; — t;. O]
For J C S,, write wy(J) for the longest element of the subgroup of S, gener-
ated by the elements of J. For an element w; € 'S, define its complementary
element v; € 7+15, to be the element v; = wowo(J;)w;, and let the complemen-
tary element of (wy,wy) € W be (v, vs) where v; is the complementary element
of w; € %iS,.
Remark. The map taking w; to it complementary element v; is the composition of

two maps. First, the order reversing automorphism [BB05, Prop 2.5.4]

1S, — %S,

w; —r ’LUO(JZ')’UJZ"UJO
and secondly,

7S, = Jg,

W; — WoW; Wy .

Lemma 6.1.7. Let w = (wy,wy) € W and let (vy,ve) be the complementary
element of w. Then

1. 1 <wi(a) <m; if and only if miy + 1 < wvi(a) < g, and

2. if v, (J,my) # v, (J — 1,my) then v;(j) = v, (J, mi), otherwise, if vy, (j,m;) =

Vi, (J — 1,m;) then vi(j) = g — sz’+1<g = JyMit1).
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Proof. First, note that wo(J;) = m; m; —1 ...1 gg—1...m; + 1 implies: 1 <

w;(a) < m; if and only if 1 < wy(J;)w;(a) < m; if and only if g > wowy(J;)w;(a) >

mit1 + 1. Therefore, 1 < w;(a) < m; if and only if m; 11 +1 < v;(a) < g, as
Suppose that v, (7,m;) # v, (5 —1,m;). Then j = w; '(n) for some n > m;+1.
Since w; € %Sy, w; (m; +1) < ... < w;'(n) = j so that v, (j,m;) =n —m;. On

the other hand,
wowo (J;)wi(j) = wowo(Ji)(n) = wo(g — (n —my) +1) =n —m,

and v(j) = v, (7, m;).
Finally, suppose that vy, (j,m;) = v, (j — 1,m;). Then j = w; ' (n) for some

n <m;, and

Since w; = wow;; 1w,
wih(mig +1) < ... <wiilg—n)<g—3j
and vy, , (9 — J, Mit1) = m; —n. But
vi(j) =wo(m; —n+1)=g—m;+n=my;1+n

and the desired result holds. O

Example 6.1.8. The complementary element of (wy,ws) where wy; = [1235467]
and wy = [1243567] is (v1,vs) where v; = [4561723] and vy = [5617234]. The
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canonical domain of w is (Dy, Dy) depending on v : Cy — C5. Therefore,

Dy =1{0,1,2,3,4,5,6,7}, Dy ={0,1,2,3,4,5,6,7},7(i) =i

and
Dy ={0,1,3,4,5,6,7}, Dy = {0,1,2,3,4,6,7} ,v(i) = i + 1.
Let v; € J"HSg and v;11 = wev;wy. Then a canonical fragment for
v; is a maximal interval (j,7'] € {1,..., g} such that v*((j,7']) where v}* :=

Uyn—1(j) © ... O Uy(;) O v; stays an interval for all n. We will use (4, (n,n']) to denote
a canonical fragment of v; when we want to keep track of whether (n,n'] is a
canonical fragment for v; or v;41. In that case, we will let v((7, 1)) := (v(2), vi({))
to simplify notation.
Proposition 6.1.9. Let w € "W, and v = (vy,v2) be the complementary element
of w. Then
1. {1,2,...,g} is a disjoint union of the canonical fragments for v;, and the
canonical fragments of v1 and vy are permuted by vl fori =1,2.
2. If (4, 7'] is a canonical fragment for v;, then (i+1,(g—j',g9—j]) is a canonical
fragment for v; ;.
3. The set of upper endpoints of the canonical fragments of v; together with 0 is

exactly D; where (D1, Dy) is the canonical domain of (wy,ws).

Proof. For every j € {1,2,...,¢g}, v((j — 1,7]) stays an interval for all n, so
every element in {1,2,...,¢} is in a canonical fragment. Now, suppose that two

different canonical fragments I and J for v; have non-empty intersection. Then
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oI U J) =vI)Uol(J) is an interval for all n, so by maximality I = J, proving
part (1).
Part (2) follows from the observation that v}, = wovfwy as y"(i + 1) =

~v™(i) + 1 for all n. Then for any interval (j, 5],

vin(lg =79 i) =g —v (G +1 (6.2)

so that v}((4, j']) is an interval for all n if and only if v/, ((g — j', g — j]) is an
interval for all n.

Let R; be the set of upper endpoints of the canonical fragments of v; together
with 0. In order to show that R; O D;, we need to show that if j € R;, then
g —J € Ripq and vy, (j,m;) € Ryu). By (1), if (4, j] is a canonical fragment
for v;, then both j and j' are in R;. Therefore, (2) implies that if ;7 € R;, then
g—17€ Rip1.

Let j/ € R;. Then j’ is the upper endpoint of a canonical fragment (7, j'] for
Vi v, (', my) # v, (77 — 1,m;), then by Lemma 6.1.7 v;(j) = 14, (J, m;) so
that v;((4,75']) = (vi(5) — (4" — J),vi(§")] as v;((4,4'])) is an interval. Therefore,
vi(J') € Rypy-

Now, suppose that {a € R; | v, (a,m;) € Ry} is non-empty, and let j/ be
the smallest such element. Then v, (5',m;) = v, (7' —1,m;) # 0. Let j € {1,...,g}
be such that vy, (j,m;) = v, (5, m;) but vy, (j — 1,m;) # v, (j, m;). Then by
Lemma 6.1.7, j and j’ cannot be in the same canonical fragment, and there exists

an j < n < j"such that (n,j] is a canonical fragment. But the n € R; and
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Vi, (M, M) = v, (3',m4) € Ry, but j' was the smallest such element by definition.
Therefore v, (j,m;) € R; for all j € R;.

To show the reverse inclusion, it suffices to show that if j < j’ are successive
elements in D;, then v!*((j,7']) is an interval and v(j’) is an endpoint of v!"((j, j'])
for all n. This would mean that I = (j, j'] is contained in a canonical fragment for
v; and j' is the only element of D; that can be in R;. Therefore R; C D;,.

We now show that if j < j’ are successive elements in D;, then v'((j, j']) is
an interval and v]'(j') is an endpoint of v}*((7, j']) for all n. First, observe that if
J € D, then v}'(j) € Dyn-1(;y and even more, v7*((4,5']) N Dyn-15y = v}(j) by
Lemma 6.1.7 and the definition of the canonical domain. Suppose that v*((j, j'])
is an interval and v} (j’) is an endpoint of v}*((4, j']) for some n. Then since
V((4,4']) N Dyn-1sy = vf(j), it follows that either v, (—, m;) is constant on
vI((7,4']) or v, (vi(J'), m;) — v, (a,m;) = vi(j') — a for a € v1*((J,5']) by Corollary
6.1.6. If v, (—,m;) is constant on v?*((7,j']), and (a’, v (5')] = v*((4,7']), then
va, (07 (5'), i) = v, (a,mi) and vy, (9 — 07 (57), mi) — v, (9 — a,mi) = 07'(j') —a
for all @' < a < v}(j') as vj'(j') € Dyn-1(;) but a is larger than the next element to
v (7') 0 Dynesgiy.

On the other hand, if v, (v]'(j"), m;) — v, (@, m;) = v (j") — a for a € v*((4,7]),
then by Lemma 6.1.7, vi(a) = vy, (a,m;) for ' < a < v(j") and v7*((5,5']) =

(Vwi<a/=mi>>vn+1(j/)]‘ [

(2

Let (i, ) be a canonical fragment for v;. Then the orbit O of I is defined to
be

O :={("(@), v/ (1)) [ n € N}.
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Note that v}*(I) is a canonical fragment for v,(;), as the first coordinate keeps

track of whether v/*(I) is a canonical fragment for v; or v;,;. For a canonical

fragment (i,1) € O, define its dual to be (i, (n,n']) := (i + 1,(9g — n’, g — n]).

By (6.2), for (i,1) € O, (v(i),v;(I)) = v((i,I)), and taking duals commutes with

applying v. Therefore,

—_—~—

0= {(@',1) ‘ (i, 1) € 0}.
is another orbit under v, called the dual orbit of O. An orbit O is said to be
self-dual if O = O. If O is not self-dual, then {O, O} is said to be a pair of
dual orbits.
Example 6.1.10. Recall that the complementary element of (wy,ws) where w; =
[1235467] and wy = [1243567] is (v1,v9) where v; = [4561723] and vy = [5617234].
When 7(i) = i, there is one orbit of canonical fragments for v; that is dual to
the one orbit of canonical fragments for vy. All of the fragments are singletons
(i.e. (4,7 + 1] for some j € {0,...,6}). This is consistent with the fact that the
canonical domain for w is D; ={0,1,2,3,4,5,6,7}, Dy = {0,1,2,3,4,5,6,7}.

When (i) = i + 1, the orbits of canonical fragments are

Oy : (0,1]—2(3,4]—2>(6, 7] —=(2, 3] —2>(0, 1]

O : (3,4]—2>(0,1]—2>(4, 5]—2=(6, 7] —2=(3, 4]

Os - (1,3]—>(4,6]—2=(1, 3]

Oy : (5,6]—=(1,2]—2=(5, 6].

Then O; = O, and the orbits O3 and O, are self-dual.

158



6.2 Hodge flags

Let 7 : A — M be the structure map of the universal abelian variety A over
M. Recall that in general M can be taken to be a scheme over residue field of the
reflex field E4 at a prime lying above p, k(p), as in Section 2.1.2 (in particular,
over F,, or IF,2 depending on the choice of (my,m2)). Throughout this chapter, we
will additionally take M to be defined over x where xk = I, or k = F,2 according
to whether p is split or inert in K to ensure that the O /(p)-action on A can be
decomposed via the two characters x; : Ok/(p) — & for i € {1,2}. Recall that

there is an exact sequence of locally free sheaves on M:
0 = 7 (Qgyar) = Hap(A/M) = R (O4) = 0

which we will denote by

0E—-H-—>E —0

where E = 7,(0},,,) is the Hodge bundle and H = #;5(A/M). The Frobenius
map F : A — A® and Verschiebung map V : AP — A are isogenies and induce

linear maps on the cohomology groups:
F:H® — H, V:H— H®.

Furthermore, im(V) = ker(F) = E® O acts on E and H, and both FV and VF
are multiplication by p. Even more, F' and V' commute with the Og-action. Under

the Og ®r, k = K1 @® Kp-action, H and E decompose as

E = ]El ) ]EQ, rank(Ei) = m;,
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H=H, ¢ H,, rank(H;) = g.

The prime-to-p polarization on A induces a perfect pairing H; x Hy — O .
Furthermore, let v : Cy — Cy be defined so that V (H;) C H%); that is y(i) =i+ 1
when p is inert in K and ~y(i) = 7 when p is split in K.

Fix i = 1,2 and consider the flag space F; of complete flags of H,
gi,o:O:gi,O,C,_gi,l _g ggm)% :]Ez g ggz‘,g:Hi

such that the m!* term is equal to E;. Flags in F; are called Hodge flags. Given

a Hodge flag &; ., construct an associated flag &; 114 by setting

L
Eiv1j="CEy; NHipy.

7

In particular, 51‘4_1’. is a ﬂag in E-‘-l as gi,jl 2 gz’,jg 1mphes that gi+1,g—j1 g gi—l-l,g—jg

and E+ = E implies that Eivimi = Eip1. Call &4 4 the complementary Hodge

flag to &; ., and a pair (&1, 2.) such that
Eiv1j = 51%9_]- NHiy1,4 € {1,2}

a complementary pair of Hodge flags.
Given a complementary pair of Hodge flags (; ), define another pair of flags

as follows. For 0 < j < my;), set

_1/-1/c®
Di’mv(i)+l+j =V <Sw(i)7j> N H;
and then let
oL
D;; = ,Di+1,gfj N H;
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for 0 < j < my@)41. D;. is called the conjugate flag to &, and the pair (D;,) is
called the pair of conjugate flags to (&;.). It is a complementary pair as well.

