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ABSTRA.CT ! 
" 'lhls thesis examines the dynamic.s and Stabili~ of slend~ 

tubular beam.s conveying, fluid am siITIultaneously Subj~ted to axial 

extemal 'flow • 

In deri ving the. equation of small notions, kviscid hydro-
1 

dynamic forces are obtained by slendk--OOdy theory, rrrllified to account 
• , 1 

for the oourrlary-layer thickness of the external flow'; \ inte~al dis-

siptation and gr~i effects are alse taken into account. The eqùation 

of notions ls sufficiently. general te deal with nonunifonn - but 

srrOOthl y varying and axÎsyrnijetric - internaI and/or external sha};:és iJf 
. . 

the tubular beam. Solutions are obtained by means of a metlrd similar 

te G:ùerkin' s, , wi th the eigenfumtions approximatecl by Fourier series. 

Calculations are presented for t~ar bearns of conical shape subjebted 

te either ir\ternal or external flow, and for cylindrical tubular bearns 
.' ~ 

subjected te roth flows sinultaneously. 

It.i~ stxJwn that for suffiè,iently high flow velœities,' either 
o 

internaI or external, such beams are subject te divergence am/or flutter. 

'l\lbular bearns conveying a conically convergent flqware found te pe less 

stable than unifonn pipes: in the case of conicai beams in external flow, 
<1 

tapering has a stabilizing eff~t which mainly depends up:>n the ooundary-

lay~ thickness relative te the diarœter. . 
, " ~ , 

For c;:lamped-clamperl. èylindrical tuOOlar bear[Is the effect of 
\ . 

the 'two flows (internaI ëU'ld ~ternal) on stability is additive, se that 
" t .' if either flow is just below the corresporrling cri,tièhl value for in-

stal;>i1i ty, an increaSe 'in the other flow precipi tates instabili ty • -'Ihls 
, 

is net always the case for cantilevered systems: if the system is just 
, . 

bel~ the threshold of instap~lity due te eith~ flow, instability rna.y. 

be e.Umtnated if the other .f1ow i5 increa~. 
,,' ~ . 

Exper.ùœnts conducted with rroulded rubber' tubular beams in a 

vertical water tunnel corrooorate the theoretidally prediçted beliaviour. 
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Cett .. se tra:i, te de lai dynamique et de la stab~ïté de poutres 

tufulaires s::>umises a l'effet d '\ID écoulement interne et d'un écouleœnt 

externe parallèle à leur axe. 
,\ 

1 

La rr~se en équation pour des petits déplacemen~s s'effectue à 

partir d'écoulerœnts potentiels qui, dans le cas du flu~ externe, tiennent 

cc:rrpte de la couche l.imite; l'effet de la gravité et des forc~s de dissipation . " 
.interne ont été prises en consideration dâns le nodèle mathénatique. L'équa-. 
tion est assez' générale p::>ur qu'on puisse traiter de p::>utres tuOOlaires non 

cylindriques - ma~ néannoins~ axisynnétriques et FS discontinuités de 

section. La xœtlode de res::>lution s'inspire de celle de Galerkin, et la i. 
recherche des fonctions propres s'effectue à l'aide de sti7S de Fourier. 

les resultats sqpt offerts d'une part dans le"cas d'él~ts de fonne conj-que 

soumis à un écoulenent ~que (interne ou externe) et d 'autre pélrttl~ le 
l , 

cas de tubes cylindriques soumis à des écoularents sinnlltanés. 

,Pour des vitesses d'écx:>uleœnt interne ou externe suffisamœnt 
• 

élevées, on trouve que de tels élérœnts risquent à la fois le flaIDbage et le t 

flott.errent. re plus, on ~'aperçôit qu'une rx:>Utre creuse ayant \ID tOyau 
1 • 

oonique convergent est !TO.ins stable" qu'avec un 1:x:>yau cylindrique. Par contre, 

dans le cas d'un, écoulerœnt externe et d' éléœnts en fonne de tronc de cane, 

la stabilité déperrl plus de l'ép:lisseur relative de la couche limite par 

raPfCrt au diarrètJ;e que de l'angle du c6ne. FOur ce qui est des tubes 

eylj.I~riques soumis à des écoulaœnts simultanés, on s' aperço~t que ~s __ ~ 

cas d' éléIœnts encastrés aux deux extrémités, l'effet des deux' écoulerœnts 
, 

est additif; à-savoir qu"au seuil d'une instabilité on peut déclancher cette 

dernière en augmentant indifféremment, ou bien la vitesse du fluide interne, 

ou c~lle du fluide externe. Tel n'est par toujours le Càs pour des élaœnts 
{ 

encastrés à une extrénité et libres à l'autre: certaines instabilités peuvent 

être évitées si au lieu d'augmenter la vitesse dU: fluide externe au delà de 
, . 

certaines limites, on augrœnte plutôt celle du fluide inteJme ou vice versa' . 
, 1 

\ . 
!es prédictions concernant les écouleœnts critiques ont été 

confintÉes exp&ilœntalenent dans une soufflerie (à eâu) munie d'Une section 

d'essais verticale où des élârents tubulaires coulés dans du caoutchou étaient 

suspendus. 

. } 
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,1. INTRODUCTION \ 

1. l PRELlMINARY RI:MARKS fi 
,r 

Over the past century dynam'icists have been confronted 

with vibration and stability problems in such things as'travelling 

chains, bands of band-saws, conveyor and power-transmission btlts 

and textile fibres: namely, problems involving an essentially one-

~ensional elastic continuum, associated with continuous transport 
, '" ... f 

of mass. Mare recently, problems involving fluid transport were 

added to the list; such as pipes conveying fluid (e.g., pipe-lines 

and hydroelectric power-plant conduits) andicylindrical components 
! 

subjected to an exterAal flow parallel to th~ir axis {e.g., tubes-

in certain ty~S of heat exchangers, and fuel'rods in sorne types of' 

nuclear reactors) • 

The study of the dynamics of sucp systems leads to 

basically similar linearized equations of motion, namely to partial 

differential equations of second order with respect to time, and of 

second' or four th order with réspect to the spatial coordinate, de-
, v,,' 

pending on whether the one-dimensional elastic continuum is modelled . 
as a ~tring or a beam, and subject ~\ two or four boundary conditions, 

respectively. ~ Apart from the familia~ terms due t.o tension and . 
stiffness, the inertial loading a~sociated with axial mass transport 

is typically of the following form: 

~~~j~'_I~t~@-----"""""----~----~J~C~',---------------- -~ 
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where M is the mass transported per unit Iength with a velocity U, 

and y is the late~al displacement of the structure involved, in 

the case of external flows, M is the so-called "virtual" mass of 

the fluid per,unit length. The three terms within brackets in the 

above expression may be identified, respectively, as (i) the trans­

verse acceleration, (ii) the Coriolis acceleration associated with 

the axial velocity U and angular velocity ae/3t, where 6= êy/êx 

and (iii) the centripetal acceleration associated with the axial 

velocity and the curvature of the structure. 

This inertial loading is found to be responsible for the 

peculiar behaviour of such systems. Thus, if the system is other-

wise conservativé, the presenee of Coriolis forces renders it 

gYAah~api~t conservativi' wh~ch clearly changes its character in a 

basic manner. Also, th~ last term of the equation is seen to be of . , 

the same form as a compressive loading, and obviously centrifugaI 

and compressive forces have similar effects on the dynamics of such 

one-dimensional structures; if, however, the system haS a free down-

* stream end, this term should best be viewed as due to a follower 

force of magnitude M~2, rendering the system non-conservative 

(eiA~ulatoAyt) - in the same sense as that of a column subjected to 
, 

a tangential (follower) compressive load. Aithough the implications 

of the form of the inertial loading exerted by the tr~nsported mass 

were not,realized immediately, they are useful to us in classifying 

the tyPe of problems considered here within the wider framework of 

dynamical systems. Furthe~ore, the dynamicai behaviour of these 
. . 

systems then ~ecomes easier ~o understand. 

tAccording to Ziegler's classifica~ion of dynamicai systems, [84]. 

'* downstream, in the sense of'the direction of mass transport. 
1 

pp • T F rrnHI'f li" .. o... ''l'. 
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The main feat~e of the dynamical behaviour of these 

systems 1s that at sufficiently high transport velocities, the 

structure may be subject to divergence (buckling) or to flutter 

(oscillatorYI instabilityl in its first and higher f,lexural modes. 

For a given structure the magnitude of the velocity to induce 

instability (the so-called "critical" mass-transport velocity) , 
1 

'as weIl as the type of instability obtained, depend tOIf'~ large 
,-

extent on the boundary conditions involved. 

In undertaking a dynami<?al analysis of such systems ," .. 

one ~ormally -seeks to de termine (i) the lowest critical mass 
'1 

transport velocities above which instability ,occurs, and (ii) 

the relationship betweeh"the characteristic freqqencies (eigen-

frequencies) and transport velocity. The former is the main goal 

in stablli ty analysis, while the, la.tter is essential if one is 

interested in the free vibration characteristics and in the re-

sponse of the structure to a prescribed excitation field. 

Because of the subject of this thesis, our attention .... , 
i/ 

will hencef,?,rth be focused on problems involving fluid ma,5S trans-
I 

port in its general form, Le. either "internai" flow as in a pipe, 
-, 

or "external" flow parallel to the axis as in a cylinder in axial 

flow, In the historical review that follows it will be se en that 

the problem, of a pipe conveying fluid has been studied quite ex-
, 

tensively, whereas that of cylindrical bodies immersed in axial 

flow has received considerab1y 1e5s ,attention.. One important 
, ' 

/ rea~n for t~is is that the instabilities associated with internaI 

flqw have been observed a long time ago (e.g., "snak:Lng tl of a fire­

hose), while those associated with external flow have only been 

/ l ' 
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discove~ed less tha~ tWènty years aga. Another reason is the 
i 

relative ease of both theoretical and experimenta,l st'udy of pipe~ 

conveying fluid. Thus, in that cas~, the hydrodynamics of the 
~ 

problem are reduced to a trivial Level, as the tluid may be.ade-
-, 

quately modelled as an infinitely flexible travelling stringi' 

,als'o, such f~ctors as ~rict:ional and basQ, drag forces, which must 

be considered in the case of external fIo~ and which r~quir~ empi­

rical approximations, do not arise in the case of internaI flow. ~ 

The foregoing discussion might lead the reader tQ think 
.,;r.i" 

that the main, if not the sole, motiv8tion for studying these 
t ~ 

phenomena has been primarily utilitar~~n, in the ~ense of,aiming~1 

1 1;0 solve practical engineering problems. Al thOU9~ pra,~t.i~al 
/ ' 

problems do exist" as in he~t exchangers, . nuclear reaétors and 

pipin,g applications, it,is true to say ,that th~ir solution can be 

accamplished by eommon-sense Jr empirical means, requiring fairly 

simple understanding of Ithe phenomena involved.:' The main impetus 

for mueh of the work done in this field stems rather from scientific 

.curiosit~, in seeking ta understand a set of intriguing physical 

Phenomen}or in studying mathem~ticallY ~hterestin~ problem~(as' 
~ / 

part of the wider classof problems me~tioned at the beginning of 

this discussion. A case in point is/fha study of cantilevèred pipes 
/ 

eonveyi~~ fluid - elearly a geometry of limited practical importancè. 

If one reeognizes, however, that/this problem is clo~ely related to 
.) 1 ,,:' 

1 

that of a column su~jected to,~ follower tangential load (Beek's 

problem) , 

practical 

'1 ' one can see why tpe study of sueh problems tnanseends 
/ 

problem-50~ving/engineering dimension and i5 rather a 
/ 

the 

convenient vehicle for the study of a wider class of dynamical sys-
/ 

/ 
tems of fundamental importance in applied mechanics. 

/ 

/ 
1 

/ _________ ~~------------~~~------------~----------------------.~Pk - / 
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LITERATURE BEVIEW 

1 
Dynamics bf pi~s conveying fluid l, 

, 

A series of experiments by Aitke'n [11, reported in 1876, 
1 

on travelling c~ains and flexible hoses conveying fluid, which 
, 

illustrated theibalance between mot~o.n-induced tensile and 
1 .: " 

i 
centri-;, 

\ 
1 

fugal forces, i's perhaps among the e~rliest 'work pertinent to the~ 

study or' dynamics of structures subject toparallel flow. 

The se1f-excited oscillati~ns'of a pipe co~veying water 

were apparently first recognized by M. Brillouin in 1885 4 but his 

work remained unpublished. Bourrières, one of BrilYouin' s student~,', 

was the first to undertake ~ serious study of this prob1em, ' In a 

remarkable paper [2], pub1ished in 1939, Bourriàres examined t~e 

nature of the oscillatory instabi1ity of cantilevered pipes c6n-

veying fluid, both theoretica11y and experi~enta11y. This, paper 
, 

remained unknown to later workers in the field until rediscovered 

by Paidoussis in 1972. Bourrières Mas unable, however, to obtain 

analytically the critical flow velocity for the on~et of osci~lat9ry. , , 

instabiiity. ~ 

Inter€st in the subject was reactivated in 1950, to study 

the vibrations of the Trans-Arabian pipeline, by Ashley and 

Haviland [31; unfortunately, the equations of motion obtained were 
1 • 

incorrect, as were the main conclusions reached therein. Thé .. 
correct equations were derived by Feodos'ev [4]" Housner [5] and 

Niordson [6], who studied theoretical1y the case of a simply-

supported pipe and found that for sufficiently'high flow velocities 

the pipe may buckle. 
~,' 
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The case of cantilevered pipes conveying fluid was -
1 \ \ 

examined by Long [7], but his method of solution was applicable 
1 o • 

only ~o relatively small flow veloci ties, .~ that he could not 
1 

l'ind f~e oscill.tory instaDilfi~'ies observed by Brillouin a'fld 

Bourrteres. 

1 Handelman [8], Heinrich [9], Bolotin [lOJ, H~ and 

Tsoonl [11] an~~ovchan [12] studi~d various aQts of the problem 

of a ~Ube conveying f1uid with both ends supported, and made 
! 

impo~tant contributions mainly in the mathematical ana1ysis oi 

the problem. Heinrich (9], however, introduced a correction as­

sociated with internaI pressurization of the tube which may become 
\, 

significant fer high pressures. Finally, the experiments of Dodds 

and Runyan [13] showed excellent agreément with theory with regard 
1 • 

to flow-iDduced divergence. 
f-

In a1~ the above studies, excepting Bourri~res "lost" 
\ 1 

•• .. r ,\ 

w'ork, the o~'ly fo~m\ of in"stability intolved was bucklin9. (di~ergence). 
It was not until 1963 that Gregory and paidoussis [14] rediscovered 

1 

theoreticalJ.y and experimentally t'he os~~illatory instabiliti~ 
(flutter) of ca~tilevered pipes conveying fluid. However, it must 

1 

be said that Benjamin [15~ in dealing with the d~namics of arti­

culated p~pes '(Le.' r'igid pipe .segments, flexibly connected), h~ 

examined a sim~lar P?~nomenon, and, had predicted an~ytically the~,~ 
existence of oscillatory instability of cantilevered pipes con-

1 veY,ing flu~di moreover, het'perceived that the problem w~s indepen-, 

dent of fluid fric~ion. Both effects were later confirmed by 
1 

~ Gregory and"Paidoussis's work. Gre90~y and Paidoussis were able( 

. to obta'in the cri tical flow veloei ty for the onset of oscilla&tor/y 
"'---, & 
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instability and compared it with their own experimental values. 

~reement was quite good. 

Later on, Pai§oussis extended the theory and performed 

experiments with vertical pipes, where gravit y is operative [16]. 

paidoussis and Deksnis also studied articulated'vertical pipes (17], 

and specifica1l.y tfie transition from a disere'te to a eontinuously 

flexible system, showing the inadequacy of two-degree-of-freedom 
~ '-'-

approximations of eontinuous non-conservative systems. Chen (18] 

studie~ the stability of a ,pipe (w\th the upstream end clamped and 

the"downstream end constrained,by a linear spripg. Chen also 

studied the dynamics ~f curved pipes conveying fluid [19], [20], 

às weIl as pipes mu1tiply supported, àt regular intevals [21]. 

Herrmann [22] and Herrmann and Nemat-Nasser [23] showed 

the connection bet;weE:n the problem of a cantilever conveying fluid 

and the more generai problem .f a cantilever subjected to an end 

follower load. Subsequently, wiley and Furkert (24] con~idered a 

fluid jet attached to a beam within the span; they found thart 

either buckling or oscillatory instabilities, or both, may occur, 
h 

depending on the boundary conditions. 

'paidouss!s and Denise'[26) studied the dynamics of very 

~hin pipes (sheIIs) conveying fluid, both theoretically and experi-

mentally. In addition ta the elassical flexural beam modes, they 

predicted and observed instabilities in the circurnferential shell 

modes. Similar theôretical results were obt~ined independently 
Il-

by Weaver and Unny {17] and extended by Weaver and My~latun [28]. 

J 

~1,*1i<*\')""tW • hfE' l 1 P=1=' 
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1-n the case of fairly short shells supported at both ends, /shell-
1 

mode divergence was found to occur first, with increasing;'flow 
• 

velocity, and was closely followed by flutter - in the theory. 

In the experiments shell flutter only cou~d bé observed. 

" 
paidoussis 'and Issid (291 re-examined the stability of 

pipes conveying fluid supported at both ends and found for the \ 

first time that, in this case also,if the flow veloci~y was ~n-

ateased beyond the point of onset of divergence, flutter could be 

'pre~ipitated. This matter of a conservative, albeit gyroscopic, 
• 

system being subject to flutter was examined further- [30] • 

In an atternpt to improve thé theory, especially for 

short tubes, Paidoussis and Laithier [31] used the Timoshenko beam 

theory to describe the dynamics of the pipe. They found that for 

short cantilevered tubes this the ory agrees with experiments q,uite 

weIl, although for longer tubes, surprisingly, agreement in terms 

of'the critical flow velocities is better when employing the 

E.l}ler-Bernoulli theory. Moreover, buckling of very short heavy 

cantilevered pipes was predicted by theory for the first tirne, but 

not substantiated experirnentally as yet. 

Inqreasing interest has been developing recently in the 

nonlinear analysis of stability ofl pipes conveying fluid. Thurman 

and Mote [32] presented such an analysis for simply-supported pipes; 

the importanc of nonlinear terms ,resulting from the extens'ion of 

the piaes found ta increase with flow velocity, thus restricting 

the range applicability of li~ear theory. Nevertheless, the 

predicted system was essentially as' given by 

linear Liu·and Mate 133] conducted sorne careful e~periment~ 
fA'1 
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in which they measured the frequency as a function of flow velo-- , 
t " 

city, and found that for pipe~ supported at both ends they did 

not obtain the zero-frequency condition which characterizes 

divergence (buckling) - contrary'to Dodds and Runyan's earlier 
\ ' 

~~observations. It is of 'interest that this is contrary, not only 
" .. 1' ~ , 
;:,lo linear theory, but also ta Thurman and Mote's nanlinear the~ry, 
J.,~ 

and the matter remains unresolved. More recently, Holmes [34] 

studied the qualitative effect of third-order nonlinear terrns, 

which arise when axial displacements are not neglected, by means 

of ordinary nonlinear analysis and ~lso by centre-manifol 

In all the studies above, the flow velocity was 
, ~- -. 

to be steady. Recently, Chen [351,-- albeit ùtilizing an 

equation of motion, and later Paidoussis and Issid [29] and 

Ginsberg [36] examined the stability of pipes conveying fluid 
" 

a flow velocity whi~h has a sma+l time-de~endent harmonie corn~o­
t"-

nent superposed on a steady flow velocity. They found that~para-
,­, 

metric resonances (instabilities) are possible for'both cantilevered , 

pipes and pipes supported at both ends. This theoretical work was 

e~tended by,Paidoussis and Sundararajan (37), who found that 
o 

combination resonances are aiso possible. The existénce of both 

. ord1:nary parametric and cornbination resonances was confirmed ex-

perimentally by paidoussis and Issid [38]. 
'-; 

The above is not meant to be an exhaustive literature 

(review. ,The interested reader is referred to Paidoussis and 

Issid's paper [29J or to Chen's recent review [39]. 

1. 

; 
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1.2.2 Oynarnics of cylindrical structures immersed in external 

axial flow 

A common instability of structures subject to e~ternal 

flow is panel flutter. Since Lord Rayleig~, and subsequently 

Lamb [40], first discussed the problem of a flapping flag, con-

siderab1e attention has'been devoted to the flutter of sails, 

wings and panels, as evidenced by extensive literature reviews, 

e.'9'. [41J 1 [4~], [43], [44]. However, this subject is of limited 

usefulness to the study of the dynamics of bodies of revolution 

in axial flow, the flow conditions being quite different in the .. 
two cases. Similarly, the topic of thin structures (shells) sub-

jected to flutter in paraI leI flow will not be discusse~ here. , . 

Investigq.ting the stab.tlity of (rigid) airships, Munk [45"] 

calculated the aerodynarnic forces exerted on their~ulls. He 

showed that the fluid inertial loading may be expressed in terms 

of a virtual fluid rnass which rnay be calculated from inviscid, . 
~ 

ideal flow theory around ellipsoids of'revolution; for s:}.ender 
t .. 

bodies of circular cross-section, this mass is approximately equal 

to that of the displaced fluide This result was later extended by 

Lighthill [46] te slender flexible bodies moving in fluid, in con-

nection with- his studies of aquatic animal propulsion. Incidentally, 

~his work illustrated the s~milarity in fluid inertial loading on 

cyiindrical beam~ moving in fluid to that experienced by a pipe 

conveying)fluid. 

Taking advantage of this simifarity, Hawthorne (47) 

investigated the large-scale lateral motions ("snaking") of slender" 

towed rubber oil ;anks, c_alled "Oracones·, which were deleterious 

tWIl'.t; = : :: ::: . 
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to efficient<towing. By a simplified ana1ysis, he demonstrated 

that buckling was possible at sufficiently high towing speeds. 

Later, Paidoussis [48) showed theoretica11y and experimental1y 

that rigid-body oscillations and flexural ~scillatory instabilities 

are also possible, provided t~at the tow-rope is sufficiently long 

and the tail streaml~ned. 

Starting cinca the late 1950'5 a parallel body of 
-

literature had begun forming, in connection with the dynamics of -. nuclear fuel elements, normally arranged i~ bundles, in axial 

flow - ,which by now has become qui te voluminous, as may be seen 
~', 

in a recent literature review [4~). Most of the early work on 

thé subject did not perceive the observed small-amplitude vibra-

tions of fuel elements as a tr-ue fluidelastic phenomenoni i.e. the 

~ .'coupled fluid-elastic forces were not considered, and the problem 

was simply viewed as one of response of tÎle fuel elements to u~-

spec~fied flow perturbations or to the boundary-layer pressure 

field, which were taken to be uncoupled to the motions'of the 

cylindrical fuel elements. 

The first systematic study of the dynamics of a cylinder , ' 

immersed in axial flow was conducted by Paidouss,is both theoretical-' 

ly and experimentally [50]. It was shown that flow damped free 

oscillations and red~ced the natural frequencies of osqillation 

aè small flow velocities: however, at sufficiently high flow velo­

cities, cylindrical beams could'buckle and, ,at yet higher flows, 

flutter. ' It was found, however, that for practical engineering 

structures, and nuclear reactors in p,articu1ar, these inst~bilitie5' 
) 

.. 



... -l~-

1 . 
oçc~r at extremely higA flow velocities, due to the re1atively 

\ 
.high rigidity Qf(the struct~res,and so are unlikely to be en-

countered in-p~actice [51]. , 

Nevertheless, the above studTenabled researchers to 
1 

study the problem in its proper perspective, and considerable 

p'rogress was. made in the study ef the so-called "sub-cri tica.J." 

vibrations of reactor internaIs observed in practice:-"sub-c~itical" 
~ 

denoting the fact thit they occur below the critical v~lues for' 

onset of h~elas~ic instabilities - by paidoussisd [52] and Chen 

and Wa!'llbsganss [5:fJ. Moreover, at the moment there are 'four empi-

rical or semi-empirical expres~ions for predicting the amplitude 

of the~e vibrations: Reavis' [5.4], Gorman's .[55] main~.y for two­
Il 

phase flows, Paidoussis' [52J, and Y.N. Chen's [56]. Chen and 
, ) 

wambsganss [53] aiso have means for obtaining these amplitudes!1 
. 

but their work is limi ted to ver.y "quiet 1. flow systems, where ek.he. 

pressure near-field arising in the boundary làyer is dominfnt. 
~-: \ ' 

Further informat~on may be obtained ,from critical reviews of this 

area of work [49]; [57], [58], [591. 

In aIl the above studies, even when considering bundles . , , 
of very closely spaced cylinders, it was assumed that motions of 

\ -, 
one cylinder did not influence ~hose of adjacen~~nes, i.e~ the 

possibilitY,of fluid coupling i~ the motions of cy1inders wa? ignored. 
, 

An attempt to take into.account th~s. effect, by considering the in­
~ 

crease in the virtual mass due to confinement (by other cylinders 

and the -flow channel), was made by Paidoussis [60). In two remark-' ) 

.() 0 able recent papers, Chen [61J, [62] calculated the virtual mass of 

~rrays of cy1indérs in stationary liquid, and paved, the way to 
, -

taking Fiuid,coupling fully into account.4 Sorne further work on ~he 

t 
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subject was .done by Chung and Chen [63]. It should be mentioned 

that most' of this work il directed rnainly towards the study~f 
.; " 

dynamics of arrays of cylinders in cross flow. 

Finally, Curioni and -tesari [64] were probably the only 

researchers to date to deal with the case of a system subjected 

both to interna~ and external flow. 1 In their·short article, they 

consider buckling of "horizontal pipes subjected to both flows, 

under various conditions. 

'1.2.3 General conuneDts 
a « 

The short literature review of the 'previous section-will. , , 
have given the reader, it is hoped, a fair impression of the rernark­• 

, able developments that have taken place in 
l ''J:! 

the area of dynamics Of 

"one-dimensional" structures subject .to axial (internal or e"xternal) 

flow, during the past twenty years. , .. 

Several matters may be commented upon. Firstly, that 

unli~e the proliferation of-theoretical studies, experirnental 

investigatio~s are rather few. Thus, even in the case of pipes con­

, veying fluid where experirnentation is relatively simpl,e, experimental 

work was only conducted.by D09âs .ând Runy~n [13], Paidoussis'and 

co-workers (14), I16], [26J, (38), Williams and Naguleswaran. [25] 

and Liu and f\1ote [33]. Af~ore acute state of affairs exists. in the 

case of external flow, if one excludes the very considerable ad hoc 
. 

work done on the response, +ather than basic dynamics, of specifie 

designs of nuclear fuel elements. 

, 
" ~ 



" " , 

, Another tendency in research in this field is the fol­

lowing. After the basic character of the dynamical oehaviour of 
, 

such systems was understood, researchers have generally looked in 

two distinct directions~ (i) into more esoteric aspects of the 
J 

problem, and (ii) into more aBPlied features. The former some-

times yielded valuable and unexpeeted results (e.g., the discovery 

of flutter of "conservative" gyroscopie systems, shell-type in­

stabilities with internaI incompressible flow), but inevitably has 
• 

led to a series of publications reporting on results which could 
- • ;, 1 

have been foreseen d p~iOAi, at least qualitativelYi although this 

is inevitable in terms of conducting research, perhaBs the contribution 
~ ~ f. 

of this latter series of papers is of doubtful value. The latt~r' 
direction of research, into.more prac~ical problems, is of un-

questionable value, provided of course tqat it addresses itself to 

tèal, as opposed to academieally conceived, practical problems. 

The topie of this thesis is a mixture· of (i) and (ii) 

above. 
. . 

One of the original aims' of this research was to extend the 

theor~ for the dynamics of flexible cylindrical bodies in axial'1io~ 

to the case of conical bodies and test the theory experimentally . 
.. 

Àlthough this would appear a straightforward extension of existing 

theory, some rather unexpeeted r~sults showed the need for a much 

more careful and rewarding study of certain aspects of the theory -

as will beeome apparent in the thesis. Another, more practical aim 

of this research was to fill a gap in existing knowledge by study-
" 

\ ing the dynarnics of tubular slender bodies subjected sirnultaneously 

------
.. 

;j'Mif&"*N'!i#Jtrkm • uz_ 
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to both internaI and e~ternai fIo~, as wouid be the case in sorne 

heat exchange~s (or in certain regions of sorne heat exchangers),-

the legitimate question having been asked of whether the effects 

of the two 'f1ows on stability are sim~ l'inearly superposable. 

~ The only.previous study on the aspect o~the problem, that of 
\ 

Gurioni and.Cesari [64] is very lirnited in scope (e.g., surpris-

ingly, only buckling instabi~ities are considered) and is not ~ 

supported by experiments. 
.. 

\ 

----e-----·- --

~ 
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1.3 SCOPE .\ , 

This thesis develops a general approach for the study of 

the instabi1ities of siender tubular b~ams, not necessarily of 

uniform cross-section, subjected to internaI and external flows 

simultaneously. The tubular beams are assumed sufficiently thick 

and, slender ,to be represented as Eüler-Bernoulli beams~ in/~ddition, 

the effect of gravit y (in the casé of vertical systems) and matèriai 

damping have been taken into consideration. 

The equation of free vibrations is derived by cIa~sical 

vectorial ~echanics and linearized for small coplanar,motions. The 

interDal and external flows are presumed to be independent one from 
i 

the other along the full length of the beams, yet, coupling between 

the two flow yelocities will appear in the ,equation through the base 
1 

drag (in the case of a free downstream en~) • \ The forces exerted by 

the two flows are ca,1culated separatelYi in the case of the external 

flow, the lift, calculated by use of slender body theory, will be 

côrrected to account for the boundary layer. 

Once the equatio~ of motion and its boundary cond}tions 

have been obtained and rendered dimensionless, periodic solutions 

will be inves~igated. The method/of solution is similar to Galerkin's, 
1 

with eigenfunctions approximated by appropriate Fourier series. 

The mathematical model thus obtained~will be us~d (i) 

to compare the stability of quasi-c~lindricai (in practice, only 

conical) structures to t~at of~ similar cylindrical structures', in 

,cases where one of the twq flows is at rest, and '(ii) to inves-
• 

'-
tigate the superposability,qf the effects of simultaneous flows o~ 

the stability of cylindrica~ structures. Because of the linearity 

• 
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of the mode1, the criterion for stability is the sign of the 

imaginary parts of the eigenfrequencies: instabi1ity is predicted 

for flow velocities which allow for at 1east on~ eig~nfrequency 

with a negative imaginary parti the onset of buckllng is charac-

terized by a zero eigenfr~quency and that of flutter Dy a purely .--
real eigenfrequency different from zero. 

In parallel to the theoretical work, experiments con-

ducted in a vertical water-tunnel especially designed to provide 

fhe two (coaxial) flows will be reported. The dynamic'behaviour , 

'of moulded rubber slender beams (solid or tubular), clamped,at 
1 

both ends or cantilevered (clamped upstream, free downstream) will 
, 
1 

b~ discus~ed for increasing internaI and external flow velocities. 

The prime purpose of the experiments is to check the 

theo~eticai -predictions of instabilities :hi' terms of critical flow . 
velocities. In addition, however, because ~he,physical parameters 

affecting stability (e.g. length, density, friction, damping, etc.) 

are too numerous to calculate stability diagrams for aIl possible 

combinations, the available exp~rimenta~ data.will provide a frame-

work for the theoretical calculations. rncidentally, the experiments 

provide additional- information which, although of secondary import­

ance to Us here, is nevertheless useful: e.g •. qualitative information 

on nonlinear effects and sUb-cr!tical vibrations, o~ the critical 

frequencies of oscillations and the assopiated modal shapes. 

;' 

.' 

,.L " ", ~, 'II 
• II 



" -
" ~', 
iif, 
f!, 
" ~ 
~-

! 

r 

/' -18-

2. DERIVATION OF THE EQUATIONS ~F M:JrON 

2.1 DYNAMIC EQUATIONS ~F THE TUBE 
1 

Consider a tuqular bearn wfiOse axis of syrnrnetry, when 

vertical1y in i ts undeforrned equilibriurn state, coinéides wi th 

both the direction of thefundisturbed ,external flow and with 

the v~rtical x-axis painting ~ownwardsi rnoreover, the inner and 
. 

outer cross sections of the tube are concentric, but fteed not 
~ t 

be uniforrn with respect to x. Because both in~ernal and ex-

ternal surfaces of the tubular beam may have different taper 

angles, it will be convenient to express all forces along two 

directions only; namely, the tangential direction, i.e. that 
~ 

of the centerline, and the lateral direction, i.e. that of the 

poimal to t~e centerline in the x-y plane in which'rnotion 

is assurned to occur. 

Furtherrnore, the 'x-

direction will be referred to 
. \ \, 

as 'ax~al', or vertical;~and 
, 

the y-direction as 'trans-

verse', or horizontal, ta 

distinguish thern from the 

tangential and lateral 

directions defined above. 

EXTERNAl 
flOw 1 

1 

• 1 

• 
• 1 ... .4_ 

x 

y 

As briefly mentioned in the previous paragraph, we 
1 \ 

assume planar motion of the tube: no torsion, nor rotation around 
1 

the x-axis will be considercd bccause it i6 assurned that the 

eigenfrequencies of the torsion.)l modos are weIl above those of , 
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o 

th~ flexural modes, and accordingly arc subjcct to much great~r 

damping; moreover, and by the samc assumption, negligible 

coupling petween flexural and torsiona1 modes is expected. 

1 1 
1 1 
1 1 
1 1 
, 1 
\ 1 , \ 
, 1 
\ , 
1 1 
l \ 
\ \ 
\ \ 
\ \ 
\ \ 
\ 

y 

T 

x 

, 

We shall first seek to derive 
1 

, the differentia1 equations 

governing small motions of the 

tubular beam, in terms of the 

forces to which it is subjected, 

i • e', _gravi ty . force 1 tens ion T, 

shear force Q, and fluid forces 

-Fin / Fit' F.:en , F et .accoun ting. 

for the normal and ta~gential 

forces per unit length exerte,d 

on -the beâm by the intern-a.l and 

exter al fluid',respectively• 

Th~ f nctional form of these 

will be given later. 

We restrict the analysis to small displacements and 

small slopes and' assume thab the effects of transverse-shear 

dèformation' is negligible; thus, first order balance of forces 
l , 

in the x- and y-directions yields the follow~ng two equations: 

(1. 2) 

1 whcre we assumed that the axial acceleration (stretching), in 

~\ -

1 
J 

1 
L, 

1 , 



, , , 

,,' 

'. 

-20- .' 

the first equation, is negligiblei p is the density of the 

material r and A the cross -sectional area of the tubula~- beam. 

A third equation is derived from the moments; upon~ 

neglecting rotatory inertia' (v~de Appendix 1), we obtain 

dM aM. "/oM'""\ 
O ~ + 1. al + = ax ax + ax, Q, 

-./ 
/ 

J 

/ 

4 

where M and M. are the moments induced by external and internaI e 1. 

fluids r~spectively; and we write the flexural moment, M, in 

terms of the complex Young's rnodulus, E*, and the\moment of 

inértia, l, as follows: 

h M = E*I ax 2 

normally us~ a viscoelastic Kelvin-Voigt 
-, 

model to the int~rnal darnping of.the materiai. Thus, 

we set 

- a al .. 
M = El (1 + kat)~ 

&) 

~o~e~: we shall later consider k to depend upon the frequency of 

mo~on 1.n order to take into account. hysteretical damping charac­

terestics (v.i.de Appendix K). 

The third equation now yiélds 

Q = (1. 3) 

.' 

-------------------------------------------' . 
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C1early, the shear Q may be eliminated from thé ether 

equations by use Qf eq. (1.3), and T can be calculated by in- ~ 
o 

tegrating eq. (1.1); hence, eq. (1.2) becomes the e~ation of motion. 

In the next four ch~pters we shall complete the derivatiop of the 

equation of motion by c~1culating' 
, 

a) the "coplponents of the internaI fluid forces F. 
~n 

Fit' 

,b/) the components of the external fluid forces F en 

Fet , 

c) the internaI and external moments Mi and M (in e 

order to obtain Q), 

d) the axial and 'transverse boundary conditions (in 

order to obtain T, and the beundary conditions 

governing y) • 

"" .. 

.' 

and 

, 
and 

, l' )1 mm ,ttl~'ihIIIIl 
" 

.\ 
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2.2 DYNl\MIC EQUATIONS OF TIlL INTERNl\L, FLOW 

We shall assume the following approximations to hold 

in any cross-section': 

a} the axial velocity p~ofile is uniform, 

b) there is no significant secondary cross-flow,·i.e. kinematically 

the fluid moves la~erally as a flexible soliâof zero rigidity 

(except for the taper effects). 

Such approximations are reasona~le whenever the boundary 

layer is turbulent and fully developed, and if small curvatures of 

\ 

\ 

\ 
\ 

\ 
\ ., 
\ 
\ 

It 

, 

\ 
\ ' 
\ 

, 
1 

\ 1 
\ \ ' . 

\ 1 , 
\ , 

\ , . \ 
'~ 

, \ 1 III 
\ 1 
, • 1 
\ l' 

, 
\ , , . , 

\ \ . 
\. , 
\~; 

\ .\ 
It \ 

\ 

, 
\ , , 

\ , . , , 
\ , 

\ , , , 

fig.b 

• • , . , , , 
, f 
\ , ... 

y 

the flow trajectories are 

being considered. In fig.a 

we illustrate ùhe convergent 

veloci ty profil'e for a spheri-

cal cross-section of fluid in 

a conical conduit, inclined 

with respect to the x-axis 

and stationary. The velocity 

v is (quasi) un~form in a cross-

section, i.e. the value 9f 

Ui is constant. ~erms of 

second order with respect to 

- the taper angle a\ are negli-

: gible, and therefore we'may , , 
neglect the axial curvature ., 
and consider a t'lat cross-

section, as illustrated in 

fig.b. It will pe found con-

define the non-incrtial axes OX,OY,OZ ûttached to the 

of the tubular beam. 
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" When the tubular beam suffers lateral motions, we shall 

neglect secondary-flow effects. Hence, the absolute velocity of 
, ~ , ~ 

the fluld, Vi' lS the sum of the relative velocity Ui and the 

velocity of point 0 on the centerline, which has the value ây/3t. 

We' need not account for axial motion of the beam because 

the axial displacèment, which is equal to the integr.al of 

l[ / ]2 , 2 ây âx , lS small to the second orderj 

However, we must consider the effect of' rotation of a 

cross-section of the tubular beam'around the Z-axis. Let the 

2 ' angular velocity be 'O=â y/âxât. For smaii angular' motions the 

displacement of the tube is tan~ential and p~rallel to the main 

\ direction of the floWi therefore, apart from additional shear at 

the wall and in the boundary layer (assumed negligibly thin), 

tt the fluid will slip and the rotation will have 

little effect-on the absolut~ velocity dis-

• 

trib~tion; in fact, the ~treamlines relative 

to the beam are constant and therefore, at a 

distance Y from the Z-axis, the flow velocity 

relative to the tubular beam is expressed as 

follows: 

W, = U. (1 + gr), 
l l Ui 

\ , , , , , 
\ , , 

x 

1 
1 , 

1 , 
1 , 

where, upon neglecting sedond order terms with respect ~o ai' ny 
is the addi~nal--velocit'y compone nt ,along the flow trajectory 

, ( 

due to rot~t.ion. 

The rate of change of the flow momcntum, inside the 

control volume ~w of an element 'of the tube of length dx; may 

be expressed in terms of the convectivc~doriviltive of the_.absolu,te 

• 

~ 
~ 
.\ 
t 

.} 

~ 

i 
j 

y 

J 
j' 
., 

~ 

~ 
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velocity Vi' and the density, 

." 

p",\ as :OllOWS: 

f 
~ av. 1 ............. = P1'{~t + (V .• 'iJ)V. }d(bw). 

bw 0 1 1 

Alternatively, we may evaluate the rate of change of the flow 

mornentum relat.ive to the non-inertial control volume attached 

to the- tubular beam, and then add the apparent body forces as 

follows: 

f 
........ .... a 

p. w. [w .• d (bs») +at 
bs 1 1. 1 

f p·.W.d(lIW) 
b 1 1 f 

d 2Ô -;t.... ;;!:;;!:.... dn .... ~ 
+ bw (at 2 +2~tXWi +~lX~IXr+ dtxr ) p id (lIw). 

W r (2.1 ) 

The second alternatL~e is more attractive; thus, the first 

integral represents the 'net flux of momentum acros~ the non-

inertial control volume boundaries; sinee no momentum flux 

crosses the wa:bl, the net flux is tneré1y lhe difference between 
li 

the fluxes across the two fIat faces of the control volume, 

whieh may be written'as follows: 

A-. being the cross-sectional area. Now, upon 
1 

considering 'eIementary' areas On each face bounded 

by the sarne streamlines, we obtain 

'f ô .... p .dx ';\(W. )l'l.dA. 
1 A.oX 1 1 1 

, i" 1 

where conti rit y ~as ~een inv01\.Cd for each stream-tube. The . ~' 1 

second int, iraI- df '12.1) re'pre,scnts the rate 'of increase of 

momentum wiélün the volume; the size of the control volume, 

. ..,:liJl'lU'lt fi [ : 1 ;iI 

• 
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rernains constant, hcnce, 

a f -. at p,W,dw 
/).w 1 1 

- ! 

. 
~l\'1 . 

=rJ.dxJl\-Llctw 
~ • J 

~ 

, 
however, the val\le of Wi at a point fixcd 

wi th respect to the ejftrol volume changes 

in time because of the rotation of the con-

trol vol ume 1 and wi have 
/ 

........ -+ 

aw
1
· aw. ~ aw. 

1 o,s ~ 

a t = as a t "" ax- 1 (-YQ ) 

/ 

• 

. D •.•.. ., .. : : . 

)( 

/ 
! 

Henee, the/t,wo integrals of \(2.1) relative to the non-inertial 

control vplurne yield 
; 

-+ 
aW. 

1 ax (Wi -YllldAi ::; 

.... 

f 
aW. 

p.dx: A ~ V.dA. 
~ -i x ~. 1 

whieh, upon neglecting second order terrns, yi,elqs 

-+;~ .... -+ 
where V' :Ls the value of W. and U. at the center line. 

~ 1 1 

'Finally 1 the last inte~'.ral -of (2 .l) 1 which relates to the 

..... "..... . 

~ 
celeration of the origin of the moving frame of reference and 

the èoriolis 1 centrifugal and tangential accelerations, yi~ds 

L 

/' 

, 
111 , J _~ ) • 'rehPOôMtM!t."'" ........ oP 

y 

,,' .... ~-

, . 
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f 2-+ -+ -+ n -+ -~ -+ d~l.... f a 2~ -+ -+ rM rt- 2flxU. '(l+uY) + Uxflxr + dtxr1e·d(L\w)-, {~t + 2QxU.)p.d(L\w} 
I1.w at ~ i ,~ , t::.w a ~ ~ 

In summary, the ra:te of cpange of mom€.nturn , 

-+ , 2-+ 
a2~ PiAi[~~t + 2U. + U. av] 

~ dxât ~ ax 

) 
which yields two components, ... 

• 
• 

au . 
a) in the x-direction P.A. U. ~ 

~ ~ ~ âX .. 
b) \. '~ ~ in the y-direction P,iAi rat +02U. 

l. âxôt 

•• 
~ This rate of change of morneptum 

balances the external forces on the flu~d 

~lement; hence, we obtain 

au. a !Y. ~ p.A.U. ax = - r(A·P. ) - Fit + F. 
~ ~ l. X ~'l. l.n âx 

+ 

â Cl 2 " a 2X) PiAi(at + u. ax) y = -a{A.p. - Fit 1. X 1. 1. âx 

per unit length 

'"ri 
1 

( 

~(U .. ~)] + U. 
l. aX ,1. X 

!:'
y 

l(, A.p. .. 

~ ...... -. 
t ...... 

PiAi g , 
éN 

~ - F. âx 1.n 
, 

where Pi(x) is the àvera~~ pressure along the median line. 
, . 

Then, as required for eq. (1.1) and (1.2), we write 

F. + F, 2.X = l.n , 1.t âx ' 

" . 
a ~ -(A.p, ) 
âx~ 1. 1..>, X 

A ( a + u ~x) 2,~ Pi i IT i 0 .x 

" 

is', 

• 

. (2.2) ., 

,1 

(2 .3 ) 

J-

1 
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2 • 3 DYNAMICS OF THE EXTERNAL FLOW 

2.3.1 General Derivation 

It is upfortunately impossible to proceed with the 
~ Q 

for.mulation of forces due to the external flow exactly in the 

same manner as for the internaI flow. Fo.instance, for an 

~confined external flo., we will have a constant total-pressure } 

head in the main, large-scale flow and a boundary layer; friction at 

the wall of the tubular beam· can no longer.be related to the 

pressure drop in the large-scale flow but to the bounaary layer .. 

Another difference with the previpus case y 

-u. • \ 
, , , 

a~ises as we now take into account the 

secondary (crQss) flow, since the axial 
\. 

f 
1 \ 

velocity does not coincide, not even 

approximately, with the axis of the b~am; 

the lateral resultant velocity between 

the beam and~he undisturbed axial flow, is 

veA~ tt + Ue ii ' as illustrated in the diagram. 

I 

Consequently, it is impracticable to derive dynamic 

equations from a control volume as in the case of'internal flow; 

instead, we shall directly evaluate aIl forces entering the cal-
1 

culation of F , F t" en e 
According to slender bcdy theory, the lateral flow 

~ ",(l, 

generated by motions of the bea~ may adequately be represente~, 

near the beam" by a two-dimensional potential flow; such a flow 

has a momentum Mev e per unit length, where the virtual ~ass Me 

\ 
\ , , 

\ 

~ Tc be :r::eferred bD simply as "tlle beam" fo~ short, in this section . . ' 
---~ - .. -. "Tl'n'" • 

.. 

l 

t 

l-

·4 , 
i 

r1l F'Q t'li F ra r 
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will be approximately equal to PeAe' the value corresponding to 

an infinitely long circular cylirider; p is the density of the 
e 

external fluid, and Ae ~he full· cros's-sectional area of the beam. 

The corrésponding changé of flow momentum in the tangential 

direction is zero for an infinite cylinder and may be neglected , . , 
for very elongated yet non-cylindrical beams, such as those under 

consideration, provided that the wavelength of motion remains 

large in com~arison to the diameter. Hence, we need only ~onsider 

the rate of change of momentum of the lateral flow which exerts an 

opposite force on the beam; this force, calculated per unit length, 

will be referr,ed to as the lift, L; 

We now consider shear a~ the surfaçe of the beam; 

let qet and q be the tangential and normal frictional forces 
en , 

exerted per unit length: in the absence 6f any other pressure 
• 

effects, we may write 

= -

l 
then, adding F x and F y' the s'teady pressure forces per unit. 

length of beam ~n the x- and y-dir~ctions, the fluid forces 

in the two di rections as. required for eq. (1.1) and (1. 2)1 are 

given by . • 0 , 

/ 
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F F !Y.= et - en dX 

(3.2) 

The pressure components Fx and Fy will now be calculated. 

2.3.2 Pressure and gravit y effects 

If we consider an element 

ir. '1 
dx of beam immersed in fluid 

'Il ( on aIl sides, the buoyancy 

foice a~'ting on it is simply 

the integfal ~f the pressure 

forces acting on the total 

surface 65 of the element, 

i.e. 

+ + :t aPe-t 
6B = J -p n ds = J vp dw = - - t:.w l-

bs e bw e 'dX 

-t where 6w is the vol~e of the element, i.e. A' dx,and 1. a uni~ 
e . 

vector in the x- direction, (provided there is only an axial 
" 

pressure gradient). Clearly, if,we now subtract from the 
. 

buoya~cy force' the pressure forces aèting on the top and,bottom 
• 

fIat faces, we shall obtain the resultant10f the pressure forces 

acting on the outer surface; the- force acting 
\ 

AePe' and is appl,ied at the center, hence 

) 

on each,face is 

"w 
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.... 
n is the unit normal pointing towards x>O • 

.... 
Hence, the two components of Fare simply 

and 

, . 

Now, Pe may be written aS/follows: 

= Peh(X) + ~ u2 
c (x) , 2 e e p 

(3.3) 

where Peh(x) is the pressure in thè uniforrn vertical flow far 

froID the beam, and c i6 a èorrective pressur~ coefficient to 
, P 

take into account' the effects of taper, boundary layer and 

motion of the beami C i6 normally small" and we will ehoose 
P 

Peh sufficiently large-in or~er to'have 
\ 
1 

Peh 
»!.p' u2 

2 e e Cp 

:.' _::-~ . 

and then Pe Peh and Fx Peh 
3Ae 
rx i we 

aPeh 
-~CV 

Fx ~~(AePeh) A '""]'X :: e 

~f we now expand Fyl we obtain 

.. 
may also write 

!x(AePeh) - PeAeg 

~ .... ---~--~ .............. --... ~.' .... --------------~ .nl J 

. , 
l 

- \ 

.. 
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" 

\ 
Even though Pe ~ Peh' ,we may not set a priori 

however, the derivative of cp with respect to x is small compared 

with q t and may.therefore be neglected in eq. (3.2) asshowl) in , e 

Appendix F. Hence, provided that the bearn tapers slowly we may 

set 

Pe = Peh 

and rewrite eq. (3.2) as follows: 

F - '~ , 2.1._ 
Fen êlx = qet - qen et êlx P gA + e e ~x (AePe> , 

: ~ 

~- (êI . + êI > { A (~ ~)} F + Fet U + U (3.4) êlx - &t: e ax Pe e dt e êlx I3n 

+ qen + qet ~ + Cl [A P ax ai e e 
~] êlx • 

2.3.3 External Frictional Forces 
, . 

We sh~ll assume the boundary layèr to be turbulent. ' 

o~~r'the whole length of the bearn; t~ansition from laminar to 

turbuleht layer will bé assumed to take place sorne short distance 
, 

from the leading edge, prior to the beam itself, on the,upstream 

su~port. This assumption will not be toc restrictive since our 

major concern in this study is not directed at sub-critical 

vibr.ation~ ~ which ~might involv«:,! sub-critical Reynolds ·'numbers, 

but at instabilities which will qenerally require Reynolds: ,~ 
6 numb<7.:s o~ the trder of 10, • 

~ 
~~ , 

:JI 1 ~ ,: ) '<:i3;-:'~1' '!>'""".i$. .. :.;; j,;. ., ;, 
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For long cylinders, inclined in a turbulent flow 

Taylor [65] established the following expressions for the no~l 

and tanqential forces par unit length 

F 1 0 u2 [0 . 2.
1 

C . 1."1 n = ïPe e e dp S1n 1 + f S1n , 

where De ia the d~amet:-er of the beam, 

Cdp and Cf are"coefficient~ associated 

with form and skin-friction drag for 

a cylinder in éross-flow, and i is the 
, 

angle of attack; upon qeneralizing to 

a beam which incurs very smal~ .'trans-

verse motions we have 

(3; 5) 

.. 
y 

i = ~ + tan -1 [L~] ... ~ + L ~ . (3.6) ax u at é)x U at 
\ e e 1 

The fo~ulae in eg. (3.5) hàve been subsequently transformed 

by'Paidoussis [57] to yield, for small motions,~ 

F = Cfn~ 0 if 
Ue *:1 lie if ~e eUer t + + 2 Co" t; , n 

F = Cft 2 
t TPeDeUe ' 

:.. 
where, apart from the dynamic ,viscosity Pe , Co i5 an ernpirical 

coefficient depending upon Reynolds and S~rouhal numbers, which 

has bèen ïntroduced to account for viscous'damping at the'lower 
\ 



'0 

, . ) ~ 
,~..;t.J-..~ ~:'!:\.~ ~'l!\~,f'.n~,....{~~~"1',....,.,...._ '\ _ ..... .-.. _ .. ~. ,..""_ ~~ __ .-....:...-.~. -". ......... .-_ .. -..-.--~",- .-"'- ............... ~ -~ .. ~~~ 

-33- 'l-, 
flow veloci t\ies i moreovér ~ 'as suggested by Taylor [65 J, we have 

It will now be.convenient to introduce the following 

parameter, which has the dimensions ora velocity 
\ .. 

~ 

U 
'~eCD 

= 'P'D 1 V e e 
., 

and rewrite the previous. forrnulae as follows: 

J 
J. 

J 
1 

We shall further'assume that 
1 

1 

:1 .. ~ 

hold for 

slander tapered beams with very small'Vaper angles (e.g. less' 
/v 

'than l deg.) ~ in arder to remain welf below c 

for which flow separation would 6ccut. Hence, 
~ ~ 

the local friction forces (per ~it/ length), as 

q (x) = - !.p D (x) [U C . (~ + U
e 

21.) + u ~t.l 1 en 2 e e e.fn dt ax v a 

.' 
qet(X) == 

\ 

(3.7) 

\ 
As previously mentioned, sinee we shall devote little 

attention to flows,in the subcritical range of Reynolds nurnbers, 

we shall usually assume that U «u Cf an~,set Uv = O. The v, e n 

value of Cft (a~d Cfn ) will be d~rived from boundary layer cal-

culations at zero i~cidence (in Appendix G). 

,\ i 

1 
f , 
~ 
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2',3.4. Boundary Layer Effects 

In previous work [57] ,[66] the effect of the boundary 

layer was considered merely by taking into account the friction 
1 

terms, as represented by eq, (3.7). The lift exerted on the 

beam was calculated, by slender body theory, neglecting the boun­

dary layer displacement thickness with'respect to the diameter. 

of the beam, However, such an assumption may become less ap­
If 

plicable as we move from uniforrn ta tapered bearns, especially 

as we approach.fully canical shapes. I~deed, the observed ~ 

stability of such beams cannot be explained by the theory de­

veloped up to ,now, as will be discussed more fully in Chapter 5. 

In order to take into account the effëct of the axial 

boundary layer on the lateral motions, we first consider the 
1 
\ 

body formed by. rhe beam surrounded by the displacernent thick-
1rr 

ness ,. al; the cross-s~ctional area is nr.w Ae '1 instead of Ae' 

and the lift der{ved from eq. (3.1), yields 
. " 

L = 
\ 
.~ 

Unfortunately, this result assumes that the fluid 

within the di~placement thickness remains a~ the wall even 
1 

(3.8) 

for the lateral motion of the beam; 'in particular, it ilJlplies 

that there is a displacement thickness 

in the cross-flow which is identical 

to that in the axial flow: In fact, 1--",-•• -......... ::{ 

we are dealing here with a' three- -'1'-'----
dimenslonal rather than a two-

PEl 
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dimensional problem, and the cross-flow dispiacemént thickness' 

is likely to be negligible, because (al the cross-flow veloci-
. ad' 

ties are of, first,order with respe~t to ft and Ue ~, thus 

y1.elding'Reynolds "numbers small enough \.0 avoid separation, and 
\ 

(b) the shear in the lateral flow is low due to the high level 

of turbulence induced by the axial boundary layer. Now, if 

there is no boundary layer due to the lateral motion of the 

beam, the quantity o~ fluid displaced and the lift derived in 
)' . 

eg. (3.B), have been overestimated. Making this assumption, the 
1 . 

momentum of the fluid supposedly displaced by the axial boundary 

layer, moving at a velècity, ft, is approximately equal to that 

of the fluid within the displacement thickness; its rate of· 

change is 

Q \ 

and, the resu~ing lift, which is the opposite, must be sub­

tracted from eg. (3.8); the following expression is now obtained: 

L = (~t + Ue L) {p (A ~ + A·U ~)} 
a ôX e e at e e dX 

This ex~ression :Can be 

interpreted'sirnply upon considering 
. " . ( 

the cross-flow to, be the super-

position of two potential f~ows; 
1 

one resul ts, from the motion of ~hc 
1 

beam alone, i.e. of cross-sectional 

.. > " ' • ,') " :~ 

. (3.9) . . 
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area 1\e' ,moving at ve10city ~. (as shown on fig. a); the other 

one res.u~ts from the motion' of the fluid, flowing at an average 

veloci ty -Ue ~, past the contour formed bl' the beam and.., the 

* axial boundary layer thickness, i.e. of cross-sectional area Ae 

(fig.b); eq. (3.~) states that the lift exerted on the beam is 

simply the surn of the lifts exerted by the two flows. Such a 

result is generally false, but we expect eq. (3.9) to give use­

fuI approximations, when the trajectories of the both, flows are 

close, i.e:- for small boundary layer, or when one flow prevails 
J 

over the other. 

Let us now examine another assumption concerning the 

axial boundary layer implied in this sub~section. The deri­

vation of eq.(3.8} and, subsequently (3.9) assumes that, with 

~espect to the cross-flow! the relati~e velocit~ of, the beam 
. . av av 

and the beam augmented by ôl are the samè, ~.e. tt + Ue ~; in 

other words, the boundary layer is f1xed witn respect to the 

beam and consequently axisymmetric, as for a beam in ,a co~axial 

flow. In fact, as the boundary layer increases, it becornes less 

seftsitive ta the motion of thè'bearn which, in turn, becornes in-

sulated from the axi~l flow. We may then imagine that the bearn 

moves within its boundary layer as if the axial velocity ~e~e 

reduced in that region. In order to represent this insulatié~ 

effect, we shall reduce tpe lift calculated in eq. (3.9) by multi-.. 
plying De with a corrective factor. This factor should be close 

to unity'when the boundary layer thickness is negligible with 

respect to the local diameter, and close ta zero when it is very -large. , * . 
The ratio Ae/Ae appears to be a good and convenient 

/ 
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* measure of this effect; the reduced velocity, Ue' which we 

now consider, i5 such that 

Finally, eq. (3.9) yields 

L = (3.10) 

_ ..... __ "F--------;---~~ 

The validity .. o,f .eq. {-l.lO) can be check~d in two 

cases. First, for a cyli~d~r translating laterally and parallel 

to the axis of the flow, the lift reduces to the following term: 
.~ 

which i11ustrates adequately that the virtual mass of the, 

cross-flow is independent of the boundary layer. Second', for , ) 

a stationary bent cy1inder, the lift reduces to the following 

term: 

* ~ A! 2 
- pAU U ~X2 or - Pe A* Ue e e e ,e Q e 

which depends on the boundary layer and diminishes as the dis­

placement thickness increases. In the above, the choice of the 

displacement thickneSS'1 ôl ' rather than the momentum thickness, 

62 , is disputable; however, flow, the two values 

are not ~rastical1y different: experimenta ly, the shape factor 

is close to, 1.4 for a fIat plate, 

law predicts ô1/ô 2 = 1+2/n"'1._3 • 

the familiar n=7 power 

" 



, 

The two equations of (3:4) are npw rewritten a~ 

foll~ws : 

/ 

(3.11) 

\ 

in order 0 substitute Pen and Pet from eq. (1.1) and eq. (1.2). 
~ 

j 

, , 
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- 2.Â---MOMENTS INDUCED BY EXTERNAL AND INTERNAL FLOWS 

2.4.1 Notation 
, 

Before proceeding to calculate the moments induced by 

~the flows we shall intraduce specifie operators to denote con­

vective derivatives. We shall define the operator V such that 

V ( ••• ) a a = (:rr + UdX}("'> 

Hence, 

~ for the external fluid, 
~. 

v a a * a * il = (at + Ue ax) and V = (dt + Ue ai)· e e 

v2 a + Ù L)2 a2 , a2 
u2 a2 

and :;; 
(at = (W~,2Ue axât + ax 2 ) f,l e ax 'e 

ob) for the internaI fluid, 

and because U, is function of x we will have, for instance, 
~ 

2 a a 2 a·2 a2 u2, a2 a,tri a· 
V~ = ("'t + U

l
' ~x) - (~+ 2U - + ~ + U --) 

• a dX - àt ~ axat ~ dX i dX ax 

2.4.2 E.aluation of- the Moments 

Let E represent the external or internal wall of an 

element dx of the tubular beam: in the 

case of external flaw the pressure acts 

on the outsid~ ofeE, wnereas for the 
1 j. 

internal flow i tacts on the ins·ide. 
, . 

a 
.~ 

y 
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We ~ay express the pressure at a given flow velocity as 

p(x,6,t) = po(x) + PI(x,6,tl; 

) ~ 
where ~o is the co~ponent .of pressure independent of lateral 

displacement, hydrostatic in the case of external flow, and 
\ 

quasi-hydrostatic ,in the case of internal flow (because ~aper 
/ 

angles and fr~ctionalllosses are' sma!l); Pl is the perturbation 

co ponent, which is fU?ctio~ of the otion and the~position of 

beam, and symmetrically distributed with respect to the .. 
motion ( symmetric with respect to the pdlar angle el. 

Let us first eliminate the moment due to Po' By 

use of the rationale employed in §2.3.2, we 

imagine thé element irnrnersed.in fluid on 
~ \ w 

aIl sides; the total moment exerted on 

this element being null, the momËmt ex-
J 

erted on E is equal and opposite to that 

exerted on the two fIat ~ces; this moment, 

l 2 2 '2 
calculate~ in 0, yields '2 A Po (a y./ax ) dx ; 

t ' 2 
this, is negligible because of the factor dx . Therefbre~ any 

~oment res~lts from Pl onl:. Let Q Q,e any polI}t on 

,_jm~m~t calculated about 0, on the center-line, is'~ 
.r 

\; 

, . 

+4 • 1. n ~s the normal unit ve~tpr pointing out of the wall. y ' Since 
., ' 

Pl . s of firs_~_.~~,de!'_~!.t!L~espect to y"~ (6r i ts deri vatill,es"r 

~lce' no highe~' order terms are required in eq. (1.:) ,-' we" 

mat colsider an elementl undeformed and centered on the'x-ax!s. 

, 
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1 

The only finite ~ylindrical coordinate 
~ 

of 0 Q is radial, horizontal and equal 

to 'a, the local radius of Li hence , 

'only the axial companents of the pressure 

forces will contribute ta dM; mareover, 

L and Pl being syrnmetric with respect 

ta the x-y plane, the resultant will 

'. 
" 

be in the z d,irecti'tm as illustrated on the diagram,' 

be unit vectors in the x,y,z directions; then, 

-+ j ~ -+ ... ,... 
dM == (-PIn xOQ).k dO' 

L 

,l 

~ -t- -t­
Let 1.,J,k 

Let us now compare dM with the transverse l~ft, Ldx, 
" , 

exerted on L; we have " \ 

i 

, ~ 1... ... 
upon, introducing the unit radial r1ctor,r, such that OQ = a~ 

we obtain 

Î 

-+ 't n.J 

)' 
1 , ' 

1 

'1 
1 

1 

k 9.L. 1 [ 

, 

'1 

/ 
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~ -t ~ ... 
Since n.~ and n.r represent the cosine and the sine 

of the taper angle, which is constant around the element, then 

he'nce 

, 

with A = 

, ' 

dM = a 
-+.. "f 
n.~ 

... -+ 
n.r 

dM 
dx 

2 
1Ta • 

= ada 
dx 

L 

Ltlx da = a-
dx 

= l dA L 
21T di" 

Ldx ; 

We now consider the external and internaI cases 

(Ll) 

separatelYi using the convective notation we rewrite the two\ 

last terms in eg. (1.3) : 

a) for an external flow, by use of eg. (3.9), w.e get 

b) for an internaI fIow, by use of eg. (2.2), we, get 

aA. 
1. ax L 

p.A. aA. 2 
= 1.1. l.V() ~2 ~.y 

ïT (IX ~ 

4 

/ 

In order to calculate ~ in eg.(1.2), we need ta differe tiate 

eq. (1.3); the last two terms y~eld 

(4.2) 
p. âA. 2 

+ -21 ~ A. V. (y)} 
1T dX 1. 1. ,-' 

f 
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The first expression in brackets of the right-hand side 

expands as follows: 

,p dA 2 * 'l 'l 

+ e ( e) U\ [E.1. + u ~] Til rx ,e at e dX 

In the ~inal equation of motion we shaH only retaln ; 

the terms which' are of zero and ,first order with respect to the .. 
taper angles; thus, Ai or Ae will be taken to be of order zero, 

aA./ax, d.A Jax and aU,/ax will be of first.order; furthermore, 
l. e " 1. .. 

* 'Ue-Ve will aiso be considere~ to be of similar order. Hence, 

we write 

2 and, in Vl.' (y), we may consider U. to be constant • 
1. 1 , 

In fact, provided that internaI and ex~ernal flow 
~~', 

velocities remain small comp~red t~~~aêtion of the' natural 

wave propagation celer~n~'~aterial, and upon satisfying 
=--------

assumptions' such a~ large slenderness ratio and low c~itical 

modes, it will be shown, in the final equation of motion, that 
; 

, any term resulting from the convergent (or divergent) fluid 
,fi ... 
; induced moments is small. This will become more obvious when 

\ 

we assume particular solutions for y (x ,t) • 
\ ' l: 
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t 

For the present ~rne we sha11 rewrite eq. (1.3) as 

follows: 

(4.3) 

o • , 

~l 
j 

ç.'- " 1 

J 

\ 
, 

" 

:.o.;... ____________ ~ ___ • \. __ _ , . 
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, 1 

2.5 DERIVATION OF THE EQUATIONS OF SMALL MOTIONS " } 

2.5.1 Equation of smal1 motions 

By use of eq. (2,.3) and (3.4} we now rewrite eq. (1.1) 

as follows: 

aT a 
ax - -a [A.p.] _ x 1. 1. 

aUi - a 
p.A.U. ~ + p.A.g + ~[A~ ] 

1. 1. 1. QX 1. 1. dX e e 

", Th~ Shet: Q and the normal friction Sen are of first order of 
a 'Bv' av 

magnitude with res~ect to Yi hence ax(Q'ak) and Qen ~ are of 

second order and can be neglected. Because the internal dis­

charg:e Ai Ui '=. (AU)_L;5 . constant with respect to x, we rewrite 

the previous equation in the following manner: 

l' 

*-[T+A P -A.p.-p. (AU) .U.J = (PeAe .... p1.·AJ..-pA)g - qet 
QX e e 1. 1. 1. 1. ~ 

(5.1) 

Similarly, by use of~eq,(2.3), (3.il) and (4.3) we 

, l rewrite eq. (1.2) as follows: 

,. 1 
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which, by use of eg. (5.1) may be transforrned to 

, (5.2) 

, . 
-- } _ 2 

+ (PeAe"'P~A~ ... pA)9~x + (T+A P -A·p·)H + q • 
~ ~ a e e 1 ~ aX' en 

.. 

1 

, 
A.p. is the last unknown expression in eq.(S.2); 
~ ~ 

Tl = T + A P - A.p .• e e ~ ~ 

Once we obtain Tl by integrating eq. (5.1), the equations of 
J' 

motion will be reduced to one ,single diffP,;en~l equation of 

four th order with respect to x and second with respect ta t. 

The integration of eq,(5,1) between x and L yields: 

Tl (x) (5.3) 

The differential equation of motion will be fully 

fo~ulated once we find Tl{L) from the ~ial boundary conditions; 

we will then analyse the transverse conditions at x=O and x=L . ' 

in order to obtain the boundary conditions governing y. ' 

, ' 

'" 
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2.5.2 Axial boundary conditions 

" In' order to cvaluate the expression Tl (L) :: [T+AePe­

AiPi)L in~q. (5.3), we dcfine the gcometric characteristics 

of the downstream end of the tubcs. 

At x=L, a small rigid end piece of 

length t is added.to the main tubc, 
~I 

as illustrated in the figure; on 

the outsid~ it is generally stream-

lined, and cylindrLcal inside. 

We.shall distinguish two cases, 

i.e. ~hether the end pie ce is 

supported or not, and more pre-

cisely whether it is free to move 

axially or'no,t. 
" 

" 

MAIN 
TUBE 

1 

Let us consider the system cornposed"of the end 'piece 

and o~ the internaI fluid within; the axial accelerations are 

negligible, hence, the rate of change of tangential momentQm 

of the 'system is nulle 
" 

The foilowing forces yield tangentiai 
1 

comp~n~nts~hich must .hence balance: 

(a) the tension in the main tube (at x=L), -T(L) 

(b) the gravit y force,' 

li. 
t (c) the pressure forces acting on the two 

cross-sections, 

.. 
1 

L+t 
j (pA+p. A.) gdx 
L ,~~ 

internaI 
'"\. L+l. -lA.p. ) 

, 1.,1. L 
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(d) the pressure force acting on the external 
L+t ~A 

surface, = \ p (x)~x Lex 
1 

,. 1 

(e) the frictional force on the external surface 

will be neglected in comparison with Fe' 

We thus obtain the foliowing equation: 

or 

in 

L+l 
- T(L) - [A.p.1 

• ~ L 

L+t 
+ F +' (pA+ P . A. ) gdx =: 0, 

e)L 1. ~ 

1 L+t 
= Fe - [AiPi]L+l + J

L 
(PA+PiAi)gdx [T-A.p. ]L 

~ ~ 

In order to evaluate Fe' of (d) above, we set, as 

eq. (3.3) 

.. 

where Peh i5 hydrostatical~y pist;ibuted and cp accounts for 

the taper and flow separation over the end piece; furthermo~e 

c depenàs to some extent upon the jet characte\ ristics of the 
'~ 

(5.4) 

int,ernal flow exiting at x=L+l, bfJ.t we need 'not take iI}to con-

sideration first order terms due to the" motion. 

Bence, _ 

= rA p ]L+l 
e eh 

~ 

L+.e. 
J
L 

AePeg dx + Fb ' 

,--
where Fb represents the drag exerted on the end piece. Since ..-- "", 

we previ?_'::l~J.y.-assumcd p~~ 1= Pe up to x=L and,' bec~use '~he ,thickness 
\ 

r. 

, 
" a 
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, 
of the tu~e is null at the very end, 

we may rewrite eq.(S.4) as follows: 
.. 

i.e • A. (L+t) 
1. 

L+t 
( (filA+p.Ai-P A )gdx.(5-'.5) 
}L 1.. e e ' 

Let us illustrahe the significance of this equation 
.' 

when .e.=O,'~.e. when the' end of the màin tube is blunt, as il-

lustrated on the right • 

Fo~ such a configuration, flow 
\ separation will occur at .the edges of the 

external and internaI surfaces, and if 

we assume as a f±rst ~pproximation that 

the pressure at the base is uniform and 

equal to that prevailing'in the main ex­

t~rnal flow, we write Pe=Peh' or Cp=Oi 

and therefore 1 'Fb=O and [PehlL=IPilL; 

hence, the previous equation reduces to 

, [T +AeP e --;:Ai Pi] L = 0 ~ or 
\ 

WAKE 

C' J' 
? J ' 
~ ~ 

Il u· . Il J • . ' 

1 u. 

which, as could be expected, merely states that the tension at , \ 

x=L is the compression due to the press~re a~ting upon the base' 
i 

of the tube. 

However, if the end pie ce is not blunt, or if the 

pressure at the base' is different from that in the main flow 

at x=L, there' is a -drag effect; from elq. (5.5) we see .that the 

• 1 
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drag force consists of the drag exerted on the end piece of 

the beam, Fb , and that of the internaI flow, [Ae(Peh-Pi»)L+t; 

we shall expres~ it as follows: 

Upon considering eq. (5.2), we recall that -the term 

T+A p -A.p. is rnultiplied by a2y/ax2 ; hence we need evaluate' 
e e 1 l ' 

[T+A P -A,p']L' and consequently Db,only wi~h zef ro order terrns 
e e 1 1 i' . 

with respect to Yi therefore, we proceed as if the end piece 

were at zero incidence. As shown in Appendix H a' quadratic 

fit was selected to represent the base drag measured behind 

cylindrical tubes; we thus set 

, 

(5.6) 

We found serni-ernpiric~l ~xpressions for Cf~ cfi and Cfx which 
\ . Wi,. 

will be representative of base drag effects behind cYlindrical 
- . 

and srnooth~y tapered tubular beams. 

We. finally obtain Tl (L') as re~uired in eq. (5.3) 1 

. Tl (L) = [T+A P -A'P·)L e el). 

L+l -
= iL [(P-Pe)Ae + (Pi~P)~i)9dx 

(5.7) 

... 
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At zero flow velocities the 

ten~;ion, T*, whi~h acts at x=L on the 

tubular beam is the sum of the hydro-

static pressure force applied at the 

base and possibly an external tension 
~ f 

labelled To ; we thus write 

1 . 

(note:in this subsection the superscripted asterisk will charac­

terize the zero flow condition). We assume that the external 

and internal fluids are almost ~n c~ntact at the end of the tùbu-

* * lar beam, as illustrated on the diagram; henc~[Pe]L-[Pi]L' and 

i cities 

T' 
o 

From eq. (5.3), with no flow, we thu~obtain 
/ 

* T1(L) + 
x 

J (p ~ -p.A;-p~)gdx 
L' e e l. l. 

1 
Departing from this reference case of zero flow velo-

, , 
which defined T 1 

. 0 
we now set 

,.J 

* TI T = T + ~ 

* , 
Pe = Pe + Pe 

* 1 

p. = Pi + p. 
l. l. 

By use of the previous equations, eq. (5.3) reduces to 

( 
" l , 

T+Ap-A.p.] . ee l.l.X 

x 
= [T'+AeP~-AiP~lL + Pi(AU)i[Ui]~ - f~ qetdX , 

a 4 ~ 
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or 
1 

T (x) , "2 L fLx' = T (L} + [A P -A.p.-p.AU.] + ,qetdX e e ~ l. ~ l. 
X 

and we shall approximate this tension distribution witn~-1:h~~ 

corresponding to an axial stress distribution 

cr xx 
• 

= T (x;) 
X(x1 

where we. recall that A(x) = Ae(X) - Ai(X). 

----------

1 1 

Let ~ now consider the effec:t of Pi and Pe. ( Because 
/ 

",_ of the smali taper angles considered and of the small pressure 

gradients in the x-dir~ction we shall make use of tbe stress dis-
1 

t+ibution ~hich applies to a cyIin~ical\tube subjected to 

constant internaI and external pressure [67] ;~thi\ stress dis­

tripution yields 

We superpo~e the two distributions and we ob~ain the 

following axial strain. distribution in terms of Poisson' s ratio, 

• J.I • 
p' 

hence, 

Ee: '. = 
x 

• f 

, 'f 
T (x) - 2 J.I • [p . A .... p A ] 

P ~ l e e x 

, '1' , ., 

.[T +A P -A.p.] '- (1-211 ) (A P -A.p.) -
e e 1 l L pee l 1 X 

/ 
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, l 
If we now take Poisson's ratio ~P-2' as for rubber 

ma:)rials, we note that the local pressure terms disappèar from 

the previous equ,ation. It is not surprising that the interna1 

fluid friction <:loes not appear in the expression abo-ve, because 
..' 

the interna1,fluid friction ~nd the interna1 pressure drop due 

to friction, have opposite effects on elongation;, this does not 

~.bo1d for 'external friction. 

~ The condition of non-sliding end support requires 
L 

f C' dx=O 1 hence we may wri'te 
o x 

, .... ; ,', IL dx 
[T +Ap -A.p.] A 9

A e e l. l. L 0 e- i 

or 
, , , 

L 

= p. (AU) . J 
l. l. 

o 

Ui (L)-Ui (x) 

[A "A.l dx 
e ~ x 

. . 

'" 

[T +AèP -A. p.] 
e l. l. L 

(5.8) 

\ , , , , 
for. quasi-uniform bearns Cl. -0 and Cl -1, and other values of Cll.' 

l. e , ( 

and (le have been calculated in Appendix D for conidal tubular 

beams. We now write 

\ 

, 
and finally, by use of, eq ... (3. 7) , 1 

,/ 

Tl (L) = To + P,i ui (Ai ui> L ... ,Pe<i~ ~ De CO) LU: • 
\ . 

(5.9) 

~.~._~,-- ·-:-:z~~~_~ ________ ...... ..;.... __ .::.....--:. _________ ..... _ 
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", '\ 

l, 

, . 
~ \ 

\ 

'-f , " 

~: 
; 

cl 

1 

Q 

General case -----------
· , 1 \ 

The'similarity b~tween eq." (5.9), and eq~ (5.7) suggests 

that\; n both cases we set 

'. '/! .... 
-1 2. '2, 

T1(L) ='JT + -[p A U Cf +p:A.U.Cf , + o 2 e ~ e ,e ~ 1 ~ l 

D 
~ (p p, A A.) U u. Cfx] • 

e ~ e ~ e ~ L 
(S.lO) 

(a) For a free end we shall set 

-, . 
/ 

( p , - p ) A. ] gdx 
1 3. 

o 

, , 
b\causé in this cas~, the only external tension to be c9nsidered 

" 

is the immersed weight of ,the end pieée; in addition, the base' 
-_.. "-

drag coefficienycalculate'd in Appendix a· are 

,; .. 

, 
1.35 = 9+ (U.lD) 3 

: O.O~ 
Cfi -: 1.25+ (21./D} i 

O.2+2.e/D 
- 0.05 6'.l+2l/D 

" 

, 

w'ith D=De(L~. 

1 ~' 

1 ,,' 

Cb) For a support~d' end, To rep,resents the external tension' 

J 

D' (0) •. 
L ", . Cfe 

e ' = -- Ct Cft- Ae (L) ~ 1 :~ 2· e 
" 

", 

....... , 
'Cft = 2 Ct ;-

l. 

~fx = 0 .. . 
'" 

." 
1 

',* 

/. "" 

JiU,I,f1,) J ;; ; i ' 1 ! 

- \, 

( 

\J 
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2.5.3 "Transverse Bounda~y:iondition§ ,. 
i) Conditions at x=O. '*rhe beam will usu.ally be clamped, 

hence the di,splacement and the slope ,are both zer9, . ,-
~.e. 

y(O) = y' (0) ::: O. 

Should it be pinned we shall assume nO disPlacement,( \ ' 

and no moment; hence 

y(O) =y"(o) = O. 

" 

nditions.at x=L. The same conditions as aôbve 

will aIs ~pply to clamped or pinned c~ses. Let us now ~evote 

our at~ention to the case of a free end. 
1 

We shaII assume that due to the small size.of the 
\ , 1 

end piece the moment at x=L is negligible; ~us 'y (L)::: O. 

( 1 

The second condition will be,found in the balance of .. 
the external and' inertia lateral force~ exérted on'the end 

piece; henc~, we consider 
U J 

a - the gravit y and buoyancy lateral reJUltant" 
• 

L+l ' ~~ J (pA+p . A . - pA) 9 ~ d~i 
L ,1. 1. e e oX' 

b - the internaI hydrodyn~ic force, 
b 

" 

. L+l , 2\ " , 

c -

• 

- J p . A . V. (y) dx ; 
L ~ ~ ~ -

/ 

" the externa hydrodynamic force w 

.' 

/ 
<> 

. 

we expz:ess as 
t 

" .J • 

"-... 
. / 

r ~~ ' _______ -'-___ I-___ -'-~'----

. . 
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,'. 
1 • 

where we kept the sarne expression ,as for the portion 

of the beam, but cornpounded by a factor f to account for the 
'1 ~ 

ra~id change of c~oss section a~lenderness, as reported by 

Paidous~is {50], and further elab rated in appendix J. Id 

practice, f=O will be use~ for a b untly ended'tübular beam, 
.1 , .. 

and f will approaCh l for srnooth,' strearnlined end pièces; because 

" * we introduced the corrective factor f, U wil~ now.be assumed e: ' , . 

const~nt over the end piece and equal to the value at X=L.[ 
1 • _ 

_ .d - shear reaction 

o 

Q(L) 
a a2v'" 'a'e 

- ai(EI aiT) ; EI(tit) 
L 

e - friction will (e neglect~d in comparison with the hydro-\ 

dynarnic force. 

The balance of lateral forœes yields 

L+l' D 
f . pA at2. dx = 
L 

Q 1 

Let us now integrate th~ hydrodynamid terrns. over\ 

the end piece, narnely 

(5.11) 

-----) 

for internaI flow, a ' a 2 p.A. (~t + U. ~x) y dx 
~. ~ a .~ a 1 

and 
L+l 

a * L) [A (Ê.1. +du ~)#]dX J fPe(at + Ue L 
ax e at .. e x • for e'xternal flow. 

,. 
", 

(7' 

"'" 
... 

" '\ 
, f 

Cl 

,;::~ '1 t~ 'J,,,\' .... :._ i~" ... ' j • ~_ .~,,' • iRI t 



j": 

l' 
1 

c'. 

\ 
\ 

.. 

• 

In evaluating the first integral 'we recall ,that we have assumed. 

a'rigid end piece with a cylindr~cal duct for the internaI 

then, for O<ç<~, we have 

fIow; 

, [yl 
. L+l; 

= [y] + [~] Z; ; 
L L 

T 

hence 1 . , , 

JL+l.~ Cl ~2 • 
L Ai (at: + Ui ax) y dx = 

With·respect to the second integral (ext7rnal fIow) we write 

" 
{ 
L+~ ,,' le * a '1", 

(_0 + U ' -) [A (~ + 
L att;f e oX e o~ 

= 

/ L+l 02 
(~) ,(X-L)] + a2 

::: {A at 2 [(y) + U [~]L}dX 
" L ,e L L ' e 

o 1 

'* 
L+l , ; _.L+~ 

u· (È.Y.) } + U '{ [A ~] ':+ [A~] . e e oX li e ax L, L , 
L+l . 

f ' A d e x 
L 

'Ii L+f. ~l 
+ Ue{[h'e]L [21.] +.l[Ae ] !..L + U [A] [.2X]}; at L axât e e ax L+l L 

d 1 li Il 

1 
1 .. 

\\ 



.. 

1 

\ 

(' ,0, 

in this last expression we neglected the ter~s of order t 2 

and we hàve also used' the fact that the slope of the end piece 

" is constant, i.e. (fi> 
L+i 

= (2Y.) 
dX L 

) . 

.. 
From eq.(5.1l) we may now rewrite the balance of 

'r 

lateral forces up to first order terms with respect to i, and 
~ 

in ascending order wi th respect to axi.al deri vati ves, as follows: 

a * L+.e. 
+ [~] {fp U U [A ] 

eX Lee e e L 

1 a ~ 
= [El (l+kat). ax 3 ) 

L 

f
L+.e. * 

A dx + f~U. l[A ] 1 } 

Lee e e L+.e. 
(5.12) 

-::; 1 
\ 

In order to integrate the overall cross sectional are a Ae over 

the end piece, we will assume' that the end piece can be adequately 
t 

represented by a conical element of cross section,(Ae)L 

anQ (Ai)ù ~t x=L+i. Then, we introduce Se s~h that 

hence, 

f 
L+i 

= A dx 
L e 

3 3 
(A ) 2 - (A.) 2 

1 e L ~ L 
Se = 3 --~1~----'~1 

(!te) 2" - (A.) 2" 
L ~.~l 

• l, 

_----- .. 0 .... _-r -

at x=L 



~ . 

~ ~ , 

" 

~. 

~ 
~, 

1 
f 
'" 

, e 
~' 
.' ~, 

~ l: 
~I 
~ 

~ 
~ 

f 
t 
(, ! 

• 
~. 
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We now write eq. (5.12) as fo11ows: 

" .6 '*[!l] [(p+fPe)Se + (p.-p)(A,) 1.l["'t 2 ] - fp (A -A.) Ue "t 
~ ~ L CJ L "e e ~ L a L 

. 2 
* } ~ + {fp [(A.) U +5 Ue] + 2p.A,U •.• t[,\xat] 

e ~·Le.e j ~~~ CJ L 

* . " ~ 
-{fp (A -A.) U U + [(p -p)S + (p-p.) (A,) ]gl} [,\x] = 0 • 

e e ~ Lee e e 1. 1. L. CJ L ( ~ 

2.5.4 Summary 
~ 1 

. 'The mathematical model for the dynamics of the system 

For the benefit of the reader, has n~w been fully formu:ated. 
1 

thé final equation, abstracted from the previous sections (subject 
.1 

to boundary conditions given in· §Z.5.3) is giveq belgw. 
, 
,~ ~' 

.... 

" 

. 
Pii\ 'àAl. a a2 a2 2 a2 

+ 2iT ax rx{hf + ~Ui axât + Ui \ô7} 
" 

\ ' 

Pe4e aAe a a2 J 2 

u2 ~:~'j + 2iT ax a;c{attî+ 2Ue ~x~t + e 
" 

1 

a2 

PiAi{W + 2U. ~ ,2 a2 
dxat + Ui fx*} ( 5 -. r4)-----) 

~ 

+ {Tl (L) + ~ ,A. U. lU. - U, (L) ] 
~ 3. ~ ~ ~ 

1 
~ 
l 
1 

,j 
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.' 1 ~ 

DIMENSIONLESS EQUATIONS 

a 

'1 

2.6.1 General S1ender'Bodies 
, 

The detai1ed'rendering of the equation of motion and of 
l , 

the boundary conditions dimensionless,is carried out in Appendix 

A.~ Here we give an abbreviated account. 

u e 

-2 
ô 

We define the 'Îollowing dimensionless quantities: 

\ = x/L n = y/L 

~ 

O'i = Ai(Ç;)/Ai(O) 

= [EI,/,,{pA+p A +p.A.)]i t;L2 
, e e ~ ~ ~=O 

\) 

* * u =Ué[A /.A] v~ 
e e e ~ ... = [1' A lEI]! LU 

e e ';=0 e 

[A./A') " = 
l. ~ ,';=0 

.€ =L/[De1 y 
';=0 

f , 

1 

\. ' 

= [EI/ (pA+p A +p~.A.1J l ~/L2 
e e l. J. ';=0 

= [p .A./EI] t,LU. (0) 
1. J.. ';=0 l. 

= e.16g [D ] 
E e ';=0 

~ 

Ye = 1, "t 'Pe/p 
1 -_,. - • 

• 2Cfn/1T c' = n 
c = 2[p A lEI]! 'u L 

v e e ';=0 v 

and for the ~nd conditions at ';=l~ 
1 r 

ToL2/EI(O), Il JI = t 
\ 

.. ~-' 
(- \ 

1 ~ (l){ 2 

Tl (L)fl
2

/ EI (0) 
, 1 2 1 v. 

l. 0 = = JI + ~feO'e (l)u + ~fi 0' i (1) + ~fx ~(l) u.vi e 

. X = l/L and Xe = l/O (L), e 

. i 3 f 

se = 
lO'e(l) -ô ai (1) 

ïfO'e (1) 30' (1) i_ô 0'. (1) ! 
= 

e 1. lÀ} , , 

independeJt 
\ 

\ , 
In~idcntally, the par~meters de~ined above are 

excc 
• f 

for jthrcc,· namcly se' Xe and y. 

[. 
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, 
Substituting these into \the equation of motion, i.e. 

eq. (S.}4'), we obtain 

2 t!";2 
Ô +y. \ ô v. der. 

{[ , 1] 1 1 + 
Y +y. ~ dt;l 

e 1 ' 

2 ô +y. 
- {y +y~ 

e 1 

and for a free rnd, at ~=l, eq.(S.13) yields 

t..,A.f-u u* (0 ... ô20.] + 
/' , e e e 1 

1 

.. .. 

* Y -1 i [l+f(y -l)]s +y.o. à2 
+ fu (e+ ) (0 -15 20.) [~] - X ~~ e +~.~ ~['1 ~) ~ o. 

e Ye y i e . ~. cl T " Ye +y i 0 T-

.. 

_ (6.1) 

~I 



.,. 
!>!l' 

~ 
\ 
? , 

l , 

f" 

• 

1 
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~e next separate the variables 

SOl~ion of '~he following form 

1 
i 

1 

by, lÇ)oking 
! , 
\ . 

\ 
\ 
\ 
\ 

for a 

Let us' recall that both real and purely imaginar~ karts represent 

the sarne. solution, witl1in a sC~,le f~_~~d a phasè shift, and 

upon setting w=wr +iw.i~i;~~the' re'al ~art of the s'olutioÎ'1 

reâtls 

-W.T -W.T 
Re{n (~,t)} = "1 (Oe J. cos wr't'- "2 (~)e J. ,sin wr't' 

Using the éomplex notation equation (6.1) becomes 

" * + {u u 0' + e e e , 
__ - --~--- 'j 

1 ! 2 
f , [f(2-y )0' +y.a.)+e:ctO' u Jdt; 

; ,e eJ.J. ee 

2 ~ 

15 +y. ! 
+ J. 

(y' +y. ) 
e 1. 

,. 

o , 

(6.2) 
\ 

'(6.3) 

\ 



\. 

,. 
i 
1 

-63-

and the various boundary' conditions yield 

~) 
a'jI 

for a' clamp~d end: }l' = at = 0, 

b) a2'i' for a pinned end: ~ = a~2 = 0, 

c) 
a2 'f 

for a free downstream end: W = 0, and 

(6.4) 

As 9,uggested in §2.4.~ and further elaborated UPOn{in 
.II!. " If 

\ . ~ 
Append~x I, if we assume that u~ and ue are smaller than e, he ... ~~, 

second term of eq. (6.3), i.e. 

!2v2 'la. a u 2 da 

{8E2~ ./~ + B~2 e d~ e} 
~ If ' 

yf 
16 negligible vis-à-vis the first term of the equation! and will 

b~ dropped~ 
7\, ' 

2.6.2 Conical Tubular Beams .. ,~ 

From here on~we shall ~eal with constant taper angl~s-
\ , 

ae , and ai ,over the whole length of the tubular beam, Le:. both 
i (, 

ifiSide and o~ide-'·àiameters vary linearly' with the· axial coordinùtc. 

; 

Id FIJIIIl b 1, ,3, 

" .:J 
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0 
Wc set 

<1 '0 \ = De (0) [++Cle~].' D. = O. (0) [1 +a. ~) ; e l. l.- _ l 

~ 1 

hence \ t 2 2 
0 = (l+aeO , a. = _~l+ai 0 ' \ ) 

~" , e l. 

r:: E =1 
, 1 1 , 

~' and (6.5 ) \ , " 1 
~' Il " ~ -1 De(l)-De(O) (le ,1 " t- Se = tan ~- Il " 
1 L € Il 1/ 
~ ,III 
! 

-1 Di (1) -Di (0) ô a.1 ,IIf . 
) 

Bi 
l- "., 

f = tan ' L'}"Z~ _ ~E' 
. 

\f' 
\ " 1 

, 
~, 

It is ç'noted thât ae and ai may 'be varied independently as the 
-. 

apexes of the cones, illustrated abov" need not coincide (as 

would be the case if a =a.). e l 

* * Let us eva1uate ue(~); in §2.3.4 we defined Ae as the 

tt overall c~oss section of the beam plus the displacement thickness, 

Le. ôJ;(x) '= O.325(x
O

+x)c t (as derived in Appendix G); hence, 

" 
A l+a E; 

2 
* ue 

e If:: 
{l+(l ~+O.65[~'7D (O}+E~]Ct} ue = -u 

'A'* e 
e e 0 e 

2 

. ,.. } 

'. ~~~ .. .. ~~ ........ 

which wil~ be lînearized as 
~~ .. ~~ .. 

"~"""""""""""""''''''''>oJ., ........ 

with u* 2 

Û
e = [~) 
e cr 

\. , 

We may now write .eq. (~~_~--$.l.~WS; 
----.------------ \ 

• '\ 
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... 

c 

. 
and, by use of eq.~(6.4), the boundary conditions for a cantilever 

, d2~ 
yield ~(D) = ~ (0) = Oi and, at<~ = 1, ~ = 0 and 

1 • 
. ~ .. 

(6.7} 

