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Abstract

Placing observational limits on cosmic strings would provide important con-
firmation of or constraints on early universe models. Cosmic strings imprint
the cosmic microwave background (CMB) with a distinct position space signa-
ture, leaving line discontinuities in the temperature maps due to a combination
of gravitational lensing and the Doppler effect. To improve theoretical obser-
vational constraints, I wrote sky map simulations with and without cosmic
strings, edge detection and counting algorithms, and programs to differentiate
statistically between the ambient edges due to the inflationary background and
the string signals. Our application of position space algorithms, specifically
the Canny edge detection algorithm, was highly successful and allowed us to
establish improved limits, by more than an order of magnitude, on the con-
tribution of cosmic strings to the total fluctuation spectrum from simulated
data.

We extended our analysis of the Canny algorithm to distinguish between
abelian cosmic strings and cosmic superstrings through the presence of three-
string junctions in cosmic superstring maps. To this end, I wrote the first
simulations of maps with junctions and found a disparity in the density of
edges in maps of string networks with and without junctions. This work re-
sulted in a statistic to differentiate between different cosmic string models
including string theory models and models with different numbers of cosmic
strings.

I also modeled the position space polarization signal induced by cosmic
string wakes. Due to the gravity of a moving string, matter falls into over-
dense two dimensional sheets of matter, wakes, behind the string. As photons
propagate through the wakes, they encounter this overdensity of ionized mat-
ter which can polarize them. In our work we placed the first limits on the
CMB polarization signature of cosmic strings including their signature non-

linear structures, wakes, and found they would produce an observable signal
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when used in combination with an algorithm such as the Canny algorithm.
The cosmic string wakes lead to a gradient in the intensity of polarization in
the shape of the wake, greater at earlier positions of the string.

The overdense wakes produced by strings provide more opportunity for the
21 e¢m hydrogen spin flip as well, so we found that cosmic strings wakes can be
observed as three dimensional wedges in maps of 21 c¢m radiation absorption.
Our paper is among the first to study the cosmic string signature in 21 cm

and the first to examine the influence of wakes on the 21 c¢m signal.
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Résumé

La mise en place de limites d’observation sur les cordes cosmiques perme-
ttraient de confirmer, ou a tout le moins de contraindre de fagcon importante,
les présents modeles de I'Univers primordial. Les cordes cosmiques impregnent
le fond diffus cosmologique (ou CMB) d’une signature distincte dans I'espace,
sous forme de discontinuités linéiques dans les cartes de températures. Ces
dernieres sont dues a une combinaison des effets de lentilles gravitationnelles et
de l'effet Doppler. Afin d’améliorer les contraintes observationnelles théoriques,
j’ai écris des simulations de cartes du ciel avec et sans cordes cosmiques, des
algorithmes de détection et de comptages des lignes de discontinuité, ainsi que
des programmes permettant de distinguer de facon statistique les lignes de dis-
continuité produites naturellement dans le contexte de 'inflation cosmique de
celles dues a la présence de cordes cosmiques. L’application d’algorithmes dans
le domaine spatial (par opposition au domaine des harmoniques sphériques), en
particulier ’application de I’algorithme de détection de discontinuités linéiques
Canny, fut tres réussie et nous a permis d’établir des limites améliorées de plus
d’'un ordre de grandeur sur la contribution des cordes cosmiques a I’ensemble
du spectre de fluctuations pour les données simulées.

Nous avons étendu notre analyse utilisant I’algorithme Canny pour nous
permettre de distinguer les cordes cosmiques abéliennes des supercordes cos-
miques en analysant la présence de jonctions de trois cordes dans les cartes
de supercordes cosmiques. A cette fin, j’ai écris les premiéres simulations de
cartes incorporant ces jonctions et ai constaté une disparité dans la densité
de lignes de discontinuité détectée dans les cartes de réseaux de cordes avec
et sans jonctions. Ce travail m’a permis d’élaborer un modele statistique per-
mettant de différencier les différents modeles de cordes cosmiques, y compris
les modeles provenant de la théorie des cordes et les modeles avec différents
nombres de cordes cosmiques. J’ai aussi modélisé, dans le domaine spatial, le

signal de polarisation induit par les sillages de cordes cosmiques. En raison de
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la géométrie spécifique de son champs gravitationnel, une corde cosmique en
mouvement cause ’accrétion de matiere dans des régions de surdensité bidi-
mentionnelles, ou sillages, derriere elle. Lorsque des photons se propagent a
travers ces sillages, ils peuvent étre polarisés par leur rencontre avec la région
de surdensité de matiére ionisée qui s’y trouve. Par notre travail, nous avons
imposé les premieres limites sur la signature possible laissée dans le champs
de polarisation du CMB, en incluant les effets de leur structures non-linéaires,
c’est-a-dire de leurs sillons, et trouvé que ces dernieres produiraient un signal
détectable lorsqu’utilisées de concert avec un algorithme tel que 1'algorithme
Canny.

Les sillages d'une corde cosmique donnent naissance a un gradient d’intensité
dans le spectre de polarisation présent dans la structure des sillages, la polar-
isation étant plus importante aux points les plus reculés dans I’histoire du
déplacement de la corde. Les zones de surdensité produites par les sillages des
cordes donnent également lieu a une gamme d’opportunités concernant la raie
d’émission a 21 cm de ’hydrogene. Ainsi, nous avons découvert que les sil-
lages de cordes pourraient étre observé sous la forme de prismes triangulaires
tridimensionnels dans les cartes d’absorption de la raie a 21 cm. Notre article
est parmis les premiers a étudier la signature des cordes cosmiques dans le
spectre d’absorption de la raie a 21 cm, et est le premier a examiner I'influence

possible des sillages sur ce dernier.
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Chapter 1

Introduction

1.1 Overview

Cosmology is a branch of scientific history — a kind of scientific archaeo-
logical study — delving to unearth artifacts of the early universe. This thesis
strives to ascertain the theoretical signature of cosmic artifacts, specifically cos-
mic strings, which, if discovered, would be of monumental import, conclusively
demonstrating physics beyond the Standard Model. In this thesis we exam-
ine the cosmological traces of cosmic strings from the emerging observational
probes of the Cosmic Microwave Background (CMB) in both temperature and
polarization as well as the 21 cm redshifted spectrum.

Understanding the nature of the universe has fascinated humanity since
humankind’s nascent thoughts. Since the days of the ancient Greek philoso-
pher, Heraclitus [152], the question of the existence of the eternal nature of
the universe has not been answered. Heraclitus believed that an eternal fire
existed, and, perhaps, the relic CMB photons from the Big Bang provide ev-
idence for, if not an eternal fire, the existence of a radiation enduring 13.7
billion years.

We find the roots of cosmology in mathematics, specifically geometry, con-
ceived in Ancient Greek traditions fathered by Pythagoras, which metamor-
phosed into the equally deductive mathematical tenets of general relativity

as brought to light by Albert Einstein. Cosmic strings, proposed artifacts of



symmetry breaking, in fact influence the geometry of space-time which results
in cosmological imprints. Our goal in this thesis is to discern and quantify
these imprints and to create the foundation for future experimental searches
for cosmic strings. Although a discovery of evidence for cosmic strings would
be of paramount importance, strict constraints of their presence would lead to
considerable limits and even the elimination of many popular modern particle
physics models.

We shall begin this journey by an introduction to Standard Cosmology
and string-inspired cosmology, both of which hinge on the geometry of space
and time. We then introduce the conditions, phase transitions, which produce
cosmic strings, present a historical perspective of cosmic strings and their early
role as a competitive theory to inflation, and finally introduce the observational
probes we shall explore in this thesis, namely the CMB in temperature and
polarization and the 21 cm redshifted spectrum. In Chapter 2 we present a
brief introductory background on CMB and 21 cm physics to set the stage
for the four following thesis body chapters presenting original work based on
CMB analysis.

In Chapter 3 we present the original paper [52], in which we describe a
new code to search for signatures of cosmic strings in CMB temperature maps.
This code implements the Canny algorithm, an algorithm designed to search
for edges, lines of steep gradients in images. Through the Doppler effect, cos-
mic string gravity produces such temperature discontinuities in position-space,
which is known as the Kaiser-Stebbins effect. After locating edges, the code
carries out statistical tests to determine if the edges are due to the presence
of cosmic strings. We test the power of our new code to limit the tension of
the cosmic strings by simulating and analyzing the simulated data with and
without the presence of cosmic strings. Our results indicate sensitivities to the
presence of cosmic strings more than an order of magnitude better than those
from previous analyses.

Different models produce string networks with different properties. For ex-

ample, models from string theory, known as cosmic superstrings, often possess



three-string junctions which are generically absent in gauge theory models. In
Chapter 4, we apply the Canny algorithm developed in [52] to simulated maps
with and without junctions. In doing so, we present the first simulations of
a toy model for cosmic superstrings. They were first published in our paper,
[53]. By examining the density profile of edges, we find that we can distinguish
various models of cosmic strings. This includes determining the presence of
junctions as well as distinguishing among models with different numbers of cos-
mic strings per Hubble volume. This distinction is still possible but becomes
more difficult in the presence of the dominant inflationary signal.

Chapter 5, based on [54] gives the first calculation of the CMB polarization
signal due to the nonlinear structures of cosmic string wakes. Moving strings
generate overdense regions, or wakes, in wedges behind the string. In brief, we
find that ionization in wakes results in extra polarization in rectangular patches
on the sky. The polarization signal is largest for string wakes produced at the
earliest post-recombination time and also when CMB photons cross the wake
soon after it begins to form. The nonlinear nature of the wake produces equal
amounts of both types of polarization (E- and B-modes to be defined later),
which is a distinct signature compared to polarization produced by inflationary
perturbations. Cosmic string wakes can produce a polarization of up to 0.06uK
in patches of a degree in scale for wakes laid down soon after recombination
with string tensions of approximately Gu = 107",

In Chapter 6, we consider an emerging observational probe, the redshifted
21 cm spectrum. Following [29], we present the first calculation of the 21
cm signal from cosmic strings including wakes. In this paper we found that
a cosmic string wake, for string tensions corresponding to approximately the
present upper bounds, will possess a kinetic gas temperature of T = 20K and
a differential brightness temperature signalling an absorption of 67, ~ —160
mK when observed at a redshift of z+1 = 30. The 21 ¢cm emission or absorption
from the wake, like the polarization signal, covers a rectangular region on the
sky. Including redshift as a third dimension, the wake appears as a wedge with

the string at the tip.



Finally, in Chapter 7, we summarize our results and suggest related future

work.

1.2 Standard Cosmology

It seems universally accepted that there are three fundamental princi-
ples upon which standard cosmology is based: Hubble expansion, the nearly
isotropic black body CMB, and nucleosynthesis [25]. These principles lead to
the cosmological Standard Model. The questions that demand precise answers
beyond the Standard Model include the nature and existence of dark matter,
dark energy, and origin of structure [58].

In this thesis we shall not be concerned with the nature of nucleosynthesis,
which is the study of the formation and abundances of light elements from
thermonuclear fusion several minutes after the Big Bang. Studies indicate
that theoretical models, based on early densities of baryons, are consistent
with current baryon density measurements in old, high redshift and hence
metal-poor objects, scaled according to the universe’s expansion [58].

The universe’s expansion was discovered in 1929 by Edwin Hubble who
found a proportionality between the radial velocities of galaxies and their dis-

tances from Earth. This relation, dubbed Hubble’s law, can be stated as
v = Hyr, (1.1)

in which H, is the Hubble parameter. In fact, what Hubble found was a

relationship between galactic redshifts and their distance from Earth,

it
o= (1.2)

c

but, when the binomial expansion is performed twice on the relativistic Doppler
shift equation, this reduces to z = = v/c = Hyr/c which implies that
v = Hyr, where v is the radial velocity of the light source and r is the galaxy’s
distance from Earth [153]. The Hubble constant has units of [Hy| = [%] =

kms~'*Mpc! with a value measured in the WMAP seven-year data as of

70.2+1.4 km/(s MPc) [100].



The Hubble expansion is interpreted as an expansion of the space-time
background. To understand the expansion of space, we define comoving dis-
placements, Az,., which are constant in time, typically defined as the physical
distance between objects in the present era. To calculate the physical distance
between objects at a different era we multiply the comoving displacement by
the scale factor a(t):

Az, = a(t)Az,, (1.3)
so that the distance ri5 between two objects is

_ a(t)
Tlg(t) = mrlg(t()). (14)

By using this relation in which ry5 is the distance between two galaxies,
differentiating to yield the velocity, assuming zero peculiar velocity, and in-
serting the definition of r15, we see the relationship between the scale factor

and the Hubble parameter,

%%Qﬁ — H,. (1.5)

Alternatively, it is easy to see, given the definition of redshift as z = (Ao —

)\original)/)\original that

~— | —

1 )\’I’LO’LU
= — 14z (1.6)

a )\orz’ginal

The dynamics of the scale factor plays a key role in our understanding
of the expansion and evolution of the universe. General relativity plays an
important role in this story as promised in the overview. In fact general
relativity relates intimately to the scale factor. In a flat expanding universe
we essentially have a Minkowski metric in which the distance matrix diagonal

elements are replaced by the square of the scale factor, which gives us the



Friedmann-Robertson-Walker (FRW) metric:

-1 0 0 0
0 a*(t) O 0
0 0 da*t) 0
0 0 0 a®@)

Guv =

In fact, the crucial equations that describe the dynamics of an expanding,
homogeneous, and isotropic universe are the Friedmann-Robertson-Walker
(FRW) equations, derived from the Einstein equations, with the continuity
equation [25]. The Einstein equations connect the geometry (and expansion)
to the energy density and pressure of the universe. In the remainder of the
section we shall follow [40] and give a heuristic understanding of the FRW
equations.

The Einstein equations can be derived from an action constructed from a
scalar that contains second derivatives of the metric. Hilbert found a suitable

action constructed from the Ricci scalar R, known as the Einstein-Hilbert

action,
Sy = ﬁ/\/——ng‘lx. (1.8)
in which
g = det(g,u), (1.9)
and
R=g¢"R,, (1.10)

and R, is the Ricci tensor. When the full action, which is the sum of the
Einstein-Hilbert and matter actions, is varied with respect to the metric, the

resulting equations are the Einstein equations

1
G = Ry = 3Ry = 87GT,,. (1.11)



in which the Einstein tensor is G, and G is Newton’s constant. The energy-

momentum tensor is defined as

1 0SSy
Ty = —2———
g V=g g

the variation of the matter action with respect to the metric. We see that the

(1.12)

left hand side of this equation describes the geometry of the universe which
relates to the right hand side containing information on the matter content of
the universe.

The Cosmological Principle, or the Copernican Principle, states that the
universe possesses the mathematical properties that it is isotropic (non-varying
around a point in all directions) on large scales at every point and is hence
homogeneous (the metric does not vary throughout the manifold), confirmed
by the near isotropy of the CMB. The space-time metric that satisfies these
conditions, though allows only spatial symmetry and not temporal symmetry,
is the Robertson-Walker metric

dr?

2 2, 2
ds® = —dt” + a“(t) [1 —

+ r%le] (1.13)

such that the curvature parameter is £ = k/R? (in which the comoving curva-
ture radius is R and k € (41, —1,0)) and the coordinates r, 6, and ¢ are the
comoving spherical coordinates in which df) = df? + sin? §d¢>.

Using the derivatives of the metric we get the Ricci tensor and scalar (the
left hand side of the Einstein equation) and assuming a perfect fluid (7", =
diag(—p, p, p, p)) for the energy-momentum tensor give the Einstein equations

for this metric, known as the Friedmann equations:

A . (119

a(t) 3 a(t)?
and )
o8 =~ o)+ 30(0), (1.15)

Combined with the continuity equation and the equation of state we have

the necessary equations to express the universe’s evolution and dynamics. The
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continuity equation is
P a
- =-3(1 — 1.16
L= 0w (1.16)

which can be derived from the first law of thermodynamics or conservation of

energy. The parameter w is defined through the equation of state,

p=wp, (1.17)

where p is pressure and p is energy density. For matter w = 0, for radiation
w=1/3, and for A w = —1.
In the rest of this thesis we assume zero spatial curvature, k = 0, consistent

with current observations of a flat universe.

1.2.1 Cosmological Constant
In this subsection we follow [40].
If the action includes a Lorentz-invariant constant, —A/(87G), then the

Einstein equations become
1
R, — §Rg,w + Agu = 87GT), (1.18)

in which there is a new term. If we consider a matter Lagrangian with an
added vacuum energy density term, this would shift the energy-momentum
tensor, derived by the variation of the action, by a term —pye.9,,. Since both
an arbitrary constant and a vacuum energy density term affect the Einstein
equations in equivalent ways, we can associate the constant term, or cosmo-

logical constant A, with the vacuum energy related by

A

e = ———. 1.19
p e (1.19)

1.3 Inflationary Cosmology
Inflation is a theory in which there is a period of exponential growth of
the scale factor in the very early universe. This means, precisely, that in the

inflationary scenario

a(t) = . (1.20)



The scale factor’s growth could be driven by an effective cosmological constant
in the action. Inflation was hypothesized to resolve several problems with the
standard cosmological models, namely the flatness, horizon, monopole, and
structure formation problem.

The flatness problem arises from the scaling of the curvature term com-
pared to the scaling of the energy density term in the Friedmann equation. The
matter energy density scales as a~3 and the radiation energy density scales as
a~* whereas the curvature scales as a=2. Hence, as the universe evolves the cur-
vature term eventually dominates over matter and radiation. Since curvature
has not been observed, the curvature parameter would need to be unnaturally
small in the very early universe, forming a fine-tuning problem. During an
inflationary period, all three of these terms are exponentially suppressed due
to the large growth of the scale factor. While the other terms approach zero,
A remains a constant. At the end of the period of inflation the energy from
A is injected into radiation and matter and not curvature, hence keeping the
curvature term small in comparison at the end of inflation.

The horizon problem stems from the observation that the CMB is homo-
geneous on large scales despite that no signal could have crossed the visible
universe within the age of the universe under standard cosmological assump-
tions. Inflation resolves this issue by hypothesizing that at an early era all of
the currently observed universe was contained in a small patch in causal con-
tact and that the rapid expansion of space-time caused the universe to grow
large.

As we discuss later in this chapter, phase transitions can produce topo-
logical defects. A Grand Unified transition would produce a copious number
of monopoles, types of topological defects, that are not observed today and
which would overclose the universe. This could be remedied by inflation, which
exponentially dilutes their number density.

Finally, the structure formation problem is that observers see specific un-
explained patterns on super horizon scales on the sky [25]. The structure

formation problem questions the cause of the deviations from homogeneity.



Inflation postulates that quantum fluctuations produce this deviation which is
then expanded to form large scale perturbations, such as seen as low multipole
moments of the CMB power spectrum.

The inflaton is the name given to the scalar field which drives inflation. For
example, if we solve the Friedmann equation with a constant energy density,
such as with a cosmological constant, then the scale factor grows exponentially
as desired by inflation. Varying the Lagrangian for a scalar field yields the

Klein-Gordon equations for an FRW metric,

) . ) av
O+3HG+ Vi + o =

where V' (¢) is the potential energy density of the scalar field. This field can

0, (1.21)

be separated to a classical part (unperturbed) and a quantum part (a small

perturbation), which to first approximation is a free scalar field,

o(x,t) = P(t) + dp(x, t). (1.22)

For most models of inflation the second order and higher correlation functions
obey or are dominated by Gaussian statistics because the fluctuations are
nearly free scalar fields. Hence, inflation produces Gaussian fluctuations.
Furthermore, the inflationary perturbations are scale-free, meaning they
have equal power on all scales [194]. This is because the quantum fluctuations
that cause the fluctuations in the gravitational potential are the same at all
scales, due to the universe being in a steady state. The universe is in a steady
state during inflation since the Hubble and cosmological constants remain con-
stant, implying that the energy density remains constant as well. Since the
Hubble constant governs the physics of fluctuations, and the Hubble constant
remains essentially unchanged throughout inflation, then the amplitude of a
fluctuation with a given physical wavelength is constant in time throughout
the inflationary period. However, two perturbations with equal physical wave-
length at different times will possess unequal comoving length scales, which is

what we would observe as the physical wavelength today (ag = 1). We do not
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observe scale invariance in the CMB today because the perturbations cause
matter to clump under the influence of gravity and the pressure of the baryon
fluid. Hence, the universe after inflation is no longer in the steady state. Please

see further details in Chapter 2.

1.4 Introduction to Phase Transitions and Cos-
mic Strings

This section roughly follows [28].

Many modern theories of particle physics assume a unification of the strong
with the electroweak interactions, dubbed the Grand Unified Theory (GUT).
In this scenario, the matter action (and thus the potential) is symmetric under
an internal symmetry group, meaning it is not a symmetry of spacetime but a
symmetry of the fields. The cooling of the universe due to its expansion leads
to phase transitions which break the symmetry.

Let us review this scenario further. Let us assume there exist in the universe
two scalar fields, ¢ and y with a cross coupling g¢*x?/2 and a symmetric double
well potential for ¢ in the zero temperature Lagrangian. Suppose that y can
interact with other fields, hence allowing it to be in thermal equilibrium. This

gives a simple effective potential which we obtain by replacing x with T,

1 A
V(p,T) = 5(9T2 — 1?)” + Zaﬁ“. (1.23)

We note that this potential possesses a symmetry such that

V() =V(-9). (1.24)
When ¢ = 0 the symmetry is maintained. There exists a critical temperature,

T, = 7 (1.25)

above which there is a stable ground state and symmetry is preserved. As the
universe expands and hence cools, T decreases below the critical temperature.

Now the lowest energy state is no longer ¢ = 0, and the symmetry is broken.

11



This simple model captures the essential physics of symmetry breaking as the
temperature decreases. In the GUT scenario there may be one or more stages
of symmetry breaking.

We rename the minimum of the potential ¢,,;, = n and find that, at zero
temperature,

p? = n? (1.26)

(¢ = 0 is a local maximum). Substituting in the first expression into the
potential,
Aga Ay
V=—n¢o"+—0". (1.27)
2 4
However, the expectation value (¢) = 7, so particles come from small pertur-

bations or oscillations around the minimum, d¢. Given,

p=n+0d¢ (1.28)

we can rewrite the potential perturbatively as

A A
V= =S+ 80)" + S0+ 60" (1.20)

The linear part of this equation in d¢ vanishes leaving (up to second order in

0o)
V= —%n“ + A% (09)2. (1.30)

The mass of fluctuations about the symmetry breaking minimum hence is given
by
m? = \n?, (1.31)

and the constant term,

)\4
_Z 1.32
1 (1.32)

gives the height of the bump of the potential.

Figure 1.4 illustrates V(¢) and how, as the temperature decreases, the
scalar field, represented by a ball, rolls from ¢ = 0 to the minimum of the
double well potential, the true vacuum. This is the symmetry breaking which

results from a phase transition.
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Figure 1.1: Symmetry breaking to a true vacuum

There are two types of phase transitions, first order phase transitions and
second order phase transitions. The phase transition we just discussed is a
second order phase transition and is also the type of phase transition typically
discussed to produce cosmic strings. In a second order phase transition we
see that the transition is smooth as the scalar field rolls down the potential as
the temperature decreases. Furthermore, in a second order phase transition,
(@) evolves continuously in time and homogeneously in space, except for the
boundaries at which topological defects can form.

A first order phase transition leads to discrete bubbles that experience the
phase transition at different times and in different places. In a first order
phase transition the origin is still a local minimum for the scalar field and is
a metastable vacuum state. Below the critical temperature, quantum fluctua-
tions can cause the scalar field to tunnel in nucleating bubbles from the false
vacuum to the true vacuum state. In a first order phase transition, (¢) evolves
discontinuously in time and inhomogeneously in space.

To generate a prototype potential for cosmic strings, we need to allow for ¢
to be complex and to rotate the double well potential in the resulting complex

¢ plane. Such a symmetric potential, the Mexican hat potential, is given by

V(p) = %(cf_xb — 1) (1.33)
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which is invariant under U(1) transformations,
P(z) — e“p(z). (1.34)

However, even though the potential (and action) is symmetric, the ground

state is not symmetric since under a U(1) transformation,
(01¢]0) = ne” — ne'®*+), (1.35)

in which 6 is an arbitrary phase factor. The fact that the ground state is not
symmetric is known as symmetry breaking.

The Kibble mechanism arises from the causal nature of symmetry break-
ing. Above, we have discussed the symmetry breaking which leads to phase
transitions. Consider a Mexican-hat potential in which the vacuum manifold
is the set of points lying in the circle that traces the minimum of the potential.
Causally disconnected regions of space must have different values of the scalar
field on the vacuum manifold. Hence, the scalar field is at different locations
along the circle (field space) at different spatial points. There is a probability of
order one that if we follow some closed path in position-space on super-Hubble
scales, we will trace out a full winding of the circle in the vacuum manifold.
Given such a situation, consider shrinking the radius of the path. Since the
field is continuous, at some point the field must shrink to zero, rolling over the
central bump in the potential. This increase in potential, or trapped energy
density, is the cosmic string. Hence, in the cores of topological defects the
value of ¢ is not on the vacuum manifold and V' (¢) > 0. The Kibble mech-
anism states that there will be at least one cosmic string per Hubble volume
which results in a network [96, 97]. In a model which admits cosmic strings,
such strings will inevitably arise. We shall explore the network properties and
evolution in brief in the next section.

The Compton wavelength determines the width of the cosmic string core
[187]. Hence the width is

Fo~ o~ (1.36)



while the energy density is given by the difference in the potential between the

maximum and minimum of the bump
pes = V(0) = V(n) ~ M. (1.37)

The string tension can be found by integrating the energy density over the

cross sectional area of the string, hence

= /pdA ~ 7 (1.38)

We therefore see that the string tension is given by the energy breaking scale
in a GUT theory. The string tension is usually expressed as a dimensionless
quantity

Gu ~ (n/Mp))? ~ (10'°/10")*(GeV/GeV)? ~ 107° (1.39)

for the simplest GUT models. Since this value for the string tension is larger
than current observational limits, we see that it is ruled out that such a GUT
scenario contains cosmic strings. Cosmic strings are viable in more complicated
GUTs and can be produced copiously in string theory scenarios, for example
during reheating at the end of brane inflation.

Other types of topological defects include monopoles, domain walls, and
textures. Monopoles are zero-dimensional (point-like) topological defects that
form when potentials with three-dimensions in field space have broken symme-
try. As in the Kibble mechanism for cosmic strings, after symmetry breaking
there must be points in space where the field sits at the top of the potential.
This is the trapped energy of the monopole. If one monopole is produced per
Hubble volume at the time of GUT symmetry breaking, we would still expect
a relic density of about one per cubic meter [194]. Since the mass is essentially
the symmetry breaking scale n ~ 10'°GeV, this would be inconsistent with
observational cosmology due to dominating over all other energy densities in
the universe. One property of monopoles that can result from GUT breaking
to the Standard Model is a pattern of radial magnetic fields pointing out of

the monopole, in other words a magnetic monopole charge.
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Domain walls are two-dimensional topological defects resulting from a one-
dimensional double well potential. Their field varies only in one direction
implying that there is trapped energy density in a two-dimensional wall. They
are problematic in cosmology because their energy density does not redshift
fast enough with the universe’s expansion, so they dominate over matter and
radiation.

