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Abstract

In this thesis we study the structure of almost all T-free graphs for any tree 7', that is graphs
that do not contain 7" as an induced subgraph. Let v(T) be the size of a maximum matching
in 7. We show that almost all T-free graphs can be partitioned into w(7T') := |V(T)|—v(T)—1
parts such that each part has a specific structure. Specifically, each part is F-free for all
F € F, where F is a collection of graphs on at most 4 vertices. This result allows us to
show that for every tree T, for almost all T-free graphs G, every induced subgraph G’ of G
satisfies x(G') < w(T) - w(G’). Moreover, for every tree T, almost all T-free graphs G have

X(G) = w(@). This proves an asymptotic version of the Gyarfas-Sumner conjecture.



Abrégé

Dans cette these on s’intéresse a la structure typique d'un graphe sans sous-graphe induit
isomorphe a un certain arbre 7' donné. Soit v(T') la taille d'un couplage maximum dans 7', et
soit w(T') := |V(T)| — v(T) — 1. On montre que presque tous les arbres sans 7" induit peuvent
étre partitionnés en w(T') parties, toutes d'une structure tres particuliere. Plus précisément,
chaque partie est sans F induit, pour tout F € F ou F est une collection de graphes a au plus
4 sommets. Ce résultat nous permet de prouver que pour tout arbre 7', presque tout graphe
G sans F induit est tel que tout sous-graphe induit H de G satisfait x(H) < w(T)-w(H). De
plus, pour tout arbre 7', presque tout graphe G sans T induit satisfait x(G) = w(G). Ceci

confirme une version asymptotique de la conjecture de Gyarfas-Sumner.
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Preface

The main contributions of this thesis are contained in Chapters 3, 4, 5 and 6. All the results

are joint work with Prof. Bruce Reed.



Chapter 1

Introduction

Graphs are very natural and concrete objects which arise frequently in daily life. For example,

while browsing the internet, taking the metro to work or trying to challenge one nephew by

asking him to draw m without lifting his pencil from the paper. Graphs also appear
in many branches of science, for example, in computer science, biology, physics, linguistics,
sociology and elsewhere. Graphs model a symmetric relation between entities. We call those
entities vertices. If there is a relation between two vertices, then we say that there is an
edge between those two vertices.

The study of graphs without some fixed substructure have received considerable attention
during the last century. There are two ways in which substructures are commonly forbidden
in graphs. A graph H with h vertices is a weak subgraph of a graph G, if it is possible
to find in G a set X of h vertices where by taking a subset of the edges in G all of whose
ends lie in X, we get a copy of H on X. For example, a graph G with n vertices and all the
possible edges between the vertices contains any graph H on at most n vertices as a weak
subgraph. A graph H with h vertices is an induced subgraph of G if it is possible to find
in G a set X of h vertices where by taking all the edges in G with both ends in X, we get a
copy of H on X. For example, a graph G with n vertices and all the possible edges between
the vertices contains as an induced subgraphs only graphs H on at most n vertices and all

the possible edges between the vertices of H. Let H be a graph. A graph G is H-free if it
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does not contain an induced copy of H.

There are many interesting questions regarding the properties of graphs which do not
contain some graph (or graphs) as an induced subgraph. We mention some of the most
famous such questions. We start with the Erdés-Hajnal conjecture [25]. Roughly speaking,
the conjecture asserts that for any graph H, any graph G which is H-free contains a large
set of vertices X such that either there are all the possible edges between any pair of vertices
on X (the graph induced on X is a clique) or there are no edges on X at all (the graph
induced on X is a stable set). Large here means that the set X must be of at size at least
|V (G)J¢ for some ¢ > 0. For a graph G, we denote by V(G) the vertex set of G and by E(G)

the edge set of G.

Conjecture 1.0.1 (Erdés-Hajnal [25]). Let H be a graph, then there is an e = ¢(H) > 0,

such that every H-free graph contains a stable set or a clique of size at least |V (G)|FH).

The Erdés-Hajnal conjecture is still open and appears to be very difficult to resolve (see
a survey in [17]).

In some cases it is useful to partition a given graph G into a minimal number of stable
sets. For example, in the famous four colour problem, we want to colour countries on a
map with only 4 colours, such that any two neighbouring countries receive different colours.
For this problem it is possible to define a graph whose vertex set are the different countries,
and two vertices which represent two countries have an edge between them if and only if
they are neighbouring on the map. A stable set in this case represent a set of countries
such that no two countries share a border. The number of colours needed to colour the
map is equal to the minimal number of stable sets in which we can partition the graph.
The chromatic number of a graph G, which is denoted as x(G), is the minimal number
of stable sets into which it is possible to partition the vertex set V(G) of G. Equivalently,
x(G) is the minimal number k such that there is a function ¢ : V(G) — [k] where for each
{v1,v2} € E(Q), ¢(vy) # ¢(ve). The graph which we get from the neighbour relation of the
countries in a map is an example of a planar graph. A planar graph is a graph which can

be drawn in the plane such that any two edges can intersect only at a vertex. The following
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result was shown by Appel and Haken in 1976.
Theorem 1.0.2 (The Four Colour Theorem [3]). Let G be a planar graph, then x(G) < 4.

An immediate observation that one can make is that the chromatic number of a graph
G must be at least the size of a maximum clique in G. This is true because no two vertices
in a clique can be in the same stable set (equivalently, receive the same colour). We call the
size of a maximum clique G, the clique number of G, and we denote it by w(G).

The reverse inequality x(G) < w(G) does not hold in general. A path in a graph G
is a sequence of vertices vi,v9,...v;, such that all the vertices are different, and for every
1<i<k-1, {v,vis1} € E(G). A cycle in a graph G is a path where the first and last

vertices are the same. A simple example of a graph G for which x(G) < w(G) is false is a

cycle on 5 vertices Cy = Q For Cy, w(C5) =2 and x(C5) = 3.

A graph G in which every induced subgraph G’ satisfies, x(G') < w(G’), is called a perfect
graph. Claude Berge conjectured in 1963 [11], that a graph is perfect if and only if it does
not contain as an induced subgraph an odd cycle with at least 5 vertices or the complement
of an odd cycle with at least 5 vertices, where the complement of a graph G is the graph

on the same vertex set but with the set of edges being the complement of the set of edges

in G. For example the complement of C; = is C7 = . Berge’s conjecture was
open for 40 years and was proved in the groundbreaking work by Chudnovsky, Robertson,

Seymour and Thomas [18].

Theorem 1.0.3 (The Strong Perfect Graph Theorem [18]). A graph G is a perfect graph if
and only if no induced subgraph of G is an odd cycle with at least 5 vertices or a complement

of one.

As was mentioned it is not true that x(G) < w(G) for any G, but one can ask if it might
be the case that for any G, x(G) can be bounded by some larger function of w(G), as, for

example, by w(@)2 or 2¢(G). The answer for that question is also no. Mycielski [40] gave
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Figure 1.1: G’ constructed from Cs.

a construction of a family of graphs with clique number 2 and arbitrarily large chromatic

number. We call a clique on 3 vertices a triangle.

Theorem 1.0.4 (Mycielski [40]). Let G be a triangle-free graph, and let G' be a graph

constructed from G as follows,

e The vertex set of G' is VUV’ U{u} where V and V' are two copies of the vertex set of

G.
e The graph induced on V is G.

o Let v' € V! be a vertex which is a copy of the vertex v in V, then the vertices to which

v' is adjacent are exactly the vertices to which v is adjacent.
e The vertex u is adjacent to all the vertices in V.
Then the graph G’ is triangle-free and x(G') = x(G) + 1.

The graphs in Mycielski’s construction are triangle-free, but might contain cycles on 4
vertices. One can ask further if it might be the case that if a graph G does not contain short
cycles then it is possible to bound x(G) with a function of w(G). The answer to this question
is also no. Erdés showed that for any g € N, there are graphs with no induced cycles with
less than g vertices and arbitrarily large chromatic number [21]. The length of a path (or
the length of a cycle) is the number of vertices in it. The girth of a graph G is the length

of the shortest induced cycle in G.
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Theorem 1.0.5 (Erdés [21]). Let g,c € N. Then there exists a graph G with girth larger

than g and chromatic number larger than c.

As it was mentioned it is not true that the chromatic number of any graph can be
bounded by its clique number (or its girth), therefore we restrict ourselves to smaller families
of graphs. A hereditary family (or hereditary property) of graphs is a family which is
closed under taking induced subgraphs. A hereditary family F is x-bounded, if there is a
bounding function fz, such that for each G € F, x(G) < fr(w(G)). By Theorems 1.0.4 and
1.0.5 the family of all graphs is not y-bounded. By Theorem 1.0.3 the family of graphs which
do not contain an induced cycle of length at least 5 or a complement of one are perfect and
therefore y-bounded with the bounding function being the identity. We restrict ourselves to
families which are defined by forbidding some graphs as an induced subgraphs.

Let H be a graph which contains a cycle of length ¢ as an induced subgraph. By The-
orem 1.0.5, there are graphs with girth greater than ¢, and therefore which are H-free, and
which have arbitrarily large chromatic number. Therefore the family of H-free graphs for a
graph H which contains a cycle is not xy-bounded. Now let H be a graph without induced
cycles. We call such a graph H a forest. Gyérfds [30] and Sumner [54] independently con-
jectured that families of graphs without induced forest H are y-bounded. We denote by

Forb(H) the family of all H-free graphs.

Conjecture 1.0.6 (Gyarfas-Sumner conjecture [30], [54]). Let H be a forest and let F =
Forb(H) be the family of all H-free graphs, then there is a function fr such for any graph
G e F, x(G) < fr(w(G)).

A tree is a connected forest. A connected graph is a graph where there is a path
between any two vertices. Note that the family Forb(H), for a forest H, is x-bounded if and
only if all the families Forb(T') are x-bounded for each of the connected components T of
H. Hence the above conjecture can be reduced to trees. The Gyarfas-Sumner conjecture
has been proved for the following families of trees which we mostly define later: paths and

stars [30], trees of radius two [35], trees which are subdivided stars [50], trees obtained from
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trees of radius two by making exactly one subdivision in every edge adjacent to the root [36],
“two-legged caterpillars”, “double-ended brooms” and a few others [19]. The conjecture is
still open in its general form.

The above mentioned results and conjectures ask about the properties of all graphs in
some family of graphs. It is of interest to study the properties of almost all graphs in a
family. Let F be a family of graphs and let n € N. We denote by (F),C F the set of graphs
in F on exactly n vertices. For two families F, F/, such that F C F', we say that almost all

graphs in F’ are in F if

1l
w50 | (F)l

Sometimes we refer to the graphs in the above family F as typical graphs in 7. The Erd&s-
Hajnal conjecture was shown to be true for almost all graphs without some fixed graph H

as an induced subgraph [39].

Theorem 1.0.7 ([39]). Let H be a graph, then there exists an e = e(H) > 0 such that almost

all H-free graphs G contain a stable set or a clique of size at least |V (G)¢.

The above theorem was strengthened in the case where we do not restrict ourselves to

all graphs H [33].

Theorem 1.0.8 ([33]). For almost all graphs H, there is a constant b =b(H) > 0 such that

almost all H-free graphs G contain a stable set or a clique of size at least b|V (G)].

The authors in [33] conjectured that the above theorem might be true for all graphs H
besides P3 and P, which are paths on 3 and 4 vertices, respectively.

Before the strong perfect graph conjecture was proved, Promel and Steger [45] showed
that almost all graphs without an induced Cj5 are perfect.

In this thesis, we show that the Gyarfas-Sumner conjecture holds for almost all T-free

graphs for any tree T.

Theorem 1.0.9. For every tree T, almost all T-free graphs G have x(G') < (|V/(T)| — v(T) — 1)-
w(G") for every induced subgraph G’ of G. Moreover, for every tree T, almost all T-free graphs
G have x(G) = w(G).
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R e

Gy Go Gy Go Gy Go

(a) P, and a vertex (b) P3 and Ko (c) P3 and S

Figure 1.2: Partitions of Cj.

We prove this theorem by first obtaining strong structural results for almost all graphs
without some fixed induced tree T. Then we use the structure to show that almost all T-free

graphs have the required colouring.

1.1 Our Results and Outline of the Thesis

In this subsection we present our structural results. Before we can state those results we
present a few additional definitions.

Let G be a graph and let V! C V(G), we denote by G[V’] the subgraph of G induced on V.
Let G be a graph and let V' C V(G), we denote by G'\ V’ the induced subgraph G[V (G)\V’].
Let G’ be a subgraph of G, we denote by G\ G’ the induced subgraph G\V(G’). A partition
of a graph G is a collection {G[V1], G[Va], ..., G[V}]} where {V1, V5, ..., V. } is a partition of V(G).
See for example in Figure 1.2 some possible partitions of Cs.

Let H be a graph and let G be a graph which has a partition into x(H)—1 stable sets, then
such a graph G is H-free. This is true because otherwise, a partition of G into x(H)—1 stable
sets would induce a partition of V/(H) into x(H)—1 stable sets which is a contradiction to the
definition of the chromatic number y(H) of H. Using the same idea, if G has a partition into
o(H) —1 cliques, where o (H) is minimal number of cliques into which H can be partitioned,
then such a graph G is H-free. We do not have to restrict ourselves to partitions of G into
only stable sets or into only cliques. Let G be a graph which can be partitioned into s stable
sets and ¢ cliques for values s, c such that H cannot be partitioned into s stable sets and ¢

cliques, then again such a graph G is H-free. For any such s, ¢ we can consider the set of all
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(b) 2 cliques and 1 (¢) 1 clique and 2

(a) 3 cliques stable sets stable sets

(d) 3 stable sets (Pg

can be partitioned

into 2 stable sets)

Figure 1.3: Partitions of P into cliques and stable sets.

graph which can be partitioned into s stable sets and ¢ cliques. We get the biggest set of
such graphs G when the values s, ¢ are chosen so s + ¢ is as large as possible (and H cannot
be partitioned into s stable sets and ¢ cliques). The witnessing partition number of a
graph H, in short wpn(H), is equal to the maximal sum s+ ¢ such that there are s,c and H
cannot be partitioned into s stable sets and ¢ cliques.

A leaf of a tree is a vertex which has exactly one neighbour. Consider the graph which is
a path on 3 vertices with one leaf attached to each of the vertices on the path, we denote this
graph as P3. The graph P3 cannot be partitioned into two cliques, but it can be partitioned
into 3 cliques, into two stable sets and one clique, into two cliques and one stable set, and
into 3 stable sets, see Figure 1.3 for partitions of P3, therefore wpn(Py) = 2.

Promel and Steger [46] were the first to introduce the above idea of the witnessing
partition number of a graph. They considered the value which they denoted by 7(H) and
is equal to wpn(H) + 1. In the literature this number also sometimes referred as binary

chromatic (in short, bichromaric) number (e.g. [4]) or a colouring number of a graph (e.g.

12)).
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There are many classical results, which are stated as a function of the chromatic number
of H, regarding families of graphs which do not contain some graph H as a weak subgraph.
Promel and Steger [44, 46] showed that similar results remain true also for families of H-free
graphs if the chromatic number is exchanged by 7(H) = wpn(H) + 1.

As described earlier, for a given graph H, every graph G which can be partitioned into
s stable sets and ¢ cliques such that s + ¢ = wpn(H) and H does not have such a partition,
is H-free. This is not the only way in which we can obtain an H-free graph. Let P =
(Hi,Ho, ..., Hy,) be some ordered partition of a graph H. We say that an ordered partition
(G1,Ga,...,Gy) of a graph G is P-free if there is an i € [w] such that G; is H;-free. Let
P(H) be a set of all ordered partitions (H1, H, ooy Hypn (1)) of H into some sequence of

wpn(H) subgraphs. Let G be a graph which has an ordered partition (G1, G2, ..., Gypn(m))

which is P-free for any partition P € P(H), then G is H-free. We call such a partition

(G1,Ga, .., Gypn(m)), & P(H)-free partition. Reed and Scott made the following conjecture.

» Twpn

Conjecture 1.1.1 (Reed-Scott [47]). For every graph H, almost all H-free graphs G have a

P(H)-free partition.

There are a few graphs for which the above conjecture is verified. It is known for graphs
H which are cliques [38], and a special set of graphs which are called critical graphs [5].
Conjecture 1.1.1 is also proved for cycles of odd length [44, 5], and for cycles of even length
[43, 47, 34].

The main result of this thesis is a proof of Conjecture 1.1.1 in the case where H is a
tree. Let us now present some of the additional necessary definitions. A matching in G is
a collection of disjoint edges from E(G). Let v(T) be the size of the largest matching in 7'
We say that a tree T has a perfect matching if 2v(T) = |V(T)|.

A disjoint union of two disjoint graphs G and Gy is a new graph (V(G1) U V(G2), E(G1) U E(G2)).
A join of two disjoint graphs Gy and Gy is a new graph (V(G1) UV (Gs), E(G1) U E(G2) U E')
where E’ is the set of all edges with one end in V(G1) and the other in V(Gs). A star is the
graph which is a complement of the disjoint union of a vertex and a clique. We say that a

graph G = (V, E) is bipartite if we can partition G into two disjoint stable sets A, B. We

18



say that a graph G = (V,E) is r-partite if we can partition G into r disjoint stable sets
Vi, Vo, .., Vi,

Let H be a graph, we call a sequence of families (Fy, Fa, ...,}"an(H)) a P(H)—free se-
quence if for any choice of graphs G; € F;, i € [wpn(T)], the resulting partition
(G1,G2, ..., Gypn(m)) 18 P(H )-free. Moreover, the families are maximal and hereditary, and
to make the presentation easier, we restrict the families to contain graphs with at least h
vertices where |V (H)| = h. Note that there might be more than one P(H)-free sequence for
a graph H.

To state our structural results we need to partition the set of trees into the following
families. Trees T" with 2uv(T) < |V(T)| — 2, trees T with 2v(T) = |V(T)| — 1 and trees T with
2v(T) = |V(T)|, that is trees with a perfect matching. We partition further the set of trees
with a perfect matching into families which are defined below. The reason for the above
partition into the different families is that the trees in each family have different possible
partitions P(T) into smaller graphs. In particular, this implies that the resulting P(T')-free
sequences are different for the trees in the different families. For each of the families we

characterize the P(T)-free sequences for the trees T in the corresponding family. Then we

state the theorem regarding the typical structure of T-free graphs for trees in each family.

Theorem 1.1.2 (P(T)-free sequence for trees T with 2v(T) < |V(T)| — 2). Let T be a tree
such that 2v(T') < [V(T)| — 2, and let (F1, Fa, ... Fypn(r)) be a P(T)-free sequence, then for

»Y wpn

every i € [wpn(T)], F; is the set of all cliques.

Theorem 1.1.3 (Structure of typical T-free graph for trees T with 2v(T) < |V(T)| — 2). Let
T be a tree with 2v(T) < |V(T)| — 2, then almost all T-free graphs can be partitioned into

wpn(T') parts such that each part is a clique.

A subdivided star is a graph which is a star where each edge is subdivided exactly

once.

Theorem 1.1.4 (P(T)-free sequence for trees T with 2v(T) = |V(T)|—1 and T is a subdivided

star). Let T be a tree with |V (T)| > 5 such that 2v(T) = |V(T)| -1 and T is a subdivided star.
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Let (F1, Fa, s Fypn(r)) be the P(T)-free sequence, then we have one of the following cases,

» Y wpn

(i) Fi is the set of all stable sets, and F;, for 2 <i < wpn(T), is the set of all cliques.
(ii) For every i € [wpn(T)], F; is the set of all cliques.

Theorem 1.1.5 (P(T)-free sequence for trees T' with 2v(T) = |V(T)| — 1 and T is not a
subdivided star). Let T be a tree with |V(T)| > 5 such that 2v(T) = |V(T)| — 1 and T is
a subdiwided star. Let (F1,Fa, ..., Fypner)) be the P(T)-free sequence, then for every i €

» Y wpn

[wpn(T)], F; is the set of all cliques.

Theorem 1.1.6 (Structure of typical T-free graphs for T with 2v(T) = |V(T)| — 1). Let T
be a tree with 2v(T) = |V(T)| — 1 and |V(T)| > 5. If T is a subdivided star, then almost all
T-free graphs can be partitioned into wpn(T) parts such that each part is a clique, or into
wpn(T') parts such that one of the parts is a stable set and the rest are cliques. If T is not a
subdivided star then almost all T-free graphs can be partitioned into wpn(T) parts such that

each part is a clique.

Note that Theorems 1.1.3 and 1.1.6 can be also derived from a result by Balogh and
Butterfield [5]. In Section 5.1, we reprove their result.

The next results are for trees with a perfect matching, that is for trees T' with 2v(T') =
|[V(T)|. To state the results we define a few families of graphs. As mentioned P; is a path
on i vertices, Kj; is a clique with i vertices and Sj; is a stable set on i vertices for any i € N,
note that K1 = S;. We denote by Gy + G5 the disjoint union of graph G; and Gy and
G1+ G1 = 2G;. Let H be a collection of graphs, by Forb(#) we denote the set of all graphs
which are H-free for each H € H. As mentioned earlier, in the case that # = {H} for some

H then we write Forb(H) instead of Forb({H}).
e Let Gy be Forb(#H) for H = {S3, P3}.
e Let Go be Forb(H) for H = {Py,2K5, Ko + Sa}.

e Let G3 be Forb(H) for H = {Py,2K5, Ko + S2, 54}
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e Let G4 be Forb(H) for H = {Py, P3 + K{,2Ko, Ko + So}.
e Let G5 be Forb(H) for H = {Py, P3 + K1,2Ko, Ko + So,54}.
e Let Gg be Forb(H) for H = {Py,2K>, P3 + S1}.

It is not hard to see and we show in Section 5.2.1 the following.
Claim 1.1.7. The families G;, i € [5] are as following.

e Gy is the family of graphs which are the join of stable sets of size at most 2 (multi-partite

graph with parts of size at most 2).

e Gy is the family of graphs which are the join of complete multi-partite graph with an

1solated vertex.

e G3 is the family of graphs which are the join of complete multi-partite graph with parts

of size at most 2 and an isolated vertez.

e Gy 1s the family of graphs which are the join of graphs which are either stable sets or

disjoint union of a vertexr and a clique.

e G5 is the family of graphs which are the join of graphs which are either stable sets of

size three or a disjoint union of a vertexr and a clique.

e Gg is the family of graphs which are the join of graphs which are disjoin union of a

stable set and a clique.

We denote by TP! be the set of trees with a perfect matching and where every non-leaf

vertex has a neighbour which is a leaf. The set 7'sl:t’zlirc 7Pl is the family of all trees obtained

from stars by subdividing every edge, except one, exactly once.

Theorem 1.1.8 (P(T)-free sequence for trees T € TP). Let T be a tree such that T € TP and

let (F1, Fo, s Fypn(r)) be the P(T')-free sequence, then we have one of the following cases,
(i) F; = Gy for each i € [wpn(T)].
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(i) The families can be reindezed such that Fy is the set Go and the rest of the families are

the sets of all cliques.

Theorem 1.1.9 (Structure of typical T-free graphs for 7' € TPY). Let T € TP, then almost
all T-free graphs can be partitioned into wpn(T) parts such that each part is a complete

multi-partite graph with parts of size at most two.

Theorem 1.1.10 (P(T)-free sequence for trees T € TP!\ 72! ). Let T be a tree such that

star

T e TPh\ TP and let (P15 F2s -es Fypn()) be the P(T)-free sequence, then we have one of

star’

the following cases,

(i) The families can be reindexed such that Fy, Fo are the set Gi, and the rest of the families

are the sets of all the cliques.

(i) The families can be reindexed such that Fy is the set G3 and the rest of the families are

the sets of all the cliques.

Theorem 1.1.11 (Structure of typical T-free graphs for T e 7P\ 7;13;“) Let T e TP\ 7?{;,

then almost all T-free graphs can be partitioned into wpn(T') parts such that two of the parts

are complete multi-partite graphs with parts of size at most two, and the rest are cliques.

The set of trees which have a perfect matching but are not in 7P, we denote by 7™PI.
A tree T is in SC T™P! if there is some path P in T of length 6 or 8, such that the ends of P
are leaves and the following hold. Let C be the set of connected components in 7'\ P, then

each components in C is an edge with the following additional properties.

i. For P = vy,v9,v3,v4,v5,v6 of length 6, each of the components in C is joined by an edge

to P at either vg or v4. We denote this set as S;.

ii. For P = vy, v9,v3,v4,v5,v6, v7,vg Of length 8, each of the components in C is joined by

an edge to P at either v3 or vg. We denote this set as Sg.

Let S = S5 U S;.
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Theorem 1.1.12 (P(T)-free sequence for trees T € TP\ {Pg}). Let T € TP\ {Ps}, and let
(F1,F2, -, Fypn(r)) e the P(T)-free sequence, then the families can be reindezed such that
F1 1s G4, and the rest of the families are the sets of all cliques.

Theorem 1.1.13 (Structure of typical T-free graphs for T' e T"P'\{Ps}). Let T € TP\ {Fg},
then almost all T-free graphs can be partitioned into wpn(T') parts such that one of the parts

15 a complement of a disjoint unions of cliques and stars, and the rest are cliques.

Theorem 1.1.14 (P(T)-free sequence for the tree T = Pg). Let T = Pg and let (Fy, Fa) be

the P(Pg)-free sequence, then we have the following cases,
(i) The families can be reindexed such that Fy is the family of all stable sets and Fo = G.

(ii) The families can be reindexed such that Fy is the family of all cliques and Fo = Gg.

Theorem 1.1.15 (Structure of typical T-free graphs for T'= Py). Let T = Pg, then almost
all T-free graphs can be partitioned into wpn(Pg) = 2 parts such that one of the parts is a

clique and the other is a join of graphs which are disjoint union of a stable set and a clique.

Theorem 1.1.16 (P(T)-free sequence for trees T € TP\ (SU {Ps})). For a tree T # Pg
such that T € TP\ (SU{Ps}), and let (Fyi, Fa, s Fapn(r)) be the P(T)-free sequence, then

the families can be reindexed such that Fy is G5, and the rest of the families are the sets of

all cliques.

Theorem 1.1.17 (Structure of typical T-free graphs for T e TP\ (S U {Ps})). Let T €
TP\ (SU{Ps}), then almost all T-free graphs can be partitioned into wpn(T) parts such that
one of the parts is a complement of a disjoint union of triangles and stars, and the rest are

cliques.
To summarize, we have the following corollary,
Corollary 1.1.18. For every tree T, almost all T-free graphs have a P(T)-free partition.

In Chapter 2 we review the definition of the witnessing partition number of a graph

H, and provide some additional properties of this function. We also give a more detailed
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overview of the existing results regarding the typical structure of the H-free graphs for some
graphs H.

In Chapter 3 we describe how to obtain a weaker result than in Conjecture 1.1.1. We
show that for any graph H, almost all H-free graphs G can be partitioned into wpn(H) parts
(G1,G2, ..., Gypnary) and a set Z such that (G1\ Z,G2 \ Z, ..., Gypnim) \ Z) 18 a P(H)-free
partition and |Z| = o(n) where |V(G)| = n. Then we reprove the result of Reed and Scott
[47] which shows that the above statement can be strengthen so |Z| < n'=¢ for some ¢ > 0
which depends only on H. Finally we show a few general theorems about the structure and
properties of almost all H-free graphs from any H. Those theorems are used in the proofs
of the typical structure of almost all T-free graphs for a tree T. Note that some of the ideas
in those general theorems had already appeared in [47].

In Chapter 4 we prove a theorem regarding the value of the witnessing partition number
for any bipartite graph H.

In Chapter 5 reprove the result of Balogh and Butterfield [5] and show that Reed-Scott
conjecture 1.1.1 is true for critical graphs. We show that trees without a perfect matching
are critical. We prove Theorems 1.1.2, 1.1.4, 1.1.5 and derive Theorems 1.1.3, 1.1.6. Then we
prove Reed-Scott conjecture 1.1.1 for any graph H which is a tree with a perfect matching.
In Section 5.2.1 we analyze the P(T)-free sequence for all trees 7' and prove Theorems 1.1.8,
1.1.10, 1.1.12, 1.1.14 and 1.1.16. In Section 5.2.2 we prove 1.1.9, 1.1.11, 1.1.13, 1.1.15, and
1.1.17, which imply Corollary 1.1.18.

In Chapter 6 we prove Theorem 1.0.9, and show the Gyéarfas-Sumner Conjecture 6 for

almost all T-free graphs.

1.2 Additional Notations

For completeness of presentation, we give some additional notations and definitions. We
mostly follow the conventions as in [13].

We always consider simple and labeled graphs, that is without parallel edges and loops.
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IT I

(a) P3 (b) Py

Figure 1.4: A sketch of P§ and Pj.

The set of labels for the vertices is always the set [|[V(G)|] = {1, 2, ..., |[V(G)|}. Let v € V(G), we
denote by Ng(v) (respectively, Ng(v)) the set of vertices which are adjacent (respectively,
not adjacent) to v. For V' C V(G), we denote by Ng(V')= U,cy7Ng(v). Let degg(v)=
|NG(v)|, and let degg(v)= [Ng(v)|. If there is no confusion regarding the underlaying graph
G, we drop the subscript.

Let G be a graph, and let A, B C V(G) such that An B = (. We denote by G[A, B] the
subgraph of G obtained by taking all the edges with one end in A and the other in B.

Let Pj; be a graph which is a path on k vertices with a leaf adjacent to every vertex on
the path. See Figure 1.4 for drawings of P; and Pj.

Let G be a graph and let M a matching in G, an alternating path in G with respect to
M is a path P = vivovzvg...v;, which alternates between the edges in the matching and edges
not in the matching. More precisely either for each odd i € [k], {v;,v;+1} € M and for each
even i € [k], {vj,v;+1} ¢ M, or vice versa.

A clique-star is the complement of a graph which is a disjoint union of a vertex and a
complete multi-partite graph with at least two vertices.

Let H be a graph. We denote by Forb™ (H) the family of graphs that do not contain
H as a weak subgraph. Similarly we denote by Forb"(#), the set of graph #, to be the
families of all graphs that do not contain H as a weak subgraph for every H € H.

Let n,w € N, we use the convention that I = (71,79, ..., my) is the partition of [n], that
is for all i # j € [w], m; N7; =0 and UZ m; = [n]. We say that a partition IT = (7,72, ..., Tw)
of [n] is a-almost equal if for each i € [w], | |m;| — 2 [< nl™o

We say that a number n; is much smaller than a number ny if ny = o(ng). Similarly, a

number n; is much larger than a number ny if no = o(ny).
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1.3 Some Useful Theorems

We mention a few results which we use more than once in our proofs.
In many of our proofs we need to bound the number of graphs with some specific prop-

erties. Sometimes we use the following bound on binomial coefficients.

Lemma 1.3.1 ([5]). Let a € (0,1/2] and g(a) = —aloga — (1 — a)log(1 — ), then
Z (7;) < ga(a)n < 92alog an
i<an

Here and in all our computations, logx is logy x.

In some cases, we consider families of graphs where each graph is a join (or disjoint union)
of other graphs. We can estimate the number of such graphs on [n] vertices using the n-th
Bell number which we denote as Bell(n). The n-th Bell number is the number of ways to
partition the set [n] into any number of parts. We use the following lower and upper bounds

on Bell(n),

Theorem 1.3.2 ([10],[14]). Let n € N,

n \" 0.792n \"
Bell — ] .
<elnn> < Bell(n) < <ln(n+ 1))

Let w € N and let H be a graph and let (Hy, Ho, ..., Hy) be a partition of H. Let G be a

graph with |[V(G)| =n and let 11 := (71, 79, ..., my) be a partition of [n]. Now assume that for
each i € [w], G[m;] contains at least ¢ disjoint copies of the graph H; for some prime ¢ € N.
For each i € [w], let H; be the set of the disjoint copies of H; in G[m;]. The following lemma
shows that we can choose at least ¢* sets of the form {H{, H), ..., H},} where H! € H;, i € [w],

such that no two sets intersect on more than one graph.

Lemma 1.3.3 ([5]). Let q be a prime, then we can find at least ¢* edge-disjoint cliques of

size w in the complete w-partite graph where each part is of size q.

We denote by R(c,s) the smallest number such that every graph with at least R(c,s)
vertices contains either a clique on ¢ vertices or a stable set on s vertices. A famous result

by Erdos and Szekeres gives an upper bound on this numbers,
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Theorem 1.3.4 (Erdés-Szekeres 35°, [29]). For all ¢,s > 1,

R(c.s) < (c—l—s—2>.

c—1

The following theorems are also useful for our counting arguments.

Theorem 1.3.5 (Markov’s inequality). Let X be a non-negative random variable and a > 0,

then
E[X]

a

PX >a] <

Theorem 1.3.6 (Chernoff Bound [16]). Let X1, Xo, .., X,, be independent random variables
with P[X; = 1] = p; and P[X; = 0] =1 —p;. Let X =Y 1" | X; with the expectation E[X]| =
S i pi- Then,
_ A2
PX <E[X]-\ < e 2X]

D SR
PX > E[X]+ )\ < e 2EX+3),
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Chapter 2

Structure of H-Free Graphs

In this chapter we give a more detailed review of the known results regarding the structure

of H-free graphs for all graphs H and more precise results for some specific graphs H.

2.1 Properties of All Graphs H

Recall that the witnessing partition number of a graph H, wpn(H), is the maximal sum s+ ¢
such that H cannot be partitioned into s stable sets and ¢ cliques. The following properties

of the value wpn(H) were observed in [39] and [46].

Observation 2.1.1. Let H be a graph, then wpn(H) has the following properties,
e wpn(H) > max{x(H) — 1,0(H) — 1},
e wpn(H) < x(H) +o(H) -1,
o |V(H)| < (wpn(H) +1)*.

For example, the last property in the above observation is true because of the fol-
lowing. By the definition of wpn(H), H can be partitioned into wpn(H) + 1 stable sets
51,52, -, Sypn(m)+1 and into wpn(H) + 1 cliques C1, Cy, ..., Cypn(my41- Let @ € [wpn(H) + 1],

because |C; N S;| < 1, for each j € [wpn(H) + 1], we have that |C;| < wpn(H) + 1. Hence

WV (H)| < SIPREDFY o) < (wpn(H) + 1)2.
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As mentioned earlier many classical results regarding families of graphs which do not
contain some graph H as a weak subgraph, which are stated as a function of the chromatic
number of H, remain true also for families of H-free graphs if the chromatic number is
exchanged by 7(H) = wpn(H) + 1. One such result is Turdn’s theorem [56] and its extension
by Erdés, Stone and Simonovits [27, 28]. Recall that Forb”(H) the family of graphs which
do not contain H as a weak subgraph. The family Forb(H) is the family of H-free graphs.

Let ex"¥(n, H) be the maximal number of edges in some graph in (Forb"(H))y,.

Theorem 2.1.2 (Turan [56]). Let K; be a clique on t > 2 vertices, then

exV(n, Kt) = (1 - t_ll)n;

As mentioned the above result was extended by Erdés, Stone and Simonovits [27, 28] for
arbitrary graphs H such that y(H) > 2. Their result also gives an approximate version of

Turan’s Theorem.

