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ABSTRACT

In this work, we regularize Gaussian free fields based on the Fourier-Bessel
expansion to extend part of the results on the Liouville quantum gravity
measure and the KPZ relation in even dimensions [1, 2] to odd dimensions.
We adopt the definition of Gaussian free field on R"™ viewed as an abstract
Wiener space with the underlying Hilbert space H %(R”) In particular, we
can show that the Liouville quantum gravity measure on R3 is the weak
limit of the measures associated with a weighted series of spherical averages
of the Gaussian free field. We also prove the KPZ formula on R3, which
gives the quadratic relation between the geometric properties of models in
the quantum gravity setting and its counterpart in the Fuclidean setting.

iii



ABREGE

Dans ce travail, nous régularisons des champs libres Gaussiens basés sur
I’expansion de Fourier-Besse pour étendre une partie des résultats sur la
mesure de gravité quantique de Liouville et la relation KPZ en dimensions
[1, 2] et méme en dimensions impaires. Nous adoptons la définition du champ
libre Gaussien sur R" considéré comme un espace de Wiener abstrait avec
I'espace de Hilbert sous-jacent Hz(R"). En particulier, nous pouvons mon-
trer que la mesure de la gravité quantique de Liouville sur R? est la limite
faible des mesures associées a une série pondérée de moyennes sphériques du
champ libre gaussien. Nous montrons aussi la formule de KPZ sur R?, qui
donne la relation quadratique entre les propriétés géométriques des modeles
dans le cadre de la gravitation quantique et sa contrepartie dans le contexte
Euclidien.
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Chapter 1

Introduction

Many recent developments in quantum physics and probability theory have
seen the notion of Gaussian free field (GFF) as an indispensable tool. Mathe-
matically speaking, GFF's can be viewed as analogues of the Brownian motion
with multi-dimensional time parameters. Just like the Brownian motion be-
ing a natural model of random curves, GFFs are promising candidates in
modelling random surfaces or random manifolds. Being in the center of the
intersection of probability theory and random geometry, the study of GFFs’
geometrical properties and applications is one of the fastest developing fields
in probability. For example, properties of extrema and near extrema of GFF's
in discrete settings, i.e., on discrete lattices, have been extensively studied
3,4, 5]. In the continuum settings, GFF models that are most relevant to ap-
plications in physics and geometry consist of generalized functions as generic
elements. In other words, an instance of such a GFF is only a tempered
distribution instead of a function.

Due to this singularity, it is challenging to establish analytic results re-
garding geometry of GFFs in continuum settings. To overcome the singular-
ity, one would need to apply a regularization procedure. There are various
ways to regularize a singular GFF. One commonly adopted procedure is
based on the multiplicative chaos theory (MCT). The MCT was originally
proposed by Kahane [6] and later revived by Rhodes and Vargas in a series
of work on the geometry of log-correlated GFFs [7, 8, 9]. Another procedure
that is also natural to treat singular GFFs is to average GFFs over certain
Borel sets such as circles in two dimensions or spheres in higher dimensions.
Both the MCT and the averaging procedure lead to numerous important
results on the geometry of GFFs in continuum settings. For example, via



either procedure, researchers have determined the Hausdorff dimension of
thick point sets of continuum GFF's, where thick points are the counterparts
of extrema in discrete settings [10, 11, 12].

One important application of GFFs in quantum field theory is to provide
a mathematical approach towards the study of Liouville quantum gravity.
In his orginal work on the MCT, Kahane had already constructed a ran-
dom measure which could be interpreted as the Liouville quantum gravity
measure. More recently, Duplantier and Sheffield [1] gave another construc-
tion of the Liouville quantum gravity measure based on the circular averages
of the log-correlated GFF in two dimensions, and moreover, they gave the
first mathematically rigorous proof of the celebrated formula conjectured by
Knizhnik, Polyakov and Zamolodchikov [13], known as the KPZ formula.
Heuristically speaking, the KPZ formula provides the exact correspondence
between certain geometric parameters in the Euclidean setting and their
counterparts in the quantum setting. In [1], the KPZ formula is the extract
relation between volume scaling exponent between the Lebesgue measure and
the Liouville quantum gravity measure. Later, Rhodes and Vargas proved
the KPZ formula for log-correlated GFFs in any dimension based on the
MCT [9], and independently, Chen and Jakobson proved the same results for
log-correlated GFF's in even dimensions based on spherical averages [2].

The goal of this thesis is to investigate further the sphere averaging pro-
cedure of GFF's in arbitrary dimensions, and, via spherical averages of GFF's,
to extend the results on the Liouville quantum gravity measure and the KPZ
formula further to odd dimensions. The motivation of proposing such a
project is two-folded: first, we hope to obtain the desired results without
relying on the constraints of the MCT, e.g., the sigma-positiveness of the
kernel of the GFF, which means that we can potentially treat more general
types of Gaussian random fields; second, in the study of the geometry of
a generic instance of the GFF, averaging the instance locally is a natural
geometric action, and reflects of the local behavior of the instance in some
sense.

In this thesis, we treat log-correlated GFFs in R" for arbitrary n > 2
based on an imporant tool from the special function theory, known as the
Fourier-Bessel expansion. To be specific, for every z € R", ¢ > 0, we consider
the weighted average over a family of spheres centered at x with radius
growing to infinity in a certain way, i.e., u¥ := > > ¢,,0% _, where ji, ja...

m=1 Jme?
are the positive zeros of Jn—2(x) arranged in ascending order. By choosing
2



¢m properly according the theory of Fourier-Bessel expansion, we can make
1E(€) = 11 (elé])e @O We can show that {Z(h,s) : 2 € R",e > 0} is a
reasonable candidate to construct a Liouville measure on R™. In particualr,
we give an example of the construction of random measures on R3?. We also
prove that the scaling exponent p of a bounded Borel set in R® under the
Lebesgue measure and the scaling exponent () of the same set under the
random measure defined above satisfy the quadratic relation
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This thesis is organized as follows. Chapter 2 reviews some fundations of
the theory of abstract Wiener spaces (AWS), which provides mathematical
foundation of GFF models. Then, in chapter 3, we introduce the GFF and
its basic properties. In addition, we review the work of constructing Liouville
quantum gravity measures and proving the KPZ formula in even dimensional
Euclidean spaces, which are introduced in [1, 2], and propose a possible
alternative regularization of the GFF in four dimensions based on weighted
averages of the GFF over two spheres. The core of the thesis, which will be
presented in the fifth chapter, will be dedicated to establishing a theoretical
analysis of the regularity of GFFs based on the Fourier-Bessel expansion.
Further on, chapter 6 presents the construction of Liouville quantum gravity
measures with GFFs via the tool of Fourier-Bessel expansion and proves the
KPZ formula on R?®. Appendix contains all the formulas associated with
Bessel functions that that are invoked in this work.




Chapter 2

Background: Abstract Wiener
spaces

In this chapter, we present a brief review of the theory of AWS, originally
introduced by Gross in [14], as a mathematical construction of Gaussian mea-
sures in infinite dimensions. More recently, the theory of AWS was revisited
by Stroock [15, 16]. The framework of AWS adopted in this thesis follows
the one from Chapter 8 of [15].

2.1 Preliminaries

Let’s first consider Gaussian measures in finite dimensions. Let W be a
centered Gaussian measure on R™ with non-degenerate covariance matrix C,
ie.,

(LY (h, G h)en
W(dh) = (\/%> \/mexp ( 5 ) dh. (2.1)

Then, re-write R" as H, and for every h, g € H, define (h, g)g = (h,C'g)gn.
Let Ay (dh) be the Borel measure under which the unit ball under (-, )y has
unit VQIume, ie., )\b.((dh) = \/jeh?. Then, Wy takes a the form of a standard
Gaussian measure, i.e.,

Wit (dh) = (\/%_W)nexp (-”‘%) M (dh).




This is to say that, in finite dimensions, a natural hosting space of a centered
Gaussian measure is a Hilbert space. Moreover, its Fourier transform is given
by

(€T hh)gn IRl
2

V\/);(h) = EWH[G‘/j("h)H] _ EWH[Gle(~,C*1h)Rn] — e — e

It is clear that Wy is strictly positive and locally finite. In finite dimensions,
any translation of Wy is equivalent to Wy in the sense that the translated
Wy is absolutely continuous with respect Wy and vice versa.

However, if n = oo, then the previous construction fails, i.e., a measure
Wy as defined in (2.1) fails to exist when H is infinite dimensional. The
reason is that for any orthonormal basis {h,, : m > 1} of H, the mappings
h € H+— (h,hy)y € R are independent, centered Gaussian random vari-
ables, and thus||h|%, = S o|(h, hm)H‘2 is infinite Wy-almost surely by the
strong law of large numbers.

2.2 Abstract Wiener measures

To construct a strictly positive and locally finite Gaussian measure ¥V on a
infinite dimensional space, Gross [14] introduced the idea by embedding H
in a larger Banach space.

Lemma 2.1. Let © be a separable, real Banach space, and H be a real
Hilbert space which is continuously embedded as a dense subspace of ©. If
A* € ©* then there is a unique hy € H such that for all h € H, (h, hy)g =
(h,\*) and i : \* € ©" — hy« € H is an injective bounded linear map which
has dense image in H.

Proof. Since H is continuously embedded in O, there exists a constant C'
such that ||h|lg < C||h||y for all h € H. Thus, if \* € ©%, then \* € H* and
[(h, A ] < Rl X ]le: < ClIRll4lIA*lge» where the formula f(h) = (h, \*)
defines a bounded linear functional f on H. By the Riesz Representation
Theorem, there exists a unique hy« € H such that f(h) = (h,hy+)y and
therefore || hy+||; < Cl|A*||g+. Now, if hy« = 0, then (h, hy«)g = (h,A*) =0
for every h € H. Since H is dense in O, we have \* = 0 and thus 7 is
one-to-one. Moreover, for all a,b € R and A}, \; € H, the uniqueness of hy-
yields

(hs haxs+oag )i = (hy aA] +0A3) = (h, ahys + bhyg)m.