Note that these constructions can be made in families over any scheme S in
characteristic p. That is, for A — S an abelian scheme over S coming from the
specialization of A — M over S — M, a Hodge flag for A — S is any complete
flag & of H; such that &,,, is E;,. A Hodge flag for A — S is then the same as a
lifting of the classifying map S — M to a morphism S — F;.

Let G; be the flag space of complete flags of H; over F; (sic ). Then G; — F; is
a G/B-bundle where G is the group GL(H;) and B is the Borel stabilizing &; .. Let
s F; — G; be the tautological section and let ¢ be the section defined by taking
i to its conjugate flag D; .. Let S, be the Weyl group of GL(H;). As in Section
4.1 of [EvdG09], locally choose a trivialization of G; such ¢ is a constant section, so
that the trivialization s corresponds to a map F; — G/B. Let U™ be the inverse
image of BwB under s, and let " be the inverse image of BwB. These definitions
are independent of the choice of trivializations and give rise to global subschemes
of ;. Then a Hodge flag &; o is said to have relative position w if &, € U
and is said to have relative position < w if &, € U". Combinatorially, the
condition that a Hodge flag &; . has relative position w € S, then corresponds to

the condition that
rank(D; ;N E; ) =1y(4,n),V1 < j,n<yg
and a Hodge flag &; o has relative position < w if and only if
rank(D; ;N E; ) > 1w(j,n),V1 < j,n < g.
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Proposition 6.2.1. A Hodge flag &+ has relative position (<)w if and only if its

associated Hodge flag & 1.4 has relative position (<)wywwy.

Proof. Let 1 < j < n. Then Dy, ; = ng_j N Hiyy and &1, = 6%9_” NH; .

7

Therefore,

Di—i—l,j N gi+1,n - DL .M gL N Hi—i—l - (Di,g—j N gz’,g—n)L N Hi+1-

©,9=J Lh,g—n

Since &; 4 has relative position (<)w, it follows from Lemma 6.1.1 that

rank(Dyi1j N Eirn) = 29 — 1ank(Dig—; N Eig-n)™ — g
=g—(29—j—n—rank(D;; NEp))
=j+n—g+rank(D;;NE;,)
(>)=j+n—g+r.(j,n)
=j+n—g+ru(j,n)

= Twowwo (]7 n)

Now, consider the Weyl group,
W = {(wl,w2) - Sg X Sg | Wo = wowlwo} .

A complementary pair of Hodge flags (€;4) is said to have relative position
(<) (wy, ws) if &; ¢ has relative position (<)w; for i = 1,2. By Proposition 6.2.1, the

relative position of a complementary pair of Hodge flags is an element in W.
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Proposition 6.2.2. Let X € M(S) and let (£;4) be a complementary pair of
Hodge flags for X/S with conjugate flags (D; o) and relative position < (wy,ws)
such that (w1, ws) is the smallest element in W with that property. Then

1. for1 <n <my and 1 < j < mygiy, Tw (Myainy +n,5) = 7 if and only if

V(&) CER) | withi=1,2;

\n

2. forl <n < miy andl < j < m;+n, ry,(j,m; +n) = j implies that

F(D;;) C D%) and the converse is true when S is reduced.

7n7

Proof. Since E, has relative position < w, it follows that
J > rank(Dim, ;p 1 40 N Eij) 2 Tw, (Magivr) +1,7) = J,

and & ; C D, = V(&) NH; as 1 < n < my. This happens if and

A (i+1) T
: (p)
only if V(SLJ) Q 57(2-)’71.

Suppose that 7,,(j, m; +n) = j. Then
J = 1w, mi +n) <tank(Di; N Eim4n) < J
and D; ; C & pm,+n. But then,

IDZ(Z) g (c;(P) — ((c;(P)

,mi;+n i+1,mi+1—n>J— N Hz(p) = V(ID"/(i-ﬁ-l),g—n)J— N Hz(p)
In other words, for all u € DZ(S) and v € Dy(i41),g-n, (U, Vu)y =0, and

(Fu,v) = (u, Vv) = 0.

Therefore,

(p) il _
F<Dz‘5‘ ) - D’y(i+l),gfn = Dw(i)m ® D“r(i+1),g
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and hence F (Df?) C D, i) as desired. The converse holds by reversing the

argument when S is reduced. [
6.3 Canonical flags

Similar to [EvdG09, Section 3.2], we now construct the analogue of the
canonical filtration of the p-torsion group scheme of Alp] for vector bundles. See
[Box15, Section 4.2.3] for the construction of the canonical filtration on the level of
p-torsion group schemes.

Let S be a Noetherian scheme in characteristic p. For any abelian scheme
A/S coming from S — M, let D, denote ker(V : H}p(A/ M) — HLR(A/M)P)) or
its specialization over S — M. This is the same as V~1(0).We will also use H to

denote H}r(A/S). Under the O /(p)-action,
D, =D, & D,, rank(ID;) = M ()41

For simplicity of notation, for any D C H, write F(D) for F(D®) and
V(D) for V—1(D®) as necessary so that for any finite word R in F and V1,
the resulting R(D) C H. We also need to ensure that we get subbundles of H
at every step in order to check for equality. Now, if D is a subbundle of H over
a base T, then the rank of F(D®) is locally constant over T, and there exists a
unique minimal and canonical decomposition of T" into locally closed subschemes
such that the rank of F(D®) is constant on each subscheme. Similarly, since
VHDP) = (F(DP)4)L the analogous property holds for V. Therefore,
for every word R, there exists a minimal decomposition of S into locally closed

subschemes such that over each subscheme the rank of R(ID) is constant. For what
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follows, suppose that the base scheme S has been replaced by the requisite disjoint
union of subschemes so that the comparison between R;(D,) and Ry(ID,) for two
different words R; and Ry in F, V! makes sense.

Lemma 6.3.1. Let D, = V~(0) for some A/S. Suppose that Ry, Ry are two

words in F, V=1 of finite length. Then either Ri(D,) C Re(Dy,) or vice versa.

Proof. This is the vector bundle analogue of [Box15, Lemma 4.2.2] and [Moo01,
Section 2.5]. First, note that for any D C H, F(D) C D, C V!(D), and this
also settles the case where one of the R; is the empty word. Now, when R; and R,
both start with the same letter, the result follows by induction on the length of

Ry, Ry. Otherwise, we may assume that B = FR} and Ry = V~'R),. Then
Rl(Dg) = FR/l(]Dg) ch, V_lRlz(Dg) = R2(Dg)

and the result follows. O
Let R be the set of all finite words in ' and V!, Then by Lemma 6.3.1, the
set {R(D,) | R € R} is finite, and can be ordered by inclusion giving a filtration:

C.OZC()gcl_’C‘_ch:]Dgggcn:H

This is called the canonical flag of A/S.
Lemma 6.3.2. The canonical flag C, is the coarsest F,V ~1-stable symplectic flag
of H such that each C; is Og-stable. Even more, le = Coc—j for 0 < j < c where

C.=D,.
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Proof. C, is the coarsest F,V ~!-stable flag of H by construction, and the C; are
Ok-stable as F' and V' commute with the Og-action. Furthermore, the length of
the filtration is 2¢ where C. = D,,.

It remains to show that C, is symplectic. This is analogous to [Box15,
Proposition 4.2.14]. Let C C H. Under the pairing ( , ) induced on H by the
polarization A on A, F(C)* = V71(Ct) and F(C*) = V~1(C)*. Furthermore,

C. =Dy = ]D)j = C}. For R € R and let R’ be the opposite of R in that F
and V! are exchanged. Therefore, for any C C H, R'(C) = R(C)* so that C, is a

symplectic flag and Cj- = Co.—; for 0 < j < ¢ as desired. O

Since each C; in C, is Og-stable, C, decomposes under the O ®p, k =
k1 & ko action into two separate flags C; o for i € {1,2}. Let the canonical
decomposition of S be the minimal decomposition of S into locally closed
subschemes S = [] S, such that each C;; in the flag C;, for i € {1,2} has
constant rank over S, (see [Box15, Thm 4.2.18] for more details). The S, are
called the strata of S. For what follows, the pair of canonical flags (C;.,Cs.)
will be viewed as being defined over the canonical decomposition of S. It will be
convenient to index the elements of the of the canonical flags by their ranks; that
is,

Ci’. 0= Ci,j1 - Ci,jz g Ci7m,y(i)+1 = ]DZ g PN g Ci,g = Hz

=

for i = 1,2 where D, = ID; @ D, is the decomposition of D, under k; @© ks and
Jn = rank(C, ;).
Recall the definition from (6.1) that for w; € Sy, vy, (t,u) =t — ry, (t,u) =

#{a <t]w(a) > u}.
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Proposition 6.3.3. Let A € M(S), let Cq be the canonical flag of A/S and let
(C1e,Ca4) be its associated pair of canonical flags. For each stratum S, in the

canonical decomposition of S, there exists an element w = (wy, wy) € W such that
F(C®)) = Ciyu (s vie®) = ¢, .
i, Y(8)sVw; (5,m4) 5 ij Y(1),.9—vw; 41 (9—F,mit1)

for all C; j in Cio. The element w € "W is called the canonical type of S,, and

the induced locally constant function S — W is the canonical type of A/S.

Proof. Let T be the set of ranks that appear in the flag C, over S,. Then by

Section 3.2 of [EvdG09], there exists an element w € S, satisfying
w i) <...<w (g, wHg+1)<...<w ' (29),

with the properties that for j € T, F : Cj(p) — Cuu(jg)- Let d; = T — {0,...,g}

be the maps defined by the decomposition of C, into the pair of flags C; ., that is,
if C; has rank ¢, then C; = Cy 4,(1) @ Coa() (recall that the flags C; o are indexed by
their ranks). By construction of the d; and the canonical flag, there exists a unique

(wy, wy) € W satisfying the conditions

Vw(j,g) :le(dl(j)7m1>+Vw2(d2(j)7m2>7 (63)
and
dy (i) (Vw(J: 9)) = v, (di(5), M) (6.4)

for all j € T. Together, these statements imply that F (CZ-(Z)) = Cyy(i) v, (jims)- ON
the other hand, C; is self-dual, F(C*) = V~'(C)*, C5 = Ciy14-5, (6.3) and (6.4)

together imply that V‘l(Ci(Z)) = C*y(z’),g—ywi_‘_l(g—j,mi+1)‘ o
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Proposition 6.3.4. Let A € M(S), and let (£;4) be a complementary pair of
Hodge flags of relative position "w = (w1, wy) € 7W. The conjugate flags (D;4) are

refinements of the canonical flags (C;o). That is, Jw is determined by A/S and
rank(D; ; N E; ) = 7w, (7, 10)

forv=1,2,1 < j,n < g. In particular, the canonical decomposition of S with
respect to A/S consists of a single stratum and the canonical type of A/S is Tw.
Proof. By Proposition 6.1.4, let w € Sy, and d; : {0,...,2¢} — {0,...,g} for

1 =1, 2 satisfy

L di(j) + da(j) = J,

2. 0<di(j) — di(n) < j—nfor j <n,

3. di(29g—7) =g —dis1(y),

4. vy(J, 9) = Vi (di(4), M) + Vi, (d2(j), m2), and
5. dy(iy(vw(J: 9)) = v, (di(), ma).

