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Exper~ntal ~nd theoretlcal stuJ[e~ have been con9ucted 
" <? .,.. 

N 
ta investiga~e the effect of largd tempetature differences on the 

• t, 
~ate of heat,transfer fram a very hot gas to stationary sphères. 

1 
( 

, . 
'f ' In the numerical analysls, Jhe momentum and energy equations 

for 
V 

l ~ ( r 

variable-property flow past a sphere were solved ~imultaneously, 
" , 

u~ing finite-difference techniques. 
1 

Results were obtained ~ri the\ l,ow 

anq lntermediat~ ranges of the Reynolds n~ber with surface temp~r-\ 

atbre to gas temperature ratios/varYi~g between O.2~ and unitY1 Th~ 
, 'f . \ 

flow behaviour. drag coefficifnts and Nusselt number wer~ calc41atedL. 

for each·ca~e. A h~at transfer correlation w~s derived which ~n- , 
1 

cluded, the effect of large variations in the poysleal properti s of, , , 

the fluid. 

~ 

Heat transfe(rates from a plasma jet to single ~tktiona~y 
ft' " 

s~heres were also determined experimentally, in simili~ ranges of 
1 • ~ oqi 

th~ Reynolds, numbei a~ temperature ratios. The experimental results, Q 

! & . -l, ' ~ 
were correlated f4irly accurately by the equation derived in the ~ 

" . / 1 
nume~ical analy,sis. 0 .', 
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• On a 'étudU expé-rtlDentalement et t oriquement l'effet de 

llarges ~carts de teDlp'rature !Iut' le taux d' ,changes tt-:e.J1lliques entre 

un gaz chaud et des sphères -immobiles. L'utilisation de mét"hodes aux 

diffErence. fini~s a permi~ de rlsoudre imultanl!ment les équations 

dfCrivant h"ner'Sie I~~/a quantitfi d. ,. uvemont relativee i u~ lcouie­

m~nt de caf~ct~riS~qUeS variables aut ur d'une sphère. On a obtenu 
1 • 

des résultâts pour des nombres de lds de val,:ura f8ibl~s et 

j ~ " 1 

interm~diaires avec u, .rapport de la empérature de surface de la:,,"~ 
,ç.' 1 Iv 

sphère à'la température des gazOvaria t de 0.25 à l~unité. Le~' " 
caractéristiques ~de l 'écoulemen,t, 

. , 
de trainée et n01llb"re 

\ 

de N~selt, ont été calculés dans OQ en a 

c~~lation qui tient compte de varia 

pyoprittéS physiques du fl~ide. 

\, On a également dé terminé x d'échanges 

thermiques entre un j~t de plaSlDa s sphères isolées immobiles, 

pour un domaine du nombre de Reynolds t ùn rapport de empérttures 

s~1laires. Ces résultats expértmentau étaient en faf~cord 
.' avec le8 valeun déduite. dè la cor rUa ion obtenue pr dd.-aent. 
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G~ERAL INTR~UCTION 
Il • 
1 

l 

The present study forms part of a continuing programme of 

investigation carried out in this laboratory by the Plasma Technology 

Group towards the applica~ion of plasmas tp chemical and metallurgical 
. 

processes of industrial interest. Solids-gas reactions involving the 

contacting of fine particles with an entraining plasma 'Igas appear to 
1 • 

be particularly promising. as for ex~ple in the production of such • 

refractory meta1s li~molybdenum, zirconium and titanium from their 

respective ores. OWing to the very short contacting times available 

between the high-temperature-plasma and the entrained particleB (of 
"-

the order of ~ few milliseconds), an sccurate knowledge of the rate 

~of heat transfer to the part~cles is a prime requirement for the 

~~I 

\ 

reliable design ~f plasma reactors, particularly when a high degree 

of conversion is re ired. The purpose of the present study w~s to 

provide this fund ental'i~ormation • . ... - ... 

Although -a gO,od de~L of work has been published on heat 

transfer to part,iC:1es under conditions of moderate temperature dif-. . ~ 

"" ferenee, littleoinformation is available on the situation where this 

difference is so 1arge-that the 8ssumption of constant-property,flow 

is no longer permissib1e,' In addition. the Reynolds num~er of a 

Il " 
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'-
l,' "',r-
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1 

n -
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particle exposed to a plasma f1ame 18 eharacteristically 9msll, 
, , , 

typica1!y leS8 than 50. , " \ 

The thesis ts divided into thre~ parts: "8 literature review •. . 
a theoretical section where an original analysts is preaented, based 

'.. 1 

it . 
on the numedcal solution of 'the equations of moUon and energy for 

1 ~ j'''-' .-' 

pu~e steady-state heat transfer and variable-property flow at low 
/' 

Re~10ld8 numbers, and an experimental (ection where the measur~ments 

• of heat transfer rates to amall stationary spheres in a confine~ 

argon pl,sma jet are reported. The latter two sections are complete 

in themselves, in that they each have a separate Intr9duction, Con-

clusion, Nomenclature 

,\, . 

and Bibliography. 
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INTRODUCTION , 

The review preeetited in thie chapter ie intend~'~ r~ J ovide 
,,;,t, \ '\ l 

ackground information on the pr,o~lem of neat transfer ta spherrs iri 

igh-tempèrature environments and some insight into the p actic 1 
1 ' 

spects of plasmas. As a plasma was used solely as a hig -temp 

eat source in the experimental part of this study, discu' 

plasma phenomenâ' will be very brief. 

The r7view i$ 1ivided into two parts, plasma phenomena a~d 
i 1 

and transport phenomena from spheres. The first part diagnostics, 

will describe plasmas in general, methods of plasma generatton, and 

some aspects of plasma radiation. Plasma diagnostic te~hniques, 

(mainly temperature and velocity measurements) will be discussed also 
! 1 

in somewhat greater detail. Finally, a ,short review of reçent studies 
\ 

of heat transfer pheno~ena in plasmas will be given • 

.. 
- The second part of 

problems of ~10W laround and 

this ~eview will be concerned wit~he 

hëat transfer_t~spheres at low Reynolds 

" numbers. A stronger emphasis will be placed on the theoretical 

approach to these problems. A brie! review of experimental studies 

on hest transfer to cylinders in l~inar flows'will be presented 
o 

also. 
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PLASMA PHENOMENA AND DIAGNOSTICS 

. 
- -GENERAL 

A plasma is a partially ionized gas composed of' free 

elect~ons, positive ions, neutral atom and molecules. These species 

r are in continuous interaction and their composition and respective 
\ 

concentration are a function of the temperature. A plasma, on a 

macrosop1c scale, is approximately neutral, since the number of 
- 1 

pbsitively - and negativelyg~ charged particles present at any 

instant in time is almost equal. 

" \ A, plasma fs initiated whenever sufficient energy is imparted 

to a gas. This energy caus~s acceleration of randomly-occurring free 

electrons up to the point where they can cause ionization of the -

neutral gas molecules. The additional electrons formed by this -
. , , 

ionization are in turn accel~rated, resulting in further ionizatio~--------
_'~-

This cascading effect will lead to an extensive breakdown of the gas. 
) 

ln aIl electrical discharges the electrons act as the main agent for 

transfer~ing energy from the electric field to the gas. This transfer 

i8 a result of either elastic collision where only the kinetic energy 

of' the molecule i8 increased or inelastic collision leading to eJ- 1 
• 1 

citation, fragmentati09 or ionization of the molecule. Steady state 

i8 reached where there la equilibrium betweett the rate of formation 

of ions and the rat~ of their recombination. In order to maintain the 

2 
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plasma, energy must be supplied continuously to make up for con-

ductive and radiative -losses and to prevent immediate reattachment 

and recombination. 

The presence 6f charged species causes the plasma gas to 
1 

ehave differently from an oidinary hot gas. The electrical con-

uctivity, which ls almost negligible for agas at relatively low 

t mperatures, becomes quite significant at higher temperature levels 

a functi,on of the' latter. While a heat'=!d gas loses energy 

surroundings by atomic conduction (atam-atom collision) only, 

a lasma loses additionsl energy by hest conduction of other plasma 

co stituents (electron-ion collisionS) and also by diffusion of 

chImical energy (dissoc1at+on and ionization energy) ~o the surround­

ings. Moreover, energy is also IO,st by self-emitted radiation t'rom 

the plasma at high temperature~" to the surroundings. 
-- -------' ----î---- ~---

- \ 

PLASMA GENERATION 

Plasma can be generated by three different methods, either 

by electrical mesns, by combustion processes or by 'èho'clç waves. , 
~ / 

Shock wsves pr~~u)r only ~uasi-steàdy plasmas. Shock tubes of d!f-

ferent deSigns(~e used to generate high-temperature, high-dcnsity 

p'lasmas which àre used mainly in basic studies. The genera&ion of 

pla~mas by combustion 1s particularly interesting for magnetohydro--

dynamics applications. Such plasmas h~ye relatively low temperaturesO 

and are frequently seeded with a,lkali metals or their compounds. 

These compounds h~a~~nefJ~rj~~~tion potential,and, thus, the p\asma 

\ 

- ~-----------------------------/ ç~n be sustained in spite of the relatively low temperatures • 

. * 

/ 

1 
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The generation of steady. high-temperature (thermal) plasm{,ts 
fi) 

is limited to electrical methods which can be either arc discharges 
y 

or electrodeless discharges. Arc discharges can be produced in 
, 

either a stationary or. in a transferred arc configuration. In a 

stationary (non-transferred) arc, the plasma gas is heated and 

ionized by passing it through or around the electr~c discharge, in 
":'! . ~ 

- !~ 
~,c.the gap b~ween the two el~ctrodes. In a transferred arc, the arc 

-<,,.,(> , 

is struck{;o~ween the catho1de and an external workpiece which acts 

as the anode. Based on the modes of stabilization, non-transferred 

arcs cah be further divided into five categories: vortex-stabi1ized, 

gas-sheath 'stabi1ized, wa11-stabilized, magnetica11y-stabi1ized and 
\ 

water-stabi1ized. This ois discussed in detai1 by Baddour and Timmins 

(1967) and by Gerdeman and Hecht (1972). 

In e1ectrode1ess discharges, the presertce of 

iris ide the p1asm~ chambe~ is eliminat~d'~, The'- ~nergy' 
electrodes 

:[s transferred 
1 

from the high-frequency source (radio-frequency or microwave) to the 

gas by either inductive or capacitive coup1ing. As in the case of 
, 

'il ., ' 

"~~, ,aTc-ôischarges, the e1ectrons gain energy from the field, resu1ting 

"~ in an increase in'their kinetic ehergy. Ionization is effe~ted by 

the C~11isi~n of these e1ectrons with thi ~eutral ato~s. B~~dour 

and Timmins (1967) g4ve an extensive description of radio-fr~quency 
, 

devlces. 

A review of apparatus for generating 1aboratory-sca1e plasmas 
- ' 

. and of techniques used in plas'ina: chem; stry ls presented by McTaggart 

(1967) and more rec~nt1y by Ho1lahan and Bell (1974). In both,of 
1 
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these works, the authors are concerned with low-temperature nOn-

equilibrium plasmas, where species generated by ~onizatiôn take'part 
-<r ti l'J 

... ..', 
in the reaction; applications of high-temperatur~,,;;g18smas have been 

excluded, as these require the plasma pnly as a source of high tem-

perature. 
D 

PLASMA DIAGNOSTIC METHODS 

, 
-~ 

The subject of plasma diagn6s\ics is weIl covered in the 
:..., 

1iteratureol~ee Hudd1éstone (1965), Lochte-Holtgreven (1968), Baddour 

(1967) and K ttani (1973)]. However, these works deal with funda-
... 

mental parameters of the plasma, such as electron density, e1ectron 
\ 

temperature, degree of ionization, etc. The work presented in this 

th~sis', on the other hand, was carried out in the lower region of 11 

plasma tai1 f1ame where the temperatures are lower and the ionization 
\-

of the gas used (argon} ~s a1mos~ negligib1e. Therefore, the tech-

niques discussed in theae.referenees are largely inapplicable, as 

for 
>,' 

they rely mainly on the presence of ionized species in the. gas . ~~. 

sensing purposes. The review présented here is thus limi~ed to the 

determination of the two major chara~teristic parameters of the gas 

after 1epving the generating device, namely the gas velocity and gas u 

~ temperature. Genera1iy speaking, it can be stated that ,the transport 
.... 

properties of a plasma are characterized by very high viscositic~ and 
...,,! 

very low ReynQlds numbers, evénat~high velocities. 
\ 

Gas Velocity Measurement 

\ 

The velocity o~ a plasma stream can be measured either 

~ 

~ 
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" \" 
directly by the insertion of an impact probe into the plasma, or 

, 

\ 
, 

~" 

l. 
'\; ........ 

j -
, 

" 

indire~tly by fo11owing the trajectories of tracers introduced in • 

the plasma at points bigher upstream. 'Whrn probes are used. there 

isr~lways an irreducible, but in many ~es smal1 disturba~~e of the 

local plasma conditions. The simplicity and gôod resolution of' this 

method, however, outweigh the inaccuracies 

of the flow. Tracer methods, on the other 

caused by the disturtance 

hand, pose difficulttes 

in obtaining local measurements and in interpreting the results. 
, 

Moreover, the method of introduction and th~ presence of the tracer 

,', 

may also cause disturbance of the flow. 

Severa! excellent reviews have appeared in the litèrature 
....... 

on the use of pressure propes for velocity measutements [Dean (1953), 
, 

Fo1som (1956). Daily (1~64), Chue (1975), Becker (1974, 1975)]. As 

the bu1k of the work on pitot tubes has been carried out in the field 
1 

of aerodynamics, experience with this sensirtg m~thod i~ 1arge1y 

limited to isotherma1 flews-. 
1 

The effect of the 'compressibility o,f 

the fluid has been studied exten'sively, but variation of fluid pr~per­

ti~s ~ue only to Maçh number effects was çonsidered. The effect of ' 

" 
v~scous ferces\on'pitot tube calibrations 18 dlscussed a1~6 in these, r 

'reviews. However, no defi~ite conclusions are given. Finally, none ~ 
'1 

'~f the studies, reported in the~e revieW8 was ~o~cerned with velocity 

, easurements in high-temperature flows, wher~ the presence of a c901er 

probe disturbs not only the ~èlocity field, but a1so the temperature 
0' 

field. -

, u 
\ 

P~essure probes bave been used by severa1 reaeareh~rs to 
,1 

o 
'" 

, \ 

Il , 

)' .. , . 

\ 

: 
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velocitY_~ plasma flow;. Grey et al. (1962, 1964) 

mixjng o~oolant streams with both laminar and turbulent 

plasma jets. Impact pressures wer~ meas~red bJ a water-cooled' probe, 

measure the 

studied the 

", 
JJ75 mm in dlameter. Velocities'were calculated by using Bernou11i's 

equation for incompressible and inviscid fluids. Katta et al. (1973) 

and Gol'dfarb et al. (1967) also used this mèthod to determine axial 

~nd radial velocity profiles in a plasma jet. In a study on heat 

and mass transfer between a .plasma jet and a gaseous coolant, Smith 
w 

(1965) used a water-coo1ed probe to measure the gas velocity. How­

ever, in interpreting his results he modified the Bernoulli equation 

to include the effect of varying fluid density between the free stream , 
and probe tip êonditions, thus, 

u~ u~ -2i1/Pd~ (1) 

Carleton (1970) and Carleton and Kadlec (1972) presented an 

o 
approxima te analysis of the flow-around the tip 'of a pressure probe. 

) 

ln this analysis, the stagnation stream1ine i8 divided into,two regions. 

The flow reglon near the free stream i8 considered to be isentropic, . 

inviscid and compressible, and the region next to t~ probe surface 

to be laminar, viscous and incompressible. The probe tip is assumed 
. -. '1.'''' 

'hemisphertcai. The expressi~n arrived at conèisted of three t~rms, 

as shawn in Equation (2). The fiiSt term i8 that obtained wh~9 no 

viscous or temperature effects are present, the second accounts for 

Mach'num~Jr effects, ànd the last re~resents a correction for the 

effect of viscous forces near the probe. This last term. however, 

doe8 not reflect th~ influence of variable fluid properties directIy, 

, J 



8 

but is affected Jy the 1attèr on1y through the eva1uation oi '~verage 

f1uid properties. Car1eton's ~xpression can be wtitten as: 

p = p U2 /2 + p~ U2 /8yP ,+ 2~ U/R 
00 CIO co co 

(2) p 
o 

where 

./ . 
__ (1 +/.S576/!Rë) 

Re :', URp IlJ \ 
l' 

~----~--------------------------~----------------------
\ 1 

Hare (1972) reported a study on the~effec~ of impact tube tip 
, . 

temperature ~n ve1,ocity measurements in fl~e's at] temperatures higher 

than 1 SOOC. 1t was found that the impact pressJre measured by a 

pitot tube was strongly affected by.the heat f1uJ between th~ gas and 

4 the tube for temperatures in excess of 1 OOOC. When the temperatur~ 

difference was over 1 OOOC bebween the gas and the probe tip, there 

was a significant change in the mea~ured impact pressure, and when 

this difference increased ta 1 5QOC the error was too large to be 
v, --:..... ~ . ,~ , 

ignored. For their probe geometry the error in the velocity meas-
.. 

uréments ~used by using Bernoul1i's equation was about 16 and 30 
[ 

mIs for temperature differenceq of 1 500 and 2 OOOC, respectively. 

Ther actualye1ocityof the flow was in the range 20-50 rn/s. No 

quantitative descriptfon was, however, given for this phenomenon. 

Kimura and Kanzawa (1963) studi~d plasma streaming in an arc, 

caused by Lorentz forces generated by self-magnetic fields, The 

stteaming velocity was eva1uate~ by me~suring the drag on a small 

plate swept across the arc. The temperature of the gas was deter-

i h Il> m nad botq spectr~scopically and by means of thermocouples. The .-

plate and its holder were made of molybdenum'. • The- holder was 

" ! 

\ 

o • 
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~~ 
attached to the diaphragm of a, capacitaOl'~s~ure 'sel},sor. , 

The sum:'o( the drag force acting on the plate and p~f).1.Qer 
: ~ 1 

was reco~ged on an oscil1ograph via the pressure sensor. This method 

of measurément was applicable only to conditions whe~e the direction 

of - the flow ia surfa~e. The overa!l un-
... 

cértainty in the velocity measurément was eS~âted to be 1ess than , , 

1'l. 5%. 

Thr -velocity of a plasma ,jet can be measu~ed by ihjecting 

l, 
tracer particles in the flow and.following their trajectdries by 

optical means. Desal et al. (1968) measured the velocity distribution 

in an aFgon pl&sma jet in laminar flow. using baron nitride particles 

or diame~ers between 40 and 80 microns. The radial position of the 

particle~ in the jet was determined accurately by getting the front 
1 

and the silde view8 of the jet on the same frame by the use of split 
1 

mirrar te~hniqUes. Chase (1971) 'obtained flow visuali:t;atiog, and gas 

velocitie~ in the core of an RF induction plasma, by injecting par-
I 
1 
1 

ticles and following their trajectory with a movie camera. Waldie 
1 

(1975) strd1ed ~he flow patterns o~ powders and plasma ~as in and 
1 0 

around th~ coil region of an induction p'lasmn, by using ('lne phot 0-

1 

graphy. rhe trajectories of spherical part~~les with diameters of 
1 

, ~-
the order of 100 microns were measured in three dimensions by 

1 
r , 

s~multaneous recording of two vi~ws at_~ight angles to each o:h~r 

(~~ilar to 'Desai's techniq~e). ~rame by frame measu~ements of 

p~rtlcle coordinates then allowed the calculation' ~~ particle ';eIOcjty 
i 

vector~nd particle acceleration or deceleration as functiop of ~ime 
, 1 

0 
r 

" " 
, 

0 0 

'---

,T -. 
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and space. When deduci ng plasÎn~ g'rs. vQJ.oc t ties (rom the part iiile 

the flow arou~d,the particle wab assumed to be Stokesian 
'\ 

velocities, 

and 'the physical properties were evaluated at mean film temperatures. 

tn an investigation of flow patterns in an RF induction 

plasma, Gold (1975) described an ôptico-electronic method which i8 

based ~ the spatially and tempo~ally resol~e~ measureme?ts of plasma 

luminosity. The velocities of plasma and injected 4 particles were 

1 
both determined by this method. The opticar system formed an image 

1 ,...----. f 

of the plasma' on a linear photodiode array. Thesé photodiodes were 

scanned ~equentially and the amount of light f~iling on them between 
~' , 1 

~" 1 

two scans was determined. Each single scanQingJcycle thus provided ~ 
l'l!'' 

an instantaneous intensity profile of the plasma. 'In order to 'examine 
1 

the flow pattern of the plasma, sodium chloride particles were in-

jected into the 

the p~opagation 

flame andt!te 'veloc~ty '~s then deduced from following 

of increased intensity. With this method, it was not 

possible to determine the exact radial position of the particles and 

therefore the results obtained we~e not very accurate. 

Goi 'dfarb et al. (1967) estimated the flow velocity of nn .. 
induction plasma from the lengths of the streaks uf carbon pnrtieLcH 

originating fro~ the end of a carbon striking rod. ,This method was 
oJ\,~\ 

inaccuràte in the sense thatJit was 
• <.JJ:l 

location of the partic1e~in space. 
~:. 

- , 
difficu1t to deterrnine the 

Bohn et al. (1967) obtained radial temperature and ve10city 

profiles of an 
o a~a~~ p1as~ very 

,~ ) 

\ 
low pres~ure~ (1.5 torr). The 
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velocities of the heavy.particles were determined by measuring the 

Doppler shift with a FabrY-Perot interferometer. 

Meubus (1974) injected,hydrogen int~ an argon plasma and was .. 
able ,to de termine the concentration profiles spectroscopiçally. From 

'" -
these profiles and the knowledge of the temperature field (measured 

also spectroscopica~ly), the ~rgon velocity p~ofiles were calculated 

by making a simplified material balance. 
" \ 

r 

Meubus and Parent (1969) proposed a flow-model of a helium 

plasma jet; From a knowledge of the luminous profile equation,_ 

temperature distribution and gas flow rate, the velocity distribution 

in the plasma was determined by màking an-energy balance. This model 

\ '-
was later used for experimentally evaluating transfer coefficienis 

for helium. Çomparison of these results with theoretical values 
1 

showed a 40% error, with an estimated error ,in the velocity measure-

ment of the order of 25%. Gottschlich et al. (1966) described a 

similar model where the axial velocity of the jet was calculated from 

the temperature profile by a simple energy balance. The temperature 
1 

field was obtained by spectroscopy. In this model, the flow was 

assumed to be axisymmetric and unidirectional. TLle derlvatlvcs of 
, 

the temperature were estimated numerically fr,om local values of the 

temperature. 

The use of laser-Doppler anemometry in plasmas has Deen' 

suggested by several researchers. This method determines the 
, ~ 

instantaneous velocity of a particle suspended in the flow by 

, . 

. ~. 
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measuri.ng .the Doppler shift of opticnl radi~ltiûn scnttered by the 

moving particle. If smal1 enough partlcLcs are used, thvn their 

ve10cities wiIl represent the actual gas ve1ocity. The use of this 
• 

1 . 
technique,in plasma is somewhat réstricted by several factprs such 

as the metbod of seeding, material of the particles, cooling effect 

of the partz.cle and MOst importantly, how ac'curately the particles 

can follow the plAsma fl~w. A preliminary study has been carried 

our in th~se 1aboratories and is described in moré detàil by Ho 

(1976) . 

~Gas Temperature Measurement 

;j ( 1 

As in the case of velocity measurements,~empe~ature meas-

urements in plasmas can be made either with the ai~ of insertion 

If l Ir probes ,or by optical methods. Optica1 methods, in general, qre 

prëfera~~e because they do not disturb the f1ow. Spectroscopie 

techniques have-been wide~y used to measure plasma temperatures in 

excess of 9 000 K [Olsen (1959), Smith 

Bott (1966), Rovinskii (~, Cremers 

.(970) ]. 'he spec~trèscol>ic techniques 

(1965), Gol'dfarb (1965, 1967), 
1 

t196~) ,\Meubus (1969), Carleton.' 

~rc ~d on "","SU, i l"', 011" .. , 1 
1 , 

th~ fo11owi~g qu~ntities: absorption llf rad iat f on or knowll 1111 l'mtIl1. 
, 

spectral 1ine broadening, absolute intensity of a spectral 11ne, 

relative intensities of different spectral 1ines or of a single 1ioe 
1 

(Larenz'mèthod), or the intensity of continuum radiation [Knopp (1962), 

Incropéra (1967)]. In general, ab60rption spectroscopy is impractical 

in plasm~ diagnostics since the radiation intensities of the plasma 

are quite h;gh compared with thai of the light source. 
1 

/ 



\ 

( 

() 

13 

The single-Hne \(Larenz Qr Fowler-Mi1ne~ method is con-
!I (~ 

sidered~~ne of the more suitable rnethods for'plasma temperature 

measurement [Knopp (1962), Gottsehlich (1966) and Ineropera (1967)] 
" ' 1 

because it does not require a knowledge of the transition probabili-

ties of the plasma gas. This method, however, requires therma~ 
1 

equilibr ium within the plasma, radial synunetry of the flow, negligibie 

self-absorption by the gas and that the line under study must exhibit , 
\ , 

an inten~p maximum. To satisfy the last condi'tion, the plasma 
P' 

temperature must be high enough to prbduce significant reduction in 
\ , 

the number of particles of the species under observation. In other 

words, this ~ondition limits the ~se of the Laren~ method to plasmas, 

where the d~gre~ of ionization ls a~~reciab1e. For argon this 
/ 

te~perature 18 around 9 000 K and when the two-1ine rnethod 15 used 

this Iower limit ls pushed up to 12 000 K [Incropera (1967)]. 

l 

Grey (1965) reviewed the ther~odynamic methods of high-

temperature measurement of gas fiows and classified them in ta three 

generaI cat'egories: pneumatic probes, heat-flux gauges, and ealori-. ~ 

metrie sampling probes. Pneurnatic probes consist essentially of two 

flow restrictions through which the hot gas sample is allowed to flow 
~ . 

and between which it i6 cooled. The temperature of the gas st the 

stagnation poInt can be determined from the continuity equation, 

" 1 
p~ovided that the pressures at each constriction, the total pressure 

of the flow, the temperature at the downstream constriction and the 
. 

area and discharge coefficients of the eonstrictions are known. Wh~n 

the f10w through both constrictions i6 sanie then the intermediate 

1 
" 
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pressure between the two nozzles need nblt be known, and the con-
P , 

tinuity equation re~uces to [Simmons and Glawe (1957)]: 

T = (3) 
00 

sorne variations are expected_due to changes in the actual areas of 

. the nozz1es (Al and Az) and because of the dependency of the discharge 

coefficients (Cl and C2 ) on the Reynolds number and the rate of heat 

trtnsfer from th~zl~ 

can be found by ca1ibrating the p 

surface. 'The value of this term 

room temperature, where 

drawbacks in that it needs pre~~ . 

calibration of the nozzles, ideal flow must take ~la~e at ~ . \ 

each nozzle, a certain degree , 

pressure is low, and that. the nozzle ratio does not change 

calibration and actual operation. Since the nozzle ratio is a 
1 
1 
1 

function of the fourth power of the nozzles diameters,\slight 

total 

expansion effects in the firat nozzle (expected wh~n me~suring hig1r- 1 
temper~tures around 4 000 K) can cause errors of the order of 10% 

in the stagnation temperature (Grey (1965)]. 

t \ 

Heat-flux gauges measure the entha1py or temperature ,of the 

gas by d,atermining heat transfer rates across the calorimetcr SU{fél<..'e. 

A prerequisite for this method is calibration or knowledgc of Lhl' 

relation between the heat transfer rate and the gas temperature.. The 

main sources of error in this technique are inaccuracies in ~stimating 
(' 

1 
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\ 
heat transfer rates ta the insu1ating jacket and the re1ative~y large ,l 

size of the probe required for adequate resolution, whieh reduees 

the validity of stagnation-point heat transfer assumption (Grey 1965). 

Calorimetrie methods determine the local ~nthalpy'oi the gas 

by cooling a small amount of sample of the hot gas and measuring the 
1 

increase in the coolatl't temperature and the final temperàture of the 
\ 

gas. Grey et a\. (1962, 1964) dev~loped a water-coo1ed probe capable 

of measuring gas temperatures up ta 15 000 K. The calorimetrie 
". 

method used ta ~,termine_the gas temp~rature re~ied on a tare measure-

ment ta corrett for heat transfer ta and from the~probe. The change 

, in coo1ant' tempe rature was observed for the case when the valve in the 

gas samp1e 1ine was closed and when it was open. The-difference in 
, 

the enthalpy change of the coo1ant was'a measure of the heat lost by 
" -

the gas samp1e. 'The accuracy of th~sOme~hod depends heavi1y of 

duplicating che flow conditions near the probe tip' in the f10w and 

no-flow cases. 

, El-Shamy (1975)&" in his study of heat transfer ta spheres in 

RF induction plasmas, described a 'tare' calorimetrie probe similar 
• 1 \1 

to that of Grey-...... The coolant temperatures were measured by thermislors 
\ 

and the exit gas temperature by means of a thermocouple. P('trov élnd 
? • 

Sepp (1970) deve10ped a simi1ar calorimetrie probe for t~e measurement 

of temperature and tot.al pressure 'of high velocit-y dense air plasma. 

TheBe authors c1aim that 'their design ia more suitab1e than that of , 

Grey fo'f -high heat ,flux environments and is aIso less sensitive to 
) /. \ . '-' J 1 ~ 

• vatiations of the suction rate' of th~ gas .sample. Temperatures ~p to .., 

1 
o 

1 

1 
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" 5 000 K on the axis o! the flow with ve10cities up to 900 ml s were 
\ 

measured. 

Su;lith and Churchill (1965) measured plasma jet temperature 

both spectroscopically and by a calorimetrie probe. They conc1uded 
Il.1 

that reliable epEllalpy data cou1d ,not be obtained by using a samp1ing 
, , 

probe. They showed that this method is very dependent on the samp1ing 

rate. At too 10w sampling rates, the sample 1s drawn on1y from the 

co1d region near the probe and at too high sam.pling rates a greater 

port ion of the gas which norma11y flows past the outside..Jf the .probe 
o __ ,(i 

is drawn through the samp1ing probe. Both of these effeets result 

in a lower than actua1 entha1py value. ,- lÎ'nder one plasma condition 

they found that the maximum temperature measured by the probe was 

5 000 K, while ae th~t sarne point, spectrographie me~surements gave 

\ 
a temperature value in exeess of 9 000 K. This discrepancy was a1so 

~bSeryed by Chludzinski (1964). Simi1ar resu1ts to those of Smith 

and Churchill were obtained by Hare and eo-workers (1972). They 

mention that their resu1ts sho~ the sarne trend of variation of 
\ 

measured gas enthalpy with the samp1ing rate. They note that in 

,regions where both thermocouples and entha1py probes could be·used 

to" measure 'the temperature, the thermocouple always indicated sig-

nificantly higher temperàtures. Also, when using the measured 

temperature and ve10city profi1les, it was not possib1e to . .ç,pnserve 
.. 

the mass of the gas in the jet. This view, however, was not shared 
..,ç. 

by Incropera and ~ppert (1967) who measured radial temperature and 
/ 

ve1ocit! profi1e~ in a d.c. argon plasma, both by ca10rimetry and 
, f 
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spectroscopically. They found that, provided the flow conditions are 

duplicated for actual and tare measure~ents (they did not say how) , 

calorimetrie results agreed within a few percents w~those obtained 

by spectroscopie methodg. Spectroscopie methods were f~und to be 

more accurate as the temperature increased (over 12 000 K). Below 

10 000 K, they agree with Hare's findings that uncertainties with 

probe measurement rise to eXèessively high values. They Buggest, 
p 

however, that more reliable results can be obtained by choosing a 

suitable coolant flow rate. 

In a later , Grey (1968) describes two other geometries 

of calorimetrie probes He first points out thàt the above method 

can be used on1y 

disadvantage, he 
1 

4 - , 
flux env ironment s • lts principal 

lack of sensitivity \ at lower ,héat 
\ ' 

two large numbers 1 .flux conditions cau ed by smal1 d~férence between 

1 
(tare and actual measurements). For lower heat-flux conditions, the 

fully-isolated non-tare m~asurement probe was recommended. Rere the 

calorimetric part of the prob~ is isolated from the cooling jacket 

by a gas or vacuum gap.' The enthalpy measurement is then obtained 

directly without the need of a tare measurement. For very low 

amb~nt pressures such as encountered in most hypersonic flows, the 
, , 

gas sample energy is so small that the coolant flow r,~te cannot be 
1 

reduced sufficiently to produce a measurable temperature difference. 

MOreover. the stagnation pressure is too low to drive an adequate 
/ 

\ 

amount of sample :through the probe. Under these conditions, the 

sharp-inlet shock-swal10winç probe was recommended. 

/ 
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Katta et al. (1973) made e~tensive tests with the improved. 
r ~ 

double-jacketed non-tare probe, desi~ed by Grey, for axial tem-

perature measurement of argon and helium d.c. plasma jets, in the 
t 

range of '2 000 - 13 000 K. At ~igh temperature lev~t2_ 000 K) 

the probe measurements agreed with spectrographie data reported in 

the literature, while values in the lower temperature range were 

confirmed by thermocouple measurements. They found that this 

calorimeter, was indeed capable of good accuracy but great care had 

to be exercised in the ad~ustment of the coolant flow rates, making 

its use rather ponderous and time-consuming. 

provided that gas temperatures are not very high (less than 

5 000 K), t~ey can be measured by means of a bare thermocouple 

immersed directly in the flow. The limitions of this method are the 

restrictions on gas temperature level, fragility of the fine thermo-

couple wires and the need for temperature corrections to account for 

the heat losses from the junction by radiation and conduction tQrough 

the support. Bradley and Matthews (1968) presented a model for 
1 

'fi 
obtaining actual gas temperature~ from thermocouple readings. This 

\ 

model abcounted for heat transfer to and from the thermocouple 

junction and support. Klyuchnikov (1966) süggested a method for 

determining the true gas temperature from the r~adings of two thermo-

couples slightly Idifferent in size. By this method, uncertainties-

concerning radiation to the junction from the ~as or the sol id walls 

were el~1nated. 
\ . 

.. 
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PLASMA HUT TRANS FER 

The problem of plasma heat transfer to sol id surf aGes is 

\ . -
important in various engineering applications, such as in arc 

r, 

techno1ogy, MHD genetators, re-entry of space vehicles, etc. The 

most important aspect of plasma heat transfer is the effect of 
1 

electric and magnetic fields, caused by the presence of charged 

partic1es, on the heat transfer process. Emmons (1963) and Eckert 

and Pfender (1967) reviewed plasma heat transfer to e1ectrically 

insulating and e1ectrically conducting -surfaces, bo,~h in the absence 
J -~ 

, of external fields and in the presence of electr1c and magnetic 

fields in the boundary layer. 

Kimura and Kanzawa (1965) reported values for average heat 1 _ 

fluxes to vires immersed in 8.' flow.ing plasma produced by a high 

intensity e1ectric arc. Average h~at transfer results were obtained 

by,measuring the change in the electrical resistance of a" vire swept ' 
1 • 

quick1y ;hrough,. the arc. The temperatur~ of the arc was determ1ned 

• sp~ctroscopically. By making certain assumptions concerning the flow 
1 

\ 

conditions, they were ~b1e to correlate their resu1ts by using 

empirical heat transfer equation derived for constant-property flows. 

In order to determine the effect of ionizatiQn on the heat 
\. 

transfer'process to a solid surface, Petrie and Pfender (1969) 
, . ' 

ç 1 

described a method for measuring heat transfer to vires immersed in 
C' 

'a rotationally symmetric, .~igh density and high irtenSÜy Plasma., 

They used a technique similar to thaé>.'Jof Kimura where total heat 
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transfer rates to wires, swept at a constant ~peed, were measured by 

recording the change in the e1ectrical resistance as function of 

\ position of the wire in the plasma. Local values of the heat flux 

were ca1culated b_~_~ng Abel inversion on the average heat transfer 
< , ' 

rat,es. A sli~~tly different technique was reported by pfender (1971) 
.". 

""" where average heat transfe1r rates to a water-cooled probe were 
1 \ 

detemined ~alorimetricatlr' thus yielding more accurate results. 

\ 1 

For both of the methods (wire or probe) the obj~ct was biased elec-

trically at various potent{als to sllow the study of the effect of 

electriè current on heat transfer. Contrary to the expected, heat 

transfer rates by thermal conduction to solid surfaces were not 

strongly affected by the presence of free electrons in the plasma. 

Thïs was due to thermal insulation provided by the presence of a cool 
, \ ~ 

and less ionized layer at the solid wall which separ~tes the latter 

from thè hot plasma. 

A similar study was conducted by Kanzawa (1973) to determine 
.. 

heat transfer rates to spherical probes immersed in atmospheric argon 

plasma. The probe temperature was rneasüred by means of thermocouples. 

~e ~ffect Of the electric field wa. found by applying an external 

potential on the probe with values ranging from -30 to +5 volts. 

1', 

Experimental values of the Nusselt number were mea8Ul:'~ for 

"heat transfer from a confined plasma jet to the entrance region of 

water-cooled circular tubes [Skrivan (l965~, Johnson (1968)]. The 
/ " . 

1IIaximumi ~ntry temperature of the plasma was less than 7 000 K;;:nd the 
"'1 .~ \ 
~ 

maximw Reynolds number was 900. The resu1ts wère presented a~ cor-

.~ -/ ... , 

) 
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relations between the Nusselt and the Reynolds numbers. Incropera 

and Leppert (1967) solved a simplified form of the equatibn~ for the 

laminar flow of a plasma stream in/the entranée region of a circul~~ 

tube. The solution was obtained numerically; using implicit fini~-
, \. 

difference techniques. Schmidt and Leppert (t970) determined heat. 
\ 

transfer rates from a partially ionized argon plasma'to a water~ J 

\ 
"cooled circular tube. Entrance gas temperatur~s wer~ of the order of • 

12 000 K and Re between 140 and 527. They found that the numer~al 

solution of Incropera under-predicted the heat tr~nsfer rates ~n the 
~ i , 

first few t~e diameters do~ from the plasma entFart~~. 
... 