Domain walls and monopoles pose cosmological problems because their en-
ergy density is so great that the universe will be overclosed, meaning their en-
ergy would dominate and p/p.. > 1 so that the universe would be closed. Do-
main walls and monopoles also pose problems for nucleosynthesis. If monopoles
and domain walls form, a mechanism must exist to destroy them, or as in the
case of inflation, dilute them.

The other topological defects we have discussed already possess winding
number which implies they are stable. Textures are defects localized in space
and time which arise from potentials with three-dimensional vacuum mani-

folds. They are notably unstable with energy leaving them as they collapse.

1.5 Cosmic String Physics

In this section we introduce the cosmic string action, following [187], string
network properties, following [25, 187], and cosmic string gravity, following
[187].

Although cosmic string solutions arise from the full Lagrangian density
for a gauge field A, and complex scalar field ¢, found by Nielson and Olsen,
most string dynamics can be examined using the Nambu-Goto action. The
Nambu-Goto action is typically applied to cosmic strings since we normally
consider strings where the curvature radius exceeds the string’s core radius by
many orders of magnitude. The Nambu-Goto action is equivalent to the area
of the cosmic string worldsheet, the surface area the string sweeps out in space-
time [187]. This is analogous to the point particle action which is equivalent
to the proper time, or proper length, of the worldline, and which has Euler-

Lagrange equations that are consistent for a point particle. This action can
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also be constructed by considering the constituent quantities relevant to cosmic
strings and by considering dimensional analysis. The string tension and powers
of the worldsheet curvature could give a general action. Since the worldsheet
curvature is trivial compared to the string tension, it can be ignored. Hence,
we can construct a string action from the string tension (to provide the correct

units) and the worldsheet area as

S = / Ly/—~dodr = —pu / V—rdodr (1.40)

in which p is the string tension and (o, 7) are the worldsheet parameterization

coordinates, and the two-dimensional worldsheet metric is

oXH 0X"

Yab = Guv 9ot ot (141)

The coordinates of the worldsheet in space-time at a given point in the world-

sheet are given by X*(o), 0® = (1,0), and

7 = det(yap)- (1.42)

As was stated in the last section, topological defects such as strings are
formed via the Kibble mechanism. By causality, if conditions exist such that
they can form, there is an imperative that they do form. The correlation
length, £(t.), at the time ¢, the temperature passes critical, is an approximation
for the initial separation distance among defects, and is less than the causal
horizon. Hence, for any loop in space with a radius equal to the causal horizon,
we should find a cosmic string or cosmic string loop. Numerical simulations
estimate that initially the cosmic strings are divided into 80% horizon sized
long strings and 20% loops.

Cosmic strings form networks of strings and loops. The loops can contract
by gravitational radiation, and the strings can interact to form loops. Strings
can also collide and reconnect (intercommutation). Hence, the Nambu-Goto
action cannot be applied to a reconnection. Strings can also pass through each

other without interacting.
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There are several explanations for why cosmic string networks follow a one-
scale model, or a scaling solution. An argument following [25] is as follows:
suppose £(t) is greater than the Hubble length, ~ ¢, then the string network
is frozen, since the strings are separated too much to interact. In this case
£(t) scales at a(t) with the expansion of the universe, either ¢'/2 for radiation
or t¥/3 for matter. Therefore £(t) grows more slowly than the Hubble length
and eventually the Hubble length will catch up. On the other hand, if £ is less
than the Hubble length, then the strings will intersect and chop off loops very
efficiently, reducing the number of cosmic strings and increasing the correlation
length (separation between strings). Hence, we see that £(¢) is driven toward
the Hubble length.

Cosmic strings produce scale invariant power spectra. A scale invariant
spectrum has constant §M (k)/M (k) where §M is the root-mean-square mass
fluctuation on a scale of 1/k and M is the mass inside that same radius. For
a cosmic string, 0M ~ put (the mass of a single string stretching through a
horizon) and M ~ t3p but p ~ 1/t? (from the Friedmann equation). Here we
see that 6 M /M is constant where t is the horizon crossing time for the scale
associated with k.

To understand how cosmic strings affect spacetime, we consider a time
independent metric that is cylindrically symmetric. This will be boost invari-
ant along the axis of the string since the string is boost invariant along the

direction of the string. This metric can be given by
ds? = A0 (dt* — d2?) — dr® — P dp? (1.43)

in which the first factor is the product of the radial dependence and the
Minkowski component. If we solved the Einstein equations where the stress-
energy tensor is given by the string tension multiplied by a radial delta function
(since the density is located at the core of the string) and the given metric, we

B(r) 2

would find that the solution is consistent with A(r) constant and e”\") = ar
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in which a is a constant,

a=1-4Gpu. (1.44)

Hence, the metric becomes
ds* = dr® 4 a*r*df*. (1.45)

We see that if we travel 27 radians around a circle for this metric we travel a
distance 2mwar. Hence there is a deficit angle given by the difference between

a and 1:

0 =2n(1—a)=_8rGpu. (1.46)

1.6 String Theoretic Inspired Cosmology

Since this is not a thesis on string theory, we shall only give a conceptual
introduction to those points particularly relevant to cosmic strings. In general,
string theory is a unified theory of all interactions, dubbed the Theory of
Everything (TOE). At present, string theory is the leading candidate for a
theory of quantum gravity. String theory provides from first principles the
parameters of low energy physics such as the masses and coupling constants
of the Standard Model. In practice this is a very difficult problem. Other
benefits that string theory provides are 1) renormalizable unions of gravity
with the quantum theory (because the finite size of strings spreads out point-
like interactions as are illustrated by worldsheets) and 2) the resolution of
gravitational singularities (since strings behave differently than point particles
in particular geometries) [141].

Since string theoretic interactions become important at high energies and
temperatures which can be found in the early universe, it is natural to consider
an embedding of cosmology in string theory. In the rest of this section, we
will consider models of string cosmology that admit cosmic strings and we
shall discuss briefly the physics of three-string junctions, which can be used to

distinguish between models of gauge strings and superstrings.
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In string theory, the fundamental object is a fundamental string (F-string).
We can imagine a long, highly excited fundamental string. In [47], the authors
asked if such a cosmic superstring, considering both F- and D-strings, could be
stable over the lifetime of the universe. A D-string is either a one-dimensional
D-brane, an object on which strings can end, or a higher dimensional brane
in which some of the dimensions are compactified to yield a one-dimensional
object in the four large spacetime dimensions. The energy to produce cosmic
superstrings could arise from reheating at the end of inflation.

One inflationary scenario that gives rise to cosmic strings is brane infla-
tion. In brane inflation, branes and anti-branes (branes with opposite charges)
move around in the extra dimensions. The position of the branes provides the
inflaton field. In the simplest models the inflaton potential comes from the
Coulomb potential between the branes and anti-branes. Since the branes and
anti-branes experience a Coulomb force, they experience an attractive force.
At the end of inflation the brane and anti-brane pairs annihilate, because they
behave like particles and anti-particles. Since the branes carry a U(1) sym-
metry, the brane annihilation breaks the symmetry, creating cosmic strings,
specifically F- and D-strings in the simplest models.

Since a D-string is an object where an F-string can have an end-point,
D-strings and F-strings can come together in junctions. At the junction, F-
and D-string charges are conserved, so the third string entering the junction
must be a (1,1)-string, which is a bound state of one F-string and one D-string.
More generally, one can have junctions of (p, ¢)-strings that are bound states
of p F-strings and ¢ D-strings with the string tensions added in quadrature.
The angles between strings at a junction are determined by mechanical equi-
librium. These junctions influence the network properties of cosmic strings.
In particular, [48] found based on numerical simulations that the strings still
follow a scaling solution, though with a higher density of strings per Hubble

volume.
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1.7 Brief Introduction to Cosmological Probes

In this thesis we concern ourselves with three observational windows, namely
the temperature and polarization of the CMB as well as the redshifted 21 cm
spectrum.

The Big Bang set the expansion of the universe in motion, cooling the
initial radiation as the wavelength of photons expanded. Prior to a redshift
of z = 1100 the universe consisted of a photon-baryon fluid. By a redshift of
z = 1100, photons were no longer energetic enough to ionize the present hydro-
gen, signalling the decoupling of matter from radiation. Since these photons
could no longer scatter, be absorbed, or emitted by electrons, the imprint of
the state of the universe at this era is frozen in the CMB. In 1965 Penzias and
Wilson discovered the CMB [132], with an explanation given by Dicke, Peebles,
Roll, and Wilkinson [57], which provided the most solid confirmation, besides
the expansion of the universe and light element abundances, of the theory of
the Big Bang. In 1992 results from the COBE satellite, with 7 degree angular
resolution, [167] indicated temperature anisotropies of 107° in the CMB tem-
perature spectrum. The rich physics of inflation causes these deviations from
smoothness. A number of CMB experiments followed COBE. These include
small angular scale balloon experiment BOOM/NA and the mobile Chilean
telescope, TOCO, [98] which resulted in precursor data to BOOMERanG [56],
flying in 1998 with FWHM beam as good as 10 arcminutes. Notably, the
NASA space satellite WMAP [15, 14| launched in 2001, with full sky cov-
erage and a resolution as small as 0.21 degrees. Contemporary experiments
of WMAP include the ground based small angular scale experiments South
Pole Telescope operating since 2007 [151], Atacama Cosmology Telescope also
operating since 2007, [101] and more recently the ESA space satellite Planck
[175], with full sky coverage and angular resolutions as small as 5 arcminutes,
launched in 2009.

With results published in 2000, BOOMERanG measured the amplitude
and shape of the first acoustic peak of the CMB temperature anisotropy,
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caused by the oscillations in the photon-baryon fluid, to unprecedented accu-
racy [56]. Since cosmic strings are active sources of perturbations that do not
produce CMB acoustic peaks, as their effects do not sum coherently through-
out the different times of their influence on the CMB even after decoupling,
BOOMERanG led to the the elimination of the theory that cosmic strings
seeded most structure and provided positive support that the growth of gravi-
tational perturbations via inflation resulted in most large scale structure. How-
ever, even shortly after the BOOMERanG results appeared, the importance of
potential topological defects in mixed perturbation models, models admitting
both inflation and topological defects, indicated that these results did not rule
out topological defects [22]. Recent numerical simulations [139] indicate that
cosmic strings can contribute at most 7-14% to the temperature spectrum of
the CMB. More recent studies [60] indicate comparable constraints consistent
with the lower limits for maximum contribution due to cosmic strings. In our
work we will explore cosmic string signatures consistent with modern CMB
position space in temperature and polarization signals.

Polarization experiments play a key role in more recent CMB endeavors and
are based on the idea that various processes, either from primordial inflation
or from intervening matter at various eras — such as the first stars at the
advent of reionization or such as cosmic strings — between the last scattering
surface and the observer, result in a polarization of CMB photons. Just as
scalar perturbations in the metric cause density fluctuations that lead to a
background of temperature anisotropies in the CMB, quantum fluctuations
in the gravitational field can lead to a background of gravitational waves,
tensor perturbations of the metric, that affect the pattern of certain types of
polarization, specifically B-modes, in the CMB [10].

There are two patterns of polarization, named E-modes and B-modes. In
E-modes, the direction of growth of the polarization vector length is at zero
or ninety degree angles to the direction of the polarization vector. In contrast,

for B-modes, the direction of growth of the polarization vector length is at
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a forty-five degree angle to the direction of the polarization vector. Further
details will be discussed in Chapter 5.

The DASI team discovered the first evidence for CMB polarization, caused
by anisotropic photon scattering at the decoupling era, in 2002 [103]. In their
landmark experiment, they found the expected consistency between the tem-
perature anisotropies evidenced in acoustic oscillations and the CMB polar-
ization. As was expected due to the available precision, the DASI team only
found E-mode polarization and detected zero B-mode polarization. The DASI
team compared their polarization data points to the temperature anisotropies
at various multipole moments and found that their polarization level was ap-
proximately 0.8 of the theoretical prediction of the concordance model. Such
a correlation is expected [80, 196, 90], as polarization emerges from Thom-
son scattering by electrons coupled with a local quadrupole moment, caused
either by a temperature anisotropy or by a relative velocity that results in
Doppler shifting. Since the Doppler shifting contributes the most to the lo-
cal quadrupole at decoupling, there is an expected correlation between the
peaks of the temperature and E mode polarization spectra — in fact they are
expected to be out of phase since the velocity of the density perturbations
is greatest when the amplitudes of the density perturbations are minimized.
Hence, CMB polarization experiments such as Planck [175], SPTPol [116], and
ACTPol [123] usher in a new era probing this powerful observational window
that can lead to understanding of reionization and structure formation and
could lead to evidence of cosmic strings and new physics.

For work on CMB polarization expectations, see [20, 21, 88, 145]. Detec-
tions of polarization following DASI include CBI [146] in 2004 and BOOMERanG
[119, 137] in 2005 which both also performed temperature and polarization
cross correlations. The WMAP team, in 2003 [12], 2007 [126], and 2010 [100],
presented their polarization results from WMAP’s polarization-sensitive ra-

diometers. In 2003 [12], WMAP presented evidence for polarization through
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the cross-correlation between temperature fluctuations and E-mode polariza-
tion. The dominant signal reported in [126], which measured the E-mode corre-
lation, results from polarized foreground emission from Galactic synchrotron
radiation and thermal dust emission at levels ranging from 0.06uK to 5uK.
In comparison, CMB polarization levels are highly model-dependent but can
be of the order of 0.3uK for E-mode polarization and 0.1xK for B-mode po-
larization. WMAP has measured E-mode polarization with high statistical
significance, but the expected B-mode polarization lies below the limits mea-
sured by WMAP [100]. Specifically, the E-mode polarization signal is detected
in cross correlations with the temperature anisotropies; in [100], the WMAP
team detected tangential and radial polarization patterns around hot and cold
spots of temperature fluctuations.

Other current polarization experiments include the balloon polarimeter
EBEX [149], with an expected science flight in 2011. QUaD [68], another
polarization experiment, is a ground based bolometer designed to improve
upon DASI at the South Pole. The team published results in 2009 of improved
parameter constraints and an improved upper limit for B-mode polarization
of 0.57TuK?. BICEP [44], is another CMB polarimeter operating at the South
Pole. BICEP aims to detect inflationary B-modes from the CMB, and in
2009 published results measuring a zero B-mode spectrum and tensor-to-scalar
ratio that constrains inflationary B-modes. Although this list of polarization
experiments is by no means exhaustive, it indicates the great activity and
interest in this fruitful field of research.

Another emerging observational field is the search for signals of 21 cm
transitions in the dark ages. Specifically, 21 cm radiation in the CMB can flip
the relative spin of the proton and the electron in the hydrogen atoms, leading
to absorption or emission lines observed in the redshifted CMB spectrum.

With their access to three dimensions, with the depth being in redshift
space, probes of redshifted 21 cm radiation will unveil the mysteries of the
“dark ages” between recombination and reionization and may give us clues

to understanding reionization and structure formation. The great advantage
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is that redshifted 21 c¢m radiation probes a long period rather than a single
moment.

Proposed 21 c¢m experiments to observe redshifts of about 1, such as the
Canadian Hydrogen Intensity Mapping Experiment [129] and the Square Kilo-
meter Array (SKA) [39] would provide the best proposed means to measure
baryon acoustic oscillations (BAO), whose characteristic length scale provides
us with a “standard ruler.” When measured at different redshifts, BAO maps
the expansion history of the universe and thus helps us to understand dark
energy, an outstanding enigma of cosmology. These experiments are ideal as
they probe a range of redshifts higher than optical experiments. Along these
lines, cross-correlation studies with the CMB could extract more information
from observations.

Already, there has been some success with hydrogen intensity mapping
which is the technique such that the collective afterglow of galaxies is studied
as opposed to resolved features. In [105], Lah and collaborators detected 21
cm emission to redshift of z = 0.24. In 2008, Pen and collaborators [131]
found the first evidence for cosmic structure in hydrogen intensity maps. Not
long after, in [42], Chang and collaborators performed a three dimensional
hydrogen mapping between redshifts of z = 0.53 and z = 1.12 with the Green
Bank Telescope. Hence, as we see, 21 cm mapping has come of age and the
next decade will usher in new telescopes with unprecedented precision which
could constrain various structure and cosmological star formation models as
well as shed light on dark energy models or even provide a means to search for
cosmic strings, as we shall see in Chapter 7.

In this thesis we will utilize these observational probes, CMB temperature
and polarization and the 21 cm redshifted spectrum, to search signatures of

new physics, specifically cosmic strings.
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Chapter 2

The Physics of the
Observational Probes

2.1 Basic CMB Physics

The state of the very early Universe was one of thermal equilibrium at all
points in space. This state of thermal equilibrium is reflected in the blackbody
nature of the CMB, since blackbody emission results from objects in thermal
equilibrium. A crucial point about black bodies is that their power versus fre-
quency follows a Planck distribution. As the Universe expands, black bodies
retain their distribution but the wavelengths stretch, therefore causing a cool-
ing of the power. The CMB wavelengths have stretched to a peak of about 2
mm and cooled to a temperature of 2.725 K.

CMB anisotropies are caused by gravitational potential perturbations as
first derived in [154]. Photons falling into and climbing out of gravitational
potential wells are blueshifted and redshifted which changes the local tempera-
ture. At the end of the inflationary period the spectrum of density fluctuations
was scale invariant which was followed by the gravitational collapse of matter.
This gravitational collapse of matter with pressure causes the baryon acoustic
peaks (or Baryon Acoustic Oscillations (BAO), named after the oscillation of

the baryon-photon fluid in gravitational potential wells) and hence the CMB
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spectrum observed today, which is not scale invariant. Cosmic strings are ac-
tive producers of scale invariant fluctuations, hence when matter collapses the
constant production of perturbations interferes and there would be no coherent
BAO peaks.

CMB anisotropies are typically expressed by their spherical harmonic ex-

pansion,

S = S andint0.9) 2.)

where the a;,,s are the expansion coefficients of the spherical harmonics and
(0, ¢) the polar angles on the sky.
Since the anisotropies can be expressed as tiny temperature differences
from the average, T,
T(0,9) =To+ AT(0, ) (2.2)

and

T, = i dQT (6, 6) (2.3)

when we substitute in for 7'(0,¢) in Eqn. 2.3, we find that the temperature
differentials sum to zero. Since the AT values center around zero, the ay, are
also drawn from a distribution centered at zero. Furthermore, since the orien-
tation of the particular temperature multipole is given by m and the Universe
is assumed to be isotropic, all the a;,s for a given [ have identical probability
distributions. Hence, all the a;,,s with a given [ have an approximately Gaus-
sian probability distribution with a square of the width (standard deviation)
given by

Cr = (Jauml?). (2.4)

The power spectrum of the CMB is usually expressed as [(I + 1)C) plotted
against multipole moment, [ (the multiplicative factor (I + 1) normalizes the

curve).
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CMB experiments measure the angular correlation function written as a

decomposition into Legendre polynomials by

(AT (8, <;3)T?T(9/, ¢)) _ % EZ:(QZ +1)CP(cos ) (2.5)

in which ~ is the angle between T" and T".

Starting from first principles, the Boltzmann equation expresses the time
evolution of the number density of photons per frequency interval. The rate
in time of the number density of photons depends on local temperature vari-
ations, related to density fluctuations, as well as changes in the gravitational
potential. Integrating the Boltzmann equation along the line of sight results
in the theoretical prediction of the CMB power spectrum which is in good
consistency with observation [165, 107]. The modelled CMB power spectrum
can be seen in Fig 2.1 computed numerically by CAMB [107].

2.2 Cosmic String Effects on CMB
Cosmic strings would change the temperature of the CMB via the Kaiser-
Stebbins (KS) effect [89]. We shall derive the KS effect here following [186].
Consider the Earth on one side of a cosmic string piercing through a plane.
Then consider a photon from the CMB on the other side of the cosmic string
as the Earth as in Figure 2.2. The cosmic string causes a deficit angle of 9,
which causes the CMB to deflect by §/2 on either side of the cosmic string. In

the string frame,
AN (0.
Vomp = veos | 5 T +wvsin 5) ¥ (2.6)

Since the string tension is small, we can impose the condition 6/2 < 1 which

causes the above to become

YocmB — VTt (—) Q (27)
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Figure 2.1: Simulated CMB Power Spectrum with normalized Cjs as Cyl(l +
1)T#/(27) with parameters from CMBall [148], namely Q,h% = 0.0227, Q.h? =
0.112, Q,, = 0.26, Hy = 71.8, ny, = 0.965, w = —1 (the equation of state
for dark energy), Q,h? = 0, Toyp = 2.726 (the temperature of the CMB),
YHe. = 0.24, and reionization optical depth, 7;.c;on = 0.093.
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Figure 2.2: The CMB discontinuity caused by the string’s deficit angle.
CMB
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The velocity of the Earth in the string frame is
Vg = V. (29)

In the rest frame of the Earth we boost the velocities from the rest frame of
the string. The velocity of the Earth in the rest frame of the Earth is obviously

zero. Boosting vopy g we have

Vemp = YVoMByY- (2.10)

Then considering the Doppler effect,

0T v wvoyg

v
= ty—4rGpu. 2.11
T v & TR (2.11)

This is the signal on either side of the cosmic string, leaving a total temperature
discontinuity as

5% = yv8rGu. (2.12)
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2.3 CMB Polarization

A photon’s polarization is the direction of its electric field. Since photons
are transverse waves, the polarization will be perpendicular to the direction
of its propagation. Following [81] the direction of the electric field vector of a
plane wave is its direction of polarization. A monochromatic wave described
by

E(z,t) = (e1E1 + ey Fp)e™ ™! (2.13)

can be divided into two perpendicular components,

E, = e FEket (2.14)
E, = eFEyette it (2.15)

with polarization vectors €; and €,. E; and E5 are complex numbers. If they
are in phase then the wave is linearly polarized. If they are out of phase they
are elliptically polarized. Circular polarization is where they have the same

magnitude but differ in phase,
E(x,t) = FEy(€; +iey)ett@ !t (2.16)

Another basis is

1 .
€L = ﬁ(el +i€y) (2.17)

A different way to describe the polarization state is to utilize the Stokes pa-
rameters, [, Q, U, and V. The Stokes parameters relate to sums and differences
of measurable intensities.

In the linear polarization basis, the Stokes parameters for a single plane

wave are:

I = |e.-E* +|e;- E|? (2.18)
Q = |e-Ef—|e- E (2.19)
U = 2Re|(e;- E)*(e;- E)] (2.20)
V = 2Im|(e, - E)*(e&; - E)) (2.21)
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Figure 2.3: Photons from a quadrupole scattering off an electron.
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The following explains the Stokes parameters:
e [ measures the relative intensity of the wave.
e () measures how much more intensity is in the x direction than in the y
direction
e U and V give the difference in the phases. If F; = a1€®' and Ey = ase™
U = 2ajas cos(de — 1) and V' = 2ayassin(dg — ).
On the sky, the Stokes parameters can be associated with each point. The

strength of the polarization is given by the polarization amplitude [80],

P=\Q+U2 (2.22)

Polarization patterns on the sky can be depicted by their behavior under
parity (reflections about an axis). These patterns consist of two types, E-modes
and B-modes. E-modes are symmetric under parity, possess the property that

the gradient of the polarization amplitude lies either parallel or perpendicular
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to the polarization vector, and behave like gradients. Scalar (density) per-
turbations produce only E-modes at linear order. B-modes, which behave like
curls, change under parity such that the slopes of their polarization vectors are
reversed (negative slopes become positive and vice versa). B-modes possess
the property that the gradient of the polarization amplitude lies at a 45 de-
gree angle to the polarization axis. At linear order vector perturbations (in the
velocity field of matter) produce E- and B-modes. Tensor perturbations also
result in the production of B-modes. We emphasize that the Stokes parame-
ters are a property of each point on the sky, while E- and B-modes describe
the pattern of polarization vectors over a region. In position space, E- and
B-modes can be derived from integrals of the () and U Stokes parameters. In
Fourier space, the E- and B-modes are local rotations of the Stokes parameters,
Q and U.

Thomson scattering in the presence of a quadrupole, the pattern of hot and
cold spots from the [ = 2 decomposition of the CMB temperature in spheri-
cal harmonics, produces polarization. Please see Figure 2.3 for the following
discussion. The quadrupole pattern has alternating hot and cold spots. For
example, consider an electron sitting in the center of a quadrupole in the cen-
ter of a cold region with hot regions above and below. Then consider that
the hot regions are to the positive and negative z-axes and the cold regions lie
in the x — y plane. Photons originating from the y direction (cold) will have
polarization vectors in the x — z directions and photons originating from the
z direction (hot) will have polarization vectors in the z — y directions, since
polarization is transverse. If the observer sees the scattered light from the x
direction, the polarization vectors will be in the z and y directions. Since a
hot photon will have a stronger intensity than a cold one, the z-axis polar-
ization dominates over the y-axis polarization. Hence, the scattered photon
is polarized. To first order density fluctuations result in E-mode polarization,
although as we shall see at higher orders we can get B-modes as well. Whereas

in inflationary models, the B-mode polarization is suppressed compared to the

33



E-mode polarization, cosmic string wakes contribute equally to the two, as we

shall see.

2.4 21 cm Physics

The following review of 21 cm physics follows [65].

The power of the 21 cm redshifted spectrum lies in its ability to probe the
“dark ages” of the history of the Universe between redshifts of the era of re-
combination and the era of reionization. In addition to this obvious advantage,
emerging experiments are designed to test its power at even lower redshifts in
measuring the length scale of baryon acoustic oscillations to study the dark
energy problem.

21 c¢m radiation is either emitted or absorbed when the hydrogen proton
and electron spins flip relative to each other. This absorption or emission
is observed in the background CMB radiation. The wavelength of emission
or absorption for this transition is a physical wavelength of 21 cm but its
comoving wavelength is scaled depending on the redshift of the process.

