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NOHENCLATURE 

A Area 

c Wave propagation velocity 

f Function of 

F Fraude number 

g Acceleration of gravity 

h Water depth 

m Mass flow 

M Mach number 

p Static pressure 

R Gas constant 

T Absolute gas temperature 

V Local fluid velocity 

W Width of water diffuser 

Y Ratio of specifie heats 

~ Oblique shock angle 

~ Wedge angle 

À Wave length 

(> Density 

~ Surface tension 

Subscripts 

c Refers to open channel 

g Refers to a gas 

w Refers to water 

o Refers to isentropic stagnation conditions or upstream 
nozzle conditions. 

x Refers to conditions before shock or hydraulic jump 

y Refers to conditions after shock or hydraulic jump 
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SUMMARY 

A water ch8nnel was constructed and calibrated 

in order to carry out tests on a supersonic perforated diffuser 

using the hydraulic analogy. 

It was found th~t the boundary layer effects 

and height ratios of water flows could not be simulated accu­

rately to the theoretical boundary layer effects and pressure 

ratios for two-dimensional gas flows. However a good comparison 

of contraction ratios could be obta.ined. 

The contraction ratio necessary to swallow the 

hydraulic jump in a perforated diffuser was determined at 

seven inlet Froude numbers and various mass flow recovery factors. 

The Froude number was varied between 1.6 and 2.5 with a mass 

flow recovery factor ranging from 100 to 75 percent. 

A theoretical relation between the inlet Mach 

number, the mass flow recovery factor and the area contraction 

ratio to swallow a shock was developed for an ideal gas flow. 

It was assumed in the derivation that the ratio of specifie 

heats was equal to 1.4 and that the Mach number at the throat 

was equal to 1 with the shock at the inlet of the diffuser. 

Photographs of the two-dimensional flow patterns 

in the diffuser were obtained at various positions of the 

hydraulic jump. 
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1 INTRODUCTION AND REVIEW 

The testing of a supersonic perforated diffuser 

model in a water channel has not been done before to the author's 

knowledge. The main advantage of using the hydraulic analogue, 

besides its economie one, is the ease by which the flow conditions 

and diffuser geometry can be altered. Mass flows can also be 

obtained by direct measurement with relative ease. 

Models of supersonic perforated diffusers have 

been tested in wind tunnels (refs. 1, 2 and 3). However these 

tests have been limited on each model to one contraction ratio and 

the corresponding isentropic inlet Mach number. Maas flow spillage 

through the perforations was calculated from theoretical consider­

ation of the pressure ratio, position of the shock in the diffuser 

and the area and location of the perforations. The controlled 

variables, for a given Mach number and contraction ratio, were 

the number and placement of the perforations and the back pressure. 

Variations of the inlet Mach number, the contraction ratio, and 

the spillage mass flow would be very costly and difficul t to 

obtain from wind tunnel tests. However the interdependance of 

such parameters could easily be obtained by testing a diffuser in 

a water channel. 

The results obtained from tests on a diffuser model 

using an hydraulic analogue are limited in their application to an 

ideal two-dimensional gas flow diffuser. The limitations are 

implied by assumptions inherent in the analogy. It was therefore 
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necessary to make a thorough study of the hydraulic analogy 

before the test results could be applied intelligently to a 

gas flow. 

Models of machines that operate in air have been 

tested in water channels for many years. G. A. Crocco carried 

out tests with models of trains and airships in water as long 

ago as 1906. The works of D. Riabouchinsky in 1952 and the 

more detailed studies of E. Preiswerk in 1944 (Ref. 4) laid 

down the fundamental relationships for the air-water analogy. 

These relationships have not changed to the present time. 

However refinements and additional theory have been developed 

more recently. The advent of high speed flight has created 

more interest in the hydraulic analogy as a means of testing 

supersonic models. 

A. H. Shapiro (Ref. 5) found that, with reference 

to supersonic flow, the hydraulic analogy was limited to quali­

tative studies, and quantitative studies· of a comparative 

nature. 

A study of the relationships between Mach inter­

actions in a gas and hydraulic jumps was carried out by H. E. 

Crossley Jr. using a water t able (Ref. 6). He found a definite 

disagreement between experimental results and the theory of 

H. A. Ei nstein and E. G. Baird for the interacti on of hydraulic 

jumps of the Mach reflection type. 

The hydraulic analogue has also been studied for 

various flow conditions other than supersonic. Dynamical 

similarities of models in water and in air were investigated 
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by Giulio Supino (Ref. 7). The analogy was studied for 

subsonic flow extending into the critical region b,y w. Orlin, 

N. Gindner and J. Bitterly (Ref. 8). They found close 

agreement of pressure distributions and flow fields for the 

analogy but were not able to obtain quantitative accuracy. 

Unsteady flow relations of the analogy have also been investi­

gated (Ref.J6). It was found that the ratio of specifie heats 

could be varied, for the analogy, by varying the shape of the 

channel cross-section from the standard rectangular shape. 

A study of a supersonic converging-diverging 

wedge diffuser in an hydraulic analogue was carried out at the 

Massachusetts Institute of Technology under A. H. Shapiro 

(Ref. 9). The limiting contraction ratio for starting and 

choking the diffuser at various diffuser angles was determined. 

Close agreement wi th one dimensional analysis was found for 

starting the diffuser. The contraction ratio necessary for 

choking or expelling the hydraulic jump did not agree as closely 

with the one-dimensional analysis. A description of the 

hydraulic analogue used for these tests on the supersonic 

diffuser bas been given by K. Goldman and S. Meerba.um (Ref. 10). 
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2. THEORETICAL ANALYSIS 

The hydraulic analogy is theoretically determined 

from similarities of the basic flow equations for a compressible 

gas and for a free surface water flow. The basie of the super-

sonic flow analogy is the comparison between the speed of sound 

in a gas and the speed of a gravity wave in shallow water. 

The relationships obtained for the analogy 

from the perfect gas, energy, continuity and momentum equations 

have been derived (Refs. 4, 11 and 12). 

used in the analogy are: 

The basic assumptions 

1. An isentropic gas with a specifie heat ratio of 2. 

2. The gas flow is steady two-dimensional and irrotational. 

5. The water flow is steady, two-dimensional and friction­

less. 

