SUPERSONIC DIFFUSION USING

HYDRAULIC ANALOGY

by
C. L. Murphy

Thesis submitted in partial fulfillment
of the recuirements for the degree of

Master of Engineering

Department of Mechanical Engineering
McGill University
Montreal

April 1960



TABLE OF CONTENTS

Page

TABLE OF CONTENTS ....... cetevescestessescrovanan i
LIST OF FIGURES ceceveescccenss tecsctccstcearrenas ii
NOMENCLATURE eeveveceoscessacnsesavnnoscssnssanss 1ii
ACKNOWLEDGEMENTS cevevencecosenssncoscccsnccassnns iv
SUMMARY eeeoescscoocotssessscecsccvasosasossssnss v
1. TINTRODUCTION AND REVIEW eceeeeocsosssssccsscce 1
2. THEORETICAL ANALYSIS ceeecsasecccccsesssccens 4

2.1 Fundamental RelationshipsS ceesssesccccecs YA

2.2 Determination of the Froude Number ...... 6
2.3 Determination of the Mach number
Relations ceeeeeses 13

2.4 Deviations of the Anzlogy eesessescescene 15
2.5 Supersonic Perforated Intake Diffusers... 16

5. DESCRIPTION OF APPARATUS AND TEST PROCEDURE . 22
3.1 APPAratils ceesssesssssessssncvssascassnnss 22
3.2 Test Procedure seeeecscscecsccsvacsnacans 26
3.3 Calibration of the Hydraulic Analogue ... 31
4. DISCUSSION AND RESULTS ceeeveccnccsccscnnasss 35
5. CONCLUsIONS ® 9 0 0 05 &P ST TR ST OO EE S E S e SO m

References 0 020 0000 00N IS0 SLLEIEBRISBIOLIRERERBICEOEIDBIEOIENTIDS 41

Appendix es s e eeaass e sevese ®ee PO OGLCLOIRLEBLEOIEIEOEOLIEOLEOEOLEOTENEOSDS 60




lo.

11.

12.

13.

14.

15.

16.

17.

- ii -

LIST OF FIGURES

Location of Measuring Positions .seeeceseccecss ceeesns

Diagram of Supersonic Wedge and Perforated Diffuser .

Side view of Hydraulic Analogle seviveeenvecsascoonns

End vievw of Hydraulic An8logUE seevssvesesssncnnans

Model in Test Section of Hydraulic Analogue .....i....

Two Methods of Photographing Surface Waves svieeen.

Flow Pattern with and without Perforation Spillage

Tllustration Of BoW WAVE seeecceesesssscssscssscnsnosns

Comparison of Contraction Ratios recuired to swallow

en Hydrauwlic jump with and without Perforation

Spillage © 00 08 VRGN0 LR EENRBOP 0B RNILORIRNSEGIENINBIEOEBLBOTOCDS

Swellowing Hydraulic Jump by increasing the Inlet

MaCh UUMber s sscsosaan o ase s es LR A A N A A S B A I R

Froude Number vs. Height Ratio across Sluice Nozzle .

Froude Number vs, Height Ratio for Supersonic Water
Pitot ® ¥ & 6 0 ¢ OO OO OEL LN EBO RS ® & % 4 9008 s aPPNPEe LSS

Froude Number vs. Mass Flow Ralio veeseecvenncennnsns

Froude Number and Mach Number vs. Oblioue Shock Angle

.

for Water and 8 Ga8 eveenscrncanne Ceesesesessssesanase

Froude NMumber and Mach Number vs. Area Contraction
Ratio for Water and @ Gas ceeeeeecnsns ceesesssesenns

Experimental and theoretical results of a Perforated

Diffuser cevececenscees ceccssvanes Cesrtessesssnsen ces

Carpet Plot comparison of the Theoretical and
Experimental Perforated Diffuser Results ...veeevens

Figure
43
Ly
45
46
47
48
49

50

51

52

53

54
55

56

57

58

59



- iii -

NOMENCLATURE
A Area
c Wave propagation velocity
f Function of
F Froude number
g Acceleration of gravity

h Water depth

m Mass flow

M Mach number

Static pressure

Gas constant

Absolute gas temperature
Local fluid velocity

Width of water diffuser

< = < ¥ = °

Retio of specific heats

™

Obligue shock angle
A Wedge angle
A Wave length

e Density

q Surface tension
Subscripts
c Refers to open channel

g Refers to a gas
W Refers to water

0 Refers to isentropic stagnation conditions or upstream
nozzle conditions.

X Refers to conditions before shock or hydraulie jump

Yy Refers to conditions after shock or hydraulic jump
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SUMMARY

A water channel was constructed and calibrated
in order to carry out tesits on a supersonic perforated diffuser
using the hydraulic analogy.

It was found that the boundary layer effects
and height ratios of water flows could not be simulated accu-
rately to the theoretical bowmdary layer effects and pressure
ratios for two-dimensional gas flows. However a good compsrison
of contraction ratios could be obtained.

The contraction ratio necessary to swallow the
hydraulic jump in a perforated diffuser was determined at
seven inlet Froude numbers and various mass flow recovery factors.
The Froude number was varied between 1.6 snd 2.5 with a mass
flow recovery factor ranging from 100 to 75 percent.

A theoretical relation between the inlet Mach
number, the mass flow recovery factor and the area contraction
ratio to swallow a shock was developed for an ideal gas flow.
It was assumed in the derivation thet the ratio of specific
heats was equal to 1.4 and that the Mach number at the throat
vwas equal to 1 with the shock at the inlet of the diffuser.

Photographs of the two-dimensional flow patterns
in the diffuser were obtained at various positions of the

hydraulic jump.



1 INTRODUCTION AND REVIEW

The testing of a supersonic perforated diffuser
model in a water channel has not been done before to the author's
knowledge. The main advantage of using the hydraulic analogue,
besides its economic one, is the ease by which the flow conditions
and diffuser geometry can be altered. Mass flows can also be
obtained by direct measurement with relative ease.