The quantity that we measure in 21 cm observations is the differential
brightness temperature which is the difference or contrast between the bright-
ness temperature, or specific intensity of radiation from the high redshift hy-
drogen gas clouds, and the CMB at the redshift of the hydrogen gas. The
differential brightness temperature, 7, is sensitive to fluctuations in gas num-
ber density, gas temperature, and the ionization fraction. It is given by

L) - T,0v) _ Ts(v) - T,(v)

T = ~
61)(]/) 1+ 2 1+ 2

T (2.23)

The second equality follows from expanding the exponential factor in Equa-
tion (2.24) below to linear order in the optical depth. In Equation 2.23 the
brightness temperature, T}, expresses the brightness of outgoing photons. This
means, precisely, that background radiation with temperature 7', entering a

cloud with spin temperature of T and an optical depth of 7, will emerge with
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a temperature given by
T,=Ts(1—e ™)+ T, (v)e ™. (2.24)

The optical depth is given by the integral of the absorption coefficient, «,
along the proper distance ds through the cloud, given by

T, = /dsa,,. (2.25)

The spin temperature gives the fraction of hydrogen in the excited state,

or the relative number density of atoms in the hyperfine energy states through

2L 3T/ (2.26)
o

in which n; and ng are the different number densities of atoms in the hyperfine
states with weights of 3 and 1 respectively and T, = Ey/kp = 0.068K is the
temperature corresponding to the energy splitting between the two states.
The spin temperature depends on the kinetic gas temperature in the hydrogen
cloud, coupling coefficients for collisions among free electrons, protons, and
other hydrogen atoms, UV scattering, and absorption and emission of CMB
photons.

To find the spin temperature, we consider an equilibrium system. Hence,
the rate of excitation in hydrogen atoms must equal the rate of deexcitations.
The equilibrium rate equation is expressed as an equality between the number
of excited atoms that deexcite per unit time and the number of ground state

atoms that excite per unit time. This equation is expressed below:
n1(Cro + Pio + A1o + Bioloms) = no(Cor + Por + Borlows) (2.27)

The equilibrium equation accounts for the collisional rate of deexcitation (Cg)
and excitation (Cp;). Hence, nyCyg in the above equation expresses the number
of atoms that deexcite per unit time due to collisions. The UV scattering,
scattering by UV photons, is accounted for by the coefficients Py and Fy;,. The

total number per unit time of spontaneously deexcited atoms is given by 11 A4;g.
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By and By are the coefficients per atom in the representing the probability
of stimulated deexcitation and excitation by CMB photons. Hence, when
multiplied by the intensity of the CMB it represents the chance a hydrogen
atom in the ground state will be excited upon encountering a CMB photon.
These are the Einstein coefficients typically applied in laser physics. Further
details can be found in Chapter 6.
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Chapter 3

Application of the CANNY
Algorithm to CMB Position
Space Temperature Maps

3.1 Preface

In this chapter, we include [52], in which we statistically look for the pres-
ence of strings in the CMB based on the Kaiser-Stebbins effect. The Kaiser-
Stebbins effect leaves a unique imprint of cosmic strings on CMB temperature
position space maps. The nearly Gaussian inflationary perturbations dominate
the signal, hence we need to look for the effect statistically. We use the Canny
algorithm to search for the edges left by cosmic strings per the Kaiser-Stebbins
effect and then apply statistics to the edgelengths.

3.2 Introduction

There has been a recent renaissance of interest in cosmic strings (see e.g
[55, 156]) as a mechanism contributing to the spectrum of primordial cosmo-
logical perturbations and the corresponding anisotropies in cosmic microwave
anisotropy (CMB) maps. In part this renewed interest is sparked by the real-
ization that many supergravity models of inflation also lead to the production
of strings at the end of the period of inflation [83, 84]. In addition, many models

of inflation in the context of string theory predict the formation of a network of
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strings at the end of the inflationary phase [157]. The conditions under which
these cosmic superstrings [193] are stable have been explored in [47]. Cosmic
superstrings may also arise in other approaches to superstring cosmology such
as the Ekpyrotic scenario [94] or string gas cosmology [34, 121, 31].

If matter is described by a particle physics model which admits stable
strings forming after inflation, then by causality it is inevitable that a network
of such strings will form during the cosmological phase transition which corre-
sponds to the symmetry breaking which is responsible for the existence of the
strings [97, 96]. It is inevitable that the network of strings contains “infinite”
strings (strings crossing the entire volume). For applications in cosmology one
divides the strings into “loops” (loops of cosmic string with a curvature ra-
dius smaller than the Hubble radius H~'(t), where H(t) is the cosmological
expansion rate) and “long strings” (infinite strings and loops with curvature
radius larger than the Hubble radius). The causality argument [97, 96] (see
also [187, 75, 28] for some standard reviews on cosmic strings and structure
formation, and [95, 198, 184] for the original references) implies, in fact, that
at all times after the phase transition a network of long strings with a corre-
lation length (mean curvature radius) comparable or smaller than the Hubble
radius will survive. It can be argued [188; 187, 75, 28] that a network of
(non-superconducting) strings will approach a “scaling solution” for which at
all late times t the correlation length of the network of long strings is a fixed
fraction of the Hubble radius * .

Cosmic strings [122] are described by their mass per unit length g which
is usually quoted in terms of the dimensionless number G, G being New-

ton’s gravitational constant. A straight string has a tension which is equal in

1Tt is likely that the distribution of cosmic string loops also approaches a
scaling solution; see e.g [4, 16, 5] for early simulations of cosmic string networks
supporting the conclusion that the distribution of loops also scales, [191] for an
opposing view based on field theory simulations and [183, 113, 150, 120, 143]
for more recent work supporting scaling for string loops.
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magnitude to u. Hence, the effective action which describes the motion of a
straight string is the Nambu-Goto action, the same action which describes fun-
damental strings. Since cosmic strings carry energy, they will lead to density
fluctuations and cosmic microwave background (CMB) anisotropies.

The network of cosmic strings will generate a scale-invariant spectrum of
cosmological perturbations [180, 158, 171]. More relevant to the current pa-
per, cosmic strings generate a very specific signature in cosmic microwave
background anisotropy maps, namely line discontinuities [89]. These line dis-
continuities arise since space perpendicular to a cosmic string is a cone with
deficit angle given by [185]

a = 8tGp. (3.1)

Since the motion of cosmic strings is relativistic, photons passing on different
sides of the string moving with a velocity v perpendicular to the plane spanned
by the string direction and the line of sight between the observer and the string

will be seen by the observer with a relative Doppler shift

6% = 8my(v)vG, (3.2)

where v(v) is the relativistic gamma factor (see Figure 3.1). Looking in di-
rection of the string, we will see a line in the sky across which the CMB
temperature jumps by the above amount. We will denote this effect, the
Kaiser-Stebbins effect, as the KS effect in the rest of the paper.

The conical deformation of space induced by a “long” cosmic string has a
length of the order the Hubble radius, i.e. of the order of ¢ in direction of the
string. Since cosmic strings are formed in a phase transition and the effects of
the transition travel with the speed of light, the depth of the region affected

by the string (in direction perpendicular to the string) is ¢, as shown in [112].
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Figure 3.1: Geometry of the Kaiser-Stebbins effect: Photons passing on the
two sides of the moving cosmic string obtain a relative Doppler shift for the
observer who is at rest.

2 isintersected

Hence, each string between t,... and ty whose “zone of influence”
by the past light cone of the observer will induce a line discontinuity in the
CMB temperature map with length ¢t, where ¢ is a random number in the
interval 0 < g < 1 which takes into account the random angle of the velocity
vector of the string relative to the plane determined by the string direction
and the observer’s line of sight to the string. The anisotropy pattern induced
by a single string segment contains several edges. There is the central line
discontinuity (3.2) coming from photons which pass on different sides of the
string. Since the deficit angle in Figure 3.1 has finite depth (in direction —v),
as explained in the previous paragraph there will be two edges (again sharp
because the deficit angle sharply decreases to zero [112]) with half the value of
0T. Finally, our modelling of the string network in terms of straight segments

introduces the sharp “boundary” edges perpendicular to the central edge (see

also Figure 3.3).

2 By which we mean the region of space which is deformed due to the pres-
ence of the string.
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To detect the line discontinuities in CMB maps produced by cosmic strings,
it is important to have small angular resolution. Strings present in the universe
between the time of last scattering and the present time contribute to the
signal. However, according to the cosmic string scaling solution, the most
numerous strings are those present at or shortly after last scattering. The
Hubble radius at that time subtends an angle of about 1.8°. If the angular
resolution is not much smaller than this angle, then the anisotropies produced
by these strings will not be distinguishable from anisotropies produced by
Gaussian noise with the corresponding coherence length. On the other hand,
full sky coverage is not essential. Thus, ground-based small angular resolution
surveys such as ACT [102] or the South Pole Telescope [151] both of which
have angular resolution of about 1" are ideal to search for strings. The Planck
satellite experiment [190, 125] with an angular resolution of about 5 will also
yield a good data set to use, in particular since the systematic errors in the
data will likely be smaller.

The KS effect is a part of the “Integrated Sachs-Wolfe” [155] contribution
to CMB anisotropies. The primordial cosmological fluctuations produced by
strings also contribute to the regular Sachs-Wolfe effect. In contrast to cos-
mological fluctuations produced in inflationary cosmology, those produced by
cosmic strings are “incoherent” and “active” as opposed to “coherent” and
“passive” [3]. The string network is continuously seeding growing curvature
fluctuations on super-Hubble scales, and therefore the fluctuations enter the
Hubble radius not as standing waves. As a consequence, the angular power
spectrum of CMB anisotropies does not have [135, 111, 130] the acoustic ring-
ing associated with coherent passive fluctuations [174]. Since acoustic ringing
has been observed with recent high precision CMB measurements [114, 13], it is
now clear that cosmic strings cannot be the main source of cosmological fluctu-
ations. Their contribution is bounded from the accurate measurements of the
angular power spectrum of the CMB in the region of the first acoustic peak to
be less than 10% [138, 195, 62, 164, 18, 19, 8, 9] which corresponds to a value of

G of about 3 x 1077, In the literature, one finds slightly stronger constraints
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which come from pulsar timing data [23, 92, 176, 115, 109, 85]. However, pul-
sar bounds make use of estimates of the spectrum of gravitational radiation
from cosmic string loops. Since there is still a lot of uncertainty about the
distribution of cosmic string loops, and since the amount of gravitational ra-
diation from a fixed loop is also rather uncertain, bounds on Gy coming from
millisecond pulsar timing are not very robust. Much more robust signatures
come from the long and straight strings, signatures which we are discussing in
this paper.

Early work to identify the KS signal of cosmic strings in CMB anisotropy
maps was presented in [118] which concluded that the angular resolution of
WMAP would not be small enough to resolve the KS signature. After the
release of the WMAP data [13], there were two sets of analyses introducing
new algorithms to look specifically for the KS signature. Lo and Wright [108]
applied a matched filtering method, whereas Jeong and Smoot [86] introduced
new statistics such as one measuring the connectedness of neighboring temper-
ature steps or another one proposing a decomposition of the temperature map
into constant, Gaussian and straight string step components. Both groups ap-
plied their statistics to the WMAP data. From the null results of the searches,
a direct upper bound on the string tension of G < 1076 could be set, a bound
not competitive with the existing bounds from the matching of the angular
power spectrum.

In [6], it was proposed to make use of the Canny algorithm [36] to search
for the KS effect, and the preliminary analysis showed that the statistic offers
the promise to improve the limit on G from direct searches for the KS signal
by a large factor. The Canny algorithm is an edge detection algorithm which
was previously used in image recognition work and metallurgy. It looks for
lines in a map across which there is a large gradient. Thus, the algorithm
appears to be well suited to detect the KS signature. In this paper we present
a new and improved implementation of the Canny algorithm and apply it to
test data. In agreement with [6] (and with the followup paper [173]), we find

the new analysis based on the Canny algorithm is able to find or rule out

42



strings with a tension greater than an upper bound which is more than an
order of magnitude smaller than previous bounds derived from looking for the
KS signature of strings. We emphasize that the code on which this paper is
based was developed completely independently from that used in [6] and [173].
It is different in structure and in fact is based on a different programming
language. The fact that the results reported here agree with those in [173]
presents a very important check on the methods.

The Canny algorithm works in position space. Starting from an anisotropy
map, it first produces an “edge map”, the edges corresponding to lines in the
sky perpendicular to which the gradient of the anisotropy map is sufficiently
large 3 . The edge detection algorithm must be able to take into account the
fact that Gaussian noise superimposed on top of the cosmic string signal will
produce large variations in the magnitude of the gradient along a cosmic string
edge. Given the edge map, a second algorithm counts the number of edges of
fixed length and produces a histogram of edge lengths. Both the edge detection
and the edge counting algorithms contain various parameters and thresholds
which can be set by the user and which can be tuned to give the algorithm
maximal discriminatory power, and are improved over the original code pre-
sented in [6]. The values of the thresholds and parameters will depend on the
specific data. The final step of the code is a statistical comparison between the
histograms produced in the previous step for data with and without cosmic
strings.

The outline of this paper is as follows: In the following section we discuss
the construction of the test data maps - both the pure Gaussian maps and the
maps containing cosmic strings. In Section 3.4 we present the new implemen-
tation of the Canny algorithm. We first describe the algorithm which takes the

CMB temperature map and converts it into an edge map. Then, we turn to

3 As detailed in Section 3.4, a new aspect of the present code is to search
for gradients in a range tuned to the expected KS signal.

43



the separate algorithm which is used to produce a histogram of edge lengths.
Section 3.5 presents the results from the application of the Canny algorithm
to the test maps. We conclude with a summary of the method and results,
focusing on refinements of the code which can be made to improve the code’s

discriminatory power, and give a preview of future applications.

3.3 Simulations

In this section we describe the codes which were used to create the simu-
lated temperature maps. The maps have two components, firstly a Gaussian
map with an angular power spectrum corresponding to the inflationary “con-
cordance model”, the second a map of anisotropies produced by long cosmic
strings according to the KS effect. These simulation routines have been cre-
ated from scratch, without using any input from the existing code [6]. The
simulation routines are written in Interactive Data Language (IDL). Both for
the inflationary fluctuations and the cosmic string maps, the theory predicts
ensemble averages from which particular classical realizations are drawn. To
obtain firm predictions, a large number of simulations must therefore be run.

Since we have in mind applying our code to surveys with small angular
resolution but only partial sky coverage, we work in the “flat sky” approxima-
tion [192] in which a segment of the sky is approximated by a rectangle. This
approximation is made because of computational ease, since the basis solutions
of the wave equation in flat space, the Fourier modes, are much easier to work

with than the basis functions on a sphere, the spherical harmonics.

3.3.1 Gaussian Map

First we create a square grid temperature map of the Gaussian inflationary
perturbations. The grid size is set by the angular resolution and by the angular
size of the survey which we want to simulate (the number of grid points along
an axis i8S Nyee = L/R, where L is the extent of the survey along the axis
being considered, and R is the angular resolution). The map is constructed
based on the angular power spectrum of CMB fluctuations computed using

one of the standard codes used in the literature (see below).
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A differential temperature value, AT /T, (corresponding to the temperature
with the monopole subtracted) is assigned to each grid point (n,m) (n and
m are integers) of the map, where each grid point represents a position in
the window of the observed sky. If L is the length of a side of the window
of observation in degrees in the first coordinate direction, then the angular
distance of a grid point (n,m) from the edge is © = nL/Ny.. The two
dimensional vector is designated by «.

The code is designed to construct a square grid. If rectangular areas are
needed, we can construct a larger square temperature map and cut out the
appropriate rectangle from this larger grid. The applicable scales are less than
60° indicating the applicability of the “flat sky” approximation.

In general, the temperature anisotropy of the CMB is expressed in terms
of spherical harmonics Y}, (0, ¢), € and ¢ being latitude and longitude, respec-
tively:

%(9, ¢) = Lzmazmiﬁm(ﬁ,¢) (3.3)

where a;,, are the coefficients of the expansion. However, since the observed
window will be less than 60 degrees (we will take it to be approximately 10

degrees), plane waves can be substituted for Y, per the flat sky approximation:
AT ik-x
— (@) = zk: T(k)e™=. (3.4)

(N.B. In the following equations T'(x) = AT(x)/T and T'(k) = AT(k)/T)
Comparing these equations, it is obvious that the coefficients T'(k) correspond

to a, so that:
(T(k)*) = (ai,) = Cuw, (3.5)

in which the angular brackets stand for ensemble averaging, and the C; give
the angular power spectrum of the CMB. According to the ergodic hypothesis,

the ensemble average is equivalent to the spatial average. Thus,

l

1
oy _ L Z 5
<alm> - 2l+1 alm? (36)

m=—1
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which, as indicated in (3.5) is the square of the width of a Gaussian distri-
bution, namely 7'(k). The probability of a given T'(k) follows a Gaussian
distribution just as the a,, follow a Gaussian distribution.

The temperature map in Fourier space, T'(k), is arranged into a grid in
which each grid point is assigned physical angular coordinate values k, and
k,, which are related to the numerical k,,, and k,,, values (each ranging between

0 and Ny — 1) by

2m

km - f(kxn - kmax) (37>
2m

k’y - f(kyn - kmax)

in which the k, and k, values run from —k;,4; t0 kpaz. The value of ko
corresponds to the angular resolution of the data set. Note that this setup
requires us to have an odd number of pixels in our Gaussian map. If an even
number of pixels is required, the Gaussian map can be stripped of a row and
column once it is constructed.

vee 360° 2
™
Lk

in which the wavelength, A\ is measured in degrees and the wavenumber k is

A

(3.8)

measured in inverse degrees, we compute the dependence of the degree of the
spherical harmonic (mode number) [(k) on the magnitude k of k. Once this
is done, we can look up the corresponding C) for each k from the output of
a standard CMB simulation code (see below). Since (k) is not necessarily
an integer, for each value of k, the program then determines the value Cy(k)
by linear interpolation between the C) values of the two closest values of [
corresponding to each (k).

Given the C; values determined as described above, the Fourier space tem-

perature map 7'(k) can be determined by

T(kas ky) = ) Cithaky) /2091 (ks By) + 192 (Kas Ky )) (3.9)
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Figure 3.2: Figure of the gaussian temperature map with a window of 10° and
a resolution of 1.5 arcminutes.

where gy (k;, k,) and ¢2(k,, k) are randomly generated numbers obtained from
a Gaussian distribution with variance one and mean of zero.

Since the position space temperature map 7'(x) must be real, then T'(k)
must satisfy T'(k) = T*(—k).

In summary, we derive T'(k) from the values of C; determined as described
above, and T'(—k) making use of the Hermitian property. Finally, to compute
T'(x), we perform a Fast Fourier Transform on 7'(k). Figure (3.2) shows the
output of a temperature map with pure Gaussian noise.

We use the Code for Anisotropies in the Microwave Background (CAMB)
[107] to generate the CMB temperature map generated by inflationary pertur-
bations. CAMB, like the code on which it is based, CMBFAST [165], employs
the line of sight integration prescription to compute CMB anisotropies. The
advantage of using CAMB is that it computes C}’s for higher I’s. Whereas
CMBFAST can at best compute the power spectrum to [ = 3000, correspond-
ing to a resolution of 10 arcminutes, we use a power spectrum generated by
CAMB up to I = 22000, corresponding to a resolution of 1.39 arcminutes.

Simulations with higher resolution will enable us to place lower bounds on the
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string tension of cosmic strings. Additionally, high resolutions are necessary
to apply our algorithm in the future high resolution CMB experiments such
as ACBAR [104] and the South Pole Telescope [151].

The parameters we use for our simulations are standard ACDM concor-
dance parameters based on fitting the model to a multi-experiment data set
CMBall [148], namely Quh* = 0.0227, Q.h? = 0.112, Q,, = 0.26, Hy = 71.8,
ns = 0.965, w = —1 (the equation of state for dark energy), Q,h? = 0,
Temp = 2.726 (the temperature of the CMB), Yy, = 0.24, and reionization
optical depth, 7,e;0n, = 0.093.

3.3.2 Temperature Map from pure Cosmic Strings

Next we generate a temperature map of superimposed straight line seg-
ments representing the effects of long cosmic strings obeying the scaling solu-
tion. As in the Gaussian simulation, each grid point is assigned a temperature
fluctuation AT/T.

For simplicity we do not include the effects of string loops or of the small
scale structure on the strings. According to the current status of cosmic string
simulations, the effects of long strings dominate the cosmic string CMB sky.
Small-scale structure on the long strings would maintain the KS effect (albeit
with slightly reduced amplitude). Thus, in terms of searching for the KS sig-
nature of strings, the simplifications we use can be justified as a first step.
Going beyond this approximation would require much more involved simula-

4

tions (like those of [63]) with many more parameters. In future work we

4 Although in principle cosmic string models are determined by a single
parameter, namely pu, the cosmic string evolution cannot be followed either
analytically or numerically without making additional assumptions, in partic-
ular on how cosmic strings interact. The results obtained in different numerical
analyses concerning the string loop distribution vary by orders of magnitude
(see e.g. the different results obtained in [4, 16, 5]), whereas the results for
the distribution of long strings are comparable. Thus, whereas limits based on
long strings are robust, those which include effects of string loops are not.
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plan to apply our Canny algorithm code to temperature maps obtained from
more sophisticated simulations that include more detailed structure of cosmic
strings.

In contrast to the Gaussian string map which is set up in Fourier space
and transformed to position space via a Fourier transform, the string maps are
set up directly in position space. As explained in the Introduction, each long
string whose region of influence intersects the past light cone of the window
in the sky we are considering will contribute a KS signal. We assume that the
area in the sky affected by the temperature discontinuity of a single straight
string segment per the KS effect is a rectangular box on each side of the
string. The depth of the box (length perpendicular to the string) is equal
to the Hubble length [112]. The size of the box in direction of the string is
taken to be the product of the Hubble length and a length coefficient . The
Hubble length corresponds to the time at which the past light cone intersects
the region of influence of the string. We apply the KS signature by adding a
positive temperature fluctuation to grid points in the box on one side of the
string, and by adding the corresponding negative temperature fluctuation to
the grid points in the box on the other side of the string.

We are using a toy model for the cosmic string distribution first introduced
in [133, 134] and also used by Pogosian et al. in [138, 195, 62, 164, 18, 19, 8, 9].
It is based on a simple representation of the distribution of long strings as
described by the scaling solution. According to this solution, the distribution
of long strings is at all times like a random walk with a step length which is
of the order of the Hubble radius at that time. We will denote this length
by yH~!, where v is a constant factor of order one. Physically, this length
represents the mean curvature radius of the string network. In the toy model,
this distribution is approximated by a collection of straight string segments of
length vH L.

One can argue that the curvature radius of the network of long strings
must be of the order of the Hubble radius. If the curvature radius is larger

than the Hubble radius, the strings will sit there as the universe expands until
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the Hubble radius catches up. If the curvature radius is less than the Hubble
radius, then the strings will oscillate wildly, intersect and split off string loops
(which then decay by gravitational radiation) until the curvature radius catches
up to the Hubble radius. So the curvature radius will always be of order of
the Hubble radius. The key ingredients in this argument are, firstly, that the
effective action for a cosmic string is the Nambu-Goto action and hence the
string dynamics is relativistic, and secondly that when strings cross they will
intercommute, i.e. exchange ends, thus allowing the production of string loops.

Since the strings are relativistic, the distribution of strings will have changed
after one Hubble time. Snapshots of string distributions at time steps sepa-
rated by Hubble time intervals will, when rescaled to the Hubble radius, look
like independent realizations of a stochastic process. Hence, in our toy model
of the distribution of long strings, we take the string segments to be indepen-
dently distributed over time intervals greater than a Hubble time.

The input parameters for the string map generating function are the num-
ber of pixels on each side of the window, the number of degrees the window
subtends, the number of strings per Hubble volume per the scaling solution,
the string tension, Gu, and the length coefficient 7.

The procedure to simulate cosmic strings is to follow the past light cone in
time intervals t,,_; < t < t,,, where t,,,1 = a;t,, from the time of last scattering
to the present time. If oy = ¢,,1/t,, = e then there are approximately 15 time
intervals.

Next we project all strings present in one Hubble time interval to a fixed
time hypersurface at the center of the time interval. This is done for all time
intervals. On the microwave sky, the Hubble length in degrees corresponding
to the comoving distance of the Hubble radius in space at the n’th time interval
can be shown to be (making use of the equation of state and of the Friedmann
equation)

doftnsr) = de(tn)ay”, (3.10)

in which d.(t) is in degrees. This recursion relation starts with d.(to) = 1.8.
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We need to find all of the strings which for a fixed time interval influence
the CMB temperature map of the observed window. Instead of simulating
only strings in the observed window, we must consider all strings in an ex-
tended window. This protects us from missing strings that start outside of the
observed window but extend into it. At each time interval, the extended win-
dow is a square with each side subtending the degrees of the observed window
added to twice the Hubble distance for that time step. The observed window
is the central section with one Hubble length on either side.

Next we compute the number of Hubble volumes the extended window
subtends at each time step, and the number of strings in each extended window.
The number of Hubble volumes is obtained as the square of the number of
degrees subtended by each extended window divided by the degrees subtended
by each Hubble distance. The number of strings expected in the extended
window for each time step is the rounded product of the strings per Hubble
volume (determined as an input parameter based on the scaling solution) and
the fraction/number of Hubble volumes a window subtends for each of the 15
time intervals.

Next we loop through each time step and each expected string in the ex-
tended window to determine where the string should be placed in the extended
window and to place it by constructing a temperature differential. This is com-
pleted in a separate function in the program.

To simulate the strings, the program randomly places a line segment with a
length given by v cos aH ~!, where the Hubble length H ! is in radians for the
given time step. The angle o runs from 0 to /2. Multiplying by cos « accounts
for a projection from three to two dimensions. Although technically the length
of the string should be multiplied by a coefficient given by projecting a geodesic
on a sphere onto a plane, since we are dealing with small window sizes and
the flat sky approximation is appropriate, this complication is unnecessary.
The location of the beginning of the string and its direction are determined
randomly. The location of the beginning of the string is given by taking the

product of a random number between 0 and 1 for both directions on the
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grid and the length of the extended window in radians. The direction of
the placement of the string, i.e. the angle 6 of the string, is chosen by a
randomly generated number between —m /2 and 7/2. This is the direction of
the string as given by the angle from the x-axis. Finally, a binary flag is used
to determine which side of the string will be a positive temperature fluctuation
and which side will be a negative temperature fluctuation. The value of the
flag is randomly determined.

Next the code computes (from the location of the start of the string and
the direction of the string) the end point of the string and each corner of the
box around each side of the string and each slope for each boundary of the
box.

The routine loops over each pixel in the observed window, starting in the
lower left hand corner, to determine if the pixel lies within the box affected by
the cosmic string. If it does, the temperature is changed by 67". The sign of
0T is determined by the temperature flag delineated above. The temperature
fluctuation is given by

orT

T = ordnGu (3.11)

in which T = 2.726 is the background CMB temperature. In the above, v
represents the root mean square (over all strings) value of vy(v), where v is
the transverse velocity of the string and its relativistic v factor is y(v). Also,
r a random number between 0 and 1 which adjusts the velocity to take into
consideration the different velocities that the string might have as well as the
projection of the velocity of the string onto the plane perpendicular to the line
of sight. Based on recent cosmic string evolution simulations we use the value
v = 0.15.

