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Abstract 

Aeroelasticit.y is concerned with the interaction of aerodynamic forces and the re

s11lting structural deformations for a structure in an airflow. Flutter, which is one example 

of c1l1 aeroelastic phcnomena. may l'esult in the catastrophic failure of an aircraft. The 

t.J'C1ditiolJal metlJods of predicting the flutter velocity, namely the U - 9 and p - h', have 

bcen used with great success. However, in recent years, new meLhods have been suggested 

which approximate the unsteady aerodynamic forces and moments by rational functions. 

Th(· l'esulting equations are then solved in the Laplace domain. The goals of this work 

are twofold. Firstly, to solve the equations of motion for an airfoil, in both incompressible 

and trallsonic flo\\'. in the Laplace domain llsing rational functions to approxima te the 

unst.eady aerodynamics. Secondly, to implement active control for the ail'foil in incom

pressible flow, \Vith the aim of increasing the eritieal flutter speed. The solution of the 

aeroelastic equations of motion in the Laplace domain proved to be a powerful tooi in the 

analysis of Hutt.er. 



Sommaire 

L'aéroélasticité traite de l'interaction des l'orres aérodyna miq\lt's C't dt's dt:rol'Illal iUIl" 

structmelles résultalltC'~ d\1Il corps dans \Ill écoulemellt d'ail', LI' Ilot 1l'111t'1I1. qlli t' ... 1 1111 

exemple de phénomène aéroélastique, peut. pro\'oque!' d'important.s d()lIll1lil,l!,('~ ;1 1111 .t\'iOIl 

Les méthodes traditionnelles, U -g et ])-k, qui sont capables de prédirC' lél vit.PSSt' l'I'il,Îcplt' 

de flottement, ont été utilisées a\'ec grand succès, Cependant, récelllmellt, cie lIolI\'cllt'S 

méthodes ont vu le jour, estimant les forces et moments instatioIlllaires pal' d('s fOllct.ion:-. 

rationnelles, Les équation5 résultantes sont résolues dans le domaillC' dr Lapl<lCf" ('t'I.1I' 

thèse a deux objectifs, Tout d'abord, résoudre les éqllations du mOllvemellt. 1'0111' 1111 prDlil 

en écoulement incompressible et en écoulement transsonique dans Il' domaine cil' La!>I.II'I'. 

en utilisant ces fonctions rationnelles, Ensuite, inclure un contrôle adif dll profil t'Il 

écoulement incompressible, dans le but d'augmenter le vitesse crit.ique de rlOI,I,('III1'1I1.. Olt 

a démoutié aussi que la solution des équations aél'célastiques dalts le dOlllaille dl' Lapla!'\' 

représente un outil puissant pour l'analyse du flottement. 
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1 Introduction 
( 

1.1 Motivation 

ACl'oel1l~ticity is concernee! \Vith the interaction of aerodynamic forces and the rcsulting 

structural dcformat.ions fol' Cl structure in an ait·flow. Flutter, which is one example of an 

il('r()(~lilst,ic phcnolllcna. is él f10w induccd vibration that may result in the catat.lrophic 

faillir!' of illl ail'CI'ilft. The tl'flditional methods of predicting the flutter re1ocity, namel,)" 

t.11C' f! -.fJ alld Jl - J.. Il1cthods. have been used \Vith great success. However, in l'ecent 

years, Ilew methods have been suggested which approximate the unsteady aerodynamic 

forces and moments by rational functions. The resulting equations are then solved in the 

Laplace domain. This allo\Vs fOl' a more efficient solution to the flutter problem, and also, 

allows fOl' a direct. extension of the aeroelastic equations for the implementation of active 

COli t. 1'01. 

The goals of this \Vork are twofold. Firstly, to solve the equations of motion for an 

ail'foil in both incompressible and transonic flow in the Laplace clomain using rational 

fllllctions t.o approximate the unsteady aerodynamics. These results will be comparecl 

\\'itlt U - .fi and fJ - J.. generated results. Seconclly, to implement active control for the 

ail'foil in incompressible flow, \Vith the aim of increasing the critical Hutter speed. 
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1.2 Flutter Definition 

ln the field of aero('lm,ticity (FulIg 195.j; Ashley. Bisplinghorf and lIalfllliln \!l.),-l; .\~hlC'~· 

alld Bi::.plinghoff ID62). no topic has recf'i\'C'C1 more attention than thal of 1111(,(('1', Flllllt'l' i~ 

a viulellt self-incluced élcrodynal11ic ,'ibration thal ll1ay alf('ci élirplalH' wings, lail :-1ll'rill't",; 

alld cont roi tabs. Thf' followillg f'xample will give a mOI'!, plt~':,i(,ill \'(·p\'l· ... (·111.11 i011 Il!' 111\1 IPI 

C'oll:-ider" Cl\lIlil("'('r nirfoil. \\'ith 110 :'\\'('('phack alld Ill) ail(·\,(}II. l'I,l'..idl," 1111.111\1'.1 10 Ih,' 

side wall of a wincl tunnel. The willg is then COllfillCd 10 exhihit (\lolillii 0111\' ill Ih,' 

bending and pitching dil'ection~, With the air flow turncd off, t.he aÎl'foii is giv('n <Ill illil ial 

small amplitude disturbance. élnd then allowed ta t'l'eely oscillatc. The é1lllplitud(' or 1 hl' 

oscillation will clecay until il. i:-. totally déll1lped out, \Vhell t Il<' air flow is tlll'\l(·d \Ill. 1.his 

original o:-.cillat.ion will dcca,\' much quickel', \Vith subsequellt illnea::.es ill ilir sP"('" 1,1\1' 

system will sho\\' improved decay characteristics; howc\:Pr. t.hcre exists a "pecific SI)(·(·<I 

wherc the total system dampillg will begin to decrease. The ail' spe(·d wh('J'c' 11\1' will,!!, 

shows constant amplitucle motion is referred ta as the critical flutter specd, .\1. sl)('("1:-. 

slightly greater. a small disturbance force will triggel' violent oscillatiolls. 1 Itat. ill l"o~1 

cases lcad ta imlllediate catastrophic failure of t.he aid·oil. 

The ch'amatic and destructive consequences of Hutter have gaillcd the illl.t·J'(·~1. of 

much of the aeronautical community. One industry representative went HO far as 1.0 stal.p 

that: .. The flutter problem is now generally accepted as a problem of primary concel'l1 ill 

the design of ClllTent aircraft structures, Stiffness criteria based on nlltter req1\irelllelll.!'. 

are. in many instances. the critical design criteria." (Head 1958). III recent. yCill'S, airplélllC' 

design has reslllted in the emergence of lightel', more flexible aireraft, with élll illcl'f!itse 

in maximum speed, l'eslllting in an increase in the likelihood of flutter oceurring, 'l'lu! 
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fUIII.,(Jllit j'('gillH' It·/lr!:. Il) 1)(' Il)(' 1lI0:,t clitical with respect tü !luttl"l': Ilo\\'c\'(·r,IIt(·I'I· ,\lI' 

still Itlrtny other flllttcr probl('fIlS that l'equil'e attention, 

:\C'l'Odyn:tlllic st l'uelmes é!1'f:\ by definition. continuous, having an infinite number 

of dt·Wt·(·s-of-f,,('(·t!o/ll, fJ 0 \\'(' Ver. most tbeoretical analysis of sueh structures discretize 

1 II<' ..,t11l1'1 111'(' illto il finite llulI1ber of degrees-of-freedom, using, fol' example. cit her lhe 

[illi1.1' (,I(~lIIcllt l1H'thod 01' the é!ssumed mode method, To obtain accurate estima tes of 

Ut<' !llIt tel' velocit.y il, is necessal'y ta consider a large number of modes in the nullel' 

itllalysis, IIOWC'/I"I', it has beell round that only t\\'o degrees-of-freeclom. namely bending 

and pit cIlÎng, arC' 1'C'C(uired to give a good physical l'eprescntation of fluttcr, [1, is tlw 

(,ollpling bet\\'ecll th('sC' 1,\\'0 lIlodes that pl'Oduces flutter, A rigid airfoil allowed only to 

have bellding motion does 110t flutter. In general. a rigid ai)'foil with only a torsional 

degrce-of-freedom will Ilot Autter. It is the coupling of the two degl'ees-of-freedom that 

é1l1ows nutter to possi bly exist, Past experience has sh' ,wn that near coincidence of the 

bcndillg alld t.orsioll freqllencies is one of the main factors in the cause of flutter, and that 

1.11<' ('hal'acter of the torsionalmode plays a more fundamental part in its occurrence, 

The only source of external energy callsmg the Huttel' is that of the ait'stream. 

Hence the ait'stream must be the key component in the instability of the ail'foil. In fact, a 

complete allalysis of the interaction of the structural forces coupled \Vith the aerodynamic 

forccs b requil'ed to determine when the system instability will occur, The aerodynamic 

forces Încl'ease with velocity. Howe\'er. the stiffness in the bending and torsion al directions 

is independent of the air speed, Any damping that is introduced to the system co mes from 

the aerodynamic forces: the structural clamping is often so negligible that it is omitted in 

IllOS\. ael'Oelastic analysis. Hence, there exists a cl'itieal speed at which the aerodynamic 
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dampillg i'i insllffki('nl to gi\'t' ... y .. q('111 stahility. and !lulter (1(.(.1\1' .... 

1.3 Unsteady Aerodynamics 

The interaction of an airstream ",il h an airfoil producf's él Iw!ta\'iol\\' 1 hat is \ l'\'~' (PllIpll-

catcd, The calculalion of the l'csulting ilel'odynilmic fOl'et's pl'l'~(,lIls. p()~:-ihly. II\!' !lldi"l 

difficl\lt~, illll1P <IIlHI,\'sis of flul t(,1'. 'l'Ill' c1nal~'sis of fllltll'I hil~ "'('('11 .1 ,!!,l'ddllal PI(),!!,I('~"'I(11l ill 

thl' cOl1lplf'xity of Ihe <lcl'odynamic fOIres. this \tas consldl'I'C'c! Ill!' i\l'rodYII.III1I'~ illltl.dl,\ 

a~ .. Ieady. tben qllasi-"tearl~', ancl ftnally the trlle IIl1stt'ady motion of Ih" .\l'r()rI~'lIdlllÎi's 

has been consiclercd, 

\Vhen an aÎt'flo\\' reaets with an airfoil, disturbances an' introclll('('rI 1 !t.II, \,(,,'.ttlt ill 

tlw flo\\' follo\\"ing Ilw contour ùf the airroil. According 10 t hin "irfotl tlwlll'\ (Fil Il,!.!, 1 q,.,:, J, 

tlw airfoil can be rcpre~ent('d by a continllous distriblltion of \'ortil it~" TI\(' ... 1 Il'II,!.!,I It <llIrI 

configl\l'ation of this \'ortex sheet pl'odllces the aerodynamic propI'ltil'S of 1 lit' !Io\\' fol' 1 lit' 

desil'ed ail'foil. Ho\\'c\'er; this is not quite correct, Ilot only docs thcr(' ('xis!. t I\(' I)\JIIIIII 

\'ol'tÎces on the ait·foil, but thcre also exist free vortÎccs in thc wakc of t.he airl'oil. '1'1)(':-,(· 

l'l'ee vol'tices are being produced continuously by the oscillating airfoil, "llI'd al. t 1)(' t railill~ 

etlge of the wing and cal'l'ied downstl'eam by the ftow, These l'l'ce \'ol'ti('c~ abo prodll('(' 

vertical components of velocity on the wing, thus altel'ing the aerodynalllic pl'opel't il's 

of the wing. Steady ftow analysis completely neglects the frcquency of oscillatioll of 1,111' 

ail'foil, and hence the fl'ee vortices pl'Oduced by this oscillation, 

Quasi-steady f10\\' analy-.is realizes that \'ortices arc being pl'odllCl'd ill 1 III' \\',d'I'. 

but assumes they han~ 110 ('fl'ect. This is true if the~e 1'1'1'(' \'ol'ti('('~ iln' "'\\"'pl qui,ldy 
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r!<JWII..,tll·,tlll. .\ 11I"jOI' ..,irrlplifi(';ilioll of applying a qUnsi"~teady allalysis is Ihat the aeJ'o

dYlliillIl('!'! (',lll 1)(· ('ol1!'!idC'l'ed illdepcndent of the ail'foil's frequency of oscillation. which is 

gell!'l'idl,y Ilot 1 1 If' ('ilse, 110\\'('\'('1'. if thi::. assumption is made, it elinùnates a time consum

ill~ itcl'ative process, The stl'f'llglh of this theory is that it gives qualitative information 

,!I)()II1. lire <;)'!,!I,{'IIl. willlOllt au !'xlreme computational burden; but caution must be taken. 

<;ill('(' 1 1 If' 111 Pt. Ir or! ha!'! l11adp Illilll)' silllplif~ling assllmptions, 

\ill:,1 (wly flo\\' illlaly:,is Hrconnts fol' the frep vortices in the wake, The aCl'odyllamÏcs 

lll'e 1l0W él. runction of the fl'cquency of oscillation. ~. = wb/U (01' kc = wc/U), where w is 

l'n'qllelley, c = 2b is t.lre chord and U is the free stream velocity. Thus, fol' a given velocity, 

Il)(' In'qll('lIcy of o~cillation is l'equired. before the aerodynamic forces can be determined. 

This 1'C·:",I!.s in ail itel'ath'e P l'Oced ure. If the frequency of oscillation is small, steady or 

qllilsi-st.eady flo\\' élnalysis ma," suffice, but fol' the most part this is not the case and an 

11II:.l.eady flow é1l1alysis must he used. Due to the interaction of the fiow with the airfoil 

~(,o11lctl'y. lag cfff'ct.s l'esult in the flow; the circulation around the ail·foil is not developed 

inst antnll<,ously clue to a change in incidence, but there is a phase lag between the motion 

allcl II\(' l'{'sult.illg cl<'l'oclynélmÎC forces. These lag effects can lead to an amplification of 

IlH' slllall oscillatory motions. 

The main difficultly in solving the aeroelastic equations of motion rests \Vith the 

cillclllat.ion of the unst.eady aerodynamics. The unsteacly aerodynamics are sometimes 

\\'l'iUf'1l as Qh and QLll where Qh = -L and Q" = fvla: are the total unsteacly, nonconser

rat ire forces and moments acting about the elastic axis, respectively. 
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The quantitics Qh and (J" (Lee ID8-1) can 1)(' (\xpn'ssl'd in thi~ fn l'II \ 

QIt = -qc(Cth ~ + Cl"O) , 

C 

QL1 = qCl(C lJlh ~ + C,UoU) . ( :! ) 

",hcrc. Ci, .. CI". (''''/. clllel C IIl " are the nonelimcnsional drrivati\'('s of t lit' lift éllld ll11lll1t'llt 

coefficien ts, wi t h rcspect to pl unging, Il. and pi t.ching, fi, rl'spcct. i vl'ly. 'l'hl' d." Il il III ÎI' 

pressure. q, is a function of w'locity, and given by 

whf're p is the ail' dCIlSil,\', 

l ,2 
(,7 = -plI 

2 ' 

The determination of the unsteacly aerodynamics if{ not an f'ilsy task. '('h('odorsC'1l 

has cletermined élnalytically the unsteacly aerodynamics fol' incompressibl<' Ilow 011 11 t Wo-

dimensional airfoil (Theodol'i'len 193.5; Garrick and Theodorsen 1941). Th(, d('riviltioll or 

these equations is based on potential f10w theot·y and the Kutta conditioll ilt. t.lre I.railin.1!., 

edge. and assumes inviscid. il'l'otational flow. Ali derivations ass1Ime :5l11all éllllplit.IICh' 

oscillations, and thus, this allows for the linearization of the equations. The lI11steacly 

aerodynamics, Qh and QCt, are written as a function of the Theodorsen Functioll, C(~'), 

and are expressed as: 

and 

27rpUbC( k) (A + Ua + b(O.5 - a)à) , 

QCt = Mo = 1rpb2 (bah - Ub(O.5 - a)à - /)2(.125 + a2 )&) + 

2;rpUb2(a + O.5)C(k) (il + Ua + b(O .. 5 - a)a) 

6 

( ., ) 

( .) ) 



'1'11(' TIJ('ocl()r~('1l FlIllctioll C(I.:). composed of a real part F and an imaginary part. 

(i, i'i ft fllllCtiol1 of l'cdllced fl'cquency, k, 

C(I.-) = F + lG , 

wb 
k-

- U ' 

( 6) 

( 7) 

whcl'C! W is fl'C'qu(mcy, b Îs a chal'acteristic length, the semi-chord, and U is the veloeity. 

Not.e thal. t.he cqllilLiol1s are both a function of velocity and frequency. This willresult in 

élll it.(!l'at.ive type solut.ion evcn fol' a fixed velocity. 

Fol' the transonic l'egime, readily solvable equations do not exist. This is due to 

the nonlinearity and irregularity of the associated unsteady transonic aerodynamics. The 

analysis of tl'ansonic ftow started with linear potential theory in the 1950's and has pro-

gl'C'ssed to the use of the nonlinear small disturbance equations. nonlinear Euler and the 

Navier-Stokes equations. Se\'eral methods, such as the relaxation methods (STRANS2 

and UTRANS2) developed by Trad, Albano and Farr in 1974, and the indirect method 

(LTRAN2) developed by BaUhaus and Goorjian in 1977, can be used to determine the 

uusLeady ael'Odynamic coefficients Ci,., Cla , Cmh and Cma as a function of reduced fre-

queuey, k, for transonic flo\\'. LTRAN2 was based on the transonic small disturbance 

cquat.iolls. and utilized a time integration (indicial) finite difference method. However, it 

gave aCCUl'ate l'esults only for low values of reduced frequency. Rizzetta and Chin fur-

thel'cd the work of BaUhaus and Goorjian in 1979, by integl'ating the LTRAN2 program 

and the structural equations of motion. Since then, the work by Houwink and van der 

Voorcn. and latcl' by Couston and Angelini, have taken the original code and pl'oduced 

lllllCh impl'ovemcnt in the aCCl1racy and range of results for increased l'educed frequencies. 

It is now routine to calcl1late the aerodynamic derivatives, Clh' Cla , Cmh and Cma 
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as a rllnctiol1 of redllced fl'equency, ~', to give the lInsteady acl'odynamics \'t'quil'c'd fol' t 1\1' 

aeroelastic equations of motion. The unsteady aerodynamics are calculated by Iwrfol'Illinp, 

computer simulations of pure bending and pure t.wisting in s111a11 dist.ul'banct' nO"'H, Thl':-'I' 

equations cannot be linearized because t.he flow beha\'iolll' is so incgula\' in t lu' t.l'ilnHOnic 

regime, Finding these unsteady aerodynamics fol' this \'egime i8 il\lpol'tilnt "inl't' t.hiH 

regime tends to be the most critical fol' tlte nutter of wings. Lee (198,1) gi,,!':-, tht' l'I,,,,"IIH 

for the transonic unsteady ael'odynamic derivatives as a function of rcdl\('l'd r\'('ql\t'tj('~'. 1 .. , 

for M = 0.80, 0.85 and 0.875. 

1.4 Flutter Solution 

Prim to 1938, it was thought that the solution to the flutter problem could be t'otllld 

by flight testing alone. It was supposed that flutter could be determincd by I\OLing a 

reduction in the system damping \Vith increase in velocity, Unfol'tunately, in FI'bl'tlat'yof 

that year, during a carefu11y planned flight test, an ail'crat't went down killing ail t!)(' !'t'('W 

and scientists. Such testing had a number of shortcomings tltal, arrected 1'f'liHbilit.y and 

safety (Weissenblll'ger and Zimmerman 1964). In particlllar, it was shown tlta\' flutt.cl' can 

occur very qllickly and without much warning. Thus, it was realized that to elcl.erminc 

the onset of flutter, a theoretical analysis must be used at the initial design stage and fol' 

the modification of the existing ail'craft, in conjllnction with flight tei'lting still hcitlg thl' 

ultimate test of when flutter will OCClU'. 

New theoretical techniques consider an eigenvalue analysis of the Autter cquations 

of motion. A two-elegree-of-freedom rigid airfoit is represented as a flat plate, which is 

flexibly mounted and llndergoing bending and twisting (torsion) motion (see Fig1\re 1). 
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Bellding (plllnge) is denoted by h, positive c\ownward, and the twisting (pitch) about 

the e1asl,ic axis is clenotecl by 0', positive in the c10ckwise direction. The elastic axis is 

c1efillcd as the point in which a load force would produee only pure bending (no twist). 

The itNoclastic equéltions of motion, which are a function of inertia forces, elastic forces 

il!ld (l('l'odYI1i1lllir fol'cC's (Fung 19.5.5; Ashley and Bisplinghoff 1962), can be derived by 

slIlllllling forces i:llld llloments, élbout the elastic axis: 

(8) 

(9) 

whcre /II is the mass pCI' unit span, 1 15 the wing mass moment of inertia about the centre 

of gravit y, c = 2b is the chord length, xob is the distance from the centre of gravit y to the 

elastic axis, ab is the distance measured from the midchord to elastic axis, both positive 

I.owéll'ds t,he t.l'ailing (xlge, Iù is the spring constant in bending, /(0 is the spring constant 

ill t.wisting, and L and ML> are the lift force and moment acting about the elastîc axis, 

l'cspcctively. 

The calculated l'Oots of t.he system aeroelastic equations give an indication of sta

bility. This form of analysis gives an alternative indication of the onset of Hutter. There 

<'xists I,wo weil established techniques for determining flutter; in particular for dealing 

\Vith the itel'ative na.ture of the solution, namely the p - k (British) a.nd U - 9 (American) 

methods, see for example Lee (1984). 

fn the U - 9 method, harmonie oscillatory motion is assumed, such that the genel'

éllized cOOl·dinates. é. and Q, cau be written in the following form: 
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where Ço and a" are complex const.ants, th(> absolute valu('s of which "('(ln'sPllt t hl' tllll-

plitudes, and their arguments give phase angles. A theoret.ical structural dall1pillg t'Olll-

ponent, g, is then introduced into the equations of mollOn, in order t.o pl'OdllCl' st.l'ad~' 

harmonie system motion. The rational behind the U - ,q melhod is that. t.he s~'Sl('1I1 

will reqllÎl'e jllsl é\ sufficient. alllolint of this fictitious hystcrct.ie st.rllcl mal clalllpill,l!; . .'1. tn 

maintain steady hal'monie motion, If the system requires the input of negat.i\'c dalllpill,l!, 

(-,q) to make it harmonie, il is stable, likewise if it requit'es positive rlalllpillg (+g) 10 

make it harmonie. it is lInstable. An expression for the damping ratio (Lee H)~·I) cali 1)(' 

written as 

,q 
1 = --. 

2 

Henee, a positive \'alue of damping ratio indieates a stable syst.em. 

(II) 

In the p - k methoJ, the generalized coordinates, ~ and 0', take 011 a 1II0re' gelH'rill 

Corm 

( 1 :!) 

where Ço and 0'0 are complex constants, and p = f3 + iw, where ;3 gives an illdic(,~ion of 

damping and w gives frequency. The p - k method solves for the critical fluttCl' vclocit.y 

by utilizing an iteration procedure of frequency for eaeh eigenvalue. The damping t'at.io 

(Lee 1984), a function of f3 and w, can be given as 

f3 
(= - Jf32 + w2 

Flutter occurs when there is insuffici~nt aerodynamic damping to keep the systcm stable. 

Henee, a negative value for the system damping ratio would indicate an instability. 
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Hut}, llld!Jor!s flgl'ee al ,he critical instabiJjty point. but it has been round that the 

Alllm'ican approach can largely over estimate the magnitude of the relative damping ratio 

fol' values of subcritical velocity (Jackson and Lawrence 1968). These methods have been 

liser! t.o gl'eat success in Hutter analysis, but they tend to be time consuming itel'ative 

pl'()('(~~S(,S. [n 1'('('('111 ,\'eal's. the foctls of flllttel' analysis has tllrned away fr0111 the time 

dOll1ain alléllysis t 0 the l'l'equPllcy domain or Laplace domain. 

The Laplace domain employs rational function approximations of the unsteady aero-

dynamic forccs. When the t111Hteady aerodynamics are approximated this eliminates much 

of the iterative wol'l.: that charactel'Îzes the previous methods. The aerodynamic forces are 

t1stllllly fOUlld ill tabulaI' fOl'ln fol' simple harmonie motion at diserete values of reduced 

f/'equency. The tabulai' data fol' t.he ul1steady ael'odyuamics ha.<; been, for sometime, l'ead-

ily ètvailable for the incompressible regime, in the form of the Theodorsen Function, C(k). 

[t is not until recently, that advancements in transonic nllmerical methods for computin,~ 

llllst.eady ael'odynamic forces in the tl'ansonic regime, have made it possible to cOl1sider 

tbis l'egime fol' fUI't.her aeroelastic analysis, Transonic codes can now routinely calculate 

the l'cquirecl unstead~1 aeroclynamic coefficients Clh , CIQ' Cmh and Cmo. at variolls Mach 

numbers, 

The idca of using rational functions to approximate unsteady aerodynamics is not 

a new concept, Jones (1940) i:; credited with first using rational Laplace transform func-

tiolls to appl'oximate llnsteady aerodynamics, He considered an approximation of the 

Thcodorsen Function, C(k), of this form, 

C(h') = 1 _ 0.165ik 
ik + 0.0455 

0.335ik 
ik + 0.32 

(14) 

The importance of such approximations were not fully realized until its versatility in the 
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analysis of acti\'e-' control systems \Vas disco\'ered. lIoWe\·f't. for t hl' pl'opn .1II.d~':-is Il!' 

the aeroelastic equations of motion. the govcl'11ing rational fllnct,iolls ha\'(' 10 hl' M)II1I'-

",hat. more robust, than t.hat lirst introduccd by Joncs. :\ l'at.ional fllnctiolt is l'I'qllirl't! 

tltat gÎ\'es good approximation to the ul1steady aerodynamics as a fUllet iOIl of rl't!1\('('d 

frequency. \Vith a compat.ible amount of complexity. The appI"OXill\ê\t.iol1 of tIlt' iIlCOI1l-

pressible unsteady aerodynamics, namcly the Theodorsen Funct.iol1. C(~·)\ as .\ fllllctioll 

of reduced frequency. ~ .. may not pose much of a difficulty; hO\\·cv('r. prohl"IIIS Illi\~' 1)(,1'11-

countel'ed in the t l'ansonic regime, where the ul1steady transonÎc aerod~'lIallli(' ('(wllkil'lIt!"l 

Cl". Cl", CUl/, and C 'IlI', vary in a very irrcgular manner with reduced f\'('qlll·ll(,~·. Titus. ill 

order for the Laplace method to be viable, the approximations of thesc tablllar IIllst.(·i\(ly 

aerodynamics can not be considered lightly, 

:\ function Q(i~') is required that approximates Q(i~'), as a flll1Ct.ioll of rt'dllcc'cl 

f'l'equency, ~', and gi\'es good l'esults over the entire specified range, TIIf' I.al)lliar d.\t.a 

Q(ik) of the unste._Jy aerodynamic forces may be written in tel'll1S of l'cal and illlilgillary 

parts as a function of reduced frequency, 

Q(ik) = F + iG , ( 1 !) ) 

where F and G are the real and imaginary parts, respectivcly. 

Many rational functions can be used to approximate the unsteady ael'odynalllic~ 

(PoireI1988). The Nasa-Langley rational function has been shown to be fairly l'obus!. in 

its ability to approximate given data (Adams and Tiffany 1988), and is given by 

R 

Q(p) = Ao + Atp + ... + Appt> + L Al+P~b ' 
1=1 P + 1 

( 16) 

where p = ik. The coefficients Ao, At, ... and bt, b2, .. , are chosen to ensure minimum 

approximation erroi' to the given tabular data. This is the form of the approximation 
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('lI1pl(Jy('d IJy 'lïfril/I," illHI :\déllllS (l!J88). alld the same 1I1ethod thilt is Iised in 1 hi:, t he . .,is, 

The a:,r,oriiüed ('1'1'0) distl'ibut ion seems to be less, and it has a built in robustness that lets 

it cOllsider a larger initial frequcl1cy range. The physical interpretation of the equation is 

that the fil'st tlHee tel'ms stem from quasi-steady influences, and the other terms give the 

IIllst.eady erfccts. The lag tCl'l11S bJ give an approximation ta the time delays (lag in the 

d(·v(lloplllent. of t 1)(' circulat.ion about the airfoil) inherent in unsteady aerodynamics. 

III the past, 1.I]('se lag te1'1l1S were not optimized, but arbitrarily se!ectecl from the 

mllge of reduced frequencies fol' which tabular data of the unsteady aerodynamic forces 

WC\'e available (Abcl1979). Present methods, that optimize these nonlinear lag terms, give 

bette\' rcslllts \Vith a decreased order in the approximating equation, and thus a solution of 

Ir'ss complcxit.y élnd incrCilsed efficienc,Y. Optimization of the rational function coefficient 

ta eusUI'e lllinil1lum approximation enor was performed by utilizing a least square method 

to determille the linear coefficients and a sequential simplex method to de termine the non

linear lag tenus. The method employed to solve for the optimal nonlinear lag terms is a 

scquent.ial simplex method (l\'{ead and Nelcler 1965; Nelson and 01S5011 197.5) developed by 

Nelder alld l\Iead in 196.5. This method is simple, robust and requires no derivatives, and 

hence ICllels itself qllite weIl to finding the minimum of a non-lineal' objective function of 

1110re than Olle independent variable. The validity of the Laplace solution depends greatly 

on how well the unsteady aerodynamics can be approximated. 

The advantage of approximating the lInsteady aerodynamics is that it allows the 

aeroelastic equations of motion to be written in the Laplace domain. The equations. 

in t his l'orlll, can be solvecl quite easily by reaclily available computer subroutines, that 

utilize mat1'Ïx algebra and eigenvalue analysis. Abel (1979) has demonstrated how the 
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acroelastic cquatiolls of motioll in t.he Laplace domain call !w soh·cd. l'his rl'C\lIi\'t,s tIlt' 

expansion of the equations to obtain a mil! order polynomial of the follo\\'ing fOl'll1 

[F 1 JJI + [F ] ,m-I + [F ] ,m-2 + + [F] < + [F.] 0 m .~ m-l ."i m-2 ;; • • • 1 S II = . (1 il 

\\'here tIte cew!ficÏcIlI:-. [F"J [Fm-d. [F"'-2] '" [Fo] arc functions of dYllillllic \>\«:-':'1\\'1' 

(\'elocity). 

This can be easily placcd in a typical eigenvalue problcm of t!te given 1'01'111 

.s{.r} = [A] {.r} , ( I~) 

to gi ve a sel'Îes of 111 x Il first Ol'der eqllations, where 

( !!)) 

These equations can be solved quite easily by linear matrix techniqucs. 

1.5 Flutter-Suppression Systems 

Flutter-suppl'ession systems have received incl'eased attention in the last two dccad('s 

(Kass and Thompson 1971; Guruswamy, Olsen, Stl'Îz and Yang 1980; Karpel 1081). They 

have been round to be an effective way of increasing the Hutter speed. There are t,wo t.ypes 

of Hutter-suppression systems: passive and active Hutter control. Passive control incilldes 

increasing the structural stiffness and/or mass balancing. Propel' mass balancing has Ct 

direct effect on the system inertia coupling, which is often a predominant factor in t.he 

occurrence of Hutter. Active control uses a control surface which is deHected in response 

to the wing motion, resulting in a change in the ael'odynamic forces 011 the wing. The firs\' 

application of snch a system in flight was on the B-.52 in the mid 1970'5. Mnch work bas 
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IH!elJ dOlle ilJ willr! r li li nel:; éllld flight tests to show the feasibility of implementing acth'c 

(~ ('o/Ilrol (!\is~ill1 illid ,\be!. IBiS: Abel 1970; Messina and O'Connel!. 19ï9). Increases in 

nit.ind !lutter :-'Iwcd of 20-25 % have been obtained through these methods. 

The p1'obl('111 élssociated with applying an active control device ta an ail'foil hinges 

011 <Ieveloping a set of ael'oelastic equations, where the form of the unsteady aerodynamics 

alld the cont.rolla\\' élre compal ible. This can be achieved by approximating the unsteady 

ill'rodYllillllics b,\' il \'111 ional l'unction, and thus allows fol' both the ul1steacly aerodynamics 

alld t Il<' cont\'ol liHv 1,0 be \vrÎUcn in the Laplace domain. 

The aeroelastic equations for a three-degree-of-freedom rigid ait'foil including the 

incorporation of active control, a flap, (see Figure 10) are given by numerous references 

(FlIl1g 19.55; Ashley and Bisplinghoff 1962). The flap is deflected by an angle /3, in response 

1.0 the wing motion, a l'unction of the plunge, h/b, and pitch, Q, with the ai111 of causing 

1111 incl'case in t.he flut.tel' speed. Controllaws of the following forffi have been considered 

(Nissim and Abel 1978), 

(20) 

WhCl'C [Tl is a. tl'ansfer function matrix of size 1 x 2. 

The tl'ansfer function used was a function of h/b and Q and their first derivatives, 

(21) 

This is referred to as a damping type transfer function by Nissim and Abel (1978), where 

ft7' is ét contl'Ol of the amount of damping introduced by the control surface (flap), and WR 

is ft l'efel'ence fl'equency, normally taken as the no-control flutter fl'equency, This transfer 

( 
function can be considered as a type of Pl'opol'tional-derivative (PD) control. 
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111 the latt' [IJjO·S. C'Ollsidt'l'able \\'ol'k \\'as dOllt' 011 IIlIltpl' ('01111'01 :-.y:-.lt·lIh ln dt'lt'l" 

mine realistic transfer fUllctioll paramelers (~issi11l and ;\ bel I!)j8: :\issilll [!)jï: :\issil11 

19(1). Nissim and Abel (1978) used a theory based on lhe acrodynamic CIlt'l'gy cOlln'pl III 

determine realistic transfer function parameter values. The ael'odynamic ellt'I'g.\" ('olln'pl 

considers the \\'ol'k dOlic by the aerodynamic forces on the wing pel' cyel(' of osrÎ [[al iOIl, 

refcl'lwl 1,0 as P. IIclIce. the tl'ansfer function [T] \Vas determincd 1.0 gi\'t' il :-.Iahlt· :-'.\,Slt·lIl, 

or a Ilegative valu(' of \\'ot'k P. Nissim and Abel detel'mined the opt.imal 1)(\rilllH·tt'I'S fol' 

the transfer funct.ion for an airfoil of specifie geometric configUl'atioll. A simp[t' t.rélll:-.for

mation \Vas also del'ived that aIlowed for changes in ait·foil geometry. 

\Vith the introduction of the controllaw into the ael'Oelast.ic cqllal.ions of IlInl iOIl. 1.11<' 

equations can be f'xpélnded, as befme, to obtain a m th order polynomial of 1.tH· followill,l!, 

fonn 

where the coefficients [Fm], [Fm-Il, [Fm-2] ... [Fu] are functions of dYllêllllic pl'l'!'>SIII'I' 

(\ elocity). The solution 1'o11o\Vs the same methodology as sho\Vn eal'lier. 

1.6 Thesis Overview 

This study considers the analysis of the ael'oelastic equations of motion of a. l'igid (tll'

foil. flexibly mounted. undergoing bending and twisting motion. as il. 1lf"l'laill!'> \'0 fllltt(·I'. 

Initially. the formulation of the equations of motion for a two-degl'ee-of-fl'eedolTl sy:,I,('1I1 

are considered in chapter 2. Chapter 3 discusses the unsteady ael'odynamics and theil' 

associated difficulties for both the incompressible and transonic regimes. An ovcl'vicw of 

eigenvalue analysis methods, techniques that are commonly lIsed for aIl forms of élllalyt-
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inti (Il1t!.er c<l!culal iO!l, is descl'ibcd in detail in chapter 4. In chapter 5 the lraditional 

.,olnt.iolls 1.0 the r!lIttN problell1, namely the p - k and U - g, are derived for the general 

('ilse of incornpl'(lssible now. 

fil chapt!'1' (i t 11(" Lapinee method is introduced. This method requires the approxi

IlHltion of the ullsteady forces and moments by a rational function. The rational function 

('mployed for this thcsis is of t.he Nasa-Langley form. It requires the use of a two stage 

fllllct.ion optimi~ation (Adams and Tiffany 1988). A least square method is used to de

l,('I'lllilH' the liill~éll' coptncif'nt.s êlnd a scquential simplex method (Mead and Nelder 1965) 

1.0 c!c'lel'IIlÎlH' the 1I0nlillcar lag tenus. A general Laplace solution is derived to consider 

Ilot only incompre:,sible Oow. but al 50 that of transonic How. 

Chapter 7 is devated mainly to the presentation and discussion of the results far the 

approximation of the unsteady aerodynamics, for both the incompressible and transanic 

regillles, The following chapter. chapter 8, is devoted to a camparison of t.he traditianal 

met ho(1s. namel~' the (t - 9 and JI - ~', with the Laplace method. Comparisons are done 

in the tl'ansonic regime by using previous U - 9 and p - k results given by Lee (1984). 

ln Chaptet' 9, the incompressible equations of motion for a three-degree-of-freedom 

airfoil are formulat.cd ta considel' control. Active control is considered with the aim of 

obt.<lining an increëlse in the critical Hutter speed. The values suggested by Abel and 

Nissim, who employed the Ael'Odynamic Energy Concept (Abel and Nissim 1978), are 

IIsed as a starting point to fine! the optimal transfer function parameters for the control 

létW cmployed. The simplex method is then used to de termine if these are indeed the 

optimal values. Chapter 10 is de\'oted to a discussion of the consequences of implementing 

êlctÏ\·e control fol' t he incompressible flow regime, 
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• .. The nnal ch'IPtl,l'. chaplt'r Il. -;l\tnllla1'ÏzC's t hl' conclusions, 

The Appendices contain additional notes. tables élnd figurC's. a:, \\'(·11 ilS. ('(lmple'!l' 

computer pl'ogral1l listings (C -!J. 1'- /.. and Laplace I11cthods. rrltinllal fllllctillll llpti-

mization. il1compressi bic cont roi llsing Laplace met hod). 
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2 Equations of Motion 2DOF 

('ol1sidC'I' il t,wo-d('gl'cc-of-freedolll rigid ait'foil, represented as a fiat plate, ftexibly mounted 

lll1derp,oillg bcnding 1111d twisting (torsion) motion (see Figure 1), Bending (plunge) is 

cI('lIott'cI h," h. po:-.it i\'e' dOWIl\\'éll'd, élnd the twisting (pitch) about the elastic axis is denoted 

Il,V (l, pllsit iw' in t 1((' clockwÎht' direction, The elastic axis is defined as the point in which 

11 lo"d l'orcc would produce only pure bending (no twist), The aeroelastic equations of 

lIIot.ion, which are a l'ul1ction of inel'tia forces, elastic forces and aerodynamic forces (Fung 

1!)5.5; Ashley and 13isplinghoff 1962), can be derived by summing forces and moments, 

"IJOut. t.he elaf.tic axis: 

(23) 

(24) 

where m is the mass pel' unit span, 1 is the wing mass moment of inertia about the centre 

of gl'lIvit.y, c = 2h is t.he chOl'd length, ,vob is the distance from the centre of gravit y to the 

C'lnst.ic axis, ab is t.he distance measUl'ed from the midchord to elastic axis, both positive 

towémls the trailing eelge, [\'" is the spring constant in bending, 1(0/ is the spring constant 

in twisting, and L and Met are the lift force and moment acting about the elastic axis, 

l'espectively, 

Past experience has shown that structural damping can often be assumed to be 

lIt'gligible for wing fluttcr analysis, and thus, it is not incluc\ed. 

Introducing a non-dimensional generalized displacement coordinate 

h ç=
b 
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and making the following subst itutiOmi 

l
' .} 
\h = wh m . 

('27 ) 

whel'e 

glves 

mb~ + m(.l'Ctb)ii = -w~ntbç - L , ( :!~ 1 ) 

(:W) 

The above two equations may be simplified by dividing through by 11/1> alld IIIb~. 

l'espectively to give 

( :~ 1 ) 

(:t! ) 

Finally, using let = r~mb2, where ret is the radius of gyration about the elastic' axis, 

the complete aeroelastic equations become 
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3 U nsteady Aerodynamics 

The calclllat.ion of the unsteady aerodynamics forces presents, possibly, the major c1iffi-

clllty in the analysis of Outter. The unsteady aerodynamics are sometimes written as Qh 

alld (Je" where Ch = - Land QOt = MOt are the total unsteady, nonconservative forces 

Hlld 1Il0llle!lt5 actillg about the elastic axis, respectively. 

The quallLities Qh élnd Qu can be expressed in this form 

~ 
Qh = -qC(Clh '2 + CloU) , (35) 

(Je, = qC2(Cmh~ + (.'m" a) , (36) 

whcl'e, Ct", CI", C/Il" élnd Cm" are the derivatives of the lift and moment coefficients, 

\Vith respect to h, plunging, and a, pitching, respectively. The dynamic pressure, q, is a 

fllnction of velocity, and given by 

1 
q = _pV2 • 

2 
(37) 

The solution to the f1utter equations of motion is complicated by the nature of the 

1Il1st.cady aeI'Od,V!1éll1lics. They tend to vary in a very nonlineal' manner with reduced 

fl'cqucncy, which rcsults in an iterative type solution. 

3.1 Incompressible Two-Dimensional Aerodynamics 

fil the illcompressible regime, Qh and Qcr take on exact forms, expressed as a function of 

the Theodorsen FUl1ction C(k) (Theodorsen 1935; Garrick and Theodorsen 1941), 

( 
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and 

'2 7r {J L" be ( h') (il + Ua + b( 0.5 - a) n) . 

Qc, = Ma == 7r{Jb l (bah - Ub(0.5 - a)à - [,2(.l25 + ( 2 )iY) + 

'!.ir{JUb2(a + 0.5)C(k) (it + Ua + b(O.5 - a)ô) . ( ;l!)) 

The Theodol'Sell FUllction, C(k), (see Table 1), composcd of a l'cal part'" Hnd illI 

imaginary part G. is a fllnction of reduced frequency, k, 

C(k)=F+iG 

l,' = wb 
U 

( ·10) 

( \1 ) 

whel'e w is frequency, b is a characteristic length, the semi-chol'cl, and U is t.he V<'locit.y. 

Note that the equations are a fllnction of both velocity and frequency. This will l'cslllL in 

an iterative type solution even for a fixed velocity. 

The derivation of t.hese equations is based on potential flow thCOl'Y a.nd the 1\ utt ... 

condition at the trailing edge. and assumes incompressible. inviscicl and irl'Otat.iollal now. 

Furthermore, ail derivatiolls assume small amplitude oscillations fol' h and a, sa thc flow 

remains potential and llnseparated. This allows for the linearization of the cquaLions. 
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Theoclorscn Functiol1 C(k) 
(

'~ 

.. 
k F G 

10.00 0.5006 -0.012.t 

6.000 0 .. 5017 -0.0206 

4.000 0 .. 5037 -0.0305 

~.ooo 0.1)06:3 -0.0400 

2.000 0.5129 -0.0577 

1 .. 500 0 .. 5210 -0.07:36 

1.000 0.5:194 -0.1003 

0.800 0.5.541 -0.1165 

0.500 0.5979 -0.1507 

0..100 0.G2.50 -0.16.50 

0.300 0.66.50 -0.1 793 

0.200 0.ï276 -0.1886 

0.100 0.8320 -0.1723 

0.050 0.9090 -0.1305 

0.02.5 0.954.5 -0.0872 

0.010 0.9824 -0.0482 

0.000 1.0000 -0.0000 

Table l Theoc\orsen Function C(k) = F(k) + iG(k), where k - wb / U 

( 
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• .., 
3.2 Transonic Two-Dimensional Aerodynamics 

.-\s yet. no such reaclily solvable equatiol1s for Qh and Q" exist fOl' thc t.ransonic l'l'gin\(', 

Due to the associated nonlinearities and irregularity in this rcgime, it has het'n \'('l'~' 

difficult to model the 1I11steady aerodYllamics. Howe\'el', the computation of t.l'nllsonic 

unsteady aerod~'namics has SCCll much development in the last c\('cadc'. 

Before the de\'elopmelll of transonic numerical codes. aCl'oelast.Ï<' nllal,\'~is ill 1 hi~ 

regime was considered difficult, if not impossible. Portunately, mnch progn'ss hmi he('11 

made in this field. The nUlllerical methods available consider the ul1collpled motion of 

an airfoil pitching and plunging in smalt disturbance fiow, H éllso élSSlIllWS t.he flow i~ 

in\'iscid and il'I'otéltional. The equations cannot be Iineal'ized. becttllse the behaviolll' 

of flow in the tl'ansonic l'egime is 50 nonlinear. The codes now availahle allow fol' t.11«' 

routine calculation of the required unsteady aerodynamics, Cl", Cl,., C"II. and (,',11,. (Lee' 

1984), The aerodynamic derivatives for a N AC A64A006 airfoil at ~f = 0,85 éU'p slfl)\vn 

graphically in Pigures 2a ta 2d. Each aerodynamic derivative is composcd of fi l'eH 1 alld 

an imaginary part. \\'here the l'eal part l'epresents the t.otal forces aud 1l10nWIlt.s ill phél~e' 

\Vith the airfoil motion. and the imaginary part l'epresents those ni li et y degrees 0111. of 

phase with the motion. Refinements in existing codes have altowed fol' more time efficiellt. 

calculations, as weil as an incl'ease in the range of reduced frequency, k, alld fol' difrel'('llt 

values of 1\1 number. 

Note: 

The techniques presently available to generate the unsteady ael'odynamics, glve 
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the forces and momellts only fol' Plll'ely oscillatory motion at discrete values of reducecl 

frcqllency (tabulnr délta). In arder to obtain solutions for decaying and growing motions 

(Ilot simply harlllonie, iw), the concept of analytic continuation is usee!. These l'esults 

are ext.cllded off the imagina!'y axis, by iteration (or by using analytic approximating 

funct.ions) of t1IC gi\'cl1 tabular unsteady aerodynamics. This procedure is not completely 

Vétlid, but because flutLet' OCClIl'S along the imaginary axis of the complex plane, the 

a ppl'oximation is sufficient. 
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4 Eigenvalue Analysis 

The numel'ical techniques that élre used in this stucly to solve the acroC'lasl ie.: ('quaI iOlls of 

motion rely on the equatiolls being placecl in an eigenvalue format. The pl'o('('du\'l' 1 hat 

each method utilizes to obtain this form is slightly differcnt, but the end l'('sull is IIH' 

same. 

If a standard 2DOF system is considered in cigenvaluc 1'01'111, the solul iOIl \\'ill ,L!.('ll-

cl'ate two comple:.: conjugate pairs (four eigenvalues) of the following, l'orlll 

'\1 = ct ± ib , 

;\2 = c ± id . (·I~) 

The l'oots determine the stability of the system at a glven value of dylléllllÎc IHCSSIII'(' 

(velocity). The l'eal part of the 1'Oots, ct and c, give ail indicatioll of t.hl! dalllpill,f.!,. ,1. 

and the imaginal'Y part, b and d, give frequency, w. Bence, the L'oots having llq!,at.ivl' 

imaginary parts are not considered (a system can not have a negative fl'cqucncy). Th(, 

damping ratio, a function of /3 and tu, is given as 

Flutter occurs when there is insufficient aerodynamic damping to kœp the system 

stable. Hence, a positive real part, a or c, indicates an instability (this gives a Ilegat.ive 

value for the system damping ratio). It is difficult to determine which root will pl'oduce 

the instability, therefore a complete tracking of both 1'Oots is required. 

Flutter analysis is c01l11l10nly considered by plotting both the system f'I'Cqllcllcy Hml 

the damping ratio versus dynamic pressure or velocity. Commonly a non-dimcllsional 
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"a/Ile of velocil,)' i:. lIs!'(/' lAiven br 

ü == 
U 

bw", . ( 44) 

Fol' example, see Figure 3, (AbeI19ï9) whel'e the dynamic instability occurs at a dynamic 

pressure of about 5.0. Another predominant characteristic of Hutter is the coalescence of 

t.he t.wo fl'cquencies. It is not a complete coalescence, but the two frequencies become very 

c1m,e tü one anot.hcl al, the Ol1<;ct of Hutter. This can be seen fl'om the graph of frequency 

versus dynamic pressure (see Figure 3). 

r 
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5 Flutter Analysis : Traditional Methods 

5.1 F - 9 Method 

ln the U - 9 method. harmonie oscillatory motion is assumed such that the g('lIeraliz('d 

coordinates, ç and n, can be \\'l'Îtten in the following form: 

c - t e Iwt <., - <.,0 , 

o = ove IIL't , 

where Ço and ao are complex constants, the absolute values of whkh l'epl'cscnt th(' fll1Ipli-

tudes, and their arguments give phase angles. 