'They att-
." 

'$ 

ributed this discrepancy to non-equilibrium effects and inaccuracies 

in the measured inlet enthalpy profiles. 

Abu-Romia anê Bhatia (1972) ~easured stagnation point heat 
. " 

transfer from a plasma jet by means of a llea_tr p'ipe. Results were 

obtained for plasma mean temper3tures of up t~ 12 000 K and for 

different.gas flow rates~ At low flow rates, the experimental results 
,~ 

were in agreement with theoretical lamin~r flow stagnation point heat 
1 
1 

transfer predictions. However, as the gas flow rate increased the 

plasma jet. flow was no longer laminar and due to turbulent effe~ts, 
r 

the heat transfer ~ates were much higher'than those predicted theo-

t:etically. 

. 
The motion of particles entrf1ned in ~I hot jet iB of a 

, 
particular interest in powder processing ~n plasmas. Lewis and Gauvin 

(1973) followe~ the trajectories of amali glass particles entrJined' 

in a free aigon pla.,,", jet, by ~ea~. of ~igh~.pe~d cin: 8trea{Photo-

1 
1 
1 

, , 
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graphy. They found this system to be characterized by' low Reynolds 

number of the particles and high deceleration rates. A computer 

~ogram was proposed which predieted~he partie1e trajecto!y, 

velocity and temperature during its flight. Their resu1ts indicated 
\ . 

the necessity of including the Basset term in the computation of the 

drag coefficient. Bou1os and Gauvin (1974) developed a model to 

calculate the trajectories of small particles in a plasma jet, in 

order to predict the effect of various ~asma parameters on the 

reaction rates of mo~ybdenum disulfide particles that are injected 

into the hot flame. This mbde1 was later modified ~y Bhattacharyya 

and Gauvin· (1975) to include the effect of the swirl component of 

the flow on the trajectories and reaction rates of these particles. 

A s~milar model to that -o~ Boulos was presented by Harvey et al. 

" (1975) which calculated heat and momentum transfer to smaii particies 

injected in a high temperature \yl~ndrical reactor. The particular 

case studied was the spheroidization of magnetite particles, 75 to , 

125 microns in diameter. < .::~ 

Farnell and Waldie (~i975) investigated\ the technique of 

o ~ 
fluid dynamic Ievitation of particles in an inductïon plasma taii 

flame f10wing vertica11y upwards. Theoretica1 predictions were made 

by solving the transport equations around thè par~icle. Results from 

ëxperimental work 
\ 

1 
general,~agréement 

~ ~j 

on aluminà particles in an argon plasma were in 
.... ""1.. 

with the theory. 

~ 1 

Heat transfer to single stat,ionary sp}1eres in a plasma jet - tJ 

, 
was firat studied by Kubanek. Chevalier and Gauvin (1968)~_~ ~eral1 

If' ( 
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heat - transfer rates ta water-cooled spheres. 16 and 25 mm il '.lia-
1 

meter were measured calorimetrica1ly. The Reynolds numbers 

encountered were be~ween 600 and 4 300 with temperature differences 
, 

between the sphere surface and the plasma gas of up to 3 000 K. 

L~ca1 heat transfer rates ~e reported by Katta and GJuvin (1973, 
/ ~ 

1973) to stationary sphere in similar ~range (between 860 and 

3 100) and temperature differences. E1-Shamy (1975) condueted a 
l ' 

aimi1ar study, but the Reynolds numbers of the sphere were much lower, 

JamelY between 200 and 400. The reUability of E1l-Shamy's r~sults is 

rather debatable since the sphere supports were very short and of a 

comparable diameter size to that of the sphere. Also, the theo- • 
r 
retiea1 analysis was not V~!y accurate, as it did not take into 

consid~~ation the eftect of the large temperat~re differences. 

" , , 

) 

Several simplified models describing an induetively-coupled 

plasma' :have been reported recently jArmstrong (1968), Freeman (1968), 

Eckert (1970, 1970), Pridmore-Bro\wne (1970), Eckert and Pridmore­

Browne (1971)]. Miller and Ayen (1969) presented a model to predict 

1 
radial and axial temperature profiles in an induction plasma. This 

1 model included temperature-dependence of the physical properties and 

radiat~ve lasses fro~ the gas. The energy and magnetic flux equations 

were solved numerically by an {mplieit fin~te-differenee method. The 
l 

solution was obtained for an'assumed velocity field. The velocity 

field was adjusted ta -conserve the mass flow rHte at any given section 

in the torch. Yoshida and Akashi.(197S) modified this model by using 
\ 

the concept of mixing of two-ideal gas streams to obtain the assumed 

velocity field. They a1so s~ud~ed the effect of gas f10w rate on 

'J 



( 

,(~y 
"" 

24 

" 

the axial flow pattern and on the temperature field. Boulos (1975) 

calculated ~he two-dimensional flow and temperature fields in an 

inductively coupled plasma. The complete flow, continuify, energy 

and magnetic and electric field equations were solved simu1taneously, 

by using an Iterative finite-difference procedure. 

PLASMA RADIATION 

When an electron at a high energy level makes a spontaneous 
"-

1 

transition to a lower level, a photon of light is emitted. This 

photon has an energy equal to the difference between the two energy 
, 0 

levels. This is the principle behind plasma radiation. The number 

of such transitions is dependent on the concentration of atoms in the 

high excited levels and on the probability of instantaneous tran-, 

sition. Frpm measurement of absolute intensity of a spectral line. 

or relative intensities of 'owo or more li~es, the plasma ~emperature 
, 

can be determined. When the plasma gas comprises molecules, then the 

spectrum a1ways consists of ba6ds and the tempe rature is determined 

from the intensity of thes~ molecular bands rather than from atomic 

Total radiation from plasmas has been measured by several 
\ 

methods. Tankin (1964) and Evans (1967) used a thermistor bolometer, 

whi1e the use of a total radiometer was reported by ~ons (1967) and 

Barze~ay (1966). Results from different researehers vary as much as 
~. 

by a factor of 4. The most re1iabfe data seem to be that reported by 

Emmons. Total emissivi~y values for argon were given by Moskvin 

(1968)-for the temperature_ra~ge of 6 000 to 12 000 K-and by Kon'kov 

and Ku1agin (1914) in the range of 12 000 to 16 000 K. 
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TRANSPORT PHENOMENA 

A'~arge number of studies have been published in the litera­
I 

ture on the subject of momentum and heat transport t? 8pheres and 

cylinders. To review themall i8almostanimpossib.letask.Clift " 

et al. (1977) give an extensive coverage of transpo~t phenomena 

around solid~nd fluid spheres. The review in this section will, 

therefore, be 1imited to studies pertinent to the type of flow 
~ .... 

encountered in plasma jets, mainly in the low and intermediate ranges 

of the Reynolds number (O<Re<100). Also, the emphasis will be more 

on theoretical analyses of the problems of flow and heat t~ansfer to 

spheres, than on experimental results on drag coefficients or heat 

transfer rate. 

FLOW AROUND A SINGLE SP,HERE 

The Navier-Stokes equations for the flow around a sphere are 

\ 
highly non-linear even for the simplffed case of constant physical 

property fluids. Consequently, no completely exact solution exists 

for these equations. AlI reported solutions simplify the equations 

to suit a particular flow condition. The earliest lIexact ll solution 
-.; 

for the flow around a,single sphere was given by Stokes (1850). This 

solution linearizes the Navier-Stokes equations by assuming the 

inertia forces to be negligible compared to the viscous and pressure 

'" '. 
25 

/ 
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force~. This assumption limits the_yal~~trueStokes' solution 

------------------~ --------------------

f 

() 

. -------

to very smaH Reynolds numbers.' Because of the absence of the in-
1 

À ertia terms, the flow is 'reversible' and possesses a fore-and-aft 

...., 

f • 

i 

symmetry. In the Stokes' flow solution, the ratio of the neglected 

• 
inertla tèrms to the viscous terms is of the order of Rer/2R. Con-

~equent1y, even at very sma11 Reynolds numbers the error in the 

Sto/kes' assumption i8 significant at large distances away from the 

surface of the sphere. 

Oseen (1910) modified the Navier-Stokes equatiop by sim-

plifying the non-linear terms, ~nstead of dropping them out com-

p1etely. Oseen's equation can be wrltten as: 

u v u (4) 
.' , 

1 
-J 

The introduction of the free stream velocity vector U accounes for the 

inertia forces which gain importance at'large distances away from the 

sphere. 

Proudman and Pearson (1957) obtained higher order'approxi-~ 

mâtions for the flow around a sphere by the method of matched asymp- ' 

totic expansions. These authors used the solutions of Stokes and 

\--
The Oseen as the "inner" and "outer" expansions, respectively. 

method of matched asymptotes assumes that the solution possesses 

asymptotic expansions at the inner and outer boundaries. By matching 

these expansions, a uniform1y v&lid 

flow can be found. In other words, 

~ 
asymptotic representation of the 

the proudma~ and peî~on's 
solution makes use of the fact that the Stq~es' solution is va1id 

'\ 
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near the surface while Oseen's solution sdtisfies the flow con-
~ '" . 

ditions at lArge distanëes away from the~sphere. These authors -~ 
o 

'carr,ied out their analysi"s'up to the term' of the order of Re 2 tnRe. 

Chester and Breach (1969). fOllowing,the same method, extended the 
. 

analysis as far as the term of the or9ir of Re 3 R.nRe. Th~s solution 
~----~~~----~ 

converged more slowly as the Reynolds number increased ànd was 'not 

accurate above a Reynolds numner bf 5. . ~ 

1. 

~~ Kawaguti (1955,,1958) obtained separa te approxi~ate solutions 
If' 

of~the Navier-Stokes equation for the 10w_(0-_1_0_)_a-n-d intermép~i~a~t~e~ _____ '_' ________ _ 
~--- - - ------

(10-80) ranges of,the Reyn91ds"number., He used a Galerkin error­

distribution ~ethod which involves the ehoyee of a trial pOlyno~ial 

for th~m function that is made to satisfy the flow equations 

and the boundary ebnditions. This method was e~tended by Hsmielec 

et al. (1962, 1963) to viscous flow around fluid and, solid spheres 

at Reynolds numbers ,up to several thousands. ~offman and Ross (1972) 

~mploye~ the error-distribution methpd, modified to inelude a·flnite 

radial mass efflux from the surface, to investigate the effect pf )' 
'-, 

1 mass transfer on heat transfer to an evaporating droplet. 

Several 
~o( 

numerieal SOlut~ons have appeared in the li~erât~ 

of incompressible,~axially-symmetric, viscous flow for the probiem 

past a sphere. In the se solutions the partial differential equatio9s 

of the flow were simplified by finite-difference approximations. 

--Since the non-linearity was retained in ~~e resulting algebraic dif-

ference equations, a direct solution was not possible and an Iterative 

method had to be used. The earliest finite-difference solution was 

.' 
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reported by J~nson (1959) for steady_st~te flow at Re of 5, 10, 20 

and 40. Since a desk calcu1ator was used for the computation, the 

grid size used was re1ative1y large and the distance to-the outer 

boundary was only six radii away from the centre of the sphere. 
- y 

Hamie1ec et al. (1967) obtained more accurate results by using a 

finer grid and a larger sizë field. The ,Reynolds number range of 
\ 

théir solution was between 0.1 and 100. 
0'" 

LeClair etoal. (1970) ex-
. :i}_~ 

tended th!s wôrk uP,to ~ of 400. At low Re their results departed -'. 
~ 

significantly [rom those of Je'(\son, whi}e agreeing weIl with the 
() ~ 

- results -of_-,!fa~ielec ~nd of Rimon and Cheng ',(1969) at h:L-gher Re. A 
/ 

l more thorough discussion of the numerical results was presented by , 
. \ ' 

Pruppacher, LeClair and Hamielec (1970). Rimon and Cheng (1969) 

solved the time-dependent Navier-Stokes equations numerically for 

very long times; to obtain the steady state solution. In this 

method, only the stream function equation ia solved itera~ive1y. 
\ j.. 

The vorticity is computed directly at each time step. By this 

approach the temporal development of the flow can be fo110wed, and • 

the steady state solution is independent of the initial flow con-

ditions. However, because of the smaii time steps necessary for the 

stahility of the solution, the process requires relatively large 

computer times to reach steady state. ~~1air and Ramielec "(1970) 

studied the flow behaviour of an acceler~ting sphere in a viscous 

fluid in the Reynolds number range of 0.1 to 150. The complete 

Navier-Stokes equations were solved numerically together with t1fe 

Basset ~uation for the sphere. 
~~:~ 

1 

I--! 

, \ 



29 

/ 
Dennis and ~a1ker (1971) solved the Navier-Stokes equations 

for the flow ~round a sphere for Reynolds numbers between 0.1 and 

40. 9They used 11 semi-analytil'al formula t ion where: the flow variables 

were·expandp.d~ as series of Legendre functions. hence reducing the 

" 1 êquations of motion to ,ordinary differential equations. The ODE were 

th en solved numerically. As the Reynolds number in'creased, more terms 

in the series were necessary to ~pproximate the f1ow, 1eading to an 

increase in the number of\ equations t,o be solved simultaneously. 
~ , . 

Consequent1y, this limited the analysil'?" to Reynolds numbers of no 
/ 

more thar 40. These authors show that at lo~ Reyn~lds pumbers 
"", 

this 
. 

method is faster than th~ numerieal solution of the complete Navier-

Stokes equations, by the finite-differencftjtechnique. 

AlI the solutions discussed above wer~ obtained lfor the case 

• 
of a constant-property fluid. Very few researchers have studied the 

1 

"problem of variable-property flow. ,Kassoy et al. (1966) p~esented 

solutions of the momentum equation foll cases involving significant 
" l!' Il 

" variations of the physical prope~ies and temperature. The method 

of matched asymptotic expansions was used, thus restricting the 

" -
Reynolds number to the order of unit y and the dimensionless tem-~~ 

perature difference. l. to the order of t~e Reyno1~s number. The , 

viscosity and thermal condu~tivity were assumed ta vary lipearly 

with T. The coefficients of drag and the Nusselt num~er were 

estimated from the velocity and temperature profiles. 

Seymour (1971) calculated the aerodynamic drag on-a small 

'sphere moving in an ionized gas where the temperature ratios between 

.. 

\ 
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'1 
the bulk of the gas and the sphere surface were of the order of 40:1. 

_The properties were allowed to vary exponentially with the temperature. 

,The temper,ture and property profil~s were calculated, assuming forced 

convection to be negligible. Using these profiles, the momentum 

equation was then solved numerically. With the assumption of low Re 

«1.5), the resulting sôlution possessed a fore-and-aft symmetry 
\ 

similar to that of Stokes flow. The drag force on the sphere was 

estimated by integrating the viscous dissipation of energy throughout~ 

the flow field. 

Dumargue et al. (1974) studied the problem of evaporation 

1 from a spherical super-refractory particle in a'fluid with variable 

,physical properties. The case of zero Reynolds number was solved 

first. Dufour effects, radiation and fort~d convection heat transfer 

were introduced later by the use of perturbation techniques, while 

assuming the flow ta be Stokesian. The results were presented aS the 

\. ratio of terminal velocity in the variable-property fluid to that 

calculated by Stokes' equation. 

1 
Woo (1971) using relaxation methods, solved the flow and 

energy equations, numerically, for a variable-density fluid. The 
, 
viscosity and the thermal conductivity were assumed temperature­

\ 

" indèpendent. Flow p,atterns were ca!èulated for cases where natura! 

convection was slgnificant. 

/ 
s 

\ . 
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HEAT TRANSFER TO SPHERES 

Quite a large number of studies have been carried out on the 

problem of heat transfer from single s~heres. Because o~ the dif-

ficulties involved in the solution of the momentum and energy equa-

tions for flow around a sphere, the results from the published work 

cannot be compared with an exact theoretical model. Consequent1y, 

the heat transfer correlations that are available are 801ely based 

on experimenta1 results. Errors artd uncertainties in the experimental, 

procedure have prevented these workers from reaching a single valid , . 
expression. Rowe et al. (1965) reviewed aIl the experimental work 

that had been done in this field up to the early 1960's. They 

concluded that althoug~ the heat transfer results can be expressed 

as: 

(5) 

\ 

there are no single values of A, ~, ID and n that would correlate aIl" 

the reviewed experimental results. Also, since most of the data had 

been obtained for air or w~ter systems. it was not possible to examine 

the applicability of such expressions to other fluid systems. 

, 
1 
1 

Baird and Hamielec (1962) predicted theoretically approximate 

local and overall Sherwood nombers for forced-convective transfe~ 

around solid and fluid spheres for Re up to 100. The diffusion 

equation was solved analytlcally for the case of a th in concentration 
. '-

boundary layer (Pe»l). 
~ " .. ~ ~" .... 

The velocity field used was that derived bY'" 

Kawaguti and by Hamiele~. The results agreed reasonably with experi-

... 

, '. 

1 : 
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mental correlations of Griffith (1960) and of Ranz and'Marshall 

(1954). Hoffman and Ross (1972), assuming a similar'velocity profile, 

solved the energy equation to investtgate the efféct of mass transfer 

on heat transfer. The solution was based on the integral boundary 

layer formulation of the ~nergy equation.~ Solutions were obtained 
\ 

for the case of zero mass efflux in the Prandtl number range of 0.7 

to 10 and Reynolds number between 20 and 500. Assuming the following 

expression for the Nusselt number: 

Nu = 2 (6) 

\ 
m was found -to be a function of the Reynolds number, thus, 

m 1/3 + 2/3 exp (-0.85 Reo' 24
) (7) 

The upper and 10wer limits for ~, namely 1 and 1/3 respectively, were 
/ 

predicted by "thick" and " t hin" boundary layer assumptions. 

~_~ries /truncat.i6n method was used by Dennis. Walker and Hudson 

(1973) to solve the energy equation around a sphere. The velocity 

profiles were th~se calcu1ated by Dennis and Walker (1971). The 
1 

basis of the method la to approxima te the solution, which in theory 

consists of an infinite series, by a finite numbe! of terms. For the 
~ . 

case of low Rè, anà Pr of the o~der of unit y, only few terms are 

• required to give an adequate representation of the flow conditions" 

, " 
making this approach superior to the finite-difference method. 

\ \ Acrivos and Taylor (1962) solved the equation of energy for 

the flow around a sphere by the method of matched asymptotic 

\ 
\ 

\ 

-, 
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expansions. The flow field 'used was that given by Stokes' solution. 
\ 

The expression derived was accurate for Pe<l and Re«l. The analysis 

was carried out up t~ terma of the order of Pe 3 tnPe. Rimmer (1968) 
\ 

modified this ana1ysis by using the veloeity field equations given 

by pro~ and p~arson (i957). He obtained an expression which was 
. 

similar to the one given by Acrivos and Taylor. except that it con-

tained one term that was a function of the Prandtl number on1y. The 

equations for the Nusselt number given by Acrivos and Taylor Jtd by 

Rimmer can be written respectively as: 

Nu == 2 + Pe + Pe 2 + Pe 2 tnPe +'0.8293 Pe 2 + (8) 
~ ... : .. 

0.5 Pe! tnPe + ... 
Nu == 2 + Pe + pe 2 .tnPe + (pr) Pe 3 + ( 9) 

where 1.1 <f (Pr) < 0'.79 for 0.5 < Pr '< 1.5 
-. 

with \a value of' f(Pr) 
( 

== 1.35.' -

Assurning the Barna flow field as that used by ~immer, Gupalo 

and Ryazantsev (1972) obtained a solution for the problem of steady 
"'-- ~ 

state hea: or"~ss transfer when!~ first-ot~ chemical reaetion on 

the surface of sphere Is als~~oné~d;red. Eve~ though the sa~e method 

of analysis was emPlOyed,~ther~ r~sults, reduee1 for the case when the 
II 
l' 

chemical reaetion does not influence the ~raA8f~r proeess, were dif-

ferent from those of Rlmmer for pure heat trans~er. Ihese authors 

claim that certain mistakes in, the matefiing procedure preven~ed Rimmer 
~ 

1 

from obtaining ~he eorreét reBults. Gupalo and Ryazantsev gave the 

following expression for the Nùsselt number for the case of pure heat ... 
,.1 , 
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transfer to the sphere: 

where 

Nu 

g(pr)pe 2 +, 2g(Pr)\re 3 

g(Pr) = O.25[2Pr 2 + Pr + ~nY - 173/40 + 

2(P~ + l);,(Pr - 2)R.~ (1 + Pr- 1 ») 

\ 

(10) 

(11) 

lt fs worth noting here that th~ above equation i8 very sim-
\ 

J~ ilar to that given by Rimmer. However, Gupalo and Ryazantsev defined 
\ 

the Reynolds and the Nusselt numbers in ~rms of the sphere radius 

and, consequently. the peclet number appe ring in their equation has 
~:W;L 

\ 1 

half the value of that in Rimmer's equatior. Nusselt numbers cal-

culated from Equation (9) are ~uch lover t n those obtained from 

Acrivos and Taylor's or from Rimmer's equa ions. 

Kassoy et al. (1966) stud1ed lOW'R/ynOldS number flov past a 

sphere for cases involving variati~~s in t e fluid properties. rie 

equations of the flow were solved stmultaryeouslY with the energy 

equation. using the method of matche~ asfmptotiC expansions. The 
j 

viscosity and thermal conductivity were ~llowed to vary linearly with 
1 

the dimensionless temperature difference/~. Solutions were obtained 

. of Re« 1 and 1: of the arder of Re and a unit y • Expressions were 

given for the Nusselt number, drag coef icient and the pressure dis-
1 

tribution. Fbr ~ • 0(1): 

Nu ... (T + 2)/(T + 1) [2 Pe + ,O(Re 2 »), (12) 

CD - 12/Re (16C 13K - 13) \ (13) 

where K =, T(T + 2) 

and the values of C (K) 1fere ~aJculat numerically, for 0.055<T<1.236. 
,\ 

.-
: 
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The solutions for the case of , = O(Re) were given up ta terms of 

the order of Re3~nRe. 

Woo (1970, 1971) solved the e~ergy equation numerica11y in 

conjunction Wit\the equations",of the flow. The ste.dy-st.~e equa­

tiops were transformed to difference form using Taylor series ex­

pansions (finite-difference method). For the case of forced ~onvec-
1 

tion alone, the flow 
,. 

then inserted in the 

equations were solved first anf the resu1ts were 

energy equatdon. When natural( convection effects , 

were also'èonsidered, the density was temperature-dependent and, 
1.-. -therefore! bath equations had to be solved simultaneously. Local and 

aver~gg values of the Nusse1t number were obtained for Re up ta 500. 

Beard and Pruppaçher (1971) in a comp1ementary work investigated the 

rate of evaporation of sma11 water drops falling at terminal veloci-. ~ .. 
lies in air. For Re ,la~er than 2. they found that the Sherwood 

number was pr~port~;nal to the s~uare root of the Reynolds number, 

thus: 

1/2 Sh = 0.78 + 0.308 Sc 1/3 Relia ,. 
At Reynolds numbers lower than 2, the Sherwood number smoothly 

approached the limiting value of 2 a t Re =, ,O. In this range. the 

expressidn can be written as: 
j~ 

1/2 Sh = (15) 

~ 
Pei ét al. (1962, 1965) studied pure and evaporative heat 

transfer fr m spheres under eombined forced and,na:ura1 convection. 

' . 
• 
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, 

They found that the tvo mechanisms of heat transfer were nonadditive 

,and that the transition betveen the two was a graduaI one. They also 

gave the upper and lover limits of the parameter Gr/Re 2 when the 

effects of natural or forceâ convection can be neglected. 

BEAT TRANSFER TO CYLINDERS 

,Heat transfer to cylinders viII be discussed briefly in this 

section. as it viII be needed in connection vith gas temperature 

measurements in the experimental section of this thesis. Convective .. 
heat ,transfer to cylinders has been videly studied because of its 

importance in engineering applications, such as flov around tubes .• 

hot-wire anemometry, etc. Morgan (1975) recently gave a very ex-
_-1 

haustive reviev of this subject. The discussion viII therefore be 

limited to studies carried out at conditions similar to those ex­,,,, \. 
pected in the ~fasma jet, namely lov Re and large temperature dif-

.. ferences. 

Collis and Willi~ms (1959) reported a very careful study of 

heat transfer from hot vires in the Reynolds number range of 0.01 to 

140. They vere able to correlate their results in the following 

functional form: 

Nu (T IT )-0' 11 = -A + B Ren (16)# 
-m 00 

/ 

~ 

The N\lsselt and Reynolds numbers ltere,evaluated at mesn film tempera-

tures. Two sets of values for the constants !, Band n were given, 

depending on whether Jlte Reynolds number was ab ove or below that at 
"'....-- D 

.. 
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whieh vortéx shedding oecurs, namely at Re = 44. This value of Re 
0 4 

was found ta be independent ai t~e seale or int~ity of the tur­

bulence. They also, found that free eonveètion ef~ets deerease 

rapidly with increas.in~ Re and' therefore the orHmtati()1l of the wire \' ~J',-. . \ 

with the vertical (for hor~zontal f10w conditions) had 1itt1e in-

fluence at higher Re. An approximate point at which natural con­

vection e~fects began to assume importance was when Re<Gr 1 /
S

• , r 
~ ~ 

, 
Kassoy (1967) gave~n approxima te analytic solution for the 

problem of variable-proper:y f10w past a heated cylinder at 10W~ 
Reynolds numbers, using Oseen's approximation. The flow and energy 

• 
equations were solved by means of matched asymptotic expansions. The 

• 

effect,of velocity and thermal slip at the surface was also consider­
Jt' 

ed. Experimental heat transfer results were in good agreement with 
" 

the theory [Aihara (1967~]. One shortcoming of this study was that 

the expression given for the Nusselt number was very long and cumber-

some, and moreover, its validity was limited to Re<O.l. Also, the 
\) 

temperature differences considered were restricted to values of the 

order of Re. At' Re<O.I, the values of the Nusselt number were almost 

identical to those of Collis and Williams. Hodnett (1969) extended 

Kassoy's analysis to larger temperature differences. However, slip 

\ 
ef,fects were not included. Matched ~sYmptotic expansions were used 

also in this analYsie. Although the temperature field was calculated • 
. 
-Uodnett did not give any values for the Nusselt number. 

Dennis, Hudson and Smith (1968) obtained the solution of the 
• 

energy equation based on a velocity field, that satisfied the full 
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Navier-Stokes equations. Both of the temperature and velocity fields 

were given in series forme The analysis was limited to constant-

property flow: Their ~esults at low Re «40) ~gree reasonab1y weIL 

with those of Collia and Williams. 

Hatton, James and Swire (1970) carried out a similar study 
( \ 

to that of Co~li~ and Williams, to investi~ate the lower range of 

applicability of hot-vire anem01ttry. They were aple to correlate 

their results in the same functional form as Equation (16). However, 

the exponent of the temperature loading factor was -0.154 instead of 
4 

-0.17_ For combined convection they gave the following expression: 

whe~e . -
and Ra ... Gr. pr 

= 0.384 + o • 581 Re 0 
• " 39 eff (17) 

(18) 

It is possible from.thia ·equation to find approximate1y at what point 
11\ 

natural convection effects become important. 
Ji 

Woo (1970) solved the l~mp1ete,f1ow and~~~~ions for 

. ------ ' flow past a cylinder numerically, ustng-f1nite-difference approxima-
--------- . 

tions. He calculate~ues of the Nusselt' number, at several 
-- . 

~Reynolds numbers. The.physical properties of the fluid were kept 

con'st'ant. No correlation for the ~usselt number was, however, given. 

AhmedC(1971) investigated the re8pon~ characteristics of 
, ~ 

,cooled-film p'robes for the measurem~nt of heat fluxes from high 
J 

-

" 
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\ 

temperature gas flows. In order to be able to characterize the flDw 

from the probe measurements, AJnned mea,sured forced convective heat 
1 • 

transfer rates to the cooled film from a d.c. arc-heated jet. He 

proposed a similar co~relation to that of Collis and Williams: 

Nu (v Iv )-0
0

15 = 0.2068 + O~4966 ReO. 45 

m CD • , 
<19) 

nold"s number range of 5 to 40 and temperature r,atios (Tao/Ts ) betweell 

.2 and 4. Ahmed also,noted discontinuities)n the heat transfer cirve 

at Reynolds numbers of 40 a~55. No physical explanation for ~hese 

discontinuities was however given, because no flow visualization 

studies were conducted. • 
~ 

Bradbury and Castro (1972) investigated the accuracy of some 

heat ransfer correlations. They found that the Collis and Williams' 

equation represented their experimental results best. 

Mucoglu apd Chen (1977) gave a the~t~cal analy~s of the 

problem of combined natura! and forced convection across a horizontal 

cylinder. ~e trjrsformed boundary layer equatious were solv.ed by a 

finite-difference method. Local values of the Nusselt number were -calculated for a w~e' range of Grashoff and Reynolds number ratios. , ~ 

\ 

-
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\ Au A2 

B 

C 

CI' C2 

Gr 

K 

m 

n ... 
Nu 

'. 
,.; P 

P:a 

Pe 

R 

Ra "'= 

Re 

Reeff 

Sc 

Sh 

! 
T 

.1 T2 

, 
U 

Cb J 

NOMENCLATURE 

Constant 

~ozzle cross-secti~nal areas, Equation (3) 

Constant 

A function of Kt Equation (13) 
o 

Nozzle coefficients, Equation (3) 
\ 

Grashoff number 

pimensionless temperature, Equation (13) 

Exponent of prandt1 number 

Exponent of Reynold~ number 

Nusselt number 

Pressure 

. " 

fressure at second nozzle exit, Equation (3) 

. ~-

'Peclet number 
1 

1 ft-
Radius 

1 
Raleigh number 

Reynolds number 

Effective Reynolds number for combined free and 
forced convection 

Schmidt number 

Sherwood number 

Temperature 

Temperature at second nozzle e~it, Equation (3) 

Free-st~eam velocity~ 

40 
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i 

u Pree-stream velocity ve,ctor 

U Velocity vector 

Ut. U:a V~loc1ties 

Greek Let ters 

y Euler t S constant 

Viscosity 

v Kinematic viscosity 

p Density 

T \ Dimensionless temperatu~e difference 
(T - T ) / (T - T, ) )' 

, 
,SUbsc'ts .. 

CIO 

g 

m 

0:, 

S 01> S 

Free-stream conditions 

Bulk gas conditions 
\ 

Mean film conditions 

Surface conditions 
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INTRODUCTION , , 

In the Literature Review chapter, several numerical s01u-

tions for the equations of mo~entum and heat transfer from spheres 

were discussed. In aIl of these solutions, the transport properties 

of the fluid were assumed to beiconstant. For isothermal conditions, 

th~ assumption i8 va1id and it simplifies the problem significantly, 

by reducing the size of the equations and by uncoupling the flow 

equations from the energy equation. However, when large temperatu~~ 

gradients exist between the surface of, the sphere and the bulk of the . 
fluid, the constant~property assumption can no longer be justified. 

Thf aim of the work described 'in this chapter was to solve 

the coupled m~mentu~ and energy.equations for vâriable-property flow 

around a 'sphere by numerical method. By u.s~ng fin1te-difference ~p-" 

proximations, the non-linear partial differential equations are 

reduced to a set of non-linear algebraic equations. The method of 

sÔlution" of these algeb'raic equations depends on the nature of the 

" original partial differential equations. If steady-state is' assumed 

when formulatin8-the·.~roblem, the resulting eq~ationB are el1iptic 
" 

and can only be solved~&y iterative methods. This approach was used 

by Jenson (1959) a~ by Hamielec (1967). Con:~ergence with tht'S 
1 

~ethod ia dependent on the relaxation coeff~cients and on the initial 
\ " 

guess for the flow an~mperature fields. Another approach Is that 

. ' 
" 

/ . 
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reported by Cheng (1970) w~re.the equations are written for the 
1 ~ 

time-dependent flow and theo solved for large times to obtain the 

steady-state solution. The vorticity equation in this case is 
\ 

parabolic and cao be solved exp lie ity at each time step. This 

approach ls very usefui in giving description of the development of 

the flow. However, because of the smaii time increment necessary 

for a stable solution, this ~thOd requires a l~~ge number of steps 

to reach the steady state. 

- DESCRIPTION ~ THE MODEL • 
In order to reduce the si~e and 1 duration of the computations 

fying assumptions were ~eces$ary. 

solution of the governing equations, a few 

\ 
Ta retain the generality 

simpli,:-required for the 
# 

of the 

solution, however, as few assumptions as pos~ib1e were made. These 

were: , 
- 'The flow past the sphere is laminar and axisymmetric 

with zero velocity in the angular (i) direction. 

. . 
- The flow and thermal conditions are invariant with 

time. 

- The flow field is uniform and isothermal, except for 

the perturbations caused by the presence-of the sphe~e. 

- The heat transferred to the sphere by convection 18 

completely di8sipated by other means, such as radiation. This 

balance of heat transfer results in a constant sphere temperature. 

- The physi~al properties of the gas are dependent on the 

-, 

.. 

J 
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temperature only. Thé heat capaci~y is assurned to be constan • 

- The temperature of'.the sjhere is unif.'orm a11 over he 

s'urface. 
1 

-'Gr~vity effeets are not considered, and the effec of , 
free convection ~n heat transfer is insignificant. 

"~.1 \ 

1 

- The f!uid is extensive and an outer boundary was fet 
\ 

for computationa! purposes on~y.o 

- Viscous dissipation and compre~sibility effects are 

negligible. 

THE GOVERNING EQUATIONS 
kt , 

, ... 

, 1 

The steady-s~ate cpntinuity~: Navie~-Stokes and energy . . 
,equations describing the'above model can be written~ ~n spheri~ 

, t r 
. 

coordinates, .as [Bird (1960)]: ( 
\ 

Continuity 

Momentum 

r-componeu t 

, 
e-component 

, ' 

" 

, 

p(Vravr/ar + ve/~ avr/ae ~ v~/r) = -ôp/3r -.. 
li/ra a/ar(r~Trr) +.l/r sine a/ae(Tresin6) 

.. (2) - (~ee + T~,)~] \ ) 

, ) '\ ~ 

p(vrave/ar : ve/r 'ave/ae ,~",'iVr ve/Ir) ... -l/r ôp/ae -" 

l[l/r 2 a,ar(r 2 Tre ) + l/r sine a/~~ (Teasin&) 

+ Tre/r cote/r T~~] 
lb. 

(3) tr 

( 
1 

, 

1 -' 

1 
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where 't' = -~(2av /nr - 2/3 V.v) (4) rr r 

"~ee -~[2(~/r a~e/a0 + vr/r) ""\ 2/3 ~.vl (S) 

, 

t$$ - -1J[2{v Ir + .ve 1 cote/r) - 2/3 v.v] (6) r 

-IJ [ra/at~ve/r) 
, 

Tr0 
, - + l/r aVr/;H~] (7) 

.... ,. 
V.v - ' 1/r 2 ) + lIt: sine a/a0(vesine] (8) 

1 
\ 
~ 

Energy . 
1 

C (v aT/ar + voIr aT/je> = -[lIra a/ar(r2~ ) + 
v r 1 r 

llr sin0 a/ae(qe Sine~] 
., 1 

(9) 

,! ~le number of the ab~ve~ eJuations was reduced by the intro-

duction o~~he stream function. Wor three-dimensional f10ws thè 
\ 1 

concept of the à;:ream function/fs va1id on1y when the flow is 
.~ ,~. / 

axisYmmetric •. The~~JnctiOnt modt~ied fo~va:iable-densit'\ 

fluid, waB related to the ve10city components by the following \ 
\ 

eq,ua t ions: 

.. 
= ~1/r2psine 'a~/ae .. 
• 1/rpsin9 

~ 

a'l'/ar, 

- , 
1 

~ '. With its,units changed from volume/~nit time to mass/unit 
f 

(10) 

(l~) 

time. the stTeam function defined in the above equatione saltsfied 

the continuity equation fo~ a variable-density fluid. 

<0 ; 

\ 1 

1,. 
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1 
The vo'rticity vector is defined/as the curi of the ve10city 

vector. The components of vorticity, in spherical coordinates 

[Yuan (1967») are: 

-
= 

. 
1/r2~ine[ô/ae(rv~sine) - a/a~(rve)] 

l/r.ine[3/a~(vr) - 3/ar(rV~SinB(1 

l/r[ôlar(rva) - a/3e(~r)] 

',. 

(12) 

(13) 

(14) 

For ~xisymmetric flow with v~ - 0, the vorticity components 

~'r and Ua are both equa1 to zero. Replacing the ve10city terme by 

the stream function~ reduces Equation (14) to: '. 

E2 'l' - ~prsin8 + I/p(a'l'/ar . 3p/ar + 

1/r2 a'l'/ae . 3p/ae) (15)~ 

,8 

where l; = 04> n ~ 
'-
-

• 1 

-.., and E2 = a'dr 2 + sin8/r 2 a/aS(l/sine a/cHü- .. (16) 

The momentum equations (1) and \1J~ritten in the above form _ 
r 

canhot be solved before the boundary condition for the pressure at 

the surface i8 defined. For a b1unt body, such-as a spher&~ the 
~ " 

surface pressure varies significantly over the~rface and c:n on1y 

be determined from a knowledge of Che velocity f~ld. To overcome 
\ 

this difficu1ty, Equations (2) a~d (3) can be CrOS8-~ifferentiated 

to eliminate the pressure terms Jompletely. Carrying out these 
/ 

operations and replacing the velocities by the stream function apd 
r'" '. 

vorticity, reduces the momentum ~qUati~~s to: 

.' 