2.1 Fundamental Relationships 

For certain conditions of water flow (section 2.2) 

the velocity of a gravity wave is 

(1) 

The corresponding speed of a pressure wave in 

a gas is 

(2) 
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The Froude number in hydraulics is 

(5) 

and the corresponding Mach number in gas dynamics is 

(4) 

The Froude number is analogous to the Mach 

number. Therefore from equations (1) to (4) it can be seen 

that h a T if g, y, and R are constant and, 

( 5) 

The continui ty equa.tion for the two-dimensional 

steady water flow is 

ê) (h V x) + ~ (h V1 ) = 
0 

Ûx ~y 
( 6) 

and the corresponding equation for gas flow is 

ê) <p v x> + ê:> <.ev,> = o 
ux ê) y 

(7) 

From (6) and (7) it can be seen that 

(8) 

For a perfect gas 

(9) 
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From equations ( 5) and (8) 

::. ..L 
T 

0 

(10) 

Equations (9) and (10) are both satisfied when y ::. 2. 

For a perfect gas 

Equations (5) and (11) with y ::. 2 give 

p 

Po 

(11) 

(12) 

Equations (1) and (2), (5) and (4), (5), {8) 

and (12) are the fundamental relations for the hydraulic analogy. 

A general examination of the assumptions made 

in the analogy are given by A. H. Shapiro {Ref. 5). The 

deviations of the analogy will be discussed with particular 

reference to the test re sul ts obtained on the supersonic per-

forated diffuser. 

2.2 Determination of the Froude Number 

The Fraude number is equal to the simulated 

Mach number for the hydraulic analogy. In order to avoid 

confusing the simulated Mach number for water with the Mach 

number for a gas the Froude number will be used when referring 

to water flows. 
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The velo city of a gravi ty wave is equal to ....;9'h 
only under certain conditions. The general equation for the 

velocity of a surface wave is 

::. ( g À + 2 ~q= ) tanh 2 ~ h 
2 ~ À À 

(13) 

If the wave length (À) is large compared to the water depth (h)., 

as in gravity waves, then the surface tension (aï) is negligible 

compared to the grav~ty force (g). 

. 2 cw ::. 
g h 

In the limit as !. ~ o0 
h 

Therefore from equation (13) 

(13a) 

and 

If the wave length is small compared to the water depth,as in 

capillary waves, then the gravity force is negligible compared 

to the capillary force and from equation (13) 

h Cw2 ::. 2 ~cr-h tanh 2 ~ h 
À À 

In the limit as !. ~ 0, h Cv, 2_, ..c 
h 

(13b) 

At water depths of approximately 0.25 inches 

the variation of the wave velocities was found to be negligible 

(Ref. 5). At this water depth!. is such that the velocity of 
h 

gravi ty waves, and capillary waves wi th 'H<' v e l engths grea ter 

than .05 inches, are equal to 1{g:h. Water depths of 0.25 inches 

were used in the hydraulic analogue theref ore Cw ::. v-gh 

and from equation (3) 

F ::. v (14) 
gh 
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The Froude number can new be obta.ined by five 

different methods. 

(a) The Froude ntun'!=>er can be obtained as a function 

of the stagnation water depth and the exit water depth across 

a. water nozzle. 

Referring to figure lb and applying the energy 

equation. 

2 
h +_L 

2 g 

Combining equations (14) and (15) and neglecting V 
0 

2 

This relation was plotted in figure 11. 

(15) 

(16) 

Two a.ssumptions were made in the derivation. 

First that V0 = 0, and secondly that there was no loss of energy 

through the nozzle due to friction. The value of V0 can be 

calculated by a trial and errer process. Knowing the Mach 

number from the first approximation,V
0 

can be obtai ned. The 

value of V0 
2; 2 g can then be added to h

0 
and a second appro­

xima tion obta.ined for hjh0 and hence M. 

The loss of energy, due to friction through the 

nozzle, can be compensated f or to a certain extent by sloping 

the channel. 
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(b) Th~ Fraude number can be obtained as a function 

of the water depths using a supersonic water pitot as shawn 

in figure lb. 

Applying the continuity and energy equations across 

the hydraulic jump 

(17) 

h,c h h -hy 
Momentum Vx hx (Vx- Vy) + g hx ( ; Y) :. Vy hy (Vy- Vx) + g hy ( x 

2
) 

(18) 

and (18a) 

Re-arranging and combining {17) and (18a) 

(19) 

From equations (14) and (19) 

F 2 1 ~ (~ + 1) :. x 2 hx hx 
(20) 

2 1 hx (hx + 1) or Fy :. 
2 hy hy 

{20a) 

The energy equation from position y to o {figure lb) 

is 

F 2 
1 + .:L 

2 

Combining equations (20a) and (21) 

h 1 
_Q_ :. 

hx 
~ 1 ~ 
hx + 4 + 4 hy 

(21) 

(22) 
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Then from equations (20) and (22) 

= f (:~) 
0 

(23) 

and Fx can be plotted as a function of hx/h
0

1 figure 12. 

It was assumed in this derivation that there was 

no loss of energy between the positions of hy and h0
1 

• This 

loss, as in the previous relation, can be compensated for by 

sloping the channel. 

( c) The Froude number can be obtained as a function 

of the mass flow of water, the depth of the water in the channel 

test section and the cross-sectional area of the water in the 

channel test section. From the continuity equation 

m = pA V (24) 

Rearranging eauation (24) and combining with eauation (14) 

m 
F = 

PA fih 

and assuming p and g are constant 

F = f ( m ) 
A-{h 

This relationship is plotted in figure 13. 

(25) 

(25a) 



- 11 -

(d) The Froude number can be obtained as a function 

of the oblique shock angle from a supersonic wedge. 

Referring to figure 2a and applying the continuity 

equation across the oblique shock 

hx Vxn = hy Vyn (26) 

from figure 2a 

tan ~ 
Vxn 

tan (~ -b) 
V y 

:. -and - n ---
VXt Vyt 

(27) 

but the velocity along the oblique shock is constant 

~ tan ~ 
:. 

h tan (~-b) x 
(2S) 

from the momentum ecuation (19) 

2 g hx ~ (~+1) v x :. 
n 2 hx hx 

(29) 

from figure 2a v -Xn- sin ~V x (30) 

v 2 1 g hx) :2 (~+ 1) :. (-x sin2 ~ 2 hx x 
( 31) 

and F 2 :. 
x 2 

(32) 
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from equations (28) and (52) and taking à as a constant 

Fx is plotted as a function of ~ for a 10° wedge angle (b) 

in figure 14. 