A structural dal11ping coefficient 9 is introduced into (:33) and (3·1) by Illult,iplyi ng tl\!' 

thircl tenTI (stiffness) of the 1. \\'0 equations by the factor (1 + ig), a hyst.eret.ic da III pi Il!!,. 

A sufficient al1101lnt of this structural damping, g, will be l'cquired to prodllce stCildy 

harmonie motion. For the case of incompressible aerodynamics, the appl'Opria.te cqllal.iolls 

for Qh and Qc." (38) and (39), respectively, are then substituted in to the cquations, 1,0 

glve: 

j .. (1 ') 2t Qh 
<., + X(\'Q + + 19 Wh'> = -, 

1"17, ) 

= _7rpb (b{ + Uci - bai)) - 27rpU C(k) (bi + Un + b(O.5 - a)à) , (.I(i) 
/71, m 

7rp ( .. ) ')7rpU ( . ) = - b2aç - Ub(O.,5 - a)o - b2(O.125 + a2 )& +---(a+O.5)C(k) bç + Ua + h(O.15 - (/)/t 
m m 

(" 7) 

28 



(~ 

~'llIltiplyillg thl'Ollgh by l' = lI1j-rrpb2 (a non-dimensional airfoil mass) Ilnd c~nU2 and 

Illilking the followillg :,ubstitutions 

,\ = iw , 

wc 
k - - -?k c - U - ... , 

. W~b2 
)..!J = Ile 1 + 19)fj2 , 

the preceding equations can be expl'essed as 

alld 

(48) 

( ~.1: Ilk2 - i!k. - ~k2 - 2C(k) - i(~ - a)k.C(k)) Q = 0 (49) -t Or c 2" 4 c 2" 0' 

(l.t'etllh'; - ~ak~ + i(a + ~ )C(k)kc) ço+ 

( !/,2It~.2_,\ /,2 -~(~-a)k +!(!+a2)k2 +2(a+!)C(k)+i(a+!)(!-a)C(k)k) Q =0 . 
• , LI C !l L", 2 2 c 4 S c 2 2 2 C 0 

(50) 

The above equations can be placed in matrix form as 

[A]{x} = )..g (B]{x} , (51) 

\\'hcl'c [.-i]. [B] élrc 2 x 2 matrices and 
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.. ... 
This typical ('igel1\'alue problem can be sol\"(:,d to obtaill '\9 fOl' dilf(ll't'nl \'ahlt'~ of 

l'educed fl'equency, 1.'. namely 

Note that 

'\!ll = a + ib . 

\12 = ë + i(I , 

w2 b2 

À9l,2 = Jt(l + i[J) (}2 
w2 b2 w2 b2 

= Jt U2 + iJt9 fj2 ' ( ,.,;\ ) 

The only unkno\\'lIs in these (>quation:> are [J, the stl'uctural dall1pillg ('()<'flicic'lIt, nlld 

(J, the fl'ee stream \'clocity, Considering Àg), UI and [JI can be solved by t.he rollowill~ 

equations 

Thus 

and the frequency, 

An expression for the damping l'atio (Lee 1984) can be wl'itten as 

[JI 
'"'(1= --, 

2 

( ,·,,1 ) 

(56) 

(57) 

A similal' analysis for '\92' will give U2 , 92, W2 and '"'(2' Thus, each value of l'(!-

duced frequency, k, will give two velocities and their respective associated frequcncy and 

damping ratio. 
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The l'atiollill bchind the U - 9 method is that the system willl'equil'e just a sufficient 

( iLlllOUlll of t his rict.itious hyst.cl'ctie structural damping, g, to maintain steady harmonie 

lIlotiOIJ. If thc hy:,tC'1Il l'cquires the input of negative damping (-9) to make it harmonie, it 

is ~Lablc; likewise if il requil'cs positive damping (+9) to make it harmonie, it is unstable. 

1 f t.he ~ystern l'CSpOIlSC is harlllonie, henee 9 = 0, this Îndicates a stability boundary. 

5.2 )) - k Method 

III the JI - ~. mcthod the gencralized coo1'dinates, ç and o.. Lake on a more general 1'o1'm 

(58) 

whcl'e ~o and O'u are eomplex constants, and p = /3 + iw, where j3 gives an indication of 

dalllping and w givcs the frequency. 

Sllbstitllting the apPl'opl'iate equations for Qh and Qcr in (33) and (34), again, for 

t.he pal'tÎclllar case of incompressible aerodynamics, gives 

= rrp (b2at _ Uh(0 .. 5 _ a)à - b2(0.125 + a2)&) + 27rpU (a+0.5)C(k) (bè + Ua: + b(O.5 - a)<i) 
11/ m 

(60) 

( 
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Gl'ouping COl11ll1on pO\\'CI'S of ~ and n. élnd usillg thesub..,titutioll/l = II//iif,h~. lht' .dll)\(' 

equations can be l'l'\\'rillen as 

.. 1 . 2C(k)U Ct 
ç (1 + -) + ç ( 1 ) + ç ( w~) + (\ ( .1' Cr - -) + 

Jl >JL l' 

( U 1 U) ')C( ". )(T'~ 
ci -- +~C(I.·)(--a)- +G("' 'l )=0, 

bll 2 bfl b· Il 
((il) 

and 

These two equations can then be expressed in matrix r01'111 as 

where [M"], [Cl and [J(l are the structural and aeroclynamic mass ll1atrix, clampillp, Illfltl'ix 

and stiffness matrix, respectively. 

A solution to this system of equations is clone by considering an cÎgcllval1\e illlalysis 

of the equéltions rewl'itten in the following fOl'm 

(6'1 ) 

where 

1=[: :1 
and 
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... --------------------------------

(7 

L 

whcl'e 

Equatioll (Ci 1) rail be \\'!'itten as 

[D]{M + [E]{p} = 0 , 

. T p={zz} . 

(65) 

fllld [D] and [E] are·1 x·1 matrices, that are a fUlletion of the Theodorsen Funetion. C(k), 

and vclocity, U. By letting p = poe·\t, the resu!ting eigenvalue problem will give a solution 

or t.wo complex conjugate pairs, 

'\1.2 = Ci ± ib , 

'\3.4 = ë ± id , (66) 

wlte!'..'! Ci and ë arc damping, and band d represent frequeney, w. 

The solution to this problem is an iterative one. Initially, a specifie velocity is 

chosen, U, and é\ reduced frequency, k, guessed. This then gives a frequeney. w, by the 

(~q 1111 tion 

k = wb . 
U 

The choice of k, will give C(k). 

Whcn solvillg the eigenvalue problem, only the positive irnaginary parts of the corn-

plex conjugate pairs at'e considered. The l'Oots having negative irnaginary parts are omit-

t.ed t'rom the analysis; a system cannat have a negative frequency. Considering only one 

of t.he l'Oots, say .. \ = Ct + ib, the frequency b is compared to w. If they are equal, a solution 

hns becn round, if not, it is requirecl ta calculate a new recluced frequency by 

bb 
(67) k= -

U 
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and the pl'Ocess is continucd till cOI1\'crgence oecurs. This Sélll1(' pro('('ss is I"('pl'al«'d l'ni' 

the other l'Oot. TIl(' idea is to (Teate a table of vclocity and its t.\\'0 associatl'd sollltiolls. 

The l'Oots determine the stability, or inst.ability, of the system at. a given value of dyna.l1lic 

pressure (velocity). The l'eal parts of the roots, â and ë, give an indication of danlpinf.;. 

J. and the imaginary part.s. ÎJ and ([, give frequency, w. The damping l'a.t.io ({.l'{' l!)~·I), a 

function of ,B and tl'. can he,t:;i ven HS 

((i~) 

Flutter occurs \\'hen a negati\'c value for the system damping is obtained. 
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6 Laplace Solution 

~rOl'e efficient algodthms for dctermining flutter speeds can be found by solving the equa

tiolls of motion in the Laplacc domain. The main problem in this approach is that of 

rilldi/l,!!, ri ~lIitabl(' 1 al iOllal function approximation ta a given tabular data set of the 

II/l~t.ead'y ael'odyllHl1lics as a function of reduced fl'equency. This eliminates the costly 

il,(,I'Ht.ivp pl'ocess, lltal is chéll'act.eristic of the U - 9 and p - k methods. 

The tabulai' data for the unsteady aerodynamics has been, for sometime, readily 

ilvailnble for incompressible flow, in the form of the Theodorsen Function, C(k). It is not 

IIIlt.ilrccently, t.hat. advancements in transonic numerical methods fol' computing unsteady 

ael'odYIIHmic fOI'Cf'S ill the transonic l'egime, have made ie possible to consider this regime 

fol' fm'ther aeroelastic analysis. Transonic codes can now routinely calculate the required 

lI11steady aerodynamic coefficients C,h , Cio, Cmh and Cmo at various Mach numbers. 

6.1 Rational Function Approximation 

The tabulaI' data Q(ik) for the unsteady aerodynamic forces may be written in terms of 

it.s l'eal and imaginary parts as a function of reduced frequency. 

Q(ik)=F+iG, (69) 

\\'llC'l'c F and G are the l'cal and imaginary parts, respectively, 

A function Q(il.') is required that approximates Q(ik), as a function of reduced fre

quency, 1.', and gÎves good results over the entire spedfied range. There are many possible 

met.hods available that use rational functions to approximate unsteady aerodynamic given 
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in tabular form, One methoc\ emploYf'd by Poirel (1988) uses il P.ldl' appl'OXilllilllt ill t hl' 

following form 

V( J) "".\1 ()III ()(p) = _' _1_ = L..m=O am l' 
D(p) Lr~l bl(p)1 ' 

(iO) 

wherc 

JI = il.., , 

The Pade approximant (Baker and Gammel 19ïO; Vepa lnï6) is silllply il l'l'il et iOIl l'Ull-

sist.ing of two pol~ nomials of order M and L, where the coefficient.s (ll/l and h{ iI\'I' dlIlSI'1l 

to gi\'e minimum error to the gi\'en unsteady aerodynamic tabulaI' data. It. h'élds \.0 l\~I.f1\1 

results, but aCCUl'ac~' in the range of interest depends upon a faidy cOlllplicélt,l'd w<,ig,ht.ill.l!, 

scenario, This \\'eighting at the point of interest tends to result in more 1'1'1'01' al dw l'X-

tremes of the desired frequency range. This method is accmatc fol' a spccifi('d dl'cJ'('cls('d 

overall rec\ucec\ frequency range, but the approximation is not as l'Obust ",hen olle is l'UII-

cerned with a larger overallrange, Anothet' method used to approximat!' .l!,i\·(,ll tah1\lar 

data is that gi\'cll by Nasa-Langley, and is often referred to as Bogcl''s :\PPI'OXilll,lI,ioll 

(Roger 1977) 
R 

- P ~ P 
Q(p) = Ao + AIP +'" + App + ~ A/+p--, ' 

1=1 P + JI 
(ï 1 ) 

The value of P depends on the nature of the function, and R is the orcler-of-fit. of t!w 

approximant. The coefficients Ao, Ah .. , and bl, b2, ... are chosen to CIlSUl'C millilllulII 

approximation error to the given tabulaI' data. With the given parameters P a.lld fllllad(· 

equivalent to 2 and 4, respectively, this gives 

This is the fon11 of the approximation employed by Tiffany a.nd Adams (1 !)~:-3), alld t1w 

methoc\ that is uSf'd in this thesis. The associated errol' distribution SC'('Ill'i 1.0 1)(' le~s. élnd 



il. lu,.., Il h"ill ill /'CJIJII~IIl('S~ tlli-ll, Iet~ il cOllsidel' a large fl'equency l'ange. The physical in-

( \f'r)Hetilt.iol1 of! 1)(' c'«1Iation is \ hat. the first three tel'lus stem ft'om qllasi-steady influences, 

1IIId t11C' ot.her tC'I'fIlS give the t111~teady effects, The lag tenns b) give an approximation to 

thc~ I.Ïme r!clays (Iag in the development of the circulation about the ail'foil) inherent in 

tllIstcady ael'Odynamics. 

III t.he PH:;!, I,h(>sc log lel'ms \Vere not optimized, but arbitl'arily selected l'rom the 

l'ri IIg!' nI' l'cd 1Ieer! frcq lIellcÎcs for which t.a blllat' data of the unsteady aerodynél mir forces 

WI'I'(' available (Abel 197U), Present methods, that optimize these nonlinear lag tenns, 

give he Uer results \Vith a dccreased order in the approximating equation, and thus a 

sol1ltion of less complexity and incl'eased efficiency. 

6.2 Constant Optimization 

:\ method is required that can optimally choose the coefficients of a governing rational 

fllnctiol1, t.o give the best possible approximation of the unsteady aerodynamics, This 

opt.illlization must kcep the computational burden to a minimum, have the ability to 

dist.ing,uish bel\\'f'cn global millimum and local minimum, as weil as converge to the same 

solut ion l'rom varying starting values, The method must also require no del'Îvatives, since 

the objective function is of considerable complexity, The result is a two stage function 

op! imization, Optimization of the minimization of the objective function (error function) 

\\'as pNfol'llled b)' utilizing a least square method to determine the linea1' coefficients and 

é\ "c'quclIlial simplex method to determine the nonlinear lag terms, 

( 
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Lineal' Coefficients 

The linear coefficients arc deterl11ined by utili~illg a least squilre Ilwt hod, ha:-,'d 1111 

the l11inil11ization of a gi\'en erl'Or funct.ion, ~Iany differcnt fOl'l1IS of ('\'l'or t'1I11ct.ioIlS éll'I' in-

\'cstigatcd (Appcndix A) ta deter\11ine the one that led ta the I)(>st o\'crall approxilllatioll 

of the unsteady aCl'Odynamics, They consider slight modificat.ions in ('1'1'01' calcllial iOIl Ill'-

t\\"een l'cal and apPl'oximate dat.a and incorpora te \'ariolls fO\'lns of I\orlllalizing tl'r\lIlÎqlll's, 

Th!" one that scemed ta gh'e the best results (Adams and Tiffany )!)88) is 

(ï:l) 

\\'here 

The quantities Q(ild and Q(ik) represent the rational fllnction approxilllation dllt! t!H' 

true tabular data at a given l'educed freqllency, respectively, The \.<'1'111 ,H (1 h') i~ Il:,('1\ 

lo llonnalize the ael'odYnal11ic dat.a, such that certain points do Ilot l'cCI!i\'e lal'g('1' thall 

normal wcighting, Note, the erraI' function is defined as the total nOl'l1\alii'.cd :'11111 fol' ail 

the givcn values of the unsteady aerodynamic tabulaI' data. 

In order to obtain a minimum errol', the derivative of the coefficiellts A), J = 0 /0 (i, 

\Vith respect to the eHor function is taken 

ôe1'l'(ik) 
---'--~ = 0, 

ô(AJ} 
(ï·\ ) 

The result is a set of lineal' algebraic equations (see Appendix B), that call be Wl'iUclI in 

the following fonn. 

[A]{x} = [B] , (iF) ) 
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('~ 
whel'e 

l 0 _k2 BI B" 

0 ~.2 0 B1b) B"I1., 

_~.z 0 k" _~.2 BI -~},B., 

[AI=2: 
1 

i\l(ik) B} Blb} -PBI BIBl(l+bk~l) BB(l+hh) 1" k2 

B 2 B2 b2 -PB2 8 2B 1(1 + b~~I) B2B4(1 +~) 

Ba B3b3 -PB3 B3B 1(1 + b~~!) B3B4(l +~) 

B, B"b" _~.2 B4 B4B l (1 + '1~1 ) B 48,,(1 +~) 

2: l [ 2 GB1b} GB4b4]T [BI = F ~'G - 1.. F F BI + ' .. F B4 + ---
M(il.~) , , , k" k' 

and 

{,l'} = { Ao , Al' A2 , '" , A6 } , 

P 
B.I = /...2 + b2 ' j = 1 to.t , 

J 

These equations can be solved quite easily by readily available computer subroutines, fol' 

J1IaLl'ix manipulation and eigenvalue analysis, 

The objectÏ\'e enol' function is calculated by considering the approximate function, 

q(ik), and t.he adual tabulaI' data, Q(ik), Thus, given a set of lag tenus, b" (l = 1 to 4), 

t he coefficients AJ' (j = 0 to 6), can be found, The values for the linear coefficients 

obtained will l'esult in a minimum errOI" but it will not be an optimal. There exists a 

particular set of \'alues for t.he nonlinear lag terms that will result in an overall optimized 

millimal erraI' fUl1ct.ion: this must be found as follows, 
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N onlinear Coefficients 

The method C'mployed to solve foL' the optimalllonlÎllcal' lng t('nus Îs il sl'«ul'lItial 

simplex method (~lead and Nclder 1965; Nelson and Olsson 19ï5) dcve!oPN! hy ~('ldl'I' 

and ylead in 196.5, This method is simple, robllst and reqllires no dCrÎvativ('s, and 11('1\(,(' 

lends itself quitc weil to finding the minimum of a nonlinear objcctiv(' fUllet iOIl of III(I\'(' 

than one indepcndent \'al'iable (see Appendix C), The ollly assllmpt iOIl l\ladl' is 1 hat. t hl' 

flll1ct ion does ha ,'C a mini\l1l1 m and that the surface is COI\ tin 1I0tlS, Il s olll," clOWIl r.d 1 l~ 

that it is not very efficient in the numbet' of fllnction evaluations that. iL requi\'(·s. This 

method requires the function f'\'aluation at (n + 1) vert.ices for a rUile! ion of 1/ ,'ariahl(·s. 

The largest funcliol1 value is t.hen replaced by a new point t.hat is decidcd hy n·rh·cUolI. 

extension or cont.raction onto the space. This process continues until convcrgclIC(' O(,(,llI'S. 

The simplex procedure has the ability to adapt itself to any givcn contoll1', il. does not 

get easily fooled by a possible dead end. The beauty of the mcthod is that it approadws 

the function minimum by mo\'Ïng away from the higher function values (sce AplWlldix (: 

for more details). 

This method is ctuite self-contained (FORTRAN code: Olsol1 uni; ()'N(·il l!Jil), 

reqlliring the user to supply only the objective (erl'Or) function and the illit.ial slart illld 

step values. This method aiso has the ability to consider self imposcd bounrlary conditioll:'. 

The sequential simplex procedure is a direct method that l'eqllires no dcl'Îvati\'(~s of the· 

objective function. In this study, since the objective function is quite cornplicélted, il. 

\Vould be very difficult to slIpply sllch del'ivatives. 

Po\vell's method may aiso be considered as an attractive alternative to the simplex 

method. This is a direction set method that produces N mutually conjugate directions 
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1,0 decide on iLs Pitl,1l of solutioll, Problems with large computational burdens in\'oldng a 

large number of flll1ction evaluations will sUl'ely be faster using Powell's method, but the 

:-,irnplex éldds an addcd robustncss that seems to be lacking in Powell's method (Fletcher 

fllld Powell l!)():~; Flallllcry, P('(H;5. Teukolsky and Vetterling 1986), Powell's method has 

il 1<'IHlcIICY Lo ).!,i,'(· illcorrect \'alues if initial guess values result in a simplex that covers 

Il)01 (' thétll olle " .. lIey, 

With any method, t.herc is still a chance of false convergence, The results obtained 

CillI be chccl.;ed by choosing different. starting points and repeating the pl'OCcss. or/and by 

let.lillg the procC'ss COI1t.illtlf' aft.C'r t.he initial convergence to see if it is indeC'cI a minimum. 

Boundary Conditions 

The rational function used to approximate any given tabular set of aerodynamic 

data must obey se\'cral important boundary conditions, In order to be solvecl analytically. 

110111' of t.he lag Lel'lns can be equivalent to one another, If two lag terms are equal, the 

rcslIlt.illg cquation Q(i/t') could be reduced to a six-tenu equation versus the ol'iginal 

Sc\'cll-Lenn equation. The lag terms must also be greater than zero (non-negative) to 

cllsure system stability (Poirel 1988), This forces the poles of the resulting function to 

be in the left half-plane of the Laplace domain, If poles are found to be in the right 

half-plane, this implies an unstable governing function, The lag tenus lIsually take on 

,'alllcs in the rangt-' of l'cdu('C'd fl'cquencies over which tabulaI' data is available. Note, 

that in previolls \\'o1'k, befo1'c these terms were optimized, they were chosen arbitrarily . 

O\'CI' this givcn reduced fl'equency range. Boundary conditions can be handled quite easily 

in t.he comput.er algorithm b)' l'eplacing an incorrect (or undesirable) value with a new 

(allo\\'ohl(') olle. i,('. a negati\'e l1umber. \Vith. say, 0.00001. 
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Constraints 

Tt is orten rf'quil'ed to place cOl1straints on the approximating l\lIIcl ion, Fllr t'xillllpk. 

cOllstl'aints coulel bc imposeel al the l'cduccd rl'equency ~'=O,O. forcing 11lt' .\pprOxilll.\tin)!, 

mtional function t 0 agree exactly \Vi th t.he tabu laI' dal a at t.his poi nt. Th is const.ril i n t 

results in a bettel' fit at k=O,O (an exact fit), but sueh a conditioll leads 1.0 an u\'t'rall 

pool'el' fi t, It Illély éllso be desil'able to place constrai 11 ts il t a l'cd ucC'c! frcqut'llcy l'Ios(' t 0 

t.he f'xpcrt.ed fluttC'1' frcqucnc.\', However. any imposcd cOllstl'é\ints \ead 10 a loss in t ht' 

dcgrecs-of-frcedolll fol' the least-squares solution, In order t.o obtélin an ,H'CIII'al(' iiI 101 ht' 

given tabulaI' data with imposed eonstraints, it is necessal'y to choose an adeqllatc orcier of 

the approximating fUllction, An increase in the order of the fnl1ction (incrcase in 11111111)('1' 

of lag tenus) will clcfinitely gÎ\'c better l'esults, but \Vith an illcrcasc in coll1putat.iollal 

time, 

An analysis "'as considcl'f'd to detcl'mine the optimal number of lag I.t·\'lll~ l"I''Illil't'd 

to give the desired accuracy with a compatible amount of compllta.tional t.illH', Titis \VilS 

done by looking at the approximation eITor obtained by the rational l'li li ct. iOIl, Hlld hy 

comparÎllg f1uttcl' rcsults obtélined l'rom the Laplace method to those obtaillcd l'rolll tl\!' 

U - 9 and p - ~. aualysis; both for the incompressible and transonic rcgime, If nCreSSéll'y, 

constraints are applied to the aerodynamic derivatives at a reduced frequency of k = 0,0, 

in hope of achieving impl'oved result.s, 
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6.3 Aeroelastic Equations in the Laplace Domain 

1 Il t.his sectioll the eqllations of motion for bath incompressible and transonic flow will be 

t.ransfOl'mcd into a genel'al Laplace domain solution (see Table 2) of the following form 

([l\l].~l + [Cl $ + [KI +:1' [N])i(s) = 0 , (76) 

wlwl'<' [.11]. [Cl illId [A'] are the mass matl'Îx, dampil1g matrix and stiffness matrix, l'espec-

tively. The matrix [N] consists of aIl the terms that are a function of reduced frequency, 

k, alld is approximated by the Nasa-Langley rational function, The constant value x is 

sirnply a factor-mult.iplier that depends on the flow regime, incompressible or transonic. 

The t.CI'Ill .: is t.he laplacc operator of :: where 

The approximation l11atrix [N] given by 

JI p [p P [.·bj--b + [.44] --b + As] --b + [A6]--b . 
p+ 1 p+ 2 p+ 3 p+ 4 

(ii) 

can be easily wl'Ïtten in the Laplace domain by using the expression for reduced frequency 

alollg \ri th 

t.o gire 

wb 
k-

- U ' 

S = ltu and p = ik , 
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The approximatc rational funct ion in Laplace for111 is t1H'1l 

6.3.1 Incompressible AerodynamÎcs 

The general eqllatiolls of motion of a two degree-of-freedom ait·foil (Eq. :1:3,:3-1) art' gi\'l'II 

by 

Fol' the pmticlIlal' case of incompressible aerodynamics thcse cali he Wl'iu('11 as 

.. 1 . 2C(k)U 
~(l+-)+ç( b )+ç(w~)+ 

IL IL 

(l (U 1 U) 2C(~'){P 
ë(.t·o--)+â -l +2C(k)(;;-a)-b +a( 1

2 
)=0, 

Il III 1. Il ) Il 
(KO) 

and 

Rewriting these equations, by taldng aIl tenns that are a fUllctioll of C(k), lo 1,1)(, right 

hand side gives 

(8~) 
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ilnd 

~' a .. 2 ij + a2 
, (U l ) 2 2 ... (.1',,--)+0(1'(,+ )+0' -1 (:;--a) +O'(l':>wJ = 

l' Il )J-l ~ c • 

. ( 1 f;) ( l lU) ( 1 U
2 

) ~ ~(a + - )(,(/,.)-' + ci 2(a + -)(- - a)C(k)- + a 2(a + - )C(k)-
2 0t 2 2 bJ-l 2 ~J-l 

(83) 

The l'ight hand sicle of both these equations is approximated by the Nasa-Langley 

expl'(IfŒioll (EC(. iD) ill matrix 1'01'111. 

1. 

TIr(, Lapla{'(' transfol'l11 of Equations (82) and (83), allowing for the initial conditions 

ç(O) = 0 0'(0) = 0 

ç(O) = 0 à(O) = 0 , (84) 

gives 

([Ml.s}, + [Cl s + [A"] + [D] s + [E])z(s) = 0 . (86) 

where z is the Laplace operatol' of :: where 

illld 

(lU) [ l [D]=2 -(.:..) C(k) 
Il li -(a + !) 

(t- a
) 1 

-(a+!)(!-a) 
(86) 

f . 
1 

(87) 

:\ n approximaI ion is required fol' [D] s + [E]. 

Q(s) = [D]s + [E] (88) 
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B~ using the follo\\'illg ~ub:-.t it IItion 

U L', 
05 = -p = -il.· 

b b 

the approximation t'an be written as é\ Ringle matrix [iV], that is a l'ullctioll of C(h') rlllli 

[s] = [D] (i: II,· + [E] , 

\\'hel'e 

( ~ - ft )ik + 1 1 
- (Cl + ~)( t - (/ ) i I,. - (a + t) . 

(8!1) 

or 

( !)()) 

whel'e 

.r = 2 .::.( _)2 , (lU) 
Jl b 

and 

[

il.- (~ - Cl) 1 1.' + 1 1 
[N] = C(k) 

-(a + ~ )i!.' -(a + ~)( ~ - a)il.· - (a + ~) 
(!II) 

Thus, the Laplace transform of the equations of motion in the gelleral fOl'tn (Eq. 

76). are given by 

([M] .~2 + (C] S + ([(] + ,r (N])z(s) = a . 
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6.3.2 Transonic Aerodynamics 

(~ 
Fol' 1,11(· pfll'ticlIlar C(\!:Ie of tl'(\lIsonÎc ael'odynamics, equations (:33) and (:34), may conve-

lIiClltly he Wl'it.t(·1l as 

Allowillg fOI' the saille inif.iéll conditions as used for the incompressible aerodynamic ex-

Hmple, t.he tl'élllSOnic equatiolls of motion (see Table 2) can be written in the Laplace 

domain élS 

([M] s2 + [Cl s + [I<] + x [N])i(s) = 0 . 

whcre 

1 (1 U 2) .r=- -(-) , 
7r IL b 

alld 

(92) 

( 
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Laplac<:' General Solution 
l 

([.\l}s~ + [C]s + (A'] +.1' [N])':(,'l) = 0 

0-
Incompressible Transonic 

[.\I] [1\1] 

[ l +! /'~ +:'~ : :')/ J [ xlo 
x

o
] 

Il 

X _.f! ,.2 
'''' Il Cr 

[ Cf],'~"tJ,I"llal1l1C [ C']aeroclY>l,trlll~ 

[ : Il' 1 [ : : 1 
;;b" 

(t-a)~~ 

[C'] s/ruc/ Il rai [ Cl.,tructural 

[ .)( - '~lVh o 1 
.) .2 
_1 a(.:'W'" 

[ 2(:Wh 

2/'!:a wa 1 
(h, (0 ~ 0.01 (h, (cr ~ 0.01 

note: [Cl = [ClaeI Oot/Yllaml': + [CLtfuc/ltl'al 

Table 2 (continued) 
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IIIC'Olllpl ('..,..,iblf' Transonic 

[ l,'] [A'] 

[ Il'i, o ] [ ':l .. ' :u,] 0 
) ) 

/' - 1/'-
tI lt L1 Ü 

.1' .1: 

~(1(L:)2) 
" " 

l (1(Q)2) 
;r IL b 

[N] [N] 

[ ,!- (~-a)ik+l ] [ CI./2 CI. ] C(I.·) 

(a 2 ~ ~)iJ.' - (a +~) - ((/ + ~) ,J,' -Cmh 
-')C ..., m'l 

flIJI)/·o.l'/Ilwlion of appr'oxunatwn of 

C(J.'), C(k)ik C/h , Cial Cmhl Cmo 

1..-. 

Table ~ Laplace Solution: Matrices in Laplace Form for Incompressible 

and Tl'éllJSonic Flow 
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6.4 Solution of the Aeroelastic Equations in the Laplace Do-

. main 

The ~olt\tion 10 III<' éH'I'O('lélslir <'ql1éltioll~ ofl1lotion in 11\1' Laplac(' domaill foJ\o\\'~ tilt' \\'lIl'k 

dOllc pl'eviollsly by .-\bel (1 !Ji!)). C'on~idel' the gCIH'l'éll 1'0\'111 of t Ill' éll'ro('lrlsl il' t'q1\at illll~ 

of motion 

([.\1] .,2 + [Cl $ + [[{] +.1' [.\'])':(8) = 0 . 

This gi\'es 

Equation (9:3) is then eliminated of its denominalor t<'rms to oht.aill tl\(' followill)!, 

pol.nlOmial 

\vhere 

u u u U 
Bo = (s + ï;bt}(s + ï;b2 )(s + -;;b3 )(s + -;;b,,) . 

Li U U 
BI = ... (s + bb2 )(s + bb3 )(s + ï;b.d , 

u U U 
8 2 = 8(S + -;;btl(s + -;;b:5)(.5 + -;;b,d , 
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(! U U 

Hl = ... ( ... + h'b!l(." + iJ b2 )(s + bb . .) . 
(' l' lT 

HI = ... ( ... + il htl(·., + ;1 h2)(s + il h.l) , 

[ .. i] = PI) + .r(:r)2 [A21 , 

[ /3] = [C) + .1: :r [Il d ' 

[C] = [I{) +.1: [Ao] , 

[ D J = .1' [A3) , 

[ Ë J = .1' [A4) , 

[t]=.l:[Asl, 

[C] = .r [A61 

Pinally. this ll1é1y be \\'rÎUen as a 6th order polynomial in 8 of the following l'orlll 

[/~;l sI) + [f~J oS 5 + [F.d s" + ... + [Fd s + [Fa) = 0 . (95) 

\\'h('I<' the coefficient.s [F;,l, (f,,], (F-1]' "', (Fo] are functions of dynamic pressure (velocity). 

This can be (,i\sily placecl in the form of a typical eigenvalue pl'oblem 

s{.r} = [A]{x} . (96) 

10 gi\(' il series of (ll/ first orel('!' equations, whel'e 

(97) 
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and 

- [l'~lr 1 [Ps] - [F6r' [Fd - [F~rl [Pd - [l'~\rl [l'~l] 

[1] [0] [0] [() ] 

[A] = [0] [/] [0] [() ] 

[ D] [li] [() ] [ III 

[0] [0] [/] [ ll] 

Formulating the cquatiolls of motion into a typical f'igenvaluc pl'ohl('111 1'('sllll ~ i Il il 

l'obusl efficient Ilwt hoc! of calclllating the cl'itieal nutter spcl'ds. TIIC' f1llt.l.('\, Chi\l'tll·II'l'i ... t il':

ail' round by céllc1\latillg tlH' comple=-: f'igel1valucs of [AI al variolls \'a"\('~ of dyllf\lIIic 

pres~ure (\'clocity) at a 'ipecific :\lach l1umbcr. The cigcl1véllucs cl\'(' thf' rools of II\(' 

characteristic equéltion. Tbe l'Oots of the given problem will be a combinatioll of cornpl('x 

conjugate pairs and real llul11bers 

t3 ± iw, 

a. (IIK) 

whel'e w and p are the fl'equcncy and damping, l·espectively. A 6th arder degr(!c POIYllolllial 

will pl'oduce 12 l'oots. Of these, eight roots can be attl'ibutecl ta thc dimellsioll of t1w 

rational approximating function, and the remaining four l'Oots are due t.o the aCJ'oe!astic 

l1lodes of the ail'foil. For stability. al! the l'cal parts of the l'Oots. (J. llIust 1)(' IH'gativr' ill 

sign. A positive real part dellotes an instability, nutter. Flutter occu!'s whell al, il givell 

velocity the frequency of the two complex conjugates begin ta approach olle clllotlw! 

(coalesce). When one of the l'cal parts, ,8, changes sign, flutter has occurt'cd . 
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7 Results: Rational Function Optimization 
( 

TIJ(' villidity of Il)(' Lilplace solution fol' the acroelastic equations depends greatly on how 

\\'f·1I the Illlshwly aerodynalllics can be approximated. It is critieal that the apPl'oxi-

Illai iOIl be \'(!l'y clo:,c 1.0 the actual tabular data. Each approximant curve must roI1O\\', 

,dIIIO:'1. id(·nl.icitll,\'. C\'C'l'y clip allll twist of the original function, and givr an adequate 

1 (·prc·scllt.al.ioll or both the l'('al and imaginary parts of the aerodynamics - as a l'ullction 

!JI' I/i(' I(·duc(!c! f/'(·qllellcy. k. If illsufficient agreement is obtained t.he elld ..,olul.ioll will 

1)(' el'l'oncous. If <III aCClII'ate approximatioll of the unsteady aerodynamics can be roulld. 

the soltltion or the equations in the Laplace domain will eliminate the need fol' costly 

i 1,('1 a tion, that is cha l'actcl'istic of the tradi tional U - 9 and p - k methods. 

'l'II<' 1I1lstcildy aerod,mamies for both the incompressible and transonic reg:me will be 

'lppl'Oxil11ilt.ed by rat.ional fUllctiollS. The incompressible aerodynamics, found as a fune-

tion or the Theodol'sen Function, C(k) and C(k)ik, should not lead to mu ch difficulty in 

fmding accurat.e élPproximating functions, since the aerodynamics vary in a fairly sl1100th 

mallner with l'cduced frcquency. However, problems may be encountered in the transonic 

rq~il1le, where the ullsteady transonic ael'odynamic coefficients Cl". Cl"" Cm Il and Cm" 

are \'er~' irregular. dcmonst.rating much twisting as reduced frequency is changee!. At a 

t,rallsonic Mach number of jlJ = 0.85, the aerodynarnics are very irregular and shollid 

pro\'e the most difficult to approximate. Thus, in order for the Laplace method to be 

\'ié\ hie, the approximat ions of these tabular unsteady aerodynamics cannot be considered 

1 i .. Il II\'. o ~ 

[n order fol' the o\'erall solution of the aeroelastic equations of motion to be 1'0-

( 
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.... go\'el'l1ing criteria fol' such ail analysis is that the largf\st fl'f'ql1enc~' g(\llt\I'a!l\d 1'1'0111 1 hl' 

eigem'alue analysis should l'aIl \\'ithin the' gi\'en l'ange of fr<'qt\(\IH'y fol' the 1111:-.1(\é\(I~' c\(\ro· 

d,\'namic data, The tabulaI' dnla fol' the unsteady a('rodynéllllÎcs héls ,110\\,(,1' \'11111<' \'l'c!II('I·d 

rn'quelle," of ~, = 0,0, a1ld II\(' IIpper value eall be dlcckl'd hy 

\\'here b is the semi-chord and lU is t.he largest l'l't'quenc)' gCI}(,l'at.cd l'rom 1 II<' l'i).!,I\Il\',dllt· 

analysis at the specific velocit,\' U, 

Fol' incompr(\,,~ibl(' ;\(·\'Od~'nal11ics. approximations of hol It (1)(' TI)('odoN'1l 1'1111('1 iOll, 

C(k), and the TIt<'odor"('11 fllllctioll times Ihe reduccd l'reql\t'Ilc~. ('(~')I~' aIl' Il'qlli\'l'd, Illi-

tially, the optimization procedure, whirh llsed a combineJ least. :,quéI\,(' lIlC'l,ltodolo,LÇY cllld 

a simplex method. considered only the Theodorsen function, C(k), This was 1111<I<'r(,al-:('1I 

in order to ans",el' 1 Inee funclamental questions, Firstly, lhe validity of t.he approxilllal ill).!, 

rUllclioll ne('c1ed to 1)(' ascel'tailwcI, Coulcl the Nasa-Langley rational rUl1dio\1 I('ad 10 il 

\'alid approximation of the ullsteady aerodynamics, and hellce Icatl to a pO:-isible ~11I_ce:,:,.r1l1 

solution to the aeroelastic equations'? Secondly, il was required to cletennill(' llOw 1J\illly 

lag terms \Vere needcd to cnsme an acceptable amollnt of error. Lastly, a sllldy of thl' 

l'educed frequency range was required to determine what l'ange coulcl he approxilllat.ed 

sllccessfully, 

A \'alid approximation or the Theodol'sen fUlIctioll, C(~'). ove\' t.11f' ('(·dllcer! fn'qlll'II('Y 

range, 0.0 < k < 10,0, \Vas achieved by lltilizing a Nasa-Langley mtiollal f\lndion, ('011-

sisting of four lag tenus, The calculated optimized lineal' tel'ms were gi ven by 
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Ao = O.!J!)~.'jX. :11 = -0.000078, .4 2 = 0.000012 ... h = -0.04012.5. 

1\.1 ::= -O. J ):!:!U7. A5 = -0.22708, A6 = -0.07800.5, 

alld the lag 1 ('('IlIS as 

bl = O.Ol·I!)1 !), bl = 0.08071.5, b3 = 0.238.540, b4 = 0.68i2ï3, 

\Vil.h il calclllatcd cl'I'or or 8.207 x lü- 6 • 

II. W;IS delel'l11incd that. the approximation error to C(k) decreased quite significantly 

with tlte inc['('ase in the number of lag terms, as shown in the table below. 

ErrOl' # of Lag fe/'/118 

0.02025 

0.0009:360 :2 

n.ooooS,IS!) :J 

0.000008207 ·1 

Thf' Nmm-Lilllgiey rational function, incorporating four lag terms. gave an excellent 

il ppl'Oximation to the Theodorsen function over the entire reduced frequency range. This 

';é11111.' methodology was then lIsed to approximate C(k) and C(k)ik with great success. 

It should be noted that in orcier to simplify the subsequent analysis of the aeroelastic 

equations. C(I.-) élnd C(k)ik were forced to have the same lag terms. 

Again, cOlIside1'Îng t.he same reduced frequency l'ange, 0.0 < ~. < 10.0, the calculated 

(~ 
optimizcd lineal' tC'l'IllS for C(À') and C{k)ik, respectively, were 
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.... Au = 0.9!)S:!8 . . Il = -0.0000:3;") . ..I,! = 0.00000·1 i, ..1:3 = -o.n Il ~n 1. 

.-1 1 = -O.IG:!SD:3, A.~ = -0.22909. AH = -0.06·1593ï, 

and 

Ao = -0.0000 L:35.1. AI = 0 .. 500:3 i·1 ï.1 . ..1 2 = -0.0000:3G2!). :h = Il.000() 1 ni(L 

..l.1 = 0.0 L:1S0·18!J. A; = 0.058·182 L8, AH = 0.O·196:l·I·I!), 

with the lag terms, 

hl = 0.015·[·11. h2 = 0.08·1286, b3 = 0.2.559.51, b.) = 0.ï(i5114, 

with a cakulatpd error of 1.1 i8 x lQ-5. 

The Néll'>él-Langley rational function approximation with ll1ulti-level cOllst.I'Hillt.S Hlld 

nonlinear term optimization proved to be quite useful. In the incompressible l'f·gillH'. 1.1\1' 

approximation error of the unsteady aerodynamics for C(k) and C(I.·)il.· was fOllnd \.(1)(' 

extremely smalt. Excellent agreement can be seen by referring to cit hel' t.1H' op! illlizal.ÏolI 

table comparison (see Appendix 0) or the graphs of C(I.·) Hnd ('(1.-)/1.' (s('(' Fi,!!,I1\,('s ,la-

L to --la .. l and Figures -1b-L to -1b-4). Each compal'ison of the aerodYllélIllic fllllct.ioll'i i~ 

given as two graphs, the real component and the imaginary componcnt versus th!' rcducpd 

frequency. The choice of identicallag terms for the approximation of C(k) and ('(/t)/I.-, 

a110\\'8 fol' a more efficient and robust solution of the aeroelastic equations in t.he Laplac(' 

domain. The gi\'cn élPproximation to the unsteady aerodynarnics gave Il:,dlll J'(·s,dt.~ 1.0 

the solution of the flutter problem, as will be seen in the next section. 

In the tlansonic regime, approximations of four ael'odynamic coefficients, namely, 
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('1". ('/'" ('"", ilfirl {',,,,,, \\'('r(' lequircd, This inevitably resultf'd in (Ill incl'('él~f'rI nppl'ox

ilnéltio/l errol'. '1'0 make matlcrs worse. the tl'ansonÎc aerodynamics arc "ery irregular, 

This rcsllltcd ill a slight modificat.ion to the way in which the unsteady aerodynamics 

Wf're approxillHltf'd. A decl'eél~cd reduced frequency range was considered. and an anal

y~i" was lIf1df'rt a 1\('11 to st.udy the effect of imposed constraints at the reduced frequency. 

/.. = (LO, 

Init.ially, ail approximation of the unsteady aerodynamics for the transonic regime 

Ill. M = 0,8.) ",as considercd and a redllced frequency range, 0,02.5 :5 k :5 1.0 was 

stlldicd. The optimizatiol1 of the aerodynamics appeared to be quite good, as can be 

..,ecll t'rolll Figlll'C's ,ja-I to 5<1-1: howevel'. these approximations resulted in crroneous 

~ollitions fol' the lIuttcl' velocity when employed in the Laplace solution. The values 

of t.he unsteady aerodynamics at Iow values of reduced frequency. particularly in the 

int.cl·va.l of 0.0 :5 l, :5 0.025, seemed to be of lltmost importance in the analysis of the 

acroelast.ic cqualiolls. [1' no consideration is given to the aerodynamics at the low reduced 

fl'cqllf'llCy l'ange. t.he approximation procedure may give values of the ael'odynamics at 

il value of J.o', t.hat have no physical ~ignificance; i.e., a negative value of e1h or Cmh at 

k :::: 0.0 when they should equal 0.0, or extraordinary large values for the aerodynamics 

af. k = 0,0. Thcse problems are l'elated to the value chosen for the constant Ao in the 

rational function approximation. Note that the value of each aerodynamic derivative at 

t IH' A· = 0.0 condition is equal the value of Ao (see Appendix E), 

To solve thesc problems the original reduced frequency range of 0.025 S; k ~ 1.0, had 

to be changed to include the t'educed frequency of k = 0.0. Hence. a reduced frequency 

l'ange of 0.0 $ A' $ 1.0 was considered, as \Vell as a decreased range of 0.0 :5 k < 0.5. 
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[mposed cOl1straints were cOl1l:1iclered at " = 0.0 for ail four aerodynèlll\ir l'Ot'tlicil'I\t!', .\lIt! 

as \\'ell as just fol' those that \\'ere zcro at 1.' = 0.0, namely (\, and CHio' .\ll appn>xima-

tions of t he unst('ad~' ael'Odynélmics resulted in fllnctions which ga,\"f' "nlid solllt inn:- Il) t III' 

élf'l'oelastic eqlléltion-; in the Laplace l11cthod, as will he :-;cel1 in the lH'xt ~t'l·t i011. Th(, \Jp-

timization results fol' the different rcduced frcqucncy l'anges, and t.1lt' illlpOM'd t'l)l\:.t raint:. 

are presented in Table:3. Thcse l'csults, fol' the transonic regimf', wen' Ilot ilS ~o()d a~ 

Ihose for the incomprpssiblc re~ime, but were still round ta br f'xccllellt o\·('rall. ~()"'. 

t I1l\t the l'cquil'enH'nts fol' the approximation of the unst.eady tn1l1son ie i\l'rodYIl;1111it'~ \\'t'I't' 

Illuch more del1lélndillg t.hélll fol' the incolllPI'essible aerodynamics. ilS cali 1)(, St'('11 l'roll 1 

the calculated erl'Ol'. 

Reduced Frequellcy Range, h' Constraints al k = 0.0 En'ol' 

0.0 S; 1.: < 1.0 C:/h ~ C'I.., C.'Ulh" (,'mil n. OO! I:l;)') 

0.0 S; k ::; 1.0 CI", C'1I!h O.OO:J(iO~ 

0.0 S; k < 0.5 C1h , C'/a , Cmh , Cm., 0.00,118:\ 

0.0 S; k < 0.5 Clh' Cmh 0.00 1:3!l6 

Table 3 Transonic Regime: Comparison of Rational FlInction Optirllizatioll Errol' rOI 

Various Reduced Freqllency Ranges and Imposed ConstraintK, M = O.M!i. 

A reduced frequency range of 0.0 ~ k S; 0.5, with imposed constraints at k = 0.0 fol' 

the unsteady aerodynamics, elh and Cmh , at M = 0.85, gave the minimllm approximatioll 

errol', and the best solution ta the Rutter problem, as will be ~hown ill tire lH!xt .,edioll. 

Excellent agreement can be seen by referring ta eithel' the optimizatioll table COlllp;trisOIl 
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('11'1' .\P!JC'l/Ilix F) 01' 1 1,(, gr(/ph~ of the tl'allsonic ael'Odynamic coefficients (~ee FigUl'es 5a-2 

If) ~)rI-:~). ElIch rOlllpill'ison is prcsented as two graphs. the real ancl imaginary components 

ilS l'lIl1el.iolls of the l'educed f'rcqucncy. The decreased redllced fl'equency range resulted in a 

I(':'s l'obll::'t, tot.al tc~t. l'ange; thus, in the solution of the aeroelastic equations, some reslIlts 

o!Jlililled al. lo\\' \'tlllles of velocity were somewhat erratic. Th us a check was required ta 

d(,tl'l'IIlÏJH' if' t.he il\~\.abilit~· \\'él:' totally within the accepted confines of the givcn unsteady 

1 ablllar dé" a l'allg('. 

Applying the same rcducecl frequency range, 0.0 :5 k ~ 0.5, \Vith fOl'ceci constl'aints 

al, k = 0.0 for Ci,. élnd Cm / •• the approximations to the unsteady aerodynamics for M = 

o.~;o ilnd :\1 = 0.8i5 \Vere also found to be very goocl. These results are graphically 

pn'sl'lIl.ed in Figures ôa t.o 6<1 and Figul'Cs 7a to 7d, respectively. 

[l shoulcl be lIol.ed thal when approximations \Vere made for the ullsteady aerody

Il a I1lÎCs , a complet,p global elTor was considered. Hence, for the incompressible regime, 

t.br coefficients fol' the rational function were calculated simultaneously considering both 

('(A') and C(/.-)l~·. The approximations were found such that they resulted in a minimum 

lotal Cédculatcd CITor for tlH' same nonlinear coefficients. The transonic regime is the 

1l10sf, interesting, ~ince a global minimization of the four ael'odynamic coefficients, CI, .. 

C/n , Cmh and Cm.., was perfol'med. It should be noted, once more, that this global ap

proximation elTOl' approach was considered at lU = 0.85, where the nonlinearities are 

1 hr lIlost pl·onollllced. and still gave adequate results. 

The Nasa- Langley solution for approximating unsteady aerodynamics gave excellent 

results fol' both the incompressible and transonic regime. This method demonstrates 

cOlllparably bettel' l'esults to previously used methocls with less overall computational 

59 



,~ 

i4 

time and complexity (Poirel Ul88). 
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8 Results • • Laplace Method of Solution for the 

Aeroelastic Equations 

The l'iltionai fUllctiolls obtained fol' incompressible flow were substituted into the two-

dcgl'cc-of-freedol11 ait,roil eqllations, The cOl'l'esponding Laplace eigenvalue pl'oblem was 

:-,olved, pl'Oducing twelve eigcl1vallles (see Appendix G). Of these, eight were completely 

r(';d, al,f,ri bll 1 cd 1.0 t he dimension of the rational approximatinp: function, and the remain-

illg 1'0111' eigellvalllc~ produced lwo complex conjugate pairs, due to the aeroelastic modes 

of t.he airfoil. The p - ~. solution generated four 1'Oots, which formed two cornplex conju-

gale pairs. This allowed for the direct comparison of the p - k solution with the Laplace 

IIlP.thod, when the l'eal 1'00ts were ornitted. The U - 9 rnethod produced only two roots, 

which l'csembled thosc of the positive frequency conjugate 1'00ts. Various case studies 

\\,('re cOllsidered. illcorpol'ating the various methods of flutter solution. 