" 



\. ) 

\,-

....... " 
, . 

• 

,\ 

Rersine/2 [af/az.a/ae(~/rsine) -

a'/a0.a/az(~/rsin0)1 • EaUC~sine + t(~)sine -

Re rsin0/2 r(p) 

where Ea 

and 

and 

give~ 

E(~)/2 ~ a~iaz[aavr/3zae + ve + 3vr /3e + 3ave/3e~ + 

3(vecot0)/a0 ~ aVe!a~] + 

au/aeC..., - a2v Jazz - a2vo Jazae -r r Q , 

cote'(aveJaz - va) l + a211/az2 [3vr Jae - va] + 

a2~/aea[-ave/az] + 

a211/azôS[ôve/ae + v - av /az] - r r 

- ap/ar(v a; 130 + vsave/as) -r r --

3p/ae (vrav~z + veave/az) 

Defi~i~g,the dimensionless tempe~as: 

~T' .. 
Pe 

(pe rp/2) (vrôT/ôz + veôr/ae) - k[a2~/~J2 + ôT/ôz + 
l' ~ §o /' 0 

a2 T/ôe 2 + cot0 àT/ae] .+ ~~/ôz.ôk/aà~+ ôT/ôe.ôk/ae 
,- 1 

\ .. ~ 

(22) 

(24) 

(25) 

(26) 

1 . \' . '\ ' 
The superscript on all tbe dimensionles8 variable vas dropped-

out for simpJ!city.· 

The thermal conduct1v1ty, v~sco8ity and density or argon 

[Amdur (1958). Drellishak (1963)] in the temperature range of l 500 ' 
'\ 

\ 

1 
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a~/ae • a/a~(ç/rsine) a~/ar a/ae(t/rsine) .. 

E2~~rsin Isine + r(U) + r(p) 

t(~)/2 K a~/ar[av.v/ae - aVe/ar] + a~/ae[a(vr/r)/ar -

2/r2~V0/a0 - av.v/ar] + a2~/ar2(aVr/ae - V~)~­

d2~/ae~(1/r~v0/ar) + a'~/dra0[a(V0/r)/a0 -

(17) 

, 
\ 

1"3 (v It) lar] (18) 

r ~ 
r(p) - '-ap/aa • a/ar(v 2 + v!)/2 + \ r CI 

and ~ and E2~are' defined by Equations 

~ 

(15) .n~ ~6). 
/ 

\ \ 

(19) 

respecti-(,e1y. 

The above equations are norma1ized by~ntroducing new varia-

b~es, non-dimensiona1ized in terms' of,the Dulk conditions of the gas, 

thus: 

a1so 

" =~\ "-

'l" a ~/p-; U R2 
\,.. r.;' r' = r/R 00 co 00 

~ • 
v' - v lu v' = V lu P,' = p/p 
'r ' r 60 a 0 00 co . 
U' .. ),I1v. 

00 
Re CI 2RU P IlJ 

co 00 00 

r' .'ez 

.. 
The dimensi~n1ess radial distances. ~. a110ws exponential 

t 
(20) 

./ increase in r for equa1 Increments of z. Also,' when ~ is used, _the 
, ïi' 

j > 
radia:! spacing near the surface of the s'phere is kept sma11, whi1e 

. " 

still maintaining à relatively,... large domain with a reasonab1e number' 

of mesh point,. Substitu~ing Equationq (20) into Equations (15) to 

(19) gives: , 
o E2,_ tr3psin9 + 1/p(a'/az.ap/az + a~/a9.ap/(9) (21) 

.. 

/ 
'r 
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\ 

to 5 000 K, are rela~ed to the absolute te~perature by the following 

expressions: 

p =- 48,7/T (kg m- S ) 

10-7Tx (Nsm- 2 ) 
(... 

IJ = 2 x 
~ 

~ 
k = 1.57 x 10-~Tx (.im- 1 S-1 k -1) (28) \ 

where x 0,8 

The, ac tuaI ues of these properti~s are listed in Appendix C, In 

variables: 

sL1 _ , 
p = lIT (29,) 

= k = TX (30) 

.... 
w Cp for argon independent of the temperature, Equation 

(30) agre s 'with tHe fact that'the Prandtl number for argon is 
, ' 

constant. and is equal to O,672.~ 

ture, 

. 
ith t~e physical properties varying only with the tempera-

1 

e independent variables ~hat characterized thejlow around a 

re the Reynolds number, Peclet number and the~mensionles& 

(~nlY b 
ture. - The actual level of the ,temperatux:e affe~ts, the flo_w 

changing . the value ( the ,expbnent ~. 
, . 

Equations (29) and (30) couplè ~ enèrgy equation to the 

ity a~d th; .~re~ function., s~t.t~ut~ng :quàtions (29) and • 

the governing equations results in three ~quat~ons with 

/ 

- \ 
ù 1 

1 • 
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1, \ .' 
.... 

, 
0 

f 

three variables on1y, name1y, l, 1 and T. 

." 

THE a~UNDARY CONDITIONS 
.' , 

The three main variables in the momentum and energy-equations 

are the stream function. vorticity and temperature. ln the numerieal 

solution, a few other variables were a180 introduced, to reduce the . " 

number of calculation8 and the size and complexity of the di'fference 

equations. 

, 
1 

The funetions F and G were defined as: 

F tIr sin0 

G = lJr,;r sin0 

1 \ 
! 

Furthermore, when the f une t ions '1. and r were evaluated, 
1 1 

were used and not tpe stream func~ion. 
\ 

The 
~ 

the sphere boundary~conditions at 

\ 

T 

v 
r 

-
- " 

, . 

0 

To 

'1 
3'J'ja0 - 0 

3'l/az • 0 

surface, 

(31) 

T(2) 

vo and ~ -r 

(z = 0) 

\ 

The cond1tion for tbe vorticity at th~'su~face was derived as 

follows: 
[from Equation (14)] 

-
\ 

1 
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At the surface, this~reduced to: 

.. , aV' /az 0 ... aJaz (1/pr2sin0.a~/az) e 
<II 

1 

CarryinR out the diff~rentiation and dropping out a11 terms con-
" 

" taining all//az gave: 

~// - -=- "'-

1;0 ,. 1/posin0.a 2 11//az:Z .. T cil s in0. a ~ 'l' / a ~:z 
(( 
\ . 

, ~ 

Also F = 1;0/sin0 

ro ." 

G • lJbl;osin0 • r,;osin0 

At t'he outer boundary (z .. zao): ,0 , 
'l' .. 1/2 r 2 sin 20 

l; • F .. G ... 0 
a;-

T • z:: 1 

-cps0 
~J'" 

V = .:/ r " 
,; 

~. -i:' 
v0 = dl:n > 

~ 

, To' 'reduce~h~ siz~ of' the computation domain, only the upper 

half of the flow field wàs considered •. The other half was exactly 

the fie sinc~ the 'fiOW WàS Symm~tric around the axis. çon~equently, 
, ~I , 

condit~ons along the axis of symmetry a1so ha~ to be defined. 

~ 
/" .' o .. 

r,: • G - 0 

aT/a9 - o 
\ .... 

.. 
," Co ! 

, . 
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o 

r;/rsin0 

Since sine • 0 at e • OOt vr a cl F had to be found by taking 

th li it 0 h cl zer'o~ t'hus·. ~ e m s as ~ approac e. .. 

" 

-', . 
" "" ·,1 

v 
r 

1 F 

z; 

aT/ae 

v r 

= 

l/r = 

At e ... 

• 1 

.. a~/ae 

1800
: \ 

= 0 

.. '--C."" 0 

• o 

... o . 

# -

F' " = " -lh ~ ôr;/ae 

• • 

THE DIFFERENCE EQUATIONS 

~e stream function t vorticity d temperature equ ion8~were 
, 1 j 

transformed trom their original. partial ifferential form to a 8 
1 

of a1gebraic equationst~thus. making th~ 
J ~ 

solution. To do this. the flow field wa " ~ 

'" number ofmesh points •. The variables~ a 

. ~ 

amenable to a computer 
4\ 

first divided into a lar8e 
~\ ) 

each of t~se points, were 

'" q approximated by Taylor series and the de ivatives determined in terms 
I N 

_ • • 0 'l' 
of adjacent p,0ints. Ttte solution" then,t con~iited' of ~satisfying 'the 

~ 9 / f 

-"'--"~-+';~-----d-iffeten~üati()n,s at every latti~e po nt,' .. The ~~~'~ral-differe'n~t: 

\ 

/, 

~ , 

1 

\ 

,1 
. , ..... 

,:/ 

, J 

1. 
,' . . ./" 

~ .,-"> 
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method was used for aIl of the internaI points. 

.. 
With this me~od, 

'< 

the derivative Is ap~oximated by the differencp between points on 

both sidès 'of the point, under consideration. Forwa{d-difference 

and backvard-diffe~nce approx~ations evaluate :he'derivat~ves in 

terms of two or more consecutive point~ in the same ~irection, 
~ 

, .. either in front or behind the, lattice point. These were used to 

1 ( 

approximate the Neumann-type boundary conditions. The general 
-<V 
s ' 

finite-difference equation8~ accurate up to the orde~ of h2 are 

listed in Appendix A. 

, 
Figure 1 

\ 

1 . \ 
illustrates the circular mesh used. lt can be seen 

. that the divisions are smallest*near"the surface of the sphere. This 
, • ~ u 

necessary for obtaining accurate des~iption of the flow where was 
1 

the gradients are steepest. The governing équations, written in the . . 
o ' 1 ~ 

difference form acc~rate ta O(h 2
), together'with the boundary con-

ditions are'listed below. 
).. f l 

~ . 
Stream Function 

~ ~ 
[~(I,J!1)(2-A) + ~(I,J-l)(2+A)]/2A2 + [~(I+l,J)(2-Bcote) + 
"' <1 ' 

'l''CI-l,J)(2+Bcot0)] /2·B 2 
- 1jI(I ,J)(2/A3+2/B 3

) ~ (I,J) r 3 sin0/T(I ,J). 

+ l/T(I,J) [a'l' /az. aTiaz + al!' la0. aT/a0] .. 0 (33) -

.' .., 
[G"O,J+1)(2-A) + G(I,J-'1)(2+l\)1/2A2 + [G(I+l,J)('2-Bcot~·, ~ 

G(I-l,J)(2+Bcot0)J/2B3 -,G(I,J)(2/A3+2/B3 ) +'t(~)8ine'~ Rér,in0/2r(p) 
~ , ' 

+ Rer8in0/4{a~/a0{F(I,J+l) - F{I,J-l)/A - a~/az[F(I+l,J) -
l 

F(I-!.J)]/B} • 0 
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The f~nctions ! and I, i~ difference form are given in 

Appendix A. For simplieity, sorne of the derivatives in the dif-
f 

• ferenee equations are written in their differe~tial form. The 

difference equivs1ent of these derivatives can be obtained by 
~ 

direct substitution into the finite-difference equations listed in , 
Appendix A. 

• , • . 
Energy , 

, [T(1 !--J+l)(2+A) t '1'(1 ,J-l)(2-A)] /2A2 + ? 
, . f 

[T(I+1 ,J) (2+Bcot0) + T(1-1 ,J) (2-Beot0)] /2B 2 
'-

-
T(I,J)(2/A2 + 2/B 2

) + Pe/[2rsin0T(I:J)x](a~/ae.aT/az 

ô'l'/az.aT/(0) + x/T(I,J) [,(aT/az)2 + (a.T/~0)2] =.0 
\ 

\ . \ 
poinda!y Conditions 

, \ 

\1J'(I,lT ... 
{ 

va (1,1) ... 
1 

v (1 1) -- '= 
1 < r " 

j \ 

T(I.~ , • 
»' 

, 
r;(I,l) . , 
G(I,J) ,., 

4 

F(I,1) • 

1 

• • 
1 ~, 

'A 16 z = 0: 

o 

,0 

o • 
'T o 

r To ' [8'(1,2) - '(If3)~A2sine 

T!C(I.l)sine 
"1 

~ 
'(1',1) 18ine .' 
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( ) ') , 
" ;. 

'At " z"= z . mG , 

" .:l 

'V(I,M+l) - 1/2 r! ~~2a 
~ J' 

;;,;: '4: , 
Z;(I.M+l) - • 0 

F(I,M+1) .. G(I,M+l? '" 0 

) 

T(I,M+1) .. 1 
'-T 

-A v
e

(I,M+l) .. sine 
~ • 

\" 
a ... 

." v (1 ,M+l) -cos0 
;. -r , ~ ~ \ 

. U t At o = 0: • :r , 
.. .. 

'V (1 ,J) = 0 
GJ 

" 
1;(1,J) = 1 

0' 

• ( \ 1 .. T(l,J) ... [4T(2 ,J) ~ T(3 ,J)] /1 " 
~ ./ '\ .. 

0,; \ 1: Cl " Vj)l,J) = '., 

... " j ,~ 
1 
1 1 • 

, v (l,J) = -2T(1,J)!1l'(2.J) /B'l.r'l. 
r . 

-)c~....:::;. .. l ' 

/ 'F(l,J) = ,,(2,J>'I 
1. 

• G(1,J) " 0 • " 1 = .. '; 

At 0 _1 11: ..... , 1 
-

l 

" 'li 

'V (N·H,J) - 0 / 
. . ". • 

" 
' .. -~ r; (N+l ,J) - , - ·~:4T~N.~) - T(N-l.~);f3 f 

~ ~.} T(N+l,J) - • 

~~Y " 'i t;~ "". ve(N+l,J) "" 0 
; 

;' • . 
.t • 
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"r 

2T(N+l,J) ~(N,J)/B~r2 

0, 

The derivation of the Neumann-type boundary cond~tion~is 

given in Àppendix' A. 

The above alge'braic equations cannot be solved directly 

because of their non-linearity. Hence. an iterative procedure ,was 
. , 

used. The Most appropriate iteration method ia the Successive Over 
\ " 

~ Relaxation (SOR) method, where a relaxation factor is used to con-

1 

<If 

trol the speed of convergence of the process and to maintsin its 

stability. 
0' 

\ THE RELAXATION PROCEDURE 

1 

Equations {33) to (35) can bè written in a general fdrm 
/ 
/ 

as 1. 
. , 

1 
HI,J)'" f[t(I+1"J), t(I-I,j), t(I,J+1), HI,J-l)] " (36)' 

#\. 
Henc~\ to find the value of the function! at the point (I,J), the 

• 

values of this function œu~t be defined Jor ~he fo~ adtacent poin~8. 
In other words, to start the process~ initial valuea~ a11 the 

functions at every mesh point iQ the grid must be assigned. To 
, 

satis~y ~e governing equations, new value, of the variable'are then 

c~lculated with the aid of Equation (36). ,If the init,ial guess W8S 

very far from the required so~ution. th en direct substitution of the 

"" 
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, . . 
new values in the'grid can cause instabilities which may lead to 

divergence. To av~id this, the ~~w value of the fun~tion that is 
1 

placed in'\he grid is~hosen somewhere between 'the old ànd the 
1 .... 

calcula(ed values, thus: 

4>new = 

, 
~old + W(~ -~ ) cale old (37) 

w'~s kno~ as' the relaxation coefficient. Equati~n (36) can' be 
\ 

re~written as: 

0 

f ["'I+l,J), Hr-I,J) , ~(I,J+l),. ~'(I ,J-l)] + Res = ,. 

~ (I,J) • 
-\ 

'"- ... 
This simplifies Equation (37) to: 

1 .. 1 

4>new = 

Equation (39) was easier to program than Equation (37). 
p 

Either of two methods can be used to evaluate Eq~on (38): (a) 

a 

(38) 

(39) 

R~chards n' s method where the old values for aIl of the variables are J 
\. 

used to valuate Res, or (b) Liebmann's method where the new values 
, , 

~re used as ~hey are calcula~. Liebmann's method converges much 

faster than Richardson's aQd requires' about one half the storage 
/ l ' " ( ( 

, spice, and th~efore it was the metnod used in this study. 
~ 

. 
The OP\1mum value of the relaxation ctefficient that will 

\ 8!Ve the fastest conv~r~nce depends on the mesh. the shape Of, the 

) domain, ~he type of boundary conditions ~nd on the nature of the' 

~quations [Roache (197a»). Roache (1972) and Lapidus (1962) gave , 
• 
• , 



" 

• 

J \ 

• \...( t; 

methods for calculating the optimum relaxation coeffic[ents for 

linear elliptic. equations. No such methods are -8vailahl~ when the .. 
equ::ltions are non-linear. Mo~over, because of the large times 

~ \ 
~quireèl for 

. 
solvi~g a s~t of non~linear equatlons, it ls not ~ 

/ \ praC~i'cal ta conduct a systematic study of' the effect of different 
~ 

relaxation coefficient~ on the rate of convergence. In such In-
, 

stances, the relaxation coefficients are chosen by trial an~ error, 
. 

and their value is specifie to the system under consideratiQn. 

Usually, the selection of the relaxation coefficient i8 based on 
, 

th~ highest value that does not cause instabilitles. 

\ 
, \ For non-linear problems, there 1s no reason for assuming 

·tha~' the optimum relaxation coefficient has the same value over 
, 

the entire flow field. In the logarithmic grid of ~he present study; 
, 

the îeSh size ~c,reased ~xponentially with radial distance.., i\frOm 

the surface resulting in an inçreased instability near the outer ! 

boundary. Therefore, small values of the relaxation coefficient,; 

npar the outer boundary were necessary to reduce error propagation 
~ 

and to dampen oscillations. .. , 
, \ 

The general form of a second-order elliptic equation 18: ' 

- .pa~/ax + Q .a~/ay ,. 
Woo (1970) derived the fol!owing,expression for~ relaxation 

coefficfents to be used t~ the solution of the abo~quation: 
~\.;.. 1 \. 

1 - 2/[1 + IO.5(p5 + Q5)] 

-' 

(40) 

, (41) 

.. 

\ 
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and fo~ the linear Poisson' s equation: 
, f 

\o11j1 = ~. 2/[1 + n/0.S(N-2 + MW2 )] 
-""," 

(42) 

\0100 found that for linear equations, such as constant-
\ ... > 

property hest transfer to a sphere~ convergenéé with the se relaxation 
o 

coefficients was much faster than when constant factors were used. 
~ 

No such comparlson was possible for the non-linear problem, where 
o ,. 

the relaxation coefficients had to be evaluated at every 'ste since 
" 1; 
f. and .Q. were continuously changed during the computation. 

nately~ Woo' found that these coefficients (P and ~) 
\ 

much from one iteration to the other and, thus, had to be 

calculat~d only once in ev~ry K iterations. Kwas 

20. 

of 

C To sp'eed up the rate of cQ.Overgehce,' Woo also described a 

II-convergence promotion technique", where the process was given a 
" ',-

periodical pulse change ever~K iteratf6ns. by mul tiPlyi~ the 
~ .f 

relaxation coefficients by a large factor (of the order pf' 30). 

This pulse change caused temporar~ i~s~ability that, ~n general, .,. 
- () ~ 

'shot' the solution towards c0I'l:vergence. To prevent such insta-

bility from propagating ,~cross the field, a new sequence of cal-
o , 

culations was devised. In this sequence, each complete iteration 

cycle was divided into two alternating half-cycles: one used , 

direct substitution'and the' other yarisble coefficients with 

\ 

convergence prom It was found that this method was mo~e stable • 0 .... 
and two to three ({ister than direct SOR. .. 

·r~· ., , 
Q Il 

• if ",. r 
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le • '. 

J the 
0' 

values of P and .Q. were faund from iquations (22) al\d 
1> \ 

(27) .: 

3 J 
P 

, 1: 
= Re/2rsinE> a'l'/az (43) , 

Ql; "" -Re/2t'sinE> a'l'/aE> (44) 
.' 0 

,PT == Pe/2 t'sinE>· 'dU/la (45) 

. . 
QT == -Pe/2rsinE> aU//ae ._(46') 

y. 

• 1 

A computer programme was written for the simult~neous salui , 

tion of the govet'ning equ~tions,by 
, 

the above it~rat~on method. Diréct 

sU9sti~ution and varying relaxation coefficients were applied alter-

nately ~n the mesh points, ta calculate tq~ new, values of the var-

" ticity, stream function and temperature. 
• 1 

The programme listing is 
'i4-

~ ~ .i-

given in Appendix D. The independent variables of the programme wer~ 
~ , 

Reynolds number, Peclet nu6b~r~ dimensianless sur~~ce temperature , 

the property exponent~. The pr.ogramme; however, did not give 

the constant-property solution when ! was set ta zero! because the ~ 
.-/ 

variation of' the dlnsity with temperature was s\till included in the 

e~uations. This~less generaI set of'equationi was found ta require 

less c~mputations, as compared to that where the properties. were 

evaluated individual1y at every point. , 
praperty solution a separate p~agramme 

" . 
\ 

To abtain the\ constant-/, 

was wr}tten. s~ce the simpier 

constant-propert~ equations were used in this programme, the energy 
i 0 \ 

·-equat1.on was no !ong8f goupled ta ,the Fomentum equatlons, and thus~ 
the former was solved after 'the flow" field had been calculated. This 

, i . • pragra!Df11~ ts a1so listed in ... Ap,pendix J), , 

" " 
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COMPUTATION S~QUENCE 

The number of iterations required to rea~b convergence 
... . , 

depended on the nature çf the problem, the relaxation coefficients 
; 

used and on the ïnitial guess. Starti~g with(a guess that was far 

from the condition under ~~udy caused instabilities and required the 

use 0i very low relal"ation coeff,icient"s which in turn led to an­
.... 

increase in the number of 'iterations. 
~ . 

~~ overcome this problem, 
\ / 

the solutions were obtained in small faster steps, through which 

the Reynolds numbèr and the~urface temper~ture, To were changed 

d -gradually. 1.' 

To allow the use of one solution as an initial guess for a 
• >3' 

successive one, the lat~ice spacing and the domain size must be the 

same, oth~rwise a com~~icated interpolation scheme would b~r~­

quired. The mesh size and spa~ing_ thus ~h~seJ shouldDbe suitable 

over a reasonable range of the ReY,nolds number. At low Reynolds 
", 

numbers wal~ effects are important -and consequently the flow field 

must be fairly large. As the Reyn~lds~number increase~. the effect 
, 

of the proximity of the outer boundary on; the flow decreases. Lat-.. 
, _. 

~ tice spacing starts to gain importanèe with increasing ~ because 

~he gradients become steeper near the surface .of the/sphere. From 

a computation point of view, the direct effec~ df increasing field 

si:e and reducing làtt:1:ce spaciI}8 ia an incre;:lse in th~ c,mnpyter 

memory and in the ti~e required per it~ration. Dec!easing .he 

number of points by 'incre~~ng lattice spacing or reducing t~ field 

size ma,y cause inaccuracies and instabilities in the solution, 
;. 
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especially at the rear part of the sphere. 
1 

The complexity of the equations undèr study prevented a ~ 

systematic invest~gation of ,the exact effects of lattice spacing 
1 ' 1 

and field size on the accuracy of the soluti-0ns, in orde~ to permit 

" 
the selection of an optimum mesh. Woo' (1971) studied.,tzhe constant-

property prob1em extënsiv~y and made som~ recommendations on the 
• ° , 

Thes~ guiaelines were used in this optimum mesh llnd field sizes. 
, , 

study,owhere two different mesh sizes wère used for the 'low and the 
; l oC. 

intermediate Reyno~ds number range~ thus: 
j 0 

0 

Re tu M r tle - ,N 
-CC) 

d.l - 1 0.1 40 54.6 -6°, 30 
~. 

. 
6° 10 - 50 0.05 40 7.39 30 

,~ " - ~ l'~ 

~~ . 
II). the present work, the constant-property solutions were 

, j 

obtaipe~ fi~st for aIl Reynolds numbers under consideration. The . , . 

h .. ~ 

simpler comput,er programme was used. "r t was foun4 that, per itera- ' 

t~on, this programme was four times faster than the variable-

property one.: For the consotant-prop,erty f.1ow, all the temg,erature 
'1,) " d ~ - .. 

profiles were calculated with T set equal to ~ 5., 
" J? ' • • • , , 
, " '. r! : 

For J.roli' Reynolds Il.umbers (Re = (LI, 1) thè initial guesses 
, . 

wereothe creeping flow and the heat conduction solutions around a 

. »phere. 
"., 

,f 
The~e solutions, .and not the s<i>lutioq f"r Re = 1, were 8:1so 

used as first approximation for Re = 10, since the solution at 
f • .. JI. 

Re s 1 was'obtained with a d~~ferent' grid. .p 
" o 

1 

Il' 

" 
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t 

The convergence criterion in this atudy ~as based on maxi-

mUm absolute et't'or in the temperature and vorticity." When the 

~hange iJ;l these variables between successive iterat~ons was less 

than t'e tolerance p
, at every lattice' point, the computation process 
-, , 

" was st.oppec;1 and ,tl1e Nusselt nUlnber' and the dl!"ag coefficients cal- ,; 

culated. "hese were also ca1culated onc~ every ! iterations. The 
, 

_ l n _ 1 ? 

tolerance \Jas 10 5 for low Re and went up tb 10 3 at Reynolds number '" ,. 

of 50 . As the computation times became excessive, the tcalculations 
- • Q 

were stoppe<l- when the" variatio?s" in the N1,lsse1t number" and thé drag 

coefficients from 0 one Iteration to the other were smal1. It was 
• 

Cl ~ 4{\~ ~ 
\, . 

felt that very 'accurate solutions- were not quite necesaary since, 
~ 

o inC practic~, th~ fl~w vari.!;l{;lles in high temperature en\Tironment~ are J .... 

not' known tQ such_an 'accuracy as ta justify the inc_ase ;ln the com-

•• î 
~putation work. .... 

, 
The constant-property f19w and t!emperature fields ~ere 

calcuLatei for Re = 0.1, l, ,10, 20, 30 and' 50. The surface tem-

~ • t t 

perature was set at a va1~e'of 0.50. Since th~ c~llstant-property 
0- \ ., 0 

energy.equation js "ineat in temperature, the temperatu~e field ia ., . .... 
,', " , - ... , 

"not affected by Gtne actuai value of the surface temperature. The 

/~ , ,f ~ ~ab7e-property flow condition~ studied are ,listed in Table I. 
_ \ .. ~I .. t '\ . ... 

The variable-property sO,lution fôr the ~imiting ca~~f Ta = ~ \was 

, ':"1 • 
the ~am~ aB the conBtant-property Boluti.on. J " 
• The co~'~tant-property Solu~ionJ were use'd as, t):le initial , 

1. 

iuess for the var1able~prop~rt~ , ,1 
1 

the'in1~1al guess was different 
, 1 

. i, . 
/ --

, ( 

.\ -, 
1 

l, 
1 

J 

calculat:l.ons, •• In cases '1when To of 
1 

f!om that of the ~equiretl solution, 
.... 

\ 

" 

,0 

.. 
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TABLE l ,.( 
1) 

" .\ 
, )0 .. ... 

VARIABLE-PROPERTY FLOW CONDITIONS 

fi". 

\ 
! 
i ,.. . 

, \ .., .... 
... VALUE OF SURFACE REYNOLDS NUMBERz Re~ 

1" 

\ 
. 

J".: ., • A .'\. , 
l' ... t , 

,~ ~-"=='Q. 7 5 
~ 

.,r T o = 0,.50 To = 0.25 
I.;"r 

~ 

0.1 .. 
0.17 ~ 0 .. 35 1.z ...... 

Q " 

~ 
l ' 1.68 3.48 t 12.1 'j- .. # .,. .... \. 

'\, 
10 .. 16.~ 3~ . .... 1Zl 
~ 

\ • l . - ~\ • '", 
2Q 3~ 69.6 f42 

.. .. , 
...... 

,JO 50.4 ~ 
10(f~} 364 ' ..!r't-:-

,
1

'1 

fi' ,',. ," '., , 

~3.9' " 

.~ 't 
" r 50 174 606 
/ 

/ 

~,\ 
,,' "II. .~ . . 

< 

" <'i ", .' 
0 

" 
, . 

'b }--' .r '( ~ ; '" • ~ ,. .e . . 
'4.t #.?'-~""-~ ,. 

~ 
;t( 'li ,,1 . t: 1'> .' {~ • '4; 

" ~ 

" .. ,1 '1" 
/""f 0 ,. 

/-'0 • 
~ , ~). 

@') 1"- '1 
, 

~, :J 
0 
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l' .' . , 
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" the temperature field was multiplied by a scaling factor. This 

step was necessary ta avoid divergence' and ta accelerate the 

solut ion. The following equati'on was used to change the temperature 
,/ 

• 
(1 [T(I;J) 1 -

• (47) 

A one-step jump from constant-property te:) variable-property ~ 

flow, at To = 0.5, was found. ta diverge at Re<lO. This reflects the 

large effect of the variation of ptopetties on the flow. and tempera­

f 
ture patterns. To stabilize the process the following sequence was 

used: 

Cons~ant-property (T o = 0.5) ~ Variable-property: 

To = 0.75 ~ To = 0.50 ~ To = 0.25 
1 

At each st~p the temperatur-e-proU le--was adjusted by Equation (47). 
o 

Even with the above stepwise procedure, the computation 

process still tended to diverge as the Reynolds number increased or 

To decreased. A further dampening factor was intro~uced in the-

vorti~ity calculation to check these instabilities; the residue of 
'>- .', 

the vorticity equatian was multiplied by a factor ~ at every lattice 

point. a had a value between zero and unity. Table II lists ~he 
! ~. :{. ~ ': ... , 

values of a used at different Reynolds n~mb~rs and te~perature. 
'" ,~. 

J " ~ 

As To décreased. the solution took lohger ~;o converge and. 

therefore, it was not possible to go below To = 0.25. lt ls worth 

- ) 
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TABLE Ir ----

VALUES OF DAMPENING FACTOR~ a 

\ 

-- .. ,.. 

To = 1.00* T o = 0.75 To = 0.50 To = 0.25 

1.0 1.0 0.7 0.7 

1.0 1.0 0.7 0.7 

1.0 1.0 0.5> 0.4 

'" 
1.0 r O• 7 0.5 0.4 

1.0 ~ ~7' 0.5 0.4 

1.0 0.7 0.4 0.4 
' . 

) 

~-:: 

*T o 

:.~?;- ,~, = l refers to constant-property solution. l? . 
~-.-

,r y 

~ , 
1 

'\ , 

" " 
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1 

~( \ 
noting heLe th4t the surface Reynolds ~u~ber at To = 0.25 was 

twelve times la~ger than that evaluated at bulk flow conditrbns. 
'" f 

This may explain the difficulties incurred in reaching convergence • 
. / 

It i9 quite possiple that' the process might have b~en more stable 
~,"I .\.~,. 

)" 

had the ,initial guess been at a higher Reynolds number t~an that of 
r 

the required solution. 

\ . 

As the Reynolds numbèr increased and To decreased the process 

became more susceptible to tnstabilities caused by tge convergence 

promotion technique. The number of Iterations between the promotion 

steps, !. had to be increased from 20 to 30, and the acceleration 

factor reduced from 30 to 20, for the constant property solut!-on. 

For ~he variable-property situation it ~as foun'4 that converJn~e 
'~ was slowed by this tèchniq~e due to increased instabilities and' 

, ' 

,therefore the promotion factor was set at a value of unity~ 

lt should 'be emphasized again. at this point, that aIl the 

methods used above to accelerate or reach convergence were very 

arbitrary. By no means are they the fasLest or the 'optimum~ ones. 

Because of the lengthy nature of the problem, it was not possible ta , \ 

iovestigate the methods of solution systematically and come up with 
, ~. . 

definite recomme~datioos 00 the, best jlethod that sho~~ be used. -
~ 

CALCULATION OF THE DRAG COEFFICIENTS 

The drag acting on a sphere can be divided into two com-

ponents: skin drag whicij is due ta viscous forces st the surface of 

the sphere. and pressure drag which ls caused by differences in the 

\ 

\ 

\ 

( 

" f 

.' 

" " ,) 
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1 • 

pre'ssure between the front and rear of 'the sphere. 

w.. 
The force acting on a sphere i8 the sum of the pressure and 

.",. 
friction forceè minus the static forces [Bird (1960)], thus: 

/ 

where 

\ 

1 .. ( 

Fk III (F F ) + Ft n s 

:1 '!T'IT " 

[plr-R' cose( R2 F .. 1 1 sine ~9 a~ n o 0 

2'11''11' 
F = ! J [y>..,l r- R cos9] R2 sin0 a0 3~ 

s o 0 

:z11''IT 

Ft = 1 J, {lJ [r a/a~(v9/r) + 
o 0 

11r av la9) 1 . Rsin0}R2 sine a93~ , , r r"" 

, 
The friction factor (drag coefficient) is deflned as: 

... 
, 

\ 

• 

(48) 

(49) 

, (50) 

(51) 

• r 
(52) 

>, 

1 

~·here A is a characteristt'c area and !tt a characteristic kinetic 

e~ergy per unit volume. For a sphere the characteristic area is the, 

projected area, '!TR 2, and the kinetic energy is p U:I /2. The choice 
. œ al 

oi ~ i8 arbitrary and'can be taken as any density in the f10w field. 
, J 

Since a11 the variables were· non-dimensional1zed' in 'terms of the bulk 
, 1 

gas, condition, the density used in the kinetic energy term was eva-

luated at bulk gas t~perature •. The components of the drag are then: 

/~ 

CDP • (F - F )/ hrR:lp U:I /2], (53)" 
n 8 i .., co, 

/CDF • F tl (ItfR2 P..,U2..,/21 (54) 

'-

\, 

" 

,. 
1 

l' . ' 
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'. 

• r 

Assuming a~isymmetric -flow and defining the surface pres-

sure, p(8), as: 

~ 

p(0) = (p - p",) /[1'",0\,12'] 

" , 
reduce the drag equatio~s to the follo~iQg dimensionless 

1l" 

CDP = J p(S) s1nZS ae 
0 

11' 

CDF 
l , 

SUo/Re f s1n 20 a0 =' /;0 
'0 

Details of Jhe derivation can be found in.Appendix B. 

" 

" 

\, 

(55) 

form: 

(56) 

/ 

(57) 

To evaluate the surface pressure from the velocity field, 

a gimilar method to that of Jenson (1959) was used, except tne 

physical P4Pperties were allowed to vary with the radial and 'angular, , 

positions. With this, method the stagnation pressure, Po, (at 0=0°) 

was evaluated first by integrating the r-component of the Navier-

Stokes equation slong the forward axis of symmetry. The surface 

, - , 

pressûre distribution was then foynd by integrating the 0-component 

of the flow equation along the surface of the sphere between 0=00 

l "-

/ 
" 

and 0=0. This is briefly described below with.further details to be. 

found in Appendix B. 

r~component : 

\ 
3p/ar le_o • f (v , v

0
, p, ~) r -

r'" ?~ 

, po .\, { ap/~rI0.0 dr .,! ap/azle_o dz '" 

J 

(58) 

(59) 

\ 

, 

, 

\ 

1 
1 
1 
l' 

, 
:, 
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Substit'ution of Equation 
-, ~-\ 

(5,8), in:, (59) gave, in4imen-

~' 1 
\ 

'" sionless variables: 

" , 
, <,' 

zen , f~l 
J {8/Re.T~~jd0 - 2/3 'd'iJ.v/az + 

, 
= 

o 

"-
• x/T dT/dZ\V.~/3 - dvr /az/3)] 

21T v dV /dZ} dz 
r r 

(60) 

In a siml1ar manner, the dimension1ess surface pressure can be ex-
" 

pressed AS: 

pee) 
1 \ e 

Po + 4T
x

/Re l'aZ;/é)z + 1; + r,:x/T.é)Tla~) de (61) 
() '0 of < 

= 

t. J- li 
Equation (60) was integrated numer~callyjalo~g fhe axis. 

r 

The derivatives were e~aluated by central- and fo~~rd-difference . 

'methods. Sîmpson' s rule was used for approximating, the integrals. 

The pressures at the surfftce mesh points were found by successive 
, r l, > 

.) . 
integration of~Equation (61), ustng the 1rapezoidal rule. • 

rd r.~ 

EVALUATiON OF THE NUSSELT NUMBER 

1. 
·-u· 

The local Nusse1t numb~,r can be found by esti~a~ing' the 

l' 

r rate"bf heat transfer ta a point at the surface of the sphere, thus: 
, ; 

qr .. -k aT/ar (62) 

qr .. h ÂT / (63) 

h(e) - ,(~/6T aT/ar) 1 r-R (64) 

• 

The Nusselt number was based on bulk gas, conditions. Therefore, 

D 1 

, 

.'! . 

1 



. 
l , 

o 

\ .( 

II 

:1 
" 

1 

( 

, 
J 

Nu(0) 
ft, 

From Equ\atiQn (64): 1 

Nu(E» 
.-

1 • , 

Nu(e) = 

, /, 

h(0} 
. , 

.-
1 

81 

D/k . "'. 

.( 

1/ (T ... - TB) D 3T/ar 

f 
~ 

( 

" t 
(' • l..; 

fi 

" 

1 
/ 

(65) 

(66) 

(67) 

To calculate the overall Nusselt num .. bet';yNu(0) is averaged 

over the entire surface, (: 
.1 
1; 

11. • V 71 
{JNu(9}' 2nR sine R d01/U2nR 2 sine de) (68) ~, 

\ 0 11 0 

\ 
• 

) 

1/2 1 Nu (e) sine drt , l' or Nu • (69) , 

r " 

Q / 

(? 

aT / aï was evaluated numer1cally at' every mesh 
~­

point at the 
,ç 

,surface. Thé overall Nusse1t number w~s obtained by 
l , 

numerical in-

tegration of Equation (69), using Simpson' s rule. 

REsutTS AND DISCUSSION 

1 (~I' ti~1 

" 1 t 1s pèrhaps useful to, keep 1n mind at 'this 

objective, oL this an~lysis wal to obtain predictions 

point that the 
~ 

of the heat 
, 

transfer rate, as expresBed by the NUB.selt number, under conditions 
f 

" , 
of variable properties of the flow. These predictions are presented 

in the next section. 
l ' 

In, the course of the numerical computations, 
1 

however. a number of lïte~mediate res~l ts were, obtained concerni'ng 

i 
certain parameter!;l, of the flow around the spherp which will he 

\ 
\ 

\ 

{ , 

l' 
~ .. 