Theorem 2.1.3 (Erdés and Stone, Simonovits [27, 28]). Let H be any graph with x(H) > 2,

then

n2

+0(1))7.

1
ex“(n,H) = (1 ~ -1
In the case of Forb(H) for some H, a different definition for the extremal graph in
(Forb(H))n, n € N, is required. Let ex(n,H) be the maximal number of edges that a
graph G € (Forb(H)), may have where there exists a graph Gy = (V, Ey) with ENEy = () and
such that (V, EgU X) does not contain an induced subgraph H for all X C E. This definition

was introduced by Prémel and Steger in [46]. The also showed a bound on ex(n, H).

Theorem 2.1.4 (Promel and Steger [46]). Let H be a graph. Then

2

ex(n, H) = (1 - anl(H) + 0(1)) %

Another result we mention concerns the number of graphs in (Forb"” (H)),, for any graph

H and n € N.
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Theorem 2.1.5 (Erdés, Frankl and Rédl [24]). Let H be a graph and n € N, then

1- L +o(1 ﬁ
‘(Fbrbu%ff)hllzzg( X1+ (>> T

The counterpart theorem for H-free graphs was shown by Promel and Steger [44].

Theorem 2.1.6 (Promel and Steger [44]). Let H be a graph and n € N, then

-1 o))
|@mMH»M:2< wmm+<02.

Note that it is not hard to prove the lower bound in the above theorem (as also in
Theorem 2.1.5). Let H be a graph, and let s, ¢ be such that s + ¢ = wpn(H) and H cannot
be partitioned into s stable sets and ¢ cliques. Let n € N and II = (7r1,7T2, ""Wwpn(H)) be
a partition of [n] into wpn(H) parts of as equal as possible size. Consider a graph G such

that G[m] to G[ms] are stable sets, G[ms11] to Gmy,n )] are cliques (the choice of edges

wpn
between the parts is not restricted). Then by the definition of wpn(H) and the choice of s
and ¢ such a graph is H-free. The number of ways to choose the edges between the parts is
(1 - m + o(l)) (”22), therefore we get the required lower bound.

For a general hereditary property F of graphs Alekseev [1] and Bollobds and Thomason
[12] showed a similar bound. In order to present the bound we need to define the colouring
number y.(F) of a property. For each » € N and v € {0,1}", let H(r,v) be the set of
all graphs G such that V(G) can be partitioned into r sets (w1, 7o, ..., m) where for each
i € [r], if v; = 0, then G[m;] is a stable set, and if v; = 1, then G[m;] is clique. Let F be a
hereditary property and let x.(F), be the maximal r € N such that H(r,v) C F for some
vector v € {0,1}".

Note that y.(Forb(H)) = wpn(H). Indeed, x.(Forb(H)) > wpn(H) because by the def-
inition of wpn(H) there are some s,c such that s + ¢ = wpn(H) and H cannot be parti-
tioned into s stable sets and ¢ cliques, so any graph G which can be partitioned into s
stable sets and ¢ cliques does not contain H and therefore in Forb(H). On the other hand,
Xc(Forb(H)) < wpn(H) because H can be partitioned into s stable sets and ¢ cliques for any

s,c such that s + ¢ = wpn(H) + 1, then for any s, ¢ such that s + ¢ = wpn(H) + 1 there is a

graph G which can be partitioned into s stable sets and ¢ cliques but is not in Forb(H).
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Theorem 2.1.7 (Alekseev [1], Bollobds and Thomason [12]). Let P be a hereditary property

of graphs, and suppose x.(G) =r. Then

Pl = 2177 He) (),

2.2 Properties of Specific Graphs H

In the following we focus on the structure of the graphs in Forb(H) for some specific graphs
H. We treat separately graphs H with wpn(H) = 1. Note that from Observation 2.1.1, any
graph H with wpn(H) = 1 also has |[V(H)| < 4, x(H) < 2 and o(H) < 2. Hence there are
exactly 5 graphs H with wpn(H) = 1, and they are Ky, Sy, P3, P3, Py. For Ky (respectively,
Ss), there exists only one graph on n vertices that does not contain Ky (respectively, Ss)
and it is the graph with no edges (respectively, a clique). Graphs G that do not contain P3
(respectively, P3) are disjoint unions of cliques (respectively, complete multi-partite graphs),
so their number on n vertices is as the number of ways to partition [n]. Therefore using the

bound on the Bell numbers in Theorem 1.3.2, we have the following.
Theorem 2.2.1. Let n € N, |(Forb(P3)),| = |(Forb(P3)),| < 2nlogn,
Finally we consider the path on 4 vertices Pj.
Theorem 2.2.2 (Seinsche, [53]). Let G be a Py-free graph, then either G or G is disconnected.

Let G € (Forb(Py))n, we can encode G by a rooted tree T'(G) which has exactly n leaves
and no vertices with exactly one child. It is easy to show by induction that in such a tree
the number of vertices which are not leaves is at most the number of vertices which are
leaves, therefore T(G) has at most 2n vertices. We define T'(G) recursively as following. We
assign the root vertex for G. If G is just one vertex than we are done. Otherwise we use
Theorem 2.2.2 about the structure of Py-free graphs. Assume that G is disconnected, and
let G1,Go,...,G}. be its connected components, then we assign k vertices to the components

G1,Ga,...,G};, and make them the children of the vertex which was assigned to G. Moreover,
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we colour the edges from a G vertex to Gp, Go, ..., Gj, vertices in red. If G is connected, then
we consider the components in G, assign vertices to them similarly, and colour the edges
from a G vertex to the vertices which represents the components in blue. Two different

Py-free graphs are encoded by two different trees.

Theorem 2.2.3 (Cayley’s formula [15]). Let n € N, the number of labeled trees on n vertices

is n" 2,

Using the above theorem, the number of rooted trees on 2n vertices with every edge
coloured either red or blue is at most (2n)?"~2.n . 227~1  Therefore we can derive the

following theorem.

Theorem 2.2.4. Let n € N,

|(Forb(Py))| < 25m108",

We mention one more property of Ps-free graphs. This property is a corollary to Theo-

rem 2.2.2 and it will be useful to us in Chapter 6.
Corollary 2.2.5. Let G € Forb(Py), then G is perfect.

As described earlier, for a given graph H, every graph G which can be partitioned into
s stable sets and ¢ cliques such that s 4+ ¢ = wpn(H) and H does not have such a partition,
is H-free. As mentioned before, this is not the only way in which we can obtain an H-free

graph. We recall the Reed-Scott Conjecture.

Conjecture (Reed-Scott [47]). For every graph H, almost all H-free graphs G have a P(H)-

free partition.

There are several graphs for which the above conjecture is verified. Firstly, it is known
for graphs H which are cliques. Note that for any ¢ € N, wpn(K;) =t — 1, this is true because
K; cannot be partitioned into ¢t — 1 stable sets, but it can be partitioned into any s stable
sets and ¢ cliques such that s+ ¢ =t. Moreover, K; can be partitioned into an edge and ¢ — 2

vertices, therefore each of the graphs in the P(H)-free partition is stable.
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Theorem 2.2.6 (Kolaitis, Promel and Rothschild [38]). Almost all graphs in Forb(K;) are

(t — 1)-partite graphs.

Let (F)n,m be the set of all graphs in F with exactly n vertices and m edges. Osthus,
Promel and Taraz [41] extended the above result in the case of K3 for different values for

the number of edges.

Theorem 2.2.7 ([41]). Let ¢ > 0 and and let mo(n) = §n3/2\/logn. If m = o(n) or m >
(1+e)ma(n), then almost all graphs in (Forb(K3))pn m are bipartite. If n/2 < m < (1—e)ma(n),

then almost all graphs in (Forb(K3))nm are not bipartite.

Balogh, Morris, Samotij and Warnke [9] generalized the above result for any clique.

2/r+2
1/r—1
Theorem 2.2.8 ([9]). Let r > 2, and let ©, = 31 (r- (%‘3) a ) and let my(n) =

0,n2~2/"2(log n) ("$h+

For every r > 3, there exists a dr(n) = ©(n), such that for every e > 0, the following
holds. If m < (1—¢)dr(n) or m > (1+¢)my(n), then almost all graphs in (Forb(K,41))nm are
r-partite. If (14 ¢)dr(n) < m < (1 —¢e)my(n), then almost all graphs in (Forb(K,41))nm are

not r-partite.

Balogh and Butterfield [5] defined a set of critical graphs. Let H be a graph and s, c € N,
let F(H,s,c) denote the set of minimal (by induced containment) graphs F such that H can
be covered by s stable sets, ¢ cliques, and F. Balogh and Butterfield called a graph critical if
for all s, ¢ such that s+ ¢ = wpn(H) —1 and large enough n € N, | (Forb(F(H, s,¢))), | < 2. As
presented later, this means that (Forb(F(H,s,c))), € {Sn, Kn}. For example, the graph Cy
is critical, but every other cycle of even length is not. Moreover, the graph C5 is not critical,
but every cycle of odd length at least 7 is critical.

Let W(H) be the collection of all pairs (s, ¢) such that H cannot partitioned into s stable
sets and ¢ cliques where s, ¢ are such that s+c = wpn(H). Let Q(H, s, ¢) be the set of all graphs

that can be partitioned into s stable sets and c cliques. Let Q(H) = U, o)ew ) Q(H, 5, ¢).
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Theorem 2.2.9 (Balogh and Butterfield [5]). Let H be a graph with wpn(H) > 2. Almost

all H-free graphs are in Q(H) if and only if H is critical.

The easier direction in the above theorem is the necessity. To show it we need the

following lemma. The proof is as in [7].

Lemma 2.2.10 (Balogh et al [7], Scheinerman-Zito [49]). Let F be a family of graphs and

let n e N. If |(F)n| > 3, then |(F)p| >n—1.

Proof. Let F be a family of graphs and let n € N. If |(F),| > 3, then there is a graph
G € (F), which is not a clique or a stable set. Such a graph G must contain a vertex v, such
that [N (v)|,|N(v)| > 1. For every different choice of labels for the vertices in N(v), we get a

different graph in (F),,. Therefore |(F)y,| > (UQ,E})‘) >n—1. ]

Sketch of the necessity direction in Theorem 2.2.9, [5]. Let H be a non-critical graph. Let
n € N be large enough, and let II = (7,72, ..., Typypr)) be a partition of [n] into wpn(H)
parts. Let m(I) = [[1<j<j<wpn(m) |7l - 75|, that is the number of possible edges between the
parts of the partition.

We give an upper bound on the number of possible graphs in Q(H) that we can get from
this partition. Let s, ¢ be such s+ ¢ = wpn(H) and H cannot be partitioned into s stable sets
and c¢ cliques. The number of graphs G such that G[ri] to G[rs] are stable sets, G[rs41] to
Glmywpn(m)] are cliques is gm(ID),

Now, we give a lower bound on the number of possible H-free graphs we get from this
partition. Due to the fact that H is not critical, there are ¢, s’ such that ¢ + s’ = wpn(H) — 1
and |(Forb(F(H,c,s')))x| > 3 for some k large enough. Then by Lemma 2.2.10 it must be the
case that |(Forb(F(H,c,s"))),| > k. Assume without loss of generality that my is the largest
part in the partition. The number of graphs G such that G[r] € Forb(F(H,d,s")), G[rs] to
Glry] are stable sets and Glry ] to Gmyp, )] are cliques is at least anL(H) -2 Note
that it is possible that by counting the graphs with respect to a partition we counted much
more graphs than there are H-free graphs. As discussed in Subsection 3.3.1, this is actually

not the case, and most of the H-free graphs have only one partition.
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Therefore the number of H-free graphs is much larger than the number of graphs in

Q(H). O
We mention some additional families of graphs for which Conjecture 1.1.1 is true.

Theorem 2.2.11 (Prémel and Steger [44]). Almost all graphs in Forb(Cs) are graphs G such
that either G or G can be partitioned into two sets Vi, Vs, such that the first set induces a

clique and the second a disjoint union of cliques.

The odd cycle Cyp 1 for k > 3 is critical. Therefore, as a corollary to the result of Balogh

and Butterfield 2.2.9, we have the following.

Corollary 2.2.12 (to Theorem 2.2.9). Almost all graphs in Forb(C7) can be partitioned
either into 3 cliques or a stable set and 2 cliques. Almost all graphs in Forb(Cop 1) for k > 4,

can be partitioned into k cliques.
Conjecture 1.1.1 is also true for even cycles.

Theorem 2.2.13 (Prémel and Steger [5, 43]). Almost all graphs in Forb(Cy) are graphs that

can partitioned into a stable set and a clique.

Theorem 2.2.14 (Reed and Scott [47]). Almost all graphs in Forb(Cg) can be partitioned

into a stable set and a complement of a graph of girth 5.

Theorem 2.2.15 (Reed and Scott [47]). Almost all graphs in Forb(Cg) can be partitioned
into 2 cliques and a graph whose complement is the disjoint union of graphs each of which

s a join of a clique and a stable set.

Theorem 2.2.16 (Reed and Scott [47]). Almost all graphs in Forb(Cig) can be partitioned

into 3 cliques and a graph which is the complement of the disjoint union of stars and cliques.

Theorem 2.2.17 (Reed and Scott [47]). Let ¢ > 6, almost all graphs in Forb(Cyy) can be
partitioned into ¢ — 2 cliques and the complement of a graph which is the disjoint union of

stars and cliques of size 3.
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Note that in Theorems 2.2.15-2.2.17 the graphs which are not cliques are taken from the
families Gg, G4, G5, respectively.
Kim, Kiihn, Osthus and Townsend [34], using a different approach showed the same result

for cycles Cyy where ¢ > 6, and approximate results for cycles Cy, where ¢ =4 and ¢ = 5.
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Chapter 3

Obtaining Near Partitions

In this chapter we first show that for any graph H, almost all H-free graphs G can be
partitioned into wpn(H) parts (Gl,Gg,...,Gwpn(H)) such that there is a set Z such that
(G1\ Z,G2\ Z,...,Gypnmy \ Z) is a P(H)-free partition and |Z| = o(n) where [V(G)| = n.
Then we show that actually the above statement can be strengthened so that |Z| < n!~=¢ for
some ¢ > 0 which depends only on H. Finally we show a few general theorems which can be
applied in the proof of a typical structure of an H-free graph for nearly all graphs H. These

theorems are used in the proofs of the typical structure of almost all T-free graphs for a tree

T.

3.1 Obtaining Weak Near Partitions

The first step in proving the above mentioned weaker structural result is the celebrated
Szemerédi’s regularity lemma [55]. Next we present this lemma together with the necessary

definitions.

Let G be a graph and let A, B C V(G) such that ANB = (), then let e(A, B) be the number

_ ¢(A.B)

of edges {v1,v2} € E(G) such that v; € A,vy € B. The density of (4, B) is d(4, B) = TATET

Let £ > 0, for A, B C V(G), we say that the pair (A, B) is e-regular if for every two subsets

of A’ C A, B’ C B, such that |A’| > ¢|A| and |B’| > ¢|B|, we have that |d(A4, B) —d(A’, B')| < .
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That is a regular pair is a pair of sets where every reasonably sized subgraph has a density
which is not far from the density of the pair itself.

The regularity lemma says that every dense graph can be partitioned into a constant
number of regular pairs and a few leftover edges. Let G be a graph, a vertex partition
V0, V1,Va, ..., Vi, of V(G) is e-regular for some ¢ > 0 if (i) [Vp| < en, (ii) |Vj| = |V;] for all

1 <i,j <k, and (iii) all but ek? pairs (V;,V;), 1 <i < j <k, are e-regular.

Theorem 3.1.1 (Regularity lemma, Szemerédi 76°, [55]). For every e > 0 and t € N, there
exist ng € N and T such that for every n > ng, every n-vertex graph G admits an e-reqular

partition Vy, Vi, Vo, ..., V). satisfying t <k <T.

Let e > 0 and ¢ € N, and let G be a graph such |[V(G)| = n for n large enough. Let
S = 8S(e,t) = (Vy, V1, Va, ..., V},) be the e-regular partition of G that we get from Theorem 3.1.1
for the chosen ¢. Let § > 0, the reduced graph of G with respect to § and the partition S
is the graph with a vertex set {vy,...,v;} where each vertex v;, i € [k], corresponds to the set
V; in the partition S of G Vertices v; and vj, i # j, are adjacent if and only if (V;,V}) is an
e-regular pair and ¢ < d(V;,V;) < 1—4. We denote this reduced graph by R := R(G, S, 9).

Alon et al. [2] showed the following induced version of the famous embedding lemma [37].

Theorem 3.1.2 (Lemma 9, [2]). Let 6 > 0 and h,w € N then there are € > 0,t € N and
ng = no(0, h,w,e,t) € N such that the following holds. Let G be a graph with |V (G)| > ng and
e-reqular partition S = S(e,t). If R(G,S,0) contains a K1, then for some s,c € N such that
s+c=w+1, G contains as an induced subgraph any graph H with |V(H)| < h and which

can be partitioned into ¢ cliques and s stable sets.

We recall also the famous stability theorem [22, 23, 52]. Let k,n € N, we denote by Ty, (k)

the complete multi-partite graph with n vertices and k parts as equal as possible.

Theorem 3.1.3 (Stability Theorem [22, 23, 52]). Let H be a graph. For every a > 0 there
exists > 0 and ng = ng(a) € N such that for all n > ng the following holds. Let G be a
graph G € (Forb”(H))p with |E(G)| > (1 - W)% — Bn?, then G can be obtained from

Tn(x(H) — 1) by changing at most an? edges.
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Now we ready to prove the weaker statement regarding the structure of almost all H-free

graphs.

Theorem 3.1.4. Let H be a graph and let A > 0, then there is an ng = ng(\) € N, such that
for all n > ng, almost all graphs G € (Forb(H)), have a partition 11 = (w1, 72, ..., Typn(m))
of V(G) = [n] such that there is a set Z C V(G) where the following is true. The partition
(G[m1\ 2], G2 \ Z], ..., Glmypn(my \ Z]) is a P(H)-free partition and |Z| < wpn(H ) - 2" h - An,

where h = |V (H)|.

Proof. Let h := |V(H)| and w := wpn(H). For a partition P = (Hy, Hy, ..., Hypn () € P(H)

» Stwpn

of H, we define m(P) := [Ty<;< juwpn(m |V (H)|- [V (H))|. Let c(H) := minpe pz) mgfgl and
let p=p(H,\) = —logc(H) - <%)2

Let 0 < o < {5. Let 8> 0 and nj, € N be the 8 and ng we get from the stability theorem
3.1.3 for the given a. Let 0 < § < min{g, {5}. Let & > 0 and n{ be the € and ng that we
get from Theorem 3.1.2 for the above d,k,h. Let 0 < e < min{l%, 1%,5’} and let t € N be such
that % < min {%, {5} Let n{’ and T be the ng and T we get from Theorem 3.1.1 for above ¢
and t. Let ng := max{T - n(,ng,ny'}. Let II([n]) be the set of all partitions of [n].

Let G € (Forb(H)),, for n > ng. By Szemerédi’s regularity lemma applied with e and ¢
as above, the graph G has an e-regular partition S = S(e,t) = (Vy, V1, Vo, ..., V},) satistying
t <k <T. Let 6§ > 0 as above and let R = R(G,S,0) be the reduced graph of G. By
Theorem 3.1.2, the graph R is Ky, (pg)41-Iree, otherwise by the definition of wpn(H), G
contains an induced copy of H which contradicts the choice of G. By Turan’s Theorem 2.1.2,
ER)| < (1= grry) )

Let (B)n, = (B(e,k,8))n C (Forb(H))y, be the set of graphs G € (Forb(H)), which have
an e-regular partition S = (Vp, V1, Vs, ..., V%), and such that the reduced graph R contains at
most (1 - m) (g) — Bk? edges. We bound the number of graphs in (B), by counting all
the possible partitions of [n] with the above properties. The number of ways to partition
[n] into k parts is at most n*. By our assumptions |Vp| < en and |V;| < % for each i € [K].
Therefore the number of possible edges of which both ends are contained in some part of the

partition is at most (%) + k(%) < (e+#)(3). Hence the number of choices for graphs on the
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1\(n n
sets V;, i € [k], is 2E+H)(2) < 2(5+%)(2). The number of choices for edges between pairs of
sets which are not e-regular or with density smaller than § or greater than 1 — ¢ is at most

9(e+0)(3), Therefore, we can bound the number of graphs in (B),, by

) ( (17“4)%@) B+o(1)+}+25+5) ()

Note that by our choice of ¢, ¢, §, we have that %—1—25—5—6 < g Therefore if we compare the up-

2
per bound on the number of graphs in (B),, to the lower bound |(Forb(H)),| > 2 <1_WP+(H)> (%)
shown in Theorem 2.1.6, we get that |(B),| = o((Forb(H))y,).

In the following we focus on graphs in (Forb(H))y, \ (B)n. Let G € (Forb(H))y, \ (B)n, then
by the definition of this family of graphs, the corresponding reduced graph R contains at
least (1 - m) (’2“) — Bk? edges, therefore by the stability theorem 3.1.3, R can be made
into Ty (wpn(H)) be changing at most ak® edges. Let R’ be the resulting graphs after the
change of the above ak? edges and let Wy, Wa, ..., Wepn(H) be the partition of V(R) = V(R/)
into wpn(H) stable sets. Let m; = Uy;ew; Vi, @ € [wpn(H)] and let I(G) = (w1, 72, ..., Typn(m))
be the corresponding partition of [n]. Note that G|[m;], i € wpn(H) is not necessarily a stable
set, but the number of possible subgraphs of G on each m;, i € [wpn(H)| can be bounded by
a function of a,t,e and § as follows. By the definitions of R and R/, the underlying graph on
G|m;] for each i € [wpn(H)] is a collection of parts from the e-regular partition S such that
at most ak? of the pairs of those parts are e-regular and have density in (6,1 — §), let F be
the family of all such possible graphs on each 7;, i € [wpn(H)]. The number of graphs in F

1 n? n2
is at most 2(a+t+€+5)( 2) < 2-(% ), where the inequality is due to the choice of a,t,¢,0.
We can conclude that graphs G € (Forb(H)), \ (B),, can be partitioned into wpn(H) almost
equal parts such that the graph induced on each of the parts is a graph from F. Therefore

the number of graphs in (Forb(H))y, \ (B)y, is at most

(1= o+ ) ()

Let II = (7r177T27""7Tan(H)) be a partition of [n] and let P = (Hy, Ha,...,H (H)) €

» +fwpn

P(H) be a partition of H. Let (B(\IL P)), C ((Forb(H)), \ (B)n) be the set of graphs
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G € (Forb(H))n\ (B)y such that for each i € [wpn(H)|, G[m;] contains at least An disjoint copies
of H;, for each i € [wpn(H)], let H; be the maximum collection of disjoint copies of H; in G[m;].
As before, we want to bound from above the number of graphs in (B(\, 11, P)),,. Note that
because we consider graphs in Forb(H), then for each choice of graphs (Hy, Hy, ..., H] p H))
such that H] € H;, i € [wpn(H)], there is at least one edge arrangement between those
subgraphs that cannot appear otherwise we get a copy of H. Therefore for each choice of
graphs (H{, H, ..., H\/;vpn(H)) where H] € H;, instead of m(P) possible edge arrangements we

have at most m(P)—1. Let K = (H{, H), ..., H!

wpn( H)) be a sequence of graphs where H/ € H;

for each i € [wpn(H)] and let K be a maximum collection of sequences K such that every two
different sequences in K intersect on at most one element. By Lemma 1.3.3, we know that
there is a collection K such that || > (AT”)Q.Therefore the number of graphs in (B(\, 11, P))y,
is at most

_ 1 ©w\m
< 2(1 wpn(H) +0(1)+1) (2) 2—%%_

If we again compare the above bound the lower bound on the number of graphs in (Forb(H)),,
from Theorem 2.1.6, then we can conclude that it is much smaller than the number of graphs
in (Forb(H))y,.

Let G € ((Forb(H))n \((B)n U(Unieri(fn)), pe p() (BN IL, P))n)), and let TI(G) be a partition
of [n] as above. We define the set Z; for each i € [wpn(H)], to be the union of the vertex set of
all disjoint copies of all induced subgraph H’ of H, such that G[r;] does not contain at least
An disjoint copies of H'. By setting Z = U;?V:pf (H) Z;, we get the required partition. Indeed,
if (G[m1\ Z],G[m2 \ Z], ..., G[mypn(m) \ Z]) is not P(H)-free partition then there is a partition
(Hi, Hy, ..., Hypngy) of H such that for each ¢ € [wpn(H)], H; is an induced subgraph in
G[m; \ Z], but then, by the definition of Z, each G[r;\ Z] contains at least An disjoint copies of
H;, and this is a contradiction to the choice of G. There are at most 2 subgraphs of H, each

of them has size at most h and there are at most An disjoint copies of each such subgraph,

therefore |Z| < wpn(H) - 2" - h - An, as required. O
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3.2 Obtaining Better Near Partitions

We start by presenting a result due to Alon, Balogh, Bollobas and Morris [2]. This result
is a crucial initial step in our arguments. Firstly we show how we can use this result to
strengthen the partition of almost all H-free graphs for all graphs H. We show that almost
all H-free graphs G can be partitioned into wpn(H) parts (G1,Ga, ..., Gwpn( H)) where there
is a set Z such that (G1\ Z,G2\ Z, ..., Gypnp) \ Z) is a P(H)-free partition and there is an
e > 0 such that |Z| < nl—¢.

Before we can present the result of Alon et al [2] we need a few definitions. Let U (k)
be a bipartite graph with parts A 2 [2]¥ and B 2 [k] and edges between a vertex a € A and
b e B if and only if b € a. We say that G contains a copy of U (k) if there are A, B C V(G)
such that AN B = 0 and G[A, B] is isomorphic to U(k). Alon et. al. [2] showed the following

theorem. Note that part (iii) does not appear in the statement of their main theorem, but

can be derived from the proof, see [47].

Theorem 3.2.1 (Alon et al [2]). Let F be a hereditary property of graphs with a colouring
number x.(F) =r and let § > 0. Then there exist constants k = k(F) e N, e = (F) > 0 and
b=0b(F,0) € N such that the following holds.

For almost all graph G € F, there exists a partition (71,3, ...,m) of V(G) = [n] such that

m; = mUX; for each i € [r], and a set B C V(G) of at most b vertices such that,
(i) G[r}] does not contain a copy of U(k) for every i € [r],
(i) | Uy Xi| <012,
(iii) for every vertexr v € m;, i € [r], there is a vertex b € B, |(N(v)AN (b)) Nm;)| < dn.

(H)

We denote X := U 2" X;. The following theorem is due to Reed and Scott [47] and

can be derived from the results in [2].

Theorem 3.2.2 (Reed-Scott [47]). For every graph H and constant & > 0, there are p =
p(H, &) >0 and b=>b(H,&) € N, such that the following holds.
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For almost all H-free graphs G, there exists a partition (w1, 72, ..., Typn(my) of V(G) = [n]
such that m; = w/UZ; for each i € [wpn(H)], and a set B C V(G) of at most b vertices such

that,

(I) the partition (G[r}],G[rb], ..., G[x’ 1) is a P(H)-free partition,

(1) |02 zi] <l
(III) for every i € [wpn(H)] and vertex v € m;, there is a vertex b € B such that

[(N)AN() Nmi| < én,

(IV) for every i € [wpn(H)], we have

n

<
wpn(H)‘ ="

‘|7Ti| -

Reed and Scott proved the above theorem using Theorem 3.2.1 together with the following

theorem.

Theorem 3.2.3 ([2]). For each k € N there ezists e = (k) > 0 such that there are at most

2% Jistinct graphs which do not contain a copy of U(k) on the vertex set [¢].
For completeness we reprove the Reed-Scott theorem.

Proof of Theorem 3.2.2. Let H be a graph and let £ >0, let § € <O,min{§, 24W;n(T)}>’ from
Theorem 3.2.1 applied with Forb(H) and 0, we get k,b € N and ¢ > 0 such that almost
all graphs in Forb(H) have a partition II(G) of their vertex set with respect to which they
have properties (i)-(iii). We show that almost all graphs G € Forb(H) also have properties
(I) — (I1I) with respect to II(G). Note that property (III) is an immediate consequence to
property (iii) and the choice of §. Let II([n]) be the set of all partitions of [n].

We start from bounding the number of graphs in (Forb(H)),. We do that by bounding the
number of graphs in (Forb(H)),, with a partition with respect to which they have properties
(i)-(iii) as in Theorem 3.2.1. There are at most wpn(H)™ ways to partition [n] into wpn(H)

parts. Let Il = (w1, m2, ..., Typnsr)) be a partition on [n], and let n; := |m[, i € [wpn(H)]. For
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each ¢ € [wpn(H)], we partition further m; = n; U X;. There are at most 2™ ways to do so.
There are at most 2"-2" ways to choose the vertices in B and to choose their neighbourhoods
in the graph.

By our assumptions, G[r/] does not contain a copy of U(k). By Theorem 3.2.3 there is a

e
¢/ = ¢'(k) > 0 such that there are at most ol graphs which do not contain a copy of U(k)

on [¢]. Therefore we have at most 2"276/ ways to choose the graphs on . Let i € [wpn(H)]
and let x € X;, then using part (iii) in Theorem 3.2.1, there is a vertex b € B such that the
neighbourhood of z in 7; is similar to the neighbourhood of b in m;. There are b ways to
choose such a vertex in B and there are at most ((?;Z) ways to choose the neighbourhood of
x in m; which differs from the neighbourhood of b. Therefore the number of ways to choose
the neighbourhood of z in 7; is at most b(3?). If we take the product over all vertices = in
X, then using the bound in 1.3.1, the number of ways to choose the neighbourhood of them

1
plX1920108 571X]  Hence using the bound on the

inside their corresponding parts is at most
size of X in part (ii) of Theorem 3.2.1 we deduce that the number of graphs in (Forb(H)),
is at most

/
2712_6 +24log %n2_5—|— (1_Wp+(lf)> (5)+0(n)

Next, using the above general bound on the number of graphs in (Forb(H)),, we bound
now the number of graphs which do not have properties (I), (II) or (IV). First we consider
properties (I) and (II). We proceed as we did in the proof of Theorem 3.1.4.

Let a € (O,min{f—é,l%}), let T1 = (y, 2, ..., Typn(y) be a partition of [n] and let P =
(Hi, Ha, ... Hypny) € P(H) be a partition of H. Let (B(a,IL, P)), C (Forb(H)), be the
set of graphs G € (Forb(H)),, such that for each i € [wpn(H)], G[r;] contains at least n!=®
disjoint copies of H;. Let, for each i € [wpn(H)|, H; be the maximum collection of disjoint

H; in G[r;]. We want to bound the number of graphs in (B(«,II, P)),. Note that because

G € Forb(H), for each choice (H1, Hj, ..., H!

an(H)) of graph such that H] € H;, i € [wpn(H)],

there is at least one edge arrangement between those sets that cannot appear, otherwise we

get a copy of H. Let K = (H{,H),....H'

wpn( H)) be a sequence of graphs where H] € H; for

each i € [wpn(H)] and let £ be a maximum collection of sequences K such that every two
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n2—2a

different sequences in K intersect on at most one element. Using Lemma 1.3.3, || >

Therefore the number of graphs in (B(«,II, P)),, is at most

2—¢’ 1,2— 1
271 € +25 10g gn 5+(1—w) (g)-{-O(n) . 276(H)7’L272a

where ¢(H) > 0 is a constant which depends only on the graph H. By the choice of a and
Theorem 2.1.6 the above is much smaller than the number of graphs in (Forb(H)),,.

Let G € (Forb(H))n \ (Unieri(n)), e p(ar)(B(e. I, P))n), and let II(G) be a partition of V(G)
as above. For each i € [wpn(H)], let Z; be the union of all disjoint copies of all induced
subgraphs H' of H, such that G[r;] does not contain at least n'=® disjoint copies of H'. Let
Z = Uan( )Zi. By the choice of G, the partition (G[my \ Z], Glr2 \ Z], ..., Glmypn(m) \ Z]) 18
P(H)-free. Moreover, there are 2" different subgraphs of H, so |Z| < 2" -nl=®. Let p = o/2,
then G has properties (I)-(II) with respect to II(G) and Z chosen as above.

To finish the proof, we show that the number of graphs G in (Forb(H)),, that do not have
a partition II(G) = (71, 72, ..., Typn(f)) @s above with property (IV) is much smaller than the

number of graphs in (Forb(H)),. Let |r;| =n; = ﬁ +a; for a; € Z, i € [wpn(H)]. The

wpn
number of edges between the parts is at most

wpn(H) wpn(H) 2 wpn(H)
n _ n; _ n _ WT)JFCLZ n 1
-2 ()-0)-% (™F7)=0)-mm s X

Let p = a/2 as before and assume that there is an index i € [wpn(H)] such that a; > n'~1,

S

then the number of such graphs is at most

/ _
n?~% 4+251og %nz_g—i— (1_WP+(H)> (g)+0(n)—n2

[\Vhe)

2

By the choice of p and Theorem 2.1.6 the above is much smaller than the number of graphs
n (Forb(H))p. [l

3.3 General Tools

In this section we present a collection of tools which can be used in proving an exact structural

theorem of almost all H-free graphs for any graph H. All the following tools are used in the
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proof of the exact structure of all almost all T-free graphs for any tree T.

Let H be a graph and let £ > 0 be a constant to be defined later. Let p = p(H, ) and let
B be the constant and the set, respectively, that we get from Theorem 3.2.2 applied with
H and ¢. Let Z = U;N:pf(H)ZZ-. Let n € N be large enough and let II be a p/4-almost equal
partition of [n] into wpn(H) parts. In the following when we refer to properties (I),(II),(ILI)
and (IV), we always mean those properties from Theorem 3.2.2.

Let p > 0 and II be a p/4-almost equal partition of [n]. A graph G € Forb(H) is II-
conformal if it has properties (I)-(III) with respect to II. Let RSC Forb(H) be the set of
all graphs which are IT-conformal with respect to some partition II as above.

A graph G € (RS), is good if there is some partition II with respect to which it is
[I-conformal and the set Z is empty (in this case, requiring property (II) is redundant). A
graph G € (RS),, is II-good if it is II-conformal and has the set Z empty with respect to II.

A graph G € (RS),, is bad if for every partition II with respect to which it is II-conformal,
G is not II-good. In other words, there is no partition II such that G has properties (I)-(III)
and Z is empty with respect to this partition. A graph G € (RS), is II-bad if it is II-
conformal and bad.

Our goal is to show that the number of bad graphs is much smaller than the number of
good graphs. We do it by choosing n € N large enough, fixing a p-almost equal partition IT
of [n] for some p > 0 and then showing that the number of II-bad graphs is much smaller
than the number of II-good graphs. Firstly we need to establish that indeed showing that
the number of II-bad graphs is much smaller than the number of II-good graphs, for every
suitable partition II, implies that the number of bad graphs is much smaller than the number
of good graphs. We do that by showing in the next subsection that the number of II-good
graphs with respect to all suitable partitions II is not much larger than the number of good

graphs.
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3.3.1 Partitions

In order to present the main theorem of this subsection, we need the following definitions

and claims.