( e) The Fraude number can be obtained as a function 

of the width ratio necessery to swallow an hydraulic jurop 

from its position a.t the inlet. Referring to figure 2b and 

applying the continuity eouation 

( 33) 

and {33a) 

from equation (14) and taking v2 = vgh 1 wi th the hydraulic 

jump at the inlet of the diffuser. 

(34) 

From the energy equation 

( 35) 

and = (56) 
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If the energy is assumed constant from y to 2 

th en (37) 

substituting equation (37) in (34) and 

(38) 

and from the equations (20) and (20a) for an hydraulic jl:llD.p 

= (39) 

This relation was plotted in figure l5. 

2.3 Determination of the Mach Number Relations 

The Mach number was determined, as a function 

of the oblique shock angle and the area contraction ratio 

necessary for swallowing a shock from its position at the inlet. 

The relations were determined for an ideal two-dimensional gas 

with specifie heat ratios of 1.4 and 2. 

For the oblique shock relations the following 

equations may be derived from the standard gas equations (Ref. 12). 

Referring to figure 2a 

t an ~ 
(40) 

tan (~ - ~ ) 



- 14 -

~ 
Y+l (1'-'Y)-1 

= 
y- 1 ;.:>~ (41) 

Px y +1 b.. 
y -1 l'x 

~ p - 1 
Mx ::. x 

(42) 
y sin2 ~ (1- ~) 

l'y 

From the above three relations ~~ was plotted as a function 

of ~ for 1) =. 10° with Y=. 2 (Figure 14). 

The area contraction re.tio necessary for swallowing 

the shock from i ts position at the inlet was obtained frou: the 

standard gas equations.(Ref. 12). Referring to figure 2.a 

(43) 

Y+l 

A~ 1 ~/nJ r (Y-1) 
= (1 + Y~ 1 Mx 2 

A2 l-fx (44) where 

_Y_ 

and 
Po l Y;1Mx2 r- 1 

( 2Y 2 ...::.Jl. ::. --Mx 
Pox 1 + .Y..=..l M 2 y +1 . 

2 x 

From the above three relations the contraction ratio 

to swal1ow a shock for an ideal isentropic gas with 

and Y =. 2 was p1otted in figure 15. 

1 

1- y 

-Y-~] 
y +1 

(45) 

A~ 
(-) reauired 
A2 -

y ::. 1.4 
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2.4 Deviations of the Analogy 

Qua.n ti t.s. ti ve H,':) ter flow re sul ts cannet be directly 

applied to gas flows using the hydraulic analogy because of 

e.ssumptions thnt Here used in the analogy. However, ouanti-

ta ti ve KB ter flow re sul ts of a campa ra. ti ve na ture can be 

applied to gas flows with a. greater degree of accuracy (Ref. 5). 

The effect of assuming an inviscid fluid and 

gas in the analogy is undetermined. The characteris tics of 

the boundary layer in the fluid are difficul t to determine 

experimentally because of the low we.ter veloci ti es, which are 

about one foot per second. Theoretica.l comparisons between 

the boundary layers of a gas and a liquid are too complex to 

use in the analogy. 

The frictional effect on the channel floor can 

be compensated for by sloping the channel, as mentioned pre-

viously (section 2.2). The amount of slope can be determined . 

by allowing the hydraulic jump to pass dol-m the channel until 

the water depth becomes constant. However this will compensa te 

for the frictional effects for only one given wa ter depth. If 

there is a variation in the water depth, a.s there is when a 

madel is pla ced i n the channel, then the fricti onal effect 

on the channel bot tom will vary wi th the wa.ter depth. This 

variation of the frictional effects is undetermined. 

The deviations between flow parameters for a 

ga s wi th Y = 1. 4 and an analogous ga s wi th Y ::. 2 can be 

seen in figures 14 and 15. 
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The ana.logy for hydraulic jumps in wa ter and 

shocks in a gas with Y= 2 does not hold true (Ref. 5). Across 

a shock the stagnation temperature is constant, however across 

an hydraulic jump the total head suffers a decrease. The 

decrease in the total head is due to eddies and turbulence set 

up by the hydraulic jump. The larger the hydraulic jump the greater 

the total head loss will be. This can be seen in figure 15 as 

the variation in the contraction ratio, between a El~- S wi th Y = 2 

and wa ter, increases as the Mach number increases. The vari-

ation across the oblique shocks (figure 14) is not as pronounced 

because the hydraulic jumps are smaller and do not vary as 

much with the Froude number. 

2.5 Supersonic Perforated Intake Diffusers 

The object of a supersonic intake diffuser, 

a s used in air breathing engines, is to diffuse or compress 

a supersonic 2.ir stream. It is desirable for the diffuser 

to obtain maximum pressure recovery and mass flow recovery for 

efficient operP-tion. 

Supersonic-subsonic diffusion can easily be 

accornplished by having a shock ahead or a.t the inlet of the 

diffuser. However at high inlet Mach numbers the total pressure 

loss across the shock becomes prohibitive. The high pressure 

loss can be avoided by swallowing the shock in a. convergent-

divergent diffuser i n take. However t he throa t ar ea of a 

convergent-diver gent diffuser must be l ar ger to swal l ow a shock 
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than is necessary for isentropic diffusion ~t a design inlet 

Mach nur:J.ber (Refs. 12 and Hi). 