Let D, be the flag constructed from D, , by setting
Dj 1= Draij) @ Da.aa(j)-
Properties (1), (2) and (3) imply that
0=DyCDy C...CDyy=H,&oH, =H

is a complete symplectic flag where rank(D;) = d1(j) + d2(j) = j. Showing that D,

is I,V ~1l-stable means that D, is a refinement of the canonical flag C, for A/S and
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hence D; , is a refinement of C; , for ¢ = 1,2. Therefore it remains to show that D,
is ',V 1-stable.
Define e; : {0,...,2g9} —{0,...,9} fori=1,2 by

ei(J) == m; — dyiy11(9 — J) = dywy (g + J) — mipa
and
ei(29 —j) == g — ei(y)

for all 0 < 7 < g. Then setting
Ej = E1e() @ E2.a0)

gives a complete symplectic flag of H with E, = E. Furthermore, by the construc-

tion of (D;,), for 0 < j < g,

‘P)) — V—l(g(P) ) D V—l(g(p) )

1 (
Vo(E, Ler () 2.05()
= Dy1),ma+e1(j) D Do(2),m1+ea))

- ny(l),d,y(l)(g+j) ©® D’Y(2)’d’v(2)(g+j)

= Dy
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On the other hand, since 7, (7, m; + v, (j,m;)) = j for all 1 < j < m; by Lemma

6.1.3,
F(]Dg-p)) = Di=12F(Dig, )
- @iil,QD’Y(’L') Vw (dl(])vml)
= DV’LU(j?-g)
by Proposition 6.2.2. -

Corollary 6.3.5. Let D; be the set of ranks that appear in the canonical flag C; .
Then (D1, Dy) is the canonical domain of (wq,ws). If (v1,ve) is the complementary

element of (wy,ws), then for j < n successive elements in D; either
F(C /) = Cytistm /Crtinnts (6.5)
if Vi, (M, M) # Vi, (N — 1,my;) or
VHER /CE)) = Contm)/Cotirons ) (6.6)

if Vi, (nymy) = vy, (n — 1, m;). In other words, if I is a canonical fragment for v;,
then there is an isomorphism

C7 = Cowantn
induced by F or V=1 where C; (jn) = Cin/Ci.
Proof. Recall that the canonical domain for (wy,ws) is the smallest pair of sets
(D1, Dy) where {0,9} € D; C {0,...,g} for i = 1,2 such that if j € D; then

g —J € D1 and vy, (5, m;) € D). But the construction of the canonical flags
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are the result of applying F' and V! repeatedly to D; @ D,. By Proposition 6.3.3,
F(Ci(s)) = Cy (i) w, (j;m;) a0 V—l(CZ.(Z)> = Co(i),9—vus, 1 (9—jsmis1) When Cio has canonical
type (wy,ws), so it follows that the canonical domain for (wy,ws) is the set of
ranks that appear in the canonical flags.

The map F Ci(’pn) /CZ-(Z) = Co4) vy (nmi) /C,Y(i)ﬂ,wi(j,mi) is always surjec-
tive. By Corollary 6.1.6, if vy, (n,m;) # v, (4, m;) then the dimension of
Cov(i) s, (nms) / Coi) s, (5o 18 €qual to the dimension of CZ»(Z) /Ci(z-) and F is an isomor-
phism. Otherwise, F' is the zero map and vy, , (9 — J, Mit1) — Va,,, (9 — 1y Migr1) =
n — j so that V! is an isomorphism on Ci(fjn) /CP) Then the result follows from

27‘7

Lemma 6.1.7. ]

As a converse to Proposition 6.3.4, consider the following.
Proposition 6.3.6. Let A € M(S). Suppose that S is reduced and the canonical
decomposition of S with respect to A/S consists of a single stratum. Let w =
(w1, wq) € 7W be the canonical type of the canonical flag. Let (E;4) be a pair of
complementary Hodge flags with relative position w' = (w}, w)) € W and associated
pair of conjugate flags (D;o). Then if the conjugate flags (D;4) are refinements
of the canonical flags (C;e) for A/S such that F(DZ(S-)) C D) v, (joms) for all

1<j <g, thenw =w'. In particular, w' is in 7W.

Proof. Let (D, Dy) be the canonical domain of w. Since D;, is an extension of C; .

it follows that

D, (]a mz) - Vw; (]a mz)
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for all j € D;. Therefore, w’ + w under the map W — W. The condition that
F(DZ(Z)) € Dy, i) = Dot (imi) implies that 7, (4, mi + v (j,m4)) = j for
all j € {1,...,g}. Then by Lemma 6.1.3, w’ € W so that w = w'. O
6.4 Local structure of the E-O strata

By the definitions given in the previous section, the condition that A/S has
canonical type w € W specializes when S is the spectrum of an algebraically
closed field k of characteristic p to the condition that A/k is in the E-O stratum
of w, denoted V", as in Chapter 3. By the theory of degeneracy loci of flag
varieties, the Schubert cells of the flag variety JF; give a stratification of F; where
the strata correspond to elements in ;. We now consider what happens to the
strata of F; under the natural map F; — M. In particular, we will see that if
w = (wy,wy) € JW, then F; — M restricted to U™ is a finite surjective étale
covering map U"* — V™. Note that Proposition 6.2.1 and Lemma 6.4.1 show that
the choice of i € {1,2} does not matter in this context. This section closely follows
Section 8 of [EvdG09], as the results of the previous section allow us to apply their
techniques to the unitary Shimura varieties under consideration.
6.4.1 Extensions of the canonical flags

We would like to find the number of extensions of a pair of canonical flags
(Cis) of type (w1, ws) € W to a pair of conjugate flags (D;.) of type (wy,ws) €
JW for i = 1,2 over an algebraically closed field k of characteristic p. This will
eventually be the degree of the maps F; — M when restricted to U™ — V*.
To this end, recall the following definitions and results from Section 6.1.1. Let

v = (v1,v9) be the complementary element of w. Then the canonical fragments
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of v; and vy can grouped into distinct orbits by letting the orbit of a canonical
fragment (7, 1) of v; be its orbit under v for all n (this is possible by Proposition
6.1.9). Note if v(i) = i, then the orbit of a canonical fragment of v; only contains
canonical fragments of v;, but if (i) = ¢ + 1, the orbit of a canonical fragment
contains canonical fragments of both v; and wvs.

Let Ny (m) be the number of complete Fyn-flags in )., and let NJ(m) be the

number of complete Fjom-flags in F7,  that are self-dual under the unitary form

((uy), (v)) =D ugof” (6.7)
j=1
Finally, let

N(w) = o, 3% si0y (# ) I 6y

[To-o N;;I(O)(# 0/2) + H{o,é} N5, I(O)<# O) (i) =i+1
where the products are taken over the orbits O; of the canonical fragments of v; in
the first case, and over the orbits O of the canonical fragments of v; for ¢ = 1 and 2
in the second case; in both cases # I(O) is the size of the fragments in O.
Lemma 6.4.1. Let A € M(k), w € "W be the canonical type of A/k, and (C;s)
be its canonical flags. Then N(w) is the number of extensions of C; s to a complete
flag D, .+ such that (D;o) are the conjugate flags for a pair of Hodge flags of relative

position w.

Proof. The proof is similar to that of [EvdG09, Lemma 4.6], except that we need
to account for the Og-action on the flags. Since we are working over a perfect

field k, Proposition 6.3.6 implies that a pair of conjugate flags for a Hodge flag
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of relative position w is the same as a pair of conjugate flags (D; ) extending C; .

such that F(D(‘?) C Dy(i) v, (jsmy) for all 1 < j < g. But then by Proposition 6.3.4,

F(Dg?) = Dy(i) v, (i) for all 1 <5 < g.

Now, since D;, is an extension of C; , for ¢ € {1,2}, it is determined by the
flags of D; ; for all of the canonical fragments I of v;. However, by Corollary 6.3.5
there is an isomorphism Dg’l) — Dy(i,1), so that a choice of flag for D;; determines
the flags for Dy 1 for all (i, I’) in the orbit O of (i, I). Therefore the problem can

be considered on an orbit-by-orbit basis. For any (¢, /) in an orbit O of length m,

the condition that F(Dg?) = D (i), (jmy) for all 1 < j < g translates into the

condition that the flag for D,  is stable under the isomorphism Dg’p[m) — Dy,
The notation has been set up in such a way that the proof now follows the proof of
[EvdG09, Lemma 4.6] essentially verbatim. However, we will continue the rest of
the proof for completeness.

Suppose that O is not equal to its dual O. Then the flags for (i,1) € O

determine the flags for (i,1) € O by duality under the symplectic form

(i.e. Dip14-5 = Difj N H;y1). Therefore, for each orbit pair, {O, O}, the flag

for D; ; for a single (i,1) € O determines the flags for all of the blocks correspond-
ing to the canonical fragments in O and O. The only remaining condition is that
the flag of D = D, ; is stable under the isomorphism ¢, : DP™) — D. As D is

a vector bundle over an algebraically closed field k, D, = {v € D | t,,(v) = v} is
an F,m-vector space such that the D, C D induces an isomorphism D, ® k — D.

Therefore, the number of flags of D, ; that are stable under ¢,, is equal to the
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number of complete flags of D,,. This completes the proof in the case when p is
split.

When p is inert, we also have to consider the case where O = O. The size
of the orbit O is even, say 2m, and we require that D = D, ; is stable under
tom : DP™) = D, and that ¢, : D®™) — Dy;. Therefore, the number of possible
flags for D; ; corresponds to the number of complete F,2m-flags of Ffon that are

self-dual under the unitary form of equation (6.7). O

6.4.2 Stratified spaces

In order to show that the maps from F; — M are locally like maps from
GL,/B — GLy;/Q where B is a Borel and @ is a parabolic of GL,, we introduce
the notion of diagrams of stratified spaces.

A stratified space is a scheme with a partition into locally closed sub-
schemes; that is, a scheme together with a stratification on it. A morphism of
stratified spaces is a morphism of schemes taking strata to strata in the sense
that the pre-image of a stratum is a union of strata. Let P be a poset. Then a
diagram of stratified space is a contravariant functor from the category of the
poset P to the category of stratified spaces.

There are two particular diagrams of stratified spaces that we will be con-
cerned with. Let F/; to be the following diagram of stratified spaces. Let P be
the set of all subsets of {1,...,g — 1} containing m; and choose a vector space
W of dimension g. For T' € P, let F{2(T) be the flag space of partial flags of W
whose dimensions are the values that appear in 7. Then F/;(7T") has the structure

of a stratified space by defining its strata to be its locally closed Schubert cells
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with respect to a fixed complete flag of W. For T" C T", there is a map from
Fe(T") — Fe2(T) that comes from forgetting elements in the flag of dimensions
T'\ T. This map takes strata to strata.

Likewise, let F? to be the diagram over the same P, where F?(T) is the space
of partial flags &; o of H; extending the flag E; C H; with dimensions in 7". To a
partial flag &; ., we can associate a partial conjugate flag D; , by the same method
use for complete Hodge flags. That is, first construct a partial complementary
flag £i1,6 by setting &y := &, _; NH;, and then use V' and take duals to get
another partial flag D; , of Hj; as in Section 6.2. Then F7(7") has the structure of
stratified space by considering the relative positions of &, and D;,. For ' C T7,
there is again a forgetful map from F7(7") — F7(T') of stratified spaces that comes
from forgetting elements in the partial flags & o in F7(7") of dimensions 7"\ 7.