5



To see that {hy- : A* € H} is dense in H, it suffices to show that for any
weak* dense subset E* of ©* {hy+ : \* € E*} is dense in H. If it is not,
then there exists h € H \ {0} with (h,\*) = (h,hy-)g = 0 for all \* € E.
However, since E* is weak®™ dense in ©*, we get h = 0, which contradicts the
assumption h € H \ {0}. O

Given a separable Banach space © and a separable Hilbert space H which
is continuously embedded in © as a dense subspace, VW denotes a Borel
probability measure on ©. The triple (H,©,WV) is said to be an abstract
Wiener space(AWS) if W has Fourier transform

— Bas||?
W(A") = exp (—%) for all \* € ©%.
This Borel measure W, named as the Wiener measure, is strictly positive
and locally finite with W(H) = 0 if © is infinite dimensional.

Theorem 2.1. Given any separable infinite dimensional Hilbert space H,
there exists a separable Banach space © and a centered non-degenerate
Wiener measure W on O such that (H,©,W) forms an AWS, and the choice

of © is not unique.

On the other hand, given any separable Banach space © and a cen-
tered non-degenerate Gaussian measure on O, there exists a unique separable
Hilbert space H such that H is the Cameron-Martin space for © and W.

2.3 Cameron—Martin spaces

Given an abstract Wiener space (H,©,W) , it can be shown that there exists
a unique linear isometry Z : H — L*(W) such that Z(hy-) = (-, \*) for all
A€ © and {Z(h) : h € H} is a centered Gaussian family in L*(W) with
covariance structure

EW[Z(h1)Z(hy)] = (h1, he) g for all hy, hy € H.

We call Z the Payley-Wiener map and its image Z(h) the Paley Wiener
integral. One important application of Paley-Wiener maps is to describe the
behavior of Gaussian measures under translation.



Theorem 2.2. (Cameron—Martin Theorem) If Wy is a centered, non-
degenerate Gaussian measure and (H,©, Wy) forms an abstract Wiener
space , then for each h € H, the pushforward measure (73,) * Wy is equivalent
to the Gaussian measure Wy with respect to the Radon-Nikodym derivative

d(Th) * WH

Dy P = %HhHZL (2.2)

where 7, : © — O refers to the translation map 7,(z) =  + h. Note that
the Cameron—Martin formula (2.2) is only valid for translations in H and
the support of Wy is the whole of ©.

2.4 Example: Classical Wiener spaces

A typical example of an abstract Wiener space is the classical Wiener space,
which is the collection of continuous paths on a given domain.

Recall that an n-dimensional Brownian motion is an R"-valued, continuous-
time stochastic process {B(t) : t > 0} with the properties that B(0) = =
with © € R", ¢t — B(t) is almost surely continous, and for all 0 < s < ¢,
the increment B(t) — B(s) is independent of Fs = o({B(7) : 7 € [0,s]})
and has a centered Gaussian distribution with variance ¢t — s. When x = 0,
{B(t) : t > 0} is standard and E[B(s)B(t)] = (s At)I, for all s,t > 0, where
I, is the identity matrix. The distribution of a Brownian motion is known
as a Wiener measure.

Since a Brownian motion is continuous in ¢, it is natural to consider the
space of continuous paths as the underlying space. Define © = O(R") to
be the space of continous paths 0 : [0,00) — R™ such that #(0) = 0 and
limy o til‘ﬁ(t)} = 0, equipped with the norm

6]l :=sup (1 + t)_1|9(t)|.
>0

Then © is a separable Banach space which is continuously embedded in
C(R™), and the process {B(t) : t > 0} is in © almost surely. In addition,
the distribution of {B(t) : t > 0} induces a Borel measure W on O, which
is called the classical Wiener measure. Finally, we set H = H'(R™) to be
the space of continuous path h : [0,00) — R"™ such that h(0) = 0 and
1Al = fooo‘h(t)‘z dt < oco. Then, (H,O,W) forms an abstract Wiener space,

and H is the Cameron-Martin space for the classical Wiener space.

7



2.5 Wiener series

Given a Hilbert space H with an orthonormal basis {h,, : m > 1}, based on
the above discussion, {Z(h,,) : m > 1} is a family of independent standard
Gaussian random variables. As we have pointed out earlier, Y~ Z(hu,)hy,
cannot be an element in H since if it had been in H, then Hzgle I(hm)hmHZ =
oo almost surely. However, one may construct a bigger space © such that

the series converges in © almost surely.

Theorem 2.3. Let H be an infinite-dimensional separable real Hilbert space
which is continuously embedded in a Banach space © as a dense subspace.
If there is an orthonormal basis {h,, : m > 0} in H such that Y °_ 2,hpm,
is ygfl—almost surely convergent in © , where x = (zg, Z1,...,Zpm,...) € RY
and A : RN — O is defined by
Ax) = Yoo Tmhm if the series converges in ©
10 otherwise,

then (H,©, W) with W = A~y is an abstract Wiener space. Conversely, if
(H,0,W) is an abstract Wiener space and {h,, : m > 0} is an orthonormal
basis in H, then Y~ Z(hy)h.y, converges W-almost surely in © as well as
in LP(W) for every p € [1,00).

Proof. Let An(x) = >0 Tmhm and W = A,7g),. Since A, (x) converges to

m=0

A(x) in © for 4g;-almost surely x € RY, for \* € ©*,

WO = lim B0 fexp(v=T (A, X))

1
= lim exp(—§ Z(hm,h,\*)z) =e

n—oo

Clrax Il
2
m=0

Suppose that (H,©,W) is an abstract Wiener space. First, for each n €
N, define F,, = c({Z(hy,) : m € [0,n]}). Then F,, C F,41, and F = U2 F,
is the o-algebra generated by {Z(h,,) : m > 0}. Second, we show that Bg is
contained in the W=completion F of F. Since > _(h, hy)h, converges
to hin H,

En:(h, B )L (h) = T (i(h, hm)Hhm> — Z(h) in L*(W).



Thus, Z(h) is F-measurable for every h € H. Third, if S, = >0 _ Z(hu) b,
then for 6 € ©, (6 — S,(0), X*) is perpendicular to Z(h,,) in L*(W) for all
A" € O and 0 < m < n since {Z(h,,) : m > 0} is a Gaussian family. Hence,
6 — S,(0) is independent of F, and S, = EW[A|F,]. Finally, use Doob’s
martingale convergence theorem to conclude that S,(#) — 0 for W-almost

surely 6 as n — oo. O

AWS plays an important role in the construction of quantum fields. One
of the quantum fields that will arise afterwards in the exposition of this thesis
is called Gaussian free field(GFF), which is a natural generalization of Brow-
nian motion with multidimensional time parameters. Detailed information
on GFFs will be explored in the next chapter.



Chapter 3

Gaussian free fields essentials

In this chapter, we introduce some basic concepts of GFFs in accordance
with [1, 15, 17, 18].

3.1 Introduction to GFF

3.1.1 GFF on a bounded domain D

We start by constructing the GFF on a bounded domain D C R™ with the
Laplace operator L = —A. Consider the Hilbert space H' = HJ (D), which
is the completion of the space D(D) of all smooth real-valued functions with
compact support in D, endowed with the Dirichlet inner product

1
(f,g)le—/Vf-Vg dx for all f,g € D(D).
2 Jp

As seen earlier, there exist a separable Banach space ©' = ©'(D) and a
Borel measure W' = W!(D) on ©! such that the triple (H!, ©', W) forms
an AWS.

The GFF on D is a random distribution h := >~ *_, X,,h,,,, where X,,’s
are independent identically distributed (i.i.d.) standard Gaussian random
variables, and the sequence {h,, : m > 0} is an orthonormal basis for H'.
One can use Theorem 2.3 to check it is well-defined in (H', ©', W?').

Note that for any f = Y0 Yi,hy € HY, (b, )y = Do o XY
is a centered Gaussian variable. Consequently, if h is a GFF on D, then
{(h, f) 1} rem forms a centered Gaussian process with covariance

COV[(ha f)Hl ) (h7g)H1] = EWl[(huf)Hl (h’vg)Hl] = (f?g)Hl fOI" all fvg € Hl-

10



This fact implies that a GFF can be interpreted as a Gaussian process
{(h, f) 1} e indexed by H' such that (h, f) is a centered Gaussian with
variance (f, f),. for each f € H'.

On the other hand, integration by parts yields

. — _ — _ 1/2 ¢ (_ 1/2
/Dw Vg du /Df( A)g du /D< AV f - (—A) V2 da,

and the map (—A)~'/2 is an isomorphism from L?(D) with the L? inner prod-

uct to H* with the Dirichlet inner product. We may write H' = £_15(D).
Similarly, for any s € R, L£4(D) is a Hilbert space such that the inner

product (-,-)s is the pullback of L? inner product, where (-, ) is defined by

(f?g)s:: ((_13)7Sf7(_1ﬁ>7sg)L2'

It is easy to check that although the formal sum h =" *°_ X,,h,, may not
be convergent in H', it is well-defined as a random distribution in £,(D)
with s > ”7_2. In particular, if n = 2, then one may be allowed to define h
as a random distribution in £4(D) with s > 0.

3.1.2 GFF on R"

Given s > 1, the Bessel-type operator L = (I — A)® allows GFFs to be
constructed on the entire Euclidean space R™.

Consider the Sobolev space H®* = H*(R™) with n € N, which is the
completion of the space D(R™) of all smooth compactly supported real-valued
functions under the inner product

(.9 = (I~ A) fog),, = / (1 +€2) Fe)a(e)de

1
(2m)¥
for all f,g € D(R"). Then, the separable Hilbert space (H?,(-,")y.) is a
Cameron-Martin space for some abstract Wiener spaces, and thus there exist
a separable Banach space ©° = ©°(R™) and a Borel probability measure
W = WH(R") on ©° such that (H*,©% W?*) forms an AWS. In particular,
when s = ”T“, ©"% can be taken as the space of continuous paths # : @™ — R
such that limy,)_,. log(e —|—|x|)*1‘9(a7)} = 0 with the norm

101l 21 = sup (log(e +|z[)7}|0(x)] .
z€R™

11



In this case, 6 is a-Holder continuous W"2 -almost surely for o € (0,1).