Lemma 3.3.1 (Lemma 6 for r = 2, [2]). For each k € N, there exists K = K(k) € N such
that the following holds. Let G be a graph which contains a copy of U(K), then it contains a
copy of U(k) such that V(U(k)) = AUB, G[A, B] = U(k), and each of G[A] and G[B] is either

a clique or a stable set.

Lemma 3.3.2. Let H be a graph, then for any s,c € N such that s+c=wpn(H) —1, H can
be partitioned into s stable sets, ¢ cliques and either a bipartite graph, or a complement of a

bipartite graph or a graph which can be partitioned into a stable set and a clique.

Proof. Let s,c € N such that s+c¢ = wpn(H)— 1, then we argue that it is possible to partition
H into s stable sets, ¢ cliques and a bipartite graph. The proof for the case of complement of
a bipartite graph or a graph which can be partitioned into a stable set and a clique is similar.
By the definition of wpn(H), H can be partitioned into s + 2 stable (S1, S, ..., Ss12) sets and
c cliques (C1,Co,...,C¢) (s+ 2+ c=wpn(H) + 1). Then s stable sets (S1,959,...,5s) together

with ¢ cliques (C1,Cy, ...,C.) and H[V(S1) UV (S2)] is the required partition of H. O]

Let H be a graph and let (Fq, Fo, ..., prn(H)) be a P(H)-free sequence. Note that because
the families in a P(H)-free sequence are infinite, then using Theorem 1.3.4 we can deduce
that each of the families F; contains either all the stable sets or all the cliques. Moreover,
the graph U where V(U) = AU B, U[A, B| = U(h) and UJ[A], U[B] are stable sets contains as
an induced subgraph every induced bipartite graph of H. A similar argument is true if one

of the U[A] and U[B] or both are cliques. Hence we can use the above lemma to obtain the

following property of P(H)-free sequences.

Corollary 3.3.3. Let H be a graph with |V(H)| = h and let (Fy, Fa, ...,]—"an(H)) be a P(H)-

free sequence. Then for each i € [wpn(H)|, F; does not contain a graph U such that V(U) =

AU B, each of U[A] and U[B] is either a clique or a stable set and U[A, B] = U(h).
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Let H be a graph and let ¢ be the collection of all good graphs in RS C Forb(H). Let
(F1,Fay ..., F (H)) be a P(H)-free sequence, we say that a II-good graph G € ¢ extends

»Y wpn

the sequence (G1,Ga,...,G (H))7 G; € F;, i € [wpn(H)], if G is obtained by adding edges

» Twpn

between the graphs G;, i € [wpn(H)].

Lemma 3.3.4. Let k,n e N, p > 0 and II = (mq, w2, ...,ﬂwpn(H)) be a p-almost equal partition
of [n], let € € (0, %) and C > k. Let S = (G1,G2, ..., Gypn(m)) be a sequence of graphs such
that V(G;) = m; for each i € [wpn(H)]. Then the number of graphs G which extend the
sequence S and do not have the following property is o(n) of the number of all the graphs
which extend S. For any two indices i # j and for all sets W; CV(G;) and W; C V(G;) such
that |W;, |[W;| > n3+e or Wil > C and |W;| > |[V(G;)| — n2*e there are subsets A; C W; and

Bj C Wj such that G[AZ,B]] = U(k)

Proof. Let S be the sequence as above. We obtain a II-good graph G which extends S by
choosing edges between the parts with probability %
1
Let W; C V(G;) and W; C V(G}), i # j, be two subsets such that [W;], [W;| > n2te. The
probability that for any A; C W; and B; C W;, G[A;, B;] # U(k), is at most
n2te p3te
nsteN  /pateN [ok2k 1\ F 2
() (o) (o

1
< 22(717—’_6) ) 276(k)n1+2€

—_— )

where ¢(k) > 0 is a constant which depends only on k. Therefore the expected number of

sets W;, W; as above is at most
2 (1 23 ekt
wpn(H )~ - n%+€ -2 -2

142
< 26n . 2—c(k)n +2e _ O(n)

Hence the probability that a graph G which extends S has that for any W; C V(G;) and
1
W; CV(Gj), i # j such that [W;], [W;] > n2te for any A; ¢ W; and B; c W, G[A;, Bj] # U(k)

is o(n).
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1

Let W; C V(G;) and W; C V(Gj), i # j, be two subsets such that [W;| > [V(G;)| - n2te

and [W;| > C. The probability that for any A; ¢ W; and B; ¢ W;, G[A;, B;] # U(k), is at
most

1
V(GpI-n2"° ¢
2k

O (452)

< 222k+2 logn | 2—c(k,C,H)n

)

where ¢(k,C,H) > 0 is a constant which depends only on k,C, H. Therefore the expected

number of sets W;, W} as above is at most

2
n 2k+2
an(H)Q . <n%+€> . 22 logn 2—C(kJ,C,H)n

iy
< 24712 €logn . 2—c(k7C,H)n _ o(n)
Hence the probability for the existence of such sets is o(n). This completes the proof. O

Let F be a graph, we say that a graph F U {v} is a result of randomly adding a vertex v
to F'if it is an outcome of adding every edge between v and V(F') with probability %

A hereditary family of graphs F is stable if for all ¢t € N and almost all graphs F € F, if
we randomly add a vertex v then almost surely there are subgraphs Fy, Fy, ..., F} of F U {v}
such that for any i # j € [t], V(F;) N V(F;) = {v} and F; ¢ F for all i € [t]. For example, if
F is the family of all cliques, then if we randomly add a vertex v to a large enough clique
F € F, then almost surely the non-neighbourhood of v is large enough so we get the required
subgraphs FY, Fy, ..., Fy.

Let w € N, a sequence of families (Fy, F2,..., Fy) is properly arranged if for any i #
J € [w], either F; = F; or almost all graphs G; € F; cannot made into a graph G; € F; by
deleting a constant number of vertices. For example, a sequence of families (Fy, Fo, ..., Fu)
which is not properly arranged is as follows. The family F; is the family of all graphs which
are cliques or a disjoint union of a clique and a singleton vertex. The rest of the families F;,

1 > 2, are the families of all cliques.
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Theorem 3.3.5. Let H be a graph and assume that all P(H)-free sequences (F1, Fa, ..., Fypn(H))

» Y wpn

are properly arranged and moreover for eachi € [wpn(H)], F; is stable. Let (Fy,Fo, ..., ]-'an(H))
be a P(H)-free sequence, n € N be large enough and p > 0, then almost all good graphs G
have the following property. If G is II-good and II'-good so G[m;],G[r}] € F;, then there is

permutation o so mw; = 7r(’7(l.) for each i € [wpn(H)].

Proof. Let G be a good graph and let TI = (71,72, ..., Typn(m))s 1T = (77, 73, ""Tr(ivpn(H)) be p-
almost equal partitions of [n] so G is II-good and II'-good. Moreover, let (Fy, Fa, s Fawpn( H))
be the P(H)-free sequence so G[m;], G[r!] € F; for each i € [wpn(H)]. Assume to the contrary
that TI' # II.

Let h = |V(H)|, let k > h, and let K = K(k) be the constant from Lemma 3.3.1. From
Corollary 3.3.3, we know that for each i € [wpn(H)], G[m;] and G[x}] do not contain a copy
of U(K).

Let i € [wpn(H)] be such that |7 N7)| > 2+ for some ¢ > 0. Such an index exists because
both IT and IT" are p-almost equal partitions. Then it must be the case that |7 An}| < 2n%+5,
otherwise, by Lemma 3.3.4, G[r] or G[r!] contains U(K). But if this is the case then actually
it must be that |mAn}| < 2- 2k because otherwise, again by Lemma 3.3.4, G[m] or G[n!]
contains U(K).

By our assumptions, G[ri] € Fj, then because every P(H)-free sequence is properly
arranged it must be the case that G[r}] € Fi. Let v € m1 Ax}, assume without loss of generality
that v € 7, \ 7. By our assumptions the family 7y, i € [wpn(H)], is stable, therefore there
are subgraphs Fy, I, ..., Fy of Gy U{v}] such that for any i1 # is € [t], V(F;;) NV (F;,) = {v}
and F; ¢ Fy for all j € [t] and moreover ¢t > 2 - 2k, By the choice of ¢ and the fact that
|myAxl| < 22K, there must be a graph Fj, j € [¢], such that V(F}) \ {v} C 7, but because
Fj ¢ Fi, then Glx, U {v}] ¢ Fi and therefore, v ¢ =/, contradicting the choice of v. Hence
7.\ 1 = 0. By a symmetric argument, 71 \ m; = . Therefore 7 = /.

Repeating the same argument as above, we can conclude that there is mapping f :
[wpn(H)] — [wpn(H)] such that m; = W}(i)' Moreover there is an permutation of the parts in

the partition I so f(i) =i for each i € [wpn(H)]. O
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3.3.2 Additional preliminaries

Let H be a graph and let ®(H) be the set of all P(H)-free sequences. Let IT = (71, 7o, ..., Twpn(H))

be a partition of [n]. Then we define the following values.

m := m(II) = H || - |7l

1<i<j<wpn(H)
wpn(H)
F:=F(H,II) = pax | Fidmy |
’ (F1oF20mF (i) ER(H) z_l_[1 )|
Let (F1, P, - Fpn(r) € ®(H), by the definition of a P(H)-free sequence, for every choice

of graphs G; € (]:i)lm\’ i € [wpn(H)], and any choice of the edges between the graphs
(G1,G2, ... Gyypn(mr))» the resulting graph is a II-good graph. Therefore we can obtain the
following lower bound. In many of the following arguments when we want to show that
almost all H-free graphs do not have some property P, we compare the number of graphs

with property P to the following lower bound.

Observation 3.3.6 (Lower bound on TI-good graphs). Let H be a graph, and let 11 be a

partition of [n]. The number of II-good graphs in (Forb(H)), s at least,
2. F.

Let II = (w1, 72, ..., Typn(p)) be a p-almost equal partition of [n] for some p > 0 and let
A>0andi € [wpn(H)|. Let G € RS be a II-conformal graph. A subgraph J of H is (I, A, 7)-
common in G if there is a set J of disjoint copies of graphs isomorphic to J in G[r;] and
|T| > ntA,

Let II be a partition as above and let h € N, A > 0 and p > 0. A graph G € RS
is (II, h, A, p)-exceptional if G is II-conformal and there is a graph J decomposable into
J1, J2, oy Jypn(ary Such that for each i € [wpn(H)], [V(J;)| < h, J; is (IL, A, i)-common in G and
moreover the following is true for G. Let J;, i € [wpn(H)|, be the maximal set of disjoint
copies of J; in G[r;], then there are subsets J/ C J; such that |J/| < un'~?, i € [wpn(H)], and

the only way to obtain a copy of J from sets (Ji, J2, ..., Jypn(ar)) Where J; € J;, is it J; € J!

» Ywpn
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for each i € [wpn(H)]. In other words, we are allowed to build a copy of J only by choosing
its parts from the sets J/.

For example, let II be a partition as above and let G be such G[m;] is a clique for each
i € [wpn(H)]. Let J be a path on 2wpn(H) vertices, then J is decomposable into wpn(H)
edges J1, 25 oo Sypn(m)- I this example, for each i € [wpn(H)], J; is (IL, A, 7)-common for
any A > 0, let J; be a maximum sets of disjoint edges in G[r;]. The graph G is (II, 2, A, u)-
exceptional if any induced Py ypn gy In G, which is build by choosing edges from J;, uses
only edges in sets J/ C J; for some sets J/ such that |7/| < u|J;].

Let II as above and let h € N, A > 0 and p > 0, we define C(II, h, A, ) to be the set of
all (II, h, A, u)-exceptional graphs. Note that in some cases we are interested in (II, h, A, u)-
exceptional graphs for p = 0, in this case we do not allow any copy of J as above.

Let k € N and £ > 0 be the constants from Theorem 3.2.1 applied with Forb(H) and § > 0

sufficiently small. Let ¢/ > 0 be the constant from Theorem 3.2.3 applied with k.

. /
Lemma 3.3.7. Let ¢,¢' > 0 as above, h € N, X € [0, %) and p € 0, %), then the number

of graphs in C(I1, h, \, ) s much smaller than the number of 1I-good graphs.

Proof. From Theorems 3.2.1 and 3.2.3 and similarly to the counting in the proof of Theo-

rem 3.2.2, the number of possible graphs G[m;] for all i € [wpn(H)| is at most

, 9 /o
2n2_€ +26log %n2_€+(b+3)n < on e/

)

where ¢’ = min{e, &’}.

There are at most (2" - 27)"P2(H) ways to choose the sets J;, i € [wpn(H)]. There are at
most (2" . 27)WPn(H) ways to choose the subsets J! € Ji, i € [wpn(H)]. There are at most
(;ml_)‘) wpen(H)—1 ways to partition the graphs in the sets J! into the different copies of J.

The number of possible edges between the graphs Jp,Jo,...,J. (H) is

» Ywpn
m(J) = i<icj<wpn(en) VD] - V()] < wpn(H)? - h?, therefore the number of possible

J)

edge arrangements between the graphs Jy, Jo, ..., J. (1) 18 2m(J) . By our assumptions, we

» “wpn

cannot have a copy of J by some choice of edges between graphs in J; \ J/, therefore for

every choice of sets (J”,J”,...,J")\’,p](1

() where J/ € J; \ J/, i € [wpn(H)], instead of 2(/)
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possible arrangements, there can be at most 27/) — 1. By Lemma 1.3.3, there are at

7\ 2 1-2\ 2
least (‘W) > <(1_“)2n) ways to choose the collections (J{,JY, ..., J"

- H)) where

JI'e Ji\ J/, i € [wpn(H)], such that no two collections intersect on more than one graph.
Hence for each such choice of a collection, we have one less choice of arrangements between

the sets. Therefore the number of graphs in C(II, h, A, ) is at most

2
(1—pn'=A
2—¢"/2 Zm(J) -1 ( 2 >
om  on . 9dwpn(H)n <Mnlf)\) wpn(H)—1 o
om
2—¢"/2
< 9m  92n .94 wpn(H)n 2an(H)n1_>‘ logn | 2—c(h,,u)n2_2>‘

2m(J) (1—#)2 . g .
where ¢(H) = log om() 1) A Using that A < &, we get that the above is much

smaller than the number of II-good graphs. O]

3.3.3 The set Y(G)

In this subsection we define a special set Y(G) C V(@) in a graph G with respect to some
parameters specified later. Roughly speaking, the vertices in Y (G) are part of some constant
sized sets of vertices with a non-typical behaviour. There are a few graphs G with a large set
Y (G). Moreover, it is possible to derive some useful properties of the graph G[V(G) \ Y(G)].

Let IT = (71, 7o, ...,prn(H)) be a p-almost equal partition of [n] for some p > 0. Let A >0
and i € [wpn(H)], a subgraph J of H is (II, A, i)-linearly common in G if there is a set J
of disjoint copies of graphs isomorphic to J in G[m;] and |J| > An. Note that if a subgraph
J of H is (II, A, 4)-linearly common, then it is also (II, A, ¢)-common.

Let © > 0, a set S such that |S| < h and S for j # i, is (IL, A, ¢, u)-linearly extremal
in G if there is a (I, A, 7)-linearly common graph J and a graph J’ which can be partitioned
into (G[S], J), but there are less than - An vertex disjoint copies of J in G[m;] inducing J’
with S.

Let G be a graph, we build the collection of disjoint subsets Y(II,G,i) :=
y <1'I, G, )\ 1, 2h21+1) by adding greedily all the sets S which are (H,)\,i, 2}121+1>—1inearly

wpn(H)

extremal. Let Y(G):= U2 VL, G,4), and Y(G):= Uy¢cy(q)Y and y(G):= [Y(G)].
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Let II be a partition as above, let y € [n] and let F = (Fl,fg,...,]:wpn(H)) be some
sequence of families (not necessarily a P(H)-free sequence). Let M(IL, F,y) be equal to
maxy [,],|y|<y H:V:pf(H) |(Fi)jr\v|l- Note that the value M(II, F,y) is similar to the value
F(H,1I) defined earlier, with the difference that in the case of M(II, F,y) we remove some
set of vertices Y such that |Y| <y and do not restrict ourselves to P(H)-free sequences. Let

A > 0 and let G(II, F,y, A) be the set of all graphs G which have properties (II) and (III)

with respect to II. Moreover, for each i € [wpn(H)], G[x}] € F; and y(G) = y.

Lemma 3.3.8. Let H be a graph and let X > 0. Let II be a p-almost equal partition for

p=p(H,E) from Theorem 3.2.2 applied with H and & > 0 so 2§ log% <loge- 2(2h2+3~2\~wpn(H))'
Let F = (F1,F2, .. Fypn(m)) be a sequence of families and let y € [n]. The number of graphs

m G(IL, F,y, A) is at most

om(II) | ML, F,y) - 9(b+3)n  9—c(H,A)ny

where ¢(H,\) > 0 is a constant which depends only on H and .

Proof. We bound from above the number of graphs which have properties (II)-(III) as in
3.2.2 and y(G) = y. There are at most (}) < 2" ways to choose the set B C [n]. There are
at most 2" ways to choose the neighbourhoods of the vertices of B. There are at most 2"
ways to choose the set Y(G) and there are at most y¥ ways to partition it into the different
subsets S. As mentioned we can assume that the graphs we count have property (III) of
Theorem 3.2.2 with respect to II. Using this property and Lemma 1.3.1, for any ¢ € [wpn(H)]
there are at most b(é‘l) — po*tlos %n ways to choose the neighbourhood of any vertex y € m;NY
with respect to G[m;]. In total, there are at most 2"-y¥- (b22§ log én>y possibilities for choosing
Y and the neighbourhoods of each y € Y with respect to the part which it belongs to.

Assume that we fixed some choice of subgraphs on each of the m;, i € [wpn(H)]. We
choose each edge between the parts independently at random with probability %

Let S € Y(G), by the definition of the set Y(G), the set S is (H,)\,i, 2}121+1>—1inearly
extremal and the following holds. Hence there is an index i # j € [wpn(H)| such that there

is a (I, A, i)-linearly common graph J and a graph J’ which can be partitioned into (G[S], J),
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but there are less than 2h/\2’jr o vertex disjoint copies of J in G[m;] inducing J’ with S. Let

J be a maximum collection of disjoint copies of J in G[r;]. The probability for any graph

J’" which can be partitioned into (G[S],J) is W > 2% where the inequality is due to

the assumptions that |S| < h and |V (J)| < h. The expected number of copies of each such

graph J' is at least UI > ;Tg Using Chernoff bound 1.3.6, the probability for S being

__An
(H A1, h2+1> “linearly extremal is at most e 2h%+3
By the pigeonhole principle, there is an index i € [wpn(H)], such that there is a collection

S of at least ﬁ% sets from ) which are (H \, 1, h2+1

> -linearly extremal. The events

that the sets in S are (H A i, —a—
oh2+1

) -linearly extremal are independent. Hence the number

of graphs in G(II, F,y, \) is at most

Yy
Y __2n_\ wpn(H
2D pr(1L, F,y) - 202 onyy (52251% if”) : (e 2h2+3> pu(th)

A

—loge—y—2A
2h2+3-h-wpn(H)

< 2m(H) . M(TL, F,y) - 2(b+3)n ) 2(logy+10gb+2§log %n)y 9 ny

log n-+log b)y—log e —g—2>
ézm(m-M(H,f,y).2<b+3)n.2(ogn sty TR I—

ny

where the first inequality is due to the fact that every set S € Y(G) is of size at most h,

and therefore y < h|Y|. The second inequality is due to the choice of £&. We set ¢(H,\) =

A

loge  ——2——
& 2h2+5~h~wpn(H)

and get the required inequality for n large enough. O]

We frequently apply the above bound in our arguments. As mentioned before we count
the graphs G where for each i € [wpn(H)], G[m; \ Y(G)] € F; with respect to some sequence
(F1, Fa, SO — H)) of families which is not necessarily P(H)-free. Usually we define this
sequence by first defining some family of graphs B with some well specified properties on
each m;, i € [wpn(H)], and then considering the sequence F(B). The sequence F(B) =
(F1, F2s s Fypn(rr)) 18 defined by taking a maximal collection of graphs F;, i € [wpn(H)], so

for each choice of graphs G; € F; we obtain a graph in B.
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3.3.4 Extendable subgraphs

In this subsection we describe some of the properties that we can derive about the subgraph
GIV(G)\Y (G)] for G a II-conformal graph and a set Y (G) as defined in the previous subsection.

Let H be a graph and let F(H) = (F1,F2,.... Fypn(m)) be a P(H)-free sequence, let
k € [wpn(H)] and let A > 0. Similarly to before, a graph .J is A-linearly common in a graph
G, if G contains at least A\|V(G)| disjoint copies of J. A subgraph J of H is (F(H), k, \)-
extendable if for any choice of graphs G; € F;, i € [wpn(H)] \ {k}, there is a partition
(H1, Ha, ..., H, = J,..., Hypny) € P(H) where for each j € [wpn(H)]\ {k}, H; is A-linearly
common in Gj. A subgraph J of H is A-universally extendable with respect to H if
it is (F(H),k, \)-extendable for all F(H) € ®(H) and k € [wpn(H)]. Note that because in
the definition of A-universally extendable we require J to be (F(H), k, \)-extendable for all
F(H) € ®(H) then there is no need in fixing k.

For example, the graph Py is i—universally extendable with respect to all trees T €
7Pl (and actually we show later that P; is universally extendable in all trees with perfect
matching). Let T € 7"P!| as we show in Section 5.2.1, any tree T € T™P! can be partitioned
into Py and wpn(7T') — 2 edges. The graph Ps can be partitioned into Py and an edge and
into P4 and a non-edge. Hence there are partitions of 7" into Py and wpn(7T') — 1 edges and

into P4, a non-edge and wpn(T) — 2 edges. By Theorems 1.1.12; 1.1.14, and 1.1.16 for a

tree T e TP, for every P(T)-free sequence (Fy, Fa, ..., F.

wpn(H)) and for any choice of graphs

(G1,Ga, ..., Gyypnmy) one of the following outcomes holds. Either each Gy, i € [wpn(T)],
contains at least %|V(Gi)] disjoint edges or one of the graphs, without loss of generality Gy,
contains at least }I]V(Gl)\ disjoint non-edges and the rest of the graphs G;, i > 2, contain at
least %|V(G¢)] disjoint edges. Hence, for any choice of k € [wpn(T)], the rest of the graphs G;,
i € [wpn(T)] \ {k} either all contain many disjoint edges or one of the graphs contain many
disjoint non-edges and the rest contain many disjoint edges. Therefore Py is %—universally
extendable for trees T e TP,

Let J := J(H) be the set of all graphs which are A-universally extendable with respect

to H and some X\ > 0. Assume J # (), and let ) (J) be the value with respect to which
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J € J is N(J)-universally extendable. Let A = A(J) = minje 7 N'(J). Let € > 0 be such

A
(2h2 +3.h-wpn(H))

H and ¢ as above. Let II be a p/4-almost equal partition of [n], for n large enough. Let

2¢ log% <loge - ; and let p > 0 that we get from Theorem 3.2.2 applied with
C(J,II) be the collection of II-conformal graphs G such that there are J € J and i € [wpn(H)]
such that J is an induced subgraph of G[m;\ Y (G)], where Y (G) is the set of vertices as defined

in Subsection 3.3.3.

Lemma 3.3.9. Let H be a graph, 7 =J(H), A\=XJ), {£>0, p>0, and II be a p/4-almost
equal partition defined as above. The number of graphs in C(J,1) is much smaller than the

number of 11-good graphs.

Proof. Let G € C(J,1I) be a II-conformal graph such that there are a A-universally extendable
J € J and an index i € [wpn(H)] such that G[r;\Y (G)] contains a subgraph J’ isomorphic to J.
The graph G is II-conformal, therefore by the definition of IT-conformal graph, it has property

(I) from Theorem 3.2.2. Let (G[x}], G[rh], ..., G[Trgvpn(H)]) be the P(H)-free partition which we

get from property (I). By our assumptions the graph J is A-universally extendable so therefore

there is a partition (Hy, Ho,...,H; 1, J, H; 11, ..., H (H)) such that for each j € [wpn(H)]\{i},

> “4wpn

G|[r}] contains a set #; of at least A|V(G[r])| > ﬁr?(H) disjoint copies of Hj.

By our assumptions J' ¢ Y(G), so by the definition of Y(G), for each j € [wpn(H)]\ {i},

: I . / An ! / ! AN
there is a subset H; CH; such that [H5| = AR —— and for each H; e Hj, G[J'UH]] is
isomorphic to H[JUH;]. Hence for any sequence (Hy, Hy, ..., H_1, H{ .., H"an(H)) such that

H J’ € ’H;, J € [wpn(H)]\ {i}, there is an edge arrangement that cannot appear, otherwise we
get an induced copy of H. Then by Lemma 3.3.7 applied with h = |V (H)|, A > 0 sufficiently
small and p = 0 (because we do not want to allow any copy of H), the number of such graphs

is much smaller than the number of II-good graphs. O]

Let J, A = XJ), £ >0, p> 0, II be a p/4-almost equal partition as above. Let f7(¢)
be such |(Forb(7)),| < 277 for all ¢ € N large enough. Recall that G(IT, F,y, A) is the set
of all graphs G which have properties (II) and (III) with respect to II. Moreover, for each

i € [wpn(H)], G[rl] € F; and y(G) = y.
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Corollary 3.3.10. Let H be a graph, 7 = J(H), A = XJ), £ >0, p > 0, and II be p/4-
almost equal partition. Let F = (F1, F2, ..., Fypn(mr)) such that F; C Forb(J) and let f7(¢) be
as defined above.

If f7(n) =2, then there ewists a constant C(H) > 0 which depends only on H such that
if y > C(H), then the number of graphs in G(II, F,y, \) is much smaller than the number of
IT-good graphs.

If f7(n) > 2, then there exists a constant C(H) > 0 which depends only on H such that if
y>C(H)- fJT(n), then the number of graphs in G(I1, F,y, \) is much smaller than the number

of II-good graphs.

Proof. We use the bound from Lemma 3.3.8 on the number of graphs in G(II, F,y,A). By
our assumptions, M (II, F,y) < 2/ (),
If f7(n) =2, then the number of graphs in G(II, F,y, A) is at most
om(Il) of7(n) o(b+3)n  o—C(H)-c(HN)n-fz(n)

< omI) | 9(b+3)n  g2(1=C(H)-c(H\)n)

If f7(n) > 2, then the number of graphs in G(II, F,y, A) is at most

omlIl) | of 7(n) ob+3)n  g—C(H)-c(H N 1T

< om(l)  o(b+3)n  o(1-C(H)-c(H,A))f 7 (n)

< om(ll) o(b+3)n  o(1-C(H)-c(H\))n_

In both case, if we set C(H) > C(I’[}ri), we get a number which is much smaller than the

number of II-good graphs which is at least 2m(D, O

We give one more definition related to the universally extendable definition. The following
definition differs in two aspects. Firstly, if a graph J is A-universally extendable then for
every P(H)-free sequence (Fi1, Fa, ..., Fypn(mr)) and for any index k € [wpn(H)], for any choice
of graphs G; € F;, [wpn(H)]\{k}, it is possible to find many disjoint copies of a subgraph H; in
G, where (Hy,Ho,...,Hy_1,J, Hp\q...., H (H)) € P(H). On the other hand, in the following

wpn

definition the graphs H; do not necessarily exist for any choice of index k € [wpn(H)], but
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there is some choice of such index. Moreover, in the following we allow to further partition
the graph J into smaller subgraphs.

Let F(H) = (F1,F2, .., Fypn(p)) be a P(H)-free sequence, let {iy, iz, ...,i,} C [wpn(H)] be

»Y wpn

a set of different indices and let A > 0. A subgraph J of H is (F(H), {i1,%2y-.estr}, N)-
extendable, if for any choice of graphs G; € Fj, j € [wpn(H)]\ {i1,i2,...,ir}, there is a

partition (Hy, Ha, ..., H (H)) € P(H) such that the following is true. The graph J can be

wpn

partitioned into (H;, , H; H;,), and for each j € [wpn(H)]\ {i1,12,...,ir}, H; is A-linearly

950

common in G -

Let F(H) = (F1,F2, ...y F, (H)) be a P(H)-free sequence, let {i,io,....,3r} C [wpn(H)]

» Y wpn
be a set of different indices and let A > 0. Let J be a (F(H),{i1,io,...,ir}, A\)-extendable
graph. Let C(J, F(H), {31, 12, ..., ir }, IT) be the collection of II-conformal graphs G such that
there is a partition (Hy, Ho, ..., H (H)) € P(H) where the graph J can be partitioned into

» “4wpn

(H;,, H; H;.) and for each i € {iy,i2,...,%r}, G[m; \ Y(G)] contains a graph H] isomorphic

1 99t

to H; and G[U “M}V(H{)] is isomorphic to J. Similarly to Lemma 3.3.9 it is possible

ie{il,lév-

to show the following lemma.

Lemma 3.3.11. Let H be a graph, and let £ > 0, p > 0, and II be p/4-almost equal partition
defined as above. Let F(H) = (Fy, Fo, ...,]-'an(H)) be a P(H)-free sequence, let {iy,io,...,ir} C
[wpn(H)| be a set of different indices and let X > 0. Let J be a (F(H),{i1,i2,....0r}, \)-
extendable graph. The number of graphs in C(J, F(H),{i1,i2,...,ir},II) is much smaller than

the number of II-good graphs.

Let r € [wpn(H)], a subgraph J of H (r, X\)-universally extendable if for each F(H) €
®(H), it is possible to find a set of r different indices {i1, is,...,4,} C [wpn(H)]|, such that J is
(F(H),{i1,i9,...,ir}, A)-extendable.

Let 1 <r < wpn(H) -1, let J(r) := J(H,r) be the set of all graphs which are (r, \)-
universally extendable with respect to H and assume J # 0. Let X (r,J) be the value
with respect to which J € J(r) is N(r,J)-universally extendable. Let A\(r) = MJ(r)) =

min ye 7 N(J) and let A = ming <, <ypn(g)—1 Ar). Let & > 0 be such 2510g% < loge -
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A
2(2h?+3. h-wpn(H))
as above. Let C(J(r),II) be the collection of II-conformal graphs G such that there is

and let p > 0 that we get from Theorem 3.2.2 applied with H and ¢

J € J(r) and a set of r different indices {iy,io,...,ir} C [wpn(H)] where there is a parti-

tion (Hl,Hg,...,Han(H)) € P(H) so the graph J can be partitioned into (H; , H,, ..., H;,.)

and for each i € {iy,ia,...,ir}, G[m \ Y(G)] contains a graph H] isomorphic to H; and
G[Uie{il,ig,...,ir}V(Hz{)] is isomorphic to J. Also similarly to Lemma 3.3.9 it is possible to

show the following lemma.

Lemma 3.3.12. Let H be a graph, let 1 <r <wpn(H)—-1, J(r), A\>0,£>0, p>0, and II
be p/4-almost equal partition defined as above. The number of graphs in C(J(r),II) is much

smaller than the number of I-good graphs.

Finally, we give one more lemma which can be derived from 3.3.12. Let all the constants
as chosen above. Let fi(n), f2(n) be functions of n such that #(f?(n) = o(1) for all n € N and
fi(n) > fa(n). Let C(T (r), I, f1(n), f2(n)) be the set of graphs G such that there is a (r, \)-
universally extendable graph J € J(r) which can be partitioned into (Hy, Ho, ..., H;), and the
following is true for G. The graph G is II-conformal and there are indices {iy,i2,...,3r} C
[wpn(H)] such that G[ﬂ'z’j \ Y(GQ)], for each j € [r — 1], contains at least fi(n) disjoint copies

of Hi; and G[m;, \ Y(G)] contains at least fa(n) disjoint copies of Hj,.

Lemma 3.3.13. Let H be a graph, let 2 <r <wpn(H) -1, J(r), A>0, >0, p>0, II be
a p/4-almost equal partition and fi(n), fa(n) defined as above. If f7(n) > n then the number

of graphs in C(J (r),IL, f1(n), fo(n)) s much smaller than the number of 1-good graphs.

Proof. Let J € J(r) and let (Hy, Ho, ..., Hy) be its partition. Let Hi; be a maximum collection
of disjoint copies of Hi, in G[Wz'j \ Y(G)]. A graph G in which there are H{j €Hi; € [r], so
G[U]-E[T}V(ng)] is isomorphic to J is in C(J(r),II). By Lemma 3.3.12, the number of such
graphs is much smaller than the number of II-good graphs. Therefore we focus on graphs
G € C(J(r),1, f1(n), fo(n)) where G[Uje[r}V(Hz{j)] is not isomorphic to J for any choice of

graphs HZ(], €M, j€[r]. Let C’ be this set of graphs.
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We use the bound from Lemma 3.3.8 on the number of graphs in C(J(r),I1, f1(n), f2(n))
with a set Y such that |Y| =y. By Lemma 3.3.9 and our assumptions M (II, F,y) < 2fa (),
Moreover, it is possible to find a collection S of sequences of graphs (Hz(sz{Q’ "'sz{r) SO
H{j € ”Hij, j € [r], every two sequences in the collection intersect on at most one graph and

|S| > M. As mentioned, for every sequence in S there is an edge arrangement that

cannot appear. Hence the number of graphs in €’ is at most

om(Il) . 9fg(n) . g(b+3)n  g=c(HMny . g—c(H)f1(n)f2(n) = o(gm(ID)y,

So in total we get that the number of graphs C(J(r), 11, f1(n), f2(n)) is much smaller than the

number of II-good graphs. O

3.3.5 Ordinary sequences

The tools developed in Subsections 3.3.1-3.3.4 are used before the main body of the proofs
in Section 5.2. The majority of the arguments in the proofs in Section 5.2 goes into showing

that there is some sequence F' = (F|, Fh, ..., F’

wpn( H)> of families of graphs with some specific

properties such that almost all II-conformal graphs G have a partition (G[r; \ W(G)], G|m2 \
W(G)], ... Glmypn() \W(G)]) where G[m \W(G)] € F! for alli € [wpn(H)] and W(G) C V(G) is
a very small set. Once we showed the existence of such sequence we apply the tool described
in this subsection. That finishes the proof of the exact structure.

Let G be a graph and 7 € (07 %), a vertex v is (7, G)-trivial if |[Ng(v)| < 7n or [Ng(v)| <
Tn.

Let P = (Hl,HQ,...,Han(H)) € P(H) be a partition and let @ = (Gl,GQ,...,Gan(H))
be a sequence of graphs. Let w' ¢ Uiclwpn(r)]V (Gi) and assume that it has some neigh-
bourhood in Ujepypn(myV(Gi). Let i € wpn(H), we say that there is a (P, w’, )-form
(H1, Ha, ..., H, '“’prn(H)) in @ if there is a vertex w € V(H;) such that there is a set 7} of
disjoint copies of H; \ {w} in G;, and for each j € [wpn(H)]\ {i} there is a set #; of disjoint
copies of H; in G;j. Moreover, w' is adjacent to each H] € H; as w to H; \ {w} and v’ is

adjacent to each HJ’ € Mj, j € [wpn(H)]\ {i} as w to H;. Note that if we have a sequence Q
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and we want to choose edges between the graphs in the sequence without creating an induced
copy of H, then there are edge arrangements that cannot appear between the graphs in the
form.