~~~~,~-:--' -::,'--------:-~"r."'I' ... ;__."li, .. ""';p ~~_!!,"", III!\IJ-_ .... --------
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We now assume that we deal either with quasicylindrical elements 

or slender bodies, in which ,case we may neglect any moments due to 
, . 

the convergent flow (see Appendix I)~ furthermore, since we spall 
, , 

mainly be conce~ned with flow velocities at the onset of instability 

usuarly weIl above l, we shall neglect Cv compared to cu. n e 

We also account for a modified viscoelastic damping which 
~. . , 

exhibits hysteretical behaviour at the higher frequencies (~ppendix 

K) by multiplying the constan~ viscoelastic coefficient v' by the 

following function of freguency 

where J.I ls the hysteretical darnpin,g coefficient when w+co • We may 

finally wri te the dïfierential equation of 'motion as follows: . 

" -

'2 • 
1 CftV; 1 l+a 

... - ---....!}C uv. c - 2" (1 +a ,)'2 - J l +a. fx e l. 
1. l. 

1 

(6.8) ) 

:ll 
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/ 

3. 0 NUMERICAL ANALYSIS AND METHOD OF SOLUTION 

~ 3.1 CHARACTERISTIC MArRIC EOUA~ION 
J 

---

( 

We now stand with an eigenvalue problem de~cribed by a 

fou~th-àrde? liriear ordinary differential equation with four 

boundary conditions, which takes the following form: 

and 
3 
1: 

r=O 

= 

= 

(7.1) 

o , with j = 1,2,3,4 

and ~l =~2=-o-, ~3=l;4=1 

The functions f r and the coefficients g~' ~èpend on the charac­

ter~stics of the bèam and the internaI and external flowS'1 they 

ar~tleriv-=d fro~eqs.(6.7) and (6.8) and have been ~rh;ed 
l . lrl 

in Appendix C. 
) 

In this chapter we present a brief discussion of the 

method, of solution, which is presented in detâilj 'in Appendix B. , 

The general solution of (7.1) is a linear combination of an 
(1 

inf~ni te set of independent eigenfuncti~~_s., 'l'e' '1' l' •. '1' n . •• cor-

responding to ~n equai set of distinct eigenfrequencies, wO'~' .. w
n

" 

:ç'es,pectiveIy. This eigenvaIuê problem is .seldom self-adjoint, and 

·classical tools such as Galerkin or normal-mode methods are not 

easilr applicable because one no~ally uses as comparison functions 

the ~igenfunctions ~ a simpler problem in the sarne dômain which 
,/ 1 

, 1 

are diffitull to findi_ however, 'one may conveniently use Fourier , ,-
serie~ which offer numerous advantages of calcul~ions and 

require relatively fSW terms for syOthesizing the mQdal shapes. 
\ t 

" 

j , 
.1 

J 
~ 
1 



, 

~,~I, 
~\~J 

" 

, , 

, . 

): 

, 
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J, 

r- , 

.. 
The periodièi ty Jf the series must l;>é" greater 'than one' in order'~ 
,to satis~, at ~=O and [,;=1, dist,inct boundary condi tions and. to 

allow for the c~nti~;ity/Oi lj' a~dvits derivatives; for convenience 
l ' 

a periodicity of.two i5 cJosen and we set 
\, i~'" ~ ,J' 

L' ~~ u \ ~ 

'l'(C) = ~~a e!;;l = ?{y 2n-l ~sin n1T~ + Y2n cos nTfO • 
_0) n 1 0 

, ,-
The coeffiCi~~ts y aretfbO~Plex; and the real and "i~aginary parts 

• 1 , 
• 1 

of 'l', which are usual independent, represent the ,two modal shapes 
. ". .. \ 

(within an amplifica on fa'ctor) at time 1';"0 and-' "T=lf/ (2 w), as can 
• 

We may'now rewrite the,orig;ina} system of .. 
N ' l 

be seen ~m . (6.2 

equations as fo 10 -, 

: 

fo
4 cr ' d r . 0 ;1:, 

D(~,w) = f' (~,w) -[Y2 ,l.!s~nn1T~ + Y2n cos n1i~] = 0, 
r 0 r ,tl~r n-K ,~ 

, ? ' G, j f ar ,0) , t 

and L gr~~1{--r fr [Y2n-l sin nTf~ + Y2n cos nTf~J~ 
r=O -, d ~ n=O . ~=E; . 

.. f • J 

" J 

= o. 
• ',,,, i ' . . 

( In order. 0' satisfy the differential equation, independently of , 

l, 

~, we eq, ate 1to zero, the;r f011,owing jnte~rals which represent the 

Fourier co~fficients of D (E; ,ùJ)·, 
,1 

. \ 1 .. 

'10 D(~',w) sin pTf~dE; = 0, 
"-

. 1 ù fa D (~,w) cos p1T~d~ = O· ,1 

" when p varies from zero to infinity such :c?nditions are equiva l..â nt' 
~ r • \. .-., 

to satisfyi~g the differential\ equation for ~<E;<1~ , 

j 
f 

, 
, . 

l 
,i' 

" ... ~ 

l' - , 

.. 
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, , 

Eàch equption yields a linear homogeneous relation between the 
'" .. 

y' s; the four, ?oundary conditions are linear and ho~ogeneous toC? '. 

°HéncsJ aIl the equation 
,7 

may be summarized in the following matrix 

e;,quat.i!on: 
15 

l (iw)]Iq= [0], (7.2) 

-' 
wnere the first four r matrix [Al are the 

. (. , 

~oundary conditions an? the fdllowing by the conditions derived 

from thé dif'f~ren:t.ial rqUation for inc~easing values of p. Ir] 

is the infinite column vector of the y's. 

The next step is to look for_s~gular matrices [A] in 

terms of Lü, so as to obtain' other than trivial, solutions for [r]; 

for this purpose we., equate ta zero the determinant of squar~ 

truncated~s~~atrices of [A], which result f~om'truncating the 
. . 

Fourier series (the order of the matrix being equal to the nurnber 

1 

of terms in the series). The eigenvalues of w converge rapidly 

• with the size of the\ submatrices,although higher orders 'are required 

for higher e,igenvalues; in 1enera1.,less than fifteen terms in ,the 

Fourier s~ries are, required to obtain the first eig~frequencies ---. ~ .. 

with good accuracy; for instance, as indie,ated on p.26 of Appendix . ... " '" 

B',ten terms ~i~ld th~ five 16~esi natural frequencies of a clas­

sical cylindrical cantilevered beam within one percent error; 

1 

1 

howevêr, if flowing fluid or conica1 cantilevers are being considered, 
• 

. the· number of terms ~ust -be increased. 

! \ 
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, 
3.2 SYMMETRY OF EIGENFREQUENCIES ... " 

The ,only complex terms in eq. (6.8) arise from differen­

tiation with respect to time, thus introducing the factor iw= this, 
( , 

as will be shown below,. results in symmetry of 'the 'eigenfrequencies 

àround the i~aginary axis. --However, before this is proven, let-us 

mention that such symmetry would not ha've occurred hr we introduced 

hysteretic dampi~g in the form of a term, EI(l+i~) rather than 
r 

d viscoelastiç d~ping in the forro EI(l+k at)' 

- Since,the geqeral term of matrix [A] is a polynomial of 
./ 

fw with real coefficients, the conjugate of [A] will sirnply be 

IA(iw)] = [A(iw)] l, 

where rw is the conjugate of ~w. 

Let w =a +ib be a complex root of the characteristic 
n n n \ 

equation;, if w is not a multiple (repeated) root we can calcula>te 
n 

the corresponding solution vector [rn] from eq. (7.2). Let Wn = 

/. 

-a~+ibn' . Now, if eq. (7.2) is satisfied, so is its conjugatei hence 

we also have ,) , 

vrA(iw )][r] = [A(iw )][F] = [A(iw )][F] = 0, if' n n n n n 1). 
(8.:1 ) 

which simp+y i~plies th~t wn is also a root of the characteristic 

equation, and it is'associated with [rn ] , conjugate pf [rn)' 
1 1 0 

Incidentqlly, the solution given by eq. (b.2) is thè same whether w 

takes th~ valuetw or fu. Thus, .we hav~ proven the statement made 
n, \P /' / 

in the first paragraphe 

Therefore, as ,illustrated on the diagram in the next page, 
If' ' 

w~ on1y need to repre13ent the, loci of w in quadrants l and IV, 9f 
1 

an Argand diagram, the loci in the other two qU,adrants be'ing. mirror 
. L " 

images of those in l and IV;, 
1 1 

1 
l' 
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QUADRANT IV 
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~~" .. ,. 

Howeve,r, special ,atten'tion 'must be paid to the two distinct branches 

on the Im(w) -axi;; ~b.icti arise ~o~ the "collision" of symmetric loci, 
c, 

as illust:t:'ated above. ' In this case, which ie typical of viscoelastic 
\ .> \ " 1 t..y.' 
cant:Oevered beams in external flow (v=. 01,0\=0, Cle =-,.5) 1 the two _ 

J 
l , 

symmetric first modes co11i4e on the imaginary ax~s (at velocity' 1 • 

ue=;2.2); this results ~n two b~anches on the Im(w)-axis, one'going 
v 

<;lown and 
, 

the other up. E~entuallYI th~ lo~er'branch having bécome 

negative (buckling at ue =2.3), doubles bacJt, wllile the upper one, begil'{'s 
't 

to diminish. These two branches tlten collide (ue =,4. 38) and depart . " 
from the axis1in Qpposite directions. 
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3.3 COMPUTER CALCULATION PROCEDURES 
~ 

Computations and programming accounted for a large share , 

~ this work; here, we shall ou~line the genèral pro~ess and sorne 
( 

of the tools which were developed. The major computer prog~ams aré 

given in Appendix L . 

First, a standard case corresponding to one of th.e ex-

perimental cases is selected and the following independent pararneters 
~ \ 

are read in: . 1 

., 
ae , ai' Ô, cnl Ct' E, EO 

1 

Ue" v. +'\'" " __ --,---/---~l 
1 'j' 

Then, main y two diff,erent classes of operatioI:ls are per-
t , 

forme~ and usually in the following sequence: 
.,' 1 

, 
A) The eomplex fre,queneies' "for' iner'asing flow velocities, L'e • 

B) 

.... 
either ue ~r vi' dependin,g upon the case, are calculated with 

1 

aIl other parameters fixed.; the "flues are plotted; \ real versus 
t . 

imaginary par~, as illustrated on the p'revious page. - j'he 

~nitial steps at zero flow veloeities are esti~ated by use of ( 
l ' " 

, ,the perturbation; method (Appendix E); moreQver, sinee the per-

turbation solution' p~edic~s hYdrOdrnarnic dampin~ of 

over a range of velocities whieh L1ereases with the mode 

our investigations were restriete to the'three lowest rn 
~ 

Then, if the previous frequeney loci intersect the real axis 
1 

(e.g. at'u =2.3, 4.3, 4.45 on the figure of the previous page), e . Q 

F 
the eritical veloeties corresponding to purely real frequenc~s 

" ' f 
are ealculated. Now, sorne of t~e other Irelevant parameters 

listed abdve are varied step by step, usually one ~t a tirne, and' 
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the corresponding criti~af ~~ocities are c91culàted; 

neutral stability contours' are thereby obtained . 

., 

A small library of general double-precision complex 

subprograms was developed, each of which has a speci:fic function, 

as summari~ed below: ,f 

a) 

c) 

Root prediction. A predictor subpr9gram constitutes the core 
Â 1 

, ~lass' (A) ope,tions •. AP~:r:t from extr~po~:ting to ..give 

est~mated values of"frequenc~es from the prev~ous last three 
, , ... ------ --... ----- . steps, it·increases or reduees-vêlocity steps according ,to the 

\ 

'regularity' of the frequency loqi; it also overcomes dis-
f 

continuaties such as might 
1 

arisei fr~m. \OaleSCence on" the 

imaginary axis of opposite 
\ 

br~nches. 

Critical velocity calculatHm. lA subprogram iterates both on 
, . 
1 " 

velocities and frëquencies to f~nd a)critical veldcit~ cor-
f _ ,! \1 

responding to Im(w)=O; thitsubprogram stores the characteristics 
j 

« of ehe fréquency loc~s- (slope and partial derivatives) in order 

to ~acilitate p~ediction~of the next critical velpcity at the 

next step, when the variable parameter is varied incrementally 
. , 

(as described in class (B) operations). 

Singular velocity calculation. A subprogram iterates both on 

velocities and frequencies to inVlsstigate sïngular points cor-, 
, \ 1 

responding to a double root of the frequeney,. These poil:ts 

are encounteredowhen two modes collids at the saroe velocity such 
1 

\ ' 

as two sy~etric branches' reaching t'he imaginary q,xis. ( If the ~ 
1 

singular eigenfrequency lies on the imagina.ry axis'\with a negative 

sign, the correspo~ing critical'veloctty 

from buc~ling to [lutter .~ __ -. ---"-'-l --' --~_.-. -- r 
, ~ .\ 

\ • 
: ., f • 11 

indicates a transitlon , .... 

'-
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Matrix filling. The matrix of eq. (7.2) is filled for. input, 
• 

j valJ.les , " l ' 
of the fre~~~~e variable parameters. The --- , 

other pâ~amëters and the CC, CS, SS coefficients of A~pendi~ 
~ 1 

G (,recalculated for each new value of a , a. and a) are .e l 

transmitted through 'common' blocks. The determinant of 

rnatrix is cal~ulated by a standard ~ivotin~ method. 
f 

e)" Secant rnethod application. Standard secant and Lagrange" 

rnethods ~ere irnproved to detect slow canvérg~nce or divergence 
\ 

"of cornplex frequencies. The numl?er of i ter~tions r~quired 1. 

to find the root with a given accur$cy is stored and eventuplfy 

used in the cal1ing subroutine as an" indicat.or to vat y the 

step size of the paraméter being varied. 

f)\.Modal ~hape calculation. A sub.routine solves eq.(7.2) at 

'riven flow velocities, in te~ms of the coefficients of th~ 
/Fourier series; the eigenfinction obtained thereby is 

nqrmalized and th~n plotted (reàl part, imaginary'part and 

absolute value as functions of x) in order ta illustrate the 

modal shape at different times. This subroutine calls a 

moaified version of an IBM,subprograrn ta solve sirnultaneous 

equations with complex coefficients with double preçision. 

/ 

, 
"1' l 

1 
1 
l , 
; 
L 
1 

, , . 
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4 • EXPERlMENTS 

---·'1 

'~. 

:~ 'r 
,.~ 

)l". 

~: 

~ 

, 
f. 

4.1 APPARAT US : 
\ 

J In parallel to the theoreticill work, experiments were 

condulted in a sp~cially constructed, vertical water tunnel'. In 

this tunnel, the water runs through an approx~mately 15 m (50 ft) 

long closed IOop, most of which cons~sts of O.~ m.s~~inless-s~eel 

piping -(8 in. 1.D.), as illust'rated in Fig. L 
, 

'f A "variable l?elt drive.' 50: H.P. motor propels a single 
3 

stage centrifugaI pump"'which delivers up to; 0.25 m " (60 gal/s). 

Downstr~am from the p~, two Ve~turi nozzles.connected to a merèury 
l , 

, 3 

~I~' 

~CI 

manometer measure the flow dis charge , One ~enturi, on thelmain 

,(8 in.) pipe is used for diseharges above O.p6 m /s wherea the "'- . 
second, on a smaller (4 in.) branch-line is used for flows below l " 

~~ 

this value. The distribution of discharge through the two branches 

is controlled by two pinch valves, one after each Venturi" and, in 

practice, either one or the other ip closed. 
i '"1' 

At the top of the ~ig a 3,5 m (12 ft.), long heat exchanger . ' 

is used whenever nece9sarYi in addition, thé fillinr of th~ tunnel 

is done 
\ 

pump by 

through this 

a vertilcal 5 
1 

the minimum pressure 
, 1 

exchanger which~s connected dir~ctly to the ... 
cm (2 in.) I.D~~pipe thus produci6g ~ore .,'than 

, \ t 

~~ad required at the intake of t~e<pump,to avoid 
\ ___ L.--

~ 
cavi'tation. . i, ~ 

Ha~1~g passed the exchanger, the flow reach s t~e last 

elbow before 'tJe test-section; in order to prevent th fo~mation of 

f:'O majo,r vortices a~d large-scale .~econdary flow 1 a bundle of thin stiff 

plastic tube:;;, appr0ximqtely 3 c~m, in diameter ahd packrd, ,one against 

1 

1 

• 

1 

, 1 

.1 
• 1 ,. 1 

("" 
J 

-~ - 1 

, , .... ----------.. ------------------~--------~ J o 
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tne other, 'was in the elbow around the further down, 
.1 , 

the flow passes a series o~ straightening vanes The test 

section consists f a O. 7%> ID vertical plastic tube, of 0.2 ml. D. and 
! 

similar 

tour of 

scopic, 

,,' plastic 

ess; it. is transparent and ha~ a 0.12 m door . ' 

hole, machined to match exact1y the internaI con-

ection; the upper part of the section is tele-

two ho~izontal rubber O-rings, sq that the fragile 

e easily inserted, aligned and tightened ~àp and 

bot~om to the st inless-steel piping without danger; thick rubber 

gaskets provide dditional flexibility for tpe alignment. 
\ 

Ahead f the pump, a l Iq, heavy rubber tube (val~e liner) 
\ 

is intended to a sorb major, vibrations ~rising from the flow, es- , 
~ 

pecially~t 

just before 
-"'\ 

fuser. 

1 
ities of ""hE1 order ,of 3 mis and above. 

'1'# 1 

Finally, 

the pump, the flow goes into a short dif~ 

1 

ether necessaFy devices were added te the 

~!lnnel,--E?uch as ressure' gauges, thermometers, watet filters, more ~ \ 

L __ -------- , ' 
le.. 

l 
grids, and a dea~rator which/P~mps the'water from ~he top of the 

loop, drains the tir away ~nd links back with the pump. More-
r ' 

over, the velocity profile in the test section was checked td be 
.. , 

reasonably fIat in the neighbourhood of the center-line and axi-
\ 

, , . 
symmetric; yet the value of the local velocity, read from Pitot 

tubes, is app\roximately fifteen perc1t ,abovè the average for the 
;1 , \ 

who le:) cross .. section as o,btained from the Venturi readings .• 

• The i~ternai flOW is,s~pplied independently of t~e ... 
" external flow by a long J:"'i.pe of 5 ~rn diameter; an orifice plate 

,~I 
, 

i, ... 