Models of supersonic perforated diffusers have
been tested in wind tunnels (refs. 1, 2 and 3). However these
tests have been limited on each model to one contraction ratio and
the corresponding isentropic inlet Mach number. Mass flow spillage
through the perforations was calculated from theoretical consider-
ation of the pressure ratio, position of the shock in the diffuser
and the area and location of the perforations. The controlled
variables, for a given Mach number and contraction ratio, wvere
the number and placement of the perforations and the back pressure.
Variations of the inlet Mach number, the contraction ratio, and
the spillage mass flow would be very castly and difficult to
obtain from wind tunnel tests. However the interdependence of
such parameters could easily be obtained by testing a diffuser in
a water channel.

The results obtained from tests on a diffuser model
uging an hydraulic analogue are limited in their application to an
ideal two-dimensional gas flow diffuser. The limitations are

implied by assumptions inherent in the analogy. It was therefore



necessary to meke a thorough study of the hydraulic analogy
before the test results could be applied intelligently to a
gas flow.

Models of machines that operate in air have heen
tested in water channels for many years. G. A. Crocco carried
out tests with models of trains and airships in water as long
ago as 1906. The works of D. Riabouchinsky in 1932 and the
more detailed studies of E. Preiswerk in 1944 (Ref. 4) laid
down the fundamental relationships for the air-water analogy.
These relationships have not changed to the present time.
However refinements and additional theory have been developed
more recently. The advent of high speed flight has created
more interest in the hydraulic analogy as a means of testing
supersonic models.

A. H. Shapiro (Ref. 5) found that, with reference
to supersonic flow, the hydraulic analogy was limited to quali-
tative studies, and quantitative studies of a comparative
nature,

A study of the relationships between Mach inter-
éctions in a gas and hydraulic jumps was carried out by H. E.
Crossley Jr. using a water table (Ref. 6). He found a definite
disagreement between experimental results and the theory of

H. A. Einstein and E. G. Baird for the interaction of hydraulic

jumps of the Mach reflection type.

The hydraulic analogue has also been studied for

various flow conditions other than supersonic. Dynamical

similarities of models in water and in air were investigated



by Giulio Supino (Ref. 7). The analogy was studied for
subsonic flow extending into the critical region by W. Orlin,
N. Gindner and J. Bitterly (Ref. 8). They found close
agreement of pressure distributions and flow fields for the
analogy but were not able to obtain quantitative accuracy.
Unsteady flow relations of the analogy have also been investi-
gated (Ref.16). It was found that the ratio of specific heats
could be varied, for the ahalogy, by varying the shape of the
channel cross-section from the standard rectangular shape.

A study of a supersonic converging-diverging
wedge diffuser in an hydraulic analogue was carried out at the
Massachusetts Institute of Technology under A. H. Shapiro
(Ref. 9). The limiting contraction ratio for starting and
choking the diffuser at various diffuser angles was determined.
Close agreement with one dimensional analysis was found for
starting the diffuser. The contraction ratio necessary for
choking or expelling the hydraulic jump did not agree as closely
with the one~-dimensional analysis. A description of the
hydraulic analogue used for these tests on the supersonic

diffuser has been given by K. Goldman and S. Meerbaum (Ref. 10).




2. THEQRETICAL ANALYSTS

The hydraulic analogy is theoretically determined
from similarities of the basic flow equations for a compressible
gas and for a free surface water flow. The basis of the super-
sonic flow analogy is the comparison between the speed of sound
in a gas and the speed of a gravity wave in shallow water.

The relationships obtained for the analogy
from the perfect gas, energy, continuity and momentum equations
have been derived (Refs. 4, 11 and 12). The basic assumptions
used in the analogy are:

1. Ain iseﬁtropic gas with a specific heat ratio of 2.
2. The gas flow is steady two-dimensional and irrotational.
3. The water flow is steady, two-dimensional and friction-

less.

2.1 TFundamental Relationships

For certain conditions of water flow (section 2.2)

the velocity of a gravity wave is

¢y = 1[2;1? (1)

The corresponding speed of a pressure wave in

e gas is

cg = 'ngRT (2)




The Froude number in hydraulics is
F = L. ‘ (3)
Cw
and the corresponding Mach number in gas dynamics is

M= L (4)
4

The Froude number is analogous to the Mach
number. Therefore from equations (1) to (4) it can be seen

that ha T if g, v, and R are constant and,

The continuity equation for the two-dimensional

steady water flow is

DV V)
Ox Oy

(6)

and the corresponding equation for gas flow is

D (p V) L 2(pvg) -6 ™
Ox Oy

From (6) and (7) it can be seen that

L = h 8
T (8)
For a perfect gas
1
Y-1




From equations (5) and (8)
L2 = L (10)
Po T

Equations (9) and (10) are both satisfied when vy = 2.

For a perfect gas

X
Y-1
L (11)

P _ ,h°
—5:— (—E:) (12)

Equations (1) and (2), _(5) and (4), (5), (8)
and (12) are the fundamental relations for the hydraulic analogy.
A general examination of the assumptions made
in the analogy are given by A. H. Shapiro (Ref. 5). The
deviations of the analogy will be discussed with particular
reference to the test results obtained on the supersonic per-

forated diffuser.

2.2 Determination of the Froude Number

The Froude number is equal to the simulated
Mach number for the hydraulic analogy. In order to avoid
confusing the simulated Mach number for water with the Mach
number for a gas the Froude number will be used vwhen referring

to water flows.




The velocity of a gravity wave is equal to ‘Vs h
only under certain conditions. The general equation for the

velocity of a surface wave is

2 . (81,25 2xh
e = + =X x4
v (2“ A)tanh " (13)

If the wave length (A) is large compared to the water depth (h),
as in gravity waves, then the surface tension (g~) is negligible

compared to the gravity force (g). Therefore from equation (13)

. 2
& . _A 2 xh
=T 2#htanh X (132)
2
In the limit as %‘1.—)°° ,-%——)-1 and c_ - ﬂgh

If the wave length is small compared to the water depth,as in
capillary waves, then the gravity force is negligible compared

to the capillary force and from equation (13)

h oo = _2_«.6;.\7_11 tanh 2_:_h. (13b)

In the 1limit as % -0, h cwz.—) ¥ and ¢, >

At water depths of approximately 0.25 inches
the variation of the wave velocities was found to be negligible
(Ref. 5). At this water depth % is such that the velocity of
gravity waves, and capillary waves with wrve lengths greater
than .05 inches, are equal to ’lf? Water depths of 0.25 inches
were used in the hydraulic analogue therefore ¢, = m

snd from equation (3)

F = —L (14)
gh




The Froude number can now be obtained by five
different methods.
(a) The Froude number can be obtained as a function
of the stagnation water depth and the exit water depth across
a water nozzle.