Let 7 € (0, %) ,A> 0,k €N, a (7, k)-ordinary P(H)-free subsequence is a sequence

of families of graph F' = F'(1,\ k) = (F{, F3, ..., Fo, such that there is a P(H)-free

pn(H ))

sequence (Fi,Fo, ..., F, (H)) and F] C F; for each i € [wpn(H)]. Moreover, all sequences

wpn

Q = (G1,G2, ..., Gypn(m) for any G; € F/, i € [wpn(H)] has the following properties,
(a) For each i € [wpn(H)], every v € V(G;) is (1, G;)-trivial.

(b) Let w' ¢ Ujcwpn(m)V (Gi) and assume that it has some neighbourhood in Use fypn(m) V (G3)
so for each i € [wpn(H)], G; U{w'} ¢ F;. Let ¢;(w') = min{|N(w") N V(G;)|,|N(w') N
V(G)I}, i € [wpn(H)], let £(w') = min¢ypn (s fi(w') and let i € [wpn(H)] be such that
((w') = £;(w’). Assume also that for each j € [wpn(H)|\ {i}, ¢;(w’) > 7n, that is w'

is not (r,Gj)-trivial. Then there is (P,w’,4)-form (H1,Ha, ..., H, ....,HWPH(H)) in Q so

there is v € { ) such that one of the following conditions holds.

(1) 2] > XA )) and |H;| > T2 for each j € [wpn(H)] \ {i}.

(2) ") > ;k and [H;| > n1= for each j € [wpn(H)] \ {i}.

Let F' = F'(r,\ k) = (F|, Fb, ..., ]—"V’Vpn( )) be a (7, A, k)-ordinary P(H)-free subsequence
for some 7 > 0,A > 0 and k£ € N. Let II be a p-almost equal partition for some p > 0, and
let ¥ € N. Let B(F’,II, k") be the set of II-bad graphs G such that the minimal subset of
vertices W C V(G) where for each i € [wpn(H)|, G[r; \ W] € F/ is of size |[W| < (log n)k/. Note
that for any II-bad G, the set W is not empty, because otherwise it contradicts the definition
of TI-bad graph.

Similarly to the earlier definition of a linearly extremal set we define a (IL,¢, A, p)-
extremal set S if there is a (I, \,i)-common graph J and a graph J’ which can be par-

titioned into (G[S], J), but there are less than u|7| vertex disjoint copies of J in 7; inducing

J' with S where J is the collection of disjoint copies of J.
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Let 7 € (O, %), A>0,u>0and i #j€ [wpn(H)] and |V(H)| = h, a set S such that |S| < h
is (7, A\, 1, I1, 2, j)-special if every s € S is (7, G[m;])-trivial and S is (II, j, A, p)-extremal.

Let K € N and £ > 0 be the constants from Theorem 3.2.1 applied with Forb(H) and
§ > 0 sufficiently small. Let ¢’ > 0 be the constant from Theorem 3.2.3 applied with K. Let
A e [o, minleehy

Let IT be a p-almost equal partition of [n] for p = p(H,§) from Theorem 3.2.2 applied with

A
(2h2+3-h-wpn(H)) ’

H and £ > 0 so 2§log%<loge-2

. /
Lemma 3.3.14. Let e,/ > 0 as above, \ € [O,%), T € (O,%) and k € N. Let F/ =

Fl(r, A k) = (F, Fyoos F!

wpn

(H)) be a (1, A\, k)-ordinary P(H)-free subsequence. LetII partition
as above. Then the number of graphs in B(F' 1L, k') is much smaller than the number of 11-

good graphs.

Proof. Let p € <0, 2h21+1> and let G € B(F', 11, k). Let X be the collection of all (7, A, u, I1, 4, j)-
special sets for any i # j € [wpn(H)]. Let X be the union of all vertices in sets in X. Let
W C V(G) be the minimal subset of vertices such that for each i € [wpn(H)], G[m; \ W] € F.
By the choice of G, |W]| < (logn)k,. Let W' =W\ X.

Assume that W’ # (. Let w € W/, then either (i) the vertex w is not (7, G[r;])-trivial
for all i € [wpn(H)] or (ii) there is i € [wpn(H)] such that w is (7, G[m;])-trivial and for any
set S C V(G) such that w € S, |S| < h and each s € S is (7, G[m;])-trivial, the set S is not
(I1, 4, A, p)-extremal for all j € [wpn(H)]\ {i}.

In case (i), by property (b) of F/(H), we have a (P,w',i)-form (1, Hs, ..., 1}, ooy Hypn(H))

)
in (G[m \W], Gl \W], ..., Glmypn(g) \W]) for some partition P = (Hy, Ha, ..., Hypn(p)) € P(H).

» “Awpn

! .} Tn—yn 4 ™ 1-\ 1-X
> > > >
Moreover |H]| > mln{ (log n)E” (logn)k} 2 g n)F = n for n large enough, and |H;| > n

for all j € [wpn(H)] \ {i}. Then because we need to forbid some edge arrangement for every
choice of graphs from the form, by Lemma 3.3.7, the number of graphs in case (i) is much
smaller than the number of II-good graphs.

In case (ii), then as in the previous case, by property (b) of F'(H), we have a (P,w’,1)-

form (H1, Ha, ..., H, oo Hupn(m)) I (Gmi \W], Gl \ W], ..., G[m ) \ W) for some partition
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P = (Hy,Hy, ..., Hypn(pry) € P(H). Let 8" € H} and set S = S’ U {w}. By our assumptions
S is not (II, j, A, u)-extremal for all j € [wpn(H)] \ {i}, therefore there are subsets H; C Hj,
j € [wpn(H)] \ {i} so for each H} € #}, G[SU Hj] is isomorphic to H[H; U H;] and [H}] >

H/

pun'=*. For every sequence (HY, Hy, oo Hi g, Hj wpn(H)

Y ) where H] € #}, there is an edge

arrangement that cannot appear. Therefore again by Lemma 3.3.7, the number of graphs
in case (i) is much smaller than the number of II-good graphs. Hence we can assume that
W’ =0.

Next we consider vertices in W N X. Let W; ¢ WN X, i € [wpn(H)], be the set of all
vertices w for which the value ¢(w) = ¢;(w). Let A; be the set of vertices in W N X for each
of which condition (1) of (b) holds. Let Ay = (W N X)\ A;. By the definition for any w € Ay
condition (2) of (b) holds.

We treat differently the case where Ay # 0 and the case where A7 = (). Firstly assume
that A; # 0. Assume that there is an index i € [wpn(H)] and a vertex w € A; N W; such

that £(w) > 2yn, then as before we get a (P,w’,q)-form (Hy,Ho, ..., H:\ ..., H (H)) for some

PAREEY) wpn

P € P(H) such that |H}| > (lo;Z)k and also |H;| > 7t > ﬁ for each j € [wpn(H)]\ {i}.
Again by Lemma 3.3.7, the number of such graphs is much smaller than the number of
II-good graphs. Therefore we assume that ¢(w) < 2yn for all w € A;.

Let A C Ay be the set of vertices w such that ¢(w) > h(logn)k/. If A, # 0, let ¢* =
max,, ¢ 4/ ¢(w). From the definition we have that ¢* > ¢(w) for all w € As.

Let i € [wpn(H)], the number of ways to choose the neighbourhood of a vertex w € A1NW;

22yn+HWNX| The number of ways to choose the neighbourhood

with respect to m; is at most
of a vertex w € (Ay \ A5) N W; with respect to 7; is at most Qh(log”)klﬂwmm. The number
of ways to choose the neighbourhood of a vertex w € A, N W; with respect to m; is at most
20 HIWNX| | Let ay = [44], ab, = |AL|,af) = |Ag \ AY|. Therefore in total, the number of ways to
choose the neighbourhoods of all vertices in W N X with respect to the part that they are
in, is at most 227na1+h(10gn)k/a12/+€*a12+|WﬁX\2_

Let X1 C X be the collection of all sets X such that X N Ay # (0. By the definition of X,

the sets in X are of size at most h, therefore there are at least % disjoint sets in X}
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which are contained in the same part of the partition II. Let S € X and assume without loss
of generality that S C m; and let j € [wpn(H)|\ {i} be the index such that S is (7, A, s, 11, 4, j)-
special. Then there is a graph H; which is (II, A, i)-common and S is (IL, j, 7, u)-extremal.
Hence the number of ways to choose the neighbourhood of S in 7; is at most o(1=c(H) 7)1 I
where ¢(H) > 0 is a constant which depends only on H.

Note that because |A1] < |W] < (log n)k, and every set S € X has size at most h, we have
that [Uxecy, X| < h(log n)k/. Assume now also that A5 # 0 and let w be such that ¢* = {(w).
Assume without loss of generality that w € W;, i € [wpn(H)]. By property (b) part (2), there
is a (P,w,4)-form (K1, Hs, ..., 1}, ...,”Han(H)) for some P € P(H) such that [H]| > (b(;‘;ﬁb)/
and |H;| > n'=A for each j € [wpn(H)]\ {i}. As in the proof of Lemma 3.3.8, we assume that
we chose the subgraphs on the parts 7;, i € [wpn(H)] and we choose every edge between the
parts with probability l. Let H, € #} and j € [wpn(H)] \ {i}, the probability for any edge

arrangement between H/ and a graph H; L e H;is at least . Hence the expected number of

. We

graphs from #H; which give the same edge arrangement Wlth H! is at least |2 j! > "2
use Chernoff bound 1.3.6 to bound the probability that the number of such graphs is less
than ;12 . We conclude that the number of graphs in B(F', 11, k') in the case that Ay # ()
and Al # 0 is at most

/
o( )Tnal Z*—h(logn)k.cl(H)nlf/\

/
2ynaq+h(log n)k aly+0*al +|WﬂX|2

om . .9 ho2h? (logn)k 92h?2
/ / * K
h(log n)2]C +2ynai— C(H)Tngl +0* (log n)k —c/(H) £ —h(logn)™ 2h(10g n) pl=A
<9M . F.9 4n22h 2h* (1og n)k

/ 0% —h(l K 2 / _
o 22h(10g n)Qk _ CC/YZGI}) + 2h2 ((log n))k (Qh (log n)k’ +k‘_cl(H)nl )\)
L F. ogn

The above bound is much smaller than 2 - F' which is, from Observation 3.3.6, the lower
bound on number of II-good graphs.
In the above we showed that the number of graphs wuth A; # 0 and A} # 0 is much

smaller than the number of II-good graphs. Next we consider the case that Ay # () and
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Al = 0. Similarly to before, the number of graphs in B(F',IL, k") in this case is at most

/
2ynaq+h(log n)k aby+WnX

|2_ c(H)tnaq
2M.F .2 4

h22h2

Tnaq

/
2h(log n)2k - c(”H)
)

<2M.F.2

this is again much smaller than the lower bound of 2 - F' on the number of II-good graphs.

The last case we consider is if A; = (. In this case we use that each w € Ay has property
(b) part (2). Let £* = max,ea, £(w) and let w be such f(w) = £*, assume without loss of
generality that w € W;, i € [wpn(H)]. Repeating the arguments as before we get that in this
case the number of graphs in B(F', 11, k) is at most

Y 1=
om . p . 2(*\WﬂX|+|WﬂX|2 .9 ¢ (H) (logn)E "

<logn>2’f’+(aogn)’f’—c’(H) "Hk)f*

<2".F-2 (logn)

because we consider II-bad graphs, it must be the case that ¢* > 1. Hence the above is much

smaller than the lower bound of 2™ - F' on the number of II-good graphs. O
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Chapter 4

Witnessing Partition Number of a

Bipartite Graph

In this chapter, we give a formula for the witnessing partition number wpn(H) where H is a bi-
partite graph. Recall that v(H) is the size of a maximum matching in H. Let H(hy, h2,...hg)

be a graph which is a disjoint union of complete bipartite graphs Kp, p., i € [k].

Lemma 4.0.1. Let H be a bipartite graph with |V(H)| > 3, if H = H(hy,ha,...hy) for some
collection of vlaues h; € N, i € [k], then wpn(H) = |V(H)| —v(H) = v(H) = Zle hi. Other-

wise, wpn(H) = |V (H)| — v(H) — 1.

Proof. Let M be a matching in H of maximum size. Let U = U.¢cpsv(e) and let L = V(H)\U.
We denote |V(H)| = h, |[M| = m, |L| = ¢, note that |[U| = 2m and h = 2m + ¢. Therefore we
can restate what we want to show as, wpn(H) =h—-m—-1=02m+{)—m—-1=m+{—1,in
the case that H is not a disjoint union of complete bipartite graphs with a perfect matching,
and otherwise wpn(H) = m.

Firstly assume that H is not a disjoint union of complete bipartite graphs with a perfect
matching. Note that wpn(H) > m + ¢ — 1. Indeed, H cannot be partitioned into m + ¢ — 1
cliques (which are either edges or vertices in a bipartite graph) and 0 stable sets. Assume

otherwise, then out of the m + ¢ — 1 cliques, at most m are edges, and therefore m + ¢ — 1
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cliques can contain at most 2m+#¢—1 vertices in their union. This contradicts the assumption
that h = 2m + ¢.

Next we show that wpn(H) < m + ¢ — 1. Indeed, let ¢,s € N such that ¢+ s =m+ ¢, we
need to show that H can be partitioned into c cliques and s stable sets. If s > 2, then we are
done because H is bipartite and therefore can be partitioned into two stable sets and any
number of cliques (which can be for example singleton vertices). If s = 0, then we are also
done because by our choice of m and ¢, H can be partitioned into m + ¢ cliques.

We are left with the case where s = 1. Firstly assume that ¢ > 1. Note that H[L] is a
stable set, because otherwise we could add another edge to M which contradicts M being
the maximum matching. Therefore if we partition H into the edges in M and L then we get
a partition of H into at most m + ¢ — 1 cliques and 1 stable set.

Secondly we consider the case that ¢ = 0, that is H has a perfect matching. Let A, B be
the partition of V(H) into two stable sets. By our assumption about H, there is a connected
component C' of H which is not a complete bipartite graph. Between the vertices of any two
edges of the perfect matching in C' (and in the whole graph H) there can be, besides the
edges of the matching, at most two additional edges. If there are two edges of the matching
e1 = {v,u1} € M and ey = {vo,ug} € M such that there is exactly one additional edge
between the vertices {v1,u1,v2,us}, then we are done due to the following. Assume without
loss of generality that vi,v9 € A and uy,us € B, moreover there is no edge between v and us
and there is an edge between u; and v9, see Figure 4.1. The stable set {v1,us} together with
the set of edges M\ {{v1,u1}, {ve,uo}}U{vy,us}, is a partition of H into a stable set and m —1
cliques, as required. Otherwise, between any two edges of the matching there are either 0 or
2 edges. Let C’ be a auxiliary graph such that V(C’) are the edges of the perfect matching
in C, and E(C’) are the set of pairs of matching edges {e1,es} such that additionally to
the edges of the matching, there are 2 more edges between the vertices V(e1) UV (ez) (so in
total there are all the possible edges between V(e1) U V(ez)). The graph C’ is connected,
because C' is connected. Moreover, because C is not a complete bipartite graph, there are

two vertices in ¢’ which do not have an edge between them. Let d; = {v1,u1},ds = {vo,us}

68



A B

Figure 4.1: The edge arrangement between the vertices vy, va, uy, us.

Figure 4.2: An example of P'.

be those two vertices. Because C’ is connected, there is a path P’ = (d = ¢/, €5, ..., dy = €})
between di = ¢} and dy = €} in C’. Let e/ = {v},u}}, i € [k], without loss of generality,
vj € A,u} € B, i € [k]. See Figure 4.2 for an example of possible edge arrangement. Then
P = vy, ub, vy, U, v5..., v, up is an alternating path in H. Therefore the stable set {u,va}
together with the set of edges (M\{eﬁ,eé,...,e%}) U {{U’l,u’z},{vé,u%}...,{kal,uz}}, is a
partition of H into a stable set and m — 1 edges, as required.

Now assume that H = H(hy, hs, .., h;,) for some values h; € N, i € [k]. It is the case that

wpn(H) > m because H cannot be partitioned into 1 stable set and m — 1 cliques. It is the

case that wpn(H) < m, because similarly to before, it is possible partition H into ¢ cliques
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and s stable sets such that ¢+ s =m + 1 in the cases s =0 or s = 2. In the case that s =1,
let {v,u} € M, then {v} together with {u} and M \ {v,u} is a partition of H into 1 stable set

and m cliques. |
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Chapter 5

Obtaining Exact Partitions

In this chapter, we first reprove the result of Balogh and Butterfield [5] and show an exact
structure theorem for critical graphs. We prove that graphs which are trees without a perfect
matching are critical. The main part of this chapter is dedicated to the proof of an exact

structure theorem for trees with a perfect matching.

5.1 Critical Graphs

We recall the definition that was given by Balogh and Butterfield in [5] of a critical graph.
This definition was presented in Chapter 2. Let F(H,s,c) denote the set of minimal (by
induced containment) graphs F such that H can be covered by s stable sets, ¢ cliques, and
F. A graph is critical if for all s,c such that s + ¢ = wpn(H) — 1 and large enough n € N,
| (Forb(F(H, s,c))),, | <2, or equivalently by Lemma 2.2.10, (Forb(F(H,s,c))), € {Sn, Kn}.
As mentioned in Chapter 2, the graph Cy is critical and every odd cycle of length at least
7 is critical. Let us consider two additional examples for a critical graph. The star T3 with
4 vertices (3 leaves) is critical. It is not hard to check that wpn(S3) = 2. The set F(S3,1,0)
is a non-edge, therefore (Forb(F(S3,1,0))), is a clique for all n € N. The set F(53,0,1) is a
vertex, therefore (Forb(F(S3,0,1)))n is an empty set for all n € N. Another example for a

critical graph is a path P; on 7 vertices. It is not hard to check that wpn(P;) = 3. The set
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F(P7,2,0) is P3, P3, the set F(P7,1,1) contains a non-edge and the set F(P7,0,1) contains a
vertex. In all the cases, the set (Forb(F(Pr,c,s)))y is either a clique or a stable set or both,
or none.

We give a proof for Balogh and Butterfield’s theorem using the results in [2] and [47]
and also the tools from Chapter 3. Let W(H) be the collection of all pairs (s, ¢) such that H
cannot be partitioned into s stable sets and ¢ cliques where s, ¢ are such that s+¢ = wpn(H).

Let Q(H, s, c) be the set of all graphs that can be partitioned into s stable sets and ¢ cliques.

Let Q(H) = U(s epew (i) QH, 5, 0).

Theorem (2.2.9, [5]). Let H be a graph with wpn(H) > 2. Almost all H-free graphs are in

Q(H) if and only iof H is critical.
For the proof we need a structural lemma that was also shown in [5].

Lemma 5.1.1 ([5]). If H is a critical graph, then for any s,c such that H cannot be parti-

tioned into s stable sets and c cliques the following holds.

o [fs>1, then F(H,s — 1,¢) contains a graph that is the disjoint union of a clique and

a vertex.

o [f ¢ > 1, then F(H,s,c— 1) contains a graph that is the join of an stable set and a

vertex.

Proof of Theorem 2.2.9. We show that if H is critical then almost all H-free graphs are in
Q(H). The other direction was explained in Chapter 2.

Let H be a critical graph and let (F1, F2, ..., Fypn(m)) be a P(H)-free sequence. First we
argue that there is ¢y € N, such that for all £ > ¢y and i € [wpn(H)], |(F;)/| < 2, that is
by Lemma 2.2.10, (F;), € {Ky,Sp}. Indeed, by the definition of P(H)-free sequence, each
of the families F;, ¢ € [wpn(H)] is infinite and hereditary so by Theorem 1.3.4, it must
contain either all the stable sets or all the cliques or both. Let i € [wpn(H)], let s be the

number of families that contain all the stable sets and ¢ be the number of families which

contain all the cliques out of the families Fi, Fo, ..., i1, Fit1, ey F (H)- Then (F;), C

»Y wpn
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(Forb(F(H,s,c))), € {Ss, K} for any £ > h where h = |V (H)|, where the second containment
is due to H being critical.

From the structure of the families in a P(H)-free sequence as shown above, we can
conclude that any P(H)-free sequence is properly arranged and the families are stable. Hence
from Theorem 3.3.5, to prove what is required, it is enough to show that the number of II-bad
graphs is much smaller than the number of II-good graphs for any p/4-almost equal partition

IT for p > 0 specified below.

Let h = |[V(H)| and let £ > 0 be such that 2§log% < loge - 23~2h2+3~1h-wpn(T)' Let p =
p(H,£) > 0 be the constant which we get from Theorem 3.2.2 for H and the above ¢. Let
IT = (1,72, ..., Typn(1)) D€ & p/4-almost equal partition of [n]. We fix the partition II for all
of the following discussion. Let n; = |m;|, i € [wpn(T)].

Let G be a II-conformal graph. Let Y(II,G,i) = Y(II, G,%,i,ziﬂ%) be the collection
of sets obtained by adding greedily sets S which are (II, %,z‘, 2hzﬁ)—limearly extremal. Let
Y(G) = UZVZP?(T)J)(H, G,i), Y(G) = Uycy(g)Y and y(G) = [Y(G)]| as defined in Chapter 3.

Let F(H) = (F1,F2, .., Fypn(mr)) be a P(H)-free sequence, then as argued before each
of the families is either the family of all stable sets, all cliques, or both. Assume with-
out loss of generality that families Fp, Fo,.., Fs contain all the stable sets and families
Fst15 Fs42, -y Fypn(ar) contain all the cliques, let ¢ = wpn(H) —s. Let F € F(H,s — 1,¢),
then F is (F(H),{i},ﬁ)—extendable for all 1 < i < s. Similarly, let F € F(H,s,c— 1),
then F is (F(H),{i}, 55)-extendable for all s +1 < i < wpn(H). By Lemma 3.3.11, in al-
most all H-free graphs G, for each 1 <i <'s, G[m; \ Y(G)] € (Forb(F(H,s — 1,¢)))jx\v(a) €
{Siz\v (@) Kjm\v ()} and for each s+1 < i < ¢, G[m\Y(G)] € (Forb(F(H, s,c—1)))jr\v(a) €
{Siz\v (@) Kjx\v (@)} From Lemma 3.3.8 and similarly to the proof of Lemma 3.3.10, there
is a constant C(H) > 0, so the number of graphs G with a set Y(G), so y = |Y(G)| > C(H) is

much more than the number of TI-good graphs.

Let F(H) = (Fi,Fo, ..., F

wpn(H)) be a P(H)-free sequence (in this case we do not need to

choose a subsequence). We show that there 7 € (0, %) ,A> 0 and k € N for which F(H) is a

(1, \, k)-ordinary P(H)-free subsequence. Let i € [wpn(H)|, and let G € F;, then G is either
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a stable set or a clique, therefore for each v € V(G), either |[Ng(v)| = 0 or [Ng(v)| = 0, hence
one of those values is at most 7n for any 7 > 0, so property (a) holds for F(H).

Next we check property (b). Let (Gy,Go,..,G be such that G; € F; for each

wpn(H))
i € [wpn(H)]. Let w' ¢ Ujcpupn(a)V (Gi) such that for each i € [wpn(H)], G; U {w'} ¢ F;. Let
£(w') = min{ [N (w') N V(Gy)l, |N< NAVGIY, i € [wpn(H)], let €(u') = mingepypn(my (')
and let i € [wpn(H)] be such that ¢(w') = ¢;(w’). By the definition we can also assume that
(j(w') > mn, that is [N(w') NV (G;)| = mn and |[N(w')NV(G;)| = mn for each j € [wpn(H)]\ {i}.
Assume without loss of generality that G; is a clique, and out of the rest of the graphs G,
j € [wpn(H)] \ {i}, s are stable sets and ¢ — 1 are cliques.

By Lemma 5.1.1, F(H,s,c — 1) contains a graph H’ which is a disjoint union of a clique
and a vertex. Note that |V (H')| < |V(H)| = h. Let P = (Hy, Ha, woos Hypn(rr)) be a partition
of H into s stable sets, ¢ — 1 cliques and the above mentioned graph H; = H'. We argue
that we can find a (P,w',i)-form (H1,Ha, ..., H}, -"prn(H))' Let w be the vertex in V(H;)
which is not adjacent to any other vertex in H;. Note that N(w') N V(G;) # 0, as otherwise
GiU{w'} € F;. Let H, be a partition of N(w’) N V(G;) into disjoint sets of size |V (H;)| — 1.
Note that |7} > @. Let j € [wpn(H)] \ {i}, and assume without loss of generality that G;
is a clique, because as mentioned ¢;(w’) > 7n, it is possible to find in G; a collection H; of
disjoint cliques of size |V(H;)| < h such that ' is as adjacent to each clique in #; as w to

Hj; in P(H). Moreover, |H;| > This shows that case (2) of property (b) holds for

Twpn (T
the form for any A > 0 and k£ € N.
Finally, let G be a typical II-conformal graph and let W(G) = Y(G). Then as argued
before |W(G)| = |Y(G)| < C(H) for some constant C(H) which depends only on H. Then
by Lemma 3.3.14 the number of graphs with W (G) # 0 is much smaller than the number of

IT-good graphs. This completes the proof. O

In the following we focus on graphs H which are trees without a perfect matching. Recall

that v(T) is the size of maximum matching in 7.

Theorem 5.1.2. A tree T with wpn(T) > 2 and 2v(T) < |V(T)| — 1 is a critical graph.
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In the proof of this theorem we use the following claims.

Claim 5.1.3. Every tree T with 2v(T) < |V(T)| — 2 can be partitioned into Sy (a non-edge)

and wpn(T) — 1 edges or vertices.

Proof. By Claim 4.0.1, wpn(T) = |V(T)|—v(T)—1. Let M be a perfect matching of maximum
size in T. Let L be the set of vertices not covered by M. Let m = |M|,¢ = |L|, then
wpn(T)=2m+{l—m—-1=m+/{¢— 1.

By our assumption we consider trees 7' with 2v(T) < |V(T)| — 2, therefore |L| > 2.
Moreover, L is a stable set, because otherwise we could add an edge to the maximum
matching. Let {v,u} C L, then {u,v}, ¢ — 2 remaining singleton vertices in L and the m
edges of the matching M give the required partition. Indeed the above partition is into

1+4—2+m=m+{¢—1=wpn(T) parts, as required. O

Claim 5.1.4. Let T be a tree such that |V(T)| > 5 and 2v(T) = |V(T)| — 1, then T can be

partitioned into
e P and wpn(T) — 1 edges, and
e P3 and wpn(T) — 1 edges.

Proof. Let M be a maximum matching in 7" and let v be the unique vertex which is not
covered by M. If v is not a leaf, then we consider some alternating path P from v to one
of the leaves ¢ in T which is starting with an edge not in the matching and is ending with
an edge in the matching. We can find such a path greedily. We define a new matching
M’ := MAP, this is a valid matching and now the only vertex which is not matched is the
leaf ¢/. Therefore we can assume that v is a leaf.

Let u; be the unique neighbour of v, and let uy be the vertex such that {uy,us} € M’.
Then {¢,uq,us} induce a Py and T7 = T'\ {¢,u1, us} has a perfect matching. This is a partition
of T into P3 and wpn(T) — 1 edges. To show that we can partition 7 into P3 and wpn(T) — 1
edges, we consider some edge e # {uj,us} such that e € M’. We have that e = {u],ub}

together with ¢ induce a P3 and F/ =T"\ {¢,u},u}} has a perfect matching. O
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Let Tstar be the set of trees which are subdivided stars, that is each such tree is a star
where every edge is subdivided exactly ones. Note that in each tree T € Tgtar We have that

2(T) = |V(T)| — 1.

Claim 5.1.5. Let T be a tree such that |V(T)| > 5 and 2v(T) = |V(T)| — 1, then T can be

partitioned into Sz and wpn(T) — 1 edges if and only if T ¢ Tstar-

Proof. Let T be a tree not in 7gar, and let M be a maximum matching such that the only
vertex which is not covered by M is a leaf, we denote this vertex by ¢. We can find such a
matching as we did in the proof of Claim 5.1.4. Let {uy,us} € M such that wu; is a neighbor
of £. Let F be the tree (or a forest) that we get once we remove the vertices {¢,uy,us}. For
a tree T such that T ¢ Tgar, we have that there is at least one connected component with
at least four vertices in F. In this component we can find an alternating path P between
its ends which we denote as ¢; and ¢.. The path P starts and ends with an edge from
the matching M. The set {/, /s, (.} is stable. We define a new matching M’ = MAP, this
matching shows that we can partition 7" into S3 = {¢, (s, .} and wpn(T') — 1 edges.

Let T € Tgtar, then there are three types of vertices in such a tree, the centre ¢, the set Dy
of vertices at distance one from the centre, and the set Dy of vertices at distance two from
the centre. Assume to the contrary that it is possible to partition 7" into S3 and wpn(T) — 1
edges. If we choose for the stable set S3 a vertex from Dy, then the leaf adjacent to it will
not be matched in the remaining forest. Therefore we need to choose at least two vertices
from Do, but then only one vertex out of the two adjacent to them will be matched. Hence

there is no such a stable set. O
Now we prove that every tree T" with 2v(T) < |V(T)| — 1 is critical.

Proof to Theorem 5.1.2. Let T with 2v(T) < |V(T')| — 2. The tree T can be partitioned into
two stable sets and wpn(T') — 2 vertices. Therefore the set Forb(F(T,s,wpn(T) — s —1)) is an
empty set for every s > 2. By Claim 5.1.3, F(7,1,wpn(T) — 2) contains an edge, therefore
Forb(F(T,1,wpn(T) —2)) contains only stable sets. Again by Claim 5.1.3, F(T,0,wpn(7T) —1)

contains a non-edge, therefore Forb(F (7,0, wpn(7T) — 1)) contains only cliques.
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Figure 5.1: Partition of S5 into S3, Ko and Ss.

Let T with 2v(T) = |V(T)| —1. As before, the set Forb(F (T, s, wpn(T)—s—1)) is an empty
set for every s > 2.

If T € Tstar, if T = Ps, then wpn(Ps5) = 2, and F(P5,1,0) contains a non-edge. Otherwise,
T can be partitioned into a graph S3 which is a star with leaves and with 3 subdivided edges
and wpn(7T') — 3 edges. The graph S5 can be partitioned into S3, K9 and S, see Figure 5.1.
Therefore F(T,1,wpn(T) — 2) contains a non-edge. In both cases, Forb(F (T, 1, wpn(T) — 2))
contains only cliques. By Claim 5.1.4, F(T,0,wpn(T) — 1) contains P3 and P3, therefore
Forb(F(T,0,wpn(T) — 1)) contains only cliques or stable sets.

If T is a tree with 2uv(T) = |[V(T)| —1 but not in Tstar, then F(T', 1, wpn(7T') — c—1) contains
an edge by Claim 5.1.5. As for trees T € Tgtar, by Claim 5.1.4, F(T,0,wpn(T) — 1) contains

P3 and P3, therefore Forb(F(T,0, wpn(T) — 1)) contains only cliques or stable sets. O

Next we present the proofs of the theorems regarding the structure of the families in the
P(T)-free sequence for trees T with 2v(T) < |V(T)| — 1. Those theorems were mentioned in

the introduction.

» Y wpn

Theorem (1.1.2). Let T be a tree such that 2v(T) < |V(T)| — 2, and let (F1, F2, ..., Fypn(T))

be a P(T)-free sequence, then for every i € [wpn(T)], F; s the set of all cliques.

Proof. First observe that no two families 7; and Fj, i # j, can contain all the stable sets and
this is because any tree T can be partitioned into two stable sets. Hence at most one family,
without loss of generality Fi, contains all the stable sets. Then each family F;, i € [wpn(T')],

contains an edge. By Claim 5.1.3, the tree T with 2v(T) < |V(T)| — 2 can be partitioned
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into a non-edge and wpn(7T) — 1 edges or vertices. Therefore 7| cannot contain a non-edge.

Hence all the families are the families of all cliques. n

Next we analyze the P(T')-free sequence for trees T' with |V(T')| = 2v(T') — 1. Naturally
we need to separate between the trees with 2v(T) = |V(T')| — 1 in Tgar and such that are not

n Tstar-

Theorem (1.1.4). Let T be a tree with |V(T)| > 5 such that 2v(T) = |V(T)| — 1 and T is a
subdivided star. Let (Fi, Fa, ..., Fypn(r)) be the P(T)-free sequence, then we have one of the

» Y wpn

following cases,
(i) Fi is the set of all stable sets, and F;, for 2 <i < wpn(T), is the set of all cliques.
(ii) For every i € [wpn(T)], F; is the set of all cliques.

Proof. Let us assume that one of the families, without loss of generality F;, contains all the
stable sets. The tree T can be partitioned into two stable sets, so no other family F;, i > 2,
contains all the stable sets, so it contains an edge.

Every tree T' € Tgar can be partitioned into P; and wpn(7T) — 2 edges. The path P5 can
be partitioned into P3 and So and into P3 and Sy. Therefore because we assumed that F;
contains a non-edge, each F; for i > 2 must be P3 and P3-free. As mentioned each F;, i > 2
contains an edge so it must be the set of all cliques.

If 77 is not the set of all stable sets, then each F;, i € [wpn(T')] contains an edge, and

therefore by Claim 5.1.4, each F; is a clique. O

Theorem (1.1.5). Let T be a tree with |V(T)| > 5 such that 2v(T) = |[V(T)| -1 and T

» <Y wpn

is a subdiwided star. Let (F1,F, ..., Fypn(r)) be the P(T)-free sequence, then for every i €

[wpn(T)], F; is the set of all cliques.

Proof. As in the proof of Theorem 1.1.4 we know that only one family can contain all the
stable sets, without loss of generality it is Fp, therefore each of the families F;, i > 2, contains

an edge. But by Claim 5.1.5, the family F; can contain only a stable set of size at most 2,
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therefore it also contains an edge. Thus using Claim 5.1.4, we conclude that each family F;,

i € [wpn(T)], is the family of all cliques. O]

Proof of Theorems 1.1.3 and 1.1.6. The statements in the theorems are a direct corollary of

Theorems 2.2.9, 5.1.2, 1.1.2, 1.1.4 and 1.1.5. O

5.2 Trees with a Perfect Matching

In this section we prove Conjecture 1.1.1 for trees with a perfect matching. That is, we
prove Theorems 1.1.9,1.1.11,1.1.13,1.1.15, and 1.1.17. A first step in proving those theorems
is finding the P(T)-free sequences for each tree T with a perfect matching. Recall that
P(T')-free sequence is a sequence of maximal families (Fy, Fa, ..., Fypn(r)) Of graphs such that
for any choice of graphs G; € F;, i € [wpn(T)], the resulting partition (G1,Ga, "'7Gwpn(T))
is P(T)-free. A partition P(G) = (G1,Ga, ..., Gypn(r)) of a graph G is P(T)-free if for any
partition P(T) = (11, T4, ..., Tyypn()) of T', there is an i € [wpn(7")], such that 7; is not induced

subgraph of G;.

5.2.1 P(T)-free sequences for trees 7" with a perfect matching

As was mentioned earlier, we focus on trees with wpn(7) > 2. Recall that 7P! is the set of
trees with a perfect matching where every non-leaf vertex has a neighbour which is a leaf.
The set Ef;r c 7Pl is the family of all trees obtained from stars by subdividing every edge,
except one, exactly once.