: 

\ 

1 

\ 

t 
1 
l 
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) 

"Il!IR"I~iRt:tiIwfi:,-.f!I~ .'!'Il i\MI.'t_uz;;;:;s.~ 

-J 

is located in this. branch wi'th fifty and thirty diameters Of 

straight pipe ~pstream and downstream, respective1y; the diameter 

then red,uces to 1.3 cm (half-inch) as the ~ipe enters ,;the rig, 

. " one meter above the test-section; ~he ~ipe runs along the axis 
~ 

of the water-'tunnel 
"-

down to the test-section, where it fits into 

the support of the tubular beams • 

1 , 

• 1 

- 1 

.. 
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t/ 
4.2 FLEXIBLE TUBULAR TUBES 1 

The tubular beams werè cast, i~specia1 moulds, from Q 

\ 
liquid silicon rubbers'which harden with the aid of a catalystt 

·1 

the ~pecific gra~ity anq characteristic velocity of propagation 
, 1) 

of a longitudinal wave in the 'fo~~ types of material which were (1 (\ . ~ ( 

tested are tabulated below • . 

~ sJ2. ,gr. c -<mis) 
... 

A 1.14 40 

B 1.38 ,61 
~ (9.1) 

J 

D 1.50' 55 
~ " 

E i? 1~12 41 
J l ' 

" " . 
Following earl~ experiments, 'the last ,type, i-e. lSilastic' E, 

,was usuaIIy preferred to the otl'lers, be'cause its elastic and e:-

, . 
internaI darnping characte~istics;appeared.to be more reliable 

and consistent; this m~teriai exhib~ts Iittie plasticity but 
• • • 

rather, as definèd in Appendix K, hystEritic viscoeiasticity. 
J ' ,- .. 

The Iiquid rubber, free 0 from air bubbles,'o' is injected' 

fr m below in the mould, ~p to a cylindricai metai piece, labelled -. . 
~ t ~ 

cla,~.adaPtor in Figure 2;' this p~ece, inserted in the axis of 

the mould becomes solidly attached to the beam after the curing 
, , 

time has elapsed, and provides a méans to pull the beam from the, 
1 

" m6uld and then to clamp it to the support in the test-section 
1 

, 1· ' 
with bèst alignment~rt=~onsists df a ,thick tube supported . , ..--~ 

• by four horizontal aerofoil stru:ts; its outside diameter is ,the 1 

• 
sa~e as that of the clamp ,daptor, which in turn is the sarne a~ 

\ 

t~e upper extremity of the beams, i.e. 2.5 cm 
/ \ 

• 

"'f 

,. 

~ ,~ 

') . , 
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~ 
conveying the internal flow fits into the top and the clamp adaptor 

! 

into the bottom" both fit~ being water-tight by the use of O-rings. 

In the experiments where cylindrical tubular cantilevers 

were tested in exterI'lal flow but wi th no internal flow" several , , 
end pieces, with sha~es ranging from blunt to weIl streamlined, 

were fitted fit the downstream free end of the bea:tn, as, illustrated 

in Fig.2; their density 1S close to that ~f the peam. If the canti-

lever is not cylindrical, or if internaI flow is being considered, 

it was found more convenient to gr~d the extremit~~ro 
1 <1" -:;~---~-----

i~self to;the desired shape rather than to adapt end pieces tô 
li' 1 ... 

such be~lÙS; al though. the end is no longer ,rigid, as assumed in 

,. 

the transverse boundary conditions, in fact the curv~1ure obtained \, 

thereby is extr~m~lY small since the momep~ is negligible over the 

end. 

• 
In the experiments conducted with cyiindrical tubûlar 

beams supported at both ends, the downstream support cq,~sists of 

a th~n vertical tube -supported by li horizontal aerofoil"struti the 

tubular beam fit~ver thi·s tube and it is loo$e' en'ough to let the 

."be~rn! slide axially.. Al though the ~earn is sppported 'over nearl~ 

2 cm, the claIDped-sliding boundary condItion thu,s obtaihed is not' 
" f. '1'_ ,oC , , 

'Iideal; howèver, the errors suffered thereby are expected to be 

/ 

equivalent ta some unÇlerestimat'ion of the length by a few·percent. . 
• J .l, 

fil" , i 

-J, 
'( 

, , 

" 

i. 

: :-.1 -~s::;i ; ~~-8! i ; 
, u, 

, 
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" • 4 .3 EXPERIMENTAL PROCEDURE, 
i "-

, " Th~~xperimenJzàl data was collected from a set~ of 
• 1 

:'xperinie~ts perforl'1ed On sev~ral beams which differed ei~her 
the rubber material 'bsed, t6 which parameters y, y , y., 1 and 

" ,e 1. 1 • 

in 

k 

ar~ r~late~, or in the geornetry of the external and internaI moulds, 

which,sets 8e , Bi and the parameter 6. 
"; , 

1 

1 Each experi~ent consists of a series, of tests onducted 
G , 

w+th the same beam, but progressivel'y truncated shorter; "starting 

from a Ie~gth of 50 cm (s_20), which corresponds to the aximum 
~ 1 

distance âvailabl~ in the test-section, the length was r duced by' 
, , ' 

five centimeters at each step,' aown to 25 cm, which corrésponds 
, ~ 

to E_lO, and beyon",d WhiC~ the slender-bod~ assumptions a~e probably 

violated; in fact, for s-IO the flow velocities required to render 
\ , 

";l" .. ' 

such short peams unstable"exceed tpe possibil~ics of our apparatus., ., 
1 

In the tests conducted with internaI flow only, or with 

supports at both ends, the downstream end was blunt; 'the stability 

o~ such beams is almost i~epende~o~ ,the external sha~~ at this 

èxtremity because the effect of the'base drag, ,if any, anq èf the 

, " immersed weight of the end plece lS smail. HOwever, for cant:i,.- ~ 
" 41 r)..:- 1 

• , 1 
lev~red beams subJected to external flow~ up'to four downs:ream e~d 

, 
configurations wer~'lnvestigatéd, ranging from a smoothly tapered" 

well-strearnliried shape (X -1.5) 
~, .... e, 

')- ~ 

to aO blunt end (Xe =0) • ' 
.1 

1 In s~mmary, arnong the inde pendent dimensi,onless Piirarneters 

previousfy definedi aIl but,t~ree, .':i. ~ e. c , ..... Ct and E: , were 
n/" 0 " 

investigated experimentaia.y (a.~ ~nd ai bei1ng dE;!rived f~orn ee' 

6 and E). A typical expe+irnent r conducted 
\ 

tubular beam will·now be described • 

1 

~' with a cantilevered 

- , 

13 . , 
l 

• 

1 
t 
~ 

1 

l 
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t 
Once the beam is cast"it is pulled from ±ts moura,wit-h 

"'" great d'care (so as not to tear i t) and its free end is machined 

down to the proper Iength and to a smooth taper (X ~l), as il­e . 

Iustrated ind Fig.2 (bottom 1eft). ,T)1en,' the beam i's' hung in the 

'wa te~ tuln~~ from ,'i ts support, -bhe dOÔ~ th~' test-sect'ion is 
) 

closed 'and the wate-r valves are opene,dl • Wh-en the rig is filled 
-,_ 1 

, '\ 
):0 thel'top, the purnp is switched on at Iow speed for a 'few minutes 

" , 

" ~ 

,j 

t 
flow "f 
deaerated'.' 7 

while, the air from the ;nain loop (external flow),' internaI 
, ' l, 

i) , 4 

~~ 

p'iping, flowrneters and manomet~rs is' drained and the water 
, ' 

The, prGcedure to 'De deser ibed' below applies to e>t,periInents wi ... th _ 
, ' 

~ott .in1!er~al and' external flow. 
.., I..P ' 

The 
, , \> 

pump is switched off and tl;le internaI flow v,eIoc1ty 
t 

is grad,ually increased until the' beam eventually departS: from its' 1 

stable' positio~ at rest alo:g th~' x-aXi~e instabili ties usual1N 
~ /, 
gain' ~ap~,dly in ampIj,tude i hence, the f10w veloei ty is set back' 'i\ 
b,low thè,level of ihs~aeility and increas~d ~gain until ~t' is feit 

~ , 

that th~.,. threshold of ~tability' has' be~n e~a~li~d: The critical 

flow yelocit."Yand, if a~PJicable" ~he çorreSp~n?i~g,jfreq,,!eniy, as: 

weIl as 'the approximate modal shape are tl1en "recorded.; the fret' , 

'quencies are gene~'aII'4f,_.,;mall enough 'for, th(,em t9 Ile meas4.r~tl V'î~u'ally .. 
4 , 

with a stop watch; yet a stroboscope was used to 1 fr~eze' the m~dat 

,.. shapes.· Once the rel~vant 'ciatar hà.s, been recorded, the int'ernal 

flow is .... set back' 'to zero·. ' Now ;the external flow is increa~ed in . ' .,,, " 

srnall stepsi at each step the internaI flow is türned 'on and in,-
, , ' ~ 

. creased, r'epeâting the proce,dure descr ibe'd "'before. Usually the 
~ ~ 

, . .. 
limit on in~rnal flow was set by"'the4'dang~r of fail~re of, the beam ---... 

__ ~.F' If .- '1 

due tw ~ry large defIcc;tions. Tbé test end& when tne ~j{ternai flow 

velocity ~s approxima tcly 6 rn/s, which correspçmds to the ~àXimum j j 
'. lx.:- . , 

,;t!" , . • 1 : , ' 
..Ji~ 

-
" • 

~ . 
f , 

.1 
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, 1 

,'0 

attainable with the existing pump. 

The rig i~ then emPtie~, the beam removed fro~ the test­

section and the tapered end choPP~d off (hence, Xe=O). The compfex 
, . 

Young's rnodulus is th~n, calculated for this sp~cific bearn from its 

free lateral oscillations as reported in Appendix K .. The beam is 
i 

clamped back in the test-section and the test is repeated. Once 

both tests are cornpleted, the length of the beam ~s reduced by 

roughly three centimeters, the end is streamlined and the previou~ 

operations are repeated, until the length eecornes too small for 

meaningful experiments. .. 
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4.4 GENERAL OBSERVATIONS 

As a 'result of observations "based up6n different tubular . ' 
~ . 

beams and different support conditions, ~two classes of instabiIi ties 

were fOU~~, namely buckling and t~ansverse"flutter. suc~Phe~omena 
hav~ been described with pccutacy by Paidoussis (16,501 and we now 

\ 

give an abbreviate~ account of their occurrencè and of their main 

features. 

, 
Buok~ing 

"" I~'the beam ~s supported at b~th ends, buckling is the 

first instability to develop as the f'low velocity, either internal 
-

or external, is i~creased. ~owever, if the beam is supported at 

one end only, buckling cannot be obtained by the sole action àf the 
,; ~ 

internal flow, nor i~ it observed with external flow when the end 

is bluntly shaped. 

The critical flow velocities delimiting the buckling zone 
• 

are always difficult ta pinpoint beçause, cont~ary to what the 

linear,t~eory predicts, the be~m does not buckle all of a sudden 

• when the critical ~locity is reached. In fact, the beam tends 

towards a slightly buckled shape, similar to a first bearn-mode, be­

for~e "cr itic?-l" flow velocîty lS reached~ as the flow is increased 

further, the deflection away from the x-axis increases continuously, 

th en reaches a maximum which does not exceed one or two diameters 
\ 

a~d finally diminishes. Had the position of the beam been stati?nary, 

it might have been P"bssible to determine the "real" critical flow 

velocity from a plot of the displacement vs the velocities by extra-

plane in which buckling takes place often 
~ 

prat~onj unfortunately the 

rotatea slowlYi morcover, t~e beam continuously respond~ to random 

\ 
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f] 

perturbations in the flow, thus generating erra tic rnqtion. For 

tapered beams, subcritical,vibrations resulting frorn tqose per-, , 
- . ' 

turbations in the flow are amplified'as they pr~agate along the 
t 

of the d~minishing cross-section 'a~~ ~flexural rigidity) r" peam ,(because 
. 1 • 

that they~eventually offset,the deflections arising to the' extent • , 
, 

from buckli~g (and,- for that'matter, flutter). In fa~~bucklin~ 

could not be isolated ,(nor flutter} with certàinty for almost conical 
, 

beams (-O:7>a >-1.) because the level of turbu~ence in'the apparatus , e , ' . 
was too high; for quasi~cylindrical bearns we selected the criteria 

~ . \ 

for buckling ta be a minimum d~flecti~n from the posi~ion of rest ~y 
\:-;--

approximately half a diameter. 

In establishing the upper limit of buckling, anQther dif-' 
1 

ficulty is met because the next 'instability ,(second mode flutter) 
, 

often overlaps the buckling zqne; in this range of velocities, the 

modal shapes and the amplitude bf the two r.eighbouring instabilities 

are very close and they can o~ly be distinguished by their frequency, 

i.e. one oscillates (flutter) and the other does not (buckling); 

yet, the frequenpy of flutter is sometimes very low whereas the 

buckled beam may oscillate due to flow separation and vortices at 
• J 

the free end. 

4.4.2 Flutter 

'J Flut-ter generally" supersedes buckling al: higper flow velo-

èities and the modal shape of the osé~latidn ïs ~lose:to a se~ond 
mode, except for cantilevers conveying internaI flow which do not 

buckle at aIl and may flutter in the first mode. 

As 1 the velocity increases, 'higher-mode flutter is en­

" 'count~red ;and ~he bearn never regains complete stability between 
• 

._L_i 
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/1 

• 
The transi!.ion between two kinds, of 

flutte,i ocdUrs àbruptl'j; travelling waves shake the beam until the 
t • 

néw modal shape has established itself. 
" ( 

Although. the modal shapes do not ~ave nodes exactly fixed 

with respec:t to the x-axis, sorne portions of the"beam experience . , 
smaller displacem~nts than others and the-number of these regions 

, 
usually increases by o~e as the ~stability switches from one 

flu~ter mode to the next; moreQver, such regiotis are s~ationary, 

so that no single' travelliI}g wave cé\n" be observed. H,oweve~ the '-
. 

beam does not oscillate in ~hase, and the phase shi ft betweenothe 

t~ ends of the b~am can be si~nificant, although it never appears 

to keep the same sign over the wholè le~th'~f_ the beam; in other 
. , 

words, the motion of the beam 'is the superposition of a sinp~oidal 
" 

C3It oscillation and small wfves (of ~ot necessarily'the same amplitude) , 

travelling at different speeds and in opposite directions. 

\ 

In the èase of beams supported at both ends, th,e available 

external flow in the water tunnel did not allow for flutter to b.e 

observed wi thout internal flow; howe;er ,,- at the Illaximum external 

flow velocity, a small intern~l flow precipitated f~utter. AS 

opposed to the case of a,cantilevered 'beam, where flutter develops 
") 

J 
with a spec~fic frequency, in this case the t~ans~tion from buckling , 

to flutter is a co~tijuous proces~, as descrihed below; .mo~eover, 
no diminution of the amplitude of the buckled beam is observed. 

i • 

. ' 

Flutter starts in the form of a travelli~g'wave of roughly four 

diameters in transverse'amplitude and with'a hqlf-wavelength (from 
• 

one node to the next) close to half the- ,length of the ~eam, which 

propagates very slo41y downstream: further increase in the i,low 
., ~~;V"~ 

velocity causes the motion to become brisker, the frequency of the 
~ , 1 

'0 

.. 1 

\ '1 

'.1 '. 
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. <lit oscillations to incre~se and the travelling wave to be more difficult 

, -. 

"~ 

, to observei the oscillations the; look more or less~like 

a second bearn-mode. 
. ~ , 

Flutter due to the extérnal .. fIow, irrespective of support 

conditions, usually invol~es amplitudes and defiections much smailer \ 

"[ 

" . than for the internaI, flow;1 rather than the ever-growing amplitudes 
1 . ' predicted,".by linear theory, smaii Iimit cy'cle-s are <?btained" thus . . , 

<J 

implying impGrtant.non-linear forces.' 
" -

, 
However, in the case of . . 

internaI flow, oscillations may develop'until the tùbular beam hits 
'. 

the w~ll of the testrsection;"ther~fore, tqe flow had to bé red~ced 

quickly to stop flutter a~d avoid ruining the beam. It 8eems that 
- . ,-

n~n-linearity affects_th~ experiments in external flow more than, 

~ . 

those in laate,rnal flow, presuIl!ably because flow separation may occur 

" 1 

along the beam and flow velocities are smaller away from the x-axis. 

• • Consequently, it is preferable to investigate the influence of 

internaI flQW on an instabili ty caused by the external" flow, rather 

~ than vice versai in addition, the stabilizing or de~tabilizing effect 

of internaI flow on the amplitude of a small limit cycle can be-

easily assessed • 

. ~Finatly, it is generally obs~rved that, b~ow the cr\tical 

fl_~~ 1 elocity, the beams are stable in .the small, bu~ unstable in " " lU \ , 
th large; for exampIe, an9ther manifestation of non-linear, behaviour 

"' 
is' that flutter persists, below the critical velocity for a smaii 

• 
\ range'of flow velocities; similarly, a higher-mode ~Iutter persists 

1 

below the ~elocity where, by increasing the fIow, it had first super-
-seaed the previous lower-mode flutter. 

1 

-[ 

1 
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~ , 
COMPARISON BETWEEN EXPERIMENTAL AND THEORETICAL RESULTS , .. 

1 

~/ 
Rather than' ~.senting the theoretical and experimental 

results separately, ~nd then comparing them in artother part ~~he 

Thesis, i t was decided\ to pre'sent the two together, wherever both 

are available, and compare theory to experiment directly. 'Two 
1 \'b 

important reasons for this are that (a) there are many different, 

albeit related types o~ systems considered (e.g. with internai 

flow, with external flow, conical or cylindrical, etc.), (b) the 

physica~ parameters affe~~ing stability are too numirous to be 

able ta calculate stability criteria for aIl possible co~nations, , 

and hence thè available exp~rimental data provides ~ a framework for " 

the theor~tical ~culations. 

5.1 CASES OF ZERO EXTERNAL FLOW 

In this section we ~ill consider cases where only the 

internaI fluid poss~sses an axial velocity, whereap the only 

significant motion of
l 
the externa,l surroun,ding fluid is the cross-

~ , 

flow due to lateral motion of the tubular beam. Thus, the flow 

along the beam,resulting from the mi~ing of the jet of internaI 

flûid with'the exter~àl fluid at rest will be neglected. The tests . 
involved only,vertical cantilevers clamped,upstre~ and,hanging 

either in air or in\water, but tbe internaI fluid was always water. 

in aIl cases the thickness ratio was at ~east equal to 0.5 along 

the tube, to prevent shell type instabilities and swelling. FinaIly, 

the free end was always blunt (X=TI=O). 

-' 

1 

/ 
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J 

\ i. 

Of/the 

Accarding ta the geometry of the internai duct ahd that 

1 : 
external surface, we may classify t~e beams tested into the 

, f 

fi 
fdIlowing three classes: 

\ ( , 1: 
1 

a) cylindrical tubes; both externai an~ 
r 

b) 

c) 

internai cross-sections are ùnifoj .. 

~ , 
eylindrical-conic~1 tubes; the e~ternal 

cross-section i6 uniforrn, and the in-
. 1 / 

ternai conduit, constitutes ,a t(runca'fed 
" ! 

cone. l 
, ! 

conical tubes; both extern~l and in­

ternaI surfaces are truncated cones. 
1 / 

F 

/ , 

The fourth possiM'ility,Le.a conical,beam with a cyl in-
1 

drical duct~as not investigated because of experimental dif~ 

ficulties; for instance, an initial upstream thickness ratio of 

2: lIed to a fragi'le down!:;tream end,' whereas a larger upstream 

ratio would have·required criticai flow velocities beyond the 

capabili ties of the txperimental apparat us., 

, / . '. r Cy11ndr1cal tubes 

In the' ~ase of "cylindricai tubes., 

reduces ta , 

f" / 
{ l. WVll} 

11 11+ V Iw 1 
dit 'l' 2 "-
- + {v, (1 - k ) .. 
d~~ 1 2-fi 

i.e. a =a .=0, eq. (6.8) e. 1 

(l0 .1) 

~·i .... -----...... 7.' __________________ _ 
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/ 
/ 

.. 
~. 

and,for a free downstream end,the boundary condition of eq. (6.7) 

simply r7duce~~Jd3~/d~3);=1 = 0 for a blunt end, i.~. for X=O. 

~ • c \()-, 

cl Apart ')from th~dditions ailowing' 'for an èxternal fluid 
,/ 

, ' 

other thi:m air, and for bath visc,oelastic 
'3 

th~ equation,aOove is basically identical 
,1 " 

and hysteretical damping, 
, j' 

to those previously derived 

by M.P. paidoussis.. This case has been treated extensively ~y 

numerous authors with,good 'pr~dictiôns of flutter, ,and we shaii 
, -'1- \ ' , 

only' focus on the effect f' the extel;"nal su:r;rounding' fluide ) In 

Fig.3 are ~lotted frequen y loci for a cantilever .in air and in 
Q. . 

water. The coordinates have been scaied ta represent the square 

roots of the real and imaginary parts of the eigenfreq~ency wi; 

this repesenta~ion has been adopt~d for s~ch diagrams because it 
\.f 

yields almost' equidistant spacing betweéJ?- the modes 'at smail 'flow 
. \ 

jvelo~ities ,(e.g. for the cy lindric,a1 tubut~ beams p~ntly con,-

sidered, the interval between consecutive m~ s i? approximately 

equal to 1T)., .In this example, since we did, not count for inter-
.) 

- nal damping of the material, the modes start on the real axis at 

zero flow ve~ocity. Great similarity i5 observed between the fre­

quency loci, for example in ter.ms of the inters~dtion of~he first 

mode with the imaginary axis (darnped motion without osci11ationsr' 

and flutter 1:n the secon,d, mode. However, the surrounding fluid, 
, . 

whether air or water, has a significant influence ori poth velocities 

and frequencies; e.g. 'the critical dimensionless f10w velocities . 
\ 

for flutter are 8.5 and 5 with frequencies of 25 and 14 in air and 

water, resp,ectively. This can be mainly attributed ta the dif-
1 

terent gravit y effects intrcduced by the term r(2-Ye+Yi) in eq. (10.1). 

If f, which is a me~sure of gravit y versus flexural forces specifie 

to the tube, ~,s not ne91igib1e, t~ eigenfrequencies of the 

" 
, 

" , 

, 

f 
, 

, 1 
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/. same. tube at 
r 
the same. flow veldcities will differ in ,the two cases~ 

since the values of 2-y. +y. are close to 1 tf the surrounding'f1uid 
-e l 

is air and closer to 0 if it i water. Apart from the gravit y ef- ' 

i 
\ 

\ 

\ 
\ 

. 
fects, the inertia e;fects int10duced independently by thè pararneters 

y ,y. and ô differ in the two/.ases~ for instance, as shown! in e ~ 1 / ( 

Appendix E, 'the imaginary par: s ~f the frequencies are .. approximately 

equal ,to 2v. [(Ô
2+y.)/(y +y.)j.t for small-flow veloc1tie;:;, thus re-,' , ~ , ~' e l 

• 
sultiIJ.g' in higher hydrodynamié damping when 'the sùrrounding- ,fluid 

is air ratber than water. 

r 

5.1.2 Cy1indrica1-conical tubes 
3 " \ 

Theoretical results. ~ 
, 

For this case ae=O and equatfon (6.8) yields 

The frequency loci for a 

sqown in Fi-g,~,4. Gre'at similari ty, 
\ , 

cri~ical characteristics is now observed for the two sets of loci i 

more!ver, these pai~s of loci are very close to' tho~e Qf a cy1ind-
l 'i . ..' , 

rica tube in water (~icf. 3), except f?r the :values of the ve10city. 

• 'Q. 2 arises because the value of Yi' 1. e. (1- p • ) ô " is usually small 
l 1 4 

Ye when we take 6<_2 and P<.1.5Pi' and li i:5 small compared 
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tOI 1; hence the 
1 

main difference between eq. (10.1) and eq. (10.2), 
.t ' , 

of the velocity v, by (l+a.) ,in the factor assoeiated 
~ ~ . is the division 

with the second derivative of~. rndeed, at high flow velocities 

we rnay expecù the frequency loci to be similar, except for a velo-
, (\ ' 1 _ 

eity ratio between 1 and l+a. depending on wheëher w is large Or 
l ~ 

small i the ratio will be c10s~ to lo+ai if w \Ls small siflce the only 

other significant terrn involving v. is multiplied by iw. For 
, l 

, , 

'instance, in Figs. 3 and 4 respectïvely 1 the frequencies at velo-
e ~ 

cities in a ratio of .5 such as vi=lO and vi=S, are close, sinee 

1+0.. =0.5 i similarly, when the frequ~ncy loci intersect the real 
~ 

axis, the critical velocities in water are V.NS and v._2.~5 respect-
• ~ l 

ively, yielding a raF-io of .45 which is close to the" value of l+ai.' 

ComEarison with experiments 
b 

1 
, 

Our prime concern is the determi~ation of critical flow 

vèlocities atoth~ onset of instabil~ty; in practice this was done 

by increasing\the flow velocity until small regular oscillations, 

were \observedi then it was a matter of ~ime before they began in-

creasing in 'amplitude 50 as to yield large deflectionsi consequently, 

the critical frequencies were meapured rapidly while the displace­

~ents were still small in order to avoid large non-linear effects. 

The results for a single bea'rn truncated to differept 

are presented in Figs. 5 and 6, for the beam in water and 

respectivelYi the experiments were not conducted below a 
1 

E=L/D=lO because the actual critical velocities and 

frequenci~s, as opposed to their dimensionless counterparts, incre~se' 

rapidly and exceeded the capabilities of the apparatusi besides,,...' , 
beam theory becomes inaccurate for beams of small.slenderness. As 
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indicated on tljle abscissa of the figures we only"invest,igate 
, . ) 

Iength ratios corresponding to v,aIues of the taper ratio, Q., . ~ 

vary ing from around -0.3 to -0.6'; the lower range i. e. from -003 

to O. Oïs bf 'l~ttIednteres~t, as the beam approaches the, cylindri­

cal shape. _ Th~. upper range in the vicinity of -1..0 woufd clear1y 

be mo~e interesting, as we expect the beam~ become unstable' at 
, ~ - " , ~ 

very low flpw velocities; however, s~etching of-the tubes and 

swe11ing at the upstream extrernity become important cases, 

and eventua11y fai1ure of the rnaterial may occur. 

In aIl cases; .frequencies and cri tical vel 

very precise, and easier to Çinpoint than for a sim'lar cylindrical 

'tube; in both Figs. S,and 6, the effect of 

conduit can be appreciated in terms of the good 

the critical velocities obtained\experimental1y 
) 

by theory.. On the other hand,' the frequencies 

between 

predicted 

off by as much 

as 30%, which is n?t too surprising as interna dampin~has not 
( 

been taken into account in these particu1a f~9ures. 

If the buoyancy i.e. y- =2 e 

and ~.=O, eqs. (10.1) and (10.2) borne independent of r. Now, for 
~ 

) , 

a cy1i~drica1 tub tr and in the ence of damping (v=O) , r'is the 

only parafneter depending upon as obs_eryed 'in Fig 0'5 t the 
-' \ j 

critical velocity is alrnost i dependent of € if îhe surrounding 
, 1 

fluid is water, whereas it i creases signi:Èicà~",~y wi th e: i.f in air, 

(Fig.6). This is not the 

earlier: 

Iarger values of -a.; 
~ 

for a conica1 duct, , as predicted 

the,criticà1 velocity decreases with 
J 

effect olf gravi ty, which in-

3 creases as' c to,belsmall, as illus~~ated in Fig.7, where 
\ 

\ 
\ 

,1 

"'i 

) , 
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the d~enen~e between the twe critical vel~cities may he seen net 

significantly with e:. Finally, for both the cYlinc!l.ri'cal . \. 

<an~ the CY1~ndrical-c~nical tubes ~T obs.erve that the, critical velo": 

cities are higher in air than in water. 

Fig. 7 illustrates the' influence of dampin9 in'the case 

of the cylindrical-conical beam. We observe tl1at, irrespective of 

wheth7r the beam' ~~ersed i~ w~ter or hanging in air, the cri tical 

V"'aloCi~y is on~y j' in~reased by roughly 5% if we take into acéount 

viSèohysteretic damping (dottedJ lines); yet agreement with the ex,,: 
,...~ ~ "V... tI ~ ... -~ " 

periments is net significantl~ different. 
e 

Hewever, the critical 

frequeJl~ieS, especially in water, are indeed more significantly 
, 

reduced "and the discrepancy with the experiments is riow always less 

than 20% ~ .. 

\ ' ) 

.' 
\ 

5.1.3 Conical Tubes 
u 

Theoretical resul ts 

We now consider the generai case of a conical external 
, 

surface and a canical internal duct. ~he differential" equat<ion 

(6.8) may be simplified due ta ue::=O, yielding 
1 

" 

- r [ (2-')' +Y . ) (l-E;) 
e 1. 

(10.3) 

j 2 1 ' 3' d2'i' 
+ «2 ... Y )a +y.a.)(l-~ ) + -3«2 ... Y )Cle+Y.Cl.) (l",,~ )] }-2' 

e • e 1. le. l l d~ 
" 

2 

+ H [(2-Ye) (l+ae~) 2 + Yi (l+a i ~)21 + 2i"[~e :~~llvi)~ 

2 ')'e (l+llèE;) 2+y . (1+a.ç)2 
- W' l 1. 'l' = O. 

')'e+Yi 
-------...... - _____________ ' ... r ,1":' 
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" ,~In Fig.8 are plotted the frequency".loci for such a tube, ."~ 

hanging 'oithcr in air or in water; because internal damping has been 
. ~ --.J' 

takcn into account., the natural -frequencies at 2;jero fl.ow velocity " 
\ . -

are cornpléx and the mode loci no longer start on the real axis. 

fluid would appea~-·to have a criti.~~l effect on 

At 

f irst, tl'\e external 
1 

the dynamics of the system when we compare the two diagrams. For 

in~tance, the ,mode Which becornes unstable first is mode l in water 

and mode 2 in air; nowever, closer exaroinati~n indicates th<;lt the 

two cases are quite similal: .if, independeQtly· of ,whiJt h~ppens at 

veloci ties in: the vicini tv of 0.75 and ab ove , we censidér that the 

lod of mode l' ,and mode 2 have interchanged ro~es. Such mode ine'er-
" 

change is commonly encountered in el as tohydrodynamics 0 and u'sually 

has li ttle influence on the cri tical characteristdcs. 

1 f we compare these loci to those obtained in Fig. 4 f.or '. 

a cylindrical-conical tube, the majop difference is obvieusly that 

"~ere both mode 1 and mode 2 become un~table; furthermore 1 if Wé 
, 1 

extrapolate the diagrams in Figs. 5 and 6 for a. =-,7, we obtain for 
,~ , . . -

a cylindrical-conical tube critical' velocities which in each case 

are. higher than those of a: similar conical tube. 
1 

Experimental results· 

In Fig.9 we compare °experimental and theoretical' critical ~ 
, 0 

veloci,ties and frequencies with the 'beam tr1,lncate,d, te progressively 

shorter lengths; hence, the values of ex e 
proport.i:-onal ta the 0 length rëitio e. The 

and ai in the ,absciss q are 

theoretical ccilcula~ion!3' 
\" 

take into account the 
, > 

viS'cohysteretical characteristj:c~ of 'the 1,,'( 
, ,\'; 

rna.terial, wi th either air or watel:' as the external fluide We observe 

, l 

.' " 
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\ thùb the 'criti~al velocity drops even more rapidly with e than in 
,1 

cylindrical-conical tubes,due to the weakening of the the case of 
l' 

tube as the external cross-section tapers off. 

Comparison between experimental and theoretical results 

appears gene~ally good, provided that E remains above IO~ As e 

approaches 20, a sudden increase of the frequency occurs when the 

,r 

external fluid is air. This is typical of the influence of gravit y 

terms~ i.e. terms involving ri r is proportional to E
3 and the fre­

quency locus would exhibit sev~ral other "jumps" if'calculations 

had been pursued to larger values of E. Such jumps have been observed 

by Paidoussis f16] for cylindricai tubes hanging in air (Y~=l) for 
, 

values of r up ta 100; in Fig.6 we may observe one around e=19, 

correspOndin~\to r-IS, and in Fig.9 th~ correspondi~g value in air 

is r~lli however, in cornparing these two values we must realize 

that the coejficients of rare not identical in eq. (10.3) and (10.1). 
1 

If the external fluid is water such j:wupj only occu~ for higher .. 
values Of.E , due ta tne effect of buoyancy. 

7 t 
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) 
5.2 CASES OF NO INTERNAL FLOW 

~-

In this sUb-chapter we shall consider externa1 f10w 

only, and mostly for full beams rather than tubular bearns. More-

over, we shall restrict our investigations to vertical cantilevered 
1 

beams ·c1amped at their upstteam (upper) extremity. The beams are 

terminated at their free end with bullet-shaped rigid end pieces. 

'l'wo major c.lasses of beams will be consideredt the first 

compr,~ses cylindrical bearns with a uniform circu1ar cross-section 

(a =0), and the second consists of beams " referred to as conical, e . 

which have the shape of a convergent truncated cone (-l<a <0). e 

5.2.1 Cy1indrical beams . 

,Upon setting Cl =a.=v.=O and rr-X(2-y ) (for the immersed __ . e ~ ~ 3 e-
l 

weight of an approximate1y conica] end piece), eq.(6.8) yie1d~ 

X -(2-y ) 
3 e 

2 d2'11~( 
(r(2-y +y.) + E:CtUe ] (1-~)}:;-r '---, 

, e ~ df _, ;-~ 

1 • 

J 

Excepting a few·cases, y. will be null because no internal 
~ 

is présent in the beam. The end piece will always be full 
, 

hollow) "and rigid, and the boundary conditïon related to shea 
(' 

the free' end dbtained from eq. (6.7) is· . , ~-..... 
\. I,..J 

t 
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(10.5) 

H 

1 2 Y -1 f 
+ {iw (...:.!!) (_e_) fu (} Ye e 

X l+f(y -1) 
+ w2 -3 e}'Y = O. 

Ye 

These equations are bas'ically identical to those deri ved 

by Paidoussis [57], apart from the modified expression for damping 

and new factors premultiplying the velocity to accoUnt for the 

boundary layer. In addition, eq. (10.1) for the internaI flow and 

eq. (10.4) for the externa1 flow are almost identical, except for 

the addition of three terms related to friction and for the substi-

1 tution of the internaI vel,oci ty , vi' by th~ external velocity, ue ' / 

qr by ue(l~as}; therefore, we may expect parameters such as r, Ye , 

~ and v which appear identically in the two equations to have 

similarestabilizing or destabilizing effectsi however, this simi­

larity may be altered by the boundary conditions which are not the 

same for internaI and external,flows if the beams are not su~ported 

at both ends - unless the free end is blunt; in the latter case 
1 

the boundary conq~~1on'expressed by eq. (10.5) for external flow 

reduces to d3'l'/ds3~O (since X and, consequently, f vanish), which 
~ 1 

~~s then identical to that for internaI flow. 
" 

5. 2. 1.1 §E~Y!!Y 

a) I~fluence of rand Ye on stability. 
\ 

In §5.1 the va~ucs of r were found to have a significant 

effect on the critica1 internaI f~ow velocities mainly for tubes 

hanging in air. 

'fi' 

However, we are now dealing with a surrounding 
1 
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fluid which i5 water, and the coefficient J r in eq. (10.4) will 

be srnall since y ..... O and y ... 2 for llni'ëiterials with' a specifie gravi ty 
~ e 

close to 1. The influence of r on the critical ~locities for 

buckling and flutter, which was investi~ated using the values of Ye 

for two commonly used rnaterials, i.e. type B and type E silicon 

rubber, may be observed in Fig.lO. The' critical velocities increase 1 

with increasing y and r (more flexible beams) and decreasing values 

of Ye (heavier\beams). Material of type B is heavier than material 

of type E' but it is stiffer; as a result, the regions of instab~lity 

(buckling) spanning the two'c~itical flow velocities for beams of 

the same length, shown (for 8=20) between the two arrows, are 

almost identical; this resu~t is corroborated fairly well by the 

experimental 'data. 

tr b) Influence of ~ and v. 

Obviously internaI damping of a vis cous type has no in-
1 

fluence on the limits of buckling (w=O). In the case of flutter, 

the effect of ~ and v on th~ critical velocities and frequencies 

yields similar results to the case of ihternal flow: as darnping in-

creases, the critical velocity at the onset of flutter remains 
~ 

almost UnChang~reas the corresponding frequency of oscillations 

"minishes rapidly. 

This effect is illustrated in Fig.12; in one case the 
, 1. 

intérnal damping characterist~cs of one of th~ materials used in 

experiments has ,been used (rubber type E, ~=O.08, v=O.015) in the 

cal'culations of the eigenfrequencies, whèreas in the second case 
< \ 

no damping was assumed. The lowent critical velocity which gives 

flutter varies by ~ess than one percent because of material damping,' 

while the corresponding frequency drops from 6.7 to,4.6; in fact, 
\ 
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for heavy dimensionless damping, such as would apply ,to ~ery short 

bearns (the value of v bei~g inversely propçrtional to E
2), the 

critical frequency was found to drop to zero, and flutter gave way 

to buckling at u =5.6 ~ which is the value obtained, independently e 

of internaI damping for w=O. -Thus, this criticai velocity appears 
1 

to be almost unaffectéd even by heavy damping. However, the next 
- , 

critical velocity, which is obtained along the thitd mode at ue=9.15 

with no damping, disappears with damping because the third mode is 

seen to remain stqbIe. OUe to damping, the se~ond and third modes 

have interchanged roles in the vicinity of ue=9: the second mode 

which regained stability at ue=9.2 with no damping, remains unstable 

with damping - although a minimum degree of instability is found to 

occur in the neighbourho~d of 9<ue <9.5, close to the critical velo­

cities ue=9.15,·ue=9.2. This region corresponds to 'the'transitiôn 

~from second mode to third mode flutter and,is difficult to pinpoint 

experimentallù'i however, the experiments indicate that it i5 defi-
, 

nitely larger than the short overlap obtained without darnping. 

From a theoretical point of view, it is, more convenient to assume 

no damping and compute two critical Vé~bcities, i.e. the points where 
/~. 

f1utter ends in the seclond mode and/~here it starts in the thlrd 

mode, rather than to ,consider damping and compute the velocity which 

corresponds to a minimum n~gative imaginary partuof w. ,. 

c) Influence of C.' 

, ·In eq. (10.4) E: is encountered severai tirnes, either 
/ 

explicitly in the terms related to friction f0rces, such as e:C and 
l ' n 

E:C t , or implicitly in the calculation of a (which a1so invo~ves (Ct) 
, 

and of r. The overall effect of c': on the cri tical ve10cities for 
" 
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buck1ing and f1utter has b~en ca1culated and compared to the ex­

perimental results in Fig,ll. The theoreticalotrend which predicts 
'Ok 

that the critical ve10cities should increase slow1y with the length 

appears to be corroborated by the experiments; moreover J the two 

types of material used for the beams yield similar experimenta1 

results within the range of experimenta1 uncertainty. 

In summary, from the previous paragraphs we rea1ize that 

the type of materfal used in the experiments has little effect on 

.the dimensionless critica1 velocities, and we may thus compare in 

the sarne figure several results ob~ained with different materia1s; 

moreover, from a practical point of view, we may select for each 
1 

experiment the material which is the most suitable, e.g. in terms 
, 

~f strength or reliability - although in rnost cases the most im-

portant criterion used was low flexural rigidity which enab1ed us 

to investigate a ~arger range of dimensionless flow veloeities for 
'< 

the sarne experimentally availal:!le range of dimensiona1 flow velo­
, '~;~.~ 

cities. 

a) influence of c and Ct on the critical velocities, 
• n , 

As eq. (10.4) stands, it would be difficult to evaluate 

the effects due to skin friction and those due to thickness of the , 

Û boundary layer separately, bépause both depend on the same ~ara­

meter, Ct. For this reason,we resort to the follo~ing artifice: 

since the value of c n and Ct are equa!-,' we shall replace Ct by c n 

when c~ app1ies ~o friction, i.e. when it appears in eg. (10.4); 

'" , then~ we shall use Ct exclusive1y for the calculation of the boundary 

layer parameters a and ai in this way, cn and Ct may be varied 

~----_._--"--------------

r-
I 

,l, 
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independently. The resu1ts are presented in Fig.13. It is seen 

that the influence of skin friction alone (ct=O, cn variable) is 

smaller than that of the boundary layer thickness alone (cn=O, 

Ct variable); and :lf both are cornbined (cn=ct ),' the, critical velo­

cities for huckling and flutter increase sharply with increasing 
m SJ ,-

, values of c n ,and Ct! especially for the latter. By assuming a 

smooth beam surface ,and an average Reynolds number around 2 x 10 6 , 

a skin,friction coefficient c t =8 x'10-3 'was derived in Appendix G; 

agreement between experimental and theoretical points co~responding 

to this value appears to be optimum if' the boundary layer is taken 

into account (dark circle data points); in rddition we notice that 

~oundary layer thickness is responsib1e for approxirnately a 15% 

increase in the critical velocities, as illustrated by the brackets ' 

in the figure: In the same figure are plotted the c:r:itical velocity 

zones measured by paidoussis [50] in an.experirnent where a fine 

cotton thread w~~\wrapped helically around the ~earn; the total skin 
1 

friction coefficient, commonly labelled cf' has been estirnated from 
/ * -, 

standard tables by a~suming a rough regime a~d an equivalent sand 

roughness ratio, based on Ithe diarneter of the thr~ad, ~qual to 

2 x 103 (indeed, for such a roughness the regime is ,no longer hydrau­

5 ' lically srnooth for Reynolds numbers above ,10 ); thé value thus ... 
obtained is c =7 x 10- 3 . 

f 

(~s derived in Appendix~) to plot this data ~h Fig.13, because the 

values' of E do not match: c=20 for the\figure and c=25 for the tests 
, 

conducted by Paidoussis. However, as previously noticed, the çharac-

teristic parame ter for friction and boundary layer effects is cCt 

* Sèhlichting op. cJ..t. figure 21.,6.- '6 
~. , r 

/ 

( 
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/ .., 
rathèr than Ct~, using his new abscissa,', th'e data c;ould thus be 

1 

plotted in Fig.13 for ect =O.35. The agreement between experimental 

and theoretical data is striking. In fact the critical velo€ities 
, ' 

1 should be adjusted downwards to account for the fact that Paidoussis 
l' /1 

, I~' ~~nsidered horizontal beams (r=O), whereas we considered vertical 

beams; however, gravit y only accounts for a small amoJnt in the / 
critical velocities, as observed in Fig.lO. 

1 \.,. 

b) influence of the boundary layer thickness alone. 

Fig.~4 shows the three +owest modes of a vertical canti-

lever preceded by a short coaxial cylindrical support of the same 

diameter. In one case the boundary layer has been taken into ac­

count (with c t =8 ~ 10-3 yielding a=O.l, cr=1.02) , and in the other 

case it has not been (with ct=O yielding a=O, cr=l). It is seen that 

tt the two sets of modes are close. Considering pairs of points, one 

from e,ach set, corresponding ~ to the shortest distance between the 

two loci; we then note the following: 

i) ~~e velocities ~ong the' loci which take account of the boundary 

~ayer are larger than their counterparts on the other loci~ 

ii) when positive, i.e. in the case of damped motiqns, ëhe imaginary 
\ 

parts of the eigenfreqlencies are generally larger for the loci 

whic,h account for the boundary layer, as illustrated by the 

pairs of points corresponding to the velocities (2, 1.75), 

(5, 4.5) and (8, 7) in modes l, 2 and 3 respectively. 

In summary~ addition of the boundary layer thickness in the theory " 

appears to be equiyalent to a reduction of the 
-o,t ; 

flow ,velocity combfned 
, " 

with a stabilizing effect. 
-.. ' 

"J'( 

[/ ~ 
P , 

.... .: .... . ' 

, · 
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. , 

Unfortunate1y, the· influence" of the boundary layer alone 

could not be assessed expefimentally. An attempt was made at 

boundary layer s~ctio~ uslng hollow tubes inserted in small diameter 

holes drilled in 'approx[ 

quantity of fluid which 

a significant 

(see Appendix 

1 

ately one hund~ed locations • 
• ~ ',' ~1rl 

could be removed was toolsmall 
, ,t 

of boundary layer thickness 

it was suspected that 

the small internaI counter flow created thereby 

produced sorne hydrodynamic dampin'g which probably 

offset most of the destabilizing effect which . 

might have arisen from suction. Anothe~ attempt 

was m~de where, father th an t~ying to reduce 

·boundary layer effects, it was thought th~t it 

However, the 

to obtain 

might be easier to attempt to increase them, e.g. by choosing 

longer axial supports 'or by using 9maller ,diameters for the beams 
1 

(in order to increase the ratio of the boundary'layer thickness 

to the diameter); howevef, the existing apparatus~ind equipment 

was not suited for the fairly major modifications necess~tated 

thereby. 

This eff~ct i5 the most critical for stability of canti-

levered beams. In Fig.15 are ~bown the critical velocities for 

buckling and flutter which were obtained experimentally for two 
\ 

types of cylindrical beams (made of differen,t silicone",rubberÉi); 

wi th at least tl1ree different end pieces, i. e. X ="1. 5, 1. 0, 0.5; . e 

1 

',C those" obtained by Paidoussis [50] for horizontal bearns have been 

! l 

\. 

-

1 



:. 

o addcd in the sarne figure. 
. l"d') 

The exper~menta atéf- ~s now cornpared 

, . 

. -

.. ;." 
to the theoretical boundaries of the zones of buckling, and' first 

and second flutter, which were cornputed (i)_with the boundary layer 

assumptions (full lines) and (ii) without (dotted Ilines) . In agree-
, - <> 

ment wi th previous work, -the beams were found to be stable at any 

flow velocity if the end piece is almost blunt (no instability up 
l 

-to ue_10 for Xe <O.5); if the end piece is more tapered than a hemi-
". . . 

sphere ,(Xe >O.5) thebeams are found to be stable at low flow velo-

cities, then to buckle around ue=3; as the flow is further increased, A 

i 
flutter is observed, first anpund u =6 with oscillation~ of a second 

'1" e 
mode type, then around u =9 with oscillatio~s similar to a third 

e l ''- • \ 

" ' ........... ' ........ ~.f 

mode. The beams usually regain cornpletè'stability between buckling 
-"',,- ' 

and t1;le first flutter,'''although in ~ome c~es there is sorne over-

lapping between them which so~etimes makes:it difficult to deciqe 
~ \'>. ' .... ; 

when one ends and the other begins; in the~e latter cases the symbol 
\ \ ' 

" 

used in Fïg.15 to pinpoint the e~d of the lower ins~~bility has been 

plotted just above the symhol fo~ the sta;t of the higher one. 

Transition from first to second flutter was found to be accompanied 

by a marked diminuition of amplitude, without-an interval- of stabil-

i ty bfotween them. /' 
1 

The consistency among the experimental res~lts and the 

agreement with the theoretical critical velocities are generally 

poor for ~<l.S; this is not too su~prising because the value of 

the parameter f in eq. (lO.S) has been e~tablished for a-potential 

flow over the tapered end with no consideration for flow separation, 

and also because the experimental critical velocities are difficult 

to pinpoint, especially for buckling. Nevertheless, the theoretical 

,,' 

1 
f 
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predictions are genera11y bet~er when boundary layer effects are 
1 • 

taken into account (Ct =0.008) in the c"alculations. This rnay not 

he clearcut,.considering that the r~sults obtained by Paidoussis 

for flutter fall below the full lines, and c10ser to the dotted 

line. (ce=O) "fo.r Xe>l~: O. HoweveJ:, this rnay be due to sever~l factors: 

a) our theoreticar critical velocities are overestimated with 
, 

respect to his iiata because the ratio of 'the diameter of his test-
1 

section to that of the bearns was only 4; consequently, a signi-
'-

;' " 
ficant1y larger virt~al mass of the b~arn should he introduced in 

the( equations of motion, by multiplying the terrns representing the 

lift with a factor greater' than 1, thus reducing the flow velocities 

required to reach the criticai donditions, and therehy the gap with 

the e~erimental data; 

b) another similar reason is that we accounted for gravit y 
1 

whereas it was inoperative in his experiments (r==O); however, the 

srnaii de~stabilizing effect not accounted for is balanced by the , 

fact that his beams were slightIy longer th an ours (8-23.5 as op­

posed 'to 20), thus resultirig in relatively mor~ ,fri·ction and a 

stabilizing effect (as c~n be observed in Fig.13 for Iarger values 

1 

c) paidoussis assumed à fla't velocity profile in the test-section' 

and thus measured the average v~locitr rather than the velocity in 

the neiQJbourhood of the beam; for comparison purposes, in our te~ts 
~he critical velocities would be underestimated by 15'% with such an 

assurnption. 

For these reasons we may conciude that taking into account 
\ 

the boundary layer improves prediction of thè instability thresholds. 
\ 1 

" . --'. ~ 

~, 

/ 
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5.2.2 Conical bearns 

most of 

tor one 

Although relatively short, this sectijP. accounts f?r 

the time spent o,n both theoretical.~ andlxperimental WO:k. 
thing, the computations requir~d appro i~ately 17 term, 

1 
in the Fourier series for convergence of the first èritical eigen-

frequencies when the shape of the conical beam approaches that of 

a full cone, namely a <-0.8~ a~ opposed to 10 terms for uniform 
'.,,,f, --~ e 
beams. A~~of unforeseen theore~ical problems arose when the observed 

ff~' 
stability of almost conical beams could not be explained with the 

sole use of potential flow and slender body theories; this is the 

reason why the new assumptions of §2.3.4 concerning the effect of 

the boundary layer were developed. ' 
1 

As far as the experiments ara concerned, ~any difficu1ties 

arose because we chose tO,test quasi-conical, i.e. a <-0.5, rather e , 
"than quasi-cylindrical beams; as mentioned in §4.4.1, such beams 

are very sensitive to turbulence-induced'subcritica1 vibrations; 

as a result, erratic oscillations, up to two diameters in amplitude 

at the free end, ,made it difficult td pinpoint the thresholds of 
\ 

instabilities, and even to distinguish between the t~pes of instabil-

ity. 

• 1 , '', 

5 • 2 • 2 .1 " ~!9~D!f~'gY~:mg!~§_~mL!!IQg~!_.êh2E~§ 

\ 
J 
1 

\.. ~, 

1 

/ 
1 

f , 

The complex frequencies of the three 10west motés ofa 

tap~red bearn having 'the shape of a full cone truncated in half 

(a =-0.5) have been ,plot'ted in li9.16 for dirnensionles's flow ve10-- e ' 

ci ties, up ta 10; the loci are not signiLficantly different from those 

obtainefin Fig .12 ~or a cylindrica1 bea'm of the same length; in both 

cases mode 1 reaches the Im(w)- axis, buckling follows and then 

1 

J~ 

1 

, 
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, ! 1 

stabili ty is regained just as the system loses stabili ty in mode 2' 
~ . 

by flutter; similarly, stability is regained in mode 2 and lost 1n 

mode 3 by flutter; subsequently, mode 2 reaches the Im(w)-axis and 
'. 

nhe system buckles. 

For the six critical velocities obtained in Fig.16, the 
" ", , 

modal shapes of the conical'beam have been computed and they are 
~ 

p~esented in,. Fig.17. The top three diagrams show buckling and the 

others flutter; in the latter case the two positions of the beam, 

Ob~ from the real and imaginary parts of the standardized 

s~lution (derived in Appendix B, sec~ion 4), illustrate the (undamped) 

oscillations at two moments in time, out of phase by a quarter of 

a periode The diagrams indicate that distinct modes may result in 
l ' '. 

similar modal shapes around the same flow velocitlies;' for instance, 
1 

th~ modal shapes of modes 1 and 2 at ue =4.6 and 41.8, (respectively, 
1 

upper limit of buckling and lower limit of flutte~), have similar 
j 

features; this similarity may be easier to observe by looking at 

the (shaded), areas, i.e. those' swept by the beam 1uring fl~tter, 
, 

and ~ose betweeh deflected position and p~sition I at rest in the 
l ' 

case of buckling. 

5.2.2.2 !~!!~~ll~~_2~_~ 

a) for constant values of ne 1 

At a given taper ratio, larger values of ~ result in 

higher th~oretical critical velocities; as in the case of cylindri-

cal,beams, several factors have st.abilizing effects with increasing 

lengths; gravit y is one, a~d, aroun~ ne=-O.5 and, c=17, it accounts 



, ., 

for approximately a five-perçent increase in the threshold for 

buckling (corresponding to beams cast in mater.ial E), but less 

for higher instabilitiesi the remaining factors, i.e. friction 

and boundary layer, are more important and, under similar conditions, 

yield a fifteen percent increase, independently ~f the kind of 

instabili ty. :" 

In Fig.18 both;theoretical and experimental critical 

,veloc1ties n Have been plotted for a =-0.5 and -0.6; in \addition,. 
~ . l ' 1 e 

the data obtained for a =0, in Fig.ll, has been reproduced tor 
e ) . \ , 

cOmParison purposes. For each value of ae two solid lines indicate 

the theoretical lower limits of buckling and flutter, respectively, 

whereas the dotted line indicates the upper limit of buokltng. The 

experimentàl point~ have been obtained with beams cast with dif­

ferent materials and different moulds " (which, of course, give 

different taper angles in the diagram). The scatter of the experi­

mental points is such that the influence of E predicted çy the 
c 

theory cannot be positively verified. Moreover, the short region~ 
o 

of stabili ty predicted theoretically be.tween buckling and fl,utter, 

and indicated by brackets in the figure, could not be observed any 
'.' 

mor~ClearlY for conical than for cylindrical beams. The kind of' 

agr~nt obtained in Fig.lB between theoretical,and experimental 

results, and the poor c0nsistency among the experimental data is 

typical of aIl the experiments conducted with conical beams. One ' 
" 

can only say that the variations in~the theoretical critical velo­

cities are relatively small over the experimental range of lengths, 

as compared to the experimentall uncertainties. 
'"-l . 
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b) for constant taper angles. 

In Fig.19, the theoretical and experimental critical 

velocities·and frequencies obtained with a conical beam truncated 

'progressively shorter, have been presented; the taper angle of 

the cone is- a =0.035 rad, its (full) length ratio is e:=27.5, and e 

the relation thereby obta1ned between ae and e: is e:=-27.5 ae' Up 

to the maximum (dimensionless) experimental' flow velocity the first ' 

four modes have been computed and investigated for instabilities. 