For example, each method was used to solve the equations for the following set 

of pammeters; Il = .50.0, 1'0 = 0.5, a = -0.5 and Wh/Wa = 0.2 (Case Study 1). The 

reslIl!,s cHe pl'esented as graphs of frequency ratio, w/wo , and damping ratio, versus non-

dilllCl\sional velocity. (r (see Figlll'es Sa-l to Sa-3). All the rnethods l'esulted in exactly the 

saille "alue fol' the critical flutter velocity, Ü = 4.53 (see table 4); also, all the methods 

gave similar values of frequency ratio, w/wo, over the non-dimensional velocity range, 

(r. 1I0wever, the U - 9 method showed sorne variance in the darnping ratio compared 

1.0 cithcl' the p - ". 01' Laplace rnethods. A second example was considered, which led 

t,o si1l1ilal' reslllt.s. In this example, (,l = 50.0, ra = 0.6, Cl = -0.6 and Wh/Wc< = 0.4 

(Case Study 2)). ail lllclhods pl'oduced a Hutter velocity, 0, of approximately .5.10. This 

61 



example. :-;ho\\'('<\ ~il\lill\r rpsponse behaviout' in frequl'tlcy and dal11ping ratio \'t'\'SI\~ 11011-

dimensional \'elocity as in the pl'evious one (see Figures 8b-l to 8b-3). Otll<'1' ('xi\mplt's. 

showing compal'isol1s of cri tical fluttCl' velocity, obtained l'rom the val'iolls Ilwt horls of 

solution are ShOWI1 in Table -1. It should be noted that the U - g Illcthod (~\lrOl\lIt ('l',,d 

some numerical clifficulty in some of the cases st,lldiccl, namely case stllclic's -1 and ii. Tite' 

Il - h' and the Laplace md.holls hac! no snch pl'Oblems. 

Case Flutte1' \/ elocity Ü 

S' t ttc/y Il l\t Cl (L'it / W n U-9 p-I.' LaplaCt' 

1 ·50.0 O.:j -0 .. 5 0.2 -1..5:3 4.53 -1.5:1 

2 .50.0 0.6 -0.6 0..1 5.10 5.10 5.11 

:3 100.0 0.5 -0.5 0.2 6.24 6.26 6.26 

4 75.0 0..1 -0.4 0.3 -?- :3.68 :3.68 

5 100.0 DA -DA 0.:3 -?- 4.16 4.lô 

Table -1 Incompl'es::iible Regime: Comparison of cl'itical flut.t.er velocity, (:. 

using the Li - g, p - 1.- and Laplace rnethocls. The symbol - '! - illdiCittes 

that it was not possible to determine a flutter velocity for thcse cOl1dit,ioll~ 

due to llumerical instabilities. 

Fol' transonic flow, the aeroelast.ic equations of motion were also solved ut.ilizing t.!te 

rational function approximation of the unsteady aerodynamics. The given Laplace eigen-

value solution pwduced a total of twelve eigenvalues (see Appendix H). Of these, two rcal 

wots and three complex conjugate pairs can be attributed to the rational approximating 

function, and the other two complex conjugate pairs are from the aeroelastic modes of 
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t 1)(' il Il f()J1 \\'1 If' Il t 1)(' clel'()c1a"tic eigcl1\'alues were isolated from the other eigen\'alues. not 

,dWilY" <Ill Pé\:-'y t i1"k. coll1pari"Olls can be made with the U - 9 and p - k methods. 

Till' t 1',\ditiollilll1wl.hod:-. of ,>olution fol' the aeroelastic equations were not formulatec! 

11)1 '1 """0" i( !lo\\'. 1>11 t (OJllparhOnS were made with r: - 9 and p - k data from Lee (1984). 

III«' /.;tpld( (' ,,01111 iUII \\'a:-. f01'll1ltlalcd for transonic ftow at a M = 0.8.5. for the parameters: 

Il = .')0.0, l' •• = O .. ). (/ = -0 ,5, Wh/Wc> = 0.2 and XC\' = 0.2.5. This allowed for direct 

(OlllPéll i:-,oll with t II(' (r - 9 élnd JI - k generated results given by Lee (1984). 

1\1l illitial I('ducc'cl l'r('quPllc~' range of 0.0 ::; k ::; ] .0. \Vith fOl'ced con~t.rail1ts at 

l,' = 0.0 for "II or 1 1)(' (\('Iorhïlélillic dCl'i"élti\'e:,. Ct". CI.,. Cmlr and Cm" \\'d:; con:,idel'ed. This 

~li('ld('d t.he followillg rl:'slIlts, C = U/bwü = 3.36. w/Wc. = 0.302 and k = wb/U = 0.090. 

These rcsult.s clic! not compare as well as had been hoped with those of Lee (1984), 

\\'hich arc (1 = fr/hu", = :3..16. w/wc• = 0.313 and Il = wb/U = 0.090. 

Il \\ë\1> ('OJJ('luclecl t.hat better rcsults cou Id be obtained if the l'edllced freqllcncy 

rang(' was decreased to 0.0 ::; /.. ::; O."', 1 his allowed for a better approximation of the 

low-range reduced l'l'l'quelley arrodynah,", 1.lÏs region, say from 0.0 < k < 0.1 seemed 

1.0 1)(' tht:' most crit ical in the overall Butter analysis seheme, sînce the expected crîtieal 

!lut tl'r frequl'Ilcy. l' = 0.090. l'pli within thîs range. As well as considering this clecreased 

l'(·d \ \C'pd fl'eq \1('11('." 1'c111g,f'. cOllst.rain ts wcre placed only on the aeroclynamic deri \'atives, 

\\'h()~t' magnitude at /.. = 0.0 was 0.0; i.e., eth and Cmh . The following results were 

ohtail1ed. (' = "','f."I'.. = 3..1.5. w/wOt = 0.309 and k = wb/U = 0.090. 

Th",,(' \'C':-'lIlts ag\,ped fa.\·oll1'ably \Vith those given by Lee (1984). They are presented 

gl'clphici1II~' ill Figll\ ('s Da-l and 9a-2. Figure 9a-l shows excellent agreement for both the 
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dÔl11ping, ,lIId fr('qllt'Ilc~' ratio clS a fUllction of non-dinwl\~lol\a1 v('lo( It\, {/[,II'" 111\\\\'\\'1, 

in Figure qa-~, t 11C'l'<~ i" SOIll(' \'arial1cc oh:,('1'\ (>d in 1 Ill' l1\agnit 1It!(' nI' 1 l\(, t!,ltllpill).!, l',lt Il), 

pdl ticularl~ fol' "du!'.., of lo\\' non-dil11('nsiollal \'f~lol'ily, This \\'élS dllt' lu II\(' illlel,l.!,I1I<",\ 

part of the eigell\'alue falling out of the cOllsidel'et! l'educ<'d fl'<'«I\('lIcy l'tllI).!,!', 1I<1I1H'!,\. 

0,0 ~ /.. ~ 0,,5. élnd thus out of the scope of the approxilllélting él('l'odyn,lIlIic !',,"clio" 

This ho\\'('\'('I'. is Ilot ~o ('l'itic,l!; élS the 1'00t Ihal (\0(''' go I\I\~ti\blt, i" \\'1'\1 ht'hel\,'d. <lIld 

Ill(' Othcl 1'001 "ho\\'", \'i-uiallOIl fl'Om the expcct<'d IH'ha\'innr ollly ,II lll\\' 'clllI(':- III' I\()II 

dill1en:-:.ional \'doril.\'. 

For complctene:-,s. otllcr results incorporating \'él\'~'ing \'C'dll('t'd fn'tint'IIt'." 1',I1I.!!,t'''' rllid 

constraints are includcd belo\\'. in Table .1. 

ReducFC/ Fl'ujlu /lt!! Ronge C0l1s11'01171s ap]Jliul (Il k = 0.0 ( . 11'/ Il',, 1.-

0.0 ~ /.. ~ 1.0 Clh , CI ... , Cm", Cm ... .l.:\(i () .. I()~ () Il'III 

0.0 ~ k ~ 1.0 Clh , C mh :J.! !) () ~!J ï (). Il') 1 

0.0 ~ /.. ~ 0 .. 5 Cil,' CI", Cm", Cm" :\.:11 O.:\()~ Il.!l'll 

0.0 ~ /.. ::; 0.5 CI", Cm" :L·15 O.:IOD O.()')\) 

Table .5 Tran~ol1ic Regime: Comparison of Laplace Solution fol' Variour, H<>dll( C'd 

Frequency Ranges and Imposed Constraints for M = 0.8.5. 

The Laplace Solution yielded the best results, when the appt'oximatinl1s of t.he 111\-

steady aerodynamics consiclerecl a l'educed frequency range of 0.0 ::; /.. ::; 0 .. 1, \Vit.h fon'C'd 

constraints for C'i lo and Cm" at k = 0.0. Using these approximatiolls of the 1I1l:-:'!.(·!lI!y 

aerodynamics, the Laplace solution was rormulated ror varying values of non-dimcnsiollal 
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.m!'r)d III""''''. JI. d' If = (J.,";,). 1 hi~ al/owcd for the direct comparison with C - 9 and p - k 

1('~IJIt,..., gl\'('11 by 1./'(' (I!J8·1) (..,ce Table 6). Excellent agreement \Vas obtained over the 

"/It.il(' léI/lg(' of ,Iilfoil 1I011-dillWllSionalmass, Il. 5uch that the percentage error between 

t 1)(' 11()II-diIJH~II ... io/léll \·plocitip<,. D. obtained using the Lapla('e method and those given by 

1.,,('. \vil'" Il's~ tll,llI l'j.. 

FlIl'l.h('1 ,1/1;.)\ ..,,'.., c'oll..,idt'I'ed the tl'allsonic l'egime for :-"Iach Ilumbel'<; of JI = 0.80 

;I/Id ,"1 = 0.8i5 al val'ying values of ail'foil non-dimensional mass, Il, (see Table 6). This 

..,lIo\\'ed t.llat, althollgh only él 'imall intcl'val range in Mach number \Vas considered, O.SO < 

.\1 < (U~ï,). t.he O\'C'l'all bcha\'iour \Vas quite irregular. Fol' example, an analysis of the 

"('J'I)('la~t ie <,qu,\! IOIl~ of lIlotlOIl fol' the :-"'Iach llumbel's of Al = 0.80, JI = 0.8,5 and 

,\1 = U.~Î!). al. illl ail'foil non-dimcnsional mass, Il = ,50.0, gave critical Hutter velocities of 

(J = :L iO. :3,.1.5 alld (U i, respectively. If the Hutter velocities obtained at lyl :::: 0.80 and 

;\/ = 0.875. had b('en used to intel'polate for the Hutter velocity at l\l = 0.8.5, the actual 

valll(' of fT == :l..lG wOllld not have been acquired. 
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Il f'-g/p-J.'· LaplaCf L (/ pl a Ct-' L (/ pl Il ('( 

r (' r (, 

.\/ = 0,8.) .\/ = 0.8.5 ~\[ = 0.80 .li = D,Si.) 

.jO,OO :UG :3.·15 :3.ïO (U ï 

i.j.OO .U)·I :Ul.) L:~:3 T.OS 

100.00 I.:n ·1.:36 1.86 ï ,.) 1 

1.jO.OO -1. 91) 5.01 !J. T6 ï..ll 

:!Oo.oo ). ) ) ).·"):1 G .. ·):! ï.:3ï 

2,1':>0.00 .j.99 .j.96 ï.21 ï .:35 

* reference Lee LD8·1 

Table 6 TrallRonic Hegimc : Comparison of cl'itical flutter vt'Iocitv, fT. 

for .\1 = 0.80, .\/ = 0.8.5 and Al = 0.8i.5 \Ising the f r - .lI. Il - h' illld 

Lapl(lc(' l11ethods. \Vith the given constants: /'" = 0 .. 1. (( = -Il .. ), 

IL'h/ u'.. = 0.2 .. 1'" = 0.25 and b = l.0. 

The optimizecl coefficients of the rational fUllction approxilllaJ,iolls fol' ,\1 = O.:·W. 

JI = 0.8.5 and JI = 0.Si5 are given in Appendix I. Again, l'roll\ <l ('olllparisoll of 1.11<' 

respective linear and nonlinear coefficient terms, it can be seen how qlliddy a IId i 1'1 egllléllly 

the aerodynamics change from one Mach number to another. 

The excellent comparisol1 obtained for the Autter condition betwC'eIl the t/'adiliollêtl 

lllethods and the Laplace methoc\ demol1strates the validity of the Laplace melhod. [1. also 

shows the excellent nature of the approximation for the unsteady ael'odynarnics ohtained 
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1,\, I/lilil.lllg" .\rI~iI·Ldl!gl(',\' Idlioll,d rlllletioll with 1I111lti·I('\'('1 COIl"tl'llinh ,llIrlllonlillf'ill' 

ll'llIloptilllizéltillll TIf{> Illaill "tlcllgth of the Laplace methocl is that thf' I\II"t('ady rlCI'O' 

d,\1Ié1111i r ., "a\'p IIlIly to 1)(' 'lpPl'oximatcd once and t.hen can be used in the analysb of man)' 

"pts of paramctcrs: t hus. an itcrative type solution is not requirecl. The benefits will SOOI1 

IH' l'l'flliz('r! if Illélll,\' ('(Jlldit iOIl" hélve to be studied, 1I0we\'er, \Vith the introduction of this 

"ppl 0,1111," illg 1 rit iOIl," l'tllll 1 ion 1 lt(~ dimension of the problem is incl'cased con~iderabl}. 

1'10111 rOll 1 10 1\\'(·I\'e. llt\f~ iIlCI(',l~illg the .,Ize of the eigenvaille problem. 
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9 Active Control for a Two-Dimensional Ah-roil in 

Incompressible Flow 

9.1 Equations of Motion Incorporating a Flap Deflcction 

('onsidel' a thl'ee-degl'ec-of-fl'cC'dol1l l'igid all'foil Ikxihly 11101l111f'c1Il11d"1')!,uill!!, lH'lIdllll!, .111.1 

t\\'isting (torsion) motion (sec Figure 10). Bending (plllnge) is <11'1101..·.1 h,\' h. Plhlll\l' 

dowllward. the t\\'i:-.tillg (pit('h) about the c1astic axis is d('noted hy o. PO:-.itl\·(· in titi' 

dnck\\'i..,(' direcl iOl1. élnd IIIf' Hap angle by .3, positi\'e' in t h(' cloc k\\'i:-.(· dill'cl iOll. TIlt' 

aClocla:,ti(' l'quatioll::' of lllotiüll (Fllllg 1!),55: Ashley and Bi:-.plillgholr l~)(i~). 1'1111 IH' t!l'l'i\,.·t! 

b) ,>ul11ming fOI ('(':, alld 1ll0nH'1l1s about the' plastiC axis and 111011l('l1ls "llOul. II\(' fiaI' hi Il,!.!,!' 

lille 10 gi\e 

.. .. 
mil + /I1(:l'c~b)ii + m(.1'3b)0 = -/\'"h - 1. . (I(JO) 

where la is the flap mass moment of inertia about the flap !linge lille, '/'III! i:. tlll' di:.1 (lIH (' 

t'rom the flap hinge line to the flap centre of mass, c(3b is the distance 1'1'0111 I.hl' IlliddlOl'd 

to the flap hinge line, ab is the distance t'rom the midchord to the elastic c\xis (llIea:-HII'C'd 

positive towards trailillg edge), K{3 is the torsiollal spring constant about t.he flap hillg(' 

line, and lvlo is the moment acting about the flap hinge line. 

Illtl'oducing a non-dimensional generalized displacement cool'dinatc, a.s befol'f', 

ç=~ 
b 

( 10:3) 

..... 
..... 
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illld lIlilking Ill(' followillg o,IIIJ,,1 itlltions 

(104) 

( 10.5) 

(106) 

(lOï) 

(108) 

\\'11l'11' /'" <111<1 /',1 a 1'1' tilt, radin!'> of gYl'ation about the elastic axis and the flap hing,c line, 

respectively, the complpte :jOOF aeroelastic equations of motion become 

.. .. -L 
(, + ;l'on + :voj3 + w~ç = -b ' 

111 
(109) 

(110 ) 

(111 ) 

For incompressible flow, the expressions incorporating a flap deflection for the 

lift force, pitching, moment élnd the hinge moment are (Theodorsen 193.5; Garrick and 

TIJ('odol'SCIl 19·11) 

( 112) 

J{, = 7rpb4w2 {[ilfw - (~+ a)pw] ç + [Nf,p - (~+ a)(Pcb + Mw) + (~+ a)2pw] a+ 

[i\1~ - (~ + a)P!3] j3} , (113) 
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élnd 

lll' ) 

in .-\ppendix.1. Tlw.\' "1'(' a fUllclion of the Theodol'SCll fUllctioll, ('(1.-). \'t'Iorily. fn'qu('lle,\ 

9.2 Flutter Analysis With Active Controls 

Fluttel'-~llppl'cssion control s~'stcms have l'cceivecl inCl'C'é\spd alt('llliOIl in \'ll1' last. d,'cad,' 

(KarpeIPJS1; Kas:, and Thompsoll 19i1), They have becn round tu be éllll'Il'l'('\.i\'!' "'ri." uf 

inU'calling t.h(' criti('ctl flllttC'r ... pecd with 'iubstantial wcight "a\'illg" '1'1\(,11' d('l' !\\'o 1."\>1'''' 

of fluttel'-suppres~ion s~'stems that ha\'e pro\'ccl 1.0 be qllite IIsC'/'lll: pcl~ ... I\·(, rllld adivI' 

flutter control. 

Passive Flutter Control 

Pa~si\'e Autter control considers increasing the structural stirrness and/or lll,tS:; hal-

ancing. Proper wing, mass distribution can improve the lIuttcr charact.el'ist.i('s t.1'C'IJH'n-

dously, This is so because cart'ful placil1g of mass has a direct effcct on the incl'I.iitl 

couplil1g of the system, Inertial coupling is very often the predominant factor in f11ltt.('I'. 

Inereasing the in structural stiffness (partieularly the tol'siollé\.l stirrness) will also l'C'mlt. 

in an inereased el'itieal Hutter speed. It has been shown t.hat a stifrncss illcrcas(' of fadol' 

n willresult in an increase in Hutter speed of approximately ft ' I1owevel', t.he addit.ioll 

of stiffness unfortunately means an increase in the total overall aircraft weight . 

...... , . 
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Active Flutter Control 

( 
Tlw type or control that is employed in this study is active Hutter-suppression. 

:\('1 jV(! ('Ol1lrol IN'", él cOlltl'ol ..,mface (Oap) which is deOected in response to the wing 

11101 jlH). 11''''lIlt illg, ill cl chélllgP in the aerodynamic forces and moment:, 011 the wing. Such 

tll,tin' cOlltrol Il,,''' 10 1)(> VC)',\' leliable and durable. because the 10ss of Hutter control 

wotlld pl'obab!y r('slIlt in an immediate airfoil t'ailure. Another problem encountered in 

t!)(' u:.(' of act.ive cOlltrol is t hat of obtaining accu rate measuremellts From the airfoil. 

Dill'ct 1Il('a:'UJ'('IIlC'IIt. is l'cqllired for the controller to control the control surface \'ia some 

..,pc'cifit·d ('(Jllll'o! !iI\\'. It is .t!:-,o important for the controller to be robust and allow for 

control al. \'al'ioll~ r1ight ('ondit ions. The benefit of active control is that its implementatioll 

will have no Sigliificéll1t inCl'case in the airfoil w~ight. 

Wl'it.ing the c«uations of motion in the Laplace domain allows for the easy imple-

1I11'IIt at.ion of adi\'(' control. ('ollsider the equations of motion of a three-clcgree-of-freedom 

l'igid élirfoil inCOl'pOl'éltillp" il flap control. ,3 . Neglecting the hinge moment equation, the 

l·qllill.iollS of motion (100) and (101) can be written in matrix form 

([M] 8
2 + [Cl s + [I\. + x [N])z(s) = 0 , (115 ) 

\\'111')'<' [.\/]. [Cl. [i\'] and [N] are 2 x:3 matrices, and the tenn z is the laplace operator of 

::={ea(3f· 

Equation (115) may then be rewritten in the following form 

([Ms l ,\1.:]82 + [Cs 1 Cc] s + [J(, 1 J(e] + X [Ns 1 Ne]) {q } = 0 • (116) 
(je 

(' 
il 



\\' hcrc 

{q} = {é (1 }r . ~ 117) 

{Cfe} = { :J } . ( Il:\ \ 

The subscripts ... ilnd c dcnote a structural and rontl'ol qUé1nt.ili{'~, \'('~I){'rt i\'t'Iy. whl'1't, 

[.\Is]. [Cs] and [/\'~] are :2 x 2 matrices and [.\le]. [Cc] and [K.) él,\,(' 2 x 1 mal riec's. 

r\ control la\\' is (,ol1~ideled of the following 1'01'111 

{ d } = [T) { :. } . ( 111)) 

whel'e [T] is a tl'ansfel'-function matl'ix of size 1 x 2. This allow~ the flap a Il).!,1!' , :J. In Ill' 

written as a function of the g,cneralized acrodynamic motions, é. and n . 

. -\ pplying, Il](' con 1 roi Ici \\' t 0 (LW) gi \'es 

( 1 :!Il ) 

The solution procedure is the same as that employed (-'adiel' in sc'!'I iOll (i,1. ~Iilkill).!, 

the follo\\'ing substitutions in (120). 

b b 2[ ] 2 [Ns ] = [Ao] + U [AI] S + (u) ;h oS + 

and 

b ) b 2[ ) 2 [Ne] = [Ao,e] + U [At.e S + (u) Ib,c S + 

...... 
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Il~2) 

[ .. 1.] ,s/l[ + (As) SUb +[.46) SUb }){q} + 
~+T~ S+T3 S+I4 

l.' b ,,li 2 2 [ S 
([.\/~l·~ + [( cl·~ + [/\cl + .r{ [Ao,cl + U [AI,e] S + (U) [A 2 •e] S + ,~h.e] S + ~bl + 

~ S S 
[AI.cl, Ul + [.45•el Ub + [A6.cl Ub })[T]{q} =0. (123) 

.~ + b '2 S + l 3 S + b 4 

The dCI10lllilliltOl'S of ~hf' above equations are removed to obtain the following poly-

1 IlJl\1iél 1 

(Ba [[rl] .S2 + [E] s + [e]] + BI [n] + B2 [Ë] + B3 [F] + B4 [C]) {q} + 

(/30 [[Ac] s~ + [13,.] s + [C\]] + BI [ne] + B2 [Ëc] + B3 [Fe] + B4 [Cc]) [T] {q} = 0, 

\\'hcre 

u u u U 
Bo = (s + bbd(s + bb2)(s + bb3 )(s + bb4 ) , 

u u U 
BI = s(s + t;b2)(s + t;b3)(s + "bb4 ) , 

u u U 
B2 = s(s + t;bl)(s + bb3)(s + bb4 ) , 

u u U 
B3 = .9(s + T,bd(s + bb2)(s + bb4 ) , 

u u U 
B4 = , .. (s + T,bd(s + bb2 )(s + bb3 ) , 
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élBd 

[a) = [Cl + .1':' [Ad . 

[ë) = [1\'] + .1' [:lo} 

[D] = .1' [..\3} 

[/~) = ·r[:\.d 

[ F 1 = .1' [A 5] • 

[c) = .1'[A6} • 

[ -) [ b 2 Ac = ,\lc} + .l'( F) [Al.,·} . 

[ - ] b Be = [Cc} +.1' U [At,c} 

[Cc] = [1\e] + .1' [Ao.c} , 

[Dc] = .r[."h,c] , 

[/~e] = .1' [Al.e] . 

[f~] =.1' [As,cl ' 

[Gc] = .r [A6,c] , 

This is then expanded to obtain a mth order polynomial in oS of the followillg, 1'01'111 

where the coefficients [Fm}, [Fm-tl, [Fm-2}, "', [Fo] are functiolls of dYIla.rnic pl'(,~Sllre 

(veloci ty). 

This can be easily placed in a typical eigenvalue problem of the givcn f01'1Tl 

s {.r} = [A]{.1'} . ( 1~.1) 
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lU ~j\,(, il "'('ri('''' of' III X 1/ fi!':,!. ()l'c!('l' cquations. whel'e 

(126) 

'l'Il(' IIIf't!JOc! of :,ollltiol1 continues as shown earlier (see Section 6.4), Thus. for a 

gi \'(·tI t.l'élll:,l'er l'" Jl('t ion 11111 t.ri x [T], the problem can be analyzed tü determine if such a 

!!,i \,('1. l'olltrol lél\\' lias élcllie\'('d an incl'ease in the flutter speed, 
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10 Results Active Control for Incompressible Flow 

The problem as!'ociated with applying an actin' control devÎc<.' 10 ail airfoil. !till.!!."s 011 

de,'eloping a set of (\ewelast.Îc cqllations. whcl'e the 1'01'111 of t.11<' 1I11sIl'ady ,1I'I'odYlléllllic:-

alld t.he contl'ollm\' m(' COl1lpéll ible, Writing the eqllatiolls ill tll!' Llplacl' dOlllélill is idl',dl~' 

.,uitecl to thi:; ta:,l\. ,-\cli\'(~ cOlllrol \\'as consideret! only fol' t.he cas(' of illl'olllpn':.sihll' !lu\\" 

Active control for tl'ansonic f10w coult! be consiclel'ed; howcvel'. il wOllld firs! 1)(' 1I1'('(':':iill'~' 

to modify the tl'allsonic aerodynamics to incorporate a flap, 

A control la\\' \\'as consideree! of the following f01'l11 

( I:.!ï) 

where [T] is the transfer-function matrix of size l x 2, This allows t.he liai> allgl(" ,'l, \0 

be written as a fUllction of the generalized aerodynamic motiolls, ~ and n, 

The tl'al1:,fel' fllllction lIsNI \Vas a fllnction of é. élnd 0 and t.lteir fil's\' df'1 i,';II.ivps. 

( I:.!K) 

This is referred to as a dampill!J type lransjer june/ion by Nissim and Abel (Inï8), wl\('l'(' 

aT is a control of the amount of damping introduced by the control surface (f1ap), and Wu 

is a reference frequency, normally taken as the no-control flut.t.cr f'rcqltcllcy, This trallsf<'1' 

fUl1ction can be cOllsidered as a type of proportional-derivatiV<' (P 1)) ('onlrol. 

A proportional-integral-derivative (PlO) control was also illlplcrnellted IJy ;l(ldillJ.!, 

an integrator term to give a tl'ansfer function of the following fonTI 

(1 ~!J) 
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rUllet ions [T] \\'Ne' clllployccl l'or bot h PD <tlld PID COll! roI (~is..,itll ,\lId .\111'1 1 q7~ \. 

PD cOllt\(l} 

(/1 .")OO!lO 
[f'] = [ III • 112 1 + ;.-;; . ..:." + .10000 [ f 1 ~ • f 1 ~ 1 II Hl) 

PlO control 

, ((/1 ) 50000 • • ( (/1') 1 •• •• 
[7] = [ /11 . /12 ] + -. s , + ~ 0000 [ t 11 • III 1 + - --: [11\ • Il ~ ] 

Il n 1 8 .) tl' n 2'~ 
( 1. t 1 ) 

The aclcled krill ,~[~~~~~() forcf's botJt the ~tru('tllre ,I1HI t.1H' cOlll.rollll,111lX tl'lIl1~ III 

\)p a part of the highest orcier coefficient in oS of the' polynomial \Vithollt. 1 h,' "ddil ilJlI ,II 

'luch a term. the highest ordel coefficient of the' polynomial \\'ollid Il(' cl fUIII 1 iOIl ni 1 III' 

control matrix tCrIns c1lolle. l'hi::. reslllts in both \'ery léll'ge ,1I1d V['l'y ~llIélll ~,)11I1 1011'" t,JI' 

1 he eigcll\'alucs and t hus. plcJ{'f's tll1duc st rain on th\" 11I111wriral cH'( 111 a, y. 

Initially the damplng t!Jpe tl'an::,fU' jUllctlO1t (PD COlit roi) \\'".., (oll.,idl·,,·,j luI' dll,II 

ySlS. The values 'luggestecl by ,\bel and Nissim (l9ï8). who 1J(1(\ 1I~('d d 1 Iwol.\' I)d~(·d 

on the aerodynamic e\lf'rgy concept, \Vere usee! as a starting pOlot 10 d(·t ('llllil1<' 1 (·,di.,111 

pal'élmetel'S ill tlH' tl'ansfel' fUllctioll. A simplex methocl WdS then 1\:-.(.<1 10 d<,t('l'Il1ill(' Il 

lhe.,c wcre incleed the optimal values. 

The aP-l'oclynamic energy concept considers the work done by the clCI OdY"illll il fol'( ( • .., 

on the airfoil pel' cycle of oscillation, refened to as P. Hence, tlw t.l'élll,·,fer 1'1111( 1 iOIl [T] 

\Vas determinccl to givc a ::.table system, or a negative vaille of \\'ork fJ Fur "II cliifoii 01 

specifie gcometlic coafiguratlon. Nissim and Abel determined th!' OP!'III1,tI \!éll,llIlI'lf'l, lOI 

a PD transfer function control. fol' an airfoil flap having éL length ('qllal tu :Wf!r, (JI' 1 II(' 
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,1)(' Il'ile/llI!!, (.r1~l'. (II = -0.1 J. Il]('y f01\nd tll(' following values for the transfcr fllnction 

;/ 1 = [ III , /12 J = [ 0.0 . -1.86 J , 

,Ule! 

[ , • 1 -.:: l '1 i . '1 ~ 1 = [ 1 n . :UO] . 

111 thc' pJ'('~('lIt !'lt 1\dy. <III dirfoil flap having a length equal to 20% of the chord 

(l',j :::: n.G. spp figll\'P 10) alld having its elastic axis at 2.5% of the chord from the leading 

('c/gC' (cOI'\'('spolldill/l, valuc of ([ = -0 .. 5) was considered. A transformation \Vas completecl 

(:0.('(' Appr'lIdix 1\) 10 accoun! fol' the difference in position at which the measurements 

\\,('Ir' Ill<ldr'. 1 hi:-, gcl\C' 

[l]=[/II. 112 ]=[0.0. -1.86], 

Thr' optimizatioll of the trallsfer function parameters performed by the simplex 

scqucnt.lal method considerecl the net affect the active control had on the Butter velocity 

,lIld Ilot on the o\'C'rélll system damping. It thus determined parameter values that resulted 

III <III II1cr<,ase in the clltical f1lltter velocity. In facto the overall magnitude of the system 

dcllllpillg ~<,c1lled ln r!r'CTeélsc over the majority of the velocity range, but still gave a 

\,\\'(Hll'cl hlt, illCl eél~(> i 1\ the flutter speed. The optimized transfer function for case st udies 
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, 
1. '2 dlHI .t lttili~tt\i!, t\ PD lUIlllnl. \\'t\:-' ['nulld ln hl' 

.. 
[ '/'] - [ 0 0 -")] 0.001 ~. ,)oono [ 1 - ., li .. ) +,~ ·1.0 . :U)() 

O. ,J 18 8 + "woon \ I,~~) 

For Cilt.,{' ,,1 ttelif'<; ·1 ,lIlei 1. tlH' OP! imize'eI ! rant.,fC'1 fUllel iOll ",as (',lIl'lll,III'<I th 

[F]=[O.O. _nOn]+O.OOI2 s .sOOOO [IO.,l.Iill] 
() .1-' ~ ,-- + ,")0000 

:--';ote. the \,duc of tl't, cottlcl ha\'(' I)(,f'll changf'd to rdlc'cl Ill<' IlO (OIlII!)1 flt''i'tI'll( \ III 

tll<' ca~(' .,tudy ill qltcf,lion, lIo\\'c\'el', any change in the \'alll(' of /l'/i \\'0111<1 Itd\(' Il''' l1I'd 

in a pl'OpOlliollal illCl'pa..,(' in \11(' \'alllC' of (fT, \\'hat was illlpOl'lrllll "'dS IIJ(' 11'1.\11\(' Iell III 

The calculated values for t.he trano;1'e1' 1'llnction ag\'('c <pllte \\,(,11 \\'11 h 1 lit' fir..,1 d('11 \ d 

tiw' gcneralizecl coordinate~ gi\'en hy t.he dcrodynamic ('IH'lgy COIIt ('pt. hlll ·.(JlIl(· \dllilll( (' 

\\,a., f'nColllltered \\'ith l'('spect ta the coefficient for the rool'dillclt.t' n, Il ... 1\0111<1 \)(' Il!Jt(·d 

Iltat tlw plllngillg cOOldll1ate,~. ga\'e very littleuseful control illfol'lll<llioll 1'011.11(''',\,1('111. 

TitI' ll1cthod giw"ll h.,' Nissim (llld Abel was qllite helpful. in t.hal if. ga\'(' .III illdicéllioll of 

the expected magllltude and sign of the re;:luired control pét!'éIllH't.('r:-., Il .,ho1lle! ,":-'1) 1,,· 

notecl that the optimized control paramcters arc not unique, otite!' valllC's r Oltld IH' Il!->('e! 

which may achieve the same increasf' in the flutter velocity, 

In arder for cl. s~:-.tem to be completely .,table, ail (1)(' ('Igt'll\,élllll'" c,tlc ,t1,t!r'd 1'10111 

the aeroelastic equations of motion must po~~ess pO~lti\'f' dalllplllg (1lclldC 1('( 1.,1 IC'" '(lm 

can be simplified by considering only the eigenvalues with po:-,it.in· fr('{l'lI'lIc y 

The addition of active control to the airfoil hael vél!'ying clffpc!..., OIJ ('ile Il of 1 II<' C ,...,c·.., 

.,t lIclted, In sOllle ca:,cs. the 100ts legi:,tered only minol <hanges, \Vltil/' III ()tliPl C <I:-'C'" t III' 
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(Ifdlf.!!,f'\ \U'I(' (illite "Iglllfl(dlil IIJIllPilll'd to thc cigcllvilluc sollltioIJ \\'Jth DO WlltlUI. r1l<' 

Il'',1!1h oIJ!.lilwr! rll (' !.\i\'(·11 cl.., " ~I'aph of damping ratio \'crSllS non-r1impllsioncll \f'locity. 

(' ("'1'1' FIl.!,III1· Il ,,1111 FiJ.!,I Il l' 12), Both the no-control and PD-rontlOl ('igclI\'c;!lIcs are 

plou!',1 \'l'I''lI~ IllI' 1101I-dill1en..,iullal n'Iocity. D, The no-controllool', are definf'c! as \'0 

('O;\!,[,BOL HOOT l ,11Ir! ~O CONTROL ROOT2, TIte root dcfined as \'0 CO?\TROL 

HO()'!'I • ..,"C)\v.., illl l''<t~ing d<tlllping \Vith velocity, until at a certain non-dilllen.,ionai \'f'-

1.)( II\'. il, 1J{'gill~ tu ..,110\\' "igll'i of a dccl'C'ase in damping" Thc point \\'hel'C' the damping 

'" ZI'/() ,." /('fcI/I·t! 10 d~ 1./)(' lllrll'gill of ill~t.ability, and an,\' increa5f: in \'('locity will\eosult 

III IIIIUC'I TIH' l'out r!f'lIol,('d ,IS NO CONTROL ROOT2, shows a propol'tional inCl'case 

III dilillpillg wit.h ail ill('l'(,é\~e in \'elocity. The introduction of active control changes the 

lIatule of t.he two l'oots, ROOTI and ROOT2. The PD-control roots are denoted by PD 

('ONTHOL HOOT 1 éllle! PD CONTROL ROOT2. 

l'\\'0 ..,('('11(1\ io~ \\'('I{' III\c,,,tigated. For example. actiw:, control \\'a~ implemented 

fol' Iltl' pé\\'éll1Id.CI'~; Il = :50.0, l'cr = 0.,5, a = -0,.5 and Wlt! W a = 0.2 (Ca:;e Stucly 1). 

l'II(' r('sults are gi\'f~n as a graph of damping ratio vers1Is non-dimensional velocity. C 

(h('e Fip,ul'c Il). l'he control wot. denoted as PD CONTROL ROOTl 1 showed similar 

!l(,lliI\'iol\\, ta lhat. of the llO-controlroot, NO CONTROL ROOTI, except thal the control 

wut bC'g,11I to :,ho\\' (1 dCCdy ill damping at a larger veloclty than that of the no-control 

1 nol. l'his l'e~ultpd in an increa~e in the cl'itical Hutter velocity, from Ü = 4.53 to Ü = 4.8, 

,1\1 ('[[l'ct ive increase of approximately 6%. However. the implementation of the control 

I.l'\' hac! quite an affect on the othel' l'oot, defined as PD CONTROL ROOT2. The result 

\\',lS 1 h,lI t his l'Oot 'illO\\'cd ull-;lable behaviour, negative damping, nt low veloci ty. Thus . 

... 11( It ,III rlcti\(, COlll101 d(,\'\cf' \\'oulel ha\'e to be turned off lI1itially, and tllPn later turned 

U\I, \ln('(' the <litcraf't hd:' r('arhce! a stable velocity. It may be desil'ed to implemellt the 
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.\ ~(,IOlld l'\cllllpll'. \\'Ith 111<' )l,1\C\1l1l'11'1'''': il = ,-)0.0. /'" == n,Ii. li = -lUi .1I111 1/'/1/11'. 

0,·1 (Cn:-e Study :!). \l'ai> abo rOllsidl'\'('d (::>l'C Figll\'l' I~). III thi~ 1''\c\l1Ipll'. Ill!' \'l)()! dt'lill«'.j 

ch PD co :\'1'H 0 L H OOT~ "'IIO\\'ecl ,,' éI hie rl.ll11pi lIg cha 1 c\t·t ('ri~t ic~ 0\ ('1 t h(, «'lit II«' \ «·Ill' 1 t \ 

1 cl Il gp, 110\\'('\'('1'. II\(' t'oot I..kllll('d (\~ PO CO:\TROL {{OOTI. "I\I)\\\,t\ Ill').',.lti\\' dclillplll~ 

l'he fir"t ..,tag!" i~ dcflll!'cI \\'1\('11 tll!' root hil~ IlOII-PO"'lli\(' dclllljllilg 1 lit' .... 1·' 111111 .... Idl!.'· 1" 

denned by the loot pm:-.essing positi\C damping ch<ll'a('t('l'i~t i('~. bllt st ill hcl~ 1\· .... :-, .!.IIIIPII!!!, 

ill compari50n to If>., llo-control 1'00t. ~O CONTROL HOOTI. 'l'hl' fill,J! ..,lcl!!,!' I)l'gill" 

\\'IWll Ihf' PD-colltroll'oot ~ho\\" im[>roved damping in CUlllpélll~OIl tn III<' 1I0-'()lltlUll()U! 

l hl~ allo\\'cd 1'01 èlll ilHïcc).,;e III the nutter velocit) from U = ,-).\ 1,0 f' = ,-) (i, 1'111 .... 11':->lIlt,." 

III fi net illClca:-.e ill fllltt,cl n~locit~ of approX1ll1c\l<'ly IO'i{, (-,t'(' Fi).!,1I11' 1'.2) \ddltllll\,d 

('Oll1panson,> of no-colltlOl and PD-co'ltrol fol' VéUiOll~ ~(·t:, uf pdrcll)J('t(,l~ dl(' illl IlId(·cI III 

rable ï, 
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FIIlII(/' \'c!orlly C 

l'u (/ "'" / 11\ , .YO ('1)/1 f 1'01 PD Control (A [/)('/'( (I"t 

0,,) -() ,) O.:.! ·L.53 .. 1:.8 (i 0 

() ,() -rJ.() (J ·1 .5.10 .j.ti 10.0 

(l. .-) -(J. i (U 6.~·l 6.6 .) .) 

Il. 1 -Il. 1 (U 3.G8 :3.9 ·1 ) 

(). 1 ,(). 1 ru 4.16 4..1 :') .. ) 

[Ilcompl'(,.,sible Hcgime : C'ol11parison of critical Hutter \'elocity. r. 
llsillg no (o(]tlul and PD control solved by the Laplace method. with 

the cun..,télllt..., : l',l = O}j .. 1',3 = 0.2.5, .l'a = 0.25. Ca = 0.6 

,ll1d Il = 1.0, 

AJthollgh the increase in AlItte\' speed in these case stlldies can be consideted ollly él~ 

relit'. it h<lS I)('<,(] 'ihown thM control analysis can be implemented C[lIite easily by \\'orking 

ill litt' L.\pl.lC.·(· dOlllaill. In past studies. increases in Hutter speeds of 20 to 25(1r, hdve been 

The lise of a PID contro!!aw resulted in no additional increase (heyond that achieved 

\ 1,1 PD control) in the eritiea! flutter velocity, O. Maybe, this \Vas to he expected. The 

Ill! l'd(hH t ion of an integrcltor term is uSlially done in the hope of cancelling the steacly

,,1.11t' c'I'l'm. in comprlrison to a known desired control velocity, Howe\'er. in thi., context. 

lite' \)hjl'cl WéI:- Ilot to conl\O[ thf' velocity to sorne known requirecl velocity, but to flnc! 

t II<' gn'atest pos!'ii hie maximulll cri tical veloci ty. 
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11 Conclusions 

ll,>ill~ latlullcd tUllt liull'" 10 clppln,ll11,llp Ill<' llU"lt'cltl\' c\('I(HI\'tI,IIIlI( tUltl'" .l''.t tllll( tl,,11 "t 

1 pdllccd fteqt~C!lc)', 

<lt'l()d~lltlllllt.., (,1111)(' rlppIO'\llIItll('d. [1 i" ll'llJ(,d tlt,ll IIIC' clppIO'\:I\lldtlllll II(' \('1\ ,\,,"" III 

Ihe <I(tl\,\\ d,\!,\. l'\l(' 1l1l:-!t'i1d~' ,H'lod~lHIIllIC:-' fol' !lollt lllCOfllPI( .. ., ... il,\1' cilie! 11<111""111' 1\(1\\ 

\\'('11.' apPloxillWlcd b\' ratioll,l! fllllclioll!' of the \'a:,a-La1\~lcy fol'lu wlth l!,J(',1! "II<' ,'"" 

1'11(' optlllli/"tiu!l lIH't huc! ('lllployed c\ [('<1:-.1 "qll,III'''' 1\l('t huc! III < 1l11)111I< 1 l'III \\ Il Il 

a 'iirnplex method, The lise of the simplex rnelhod lo optilIll'W I\I!' IcI~ t('IIII" ,1111\\'1'" 

marked improvement ln the ctpproximation in compcuisol1 Wlt.h pl ('vio\l:'; '''(JI k, \'.'IWll' 1 \11' 

Id,!?, tcrms were chosen ranclomly, For incompressible flow, II. wa:, 11!'('(''''''cll) 10 ilPI'IO\1 

llldte Tlwüdorsen\ fllllction, ('(1.,) and ('(I.:}lk: tbe applO:"1111,tllo11 ('l'loI Wei" 101111d II) 1)(' 

ill..,lglllficant. e\'en for a larE,c 10Cluced frequency l'ange of 0.0 < k <:: lU (J. Titi.., ,d[()\\,,'t! tOI 

a rob1\st cvaluation of any aeroela~tic prohlem in the i ncornpn'c,c,1 bl(> lIow. l'III' L" pl,H (' 

method was found to give valllcs of flutter vclocit.y and flut.ter frcqll(~lIcy i(l<~lIt i( al 10 1 h"..,,' 

gi\'en by the p - 1.: and the [' - ri methods. For vaIlles of "ubcrltical W'loClt.y. t.llI' J..lplctf" 

" 
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1111' 1 lilld 

,,,,'ffl' 1"IIf~ (', . i', . ( .... / dlld ('Hl' :\ (\1I\(.h r!f'c('('as('([ l"élIl"C of !'('dIICN[ ft('(It\('IIC\ "'d'" 
li 1,'1 n '" 

'''"'·dd''I,'d. (J () .::. 1 .. ~ 1) -) \I..,n. ('oll:,tré\int:, \\'PIC impoi-('d on the a('rodylJalllic d('ri\'ati\('" 

\\ IIIN' IIld!!,IIlt 1111(,,, \\'('11' zelO .tt J.. ::: (LO, nan1f'ly Cth and C'mh The reslIlb \V('((' not a ... 

l'II!' !l'dlll('c1 11('11"1'1)('\ l"llge llcld little ('fT('ct on tlw calculatiol1 of th(' flutt('r \('Iuciti('", 

dlld 1.111 If'PI('"('ill.ilIfJlI''' ul fll'qllf'lI( \ alld dalllplllg ratio o\el' 11l0~t uf tht' l.IIIl1,t' uf 11011-

dilllf'lI ... iUllél! \plont\' \\pn' ullt"incd. lIo\\,('\,el' . ."ome clisCiepallcif's \Vere appal'C'llt dt Ill<' 

111\\'('1 \'(dl1(,~ of \l'iocit \ fol' 011(' of the complex conjugate roots, Here. t Il<' fl'equencif'" 

III li "IIWcI hy 1 IH' ('ig('ll\'a[uc .,olllt ion t'ell outside of the applicable reduced frcquency range. 

dlld 11111 .... 1C''''lI!t"d ill ..,OIlH' diff('lcnce in the damping and frequency l'espon:>e to that 

Illoldlllf'd with t 1\1' /1 - k éll\d ( - g methods, 

SU"lll,!!, 1111' ('<lII(ltIOI1!'> in Ille Laplace clomain allows for the efficient implpll1('ntatioll 

I,I dct 1 \ (' (Ullt roi t () all('\ Îat(' the flutter instability. Such control \vas considered with '5orne 

"\lCU'''!'> for illCOIllI)('~..,ibl(' f1o\\' Although, the increase in the Hutter \'f~locit~· can only be 

(1III"'ldl,(·d .1" l'élil (Ii tu 101t-). it \Vas shown that the Laplace metllod \Vas a viabl(' \Vay of 

\II(Oljllll'.ltlng clel(\(' control illto tlw deroelastic equations. 

F\ltlll'e work could Lon:-;ider the implementation of other control laws, in the hope 

pl' oht.tilllllg d l11Oll' "ignificant increase in flutter velocity. In addition, the control theOl'Y 

(Illrld 1)(' (·\t('lldl'd 10 accourlt for transouic flow. This woulcl require the determination of 

1 Ill' 1I11"\("HI,\' (H'l'lJd~ IIa1l1ic~ illcol'porating a flap for transonic flow . 
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Figure Sa-3 Comparison of U - g and]J - k with Laplace gencl'ated !!,lélph" 

o 
f« 
CI::: 

(j 
Z 

of Frequency Ratio, tu / W cn versus Non- Dimcllsional V(·IOCI t.y, 1 r. 

Case Study # 1 : Il = 50.0, l'a = 0.5, a = -0.5, Wh/1I'et = O.~, o ,3 r-.-~"-'-'T""""T"--'--'-'-"""""-r-....-r--r--r-r-r-r-...---r-r-"--'--r-r--,--r-T-"'1 

-p-k METHOD 

02 - -U-g METHOD 
o LAPLACE METHOD 

0.1 ---- ....... 

~ 0.0 ~=-----------------------------~----~ 
2 
« 
o -0.1 

- 0 2 L.-L-...L.-L~-!.-..&.-..I-...L....I......L-J--'-.L....J,......L-.L.~-I.-L-L....L-J,...~--'-
o 2 3 4 S 6 

ND VELOCITY U/bwC( 
Figure 8b-l Comparison of U - g and p - k with Laplace gencral('d grrtph~ 

of Damping Ratio, Root 1, versus Non-Dimensional Vcloclty, O. 

Case Study #2 : Il = 50.0, ra = 0.6, a = -0.6, Wh/Wa = 0.'1, 

Flutter Velocity, Ü = 5.11 
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~~D VELOCITY 
Figure 8b-2 Comparison of U - 9 and p - k with Laplace generatell graphs 

of Damping Ratio, Root 2, versus Non-Dimensional Velocity, Ü. 