Referring to figure 1b and applying the energy

equation.
v.? 2
hy +=2— = h+ -
°© 2¢ 2 g (15)

Combining equations (14) and (15) and neglecting v,

h 2 (
= 16)
ho TR+ 2

This relation was plotted in figure 11.

Two assumptions were made in the derivation.
First that V, = O, and secondly that there was no loss of energy
through the nozzle due to friction. The value of V, can be
calculated by a trial and error process. Knowing the Mach
number from the first approximation,vo can be obtained., The
value of V03/2 g can then be added to ho and a second appro-
ximation obtained for h/ho and hence M.

The loss of energy, due to friction through the
nozzle, can be compensated for to a certain extent by sloping

the chamnel.




(b) The Froude number caen be obtained as a function
of the water depths using a supersonic wvater pitot as shown
in figure 1b.
Applying the continuity and energy equations across

the hydraulic jump

Continuity h, V., = hy Vy (17)
-h h, -
i} By -hyy _ - by Py
Momentum V_ h_ (V, Vy)+g h ( 5 ) vy hy (V,-V ) +¢g h ( 5 )
(18)
2 2 _ g 2 2
and Vy by =Vy by = = (hg ~h ) (18a)
Re-arranging and combining (17) and (18a)
2 h
v = 8% I_II~(.}:E+1) (19)
X 2 h, 'h,
From equations (14) and (19)
2 1 by by
o o= = <L (X+1) (20)
x 2 hy By
h h
or Fy_2 = -]2-'- -k-ll h—x-‘l' l) (208.)
Y b
The energy equation from position y to o (figure 1b)
is
h,t F.2
2. - 1 4+ L (21)
hy 2

Combining equations (20a) and (21)

h h,
o = 1 X
h hx+4 I hy (22)
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Then from equations (20) and (22)

hy, . h
Fy = f (E;‘i) = f (ﬁ (23)

and F_ can be plotted as a function of hx/hoL figure 12,

It was assumed in this derivation that there was
no loss of energy between the positions of hy and hy' . This
loss, as in the previous relation, can be compensated for by

sloping the channel.

(c) The Froude number can be obtained as a function
of the mass flow of water, the depth of the water in the channel
test section and the cross-sectional area of the water in the

channel test section. From the continuity ecuation

m = pPAV : (24)

Rearranging equation (24) and combining with ecuation (14)

m
F =2 —— (25)
° A Jg h
and assuming 2 and g are constant
F = f(—2) (252)

A qh

This relationship is plotted in figure 13.
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(a) The Froude number can be obtained as

of the oblicue shock angle from a supersonic wedge.

a function

Referring to figure 2a and applying the continuity

equation across the oblique shock

h, Vxn = hy Vyn

from figure Za

V
tan 8 = —rlandtan(s-b)z_y_n
Xt Vyt
hy Vxy tan B
B Ty, ten (F-3)

but the velocity along the oblique shock is constan

by o _tenB
h tan (B-4)

X

from the momentum ecuation (19)

sl oghy bty
Vxn = =3 hy (hx+l)
from figure 2a Vxn = sin BVy
gh h
A x)fﬁl(-hl)
X sin® B © 2 " hy ‘hy
1 by hy
2 _
and Fx = m By (hx+1)

(26)

(27)

t

(28)

(29)

(30)

(31)

(82)
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from equations (28) and (32) and teking & as a constant

B = £GD = £ (p)
X

F, is plotted as a function of f§ for a 10° wedge angle (5)

in figure 14.

(e) The Froude number can be obtained as a function
of the width ratio necesszry to swallow an hydraulic jump
from its position at the inlet. Referring to figure 2b and

applying the continuity ecuation

W hy V
and =% - 2. =2 33
R (552)

from equation (14) and teking Vp = ﬂg h, with the hydraulic

jump at the inlet of the diffuser.

n, %2 n_ %2

w]_ - h2 1 g h2 ( ) (_z 1
L ) (54)
Wz hx Fx g hx - h‘y hx FX

From the energy equation

O
Y- 14T and =2 =1+42 3
h.y * 2 hs 2 (5)
F2
h ho, 14+ -
and 2 = () (2 (36)
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If the energy is assumed constant from y to 2

2
then he | 24Fy (57)

substituting equation (37) in (34) and

3/2 2 3/2
W 2 +Fy 1
B & o

and from the eguations (20) and (20a) for an hydraulic jump

ey -
I = (59)

This relation was plotted in figurel5.

2.3 Determinstion of the Mach Number Relations

The Mach number was determined, as a function

of the obligue shock angle and the area contraction ratio

necessary for swallowing a shock from its position at the inlet.
The relations were determined for an ideal two-dimensionel gas
with specific heat ratios of 1.4 and 2..

'For the oblique shock relations the following
equations mey be derived from the standard ges equations (Ref. 12).
Referring to figure 2a

p-x:' tanﬁ )
S T (-X) (40)
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0 L Ly .
X - 1 () (42)
px Y-+1 éiz
Y-1_ /9
My = —= (42)

Y sin® B (1 - '/”Ly)

From the above three relations M, was plotted as a function
of B for & =100 with Y = 2 (Figure 14).
The area contrection ratio necescary for swallowing

the shock from its position at the inlet was obteined frowr the

stendard gas equations.(Ref. 12). Referring to figure2a
Ay Po
@ = G D (45)
2y 2 x PO
A
2 (Y-1) .
A 1 2
vhere a2 = _2 + Y 1
Bz My, [(y T @ Mx (44)
Y
vel e 10 e
Po My 2y y-1|
N
Pox 1+3£—2 M, Y+1 - y+1
(45)

A

From the above three relations the contraction ratio (-A—l) required
2

to swallow a shock for an ideal isentropic gas with Yy = 1.4

and Y = 2 was plotted in figure 15.
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2.4 Deviations of the Anelogy

Quantitative water flow results cannot be directly
applied to gas flows using the hydraulic analogy because of
egssumptions that were used in the analogy. However, ocuanti-
tative water flow results of a compsrative nature can be
applied to gas flows with a grester degree of accuracy (Ref. 5).