2
More generally, given s € R and set

O = {(I-A) "7 9:0c0"F),
8o = |1 =270 s

W o= ((I—A) ") W

Then, ©° is a separable Banach space in which H? is continuously embedded
as a dense subspace, and the triple (H*, ©° W?*) forms an abstract Wiener
space, to which we refer as the GFF. In addition, (©°)* is a subspace of H~*
(which is the dual space of H®), and for each \* € (©%)*, hy« := (I — A)™° \*
is the unique element in H® such that (h, hy+)gs = (h, \*) for all h € H®. Tt
is not hard to see that the Paley Wiener integrals {Z(h,) : A € H=*} form a
centered Gaussian family with the covariance

EV[Z(h2)Z(h,)] = (ha, hy) e = (A, V) gr—s for all \,v € H*.

3.2 Green’s function

The Green’s function is an integral kernel representing the inverse operator
L= on a given domain, and it plays an important role in quantum field
theory. It is a basic fact that GFFs can always be characterized by Green'’s
functions.

3.2.1 Green’s function of —A in a bounded domain D

The Green’s function Gp : D x D — R of the Laplace operator L = —A in
a bounded domain D C R" is defined by

Gp(z,y) =0y —2) — G*(y) (v,y € D,z #vy),

where ® is given by

— log|x n =
O(z) = { 2F(gg|+1|) 1 ( 2§

= — >
n(n—2)7r7_1|1‘|n 2 (n el 3

for z € D with z # 0, and G” is the harmonic extension to D of ®(- — z) on
the boundary 0D. We write G(z,y) = Gp(z,y). Fix x € D, G(z,z) = 00
and G(z,-) is harmonic in D \ {z} with G = 0 on 0D.

The Green’s function G in a domain D has the following properties:

12



Fix z € D, —5-AG(z,) = §, in the sense of distributions, where 4, is
the Dirac point mass at z.

e For any z € D, G(z,-) € H'.

(Symmetry) For all z,y € D, G(z,y) = G(y, x).

(Conformal invariance) If D C R?* and f : D — D' is a conformal map,
then for any z,y € D, Gypy(f(z), f(y)) = G(x,y). Moreover, the

harmonic extension G (y) satisfies G(y) = log C(x, D), where C(z, D)
is the conformal radius of D.

If u € C*(D) solves —Au = p for p € D(D) with u = 0 on 9D, then

1

— 5 [ Gewpdy weD). @D

For any p1, p2 € D(D), use integration by parts and (3.1) to write
COV[(h7 Pl) ) (h7 p2)] = E[(h7 _QWA_lpl)hn (h7 _27TA_1p2)H1]
(—27TA71/)17 —2rA pa) 1
= (—2rA7py, ,02)

= //pw G(z,y)pa(y)dedy.

Therefore, the collection {(h, p)},ep(p) is a centered Gaussian process with
the following convariance structure

Cov{(h,pr) (h.p)] = [ /D @G (e

3.2.2 Green’s function of (I — A)° on R"

Now consider the equation
(I — A)’u = p for all z € R". (3.2)

We solve this equation by computing the Fourier transform of « in the spatial
variables x and derive

~

b
(1+]¢*)

13
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It follows that

1 et &)rn
uw(xr) = F 1 (a) = - 0(&)dE.
@)= F 0 = o [ e

The fundamental solution of Equation (3.2) is given by

- ! L i@y
°) = o L TEERT.

= 1 /OO e / !@ra)an do(z")dr
(27T) 0 (1 + TQ)S Snfl

n—1

1 o gpnml 9rTs L n—3
o i(|z|,rs)grn 2\ =2
= - e 1 —s) 2 dsdr
(27)= /0 (1+r2)s (%1 /_1 ( )

2

_ Lot o TOSONG)
B (2%)3/0 (1472 T(%5h) 7oz (2| r)d

o et Jua(el )
= / 2 : n—2 dr?
o (L4712 (z]r)*s

and, therefore, the Green’s function of (3.2) is given by

N3

it Juza e —ylr)
L) (o =yl )T

G(x,y>=¢<x—y>=/0°°(

Note that for n > 2, if s = %, then the Green’s function of (I —A)* on R"
has logarithmic singularity and hence the corresponding GFF is logarithmic
correlated; if s € 3N with s < 2, then the Green’s function of (I — A)*® on
R™ has polynomial singularity with degree n —2s and thus the corresponding
GFF is polynomially correlated.

3.3 Field averages on a bounded domain D

A wuseful tool in the study of the GFF is the field average, which gives the
mean value of the GFF over a circle or a sphere centered around a point in
the domain.

For any € > 0 and x € D, where D C R" is a bounded domain, define

G(y) = —log(z — y| Ve) + G"(y).

14



Then, G* € H' and

o

5 AGIO =0

where 0? € H~' denotes the spherical average measure over the sphere
0B(z,¢) centered at x € R™ with radius € > 0. If h is a sample of a GFF in
D, then for every x € D, let

hoi = (h7 Gg)Hl = % <h7 (—A)G?(» = <h>0-§> :

In particular, when n = 2, h,: is the circle average of GFF on R? with
variance

Var(h,:) = Var[(h,G?) ] (G‘” G“) = (G2, 07)
= —10g£+/ G*(y
= —log&t—l—logC(m,D).

Proposition 3.1. (Circle average is a Brownian motion) Let h be a GFF
with zero-boundary conditions in D. For any x € D, let

ty = inf{t > 0; B.-+(x) C D}.
Then, the stochastic process

Bt(l’) = hef(thrt) — hef%’

is a standard Brownian motion.

Proof. It is clear that the collection of random variables {B;(z)}i>0 is a
Gaussian process. For any 0 < s < t, we first derive

Covlh -ag+o, h-ugro] = E {(h Gf—<t6+s>)H1 ) (h’ GZ"—@%H))HJ

= (G e G 0] = (G o0 00
—loge %6t 4 1og C(z, D)
= t;+s+logC(z, D).

15



Similarly, one can compute Covlh_-ug),h -wz+s] and Covlh ), b -ag+o].
There, we have

Cov[Bs(x),By(z)] = Covlh ~wg+s — h g, h ~wgro — h -]

et
I S S S
]

In fact, the process hy: determines a random continuous function of z
and ¢.

Proposition 3.2. (Cirlce average is jointly Hélder) There exists a modifica-
tion of h such that h,. is locally Holder jointly continuous of order v > %

This proposition is a consequence of the Kolmogorov-Centsov continuity
theorem, and the proof can be found in [1].

16



Chapter 4

GFF in even dimensions

4.1 Circle averages of GFF on R

We begin the study of Liouville quantum gravity introduced by Duplantier
and Sheffield [1]. Informally, a random measure can be expressed by ”e"@) dz”.
When h is an instance of the GFF, such a measure is referred to as a Liouville
measure.

4.1.1 Liouville measures
For any bounded domain D in R% ~v > 0 and ¢ > 0, let m, be the measure
absolutely continuous with respect to the Lebesgue measure and

me(dz) = 72 dy.
If v € [0,2), then for almost surely | 0, Duplantier and Sheffield [1] prove
that the measure m. weakly converges inside D toward the Liouville quantum
gravity measure "m.(dx) = e™@)dr"as ¢ | 0, where hoz is the circular

average of GFF over the circle centered at x with radius € and dx denotes
the Lebesgue measure on D.

4.1.2 KPZ relation in R?

For the measure m., on D, the isothermal quantum ball B(z) of area & cen-
tered at x € R? is defined by m,(B°(z)) = . Given a subset ) C D, denote
the € neighborhood of Q2 by

B.(Q) = {z € R*: B.(z) N Q # 0}.

17



We also define the isothermal quantum 6 neighborhood of € by
Q° = {z € R?: B(2) N Q # 0}.
Then, we say that € has the Fuclidean scaling exponent p if

lim log Vol(B(9)) _
el0 log &2

and the quantum scaling exponent Q) if

o TogEfm, ()

510 log & =@

Theorem 4.1. Fix v € [0,2) and a compact subset E of D. If X N E has the
Euclidean scaling exponent p > 0 then it has the quantum scaling exponent
() where

2

Y v
p_ZQ2+<1_Z>Q'

4.2 Spherical averages of GFF on R*

Chen and Jakobson [2] first introduced the generalization of the 2D results
by Duplantier and Sheffield [1] to four dimensions by viewing GFF as an
AWS.

4.2.1 Construction of random measures

Consider the Hilbert space H = H?(R%), which is the completion of the
Schwartz space S(R?) equipped with the inner product

(Fodn = [ (1= AFf@g(e)ds for all f.g € S(R).

Then the Gaussian free field on R* refers to the probability space (6, 5©), W)
such that (H,©,W) is an AWS, and H? = H ?(R?) is the Hilbert space
consisting of tempered distributions p such that

a6)[* de < oo,

, _ 1 1
I+ = / NwrE:

18



where /i is the Fourier transform of . As (I — A)™2: H2 — H is linear
isometRic, one may identify H with H~% and therefore h, = (I — A)%v is
the unique element in H such that (h,v) = (h, h,)g for all h € H. Moreover,
{Z(h,) : v € H™?} forms a Gaussian family with covariance

EW[I(hV1)I<hV2>] = (hl/17hl/2)H - (Vla V2)H*2‘
Given z € R* and ¢ > 0, define the tempered distribution o € H~2 by

1
2m2e3

(f.0%) = / F(y)doly) for all f € S(RY).
OB:(x)

In other words, ¢ is the spherical average measure of B.(x) in the sense of
tempered distribution.
Introduce the matrix

Ale) = <K{(5) Kl(e)/a) and B(c) = (11(5)/5 J;(@).

If z € R* and g1 > €5 > 0, then

1

E"[Z(hoz, ) Z(hoz, )] = (= 5)Ale1)B' (e2). (4.1)
Note that the family of spherical averages in R* does not possess the ”good”
properties as in the 2D case. In particular, the concentric family of spherical
average is not even a Markov process. The solution to fix this issue is to
"collect” more information about the GFF. Particularly, not only do we
collect the average of GFF over a sphere, but we also take into account the
"rate of change” of the spherical average at the same sphere. Therefore,
Chen and Jakobson introduced

{Z(hos), I(hgoz) - x € RY e > 0},

where do? denotes the tempered distribution given by (f,do?) = 4L (f,07)
for all f € S(RY).
Define

_ (ne 1) o (T
ce= (&(3/? f{'é)) md v = (I(hdm)'
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It is shown by Chen and Jakobson [2] that if we define the "normalized”
vector U? = C~!(£)V?Z, then the Gaussian family {U? : ¢ > 0} is a backward
Markovian. Let ¢ = (1,1)7 and denote

pr = CTC () (50) = file)or + fo(e)do?