Casc Study #2 : J.l = 50.0, rOt = 0.6, a = -0.6, Wh/WOt = 004, 
20r-r-..,..-,.-,--.--.--.--r-,-,r--r-.,--...--.--r-,--..-r.....-T-.--~....-r-r-..-.--.-. 

FigUl'c 8b-3 Comparison of U - 9 and p - k with Laplace generated graphs 

of Frequency Ratio, w/wOt , versus Non-Dimensional Velocity, Ü. 

Case Study #2 : J.l = 50.0, rOt = 0.6, a = -0.6, Wh/Wa = 004, 
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Figure 9a-l Comparison of U - 9 and p - k with Laplace generated graphs 

of Root! Damping and Frequency Ratio versus Non-Dimensional 

Velocity, Ü, at M = 0.85 (p = 50.0, ra = 0.5, a = -0.5, 

Wh/Wa = 0.2; Flutter Velocity, Ü = 3.46). 
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Figure 9a-2 Comparison of U - 9 and p - k with Laplace generated graphs 

of Root2 Damping and Frequency Ratio versus Non-Dimensional 

Velocity, Ü, at M = 0.85. (1' = 50.0, Tor = 0.5, a = -0.5, 

w,,/wor = 0.2; Flutter Velocity, Ü = 3.46). 
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Figure 10 Schematic Representation of Airfoil with Frccdorn to i\1ovc in 

Torsional and Bending Directions with a Flap (3DOr). (I<al'pd 1!)81) 
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Figure 11 Implementation of Active Control for Iucom}>Jcssible Hcgimc. 

Case Study #1 : Ji = 50.0, 1'0 = 0.5, II = -0.5, Wh/Wù = 0.2 
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Figure l~ ImplcnwlItatioll of Active ContIol for IlIcoIllples"iblt· Ht gjlJw. 

Case Study #'2 : JI = .50 U. ru == U.(I. Il == -lUI. !(",j U'" = (l 1 



.-\ PP('lH lix .\ : Objf'ctivl' Errol' Fll11dioll 

\/.111\ r(J1 111"1 III' dll ('IIUI IlIII('tiOll C.11l 1)(' Il''f'r! 

(dl d') = ,.. + ,(,' J'dtiOllrd flllH'tioll approximation 

(d(,I .. ) = /,' + Ir,' Irlhltléll' daté\. (discrcte values of reduced frequency) 

1': 1 1 (il # 1 (() Il (' 1I0.,('t! i Il .., t Il d y) 

EIIOI' #'2 

( ') L:{(Ë'-F)2 (G-G)2} 
t'l'l' Ift~ = + ~-~ 

F2 G2 

EIIOI #·1 

'""'{ [(F-F)] [(ë'-G)]} fl'l'(lk) = ~ abs F + abs G 

A -1 

• 



ul\lI'l \<1li,\I\\\I\" \lt 1\\1'\'1101 Uhjl'Cli\\' hlllltl\lllln\lld llltl\ldl> 

Errol #7:" 

1:'JJtlJ #h 

:\l1ah"l" Ild:-."hOlwd Ihal thcc'I'IOl fUllctioll,gi\'('11 h,\' EI'I'OI' #I,I\',,"III'd III 111t, 1)(',,1 

cl reduced frequ('nc~' rang,e of 0.0 S h' S 0,5. with forCl,rI (,OJl~tl,\illh fol' ,dl dl'l\lcI,\ Ildlll)f 

coefficients dt h' = 0,0. 

f,/'o/' 1'11111 Ht d//u d F/ tflll( 1/( fi Rangp. k r' Il' / II' 
" 

/;, 1 

-

#1 0.0 ::; ". :::; 0 .. 1 :3,".1 (UO!) (l.()!)() 

#2 0.0 ::; k ::; 0 .. 5 :3,:l(> O.:W:l () ( 1)0 

#:3 o 0 S 1.. ::; O.,j ,U:2 U.:H).') Il 0;-;') 

#4 00::;1.'::;0.1 :~.:~8 o :{o:.! (J,OKI) 

Xotc: DepcnJing on the original nature of the tabulaI' data. 011(' of III(' (JI 1)('1 Pli' 

sented error functions may have resulted in better rCblilts. It was decided lI) ill1fJl('IJJI'III 

the same errar functioll as usee! by Adams and Tiffany (1 QS8). nilTnc,ty El l'or ï YPI' # 1 

." .4 -:2 



( 

.-\PP(·IHlix I3 LillC'ar Cocliici<:>nt Optinüzation - Lea~t Sqnares 

\ 1 ('1 Il()( lol()g~' 

'1111' 11111'.11 IOdfl( Il'liI..,. \0" \ 1. .• "L,. <'11'(' optil11lzed by utdizing cl ] ('cl.,1 "CjUHIP 

1111" II'HIII]"!.!,\ III III dPI' Il olll "in ,t minimum ('tror functioll, the deri\"ati\(~ of the ('ll0l 

111111 lilill 1'" I.d\(·11 \\'11 Il 1 (''''PI'( 1 ln f'élch lin('ar coefficient, and wntten as 

1 III' ('1101' fllllCllOl! 1'" defilwr! ():-. 

()crr(lk) 
---==0, 

iJ( A J) 

1. 
~ 1 Q(II.:) - Q(t!.-) 1

2 
( 1'/'(1 .) = 1- ' 

J[(II.:) 

TI\(' <jllflllt.lli(·:-, Q(tl.·) (lIld Q(III') represent the rational function approximation and Ihe 

1',,\('1 \,(t1tle. \'(':-'1>('( 1 )\'('],y. cll Cl given reduced frequency. The term 1\1( lk) is llt.ed to nol'-

IlI,dlZl' t.he apl'Od.vllamil tabular data. slich that certain points do not receive large)' than 

1101 tll<t1 \\'('ightil1~. Note, the errol' function is defined as the total normalized sum fol' ail 

II\{' ,L!,i\,(,ll vaillps of t.1H' llnsteady aerodynamic tabular data. 

Th(, lollowill,L!, ()llalysis considers an approximating function of only tlHee lag terms. 

1It'Ill'I' 11Il('c1l' coefficiellt... ·\0 •. \ 1 .... As. The e\:tension to additional lag term!:> is straight 

I(lr\\'ilrd. 

~I(\klllg Ihe following substitutions for Q(zk) and Q(ik), 

A -3 



, 
.' ; 
)" 

~ 
;: 
, . , 
t 
<i , 
t 
t· 
~ 

~ 
~ 
'" ~ 
~ 
t: 
t 
i ..... 

~ 
l' 

~ 

rJ [~ -,1 ~I_O +_II_,~_+_I~_( ,_/.._)2_+_",_, _.~_~'I-=-'I77+-;I7"1 _"_~t...:.'2_+ __ I_~ _t'_~I-'-".L--_(1_··+_·_( ;_J 1.' 1 
- \!(.A) 

-=() 

\ . "j 1Ig, Il = - l , a lId (' ka Il i ng, Il p t hl' d(,\1omi Il cl t or of \ t'\'Ill~ \)1' t 1 \1' fOI III I~' 1 il,. \\ II, ,} " 

J = 1 10 ,L gi\('" 

TIl(' numerator lt'\ 111. g\\,(>11 [n 

cali then he re\\'ritten to gin:, 

This can be further simplifiee! t.o 

\\' here 

and 

Till:' can be fmther :,ilJ1plified 10 givc 

A - 4 

/.,2 +IH/ 
I.. J + h2 

) 



( 

wh('I'C 

Il ('nf'e, tri k i Il.!:', t Ilf' deI i vati ve of the error function with respect to the linecu' coefficient 

\u gi \'('s 

or 

l'his can also be written as 

[A'] {x} = [B'] l 

\\' I}('l'C 

[8']= [F] 

A -5 



Similarly. taking the lh'rÏ\'ati\'f' with r('~pt'ct h) Ihe rOl'lIirit'\1h -\,. 1 = \ /0 '-1 ~ lt'Id" tI "t'l 

of linear algebraic equatiolls . t hat C(lll be writtrll as 

[A) {.r} = [Bl 

",hrre 

l 0 -k J BI 1/\ 

0 /..J 0 Blhl 1/\11\ 

l _}.-2 0 /..3 -1.-'2 BI -k2 1J \ [AJ=L JI (il .. ) 
8 1 Bl hl -".281 B1Bl(1+~) Hl 13 d \ -t ~'t::-') 

B2 8 2 h2 -!,-l'B2 B2B I (1 + ~) 13)3d 1 + \~') 
B3 B3 b3 - k2B3 B3 B I{l + W) f3.11J 3 (1 + ~) 

and 

As } . 
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.-\ p}J('udix C 

:v!C'thod 

:\ olllinear Coefficient OptÎlnizatioll - Sinlplex 

'1'11(, bcst \Vay to pxplain the simplex methoc\ is through an example, C'onsider a 

fllllct.ioll .r cOllsistillg of t.wo illdependent variables (/1 = 2), say Xl and '\2' This problem 

1('qlliJ('s tll(' fllllctio!1 (·valuation !(.\'1.'\2) at thrf'e (n + 1) different set:" of \'allleS to 

plorllll'(, t,/m'(' ''('l'til'('''', LeI, t l1e~e init ial .,implcx ,'('rtices be denoted as A. Band ('. 

wille li \\'01ild f0111l il tri'lI1guim simplex (:,ee figure), In general, the simplex will nol 

1)(' l'cgulétr in shape, The :-.implex method then considers the function evaluations at 

t.\J('se thlcc points, and determines the largest, say for argument, it is f(A), and that 

I(C) < /(3) < f(A), It no\\' takes a series of steps. to move the point of the simplex. 

wlllCh hél~ t I\(' IclI'gcst \'Cliue. A, through the opposit.e face of the simplex. to produce cl 

11('\\' pnillt t,hat. \\'illl'I'platf.' .1. The initial :,tep takell. is to l'efleet the pOInt A thl'ough the 

,f]eomelnc centroid of the two vertices, Band C (the midpoint), resulting in a reflection 

point. E. In general. the centl'ùid is defined as the centroid of ail the points (Xd" (X2L . 

... : Ilot including the point of the highest function value, Note. that the lengths AD and 

/)1:.' élre equal. Df'pellding 011 the magnitude of the function value at E, the simplex will 

do ail f',t.ension 10 F, contraction to H. a lesser contraction to C, or maintain the initial 

1'('f1ectioll to f01'111 /3C E, The process continues until convergence OCCUl'S. 

( 'l'itcria: 

1) If f( ,,-') < f(C) 10Cdtc F (extension point) alGng AD of length DE 

~) if f( E) > f(A) locate G (interiOl' contraction point) midpoint of AD 

A-7 



:3) if f(l3) < ft/:') < f(·\) locate Il (C'xtcrior cnntrartiOIl\willt) Illidp\llllt \)!" ni' 

-1) if f(C) < f(E) < f( [3) kœp E (l'cAcction point) IWW simplt'" is !Je' l~' 

Reflect.ion Point E 

Exten:,ion Point. 17 

Interior Contraction G 

Exterior Con traction H 

Line of Projection 

x...---
-1 - ...... 

" C , 

".----

Initial SilUpleX 

f Line of Projection 

Xl 

New Sirnplex 

~ "' ... , ' ... . , 

A-8 
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.-\.ppendix D : Fllnction Optin1ization for Inco111pressible RegÏlllc 

~<I~,l-Ltll1).!,I('\· ilppl'oxil11ilte in Laplace form 

:\pPl'oxillliltioll of Thcodolsen FUl1ction C(k) 

[.\'] = [0.!J!J828] + :Jr [-O.OOOO.i] s + (t)2 [0.00000] 8
2+ 

[-0.04120]8 + ~(;.01544) + [-0.16289] s + ~(;.08429) + 

[-0.22909] u.s.) _ + [-0.064.59] us" . . ~ + r(0._5.19.)) 8 + r(O. (6511) 

ApPloxilllatioll of ('(1..) * II.' 

[.Y] = [-0.00001] + t [0 .. 50037]8 + (~)2 [-0.00004] 82+ 

[0.00061] , 8 + [0.01380] s + 
8 + ~ (0.01544 ) s + ~ (0.08429 ) 

~ q 

[0.0.5848], u ~ .) + [0.04963]. u ~--
~ + r(O'_.5.59.5) 8 + b'(0.76.511) 
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~~, 

'.1 

~ 

1 

SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 
INCOMPRESSIBLE REGIME 
GLOBAL OPTIMIZATION 
RANGE 0.00 < k < 10.00 

N ( 1, 1 ) = C(k) 

k EXACT APPROXlMATE 
REAL l MAG REAL 

10.000000, .50060, -.01240, .50057, 
6.000000, .50170, -.0'2060, .50182, 
4.000000, .50370, -.03050, .50372, 
3.000000, .50630, -.04000, .50619, 
2.000000, .51290, -.05770, .51271, 
1. 500000, .52100, -.07360, .52083, 
1. 200000, .53000, -.08770, .52994, 
1.000000, .53940, -.10030, .53959, 

.990000, .54000, -.10100, .54019, 

.880000, .54740, -.10950, .54767, 

.800000, .55410, -.11650, .55443, 

.770000, .55700, -.11930, .55733, 

.660000, .56990, -.13080, .57012, 

.600000, .57880, -.13780, .57895, 

.560000, .58570, -.14280, .58579, 

.550000, .58760, -.14410, .58764, 

.500000, .59790, -.15070, .59787, 

.440000, .61300, -.15920, .61278, 

.400000, .62500, -.16500, .62477, 

.340000, .64690, -.17380, .64683, 

.330000, .65120, -.17520, .65108, 

.325000, .65350, -.17590, .65328, 

.320000, .65580, -.17660, .65552, 

.315000, .65810, -.17730, .65782, 

.310000, .66040, -.17790, .66017, 

.305000, .66270, -.17860, .66257, 

.300000, .66500, -.17930, .66502, 

.240000, .69890, -.18620, .69927, 

.220000, .71250, -.18770, .71297, 

.200000, .72760, -.18860, .72802, 

.160000, .76280, -.18760, .76288, 

.120000, .80630, -.18010, .80584, 

.110000, .81880, -.17660, .81822, 

.100000, .83200, -.17230, .83138, 

.080000, .86040, -.16040, .86027, 

.060000, .89200, -.14260, .89253, 

.050000, .90900, -.13050, .90957, 

.040000, .92670, -.11600, .92684, 

.025000, .95450, -.08720, .95305, 

.010000, .98240, -.04820, .98349, 

A - 10 

4 

IMAG 

-.01257, 
-.02047, 
-.03025, 
-.03976, 
-.05764, 
-.07373, 
-.08798, 
-.10051, 
-.10122, 
-.10963, 
-.11655, 
-.11934, 
-.13063, 
-.13757, 
-.14253, 
-.14381, 
-.15049, 
-.15904, 
-.16499, 
-.17397, 
-.17543, 
-.17614, 
-.17686, 
-.17756, 
-.17825, 
-.17894, 
-.17961, 
-.18633, 
-.18770, 
-.18841, 
-.18703, 
-.17977, 
-.17652, 
-.17244, 
-.16092, 
-.14285, 
-.13041, 
-.11525, 
-.08710, 
-.04764, 

( olJllllllf'd 



N ( l, 2) = C (k) * ik 

k EXACT APPROXlMATE 
REAL lMAG REAL lMAG 

10.000000, .12400, 5.00600, .12582, 5.00914, 
6.000000, .12360, 3.01020, .12292, 3.01116, 
4.000000, .12200, 2.01480, .12110, 2.01468, 
3.000000, .12000, 1. 51890, .11938, 1.51835, 
2.000000, .11540, 1.02580, .11536, 1.02526, 
1.500000, .11040, .78150, .11065, .78113, 
1.200000, .10524, .63600, .10561, .63585, 
1.000000, .10030, .53940, .10053, .53954, 

.990000, .09999, .53460, .10023, .53474, 

.880000, .09636, .48171, .09649, .48191, 

.800000, .09320, .44328, .09325, .44352, 

.770000, .09186, .42889, .09190, .42912, 

.660000, .08633, .37613, .08621, .37626, 

.600000, .08268, .34728, .08253, .34735, 

.560000, .07997, .32799, .07980, .32802, 

.550000, .07926, .32318, .07908, .32318, 
.500000, .07535, .29895, .07522, .29892, 
.440000, .07005, .26972, .06995, .26961, 
.400000, .06600, .25000, .06597, .24989, 
.340000, .05909, .21995, .05912, .21990, 
.330000, .05782, .21490, .05786, .21483, 
.325000, .05717, .21239, .05722, .21229, 
.320000, .05651, .20986, .05656, .20974, 
.315000, .05585, .20730, .05590, .20719, 
.310000, .05515, .20472, .05523, .20463, 
.305000, .05447, .20212, .05455, .20206, 
.300000, .05379, .19950, .05385, .19948, 
.240000, .04469, .16774, .04469, .16780, 
.220000, .04129, .15675, .04127, .15683, 
.200000, .03772, .14552, .03766, .14558, 
.160000, .03002, .12205, .02991, .12204, 
.120000, .02161, .09676, .02156, .09669, 
.110000, .01943, .09007, .01941, .09000, 
.100000, .01723, .08320, .01723, .08313, 
.080000, .01283, .06883, .01286, .06882, 
.060000, .00856, .05352, .00855, .05356, 
.050000, .00653, .04545, .00650, .04548, 
.040000, .00464, .03707, .00459, .03708, 
.025000, .00218, .02386, .00215, .02382, 

:( 
.010000, • (jQ048, .00982, .00046, .00983, 

... 
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Appenclix E 

Regin1e 

Rational Function Optimization - Trnnsolli(' 

Comparison between the rational function approximatiû:î ur the aerod~'llal1liÎ df'l'1\'a. 

tlves and the tl Ue aerodynamlcs as a function of reduced frequenc). 0 O~ ... ) < k < 1 (JOO. 

al, Ji = 0.85. 
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............. 

k 

~ 
.025000, 1 

....... .050000, 
~ .075000, 

.100000, 

.150000, 

.200000, 

.250000, 

.300000, 

.350000, 

.400000, 

.450000, 

.500000, 

.550000, 

.600000, 

.650000, 

.700000, 

.750000, 

.800000, 

.850000, 

.900000, 

.950000, 
1.000000, 

SEQUENTIAL SIMPLEX 

TRANSONIC REGIME 

G1h 

EXACT 
REAL lMAG 

.23000, .56000, 

.40000, .87000, 

.58000, 1.07000, 

.74000, 1.22000, 
1.00000, 1.49000, 
1.17000, 1.69000, 
1.23000, 1.92000, 
1.22000, 2.12000, 
1.19000, 2.48000, 
1.13000, 2.63000, 
1.06000, 2.93000, 

.99000, 3.25000, 

.92000, 3.54000, 

.88000, 3.89000, 

.79000, 4.20000, 

.68000, 4.52000, 

.57000, 4.88000, 

.47000, 5.22000, 

.39000, 5.53000, 

.29000, 5.87000, 

.20000, 6.25000, 

.10000, 6.58000, 

PROBLEM MINIMIZATION 

APPROXIMATE 
REAL lMAG 

.21658, .56611, 

.41419, .84979, 

.59756, 1.06853, 

.75517, 1.24000, 

.98456, 1.50109, 
1.11518, 1.72130, 
1.17742, 1.94017, 
1.19509, 2.17025, 
1.18273, 2.41433, 
1. 14896, 2.67229, 
1.09904, 2.94340, 
1.03633, 3.22697, 

.96317, 3.52249, 

.88125, 3.82966, 

.79193, 4.14829, 

.69631, 4.47832, 

.59538, 4.81976, 

.49004. 5.17262, 

.38110, 5.53699, 

.26936, 5.91290, 

.15556, 6.30041, 

.04045, 6.69956, 

"'1 

Gmh 

k EXACl' APPROXlMATE 
REAL lMAG REAL 1 MAG 

.025000, .01000, -.03000, -.01235, -.01705, 

.050000, .02000, -.06000, .03307, -.05976, 

.075000, .03000, -.10000, .03738, -.12445, 

.100000. • 03000. -.14000, .02280 • -.17165, 

.150000, .01000, -.23000, -.01110, -.24884, 

.200000, -.01000, -.33000, -.02820, -.29719, 

.250000, -.04000, -.40000, -.02752, -.33989. 

.300000, -.06000, -.41000, -.01311, -.38366, 

.350000, -.04000, -.43000, .01179, -.43100, 

.400000, .00000, -.45000, .04502, -.48292, 

.450000, .07000, -.49000, .08512, -.53991, 

.500000, .14000, -.55000, .13108, -.60228, 

.550000, .21000, -.64000, .18211, -.67029, 

.600000, .27000, -.76000, .23757, -.74417, 

.650000, .34000, -.86000, .29690, -.82415, 

.700000, .39000, -.97000, .35958, -.91043, 

.750000, .46000, -1. 06000, .42512, -1.00321, 

.800000, .53000, -1.13000, .49304, -1.10268, 

.850000, .57000, -1.19000, .56289, -1. 20898, 

.900000, .61000, -1.28000, .63420, -1. 32226, 

.950000, .65000, -1.40000, .70653, -1. 44262, 
1.000000, .68000, -1. 53000, .77943, -1. 57016, 

(Ollt Il Il wei 
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Cio CUla 

k EXACT APPROXIMATE Je EXACT APPROXlMATE 

REAL IMAG REAL lMAG REAL lMAG REAL 1 MAG 

.025000, 10.79000, -4.01000, 10.80926, -4.16547, .025000, -.43700, -.04100, -.43992, -.01892, 

.050000, 9.10000, -4.21000, 9.23528, -4.01598, .050000, -.45100, -.12100, -.45702, -.16849, 

.075000, 8.00000, -3.82000, 8.06712, -3.82265, .075000, -.48200, -.26200, -.50534 , -.27825, 

.100000, 7.21000, -3.49000, 7.20308, -3.55867, .100000, -.52300, -.34800, -.56402, -.35625, 

.150000, 6.09000, -2.96000, 6.03660, -2.93090, .150000, -.68100, -.51100, -.66848, -.45194, 

~ 
.200000, 5.41000, -2.29000, 5.34470, -2.29399, .200000, -.81700, -.58000, -.74100, -.51230, 

.250000, 4.93000, -1. 79000, 4.93036, -1. 71875, .250000, -.90800, -.59800, -.78859, -.56393, 

>--' .300000, 4.62000, -1.28000, 4.67882, -1.21716, .300000, -.90600, -.54800, -.82047, -.61610, 
~ .350000, 4.43000, -.81000, 4.52562, -.78120, .350000, -.86900, -.57400, -.84285, -.61156, 

.400000, 4.36000, -.41000, 4.43·'43, -.39950, .400000, -.82300, -.64000, -.85947, -.73091, 

.450000, 4.35000, -.03000, 4.38410, -.06209, .450000, -.78600, -.74800, -.87262, -.79411, 

.500000, 4.40000, .27000, 4.36177, .23873, .500000, -.77800, -.90000, -.88376, -.86094, 

.550000, 4.43000, .55000, 4.35925, .50872, .550000, -.81800, -.99200, -.89383, -.93120, 

.600000, 4.50000, .74000, 4.37104, .15210, .600000, -.85200, -1.08000, -.90351, -1.00472, 

.650000, 4.50000, 1.00000, 4.39332, .97197, .650000, -.87800, -1.14300, -.91328, -1. 08137, 

.700000, 4.48000, 1.18000, 4.42326, 1.17064, .700000, -.89200, -1.23000, -.92354, -l.1610\' 

.750000, 4.48000, 1.31000, 4.45867, 1.34983, .750000, -.93000, -1.30700, -.93459, -1.24377, 

.800000, 4.48000, 1.47000, 4.49781, 1.51085, .800000, -.97800, -1.38100, -.94671, -1.32940, 

.850000, 4.49000, 1. 63000, 4.53923, 1.65470, .850000, -1.00800, -1.43900, -.96013, -1.41796, 

.900000, 4.56000, 1.80000, 4.58165, 1. 78215, .900000, -1.03100, -1.49500, -.97508, -1. 50942, 

.950000, 4.60000, 1.91000, 4.62398, 1.89385, .950000, -1.04300, -1.53400, -.99176, -1. 60377, 

1.000000, 4.62000, 2.02000, 4.66521, 1. 99031, 1.000000, -1.05800, -1.56400, -1.01035, -1. 70098, 



{ 
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SEQUENTIAL SIMPLEX PROSLEM MINIMIZATION 

TRANSONIC REGIME 

APPROXIMANT FUNCTION 

AO Al A2 A3 A4 A5 A6 

-7907.23428 13.851605 -1.182972 7907.335646 .299359 1.150099 -22.698018 

lag1 la92 laq3 l a94 error 

.000000273 .042626307 .132115292 2.737040606 .065486271 .065486271 

APPROXIMANT FUNCTION N ( l, 2) • CIo: 

AO Al A2 Al A4 A5 A6 

170329.1714 -4.694754 1.921693 -170317.2824 -3.613661 -4.501366 23.17 

1a91 1ag2 1ag3 1a94 error 

.000000273 .042626307 .132115292 2.737040606 .181049841 .306154896 

APPROXIMANT FONCTION N ( 2, 1) - Cmh 

AO Al A2 A3 A4 

3001.540919 -6.292460 .797560 -3001.600689 .227531 

A5 

-.334033 

A6 

14.757 

laq1 la92 149 3 1a94 error 

.000000273 .042626307 .132115292 2.737040606 .059618785 .125105055 

APPROXIMANT FUNCTION N ( 2, 2) - (7mn 
AO Al A2 A3 A4 AS A6 

-6706.7085 -3.347323 .7390&7 6706.26103 .105898 -.565209 5.315633 

1ag1 l a9 2 1a93 1a94 error 

.000000273 .042626307 .132115292 2.737040606 .159675096 .465829992 

A-}.5 
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Appenclix F : Function Optimization for Transonic R('gillH' 

Nasa-Langley approximate in Laplace form 

Approximation of Transonic Coefficients of Lift and Moment with respect 10 pltlll!l,t' 

and piteh. for éI reduced frequency range of 0.0 $ k $ 0.5 with fOl'cccI com.trctlllt'i fUI ('i 'l 
and Cmll at k = 0.0, at JI := 0.8.5. 

[ 

~Ih Cl"'] = [0.0000 1.1.236] + t [ 7.3520 

Cmh Cm" 0.0000 -0.5168 -1.9059 

0.9578] 1J ~ [ -0:265'2 
$+( J)O 

-4.3942 ( -O.'2!)3H 

1 25>-\ 1 ~] • 
.' - +-

2.HIO 

[ 

-8561.67 -104976] S [ 0.5930 
[' . ~ + 

l,sR360 217699 s + "b(O.21893) -0.005984 

[ 

8707.6 

-159903 

--108964] $ [ -146.23 

-219881 $ + t(0.27899) + 1543.9 

note: lag terms are equivalent 

A-16 

-8.14.577 l .... 
. + 

0.160511 J'" + t(()·Ol.lh~)) 

3987.4] ," 
2184.1 .5 + t(O.2~.'Rï) . 
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SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 
TRANSONIC REGIME H=0.85 
GLOBAL OPTIMIZATION 

k EXACT 
REAL 

.000000, .00000, 

.025000, .17000, 

.050000, .39000, 

.087500, .66000, 

.100000, .76000, 

.125000, .89000, 

.150000, 1. 01000, 

.175000, 1.12000, 

.200000, 1.17000, 

.250000, 1. 25000, 

.300000, 1. 23000 , 

.350000, 1.19000, 

.400000, 1.15000, 

.450000, 1. 07000, 

.500000, .98000, 

FORCED CONSTRAINTS N(r,c)=o.O AT k=O.O 
RANGE 0.00 < k < 0.50 
ERROR '1 

Gill 

APPROXlMATE k EXACT 
l MAG REAL l MAG REAL 

.00000, .00000, .00000, .000000, 14.70000, 

.56000, .16792, .54877, .025000, 12.20000, 

.87000, .41847, .86344, .050000, 9.50000, 
1.17000, .69680, 1.16498, .087500, 7.63000, 
1.23000, .77287, 1.24726, .100000, 7.22000, 
1.39000, .90794, 1.39206, .125000, 6.61000, 
1.49000, 1.02060, 1.51454, .150000, 6.09000, 
1.61000, 1.10957, 1. 62079, .175000, 5.72000, 
1.69000, 1.17459, 1.71761, .200000, 5.41000, 
1.93000, 1.23994, 1. 90689, .250000, 4.92000, 
2.12000, 1. 24034, 2.11637, .300000, 4.03000, 
2.39000, 1. 20249, 2.35917, .350000, 4.43000, 
2.64000, 1.14690, 2.63547 .400000, 4.35000, 
2.93000, 1.08659, 2.94005, .450000, 4.35000, 
3.25000, 1.02883, 3.26655, .500000, 4.40000, 

, -

Gia 

APPROXlMATE 
l MAG REAL l MAG 

.00000, 14.23567, .00000, 
-4.05000, 12.21288, -3.64541, 
-4.15000, 9.56427, -4.30539, 
-3.70000, 7.53586, -3.72869, 
-3.47000, 7.15123, -3.52318, 
-3.18000, 6.57096, -3.17275, 
-2.94000, 6.12655, -2.88115, 
-2.59000, 5.75592, -2.61606, 
-2.29000, 5.43806, -2.35648, 
-1. 79000, 4.94237, -1.82723, 
-1.30000, 4.62099, -1.29981, 

-.83000, 4.44320, -.81140, 
-.41000, 4.36678, -.38607, 
-.03000, 4.35258, -.03010, 

.28000, 4.37100, .26139, 

COlltililll'd 



• L"':'l~~""""~"'!'~~--:'<""'" ~~, <:::,}-.~~ ... .:;..-,... ... "1.-Y~~~n-~)I" _ .... >floJt'I'~""->:: ... -"; ~ ~~--_. -~~ ...... - ., 
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Gmh C11111 

Je EXACT APPROXlMATE Je EXACT APPROXlMATE 
REAL lMAG REAL l MAG REAL l MAG REAL lMAG 

.000000, .00000, .00000, .00000, .00000, .000000, -.44500, .00000, -.51684, .00000, 

.025000, .00100, -.03500, -.00729, -.03935, .025000, -.45000, -.02700, -.48373, -.04150, 

.050000, .01500, -.06500, -.00727, -.06574, .050000, -.45500, -.12200, -.45477, -.14213, 

.087500, .02500, -.12500, .01171, -.11930, .087500, -.49500, -.31100, -.48600, -.3132), 

.100000, .03000, -.14500, .01725, -.14295, .100000, -.52000, -.34800, -.51147, -.36418, 

.125000, .02000, -.19800, .02145, -.19500, .125000, -.581.00, -.42200, -.57665, -.45028, 

~ 
.150000, .01500, -.23000, .01512, -.24731., .150000, -.67200, -.50800, -.65200, -.51226, 

1 
.175000, .01000, -.28000, .00030, -.29389, .175000, -.73200, -.54800, -.72737, -.55013, 
.200000, -.00500, -.32500, -.01874, -.33146, .200000, -.81000, -.58200, -.79435, -.56754, 

ex .250000, -.03500, -.39700, -.05219, -.37922, .250000, -.90500, -.61000, -.88350, -.56578, 
.300000, -.06000, -.40300, -.06191, -.40363, .300000, -.89800, -.55000, -.90772, -.55768, 
.350000, -.04500, -.42500, -.04310, -.42338, .350000, -.86800, -.57500, -.88429, -.57878, 
.400000, -.00500, -.44800, -.00139, -.45102, .400000, -.82400, -.64800, -.83843, -.64393, 
.450000, .06500, -.49000, .05504, -.49191, .450000, -.79000, -.75000, -.79150, -.75384, 
.500000, .14000, -.55000, .11927, -.54679, .500000, -.77000, -.90300, -.75798, -.90251, 



l'''~ 

SEQUENTIAL SIMPLEX 

Glh 

k EXACT 
~ REAL 1 MAG 
1 

.--
(.0 

.000000, .00000, .00000, 

.025000, .17000, .56000, 

.050000, .39000, .87000, 

.087500, .66000, 1.17000, 

.100000, .76000, 1.23000, 

.125000, .89000, 1. 39000, 

.150000, 1. 01000, 1.49000, 

.175000, 1. 12000, 1. 61000, 

.200000, 1.17000, 1.69000, 

.250000, 1. 25000, 1. 93000, 

.300000, 1. 23000, 2.12000, 

.350000, 1. 19000, 2.39000, 

.400000, 1.15000, 2.64000, 

.450000, 1.07000, 2.93000, 
.500000, .98000, 3.25000, 

PROBLEM MINIMIZATION 
TRANSONIC REGIME M=0.85 
GLOBAL OPTIMIZATION 
FORCED CONSTRAINTS 
RANGE 0.00 < k < 0.50 
ERROR #1 

APPROXlMATE 
REAL 1 MAG 

.00000, .00000, 

.19383, .55795, 

.43656, .85319, 

.70846, 1.17109, 

.79040, 1.25555, 

.93541, 1.39534, 
1.04994, 1.50834, 
1.13440, 1. 60795, 
1.19295, 1.70330, 
1. 25110, 1. 90029, 
1.25543, 2.11892, 
1.22593, 2.36403, 
1.17512, 2.63603, 
1.11128, 2.93413, 
1. 04035, 3.25724, 

k 

.000000, 

.025000, 

.050000, 

.087500, 

.100000, 

.125000, 

.150000, 

.175000, 

.200000, 

.250000, 

.300000, 

.350000, 

.400000, 

.450000, 

.500000, 

.. -'" \ 

Glo 

EXACT APPROXIMATE 
REAL 1 MAG REAL IMAG 

14.70000, .00000, 14.70000, .00000, 
12.20000, -4.05000, 12.16128, -3.97370, 

9.50000, -4.15000, 9.41145, -4.23129, 
7.63000, -3.70000, 7.67286, -3.66816, 
7.22000, -3.47000, 7.29733, -3.52885, 
6.61000, -3.18000, 6.66079, -3.25681, 
6.09000, -2.94000, 6.14647, -2.96663, 
5.72000, -2.59000, 5.73753, -2.66267, 
5.41000, -2.29000, 5.41665, -2.35786, 
4.92000, -1. 79000, 4.97158, -1.77935, 
4.63000, -1.30000, 4.70202, -1.26197, 
4.43000, -.83000, 4.54025, -.80489, 
4.35000, -.41000, 4.44697, -.39879, 
4.35000, -.03000, 4.39915, -.03395, 
4.40000, .28000, 4.38285, .29772, 

("olll i III Il '11 
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Cml! CU/n 

k EXACT APPROXIMATE k EXACT APPROXIMATE 
REAL lMAG REAL IMAG REAL IMAG REAL IMAG 

.000000, .00000, .00000, .00000, .00000, .000000, -.44500, .00000, -.44500, .00000, 

.025000, .00100, -.03500, -.04127, -.05079, .025000, -.45000, -.02700, -.47202, -.06448, 

.050000, .01500, -.06500, -.02884, -.04927, .050000, -.45500, -.12200, -.42613, -.12063, 

;::. .087500, .02500, -.12500, .01021, -.J2957, .087500, -.49500, -.31100, -.43443, -.33035, 

.100000, .03000, -.14500, .00937, -.16165, .100000, -.52000, -.34800, -.47130, -.39057, 
1-,,) .125000, .02000, -.19800, -.00401, -.21692, .125000, -.58100, -.42200, -.56157, -.47416, 
0 

.150000, .01500, -.23000, -.02225, -.25906, .150000, -.67200, -.50800, -.64879, -.51749, 

.175000, .01000, -.28000, -.03854, -.29126, .175000, -.73200, -.54800, -.72016, -.53602, 

.200000, -.00500, -.32500, -.05051, -.31708, .200000, -.81000, -.58200, -.77337, -.54202, 

.250000, -.03500, -.39700, -.06049, -.35882, .250000, -.90500, -.61000, -.83305, -.54527, 

.300000, -.06000, -.40300, -.05448, -.39514, .300000, -.89800, -.55000, -.84809, -.56012, 

.350000, -.0450C, -.42500, -.03590, -.42987, .350000, -.86800, -.57500, -.83581, -.59821, 

.400000, -.00500, -.44800, -.00707, -.46418, .400000, -.82400, -.64800, -.80830, -.66360, 

.450000, .06500, -.49000, .03062, -.49834, .450000, -.79000, -.75000, -.77420, -.75757, 

.500000, .14000, -.55000, .07634, -.53233, .500000, -.77000, -.90300, -.74002, -.88020, 



LAPLACE METHOD 

u r(alp) 

50.0 .5 

NO VELOCITY .500 
-.14470 
-.14470 
-.60746 
-.67443 
-.00511 
-.00511 
-.05524 
-.05524 
-.02989 
-.02989 
-.02296 
-.02296 

perfomance index is 

NO VELOCITY 3.300 
-6.29379 
-4.01529 

-.19525 
-.19525 
-.00033 
-.00033 
-.34065 
-.34065 
-.17917 
-.17917 
-.06246 
-.06246 

perfomance index is 

NO VELOCITY 3.400 
-6.49084 
-4.13698 

-.20562 
-.20562 

.00355 
-.35100 
-.35100 

.00355 
-.18377 
-.18377 
-.06142 
-.06142 

" perfomance index is ! 

-

TRANSONIC M=O. 85 
FORCED CONSTRAINTS 
RANGE 0.00 < k < 0.50 

ah wben/wtor 

-.5 .2 

1.28115 
-1.28135 

.00000 

.00000 
-.20192 

.20192 
-.00255 

.00255 

.00322 
-.00322 

.00203 
-.00203 

1. 75297 .00000 

.00000 

.00000 
1. 25302 

-1.25302 
-.30122 

.30122 
-.18074 

.18074 
-.11029 

.11029 
-.06004 

.06004 
2.72761 .00000 

.00000 

.00000 
1. 26275 

-1.26275 
-.30563 INSTABILITY 
- .18800 ND VELOCITY 

.18800 

.30563 
- .11362 

.11362 
-.06271 

.06271 
4.31713 .00000 

..1-21 

Eigen\'al ue Anal \'SIS 

= 3.31 
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SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 

TRANSONIC REGIME M=O.8S 
GLOBAL OPTIMIZATION 

k EXACT 
REAL 

.000000, .00000, 

.025000, .17000, 

.050000, .39000, 

.087500, .66000, 

.100000, .76000, 

.125000, .89000, 

.150000, 1. 01000, 

.175000, 1.12000, 

.200000, 1.17000, 

.250000, 1.25000, 

.300000, 1.23000, 

.350000, 1.19000, 

.400000, 1.15000, 

.450000, 1.07000, 

.500000, .98000, 

.550000, .92000, 

.600000, .88000, 

.650000, .79000, 

.700000, .68000, 

.750000, .57000, 

.800000, .47000, 

.850000, .39000, 

.900000, .29000, 

.950000, .20000, 
1.000000, .10000, 

FORCED CONSTRAINTS N(r,c)=O.O AT k=O.O 
RANGE 0.00 < k < 1.00 
ERROR #1 

c C ~ ~ 

APPROXlMATE k EXACT 
l MAG REAL lMAG REAL IMAG 

.00000, .00000, .00000, .000000, 14.70000, .00000, 

.56000, .16253, .54899, .025000, 12.20000, -4.05000, 

.87000, .41431, .86878, .050000, 9.50000, -4.15000, 
1.17000, .69195, 1. 16922, .087500, 7.63000, -3.70000, 
1.23000, .76583, 1. 25158, .100000, 7.22000, -3.47000, 
1.39000, .89576, 1. 39867, .125000, 6.61000, -3.18000, 
1. 49000, 1. 00408, 1. 52567, .150000, 6.09000, -2.94000, 

1. 61000, 1.09045, 1.63721, .175000, 5.72000, -2.59000, 
1.69000, 1.15459, 1.73882, .200000, 5.41000, -2.29000, 
1.93000, 1.22118, 1.93316, .250000, 4.92000, -1.79000, 

2.12000, 1. 22287, 2.14008, .300000, 4.63000, -1.30000, 
2.39000, 1.18306, 2.37316, .350000, 4.43000, -.83000, 
2.64000, 1.12048, 2.63369, . 400000, 4.35000 • -.41000, 
2.93000, 1.04718, 2.91750, .450000, 4.35000, -.03000, 

3.25000, .96983, 3.21913, .500000, 4.40000, .28000, 

3.54000, .89166, 3.53366, .550000, 4.43000, .55000, 
3.89000, .81392, 3.85723, .600000, 4.50000, .74000, 
4.20000, .73684, 4.18702, .650000, 4.50000, 1.00000, 
4.52000, .66016, 4.52100, .700000, 4.48000, 1.18000, 

4.88000, .58345, 4.85778, .750000, 4.48000, 1.31000, 

5.22000, .50621, 5.19641, .800000, 4.48000, 1.47000, 
5.53000, .42799. 5.53621, .850000, 4.49000, 1.63000. 
5.87000, .34837, 5.87675, .900000, 4.56000, 1.80000, 

6.25000, .26700, 6.21770, .950000, 4.60000, 1.91000, 
6.58000, .18357, 6.55886, 1.000000, 4.62000, 2.0200O, 

I!.. .... 

APPROXIMATE 
REAL IMAG 

13.9473U, .00000, 
12.17360, -3.42799, 
9.67237, -4.23117, 
7.57972, -3.78514, 
7.16425, -3.58634, 
6.53843, -3.22036, 
6.07511, -2.89669, 
5.70821, -2.60052, 
5.40820, -2.31982, 
4.95806, -1.78414, 
4.66424, -}. 27997, 
4.48829, -.81771, 
4.39670. -.40553. 
4.36154, -.04479, 
4.36154, .26823, 
4.38166, .53973 , 
4.41178, .7ï649, 
4.44540, .98490, 
4.47847, 1.17048, 
4.50862, 1.33784, 
4.53451, 1.49071, 
4.55549, 1.63206, 
4.57130, 1. 76425, 

4.58194, }'88~14, 

4.58755, 2.00820, 

( ()/ Il / l"I' .J 



1 .... , 

C'mh Gill 0 

k EXACT APPROXlMATE k EXACT APPROXIMATE 
REAL lMAG REAL lMAG REAL l MAG REAL l MAG 

.000000, .00000, .00000, .00000, .00000, .000000, -.44500, .00000, -.57389, .00000, 

.025000, .00100, -.03500, .01514, - 01722, .025000, -.45000, -.02700, -.50236, -.00277, 

.050000, .01500, -.06500, .03491, -.05826, .050000, -.45500, -.12200, -.43591, -.12894, 

.087500, .02500, -.12500, .04444, -.13429, .087500, -.49500, -.31100, -.48192, -.34358, 

.100000, .03000, -.14500, .0433~, -.15945, .100000, -.52000, -.34800, -.51936, -.39784, 

.125000 .02000, -.19800, .03688, -.20736, .125000, -.58100, -.42200, -.60391, -.47587, 

.150000, .01500, -.23000, .02622, -.25074, .150000, -.€7200, -.50800, -.68543, -.51920, 
.!- .175000, .01000, -.28000, .01345, -.28853, .175000, -.73200, -.54800, -.75284, -.53819, 

t':' 
.200000, -.00500, -.32500, .00069, -.32037, .200000, -.81000, -.58200, -.80187, -.54342, 

w .250000, -.03500, -.39700, -.01725, -.36818, .250000, -.90500, -.61000, -.84842, -.54545, 
.300000, -.06000, -.40300, -.01698, -.40259, .300000, -.89800, -.55000, -.84946, -.~6636, 

. ~50000, -.04500, -.42500, .00424, -.43438, .350000, -.86800, -.57500, -.83350, -.61570, 

.400000, -.00500, -.44800, .04351, -.47188, .400000, -.82400, -.64800, -.81867, -.68765, 

.450000, .06500 r -.49000, .09567, -.51964, .450000, -.79000, -.75000, -.81277, -.77282, 

.500000, .14000, -.55000, .15561, -.57908, .500000, -.77000, -.90300, -.81723, -.86341, 

.550000, .21000, -.64000, .21928, -.64973, .55nooo, -.81800, -.99200, -.83063, -.95435, 

.600000, .27000, -.76000, .28384, -.73020, .600000, -.85200, -1. 08000, -.85067, -1.04290, 

.650000, .34000, -.86000, .34752, -.81879, .650000, -.87800, -1.14300, -.87516, -1.12786, 

.700000, .39000, -.97000, .40931, -.91387, .700000, -.89200, -1.23000, -.90235, -1.20894, 

.750000, .46000, -1.06000, .46873, -1.01398, .750000, -.93000, -1.30700, -.93092, -1. 28636, 

.800000, .53000, -1.13000, .52566, -1.11794, .800000, -.97800, -1.38100, -.95998, -1.36052, 

.850000, .57000, -1.19000, .58017, -1.22475, .850000, -1.00800, -1.43900, -.98895, -1.43193, 

.900000, .61000, -1.28000, .63245, -1.33366, .900000, -1. 03100, -1. 49500, -1.01747, -1.50106, 

.950000, .65000, -1.40000, .68275, -1.44407, .950000, -1.04300, -1.53400, -1.04534, -1.56834, 
1.000000, .68000, -1.53000, .73133, -1.55552, 1.000000, -1.05800, -1.56400, -1. 07247, -1. 63414, 



LAPLACE METHOD 

'. 
u r (alp) 

50.0 .5 

ND VELOCITY .500 
-.01753 
-.01753 
-.00509 
-.00509 
-.19517 
-.17830 
-.19517 
-.17830 
-.13698 
-.12781 
-.02340 
-.02273 

perfornance index is 

ND VELOCITY 3.100 
-.19085 
-.19085 

-1.36708 
-1.36708 
-1.16682 
-1.16682 

-.74436 
-.00338 
-.00338 
-.35884 
-.20286 
-.07687 

perfomance index is 

ND VELOCITY 3.200 
-.19992 
- .19992 

-1.41678 
-1.41678 
-1.20460 
-1.20460 

-.76779 
.00058 
.00058 

-.36035 
-.21351 
-.07676 ... perfomance index is .. 

. 

• 

TRANSONIC M=O. 85 
FORCED CONSTRAINTS AT N(r,c)=O.O AT k=O.O 
RANGE 0.00 < k < 1. 00 

ah wben/wtor 

-.5 .2 

-1.17101 
1.17101 

.20181 
-.20181 

.03653 

.03354 
-.03653 
-.03354 

.00000 

.00000 

.00000 

.00000 
.75683 .00000 

1.23731 
-1.23731 

.69722 
-.69722 

.25217 
-.25217 

.00000 

.29255 
-.29255 

.00000 

.00000 

.00000 
8.89727 .00000 

1.24432 
-1.24432 

.72501 
-.72501 

.26032 
-.26032 

.00000 

.29752 INSTABILITY 
-.29752 NO VELOCITY = 3.19 

.00000 

.00000 

.00000 
15.95851 .00000 
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• '-.0, 

SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 
TRANSONIC REGIME M=0.85 
GLOBAL OPTIMIZATION 
FORCED CONSTRAINTS 
RANGE 0.00 < k < 1.00 

G'liI Glu 
k EXACT APPROXlMATE k EXACT APPROXlMATE 

REAL 1 MAG REAL lMAG REAL lMAG REAL lMAG 

.000000, .00000, .00000, .00000, .00000, .000000, 14.70000, .00000, 14.70000, .00000, 

.025000, .17000, .56000, .20041, .56379, .025000, 12.20000, -4.05000, 12.09142, -4.07232, 

.050000, .39000, .87000, .43868, .85147, .050000, 9.50000, -4.15000, 9.23969, -4.20057, 

.087500, .66000, 1.17000, .70126, 1.18815, .087500, 7.63000, -3.70000, 7.67001, -3.60840, 

.100000, .76000, 1.23000, .78739, 1.27735, .100000, 7.22000, -3.47000, 7.30929, -3.51304, 
~ .125000, .89000, 1. 39000, .94081, 1.41745, .125000, 6.61000, -3.18000, 6.64489, -3.30380, 
1 .150000, 1. 01000, 1.49000, 1. 05738, 1.52418, .150000, 6.09000, -2.94000, 6.08270, -3.02828, 

1":' .175000, 1.12000, 1. 61000, 1.13708, 1. 61709, .175000, 5.72000, -2.59000, 5.63848, -2.70889, o. 
.200000, 1.17000, 1.69000, 1.18649, 1.70825, .200000, 5.41000, -2.29000, 5.30123, -2.37741, 
.250000, 1.25000, 1.93000, 1. 22244, 1. 90616, .250000, 4.92000, -1. 79000, 4.86628, -1. 75049, 
.300000, 1.23000, 2.12000, 1. 20838, 2.13362, .300000, 4.63000, -1. 30000, 4.63458, -1. 21168, 
.350000, 1.19000, 2.39000, 1.16854, 2.38805, .350000, 4.43000, -.83000, 4.51518, -.76053, 
.400000, 1.15000, 2.64000, 1.11535, 2.66342, .400000, 4.35000, -.41000, 4.45752, -.38090, 
.450000, 1.07000, 2.93000, 1.05501, 2.95416, .450000, 4.35000, -.03000, 4.43406, -.05620, 
.500000, .98000, 3.25000, .99046, 3.25592, .500000, 4.40000, .28000, 4.42969, .22711, 
.550000, .92000, 3.54000, .92301, 3.56554, .550000, 4.43000, .55000, 4.43604, .47927, 
.600000, .88000, 3.89000, .85313, 3.88073, .600000, 4.50000, .74000, 4.44844, .70785, 
.650000, .79000, 4.20000, .7808 ... , 4.19990, .650000, 4.50000, 1.00000, 4.46424, .91840, 
.700000, .68000, 4.52000, .70611, 4.52191, .100000, 4.48000, 1.18000, 4.48194, 1.11500, 
.750000, .57000, 4.88000, .62879, 4.84597, .750000, 4.48000, 1.31000, 4.50072, 1. 30069, 
.800000, .47000, 5.22000, .54853, 5.17148, .800000, 4.48000, 1.47000, 4.52013, 1.47773, 
.850000, .39000, 5.53000, .46518, 5.49806, .850000, 4.49000, 1.63000, 4.53991, 1. 64784, 
.900000, .29000, 5.87000, .37857, 5.82540, .900000, 4.56000, 1. 80000, 4.55997, 1. 81234, 
.950000, .20000, 6.25000, .28853, 6.15329, .950000, 4.60000, 1. 91000, 4.58025, 1.97223, 

1.000000, .10000, 6.58000, .19492, 6.48156, 1.000000, 4.62000, 2.02000, 4.60076, 2.12832, 

1 111\ \ Il li ",01 



~ ~ 

Cm" C71l0 

k EXACT APPROXlMATE k Ex..~CT APPROXlMATE 
REAL lMAG REAL lMAG REAL lMAG REAL lMAG 

.000000, .00000, .00000, .00000, .00000, .000000, -.44500, .00000, -.44500, .00,,~o, 

.025000, .00100, -.03500, -.08536, -.07477, .025000, -.45000, -.02700, -.45251, -.05573, 

.050000, .01500, -.06500, -.07246, -.03012, .050000, -.45500, -.12200, -.40544, -.12522, 

.087500, .02500, -.12500, .00470, -.13296, .087500, -.49500, -.31100, -.42450, -.33564. 