We denote by 7!, the set of trees which have a perfect matching but not in 7PL. A tree
T is in S c TP if there is some path P in T of length 6 or 8, such that the ends of P are
leafs and the following property holds. Let C be the set of connected components in 7'\ P,

then each components in C is an edge with the following additional properties. See example

in Figure 5.2.

i. For P = v1,v9,v3,v4,v5,vg of length 6, each of the components in C is joined by an edge

to P at either vz or vy. We denote this set as S¢.
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Figure 5.2: An example of a tree in S; P with three edges incident to vs.

ii. For P = vy, v9,v3,v4,v5,v6,v7,vg Of length 8 each of the components in C is joined by

an edge to P at either vz or vg. We denote this set as S3.

Let S = S§ USE. Let Tp be the set of all trees which have a perfect matching and

wpn(T) > 2.
Claim 5.2.1. Let T € Ty, then T has a unique perfect matching.

Proof. Assume to the contrary that T' has at least two different perfect matchings M and
M’. Consider the graph 77 = (V(T), M U M"), if MAM' # 0, T" will contain a cycle. But T”
is a subgraph of T which is a tree and therefore does not contain cycles. Hence it must be

that M = M’. ]
Let My be the unique perfect matching of T' € 7,,.

Lemma 5.2.2. Let T € Ty, if T is not a path then My contains 3 edges ey, ez, e3 such that

T'le1 Ueg Ues] 1s isomorphic to P3.

Proof. If T is not a path then it has at least one vertex v such that deg(v) > 3. Let o/
be the neighbour of v such that {v,v'} € My, and let a # b be neighbours of v which are
not v/. Due to the fact that T has a perfect matching, there are vertices aq,b; such that
{a,a1},{b,b1} € Mp. Hence the three edges {v,v'},{a, a1}, {b,b1} induce a graph isomorphic

to Py. O

Corollary 5.2.3. If T € TP then My contains 3 edges ey, ea, e3 such that Tley Ueg Ues] is

isomorphic to P3

Let T € TP, we denote by Ts the graph we get from 7 after removing all of its leaves.
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U1 up vy U U1 up vy U
boy by oy Ly boy  luy by Ly
(a) Partitions of P; into Sy (b) Partitions of P} into 2P3+

and two edges. So.

Figure 5.3: Partitions of Pj.

Lemma 5.2.4. If T € TP\ 7;{’;, then T can be partitioned into P; and wpn(T) — 3 edges.

In particular, T can be partitioned into Sy and wpn(T) —1 edges, or 2P3 + Sy and wpn(T') — 2

edges.

Proof. Let T e TP\ 7;%;, then Ty contains a path of length at least 4, let P = v1,uq,v9,us
be this path. Let L = {{y, luy,lvy, luy} C V(T) be the neighbouring leaves of vy, u1,v2,us,
respectively, those leaves exists due to the definition of trees in 7P!. Then {v1,u1,v9,us} UL
induces Py.

The set L is a stable set and M’ = Mp\{{v1, €v; }, {u1, lus }, {v2, loy }, {2, Cuy } YU {{v1,u1}, {va, ua}}
is a perfect matching in 7'\ L. See Figure 5.3a.

The sets {v1,u1, lu, }, {ve,ug, lyy} induce two P3, the remaining vertices {£y,, fyu,} induce

a non-edge. See Figure 5.3b. [

As in the case of trees in TP!, we partition the tress in 72P! to the ones which can be
partitioned into S4 and wpn(7') —1 edges and those which cannot. Before doing so we present

a general claim about the trees in 7P

Lemma 5.2.5. Let T € T"P! then My contains 3 edges ey, e, e3 such that Tley Ueg Ues] is

isomorphic to Pg.

Proof. Let a; € V(T) such that a; is not a leaf and it does not have a neighbour which a leaf,
such a vertex exists by the definition of the trees in 7°Pl. Let m = {a1,a2} € My. By the

choice of a1, the vertices a; and ao have neighbours by # as and by # a1 respectively. Because
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My is a perfect matching, there are vertices ¢; and co such that {by,c1},{b2,c0} € Mp. The

three matching edges {a1,as}, {b1,c1}, {b2,c2} induce a graph isomorphic to FPg. O
First we consider trees in 77!\ S.

Lemma 5.2.6. A tree T € T"! can be partitioned into a Sy and wpn(T) — 1 edges if and
only if T € TPPI\ S.

Proof. First we show that if a tree T is in 7™P!\ S, then it can be partitioned into a Sy and
wpn(7T) — 1 edges. Note that it is enough to find in T two induced disjoint alternating paths
a1, ag,as,ay and by, by, b3, by ({a1,a2},{as,as}, {b1,b2},{b3,bs} € Mr) such that ai,ay, by, by
is an induced stable set, because then this set can be partitioned into Sy and 2 edges.
Indeed, My \ {{a1,a2},{a3, a4}, {b1,b2},{b3,b4}} U {{az,as},{b2,b3}} is a perfect matching in
T\ {ay,aq4,b1,bs}. Hence our proof strategy is for any of the following cases to find two such
alternating paths.

Let T e T°PI\ S, and let P = vy, v9, ...v;, be the longest alternating path in 7', note that the
ends of P are leafs and P is of even length. If £ > 10, then the two paths will be v, v9, v3,v4
and vy, vg, vg, v19. Otherwise, consider the connected components of 7'\ P, such components
exist because of the following. By our choice of T it has wpn(7T) > 2 and therefore T # Py,
and also T' ¢ S and {Pg, Ps} € S so T # Ps and T # P3. Note that each of those connected
component is a subtree with a perfect matching, and therefore in particular contains at least
2 vertices, that is an edge. If a component contains more than 2 vertices, then it must contain
at least 4 vertices and an alternating P, with the end edges in Mp. This P, together with
the vertices v1,v9,v3,v4 gives the two needed paths. Now we are left only with the case that
the remaining connected components are edges. We divide this case into some further cases:

If P = Ps, because T ¢ S, then deg(v3) = deg(vs4) = 2 and either deg(vg) > 3 or deg(vs) > 3,
assume that deg(ve) > 3 (the case that deg(vs) > 3 is symmetric). We denote by u; one of
the vertices adjacent to vo and by uo the neighbor of u; which is not vo, we have that
{u1,u9} € My, then the two paths will be vy, v9,uy,us and v, vy, v5,vg. See Figure 5.4a for

illustration.
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(a) P with deg(v2) >3 (b) Pg with deg(vs4) > 3

Figure 5.4: Examples for the proof of claim 5.2.6.

If P = Pg, because T ¢ Sg, then deg(v3) = deg(vg) = 2, and the degree of either of
the vertices vg,vy,vs,v7 is greater than two. In the case when deg(vy) > 2 (the case that
deg(vy) > 2 is symmetric) we can find the two paths similarly to the case of P = Ps. If
deg(vy) > 2 (the case that deg(vs) > 2 is symmetric) we denote by wu; one of the vertices
adjacent to vy and by wug its neighbour which is not vy, we have {uy,us} € My, then the two
paths can be vg,vg, uq,us and vy, vg, vy, v7. See Figure 5.4b for illustration.

Next we show that if 7' is in S, then it cannot be partitioned into Sy and wpn(T) — 1
edges. Note that if a tree T' contains a vertex v such that at least two components of 7'\ {v}
are edges, then T can be partitioned into Sy and wpn(T) — 1 edges if and only if the tree
obtained from T by deleting one such component can. This can be seen by analyzing all the
possible choices of two vertices, one from each such an edge, for the Sy. Let T € S, we show
that 7' cannot be partitioned into Sy and wpn(T") —1 edges by induction on |C|, where C is the
collection of connected components in 7'\ P and P is the longest alternating path in 7. By
the definition of S each component in C is an edge. If |C| = 1, then T € {Ps, Ps} and we can
see by inspection that neither can be partitioned into S; and wpn(T') — 1 edges. Otherwise,
if |C| > 1, then by the above observation, we can remove any such edge from the graph and

proceed by induction. O

Before we analyze the structure of the P(T)-free sequence for trees T' € T, we state a few

observations. See Figures 5.5 and 5.6 for the illustration of the following observations.

Observation 5.2.7. The graph P; can be partitioned into two sets inducing each of the

following pairs of graphs: (Ps, P3), (P3, P3), (53, 53), (S3, P3), (S3, P3) and also into (K3, Py),
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S3+ 53

Ps + S5

P+ P

P;+ S5

P+ Py

sfafefete

¢ ¢

K5+ Ss

K
2K, |
Figure 5.5: Partitions of P5.

(K2,2K3), (K2, Ko+ S2) and (S2, Py), (S2, Ko + S2).

Observation 5.2.8. The graph Pg can be partitioned into two sets inducing each of the
following pairs of graphs: (P, P3), (Ps, P3), (P3, P3), (S3,53),(53, P3), and also into (K3, Py),

(K2,2K>), (K2, P35+ S1) and (S2, Py), (S2,2K3), (S2, P3 + 51).

Observation 5.2.9. The graph Py can be partitioned into (Ss, Py, K2), (S2,3K3).

We analyze the structure of a graph G without an induced Py = I_I and other graphs

on 4 vertices.
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Figure 5.6: Partitions of Pg.
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Lemma 5.2.10. The following is a characterization of the families which are defined by

forbidding the stated graphs.

(i) Forb({Py,2Ks, Ko+S3}) = Ga, that is the family of graphs which are the join of complete

multi-partite graph with an isolated vertewz.

(7i) Forb({Py,2Ks, Ko + So,54}) = Gs, that is the family of graphs which are the join of

complete multi-partite graph with parts of size at most 2 and an isolated vertex.

(7ii) Forb({Py,2Ks, Ko + So, P3 + S1}) = Gy, that is the family of graphs which are joins of

graphs which are either stable set or a disjoint union of a vertex and a clique.

(iv) Forb({Py,2Ks, Ko + Sa, P3 + S1,54}) = G5, that is the family of graphs which are joins

of graphs which are either a stable set of size 3 or a disjoint union of a vertexr and a

clique.

(v) Forb({Py,2Ko, P3 + S1}) = Gg is the family of graphs which are joins of graphs which

are a disjoint union of a clique and a stable set.

Proof. If G does not contain a P4 as an induced subgraph then either G or G is disconnected

[53]. Therefore it is enough to analyze the structure of G when it is disconnected. Indeed, if

it is not disconnected then it is a join of subgraphs which are disconnected (the connected

components in G). Hence we assume that G is disconnected and let Cy,Cs, ..., C; be the set

of maximal connected components in G.

(i)

(i)

If G does not have as an induced graphs 2Ko and Ko + S, if ¢ > 3, then G is a stable
set. If ¢ = 2, then one of the connected components is just a vertex, without loss of
generality Co, then Cy does not contain a Ps, therefore it is a complete multi-partite
graph. All the following cases are the current case with additional restrictions, so we

will just describe the additional structure due to them.

If G does not have as an induced graphs 2Ks, K9 + Sy and Sy, with those restrictions
t < 3, for t = 3 as before we get a S3, for t = 2, we get that Cy will be a multi-partite

complete graph with parts of size at most 2.

86



(iii) If G does not have as an induced graphs 2K5, Ko+ So and P3+ 51, for t = 2, Cy cannot

contain either P3 or P, so it is a clique.

(iv) If G does not have as an induced graphs 2Ks, Ko+ So, P3+S1 and Sy, again with those
restrictions ¢ < 3, for ¢t = 3 as before we get a S3 and for ¢ = 2 in this case Cy is a clique

again.

(v) If G does not have as an induced graphs 2Ky or P35 + Sj, then at most one of the
connected components Cq, Co, ..., C; can contain more than one vertex, assume it is Cj.

Then C; must be P3-free and because it is a connected component, it must be a clique.
This completes all the cases. 0

Finally, we analyze the P(T)-free sequence for trees T' € T, and present some important
lemmas for the next subsections. Let G; = Forb({S3, P3}), that is all the graphs G, such that

G is collection of edges and singleton vertices.

Theorem (1.1.8). Let T be a tree such that T € TP and let (Fy,Fo, ..., F. (1)) be the

»Y wpn

P(T)-free sequence, then we have one of the following cases,
(i) F; = Gy for each i € [wpn(T)].

(i) The families can be reindexed such that Fy is the set Go and the rest of the families are

the sets of all cliques.

Proof. Note that by Corollary 5.2.3 and Observation 5.2.7, every tree T € 72! can be

star

partitioned into,
(a) (P3,P3), (P3,P3), (S3,P3), (53, P3), (S3,53) and wpn(T) — 2 edges.
(b) Py, 2K5, Ko+ Sy and wpn(T) — 1 edges.

Firstly, assume that one of the families, without loss of generality, 77 contains the set of all
the stable sets. The tree T' can be partitioned into two stable sets of size at most |V(T')| — 1,

so no other family F;, 7 > 2, can contain all the stable sets, so it contains an edge. Because
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JF1 contains an S3, using (a) no other family can contain P3, P3, so every other family is the
set of all cliques.

Secondly, assume that no family contains all the stable sets. Therefore each family F;,
i € [wpn(T')], contains an edge. Assume that there are at least two families which are not the
sets of all the cliques. Then no family can contain either S3 or P3, because then no other
family can contain either one of Pz, P3, so they will be the families of all the cliques. Hence
every family is the set of all complete multi-partite graphs with parts at most 2, that is equal
to G;. Now, assume that there is at most one family F; which is not the set of all cliques.
Then by (b), the graphs in 7y are H-free for each H € {Py,2K5, Ko+ So}, and therefore using

Claim 5.2.10 .Fl = gg. ]

Theorem (1.1.10). Let T be a tree such that T € 7Pl \ TP and let (F1, F2, ..., F (T)) be

star’ » Y wpn

the P(T)-free sequence, then we have one of the following cases,

(i) The families can be reindexed such that Fy, Fo are the set Gi, and the rest of the families

are the sets of all the cliques.

(i1) The families can be reindexed such that Fy is the set Gg and the rest of the families are

the sets of all the cliques.

Proof. As in the previous theorem, using Corollary 5.2.3 and Observation 5.2.7, the trees in
TP 7;15;” can be partitioned into,

(a) (Ps,P3), (P3, P3), (S35, P3), (S3,P3), (53,53) and wpn(T) — 2 edges.

(b) Py, 2K, K9+ Sy and wpn(T) — 1 edges.
Moreover, using Claim 5.2.4, the trees in 7P\ 7;%;, can be partitioned into,

(c¢) Sy and wpn(T) — 1 edges.

(d) 2P3+ Sy and wpn(T) — 3 edges.
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Firstly, no family can contain all the cliques. Indeed, assume that one of the families, without
loss of generality, F; contains the set of all the stable sets. The tree T can be partitioned
into two stable sets of size at most |V(T)| — 1, so no other family F;, i« > 2, can contain all
the stable sets, so it contains an edge. Hence by (c), F1 cannot contain Sj and therefore it
does not contain all the stable sets.

If there are two families, without loss of generality, 71 and F» which contain P3, then
by (d) and the fact that every family contains an edge, every other family F;, i > 3, is the
family of all cliques.

Finally, if there is at most one family F; which is not the set of all cliques. Then by (a),

JF1 is H-free for each H € {Py,2K5, Ko+S5, 54}, and therefore using Claim 5.2.10 7, = G3. [

The next observation and a few lemmas are useful in the proofs of the exact structure of
almost all T-free graphs for trees T e TP in Subsection 5.2.2. The observation and lemmas

use the definitions from Section 3.3.

Observation 5.2.11. Let T € TP, then each P(T)-free sequence (Fy, Fo, ..., }"an(T)) 18 prop-

erly arranged. Moreover, each of the families F;, i € [wpn(T)], is stable.

Lemma 5.2.12. Fach of the graphs in {Py, Ko + Sa} is %—um’versally extendable for all
T € TP. Moreover, each of the graphs in {2K5,S4} is %—umversally extendable for all trees

T e TP\ Th

star-’

Proof. Let T e TP!, then by Corollary 5.2.3 and Observation 5.2.7, T' can be partitioned into
(Ka, Py), (Ko, Ko+ S9) and (So, Py), (S92, Ko + S9) and wpn(T) — 2 edges. By Theorem 1.1.8,

for any k € [wpn(T)], P(T)-free sequence F = (Fi, Fa, ...,prn(T)), and (G1, Go, ...,Gwpn(T)),
V(Gy)]

where G; € F; for all i € [wpn(T)] \ {k}, either each G; contains —7%* disjoint edges, or one

[V(Gy) [V(Gy)l
)

of those graphs contains | disjoint non-edges and there contain —7%4 disjoint edges.

Hence {Py, Ko + So} is %-universally extendable for such tree T.

Let T € 7'191\7'1)1 then by Corollary 5.2.3, Observation 5.2.7 and Lemma 5.2.4, T' can be

star’

partitioned into 2Ky or Sy and wpn(7) — 1 edges. By Theorem 1.1.10, for any & € [wpn(T)],

P(T)-free sequence F = (P15 25 wes Fypn(T))5 and (Gq,Go,...,G (T)), where G; € F; for all

» ~wpn

89



V(Gi)
i)l

i € [wpn(T)] \ {k}, each G; contains | disjoint edges. Hence {2K5, Sy} is %—universally

extendable for such tree T. O]
Lemma 5.2.13. The graph P3 is (2, %I)-um'versally extendable for all T € TP

Proof. Let T € TP!, then by Corollary 5.2.3, T can be partitioned into Py and wpn(T) — 2

edges. By Theorem 1.1.8, for any P(T)-free sequence F = (Fy, Fo,..., F, (1)), there is a

> wpn

choice of i1 # iy € [wpn(T)], such that for any (Gi,Go,...,G (1)) where G; € F; for all

» Ywpn
[V(Gy)
4

i € [wpn(T)]\ {i1,i2}, each G; contains | disjoint edges. Hence Py is (2, %)—universally

extendable for such a tree T. O

star-

Lemma 5.2.14. The graph P} is (3, %)—umversally extendable for all T € TP\ 72!

Proof. Let T € Tpl\Tpl by Lemma 5.2.4, T can be partitioned into P} and wpn(T')—3 edges.

star?

By Theorem 1.1.10, for any P(T')-free sequence F = (F1, F2, ..., Fypn(r)), there is a choice of

» Y wpn
different indices {i1,i2,i3} € [wpn(7T')] (actually in this case, any choice of different indices will

suffice), such that for any (Gy,Go, ...,G

each G; contains W disjoint edges. Hence Pj is (3, i)—universally extendable for such

(1)) where G; € F; for all i € [wpn(T)]\ {i1, 2,43},

wpn

tree T. ]
Next we consider the trees in T2PL

Theorem (1.1.12). For a tree T such that T € T"P'\ {Ps}, and let (Fi, Fo, ..., F, (1)) be

» Y wpn
the P(T)-free sequence, then the families can be reindexed such that Fy is G4, and the rest of

the families are the sets of all cliques.

Proof. By Lemmas 5.2.5 and 5.2.2, each tree T e T™P! can be partitioned into Pg and
wpn(T) — 2 edges or in the case it is not a path it can be partitioned into Py and wpn(T") — 2
edges. Hence by Observations 5.2.8 and 5.2.7 and 5.2.9, each tree T € T°P' 1S can be

partitioned into,
(a) (P, P3), (P3,P3), (P3,P3), (S3,53), (S3,P3), (S3,P3) and wpn(T) — 2 edges.
(b) Py, 2K9, Ko + S9, P3+ K1 and wpn(T) — 1 edges.
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Assume that there is a family, without loss of generality, F;, which contains either of
{S3, P3, P3}, then by (a) the rest of the families cannot contain either of the graphs from
{83, P3, P3} and therefore are the sets of all cliques. Then by (b) and Claim 5.2.10 F; = Gj.

If no family contains either of graphs in {S3, P3, P3}, then all the families are the sets of

all cliques. O

Theorem (1.1.14). Let T = Py and let (Fi, Fa) be the P(Pg)-free sequence, then we have the

following cases,

(i) The families can be reindezxed such that Fy is the family of all stable sets and Fo = G.

(ii) The families can be reindezed such that Fy is the family of all cliques and Fo = Gg.
Proof. By Observation 5.2.8, P4 can be partitioned into,

(a) (Ps,Ps), (P, P3), (P3,P3), (S3,53), (S3, P3).

(b) Py, 2K5, P3+ 51 and an edge.

A tree T can be partitioned into 2 stable sets, therefore at most one family contains all the
stable sets, without loss of generality, this family is F;. If F; is the set of all stable sets,
then F» is S3 and P3-free, and therefore is the family G;. Otherwise both F; and F» contain
edges. Assume without loss of generality, that 7o contains either P3 or Pz, then Fj is the
family of all cliques and F is H-free for each H € {Py,2Ks, P3+ 51}, and therefore by Claim
5.2.10, Fi is the family of all graphs which are a join of graphs which are disjoint union of

a clique and a stable set. 0

Theorem (1.1.16). For a tree T # Pg such that T € T"P\(SU{Ps}), and let (Fy, Fa, ..., F. 1))

»Y wpn

be the P(T)-free sequence, then we have the following case,

(i) The families can be reindexed such that Fy is G5, and the rest of the families are the

sets of all cliques.

Proof. By Lemmas 5.2.5 and 5.2.2, each tree T € 7™P! can be partitioned into Pg and

wpn(T') — 2 edges or in the case it is not a path it can be partitioned into Py and wpn(T') — 2
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edges. Hence by Observations 5.2.8 and 5.2.7 and 5.2.9 and also Claim 5.2.6, each tree

T € T"PI\ S can be partitioned into,
(a) (Ps, P3), (P3,P3), (Ps3,P3), (S3,53), (S3, P3), (3, P3) and wpn(T) — 2 edges.
(b) Py, 2Ky, Ko+ Sy, P3+ K1 and wpn(T) — 1 edges.
(c) Sq and wpn(T) — 1 edges.

Assume that there is a family, without loss of generality, F;, which contains either of
{S3, P3, P3}, then by (a) the rest of the families cannot contain either of the graphs from
{S3, P3, P3} and therefore are the sets of all cliques. Then by (b), (¢) and Claim 5.2.10
F1=04.

If no family contains either of {S3, P3, P3}, then all the families are the sets of all cliques.

O

As in the case of trees in TP, we mention an observation and a few lemmas which are
)

useful in the proofs of the exact structure of almost all T-free graphs for trees 7' € 72P! in

Subsection 5.2.2

Observation 5.2.15. Let T € TP, then each P(T)-free sequence (Fi,Fo, ..., F. (1)) 18

»Y wpn

properly arranged. Moreover, each of the families F;, i € [wpn(T')], is stable.

The proofs of the following lemmas is similar to the corresponding proofs of Lemmas

5.2.16, 5.2.17 and 5.2.18.

Lemma 5.2.16. Each of the graphs in {Py,2Ks, P+ K1} is i—umversally extendable for all
T € T"PL. Moreover, Py + Sy is L-universally extendable for all trees T € TP\ {Ps} and Sy

18 %—umversally extendable for all trees T € T"PI\ S.

Lemma 5.2.17. The graph Py is (2, %)—um'versally extendable for all T € TPl

Lemma 5.2.18. Either P3 is (2, i)—um’versally extendable or Py 1s (3, %)—umversally extend-

able for all T € TP\ {Ps}.
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Before we finish this subsection, we mention some additional structural properties of trees

with a perfect matching and graphs in families G; and G4.

Lemma 5.2.19. Letke N, neN, 7 ¢ (0, %) and v € (0,2%). Let G € (G1)n such that G

%
contains at most yn singleton components, and let w ¢ V(G) such that |[N(w) NV (G)| > n
and |N(w) N V(G)| > n. Then there is a collection P of disjoint copies of Py such that

|P| > T and one of the following cases happens,
(i) w is adjacent to exactly one end (and not other vertices) of each copy of P3 in P, or

(71) it is possible to choose P such that w is either not adjacent to any of the vertices of
each copy of P3 in P or w is adjacent to the centre vertex (an not other vertices) of

each copy of Py in P.

Proof. Let G' = G[V(G) \ L] where L it the collection of singleton vertices in G, let A be
the collection of non-edges in G'; let A = Uge S = V(G'), and let Ny = N(w) N V(G') and

Ny = N(w) NV(G"). Then |Ny| > 7n —yn and |Na| > mn — yn.

(i’) There is a set of non-edges A" C A such that |A'| = |N1| and for each edge {a1,as} € A,

a1 € N7 and ag € No.

(ii") There is a set of non-edges A’ C A such that |A’| = |N1| and for each edge {a1,as} € A,

{a1,a2} C Ny.

If case (i’) happens then we attain the set P as in case (i) by taking all the copies of P3 which
are obtained from a non-edge in A’ and a vertex in Ny which is not a part of a non-edge in
A’. If case (ii") happens then we attain the set P as in case (ii) by taking all the copies of P3
which are obtained from a non-edge in A’ and either a vertex in Ny or a vertex in Ny which

is not a part of a non-edge in A’. O]

Observation 5.2.20. [t is possible to choose a vertex w € V(PJ) such that either of the

following cases holds.
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in Observation 5.2.20 ) in Observation 5.2.20 (c) in Observation 5.2.20

Figure 5.7: Partitions of P} considered in Observation 5.2.20.

(a) There is partition of P§ into So+ P3+ Py such that w is a part of Py, and it is adjacent

to one end of So and one end of the Pj.

(b) There is partition of P} into So+ P+ P3 such that w is part of P3, and it is not adjacent

to Sy, and not adjacent to P3.

(c) There is partition of P} into Sy + P3 + P3 such that w is a part of Sy, and it is not

adjacent Py and adjacent to one of the ends of the Ps.

See in Figure 5.7 the partition as in Observation 5.2.20. Similarly to the proof of Lemma

5.2.19, it is possible to show the following.

Lemma 5.2.21. Let k € N and n € N large enough, let T € (O,%) and v € (O, 2%) Let
G e (94)% such that G contains at most yn vertices in components of size at least (logn)?,

and let w ¢ V(G) such that |[N(w) N V(G)| > mn and |[N(w) NV (G)| > mn. Then there is a

™m—n

(logn)?

collection P of disjoint copies of P3 such that |P| > and one of the following cases

happens,
(i) w is adjacent to exactly one end (and not other vertices) of each copy of Ps in P, or

(i1) w is not adjacent to any of the vertices of each copy of P3 in P.

5.2.2 Typical structure of T-free graphs for 7' with a perfect match-
ing
In this subsection we finish the proof of Theorems 1.1.9, 1.1.11, 1.1.13, 1.1.15, and 1.1.17.

We give separate proofs for trees in 7P! and for trees in 7P
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(a) G € Gy (b) The complement G

Figure 5.8: A graph G in Gy and its complement.

Trees in TP!

We showed in Theorems 1.1.8 and 1.1.10 that for any T € TP!, the families F;, i € [wpn(T)],
in a P(T)-free sequence (Fy, Fa, ...,]-"an(T)) are either of the families G, for « € [3] or the set
of all cliques. We recall the definition of the families G,, ¢ € [3].

The family G; = Forb({S3, P3}) is the family of graphs which are complete multi-partite
graphs with parts of size at most 2. The complement of any graph in G; is a disjoint union
of a matching with a stable set.

The family Go = Forb({ Py, 2K>, Ko+ So}) is the family of graphs which are joins of graphs
which are complete multi-partite graph and an isolated vertex. The complement of any
graph in Gy is a disjoint union of clique-stars. Recall that a clique-star is a graph which is
a complement of a disjoint union of a vertex and a complete multi-partite graph on at least
two vertices. In particular, any clique-star contains either S3 or P3. See in Figure 5.8 an
example for a graph in Gy and its complement. In the figure, a thick edge between two sets
of vertices represents the existence of all the possible edges between those two sets.

The family Gz = Forb({ Py, 2K, K3 + S2,54}) is the family of graphs which are joins of
graphs which are complete multi-partite graph with parts of size at most 2 and an isolated

vertex. Note that g3 C Go, and in particular [(G3)n| < |(G2)n| for all n € N. Next we give
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bounds on the number of graphs in the families G,, for ¢ € [3].

Theorem 5.2.22 ([32]). Let n € N,

(46)1/4’

e

[(G1)n| = (1 + O(n—l/z)) (n)”/2 eV

From the above we can derive the following bounds.

Corollary 5.2.23. Let n € N,

n n/2 "
<> < (G1)n] < n3.

e

Let (G1)2C (G1)n be the set of graphs G on n vertices in G; such that G contains at least

s singleton components.

Lemma 5.2.24. Let n € N and s < n, then,

n—s

(GU)n <2"-(n—s) 2

Proof. There are at most 2™ ways to choose the singleton vertices. The graph induced on

the rest n — s vertices is in Gy, therefore by Corollary 5.2.23 there are at most (n — s)%
ways to choose such graphs. This gives the required bound. O
Let G, ={G|Ge g}, €3

Lemma 5.2.25. Let n € N,

(Gl ()

log logn

Proof. To make the presentation easier, we count the graphs in (Gy),. Let X UY be a
partition of [n], and assume that the components induced on X are of size at most logn and
the components induced on Y are of size at least logn. There are 2" ways to partition [n]
into the two sets X,Y.

Firstly we count the number of possible graphs on X. Let |X| = z, if x < ¥/n, then

we bound the number of graphs on X by 2% . 2% < 9 Vny2/33n. Indeed, there are at
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most 27 ways to choose the centres of the clique-stars on X, there are at most z¥ ways to
partition the vertices in X into the clique-stars and there are at most % ways to partition the
vertices chosen for every clique-star into the different cliques of the clique-star. If z > ¥/n,

then we count the number of possible graphs on X as following. Using the bound on the

T x
Bell numbers 1.3.2, there are at most (1023:) < <1 l:g ) ways to partition X into the
3 n

different components. Let C be a component on X, then again by 1.3.2 there are at most

| | e .
(%) < (1 og)lgf)g n) ways to partition it. Hence the number of ways to obtain a graph

on X is at most

z |C| z x x
1 - 1 = .
3 logn CV(O)CX loglogn 3 logn loglogn loglogn

Secondly we count the number of possible graphs on Y. Let |[Y| =y, let S; be the union

of the vertices in components of size between 27 logn and 2/*1logn, and let |S;| = s;. There

are at most

ways to partition the vertices in Y into the Sj. Note that there

y!
logn—loglogn _ ,
Hj:l 85!

are at least 5 fégn components of sizes between 27 logn and 2/t logn. Therefore there are

. 5
at most ( 57 fggn> ways to partition S; into the components. Using again Theorem 1.3.2

and the fact that there are at most 2% ways to choose the centres of the cliques stars, there
Ss 29I+l logn % s .
are at most 2°J (log(2j+110gn) ways to partition each of the components on S;. Therefore
9J+2

for cach S h t most [ ——4 logn ) _ A5 N to obtain
or eac J,We ave a OS 2j10gn log(2j+1logn) = log(2j+1logn) Ways O Obta a

collection of clique-stars on ;. Hence the number of ways to obtain a graph on Y is at most

! lognll_o[glogn 45j Sj g ( An >y
H;'Ozgfl_log logn 55! j=1 log(2/+1 logn) ~ \loglogn/
By taking the product over all z,y such that x + y = n, we get the required bound. O

Let G € Gy, a matching M C E(G) is mild if it is a matching in the subgraph G’ of G
which is obtained after removing the centres of all clique-stars which are not cliques from G.

Let (gz),’i;""””’fc (G2)n be the set of graphs G such that G has the following properties.

e G contains at most ¢ clique-stars,

e the number of vertices in the clique-stars in G is at most n/,
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e there is a clique-star with at least n” vertices in G,

e there are at most ¢ edges in a mild matching in G.

- r_n _ A/
Similarly to before we denote (G2)&™ ™ *= {G | G € (G2)5™ ™ *}. If there is no restriction
on any of the values in the upper script, then we write a * in the corresponding entry. In

case that a clique-star is a clique we set any of its vertices to be the centre arbitrary.

Lemma 5.2.26. Let ¢, f,n',n",n €N, then

1(Go)S™ ™) < 2220 - (c+ 1) - (30)3¢. (5.1)

(G2)5™ | < n? 2 (e 1) (30) (5.2)

(@)™ <2 (= "y (30 (5.3)

Proof. We consider the graphs in (@)%*’*’E. For each ¢’ < cand ¢ < ¢, we count the number

of graphs in with exactly ¢ clique-stars and exactly ¢ edges in the mild matching. We have
at most 2" ways to choose the centres of the clique-stars and at most 2" ways to choose the
vertices for the mild matching.

Note that once we remove the centres of each of the clique-star we are left with a disjoint
union of cliques, let G’ be the resulting subgraph. The number of vertices in components of
size at least 2 is at most 3¢'. Indeed, let K be the collection of all components of size at least
2. The number of such components is at most ¢. Assume that we remove a vertex from
every odd component in K, and let K’ be the new collection of components of size at least 2.
Each component K € K’ contributes exactly M edges to the mild matching. Therefore
the number of vertices in the components in K’ is 2¢. To obtain K’, we removed at most ¢
vertices. Hence the total number of vertices in K is at most 3¢. By the bound on the Bell
numbers 1.3.2, there are at most (3¢ )36/ ways to partition 3¢ vertices into any number of
components of any size. There are at most 2" ways to choose the singleton vertices in G’.

There are at most (¢’ +1)™ ways to assign the vertices in G’ to the different centres of the

clique-stars together with the option that some of the components in G’ are not assigned to

any clique-star. Therefore in total there are at most 23" - (¢/ + 1)™ - (3¢/ )35/ ways to obtain
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the required graph. Note that the bound increases with ¢’ and ¢. Therefore summing over
at most n? options for ¢ and ¢, we get that the number of required graphs in (@)%*’*’e is at
most

n? .22 (c+1)" - (30)%.

/
Now we show the bound on (Go)y" ** The number of ways to choose the n/ vertices

which are in the clique-stars is at most 2. As before there are at most 3¢ vertices in G'.
We have at most (3¢)3¢ way to partition those vertices into the different components. We
have at most (c+ 1)”/ ways to assign the n’ vertices to the different centres together with the
option of not assigning those vertices to any of the centres. Therefore the number of graphs
in (g@fg”l’*’f is at most

n2. 2% (c+ 1) - (303,

"
Now we show the bound on (Go)y ™" £ As before there are at most 3¢ vertices in G.
There are at most (3¢)3¢ way to partition those vertices into the different components. Let K
be the clique-star which contains n” vertices. We have at most 2" to choose those vertices.

On the remaining n — n” vertices we can have at most n — n” clique-stars. The number

of ways to partition those remaining vertices into the clique-stars is at most (n —n” )"*"”.

"
Therefore the number of graphs in (Go)5™"™  is at most
n-23m. (n— n//)n—n” . (3@34
O

Let (G3)SC (G3)n be the family of graphs G on [n] such that G contains at most ¢ clique-

stars.
Lemma 5.2.27. Let n € N and c € [n], then
(G3)5] <2 - (c+1)" - n2.

Proof. There are at most 2" ways to choose the ¢ centres of the clique-stars. Let G € (G3),

and let G’ be the resulting graph after removing the centres of the clique-stars from G. Then
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G isa disjoint union of edges and vertices. By Theorem 5.2.22, there are at most n? ways
to partition n vertices into edges and vertices. There are at most (c¢+ 1)" ways to assign the
vertices of G’ into the different clique-stars together with the option that the vertices are not
assigned to any clique-star. By taking the product of all of the above, we get the required
bound. [

Observation 5.2.28. Let T € TP and 11 a partition of [n], then

star

n

UWTJDIZKgﬂnHz<€>nm.