€
with

ely(e) — 2I5(¢e) —ely(e)
€)= and fo(e) = ,
e R TETAE Rt A O Ry NETAE
then pu? converges to 20, as € | 0. Moreover, it is proven that the mapping
Z(hyx)(0) is almost surely a-Holder continuous with respect to (z,6) € R*x©
for every a < %
Define G : (0, 00) — (0, 00) by

_ 2L(e)Ki(e) +21x(e) Ko(e) — 1
Ii(e) = Io(e)12(e)
It can be checked that G is strictly decreasing and smooth with lim, o G(¢) =

+00 and lim.4 G(¢) = 0 . In addition, we have the following:
(1) Given z € R* and & > &3 > 0,

G(e)

EV[Z(hus, )Z(hye, )] = BV L (hye, )] = G(e1),

HE,
which is asymptotic to —#log g1 for arbitrary small £;. Fix ¢y > 0, the
Gaussian family {Z(h,:) : 0 < € < ¢} is a Brownian motion up to a non-
random time change.

(2) Given x,y € R* with x # y and &1,&5 > 0 with &y > |z — y| + &9,

1 Lz —yl)
Am2 I2(g1) — Io(e1) In(e1)’

EV[Z(hye, ) I (b)) = Loz — y))G(e1) —

which is asymptotic to —ﬁ log e, for an arbitrary small ¢;.
(3) Given x,y € R* with z # y and &1,&; > 0 with [z — y| > € + €3,

EY [ (g, ()] = 55 Kollw — o)

1

5.7 log|x — y| for arbitrary small ;.

which is asymptotic to —
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Now it is convincing that {Z(h,:) : x € R* ¢ > 0} is a suitable candidate
to replace the circular average in R*. Chen and Jakobson proved that if a
sequence of approximating measures is defined by

2

m? (dz) = exp(YL(hys ) — %G(en))d:p (4.2)

with 0 < 7% < 27% and ¢, = &} for fixed g9 € (0,1), then the sequence
{m¢ :n > 1} is weakly convergent almost surely as e, | 0.

4.2.2 KPZ relation in R*

Given a bounded domain Q C R* we say that B.(2) is the e-neighborhood
of O if

B.(Q) ={z e R*: B.(x)NQ # 0}

Note that if 0 < v? < 7% and x € R* is fixed, then it can be shown that

E" [lim sup e*7" ¢ (B, (x))] = 0.

n—oo

Set

0, = {6 € O : limsup ¥ ¢ (B (z)) = 0}, (4.3)

n—o0

©, is a measurable set and W(O,) = 1. For w > 0 and 0 € O, denote

sup{r > 0: m’(B,(z)) < w} if 0 € O,,

. (4.4)
0 otherwise

R(z,0;w) = {

and introduce the isothermal w- neighborhood of 2
Q%(w) = {z € Qand R(z,0;w) =0 or 0 < dist(z, Q) < R(z,0;w)}. (4.5)
We call p the Fuclidean scaling exponent of €2 if

. log Vol(£2)
lim ————" — 4
T 2 (4.6)
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where € > 0 and €. = U,cqB(2) is the canonical e-neighborhood of 2, and
we call Q) the quantum scaling exponent of §Q if

W0 (()0
L Tog B[ (0(w))]
wl0 log w

— Q. (4.7)

Assume is a bounded Borel set with the Euclidean scaling exponent p €
[0,1]. Then, Q has the quantum scaling exponent @) € [0, 1] as defined in.
where () is determined by the following quadratic relation with p :

2 2

7 2 i
- 1— .
P= 162 T ( 16W2> @

4.3 Possible Replacement of R*

The approach outlined above is to collect information about the spherical
average as well as its "rate of change”. We now propose another way to
collect more information on the GFF, i.e., to consider the averages of the
GFF over two different spheres rather than a single ”sphere”. In other words,
our goal is find proper radiuses 7 (g) and r9(e) and the weighted coefficients
fi(e) and f5(e) such that

e = fi(e)oy, o) + fale)or, )

where p? converges to a constant multiple of 9, and the Gaussian family
{Z(hyz ) : € > 0} satisfies the Markov property.

Our first attempt is to take ri(¢) = ¢ and r3(¢) = ce with undefined
constant ¢ € (0, 1).

Given z € R* and £; > &, > 0, Formula (5.6) implies

EY [I<hu§1 )I(hu§2 )]
= f1(€1)f1(€2)EW[I(hagl )I(hagz)] + f1(€1)f2(€2)EW[I(hagl )I(hangQ)]
Foe1) fi(e2) B [L(hor, ) (hoz, )] + fo(e1) Fale2) BV [Z(ho, )T (ho,, )]

= (_4L7r2)[f1(51)A(51) + fale1)Alcer)][f1(e2)BT (e2) + fale2) BT (c£2)],

where ce; > 9 is required for the third covariance function.
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To preserve the Markov property, we can simply require

(Z) = fi(e2)BT(£2) + fa(e2) B (ce2)

_ [ file)i(e2) /22 + falea) i(ces) [ees
fi(e2)I1(e2) + fa(ea)[1(cea)

_ Il<82)/82 ]1(662)/662 fl(i-fg)
Ii(e2) Ii(cea) fo(e2)
with a,b € R. Here we let a = 1,b = —1 and denote

Ii(e)/e L(ce)/ce
C(S):( I(e) Iifee) )

For every € > 0, the formulas (A.11) and (A.12) yield

det C(e) = 011(5)[0(05); L(ee)o(e)

1 1 cel{(ce) — I(ce)
Cle) = cl(e)Io(ce) — I (ce)p(e) ( —celi(e) cli(e) ) '

It follows that

fi(e2) _ 1 cealy(ces)
fa(e2) cly(e2)Io(cea) — Ii(cea)Io(ea) \ —clo(e2) |-

Then for each x € R, if u¥ € H2 is defined by

pe = fi(e)od + fale)oe

_ celp(ce)
CIl (8)[0(08) — Il (C€>I()(€>

—CI()(?E)

fi(e) ~ ch(e)Io(ce) — Iy(ce)o(e)’

and f>(e)

then p? converges to 20, as € | 0.
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To construct the approximating measure m{ (dz) defined by (4.2) with
en = €y for n > 1, one can choose ¢ € (go,1) so that {Z(h,s ) : z € R*}
possesses the Markov property.

As we have seen in the 4D case, it is possible to obtain an ”ideal” regu-
larization of the GFF by taking a linear combination of the GFF’s average
over two spheres. Similarly, in R?", one will need to consider the averages of
GFF over n families of spheres simultaneously. However, this approach will
fail in odd dimensions, as we will demonstrate in the next chapter.
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Chapter 5

GFF with Fourier-Bessel series

The main goal of this chapter is to generalize part of the results from even
dimensional Euclidean spaces [1, 2] to all finite dimensions R” with n > 2 by
the Fourier-Bessel expansion approach.

5.1 Introduction to Fourier-Bessel Series

We start with a brief introduction of Fourier-Bessel series. More information
can be found in [19, Chapter 18].

Consider a function f : (0,a) — R where o > 0, which can be written
in terms of series of Bessel functions of the first kind of non-negative order v

k=1
where j; < jo < ... denote the positive zeros of J, and a > 0.

To obtain the coefficients ay, use the orthogonality of Bessel function
zeros to write

@ x > o x x
Jl/ m— d = JI/ m— JI/ —)d
[ s = S [ ehting )t
= am/ fo(jmf)da:
0 Q
_ O‘2J3+1(jm)
m 2 .
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It follows that

2 ¢ .
—(]m)/o # i =)f () for m =1 (5.2)

Ay =
2 ]2
oy

The series (5.1) with coefficients defined by (5.2) is called the Fourier-Bessel
expansion of f on (0,«). To simplify, we only consider the case of o = 1.

Theorem 5.1. Let f be a function defined in the interval (0,1) and let
fol x%| f(z)| dz exist and (if it is an improper integral) let it be absolutely
convergent, then the series Y °_ a,,J,(jmx) is convergent and its sum is

equal to [f(z +0) + f(x — 0)]/2.

The following theorem indicates the order of magnitude of the coefficients
in the Fourier-Bessel series.

Proposition 5.1. If 22 f(z) has limited total fluctuation in (0,1), then the

coefficient a,, is asymptotic to j,2 when m is large enough.

Proof. First, based on [19, pp595], we have

3

1
/ 22 f(2)J (jpz)dz = O(jm?) as m — oo. (5.3)
0
Then from [20], we see
T 1 42 — 1

m = T+ 20— ) -

1
8(mm +m/2(v — 1/2)) + O(%) as m — oQ.

1

enough. Thus, for sufficiently large m, it is easy to show that 2/J2,,(jm)

is asymptotic to 7mj,. Combining this result with the formula (5.3), we
1

Recall that J,(z) is asymptotic to /= cos(z — £ — 2) as long as z is large

can conclude that the coefficient a,, is asymptotic to j,?> when m is large
enough. O]

5.2 Fourier-Bessel series on R"

Consider the underlying Hilbert space H> = H2(R") with n > 2, which is
the completion of the Schwartz space S(R") with the inner product

(f,9) s = /n(l — A)? f(x)g(x)dz for all f,g € S(R™).
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As mentioned before, there exists a separable Banach space ©2 = 02 (R")
and a Gaussian measure YWW2 = W3 (R") such that the triple (Hz,07, W?)
forms an AWS. The GFF h on R” refers to the probability space (02, B_», W?)
where B3 denotes the Borel o-algebra over Oz,

Moreover, H=2 = H~2(R") is the Hilbert space which consists of all
tempered distributions iy, po such that

1 IO <
(es) s = g [ (HIER) @) < .

If h, = (I — A)~2v for some v € H~ 2 then h,, is the unique element in H2

such that (h,v) = (h,h,), 3 for all h € H? and the Paley-Wiener integrals

{Z(h,) : v € H™ =} form a Gaussian family with the covariance structure
]EW[I(th)I(h‘VQ)] = (hV17 hVQ)[{% = (V1> VQ)H*%'

Furthermore, given x € R" and € > 0, 0 € H ~% denotes the spherical
average measure over 0B(z, ¢) and its Fourier transform referred to appendix
A4 is given by

. 2"3°T(2) A
02 () = ———2 Jna (e[€])’ O, (5.4)
(eleh™=" *
In particular, for every x € R™ and ¢ > 0, the spherical average Z(h,z) of
the GFF is well defined and Z(h,=) approximates ¢, as ¢ | 0.