.100000, .03000, -.14500, -.00026, -.17806, .100000, -.52000, -.34800, -.46298, -.39195, 

.125000, .02000, -.19800, -.03268, -.24522, .125000, -.58100, -.42200, -.55008, -.46639, 

~ .150000, .01500, -.23000, -.06879, -.28304, .150000, -.67200, -.50800, -.62755, -.50379, 

1 .175000, .01000, -.28000, -.09475, -.30307, .175000, -.73200, -.54800, -.68670, -.52187, 
1";' .200000, -.00500, -.32500, -.10802, -.31524, .200000, -.81000, -.58200, -.72856, -.53235, 
Cl 

.250000, -.03500, -.39700, -.10344, -.33744, .250000, -.90500, -.61000, -.77490, -.55295, 

.300000, -.06000, -.40300, -.07271, -.37041, .300000, -.89800, -.55000, -.79240, -.58606, 

.350000, -.04500, -.42500, -.02907, -.41710, .350000, -.86800, -.57500, -.79722, -.63383, 

.400000, -.00500, -.44800, .02019, -.47542, .400000, -.82400, -.64800, -.79794, -.69385, 

.450000, .06500, -.49000, .07148, -.54248, .450000, -.79000, -.75000, -.79890, -.76310, 

.500000, .14000, -.55000, .12324, -.61574, .500000, -.77000, -.90300, -.80217, -.83905, 

.550000, .21000, -.64000, .17495, -.69328, .550000, -.81800, -.99200, -.80866, -.91976, 

.600000, .27000, -.76000, .22659, -.77370, .600000, -.85200, -1.08000, -.81870, -1.00384, 

.650000, .34000, -.86000, .27836, -.85600, .650000, -.87800, -1. 14300, -.83234, -1.09027, 

.700000, .39000, -.97000, .33054, -.93951, .700000, -.89200, -1.23000, -.84948, -1.17836, 

.750000, .46000, -1.06000, .38344, -1.02376, .750000, -.93000, -1.30700, -.86999, -1.26760, 

.800000, .53000, -1.13000, .43733, -1.10842, .800000, -.97800, -1.38100, -.89371, -1.35764, 

.850000, .57000, -1.19000, .49246, -1.19328, .850000, -1. 00800, -1.43900, -.92048, -1.44823, 

.900000, .61000, -1.28000, .54905, -1.27819, .900000, -1.03100, -1.49500, -.95018, -1.53920, 

.950000, .65000, -1.40000, .60729, -1. 36306, .950000, -1.04300, -1.53400, -.98269, -1.63041, 

1.000000, .68000, -1. 53000, .66733, -1.44782, 1.000000, -1.05800, -1. 56400, -1. 01789, -1. 72178, 



LAPLACE METHOD 

( 
u r(alp) 

50.0 .5 

ND VELOCITY .500 
-.02388 
-.02388 
-.00516 
-.00516 
-.17990 
-.17990 
-.04345 
-.04345 
-.03331 
-.03331 
-.02539 
-.02539 

perfomance index is 

ND VELOCITY 3.300 
-.21773 
-.21773 

-1.28855 
-1. 28855 

-.34557 
-.00193 
-.34557 
-.00193 
-.15908 
-.04041 
-.15908 
-.04041 

perfomance index is 

ND VELOCITY 3.400 
-.22938 
-.22938 

-1.34034 
-1.31940 

-.35652 
.00131 

-.35652 
.00131 

-.16341 
-.16341 
-.03761 
-.03761 

( perfomance index is 

TRANSONIC M=0.85 
FORCED CONSTRAINTS 
RANGE 0.00 < k < 1.00 

ah wben/wtor 

-.5 .2 

1.17850 
-1.17850 
-.20181 

.20181 

.00227 
-.00227 
-.00962 

.00962 

.01123 
-.01123 

.00376 
-.00376 

.78187 .00000 

-1.24873 
1.24873 
-.01047 

.01047 
-.25499 
-.29898 

.25499 

.29898 
-.13442 
-.07268 

.13442 

.07268 
8.34966 .00000 

-1. 25594 
1. 25594 

.00000 

.00000 
-.26509 
-.30338 INSTABILITY 

.26509 ND VELOCITY 

.30338 
-.13823 

.13823 
-.07519 

.07519 
8.98850 .00000 
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... 

Appendix G : Incolnpressible Regime - Eigenvalue SolntiollS 

Eigenvalue solutions for the incompressible regime (Case # 1) incorpOl il tlllg the { . -

g, p - k and Laplace methods . 
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UG HETHOD CASE .1 

\ 
r(alp) ah wben/wtor u 

50.0 .5 -.5 .2 

k U/b*wtor w/wtor 9 damping ratio 

10.000, .01970, .19698, -.00209, .00104, 
10.000, .11493, 1.14932, -.00569, .00284, 

6.000, .03283, .19699, -.00348, .00174, 
6.000, .19150, 1.14900, -.00948, .00474, 
4.000, .04925, .19701, -.00524, .00262, 
4.000, .28709, 1.14837, -.01423, .00712, 
2.000, .09856, .19711, -.01067, .00533, 
2.000, .57247, 1.14494, -.02861, .01431, 
1.000, .19746, .19746, -.02238, .01119, 
1.000, 1.13102, 1.13102, -.05796, .02898, 

.880, .22452, .19758, -.02580, .01290, 

.880, 1. 27906, 1.12558, -.06604, .03302, 

.800, .24711, .19769, -.02871, .01436, 

.800, 1. 40063, 1.12050, -.07275, .03638, 

.600, .33024, .19814, -.03995, .01998, 

.600, 1.82975, 1.09785, -.09686, .04843, 

.500, .39712, .19856, -.04954, .02477, 

.500, 2.15096, 1.07548, -.11494, .05747, 

.400, .49815, .19926, -.06485, .03243, 

.400, 2.58976, 1.03590, -.13857, .06929, 

.300, .66874, .20062, -.09274, .04637, 

.300, 3.19652, .95896, -.16476, .0"8238, 

.200, 1.02048, .20410, -.15760, .07880, 

.200, 3.97729, .79546, -.16106, .08053, 

.150, 1.39164, .20875, -.23812, .11906, 

.150, 4.35545, .65332, -.09675, .04837, 

.140, 1.50237, .21033, -.2650!l, .13254, 

.140, 4.41935, .61871, -.07038, .03519, 

.130, 1.63333, .21233, -.29866, .14933, 

.130, 4.47879, .58224, -.03713, .01856, 

.125, 1. 70828, .21354, -.31888, .15944, 

.125, 4.50682, .56335, -.01709, .00854, 

.120, 1.79092, .21491, -.34199, .17100, 

.120, 4.53418, .54410, .00554, -.00277, INSTABILIT'l 

.110, 1.98367, .21820, -.40100, .20050, U/b*wtor = 4.53 

.110, 4.59055, .50496, .06404, -.03202, 

.100, 2.22456, .22246, -.48395, .24197, 

.100, 4.66272, .46627, .14335, -.01167, 
• OSO, 4.97074, .24854, -1. 75199, .81599, 
.050, 7.19299, .35965, 1.11015, -.55508, 
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PK METHOD CASE .1 ,. 
~. 

u r(a1p) ah wben/wtor 

50.0 .5 -.5 .2 

k U/b*wtor dampinq w damping ratio 

.3966, .5000, -.00640, .19917, .03212 
2.2909, .5000, -.01436, 1.14593, .01253 

.2034, 1.0000, -.01487, .20335, .07295 
1.1348, 1.0000, -.02958, 1.13484, .02606 

.1394, 1.5000, -.02492, .20916, .11830 

.7434, 1.5000, -.04621, 1.11514, .04141 

.1087, 2.0000, -.03677, .21735, .16679 

.5425, 2.0000, -.06450, 1.08521, .05933 

.0916, 2.5000, -.05169, .22893, .22026 

.4169, 2.5000, -.08437, 1.04258, .08066 

.3275, 3.0000, -.10547, .98336, .10664 

.0820, 3.0000, -.07180, .24614, .28002 

.2570, 3.5000, -.12613, .89945, .13887 

.0781, 3.5000, -.10247, .27359, .35074 

.1923, 4.0000, -.13992, .76981, .17882 

.0809, 4. 0000, -.16167, .32367, .44684 

.1784, 4.1000, -.13846, .73202, .18586 

.0821, 4.1000, - .18312, .33747, .47693 

.1633, 4.2000, -.13313, .68655, .19036 

.0838, 4.2000, -.21078, .35084, .51500 

.1456, 4.3000, -.11102, .62712, .11433 

.0833 , 4.3000, -.24824, .3.5793, .56990 

.1306, 4.4000, -.05886, .57403, .10201 

.0805, 4.4000, -.29190, .35396, .63623 

.1228, 4.5000, -.01093, .55238, .01977 

.0749, 4.5000, -.33777, .33681, .70811 

.1177, 4.6000, .02507, .54086, -.04629 INSTABILIT'i 

.0678, 4.6000, -.38361, .31138, .77642 U/b*wtor = 4.53 

.1133, 4.7000, .05465, .53225, -.10213 

.0599, 4.7000, -.43058, .28056, .83783 

.1094, 4.8000, .08015, .52451, -.15106 

.0499, 4.8000, -.48151, .23879, .89589 

.1056, 4.9000, .10301, .51721, -.19532 

.0390, 4.9000, •• 53891, .19045, .94285 

.1020, 5.0000, .12384, .50991, -.23600 

.0284 , 5.0000, -.60286, .14083, .97378 

.0986, 5.1000, .14317, .50263, -.27394 

.0208, 5.1000 1 -.66517, .10505, .98776 
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LAPLACE METHOD CASE '1 

.( 
r(alp) ah wben/wtor Eigenvalue Analysis u 

50.0 .5 -.5 .2 

ND VELOCITY .50 
-.01437 1.14595 
-.01437 -1.14595 
-.00637 -.19921 
-.00637 .19921 
-.38147 .00000 
-.38256 .00000 
-.12656 .00000 
-.12798 .00000 
-.04200 .00000 
-.04214 .00000 
-.00772 .00000 
-.00772 .00000 

perfomance index 1s 1.13157 .00000 

NO VELOCITY 1. 00 
-.02966 1.13486 
-.02966 -1.13486 
-.76212 .00000 
-.76511 .00000 
-.01482 .20360 
-.01482 -.20360 
-.24879 .00000 
-.25595 .00000 
-.08316 .00000 
-.08429 .00000 
-.01.544 .00000 
-.01543 .00000 

perfomance index is 1.22729 .00000 

NO VELOCITY 1.50 
-.04649 -1.11520 
-.04649 1.11520 
-1.142~1 .00000 
-1.14767 .00000 
-.02480 .20984 
-.02480 -.20984 
-.36693 .00000 
-.38393 .00000 
-.12267 .00000 
-.12643 .00000 
-.02316 .00000 
-.02313 .00000 

perfomance index 1s 2.29740 .00000 

NO VELOCITY 2.00 

J -.06529 1.08538 
"- -1. 52250 .00000 

-1.53023 .00000 
-.06529 -1. 08538 
-.51190 .00000 
-.48020 .00000 4. - :31 



-.03664 .21879 
-.03664 -.21879 
-.15957 .00000 
-.16857 .00000 
-.03088 .00000 
-.03080 .00000 

perfomance index is 28.13492 .00000 

ND VELOCITY 2.50 
-1. 90251 .00000 
-1.91278 .00000 
-.08644 -1. 04289 
-.08644 1.04289 
-.63988 .00000 
-.58718 .00000 
-.05141 -.23195 
-.05141 .23195 
-.19235 .00000 
-.21072 .00000 
-.03860 .00000 
-.03843 .00000 

perfomance index is 2.70799 .00000 

ND VELOCITY 3.00 
-2.28251 .00000 
-2.29534 .00000 
-.11024 -.98348 
-.11024 .98348 
-.76786 .00000 
-.68609 .00000 
-.07108 .25240 
-.07108 -.25240 
-.25286 .00000 
-.21817 .00000 
-.04632 .00000 
-.04600 .00000 

perfomance index is 2.86213 .00000 

ND VELOCITY 3.50 
-2.66251 .00000 
-2.67790 .00000 
-.13678 .89843 
-.13678 -.89843 
-.89583 .00000 
-.77454 .00000 
-.09940 .28811 
-.09940 -.28811 
-.29500 .00000 
-.23173 .00000 
-.05404 .00000 
-.05348 .00000 

perfomance index is 2.21510 .00000 

ND VELOCITY 4.00 
~ 

-3. 04253 .00000 
.' -3. 06045 .00000 

-.16495 -.76095 
-.16495 .76095 

-1.02381 .00000 
-.84867 .00000 
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-.14324 -.36783 . -.14324 .36783 
:l -.33714 .00000 

-.22548 .00000 
-.06176 .00000 
-.06081 .00000 

perfomance index is 2.43926 .00000 

ND VELOCITY 4.10 
-3.11854 .00000 
-3.13696 .00000 
-.16997 .71810 
-.16997 -.71810 

-1.04940 .00000 
-.86123 .00000 
-.15509 .39867 
-.15509 -.39867 
-.34557 .00000 
-.22157 .00000 
-.06331 .00000 
-.06225 .00000 

pertomance index is 2.98730 .00000 

NO VELOCITY 4.20 
-3.19455 .00000 
-3.21348 .OOOCO 
-1.07500 .00000 
-.87286 .00000 
-.17319 -.65974 
-.17319 .65974 
-.16957 .44503 
-.16957 -.44503 
-.35400 .00000 
-.21693 .00000 
-.06485 .00000 
-.06368 .00000 

perfomance index is 2.48161 .00000 

NO VELOCITY 4.40 
-3.34656 .00000 
-3.36650 .00000 
-.05134 .55387 
-.32922 .52710 

-1.12619 .• 00000 
-.89292 .00000 
-.05134 -.55387 
-.32922 -.52710 
-.37086 .00000 
-.20615 .00000 
-.06794 .00000 
-.06651 .00000 

perfomance index is 6.60422 .00000 

ND VELOCITY 4.50 
( -3.42257 .00000 

-3.44301 .00000 
-1. 15178 .00000 
-.01016 -.54976 
-.39043 -.51942 
-.90108 .00000 .4 -.B 

• 



-.01016 .54976 
,P -.39043 .51942 
.IL -.37929 .00000 

-.20035 .00000 
-.06948 .00000 
-.06791 .00000 

perfomance index is 2.05162 .00000 

ND VELOCITY 4.60 
-3.49858 .00000 
-3.51952 .00000 
-1.17738 .00000 

.02177 .54546 INSTABILITY 
-.44317 .51200 U/b*wtor - 4.53 
-.90778 .00000 

.02177 -.54546 
-.44317 -.51200 
-.38771 .00000 
-.06929 .00000 
-.07103 .00000 
-.19451 .00000 

perfomance index is 5.28303 .00000 

ND -VELOCITY 4.80 
-3.65060 .00000 
-3.67254 .00000 

.07249 .53602 

.07249 -.53602 
-1.22857 .00000 
-.53799 .49817 
-.91590 .00000 
-.53799 -.49817 
-.40457 .00000 
-.07200 .00000 
-.07412 .00000 
-.18314 .00000 

perfomance index is 2.20679 .00000 

ND VELOCITY 5.00 
-3.80262 .00000 
-3.82557 .00000 

.11382 -.52557 

.11382 .52557 
-1.27976 .00000 
-.62745 -.48580 
-.62745 .48580 
-.91517 .00000 
-.42143 .00000 
-.17267 .00000 
-.07461 .00000 
-.07720 .00000 

perfomance index is 1. 71618 .00000 

.-~ 

"'-
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Appenclix H : Transonic Regime - Laplace Generated Eigen

\"ahws for M = 0.85 

Thi:, :,ertioIlo., gi\'es the Laplace generated eigenvalues for M = 0.8.5. 
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LAPLACE METHOD 

u 

50.0 

r(alp) 

.5 

ND VELOCIT'i .500 
-.08315 
-.08315 
-.00511 
-.00511 
-.18737 
-.18737 
-.12884 
-.12884 
-.11139 
-.11139 
-.02172 
-.02172 

perfomance index i5 

ND VELOCIT'i 1.000 
-.13682 
-.13682 
-.01143 
-.01143 
-.47016 
-.41480 
-.24390 
-.24390 
-.19773 
-.19773 
-.04279 
-.04279 

perfomance index i5 

ND VELOCIT'i 1.500 
-.14304 
-.14304 
-.91862 
-.60947 
-.01825 
-.01825 
-.35435 
-.35435 
-.27054 
-.27054 
-.06248 
-.06248 

perfomance index i5 

ND VELOCIT'i 2.000 
-.13090 

-1.42867 
-.13090 
-.81080 
-.0~269 

TRANSONIC M=0.85 

ah wbenjwtor 

-.5 .2 

1. 27662 
-1.27662 
-.20185 

.20185 
-.01797 

.01797 
-.03121 

.03121 
-.01459 

.01459 

.00019 
-.00019 

1.34192 .00000 

-1. 22225 
1.22225 

.21140 
-.21140 

.00000 

.00000 
-.08059 

.08059 
-.03599 

.03599 

.00145 
-.00145 

1. 91492 .00000 

-1.17204 
1. 17204 

.00000 

.00000 

.22490 
-.22490 

.13235 
-.13235 

.05787 
-.05787 

.00460 
-.00460 

3.55296 .00000 

-1.16269 
.00000 

1. 16269 
.00000 
.24257 .\ - '36 



-.02269 -.24257 
-.46358 .18321 
-.46358 -.18321 

"" -.33331 .07634 
-.33331 -.07634 
-.08006 -.01006 
-.08006 .01006 

perfomance index is 3.54698 .00000 

ND VELOCIT'i 2.500 
-1. 93877 .00000 

-.13300 -1.18652 
-.13300 1.18652 

-1. 01285 .00000 
-.02228 .26434 
-.02228 -.26434 
-.57278 .23294 
-.57278 -.23294 
-.38902 .08819 
-.38902 -.08819 
-.09496 -.01771 
-.09496 .01771 

perfomance index is 4.61556 .00000 

tJO VELOCITY 3.000 
-2.43536 .00000 
-.15539 1. 22983 
-.15539 -1.22983 

-1.21510 .00000 
-.68232 -.28189 
-.68232 .28189 
-.01448 -.28849 
-.01448 .28849 
-.44104 .09158 
-.44104 -.09158 
-.10696 .02704 
-.10696 --.02704 

perfomance index is 3.86013 .00000 

ND VELOCIT'i 3.100 
-2.53320 .00000 
-.16210 -1.24029 
-.16210 1. 24029 

-1.25556 .00000 
-.70427 -.29162 
-.70427 .29162 
-.01186 -.29332 
-.01186 .29332 
-.45129 -.09119 
-.45129 .09119 
- .10903 .02906 
-.10903 -.02906 

perfomance index is 5.05791 .00000 

" ND VELOCIT'i 3.200 
-2.63062 .00000 

-.16948 1.25130 
-.16948 -1.25130 

-1.29602 .00000 
-.72623 -.30133 -1- :3; 

-



-.72623 .3013 3 
-.00889 -.29807 
-.00889 .29807 
-.46152 -.09044 
-.46152 .09044 
-.11100 .03110 
-.11100 -.03110 

perfomance index 1s 5.61231 .00000 

ND VELOCITV 3.300 
-2.72764 .00000 

-.17749 -1. 26286 
-.17749 1.26286 

-1.33649 .00000 
-.74821 -.31102 
-.74821 .31102 
-.00554 -.30271 
-.00554 .30271 
-.47177 -.08933 
-.47177 .08933 
-.11287 .03319 
-.11287 -.03319 

perfomance index is 24.33285 . 00000 

ND VELOCITY 3.400 
-2.82428 .00000 

-.18609 -1. 27495 
-.18609 1.27495 

-1. 37696 .00000 
-.77020 .32070 
-.77020 -.32070 
-.00184 .30721 
-.00184 -.30721 
-.48205 .08786 
-.48205 -.08786 
-.11466 .03530 
-.11466 -.03530 

perfomance index is 16.47175 .00000 

ND VELOCITY 3.500 
-2.92058 .00000 
-.19525 1.28157 

-1.41743 .00000 
-.19525 -1.28757 INSTABILITY 
-.19221 -.33037 ND VEL = 3.45 
-.79221 .33037 

.00221 .31152 

.00221 -.31152 
-.49236 .08603 
-.49236 -.08603 
-.11637 .03744 
-.11637 -.03744 

perfomance index is 5.16619 .00000 

~> ND VELOCITV 4.000 
,r -3.39765 .00000 

-1.61980 .00000 
-.24794 -1. 35846 
-.24794 1. 35846 
-.90240 .37857 A -:3B 
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-.90240 
.02714 
.02714 

-.54475 
-.54475 
-.12386 
-.12386 

perfomance index is 

-.37857 
-.32936 

.32936 
-.07102 

.07102 

.04847 
-.04847 

2.57841 
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Appendix 1 : Transonic Regüne - Comparison of Rational FUllt'

tion Optin1ization 

Comparison of ratIOnal functlOn optimlzation for M = 080 . . \1 = 0 x.:-) ,1I1t! .\1 = 

O.8ï5. 
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TRANSONIC AERODVNAMICS 

M=0.85 M=0.80 M=0.875 

N(l,l) .000000 .000000 .000000 

Cf,,, 
7.351972 1. 908267 6.759715 
-.265177 3.804198 .499484 

-8561.672085 -95004.636200 3.652575 
.593074 .668869 .076634 

8707.625432 15317.270050 .928264 
-146.231038 79694.444592 -3.828033 

N(1,2) 14.235672 10.400895 17.891303 

C', .957753 6.483311 -.319441 
1. 258183 -.637080 2.425840 0 

404976.770760 199406.181992 -21. 350260 
-8.145772 -4.472213 11. 313079 

-408964.029690 -31963.187732 -23.973478 
3987.367830 -167451.070982 22.699002 

N(2,1) .000000 .000000 .000000 

Cml! 
-1. 905869 -1. 614667 -1.979172 
-.293633 -0.378487 .006105 

158360.047503 10060.571210 -3.656111 
-.059842 .024373 -.004-016 

-159903.225805 -1624.362035 -.219576 
1543.931881 -8436.118582 4.435226 

N(2,2) -.516839 -.178982 -4.220761 

C"//n 

-4.394286 2.247185 -1. 072839 
2.744002 -2.311694 .007098 

217699.240354 21872.971701 7.958546 
.165112 -.038852 -.309693 

-219881. 401614 -3648.306001 3.606871 
2184.097622 -18230.087698 -8.442002 

OPTIMAL 

!.AG TERMS .27892661 .54004054 .30284145 
.04365735 .06187302 .00461111 
.27899139 .54678439 .02192557 

.. .28586712 .53878120 .35119036 
; 

ERROR .00139602 .00106544 .00236629 

-\ --11 
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.. .-\ppenclix .J : 300 F InC'Ol11pressi ble r nstead~' .-\('rod~·nalllil':--.. 

Expressions for Lift fo1'cp, Pitching \loment and Hinge Moment 

p =! - I..!..:..[l + :?(F + IG)]-:? (..!..:..)2 (F + IG) o l IJIJ. bit 

p = _.ll + l.Lh _ l..!..:..lu(F + IG) - 2 (.1...)2 fu(F + IG) 
, - !,IL,. bu - bu " 

\/ T· ( 1) h \' T.-t(vIi3:;)3 ( \' )2 L..±.Lll . ,= -:.: - C,3 + ï ,. + 1 b; ". - bw 7r 

IG) 

T = _L + Il. TiTl1 _ Il fuIu.(F + IG) _ (.L) 2 T~-rIT1Q _ (.l...) ~ illl..u( F + I( i) 
,j .. 2 IlfJ.. 2:'1'2 Ilu. 2".2 bu>:,,2 1", :""J 
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( J' 1 ~I 2 
1 = - co' - (J + (,1 V 1 - (,j 
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!'. .-\ppendix I~ Control Transfornlation ~vlatrix 

Vanous Airfoil Configurations (transformation) 

For an allfoil of specifIe geometlie configuratIOn. :\iSSllll and Alwl dl'!I'lllllllt'd 11lC' 

optImal parameters for a PD transfer functlon control. For an airfoil t1ap hd\ Illg ,1 lell.!!,! li 

equa! ta 20% of the ehord (Câ = 0.6, ~ee figure 10), and having displacement 1l11'''~11l'I'd d' 
:309( chard (mea~ured from leading edge, gives a = -0...1), they found the COlïl''''HII!dlll!!, 

\ aille:" 

[ t ] = [ t Il ' t 12 ] = [ 0.0, -1 86] , 

[ t • ] = [ t 1 i ' t 12 ] = [ -1.0 , :3.20 J . 

In this study an airfoil Aap having a length equal to 20% of tlw rhul d ((',1 == lI.f" 

.;;pe figul plO) and ha \'Ing displacement measured at 2,5% chard (cal'! {-",polld III,!!, \'.t1I1t' (JI 

Il == -0 . .5) was c0115idered. A transformation \Vas required to accoullt for LI\I' d t/fell 'III f' III 

position at which the measurements were made (Nisslm 1971; :JisSIJ11 J9ï7) 

The transformation matlix can be written as 

where [ ]ope is the original matt'ix values Nissim and Abel obtained fOI tlH' "pl'( dit .!!.(!Olll

etry of an airfoil flap having a length equal to 20% of the chord (en == 0.(1, dIlt! \tllvlIIg 

displacement measured at 30% chard (measured [rom leading ed l1;e , gin· ... fi = -fl·1 J, 

namely 

[ t 1 = [ tJl , in] = [ 0.0 , -1.86] . 
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{ 
" ,. 

[ , • J = [ ',~ ',~ 1 = [ l. (J . "1. ~o 1 

The va.lue 01 ;'3 15 allalogous to the quantity a, that is used in this thesls. :-.Jote ",hen 

" v,dlle of a = -0.-1 i& llsed in tbe transformation matrix, the original matrix results are 

III tlll.., ..,fllch élll (Iilfoil flap ha\1l1g a length equal to 20% of the chord (CJ = 0.6. 

"f'f' IlgllII' 10) rll,d ben lllg dl"'placement measured at 2.5% chord (corresponding \alue of 

Il = -0.5) \\'fI" cOll..,idCl"f'c/ A tl ansformation was completed to account for the difference 

III position of measurement by 

[t L = [t L/l( [ 0
1 -.r31- 0.4] 

[ t l. = [0 - 1.86 Lpt 
[ 

0

1 

and 

1 t • J. = 1 <.0 ~.2 J", [~ 

-( -0.5) - 0.4] 
=[0 

1 
- 1.86 1 

-( -0.5) - 0.4] 
= [4.0 3.6 J 

1 
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:\ppenclix L : Computer Progranl Listings 

PROGRAM INPUT FILES OUTPUT FILES COMMENTS 

1 UG.FOR UGTHEO.DAT UGDATA.OUT eigenvalue analysis 
CONST. DAT flutter calculation 

COMP.BAT (FORTRAN) 
(incompressible) 

2 PK. FOR PKTHEO. DAT PKDATA.OUT eigenvalue analysis 
CONST1.DAT flutter calculation 

COMP.BAT (FORTRAN) 
(incompressible) 

3 SIMPN.FOR Nll.DAT LAG.OUT rational function 
N12.DAT LAPLACE.DAT approximation 

DATA. OUT (incompressible) 

4 S IMPTRN • FOR Nll. DAT LAG.OUT rational function 
N12.DAT LAPLACE. DAT approximation 
N2l.DAT DATA. OUT (transonic) 
N22.DAT 

5 LAPINCOM. FOR LAPLACE. DAT EIGEN.OUT eigenvalue analysis 
CONST6.DAT flutter calculation 

COMP.BAT (FORTRAN) 
(incompressible) 

6 LAPTRAN. FOR LAPLACE. DAT EIGEN.OUT eigenvalue analysis 
CONST6. DAT flutter calculdtion 

COMP.BAT (FORTRAN) 
(tr.:msonic) 

7 LAPPDOP. FOR LAPLACE. DAT OPTIMAL. OUT eigenvalue analysis 
CONST6.DAT DATA. OUT flutter calculation 

CaMP. BAT (FORTRAN) 
(incompressible) 

'." 
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ft 

$storage:2 
$floatcalls 
$debug 
c-----------------------------------------------------------------------
c u-g EIGENVALUE SOLUTION 
c-----------------------------------------------------------------------
c 

c 

IMPLICIT REAL*8 (A-Z) 
INTEGER ib,n,ia,ijob,iz,ier,infer,i,j 
COMPLEX*16 eval(2),A(2,2),B(2,2),EIGA(2),EIGB(2),Z(2,2),WK(3,6) 
REAL k(40),kc(40),F(40),G(40),u 
REAL abar(2,40),bbar(2,40),ndvel(2,40),ndw(2,40) 
REAL gdamp(2,40),dratio(2,40) 
INTEGER pt,pts 

C Read in constants. 

C 

OPEN (UNIT=l,FILE='CONST.DAT',STATUS='OLD') 
READ (1,*) ia,ib,iz,n,ijob 

CLOSE (UNIT=l) 

C open required files 

C 

OPEN (UNIT=2,FILE='CONST.OUT',STATUS-'NEW') 
OPEN (UNIT=4,FILE='UGEIGEN.OUT',STATUS='NEW') 

C required constants 
u=50.0 
wrat=O.2 
r=O.5 
ah=-O.5 

C 

C 

x=O.25 
sernic=l. 0 
wtor=l.O 
pts=21 

C Theodorsen function C(k)= F+iG given by k, Wll~"'e k=kcj2 
C thus if kc=O.2, k=O.l therefore require C(\. =~(O.l) 

C 

OPEN (UNIT=3,FlLE='UGTHEO.DAT',STATUS='l ~ ) 
do 50 pt=l,pts 

READ (3,*) k(pt),F(pt) ,G(pt) 
kc(pt)=2.0*k(pt) 

50 continue 
CLOSE (UNIT=3) 

C formation of COMPLEX matrices [A] and [B] to 
C solve eigenvalue problem given by [A]{x} = lamba [B]{X} 

do 100 pt=l,pts 
arll=0.25*u*kc(pt)**2+0.25*kc(pt) **2+kc{pt) *G{pt) 
aill=-kc(pt)*F(pt) 
ar12=O.25*x*u*kc(pt)**2-0.25*ah*kc(pt)*~2-2*F(pt)+ 

l (O.S-ah)*kc(pt)*G{pt) 
ai12=-O.5*kc(pt)-2*G(pt)-(O.5-ah)*kc(pt)*F(pt) 
ar21=0.25*x*U*kc(pt)**2-0.25*ah*kc(pt)**2-(ah+O.5) 

1 *kc(pt)*G(pt) 
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C 

ai21=(ah+0.5)*kc(pt)*F(pt) 
ar22=O.25*r**2*u*kc(pt)**2+(O.125+ah**2)*0.25*kc(pt)**2 

1 +2*(ah+O.5)*F(pt)-(ah+O.5)*(O.5-ah)*kc(pt)*G(pt) 
ai22=-(O.5-ah)*0.5*kc(pt)+2*(ah+O.5)*G(pt)+(ah+O.5) 

1 *(O.5-ah)*kc(pt)*F(pt) 
a(l,l)=dcmplx(arll,aill) 
a(1,2)=dcmplx(ar12,ai12) 
a(2,1)=dcmplx(ar21,ai21) 
a(2,2)=dcmplx(ar22,ai22) 

brll=wrat**2 
bill=O.O 
br12=0.O 
bi12=O.O 
br21=0.O 
bi21=O.O 
br22=r**2 
bi22=O.O 

b(l,l)=dcmplx(brll,bill) 
b(1,2)=dcmplx(br12,bi12) 
b(2,1)=dcmplx(br21,bi21) 
b(2,2)=dcmplx(br22,bi22) 

C subrountine for eigenvalue calculation 
C abar : real part of eval( ) 
C bbar : imaginary part of eval( ) 

CALL E1GZC(A,1A,B,1B,N,IJOB,E1GA,E1GB,Z,1Z,WK,1NFER,1ER) 
DO 5 1=1,n 

5 EVAL(1)=E1GA(I)/EIGB(I) 
write(2,19) k(pt),F(pt),G(pt) 

19 format ( , k ' , f 5 • 3 , , F + i G " 2 f 12 . 7 ) 
write(2,20) arll,ai11,ar12,ai12,ar21,ai21 
write(2,20) ar22,ai22,brl1,br22 

20 format(10f12.7) 
write(2,21)wk(1,1) 

21 formate' perfomance index is', 2f10.3) 

C 

write(2,22)eval(1) 
abar(l,pt)=dreal(eval(l» 
bbar(l,pt)=dimag(eval(l» 

write(2,22)eval(2) 
abar(2,pt)=dreal(eval(2» 
bbar(2,pt)=dimag(eval(2» 

write(4,22)k(pt),eval(1) 
write(4,22)k(pt),eval(2) 

do 6 i=l,n 
6 write(2,22) (z(i,j),j=l,n) 
22 format(8f12.5) 
100 continue 

CLOSE (UNIT=3) 

C calculations and data table 
C ndvel nd velocity 
C ndw nd frequency 
C gdamp structural damping coefficient 
C dratio damping ratio 
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OPEN (UNIT=5, FILE= 'UGDATA. OUT ' ,STATUS=' NEW') 
OPEN (UNIT=6,FILE='UGDAMP.OUT' ,STATUS='NEW') 
OPEN (UNIT=?, FILE='UGFREQ.OUT' ,STATUS='NEW') 

wr i te ( 5 , 32) 
write(S,121) 
wr i te ( 5 , 121) 
wr i te ( 5 , 3 3 ) 
write(S,121) 
write(5,34) u,r,ah,wrat 
write(5,121) 
wr i te ( 5 , 120) 
write(5,121) 

32 format (' UG METHOD ') 
33 formate' u r(alp) ah wben/wtor') 
34 format(f7.1,4f10.1) 

120 format ( 'k U/b*wtor w/wtor 9 
l' damping ratio ') 

121 formate' ') 
do 140 pt-l,pts 
do 130 i=1,2 

ndvel ( i , pt) = (u/ abar ( i , pt) ) * * 0 • 5 
ndw (i, pt) =k(pt) * (u/abar( i, pt» **0.5 
gdamp( i, pt) =bbar (i,pt) /abar (i, pt) 
dratio (i, pt) =-gdamp (i, pt) /2 

C printing data to to be graphed to file 'UGDATA.OUT' 
write(S,125) k (pt) ,ndvel(i, pt), 

1 ndw(i,pt) ,gdamp(i,pt) ,dratio(i,pt) 
wri te(6, 125) ndvel (i, pt) ,dratio (i, pt) 
write(7,125) ndvel(i,pt) ,ndw(i,pt) 

125 format(f6.3,', l ,fl3.S, ',',f12.5,', ',f9.5, ',' 
1 ,f9.5,',',fl2.5,',',f12.5) 

130 continue 
140 continue 

END 

CLOSE (UNIT=?) 
CLOSE (UNIT=6) 
CLOSE (UNIT=5) 
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.. INPUT FILE : UGTHEO.OAT 

THEODORSEN FUNCT:ION C (k) 

10.00 0.5006 -0.0l.24 
6.000 0.SOl.7 -0.0206 
4.000 0.S037 -0.030S 
3.000 0.S063 -0.0400 
2.000 0.S129 -0.0577 
1.500 0.S210 -0.0736 
1.200 0.S300 -0.0877 
1.000 0.S394 -0.1003 
0.800 0.5541 -0.1l.65 
0.600 0.5788 -0.1378 
0.500 0.5979 -0.1507 
0.400 0.6250 -0.16S0 
0.300 0.6t;50 -0.1793 
0.200 0.1276 -0.1886 
0.150 0.1737 -0.1851 
0.130 0.1954 -0.1820 
0.110 0.8188 -0.1766 
0.100 0.8320 -0.1723 
0.050 0.9090 -0.130S 
0.025 0.9545 -0.0872 
0.010 0.9824 -0.0482 

k F iG 

INPUT FILE : CONST. OAT 

2 2 2 2 2 
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-i. OUTPUT FILE UGDATA.OUT 

UG METHOD 

u r(alp) ah wben/wtor 

50.0 .5 -.5 .2 

k U/b*wtor w/wtor 9 dampinq ratio 

10.000, .01970, .19698, -.00209, .00104, 
10.000, .11493, 1.14932, -.00569, .00284, 

6.000, .03283, .19699, -.00348, .00174, 
6.000, .19150, 1.14900, -.00948, .00474, 
4.000, .04925, .19701, -.00524, .00262, 
4.000, .28709, 1.14837, -.01423, .00712, 
3.000, .06568, .19704, -.00703, .00351, 
3.000, .38249, 1.14748, -.01901, .00950, 
2.000, .09856, .19711, -.01067, .00533, 
2.000, .57247, 1.14494, -.02861, .01431, 
1. 500, .13147, .19721, -.01444, .00722, 
1. 500, .76090, 1.14135, -.03831, .01916, 
1.200, .16444, .19732, -.01834, .00917, 
1.200, .94726, 1.13672, -.04810, .02405, 
1. 000, .19746, .19746, -.02238, .01119, 
1. 000, 1.13102, 1.13102, -.05796, .02898, 

.800, .24711, .19769, -.02871, .01436, 

.800, 1. 40063, 1.12050, -.07275, .03638, 

.600, .33024, .19814, -.03995, .01998, 

.600, 1. 82975, 1. 09785, -.09686, .04843, 

.500, .39712, .19856, -.04954. .02477, 

.500, 2.15096, 1. 07548, -.11494, .05747, 

.400, .49815, .19926, -.06485, .03243, 

.400, 2.58976, 1. 03590, -.13857, .06929, 

.300, .66874, .20062, -.09274, .04637, 

.300, 3.19652, .95896, -.16476, .08238, 

.200, 1. 02048, .20410, -.15760, .07880, 

.200, 3.97729, .79546, -.16106, .08053, 

.150, 1.39164, .20875, -.23812, .11906, 

.150, 4.35545, .65332, -.09675, .04837, 

.130, 1.63333, .21233, -.29866, .14933, 

.130, 4.47879, .58224, -.03713, .01856, 

.110, 1.98367, .21820, -.40100, .20050, 

.110, 4.59055, .50496, .06404, -.03202, 

.100, 2.22456, .22246, -.48395, .24197, 

.100, 4.66272, .46627, .14335, -.07167, 

.050, 4.97074, .24854, -1.75199, .87599, 

.050, 7.19299, .35965, 1.11015, -.55508, 

.025, 10.37782, .25945, -4.24223, 2.12111, 

.025, 13.98072, .34952, 2.64402, -1. 32201, 

.010, 27.41923, .27419,-12.28424, 6.14212, 

.010, 34.48513, .34485, 6.79696, -3.39848, 
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l 
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l 

$storage:2 
$floatcalls 
$debug 
C-----------------------------------------------------------------------
C p·-k EIGENVALUE SOLUTION 
c-----------------------------------------------------------------------
c 

IMPLICIT REAL*8 (A-Z) 
INTEGER ib, n, ia, ijob, iz, ier, infer, i, j 
COMPLEX*16 eval(4) ,A(4,4) ,B(4,4) ,EIGA(4) ,EIGB(4) ,Z(4,4) ,WK(6, 12) 
REAL k(40) ,kc(40) ,F(40) ,G(40) ,u,vel 
REAL abar (4) , bbar ( 4) , ndvel ( 4,40) , ndw (4 , 40) 
REAL gdamp(4, 40) ,dratio(4, 40) ,kg, fg,gg, step 
INTEGER temp,it,pt,pts,test,solnl,isoln,check,soln(2) 

C 
C Read in constants. 