" , 

'.' 
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L 
~ 

presented first ~ These results are extremely interesting, since 

$1. 
they provide an insight as to the eompleK phenome~a oceurring during 

the partièular situation studied in this investigation. A detaUed, 
/ 
1 

quantitative dis('ussion of the se phenomena is, howev,er. beyond the 

scope of this thesis. The discussion will therefore be limited to 

a qualitative consideration of the major aspects of the numeriealo 
l 

results. 

" 

, , 
In the discussion that follows. reSults obta1ned under 

isothermal conditions (constant-property flow) will be presented and 

comp~rdison will be made '~h the results obtained under conditions 

of ~ncreasing departure from isot~ermal conditions. as the temperature 

difference between the free stream and the sphere surface iricreases. 

In tQis comparison, it will be u~eful to visualize that the free 
1 

stream conditions ,remain constant for a given Reynolds number, and 
/ 
l , • 

the inereasing tempersture di fference as expressed by the value of 

1 
T 0 is br/ht upon by a decreasing sphere surface temperature. In 

other'wrdS. while T" decrease., th. free stream temper.ture, 

kinematic viscosity and velocity remain constant, thus facil1tatiig .; 
the interpretàtion of the observed trends. 

Flow Eield J 
\ 

The surface vorticity distributions for O.I<Re",<50 and 0.25 

<To<LO are shown in Figures 2 to 7. At low "Reynolds lnllmbers ~he 

surface vorticity distribution exhibits a fore-and-aft symmetry with 

a maximum vatue at the equator. (0-90°). As the Reynolds number , 

.. 

1 , ' 

" 
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1 FIGURE'3 

EFFECT OF SURFACE TEMPERATURE ON 

SURFACE VORTICITY DISTRIBUTION 
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FIGURE 5 
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EFFECT OF SURFACE TEMPERATURE ON 

SURFACE VORTICITY DISTRIBUTION 
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FIGURE 6 

EFFECT OF SURFACE T~ERATURE ON 

SURFACE,VORTICITY DISTRIBUTION 
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inCrC<.lRCR. the ve] ocity gradients, near the surface beoome steeper, 

)('[)ding t(l nn incrl'[)se in the vprti('it"'y of the flow in this region. 
" 

_ ' 0 

~1ort'ov('r. the fore-and-aft symmetr·y is lost and the point of maximum 

vorticity moves up closer ta the front stagnation point. This i8 

caused by the increase in the inertia forces in the boundary layer 

so that at high enough Reynolds numbers the flo~ can no longer 

follow the contour of the body and separation ~ccurs. Flow separa­
I 

tian leaves a region of reeirculating flow behind the sphere. The 
, ' 

veloeity gradient,s near' the surface in this wake region are negative 
...... ~ "r 

, " 
since th~ ~lnw is in the direction opposite ta the main flow. Con-

Re~uently. the 8urfare vorticity in the recirculating vortex is a1so 

negative. Separation thus takes p~ce at the point where the surface 

vorticity i5 equa1 ta ~ero.~ration points at different Reynolds 
,....- \ 

;' numbers were d~rom Figures 5 to 7 ;nd are listed in Table 

, III.~dary of th~ vortex is defined by the streamline ~=o. 
, ~ , . 
~ The length of the vortex is then the distance at which this stre~mline 

~ intersects ~he axis of symmetry. The variations of the vortex length, 

expressed as the ratio Llo, with the Reynolds numbei'''and To are listed 

/ 

in Table IV. 

It can be observed from Figur~s 2 to ~ and Tables III and IV 
1 

that the decrease in the s~ere surface temperature hod little effect 

Ion the overall trends of the flow. ~ ". / 
~t a specifie Reynolds ~ûrnber • 

. ~ 
the maximum ~alue of the 'surface vorticity occurred at the same angle, 

1 

at aIl To values. Flow separation point and vortex size were a1so 

ooly marginally affected by the decrease in the surface temperature. 
1 

! 
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TABLE I~ 

1 

VORTEX LENGTH. L/~ 

! ' 

Tl) ... 0.75 To 

.. , 

0.02 

0.20 

0.54 

Il 
, 

'7 

-, 

J \ / 

- 0.50 To • 0.25 

0.03 0.03 

0.21- 0.22' 
, 

0.55 0.52 
f 

(, 

" 
,f 

/,1 
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The actual vorticity values, however, became very mu~h higher as To 
Il 

decreased. actually increasing exponentially with a decrease in Ta. 
~ 

This i$ attributed to higher velocities and hence steeper velocity 

, " 

~'" '" -gradients near the surface caused by a dec.rease -in the fluid vis-
1 

'eôsity. lt is certainly the most striking feature of the vorticity 

ca lculat ions. 

Figures 8 and 9 compare the separat~on angle and vortex 

lengths obtained in this study for constanL-property~low with ex-
, r 

perlmeutal and theoret~cal results reported in the literature. Very 

good agreement i8 indicated. lt was not possible to present a 

similar comparison for the v~riable-property case, due to the un-

availability of pertinent data. 

Figures 10 to 15 show the streamlin~s~nd vorticity contours 
./ 

i 
, / 

for constant-propert'y,--f1ow and 
1 • 

the variable-property case at To = 
'-:... / 

for Re = O.Yrro-~nd 50. 0.25 Here again, the general shape of the 

. flow fit:!ld did not' -c,hange significan,tly with departure from isother-

mal conditions. The streamlilles, however. moved closer as the surface 

temperature was reduced. This was partly ~aused by an il1crease in 

the fluld d~nsity clccompanied witgAittIë' 'change' 'in' the velocity, and 
~ .. ~T~ ~ 

partly due to lower viSC~~i1:Y"~hiCh was the main r~ason for higher 

velocities nElI,u"the' surface. For the same reasons, the recirculation 
( , 

, in the wake was mu ch faster for colder sphere surfaces while the actual 

size of the vortex was approxim~tely the sarne as for thé constant-

property case. The presence ,of low vis~osity, higher density and 

, ~ 

"velocity near the surface, as that experienced in the variable-

, 

r 
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FIGURE 8 

EFFECT OF REYNOLDS NUMBER ON SEPARATION ANGLE, 0s~ 

FOR CONSTANT-PROPERTY FLOW 
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FIGURE 10 
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FIGURE 12 

STR~i'NES FOR 

CONSTANT- AND VARIABLE PROPERTY-FLOWS 
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jproperty case. should effect a much 'earlier separation.' This. 

however, 'Was not the case due to the complex interaction between the - , 
1 

steep velQcity, temperature and property 'gradients near the surface. 

A, detailed disco'ssion of these, phenomena fs beyond the scope of this 

thesis. 

Te~l?erature Field and Local Nusselt Numbers 

l ' 

The temperature fields for constant-property flows and 

variable-property flows at T o .. 0.25 ate shown in Figùres 16 to 18, 

for 3~ = 0.1, 10 and 50. Figures 19 to 24 are plots of the local 

Nusselt number distributions along the sphere surface for a11 the 

cases studied. AH of the Nusselt nurnbers were evaluated at free-

-:- stream condi'tions (same!..,) to aHow compar~son between diffet'ent 

surface temperature conditions.' 
, 
'-! ' '~ ~,,"\~::- ~ 

the, sJJ~face temperature affeé-~è'd 

and no,ti the genera~ pat tero ,of the 

Once again, the change in 

the level of the t.emperature only 

temperature field. The variàble-property flCXi isotherms moved closer 

to each ot~r as the / ~~rface _temperature was ~ecr-easedP>' re~u1ting i~ 

higher temPtfature gradients at tl]e surface than in the con$tant;­

property case ~/ This increase in the t~mperature gradient ~ . however, ,/ 
1 t., 1 

did not r 8u1t in higher heat transfer rates, 01: Nusselt numbers 

igures 19 to 24) dnce the decrease of the surface temperature 
1 

/ was accompanied by a similar reduction in the thermal condu~tivity 

of ttle, gas near the sut'face. 
\ ' " -,, 

/ 

.~ 

". , 

, . 

1 t 
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.' FIGURE 16 

TEMPERATURE FIELDS FOR 

CONSTANT- AND VARIABLE-PROPERTY FLOWS 

AT To = 0.25 
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FIGURE 17 
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FIGURE 18 

TIMPERATURE FIELDS FOR 

CONSTANT- AND VARIABLE-PROPERTY FLOWS 

AT To - 0.25 

" 

. 
\ 

;. ' 
-~-

RE - 50 

\ " 

o. •••• - , -=:::::-

(f . 



o 

• 

VARIABLE -'PROPERTY 
FLOW 

To ·O.25 

/ 

CONSTANT-PROPERTY 
FLOW 

10 .0.25 

JJ 

FLOW ISOTHERMS 

REoo = 50 0-:995 

0.9 

O. 

0.995 

r-, ....... 

• 

" .I,{ 

î', 

'.fl 



, / 
105 

" 

( J 

\ 

.-

r 

/ 
1 

FIGURE- 19 

EFFEeT OF SURFAèE TEMPERATURE 
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ON LOCAL NUSSELT HUMBER DISTRIBUTION 
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FIGURE 20 

EFFECT OF SURFACE TEMPERATURE 

ON LOCAL NUSSELT NUMBER DISTRIBUTION 
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FIGURE 21 

EFFECT OF SURFACE TEMPERATURE 

ON LOCAL NUSSELT HUMBER DISTRIBUTION 
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FIGURE 22 

l'FleT OF SURFACE TEMPERATURE 

ON LOCAL NUSSELT NUMBER DISTRIBUTION 
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FIGURE 23 

EFFECT OF SURFACE TEMPERATURE 
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ON LOCAL NUSSELT NUMBER DISTRIBUifON 
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FIGURE 24 

EFFÉCT OF'SURFACE TEMPERATURE 
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ON LOCAl{ NUSSELT NUMBER DISTRIBUTION \ 
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Surface Pressure Distribution 

Figures 25 ta 30 show the surface pressure distributions for 

aIl of the cases studied. It can he observed that at low\Reynolds 

numbers (Re<l) the effect of decreasing the surface temperature was 

a lowering in the value of the front stagnation pressure,~. On 

the other hand, for intermediate values of the Reynolds number this 

V Ifnfluence was rever~ed and ~ attained higher values at lower surface 

temperatures. Equation (60) ca~be re-written in the fo11owing 

1 

-1-
simplified form: 

\ 

Po = inertfa term + S/Re [vis cous term1 

~ 
As the surface temperature is lowered, the density of the 

fluid increases, resulting in higher inertial! forces. On the other 

hand, lower surface temperature reduces viscous forces by reducing 

flui~ viscosity near the sphere. At low Reynolds n~ber the viscoUB 

forces are predominating and by reducihg them ~ front stagnation 

pressure is a1so reduced. However, at higher Reynolds numbers, the 

inertia forces gain i~ortance, leading to higher ~ values at lower 

temperatures. -
1 In Figure 31 the values of the front stagnation pressure for 

constant-property flow were plot~ed versu, the Reynolds number. A 

very good agreement between the present results and the results of 

others can be ohserved-

Figures 25 to 30 iJdicate that for all\the Reynolds numbers 

-
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FIGURE 25 

EFFECT OF SURFACE TEMPERATURE 

ON SURFACE PRESSURE DISTRIBUTION 
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FIGURE 26 

EFFECT OF SURFACE TEMPERATURE 

ON SURFACE PRESSURE DISTRIBUTION 
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FIGURE 27 

EFFECT OF SURFACE TEMPERA TURE 

ON SURFACE PRESSURE DISTRIBUTION 
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FIGURE 28 

EFFECT OF SURFACE TEMPERATURE 
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O~ SURFACE PRESSURE DISTRIBUTION 
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FIGURE 31 

, VARIATION 'OF FRONT STAGNATION PRESSURE 

-WITH THE REYNOLDS NUMBER 

FOR CONSTANT-PROPERTY FLOW 
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and To>0.5 the effect of varying fluid properties on the surface 

..... pressure distribution was not very mar~d. However. at To = 0.25 

the s~rface pressure gradient ~p/d0 became Iess steêp.~nd at Re>20 

its"direction changed from negative to positive. Consequently, the 
1 1 

surface pressure increased with ~ leading to p(n»po. The explana-

tion for this phenomenon can be ded_ueed from the Navier-Stokes equa-
'\ ., 

tion. At the sphere surface. the inertia) forces are equai to zero 

because of the no-slip condition. Hence, the chauge in the momentum 

transfer by viscous forces is balanced by an equal change in the 

pressure force. The rate of momentum ga~n by viscous trânsfer in 

the 0 direction at the sphere surface is proportional to a/az(-~çr). 
1 

For constant property flow, the visco~ity i8 constant and the change 

in momentum transfer is positive sinee açr/az is negative. Con-

,.1 
sequently. the change in the pressure force i8 negative. However. 

f 

(' 1 ~ 

when the viseosity is also changing with radial position, the overa!l 

change in momentum transfer can be either negative or positive. , 

depending on the relative magnitude of the Vi8cosity and velocity 

gradients. 

From a purely physical point of view,'it must be admitted 
'\ 

'" that the behaviour at To = 0.25 i~ highly anomalous. The increase 

in s~rface pressure at Re>20 predicted by the riumerical analysis 
~ . , 

i8 extremely difficult to reconcile with the classical phYBical~ 
) 1 

visualization of boundary lay~~, flow. Flow without separation in 

the presence of Buch large positive pressure gradients could only be ~ 1 
1 

1 

sustained if the boundary layer were turbulent; the 'transition / 
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occurring in the frontal region of the sphere. A turbulent boundary 
~' 

layer would al~o account for the very low total drag coefficients. 

reportcd in the next section, ~lnder these conditions. lt must be 

e~phasized. ho~ever, that the numerical analysis was entirely based 
• 

on laminar flow considerations. The solutions would, therefore, be 

invalid if turbulence were present. Nor c\n the analysis preJict 

th~ onset of turbulence. The interpretation must. therefore, be 

strictly based on the momentum transfer considerations mentioned 

above. 

Drag Coefficients 

The values of the friction. pressure and total drag co-

efficients are listed in ITables V t~ VII. S~nce the friction drag 

is directly proportional to the vis~osity and inversely proportional 
~ 

~ 
, 

to xhe Reynolds number, it decreased monot~nically wi~ increaèing 

Re and decreasing To • The pressure drag is a result of differences 

in the pressure over the sphere surface'and ls, thèrefore, directly 

related to the shape of the pressure distribution curve. As was , 

discussed eariier, for-To>Ô.5 the effect of decreasing To on p(e) 

\ 

was small and consequently the variation of fop with To is also small. , 

At To = 0.25, however, the shape of pee) vs. e curves was .drasticall~ 

changed and ~ence the pressure drag coefficients were significantly 

reduced. 

1 
The constant-property drag coefficients obtained in th~s 

study are compared in Figure 32 vith experimental and theoretical 
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J.~\ TABLE V 
t , 

C- I 
• < .. 

.1 r 

\ 

FRICTION DRAG COEFFICIENTS 

'\ 

" 
. . __ . 

, , 

Re 
1 

To :a 1.0 To .. 0 . .75 To - 0.50 To = 0.25 

-. ' , 
; ~:~; 
'" ,r~' , 

h'r , , 

b.1 '168.4 148.1 129.2 103.8 ",:~ 
~. 

1o.r.' . 

1 18.45 16.56 14.63 , 12.42 

. '\ 
.(\ 

4-
10 2.96 2.69 2.46 2.19 

r -. " " 
f' 20 1.07 1.65 1.52 1.37 

.\ -~~ .:a. 
." 

'1 t, ,. 

r 
30 1.35 1.26 1.16 1.04 

" 50 0.96 0.90 0.84 • 0.77 " 
t! '-

" 

~ • b 

' .... 

) 
; , 

"-

• (' 1 
o • 

>, 4 
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TABLE VI 

PRESSURE DRAG COEFFICIENTS 

Re 
! Ir. 

To • 1.0 To • 0.50 To - 0.75 

--" ,. 
t- 0.1 82.3 87.7 85.0 

1 9.04 ,,9.90 9.70 
:-, 

t 
10 1.63 1.77 1.\89 

20 1. 79 1.18 1.21 

30 0.86 0.95 0.93 
'\ 

---50 0.67 0.72 0.66 
t 

. < 

r 

.... 
" ~ .. ;. 

"1 

.. 

~---~~--~--~~-~ 

To • 0.25 

38.0 

~.90 

• 
0.33 

-0.61 

-1.04 

-1.52 

." J 
~\ 

~' 

l 

'" 

, 
\ 

, \ 

'. 

, , 
, " 
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TABLE VII 

TOTAL DRAG COEFFICIENTS 

To = ;1.0 Ta :: 0.75 1'0 - 0.50 To = 0.25 

-~ 
1 

0.1 250.6 235.8 214.1 146.2 ~ 

'l . ..---- t,lf' 
l" 

1" 27.49 26.46 24.~ 15.32 

10 
, 
~.59 It.46 ' 4.36 2.52 

--
20 2.86 2.83 . 2.73 0.76 

,. 
.. 

\ '30 "'. 2.21 1..21 ,2.10 d.007 \ 
"':;---...". 1 ,) 

p 

/ 
~. 

50 1.62 >;. 1.62· 1.50 ' -.075 , 
( 

8 

K / 

\ .. 

" 
" , 

() r 

\ 
~ 1 .. 

", 

" ~ 
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FIGURE 32 

1 

\ 
\ 

- VARIATION OF FRICTION, PRESSURE AND TOTAL DRAG COEFFICIENTS 
( , 

WITH THE REYNOLDS NUMBER FOR CONSTANT-PROPERTY FLOW 

'~. . 
,( 

. / 

.,. 
.' 

o 1 

\ . 

.. 

f 



r 

'ô 

\ 
, ; 

t 
\ 

( ) 

. t 

, . 

o 

4 

t­
Z 3 w 

.(3 
Li: 
IJ... 
W 
o 
o 
~ 
<[ 
a:: o 

o 

o 
\g 
\ 
6 
\ 
\0 
fo 
\0' 
,G 
\ .. 

\~ 
.~ 

\ 

o PRESENT 

Il WOO (1970) 

o 
o 

LeCLAIR et al (1970) 
. 1 

DENNIS a WALKER (1971) 

o ROOS a WILLMARTH ( 1971), 
e:XPERIMENTAL ' 

'Q 
\. 

BEARD a PRUPPACHER (1969). 

EMPIRICAL EQUATION 

'~ CD 
• j 

',~ 0 
....... 

........ Q 1" 

. ''&<--0. ........ 

10' 20 30' 40. so 
,REYNOLD~ NUMBER,' RE 

" 
! 

t -

, 
1 
1 

l 
\ 
1 

, ' .. <; 

, ' 

. ' 
" 

." .. , 
~"i~ ~ 

, , 



, 
\ 
1 

i 

a .. 

0 , 

J 

125 

re~ults of other workers. the present resu1ts are sligbtly higher 
,v.~ " 

than~nst of the rést. This discr p p1ncy i8 possibly due to the 
-.,. 

c]ospr outer boundari~s selected for the present analysis (r :;: 7.4) 
(X) " 

as compar,ed to rlX> = 90 in L~Clair' s (1970) solution. 

1 

CORRELATION OF HEAT TRANSfER RESULTS 
.. 

The values of the overal1.Nusselt number for a11 of ,the 

• 
cases studied are listed in Table VIII. In the following analysis 

a correlation will be derived·fo'r constant-property flow which'will 
1 

then be modified to include the effect of variable properties . . - ,0 , -
,~ 

'èonstant-Property Transfer 

;-': ln Figure 33 the constant-pX:9perty results of' thls study are 

compared with' the theoretical results of Wo6' (1971) and Dennis et,al. 

(1973) and to the experimental equations of Whitaker (197~. Beard 

and Pruppacher (1971) and Ranz and Marshall (1952).' Woo solved 'the' 

goyerning equation~ numerica11y. by ,finite-difference methods ~ while 

Denni$ et al. applied the series truncation method to both of the 
1 

flQW and e~eJgy equations. 

heat tr~s~r are: 

Beard and Pruppacher's equations for 

Re > 2 
... 1/2 Nu oz 0.78 + '0.30'8 Pr 1 / S ~el/ a ~ (70) . 

Re < 2 1/2 Nu =1+0.JOI (pr l/ , RelIa)" (7.1) 
t: ;; 

Whitaker'R correlation for 
~ 

conatant-property flow Is: 
, \ 

/ 

Nu • 2 + (0.4 Re l / 2 + 0.06 Re"/~) Pro,,, (72) 

~ 
J' 

" . ~ ,. & ''1 
1 

.. 
:. , 

-' ," ;, ( . ' ,j~ '""1 \ 

'" 

• 

~ 

. , 
:i 

1 

~,: "!' 
~,J 1·1' 
.~," 

:'ii4r' 
i:-!- ~ ~ 
\" .,. , , 
\1f._~~ 



" .,.... h _ ~ ~ "'M_. - ' _ ........ - .. ... '" ~..-- ~ 

! 
\-, 

\ 
-

126 
1 .~ 1 

( ) - .. 
- ,\ , 

\J. "" 
1 

TAn LE VIn 





, .... - \.,~ 

• 1 ~, ~ 

" • . , , • . 
t 

" 
, 

, '- " 

6 • 
• 

\ ) \ 

" '" .. 

'0 PRESENT WORK ; p, - 0.17~,~.: '. (' . 
~ o ~WOO ( 1911) ; Pr - d. 71 -'. 

, 6 DE~NJS. WALKER a HUDSON (I~7!); P,;0.7' 
1 

5 - RANZ a MARSHALL (1952) ~ Pr-0.17 
l"~ 

/ et: ,.-- WHITAKER (1972); 'r • 0.17 
W - al ---BEARD a PRUPPACHER (I,to; P,-0.17 

, 

~, . .., . , ..... ~ , 

Z " 
~ 

" 

~-
!J } .. 
w .,J.. 

~ 4 \ 

~ J~ 
::> .. 

( .. 
Z 

0 

..:.J • 

..J 
« 

.# ct: w- " >-' 0, 0 .. "'.,b 

\ 

3 

" 

... 1 
0 

\ 

-, ,0.2 0.5 1 2 5 10 '. 20 50 100 
0 

NUMBER REYNOLDS 
1). 0 $~ .. , 

/ 

f, 
1 1 



( 

',' 

0' 
\. 

" 1 

\ 

" 

l,28 

, ~ 

'\ 
( 

'" 
~,.. .. 

and Ranz and Marshall t s is: \ 

Nu - 2 + 0.46 Pr 1 1 3 Re 1/ :a (73) 

Excellent agreement can be observed among the theoreti~al 

results. including those of the present study. The experimental 
., 

correlations. ho~ever, are accurate for only very smalt ranges of , 
the Reynolds number. A new correlaéion will, therefore, be proposed 

~ 

here to fit the numerical results. the general form of the equation 
\ 

will be assumed to be: 

Nu - (74) 

\ ... 

~ilii\ the limiting Nusselt number at Re .J O. 
'T'" '\1" • ..., '" 

For a sphere immersed 

in a constant-property fluici, .!. has the value of 2. ".The exponents 

m and ~ need~ot necessarily be constants. 

~ "lb 

In the present work, only one value of the Prandt1 number 

~as studied, namely, Pr - 0.67. 
. 

Consequent1y, it w~s not possible' 
, , 

~o 1 investigate the effelt·) of the Prandtl number from the results. 
'\ 

However, Hoffman and Ross (1972) solved the Integral boundary-1ayer 

formulation of the energy equation numerica1ly, and pr.posed the fo1-

lowing equation for the e~ponent m: if 

. , 

m - ,1/3~ + 2/3 exp (-0.85 Reo, ait) (75) , 
p"andt~ber This equation was derived for the between 0.7.and 10. 

1 . " .' 

Jquation (75) reduces to the asymptotic values of un1ty at' very sma1l 

Reynolds n~bers and of 1/3, predicted by the boundary layep ~heory,-
. , ' ( ~ 

, r 

'-..... 

.. . 
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at high Reynolds numbers. 

Woo (1970) solved the e":er~v equation for Re be.tween land 

300 and 0.25<l?r.:S. Balied on Equation (74), the exponent ID in the 

range O.5<Pr<2 can be'derived from Wools result~ as: 

m = (76) 

\ 

for 0.2<Re<100~ For' Re<0.,2 t m approaches the value of unit y and at 

high Re (>100) a value of 0.435. Both of Equations (75) and (76) 

will be used to coirelate the ~resent results. Using Equation (75) 
f 

c:he Nusse1t number dependence on Re and Pr was found to. be: 
-or 

<l 

~u = 2 + 0.461 prm Re o ' 5s2 (77) 

" 
1 

U'~ 

and when Equation (76) was used: 

Nu 2 + 0.473 prm ReO' SS2 
$ 

(78) 

lt shoû1d be noted here chat the exponent n 1s constant an~ 
1 

the same in both of the above equations. The'Nusselt numbers ob-
-~ 

tained from lhe~e equaL10ns are compare~ to the results of the 

'< numerical solution in Table IX. Very gaod agreement fs observ~ for 
• 

. , 
\ . 

Re>1. Slnce Woo's results were mpre accurate t Equation (78) will b~, 

'/ the one useù J 1 .. 

Variab1e~operty TransfeT 
# , 

~. 
For the limiting case of the'Reyno1ds number approaching ~erOt 

the ~~s8elt number for a sphere Bubmerged in an Infinite ~n8tant-

. . 

• 
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.. 
property fluid approaches a value of 2, whiGh represents conduction 

hest transfer. This, value, however, devistes from 2 for varlable-

prop,erty fluids due to the variation of the gas co'nductivity with, 

radial distance away from the $phere. 'nle eneigy equation at zero 

Re reduces ta: 

(79) 

or • o (80) 

~ 
where c lS constant. ' Substltuting the relation between k and Tinto 

the above equation and integr~ting between th~ limita of the sphere 

surface and infinlty give in:dimensioqal variables: 

1+x 0 

T 

, 

or in dlmensionless 

-

• 

T1+X _ Rlr (Tl+X\~ T1+X) 
00 / 00 S 

1 

1 
variables: 

i 

" .., 

(81) .. 

(82) 1 - l/r' r:.('l 

Fo~1f - 0.25, T' - 0.5 .ècurs at r' - 1.50 for the constant-
. ~ l f .' 

property case (x - 0) and àt ~' ~yt.29 _for variable-pra~,rty flow 

(x • 0.8). These distances are very s1mi1ar to t~ose shawn ~ Figure , ~ ,6'" 
16 for the isotherms T - 0.5 at Re - 0.1. The expression for the. 

,temperature gradient at the surface at zero Re can be o~tain~d from . Q 1 

Equafion (82), thus: 

.. 
~ 

dT' /dr' • (1 - TA+x)/[(l + x)Tf] (83) 

'" 
This equation shows that as the thermal conductivity becomes 

ï 

-: '1(* .. 
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more dependent on the temperature (x increases), the temperature 

gradient ~t the ~here surfa~e beeomes steeper • 

" 

The overall Nussalt number basad on properties evaluated at 
'\ 

the surface temperature is given by: 

1. lT 

Nuo • hD/ks· R/(T~ - Ts)~~dT/drlr_R sine de (84) 

In dimensionless variables: 

71 

• 1/(1 ~ To ) J dT'/dr'I" 1 sine de o 1 r .-Nuo (85) , 

l , 
Subs,titutlng Equation (83) and l4.ntegrating gives, ~or Re - 0: 

• 2(1 - T01~)/[(1 + x)(l - To) T!] -(86) 
f ' , ' 

. When using4 dimensionless referenee temperature, 1f instead of ~ 

t~ eva1uate the thermal eonductivity, the aboYe equation becomes: 

ainee 

~~ 
~D/kf • 2(1 - To'+X)/[(l + x)(l - To) ~] 

t 
." 

(87) 

As ~ approaches zero, i.e., eonstant-property, the lim1ting Nusselt 

bumber ap~oache8 the value of 2. Equatio. (87) can be re-written'as: 
, • <> "\ 

NUf • 2 ff 
( - . 

,Where~ ,4l f • (1 To'+X)fl(l + x)(l '- To) TX
] 

f 
, 

Equation (J8) for-co~9tant-property transfer cao now be 

modified to include the effect:' ~f variable p:ope~ie8, thua: 
. \t 

>lit • 

], 

(88) 

(89') . 

: r •• " .. 
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In this .e1f~at1Gm the Nusselt numb~er i9 evaluated st t'eference tern-
l " 

peratute .1rk and the Reynolds number' at !r\)~ \ Reference temperatures 

are used to account for changing physical properties in the flow 

field. Sinee the thermal conductivity and the kinematic viscosity 

do not change in the flow fi'eld in exactly the sarne ntanner, nor ia 

their ef fect on the heat transfer process identica1, there is no .J 

justification for presuming that the reference ternperature9 at which 
"A 

Re and Nu are evaluated are t11e same. Obviously, the function, .f, 

should be evàluated at the sarne temperature as Nu. 

1 
From the mnuerieal results it was found that Equation (90) 

gave the best fit when the NU9selt number was evaluated at surfâce~ 

, ' ·1 ! 
temperature ~nd the 'Reynolds number at ~, where 

.. T + 0.19 (T - T ) s 00 s . . .,. (91) 

o ~ ~ 

! . 

The value 0.19 was mainly dependent on the value of the exponent of 1 1 

the Reynolds, n, used. Therefore, th1s reference temperature wasi 
- \ • <,., Q . -

equally appiicab1e to Equation (77). The exponent of the Prandtl 
'} 1 

number in both 6f Equations (77) and (78) was calculated. using Re Q • lP' 

l~ ahould be mentioned h~~:~m:t it w~~ net poaai~le to correl.t. the \ ' .. 

r.sult accurately by us!ng .~. single ref~e.t ... per.tur~ . ., 
O\~ \ 

Fràm Figures 17 and 18 it can be seen tha~ the temperature , 

gradients for variable-property (low are very steep near the surface 
} 

. due' to the increased veiocity in that reglon. In other words, most ' 
" . 

" .r' 

li '" 

l., 

" 
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( 

uf the heat transfer was t~king place in the vicinity of the sphere. 
J" 

- Consequently. surface con~itions have ~ hieher influence on the 

transfer process than the condition in the bulk of the flow. This 

explains why Nu and, Re we1're evqluated at near surface conditions in 
1 

~ 

Equation (90). As a matter of facto at Re = 50 and To = 0.25, the 
, . 

reference temperature, TO' 1• in the front haIt, occurred at a 

distance of only O.OSR awaYofrom the sphere surface. 

A commôn method for accounting for variable-property 

tions is to rnuitiply the heat transfer equation by a property 

raised to· a certain power. This rnethod·was not used in the 

.analYsls for two reasons: (a) the equation does not reduce to tJ~ 

variable-property 11rniting Nusselt number at Re = 0 and (b) there 
1 

,,? 
ls no theoretica1 justification for this property ratio. Ce, . 

, 
CONCLUSIONS 1 

J 

1. Numerlcal solutions have been obtained for the coupled 
) 

mornenturn and ener~ equations· f~r variable~property flow past a 
! ~~ 

sphere. The constant-property solutions were generally in excellent 

agreement with riumerical and experimental results reported,~n the 

Iiteratùre. No juch c~mparr~on was possible fo~ the varia~l~-pro- ~ 

pert y case, due to the unavailability of pertinent data. 

2. Convergence became more difficult as the Reynolds number 
" 

or the tempenature difference was increased. Very low relaxation , ... ';:., 

-coefficient had to ~e used, thus increasing computation time s1gn1-

.. 
-4 

• 
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. \ 

'Ucantly. This limited the present analysis to Re of 50 and di-
5 

mensionlèSs surface temperature to 0~25. 

3. In gèneral, the effect of variable properties was to 

drastically increase the flow velo~ity, vorticity and temperature 

and vorticity gradients nesr the surface. The Nusseit number and 
\ 

the drag coefficients were decreased a~ a result of lower thermal 
~ ~ 

conductivity and viscùsity near the surface. 

4. The flow separation and the size of the vortex were not 
. 

markedly affected by the change in the surface temperature. However, 
~" 

'T 
8S the surface temperature was decreased the surface pressure was 

drastically changed, leaâing in some instances to negative values of 
1": ' 

"" .': _r 
~, 

,; 

the pre~re dr.g,coeffic~ent. 

--, 
5. A general heat transfer correlation has ~een derive~ 'that 

applies equally to constant- ~nd vari~ble~property flows. The varia-
:t 

tions in the fluid properties were accounted for by choosing suitable 
;~} 

, , 

reference temperatures for the kinematic viscosity and thermal con-
, 

ductivity, and by introducing the variable-property lim1tin~ Nusselt 

oNr~ -
where ,.1 -

1 

~ f-o -1 

"Reo.l e .. 

2 fo .+ 0.473 prm R.e 0
'

5Ita 
0'1 • 

~\ (0 
0.78 R ~o~a"5 

eO'19 
, 

(1 - T~+X) 1 [~I +'x) (1 j"Tol , 

UD/vo. te ' 
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/ 
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• 

.. 
The kinematic viscpsity isoeva1uated at TO • IP , where: 

• T + 
s • 0.19 (T .- T ) co _- S 

Use of the mean film temperature resu1ted in errors as 

/ 

high as 20%. The app1icabi1ity of these reference temperatures 

if for gases having. values of'- x other than that ~,f 0.8 wa,* not, 
III 

h~ever, vewified • 

1 . 

. . ' 
6; The change in the drag coefficient due to positive 

.. / 

/ 

pressure gradient over the 8p~era surface cannot be predicted from 

the constant-propertY,situation and, therefore, the use of av,rage 

temperatures to correct for varying prpp~rties tah 1ead to high1y 

erroneous resu1ts. 
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NOMENCLATURE 

.. 
Lattice spacing in z-direction 

Characteristic area, Equation (52) 
a. .". 0 

Constant, ~quation (74) 

La~ti~e s~acing iri 0-directlon 

Constant, Equation (7~) 
• 

èonstant, Equ~'tion (80) , 
total drag coetiftcient 

Friction drag coefficient 

Pressure drag coefficient 

- ,Reat eapadty at constant yolume 

\1 
Heat ,eapadty at constant pressure 

D!ameter of sphere 

Differentia! operator 

1. \ 

, . 

Chat~cteristic kinetic energy term, Equation (52) .. 

(~ 

Arbitrary function of vorticify,defined i~ Equation (31) 
..... ., \> 

Total force acting on a sphere - \ 

" , ' 

Total pressure force acting on a Hphere 

'/ >, - Static pressure force on a sphere 
" 

. Skin friction force acting on a spherè 

Function, defined in Equation (89) . " .. 
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Nu 

P. 
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Pe 

Pr 

Q. 
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R 

r 

Re 

Res 

vortex'leng~h, dimensionâl. ~ 
~ . - . 

Total'numb\r of 'divisions in grid, z:':direction 

" , 
Exponent of Pr~ndtl nqmber,. Equation (74) . 

~ ~\ ~ .... 

':' Total number of divisions in grld, Er-direction 
~ 

- 'EXponent of ReY901ds number, Equation;,p4) 
,J 

Over~ll Nusselt nUlllber, hÎ>/k 

Coeffic,i~nt defined in Equation (40) 

, Press 'ure , C:Ù:mensional 
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Rear stagnation J'ressure, dimensionless 
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Surface pre8~~r~, dimensionless 
o • 
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1 : 

t
randtl number, c Il/k 

1 p 
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/Heat lux 

Radius of sphere 
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Subscripts 

'f 

r 

s 

e 

q, 

co 

0 

Superscript 

Angle, in spherical coordinates 

Stream function 
.g 

Component. of vorti.lty vjftor 

Q 

Evaluated at reference temperature 

in r-direction 
, 

• 

Evaluated at surface conditions, dimenslonal variables only 

In El-direction 

In ,-direction 

Evaluated at free-stream conditions , , 

4' 
Evaluated at surface ~ondi~iont d~ensi~nle~s variables ooly 

Dimensionles8 variable 
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EXPERIMENTAL MEASUREMENTS OF HBAT TRANS FER 
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,- TO A STATIONARY SPHERE IN A PUSM,A JET 
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INTRODUCTIbN 

In most solid-gas plasma processes the rate-controlling step 

appears to be the rate of heat transfer to the individual p&rticles. 

An accurate know~edge of the heat trans,fer rate ia h therefore, nec-

essary for the relia~le design o~ such devices. As was pointed out/ 

in the Literature Review chapter, Most of the studies on heat trans-

i fer to spheres were carrled out at relatively Iow temperatures (less 

. ~ 

than 1 000 K) where variations in the fluid-properties were smali 

and could be accounted for by choosing a reference m~n film tem-
" 

p~ràture. The applicability of the Mean film temperature concept 

to large temper~ure difference has nôt yet been verified. Some 

workers on heat,transfer to cylinders have introduced a temperature 

or property ratio correction factor to account for these variations 

in'the physical properties. The form of the correction employed, 
\ 

however, had no so~nd theoretica1 basis and was cho~en ar~itrari1y 

to merply correlate the experimental resu1ts. 1 

The aim of the work presented in this chapter was to ex-
\ 

.. 
perimentally determine the rates of hest tran,fer ta single sta-

. / . tionary spheres l!1nder conditions where large variations in the 

physical propertiea existed between the sphere surface and the bulk 

. (." of the fluid. The results of these experiments were then compared .. 
14.3 

1 

.. 

/ 

, 
" 

.r 
1 -
t 

" 

, . 

" r'~ 



( ) 

, 
f 

,1 

, 

o 

, , 

... ~. 

. \ 
144 

, . 
with the predictions of the heat transfer 'equation derived in @he 

numer.~cal analysis PJiesented in t~ prev.!~ous , ~~: 

EXPERIMENTAL APPARATUS 

chapter. 
1 

., 

The apparatu: used iri thi~ study consisted of a plasma' 

torch, a test chamber and a sphere support ass~mbly (see Figure 1). 