5.2.1 Motivation

Lemma 5.1. Given x € R? and g, > g3 > 0,

Y [Z(hos )T (hos, )] = o Kole1)Io(2). (5.5)

1 2

Therefore, the family {Z(hys) : 0 < € < 1} is a backward Markov process.

Proof. A basic computation referred to formulas (5.4) and (A.10) implies

1 1. R
EVIZ(hye )T (hy= )] = x z (€)d
o Tz} = o | o @ €0
1 o0
= % g —1 _:T2 J0(81T>J0<€27’)d7”

= %K0<81>10(€2).
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O

However, such facts about spherical averages fail in higher dimensions.
For example, in [2], Chen and Jakobson pointed out that the covariance
function of the Gaussian family consisting of all the spherical averages of
GFF at a fixed point z in R?" with n > 2 fails the backward Markov property.
But, as we will see in next section, family of certain functionals of spherical
averages of GFF in R?" can be chosen to possess such backward Markov

property.
Lemma 5.2. Given z € R3 and g > &5 > 0,

1 e —¢ €1+e¢
EV[Z(hoz )L (hoz )] = —5[——Ki(e1 — £2) — ——

K . (5.6
472" 169 €169 e +e)] (5.6)

So, the family {Z(h,z) : 0 < & < 1} does not possess backward Markov
property.

Proof. Under this assumption, the formula (A.9) implies

E"[Z(hog, )Z(hor, )]

€2

NN AGLIEACTIN

16 S (1Ig))> ﬁa S

1 [~ r J

dr o (14722 VEr \/5

_ 1 /OO 1 SlIl(€1T)SlH(627“)
0o

272 1 +r2)% &1 E9
— | leos((en - ) — cosl(er + el
= cos((e; — €3)r) — cos((gq + €9)1)]dr
Ar2eies Jo (14 12)2 e P
1 €1 — &9 €1+ &9
= — K — — K
47’(’2[ £1€2 1<81 EQ) £1&9 1<€1 +€2)]
1 1 1
— —47T2 E—[K1(€1 - 62) — K1(€1 + 52)] — 5—[K1(51 — 52) + K1(€1 + 52)} )
2 1

]

More generally, the next computation shows that the same phenomenon
is expected to occur in R?"*! with n > 1.
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Theorem 5.2. Given z € R* with n > 1, {Z(hy=) : € > 0} fails to be a
backward Markov Gaussian process.

Proof. Given x € R*"™ with n > 1 and &; > &5 > 0, formulas (A.2) and
(A.7) yield
EW [I<hz7§1 )I<h0§2 )]
B 22"11“2(2"7“)/ 1 Jon1(e1/¢]) Jonor (£2/€])
o2 e (LIP3 (2|6 ™ (eale) ™
22n71F2(2nT+1) 271_2”72‘*‘1 /oo r2n J2n271 (61’/“) J2n71 (527“)
)Jo o (

= r
(2m)2rt (2 L4122 ()T () 2
F<2n2+1)( d - d - /oo r?n J (817") J% (52T)d ]
e -~ [ r
ore edey €ades 0 (L4723 (e7)7 (egr)?
F<2n2+1) d ., d i 2 o p2n—2
= " " dr].
27 (€1d€1 €2d82> [7T81€2 / (1+ 7“2)7”% sin(evr) sin(ezr)dr]

Note that for € > 0, the formula (A.9) implies

< pns2 d > 1
—————cos(er)dr = ——— —— cos(er)dr]
o (1+r2)nts de?n=2" J, (14 r2)"+2
d gt/
K, (¢)].
pET=IL T sy

It follows that

EY [I<h0§1 )I<haz )]

€2

= F<2n2+1)( d n—1 d )nfl
27r2n2+1 g1dey godeq
1 o8] 7,,271—2 d
X [mgl(€2 /0 T {cos((e1 — 2)r) — cos((e1 + €2)r) } dr]
F<2n2+1)( d )n—1< d n—1 (_1)71—1
27‘(2”;1 g1dey godeq TE1EY
a 12 - -
d€?n72 Q"F(n 4 1/2) [(81 - 52) n(gl - 52) - (51 + 52) n(El + 52)]
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Since the modified bessel functions K, (g1 £ €5) are clearly not ”separable”
in the sense that it cannot be written as the product of a function of £; and
a function of &5 for v € R, we complete the proof. n

Given z € R*"*! with n > 1, the Gaussian process {Z(h,s) : € > 0} not
only fails the reversed Markov property, but also is not ”separable”. Thus, if
we set up the approximating measure p? as the linear combination of finite

spherical measures me(s) € H=*5" with different radiuses rm(€) > 0, then
the process also fails to be a backward Markovian. In other words, the finite
spherical averages do not provide enough information to indicate how the
Gaussian process will behave. More specically, we will collect information
about the GFF from infinitely many spheres.

Now consider infinitely many spherical averages. We will show that the
Fourier-Bessel expansion of certain function f may be viewed as the collection
of information about GFF on infinitely many spheres at a fixed point = as
the radius of the spheres increasing to infinity, which is a potential candidate

for our project. Therefore, we assume p? = > > ¢, 0" ) is in the form of

m=1 rm(e

the Fourier-Bessel series by taking r,,(¢) = je for all m > 1, where j,,’s are
zeros of Bessel functions of order v in ascending order of magnitude.

5.2.2 Spherical Averages of GFFs on R"

Assume that

o0
_ x
= E CmCij6
m=1
with

HE(€) = Ly 1y (€)= = 1) (efé] e, (5.7)

where ji, jo,, ... are the positive zeros of J.-2 arranged in ascending order.
2

Since the coefficients in the Fourier-Bessel expansion of f(z) do not depend
on the location x, we have

n—2

(€)= ,ﬂ G e ( ) " e Gnele)e O (5.8)
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with

()7 2 L o
Cm = o | 5 — Y2Jdn=2ny)ay .
F(§> 2 Jé(]m) 0 2

n- n=3
where f(y) = y"2 Lio,1)(y). Note that the coefficient ¢, is asymtotic to jm’
when m is large.

By Theorem 5.1, since f(y) is bounded and continuous in (0,1) and
fol t%f(t)dAt < o0, the series Y ° | ¢,,07 (§) is Convirgent and its sum is
equal to pz(€) for each £ € R™. In this case, u¥ € H~ 2z and u? tends to the

point mass ¢, as € | 0 in the sense of distributions.

N
m=1

Lemma 5.3. Given z € R", let S% = >_
pin H=2 as N — oo.

cmo? .. Then S%; converges to

Jmé€"
Proof. 1t suffices to show
2

N
/B(o,i) (; () - Zcm‘;}:\m(é) d¢ — 0 as N — oc.

m=1

2

—

1 ) N
/B(O,i) (1 _’_|§|2)% 5(5) ZC O']ms(g) g

m=1

P S & e [P
+ (2) Z Z —— oz Joz2 (Jmer) Juzz (jrer)dr
m=N+1k=m-+1 ]mTjkT 0 (].—I—’f‘ )2 2 2
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n—3
Using the fact that ¢, is asymtotic to j»,,*> when m is large and J n—2 (r)

. . _1 .
is asymtotic to r—2 when m is large, we have

2" lra ()
Il = 2 —Jn_2 dr
n—lrs (2 1
e m= N+1 (1+72)2 Jmer
2" 7T2F(§) /
o — ’]"
en! mN+1‘7m 1+r25
< C Z — < @
m= N+1

for large enough m. Since Y °_ 41 j—-2is convergent for all N, the first part
I tends to zero as N — oc.

On the other hand,

g 2mel(G) Z & Z C / a2 () a2 G

en
m=N-+1 ]m k=m+1 jk

Let g(u) = —anT—2 (jmu) and define

(1+(2)?)

O =

1
Pugo (i) = [ 900 a2 (raud
0

It is easy to see that fol u%‘f(u)’ du < oco. By (5.3), we have Fus ,.(ji) =
3
O(j,. 2) as k — oo. Therefore,

n 3
3

2712I‘ﬂ ]m = j. 2 3
g < 26 Z i
m= N+1jm k=m+1 J},°

:27T2F%CZ] Z]

m=N-+1 ]m k=m+1

QM2 (2 > _3
< . (2)0 Z Jm? < 00
€ m=N+1



_3
for large enough m. Since > 7 ., jm> < oo for all N, the second part J
tends to zero as N — oo. O]

At this point, one may allow to take u2(§) = 1 (€])e’ @&rn into the
covariance of the Gaussian family {Z(h,:) : z € R" z—: > 0}.

Theorem 5.3. (1) Given z € R" and € > 9 > 0,
1

1 €1 rn=l
EYIZ(he YI(he :—n/ ——dr=G .
Ll 1200 = sy [ et = Gle)

The covariance function EV[Z (huz, )Z(hyz )] is asymptotic to _Tr() log(e1)
when ¢, is small . Given gy > 0, {Z(hys) : 0 < € < g0} has the same distri-
bution of a Brownian motion up to a change of variable.

(2) Given z,y € R" with = # v,

1 n

1 1 e1 rz
EVIZ(h )Z(hy )] = . / v Juzz (2 — y| r)di(5.10
Tl T002) = Gooys s [ el ol 10
If |z — y| < eq, then It'f,W[I(hu.g1 )Z(hyy, )] is asymptotic to —m log(e1)

when ¢ is small. If |z — y| > &1, then ]]ELW[I(hMg1 )Z(h,y, )] is asymptotic to

1 :
Con-lxEr(n) log|z — y| when &1 is small.

Proof. (1) Given z € R™ and g1 > &9 > 0,

1 -2 5 %
e R el AR R CIA G

1 272 /61 rn—l1 J
— - —dr
(2m)n F(%) o (1+47r?)2

1 ol
€1
= - —dr = G < 00.
2n—1ﬂ-2r(%)/0 (1 7‘2) T (61)

Straightforward computations show that G is strictly decreasing on (0, c0)
with lim. o G(¢) = +oo and lim.1o G(e) = 0 Then G~! is also a decreasing
function and G(e) is asymptotic to — log(e) as € decreases to 0.