C 

OPEN (UNIT=l, FILE= , CONST1. DAT' , STATUS= , OLO' ) 
READ (l, *) ia, ib,iz,n, ijob 

CLOSE (UNIT=l) 

C open required files 

C 

OPEN (UNIT=2, FlLE=' CONST. OUT' , STATUS=' NEW') 
OPEN (UNIT=4, FlLE=' PKDATA. OUT' ,STATUS=' NEW' ) 
OPEN (UNIT=5, FILE= , PKDAMP. OUT' , STATUS= , NEW' ) 
OPEN (UNIT=6,FILE='PKFREQ.OUT',STATUS='NEW') 

C required constants 
u=50.0 
wrat=O.2 
r=0.5 
ah=-Q.5 

C 

C 

C 

32 
33 
34 
35 
36 

x::::0.25 
semic=1.0 
wtor=l.O 
wben=wrat*wtor 
pts""'41 

wr i te ( 4 , 3 2 ) 
wr i te ( 4 , 35) 
wr i te ( 4 , 3 5 ) 
wr i te ( 4 , 3 3 ) 
wr i te (4, 35) 
write(4,34) u,r,ah,wrat 
wr i te ( 4 , 3 5 ) 
wr i te (4, 36) 
write(4,35) 
formate' PK METHOD '} 
format ( 'u r(alp) ah 
format(!7.1,4flO.l) 
format ( , ') 
format ( , k ND VEL b (damping) 

wben/wtor' ) 

w/wtor ') 

C Theodorsen function C(k)= F+iG given by k, where k=kc/2 

04-,')2 



, 

C thus if kc=0.2, k=O.l therefore require C(k)=C(O.l) 
OPEN (UNIT=3,FlLE;'PKTHEO.DAT',STATUS='OLD') 

do 50 pt=l,pts 
RE AD (3,*) k(pt),F(pt),G(pt) 
kc(pt)=2.0*k(pt) 

50 continue 

c 
c 

CLOSE (UNIT=3) 

C iterate velocity 
vel=O.O 
step =0.5 

60 vel=vel+step 

C 

if(vel/(semic*wtor).gt.5.0) goto 120 
do 95 test=l, 2 

check-O 
count=O 
kg=«wtor+wben)/2)*semic/vel 

C interpolation of reduced frequency, F and G 
51 tempw=vel*kgjsemic 

52 

53 

54 
C 

it=l 
it=it+l 
if(kg.lt.O.Ol) kg=O.Ol 
if(k(it) .lt.kg) goto 53 
goto 52 
Fg=f(it-1)+(f(it)-f(it-l»*(kg-k(it-l»/(k(it)-k(it-l)) 
Gg=g(it-1)+(g(it)-g(it-1»*(kg-k(it-1»/(k(it)-k(it-l)) 
formate' ',8f12.5) 

C formation of COMPLEX matrices [A) and [B) to 
C solve eigenvalue problem given by [A){x} = lambda (B]{x) 

arll=O.O 
aill=O.O 
ar12=0.0 
ai12:.:0.0 
ar13=wrat**2*wtor**2 
ai13=O.0 
ar14=(2ju) *(vel/semic) **2*Fg 
ai14=(2ju) * (vel/semic) **2*Gg 
ar21=O.0 
ai21=O.0 
ar22=O.O 
ai22=0.O 
ar23=0.0 
ai23=O.0 
ar24=r**2*wtor**2-2*(ah+0.5) *(Fgju) * (vel/semic) **2 
ai24=-2*(ah+0.5)*(Gg/u)*(veljsemic)**2 
ar3l=-L a 
ai31=0.0 
ar32=0.0 
ai32=O.O 
ar33=O.0 
ai33=0.0 
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ar34==O.O 
a134=O.O 
ar41=O.O 
ai41=O.O 
ar42=-1.O 
a142=O.O 
ar43=O.O 
ai43=O.O 
ar44=O.O 
ai44=O.O 

a(l,l)=dcmplx(arll,aill) 
a(1,2)=dcmplx(ar12,ai12) 
a(1,3)=dcmplx(ar13,ai13) 
a(1,4)-dcmplx(ar14,ai14) 
a(2,1)-dcmplx(ar21,ai21) 
a(2,2)=dcmplx(ar22,ai22) 
a(2,3)=dcmplx(ar23,ai23) 
a(2,4)=dcmplx(ar24,ai24) 
a(3,1)=dcmplx(ar31,ai31) 
a(3,2)=dcmplx(ar32,ai32) 
a(3,3)=dcmplx(ar33,ai33) 
a(3,4)=dcmplx(ar34,ai34) 
a(4,1)-dcmplx(ar41,ai41) 
a(4,2)=dcmplx(ar42,ai42) 
a(4,3)=dcmplx(ar43,ai43) 
a(4,4)=dcmplx(ar44,ai44) 

br11=1+1/u 
bi11=O.O 
br12=x-ah/u 
bi12=O.O 
br13=2* (Fg/u) * (vel/semic) 
bi13=2* (Gg/u) * (vel/semic) 
br14=«1/U)+2*(Fg/U)*(O.5-ah»*(vel/semic) 
bi14=(2*(Gg/u)*(O.5-ah»*(vel/semic) 
br21=x-ah/u 
bi21=O.O 
br22=r**2+ (0.12 5+ah**2) /11 
bi22=O.O 
br23=-2*(ah+O.5)*(Fg/u)*(vel/semic) 
bi23=-2* (ah+O. 5) *(Gg/u) * (vel/semic) 
br24=«O.5-ah)/u-2*(ah+O.5)*(Fg/U)*{O.5-ah»*(vel/semic) 
bi24= (-2*(ah+O.5)*(Gg/u)*(O.5-ah»*(vel/semic) 
br31=O.O 
bi31=O.O 
br32=O.O 
bi32=O.O 
br33=1. 0 
bi33=O.O 
br34=O.O 
bi34=O.O 
br41:s0.0 
bi41=O.O 
br42=O.O 
bi42=O.O 
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C 

br43=O.O 
bi43-0.0 
br44=1. 0 
bi44=O.O 

b(l,l)=dcmplx(-brll,-bill) 
b(l,2)=dcmplx(-br12,-bi12) 
b(1,3)=dcmplx(-br13,-bi13) 
b(l,4)=dcmplx(-br14,-bi14) 
b(2,l)=dcmplx(-br21,-bi21) 
b(2,2)=dcmplx(-br22,-bi22) 
b(2,3)=dcmplx(-br23,-bi23) 
b(2,4)=dcmplx(-br24,-bi24) 
b(3,l)adcmplx(-br31,-bi31) 
b(3,2)=dcmplx(-br32,-bi32) 
b(3,3)=dcmplx(-br33,-bi33) 
b(3,4)=dcmplx(-br34,-bi34) 
b(4,1)=dcmplx(-br41,-bi41) 
b(4,2)=dcmplx(-br42,-bi42) 
b(4,3)=dcmplx(-br43,-bi43) 
b(4,4)=dcmplx(-br44,-bi44) 

C subrountine for eiqenvalue calculation 
C abar : real part of eval( ) 
C bbar : imaqinary part of eval( ) 

CALL EIGZC(A,IA,B,IB,N,IJOB,EIGA,EIGB,Z,IZ,WK,INFER,IER) 
C 

do 5 I=l,n 
5 EVAL(I)=EIGA(I)/EIGB(I) 
21 formate' perfomance index is', 2flO.3) 

c write(2,22)eval(1) 
abar(1)=dreal(eval(1» 
bbar(1)=dimaq(eval(1» 

c write(2,22)eval(2) 
abar(2)=dreal(eval(2» 
bbar(2)=dimag(eval(2» 

c write(2,22)eval(3) 
abar(3)=dreal(eval(3» 
bbdr(3)=dimag(eval(3» 

c write(2,22)eval(4) 

C 

abar(4)=dreal(eval(4» 
bbar(4)=dimaq(eval(4» 

C obtaining eiqenvalues with positive imaginary parts for analysis 
j=O 

do 14 isoln=1,4 
if (bbar(isoln).gt.o.O) goto 12 
goto 14 

12 j=j+l 
soln(j)=isoln 

14 continue 
if(check.eq.O) goto 23 
if(test.eq.1.and.abs(tempw-bbar(soln(1»).lt.abs( 

1 tempw-bbar(soln(2»» qoto 23 
if(test.eq.2.and.abs(tempw-bbar(soln(2»).lt.abs( 
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19 

c 

tempw-bbar(soln(l»» goto 23 
if(test.eq.2) goto 19 
temp=soln(l) 
soln(l)=soln(2) 
soIn (2) =temp 
goto 23 
temp=soln(2) 
soln (2) =soln (1) 
soln (1) =temp 

C convergence 
23 

check 
check=l 
w=dimag(eval(soln(test») 
if(abs(w-tempw).lt.O.OOl) 
kg=w*semic!vel 

goto 94 

goto 51 
C 
C writing 

94 
final data te file 

write(4,27)kg,velj(semic*wtor),dreal(eval(soln(test») , 
dimag(eval(soln(test»)/wtor 

C 

27 
22 
95 

1 

1 
1 

write(5,27) vel/(semic*wtor),-dreal(eval(soln(test»)/ 
«dreal(eval(soln(test»»**2+(dimag(eval(soln(test»)) 
**2)**0.5 
write(6,27) vel/(semic*wtor),dimag(eval(soln(test»)jwtor 
format ( f6. 4, ' , , , f7 .4, , , , , f12 . 5, , , 1 , f 12.5) 
format(8f12.5) 

continue 

C changing velocity step size 

C 
C 
c 

100 
120 
200 
300 

if(vel/(semic*wtor).ge.5.0) step=O.l 
if(vel/(semic*wtor).ge.4.8) step=O.05 
if(vel/(semic*wtor).ge.5.0) step=0.5 
if(vel/(semic*wtor).ge.6.0) gote 120 

goto 60 
CLOSE (UNIT=4) 
CLOSE (UNIT=2) 

END 
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INPUT FILE: PKTHEO.DAT 

THEODORSEN FUNCTION C(k) 

10.00 0.5006 -0.0124 
6.000 0.5017 -0.0206 
4.000 0.5037 -0.0305 
3.000 0.5063 -0.0400 
2.000 0.5129 -0.0577 
1.500 0.5210 -0.0736 
1.200 0.5300 -0.0877 
1.000 0.5394 -0.1003 
0.990 0.5400 -0.1010 
0.880 0.5474 -0.1095 
0.800 0.5541 -0.1165 
0.770 0.5570 -0.1193 
0.660 0.5699 -0.1308 
0.600 0.5788 -0.1378 
0.560 0.5857 -0.1428 
0.550 0.5876 -0.1441 
0.500 0.5979 -0.1507 
0.440 0.6130 -0.1592 
0.400 0.6250 -0.1650 
0.340 0.6469 -0.1738 
0.330 0.6512 -0.1752 
0.325 0.6535 -0.1759 
0.320 0.6558 -0.1766 
0.315 0.6581 -0.1773 
0.310 0.6604 -0.1779 
0.305 0.6627 -0.1786 
0.300 0.6650 -0.1793 
0.240 0.6989 -0.1862 
0.220 0.7125 -0.1877 
0.200 0.7276 -0.1886 
0.160 0.7628 -0.1876 
0.120 0.8063 -0.1801 
0.110 0.8188 -0.1766 
0.100 0.8320 -0.1723 
0.080 0.8604 -0.1604 
0.060 0.8920 -0.1426 
0.050 0.9090 -0.1305 
0.040 0.9267 -0.1160 
0.025 0.9545 -0.0872 
0.010 0.9824 -0.0482 
0.000 1.0000 -0.0000 

k F iG 

INPUT FILE CONSTl.DAT 

4 4 4 4 2 
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l OUTPUT FILE PKDATA.OUT 

PK METHOO 

u r (alp) ah wben/wtor 

50.0 .5 -.5 .2 

k ND VEL b (damping) w/wtor 

.396'i, .5000, -.00640, .19917 
2.2909, .5000, -.01436, 1.14593 

.2034, 1.0000, -.01487 , .20335 
1.1348, 1.0000, -.02958, 1.13484 

.1394, 1.5000, -.02492, .20916 

.7434, 1.5000, -.04621, 1.11514 

. 1087, 2.0000, -.03677, .21735 

.5425, 2.0000, -.06450, 1. 08521 

.0916, 2.5000, -.05169, .22893 

.4169, 2.5000, -.08437, 1. 04258 

.3275, 3.0000, -.10547, .98336 

.0820, 3.0000, -.07180, .24614 

.2570, 3.5000, -.12613, .89945 

.0781, 3.5000, -.10247, .27359 

.1923, 4.0000, -.13992, .76981 

.0809, 4.0000, -.16167 , .32367 

.1228, 4.5000, -.01093, .55238 

.0749, 4.5000, -.33777 , .33681 
• 1020~ 5.0000, .12384, .50991 
.0284, 5.0000, -.60286, .14083 
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~ C-----------------------------------------------------------------------
C SEQUENTIAL SIMPLEX PROGRAM (MINIMIZATION PROBLEM SOLVING) 
C RATIONAL FUNCTION APPROXIMATION - INCOMPRESSIBLE REGIME 
C-----------------------------------------------------------------------
C 
C OPERATION 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

LET 

REQUIRE: 1) INPUT OF ICOUNT, N, REQMIN, START(I) ,STEP(I) 
2) USER SPECIFIED FUNCTION SUBPROGRAM (DOUBLE PRECISION 

FUNCTION FN(X) - MINIMIZATION FUNCTION) 

DOUBLE PRECISION START(20),STEP(20) ,XMIN(20), 
lXSEC(20),YNEWLO,YSEC,REQMIN 

OPEN(UNIT=6,FILE='DATA.OUT') 

***** INPUT REQUIRED ****************** 
* * * ICOUNT,N,REQMIN,START(N) ,STEP(N) * 
* * *************************************** 

N=4 AT ALL TIMES, SIMPLY SET START(I)=O.O AND STEP(I)=O.O 

ICOUNT=260 
N=4 
REQMIN=O.OOOOOOOOOOOOl 
START (1) =0.015 
START(2)=0.0844645I5 
START(3)=0.25635 
START(4)=0.76550587 
STEP(1)=0.0105 
STEP (2) =0.0 l 
STEP (3) =0.05 
STEP ( 4 ) =0. 1 

DO 60 I=I,N 
XMIN(I)=O.DO 
XSEC ( l ) =0. DO 

60 CONTINUE 

C 

YNEWLO=Q. DO 
YSEC=Q. DO 

C CALL NELDER-MEAD SUBROUTINE 
C 

C 
C 
C 

CALL NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
IREQMIN, STEP, ICOUNT) 

OUTPUT FROM PROGRAM 

WRI'rE ( 6 , 64 ) 
WRITE(6,65) ICOUNT 
WRITE (6,75) 

A-59 



WRITE ( 6 , 77 ) 
DO 79 I=I,N 

79 WRITE(6,80) I,XSEC(I),XMIN(I) 
WRITE(6,82) 

C 

C 

WRITE(6,83) 
WRITE(6,84) YSEC,YNEWLO 

64 FORMAT(6X,IH Il,1H ,42H SEQUENTIAL SIMPLEX: PROBLEM MINIMIZATION) 
65 FORMAT(IH Il,IH ,I5,12H TRIALS USEO/) 
75 FORMAT(lH ,21X,9HESTlMATES/) 
77 FORMAT(6X,lH ,9HPARAMETER, 7X, 12HNEXT-TO-BEST,8X, 

14HBEST/) 
80 FORMAT{lH ,I5,2F20.7) 
82 FORMAT(6X,lH Il,1H ,6X,15HFUNCTION VALUES/) 
83 FORMAT(6X,lH ,5X,13H NEXT-TO-BEST,BX,4HBEST/) 
84 FORMAT(6X,lH ,2F15.9) 

STOP 
END 

C NELOER-MEAO SUBROUTINE 
C 

C 

C 

C 

SUBROUTINE NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
lREQMIN,STEP,ICOUNT) 

DOUBLE PRECISION START(N) ,STEP(N) ,XMIN(N), 
lXSEC(N) ,YNEWLO,YSEC,REQMIN,P(20,21),PSTAR(20), 
2P2STAR(20),PBAR(20) ,Y(20) ,ON,Z,YLO,RCOEFF, 
3YSTAR,ECOEFF,Y2STAR,CCOEFF,FN,DABIT,OCHK, 
4COOROl,COOR02 

DATA RCOEFF Il. 0001 , ECOEFF /2.0001, CCOEFF 10.5001 
KCOUNT=ICOUNT 
ICOUNT=O 

IF(REQMIN.LE.O.OO) ICOUNT=ICOUNT-l 
IF(N.LE.O) ICOUNT=ICOUNT-IO 
IF(N.GT.20) ICOUNT=ICOUNT-IO 
IF(ICOUNT.LT.O) RETURN 

DABIT=2.04607D-35 
BIGNUM=1. 0038 
KONVGE=5 
XN=FLOAT(N) 
DN=OFLOAT(N) 
NN=N+l 

C CONSTRUCTION OF INITIAL SIMPLEX 
C 

1001 DO 1 l = 1 , N 
1 P(I,NN)=START(I) 

y (NN) =FN (START) 
ICOUNT=ICOUNT+l 
DO 2 J=l, N 
DCHK=START(J) 
STlŒT (J) =DCHK+STEP (J) 
DO 3 I=l,N 

:\ - GO 
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... 

"!> 

J' 

, 

C 
C 
C 
C 
C 
C 
C 

3 P(I,J)=START(I) 
Y(J)=FN(START) 
ICOUNT=ICOUNT+l 

2 START(J)=DCHK 

SIMPLEX CONSTRUCTION COMPLETE 

FIND HIGHEST AND LOWEST y VALUES 
YNEWLO (Y(IHI» INDICATES THE VERTEX OF 
THE SIMPLEX TO BE REPLACED 

1000 YLO=Y(l) 
YNEWLO=YLO 
ILO=l 
IHI=l 

C 

DO 5 I=2,NN 
IF(Y(I) .GE.YLO) GOTO 4 
YLO=Y(I) 
ILO=I 

4 IF(Y(I) .LE.YNEWLO) GOTO 5 
YNEWLQ=Y (I) 
IHI=I 

5 CONTINUE 

C PERFORM CONVERGENCE CHECKS ON FUNCTION 
C 

C 

C 

DCHK=(YNEWLO+DABIT)/(YLO+DABIT)-l.DO 
IF(OABS(DCHK).LT.REQMIN) GOTO 900 

KONVGE=KONVGE-1 
IF(KONVGE.NE.O) GOTO 2020 
KOt-."VGE=5 

C CHECK CONVERGENCE OF COORDINATES ONLY 
C EVERY 5 SIMPLEXES 
C 

2005 

2010 

2015 

2020 
C 
C 
C 
C 

DO 2015 I=l,N 
COOR01=P(I,1) 
COORD2=COORD1 
DO 2010 J=2,NN 
IF(P(I,J).GE.COORD1) GOTO 2005 
COORD1-P(I,J) 
IF(P(I,J).LE.COORD2) GOTO 2010 
COORD2=P(I,J) 
CONTINUE 
DCHK=(COORD2+DABIT)/(COORD1+DABIT)-1.DO 
IF(DABS(DCHK).GT.REQMIN) GOTO 2020 
CONTINUE 
GOTO 900 
IF (ICOUNT.GE.KCOUNT} GOTO 900 

CALCULATE PBAR, THE CENTROID OF THE 
SIMPLEX VERTICES EXCEPTING THAT WITH 
y VALUE YNEWLO 
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C 

C 

DO 7 1=1, N 
Z=O.OOO 
DO 6 J=l, NN 

6 Z=Z+P(I,J) 
Z=Z-P(1, IHI) 

7 PBAR(I)=ZjON 

C REFLECTION Tt.IROUGH THE CENTROID 
C 

C 

DO 81=1,N 
8 PSTAR(1) = (1. ODO+RCOEFF) *PBAR(I) -RCOEFF*P(1, IHI) 

'iSTAR=FN (PSTAR) 
l COUNT= I COUNT+ 1 
IF(YSTAR.GE.'iLO) GOTO 12 
IF(ICOUNT.GE.KCOUNT) GOTO 19 

C SUCCESSFUL REFLEC'rION, SO EXTENSION 
C 

C 

DO 9 1=1, N 
9 P2STAR(I) =ECOEFF*PSTAR (I) + (1. OOO-ECOEFF) *PBAR (I) 

'i2STAR=FN (P2STAR) 
1COUNT=ICOUNT+1 

C RETAIN EXTENSION OR CONTRACTION 
C 

C 

IF(Y2STAR.GE.YSTAR) GOTO 19 
la DO 11 1=1, N 
11 P( l, IHI) =P2STAR (I) 

'i (IHI) =Y2STAR 
GOTO 1000 

C NO EXTENSION 
C 

C 

12 L=O 
DO 13 1=1, NN 
IF(Y(I) .GT.'iSTAR) L=L+1 

13 CONTINUE 
IF(L.GT.1) GOTO 19 
IF(L.EQ.O) GOTO 15 

C CONTRACTION ON THE REFLECTION SIOE OF THE 
C CENTROIO 
C 

C 
C 
C 

DO 14 1=1, N 
14 P (l, IHI) =PSTAR (I) 

'i (IHI) =YSTAR 

CONTRACTION ON THE Y (IHI) SIOE OF THE CENTROIO 

15 IF (ICOUNT. GE. KCOUNT) GOTO 900 
DO 16 I=l.,N 

16 P2STAR( I) =CCOEFF*P (I, IHI) + (1. ODO-CCCJEFF) *PBAR (I) 
'i2STAR=FN (P2STAR) 
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1 
C 
C 
C 

C 

ICOUNT=ICOUNT+ 1 
IF (Y2STAR. LT. Y (IHI» GOTO 10 

CONTRA CT THE WHOLE SIMPLEX 

DO 18 J=l, NN 
DO 17 1=1, N 
P(I,J)=(P(I,J)+P(I,ILO) )*0.500 

17 XMIN (1) =P ( l , J) 
Y(J) =FN(X"MIN) 

18 CONTnnJE 
ICOUNT=ICOUNT+ NN 
IF (ICOUNT. LT. KCOUNT) GOTO 1000 
GOTO 900 

C RETAIN REFLECTION 
C 
C 19 CONTINUE 

C 

19 DO 20 1=1, N 
20 P(I,IHI)=PSTAR(I) 

Y(IHI)=YSTAR 
GOTO 1000 

C SELECT THE TWO BEST FUNCTION VALUES (YNEWLO 
C AND YSEC) AND THEIR COORDS. (XMIN AND XSEC) 
C 

C 
C 
C 

900 DO 23 J=l, NN 
DO 22 1=1, N 

22 XMIN (1) =P (I, J) 
Y (J) =FN (XMIN) 

23 CONTINUE 
YNEWLO=BI GNUM 
DO 24 J=1, NN 
IF (Y (J) • GE. YNEWLO) GOTO 24 
YNEWLO=Y ( J ) 
IBEST=J 

24 CONTINUE 
Y (IBEST) =BIGNUM 
YSEC=BIGNUM 
DO 25 J=1,NN 
IF(Y(J).GE.YSEC) GOTO 25 
YSEC=Y(J) 
ISEC=J 

25 CONTINUE 
DO 26 1=1, N 
XMIN (1) =P (I, IBEST) 
XSEC (1) =P ( l , ISEC) 

26 CONTINUE 
RETURN 
END 

APPROXIMATING FUNCTION : PADE APPROXIMATE WITH LAG TERMS 

DOUBLE PRECISION FUNCTION FN(lag) 
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(. 

c 
C 

c 
C 

IMPLICIT REAL*8 (A-Z) 
COMPLEX*16 ckquad,cklag,ckbar(40,2,2) ,p 
DOUBLE PRECISION LAG (4) 
rtEAL* 8 w (4 0) , k ( 4 0 , 2 , 2) , F ( 40,2 , 2) , G ( 4 0 , 2, 2) , a (9, 18) , b (9, 1) , x ( 9 , 1) 
REAL*8 mn (40) 
INTEGER i, rn, in, nst , nf , j , prt, totlag , c, r, count, icount 
INTEGER D,COL,ROW 

OPEN (UNIT=1, FILE=' LAG. OUT') 
OPEN (UNIT=10, FILE=' LAPLACE. DAT') 

C ********** INPUT REQUIRED ********************** 
C * * 
C * OPEN REQUIRED INPUT TABULAR DATA FILES * 
C * MINIMUM ERROR DESIRED FOR TABTJE * 
C * TOTAL # OF ITERATIONS ICOUNT * 
C * INPUT NUMBER OF LAG TERMS REQUIRED * 
C * # OF POINTS (m) IN DATA FILES * 

C * * 
C ************************************************ 
C 

C 

C 
C 
C 
C 
C 
C 

icount=2 60+ 5 
minerr=O.0000167 
totlag=4 
m=40 

count=count+l 
if(count.gt.l) goto 88 

FILES CONTAIN k (i 1 r, c) , Fei,r,e), GCi,r,e) 
k(i) REDUCED FREQUENCY 
F (i) REAL 
G ( i) IMAGINARY 

C APPROXIMATING C(k) AND C(k)*ik 

150 

C 

OPEN (UNIT=2, F'ILE= 'NIl. DAT', STATUS=' OLD') 
OPEN(UNIT=4,FILE='N12.DAT',STATUS='OLO') 
do 150 i=l,m 

READ ( 2 , *) k ( i , 1 , 1) , F ( i, 1 , 1) , G ( i , 1 , 1) 
REAO ( 4 , *) k ( i , 1 , 2) , F ( i, 1 , 2) , G ( i , 1 , 2 ) 

continue 
CLOSE (UNIT=4 ) 
CLOSE (UNIT=2) 

C REQUIRED CONSTANTS 
C matrix [A] (size in x in 

C 

88 nst=4 
in=nst+ (totlag-l) 
nf=2* in 

C NOTE: lag(1) <> lag(2) <> lag(3) <> lag(4) 
C lag(1), lag(2), lag(3), lag(4) must be aIl non-negativ6' 
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C BOUNDARY (CONS']'RAINT) CONDITIONS 
do 156 i=1,totlag 

if(lag(i).lt.O.O) lag(i)=i*0.0001 
do 157 j=l,totlag-l 

if(i.eq.j) goto 157 
if(lag(i).eq.lag(j» goto 163 
goto 157 

163 print 164, j 
164 format ( i5,' EQUAL LAG TERMS REQUIRES IMMEDIATE STOP') 

stop 
157 continue 
156 continue 

C 

C 

C 
390 

400 

410 
C 
C 

415 

FN=O.O 

do 750 c=l, 2 
r=1 
err=O.O 

RESETTING MATRIX ELEMENT VALUES TO ZERO 
do 410 i=l,in 
do 400 j=l,nf 

a (i, j) =0.0 
continue 

b (i, 1) =0.0 
xCi, 1) =0.0 

continue 

CREATING MATRICES [A] AND [B]: SOLVE [A] {x} 
do 175 i = 1 , In 

bk1=k(i,r,c)**2j(k(i,r,c)**2+1ag(1)**2) 
if(totlag.eq.1) goto 415 
bk2=k(i,r,c)**2j(k(i,r:c)**2+1ag(2)**2) 
if(totlag.eq.2) goto 415 
bk3=k(i,r,c)**2j(k(i,r,c)**2+1ag(3)**2) 
if(totlag.eq.3) goto 415 
bk4=k(i,r,c)**2j~k(i,r,c)**2+1ag(4)**2) 
mn(i)=F(i,r,c)**2+G(i,r,c)**2 
if(mn(i).lt.1.0) mn(i)=1.0 
w(i)=1.0 
w (i) =w ( i) jmn ( i) 
a(1,1)=a(1,1)+w(i)*(1.0) 
a(1,2)=a(1,2)+w(i)*(0.0) 
a(1,3)=a(1,3)+w(i)*(-k(i,r,c)**2) 
a(1,4)=a(1,4)+w(i)*(bk1) 
a(1,5)=a(1,5)+w(i)*(bk2) 
a(1,6)=a(1,6)+w(i)*(bk3) 
a(1,7)=a(1,7)+w(i)*(bk4) 
a(2,1)=a(2,1)+w(i)*(O.O) 
a(2,2)=a(2,2)+w(i)*(k(i,r,c)**2) 
a(2,3)=a(2,3)+w(i)*(O.O) 
a(2,4)=a(2,4)+w(i)*(bk1*lag(1) ) 
a(2,S)=a(2,S)+w(i)*(bk2*lag(2» 
a(2,6)=a(2,6)+w(i)*(bk3*lag(3» 
a(2,7)=a(2,7)+w(i)*(bk4*lag(4) ) 
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1 

l 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

a(3,1)=a(3,l)+w(i)*(-k(i,r,c)**2) 
a(3,2)=a(3,2)+w(i)*(O.O) 
a(3,3)=a(3,3)+w(i)*(k(i,r,c)**4) 
a(3,4)=a(3,4)+w(i)*(-k(i,r,c)**2*bkl) 
a(3,5)=a(3,5)+w(i)*(-k(i,r,c)**2*bk2) 
a(3,6)=a(3,6)+w(i)*(-k(i,r,c)**2*bk3) 
a(3,7)=a(3,7)+w(i)*(-k(i,r,c)**2*bk4) 
a(4,1)=a(4,l)+w(i)*(bkl) 
a(4,2)=a(4,2)+w(i)*(bkl*lag(1» 
a(4,3)=a(4,3)+w(i)k(-k(i,r,c)**2*bkl) 
a(4,4)=a(4,4)+w(i)*(bkl**2*(1+(lag(1)**2/k(i,r,c)**2») 
a(4,5)=a(4,5)+w(i)*(bkl*bk2*(1+(lag(1)*lag(2)/ 
k(i,r,c) **2) j) 
a(4,6)=a(4,6)+w(i)*(bkl*bk3*(1+(lag(1)*lag(3)j 
k(i,r,c) **2») 
a(4,7)=a(4,7)+w(i)*(bkl*bk4*(1+(lag(1)*lag(4)/ 
k(i,r,c) **2») 
a(5,1)=a(5,1)+w(i)*(bk2) 
a(5,2)=a(5,2)+w(i)*(bk2*lag(2» 
a(5,3)=a(5,3)+w(i)*(-k(i,r,c)**2*bk2) 
a(5,4)=a(5,4)+w(i)*(bkl*bk2*(1+(lag(1)*lag(2)/ 
k(i,r,c) **2») 
a(5,5)=a(5,5)+w(i)*(bk2*bk2*(1+(lag(2)*lag(2)/ 
k(i,r,c) **2») 
a(5,6)=a(5,6)+w(i)*(bk3*bk2*(1+(lag(3)*lag(2)/ 
k(i,r,c) **2») 
a(5,7)=a(5,7)+w(i)*(bk4*bk2*(1+(lag(4)*lag(2)j 
k(i,r,c) **2») 
a(6,1)=a(û,l)+w(i)*(bk3) 
a(6,2)=a(6,2}+w(i)*(bk3*lag(3» 
a(6,3)=a(6,3}+w(i)*(-k(i,r,c)**2*bk3) 
a(6,4)=a(6,4)+w(i)*(bkl*bk3*(1+(lag(1)*lag(3)j 
k(i,r,c} **:n}) 
a(6,5)=a(6,5)+w(i)*(bk2*bk3*(1+(lag(2)klag(3)j 
k(i,r,c) **2») 
a ( 6 , 6) =a ( 6 , 6) +w ( i) * (bk3 *bk3 * (l-{ (1 ag (3 ) * lag (3 ) / 
k(i,r,c) **2») 
a(6,7)=a(6,7)+w(i)*(bk4*bk3*(1+(lag(4)*lag(3)j 
k(i,r,c) **2») 
a(7,1)=a(7,1)+w(i)*~bk4) 
a(7,2)=a(7,2)+w(i)*(bk4*lag(4» 
a(7,3)=a(7,3)+w(i)*(-k(i,r,c)**2*bk4) 
a(7,4)=a(7,4)+w(i)*(bkl*bk4*(~+(lag(1)*lag(4)j 
k(i,r,c) **2») 
a(7,5)=a(7,5)+w(i)*(bk2*bk4*(1+(lag(2)*lag(4)/ 
k(i,r,c) **2») 
a(7,6)=a(7,6)+w(i)*(bk3*bk4*(1+(lag(3)*lag(4)j 
k(i,r,c) **2») 
a(7,7)=a(7,7)+w(i)*(bk4*bk4*(1+(lag(4)*lag(4)/ 
k(i,r,c) **2)}) 
b(l,l)=b(l,l}+w(i)*(f(i,r,c» 
b(2,1)=b(2,l)+w(i)*(g(i,r,c)*k(i,r,c}} 
b(3,1)=b(3,1}+w(i)*(-f(i,r,c)*k(i,r,c)**2) 
b(4,1)=b(4,1)+w(i)*(bkl*(f(i,r,c)+g(i,r,c)* 
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, 
,i; 

1 

175 
205 
206 

C 
C 
C 
C 
C 
C 

1 

1 

1 

1 

lag(l)/k(i,r,c» } 
b(5,1)=b(5,1)+w(i)*(bk2*(f(i,r,c)+g(i,r,c)* 
lag(2)jk(i,r,c») 
b(6,1)=b(6,1)+w(i)*(bk3*(f(i,r,c)+g(i:r,c)* 
l ag (3) j k ( i , r, c) ) ) 
b(7,1)=b(7,1)+w(i)*(bk4*(f(i,r,c)+g(i,r,c)* 
lag(4)jk(i,r,c») 

continue 
format (8 flO. 4) 
format ( , , ) 

PROGRAM INVMAT 

A(N,NF') -- CHANGE BOTH THE DECLARATION I.E REAL A(N,NF), AS WELL 
AS THE DECLARED VALUES OF N & NF. ALSO CHANGE THE NF VALUE IN THE 
FORMAT STATEMENT AT THE END. I.E (NFF6.2) 

DO 4 ROW=l, IN 
DO 3 COL=(IN+1) ,NF 

A(ROW,COL)=O.O 
IF«ROW+IN) .EQ.COL) A(ROW,COL)=1.0 

3 CONTINUE 
4 CONTINUE 

DO 50 D=l, IN 
TEMP=A(D,D) 
DO 5 COL=D,NF 

A(D,COL)=A(D,COL)jTEMP 
5 CONTINUE 

DO 15 ROW=D+1,IN 
TEMP=A(ROW,D) 
DO 10 COL=D, NF 

h(ROW,COL)=A(ROW,C J-TEMP*A(D,COL) 
10 CONTINUE 
15 CONTINUE 
50 CONTINUE 

DO 100 D=IN,2,-1 
DO 80 ROW=D-1,1,-1 

TEMP=A(ROW,D) 
DO 70 COL=D, NF 

A(ROW,COL)=A(ROW,COL)-TEMP*A(D,COL) 
70 CONTINUE 
80 CONTINUE 
100 CONTINUE 

DO 120 ROW=l, IN 
DO 125 COL=IN+l,NF 
X(ROW,l)=X(ROW,l)+A(ROW,COL)*B(COL-IN,l) 

125 CONTINUE 
120 CONTINUE 
130 FORMAT(' ',9F15.5) 
C CALCULATION OF APPROXlMATE FUNCTION 
C 

do 300 i=l,m 
p=dcmplx{O.O,k(i,r,c» 
ckquad=x(1,1)+X(2,1)*p+X(3,1)*p**2 
cklag=x(4,1)*p/(p+lag(1»+x(5,1)*p/{p+lag(2»+x(6,1)* 



1 

c 

300 
301 
305 

500 
600 

602 
603 
601 
604 
605 
634 
635 
606 

610 
611 

650 

1 

1 

1 

l 

l 

pj(p+lag(3»+x(7,1)*p/(p+lag(4» 
ekbar(i,r,c)=ckquad+cklag 
mn(i)=F(i,r,c)**2+G(i,r,c)**2 
if (mn ( i) . l t . 1 . 0) mn ( i) = 1. 0 
err=err+«dreal(ekbar(i,r,e»-f(i,r,c»**2+ 
(dimag(ekbar(i,r,c»-g(i,r,c»**2)jmn(i) 

continue 
FN=FN+er"t" 
forrnat(6X,f12.6,',' ,flO.5, ',',flO.5, ',' ,flO.5, " " 
flO.5,', ',2f10.5) 
print 634, eount 

continue 
if(eount.lt.icount-l) goto 750 
write (1,602) r,e 
write (1,604) 
write (1,604) 
write (1,603) 
write (1,604j 
wr i te ( 1 , 605) x ( 1, 1) , x (2 , 1) , x ( 3 , 1) , x ( 4 , 1) 
write (1,604) 
write i1,601) 
write (1,604) 
write (1,605) x(5,1) ,x(6,1) ,x(7,1) 
write (1,604) 
write (1,604) 
write (1,606) 
write (1,604) 
write (1,635) lag(1),lag(2),lag(3) ,lag(4),err,FN 
write (1,604) 
write (1,604) 
wr i t.e (l, 610 ) 
write (1,611) 
write (1,604) 
write (1,604) 
format(6X,' APPROXIMANT 
format(5x, , AO 
format(5x, , A4 
format ( , , ) 
format(5x,8f16.8) 
format(2i5,7f12.9) 
format(5x,7fI2.9) 
format (5x, , lagl 

FUNCTION 
Al 
AS 

lag2 

N (', i2, , l ' , i2, , 
A2 
A6' ) 

lag3 

) , ) 
A3') 

lag4' , 
error' ) 

format (6X, , k 
format (6X, , 

EXACT 
REAL IMAG 

APPROXIMATE ' ) 
REAL 

, l MAG , ) 
do 650 prt=l, 11\ 

write(I,305) k(prt,r,c),f(prt,r,e) ,g(prt,r,c),ekbar(prt,r,e) 
continue 

C CREATE FILE 'IAPLACE.DAT' CONTAINS bl, b2, .•• , AO, Al, •.. 
write (10,605) x(l,l) ,x(2,1) ,x(3,l) ,x(4,1) ,x(5,1), 

l x(6,1),x(7,1) 
if(r.eq.1.and.e.eq.2) goto 584 
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• 
584 

C 
750 

800 

goto 750 
write (10,635) lag(l) ,lag(2),lag(3),lag(4),FN 

continue 
RETURN 
END 
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"Il 

<l INPUT FILE: Nll.DAT 

10.000 0.5006 -0.0124 
6.000 0.5017 -0.0206 
4.000 0.50:'7 -0.0305 
3.000 0.5063 -0.0400 
2.000 0.5129 -0.0577 
1.500 0.5210 -0.0736 
1.200 0.5300 -0.0877 
1. 000 0.5394 -0.1003 
0.990 0.5400 -0.1010 
0.880 0.5474 -0.1095 
0.800 0.5541 -0.1165 
0.770 0.5570 -0.1193 
0.660 0.5699 -0.1308 
0.600 0.5788 -0.1378 
0.560 0.5857 -(. .1428 
0.550 0.5876 -0.1441 
0.500 0.5979 -0.1507 
0.440 0.6130 -0.1592 
0.400 0.6250 -0.1650 
0.340 0.6469 -0.1738 
0.330 0.6512 -0.1752 
0.325 0.6535 -0.1759 
0.320 0.6558 -0.1766 
0.315 0.6581 -0.1773 
0.310 0.6604 -0.1779 
0.305 0.6627 -0.1786 
0.300 0.6650 -0.1793 
0.240 0.6989 -0.1862 
0.220 0.7125 -0.1877 
0.200 0.7276 -0.1886 
0.160 0.7628 -0.1876 
0.120 0.8063 -0.1801 
0.110 0.8188 -0.1766 
0.100 0.8320 -0.1723 
0.080 0.8604 -0.1604 
0.060 0.8920 -0.1426 
0.050 0.9Q90 -0.1305 
0.040 0.9267 -0.1160 
0.025 0.9545 -0.0872 
0.010 0.9824 -0.0482 

DATA TABLE C(k) 

k F iG 

A- iD 

L 



.a INPUT FILE N12.DAT 

10.0000000 .1240000 5.0060000 
6.0000000 .1236000 3.0102000 
4.0000000 .1220000 2.0148000 
3.0000000 .1200000 1.5189000 
2.0000000 .1154000 1.0258000 
1.5000000 .1104000 .7815000 
1.2000000 .1052400 .6360000 
1.0000000 .1003000 .5394000 

.9900000 .0999900 .5346000 

.8800000 .0963600 .4817120 

.8000000 .0932000 .4432800 

.77ClOOOO .0918610 .4288900 

.6600000 .0863280 .3761340 

.6000000 .0826800 .3472800 

.5600000 .0799680 .3279920 

.5500000 .0792550 .3231800 

.5000000 .0753500 .2989500 

.4400000 .0700480 .2697200 

.4000000 .0660000 .2500000 

.3400000 .0590920 .2199460 

.3300000 .0578160 .2148960 

.3250000 .0571675 .2123875 

.3200000 .0565120 .2098560 

.3150000 .0558495 .2073015 

.3100000 .0551490 .2047240 

.3050000 .0544730 .2021235 

.3000000 .0537900 .1995000 

.2400000 • 0~46880 .1677360 

.2200000 .0412940 .1567500 

.2000000 .0377200 .1455200 

.1600000 .0300160 .1220480 

.1200000 .0216120 .0967560 

.1100000 .0194260 .0900680 

.1000000 .0172300 .0832000 

.0800000 .0128320 .0688320 

.0600000 .0085560 .0535200 

.0500000 .0065250 .0454500 

.0400000 .0046400 .0370680 

.0250000 .0021800 .0238625 

.0100000 .0004820 .0098240 

DATA TABLE C(k)*ik 

k -G*k iF*k 

.' 
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"( OUTPUT FILE : DATA. OUT 

SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 

260 TRIALS USED 

ESTlMATES 

PARAMETER NEXT-TO-BEST 

1 .0154409 
2 .0842865 
3 .2559507 
4 .7651135 

FUNCTION VALUES 

NEXT-TO-BEST BEST 

.000011782 .000011782 

OUTPUT FILE : LAG.OUT 

BEST 

.0154409 

.0842865 

.2559507 

.7651136 

APPROXIMANT FUNCTION N ( 1, 1 

AO Al A2 A3 

·99828226 -.00003562 .00000474 

A4 AS A6 

-.16289333 -.22908745 -.06459371 

laq1 laq2 laq3 laq4 

-.04120375 

error 

.015440852 .084286467 .255950673 .76511362l. .000009348 
.000009348 

k EXACT APPROXIMATE 
REAL lMAG REAL lMAG 

10.000000, .50060, -.01240, .50057, -.01257, 
6.000000, .50170, -.02060, .50182, -.02047, 
4.000000, .50370, -.03050, .50372, -.03025, 
3.000000, .50630, -.04000, .50619, -.03976, 
2.000000, .51290, -.05770, .51271, -.05764, 

>, 1.500000, .52100, -.07360, .52083, -.07373, 
1. 200000, .53000, -.08770, .52994, -.08798, 

~ 1.000000, .53940, -.10030, .53959, -.10051, 
.990000, .54000, -.10100, .54019, -.10122, 

--\ - -.) • 1-



l 

f 

.880000, 

.800000, 

.770000, 

.660000, 

.600000, 

.560000, 

.550000, 

.500000, 

.440000, 

.400000, 

.340000, 

.330000, 

.325000, 

.320000, 

.315000, 

.310000, 

.305000, 

.300000, 

.240000, 

.220000, 

.200000, 

.160000, 

.120000, 

.110000, 

.100000, 

.080000, 

.060000, 

.050000, 

.040000, 

.025000, 

.010000, 

.54740, 

.55410, 

.55700, 

.56990, 

.57880, 

.58570, 

.58760, 

.59790, 

.61300, 

.62500, 

.64690, 

.65120, 

.65350, 

.65580, 

.65810, 

.66040, 

.66270, 

.66500, 

.69890, 

.71250, 

.72760, 

.76280, 

.80630, 

.81880, 

.83200, 

.86040, 

.89200, 

.90900, 

.92670, 

.95450, 

.98240, 

-.10950, 
-.11650, 
-.11930, 
-.13080, 
-.13780, 
-.14280, 
-.14410, 
-.15070, 
-.15920, 
-.16500, 
-.17380, 
-.17520, 
-.17590, 
-.17660, 
-.17730, 
-.17790, 
-.17860, 
-.17930, 
-.18620, 
-.18770, 
-.18860, 
-.18760, 
-.18010, 
-.17660, 
-.17230, 
-.16040, 
-.14260, 
-.13050, 
-.11600, 
-.08720, 
-.04820, 

APPROXIMANT FUNCTION N ( l, 2 

AO Al A2 

-.00001355 .50037475 

A4 A5 A6 

.54767, 

.55443, 

.55733, 

.57012, 

.57895, 

.58579, 

.58764, 

.59787, 

.61278, 

.62477, 

.64683, 

.65108, 

.65328, 

.65552, 

.65782, 

.66017, 

.66257, 

.66502, 

.69927, 

.71297, 

.72802, 

.76288, 

.80584, 

.81822, 

.83138, 

.86027, 

.89253, 

.90957, 

.92684, 

.95305, 

.98349, 

A3 

-.00003629 

-.10963, 
-.11655, 
-.11934, 
-.13063, 
-.13757, 
-.14253, 
-.143811' 
-.15049, 
-.15904, 
-.16499, 
-.17397, 
-.17543, 
-.17614, 
-.17686, 
-.17756, 
-.17825, 
-.17894, 
-.17961, 
-.18633, 
-.18770, 
-.18841, 
-.18703, 
-.17977, 
-.17652, 
-.17244, 
-.16092, 
-.14285, 
-.13041, 
-.11525, 
-.08710, 
-.04764, 

.00061076 

.01380489 .05848218 .04963449 

lag1 

.015440852 
.000011782 

k 

10.000000, 
6.000000, 

lag2 

.084286467 

EXACT 
REAL 

.12400, 

.12360, 

lag3 

.255950673 

lMAG 

5.00600, 
3.01020, 

A-Î3 

lag4 

.765113621 

APPROXlMATE 
REAL IMAG 

error 

.000002434 

.12582, 

.12292, 
5.00914, 
3.01116, 



,~ ... 4.000000, .12200, 2.01480, .12110, 2.01468, 
3.000000, .12000, 1.51890, .11938, 1.51835, 
2.000000, .11540, 1.02580, .11536, 1.02526, 
1.500000, .11040, .78150, .11065, .78113, 
1.200000, .10524, .63600, .10561, .63585, 
1.000000, .10030, .53940, .10053, .53954, 

.990000, .09999, .53460, .10023, .53474, 

.880000, .09636, .48171, .09649, .48191, 

.800000, .09320, .44328, .09325, .44352, 

.770000, .09186, .42889, .09190, .42912, 

.660000, .08633, .37613, .08621, .37626, 

.600000, .08268, .34728, .08253, .34735, 

.560000, .07997, .32799, .07980, .32802, 

.550000, .07926, .32318, .07908, .32318, 

.500000, .07535, .29895, .07522, .29892, 

.440000, .07005, .26972, .06995, .26961, 

.400000, .06600, .25000, .06597, .24989, 

.340000, .05909, .21995, .05912, .21990, 

.330000, .05782, .21490, .05786, .21483, 

.325000, .05717, .21239, .05722, .21229, 

.320000, .05651, .20986, .05656, .20974, 

.315000, .05585, .20730, .05590, .20719, 

.310000, .05515, .20472, .05523, .20463, 

.305000, .05447, .20212, .05455, .20206, 

.300000, .05379, .19950, .05385, .19948, 

.240000, .04469, .16774, .04469, .16780, 

.220000, .04129, .15675, .04127, .15683, 

.200000, .03772, .14552, .03766, .14558, 

.160000, .03002, .12205, .02991, .12204, 

.120000, .02161, .09676, .02156, .09669, 

.110000, .01943, .09007, .01941, .09000, 

.100000, .01723, .08320, .01723, .08313, 

.080000, .01283, .06883, .01286, .06882, 

.060000, .00856, .05352, .00855, .05356, 

.050000, .00653, .04545, .00650, .04548, 

.040000, .00464, .03707, .00459, .03708, 

.025000, .00218, .02386, .00215, .02382, 

.010000, .00048, .00982, .00046, .00983, 

OUTPUT FILE: LAPLACE.DAT 

.99828226 -.00003562 .00000474 -.04120375 
-.16289332 -.22908745 -.06459372 

-.00001355 .50037475 -.00003629 .00061076 
.01380489 .05848217 .04963449 

.015440851 .084286462 .255950657 .765113549 .000011782 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

C 

--------------------------------------------------------------------
SEQUENTIAL SIMPLEX PROGRAM (MINIMIZATION PROBLEM SOLVING) 
RATIONAL FUNCTION APPROXIMATION - TRANSONIC REGIME 

OPERATION 
REQUIRE: 1) INPUT OF ICOUNT, N, REQMIN, START(I),STEP(I) 

2) USER SPECIFIED FUNCTION SUBPROGRAM (DOUBLE PRECISION 
FUNCTION FN(X) - MINIMIZATION FUNCTION) 

DOUBLE PRECISION START(20) ,STEP(20),XMIN(20), 
lXSEC(20) ,YNEWLO,YSEC,REQMIN 

OPEN(UNIT=6,FILE='DATA.OUT') 

***** INPUT REQUIRED ****************** 
* * * ICOUNT,N,REQMIN,START(N),STEP(N) * 
* • 
*************************************** 

LET N=4 AT ALL TIMES, SIMPLY SET START(I)=O.O AND STEP(I)=O.O 

ICOUNT=450 
N=4 
REQMIN=O.OOOOOOOOOOOl 
START(1)=0.000592052 
START(2)=0.07383689 
START(3)=O.27305258 
START(4)=O.47381410 
STEP ( 1) =0 . 1 
STEP(2)=0.1051 
STEP(3)=0.210412 
STEP (4) =0.310323 

DO 60 I=1,N 
XMIN(I)=O.DO 
XSEC(I)=O.DO 

60 CONTINUE 
YNEWLO=O.DO 
YSEC=O.OO 

C CALL NELDER-MEAD SUBROUTINE 
C 

C 
C 
C 

CALL NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
lREQMIN,STEP,ICOUNT) 

OUTPUT FROM PROGRAM 

WRITE(6,64) 
WRITE(6,65) ICOUNT 
WRITE ( 6 , 75) 
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79 

WRITE(6,77) 
DO 79 I=l,N 
WRITE(6,80) I,XSEC(I) ,XMIN(I) 
WRITE(6,82) 
WRITE(6,83) 
WRITE(6,84) YSEC,YNEWLO 

C 

C 

64 FORMAT(6X,lH //,6x,lH , 
142H SEQUENTIAL SIMPLEX : PROBLEM MINIMIZATION) 

65 FORMAT(6X,lH //,6x,lH ,I5,12H TRIALS USEO/) 
75 FORMAT(6X,lH ,21X,9HESTIMATES/) 
77 FORMAT(6X,lH ,9HPARAMETER, 7X, 12HNEXT-TO-BEST,8X, 

14HBEST/) 
80 FORMAT(6X,lH ,I5,2F20.7) 
82 FORMAT(6X,lH //,lH ,6X,15HFUNCTION VALUES/) 
83 FORMAT(6X,lH ,5X,13H NEXT-TO-BEST,8X,4HBEST/) 
84 FORMAT(6X,lH ,2F15.9) 

STOP 
END 

C NELDER-MEAD SUBROUTINE 
C 

C 

C 

C 

SUBROUTINE NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
1REQMIN, STEP, ICOUNT) 

DOUBLE PRECISION START(N),STEP(N),XMIN(N), 
1XSEC(N) ,YNEWLO,YSEC,REQMIN,P(20,21),PSTAR(20), 
2P2STAR(20) ,PBAR(20) ,Y(20),DN,Z,YLO,RCOEFF, 
3YSTAR,ECOEFF,Y2STAR,CCOEFF,FN,DABIT,OCHK, 
4COOROl,COOR02 

DATA RCOEFF/1.000/,ECOEFF/2.000j,CCOEFF/0.500/ 
KCOUNT=ICOUNT 
ICOUNT=O 

IF(REQMIN.LE.O.OO) ICOUNT=ICOUNT-l 
IF(N.LE.O) ICOUNT=ICOUNT-IO 
IF(N.GT.20) ICOUNT=ICOUNT-IO 
IF(ICOUNT.LT.O) RETURN 

DABIT=2.046070-35 
BIGNUM=1.0038 
KONVGE=5 
XN=FLOAT(N) 
DN=DFLOAT(N) 
NN=N+l 

C CONSTRUCTION OF INITIAL SIMPLEX 
C 

1001 DO 1 I=l,N 
1 P(I,NN)=START(I) 

y (NN) =FN (START) 
ICOUNT=ICOUNT+l 
DO 2 J=l,N 
OCHK=START(J) 
START(J)=OCHK+STEP(J) 
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C 
C 
C 
C 
c 
C 

DO 3 I=l,N 
3 P(I,J)=START(I) 

Y(J)=FN(START) 
ICOUNT=ICOUNT+1 

2 START(J)=DCHK 

SIMPLEX CONSTRUCTION COMPLETE 

FINO HIGHEST AND LOWEST y VALUES 
YNEWLO (Y(IHI» INDICATES THE VERTEX OF 
THE SIMPLEX TO BE REPLACEO 

C 
1000 YLO=Y(l) 

YNEWLO=YLO 
ILO=l 
IHI=l 
DO 5 I=2,NN 
IF(Y(I) .GE.YLO) GOTO 4 
YLO=Y(I) 
ILO=I 

4 IF(Y(I) .LE.YNEWLO) GOTO 5 
YNEWLO=Y(I) 
IHI=I 

5 CONTINUE 

C PERFORM CONVERGENCE CHECKS ON FUNCTION 
C 

C 

C 

DCHK=(YNEWLO+OABIT)/(YLO+OABIT)-l.DO 
IF(OABS(OCHK) .LT.REQMIN) GOTO 900 

KONVGE=KONVGE-1 
IF(KONVGE.NE.O) GOTO 2020 
KONVGE=5 

C CHECK CONVERGENCE OF COOROINATES ONLY 
C EVERY 5 SIMPLEXES 
C 

2005 

2010 

2015 

2020 
C 
C 
C 

DO 2015 I=l,N 
COOR01=P(I,1) 
COOR02=COOR01 
DO 2010 J=2,NN 
IF(P(I,J).GE.COOR01) GOTO 2005 
COOR01=P(I,J) 
IF(P(I,J).LE.COOR02) GOTO 2010 
COOR02=P(I,J) 
CONTINUE 
OCHK=(COORD2+0ABIT)/(COOR01+0ABIT)-1.00 
IF(OABS(OCHK) .GT.REQMIN) GOTO 2020 
CONTINUE 
GOTO 900 
IF(ICOUNT.GE.KCOUNT) GOTO 900 

CALCULATE PBAR, THE CENTROIO OF THE 
SIMPLEX VERTICES EXCEPTING THAT WITH 
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C 
C 

C 

y VALUE 'lNEWLO 

DO 7 I=1,N 
Z~O.ODO 

DO 6 J=1,NN 
6 Z=Z+P(I,J) 

Z=Z-P(I,IHI) 
7 PBAR(I)=ZjDN 

C REFLECTION THROUGH THE CENTROID 
C 

C 

DO 8 I=1,N 
8 PSTAR(I)=(1.0DO+RCOEFF)*PBAR(I)-RCOEFF*P(I,IHI) 