Figure 3.3 shows the temperature map produced by a simulation with a
few test cosmic strings (not a scaling solution). The temperature boxes pro-
duced by the individual strings are clearly visible. Figure 3.4 demonstrates the
corresponding results from a full string simulation with N =1, i.e. one string

per Hubble volume. The straight line temperature discontinuities produced by
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Figure 3.3: A cosmic string simulation for a few strings. The light areas
represent where the temperature fluctuation is positive and the dark areas
represent where the temperature fluctuation is negative.

individual strings are still visible. However, there are a lot of overlap regions
since a given photon will during its trajectory pass close to several strings.
The overlapping problem gets worse for N = 10, as clearly visible in Figure
3.5.

As a further test of the algorithm described in this subsection we show
the resulting angular power spectrum of temperature anisotropies. The figure
(Figure 3.6) is for a pure cosmic string map with N = 10 and Gu = 6 x
1078, The range of [ values are limited from below by the angular size of
the simulation box, and from above by the angular resolution we have chosen.
The error bars are standard errors of the mean based on 100 runs. As theory
predicts [180, 158, 171, 179], the angular power spectrum is approximately
scale-invariant on large angular scales (the deviation from scale-invariance at
the lowest values of [ is presumably a boundary effect), and its amplitude is

consistent with what is expected.
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Figure 3.4: The CMB temperature anisotropy map produced by a scaling
cosmic string simulation with N = 1. The discontinuity lines in the maps
produced by the KS effect are clearly visible, but there are a lot of overlap
regions where a number of strings affect the temperature at a fixed point.

Figure 3.5: The CMB temperature anisotropy map produced by a scaling
cosmic string simulation with N = 10. In this case the effects of overlaps is
much more pronounced.
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Figure 3.6: The angular power spectrum of the CMB anisotropy maps of pure
cosmic string simulations with values N = 10 and Gu = 6 x 1078, The
horizontal axis is [, the vertical axis is {(I + 1)C;.

3.3.3 Sum of Gaussian Map and Cosmic String Map

Our goal is to test if the Canny algorithm is able to pick out the KS
signature from strings even if the strings are a subdominant component to the
CMB fluctuations. To test this, we need to produce temperature maps which
contain both cosmic strings for some value of G and a spectrum of Gaussian
fluctuations like in the concordance ACDM model, except with an amplitude
of the Gaussian noise which is reduced such that the total angular CMB power
spectrum remains consistent with either simulations or observations.

Here we describe how to find the coefficient, a, for each map which will be
used to add the pure string map to the pure Gaussian map to get a Gaussian

map with superimposed strings,
Tg+5(k) = CLTg(k) + Tg(k), (312)

with T, 5 as the temperature of the Gaussian map plus pure string map and
Te and Ts as the temperature maps of the concordance Gaussian and string

simulations respectively. Alternatively, we could use the temperature map
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of the best current data, the five year results of WMAP [99], for T. It is
important to use consistently either the temperature map from experimental
data or from theoretical simulations for both Tz and T, ¢ since the C)’s for
the two models are not identical.

We want the model to give the best possible agreement with the data,
either experimental or simulated. Hence, the plan is to adjust the coefficient
a so that the combined string and Gaussian map, Tgys(k), fits the data best.
This means that we adjust the Gaussian map so that the corresponding C;’s of
Te+s(k) give an optimal fit to the data. Since the error bars on the observed
angular power spectrum C; are smallest relative to the signal in the range
from i, = 10 t0 lyee = 220 we shall fit the C}’s within this range. Note
that this range includes most of the first Doppler peak region. Now for values
of I comparable or larger than that corresponding to the first Doppler peak,
the contribution from strings is dominated not by the Kaiser-Stebbins effect
from strings between ... and t,, but from string-induced fluctuations at last
scattering which are not included in our analysis. Thus, there is an intrinsic
inaccuracy in the determination of the value of a. If we were to take [,,4, to
be the value where the Kaiser-Stebbins effect ceases to be dominant (a value
much smaller than 220), then we would obtain a smaller value for a and hence a
better discriminatory power of our algorithm. However, this procedure would
be worse than the one we have adopted, since we would be working with a
power spectrum which is a much worse fit to the observations in the Doppler
peak region than the one we are using. Our choice of l,,,, can thus to be
considered to be a conservative one.

The first step is to find the C; values from the pure string map. To do
this, the routine initially takes the inverse FF'T of the temperature fluctuation
T'(x) to compute T'(k). Then, using k = 27//360, the routine computes the
wave number magnitudes k() for all values of [ in the our range. Then the
value of 0k corresponding to dl = 1/2 is found.

Next, the map summation routine finds the wavenumber magnitude k for

all values of k (whose components range from —k;,4, t0 kpaz). For each value
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of [ in the range between [,,;, and [,,,, the code finds the components k, and
k, of all waves for which the magnitude of k lies within 0k of k(l). Knowing
ks and Ky, we can find the corresponding T' (k)? for each of the wavenumbers.
Once all of the T'(k)? values are found for each [, we find the average to get
(T'(k)?) for each I. These values are the C; values of the pure cosmic string

map for all [ between 1,,,;, and [,,45.

Since
Tg+5(k) = aTg(k) + Tg(k) (313)

we obtain
(Tays(k)?) = a®(Ta(k)?) + (Ts(k)®) + 2a(Te(k)Ts(k)) - (3.14)

However, (T;(k)Ts(k)) = 0 because the Gaussian and string temperature

fluctuations are independent. Hence
Ciat+s) = CL2C[(G) + Cis)- (3.15)

Now that we have the C; values for the simulated CAMB data, Cyg+s),
the Cj’s we found for the pure cosmic string map, Cj(g), and the Cj’s for the
simulated gaussian map from CAMB, Cj(), we can compute a® for each [ by
viewing (3.15) as a defining relation for a?. Obviously, for each value of | we
will get a different answer. To compute a single coefficient a which best fits
all of the I’s from l,,,;, t0 l,,q We perform a linear fit on the coefficients, a, for
each [. We use the best fit y—intercept of a linear model fit by minimizing the
x? error statistic for a. The y-intercept can be used because the slope of the
best fit to the linear model is negligible.

Once a is found for a particular string image, the result is averaged over all
of the generated simulated string images to obtain the final value for a which

is then used for all the string maps of a given Gpu.
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Figure 3.7: The smoothed CMB temperature anisotropy map produced by a
simulation with both Gaussian noise and cosmic strings with Gu = 3.5 x 1077
andN = 10. In this case the KS discontinuity lines are visible.

Figure (3.7) shows the resulting CMB anisotropy map in a simulation with
a large value of Gu chosen such that the strings play an important role. Com-
paring the map to the pure string map of Figure (3.5) we see that the string-
induced line discontinuities are still visible. However, in the case of a lower
value of G/u the effects of the strings are not visible by eye and we need to re-
sort to a statistical analysis to study whether the map is distinguishable from
that of pure Gaussian noise (Figure (3.8)).

We use the algorithms described in this section to generate maps with and
without cosmic string signals. The main question we would like to address now
is down to what value of G the Canny edge detection algorithm is capable of
distinguishing between these two sets of maps in a statistically significant way.

In the following section we describe our realization of the Canny algorithm
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Figure 3.8: The CMB temperature anisotropy map produced by a simulation
with both Gaussian noise and cosmic strings with a smaller value of G, namely
Gp=2x10"% and N = 10. In this case the KS lines are not visible by eye.

routine which turns a microwave temperature map into an edge map, the

edges standing for lines across which the gradient is a local maximum.?

3.4 Implementation of the Canny Algorithm
In this section we describe our implementation of the Canny algorithm. In
its original version [36], the Canny algorithm is intended to find lines in the
map with maximal gradients across the line. In this way, the algorithm can be
applied to the image of a face and returns a map where only the pixels of the
map with the strongest features are shaded in. Similarly, the algorithm could
be applied to find crystal defect lines on metallic surfaces. Our original work

applying the Canny algorithm to CMB maps [6] also was based on this idea.

® In our realization of the algorithm, we impose an additional requirement,
namely that the gradient magnitude is tailored appropriately to the expected
cosmic string signal.

59



However, to look for cosmic strings we are less interested in the local max-
ima of the gradient map which overall have maximal amplitude. Rather, we
are interested in local maxima of the gradient for which the amplitude of the
gradient is in correspondence to the expected KS signal. Thus, in contrast
to the original Canny routine which uses two thresholds, we here introduce a
modified algorithm in which three gradient thresholds are made use of (as in
[173]). The use of the thresholds is described below.

We will first give a brief overview of how the algorithm works. First, an
optional part of the Canny algorithm is to smooth the map in order to elimi-
nate shot noise. The second step in the algorithm is to construct a map of the
temperature gradients. Next, locations must be identified which correspond to
local maxima of the gradients. The maximal average gradient of the pure string
map determines the three thresholds used. The fourth part of the algorithm
involves selecting among the grid points identified as local maxima those which
have the right range of magnitudes. Gradients larger than some upper thresh-
old are not due to single strings and will hence be discarded. Those above a
second threshold quite close to the expected edge strength will be kept. To
take into account the fact that Gaussian noise may well decrease the ampli-
tude of some pixel along a string edge below the above-mentioned threshold,
we introduce a third (the lowest) threshold and keep the pixels whose gradient
is larger than that threshold, provided that the pixel is connected to a pixel
with gradient amplitude above the second threshold (and provided that the
gradient directions are appropriate and that the pixel is connected to a pixel
in one of the allowed directions relative to the gradient). The pixels thus se-
lected form the Canny edge map. Given the pixel edge map, a next step in
the algorithm is to identify the edges in the pixel edge map. The length of
each edge is found, and a histogram of edge lengths is produced. The analysis
part of the algorithm then checks if for a fixed value of G the histograms
of a pure Gaussian noise map and of a noise map including a contribution of
cosmic strings (and appropriately reduced amplitude of the Gaussian noise)

are statistically significantly different.
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In implementing the Canny algorithm, several (three) choices must be made
beyond fixing the three thresholds used. We look for the set of choices which
give the best differentiation between maps with and without strings.

The first step in our implementation of the Canny algorithm is the filtering
of the data. This filtering is intended to eliminate point source noise. In studies
like the present one in which we are dealing with simulated data which has no
noise, the maps can be used without smoothing. In order to eliminate point
sources, smoothing should be used in the case of real data. We have explored
the effects which smoothing has.

The routine first produces an un-normalized filter map F(i, j) (i and j are

integer labels running from 1 to N indexing the pixels of the filter map)

~ 22 4y?

F(i,j) = e 22 (3.16)
in which z =i — (Ny —1)/2, y = j — (Ny —1)/2, 0 = 0.5Ny, and Ny is the
number of pixels along one direction of the filter map, an input parameter in
the smoothing routine. The normalization is the sum of all of the unnormalized
weights

1
Zij F(i,5)

Now we can determine the normalized filter map as

F(i,j) = C1F(i, j). (3.18)

Finally, we convolve the input temperature map with the filter map to obtain
the filtered data map. If M (i, 7) denotes the initial map, then the filtered map
FM(i,j) is given by

FM(i.j) = > M(i—x,j—y)F(k,1), (3.19)
k=1

where = and y are determined from k and [ as indicated below (3.16). Boundary

points require special treatment. We repeat the points at the boundary.
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The second part of the algorithm involves constructing the gradient maps.
Two arrays are created, the first containing the magnitude of the gradient
at each pixel of the map, the second containing the information about the
direction of the gradient.

We compute the lattice derivatives by shifting the temperature map in each
of the eight directions and looking for the maximal difference. Instead of using

the usual lattice gradient which is defined by
é(l‘, y) _ G(LU + €, y) 2_ G('I ) y)i’
€
G(r,y+e€)— Gz, y —e€) .
% Yy,

+ (3.20)

(where the grid spacing is €), we shall use the following as our definition of the

magnitude of the gradient:
G(z,y) = max|AG]| (3.21)

and the direction is taken to be that for which the maximum value of |AG]|
occurs. AG is given by the discrete gradient
d(,y) ’

where n(x, y) denotes the neighboring point to (z,y) and d(z, y) is the distance

AG(z,y) =

(3.22)

between n(z,y) and (z,y). For neighboring points not on the diagonal, the
distance between the neighboring point and the point (x,y) is 1, for points
along the diagonal the distance is v/2.

The gradient of the image is then stored as an array with a dimension
containing the two dimensional pixel array with the edge strengths and a
dimension containing the two dimensional pixel array with the edge directions
as the values.

The next step is to find the pixels of the map which correspond to local
maxima in the direction of the gradient. We first shift the map one unit
forwards and backwards in each of the four directions (along the coordinate

axes and along the two diagonals, respectively). For each of these four shiftings
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we focus on points for which the absolute value of the gradient is greater than
at the two neighboring points on either side. For all points selected, we check
if the gradient is in the direction of the shifting. Pixel points which pass this
test are kept. The others are assigned a value of 0. Boundary pixels are
stripped from the list of local maxima since their magnitudes are influenced
by boundary effects. In Appendix A we discuss the local maxima doubling
problem which the code has to deal with.

As mentioned at the beginning of this section, our implementation of the
Canny algorithm makes use of three thresholds t,, t; and t.. Their values are
chosen to correspond to the amplitude of the KS effect of a single string since
it is this effect which we want to identify.

Thus, to set the thresholds for a given value of G, we first run the code
on a number of pure string simulations for that value of Gu. We determine
the maximal gradient (amplitude) G4, for each simulation, and define the
“string maximal gradient” G, as the average of the individual maxima G,,44.;-

Returning to our list of candidate local maxima, then if the amplitude is
larger than t.G,, the point is discarded since it is not due to a typical string

gradient. For amplitudes in the range
t.Gn < AL t.G,, (3.23)

then the pixel coordinates and gradient directions are stored in arrays. Later
on, the edge pixel map will be constructed by marking all pixel points in the
above-mentioned coordinate array as 1. These are pixels for which the gradient
is in the right range to be due to the KS effect from a cosmic string. Pixels
with a slightly lower gradient amplitude might still be due to the KS effect
from a string with amplitude slightly reduced by noise. It is advantageous for
the success of the Canny algorithm to take into account this possibility. Thus,

if the amplitude of the local maxima is in the range

4G < A < .G (3.24)
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then the coordinates and gradient directions of such pixels are stored in arrays
corresponding to pixel points marked 1/2. Arrays are created to store the
indices of the points marked as 1 and 1/2 and separate arrays are created to
store the directions of the corresponding indices.

The next step is the “edgefinder” routine which decides whether grid points
marked as 1/2 belong to an edge or not. Roughly speaking, points marked
as 1/2 are considered as belonging to an edge if they are direct or indirect
neighbors to points labelled by 1 and the gradients are in a similar direction.
To specify the routine, there are three choices which can be made for this
algorithm, as will emerge below. We start from a point labelled 1 (an option
in the program is to start with a point labelled 1/2 - the first of the three
choices mentioned above)® . The program then searches in all eight directions
for a contiguous point labeled as 1/2 or 1. For each direction, we check if it
lies in the six directions (or 2 directions) perpendicular or near perpendicular
(or just perpendicular - the second of the choices mentioned above) to the
original point’s gradient and check if the gradient is in the appropriate parallel
or near parallel (or just parallel - the third choice) direction to that at the
original 1 (or 1/2). If a point labeled as 1/2 is found, and the direction is in
one of the allowed six (or two), then we mark the coordinates of that point
and repeat the search starting from that point. We stop if a 1 is found, in
which case we convert all of the 1/2s found on the way to 1. If we do not
find another point labelled 1/2, we stop and do not change the labelling of the
points encountered on the way. Then, we move on to the next point labelled by
1 which has not already been covered by the search. In the variant of the code
in which the search starts with points labelled by 1/2, we search for points
labelled by 1/2 or 1 as described above, mark the coordinates of the points

found, and continue until either a point marked 1 is found (in which case all of

6 Note that the algorithms starting from 1 or 1/2 are in fact different. This
is also noted in footnote 7.
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the 1/2 found are converted to 1), or else no new point is found, in which case
the 1/2 are considered not to belong to a common edge and are not relabelled.

The output of the “edge-finder” routine is a list of coordinates of the pixels
marked by 1 and of the corresponding gradient directions. The result of the
algorithm can be represented by two maps. The first is a map of pixel points
originally labelled as 1 and 1/2 (different shades), the second is an initial “edge
pixel map”, the map of the set of pixels labelled at the end of the “edgefinder”
routine by a 1.

The final part of the Canny algorithm is an “edge-counting” routine (this
part of our method goes beyond the standard Canny algorithm). This routine
creates a second “edge pixel map” and a histogram of number of edges as
a function of the edge length. Starting with the first entry in the list of
pixels marked by 1, the routine searches in directions perpendicular or near
perpendicular (or exactly perpendicular only) to the gradient direction to find
other pixels labelled as 1. If such a pixel is found, then the routine checks if
the gradient direction of the new pixel is near parallel or parallel (or exactly
parallel only) to the direction of the gradient at the initial pixel. If this is the
case, the routine considers the new pixel as part of the edge it is following.
Once no further pixel is found, the routine considers the edge to have ended
and saves the result. The program then moves to the next pixel labelled by 1.
Pixels are only allowed to be counted in one edge. After all edges are found, the
lengths are tallied and can be made into a histogram. To take into account the
fact that a pixel may be missing from a string edge due to a large influence of
the Gaussian component, there is an option for the “edge-counting” routine to
allow for a gap in an edge of a certain length. This skipping length parameter
is a further input parameter which the user of the algorithm has to set. As
should also be obvious from the discussion in this paragraph, the same choices
of “perpendicular exactly or nearly perpendicular” or “perpendicular exactly”
and “parallel exactly or nearly parallel” or “exactly parallel” as in the “edge-

finding” routine are open to the user in this part of the program.
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Let us conclude this section by reminding the reader of the various param-
eters which have to be chosen and choices which have to be made in our Canny
algorithm implementation. First of all, in our “edgefinder” routine there are
the three thresholds t., t, and ¢; which are used in the labelling of the lo-
cal maxima. Next, in our routine to turn 1/2 pixels into 1 pixels, there are
three choices to be made, first whether one starts with 1 or 1/2 pixels, second
whether one searches for neighboring 1s and 1/2s in direction perpendicular
or in directions nearly perpendicular or perpendicular to the direction of the
gradient, and third whether one demands that at the selected neighboring site
the gradient is parallel or if it is nearly parallel or parallel to the direction of
the gradient at the initial point. In the edge counting algorithm there are the
two choices analogous to the two choices mentioned at the end of the previ-
ous discussion. The user of the program has similar choices of “perpendicular
exactly or nearly perpendicular” versus “perpendicular exactly” to the gradi-
ent for the directions to search and “parallel exactly or nearly parallel” versus
“parallel exactly” to make. Finally, there is the number of points which the

“edge-counting” routine can skip.

3.5 Analysis
We tested the capability of our implementation of the Canny algorithm

to distinguish between temperature anisotropy maps which arise from a pure
Gaussian ACDM model and a model in which there is a contribution to the
power spectrum coming from a scaling distribution of cosmic strings (and
with the power of the Gaussian noise reduced to maintain the optimal fit to
the CMB angular anisotropy power spectrum as described in Section 3.3).
Since we have applications to small-scale CMB anisotropy experiments in
mind, we choose a simulation box of edge length 10° and with angular reso-
lution of 1.5". Both in the ACDM model and in the cosmic string model, the
actual universe is a realization of a random process. Thus, in order to deter-
mine whether the Canny algorithm can distinguish between the predictions of

the two theories, we have to run many realizations of the models. We ran 50

66



Figure 3.9: Edge maps for the gaussian map shown before. The first edge
map is for a GG, and thresholds used in the analysis of an N = 10 gaussian
map with strings for Gu = 3.5 x 1077, The thresholds are t. = 2, t, = 0.25,
t; = 0.1. The second edge map is made for the same gaussian map used in
the analysis of an N = 10 gaussian map with strings for Gu = 2 x 107, The
thresholds are t. =4, t, = 0.25, t;, = 0.1.
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Figure 3.10: The test string edge map.

Figure 3.11: N=1 pure string edge map.
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Figure 3.13: Gu = 2 x 107® unsmoothed string plus gaussian noise edge map.
N=10. The thresholds are t. =4, t, = 0.25, t;, = 0.1.
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Figure 3.14: Gu = 3.5 x 1077 smoothed string plus gaussian noise edge map.
N=10. The thresholds are t. =2, t, = 0.25, t;, = 0.1.

simulations for both theories. This number was chosen since it is the number
for which the resulting probabilities converge.

For small values of G, we generated each cosmic string map independently.
For larger values of Gu we generated the temperature maps by rescaling the
temperature map for Gu = 6 x 1078, The value of G, was scaled accordingly.
The value of the scaling factor a was computed for each of the simulations for
fixed value of G independently. Because of large fluctuations in the various
random variables (e.g. the number of strings), there results a spread for the
values of a, and some of the values of a? were negative for large values of Gy.
Thus, for large values of G we used a common value for a2, namely the mean

of the values of a? for Gu = 6 x 107® and scaled according to (see [173]):

CHo [ Gu\’ G\
2 _ 4 (Gl _> . 2_1(_ 3.25
“ € \ G =D\ G 3:29)
C?)
@ = 114G 3.26
0 (CF)o (3:20)

where the subscript 0 indicates the reference value of Gp.
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Both the models and the Canny algorithm contain a number of parameters.
As described in Section 3.3, we chose the best fit parameters of a ACDM model.
For the cosmic string distribution, we considered G to be the free parameter
of interest. We fixed the number of strings per Hubble volume to be N = 1 in
some simulations and N = 10 in other simulations, the string segment length
to be YH ! with v = 1, and the velocity parameter © = 0.15.

In this work we did a rough optimization of the various parameters which
have to be chosen in the Canny algorithm. For a fixed value of Gu for which the
effect of the strings is statistically significant we varied the parameters to find
the parameter values which gave the best discriminatory power (see below). On
this basis, we chose the various thresholds. Concerning the optimization of the
“flags” in the routine, it proved advantageous to start with the pixels marked
1 in the edge finding algorithm, and to look in directions both perpendicular
and near to perpendicular, and allowing the gradient at the neighboring point
to be parallel or near to parallel in both the edge finding and the edge counting
routines 7 .

We ran simulations both with and without smoothing of the maps. In the

runs with smoothing, the smoothing was done in the final maps (after adding

7 We ran the Canny algorithm on two different test maps to develop an
intuition on how to optimize the flags. For both test maps, more edges were
found when the number of allowed directions and gradients were greater. In
one test map more edges were found when the algorithm started with points
marked as 1/2 and in the other algorithm more edges were found when the
algorithm started with points marked as 1 for some values of the flags. Since
the algorithm is much slower when it starts with points marked as 1/2, in this
paper we always start with points marked as 1. Longer edges were found when
skipping points was allowed. This is consistent with the findings we have for
the averages of the full 50 maps of gaussian temperatures and the combined
maps with strings. Since skipping reduces the number of short edges, where
the standard deviation is smaller compared to the mean, and thus increases
the p-value, it increases the probability that the maps look the same.
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the string maps to the Gaussian maps). Finally, we ran simulations allowing
for skipping of points in the edge counting algorithm.

Discriminating power was quantified using the Fisher combined probability
test. This test is applied to the two output histograms of edge lengths, one
from the pure Gaussian simulations, the other from the strings plus Gaussian
maps. For each length [, we are given the mean number of edges of that
length and the corresponding standard deviation. Given the two means and
corresponding standard deviations we can apply the t-test to compute the
probability p; that the two means come from the same distribution. The

Fisher combined probability method then computes a x? as follows

k
Xak = =2 In(p) (3.27)
=1

where k is the number of edge lengths being considered, and computes the
corresponding probability value from a x? distribution with 2k values. We
chose k to be the last edgelength to have a nonzero standard deviation in
either the string or gaussian distributions, whichever is smaller.

The Canny routine makes use of three thresholds. To find the cutoff or top
threshold we ran a script to find the maximum average gradient of the fifty
string maps and then compared the highest gradient to the highest average gra-
dient. This threshold needs to increase as the G decreases because otherwise
one throws out virtually all of the edges, since as Gu decreases G, decreases.
One needs to keep some edges with values greater than the maximum gradient
in any string map because the signal from the gaussian map may add in the
same location to the signal from the string map. To find the upper and lower
thresholds we ran the Canny algorithm for various thresholds on a pure string
map and determined by eye if enough strings could be seen but not so many
that the overlap of the edges breaks apart the long string edges. In particular,
for N = 10 if the thresholds are too small the images are saturated with short

edges which break up the long edges. Thus, the thresholds need to be higher
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Figure 3.15: Histogram of the edge length distribution of the unsmoothed pure
Gaussian maps and the strings plus smoothed Gaussian maps for a value of
G = 4 x 1078, The number of edgelengths for strings plus gaussian maps
are denoted by triangles and the squares denote the number of edgelengths for
the pure gaussian maps. We plot the means and the standard deviation as the
error. Note the systematically larger number of edges for maps with strings
for short edgelengths.

for N = 10 than for N = 1. We leave a detailed optimization of the thresholds
to future work.

As a test of the code, we ran the analysis algorithm on two independent
sets of fifty Gaussian CMB maps and computed the probability that the two
sets come from the same Gaussian ensemble. The resulting probability was
typically of the order of 0.7, i.e. within the 1o error range.

Our simulations show that maps originating from cosmic strings have a
larger number of edges than the corresponding pure Gaussian maps. This is
a consequence of the presence of the Kaiser-Stebbins edges, the signal we are
looking for. Figure 3.15 shows a comparison of the two histograms for the
value Gu = 4 x 1078, Since the Gaussian noise cuts up the long edges, the
difference in edge lengths is statistically significant only for short edges.

Table 3.1 summarizes our results obtained by applying the Fisher combined

probability method to the histograms of string edge lengths. The results are
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for N =10 (10 strings per Hubble volume per Hubble time), for un-smoothed
maps, without skipping in the edge drawing and edge counting routines. The
statistical analysis includes edgelength 1 data. The first column gives the value
of G, the second the value of the top threshold (the other two thresholds are
held fixed at the values t,, = 0.25 and ¢; = 0.1), the third gives the probability
that the histograms of the string and Gaussian maps come from the same
Gaussian distribution. The fourth value gives the maximal edge length used
in the analysis, and the last column lists the value of a. We see that the
cosmic string signal can be detected ® at a three sigma level down to a value
Gp = 2x107% which is almost two orders of magnitude better than the current
bounds obtained by direct searches, and one order of magnitude better than
the limits on G coming from the CMB angular power spectrum constraints.
These results are for unsmoothed maps.

As can be expected from looking at the histograms of 3.15, the sensitivity
of the algorithm decreases slightly if edges of length 1 are excluded from the
analysis. The results excluding edges of length 1 are shown in Table 3.2.

Since smoothing dramatically reduces the number of short edges, and since
the strength of the signal of our analysis comes from the number of short edges,
it turns out that smoothing significantly weakens the ability of the algorithm
to pick out strings. The results of our analysis applied to smoothed maps
(smoothing length 3) are given in Table 3.3. The loss in discriminatory power
is about a factor of 5. This is a serious concern when considering applications
of our algorithm to real data.