Let k£ be a perfect field of characteristic p. We will need to introduce the
notion of a height 1-neighbourhoods of a k-point. Over such a neighbourhood, the
deformation theory of a k-point A in the moduli space of principally polarized
abelian schemes corresponds to the local deformation of a Grassmanian variety
coming from the variation of the Hodge filtration E C H of A by Grothendieck-
Messing theory. Ekedahl and van der Geer show that these ideas can be extended
to certain flag spaces over M by considering the variation symplectic flags of H
containing E C H ([EvdG09]). In Theorem 6.4.2, we show that this can be done

incorporating Og-action as well. We now make this precise.
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Let R be a local ring in characteristic p with maximal ideal mg, and let
mg) denote the ideal generated by the p*’-powers of elements in mp. Follow-
ing [EvdG09], the height 1-hull of the local ring R is the quotient R/m%.
If S is a characteristic p scheme and x a k-point of S, then the height 1-
neighbourhood of x is the spectrum of the height 1-hull of its completed local
ring Spec(@g,x/mép)). For instance, if x is a smooth k-point of S, then the height
I-neighbourhood of = has the form Spec(k|[[t1,...,t,]]/(t1,...,t,)®). The opera-
tion of taking height 1-neighbourhoods of k-points is functorial in the sense that if
f:S — S is a morphism of schemes such that f(z) =y on k-points z and y, then
f induces a map from height 1-neighbourhood of x to the height 1-neighbourhood
of y. The height 1-neighbourhoods of two k-points x and y are said to be height
1-isomorphic if the height 1-hulls of their completed local rings are isomorphic
and are also isomorphic to k[[t1, ..., t,]]/(t1,. .., t,)® for some n.

A k-point of a diagram of stratified spaces F* over P is a k-point of F*(T)
for some T € P together with its diagram of restrictions to F*(7") for all 7" < T.
For a k-point x of F*, its height 1-neighbourhood (resp. Hesenlization) is taken to
be the height 1-neighbourhood (resp. Hesenlization) as a point of F*(T) together
with its diagram of compatible restrictions to the height 1-neighbourhoods (resp.
Hesenlization) of = as a point in F*(7”) for all 7" < T.
Theorem 6.4.2. For each perfect field k of characteristic p and each k-point
x of F7, there is a k-point y of FL; such that the height 1-neighbourhood of x
15 1somorphic to the height 1-neighbourhood of y by a stratified isomorphism of

diagrams.
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Proof. A point x € F; corresponds to a partial flag & o of H; extending E; C Hj,
together with all restrictions F;(T) — F;(T") for T" C T, where T is the set
dimensions appearing in &; ,. Let X* be the height 1-neighbourhood of z € F;.
Now, the de Rham cohomology has a canonical trivialization over the height
1-neighbourhood X of z: Hy = X x W’ which is horizontal with respect to the
Gauss-Mannin connection. Furthermore, Hy = X x W’ induces isomorphisms
(H;)x — X x W; where W; @ Wy = W'. The absolute Frobenius map factors
through the closed point, so that Si(ﬁ) is constant. Even more, applying V! and
taking duals are horizontal operations, so that the conjugate flag D, , is also
horizontal.

Choose an isomorphism of W; with the fixed reference space W for F/¢; so that
the flag D; + gets mapped into the fixed complete reference flag of W. Then &;,
gets taken to a partial flag of W corresponding to a point y € F¥;(T). Further-
more, this map preserves strata as the relative position of &; , and D;, corresponds
to the relative position of the partial flag corresponding to y with respect to the
reference flag of W. The isomorphism W; with W also induces morphisms on all
the partial flag spaces lying below x in the diagram by restriction, so we get a
map from x € F7 toy € F(;. By Grothendieck-Messing theory, this gives an

isomorphism on height 1-neighbourhoods of the diagrams. [

Remark. Tt is worth noting that the reason we can work with Schubert cells of
F? instead of the product (F; x F2)* is because Hy, Hy, and E are all maximal
isotropic subspaces under the symplectic form on H induced by the polarizations

of the underlying abelian schemes. This means that the flag E; C H; completely
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determines both E C H and D, C H. Furthermore, a (partial) Hodge flag &; .

of H; completely determines a complementary pair of (partial) Hodge flags and
hence the pair of (partial) conjugate flags D; o as well. In other words, the relative
position of & , with respect to D, , determines the relative position of &1, with
respect to D;;1 .. This was shown in Proposition 6.2.1.

Theorem 6.4.3. For each perfect field k of characteristic p and each k-point x of
F?, there is a k-point y of FU? such that the Henselization of x is isomorphic to

the Henselization of y by a stratified isomorphism of diagrams.

Proof. Let X*® and Y* be the height-1 hulls of x and y respectively. Then Theorem
6.4.2 gives a stratified isomorphism X* — Y® between the height-1 hulls which
can be extended to an isomorphism between the local rings X* — Y* of 2 and

y by extending the trivialization of Hy — X x W’ to a trivialization of H over
Op, » so that the isomorphism between W; and the fixed reference space W for

F; takes the trivialization of D; . to the fixed flag of W over y (see [EvdG09] or
[DP94] for more details). This gives a isomorphism on tangent spaces, and both
F2(T) and FL3(T) are smooth of the same dimensions for all 7' € P. Therefore

this trivialization gives an isomorphism on the Henselizations and proves the

theorem. ]

Lemma 6.4.4. Let A € M(k) where k is an algebraically closed field and suppose
that A has canonical type w = (wy,wy) € 7W. Then if (;4) is a pair of Hodge

flags for A with type w' = (w}, wh) € W such that w' < w, then w =w' € 'W.
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Proof. Let (D;,.) be the pair of conjugate flags corresponding to (&;.). First, the
condition that w’ < w means that v, (j,n) < vy, (j,n) forall 1 < j,n < g, and

hence

)
F(Di) € Dy, (jma)

forall 1 <j <g.

Define J; C {1,...,g} to be the set of indices such that D; ; is part of the
canonical flag. Trivially {0,g} C J; and if j € J; then g — j € J;;1. Furthermore,
for j € J;, F(Dg”})) = D), (j;ms)» 50 that vy, (4,mi) € Jy). By the definition of
the canonical domain of w, (Ji, J2) contains the canonical domain for w, and the
conjugate flags (D;,) are refinements of the canonical flags for A/k. Proposition

6.3.6 then gives the desired result. O

Corollary 6.4.5. For each w; € 7iS,, the stratum U“i of F; is smooth of
dimension 0(w;). Furthermore, the closed stratum U ' (as defined in Section 6.2) is

the closure of U™ in F; and is Cohen-Macaulay, reduced and normal of dimension

O(w;).

Proof. As in the proof of [EvdG09, Corollary 8.4], the facts that U™ is smooth
of dimension £(w;) and "' is Cohen-Macaulay, reduced and normal of dimension
((w;), follow from the analogous results for the Schubert cells of the flag varieties
FU; as these are all properties that pass from the Henselization of the local ring at
a point to the local ring itself.

To show that & is the closure of U™, consider the following. By construc-

tion, U is a closed set containing U™, in fact, U = legwiuw/. But when
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w' < w;, l(w') = L(w;) if and only if v’ = w;. Since (w’) is the dimension of each

U™, the closed stratum U must be the closure of U™ in F;. H

Proposition 6.4.6. For w = (wy,wy) € W, the restriction to U™ of the
projection F; — M is a finite surjective étale covering from U™ to V" of degree

N(w) where N(w) is given in (6.8).

Proof. First of all, Proposition 6.3.4 shows that a conjugate flag D;, for w; is
as refinement of the canonical flag C; o for w, and hence the image of &** under
Fi — M is V*. It follows from Theorem 6.4.3 that the map U™ — V" is
unramified, as the analogous map on Schubert cells is unramified by [BGG73,
Proposition 5.1].

Next we show that U — V™ is proper. Let R be a DVR, then
x : Spec(R) < V™ corresponds to an abelian scheme over R with extra struc-
ture such that the canonical type of both its special and generic points is w, and
hence its canonical decomposition is a single stratum, Spec(R). Suppose that we
have a Hodge flag &; o of type w; over the generic point of z. Then its correspond-
ing pair of Hodge flags (£;,) has relative position w € /W and the associated pair
of conjugate flags are refinements of the canonical flags of the generic point of z.
U"" is proper over M since F; — M is proper. Therefore, the flag i« extends to
a Hodge flag and therefore a pair of Hodge flags (£;4) over Spec(R). But then the
pair (&;) gives Hodge flags over the special point of Spec(R) with relative position
w' < w. Lemma 6.4.4 shows that w' = w. Therefore, the Hodge flag &; . over the
generic point of x can be extended uniquely to a Hodge flag over Spec(R) with

relative position w;, thus proving that " — V" is proper.
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Finally, Lemma 6.4.1 shows that the fibres of the map U"* — V" are finite of
constant rank N(w). It follows that U*: — V* is finite and flat, thus completing

the proof that U™ — V™ is a finite surjective étale covering of degree N(w). ]
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Chapter 7
Hasse-invariants and Hasse-Witt matrices

This chapter introduces the (partial) Hasse-invariants on unitary Shimura
varieties. In the case of elliptic modular curves, the Hasse-invariant is a mod p
modular form of weight p — 1 that vanishes precisely on the complement of the
p-ordinary stratum, the supersingular points. We show that a similar phenomena
occurs with unitary Shimura varieties, in particular, the Hasse-invariants are mod
p modular forms and they vanish on the complement of the p-ordinary stratum,
the non-ordinary locus (i.e. the closure of the almost-ordinary E-O stratum).
We then use deformations of Hasse-Witt matrices to obtain further geometric
information about the E-O strata.

In order to keep this chapter as self-contained as possible, we begin by
recalling the definitions of the Hodge filtration and related vector bundles from
Section 6.2. Let m : A — M be the structure map of the universal abelian variety
A over M defined over the finite field x(p). Let k be the algebraically closed field
extension of k where k = F, when p is split and F,2 when p is inert. There is an

exact sequence of locally free sheaves on M:
0 = 7 (Qyat) = Hap(A/M) = R (O4) = 0

which we will denote by

0-E—-H-—>E —0
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where E = 7.(Q),,,,) is the Hodge bundle and H = #;,(A/M).
Over a k-point (A, ¢, A) of M this specializes to the sequence of vector spaces
over k,

0— H(QY) — Hiz(A) — HY(O4) =0

which can be identified through contravariant Dieudonné theory with
0= D[F|®ko-1k—D—D/VD —0

where D = D(A) denotes the contravariant Dieudonné module of A and D[F]
denotes the kernel of F' on D [Oda69, Corollary 5.11].

Let R be an k-algebra such that Er and Hpg are locally free over R. The
bundles E = Eg and H = Hpg split under the Ok /(p) ®r, R = Ry & Ry-action as
E =E; ® E; and H = H; & H, via the characters x1, x2 : Oxg — k. Therefore,
det(E) = det(E;) ® det(Ey). Let j = 1if (i) = i (p is split) and j = 2 if (i) # ¢
(p is inert). Then a unitary (m, m;) modular form mod p of weight \? over
R is a global section of det(E;)*" ® R over M ®p, R.

7.1 Hasse invariants

The morphisms Fr : 4 — A® and Ver : A®) — A induce linear maps in
cohomology Fr* : H® — H and Ver* : H — H® (these maps correspond to the
o-linear map F and o~ !-linear map V respectively on the contravariant Dieudonné
modules) such that Fr} : H”’ — H., ;) and Ver] : H; — H®).

Let j =1 if p splits in K and 5 = 2 if p is inert in K. Then

(Ver?) : H; — H®)
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and the resulting map
A (Ver?)? : det(E;) — det(E;)®")
gives rise to a global section
h; € H(det(E;)®® 1),

The h; have the following vanishing properties depending on the splitting be-
haviour of p in K.