YSTAR=FN (PST AR) 
ICOUNT=1COUNT+1 
IF('lSTAR.GE.YLO) GOTO 12 
1F(ICOUNT.GE.KCOUNT) GOTO 19 

C SUCCESSFUL REFLECTION, SO EXTENSION 
C 

C 

DO 9 I=1,N 
9 P2STAR(1)=ECOEFF*PSTAR(I)+(1.0DO-ECOEFF)*PBAR(I) 

Y2STAR=FN(P2STAR) 
ICOUNT=1COUNT+1 

C RETAIN EXTENSION OR CONTRACTION 
C 

C 

IF('l2STAR.GE.YSTAR) GOTO 19 
10 DO 11 I=l,N 
11 P(I,IHI)=P2STAR(I) 

Y(IHI)=Y2STAR 
GOTO 1000 

C NO EXTENSION 
C 

C 

12 L=O 
DO 13 1=1, NN 
IF(Y(I).GT.YSTAR) L=L+1 

13 CONTINUE 
IF(L.GT.1) GOTO 19 
IF(L.EQ.O) GOTO 15 

C CONTRACTION ON THE REFLECTION SIDE OF THE 
C CENTROID 
C 

C 
C 
C 

DO 14 1=1, N 
14 P(I,IHI)=PSTAR(I) 

Y(IHI)=YSTAR 

CONTRACTION ON THE 'l(IHI) SIDE OF THE CENTROID 

15 IF(ICOUNT.GE.KCOUNT) GOTO 900 
UO 16 I=l,N 

16 P2STAR(I)=CCOEFF*P(I,IHI)+(1.0DO-CCOEFF)*PBAR(I) 
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C 
C 

Y2STAR=FN(P2STAR) 
ICOUNT=ICOUNT+1 
IF(Y2STAR.LT.Y(IHI» GOTO 10 

CONTRACT THE WHOLE SIMPLEX 

DO 18 J=l,NN 
DO 17 I=l,N 
P(I,J)=(P(I,J)+P(I,ILO»*0.5DO 

17 XMIN(I)=P(I,J) 
Y(J)=FN(XMIN) 

18 CONTINUE 
ICOUNT=ICOUNT+NN 
IF(ICOUNT.LT.KCOUNT) GOTO 1000 
GOTO 900 

C RETAIN REFLECTION 
C 
C 19 CONTINUE 

19 DO 20 I=l,N 

c 

20 P(I,IHI)=PSTAR(I) 
Y(IHI)=YSTAR 
GOTO 1000 

C SELECT THE TWO BEST FUNCTION VALUES (YNEWLO 
C AND YSEC) AND THEIR COORDS. (XMIN AND XSEC) 
C 

C 

900 DO 23 J=l,NN 
DO 22 I=l,N 

22 XMIN(I)=P(I,J) 
Y(J)=FN(XMIN) 

23 CONTINUE 
YNEWLO=BIGNUM 
DO 24 J=l, NN 
IF(Y(J).GE.YNEWLO) GOTO 24 
YNEWLO=Y(J) 
IBEST=J 

24 CONTINUE 
Y(IBEST)=BIGNUM 
YSEC=RIGNTJM 
DO ol5 J=l, NN 
IF(Y(J).GE.YSEC) GOTO 25 
YSEC=Y(J) 
ISEC=J 

25 CONTINUE 
DO 26 I=l,N 
XMIN(I}=P(I,IBEST} 
XSEC(I)=P(I,ISEC} 

26 CONTINUE 
RETURN 
END 

C APPROXIMATING FUNCTION : PADE APPROXIMATE WITH LAG TERMS 
C 
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C 
C 

C 
C 

DOUBLE PRECISION FUNCTION FN (lag) 
IMPLICIT REAL*8 (A-Z) 
COMPLEX*16 ckquad,cklag,ckbar(40,2,2),p 
DOUBLE PRECISION LAG(4) 
REA L * 8 w ( 4 0) , k ( ft 0 , 2 , 2) , F ( 4 0 , 2 , 2) , G ( 4 0 , 2 , 2) , a ( 9 , 18) , b ( 9 , 1) , x ( 9 , l ) 
REAL*8 mn (40) 
INTEGER i,m,in,nst,nf,j,prt,totlag,c,r,count,icount 
INTEGER D,COL,ROW 

OPE~(UNIT=I,FILE='LAG.OUT') 
OPEN(UNIT=lO,FILE='LAPLACE.DAT') 

C ********** INPUT REQUIRED ********************** 
C * * 
C * OPEN REQUIRED INPUT TABULAR DATA FILES * 
C * TOTAL # OF ITERA'1'IONS ICOUNT (2) * 
C * # OF POINTS (m) IN FILES ~ 

C * CHECK FORCED CONDITIONS * 
C * * 
C ************************************************ 
C 

C 
C 
C 
C 
C 
C 

icount=450+5 
minerr=O.0000167 
totlag=4 
m=15 
count=count+l 
if(count.gt.l) qoto 88 

FILES CONTAIN k(i,r,c), 
k(i) REDUCED FREQUENCY 
F(i) REAL 
G (i) IMAGINARY 

F(i,r,c), G(i,r,c) 

C APPROXlMATING UNSTEADY AERODYNAMICS 

150 

C 

OPEN(UNIT=2,FILE='Nll.DAT',STATUS='OLD') 
OPEN(UNIT=4,FILE='N12.DAT',STATUS='OLD') 
OPEN(UNIT=7,FILE='N21.DAT',STATUS='OLD') 
OPEN(UNIT=8,FILE='N22.DAT' ,STATUS='OLD') 
do 150 i=l,m 

READ(2, *) 
READ (4, *) 
READ(7, *) 
READ(8, *) 

continue 
CLOSE (UNIT=8) 
CLOSE (UNIT=7) 
CLOSE (UNIT=4 ) 
CLOSE (UNIT=2) 

k(i,l,l),F(i,l,l),G(i,l,l) 
k(i,1,2),F(i,I,2),G(i,1,2) 
k(i,2, 1) ,F(i,2,1) ,G(i,2,1) 
k(i,2,2) ,F(i,2,2) ,G(i,2,2) 

C REQUIRED CONSTANTS 
C matrix [A] (size in x in ) 

88 nst=4 
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1 
C 

in=nst+(totlag-1) 
nf=2*in 

C NOTE: lag(1) <> lag(2) <> lag(3) <> lag(4) 
C lag(1), lag(2), lag(3), lag(4) must be aIl non-negative 
C BOUNDARY (CONSTRAINT) CONDITIONS 

163 
164 

157 
156 

C 

C 

C 
390 

400 

410 
C 
C 

415 

do 156 i=1,totlag 
if(lag(i).lt.O.O) lag(i)=i*o.oooOOOOOl 

do 157 j=1,totlag-1 
if(i.eq.j) goto 157 
if(lag(i).eq.lag(j» goto 163 
goto 15ï 
print 164, j 
format (i5, , EQUAL LAG TERMS REQUIRES IMMEDIATE STOP') 
stop 

continue 
continue 

FN=O.O 

do 750 r=l,2 
do 700 c=l,2 

err=O.O 
RESETTING MATRIX ELEMENT VALUES TO ZERO 

do 410 i=l, in 
do 400 j=1,nf 

a (i, j ) =0.0 
continue 

b(i,l)=O.O 
x(i,1)=0.0 

continue 

CREATING MATRICES [A) AND [B) : SOLVE [A) {x} = 
do 175 i=1,m 

if(k(i,r,c) .eq.O.O) goto 175 
bk1=k(i,r,c)**2j(k(i,r,c)**2+1ag(1)**2) 
if(totlag.eq.1) goto 415 
bk2=k{i,r,c)**2j{k(i,r,c)**2+1ag(2)**2) 
if(totlag.eq.2) goto 415 
bk3=k(i,r,c)**2j(k(i,r,c)**2+1ag(3)**2) 
if(totlag.eq.3) goto 415 
bk4=k{i,r,c)**2j(k(i,r,c)**2+1ag(4)**2) 
mn(i)=F(i,r,c)**2+G(i,r,c)**2 
if(mn{i).lt.l.O) mn(i)=1.0 
w(i)=1.0 
w ( i) =w ( i) jmn ( i) 
a(l,l)=a(l,l)+w(i)*(l.O) 
a(1,2)=a(l,2)+w(i)*(0.O) 
a(1,3)=a(1,3)+w(i)*(-k{i,r,c)**2) 
a(1,4)=a(l,4)+w(i)*(bk1) 
a(1,5)=a(1,5)+w(i)*(bk2) 
a(1,6)=a(1,6)+w(i)*(bk3) 
a(1,7)=a(l,7)+w(i)*(bk4) 
a(2,1)=a(2,1)+w(i)*(0.O) 
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1 

1 

1 

1 

1 

1 

1 

1 

a(2,2)=a(2,2)+w(i)*(k(i,r,c)**2) 
a(2,3)=a(2,3)+w(i)*(O.O) 
a(2,4)=a(2,4)+w(i)*(bkl*lag(1» 
a(2,5)~a(2,5)+w(i)*(bk2*lag(2» 
a(2,6)=a(2,6)+w(i)*(bk3*lag(3» 
a(2,7)=a(2,7)+w(i)*(bk4*lag(4» 
a(3,1)=a(3,1)+w(i)*(-k(i,r,c)**2) 
a(3,2)=a(3,2)+w(i)*(O.O) 
a(3,3)=a(3,3)+w(i)*(k(i,r,c)**4) 
a(3,4)=a(3,4)+w(i)*(-k(i,r,c)**2*bkl) 
a(3,5)=a(3,5)+w(i)*(-k(i,r,c)**2*bk2) 
a(3,6)=a(3,6)+w(i)*(-k(i,r,c)**2*hk3) 
a(3,7)=a(3,7)+w(i)*(-k(i,r,c)**2*bk4) 
a(4,1)=a(4,1)+w(i)*(bkl) 
a(4,2)=a(4,2)+W(i)*(bkl*lag(1» 
a(4,3)=a(4,3)+w(i)*(-k(i,r,c)**2*bkl) 
a(4,4)=a(4,4)+w(i)*(bkl**2*(1+(lag(1)**2/k(i,r,c)**2») 
a(4,5)=a(4,5)+w(i)*(bkl*bk2*(1+(lag(1)*lag(2)/ 
k(i,r,c)**2») 
a(4,6)=a(4,6)+w(i)*(bkl*bk3*(1+(lag(1)*lag(3)/ 
k(i,r,c)**2») 
a(4,7)=a(4,7)+w(i)*(bkl*bk4*(1+(lag(1)*lag(4)/ 
k(i,r,c)**2») 
a(5,1)=a(5,1)+w(i)*(bk2) 
a(5,2)=a(5,2)+w(i)*(bk2*lag(2» 
a(5,3)=a(5,3)+w(i)*{-k(i,r,c)**2*bk2) 
a(5,4)=a(5,4)+w(i)*(bkl*bk2*(1+(lag(1)*lag(2)/ 
k{i,r,c)**2») 
a(5,5)=a(5,5)+w(i)*(bk2*bk2*(1+(lag(2)*lag(2)/ 
k(i,r,c)**2») 
a(5,6)=a(5,6)+w(i)*(bk3*bk2*(1+(lag(3)*lag(2)/ 
k(i,r,c)**2») 
a(5,7)=a(5,7)+w(i)*(bk4*bk2*(1+(lag(4)*lag(2)/ 
k(i,r,c)**2») 
a(6,1)=a(6,1)+w(i)*(bk3) 
a(6,2)=a(6,2)+w(i)*(bk3*lag(3» 
a(6,3)=a(6,3)+w(i)*(-k(i,r,c)**2*bk3) 
a(6,4)=a(6,4)+w(i)*(bkl*bk3*(1+(lag(1)*lag(3)/ 
k(i,r,c)**2») 
a(6,5)=a(6,5)+w(i)*(bk2*bk3*(1+(lag(2)*lag(3)/ 
k(i,r,c)**2») 
a(6,6)=a(6,6)+w(i)*(bk3*bk3*(1+(lag(3)*lag(3)/ 
k(i,r,c)**2») 
a{6,7)=a{6,7)+w(i)*(bk4*bk3*(1+(lag(4)*lag(3)/ 
k(i,r,c)**2») 
a(7,1)=a(7,1)+w(i)*(bk4) 
a(7,2)=a(7,2)+w(i)*{bk4*lag(4» 
a(7,3)=a(7,3)+w(i)*(-k(i,r,c)**2*bk4) 
a(7,4)=a(7,4)+w(i)*(bkl*bk4*(1+(lag(1)*lag(4)/ 
k(i,r,c)**2») 
a(7,5)=a(7,5)+w(i)*(bk2*bk4*(1+(lag(2)*lag(4)/ 
k{i,r,c)**2») 
a(7,6)=a(7,6)+w(i)*(bk3*bk4*(1+(lag(3)*lag(4)/ 
k(i,r,c)**2») 
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1 

1 

1 

1 

1 
175 

205 
206 

a(7,7)=a(7,7)+w(i)*(bk4*bk4*(1+(lag(4)*lag(4)j 
k(i,r,c)**2») 
b(1,1)=b(1,1)+w(i)*(f(i,r,c» 
b(2,1)=b(2,1)+w(i)*(g(i,r,c)*k(i,r,c» 
b(3,1)=b(3,1)+w(i)*(-f(i,r,c)*k(i,r,c)**2) 
b(4,1)=b(4,1)+w(i)*(bk1*(f(i,r,c}+g(i,r,c)* 
lag(l)/k(i,r,c») 
b(5,1)=b(5,1)+w(i)*(bk2*(f(i,r,c)+g(i,r,c)* 
lag(2)/k(i,r,c») 
b(6,1)=b(6,1)+w(i)*(bk3*(f(i,r,c}+g(i,r,c)* 
lag(3)jk(i,r,c)}) 
b(7,1)=b(7,1)+w(i)*(bk4*(f(i,r,c)+g(i,r,c)* 
lag(4)/k(i,r,c») 

continue 
format(8f10.4) 
format ( 1 1) 

PROGRAM INVMAT 

C A(N,NF) -- CHANGE BOTH THE DECLARATION I.E REAL A(N,NF), AS WELL 
C AS THE DECLARED VALUES OF N & NF. ALSO CHANGE THE NF VALUE IN THE 
C FORMAT STATEMENT AT THE END. I.E (NFF6.2) 
C 
C 

DO 4 ROW=1, IN 
DO 3 COL=(IN+1),NF 

A(ROW,COL)=O.O 
IF«ROW+IN) .EQ.COL) A(ROW,COL)=1.0 

3 CONTINUE 
4 CONTINUE 

DO 50 D=1,IN 
TEMP=A(D,O) 
DO 5 COL=D,NF 

A(D,COL)=A(D,COL)/TEMP 
5 CONTINUE 

DO 15 ROW=O+l, IN 
TEMP=A (ROW , 0) 
DO 10 COL=D,NF 

A(ROW,COL)=A(ROW,COL)-TEMP*A(D,COL) 
10 CONTINUE 
15 CONTINUE 
50 CONTINUE 

DO 100 D=IN,2,-1 
DO 80 ROW=D-1,1,-1 

TEMP=A (ROW , D) 
DO 70 COL=D, NF 

A(ROW,COL)=A(ROW,COL)-TEMP*A(D,COL) 
70 CONTINUE 
80 CONTINUE 
100 CONTINUE 

DO 120 ROW=1, IN 
DO 125 COL=IN+1,NF 
X(ROW,1)=X(ROW, 1)+A(ROW,COL) *B(COL-IN, 1) 

125 CONTINUE 
120 CONTINUE 
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l 130 FORMAT(' ',9F15.5) 
C 
C FORCED AGREEMENT WITH TABULAR DATA AT k=O.O 

if{r.eq.l.and.c.eq.l.and.k(l,l,l) .eq.O.O) x(l,l)=F(l,r,c) 
if (r. eq. 2 . and. c. eq. 1. and. k ( 1 ,2, 1) . eq. O. 0) x ( 1 , 1) =F ( 1 , r, c) 

c if (r. eq. 1 . and. c. eq. 2 . and. k ( 1 , 1,2) . eq. O. 0) x ( 1 , 1) =F ( 1 , r, c) 
c if(r.eq.2.and.c.eq.2.and.k(1,2,2) .eq.O.O) x(1,1)=F(1,r,c) 
C CALCULATION OF APPROXIMATE FUNCTION 
C 

do 300 i=1,m 
p;dcmp1x(0.0,k(i,r,c» 
ckquad=x(1,1)+x(2,1)*p+x(3,1)*p**2 
cklag=X(4,1)*p/(p+lag(1»+x(5,1)*pj(p+lag(2»+x(6,1)* 

1 pj(p+lag(3»+x(7,1)*pj(p+lag(4» 
ckbar(i,r,c);ckquad+ck1ag 

c error calculation 
mn(i)=F(i,r,c)**2+G(i,r,c)**2 
i f (mn ( i) . 1 t . 1. 0) mn ( i ) = 1. a 

c square error (complete) #1 #2 
err=err+«(dreal(ckbar(i,r,c»-f(i,r,c»**2+ 

1 (dimag(ckbar(i,r,c»-g(i,r,c»**2)jmn(i»jm 
c % square error (separate) #3 
c err=err+«drea1(ckbar(i,r,e»-f(i,r,c»**2jf(i,r,e)**2+ 
c 1 (dimag(ckbar(i,r,c»-g(i,r,c»**2jg(i,r,c)**2)/m 
c % error (separate) #4 
c err=err+(abs«dreal(ckbar(i,r,c»-f(i,r,c»jf(i,r,c»+ 
c 1 abs«dimag(ckbar(i,r,c»-g(i,r,c»jg(i,r,c»)jrn 
c 

300 
301 

c 
305 

1 
c 

500 
600 

continue 
FN=FN+err 
print 305, x(l,l) ,x(2,1) ,x(3,l) ,x(4,1) ,x(5,1) ,x(6,1) ,x(7,l) 
format (6X, f12.6,',' ,f10.5,',' ,f10.5,',' ,fla. 5,',', 
fla. 5,', , ,2f10.5) 
print 634, r,c,1ag(1),lag(2),1ag(3),1ag(4) ,err,FN 

print 634, count 
continue 
if(count.lt.icount-2) goto 700 
write (1,604) 
write (1,602) r,e 
write (1,604) 
write (1,604) 
write (1,603) 
write (1,604) 
write (l,60S) x(l,l) ,x(2,1) ,x(3,1) ,x(4,1) 
write (1,604) 
write (1,601) 
write (1,604) 
write (l,60S) x(5,1) ,x(6,1) ,x(7,l) 
write (1,604) 
write (1,604) 
write (1,606) 
write (1,604) 
write (1,635) lag(1) ,1ag(2) ,1ag(3) ,1ag(4) ,err,FN 
write (1,604) 
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1 

C 
C CREATE 

1 

584 
C 

602 
603 

1 
601 
604 
605 
634 
635 
606 

1 
610 

1 
611 

1 
585 

650 
700 
750 

800 

l 

write (1,604) 
write (1,610) 
write (1,611) 
write (1,604) 
write (1,604) 

FILE 'LAPLACE.DAT' CONTAINS b1, b2, ... , AO, Al, ... 
write (10,605) x(l,l) ,x(2,1) ,x(3,l) ,x(4,l) ,x(5,1), 
x(6,1) ,x(7,1) 
if(r.eq.2.and.c.eq.2) goto 584 
goto 585 
write (10,635) lag(l) ,lag(2) ,lag(3),lag(4) ,FN 

format (6X, , 
format (5x, , 

l\PPROXIMANT 
AO 

A3 ') 

FUNCTION 
Al 

N (', i2 , , , , , i2, , 
A2' , 

format (5x, 1 

format ( 1 1 ) 

format(5x,8f16.6) 
format(2i5,7f12.9) 
format(7x,7f11.8) 
format(7x, , lagl 
1 error 1 ) 

format (6X, 1 

1 APPROXlMATE ' ) 
format (6X, , 

lMAG' ) 
do 650 prt=l,m 

A4 

k 

A5 A6' ) 

lag2 lag3 lag4 1
, 

EXACT 

REAL l MAG REAL 

) , ) 

write(1,305) k(prt,r,c),f(prt,r,c),g(prt,r,c} ,ckbar(prt,r,c) 
continue 
continue 
continue 
RETURN 
END 
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. 
( INPUT FILE · N11. DAT · 

0.00 0.00 0.00 
0.025 0.17 0.56 
0.050 0.39 0.87 
0.0875 0.66 1.17 
0.100 0.76 1. 23 
0.125 0.89 1. 39 
0.150 1. 01 1. 49 
0.175 1.12 1. 61 
0.200 1.17 1. 69 
0.25 1. 25 1. 93 
0.3 1. 23 2.12 
0.35 1.19 2.39 
0.4 1.15 2.64 
0.45 1. 07 2.93 
0.5 0.98 3.25 

DATA TABLE 

Cl (h) 

k Real Imaginary 

INPUT FILE · N12.DAT · 
0.000 14.70 -0.00 
0.025 12.20 -4.05 
0.050 9.50 -4.15 
0.0875 7.63 -3.70 
0.100 7.22 -3.47 
0.125 6.61 -3.18 
0.150 6.09 -2.94 
0.175 5.72 -2.59 
0.200 5.41 -2.29 
0.25 4.92 -1.79 
0.3 4.63 -1.30 
0.35 4.43 -0.83 
0.4 4.35 -0.41 
0.45 4.35 -0.03 
0.5 4.40 0.28 

DATA TABLE 

Cl (alpha) 

f k Real Imaginary ... 
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1 INPUT FILE . N21.DAT . 

0.000 0.000 0.000 
0.025 0.001 -0.035 
0.050 0.015 -0.065 
0.0875 0.025 -0.125 
0.100 0.030 -0.145 
0.125 0.02 -0.198 
0.150 0.015 -0.23 
0.175 0.010 -0.280 
0.200 -0.005 -0.325 
0.25 -0.035 -0.397 
0.3 -0.060 -0.403 
0.35 -0.045 -0.425 
0.4 -0.005 -0.448 
0.45 0.065 -0.490 
0.5 0.14 -0.55 

DATA TABLE 

Cm(h) 

k Real Imaginary 

INPUT FILE . N22.DAT . 

0.000 -0.445 0.000 
0.025 -0.450 -0.027 
0.050 -0.455 -0.122 
0.0875 -0.495 -0.311 
0.100 -0.520 -0.348 
0.125 -0.581 -0.422 
0.150 -0.672 -0.508 
0.175 -0.732 -0.548 
0.200 -0.810 -0.582 
0.25 -0.905 -0.610 
0.3 -0.898 -0.550 
0.35 -0.86l3 -0.575 
0.4 -0.824 -0.648 
0.45 -0.790 -0.750 
0.5 -0.770 -0.903 

DATA TABLE 

Cm(alpha) 

't k Real Imaginary 
'Î 
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t'OUTPUT FILE : DATA. OUT 

( 

SEQUENTIAL SIMPLEX 

451 TRIALS USED 

PROBLEM MINIMIZATION 

PARAMETER 

1 
2 
3 
4 

FUNCTION VALUES 

ESTIMATES 

NEXT-TO-BEST 

.2789266 

.0436573 

.2789914 

.2858671 

NEXT-TO-BEST BEST 

.001414830 .001396017 

OUTPUT FILE : LAG.OUT 

APPROXIMANT FUNCTION 

AO Al 

.000000 7.351972 

A4 A5 

.593074 8707.625432 

lag1 laq2 1ag3 

BEST 

.2789266 

.0436573 

.2789914 

.2858671 

A2 

-.265177 

A6 

-146.231038 

1ag4 

A3 

-8561.672085 

error 

.27892661 .04365735 .27899139 .28586712 .00020817 .00020817 

k EXACT APPROXlMATE 
REAL lMAG REAL lMAG 

.000000, .00000, .00000, .00000, .00000, 

.025000, .17000, .56000, .16792, .54877, 

.050000, .39000, .87000, .41847, .86344, 

.087500, .66000, 1.17000, .69680, 1.16498, 

.100000, .76000, 1.23000, .77287, 1.24726, 
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.125000, 

.150000, 

.175000, 

.200000, 

.250000, 

.300000, 

.350000, 

.400000, 

.450000, 

.500000, 

.89000, 
1.01000, 
1.12000, 
1.17000, 
1.25000, 
1.23000, 
1.19000, 
1.15000, 
1.07000, 

.98000, 

APPROXIMANT FUNCTION 

AO Al 

1.39000, 
1.49000, 
1.61000, 
1.69000, 
1.93000, 
2.12000, 
2.39000, 
2.64000, 
2.93000, 
3.25000, 

N ( l, 2 

14.235672 .957753 

A4 A5 

-8.145772 -408964.029690 

lag1 lag2 lag3 

.90794, 
1. 02060, 
1.10957, 
1.17459, 
1. 23994, 
1. 24034, 
1. 20249, 
1.14690, 
1.08659, 
1. 02883, 

A2 

1.258183 

A6 

3987.367830 

lag4 

1. 39206, 
1. 51454, 
1. 62079, 
1.71761, 
1. 90689, 
2.11637, 
2.35917, 
2.63547, 
2.94005, 
3.26655, 

A3 

404976.770760 

error 

.27892661 .04365735 .27899139 .28586712 .00020294 .00041111 

k 

.000000, 

.025000, 

.050000, 

.087500, 

.100000, 

.125000, 

.150000, 

.175000, 

.200000, 

.250000, 

.300000, 

.350000, 

.400000, 

.450000, 

.500000, 

EXACT 
REAL l MAG 

14.70000, 
12.20000, 
9.50000, 
7.63000, 
7.22000, 
6.61000, 
6.09000, 
5.72000, 
5.41000, 
4.92000, 
4.63000, 
4.43000, 
4.35000, 
4.35000, 
4.40000, 

.00000, 
-4.05000, 
-4.15000, 
-3.70000, 
-3.47000, 
-3.18000, 
-2.94000, 
-2.59000, 
-2.29000, 
-1.79000, 
-1.30000, 
-.83000, 
-.41000, 
-.03000, 

.28000, 

APPROXIMANT FUNCTION N ( 2, 1 

AO Al 

.000000 -1.905869 

A-89 

APPROXIMATE 
REAL l MAG 

14.23567, 
12.21288, 
9.56427, 
7.53586, 
7.15123, 
6.57096, 
6.12655, 
5.75592, 
5.43806, 
4.94237, 
4.62099, 
4.44320, 
4.36678, 
4.35258, 
4.37100, 

A2 

-.293633 

.00000, 
-3.64541, 
-4.30539, 
-3.72869, 
-3.52318, 
-3.17275, 
-2.88115, 
-2.61606, 
-2.35648, 
-1. 82723, 
-1. 29981, 

-.81140, 
-.38607, 
-.03010, 

.26139, 

A3 

158360.047503 



( A4 A5 A6 

-.059842 -159903.225805 1543.931881 

lag1 laq2 lag3 lag4 errer 

.27892661 .04365735 .27899139 .28586712 .00019833 .00060945 

k 

.000000, 

.025000, 

.050000, 

.087500, 

.100000, 

.125000, 

.150000, 

.175000, 

.200000, 

.250000, 

.300000, 

.350000, 

.400000, 

.450000, 

.500000, 

EXACT 
REAL IMAG 

.00000, 

.00100, 

.01500, 

.02500, 

.03000, 

.02000, 

.01500, 

.01000, 
-.00500, 
-.03500, 
-.06000, 
-.04500, 
-.00500, 

.06500, 

.14000, 

.00000, 
-.03500, 
-.06500, 
-.12500, 
-.14500, 
-.19800, 
-.23000, 
-.28000, 
-.32500, 
-.39700, 
-.40300, 
-.42500, 
-.44800, 
-.49000, 
-.55000, 

APPROXIMATE 
REAL IMAG 

.00000, 
-.00729, 
-.00727, 

.01171, 

.01725, 

.02145, 

.01512, 

.00030, 
-.01874, 
-.05219, 
-.06191, 
-.04310, 
-.00139, 

.05504, 

.11927, 

.00000, 
-.03935, 
-.06574, 
-.11930, 
-.14295, 
-.19500, 
-.24731, 
-.29389, 
-.33146, 
-.37922, 
-.40363, 
-.42338, 
-.45102, 
-.49191, 
-.54679, 

APPROXIMANT FUNCTION N ( 2, 2 ) 

AO Al A2 A3 

-.516839 -4.394286 2.744002 217699.240354 

A6 

.165112 -219881.401614 2184.097622 

1aCJ1 lag2 lag3 lag4 errer 

.27892661 .04365735 .27899139 .28586712 .00078657 .00139602 

k 

.000000, 

.025000, 

.050000, 

.087500, 

EXACT 
REAL IMAG 

-.44500, 
-.45000, 
.~. 45500, 
-.49500, 

.00000, 
-.02700, 
-.12200, 
-.31100, 

A-90 

APPROXIMATE 
REAL l MAG 

-.51684, 
-.48373, 
-.45477, 
-.48600, 

.00000, 
-.04150, 
-.14213, 
-.31323, 



1 .100000, -.52000, -.34800, -.51147, -.36418, 
.125000, -.58100, -.42200, -.57665, -.45028, 
.150000, -.67200, -.50800, -.65200, -.51226, 
.175000, -.73200, -.54800, -.72737, -.55013, 
.200000, -.81000, -.58200, -.79435, -.56754, 
.250000, -.90500, -.61000, -.88350, -.56578, 
.300000, -.89800, -.55000, -.90772, -.55768, 
.350000, -.86800, -.57500, -.88429, -.57878, 
.400000, -.82400, -.64800, -.83843, -.64393, 
.450000, -.79000, -.75000, -.79150, -.75384, 
.500000, -.77000, -.90300, -.75798, -.90251, 

OUTPUT FILE LAPLACE.DAT 

.000000 7.351972 -.265177 -8561.672085 
.593074 8707.625432 -146.231038 

14.235672 .957753 1.258183 404976.770760 
-8.145772 -408964.029690 3987.367830 

.000000 -1.905869 -.293633 158360.047503 
-.059842 -159903.225805 1543.931881 

-.516839 -4.394286 2.744002 217699.240354 
.165112 -219881.401614 2184.097622 

.27892661 .04365735 .27899139 .28586712 .00139602 

A-91 



c 

( 

$storage:2 
$floatcalls 
$debug 
C-----------------------------------------------------------------------
C LAPLACE EIGENVALUE SOLUTION 
C FLUTTER ChLCULATION (INCOMPRESSIBLE REGIME) 
C------------·-----------------------------------------------------------
C 

C 

IMPLICIT REAL*8 (A-Z) 
INTEGER ib,n,ia,ijob,iz,ier,infer,i,j 
COMPLEX* 16 eval ( 12) , A (12, 12) , B (12,12) , EIGA (12) , EIGB (12) , Z (12, 12) 
COMPLEX*16 WK(21,42) 
REAL*8 u,vel,atemp1,atemp2,atemp3,atemp4 
REAL*8 finv(7,2,2) ,f(8,2,2) ,m(2,2) ,c(2,2) ,k!2,2) 
REA L * 8 a 0 ( 2 , 2) , a 1 ( 2 , 2) , a 2 (2 , 2) , a 3 (2 , 2) , a 4 ( 2 , 2) , a 5 ( 2 , 2) , a 6 ( 2 , 2 ) 
real*8 n1(2,7) 
INTEGER y 

C Read in constants. 
OPEN (UNIT=1,FILE='CONST6.DAT',STATUS='OLD') 
READ (1,*) ia,ib,iz,n,ijob 

C 12 12 12 12 2 
CLOSE (UNIT=1) 

C 
C open required files 

C 
C 

C 

C 
C 
C 

C 

OPEN (UNIT=4,FILE='EIGEN.OUT',STATUS='NEW') 

required constants 
u=50.0 
wrat=O.2 
r=O.5 
ah=-O.5 

xtor=0.25 
semic=1.0 
wtor=1.0 
wben=wrat*wtor 

required constants 

OPEN (UNIT=10,FILE='LAPLACE.DAT',STATUS='OLD') 
do 25 i=1,2 

READ (10, *) n1 (i, 1) , n1 (i, 2) , n1 (i, 3) , n1 (i, 4) , n1 (i, 5) , 
1 nI ( i ,6) , n1 ( i , 7) 

25 continue 
READ (10,*) b1,b2,b3,b4,err 
CLOSE (UNIT=10) 

C titles and initial parameter listing to file 
write(4,32) 
write(4,121) 
write(4,121) 
write(4,33) 
write(4,121) 
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l 

C 

32 
33 
34 
121 

write(4,34) u,r,ah,wrat 
write(4,12l) 
write(4,12l) 
format(6x,' LAPLACE METHOD INCOMPRESSIBLE (THEODORSEN) 1) 
format(6x,' u r(alp) ah wbenjwtor ' ) 
format(6x,f7.1,4f10.l) 
format ( 1 1 ) 

C FOUR LAG TERMS 
C 
C PADE APPROXIMANT 
C 

THEODORSEN FUNCTION C(k) AND C(k)*ik 

C term Q(l,l): C(k)*ik 
C 

aO(l,l)= nl(2,1) 
a1(1,1)= nl(2,2) 
a2(1,1)= nl(2,3) 
a3(1,1)= nl(2,4) 
a4(1,1)= n1(2,S) 
aS(l,l)= n1(2,6) 
a6(1,1)= n1(2,7) 

C 
C term Q(1,2) : C(k)*ik*(O.S-ah)+C(k) 
C 

aO(1,2)= nl(2,1)*(O.S-ah)+n1(l,l) 
al (1,2) .': nl(2,2)*(O.S-ah)+nl(l,2) 
a2(1,2)= n1(2,3)*(O.5-ah)+nl(1,3) 
a3(1,2)= nl(2,4)*(O.S-ah)+nl(1,4) 
a4(1,2)= nl(2,S)*(O.5-ah)+nl(1,S) 
aS(1,2)= nl(2,6)*(O.5-ah)+n1(1,6) 
a6(1,2)= nl(2,7)*(O.S-ah)+nl(1,7) 

C 
C term Q(2,1): C(k)*ik*(-(ah+O.S» 
C 

aO(2,1)= n1(2,1)*(-O.S-ah) 
al(2,1)= nl(2,2)*(-O.S-ah) 
a2(2,1)= nl(2,3)*(-O.S-ah) 
a3(2,1)= nl(2,4)*(-O.S-ah) 
a4(2,1)= n1(2,S)*(-O.5-ah) 
a5(2,1)= nl(2,6)*(-O.S-ah) 
a6(2,1)= nl(2,7)*(-O.5-ah) 

C 

C term Q(2,2): C(k)*ik*(-(ah+O.5)*(O.S-ah»-(ah+O.S)*C(k) 
C 

C 
C 
C 

aO(2,2)= nl(2,1)*(-O.S-ah)*(O.S-ah)-(ah+O.S)*nl(1,1) 
al(2,2)= n1(2,2)*(-O.5-ah)*(O.5-ah)-(ah+O.S)*nl(1,2) 
a2(2,2)= nl(2,3)*(-O.S-ah)*(O.S-ah)-(ah+O.S)*nl(1,3) 
a3(2,2)= nl(2,4)*(-O.S-ah)*(O.5-ah)-(ah+O.5)*nl(1,4) 
a4(2,2)= nl(2,S)*(-O.S-ah)*(O.S-ah)-(ah+O.S)*nl(1,S) 
a5(2,2)= n1(2,6)*(-O.S-ah)*(O.S-ah)-(ah+O.S)*n1(1,6) 
a6(2,2)= n1(2,7)*(-O.S-ah)*(O.S-ah)-(ah+O.S)*n1(1,7) 

A-93 



r 

L 

C 

b1234=bl+b2+b3+b4 
b123=bl+b2+b3 
b124=bl+b2+b4 
b134=bl+b3+b4 
b234=b2+b3+b4 
bt123=bl*b2*b3 
bt124=bl*b2*b4 
bt13 4=bl *b3 *b4 
bt234=b2*b3*b4 
bq1234=b1*b2*b3*b4 
bt1234=b1*b2*b3~bl*b2*b4+bl*b3*b4+b2*b3*b4 
bd1234=b1*b2+b1*b3+b2*b3+bl*b4+b2*b4+b3*b4 
bd123=bl*b2+bl*b3+b2*b3 
bd124=bl*b2+bl*b4+b2*b4 
bd134=bl*b3+bl*b4+b3*b4 
bd234=b2*b3+b3*b4+b2*b4 

C iterate velocity 
vel=O.O 
step =0.5 

c 

60 vel=vel+step 
if(velj(semic*wtor).gt.5.0) goto 120 
wf=veljsemic 
xvar=2 *wf* * 2ju 

C formation of matrices: [M], [C], [K], [D] and [E] 
m(l,l)=l+lju 

C 

m(1,2)=xtor-anju 
m(2,1)=xtor-ahju 
m(2,2)=r**2+(0.12S+ah**2)ju 
c(l,l)=O.O 
c(1,2)=wfju 
c(2,1)=0.O 
c(2,2)=(O.5-ah)*wfju 
k(1,1)=wrat**2*wtor**2 
k(1,2)=0.0 
k(2,1)=0.O 
k(2,2)=r**2*wtor**2 

C formation of polynomial coefficients 
C 

[F7], [F6], [F5], [F4] 
[F3], [F2], [Fl] 

C 
C 

C 

C 

C 

[F7]s6+[F6]s5+ ... +[F2]s+[Fl] = 0 

1 

1 

do 200 i=1,2 
do 100 j=1,2 

calculation of [F7] 
f(7,i,j)=m(i,j)+xvar*(ljwf)**2*a2(i,j) 
calculation of [F6] 
f(6,i,j)=c(i,j)+wf*b1234*m(i,j)+xvar*(ljwf)*(al(i,j)+ 
b1234*a2(i,j» 
calculation of [F5] 
f(5,i,j)=k(i,j)+wf*b1234*c(i,j)+wf**2*bd1234*m(i,j)+ 
xvar*(aO(i,j)+b1234*al(i,j)+bd1234*a2(i,j)+a3(i,j)+ 
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.L 

C 

C 

C 

C 

C 
C 

c 

100 
200 

210 
215 

220 

1 

1 
1 
1 

1 
1 
1 

1 
1 

l 

a4(i,j)+a5(i,j)+a6(i,j» 
calculation of [F4] 
f(4,i,j)=wf*b1234*k(i,j)+wf**2*bd1234*c(i,j)+Wf**3*btl234* 
m(i,j)+xvar*wf*(b1234*aO(i,j)+bd1234*al(i,j)+bt1234* 
a2(i,j)+b234*a3(i,j)+b134*a4(i,j)+b124*a5(i,j)+ 
b123*a6(i,j) ) 
calculation of (F3] 
f(3,i,j)=wf**2*bd1234*k(i,j)+wf**3*bt1234*c(i,j)+wf**4* 
bq1234*m(i,j)+xvar*wf**2*(bd1234*aO(i,j)+bt1234*al(i,j)+ 
bq1234*a2(i,j)+bd234*a3(i,j)+bd134*a4(i,j)+bd124* 
a5(i,j)+bd123*a6(i,j» 
calculation of [F2] 
f(2,i,j)=wf**3*bt1234*k(i,j)+wf**4*bq1234*c(i,j)+ 
xvar*wf**3*(bt1234*aO(i,j)+bq1234*al(i,j}+bt234*a3(i,j)+ 
bt134*a4(i,j)+bt124*a5(i,j)+bt123*a6(i,j» 
calculation of [F1] 
f(1,i,j}=wf**4*bq1234*k(i,j}+xvar*wf**4*bq1234*aO(i,j) 

continue 
continue 

calculation of inverse (inv[F8]) 
f7det=f(7,1,1)*f(7,2,2)-f(7,1,2)*f(7,2,1) 
if(f7det.eq.0.0) goto 210 
goto 220 
write(4,215) 
f~rmat(' DETERMINANT EQUALS ZERO - INVESTIGATE INPUT' 
'CONSTANT ... ah ') 
goto 120 
finv(7,1,1)=f(7,2,2)/f7det 
f(8,1,1)=finv(7,1,1) 
finv(7,2,2)=f(7,1,1)/f7det 
f(8,2,2)=finv(7,2,2) 
finv(7,1,2)=-f(7,1,2)/f7det 
f(8,1,2)=finv(7,1,2) 
finv(7,2,1)=-f(7,2,1)/f7det 
f(8,2,1)=finv(7,2,1) 

C formation of matrices [A] and [B] to 
C solve eigenvalue problem given by [A](X} = lambda [B](x) 

do 400 i=l,n 
do 300 j=l,n 

a(i,j)=dcmplx(O.O,O.O) 
if(i.eq.j+2) a(i,j)=dcmplx(1.0,0.0) 
b(i,j)=dcmplx(O.O,O.O) 
if(Leq.j) b{i,j)=dcmplx(l.O,O.O) 

300 continue 
400 continue 

do 500 i=1,n/2 
y=n/2+1-i 
atempl=-(finv(7,1,1)*f(y,1,1)+finv(7,1,2)*f(y,2,1» 
a(1,2*i-l)=dcmplx(atempl,0.0) 

~ atemp2=-(finv(7,1,1)*f(y,1,2)+finv(7,1,2)*f(y,2,2» 
,~ a(1,2*i)=dcmplx(atemp2,0.0) 

atemp3=-(finv(7,2,1)*f(y,1,1)+finv(7,2,2)*f(y,2,1» 
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l a(2,2*i-1)=dcmplx(atemp3,0.0) 

C 

C 

atemp4=-(finv(7,2,1)*f(y,1,2)+finv(7,2,2)*f(y,2,2» 
a(2,2*i)=dcmplx(atemp4,0.O) 

500 continue 

748 format(6x,2f24.6) 
750 format(6x,28e8.1) 
749 format(6x,i3) 
760 format ( , , ) 

C subrountine for eigenvalue calculation 
C abar : real part of eval ( ) 
C bbar : imaginary part of eval( ) 

CALL EIGZC(A,IA,B,IB,N,IJOB,EIGA,EIGB,Z,IZ,WK,INFER,IER) 
do 5 I=1,n 

5 EVAL(I)=EIGA(I)jEIGB(I) 
C printout of velocity and associated eigenvalues 

write(4,23) velj(semic*wtor) 

C 
C 

do 6 i=l,n 
write(4,22) eval(i) 

6 continue 
wr i te ( 4 , 21) wk ( 1 , 1) 
write(4,121) 

21 format (6x, , perfomance index is', 2f15.5) 
23 format (6x, , ND VELOCITY ',f6.3) 
22 format(6x,8f17.5) 
28 format(6x,f17.5,',' ,f17.5,',' ,f17.5) 

C changing 
c 

velocity step size 
if(velj(semic*wtor).ge.3.5) 
if(velj(semic*wtor).ge.5.0) 
if(velj(semic*wtor).ge.6.0) 
if(velj(semic*wtor).ge.6.0) 
goto 60 

step=O.l 
step=O.l 
step=0.5 
goto 120 

c 
c 
c 

700 
120 CLOSE 
800 END 

(UNIT=4) 
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l INPUT FILE: LAPLACE.DAT 

.99828226 -.00003562 .00000474 -.04120375 
-.16289333 -.22908745 -.06459371 

-.00001355 .50037475 -.00003629 .00061076 
.01380489 .05848218 .04963449 

.015440852 .084286467 .255950673 .765113621 .000011782 

INPUT FILE : CONST6.DAT 

12 12 12 12 2 
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,f 
~ OUTPUT FILE : EIGEN.OUT 

LAPLACE METHOD INCOMPRESSIBLE (THEODORSEN) 

u r(alp) 

50.0 .5 

ND VELOCITY .500 
-.01437 
-.01437 
-.00637 
-.00637 
-.38147 
-.38256 
-.12656 
-.12798 
-.04200 
-.04214 
-.00772 
-.00772 

perfornance index is 

ND VELOCITY 1.000 
-.02966 
-.02966 
-.76212 
-.76511 
-.01482 
-.01482 
-.24879 
-.25595 
-.08316 
-.08429 
-.01544 
-.01543 

perfornance index is 

ND VELOCITY 1.500 
-.04649 
-.04649 

-1.14241 
-1.14767 

-.02480 
-.02480 
-.36693 
-.38393 
-.12267 
-.12643 
-.02316 
-.02313 

perfornance index is 

ah wben/wtor 

-.5 

1.14595 
-1.14595 
-.19921 

.19921 

.00000 

.00000 

.00000 

.00000 

.00000 

.00000 

.00000 

.00000 

.2 

1. 25299 

1.13486 
-1.13486 

.00000 

.00000 

.20360 
-.20360 

.00000 

.00000 

.00000 

.00000 

.00000 

.00000 
1.50717 

-1.11520 
1.11520 

.00000 

.00000 

.20984 
-.20984 

.00000 

.00000 

.00000 

.00000 

.00000 

.00000 
3.53341 

A-9S 
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r 
ND VELOCITY 2.000 

-.06529 1.08538 
-1. 52250 .00000 
-1. 53023 .00000 

-.06529 -1.08538 
-.51190 .00000 
-.48021 .00000 
-.03664 .21879 
-.03664 -.21879 
-.15957 .00000 
-.16857 .00000 
-.03088 .00000 
-.03080 .00000 

perfomance index is 17.25293 .00000 

ND VELOCITY 2.500 
-1.90251 .00000 
-1.91278 .00000 
-.08644 -1. 04289 
-.08644 1. 04289 
-.63988 .00000 
-.58718 .00000 
-.05141 -.23195 
-.05141 .23195 
-.19235 .00000 
-.21072 .00000 
-.03860 .00000 
-.03843 .00000 

perfomance index: is 1. 84973 .00000 

ND VELOCITY 3.000 
-2.28251 .00000 
-2.29534 .00000 
-.11024 -.98348 
-.11024 .98348 
-.76785 .00000 
-.68609 .00000 
-.07108 .25240 
-. 07108 -.25240 
-.25286 .00000 
-.21816 .00000 
-.04632 .00000 
-.04600 .00000 

perfomance index is 3.86263 .00000 

ND VELOCITY 3.500 
-2.66251 .00000 
-2.67790 .00000 
-.13678 .89843 
-.13678 -.89843 

t -.89583 .00000 
-.77455 .00000 
-.09940 .28811 
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1 -.09940 -.28811 
-.29500 .00000 
-.23173 .00000 
-.05404 .00000 
-.05348 .00000 

perfomance index is 2.67030 .00000 

ND VELOCITY 4.000 
-3.04253 .00000 
-1.06045 .00000 

-.16495 -.76095 
-.16495 .76095 

-1.02380 .00000 
-.84867 .00000 
-.14323 -.36783 
-.14323 .36783 
-.33715 .00000 
·-.22548 • 00000 
-.06176 • 00000 
-.06081 • 00000 

perfomance index is 3.78368 .00000 

ND VELOCITY 4.500 
-3.42257 .00000 
-3.44301 .00000 
-1.15178 .00000 

-.01016 -.54976 
-.39043 -.51943 
-.90109 • 00000 
-.01016 .54976 
-.39043 .51943 
-.37929 · 00000 
-.20035 • 00000 
-.06948 .00000 
-.06791 .00000 

perfomance index is 3.19514 .00000 

ND VELOCITY 5.000 
-3.80262 .00000 
-3.82557 .00000 

.11382 -.52557 

.11382 .52557 
-1.27975 .00000 

-.62744 -.48581 
-.62744 .48581 
-.9151.8 • 00000 
-.42143 .00000 
-.17266 .00000 
-.07461 • 00000 
-.07720 .00000 

perfomance index is 2.91782 .00000 
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.. $storage:2 
$floatcalls 
$debug 
C-----------------------------------------------------------------------
C LAPLACE EIGENVALUE SOLUTION 
C FLUTTER CALCULATION (TRANSONIC REGIME) 
C-----------------------------------------------------------------------

C 

IMPLICIT REAL*8 (A-Z) 
INTEGER ib,n,ia,ijob,iz,ier,infer,i,j 
COMPLEX*16 eval(12) ,A(12,12) ,B(12,12) ,EIGA(12) ,EIGB(12) ,Z(12,12) 
COMPLEX*16 WK(21,42) 
REAL*8 u,vel,atemp1,atemp2,atemp3,atemp4 
REAL* 8 f inv (7 , 2 , 2) , f (8, 2 , 2) , m (2 , 2) , c (2,2) , k ( 2 , 2) , d (2 , 2) , e ( 2 1 2 ) 
REAL*8 aO(2,2) ,a1(2,2) ,a2(2,2) ,a3(2,2) ,a4(2,2) ,a5(2,2) ,a6(2,2) 
INTEGER y 

C Read in constants. 
OPEN (UNIT=1,FILE='CONST6.DAT',STATUS='OLD') 
READ (1,*) ia,ib,iz,n,ijob 

C 12 12 12 12 2 
CLOSE (UNIT=l) 

C 
C open required files 

OPEN (UNIT=4,FILE='EIGEN.OUT',STATUS='NEW') 
C 
C required constants 

u=50.0 
r=0.5 
ah=-0.5 
wrat=0.2 

C 

C 

xtor=0.25 
semic=1.0 
wtor=1.0 
wben=wrat*wt~l'" 

pi=4.0*atan(1.U) 