Diffusion must necessarily start from rest 

before design conditions are reached. The internal diffuser 

must therefore first swalloh the shock before it can operate 

at i ts design Mach nmnber. The shock may be SViallowed in three 

Hays. A maximum speed ebove the design speed could be used 

to swallow the shock or e variable geometry diffuser could be 

used to close down the throat e.rea to isentropic design 

condi tians after the shock ~~Es swallowed. However these trro 

rr:ethods ere not generally used because, in the first case the 

engine would operate at its maximum thrust only when swallowing 

the shock, and in the second case mechanical difficulties are 

involved. As a result, the shock is generally swallowed, in 

a convergent-divergent diffuser, by fixing the throa t area 

to that reauired for swallowing the shock at the design inlet 

~1ach number. Once the shock is swallowed the throct area 

will be larger than tha t reouired for isentropic diffusion 

at the design Mach number. The Mach number at the throat will 

therefore be greater than one and will increase through the 

divergent part of the diffuser after the throat. A strong 

shock will therefore occur seme plt-.ce downstrer:n of the throa.t. 

The distance downstream of the throat will depend on the 

back pressure. A pressure loss will occur across the shock 

and the pressure recovery f actor of the diffuser will be 

greater than that for isentropic diffusion rri th the shock 

occurring at the throat. 
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To overcome the sta.rting di ffi cul ti es of a 

supersonic convergent-divergent diffuser perforations can be 

placed in the converging part of the diffuser. The per-

forations hHve the same effect as that of increasing the 

throat area, before the shock is swallowed. Thus the throat 

area can be designed for isentropic diffusion at a design 

Mach muaber and the shock can be swallowed by bleeding of 

air through the perforations until the isentropic design 

conditions a.re reached wi th the shock swallowed. 

The perforations bleed off less air after the 

shock is swallowed because of pressure varia.tions inside the 

diffuser. "When the shock is a t the inlet of the diffuser 

the sk.tic pressure in the supersonic portion is high compared 

to the pressure outside the diffuser ~nd air will flow out of 

the perforations. As the shock moves toH-::.rds the throa t 

the pres sure upstree~ of the shock in the diffuser becomes 

rr..uch lm.-er end hence less mass flow >-Till pass out t hrough 

the perforations. The perforations a ct lilce au toma tic shut 

off valves H S the shock pa.s ses them. 

The pl&.cing of the perforations is important. 

The area distribution of the perforations and the diffuser 

cross-sectional a.rea have been theoretically treated a s a 

function of the Ma ch number in the diffuser by Evvard and 

Brown (Refs. 1 and 2). Perfore.tions near the throa t of the 

diffuser will hB.ve t he greatest effect in swallowing the 

shock but are the leas t sat isfactory 2s a shut off va lve. 
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When the shock is just a t the intake of the 

diffuser the pressure difference between the inside and the 

outside will be greatest E. t the perforations ne<;.rest the 

intake. Thus the greatest perforation spillage will occur 

through perforations near the intHke. ~fuen the shock is 

swe.llowed the reverse is true ond the perforation spillage 

through perforations nearest the inteke will be t he least. 

It is therefore true tha t the perforations nes_r the int;:::ke act 

e.s the best shut off volves. This is desirable in arder 

to obtain isentropic diffusion conditions with the greatest 

mass flow recovery factor. However the perfor2tions near the 

intake will h&ve an adverfle effect in swrllowing the shock 

once i t has passed by shutting of the bleed off mass flo\·l. 

Because oi this the perforations should be clo2e to the throat. 

In the developr.tent of the theory for the 

perforated diffuser it was assumed that the area contraction 

ratio necessa~- for swallowing the shock was the same for the 

shock just at the inlet or swallowed. This is true for a 

convergent -divergent diffuser. Once the shock just starts 

to move towards the throat an unstable condition will cause 

the shock to move through the thro~:ü. This unsta.ble con-

di tion is due to the tota.l pressure loss across the shock 

decreasing wi th the decreasing Ma ch number obtained as the 

shock maves towards the throat. For a perfora ted diffuser 

this unstable candi tian is not necessarily set up because of 

the automatic shut off action of the perforations. However 

for perforations very near the throa t it is reasonable to 
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assume that the contraction r a tio will be the same for swallowing 

the shock whether i t is at the inlet or near the throat. 

A rela tionship between; the area contraction 

. (Al) r at1o - , 
Az 

the inlet Mach number (M) and the mass flow recovery 

factor (X) for swallowing the shock can now be derived for a 

perfora ted diffuser •ri th the perforations near the throat. 

Referring to figure (2a) and applying the continuity ecuation, 

The mass flow recovery factor is 

From non-dimensional m~ss flow relP. tions 

= 

and 

dividing equation (48) by (49) 

= 1 
x 

but when the shock is at the i nlet of the diffuser 

(46) 

(47) 

. (48) 

(49) 

( 50) 

(51) 
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and (52) 

Po 
_][_ can be determined as a. function of M1 x from equation (45) 
Po x 

and ( f(l) ) 
f (Mlx) 

can be determined from eouation (44). The 

theoretical relation between the three parameters: M1 x' Al/A2 , 

and X were r:lotted in figures 16 and 17 for an ideal ga.s with 

y = 1.4. 



- 22 -

3 DESCRIPTION OF fl.PPARATUS AND 'l'ERT Pf:OCEDURE 

3.1 Apparatus 

The apparatus wes constructed .?.t McGill University 

by the author. Pictures of the apparatus are sho;.n in figures 

3, 4 and 5. A scale isometric drawing is given in the appendix. 

The channel is supported at three points which e.re fixed in a 

frame constructed of 3 11 x 1 1/211 Dexion. Attached to the frame 

are two adjustable 5/811 diameter steel rods which support the 

height mensuring ca.rriage. The water flows from the channel 

through a collecting tank and storage tank and then is pumped 

back t.."l1rough a 1 11 diameter pipe to the stilling section of the 

chmmel a.s shown in fig,ure 3. 

The channel bottom wa s made from 1/2 inch plate 

gla ss. This was fitted into two 1/2 inch grooves machined into 

1/2 inch plastic to form the channel walls. Strips of neoprene 

•rere placed in the grooves and the channel walls pressed to the 

channel bottom wi th tie rods. The joints were made wa.ter tight 

by sealing the underside of the gl ass to the plEstic wi th an 

epoxy resin. The water entered the channel through a 3/8 11 slot 

in the back wall. A piece of neoprene was glued to the end of 

the channel to direct the flow into the 5 gallon collecting t a.nk. 