The confinement of the plasma jet in a test chamber wa~ necessary 

"" to avoid contamination of the plasma gas with entrained air from 
, 1 

the surroundings. The p~esence of air inside the chamber would have 
.... ~ 

led to rapid oxidation and,tarnishing of the metal spectmen and also 
f. 

would have caused changès in the physical properties of the fluid 

surrounding the sphere. 

The P 1asma Torch 

The plasmà was generat'ed in a r!laio-frequency induction 

torch operating at 4.5 MHZ. The induction -torch was preferred to • 

& d.c. jet generator because of the Iower velocities and larger , 

volume plasma produced in the former. The plasma torclj ,m~ufactured 

by TAFA (Concord, N.H.), consisted of a copper heating coil wound 

three/turns around a 40 mm-diam~ter quartz tube. Cold argon gas 

entered the torch from the top, through agas distributor. The gas 

distributor ,allowed the introduction of the gas in three different 

directions: axial, radial and tangential directions. The tangential 

swirl stream serv;ed the pl1rpose of stabilizing ttr~ flow and prevénting 
. l' 

the hot/plasma fire-ball, formed n~at' the axis, h~ reaching the 
, 

inner wailâ of the quartz tube. The induction coil was kept cool by 
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the flow of water in the annulus between the quartz tube and the 

outer Teflon jacket. The ~irculating water helped also in coo1ing 

the quartz tube, the gas distrib;tor and the nozZle. The plasma 

gas, heated up and ionized in the coi! section, left the torch as 

a low velocity jet through a constricting nozz1e, 25 mm in diameter. 

The operating variables of the plasma torch were the power 

input and the gas f10w rate. Power input to the high-vo1tage power 

supply was of the order of 6 K:VA. Only 30-40% of 'this powèr input \ 

did actually go in ~he plasma gas. The rest, lost in the transformer, 

oscillator and induction coil in the form of heat, was carried away 

by the cooling circuit in the power supply. 

, \ 

Separate rot~eters 
.1 

were used to monitor the three modes of gas f10w in the torch. 

During operation, on1y the radiall and tangentia1 flows were kept 

open, while the axial stream was used in place of the radial strea~ 

during start-ups. The ratio of the radial to tangential gas flow 
\~;r ;:~ r ~ , 

rates was adjusted, a~ >each powèr "level, ta give a stable, laminar 

and non-flickering tail-flame. 

The Test Chamber 

The test chamber was attached directly to the bottom of the 

plasma torch, and served the purpose of confining the issuing plasma 

jet. Th~ chamber consisted of a Pyrex glass tube, 150 mm in diameter 
1 

and 250 mm long. It was equipped at both ende with brass flanges, 

20 mm thick. The orifice of the inlet flange was 77 mm in diameter, 

and that of the outlet f1ange 25 mm (the same as the torch nozzle 

\ 
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dia~eter) • The diameter of the inlet orifice was made as wide as 

possible in order to uduce t~ lin~erference of the '-fIange with the 

jet lo a minimumf The bottom outlèt flange had two small openings, 
(\ 1 

located diametrically opposite to each other and 125 mm apart, to 
\ , 

alcommodatè the sphere support legs which passed. through them. 

\ 

The Sphere Assembl.l 

The sphere assembly. consisted of the Metal sphere, two . ' 
vertical support rods and a moving platform. Three different sphere 

sizes were used t 2.2" 3.3 and 5.6 mm in diameter, res,pectively. The .. 
\ 

spheres were accurately machined from high-purity molybdenum rods. 

Molybdenum was selected for ~everal reasoné: (a) high melting point 

(2 833 K). (b) ease of machining i (c) known emissivity (as a pure 
'. . 

metal); j and Most importrntly (d) the high volatility of its oxide • 
. :J 

'" Although great care was taken to avoid the contamination of 

argon with air during th~ opeJation of the to~ch, air still managed 

to diffuse ipsidè the chamber once the torch was switched o~f. The 

presence of oxygen in the chamber while the sphere was still hot, 

\ naturally, 1ed to oxidation and tarnishing of its surface. Purging 

with cold argon after shut-down reduc~d the degree of oxidation by 
. 

forming a blanket of inert atmosphere around the sphere. lt was not 

possib~e, however, to eliminate oxidation completely. Since main-

~aining a very clear surface was essentia1 for the reproducibility 

of the measurements and for accurate estimation Qf the radiation 

losses, it was, therefore, necessary to use a metal that was able 
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, , 
1 

to loee its oxide layer when heated up to high temperatures. The 

elight oxidatio~ of the sphere ~~~ the end.of one run and the sub­

sequent evaporation of the oxide in a following run gave the sphere 

a highly polished surface and free'd it of any roughneBB or scratches 

1 caused during machining. lt was notic~d that the spheres t temperature 
IJ 

had to be raised to above 2 000 K before the surfacê was thoroughly 

clean. 

The spheres were 8upported horizontally by means of a thin 

tungsten wire passing through the axis of the sphere. The diameter , 
of th'e wire was O. 2S Jmm for the,\medium and large spheres and 0.125 

r 
mm for the small sphere. The size and the shape of the hole in ~he 

sphere depended on the method of temperature measurement. When the 

temperature was measured optical1y, the hole was simply a cylindrical 

bore 0.35 ~ in #ameter '(0.22 mm for the small sphere). On the 

other hand, when thermocoup1es<were u~ed, the method of attachment 

was more complicated. as the sphere itself constituted the thermo­

'couple junction. This will be discussed in more detai1 later on. 

The sphere support wire was held in place by two vertical 

stainless steel tubes, 3 'mm in diameter and over 100 mm apart. The 

vide spacing of the support tubes and ,their small size were necessary' 

to reduce Interference with e How. The bottom ends of the tub'es 

fitted snug1y in holes dr!l ed in a thin Plexiglass plate. This 

whole 8s.emb1y was fixed on an adjustable manual jack. Plexig1ass 
) 

wal u.ed to isolate the metal supports, e1ectrically, from the jack. 
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-, 
The S'phere and support were introduced in the chamber 

l , 

through the bottom flange. Their level in the chamber was adjusted 
• ; 1 

by raising or lowering the jack. Four hair-Hnes, painted 90° apart 

on, the' outside 'of t~ glass chamber. were used to align the spheres 
Il 

exaptly on the jet ax:l,s. 

MEASUREHENT TECHNIQUES 

The thre~ variab1.ea needed for calculating the heat transfer 
, 1 

rates, to the sphere were the gas temperature. gas velocity and the 

sp~ere temperature. A review of the experimental methods applicable 

to plasma conditions was presented in the first chapter. The actual 
l , Q 

,measurement techniques used in this study are described below • . 
Gas Temperature Measurements 

Thermocouples were first used to measure the gas temperature. 

Calorimetric._ probes were too bulky and elaborate and preSented no 

red advantage over thermocouples. Spectroscopy was inaccurate "at 
1 

the temperature leveis expected (below 5 000 K). Measur-ements were 

made by ra~sing and Iowering the thermocouple leads in the chamber 
\ 

while making sure that the thermocouple junction retnained at the 

axis of the jet. This method, however, turned out to be highly 

~ 
susceptible to arcing, because of the' large size of the thermocouple 

circuit. Arcing vas found to take place between the plasma gas and 
" 

any conducting object that was placed inside the ch~ber and that was 

large enough to act as a ground. As â result of this problem, the 

use of thermocouples had to be abandoned. 
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! 
An It;:ernative method was used for" the gas temperat~ure 

This ~ethod was based on the same. pdncip1e as the 

the" thermocouple technique, namely, to est;lmate the gas 

tempera ure by mtl8auring the temperature of a amaU obj ect suspended 

A thin tungsten wire, 0.25 nnn in diameter, vas held 
~ 

and perpendicular to the j ef- a;xis by the same' method 

as that of the sphere. The temperature of the vire at, 

(at the jet axis) vas determined with a high-resolution 

Heat lasses from the wire by conquct1on and 

tion cause a temperature difference betwéen the wire and the 

The magnitude of this difference depends largely on the wire 

di eter and emiBsivity, and incrsases vith increasing wire diameter. , r 

ection for these losses introduces, an element of uncertainty in 
, , 

1 .. " 

the determination of the gas temperature and i) was ther,efore 

de irab;~ ta use a wire of as amall a diametér" as possib'le in order 

to r~duce the relatiye effect of such poS'sible errors. One problem 

w s hovever enco~ntered vhèn a ama11er wire (0.125 l1DII in, d1ameter) 

Jas used" ~nd that' ~as the dif ficulty of focuaing on the wire. To 
{. , 

facilitate a good compgr1son between the pyrometer filament and the 
, , 

8~àller wÙ-e., a l~ns .. of higher magnificat ion (and nar\~wer' depth of 

field) was required. 
l 

, ' This reducUon ,~n the depth of field made 

focusingvery difficult "and sensitive to slight movement of the 

instrument. 
• 1 

The inaccuracies caused by ill-focusing more than over· 

~ 

shadowed the benefit gafned by ,the use of the 0.125 mm wire and 
0' '\ 

therefore measurements vere Umited to the 0.25 mm wire. 
1 \ 
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1 

Since tungsten 'ages with the period it i8 kept hot (around 

2 000 K). the surface characteristics and eépecially the emissivlty 

~ " 
~of a nev vire are not the S8me as that of a used one. For tbis 

reason the first few runs with a new wire alwsys indicated higher 
~ 

temperatures on the wire. These runs vere discarded since the 
CI 

emissivity values reported in the aiterature were obtained mostly 

with aged tungsten specimens. Wires had tp be replaced regularly to 

avoid reduction in their diameter caused by'slight oxidation losses 

at the end of the runs. Tungsten. like,molybdenum. forms volatile 

oxldes that leave the surface when the vire is brougnt up to the 

test temperatures. 

Gas· Ve1oc1ty Messurements ~-' 

The axial ve10city of the jet was measured by means of to al 

pressure and static pressure probes. The probes were not cooled,so 

as to keep their size (and Interference vith the flow) down'to a 

minimum. 
N

' 

' 

The probes, thereforé, had to be made out of a high melting 

point material. The probes consisted of two parts, a 65
0

mm long 
( 

/molybdenum tip and a 400 mm long stain1ess steel stem. The lower 

portion of th~,tip fitted tight1y inside the stainless steel tube. 

Mo1yb~enum tubes vere not avallable at the time. The probes were 

round-nosed. 3.2 mm in diameter vith a 1.6 mm 1ns~de bore. This vas 

• the smallest practical sizei as amaller probes tended to melt becauee 

of 'ï~er radiatian, and conduction 10e8'8 from the tlp. The taps on 

the stati~ pressure ptobe cODaisted of four holes, 0.5 mm in diameter, 
( ',/ -'., 

bored 90: apart and normal ta the wall of the probe. Th~ae taps vere 
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located 26 1lIIl down fTam the close? 'nase. The temperature 'oi t~ 

nose was measured with an optical pyrometer. Total and st~~ . 
\ ""'~~-../ 

pressures vere measuTed in aeparate runs by means of a capacitance-

type differential pressute transducer. The tran~ducer was able ta 

indicate pressure differencea as low as 10-5 mm Hg. One tap of the 

transducer vas kept open to the atmosphere. Th~ probes w~re intro-
. 

duced from the bottom of the chamber and were aligned vertically .. 

along the axis of the jet. The lower end of the probe was attached 

to a Plexiglass platform. The platform was moved up'and down by 

means of the manual jack. A flexible plastic tubing connected the 

lower ends-of ~he probes to the pressure transducer. 

Sphere T!!perature Measurement 

The temperature of solid. in the ra~~ between 1 500 and 

3 000 Kt can be measured by two methods: thermocouples or optical 

pyrometry. Thermocouples' cannat be.used in the hot regions of a' 

plasma generated by high voltage, bécause of areing. 

In optical pyrometry, the brightness t~mperature of an 

o~ject. at a certain vavelength, is compared ta that of a reference 

tungsten filament. The current passing through the,tungsten filament 

gives a direct measure of the power input to the filament and., 

therefore. of its temperature. Special narrow-band filtera are used 
1 

,to allow the compariaon of the temperatures to ,be made at a sinlle 
; 

wavelength only/ Auxi11ary filters can a1so be ualed to ~ttenuate 
... _'" " 1 J ~ J 

theOradiation'coming fr9m the ob~ect. Theae filters exte~d the / > . 
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upper limit of the pyrometer vithout excessively over-heating the 

" 
tungsten filament. To obtain'an accurate comparison of brightness 

between the filament and the object surface, the object size must be 

several (approximately five) tlmes larger than the filament diameter. 

To facilitate this, a high-resolution pyrometer (Pyro Micro-Optical 

Pyrometer, The Pyrometer Instrument Co. Ine •• Northvale, N.J.) was 

used. The pyrometer was supplied with six interchangeable objective 

lenses that permitted measur~ents to be made at distances varying , 
\ 

from 120 mm to infinit~ with object sizes as small ~s 0.1 mm. 

The spheres' tèmperatures were measured by foeusing the pyro-

meter filament on the equator portion of the spheres. lt was noticed 

that the sphere temperature went through cyclic variation, mainly 

caused by cyclic cbafiges in the flow conditions. The period of the se 
\ 

fluctuations wfs of the arder' of 10 secOrds. Larger objects tended 

to dampen·this effect, which ~as very pronounced in the wire tempera­

ture measurements. In order ta ob tain 'an average value of the" 

temperature, the filament current was 80 adjustéd that the filament 

was darker and brighter than the sphere for equal lengths of time. 
, ' 

Thermocouple Arrangement 

/. 

Bare ·thermocouples were used to measure the gas temperature. 

The thermocouple !eads were held hor1zontally by two separate supports. 

The two wlres formed a_cro~~ and the point of intersection was th~ 

thermocouple junction. This method of forming tbe junction was 

preferred over conventionsl arc weld1ng for severa! reaaona. The 
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on1y thermocouple materials that are able to withstand the high 
.. 

temperature of the plas~ are tungsten and tungstJ\t-rhenium alloysr' -
~ ::l". 

These thermocouples are very britt1e and 'r~adi1~~oxidizable at high 

" 
temperatures. Consequent1y, it was very diffieu1t to form a bead 

junction with a sta~dard arc we1ded and if formed, the junction was 
\ 

very weak and did not last very long;, Another important drawback 
, )1 

of s~ch a junction was the diffieulty i~ characterizing the bead. 

The exact shape and size of the junction be~ was<not reproducible 
~;"r 

and was hard ta measure. Furthermorè, the emissivity was dependent 
l ' _ -

on the (degree of tarnishing of the surface inherent in the welding 

process. As a resu1t of these uncertainties, it wou1d have been 

difficu1t to ca1cu1ate the radiation losses or to estimate the 
1 1 {~ 

convective and conductive heat transfer rates to the ju~ction. 

In the thermocouple assemb1y, one énd of each lead was 

attached ta 6ne 1eg of the support, via an electrica11y insulàting 

mul1ite rod; the other end was passed tbrough tbin mullite tubes .. . 
~dF""t:" .. 
/ - \ 

placed inside the stem of the stainless steel support. The mullite 

<tubes were used ta insu1ate the leads electrically from the supports. 

The thermocouple 1eads were connected ta a battery-operated millivolt . -
chart recorder. A high-frequency c~t-off fUter was placed in the 

1 

1 

• 

circuit ta prevent the radio-frequency noise, produced in the heating', . . 
coi1. from reaching the recorder. 

,-
To measure the temperature of tbe sphere, the two thermo­

coupie 1eads were passed tbrougb tbe mullite insu1ating tubes inside 

of the support legs. The 1eads were then attaehed direct1y to the 
\ 

" . 

. ( 

" 

" 
1 
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sphere. In other words, the sphere ttBelf formed the junction and 

was held ln place by the thermocouple leads. A dlagram of the 

cross-section of the sphere is shown in Figure 2. The wir,s passed 

through small grooves ln the 8crew. Part of the screw was not 

threaded in order to lock, the screw in place, flush wlth the sphere 

surface. Great care was taken to ensure that the two leads did not 

touch each other directly. The wires'-temperature being higher than 

that of the sphere; this direct contact would have caused the thermo-
, v c-

~couple to indicate values that dld ~~'truly represent the actual 
. ~ ".-'- ~ ... 

temperature of the sphere. The~crew arr~gement gave,a much better 
(--- .. 

contact between the wires and the sph~re, than by merely placing the 
, 
junction inside a hole in the sphere. 

Arcing 

The high voltage used to generate the plasma causes the gas , . 

inside the torch to reach a fairly high electric potential, of the 

order of several kilovolts. This potential decays rapldly as the 

gas moves awa~ from the torch exit. When this gas comes in contact 
1 
1 

wlth a grounded abject. or with an object large enough to act as a 

ground, discharge between the gas and the abject-takes place. The 

higher tRe temperature of the gas, the easier it fs to form a con-
1 • 

ductive path between the abject and the hlgh potential regions of 
1 

the gaa - in the plaama core. Arcing causes over-heating at the 

pointa of disc~rge, leading in some instances to etching of the 

surface. This ls highly undesirable in a heat transfer study as 

heat ia tranaferred to the object by an additional mechanism that 
..... ~ 
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?, 
,~ 

cannat be accounted for'quantitavely. Also, the damage caused to 

-'t~:' surface aIters its radiativ:e propertie~ • .,Jfurthermore, if the 

solid constitutes a part of an electric circuit, for example when 

using a thermocouple, arcing causes electric interference and noise 
1 

many times larger than the actual signal carrled. 

-
It should be noted, at this point, that the problem of arclng 

was not restrict~d to the thermocouple measurements only, but was 

a1so encountered when the temperatures were mea8ured by optical 
1 

pyrometry. This keant that even with the absence of the recorder, 

the system was still large enough to induce arcing. 

One way of preventlng arc~ng Was to malntain the object at 

a potential leve! comparable ta that ~f the gas. To bring up the 

sphere assembly ta the plasma potential, a water-coole~ probe, 6.3 

,mID in diameter, was introduced inside the plasma core, along the 

axis of the heating coil, as shown in Figure 3. Copper wire connected 

this probe, electrically, ta aIl of the metallic objects that were to 

be brought in contact with the plasma gas. When thermocouples were' 

used, grounding of the assembly was avoided by using a battery-

operated chart recorder. The whole system was then floated at the 

probe potential by 
1 

cooled probe. The 

connecting t~ recorder chassis ta the water­

support and the negative lead of the thermocouple 

were also connected ta the prpbe. 

The thermocouple measurements were successfully employed in 

the lower sections of the test chamber, as arcing WaS eliminated 
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completely by the àbove-described method. However, it seemed that 
! "' 

the potential attained by the probe was not exactly that. of the gàs. 
. . 

1 This dtfference in potentials manifested iuelf by sustained arcing 

in the upper sections of the chmnber. An: attempt was made to brirlg 

-the thermocouple a8sembly to the gas potential by connecting it to 

the nozzle or the ground lead of the ind~ction coil. These attemps, 

hOfever, were even less successful in reducing arcing • 

. 
When the optical pytometer was used, the probe method worked 

only when the object was several centtmeters 1way from the nozzle. 

With closer objects,' arcing persisted. The reason for this was the 

large size of the aSgembly. To overcome this problem, the sphere 

was i901ated from the support by means of ~ mullite rods fixed 

to the top e~s" ... of the stainless steel tubes. ~e 8phe~e and 1ts 

support wire we~e, hence, allowed to float electrically in the plasma 

gas. As a result of the reduced object size, arcing did not take 

. place. However, the sphere support and the bottom flange still had 

to be connected to the probe to avoid arcing. 

\ 

Although only the sphere a88embly was discusse( ~bovet the 

problems and the solutions vere'equally applicable to the case of 

<fi \ the vire tempera,ture meaaurements. 

EXPERIMENTAL PROCEDURE 

t 1 

Four different conditions of plasma power and gas flow rates 
\ , ' 

~were studied. WRen selecting the pl,sma conditions, careful con-

sideration vas given tothe stability and the laminar behaviour o~ 
,* 1 

',' 
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1 • 

the ,let. The presence Ol t~ confining chamber tended tto cause 

a cyc1ic eccentric rotation of the jet. This instability vas eli-

minated by adjusting the ra~io of the'sWirl to radial components of 

tJe gas stream to the torcha The operating variables of the four 

Plisma conditions are listed in,Table l. 

'''''ror each :Of the above conditions, the total and static pres-, 
'~r- , 

sures, vire tempeta~Yre and the three spheres' temperatures vere 

measured at points along the axis of the jet. Each of these measure­

ments vere r'epeated several Itimes ta ensure reproducibility. For 

temperature measurements, the sphere (or vire) was raised to the 

highest position in the chamber and then the ~emperatures vere 
l '1 \ 

~~e'termined at discrete positions vith the spe imen moving downwards. 

This was done in order to remove the oxide la er at,the highest 

temperature possible. Moreover, w~th the spe imen movirtg downwards 

o~ly~ slighJ tarnishing of the surface that mi ht have taken place 

\ at' lower positions did not affect higher points' measurements. Be.fore 

th~ end of e.~h run, the specimens ~ •• raisedlto the hi8he~t position 

in\~hamber and were purg~d vith cold argon after shut-clown to 
l ,~) , 1 1 

Ire1 _ the extent of oxidation. The reprodUcib1ility of different runs, 

un~er identical conditions, vas very sensitive ~o the,metal surface 

con~itions. 

EXPERIMENTAL RESULTS 

Sphere and Wire Temperatures 

Pyrometer ammeter readings are pre-calibrated with an NBS 

, 
1 
J 

l 

t 

l '.~ , 
t', 
l, ~ '. .. , 
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TABLE 1 

~ . 
_t~ 1~! 
~~fo-

PLASMA ;~~RATING CONDIJIONS 

PLA1E CURRENT PLÀTE VOLTAGE GAS FLOW. 
AMP KV SW1RL t GIS 

" 

.' 1.50 3.25 0.289 
1 

1.55 3.35 0.325 
," 

1.65 3.45 0.325 

1~70 3.55 0.2S? 

'. 
:' 

• 

\/" 

.. ,II 

, < 

/~ 

GAS FLOW. 
RADIAL. GiS ',' .: 

,i; 
1-
''1'; 

, \ ~ . ~ 
".11 

<> 

0.578 , 

0.723 

0.506 

0.434 

'. 
v 



.: 
\ 
1 

() 

, 

162 f 

- J 
standard light source ta indicate the temperature of a black body 

that has the same brightness as the tungsten filameqt. when a 
Il , 

specifie d.c~ çurrent 18 passed thr0lit the 'l~tter. Calibration i8 

carried out at a single wavelength. usually 0.65 micron. Radiat~on 

from real bodies and, consequent1y. their brightness temperature are 
,) 

both Iower than tho8e from a black body. When the temperature of a 
,1 

rea! body is measured ~ith an optical pyrometer, the value indlcated 

by the ammeter Is, therefore, less than the actusl surface tempera-

ture of the obj~ct. 

The spectral radiance'from a black body can,be de8cribed 

by Plançk Distribution Law [Branstet ter (1966)]: • 
.,' 

" 

'.,.' '"", il 

N)..,b :: 2 1f c 2 h -).-5 / (ech/)..KT - 1) (1) 

or simplified to: 

= (2) 

.;1."'_' .J 

'. l'At short wavelengths and/or Iow temperatures" the":"Çtien approximatian 

can be u~~~" thus. 

~ 

~.~ - " (3) 
, , \ 

At the wavelength of the pyr01l1eter filter (0.65 micron) and surface 1/ 

te~pera~ures of less than 3 500 K, the e~rO~ inc~rred by this approx­

imation i8 less than l,~, for a constapt radiance flu~. The spectral , 

emlssivlty.of a real "body 1B defined as: 

(4) 
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and, therefore, th~pectral radiance from a r~al bo~ can ba wrltten -

as: 

,F 

(5) 

and approximately: 

1 
• (6) 

An op~ical pyrometer compares ~pectral radiance from a real 
-..1 

surface to that from th~ filament and, benc~, the tempe rature in-
\ 

dicated by the meter ia that of a black body having the 
\ ..., t) 

s,ame radiance 

'as the object: ~ terme of Pl~anck' e equation: 1 
ç-

, t, <: 

N~.b • 

by Equation (6), 

lIT 

"') 
- '_"\ 1 

, " (7) ) 
,- ! 

.. 

~ "J __ .- ! 

the value"of N~ b is equal to the value of N
À 

given 
~ 

Thè substitution of Equation (6) into (7) ~ives:, , 

• (8) 

. The value of .Qa. ia 14.38 mm K. Equation (8) can be uaed ta 
-

correct for pyrometer readings. ~ knowledge of the variation of the 

spectral em1ssivity of the surface la necessary for the pyrometer 
1 

coq8ction. 

\ ' 
The two meta1s used in th1s study. namely, molybdenum- and 

tungsten, ~ere of high purity and ~~eir surfa~es were maintai~ed 

c1ean and, polished t+OUg~out the ex~,èrimenta. This meant that it 

was possible to uS8,em1ssivity values reported in the literature 
l" 

é 

f 

-.' 
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without inttoducing significant uncertainties in final corrected 

temperatu~e. The spectral emissivity values ,for tungsten were taken 

f~om Kova1ev (1970), Latyev (1969) and Sadykov (1965); for molybdenum. 

Makarenko's (1970) resu1ts were used. Correction plots were ma~e, 

with the use of the spectral emissivity data, ta transform Equation 
\ 

(8) into a direct relation between !'~nd fb' Figures 4 to 19 show 

the variation of the true wire and spheres' temperatures with axial 

position in the chamber, for the four plasma conditions investigated. 

lt can be seen from these figures that the reprodu~ibility of the 

plasma conditions was excellent, sinee the points, shown in e8ch of .' 
these figures represent data obtained from at least three separate 

~uns. 

Pressure tube Analysis 

'i . . ' 
The results of the static and total pressure measure~ents,~' 

for the four plasma conditions, are shawn in Figures 20 to 23. To 
o \ , 

transfonn these measurementS"'Inco,aetual gas velocities, a relation .' , 

be~wéen the stagnation pressure and t~e·free-stream velocity and 
~~ , 

physica1 properties is required. 

• f 

For isothermal, high Reynolds number flowa, the pitot tube 

equ~tion, as derived from Bernoulli's equation, is: 

u "0 (9) 

This equati~n is obtained by assuming potential flow~ where the,effect 

of viscosity is neglected. At lov Reynolds numbers and/or ~on-iso-

r, .. 
o! "f, 

• '.' 

, ,1 
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FIGURE 4 \ . 

VARIATION OF 0.25 mm \IlIRE TEMPERATURE 

WITH DISTANCE FROM NOZZLE EXIT 
) 

(ÇONDITION 1) 
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FIGURE 5 

VARIATION OF 2.2 mm SPHERE TEMPERATURE 

WITH DISTANCE FROM NOZZLE EXIT 

(CONDI rI ON 1) 
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FIGURE 6 

VARIATION OF 3.3 mm SPHERE TEMPERÀTURE 
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FIGURE 7 
\ 

VARIATION OF 5.6 mm SPHERE TEMPERATgRE 

WITH DISTANCE FROM NOZZLE EXIT 

(CONDITION 1) 
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FIGURE a 

VARIATION OF 0.25 mm WIRE TEMPERATURE 
• 

WITH DISTANCE FROM NOfZLE EXIT 

(CONDITION II) 
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FIGURE 9 
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FIGURE 10 

VARIATION OF 3.3 mm SPHERE TEMPERATURE 

WITH DISTANCE FROM NOZZLR EXIT -- , 

(CONDITION II) 
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FIGURE 11 
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VARIATIO~ OF 5.6 mm SPHERE TEMPERATURE, 

1 WITH DISTANCE FROM NOZZLE EXIT 

(CONDITION II) 
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FIGURE 12' 

VARIATION OF ,0.25 mm WIRE TEMPERATURE 

WITH DISTANCE FROM NOZZLE EXIT 

(CONDITION III) 
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FIGURE 13 

VARIATION OF 2.2 mm SPHERE TEMPERATURE 

WITH DISTANCE FROM NOZZLE EXIT 

(CONDITION III) 
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FIGURE 14 

VARIATION OF 3.3 mm SPHERE TEMPERATURE 

WITH DISTANCE FROM NOZZLE EXIT 
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I,IGURE 15 l, 

VARIATION OF 5.6 mm SPHERE TEMPERATURE 

\ WI'fH DISTANC~ FROM NOZZLE EXIT 
1 

(CONDITION III) 
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FIGURE 16 

o VARIATION OF 0.25 mm WIRE TEMPERATURE, 

WITH DISTANCE FROM NOZZLE EXIT 
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FIGURE 18 ----
VARIATION OF 3,:3 mm SPHERE. TEMPERATURE 

// 

WITH DisTANCE FROM NOZZLE EXIT 

\ (CONDITION IV) 
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~ARIJ\V .. <?!J __ ~ ~~eE-HERE T~PERATURE 

WITH~TS!~CE FROM NO~ZLE EXIT 

(CQ!Il!TION IV) 
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FIGURE 20 ------ )­

VARIATION OF TOTAL AND STATIC PRESSURE 

WITH DISTANCE FROM NOZZLE EXIT 
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FIGURE 21 
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yAI~I~T_ION _ OF TOTAL AND STA'1'lC PRESSURE 

wrTH DISTANCE FROM ,NOZZLE EXIT 

. ' \ 

'. '--,t 
.' 

1 



. 
l 

\ \ 

• 1 ., ' 

, ' ,'",,1 

1 

l ' 
i ' 
r ( 

Î. 

t 
l , 
1 

\-

\ 

. / 
1 

\ 

lai 
IX 
::;) 
Cf) 
Cf) 
lai 

/ IX 
\ Q. 

\ 

0 

\ 

;:J, 

\ 

-, aW/N 'gNI0\13~ 3~nSS3~d 

\ 

\ . 

. -r-
/ 

1 
/ 
1 

1 

/ 
/ 

u 

~ 
~ 
(1) 

'.j""-' 

",. 

"8 

0 en 

0 E co 
E' . .. 

0 .... -t-- X 
W 

w· 
0 ..J 
CD N 

1 N 
0 
Z 

0 
ln :e 

0 
Q:: 

0 'LI. 

V LLJ 

,0 

b 
", 

o 
N 

o -

0 
z 
~ en -0 

, 

, 

d 

,i 

'" .. ' 



() 

\ 

l ' 

.. 
\ 

\ 

j . 

.. 183 

\ 

\ 

\ 

\ 

FJGURE~22 

VARIATION OF TOTAL AND STATIe PRESSURE ---------
WITH DISTANCE FROM NOZZLE EXIT 
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( COND ru ON III) 
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• thermal condition. Equation (9) modifies to: 

(P - P ) / (p U'n) 
t 00 ~ 00 

(10) 

The value of ~ depends on the Reynolds nu~er of the pressur~ probe 1 
an~ on the flow and temperature conditions upstream1 from the probe. 

Chue (1975) reviewed experimental calibrations and theoretical solu- • 

tions for round- and square-nosed pitot tubes at l~w Reynolds number~ 
1 ,',' "( 

He roncluded that ior the low Reynolds number~~ange. corrections 
\ 1 

~ 

based on theoretical solutions were quite adequate for hêmisphericsl-
~- \ 

nose prob~sj~ il'\r~spe(ltive of theÏr orific.e size"pnovided it lay in 
"'f!'./ ":"...... . • .. 

the rang~~~.2<d/D<0.74. !, 

,,1'1 ' 
The surface pressure distribution, o~e~ a sphere at d~fferent 

.r \ \~. 

Reynolds nujbers and temperature co~ditions h~s been calculated by 

the aut'hor by solving the momentum 'ànd energy eq'lations simur- . 

• 
taneously. ~etails of these solutions were presented in the' Numer-

La .. 

ieal Analysie chapter of this ,thesis. For a hemispherical-nose ' 

probe, the pressure distributiod at the nose ~ ~ssu~ed 

same as that around the leading half of a sphere, under 
l , 

to be the 

similar / 

thermal and dynamic conditions. It was at first thought that ln-
, 1 

tegration oJ this distribution over an area equivalent 'to the probe 
( 

bore size ~uld give the average stagnation pressure on 

probe, for that p~icuiar flow condition, thus: ~ 
1 

• 0 
= [ J P(0) s~n0 d,El] 1 (1 - ,cos0t> 

o 

the impaét 
\ 

. 
(11) 

,If only the axial component of the pressure i8' take!l t .whlle ' 
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1 1 
d~opping out the radial componen~ because it docs not act on the 

column of ~as inside the impact tube, Equation (11) modifies to: 
\ 1 

. El 
C = [ f P(0) sinO rose dO ] (1 eos0 1 ) (12) 
p 

o ':l, . / 
the ferieal 

/ 
/ 

Results of integrations of Etluations (ll) and 
( . 

(12) , using the Tr1!jezoidal Rule, are Hsted in Table U. The 
l , 

pressure distributions were those obtained for cortstant-property 

~w. These results indicate that the value of C drops well below 
....P. 

unUy, 

mental 

at Reynolds numbers as low as 30. On the ether hand, experi­, 
calibrations of pitot tubes reported in the literature [Chue-

(1975)] give mueh higher values than the ones obtained byeither 
,( 1 ~'" 

• ,.. ~~r..., , ~ \ 

Equation (11) pr (12). T Y a1sr! show no tendency for C to go below 

\ 
A '---P.' 

, ~,~ , 

~ :::::~m .::::.w::::r:.: w.st:::8C:n:':n::::~:et:::::~h::t5:~· In 

" 

conclusion, it can be that the averagini procedu\e gives 

-erroneous va~s of ~. 
, .; 

1) , 

Comparison of the pressure at the f~ontal sta~tion point, 

for constant~property flow, with experimental C values from the 
...:e " 

'1() r. 

1iterature shows reasonable agreément. This trend ls not expected 

ta be different for non-isotherma1 f10ws sinee the pressure dis-· 

tribution over the front half of the sphere, in a variable-property 
, 

flow, ls very similar to that,for isothermal flow, provided that 
1 ~ 

the sphere temperature Is not much lower than one half the value of-, 
o 

the gas temperature. In th~s~ork. therefore, the numerical results 
'-\ 

~ 

obtained the frontAl st~nation pressbre will be used to evaluate 
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TABLE II 

" i 

"­pipaT TUBE PRE~SURE COEFFICIENTS 

" 

Equation (11) 
To = 1.00 

1.589 

1.199 

1.058 

. - .. 0.936 
" 

• 

• 

, 

C Average p 

t 

Equation (12) 
To = 1.00 

1.486 

1.123 
! 

0.993 

O.S77, 

1 

'( 

. 
, 

, 

Eq,uation (11) 
To =, 0.50 

1.643 

1.245 

1.092' 
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'" , 
y 

0 

\ 
C . This confirma 
J 

Chue's findings that theoretical càlibration 1 

of pitot tubes is independent of the orifice siz~. Figure 24 

shows the variation of ~ with the temperature ratio, at several 

Re~olds numbers. 

To de termine the flow conditions around the probe, the 

. , 

temper~tùre of the probe tip must be known. This was measured with 

the optical pyrometer. the variation of the tip temperature with 

axial distance from the nozz1e, for the four plasma conditions, is ~: ," 
~. 

shown in Figure 25. A knowledge of the gas temperature is a1so 

necessary. This is discussed in the fol1owing section. 

Gas Temperature Correction 

As sFated earlier, the temperature of a wire finite size, 
1 

immersed in a hot gas, i~ a1ways lower than tne actual temperature 

of the gas, owing to radiation and conduction losses. To evaluate 

the magnitude of this difference, a heat balance is made on the , 

wire, thus: 

+ + (13) 

or (wDd1) h (T - T ) + (wDd1/2) & 1 a aT~ 1 
w g w p ssma w p ssma • 

(14) 

Equation (14) can be simp1ified to: 

, 

'''\ . 
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FIGURE 24 
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ErFEeT OF REYNOLDS NUM~ND TEMPERATURi·RATIO ON 
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FIGURE 2S 

VARIATION OF PRESSURE PROBE TIP TEMPERATURE 

, 1 WITH DISTANCE FROM NOZZLE EXIT 
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. 
average plasma gas temperature over a depth of 100 œm near the coil 

region, then the radiation receivedlby the wire from the gas is less 

than 0.5% of the total convective tTansfer. No effect of viewing 

angle was included in this ca1culation. With the presence of the 

water-cooled probe along the axis of the torch, average plasma 

temperature is not expected to be over 6 000 K in that vioinity. 
1 > 

Furthermore, the presence of the probe blocked the view for direct 

radiation to the wire Bt positions further down from the nOlzle, 
, 

and, therefore, the relative effect of radiation vas still 1oeigni-

licant even though the convective transfer rates were lover at these Il 

points. Consequently, Equation' (15)' simplifies to: 

T 
g 

• e: a TI, 1 h + T....> w w W ml 
~ 

(l6) 

To evaluate T , the convective heat transferlfatee to thln 
-& ~ 

wires must be ~own, for conditions where an appreci.ble temperature 
;.. 

difference between the wire and the gas exists. Beat transfer to 

cylinders was discussed in the Literature Review chapter. Some of 

the more reliable results were those reported by Col1is and Williams 

(1969). However, their experiments were carried out on heat transfer 

from a Rot wire to a colder gas and the applicability of their re­
l' 

sults to the reverse situation has not baan verified. on tha other 
~. ", 

hand, Woo (1970) obta~ned numerical reBultà for local and ovarall 

Nusselt numbers around infinite cylindere in~tha Raynolds number 

range of 2 to 175. His results will DOW he modified to includa the 

affect of variable fluid prop~ties. ' Woo'~ relults for heat transfer 

iD,air in the range 2<Re<40 ca be eorralated by th. folloving 

... . ' ~ 
l~r rtf~:''''· 

"'-",,; 

\ 

J 

, , 
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\ 

4/D h (T - T ) + 2/D El" a aT"l ". w g w p a~ w p asma 

4/D € aT~ - d/dl(k dT/dl) 
w w w (1S) 

In Equation (14) on1y the top part of the wire WBB assumed 

to he suhjected to plasma radiation. Curvature effects were not ~ 

included. \. 
The temperature gradient along the wire near its mid-section 

fs proportionai to the radial temperature gradient in'the jet. If 
Il " \ 

the jet temperature profile near the axis is fIat then the tempera-

ture gradient in the wire will he very close ta zero, and conduction 

losses from the wire at this poin~ will he insignificant. On the 

other hand, neglecting conduction losses when the gas temperature 

gradient ia appreciahle, will lead to an un4ereatimate of the axial 

gas temperature. This underestimate Is direct1y proportions1 to 

the gas temperatur~ gradie~t. Sinee spheres of finite sizts were 

~sed in th~s study, then the average temperature of the gas sur-

rounding the sphere was not exact1y the temperature at the axis but 

a sligh,tly lower value, due to .'the radial temperature gradient in the 

jet ',~ The difference between this average value and the axial tem­

perature is also directly proportional ta the temperature gradient. 