C required constants (approximation) 

C 

OPEN (UNIT=10 / FILE='LAPLACE.DAT',STATUS='OLD') 
do 50 i=1,2 
do 25 j=l, 2 

READ (10, *) aO (i, j ) , al (i, j ) , a2 (i, j ) , a"J (i, j ) , a4 (i, j ) , 
1 a5(i,j) ,a6(i,j) 

25 continue 
50 continue 

READ (10,*) bl,b2,b3,b4,err 
CLOSE (UNIT=10) 

C titles and initial parameter listing to file 
write(4,32) 
write(4,121) 

,~ write(4,121) 
~ write(4,33) 

write(4,121) 
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{". write(4,34) u,r,ah,wrat 
write(4,121) 
write(4,121) 

32 format(6X, , LAPLACE METHOD TRANSONIC M=O.85') 
33 format(6X, , u r(alp) ah wbenjwtor' ) 
34 format(6X,f7.1,4fIO.1) 
121 format ( , , ) 

C 
C 
C term Q(l,l): N(l,l) = Clh/2 
C 

aO(l,I)= aO(I,I)j2.0 
al(l,l)= al(I,I)j2.0 
a2(1,1}= a2(1,1)j2.0 
a3(1,1)= a3(1,I)j2.0 
a4(l,l)= a4(I,l)j2.0 
a5(l,l)= a5(1,I)j2.0 
a6(l,I)= a6(1,I)j2.0 

C 
C term Q(1,2): N(1,2} = Cltor 
C 

aO(l,2)= aO(I,2) 
al(l,2)= al(l,2) 
a2(l,2)= a2(l,2) 
a3(l,2)= a3(1,2) 
a4(1,2)= a4(1,2) 
a5(1,2)= a5(1,2) 
a6(1,2)= a6(l,2) 

C 
C term Q(2,1): N(2,l) = Cmh*(-l) 
C 

aO(2,l)= aO(2,l)*(-1.0) 
al(2,1)= al(2,1)*(-1.0) 
a2(2,l)= a2(2,1)*(-I.O) 
a3(2,1)= a3(2,1)*(-1.0) 
a4(2,1)= a4 (2 , 1) * (-1.0) 
a5(2,1)= a5(2,1)*(-1.0) 
a6(2,1)= a6(2,1)*(-1.0) 

C 
C term Q(2,2): N(2,2) = Cmtor*(-2) 
C 

aO(2,2)= aO(2,2) *(-2.0) 
al(2,2)= al(2,2)*(-2.0) 
a2(2,2)= a2(2,2)*(-2.0) 
a3(2,2)= a3(2,2)*(-2.0) 
a4(2,2)= a4(2,2)*(-2.0) 
aS(2,2)= aS (2,2) * (-2.0) 
a6(2,2)= a6(2,2)*(-2.0) 

C 
C 
C r b1234=bl+b2+b3+b4 ... b123=bl+b2+b3 

b124=bl+b2+b4 
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c 

bl34=bl+b3+b4 
b234=b2+b3+b4 
bt123=bl*b2*b3 
bt124=bl*b2*b4 
bt134=bl*b3*b4 
bt234=b2*b3*b4 
bq1234=bl*b2*b3*b4 
bt1234=bl*b2*b3+bl*b2*b4+b1*b3*b4+b2*b3*b4 
bd1234=bl*b2+bl*b3+b2*b3+b1*b4+b2*b4+b3*b4 
bd123=bl*b2+bl*b3+b2*b3 
bd124=b1*b2+b1*b4+b2*b4 
bd134=b1*b3+bl*b4+b3*b4 
bd234=b2*b3+b3*b4+b2*b4 

C iterate velocity 
vel=O.O 
step =0.5 

C 

60 vel=vel+step 
if(vel/(semic*wtor) .gt.4.0) goto 120 
wf=vel/semic 
xvar=(l/pi)*wf**2ju 

C formation of matrices: [M] 1 [C], [K] 1 [DJ and [E] 
m(1,l)=1.0 
ro(1,2)=xtor 
m(2,l)=xtor 
m(2,2)=r**2 
c(l,l)=O.O 
c(1,2)=0.0 
c(2,l)=0.0 
c(2,2)=0.0 
k(1,l)=wben**2 
k(1,2)=0.0 
k(2,l)=0.0 
k(2,2)=r**2*wtor**2 

C 
C formation of polynomial coefficients 
C 

[F7], [ F6 ] 1 [ F5 ] 1 [F4] 
[F3 J, [ F2 ], [ Fl] 

C 
C 

C 

C 

C 

c 

[F7Js6+[F6]s5+ ... +[F2]s+[F1] = 0 

1 

1 
1 

1 

do 200 i=1,2 
do 100 j=1,2 

calculation of [F7] 
f(7,i,j)=m(i,j)+xvar*(ljwf)**2*a2(i,j) 
calculation of [F6] 
f(6,i,j)=c(i,j)+wf*b1234*m(i,j)+xvar*(l/wf)*(a1(i,j)+ 
b1234*a2(i,j» 
calculation of [F5] 
f(5,i,j)=k(i,j)+wf*b1234*c(i,j)+wf**2*bd1234*m(i,j)+ 
xvar*(aO(i,j)+bl234*al(i,j)+bd1234*a2(i,j)+a3(i,j)+ 
a4(i,j)+a5(i,j)+a6(i,j» 
calculation of [F4J 
f(4,i,j)=wf*bl234*k(i,j)+wf**2*bdl234*c(i,j)+wf**3*btl234* 
m(i,j)+xvar*wf*(b1234*ao(i,j)+bd1234*a1(i,j)+bt1234* 
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1 
1 

a2(i,j)+b234*a3(i,j)+b134*a4(i,j)+b124*a5(i,j)+ 
b123*a6(i,j» 

C calculation of [F3] 
f(3,i,j)=wf**2*bd1234*k(i,j)+wf**3*bt1234*c(i,j)+wf**4* 
bq1234*m(i,j)+xvar*wf**2*(bd1234*aO(i,j)+bt1234*a1(i,j)+ 
bq1234*a2(i,j)+bd234*a3(i,j)+bè134*a4(i,j)+bd124* 
a5(i,j)+bd123*a6(i,j» 

1 
1 
1 

C calculation of [F~) 
f(2,i,j)=wf**3*bt1234*k(i,j)+wf**4*bq1234*c(i,j)+ 
xvar*wf**3*(bt1234 t aO(i,j)+bq1234*a1(i,j)+bt234*a3(i,j)+ 
bt134*a4(i,j)+bt124*a5(i,j)+bt123*a6(i,j» 

C 

C 
C 

c 

100 
200 

210 
215 

220 

1 
1 

1 

calculation of [F1] 
f(1,i,j)=wf**4*bq1234*k(i,j)+xvar*wf**4*bq1234*aO(i,j) 

continue 
continue 

calculation of inverse (inv[F8] ) 
f7det=f(7,1,1)*f(7,2,2)-f(7,1,2)*f(7,2,1) 
if(f7det.eq.0.0) goto 210 
goto 220 
wr i te ( 4 , 2 15 ) 
formate' DETERMINANT EQUALS ZERO - INVESTIGATE INPUT' 
1 CONSTANT ... ah ') 
goto 120 
finv(7,1,1)=f(7,2,2)/f7det 
f(8,1,1)=finv(7,1,1) 
finv(7,2,2)=f(7,1,1)/f7det 
f(8,2,2)=finv(7,2,2) 
finv(7,1,2)=-f(7,1,2)/f7det 
f(8,1,2)=finv(7,1,2) 
finv(7,2,1)=-f(7,2,1)/f7det 
f(8,2,1)=finv(7,2,1) 

C formation of matrices [A] and [B] to 
C solve eigenvalue problem given by [A]{x} = lambda [B]{x} 

do 400 i=l,n 
do 300 j=l,!1 

a(i,j)=dcmplx(O.O,O.O) 
if(i.eq.j+2) a(i,j)=dcmplx(l.O,O.O) 
b(i,j)=dcmplx(o.O,O.O) 
if(i.eq.j) b(i,j)=dcmplx(l.O,O.O) 

300 continue 
400 continue 

do 500 i=1,n/2 
y=n/2+1-i 
atemp1=-(finv(7,1,1)*f(y,1,1)+finv(7,1,2)*f(y,2,1» 
a(1,2*i-l)=dcmplx(atemp1,0.0) 
atemp2=-(finv(7,1,1)*f(y,1,2)+finv(7,1,2)*f(y,2,2» 
d(1,2*i)=dcmplx(atemp2,O.0) 
atemp3=-(finv(7,2,1)*f(y,l,l)+finv(7,2,2)*f(y,2,1» 
a(2,2*i-1)=dcmplx(atemp3,0.0) 
atemp4=-(finv(7,2,1)*f(y,1,2)+finv(7,2,2)*f(y,2,2» 
a(2,2*i)=dcmplx(atemp4,0.0) 

500 continue 
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C 
C subrountine for eigenvalue calculation 
C abar : real part of eval( ) 
C bbar : imaginary part of eval( ) 

5 
C 

CALL EIGZC(A,IA,B,IB,N,IJOB,EIGA,EIGB,Z,IZ,WK,INFER,IER) 
do 5 I=1,n 

EVAL(I)=EIGA(I)/EIGB(I) 

C printout of velocity and associated eigenvalues 
write(4,24) 

C 

6 

21 
23 
22 
24 

write(4,23) vel/(semic*wtor) 
do 6 i=1,n 

write(4,22) eval(i) 
continue 

write(4,21) wk(1,1) 
format(6x,' perfomance index is', 2f15.5) 
format(6x,' ND VELOCITY ',f6.3) 
format(6x,8f17.5) 
format (' ') 

C changing velocity step size 
if(vel/(semic*wtor) .ge.3.0) 
if(vel/(semic*wtor).ge.3.5) 
if(vel/(semic*wtor) .ge.4.5) 
if(vel/(semic*wtor) .ge.5.0) 
goto 60 

c 
c 
c 
c 

700 
120 
800 

CLOSE (UNIT=4) 
END 

A -10.5 
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( INPUT FILE LAPLACE. DAT 

.000000 7.351972 -.265177 -8561.672085 
.593074 8707.625432 -146.231038 

14.235672 .957753 1.258183 404976.770760 
-8.145772 -408964.029690 3987.367830 

.000000 -1.905869 -.293633 158360.047503 
-.059842 -159903.225805 1543.931881 

-.516839 -4.394296 2.744002 217699.240354 
.165112 -219881.401614 2184.097622 

.27892661 .04365735 .27899139 .28586712 .00139602 

INPUT FILE: CONST6.DAT 

12 12 12 12 2 
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1 OUTPUT FILE : EIGEN.OUT 

LAPLACE METHOD 

u r(alp} 

50.0 .5 

ND VELOCITY .500 
-.08315 
-.08315 
-.00511 
-.00511 
-.18737 
-.18737 
-.12884 
-.12884 
-.11139 
-.11139 
-.02172 
-.02172 

perfornance index is 

ND VELOCITY 1.000 
-.13682 
-.13682 
-.01143 
-.01143 
-.47016 
-.41480 
-.24390 
-.24390 
-.19773 
-.19773 
-.04279 
-.04279 

perfornance index is 

ND VELOCITY 1.500 
-.14304 
-.14304 
-.91862 
-.60947 
-.01825 
-.01825 
-.35435 
-.35435 
-.27054 
-.27054 
-.06248 
-.06248 

perfornance index is 

TRANSONIC M=0.85 

ah wbenjwtor 

-.5 .2 

1. 27662 
-1. 27662 

-.20185 
.20185 

-.01797 
.01797 

-.03121 
.03121 

-.01459 
.01459 
.00019 

-.00019 
1.34192 

-1.22225 
1.22225 

.21140 
-.21140 

.00000 

.00000 
-.08059 

.08059 
-.03599 

.03599 

.00145 
-.00145 

1. 91492 

-1.17204 
1.17204 

.00000 

.00000 

.22490 
-.22490 

.13235 
-.13235 

.05787 
-.05787 

.00460 
-.00460 

3.55296 
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[ 
ND VELOCITY 2.000 

-.13090 -1.16269 
-1.42867 .00000 

-.13090 1.16269 
-.81080 .00000 
-.02269 .24257 
-.02269 -.24257 
-.46358 .18321 
-.46358 -.18321 
-.33331 .07634 
-.33331 -.07634 
-.08006 -.01006 
-.08006 .01006 

perfomance index is 3.54698 .00000 

ND VELOCITY 2.500 
-1.93877 .00000 

-.13300 -1.18652 
-.13300 1.18652 

-1. 01285 .00000 
-.02228 .26434 
-.02228 -.26434 
-.57278 .23294 
-.57278 -.23294 
-.38902 .08819 
-.38902 -.08819 
-.09496 -.01771 
-.09496 .01771 

perfomance index is 4.61556 .00000 

ND VELOCITY 3.000 
-2.43536 .00000 

-.15539 1.22983 
-.15539 -1.22983 

-1.21510 .00000 
-.68232 -.28189 
-.68232 .28189 
-.01448 -.28849 
-.01448 .28849 
-.44104 .09158 
-.44104 -.09158 
-.10696 .02704 
-.10696 -.02704 

perfomance index is 3.86013 .00000 

ND VELOCITY 3.500 
-2.92058 .00000 

-.19525 1.28757 
-1.41743 .00000 

", 
- .19525 -1.28757 

, -.79221 -.33037 
'" -.79221 .33037 

.00221 .31152 
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'1 .00221 -.31152 
-.49236 .08603 
-.49236 -.08603 
-.11637 .03744 
-.11637 -.03744 

perfomance index is 5.60378 .00000 

ND VELOCITY 4.000 
-3.39765 .00000 
-1.61980 .00000 

-.24794 -1.35846 
-.24794 1.35846 
-.90240 .37857 
-.90240 -.37857 

.02714 -.32936 

.02714 .32936 
-.54475 -.07102 
-.54475 .07102 
-.12386 .04847 
-.12386 -.04847 

perfomance index is 3.19862 .00000 
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l C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

----------------------------------------------------------------------
LAPLACE EIGENVALUE SOLUTION 
IMPLEMENTATION OF ACTIVE CONTROL 
FLUTTER CALCULATION (INCOMPRESSIBLE REGIME) 

OPERATION 
REQUIRE: 1) INPUT OF ICOUNT, N, REQMIN, START(I) ,STEP(I) 

2) USER SPECIFIED FUNCTION SUBPROGRAM (DOUBLE PRECISION 
FUNCTION FN(X) - MINIMIZATION FUNCTION) 

DOUBLE PRECISION START(20),STEP(20),XMIN(20), 
lXSEC(20),YNEWLO,YSEC,REQMIN 

OPEN(UNIT=6,FILE='DATA.OUT',STATUS='NEW') 

***** INPUT REQUIRED ******************************* 
* * ICOUNT,REQMIN,START(N),STEP(N) 

* * velndnc: no control non-dimensional 
* step: velocity step size 
* u: airfoil-air mass ratio 
* wrat: frequency ratio (wben/wtor) 
* r: non-dimensional distance 
* ah: non-dirnensional distance 

* * OUTPUT FILE : OPTIMAL. OUT 

* 

* 
* 
* 

velocity * 
* 
* 
* 
* 
* 
* 
* 
* 

**************************************************** 

LET N=4 AT ALL TIMES, SIMPLY SET START(I)=O.O AND STEP(I)=O.O 

ICOUNT=8 
N=4 
REQMIN=O.OOOOOOOOl 
START(l)=O.O 
START(2)=-0.3 
START ( 3 ) =4 . 0 
START(4)=3.6 
STEP(1)=0.1 
STEP(2)=-0.1 
STEP ( 3 ) =0 . 1 
STEP ( 4 ) =0 . 1 

DO 60 I=l,N 
XMIN(I)=O.DO 
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1 
60 

XSEC(I)=O.DO 
CONTINUE 
YNEWLO=O.DO 
YSEC=O.DO 

C 
C 
C 

C 
C 
C 

C 

C 
C 
C 

CALL NELDER-MEAD SUBROUTINE 

CALL NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
lREQMIN,STEP,ICOUNT) 

OUTPUT FROM PROGRAM 

WRITE(6,64) 
WRITE(6,65) ICOUNT 
WRITE(6,75) 
WRITE(6,77) 
DO 79 I=l,N 

79 WRITE(6,80) I,XSEC(I) ,XMIN(I) 
WRITE (6,82) 
WRITE(6,83) 
WRITE(6,84) YSEC,YNEWLO 

64 FORMAT(lH //,lH ,42H SEQUENTIAL SIMPLEX: PROBLEM MINIMIZATION) 
65 FORMAT(lH //,lH ,I5,12H TRIALS USED/) 
75 FORMAT(lH ,21X,9HESTIMATES/) 
77 FORMAT(lH ,9HPARAMETER,7X,12HNEXT-TO-BEST,8X, 

14HBEST/) 
80 FORMAT(lH ,I5,2F20.7) 
82 FORMAT(lH //,lH ,6X,15HFUNCTION VALUES/) 
83 FORMAT(lH ,5X,13H NEXT-TO-BEST,8X,4HBEST/) 
84 FORMAT(lH ,2F15.9) 

STOP 
END 

NELDER-MEAD SUBROUTINE 

SUBROUTINE NELMIN(N,START,XMIN,XSEC,YNEWLO,YSEC, 
lREQMIN,STEP,ICOUNT) 

DOUBLE PRECISION START(N) ,STEP(N),XMIN(N), 
lXSEC(N),YNEWLO,YSEC,REQMIN,P(20,21),PSTAR(20), 
2P2STAR(20),PBAR(20),Y(20) ,DN,Z,YLO,RCOEFF, 
3YSTAR,ECOEFF, Y2STAR,CCOEFF,FN, DABIT, DCHK, 
4COOROl,COORD2 

DATA RCOEFF/l.ODO/,ECOEFF/2.0DO/,CCOEFF/O.5DO/ 
KCOUNT=ICOUNT 
ICOUNT=O 

C 

C 

IF(REQMIN.LE.O.DO) ICOUNT=ICOUNT-l 
IF(N.LE.O) ICOUNT=ICOUNT-IO 
IF(N.GT.20) ICOUNT=ICOUNT-IO 
IF(ICOUNT.LT.O) RETURN 

DABIT=2.04607D-35 
BIGNUM=1.OD38 
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C 

KONVGE=5 
XN=FLOAT(N) 
ON=DFLOAT (N) 
NN=N+1 

C CONSTRUCTION OF INITIAL SIMPLEX 
C 

C 
C 
C 
C 
C 
C 
C 

C 

1001 DO 1 I=l,N 
1 P(I,NN)=START(I) 

Y(NN)=FN(START) 
ICOUNT=ICOUNT+1 
DO 2 J=l,N 
OCHK=START(J) 
START(J)=DCHK+STEP(J) 
DO 3 I=l,N 

3 P(I,J)=START(I) 
Y(J)=FN(START) 
ICOUNT=ICOUNT+l 

2 START(J)=DCHK 

1000 

SIMPLEX CONSTRUCTION COMPLETE 

FIND HIGHEST AND LOWEST y VALUES 
YNEWLO (Y(IHI» INOICATES THE VERTEX OF 
THE SIMPLEX TO BE REPLACED 

YLO=Y (1) 
YNEWLO=YLO 
ILO=1 
IHI=1 
DO 5 I=2,NN 
IF(Y(I) .GE.YLO) GOTO 4 
YLO=Y(I) 
ILO=I 

4 IF(Y(I).LE.YNEWLO) GOTO 5 
YNEWLO=Y(I) 
IHI=I 

5 CONTINUE 

C PERFORM CONVERGENCE CHECKS ON FUNCTION 
C 

C 

C 

OCHK=(YNEWLO+DABIT)j(YLO+DABIT)-l.DO 
IF(DABS(DCHK).LT.REQMIN) GOTO 900 

KONVGE=KONVGE-1 
IF(KONVGE.NE.O) GOTO 2020 
KONVGE=5 

C CHECK CONVERGENCE OF COORDINATES ONLY 
C EVERY 5 SIMPLEXES 
C 

DO 2015 I=l,N 
COORD1=P(I,1) 
COORD2=COOR01 
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DO 2010 J=2,NN 
IF(P(I,J) .GE.COORD1) GOTO 2005 
COORD1=P(I,J) 

2005 IF(P(I,J) .LE.COORD2) GOTO 2010 
COORD2=P(I,J) 

2010 CONTINUE 
DCHK=(COORD2+DABIT)j(COORD1+DABIT)-1.DO 
IF(DABS(DCHK) .GT.REQMIN) GOTO 2020 
CONTINUE 2015 
GOTO 900 

2020 
C 

IF(ICOUNT.GE.KCOUNT) GOTO 900 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

CALCULATE PBAR , THE CENTROID OF THE 
SIMPLEX VERTICES EXCEPTING THAT WITH 
f VALUE YNEWLO 

DO 7 I=l,N 
Z=O.ODO 
DO 6 J=l,NN 

6 Z=Z+P(I,J) 
Z=Z-P(I,IHI) 

7 PBAR(I)=ZjDN 

REFLECTION THROUGH THE CENTROID 

DO 8 I=l,N 
8 PSTAR(I)=(1.0DO+RCOEFF)*PBAR(I)-RCOEFF*P(I,IHI) 

YSTAR=FN(PSTAR) 
ICOUNT=ICOUNT+1 
IF(YSTAR.GE.YLO) GOTO 12 
IF(ICOUNT.GE.KCOUNT) GOTO 19 

SUCCESSFUL REFLECTION, SO EXTENSION 

DO 9 I=l,N 
9 P2STAR(I)=ECOEFF*PSTAR(I)+(1.0DO-ECOEFF}*PBAR(I) 

Y2STAR=FN(P2STAR) 
ICOUNT=ICOUNT+1 

RETAIN EXTENSION OR CO~TRACTION 

IF(Y2STAR.GE.YSTAR) GOTO 19 
10 DO 11 I=l,N 
11 P(I,IHI)=P2STAR(I) 

Y(IHI)=Y2STAR 
GOTO 1000 

NO EXTENSION 

12 L=O 
DO 13 I=l,NN 
IF(Y(I).GT.YSTAR) L=L+1 

13 CONTINUE 
IF(L.GT.1) GOTO 19 
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C 
C 
C 
C 

C 

IF(L.EQ.O) GOTO 15 

CONTRACTION ON THE REFLECTION SIDE OF THE 
CENTROID 

DO 14 I=l,N 
14 P(I,IHI)=PSTAR(I) 

y (IHI) =YSTAR 

C CONTRACTION ON THE Y(IHI) SIOE OF THE CENTROID 
C 

C 

15 IF(ICOUNT.GE.KCOUNT) GOTO 900 
DO 16 I=1,N 

16 P2STAR(I)=CCOEFF*P(I,IHI)+(1.0DO-CCOEFF)*PBAR(I) 
Y2STAR=FN(P2STAR) 
ICOUNT=ICOUNT+1 
IF(Y2STAR.LT.Y(IHI» GOTO 10 

C CONTRACT THE WHOLE SIMPLEX 
C 

C 

DO 18 J=l,NN 
DO 17 I=l,N 
P(I,J)=(P(I,J)+P(I,ILO»*0.5DO 

17 XMIN(I)=P(I,J) 
Y(J)=FN(XMIN) 

18 CONTINUE 
ICOUNT=ICOUNT+NN 
IF(ICOUNT.LT.KCOUNT) GOTO 1000 
GOTO 900 

C RETAIN REFLECTION 

C 19 CONTINUE 
19 DO 20 I=l,N 

C 

20 P(I,IHI)~PSTAR(I) 
Y(IHI)=YSTAR 
GOTO 1000 

C SELECT THE TWO BEST FUNCTION VALUES (YNEWLO 
C AND YSEC) AND THEIR COORDS. (XMIN AND XSEC) 
C 

900 DO 23 J=l,NN 
DO 22 I=l,N 

22 XMIN(I)=P(I,J) 
y (J) =FN (XMIN) 

23 CONTINUE 
YNEWLO=BIGNUM 
DO 24 J=l,NN 
IF(Y(J).GE.YNEWLO) GOTO 24 
YNEWLO=Y (J) 
IBEST=J 

24 CONTINUE 
Y(IBEST)=BIGNUM 
YSEC=BIGNUM 
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l" 
r, , 

C 
C 

DO 25 J=l,NN 
IF(Y(J) .GE.YSEC) GOTO 25 
YSEC=Y(J) 
ISEC=J 

25 CONTINUE 
DO 26 I=l, N 
XMHT (I) =P (I, IBEST) 
XSEC(I)=P(I,ISEC) 

26 CONTINUE 
RETURN 
END 

C-----------------------------------------------------------------------
C LAPLACE SOLUTION (EIGENVALUE SOLUTION) 
C THEODORSEN: 7th order in s 
C approximate C(k) & C(k)*ik 
C-----------------------------------------------------------------------
C 

C 

DOUBLE PRECISION FUNCTION FN(lag) 
IMPLICIT REAL*8 (A-Z) 
DOUBLE PRECISION lag(4),t(1,2),tst(1,2) 
INTEGER ib,n,ia,ijob,iz,ier,infer,i,j 
COMPLEX* 16 eval (14) , A (14,14) , B (14,14) , EIGA (14) , EIGB (14) , Z (14, 14) 
COMPLEX*16 WK(24,45) 
REAL*8 u,vel,velndnc,velck,atempl,aternp2,aternp3,aternp4 
REAL*8 trm1,trm2,trm3,trm4,trm5,trm6,trm7,trm8 
REAL*8 trm9,trm10,trrn11,trm12,trm13,trm14 
REAL*8 finv(8,2,2), f(9,2,2) ,m(2,2) ,c(2,2) ,k(2,2) 
REAL*8 mc(2,1) ,cc(2,1) ,kc(2,1) 
REAL * 8 a 0 ( 2 , 2) , a 1 ( 2 , 2) , a 2 (2 , 2) , a 1 ( 2 , 2) , a 4 ( 2 , 2) , a 5 ( 2 , 2) , a 6 ( 2 , 2 ) 
REAL*8 aOc(2,1) ,a1c(2,1} ,a2c(2,1},a3c(2,1} 
REAL*8 a4c(2,1) ,a5c(2,1} ,a6c(2,1) 
REAL*8 nl(2,7) 
INTEGER y,check 

C transfer function constants 
t(l,l)=LAG(l} 
t(1,2)=LAG(2) 
tst (l,l) =LAG (3) 
tst(1,2)=LAG(4) 

C 
C 

C 

velndnc=4.53 
step=0.05 
u=50.0 
wrat=O.2 
r=O.5 
ah=-O.5 

ta=O.0012 
tb=O.5484 
cst=50000.0 
ds=cst*ta/tb 
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1 velndbig=2*velndnc 
C 
C Read in constants. 

OPEN (UNIT=1,FILE='CONST6.DAT',STATUS='OLD') 
READ (1,*) ia,ib,iz,n,ijob 

C 14 14 14 14 2 
CLOSE (UNIT=l) 

C 
C open required files 

check=check+l 
if(check.gt.l) goto 66 
OPEN (UNIT=4,FILE='EIGEN.OUT',STATUS='NEW') 
OPEN (UNIT=5,FILE='OPTIMAL.OUT',STATUS='NEW') 

C required constants 
pi=3.l4l59 

C 

C 

C 

xtor=O.25 
sernic=l.O 
wtor=l.O 
wben=wrat*wtor 

xbeta=O.25 
rbeta=O.5 
cl=O.6 

C required constants 
C 

tl=-(lj3)*(1-cl**2)**0.5*(2+c1**2)+c1*acos(c1) 
t2=cl*(1-cl**2)-(1-c1**2)**0.5*(1+cl**2)*acos(cl)+cl* 

1 (acos(cl»**2 
t3=-«lj8)+cl**2)*(acos(c1»**2+0.25*c1*(1-c1**2)**0.5* 

1 acos(cl)*(7+2*Cl**2)-(lj8)*(1-c1**2)*(5*cl**2+4) 
t4=-acos(cl)+c1*(1-c1**2)**0.5 
t5=-(1-c1**2)-(acos(c1»**2+2*c1*(1-c1**2)**O.5*acos(c1) 
t6=t2 
t7=-«lj8)+c1**2)*acos(c1)-(lj8)*cl*(1-c1**2)**0.5* 

1 (7+2*cl**2) 
t8=-(lj3)*(1-c1**2)**0.5*(2*c1**2+1)+c1*acos(c1) 
t9=O.5*«lj3)*(1-c1**2)**1.5+ah*t4) 
t10=(1-c1**2)**0.5+acos(c1) 
t1l=acos(cl)*(1-2*c1)+(1-c1**2)**O.5*(2-Cl) 
t12=(1-~1**2)**0.5*(2+c1)-acos(c1)*(2*cl+l) 
t13=0.5*(-t7-(cl-ah)*t1) 
t14=(lj16)+0.5*ah*c1 

C required constants 
C 

C 

OPEN (UNIT=lO,FILE='LAPLACE.DAT',STATUS='OLD') 
do 25 i=1,2 

READ (10, *) n 1 ( i , 1) , nI ( i , 2) , nI ( i , 3) , nI ( i , 4) , n 1 ( i , 5) , 
1 nl(i,6),n1(i,7) 

25 continue 
READ (10,*) bl,b2,b3,b4,err 
CLOSE (UNIT=lO) 
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• C FOUR 

C 
C PADE 
C 
C terrn 
C 

C 
C terrn 
C 

C 
C terrn 
C 

C 
C term 
C 

C 

LAG TERMS 

APPROXIMANT THEODORSEN FTJNCTION C (k) AND C(k)*ik 

Q(l,l): C(k)*ik 

aO(1,1)= n1(2,1) 
al(l,l)= nI (2, 2 ) 
a2(l,l)= nI (2, 3 ) 
a3(l,1)= n1(2,4) 
a4(1,l)= nl(2,5) 
a5(l,l)= n1(2,6) 
a6(l,I)= nl(2,7) 

Q(l,2) : C(k)*ik*(O.5-ah)+C(k) 

aO(l,2)= n1(2,1)*(O.5-ah)+nl(l,l) 
al(l,2)= nl(2,2)*(O.5-ah)+nl(l,2) 
a2(l,2)= nl(2,3)*(O.5-ah)+nl(l,3) 
a3(1,2)= nl(2,4)*(O.5-ah)+nl(l,4) 
a4(l,2)= nl(2,5)*(O.5-ah)+nl(l,5} 
a5(l,2}= nl(2,6)*(O.5-ah}+nl(1,6) 
a6(1,2)= nl(2,7)*(O.5-ah)+nl(l,7) 

Q(2,l): C(k)*ik*(-(ah+O.5» 

aO(2,l)= nl(2,l)*(-O.5-ah} 
al(2,l)= nl(2,2)*(-O.5-ah) 
a2(2,l)= nl(2,3)*(-O.5-ah) 
a3(2,l)= nl(2,4)*(-O.5-ah) 
a4(2,l)= nl(2,5)*(-O.5-ah) 
a5(2,l)= nl(2,6)*(-O.5-ah) 
a6(2,l)= nl(2,7)*(-O.5-ah) 

Q(2,2): C(k)*ik*(-(ah+O.5)*(O.5-ah»-(ah+C.5)*C(k) 

aO(2,2)= nl(2,l)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*n1(l,l) 
al(2,2)= nl(2,2)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*n1(l,2) 
a2(2,2)= nl(2,3)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*nl(I,3) 
a3(2,2)= nl(2,4)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*n1(1,4) 
a4(2,2)= nl(2,5)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*n1(1,5) 
a5(2,2)= nl(2,6)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*n1(1,6) 
a6(2,2)= nl(2,7)*(-O.5-ah)*(O.5-ah)-(ah+O.5)*nl(l,7) 

C flap control 
C 

C terrn Qe(l,l): ik*C(k)*tll/(2*pi)+tlO*C(k)/pi 
C 

aOe(l,l)= nl(2,1)*tll/(2*pi)+nl(l,l)*tlO/pi 
ale(l,l)= nl(2,2)*tll/(2*pi)+nl(l,2)*tlOjpi 
a2e(l,l)= nl(2,3)*tll/(2*pi)+nl(l,3)*tlOjpi 
a3c(l,l)= nl(2,4)*tll/(2*pi)+nl(l,4)*tlOjpi 
a4e(l,l)= nl(2,5)*tll/(2*pi)+n1(1,5)*t10jpi 
a5e(l,l)= nl(2,6)*tll/(2*pi)+nl(l,6)*tlOjpi 
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l a6e(l,l)= nl(2,7)*tllj(2*pi)+nl(l,7)*tlOjpi 
C 
C term Qe(2,1) : -(O.5+a)*(ik*C(k)*tllj(2*pi)+tlO*C(k)jpi) 

C 
C 
C 

C 
C 
C titles 

66 

32 
33 

34 
121 

C 

1 

C iterate 

60 

C 

aOe(2,l)= (n1(2,l)*t11j(2*pi)+n1(1,1)*t10jpi)*(-0.S-ah) 
a1c(2,1)= (n1(2,2)*t11j(2*pi)+n1(1,2)*t10jpi)*(-0.S-ah) 
a2c(2,1)= (nl(2,3)*t11j(2*pi)+nl(1,3)*t10jpi)*(-0.S-ah) 
a3e(2,1)= (nl(2,4)*t11j(2*pi)+nl(1,4)*t10jpi)*(-0.S-ah) 
a4e(2,1)= (nl(2,5)*t1lj{2*pi)+nl(l,5)*tlOjpi)*(-o.S-ah) 
aSe(2,1)= (n1(2,6)*t11j(2*pi)+nl(1,6)*t10jpi)*(-0.S-ah) 
a6e(2,1)= (n1(2,7)*t11j{2*pi)+nl(1,7)*t10jpi)*(-o.S-ah) 

b1234=b1+b2+b3+b4 
b12:!-==bl+b2+b3 
b124=bl+b2+b4 
b134=b1+b3+b4 
b234=b2+b3+b4 
bt123=b1*b2*b3 
btl24=bl*b2*b4 
bt134=b1*b3*b4 
bt234=b2*b3*b4 
bql234=bl*b2*b3*b4 
bt1234=b1*b2*b3+hl*b2*h4+bl*h3*b4+b2*b3*h4 
bd1234=b1*b2+b1*h3+b2*b3+bl*h4+b2*h4+b3*h4 
bd123=b1*b2+b1*h3+b2*b3 
bd124=bl*b2+bl*b4+b2*b4 
bd134=b1*b3+b1*b4+b3*b4 
bd234=b2*b3+b3~b4+b2*b4 

and initial parameter listing to file 
wr i te ( 4 , 34 ) t ( 1 , 1) , t ( 1 , 2 ) 
write(4,34) tst(1,1),tst(1,2) 
write(4,32) 
write(4,121) 
write(4,121) 
write(4,33) 
write(4,l2l) 
write(4,34) u,r,ah,wrat,velndnc 
format(6x,' LAPLACE METHOD INCOMPRESSIBLE 
format(6x, 'u r(alp) ah 

'no control velocity') 
format(6x,f7.1,3flO.l,f8.2) 
format ( , , ) 

veloeity 
vel=velndnc+O.1 
velck=velndne*1.3 
vel=vel+step 
if(velj(semie*wtor).gt.velck) goto 800 
wf=veljsemic 
xvar=2*wf**2ju 
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1 C formation of matrices: [M], [Cl, [K], [0] and [E] 
m(l,l)=l+lju 

C 

m (1,2) =xtor -ahju 
m(2,1)=xtor-ahju 
m(2,2)=r**2+(O.125+ah**2)ju 
C(l,l)=O.O 
c ( 1 , 2) =wfju 
c(2,1)=0.0 
C(2,2)=(0.5-ah)*wfju 
k(1,1)=wrat**2*wtor**2 
k(1,2)=0.0 
k(2,1)=0.0 
k(2,2)=r**2*wtor**2 
mC(l,l)=xbeta-tlj(pi*u) 
mC{2,1)=rbeta**2+{cl-ah)*xbeta+(-t7-(Cl+O.5)*tl+ 

1 (O.5-ah)*tl)j(pi*u) 
cc(l,l)=-wf*t4j(u*pi) 
cC(2,l)=(wfju*pi)*(-(t4-(2j3)*(1-cI**2)**1.5)+(O.5+ah)*t4) 
kc(l,l)=O.O 
kc(2,l)={wf**2ju)*(t4+tlO)jpi 

C formation of polynomial coefficients : [Fa], [F7], [F6], [F5], [F4] 
[F3], [F2], [FI] C 

C 
C 

C 

C 

C 

C 

[Fa]s7+[F7]s6+[F6]s5+ ... +[F2]s+[F1] = 0 

1 

1 

1 

1 
1 

1 
1 

1 

1 
1 
1 

1 

do 200 i=1,2 
do 100 j=1,2 

calculation of [Fa] 
trml=m(i,j)+xvar*(ljwf)**2*a2(i,j) 
trm2=mc(i,1)+xvar*(ljwf)**2*a2c(i,l) 

f(a,i,j)=trml+trm2*t(1,j)+ds*trm2*tst(l,j) 
calculation of [F7] 

trm3=c(i,j)+wf*b1234*m(i,j)+xvar*(ljwf)* 
(al(i,j)+b1234*a2(i,j» 
trm4=cc(i,I)+wf*bI234*mc(i,I)+xvar*(ljwf)* 
(aIc(i,I)+bI234*a2c(i,I» 

f(7,i,j)=trm3+trm4*t(1,j)+ds*trm4*tst(I,j)+cst*trml+ 
cst*trm2*t (l, j) 
calculation of [F6] 

trm5=k(i,j)+wf*bI234*c(i,j)+wf**2*bdI234* 
m(i,j)+xvar*(aO(i,j)+bI234*al(i,j)+bdI234~ 
a2(i,j)+a3(i,j)+a4(i,j)+a5(i,j)+a6(i,j) ) 
trm6=kc(i,I)+wf*bI234*cc(i,1)+wf**2*bd1234* 
mc(i,1)+xvar*(aOc(i,1)+b1234*a1c(i,I)+bdI234* 
a2c(i,1)+a3c(i,1)+a4c(i,I)+a5c(i,1)+a6c(i,I» 

f(6,i,j)=trm5+trm6*t(1,j)+ds*trm6*tst(1,j)+cst* 
trm3+cst*trm4*t(1,j) 
calculation of [F5] 

trm7=wf*b1234*k(i,j)+wf**2*bd1234*c(i,j)+wf**3* 
bt1234*m(i,j)+xvar*wf·(bI234*aO(i,j)+bd1234* 
al(i,j)+btI234*a2(i,j)+b234*a3(i,j)+bI14*a4(i,J,+ 
b124*a5(i,j)+b123*a6(i,j» 
trm8=wf*b1234*kc(i,I)+wf**2*bd1234*cc(i,1)+ 
wf**3*bt1234*mc(i,1)+xvar*wf*(b1234*aOc(i,l)+ 



C 

C 

C 

C 

C 
C 

100 
200 

210 
215 

220 

1 
1 

1 

1 
1 
1 

1 
1 
1 

1 

1 
1 
1 

1 
1 
1 

1 

1 

1 

1 

1 
1 

1 

bd1234*a1c(i,1)+bt1234*a2c(i,1)+b234*a3c(i,1)+ 
b134*a4c(i,1)+b124*a5c(i,1)+b123*a6c(i,1» 

f(5,i,j)=trm7+trm8*t(1,j)+ds*trm8*tst(1,j)+cst* 
trm5+cst*trm6*t(1,j) 
calculation of [F4] 

trm9=wf**2*bd1234*k(i,j)+wf**3*bt1234*c(i,j)+ 
wf**4*bq1234*m(i,j)+xvar*wf**2*(bd1234*aO(i,j)+ 
bt1234*a1(i,j)+bq1234*a2(i,j)+bd234*a3(i,j)+ 
bd134*a4(i,j)+bd124*aS(i,j)+bd123*a6(i,j» 
trm10=wf**2*bd1234*kc(i,1)+wf**3*bt1234*cc(i,1)+ 
wf**4*bq1234*mc(i,1)+xvar*wf**2*(bd1234*aOc(i,1)+ 
bt1234*a1c(i,1)+bq1234*a2c(i,1)+bd234*a3c(i,1)+ 
bd134*a4c(i,1)+bd124*a5c(i,1)+bd123*a6c(i,1) ) 

f(4,i,j)=trm9+trm10*t(1,j)+ds*trm10*tst(1,j)+cst* 
trm7+cst*trm8*t(1,j) 
calculation of [F3] 

trm11=wf**3*bt1234*k(i,j)+wf**4*bqI234*c(i,j)+ 
xvar*wf**3*(bt1234*aO(i,j)+bq1234*a1(i,j)+ 
bt234*a3(i,j)+btI34*a4(i,j)+bt124*aS(i,j)+ 
btI23*a6(i,j» 
trm12=wf**3*bt1234*ke(i,1)+wf**4*bq1234*cc(i,I)+ 
xvar*wf**3*(bt1234*aOc(i,I)+bq1234*a1e(i,1)+ 
bt234*a3c(i,1)+bt134*a4e(i,1)+bt124*a5c(i,1)+ 
btI23*a6c(i,1» 

f(3,i,j)=trmll+trm12*t(1,j)+ds*trm12*tst(1,j)+cst* 
trm9+cst*trmI0*t(1,j) 
calculation of [F2] 

trm13=wf**4*bqI234*k(i,j)+xvar*wf**4*bqI234* 
aO(i,j) 
trm14=wf**4*bq1234*ke(i,1)+xvar*wf**4*bqI234* 
aOc(i,l) 

f(2,i,j)=trmI3+trm14*t(1,j)+ds*trm14*tst(l,j)+cst* 
trmll+cst*trm12*t(1,j) 
calculation of [FI] 
f(l,i,j)=cst*(wf**4 Wbq1234*k(i,j)+xvar*wf**4*bq1234* 
aO(i,j»+cst*(wf**4*bq1234*ke(i,I)+xvar*wf**4*bq1234* 
aOe (i, 1) ) *t (l, j ) 

continue 
continue 

caleulation of inverse (inv[F9] ) 
f8det=f(8,1,1)*f(8 i 2,2)-f(8,1,2)*f(8,2,1) 
if(f8det.eq.0.0) goto 210 
goto 220 
write(4,2IS) 
formate' DETERMINANT EQUALS ZERO - INVESTIGATE INPUT' 
'CONSTANT ... ah ') 
goto 800 
finv(8,1,1)=f(8,2,2)jf8det 
f(9,1,1)=finv(~,1,1) 
finv(8,2,2)=f(B,I,1)jf8det 
f(9,2,2)=finv(8,2,2) 
finv(8,1,2)=-f(8,1,2)jf8det 
f(9,1,2)=finv(8,1,2) 
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, 
1 

C 

finv(8,2,l)=-f(8,2,1)/f8det 
f(9,2,1)=finv(8,2,l) 

C formation of matrices [A] and (B] to 
C solve eigenvalue problem given by [A]{x} = lambda [B]{x} 

do 400 i=l,n 

300 
400 

500 
C 

do 300 j=l,n 
a(i,j)=dcmplx(o.O,o.O) 
if(i.eq.j+2) a(i,j)=dcmplx(l.O,O.O} 
b ( i , j ) =dcmp l x ( 0 . 0 , 0 . 0) 
if(i.eq.j) b(i,j)=dcmplx(l.O,O.O) 

continue 
continue 
do 500 i=l, n/2 

y=n/2+1-i 
atemp1=-(finv(8,l,l)*f(y,1,1)+finv(8,l,2)*f(y,2,1» 
a(l,2*i-l)=dcmplx(atempl,O.0} 
atemp2=-(finv(8,l,l)*f(y,1,2)+finv(8,1,2)*f(y,2,2)} 
a(l,2*i)=dcmplx(atemp2,0.O) 
atemp3=-(finv(8,2,l)*f(y,1,l)+finv(8,2,2)*f(y,2,1» 
a(2,2*i-l)=dcmplx(atemp3,o.0) 
atemp4=-(finv(8,2,l)*f(y,1,2)+finv(8,2,2)*f(y,2,2}) 
a(2,2*i}=dcmplx(atemp4,0.O) 

continue 

C 
C 
C 
C 

subrountine for eigenvalue calculation 
abar : real part of eval ( ) 
bbar : imaginary part of eval( ) 

5 
C 

CALL EIGZC(A,IA,B,1B,N,1JOB,EIGA,EIGB,Z,IZ,WK,1NFER,1ER) 
do 5 1=1, n 

EVAL(I)=EIGA(I)/EIGB(I) 

C printout of velocity and associated eigenvalues 
C flutter velocity check 

c 

C 
6 

C 

21 
23 
22 
28 
41 

42 
43 
44 

1 

1 

vndcr i t=O . 0 
do 6 i=l,n 

write(4,22) eval(i) 
if(dreal(eval(i».gt.O.0001) vndcrit=vel/(semic*wtor) 
dreal(eval(i» ,dimag(eval(i»/wtor 

continue 
FN=velndbig-vndcrit 
perc=«vndcrit-velndnc)/velndnc)*lOO 
if(vndcrit.gt.O.O) goto 779 

format(6x,' performance index is', 2f15.5) 
format (6x,, ND VELOCITY ',f6.3,' Ta ',f6.4) 
format(6x,Bf17.5) 
forma t ( 6 x , f 1 7 • 5, , , , , f 1 7 . 5, , , ' , f 1 7 • 5 ) 
format(6x,'NO CONTROL VELOCITY ',f5.2,' CRITICAL' 
'VELOCITY ',f5.2,' % INCREASE ',F5.2,' %') 
format(6x,' Ta ',f7.4,' Tb' ,f7.4) 
forma t ( 6 x,' [ t] , , 2 f 14 . 4 ) 
format(6x,' [ tst] ',2f14.4) 

A - l:!l 
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-1 700 
779 

789 RETURN 
800 END 

goto 60 
write(5,41) velndnc,vndcrit,perc 
write(5,42) ta,tb 
wr i te (5,43) t ( 1 , 1) , t ( 1 ,2 ) 
write(5,44) tst(l,l) ,tst(1,2) 
write(5,121) 
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& INPUT FILE: LAPLACE.DAT 

.99828226 -.00003562 .00000474 -.04120375 
-.16289333 -.22908745 -.06459371 

-.00001355 .50037475 -.00003629 .00061076 
.01380489 .05848218 .04963449 

.015440852 .084286467 .255950673 .765113621 .000011782 

INPUT FILE : CONST6.DAT 

14 14 14 14 2 



,;\ 

~ OUTPUT FILE : OPTIMAL. OUT 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 % INCREASE 5.52 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.0000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.68 % INCREASE 3.31 % 
Ta .0012 Tb .5484 
[ t ] .1000 -.3000 
[ tst ] 4.0000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.68 % INCREASE 3.31 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.4000 
[ tst ] 4.0000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 % INCREASE 5.52 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.1000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 % INCREASE 5.52 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.0000 3.7000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.73 % INCREASE 4.42 % 
Ta .0012 'l'b .5484 
[ t ] .0500 -.3000 
[ tst ] 4.0500 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.88 % INCREASE 7.73 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.3500 
[ tst ] 4.0500 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 % INCREASE 5.52 % 
Ta .0012 Tb .5484 
[ t ) .0000 -.3000 
[ t.t ] 4.1000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 , INCREASE 5.52 % 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.0500 3.6500 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 4.78 % INCREASE 5.52 % 
Ta .0012 Tb .5484 

.,- [ t ] .0000 -.3000 

~ 
[ tst ] 4.0500 3.6000 
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NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 
Ta .0012 Tb .5484 
[ t ] .0500 -.3000 
[ tst ] 4.0500 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 
Ta .0012 Tb .5484 
[ t ] .0000 -.3500 
[ tst ] 4.0500 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.1000 3.6000 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.0500 3.6500 

NO CONTROL VELOCITY 4.53 CRITICAL VELOCITY 
Ta .0012 Tb .5484 
[ t ] .0000 -.3000 
[ tst ] 4.0500 3.6000 

OUTPUT FILE : DATA. OUT 

SEQUENTIAL SIMPLEX PROBLEM MINIMIZATION 

12 TRIALS USED 

PARAMETER 

1 
2 
3 
4 

ESTIMATES 

NEXT-TO-BEST 

.0000000 
-.3000000 
4.1000000 
3.5999999 

FUNCTION VALUES 

NEXT-TO-BEST BEST 

4.280000206 4.180000205 

A-12.j 

BEST 

.0000000 
-.3500000 
4.0500000 
3.5999999 

4.73 , INCREASE 4.42 , 

4.88 , INCREASE 7.73 % 

4.78 , INCREASE 5.52 % 

4.78 , INCREASE 5.52 , 

4.78 , INCREASE 5.52 l 