In Table 3.4 we present the results for N = 1. Since there are an order of
magnitude less string edges in this case, the limit on G which can be obtained
is slightly weaker (about a factor of 3 weaker). To put this result into context,

it is important to point out that limits on Gu from other studies implicitly

8 More conservatively, we should say that the difference between the maps
with cosmic strings and pure Gaussian maps can be detected.
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or explicitly use N = 10. The limits on G from matching the angular CMB
power spectrum would be weaker by about one order of magnitude.

The results of the previous tables were obtained from an algorithm which
did not have any skipping in the edge counting routine. We allowed skipping
of two points. Skipping of two points leads to a larger number of long edges.
Skipping by four points leads to edge broadening, an unwanted feature. Hence,
we only considered skipping two points. Including skipping turns out to reduce
the number of short edges more significantly than it increases the number of
longer edges. Thus, the power of our routine to discriminate between maps
with and without strings slightly decreases when introducing skipping (which
is the opposite of what we initially expected). The results are indicated in the
following table. However, it is possible that further optimization of the routine

parameters would reverse the results concerning the effectiveness of skipping.
Table 3.1:

Unsmoothed String Map versus Gaussian Map: N=10
Minimum Edge Length: 1
t, = 0.25, t; = 0.1, num. skipped points=0

Gmu te probability | max. edgelength mean a
1.0000000e-08 | 7.00000 | 0.44757170 11.000000 0.99967664
2.0000000e-08 | 4.00000 | 0.0020638683 14.000000 0.99862559
4.0000000e-08 | 3.00000 |  0.0000000 21.000000 0.99447207
6.0000000e-08 | 3.00000 0 33 0.98754092

Table 3.2:

Unsmoothed String Map versus Gaussian Map: N=10
Minimum Edge Length: 2
t, = 0.25, t; = 0.1, skipped points=0

Gmu te probability | max. edgelength mean a
1.0000000e-08 | 7.00000 | 0.56022527 11.000000 0.99967664
2.0000000e-08 | 4.00000 | 0.087458606 14.000000 0.99862559
4.0000000e-08 | 3.00000 | 4.8140603e-11 21.000000 0.99447207
6.0000000e-08 | 3.00000 0.0000000 33.000000 0.98754092
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Minimum Edge Length: 1

Table 3.3:

Smoothed String Map versus Gaussian Map N=10
t, = 0.25, t;, = 0.1, num. skipped points=0

Gmu te probability | max. edgelength mean a
6.0000000e-08 | 3.00000 | 0.10701445 42.000000 0.98754092
8.0000000e-08 | 3.00000 | 0.059179809 46.000000 0.97932855
9.0000000e-08 | 3.00000 | 0.00012533417 46.000000 0.97174247
1.0000000e-07 | 3.00000 | 2.4759972e-11 52.000000 0.96499435
1.5000000e-07 | 2.50000 0.0000000 59.000000 0.91936485

Table 3.4:
Minimum Edge Length: 1
Unsmoothed String Map versus Gaussian Map: N=1
t, = 0.03, t; = 0.005, skipped points=0

Gmu te probability | max. edgelength mean a
2.0000000e-08 | 4.00000 | 0.43985131 7.0000000 0.99986506
4.0000000e-08 | 3.00000 | 0.76437603 11.000000 0.99937157
6.0000000e-08 | 3.00000 | 0.0019923380 19.000000 0.99901436
8.0000000e-08 | 3.00000 | 8.7787192e-09 28.000000 0.99816180
9.0000000e-08 | 3.00000 | 3.8369308e-13 32.000000 0.99757307

3.6 Conclusions and Discussion

We have developed a new program to search for cosmic strings in CMB
anisotropy maps making use of the Canny algorithm, and have tested it with
simulated data corresponding to maps with specifications corresponding to
those of current ground-based CMB experiments. The code contains a number
of optimization parameters, and we have discussed the role of these parameters.

Our results (based on a rough optimization of the parameters) show that
our algorithm has the potential to improve the bounds on the cosmic string
tension from direct CMB observations by up to two orders of magnitude com-
pared to existing limits, and by one order of magnitude from other more in-
direct limits. The limiting value of G decreases as N (the number of strings
per Hubble volume per Hubble time) increases. For cosmic superstrings the
intercommutation probability may be much lower than for Abelian field the-

ory strings, thus leading to a larger value of N [142]. Hence, our method may
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Table 3.5:

Minimum Edge Length: 1
Unsmoothed String Map versus Gaussian Map:N=10
t, = 0.25, t; = 0.1, skipped points=2

Gmu te probability | max. edgelength mean a
1.0000000e-08 | 7.00000 | 0.43783402 41.000000 0.99967664
2.0000000e-08 | 4.00000 | 0.30944903 55.000000 0.99862559
4.0000000e-08 | 3.00000 | 5.4179907e-08 139.00000 0.99447207

be able to set more stringent limits of the value of G in the case of cosmic
superstrings. °

A possible concern with our analysis is that our toy model of represent-
ing the effects of a string on the microwave sky introduces artificial edges.
Although the presence of the central edge in the CMB pattern of a string is
clearly physical, the edges perpendicular to this central edge are due to the
toy model which considers finite length string segments rather than a network
of infinite strings. Although the temperature perturbation clearly goes to zero
at a perpendicular distance t from a string present at time ¢, the sharpness
of the change given by [112] may be modulated by interactions between the
time of formation of the string network and the time ¢ ° . Thus, one of our
simulations with NV strings per Hubble volume per Hubble time may contain

4

as many edges as a “real” string map with 4N strings per Hubble volume per
Hubble time. As can be seen by comparing Tables 3.4 and 3.5, the depen-
dence of the limits on G on N is not large. The limit on Gu appears to
scale as N~!. Thus, the limit on G obtained from our analysis might be a

factor of 3 too optimistic due to the larger number of edges. This point could

9 While this manuscript was being prepared for submission, a preprint [69]
appeared in which a novel method different from ours was proposed to search
for cosmic strings. With this new method, improved limits on the cosmic string
tension also appear to be possible.

10°We thank the Referee for raising this issue.
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also be addressed by a Canny algorithm analysis of more sophisticated string
simulations, which we shall pursue as a follow-up study.

The results presented here are based on comparing simulations with and
without cosmic strings of a known value of Gu. However, we do not know the
value of G, and the goal of observations is to determine the value or to set
limits on it. Hence, the way we plan to apply our algorithm to real data is to
compare the edge histograms based on real data with those of a cosmic string
plus Gaussian map with fixed Gu, and varying Gpu, starting from the current
limit for this quantity. Limits on G can be obtained if the histogram derived
from the data is statistically different from that of a Gaussian plus strings
map for the corresponding value of the normalized string tension. A candidate
detection of cosmic strings would require the histogram derived from the real
data to be statistically indistinguishable from that of a Gaussian plus strings
map, and at the same time different from that of a pure Gaussian map. If
there are indeed cosmic strings in the sky with a value of Gu for which our
analysis gives a probability p that the histograms with and without strings are
from the same distribution, then the probability that our statistical analysis
would give a positive detection of these strings will be 1 — p.

When applying the algorithm to real data, a serious concern is systematic
errors introduced by the observing strategy - specifically lines in the maps
due to the scanning strategy. In specific experiments such as the South Pole
Telescope (SPT) experiment, lines introduced by the scanning will be in one
specific direction, and thus the algorithm can be rendered immune to this
effect by considering only edges which are not parallel to the direction of
the scanning stripes. Foreground and instrumental noise are other important
problems. Smoothing of the maps is supposed to reduce the latter problem,
and the study of [173] confirms that instrumental noise such as that anticipated
in the SPT telescope will not have a big effect on the power of the algorithm.

The next step of our research program will be to apply our code to existing
data. The main challenge will be to take care of the systematic errors contained

in the data. We plan to compare data for the actual sky map to Gaussian and
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Gaussian plus strings simulations. In order to put the data in a format for
which a statistical analysis is possible, we will divide the sky maps into sub-
maps of equal size, and treat each sub-map as a different realization of the
sky. In other words, we make the ergodic hypothesis and identify ensemble
and spatial averaging. Thus, if we want to compare squares of edge length 10°
in the sky, then we need a total survey area 50 times larger in order to be able
to have 50 independent data sets for the sky. We also plan to apply our code

to more realistic cosmic string simulations, such as those of [63].

3.7 Appendix A

In this Appendix we describe the maxima doubling problem which arises
in our implementation of the Canny algorithm. Let us illustrate the problem
in terms of an example.

If the temperature grid points are

6 8 10 20
35 12 14 (3.28)
46 9 11

and the points are labeled starting from 0 from left to right top to bottom, then
the point at grid point 5 (temperature 5) is a local maximum with gradient 7
along the 0 direction. The grid point 6 (temperature 12) is a local maximum
along the 1 direction with gradient 8. There aren’t any doubles in this case.

However, if we had
6 8 10 15

3 5 12 14 (3.29)
4 6 9 11

then the grid point 5 (temperature 5) is a local maximum along the 0 direction
with a gradient of 7 and the grid point 6 (temperature 12) is a local maximum
along the 4 direction with gradient 7. We use a sorting routine to remove the
first occurrence of a gradient of 7 (index 5) as we want there to be only one

local maximum at this point.
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3.8 Summary

In this chapter we explored simulated temperature maps of the CMB in
position space to assess the viability of our cosmic string detection program.
In the next chapter we shall extend this analysis to determine if cosmic super-

strings can be differentiated from generic cosmic strings.
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Chapter 4

Searching for Signatures of

Cosmic Superstrings in the
CMB

4.1 Preface

In this chapter, we include [53] which builds upon the last chapter by
searching for signatures of cosmic superstrings via their influence on the CMB
per the Kaiser-Stebbins effect. We do this by examining the density distribu-
tions of edges, as superstrings can form three-string junctions. Three-string
junctions result in a distribution of edges featuring clustering and voids. Simi-
lar patterns can be found from different scaling solutions of cosmic strings also

allowing us to distinguish among different scaling solutions.

4.2 Introduction

In recent years there has been a revival in interest in finding signatures of
cosmic strings. One of the main reasons is that a large class of string infla-
tionary models predict [157] a copious production of cosmic superstrings [193]
- cosmic strings consisting of extended fundamental strings of cosmological
scale - at the end of the period of inflation. Under certain conditions [47],

these cosmic superstrings are stable on cosmological time scales.
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Since gauge theories also predict the presence of cosmic strings [95, 198,
184, 97, 96] (see [187, 75, 28] for reviews), it is an important endeavor to
distinguish between generic cosmic strings and cosmic superstrings. As we
shall demonstrate in this note, the plethora of small scale Cosmic Microwave
Background (CMB) experiments, such as the ground based Atacama Cosmol-
ogy Telescope (ACT) [102] and the South Pole Telescope (SPT) [151] or the
Planck satellite experiment [190, 125], will provide the observational means to
make this distinction.

Both generic cosmic strings and cosmic superstrings leave imprints in the
CMB. The key signature - the “Kaiser-Stebbins (KS) effect” [89] - consists
of line discontinuities in the temperature map formed from a combination of
gravitational lensing and the Doppler effect: photons from the last scattering
surface streaming by either side of a moving cosmic string will be observed
to have a temperature which differs by a small amount proportional to the
string tension. The signature is manifest in position space - in Fourier space
the phase information which is crucial to obtain a line discontinuity is lost.
Therefore, to find evidence for the line discontinuities, new data analysis tech-
niques are required which work directly in position space. One such technique
is the Canny edge detection algorithm [37, 36]. As shown in [6, 173, 52], the
Canny algorithm can be used to search for the line discontinuities produced by
strings. In fact, it was shown that when applied to data with angular resolu-
tion comparable to that which will be obtained from the South Pole Telescope,
the non-detection of KS lines will allow an improvement in the upper bound
on the cosmic string tension by almost an order of magnitude compared to
existing bounds.

One essential distinction between strings in simple gauge theory models and

cosmic superstrings is that the latter come in different varieties ! . There can

! For sufficiently complicated gauge theory models, it is also possible to
obtain different types of strings [74, 35]. Fat strings arising in theories with
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be fundamental strings (F-strings), one space-dimensional branes (D-strings),
and bound states of the above. These flavors of cosmic superstrings can form
junctions, points where three strings meet in the shape of a Y [47, 106, 82, 70,
73, 45, 46, 48, 181].

In the present paper we find that the Canny algorithm can be modified in
order to allow a differentiation between string maps with and without string
junctions. Since string junctions are generically predicted in models of brane
inflation with cosmic superstrings but are not present for cosmic strings in
simple gauge theory models, our work points towards a way of finding ob-
servational evidence which would favor cosmic superstrings over simple gauge
theory strings.

To identify the line discontinuities predicted by cosmic strings, good an-
gular resolution of a CMB experiment is crucial. It is for this reason that our
simulations work with maps similar in angular extent and angular resolution
which will be obtained by the ACT and SPT experiments, those with ideal
angular resolution.

Our implementation of the Canny algorithm [52] finds line discontinuities
produced by the KS effect and produces a map of edges. In contrast to previous
work [138, 195, 62, 164, 18, 19, 8, 9] on constraining the cosmic string tension
from CMB observations which focused on the angular power spectrum of CMB
maps in which the KS signature is washed out, our work searches specifically
for the line discontinuities predicted by the KS effect.

Our numerical work is based on simulations of the predicted CMB anisotropies
in small patches of the sky (side length 10°) with angular resolution of 1.5

We simulate maps predicted in pure string models (i.e. no “Gaussian noise”)

light moduli fields also can give rise to junctions [49] - in this case due to
mergings of strings with low winding number into strings of higher winding
number. For simple gauge theory strings, strings with higher winding number
are unstable to the fragmentation into strings of winding number 1, and hence
these junctions do not arise.
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with and without junctions, and also maps in which the “Gaussian noise”
due to inflationary perturbations dominates the total amplitude of the power
spectrum, and cosmic strings contribute a sub-dominant fraction consistent
with the current upper bounds [138, 195, 62, 164, 18, 19, 8, 9]. The current
upper bound on the contribution of strings to the angular power spectrum
of CMB anisotropies corresponds to a value of the string tension p which is
Gu < 2 x 1077 in dimensionless units (G is Newton’s gravitational constant).

Our implementation of the Canny algorithm consists of a set of routines
which generate a map of edges in the sky corresponding to gradients in CMB
maps which are in the range expected from the KS effect [52], and statisti-
cally analyze the resulting edge maps, with the goal of distinguishing between
simulated CMB maps of pure Gaussian inflationary perturbations and maps
combining simulated cosmic strings with Gaussian perturbations. In our stud-
ies [52] we showed that this distinction could be made up to a three sigma
confidence level for strings with tensions as low as 2 x 1078 for maps without
the removal of point source noise (unsmoothed) and as low as 9 x 107% for
maps with point source noise removed (smoothed).

Here we extend the use of the Canny algorithm to distinguish simulated
maps of strings with and without junctions. Based on the edge maps which the
Canny algorithm produces, we count the number of edges present in groups of
pixels, thus determining the density of edges. We then use the distribution of
densities to differentiate between maps with and without junctions. Specifi-
cally, we compare the shapes of the histograms (number of occurrences versus
number of edges) in the two cases, using the “combined Fisher probability
method”.

The simulations contain various free parameters. Firstly, there is the cos-
mic string tension p. Secondly, there is the number N of string segments per
Hubble volume per Hubble time during the string scaling phase. The fraction
of string segments which involve a junction is another choice which must be
made. In order to ascertain that a deviation in the shape of an edge histogram

from that in a theory with pure Gaussian noise is a consequence of strings with
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junctions, we must allow the parameters in the simulations with and without
junctions to be different. For example, it is not sufficient to show that the
histogram in a string simulation with junctions for N = 10 is different from
that of a string simulation without junctions for the same value of N. We must
also check that the change in the shape resulting from the addition of junctions
cannot be masked by a change in the value of N. We have carefully studied
this point and find that, with appropriately chosen number of boxes sampled
in the observed window, we are able to differentiate string simulations with
and without junctions. Without Gaussian noise the difference in the shape of
the histogram is manifest. However, with Gaussian noise consistent with the
cosmic strings contributing not more than they are allowed to by the limits of
(138, 195, 62, 164, 18, 19, 8, 9] we find that the difference is no longer man-
ifest. However, with sufficient care, we are still able to make the statistical
distinction.

The outline of this paper is as follows: we first describe our simulated
microwave sky patches resulting from models with cosmic strings junctions
(Section 4.3). In Section 4.4 we review the application of the Canny algorithm
and present the edge maps which result from our simulations. We present the
density distribution analysis in Section 4.5. Finally, in Section 4.6 we conclude

with a discussion of the results.

4.3 Simulations

We refer the reader to [52] for details on simulating the combined maps
produced by the combination of cosmic strings and inflationary perturbations.
In brief, the contribution of Gaussian inflationary perturbations to the CMB
sky map is produced by Fourier transforming the angular power spectrum
obtained using the CAMB code [107], assuming random phases.

The temperature map from pure cosmic strings is constructed using an
analytical toy model of the effects of strings on the microwave sky. This model
was first introduced in [133, 134] to model the effects of long strings, and

has been used widely since then. The model assumes that the distribution
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of cosmic strings obeys a scaling solution (i.e. the network looks the same at
all times if distances are scaled to the Hubble radius). The string network
consists of “long” strings (strings whose curvature radius is comparable or
larger than the Hubble radius) and loops (of radius smaller than the Hubble
length). Based on numerical simulations of the evolution of a cosmic string
network [4, 16, 5, 150, 183] we assume that the long strings dominate. We
also assume that the long strings are straight. Thus, according to the model
of [133, 134], the network of strings can be modelled as a set of straight string
segments of roughly Hubble length. The various cosmic string simulations all
agree that there is a scaling solution for the network of long strings, but they
do not agree on the density of strings. We will model this uncertainty with a
free parameter N, an integer which gives the number of string segments per
Hubble volume. Since the strings move relativistically, the network of strings
looks uncorrelated on time scales larger than the Hubble time. Following
[133, 134], we model this by taking the string segments to be statistically
independent in each Hubble time step. The strings are laid down in Hubble
time steps from the time of recombination to the present time.

Each string segment produces a characteristic rectangular temperature

fluctuation pattern in the sky which is obtained by adding
AT/T = 4nGuor (4.1)

on one side of the location of the string, affecting the sky to a depth of a
Hubble length 2 and subtracting this value from the other side. Here y is the
string tension, © = vy(v) where v is the transverse velocity of the string and

its relativistic  factor is y(v), and r is a random number between 0 and 1

2 The range of the “deficit angle” [185] in the plane perpendicular to the
string which leads to the KS effect is bounded from above by causality to be
the Hubble length - assuming that the cosmic strings are produced in a phase
transition in the early universe - and the work of [112] shows that the effect of
the deficit angle in fact extends just about to the causality limit.
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Figure 4.1: The angular power spectrum of the CMB anisotropy maps of pure
cosmic string simulations with values N=10 and Gy = 1x10~7. The horizontal
axis is [, the vertical axis is [(l + 1)C}.

which is introduced to take into account projection effects and the fact that
the velocities of different strings will vary - in (4.1) we use one fixed velocity
v. We will speak in terms of a pattern of rectangular “boxes” (one on each
side of the string) which a string produces in the CMB sky. One difference
between this simulation and that of [52] is that in the former paper the length
of the string segment laid down was the same length as the depth of the box
perpendicular to the string. In this simulation we allow the depth of the box
affected by the string to be a different random fraction of the Hubble length
(as determined by projection effects). Our cosmic string toy model yields
an approximately scale-invariant spectrum of CMB anisotropies (as expected
from early analytical work on cosmic strings [180, 158, 171, 33, 179, 135, 118]).
The C) spectrum for 100 string simulations of string tension Gu =1 x 1077 is
shown in Figure 4.1.

Since we have applications to small angular scale CMB experiments such
as ACT and SPT in mind, we take our window size to be 10 degrees and the

resolution to be 1.5 arcminutes.
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Figure 4.2: Temperature map in a model with both cosmic strings (N = 10
and G = 1077, no junctions) and Gaussian fluctuations.

To sum the Gaussian and cosmic string maps we multiply the COBE-
normalized Gaussian map by a coefficient a and add the cosmic string tem-

perature map obtained for the value of Gu which we are interested in:
T(G+S) = CLT(G) + T(S). (42)

The coefficient a is obtained by demanding that the total map yields the best
fit to the observed angular CMB correlation function.

We refer the reader to Figure 4.2 for the simulated map of cosmic strings
(no junctions) plus Gaussian inflationary perturbations. The map is for a value
Gu =107,

Next we describe the simulations in the presence of junctions. The first
difference is that not all strings have the same tension. By p; we will denote
the tension of the i’th string. The vector p; has magnitude p; and points in
direction of the string. We will take the total number of string segments per

Hubble volume to be N = 10. We assume junctions in the shape of a “Y”,

88



i.e. junctions with three legs each. Thus, there will be one string segment per
Hubble volume which is not part of a junction.

As in the string simulation without junctions, the beginning of the first
string in the junction is placed randomly within a window extending by one
Hubble length in each direction around the observed window. This accounts
for strings which might begin within the field of view and extend out of it
and for strings which might begin outside the field of view and extend into the
observed window. The first string’s starting point in this simulation will be the
point where the three strings meet. The angle and sign of its velocity vector
as well as the direction of the string are randomly determined. The string’s
velocity angle and sign determine which of the two boxes around the string will
be assigned a positive and which a negative temperature fluctuation compared
to the average. The formula (4.3) taken from [24] to determine which side of

the string has a positive temperature difference compared to the average is:

O = StGafo- (i x ) (4.3)

in which v is the velocity vector of the string, and k is the line of sight unit
vector perpendicular to the observation window.

The first string segment of a junction has a fixed input string tension.
We use Gu = 8.7 x 107® because when there are three junctions per Hubble
volume this gives a coefficient a = 0.976. Recall that a is the coefficient used
to sum the Gaussian contribution of the map with the string map. A value
of a = 0.976 is obtained in the case of a simulation with Gu = 1 x 1077 for
N = 10 without junctions. We want to compare different maps with the same
contribution from the Gaussian perturbations. Therefore we fix a and compute
the corresponding G for simulations with junctions and varying values of N.
To determine the value of Gu for a simulation with junctions, we first perform
a simulation with a given value Gy and compute the resulting value of a,

denoted here by ag. The value of Gu which yields the required value of a is
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Figure 4.3: A few cosmic strings with junctions.

then given by:

Gt = (51 @i, (1.49)

az —1
The value of a for a given string tension and given value of N will be higher
than in our previous paper [52] since the boxes of altered temperature per the
KS effect are smaller in this simulation where the depth can be less than the
string width. Hence, the strings contribute less power.

When simulating junctions, we draw the second string at the same point
as the beginning of the first string with a string tension given by a random
fraction of the first string’s tension. The direction of the second string is
random. The third string’s direction is chosen such that the vector sum equals
zero for the three vectors with magnitudes given by the string tensions and
directions given by the directions of the strings. The magnitude of this third
vector indicating the direction of the third string gives the string tension for
the third string. Figure 4.3 demonstrates the temperature signature for a few
strings with junctions.

As in our previous paper [52] we lay down strings independently in each

Hubble expansion time interval starting from recombination until the present
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Figure 4.4: The angular power spectrum of the CMB anisotropy maps for
cosmic string simulations with three junctions per Hubble volume and a scaling
solution with N = 10 and Gu = 8.7x1078. The horizontal axis is [, the vertical
axis is (I + 1)C;.

time. Figure 4.4 shows the resulting angular power spectrum (C; spectrum)
for a scaling solution of N = 10, a string tension of the first string as Gu =
8.7 x 107® and three junctions per Hubble volume. The value of the string
tension without junctions was chosen to lie slightly below the current best
upper limits; the string tension for simulations with junctions was then selected

to have the same contribution of the background Gaussian perturbations.

4.4 Canny Algorithm

We refer the reader to [52] for a thorough discussion of our application of
the Canny algorithm. In essence, we look for edges by searching for maximal
gradients larger than a threshold ¢,,. These local maxima are perpendicular to
the direction of the edge. Gradients larger than a cutoff value, t., are removed
as these will likely be due to the underlying Gaussian perturbations. Gradients
that are between the upper threshold and a lower threshold are marked with a
value of one and counted as part of an edge if they are connected to a point in a

satisfactory direction (perpendicular or near perpendicular) whose gradient is
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Figure 4.5: Pure string edge map without junctions obeying a scaling solution
of N=10.

a local maximum greater than or equal to the upper threshold. Our algorithm
creates a map of edges, or a map of points which are marked as one connected
together in edges. These can be seen for strings without junctions obeying
a scaling solution of N = 10 in Figure 4.5 and strings with three junctions
per Hubble volume obeying a scaling solution of N = 10 in Figure 4.6. Once
an edge map has been created the program counts the number of continuous
points that satisfy the above criteria, thus counting the number of points in
the edges.

In our simulations, we have chosen the following values of the cutoff pa-
rameters which enter the Canny algorithm: the top cutoff is t, = 3 3 | the
upper cutoff is ¢, = 0.25 and the lower cutoff is ¢;, = 0.1. These values were
chosen based on the parameter optimization performed in our previous work

[52).

3 In units of the maximal gradient which can be produced in the simulation
by a cosmic string.
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Figure 4.6: Cosmic string edge map with three junctions per Hubble volume
obeying a scaling solution of N=10.

4.5 Density Distribution Analysis

Because strings with junctions are grouped together, we hypothesized that
the distribution of edges with junctions would differ from the distribution
without junctions. We divided the observation window by a grid into boxes
and counted the number of edges and number of points marked as one (the
number of pixels in edges) per grid box. The size of a grid box is a free
parameter in our analysis. We then plotted the number of boxes versus the
number of either edges or points marked as one per box. Using the number of
edges or the number of points marked as one per box gives slightly different
statistics.

When we count the number of edges in a given grid box, we need an
algorithm to determine which box an edge falls within when edges cross boxes.
We choose to assign an entire edge to the box containing a specific pixel of
that edge. We could use the first pixel as the point denoting the edge, but this
introduces a position bias because the algorithm counts edges starting from

the bottom left of the window. However, when searching for pixels to include
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in an edge, the algorithm does not search in a linear fashion so the final pixel
included in an edge does not have a biased position relative to the other pixels
in the edge. Therefore, we assign the position of the edge to the final pixel.

We now discuss our numerical results. All of the simulations were for
the same value of a. In all the following figures the blue (solid) curve is for
N = 10 with three junctions per Hubble volume. The other curves correspond
to cosmic string simulations without junctions, the red innermost (dash dot
dot) curve is for N = 1, the yellow (dashed) one is for N = 6, the green (dot-
dashed) one is for N = 5, and the outermost red (dotted) one is for N = 10. All
curves correspond to the average over 100 edge maps. Note that the N = 10
curve with junctions is closest to the N = 5 curve without junctions.