For x € R", let ty > 0 and define

212r<>



For every t > s > t,

Var(B(t) — B(s)) = G(G™!(t)) — 2G(G'(s)) + G(G'(s)) =t — s,
which yields B(t) — B(tp) has the Gaussian distribution with mean 0 and
variance t — ty. Moreover, if t9 > s9 > t; > s1 > t(, then

Cov(B(t2) — B(s2),B(t1) — B(s1)) =t1 — s1 — t1 + s1 = 0.
Hence, B(ty) — B(sg) is independent of B(t;) — B(s1). Let e = G™'(ty), then

Z(huz) — I(hyz ) has the same distribution as a standard Brownian motion

for 0 <e< 60.60
(2) Given z,y € R" with z # y and € > €3 > 0,
E(Z(hyus ) I (s, )]

1 5 .
= (2m)m /Rn(l +|§|2)_51[0é)(|§|)1[07$)(|§|)ez(x_y,5)md§

1 o Tn_l ; ’
_ i(z—y,rz’)gn /
- @nr /0 L+ 2% o) /Snle *do(a)dr

1 n—1 n—1 1
_ 1 €1 T _ 27T j ei($—y77"5)Rn (1 _ 82)717—2 dS dr
@m)m Jo  (1+r2)2T(%50) S V1—s2
1 n
1 1 B T2
= = — ——Jnoa(lz — y|r)dr.
Ce g A e Rl

Comparing the covariance function G with the formula (A.8), let & | 0, if
|x —y| < &1, then |z — y| is sufficiently close to £; and

1

W —
BV T T(he)) — ooy R (5.11)
where the right-hand side is asymptotic to —2n_11 7 log (e1); if [z —y| > &1,

then
_> 1
2n=1r3T(2)

1

where the right-hand side is asymptotic to ~ o) log|z — y| when |z — y|
Tl

is sufficiently small. O

EY[Z(hyz, ) I (hy,)] Koz —yl), (5.12)

By now, one should believe that {Z(h,:) : © € R", ¢ > 0} is a suitable
choice on R".
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Chapter 6

Fourier-Bessel series in R°

This chapter presents an explicit example of the Fourier-Bessel expansion
approach to construct random measures and prove a KPZ relation on R3.

6.1 Spherical averages of GFF on R?

For x € R? and € > 0, the Fourier transform of the spherical average measure
3 . .
0% € H™2 referred to (5.4) is given by

72(6) = \ [ qygy J3 CleDe S

oo
m=1

Assume that

with
pE(E) = 1io,1) (€D’ 9m8 = 1pg 1) (e]€])e! 2,

where ji, jo,,... are the positive zeros of J 1 arranged in ascending order.
Note that the coefficient a,, in f(z) => - _, mJ 1 (jmz) does not depend on
the point z. Hence, by (5.1) and (5.2), we have




with
2 2 /1 s
Cm =\ — 5~ 2J1(Jmy)dy.
T 0 Y 1 (Jmy)dy
Since j,, = mm for all m > 1, use the formula (A.2) to write

2 sin(mmn) 2

- _ _ m—+1
Js(jm) = ] cos(mm)] = (—1) p—,
It follows that
2 mm
Cm = —/ usin(u)du = 2(—1)™*1.
mm J,
Therefore,
=22 (CU".L©)

By Theorem 5.1, the series Y (=1)"*'67 (&) is convergent and its sum
is equal to uz(€) for each ¢ € R3. In particular, pu® € H~3 and pE — 0F
as ¢ | 0 for every # € R®. In addition, by Lemma 5.3, S% = S _ Cm0? .
converges to pf in H ~3 as N — oo for given x € R3. Finally, by Theorem

5.3, we have the following result in R3:

Theorem 6.1. (1) Given x € R and g, > &5 > 0,

1 1
w _ / 2 _
E [I(h‘ﬂgl )I(hug2)] - 272 [_ m + log(l + I+ 81) - log 81] - G(€1)7
where the function EW|[Z (huz, )Z(hye,)] is asymptotic to — 555 log ey when ¢;
is small. Moreover, {Z(h,z) : 0 < ¢ < go} has the same distribution as a
Brownian motion up to a non-random time change.

(2) Given z,y € R3 with x # y and &, > &5 > 0,

I\J\w

——Jilz—ylr)dr. (6.1)

EW[Z(hye VI (h,w ; /“
(Z(hyue VI (hyz,)) = 5¢@j— RS

If|z — y| < &1, then IEW[I(hHg1 )Z(h,z )] is asymptotic to — 555 log ey when &
is small. If|z — y| > €y, then I[E,W[I(hug1 )Z(h,z, )] is asymptotic to — 555 log|z — y
when ¢ is small.
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This theorem indicates that the collection of Paley-Wiener integrals {Z(h,z) :
r € R} e > 0} forms a Gaussian family with the corresponding backward
Markovian properties and is a suitable candidate for the spherical average
process.

Remark. For z,y € R with z # y and &, > g5 > 0, by the formula (A.8),

EW[I(h#gl L (hy,)] — 2—71TQK0(|x — y|)‘ < 27r2|;— y| /1 5 +Tr2>gdr
B 1 Y
- 2m2r —y| 1_|_8L2
£1 1
22|z —y|
If 0 <|x —y| < ey, then
IEW[I(h“g1 JZ(hy)] = Q—;Ko(sl) +O(g1) as &1 J0. (6.2)

If |z — y| > €1, then
1
B (L, 1T ()] = 5 5 Kol =) + O(e1) as o=y L0 (63)
Moreover, the Payley-Wiener integral Z(h,:) determines a continuous
function almost surely.

Corollary 6.1. Given € > 0, the mapping « € R* — Z(h,s) € L*(W)
continuous. Moreover, for almost every 6 € ©, x € R* — Z(h,:)(0) € R
a-Holder continuous for every o € (0, 1).

18
is

Proof. By Kolmogorov’s Continuity Criterion, it suffices to show there exist
constant 3 € (0,1) such that for every z,y € R3,

|Z (i) = Z() [y < Cicle —ul”

Note that
1 [z 2 m
EV(Z(he) —Z(he)]] < = | ——=|1— Julz —y|r),/s———|dr
[] (Me) (ua) ] < 72 J, (1—1—7“2)% 2<| ylr) 2z —y|r
B iz 1 2 Sl_sin(]a:—ylr) .
™ Jo (1+7r2)2 lz —ylr




For 8 € (0,2), if t € [1,00), then |1 — 52| < 2 < 2% if ¢ € (0,1), then
|1 — 2t < 142 < 148 So, we have

int
‘1—% < 29 for B € (0,2).

and thus

VAN
B
|
<
T
Ll
o\
o
<
i)
L
QU
=

6.2 Construction of random measure

In this section, we use the Gaussian family {Z(h,:) : v € R* e > 0} to
construct random measures on R3.

Recall that for each x € R3, u? converges to 0, weakly as € | 0, so 6(z)
is the limit of Z(hys)(0) = (0, 17) 3 as € | 0. Define a random measure on

R3 by
m?(dx) = E?(z)dz,

where

2

EL(x) = exp(1Z(hy) (0) = S-G(e)).

Corollary 6.1 guarantees that the mapping (x,6) — Z(h,:)(6) is measurable
with respect to Bgs x Bg if € > 0 is given. Additionally, for every x € R?® and
e > 0, the Paley-Wiener integral Z(h,:) has standard Gaussian distribution
under W with variance G(g), thus E"W[EY(z)] = 1. Moreover, given any
Borel set X in R3, denote

mf(X) :/ E(x)dx € R.
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Then the mapping 6 — m?(X) is measurable, and by Tonelli’s Theorem,

€

EW[mf (X)] = /X EW[EY(2)]dz = vol(X).

Theorem 6.2. If 0 < 72 < 72 and ¢, = ™ for n > 1 with 0 < ¢ < 1, then
for almost every 6 € ©, there exists a non-negative Borel measure m?(dz) on
R3 such that for every f € C.(R3),

\ fl@ym? (dz) — . f(x)m®(dz) as n — oo

almost surely and also in L2.

Proof. Since f € C.(R?), it suffices to show the weak convergence of m? (dx)
on a compact set X C R? with supp(f) C X.

First, we show there exists a non-negative random variable 6 — m?(X)
such that

= lim Z’m5n+l — gn(X)

N%oo

almost surely and in L?. For n > 1, by Tonelli’s Theorem, we have

2 _ // VEW(Z(h,z T (’En+1)] drdy
X2
W
i / / R
X2
_ 2// 672EW[I(}ZH§”+1) (h ME” ] dxdy
XQ

The covariance formula (6.1) yields

En+1 €

//xanp< QW;W/E" (’x—ylr)dr>

5n+1

e"p( VF/
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Dividing the domain into two parts:

]:// and J:// )
lz—y[>en—1 |z—y|<en—1

First, if [z — y| > en_y, then |z —y|r > 1 for = . It follows that

3
En 5
x —y|r)dr
%T/ TR AL
[z— u\ 7“%

3 ——Ji(z —y|r)dr
2legvf/ SRR

IN

3
r2

Z x —y|r)dr
27T 3 \Ar/ 1+7‘ 2(| ™)
=] 2 == 2
< C’l/ ’ r =dr + 7 3/ L =dr
0 (1+7r2)2 (2m)2 J 1 (1+72)2

= O [_;}'”IH lln <‘\/x27+x‘) S

1
En

22+ 1], (27)2 22 + 1

1
lz—yl

where the square root of the right-hand side is summable in n > 1. Second,
if|x — y| < &, then we have

J < O3 . 9¢7°Clns1) < 0 (67 —)Glen)
and thus

s Um (X) —m! (X)

2:| < Ce™ (6m2— 2)G(an) (64)

En+1

The square root of the right-hand side of (6.4) is summable in n > 1. Since
it is clear that mgl (X)) is square integrable, one conclude that

= ot () =, (1)

is square integrable and converges in L?. Furthermore, there exists a subse-
quence {&,, }3>, such that 3> ‘m (X) — mgnk (X)‘ converges to m?(X)

Engy1
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almost surely. However, since the series is bounded monotonic increasing, it
has to converges almost surely along {e,}>° ;.
Next, let f be a continuous function with supp(f) € X and define