Buckling 'Îs obtained in mode l, then flutter for each of the ..,other 

modes, with very little overlap between instabilitiesi additional 

buckling was predicted to occur simultaneously with \the flutter of 

the odd nurnbered modes; f6r inst~nce, buckling (in mode 3) is super-

imposed on flutter in mode 3. This sequence of instabilities was 

observed experimentally and the modal shapes observed are very 

similar to those plotted in Fig.17. As far as frequencies are con­

cerned, the experimental and theor~tidal results are preséntéd in ~ 
, ' 
: J 

the right-hand-side diagram of Fig.l@; the arrows \match th6se in , 
\ : 

/ 

the left-hand-side diagram and, therefore, the experimental points 

which have been measured at the lower end of t?e instability regions, 

should be compared with the portion of the conbour aiming rightwards. 

Generally sp~aking,< b0ir critical velocitiés and fr~quencies are 
~ . 

underestimat~à by the theory'and the quantitative agreement dete-

riorates further as thé truncatio~ ratio, -ae , increases towards 

unit Y (full cone). 

As previously mentioned, for very tapered bearns the 
J 

critical velocities and modal shapes are difficult to assess and' 

the frcquencies are too .Ï!rregular to be counted, as indicated in . 

Fi9.l~ br '~hort vertical dotted lines. Such difficulties a~~ 
-il 
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more serious for the third instability region where buckling and 

flutter occur simultaneously and combine in fast, erratic motions. 

5.2.2.3 
;: 1 

We now investigate the effect of ° on the criti6al velo-. e 

cities assuming the lengths'of the beams cons~ant. The theoretica1 

results have been ca1culated for È~17 and p10tted in Fig.20j the 
\ -

unstable regiOnsl~ained ~9incide wi th those of Fig .19 for 0e=-O. 63 
1 ! 7" -::.:.., 

(which y~elds E=17 in Fig,19) but otherwise do not differ signi-

ficantlYi in addition, it is recalled from Fig.IB that the vari-

ations of the theoretical cri tical ve10ci 'ti~es wi thin the experimental 

~ range of length ratios are less than ten percent with respect to 

1 

the value for E~17. Because of the above, we plot~ed in Fig.20 aIl 
1 

the experimehtal dàta which was obtained for 11<E<21, rather than 
" 

~nly the few points corresponding exactly (E=17) to the thedretical 

curves. However, in order to notice any possible effect of length, 

two types of syrnbols have been used for the experimental data points: 
\ 

for a specifie material the symbol is b~ack (full) if the taper 

angle is relatively small, i.e:' ~e<0.03, and hollow (open) for 

8e >0.035i hence, conical beams in the former category are at least 

twenty percent ~onger. than the others, for the same value of 0e' 

For clarity,only the points for the experimental lower lirnit of 
1 

each instability zone have been plotted in th~. figurei as a matter 

of fact, the upper limit is generally concealed by the next instab\-

lity. 

The conclusions to be derived from Fig.20 are similar to 

tpose of Fig.l9. It may ~e added that the four lowest regions of 

.:. 

, , 

.' \ 
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" 

instability are quite'distinct, yet, the quantitative agreement 
\ 1 

with the theory is genarally poor; besides, no rnarked difference 

betweeh the longer àpd shorter beams is to be noticed. Neverthe­

less, the patterns of the experimental 'instability zones do cor-
, 

1 " .IJ:"espond to the theoretical ones. 

, f In the case of a cylindrical beam, with E=20, the 

boundary layer thickness was found to be responsible for a fifte"en 

percent increase of the theoretical critical velocities. For coni­

cal beams of the sarne l'ength, the effect of the boundary layer is 
/ 

expected to increase. for larger taper angles" because its thi,ckness 

is correspondingly larger relative to the diameter for beams with 

larger taper angles; as a result, the reduction in lift exerted on 

such bearns would be more important. ~his is ill~strated ip Fig.21 
J 

where the same instability regions are plotted, computed either with 
1 

. , 
or without the boundary layer. The dotted lines illustrate the case 

of no boundary layer (Ct =0) and the r~gions which have been calcu­

lated are 1;.he' three lowest buckling areas and the first fluttei" 
c 

(the buckling zones are as convenient as the flutter zones for as-
1 

'sessing the boundary layer effect but several tirnes cheaper to , 
compute). In addition we reproduced the experimental data of Fig.20. 

The shaded areas indicate the sequence of theoretical velocity ranges ~, 

for buckling and flutter around a e=-O.2S and -0.5", respectively, and . 
the directio~ of shading differentiates between the two sets of 

theoretiea'l curves, Le.with or without boundary layer. 

It is clear that, if the boundary la,er is neglected, 

theory predicts that almost fully conical'beams rnay become unstablcj 

1 
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this is contrary to our. observations and agrees with theory when 

boundary-layereffects are included. Moreover, by accounting for 

the boundary l,ayerJhigher critical velocities are predicted; since 

the experirnental velocities are g~nerally above the theoretical 

ones, the introduction of boundary l~yer effects has thus improved 
1 

the prediction of instability thresholds. As a matter of fact, 

bhis improvement is more significant'for conical than for quasi-

çy1indrical bearns. 

5.2.2.5 ~gf!~~~g~_Q!_!h~_~~E~!ig_~~g 

Most,o'f the \theoretical results derivèd in the previous 

sections were obtainëd with X~=1.5, (f~0.9), 
, , 
J..e. for an eloI).gat~d 

, 
tapered end (the val~e of f approaches unit y for:xe >2). However, 

in Figs. 19 and 20, the results for X =0.75 (f~0.7) have been drawn ,e 
~ . 

in dotted lines; it is seen.in these f~gures that the critical velo-
, 

ci ty zones corresPOjding ta Xe =0.75 are included wi th~n the ,zones 

calculated for.xe=1.5i this is supported by the expe~imental fesults. 

'However, w~th respect to the critical frequenc~es, there i5 little 

evidence among the experimental data ~n Fig.19 that be~ms provided 

with a shorter end piece do flutter at higher frequencies"as sug-

gested by the theoretical results. 

" In Fig.22 the effect of the shape of the tapered end has 

been investigated on the boundaries of buckling for severai taper 

ratios; th~ theoretical buc~ling zone shrinks rapidly as ex de-
l ' e 

creases, ana disappears for a <-0.75; besides, the smallest value o~ 
,e 

Xe which 
1 

yields buckling is al~ost independent of'ae in the iKterval 

O<cxe <-0.6 and, approxima-tely 
• 1 

equal to Xe=O.5. For illustration pur-

poses, the expcrim~aI data has been gathered 'f'rom tests conducted 

, / 

-

" 
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with half cones (<le=-O.5) of eqQal ~ength (E=13.75)i the shapes 

of the three tapered ends to be tested were actualiy more round, 

th an the theoretical conical elements, drawn in the bottorn of 

Fig. 22, and used to calculate the parame ter f. Given the fact 

that thè pre~e&t theory underestimates critical flow velocities, 
1 

l ' 

agreement between êxperimental and theoretical 'data with respect 
1 : 1 • ' 

to the stabilizing effect of shorter ends' appears to be reasonab~ 

good. 
f 

Similar comparisons w~re atternpteq for more conical' 

beams, especially around th'e value ete ::-0.65, because' no buckling 
1 
could pe observed further along, Le. for ct =..,0.7, even for weIl "\ e 

strearnline~ eyd pieces; unfor~unately the experimental data,was 

inaccurate and generally toc far âb~~~ the theoretical predictions 
\ 

to yield a rneaningful cornparisQn. 

ç 

/' 

• 
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5.3 CASFS OF SIMULTANEOUS INTERNAL AND EXTERNAL FLOWS 

In this sub-chapter we sha11 consider tubu1ar beams 
. 

subject to both inter9a1,an~ externa1 axial f1ows, the velocity 
1 

\ of each f10w being independent of tpe other. Although the theory 
l 0 

allows,for/different fluiqs for the two flows, the experlrnents 
,. 

were conducted with one f,luid o'nly, namely water. In addition, 

on~y cylindrical tubular bearns are considered here; the beams are 

vertical and can be either cantilevered~ i.e. clampe~-free, or 
~ ~ 

clarnped at ,both end~; in the latter case the downstt~m.end is 

free to slide axially during the tests, and no 'exte~pq.'l tension 
1 ~:~J 

i5 applied. The downstrea~ end is usually b1unt, e~cept for 
l ' '. 

cantileve~ed t~bular beams, in which case as il1ustrated in Fig.2, 

hollow (tubular) tapered ends will be considered. 

T~e differential equation of motion obtained from eq.(6.8} 
, t., " 1 

may be written in the form ", 

( 

2 . d 2 'i' 
- [r(2-Ye+r i) + €CtUe ] (l-~}} d~2 

ô2+y. ! y -1 i 
+ {f(2-y' +y.) + EC u2 + iw[2( + 1.)v.+ [1 + \(l-a~}2]( e ) u]} d'li 

e, 1. n e Ye Yi 1 0 Ye +y i e dç 

1 

l, 

\ 
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/ 

and, in the case of canti1evered beams, the boundary conditions at 

t;='1 are l ' 

and 

where 

5.3.1 

.'" 

Ô 
2 +y. i y -1 i 2 

_ iwX[2( + 1.) v. + f( e ) (s +15 2 (1-(1) )u ]} d'P 
Ye Yi 1. Ye+Yi e cr' e d~ 

Theoretical results . / ' 

2 + Il) X 
(l+fy -f)s +y. 

e e " 1.} = 
Y +y. e 1. 

o , 

We shall now proceed to investigate eg. (11.1) from a 
1 

simplifi~d theoretical point of view. For this ~urpose, we shall , 

make a few assumptions basad on the theoretical and experirnental 

results obtained in the previous, sections which will simplify the 

expression of ~he diifererifial equa~iort~ however, sorne of ~hese 

assumpt:'l.ons will be abandoned later on, in order to obtain a 

proper comp~rison with the experimental results. 

First r the external and internaI fluids will be assumed 

identica1, i.e. y. 
1. 

2 ' = -6 [2-y ]; then, the gravit y effect will be e 

assumed negligible compared to the hydrodynamic forces, as would ~ 

) 
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be the case for very stiff or horizontal bearns (r«l), or beams 
, 

with density close ta ~hat of the. fluid (Ye-2)i the skin friction 

forces will also be assumed relatively small (ccn«l) as would be , , 
the case for rather short beams and large Reynolds numbersi more-

over, assuming sh~rt supports, the boU'ndary layer thickness will 

be neglected (EoCt~ Ect«l). Finally, for the sake of clarity, 

it will be convenient to neglect the base dragterms and internal 

c damping. 

Eq. ( Il.1) has now been reduced to the following very 

simple forro 

4 2 Y -1 i . 
'd'l' + {u2+v2,)d '1' 2' (e ) ~ ) d'Y -4 2 + l.W y +y , ( \) vi +ue dt 
d~ e 1. d~ e 1. 

Incidental1y, judging from the values of the parameters neglected, 

this equation is not an unreasonable approximation within the r; 

n, 

framework of the experimental data; ~n fact, the largest discrepancy 

probably arises from omitting the boundary layer which acc~nts for 

approximately fifteen percent of the m~gnitudè of the critical 

ve10cities (as for E=2co=20 and cct =O.16). 

It appears that eq.(11.3) is very similar to the equation 
, 

of a beam subject to a single J(lOW; in fact, if 

2 2 
ue ,;1- vi 

which occurs for 

-= 
V. , J. 

'0" •• ____ • _____ _ 

'If' 

o 



, 
, ' 

-117-

:/ i 

the equation is that of the beam subject, solely to an external 

flow of velocity ue + ÔVii similarly, if 

2 + 2 ue vi 
u 

= ( ~)2 vi + ô ' 

.. 

Le. for 

then, the equation"is equivalent to that obtained with an internaI 
1 

flow alone, of velocity v, + u /ô~ in this latter case it ought 
1. e ' 

to be noted'that ,the in ernal and external flows are in opposite 

directions. 
1 

When the beams are supported at both ends, or when th~ 

downstream end is free and blunt, the bound~ry conditions are in­

dependent of the flews. For a fxee tapered end, when neglecting 

gravit y and boundary layer, and assurning identical internaI and , , ' 

e external fluids, the following boundary· condition is obtained from 

, eq. (11 • 2) : 

II 
(Il. 4) 

'" Generally, neither of the two single f,lows previo,usly calculated 

would yield such a condit~oni nevertheless, provided that ôv. is 
_ 1. 

1 

small compared to ue' the boundary condition obtained with the single 

1 external flow of vèlocity 

, , 
V = Ue + ôv. ,. 

l. 
~~, ' 

* and pet ter will be close 1 than with a single ipternal flow (i.e. 

* In eq.{11.4) set vi ; 0 and replace ue by V. 
, ç 

~I 
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, ,[ 

'1' 

U =0 and y1.=V). Consequently, wheneyer possible~ attempt~ will 
e ' 

be made to compare the case of simultaneous flows to that of a 

single êxternal flow. 

( 

. 
5.3.1.2 ~g~!y~1~~t_!lQ~_2Qgg!tiQ~~ 

, We now consider the general case: let 
1\ 

ri~ 

v = u + Ôy., e 1. 
and U F V. 

/ 

U and V are the characteristic parameters of the flow velocities 

in eq. ( Il,.3): provided that the boundary conditions are independent 

of the flow veloéities (or if they depend on U and V only), for any 

combinat ion of velocities (ue,vi ), there.exj_~~~~anoth~r, (u~'Yi)' 
, \ 

which yields the same characteri~tic parameters for the same 
\ , 

equation of motion. \ 

Those velocities are such that 

,2 + .2 u v. e 1. 

u +~. = u· "l: ôv! e. - 1. e 1. 

j 
hence, as illustrated in the diagrarn, the 

point (u',y!) is symmetric ta (u ,v.) with e 1. e 1. 
l , 

respect to'the line Y.= u. Lncidentally, 
. 1 e 

/ 

if v<u negative internaI flaw velocities 

. are obtained, which are perfectIy permissible solutions. 

r~ J 

[ 
" '. ! Il 

·1 

.. 

.. 

.. 
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Let us now consider small'increases of the flow ve1o-
"-

cities in eq. (11.3): the incremental changes of the characteristic 

terijls are 
l ,. 

2U dU = 2u du + 2v.dv. e e ~ ~ 

dV = dUe + ôdv i 

It is possible to have dU=dV=O if ' 

-ôdv. 
1. 

\ 

and 

, . 

This illustrates the fact that, for specifie flow conditions, 

the effect resu1ti~g from increasin~ one flow may be exact1y 

counteracted by decreasing the other. 

It shouid now be clear to the reader tha~ the stability 

o! tubular beams subject to both internaI and ex~rnal flow is not 

d~rec~li obt.inabl~·from stability considerations of the beam sub-
I 

ject to each flow separately. Genera11y, it is foreseen that the 

e~fect of the ~ombination of the two flows will be similar to that ) 

of an external flow with a velocity greater than that of ~ach 

single flow, but 1ess tha~ their sum: 

\ ." 

5.3.1.3 
\ 

Buck'linq --------
From eq. (ll.3) the critical flow ve10cities for buckling 

\ 

may be cal~ulated easily; upon setting w=O, the equation reduces 

,to the following expression 

r· ~. 
with 
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1 

which describes the well-known F.uler buck1ing prob1em f.or a beam 

subje~t to an axial compressive load u2 .. ~he g~nera1 solution of 
i 

this differen~ia1 equation is 

~ = a + b~ + c cos U~ + d sin u~ 

where U and the constants a,b,c"d dépend upon the boundary con-

di tions. Now 

a) For c1amped-c1amped beams we have ~(O)=o/I (0)=0/(1)=0/1(1)=0 
\ 

and non-trivial values of a,b,c,d require that 

"'- • 
IU(2 cos U + U sinbU - 2) = O. 

~he root u=o is irrelevant and the ~ollowing critical values are 

obtained 

u b 2~, 8.9868, 4~, 15.4505, 6~, 21.8082, 8TI, 

which yie1d the circu1ar critica1 boundaries with respect to u 
1 ~ 

and vi illustrated in the right-hand si~e of Fig.23; 

root being approx~rnate1y equ~;to (2k+~)~-4/(2k+l~~, 

tive boundaries become eqUiVa~nt as k .increases. 

every second 

the consecu-

, 
Incidental1y, should one of the extremities be pinned 

instead of clamped,the necessary condition becomes, tan U-U=O, 

which allows for the fo11owing roots: U=4. 4 9, 7,73, 10 ".9, 14.1, ... 

~ 
(2k+l) 2'~-

) 

15) For cantilevered beams we have ~(O)='I'I (O)=~",(l)=O, and the 

fourth condition, obtained from eg. (11.4) is 

1 
'l'111(1) + f(1-ë 2)u2'1'I(l) = 0 

e . 

i J 
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The condition for compatibility is now ~he following: 

u2 2 2 = (l-cos U) f(1-ô ) . 
u e 

since the left-hand side i5 greater than unit y (except if v.=O), 
~ 

and since O<1-cosU<2, no critical velocities can be obtained if 

alternatively, values of (v./u )2 such that 
'3. e o 

v. 2 2 
(-1:.) < 2f(1-ô ) - 1 
u e 

yield two roots of U in each 21T interval, as \iilustrated below; 

the largest interva1 between the two roots l i6 obtained for v. =0 
l , 

and the maximum ratio between vi and \le is obtained for U= (2k+l) 1T 

Le. for 

y 

u~ 2 v. 
3. 

................... X~ ~ ~.~.~,~. ~.~ ~ .............. . 

1 
1 • 

1 
1 
1 
1 

lffiaX.l.mum , t range 1 
1 

buckling l ... 'of 1 ,. 
2 JI" 371' 
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The' boundaries of the three Ipwest regions of buckling' 

have been drawn in Fi~.21~ the re;gions are symmetrically distributed 

around a circular center line located at U=(2k+l))'. Four values 

of the term f{1-ô 2 ) have been investigatedi the !argest possible 

'buckling regions ~r;e obtained when f (l-Ô
2 ) +1, whereas they shrink 

to points [vi=O, uè=(2k+l)1T, k=O,l·, ••• l for f(1_~2) = 0.5: 

Before proceeding to the exper irnental resul,ts let us 

reca11 that knowledge of the limits of buckling,' as in Fig. 23" is 

'" of limited use because one cannot always tell a pltioJt.t \?hich side 

of the limi t corresponds to an unstable region, e. g., the two 

diagrams below illustrate cases where w=O for U=2 and U=3, and 

where buckling is obtained for 2<U<3, yet, in fig.a buckling stops 

when U>3 whereas it does not in fig.b. 

Im(w) Im{w) 

+- ~---

Re (w) Re'(w) 

1 

fig.a fig.b 

Nevertheless, this section has provided a quiçk insight 
1 

\ 
into the periodicity of the buckling instability with resp~ct to . , 

1. 2 2 1 .. 
the absolute veloc~ty U=(ue+vi ) In add~hon, it provides a 

. simple check of the stability regions computed by Curioni and " 
\ 

. Cesari [64] with"·ëi~ditional in~ormation on the unstable ~reas, 

especially in the -case of cantilevered beams 'where the authors 

"apparently missed the impo~tance of the shape af the free .nd. 
/' 

i 32 
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C1ear1y the ~imits of f1utter could be obtained in a 
, . 

simi1ar manneri one first needs to solve the fourth-order charac-

teristic polynomial .of kq.(11.3) for a genera1 solution of the 

form 

'1' (F,;) 

< , / 

T / ., , 
then, in order to satisfy the boundary~conditions, a gene1a1 

relation between w, ue and vi and parameters such as f,X'Y' Ye1 
and y. will·\ be obtained. The thresho1d of instabili ty by flutte+" 

~ 
, 1 

is obtained either when w is purely rea1 or when a frequency locus 

leaveS the negative Im(w)-axis, ~s ~hown on the previous pag~ în 

fig.bi hence~the equation governing the critical velocities is 
.... ' 

obtained either by equating the imaginary part of w to zero or 

by looking 'for double purely imaginary (negative) roots in 'w. 

~ Unfortunately, in contra st to the case of buckling, thG analytical 

relation between ue and vi is int'ractab1e by hand; \therefore, i t 

is not worth devoting much more 'attention to this, since in the 
{~:r 

next section the theoretica1 limits of flutter (and buck1ing) will 
1 

be computed from eq .. ( Il.1) directly. 

"~ Hpwever, we shal1 take this opportanity to show frequency 
\ ~~ 

diagrams in the case of clamped-élamped beams. The loci plott~d in 
'v 

Fig.24 have been comp~ted from eq. (11.3) for either internaI or • 

externa .. l flowl' they are present~d iri quadrant IV (see §3. 2) because 

aIl quadrants are symmetric in this casei in addition to the sym-
\, (> \' 

metry with respect to the Im(w) .laxis, symmetry around the origin 

' •. ok>~""'_t7 ... tS'W __________________ _ 
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• 
arises because the differential equation and the boundary con-

ditions remain identical if the direction of the flow and the sign 

of w are reversed simultaneously. Except for eoupled-rnode flutter, 

the frequeneies are ~ither real or prlrely irnaginar~i for the sake 

of elarity the loci that actually liè on the axes have been drawn 
\ . ~ 

slightly off thi axes but parallel to thern. It is noticed that 

in one case the beam regains stability after first-mode buckling, 

before the onset of flutter (ViFO, 8_.99<ue <9.3),' w~ereas it does 
, , 

not in the other case; such behaviour is not spécifie to the type 
1 

f . h' \ l b o flow, ~.e. whet er ~nternal or externa, ut de:pends only upon 

the values of Ye'Y~ and ô. 

..i / 
\\. 

5.3.2 Comparison between,experimental and theoretieal results 
) 

5.3.2.1 ~!~~Eê~:~!~~Eê~_~~è~!~~_è~~~§. 

Two beams of equal length were cast with different rub-

bers. For the stiff;r beam (rubber ~ype B), the maximum avai~fble 
i 

flow velocity in the apparatus only allowed for the first in- ' 

sta.bility to be observed, namely bucklingi with the other beam 

(rubber type E), flutter could be reached for a range of combinations 

of internaI and external flow velocities close to tneir respective 

.maxima. 

. " In Fig.25 expe~imental and theoretieal critical velo-
1 

cities have been plotted. The theoretieal boundari'es of instabiÙ.ty . \ 

are close to those obtained in Fig.23 where several effeets had ndt 
1 

) 

been aecounted fori as a matter of fact, the effects of the density 

and stiffness of the material of the b~am~ stability were found 

.... 

( 

\1 



, 
" 

':: . 
,1 , 

-125-

to remain very small provided that the eigenfrequencies remain 

small. As observed fro~ the figur~, experimental and theoretical 

results ~re approximately twenty-five percent aparti moreover, 

the narrow region of staJility predicted ~bove~buckling, provided . 
tnat ue >3 (upper le ft p~ of the figure) could hardly be noticed 

in the experimentsy instead, close to the upper limit of buckling, 
, <l 

an almost standing wave which resembled a natural second mode re-

placed the first-mode-like buckling; it appeared' to move downwards 

and gain speed as the internaI flow was further increased, and 

finally disappeared as flutter developed. To sorne extent' such a 

behaviour was not expected along this portion of the contour, but 

rather along the portion out of reach of our tests, which cor-

responds to small \external flows. (u >3) and very large interna~ e 

flowSi in this latter case, the two unst~ble regions1are adjacent 

but do not overlapi as-can be seen from the iower diagram of Fig. 

24 in a-similar càse, the transition from buckling to flutter is 

a continuous process which involves combined modes on the Im(w)-

axis. 

The discrepancy between experimental and theoretical 

results is probably due to several reasons. It is unlikely to 

be due to the few theoretical approximations made in accounting 

for the forces e~erted on the beams/, as the discrepancies resulting 

ther~by are likely to be small, good agreement having generally 

been obtained for other cylindrical beams, especially for canti-

levers conveying flow. It thus appears,that the most si~nificant 
, 

errors likely arise fro~ the physicSl boundary conditionsr indeed, 

at t~e downstream extremity of the l beams the contact with the 

support wa"s roose enough to .,let the beam ~-lide axiaHy but, not 
o " 

1 
l 
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enouCJ~ to consti tute a perfe'ct - (la teral) clamp: therefore, the 

condit,ions of a ~artially pinned and .partially clamped support 
l " 

prevailed. In addition, large deflections of the beam rendered 

the end condition closer to él. pinned one, because the bEj!am almost 
ft 

slipped o~f its support, the element in contact becoming too small. 

As a matter oJ interest it was found \th~t the experimental data 

lies in between the theoretical results obtained fOr clamped-

,clamped and clamped-pinned boundary conditions: as from §5.3.l.3.a, 

the lowest critical velocity in the latt~r case is approximately 

thirty percent lower (4.49 as opposed to 6.28). However, the 

'~ buckling region- 15 'larger than expec,ted, and flutter.: does not occu'r 
• '1 

below the theoretical predictions for clamped-clamped beq~s. Such 
) ~ ; 

a result is\all the more surprising when one considers tpat the 

actual length of the beam betwèen - supports increased by (roughly 

five percent because of the deflections involved; thus' one would 

expect the cri tical velocities to decr'ease by 'approxirpately the 

same arnount. On the,other hand, since the beam never regained 
/ 

stability once buckling-first developed, the important non-linear 

, effects introduced by large deflections may possibly have extended , ' 

the, buckling region . 
\' 

.. 
? 5.3.3.2 Cantilevered tubular beams -------------------------- 1 

AlI the tubular beams tested in this se'ction had the sa,me 

o overa~l length (E+X e=20): sorne had a blunt base (Xe~P) while the 
1 

others were .sm~othly tapered (Xe=l). A~ in the previous section, 

ctwo rnaterials were used for the beams (rubber type B or E). The 

experimental and theoreticill combinations of critical veloci1ties , -

have beén plotted in Figs. 26 and 27.' 

1 

~~11 _ISE 11 \ : 
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In Fig.26, beams'with blunt 'bases ~re ,considered. 

Stability prevails for small internaI flow velocities, irrespec-

tively of the external flow. Although the theory predicts th'at 

the densities and stiffnesses of the two materials should not 

have a large influence on the cri tidlJ velocities, a significant 

difference is observed in the experimental data. However, it is 
, 

believed that the discrepancy between the results for the two 

beams could be reduced significantly by aceounting for internaI 

damping, because the net effect of damping is relatively more 

important for the stiffer beam (silicon rubber, type B) due té its 

higher real frequencies of flptter. Nevertheless, the general 

agreement between both predicted and experime~tal velocities and 

, frequencies is fairly good. 

As opposed to the case of clamped-clamped beams, it 
, . 

should be ~oticed that the 'roles of the int'ernal and external flows 

are quite asymmetric: along the critical boundary a small increase 
1 

of internal fl!ow will always precipitate flutter \'Jhereas an increase 

of the external flow velocity will eitHer stabilize the beam when 
1 

u <3 , or have little effect when ~~>3. Comparison between Figs. 
e , l ' ~ r 

25 and 26 illustrates tne critical effect of the boundary conditions 
• 

on stability:, it may seem paradoxical that the same differential 

equation, combined -with two sets of boundary conditions which(are 

different yet independent of the flow velocities (for blunt" bases 

in both cases) result in such dissimilar boundaries of stability. 

ijowever, one must realize that forces specific to the external flow, 
,? ~ \ 

, 
such as, tangen~ial friction forces and base drag (which is almost 



, -, 

-c 
(' 

-128-

independent of the internaI flow), act differently when the bearn 

is clamped-clarnp~d or clamped-free: in the first case they yield 

st~ady axial tension, whereas in the seconq case they act as fol-
\ 

lower forces. 

In Fig.27 the boundaries of stability for tubular bearns 

with tapered ends have been plotted. A destabilizing effect of 

the externai flow is now obtained theoretically and experimentaIIy. 

For smaii internaI flow velocities, as the external flow is in-
5-

creased, the beam first buckIes, then regains stability for a srnail 

range of velocities before fluttering~ subsequently, buckling is 

super-imposed on flutter at regular interval~ and flutter may switch 
\ 

to higher modes. It is of interest to note'that the two buckling 

regions obtained in Fig.27 are similar to those predicted in Fig. 

23 for a value 'of f(l-ô 2) approximately equal, to O~7 (Ô=O.5,.f=i-~). 

As previously observed, the chaxacteristics·of the 

bearns cast -'Wi th differ~nt rnateri'als causE1 the experimental data 

to diverge at high frequencies of oscillation~; for buckling and 

flutter with slow oscillations, the experimental results obtained 

with the two beams may be considered to be reasonably close, con-

sidering that the ,tapered shapes of the ,ends of the two beams could 

not b~ ground exactly identical. 
" '-

Lastly, l'et us observe two interesting features of Fig., 

27. First, the external and internaI flows have ,almost synÙnetric 

effec~s on flutter in the sense that the unstable areas (except 

for buckling) are almost symmetric with resp~ct to the diagonal 

ue=v i . Finally, it is the first time that we encountG!r'stability 

1 when combining internal.and external flows which,-, on their own 

( 

{ 
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(i.è. at the same individua1 f10w v~1oc~t~es), would destabilize 

the beami e.g. flutter which occurs at v.=S for ue=O can be po~t-
, 1 

poned until v. =8 wi th a small externat f\low around ue=3 and 
1 1 

similarly we may reach~Ue=9 with vi =4, whereas bu~kling first 

develops around u =2 when v.=O. It i~ of interest to recall that , e 1 1 

the maximum values of the flow velocities (,internaI or external) 

at which a beam clamped' at both extremities cou1d be~table were 

srnal~er~than those found here for cantilevers and approximately 

equal to v i =6 and ue=8, as indicated 1n Fig.2S - contrary to in­

l tui'tive expectation. 
l ' 
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6. ,CONCLUSIONS 

6.1 GENERAL CONCLUSIONS 

A rnathernatica1 mode1 was deve1o~e9 in this thesis to 

account for the dynamics of slender tuhular beams of not necessarily 
~ , 
un~forrn cross-section, subjected sirnultaneously to internaI and 

external axial flow -. the two f10ws being independent of each other 
.'"" 

and the f1uids invo1ved incompressible. 

The derivation of the linearized equations of motion is 

perhaps the most carefu1 done to date, and 

are the most ~enera\ currently available. 

sumptions usually rna\e without proof have 

the equations obtained 

Thus, most of the as-

been carefully tested, 

and a number of effects not usually ta ken into account have been 

incorporated for the first time. Perhaps the most important of 

these is associated with the boundary layer of the external flow. 

It is recalléd that one of the original aims of the work 

described in this thesis was, what_was hoped to be, the straight­

forwar~ extension of the theory for un~fo~ cylindrical bearns in 

axial flow to slender conical beamsi it was found that the pre-

dictions obtained from such a theory were ,in'complete disagreement 
1 

with experimental observations. This eventually led to the reali-

zation that the source of the problem was the complete negl~ct bf 

boundary-layer effects,' which are more significant for conical beams~ 

than for c~lindrical ones, as the boundary-layers are thicker in 

relation te the beam diameter. In due course sorne corrections were 

introduced to the lift as predicted by slenfter-body theory, to take 

zr "m 
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boun~ary-layer effects into account approximately. In essence, . 
the following procedure was adopted, applicable to aIl cases where 

the boundary-layer displacement thickness is not negligibly small 

(as compared to the local diameter). In a f~rst step, ,the singl~ 

potential cross-flow which arises in the straightforward aprlication 

of slender-body theory to the problem at hand is replaced by two 
~ 

superimposed potential flows: one due to lateral motion of the beam 

alone, and the otner representing the flow about an inclined body 

of cross-sectional area augmented by the displacement thickness. 

In the second step, instead of the actual mean flow velocity, a 
1 

'reduced flow velocity (roelated to the relative boundary-layer 

thickness) is introduced to account for the insulating effect on 

the beam from the mean flow exerted by the boundary layer. The 

results of these corrections have been fairly successful, as dis-

cussed in the main text of the thesis, and reiterated a little 

later here. 

Among other effects taken into account are those of 
1 

gravit y (in the case of vertical systems) and of internaI dissipa-

tian in the material of the beam, and/the incorporation of a base 

drag which may be determined rather than guessed< However, the 

main point is that the theoreticai model derived here can deal with 

tubular beams of non-uniform internaI shape and/or external shape 

although they must b~ axisymmetric and changes in the cross-

sectionai area cannot be abrupt - and at the same time deal with 

simultaneous internaI and external flow. 

A new method of solution was ~ev~loped. It is a matrix 
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l 

method, which may be vi~wed as an extension of the Galerkin rnethod. 

The comparison'fûnctions invo1ve Fourier series. One advantage of 

'the methbd is that one need not determine new comparison functions 

when the boundary conditions are changed, because the same kirid of 

'Fourier series is used irrespective1y. The method was tested in 

solving dynamica1'problerns of a fairly general type~and was found 

to be very powerful - and econornical - not only in detérmining the 

low modes of the system, but also the higher modes of fair1y cdmplex 

systems w~thout 10ss of efficiency. Some useful worJ:;. has also been 

done with the aiq of the perturb~tion method for deterrning the 
.t$ r ; \ 

eigenvalues '~f the -problem wh en the flow velocitï~s are small; these 
"-

eigenvalues may then be used as initial values for the calculation 
. , 

of the free vibration charàcteristics (eigenv.a~u nd eigen-

functions) with increasing flow. 'Incidentally for t first time, 
1 ~ 

these calculations show conclusively what was heretofore taken as 

lntuitively evident, i.e. that the .stability of the system may be 

assessed by determining the characteristics of only the lower few 

modes of the system. 

The validity of the theoretical mode1 was test~d by ex-

periments in a water tunnel .. Specifically the model was tested for 
1 

three distinct classes of systems. The first class involved canti-

levered beams of conicai or cylindricai external shape and a conical 

internaI conduit, conveying fluide The second class involved ex­

ternally conical cantilevered bearns in axial (external) flow. The 

third class involved cantilevered and clamped-ciamped cylindricai 

tubular beams subjected to internaI t'and external 'fiow simultan~ously. 

" 

.. 
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InternaI flow cases 

In the case of the first class of systems, involving a 

convergent internaI conduit, it was found that they behave very 
, 

much'like similar beams with a uniform (cylindrical) internal con-
1 

duit. Thus, the only type of instability encountered (for canti- ~ 

levered systems) is fIut.ter. It was found that the criti~al flow , 

velocity depends on the flexural rigidity of the s~tem and the 

flow velocity at the free end, rather th an on the actual shape of 

the conical conduit: Consequently, if the fle'fural rigidïty does 
, 

not depend signific·antly on the internaI diameter (Le. for rela-

tively thick tubes witp a cylindrical external forro), it is pos- , 

sible to assess stability by assurning that the tuhular beam is 

essentially internally uniforrn, with a diarneter equal to the dia­

meter at the free end. Thus, for externally cylindrical beams 

with a conieal conduit, quiek estirnates of the lowest critieal flow 

veloeity may be ob.tainèèl in this way, sinee the case of cylipdri-

cal pipes has been extensively treated. Incidentally, the same 

conçlusions should hold for tubu1.3.r ·beams, supported at both ends; 

in fact, buckling being,the lowest typ~ of instability in such 

cases, the estimates of the critical velocities wou!d probaply 
1 

~e even more accurate than for cantilevered beams, sinFe the simi-
" 

larity of the '~quations of motion for conical and eylindrical 

interna! conduits becomes closer when time derivations are elimina-

ted (w=O). 

Experiments ~onducted on several tubular beams with 

conical internal ,conduits, conveying fluid and hanging in air or 
, \ 

1 .. 11 ! 



- 134 -

; 

œ in water corroborat1ed the theoretical predictions. Cl'earl'y, 

therefore, the theoreticai assumptions made in formulating the 

dynamicai effect of the internaI flow are reasonable (e.g., that 

the influence of the internaI non-uniform flow'velocity distri-

but ion on the dynamics of the system is of secondary importance). 

Indeed, agreement between theory and etperiment in ,the critical 

flow velocity is within 5%, which must be judged most satisfactory. 

External flow cases 
/ 

As was mentioned at the beginning of this section, it 

was found nece~sary.to in~roduce a number of modifications ta the 

theory - relating to the boundary layer - before the theoretically 

predicted behaviour began to resemble the observed behaviour. 

~ h b d 1 ff k' ) t h .,. W en oun ary- ayer e ects are ta en 1nto accoun - even w en 

.-

considering uniform cylinders -,the critical flow velocities become 

higher. As a rule of thumb, i t may b'e said tha t the rela ti ve in-

crease of the lowest critical flow velocity is close to the 
\ 

average ratio of the boundary-layer displacement thickness to the 
• 

radius along the bearn. However, if this ratio becomes, too large, 

as in the case of,almos~ fully conical (rather than truncated 

conical) beams, it'is possible that no critical flow velocity may 

be found - as the system becomes uncohditionally stable. 
'! 

The above statement anticipates sorne further comments 
1 

pertinent to the stability of conical canti1evered beams in axial ". 
1 

flow. Contrary to intuitive expec~ation, a conical beam of dia-

rneter D at its supported en~first los~s stability by buckling at 

a Il.igiletr. flow velocity than a cylind:i:'ical bearn of diarneter D, the .-~, 

• l' 

1 1 
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same lengih and simil~r free-end shape, despite the fact that 

the conieal beam is more flexible. ~oreov~ri for ~early com-
... - -~ .. 

1 

ple~ cones (as opposed to truneated cones with an ogival free 

end) the system dd'es not lose stability at all-. Without boundary­

layer considerations this la st -result would have appeared very 

curious indeed, sinee a full cpnical shape, in terms of slender 
1 

11' 
body theory, represents a more streamlined form than just a 

·,_tapered "end" '- whieh accorèUngly should be least stable. N~" 

in terms of-the higher-mbde instabilities -- aga in excepting 

nearly fully conipal beam~, whieh are·unconditionally stable 

a first region of flutter supersedes buçkling at flow velocities , 
" 

whieh are almost independent of the ta8er rati.oi higher mode 

flutter occurs at higher flow velocities, buE not as high as for 
;/,- t 1 

cyli~drieal beams. Thus the net effect is to compresr the in-

stabilities into a • 1 d LLow~~~c~ty range, as compare to 

- cylindrical beams. 

Am ng the parameters which most eritically affect 

stabi~itys the shape of the free downstream end. Linearly 

tapering ranging from eylinders (ae=O) to half cones 

buckle if the downstream end is no blunter than 

a hemisphe ei elonga'ted end shapes' of increasing fil.]en~ss are 

required f r more tapered beams to buckle, until the taper ratio , ' 

reaches a- c itieal value (a ~-O.75), beyond which, even with a e 
i 

very stream lined end shape, the beam cannot become unstable. 

T~ main dynamieal char.acteristics of conical beams 

in axial flo predieted by theory were corroborated by the ex­

periments, qu: li tatively' at least. The cri t.ical flow velo,ci ties 
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are still found to b~ generallt higher than predicted, although 
, 

this.gap has already been sign~ficantly reduced by introducing 
, 

the boundary l~yer corrections. It should be mentioned that the 

experimental data exhibits a certain lack of consistency; it is 

believed that this is due partly to undetected imperfections in 

the beams and par~ly,and perhaps most importantly, be~ause the 

free ends were not ground to identical standard shapes. 

, ' 

A noteworthy observation, from the practical point of 

view, is that, although nearly-conical cantilevered beams ex­

perience neither buckling nor oscillatory instabilities, t~ey 

are very suscep~ible to so-called sub-critical vibrations, • 'il> ~.e. 

vibrations.induced by turbulence and other departures-from ideal 
1 

flow conditions at flow velocities below the critical. In fact, 

the severity of such vibrations aIl bu~ èliminates the benefit of 

stability of, conical beams, from the prac~ical point of view. 

simultaneous external and internaI floW 

The stability char~cteristics of tubular beams supported 

at both ends are relatively straightforward. Increasing either 
1 

the internaI or external flO\~ velocity, or both, the system eventu-

ally loses stability by divergence '(buckling): ~ts subsequen.t be­

haviol!r witli increasii;l,9 flows involves a succession of flutter 

and buckling instabilities. In the case of cantilevered tubul'ar 
'fi 

beams, the behaviour of the system is much more complex, depending 

on the absolute values of internaI and external dimensionless flow 
, " 

velocities and on the ishape of othe, downs'tream end. Cantilevered 
• 

beams with a blunt free end can only lose stability by flutter in 

'1 

.' 

, 

1 
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f-
a procz:ess dominated by the internaI fIoWi if the iree end ,is 

':::::::~::::Sh:~V:::U:.CO:::::i:::~:::ew::nh:::::::n:n:h:1:::::ts 
for clamped-clamped and clamped~free beams, it was found that 

clamped-clamped beamS subjected to buckling can be stabilized,for 

specifie, cornbinations ,of the two flows if ,the )ilownstream end is 

f ' ' 2 r set free. • 

. 
til'~gt~ !te 1 7 aC 

" ~ 
The theoretically predicted behaviour was supported ,by 

experiments, and agreement between theory an~ exp~riment was found 

to be reasonably good. 

It was shown that the ~tate of a sys'tem with both ·in-
/ 

ternal and e~ternat/flowS present can~ot generally be 

from knowledge of 1ts state when subjected separ~tely 

inferred 

to the 

" internaI and external f1.ow. However, n a .few simple cases the 
J 1 

stabi~ity of the system can bè exactly from that of a 
l ' 

simil~r beam subjected to an single internaI or externai 

flow, w~le in many cases, a single, almost equivalent external 

flow will provide useful approximations of the lowest critièal 

flow velocities. 

~~ourse, in terrn~ of 
, 
\ 

work, a des~ner is probably not 

practical '~PPlication of thi{;l 
interested in the intricacies 

of the ,succession ~ instabilities to which the system may be 

1 '. subjected, b t rather to the critical conditions associated wath 

the first in tability enc~untered with increasing internaI or 
, 

ex,ternal fl'o rlOCi ties. 
" ' 

with this is mind, a simplified analysis 
~ \ 

relating exclusively to buckling 
1 

• 1 
'f ;, 

was conducted, and it was shown 

, I~ 1 
1 2 1 
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f 
to provide approximate "u~iversal" stability criteria for· the 

first buckling inst-ability. These criteria (the lowes[t 'curves 

of Fig: 23) are applibable to t~bular.beams with clamped,ends, 

and to cantilevered beams where the internaI flow velocity is 
o 

not excessively high (ui <3). These diagrams actually apply even 

to counterflow situations, i.e. where the internaI and external 

flows 'are in opposite directions • .. 
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6.2 SUGGESTIONS FOR FUTURE WORK 

There are many possible directions in which the work 

presented in this thesis could be extended. Thus, one could 

utilize the Timoshenko, rather ~han the EUIer-Bernc:'~'i, beam 

theory. However, as in mos~drdelastic and aeroelas~ic pheqo­

mena, the main theoretica1 difficulties arise in modelling ade- c • 

• 
quate1y the fluid mechanics rather than the solid mechanics, 

side of the theorYi h~nce, the g,reatest improvements and/or 

generalizations of the the ory are ass~ciated with the fluid 
, 

mechanics of thé prob~em. possible use fuI extensions to the 

theory would involve the consideration of compressible and two-

phase flows i perhaps less use fuI , bu,t theoretically important , 

is the case of pulsating flow. However, two areas rnay be singled" , / 

1. t " .. 

out as requ~r~ng more urgent attention and where even rnoderate 
1 

progress is likely to yield Most interesting results. 

The first area concerns the,dynarnical effect of the 

boundary layer. More experiments should be undertaken where 

boundary-Iay~r thickness at v,arious regimes would be varied 

systematicallYi such experiments could be perforrned on cylindrical , 

beams of various sizes (lengths and diameters) and with variable 

support (forebody) sizes, investigating also the effect of the 

larninar and ~urbulent regirnes. The fluctuations of the boundary 

layer ,for specifie motions of /beams should also be taken into 

account. 

The second area deals with nonlinear effects. Clearly, 

nonlinear effects appear to be more important in the case of ex-

ternal .flows as evidenced by the smal! !imit cycles observed 

" 
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~xperimenta11y. Experiments with simultaneous f10ws may provide 
'l 

a use fuI tool for d{stinguishing nonlinear effects specifically 

re~at~d to the beam itself from those associated with the' two
l 

, . 
flows. AIso, this is an area where much usefu1 theoretical work 

could be done. It is noted that the current linear theories -
, 

including the one pres1nted in this tnesis - strict1y speaking 

collapse once the point of instability has been reached. The 

question of post-critical b~haviour is important. Fqr instance, 

" if linear theory predicts that an instability ceases/at a 
1 

1 
\ 

spe~ifio'flow velocity, in reality the instability ~hy persist 
\ 

to higheriflows, because the system for that range of flow is, 

stable in-the-small but unstable in-the-large. \ 

1 
• 1 

" 
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APPENDIX A: DIMENSIONAL ANALYSIS 

In this Appendix we shall rendex dimensionless the 

equation of motion and the boundary condition '~1ven ,bY eq. (5,\13) , 

, which were derived in the main text. To this end wt! shall define' 
\ 
~ number of dimensionless pa~ameters: let the supersëript 0 denote 
~ " 

q~antities ~t x=O, and le.t us define 

\ ' Elo 't . ° 0 0 0 
(=\X/L, n = Y/,L, t = [--0] - with \ EpA ='pA +p A +p.A., 

\ EpA L 
2 e e ~ ~ 

0(0 \= A/AO, 0e(E;) = Àe/A~, ai (E,;) = Ai/A~, j (t;) '= 1/1
0

, 

U. = 
~ 

L 

\ 

U.L, 
~ 

. P AO t 
U = [~) U L 

e ' .e Elo 
* A u = u- ~ 
e e A*' e 

'C 
f 

p' AO ! 
= [~] U L. 

Elo v 

an ° o. 0 an'--.-J -ipA o+p. A.a. -p A a, ] grr 
aE,; ~ ~ ~ e e e a~ 

1': 
where we kept the label Tl for the expression giveJ') in"eq. (5.3) • 

\ 

J ' " 1 ' 

A-l 

• '1 



.' ,'. 
~ -
" ft:' 
~ 
~ 

~I , 

1 " 

" , 
~ 

1 \0-'" 

.. 

A-2 

• 
El O 1-We next div ide thë previous equation by~, oexpand Tl(~) and set 

v = 

and we nàw Obtain 
1 

° 2 p.(A.) cr. 
{l ~ . ~ 

2lTL 2 I:PA
O 

" 

o = 

* a2 
(u +u ) cr }--'!L 

e e e dÇ; aT ~ \ 

. p o'JA 0 l A 
0 il a da ,,3 

[~] e e e ~}a n 
EpAo lTL 2 d~ a~2aL 

A~U~cr. da. .Aou2cr da è3n 
{ ~ 1 l ___ 1 + e e ~ ~} ___ 

2 TIL 2 d'; " 2 1TL 2 d'; a ~ 3 
(A.l) 

we next, con s ider th~' bound~ cond i t ion 9 i ven by eq. (,5. 13) • 
Elo ~ 

Dividing it by L2 ~ obtain the follQwing,. valid at ~=l: '. 

{(p+fp fs e e 

o * A,cr.u· +s u 
+ {fp l l e e e' + 

e (p AO) \, 
e e 

* ~o~ -A~cr. 
{ ,e e 1 ~ .fp. ,u u e e e 0 

Pe'Ae 

.J 

° 2p.~.u.cr. 
l l l l} 

~p .,Af) f'L --O-;P-A-O-)""'} 
,~ 1 

( 
! , 

" 

(A.2) 

\, 
1 
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. , 

,we next proceed to simplify the form of eqs.(A.l) and 
1 

(A .. 2) further. 

V = u ~ ô2 
i iUi' = 

Defining 

AO 
i Ye -, :;:: 

AO 
e ,. 

.... 

Pe 
1 + -, 

P 

L -= 

th~ coeffiolents of eq. (A.l) may now be expressed as fo11ows: - 1 

o 
Ai ô2 
--=-
21TL 2 , th: 2 

000 pA (]+p.A.~.-p A (] 
1.' 1.\,1._ e e.e = 

o ' 1 PAe -., r 

..... D4_D~-

o 

o • 0 (p-p )A 0 +(p.-p)A.o. 

l 

y +y. 
~e 1. 

1 '" ·e· e e 1. 1. 1. = (2-Y)0 .... y.a. , e e 1. ... 1. . 
02-ô4C1~' 

j _l e 1. 
= lo T -(-O~-)"";II~' --(-O-~-).-.. = 

.. 

e 1.. ' 

1-ô" " 

" , 

, \ ./ 

0. . ' 
! 

1 • 

--~.' ... . 
hM-'ft 

- \ 
,I 

\ 
\ 
\ 
.\ 

, 0 . ( 

let ~~fine 
. , 

1 

-*( 

.. 

" 

, ~. 

-' 
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.' 

Equat on (A.l) now becomes 

\ 

ye-l cre dcre ~3n 
Ye+Yi 8€2 ar-} a~aT2 

• 

A-4 

'j 

* + u e 

(A.3) 

T L
2 

From eq. (5.10) and upon introducing II = 0 we write -, 
, ... Elo 

2 '\ 
1 cre (1) 

t . 
1 2 1 

v. 
e = II ~ 

+ ï Cfeoe(l)ue + ïCfi ai (1) + ïCfx[cr. (1)] u v. , (A. 4) e ~ 
~ 

an~, accordingly,for free or supported downstream ends, we have 

a) for free end: 

(vide Appendix H) 

"­
JI = Xr[ (2-Ye}s + v·cr· (1)]1 e ,~~ 

Cfe= 1'.35 [9 + (2 Xe) 3] -l, 

c1i=0.016 [1 + (2Xe )t 1- 1 !' 

Cfx= 0.05 (0.1 + Xe) (O~05+Xe)-1 ; 

;: .tlF'$?1RLr pratT nsr "tU a .. '-

f',. 



~f~ f , 

b) for supported end: ri = T L2/Elo 
o ' 

(as 
, 

from eq. (5.9) f 2e: 
C = -a - C' , fe e 'If ft 

, .... 
Cf != 2a i , \ 

\ Cfx= 0 

, r 
The boundary condition at ~=l for a free end given by eq.(A.2) may . ' 

be written ~n its final form 

o . (A. 5) 

Finally, denoting 

2 2· 2 
c - - C Ct = -1T Cft and Cv = -1T C. f n - 1T fn' 

. 
i;:he differential equaÜon may be written in its' final dimensionless 

forro 

y a ty.a. e e l. l. 
i 

Yè+Yi 

, ~2ty i t 
+ {2[ t ] v. + 

Ye)'i l. 

~" MJfIF Ir PS8 1 

A-S 

., 

'\ 



, , , 

y -1 i 
+ e: a i {[ e ] ( 0 U +0 ) ~ + 0 U 

2 ~ ~ } = 0 • 
e Ye+Yi n e v pL n e o~ 

/ 

-, 
, , 

l '>r. 

A-6 

(A.t; 
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APPENDIX B: SOLUTION OF THE DIFFERENTIAL EQUATION IN TERMS OF AN 

EIGENVALUE MAT RI X EQUATION. 1 
Within the next pages we shall develop a new technique 

\1 

to solve differential èquations of the form 

CJ b~ frU;,W)'I'(r) (~) = 0 
r=O 

(B.l) 

.1 

involving M linear boundary condi-tions at ;=0 and l, 
• 

" 
M-1 . f 

1: gj (w) 'li (r) (;.) wlth 
, 

= 0 j=l to M (B. 2) 
r=O r J., 

~ and ~.=O or 1-
,J 

B.l SOLUTION BY SERIES 

A c1assical approach to the resolution of such 

eigenvalue'problerns lis te investigate solutions in terms of 
... n \ 

series of real adrnissible'functions; we would thus set~ 

co 

'lI(E;) = L antPn(~)' 
n=O 

;::Wher~ the a's are comp1ex COeffi:ients. Assumi~ the series 
fI \, 

and its derivatives to be absolutely convergend~ we then write 

co 

= 1: a 4> (r) (~) 
n=O n n 

and then expand ,in series the terms of the differential equation 

as follows: 

, 1 

J. 

B-1 

--



" , 
" 

, 
.' 
1. 

; 
).,' 

" 

~'," 

/ 

, ' 

, 
so that the initial differential equation now becomes ~ .. , . 

CD CD 

t an E b~p(W)~r(~) • 0 ~ 
r=O n=O p=O 

fi 

~ 

For orthogOllQl co.ripari~~n functions. the previous equatÜn is 
1 

finally equivalent te the following homogeneous l'inear system: 
~ 

00 

L 
n=O 

M 
{ L br (w) } 
r=O np 

fp = 0 ,~ool. 

~ \ 

() 

In previous work, mainly power serie~and uniform-

bearn eigenfunction series had been used [501,[66]; ho~er, slow 
, 

'convergence of the ais must be expected from the power series, 

as shown later in section B. 5; and by ext:ension, any series of 
, . 

polynomials, such as sh~fted Chebyshev'polynomials (cf. (681), is~ 

also likely to lead to problems of ~onvergencei on the other 
\: 

hand, the satisfactory convergence obtained through uniform-beam 

eigenfunctions det~riorates quickly 'as we depart either from a 
\ 

uniform shape 0:r zero-flow bc;>undary conditions (poor convergence 
,,1 

of the b~p coefficients). 

B.2 SOLUTION BY FOURI~R SERIES 

In searching for a proper set of comparison functions, 
\ \ 

the next simples~ alternative appea~ed to be Fourièr series; 

which are obviously easy to differentiate and cfin be expected to 

require relatively few terms in order to match actual modal shapes; 
l ' 

yeti in, order to satisfy distinct ,boundary conditions ~t ~=O and 
\ 

~=l, these Fourièr series will be required to have a periodicity 
l, 

B-2 
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/ 

'f' 

• l 1 , , 

•• FU 

~\ 

• 4-

greater than 1 •• We final1y opt.ed to ,express the solution in 

terms of Fourier series of periodicity 2 as follows: 

and we have 

'" 1 

Ji in'IT~ 
" e a " 

n IJi ' 

~ f ~ ' •• 

Yet, ~(~) only needs to satisiy the differential eguation in the 
r 

domain o~~~l. By choosing ai periodici ty of 2, . 
.l may require 'i', 'i" • • • 'i' (k) to be continuous 
1 
1 

~(k)(O) = 'i'(k) (2) for, any tNalue of k, so tha~, 

derivative of order k as ' 

1 
'i' (k) (~) = 

/ 

then we simply have ~I 
/ 

f' 

00 tl
k 

in'IT~ 
I: a e 

-00 n vi 

instead of l, we 

over OS~-s;2, and 

if we expan'd the 

\ -
\ . 
\ 

\ 

Let-,'it be noted that such simple relations- could not have been 

,.. 

obtained had the periodicity of 'i' been chosen equal to l, because 

of the disco~inuity of 'i' or its derivatives at both ends of the 
Il 

intefval O<~<l. Moreover, the continuity of 'i' and it~ derivatives 
. / 

will also obvio6sly improve the convergence of the solution as' 

B-3 " 

____ t:t: 
il1ustra~ed in the two diagrams on the next page, (these two diag*tams 

il1ustrate the,periodic solutions tor the first mode of a canti-,. / " \ 

ley~~~d ~eam clamped at x=O and free at x=I) • ) 

• 1 

.. 