The statistic we use to determine if the curves are distinguishable is a
combination of the Student t-test and the Fisher combined probability test.
For each value of the x-axis (the number of points marked as one or the number
of edges) we are given the mean number of boxes that contain that number of
points/edges and the standard deviation. With two means and corresponding
standard deviations we can apply the t-test to compute the probability p; that
the two means originate from the same distribution. The Fisher combined

probability method then computes x? as follows:

X3 = —2) In(p) (4.5)

where k is the maximal number of edges/points marked as one being which
arise. We compute the probability value from the y? distribution with 2k
values. Bins with entries or standard deviations equal to zero are obviously
not included in the sum.

Figures 4.7-4.10 are pure string (no Gaussian added) histograms. We see
that for the different scaling solutions the peak and the width of the curves
are shifted. We also see that it is difficult to distinguish by eye between the
scaling solution N = 5 without junctions and N = 10 with junctions, but that

using the Fisher probability method these curves are clearly distinguishable.
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We also see that as we change the box size (or the number of boxes in
the grid) the results differ. This opens up the possibility to probe the differ-
ence between two sky maps using a set of different statistics. One statistic
may be more powerful at distinguishing the map with string junctions from a
map without junctions for one value of N, while another statistic may yield a
stronger discrimination for another value of N.

In Figure 4.7 we divide the observation window into 36 by 36 size boxes and
plot the number of boxes for pure string maps (without Gaussian contribution)
versus the number of points marked as one in each box. Table 4.1 shows the
corresponding probabilities for the junction maps to have come from the same
distribution as the corresponding string maps without junctions for various
scaling solutions. In the table, each line corresponds to a different comparison.
The first column gives the parameters of the simulation with junctions (which
are always taken to be the same), the second column states the parameters of
the simulation without junctions which the run indicated in the first column
is compared to. The third line gives the probability that the two maps come
from the same distribution. A probability of zero means that the numerical
result is smaller than the numerical cutoff.

Figure 4.8 plots the same as above except that the grid is divided into 26
by 26 boxes. Table 4.2 displays the results for this figure.

Figure 4.9 plots the histogram of the number of boxes versus the number
of edges for 36 by 36 boxes in the grid. Table 4.3 displays the statistical results
for this figure. We see that using edges instead of number of points yields an
improved discriminatory power.

Figure 4.10 plots the histogram for the number of boxes versus the number
of edges for 26 by 26 boxes in the grid with Table 4.4 giving the corresponding
statistical results.

Figures 4.11-4.14 with corresponding Tables 4.5-8 give the results for the
string maps with Gaussian added. The string tensions are adjusted so that
the a coefficient remains the same for each scaling solution, hence keeping the

percentage of the Gaussian contribution constant. We choose the baseline a
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Figure 4.7: Pure string histograms for 36 x36 boxes. Number of boxes versus
the number of points marked as one. The red innermost curve (dash dot dot)
is the average over 100 edge maps for N = 1, the blue curve (solid) is for
N = 10 with three junctions per Hubble volume, the yellow curve (dashed) is
for N = 6, the green curve (dash dot) is for N = 5, and the outermost red
curve (dotted) is for N = 10. Ounly the blue curve includes the presence of
junctions. See Table 4.1 for string tensions and a coefficient.
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Figure 4.8: Pure string histograms for 26 x26 boxes. Number of boxes versus
the number of points marked as one. The red innermost curve (dash dot dot)
is the average over 100 edge maps for N = 1, the blue curve (solid) is for
N = 10 with three junctions per Hubble volume, the yellow curve (dashed) is
for N = 6, the green curve (dash dot) is for N = 5, and the outermost red
curve (dotted) is for N = 10. Ounly the blue curve includes the presence of
junctions.
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Figure 4.9: Pure string histograms for 36 x36 boxes. Number of boxes versus
the number of edges. The red innermost curve (dash dot dot) is the average
over 100 edge maps for N = 1, the blue curve (solid) is for N = 10 with three
junctions per Hubble volume, the yellow curve (dashed) is for N = 6, the
green curve (dash dot) is for N = 5, and the outermost red curve (dotted) is
for N = 10. Only the blue curve includes the presence of junctions.
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Figure 4.10: Pure string histograms for 26 x26 boxes. Number of boxes versus
the number of edges. The red innermost curve (dash dot dot) is the average
over 100 edge maps for N = 1, the blue curve (solid) is for N = 10 with three
junctions per Hubble volume, the yellow curve (dashed) is for N = 6, the
green curve (dash dot) is for N = 5, and the outermost red curve (dotted) is
for N = 10. Only the blue curve includes the presence of junctions.
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Table 4.1:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Pure Strings

Based on the distribution of points marked as 1

a = 0.976 36x36 Boxes Per window

N Gu junctions | N Gu junctions | probability

10 8.7x 1078 yes 10 1x107"7 no 0

10 8.7x 1078 yes 6 1.2x1077 no 0

10 8.7x 1078 yes 5 1.37x1077 no 5x107°

10 8.7x 1078 yes 1 312x1077 no 0
Table 4.2:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Pure Strings

(Based on the distribution of points marked as 1)

a = 0.976 26x26 Boxes Per window

N Gu junctions | N Gu _ junctions | probability
10 8.7x 1078 yes 10 1x10™ no 0

10 8.7x 1078 yes 6 1.2x1077 no 0

10 8.7x 1078 yes 5 1.37x1077 no 3x 1076
10 8.7x1078 yes 1 312x1077 no 0

coefficient to be consistent with the string tension limits given by Pogosian,
Wasserman, and Wyman (see the corresponding reference in the list [138, 195,
62, 164, 18, 19, 8, 9]).

In Figure 4.11 the number of boxes versus number of points marked as one
is plotted for 36 by 36 size boxes in a grid. We can easily distinguish between
scaling solutions of N = 10, N = 6, and N = 1 of maps without junctions
compared to maps with three junctions per Hubble volume. With fixed 36 by
36 boxes in a 10 degree window, maps with N = 5 are indistinguishable from
maps of N = 10 with three junctions per Hubble volume, as can be seen in
Table 4.5.

However, here is where our power of being able to use a set of different
statistics comes in handy. In Figure 4.12, corresponding to Table 4.6, we use 26
by 26 size boxes in a grid. Now, the results for N = 5 are distinguishable from

those in simulations with junctions, but the N = 10 junction simulation results
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Table 4.3:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Pure Strings

(Based on the distribution of edges)

a = 0.976 36x36 Boxes Per window

N Gu junctions | N Gu junctions | probability

10 8.7x 1078 yes 10 1x107"7 no 0

10 8.7x 1078 yes 6 1.2x1077 no 0

10 8.7x1078 yes 5 1.37x1077 no 0

10 8.7x 1078 yes 1 312x1077 no 0
Table 4.4:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Pure Strings

(Based on the distribution of edges)

a = 0.976 26x26 Boxes Per window

N Gu junctions | N Gu junctions | probability
10 8.7x 1078 yes 10 1x1077 no 0
10 8.7x 1078 yes 6 1.2x1077 no 0
10 8.7x 1078 yes 5 1.37x1077 no 8 x 10716
10 8.7x1078 yes 1 312x1077 no 0

and the N = 6 no junction scaling solution are no longer distinguishable.
With the combined results for both 36 by 36 and 26 by 26 size boxes we can
distinguish maps with junctions from maps without junctions for strings plus
Gaussian fluctuations for all values of N. The explanation for our results is
that the edges cluster differently on different length scales for simulations with
and without junctions.

A slightly different analysis is to consider the distribution of edges versus
the number of pixels in edges. With junctions we expect the edges to be longer
and therefore less dense in number than the number of edges for maps without
junctions. Figure 4.13 and its corresponding Table 4.7 indicate the results for
number of boxes versus number of edges for 36 by 36 size boxes. From these
results maps with junctions are indistinguishable from maps of a no-junction
scaling solutions with N = 6. However, Figure 4.14 and its corresponding

Table 4.8 show that by plotting the number of boxes versus number of edges
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Figure 4.11: Strings plus Gaussian histogram for 36x36 boxes. Number of
boxes versus the number of points marked as one. The red curve (dash dot
dot) is the average over 100 edge maps for N = 1, the blue curve (solid) is for
N = 10 with three junctions per Hubble volume, the yellow curve (dashed) is
for N = 6, the green curve (dash dot) is for N = 5, and the outermost red
curve (dotted) is for N = 10. Only the blue curve includes the presence of
junctions.

for 26 by 26 size boxes, maps with junctions become distinguishable from maps

without junctions for all scaling solutions we considered.

4.6 Conclusions
We have applied the Canny algorithm to simulated maps of CMB anisotropies

induced by models with cosmic stings either containing or not containing string
junctions. We proposed a statistic with which it should be possible to distin-
guish between the maps with and without junctions. This provides a method
with which one can distinguish between the predictions of simple gauge field
theory models with cosmic strings (which typically do not admit string junc-
tions), and models such as those giving rise to cosmic superstrings, which are

characterized by the presence of junctions.
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Figure 4.12: String plus Gaussian histogram for 26x26 boxes. Number of
boxes versus the number of points marked as one. The red curve (dash dot
dot) is the average over 100 edge maps for N = 1, the blue curve (solid) is for
N = 10 with three junctions per Hubble volume, the yellow curve (dashed) is
for N = 6, the green curve (dash dot) is for N = 5, and the outermost red
curve (dotted) is for N = 10. Ounly the blue curve includes the presence of
junctions.
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Figure 4.13: String plus Gaussian histogram for 36x36 boxes. Number of
boxes versus the number of edges. The red curve (dash dot dot) is the average
over 100 edge maps for N = 1, the blue curve (solid) is for N = 10 with three
junctions per Hubble volume, the yellow curve (dashed) is for N = 6, the
green curve (dash dot) is for N = 5, and the outermost red curve (dotted) is
for N = 10. Only the blue curve includes the presence of junctions.

104



Density Distribution Histogram Strings + Gaussian
R

Number of boxes

0 5 10 15 20
Number of edges

Figure 4.14: String plus Gaussian histogram for 26x26 boxes. Number of
boxes versus the number of edges. The red curve (dash dot dot) is the average
over 100 edge maps for N = 1, the blue curve (solid) is for N = 10 with three
junctions per Hubble volume, the yellow curve (dashed) is for N = 6, the
green curve (dash dot) is for N = 5, and the outermost red curve (dotted) is
for N = 10. Only the blue curve includes the presence of junctions.
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Table 4.5:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Strings with Gaussian

(Based on the distribution of points marked as 1)

a = 0.976 36x36 Boxes Per window

N Gu junctions | N Gu junctions | probability

10 8.7x 1078 yes 10 1x107° no 3.2x 1071

10 8.7x 1078 yes 6 1.2x1077 no 3.6 x 1076

10 8.7x1078 yes 5 1.37x 1077 no 0.79

10 8.7x 1078 yes 1 312x1077 no 0
Table 4.6:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Strings with Gaussian

(Based on the distribution of points marked as 1)

a = 0.976 26x26 Boxes Per window

N Gu junctions | N Gu junctions | probability
10 8.7x 1078 yes 10 1x1077 no 0.069915751
10 8.7x 1078 yes 6 1.2x1077 no 0.70260790
10 8.7x 1078 yes 5 1.37x1077 no 7.7 %1077
10 8.7x1078 yes 1 312x107" no 0.00011939824

We first showed that our statistic is able to clearly differentiate between
string maps with and without junctions in the absence of Gaussian noise. How-
ever, since we know that a cosmic string model without a dominant Gaussian
contribution to the spectrum of fluctuations is not consistent with the latest
data on the angular power spectrum of CMB anisotropies, we need to consider
correctly normalized sky maps which contain strings with a tension sufficiently
low such that its contribution to the power spectrum does not exceed the cur-
rent limits [138, 195, 62, 164, 18, 19, 8, 9], with the bulk of the power coming
from Gaussian noise. In this case it is more difficult to differentiate between
maps where the strings have junction and where they do not.

Nevertheless, making use of our detailed statistics, we found a clear dis-
tinction in the shape (peak and width) of the density distribution (number of
boxes sampled with varying numbers of edges or pixels in the edges) for the

different scaling solutions. For example, N = 1 strings per Hubble volume had
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Table 4.7:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions Strings with Gaussians

(Based on the distribution of edges)

a = 0.976 36x36 Boxes Per window

N Gu junctions | N Gu junctions | probability

10 8.7x 1078 yes 10 1x107° no 7.46 x 10711

10 8.7x 1078 yes 6 12x107"7 no 0.76527496

10 8.7x1078 yes 5 1.37x 1077 no 0.00028340182

10 87x107%  yes 1 3.12x 1077 no 4.2 x 10710
Table 4.8:

Probabilities that Maps with Junctions come from same Distribution as Maps
without Junctions for Strings with Gaussian

(Based on the distribution of edges)

a = 0.976 26x26 Boxes Per window

N Gu junctions | N Gu junctions | probability
10 8.7x 1078 yes 10 1x1077 no 0

10 8.7x 1078 yes 6 12x1077 no 0

10 8.7x 1078 yes 5 1.37x 1077 no 4.1 %1078
10 8.7x1078 yes 1 312x107" no 0.00076553716

a large number of boxes with just a few edges, as would be expected, whereas
N = 10 strings per Hubble volume looked more Gaussian, as expected. We
found a statistical difference between the curves for junctions and the curves
of different scaling solutions without junctions.

Future work includes optimizing the Canny algorithm, and searching for
the lowest value of the string tension for which maps with and without string
junctions can be differentiated. It would also be very interesting to algorithms
to “real” string simulations (those obtained via a numerical evolution of the
Nambu-Goto equations) rather than just relying on the simple toy models for
the distribution of strings which we have used. Maps of CMB anisotropies pro-
duced by strings without junctions coming from “real” simulations are avail-
able [63]. However, to our knowledge there are no corresponding results for

networks with string junctions.
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4.7 Summary

In this chapter we furthered the analysis from the previous chapter and
found a method to distinguish cosmic superstrings from generic cosmic strings
in simulated CMB temperature position space maps. We also found that we
could distinguish among scaling solutions of cosmic strings. In the next chapter
we shall continue to explore signatures of cosmic strings in the CMB but, in

this case, in the polarization window.
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Chapter 5

A Signature of Cosmic String
Wakes in the CMB Polarization

5.1 Preface

In this section we look for the position space polarization signal of cosmic
strings in the CMB. We do this by considering the non-linear structures formed
by overdensities of matter behind strings, their wakes. This builds upon the
previous two chapters as temperature was the first signal found from the CMB
and its polarization became the next observational window to probe. More and
more experiments are being planned today to probe polarization, hence this

window represents the present and future exciting area of CMB physics.

5.2 Introduction

In recent years there has been renewed interest in the possibility that cosmic
strings contribute to the power spectrum of curvature fluctuations which give
rise to the large scale structure and cosmic microwave background (CMB)
anisotropies which we see today. One of the reasons is that many inflationary
models constructed in the context of supergravity models lead to the formation
of gauge theory cosmic strings at the end of the inflationary phase [83, 84].
Second, in a large class of brane inflation models the formation of cosmic
superstrings [193] at the end of inflation is generic [157], and in some cases

(see [47]) these strings are stable (see also [55, 156] for reviews on fundamental
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cosmic strings). Cosmic superstrings are also a possible remnant of an early
Hagedorn phase of string gas cosmology [34, 121, 31, 26]

In models which admit stable strings or superstrings, a scaling solution
of such strings inevitably [97, 96] results as a consequence of cosmological
dynamics (see e.g. [187, 75, 28] for reviews on cosmic strings and structure
formation). In a scaling solution, the network of strings looks statistically the
same at any time ¢ if lengths are scaled to the Hubble radius at that time.
The distribution of strings is dominated by a network of “infinite” strings !
with mean curvature radius and separation being of the order of the Hubble
radius. The scaling solution of infinite strings is maintained by the production
of string loops due to the interaction of long strings. This leads to a distribution
of string loops with a well defined spectrum (see e.g. [180, 158, 171]) for all
radii R smaller than a cutoff radius set by the Hubble length. Whereas the
scaling distribution of the infinite strings is reasonably well known as a result
of detailed numerical simulations of cosmic string evolution (see [4, 16, 5, 150,
183] for some references), there is still substantial uncertainty concerning the
distribution of string loops. It is, however, quite clear that the long strings
dominate the energy density of strings. The distinctive signals of strings which
we will focus on are due to the long strings.

Cosmic strings give rise to distinctive signatures in both the CMB and in
the large-scale structure. These signatures are a consequence of the specific
geometry of space produced by strings. As studied initially in [185], space
perpendicular to a long straight string is locally flat but globally looks like a
cone whose tip coincides with the location of the string (the smoothing out of

the cone as a consequence of the internal structure of the cosmic string was

! Any string with a mean curvature radius comparable or greater than the
Hubble radius or which extends beyond the Hubble radius is called “infinite”
or “long”.
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worked out in [67]). The deficit angle is given by
a = 8tGp. (5.1)

where p is the string tension and G is Newton’s constant. Hence, a cosmic
string moving with velocity v in the plane perpendicular to its tangent vector
will lead to line discontinuities in the CMB temperature of photons passing on

different sides of the string. The magnitude of the temperature jump is [89]

5% = 8my(v)vGp, (5.2)

where 7 is the relativistic gamma factor associated with the velocity v.

As a consequence of the deficit angle (5.1), a moving string will generate a
cosmic string wake, a wedge-shaped region behind the string (from the point
of view of its velocity), a region with twice the background density [166] (see
Figure 5.2). Causality (see e.g. [177, 178]) limits the depth of the distortion
of space due to a cosmic string. The details were worked out in [112] where it
was shown that the deficit angle goes to zero quite rapidly a distance t from
the string. Hence, the depth of the string wake is given by the same length.
String wakes lead to distinctive signatures in the topology of the large-scale
structure, signatures which were explored e.g. in [117, 30].

Wakes formed at arbitrarily early times are non-linear density perturba-
tions. For wakes formed by strings present at times t; > t,.., where t,.. is the
time of recombination, the baryonic matter inside the wake undergoes shocks
[147] (see e.g. [168] for a detailed study). The shocks, in turn, can ionize
the gas - although as it turns out the residual ionization from decoupling is
larger. Photons passing through these ionized regions on their way from the
last scattering surface to the observer can thus be polarized - and it is this
polarization signature which we aim to study here.

The tightest constraints on the contribution of scaling strings to structure
formation (and thus the tightest upper bound on the tension p of the strings)

comes from the analysis of the angular power spectrum of CMB anisotropies.
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Figure 5.1: Sketch of the mechanism by which a wake behind a moving string
is generated. Consider a string perpendicular to the plane of the graph moving
straight downward. From the point of view of the frame in which the string
is at rest, matter is moving upwards, as indicated with the arrows in the left
panel. From the point of view of an observer sitting behind the string (relative
to the string motion) matter flowing past the string receives a velocity kick
towards the plane determined by the direction of the string and the velocity
vector (right panel). This velocity kick towards the plane leads to a wedge-
shaped region behind the string with twice the background density (the shaded
region in the right panel).

As discussed in [135, 111, 130], the angular power spectrum does not have the
acoustic ringing which inflation-seeded perturbations generate. The reason
is that the string network is continuously seeding the growing mode of the
curvature fluctuation variable on super-Hubble scales. Hence, the fluctuations
are “incoherent” and “active” as opposed to “coherent” and “passive” as in the
case of inflation-generated fluctuations. The contribution of cosmic strings to
the primordial power spectrum of cosmological perturbations is thus bounded
from above, thus leading to an upper bound [138, 195, 62, 164, 18, 19, 8, 9]
on the string tension of between Gu < 3 x 1077 [138, 195] and Gu < 7 x
1077 [18, 19]. The analysis of [138, 195] is based on a toy model for the
scaling distribution of strings whereas [18, 19] is based on numerical field theory
simulations.

Past work on CMB temperature maps has shown that signatures of cosmic
strings are easier to identify in position space than in Fourier space [89, 118,

108, 86, 87] and recent studies show that high angular resolution surveys such
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as the South Pole Telescope project [151] have the potential of improving the
limits on the string tension by an order of magnitude [6, 173, 52, 53| (although
it must be mentioned that these analyses are based on a toy model distribution
of cosmic strings which does not contain some features which emerge from
numerical string network simulations [63] and which may render the sharp
position space features harder to detect).

To date there has been little work on CMB polarization due to strings.
Most of the existing work focuses on the angular power spectra of the polar-
ization. Based on a formalism [130] (see also [2]) to include cosmic defects
as source terms in the Boltzmann equations used in CMB codes, the power
spectra of temperature and temperature polarization maps were worked out
[162] in the case of models with global defects such as global cosmic strings.
Since in cosmic defect models vector and tensor modes are as important as
the scalar metric fluctuations [130, 61|, a significant B-mode polarization is
induced. In fact, in the case of global strings with a tension close to the up-
per bound mentioned above, whereas the amplitude of the temperature and
E-mode polarization power spectra are so small as to make the string signal
invisible compared to the signal from the scale-invariant spectrum of adiabatic
fluctuations (e.g. produced in inflation), the contribution of strings dominates
the amplitude of the B-mode polarization power spectrum. In the case of lo-
cal strings, these conclusions were confirmed in the more recent analyses of
[138, 195, 163, 8, 9, 18, 19, 139, 140]. The maximal amplitude of the B-mode
polarization power spectrum for strings with Gu = 3 x 10~ was shown to be
taken on at angular harmonic values of [ ~ 500 and to be of the order 0.3uk>
[139, 140]. However, the analyses of [138, 195, 163, 8, 9, 18, 19, 139, 140] do not

take into account the effects of the gravitational accretion onto cosmic string
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wakes. In related work, the conversion of E-mode to B-mode polarization via
the gravitational lensing induced by cosmic strings was studied in [11] 2 .

Similarly to what was found in the analysis of CMB temperature maps from
cosmic strings, we expect that a position-space analysis will be more powerful
at revealing the key non-Gaussian signatures of strings in CMB polarization.
Hence, in this work we derive the position space signature of a cosmic string
wake in CMB polarization maps.

In the following section we briefly review cosmic string wakes. In Section
5.4 we then analyze the polarization signature of wakes, and we conclude with

some discussion.

5.3 Cosmic String Wakes

Since the strings are relativistic, they generally move with a velocity of
the order of the speed of light. There will be frequent intersections of strings.
The long strings will chop off loops, and this leads to the conclusion that the
string distribution will be statistically independent on time scales larger than

the Hubble radius 3 .

2 While this paper was being finalized for submission, a preprint appeared
[66] computing the local B-mode polarization power spectrum from cosmic
strings.

3 Hence, to model the effects of strings we will make use of a toy model
introduced in [133, 134] and used in most analytical work on cosmic strings
and structure formation since then: we divide the time interval between re-
combination and the current time ?; into Hubble expansion time steps. In
each time step, we will approximate the infinite strings by a collection of finite
straight string segments whose length is given by the curvature radius of the
string network. On a Hubble time scale, the infinite strings will self-intersect.
Hence, we take the distribution of string segments to be statistically indepen-
dent on a Hubble time scale. Hence, in each time step there is a distribution of
straight string segments moving in randomly chosen directions with velocities
chosen at random between 0 and 1 (in units of the speed of light). The centers
and directions of these string segments are random, and the string density
corresponds to N strings per Hubble volume, where N is an integer which is
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In this work, we place one string of length c;t; * at a specified time ¢;
and assume it is moving in transverse direction with a velocity vs. This string
segment will generate a wake, and it is the signal of one of these wakes in the
CMB polarization which we will study in the following.

A string segment laid down at time ¢;. will generate a wake whose dimen-

sions at that time are the following:
Clti X tivs’}/s X 47TG,UtiU878a (53)

In the above, the first dimension is the length in direction of the string, the
second is the depth which depends on v, (75 is the associated relativistic
factor) , and the third is the average thickness. The geometry of a cosmic
string wake is illustrated in Figure 5.2.

Once the wake is formed, its planar dimensions will expand as the universe
grows in size, and the thickness (defined as the region of non-linear density)
will grow by gravitational accretion. The accretion of matter onto a cosmic
string wake was studied in [172, 32| in the case of the dark matter being cold,
and in [32, 136] in the case of the dark matter being hot ® We are interested

in the case of cold dark matter.

of the order 1 according to the scaling of the string network. The distribution
of string segments is uncorrelated at different Hubble times.

4 The constant ¢; is of the order 1 and depends on the correlation length of
the string network as a function of the Hubble radius and must be determined
from numerical simulations of cosmic string evolution.

5 If the strings have lots of small-scale structure then they will have an
effective tension which is less than the effective energy density [41, 189]. This
will lead to a local gravitational attraction of matter towards the string, a
smaller transverse velocity, and hence to string filaments instead of wakes.
The gravitational accretion onto string filaments was studied in [1].
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Figure 5.2: Sketch of the geometry of a cosmic string wake. The wake is
the wedge-shaped region shown. The string is moving in horizontal direction
towards the right, and is located along the line where the wake has vanishing
thickness. The horizontal dimension of the wake is determined by the string
velocity and the Hubble time when the wake is created (time t;). The size
of the wake in direction of the string is set by the curvature radius of the
cosmic string network and is in our toy model taken to be the Hubble scale.
The thickness of the wake perpendicular to the plane spanned by the tangent
vector of the string and the string velocity vector changes as we move away
from the tip of the string. The average wake thickness is indicated by the short
vertical line with arrow signs in both directions.
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We consider mass planes at a fixed initial comoving distance ¢ above the

center of the wake. The corresponding physical height is

hg.t) = a(t)[q — (g 1)], (5.4)

where 1(q,t) is the comoving displacement induced by the gravitational ac-
cretion onto the wake. For cold dark matter, the initial conditions for (q)
are ¥(q,t;) = ¢(d, t;) = 0. The goal of the analysis is to find the thickness of
the wake at all times ¢ > t;. The thickness is defined as the physical height
h above the center of the wake of the matter shell which is beginning to fall
towards the wake, i.e. for which h(cj, t) = 0. In the Zel’dovich approximation,
we first consider the equation of motion for h obtained by treating the source

(the initial surface density o of the wake) in the Newtonian limit, i.e.

. 0P
h= -5 (5.5)

where ® is the Newtonian gravitational potential given by the Poisson equation

22—(}12 = 47G[p+ o6(h)] (5.6)

(p(t) being the background energy density), and then by linearizing the result-

ing equation in . The mean surface density is

o(t) = 4nGutivn (+)*"

(2

p(t) - (5.7)

The result of the computation of the value of the comoving displacement
¢ Which is “turning around” at the time ¢ for a wake laid down at time ¢; is

[32]

qi(t, ;) = ¢0(§)2/3 (5.8)
with
olti) = M?”Guvs%(z(t,.) +1)12, (5.9)
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This corresponds to a physical height of

htt;) = a(t)[gult,t;) — O(gu.t)] =~ a(t)qult,t;)

2 + 1
= ¢0m7 (5.10)

where z; and z are the redshifts corresponding to the times t; and ¢, respec-
tively. These formulae agree with what is expected from linear cosmological
perturbation theory: the fractional density perturbation should increase lin-
early in the scale factor which means that the comoving width of the wake
must grow linearly with a(¢).% It should be emphasized that the above result
(5.10) assumes a wake created by an idealized straight string segment.