M= [yt (de)n > 1
R
Then one obtain
S|V () = M2 (D] <AL e, (6) et ()] < o0
n=0 n—=0
which is also square integrable and converges almost surely. Thus,
MP(f) = lim M’ (f) exists almost surely and ‘Mf(f)‘ <|If1l, m(X).(6.5)

Finally, let {fr € C.(R?) : k > 1} with supp(f) C X for all k¥ > 1 and
choose a subsquence {fi, : j > 1} such that f, — f uniformly. Then for
every m,n > 1,

ME(F) = M| < M) = M2, ()| + M2, (i) = M, ()
[0 (i) - M2 (1)
< 2 ()|, = Fl, +|ME, () = ME,(fi)]

Therefore, {an( f) : m > 1} is a Cauchy sequence in R. It follows that
f € Cu(X) and MO(f) = limj_,oc M?(fy,). By the Riesz representation
theorem, there exists a unique Borel measure m?(dz) such that

M) = [ flaym )

and the total variation of m?(dz) is bounded by m?(X). O

6.3 KPZ relation

Given a bounded domain Q C R3) we say that B.(Q) is the - neighborhood
of Q if

B.(Q)={r € R*: B.(z) N Q # 0}.
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Note that if 0 < 72 < 7% and z € R? is fixed, then

EY [lim sup e ¢Em (B, (x))] = 0.

n—oo

Set

0, = {6 € O : limsup "’ ¢ (B (z)) = 0}, (6.6)

n—oo

©, is a measurable set and W(O,) = 1. For w > 0 and 0 € O, denote

sup{r > 0: m?(B,(z)) <w} if0 € O,,

) (6.7)
0 otherwise

R(z,0;w) = {

and introduce the isothermal w- neighborhood of 2
Q%w) = {z € Qand R(z,0;w) =0 or 0 < dist(z, Q) < R(z,0;w)}. (6.8)
We call p the Fuclidean scaling exponent of €2 if

. log Vol(£2,)

lim ———= = 6.9

T P P, (6.9)
where € > 0 and Q. = U.cqB.(z) is the canonical e-neighborhood of €2, and
we call Q) the quantum scaling exponent of € if

W[ 0(()0
L log Y m(9(w))
wl0 log w

= Q. (6.10)

Lemma 6.1. For every x € R?, define

2
Y ) .
i (dy) = exp <_27r2K0qx - y|)> m”(dy) if 0 € O,,

m?(dy) otherwise.

Then m%*(dy) is a non-negative regular and o-finite Borel measure on R®.
Moreover, for every r € [0, o0), compact set X C R? and F' € Cy(R> %[0, c0)),

//F(:E,me(Br(x)))me(dx)W(dQ):/ /F(x,me’QC(Br(x)))W(dH)me(dx).
eJx x Je
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Proof. Since the function exp ( s Koz — |)> is locally integrable with re-
spect to m?(dz) for 6 € ©, and

/ e(;;qu—w)mg(dy) _ i/ e(;;Ko<z|>)m9<dz)
Bey ()

k=0 6k§|z‘<6k_1
= (D)

< Sl e, (o) < o,
k=0

it is clear that mj(dy) is non-negative regular and o-finite almost surely.

Let f* € Cp(R?) be a continuous function in z € X with 0 < f* < x5, (z)-
Since F'(z, M?(f*)) is continuous in z € X, the weak convergence result, the
dominated converegence theorem and Fubini’s theorem that

[/xMWx<><m

= /@hm {/ F(z, M°(f*))m fn(dx)} W(db)

n—o0

= lim / / F(z, MO(f))E (x)dzW(d)

n—oo

= lim / / F a;,M””hu%n(fx)) W(df)dz.
n—oo X @

Moreover, given # € R3, the Cameron-Martin theorem guarantees that
0+~h,2
mgkfy “in (dy) converges to m®T e (dy) weakly as k — oo for each k > 1.

Thus, we have
[ ga : O+vhyz,  ox
MO (fF) = lim Mg, (f7)

= jin [ e (Y [T, 12i00s)] ) B2 )y

k—oo R3

Assume n > 1 is large enough and n < k, divide the integral in the right-hand
side into two parts:

]:/ and J:/ .
ly—z|<en ly—z|>en

Note that E [I(hufn )I(h“gk)} is bounded by 5G(e,) for some constant 5 €
(1,2) for large enough n. Therefore, the first integral [ is bounded by
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e?’GEnmd (B, (z)) as k — oo and then converges to 0 as n — oo. Moreover,

/|y_w|>€n f*(y) exp (’YQJE [I(hugn )I(hué’k)]) E? (y)dy

. M@-ﬁ-’yh#gn
N =k 272

2
W2
_paezKolz—yD+O0(en) /| | Fo(y)EL (y)dy,
yfngn

which is convergent to [, f*(y) exp < " Koz — y|)> m?(dy). So for § € O,,

212

ln_ Jirn P exw (78 [Zl0s, 12000 ) % )

n—o00 k—oo ly—z|>en
2

=/, f*(y) exp (LKon - yl)) m’(dy) < oco.

272

It follows that
/ / P, MO(f%))m® (dr)W(d6)
0JX
= / / F(z, MO(feea= " 0l==DyW(dp)du.
X JO

Next, choose a sequence {ff : j > 1} € C°(R?) such that 0 < f¥ 7 X, ()
as j — oo and [} is continuous in x € R3 for every j > 1. Then (6.11) holds
for each 5 > 1. Let j — oo, the limit can be passed all the way inside. We
complete the proof. O

Now we prove the KPZ results. Note that for each r > 0 and w > 0,
since the distribution of 1’ (B,(z)) and R(z,6;w) under W does not depend
on x € R3, without loss of generality, we will assume z = 0 and denote
m? = mf(B,(0)).

Lemma 6.2. Let B be the closed ball in R? centered at the origin with unit
2
volume under e#KO(ly‘)dy. If n and k are constants with
3m? + 42
612 —~2 —n

2

0<n<3m®—3y* and <Kk <1,
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then there exists C' > 0 such that for sufficiently large K > 0,
0 K 2k 2 s 7
W(m’(B) <e ") <Cexp |— | 6" =y —— —n | K
~y K

Proof. Since B is closed, it suffices to estimate W(limsup,_,. mf (B) <

2
e X7) where m¢ (B) = G#K"qyl)mgn(dy). By the same argument in (6.4),
we can prove that

D44 {me (B) —m? (B)

En+1 En

2] < Co67=)G(en),
For any 0 <1 < 3m2 — 3y? and n > 1, let

€i

md (B) —m! (B)‘ < Qe 30K vy > n} :

Then the Borel-Cantelli Lemma implies that W(U2 | Al) = 1. In addition,
if 41 = A} and A, = A}, \ A, for n > 2, then there exists constant C' > 0
such that for all n > 2,

W(A,) < Ce?Kre=(06m=1=mGlen)

Set B = {limsup,,_,,, ¢ (B) < e X7}, then W(B) = 3>, W(BN A,) and
mf (B) < Cpe ™7 with Cy = 1+ 307, e~ 3660, Given & with 25— <
k < 1, there exists a unique N € N such that

2K 2K
G(eN)<“T and  Gens) > ’; .

Then we have

Z W(BNA,) < O e2K7 o= (672 =7 —n)G(en11)

n=N+1

A
Q
o
s
o)
|
R
o)
3
[\
|
2
[\
|
| 2
[\]
|
33
~
=

45



Moreover, for n =1,2,..., N, Jensen’s inequality yields

Wi, (B) < Cpe™7)

€n

2 2
< W |exp /(fyI(h“gn)(G)—%G(gn)) ear Kol gy, < ek
B

= (/ T(hyy, )(O)es=" "Wdy < —K + 2G(e,) + ‘loicn) .
B

It is easy to show that for each n > 1,
’YQ
0ecO— / I(hye )(0)ez2 "W dy € R
B

is a centered Gaussian random variable with bounded variance. Furthermore,
when K is sufficiently large,

) . 1 5 log C,\ 2
0 < K~ < _ _ _ n
W(m, (B) < Cpe™™7) < exp i (K 2G(f—:n) S >
[ log C 2
< ———— (1 —-r)K — u
= P Ton <( %) 5 )
< exp -—L(l —Kk)?K?|.
= M

Therefore, when K is large enough,
N N
1
> WBNA,) <Y Wil (B) < Che ™) < CKe a7,
n=1 n=1

So SN W(BNA,) tends to 0 as K — oo and the result follows immediately.
[

Recall that if r(t) = G7'(t + G(R)), then the process {X; : t > 0} with
X = Z(huo(t)) — Z(hyo,) has the same distribution as the standard Brownian

motion. Let {x; : I > 1} C C.(Bg) be a sequence of indicator functions such
that 0 < x; /" xB,,, and

’YQ

2
filh) = Xl(')eﬁ(KO(lhlw) / XBr<t>(')€;?(K°("|)) as | — oo.
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Then by the monotone convergence theorem, one can see that for any ¢t > 0,

EY i (B,)| X = lim lim EV[M? (B,«)|X.). (6.11)

=00 n—00
It is not hard to see that when t is large,
2

EY i (B)| X = exp | v X — (67r2 — %) t]. (6.12)

Lemma 6.3. Let Q C R3 be a bounded Borel set with Euclidean scaling
exponent p € [0, 1]. For each w > 0, define the stopping time

2
Tr =inf < t > 0: % (Bgry) = exp (fth — (67 — %)t) <w . (6.13)

w

Also define the random radius
0 — r(0) = GTH(T(0) + G(R))
and the random neighbourhood
0 Q0 = U.ca B 0)(2)-

Then we have

W[, 0( ()0 W (5 \3k
i OB Q)] 1og B0 _
wl0 log w wl0 log w
where @ € [0, 1] is determined by the following quadratic relation with o:
2 2
gl 2 v
= 1-—)Q. 14

Proof. For every w > 0, define the stopping time 7% by (6.13). Then for each

s < 0, by Doob’s stopping time theorem, < exp [sYt,\TS — %2(1% A Tj)} it > 0}

is a uniformly bounded martingale. In addition, the continuity of Brownian
motion implies that

1 2\ 7
Voo = —22 4 6r2 — L) 22 (6.15)
gl 2 )y
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Therefore, we have

2 25(6m% — 2
EY |exp (—75 52( T 2)>T:j = W™, (6.16)
r’y

That is
EY [m® (Q°(w))] = BY[(r)%] ~ B [exp(—6720T7)]..