Consequently, errors introduced hy neglecting conduction in the vire 

when a radial temperature gradient exista are balanced by the 

averaging;effect of the finite sphere size. 

~. 

Moskvin (1968) reported some emissivity values for argon in 

:the tempetature range betweeo 6 OOO~and 12 000 K. AasUlldng an 

~ 
~. 
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equation: 

Nu = O~2496 + 0.5817 Reo. 455 

\ 

"" 

1 

l' (17) 

Also for ~ir. Collis and Williams' experimen~ally-derived 

equation ~an be written as: 

0.24 + 0.56 Reo' 45 

m 
(l8) 

tt can be seen that the exponent on the Reynolds number is approxi-

mately the same in the two correlations. 

ln the numerirai ànalysis presented in the preceding chapter, 

the constant-property heat transfer equation to a sphere was found 

to he of the following form: 
" 

\ 

(19) 

This equation was later modified to includè the ~ffect af variable . 
fluid prop~rties, thus: 

m n Nuo • Afo + B Pr Reo• 1IJ (20) 

\ 

where fo .. (1 -' T!+x) 1 [(1 + x) (1 To}T!] (21) 

'" 
and the kinematic viscosity of the gas ia evaluated at To • 1g where 

T '+ 0.19rT - T ) s g 8 
1 

(22),' el 

1 / • Afo is the 1 lmi ti,ng·· Nussei t number at Re = 0, for va~iable-property 
1 

fluida. i2. gives the Nussel.t' number in terms of surface tempe'rature 
1 ' . 
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conditions. 

For cyUnders, the litriiting Nusselt number is indeterminate. 

How~ver; the ratio of the limiting Nusselt numbers for vari~ble- ta 

constant-property flow is still equal to fô. Assuming the effect 

of variable prop~rty i8 similar for spheres and cy1inders, then 

Eq~ation (17), fol variable-property f1uids, becomes: 

.' Nuo .... 
, 

0,2496 fo + 0.5817 ReO: 455 (23) 
o· 1 Il 

The general form of heat transfer correlations for cylinders 

'" is: 

'" Nu (A + BR1n) pr
m 

'[ 1 

1 

= 

m ls between 0.3 and 1/3. 
\ 

T~ conver~ a correlation obtained in 

(24) 

air to one applicable ror argon, the equation,is multipHed by tHe 
-\ ' . " 

a 1 - , 

Prandt1 number ratio to the power~. For argon, Equations (18) and 

(~3) become, respectively: 

l? (T /T') -o· l7 0.47 Reo,,,, Nu = 0.235 + (25) 
m m 00 m 

Nuo • 0.2417 fo + 0.5633 Reo, 4:) (26) 
0'111 

\ 

Both of these equations will be used to e~aluatJ~. and the 
, 

resu1ts witl then'be compared. ' 

The total hemispherical emissivity of tungsten 1s a1so 

required for the evaluation of the gas \temperature from Equation 
1 

SinC'e t)le emissivity varies ~J.~h the temperature, 'the value 

\ . 
\..-,. 

" 
\ 

t" 

\ " 

, 
, 
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.. 
of € used mùst correspond to the actual wire remperature T . 

w J , , , lN 
1 

The values used in tnis work were those g~ven by L?gunov (1969) and 

Sadykov (1965), which agree very weIl with the values reported in' 

• • the International Critica1 Tables (1926). 

b 

The velocity of the gas.must he known ln order to evaluate 

the heat transfer cQeffi~ient. Slnce the ve1ocity, in turn, requires 
li 

a knowledge of the t~mperature. tqen the~e must be found simultane-

ously by an interative method. The~va1ues of tQe wire temperature 

and the stagnation pressure were taken from the smootbed curves of 

the experimenta1 resu1ts, at 5\ mm-interva1$ along the axis, for the 

four"'1flasma conditions. An empirical equation relating C to Re and 
,'--E. -

m 

~ wes derived based on the numerica! resu1ts. Values of the ve10city 

and tem~erature were assumed and then 'inserted in this empirica1 
• 

equati~n t,o. give' a firs,t approximation of the gas velocity. Thb 
f' , ' 

" .J..,~ <l ~' 

.; ve10city was used -in Equation (25) or (26) to find h, from which !a. 

was calcu1at:e,d with, the aid of Eq~ation (16). This procedure 'was 
o 

repéated unti! the difference between two consecutive values of the 

velocity and temperature was ~ess than 0.1% of the absolute value. 

r: was ,~u~tha~ at each poi~t. this protess requirad only thr •• to 
":. -..,. '- . 

four iterations. 

Gas Velocity and Temperature Profiles 

r 
The gas velocity and tempera'iùre profiles calculated from' the 

\ 

\ 
, .. 

stagnation pressure. and wire temperature 'are sho~ in Figures 26 to' 
• 0 Q 

29, for the four conditions of gas flow rate and power input. The 
1 

" . 
~ 

) 
c --. , .. 

., 

• 

" 

, ) 
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FIGURE ah·' 
•• 1 

GAS VELOCITY CALCULArE~ RROM EXPERlMÉNTAL DATA, .-
AS A FUNcrioN OF DIS'TANCE FROM NOZZLE EXIT 

('i' 
l ' 

'(CONDITIONS t" & IV) . 
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F1GURE 27 

G~S'VELOCITY CALCULATED FROM EXPERIMENTAL DATA. 
, \ 

'AS A fUNCTION OF DISTANCE FROM NOZZLE EXIT .. 
(<1.0NDITIONS Il & III)", 
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FIGURE 28 ----'---, 

. , 
~ 

.. i 

" 

Q 

d'AS TEMPE~TURE CALCULATED FROM EXPERIMENTAL ..DATA. 

1 
1 
{, 
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AS A F~ION Of DISTANCE FROM NOZZLE EXIT 

(CONDITIONS 1 & IV) 
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re~ults obtained using ~a~ions (25) and (26) were \ ' 'Î-
exac q.~' the 

ï ,,'). 

game [or the gas velocity and within ~ fract ion of a percent for 'the 

gas temperature. Tables III an~ IV list the temperatures and , 

ve 10d ~ <al cu la' ecl by ,he ,wo _qua' ions. for 'wo ~1asma oper a t ing "" ,< 

condi/ions. This-agreement reconfirms the coneep~qf using' variable-

property 1 tml ting Nllsse 1 t number and the r~ference temperature T~. 111 
1 

ReynOI~S for evaluating the number. 
" 

CA'L~Ul.ATI~ ! . 

HEATI TRANSFER 
J 

\ 

Heat Balance 

A similar heat balance can be written around a sphere as 

·f 
that given for cylinders in Equations (13) and (14), namely: 

" 
h '( nD 2

) (T - T ) + r\' Cl ü (lID~/2)o TI< - "", S g s 'plasma s plasma 1- 1 i 

e: a (nD 2
) T~ + Qcond. (27) 

s s 
~/ ,"«'; , 

" , 

Qcond. cannat be written in an exact form sinee the wire" was .... 
0 

in contact with the sphere at ooly a few discrete poi~s • ~he wire 
.. 

temperature was always high;r than that of the sph~re,at the poirts 

of eontaci. However. due to the relatively sm~ll size of t~e wire 

Incl the small aréa of eontact~ heat transfer by s~nduetibn from the 

wire ta the sphere was as~ed to have insignificant influence on 

the overal! heat transfer p~ocess. ~, 

1 

;. " ... \. 
Ra~~ation from the plasma gas was discussed earlier. For an 

aver.~e ga. t ... per~ure o,~\\ oot 'K '~~eT .' clepth of 100 mm in the, hot 

\ ) 
1 

~ 
\ : 

,/ 
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l' 
l 
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1 
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GAS VELOCITY AND TEMPERATURE PROFILES 

\ ' 

Plasmd Power = 1.5 A x 3.25 KV 

Gas Flow Rate = 0.87 gis 

------ -j- ---_._-----_._-----_.----'----, 
1\0 

_J?quation (26) E uation (25) 
Distance Temperature Ve10city Temperature 

" 
Ve10city 

mm K mis K ,mis ( 
~ ... , 

L 
.... 1 , 

10 4277 9.41 4275 9.41 
~ 

1 ' '. 
20 4218 9.38 ' 4217 9.38 

., 
J 
c 

30 4032 9.24 4035 ç ,9. 24:.,,'~' 
1 

40 3705 8.90 '3713 8.90 
• 

() 

50 3170 8.04 3182 --"18 • 04 
1$ 

1 

60 2632 6.92 2645 6.93 

70 
~ 

2263 5.86 2~74 'Z Q 
t ... "' ..... 

" ~ l' \ 

---------- i ' 

.. 
,'" 

Il 

1 " * 
,;' ~, 

(} 
\ 

;, 

\. ~ 

.. f 'r > .. - ~ ... 'l, 

\ • . " 
-' .. 
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\ 
GAS VELOCITY AND TEMPERATURE PROFILES 

Plasm" Power = 1. 7. ~ x 3.55 KV 

,Gas Flow Rate = 0.72 gis 

---,-----._--_._----_.-

.' 

, ' 

:-__ ~ttuat i(l~_L26 )_-.!_ Equation 
Distance 

mm 
Temperature Velocity 

K mis 
Temperature 

K 

(25) 
Ve10city 

mis 

~--------,------.---;r--------------;-
'I~ 

10 459Q.· 11.43 

, ff 

20 4473 11.25 

30 4322 :1 'lJ.1.00 

40 4103 10.69 

50 .1\ 3830 ~0.24 

'" 
60 3524 9.49 

70 3154 8.40 

,80 2>790 
" 

7.20 

\ , 1 ) ~ -------------_.-

" . 
. l, 

, 
.. (~ 

, . . 

,4581 11.42 

4467 11.24 
\ 

4320 11.00 . 

4105 10.69 

3837 10.25 
1 , 3534 

3167 
\J.lO 

1 / 

/8.40 
v . 

~03 7.20 

L
\~ . . 

-- ----

',... , ~ 

) 

l! 

f: ~ 
). 

~ 

t. 

.-
1 

J 
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• 

... 
rore, radiation from the pl~smu amounted to l~ss thun 0.5% of the 

averall heat transfer rate. 

h s 
= 

This simplifies Equation (27) to:~ "' . 
T ) 

9 

This equation shows the direct influence of the tota~ hem-

f~Pher~~al em'S8ivity.on, the ~lue of the heat tr~5fer coefficient 
"91 ~ 

calculated. 

Assumptions in Experimental ~odel 
~ 

fi, 1. Flow is uniforro and unidirectional along the axis of the 

jet. Velocity and temperature gradients in the gas are not important. 

J ' 

2._Radia~ion from the plasma co~e i5 negligible. 

\ 
3.'No conduction losses through the support. 

.., " 
-4. No turbulence effects,on the hest trans$er process. Tbe 

jet ls aS5umed-to be laminar. 

, 
5. ~atura~1co~vection i5 very Bma!l compared to forced con-

'vection. 

6. ~p~ere temperature i8 uniform over the entire surface • 

• Thise assumptions will be discu~~ed indivtdually. Point 
). l 

(1): in an axisymmetric jet, the only velo~ity~component at the axis 
II! 

19 the ~xialJomponent. Radial and\~n~ular components start to gain ~ 
1 

importanc~.with increa81~g d18tan~e away from the axis. \ . 
1 

• 

Radial tem-

1 
1 

) 

1 

.\ 

'" 

!J 

" 

.r, 

" 
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perature and velocity gradients in,8 jet are,not'very steep near 

the axis. esperially at points cldse to the nozzle'e~it plane.", The 

disturbance raused by the presence of the sphere depends ~n the ratio 

of the sphere diameter to' the nozzle dianfeter, or more specificall~ 

, on' the ratio of their cross-sectional areas. 
1 

In this study, the 
\ 

largest'sphereosize used w~s 5.6 mm and the nozzle diameter was 25.4 
,.. , 

" mm, which amounts to' 5% mfdmum ~l...ockage near ihe nozzle, and much. 
\, ' 

"less as the jet expadds. ~Wit~ ,the largest sphere diameter of 5.6 mm. 

the ~a~imum ~istance the spheres extended to away from the axis was 

• 
less than 3~. ,At this distance it was presumed t~ra'd~al and 1 

, \\ ... Q 

. - oangular components ,of the flow were still ver~ small compared to the 

• 

1(-.,.1' 

axial component. 

Pointh (i) and (3) have already been discussed. Point (4),: 

turbulence in a p.~asma jet was studied by Incropèra and Leppert 
, ~ 

1 ,,< __ .-
(1966), Turbulence was assumed to be a fuilëtion of the jet rloise. ", 

The Reynold's nuînb~r of the jet was eva1uated at bulk gas ~r~perties, 
1 

thus: 

The 

, 
o 

Re 

. ' criteria set for 

,< .~inar 

Transitional 

Turbulent 

4 ID 
~ 

flow 

at 

at 

'at 

fi 

/ 1lD )Jg (29) 
~ 

~., 
' . 

• 
foÜowing: transitioQs were the 

, 
Re < 110 - 250 \ 

110 - 250 < Re < 300~ -' 800 . ' , ,_0 

Re > ,300 - 800 

\ • transition from turbulent t~~ransitional'~as at 300 < Re < 600 and 
• . ~ 

,-

e 

" 

,1 

... 

1 

l 
j 
1 
1 ,-
f 

1 
• \ 
J 

! 
l' 
1 

. 
\'~/'" 
, k 

" 

'(-' ,1\ 

, (; 

., "-.. 

.' > 
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From l"ransitionnl to laminar at 210 .... Re < 250. 

The milximum mass flow rate of argon used in the experiments 
~~ , '", 

of tHe present study was 0:9_g/sec.' Assuming an averàge gas tem-. " 
. 

then the bulk Reynolds number of the jet is: 
1:1 

.. 
Re • = 

This mean~ tnatQthe jeu_~~_ ln the transitional regime. 
" 

However. a surprising result ~s'found by In~ropera and Leppert when 
, ' 

the·Reyn~lds number 'was computed with the viscosity evaluated at the, , 
" 

nozzle wall temperature. t ' In 'al).. the ~ases studied, the R~vnolds 

Y,. 
number for trans~tion to a laminar Jet was approxlmate1y 2 300 •. 

/\ • • ASl;luming a conservative wall temp.erature of 300 K where argon vis-
J 1 

• cosity 18 about .. 2 x l~-'!I N se('im~ 1 the su~face Reynolds numbe,r, of . 

the plasma jet in the pr~sent wor:k becomes: 
~ 

~ ., 
10 .... 5 25~4) 

. 
Re = 4 x 0.9/)11 x1 2.4 x x = 

Q. .... _~ 8"-
1880 f' . 

" - .... "l.s..t:::1 . ' 
This ~eynolds number indicatet positively çhat the jet was 

, 1 

laminar. Moreoyer. Richardson (1965) 'stated th~t at lo~ ~nd moderate 
, '''1 t ~ 1 • 

Reynolds num~er, free stream turbulence does not have ,a ~trorg in~ 

fluenc~ on the heat transfer to c~linders. ,It ca~be saiety assumed 
\ 

that this observation applies equally to heat transfer to spheres. \ 
" 

In conclu~ion, it can be satd that the plàsMa jet was laminar and 
\ 

1 

even if slight turbulence ex:lated, Hs 'effect/on the' h~at trànsfer 0 rt , .- "-
rate'could be ne~lect!d. ~ 

/ 
.... 

, , 

t 

.. : 

" 

b , 

,"il 
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• 

" Point (5): Pe~ (1965) found that for fre4h' convection to Ife 
\\ .. 

negl:l.gib'le. the ratio Gr/Re a must be less than 0.05. :T~is ratio 
.1 p " ~ 

~' 

cao be written as: 

.. 
Gr/Re:l = 

". 

\. . 

;~ 

/ 

= BgDIIT/U 2 
, (30) , 

. . 

For lc;leal gases ~ =,llH. From the ex~erlmental results, the 
. 

te.;perature ,~ifference~ 6T ~ ~as approx~mately ,qua! to: one haH 'of 

the value of tl}e gas emperature. Also, .\ 

.. . 

then 

" . 
\ ~ 

'\ , .. 
D Snnn 

\ 

~ ~, 16~ 

(lIT) x g x S K (T!2)/OO,OOO)} .. 
:-. • • 1 

'... ' ..... . ' #' • 

T ~ 

. .... 

'" • 

'. 
r 

.. 
The value !>f Gr1Re 2 is t-berefore. mlJch less than the Ifmit" ,; 

, .praposed by Pei.· \ ' ',~ ~ . . . 
" 

Point ~6-): '\ othe' copdit.ion for gr~dients .t~ exi'st'within ~he 
q,~ ... \ 

/ -, 

1 sphe~ ,~8 that 
, , 

, . 
The. Biot number 

. 
its Blot number,is hi~ber tban 0.2. 

1 .. 

o' 

ls ··defined. as ~ 

.. 
- hR/ksphere . . ' 

.. 
(31) Bi . , 

' .. -

or , '1" " Bi k /2k • . .. , ,;,~., '\ : 
, ,8 . sphere 
, : 1 r 7' 

ot: th~u8selt number with a sphere' 

• 

A8su~ng a high value- of 

thE! Up'per limit of rt;;"'HOl: n~b~r i~:' 
~ • . l' ; 

temperaFure of 2 SOO'K t 
\ 

" 

\ : " , 
... 

! .' 

, 

'. 
.J 

" . 

. 
Il, ' 

.' 

, 
.t­
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• 1 
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Bi • 

Bi '0.01 

At lower Nusselt numbers and sphere temperatures th~ value 

of the Biot number will be even lees than 0.01. 
CI 

Results ---

Equation (28) was used to calculate the forced-con~ection 

heat tranafer coefficients tOlthè three spheres. The spheres' 
___ -.J 

temperaturis were ;~~~~ fJ6m the smoothed expe~imental curves,. Values 

were taken at interifàJ:s,~~;/-S-tiim. a10n8 the jet axis. The reBults of 
, l', 

these calculatfons are.given in Tables V tp XVI for the four plasma, 

conditions. 

The values of the total hemispherical emissivity of molyb­

denum were taken from the works of Makarenko (1970), Peletskii ani 
o 

Druzhinin (1969) and of Sadykov (1965). 

CORRELATION AND DISCUSSION OF RESULTS , 

The general forro of the heat trana{er equation can be 

expressed 8S: 

Nu • P2) 

In the nomeriea! ana1Y81s ebapter. the momentum and energy 

equations for flow past a sphere were 80lved numerically for constant­

property flow and for cases involving large ~ariationy in the phyaical' ( .\,,.. ~ 

-- ) 

1 

Û 
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TABLE. V 

~O.EQ = 1:'5:) A >t 3.25 KV 

GAS FLOW RATE : O.dI-o" G/5 

SPHtRE OIAMETER -= 2.2 MM \ .. 
\ , 

o~ H TO ~E<o NU REo NUo 
=-- ~ ~ 

\ 
\ 

1.0 183.9 0.526 14.3 ~168 45.3 5.292 
1 

l.5 184 • .3 \0 o. ':>2~ 14.5 3.,192 45.4 5.312 

2.0 181.9 0.530 14.0 3.166 45.7 5.261-
// N 

2.5 181.5 0.536 15.0 3.204 40.C 5.276 Q 
00 

3.0 182.1 0.546 15.6 3.205 46.3 5.333 , 
.3~~ 182.9 0.560 16.4 3.405 ., 46.7 5.415 

4.0 180.5 0.574 17.4 3.478 47.3 5.421 
"-
4.5 184.9 0.605 19.2 .1.789 0\ 7.5 5.66A 

t 
," 5.0 177.3 0.628 zoo. 7 3.858 47.8 5.596 

5.5 172.2 0.660 22.8 4.031 48.3 5.621 

6.0 161.8 0.687 24.7 4.062 48.5 5.4A6 
0 -b.5 144.3 0.706 26.2 3.853 49.0 5.090 

7.0 . 130.9 0.72:3 27.1 3.687 48,!, 7 4.779 r-

:, .. 
,,", 

~/i~~ ...... ~ .... -.. i;!-- : .;.~ ... ~ '"-\' ~ ~~~ :;.";i.~~~- .-.'::J" :1>.-
,,"-i .. ~ •• ~~~~~JFJ_~t:~~~~.::~?~~ ·;r.-~rJ.-:::1~::Jé:.:!Jf~~~ ~ -<-,,~~.~ ""-~ 
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/ 

.. 

G 

PO_ER = 1.50 A X 3.25 KV 

GAS FLOW RATE = 0.870 G/S 

. . 
~ 

/ SPHERE OJAMETER : J.3 MM 

Z H TO 
'" 

1.0 136.9 .... 0.501 

1.5 137.0 0.504 

2.C 135.0 0.505 

2.5 136.2 0.511 

3.0 134.1 0.519 

3.5 135.7 0.533 

4.0 132.6 0.546 

,4.!;J 137.9 0.577 

5.0 . 138.8 0.605 

5.5. 132.1 0.&35 

6.0 122.8 0.661 

6.5 102.6 0.674 

7-.0 75.6 0.672 

/ 
, ' 

/ / 

,,'~~': ... I.~--

TABl,.E VI 

~ 

21.4--

21.7 
/ 

'21.9 

22.5 

23.4 

·24.6 

26. 1 - ~8.R , 
31.1 

34.3 

37.0 

39.3 

40.7 

~r 

--., ---
,..,. 

-.., 

~ 

NU co ~o ~o 

3.537 74.-3 6.146 ""\.~ "-

3.560 74,.5 6.162 
""'-

3.526 75.0 6.0Q5 
1'.) 

3.606 75.2 6.168 0 
\0 

3.629 76.1 6.133 '" ,...., 
.3.787 76.4- '6.262 

3.833 .. 77.6 6.'217-

4.239 77.5 6,.578 -. 
~.529 76.7 6.769 

4.640 77.7 6.676 

4.624 77.9 6.439 
/-

4.109 79.9 5.632 
1 

3.196 83.3 4.393 
1 

" 
1 

'\ , 
~ 

.. ... 
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0-
? 

-, ... 

1"' 
<" 

PO~ER = 1.50 A X 3.25 KV 

GAS FLOW RATE = 0.~70 G/S 

S~HERé OIAMETER ~ 5.6 MM 

z H TO 

;' . 
1.0 94.0 0.470 • 
1.5 93.9 0."72 

2.0 92.4 0.473 

2.5 92.0 0.478 

3.0 92.2 0.487 

.;J.5 92.5 
'/ ' 

0.500 
" 

,4.0 90.8 0.513 

4.5 94.,3 , 0.543 

5.0 94.6 0.570 

5.5 93.2 0.602 

6.0 8.7.5 0.630 

6.5 76.0 ~ 0.646 

7.0 63.0 0.655 

.d 

f , 

T ABL.E V ( 1 

.--

BÉa, NU <X> 

~ 

37.7 4.268 

38.[ 4.290 

38.5 4.240 

39.~ 4.284 
0 

41.1 4.384 

43.3 4,.539 

46.0 4.614 

50.6 5.094 

54;6 5.425 

60.2 5.751 

65.1 5.790 

. 69. 1 5.348 

71.6 4.675 

, ! 

,~<:! 1~;(4"'.r-~-:;r;:i~~~;::~;C':~:~~,::;: ~ 'If -_':"!J~_ ~ ... _~ " .. .:\."- A 

~ . 

---'---~-----

"'" 
". 

, 

~o 

146.5 

146.9 

-14a.O 

148.8 

14-9.8" 

150.6 • 

152.6, 

152.0 

150.3 • 
149.9 

149.5 
~ . 

151.5 

153.3 

>~ 

-... 

w.&, 

7.a06 , 
7.816 

7.717 

7.727 

7.794 

7.898 

--7.866 

8.302 

8.50Q 

8.626 

8.38.1 

7.581" 

6.55'9 

" 

fi 

o 

~ , ' --
"P' 

• 

'~ 

N 

o 

~ 

"" 

/( 
,./L 
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PO _ER = 1. S:S A X i .35 t<. V ' 

GAS 'FLOW RATE ,:: 1.()SO (,/5 

SPHF-RE DIA~ETER = 2.2 M~ 

r z t!. IQ. 

1.0 186.2 0.508 

1 .5 180.1 0.508 ' 

2 ... 0 179.0 0.515 

2.5 174.2 • 0.522 

3.0 171.7 0.533 

3.5 166.2 
, 

0.547' 

4.0 157.6 0.561 

4.5 147.5 0.580 
0 

0~61Z 5.0 146.9 

5.5 145~ 0.650 

b.O 136.1 0.679 

b.S 131.4 0.714 

~ 7.0 120.3 0.743 

... 
~~ 

/,,-" 

~. 

\ 

\ TABLE. 

RE"" 

12.8 

13.0 

13.4 

13.9 

14.5 

L5.8 

17. 1 

IB.6 

21.4 

24.1 

26.2 . 
28.9 

30.9 

j 

o 

-:r- • 

~ 
..: 

~ ~\ 

-~ 

" 

1 NU"" ~ Hl4 

3.064 43.4 5.266 

2.984 43.9 5'.127, 

3.02Q ••• 3 5.132 

~ .99B, 45.0 5.047 r-.:> ..... 
3.045 45.8 

..... 
5.037 

Ar 
3.065 46.9 4.96S' 

3.032 4B.4 4.613 

2.996 50.3 4.635 

3.205 51.8 4.749 

3.455 52.3 4.878 

3.475 
" 52.6 4.738 r 

/ 

3.631 / 52.4 4.755 

3.591 52.7 4 .. 553 

"" ;.. 

... 

Il III fI 4 ,-_' 1 P g Il, l ' t, -"*,,,-' r ~'.~ ,.':".-;,,,,.":::.'~'". 'r' • 1 1 r PUFP 5 7 .. ----.~'"\' ~ .... ,~~,~. • t~:'_ "'..fot~~,=j;~j._!~~,~4..,.~~?:~::J,b:~::':i.~::~" ~~;;L~"i'~'..~~~'"~/~-~""""'~' ~ 
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.1~F":;: ~~:\: . 
o 

POWER = 1.55 A X 3.35 KV 
/ 

GAS FLO., RATE. = 1.050 G/S 

SPHERE Dr AMETER .:: 3.3 MM 

Z H _TO 
:: 

1 ".0 140.0 0.484 

1.5 138.7 0.486 

2.0 139.2 0.494-

2.5 136.7 0.501 
/ 

_J.O 137.d 0.5-14 

.J.5 136.2- 0.530 

4.0 13().1~ 0.544 

4.5 128.3 ~67 
~ 

5.0 126.7 0.~98 

5.5 126.2 0.636 

6.0 120.6 0.668 

" • 6.5 110.0 0.697 

7.0 ICl.1 0.727 

1 

/ 

-'''-, $' 
~ .. ", "--..... 

Q= teIIR Q 

TABLE IX 

; 
/ 

-RE.., NU ... 

19 • .1 3.455 

19.5 3.44 7 4it 

20.2 3.521 

20';9 3.530 

22.1 3.666 

23.8 3.769 

25.7 3.754 

28.3 3.9Q9 

32.1 4.144 

.36.1 /- 4.489 

39.3 4.619 

42';Q 4.558 

46.4- 4.529 

" 

\r 

"lE 0 

8 71.0 

71~3 

71.7 

72.6 

73.3 

74.6 

76.8 

78.5 

81.0 

• 81.5 

81.3 

82.0 

82.3 

"'-

"r-;-"--
".,......., -

-. 

o 

.... 

.. 
• 

t 

NUa s 

../ 
/ 

6~ 
:.t 

6.134 •• 

6.192 
~ 

6.138 

6.242 
N ..... 
N 

6.266 

6.110 

• 6.156 

6.254 .. 
6.447 or 

6.382 

6.082 

5~844· ,. 

~ • • l 

. 
-.: 

~-
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TAI3LE 

" 
" 

"Ô'~_ = 
l' 

1.55,1 A X 3.35 KV 
- , 

uA 5 FLUW ~ATE "-= 1.050 GI'S 

SPHERE OlA~E,TER,,-= 5.6 ~~ 

~~ (> 

... \. z H TO !.lE"" 

1.0 9~.6 0.~53 -~....",. 33.9 
'~ 

1 .5 93.0 0.45-4 .i4'--; 3_ 

2.0 93.5 0.462 35. ~ 

2.5 93.1 0.469 36.7 
/ 

r 3. C 92.5 0.481 38.9 

3.5 93.2 0 .• ~97 ~1.B 

'" 4.0 91.9 0.514 45 .. 1 .. 
4.5 89.2 0.534 49.7 

5.0 88.7 - 0.565 -56.4 

5.5 88.3 0.604 63.4 

----
6.0 81.9 0.632 69.0 

r 

6.5 75.3 0.662 1 _ 75.3 

7.0 69.9 0.b93 81 .5 

..... ,..', ... 

, ' 

~ 

X 

-~ 

...... -

/ 

NU"" 
-r 

4.106 

4.064 

4.156 
--<.:;;~~ 

4.22"'~~. 

4.327 

4.530 

4.659--: 

4.776 

5.100 

5.518 

5.-516 

5.483 

5.502 

- .... 

~~ 

A 

Rf;, 

14C.9 

141.8 

1~2.4 .. 
143.5 

""-. 145.4 
---~-~ 

1~6.q...---"., 

149.6 

153.5 

.J 157.4 

157.4 

157.7 

_--·~~58-.3 

157.7 

~-

--
(, .. 

NUo 

7.73~ 

" 7.641 

7.717 

1.73A 

7.7,74 

7.923 

-~~ 7._939 

" 

~ 
~ 

--- ---7.885 

8.048 

8 *"264 

7.964 

7.626 

7.378 

--.:1----_~ 

~ 

o -
'" 

... 

~ 

"lI 

... 
, ! 

• N -~ w 

.. 

.... 
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TABLE XI 

POwER = I.b~ A X 3.45 KV 

GAS FLOW RATF ;"0.830 G""s 
/ ""'" ' 

SPHERE OIA~ETER = 2.2 MM 

~ 
z H "" TO --- - NU -RE - R~o Nl; _C 

è~ 

fi' 

1.0 195 .. 5 0.504 14.0 .3.150 48.2 5.453 

1~5 195.4 0.507 14.2 3.171 48.3 5.46'5 

2.0 198.6' 0.514 14.6 • 3.268 48.3 
" 

5.56q 

2.5 195.7 '0.519 14.9 3.267 48.7 5.525 

3.0 

,}. !J 

4.0 

4.5 

194.3 0.52'5 

19le9 / 0.533 

18q;1 "'.546 
'" 186.1 .560 

" 
3.29~ 

3~323 

_~. 390 

3.450 

15.3 

15.7 

48.8 5.522 

48.8 __ ~oo 
,9.2 5.4qq 

49.4 5.4A9 

5.0- t81.1 3.494 49.5 5.43q 

5.5 18.3.6 C.604 3.763 4q.3 5.635 

6.0 

b.5 

16B.5y- 0.623 
-: 

15~.4 0.653 

3.663 

3.714 

21.3 

23.3 

50.0 , 5.349 

50.2 5.226 

7.0 147.4 0.678 24.9 3.704 50.'1 5.053 
/ 

7.5 ~ 130.0 0.6Y3 3.446 26.0 " 50.4 4.621 

~~O 116.6 0.707 26.6 3.?50 49.7 4.2SQ 

/ 

>.f 
-; 

2 ~--=- ~~ 

(' 

,-

l 

x 

v 

~ 

...... 

N ..... 
~ 

Q 

),. 

,;. 

~L~,,'-". !! " ,:-ô ;.", P fll.'""""·;",, ·~"'.<h' lPr, " Zl ''! = ·_ ... 5".... -~--~~-
~.~::-: f:: ~ ",' ,4 ~~ ~. _t-.+ '. ~-~ .. ;::r_ :;~ ~.~~ ~~;:.. ' .. !" '1:11.. ~~, 
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0 

~ 

~ 

1 --\-

b~ ~ 

./ 

1(--. v ' ' , 
" 

0' 0 ~ TABLE " X ( 1 • 
<2-

), 

0 

'. 
POWER = 1.6::, A X 3~45 I(V 'Ù 

0 

RAT'E 
; 

GAS FLO" = 0.tJ30 G/S ~~ 

SPHERc:: Of AME"E~ .3,._3_ MM :. 

" 
Z H TO ·0 RE ./ 

NU --co ------OD 
REo >.lU: 

..::: ~ 
è 

~ .: "', 
~ • " 

1.0 142.1 0.477 ?1.0 3.436 
./ 

79.7 6.21: 
" 1.~ 1~ 1,.5 0.-480· 21.9 3.445 i9.-9 6.2Cl 

".2 .0 141.9 0.48b 21.8 3.504' .. ' .r • BO.2 6.245 

. 2.!:> 141.2 0.491 22.4 3.S3p ·80.7 6. 2.4~ r::.( 
-.FI _ 

J 3.0 139.5 0.497 23.0 3-.554 ~O.~ 6. 2:1 ~ 

3.5 1.37.1 0.,504 23.6 - ° 3 • 562 
\>. 

81.0 .6.164 , 
4.0 13C;.6 O. :'20 24."9- ,~.754 

4.!:> ' 140.2 0.535 26.1 '-" 3.8<)8 

80.8 6.337 

80.5 6 •. 4-3.5 '-! 

5.0 139.1 0.551 217.4 ~4.025-, BO.2 6." 53 
,. 

~ 
• ';l) 

~ , 

" 
5.5 138.7 0.578 29.8 4.263 "- 80.1 6.611 -
6 .0 131.8 0.600 32.0 . 

4.29~ 80.3 Q6.4-6~ 
? 0 '/ , 

6.5 125.8 0.631. 34.9 4.425 

7.0 120.7 0.660 37.4 4.54A 

-1.5 104.3 0.673 39.1 "> 4.149 

3.0 ~Q.O 0.682 39.q 3.721 

BO,,1 / 6.400 

79.0 ( 
6.342 

79.8 - 5.699 

79.5 1 5.055 

\ '*' '-
~ 

-"""~ ----
'-J .----' 
• 

_IF n r p [ m ..'- P 7 5 --., 

.' -.Y ,". '! l ... .f' QI 1 - r ,<' fd..~~; "~'I'c; ~ .• ~~~~:"~)., .: 11< WC . r Q"" s 1 ~ ---;-----------

~ ~,.. '.... ";' ~ .... :: .... -... ,t,1~'~~/..:l: .... ·~ ... ,,·: ... :.~~,'T>··~ ..... } : __ 
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-----
POWER = 1.6~ A X 3.4~ K~ 

GAS FLOW RATE = 0.~30 G~S 
SPHtHE OIAMETER :, ~.6 MM 

z H 

1.0 98.0 

1.5 96.9 

Tl' 

0.448 

0.449 

2.6 97.3 oO.~55 

2.5 ~7.0 0.460 

3.C 97.6 0.468 

'.5 96.7 0.475 
~ 

,. .0 96.-J 0.488 

4.5 95.8 0.502 

5.0 92.5 0.515 

5.5 89.8 0.539 

6.0 86.3 0.562 

6.5 83.6 0.-5g3 

7.0 80.9 ,0.623 

7~5 '72.6 0.639 

6.q 63.4 0.{»50 

/ 

" , 

# 

f 
:~ , pr:J 

TABLe XI [ 1 

,-
REm !ill...., B.Eo 

37.0 4.164 f 157.2 

37.4 4.144 157.8 

38.4 4.224 ' 158.3 , 

39.4 4.270 1"59..1 

40.4 4.369 15~.6 

41.4 4.416 158.4 
• 

43.7 'h552 15B.8 

45.8 4.684 158.6 

48.2 4.'i05 159.0 

52.4 4.85Q 159.7 

56.3 4.950 158.9' 

61.4 5.167, 157.0 

65.7 5.358 154.0 
1 

68.6 5.076 153.7 
, 

. 70.2 4.657 152.2 

, 7'" I_~ "I~ _, m n' 5 &. , 

; li, !' ,_',' " , 1,. "',1 ~,,:;u.~=: '''~ ",CJ:,', "_5~"$ J. ,~ "<" -<"" J",: .. I>:". '" ,. _______ 
_ Il Tf R' ,.JI'" fA F :1 '. , "i",//;~~",-,~~~':~,~J~:~~+f:è': '-: .. ~ ." n' ., _____ \ 

,..,-.. 
1-

~ 

~ . -
7.921 

, 

7.860 

7.92R 

7.941 

8.025 

8.013 
.; 

8.077 

8.1:32 

7.996 

7.957 

7.853 

7.844 

7,.823 

~ 
7.263 

6.'571 

,. 

'" 
~ 

/ 
~, 

'-

..... 

N .... 
C\ 

---, 

"-

.., 
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TABLE X.lV 

POwER ,= 1.70 A'X 
, 

3.55 KV 

;;AS FLOw RATE: -= 0.720 G/,S 

3PHERE (>1 AN ET EH = 2.2 MM 

~-

Z H TQ RE wu 
"7 -<JO 

__ =0 

/ 

0 

1.0 209.0 0.514 15.3 3.40., 

1.5 20e.5 0.518 15.5 3.428 

'2. C 206.8 0 .• 522 15.~ 3.440 

2.5 203.9 0.526 ' 16. 1 3.433 
0 

..3.0 200.3 0.531 16.4 3.42..3 

3 .~5 199.1 0.538 17.,0 3.46':l 

4.0 195.9 0.546 17.~ 
6 _ 

3.488 
./ 

./A.S 18-9.6 0.556 18.3 3.470 

5.0 182.8 0.564 18.Q 3.434' 

5.5 177.4 , C .574 19.6 \' 3.432 
\. 