Observation 5.2.29. Let T € TP\ TP and let T be a p/4-almost equal partition for some

star

p>0. Let ny :=|m1| and ny :=|ma|, then

ny na (n/ an(T)—np/4)
2 2 T — pPl4
WUHWZK%MJN%Mﬂz(m> .(m) Z(me() n ) |

e e e

Observation 5.2.30. All the following pairs of graphs can be extended to P3 with a proper

choice of edges between the graphs in the pair,
(a) (P3, P3) with an edge between their centres, see Figure 5.9a.

(b) (P3,S3) with either an edge between the centre of the Py and one of vertices of Sg or

without such edge, see Figure 5.9b.

(c) (Ss3,S3) with an edge fived between some vertex from one of the S3 to some vertezx from

the other Ss or without such edge, see Figure 5.9c.

(d) (P3,Ss3) with either an edge between the centre of the Py and one of vertices of Sg or
with an edge between one of the ends of the Py and one of vertices of Ss, see Figure

5.9d.

(e) (P3, P3) with either an edge between the centre of the Py and one of the ends of P3 or
without such edge, see Figure 5.9e. Moreover, (P3, P3) with an edge between the centre

of Py and one of the ends of the edge of the P, see Figure 5.9f.
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mmmmm

P3 and Pg P3 and 53 53 and Sg P3 and 53 P3 and P3

T

(f) P3 and S3

Figure 5.9: Partitions of P considered in Observation 5.2.30.

Lemma 5.2.31. Let K1 and Ky be such that Ky and Ko are the disjoint union of a clique-
star Sy (resp. Sa) on ki (resp. ko) vertices together with ky (resp. ko) vertices (there is
no restriction on the graph on those vertices). The number of ways to choose edges between

V(K1) and V(K3) without creating an induced copy of P3 is at most
- ky—1 ko—1
92k1-2ky o7 M 796 96 f

Proof. Let c1 (resp. cz) be the centre of the clique-star Sy (resp S3). Note that S7 contains at

least % disjoint edges or disjoint non-edges. Similarly, Sy contains at least % disjoint

edges or disjoint non-edges. We have three possible cases: (1) S contains at least kl L

disjoint edges and S7 contains at least % disjoint edges; (2) S; contains at least 1T_1
disjoint non-edges and Sy contains at least % disjoint non-edges; (3) without loss of
generality, S7 contains at least % disjoint edges and S contains at least % disjoint
non-edges.

First assume that there is an edge between c; and co. If we are in case (1), we use part (a)
in Observation 5.2.30. The graphs K| and K are fixed and we are choosing edges between
V(K1) and V(K3) with probability % Let E7 be the set of disjoint edges in K7 such that cg is

not adjacent to any end of each such edge, and let Es be the set of disjoint edges in Ky such

that ¢; is adjacent to exactly one end of each such edge. The expected size of Ejp is %,
and the expected size of Es is % By Chernoff bound 1.3.6, the probability that either
I N V|

|E| <kl | Eo| <®-lise 25 te 2T . The number of graphs where |E7| > kl 1

55 and
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ky—1 ky—1
1. 4_1\ 232 222 . .
|Es| > % is at most 22k1-2k2 . <2241> , this is because we must forbid at least one
edge arrangement between every ey € E7 and eg € E», otherwise we get a copy of Py. Hence
k1—1 k271}

in total, the number of possible graphs is at most 22k12k2 .2~ mm{ 26 7 26

In all the other cases the argument is very similar. If we are in case (2), then we use part
(c) of Observation 5.2.30. If we are case (3), then we use part (b) of Observation 5.2.30.

If there is no edge between ¢y and cq, if we are in case (1), then we use the first arrangement
of part (e) of Observation 5.2.30. We can find many disjoint P either in K; or K by using
the vertices which are not part of the clique-stars. If we are in case (2), then as before we
use part (c) of Observation 5.2.30. If we are case (3), then we use part (b) of Observation

5.2.30. =
We always apply the above lemma to two collections of clique-stars.

Lemma 5.2.32. Let G1,Gy € Go be two disjoint graphs. Let |V (G1)| = n1, |V(G2)| = na and
let S1 and Sy be mazimum collections of disjoint clique-stars in Gy and Go, respectively. Let
ny

s1 = |S1],82 = [So| and S1 = Ugeg, S, 52 = Uges,S. Let ny < 5k, We make the following

assumptions.
(1) The largest clique-star in Sy contains at most ny —nly vertices,
(i) n) <|Sy| < 7L, and

(iii) every clique-star in Sy is larger than any clique-star in Sy.

The number of ways to choose edges between V(G1) and V(Gs) without creating an induced

!/
copy of P§ is at most 2"1™"2 . 27152 for some constant ¢ > 0.

Proof. We define two collections K1 and K9 of subgraphs of G; and Go, respectively, so we
can apply Lemma 5.2.31 to each pair of sets (K1, K3) such that K; € K; and Ky € Ko.
First we define a set K1 of subgraphs of G1. Let L be the clique-star with most vertices

in §;. If |[V(L)| > n), then we define a component K to be a subgraph of L which is a
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clique-star with n) vertices together with a set of some n/ vertices in V(G)\ V(L). Note that
[V(G)\ V(L)| > n} due to assumption (i). In this case K1 = {K}.

Next assume that |V(L)| < nf. In this case, we can find a collection of clique-stars which
contains between n) and 2n) vertices. Indeed, let Cy,Cq,...,Cy = L be the ordering of the
clique-stars in S; in increasing order by the number of vertices. Let t € [k] be such that
S V(G <y and SELV(C)| > n). By assumption (ii), [S1] = Yi, [V(Cy)| > nf,
therefore t < k. Moreover, |V (Cy)| < |V(L)| < ). Therefore n}y < Y701 V(Cy)| < 2n/. Let V'’
be a set of vertices in V(G)\Ugi%V(C’i) such that |[V/| = Zfi% [V (C;)|, such a set exists because
151] < 5. We partition V' into parts of sizes [V/(C1)|, [V(C2)l, ..., |V (Ciq1)|, let V], Vg, ..., V]
be the resulting partition where |V/| = |V(C;)| for i € [t +1]. We define the set K; to be
G[V(C;) UV/]. Let K1 be the collection of sets K;, i € [t +1].

Next we define the set K9. Let Cq,Co, ...,C}, be the ordering of the clique-stars in Sy in
increasing order by the number of vertices. We define a set Ky;, 1 <i < k/2, by taking C;
together with |V(C;_1)| vertices from C;. We can do that because |V (C;)| > [V (C;_1)]| for all
1<i<k/2.

We apply Lemma 5.2.31 to each pair of a set from K£; and a set from Ko. This gives the

required bound. O

We recall the structural properties of trees in 7P! which are needed in the proof of the

exact structure of almost all T-free graphs.

(A) Each of the graphsin { Py, Ko+Ss} is %—universally extendable for all T € TP, Moreover,

each of the graphs in {2K», Sy} is f-universally extendable for all trees T € TP\ 72!

star®

(B) Pj is (2, 1)-universally extendable for all 7 € TP\ {P;}.

(C) Pf is (3, 1)-universally extendable for all 7€ TP\ T2

star*

Those properties are shown in Lemmas 5.2.12, 5.2.13 and 5.2.14. Using those properties

we give a few important corollaries to the general claims which we gave in Section 3.3.
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Let K € N and € > 0 be the constants from Theorem 3.2.1 applied with Forb(7) and
§ > 0 sufficiently small. Let ¢’ > 0 be the constant from Theorem 3.2.3 applied with K. Let
. /
xe o, mm«%s,e })

Let n € N be large enough and let p > 0 be the constant which we get from Theorem 3.2.2

for this n and ¢ > 0 such that 2¢ log% < loge - 23-2t2+3is-wpn(T) where t = V(T). Let II =
(71,72, o Typn(T)) D€ & p/4-almost equal partition of [n]. We fix the partition II for all of the
following discussion. Let n;= |m;|, i € [wpn(T)].

Let G be a II-conformal graph. Let Y(I,G,i) = y(H,G,%,i,?Qﬁ) be the collection
of sets obtained by adding greedily sets S which are (I, i,i, Qt%)—lineaﬂy extremal. Let

(T)

1
V(@) = UYL G0), Y = Y(G) = Uyeye)Y and y = y(G) = |[Y(G)| as defined in

Section 3.3.

Corollary 5.2.33 (to Lemma 3.3.9). Let T € TP!, the number of II-conformal graphs G,
such that for some i € [wpn(T)], G[m; \ Y(G)] contains an induced graph isomorphic to H'
where H' € {Py, Ko + So} is much smaller than the number of TI-good graphs.

Moreover, if T € 7—p1\7~pl then the number of II-conformal graphs G such that addition-

star’

ally there is an index i € [wpn(T)| where G[m; \ Y(G)] contains an induced graph isomorphic

to H where H' € {2Ks,S4} is much smaller than the number of TI-good graphs.

Corollary 5.2.34 (to Corollary 3.3.10 and Theorem 2.2.4). Let T € TP!, there is a constant
C(T) > 0 which depends only on T such that the number of II-conformal graphs where y >

C(T)logn is much smaller than the number of 11-good graphs.

Corollary 5.2.35 (to Lemma 3.3.12). Let T € TP!, the number of II-conformal graphs where
there are indices i1 # i € [wpn(T)], and there are subgraphs J;; and J;, in G[m;, \ Y(G)] and
Glmiy \ Y(G)], respectively, such that G[V (J;;) UV (J;,)] is isomorphic to P3 is much smaller

than the number of 11-good graphs.

Corollary 5.2.36 (to Lemma 3.3.13). Let T € TP!, and let (J1, J2) be a partition of Py. The
number of II-conformal graphs where there indices iy # iz € [wpn(T')], such that G[m;; \ Y (G)]

contains at least fi(n) disjoint copies of a graph Ji and G[m;, \ G(Y)] contains at least fa(n)
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disjoint copies of a graph Jy such that # =o(1), is much smaller than the number of

2(n

IT-good graphs.

Corollary 5.2.37 (to Lemma 3.3.13). Let T € TP\ 72!

star’

and let (Jy, J2,J3) be a partition
of Py. The number of II-conformal graphs where there indices i1,i2,i3 wn [wpn(T)], such that
Glmi, \ G(Y)] and Gm, \ G(Y)] contain at least fi(n) disjoint copies of a graph Ji and Ja
respectively, and G[mi, \ G(Y')| contains at least fo(n) disjoint copies of a graph J3 such that

fi(n) > fa(n) and % = o(1), is much smaller than the number of I-good graphs.

In every step in the following proof we define a property of II-conformal graphs. We show
that the number of graphs having this property is much smaller than the number of TI-good
graphs. This allows us to focus on II-bad graphs without this first property. For this subset
we again define a new property and again show that the number of II-conformal graphs with
this new property is much smaller than the number of II-good graphs. We continue in this
manner until we conclude that a typical II-bad graph does not have all the above properties
and has a very specific structure. We finish by showing that also the number of II-bad graphs
in this final set is much smaller than the II-good graphs.

Let € be the set of all TI-conformal graphs and let ¢ be the set of all II-good graphs. Let

¢'C € be the set of all II-conformal graphs G with the following properties.

(a) Forall T € TP, G[m;\Y(G)] € Forb({Py, Ko+S2}), i € [wpn(T)], and for all T € TP\ T2 |

G[m; \ Y(G)] € Forb({Py,2K3, K3 + S2,54}) = G3, i € [wpn(T)).
(b) y(G) < C(T)logn for some constant C(T') > 0,

(c) There are no indices i1 # iz € [wpn(T)], where there are subgraphs J;; and J;, in

G[m, \Y(G)] and G[m;, \ Y (G)], respectively, such that G[J;, U J;,] is isomorphic to P,

(d) There are no indices i1 # iz € [wpn(T)], such that G[mr;, \ Y(G)] contains at least f;(n)
disjoint copies of a graph J; and G[r;, \ Y(G)] contains at least fa(n) disjoint copies of
a graph Jo such that the following holds. The collection (.Ji,.J2) is a partition of P3

nlogn
and, fin)-fa(n) — o(1)-
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(e) For a tree T e TP\ 7L

star there are no indices iy # iy # i3 € [wpn(T)], such that

Glmi, \ Y/(G)] and G[m;, \ Y(G)] contain at least fi(n) disjoint copies of a graph J; and
Jo respectively, and G, \Y (G)] contains at least f2(n) disjoint copies of a graph J3 such
that the following holds. The collection (.J1,J2, J3) is a partition of P, fi(n) > fa(n)

nlogn
and 7057 Gy = o(b)-

Lemma 5.2.38. The number of graphs in € \¢" is much smaller than the number of graphs
m .

Proof. This is a direct corollary to Corollaries 5.2.33, 5.2.34, 5.2.35, 5.2.36 and 5.2.37. [

Let .# be a family of graphs G which are defined with respect to the properties of the
subgraphs G[m], i € [wpn(T)]. Recall that F(F) = (F1,F2, ..., Fypn(r)) is a collection of
families where F; = Uge 2G[m], i € [wpn(T')].

Before we give the proof for our main theorem of this section we give one more lemma.
Let ¢”C ¢’ be a collection of II-conformal graphs G such that there is an i € [wpn(T)],
without loss of generality ¢ = 1, such that G[r; \ Y(G)] contains a stable set of size at least
?”}Tl. Note that by the structure of the graphs in a P(T)-free sequence, there can be at most

. ) 1
one such index and also only for trees in 7}, .

Lemma 5.2.39. The number of graphs in €" is much smaller than the number of graphs in

9.

Proof. Let G € ¢”, by the definition of the family, G|\ Y (G)] contains a stable set of size at

least ?Q% > ﬁ%. Hence we can find in G[m \ Y(G)] a set J; of at least ﬁn(T}

disjoint
copies of S3. Hence by property (d) of graphs in ¢, for all i > 2, G[r; \ Y(G)] contains at
most (logn)? disjoint copies of either S3, P3 or P3. Let X; C (m; \ Y(G)) be the vertex set of
the collection of those copies in 7; \ Y(G). Note that G[(m; \ Y(G)) \ X;] is a clique.

We bound the number of graphs with the above properties and with y < C(T)logn. Let
Y C [n] be some set of size at most C(T)logn and let 7, = m; \' Y, i € [wpn(T)].

Let By € €” be the family of graphs where there is an index ¢ > 2, such that there is a

_ 1
vertex v € X; with [N(v) N (7} \ X;)| > n2%¢ for some e > 0. By our assumptions {v} ¢ Y,
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therefore by the definition of the set ), there is a set J] C J; of disjoint copies of S5 such that

v is adjacent to only one vertex of each J € J{ and |J{| > . Let & be a maximal

collection of disjoint edges in N(v) N (7} \ X;). There is an edge arrangement that cannot
appear between any S3 in J{ and an edge e € &;, otherwise we get a copy of P} contradicting
property (c). Let F(By) = (.Fll,f%,...,]:vlvpn(T)), then by property (a) of graphs in ¢ and
Theorem 2.2.4 about the number of Py-free graphs, for each i € [wpn(T)], |F}| < g3nlogn,

Therefore using Lemma 3.3.8, we can bound the number of graphs in B; in this case by

1
2

n
2
2m(H) . 93nlogn 2(b+3)n . Q—C(T)ny ' <26 — 1) 21446 wpn(T)
26

which is much smaller than the number of II-good graphs. Therefore for each i > 2, for each
_ 1
v e X;, IN(v)N (xh\ X;)| <n2*e for any e > 0.

Let F(€"\ By) = (F2,F3,..., F? ). We have that |FZ| < 27. (%)Tl Indeed, there

wpn(T)
are at most 2" ways to choose the stable set of size at least 3[% > 2337”

wpn(T)

Lemma 5.2.25, the number of ways to obtain the graph on the vertex set which is not a part

in G € 7. By

n

ny
of the largest stable set is at most (%t) 4.
Let i > 2, there are at most ((1022)2) ways to choose the set X;, by Lemma 5.2.25, there

2 2 .
are at most (log n)Q(IOg n)” = 92(logn)®loglogn {4 choose the graph on X;. By our assumptions,
1

.
1) =y

there are at most ( ways to choose the edge arrangement between X;

1
. 2 PREND'E .
and 7; \ X;. Therefore for each i > 2, [F2| < ((logln)z) . 92(logn)™loglogn . n;ﬂ Xl Using

Lemma 3.3.8 the number of graphs in ¢\ F(B;) is at most

n

n 1
om(Il)  o(b+3)n  g—c(T)ny  9ny ni 4 . H ny . 92(log n)g-log logn | nﬁ§+s'|Xi‘
4 s (logn)?2 v
n |
< gm(ID) _o(b+3)n _ on <M> T gwpn(D)n2 ™ (log n)?
— 4 7

n

i 1 ni\ T (m2
using that we choose ¢ < 5 and the lower bound of (%}) 2 - (%2

ng
2) 2 on the number of II-good

graphs from Observation 5.2.29, we conclude that the above is also much smaller than the

number of II-good graphs. O
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T 0o Twpn(T)

Figure 5.10: A sketch of a graph G € #. The edges between the parts are not drawn.

We focus on graphs in ¢’ \ ¢”. By the definition of this family, for each i € [wpn(T)],
Glm; \ Y(G)] contains at least 71 disjoint edges. Hence, similarly to the proof of Lemma
3.3.9, in almost all graphs in the family, for each i € [wpn(T)], G[m; \ Y(G)] is also 2Ko-free.
Hence we can assume that G[r; \ Y(G)] € Go, i € [wpn(T)], and G[m; \ Y(G)] is a disjoint
union of clique-stars with edges and singleton vertices. For each i € [wpn(T)], we define
c; = ¢;(G[m; \ Y(G)]) to be the number of clique-stars in G[r; \ Y(G)] and similarly we
define £; = £;(G[m; \ Y(G)]) to be the maximum number of edges in the mild matching in
G[mi \Y(G)]. Let G € €'\ ¢", we denote by wi=m; \ Y(G), i € [wpn(T)].

Let 2 C €'\ ¢" be the collection of all II-bad graphs in ¢’ \ ¢”. Note that we will use
the fact that we are considering II-bad graphs only towards the end of the proof. See Figure
5.10 for a sketch of an example of a graph in 4. In particular, in Figure 5.10, ¢; =4,/ = 6,
cg = 3,02 =8, Cypn(1) = 2, bypn(T) = 2-

Our first goal is to show that the number of graphs in %2 which do not have an i € [wpn(T)],
such that G[r; \ Y (G)] contains a large mild matching is much smaller than the number in .

Let o € (O and &1 = $1(a)C £ be the set of graphs in % such that for each

1
’ 10an(T)3>
i€ [wpn(T)], ¢; < an.

Lemma 5.2.40. Let T € TP and a € (0, 10wpln(T)3>‘ The number of graphs in Ay is much
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smaller than the number of I-good graphs 4.

Proof. We start by listing the different subsets of graphs in #; that we consider during the
proof. We show that the number of graphs in each of the following subsets is much smaller
than the number of graphs in ¢4. We finish by showing the number of graphs in %; which
are not in any of the following families is also much smaller the number of graphs in .

Let g € (0, 10wp1n(T)2>' Let By = B1(8) C %, be the set of graphs G which have at most
n? clique-stars G[n'] U G[rh] U ... U G[r’, on(m))-

Let S be the set of the n” largest clique-stars in G[x}] U G[rh] U...UG| . Let S be

/
7Tvvpn(T)]
the union of the vertices in the components in S. Let By C %\ B; be the set of TI-bad graphs

where each subgraph G[r}\ S], i € [wpn(T)], has at least one of the following properties,
(1) it contains at most n® clique-stars,
(2) there are at most Bn; vertices are in the clique-stars,
(3) there are at least (1 — B)n; vertices in one clique-star.

Next we consider the graphs in % \ U%ZlBi. By the definition of the graphs is this set
there must be an index i € [wpn(T')], such that G[r] \ S] does not have any of the properties
(1),(2) and (3) as above, without loss of generality i = 1. Now we want to start using Lemma
5.2.31. Note that when we apply Lemma 5.2.31 to two clique-stars from different parts, it
matters which of the clique-stars is larger. Let By € % \ U?ZIBZ- be the set of graphs where
for some ¢ > 2, G[x}] contains more than (log n)? components from S.

Let G € %1\ Uf’:ll’)’i, then because |S| > n? and that for each i > 2, G|[rl] contains at
most (logn)? clique-stars from S, there are at least %nﬂ clique-stars from S in G[r}]. Let
By C %1\ Ug’lei be the set of graphs where there is an index ¢ > 2 where both of the

following properties are true for G[x/ \ S].
(i) the largest clique-star in G[r’\ S] contains at most n; — n'=#/2 vertices, and

(ii) there are at least n!~#/2 vertices in clique-stars in Gl \ S].
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We first show that the size of |By| is much smaller than |¢|. Let F(By) = (F},Fa, ..., ‘Fvlvpn(T))’
by the definition of B; and our assumptions, for a graph G € By, ¢; < an and sz:pln (T) ¢ < nP.
By Lemma 5.2.26, the number of graphs in each F}, i € [wpn(T)], is at most n? - 22 -2n P .
(3an)3@”. Using Lemma 3.3.8 and get that the number of II-bad graphs in this case is at

most
om  o(b+d)n  o9—c(T)ny H nz2 920 9p BN (3an)3an
i€[wpn(T)]

<om. o(b+4)n  93n 9, Bn (3an)3 wpn(T)an

n n
< 9m . 9(b+T)n 9 10wpn(T)? . 3 wpn(T)?

where the last inequality is due to the choice of « and . From Observation 5.2.29 we know

n
that the number of II-good graphs is at least 2™ - n2wpn(T) . We compare those two bounds.

n n

‘Bl| < 2m . 2(b+7)n -2n IOWPH(T)z . n3wpn(T)2

‘g‘ B om . nZann(T)
2(b+7)n
< ~mpmetm -~ o)
n 2wpn(T)2

Next we consider graphs in %, \ By, by our assumptions those graphs contain at least n”
clique-stars in G[r]UG[r5]U ... U Glrl on(r))- Let S be the set of the n? largest clique-stars
in G[r}]UG[m)H] U ... U@[WQPH(T)]. Let S be the union of the vertices in the components in S.
Next we show that By C %; \ By is much smaller than the number of II-good graphs. Let
F(Bo) = (FE, 72, ..., fv%pn(T)), by the definition of By, at least one of the following properties

is true for G[r} \ S| for each i € [wpn(T)],
(1) it contains at most nP clique-stars,
(2) there are at most Bn; vertices are in clique-star,
(3) there are at least (1 — 3)n; vertices in one clique-star.

By Lemma 5.2.26, the number of ways to choose a graph on 7\ S with property (1) is equal to
B
[(Ga)n; " | and is at most n? 227 -nfni. (3an)3™; The number of ways to choose a graph on

g

m;\ S with property (2) is equal to y(gz);i’f "% and is at most n%-23”-n5"i -(3am)3°". Finally,
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the number of ways to choose a graph on 77\ S with property (3) is equal to |(QQ)Z’<*’(1_5 )ni’om|

)

and is at most n; - 23" - (8n;)?" - (3an)3®™. In all the cases, the number of graphs on each

Gl \ S, i € [wpn(T)], is at most

nz2 231 B L (3am)3en,

Therefore we can bound the number of graphs in By almost in the same way as the number of
graphs in B;. The difference is that we need to add a factor of nf™ because of the additional
number of ways to partition the vertices in G[r!] into at most nP components from S. Hence
for each i € [wpn(T)], |F2| < n?.23". n2Pmi . (3am)3®" using Lemma 3.3.8 the number of
graphs in By is at most

om . o(b+4n  o—c(T)ny . H 2311 . 2613 . (30m)30n

i€[wpn(T)]
< om .ot 93n 260 (3, y3wpn(T)an

n n
< 9m . 9+Tn  5wpn(T)Z . 3wpn(T)2 |

In the same way as before, the number of graphs in By is much smaller than |¥|.

Let G € %1\ <UZ2:161>, then by the definition of this family there is an ¢ € [wpn(7")] where
G[r!\ S] contains at least nP clique-stars, at least 8n; vertices in the clique-stars and at most
(1 — B)n; vertices in one clique-star. Assume without loss of generality that i = 1.

We focus on the set By € % \ (U%ZlBl). By the definition of the family, there is an
index i > 2, G[n}] contains more that (log n)? components from S. Note that as mentioned
earlier %) C %, therefore any G € Bs has property (c), that is, there are no indices i1 # iy €
[wpn(T')], where there are subgraphs J;, and J;, in GWJ and G[ﬂgz], respectively, such that
G[V(Ji;) UV (Jiy)] is isomorphic to P3. We apply Lemma 5.2.32 to the graphs induced on
G[r}] and G[x;NS] and get that the number of ways to choose edges between those subgraphs
is at most 2™ mNS| . 9—cfn-(logn)” o1 some constant ¢ > 0. Let F(Bs) = (F3, F3, ""fv?&)/pn(T))’
we use that for each i € [wpn(T)], F? C Go, and therefore using the bound on G in Lemma
5.2.25 and Lemma 3.3.8, we can bound the number of graphs in Bj3 by,

2 20+ =D |(Gy), | g e (0w’

<om. 2(b+4)n . gnlogn 2—cﬂn-(1og n)Q.
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The values of ¢ > 0 and 8 > 0 are constants, therefore for n large enough, the above is much
smaller then 2™ and therefore much smaller than the number of II-good graphs.

We focus on the set By € %\ (Ug’:lBl). Let G € By, then because for each i > 2, G[r}]
contains at most (logn)? clique-stars from S and |S| > nf, there are at least %nﬂ clique-stars
from S in G[r}]. Assume that there is an index i > 2 where the largest clique-star in G[x} \ 5]
contains at most n; — nl7#/2 vertices and there are at least n'~#/2 vertices in clique-stars in
G[xi\S]. We apply Lemma 5.2.32 to the graphs induced on G[r}] and Gz} NS] and get that the
number of ways to choose edges between those subgraphs is at most 2/m175][m| -2_0”’8'”1_ﬁ/2.

Let F(By) = (F& Fi, ..., F

wpn

(T)), we use that for each i € [wpn(T)], F! C G, and therefore
using again the bound on Gy in Lemma 5.2.25 and Lemma 3.3.8, we can bound the number
of graphs in By by,

om  o(b+4)n  o9—c(T)ny 1(G2)n] - 2—cn6.n1—5/2

< gm  o(b+4)n  gnlogn  g—en!TH/2

The values of ¢ > 0 and 8 > 0 are constants, therefore for n large enough, the above is much
smaller then 2™ and therefore much smaller than the number of II-good graphs.

From the

Let G € % \ (uglzlzsl) and let F <%\ (u§:181)> = (F3 3 s Py

above there is i € [wpn(T)], without loss of generality i = 1, such that G[r}] contains at least
%nﬁ components from &, also it contains at least 8n; vertices in the clique-stars and at most
(1 —B)ny vertices in one component. Moreover, for each i > 2, G[r}] contains at most (logn)?
components from S, either the largest clique-star in G[x} \ S] contains at least n; — n1=8/2
vertices or there are at most n1=5/2 vertices in clique-stars in G[r!\ S]. Furthermore because
¢1 > n? and property (d) of graphs in By c 4, for all i > 2, ¢; < n'=B/2. We have that
|7 < [(G2)ny| < 4071 - (bgﬁﬁ)nl where the inequality is due to Lemma 5.2.25. Using
Lemma 5.2.26, the number of graphs in each 7 for i > 2 is at most n? - 24 . st 4nt(1-5/2)
where s; is the number of clique-stars from S in G[r}]. We apply again Lemma 5.2.32 to

the graphs induced on G[x}] and G[r} N S] and get that the number of ways to choose edges

between those subgraphs is at most 2/™11mNSI . 9=¢Ansi - Using Lemma 3.3.8, we have the
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following bound,

om  o(b+d)n  g—c(T)ny 1(Ga) H 951 (4n)4(1—5/2)n1—5/2 ()" - 9—cBns;

7L1|'

i>2
n1
< gm . 9(b+9)n 40™1 . ni ) <4n)4wpn(T)(l—B/2)n17'3/2 . on(wpn(T') log s—cfs)
- loglogn

where s is the number of clique-stars in S which are not in G[r}]. We compare it to the lower

bound of 2™ . (”71)711 on the number of II-good graphs from Observation 5.2.29. Therefore

n

USIIlg that ny 2 W,

| %, 9(b+100)n 24an(T)(l—B/Q)nl_B/2 logn , gn(wpn(T') log s—cf3s)
<
|~

n
(log log n) 2wpn(T)

9(b+100)n QCI(T)nl*'y logn | QCI(T)n

< =o(1)

(loglogn)2wpn(T)
for some constants ¢/(T) and v > 0. Hence the number of graphs in %, is much smaller than

the number of II-good graphs. m

Let o € (0, 10wpln(T)3> and let By = HBa(a)C £\ A1 be the subset of II-bad graphs

where there is exactly one index i € [wpn(7T')] such that ¢; > an.

Lemma 5.2.41. Let T € TP and let o € (0, W). The number of graphs in By is

much smaller than the number of graphs in 4.
Proof. For this proof we define the following subsets of By ¢ Z\ B;. Let G € By and
let i € [wpn(T)] such that ¢; > an, assume without loss of generality that i = 1. Let
RS <0, 10wpln(T)2> and let By C %, be such that s; < 2nf.

Let G € %\ By, let S; be the set of n? largest clique-stars in G[r] and let S; be the
union of vertices in Sy. Let By C %5\ B be the set of graphs where one the following is true
for G} \ S1] (note that we consider the subgraph on the vertex set without the vertices in

the largest clique-stars),
(a) it contains at most n® clique-stars,

(b) there are at most fny vertices are in clique-stars,
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(c) there are at least (1 — 8)ny vertices in one clique-star.

We describe how we use those families. Let G € %5 C %4, by our assumptions ¢; > an
and therefore we can find at least an disjoint P3 in G[r]]. Then by part (d) of the definition
of % this implies that for each i > 2, ¢; < (logn)?.

We consider now the set By C %o, let F(By) = (.7-"11,}"21,.. Fl

wpn(r))- By the definition

of By in each G € By, ¢; < nP, therefore by Lemma 5.2.27, |.7-"1| < 2m . pfm - nq? 7 . In each
G € By, for each i > 2, ¢; < (logn)? and ¢; < an, therefore using Lemma 5.2.26, for each
i > 2, |F} < n2-2% . (logn)?i - (3an)3*". Using Lemma 3.3.8 the number of graphs in By is
at most

gm 9043 g=e(T)ny . gn1 . (95)8n1 7% L0222 - (logm)? - (3amye

1>2

n
<om. 2(b—|—8)n .pPn n171 - (log n)2n . (30m)3 wpn(T)an

we compare it to the lower bound in Observation 5.2.29.

n

B4 om . o(b+8)n . ,,Bn . n12 - (log n)2n . (3an)3wpn(T)om

9]~ om ()7 (2)F
_ 9(0+9)n , \,Bny . (log )2n . p3wpn(T)an
W)
(b+10)n an(T) 2n W
< 2 ‘n n(logn) ‘n —o(1).
n4wpn(T)

Next we consider graphs in Bo, let F(By) = (F2, F2, ... .szvpn( )) Similarly to the argu-
ments in Lemma 5.2.40, using Lemma 5.2.27, |FZ| < 24n . p26n1 . nTl Using almost the same
computation as above, we get that the number of graphs in Bs is much smaller than the
number of graphs in .

Let G € %9\ U?:llgia then ¢; > an, ¢; > n”, G[r} \ S1] contains at least nP clique-stars, at
least Bn; vertices in those components and no component contains at least (1 —3)ny vertices.
Moreover, by property (d) of the graphs in 4, for each i > 2, ¢; < (logn)? and ¢; < nl=58/2,

Let ¢ be the size of the largest component in G[r} \ S;] and let K1 be the clique-stars of

size at most ¢ in G[r] \ S1] (and so in G[r}]). For i > 2, let S; be the clique-stars in G[r}] of
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size at least t and let K; be the clique-stars in G[r!

;] of size at most t. For i > 2, let |S;| = s;

and let S; be union of vertices in all clique-stars in S; in G[x/]. Similarly, let K; be the union
of vertices in all clique-stars in K; in G[r}] and k; = |K;|.

Let F (%o \ UL\ B) = (F}, F3, ..., F3

wpn(T)): Let i =2 and let n!/ = |m; \ S;|. The number

of graphs in F3 such that one of the components in K; contains at least n// — nP vertices is
>o<,>|<,n;/—n’8,nl_ﬁ/2
!

Lemma 5.2.26. Let U C [wpn(T)]\ {1} be the set of indices such that for each i € U, one of

at most s7 - (Ga) < s 9dn; . . (3n)3(1*f3/2)”(175/2) where the bound is by
the components in K; contains at least n — nP.

Let ¢ ¢ U U {1}, then we can bound the number of graphs in }'Z-?’ by 24ni . kfl s
(3n)3(1_5/ 2)”1_ﬁ/2. There are at most 24" ways to choose the elements in S;, K;, components
of size 2 in G[m;], and the centres of the clique-stars. There are at most kfl ways to partition
the vertices in K; into the different clique-stars. There are at most s} ways to partition the
vertices into the s; different components on S;. Finally, there are at most (3n)3(1*5/ 2)n! =12
ways to partition the n!=#/2 non-edges in G[m;].

Finally, we apply Lemma 5.2.32 to G[r} \ S1] and G[S;] for each ¢ > 2. Moreover, we apply
Lemma 5.2.32 to G[S1] and each G[K;], such that i ¢ U U{1}. Then using also Lemma 3.3.8,

we can bound the number of graphs in %5 \ U%ZlBi by

om  o(b+4)n  g—c(T)ny |(g2)n1‘ ) H 8;_7, . 9dn; nﬂnﬁ ) (3n)3(lfﬂ/2)n(1ﬂ3/2) . 9—chns;,
ieU
H 94n; kfz _8;_1 . (3n)3(1—ﬂ/2)n17’8/2 .2—ckin’8 . 9—chns;
1¢UU{1}

<om. o(b+8)n ’(g2)n1| . swpn(T)n ) nﬁnﬁ k.0 an(T)(l—ﬁ/Q)nl_ﬁ/2 . 2—ckn6 .9—chns

< om  o(b+8)n 40M . < n >n1 . 910 an(T)(lfﬁ/2)n1_B/2 logn 2k(lognfcn6) . on(wpn(T) log s—cfs)
- log log nq

where s = 595 and k = Zi¢UU{1} k; and ¢ > 0. We compare it to the lower bound of

m (Mm1\N"1/2 /no\n2/2
2 () ()

e

on the number of TI-good graphs ¢ from Observation 5.2.29. Therefore

using that II is a p/4-almost equal partition and every two parts of the partition can differ
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on at 2nl=P/4 elements,

| By 9(b+15)n , 910 an(T)(l—ﬁ/Q)nl_ﬁ/2 logn . 2k(logn—cnﬁ) . on(wpn(T') log s—cfs)
]~

(log log n) 4wpn(T)
9(b+15)n 2CI(T)nl_'y logn | 2c,(T)n

< n = 0(1))

(loglog n)4wpn(T)

where v > 0 and ¢(T) a constant which depends only on 7. Therefore the number of graphs

in %5 is much smaller than the number of graphs in ¥ [
Let a € <0, M), and G € #\ (%, U %2), due to property (d) of graphs in £, we

can deduce the following.