The effect of agsuming an inviscid fluid and
gas in the analogy is undetermined. The characteristics of
the boundary layer in the fluid are difficult to determine
experimentally because of the low water velocities,which are
about one foot per second. Theoretical comparisons between
the boundéry layers of & gas and a liguid are too complex to
use in the analogy.

The frictional effect on the channel floor can
be compensgated for by sloping the channel, as mentioned pre-
viously (section 2.2). The amount of slope can be determined
by ellowing the hydraulic jump to pass down the channel until
the water depth becomes constent. However this will compensate
for the frictionsl effects for only one given water depth. If
there is a variation in the water depth, ze there is when a
model is placed in the channel, then the frictional effect
on the chammel bottom will vary with the wster depth. This
véfiation of the frictional effects is undetermined.

The deviations between flow parameters for =
ges with ¥ = 1.4 &and an analogous gas with Y = 2 can be

seen in figures 14 end 15.
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The analogy for hydrzulic jumps in water and
shocks in a gas with Y = 2 does not hold true (Ref. 5). Across
a shock the stagnation tempersture is constant, however across
an hydreulic jump the total head suffers a decrease. The
decrease in the total head is due to eddies and turbulence set
up by the hydraulic jump. The larger the hydraulic jump the greater
the total head loss will be. This can be seen in figure 15 as
the variation in the contraction ratio, between a gas with Y = 2
and water, increases as the Mach number increases. The vari-
ation across the oblique shocks‘(figure 1) is not as pronounced
because the hydreulic jumps are smaller and do not vary zs

much with the Froude number.

2.5 Supersonic Perforated Intake Diffusers

The object of a supersonic inteke diffuser,
as used in air breathing engines, is to diffuse or compress
a supersonic air streamn. It is desirable for the diffuser
to obtain maximum pressure recovery and mass flow recovery for
efficient operation,

Supersonic-subsonic diffusion can easily be
accomplished by having a shock ahead or at the inlet of the
diffuser. However at high inlet Mach numbers the total pressure
loss across the shock becomes prohibitive. The high pressure
loss can be avoided by swallowing the shock in a convergent-
divergent diffuser intake. However the throat area of a

convergent—divergent diffuser must be larger to swallow a shock
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than is necessery for isentropic diffusion 2t = design inlet
Mech number (Refs. 12 and 13).

Diffusion must necessarily start from rest
before design conditions are reasched. The internal diffucer
must therefore first swallow the shock before it can operate
at its design Mach number. The shock may be swallowed in three
ways. A maximum epeed sgbove the design speed could be used
to swallow the shoék or & variable geometry diffuser could be
used to close down the throet srea to isentropic design
conditions after the shock wes swallowed. However these two
methods ere not generally used because, in the first case the
engine would operate at its maximum thrust only when swallowing
the shock, and in the second case mechanicel difficulties are
involved. As a result, the shock is generally swallowed, in
a convergent-divergent diffuser, by fixing the throat area
to that recuired for swallowing the shock at the design inlet
Mach number. Once the shock is swallowed the throzt zrea
will be larger than that recuired for isentropic diffusion
at the design Mach number. The Mach number at the throat will
therefore be greater than one and will increese through the
divergent part of the diffuser after the throat. A strong
shock will therefore occur some plece downstrecm of the throat.
The dictance downstream of the throat will depend on the
back pressure. A pressure loss will occur across the shock
end the pressure recovery factor of the diffuser will be

greater than that for isentropic diffusion with the shock

occurring at the throst.
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To overcone the starting difficulties of a
supersonic convergent-divergent diffuser perforations cen be
placed in. the converging psrt of the diffuser. The per-
foretions have the same effect as that of increasing the
throat ares before the shock is swellowed. Thug the throat
area can be designed for isentropic diffusion at a design
Mach number and the shock can be swallowed by bleeding of
air through the perforations until the isentropic design
conditions are reached with the shock swellowed.

The perforstions bleed off less air after the
shock is swallowed because of pressure variations inside the

diffuser. When the shock ig at the inlet of the diffuser

the stetic pressure in the sunersonic portion is high compared

to the pressure outside the diffuser and azir will flow out of
the perforations. As the shock moves towards the throat
the pressure upstreem of the shock in the diffuser becomes
much lower end hence less mass flow will pass out through
the perforations. The perforations act like automatic shut
off valves ag the shock pzsces them.

The plecing of the perforations is important.
The area distribution of the perforations znd the diffuser
cross—sectional aresz have been theoretically treated as a
function of the Mach number in the diffuser by Evverd &nd
Brown (Refs. 1 and 2). Perforations near the throat of the
diffuser will heve the greatest effect in swallowing the

shock but are the least satisfactory es a shut off valve.
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When the shock ig just at the inteke of the
diffuser the pressure difference between the inside and the
outside will be greatest £t the perforations nezrest the
intake. Thus the greatest perforation spillage will occur
through perforations nesr the intake. VWhen the shock is
swellowed the reverse is true ond the perforation spillage
through perforations nearest the inteke will be the least.

It is therefore true that the perforations nesr the intzke act
es the best shut off valves. This is desirable in order

to obtain isentropie diffusion conditions with the greatest
mass flow recovery factor. However the perforationé near the
inteke will heve an adverse effect in swellowing the shock
once it has pessed by shutting of the bleed off mass flow.
Because of this the perforations should be close to the throat.

In the developrient of the theory for the
perforated diffuser it was assumed that the area contraction
ratio necessary for swallowing the shock was the same for the
shock just.at the inlet or swellowed. This is true for a
convergent -divergent diffuser. Once the shock just starts
to move towards the throst an unstable condition will cause
the shock to move through the throsat. This uwnstable con-—
dition is due to the total pressure loss across the shock
decressing with the decreasing Mach number obtained as the
shock moves towards the throat. For & perforated diffuser
this unstable condition is not necessarily set up because of

the autometic shut off action of the perforations. However

for perforations very near the throst it is reasonable to
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agsume that the contraction ratio will be the same for swallowing

the shock whether it is at the inlet or near +the throat.