6.1,) 165.0 0';584 20.3 3.30P. 

6.5 lse.s 0.596 21.0 3. 26 9 
7.0 142.9 0.610 

, 
21.6 3.-122 

7.5 1'31.6 0.624 22.5 3.01"1 

8.0 , 124. Fi 0.6·U 23.2 2.996 

---
b ~. 

_', .. Ill!" f, ,J'jilq F ',J,)' J"",=,1:4lJi,~i,~:rF~,,;,-,:3;f.:~:t,'?~:"',i:;~.:,=-~.":i'>:-:'!"" .' T 

REo 

/ 

. , 
50.8 

50.8 

50.9 
'. 

51.1 

5 •• 4. 

51.7 

51.9 

52.7 

53~1' .." 

53.1 

53.5 

5~.2 

53.2 

52.7 

51.6 

J 

.J 

~o 

'5.eco 
5.805 

5.787 

5 0.74,1 

5.6.83 

5.691 , 

5.657 

5.553 

5.430 

,. 347 

5.C8~8 

4.930 

4.636 

"'.395 

4.277 

'-

,/ 

/"""'. 
t_. 
.; 

, ~ 

-" .,.., 

~ 
~ 

.' 

o~ 
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POW~R = 1.70 A X 3.~5 KV 

uA S F _ ('J 111 R A TE = O. 7? C Go / S 

SPHt:HE ~JAMETER = .J.~,"·M'" 

-'=- .!::! Ta 

1 .0 146.1 .. 0.484 

1.S 1~5.4 0.4,87 

2.0 145 • .,- , 0.4-92 

2.5 146.2 - 0.497 

3.0 145.7 0.503 
~ 

.3.5 146.' .. 0.512 

4.0 147.1 0.521 

4,.5 147.5 0.~33 

5.0 145 •• 0.544 

5.5 138.1 0.552 

ô.o- 131.3 0.563 

6.5 12.3.5 0.574 
-

7.0 119.1 0.593" 

7.5 110.5 -0.607 

~.o 101.1 0.622 

.~ 

~ 

r 
~ 

, ~ ~ - ).~ .~ 

, . 

T-AIlLE XV, 

" 

'-

i!É.oo NU"" 

23'.0 .3.573 

23 • .3 3.587 

"23.7" 3.635 

,', 
2'4.1 .J.693 

';;>4.6 3. 73f:' 