Observation 5.2.42. Let T € TP and let a € (0, 10Wp1n(T)3> and G € B\ (#1 U HBy). Let

i1 # ig be the indices such that £;; > an and {;, > an, then c¢; < (log n)2 for all i € [wpn(T)].

Trees in Tpl :

star*®

Let a € <0 and let G € B\ (#B1 U HAy). Let W = W(G) C [n] be

1
’ 10an(T)3>
a minimal set such that for each i € [wpn(7T')] G[m; \ W(G)] € G1, that is each G[m; \ W(G)] is

a disjoint union of edges and singleton vertices.

Lemma 5.2.43. Let o € (0, 10Wp1n(T)3> and let G € B\ (HB1 U Bs), then |W(G)| < 2wpn(T)-

(logn)2.

Proof. Let C; be the centres of the clique-stars in G[r!], i € [wpn(T)]. Note that G[«}\C;] is in
G1. Therefore we can define W(G) to be <UZV_pln (T)CZ) UY. By property (b) in the definition
of the set &, y < C(T)logn. By Observation 5.2.42, there are at most (logn)? clique-stars,

and therefore |C;| < (logn)?. O

Let a € (O, 10Wp1n(T)3>’ v € (0, m) and let B3 = B3(v)C B\ ($B1 U HA) be the set

of graphs where there is i € [wpn(7T)] such that G[r; \ W(G)] contains at least yn singleton

components.

1
Lemma 5.2.44. Let T € 7%, and let a € (0, 10wpln(T)3)’ v E (0, ﬁn(T)) The number of

graphs in %3 is much smaller than the number of graphs in 4.
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Proof. Let F(#3) = (F1,F2; ..., Fypn(r))- Let i € [wpn(T')] be such G[m; \ W] contains at least

» Y wpn
n;—yn

~n singleton components, then by Lemma 5.2.24, |F;| < 2" - (n; — yn) . (logn)?". The
i
number of graphs in each F; for j € [wpn(T)]\ {i} is at most n - (log n)?% . We compare

it to the lower bound on the number of TI-good graphs from Observation 5.2.29 and get the

following.
n; —yn ny
| _ 220 omelDny . gni - (ny — am) "2 - (logn)*i - [Tz )? - (logm)™
El m . (n)2
2m- (%)
—n
9(b+8)n (logn)Qn n% n; 2
= n%
_n
2
< 2(b+8)7’b (1 2n | n — o1
< (logm - (5ot s 1)
where the last inequality due to the fact that n; > ﬁn(T)' Hence we get the required
result. O
1 1 ; 3 .
Let a € <0, mwpn(T)g), v € <0, e an(T)3>, we focus on graphs in %\ U;_;%;. Let

F(B\US_ %) = (F|, Fhyotn F!

an(T))7 that is each 7] C G; and for each G € F] and

i € [wpn(T)], G contains at most yn singleton components.

Lemma 5.2.45. Let ¢,/ > 0 to be the constants defined earlier in the subsection. The

min{e,e’'} 1
—x )

sequence F' is (1, \, k)-ordinary P(T)-free subsequence for any X € [0, ) T =g, and

any k € N.

Proof. We check properties (a) and (b) of the definition of (7, A, k)-ordinary P(T')-free sub-
sequence. Let @ = (G1,Go, ...,Gwpn(T)) be a sequence of graphs such that G; € .7-"1-/ for each
i € [wpn(T).

First we check property (a). Let i € [wpn(T)], the graph G; € Gy, therefore for each
v e V(Gy), dT:gGi(v) € {0,1}. Hence v is (7, G;)-trivial for any 7 > 0. Let 7 = ﬁ

Now we check property (b). Let w' ¢ Ujcrupn(r)V(Gi) be such for each i € [wpn(T)],

wpn
G;U{w'} ¢ F|. Let {;(w') = min{|N(w') N V(G;)|,IN(w') N V(G))}, i € [wpn(T)], let £(w') =
min; e ypn(r) fi(w') and let i € [wpn(T)] be such that £(w') = f;(w’), then for each j €

[wpn(T))]\ {i}, £;(w") > 7n, that is w’ is not (7, G;)-trivial.
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Let K be a maximal collection of disjoint edges or non-edges in V(G;) such that for each
K € K, KU {w'} is isomorphic to either S3 or P5. The set K # 0 because G; U {w'} ¢ F..
Assume that || > yn, then there are at least |K| — yn disjoint non-edges in N(w') NV (G;),
let N/ C K be this set of non-edges. Let N € A/, then N U {w'} is isomorphic to either P
or S3. By Lemma 5.2.19, it is possible to find in G; a set P of disjoint copies of P3 such
that [P| > T2 and either (i) w’ is adjacent to exactly one end (and not other vertices) of
each copy of P3 in P or (ii) w’ is adjacent to the centre vertex (an not other vertices) of each
copy of P3 in P. Assume without loss of generality that N contains a set A7 of at least WT|
non-edges such that each such non-edge together with w’ induces a copy of P3. Note that in
each such P, v’ is an end of an edge. By our assumptions, for each j € [wpn(T)]\ {1,i}, v’ is
not (7,G;)-trivial, therefore for each of the possible edge arrangement between a vertex and
an edge, G; contains a set H; of at least T disjoint edges, so w’ has this edge arrangement.

Let P(T) = (P3,Ha, ..., Hypy(y) be a partition of T' where H; = P3 and each Hj for
j € [wpn(T)] \ {1,i} is an edge, let w be the centre of the H; = P3. The tree T has such
a partition by Lemma 5.2.2 and Observation 5.2.7. By part (e) of Observation 5.2.30 and
the above, w’ is adjacent to each copy P3 in P = H; as w to P3 in the partition P(T). The
collection of sets (P, Hs,..,H; 1, N, H; 1, oo Hugpn(r)) 18 @ (P, w',i)-form in Q with property
(1) of (b). [

Now we complete the proof of the exact structure for all trees T e 7;?;.

Proof of Theorem 1.1.9 for trees T € 7?;;. From Observation 5.2.11, to show that the num-
ber of bad graphs is much smaller than the number of good graphs it is enough to show
that the number of II-bad graphs is much smaller than the number of II-good graphs.
From Lemmas 5.2.38, 5.2.39, 5.2.40, 5.2.41, Observation 5.2.42, and Lemmas 5.2.43, 5.2.44,
we have the following. Almost all II-bad graphs G have a set W(G) C V(G) such that
[W(G)| < 2wpn(T)-(logn)?, for each i € [wpn(T)], G[m; \W(G)] € G1, and for each i € [wpn(T)],
G[m; \ W(Q)] contains at most yn singleton vertices for any fixed v € (O, m), let 2 be

this collection of graphs. Let v € [ 0, ——1—— | and let 7/ = F(2), then by Lemma 5.2.45,
24t% wpn(T)3
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F'is (1, A\, k)-ordinary P(T)-free subsequence for 7 = ﬁ, any A small enough and any k € N.
Finally, by Lemma 3.3.14, the number of the remaining II-bad graphs is much smaller than

the number of II-good graphs. O]

Trees in 7—pl\7;13;r: Let #3C %\ (%1 U %2) be the set of graphs where ¢;, > an and ¢;, > an
for some i1 # iy € [wpn(T)] and there is i € [wpn(T)] \ {i1,i2}, such that G[r]] contains at

least (logn)? disjoint non-edges. This is a direct corollary to Corollary 5.2.37

Corollary 5.2.46. Let T € TP\ 7;%;“ and let o € <0, 10wp1n(T)3)' The number of graphs in

PBs is much smaller than the number of graphs in 4.

Let G € &\ (Ug’:l%’i) let iy # io € [wpn(T)] so ¢;; > an and {;, > an, assume without
loss of generality that i; = 1 and is = 2. Let W = W(G) C [n] be a minimal set such that

G[m; \ W] and G[mg \ W] are in G; and G[m; \ W] for each i € [wpn(T)] \ {1,2} is a clique.

1
Lemma 5.2.47. Let T € TP'\ TP and let a € (0, mm)ln(T)3>. Let G € #\ (U;ﬂ:lﬁi)y then

(W(G)| < 2wpn(T) - (log n)*.

Proof. Let Cy and Cy be the centres of the clique-stars in G[r}] and G[r%], and let C; for
i € [wpn(T)] \ {1,2} to be the union of the centres of clique-stars and the non-edges in
G[r!]. Note that G[r] \ C1] and G[r5 \ Cy] are in Gy, and G[r; \ W] is a clique for each
i € [wpn(T)]\ {1,2}. Therefore we can define W to be (Uzv_p{l(T)CO UY. By property (b) in
the definition of the set %4, y < C(T')logn. By Observation 5.2.42 and Corollary 5.2.46, for

all i € [wpn(T)] |C;] < (logn)?. Hence we get the required bound. ]

Let a € <0, 10wp1n(T)3> and let v € (0, Wln(T)) Let B4 C #\ (U:Z’:P%’i) to be the set of

graphs where there either G[r1 \ W] or G[ra \ W] contains at least yn singleton components.
1 1 1 1
Lemma 5.2.48. Let T € Tp \7;1331" and Z@t A <O, 1Oan(T)5> (md l@t Y e (0, W) . Th@

number of graphs in %y is much smaller than the number of graphs in 4.

Proof. Let j € {1,2} be such G[r; \ W] contains at least yn singleton components, then by
nj—n
Lemma 5.2.24, the number of graphs in G [w}\W] is at most 2" - (nj - 7n) ® . We assume
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without loss of generality that j = 1. Therefore similarly to the proof of Lemma 5.2.44,

ny—yn na
‘(@4‘ 2m . 2(b+4)n . 2_C(T)ny . 2”1 . (nl — f}/n) 2 . n22 . (log n)2n
|%| B Ny ng\ =2
on - (21) % (22)
nmooon
2(b+8)n . (logn)?™-n2 -n, 2
< 1 1
- ny
n12
_an
2
where the last inequality due to the fact that n; > ﬁn(ﬂ. Hence we get the required
result. O
Let S <0, W), Y (S <0, m), we fOCllS on graphs 1Il e@ \ U?:l‘@’l, Let

F'(B\ Ui_ %) = (F|,F}, ""]:v/vpn(T))’ that F| C G1, 75, C G; and for each G € F| U FJ,
G contains at most yn singleton components. For each i € [wpn(T)]\ {1,2}, F, contains a

clique.

Lemma 5.2.49. Let ¢,/ > 0 to be the constants defined earlier in the subsection. The
. /
sequence F' is (1, \, k)-ordinary P(T)-free subsequence for any X € [0, %), T = ﬁ, and

any k € N.

Proof. We check properties (a) and (b) of the definition of (7, A, k)-ordinary P(T)-free sub-
sequence. Let @ = (G1,Go, ...,Gwpn(T)) be a sequence of graphs such that G; € F, for each
i € [wpn(T).

First we check property (a). Let i € {1,2}, the graph G; € Gy, therefore for each v € V(G;),
@Gi (v) € {0,1}. Let ¢ > 3, then G; is a clique, therefore for each v € V(G)), T%Gi (v) = 0.
Hence v is (r, G;)-trivial for any 7 > 0. Let 7 = ﬁ

Now we check property (b). Let w' ¢ Ujcrupn(r)V(Gi) be such for each i € [wpn(T)],
GiU{w'} ¢ FL. Let t;w') = min{|N(w) 0 V(Gy)l, [N(w) 0 V(G)[}, i € [wpn(T)], let f(w') =
min; e (wpn (7)) fi(w') and let i € [wpn(T)] be such that £(w') = £;(w’), then for each j € [wpn(T)]\

{i}, £;(w') > Tn, that is w' is not (7, G;)-trivial.

If i € {1,2}, then the proof is the same as in Lemma 5.2.45. Therefore we consider the
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/
case where ¢ > 3. It is possible to find in G; a set A of disjoint edges such that |N| > 6(12”)

and each edge N € N together with w’ induce either Sy, P3 or Pj.

From Lemma 5.2.19 in both G and Go, it is possible to find a set P of disjoint copies
of P3 such that |P| > 75 and either (i) v’ is adjacent to exactly one end (and not other
vertices) of each copy of P3 in P or (ii) v’ is not adjacent to any of the vertices of each copy
of Py in P. Note that conditions (i) and (ii) also imply that there is a set P’ of disjoint
non-edges such that w' is either adjacent to exactly one end or not adjacent to any of those
non-edges and |P'| = |P].

We consider 3 different cases: (a) Gy and Gy contain sets P; and Py respectively, such
that w' is adjacent to each Pj in P; and Py as in case (i), (b) G1 and Go contain sets Py
and Py respectively, such that w’ is adjacent to each P3 in Py and Ps as in case (ii) and (c)
G1 and Gy contain sets P; and Py respectively, such that without loss of generality w’ is
adjacent to each P3 in P; as in case (i) and to each P53 in Py as in case (ii).

Note that by Lemma 5.2.4, each tree T € 7'p1\7g1t’;r has a partition into P} and wpn(7") —3
edges. In case (a), we set A/ to be the maximal collection of disjoint edges in N(w') NV (G;)
and P; to be a collection of non-edges that we get from P;. By our assumptions, for each
j € [wpn(T)]\ {i}, v’ is not (v, G;)-trivial, therefore for each of the possible edge arrangement
between a vertex and an edge, G; contains a set #; of at least T disjoint edges, so w’ has
this edge arrangement with each edge in H;. Let P; = (Sg, P3, ...,prn(T)) where H; = P3
and for each j € [wpn(T)]\ {1,2,4}, H; is an edge. As shown in Observation 5.2.20, part a,
there is a partition of P} such that one of the vertices w € V(PJ) is adjacent to one end of a
non-edge, one end of a P3 and induce a P3 with the remaining edge. Therefore the collection
of sets (P{, Pz, .., Hi—1, N, Hit1, oo Hupn()) 18 @ (P, i)-form with property (2) of (b).

In case (b), we set N to be the maximal collection of disjoint edges in G; such that w' is
adjacent to exactly one end of each such edge. Note that for any N € N, N U {w'} induces
a P3. Let P{ to be a collection of non-edges that we get from P;. By our assumptions, for

each j € [wpn(T)]\ {i}, w’ is not (r,G;)-trivial, therefore as before for each of the possible

edge arrangements between a vertex and an edge, G; contains a set #; of at least 7* disjoint
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edges, so w’ has this edge arrangement with every edge in H;. Let Py = (Sa, P3, coos Hypn(1))
where H; = P3 and for each j € [wpn(T)]\ {1,2,i}, H; is an edge. As shown in Observation
5.2.20, part b, there is a partition of P; such that one of the vertices w € V(Py) is not
adjacent to the non-edge, and not adjacent to P3 and induce a P3 with the remaining edge.
Therefore the collection of sets (P, P2, .., Hi—1, N, Hit1, -, prn(T)) is a (Py,w’,i)-form with
property (2) of (b).

In case (c), we set N'= N(w')NV(G1). Note that for any N € N, NU{w'} is a non-edge.
By our assumptions, for each j € [wpn(7)]\ {i}, v’ is not (r,G;)-trivial, therefore as before
for each of the possible edge arrangements between a vertex and an edge, G; contains a set
H; of at least Tt disjoint edges, so w' has this edge arrangement with every edge in #;.
Let Py = (P, P3, ..., Hypy(ry) where H; = Sy and for each j € [wpn(7)]\ {1,2,i}, H; is an
edge. As shown in Observation 5.2.20, part c, there is a partition of P} such that one of
the vertices w € V(P]) is not adjacent to one of the P, and adjacent to one of the ends

of the other P3 and induce a Sy with the remaining vertex. Therefore the collection of sets

(P1 P2y s Him 1, Ny Hig 1 oo Hygpn(r)) 18 @ (P2, w',i)-form with property (2) of (b). O
Now we complete the proof of the exact structure for all trees T € TPL

Proof of Theorem 1.1.11 and Theorem 1.1.9 for all trees T € TP!. From Observation 5.2.11,
to show that the number of bad graphs is much smaller than the number of good graphs
it is enough to show that the number of II-bad graphs is much smaller than the number of
IT-good graphs. From Lemmas 5.2.38, 5.2.39, 5.2.40, 5.2.41, Observation 5.2.42, Corollary
5.2.46, and Lemmas 5.2.47, 5.2.48 we have the following. Almost all II-bad graphs G have a
set W(G) € V(G) such that |[W(G)| < 2wpn(T)- (logn)?, for there are indices i1 # iy such that
Glmi, \W(G)] € G and G[m;, \ W(G)] € G1, and for i € {iy,i2}, G[m; \ W(G)] contains at most
yn singleton vertices for any fixed v € (0, ﬁn(T))’ moreover, for all j € [wpn(T)]\ {i1,i2},
G[mj \ W(G)] is a clique. Let 2 be this collection of graphs. Let v € <O, m> and let
F''= F(2), then by Lemma 5.2.49, ' is (1, \, k)-ordinary P(T)-free subsequence for 7 = ﬁ,

any A > 0 small enough and any k£ € N. Finally, by Lemma 3.3.14, the number of the
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remaining II-bad graphs is much smaller than the number of II-good graphs. O]

Trees in 79P!

We showed in Theorems 1.1.12, 1.1.14 and 1.1.16 that for any T e T"P! so T # Py, the
families F;, in a P(T')-free sequence are either of the families G,, « € {4,5} or the set of all
cliques. In the case that T = Py, then the families are either Gy, Gg, the sets of all stable set
or the set of all cliques. We recall the definitions of the families G,, « € {4,5,6}.

The family G4 = Forb({Py, 2K, Ko + So, P3 + S1}) is the family of all graphs which are
joins of graphs which are either a stable set or a disjoint union of a vertex and a clique. The
complement of a graph in G4 is a disjoint union of stars and cliques.

The family G5 = Forb({ Py, 2K, Ko + So, P34+ S1,54}) is the family of all graphs which are
joins of graphs which are either a stable set of size 3 or a disjoint union of a vertex and a
clique (note that stable sets of size 1 and 2 are disjoint union of a vertex and a clique). The
complement of a graph in G5 is the disjoint union of stars and cliques of size 3. We refer to
a clique of size exactly 3 as triangle. Note that G5 C G,.

The family Gg = Forb({ Py, 2K, P3+ S1}) is the family of graphs which are joins of graphs
which are disjoint union of a clique and a stable set. Note that G5 € G4 C Gg. See in Figure
5.11 an example for a graph G in Gg and its complement. In the figure, a thick edge between
two sets of vertices represents the existence of all the possible edges between those two sets.

As before, we first give bounds on the number of graphs in the above families.
Lemma 5.2.50. Let n € N and . € {4,5,6},
Bell(n) < [(G,)n| < n!- 22"

Proof. Let k € [n] and let (mq,ms,...,m) be a partition of [n] into k& parts. It is possible to
define a graph G for G € G5 with respect to this partition by building a star from every part
i, © € [k] (choosing the centre of every star arbitrary). In this way for two different partitions

of [n] we obtain two different graphs in Gs. Therefore |(Gg)n| > [(Ga)n| > |(G5)n| > Bell(n).
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(a) G € Gg (b) The complement G

Figure 5.11: A graph G in Gg and its complement .

It is possible to obtain any graph in Gg by considering some permutation of n and a
choice of two subsets of n, let I7, Iy be those subsets. The elements of I; mark the partition
into the different components of the complement graph. More precisely, let 4,7 € I; be such
that i appears before i’ and there is no other element of I1 between i and i/, then i together
with all the elements between i and i after i in the partitions define a component in the
complement graph. An element Iy which appears between i,i € I; marks the partition into
a stable set and a clique. Let j € Iy, then the elements between ¢ and j are the elements of
the stable set in the complement. Similarly, the elements between j to i’ are the elements of

the clique. O

Let G € Gg, we call a connected component in G a rich component if it is of size at least

2. Note that a rich component of size at least 3 contains either an induced P3 or S3. Let
A/

r = r(G) be the number of rich components in G. Let (Gg),;" ™" C (Gg)n be the set of graphs

G such that G has the following properties.
e ( contains at most 7 rich components,
e the number of vertices in the rich components in G is at most n’,

e there is a rich component with at least n” vertices,
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J— !N _ A/
Similarly to before we denote (Gg)r"" " ={G |G € (Gg)n " }. If there is no restriction

on any of the values in the upper script, then we write a * is the corresponding entry.

Lemma 5.2.51. Let r,n/,n",n € N, then

(Ge)r ™| < 2% o™, (5.4)
(Ge)y™ | < 22y, (5.5)
|(g6)1*1,*,n"’ <22 ! (n— ") 92(n—n") (5.6)

5% There are at most 2" ways to choose the vertices which

Proof. Firstly we consider (Gg)
are in the rich components. There are at most 2" ways to choose the vertices which are in a
stable set in their corresponding component in the complement. There are at most r"* ways
to partition the elements chosen for the rich components into the different r rich components.

Therefore we get the bound

<220y,

(Ge)r ™"

Secondly we consider (96)2’”/’*. Similarly to before, there are at most 2" ways to choose
the n’ vertices which are in the rich components. There are at most 2" ways to choose
the vertices which are in a stable set in their corresponding component in the complement.
There are at most " ways to partition the elements chosen for the rich components into

the different r rich components. Therefore we get the bound

! /
[(Ge)"™ | < 227 e

"
2" Let C be the rich component with at least n” vertices.

Lastly we consider (Gg)
There are at most 2" ways to choose the vertices in C, there are at most on’ ways to vertices
in the stable set in C. By the bound in Lemma 5.2.50, the number of ways to choose a graph
from Gg on the rest (n —n’) vertices is at most -(n — n”)! - 92(n=n") " Therefore we get the

bound

" "
(Ge)w™™ | < 220/ (n— "1 2210,

125



Lemma 5.2.52. Let n € N and s,k € [n], let (gg’k)n C (Gg)n be the collection of graphs G
which contain more than s rich components in G and the number of vertices in the union of

all rich components, but the s largest, is k. Then,
(G )nl < 22 ™ k.

Proof. There are at most 2" ways to choose the vertices for the s largest rich components.
There are at most s™ ways to partition the vertices into s components. There are at most k*
ways to partition the k remaining vertices into different components. There are at most 2™

ways to choose the vertices which are part of a stable set in their corresponding component.

]

Lemma 5.2.53. Let n € N, the number of graphs G in (Gg)n so G contains at most (logn)?

rich components of size at least 3 is at most
221 . 3 . (log n)?".

Proof. There are at most 2" ways to choose the vertices which are in components of size
at most 2. By Theorem 5.2.22, there are at most n? ways to partition those vetices into
components of size at most 2. There is at most (logn)?" ways to assign vertices to the rich
components of size at least 3. There are at most 2" ways to choose which vertices are a part

of a stable set in their corresponding component. O]

Lemma 5.2.54. Let n € N, + € {4,5,6}, and n’,c € [n] then the number of graphs in (G,)n

such that there are at least n' vertices in components of size at least ¢ is at most

92n (”) NGyt -

C

Proof. There are at most 2" ways to choose the n’ vertices which are in the components of
size at least c¢. There are at most 2 different components of size at least ¢ and there are at
most (%)"/ ways to partition the n’ vertices into those components. There are at most 2"
ways to choose the vertices which are a part of a stable set in each of the components in the

complement. The graph on the rest n — n’ vertices is taken from (g,),,_,». O
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Sg and Sg P3 and 53 P3 and P3
d) P; and P e) Py and P3

Observation 5.2.55. Let T € T*P! and II = (mq, 7o, ... be a partition of [n]. Let

) 71-vvpn(T))

ny = || then,

[E (T, D[ = |(G5)ny |

The proof of the typical structure for trees in 7°P! is very similar to the proof of the

typical structure of trees in 7P,

Observation 5.2.56. All the following pairs of graphs can be extended to Py with a proper

choice of edges between the graphs in the pair,
(a) (Ss,S3) with an edge fized between them or without such edge, see Figure 5.12a.

(b) (P3,S3) with either an edge between the centre of Py to one of vertices of the Sg or

without such edge, see Figure 5.120.
(¢) (P3, P3) with either an edge or without an edge between their centres, see Figure 5.12c.

(d) (P3, P3) with either an edge between the centre of the Py to one of the ends of the Py

or without such edge, see Figure 5.12d.

(e) (P3, P3) with one end of one of the Py not adjacent to any of the vertices of the other

P3, or adjacent to exactly one end of the other P3, see Figure 5.12e.

Using parts (a),(b),(c) and (d) of observation 5.2.56, and similarly to the proof of Lemma

5.2.31, it is possible to show the following.
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Lemma 5.2.57. Let K1 and Ko be such that Ki and Ko are rich components on ki and ko
vertices respectively and ki > 3,ko > 3. The number of ways to choose edges between V(K1)
and V(Ks) without creating an induced copy of Pg is at most
. k1—1 ko—1
ok1-ka o mm{ 26 7 26 }
Lemma 5.2.58. Let G1,Gy € Gg be two disjoint graphs. Let |V (G1)| = n1, |V(G2)| = ng and
let 81 and Sy be maximum collections of disjoint rich components in G1 and Gs, respectively.

Let s1 = |S1],52 = |S2| and Sy = Uges, S, 52 = Uges,S- We make the following assumptions.
(i) No rich component in So contains at least ny — so vertices, and
(ii) every rich component in Sy is larger than any rich component in S;.

The number of ways to choose edges between V(G1) and V(G2) without creating an induced

c|Sq

copy of Pg is at most 27172 . 27C°LI52 for some constant ¢ > 0.

Proof. Let 8] € S and 8, C Sy be the collections of all rich components of size at least
3. Let K1 € 8§ and K9 € S. Then using Lemma 5.2.57, the number of ways to choose
edges between V(K1) and V (K») without creating Py is at most 2/ BV )] 9=V 1f
|Uge s S| > % then |S}| = s and we get the required bound. Hence we analyze the situation
where this is not the case.

In the case that | Ug, s S| < %, there are at least % vertices in components of size
exactly 2, let 77 be the maximal collection of disjoint P3 in Gy. Using assumption (i), we
can find in Gy at least % disjoint copies of P3 and P;. Indeed we can define a set 73 by
taking a copy of P3 from every component in Sy which contains P53 in Go. Moreover, for
every two sets in Sy which are stable sets in Go, we can define a P53 by taking a non-edge
from one of such stable sets and a vertex from the other. Because, by observation 5.2.8, Py
can be partitioned both into (P3, P3) and (P3, P3), then we need to forbid at least one edge
arrangement between every set 71 € T; and Th € T5. Therefore the number of ways to choose
edges between V(G1) and V(G2) without creating an induced copy of P is again at most

on1-n2 . 9=cS1s2 for some constant ¢ > 0. O
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We recall the structural properties of trees in 7°P! which are needed in the proof of the

exact structure of almost all T-free graphs.

(A) Each of the graphs in {Py,2Ks, P3 + K1} is Zli—universally extendable for all T e 72PL
Moreover, Ko + Sy is -universally extendable for all trees T' € TP\ {Ps} and Sy is

%-universally extendable for all trees T e 7T7PI\ S.
(B) Ps is (2, 1)-universally extendable for all T € T7PL.

(C) Either P§ is (2, 1)-universally extendable or Py is (3, 1)-universally extendable for all

T e TP\ {Ps}.

Those properties are shown in Lemmas 5.2.16, 5.2.17 and 5.2.18. As we did in the case of
trees in 7P, using those properties we give a few important corollaries to the general claims
which we gave in Section 3.3.

Let K € N and € > 0 be the constants from Theorem 3.2.1 applied with Forb(7) and
§ > 0 sufficiently small. Let ¢’ > 0 be the constant from Theorem 3.2.3 applied with K. Let
A e [o, inechy

Let n € N be large enough and let p > 0 be the constant which we get from Theorem 3.2.2

for this n and ¢ > 0 such that 2¢ log% < loge - 23~2t2+3?\t~wpn(T) where t = V(T). Let II =
(1,72, ..., Typn(T)) b€ @ p/4-almost equal partition of [n]. We fix the partition II for all of the
following discussion. Let n;= |m;|, i € [wpn(T)].

Let G be a II-conformal graph. Let Y(I,G,i) = y(H,G,i,i,thﬁ) be the collection

of sets obtained by adding greedily sets S which are (II, %,z’, ?Qﬁ)—lineaﬂy extremal. Let
Y(G) = ujf{‘(T)y(H, G,i), Y = Y(G) = Uyey)Y and y = y(G) = |Y(G)| as defined in

Section 3.3.

Corollary 5.2.59 (to Lemma 3.3.9). Let T € T"! the number of II-conformal graphs G,
such that for some i € [wpn(T)], Glm; \ Y(G)] contains an induced graph isomorphic to H'

where H' € {Py,2K5, P3+ S1} is much smaller than the number of 11-good graphs.
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Also, let T e TP\ {Ps}, the number of I-conformal graphs G, such that for some
i € [wpn(T)], Glm; \ Y(G)] contains an induced graph isomorphic to Ko + Sy is much smaller
than the number of 1I-good graphs.

Moreover, if T € T"PI\ S, then the number of I-conformal graphs such that additionally
there is an index i € [wpn(T)] where G|m; \ Y (G)] contains an induced graph isomorphic to Sy

is much smaller than the number of 1I-good graphs.

Corollary 5.2.60 (to Corollary 3.3.10 and Theorem 2.2.4). Let T € T™P!, then there is a
constant C(T) > 0 which depends only on T such that the number of 11-conformal graphs

where y > C(T)logn s much smaller than the number of T1-good graphs.

Corollary 5.2.61 (to Lemma 3.3.12). Let T € T™P!, the number of II-conformal graphs where
there are indices i1 # iz € [wpn(T)], and there are subgraphs J;; and J;, in G[m;, \ Y(G)] and
Glmiy \ Y(G)], respectively, such that GV (J;;) UV (J;,)] is isomorphic to Pg is much smaller

than the number of II-good graphs.

Corollary 5.2.62 (to Lemma 3.3.13). Let T € TP\, and let (J1, J3) be a partition of Ps. The
number of II-conformal graphs where there indices iy # iz € [wpn(T')], such that G[m;; \ Y (G)]
contains at least fi(n) disjoint copies of a graph Ji and G[m;, \ G(Y)] contains at least fa(n)
disjoint copies of a graph Jo such that % = o(1), is much smaller than the number of
I1-good graphs.

Moreover, if T € T"P! and T is not a path then the following holds. Let (Ji,.J2) be a
partition of Py. The number of II-conformal graphs where there indices i1 # ig € [wpn(T)],
such that G[m;, \' Y (G)] contains at least fi(n) disjoint copies of a graph Ji and Glm;, \ G(Y')]

nlogn

contains at least fo(n) disjoint copies of a graph Jo such that ) o) = o(1), is much

smaller than the number of II-good graphs.

Corollary 5.2.63 (to Lemma 3.3.13). Let T be a path of lengths at least 8, and let (Jy, Ja, J3)
be a partition of Ps. The number of II-conformal graphs where there indices iq,i0,i3 in
[(wpn(T)], such that Glm;; \ G(Y)] and G[m, \ G(Y)] contain at least fi(n) disjoint copies of

a graph Jy and Jy respectively, and G[m;, \ G(Y)] contains at least fa(n) disjoint copies of a
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1 .
graph Js such that fi(n) > fa(n) and #% = o(1), is much smaller than the number of

IT-good graphs.
Let € be the set of all TI-conformal graphs and let ¥ be the set of all TI-good graphs.

Similarly to before, let 4’C % be the set of all II-conformal graphs G with the following

properties.

(a) For all T € T™P!, G[m;\Y(Q)] € Gg, i € [wpn(T)], for all T € TP\ {Ps}, G[m; \ Y (G)] € Gy,

i € [wpn(T)], and for all T e TP\ S, G[r; \ Y(G)] € Gs, i € [wpn(T)].
(b) y < C(T)logn for some constant C(T") > 0.

(c) There are no indices i; # iz € [wpn(T)], where there are subgraphs J;; and J;, in
G[m, \ Y(G)] and GIm;, \ Y(G)], respectively, such that G[J;, U J;,] is isomorphic to Pgs.
Moreover, if T is not a path then the above is also true for the case where G[J;; U J;,]

is isomorphic to Pj.

(d) There are no indices i1 # iz € [wpn(T)], such that G[r;, \ Y(G)] contains at least fi(n)
disjoint copies of a graph J; and G[r;, \ Y(G)] contains at least fo(n) disjoint copies
of a graph Js such that the following holds. The collection (Ji, J2) is a partition of Py

nlogn

and, — > = o(1). Moreover, if T is not a path then the above is also true for the
f1(n)-fa(n)

case where (J1, J2) is a partition of Py.

(e) For a tree T which is path of length at least 8, there are no indices iy # iy # i3 €
[wpn(T')], such that Glm;, \ Y(G)] and G[m;, \ Y (G)] contain at least fi(n) disjoint copies
of a graph Jy and Js respectively, and G[m;; \ Y (G)] contains at least fo(n) disjoint copies
of a graph J3 such that the following holds. The collection (Ji, Jo, J3) is a partition of

1
Py, fi(n) > fa(n) and 5780 = o(1).
Lemma 5.2.64. The number of graphs in €\ ¢’ is much smaller than the number of graphs
mY.
Proof. This is a direct corollary to Corollaries 5.2.59, 5.2.60, 5.2.61, 5.2.62 and 5.2.63. [
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T 0o Twpn(T)

Figure 5.13: A sketch of a graph G € #. The edges between the parts are not drawn.

Let G € ¢’ then by the definition of the set ¢’, G[r; \ Y (G)] € Gg, i € [wpn(T')], therefore
G is a disjoint union of rich components and singleton vertices. Hence for each i € [wpn(T)],
we can define r; = r;(G[m; \ Y(G)]) to be the number of rich components in G[r; \ Y (G)] and
similarly we define ¢; = £;(G[r;\ Y (G)]) to be the maximum number of connected components
which are edges in G[r; \ Y(G)].

We start from the II-bad graphs in the set ¢”, let ZC ¢’ be the collection of all II-bad
graphs in ¢’. Note that we will use the fact that we are considering II-bad graphs only
towards the end of the proof. See Figure 5.13 for a sketch of an example of a graph in 2.
In particular, in Figure 5.13, r{ =5, ro =5, Twpn(T) = 2. For G € %, for each i € [wpn(T)],
= \ Y(G).

Let .# be a family of graphs G which are defined with respect to the properties of the
subgraphs G[m;], i € [wpn(T')]. As before we define F(F) = (F1,F2, ... Fypn(1)) to be the

collection of families where F; = Uge #G|m;], i € [wpn(T)].

Let #1C % be the set of graphs in # such that there is no index i € [wpn(T)] where

S > n__.
"t = Tlogn)?

Lemma 5.2.65. Let T € TPl the number of graphs in %, is much smaller than the number

of II-good graphs 4.
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Proof. We start by listing the different subsets of graphs in %; that we consider during the
proof. We show that the number of graphs in each of the following subsets is much smaller
than the number of graphs in ¢. As before, we finish by showing the number of graphs in
%1 which are not in any of the following families is also much smaller the number of graphs
in¥.