Proposition 7.1.1 (|[GN16, 4.1, 4.2]). Let A € M(k) and let p be split in K.
Then hqi(A) # 0 if and only if ha(A) # 0 if and only if A is p-ordinary.

Proof. For completeness, we include a simple proof of this fact. We actually show
that hi1(A) = 0if and only if he(A) = 0 if and only if A is not p-ordinary. As
was seen in Section 3.5, the p-ordinary locus is actually ordinary in this case,

and a(A) = 0 if and only if A is in the p-ordinary locus. On the other hand,
hi(A) = 0 if and only if the a-number of A; is non-zero, so it suffices to show that
a(Ai[p]) > 0if and only if a(As[p]) > 0. But for any finite commutative group
scheme G that is killed by p, a(G) > 0 means that there is an embedding o, — G,
and since a, is self-dual, there is a surjection G — ) = a,. Thus G has a
non-trivial local-local part and a(G") > 0. Since A;[p] = As[p]¥ as group schemes,

the result follows. O]

On the other hand, when p is inert in K, we have the following.
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Proposition 7.1.2. Let A € M(k) and let p be inert in K. If my = may, then
hi(A) # 0 if and only if ha(A) # 0 if and only if A is p-ordinary. If my > mqy, then

hi vanishes everywhere, and ha(A) # 0 if and only if A is p-ordinary.

Proof. By Proposition 3.5.7, the p-torsion group scheme of the p-ordinary locus

has the form

(Ok © pp)™ & (Ox /(p))™ &G,

Since Ver? is an isomorphism on (O ® p,)™ and zero on (O /(p))™ & 4™,
hs # 0 and hy = 0 if and only if m; > my on the p-ordinary locus.
By Proposition 3.5.6, the p-torsion group scheme of the almost-ordinary locus
has the form
o my—my>1: AO(3,1) & (O @ )" & (Ok/(p))™ " ™ ™7

o my—mp=1: AC(2,1) ® (O @ p,)™2~* @ (Ok /(p))™2~"

o my=my=m: (O @,)" " @ (Ok/(p)" ' ©% ©%.
Now, Ver is nilpotent on AO(3,1), AC(2,1), 4 and %. Therefore, hy = hy = 0
on the almost-ordinary E-O stratum and its closure, the complement of the

p-ordinary stratum. [

When p is split in K, the h; for i € {1,2} are called the partial Hasse
invariants and are modular forms of weight x* ~! over k. The product h := hyhs
is called the (total) Hasse invariant. When p is inert in K, h := hy is called the

2
. . . . . —1
Hasse invariant, and it is a modular form of weight x5 ~ over k.
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7.2 Hasse-Witt matrices of E-O strata

In this section, we will work with covariant Dieudonné theory. To that end,
let © = ®(A[p]) be the covariant Dieudonné module of A[p]. Now, Ver* : E — E
corresponds to F on D (A[p])/VD(A[p]), so the vanishing of h; can be studied in
more detail by studying the Hasse-Witt matrix of A as introduced in Section 2.2.5.
In particular, we will be interested in studying the Hasse-Witt matrices of various
Ekedahl-Oort strata as a tool for understanding the deformation of V* on the
Hodge bundle.

Let w = (w1, w;) be an element in the Weyl group coset /W as described in
Section 3.3. By Section 3.5, we know how to associate models for the contravariant
Dieudonné module (modulo p) D = D(w) of the Ekedahl-Oort stratum associated
to w. However, in order to compute the Hasse-Witt matrices of the E-O strata, we
need to find a displayed basis for the covariant Dieudonné modules.

The general strategy we take for this is as follows. Recall that for A =
(A, i, \,n) € M(k), the prime-to-p polarization A : A — A" induces an
isomorphism of Dieudonné modules i : D — DY that is conjugate-linear with
respect to the Ok /(p) action on D coming from ¢ on A. The isomorphism p gives

rise to a non-degenerate alternating bilinear form:

UV:DxD—k

(di,ds) = p(dy)(d2)
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such that W(bdy, dy) = W(dy, bdy) for b € Ok /(p) and V(Fdy,dy) = ¥(dy, Vdy)? for
all dy,dy € D. By [Moo01, Theorem 6.7], there exists a unique such p : D(w) —
D(w)" for a given w € /W up to isomorphism.

The proof of [Moo01, Theorem 6.7] is constructive and shows how to find a
bilinear form ¥ : D x D — k corresponding to pu. Then by finding a symplectic
basis for D from the bases as described in Section 3.5, applying u(d) = ¥(d, —)
gives a symplectic basis for DY = ©. Furthermore, u takes D; to ;. 1, so by
keeping track of the Og-action on the basis, we can choose a symplectic basis
for D such that its image in ® is the reduction modulo p of a displayed basis for
D(A). Finally, applying the results of Section 3.5 allow us to find the action of F'
on the displayed basis, giving the Hasse-Witt matrices for ©(w).

Recall from Section 2.2.5 that a displayed basis for ®(A) is a basis of the form
B={ei,...,eq f1,..., [y} where

o Bi={e1,...,€my, frt1s---, fy} is a basis for ®(A);, and

By ={emi+1,---1€g f1,- -, [y } 1s & basis for D(A)s,

o the set {er,...,e,} spans D(A)/VO(A) and {f1,..., f,} spans D(A)[F],

e B is a standard symplectic basis for ®(A); i.e. Y(e;, fj) = i = —V(fj, €:).
We will also call a basis for ® = D(A[p|) a displayed basis if it satisfies the
analogues of the above properties for ®©. Implicit in our methods is the fact that a
displayed basis for ©(A[p]) can be lifted to a displayed basis for the full Dieudonné
module D(A). Since we are primarily interested in the Hasse-Witt matrices, we
will work directly with a basis for ® and all the matrices in this chapter will be

taken modulo p.
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7.2.1 p split in K

Recall that K denotes the quadratic imaginary field coming from the Shimura
datum & for the Shimura variety M. When p is split in K, the decomposition
of D as D; @ Dy as an Ok /(p)-module actually makes D; and Dy sub-Dieudonné
modules of D as in Proposition 2.2.4. Therefore, finding an isomorphism of
w1 = D1 — Dy of Dieudonné modules gives i : D — DY as desired by taking
p= 1 & (—py).

Observe that the models for the Dieudonné modules of the p-torsion given in
3.5.3 have built in isomorphisms p; : D; — D}, that come from taking e; ; to

eiv+17w0(j). Therefore,
plei;) = (_1)i+167\2/+1,w0(j)

gives the desired self-duality for D. Setting

.

—pe2uwo()) wi(j) < my
ewl(j) = (71)
p(e1;) wi(j) >my +1

p(es) wy(j) < my
funi) = . (7.2)
M(ez,wo(j)) wi(j) >my +1

\

gives a standard symplectic basis for © with respect to ¥ induced by p such that

@1 = {617--->em1>fm1+17--->fg} and @2 = {fl,...,fm1,€m1+1,...,6g}.
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Recall the notation from Section 2.2.5; i.e. the matrix of the display of ©

when p is split in K has the form

0 M
Let M = (t;;) for 1 <i<myand 1< j <my, and let T = . Then the
Mt 0
matrix
A+ MCy 0
A+TC = (mod p)
0 Ay + MOy

is the Hasse-Witt matrix. Letting A, = (a;;), C1 = (cij), A2 = (aj;), C2 = (cy), it

follows that

A+ MCy = (aij + th‘kckzj>
k=1

1<7,5<my

and
ma
Ay + MOy = (a;j + Ztkicégj>
k=1

Writing F' in terms of the new basis gives

1<i,j<me
( ‘ .
Cun(jrmz) 1 < J < ma,wi(me +5) <my

fuwr(Gema) 1 <7 <my,wi(mg +35) > my +1

Cwy(j—my) M1+ 1<7< 9>w1(j - ml) >my +1

L fwl(j—ml) mip+1< j < g,wl(j _ml) < my.
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Note that F'(f;) = 0 for 1 < j < g by construction. With this basis, a;; = 1
(mod p) for i = wi(ms + j) and 0 otherwise, and ¢;; = 1 (mod p) for i =
wi(mg + 7) — my and 0 otherwise. We get similar conditions for Ay and Cs.

Therefore, Al + MC’1 = (mij>1§i7jgml where

1 i:wl(mg "‘])
mij =
tiw k=wi(ma+j)—my

and A2 + MtCQ = (m;j)1§i7j§m2 where

1 i=w1(j)_m1

Example 7.2.1 (The almost-ordinary stratum). Consider the case where ¢(w) =

mimseo — 1. Then,

01><1 Imz—l

A1: AQZ )

y O1x1

and

Om 1
2—1xmi—1
Cl - 02 —

1 0m1_1Xm2_1

It follows that
t1my 0

A+ MC, = : I, 1

tm1m2
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Ay + M Cy= | I,
0 L,
and hence det(A; + MCy) = det(Ag + M'Cy) = tim,.
Example 7.2.2 (The codimension 2 strata). Consider the case where ¢(w) =

mymsy — 2. Then either

1 j=my—1

j—m2 me+2<j<g

wi(j) =94 j+m 1<j<my—2 (7.3)

g—1 J=mq

W J=ma+1
or
(1 J=mgy
2 j=mo+1
wi(j) =19 j—my my+3<j<yg (7.4)

Jtmp 1<j<my—1

L 9 J=my+ 2.
Note that w; can only have the form of (7.3) if my > 1. Suppose that w; is as in

(7.3). Then
tim, 0
Al + MCl = Iml—l

tmlmQ
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tll 0
[m272
AQ —|— MtCQ -
tlmg—l 1
0  ty, O

and det(Al + MC’l) = — det(A2 + MtCQ) = t1m2~

Similarly, suppose that w; is defined as in (7.4). Then

0 tim, 0
1 tom, 0
A+ MCy =
Im1—2
0 tmyms
t11
A2 + MtC2 - Imz—l
0 t1my

and hence det(A; + MC}) = —det(Ay + M'Cy) = —t1,,.
Example 7.2.3 (The codimension 3 strata). Assuming that m;ms > 3, there

exists at least a codimension 3 stratum. For w € YW such that ¢(w) = mymsy — 3,
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either

wy(j) =
giving
Lims 0
A+ MC, = : I, 1 | >

tmlmQ

j:m2—2

jJ—my me+2<j<g

Jtmp 1<j7<my—3

g—2 j=mg—1

g—1 j=m

Y J=ma+1
Ay + M'Cy =

and det(Al + MC’l) = det(A2 + MtCQ) = t1m2;

(

1

2

J=my—1

J=ma+1

J—ma me+3<75<yg

J+mi 1<j<my—2

g—1

J =ma

J=mg+2
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b

Limy—2
timy—1

tlmg




giving

0 tim, 0 ti1 0
1 Img—?
A+ MCh = ) Ay + M'Cy = )
0 - time—1 1
0 timyms 0 tim, O

and det(A; + MCy) = det(Ay + M'Cy) = —typ,; or

1 J=my
2 j:m2+1
wi(j) = (7.7)

J—my me+4<j<g

Jg+mp 1<j<my—1

| 9 J=ma+3
giving
0 0 tim, 0
1 0 tom, 0 li
A+ MCL={0 1 tsn, 0 ) A+ M'Cy = Y
0 : I, 3 0 tim,
0 0 Zmyme

and det(/h + MC’l) = det(Ag + Mt02> = tlmg-
Note that the w in situation (7.5) can only occur if my > 3, (7.6) can only

occur if my > 2, and (7.7) always occurs as long as myms > 3.

195



Proposition 7.2.4. When p splits in K, the partial Hasse-invariants hy, he over
M both vanish to order one on the non-ordinary locus, and the intersection of a

connected component of M with the non-ordinary locus is irreducible.