A relationship between; the area contraction

A
retio (=), the inlet Mach number (M) and the mass flow recovery

Az

factor (X) for swallowing the shock can now be derived for a

perforated diffuser with the perforations near the throat.

Referring to figure (2a) and applying the continuity ecustion,

m = n, + Mg
The mass flow recovery factor is

X:.r_niz ]_-EE.
my my

From non-dimensional mass flow relations

m YT, xIm T,

= = f (Mz )
¥
AZ pOy Az poy
m T
and 1 o = f (Mlx)
Ay Poy

dividing equation (48) by (49)

R R )
'Az X pox £ (Mlx)

but when the shock is at the inlet of the diffuser

(46)

(47)

- (48)

(49)

(50)

(51)
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£(1)
£ (Myy

) (—1) (=) (52)

and —= =

Po
—Z  can be determined as e function of M, from ecuation (45)

Pox

and (fféi) )) can be determined from ecuation (44). The
1x

theoretical relation between the three parameters: M1y Al/Az,
and X were rlotted in figures 16 and 17 for an ideal gas with

Y = 1.4,
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3 DESCRIPTION OF APPARATUS AND TEST PROCEDURE

3.1 Apparatus

The apparatus wes constructed a2t McGill University
by the suthor. Pictures of the epparatus are shown in figures
5, 4 and 5. A scale isometric drawing is given in the sppendix.
The channel is supported st three points which are fixed in a
frame constructed of 3" x 1 1/2" Dexion. Atteched to the frame
are two adjustable 5/8" diameter steel rods which support the
height measuring carriage. The water flows from the channel
through a collecting tank and storage tank and then is pumped
back through a 1" diameter pipe to the stilling section of the
channel as shown in figure 3.

The channel bottom was made from 1/2 inch plate
gless. This was fitted into two 1/2 inch grooves machined into
1/2 inch plestic to form the channel wells. Strips of neoprene
vere placed in the grooves and the channel walls vressed to the
channel bottom with tie rods. The joints were made water tight
by gealing the underside of the glass to the plastic with an
epoxy resin. The water entered the channel through a 3/8" slot
in the back wall. A piece of neoprene was glued to the end of
the channel to direct the flow into the 5 gallon collecting tank.

Two 8 1/2 x 1/2 inch pieces of 1/8 inch thick
aluminium were fastened to the glass bottom with two sheets of
neoprene in between. These two pieces of aluminium rested on

the three supporting screws. Bending of the glass in the
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longitudinal direction was prevented by proper placement of
the supports, and by the grooves in the plastic walls. Bending
of the glass across a section was held to a minimm by extend-
ing the aluminium plates across the channel. |

Dexion was used for the freme for ease.of'
construction. The 5/8 inch diameter rods used to support the
height measuring carrizge were fastened by six adjustable
screws and nuts to two lengths of angle iron, which were fixed
to the frame. This allowed for fine adjustment of the carriage
supports.

The carriage itself was made of two welded
engle iron frames. The large frame movéd‘along the fixed
steel rods in the longitudinal direction. The smaller frame
rested on the larger one and was free to move in a direction
across the éhannel. A rectangular piece of iron was attached
to the centre of the smaller frame. This held a micrometer
fixed in the vertical poéition. A needle was attached to the
end of the micrometer. Scales were attached along and across
the channel. Thus vertical heights at any position in the
test section and stilling section could be measured and their
position recorded.

A Southern "58" circulator pump, 1 inch size,
wvag used to cireulate the water (figure 3). Operating at a
head of three feet the pump delivered 25 U.S. gallons per minute.
The size of the pump was calculated to give a flow corresponding

to & simulated Froude number of 3 for the given channel, with
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a water depth of about 1/4 of an inch. The limitation of a
1// inch water depth greatly reduced the amount of flow
required. The flow of water was controlled by & one inch
gate valve placed just before the channel inlet. A 1/4 inch
by-pass valve wes instelled to give finer flow adjustment.
In order to maintsin a more constant height in the stilling
section, & 20 gallon storage tank was placed after the
collecting tank.

A conventional de Laval shaped nozzle was
not used to obtain shooting flow in the test section of the
chammel. Instead a gate across the channel was used to
separate the test section from the stilling section. This
type of sluice nozzle (figures 1 and 5) eliminated the cross
" flow inherent in the de Laval type. The velocity of water
flow was easily varied in the test section by varying the
height in the stilling section. Two difficulties were
encountered with the sluice nozzle. Waves initiating from
the corners of the ga£e could only partially bé eliminated
by forming plasticene side walls upstream of the sluice nozzle.
The difficulty was completely eliminated by placing the
diffuser inlet inside the hydraulic jumps initiating from
the corners (figure 5).  The second difficulty was to
obtain a smooth under surface of the sluice nozzle with a
sharp edged outlet. The sluice nozzle was machined from

plastic and a satisfactory surface was obtained with rouge

paper.
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The diffuser model was made of plastic
(figure 5). The converging portion is 3.8 inches long and
the diverging portion approximately 4 inches. The inteke
of the diffuser was machined as a straight wedge at an
angle of 4 degrees. A one degree slope vas made in the
diverging portion. Two 3/8 inch diameter holes were drilled
side by side,at an angle to the wedge, just before the throat
in order to simulate a perforated diffuser. The two holes
on each gide were smoothed out and plasticene was used to
give a uniform slit 1/4 of en inch by 1/2 of an inch close
to the channel bottom. The slits were connected to moulded
plastic tubes on the outside of the diffuser. Rubber hoses
vere festened to the tubesand led to a bucket telow the
working section (figure 3). The weter flow siphoned off
through the perforations was adjusted with a clamp placed around
the rubber tubes. The two sides of the diffuser were held
in place on the channel bottom by pressure frém two moveshle
plestic arms. (figure 5) The area contraction retio of
the diffuser could therefore be easily altered.

The 20° wedge model (figure 5), which was
used to determine oblique shock angles ,was made of plastic.
It is approximately 1/2 an inch high and 2 inches long.