Let g € (0, 28wp1n(T)2>' Let By = B1(8) C %) be the set of graphs G which have at most
n? rich components (components of size at least 2) in G[r}] UG[rh] U ... UGlr! pn(T)]'

Let S be the set of the n? largest rich components in G[r}] U G[rh] U ... UG] . Let

7T\/zvpn(T)]
S be the union of the vertices in the components in S. Let By € %; \ By be the set of
II-bad graphs where each subgraph G[x}\ S], i € [wpn(T)], has at least one of the following

properties,
(1) it contains at most n” rich components,
(2) there are at most f8n; vertices in rich components,
(3) there are at least (1 — 3)n; vertices in one component.

Next we consider the graphs in %; \ U%:1Bz‘- By the definition of the graphs in this set
there must be an index ¢ € [wpn(T')], such that G[r]\ S] does not have any of the properties
(1),(2) and (3) as above, without loss of generality i = 1. Let § € (0,1) and let By ¢ %;\U%B;
be the set of graphs so there is an index i > 2 where G[r]] contains a stable set of size at
least n; — nd.

Let By C % \ U}_B; be the family of graphs where for some i > 2, G[r!] contains more
than (logn)? components from S.

We start by bounding the number of graphs in By C %,. Let F(B;) = (}'11, .7-"21, s }'vlvpn(T)).

By the definition of By, for each i € [wpn(T)], r; < n, so by Lemma 5.2.51, for each

i € [wpn(T)], |.7-“Z-1\ < |(96)Zf’*’*| < 237 . pBni Therefore by Lemma 3.3.8, the number of
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graphs in By is at most

wpn(T)
om H 93n; B0 | 9(b+3)n
=1

< om. nﬁ wpn(T)n 2(b+6)n

n
< oM. n27 wpn(T)

We compare it to the lower bound on the number of II-good graphs from Observation 5.2.55.

n n

1By 9m . 27 wpn(T) - n 27 wpn(T)

9] — 2™-Bell(ny) — - Twpn(T)
_2wpn(T)
elnm

wpn(T)
(6ln2wp?1(T)) ’ _

= =g, =o(1).

n27wpn(T)

Next we consider the graphs in By € %;\B;. Let F(By) = (F2, ]-"22, o, F2

an(T)). By the def-

inition of By, for each i € [wpn(T)], |]-"12| < 2”2‘.nﬂni-max{|(Q(S)Zf’*’ﬂ7 |(g6)2‘f”i7*|, ](gG);’i*’(l*ﬂ)”l"}_
By Lemma 5.2.51, \(gG)Zf’*ﬂ < 220 L P |(g6);’i*8ni’*| < 22n . pfni. ’(%)Z’:’(l_ﬁ)ni\ <
220 ., (an-)ﬁ"i. Hence for all i € [wpn(T)], ]]—"Z.z] < 251 . p2Pn; By Lemma 3.3.8, the
number of graphs in By is at most

wpn(T)
om H 951 2081 | 9(b+3)n

i=1

< om . pfwen(T)n  o(b+8)n

n
< om. n27 wpn(T)

As before, the above number is much smaller than the lower bound on the number of II-good
graphs from Observation 5.2.55.

Now we consider the graphs in By C % \ ngle% Let G € B3, then by the definition
of this family there must be an index i € [wpn(T')], such that G[r]\ S] contains at least nP
components of size at least 2, at least Sn; vertices are in components of size at least 2 and

no component contains at least (1 — 8)n; vertices. Without loss of generality i = 1. Let i > 2
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0

so G[r}] contains a stable set of size at least n; — n’. This means that in particular G[r]

contains at least ﬁn(ﬂ disjoint Ss.

If T # Pg, then by properties (d) and (e) of graphs in %, we can deduce that the number
of such graphs is much smaller than the number of II-good graphs. Hence assume that

T = Ps. By property (d) of graphs in %, G[r}] can contain at most (logn)? disjoint copies

_ ny
of either S5 or P5. Let F(B;) = (F,F3). Then |FJ| <22 .n 2 - (logn)*™1 and by Lemma
5.2.51, |]-"23\ < 242 . (n; —nd) -n‘s”d. By Lemma 3.3.8, the number of graphs in B3 in the case
that T' = Py is at most

n 5
om  92n1 .n12 - (log n)2n1 . 9ing (nj — né) .p0n” L 9(0+3)n
n

1

om  o(b+11)n n17 ( )2n1 _nz;né'

logn
We compare it to the lower bound on the number of II-good graphs from Observation 5.2.55.

Uy 5
|B3| _ om 2(b+11)n . n12 . (10g n)2n1 . nén

|| — 2m . Bell(ny)
n
9(b+11)n anl . 93nloglogn 910nloglogn
< n 1 > n - 0<1)'
( n ) n__\Zwpn(T)
einny 2wpn(T)

Next we consider the graphs in By C %4 \ Ug’:lBZ-. Let i > 2 be such G[n}] contains more
than (logn)? components from S. Note that as mentioned earlier #; C %, therefore any G €
By has property (c), that is, there are no indices iy # is € [wpn(T')], where there are subgraphs
J;, and J;, in G[T[',El] and G[TI‘,EQ], respectively, such that G[V(J;,) UV (J;,)] is isomorphic to Pgs.
We apply Lemma 5.2.58 to the graphs induced on G[r}] and G[x,NS] and get that the number

. 2
of ways to choose edges between those subgraphs is at most 2/m111miNS|. g=cAn-(logn)” for some

constant ¢ > 0. Let F(By) = (F{, Fy, ..., Fo

an(T)), then because for each ]—"24 C Forb(Py) and

Theorem 2.2.4, we have that |]-'i4| < 23nilogn; I total, by Lemma 3.3.8, the number of

graphs in By is at most

wpn(T)
om H 93njlogn; | 2(b+3)n . 2—cﬁn-(logn)2

i=1

< gm  g3nlogn 2(b+3)n . 2—cﬂn~(logn)2‘
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The values of ¢ > 0 and 8 > 0 are constants, therefore for n large enough, the above is much
smaller then 2™ and therefore much smaller than the number of II-good graphs.

Let G € % \ Ul B;, by the definition of this family, G[r} \ S] contains at least nB
components of size at least 2, at least Bny vertices are in components of size at least 2 and
no component contains at least (1 — 8)n; vertices. For each i > 2, G[x)] does not contain a
stable set of size at least n; —n? and more than (logn)? components from S. Therefore Glrl]
also contains at least # components from S.

Let F(%1 \ U?:lgi) = (}—5’f5)""’fv5)vpn(T))'

First we want to bound |F7|. By Lemma
5.2.51, \]:15’ < on1 . ((log”n)2>nl. For each i > 2, let s; be the number of components from
S in G[r!] and let k; be the number of vertices in rich components in G[x}\ S]. Hemce
by Lemma 5.2.52, for each ¢ > 2, \}'25\ < 22”ink’is?. We apply again Lemma 5.2.58 to
the graphs induced on G[r}] and G[x, N S] and to the graphs induced on G[x} N S] and
G[r} \ S] and get that the number of ways to choose edges between those subgraphs is at

most 2/m\SFmNS| . g—cBn-si olminS|m\S| . g=en ki for each i > 2. Therefore by Lemma 3.3.8

we get the following bound on the number of graphs in % \ UleBZ-,

ny
gm . ob+3)n py ont n . H 92nj kign  o—chn-s; Q—Cnﬁ'kz’
(log n)? i>2 '

ny
<om. o(b+5)n ny -2 . ((1 n )2) . 9(log n—cnﬁ)k . o(wpn(T') log n—cpn)s
ogn

where k=3 5o k; and s = 3 ;59 s;. We compare it to the lower bound of 2™ - [(G5)n, | on the

number of II-good graphs, we also use the lower bound on G5 from Lemma 5.2.50. Therefore,

ni
2) . 9(log nfcnﬁ)k . 9(wpn(T') log n—cpn)s

om . 9(b+6)n  9ny . n
%1\ Ui, Bil < (log n)
2(b—|—6)n .. 2(10g n—cnﬁ)kz . 2(an(T) logn—cpfn)s

IN

ni
2 - e
(logn)=nt - <2ewpn(7%) logn1>

n n o n—cn'B wpn ogn—cPn)s
- 9(b+6)n (2e wpn(T))"™ . 9(log )k . o(wpn(T') log n—cfin) o).
B (logn)™

Hence the number of graphs in %; is much smaller than the number of II-good graphs.
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Let #5C %\ %, be the collection of graphs such that r; > m and there is an index
i > 2 so the number of vertices in the union of the stable sets in G in the rich components is

at least (logn)3.

Lemma 5.2.66. Let T € TPl the number of graphs in B is much smaller than the number

of I-good graphs 4.

Proof. As in the proof of Lemma 5.2.65, let ¢ € (0,1), then no G[}], i > 2, contains a stable
set of size at least n; — nd.

Let i > 2 and let U; be the union of all the vertices in the stable sets in G[x}]. Then we
can find in G[r!] at least min{@, n®} disjoint copies of P3. Then the number of such graphs

is much smaller than the number of TI-good graphs by property (d) of graphs in £. O

Let G € #\ (%1 U Hs). Let W(G) C [n] be the minimal set such that there is an index
i € [wpn(T')], without loss of generality i = 1, such that for T'= Ps, G[r1 \ W(G)] € Gg, for all
trees T € TP\ {Pg}, G[m \ W(G)] € G4, and for all trees T e TP\ (S U {Pg}), G[r}] € Gs.

Moreover, for each i > 2, G[m; \ W(G)] is a clique.
Lemma 5.2.67. Let T e T"! and let G € B\ %1, then |[W(G)| < 2wpn(T) - (logn)3.

Proof. Let T € T™PL then for each i > 2, let U; be the union of all the vertices in the stable
sets in G[r}]. We define W(G) = (U;>2U;) UY. By property (b) of the definition of 4,
y = |Y| < C(T)logn. By Lemma 5.2.66, for any G € 8\ U2_,%;, |U;| < (logn)3 for all i > 2.

Therefore |[W(G)| < 2wpn(T) - (logn)3. O

Let #3C %\ U2 %, be the set of graphs where G[my \ W(G)] contains at least m

vertices in components of size at least (logn)?2.

Lemma 5.2.68. Let T € TPl the number of graphs in B3 is much smaller than the number

of II-good graphs 4.

Proof. Repeating the arguments in the proofs of Lemmas 5.2.65 and 5.2.66 we can obtain

By C Pz such that the number of graphs in %3 \ %4} is much smaller than the number of
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graphs in ¢. Moreover, the following holds for every graphs G € %5. The subgraph G[r]

rich components, and the subgraphs G[r’

:], i > 2, contain at most

_n
(log )2

(logn)3 vertices in the union of the stable sets in G in the rich components. Let ¢ € {4,5,6},

contains at least

to count the graphs on 71 \ W(G) we use Lemma 5.2.54,

. 9(log n—cn'B)k . 9(wpn(7') log n—cpn)s

‘(gb)nl

_on
2m . 2(b—|—4)n . 2n1 . < n ) loglog lOgTL .

T 9 n
L@Q‘ (log n)2 "~ logloglogn
= n
|§f| —_— nl logloglogn
gm . ( L Gy on |
elog logloglogn ™ logloglog n
9(b+6)n . o(log n—cnﬁ)k . 9(wpn(T") log n—cfin)s
(log n) loglog logn
as required. O

Let F' = (F{, Fhyers F!

W

pn(T)) be such F| C Gg and for any G € Fj, the complement G
contains at most m vertices in components of size at least (logn)2. For every i > 2,

F! is a collection of all cliques.

Lemma 5.2.69. Let ¢,/ > 0 to be the constants defined earlier in the subsection. The

. ’
sequence F' is (1, \, k)-ordinary P(T)-free subsequence for any X € [0, %), T = ﬁ, and

any k € N.

Proof. We check properties (a) and (b) of the definition of (7, A, k)-ordinary P(T')-free sub-

sequence. Let Q = (G1,Ga, ...,Gwpn(T)) be a sequence of graphs such that G; € F, for each
i € [wpn(T)].
First we check property (a). By the definition of F|, G; contains at most m

vertices in components of size at least (logn)?, then for v € V(Gy), degé1 (v) = dTgGl (v) <
m < 7n for any 7 > 0. Let i > 2, G; is a cliques, therefore for v € V(G;), dTegGi (v) =0.
Let 7 = ﬁ

Now we check property (b). Let w' ¢ Ujcrupn(r)V(Gi) be such for each i € [wpn(T)],
GiU{w'} ¢ F. Let 4;(w') = min{|N(w') N V(G)], [N (w") " V(G))I}, i € [wpn(T)], let £(w') =
min; e rpn(r)) fi(w') and let @ € [wpn(T)] be such that £(w') = £;(w’), then for each j € [wpn(T)]\

3

{i}, ¢j(w") > Tn, that is w’ is not (7, G;)-trivial.
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First we consider the case where i = 1. Let N be either (i) a collection of disjoint

copies of P3 or (ii) a collection of disjoint copies of P53 in N(w') NV (G7). Note that by the

assumptions on Gp, |N| > Z(w/)Q(lg’gg:’)%k’g” and for each N € N/, N U {w'} is isomorphic to
Ky + S5 in case (i) and to P3 + K in case (ii). By our assumptions, for each i > 2, v’ is not
(1, G;)-trivial, therefore for each of the possible edge arrangements between a vertex and an
edge, G; contains a set H; of at least It disjoint edges, so w’ has this edge arrangement. Let
P = (Hy, Hy, ..., Hypy () be a partition of T where Hy = Ko+ S in case (i) and H; = P3+ K
in case (ii), for each i > 2, H; is an edge. The tree T has such a partition by Lemma 5.2.2
and Observation 5.2.7. The collection of sets (N, Ha, H3, ... Hypn(1)) 18 @ (P, w',i)-form in Q
with property (1) of (b).

Now, let i > 2. From Lemma 5.2.21, G contains a set P of disjoint copies of P3 such
that either (i) w’ is adjacent to exactly one end (and not other vertices) of each copy of P3
in P, or (ii) w' is not adjacent to any of the vertices of each copy of P3 in P. Moreover,
|P| > m;é?g;’%g’“. As before, by our assumptions, for each j € [wpn(T)]\ {i}, v’ is not
(7, Gj)-trivial, therefore for each of the possible edge arrangements between a vertex and an
edge, G; contains a set H; of at least Zf* disjoint edges, so w’ has this edge arrangement.

Let T e 7Pl then by Lemma 5.2.5, T can be partitioned into Pg and wpn(T) — 2 edges.
Let NV to be the maximal collection of disjoint edges so w’ is adjacent to exactly one end of
each such edge. Let P = (P3, Ha, ..., Hypn (7)) Where H; = Py and for each j € [wpn(T')]\ {1, i},
H; is an edge. As shown in Observation 5.2.56 part (e), there is a partition of P such that
either there is a choice of a vertex w which is a part of P3 and is adjacent to exactly one end
of the remaining P3, or there is a choice of a vertex w which is a part of P3 and not adjacent

to the remaining P3. Therefore the collection of sets (P, Ho, .., H;—1,N, Hii1, woos Hpn(T)) 18

a (P,w',i)-form in Q with property (2) of (b). O
Now we complete the proof of the exact structure for all trees T' € 72PL

Proof of Theorems 1.1.13, 1.1.15 and 1.1.17. From Observation 5.2.15, to show that the

number of bad graphs is much smaller than the number of good graphs it is enough to
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show that the number of II-bad graphs is much smaller than the number of II-good graphs.
From Lemmas 5.2.64, 5.2.65, 5.2.67 and 5.2.68 we have the following. Almost all TI-bad
graphs G have a set W(G) ¢ V(G) such that |W(G)| < 2wpn(T) - (logn)3. Moreover, there is
index and i € [wpn(T))] such that if 7 e 7°P!, then G[r; \ W(G)] € Gg and if T € TP\ {Pg},
Glmi\W(Q@)] € G4 and if T € TP\ (SU{Ps}), then G[r;\W(G)] € G5, and G[r;\W (G)] contains

at most at most vertices in components of size at least (logn)?. Additionally, for all

log IOTngogn
j € [wpn(T)]\II}, G[r; \W(G)] is a clique. Let 2 be this collection of graphs. Let F' = F(2),
then by Lemma 5.2.69, F' is (7, \, k)-ordinary P(T)-free subsequence for 7 = ﬁ, any A >0
small enough and any k£ € N. Finally, by Lemma 3.3.14, the number of the remaining II-bad

graphs is much smaller than the number of II-good graphs. O]
The following lemma is needed in the proof in Chapter 6.

Lemma 5.2.70. Let T € TPl and n € N large enough, then almost all T-free graphs G with
[V(G)| = n have a partition into wpn(T) parts (G1,G2, ..., Gypn(r)) Such that without loss
of generality G1 € Gg and G; for i > 2 is a cliques. Moreover Gy contains at least m

connected components of size at least 2.

Proof. In this section we showed that almost all T-free graphs are II-good for some suitable

partition II. We bound the number of good graphs which are II-good with respect to some

_n _
(log n)?

2. There are at most wpn(7")" ways to obtain a partition II of [n]. Using Lemma 5.2.50, the

partition and have that G[r1] contains at most connected components of size at least

(0] nn 2
number of possible graphs on 7 is at most 24" . <(10g"n)2) (logn) , but the number of II-good

graphs is at least Bell(n) which, by Lemma 1.3.2 is at least ( 1L )n Hence almost all T-free

elnn

graphs have the required property. O
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Chapter 6

Colouring of Typical 7T-Free Graphs

In this chapter we prove the asymptotic version of the Gyarfas-Sumner Conjecture. Recall

the Gyérfas-Sumner Conjecture that was presented in the introduction.

Conjecture (Gyéarfas-Sumner conjecture [30, 54]). Let H be a forest, then there is a function

fu such that in any H-free graph G, x(G) < fg(w(Q)).

As mentioned, the family Forb(H) for a forest H, is x-bounded if and only if all the
families Forb(T) are x-bounded for each connected component 7" of H. Hence the above
conjecture can be reduced to trees. Also as mentioned, Gyarfas-Sumner conjecture has been
proved for the following graphs: paths and stars [30], trees with radius two [35], trees which
are subdivided stars [50], trees obtained from trees with radius two by making exactly one
subdivision in every edge adjacent to the root [36], “two-legged caterpillars”, “double-ended
brooms” and a few others [19]. The conjecture is still open in its general form.

We use the structural results we obtained in the previous chapter to show an asymptotic

version of the Gyarfas-Sumner conjecture. We recall and prove Theorem 1.0.9.

Theorem (1.0.9). For every tree T, almost all T-free graphs G have x(G') < wpn(T) - w(G")
for every induced subgraph G’ of G. Moreover, for every tree T, almost all T-free graphs G
have x(G) = w(QG).

For the proof we need a definition and the famous Hall’s Theorem [13]. Let G be a
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bipartite graph with a bipartition V(G) = AU B, that is G[A] and G[B] are stable sets. We

say that a matching M in G saturates B, if B C U.¢ye.

Theorem 6.0.1 (Hall’s theorem [13]). Let G be a graph with a bipartition V(G) = AU B.

There is a matching which saturates B if and only if for every W C B, [N(W)| > |W|.

Recall that G is the family of graphs which are complete multi-partite graphs with parts
of size at most 2, and Gg is the family of graphs which are join of graphs which are disjoint

union of a clique and a stable set. Now we prove the main theorem of this chapter.

Proof for Theorem 1.0.9. By Theorems 1.1.3, 1.1.6, and also theorems 1.1.9, 1.1.11, 1.1.13,

1.1.15, and 1.1.17 we can partition the possible P(T')-sequences into two classes.

(i) A P(T)-free sequence (Fi, Fa, ..., Fypn(r)) Where for each i € [wpn(T)], F; € Gr.

» Y wpn

(ii) A P(T)-free sequence (Fi, Fa, ..., F, (T)) where the families can be reindexed such that

» Y wpn

F1 € Gg and the rest of the families are the sets of all cliques.

Note that in both cases (i) and (ii) each F; C Forb(Py), i € [wpn(T)], so by Corollary
2.2.5, for each i € [wpn(T)], for all F € F; and induced subgraph F’ of F, x(F') = w(F').
Also note that in both cases (i) and (ii) for every choice of graphs (G1, G2, ..., Gypn(r)) Where
G; € F;, i € [wpn(T)], there is an i € [wpn(7')] such that w(G;) > W(%)'

We first show the first part of the theorem. We show that for every tree T, almost all
T-free graphs G have x(G') < wpn(T) -w(G") for every G’ which is an induced subgraph of G.
Let G be a typical T-free graph and let (G1, Ga, ..., Gypn (7)) be its partition such that for each
i € [wpn(T)], G; € F; for a P(T)-free sequence as in (i) or (ii). Let G’ be an induced subgraph
of G and let (G}, G5, ..., G;VPH(T)) be the corresponding partition of G’ such that for each i €
[wpn(T)], G} is an induced subgraphs of G;. We colour the graphs G/, iteratively starting from
G . We colour each G, i € [wpn(T)], with a set of w(G}) = x(G?) colours which are different
from the colours we already used on graphs G, Gy, ..., G}_;. Let w = max;¢fypn(ry @(Gi), s0 in
this iterative colouring we used Z;V:pln(T) X(Gh) = ZZV:pln(T) w(G}) < wpn(T)-w < wpn(T)-w(G")

colours, as required.
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Now we show the second part of the theorem. Let T be a tree, we show that almost all
T-free graphs G have x(G) = w(G). We treat trees with corresponding P(7')-free sequences
as in class (i) and in class (ii) separately.

Let (F1,F2,.... Fypn()) b€ a sequence of class (i) and let G be a T-free graph with a
partition (G1,Go, ..., Gwpn(T)) where G; € F;, i € [wpn(T)]. Assume without loss of generality
that w(G1) 2 w(G2) 2 ... Z W(Gypn(T))- As before we colour the graphs G; iteratively starting
from G1. We assign ¢; := w(Gq) distinct colours to the vertices V(G1). It is possible because
G1 is perfect. Let ¢ > 2, at iteration i, we define an auxiliary bipartite graph A;, where
V(4;) = (C;—1,K;). The set C;_1 corresponds to the collection of the colour classes in the
colouring of G1,Ga,...,G;_1. We denote the colour of a colour class C € C;_1 by ¢(C). Each
vertex K € K; corresponds to a connected component in G;, note that because we are in
case (i), each such component is of size at most 2. The edges F(A4;) are defined as following,
an edge {C, K = {vy,v2}} € E(4;) if and only if (Ng(v1) U Ng(v2)) N C = ), in particular it
means that it is possible to colour the vertices in K with colour ¢(C) and keep the colouring
proper.

We argue that in almost all T-free graphs G, in each iteration 2 < < wpn(T'), the graph
A; contains a matching which saturates K;. Let (G, Go, ..., GWPH(T)) be a collection of graphs
where G; € F;, i € [wpn(T')] for a sequence as in (i). We choose the edges between the parts
with probability . We want to bound the probability such that there is an i € [wpn(T)]
where A; does not contain a matching which saturates IC;. By Hall’s Theorem 6.0.1, if such
an index i € [wpn(7)] exists, then it must be the case that there is a subset W C K; such
that [N, (W)| < |[W]. See a sketch in Figure 6.1.

By our assumption, for each i € [wpn(T)], G; € Gy, therefore at most 2 vertices in G; can be
in the same colour class. Let C € C;_; and K € K;, then |C| < 2(i—1) and |K| < 2. Hence the
>2(11)-2 )

= SiG-1) BY our assumptions

ICi_1| > |K;], therefore the expected number of neighbours in A; of a vertex v € V(4;) is at

L] n
161 2 Gupn(T) 220D

. . , < n___ .
index i € [wpn(7)] and a vertex v € V(4;) such that [Ny, (v)| < oo (1) 2T is at most

- . .71\ |CIHE] 1
probability for an edge {C, K} in A; is <§> > (7

least 5 Using Chernoff bound 1.3.6, the probability that there is an
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Ci—1 K;

Figure 6.1: Sketch of the graph A;.

wpn(T) - n - e Pwpn(D)210D  Therefore the number of such graphs is much smaller than the
number of T-free graphs without such a vertex. Hence we can make the following assumptions

about the graph we consider. The size of the neighbourhood of W in A4; is at least the size

> n - .
’ = 22 an(T)-24(Z_1)

Moreover by our assumptions [Na,(W)| < [W] and |C;—1| > [K;], so Ci—1 \ N, (W) # 0. Let

of the neighbourhood of some vertex w € W, that is [Na,(W)[ > [N, (w)

C €Ci1\ Ny (W), then [Ny, (C) s By the choice of C, Ng,(C)NW =0, so

> - .
|2 22 wpn(7)-24(-1)
n

> :
> 22 an(T)-24(Z_1)'

IKi \ W] >[Ny, (C) We summarize,

n 1
. S NA, W) < W] S |1 = [\ W< [ 1 - . .
e T < VAV < W < 1K~ 1K |_< 22an(T)_24(”)>n
Moreover,
1
- <|Ci1| =W < |Ciqg \ N, (W) < | 1 — - .
e < el = IV <161\ N >|_< 22an<T).24@_1))n

Therefore we can conclude that the probability for the event that there is an ¢ € [wpn(T)]
such that in A; there is a set W C K; where [N4, (W)| < [W] is at most the probability that

there are no edges between W and C; 1\ Ny, (W) which is,

2

2
n
on <1> <22 wpn(T)~24(i_1)>
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which means that in almost all T-free graphs G, such a set W does not exist. Therefore we
can colour V(G) with at most w(G1) < w(G) colours.

Now we consider the remaining case for the P(T')-free sequence. Let (Fp, Fo, ...,]-"an(T))

be a sequence of class (ii) and let G be a T-free graph with a partition (G1,Go,...,G (1))

» Gwpn
where G; € F;, i € [wpn(T)]. As mentioned, we have that G; € Gg, we describe how to
partition V(G) into stable sets of at most 2 vertices. Let Ky, Ko, ..., K}, for some k& € N be
the connected components in G1, and let S;, C; be the partition of K;, i € [k], into the stable
set and the clique. If [V(C;)| > |V(S;)|, then we match every vertex from S; to a vertex in Cj,
and every such matched pair of vertices is a part in the partition of V(Gy). If |[V(C;)| < |V (S;)],
then we match |V(C;)| from S; to |V(C;)| vertices of C; and again every such matched pair
of vertices is a part in the partition of V(Gy), the rest |V (S;)| — |[V(C;)| vertices from S; we

IV(Si)I*IV(Ci)IJ
2

partition arbitrary into | pairs and maybe one more singleton part. By Lemma

5.2.70, G contains at least m connected components, therefore w(G1) < |V(G1)|— m

and therefore there is ¢ > 2 such that w(G;) > w(G1). We proceed as in the previous case and

this gives us the required colouring. O
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Chapter 7

Summary and Future Work

In this thesis we have studied the structure of almost all T-free graphs for any tree 7. In
Chapter 2 we reviewed some of the results regarding the structure of H-free graphs both
for any graph H and for some specific graphs H. In Chapter 3, we proved weaker results
regarding the structure of almost all H-free graphs. Moreover, we developed some general
tools which can be applied to nearly all graphs H. In Chapter 4, we gave a formula for the
value of the witnessing partition number of any bipartite graph H. In Chapter 5, we reproved
the result of Balogh and Butterfield [5] regarding the structure of almost all H-free graphs
where H is a critical graph. Moreover, we proved the exact structure of almost all T-free
graphs for any tree 7. Finally, in Chapter 6, we used our result regarding the structure of
almost all T-free graphs to show that almost all T-free graphs are y-bounded, which is an
asymptotic version of the Gyarfas-Sumner Conjecture [30, 54]. In the following we list some

possible future directions for the thesis topic.

7.1 Reed-Scott Conjecture

We recall the statement of Reed-Scott conjecture.

Conjecture (Reed-Scott [47], 1.1.1). For every graph H, almost all H-free graphs G have a

P(H)-free partition.
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We proved the above conjecture for trees. The starting point of our proof was under-
standing the set P(T) of partitions of T. For the rest of the proof we did not use any
additional properties of the trees besides the structure of the partitions in P(7"). Note that
we divided the proof into the different subfamilies of trees because the trees in the different
subfamilies have somewhat different partitions into smaller graphs. Due to the fact that the
only property we used is the structure of the partitions in P(T), our proof can be applied to
some graphs H which have the same minimal partitions in P(H) as in P(T) for some tree 7'

A very natural next step is to try to prove Reed-Scott conjecture for bipartite graphs B
which have a set of partitions P(B) different from the ones which were already considered. As
proved in Theorem 4.0.1, the value of the witnessing partition number of a (non-complete)
bipartite graph can be computed in the same way as the witnessing partition number of
a tree. Therefore the first step of the proof would be to find all the partitions in P(B).
Knowing those partitions allows us to obtain the P(B)-free sequences and understand which
graphs are extendable (in any of the definitions of extendability). Once we have all the
above, one way to proceed with the proof is to define subfamilies of B-free graphs which do
not have a P(H)-free partition and to show that each of those subfamilies is much smaller
than the number of graphs which have a P(H)-free partition. It would be useful to define
those families in a way that allows us to gain a better understanding of the structure of
almost all B-free graphs. This in a very general terms was what we did for the case of trees.

After the case of bipartite graphs, it would be interesting to consider the case of all
triangle-free graphs. As before, one way to prove Conjecture 1.1.1 for such graphs H, is by
first finding the value of the witnessing partition number of H, the set of possible partitions
P(H) and then proceed obtaining better and better structure until the point where one shows
that almost all H-free graphs have a P(H)-free partition.

In the opposite direction, it could be interesting to try to disprove Conjecture [47]. To
this end, one possible approach is to try to find a graph H such that almost all H-free graphs
have an almost P(H)-free partition. In other words, a graph H where there are many H-free

graphs G and there is a set of vertices B C V(G) such that G[V(G) \ B] has a P(H)-free
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partition, but there is a way to add the vertices B so there is still no induced copy of H in

G.

7.2 Applying the Techniques Further

The techniques which were developed in this thesis could be applied to a range of families
of graphs which can be characterized by forbidding some collection of induced subgraphs.

For example, recently with Janos Pach, we have applied the ideas from the thesis and
[47] to string graphs [42]. A string graph is the intersection graph of a family of continuous
arcs in the plane. We showed that the vertex set of almost all string graphs on n vertices
can be partitioned into four sets, such that three of them are cliques and the last set is a
disjoint union of two cliques (n — oo). The intersection graph of a family of plane convex
sets is a string graph, but not all string graphs can be obtained in this way. Together with
some additional arguments we could show that almost all string graphs on n vertices are
intersection graphs of plane convex sets. This result also verified a conjecture by Janson and
Uzzell [31].

The main lemma that allowed us to apply our techniques to string graphs was that the
graph which is a subdivision of K3, together with some additional edges connecting the
vertices of degree 2 in the subdivision, is not a string graph.

As a future work it would be of interest to try to apply our techniques to additional

families of graphs.

7.3 Graphs without U(k)

From Theorems 3.2.1 and 3.2.2 together with 3.3.2, we know that for any graph H, almost
all H-free graphs G contain a set Z(G) C V(G) such that G[V(G) \ Z(G)] has a partition
into wpn(H) parts where each of the parts does not contain a copy of U(k). Moreover

|Z(@)| < [V(G)|'~¢ for some & > 0. Therefore an understanding of graphs without a copy of

148



U(k) can lead to a better understanding of the structure of almost all H-free graphs for all
graphs H.

Here is a simple result for £ = 2. A threshold graph is a graph which does not
contain an induced 2Ky, Py or Cy4. A bipartite threshold graph is a bipartite graph which
does not contain an induced 2K5. A half-graph is a bipartite graph with the bipartition
({a1, a2, ...,a;},{b1,b,...,b;}) in which a; is adjacent to b; if and only if i +j > k+1. An
alternating blow up of a Ps is a graph which is a P5; = vy, v9,v3,v4,v5 Where the vertices
v1,v3,v5 are blown up into stable sets. The bull graph is a graph which is combined of

Py = vy, v9,v3,v4 together with a vertex u which is adjacent to vy and vs.

Theorem 7.3.1 (Norin and Yuditsky). Let G be a graph without a copy of U(2), then the

following 1s true.
e If G is not Cs-free then G = Cs.
e If G is not Ps-free, then G is an alternating blow up of a Ps.

o IfG is {P5, Ps5,Cys}-free. Then either G or G is a disjoint union of graphs Gy, Go, ..., G},
for some k € N and each G;, i € [k], is one of the following graphs,
(1) threshold graph,
(2) bipartite threshold graph,

(8) graph obtained from the bull graph by substituting each vertex of the Py with either

a clique or a stable set, and substituting u with a threshold graph,

(4) if k =1, graph obtained from Py by substituting each vertex with either a clique or
a stable set, and if k > 2, graph obtained from Py by substituting vertices vy and

vy with stable sets,

(5) if k = 1, graph obtained from the half-graph by substituting each vertex with a
threshold graph, and if k > 2, graph obtained from the half-graph by substituting

each vertexr with a threshold graph, where additionally for every edge {vi,v2} of
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the half-graph, either both vi and vy are stable sets, or one of them is threshold

graph and the other is a clique.

It would be of interest to generalize the above result to U(k) for k = 3 or greater.
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Forb"(H), 25
Forb"(H), 25
®(H), 51
II-bad, 46

IT-conformal, 46



IT-good, 46

a-almost equal partition, 25
C(IT, hy A\, ), 52
C(J(r),1I), 60
C(I(r), 1L, f1(n), f2(n)), 60
F(B), 55

G(II, F,y, \), b4

g1, 20

Ga, 20

Gs, 20

Gy, 21

gs, 21

Gg, 21

H(r,v), 30

RS, 46

S, 22

TPl 22

TPl 21

T 21

Y(G), 53

Y({1,G, 1), 53
x-bounded, 14

Xe(F), 30

deg(v), 25

e-regular pair, 37
e-regular partition, 38
ex(n, H), 29

ex?(n, H), 29
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M-extendable, 56
M-linearly common, 56
v(T), 18

Ng(v), 25

degg(v), 25

o(H), 16

wpn(H), 17

e(A, B), 37

m :=m(II), 51

r-partite graph, 19

almost all, 15

alternating path, 25

bad graph, 46
Bell number, 26

bipartite graph, 18

chromatic number, 11
clique, 11

clique number, 12
clique-star, 25
complement of a graph, 12
connected graph, 14

copy of U(k), 42

critical graphs, 33

cycle, 12
density of (A, B), 37

edge, 10



forest, 14

girth, 13

good graph, 46

hereditary family, 14

hereditary property, 14
induced subgraph, 10
join of graphs, 18

leaf of a tree, 17
length of a cycle, 13
length of a path, 13

matching, 18
mild matching, 97
much larger, 25

much smaller, 25

partition of [n], 25

partition of a graph G, 16

path, 12
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perfect graph, 12
perfect matching, 18
planar graph, 11

properly arranged sequence of families, 49
reduced graph, 38

stable family of graphs, 49
stable set, 11
star, 18

subdivided star, 19

tree, 14
triangle, 13

typical graphs, 15
vertices, 10

weak subgraph, 10

witnessing partition number wpn(H), 17

Y(G), 53
y(G), 53
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