Two 8 1/2 x 1/2 inch pieces of 1/8 inch thick 

aluminium were fastened to the gla ss bottom with two sheets of 

neoprene in between. These two pieces of aluminium r ested on 

t he three support i n g scr ews . Bending of the gl L>,ss i n the 
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longitudinal direction was prevented qy proper placement of 

the supports, and by the grcoves in the plastic walls. Bending 

of the glass across a section was held to a minimum b,y extend­

ing the aluminium plates across the channel. 

Dexion was used for the frame for ease of 

construction. The 5/8 inch diameter rads used to support the 

height measuring carriage were fastened by six adjustable 

screws and nuts to two lengths of angle iron, which were fixed 

to the frame. This allowed for fine adjustment of :the carriage 

supports. 

The carriage itself was made of two welded 

angle iron frames. The large frame moved along the fixed 

steel rods in the longitudinal direction. The smaller frame 

rested on the larger one and was free to move in a direction 

across the channel. A rectangular piece of iron was atta.ched 

to the centre of the smaller frame. This held a micrometer 

fixed in the vertical position. A needle was a.ttached to the 

end of the micrometer. Scales were attached along and across 

the channel. Thus vertical heigbts at any position in the 

test section and stilling section could be measured and their 

position recorded. 

A Southern 11 58 11 circulator pump, 1 inch size, 

was used to circ'P-ate the water (figure 5). Operating a,t a 

head of three feet the pump delivered 25 U.S. gallons per minute. 

The size of the pump wa.s calculated to give a flow corresponding 

to a, simulated Fraude number of 5 for the given channel, wi th 
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a wa ter depth of about 1/4 of an inch. The l:i.rni ta ti on of a 

1/4 inch water depth grea.tly reduced the runount of flow 

required. The flow of water was controlled by a one inch 

gate valve placed just before the channel inlet. A 1/4 inch 

by-pass valve was installed to give finer flow adjustment. 

In order to main'Uin a more constant height in the stilling 

section, a. 20 gallon storage tank was placed after the 

collecting tank. 

A conventional de Laval shaped nozzle was 

not used to obtain shooting flow in the test section of the 

channel. Instead a gate across the channel was used to 

separate the test section from the stilling section. This 

type of sluice no zzle (figures 1 and 5) elirr.inated the cross 

· flow inherent in the de Laval type. The velocity of water 

flow was easily varied in the t est section by varying the 

height in the stilling section. Two difficulties were 

encountered with the sluice nozzle. Waves initiating from 

the corners of the gate could only partially be eliminated 

br forming pla s ticene side walls upstream of the sluice nozzle. 

The di ffi cul ty was completely elimina ted by placing the 

diffuser inlet inside the hydraulic jumps initiating from 

the corners {figure 5). The second difficulty was to 

obtain a smooth under surface of the sluice nozzle with a 

sharp edged outlet. The sluice nozzle was machined from 

plastic and a satisfactory surfa ce was obtained with rouge 

paper. 
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The diffuser madel was made of plastic 

(figure 5). The converging portion is 3.8 inches long and 

the diverging portion approxirüately 4 inches. The intake 

of the diffuser ••as :machined as a straight wedge at an 

e.ngle of 4 degreee. A one degree slope was made in the 

diverging portion. Two 3/8 inch diameter hales were drilled 

side by side1at a.n angle to the wedge1 just before the throat 

in order to simulate a perforated diffuser. The two hales 

on ee.ch side were smoothed out end ple.sticene was used to 

give a uniform slit 1/4 of en inch by 1/2 of an inch close 

to the channel bottom. The slits were connected to rooulded 

plHstic tubes on the outside of the diffuser. Rubber hases 

were fastened to the tubesand led to a bucket l::·elow the 

working section (figure 3) • The we. ter flow siphoned off 

through the perforations wa s e.djusted with a clamp placed around 

the rubber tubes. The two sides of the diffuser were held 

in place on the chennel bottom by pressure from two moveable 

plastic anns. (figure 5) The area contracti on r e.tio of 

the diffuser could therefore be easily altered. 

The 200 wedge madel (figure 5), which was 

used to determine oblique shock e~gles ,was made of plastic. 

rt is approximately 1/2 e~ inch high and 2 inches long. 

The supersonic we.ter pi tot was machined 

from brass (figure 5). It is approximately 2.5 inches high 

wi th e 1/2" hale drilled through the centre in the 

vertical direction. This area inside acts as a s tilling 
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section for the flow which enters through a l/8 inch slit. 

Fluctuations of the stagnation height in the stilling section 

were reduced by inserting a plug in the upper portion of 

the inlet slit. 

Smooth flow was obtained in the stilling 

section by passing the water through two wire mesh screens 

and an upstream sluice. The amount of screens 1 to smooth the 

flow 1was limited qy the capacity of the pump. 

3.2 Test Procedure 

The water channel was calibrated before the 

tests were carried out on the supersonic diffuser madel. 

Before any readings were taken the channel floor was first 

levelled by rneans of the three adjusting screws. The height 

measuring carriage was then levelled by taking readings on 

the glass bot tom at po si tians: A, B, C and D (figure la) and 

.~ adjusting the two carriage rods. The water was then allowed 

to flow down the channel and the positions of the gate valve 

and by-pass valve recorded. The sluice nozzle was adjusted 

to give an outlet water depth of approximately l/4 of an inch. 

The channel was then inclined so that the hydraulic jurnp just 

moved off the end of the test section a distance of about 

2 1/2 channel widths from the sluice nozzle. 

recorded. 

The slope was 

For the first few tests the temperature of the 

water was recorded but the temperature variations observèd had 
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a neglir;i 'nle effect on the den si ty. The density of the water 

was taken to be constant at 62.4 lbs./ft. 2 

The channel was allowed to opera te for at 1 ea.st 

15 minutes before any readings were taken in order to obtain 

steady candi tions. When the flow became steady the water 

depths were measured at the positions h1 , h2 , h,h4, h5 and h
0 

(figure 2). From these measurements h/h0 , Ac and A0 were 
c 

obta.ined, knowing the width of the channel. The slope was 

also obtained by recording the height of the channel bottom 

at positions h0 and h14. 

The wedge was then placed in the channel and 

the oblique shock angle measured with a protractor. 

The supersonic we.ter pi tot was placed in the 

channel and the water depths and h0
1 , hx and hy were measured. 

hxjh
0

' was then determined. 