Proof. Example 7.2.1 immediately gives vanishing to order one.

Let C be the intersection of a connected component of M with the almost-
ordinary E-O stratum, and let Z be the closure of C'. Then Z is precisely the zero
locus of hy and hy on C'. Indeed, it is the zero locus of hihs, a global section of
det(E)P~!. But det(E) is ample, so Z is connected [Har77, Cor. I11.7.9].

Suppose that Z decomposes into irreducible components 71, ..., Z,, where
n > 1. We may assume that Z; N Zy # (). Since the almost-ordinary (open) E-O
stratum is smooth over k by Theorem 3.3.2, Z; N Z5 is codimension one in Z.

Let z be a generic point in this intersection—then there is a w € /W such
that z € V" where ¢(w) = mymy—2. By Example 7.2.2, the local equation defining
Z in k[|t;;,1 <i<my,1 <j <my|] at z is £t1,,, and Z is smooth at z. But then
it follows that Z; N Z, has codimension at least 2 and therefore must be empty.

Therefore Z is irreducible. O

Example 7.2.5 (The almost-core stratum). Here, the matrices depend on the

relationship between m; and msy. When my > msy, it follows that

tn 0 tlg c. t1m2
Om m1—ma—1 t21 0 t22 s t?m
Al + MCl _ 2 XMy 2 2
]m1—m2—1
0 tmar 1 g2 oo togms
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Ay + M'Cy = (tij) <ijcmy-

Then

det(A1 + MC’l) = (_l)mz(m1—m2)+1 det(A2 + MtCQ)

= (=1)m20mmm2t det ()15, <my-

On the other hand, when m; = my = m,

0 t12 e tlm tll e tm—ll 1

0 t22 . t2m t12 ‘e tm712 O
A+ MCy = | ' Ay + M'Cy =

1 tme -0 tam tim -+ tmeim O

and

det(A; + MC,) = det(Ay + M'Cy)

= (—1)m71 det (tij)1§z'§m—1~

2<j<m
Example 7.2.6 (The core stratum). In this case, w; = ws is the identity element,

and it follows that there is no my; + 1 < k < g such that wy(k — my) =k —my <

my + 1. Thus A = 0. On the other hand,

Omgxml —ma2 Omz Xm2

Alz )

Imlfmg 0m1 —ma2 Xmsa

Cl = (Omgxml—mg ]m2) ’
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I,

Cy =

Oy —ma xma

It follows that
Ormgxcmy —mo
A+ MC, = M|,
Ty —ms
and
A+ M'Cy = (tij)igi,jgmg'

Then,

det(A; + MCY) = (—=1)m=m2m2 det( Ay + M'Ch)

= (=1)™FI™2 det ()11 j<ms.

These last two examples can be summed up by the following corollary.
Corollary 7.2.7. The vanishing locus of the partial Hasse-invariants on the
core and the almost-core locus are given locally formally by the same equation,
det(tij)1<ij<m,- Thus, the non-ordinary locus is locally irreducible on the core and
almost-core strata. Furthermore, it is smooth at core or almost-core points if and
only if mg = 1.

The previous corollary together with Proposition 7.2.4 shows that the closed
almost-ordinary stratum is a smooth irreducible curve in the case of GU(2,1).
Remark. In the low-dimensional situations that we’ve calculated, the determinants
of the Hasse-Witt matrices have been determinants of square matrices in the ¢;; for

all of the E-O strata (except for the ordinary stratum). It seems probable that this
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phenomenon continues which would imply that the non-ordinary locus becomes
nonsingular by moving down the poset diagram of E-O strata until the E-O strata
are reached where det(H;) becomes the determinant of a two-by-two matrix. This
will not happen when my = 1, so we expect that the non-ordinary locus is also
smooth when my = 1.

7.2.2 pinert in K

In the case when p is inert in K, the construction of p is more involved as F'
and V on D take D; — D, 1, so that neither D; is ever a sub-Dieudonné module
of ©. In order to obtain u : D — DY, we'll follow the general notion of [Moo01,
Section 5.7] as adapted to this context.

Recall the terminology of Section 6.1.1 on complementary elements and
canonical fragments. In particular, the complementary element v of w = (wy,wsy) €
JW, is the permutation defined by v; = wowo(J;)w;, and a canonical fragment,
for v; is a maximal interval (j,j'] € 1,...,g such that v}'((j,j']) where v} =
Uyn-1() O ... O Uy(;) © v; stays an interval for all n. For a fixed i = 1,2, {1,...,g} is a
disjoint union of the canonical fragments of v; by Proposition 6.1.9.

Let

o ={(i,I) | i€ {1,2},1 is a canonical fragment for v;} .

Fora = (i,I) € o then v(a) := (i + 1,;(I)) and @ := (i + 1,1) where
(n,n] := (g —n', g — n]. By Proposition 6.1.9, v(a) and @ are also elements of <7,
and &7 decomposes into a disjoint union of orbits under v. If O is an orbit of &7,

then recall that O is called self-dual if O = O := {a@ | a € O}.
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Write
Cie :0=Cij, CCij, &...CCiy=TD;

—=

for the canonical filtration of D, that is, the decomposition of the coarsest F,

V~lstable symplectic Og-flag of D. Then for a = (i, (n,n’]) € &, define
Ba = Oi,n’/ci,n+1

which has a naturally ordered basis {e; 41, ..., €;n }. Observe that since a = (i, )

where [ is a canonical fragment for v;, there is a o-linear isomorphism
B, — Bv(a)

induced by either ' or V! that preserves the ordering of the basis elements as v;
is order preserving on canonical fragments (see Corollary 6.3.5).

We can now define a form ¥ on D by specifying its values “block-by-block” as
W, : B, x By — k for all a € . For each self-dual orbit O of <7, let 2s be the
length of the orbit O. Then define constants c¢(a) € Fes such that c¢(a)?” = —c(a)
and c(v(a)) = c(a)?, so that c(a) = —c(a) for all a € O. If a = (4,1) is not in a
self-dual orbit, then set c(a) := (—1)"*1. Finally let ¥ be the direct sum of forms

U, : B, X B; — k defined by the matrix
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These matrices are given in terms of the ordered bases for B, and B;. By [Moo0l,
Theorem 6.7], ¥ induces the desired self-duality u : D — DY uniquely up to

isomorphism. If (i,5) € a = (i, (n,n']) set 7> :== g —n —n+j . Then

Uleis eirp) = cla)
and hence
pleiy) = C(a>€;/+1,jb'
Next we need to a find a transformation of the basis {e;; | 1 <i,j < g} for D
into a symplectic basis for D with respect W. This can by done orbit-by-orbit.

Suppose that O is a self-dual orbit of &7 of length 2s. Fix ag = (1,1) € O as a

base point for the orbit. Then there exists as x(ag) = = € k such that
xr = —x, (—1)fza? c(ag) = 1 (7.8)

(potentially adjusting c(ag) and c(a) for a € O). Indeed, starting from an = that

. 2s
satisfies 2" = —zx,

S

c = ((=1)*za? cag))*” = (—1)°z2” c(ag) € Fps

as c(ag)?” = —c(ap). Replacing c(v™(ag)) by ¢ c(v™(ap)) and x by cx(ag) gives

the desired result. Define constants for all of a € O by setting

n

(a) := (=1)"z(ao)”

where a = v"(ag) for 0 <n < 2s—1.
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Then for 1 <n < s,

n

z(v"(ao))z(v™(ao))c(v"(ao)) = (x(ao)x(do)c(an))” = 1.

and for s +1 <n < 2s, v"(ap) = v" *(ag), and

n

z(v™(ag))z(v™(ag))c(v™(ag)) = — (x(ag)z(ag)c(ag))’ = —1.
Finally for a = (1,1) € 7, such that a = v"(a,) define

1 0<n<s—-1
g(a) = :
-1 s<n<2s-—1

Set e(a) =1 for alla = (2,1) € <.
If O is not self-dual, set e(a) = z(a) = z(a) =1 for all a € O.
Lemma 7.2.8. The basis {b;; = e(a)x(a)e;; | (i,7) € a,a € &/} is a symplectic
basis for U such that
W(byj, by p) =1 =—=U(by,b1;)

for1 <j<g.

Proof. By definition, for (i, 7), (i, k) € a,

V(e(a)r(a)e,e(@)r(a)e; ) = Yale(a)z(a)es;, e(@)x(a)e; i)



Therefore, we need to show that
g(a)e(a)z(a)z(a)c(a) =1

for all @ € o/ such that a = (1,I). This is immediate if @ is not in a self-dual orbit

as

On the other hand, suppose that a is in a self-dual orbit O with base point ag

and length 2s. Then a = v"(ag) for some n. If 0 <n <s—1, then,

—_—~——

e(a)e(a)z(a)z(a)e(a) = z(a)z(a)e(a) = x(v"(ao))x(v"(ao))c(v" (ag)) = 1.

Likewise if s <n <2s-—1

e(a)e(a)z(a)z(a)e(a) = —x(a)z(a)c(a) = —x(v"(ao))z(v™(ao))e(v"(ao)) = 1.

O
The preceding discussion and lemma can be summed up in the following
proposition.
Proposition 7.2.9. The basis B = {e1,...,eg; f1,..., fy} for © defined by
2
o) = —p(z(a)ey ;) wy () < my (79)

pe(a)z(a)er ;) wi(j) =mi+1

furts = pe(a)z(a)er;) — wi(f) <my (7.10)
p(x(a)es ;) wi(j) > my +1

\
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where (1,7) € a is a standard symplectic basis for ® such that ©, =
{e1, . s emps frnst s fo} and Do = {f1,.. ., fors €mit1s-- -, €g}. In other
words, B is a displayed basis for ®.

Finally, recall the notation from Section 2.2.5 where the matrix of the display

of ® with respect to B has the form

0 A B1 O
A B A, 0 0 B
C Cy 0 0 Do
0 Ci Dy O
0 M
Setting M = (t;;) for 1 <i < m; and 1 < j < my, so that T = gives
Mt 0
the Hasse-Witt matrix,
0 A+ MCy
H=A+TC= (mod p).
Ay + MO, 0
The matrix H - H? corresponds to F? and
H1 0 (Al +M01)(A2+Mt02)p 0
H-H? = -
0 H, 0 (Ay + M'Cy)(Ay + MCh)?

Then the vanishing of det(H;) coincides with the vanishing of the partial Hasse-

invariant h;.
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Example 7.2.10 (The almost-ordinary stratum). The almost-ordinary locus

corresponds to the element (wy,wsy) where

(
7+ my 1<i<my—1

J—mip1 mip1+2<j5<g

1 J=min

g J=mi1+ L

\

Recall that wg(J;) is the element
wo(J;)=[m; ... 1g ... my+1].
Its complementary element is
v; = wowo(J)w; = [1...mu — L mipr + 1 mipy mysa. .. g],

with the appropriate meaning when my = 1.
As was seen in Chapter 3, there are 3 different situations to consider depend-
ing on the difference between m; and ms:
e my —mo > 1,
e My =my =1,
& M =my; = mes.
Each of these cases will be considered in turn.
Begin with the case when my; — msy > 1. There are 5 orbits of canonical

fragments if my > 1 and 3 orbits when my = 1. The orbits

(0,my — 1]—25(0, my — 1]—=25(0,my — 1]
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and

(ml + 1ag]i>(m1 + 179]&<m1 + 17g]

only appear when mo > 1. These two orbits are dual to each other. The next two

orbits have length 4 and are also dual to each other:

(me — 1, mQ]L(mg, me + 1]L>(m2,m2 + 1]L>(m2 — 1,mg]ﬁ>(m2 —1,mg]

(m1 - 1,m1]i>(m1 - 1,m1]i>(m1,m1 + 1]L(m1,m1 + 1]i>(m1 - 1,m1].