The supersonic water pitol was machined
from brass (figure 5). It is approximately 2.5 inches high
with 2 1/2" hole drilled through the centre in the

vertical direction. This ares inside acts as a stilling



- 26 -

section for the flow which enters through a 1/8 inch slit.
Fluctuations of the stegnation height in the stilling section
wvere reduced by inserting a plug in the upper portion of
the inlet slit.

Smooth flow was obtained in the stilling
section by passing the water through two wire mesh screens
and an upstreem sluice. The amount of screens,to smooth the

flow,was limited by the capacity of the pump.

2.2 Test Procedure

The water channel was calibrated before the
tests were carried out on the supersonic diffuser model.
Before any readings were taken the channel floor was first
levelled by means of the three adjusting screws. The height

messuring carriage was then levelled by teking readings on

‘the glass bottom at positions: A, B, Cland D (figure la) and

2 adjusting the two carriage rods. The water was then allowed
to flow down the channel and the positions of the gate valve
and by-pass valve recorded. The slulce nozzle was adjusted

to give an outlet water depth of approximately 1/4 of an inch.
The channel was then inclined so that the hydraulic jump just
moved off the end of the test section a distance of about

2 1/2 channel widths from the sluice nozzle. The slope was

recorded.

For the first few tests the temperature of the

water was recorded but the temperature variations observed had
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a negligihle effect on the density. The density of the water
was taken to be constant at 62.4 1lbs./ft.?

The channel was allowed to operate for at least
15 minutes before any readings were tszken in order to obtain
steady conditions. VWhen the flow became steady the water
depths were measured at the positions h;, h,, h,h,, h5 end h
(figure 2). From these measurements h/ho, A, and Aoc vere
obtained, knowing the width of the channel. The slope was
also obtained by recording the height of the channel bottom
at positions ho and h14.

The wedge was then placed in the channel and
the oblique shock angle measured with a protractor.

The supersonic weter ritot was placed in the
chennel eand the water depths and hg', h, and hy vere measured.
hX/ho' was then determined.

The diffuser was then pleced in the channel
end the area contraction ratio determined experimentally for
a 100% mass flow recovery factor. This was determined by
opening up the diffuser until the hydraulic jump just moved
down through the throat from the inlet. Little difference
was found in the contraction ratio for the hydraulic jump
at the inletl of the diffuser and the hydresulic jump just
swallowed. The widths of the diffuser were measured at
the throat and inlet with dividers and a scale.

Finally the mass flow through the whole

apparatus was measured by diverting the water into a bucket
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just before the storage tank. The time required to fill
the bucket was recorded and the bucket weighed.

The above measurements were recorded at nine
different mass flows and the calibration curves obtained.
(figures 11, 12, 13 and 14) These curves are discussed in
section 3.3.

The perforated diffuser was tested 2t five
different mass flow recovery factors for each of seven different
Froude numbers. The test positions were obtained by first
setting the hydraulic analogue at an approximate mass flow.

The perforation spillage was then set at approximate mass flows
by sight judgement of the flow from the spillage tube.

The perforation mess flow was measured by
collecting the water from the spillage tube for a recorded
time interval of not less then five minutes. The water was

weighed and calculated. The diffuser was then opened,

fp
with the same perforation spillage, until the hydraulic jump
was just swallowed. The outsides of the diffuser were kept
parallel so that the diffusion angle remained constant at
approximately 40, The diffuser widths at the throat and inelt
were measured and the water heights at the positions h and h0

were recorded. The perforation spillage was then changed and

the procedure repeated.
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The Froude number was obtained from the ratio
h/ho, and the calibration curve, figure 11. The value of
n/y yh was then obtained from the Froude number and the
calibration curve (figure 13). The mass flow through the

diffuser inlet was calculated from the eocuation,
1.5
(—E=) A = m 55
) A ) (53)

From my and oy the mass flow recovery factor was calculated
from equation (47).

The contraction ratio (Wl/wz) was calculated
from direct measurement of the two-dimensional diffuser widths
at the inlet and the throat.

A second method was used to determine experi-
mentally the relationship between the contraction ratio, the
inlet Froude number and the mass flow recovery fabtor necessary
for swallowing an hydraulic jump. This was done as a check
on the results obtained at simulated isentropic conditions.
Instead of fixing the Froude number and the perforation spilla ge
end then varying the contraction ratio to swallow the hydraulic
jump, the contraction.ratio vas set at the simulated isentropic

contraction ratio for a fixed Froude number and the perforation
spillage increased until the hydraulic jump was swallowed.

The similated isentropic choking conditions were also obtained
by reducing the perforation spillage after the hydraulic jump

was swallowed.




A1l the photographs of the flow patterns were
obtained with a Samoca 35 mm. camera supported on a tripod
placed above the apparatus. Kodak plus X film was used.
The film was developed in C-2 Uni bath to give an exposure
index of 400 A.S.A. Most of the photographs were teken at
1/300 of a second at f 16 and a camera to object distence
of 3.5 feet.

Photographs of the water surface waves in the
gimilated perforated diffuser were obtained by two different
techniques (figure 6). Photographs of the surface waves
can be obtained by reflecting light from the water surface,
or by obtaining an image of the refracted light passing
" through the water surface, from a source below the glass bottonm
of the channel, and on to a frosted glass plate just above
the model. Both these methods are described by B. Langtrey

(Ref. 9).
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3.3 GCalibration of the Hydraulic Analogue

The Froude number can be determined experimentally
by five different methods. The parameters h/ho, hx/ho' ,
m/A fﬁg, ﬁ?’ and wl/W'g were experimentally determined as
indicated in section 3.2 * From each of these values the
Froude number can be determined using the theoretical curves
(figures 11 to 15) derived in section 2.2. The experimental
Froude numbers obtained from each of the above parameters
should be the same.

For convenience the Froude number obtained
from the measured values of h/h0 wag used as a reference
value and the experimental values of hx/ho', n/y Jn, B s
and Wl/Wz were plotted against this reference Froude number
(figures 12 to 15). It can be seen that in each case the
experimental curves did not agree with the theoretical curves
for water. In other words, the Froude number obtained from
h/ho does not agree with the Froude numbers that would be
obtained from any of the other parameters.