Let us return to the geometry of the string segment. The tangent vector
to the string and the direction of motion of the string determine a surface in
space (the “string plane”). If neither the string tangent vector nor the velocity
vector have a radial component (radial with respect to the co-moving point
of our observer), then the photons will cross each point of the string wake at
the same time, and the wake will correspond to a rectangle in the sky whose
planar dimensions are

c1ty X tivgys . (5.11)

However, if the normal vector of the string plane is not radial, then one of the
planar dimensions will be reduced by a trigonometric factor cos(f) depending
on the angle # between the normal vector and the radial vector. In addition,
photons which we detect today did not pass the wake at the same time. This
will lead to a gradient of the polarization signal across the projection of the
wake onto the CMB sky. To simplify the analysis, in the following we will

assume that 8 is small.

6 This formula agrees within a factor of two with the numerical studies of
[168].
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In the following section we will need the expression for the number density
ne(t,t;) of free electrons at time ¢ in a wake which was laid down at the time

t;. The initial number density is

ne(ti,ti) ~ fpp(tm,", (5.12)

where f is the ionization fraction, pp is the energy density in baryons, and m,,
is the proton mass. Taking into account that for ¢ > t; the number density
redshifts as the inverse volume we get

Z(t) —0—1)3.

SRS (5.13)

ne(tati) = pr(tz)mzjl(

5.4 Analysis

If unpolarized cosmic microwave background radiation with a quadrupolar
anisotropy scatters off free electrons, then the scattered radiation is polarized
(see e.g. [79, 59] for reviews of the theory of CMB polarization). The magni-
tude of the polarization depends on the Thomson cross section o7 and on the
integral of the number density of electrons along the null geodesic of radiation.
Our starting formula is

1,3

1/2

P(n) ~

where P(n) is the magnitude of polarization of radiation from the direction n,

@ is the temperature quadrupole, and

T = UT/ne(X)dx, (5.15)

where the integral is along the null geodesic in terms of conformal time.

Let us now estimate the contribution to the polarization amplitude from
CMB radiation passing through a single wake at time ¢, assuming that the
wake was laid down at the time ¢; and has thus had time to grow from time ¢;
to the time ¢ when the photons are crossing it. We assume that the photons

cross in perpendicular direction. Since the wake is thin, we can estimate the
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integral in Eq. (5.15) by
mr ~ 207n.(t, ;) (2(t) + 1) h(t, t;) (5.16)

where the factor 2 is due to the fact that the width of the wake is twice
the height, and the redshift factor comes from the Jacobean transformation
between x and position. Inserting Eq. (5.16) into the expression (5.14) for
the polarization amplitude and using the value for the height and the number

density of electrons obtained in the previous section we find

P

R O
(2(t) + 1)?
Xm%(h) : (5.17)

Inserting the formula for ¢(¢;) from Eq. (5.9), expressing the baryon density
at t; in terms of the current baryon density, and the latter in terms of the
baryon fraction {2z and the total energy density p. at the current time ¢y, we

obtain

247 3)1/2

P ~o
0 ° »lm
xQppe(to)m; o (2() + 1) (2(t:) + 1) (5.18)

UTf G,U/Uszs

From Equation (5.18) we see that the polarization signal is larger for wakes
laid down early, i.e. close to the time of recombination. For fixed t;, the signal
is largest for configurations where the photons we observe today cross the wake
at the earliest possible time, i.e. for the largest z(t) (obviously, ¢ is constrained
to be larger than ¢;, otherwise our formula for the height is not applicable).
To get an order of magnitude estimate of the magnitude of the polarization
signal, we take z(t;) ~ z(t) ~ 10. Inserting the value of the Thomson cross

section, the proton mass and the current time we get

P t)+1 t) +1
0~ fG“US%QB(Z(1)03 (2 1>03 )*107. (5.19)
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The ionization fraction of baryonic matter drops off after recombination,
but it does not go to zero. As already discussed in [124, 127] there is remnant
residual ionization of the matter. As computed in [127] (see also [91]), the
residual ionization fraction f tends to a limiting value of between 10™° and
10~ at late times after recombination.

Shocks inside the wake will lead to extra ionization. However, the result-
ing contribution to the ionization fraction is negligible for the range of string
tensions we are interested in. To see this, we follow the analysis of [147]. A

particle streaming towards a cosmic string wake has velocity
v; = 4nGuugys (5.20)

and kinetic energy %mviz. The particles will undergo shocks and thermalize.
Equating the initial kinetic energy density with the final thermal energy density
(assuming that the particles are distributed according to an approximate ideal
gas law) yields a temperature inside the wakes of

G 2
T ~ 7x10° <Tﬁ)—6) (vs7s)* K . (5.21)

We then compute the Boltzmann factor to determine the ratio of ionized Hy-
drogen to ground state Hydrogen which is the ionization fraction. For string
tensions of order 107° this results in ionization fractions of the order 10~
which is considerably less than the residual ionization. For more realistic
string tensions compatible with current bounds, 1077, the ionization fraction
due to shocks is negligible compared to the residual ionization fraction. At the
temperatures considered for a string tension of 1077 at lower redshifts there
would be star formation and hence an ionization fraction due to that effect
since the wake would contain molecular hydrogen and satisfy the appropriate
conditions. However, this is not an issue at redshifts under consideration.
Note that even though the extra ionization inside the wake is negligible
compared to the overall ionization level, the wake is a locus of extra energy

density. Thus, even if the ionization fraction is homogeneous in space, the
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inhomogeneous distribution of matter will lead to a specific polarization sig-
nature.

The position space signal of the polarization produced by a wake will be
very specific: for a wake whose normal vector is in radial direction, it will be
a rectangle in the sky with angular dimensions corresponding to the comoving
size

arti(2(t:) + 1) X vyt (2(8) + 1) (5.22)

(see Eq. (5.3)). If the angle of the normal of the string plane to the radial
normal vector is 8 # 0, then one of the planar dimensions is reduced by a
factor of cos(f). However, the light travel time through the wake is increased
by a factor of [cos(f)]~!. Thus, the wake becomes a bit smaller but the signal
strength increases. The average amplitude of the polarization is given by Eq.
(5.18) - a value obtained using the average thickness of the wake. However,
since the thickness of the wake increases linearly in direction of the string
motion, the amplitude of the polarization signal will also increase linearly in
this direction. A second source for the linear increase in the amplitude is
the fact that z(¢;) is increasing as we go away from the tip of the cone (by
an amount corresponding to one Hubble expansion time when comparing the
tip of the cone to the end). The direction of the polarization vector depends
on the relative orientation between the string and the CMB quadrupole. In
Figure 5.3 we give a sketch of the signal. The amplitude of the polarization
is proportional to the length of the arrow, the direction of the polarization is
given by the direction of the arrow. Since the direction of the variation of the
polarization strength is determined by the string and is therefore uncorrelated
with the direction of the CMB quadrupole, on the average the E-mode and
B-mode strengths of the polarization signal will be the same.

Let us now discuss the magnitude of our effect. We will consider the
value G = 3 x 1077 which is the current upper bound on the string tension
[138, 195] (using the assumptions about the cosmic string scaling solution

made in these papers). Wakes produced close to the time of recombination
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Figure 5.3: The polarization signal of a single wake which is taken to be
perpendicular to the line of sight between us and the center of the string
segment. The tip of the wake (position of the string at the time the wake is
laid down) is the vertical edge of the rectangle, and the string velocity vector
is pointing horizontally to the left. The length and direction of the arrows
indicate the magnitude and orientation of the polarization vector. We have
assumed that the variation of the quadrupole vector across the plane of the
wake is negligible. Note that the angle between the velocity vector of the string
and the CMB quadrupole is random. We have assumed that the quadrupole
vector is at an angle relative to the plane of the wake. This determines the
direction of the polarization vector we have drawn. The orientation we have
chosen in this figure corresponds to an almost pure B-mode.
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inherit the ionization fraction of the universe at that time. Taking a value of
f = 1073 (which is smaller than the ionization fraction until redshift z ~ 600
[91]), we obtain a polarization amplitude of P ~ 1072 uK which is larger than
the background in the B-mode polarization arising from weak lensing of the
primordial perturbations [76, 78] for l-values of about 100.

It is instructive to compare our polarization signal from a cosmic string
wake with the expected noise due to the Gaussian fluctuations. In Fig. 5.4
we have superimposed the map of the Q-mode polarization from a cosmic
string wake laid down during the first Hubble time after recombination with a
corresponding Q-mode map due to Gaussian noise of the concordance ACDM
model. The string parameters are the same as mentioned in the previous para-
graph. We chose the orientation of the string relative to the CMB quadrupole
such that the power in the Q-mode is half the total power. As the value of
the CMB quadrupole we used 30uK. To render the string signal visible in the
Q-mode map (in which the noise is much larger than in a B-mode map) we
multiplied the string signal by 100. In this case the string signal is clearly
visible be eye. The brightest edge (the vertical edge on the right side) corre-
sponds to the position of the string when it begins to generate the wake, not
at the position at the end of the time interval being considered (the vertical
edge on the left). Note the difference compared to the Kaiser-Stebbins effect
in the CMB temperature maps: in this case the brightest edge corresponds to
the location of the string when the photons are passing by it.

Without boosting the string signal by a large factor, it would not be visible
by eye. However, the distinctive lines in the map can be searched for by edge
detection algorithms such as the Canny algorithm which was used to study
the string signal in CMB temperature maps. In the studies of [52, 53] it was
found that the cosmic string lines in temperature maps can be picked out if
the string signal accounts for less than 0.2% of the power. Thus, it should be
able to easily pick out the string signal in the Q-mode polarization maps. In

B-mode polarization maps the string signal would be much easier to detect.
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Figure 5.4: The Q-mode polarization signal of a single wake which is taken
to be perpendicular to the line of sight between us and the center of the
string segment, superimposed on the Gaussian noise signal which is expected
to dominate the total power spectrum. The string signal is multiplied by a
factor of 100 to render it visible by eye. The tip of the wake (position of the
string at the time the wake is laid down) is the vertical bright edge of the right
side, and the string velocity vector is pointing horizontally to the left. At the
final string position the wake thickness vanishes and there is no polarization
discontinuity line. We have assumed that the variation of the quadrupole
vector across the plane of the wake is negligible and that the quadrupole vector
is at an angle relative to the plane of the wake such that the Q-mode picks up
half of the polarization power.
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5.5 Conclusions and Discussion

In this Letter we have discussed a position space signal of a cosmic string
wake in CMB polarization maps. In the same way that the line discontinuities
in the CMB temperature maps predicted by the Kaiser-Stebbins (KS) effect
yield a promising way to constrain/detect cosmic strings in the CMB (see e.g.
[118, 108, 86, 87, 6, 173, 52, 53], we believe that the signal discussed in this
paper will play a similar role once CMB polarization maps become available.

We have shown that a single wake will produce a rectangular patch in the
sky of dimensions given by equation (5.22), average magnitude given by equa-
tion (5.18) and amplitude increasing linearly in one direction across the patch.
For a value of the string tension Gy = 3 x 107 (the current upper limit), the
amplitude of the signal is within the range of planned polarization experiments
for wakes produced sufficiently close to the surface of recombination. These
wakes are also the most numerous ones. The brightest edge in the polarization
map corresponds to the beginning location of the string, not the final location.
Since the KS discontinuity in the CMB temperature map will occur along the
line corresponding to the final position, the polarization signal discussed here
provides a cross-check on a possible string interpretation of a KS signal.

A scaling distribution of strings will yield a distribution of patches in the
sky, the most numerous ones and the ones with the largest polarization ampli-
tude being set by wakes laid down at times close to the time of recombination

which are crossed by the CMB photons at similarly early times.

5.6 Summary

In this section we continued our exploration of the CMB by examining the
signature of cosmic strings in the polarization probe. We found that cosmic
string wakes leave distinct imprints on simulated polarization data that could
conceivably be detected with a method such as the Canny algorithm developed
in the first chapter. In the next chapter we shall continue our analysis of cosmic
string traces in observational windows, exploring the emerging window of the

redshifted 21 cm spectrum.
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Chapter 6

The 21 cm Signature of Cosmic
String Wakes

6.1 Preface

If CMB temperature maps represent the past and present window of cos-
mology, and the polarization of the CMB is the present and future window,
then the probe of 21 cm is certainly the future window of cosmology. In this
section we examine the signature of cosmic strings on the 21 c¢m redshifted
spectrum. Again, the overdense regions behind cosmic strings, wakes, pro-
vide the extra density of hydrogen in which the spin-flip could potentially be

observed.

6.2 Introduction

Cosmic strings (see [198, 184, 97, 96, 180, 158, 171] for initial work on
cosmic strings and structure formation) cannot be [111, 130] the dominant
source of the primordial fluctuations, however they can still provide a sec-
ondary source of fluctuations. Over the past decade, the realization has grown
that many inflationary scenarios constructed in the context of supergravity
models lead to the formation of gauge theory cosmic strings at the end of the
inflationary phase [83, 84]. Also, in a large class of brane inflation models the

formation of cosmic superstrings [193] at the end of inflation is generic [157],
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and in some cases (see [47]) these strings are stable (see also [55, 156] for re-
views on fundamental cosmic strings). Cosmic superstrings are also a possible
remnant of an early Hagedorn phase of string gas cosmology [34, 121, 31, 26].
In all of these contexts, both a scale-invariant spectrum of adiabatic coherent
perturbations and a sub-dominant contribution of cosmic strings is predicted.
Hence, it is important to search for the existence of cosmic strings.

In this paper we study the signature of cosmic strings in 21 cm radiation
maps (see e.g. [65] for an in-depth review of 21 ¢cm cosmology). Observing the
intensity of the cosmological background radiation at wavelengths correspond-
ing to the red-shifted 21 cm transition line of neutral hydrogen has several
potential advantages compared to the currently explored windows . First of
all, it probes the distribution of the dominant form of baryonic matter and is
thus not sensitive to our incomplete understanding of star formation and non-
linear evolution, which is a problem when interpreting the results of optical
redshift surveys. Secondly, it probes the universe at higher redshifts and allows
us to explore the “dark ages” (the epoch before star formation and non-linear
clustering set in). Related to this, it explores the distribution of matter in a
regime when the amplitude of the fluctuations is smaller and linear theory is a
better approximation. Finally, 21 cm surveys provide three-dimensional maps,
a significant potential advantage over CMB anisotropy maps.

Cosmic strings are known to give rise to distinctive signatures in CMB
temperature anisotropy maps [89], CMB polarization maps [54] and large-
scale structure (LSS) maps [166, 147, 182, 172, 43, 72, 71]. These distinctive
signatures come from moving long (compared to the Hubble radius) strings
(see Section 2). In the CMB temperature maps, these strings lead to line
discontinuities, in the polarization maps to (roughly) rectangular regions with
extra polarization, and in LSS maps to thin planar regions of enhanced density.
These signals are manifest in position space maps, but they become obscured
when calculating power spectra. Hence, the lesson is to study the maps in

position versus momentum space.
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Here, we compute the signature of a single cosmic string wake in 21 cm
emission. We find that strings with tensions pu somewhat below the current
limits of G = 3 x 1077 could be detected in 21 cm maps where they would
appear as wedges in 21 cm maps with either extra emission or extra absorption,
depending on the tension and on the specific redshift. The planar dimensions
are set by the direction of the string and its velocity vector, and the width of
the wedges is proportional to the string tension. This signal must be searched
for in position space maps. In Fourier space the distinctive phase information
would be washed out.

The outline of this paper is as follows: In Section 6.3 we discuss how string
wakes are generated and how these lead to distinctive signals for observations.
We review gravitational accretion of matter onto cosmic string wakes and com-
pute the temperature of the HI gas inside the wake. In Section 6.4 we then
study the 21 cm emission signal from a single cosmic string wake. The gener-
alization to the case of a network of string wakes will be addressed in a future
publication. We compute the brightness temperature and describe the geomet-
rical structure of the signal, a structure very characteristic for cosmic strings.
In the final section we summarize our results and put them in the context of
other work on the possible detection of cosmic strings. When computing the
magnitude of the 21 c¢m signal, we use the same WMAP concordance values

[170] for the cosmological parameters as used in the review [65].

6.3 Cosmic Strings and Large-Scale Structure

In many field theory models, the formation of a network of cosmic strings
is an inevitable consequence of a phase transition in the early universe (for
reviews on cosmic strings see e.g. [97, 95, 187, 75, 28]). This network of cos-
mic strings approaches a “scaling solution” which means that the statistical
properties of the string network are the same at all times if distances are scaled
to the Hubble radius [28]. The detailed form of the scaling solution must be
obtained from numerical simulations [4, 16, 5, 150, 183] of the evolution of

a network of cosmic strings (see also [144] for some recent analytical work).
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There are two components of the string network - firstly a network of “long”
strings with a mean curvature radius ( = c¢;t, where ¢; is a constant of order
unity, and secondly a distribution of string loops with radii smaller than the
horizon which results from the “cutting up” of the long string network as a
consequence of string intersections. According to more recent cosmic string
evolution simulations, the long string component is more important for cos-
mological structure formation.

Numerical simulations by different groups have clearly verified the scaling
solution for the long string network. There is, however, still a large uncertainty
concerning the distribution of string loops (the only agreement seems to be that
the loops are less important than the long strings for cosmological structure
formation). Hence, in order to obtain constraints in models with cosmic strings
which are robust against the uncertainties in the numerical simulations, it is
important to focus on signatures of long strings as opposed to signatures of
string loops. The tightest current constraints on cosmic strings come from
the shape of the angular power spectrum of CMB anisotropies, yielding a

constraint of [138, 195] (see also [62, 164, 8, 9])
Gp < 3x1077, (6.1)

where g is the string tension and G is Newton’s constant. However, it is
important to keep in mind that this limit is based on an analytical description
of the scaling solution which contains a number of parameters which can only
be determined from comparisons with numerical simulations and whose values
thus have a substantial uncertainty. Work based on a field theory simulation
of strings [18, 19] gives a limit of twice the above value (see also [7] for a very
recent analysis of the different bounds). Note that limits on the cosmic string
tension which come from gravitational radiation from string loops [50, 51] are
sensitive both to the large uncertainties in the distribution of string loops, and
also to back-reaction effects on cosmic string loops (see e.g. [27]), and are

hence not robust.
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Direct limits on the cosmic string tension p can be obtained by looking
for specific signatures of individual long strings. These are limits which are
insensitive to the parameters in the cosmic string scaling solution. Limits
obtained from searching for the Kaiser-Stebbins signature of a long string in
CMB temperature maps were derived in [108, 86, 87] using WMAP data. The
limits obtained were weaker than the ones from (6.1). However, the angular
scale of the WMAP experiment is too large to be able to effectively search
for sharp features in position space maps such as those predicted by cosmic
strings. It was pointed out [63] that the string signatures for values of Gp
somewhat smaller than the limiting value of (6.1) should be clearly visible in
smaller angular scale CMB anisotropy maps such as those provided by the
ACT [102] and SPT [151] experiments. In recent work [6, 173, 52, 53] it was
shown that limits up to an order of magnitude tighter than (6.1) might be
achievable using SPT data. In the following, we will discuss direct signals of
wakes created by long strings in 21 c¢m surveys.

As first pointed out in [166] and then further discussed in [182, 147, 147,
172, 43], long strings moving perpendicular to the tangent vector along the
string give rise to “wakes” behind the string, i.e. in the plane spanned by
the tangent vector to the string and the velocity vector. The wake arises as a
consequence of the geometry of space behind a long straight string [185, 67] -

space perpendicular to the string is conical with a deficit angle given by
a = 8rGu. (6.2)

From the point of view of an observer behind the string (relative to the string
velocity vector), it appears that matter streaming by the string (from the point
of view of the observer travelling with the string) obtains a velocity kick of
magnitude

v = AnGuugys ~ 4km/s(Gpu)evsys (6.3)

towards the plane behind the string. In the above, v, is the velocity of the

string (in units of the speed of light), ~; is the corresponding relativistic gamma
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factor, and (Gpu)g is the value of Gy in units of 107%. This leads to a wedge-
shaped region behind the string with twice the background density (see Figure
6.3).

Figure 6.1: Sketch of the mechanism by which a wake behind a moving string
is generated. Consider a string perpendicular to the plane of the graph moving
straight downward. From the point of view of the frame in which the string
is at rest, matter is moving upwards, as indicated with the arrows in the left
panel. From the point of view of an observer sitting behind the string (relative
to the string motion) matter flowing past the string receives a velocity kick
towards the plane determined by the direction of the string and the velocity
vector (right panel). This velocity kick towards the plane leads to a wedge-
shaped region behind the string with twice the background density (the shaded
region in the right panel).

Since the strings are relativistic, they generally move with a velocity of
the order of the speed of light. There will be frequent intersections of strings.
The long strings will chop off loops, and this leads to the conclusion that the
string distribution will be statistically independent on time scales larger than
the Hubble radius. Hence, to model the effects of strings we will make use of a
toy model introduced in [133, 134] and used in most analytical work on cosmic
strings and structure formation since then: we divide the time interval between
the time of equal matter and radiation and the current time ¢, into Hubble
expansion time steps. In each time step, we lay down a distribution of straight
string segments moving in randomly chosen directions with velocities chosen
at random between 0 and 1 (in units of the speed of light). The centers and

directions of these string segments are also chosen randomly, and the string
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density corresponds to NN strings per Hubble volume, where N is an integer
which is of the order 1 according to the scaling of the string network. The
distribution of string segments is uncorrelated at different Hubble times. Each
string segment will generate a wake, and it is the signal of one of these wakes
which we will study in the following.

A string segment laid down at time ¢; will generate a wake whose dimen-

sions at that time are the following:
Clti X tivsq/s X 47GﬂtiU3737 (64)

where ¢; is a constant of order one. In the above, the first dimension is the
length in direction of the string, the second is the depth. The fact that the
string wake has a finite depth is due to the causality constraints on density
fluctuations produced during a phase transition [177, 178]: The information
about the formation of a string (and hence the information about the existence
of a deficit angle) cannot have propagated farther than the horizon from the
point of nucleation of the defect. It was shown in [112] that the deficit angle
quite rapidly tends to zero as the horizon is approached.

The overdense region in the wake will lead to the gravitational accretion of
matter above and below the wake towards the center of the wake. In this way,
the wake will grow in thickness. The accretion of matter onto a cosmic string
wake was studied in [172, 32] in the case of the dark matter being cold, and in
[32, 136] in the case of the dark matter being hot. We are interested in the case
of cold dark matter. As an aside, we mention that if the strings have lots of
small-scale structure then they will have an effective tension which is less than
the effective energy density [41, 189]. This will lead to a local gravitational
attraction of matter towards the string, a smaller transverse velocity, and hence
to string filaments instead of wakes. The gravitational accretion onto string
filaments was studied in [1].

We will now review the computation of the width of the wake. We are

interested in the distribution of baryons in the vicinity of the string. However,
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for t > t,... the baryons and cold dark matter feel the same gravitational
attraction and will thus behave in the same way - modulo thermal velocity
effects which will be discussed later - until the baryons undergo a shock. Thus,
for the moment we focus on the onset of clustering of the cold dark matter. We
are interested in wakes created after the time t., of equal matter and radiation
(there is no gravitational clustering of cold dark matter before that time). For
times between t., and recombination (t,..), the baryons are coupled to the
radiation. However, for t > t,.. the baryons will rapidly fall into the potential
wells created by the cold dark matter and thus, once again, it is legitimate
to focus attention on the clustering of the cold dark matter. Note that wakes
produced at the earliest time are the most numerous.

We consider a mass shell located at a comoving distance g above the wake.

Its physical distance above the wake at time ¢ is

hg,t) = a(t)(¢—v), (6.5)

where 9 is the comoving perturbation induced by gravitational accretion. If
the wake is laid down at the initial time ¢; (with corresponding redshift z;),

then the initial conditions for the cold dark matter fluctuation are

P(t;) = d(t;) = 0. (6.6)

As a consequence of the initial wake planar overdensity o(t;), the comoving
displacement 1 will begin to increase. The clustering dynamics can be studied
making use of the Zel’dovich approximation [197] in which the gravitational

force is treated in the Newtonian limit. As reviewed recently in [54], we obtain

vlt) = o) (1) (1), (6.7

where ¢ is the present time and o(¢;) is the initial wake planar density excess.
The mass shell with initial comoving distance ¢ above the wake “turns

around” when h(g,t) = 0. At time ¢, this occurs for a value ¢ = g,(t) given
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by
24 t
Gui(t) = ?WG,UUS'VS(ZZ'+1)_1/2t0(t_)2/3~ (6.8)

7

It is easy to check that at the point of turnaround

Ygut) = 50, (69

and that hence the density inside the turnaround surface is twice the back-
ground density.

Once a matter shell reaches its maximal distance h,,,, from the center of
the wake, it will start to collapse onto the wake. The infall of matter will halt
as the shell hits other streams of matter. This will lead to a shock. In analogy
with what can be shown analytically in the context of the spherical collapse
model (see e.g. [128]) we assume that the shock occurs at approximately half
the maximal distance. The hydrodynamical simulations of [168] confirm the
applicability of this assumption. Since the distance at turnaround is half the
width the shell would have without gravitational accretion onto the wake, the
shock occurs at a distance 1/4 of that which the matter shell would have under
unperturbed Hubble expansion. Hence, the average density inside the wake is
four times the background density, a result which will be used several times in
the computations of the following section.

The evolution of the mass shell between turnaround and shock can be fol-
lowed using (6.5) and (6.7). The shock will occur when h(gq,t) = (1/2)hmaz(q)-
A straightforward computation shows that at this point the velocity is given

by

41 zi + 1,12
h(Q>t) = _gG,u'Usfys(z_'_l) / .

It is this velocity which then determines the temperature inside the shocked

(6.10)

region.
The shocks will lead to thermalization of the wake. The gas temperature
will be given by

3 1,
§kBT = §mv y (611)
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where m is the mass of a HI atom and v is the velocity of the in-falling particles

when they hit the shock, which is given by
v = hia(t),1), (6.12)

where ¢(t) is the comoving distance of the shell which starts to collapse at the
time ¢.
Inserting the result (6.10) into (6.12) and then into (6.11) we obtain the

following result for the temperature Tk of the HI atoms inside the wake

TK = (GM)2(U878) .

1
27 F 2 (6.13)
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where in the second line we have written the result in degrees K and expressed
Gy in units of 107¢ (and kept only one significant figure in reporting the final
number). The wake temperature is largest for wakes produced at the earliest
times since the initial wake density is then the highest, and increases as time
increases because more matter has time to accrete.