Finally, there is an single self-dual orbit, given by:

(my +1,my — 1]—2=(my + 1,my — 1]—2>(my + 1,my — 1].

Let z, ¢ € k satisty

o & =—c

N ——

o —xxPc=1.
Then letting ag = (1, (mg + 1,m; — 1]) to be the base point of its orbit, set
z(ag) = x, x(a) = —aP, c¢(ag) = ¢ and ¢(ay) = —c. For all a = (i, ) in the other

orbits, set c¢(a) = (—=1)""! and z(a) = z(a) = 1.
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Then {ey,...,ey f1,..., fy} gives a displayed basis for © where

/

—p(€2,m,+1) j €(0,1]
(2Pe2 jm,) j € (1,my —my —1]
—p(€2,ms+1) j € (m1—ma—1,m1 —my
€ =9 —ple2m,) J € (my —mg,mq —my + 1]
— (€2 tmy—mi—1) J € (M1 —ma+1,m]
p(€1,j-m, ) j € (mi,g—1]
| Hlermso+1) j€(g—1y4
[ o) 7€ (0.1]
p(xerjrm,) J € (L,my —mg — 1]
11(€1,m,) J € (my—mg—1,my —my]
fi=19 mlerm1)  J € (my—ma,myg —my+1]
(€154my)  J € (M1 —ma+1,m]
plezjr)  J € (mi,g—1]
pleam)  Jj€(g—1.g)
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F(e;) is given by

— fimi—me
—fj
—e,
Fle)) =4 —f;
€j+ma—1
€j—ma+1
€my—ma+1

(
(
(
Jj € (my —mao,mq —mg + 1]
(m1 —ma +1,m]
(
(

Writing M = (t;;), the Hasse-Witt matrix for the almost-ordinary locus has the

form
O(m1—m2)><m2
0 co 0 —1
Al —l— MCl - Al - 0
_ImQ—l
0
and
_t(m1*m2)1 0 _t(m17m2+1)1
(tij)t 1<i<mg Im2—1
A2 + MtC'2 = 2<j<mi—ma—1
0
_t(ml—m2)m2 —1 _t(m1—m2+l)m2 0
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It follows that

O(ml—m2)m1
p p p
(m1 7m2)m2 _t2m2 T _t(ml 7m271)m2 1 0
H, = tz(7m1—m2)1 _(t?j)t 1<i<ma—1 0
2<5<m1—ma—1
—Im2,1
p
(1 —ma)(ma—1) 0
and
t(ml—mg—l-l)l
H2 = _Img—l
0 t(ml—m2+1)m2
When mgy = 1, this simplifies to
0(m —1)xm
H, = ' ' ) Hy = (tmﬂ)'
p p p

In both cases for my, det Hy = (—1)™2 ", —my+1)m, and there are zero rows in
H,. This is consistent with the result that h; = 0.
Now suppose that m; = my+1. Then there are 3 orbits of canonical fragments

in general and one orbit if (m, mg) = (2,1). The orbits

(0,my — 1]—25(0,my — 1]—25(0,my — 1]

and

(ml + 179]L(m1 + 1,g]i>(m1 + ]-)g]
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do not appear when my = 1. These two orbits are dual to each other. The third
orbit is the single self-dual orbit, given by:

v1

(mg — 1»m2]—>(m27m1]i>(m17 my + 1]L>(m1, my + 1]

v2 v1
_

(mg,ml]—>(m2 — 1,m2]i>(m2 — ]., mg].
Let x, c € k satisty

3
o —zxzPc=1.

Take ag = (1, (ma2 — 1,ms]) to be the base point of the self-dual orbit. Set

z(ap) = x and ¢(ag) = c. Then set z(a), c(a) and (a) for the rest of the orbit

accordingly. Note that € ((1, (mg2,mq])) = —1. For all @ = (7, I) in the other orbits,
set c(a) = (—1)"*! and e(a) = z(a) = z(a) = 1.
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Then a displayed basis B = {e1, ..., €, f1,..., fy} for © can be defined by

(

M(Ip3€2,m1+1) j € (0,1]
p(aesm,)  j€(1,2]
ej =19 —pleaja)  J€(2,my]
w1 j—my) j € (mu,g—1]
| —u(@? erm) jE(g—1,4]
( p(zer m,) J €(0,1]
par e my 1) J € (1,2]
fi=19 nlerjrms) Jj € (2,m4] ’
fi(€2,5+1) Jj € (mi,g—1]
| —t(@Pesm) e (g—1ag

and F'(e;) is

_€j7m1+2 j €

(

(
F(e)) =8 —€jimp1 j € (2,m4]

(

(
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Writing M = (t;;), the Hasse-Witt matrix for the almost-ordinary locus has

the form
0 0
0 0 -1
Al + MOl - Al - O
_[mgfl
0
and
0  —tx
t _Img—l
AQ + M CQ -
0
-1 —tom, 0
It follows that
0 0 0 0
1 tgm 0 0
Hi=10
Imgfl
0 tg(mgfl)
and
to1
H2 = [mzfl
0 ... tom,

Again, H; has a zero row, and in this case det Hy = to,,.
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Finally suppose that m = m; = my. Then there are 4 orbits.

dual to each other:
(0,m — 1]—>(0,m — 1]—2>(0,m — 1]

and

(m+1,9]—>(m+1,9—>(m+1,g|.

The other two orbits are self-dual and given by:

and

(m,m + 1]—=>(m — 1, m]—=>(m,m + 1].

Let z, c € k satisty

o ¢ =—¢

2
o — 1P c=1.

The first two are

Take ap = (1,(m — 1,m]) and (1, (m,m + 1]) to be the base points of their

respective self-dual orbits. Set z(ag) = x and ¢(ag) = ¢. Then set z(a), ¢(a) and

e(a) for the rest of the orbit accordingly. For all @ = (4, I) in the other orbits, set

c(a) = (—=1)"! and e(a) = z(a) = z(a) = 1.
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Then ® has a displayed basis where B = {ey, ..

€; = <

fi=1
F(ej) is then given by

F(e;) =

v€gi f1,- .., f4} is defined by
plerj—m)  J€(m,g—1]
zPes m € (0,1
H( 2, +1) J ( ] (7.11)
p(rermyr) J€(g—1,9]
—p(e2,-1) j € (1,m]
plezjr) € (m,g—1]
TE1m € (0,1
p(zerm) J €(0,1] (7.12)
—p(2Perm) j€(9—1,9]
pler,,) j € (1,m].
( .
_fl J € (07 1]
—Cji+m—1 J € (Lm]
—€jmy1 J € (m,g—1]
L _fg je(g_Lg]

The Hasse-Witt matrix for the almost-ordinary locus when m = m; = ms has

the form

A1+M01:

0O ... O

_tlm

m—1
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and

—tn
AQ + MtCQ — —dm—1
—t, O .0
Finally,
thtl 0 ... 0
1 + ttom
H1 = [mfl
o1y T Umton—1)m
and
0 ... 0 ity +1t,
tiotime + th,,
Iy tigtime + thy,
Hy = !

tim—1)time + thy,

tp-‘rl

im
In this case, det Hy = (—1)" " det Hy = (—1)"" 1241,
The results from the previous example can be summed up by the following
proposition.
Proposition 7.2.11. When my; > msy the Hasse-invariant vanishes to order one

on the almost-ordinary E-O stratum, however, when my = msy, the Hasse-invariant

vanishes to order p + 1.
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Example 7.2.12 (The almost-core stratum). The almost-core locus corresponds

to the element (wy,ws) where
m;+1 7=m
wi<j): m; j=m; +1
Ji otherwise.

Then the complementary element v where v; = wowy(J;)w; of w is given by
vi=mgpr+1mig+2 ...9g—11g2...m4].

There are two distinct situations to cover, when ms > 1 and when my = 1.
First, suppose that my > 1. In this case there are four orbits and two different

kinds of orbits:

(0, 1]L><mz'+17mz‘+1 + 1]E>(9 - 179]l>(m1;+1 -1, miﬂ]ﬂ)(o’ 1]

and

Vi+1

where we are starting from a canonical fragment of v;. The two orbits of length
four are dual to each other, and the orbits of length two are self-dual.

Let

%(1) ={(s,1)| I € {(0,1], (m; — 1,my], (m;,m; +1],(g — 1, 9]}}
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be the canonical fragments for v; whose orbits are not self-dual. Then for a € %(1)7

ae g%fj{ and v(a) € Wﬁi Let

D ={G, )| Te{(,m—1],(m;i+1,9—1]}}

1

be the canonical fragments for v; whose orbits are self-dual.
For a € " set c(a) = 1, ¢(@) = —1, and e(a) = 2(a) = x(a) = 1. For

a€ 52/1(2), set ¢(a) = ¢ and z(a) = z where z and c satisfy,

o ¢ =—c
o 2 = —g
o rPrc=—1.
Then c¢(a) = ® = —cand z(a) = —aP for a € %(2). Choose base points

ap € {(1,(1,my —1]), (1, (ma + 1,9 — 1]) } for the two orbits of length two. Then

there are no elements a = (1,1) € & such that ¢(a) = —1.
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The following gives a displayed basis for ©. For (1,7) € a = (1, 1),

(

ieny) G E(0,1]
:U/(xpe?,j-l-mQ) JE (17m1 - 1]
_M(e2,m2> ] € (mb my + 1]
Cwi(j) = .
p(e1my) j € (my —1,my]
(e ;) j € (mi+1,4]
| #lerg) j€(g—149
(
p(ern) j €(0,1]
plrer) G (lmi—1]
(e1,my41) j € (my,mq +1]
furti) = ‘
,u(eQ m2+1) JE (ml - 1>m1]
:u(_x 62]—7711) je (m1+1ag_1]
1(e2,1) j€(g—1,4
This means that
)
€mi+1 ] € 07 1]
—fi g€ (m —1,m]
F(e;) =
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It follows that H is given by

tlmg
H, = M, Y1
tmlmg €1 21
where
mi1—1
_ E p p
= 1<i<mi—1
e 22j2mi—1
mi—1
= E : P p p
.131 — tmlnt]n - tm1m2tj1 + tjm27
n=2
mi1—1
= p+1 p
Y1 = E tin = Limy 11,5
n=2
mi1—1
_ p+1 _ D D
1 = tm1n t1m2t11 + tlmg‘
n=2
and
29 Ty t1
Hy =1 92 M,
tlmg

219



where

mi1—1
A@::((E:uﬂm)+¢th>
1<i<mq—1
2<j<m1—1
Ty = ( nl%) +tuty, ; —

:Ij2 - - ( tnztflmg) - tlztmlmQa
n=2

mi1—1
2o = ( tnltim2> + tlmg tlltzr)nlmz

n=2

Now consider the case where my = 1. Then

v=1[023...9g—11g...mi],

vo=1[1¢g2...9—1],

There are two different orbits of canonical fragments here:

vl v2 v1 v2

(0,1]

(9-1,9]—=(g — 1,9]—>(g9 — 2,9 — 1]—=(0,1]—(0, 1]

(1,2]

and
(1g—2—>(2,9 - 1]—>(1,9 - 2]

where in each case we are starting from a canonical fragment of v;. Both orbits are

self-dual. Let y,d € k such that
o & =—d
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o —yyP’d=1
and let x, c € k such that

o i’ =—¢

o —xxfc=1.
For ay = (1,(0,1]) set z(ag) = vy, c(ag) = d and x(v"(ag)) = (—1)"y?" for
1 <n < 5. Similarly, c(v"(ag)) = dP" for 1 <n < 5. Likewise, for ag = (1, (1,9 —2])
set x(ag) = x, c(ag) = ¢, which determines the values of z(v(a)) = z(a) = —zP and
c(v(a)) =c(a) = —c.
The following gives a displayed basis for ©.