The diffuser was then placed in the channel 

and the area contraction ratio determined experimentally for 

a 100% mass flow recovery factor. This wa s deter.mined by 

opening up the diffuser until the hydraulic jump just moved 

down through the throat from the inlet. Little difference 

was found in the contraction r a tio for the hydraulic jump 

at the inlet of the di ffuser and the hydraulic jump just 

swallowed. The widths of the diffuser were measured at 

the throat and inlet with dividers and a scale. 

Finally the mass f low through the whole 

a.pparatus was measured by diverting the weter into a bucket 



just before the storage tank. The time required to fill 

the bucket was recorded and the bucket weighed. 

The above measurements were recorded at nine 

different mass flows and the calibration curves obtained. 

(figures 11, 12, 13 and 14) 

section 3.3. 

These curves are discussed in 

The perforated diffuser was tested at five 

different mass flow recovery factors for each of seven different 

Froude numbers. The test positions were obtained by first 

setting the hydraulic analogue at an approximate mass flow. 

The perforation spillage was then set at approximate mass flows 

by sight judgement of the flow from the spillage tube. 

The perforation mass flow was measured by 

collecting the water from the spillage tube for a recorded 

time interval of not less than five minutes. The water was 

weighed and mp calculated. The diffuser was then opened, 

with the same perforation spillage, until the hydraulic jump 

was just swallowed. The outsides of the diffuser were kept 

parallel so that the diffusion angle renained constant at 

approximately 4°. The diffuser widths at the throat and inelt 

were measured and the water heights ~t the positions h and h
0 

were recorded. The perforation spillage was then changed and 

the procedure repeated. 
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The Fraude number was obtained from the ratio 

hjh
0

, and the calibration curve, figure 11. The value of 

m;A Jïh was then obtained from the Froude number and the 

calibration curve {figure 13}. The mass flow through the 

diffuser inlet was ca.lculated from the equation, 

( m ) 
A{fï = (53} 

From m4' and Il]l the mass flow recovery factor wa s calcula ted 

from equation (47}. 

The contraction ratio (W1/w2 ) was calculated 

from direct measurement of the two-dimensional diffuser widths 

at the inlet and the throat. 

A second method was used to determine experi-

mentally the relationship between the contraction r a tio, the 

inlet Fraude number and the mass flow recovery factor necessary 

for swallowing an hydraulic jump. This was done as a check 

on the results obtained at simulated isentropic conditions. 

Instead of fixing the Fraude number and the perforation spilJage 

and then varying the contraction ratio to swallow the hydraulic 

jump, the contraction ratio was set at the simulated isentropic 

contraction ratio for a fixed Froude number and the perforation 

spillage increased until the hydraulic jump was swallowed. 

The simulated isentropic choking conditions were also obtained 

by reduci ng the perforation spillage after the hydraulic jump 

wa s swallowed. 
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All the photographs of the flow patterns were 

obta.ined wi th a Samoca 55 mm. camera supported on a tripod 

pla.ced above the appara.tus. Kodak plus X film was used. 

The film was developed in C-2 Uni bath to give an exposure 

index of 400 A. S.A. Most of the photographs were taken at 

1/500 of a second at f 16 and a camera to abject dist&nce 

of 5.5 feet. 

Photographs of the water surfa ce waves in the 

simulated perforated diffuser were obtained by two different 

techniques (figure 6). Photographs of the surface waves 

can be obtained by reflecting light from the water surface, 

or by obtaining an image of the refracted light passing 

through the water surface, from a source below the glass bottom 

of the channel, and on ta a frosted gla ss plate just above 

the madel. Both these methods are described by B. Langtrey 

(Ref. 9). 



- 31 -

3.3 Calibration of the Hydraulic Analogue 

The Froude number can be determined experimentally 

by five different methods. The parameters h/h
0

, 

m/A {h, {9'" and 'W1/W2 were experimentally determined as 

indica ted in section 3 .~ From each of these values the 

Froude nurr.ber can be determined using the theoretical curves 

(figures 11 to 15) derived in section 2.2. The experimental 

Froude numbers obtained from each of the above parameters 

shoulà be the same. 

For convenience the Froude number obtained 

from the measured values of h/h0 was used as a reference 

value and the experimental values of hx/h0 

1 
, rn/ A {h , fi , 

and W1/W2 were plotted against this reference Froude number 

(figures 12 to 15). It can be seen that in each ca.se the 

experimental curves did not agree with the theoretical curves 

for water. In other words, the Froude nurr1ber obtained from 

h/h0 does not agree with the Froude numbers that would be 

obtained from any of the other parameters. 

The Froude number obtained from t he experimental 
1 

values of hxjh0 was then used to plot a second set of 

experimental curves (figures 11 and 15 to 15). A greater 

disagreement was found for the Froude numbers obtained from 

hxjh0 
1 than from the Froude numbers obtained from h/ho wi th 

the theoretical Froude numbers for rn/A~ and W1/W2 • 

However the Froude numbers obtained from the mea sured values 

of hxjh0 1 and (3 agree closely (figure 14). 
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The disagreement between the Fraude num.bers 

o bta.ined from the parameters h/h hx/h ' m/A -'11 0, 0 , Il u, 
and W1/W2 could be caused by experimental error or deviations 

between the actual water flow, and the theoretical water flow. 

The experimental error in measuring the water depths with 

the micrometer was within + .005 inches. This would resul t 

in a maximum experimental error in the Fraude number, obtained 

and h~/h ' 0 
of + .05. The error in 

meesuring the oblique shock angle was ± 1 degree, the widths 

of the diffuser were meB.sured to wi thin! .0211 • This would 

give an average experimental error of ± .05 for the contraction 

The mass flow parameter (m/A -fh) error was 

undetermined but from consideration of the short time interval 

of 20 seconds 1 which was used to calcula te m, the experimental 

error could be very large. It was also noticed that the 

flow conditions changed during the time interval for measuring 

m. This was particularly noticeable a.t the higher mass 

flows. From the above considerations and because the 

differences in the Fraude number were not of a random nature 

(figures 11 to 15) it was concluded that the differences in 

the Fraude number were not due to experimental error. 