Assuming values of G = 3 x 1077 (the current upper bound on the string
tension), z; = 103, (close to the time of recombination), z + 1 = 30 and
(vs75)? = 1/3, Eq. (6.13) yields T ~ 20K. This temperature is smaller
than the CMB temperature 7., ~ 82K at this redshift. As we will see in the
following section, this leads to an absorption signal in the 21 c¢m radiation.

The formation of a cosmic string wake and the thermalization which takes
place inside the shocked region has been studied in [168] using an Eulerian
hydro code [169] optimized to resolve shocks. The numerical simulations of
[168] show that the density and temperature inside the shocked region are
indeed roughly uniform and that the temperature obtained agrees with the
values obtained here using analytical approximations.

Looking for signals from cosmic strings in 21 ¢m surveys is potentially more
powerful than looking in large-scale optical redshift surveys. This is because

firstly the non-Gaussian signatures from strings are more pronounced at higher
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redshifts, secondly because we are directly looking at the distribution of the
baryons, and not just the distribution of stars, the latter being affected by non-
linear and gas dynamics, and thirdly because the distribution of matter is more
linear at higher redshifts and hence easier to follow analytically. Compared
to CMB and CMB polarization maps, 21 c¢cm surveys have the advantage of
yielding three- rather than just two-dimensional maps, maps thus containing
much more information. To our knowledge, there has been little previous
work on 21 c¢m emission from strings. Two exceptions are [93] in which the
angular power spectrum of 21 cm emission from a network of cosmic strings
was considered, and [17], a recent study in which the correlation between 21
cm emission and CMB signals from cosmic strings was studied. In contrast to
these works, we are looking for direct string signals in position space 21 cm
maps.

In the following section we will briefly summarize some key features of 21
cm cosmology and apply the equations for the 21 cm brightness temperature

to the case of emission from a string wake.

6.4 Cosmic Strings and 21 cm Maps

Neutral hydrogen is the dominant form of baryonic matter in the “dark
ages”, i.e. before star formation. Neutral hydrogen has a 21 cm hyperfine
transition line which is excited if the hydrogen gas is at finite temperature.
Hence, we expect redshifted 21 cm radiation to reach us from all directions in
the sky, and the intensity of this radiation can tell us about the distribution of
neutral hydrogen in the universe, as a function of both angular coordinates in
the sky and redshift. Thus, in contrast to the CMB, 21 c¢m surveys can probe
the three-dimensional distribution of matter in the universe (see [77, 159, 110]
for pioneering papers on the cosmology of the 21 c¢m line and [65] for an in-
depth review).

Let us now consider the equation of radiative transfer along the line of sight
through a hydrogen gas cloud of uniform temperature- in the case of interest

to us this gas cloud is the cosmic string wake. The brightness temperature
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Ty(v) at an observed frequency v due to 21 cm emission is given by
Ty(v) = Ts(1—e ™) + T,(v)e™™, (6.14)

where T’ is the spin temperature, 7', is the microwave radiation temperature,
and 7, is the optical depth obtained by integrating the absorption coefficient
along the light ray through the gas cloud. The frequency v is the blue-shifted
frequency at the position of the cloud corresponding to the observed frequency
V,. The term proportional to Ts is due to spontaneous emission, while the
term proportional to T, is due to absorption and stimulated emission.

As explained in [65], what is of observational interest is the comparison of
the temperature coming from the hydrogen cloud with the “clear view” of the

21 cm radiation from the CMB.

0Ty (v) = Tb(ui:_?(y) ~ 15 1—+T,;(1/)7_V. (6.15)

Note that the “clear view” of the CMB is hypothetical since even without
a string wake’s gas cloud the intergalactic medium is partly a less dense hy-
drogen gas. In the second part of the equation above we have expanded the
exponential factor to linear order in the optical depth.

The spin temperature T is defined as the relative number density of atoms
in the hyperfine energy states through n;/ny = 3exp(—7./Ts) . Here n; and
ng are the number densities of atoms in the two hyperfine states, and T, =
Ey0/kp = 0.068K is the temperature corresponding to the energy splitting E
between these states.

The spin temperature is determined solely by the temperature Ty of the
gas in the wake, as long as UV scattering is negligible (which is true in our
case). The relationship between spin and kinetic gas temperatures is expressed
through the collision coefficients z. which describe the rate of scattering among

hydrogen atoms and electrons:

1+ x,
Ts = —————1T1.. 6.16
S 1+ch'y/TK Y ( )
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We will shortly discuss the numerical values of the z. for a particular case of
interest.

Combining (6.15) and (6.16) we find for the difference 07, (v) in brightness
temperature induced by the interaction of the radiation with neutral hydrogen

18

€T T.
T, ~ Toe—S (1 — )7 (1 -1 1
0Ty (v) SHIC( TK)TV( +2)7, (6.17)

where the last factor represents the red-shifting of the temperature between the
time of emission and the present time. It is important to keep in mind that the
brightness temperature from a region of space without density perturbations
is nonzero. It is negative since the temperature of gas after redshift 200 is
lower than that of the CMB photons, the former red-shifting as (z(t) + 1)
the latter as z(¢) + 1. The optical depth of a cloud of hydrogen is

. 3021410

ol frg )ngb(y) , (6.18)

kgTs’ 4

Tv

where Ny is the column density of HI.

Up to this point, the analysis has been general. Let us now specialize to the
case where the gas cloud is the gas inside the cosmic string wake. In this case,
the column density is the hydrogen number density n%%¢ times the length that
the light ray traversed in the cloud. This length will depend on the width h
of the wake and the angle # that the light ray makes relative to the vertical to
the wake so that

2niFeh

Ny = ) 6.19
HI cos ( )

The factor of 2 results since h is the width of the wake from the center.

The line profile ¢(v) is due to broadening of the emission line. This broad-
ening reflects the fact that not all photons resulting from the hyperfine tran-
sition will leave the gas cloud at the same frequency. Frequency differences
are in general due to thermal motion, bulk motion and pressure effects. Since
the pressures we are considering are small by astrophysical standards, pressure
broadening is negligible. Since the gas temperature inside the wake is not much

larger than the CMB temperature, thermal broadening will not be important,
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either. This leaves us with the effects of bulk motion, more specifically the
expansion of the wake in planar directions. The line profile is normalized such
that the integral of it over frequency is unity.

The origin of the line broadening due to the expansion of the wake is
illustrated in Figure 6.4. Let us consider a point on the wake for which the
photons travel to us at an angle which is not orthogonal to the plane of the
wake. Then, relative to photons emitted at the central point on the photon
path, photons emitted from the highest point and the lowest point obtain a
relative Doppler shift of

0 Hh

o — 26in(f) tan o . (6.20)

v c
where H is the expansion rate of space and h is the wake width computed in
the previous section, both evaluated at the redshift z when the photons are
emitted. The angle 6 is indicated in Figure 6.4. It is the angle relative to the

vertical to the wake. As a consequence of the normalization of ¢(v) we hence

find

1 ov ov
o(v) = = for velvo — v+ ], (6.21)

and ¢(v) = 0 otherwise.

In addition to its role in determining the brightness temperature, the fre-
quency shift dv is important since it determines the width of the 21 cm signal
of strings in the redshift direction and is hence central to the issue of observ-
ability of the signal. From (6.20) and (6.8) (and setting the 2 sin 6 tan 6 factor
to one) we find that

24
(1) 1)+ 1)

~ 3x107°(Gu)s(vsys) , (6.22)

~1/2
v

where in the second line we have used the cosmological parameters mentioned
at the end of the introductory section and inserted the representative redshifts

zi+1=10% and 2(t) + 1 = 30.
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Figure 6.2: Photons reaching us from a particular direction given by the angle
0 to the vertical to the wake are emitted at different points in the wake. Three
such points are indicated in the Figure - the central point and two points on
the bottom and top of the wake, respectively. Since the wake is undergoing
Hubble expansion in its planar directions, there is a relative Doppler frequency
shift v between the 21 ¢m photons from the top and the center of the wake.

Taking the formula (6.17) for the brightness temperature, inserting the
results (6.18) for the optical depth and (6.20) and (6.21) for the line profile,

we get

Tfy BCgAloh
Tk 161/%0]{?31’[09%2

wake
bg (t())nHI (t())

”Igf(to)
x (2sin?(0)) 11 + 2)¥/2, (6.23)

where €),,, is the fraction of the critical energy density which is in the form of
matter. Here the ratio of the density inside the wake to the background density,
nake / nl}gl, is approximately 4. We have rescaled the Hubble constant and the
background HI density to its current values H, and nlﬁl(to), respectively, and
made use of H(z) = Hy>(1+ 2)¥2 in the re-scaling. Note that the width of
the wake has cancelled out between the HI column density and the line profile.
The width of the wake, however, has not disappeared completely from the

calculation since it determines the wake temperature T, and since it yields

the width of the signal in redshift direction.
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Taking the values A9 = 2.85x10"°s~!, T, = 0.068 K, Hy = 73 km s~ Mpc ™},

vip = 1420 MHz, €, = 0.042, Q,, = 0.26, 2sin®6 = 1, eq. (6.23) becomes

6Ty(v) = [0.07 K] : f—czz (1- ;—;)(1 + 2)12. (6.24)

The collision coefficient x. is dominated by the hydrogen-hydrogen colli-
sions because of the very low fraction of free electrons. It is given by [199, 64]

HH
il 1,

AlO Tﬁ/ .

(6.25)

Te =

where rLH is the de-excitation cross section and is approximately 2.7x 10~ cm3

at a wake gas temperature of Tx = 20K [199, 64]. This temperature corre-
sponds to the parameter values we took at the end of Section 2, i.e. (Gu)g =
0.3, (vsys)? = 1/3, 2z; = 103 and z+1 = 30. Remembering that the density n in-
side the wake is four times the background density ny, = 1.9x 10 "em=3(1+-2)?3
we find for a redshift 1 + z = 30 that . ~ 0.16 and hence (from (6.24))
0Ty(v) ~ —160 mK. For a formation redshift z; = z., = 3200 corresponding
to the time of equal matter and radiation the corresponding temperature is
0Ty(p) ~ —15 mK. Note that the dependence of the above result on the cos-
mic string tension p enters only through the wake temperature. Note also that
in the large Gy limit (Gp > 1079), the brightness temperature approaches a
constant value of close to 400mK.

There is a critical value of the string tension (which depends on the redshift)
at which the cosmic string signal changes from emission to absorption. This
value is determined by Tk = T, which yields

L (1) 04(z+1)2

(Gu)? = 0.1(vey,) , (6.26)

for the value (vsys)®> = 1/3 which we are using throughout, and this corre-
sponds to (Gu)s ~ 0.6 if we use (z;+1) = 10® and insert our reference redshift
of z+1 = 30. At a redshift of z+1 = 20 the critical value is (Gu)g ~ 0.4. For
a formation time corresponding to the redshift of equal matter and radiation

the critical value of G is a factor of two lower.

142



For lower values of the tension the cosmic string signal in the 21 cm maps
shifts from an emission signal to an absorption signal. However, two effects
must be taken into account when discussing the visibility of the string signal.
The first is the fact that at very small values of G our calculation of the wake
temperature breaks down. This occurs when the resulting wake temperature
computed in (6.13) is smaller than the gas temperature obtained by taking
the background gas temperature and computing its increase under adiabatic
compression to the overdensity of the wake. In this case it is no longer justified
to take the initial conditions (6.6). At redshifts z below 150 the cosmic gas is
cooling adiabatically as

T, = 0.02K(1 + 2)? (6.27)

because at this point Compton heating of the gas by the CMB is negligi-
ble [160, 161]. Setting T = 2.5 x T}, (the factor 2.5 being due to the fact that
for adiabatic compression of a mono-atomic gas by a factor of 4 in volume,
one expects a temperature increase by a factor of 423 ~ 2.5) yields (for our

standard values of 1 + z; = 10® and (vs7y,)? = 1/3)
(Gu)g ~ 3x 1073(1 4 2)3/2 (6.28)

which equals (Gu)g = 0.5 at a redshift of 1+ z = 30. For a formation redshift
2; = Zeq the factor 3 in (6.28) is replaced by 2.

For values of G smaller than the one given in (6.28), the effects of thermal
pressure start to become important, and this will effect both the density and
temperature structure in the wake.

Our results are illustrated in Figure 6.3 which shows a comparison of the
temperatures relevant to the above discussion and their dependence on red-
shift. The vertical axis is the temperature axis, the horizontal axis is inverse
redshift. The magenta (dashed) line shows the CMB temperature T, the
orange (dotted) line is the gas temperature in a wake 2.57, after adiabatic
contraction. The two solid lines with the positive slope represent Ty for two

different values of Gu. The upper curve is for (Gu)s = 1, the lower curve for
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Figure 6.3: The redshift dependence of the relevant temperatures. The ma-
genta dashed line is the CMB temperature 7T’,, the orange dotted line is 2.57j,
the gas temperature after adiabatic contraction by a factor 4 in volume, and
the green (dot-dashed) line is the T}, curve. The two solid curves with positive
slope represent Tk for two different values of Gu, (Gu)g = 1 in the case of the
upper curve and (Gpu)g = 0.3 in the case of the lower curve (in both cases for a
formation redshift z; +1 = 103). Following one of the solid curves, we see that
the 21 cm string signal is an emission signal above the magenta curve and an
absorption signal below it. The wake temperature is given by Tk only above
the orange curve. For higher redshifts, the initial gas temperature dominates
the final temperature of the gas inside the wake, and the latter follows the
orange curve. Once Ty drops below the green curve, there will no longer be
any shock and our effect disappears.

(Gu)g = 0.3. Along a fixed G curve, the 21 c¢m signal of a cosmic string is an
emission signal above the T, curve and an absorption signal below it. Above
the 2.57} curve, the temperature of the gas inside the wake is well approx-
imated by the equation (6.13), below it the initial thermal gas temperature
effects dominate and the wake temperature will follow the 2.57} curve. The
wake temperature curves are for a formation redshift of z; + 1 = 103.

The second issue is that the string signal must be compared to what would
be seen if the wake region were replaced by unclustered neutral gas. In this
case, the absorption signal has a temperature given by (6.24) with Tk replaced
by T, and the collision coefficient computed with 7} instead of Tk. Due to
the overdensity of the wake, the signal of a string wake should persist. The
overdensity in the string wake by a factor of 4 will lead to an enhancement in

the magnitude of the brightness temperature by a factor of 16 compared to
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what would be seen if the wake region were replaced by unclustered gas. One
factor of 4 comes from the fact that the collision coefficient is proportional
to the gas density, the second from the fact that the optical depth is also
proportional to the density. In addition, the temperature ratios in (6.24) are
different.

However, for values of G so small that Tx < T}, there will no longer be
any shock and hence no well-defined wake region with overdensity 4. This will
occur at a value of Gu which is smaller than the limit in (6.28) by a factor
of v/2.5. Note also that the thickness in redshift space (discussed below) of
the signal decreases as G decreases, and hence improved sensitivity will be
required to detect the signal.

The bottom line of the above analysis is that at a redshift of z + 1 = 30,
strings with tensions below the current observational limit are predicted to be
visible in absorption in 21 ¢m surveys. Strings with larger tensions would yield
an emission signal. The critical value (6.26) of G at which the emission signal
turns into an absorption signal decreases as z decreases, so that strings with
tensions at the current observational limit would become visible in emission
at a redshift of below 20. However, the value of z cannot be smaller than that
corresponding to reionization since we have not considered how UV scattering
affects the spin temperature.

The 21 cm signature of a cosmic string wake has a distinctive shape in
redshift space. The string signal will be a wedge-like region of extra 21 cm
emission. The signal will be wide in the two angular directions, and narrow in
redshift direction ! . The projection of this region onto the plane corresponding
to the two angles in the sky (we are working in the limit of small angles and thus
can use the flat sky approximation) corresponds to the projection of the wake

onto the observer’s past light cone. The orientation of the wedge in redshift

! The signal at a fixed redshift would be extended only in one angular di-
rection.
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space is given by the orientation of the wake relative to the observer’s light
cone. This is illustrated in Figure 6.4. The left panel is a space-time sketch
of the geometry (with two spatial directions suppressed). The wake is created
by a string segment which starts out at time ¢; at the position x; and which
at time 2¢; (roughly one Hubble time step later) has moved to the position xs
(the arrow on the segment connecting the two events gives the direction of the
velocity of the string segment. For the orientation of the string chosen, the
past light cone intersects the “back” of the string wake at a later time than
the front. Hence, the 21 c¢m signal has a larger red-shift for photons from the
tip of the wake than from the back side of the wake. The width of the wake
vanishes at the tip and increases towards the back. Hence, in redshift space
the region of extra 21 c¢cm emission has the orientation sketched on the right
panel of Figure 6.4. The planar dimensions of the region of extra emission are
in the angular directions, and their sizes are the angles corresponding to the

comoving area (see (6.4))
Clti(Zi + 1) X tivs%(zi + 1) . (629)

The amplitude of the emission signal depends on the orientation of the wake
relative to us (through the redshift when our past light cone intersects the
various parts of the wake). This is not correlated with the direction of string
motion. The width in redshift space, on the other hand, depends on the
emission point on the wake - the width is larger in the back and approaches

zero at the tip, as given by dv (see 6.20).

6.5 Conclusions and Discussion

In this paper we have calculated the 21 c¢m signal of a single cosmic string
wake. We found that wakes leave a characteristic signal in 21 c¢m surveys -
wedge shaped regions of extra emission or absorption, depending on the value
of the string tension. There is an emission signal as long as the string tension
exceeds the critical value given by (6.26) and as the tension increases the tem-

perature approaches the value given by 200mK, a value larger by almost two
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Figure 6.4: Geometry of the 21 cm signal of a cosmic string wake. The left
panel is a sketch of the geometry of the wake in space-time - vertical axis
denoting time, the horizontal axis one direction of space. The string segment
producing the wake is born at time t; and travels in the direction of the arrow,
ending at the position z5 at the time 2¢;. The past light cone of the observer at
the time ¢, intersects the tip of the wake at the time s, the back of the wake at
time s;. These times are in general different. Hence, the 21 cm radiation from
different parts of the wake is observed at different red-shifts. The resulting
angle-redshift signal of the string wake shown in the left panel is illustrated
in the right panel, where the horizontal axis is the same spatial coordinate as
in the left panel, but the vertical axis is the redshift of the 21 c¢m radiation
signal. The wedge in 21 ¢m has vanishing thickness at the tip of the wedge,
and thickness given by dv at the back side.
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orders of magnitude compared to the backgrounds from standard cosmology
sources which the Square Kilometer Array (SKA) telescope project is designed
to be sensitive to [38, 39]. For values of G below the critical value given by
(6.26), the cosmic string wake signal changes to an absorption signal. This
will persist down to a value of Gu a factor of V/2.5 smaller than the value
given in (6.28), at which point the material which is gravitationally attracted
to the wake will no longer undergo a shock and hence our analysis ceases to
be applicable. The width of the wedge in redshift space depends on the string
tension via (6.20). The width increases from zero at the tip of the string to
the value given by (6.20) at the midpoint of the wake.

The sensitivity of 21 cm surveys to cosmic strings is best at the lowest
redshifts sufficiently higher than the redshift of reionization. This is due to
the fact that the string wakes keep increasing in width as a function of time,
leading to an increasing temperature of the gas in the wake and hence to a
higher 21 cm signal. At the same time, the wakes become more stable towards
thermal disruption.

As mentioned above, the brightness temperature shift which we predict
will be large compared to that from the surrounding intergalactic medium.
The fractional frequency width of the signal is given by (6.22) and is near
the limit of the frequency resolution of radio telescopes for values of G close
to the current upper bound. For example, the Square Kilometer Array will
have a fractional spectral resolution of the order [38, 39] of 107%. In both
angular directions, the signal will cover a rectangle whose side length is given
by the comoving Hubble radius at the redshift z;, which for redshifts close to
recombination corresponds to a scale of about one degree. Thus, the signal
of cosmic strings which we predict is clearly a possible target for future radio
telescopes. For example, the angular resolution of the SKA is designed to be
smaller than 0.1 arcsec, and the frequency range of the SKA will allow the
detection of the 21 cm signal up to a redshift of 20.

We have focused on the signal of a single wake laid down at a time ¢ > ¢,.

The reader may worry that the signal of such a wake is masked by the “noise”
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due to wakes laid down at earlier times. Even though the baryons will stream
out of these wakes due to their coupling with the photons, the dark matter
wakes persist. For t < t., the dark matter wakes do not grow in thickness
until ¢ = t.,. After that, the thickness will begin to grow, and at ¢t > t,.. the
baryons will start to fall into the dark matter potential wells. However, the
width of such wakes (averaged over the length of the wake) is smaller than
that of wakes at ¢ = t.,. In addition, due to their large number, on length
scales of wakes laid down at t > ?.,, the earlier wakes will act like Gaussian
noise. The coherent signature in position space of such a “late” wake can be
picked out of the Gaussian noise even if the amplitude of the Gaussian noise is
comparable to or slightly larger than the amplitude of the signal (as measured
in terms of the contribution to the power spectrum). This has been studied in
the context of picking out the signatures of late strings in CMB temperature
maps in [6, 173, 52, 53], and we expect similar conclusions to hold here.

Let us end with a brief comparison of our work with that of [93] and [17]
who also considered 21 c¢m signals of cosmic strings. What sets our work apart
is that we focus on the specific position space signature of wakes rather than
on the (Fourier space) power spectrum. In computing a power spectrum, one
loses the information about the non-Gaussianities in the distribution of strings.
It is these non-Gaussianities which most clearly distinguish the predictions of
a string model from a model with only Gaussian fluctuations. Therefore, the
sensitivity to the presence of cosmic strings will be much higher in a study like

ours compared to what can be achieved by only computing power spectra.

6.6 Summary

In this section we found the 21 c¢m signature for cosmic string wakes, com-
pleting our survey of cosmic string signatures in the available observational
windows. It is important to note that the galactic synchrotron radiation at
high galactic latitudes follows:

T ~ 180K (— 2 ) " 6.30
o~ 80K () (6:30)
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[65]. This means that it becomes difficult to search for 21 cm signals and
foreground removal is necessary. However, analogous to how we were able to
dig through the gaussian fluctuations for the Kaiser-Stebbins signal of cosmic
strings in temperature maps with the Canny algorithm, we could dig through
the galactic foreground signal to search for the 21 c¢m position space wedge

signature generated by cosmic string wakes.
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Chapter 7

Conclusion

The turn of the nineteenth to the twentieth century could be character-
ized as nothing short of a revolution in physics. The new century was marked
by an influx of new ideas such as special relativity, the photoelectric effect,
and breakthrough discoveries such as of radiation. After such a promising
beginning to the century, high energy physics developed and evolved enor-
mously in the course of the century from the development and verification of
such theories as general relativity, quantum mechanics, and particle physics
to the conception of string theory, a theory unifying gravity with the strong
and electroweak forces, in the latter half of the twentieth century. Cosmology,
too, underwent a revolution in the twentieth century with Hubble’s discovery
of the expansion of the universe in the first half of the century and ending
with the birth of inflation in 1980 and the discovery of the accelerated expan-
sion of the universe expansion in 1998. The development of physics in the
twenty-first century bodes to be no less revolutionary with the emergence of
experiments that could conceivably find evidence for string theory and early
universe theories such as GUT symmetry breaking.

Cosmic strings provide one such prediction of early universe cosmology
and string theory. In this thesis we explored the signature of cosmic strings
in several observational probes to provide the foundation for experimental

searches. We began our exploration in Chapter 3 by applying the Canny and
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edge counting algorithms to simulated CMB maps with simulated inflationary
fluctuations, or Gaussian maps, as well as maps simulating cosmic strings
superimposed on the Gaussian maps via their influence on the CMB per the
Kaiser-Stebbins effect. We used statistics to distinguish between the maps and
found that our algorithm could positively distinguish between the Gaussian
maps and maps with added cosmic strings.

We continued to apply the Canny algorithm to CMB maps in Chapter 4 in
distinguishing between maps with three-string junctions as predicted by string
theory. The power to distinguish between maps of gauge strings (which lack
three-string junctions) and maps of cosmic superstrings (that include junc-
tions) would be strongly suggestive of string theory should cosmic strings be
detected. Furthermore, our analysis enables us to distinguish among different
scaling solutions of cosmic strings, which could lead to further understanding
of cosmic string models.

Our analyses of the signatures of the overdense wakes of cosmic strings
in the polarization and 21 ¢cm probes are timely due to an influx of polariza-
tion and 21 cm data. In Chapter 5, we found that, given ideal circumstances,
cosmic string polarization would contribute at most 0.4% compared to polar-
ization due to weak lensing. Ideal circumstances include an alignment of the
cosmic string with the quadrupole, the time of formation of the wake near
recombination, and string tension at about the current limits. Furthermore,
the signature of a cosmic string wake in polarization data would be, with an
alignment of the string in the plane perpendicular to the line of sight, rect-
angular regions with a brightness gradient growing in the direction of where
the string wake originates. We also found that the polarization would be dis-
tributed equally in B and E modes. When used in combination with schemes
such as the Canny and edge counting algorithms, polarized string wakes could
potentially be detected.

In Chapter 6, we found that the additional matter in string wakes typically
leads to absorption features in the 21 ¢m redshifted spectrum. For string wakes

observed before star formation, the differential brightness temperature is -160
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mK, although particularly high string tensions could theoretically lead to an
emission signal. Furthermore, the signature of a cosmic string wake takes the
distinctive shape of a wedge with the thickness in redshift space and the planar
directions corresponding to the wake’s geometry.

Although this thesis explores the signature of cosmic strings in temperature
and polarization CMB maps and the 21 cm redshifted spectrum, it also raises
questions and hints at future work that can be done to follow-up the work in
this thesis, which we shall now discuss.

The most intuitive future work to be done on searching for signatures of
cosmic strings in the CMB is to apply the Canny and edge counting algorithms
to more sophisticated cosmic string simulations and small angular scale experi-
mental data. To begin this work, we need to explore whether the cosmic string
signature would survive the experimental noise and errors. Furthermore, we
would need to minimize the effects of scanning strategies and include only
those gradients which are not in the direction that the telescopes scan.

For the polarization and 21 cm windows, the obvious work to follow-up this
thesis would be to simulate maps of networks of cosmic strings. In our analyses
we considered single strings in ideal conditions. Hence, it is important to sim-
ulate realistic string networks and their wake signatures to determine how this
complicates the signal. Moreover, we would need to develop new techniques
and apply new statistical measures to search for cosmic string signatures in
these networks.

As we continue in our twenty-first century era of precision cosmology, cur-
rent and future experiments offer promising means to search for the signatures
of cosmic strings and the possible confirmation of Grand Unified Theories as
well as string theory. In this thesis we have built bridges between specific
fossils of high energy physics in the early universe — cosmic strings — and ob-
servation — their observational signal — and built the infrastructure to mine

current and future observational data.
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