Il a; , 

.' 
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" ~r , 

, 
, 

:~ 

., . 

M· . t r e
iMt 

D[~,w] = E f (~, w) E (imr) a fi = 0, 
r=O r :!:-co n 

M-1 
g~ (w) 

00 ein'lr;. " (in'lr)ran [and b
j 

(w) = E E - J =~ j=:l, ••• M. 
r=O n=-co ..fi ' 

We then proceed as in the Galerkin method to e1i-minate, ; from the, 

former equation by equating to.' zer,~ the fo11owing coefficients, 

ca1cu1ated over the interval 0<;<1 of application of the expression 

D(~,w), ). 

As pointed out in a'previous paper [69], it is on1y necessa~y 
~ 

to set d2p=O, b~t 1ess' coefficients were ultirnately required when 

we added the conditions d2p+.1=O. The "differentia1 equation end 

i~s boundary ponditions have now b~en rep1aced by an infinite 

hornogenous system of equations, linear with respeçt to the ais 
\ " 

' .. and 'dcpendcnt upon w. 

.,1 , .2J (JJ, d 

" 

, 



\ 
,,: \ 

\ 
\ 

It will now be convenient (for computing purposes) to " 
.' 

l " switch back to rea1 eigenfunctipns with c,omplex coefficients by . " 

'. setting 

00 

'l' (E;) = 1: (y 2 -1 sinl\:rrE; + y 2nCosnTf~) / J2 . 
n=O n 

" (B.3) 

1he correspondence bet.een the y''8 and the a' s is 
\ 

1 (B. 4) 

\ 

In ord have these relations ~and t~ following equations 

aiso lid for n=O we shall break ao into two equal components, 

i.e. a o=a_o=jao: hence we shall have yo=ao & Y_I=O. 

We then calcula te 

= d +d' 
P ïP 

M co rI = E ~E (in'IT)r{a 2 fr(~'w)cos p'IT~ einTfE;d~ + 
r=O n=O n 0 

B-S 

, l 
(l) r [2 f (t') t e-inTf:E;.:It } - a_n 0 r ""W cos p'IT", " 1.,4'" 

and 

o = i (d' -d), 2p-l -p P 

~ ·which i~ derived \ from D2p by substi'tuting sin pTfE; instead of cos, p'ITE;. 

We now set 

M ' co 

D2p = 1: 1: Cr 
r=O n=O pn 

(B. 5) 
.- M, 'co 
~ r ' 

D2p- l = E ,1: Spn ~ 
r=O n=O 

1 , 

l 
1 

1 
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with 

1 . 
r f \ -inpt' + (-1) a_n 2fr (;,w)sin P1T; e ~d;} •. 

o 

1 

These constants may be expressed in the forro 

&i' 

S~n ~ (tn1T)r{(a~+(-l)ra~n]FSC~n +'i[an-(-l)ra_n]FSS~n} 

with, 

. 1 

FCer = Il 2fr(~'w)cos p1T~COS n1T~ d; , pn 
0 

r = /1 2f (;,w)cos p1T;sin n1T~ .d; FCSpn , 
r· 

0 

\ 
~ 

, 1 

FSC~n = l': 2fr{~,w)Sin'p~~cos n~~ d~ = ~CS~p , (B. 6) 

1 

~ 
1 

\ ' . \ 



-\,. i the evalua,tion of which reduces te>' the com~utation ~f the following 

two types of integrals: 

/ 

where -k takes on the valu~s p + n or p - n. 
,(\ 

Accordinq to the parity of r we have two cases, 

a) if r = 2s 

and accordingly , 

. \ C~n = (-1)s(n1T}r[Y2nFCC~n + Y~rt-.lFC~~J}] 

\S~n = (-1)S(n'!l't.r[Y2nFSC~n + Y2n_lFSS~n'] J 

b) if r = 2s+1 

o 

(i) r [a
n
+ ( -1 ) ra ] = 

-n 
s 

(-1) Y2n- 1 

(i)r+l[a -<-l)Ja ] = (l)s 
n -n - - Y2n , 

and,according1y" 

. \ \ 

sr = (-1)s(nn)r Ly2, 1FSCr 
pn n- , pn 

" , 

\ 
\ \ 

\ 

\ 
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." 8.3 THE EIGENVALUE MATRIX EQUATION 

.... 
l~ 

, " 

,. 

• 

<J 

~ 
. • 111 1 dt 

" equation, 
1 

For ~e purpos~ of SOlVing,our s~eCifiC differential 

where M=4, we finally end up with the following system, 

consisting of (a) two boundàry conditions at each end, which yield 

- at t = 0, for i = 1,2, and 

at ~ ~ l, for i = 3,4, 

and (b) the fQllowing equations to represent the differential 

equation: 

(/ 

co l , 1 

D2p- l = 'n=o {[,FSS;n +n1TFSC~n - (nn) 2FSS;n- (mr) 3FSC~n + (n1T) 4FSS!n]Y 2n-l . 

+[FSC~n-n1TFSS~n-(mT)2Fsc~+(n1T)3FSS~n+.(n1T)4FSC~n)y2n} = 0,' 

00 

D2p = 1: {{FCSo +mrFCC1. - tmr) 2FCs2 ... (n 1T) 3FCc3 + (n 1T ) 4 FCS 4 l'y 2n l 
n=O' pn pn pn pn, pn-, _. 

+[FCC~n-n1TFCS~n-(n~)2FCC~n+(n1T)3FCS;n+(n1T)4FCC~n]Y2n} = o. 
\ 

The calculation of the FGC, FCS, FSC~ FSS and 9 co­

efficients is perfoxmed in Appèndix C. This system W~ll now be . 

represented by the matrix equat~on 
"',. , 

[A}(r] = [01 

- 1 , . 

!I 

o' 
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", 

) [Y , 
with [rl· ::l 

· . . . .. . · · . 0 · · . · · 01 
4 rows of boundary 
conditions · . . . ~ .. . · . . . .. . 

and [A] = · .. • ••• p = 0 
-;.,) · .. " • • • • J . 

1 .. . . • ••• p.= 

· .. · .. • • • • l "'" •••• r p = m 

We next solve the equation det [A] = 0 to obtain the eigen­

frequencies, and "then determine [r] and the modal shapes if 

required. 

STANDARDIZATION OF THE SOLUTIONS 
i , 

Since the system is linear and homogeneous, any 

solution vector [r*J i8 defined within a complex constant 
1 

* factor. We set Yo = l and compute the corresponding solution 

set (provided Yo = 0 is not a solution) and then calculate a 

cOU'lplex factor which bo~h nOrmalizes 1I(~) and sets '1'(0) refl. 

These two steps are elaqorated upon in (i) and (ii) below. 

(i) Although '1' should be normalized on",O<~<l, Îor purposes 

of cOJllparing the variou's solutions, i. e. by setting 

'l''l'd~ = l , 
1 

r 
it will be much easier to s~t 

J2'o \ !';~ = 2 , 

y 

" 

(B. 7) 
~ 

(B. 8) 

1 
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' .... 

\ 

fi 

even though eq. (B.7) will no longer be satisfied for most cases. 

From t?e computed vector [·f*] we then dalculate 

which, by use of eq.(B.4), becomes 

= !.+ 
2 

*-* 
00 y y 
r~ 

p=l 

* and the previously computed solution ~ (~) must be divided by 

N; hence by use of eq. (B.3), the amplitude-normalized solution 

hecomes 
00 

* 
* = ~ (~) = 

1 + r [Y2n_lsin(nTI~) + 
n=l 

N 

(ii) We m~ express ~l(~) in terms of a real amplitude 

function ~(~) and a real phase angle function ~l(~) as follows: 

'l'l(~) = ç(~) 

Whereas in the previous step we normalized ç(~), we 

now wish to standardize the phase functions in order to obtain 

a zero phase angle at ~ = O. Hence, we need to apply to ~l (~) 
\: 

a correcting factor e-i~o, where ~o will be given by 

Im{'i'l (;)I} 
= lim 

~ .~ 0 Re { '1' 1 (~) } 

", 

B-lO 
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•• 

j 

If we nt have 'fI (0) ,~ 1'~ (0) = ••• = 'fi ~p-l) (0) i= "0 

and ~l (p) (0) ~ 0 then, when ~~O, a MacLaurin's expansion yields 

'{Il (~) ~ ~ (p) (~) 
p! 1 

""" 
i (for example, the boundary conditions for a clamped beam yield , 
p = 2, since '1'1 (0') = 'fI (0) = 0), and thè:yefore 

= Im{'l' 1 (p) (O)} ~ ~ nPlin{.y 211.+m} 

Re{~l (p) (O)} .~ nPRe{Y2n+m+l} 

with m ~ 0 if P is even, 

m = -1 if P is odd, 

as obtained upon differentiating (B.3) for ~=O • 

B.5 COMPARISON BETWEEN FOURIER AND POWER SERIES IN SOLVING 

ft THE BÉAM EQUATION 

In this section we apply the new méthod of solution to 

t~e beam eigenvalue problem for which clo~ed-form solutions are 

available. We shall first consider the solution of this problem 

B-ll 

, by power series, and shall discuss the convergence of such series. 
1 • 

Then, the solution will be obtained by the new method and its , 
effMeiency will be co~pared to the power series solution. 

B.5.l Solution by power series1 analysis of convergence , 

We consider the beam eigenvalue ~roblem 

.. 
(B. 9) 
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·,,0 

,> 

to which we seek absolutely convergent solutions of the form 

y(x) 
CID 

= E a xn 
n o 

.. 
, over .,O~x~l, 

[ 

wKere the a 's are thus given by Taylor's expansion 
n \ 

Now, differentiatibg eq. (B.9) n~4 times gives 

hence 

4" (n-4) ! (n) 

an = [~)'] . (n)! x=O 
À ~n-4 x 

= --~~~(n~)~!~--

and then 

an = n(n-l) (n-2) (n-3) a n-4 

All coefficients can thus beoexPressed in terms of the first 

four as follows:' II" 

One may notice that if À is large', the magnitude of the co­

efficients goes through a maximum and then goes to zero as 
1 , ' 

p increases. (in eq. (B.10) the ratip.an(an_4 is smaller than 
"li> , 

1 if n> À+2 ,and 'greater than 1 ~f n<À+l). 

\, ' 

B-12 

(B.l.'O) 
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B.S.l.a Truncation error 

Let us now study the convergence of the theoretical 

series (i.e.'with infinite number of terms) ~t x=l, 

00 4p - ao al 1 2a2 6a3 
y (1) = p:O À [(4p)! + (4p+l)! + (4'p+2)! + (4p+3) !]. 

If we truncate the expansion at N = 4n, the error made in ~ 

evaluating°the first sum associated with coefficient ao is 

+. ] .. 

If we set 

q - (4n+4) (4n+3) (4n+2) (4n+1) 1 4n -

we have' 

À 4n À4 , À 8 
EO = ao (an) '! [1 + q- + q q' +.."] 

4n 4n" 4n+4 

, 
hence EO is bounded as follows: 

B-13 

1 

a À4n 
o + ••• '] = -';::;""---';:X"'ll4r--

(4n)! (l--q ) 
4n 

~he-oondition À < 4n usual1y yields À
4 « q4n; hence 

À
4n ao 

to '" '(4n)! • 

Final1y, ,the total error for eS,tirnatin,g y (1)' is ' 

3 
1: 

k=O 

(k) ! a
k 

(4n+k)! • 

1 

.-

"­, ' 

(B.11) 
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"B.S.l.b. Magnitude of coefficients 

As previously mentioned~the size of the anis reaches 

a maximum for Borne value of n depending upon ~r' If we assume 

n to be large, from equation (B.lO) we obtain 
1 

a À
4 

n . a- '" -'.-~' --:ra = 
n-4 (n-l.s) 

,~ 4 

n":...i.S ] ; 

hence, each of the four series .of an's, related to ao ' al' a2 , 

a 3 respectively will start dec~easing when n becomes larger 

than a value nI which is approximately 

B-14 

nI '" l. 5 + À • (B.12) 

In each series tQe'maximum value of a4p+k will be 

À~ 4Pl 

a 4PI +k = (4Pl +k) '! k! ak \. \ " \ 

(B.13) 

with k = 0, 1, 2, ,3 for each series, and 4 (Pl+l)+k > À +1.5 > 4Pl +k! 

If À is large, equation (B.13) may be transformed 
/ 

and expressed in terms of À and k alone. 
\ 

By use of Stirling's 

formula we obtain 

and we set 

where, because of eq. (B.12), Jl satisf.ies 
" 

1.5 ~ ~ > -2.5 ; 



;" . 

CI 

,0 

1 .< 

hence, assuming )1< < À yields 

ancJ, finally , , 
',/ 

This may be written as follows: 

and for usual boundary conditions 

/ 
1 

.' 

1 
1 

k ak/À will almost be a 

constant, independent of À1 this arises because the solution 
. \, 

y is a combination of sinusoidal and hyperbolic functions of 

ÀX, there,fore each successive derivative is of order À with 

.re~pect to the previous one, and ao ,al ,2a2 ,6a3 are the\values 

of y(O) ,y' (0) ,y,,'(O) and 'y"' (O} respectively. One now sees 

that this maximum increases almost exponentially'with À and 

therefore the calculation of the larger an coefficients May 

require high precision to obtain y(x) = LanXn within good 

limits of precision. 

.B.S.Lc. ApPlication to a cantilevered beam 

Let us now consider a specifie set of boundary con-

/ ditions, those corr~sponding to a cantilever beam.~ Application 

4IJ ·10fothe boundary conditions in this case gives for the normalized 

solution 

B-15 

1 

1 
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a =a =0, o l ) 

1\ 
for the rth mode, and 

Let us now consider the truncation error in this ' 
1 

case. From equation (B. Il) the total error in y at x=l is " ' 

2 ' 4n+2 À 2a2 6a3 
l (4n+2)! ,+ (4n+3)!] 

Ar Or r 
= (4n+7)! [1 - 4n+3]· 

/ 
The value of Or is close to 1, and we have assumed previously' 

À<4n; hence, the order of magnitude of 04n may be estimateœ 
1 

by ca1culating 

We shall net attempt to solve an in~qual1ty such as 
-s €4n<lO ,where s would be the order of accuracy, but rather 

report a few quick rules which have been obta~ned. 
, -3 

to have E 4n<IO we must choose n~nl such ~~'at 
/ 

;' 

In order 
( 

B-16 

where ~ = 2.718; 
1 

1 

(B.lS) 

\ 
/ 

if, however, such accuracy is not sa~isfactory eneugh, by in-

creasing nI by 1 the accuracy appr,~ximately increases to another 

two decimal places since 

€4n+4 

,4n 

/ 

/ 

/ 

11 
1 

.\ , 
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W,e next consider the magnitud~ of the largest co­

efficient. FrOm' equation, (B.14) we obtain 

and 

(a4p+2) 
max 

(a4p+3 ) 
max 

),r 

_e ____ x 1(2) for k=2, 
I2'1TTr 

Àr 
'" .;;.e __ )( (-2) for k=3'" 

l2iTI"" Ir 

.' 

Let us now consider a numerieal application; 'let us 
'. 

B-17 

investigate the fifth mode (r=5) of the cantilever,; accordingly, 

Àr '" (2r-l) i '" 14.15. 

We calculate ex). "'38.4; hence we must choose r , , ' 

nl = 11 in eq. (B.lS). The accuracy i9 expected to be between , 
10-3 and 10-5, but closer to 10-5 , sinee in eq. (B.IS) eÀ", is'*' 

close to tJ lower limit of the inequalitYi a~tually, exact 
-5 calculatio yields ô44 '" 2.Sxl0 • Hence, although half of 

them are null, we must still calculate the first 43 an co­

efficients~ 

As far a~ the maxima are coneernea, we obtain from 

eq. (B.13) Pl=3 for bath cases k=2 and k=3; hence, 

2 
14.15 ~ 

a14 '" '" e '" 3x10+6, 
-aIS -{2~ 14.lS 

\ 

~ +6 
whereas e~t calculation yields a14 '" -aIS'" 3.3x10 • (Let us 

recall that the eXé;tct so1utiol1, y (:h) SO\l9nt ht::rt::by, varies bet-

ween -2 and +2, hence the previous calcu1ations require.accuracy 

to seven digits~ at least.) 
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B.SI.l.d Determination of the eigenvalues 

Up t~ this point we prodeeded as .if À were known. In 

practice we mùst find both À and the an coefficients. Let us now 

rec'all how À may be calculated ... 

B-18 1 
( 

Since all coefficients ma~:~e expressed in terms qS the 

lower four, i.e. a ',a1 ,a2 ,a3, we may express. the boundary conditions o - , \ 

in terms of those, and obtain a matrix, th~ determinant of which 
'\ 

has to be equated to zero for a non-trivial solution of ao ,al ,a2 ,a3 • 

For instance, for a cantilever beam we write 
~ , 

/ 
y(O) = 0 ao = 0, 

y' (0) = 0 al = 0, 

co 

y"(l) ~ 0 r n(n';;l)an = 0, 
n=2 

1 
00 

y' '-' (1) = 0 r n(n-l) (n-2)a = 0 • 
n=3 n 

" , 
r~):.itten The second and third lines may bè as follows: 

3 À4Pk!ak (4p+k) (4p+k-l)À4Pk~ 3 co 

1: 1: r 1: . ak = (4p+k-2) ! k=O (4p+k) ! , 
P k=2 15=0 

À4PW:~ 3 (4E+k) (4E+k-l) (4E+k-2)À 4Pk! 3 ! ' co • 
1: 1: r E (4p+k) ! a k = (4p+k-3) ! P. k=O k=2 p=3-~ 

\ 

hence , the characteristic,equation'in À is derived from the 
/ 

determinant of the coefficients of a2 and a3 in the two equations, 

i.e. 

---
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The first six positive roots have been cornputed for 

increasing values of P, and reported in the first table of this 

Appendix. One rnay observe that the converge~ce of y(x); discussed 

previously, and that of À require approxirnately the sarne number of 

terms. E.g. for the fifth mode, 'in order to get both y(x) and À 
\ " 

, -

within 0.01 percent we require 43 térms. 

B.5.2 'Solution by the new method 
, ------We now consider the analysis of the berun,~igenvalue 

problem by the new rnethod. f 

An analysis of convergence, such as was done in the case 

of solut'ion by power ~eri,es 1 is not available; we shall merely 
\ 

present an application of the new rnethod. Obviously, the case of , 
a beam with simply ~upported ends would-not be representativé of 

the general efficiency\ of the method sinee the modal shapes ar,e 

pure sine eurves and thus ineluded among the series of eig~n­

functions used; we thu~ seleeted the case of the' uniform cantilever 
./ 
beam. 1 . 

We havé , ' 

and 

y(O) = y'(O) = ~"(l) = y'II(l) = 0 • 

Using the notation of §B.5 we write 

00 M 
1: 1: 

n=O r=O 
= o 4 

E (Cpn + Cpn) 
n=O • 

i' 



.. 

( 

D 
2p-l 

\.UJ M 
= lit r 'Sr 

n=O r=O pn 
= 

\ 
.\ 

o 4 t (5pn + 5pn). 
n=O 

00 

Becaus,e the two values of rare even we have 

0 
Y2 FC9° + Cpn = Y2n- , 

n pn' 

0 
Y2' lFSS ,n- pn 

~, , 

and 

c4 (D'If) 4 (Y
2 

FCC4 4 = + y 2 lFSC ), pn n pn n- np 
-. 

54 (D'lT) 4 4 . 'FS 4 ) = .(Y} FSC + Y2n- l Spn· pn n pn 
" 

1 

We have defined 
, 

FCCr 
pn = I~ fr{x) [cos (p+n)wx + cos (p-n)TIx]dx, 

-. 

FSCr =f~ fr(x) [sin {p+n)wx + sin(p-n)wx]dx, pn . 

FSSr = f (x) [cos (p-n)wx - cos (Ptn)nx]dx, , fI 
pn '0 r 

1 \ 

The coefficients of the differential equation are simply 

and 
4 ' = -À • 

We now introduce and calcul.~te 

=f~ 
, o if \ 

p~n 
CCpn [cos (p+n)1Tx + coslp-nJTIx]dx = { l if p=n#O 

2 if p=n=O , 

mf~ tcos(p-n)TIx 
0 if p~n 

SSpn - cos (p+n)wx]dx = Cl if p=n;lO 
2 if p=n=O 

'V 

,. 
/ 

/ 

1 

1 
/ 

B-20 

SCp~ =/: [sin(p+n).x + sin(p~n).xldx = t 0 ~f p+: is
2
even; othcrwis~ 

(p+n) 1T (p-n) TI 



B-21 

Final1y, we obtain 

. and 

-
r-""-J'_ 

."~~?,, ' 
~~"-, 

and ~~ boundary conditions 

CID ',' 

E Y 2n = 0 

1 

0 

CID for y (x=o) = yi (x=O) = 0 
E n'lfY2n_l = 0 
1 • ) , 

CID 

e E _n2 'lf2 (-1) ny = 0 

1 

1 2n e 

for IY 1 1 (x=l) = yi Il (x=I) = 0 
~ CID 

_n3 'lf3 (-1) ny , 
.p 

E = a 
1 . 2n-l 

We now build the matrix o~ the coefficients of the y's,which must 

be ' 1 f \ "1 l' \ 't h ' th s1ngu ar or non tr1v1a so ut10ns to eX1S ~as ~ own 1n e 

oomputer programme listing; the first four rows contain the boundary 
\ 

conditions; the next. row represents the case of p=O. We then .. 
c~lculate 

CCpn ' SCpn ' SSpn for p & n = It 2, ... 

and the matrix is filled by ~roups of 4 elements, corresponding to 

the coefficients of y 2n and, y 2n-l in D2p .and D2p- l ; exception is 1 \. 

ma~ for the first element of each row, which is filled in separately 

~for convenience as it corresponds to a null index, n = o. 

~ __ !!!~~III~"~I~~~~~~~~~~~!M"""""""""""""""""""" .. __ .. _______ __ 
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On the last page of this Appendix is a listing of the short 

program required for the ~urpose of filling the matrix. The 

1 f . . b' "d resu ts 0 computat1on for a cant11ever beam have een pr1nte 

as follows: 
r-
a) On page B.26 we tabulated the lowest eigenvalues, up to the 

b) 

/ 

six~.h, \ for matrix sizes of 7x7 up to 19x19. The converqence , , ' 

achieved by this methoB, compared te that of power series 

can be appreciated; for a~ error <lÔïS ~he number of terms 

required by the two methods has been summarized in the fol-

lowing table: 
/.1 .... 

~ > 
Series 1 2 3 4 5 

" 

6 

Fourier 14 17 15 17 16 lB 

Power 
. Il '14 22 31 39 47 35 

On page B.27 an? B.28 the fifth and sixth modes have been 

tabulated from a 17 term eXQansion., The yls were normalized 
, -4 

and the accuracy on y is within 1.5xlO as compared with the • 

exact solution [70]. , 
1 

For the sake of curiosity, the values lof'y(x) for l(x(2 have 

been listed in the right-most column of the same tables. 
! 

The 

shape is simple, (on,e no de at most) yet, the amplitude, subject - ' . 
to ~plicit conditions which have not been elaborated upon, 

is much larger th an on the [0,11 interval. 

{ 

, 
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B.5.3 ;The conical cantilever beam 

Tbe equation of motion for a full con~ is 

which May be trànsformea and re-written conveniently "as 

\ 

, 
the values of À compatible with the boundary conditions are 

obtained from the following equation (cf. [71],[72]): 
"""' 

where 12' 13 and J 2, J 3 ate Bessel functions of first and 

second types. 
\ 

The values of À computed by use of the previous 

equations and by use of the new method are tabulated on page 
o 

B.29. Clearly, for the s~me mode number we observe that the, 

convergence of À requires more terms in the Fourier series in 
\ 

this case compared to the case of a uniform cantilever. 

, 
B.5.4 Conclusion. 

Because the new method involves usually large deter-
o ~ 

minants it is not the Most economié tool for Most common apll"' 

plications. For instance, if one is only .. concerned with the 
" 

very first êigenvalues of a differential equation with almost 

.. 

" 
.. 
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constant coefficients, the eigenfunctions are likely to-be 

smoothly shaped (i.e. with few inflexion points), and power 

series, although they may require more terms than Foùrier 

series, may be more economical since the deterrninants involved 

can be calculated by other techniques than full size matrïx 

inversion. Furtherrnore, the differential equation may be of 

low order or of simple forrn, and it may allow easier solution 

by means of classical methods such as Laplace transforms. 

On the other hand, this method becornes competitive as the 

order of the différentiaI equations and the complexity of the 

coefficients increases, or when higher order eigenvalues are 

involved (as observed on the previous page, one additional 

term per additional mode being enough to maintain accuracy), or 

when acc~rate modal shapes are required. Moreover, since the 

method only transforms the differential equation coefficients ., 
by use of integration, these coefficients need not be continu-

ous functions of the independent coordinate, although this was 

never the case in the present work. 
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EIGENVALUES OF DIFFERENTIAL EQUATION 

y < 4 ) _ À 4 y' = 0 , 

'tUTH BOUNDARY CONDITIONS: Y(O) = y' (0) = Y"(l) = Y"'(l) = 0 • 

.:;-

At -

CONVERGENCE OF À WITH RESPECT TO TEE TERMS A2 ,A3 ,A6 ,A7 .•. A4p+2,A4p+3 .•• IN T~E SOLUTIoN 

y (X) 2 ,3 6 7 = A2X + A3X + A6X + A7x + + A x4p+2 + A X4p+3 
4p+2 4p+3 

MODE l MODE 2 MODE 3 MODE 4 MODE 5 MODE 6 
'JP T J Ab: L6fi17C,3 

1 

JP T J A 7: l,~!'(,(,15 3.B82977 "-
~ 

JPT~A10: 1. ":;727Hfj 
, 

;lJ T~ AU: 1. ;QSt2l. 4.536zab 
J? TJ A14: l • fl7 51 () l 5.022'475 5',236689 
JP TJ A1S: 1.87:' l (J4 4.689718 
Ji' TJ F\tp: 1 • r 7:> l Vi. 4.6'Jéi"'2Ô 6.942553 
JP T J-_0P' 19 ; 1 , ~ 7.510 /, 4.694004 
-J" TJ A22: 
JP TJ 1\23: 

1.~7'11J4 4,694'100 7,714088 
, 1 

1 • 1; 7 :; 1 C) '. ' " 4,6941Î91 7,861682 9,83118 
..JI) TJ "2b: 1.;:;7~lOl, 4".~94091 7.851498 
Ji' TJ ~27; 

JI' T J ;üo: 
1,1175104 4,694(".91 7.854,1 2B 10,747?2 
1.67~lU4 4,694091 7.654730 

• JP T J 1131: 1,ôrS1ut. 4'.6'14('91 7.8547.58 '10,98582 
JP TJ A34: 
JP T J JU5 

1,2751G4 4.6940=-1. 7.B~4757 11. ClO077 11.',97264-
1,~7,)OC. 4.694{)91 7,854757 10.99541 

JP T j h3-B 1.i:7;lul. 4,6c;4r.91 7.854757 10,99560 1~,9042b 

,""p T.,; 1\39 
.;p T.J "'42 

l.f751C4 4.6 C1 40'11 '/.B54757 10.9'1554 14,15293 15,79146 
1.F75104 4.694r-91 7.654757 10,99554 14,12927 

Ur' Tol A4) 1.;-7;'lC4 4.694091 7.854757 10,99554 14.13739 '6,88387 
;JP T J 1=0,46 
JP Tl (..47 

1.275104 4.694\'91 7.854757 10,99554 14.13706 8i 

f 1,6751 C-4 4,694091 7.854757 10,99554 14,13717 17,25679 

THE: 0" y* 
~jlr. 

1.ê75104 4.694·:"91 7.854757 10,99554 14,13717 17,27a75" 

* Values obtained from Bishop and Johnson [70] 
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EIGENVALUES OF DIFFERE~TIAL EQUATIO~ 

y(4) _ À4 Y = 0 , 

lUTH BOUNDARY CONDITIONS: Y (0) = y' (0) = y" Cl) = y'" (1) = 0 

/' 
) 

~ ., 

CO~VERG~CE OF À WITH RESPECT TO THE NUMBER OF TERMS Ya 'Y1-'Y 2 ••• Yp~. IN THE SERIES 

Y(X) = Ya + y1sin(Tox) + Y2COSCToX) + y 3sin(2Tox} + Y4co~(2nx) + . , . + Y2ncos {nnx) •• 

ob 

. MODE 1-"'" MODE 2 MODE 3 MODE 4 MODE 5 MODE 6 
7 TEF\r~S: 2.32_4349 
8 TERHS: 2.320"79 6.283185 6.451220 11:.28642 
9 T EI.u~S: 1. "'035021 4.805710 7.89'960 11.18346 15.65189 

10 TE?.~·lS: 1.~7~')l.6 4.701601 7.862592 10.97480 14.16087 
11 TER1t!:i: 1.,.l7!;~~3 4.701230 7.'855705 ll.01267 14.09325 17.51883 
12 TEl{i'IS: 1.~78334 4.701222 7.855315 11.01226 14,09612. 17.29963 
13 TER j'lS: 1.~75257 4.694(.84 7.a54792 10.99701 14.13786 17.28173 
14 TER:'lS: 1.E7511Z 4.6941-11 7.854777 10.99565 14.13739' 17.27737 
1!:> TER ~·;s : 1.675111 , 4.694111 7.854759 10.99564 14.1'3719 17.27926 
16 TEiHiS: 1.e 7 5111 4.694111 7.854758 10.995!>4 14.13717 17.27925 
17 Tëi-i.:·1S: 1.~751!"4 4.ô94092 1.854757 10.99555 14,13717 17.27880 
1 a T!:J.\i·1S: 1.rl7.511i4 4.694091 7.854757 10.99554 14.13717 17.27876 
19 TERI-1S: 1. :J7-S1C4 4.694091 7.654757 10.99554 14'.13717 17.27876 "-, 

1 

THt:DR y * : 1.in5~o, 4.ô94091 7.854757 10.99554 14,137l7 17.27875 

* Values obtained Bishop and Johnson 
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F 1 FTH MODE 

1 -,--------
ft , X=().f' Y"= 1). (ionn" X=U.50 y.:. 0.:1"11 r: X::l.OO .. y= 7.. Cl{JOC'c. • 

X=().Ol y= 0.01(1)4 X=lJ.S1 v= 0.7.;J1l1 X=l.02 y= 2.!i6~CI~ 
X=O.02 y= <1.. 0 72/~ 1 X::O.5? y= 0.3):,43 X= le Olt y= 3. 1/.0 J 1 
)tr=o.U3 y= 0.1:,446 X=O.53 y= 0.5 "i ~:; <) X=l.Ob y= 3.7 f,571 
X=O.04 y= O. ? ) CJ 5 1\ X = 0.5', v= 0.7:,97':1. X=l.OU y= 4.4?,J3 /• 
X=U.05 y= O.3~,G22 X=O.55 y= a • ')? r ,:~ X=l.lO y= S,. iU 37f> 
X=U.06 y= 0.;1696 X=O.5b y= 1.0:,'11 X= 1.12 y.: b.2)f:lC)r 
X~O.07 y= O.6~fl50 X=U.57 y= l 01 ,:', ? ? X= 1. 14 y= 7.!i"iÎ(:~ 
X=U.OU y= 1). 8 ~J l 77 X::O.58 y= 1 .2,,7. 4 1 X=L.lb y= 'J • 3 4 ? 6 C· 
X~O.OC) ,': y= O. tJ il 1.94 X=O.59 y= l • 3 ') 4 f1/, X=~.18 y= 1l.6J12C' 

' .. 
X~U.10 y'= 1.07452 X::U.60 y= 1 • l, a C~ ;1 cl X=1.20 y= 14.56fl6b 
X=P.lt y= 1. l ') ~ ~ 7 X=O.f,l y= 1 • I.l l l1 '. X= 1. 2,2 y= 1:3 • 2 :5 J CI i, 
X=O.lZ y= 1. )('0 & 2 X=O.62 y= 1. 4c7"!\ , X=L.24 y= l.2.7;,r"J74 
X =u. 13 y= 1. J f~ 7 (, 4 X=O.63 y= 1 • J fl => ~ J X.:~.2b y= 2!3. 11994 
X=U.14 y= 1.f.!D12 X-O.64 y= 1. ~Irl~ 1 7 X=1.Z8 y= J4.31 n74 
X=I.J/.15 y= 1 • '1 CI '5 l J X=U.t>5 y= 1·7.U'15 X= 1. 30 y= 41.7.:1 1 Q-:' 

i 
1.:;1?O9 X=O.66 y= t.(l'lrllt X=l.!\l y= 4:i. ,q ?72 X=Uolb y= 

X=Ool1 y= 1. ~j :J] (') 5 X=U.'67 y= IJ • C) (. l 'J ,-1 X=1.34 y= "6. ~ J ',71 
X=U.lS y= 1 • (~G 7 6") X=U.bS v= O. ~ ) ~ Ci ~ )(=1 db v= 65. ~:l 3',:3 
X=°ole) y= 1.4,:6('1 X=U.69 y= 0,6 J'. t" 't X=1.36 v= ·/J.15Ct,7 

" . , X=U.20 y= 1.]lCllfl X=O.70 v= :>.4.:tj7 X=1.40 y= 110.76(-.')1 
~. 

X=V.21 y= I . ~.J r; 3', X=O.71' y= O. ?S'~,1I, X = L • 1,2 y= d7.ô)J.A 1t " , 
X=U.2~ v= 1.t'7540 X=U.72 v= a, Ot.',J (,'2 X=1.44 Y:: 9 3 , 1 :. (, ' 1 "1 ',' 

" ,. ~, X=lI'l) y= :,). ');22 <hl X=U .73 v= -ù.l:\.J1J X=1.46 y= .-, , , 7 '. {: -, " 
?,' X =u. 2l. 'f= :1 • 7,' '3 '. :} X::O.74 v= -o. :~2 t- v. 'X=1.4B y -= 1 CI f) • ~ ; 1:.) '. 
" ( X::.U,,~5 y= ,) • '1 '/t: 4 0 X=U.75 v= - ,) • !lI J.': ~ X=1.5U y-=lû 1.6437',: ? ,-, X=O.Ze y= ). :177nC} X/:;U.70 y= -o. (1 () n X=1.'i2 v = l 0 l • c.' 0 (; l ~\ f 

" X=U.7.7 y= :)'. 177? 1 X=U.77 y= - () • Ih ~, 'j ;. X=1.~4 y= ')i) • ~ :, "l 9 '. 
=, 

X=tJ.,~!3 y= -').oi~~t X=O.7U y= .. j • Cl : , {; (. ) X=l.jb y= 94. 7 rJ~I',J '" Il X =U ;29 v= -~.t!(~t-43 X=O.79 y= "1'~\)'75 X=1.58 y= U9.4)tI)1 ~" 

~ X=O.JO y= - ,) • '+ 1. ? 4 7 X=O.1l0 . y= -1. Ï'! :'(,In x:: 1. 6U y= li 3. 11 4 '. " " X=U. H V= -,), (1\,', ~ 2 X=U.Bl y= -.e 1 • ? I~ ~ (16 X=1.62 y= 75 • ') Pi-,) ... 
if' X=lJ.12 v= -() •. , ,D'J l X=V.tll. y= - L • :\ t l", r, :\ X::L.t.4 y::. 6. -3 ',? 4 i, '.' 1 

:r;l 
,.c)". 

-- X=U. B v= "'').:).22:, X=U.i>.l y= - l . :~,~ ( 1. ? X:: l • () b v- "t,l , 3 1 ': 1./, 

X=U.3 1i y= -1.l1 ·1~9 X=U.84 y = • -l, :' :; -,. ( ... X=1.A~ y= ;, 2 • '. 'f ;;, H' 
<l' X=lJ. ,~ y= -1. 1 j': (, 3 X=V.F5 y= -1.~!J~1J X=1.70 Y:: , • .:.."J1'.1 .' 
rt-'s --X~. \~' y.= -1.?';lf·7 X=U.fl6 v= -le l ; U,!, X=1.77. y= , , • !i 'ï.~ " :.r 
~ y= -l, ~,~;,;{,9 X=U.ù7 y= -1 • ç l' (: ; 1 X=1.74 y= Jl.:\Y15.1 
" 

.X=l.~' 
x:: 0 • _, Cl '(:: -1.19~~7 X=U.!ill y= - J • q " " (' /, X:: 1. 7(, y= .. " • ? t " l '. 

" x = l! •. 1<) Y ,~ -1".0':')5, X::U .... 9 y= -'). ',',' '?'} ~l X=1.7H y~ ~).ll·')ï 

, 
X:v.'.l) 'j:; - 1 • '\ " ,1 ) Î X=U.~ll y= -1.~ 7:) : X::l.~O y= 1 5 • r, ~ t l l, 
x:: U. 't 1 y= -1 . :\ , ": ~:' \ X=O.IH y= -0.3 ' , ~, 7 X"; l • ~17. v:: 11. • ;,,~ , •• \ 
X =I.J. " 2 y= "1.?'.'(·19 X::U.ç; y= -'~ , 1:- " l ~ X= 1. dot v= '-} • l 1:,:' . 
X:: li • (.3 y= -1 • l '7 j f. t X=(J.9J v= i) • ,l t,'~ J X=l.nb y:.:. ; • l, E ~\O~. 
X = t, • '", y= -1 • n:. " l, " X=IJ.Q'o y= J • :~ ~ <; \ l' X=l.&H v~ 'f. ':-,BO ~ ~ 
X=v. :d 1: , :: •. J • fi t c' c? !: X = 0 • fi" Y: 1.6 i4t.:. X=l.<).o v= J. • "t. 61 

" 
X::(,,:l,/l y = -, , • ') :. :' "7 ;. X=lJ.f)ll V: ) • -i U',', ,i Xi1.92 y= 1.7()7!.°? 
X ='(" • l, '1 '(= ., y. I,~,~"JP X =Gli • q 7 ~ = hl:", ~ " X = l , fi 'f y= ) . :? 30 

\ 

~r.:v .', '1 y= ... , • ;",' t .. • , X = (j • ~ l' '( :- l , '. : ~ ' .. \ ;~ X :: J .~;" v-: l. _,.,,),)' 
X ~\J. ',1; y: - .1 • t c, ., :, 0 X = V. '.H) , :: l , 7 \ .,. 2 Cl X - l • ') S\ y.: 'J • r' 1 : .. 
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SIXTH MODE 
~ 

, 

x=o.o • V= 0.00019 X=0.50 · V= .. 1.41407 X=1.00 · y= l.'19992 • • • 
X=O.Ol • y= -0.02793 XlII O.51 · y= -1.39285 X= J. .0'2 · y= 2. b9? ~O • • • 
X~0.02 1 Va -0010546 X=0.52 : y= -1.33016 X: le 04 • y= 3.403 S 

X .. Ô.53 
- • 

)(=0.03 1 y= .. 0.22213 : y= -1.22788 X = le 06 · y= 4.1a!>o7 · )( .. 0.04 1 V .. ... 0.36775 X=0.54 : y. ... 1.013905 X = 1.08 · y= 5.l300fl · )(:a0.05 · y:r: -0.53233 X=0.55 · y= -0.91779 X=J..lO · y= ~. r!207 • • • 
)(:IIO.Ob 1 y= -0.7062B X=0.56 · y= -0.71922 X=J..12 · y= d.07917 • • 
X-O,07 1 y= -0.8a038 X=0.57 1 Vr: -0.49922 X=1.14 · '(= 10.4 (.0 3 9 

, 

· )(=0.08 • '(= .. 1;04610 X=0.58 1 '(= -O.2b43~ X=.L.16 · y= 13.bl.J44 · · )(=0.09 · y= -1019568 X = 0,59 1 '(= -0.021!l6 X=.L.18 · y= 17. cIf.58b • · 
1 

)(=0.10 1 V ':1 .. 1.32227 X=0.60 • y= 0.22193 X=1.20 · y= l3.141()f\ • · )(=0.11 1 y= ... 1.42007 X=0.61 • y= 0.45887 X=1.22 · y= ,').;7214 • · - X = 0.62 y= 0.68226 X=1.24 X=U.12 · y= .. 1.48449 , · y= .3b.tl5120 , · X=U.13 · y= .. 1.51217 X=0.63 1 y= 0.8S543 x= 1. 26 · y: 44.é.l4036 · · X=0,14 , '(= ... 1.50113 X,. 0.64 · y= 1.06239 )(=1.28 • y= 53.()46;4 · , · ~X=O .15 : y= ... 1.450b7 X=0.65 1 y:a 1.20785 X:;1.30 · y= bu.élRRl8 · 'X=0.16 · y= .. l.36148 X = U. 66 1 y= 1.31751 X=1.32 · y: b7.oB332 • · X:0,17 : y= -1~235~0 X=U.67 · y= 1.38t:!13 x= 1. 34 : y= 72./1164 • 
X=0.18,: y= -1.07584 ~=U.68 • y= 1.41760 X=1-.36 · y= /5 • 2 '. Il 5 r; · · X.O.19 · y= -0.88666 Xc 0.69 · y= 1.40508 X=1.38 : y= 74.f33192 • · 1 

X=O.20 : '(= -0.67371 X = 0.70 : y= 1.35100 X= 1. 40 · y= 7J.t}IjQQ6 · )1.=-0.21 · y= ... 0.44243 X=U.71 · y= 1.2~696 X=1.42 · y= 63.6225.3 • · · )1.=0.22 · y= -0.19958 X=U.72 · v= 1012588 X=1.44 · y= !l2.9063f • · · X=O.23 · y= 0.04786 X=0.73 · y= 0.96168 X=1.46 · y= j9.31>869 · . • · X=0.24 · yx 0.29275 X=0.74 • y= 0.76939 X=1.48 · y= 23.5,991 · • · X=L1.25 · y=, 0.52796 X=0.75 .\ y= 0.55483 X=l • .5,O · y= ~.~~ACl · • · X-L1.2b · y= 0.74664 X=U.76.: y= 0.32451 X=1.52 · Y=-lù.;-!tjl , • · X=L1.27 · y= 0.94242 X=0.77 · y= 0.08549 X=1.54 · y = - (. b • I! t- 1) 0 , • · · X=0.28 • y= 1010961 X=0.78 · y= -0.t5494 X=1.56 : . y =-'1 1. 3<,'lj;(1 • · X=0,29 1 y= 1.24333 X=U.79 : y= -0.38945 X=l.!:lB · y=-,3.27P.o9 · , 

X-0.30 : 1 y = 1.33960 X=0.80 : y= ~0.61070 x= 1, 60 · Y=-b2.1100d · X=0.31 1 y= 1.39!l68 X=U.81 • y= -0.BUS6 X=1.b2 · y=-o 7. 61646 · · X=0.32 · v= 1.40991 X=U.82 · y= ~O.9tl65q X=l.ô4 · Y=-b9',838t)9 • • · X.O.33 · y= 1.381193 X=0.63 · y= -1.12923 x= 1. bb : Y=-o9.()62f17 • • 
X=0.34 : y= 1.31262 X=U.R4 · y= -1.23510 X=1.68 · Y= .. ô5.7bOZ') • · X =u. 35 1 y= 1.20402 X=U.B5 · y= -1.30038 X=1.70 · y=-o,).51 cn 7 · · X.O.36 • y= 1.05941 X=U.66 · y= -1.32247 ·X=1.72 · Y=-~3.' .. nlt" • · · X=0.37 1 y= 0.88310 X=U.87 · y= -1.?9Q89 X=1.7Ct · Y=-46.72':;(,1 • · X=0.38 1 y= 0.68036 X=U.88 · y= -1.23227 X=1.76 · Y=-Y).)}(.'>3 • • 
X=0.39 · y= 0.45728 X=U.39 · y= -101..2052 X=1.78 · Y=·+32.1 ')964 • · · 
)1.::;0,40 · y= 0.22049 X = U. 90 : y= -0.%b4ô x= 1. 00 · y :: -1. 5 • 57 1 C) Cl • · X=0.41 · y= -0.02292 X=O.91 · y= -0 .17:~O3 X=1.82 : Y = - 1 <} • 1 31! 2 4 · · X-0.42 1 y= -0.26568 X=O~92 · y= -0.54396 X=1.84 · Y=-14.74661 · · X-0.43 f y= -0.50054 x=o. ~i • '(= -0.20367 X=1.8b · Y:: .. IO.l> 1C(7? · • 
X=U.44 1 y= .. 0.72051 X=U.9 , 'Î'= 0.OO2,A6 X=l.AS · y= .. 7.2074t • • 
X;rO.45 • y= .. o.9i902 X=U.95 · y= 0.31048 X= 1. 90 : . y= -4.7 '.JQ17 • • 
X=O,46 1 .,Y = -1.OQ014 X=U.96 · y= 0.6340] X=1.92 · y= -2.7r.llü~ • · X=U.41 1 y= -l.22f178 X=U.97 · y= 0.9b8t.3 X= 1, 94 · y= -1 • '.',5 6 ~ · · X =0.48 1 y= -1.33080 X=U.98 · y= 1,.30992 X=1.9t> · y= -O.!'>.'7~4 · · X=0.49 · y~ .. 1.39319 X=U.99 · y= 1.65444 X = 1. 98 : y= -J.1J:11! • · .. 
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~!G~~V~LUE~ O! D:P~!RENTIAL EQUA~T:N : 

dl lt d 2y 
dxZ[(l-x) dx 21 À lt Cl-x) 2 Y = 0 

/,' 

30UND!aY ~o~r:~!C~S : Y(Ü)=Y'(')=Y"{1) =Y"'(1) = !! • 

~ 

:O~VE~G!N:! Q; À,V!~R ~UM3!F OF Tig~S G ~ , G 1 , D 1 , G2 , •••• :IN SOLU'!''!OH 

t(X)=:;o +- G' COS(n1} + D1 S!~(T(I) + G2 COS(2nX) + D2 S!!l(21t'!) + 

!!o')~ '1 

1 5 '!3R~ S: 2.952967 
16 TZB~S: 2. 9~2Q!l5 
17 '!' g? ~ S: 2.1~2Q!J2 

1Q ':::~~S: 2.~!=2'?3~ 
21 ":E?'S: 2.~52~3~ 
23 :-'SF'!S: 2 ./~S2C:~9 

':'H~':P.Y * : 2.q~2::3~ 

MOD%: 2 

U.59Ç338 
4.1598"701 
Q.5 0 85:Î 
Il.59eU61 
ù .598 1.l4è 
u .'59E1 1141 

u. 59et LI. 38 

P!Q Dt: 3 

6.2123['2 
6.2C543Q 
6.103266 
6.201!15Q 
6.21J111lF> 
6.2C'1~15 

MODE u •• ) r.CDE 5 

7.e73621 
1.827411 
7.809:>33 
7.1935UC 
7.79041 Q . 

-':~78oa5P 

9.~I)'Q66 
°.55631"1) 
9.4"73?21J 
9.3Q,:l"lU2 
~.3~;611 

~.373C61 

6.2C11r7 7.789742 9.3;197 1 

'~'LU~S CO!'!P:J':F:D f!'O!!: J 2 (2À)XI 3 (2À) + Jl(2À)xI~(2À} = 0 
~ 

" 0 

... 

, 

.... 

'" 

, 
r 

~. 

('FULL ~Ol'E) 

c 

_'{ '""L \ 

.. D!l SIIl CN 1\ ~) 

.... 

tr3 
1 

'" \D 

,~~ 
~~ , 
,', . , 

ï :, 
'<; -,. 
-lf 

" ~' c., 

J :;-

l 

i 

1 
:1 

~f 



() 

" , 

. '. 

0:, " g~ • 

. ~.' 1 

I
~· ~ 

, . 

:..f r~' 

~, 
.~ 

;~< 
\\ 
:', 
'" ~~' 
'" 1 . 

11 
C 
C 
C 

12 
C 
C 
C 

13 

14 

15 

8 

20 

30 

SUOROUTINE t1ATOFTCB,X,VIIV,N) 
IHPLICIT REhL*I:I(A ... H,O ... Z) 

B-30 

o 1 ~, r N SIn N B ( : ~ , , ~ ) 1 C c; ( 2 0 1 2 0 ) , S C ( Z 0 , 2 0 ) , S 5 ( 9 1 2 ~ ) 1 L ( 2 0 ~ 1 M C 2 0 ) 1 A ( 2 0 1 2 0 , 
PIa:3.141592653b 
NIN=N/2 
NIP~HIN-2 ~ 
00 11 I=lIN 
00 11 J=l,N 
ACI,J)cO.DO 

4 rows of boundary conditions. 

A(l~l) 1 =1 
00 ,12 itl=l/tH~1 
A(l/Zl/cIN) =l 
A(2,2~IN+1)cIN*PI 
A(3,2*HI) =( IN*PI )*1~2~(-1)*IlcIN 
Ac 4 ,2I',cItI+l)=( IN*PI '*1lc3*(-1)*IlcIN 

1 row corresponding to p=O 
1 col corresponding to n=O. 

A(5,l) =-2*X**4 
OCt 13 HI= l, ~H NI 2 
A ( 5 1 2 * Ir Hl) ::1 4 ,,'t ( .. X * * 't + ( J N I(c PI) * * 4 ) 1 ( 1 N * PI) 
00 15 IP=l,tJIN 
OIJ 14 IN=-l/tlIN 
J.F(IN •. EIJ.IP) GO TU 14 
55( IN, IP)=O 
SC(IN,IP)=(1-(-1)**(IN+IP»*2I',cI"/(Pt#(IN**2~lP**2» 
CCCIN.dP)=O 
CnrnINUF. 
5SrIP,IP)=1 
SC(IP,IP)=O 
CC(IP"IP)=l 
on 8 IP=l/NIP 
A(4+2*IP"l) c 0 
A(4+2*IP+l" 1) =7.'I\CX**4*C C"U**IP-P 1 (IP*P 1) 
00 13 IN=l,tJIN 
PJN4 =(IN*PI)**4NX~*4 
A(4+2*IP,,2.'tlN) =PIN4*CC(IP.,IN) r 

A ( 4 + 2.:c 1 P" 2 * 1 j.J + 1) cp l flI+"" SC ( HI, 1 P ) 
A(5+2oIPI2~IN) =PIN40SC(IP,JNI 
A ( 5 + 2 * 1 p 1 2 :,''1 l'~ + 1) 1: P 1 114 * S 5 ( 1 P / 1 N 1 
Da 20 I=l,N 
On 20 J=lIN 
St I,J)=A( I,J)/PI**4 
IF(IV.[1.0) Gn lO 30 
y = i\ U E T ( R " L 1 ~I, N ) 
RETURN l , 

1 j 

~--~~--------~--------------------------

.' . " ;~ 
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APPENDIX C: 
\ r r r r 

CALCULATION OF' FCC ,FCS , FSC FSS' tTr , pn pn pn' pn' ~ 

) 
\ 

C.l VALUES OF f r " 
'. 

Using\ the notat'ian of eq. (B.l) we write the coefficients 

of eq. (6.8) in a~cending arder with respect ta powers of 

(l+~e~)' (1+ai 0 and (l-a;) 2 as follows: 

(1 1 iw~v )[(1+ ~)3 
\ ll+vlwl (le'" 

+ u 2 (l-a;) 2 (1+(1 ;.) 2 
e (J e 

y -1 i 
+ [rC2-Ye) + iw( e + ) ue] (~,+ae~)2 + yy. (1+a.E;)2 

Ye Yi ~]. ]. 

w~ [( 2 . 2 
Y 

+y. "Ye 1 +a e ç; ) + y. (1 +a . ; ) ]; 
e ]. l. l. 

1 • 

, 



" 

" 

, ' 

(-

• 
... 

1 

and e~çh of the preceding functions May be written as 
-" 

3 4 r m 
1: t b im (tIl) (l+ai~) i=1 m=O 

, 

/ 

C.2 CALCULATION OF FCC, FCS, FSC( FSS 

In the calculation of the FCC, FCS, FSC and FSS co-

efficients as defined'by eq.(B.6) we shall thus encounter two 

major types of integrals, n~ely 

and 

, 

I:Ca) "fol. C'l+a~)mcos k"~A~ " 

~Ca) "J:~ Cl+a,)msin k"d' · 

Because ms~, we obtain 

(c. i) 

I~(a) k 1 a 3rn k m-l = ~[(-l) (l+a)m- -1] - ~(m-l) (m-2)[(-l) (l+a) -1], 
k 2

1T
2 , . k 1T 

and 

km' 2 
J!Ilk{a') = 1-(-1) (l+a) + a m (rn-1H (_1)k(l+a)m-2 - 1) 

k'1T \ k 31T 3 

4 t. 
a m - k m-4 
3"3(m-l) (m-2) (m-3) [(-1) (l+a) - 1] , 
k 1T 

provided that k ia not equal to zero; otherwise, ~f k=O 

Il 

I~(~) = 1 + m Î[1+(m-l)j[1+(~-2)~tl+(m-3)~)]], 

and J~(a) III 0 
\ -

", ,\ 
1 1 

... 

C-2 



, 1 
" 

., r ~' 'f" ,\ ',,., 

We now introduce the following coefficients: 

.. 
cC:n(ai ) 

m m = Ip+n (ai) + Ip_n~ai) , -, 
~ 

...... , 

"'." m ~+p (ai) + J~~~ (ai) CSpn(ai ) = , 

SC;n(ai ) a:+n(ai)'+\~-n(ai) m = = CSnp (ai) , 
\ -' 

m m m 
SSpn (ai) = I

p
_
n 

(ai) - Ip+n (ai) , 

SOt that, by use of eq. (C.l) we finally obtain 

C.3 

a) 

FCCZ: = pn 

3 4' 1 

, FCSp
r 

n = E t b7 CS
m

n\ (ai) 
i=1 m=O ~m p 

r FSSpn = 

1 

VALUES OF gj 
r 

3 4 
L E 

1=1 m=O 

, 
r m \ b. SS 'I(a.) 
~m pn ~ 

\ 
\ 

l' 

. \ 

\ . 

The up~trea~ end, at ~=O,is supported, hence ~(O) = p, and 

.by use of eq. (B.2), the first bç)Undary condition yields 
J 

if .it i.a pinned, we also assume that ~"(O) = o,~then 
'. . 