In arder to obtain the most correct value of 

the Fraude number , an examination of the theoretical relations 

used to determine the Froude number from the experimental 

values Has made. It was first assumed that the Froude number 

obtained from the measured values of hfho' was the most 
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correct one because it agreed closely with the Froude number 

o btained from j3 (figure 14) • For this value to be correct, 

the theoretical values of the Froude number obtained from 

h/h
0 

and W1jw2 must be too low1 particul~rly at the higher 

Froude number (figures 11 and 15). In the derivation of the 

relations between F and h/h0 and between F and Wl/W2 it was 

assumed that there was no loss of energy between h and h0 

and between wl and w2 • From a re-arrangement of equation 16 

2 ( ho - 1) 
h 

(16a) 

An examination of e~uation 16a shows that if there is a loss 

of energy between h0 and h, h will be theoretically larger 

than the exper:llnental values of h and will result in a 

lower value for the Froude number. It can similarly be shown 

the.t the theoretical value obtained for the Froude number from 

W1jW2 will be smaller than the experimental value if there is 

a loss of energy between W1 and W2 • It would appear there-

fore that the loss of energy would account for the discrepancy 

between the theoretical curves, and the experimental curves 

obtained from the relation between hxjh0
1 (F) and W1jW2 

and between hxjh0 ' (F) and hjh0 • The deviations would 

be le.rger at the higher Froude numbers because the loss of 

energy would be greater. 

It should be noted that the energy was also 

assumed constant for the relation between hx/ho 1 and F. 
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However the distances over which the energy was assumed 

constant were less between Ilx and h0 
1 than between h and 

The distance between w1 and w2 

over which the energy was assumed constant was the grea.test 

distance and hence the largest difference between the theoretical 

end experimenta.l values was obtained. Because the energy 

between hx and h0
1 was assumed constant it was concluded thet 

the true Froude number would be somewhat less than the Froude 

number obtained from hx/ho'· The Froude number obtained from 

~/h0 1 was concluded to be the most accurate. 

The experimental results obtained for m/A .rh 

Here not considered because of the experimental error involved. 

However the above considerations could be a.pplied. 
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A-DISCUSSION AND RESULTS 

The results obtained from the tests carried out 

on the supersonic perforated diffuser in water 2-re shawn in 

figure 16. The contraction ratios were plotted against the 

mass flow recovery factors for various inlet Fraude numbers, 

based on the values of h/h0 '
1
required to swallow an hydraulic 

jump. Constant Fraude mnnber curves were drawn. The 

variations between the test points and the smooth curves were 

within the experimental error (section 3.3). From these 

curves the experimental carpet graph was plotted es shawn in 

figure 17. 

The theoretical rele tion between the contraction 

ratio, the mess flow recovery factor and the inlet Mach number, 

required to swallow a shock for an ideal gas with Y = L4,was 

also plotted in figures 16 and 17. From figure 17 it can be 

seen that for mass flow recovery factors above d5% there is 

good agreement between the theoretical values and the experi­

mental values. However for mass flow recovery factors below 

85% the experimental contraction r a tios are smaller than the 

theoretical contraction ratios for a constant inlet Mach number 

or Froude number. In effect, a larger throat widti1 was 

required experimentally to swallow an hydraulic jump at the 

larger perforation mass flows than was theoretically required 

to swallow a shock. 
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At the higher perforation mass flows there is a 

suction effect near the throat which would tend to decrease 

the effective throat width. Therefore a larger physical 

throat width would be required to swallow the hydraulic jump. 

This suction effect would cause the deviations of the experi-

mental results from the theoretical results ~t the lower mass 

flow recovery factors. 

It was mentioned that the simulated Mach number, 

or Fraude number, used in plotting the experimental re sul ts 

in figures 16 and 17 was obtained from the measured values of 

This Fraude number was not the true Fraude number 

for the hydraulic am:.logy (section 3. 5) • The Fraude number 

o btained from the measured values of hx and h0 ' would be more 

correct. However it can be seen from figure 15 that the 

Fraude number obtained from hxjh0 t was unif ormly higher than 

that obtained from hjh0 • Therefore the effect of using the 

more correct Fraude m.unber obtained from hx/h0 
1 would be to 

shift the experimental carpet plot (figure 17) to the right. 

The experimen tel re sul ts would not compare to the theoretical 

results absolutely, however the relative experimental results 

would still compare closely to the rela tive theoretical resul ts. 

I n the derivation for the theoretical ga s 

curves shawn in figures 16 and 17 i t wa s assmned tha t the 

contre.ction ratio, necessary for swallowing a shock in a 

diffuser wi th perforations near the throa.t, was the SP.Jlle as 
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that for the shock just .") t the inlet of the diffuser ( section 

2. 5). This .:'.ssumption was found to be true for the experi-

mente.l perfor&.ted water diffuser \-ri th the perforations near 

the throat. Once the hydraulic jurnp just started to move 

dawn the throat it was swallowed. 

The experimental test points, obtained by 

setting the diffuser contraction r a tio at isentropic conditions 

for the gi ven simulated Ha ch number and increasing the per­

foration spillage until the hydraulic jump was swallowed, 

were found to agree with the ether experimental results. 

The perforation bleed off for choking the diffuser,at an 

isentropic contraction r a tio f or the simulated Mach number, 

was obtained P.t three points. The maximum inlet simulated 

Mach number was limited,by the rr.ass flow ~ed of~ to 1.7. 

The results were inconclusive and were not plotted. 

The photographs of the surface Haves shown 

in figures 7 to 10 were ~11 obtained using 1ight refraction1 

or the shadowgraph technique. This technique reouires 

para11e1 1ight to pa ss through the water surface. Para11e1 

light was not obtained from the light source avai1ab1e 

therefore the photographs of the wave patterns were distorted. 

However the dis tortion was neg1igible as the 1ight rays were 

almost per a11el. 

Figures 6a and 6b show the hydraulic jump at 

the intake of the diffuser. The three dimensiona1 effect 

obtained by reflecting the light from the surfa ce can be 

seen in figure 6a. 
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Figure 7a shows clearly the characteristic 

oblique shocks obtained in supersonic gas flows. They are 

simulated by the gravity waves in the water shawn as dark 

bands. The smaller waves have no part in the hydraulic 

analogy. They are capillary waves. A simulated shock 

intersection is shawn where the two oblique gravity waves 

meet in the middle of the diffuser. The upstream included 

angle where the gravity waves meet is not equal to the 

downstrea.m included angle which is the case for oblique shock 

intersections. 