The Froude number obtained from the experimental
values of hX/ho‘ waes then used to plot a second set of
experimentel curves (figures 11 and 13 to 15). A greater
disagreement was found for the Froude numbers obtained from
hX/ho' then from the Froude numbers obtzined from h/ho with
the theoretical Froude numbers for "/A Y h and Y1/u,.

However the Froude numbers obtained from the measured values

of hX/ho' and /3 agree closely (figure 14).
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The disagreement between the Froude numbers
obtained from the parsmeters h/ho, hx/ho', /5 vh,
and w1/W3 could be caused by experimental error or deviations
between the actusl water flow, end the theoretical water flow.
The experimentsl error in measuring the water depths with
the micrometer wag within * ,005 inches. This would result
in a maximum experimentsl error in the Froude number, obtained
from D/h, end Px/nt of £.05.  The error in
meesuring the oblique shock angle was X 1 degree, the widths
of the diffuser were meszsured to withinZ.02". This would
give an everage experimental error of X .03 for the contraction
ratio w1/W2. The mass flow parameter (%/A {yh) error was
undetermined but from consideration of the short time interval
of 20 sedonds)which wvas used to celculate m K the experimental
error could be very large. It was also noticed thet the
flow conditions changed during the time interval for measuring
m. This was particularly noticeable st the higher mass
flows, PFrom the above considerations and because the
differences in the Froude number were not of & random nature
(figures 11 to 15) it was concluded that the differences in
the Froude number were not due to experimental error.

In order to obtain the most correct value of
the Froude number,en exemination of the theoretical relations
used to determine the Froude number from the experimental
values was made. It was first assumed that the Froude number

obtained from the measured values of h]ho' was the most
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correct one because 1t agreed closely with the Froude number
obtained from /3 (figure 14). For this value to be correct,
the theoretical values of the Froude number obtained from
h/ho and Yi/W, must be too low, particularly at the higher
Froude number (figures 11 and 15). 1In the derivation of the
relations between F and B/h, and between F and %2 /W, it was

assumed that there was no loss of energy between h and h,

and between W, and W . From & re-arrengement of equation 16
2 hy

An examination of ecuation 16a shows that if there is a loss
of energy between h, and h, h will be theoretically larger
than the experimental values of h and will result in a
lower value for the Froude number. | It can similarly be shown
that the theoretical value obtained for the Froude nuﬁber from
Wi/W, will be smaller than the experimental value if there is
a loss of energy between W, and Ws. It would appear there-
fore that the loss of energy would account for the discrepancy
between the theoretical curves, and the experimental curves
obteined from the relation between BPX/hy' (F) and W1/,
and between hﬂ/ho' (F) and h/ho. The deviations would
be lerger at the higher Froude numbers because the loss of
energy would be greater.

It should be noted that the energy was also

assumed constant for the relation between h?/ﬁo' and F.
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However the distances over which the energy was assumed
constant were less between h, and h,' than between h and
h, and between W; and Wj. The distance between W; and Wy
over which the energy was assumed constant was the greatest
distance and hence the largest difference between the theoretical
and experimental values was obtained. Because the energy
between hy and hy'! was assumed constant it was concluded thet
the true Froude number would be somewhat less than the Froude
number obtained from hx/ho'. The Froude number obtained from
hx/ho' was concluded to be the most accurate.

The experimental results obtained for B/AJ h

vere not considered because of the experimental error involved.

However the above considerations could be applied.




4-DISCUSSION AND RESULTS

The results obtained from the tests carried out
on the supersonic perforated diffuser in water zre shown in
figure 16. The contraction ratios were plotted sgainst the
mass flow recovery factors for various inlet Froude numbers,

based on the values of h/ho' recuired to swallow an hydraulic

[}
jump. Constant Froude number curves were drawn. The
veriations between the tect points and the smooth curves were
within the experimental error (section 3.3). From these
curves the experimental carpet graph was plotted es shown in
figure 17.

The theoretical reletion between the contraction
ratio, the mess flow recovery factor and the inlet Mech number,
required to swallow a shock for an ideal gas with ¥ = 1.4, ,was
also plotted in figures 16 and 17. From figure 17 it can be
seen that for mass flow recovery factors above 35% there is
good agreement between the theoretical values and the experi-
mental values. However for mass flow recovery factors below
85% the experimental contraction ratios are smaller than the
theoretical contraction ratios for a constant inlet Mach number
or Froude number. In effect, a larger throat width was
required experimentally to swallow an hydraulic jump at the

larger perforation mass flows than was theoretically required

to swallow a shocke.
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At the higher perforation mass flows there is a
suction effect near the throat which would tend to decrease
the effective throat width. Therefore a larger physical
throat width would be required to swallow the hydraulic jump.
This suction effect would cause the deviations of the experi-
mental results from the theoretical results at the lower mass
flow recovery factors.

It was mentioned that the simulated Mach number,
or Froude number, used in plotting the experimentel results
in figures 16 and 17 was obtained from the measured values of
h and ho. This Froude number was not the true Froude number
for the hydraulic anzlogy (section 3.3). The Froude number
obtained from the measured values of hy and h,' would be more
correct. However it can be séen from figure 15 that the
Froude number obtained from hx/ho' was uniformly higher than

that obtained from P/h Therefore the effect of using the

o*

more correct Froude number obtained from hxyho' would be to

shift the experimental carpet plét (figure 17) to the right.

The experimental results would not compare to the theoretical

results absolutely, however the relative experimental results

would still compare closely to the relative theoretical results.
In the derivation for the theoretical gas

curves shown in figures 16 and 17 it was assumed that the

contraction ratio, necessary for swallowing a shock in a

diffuser with perforations near the throat, was the same as
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that for the shock just st the inlet of the diffuser (section
2.5)s This sssumption was found to be true for the experi-
mentel perforzted water diffuser with the perforations near
the throat. Once the hydraulic jump just started to move
down the throzst it was swallowed.

The experimental test points, obtained by
setting the diffuser contraction ratio at isentropic conditions
for the given simulated Mach number and increasing the per-
forstion spillage until the hydraulic jump was swallowed,
were found to agree with the other experimental results.