.. , 9~ = 1 & g~ = 9~ 

and if it ia clamped, then VI (0) = 0, and 

" 

!~.,. ... -----~_ ..... _-""""--------------' 

.1 

C-3 



c 

',' 

b) If the downstream end, at ~=lJis also supported, pinned or 

clamped, we obtain for g3 and g4 the s'ame conditions as above 

for gl and g2 if however it is free then we obtain 

"ex) by condition of zero moment, i.e. 'l''' (l) = 0, 

C-4 

e> by the relation between 'l', 'l" & 'l'(3) at ~=l, as in eq. (6.7), 

2 
2 

[l+f (y -1)] s +y. (l+cx . ) 
+wX e e ~ ~ 

y +y. e ~ 

, 

1 
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APPENDIX 0: CALCULATION OF a! & a' 
l e 

0.1 Using dimension1ess ,notation we 
L 

'. 1 

( dx ' L ( d; .. = -.-- . 
Ae-Ai AO a (f;) 0 e 0 

write 

1 
Assurning slender bodies and srna1l. taper angl.es we deve10p the 

0-1 

inverse of the cross section up to the second order, as fo11ows: 

1. --a (~) 
hence 

-J 

[ 1] [a '] + 1.z-2 ['2fT,' 2 _ a"] 
- ~=o-f; 2' ~=O 2<' a3 ,. f;=O a a a 

2 . 

. , 

( d~ 

a(';) 

1 1. al 1 2a' -aa" 
[-]~=o x [1 - 2 -- + 6 2 ]~=O· 
a a a o 

- , 

~ We ~how calculate 

-~-t 
o 

Ui(X) 
~-- dx = 
A"-A. 

e 1. 

As in the J(revious paràgraph, we write . • 

1 '1 a' a! 1. - !.~2 [ 
2a l2-a"a 2a! 2 ... a!fa. 

1. 1. l 
[-;--]E; [-] ~[-r- + 2]0 + 

a3a. 
+ 3 aa. 0 2 ' ao

i
, cr a. " aa i ,oa. 

1. 1,. 1. ~ 1 
~ . 

~ 
'.. . !lnd, therefore , 

d~ 1 .. , 1 a' 
---'---~""!, .. {~[1.- 2(- + 
aa i (t r:;: ~ aa i a 

cr! 1,2a,2-aa " 2a'a! 
2-.) + 6'(--2:--- + . 1. + 
ai { ~ a a~i 

" , . 

1 

, ,. 

\.,..,.., 

(0.1) 

j 

2a'a! 
1. + 2 2 ] 0' 

a a. 
l. 

,1 
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, 
~ 

l' , , 

According to notation in eq. (St8) we write 

~ 1 .-

~ 1 -
"- ! 

~. 
For conical 

then 

1 

o! 
ai (1) 1 1. '2...--

[1 - ai 
o i (O) 

l -
a. (1) 1 , 1 o. 

l. [1 
• 1. 
- - - + 

aL(O) 
2 a. 

l. 

1 a' 1 20' 12":'00''' 
ï - + '6 -"-~2~"'"-

a a 

00. 
l. 

1 

.2a! 2_a ! a',' 
.,. 

2o t a! 
1 . l. l. • l. l. 

) -( i + " 2 6 00. ai ] 3. 

1 a' 1 20'2-0'0'" --+- i , 
2 a 6 0 2 

cria! 20!2-0.0? 
~ ! l. l. l. l.] 

120a. 6 o~ 
l. l. 

JO 

e1ements, as in § 2.6.2, we will set 

a (~) (l+CLe~) 2 ô2(l+a.~)2 and ai (E;~ = = 3. 

1 

( 

'1 
) 

, 2 
(l+a.E;) ; 

Il. 

{O) -= 2 a. (0) 1 2 a 1-~ = , a. (l) = (1 +a . ) 
l. 1 l. 3. 

a' (O) 
2 ai (0) 20.. t:;~ = 2(a.e-ô CIo i ) = 

l. 

ail (0) = 2 (Ct2-ô2Ct~) ai (0) = 2a.~ 
'Î e l. l. 

We thus obtain 

CIo .... 
l. 

~. 2 
2 1 a -6 a. 2 

1 - (l+a i ) [1 - ai + '3 ,~ 2 l. aL- + ail 
1-6 è, 

., v 2 
, a -ô a. 

[1 -+ a. (2 +0.. »){ 1 - a. [l-a.. _ el.]} , 
l. l., l. l. 3(1-ô2) 

... ' 1 

• .~Iilf,;" ..,,'*r*':'N'$Sl1lPUW'2Ur_. jW'_1 w t 

" , '1:; ~ ;.......-< '8 • Il J ~ 'JiU 1 .... ~ . ", _ \~ 4, 
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hence 

(D.2) 
" 

,-

For qu4sicylindrical tubular beams we obtain~! ~ -a .• 
1. 1. 

At this point we recall that for a converge~ taper we have .. 

a.<O and hence a! .is posi~ve. 
1. 1. 

, . 

D.3 We·now calculate, a~~from eq. (5.8) we write' 
... 

.i 
fromw:he expression of friction in eg. (3.7) we write 

IJI 

and ïntroduce thejfunction f(;) such that_ . 

... 
We now write a~ as follows: 

, 1 1 
" Q~ ~ 21 f(é.(d~/f dé. (D.3) OTIT OTIT 

. 0 0 

as previously, we expand the f9110wing term 

[f] t' f' fa' 1..2 f"~f'cr' (icr,2-aa "}f = a 0 + .,[- - 2]0 + 2~ [- - r:r + 3 7]0 
,cr a a. rJ cr 

... 
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\, 

" 
" " , D-4 
.. 

\~ ~\ 
( 

'''' 
i -

.. \~ and,hènce, by use of eq.(D.l), we rewrite (0.3) às tollows: 

~ 

~. " ,', 
{;t: ~ 

.'1-,: 

J. 
1 

Fi/!~ __ •• ....i. __ . . r ,. 

, 

" 

For conical shapes .we have' 
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APPENDIX E: PERTURBATION METHOP AND INITIALIZATION OF COMP.UTATIONS 

I~this Appendix,ihe' perturbation method will be used to 

obtain simple approxima te expressions of the eigenfrequencies for 

small flow velocities and smaii internaI damping, which will be used 

. in ini tializ ing the calculations, in the computer programs. 

E.l SMALL VELOCITIES 

Although it Qas been previously mentionad that we are 

mainly interested in criticàl flow velocities, the following 

analysis will provide sorne useful,insight about the behaviour of 

l1atural frequencies at small flow velocities. 

We set 

For simplicity, we shall restrict ourselves ta 

almost uniform tubes: 

- negligible gravit y forces: 

t 
- no exter,nai tension: 

\ 

a "'a "'0' e i ' 

y-Oi 

a-o; 

- pure viscoelastic damping (v/~-o). 

À. = 
1. 

, 
d\Yi l 

<y +y,> and rewrite eq. (6.8) as follows: 
e 1. • 

+ {iw E(C u +c ) À - w2 }41 = 0 
n e v e • 

11 
", 

We no~ write a first order perturbation àpproximation with respèct 

to,. Ue ,,& Vi in the farrn 

q -nliS? 



r 
i~ 

'~ ~. 
"~ 

t 1: to + Ue te + viti ' 

00 1: 000 + ue we + vi wi 

where to and Wo may represent any of the modal eigenfunctions 

and matching eigenfr~_quencies at zero f10w. 

For zero f10w, i.e. ue = vi = 0, we have 

! 
(l+iw v) t(4) + Hw EC À _w2 }'t = 0 ; 

00 oveoo 

• 
and for no internaI flow, i.e. v. = 0, but sma11 external f10w 

1. 

velocity, ue' first~9r~er terms in ue yie1d 

(l+iw v)t(4)+ {;,.\ "'c \ o e .... ..,0 ... vl\e 

iw I1+ (l ... a~) 2] À ~, ... .1iweECvÀe 
o a e 0 

f~nally, for no external f10W, i.e. ue = 0, first order terms 

in v.'' yie1d 
1. 

(4 ) 

(l+iwov) t i = 

E-2 

(E.l) 

(E.2) 

, (E. 3) 

Let us now premu1tiply eq.(E.l) by te' and add it to 

eq. (B.2) premu1tiplied by -t0 1 we get 

(l+iw v)[t(4)t 
. 0 o. e 

-~ 

iw vt t (4) +, iw
o

[l fr (l-a;) 2) À t l' + [iw EC À -2w w +iw EC À )"1 2 • 
e 00 < a eoo e ve oe q ne 0 

, J 

/ 
Il 

1 



, 
,. 

~ 
) 

" -.,' 
l '1 

1 

.. 

~ 
Similarly, premultiplying eq. CE.I) by ~i and adding eq. CE.3) 

multiplied by -~o' we obtain 

'1 

/ -iw,v~- ~(4) + iw 2À.~ ~I + [iwl..€CvÀe ~ 2~OWl.']~o2 l. 0 0 0 l. 0 0 

j 

\,In~these last two equ~tions, by use of eq. CE.l), we shall write 

We shall now integrate these two equations over the) 

inter~al [0,1]; the integration by parts of the fOl+bwing term 

[~(3)~_~ ~(3)_~(2)~, + ~, -i("2)]l 
0\ 0'0 10.0 

r 

and the last two equations, once .,integrated over the interval 

[O,l],thus yield 

and 

(l+ioo v) [~ (3) ~ l - ~ c) (3) 
o 0 e 0 e 

~=l 
4J,~(2)] "'= 

o e ~=O 

~ ra~~11 n._ 1 cr 1. 3 
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... 
" 

., 
, 

From hereon we shal~ assume that the beam is supported at ~=O, i.e. 

to(O'=te(O)=ti(O)=~; aIse that \to is nermaliz~d, i.e. J'olt~d~=l. 
We may now ealculate the following integral whieh app~ars in the 

former equatien" 1 

'neglecting the terms containing a2 is indeed of little aonsequenee 

sinee a, which accounts for the slope of the boundary layer, is . 
much smaller than 1. 

1 
We thus r~write our two equat~ons as 

..,' 

(E. 4) 

and, 

(l+iw \,1) [~(3) ~ t ~ (3) ~ (2) t'. 
~-1 - t' t. (2)] -

1 0 0 i o i o l. 03. t=O 

\liwoe:evÀe-w~ 
.. (E.5) 

= iw. [€CVÀ - + 2iwo ) + iWoÀf t~ (1) 3. e l+iwov • 

1_11_ ... '**51 •• --....... ----------------'----
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fi. 
_ ;,0't " 1\ - = 

;E~~._l~._l __ ~A~P~P_l_i~c~a~t~i~o~p~~,: Tubular beamft;~~pported at both ends. 

to'~e and ~i satisfy the sarne boundary conditions as ~,i.e. 

t(O) = ~"(O) = ~(l) = ~"(l) ='0 for pinned-pinne~, and 

t(O) = t'CO) = ~(l) = ~'(l) = 0 for clamped-clamped beamsr 

hence, eq. (E.4) yields in both cases 

or 

tale = 

similarly, eg. (E.S) simply yields 

w. = 0 • 
~ 

Thu,s, for negligible flow viscosity effects and negligible visco-

elastic-darnping, 
~ 

i.e. for cv-O and v-O, we obtain 

1 

E-S 

It ia seen that we is purely imaginary and independent o~ the 

natural frequencies wo ' and that the imaginary part of we is _~osi­

tive. Hence, small external flow velocities produce damping which 

is the'same for aIl the modes and ,introduce no chapge in the fre-

quencies of oscillations. The hydrodynarnic damping predicted,by,the 

" 

mrrE mnz 

\ \ 

J 



1 
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perturbation method is proportional to the flow velocity sinee w= 
• 

Wo+weue • However, the perturbation method only applies if.weUe«wo ' 

Neverth~less, ,the range of velocities which satisfy· this c,ondition 
" 

is proportion~l to W ·and thus increases rapidly from one mode to 
'0 1 

the next one above. 

Because a is proportional to c~ (§2.6.2), we is ~ropor­

tional to cn and,ct ~nd therefore damping at low flow velocities 

will be proportional to normal and tangential fric~ioni furthermore, 
\ 

we being proportional to Àe' it can be shown that damping diminishes 

'as the ratio Pe/p of the density of the fluid to that of the bearn 

increases. 

With respect to the inter~al f1ow, since wi=O, sma11 f10w 

velocities have litt le influence on the eigenfrequencies; in other 
, ' , 

wor9s, smal~ internaI flows do not create damping nor do they af-

fect the natural' frequencies of oscillations. 

E.I.2 Applications: C1amped-free beams. 

From;eq. (6.7) we obtain, neglecting aIl second arder 

terms in ue or Vi' at ~=r 

• with À 

a~d we have for t the fol1ow,ing relation: ~ 
. 

t (0) = t' ,( 0) =' t" (1) = 0 

1 

(E. 6) 

. ) 

1 (pp- nmmuW'w', 
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~ 

1 
< 

From eq. (E.6) we further obtain 

... 
- 2w~wi XÀ ~ 0 Cl) + 2iw'oX.À i ~ ~,(l) - iW i v(l ~3) (1) ; 

subsequently, we shall eliminate ~(3) (1) from eqs. (E.S) and o 

(BI. 9) by use of eq. (E. 7) • 

E-7 

(E.7) 

(E. 8) 

In order to evaluate eqs. (E.4) and (E.Sr we calculate 

'~ . 

(1+i,W .... V)Uo(3)~e. ~ ~(3)] 
\ u 0 e ~=l 

and 

1 

(l+iw v) [$ (3)~ _$ ~ (3)] 
o , 0 e 0 e ~=l 

= 

2 l' 2 t 
- ici> Xf lSe+ô' (~) JÀ t ~ (1) o a e 0 0 

and 

.' . 
1 \ -

(l+iw v) [~(3\ .... ~ cll ~3)] 
o 0 l. 0 l. t=l 

i 

1 
~ 

J1 , 
1 
~ 
~ 
,1 
j 

J 
~ 

.;<1 
\) 

; , 
~ 
1 

~ 
'1 
~ .. 

1 
, .,. 
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E-8 -

} 

q,+iW'V)[~(3)~.-~ ~(3)] = 
. 0 0 l. 0 i ~.l 

1 ill) \1 

[2WolI)iXÀ-II)~XÀl+i! vl~~(l) 
o 

/ 

\ 1 

2iwoXÀi~o~0(1) 

We may now rewrite eq. (E~4) and (E.S) at ~=l as follows: 

2 l' 2 , 
- i II) Xf [s + ô ( -aa)1 l À ~ ~ } = 

o e e 0 0 

and 

iw. [2il.l) + Ec À 
l. 0 V e 

We now need to calculate ~ (1) 
0 

+ il.l) À. 1Jl2 
o l. 0 

and- .~~ (1,> ; thls 

== 

could 

theoretically by sol ving eq. CE. l) i wNh the boundary 
1 

(l+i~o V)'1Jl~3) Cl) ~ (0) = /pl (b) = Ill' ('1) = + 1I)2XÀ~ 0(1) 
0 .0 P 0 

be done 

conditions 

= o. 

,For the· sake of simpiicity w, shall now assUme that cv~v~O and 

X«l so that the eigenfunétions lJl are close to those of the o 

classical uniform beami hence, the normalize~ solution yields 

~ (1) ~ ± 2 , o . 

.. 1 

(E.ll) 

'. . 
, where the positive ~r negative sign depends . 

1 • 

upon the mode number corresponding to 11)0 

-, " \ " 

" . 

. ' 



t i;t1r 

'f 
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Ne now rewrite eq. (E.10) as follows: 

henee, we ge1=. 

. " 

+ ECn + 2 + ~ .}. 
a 

, , .. \ ' 

,', 

, " 

/ 

(E.12) 

Apart from the fact that it is imaginary, little can be concluded­

coneerning the value of we ; however, provided that x~oi«l a~d 
X«l, an~ provided that we negleet the,boundary layer (a~l,a~O), 

the previous expression reduces to 

. and similarly ~q. '(E.Il)' ylelds 

- 4i~ A. - 2iw XA. 4w i 
Ol.· '01.0 

henee 

, We thus ~ote that,both we an~ wi are ima~inary and 

~ositive'i (sinee Ae ,A i ,e:cn',I5>O and O~f<l), and therefore small 

flow velocities will hav7, a stabilizing ,(dàmp:lng) eff'eet on 1 . 

.-

41' 

, 
" ,1 , 
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~ 
~: 
t. 
i' , 
~ 

1 ; 

e 
, 

( 

.fi 
!J' 

canti~evers; such hydrodynamic damping will be larger with larger 

l~cal shear (larger friction coeff,icients c n ), slender bearns and 

blunter end pieces '(smaller values of f), As previously noted, 

in the case of clamped-clamped bearns~ here aga in hydrodynarnic 
l , 

E-IO 

damping is independent of the natural modal frequ~ncies Wo provided 
i that the end piece is small enough to have fxw «1. 

o 1 

In summary, these sets ,of formulae in their.simplest 

form could be successfully applied, to velocities uP, to l with less 

than 1% error; in their more elaborate forro, e.g). in eq. ,(E,12), they· 

can be used over a larger range of velocities provided that tb~ 

conditions 

v.w.«w and u w «w 
1 1 0 1 e e 0 

(f) 

for perturbation solution$ a~e not yiolated. 

On page E- 15, the eigenvalues of the fi ve lowest modes 

have bee~ plpt~ed with rèspect to the internaI flow velocity in 

the simple case were c =v=X=O and À. =.5; eq. (E.l3) yields w. =i , 
v 1 1 1 

and ~he, approximate solution reads 

, 

w = w + i v. ; 
"0 ' 1 

~ can be seen from the grap~, the higher the rnpde, the larger the 

range of veloci ties over' 'which this solution appears to be valid. 
, ., 

E.2 SMALL INTERNAL DAMP,ING 

\ We shall now inve~tiga~e the effeot of srnqll visco­

elastic and hysteretical damping involvlng the terms with co-
I 

efficient , \ 

. ", '., . , 

.' , 
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upon the natural frequencies at zero f10w conditions. We shall •• 
also relax the assumption 

at zero fl~ as 

. 2 

a =0.=0 and eq. (6.8) may be rewritten e ~ 

2 1 

E-II 

(1 + iOJllV }d 
ll+vl~1 dE;2 

{j(t;}d ~} 
dt;2 

0.1
2 :~(t;) ~ = a (E.14) 

/ 1 
:; 

r with 1 , 
1 

j(E;) = , 
1 -

We sh~11 consider the viscoelastic coefficient v as the only per-

turbation~variab!e, and-we set 

( 

J 

Let 8=V/ll, the damping coeffi.ient becomes 

l + iul:1V 
l1+v 1 wl 

where 13 w\ill be considcrcd as' a parameter, 'i.e. independe!lf v. 

1 We now ohtùin the fQllowing dj,fferential equativ 

\ 
2 ! 

:}rn (, ) : ~ 2U CU ~'~)} - 0 o 0 
dt.; • 
d 

2 j ( . (' ) ., (2) \ 
2 - il.' 

i~ \ ( ) : l 
0 

J '. '1 J - T' 1 ~ . " u 
d~, 0 .. 

~ . t . 1 

.. 3 
'-1:.\ 

- [ 0 
1 ~ •. ..,) 

0 

, 
"---··~--·-""" __ '_lf __ .",""",!,,'_' --

:'i:~.,,~~ . 
-

j 14.,! 

l' 



, , 

which may be combined and integrated to give 

Let us now apply the boundary conditions. 

a), For clamped-c1amped or pinned-pinned'beams: .. 

E-12 

(B.lS) 

The left-hand-side of eq.(E.15) is null, hencè we need have: 

, " 
b) For c1amped-free beams: ~(O) = ~ CO) = ~ (1) = 0, 

iw » 
and [1 + 0 ]' (1)~(3) (1) + w2 XÀ ~(l) = 0, l+ewo J 0 

w,ith À = 
[l+f(y -l)]s +y.s. e e 1.1. 

Y + y. e 1. 

~ 
, as obtained from eq. (6,7). 

Hence, we derive the two ·boundary, c@nditions 

j (1) ~(3) {1} 
o = -

" 
~wowl XÀ ~o(l) ~ 

1 

\ 
rt . 
(E.16) 

(E.17) 

Since either slope or moment is nul! at the extrerneties, eq.(E.1S) 
G , 

rE1duces to 



1\ 
'" 

The left-hand side, calculated by combining eq.(E.l6) and 

(E.17), yields 

~. 3 
-lIlAl 

( 0 +"w 1.\ )X' "'0
2 

(l),' l +S . ~ 0"" l 1\ 'If Wo 

hence 1 \ we obtain 
• 

E-13 

since the integral and 

once more we ~ust'have 

~~(l) are both positive and not zero,-. 

w 
1 

1 ; 

1 \ 

It thus appears that damping resul ing !rom~isco­

hystereti1c characteristics in the material unlike hydrodynamic 

damping, increases with the mode numberi i is·proportional to 

the modal eigenfrequency for purely hyster tic damping and pro-

portional to the eigenfrequency squared, fo 

In summary we ohtain 

viscoelastic damping. 
~ 

w = W o + ~illWo i ~ for hyste etic damping, 

W = W +, ~iVW~ darnping, (E.1S) 
0 .' 

2 
ilJvW 0 ~ 

W = W + 2 (ll+VW 0) 
for viscohyst damping. 

0 

These results are illustrated on pageGE-16 and ~ompared' 
~ , 

- .... ', 

to the three lowest eigenfrequencies of a conical ~bbe (the 

... 
,. 

" 

... ~. ~'", 
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characteristics of which are given in Fig.S) for each type of 
- ------~ 

damping. Although gravit y effects were not negligible '(y::f1.45 xlO-3) 

and although relatively large damping coefficients were selected, 
-

the agreement'between eq. (E.1S) (dotted lines) 'and the'correspondtng 

eigenfrequencies actually computed ,Cdata:points) is good • 

addition, it can be v~rified that viscehysteretic damping is , ' 

equivalent te viscoelrstiè damping at r~w frequencies (wo «}.1/V=40). 

and tends towards hysteretic damping at hi9'h frequ~ncies (wo»).!/v)-. 
. ~ 

fi 
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APPENDIX F 

CALCULATION OF THE CORRECTIVE PRESSURE COEFFICIENT Cp 

FOR SLENDER BODIES 

\ . 
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JPENDIX F: : CALCULATION OF THE CORRECTIVE PRESSURE COEFFICIENT 

c FOR SLENDER BODIES P , 

dC
p 

dx ' 

we ~~~l now show that tlle pressure' terms involving 

which were neglected in eq. (3.4), are ind~d quite small, 

vis-A-vis the fric~ion terms involving qet' As given by Sears 
~ 

[73], the perturbation potential of the flow pattern for Mach 

numbers «1 is -

, L 

t(x,r) = -~1T' f 
o 

1 

S (u) du 

As illustrated on the right, U is the 

(posi tive) flow veloci ty, S (x) is the 

cross-section area, x=O and x=L are 

the abscissCil of the nose and tail of 
\ 

the beam. 

__ 0 
.aL 

The pressure coefficient;· for points near the surface 
! 

of a slender body of revolution jis 

F-1 

(F .1) 

"Î 

For i conical structum we wri te for the diameter 

and we now set the fo~owing di~nsionless parameters: 

3' B'''t'&1fa 



00 

c. , 

• • 

\ 

" 

\ 

\ 

• ~ = x/L, pcc r/L, 

Hence, we write . , 

t (x,r) '= ( 
o 

(l+au)du 
----,~---~ = ... 
[ (E;-u) 2+ p21 ~ 8L 

and 

de 
The value of ~ at the wall is . \ 

li 

dc dCn ab ar 
--E - ~ + --E [ ] = dx - dX ar dX W 

CJ 

hence, by use of eq. (F.3) 

F.I CALC,ULATION OF *' 
...l..- e 

cxUL 
::2" 'l'(~,p) 
BE 

( 

2!.=JrI (l+au) (-p)du 
. l 

= la · [ae (f;-u) - (p+petF,) ]d~ 

dp 0 [ (ç; ... u) 2+p2] ~ 

which yields, upon setting v=f,;,-u 

v=E;-l = (l+~r;){ V } 

P [• 2+ 2] l 
V P v:=E; 

or 

[ (; -u) 2 +p 2 ] ~ 

, 

v=t;-l 
{ , 1 } + exp i 2 2 J 

[v +p ] , ver,. 

, , 

F-2 

(F.2) 

(F.3) 

\ 

1 
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F-3 

1 (F. 4) 

, l+aE; 
At the wall p:= 2 «l, hence the second term which is pre-

\ , 

multiplied by ~p will usua11y b~ srnall cornpared to the first one, 
\ 

and I~~] at the wall will be oI the order of E. 

F.2 
2 

CALCULATION OF 3, ~ 
.êp 

a2,!" From eq. (F.4) w~ rnay now derive ---
ap2 

\ 
\ 

2 2 2 f ' 2 2 2-l 
+[(l+a~H +ap ][~ +p]- -[(l+a~)(~-l) +ap ][(~-l) +p] 

\ 

2' 
h a! h 11' f h d f 2 ence, ~ at t e wa 15 0 t e or er 0 € 

F.3 

ap 
\ ' 

a 2'1' 
CALCULATION OF apar 

\ 

\ 

\ Upon differentiating eq.(F.4) with respect to ~ we obtain 

, 
which can be re-written'as 

; 

, 
i 
~ , 
1 

! 
~ , 



F.4 
2 

CALCULATION OF ~ 
a~2 

Because of symmetry between , and u, 

F-4 

\ . 

which may be integrated by parts, and\yie1ds after two integrations 

a2,!, ~ 0 2 2"" 2 2 -1 u=l - =. [11+au)-[ (~-u) +p] - a[ (~-u) +p] ] 
a~a au' u=O 

de 

u=l = [(l+au) (Ç;-u)' -r Cl ] 

[(t-:u)2+p2]~ ',[(Ç;_u)2+p2JI -0 
1 u-

CÇ;-l) (1+a) Cl [ (Ç;-l) 2+p2 L/ ~ - Cl (ç;2+~2) 
= [(Ç;-l) 2+p2] ~. - 1 [ç;2+p2] l 

'2 2 
-2- ,...!!....{L! + L U-(l L~) a2 3'1' a2

,!, 
---} 

dt 4e 2 aç;2 2e~ d;ap 4e dP .. 3~1;.~ "ap dP2~ 
de 

\ 

-2 we may e~pect\~ to be of the order of e: 1 and no term within 
1 ~ 

the braek~t may"be negleeted a priori.~ 
"1 2 de 

If we no~"wish to compare qet and ïPUeAe ~ (as it wou1d appear) 

in eq. (8.4), we eonsider the ratio 
\ 

,Of 

0\ 

• 0 



~." 
1, 

~ .. 
'" 

\ 

and, upon ~sing the dimension1ess notation defined in',2.6, 

we obtain 

On the next page~ we ahall present sorne specifie values 

of q?t an4 the 'short computer program used to ca1cu1ate them. 

The calcu1ations were performed for three values of e:, lusing 
.~ " 

nine truncation ratios (ranging from a=-O.l for an almost cy1in-

F-S 

drical beam to a=-O.9 for an almost fu11y conical beam)i the va1ue~ 

'of the taper angle, B, which are equa1 to -a/e:, are listed below . , 

the values of a. Beeause'the experiments were conducted with 
o beams which norma11y satis'fied .the conditions e:>15 and 8<2 =0.035 rd 

and, since.th~, tables indicate that_the value of qCt diminishes 

with'increasing1y 1arger values of e: and increases with 1arger 

values of -a, hence, the maximum average value of qC t is obtained 
" ~ 

for e:=15 and a~O.S. For e:=15 and a=-O.5 we obtain 

i:: 5.3 10-4 

hence, for a -3 
typica~ value ct =S.10 1 the ayerage value of q will 

satisJ~ ~ 
·J<0.~7 for e:~lS and 6<0.035 • 

. ,r 

A1though' this ratio is not' rea11y negligib1e .with respect to 1, 

it is argued that the theoretica1 calcu1ation has assumed a 

uni.form cylinde~, "both upstream (~<O) and downstream (E;>l) of 

1 . / 

~!!53'lf'I·' Il il9 Il ~r,. . 4 
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'\ o , 

the conlcal structure,as illustrated below, whereas the real 
1 

calculation o'f cp !'I0uld require the ad(Ü tiot;l to ~he conieal 

F-6 

" 

ptb~ile of tn~, bou\ndary' layer displaeement thiekness t this wou1d' 
\ \ * 

eliminate the s10pe discontinuities' at ~=O & ;=1 whic~ boosted 
de 

'the valües of ~ in the neig~ourhood 9f ~=9 & ;=1, as observ~d 
. . 

on the tables. in reality q is.substantially less 

:' than 1 "and may be cons dered to he negligib1e. 

\ 
boundary of actuaL co~pùtatio~ real boundary 

'\ 

" 

• 

--::----------.:...~ 

-+-- - ---- . ~-
X=O 

~ / 
"'........ ------- --------. ----------------------;-- " 

, \ -

support 1 
end 
piece 

1 
l' 

-', 

.. 

\ 
l ' * The perturbation potentia1 assumes that the slender body 

is inserted bctween two axial 'infinite uniform cylind~rs. 

i 

i 
.~ 
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CALCULA"TiON OF DCP/QX & q.Ct 
\'1 

1) T -1 t= ,,<: T r "\1 v ( 7 t, 1 ...... l '? 1 '.:ç ) • 7 ( Q ) ..... CT" ( 4 1 
.)11 li,) T~pc:,=1.1 

{IJ'=lf1+Tt-=PS*"> 
fa.) ,= L 1.ln 

. ,,= p <;::: T j.J <; " 
1111 l' T "1.,:1: 1.-1 
!\L"=-I'.l'::'''''-V 

r Il''> f .... I\,',r~,-,~ 

~t rh( Thl.P}=-A·.P/~,J" 

y r.' 1\ l,) t =-1\1. P 
s=/) ~ 

III t. 1 Il r li: = 1 • /. l 
X=fl./)'>*II)C-l) 

--R-<: (1 +"'.~*X 1 / r ~*E)~) 

., 

\ '" 

,) 

fi 

",.' 

'" 
~R =~.~~~*«X-l)/~QRT(IX-ll**7+~.*2)~X/SU~T(X**?+R**2»+ALP*~*(l.1 

1 ~r,""1 (1 )(-J .**.> .. R**71-t./C,OIJTI X**;>+R~'*;>I J 

f !-i i( = 2 ,;: t f.l1\ 1 K :;-: r <1 S '1 1 >{ T ( X * ::: ? + ~ ,: ::: ~ ) '7" ~ x - 1 ) 1 \" K TIr x - 1 ) :;.:::: 2 + L( * III 7 ) ) + A L P. 1 1 • / 
1 C;1l { 1 ( ( X -!..t **1+ R **? ) -} • 1 <lQ\.: T ( x*~, '?+R** ~ ) ) + ( X+~ '- p* ( X**~+ R**:;> ) ) 1 ( X 

, 1 ~,: *'? +~7) -:<* l • ':>-( ( 1 + 1\ 1.1-' * X ) * ( )( -1) + ta U'* I{** 7) 1 ( ( X-l ) *"'2 + ~**2 1 *:;: l • c; 
fRV=(~lP/N*IX-l)~~~+R*:::?*?~E~~J/ttx-l)**?+R~*?)*~l.S 

1 -(AlP/R*X;*~+M*C~:::?*~P~)/(X~*'+K**))**l.~ 
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0.20 9.4E-OS 1.9E-04 ' 2.SE-04 3.7E-01t 4.SE-04 5.4E-04 
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• 
APPENDIX G: BOUNDARY LAYER AND FRICTION COEFFIC~ENTS 

In the first sebtions of this Appendix we shall calculate 

the boundary layer thickness and friction coefficients when the • 
beam is at zero incidence and in a ~wo-dimensional flow. The last 

part of the Appendix deals with boundary-Iayer suction. 

G.I. General 

~ first proceed as in the case of a fIat plate to cal­

culate the drag and the bounda~~layer momentum thickness. For this 

purpose we draw a cylindrical control volume as i1lustrated be10wi 

thé section SI and the outer surface S3 are placed at such a dis-
1 

tance from the beam that they lie in a region where thé axial 
• 

ve~ocity, U, rnay be assumed undisturbed and equal toJue • 

" 
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The momentum balance is ~ven in tabular form as fdllows: 
(.-

éross-section rate of flow momemt um in x-, direction 

i R
" i R' 2 S ' 01 = Ue21Trdr 1 -p Ue 21Trdr 

. o . 0 

i.~' A . f.R' ( 
S2 -0 = - R U21Trdr 

2 ' 
2 '-p ,U 21Trdr 

. R . 
~ 1 

~ S ' 
°2-Q~ .. \ Ue (02-01) 3 

1 
1 

Hence, j>the total axial momentllm flux is 

M = pfaR' U (U -U) 21Trdr (\ 
- e \ 

/ 
which can be expressed in terms of the momentum qoundary layer 

thickness >~ 62 , as follows: 

l.R
+

6 
= 1. R+8 2 

\ 

M = P U (U -U) 21Trdr' u2 21Trdr J R e e ' R 
• 

~'M2PU~ ~ if 
' , 

t. 
2 = P1T6 2 (2R+ô 2}Ue ô2«2R1

• 

î 
~ 

Î 
Provided that the adverse pressure gradient introduced by the 
~ 

taper,~)the b~am may be neglected, the rate of .éhange of,this 
" 

'G-2 -

, 

\ 

rnome~u~,is simply equal ... td local friction force per un1~_)ength, 
• and we thus wri te 

• 

11 C.L Ji 
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where .'t ~ 

we obtain 

is the local shear stress; upon rewriting it as 
- , 

G-3 

l , .. d (ô) '2 RC f , = dx R 2 (G.l) 

and in order to obtain Ôz we will now calculate cf as for a 

uniform cylinder at zero incidence. 

Using classic~~~ we write 

o c' 
f 

dÔ 2 = 2-
dx 

ô
2 

(L*) 
= 2---­

L* 

\ 

" where iJ = L + xo' and Xo approximately represents the length 
1 

l of1the upstream support of the beam, corrected for edge effects; 
.0 

" 'ô2 is the momentum thickness. provided that ô2 re~ains small with 

'" respect to the beam diarneter, we may appl~ the Prandtl-Schlichting , - , ' \ 

skin friction formula [74] fo~ a smooth fIat plate at zero incidence. 

Thus, 

0.455 'A 
= ---------:~~ - -

(L09IO~R]2.58 
(G. 2) 

Wheref~R is the Reynblds nurnberft abscissa L+Xo ' and A is the 

correction for the laminar skin friction up to the point of • 
1 

1 transition; for values of the critical (transition) Reynolds nu~er 

. below 3 )( 10.5 , we have A<105,O; typica11y for NR = 107 , we have 
-3 

cf~2.9 ,x 10 independently of ,the critical Reynolds number, but 

'for -NR \~ 106 then cf may vary from 3 >c 10-3 to 4 x 10-3• 
, 1 

\ 
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1 
) 

It will be convetient to approximate cf over a specifie 
1 

range of velocities. We may do that, either by considering a range 

of dimensionless velocities,or by ~aking an empirical average Reynolds , ' 

number. First, we 'write the Reynolds numbe~ in terms of the' dimen-' 
-

sionless ve10city ue introdueed in §2.6.l, as follows: 

( !, "'ff 

! x+x 1 

= [El' 0 PA] ue LV
e e e 0 

(v is the kinematic viscosity e 
of the fluid). 

Then select 'NR for the median veloc~ty ue = 5, since our dimension- ~ 
less velocity range will commonly be O<u <10, and set for x=L ~ . el, 

/ 
k 

5(1+Lo). 

, Upon setting NR=Na in eq: (G.2) we can caleulàte an average value 

of cf' In practice, for the purpose,~ this work, we derived cf 
, , ' ~ 6 
from an average experimenta~ value of NR=2xlO obtained at x=0.3 m 

with E =x /D =10 and U =3m/~, which yleld3 Cf-4xI0-3 by the loga- , o 0 e e 

rithmic'law. IncidentallY'J for turb~lent axial f10w over a cy1indèr ., 
rather tha~ a fIat plate, Hoerner [75] proposes a corrective incre-

'~ 

ment ta Cf' namely ôCf=0.OO~8 L/R (NR)2/5; such a correction is 
, ' 

" ,\ 

neg1igible in our case. 

, \ 

'À' 
• 'l.. 

G.2 Calculation of friction coefficients 
) c 

~he 'local shearing stress at the surface of the bea~being 
• 

.. 
J 

...... ,,, ..... _-~ ... - .~-,.- :: 
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'. 1 

the frictional tangentiql force per unit length of beam is , ~ 

~o ~ =!p u20 TIC "e'o 2 e e e f 

By comparing to equation. (3.1') we obtain Cft 

dimensioniess notation of §2.6.l 

\ , 
C -c = n t 2cf 

~t 

" 1rC f ' and from the 

\ 

For turbulent Reynolds number we shall approximate by --3 
cf c f ",4'IClO • 

\ .u 

G.3 Displacement thickness 

By-the n=7 power law we'may ~elate the displacement .. 
thickpess, 61 , and the momentum thickness, 62, of the boundary 

layer as fol19WS: 

- , 

we th~n ~ntegtate (G.l) te obtain <5 2 at a distance l from the 
l ,-

leading edge , 
1 1 

Ô 2 = ---'" T"f 

fol R(u)du 
R(l) (G.3) 

As previously, we accçunt for the edge effects and the short j, 
\, \ ~ 

la~inar boundary layer (transition will occur ve~y close to ,the 
1 1. i 

edge) by correcting ehe' actual length lo by,xo • We further assume 
, 

the support ~o be cylindrical and the beam attached to it tq be of 
, / 

a conical shape'a~ in §2.6.2; hence, upon setting l=x +x in eq.(G.3) 
~ 0 , 

we obtain. 

.. 

\ 
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\ 

" 

\ 

e 

, 
In order to simplify further,ca1culations associated with the 

boundary layer we shall only retain a line,r expréssion for Ô2 

by ass~ming aex/ (2L) «1: hen~e\, 

and 
1 

\ 

" -3 = 2. 6x10 (xc +x) (G. 4) 

\ 

G.4 Boundary layer suction, 

G-6 

B~ed on uniform suetion, the theoretieal velocitytrOfile 
i ,# 

of a laminar flow on a fIat plate develops tow~rds an asympt tic 

suction profile whi,ch is fuller than a typical Blasius profile; in 

terms of the characiristic velocity defined by quantity o~ fluid 

removed by ·wetted a ea, -V and viscosity', v r the velocity obtained 
" ,0, e 

thereby at a distance, y, from the wall, is 
~ 1 

theoasymptotic displafement thiekness, ~Ioo' is equpi to 
1 * ' 

given by SChrichting 

i 
* op. cit. (74], Chapter XIV, b, 

,II PDiI' ' 

\ 

, 
1 , 

(G.S) 

'V e --, as 
Vo 

, 
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/ 
Many technical difficulties made it almost impossible 

for us to obtain such a profile; for instance the ReY~Old,-Jnumbers 
\ 

in the tests are too large to expèct a laminar boundary layer over 

the bearn, even with the help of suctioni in addition}'~he ideal 

conditions for a uniform and axisymmetric' suction are d~fficult t~ 

approach, especially in dynamic rather than static test~. Moreover, 
\ 

theoretical difficulties are encountered; for example, suction 

implies/that friction coefficient~ should 
suPFbrt 

be reduced in the calculations, and more 

seribusly still, t~e lift calculated in 

eq.(3.l) no longer a~~=s because of 

sirik effects and the presence of an in-
l ' , 

ternal adverse (accelerated) flow", as 

illustrated in the diagram. 
"', 

. 
Nevettheless, let us proceed 

and estimate the amount of suction te-

\ 

~J '1\ 

end-
piece \ 

\ 
\ 

quired to produc~ a significant reduction of the boundary layer on 
1 1 

cylindrical tubes. Two methods wi~l be investigated. 

(a) we~first app1y the theoretical r1sults for a 1aminar 

boundarYi eq. (G.S), applied to water at,'20oc.yields 

'3.3')<10-6 
= l 6

1
, 
co. 

(m/s) 

which May be,rewnitten in terms'of the maximum interna} flow, i.e. 
1 , 

AiUi at x=O (assuming no suct,ion for x<O)~. and 'the wetted area, 

'lf°eL4J as follows: 1 
! :r \~ 

Ui (0) A. A. D 
1= Ut (0) 

l e v = 
Ae 4L 0 1fDeL " 

"-

- •. r 
• 

• <1 

"-, 

\ 

/ 
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~y use of dimension1ess notatio~ (§2.6.1), 

\ 

/ 

hence , 

-; 
1 

, Let us now assume~hat the cross-sectional ~rea of the asymptotic 

0 

displacement' thick~ss, A:-Ae , shou1d not\~e 1arger than 5% of that 

)' 

A*-A \ e, e 
Ae 

215,1 (0 ) 2 
= (1 + De - l < 0.05 , 

" which y~e1ds, 

approx'mate1y 

for a 2.54 cm 0.0., ô1 <0.032 cm; this value would be 
• ClO 1 

6 times smaller than the ~resent value of 0.2 cm, derived . 
from eq (G. 4) for 

\ 
15 1 at the downstreàm end of the sarne "beam (preceded 

by a 25 cm support, 

our tes~~, we wou1d 

and without suction) . 
\ -

thus requ~re 

U. (0) > 1 ml s . 
~" 

For 0=0.5 and e::=20, 

(b) Alternative'ly, because neither the boundary layer is 

as 

1aminar nor the suction uniform, the fo11owing rule of thumb may 
," 
o 

be used: ' .. let us draw' from the externa1 f1ow, the rate of flow 
\ 

displaced by the boundary layer thickness, i.e. [A* - A )LU ; we 
o e e e oo 

'wOUld then ~xpect the v~locity pro~ile to be significantly fuller: 

We now obtain 

lA*-A ) Ae 4ô1 (L) 
= e" eL U U 

A; x eco - r D em '-... ~,e 
\ 

-/ 

in 

k:L- •• III,'''IIiII!III--_· ---~, ~..t~,r~,· ~-\~.~~I~~~_.\ll~!.l.::tiiIIJjl!iQ ••• "..,,~,-~, .. ,,::. 11'1'.11.12.: __________________ & ____ _ 
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:1 
which yields for the data of the previous paragraph~nd ô1 (L}=O.2 cm 

the\fOllowing condition: 
1 

U
1
' (0) > 1.25 x U eoo 

• 
As opposed to the previous condition for U., this one 

1 

depen~s on the veloeity of the external flowj however, sinee the , 
, 

values of the external veloc~ties reguired to observe instabilities 

of the beams are generally above ~ mis, both conditions yield 

intern?ll flows of at least l mis. 'Such velocities were too large 

for our apparatus, since, in practice, we could never draw more 

than 20 cm/s. 
( 

" 

j 

li 
""1. 

" 

\ 

' . 
.: 

"-' . 
,0 

\\ 

. 

) 



\ 

1 

-

\ 

a 

• 

'1 

il " 

APPENDIX H 

BASE DP~G EVALUATION 
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~ , 
APPENDIX H :, BAS1=: DRAG EVALUATION , ,~ 

\" 

It was decided to evaluate the base drag coefficients, 

inttodJced 
1 

Cfe , Cfi and Cfx in equation (S.6),experimentally. To , 

this end,rigid cylindrical tubes equipped with ~ressure taps were 
'--

design~d, which, for co~venience, were tested in a wind tunnel 
/ a 

rather than in a water tù~nel. 

H.l Geometrie similarity< 
(? 

, . / 

fi , 

In order ~o reproduce s~milar external flow conditions 
, , . 

in both water and air, the Reynolds numbers basad both on diameter 

and length were scaled ~eparatelY'1 i. e. j, t was required that \ 

U D ww --= 
Vw 

= 
U L a a 

v a, 

, ~ 

0, / t 
J 

where U, D and L denote external#velocities, "diameters and lengths, 
o 

respectively, and subscripts w and a refer to water and air. 
1 • 

Cleal'ly, it f.ollows that L ID = L ID and, therefore," 
'" w'w la ~ 
~ the two models must be geomet~ically s1~ilar; in factuthe geometric 

simila~ity fUrther extends to the boundary layer " as shown by the 
"\" " Q . 

t'ollowing, d~mensional ané\ly.sis: the ratio ô*/D, Le. the boundary : 
"-\ , 

~a~er thickness ~ivi~:ed !=>y." diarn.--eter, is, (in in~omptessible flow') a 
,. fli> • 

giv:en function of x/L, Div, UD/v and of a cr~t~cal Reynolds number 
';~ ~ 

accounts ,for transition (and which depends 'rnainly UpOR the 

level 
• \ ' " 1 

of tutbulence for similar and smooth ,sur.faces). Hef),ce,c pro-
1 

vided-t:hat either the levels of turbulence in the two tunnels a;re 

similar or thé transition po~nts , , ~ 

, 

close t1'the 'leading edg~, the" \ 

ratio 1 ô*/O will ,be very close, 
1 1 4 

espec~all~ .at· the downs~ream end 
~ 

, t 

1 
'r' 

1 
• 

. ' 

" ' 

, 1 

ii:~17'JtiI'tIllli"lIIIInlIIIt lIIii'tNiIII·IIIIM __ 'IIIITZIIII'W .... __ ... ________ ..... ___ .:-___ :-. __ ..........-.-.r .. _____ , ,r\I __ ' 
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, 
where they are relevant for

l 
base drag. l't is noted

o 
that for the 

external flow f velocities will remain low enough to neglect t~e 
'!) 

compressibility of air. 

With respect: to the intérnal flow, geometr"ic similatity 

must be satisfied in this case also, to p;,vi~e sirnilar flow con-
. 

ditions. Ultimately the scale 'factor L IL was chosen equal to 2 a w 
f\' or a velocity factor of 8 ai:! 70°F. 

H.2 Experiments 
~ 

Experiment~ were conducted on rigid~Ube~. cylindrical 

bath outside ànd insidei the ratio of internal't9 external diameter 

was kept constant and equal,to 0i/Oe=0.4 (i.e~ 0.=2 cm and 0 =5 cm) 

, 

" ". 1 ~ , e, 
and the ratio E=L/o was équal to 15. Th;ee different downstrearn end 

pieces were used, as illust~ated below on the righti on~ was elqng­

ated, another was hemispherical,"and the last one was very blunt. 
" "Ail , 

In each end 1?iece, six pressure taps were drilled at different radial 

positions and connected to an alcohol manometeri the support strut 
! • 

was placed next to the upstrearn end of the tube, so as not to inter­• 
fere significantly with the èase drag measurements. 

" 
1 

~. u. . ___ ~ _____ ' __________________ __ 
l - - - - 7 - - - -1- - - .1. - - - - ~ - - - - - - - - - .......... ~ -"-'l 

~.Œ===~==j;:~.:~_~ ____ ~_~~ ___ --r- 0 
Q _ ........... --=---! 
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1 ' \ 
The range of external (flow velocities was 0 to 50 mis 

" .... '1'-
\ 

and that of internaI flow was 0 to 100 mis (in orqer ~o scale ranges 

of 0~6 mis and 0~12 mis ip water, respectiveIy). The pressure 
f 

" measurements from the six pressure taps and the main pressure in 

-

the wind tunnél weré then recorded for each pa±r of velocities and 

the to1:;al base' drag,. calculated. 
, 

H.3 Quadratic fit 
'\0 

A homogeneous second-order approximation was then selected 
\ '" 

to fit· the experimental points (the average relative deviation was 

less than 10%) leading to ' 

• 
'The values of the coefficients for, each 'end 'piece are 

tabulated below. 
, -, 

Cfe Cfi Cfx 
1 

) bf1)nt 0.15, 0.016 0.109 
1 

, .. ~ ~ 

hernispherical 0.13 0.009 0.054 , 

elongated 0.03 0.007':" 0.053 
• 

0 

As may be observed they are aIl posi~ive," thus suggesting that drag 
" . 

inCreaS!s with either ,internaI or external flow velocitYi however, 

e~per~merts indicated that for the Iarger Reynolds numbers of the 

external' flow,tthe d~g for zero internaI f10w was always 10% higher 

, / 
"than predicted by the express~on above. Furthermore, those co-

i} tri' 

efficients 'shou~d also depend to sorne extent upon the ratio E = L/D 

.. 
-.l. 1 

~. 

~_I''''_'JW & •• 1 .. _ IF 
,',J- J,", j" , 

QI i2ii i ;;;1 Ji hiXJX.a: LI..!, j iU; Ui =='11 



H-4 

,,-
and on the actual velocities, since the thicker the boundary layer 

ratio 6/0, the more "insulated" is the_ base; as suqgested by 

Hoerner*, the base drag coefficient for a slender body varies as 
\ 

the inverse of the square root of the forebody drag coefficient; 

however, in this study, we shall assume that they are reasonably 

constant, because of the limitedl ranges of Reynolc!s' numb~rs anç 
" \ 

slenderness ratios E. . \ 
, Nevertheless, these coefficients still yi~ld, if not a 

very accurate, at least a r~presentative evaluation of the base 

drag 'of our tubula'r e~ams. 
" t 

It will 
• A) 'J 

noV'be convenient to find serni-emp~rical 

thJlthre~!coefficients, ~co~ding to the sions for each of 

'of the end piece, to be supplied ~ the computer program. 

expre~-~ 

shape \.. 

(a) For elongated semi-ellipsoidal end piec~,~witho~t inter~al 

flow, the following formula for Cfe has been suggested,by Ghank 

" as reported by Hoerner ~ 

• Cfe = o. 06 [Bfl,-~, 

• 1 \. ! / 

whe,e, as illustrated above, l~.the l~nç~h of thè end piece, 

and 0 .. the dia~~er; ~s could be, expected i ~ "only agrees wi th our . \ ,,.- . 
data for the most elongated end 

~ ,1 

piecei 

oul:' own formula to fit the -range l = 0 

~hUS\) we ) proceeded to 

to li = 1D/2, namel~ 

* Op • Ci t. • ( 7 5 l p • 2 - 7 • 

, 1. 35 3 .1 
9+(2l/D} • 

... 

1 

çerive 

'\ 

, 

l 



\ 

'" ", 

." -.. 

• 

. , 
(h) Similarly, the following~ formula was obtained' for ;f1 ' 

o.d2 
Cfi .= 1.2S+(2t/D) i 

; 
• 

however, it is noted that· sinee -Cfi is of the order of Cfe/lO, 
,. 

it will add l,ittle to the total drag whene~er A.U~ remains below 
l 1. 

2 or is comparable to AeUeo, 
, 

(c) We now consider Cfx ' Its magnitude tends to indicate f:hat 

there is à setong interaction between internaI and external flow 

. 
a-s 

.""') -

'with respect to base 'drag: for similar'magnitudes,of4(.U~ and A u2 , 
, 11 ee 

the contributions to dE~~ from the ~fe and the Cfx terms are similar. 
, 

As previously, we es~ablished our own semi-empirical formula for 

Cfx as follows: 
( 

Cfx = 0.05 ':::"~-:i:;--~~=g . 
.. 

1 

-
1 

The applicab~lity of 'these fhree formulae should further 

he restricted tb tases where the diarnet~r-r~tio is close to 0.4 . ' • (actu~ly in the experiments conducted in the water tunnel this ra~io 

" -was'equal to 0.5). 

, 
, 
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APPENDIX l , . 

lMPORTANCE OF !OTATORY INERTIA 
J .1.._ AND MOffENTS DUE TO CONN~RGENT FLOW 
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APPENDIX 1: IMPORTANCE OF ROTATORY 1NERT1A 

t 
AND MO~~S DUE TO CONVERGENT Ftow 

/ 
1.l~ Rotatory inertia 

'" The moment arising from,rotatory inertia of the beam is 

(1.1) 

1 

per unit length,~and the corresponding flexuràl moment is 

,a Cl 2 a3v 
-[El ~] - El 3 " 
ax dX

2 ax 
(1.2) 

.' " 

for ~ender b9dies. , 

part, 

If. we set .y(x,t) = R'{Y(x)~eiwt} 1 ReO denoting the real 

(1.1) yields 
1. , 

\ 

, r 

If we now assume Y(x) - L\x e , that is to say that sorne wavelength 
) 1 

~ c;an);le found associated with the modal -shape. then'eq. (1.2) yields 

El ~ _ El ~e{_À2 aYeiwt} 
ax 3 ; ax " 

-4 '. "'\ 
2 2 " j Hence, provided that À and w are ~pproximately real, the ratio 

\, > 

of these two terms is 

~ ! 
E. a3y/'axat2 

E a3y)ax 3 .. 

.. 
. t 

(1.3) 

" 3 ; P ; !fM'III" 

1-1 
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Provided that this ratio is ~ell below unit y, it~may be assu~~d 
that rota~ory inertiâ will, have a small effect compared to flexural . . 

inertia. 

Let us consider quasi-uniform beams at ze~o 6low velocity; 

then, w2 :::: (ÀLt"4 EI/(PAL4), and eq. (I/~3) becomes 

) 
where, fo'r standard boundary conditions, ÀL takes· well-known values. 

Thus, for pinned-pinned brams, for mode~, ÀL = kn; hence 
• fi 

\ . 
and in order to neglect rotatory inertia we need to'have E»ki for 

inst~~ce, if c:>8k then the~ error will be 'l~SS than o+e percent.,' 

For clamped~free beams, 

XL ! 'fT (2k-l) ï and 

11 
hence, we need c:»k-ï , and c:>8k-4 will yield less tharr one percent' 

error. In fact, pr®vided that E>25 Rosinger' and Ritchie [76] found 
• , f 

that the errors resulting from negtecting rotatory in~rtia and\ 

shear deforrnation are les9 .than 5% for t,he natural frequenci.es (up 

to the fifth) \f;;' a c~mtilever beamifurthermore, "such Jtrrors vary 

approximatel~ like E -;2, and somewhat proportionally to the modé 

nurnber. 
\ .. 

. 
f.. , . 

" '_s 
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unfortunately, when we depart from the zero flow veloeity 
1 

~ondi tion or from the case of a uniform beam À becomes a function· 

o( x, and the relation between w and À is no ~ong r straightforward. 
'" . 

The longest wavelength, X', should thèh measured em-

pirieally from the ex~rimental modal shape and À stimated from the , 

value 2n . 
Àm = -; then, one shoul,d Chee! that, 

X l' .. " 

.e. (~)2 1 
E Àm « • 

1 

In pr~ctice we shall choose large length ratios (8)15), 
1 

and only consid~r'the first set of instabilities, which oceur at 

eritical velocities where only the lowest modes can be excitedj as 

a result, the correspo~ding critical frequencies remain small, i.e. 

generally1lower than at zero flow; in addition, the wavelengths -J 

, , ; 
never increased significantly and therefore, the inequality s~ated 

, \' 
above could be satisfied. 

1.2 Moments due to convergent flows 

Let us prove that the terms resulting from the moments 

induced by the combination of flow and 'taper (either in~ernal or 

~xternal), may be neglected ~n the1differential eguation of motion. 