Figure 7b shows the flow pattern in the diffuser 

wi th a perforation m~:..ss flow and the hydraulic jurnp a.t the inlet. 

The water flow simulates a strong shock near the ints.ke of the 

diffuser with the characteristic lambda configuration. The 

relatively straieht parallel lines just after the throat 

of the diffuser indicate a series of weak norrr:al shocks. 

This supersonic condition after the throat was a result of 

the high perforation bleed off. The small disturbences 

upstream of the diffuser were caussd by very small bumps or 

grooves at the exit of the sluice nozzle. The disturbances 

issuing from the top and bottom were from the corners of the 

diffuser. 

Figure 8 shows a characteristic bow wave 

simulated by the curved gravity wave in front of the diffuser. 

The smooth flow inside the diffuser would indicate subsonic 

condi tiens. 
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Figure 9 illustrates the difference in the 

contraction r atio reouired to swellow an hydraulic jurnp with 

and without mass flow bleed off. 

Figure 10 shows the hydraulic jump being swallowed 

as the Mach number was increased. 

The water surfa ce wave patterns (figures 6 to 10) 

were found to exhihit the· same configurations a s found in 

surersonic gas flows . It should be noted t hat the simulated 

Mach numbers for the photographs were based on the Fraude 

number th:.~. t would be obtained from a. Supersonic Wa ter Pi tot. 
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5. CONCLUSIONS 

1. The Froude number could not be obtained accurately. 

2. The supersonic water pitot was the most accurate method 

to determine the Froude number. 

5. The experimental results obtained from the perforated 

diffuser model agreed closely with the theoretical relations 

developed for a gas, wi th a specifie heat ratio of 1.4, at 

mass flow recovery factors above 85%. The agreaTJJent was 

due to a fortuitous choice of obtaining the Froude number. 

4. The contraction ratio re~uired for swa.llowing an hydraulic 

jump in a perforated diffuser, with the perforations near 

the throat, was almost the saiJ.e e~s that required when the 

hydraulic jump wa.s near the intake. 

5. Quantitative results obtained from the hydraulic analogue 

cannot be applied to supersonic gas flows. 

6. The hydraulic analogue is a good apparatus for studying 

supersonic flows qualitatively in a supersonic diffuser. 
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FIGURE 3 THE HYDRAULIC ANALOGUE 

The side view of the apparatus shows the water channel 
supported in the dexion frame, the collecting tank, 
the storage tank, the pump and the floH pipes wi th 
the gate valve and by-pass. The perforation spillage 
tubes are shown leading from the testing section to the 
collecting bucket. The camera tripod was removed but 
the light source and the inclined mirror can be seen 
in position. 
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FIGURE 4 THE HYDRAULIC .ANALOGUE 

A view from the downstream end of the channel 
showing the testing section and the two stilling 
sections. The tie rods holding the side walls 
can be seen along the channel. The height 
measuring carriage is shown resting on the 
adjustable support rods. 



- 47 -

~ FIGURE 5 TESTING SECTION OF HYDRAULIC ANALOGUE 

The testing section of the channel is shawn ~~th the 
supersonic perforated diffuser madel held in place with 
the adjustable madel holders. The top part of the 
sluice nozzle can be seen just above the measuring 
carriage. The supersonic water pitot and the 20° 
wedge are shawn resting on the frame at the back. The 
inlet of the diffuser madel is inside the waves issui ng 
from the corners of the sluice nozzle. 
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(a) Simulated t~ach Number -=- 2.4 
Mass Flow Recovery Factor ~ lOO% 
Contraction Ra tio = 1.48 

(b) Simula ted Mach number 
Mass Flow Rec.overy Factor 
Contraction Ratio 

= 2.3 
= 75% 
::. 1.76 

FIGURE 6 Comparison between two methods of photographing 
surface waves; (a) by reflection of light, and 
(b) by the shadowgraph technique. The hydraulic jump 
is e.t the diffuser inlet in bath cases. 
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(a ) Simuls.ted Mach Number 
Mass Flow Recovery Factor 
Contraction F~tio 
Hydraulic Jump Swallowed 

-= 2 .9 
-= lOO% 
= 1.32 

(b) Simulated Mach Number ~ 3.5 
Mass Flow Recovery Factor ~ 75% 
Contraction Ratio = 2.06 
Hydraulic Jump at the Inteke. 

FIGURE 7 FLQ\.,r PATTEIOO IN A SUPERSONIC PERFOP..ATED DIFFUSER ~TITH 
AND 1-TITHOUT ELEED OFF 
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Simula ted Mach Number ~ 2 . 3 
Mass Flow Recovery Fa ctor = lOO% 
Con tra ction Ratio ::. l. 39 

FIGURE 8 ILLUSTRATION OF BQ\{ WAVE AT INLET TO 

SUPERSONIC DIFFUSER. 
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(a) Contraction Ratio = 1.37 (d) Contraction Ratio = 1.67 

(b) Contraction Ratio = l. 35 (e) Contraction Ratio = 1.58 

(c) Contraction Ra tio= 1.30 (f) Contra ction Ratio = 1.48 

FIGURE 9. Comparison of Contraction Ra tios required to swallow an 
Hydraulic Jump with a Mass Flow Recovery Factor=:lOO%(a, b, c) and a 
Mass Flow Recovery Factor ~ 85% (d, e, f). The simulated Mach 
number ~ 2.8 for all the photographs . The Hydraulic Jump is Swallowed 
in c and f and in the process of being swallow~d in b • 
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{a) M 1.9 

{b) M 2.2 

FIGURE 10 The different positions 
of the Hydraulic Jump in the 
Perfora ted diffuser madel are shawn 
in a and b a s the inlet simula ted 
Mach number increa ses; and in c, d, 
and e a s the hydraulic jump is 
swallowed. The Area Contraction Ratio 
is constant and = 1.35. The Ha ss 
Flow Recovery f actor is constant and 
~ 90%. 

{c) M 2.6 

(d) M 2.6 

L 

(e) t-1 2.6 
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