Given (6.16), for some s € [—v,0], set 6720 = 5 — 2(6m% — 7;) Then we
have

log B [m (2 (w))] log B [exp(—67°oT}))]

=i = i
¢ J?g log w ulj?ol log w
_ logw™s/7 S
= lim—— = ——,
wlo  logw 0%
and the result in (6.14) follows immediately. O

Lemma 6.4. Assume the pair (p, Q) € [0, 1] satisfies the quadratic relation
in (6.14). Then

1 EW *\3p
L logBY(r)")

wl0 log w

= Q.
Proof. 1t suffices to show that there exists some constant C' > 0 such that
C™! <w @EY[(rr)*] < C.

First, we show the existence of upper bound. Let T, = G(7,) — G(R).
by Lemma 6.2 and the fact that W(©,) = 1, we have T,, > —G(R) almost
surely. Define

—logw A — Q~?

I —
6m2 —~2 A

where A = 2k(67% — 42 — % —n). Then

EY [exp(—67°pT.,)]
= EW[exp(—672pT.)X{-c(r)<t<r}] + EV [exp(—67%pT) X (r<r, <oo})-
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For the first part, the volume Vol(B,r)) with r(I') = G'(I' + G(R)) ~
exp(—4nT) is bounded by I' under m?(dy). Then

2

Vol(Byry) & (r(1)*" 57 ~ exp(—(67% — )T

2
under the measure Q#KO(‘yndy. Thus by Lemma 6.2, the probability of this
event is bounded by

_ 2 _ .2
Cexp _é logl" 67" —~ r ’
Y Y v

and the result follows immediately. For the second part, since the integral
is bounded by e T we only need to show that for all w > 0, Qlogw +
6m2pl > 0, that is

67%p A —Qy
7-‘-2 _ 72 A )

Q< S (6.17)

where A = 2x(672 — 4% — % —n). By Lemma 6.2, the statemnt in (6.17) is
equivalent to

P(Q)=~*Q*+ (127" —9* = A)Q — A <0.

for all @ € [0,1]. However, it is clearly true since both P(0) and P(1) are
negative.
Second, we prove the lower bound. It is not hard to see that

EY [exp(—67°pT,, EY[exp(—6m%pT*) (T, < Ty
w)X{

>
> EW[exp(—67°pT)] — EV[exp(—672pT,)x(T. > T }]

Since EW[exp(—672pT*)] = w?, we only need to show that there exists some
constant 0 < ¢ < 1 such that

w B [exp(—67°pT,)x(T,, > T }] < C
uniformly in small w. Conditional on T} = T, the event {T,, > T,,+} yields

m?(Byry) > w and m(Byr)) > 0% (Byr).
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By Chebyshev’s inequality, we have

m?(Br))

P(T, > T|T*) < C-EW |-
( IT5) (B

Y

and the result follows. O]
Now we are ready to present the KPZ relation for m?(dx).

Theorem 6.3. Assume 2 C R? be a bounded Borel set with Euclidean
scaling exponent p € [0,1]. Then € has quantum scaling exponent @ € [0, 1]
as defined in (6.10), where @ is related to p by (6.14).

Proof. Assume 2 C By(0) for some large enough N > 1. Let R(z,0;w) and
0% (w) be as defined in (6.7) and (6.8). Denote N(dfdx) = W(df)dx. Based

on Lemma 6.1,

M({(z,0) : either z € D or dist(z,Q) < R(x,0;w)}) (6.18)
= N({(z,0) :|z| < 2N, dist(z, Q) < R(z,0;w)}) (6.19)
+m N({(2,0) 2N < o] < M, dist(x, Q) < R(z,6;w)}6.20)

For the first term in (6.18), we have

EW :mg(Qe(w))]
= N({(z,0) :|z| < 2N, dist(z,Q) < R(z,0;w)})

= ]E,W vol (QR(:B,G;M)> XR(:B,@;UJ)SN] + ]EW |:VO] (QR(L@;W) N BQN(0)> XR(x,@;w)SN]

= EY |vol (QR(%@;W)>:| —EY |:V01 (QR(m,Q;w)> XR(m,@;w)>N:|

+EV |:V01 <QR(x,0;w) N BQN(0)> XR(z,@;w)gN:| :

When w is sufficiently small,

EWV |:V01 (QR(I,e;w)>] ~ w?.
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On the other hand, the last terms in the right-hand side of the equation
above are both bounded by

A 3 ~
EY {(R(as,@;w)) X{R(x,e;w)>N}] < 4/ 2W(R(x,0;w) > 2)dz. (6.21)
[1,00)
If A =2k(67% — % — % —n), then

W (Rw,0:0) > 5) < W(nl(By(x)) < w) < Cwi?s 7 O

Given 71,k and A, the right-hand side integral in (6.21) converges to zero
faster than w? as w | 0 for any Q € [0, 1].
For the second term in (6.18), since 2 C By(0), we have

~ 1 A ,A(g,i)
P R(as,@;w)>§|x! < Cwr?s #7702

A _Ag_2t
with f‘x|>2Nw723 26722 gy < oo, Therefore, the second term also con-
verges to zero faster than w® as w | 0. Combining the results of two terms,
we finish the proof. O
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Chapter 7

Conclusion

In this work, we invoke the tool of Fourier-Bessel expansion from the special
function theory to extend and adapt sphere averaging method to treat log-
correlated GFF's from even dimensions to arbitrary dimensions. In particular,
via a regularization based on a weighted series of spherical averages of the
GFF, we re-construct the Liouville quantum gravity measure and prove the
KPZ formula in any dimension. This way of combining special function
theory and probabilistic techniques proves to be robust and can be applied
to treat more general types of GFFs. The broad connnections between Bessel
functions and the Euclidean GFFs are also revisited and refreshed.

Although the sphere averaging procedure typically results in heavier tech-
nicality compared with the MCT approach in treating log-correlated GFF's,
it is promising that it can be extended to treat more general types of GFFs,
including polynomial-correlated GFF's, and more potential connections be-
tween Bessel-type functions and Gaussian random fields may be revealed, a
possibility we hope to explore in the near future.
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Appendix A

The Bessel Differential
Equation

In this appendix, we present some basics of Bessel functions, which are in-
volved in this thesis. Most of the content can be found in [19].

A.1 Bessel functions

The Bessel’s equation is a linear second-order ordinary differential equation
of type

22y +ay + (2 =)y =0,v €R.

If v is not a negative integer, one solution of this differential equation using
power series approach is

(@) = i .
Y k(v +k+1)2 ’

which is known as the Bessel function of the first kind. If v = —n with
n € N, then J_,(x) = (—1)"J,(x) solves the Bessel’s equation. When z > 0
and v > —1/2, the Poisson representation formula of J, is given by

_ L ! eixs _ 82 v ds
- )/_1 (=)= (A1)

—
<
+
N |+
=
Gim
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As a special case, Bessel functions of half integer order v = n + % with
n € Z can be expressed explicitly by trigonometric functions. In particular,

2 2 '
J%(x) = \/%Sinx,J%(:v) =\ (31231; - cosm) : (A.2)

For x € R, if x — oo, then

I, (2) ~ \/%cos(x - % - ”7”). (A.3)

Recurrence formulas

Some recurrence formulae of Bessel function J, are summarized as follows:

vl () +xJ (x) = xJ,_1(2), (A.4)
vl (z) =zt (x) = x,41(), (A.5)
CVEA@] = 2 ), (A.6)
CVETR@] = () () (A7)

Infinite integrals

For —a<a+2<2b+%,

00 x"“J,,(a:y) &a—byb
/0 @t a2 T Py 1y ety (A.8)

Foroz>0andy>—%,

[ et = ). (A9
o (224 a2tz O QayTw 172 .

Fora>b> 0 and y > 0,

| an oa)ds = KoL ow). (A10)
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A.2 Modified Bessel functions

The modified Bessel’s equation is given by

22y +ay — (2 + %)y = 0.

The method of power series gives a solution

> 1 T

2 Tk+ )T (v+k+ 1)(5

k=0

I(x) = i

Since this is a seond order differential equation, there exists two linearly

independent solutions. The second solution is related to I, (z) by

fLu(ﬂf) — Iu(x)

2 sin vx

K, (z) = forv ¢ Z

and

K,(z) = lim K,(x) for n € Z.

v—n

We call I, and K, the modified Bessel functions of the first and second kind.

Recurrence formulas

Some recurrence relations in a similar form of (A.4) — (A.7) hold for modified

Bessel function of the first kind
vl,(x)+zl(z) = xl,_4(x),

vl (x) —al(z) = —zl,1(x),
CONELE] = @),
CEIELE] = (),

and modified Bessel function of the second kind

vK,(z)+ 2K, (z) = —zK, 1(x),
vK,(x) — 2K, (z) = zK,41(2),
CPER)] = (1)K (),
V@) = (1) ().

(A.11)
(A.12)

(A.13)

(A.14)

(A.15)
(A.16)

(A.17)

(A.18)



A.3 Zeros of Bessel functions

Suppose j, 1, Ju2, ... are the positive zeros of .J,, arranged in ascending order
of magnitude. The zeros of a Bessel function J,, have the following properties:

e J, has infinitely many positive zeroes j, 1,2, - - -
o Ifv>—1thenv <j,1 <Jor11 <Jv2 <Jor12<....
® jij = kmtork>1.

The orthogonal property of Bessel function zeros is known as

o
’ _JS .l/m 5 lfm:n’
[ a8 E iy = { 271
0 « « 0 7 - 7& .

where j, 1, ju.2, ju3 ... denote the positive zeros of J, and a > 0.

A.4 The Fourier transform of spherical mea-
sures on S"!

Let o denote the surface area measure on S"~! with n > 3 and 0% denote the
spherical measure whose action is to give the average value of test functions
over the sphere S"~1(z) centerd at € R™ with radius € > 0. It can be found
in [21, pp442| that

/Sn_l F(z-y) do(y) = I?Zr"—;l)/_ F(z|s)(1— 82)%—3618‘

2 1

Then use this formula and (A.1) to write

T — i(y,§)rn
O = S /Sg_lme do(y)

n n—1 1
_ TG 2r> 6n—26i(x,£)Rn/ itadtlen (1 _ g2y252 €45
. V1—s2