, #1 In eg. (5.2) these terms have the form / 

P A dA 
o 0 . 0 a {V2 ( )} --r;r ax- dX 0 y , 

, t 
(1. 4) 

1. 

i> 
where the su~script 0 stands 'for either i or e, referring to internal 

~~d external flow respectively. We shal~ now comBare the~ms to 
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similar ones assacia~d with the hydrodynarni~ forces, which have \ 

the for;m 

(1. 5) 

, 1 

As in the previous section, ~e assume a-solution 

iÀx eiwt y-e the ratio between the terms in (1.4) and (1.5) gives 

,,1 

This ratio ~ill always be very srnall because (i) we have already 
Pr , 

satisfied the co~ditions 4e:>ÀL., in arder to neglect rotatory inertia, 

(ir) c»l for slender padies, and (iii) laol<l for the tapered bea s 

uhder consideration .• 
! 

Q 

-.. 1ncidentally, it is not always necessary to rnake as-

sUrnptions regarding y in order to neglect the fluid-induced moments. 

Far instance, ~hen the frequE7ncy, w, 'is very small, as in thfl. 
'Jo 

neighbourhood of buckling, the expansioI) of (1.4) wi th re,spèct to 
3 

. t .. a y terrn, ~. e. 'one con a~nl.ng 3;' as the op~rator V reduces to a single 
. !~ f \ax 

term is negligiblY'small cpmpared stated, at 'the end of §2.6.1 such a 
o . \ 

to the terrn resulting from the flexural moment, provided t'hat the . , 

flow velocities remain below the slendernèss ratio C. 
( 1 

shown bY comparing~the fo~lowing\ two terms in eq.(6.3) 

!\ 

( 
) 

" 

~~ 

1 
-2 

___ Se:: 

• 1 

da 4 da. d3~ 
r0el _e - 'is a. _1] , ~, 

d~ ...., d~ d~' 

o 

da __ e + 

d~ 

2 2 0 

ô v. da. 
__ 1. __ 1.] 

ai d~-

1 

l ' • > 

Th"is can be 

1 

"" 

q, 

" • 
....... 

• 
~~wÉfre;=1'~ ... _ .... · __ ... " .... __ 00 ....... • .... ·_ ....... ______ • ____ ~ --.-----

1. 

) 

" , 



.. 

t 
, 

,1 
f ... 

" , 
! • . . 
1 

:" 

lC) 
... 

.tp 

.' 
-- -

, 

I-5 
l' 

for the' flexural and fluid-inducea moments,orespectively. 

" 
['herefore, 

if, 

r/ 

then, neçessarily, the second term will be negligible. In terms 
; 
\ 

of the true flow velocities Ue , U~. Ij and the wave-propagation velo-
, 1... ,(7 C" 

city, e, these inequalities yield Gr 

These conditions were satisfied in our ,tests sinee the 

maximum flow' velocities were around 6 mIs ana the smallest of the 
, \ ) 

values of e, listed for\different materials in ~.2, was 40 mIs. 
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APPENDIX J: 

1 
CALCULATION OF THE CORRECTIVE HYDRODYNAMIÇ .. 
COEFFICIENT f. 

i 

R.H; Upson and W.A. '!<likoff [77] proposed .f\n'analysis 
J 

~ / ' 

~of the forces exerted on half bodies of, revolution whiéli has 
, , .... 

also later been repox:ted by H. R. Kelly [78] to be more apl?rop-' 
J 

In brief, it is sugge'sted to teplace riate than Muz:>.kl [45 h ,. . 

rMunk' s ~virtual ass factor k
2
-kl by t~e following,:~.actor 

f 

\ 

S : 1 
where a is the full taper angle, ·i.e. tqP 2 ~ îBD/dx, D being 

'II 

This factor'would then be 
• 1 

the dia~eter of a cross-section. 

e-
, • "1 

• variable along the bOdy except for conical sh~pe~ For practi:. 

.cal purposes, ~he product (l+k1) (1+k2 ) ?ec,reases very rapidly 

to\ a value ~f 2 as the slènderness of the body increases; this 
'* . 0 :Zl, 

is illust.rated. in the table below for hal~ 'ellipsbids o·f' 
'1 

revolution: tlle initial va1ue of 2.25 is obtained for a hemi-

spherical body (a and b are the lengths of the major and minor 

axes respectively) • ,. 
-
\ 

'\ .., 
1 

a/b 1 1.5 2 3 
., 

4 
, -5 0 10 - . 

I
CO 

r . . , 
1 

0.021 . \0.0 k 1 
0.50g , 0.305 0.209 0.122 O. oa~ Q.059 

,. 1 

- - " "-k 2 0.0500 'Cp. 621 , 0.702 0.803 0.860 0.895 0.960 1.0 . 
lt( l+kl) 

.". • AI 

2.250 2.115 . 2.058 2.023 2.013 .2.007 2.001 2 
.<1+k2) j -, 

, --
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\ .-
Over the maJor portion of the beam which is conical we thus 

take (1+k1 ) (1+k2 ) = 2, sinee the co~ical shape may be considcrcd 

as the envelope of a family of infinitely long ellipsoids, hence 

since 

1 

~ 1 tan2~ 
2 

. a l ~D2 ae fle 2 
tan"", = ----'-- = the,n f ~ 1 - (-2 c-') • " 2dx ÏË' ,,;: 

J-2 

,/ < 

We Sha~' always' consider case: whLI~1 < ~6 • then f-l and \ 

apJlied te the lift exerted on ~h~; 
\ 

no corrective 'hctor need, be 
v" \ 

the downstream. end,o the anglè\ 
• beam along its lengt~; however, at 

8 i5, no longer nègiigib ld. 
As in §2.5.3, and for. the s~ke o~ 

.. 
simpli~ity, we shall assume that~ 

the -end piace may me represented 
Il ' • 

c .. ~-_ .. cone, ..and' then 

'1 and-e is given by ~ 

/ 

~= L .. , 
-2 

henqe,,.: 

-' tan~ = 
2 = 

D (L) • D. 
e Il-~] >2l D 

.. e x=L 

'(J .1) 

,', 
\ 

- t" /', . " \ 1 ,. 
Slea,:-ly, the evaluation, of· the hydrodynamic force, Ç)ver 

-~ 

the end piece'Qand the cal~~~,af~ of the corrective fac:.oJ;", t\,. 
have been ovet;simplified in the present work.:' For exainp-le, in.· 

'" 
§ 2.5.3> of the main text,· we accost'eQ.' for" a constant boundary- ; 

~ • 0 

, \ ' 

\ 
1 .... \ 

, 0 (. 
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.~ 
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. 

layer' effee.t over the end piece in terms of a red,uced flow velo-

city, U* obtained ,at x=L, whereas the boundary layer grows rapidly e , d 

6ver the "end piece., In 'additi~n, 'the ev~ntuality of flow separa-

tion must be considered. 

'Recent studies have investigated the, thick turbulent .. ' 

boundary.+ayer near the tail of bodies o~ revolution [79], [so], 

[Bl1. Nak~ya~a, Patel and Landweber [SO] found that the,rapid 
~ ~ 

gr?wth of the thi~k boundary layer over the conical tait sect~on 

of a modified spheroid is sufficient to relieve the potential flow 

pressure gradients and, thereby avoid separation ,.al together. 111-
1\ ,.' _ . 

cidentally, those'results were obtained with experimental data ,very 
,', \ 

similar to oursi for instance, Reynolds numbers were in tHe vicinity 
, ..' 

of 106, the di splacemen t thickness measured prior to the tail 
• ..,r-

se~tion was of the order of 5% of the 10c,1 diameter and the taper 
1 . angle of the conical tail piece was B=4'50

" Although this study . , 
does nq,t. consider tra'nsverse motion,. i t is nonetheless use fuI to 

.1. ~ 

calculate base drags and to predict thaL flow separation will 

" probably not occur for sufficie~tly smaii motions (provided that· 

the ~oundary layer remains stab1~). 

Another approximat~on made in '§2.5.3 and previous studies 

(38), f40], [77], was to consider a constant value of the parame ter 

f, ~ndependent of the type of m9tion. MOEe sophisticated approaches 

are now available to calcu1ate the id~l flo~ around bodies of , . 
revolution. Very recentlYi Paidoussis and Yu' [S2) investigated the 

" 
,# f . h" ( , e fect of nose and tal.l shapes on t e stabl.ll. ty Of tOwed bodies. •. 

They presenteff an analysis giving the forces 'and moment distribution 

.. 

l ' 

:j 
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on an ellipsoid undergôing-pl~ne motion. An interesting feature 

of their work iS,that they considered truncated tails. Un­

·fQ~~~nately, our theory is difficult to compare to theirs, because, 
1 

on one hand, our parameter f is insufficient to account for thé 

re!inements introduced by their th~Y, a~d, on the ether hand, 

they did not account for the insulat~on effect of the boundary 

layer. Nevertheless, cornparing the ne~ theory with an older theory, 
l ' 

which i9 sirnilar tô ours for zere-boundary layer thickness, 

Paidoussis and Yu noted that, 'for appropriate values of the pàra-
L 

. '" . ~~ter f, the correspondance of the two theories is quite goed, 

:at least)up to the first osci1latory instability. The values of 

f thus required are genera11y lower than those derived by use of 

eq. (J.1) s,ince they vary from 0 up ta a maximum value which, for . 

<Il ve~y elongated bodies, is 'shown to be 1ess than l, whereas eq.(J.I)' 

yie1âs f~l when X >2 (f=l, asyrnptotically). However, in our 
! e 
boundary conditions, e~9' eq.{1~.7), f lS compounded by the factor 
l-a 2 (---) , due to the boundary layer, which i5 srnaller than unit y, 

(J > 

as a result, the two theories are expected. to yield quite sirnilar 

results for the lower instabilities • 

. " 
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APPENDIX K 

.' , . , 
DETERMINATION OF THE COHPL&X "ELÂSTIC MoèuLUS' .. 

·AND OTHER RELATED FACTORS; VISCOHYSTERETICAL DAMPING 
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APPENDlX K. DETERMINATION OF ~HE ,COMPLEX ELAST~C MODULUS 

,', \', 

'1<-1
1 

1 

, , AND eTHER ~LATED FACTORS; VISCOHYSTERETICAL DAMPING. . , 
p -

In order to calculate the âimensionless parameters 
~ , .. 

defined on p.60 we need determine Younq's modulus, E, and the 
'1 t • 

'"damping coefficie~t, k; the remaining cha~acteristics, su ch as 

friction coefficients have been obtaineq i_n .Appendix G, whereas 

flow velocities, specifie gravities and georne~ric ratios rnay be . 
measured ~asily and accurately • 

., 6 \. , 
.". 

I<.l Veloci"t?y and Time Scales 
, 1 

The quantities by which ,the velocities and true fre~ ., 
quencies should be.divided to yiefd dimensionless values May be 

expressed in terms of t~e velocity of wave propagation, C=[E/p1l 
, 

as follows:' 

a) Refere~ce external velocity Ve' 

b) R~ference .. ,rnternal velocity Vi' 

El il. E i 
V. = [-A] -L = ['-pl 

il. p.. 0 
1. 1. 

1>- J Il 

If externa1 pnd'~nternal fluids have the sarne density, then 

./'-"1 Ve = ÔVi · 

1 c) Reference frequ~ncy F, 

a_a tan 1 M2 __ 
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t6. 

It will 

te,ms of r, wl:lich 

1 

we then obtain 
( \ 

, . 

li 

also be usefU~"o express :hiS 

h~s been, delin in §2.6.l as ! . 
quanti ty in 

~i!lally, {,\l(; three reference quanti ties Dlay also /be 

expressed in terms of~a.dirnensionless pdrameter y whi~h relates 
... l. , 

tb,c and r as fo11ows: 

y = 
169 D (0) , 
__ ~e,",-_ or 

, 2 
c 

4 

C~early, y is independent,of the 1engt~ and thickness 

ratios. The upstrearn diameter of beams had to be one inch 

(because of our apparatus); hence y may be used as a character-

istic of the'rnateria1. ,) 

K.2 Determination of the vis elastic c stants 
. 

K-2 

S~arting from the general re1a ion between stresses and ~ 

strains for a viscoelastic material:, 1.e. (cf. [83]!ij 

we restrict o~rselves·to the Kelvin-Voigt first order model and 
, 

obtain for sinusoïdal motions th~'following complex Young's, modulus: 

" 
, .... " .... 

',1 



\ 

, 

E* = E (l+kin') (k.l) 
1 

1 a 
• 0 ~~. '0, is .~he' c~rè\llar frequency, and,"E and k are characteris~ic 

èonstants of 'the material. Clearly, E can be ~easured by stat~c 
~ , 

. t~'sts; however, we' ~pted for !3ynarnic t~ts from which both E 

, , and ~ could be derived at the sarne time. The method involved the . ' 

measur-ement of the ~~atura+ frequency 
~,;: 

of the first,and \.!::isometimes 1 
c , 

the second and third,transverse mode and'! the corresponding 

logari thmi~ dec:s;ment. . 

~ For conve lence, ~e measurements were performed on 
, ~ ~ i . 

cantilevers hanging in air rather thtP, in the water tunnel1 the 
. . 

free en~' was displaced and then released; the ensuing free 

decaying sinusoidal m<;>tion was sensed by. ~ fibre - op.tic, sensor, 

recorded on an oscilloscope and finally photographed, once aIl 
. / 

but the oscillations of the specifie mode investigated were > 

darnped out. Support pins had to be adjusted-e~perimentally at 

the nodes for exci t,i,ng the second and the third modes. The 
. 

natural frequencies, n, and the logaJ;'i thmic decrem~nt, 16, 'were 

thus obtained for up t~ three' different mddes. 

In the next_ step, for no flow velocity and no damping; 

< eq'. (6 _,8) was' soive~ numèrically in terms of the dirnension1.ess 
, ) 

frequency w for the corresponding beam and corresponding modes 1 .... 
to tfiis end a trial valu~ f~r r was se!ected and iterations were 

~ . 
1\ 

ca~ried out until the experimental frequency n could be matched; 

namely. until the fOll~ ratio was reached: 

°exp = F. w 

.. 
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" . Then we calculated r ,= ~ç~-g~--r 
.u{y. +-v.) 

o \ 

1 e \ 1. 

! 3 ! 
~ 

= and V .• and we obtained c ::il [~] [~] and calcu1ated V 
ri p l r 0 .... e "l. 

" , 
. If we Jew Qonsi,de\r dampin.g é\nd a lq,gari thI[Clic decre-

ment ~, we have~ 
f 

" 

! 
\ lm (00) 

Re (00) 
Ô 
2lf • 

" ! 
Fprtunatety, the real part of w ~~ almost independent 
1 . 

of dampingi for small values of the dimensionless damping para-
'" , ~ 

meter v, a~ shown in Appendix E, and the imaginary part of w 
i 

is almolt proportional te v, cete~i~~ pa~ibu~ 

an arbitrary small trial 'value of v,compute Im(w) (and compare 

with .the required ~alue ~Re(w) to obtain the proper factor to 
" J' -'lf 

'( " 

be lap'plied to the i:pi tia trial value. We then deri \r~ k ~y 
, \ 

~ dividinJ v by: the reference 

k 

the damping chara~~eristic ! However, i t ShO~ld be' pointed out. 

of the' material is k and not the dimensionless term ,,;. for. 

! • exrunPl~, v will vary with the~runcation ratio,for~h~ s~~ b~am. 
It was found that the value of the ef~tic modulus E 

1 • 
of each beam was often 1arger for hJ.gher modes, as is generé!-1J.y "" 

the case for a materia1 with v.isooelastic properties, . but the' 

variation of the values of E seldo~ exc~eded 10% between ~e 

first and the third modes. The first \~rder viscoelastic 

.' 

) 

, 
" 
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a 

.,.' .... , 

approximation cannot ~c~ount'for variations of thè real part 

-". , , 

of the modulus 1 anyway, this approxim~tion is not satisfactory, 

mairdy becau~e the \~tppoSedlY constant value of kwas found to 

drop rapidly with the modal freque\nciej n. 

K. 3 Viscohysteretical damplng 
~ 

We have plotted on page tt-B the typical 'res>ults 

.' obtained from tests on s~ve;al beams kade of a rubber-like 

m~~riali rather than presenting k versus n, we chose k as 
"e. 17 1 

the ordinate versus kn as the abscissa, in order to compare 

the data for' the material tested wi th ei ther the case of pur~ 

Voigt type vi~coela~tic damping, i.e. k independent of n (a 

J 

horizontal line on this ,diagr~)" or wi t:h the case o"f hystere­

:~ tical da~ping, 1. e. k inverse~roportional to n (a vertical 

line pn, the diagram). Beams wi th different lengths and dif-
• 

ferent taper angles were .tested, and~ the points corresponding . ' . 
'to the modes of the sarne beam have been joined together. We 

observe that the relative change in k~is -larger than the change 

of ~n" thus ,irnplying that dissipat\oR, follows' the hYS~eretical 

model more closely than the visco~astic one; but there is lit­

tle evidence of a single analytical relation between k and n. . ~ , 
The search for other parameters involved, in relating 

k to n is beyond the scope of this work; therefore, we shall . ~ 

sirnply assume a lin~ar relationship between k and krt; for each 
'''''1 " , 

material we obtain a least-square-fi t relation, narne\ly '~ 

k = ka - b,(kO) 
ka ' 

or k = l+~n 
l, , 

!,,/ 
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This relation between 'k and 0 implies visco-hys'te~etj;cai 
• 

properties, 
\ 
'1\ 

(a~hen 0+0, tben k~kO; in other words, for low e~genfrequencies , 
the complex rnQdulus accounts -for Kelvin-Voigt' viscoelastic damping, • 

.. 
(b) when O~~, then k~O and kO~kO/b, the complex modulus will thus 

account for' hysteretlcal damping, and E* = E[l+ikO/bl; 

" (c) for the general case we will have a combination of the two 

effects and 
1" 

We, now âefine two dimënsionless parameters, namely 

1 

e v = kO x T/t, and II = kO/b \, 

and '1e obtain 

E*' ivw E=l+-, 
l+~.' 

o' 

. 
In fact, the denominator of the expression ab ove shopld contain 

1 

1 
the reai part-of-w, rather than w; because we derived eq. (k.l) 

, 
using the actual real frequencies of oscillations; h'owever, we 

are rnainly interested in the critical veloc~ties which occur 

when the imagidary part of w goe8 to 

expression above is V~lid; moreo~er,_ 
exhibit symmetrY\Wit~ respect to the 

zero, at w~ich point·the 

as the frequency loci 

imaginary axis, only if .,. 
- damping is a real function of iw (see §7), we choose the magni­

tude Iwl, rather than wor its real par~; again the criticàl 

n "­
)f' 

'" 

. 
, 
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-< 

va~ues: will no~ al~erè~ since the semi-empirical expr~~sion 

for the modulu~owill be exact. F~nally, we wri~e 
J 

. ~= i +c.lm-
~ lJ+vlwl 

. ! 
,-,/'"' ...... 

.. ~ ) n 1 
so that in eq. (6,6)' we need. èn.ly 'perform the following sub"'/, 

/ 
stitutiam: 

dC.2) 

• 
/ 

- > 

Remarks . , 
(à) It should be noticed that this èxpression yields pure . 
viscoelastic and hysteretical pr~perties for w~O and w-+oo • 

respectively, whereas a linear combinat10n. such as 
~ , 

E* ='E(r+iwv+i~) would yield the opposite properties for 
1. 1 

1 

Cb) Pure hysteretical damping is also obtained if v~; whereas 

viscoelastic damping requires ~>\)w; hence ib should be realized 

that visco-hysteretica+ damping is viscoelastic if the hystere­

tical constant ~ is infini te; and vice versa, it is hysteretical 

if the viscoelastic parameter v is infirtite. 

f 

K-7 

~ 

l 
l 

1 



• ---

• 

6 

4 

3 

2 

1 

material 

type lEI 

.. 

YÎlCoelulic: 
.- -r- - -.-

o 

, 

MODf 1 

'. 

MODE 

.' 

.1 

1 

ri • 

J ~-, 

1 

1 

1,. ..... 
1; .. 
1; 
" 

1 

1 

1 
MO DE 

1 

,\ t 

• 1 

\ /~' , , o~----------~----------~----------~~--------~--------~ 
.02 .04 .06 .08 kn 

DN<1PING COEFFICIENTS K VERSUS 1<11 ~OR TlIE LOWEST N1\TURAL . 
, 

FREQUENCIES OF CANTILEVER BEM1S GRST FROM TUE pSAME .MATERIAL. " , 
VISCOIlYS'!'ERETICAL LINE1\R FIT TIIROUG~ 'l'lIE EXPERIM'fNTAL \ DATA. 

'. 1, 
" ' 

f' 



'" 

'\... 

", 

Ct ... 

., ., 
). ...... 

" 

( 

• 
APPENDIX .L 

COMPUTER LISTINGS 

" 

.. 

( • 
, 

,>, • 

( 

" 
-"_~... - t 

. , 

, ! 

'. 



, t 
~ . 

, 

1 
t . 

.>, 

"Ii Oi 

~ 

.'~'. 

'.~J 

\' 
1 

AP~ENDIX L: COMPUTER LISTINGS 

, 
L.I Search for eigenfrequencies witn increasing flow 

, 

These ,are the "CÙ1SS Ali operations det:ined"'in §3.3, and 

the program consists of the fOllowing sequen~~) 

1. main 
{. 

listing page L3, prograrn on 

2. sub,routines COEFIL & BLCOEF :. l,istin9 on pages L4-6, 
1 "-. 3. subroutine MAT 0, similar to MATRIX, 

4. subfunction DET listing on page L7, 

5. subrou1;.ine SECANT similar to LAGRAN, 

6. subroutine 
, 

. listing La-IO. PREDIC ~' on ~ages 

.. . " 
The main program 'Iis used for input-output purposes, , and 

• 

~he next two subroutines caIcuIate the integrals defineëij 'in",Appendl..x 

c~, subr~uti~e MAT fills the, rnâtrix [A] of ~q. (7.2) for given' val.~es 
.. 

of the flow velocity and w: its determLnant is then calculated by 
v ' 

o 
use of the subfunction DET, and the nearest eigenvalue oI [A} is . , . 

l , 

obtained ,by sec'ant i terations on w p~r'forrned by sUbrout'ine SECANT. 
~ " 1 !J-

(A more elaborate version of this last subroutine r. \lsing th .. , 

rnethod i§.· intr'oduced in the next subsection. ) 
~" 

PREoy chooses adequa,te velocity step sizes and predicts rtew v.al~es . 
of W ,to initialize the next ., secant iterations. ~ 

',.. 

. 
L.2 ~alculations of critical eigenfrequenciès 

i 

\These are 61as~B 6pe~ations which,deal with the following 

three cases:, 

'. 
l' 

, 1 

.. 

, , 
, 
! 

1 l ' 
1 

i , , 
l 

f 
! 
1 
1 
f 
1 

" 1 

/ 
i 
i 
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L-2 
r 

a) critical vèlocities for flutter, 
~ 

b) critical velocities for buckiing, \ 
1 c) velocities for sil)gu19r eigenfrequencies. 

/ first case iterate both velocity and !n the we must on 

the corresponding eigenfrequency to fihd the critical velocity, 

whereas in the second case we may set w=O and iterate on vel9city 

alone; in the latter case storage is cut by ha1f (the matrices being 

real, rathe~ than complex). Because the prediction~ are not as 

accurate as1in the previous section, the Lagrange method rather than 
-

the secant ~êthod is used to reduce the numberof iterations. For 

the first case th~ program comprises the following: 

§ .. 
l. main program ~ listing on pages LII-12, 

2. ,subroutines COEFIL & BLCOEF ~ (same as pre~iously) 

3. subroutine MATRIX listing on pages L13-15 
. 

4. subfunctions DET (same as previously) 

pages ~16-f7 
~ 

5. subroutine LAGRAN listing on 

6. subroutine AXROOT listing on pages LI8-20.' 

~ 

For the second case, the sequence is identical but the 

sub~outin~s are simpler and r 7al. For the third case, iterations 

are performed on the frequencies ta fln~ the extremum of the deter­

minant and then iterations on the velocity are performed until this 

extremum is found to be nulle The last two subroutines in the 

sequence îisted above are now replaced by 

5. IMROOT 

6. MINIM 1 

7. VELSEC 

listing on pag'es L21-22, 

listing on page L22, 
,; 

listing dn page L23 

.-

.v\ ..... ,j .. 1. ; 5 US !IL pz:r=Ft . 
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" .L-3 ... 

EICENVAtUES' FOR INCREASING FLOW 

MAIN 
I"PLICIT ~n~PL~~.,~(nl,RFA~*R (A-H;P-ZI . 
cnMMnN IGn~p~~1 ~~fXf~,q,ql,~rFxl~,Q.QI.~~~X(~~Q.ql,~CIN(~.q.ql, 

1 SC 1 /II'f .,. ~. CI 1 • ~ c; PH 15. q, c;, 1 • Cr. 1 NP f ~, Cf • q 1 • c; r. 1 ~ P f ':\ • CI, CI 1 • ~ C; J"'P. f ~ ." • Q ) • r.C E 
lXPI3,Q.~l,~[~(Df~.q.ClI.C;C;EXPf1.Q.QI l~nE~~LI ~r.RLI~.~,CI),SCRLI3.Q.· 

1 q 1. SC; R U 3. Q • ~ 1 Ip 1t~1TR CO ,~ PA { 1 nI .. 1 V. 1 RC. 
DIMEIIIC;J(lN nAf'7.I7I.nJolF(af~).PIIRA~f")41.Ll17).Mf171 
DATA PAqAM/'al.p~AfF.)'.'t.I.P"'Afl)1.'~L O/lh'.' r:~, .. '.' C:T .. ' , 

1 toi". , • 'r. AM~ 1 1 1 = , • 1 ç,,,,,,,,,, 1 E 1 =' • ' n F L TA' 1 ~ , • • r. t • f "'0 Il t , 

1 i , 1.1 nIE /II n' • 1 G*I- pc; ~: • ,IF PC; ( LIn l ' • • cp 1 )('01" l ' • • K (,OMIJ r. 1 : t , , 

t 'PI(TEN)"'.'II.I~fT .. '.'II.FXT ='.'IILP~AO\I='.' IFF:'. 
l'Nil '1I','c;rG"46 ~'.'ClA-CVI~I·.·r.t.A-F~~'-'1 

~ REAn PAR/I,.. .. TFRC;. - \ 
REW('l. 1 011 ",~)(Pllq. PIC ~ 
nn 1000 lPQ~Tq:,.MAXPIIR 
REAIlI'lolOrll· (.JaQIJI.,I=I.ll\l 

00 F nR M'" T 1 Fl 0 1 O. ':\ 1 
PII~f2")1:1+n.h~*PAQf14)*PA~(~I$PA~I~) 

PA~ ( Je) = 1 ~ A~ tl 1 +(1. hl; tr PA Rf 1 ~ 1 uPAR ( ~ I.:rP Il R ( ; III ~ A R ( ,~ 1 
'~ REAl) 11/'" Il'': t.nr.J"II.INOEX (11= vaIJllkl.E fllt=17.IIF.=PII r. M~'lCIMUM vELnCITY. 

01 

00 

RE-An(?]011 TrF"'AX.N.IV,II"I 
FnC! ~ Il TI 3' ., • i> r: 10. ,.,) 
IF 1 J rE/wIAX. r.T .')\ r.n Tn. "i 
IHMAlC=-IHMI\( 
r.n 'ln ,., 
CALL CnEF'L(p~Rrl),PARli>I.~1 
CALL Rlcn~FIP~~rl).PARflql.NI 

PAR ( i>O 1:: PAR (1\1 *'" 71 r PAR f Il 1 oh'<? +n. ?lino* ( I-P A~ ( Q I*PA ~ r 1 n) * f 1 +Pi, RI? 1 1 
I/f\+PôQ(1 Il)**")1 
GAMSP=~A~fl?l/fl-PAR(CI*=41 

~A R. f 2 1 1: n C; OR TI '1 fl "'. 4 noir. A /01 C; PlI PAR 1 7 1 + PAR r FI ) ) 1 1 ~ t. R ( 1 ; ) .. J * P Il R ( \ 1) 1 
WRlTF:I".?OO) 2AR ... t~i21+!P,r.I.IHK"'M( Il.PIIIl(,II.,I=\.")21 • ~ 
FflQ M ... r f ' l ' • Il A /4 ( 1 ,., r 2 x • 6 A , II> n ,-, • Ii ) "r 
nn Inon lTFRH=I.lTEMAX 

R~",nnl-.PARAMFrFRC; FOR C;IIRllîIlTI"IF P~"Ir. ICF:I1FC;r.RIPTlnlll 1'" PRf01CI 
11 ~.,.lOJI "',jlnF.rnIlP .1(~.I(EY.ll=l=lI!n.nM " 

07. n~MAT(~'''.nf1.11 

o 

REAl) 1\,11TIAI. VEL,lr.ITV&INCK~MP'T.F~FlllJ!:Nr.lFSIJ FOR C;=CII>JTlf,INf,QF"'PH. 
RFAnr".ln~1 lJ.rrll.n"o\l.nM,nnl 
FCI~MATfl\l·ln.hl 1 

wR1TErh.;>~1) ~I\RI\M(3~-IVI.PI\Q(~~-lvl.~nnF.N.nM 

FnRMATf'\IC<.'.\A.F4.2.' ** "'nn~='.JJ.' ". N:I,I?','1M :: 1 .IPrn.1 III 
nn 1 It-l=\ .1Ff"Jn . -
C. A 1. L P ~ E 1> 1 r. f n" 1 • Il,v " nn 1 • n n ? 01 ,. n \1. n M. l "'. "'. 1< 7. .1( 1 • 1( • 1 Il ( • 1 n Il P • 1( '" • Kt y ) 
E.l r. 110\ = f (\. nn. - 1 • n r1) * n M 1 
'fI r.1 M= I)~ 1 CoN (n'Ïo~ T( n AFiIi ( Frf, , MIl. F r r, J '" 1 
'EIr,~F,.n~l 

Frr.~~,.n~O~Tfn~~lif~Ir,RFII ( 
~1I1 Tf:1 h. 1 (\ 1 P ... ~ Il '" l 'V 1 .11 • n~ l' • F 1 (.R c • ~ r r, ",1. 1( 
Fn~ ~11\ Tf' '. AR. t- 1 n. 7 • 4 le. ' nM - GA = 1 • 1 P;1 (lI 4. t.. Ille. • C; UR TIf I.MF r, AI: , • " Pl f. q • 

1h.1 "'\lt'. n.' TT";RHlnNC;'1I -- , 
~:.. 

El =F.l Col"'''") 
1 F fIl( .'f,F.t(M+ 11.IIR. «(tl-IIM ,*nll;r.T .".1'l0' .nR. f F" .(;T. c;. nl)1 r.n Tn 1000 
t{lr..:rr,\lI~ . 

000 cnr...TH'\1€ 

) 

STOP 
~loIn 

't 

.. 
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S\lq~n,'TT~F r.n':':II,(.'U:.AJ.~I 
JM~L'CrT ~EIIl~R (~.C.P.~I 
cn,..",nN ICIlt:F':C;/ r.r.exI 'S.CI.O,. 'C:EX'IIj. q. Q1. C;~~'I( '1Ij .q,. q I.CC: lN,r,.q. q 1. 
lSC1N,~.Q.Q,.~~IN(~.9.ol.Cr.1NP(~.Q.41.~r.INP(1.Q.ql.~C;t~R(3.Q.ul.CCE 
lXP(~.Q.QI.5r.~<P'1.q.ql.'C;F~~I~.q.ql ." 
PI- 3.141 sail h'B MO 
l-.v/2+\ 
on \ 101_1. r, 

L-4 

tCElC(M.l.II-2~( l+'~-ll*AE/'*ll+IIoI-?I.AFI'~*'t+,M-~ ).,H/4*1l" ... ,,,!-.r.t'u', 
lE/~I)I) , 
CCINI "1.1.' 1-7.:.11 +, M-l,.AI/7*1 1 +1 101-;> 1*6 1 I~"" +1 ... -~ ).~ r IL., 1","1-41*6 . 

11/")1111 
SCfoX r "'. t • 1 1:0 
SC t NI 1'.\. 1 • 1 , = n 
5 S JrH M. 1 • 1 ) : 0 
SSEX,M.lol):O . . 
IFP4.r.r.31 r.n Hl ,., 
CCEXP(M.l.11=).,O.lIjnn+IM-1'*6F/~+(~-11*,M-71.AF**2/~1 

" tCTNP(~. 1. 1 ):0:).* 1 n. 500+ ("1-1 )*u I~+ f 14-1'* 1"'-71 */\ 1**ill~ 1 
SCI:XP/( .... l .11 :.) 
SCINP(M.l.11='l 
SSF.lCPIM.l.l':I) 
$SIIIJPI .... l.ll=n l' 

cnNT1NlJf 1 
00, l ,r., 1 ; L ., 
IFct.~O.l' r.n ln 7 1 

CCF XI M. 1. 1 ) "c:r:~ xI M. 1. 1 ) 12. no -II P* ''''-1 )1/1: 11- ( 1 + Il = 1 _lOI 1 M -'-lI 1"1 ,.,-, Î ... 
IPII**'HE**1*p.t-11*(fJ.-71(:1~-':\,)*'I-1 l+AJ: IJO:*' "'-4 1 I/I( '''r-"pn)1 1.*4 

CC J fol ,''', J • r ) = c:r; 11\1 f M. 1. 1 ) /:? • rIO - Il 1 >Cc l "'- 1 1 >0< 1 1- Il + Il 1 '''' '" 1 ." -" ) 1 1 ( ( ~.., 1 -;> 1 .. 
1 P J ) "'''' ?+A T 1\<'" ~~ 11.4-1 , 10< ( M-7) JO: ( ~-." 1"'1 1- l' 1 + 1\ 1 ) "'tr ( "'-4 1 ) Il 1 ;1* 1- t'l .. '" 1 1*"1.. '\ 
. SCI': X (M. 1. 1 1 = ( ',- n +A f) lC!* 1 fJ.-l , III 1 il l(I (-7 1'" P r 1 - A J: **iI III ( ,,- 1 1* ("1-;1 1 .. 1 1 -

111+AE)"''''I'''-~) III 17*J-71"'PI )*",~+AF."'4*IM-l )*(1.4-7)"IM-~)"'(M-4)"( )-'" 
1 Il +1\1: ,,,,0(1' M-",) 1/ fi 7* 1-;;" *p 1 l "'~'i -

SC 1 N 1 ~. 1 • T 1 = 1 1 - ( 1.+ AI' '* III ( loi - 1 1 ) 1 ( ( ') lOI [ - 7 l '" RI) -Il. r .. * , .. l '1- 1 l '" ( 1'l-7 1 * 1 1-
" 1 ( J .. Ar 1 ** ~M-';o Il ( ( "* 1-71 *,p J 1 * '" HAl *n4*' M- J ) '" (~,-" 1 * , '<\- ... 1 * (M-I.. )>1 ( 1 -! 
li 1+10 11*"'( "'-SIl /1 (7'*1-71ll<Pt ,*.'" 

S SI: X, fo.\. 1 • 1 ) ,,- :r. s: )( l '" • T , 1 1 + 0: lE )( (1'" \ • 1 1 
S S T NI M. r • , 1 = - :r. 1 N ( M. 1 • r 1 +r.r. r N ( M. 1 • 1 1 
on l ,) = 1. '-
1 fol 1 • ~O •. J 1 r.n ln ? 
CCt' X 1 H. l , ,., =- o\F*.J M- 1 '''' ( 1- ( -1 ) ** 1 1 +.,', * ( 1 .. 1\ 1: '" *1 ~~? ) 1* Il 1 t 1 1 +.1-" l ",p 1 

1 , *'" 2+ 1111 r -.1 ) ~ p .... , **iI 1 +H ... * ~'" 1 "'-1\ 1* (10\-1 '* ( '~-7 1:11 ( 1 -1 - 1 1".' 1+ .11'" ( 1 + III-
1 ) ** l "'-4 1 ) * ( 1/1 ( , + .1-71 c '" 1 ."'4+ 1 1 1 1 1-.1 1 -, PlI * 'Ill. 1 

CC t N' fiI\. J • . 1 , =:." 1 ~ ( M - \ ) * f 1 - (....~ 1 '46 ( 1 + ~I ) * ( 1 +1" [ , --. ( 1.4 -") l , It' 1 l' « i .... r -., ) 11 P , 

1.**7+ 1 If (J-.I) ~p, '=*:»+41*III~IIC l "'-31 *1'1-)) ""'''-7' *'1- (-1 Ill"''' 1 "'HO fi +11 1 
l'**IM-4.1*1\/1 1 1+,1-7 ... '*PI1**4+1/1 '1-,1)*111 IU41 
. SCt X ( "', l , .11 = ( \ -1 -) 1 * CI< 1 1 + .11 Il< , 1 + fi F , lOI'" l "'- l , , * , 1 /1 1 1'" .1-" 1 *p r 1 + , /1' ( r -./ 1 
l*PT 11-"1-•• "*( '4-II*(M-7)*II-(-1 ) "'IIC ( 1+.1)*' I+AFI"'''P''-~I''1l, 1 /III .... 1-". 

'IPI, •• hll1 C '-,llr.'ll~I)"'Co;) + I\FC<à4(1.IM-4,*,M-ll"'~-7).''''-~I''(1-I'''l,CI., 
11 + "" , 1+ "" 1 CI., M....: .. ' ,. « III « 1 + .I-~ 1 * PI) ** '\+ 111 1 1-.1) * p [ 1 -:-*" 1 

SC 1 Pol, "1. r • ,II .. f 1- 1 -1 , '" liIr ( r .... /1 .cr 1 1 + 1'1 1 1 "Co 1 M-l ) ) '" ( 1 l' , J ... J - ~ ) '" P-\l ) ... 1 ~, ( 1 - .11 
16 PI' , - AI. (10 ". ( ,,- 1 l '" C M -7 ) * 1 1 - 1 - 1 I,n 1 r .... ".« 1 + AIl'" '" 1 ... - ':\ )·1 .. 1 1 1 ( , r ... ,1- 7 ) ... 

--1 PlI U j + J If C 1-JI'" p 1 J .,0, 31 .. Al ~ .. " (1 ( M-" 1 * ( ,..- 1 1 * C M-:> ) .. 1"1- ':\ ) .. (1- ( - 1 '''''' 1 , 

• < 

1 !,.',­
, .. --.... 
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11+."*( l+·ft 1 J**/.A4-p, ,*, 1111 1+.1-71*PI ' •• ';+1111 J:.".PI , .... I)} 
. SSt:x r M. 1;'.11 .- aE. f "-11 'Ii( 1-' -1 J ** / ,+.1,., 1 +AI= 1'" *11.\-' Il. / " , II-J ,*p t 
U •• l-1 Il t r+.I->I*PI 1*'''?I+aFtJ.~'''1104-3''''/'''-11'''1'''-71-f 1-1-)1-*11+ I)lesll+ 
UEI.·-I~':'4,P"'( tll ('-J).PI )U4-1/111+.'~:»*PI,."'4' j 

5S 1 N 1104. , .;" a-,\ ,. l "'-1 14J-I -1 lU/ 1 +.1 '-*/1 +,A Il'''''! 1'''-' II·" 11/1 1 J-.II. P 1 
11**2-11 q r,+.I-' l '" iJ 1 1 *. II +A r ** ~., 1'1- ~ '?- ("-1 )'" 1 M-"'" 1 1-1-' 1 .*11 + 1 ,. ( 1 + \' 
16 Il •• (M-/0.1. (l/ll J-J l'*P 11*:II4-JlIII +.1-71*P'( )**4' , 
IF((rM.~I",IM-1t1 .r.T. 01 '.n~. t, •.•. FO.II' r.n·rn l , 
HIOAI4SUFI .!.T. 1.0--;1 Gn rn ~ , 
CCEXP ("\-1. J •• "-1' 1 + AF.'** (1"- t ,.r.CE x/ 1 • 1 •• tl-Cr.F l( 1"'.1. , 1111 / "-JI." F. ,. 
SCEX P 1 ~-, .. t. II-II \ +A '= '**' /II-II. C;C: FX 1 1. 1 •• l'-C;r.F l( 1 fol 1 •. 111/1 1 /II-J ,." j:.l 
SS€XP (1)4-1. 1 •• JI" ( 1 t ... AE ,'u ( 104-11 'lIo'~ f\F/X /1 • t. J '-C;4\F J( ,7. 1 •. 1 , 1/ 1 1"'- 1 ,.",:; 1 1 

Gn Tn 4 1 
"1 li. 1 t.~Q.J' r.n Tn ~o 1 

CCElC P' M-l • t •. 1 " -, ,1- 1 - \ 1 ** Il''' .111 * l , l , ( 1 +.1-;;' 1. p, ) .... ,7+ 1 fil t -.II*P ( ) "''''1.1 : 
SS~XP 11"\-1. T • JI = 1 1"1 -1 ) *'II ( J ".111. fI /II 1-.11 *P 1.1**'-' Il 1 1 +.1·' 1*1' r ) ~., 1· 
SCF.XPIIoI-l. 1 • .11 =\/111 +.1-71*1) 1 )+111 ( I-.II.P Il 
GO Tn 4 
CC 1: X P l "'-1 • T • n i' 0 ... ~oo 
SSI:XP.( 1'1-1. T. II" o. ~nf) 
SCEXP!fooI-l.I.II= 1/11?*I-;»*Pll 
.IFII)~~<;f~1I .!.T. 1-.I)-'i) r.n Tn 1\ 
CC T NP 1 Il0l ... \ • J. ,JI = 1 t l +A 1 ) u ( ... - \ ) 1IIr.r. 1 Nil. 1 •• J I,-r.r. T ~ 1 /101. 1 •• ' 1 ) Il ( M- 1 l'. ~ 1 ) 
SC J NP 1 ;Ml:" •• T •. , 1 = 1 1 1 + A T 1 u ~ ...... 1 1 $ 4\C 1 N ( 1 • 1, J ,- c;r. , N ( ", • l , ,1 1 ) Il ( '01-1 \ '" ,\ J ) 
S'S 1 NP !iN-l • J •. .1 1=111 +A J ) **1 1-1-1 ) '" ,S l '" 1 1 • 1 •• 11-4\ C; J ~, M. 1 •• ., III ( ~\-l , .... 1) J' 
r.n ln "'1 . ,.' . 
Jflt".F06.J) r.n Tf) sn ~. 
CC, NP f M -1. J •• , • "1 }-! -1 1 ui J +.JI 1 ft 1 1 /1 1 t + J -" ... Pt 1 • >l'? + 1 1 ( 1 1-.' 1 * ,," ) * "'? 1 
SSINPlt-i-l. T •. ""! 1-1-11**,11,+,,, )*11/1 1 )-,1)*1)1 )"7-"1 Il'''J-:'1*PI )**71 1 

SC 1 NP f 1'4- t. 1 •• 1'" 11( 1 J +.J-?1 '" PI) + 111 1 r -.11 * P J ) i ' 
Gn T (l. 1 
CC r "4P 1 M-lo 1. 1 • = 
S S 1 NP 1 M-l • 1 • t 1 = 
SC r ,.,p ( f'I-l • J. J J = 
cnNTt~lIE 
REl'UqN 
EN() 

n.5f)n 
n.son 
11( 12*J-?I'1PTI 

1 

Sllî,,",WI,TlNr. RL,:m:t=(AE.6LP.N' 1 

IMPl1CJT RFAI.=A r6~c.p.C;1 '( ,1 
CO"'MrIN 1r.I1EF~I.1 cr."\U~.q."I.SC~.1 3.(j.Q).C;~~I./~.4.ql 
PJ"3.141IjQ,~~~~no 

l.,NI2"'1 
on 1 M=??' 
A=15-MI*6~ - 14-M).ALP 
on 1 1" 1 • 1. 
DO 2 .1" 1 • L 
IFII.~O .. II r.n Tn? 

" 

CC~Lf>o\.l •. 11 =-'\ 101 1 "'-11"'1 1-I-lIU (1+.1 I*ll+A IU( 101-;) lIt< r II (1 ' .... 1-71 $11,1 
lIu7+,ÎIII-II.JP11 •• 71 , '. 

SCRUM. 1 •. Il=1 t-I-IIUII+.II-!lll+fj 1**("""'111*( 11( «(+.1-71*PI 1+1 Il (1-.11 
l*PIII-i "'-.?*IO\-11*(M-71*ll-I-111\l lCt l'·,I)"'(l+h 1**1 101 -"\11*(1/1([ .... '-7'. 
lPII.;:*hl/( 1 1-.11(.01 J*"'~ , . 

SSIHIM.I.,II"-\ 1\I11oI-\)"'ll-(-II U II+.lliII(l+A )UI~-7)I*lll(ll~.II*vl 
1.**;>-1/1 f' +.1- JI." 1) >1<""71 

Cil'" T 1 NI JI: 
IFfI. /"f.l. 1) r.II' TIl 7 
CC~I.I"'.'.II=r.·:HI.,Io\.t,J\I;>.f'\n."A $1""-11.(1-'\4>6 .''''*''''-1''''1''*,-7'., 

IPIIU, .~. 
Sr.~lJ,...I."=lt-Il+A' ) •• 'M-I)) 117*J-",*$~)-6 ."'7*1~-1l*11oI-7.."'1--J-

1(1+4 '''''''M·'Hllfl? lII l .. :>I*PI'. . 
_____ SSfll fIol.l. Il =-;CkLf .... J.1 hCCII l 'h 1.1 L. ___ ;..' ' _____ ..... 
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GO JO t 
CC~L(M.l.1 ,.,.( 1+0"-1 '.A 
se RU '4. 1 • 1 yan 
SSl\tf ,...1.) ).0 
cnNr'NUE 
RHIIRN 

t ENI) 
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COMPLFX FIINr. nON' 1'lF.T*1" (A .' •• M.~) 
DIMENC;("~ 6f~.'1I'.Uf<ll."(NI 

ÇOMPLF)($l~ A.~JvnT.HnlO 

INTe~E~ ~Nn. ~nw. COl. PIV~OW. Plv~nl 
l' ENIl • N - 1 

DEl e, J.OO.O.I')Ol 
DO 1(\ , • 1. N 

Ut) • 1 
10 MIl t .. r 

DO Ion lM~T • 3.~NO 

PIVIlT=lo.llo.('I.onl 
DO 20 1 .. LMNr.N 
ROw .. 1.1" 
00 20 .1 :0: L "IN r. N 

.. -ri 1 
~ /" l ' 
~i i', 

cnl =foAf.l) , 
IF (ClJA~C;1 Plv.}T) .GE. cnA~C;IAIRnw.CQL») GO TO '/) 4 

PI\lIHl~ '" 1 
Plvcnl '" 1 
PlvnT ., A(Rn~.~nl) 

20 CO .... TfNI/I: .... 
IF(PlvRnw.EO.~~NT) Gn Tn 1~ 
nET = - OFf . 
KEFP .. te PIV{lh:1 
LfPtlvRn"'1 .. '.If.'oIA,lTI 
lHMNfl ., KEo;p 

2? 1 FI" 1 IJr,,,, •• 1-0. I.'''""T 1 r.n TO 7" 
OE T = 1 - OFT 
KEEP ., MIPtV";IlU 
HfPlvr;nu ., -tl'-MNT) 
'M(lM~il '" Kt-~P 

2h DEl ., net * ~'vnT 
J F(cnttp.Sf PII/(I ri • F.O.O. nn t 
JAlle; ., LMNT .. 1 . 
PI votr,,, '" '. l' .... ., \Il) 
~Ivcnl = MIL~~TI 
DO 1 on , ., .1<\ tir.. N 

R(lloo = LI" 
HOLO = AIRnw.~fvCOlI/PlvnT 
00 1 (1(\ ~.I " .1 A Il •• N 
CUL = 1.1( ,II 

( , . 
... 

100 A(RIl"'.Gfll.) = A(RnW.CI1LI - I-in\.null'lvqnw.cnl." 
1 OF r "OF. T "" ,~I'W w. cnl.! 

':\::n Rl- rtlllN 

, " 
". -, 

F:flln 

._--------~--_._-~--------~---------- --,.-- -, , 
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• - J 

, 

, 1 

~ . \ 1 

Sll~qnll ri III': PR ~r') J r. r OM 1 • n .... ni. O. u. nl'. A .... , 1 N. N • r? , Il • 1 • r Ill( • IIIP • l ",/'I< E y) 
bf"~NlO,1rIN AIH.1QI.llJcH.Mllol _ F-
tn"4PLEUI~ A.rJ"-l.nlolo.n14.nJ.n.r.1 ;' 
REAL*R Il. f)1I.R~.nflR.RO.P' .':II,n"", .J/ 
r.1 -, 0.1)0.1. nrll 
JI,-l 
JaO 
OIl"1 .. nARCi( JIIP.~"" 1/17A 
IFlnAAsrnll/nl,,,,,.'r.T~M.nOI It:Q 

INITIAL VELOr.ITY • I~ITJ~L r.HAR6CTERJCiTIC~ ~EPT·FOR N~~T ~TFP. 
RI =nl\t) 

1 FIl'" • r.T.' 1 1 r,., T n 1000 
IUP"IlI IJ >II IDARCi/ nil/lU" 1+11 
OMI) .. n"" 
1 AlCcO 
IFln6R~(Rll.U.ll).*R"" IAX:,) 
RI .. nt 
IFI(nll~~CRll.GT.10.*RM1.AN~.IIAX.EQ.'5)I 16X=-~ 
GO ln ~ t 

/ 

000 Ao=nM. . ,/ 

9 

o 

1 FIl. LT. r toi 1 r.'1 ln 1 
SPECIAL CA~E~ nF nTv~RGCNr.F. 

1 FlIN. ~". 1 1 (;.) ln 1 0 l " 
IFltAXI lOI. R.I' -

SPECIAL CA~,=C; OF r.nIllVERr.I=t.'CE. 
1 F 1 1<1- v • 1. T .0 1 1 :? 
1 FIt N. LE. " ftl) Tf1 C; 0 
JA l(: t U+') 
r.n Tn 1 1 ~ • ., • ., • .;. ,. q • Ci. C;. Ii 1 .. Il li 

/ 
/ 

IFIIR\.r.r.R"'*If'). l.At.Jn.IAn.LT.R"'*/l'l. Il r.q Tn 1" 
IFII'U.I. T.Q"'~I(). I.ANf'l.II{O.r.T.r<L1,lI'In. Il r,n Tf1 1;-) 

tFllAX.r.l.41 I,n ln 20 1 

IFI Rl+ qM .rtr. 'lOI?, r.n Tn 10 

If! RI+ RM .LT. RO/4.1 1=1-1 
I~M~XOf?1+1/'·'/71 
12 .. Q 
1=1-1/5 
R'~0.75~Rl+~~01-~*n 

( tF/U.L1.0.0 ) "=9.' ' . 
IFlfT.U·.4+4111~I.nR.ln~~CiII)"/4.n(JI.LT.hlJ'" - )) Gn Tn 4 

Slnw c:nIWF.~r,f"'C'= • nIVl<q,ON n~ <;TFP RV 4. 
II=IJ-(). 7~n/l(lnl! 
1)11=1)1//4. Il fi / 

n C(r,u O+1 t nlln, / 
Dl=l~ftnl+1(1n,/~, 1 

(lM 1 :: /1'" + Il 1 1 
... IIIT~U,.OOI Il' 1 \ 

F(l'lMIITI' -p~f'~,(r- VE!.f1CtTV <;~1 Rt.CO< TO'.F'I.f..' ~fOII"~ Tnn M~~V Il 
IFRATlIlNlO, '''' p·{o:vlnllS C;P:P' 1 

1=1-1 
r.n rn 7Q 

SPFC tlll THtpn f. flllllTH Pfll"'TC; n", (IR rlFF ''''-AXIl'.,. 
Il:(/)+flMI':IIM'I).nn 
OUR:! 
r .. '\ , ___ Gn Tp.' . ____ , _______ ' _____________ _ 

/ 
/ 

, , 

; 

L-8 

/ 



\(~t 

~-, 
. 

" 
t~ .. 
'_' ~A •• 

,', 
'tt: 
-- (" ~, , 
.; 

,~' 
'~fE' 
~,~, 

."!IJ' 
~~! 
"ê~ ~ , 
',i.< < 

fi;:,·, 
~r 
~ 
,l,' 

~} 
" ,'-

" 

.. " t, 
'c ... 

, r 

l, 

,0 

r--....:.-------------------------- -.----
SPEer ~1. p~nCEnllq -: Til FAr.F 

1 F- IIU: v .lT • n ) ron 1 n " 
IFftN.':O.4) Co" ln "4 
IFC1AX.60.0) r.n ln "3 

TOO oUlet< val{ 14T InNC; RF FQEQIII=",c:v. 

l'" 

F.fn~I-f11411O 

1 FIC ft R ~, F 1 .l T • f). t; l • um. , l.. '- e • ~ Il.! --1 
r-I-.I 
IFI,ax.lE.4) ron Tn ~ 

.' 
IF(fT~r.T.~).n~.fJ.E().3 .a~JI). Il.ll.Gl.I1) r.n Tn 1-
IFI 1.J1*J".l~.RI r.o ln #,4 

t F f r • F C). 1) (;11 T n ,,~ 
GO 10 ,. 
KU""II+~M/.,.nnI/I")U 

tFIKEV.Fo.n) ~IJ::O 
IF(l(tJ-(l(II/Jn*~ .'::0. n 1 r.n Tn f;1j 
J-I-"-(4"NI*~I'IIIÙ I-~.i'i 
Gn Tn "7 
J\. -TI 2 - ! 1 14 1 "« " t-' 14 l "" 
IFI/I.o.It.FO.11.M,sn.(KII-(KUJ4)1I<4 .FO. 01) .1=' 
1:1-.1 

PRFOJCn:f) C;;HP ~<\r:Tnq • NFW r:HARAr:TF.RJC;;TICS • 
~OI>R:: 2. \)1"1** 1 i'-I ) 
14J NnI)R::IlA~e;1 n'lin""" +(). 1 
JF(MrNnnR*nn~.lT.l.00' nnR=i'.no**(-MJ~"OAIi" 
DIj=OlI*f)OR 
F."( ""'l-OMO, IOl 
IF(F.r.T.O.I.fL=-l 
D01 .. (nMJ-n~-nl)~(1-4/'~I*R.**(i'-I)*nl/n 
Dl =(1*IOM1-n~,-n + (n~i-n~-")*nnM,*nn~/i'.n~ 
o "11*(OMI-n~)-() - (n~1-nM-n)~nnA).nnR/2.no 

12= r 1 - i + llf 1 
Il .. 1 +,1 
U:II+OU 
OM1=n lo4 l+Ol+nOl 
IFrIAX.N~.n) IdX=IAX+t 
Gn TO ~n ' 

FfRST potNT (IN l"1-axlC;. 
Hl:01 . 
IF«((~1')+3.nM""\I.r.T.o.nnl .U~I"). ,I.F.O.IM!! (;1"\ Tn \1) 
OMO=OM-Rn . + (ni-Hl )>:IROI (RO-H J.) 
01= r.I*r.nA'ie;( ,,,p*r~n-n, 11(2)l1lljP, 
RO'" ( ~ n-fll /') 

4 JAx"'l 
OM 1 =OMO+!)! 
OMO=flM l - r.lo: OAR S IIIlP*Q 1) ) Il 'lCllUP) 
GU TO 111 

5 ~ I-Il=fll 
0l=nM()-flMl 
OMI')=nM-RO + rrH-,",l)'I<I{O/(~Il-Hll 

RO=-1l1:t<r.I/ ... 
1 FIIH1"'" I/P. r.T. n.no 1 (;/") TO Af. 