25.'4 3.840 

~6.3 3.927 

-27~ 5 4.047 

28.4 4.099 

29.4- 4!009 

' <:50.5 j.94q 

31.5 3.8se 

32.8 3.903 

,33~8 °3.7'q7 

34.8' 3,,,639 

I~ 

l-:~~_ ... ~~'" := 

~~~.~,~~~~~--~--~-------

.' ,--... -
-=:, 

'-

.. 

"y 

\. 

RE,o "'u 0 

84,.q~.: . 6 .. 3A' 

~5,.0 6.376 

64<.9 6.410 

'84~8 ~ 
'" 6.451') 

84.8 6.471 

--84.8 6.500 .. 
84.P 6.613. 

85.2 6.693 

85.2 6.673 

. 85 .. 6 6.450 

85.7 6.252 

85.4 6 .. 01,0 

84.0 5.930 

82.9 ~.658 

61.8 5.323 

., " 

.,. 

'\ 

.,. 

~ . 

N 
,..-
=xl 

\" 

-------
-------

........ 

, 
1· 

...... ~ 

""1 

1 

1. 
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TABLE' XVI . . 

0' 

• PO.wER = 1.70 A X 3.55 t(v 

----GÀS FLOW RATE: = O.1~O G/!, 
~ 

... ... 
'" SPHER: OIAMe:TER =: 5.6 MM 

" 

Cg 

Z 

\ 

1 \0 

H TO q-~ ... NUcx> - " 
5 

'" 
'" 0.454 " 40.4 4.323, .100.0 

RE 0 

" 
~o 

\ 167.4 8.131 

1 ."'!ï. 99.9 ·0.457 : 40.Q 4.331 167.7 8.t04 

2 .0 99.8 0.461 41.6 4.376' 167.6 a.126 

2.5 

3.0 

0.465 l~2.4 4.371 

0.470- 43.3 ~4.. 404 

98.5 

97.7 

'" 168.2 8.0..65 ..... 
-c 

168.4 8.053 
D 

• 
.;S.S 0~478 44.7 4. .504· 98.1 168.6 8.126 

-.. ... 
4.0 96.1 " ·0.485 46.1 4.512 169.5 8.0-4 

4.5 97.0"'., 0.497 4ft.3 4.679 169.7 8.1~1 , 

S.O 94.8 1).506 50.0 4.694' 170.0 8.091 
- • \ "-

S_,? 9l.8 0.518 51 •• 6 4.783 168.7 8.099 

b.O 91.7 , 0.531. 53.6 4.847 167.4 8.042 

5.5 89.4 C.5"5 55.3 4.907 164.9 7.971 

7.0 

7.5 

0.563 ~ 57.6 4.953 

0.580 59'.4 4.882 

86.0 

80.9 

161.8 7.839 • 158.5 7.553 ') 

-IJ • O.' 77.? 0.591 61.1 4.887 154.5 1.380 

-. 
----' ~ 

.r 
.Ji 

" 
,/ 

,. " :>' 

ii' ,,", 

~-C-
... ~ .. ~ 

' ... ~ ~, 

... ~~~,~ ,~" ~~"i' ,\c ." 
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propefties of the fluid. Comparison of the conltant-property 801-

ution with the results of Woo (1970) and Denni. et al. (1973) in-

dicated excellent agreement in the values of the calculated NU8selt 

number., These constant~property resultl can be correlated by the 

followlng equation. with a maximum error ill the Nuase1t nw,ber of 

le8s than 1% in the range lO<Re<100: 

Nu • (33) 

The exponent lOt' the Prandtl n\llber, '., vas detera1necl frOll 
" -

Woo's results. ~ was found to be a function of'the aeynold. nUDher. 

ln the ranges 0.2<Re<100 and 0.2S<Pr<2, ~ can be expr ... ed as: 

111 • O 78 Re-O. lit; 
• (34) 

, with a maximum error of a few percent~. In the'ranae of O.S<Pr<l 

the error ls less than 1%. 

Equation (33) was assumed to apply to-the variable-property 

case provided appropriate reference temperatures are u .. d. The 

constant. 2. in Equation (33) 1s the lim1ting value of the Nus.elt 
( 

number at Re - O. This constant wal modified to include the effect 

of the temperature on the thermal conduc~ivity. by lntesratins the 
~ .,~ t) 

enerIY equation at zero flow. Detail. of "t" derivatian vare ~t.-
, 

aented 1n the numer!cal analy.!e chapter. ! for variable-property 

tranafer'. therefore, beeomes: 

A • . (35) 

) 

_/ 

\ 
\~, 

. .' ';~ 
" , 
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where ff -
Tf 19 the referenee ~~perature et which the NUB,elt number 18 

evaluated. 

(36) 

Using Equation (33) the values of the reference temperaturea 

for the thermal conduct1vity and kinematic viacoaity which gave the 

best representation of the numerical reaults were found for' the 

varla~le-property fluid. The referenee t~pereture for the thermal 
'(....,1ï~,k 

conduetiv1ty was the surface temperàture and ~:for the kinematic 

viaçosity. where: .. 

TO'll • (37) 

In the ranges 10<Re.<SO'end 0.2S<To<lt the error in the 

esttmated Nusselt number when the8e two rafarence temperaturea were 
o 'J 

" , '" used was of the order of one percent. The corresponding range of 
.. r',...1 

Reo"! was between 10 and 265. 

The applicability of Equation (33) to the exp.rimenta! reaulta 
~ 

was tested using four different reference temperatures. The standard 
, , r 

, 
deviation waa calculated for al1 of the pointa. and for the individuel 

spheres. The reference teaperaturea vere: ,(a) free-atr ... t .. perature, 

(b) sphere 'surface temperatufs, (c) aritbaetlc ..an fila t-.peraturs 

and (d) surfaca tempsraturs fol' evaluatiDg tb. tbar.al conduct1vlty 

and la.!..u. for the kin_Uc viacodty. TIla l'ewlU of thea~ telta are, 

preaented ln Table XVII. 

" r' 

It .... be' ..... f_ Table XVII that tha refo,r"\ t_atur •• " 
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TABLE XVll 

InBCT OF REFERENCE TEMPERATURE ON THE 

ACCURACY OF BEAT TRANSFBR BQUATION 

Standard Deviation (% of Nu) Reference 
TempeTatuTe' Overa1l Smal1 Sphere Medium Sphere Large Sphere 

T 
8 

10.98 10.40 9.29 , 12.91 

" 
,T 6.56 m 7.63 5 .. 15 6.55 

. 
Tg 5.06 6.70 4.36 3.48 

i. 
T/To• u 4.99 6.76 ~.31 3.10 

, 
\ 

1. / 

/ 

" 
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T - To. 1 , gave on1y marginal1y better correlation tban T. The use 
s ~ g 

of the mean temperature resulted in less a~eurate resu1ts, while 

large errors were encountered when tHe surface tèmperature was used. 

The reason for this can be found by examining Table XVIII, where" the 

effect of the different referenee temperatures on th~ calculated 
1 

Nusselt number [Equatioq (33}) ie sho~ for selected values of T lT 
, ...!:.J 

and Re..,. The results indicate that "the diJcrepanc}' amon,S the three 
'-

reference tempe ratures bèQOmes apparent only at lov surface tempera-
v 

tures. In the Reyno~4s.numbëT·and,temperature ratio ranges of the 

experimental st~dy (lO<Re <80, 0.4<T IT <0.8), the v~riations in the .. s g . 

calculated Nusselt number' [Equation (33») caused by using the dif-

ferent referenee temperatures are vithln 5% of the abHolute value • 

.li> Variations of this magnitude were within the range of experimental , ' .. 

uneertainty, and thus it was not possible tu de termine the 'best' 

reference temperature using the experimental results only. However, 

the applicability of Ts - TO ' 1 ' reference temperat~res wasfConfirmed, 

for heat transfer to cyli~ders. The hea~,transfer equation derived 
l' 

from numerical results gave results very similar to those reported 

in the literature, when these referenee temperatures were used in 

the former. 

Because of the lnfluen~ of the surface temperatureion the 

limiting NU8seit number, a plot of Nu vs'. Re does not give il good 

representation of the experimental data, even if the NU8seit and tbe 

Reynolds numbers are evaluated at their respective reference tem~ 

peratures. ln Figur,es 3a, 30b and Figure 31, tbe parame ter Nu-2f 
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TABLE XVIII 

EFlECT OF REFERENCE TEMPERATURE ON 
1 

CALÇULATED NUSSELT NUMBER 

NU'lalt Number. bD/K. 
TD • T IT Tf • Tg 'Tf· T. Tf· T.7To. 1 • 8 g 

0.75 3.147 3.193 3.1S6 

0.75 6.305" 6.4,49 6.323 

2.9~, 
'Y~ 

ft 0.50 3.035 2.920 

0.50 6.093 6.407 6.012 

0.25 2'.710 2.877 2.543 
., 

0.25 5.868 6.392 '.263 

,1 

A 
1 
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P'IGUlt! 31 

VARIATION OF THE PIJWŒ'1l! 

Nu.. - 2f.. WITH Re
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1a plotted against the Reynolds number using the reference tem-
, 

peratures Ts/To>1. and T~ respectively. Figure 30 shows larger 

scat ter of the data than Figure 31. The reason for this is that 
, ' 

for the same flow conditions the rangas of Re and Nu are much 
~ • CIO co 

Q 

smaller than of ReO'AP and Nuo. which tended to bring the points 
, 

closer together in Figure 31. 

In Figure 32 the values of the'Nusselt number calculated 
, 

'from Equations (33) and (37). using experimeptal values of !! and 

.~ are plotted against the experimental values of the Nusselt number. 

N~ was used in these plots for clarity as th~ values of Nuo were 

tao close" to each other. It can be seen that approximately 80% of 

the experimental points fall, within ±S% of theoretical value_il 

Although it was not possible to de termine from the experi-

mental results which reference temperature gives th~most accurate 

representation, the agreement of these results with the theorètie;l 
\ '1 

, curve, as shawn in Figure 32, confirma t"'e' aecuracy of the othe'r 

parameters in Equation (33), namely. !, !, ~ and~. 

The Beat ter shawn in Figurés 30 and 31 eould have bean 
1 

caused by two main factors: (a) errors introduced when interpreting 

the experi~ental measurements, and (b) errors caused by the presence 

. o~ the sphere in the flow. thUB changing the actual flow and tem-
, , 

perature fields from thoae predicted. It should a180 be k~pt in 

mind that the experimental situation 18 ratber difficult and tbat 
. 

the stability of ~he induction-generated arc ia not absoluie. 
"" 
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. FIGURE 32 

COMPARISON OF EXPERIMENTAL 

NUSSELT NUMBER WITH VALUES.PRBDICTED 

DY EQUATIONS (33) AND (37) 
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For the velocity measurements it was assumed that the effect 
/ft 

of viscosity and temperature on C eould be predicted from theoreti-
, ....E. , 

, cal considerations. Errors intx:oduced hare due to uncer,tainties in 

., 

, \ 

, . 

~ are amaU (withl~ few pertents) .. ' Since " was approximately '1:2 / 
, 
and U ls proportional to the square root of C , the overall efféct ~ 

- rD, 1 /' 
of C on the measured velocity is amall. Another error '!D8y have been'· p ~ 

introduced in the velocity measurement. due ta actual presence of the 

pr,obe in ~e f1ow. This might have led ta cooling down of th& flow • 
........ -:.. Of"- 4'" -, -

thus changing its yelocity. This effect was minimized by usi~g~he 

smallest practical size and by keeping the'probe hot. Morèover, t~~ 

disturbance of the flow by the probe wa~ of a similar magnituae as 
fi Cl ~ 

that caused,by the sphere. 

Because of the finite size of the probe, the measured ve-
, .' 

locities were average velocities and not point velocities. This, 

however, W8S more desirab1e, sinee the spheres themselveB were of a 

Unite Bize. 

The accuracy of the gas temperature determinations depended 

largely on two factors: the assumptions made' in the heat balance and ,. 

the values of hw used. The assumptions have already been discussed 

in an earlier se~tion. The values of the heat transfer coefficient 

were obtained from two correlations, one based on the work of CoIl\is 

and Williams ~nd the other derived from the numeri~l solution of 
, " 

D 
heat tr~~~fer ta cylinders. The latter was modified to include . 
variable-property effect&, by the use of reference temperatures. The 

,\ 
1 \. 

c , ' 

'. 
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agreement hetween the two correlations was excellent. Consequently, 

it can be safely concluded that the,valles of h~ used wer8 quité 

accurate. 

On~ factor that might,have led to scatter of the data in the . L~~ 
lower se~tions of the chamber was the cooling effect of the srhere '\ " 

on t~e gas 'temperature, resu1ting in lower actua1 gas temperatuœs-/ ~-, 

than those measured by the wire. In these aeètions, the temperature 

difference (T - T ) was sma1l and very sensitive to slight changes 
." g s \ 

in ~, thus leading to appreciab1e errors in the values of h' 

The surface emiBB~vity influences radiation 10sses dlrectly, 

and' for the case when these are of the same magnitude"as the con-
\ 

vection transfer tates, errors in the emissivity values have large 
~. \' 
,effect on the calculated heat transfer coefficients. In this study, 

j".. \, • 
o l ,f 

data from several wo~kers on the total hemispherica1 emissivity for " '. . both molyb~enum and tungsten wére examined and the reliable ones 
\ , 

selected. These data were within a few percents of each other. 

CONCLUSIONS 

1. Heat transfer rates to stationary sphetes were determined 

experimentall~ under high temperature conditions (5 000 K) and where 

temperature differences of the order of 2 000 K were present. The 

Reynolds number ~aried between ~d 80. 

2. The experimental reluIts show~d reasonable agreement vith 

. 
1 

" 

f 
l, 

1 

\ ' 
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the results of the numerieal solution. 

" ~ ~ 

3. The eff.eet of variable properties was aecounted for by 

using a limiting Nuasrlt number that was '8 function of the tem~ 

perature and by using reference temperatures for evaluating the 

fluid properties. 

4. FQ~ ar~o~, two sets of reference temperatures were found , 
to correlate the results: (1) the gas temperature st free stream, 

'4, 

~ and (2) T and TO ' 1 ' to evaluate the thermal conductivity and kinematic 
..J! ----, ~ 

viscosity; respective1y. From the,experimenta1 resul~8 alone it was 

net possible ~o de termine whieh of the two was more accurate. How-

\ 

ever, tt was possible to obtsin an excellent correlation for hest 
( 

transfer to wires using the latter set. 
J For design and engineering 

the use of T as the teference temperature is probably f purposes, 
...& 

adequate, and off ers the advantage of a somewhat easier computational 

approach. 
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NOMENCLATURE 

Constant 

Constant 

jBiot n~ber 

Constant, Equation (2) 

Constant, Equàtion (2) 
<>-, 

- . Pitot tube pressure coeffIcient, dtmensionless .. 
Speed 'of light 

Diameter 

Increment of vire length 

Temperature gradient along the wire 

Effect of variab1e-properties on 1imiting Nusselt 
number def~ned in Equation (21) 

Acceleration to the gravit y 

Grashoff number 

.. 'la~ck . èonstant 

'-2 -. Heat transfer coefficient, J.m .8 

Boltzmann constant 

Thermal conductivity of the fluid 

,""-., 
Thermal conductivity of the sphere 

, 
Thermal conductivity of the wire 
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Nu 
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Qgas.rad. 

Qrad. 

R 

Re 
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Exponent of Prandtl number 

Normal sp~ctral radiance from a real body 

Normal spectral radiance from a black body 

Normal spectral radiance from a black body equivalent 
to that trom a resl body 

Nusselt number 

- Exponent on Reynolds number '" \ ~ 

Total pressure at stagnation point. dimensional 
, 

Static pressure at stagnation point, dimensional 

Surface pressure distributi~n, dimensionless 

Conductive heat transfer rate 

"" Convective heat transfer ~ate 

Rate of heat 

Rate of heat 

Radius 

transfer by radiation 

transfer ~diation 

, R~ynolds number 
, ~ , 

Brightness temperature 

Temperat,ure of plasma core 

c \ 

frdm plasma 

from plasma 

U if Free-str~am velocity, 

X' Property expone~t 

Greek Letters ' 

Altsorbitiv:!ty 

Coefficient of volumetrie expansion 

Difference 

t 
o _ 

Total hemispherical emissivity 

1 
.' 
" 



'1 

234 

[) 
\J 

E
À 

Spectral emissivity at wavelj!ngth t, À 

0 Angle from front stagnation point 

" 0 1 Angle fram front stagnation ~int tbat la subtended 
by the pressure probe bore ,Q 

À Wavelength 

\..1 Viscosity 

\1 Kinematic viscosity j 

>, 

P Density 

a Stephan-Boltzmann constant Il 
, 

Subscripts 1 '. 
, Il ,,' 

(t. 
l' 

f Reference temperature condition 

g Bulk gas condition 

m Arithmetic mean film condition 

s Sphere surface condition 

w Wire surface condition 

Q) Free-stream condition 

Reference condition at Ta>l' 
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CONTRIBUTI,,oNS TO KNOWL~ 

1. The finite-difference technique was applled successfully 
1 

to the solution of the coupled momentum and energy equa~ions for 

flow past a sphere ",here large variations in the physical properties 

exist. 

"',, 

2. Flow and temperature fie1ç1s. drag coef Hcients and the -4, 

Nusselt number'<.ere calculated for surface temperatures to .g,as 
. 

temperature ratios between 0.25 and unit y 8lJ.d for Reynolds qumbers 

betwe~n 0.1 and 50. 

3. Experimental measuremènts of heat transfer to spheres 

confirmed the predictions of the nwnerical solution. 

4. A correlation was derived for heat transfer to a singie 

sphere which .took into consideration the presence of large variat~ons 

in the fluid properties. 
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SUGGESTION FOR FUTURE WORK 

1. Devise new measurement techniques for ,determining gas .. 
velocHie. and \ ... paratures more re1iably i~ the temperature rsage 

between 2 000 an~ 5 000 K. 

\ 
2. Study the effect of intense mass efflux from the surface 

of the sphere on the overall heat transfer rate. These results on 

the effects of superimposed Jass transfer will find 'Wid~ applica­

bility, in powder processing where evaporation or surface leaction 

accompanied by the evolution of a gaseous product la present. 

3. ~ Conftrm experimentally the effects of large temperature 

gradients on the fluid fI"", p~enomena past a sphere (principally, 

on the value of the overall drag coefficient) for comparison with 

those predicted theoretically in the present work. 
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APPENDIX A 

FINI TE-DIFFERENCE APPROXIMATIONS 
J -

ilFFERENCE FORMULAE 

First Derivative 

Central-dtfference 

-Forward-difference 

dy1/dx • (-Y1+2 + 4Y i +1 - 3Yi)/2h + O(h2
) 

Backwatd-difference 

Second Derivative .. 

Central-d1fference : 

d2Yi/dx2 - (Y1+1 - 2Y1 + Yi_1)/h2 + OJ~) 
\ ~"'==--=--~ 

a2Yi/axaz - (Yi+1,j+l + Yi-1,j-l -oYi _1 ,j+1 

Y1+1,j_l)/4hxhz + O(h 2) 

Forward-d1fference 

l ' 

(A-I)' 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

,d2Yi/~X2 - (-Yi +3 + 4Yi+2 - 5Yi+1 + 2yi )/h 2 + O(h 2
)' (A-6) 

When dYi/dx -.0 

d2Yi/dx2 - (8Yi +1 - Yi+2 - 7Yi)/2h2 + O(h 2) 

1 Backward-differen~e 

A-l 

(A-7) 

! 
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A-2 

DU'FERENCE FOiN OF FUNCTlONS >: AND \' 1 

The velocity compo~ents are defined as: 

,\(I,J) ... -T(i~J)['(1+1.J) - '(I-l,J)]/ 

(~Br2 sin0) (A- 9~ 

~ 

ve(I,J) ~ T(1 ;J) ['1(I,J+1) - '(I,J-1»)1 
't' 

'(2Ar 2 sin0) 
~ 

\ (A-lO) 

Also, ôVr(I,J)/az .. [v (1,J+1) - v (I,J-l)]!2A 
r l' 1 

(A-11) 

av (I,J)/ .. i[v (Hl,J) - v (l-l,J)] 128 
r r r (A-l2) 

1 

The derivatives of th~ lunctions .Ye ,1 and! can be written in 

, 

a similar form to Equations (A-11) and (A-Il). ln a simplified form, 

the difference approximation of ris: 

1: (I ,J) 

and r (I,J) 

J 

.. 

= lx T(I,J)x-i{aT/a0[Vl'(I,J) ,~}2vr/az2 _ 

a2
v0/aZ3a - cot0(ave/ 3z - ve(I~J»l + 

aT/az [av /ôzae + av la0 + a2valae 2 -
r r . 

3va/az +.cot0 (avelda - cote v~(ItJ»l + 

(x-l)/T(I,J) rô2'.1;lôz 2 (ôv/ôe - Ve(I,J». -

a2T/ae2.aé/az + a2T/aza0(a~e/ae + 
, 1 

V (1,J) - av laz)]} 
r r (A-13) 

- -1/T(I,J)2 {aT/dz[v (I,J)~av laa + 
r r 

vn(I,J)ôvn/ae] - aT/ae[v (I,J)av /az + 
\1" r r 

ve(I,J) ôve/3z)} (A-14) 

\ 

" j~ t 

" , 

,~, 

i· 
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c) 
! 

o 

A-3 

, BOu!pARY CONDITIONS 

At z • 0: 
• 1 

1; 
1 

(A-15) 

sine a 3'V/az3 

At the sph~re surface va • 0 ana consequently 3"1/az is also 
\ 

zero. , Theret ore: 

/:;0 

Substitution into Equation'(A-7) gives: 

( 
At z • z : 

DO 

From Equation (A-2): 

• Ta/sinEl. [8,,(1,,2) - 'l'{I,3)] 12AI! 

" 

• 0 

3T(l,J)/ae. [-T(3,J) + 4T(2,J) - 3T(I,J)]/2B 

or T(I,J) 

'v (l',J) 
r 

< 

\ 
) 

• [4T(2,J) - T{l,J)] 13 

Ustng central-differenee approximation [Equation (A-4»), 

(A-16) .. 

(A-11) 

\ ( 

(A-18) 

(A-20) 

(A-2I) 

(A-22) 



.................... --------------~------~ 

1 

l, 
1 

, " 

, ".~ , . , 

() 

'i'(2~J) • 

and 

Alsô 

... '" A-4 "'\ 

~" 
l' " 

FrOUl th~ondition of symmetry around the axis, 'l'(O.J) -
~ . ~,~~ 

and Equation (A-22) becomes: 
\ 

v (l,J) 
r 

F(l,J) 

• 

• 

. 
• 

• 

• 

21f(2,J) IB a 

-2T(1,J) 'l'(2,J) /'a2r 2 

l/r 'at/ae 

[1;(2,J - ~(O.J») /2B 

l; (2 ,J) 

(A~23) 

(A-24)' 

(A-25) 

(A-26) 

Therefore: 

• 
F(l,J) • l/r ~(2 ,J)!B 

" 

! The bounda'ty conditions at e-1f can be der:lved in a similar 

manner. 

o 

'. ~. 

. , 

\ 
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APPENDIX B" 

\ 
DERIVATION OF DRAG COEFFICIENT EQUATIONS 

) 

" 
STAGNATiON PRESSURE 

1 
r' 

The r-componerft of the Navier-Stokes equation [Numerical 
. 

Analysis, Equation (2») can be wri tten as: 

/ 

aplar 0= Id4/33V.V'!ar - 1/r 3t;/3e - cotG ~/r1 + 

~ , ,. 0 

ap!aO[l/r aVr/ar - ve/r 2 + 1/r 2 av/ae] + 

a\J!ar[2ilv lar - 2/3 Il. v] -
r 

p [v 3v lar + v",/r av l'de - v 2 ",/rJ 
r r '"' r \7 

" 
Î aT/'iJJf) .. 0 v • 0 o 

, '< "\ By taUng limits .c;cote '" cl r./30 and sinee \J. .. constant 
,:; 1 

<J 

~ X ' • . 

xT • '""'then alI/lie i8 aIso, zer,?, Equation (B-l) _ thus simplifies ,-ta 

, dp/drl e_O
' .. p[4/3 av.v/ar - 2/r a~/ae] +' 

aplar [23v lar ... 2/3 V.v] - pv av lar 
r r r 

Froœ the!cont1nu~ty equation: 

pV.; -• -v.Vp . 

'. 

'V~v -l/p(v *p/&r + velr 3Pfae) 
1 

or • 
~ ~ '. r , 

" 
-': V 

8-1 

., .,., 

(B-l) 

(B-2) 

(B-3) 

(B-4) 

.' 

.i 

" 

~­. , 



, 
1 

( 

~ 

i , , 

where 

,and 

• or 

8-2 

At the a~i8. Equation (8-4) simplifies tQ: 

V.v 

Similarly. 

, 
= -tir v ;11' 1;) r 

r 

aV.v/ar .• V.V[3vr / ar)/v r 
+ (a2p/ar2)/(3p/ar) 

(élp/ar) IpJ 

In dimensionless variables [pl .~(p - Pm)/(PœU~/2)], 

'dp/dz • -SIRe {~(a~/él0 - 2/3 aV.v/az} +r 

V.V 

'i}ll/az[v.v/3 - llr (}v/h1J -.,> " 

2pv av laz • 
r r 

a V IrT 'J'!I'iI'/. 
r 

(aT/az)/T ~ )] 

f(dp/dz)dz • Pœ ~ Po 
o 

i ... " 

(B-5) 

(B-6) 

'\ 

(B-7) 0 

(B-9) 

(B-9) 

In dimensionleBs variables, p • O. 
00 

/// 

Therefore. ,./ 

, 00 

po • -/ (dp/dz) dz 
o 

( zea 
. Po • SIRe / {~[a~/a0 - 2/3 av.v/az] + 

o 

t 
3u/3z[V.v/3 - l/rélv /a~j} dz + 

, r 

zc:o ; 
2 J [pv av /az]·az 

o r.ro, (B-10) 
1 

• 

> 



( 

• 

1 
1 

\ 
\ 
\ 

() 

'" \ 

, , 

o 

B-3 

For ronstant properties, Equation (B-IO) reduces ta: 

zoo 
po = S/Re! (ac/ae) dz + [v;)~ 

Z'" ,-

po • S/Re f (a~/ae) dz + 1 
o 

The O-component of the Navier-Stokes equation [Numerical, 

Analysis, Equation (3)] can be written as: 

ilp/ao ~[4/3av.~/aB + r at/ar + t] + 

a\.l/~r [çr:- 2ve + 2 ,av/ae] + 

dIJ ta0, [2/r dve/ae + 2v/r - 2/3 fi .v] 

,pr [v r aVe/ar + ve/r aVe/ae + 

v rVa/rl (B-12) 

At the sphere surface the temperature ls constant. There-
, 

fore ;'I\l/;)W = 0.. Also: 

av .J ae 
r 

'" 0 

Equation (B-12) thus becomesl 

l 
dP/d0~r.R • Il [4/3 av.v/ae + r3c/ar + c] + 

au/ar (tr) 
(, 

V.V 
" 

,,( 
j' 

" 
(B-13) 

, 1 

• 



U-4 
• J 

... l/p <av l'~e'dP/'dr + v 'd 2 p/'drae + 
r r 

l/r 'd~e/ae ap/aè + ve/r a2 p/ae) + 

l/p l ôp/de (vrap/ôr + ve/r dP/as) (B-14) 

AlI the terms in Equation (B-14) are equa1 to zero. ln 

, 1 

dimensionless variables Equation (13) cao be written as: 

dp/dO = 4T~/Re [a~/az + ~ + ~ xlT aT)d~ (B-15) 

and p(O) = 
e 

x Po + 4To/Re f 
0 

[dZ;!az + ~ (1 + 

xlT 3Tldz) de (B-16) 

For -cons tant , proper~ies: 

e 
pee) Sil Po + 4/Re 1 (al;!az + z;) de 

0 
(B-17) 

( DRAG COEFFICIENT 

-------
The componepts of the d~agf--;'rce on a sphere are defined as 

[Numerical Analysis, Equations (53) and (54)]: 

C
Dp 

= (F' - F Y 7 hrR"p U2 /2] (B-18) 
l, n s 00"" 

, ' 

CDF - - F / [trR "pooU!/2] (B-19) 

:.11111 

(B~) , 
where F f f [pl r - R cose] RiZ sine de a~ .: .. -n o 0 

-, 211'11 
Pc • f 1 [p 1 R cose] R2 sine a0 a~ (B-21) ,~\ 

s o 0 "" r-

2'1111 
,Ft /" • f f {~{ra/ar(ve/r) + 

o 0 
'\ 

@ 1/rav laA]1 Raine} sin0 a0 â~ (B-22) 
"7-1L r r-

-. 
t_ "",,/-- -



and 

'\ 

• 

B-5 

Fot' axisymmetric flow: 
'\ 

TI 

F - F = 'If R2 J (p - p ) sin2e 3e, 
n s o ,m 

TI 

F = 211 Ra f \J (Ilve(3r l sin3 0 Ile 
t 0 

From Equation (14) 1Numerica1 Analysis): 
\ 

At the surface. Equation (B-25) becomes: 
• 

~ ... aVetar 

and (B-24) reduces to: 

1>' 
1r 

Ft :< 2lr R2 1 ~r; si0 3e 3e 
0 

, ' l' 
Substitution ioto Equations (B-18) and (B-19) gives: 

11 ;1- • 
• r (p - Pm~/(PmU~/2) sin20 3e 

o 

11 

• 4\J/p U2 r s102e a0 
co co 0 

In d1mensionleS9 variables: , 

C 'DP-

CDF 

\ 
\ 

= 

• 

11 

r p(0) sin20 a0 
0 

11 

a/Re Uo 1 to s11\ Ile a~ .. 
0 

(B-23) 

(B-24) 

(B-25) 

(B-26) 

(B-27) 

(D-28) . 

(B-29) 

(8-30) 

(8-31) 

,\ 



~ Temperatur~ 
" K 

1000 

1500 

~ 
" 2000 
14 

'" 

,ft 

f 2500 

~ 
" ,(, 

" L" 3000 

3500 

4000 
f, 

4500 

5000 

5500 

,C) 

0.487 

0.324 

0.243 

0.195 

0.162 

0.139 

0.122 

0.108 

0.0973 

0.0885 

APPENDIX C 

PROPERTIES OF ARGON 

, ' 

Viscosity 
N.s.m- 2 x 1010 

0.541 

0.708 

0.886 

1.05 

1.21 

1.37 

1.53 
\ 

" 

1 
\ 

1.68 ' 

1.83 

1.97 

, . 
Thermal Conductivity 
J.m-1ts.- 1 x 102 

4.23 

5J2 

6.90 

8.,20 

9.46 

10.71 

11.92 

13.10 

14.29 
, 

15.36 

1 

41 

\ ! . 

, 
, ' , 

\ , ' 
1 

1 

". 

" ~ .. 
'. ~ 

. ~~. 
l' ) 

",' "' ' ,," 
," _,1.,i 

:.:.. ... "f 
' -/'1<..1 

,1.;; 
r" 

,,' 

-,' 
,"~ '\ 
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APPENDIX D 

, 
LISTINC OF COMPUTE~ PROGRAMMES 

• 

VARIABLE-PROPERTY FLOW 

Pages D- 2 to D- 9 

-.-
CONSTANT-PROPERTY FLOW 

Pages D-10 to D-16 

D::'1 1 ~ 
.. 



( ) 

1'" 
i 

o 
\. 

ç 
C 

1 

C 

D-2 

1 

DI~r~SlnN sr(~2,42).VOR('2.42).T(32,42).~V(j2.A21.WT(32,42' 
DI~F.~~In~ ~(3?,42),G(32,4~),V~(32,4c),VT(32.~2) 

. n 1 tiF ~ c:; J '] ~ P ( 4? ) • p 2 ( .. 2 ) , T H ( 3 Z ) , At>, G ( 3.2) t Sl'! ( , ~, tes ( 32' 
nIMrNSJ0N cn(3~).RP~C32).8~~(32' 
r1 Ia.4FNSION ALPHA( 3~) ,RETA(42) ,C"MEC.A(42',P( 32' ,AN\J(3:') 
PEA'(5.sn, Rr,TO.A,N,M 
PF.n(~.~l' KKC.ACCL 
TOL=O.iJo:'Ct.l 
X:~. ~ 
~Vl~v.7 
PE'=-lF,.,() .67,-' 
Fl=lIiC./N 

, 

~~ITF.(~,'2' RE,Pë,T'.x 
~'PITE(6,r;fJ) A,~t!'l:."'.TOL 
"'l=M+l 
I\1:N+1 
MI cM-l 
NI:~-l 

" NG (1 ,::" • 
De 45 1=1,11,1 
ANG( 14·1 ':ANG(',I )Hi 
COIIJTINI)[ 
~=8/57.2Ç~77C;'5 
A2="'*A 
f-I;?=~.~ 

AH=A.?. 
'3H=f\*2. 
T("))(=TO •• )( 
AP2=(::>.+.A"AU2. 
A~2=(2.-~"Al/2.­
CClF =~ ./402+;. ,q 2 
A4~=4 • .fI A III'i 
A?I1=A4~/?. 
r.~T-:,\' *T"'X/Qr: 

, " 

nr 2 J=l,"'1 
ro( J) =El(P( (J-l., -A' 
r.:-.( J'=P( J ).r; (J) 

? CONT 1 NUr 

THO)=!:. 
Tloi ( 2) ='1 
rm 1 1=;'!.N 
THe 1+1 ) :Tti( 1 )+~ 
SN(I'=SIN(TH(T)' 
CS( 1 )=en";( TH( 1)>> 
CO( 1 ,-=CS( 1 JISNe t, 
~P?(t'=(2.+CC(1'.d'/~212. 
Fl~2 ( 1 )': (2. -CCl,( r »*1:" /~2/2, 

1 ICO"!T t NtJe: 
SI'l ( l ) =0. 
SNe 1\11 )':!!I). 
CS«l'=l • 

...... 

" 

. , 

" 



, 
" ' 

(J 

c 
"'c 

C 

D-) 

C5(N1'=-I. 

READ(5.53, C( ~F(I,J),t:l.Nl,.J=I,~I' 
RE "D ( 5.53 J ( ( VOR ( l , J) ,1:: 1. NI) • J= l"M 1 ) 
REAO(s.53' « T(I,J).I:l.Nl,.J=~~Ml' 
DO 44 1=2 ..... 
DO 44 J=2.M _ 
G(I.J)=RCJ'.SN(t'*VOR(I.J).T(I,Jl •• ~ 
F( I.J'=VOR( I.J)/R(JJ/SN( 1) 

44 CONn NUF. • 

C POU .... CARY CONDITIONS 
C 

c 

C 
C 
C 

DO 4 1=I.NI .~ 
SFI I.Ml '=O.5*(R(t.il )*SN(I ""**2 

, SFCI.1J=-G. 
, VOR( 1 .MI '=0. 
T(I.l'=TO 
TCI .Ml) =1. 
F(I.~l'=O. 
G(I.Ml'=O. 
VR ( 1 il' = 0 • ; 
VRn.MI '=-C50) 
VT(I el) =0. 
VT ( J • Ml' =S N« 1 ) 

4 CONTINUE 

DC! 5 J= 1 • "'1 
s~ ( 1. J) =n. 
SF(NI.J'=O. 
VOR (1. J, =0. 
VOR(Nl.J

v

,=O. 
G ( 1 • .:J , =" .~ 
G ( NI • J , =0" 
VT(l.J)=O. 
VT« NI • J , =0 • 

5 CONTINUE 

CALCULATION OF RE~AXATION COEFF. 

DO (, 1=2. N 
00 6 J=2.M 
oSR=(S~(I.J+I'-SF(I.J-l')/AH 
OST=(SF(I.l.J'-SF~J-l.J"/BH 
SQ=SQRT(2.*CCSR*OSR+OST*O~T») 
RES=ABS(RE/ReJ"SNCI'/4., 
wveI.J'=1./C1.+RES*SQ, 
PES=RE5*0 .67? 
WTCI.J'-I./C1.+PES*SQ' 
VR(I.J'=-OST*TCJ.J'/R2(J)/SN(I' 
VTCI.J'= OSR*T(I.J"R2(J)~SN(J' 

6 CONTINUE 
W5=1./(1.+3.1416/Nl, 

" , 
1 

1 



/ 

() 

o 

c 
c 
c 

c 
c 
c 

c 

D-4 

ROUNDARV CONUITIO~S FOP VO~TtC!TV AT THE ~UPFAC~ 

ra '1 1=?N 1 

VQP ( t • 1 ) = ( J::I • "S F ( 1.2' - S F ( 1. 3' ) 1 ( 2. *A 2 '" SN( 1 , , ... TO 
G« t1) =VOR(t.l ,. SNe J) *TUX 
f"( l , 1 ) = V,.,R ( 1. 1 »/S N( 1 , 

9 CONTINUE 
'f/RI1'E(6,54, (\lOP(l,U.I=t,N) .:3, 
CALCUL~TrNG ù.C.·S ALQNG THE SV~METqV AXIS 

DO 2A J=2.M 
TC 1.J}=(~.*T(2.J'-T(~. J) )/3. 
1(Nl.J)=(4 •• T(~.J)-T(NI,J»)/3. 
F(1.J)=VOR(2,J'/R(J)/8 
F(N\.JI=-VOP(N,Jl/Q(J"B 
VP(1.J)=~2.*T(1,J).SF(2,J)/B2IR2(J) 
VR(~1,J'=2.*T(Nl.J)·SF(N,Jt/a2/R~(J' 

29 r:iJNTINUE 

c pEL~xATtnN START~ HERE 
C 

è 

• J 1 = .... 
I~=O' 
JJr=!) 
I<K=' 
Ace=t. 

7 CONTIIIJU~ 
F:"I)Q=r. 
JJ =JJ+ 1 
KI< = I(I( + 1 
IF(KI<.N~.K~Ç) r,n Ta ~ 
1<1<=1" 
ACC=ACCL 

9 CONTI NU': 

C CALC CF G~ID P~INTS ST ARTS ~EP~ 
C 

DO 25 T =2. N 
IF(tl.En.l' GO TO 12 
11=1 
Jl=l 
GO Tn 11 

12 CONTINUF 
I1=~ 
J1=O 

Il CONTINUE 
DO 25 J=2.~ 
IF(Jl.ëQ.", GO TO 11 
JI=O 
GO TC' 14 

13 JI =1 
GO TD 2'5 

Il 
',-

/ 
! 

/ 



\ 
1 
1 
1 

() 

-' 

o 

0-5 

14 CONTINU=: 
TIEX:::T( 1. J) .... X 
TjI=lo1T<I.J' 

ERS=RE'IIPS/4. 
F RS=t'. S*PE/RS ~
S=R(J)*SN(I' . 

S ~ = ( 5 F ( 1 • J +l , - Sr ( [ , J -1 , " / AH 
ST=(SF<I+l ,J'-SF(I-l,J' )/RI-I 

9TR=C T(I,J+l'- T(I,J-l»/AH 
qT T= ( T ( [+ l , J ) - T ( 1 -1 , J' , / Fi H 
VRl=(VR(I.J+l)-V~(I.J-l')/AH 
VTZ=( VT( l ,J+1 ,,-vr( I,J-l)' /AH 
VPT= (VR ( [+1 ,J, -VP ( 1-1 ,J) ) /!JI-! 
VTT=(VT(I+!.J)-VT{I-l,J')/~H 
VP2 z= (V R ( 1. J +1 , -~. "'VR ( l, J ) +VR ( l , J,. 1 ) , /A 2 
DT2l=( T([.J+l'-2.* T(I.JJ+ T<I.J-l)/A2 
VT ~ T= ( VT ( 1 + 1 • J )- 2 .... VT CI, J , + v T ( 1 -1 • J) ) /62 
OT2T:::( T(t+1.J)-2.* T(J.J'+ T(t-l.J"/B2 
"R 1T= (VR ( 1 + t • JH )+VR ( 1 -1 • J-l ) -VR ( 1 -1 ,J+1 ) - VP ( 1 +1. J-t , , / A4~ 
VT ZT= (VT ( 1 + 1. J +1' +VT ( 1-1 • J-l )-'vn 1-1, J+ t ) - VT(' l+ 1. J- t ) ) /A41i 
DTZT=( T(J+1,J-,+t'+ T(I-l.J-l'- TCI-l,J+1)- T(I+l,J-l)'/A49 
~IG=x*Tcx*TI.(DTT*(VR(I.J'-VR2Z-VTlT-CO(I)"'(VTZ-VT(I.J,)'+ 

r DT~*(VRZT+VRT+VT2T-VTZ+CO(J'*(YTT-VT(I.J).CO(I'») 
2 +(X-l.'.TI*CDT2Z*(VRT-YT(I,J"-OT2T*VTl 
~ +CTZT.(VTT+VR(t.J)-VR~»' 
GAM~A=-TI*TI.(DT~.(VR(I.J •• V~T+VTCI.J'.VTT' 

1 -DTT*CVqCI.J'*VRZ+VTCI.J).VTZ), 
w=2 •• (SIG*SN(I}-RERS*GA~MA' 
AV=G(I,J+l'*AM2+G«(.J-l'.AP2tG(I+l.Jr.~M2( l'+G(t-l.J,.~P2(I) 

1 -Cr:JF*G( leJ'4-QËRS*(OST*(F'(I,J+l'-F'( I.J-l»/A-
? DSR·(FCI+l.J)-F(I-l.J')/~'+W 
, AV=AV/C'1F 
AS=SF ( l , J+1 , * A "'12 +SF ( [ , J- 1 ) JIr"P 2+5 F { 1 + 1 • J , .. '3M 2 ( [ ... SF= ( 1 -1 • J , *ap 2( 1 , 

1 -COF=*SF(I.J'~(G(I.J).R2(J)/TEX-OTP.DS~~DTT*~ST'.TI 
AS=As/cnF 
.bT::!'T( 1. J+l '''AF2+T (1 • .1-1) *AM2+T ( 1 +1.J , .RP2( [) +T( 1-1, J, "eNl~( 1) 

1 -COF*T( I.J)+)(*TI*(DTR*OTP+OTT*OT,T) -
2 +P~~S/TEX*(DST*DTP-OSr..DTT) 
AT=~T/C1)F 
IF=(AV.LT.ERR, ~~ TO ~9 
ER~=AV 

2q IF(AT.LT.E~~' GO Ta la 
FRR=AT 
CONTI NU": 
IF(12.E~.l' GO TD 15 
SF(I,J'=SF(I.J,+ACC*WS*AS 
G« l , J , = G ( , • ,'+ M" C. W-V ( t ,J , ... A V • X Y Z 
TCI,J,=TCI,J'+ACC*WT([.J'*AT 
VORC[,J'=GCI.J,/P3/TEX 
F« l, J ) = V OR Cl, J , IP S 
GO TC 25 

115 CONTINU::: 
Sf"C,I,J)=SF( I.J 'us 
G(I,J,aG(I.J'+AV.~Vl 

! 

(_ r, 

. \ 

! 

.. -



, , 
'-

c' 

C 

e 
C 
C 

c 
c 
c 

,/ 

C 
C 
C 

1 

TC [,J)-::TC J.Jt+AT 
VOR(l,J)=Gtl,J)/~S~T~X 
rr l , J ) =v 0 P { r. J .1 Qt:; 

25 CONTINUJ:' 
l'T ( 12. E- r) .11» l'jO Tn 15 
JI =,', 
12=':" 
GO TC 17 

16 11-=1 
t 2=1 
Ge TC' ~ 

17 CnNTI NUF 

DO 2'"? I=2.N 
DO 23 J=2.hI 

D-6 

DSP=( 5F( 1 .J+l , .. t;F'( 1.J-l)' l'AH 
,DST=~S~(I~1.Jt-S~(1-1.J')I'RH 
vpct.~t=-OST*T(I.J)/R~'J)I'SN(I' 

'VTO,J,= DSP*TCI,J)/Q2(J)I'SN(t) 
?~ CCl'llTINyl: 

E'OUNCAPY Cl'JNDIT InN FOR VOF<T te lTV AT THE SU~FACF. 

~O 27 J=2.N . 
VnR(t.tl=(~.·S~(1.e)-SF(1.3»/(?.A~*SN(1)'*Tn 
Gel. 1 , = v a ~ ( l , 1 , * SN ( 1 ) * TO)( 
F(l., )=VO"(I,1 )/SN( Il 

27 cnNTINU?' 
\!IR tTf( 6, 54) (V'1~( 1. 1),1=1, Nt ,,3) .r:;RR 

CALCULATING. El.C.IS _LONG THF. SV\4"1ETRV AXIS 

00 26 ~=2.M 
T <1 • J , = ( 4 •• T( 2, J ) - T ( 3, J)) "3. • 
T(Ni ,J)=(4.HU ... J'-T(NI.J) )/3. 
Fe 1.J)-=voqf'2.J'/~(J)/8 
F(Nl,J)=-vnR(N,J)/P(J'/B 
IIF ( 1 ,J) =-2. n ('1' .J ,. sr (2. J , ~ ~z,.. R~ ( ..J, 
VR(Nl,J)=2 •• T(Nl.J)*SF(N.J'I'~2/~2(J' 

26 CONT INUE 
ACC-=t. " 
IF«KKtl'.Ea.KKC' Ji.) TO-18 

19 CONTINUe: 
IF(~RR.LT.TOL' GO Ta IOC 
IF(JJ.EQ.~OC} GO TC I~Q 
tF(ERR.GT.\.) GO TO 101 
GO Ta 7 

19 Cn~TlNUf. 

CALCULAT 1(1"1 'CF "ELAXATION C"Ef-F". 

Nl 21 !::2.N 
OC 21 J:~.l,\ 
DST=( SF( 1+1,:'" -~FU-l.J' 'l'RHI 

'/ 

. ; ", 

l 

, , 

• 

" , 

, 0 

, \ 

... 

., 

J' 

" ' 

,. 

1 
\ 

"' 

:' 
\ 

~ 
.; 

'l\.: 
.(j 
,.\ 
1 

{ . 
lt. 
" l,fv , 

<' 
.l 

" " 
.' 
.~ 

',' 

, ' 
l' ,. 
t~ ~ 



1 c) 

o 

o 

C 

D-7 

( 

/ 

o C:;~ ::: ( Sfl ( t • J + t , - S~ ( 1 • J -1 ) , 1 AH 
SO=SOWT(2.·(~SR*DSR+~ST.DST)' 
RES=A~S(Rê'PfJ)/SN(I)'4.)~ 
WV( T.J'=l./(l.+RE$*~aJ 
rE$=PFc;*q.61~ 
~ T( 1 • J) = 1 • 1 ( 1 • + PE S'" sa) 

21 CfJNTINU'" 
Ion CONTINUE \ 

C CALe. f)F nu OQAG C/JEF, 
C 

c 
( 
( 

( 
c 
c 

ç 
c 
c 

on 21 J=:?M 
VPZ=(VQ( 1.J+l '-VP( 1.J-l) )/AH 
oT~=( TC 1 .J+l )-T( 1. J-l ) ,/AH 
CT 2 ~= C T ( 1 • J + 1 ) - ? • '*T ( 1 • J) + T ( t • J -1 ) , / A 2 . 
VP2Z=(VQ(1.J+l '-2.*VR( 1.J)+VRCl.J-l) )/A2 
OMEGA(J'=VR(l.J)+VRZ/T(l,J) 
GRAD=VR(l,J'*DT~/~(J)/T(I.J) 
DGRAo=r.~Ao*(VRZ/VP(1.J)+oT2Z/oTR-OTR/T(I.J)-1.) 
~ETA(J)=T«(.J)**X*(VOR(2.J)/A-2.*oGHAO/J. 

1 +~/T(1.J).oTP*(GPAD/3.-VRZ/Q(J)') 
H oCONTI NU:;: , 

CALC HETA AT THE STAGNATrCN POINT 

VRZ=(-V O (1.31+4.+VR(1.2')/AH 
DT~=(-T(I.3)+4 •• T(1.2'-3.·TO'/AH 
erTA(1'~TO~*(VOP(2.1'/8-DTR*VPZ/T~.(2;'3.+X)' 
VR7=(-1.-4.*VR(1.M),/ftH 
~ETo\(Ml '=-X*(T(l,MI '-4.+T(1.M)+3. "AH.VRl/~(~l) \_ 

e \ 

EVALUATION DF STAGN_TION PRESSUqE. tNTEG~\TION 3V SI~PSON'S ~ULE 

SUM=~./~f*(nET_(l)+~ETA(Ml') 
AA=32.IJ.:f 
DO 32 J::-~.M,? 
SUM=SU~+R~*CMEGA(J).AA*AFTA(J) 

~~ CONTI NUE 
AA~V.5*I\A 
no :;13 J=J.MI.2 
SUW=SUM+4.*CMFGA(J)+~A*BfTA(J) 

11 (ONT t NU~ , 
~(1) ~A*SU"'1'3. 

CAL: ~LPHÂ ALONG TH~SUPFA(F. 

00 34 1 =2.N 
VORl=C-VOR(1,3'+4.*VQR(I.2'-3.*VOR(I,1»'AH 
DT'-=(-T(I,3)+4 •• TCI,2'-3.*TO'/AH 
ÂLPHA(l)~VORZ+VOR(I,l'*(l.+X/TO*DTZ) 

":J4 CONTI NUF. 
ALPHA( 1 )=0. 
ALPHA (Nt 1=0. _ 1 

l , 

'" 



C) 

o , 
, .' 

c 
C 

ç 
C 
C 

C 
C 
C 

D-8 

. 
( 

CALe n~ oRESSURE~ AT THE SURFA~E. INTF~RATION RV TRAP~lnIDAL 

FACT=R .. RFT/2. 
f"\0 35 I=2.Nl 
P( 1,;:P(I-1 ,+FACT*(ALPHA( I,+ALPHA( [-1)' , 

'35 CONTI NUF ' ' 

.. 

. , 

CALe 'CF THF. DRAG COEFF 'S. INTFGRAT I:1N I3V 5 IMf)Sn-4'S PULr: 

coJ,=o. 
CDF=C. ~ 
DO 3t- t=2.N.2 
(DP=C ")PtA .*P( l '.SN( T ,.CS( 1 '+-4 .•• P( 1 +1 ) *SN( 1 +1, *CS( t +1) 
COF=C )F t VOR ( 1 .1 ) • SN ( 1 1 *5 N( t )+0 .5 .vnR ( I+ 1 • 1 "~N( 1 +1 1 * C:;N C 1 +1 ) 

--: 0 CONT 1 NU"" 
crp=cr)p* A/~. 
COF=CDF*~*QET*~./3. 
Crl=CDF+C",)P 
~PITF.(6.57' CDP.cor.CD 

1 
CALC. OF THE NUSSELT NUM~~~ 

00 41 I=l.Nl 
A NU ( 1 ) -= ( - T ( l , 3 ) +4 • * TC l , 2 , - 3 •• Tr)I / A / ( 1. - Ta) 

41 CONTINUE 
AVNU=O. 
DO ~2 1=2.N.2 
A VNU=A VNlJ+2. * ANU ( 1 , *SN (1 ) + A NU ( 1 + t ,. SN ( 1 +1 » 

4? CO~T P-JU"" 
AVNU=AV .... U*H/3. 
WRJTE(o.5~' AV~U 
IF(JJ.Eo.s~r) GO TC 2~ 
IF(~RR.LT.TOLI GO T1 20 
GO TO lQ 

~O CnNTt NUF. 

" 101 

WR 1 TF ( 7. "':'1 ) 
vwRITE(7.51' 
~RlTë(7.53' 
C'JNT INIJ!:' 
WRIj[(6.62' 
~R 1 TF. ( b. 'S ~, 
wR ITE(~. 58) 
wR!T=:(6.SQ' 
WRITE'(6,6~) 

__ wRtTE(6.68' 

« SF (t ,J, tI =1 ,NI' .J=l ,~11 
«VOQ(I.J),f=l,Nl"J=l,Ml' 
« T(I.J',I=l,Nll,J=l,M!, 

« Â .... G ( ! , , 1 = 1, t 6 ) 
(P(J),( SF(I,J'.I=l,1f-,.J=I.Ml' 

\ 

IIIRITE::C6.61' (ANG( 1 '.I=t7.Nll . 
W P 1 TF ( 6. ~ 0) ( ~ ( J) ,( SF, ( l , J , • 1 = 1-1 , NI , • J= 1 ..... M 1 ) 
wP.t T E(6,6'3) 

(~NG( t "t=I.16) 
111 0 ITE ( ô • 6 e , 
wRtTE(ô,5R) 
fiRITE (6,59' 
WR tTEC 6,63' 
'IIRITE(6.",8, 

(R ( J) , ( VOR ( l , J) • 1 = 1 • 16 ) , J= l , Ml) 

'ftR 1 tE ( 6 • ~ t' ( Â NG ( 1 , , 1 = 1 7 , NJ. , 

<. 

" \', 

1 

'" "",oI" 

:)" 



J'i 

, ./" ,,~ 

, .. ~ 
" 

o 
0-9 

~R ITE. ( 6 • f-,C' , OH J) , ( VnR ( 1 • J' • 1 = 17\, NI , • ~=t , ~ 1 , 
WRJTf(~,b4) 
~R'ITE (6,6,1'3) 
wn 1 TE' ( 6. 5'P') ( A NG( J ) ,l': 1. t f' Ir 
~RIT[Ch.5q, (R(J',( T(t.J, r=1.16),J=l,Ml' • 
.P 1 T( ( 6 • 64 , 
wRITE(o,68) 
~R ITE (6.61' (A NG t 1 , • 1= 17 • NI ) 
WR~I TE ( 6 , ~ 1) , ( ~ ( J , , ( TC' ',J , , 1 = 1 ., • N1 ) ,J= l , \11 , 
WRtTE(6,6';) 
~R t TE ( f , 66) ( P ( 1 ) , 1 = l ,NI , 
~p ITE( 6,67) 
_PITE(5,66' (ANUCI',I=I.Nl) 

sn FnR~ATC3EI0.3,~I5) 
51 FORMATCII0,FI0.2' 

J.t 

52 FOR~AT(' ·.10Xt'~E=.,F7.3.5X"PE='.~IC.6,5X,'TO=',F7,3, 
1 ~X,'X='~F7.3' 

53 FOJ;'~.aT(1i'JZ8) 
54 FOq~AT(' ',5Xt11FI0.6,FIO.4) 
5'5 F 0 PM AT (' " 1 5 x , • N IJ= • -, F 14 • t' , 
5'" FOR "1 A T (' '. 1 t:\ x , • A =' ,F 8 .6 , 5 le • • 8 = • • F Q. 5, 5 x, ' N= , , 1 6. 5)(, 

! 'M=',J6,5X,'TOL=',rH,6) c 

57 FD ~~ AT (' '.1 OX , • CDP=' ,F 14.6, 5X, • COF= • ,F 14.6,51( •• CO=' ,Ft 4. ~) 
Sg Fn~MAT( ·t)'.11Xt16F7.~n 
50 FOR~AT(, ',1"7.2,C;X,16F7.4' 
6 [) F (1 ~ ~ AT (' " c 7 • 2 , 5)( • 1 5 F 7 .4 ) 
('-1 FOqllllAT( '')'dlX,15F7.21' 
62 FOR~AT('l'~II' ',SOX,'STREAM FUNCTION') 
63 Ff'RMAT( '1'111' ',501C,'VORTICITY'" 
t-4 FOR"cAT (11 '11/' ','50)(, 'TEMPr.:RATU~E" 
65 ~ORMAT('l'llll' • ,1SX.·~URFACE PRESSURE DISTqtHUTION'/, 
~'l FORMATOl-iO.l t)X,8Ffs.6, . l 
67 FORW~T(' ·1111.15X,'LOCAL NUSSELT NUM~ER'/) 
66 FORfoIAT( '0' .2X, ,.*~ •••• 43)(, '**_NGlF..*., .,," 

STOP 
E'NO 

'\ 

1 • 

, 
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r 
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] ("\ l ' 
f 
1 

D-10 \ 
,~ 

\ 

'J 

.l':' "E'" ,,) SFI '2.42' • V~"( 32,"2). Tt J2 .-2) • ov02.b> ,,'OTt 02. '2') 
, DI~r"SrM~~f~2,42,.G(32,42' ." 
~I~ENSrON ~(42).P2(42,.TH(~?',ANG(32),SN(J~).CS(32' 
DIME~SIrN CO(32J.~D2(32'.BM2(32J 
rrM~NSln~ ALPHA(]t'.,P(31',ANU(32) 
~F.A~(5.50) ~E.TO.A.N,M , 
R~AC(5,tl' KKC,ACCL,~ST~RT 
TnL=!J.f\~(l(\l 

~ x=l'I. 
F F. ': J • é 7 ~ !Ir ~t:: 

4 

H"'l~O • .IN 
WRITE(ô.52' ~C,PS.T~.X 
w~tTF.(~.S6) A.~.N.M,TnL 
"11 = N+ 1 
~1':~+1 
~!"'M-I 
"1=""-1 

- l!I\G(l' ="1. 
00 4'5 I:l.N 
ANG +\,=ANG(I,+3 

ON INUF 
P=B 57.2t;f 7 7C;S 
A?= J'A 
B~= "'1:\ 
.AH 4*30. 
I3H Q*2. ' ~ 
AP ~(2.+~"A~/~. 

Z=(2.-A'tZ/ 2 • 
COF=2./,A2+ ./B2 
CON5=32./P 
D CI ~ J= 1 • Pli -
P(J,=txP«J-l.)*A) 

1 r.2 CH =q (.1) *f ( J ) 
2 cnNTINUe:: 

TH(1'=C, 
TH(~)=B 
1:'0 1 I=:"N 
TH( 1 +1 )=TH( 1 )+B 
SNe J)=STN(TH(I" 
CS(I,=cnS(TH(I)' 
COC 1 J=CS( f)/SN{I' . 
~P2(r)~(2.+CU(I'.A"~2/~. 
N12 ( 1 )'" (2 .-coC, 1» JtR' lFi?I? 

1 COI'jT t MJ'= 
SN'{\ ) =0. 
SN( N~:I'). 
C~(1 =1. 
Cc.i("f )=-1. 
IF(~STA~T.EO.ll GO TO 4f 

) 
• 

\ 

, \ 

nO:3 I=l,N\, ' 
a ,., ~ J = 1 • ~ 1\..~ , 
T«I.J)=t'.-(:p.-T01/R(J) ,. 
SF ( t , J) =0.!'5* SN ( J ,. SNe J , ... CP 2 ( J~' -t • s*p ( J)+ .. S l'R ( J) , 
vnR(I.J'~1.~*SN(I~/~2(J) 

4 \ 
, " 

.. , 
A 

/') • 
\ 

Il • 

( 

", 

.. 

fi'-

• t 

0<-

r 



c) 

.. 

I~ 

C 
C 
C 

c 
C­
r:: 

., C"Q,NTINUr 
GO TG 47 

415 r.ONTINUf' 
~e AD (5,53' 
wE'AD(5.!:~) 
RE4D(5,5J' 

141 C.ONTINUE 

, D-11 

(C Sr(I.J,.I=l,Nl).J=I.~l) 
«(Vf.:'R(I,J, .I=l.Nll .J=l."IU 
C( T(I.J).t=l.Nl),J=l.~l) 

BCU",DARV cnNDtT JONS 

ro 4 I:',Nl 
SFP,Ml ''=.5*(P(\''1 )*«5N(I,,"*2 
5F ( 1 • 1 , ::,.,. 
VOP(f.Ml )=17'. .. 
T( J ,1)=TrJ 
TfI,M1).",'. 

4 CONTtNU: 
DO S J=l.~l 
SI=(l,J'=O, 
~F ( '" t , J , =C 0 

VORC1,J)=C. 
\ VnpC"l,J'=O. 

e; CONT 1 NU: 

FLOW FIELD YS CALC. FIQST 

c 
C CALCULATTC~ OF qEt.~ATJnN cntFF. 
C 

'C 
C 
C 

,>-

CO El 1=2."1 
D("1" J=2,ft4 , 
~ P-: ( SF ( 1 • J+' »..; SF ( l , J-l ) , < A 
e~=(~F(I+l.J)-~F(I-l,J)/~ 
SQ=SQRT(~o5*(AP.~p+ep.AP)' 
~FS=AHS(PE/r(J)/SN(I'/4.' 
~V(I.J'=l./(l.+RES*Sa) 

FI CONT 1 NU: . , 
~S=l.r( 1.+:..1416/Nl' 
\\P 1 Tf' ( t', ";;4 , (VO k ( 1 .1 , , 1 = 1 • NI .:3 ) , 

PFLAXATTC" ST4RTS ~EPE 

JJ=') 
'KI( =0 
Il=~ 

,1 2 ~,' 
ACe=l. 

1 CONTI,NUE 
FPP:" • 
JJ=JJ+ 1 
1<-1(:;1(1( +\ 
IF(KKoNE.KKC' 
KK=('\ 
ACC=ACCL 

..' , . 

-1 

• 

GO TO Ji 

,) 

- \ 

, 

( 

/ 

l \ 

'; , 

\ 
" 

~ 

'1 



\ 
\ 

r:J.. 

• \ 
, " 

\ ' , 
" 

'\ 

0 
• 
. ·1 

\. 

C 
C 
C 

'C c 
C 

D-12 

CI 

A !CONT 1 ~UF 

CALC r~ G~JO POINTS STARTS HE~f 

on 25 1=2.N 
11=( Il .EO.!) Ijn TI') 12 
11=1 
Ji =1 
Gn TO '1 

l~ CCNT,TNUF 
11-=' 
JI =1) 

11 ' (ON~ Y ,,",UF., 
rm 2f J-='2.~ 
YF(J1.f~.~' C~ TQ 13 
JI:: ) 
Gt' Tn 14 

13 JI:: 1 
GO TC' 25 

14 <:t:I...,TYNLlC' 

, ' 

, 

P~F1s=r-J;:'/(a."A.i.P(J).SN( n, 
U=(SF(!+I,J)-SFfI-l.J".Pf'RS 
V=(S~(1.J+l)-S~(I.J-t)~~fP5 
~=AH.U+l./SN(I"SNCI)+COF~R~·CO(I.*V 
AV=V\JP ( t • J+' )*( AP2+IH +VOP( 1. J-l) *(AM2-U)+ \lUR ( ,.1 .J). (PP'H 1 ,-\1) 

l ' +Vi1~(J.-l ,J)'fI(B'"'2( 1)+'11 '-VnR(I.J'*W • 

\ 

\ 

~V=AV/W 
AS=~F(I.J+l'.~~2+SF(t.J-l'.AP2+SF(I+l,J'*~M2(t,+~FC1-1,J,·ap2(I' 

1 ~ -~riF.SF(t.J)-VnR(t.J'·~(J'·~N(I'.R~(J' 
AS=Ar:IÇ1fi 
IF(~V.LT.rQR) GO Tr. 2q 
FRC!=AV 
II= r 
JI =J 

2q CONTINUe D 
IFfl?.Ea.l' GO T~ 13 
SF(I.J,=SF(I.Jl+ ACC*WS*AS 
VO'~ CI •. " = V oc., ( 1 • J ) + 4 CC * w V ( 1 • J ) .. A V \ 
c;n Tn 25 

1~ CONTINU~ 
SFCI.J'=SFCI.J,+4S 
VIlR CI. J' =VrR CI. J ) UV 

li 5 ((lNT J "'UF:: 
IF(12.~Q.~' GO TO 1~ 
J1=O 
1"2=') 

,GO Hl 17 
11';' 11= 1 

, ,1 2z1 
GO TO H 

17 CONTINU: 

Jo'f'lJND4HY (;Clt.JOtTION ,:O~ VOPTJCITV 'u T~ SURF~Ct 

1 ' 
( 

il -

\ 

\ 

" '. 

'", 
d 

" " 



i 

() 

o 
~\ 

, 

C 
C 
C 

C 

\ 

D-13 

on 9 '-2.N 
VOA( lei '.(S •• SF( 1.2'-SF( I.~) )l(2 •• A~.SN( t" 

~ CONTINUE . 
WPITEC6.S4) .V~P(I.t'.I.',Nl.3,.rRq 
ACC', • 
tr«K~+I'.FO.K~C. GO TO I~ 

19 CONTI~UF 
IFCE~R.LT.TCU' GO TO 2~O ~ 
JF(JJ.En.100. GO TO 200 
Gn TC "7 

18 CONTINU:: 

CALCULATION nF PELA(ATION COEFF. 

00 21 1=2.~ ~ 
00 21 J.2.M 

., AP z« SF ( 1 • J+ 1 » -!iF ( 1 • J-l , , 1 A 
PP=(SFCt+l.J'-SF(I-l.J"/S 
SOaSORT(O.S*CAP*AP+BP*8P', 
RF.S=ASSCRE/R(J'/SN(I'/ •• , 
.vCJ,J,zl./(I.+RES_SQ, 

21 CONTINUe: 
200 CO~T INU~ 

C CALC. OF THE DRAG COEP. 
C 

)' 

/ 

, \ 

, .. \ . ,\ 
.' 



1 

o 
\ 

\ 

c 
c 
c 
c 
c 
c 

c 
·c 
c 

c 
e 
c 

106 

1 37 

108 

112 

111 

f 

11~ 

114 

. n.:14-

<, 

TEA4!'1E~ATIJ~E F lELC eALCULAT {CN 
l 

cAle. nF REL~XATION COEFF. 
1 

00 1(6 J-2,M ' 
co~tf,l6 '-2,H 

PE sPE/R(J'/SHCI'/2. 
AP-CSF(J,J+I,-SF(!,J-l),/AH·PES, 
BPibCSFCI+l,J'-SFcr-l.J"/BH.qES 
SO SORTCO.S*CAP*AP+PD*SPt, 
~TCI,J)=l./(l.+SQ' 
F(l.J'=~P/~H ~ 
GCI.J,-~P/AH "". 
CC,NTINUf 

1 
PCrA~AT'ON STARTS HeR~ 

JJ=O 
1<1(1=" 
11~=(I~ 
12=0 
Ace:l. 
Co.NTINU~ 
eR!~=() • 
J~-JJ+l 
IClh:I(Ie+1 
tF(I(K.N~.I(I(C. GO TD 108 
leI( a., 
ACCdCCL ' 
qjNT t·NUE 

! 
CALC. OF GRIO POINTS 

i 
00 1~~ T=2.N 
t~(ll.eQ/.l) GO TO 112 
Ua! ' 
JI=1 / 
Gr) TC 111 
CONTINUF.: 
11=0 
JI =1 r-' 1 

CONTINU~ 
on 125 J=2.M 
IFCJ1.Eo.a) GO TO 11~ 
Jlaa 
GO TO 114 
JI:l 
GO' Tn 12!5 

• 

-, 

CONTINUE 
AT=T(t.J+l.*CAP2+G(t.J".T(t~J-t'.CAM2-G(I.J"-COP*t(l.J' 

l ' +T(IH.J'*C8P2(1.-F(I,~""T(r.I.J'.CB"2fl •• pr(l.J" 
ATall/COF ~ r 

... 



", 
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,," 

o 
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129 

Ils 

125 

110; 

D-lS 

1 
IF(_T.UT.fRPl GO TO l~Q 
F.R~=AT 
Il= 1 
JI:J 
CONTINUE 
IF([Z.EO.I' GO TO Il' 
TCI~J)=T(r.J)+~CC •• Tfr.Jt$~T 
GO TO J 2!i 
C'ONïINUE 
T(t.J)=T(t,J'+~T 
CONT 1 NU'! 
IFII?.fO.Q) GO Tn 116 
11=0 
12 =tl 
GO TO '\7 
Il =1 
t 2=1 

1 

~17 
GO Tft ICi.!! 
CONT 1 NIJr." 

C 
C 
C 

109 

llQ 

C 

, 
CALCULATING B.C.'S A~ONG TH~ 5V~MET~V AXI~ 

00 tf q J=2,-" 
T(1.Jl=(4,*T(2,J'-T(J.J,t,3. 
T(Nt.~t=(4 •• Tc~.Jt-T(N-l.J»)'3. 
CONTINUE . 
ACC=l. 
IF«I<K+I,.EQ.KKC' Gr) TO 118 
CONTINlJf 
IF(C'FP.LT,TOU GO TO 118 
1F=(JJ.Eo.:!OO) GO TO 118 
IF(F.PR.LT.TCL' GO T~ 120 
GO Tr. 107 

C CALe. OF TH~ N~SSELr NUMRER 
C 

118 CONTINUE 
00 41 t =1 ,Nt 
ANU'I)=f-T(I,:!'+4 •• TCI.2'-3 •• TO"A'Ct,-Tn~ 

41 CCNTINUF 
AVNU~C. 
00 42 1 = 2 • N , 2 
AVNU=AVNU+2.*A~U(t'.SN(r'+A~U(I.l'*SN(I+l' 

42 ('f\NTINU~ 
AVNIJ= AVNU*BI' ~ • 
'-RITECI5.55' AVNU", 
IF(JJ.EO.3DC, GO TC 120 

. '12" 
GO TO JlQ 
CONTINUE 
WRITEC7.~3) CC T~I.J,.I.l.Nlt.J.l.~I • 
• RITfC~.6?' .~ 
_RITEI6.68) 
~PtTEC6.5e) (ANG(I,.r-I.I6' 
"RtTF(6,59,. (fUJ'.C SFU.J,.hl.16t.J_I.1I11' 

/ 

J 

~ 
'1 
1 
'Î 

j 
; 

\ ~ , 
î 

o 

" 

" 



< 

\ 

Cv 

" ,) 

\ 

1; 
l, 

~c, ITf ( 6.62' 
.RtTEC6t6B~ 

D-16 

W~IT~(6.61' (ANGCI',t-17,Nl) 
WPTTE(6,6C' (R(J,.e SFCI,J',I-17.Nl).Jal.1<41" 
.R tTF-C El ,6~' 
~R 1 TF ( 6 • 613 , 
~PITE(6.5a, CA"4G(J).I=I.16' 
.RTTE(~.59' (R(J',CVORCI,J"r-I.16,.Jzl.Ml' 
WP ITE « fi , 6 ~ , 
wRITE(f,,~8' 
~R nE C 6 ,61' (A ~G ( 1 , , 1:1 17 , M , 
WR 1 Tf ( 6.60' (Fl ( J' . ( VOR(t • J' .1 -c 17. NI) • .1=1.1<41) 
"R lTE'( ~ .64' 
"RIT~(~.68' ~ 
WRITE(6.S8' fANGCt,.I=I,IE, 
VlRtTEeh59' (ReJ,te TCI ... '.r.l.16 ...... I ..... U 
WPITF(b,f.4' 
\1IRTTE(6.68' 
wRtT~(~.61) CA~G(I',1=17,~1' 
WRITF.(6.f.O' (RCJ),( TO,:;lt'a:17.NU,,,al.M't 
.RITE(t-.~5) 
WRITE(Ii,66) (P( n.I=I.NI' 
WRITE(~,~7' 

, WRJTFC6.~~, (ANUeI',lal.NI) 
50 FORMAT()Fl0.3.2IS' 
5iYOfOMA"UIC.F10.2.1I0' . 
5 FOR~AT(' ',IOX.'Re='.F7.3.5K.'PE.'.FtO.6.~X.'TO.'.F7.3. 

5X. 'X='.F7.3' l " • 

!!53 FnRMAT (t OZE!' 
54 FOR~AT( ," ',tlFI<:.6.FS.6' "-
55 FO~"'AT(, '.ISX.'NU:r· .FI4.6, , 
56 FOR"'ATf' '.lOX.'Aa:'.F8.6,SX.'Ba:' .F9.5,5X,'N=' .16.5)(, 

l '~='.t~,~)(,'TOl='.F8.~' 
5-7 FO~MAT r , ,1 ox. 'CDP=' ,Ft 4 .",5)(.' CDF3' ,Fl4 .6, ~)(, 'CD-', Ft •• 6, , 
5~ rORMATC O'tll~.16F7.2/' 
SQ FORMAT( ',F7.2.S)(,16F7.4J 

"60 FOW"'AT( '.F7.2.~)(.15F7.'" 
6t FOP"AT( O'.llX.1SF7.21J 1 

62 f'ORM~Tf l'III' ',!5C)X.'STRFA", FUNCTlON') ) 
6] FORMAT( l'III' ',50X.'VORTICITY" 
~4 FOR",U( 1'111' '.SOX,'TEMPE'UTUREI) 
6~ FORM~T( l'II~/' ',IS)(,'SUPFACE PRESSURE DI5T~'~UTI~N" 
66 F'OR~AT( H~.10X,8FI5.6' 
fi7 FORMAT( '1/11,15)(.' LOCAL NUSSELT NU~!3ER" 
6'J FnRMATe 0' ,2X. • .... R •• ' ,43)( ..... ANGLF. •• ') 

STOP , 
FNO 

,\ 

" -
l ". ~ 

, -
" 

" " 