The perforation bleed off for choking the diffuser,at an
isentropic contraction ratio for the simulated Mach number,
was obtained at three points. The maximum inlet simulated
Mach number was limited,by the mass flow Heed off, to 1.7.
The results were inconclusive and were not plotted.

The photographs of the surface waves ghown
in figures 7 to 10 were =1l obtained using light refraction,
or the shadowgraph technigue. This technique recuires
parallel light to pass through the water surface. Parallel
light was not obtained from the light source available
therefore the photographs of the wave patterns were distorted.
However the distortion was negligible as the light rays were
almost parallel.

Figures 6a and 6b show the hydraulic jump at
the inteke of the diffuser. The three dimensional effect

obtained by reflecting the light from the surface can be

seen in figure ba.
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Figure 7a shows clearly the characteristic
oblicgue shocks obtained in supersonic gas flows. They are
gimulated by the gravity waves in the water shown as dark
bands. The smaller waves have no part in the hydrsuliec
analogy. They are capillary waves. A simulated shock
intersection is shown where the two oblique gravity waves
meet in the middle of the diffuser. The upstream included
angle vwhere the gravity waves meet is not equal to the
downstream included angle which is the case for oblique shock
intersections.

Figure 7b shows the flow pattern in the diffuser
with & perforation mess flow and the hydreulic jump 2t the inlet.
The water flow simulates & strong shock near the intske of the
diffuser with the characteristic lambda configuration. The
relatively straight parallel lines just after the throat
of the diffuser iﬁdicate a series of weak normal shocks.

This supersonic condition after the throat was a result of
the high pefforation bleed off. The small disturbances
upstream of the diffuser were causcd by very small bumps or
grooves at the exit of the sluice nozzle. The disturbances
issuing from the top and bottom were from the corners of the
diffuser.

Figure 8 shows a characteristic bow wave
simulated by the curved gravity wave in front of the diffuser.

The smooth flow inside the diffuser would indicate subsonic

conditions.
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Figure 9 illustrates the difference in the
contraction ratio recuired to swallow an hydrauvlic jump with
and without mass flow bleed off.

Figure 10 shows the hydraulic jump being swallowed
as the Mach number was increased.

The water surface wave patterns (figures 6 to 10)
were found to exhibit the same configurations as found in
supersonic gas flows. It should be noted that the simulated
Mach numbers for the photographs were based on the Froude

number thot would be obtained from a Supersonic Water Pitot.



- 40 ~

5. _CONCLUSIONS

The Froude number could not be obtained accurately.

The supersonic water pitot wes the most azccurate method

to determine the Froude number.

The experimental resulis obtained from the perforated
diffuser model agreed closely with the theoretical relations
developed for a gas, with a specific heat ratio of 1.4, at
mass flow recovery factors shove 85%. The agreement was

due to a fortuitous choice of obtaining the Froude number.

The contraction ratio recuired for swallowing an hydraulic
jump in a perforated diffuser, with the perforations near
the throzt, was almost the seme as that required when the

hydraulic jump was near the intake.

Quantitative results obtained from the hydraulic analogue

cannot be applied to supersonic gas flows.

The hydraulic analogue is a good apparatus for studying

supersonic flows qualitatively. in a supersonic diffuser.
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' FIGURE 3 THE HYDRAULIC ANALOGUE

The side view of the apparatus shows the water channel
supported in the dexion frame, the collecting tank,

the storage tank, the pump and the flow pipes with

the gate valve and by-pass. The perforation spillage
tubes are shown leading from the testing section to the
collecting bucket. The camera tripod was removed but
the light source and the inclined mirror can be seen

in position.
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FIGURE 4 THE HYDRAULIC ANALOGUE

A view from the downstream end of the channel
showing the testing section =znd the two stilling
sections. The tie rods holding the side walls
can be seen along the chennel. The height
measuring carriage is shown resting on the
adjustable support rods.
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FIGURE 5 TESTING SECTION OF HYDRAULIC ANALOGUE

The testing section of the channel is shown with the
supersonic perforeted diffuser model held in place with
the adjustable model holders. The top part of the
sluice nozzle can be seen just above the measuring
carriage. The supersonic water pitot and the 20°
wedge are shown resting on the frame at the back. The
inlet of the diffuser model is inside the waves issuing
from the corners of the sluice nozzle.
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(a) Simulated Mach Number = 2.4
Mass Flow Recovery Factor = 100%
Contraction Ratio = L.48

(b) Simulated Mach number = 2.3
Mass Flow Recovery Factor == 75%
Contraction Ratio = e

FIGURE 6 Comperison between two methods of photographing
surface waves; (a2) by reflection of light, and

(b) by the shadowgraph technique. The hydraulic jump
is &t the diffuser inlet in both cases.
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(a) Simulsted Mach Number = 2.9
Mass Flow Recovery Factor = 100%
Contraction Ratio = 1.32

Hydraulic Jump Swallowed

(b) simulated Mach Number = 3.5
Mass Flow Recovery Fe ctor = 75%
Contraction Ratio 2.06

Hydreulic Jump at the Inueke.

FIGURE 7 FLOW PATTERNSIN A SUPERSONIC PERFORATED DIFFUSER WITH
AND WITHOUT ELEED OFF
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Simulated Mach Number
Mags Flow Recovery Factor
Contraction Ratio
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FIGURE 8 ILLUSTRATION OF BOW WAVE AT INLET TO

SUPLERSONIC DIFFUSER.
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(e) Contraction Ratio = 1.30 (#) Contraction Ratio = 1.48

FIGURE 9. Comparison of Contraction Ratios recuired to swallow an
Hydraulic Jump with a Mass Flow Recovery Factor=1007%(a, b, c¢) and a
Mass Flow Recovery Factor == 85 % (d, e, f). The simulated Mach

number =2.8 for all the photographs. The Hydraulic Jump is Swallowed
in ¢ and f and in the process of being swallowed in b .



FIGURE 10 The different positions

of the Hydraulic Jump in the

Perforated diffuser model are chown

in a and b as the inlet simulated

Mech number increasses; and in ¢, d,

and e as the hydraulic jump is

swallowed. The Area Contraction Ratio

is constant and = 1.33. The Mass

Flow Recovery factor is constant and
= 90%.
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