SFCnN') P\,'NT nlll 1\1-AXI«;. 
r u=? 
o t = c: n 1\ ~ C;; 1 III P 111 ( Il,.. 1 :,. OM + n ) ) * r. t 1 ( 70: III p 1 
O=r.I)/lqc; 1IIIP>ltlll"lI-(WIIIlIlP",r.1 
ron Tn 0;0 

o tFlcn"\I\C;;((l"1-~llI.r.T.RMI r.n '0 ~ 
F1RST PIlINT ,(If.F '\XIe; (,Tn RF R-CALClJlATFn, 

1 rit X=-4 

1J1=(r.I)~~",nl + 01li'.oo)"l."no 

, \ 

___ , f 1 ~'l. r!.T_. l.n. n·).Q ~.I .. nl :: (fi. r *r.nll q Ci (nl.l'IP '.ClJIIP+I-f1 t-n • 1,"1"10, • _"0._ 
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1 

2 

o 

3 
1 
2 

9 

o 
,1 

1 

1 
2 
01 
00 

;, > , L-IO 

OMt-nM 
C;O rn 0;> 

SeCON') pnTNT OFF, P"-UI S. fTn Rf PRenrCTFnl 
1 Ah-"" 
Dl-cnAR~rnMl-nMI 

"-II+IUI A 
IFCtN-:U ~t.l)l;1)1 
0\-0"41-<11,.. ,.t, 
D-1)1 ' . ' 
OM1-n~ t +01 
1 F f , N. r. T .::U ,n - -l-IA ~ ~ f 1 AX.l » 
12-2 
1,1=? 
001-0 
OM=nfioll-nt-l'\nl 
R 1 .. 0 .... 1 
Ro .. n'" 

o 

lNVESrtr.ArrnN n~ A N~r.ATtvF. p~F.nt~TI0~ ~~vn~h tM-AXT~. 
IFURl •. tT.lll.IlOlCd IlM) .6"'1).111\)( .EQ.O.l1 Gn TO ~ 

• OMn=nM +Ol+OIH-.Il*n1/iM \ "-
Jl-' 
C A,L L C; ~ C AN T rA. n'" t • n ~n • ; 1. R M. Pol. t. M. N. 1. 1( E Y )-

, 

• J 

1 FfI * ,11 • r.F.. , M* 1 M)~ r = l "'+ l ~ 
1 F f ( r. '. T • T,...' • nR. f nA R C; 1 nlw,. 1. T • 7*1)11'1 
IF(( TIIX-1)*( 16)(+4)) Ql.9o.10n 

.nR. (IN.lT, 4 )) ~n Tn lOO~ 

Ol,=n . '. 
jF(tAX.~O.l) nl=~l 
O=nl fil 

IAXo:-TAX+l 
(;0 Tn Q;) '" 

. 
o 

1 FI' Al(. EO .. n, r,n rn 100 1 Jo-

IF(f}6;:1.5fntl,.r.r. 4ICr nU M I .GO·T.r.~ ~ 
t = lM+1 ',' ,r,· 
IFil.!:O.IMI ï." ro 1000 L 

RETtlRN 
ENI) 
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CRITICAL CHARACT,ERISTICS 

. / 

JaM/IAI.PHArEI'.'4,-p~ArJ)'.'''L I)/I)=~.I r~N=I.1 r.r. i , 
"'1'" 1 • 1 r, 1. M'" 1 J 1 = 1 • 1 r, 6 ,.. ~ 1 F. 1 :::: 1 dO 1 1) ~ 1. T " r 1 J: 1 • 1 nI. E ~I,., 1 LI. 

1 l'. ln II: ~I) 1 • 1 r.* 1 = Il C; ':\ = 1 • 1 FI- C; ( Lin l ' • 1 E P'I X 011) 1 1 • 1 1( ( n'" pc, 1 =: 1 • 

IP(TJ::'''II=I.'1I.T\lT =I.II'.FXT =1.16 1.PI-I641.='.' ~FE:l:I. 
I~" 0: •• ' C; T (, 1014 '" , • 1 f.1.1I-('. LAM 1 • 'r., il - F ~ F F ' 1 \ 

READ ~,)IoIIl,::q IlF n!~Fc;;qF.NT C;ETC; I")F PII~A~fTERC;.ll\jnFX FnR '"'C (CL-CL:O.CL 
RF Arlf Il.t 3 1 ~'o\ 6 x. J KC 
00 Ion rPftql=t.~~~AX 

REM) cnMPUTF C;Er nJ: PA'RA"'J:TFq,C;.~Ir)TE:Il.~t.O EPc;<n FOR 'C'1~~TANT AI-lfl,f:. 
RE 111)[ ':>. Pl (P '\R ( Il. J= 1 .t AI 

FO~MIITIRDln.~, ~ 
REAn FIRC;T PAQAfoI,:TÇ~IC; t.nCHlm-l.C;TFPSrnR ,\oIRAfIIC"'F~)"TI:P C;lli.=(OR P.O) 

RFo\DIS.131 TPl.P>SPI.rlP\ 
F OQ '" oU ! ~ T ., • 4 Fln. ~ • 4 1 <; ) 
IPlhn 
DO Ion NPA~l:l.NDI 

REAr) SFr.nNI) PIIRt-lFTe:QIS InCIIT10N.C;TFPC;.rNlTlttl. V6'''~:T,..IITlAL.M,"'JMIIM 

ISAME SIr."l 1I1\'LEC;C;'IJ~PFR H~/lNr.f.<I:"r.r:"RI\r.V • MI\lC r)F ITF~fllIn"'P;.MATRIX 
RE il 1)( .,. 1,) r P) • ~IP? p..~ np? I,,\P,;1 lA 1 N. n",. l "';N. K 1= V . 

r. A'" S P = il il ~ ( 1 ;1 1 1 ( 1 - P li R ( <:. ) .. (14 ) +) • '1 - ;1 n 
PA~(?))=n<"()RT!~"~ •• 4rln/(a,.c;~ 1,"lIR(7)+PARrR)I)/PftRII~I**7 *~\"P(l<;) 

PAR! 20' = P /IR ( l t ,::r: ~ ~ 1 ( Pli R ( Il I.':;'? + n. z<;no>:l! 1- p /1 Cl 1 Q, >:l 1> il ~ 1 1 () 1 *,( 1 + 1';1, R ( ? ) 1 
I/!l+PilRII )1,~~;1, 

PA q ( ? 7) = 1 + (). ~.,::r: P a lU 14 ) I!r P /1 ~ ( r; , '" fl il ~ 1 ~ , • 1 

! PAR ( 1(; J = r P" R 1 l 1+ t'\. "5:)t 110 R" ( ,J il 1( 1 1 ., , ) >:< 1> A R 1 <; 1 * 1> il Q 1 ~ , ) 1'" /1 R 1 n ) 
1 F 1 ( 1 P.l - l ,~ 1 1 .) ) - ~ ) >:< 1 1 ~ 1- ~ , "'! 1 1> l - C; 1 * ( r P 1-1 ~ ) '" 1 1 P 1 - 1 4 1 .... 1 III PA R 1- 1 1. II; E. : 1 

11)' r,n Til.., 1 r., 1 1 

1~((NPA~I-i)*lrl>l-11>:rIlP1-".I\.-J::.OI (~n 10 'iO l, 
CAll ('.PI-FILlP'IR,II.PflRP1.'1) ~ 

IFfi'lP~~1 .(;T. ,,, fol) ln ,'>(I.<;II.IPI 1 
EPC;=Pf,RIl,:\) 
c: /II. L .. I~r. n .... 1 P \ RI 1 1 • p" R ( \ QI. N 1 
IF(!Ill\AC;IIIPI1.I_T.1.n-71 .1I',n.lrp~.Ftl.r\p?l' (.n ln 4~ 1 
IoiR'T/-I". )"») .)~Ll""'I?'.\+l~r.'.lpfl~I\.',\1 "'':>''RI.I).,I''1~}?) 
FI1~M"Tf'1 1.11"\.'. RF"'I. p"T~Rr"ulO; '/411~"/X.tlR.l"j)1?"'1/1l 

RI:IIJ)-P-q-{I) PIIRIIM'll'o{'c:, lf1r.I\TT'lN.? VhlllJO.o; IN r.RlTlr:/l I . 7"~!I:oI~r:~~>.AF-~-T. 

APPRIIlCl",f,TF Irrl~{l=o;pnNnlq;1 ~~F-(1"F"ILlF'.I=XPJ:CTFn 1~lfRc~F~IT f~FAI 1: 
RI-" 1)( ". 1 7) ) p ~. " ':\ , \ ) • p ~ i ? , • rw GI P;1 • n~ r- r, ( 1 ) • n'le: r, (-;1 ) .1),'''' p;> 
FClIH,c,", rI J? 71'1-). "'.F~.4) 
wR 1 T toi ,.. l ,,) N. I)M • P A ~ 1110111 PlI. J.t /1 R 1 \ P 1/ • Il AR /1 Pol ( J P;1) • P;> • n Il ;> • PAR /1 • 1 1 .., , 1 l' 

f> Fn~MI1T1'-""** 'Il:'.I?' • /lrr:"4l1(:v='.lPn~.I.T,:\Q.'I>1:I."q.nl?'" 

IT~(j.'I'?:'.4R.ll?r;.' ~v 'W7:'.nl?c,/T1Q,'j.l':t.flA.' 7'/1 
'F f 1 !r'1-' ) (1 f , .) '.\-;1 , '" ( 1 p ~- ':\, '" 1 1 ... ,-,,) .... , 1" '.\-1 ':\) .! 1 p ~ -14 ) 1 <;"'. <; C; • .,,1, 

.~ wRITF'".\"1 t>1\~II'IflP':\1 • 
9~.-. FORMAT(I._~r.nf.,.FIr.IENT.«> WON T MATCH THIRO PARilMF,TFR .!.AB/L __ 
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Suqqno T ".NF MA rq Tl( 1 l.)( .'93. Pi'. NI 
JMPLICIT [nMP~~X$th(A.XI.A-Al.8(~-~.n-WI " 
REAL." Nil. At:. 4'. ALP / 
COMMnN IcnfFF<;1 er.EXI~.q.ql"CFXI~.q.q).~~FXI~.Q.q).[et~I~.~.q). 

1 SC t Nf .,. q. ~ 1 • ~ <;, "'11'-;. q. QI. CC , ~p l '!\. q. Q 1 .IiC 1 ~o n . Q "CI 1 • <; C; 1"'1 P ( ~.-q. u •• CC F 
llCP("3.0:01.~eE(PI~.q'.O).lisr::XPI~.o.ql. Ir.OEFHLI r.C:f.\q~.q,QI.SCI\LIl.q. 
19,.S<;RL/;.o.ol l''Q\4TRC:;/ P(:)i'I.JP,:\.IP7.1RC ' 
0' MENe:. 'ON A( ~. N) • Ace 4' q. 9' :A <;C4 (q. q ,'. A !\S4 f o. CI 1 • Ar.C l (u. q , • Aj.C ~ ( Q • 'l, 

1. A ~ 11 q. q 1 • AC ':7 1 .;:j • q , • A Cie il 1 ~ • QI. A ~ c; i' ( Q. Q" • Il r.p;t , '1 • q , • fi Cie 1 (Q.", 1 • A '\ C; J ( 
19.Q,.ACCOI9.ol.Ae:;COI9.QI.Ac;sn(Q:o, , ' 
xt=IO.OUn.l.r')'lll 
Ple~.'4t~C?~~~;qq793nO 

PIlP''U s P3 
PI JP7'=P7. 
At:=P, , 1 
~t"P(7' 
lJJcPIl71 
lJE=P,lRI 
SJr.MA=l+O.~~.~ 114,.P f~I.P f~' 
4l P = i p ~ li'" n. I.r;. P f PI'" P f '" 1 • P , r l t) 1 q ~ '04/\ 
fi~M~As6fl?I~(1~1 •• 3/11-PfQI~*41.1.0-10 
NU=DSORT(l~I..4nn/~AMMA/(P'V'·~'AI'/Pfl~II.P(1~1 
DMUlIIlJ=O ('" + "'I/(I/:OA Re:; r XI 
r F (DMIII\III.l T .1.0-0 1 nMII~IJ= 1. 
N\I=NII." l "'/nM'JIIIII 
lCA=(J+)(I*X~NII IIfl-PI9'JOo a 41 
V2=IIË\I.' 
~f=,(t ... 6F.l/fl+ALP'/SIr,~AI*~7 
U2=\l21 C; T C;I~A*"') 
CH 1 .. PIt 1 ) >:: 1 1 + \ E ) / P , l '3 1 
R2cP(131*pr~'~v~ 
SE e" 1 +AF IJIr"'~-PIO ,JOol(il~*1 1+/\ 11**ll/':\.f)f)I'( l+III;-PI ~ 1*/1+1\ Il) 
CFF:". "'7<;1' q. "1 'aP, III ) u,~ ' .... v7 
CF J =0.011 ( 1 .2-; +1' I\ClRT l ,. noù PI \ 1 1 1 , >("IT 111* 7 
CFX=O. 0'<;0 (o. l+P Il q Il (,0. oc;+P( 111 1 """1="'"1 
THFTII=CFE1I<11+'\EI,:nll7. +CFl/fl+Atl d "'7 +CI=X*rt+IIEllll"'AII "'Pllt.,) 
R~=UI**7/(1+d{l*a7-T~I=TA-CH'~GAMMA*((7-PIHII* ~~ ~~I'I*(I+AII*.)' 
R4=-r.A~I~'Uf~.10-PI"') . ' 
R5=-r,A ... MA*P(71 " 
R "=? no*o~ C1R T f f PI 7 ) ... P 1 q ) "'. 7 , Il P ( 7 ) +1' ( R, 1 ) *111 
87= rt<;O~ TI' P f R) -n. QqcQ9'1onn Il (P 171 +PI fil II *'11= 
RO=R7/S'C;,..lPOo .... ~ 
RA= pr13IaOI4'*V~ 

fH\h=2 a llt *117 1 

AQ:: ~/ 1l1*'1'/4111<IlE+ 0.0 )*nC:;CJ~TI (PI RI-O.QQ,QQQQ"! 1/11' (7' ... ..,I'i1 1 1 
RC;h=7(lAf-*~n 

J\O=Pf7ll/P( 71 ~P( 1\1 1 
fH=PIJl,/lPI11 .. pr:n) 

X~=-xl*X/(7ftPfl~I)"'*7~R7.7.n"*AF 
·X4=-X'*J/(7*.,ll~I)"''''2~RhOPIQ)**7 .... AI 
x il "'1 X" 7 * Il 1 l ':\ 1 1 1 * *;1 * A F (1 1 P ( 4 1 - 1 • nn 1 Il P ( 7 1 + PI J:ll 1 
X ,,=, XI ( 7* P 1 1 ~ 1 1 10* 2* /11 * ( p ( 7 , ... l' f CI 1 ~ 1(07) 1 ( P f 7) ... p, ft 1 , *p 1 CI ) **? 
OIl'=PI~I**4*P('JQft2 ! 1 
NIN=NI7+1 -
NIP=NI N-' 
on 1 1 = J • N 'N __ DO J.-.J:l.IIIJN _________ . _________ _ 

J 

~, -- -;--- -,-------, ,~--~-- ,l" ,~.~--:------.. '* ...... lOIOn,.._l5Ili1 .... I~ .. ,:... •• _~"III ..... ~,,,~QI!'.,"!l,,.!IIIJI! ... illl.:OO~JII!I .. If1'JI •• l11li1ili.'lfîilltrâibl1· t,~+,; 
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L-13 

ACC_4 :PELATIVE rn FfI~ST INT,er.RA,!. nF r.nFFFIr.lf~T OF 4 TH nFRIVATJVe.' 
CCEX/K+I. :'H?lHlVE TO FIAt;T rNTFr,RAI. nF n+AF*O.-1( ~nQ f"XTEPNAL ' 
S-ctNIK+l. :RjflHIVF 10 'iFr:""''' I~Tfr,RAL OF 11+AIU,IIr*1( ~"A INTFRNAL 

, 'CC4f' •• n ,"l(~. f r.r.r:x/ 5. ' •• II-D/CI ,**4*r.r.INI ,\.1 •• ,'1" 
'SC"- ( J •• 1) ., ICR .'/ ~(. F)C f 5. r • J J -1> fOI **4* C;r. 1 r.j f '\. , • .1 1 1 
'SC;4 fI. J, =)I~. f C; ,,;::X! 5. , .J , -1> 1"" **4*<; <; 1 N 1 r;. , •. JI , 
'CC3fl •. "",fI.X"'*J'~*CCr:XI4.' •. /I-P(QIIC<*4*Al>ltr.r.IN(4.1 •• Il' ~ 
'SClf I.,,,=II*X-\*I AF*5CFXI4. 1 .'./ '-PI q,,,,*,., 1*<;r.IIII'4. J .,111 t 
ASS'H l •• I,=R*X1*( AF:*C;<;r:XI4.' • .J,-PIQ ''11*4*. ,.<;C;I"1.4 4.1 •. 11 1 l-
'CC2 ( 1 • J," \ ,. 1( Poil< ( IE.* ~1jI(.C f li ( ,. Id ,-nAI .Cr. 1" l , • 1 • ,1 1 '. 11 ' -Cr. ~L 1 ~ • 1 • J ) 

I-flJ* CCHP ( ,. 1 • .1 '.Po 3* tc FX 1 1 • 1. ", .~4l(tr.C F. xp, ,.1 •. 1' • "'5*r.( 'NP, ,. 1 • _1' " 
1+X1*CCO:XI4.1 •. It+'(4-Cr. [NI::!.' • .I' 

Ase2/ 1 •• ,,=,~*l(Q,'(C("E*.'1I<<;r.Fl(I'.I. I)-OAl*SCINIî. [.,IlI+\I?*5CkLl".I,J) 
1-1\1* ,CF. X P 17. t. " ~R3* <;C F X Il. r • J 1 +"\40 C;CE X P f , • r • J) +~ s."c t NP ( 1. 1 .~, 1 
I+,Xl#C,CFX(4.1 •. ,,+·Û'*Sr.I'Ii(7.I •. I, 1 

ASS2 ( J • ,JI" 1 i"" J( A*' 'E .*~. C; <; foX' ,. 1 •. , ) -1) 61 * S C; 111/ 1 1. 1 • .1 ) 1 +11 ~ .. Ci C;" L l ':1 • 1 • J) 

1-1\7* C; ~ f)( P , 7. 1. "." 3* 'i <; F X/ 1 • 1 •• 1 ) +1\4 * S <; F. X P ( 3, 1 •• 1 ) ... A5.l <; <; PIP ( 3. 1 •• t 1 
1+n*C;t;,:xI4. 1 •. I, ... U*St;rNI ~.I.J' 

A CCI' 1 •. 11 :X t lit <. ( k MC r. 1 ~ 1 1. 1 •. 1 1 +Rno r:CR LI 3 • 1 •. 11 ) +I~ Po*t:r F 11 1 7. [ • ,1 1'" ( XI * 1 

1 X*I\ 7 - ~,4 ,.CC E x 1 ~. 1 • J )-Po 5*CC 1 III ( ,. 1. JI. xs.cr. F )( ( 4 • 1 • .1 1 + li "''''Cr. 1 fil ( 4. 1 • .J) ,1 
1+I\AA*CCkLI7,1 • .I1 

A sç 11 T • ,1l,,)(J. ("II/ Po,.. SC T III 1 1. 1 • J , + RI'). <;r: RLI 3 • r •. J , '+0.\ fI*C;r,:. )( l , • [ • 1). 1 XI" 1 

lX"''' 7 _14 4 ). '>r. E X ( '. t • .J )-101 s* SC' /II ( 3. 1 •• 1 ) + X S;)I S r. F le 14, [ • .11 ... ) Po .. SC 1 III 1 4 • 1 ~ ,Il '1' 
1 +Fl'lA. <;r:AU 7. T. " 

A 55 1 / J •• II:X 1.)(# ( R MS C; 1 N 1 J • , •• 1) +ROIl< ~ t;RLI 3. r • J" • j.\ ~* C; ,,1=)( ( ? , • 1 1'" (x i * : 
1 X*,,7-1),4 I;)I!' <;EX 1 l. ( • J I-~ S* S SIN ( 3. 1. J ) + xs* 5 <; ~ l( (4,1 • .1 ) +x ~*<; SI '1114. 1 •• 1 ) : 
l+RI'IA*<;C;ALI~.I •• 1I J 

ACCO / , • ,JI "')( J JI< (;)1 Ilq *CC F '( 1 "1. r •. , 1- x* X Il< 1 k 1 *cr. F X Il. J •. 1 , + Rn *r.( Ill. , •• 1 , ) 

1 +l\qUXIUlltr.r.kLl?I.,I) ,. 
ASCO / t • JI.: XI .. '(* Rq. SC ~)( 1 2. r . " ï - X. X (r ( RI'" Sr. F x n. 1 • " 1 + -\11 * c;c: 1 N J ~ • 1 • ,1 , , 

1 +R91\(;X'*X*<;CRLl7.r •. 1I 
AS C;f) l , •• 1) :lI 1 >1< l(oIrF\q* S 5 F)( , ?, 1 • J 1- x* X'" 1 ~ l '" S C; 1= 'f " , 1 •• 1 , + -Ir. 11< <; C; 1"11 '1 • 1 •. 1 , , 

1 +p.C111,#,xr*X*C;(,RLl2.r •• I' 
A ( 'Ï. 1 ) = A Cr: (\ / 1 • 1 , 
no q TP="1.NJP .1-"::' 'Y 

AI 2+(101 P.l JI " .... ~r:(\( IP.l ~ 
A(l+7=TP,6=A<;r:nIJP.1l <-
on 1 n 1 III"? N J 'Ij 
PIN=IIN-\ 1*'1. \4,,,CJilf,'i'C;R97",,nn 
Af'l.l*tN-7)"Ar:~ll. ffl/l-PIN ir 6C;Cl (fN.II-PINlQ\>lr7$M:r:;> / 1.1'1' 

l "+Pp.,u~.AC;f.'f1N.\I·pl".,;r1(t4lll~r.C411.'~1 

AI .... 7» 1 N -1 ) = Il <; r.r\l 1 ~ • 1 ) + PIN'" Il r. r: 1 1 1 • 1 t~ ) -1> 1 :J.:r * ;> * 6 <; r. ;> 1 l' f • 1 , 
1 -PIN**3""IIr.C3,11.1"'+Pl"llO<JI<4*A1\(4( 1".11 
no 1 n 1 P = ~. N 1 ~ 
AI7+l*lP.7*lN-7)::ACCOI IP.II\II-PIJIIICIIl<;r.l (IN.IPI-Plf.l,,..;>ntlr.r.?, [1',11\') 

l , + P l "1 '" * 3 t • ... " r. ~ ( P~. t PI. P 1 \i II' 11< 1 • • , ... r. c: 4 ( [ P • l '" 1 
6(1+(I*rp.7*IN-71=AC;COI IP,,""-PII\II(IA<;<;t 1 IP.I"II":PHJJ;l-]"'~'(~( , .... '~') 

l ... pr~'**l"'A'C;~' 11'.11\)1+"1"1""'4"",(41 ['" rt, 1 
6 ( 7 + ? il 1 P • ;>:!t t N - 1 1:: 6 SC 0 ( 1 N. 1 ... 1 + ... l '" rc A (, r. 1 ( 1 P • l ,~ 1 - p 1 ~j 1« * ) ~ A .... r ~ ( 1 \j. 1 Il \ 

1 - P II\!** ':\'" 1Ir.r:." [P. [1II1.P 1 \l'~,,, .>' "'<"(4 f ['II. i IJ ,-

A ( ':\ + ? "" 1 P. 7'11 t N:" 1 1:: A SC; 0' 1 Il , t ... 1 ... " 1 /1/"" "r. 1 ( [P. 1 ~J 1 - p 1 ~'" >1< ;1 " 1\ " "7 fi", I~, ) 
1 - P l "1* >1<" ~ "" r. li 1 P. 1 ~I , + Il 1 \i l(t * ~ ~ ... "C; 4 1 II> • , NI' 

o cn'-ln""'f­
NIN::NI7 
Allo\)=1 
Af7.1 )=0 ______ _ 
1ft rllr..HI.nl ';11 Tn (In 

CLt.MPrn-I-'H~ r.(I"1'1I11nNt; 
E::P(Ql*JOI7 ii P( 1'11"""7 
f. FI-" P / Il , .. JI l "1 t , , .. ? + f ~ - j) ! Q , "" PlI Q.I * 1 1 + AI' /II + A:: 1 1 * * 2/4 , 

____ RA"HI: __ .~7.' [ltAEH'tZ- _ Etll+AJ '''*7J*WE __ .:-. __________ _ 

'W. \L rn'fllIR ,~ a." 1 l. 
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r 

8A-O-n*,1 l+E':'; ,,(PIA'-111/,P'71+P,qll"-;~ +~n.(l+A"*,,,?*prlnl."'?' 
RC-EFE .'(1.~E1f*2- c.,l+Ar'.","*V?*wF -C~I*~~~MA*",-P(HI'. 

ISE +D' 7 )., '+A () •• "*Pllll'.*71 f' 
80.-c~t*'FFE *R7*,SF. + ~.f'+Al' •• l*~FI+R~1 
XEa'f ,+aE)U4-f )+Al'IIC<4*E"''''lH{ l-fo-ll.' t"')(I*)(*~Ir) 
&t'l.\'.(l 
114.11.~A.)(I*( + ~R.X**'­

no II ft.,· 1 .N 1,.. 
1U.1.*(J,j, .. , 
&ft.7ICrl~+P"() , 
117.2.'N)=0 
&12.~*lN+l'.I~.P" 
A(1.2*(J,j)~IN*~'·'-11*.'N"'P'**7 
& C h ,* t .... , , .. n 
A(4.?*(N'=A,4.11.'-1,o.IN 
A'4.'.IN+l )='-~II"IN.( IN*P'*'Rc+~n*x("'xl!'"( IN.PI , .. *~Jlr)(~) 
GOTtl" ' 

CLAMPEO-ClAMPEO ',:nNoJTH1"''' 
A,4.1)=0 '" 
A' \l. 1 , .. , 
OO'lQ IN·'.Nr~ 
A' 1.7. J N) .. 1 
A'I.2*lN+l}=0 
A ( i' ?'II T l'Il) ,.0 
A,2.2*(N+l )=[." • ." 

A(l.?IN'='-ll*.'~ 
An.2*IN+l'=0 
6(4.7*',..1=0 
A(4,2·tN.'I=P(*I~*'-tl**r~ 

~lIfiSTRACT lqq 'r.m. Tn fVFRY EvFIIt r.nL: 

( , 

. , 
CHECK CA~D LM"'T=3.E~n IN O~T*'h • 

on' 1" 1 = 1 • N 

~IHI Tn nM. r)Rn~O &(Fnuc:s:n Jtv 2 

-t. 

on 17 .I:?NTN 
A' 1.711= ,1) = fA l , • J. ,Il,-A , J. Il ) 1 PT **4 
A' t. 2*.1+11=' hl J. ;>*,1+11-,I~A r J. ':\) I/PltUl 4 
A , , • ~ 1 = l'A ( 1 • "1 - 6 fI, 1 1 1 ~ P J '" * 4 , 

R E Ttl~'" 
ENI} 
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00 

Gn JO 1 nn 
XP':\.PAR ( 1 P':U 
)(Pl·P"~fIP'. 
IFfE~~.LTJn.1 XPI.PARI1-IP" 
PAQ·f IP7,.P7 
DP.DP2 

'on 5 ~g'~'~l.~p, 

l ' 
---~-_._-- ----, 

IFf (TP7-1 •• , ''''''::7'.' ,p,-~,.( IP7--li,*( IP'-I":\'*( TP7-11.1.Fo.o,r.nro SR 
1 F f ( 1 P -\ -1 , '" , 1 .)~ -, , ... , , p.~ -11 '" ( , p~- iii 1* ( 1 PR-·l , 1 * , ll'R -Il. , ,,, t • Ii 7. '"' ~ 
IF" tPR-1 ,., T·H~-", M.C;tI,"O' 
rF,,,p'-I,ICI(J.)'-".~E.o. ,.n 11') 57 
IFCF.p~.C;T.n., r.n ,n liQ 
PAq,H·)*-FPC;lCI.)/lQ, IP21/X P 7 
PARC1-'P"=XPl·PAR(IP~)/XP' 
CALL ~nEFTl(p,R(1,.P"R(2"~' 
1~"P~.fO.,) ~n Tn ("n.h\'.IP2 
IFlnARC;(PARfli' I.I.T.,n~1 (.l'HI) III 
srr.~"=,+n."5*~ARlt41*P4~1C;I.PhR'11 
P 4~ ( 10 1 :: ( P.4R t t ': fi. "5lC1 ~ A ~ ( 1 :1) ~ p A ~ 1 SI (r PA Rtl) '1 c; ,r.",,, 
CAU ALcn!:HP\R·(l"PAf~ll'i1.1II1 ' 
C.A l L A 1( q"nn T (0 ,,;: r" nn MP' • P 3. "P~ l' 2. PAR 1 1 P il 1 • n P' • nll' .1\1. , f)'" • , • r "" • ".1( F V , 

IP"=f'I' 1 
IFIIARc)II'-IUI 4.Q",.O,", 
IFIEPS.Ll.f'I' wQTT~I"'.l~' PARAMt1-1P".PAQI1-IP'I.PAQAM(1~I.PARI11' 1 

w~u TF. ( ". 14 ~ P .\~ 1\ ~ P;? 1. l'tiR ( 'Pl 1 ~AI( a MI ~ ~ 1 ; P1 ( 1) .0'-11::,. {'H • 'L ,"U r • r 
F (11H11" T 1 11-1 • A A • f- C .S , 1 • l , A A. F ~ • " 1 
FO~ ... ATIIH .AH.~q.C;~9X. AR.FQ.C;. CJx.1rl"'Er. ... :1.ll'np.'Ï.'. 

0 1 •• I)ct,~.,. q x • 1 T '\ N = 1 • r)R. 1. .,,)C. 1 n III f) 1 M : , , n ~. 1 • , r: l , ! :> 1 1 
IF! I.f.>:. TM s;I.~P~\)~1 f,fI ln uCj ~ 
IF((P6R(171.u.p.nnl .OR. rp"R{l~).l,l.n.nnll r.nTn~ ... 
IFe 1)"'~S(IlP"/i)P::>""NI.I;F.n.QGQl\n) ft!'l TO Ci 
1 F 1 (nP7lO<IlP?M 1,'1. r.~ .-rlP::>'A I~n::>n. no). nR. (~PAl~2 .lF.:> 1) r.n TO Q4 

ATrEMPT Ar POINT 111\. ttPPFq P,;U,'IU:t-f. 
, nMEGln=~lC<OMFr.ll ,-::>*n~·Fr.,,) , 

nMEGI Il =0"'1:'(;( ~ 1+ t nMEf,( ~, -nMFr;! 3' ) 011. 
o Sl =-, . \lOlO< <". - \,j <0 

nt Il e-Illl' n. no 
op'.=n 
P3Cll=P3(1)"'4~np1P? 
PARI tP7I=p"R( !P::>I+OP? 
PMerpn=Xp, 
PAH ('TP'H= XP~ 
IP~=IPi! 

, IFIElIc:,.GT.t'I.' r.n Tn Ion 
PlIA (t') =EP4\ 
PA~(1-'P?,=XPl' 

PM(lPl )=P"~I (Pt )+l'IPI 
STIIP 
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SII"qnllTlN': '.A(;~i\fllrA.XI.xO.".p.n~.I(M,l,M.",.I(,I(FVI o 1 ... .: "', J(lN fi ( N. ,.., 1 • 1. 1 NI. toC r N 1 
COMPL~X.l~ A.(O.XI.X7.VI.yn.V.X.OF.T 
REAllCI~ Il.p.n''l.qx.nx 
1(.0 
CALl MATqTX(tI.xn.II.p."., 
YO=nFTfA.I •• Io1.~1 
zo=cn/\lflC\I VOl 
1 FI' i\ 0\ <i f 1( '7 VI. \11=. l' r,n T n 
Wq l TEr 10.. Ill) P .1 J. )( 1). VO • )II 
1<:1(+1 , 
CALL MATR lXI A.lCl.".P,NI 
Yl=f)F 
IFII( 
K=-I( 
zn:ln.7n \ 
IFIC')IIR<iIV11 • ,1.10.* III r,n Tn l 
x: 1 XI'\+Xll /') 
Y=IYI+vnl/' ~ 
X2=IIX ICIvn*Yl~lvl-VOI.xo.y,çV .IV -VI l+xIlC1v *vO.'VI)~V II/IV 

lIYO-vlI/IVl-v 1.(lCl*vn-xo*vl l/(Vn-Vl 1+( xI.v-x*vll/lv-vllll3. 
VRn .. vn . 
VRI=Vl 
W=VRO~VR1~lvo-ypnl*lvl-VRl 1 
Z 1 = C n A FI Ci 1 V" 1 
1 F ( w. LT. ZO#7111(#.7) 70=111 • .:.70 
1 F" 7 \* 1 1 -1. il KI • r. T. 70 1 • nR • ( 1( • r, 1= ,1< M" r.n T () ~ 

IFIIARSfl(f.V).NF.I) C;(1 Hl " 
WRI TI:( A,lnl P.II. )(0. vn. XI. yI. x;> 

L-16 

i 
• 1 

! 

-VOII 

o FORMATI' P7='.1I:nl0.l. ' Pl=l;nll.4.?11 X='.7nQ.7.' 
l','lll.4 .. I1Q.,) 

V=' • ;:.nR.l 1.' x= 

1 

DEFIN!? ACr.IIRt\rv \C:rnROIN(. Trl nl,HNCF FRnt-1 REfil A~IC; 

v7=(1).0,-1.01*X' 
ox=n.o~*rARSIY71+n~*", 
IFI cnARlilx7-(11.I.T.nXl GO Tn? 
RX=x7 
IFI R)(+J)MI ",10..7 
10=Xl-XO 
xn=X7-~x 

Xl=xn-((I.tlo .l.nrt '*RX 
1<"-1(-7 
GO TIl'4 
X=Xl 
V=Yl 
1 F 1 7. 1 •. r. T • i' n) r,r 1 T " 71 
)(=xo 
XO=)(I 
v .. yn 
VO=VI 
Xl=X7 

~ 

IF(IIi\ii\C;I~X 1. L r. nfoA) 

ZO=11 
lI)=lCl-IU 

,---r.o JO 1---------- -~-
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-
WRlTf.(".tn K.I(IoI.P.II.ltO.Vn.XJ.Yl.lC7 l 
FORMAI! 'O-'-AC.H~- 'NTF~~IJPHn ~Fr.~IISF. OF l')IV~Rr.S:NC': nF F~EOtJS:Nr.~A: 

IFTER ICs'.P.' ITFRATlnNC; JS: '1(<K",u"'.17 .. ' .I,6(,T ITFQATIOI\J lQAf.FMA . 
lCK t,'" P7.·.IPnIO ..... • P3"'.Oll.4.7!' x"".,nq.,., va'.,r;H.11.' X. 
1'.111' .4.nG." 

*
~ 

lt X2 
ETlJRIII 

E·NI'l 
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SIIRltnlITTN'7 6)( ~nIITrnM. MM.V.nV. P."P. nvntM,o;t • l'lOMA l(. r. t ... 6X .N.K;;Y 1 
D J ME III (, 1I1N fi l ".). il n) • L l "li . ~ f i' nI. n ... f ~ 1 • V l ':\ 1 
CnMPLf)(.l~ ~1.n~.n"'o.n~l.O~l.n~~.O~E.A 

REIIL*R V.p."P.1I0.1I':\. Xl.l(7.)(O.VO.Yl.Yl.Ov.nm4A~. CiL.l1vnrM.110"" 
r.1 = ( n. no. , • nI) J 
INI r-, ' 
DV2-V171 
IF'KEY.LT.O, r.n Tn ln 
ICEV=ICF.V-i' 
[.0 
INTT",n 
V( -n .. n 
()~f ,':\, =0 
CAlCIIL6TJnIlJ no: FRF.OllEIllr.IFC; AT INIT16J. VfLnCJTIF(, 
00 1 1( = 1.' 
OMl "'111'1 ~-1( 1 
1 f-I II( -1 , * r N TT • 1. F • nI r.f"J Tf1 1 1 
Y2",-r.I'H1Mi' 
Y'2,=vll)-nvO{MoY7 
X~nMi' 
OM121= Xi'-Y?II~l~I'In~Axl 

IF' Xi' .LT.l')n"AX ) OMI?,=nnMAur.l 
OM , .. , (11)1\ +Q*nM 1 ? 11/1 O. 
lI~"'V' 1(' <-
OMi' .. OM!I(' 
CAL L l A r.R A III 1 1\. 11/1 il ."flM 1 • Il ~ • P • f) n ~ A X • 1 ~ 6X • L • M • ~ • " • 1( 1:: V ) 

IFr.'-lf04/IX) '.Loo.\On 
nMIKJ=rl~7 

IFlt.I-O. -rMIIO .'='MAX 
Yl=-C;1'H1MII) 
Y2=-(;I*I1"'1 i" 
IFflNlT+ nllif(,( l-l+Y21'Y1I.r.r. ().o~i r.n TO " 
SPt::C16L PIHlr.I:I)II~1:: FOR Ton r:Ln~E ,lrl1HL VALlIF(, r}F F~F:ClIIFNC:IE". 
VI'.'=7*VI7'-V(l' -
VII ''''7*Vlll-lI~ 
UO=IH 
0"10=11"'7 

• 1 =-1 
r.n m \0 
If. ( J • 1- (1. - " r.n TO ~ 
nMf)= 1 IIP4 1 \ ) .1I"'! i' 1 ) n .. 
lin = 1 VI 1 ) + VI 7 1 ) 17 • 

. 1 =n 
IFIV1**7.LT.Y7.*71 1=1 
Ül=\lll+fl 
U::'=V( 7-1 1 
'01'11"0"'11+11 
n",,=I\MCi'-l) 
IT~o(Af(flN~ ,,,. VFI,n'CITV 
on ::' ,,, 1 • 1 101 fi l( 

YO=-(tl $CI~I) 
Yl =-~ 100101 1 

/ 

____ Y 2:: -(1) '" !IM2 ____________ _ 
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.,3-, IIJO'OV ,.V ,., v '-Yi) +111 *v ,. vn., VO-'O) +1I'JllVO*V-l", y, -'11) 1 ) Il YO-Y} ) 1 
1 fY l-Y? Il C y '-YI)' + ( II~*Y 1-111 *Y? Il,1 Yl-Y2 ) + 111'0 VO-I/O*'1 7 1 Il YIl-Y' 1 1/3. 
IFI(Yl.y,.~T. o.nn).ANn.II)-"IJ.n~~~,Y~) .GT. nAA~IY11)' GO T8 qq 
xo-nMO 
X\-OI4I 
x2-mol, , 
DU-' IAR\11I7-U!)+1)6J\SIIII-II0110 
NOIl-nAiI.$" CI)':\-I~' Il nu)* 1 1 -O.:l, Il 
CHfCK 100 ~I.nw r.n~VERr.F".r.E 1" FR'tnR O~ tln"io't nR n"r{'i('lF l\IIFr. p: le 
IF' InARS, 1-1l"i/1171 .GT.n. ~ .nft. Nrlll.r.r::.11 .41\10. Vl*y,.r.r .o!). (,r110 9q 
OME:c(~n.v,*y)gIY7-V\'+Xl.V7*voa,vn-V71+X7*YO.Vln'YI-YOll/iVO-Vl)1 

lfYI-V"/IY7-Y~I+lx70YI-XI*Y"/IYI~Y7J+IX'*Yo-xnoY21/1YO-Y711/3. 
OM~:nMF+~I*Y"ln.nll 
\IF'OARC;(t-II~/lln+I'\AA<iIY'-I'.'_T.\ nnM~)() Gn Tf1 ":\ 
CAll LAr.'tAr"I ~.n/o1F.mn.1I3.p.nOMAX.I"hX.l.".N.I(.I(F.YI 
OM~ .. n"'E 
1 FIl<-ltfAX l ,,,. \on.100 
Y3 .. -r.r*n"'"i 
IFIDMI<iII-Il"i/''''+ ABSIY~I .I:T. nn,,~xl c;n 10 ~ 

'.lFIII-I/"lCrY,-«~?r.T.Y(I.=i,...,r.n rD ?4 
UOell1 
OMOz:IlM t 
Ul ==u? 
0'"'1 :0101' 
GOrn7", 

,UO=1I2 
O,",O:OM? 
lJ2=1I~ 
O,",? .. O"~ 
J =1,..1\" J <". 
S =,Y?-Y,l,II(II~-1I11 , 
IFI X,.C;f..~n~\X 1 S =IY1-Y~I/IXI-X" 
WRITEI~.tn?) I.II~.P.C; -

.. 

FOQ,M4T( 'O-4X~llt'T- INn'<~IJPTFn ~Fr.o\IIIiF Ton ~I.nw r.f1N\I!:~r,FNCF L\~lrR 1 
1='.17.' TTF.RIHlnN~ 4T tn=,.p)nlll.'\.' • Il:',.nl0,'l .• ' , TA~:'.~Q.I/) 

1=IMAX*II-7lOJIJljITI + l-I"If:r 
<;0 10 Qqq 

STll'tM:o: OF c~lTrql r.HARAr.TERIC;Tlr.C; IVHnr.ITY.FfolI:O,,-=m:Yf.~l!lP;:~1 

VI,)",VI'II + (1-IN1Tl o I1l3-nv) 
DM l ':\ 1 :flM l '1) ... 1 1 - 1 NIT l '" ( o~n-nfl/oo\ 1 
NOV7:1 
IF(4i\C;/lIV7I.(;r.1.<;J:-h1 GO Tn 4 

1 F' A f4 c; r nv 7) • l r • (). Il F- '" 1 V, 11 =11':\-1 • F-fI, 
(FIOIPI,\(DVI.r.r.on,..AXI r-'lTn 4 
NIlV7=() 
nV=IJ'I,V('3 , 
OOI4=nM':\-nlol 1':\ 1 
Vf ?'1,..I\If)II;J", INI T"""3-VIII+nvn 
VI 1 I=IJ'IO"'/tl'l-VIC\II-I)V + vin 
OMIII=OM'I+?lOI(,\,,o,-o"l(':\) 1-00'" 
OMI 21::n"',1 1 '''''I+''I*00'''1IX 1 
OV=/Ili-VI'III*(NIT 
V, il::l1':\ 

OM r "J =/1'" i 
IlVllt/o1::/lI,-1I1 1 Il y;,-yt, 

Sl=l.ll'" 
1 F f X7.r.T .110M A(, l\1."( V\ .. V?)I (le' -x71 
IFI.J.FO. '~IAXI r,n Tf1 1'\4 
RF TIIIlN 
WRITt-I".101, ,,,.p l " 
FOI(MUI' -AXHOm- JNTFRkllPTEO,IiECI\UC;E OF OIVERltfNCE nF FRf.Ql/Ff.'(:V 
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• ;'-:~ft~~·~~~~M?lII4'$'~:l'IIUI\Ii~JI11'~"'lftl\l~ijIl!ÇG."'i;;m;_""tli>\ 
L-20 
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IN -lAr,~AN- Ar " I.IPOIO.3. t ANn 
1-IMAlf+1 - r ... tr ' 

9q 1 Fi IN' T. EU.l) .. n 10 103 
Sl-l.(lnn 
RHIlItN 

03 p:tP-O'p 
OVf)U"'OVUI 1"1*0. 7" 

04 Op,.OP/lI 
OV-OV/2 
V(1'aV('))'Io , 
V ( 1 ) ~ 1/ f 3) .... n" ... Il ( l J 12 ~ 
DfI .... nll~n 
nHfl, .. n"'f":\) ... Ofl'" 
OHf?,:n,.(~)*o.oo ... 1)0".1.1 

,000 RHUQ/ll 
ENI) 
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j 
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SU"RnufINF IIo4~nnT( f)M.nnM.v.nv'-~.np.nVnY.filn'l~~.I.IMAl(.N.I(EY) 

1 

,.."s $ltfU~nIlTI'~!= HAC; $IIMF TIllPIIT RFQIIIREMEIIlTC; AC; ax~nnT. 

-: l( F. P T Nn C; L OP': • " 

IMPL!CIT ~FAl«~IA-H.O-)' 0 

OJ"'ENC;WN AI ;>,l.;>OI.L( ?n, ."'" ;>O).0Io4('a'.V(3' 
INT T=1 
J F f K 1: y • '- T • n 1 r.n T n 1 0 
KEy.,KI:V-2 
1=0 1 

It./l T=O 
V ( ~1 =0 
OMI ~ Idl 
OM7=n~ (? 1 
'OMl =nM Il 1 
CALtlll/lTlf1N n.: '--IIGJNARY F~EQIIF"'CY 6T I~tTIAI. VFI.ocnv FO~ 
U'i=V( , ) 
CAlL MrNtMl(A.n"'l.nM?.II~ .p.nm4Ax.p.tAX.l. M ."I.,,'.ICFVI 
IFf .J-'~~XI 1. lon.lOO 
OH fIl =n~2 
VO=A ( 1. 1 1 
IF' INtT.ErJ.nl r.nrn 11 
V(Z)= Yn~n~nv +VIlj 
DO 1'- 1., 1 • 1101 A ( 
lI1 =U:j . 
U?=V(' 1 
CALCULATtn!'\, n.: VE'.OCJTY Fn~ WHICH THF p~vrnllC;l_v FOII\lI1 FRFOllE"!CY IS 
CALt:" VFI. C;Fr. (A. \11.117.. "M;> • P ,nO"'A X.I MAX. L. M. fII • .J. J(r:.y, 
V(2)=";> 
nM1=nM?+ln ~n~MAX 
1J3=tI? 
CllltUIIIT!: THE III"'" FRI;PlfI;IIIr. V FOR 'H~ 1''1''''1110'1'''' AT IIIFW vE,.nCITY. J 

CALL MINI"'IIIII.nr-o'.nM"1.113 • p.nn"'AX. l''lAX.t..''',loI.,,,,<!.=vl 
IH.J-T,../IXI 'don.IOO 
YI=A() .. II . 
'ov 1) Y = ( v ( ? 1 - li f l , II/Y 1 - y 0 , 

, . 

II~ =1\(J.II(·rhliv'+v(?1 1 

IF((n~HC;(II~-II-?I.I.T.onMl\l(1 ~nQ. (nI\Rl;,fl-lP/l'~I.,-T. f)n"'A)C1I (~nlO ~ 
n,..?=nM~ 

!;TII~~r.E- nf' r.R 1 T II:I\L c:tHIUr. T FR 1 <;, T ICC;' (VFVIr.1 TY. FQFO"!:Nr.Vf.<'L"~~~ 1 
V( 0\)=11'( ':\) + ( l-I\ITT )nflll-nVI 
OM'~I="Mr".\' + (l-INIl' .... (o .. p-nnMI 
1 f- r f)ill! C; f IlV 1 • '- r. nlllo4l1 X 1 ('IV: Il ~ -1/ '. ':\ 1 
IFfllllk<;'(Oll/olI.I.T.f1nr-lAXI n~,"':n~':\-n .... (':\, 
VII )=1~1+';>.fl/".\-vj':\ll-nv 
nM' 1 1 =nT-l'H·;>. (Il'" ':\-n~1( ~ I) .. nn ..... 
mIl 71=I)M( 1,.( l+1f)(·nn~lIxl 
IlV = ( 1J'i-V ( ".\ "101 1 NIT 

____ IlUM= r (}M,.i-W'I ( '31 1,* J NI T . ----.,-----:f-~ ---_.--_.---- -
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vn''',,~ 
OM'UlaO":t 
fFIJ.f:oO.rl'UX) Gn' Tn 104 
RF.TlI~N 

wR lT El". t () 1 l " ~ • P 

L-22 

01 FO'l~AT(' -uRllnT- INTFIHWPTFn RFr.AI/C;e: OF nrVI:~r.FNC~ nF F~EQ"~Nr.V l ' 
IN -l6r.RAN- Ar 113=1.1Plll'n.3. 1 A'in P-".1.1l10.311 

9q 

03 

04 

000 

1 .. I"'AX+l - INn 
t F (1 N rr. E o. l' r.n TOI 0 ~ 
Sl:l.nOO a 

RETIIRN )( p .. P-oP 
DYOY ~nVDY .n.7~ 

np=l)p I~ 
• ov=nv/? 
V(1)~V(3, + 1l1J1i'+IV'1I-VI3"/4 

,nn"'=nn"'l2 
OMll,=n~I~1 + nn~ 
OMI2,=n~I~I~n.9q + 00"'.1.1 
RE TlIR N ' 
ENI) 
SIl~~nllrINf MII~rMl (A.po.PI.I'.P,I)I4.I(~,I •• ~,"4,K.KFY' 
IMPlICJT R~AL~~ IA-H.O-Il 
OIMEN"\((IN A("l.NI.'.INI."IIN' 
nX:IP1-pn,/ln 
xo=pn-/))( 
CHL .. n~IX(A,XO.II.P."'" 
vn",nE 1 (A.I •• M. ~I 

X,} "'PO,+()X 

CALL ~ATRTXIA.Xl.II.P.N' 
y l '" n E TI A • 1 •• /01 • 1\1 1 
YPO=!YI-vnl/(!-Xn, 
J FfI AAC;fI<FY '.11/1=.11 GO Hl 1 
~JT~I f>.lOlP.'J.xO.VO.X).Yl.ypo.pn.Pl 
nn R ~"'l.KM \ 
DX=,P)-Pflllin 

. XO=P l-n)( 

CHl MIITRJ)(IA.XO.II.P.N~ 

y{)=nFTIA.I..M.NI 
Xl=Pl+0X 
CHl ,..ATR IXI A. XI.II.P.N' 
Vl=t)E: t (A. '., M. ,'" 
VP1=IV1-YO'/(Xl-XO, 
Pl=! YP )#Pfl-yPI}e<P 1 Il (YPI-'YPI'\ 1 
IF(YPMYP1"'1 l-l.O/~) .r;T,ypn«l(t?) \00 Tn ~ 

IF(flAR!\IP")-PII.LT.IO.no=n,.. .O'l. f1AKC;f1-PIIPn:I.T.O\l1 r;nrn;> 
IFI 16.AC;II(I-YI.·~F.ll r,n Tn '" 
I<IR 1 Tt; 1 fo. 1 () 1 P. Il. X o. YO. XI. YI. Y Il 1 • Pl. P 7 

o Fn~MI\TlI P7: 1 .1Pr)lO.;.' 1>"'::',1'111.1..7" n!.l"',Oll.t.,' OI=T=', 1)f<.II.' 
l $L 1 ~ , • D~: 1 .' n",," 1 • n 1 1 • i:..' r",):'. f) Il • 4 1 • 
IFII}tol~I\(YPlIy.>'),.r,T.1.nO) r:'(1 lO 1'\ 
PO:Pl 

- VPO",yJ,l1 
PI ",P 7. 
WIn rf r ". 1/11 

\,FIlI(.,.a lf '0_'" IN (141- 1 NTFIUIIIPT FO ,~Fr. AII<if nF n IVF~r;HIr..:: m: c;1.nPF 1 1 
K"KIoI 
PI "p 7. 
CAlL "'ATR1X'h.P?II.P,NI 
Y2:nf.l (A. L, M. "l' 
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If(laR~ft(EVt.t4F.1J GO TO ~ 
WR Il f. ( ,.~ P' Il. P' • v'- "-

",,' 

,. 
\ L-23 

2 FnQMarr t MINI"'IIM nET: P3. t .IP.Oll.4. t 0f4 .. t ,nU.4,'·,nFT-'.04." 
AETtIRN' 1 

'[ 

ENn ~ 
Sil" R nllTf N F v F!.. C;Fr. f A .1I~.11l • x • P. OH.K '4. L • pol. N, 1( ; 1( E Y ) 
."'PlJC·II ~FAL .. R IA-H.n-ll 0 

OI"'EN4\10N A(I'4.NI.'.fNI.foIfN, 
K-n 
CALL MATAllt(A.x.lln.p.NI 
VO"'OE TI A .1..10\. 01/1 
K-K+l . 
CALl MATQ'XIA.X.ut.P.N, 
vt .. OETI A. L.M.III, 
IFII(-tI Al.A2.R 

1 1(--1( 

2 , 'lJ=llIn+1I1,n 
" y .. rV1+vn,/' 0 1 

1l2 .. ( (II lCryn*Yl"IY1-YO'+1l0 ICr YI*V .IY -YI '+'Jl><tY *YI')~IYh-Y ','/IY -YO'I 
'~'- lCYO-VlII1Vl-V l+fl1l*vn-1I0*,\1.IIIYO-VU+11I1*Y'i..I'.YI'/IV-Yl"/3: 

IFI( nA~!;IIJ'-IJtI.I.T.nMI.OR. rOAfi<;(l -lIlIU?I.I.T.o"'"(;nTn 2 
1 F ( 1 A ~ ç. 1 0( t-Y 1 .IIJ '=. 1 1 GO ln '; 

o 

1 

1 

2 

wRI TEl ".If)) P. X.IIO. YO.IIl. YI • IIi' 
FORMATP Pi'='.lPnl0.~.' 'nM:'.rlll.4.2(t P3=I.oll.4.' nET:'. OA~lI.' 

o~1~p~=t.rlll.4, 

IFIYO*Vl*,,-\/I<I.r.T.voun Gn TO 3 
U·Ul 
Y-YI 
1 Fln Il FI!; 1 Y 1 1 VI), • r. T • 1 .) Con l>0 71 • 
1/"110 
lIO"''' 1 
V=YO 
YO=YI 
\JI =lI? 
IF(J(.LT.I(/,q (;,) 10 l 
"'R 1T E (l' .• 11 1 

., 

FORMATI'O-VEI.IiEC:;- 1 NTERR\lPT~n ~ECAUC;E OF OIVF;R(;!?NC'; OF VELOClTY')" 
K=I(M . \ 

111 = 1J2 
IFltA~~ll(fVI.NF.l' GO Tn 9 
tJR, r fi r ". 1 i') X .U 1 
FORMATI' RnnT: 
RETII~N 

ENI' 

., 
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