/

pyesg)  je(0,1]
) = w(axPeg 1)  j€ (1,92
pyerg 1) jeE(g—1,9
| v ean)  jE(9—2.9—1]
( p(yer) j € (0,1]
;= plzer;)  jE(lg—2]
p(—yPesn) j € (9— 1,9
pyeny) JeElg—29-1]
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Consequently,

Since my = 1, the matrix M = (¢;;) consists of a single column, so write

t] = tlj Then
A+ MC, = (0,...,0,1)t

and

Ay + M'Cy = (1, —tg, —t3,...,—t,1,11).
Therefore,

0

Om -1
Hl = ' 5 HQ - (tl)
0
1 —tﬁml —tﬁh t’f

Example 7.2.13 (The core stratum). Here w; is the identity element, and

(5 :wowo(JZ') = [mi+1 +1 ... gl ...mHl].
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The orbits of the canonical fragments of v; are given by:

(07 ml] L> (mQa g] L (07 ml]

(m17 g] L (07 mQ] L (mh g]

meaning that the canonical fragments of v; are (0, m;] and (m;, g]. Both orbits
have length 2 and are self-dual.

Let A; ={a € o/ | a= (i,I)} and choose the base points to be the elements of
A;. Then set c¢(a) = ¢ and x(a) = z for a € A; where z and ¢ satisfy,

o &’ = —¢

o Prc=—1.
This determines the values of ¢(a) and z(a) for a € A,. Since the orbits are both

of length 2, e(a) =1 for all a € &7. Thus, © has a displayed basis where

4
M xpel' m .] S mq
ej _ ( J+ 2) (713)
p(zer ;) Jgzm+1
4
ey ; J<m
fi= (wesa) (7.14)
\ —p(rPesjm,) J=>mi+1
and
—pu(zey ;) Jj<m —fi g <m
F(e;) = _ = ‘
parerjm) Jj=mi+1 —fi J=zmi+1
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Therefore, the Hasse-Witt matrix has the form: H = A+ TC = —T. It follows

that
H = T(T7) (M(Mt)P 0 )

0 Mt(M)P

Since M = (t;;)1<i<m,,1<j<m, there is not a particularly simple description in
general for the determinants of the H;. However, when m; = mg, the matrix M is
square and we see directly from the matrices that det H; = det Hs.

Fortunately, the case where my = 1 is easy enough to describe, as M is a
single column. Writing ¢; := t;; gives

Hy = (tt")1<ijem,  Hy= ( > t?“) .
1<j<ma

Now, all the rows of H; are linearly dependant as dividing the i*" row of H; by t;
gives the same result for all 1 < ¢ < my, once again confirming that det H; = 0,
and locally formally the non-ordinary locus is cut out by the equation of a Fermat
hypersurface

Bt et =0,
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Chapter 8
Conclusion and future work

In this thesis, we have extensively studied the Ekedahl-Oort stratification of
unitary Shimura varieties. By describing the Weyl group coset YW that classifies
the E-O strata as a subset of S, x S;, we were able to characterize many properties
of the stratification combinatorially. This had the immediate consequence of
allowing us to demonstrate the symmetry of the stratification under complex
conjugation on M in case m; = ms, and to count the number of strata of a given
dimension. It then followed that not only are there unique strata of dimension 0
and mymsy (the core stratum and p-ordinary stratum respectively), but there are
also unique strata of dimension and codimension-one, corresponding to the almost-
core and almost-ordinary strata. By giving models for the Dieudonné modules
based on the corresponding element in W (following [Moo01]), we calculated
invariants such as the a-number and f-number. This showed that generally,
when p is split in K, the core stratum is not superspecial, and there is no way
to distinguish the core stratum from the almost-core stratum based on standard
invariants. We also gave models for the p-torsion groups schemes of the special
strata of interest, which allowed us to describe in detail both the most generic and
most degenerate behaviours of the strata throughout the course of the thesis.

As the points in the core strata where p is split were unlike the core strata of

other Shimura varieties examined in previous work, we had no immediate models
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for the core points in terms of well-understood abelian varieties. In order to tackle
this problem, we showed how to explicitly derive the E-O stratum of the reduction
of a CM point from its CM type in a general setting. This allowed us to give
concrete examples of abelian varieties that lie in given E-O strata, including the
mysterious core stratum of the Shimura variety when p is split.

The study of the E-O stratification would not be complete without also
comparing it to the Newton stratification—that is, comparing the p-divisible
groups and p-torsion group schemes of the abelian varieties on the moduli space.
In the case where p is inert, we demonstrated the relationship of the special
E-O strata with the Newton stratification using the models for their p-torsion
group schemes. In the case where p is split, we effectively computed the map
B(G,p) < W from [VW13] that takes a Newton stratum to the minimal E-

O stratum contained within it. This showed that the core stratum is not even
supersingular (unless m; = msy). In low dimensional examples we saw that the
calculation of the map B(G, u) — ‘W and the closure relations on E-O strata
completely determined the relationship between the Newton and E-O strata.

In order to understand the cycle classes of the E-O strata, we then con-
structed a flag space F; over M using the de Rham cohomology. A crucial
combinatorially calculation showed how to construct a complete symplectic flag
extending the Hodge filtration (together with its corresponding Weyl group ele-
ment) from a flag extending E; C H;, which allowed us to take advantage of the
techniques of Ekedahl and van der Geer from the Siegel case [EvdG09]. We showed

that the map JF; — M takes strata to strata and is isomorphic to a map from
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GL,/B — GL,/P locally in the étale topology. As a consequence, we showed that
the maps between strata are finite étale surjective maps. In the future, this will
allow us to study the cycles classes of E-O strata in the Chow group by pushing-
down cycles of closed strata in ;. Furthermore, the cycle classes of the closed
E-O strata can be written in terms of Chern classes of the Hodge bundle and
consequently lie in the tautological ring. This is a topic that we intend to pursue
further in future work.

Finally, we calculated the deformation of the Hasse-Witt matrices over the
special E-O strata in order to study the Hasse-invariants via local equations giving
results on the geometry of its vanishing locus—the closure of the almost-ordinary
stratum. These calculations show that the (partial) Hasse-invariants vanish to
order one on the almost-ordinary stratum. When p is inert in K we show that
the vanishing locus of the Hasse-invariant is locally formally cut-out at the core
points by the equation of a Fermat hypersurface when ms = 1. Furthermore, in
the case where p is split in K we show that the non-ordinary locus is not only
connected, but irreducible, with the corollary that the non-ordinary locus for a
Shimura variety coming from the group GU(2, 1) is a smooth, irreducible curve.

There are two main directions we intend to pursue in future work. First,
we would like to continue extending the program of Ekedahl-van der Geer in the
Siegel case to both unitary Shimura varieties and Hilbert modular varieties. We
hope to obtain similar results such as irreducibility of many of the E-O strata. We
will also provide formulae for the cycle classes and expect to be able to use these

calculations to determine the number of core points on unitary Shimura varieties.
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Another direction is to examine the action of the prime-to-p Hecke operators
on the E-O stratification. We expect that phenomena similar to the Siegel and
Hilbert modular case will arise when studying the effect on the core stratum,
with applications to mod p modular forms as well as expander graph theory. This
thesis gives a good foundational understanding of the core E-O stratum of unitary
Shimura varieties—one previously missing from the literature—enabling the study
the Hecke action on the core stratum of unitary Shimura varieties. Along the same
lines, we will also study the prime-to-p Hecke operators on the entire stratification,

as in the work of Goren-Oort on Hilbert modular varieties [GOO00].
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a-number, 12
almost-core locus, 52

almost-ordinary locus, 53

Barsotti-Tate group, see p-divisible

group

basic stratum, 106

Bruhat order, 32

canonical decomposition, 166
canonical domain, 151
canonical flag, 165
pair of canonical flags, 166
canonical fragment, 155
dual, 158
canonical type, 167
chain, 106
maximal, 106
CM
CM field, 83
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CM pair, 83

CM type, 83

primitive, 83
complementary element, 153
complex multiplication (by £, 83
conjugate flag, 161

pair of conjugate flags, 161
core locus, 40
Coxeter group, 32

length, 32

reduced word, 32

Coxeter system, 32

determinant condition, 9

Dieudonné module, 17
dual, 17

displayed basis, 26, 188

displayed matrix, 26

Ekedahl-Oort (E-O) stratum, 39



f-number, 12

Frobenius

absolute Frobenius morphism, 10

relative Frobenius morphism, 11

Hasse invariant, 186
(total) Hasse invariant, 186
partial Hasse invariants, 186
Hasse-Witt matrix, 26
height 1
height 1-hull, 177
height 1-isomorphic, 177
height 1-neighbourhood, 177
Hodge bundle, 159, 184
Hodge flag, 160, 161
complementary, 160

complementary pair, 160

isocrystal, 21
height, 21
isomorphism, 21
slope sequence, 23
isogeny

Z(Xp )-equivalence class, 9
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level structure, 10

p-ordinary stratum, 40, 106

n-torsion group scheme, 12

Newton map, 102

Newton point, 105

Newton polygon, 23, 103
symmetric, 25

Newton stratum, 105

non-ordinary locus, 183

opposite, 166

orbit, 157
dual orbit, 158
pair of dual orbits, 158
self-dual, 158

ordinary, 13, 25

p-divisible group, 15
determinant condition, 16
dimension, 15
distinguished, 117
dual, 15
height, 15

homomorphism, 15



isogeny, 15

quasi-isogeny, 16

Serre dual, 15

slope sequence, 23

with Z-structure over S, 16

PEL Shimura datum, 6

reflections, 32

reflex field, 8

relative position, 37, 38

relative position < w, 161
relative position (<)(wy,ws), 162

relative position w, 161

Shimura datum, 6
shuffles, 34

simple reflections, 32
slope, 23, 103

multiplicity, 23
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standard parabolic, 36
strata, 31, 166
stratification, 31
stratified space, 175
diagram of stratified space, 175
morphism of stratified spaces, 175
supersingular, 25

superspecial, 13
type, 37

unitary (mq, mg) modular form mod p
of weight x% over R, 184

unitary PEL Shimura datum of
signature (my, ms) with good
reduction at p, 6

universal deformation ring, 25
Verschiebung morphism, 11

weight homomorphism, 8



a, 199
Ao(ml, m2), 65

B, 6

B, 37

6], 101

B, 200
B(G), 101
B(G, 1), 101
BT, 37

C., 38
C,, 84

D, 18
D, 18
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2,6

dg, 86
Dgq, 86
D,, 164
Dy, 17

Ey, 8

f(G), 12
Fr, 11

G, 8

G, 8

G, 6

g,9

I, 102

I',, 104
GU(my,ms) , 6

h, 6
H>, 24



(i, (n,n']), 155

47, 201

Kk, 12

k, 12, 31, 88
kg, 103
k(p), 10

A, 6
N, 104
<, 32
<y, 35

l(w), 32

M, 10, 88

w, 100

mq, 6

Mo, 6
minF(w), 60
minF;(w), 60
P,y 8

P, (1), 139

N(G), 102
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AO(ml, mg), 68
v, 102
Vi, (t, 1), 139

ve, 102
O, 6

Tl(G), 104
Py, 36
b, 6

Wo, 33
wo(J), 153

Wo,J, 33



W, 8
Wy, 33
TW, 33

w’, 134
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