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Abstract

This l.iH'sis aillls 1.0 prOrOS(~ ilnd spccify il way to analyzc tc~t data. In order ta

;lIl;d'yz(~ 1.('st d:tt.a~ it j:-.: lIeo'ssary to cst.imiltc a spcciai binary fcgrcssion rcIation.

c.dled the it<~nt Chétracterist.ic clIn·c. The item chllractcristic cn1"\"c is il rclationship

l)('t\\"e(~11 t.lie proi>aIJilities of cxaminccs ans\\"cring an itcnl corrcctly and thcir

ahili!.i"s.

The s!.atistical tools nsed in this thesis arc the generalized linear models and

spline smoothing. The method trics ta combine the advantagcs of both para

met rie modeling and nonparametric regression to get a good estimate of the item

characteristic curve. A special basis for spline smoothing is proposed \\"hich is mo

th'ated by the propertics of the item characteristic cun·e. Based on the estimate

of the item characte~istic curve by this method, a more stable cstimate of the

item information fundion can be generated. Sorne iIlustrative analysis of simu

lated data arc presented. The results sccm to indicate that this method does have

the ad"antagcs of both parametric modcling and nonparametric regression: it is

faster to compute and more fiel'ible than the methods using parametric models,

for el'ample, the three-parameter mode! in psychometries, and on the other hand,

it generates more stable estimate of derivativcs than the pure!y nonparametric

rcgl'cssion.
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RéSUll.1.é

Cette thèse a pour douhle obje.... tif de.' prl)!h):'l'!" ('t dl' titO'crin' tllll' r~\Ç lHl

d'analyser les données provenant dl..' tests. J);tIlS le hllt d·;}lIalysc..'r les lhlllllt~t'S

de tests. il s·<:\.\·èrc nécessaire d'estimer une fOrIne sp":ciail' dt' n"~n'ssiol1 hillaÎn'

connue sous le non1 de courbe caractéristique dïtrtll. La courhe..' raractt"·rist.iqlll'

d'un item exprime la relation entre la probabilité de répondre ,'o'"l'cclen"'nl il

l'ilem ct l'habileté des sujets.

Les instruments statistiques mis à profit dans cctte th,'se sont le !',od'·le

linéaire généralisé (GL~I) ct la fonction spline de lissagl'. l.a prés,'nt., lIIétllod.,

tente de combiner à la fois les a"antages de la modèlisation paramétriqne d de la

régression non-paramétrique afin d'obtenir un estimé plus fiable de la coml)(' car

actéristique d'item. Etant donné les propriét':'S de la combe caractél'Ïstique d'item

une base spéciale pour la fonction spline de lissage est proposée. L'estimé de la

courbe caractéristique d'item obtenu à l'aide de cette méthode produit un estimé

plus stable de la courbe d'information d'item. Des analyses de données simnlées

sont présentées à des fins d'illustration. Les résultats semblent indiqués que cctte

méthode possède à la fois les avantages de la modèlisation paramétrique ct de la

régression non-paramétrique: elle s'avère moins longue à estimer, plus nexible que

les méthodes basées sur des modèles paramétriques; ct d'autre part, elle génère

des dérivés plus stables 'lue la méthode de régressicn non-paramétrique.

n



•

•

•

AckllOWledgemellts

'1'111"1" an' IIlaIlY pl'Opic- Ihat d"S"r\"!' illY b('artfdl than!;". 1 only n'gret that 1

r;t1I!1<Jl 1Il<'t1tioll llierll ail by lJarnc llcf<:.

Fir"l. l ,,"alll to than!; illY snp('n'isor Profes:<or .James O. 11'''11say for his

can'~ diligt~I1ce~ gllidélJlCe~ constant encollrag('nlcnt~ for pro\"iding Ine with finar.cial

support and for the cardnl reading of themalll::.cript.Ilis comments impro\'ed

Iny ,,"or!; consi(1<·rably.

i\Iy Ihan!;s arc also to Raymond l3aillavgeon for his translation of the abstract

from English to French.

1 alll gre"tly indebted to the Department of :\I,tthematics and Statistics at

:'''cCill University. that provided me \\'ith a comfortable environments for my

studies and thesis \\'ork.

1 \\'ould like also to thank ail other professors, staff and fello\\' students who

hclped me in any \\'ay in my \\'ork.

Last, but never at the least. l am \·e.y grateful to my parents for their en

couragement.

III



•
Contents

1 Introduction

2 General "!:ntroduction to the Binary Response Model

:2.1 Tntroduction to l3inary R<'gression

G

:2.:2 Test Data . . . . . . . . . . . . .

:2.3 Generalized Linear l\lodcl (GLl\l) for Bernoulli Hegrc'ssion

2.'1 Deviance: The Criterion for Fitting CLl\1 .• .) _.:) The GL:\1 Algoritlnn .

12

3 GLM and Nonparametric Regression

3.1 Combinat ion of Nonparamctric Regression and GLM

:3.2 The Penalty Function J(h) .

3.3 Minimization of the Penalized Likclihood

4 Using Spline Smoothing to Estimate h(O)

'1.1 Funetion Space Dellned by a Differentiai Operator [,

4.2 Definition of Interpolating and Smoothing Spline

18

18

1!J

:21

24

:2ï

5 Psychometrie Theory

•
4.3

5.1

Computation of Smoothing Splinc .

Notation .

1

:10

34

34



• - ')
oJ._

,i.:\

".1

.l.(i

;;.7

Ct'!wral FC'(11Urt'S of Il('Ill Ch<Hactcri~t.icC'llI'V('S

Lo..al !lIdqH"lId<'lI"<' ,,"d Likdihood

Ilc'lll IlifurIllat.ioll Flltlction

T"st Illfonllatioll FlIllction

TI", Thre,,·Pararneter Logistic "Iode!

:3,j

:36

a8

·11

·12

•

G A Psychometrie Model for "(0)

G.I :\ il:ell' Spline l\lodcl for "(0)

G.2 Computing the R"producing Kerne!s

G.2.1 Computing the Green's Function 90(0, w) for the Initial

Value Constraint .

G.2.2 Computing the Green's Function 9(0, w) for the Integral

Constraint . . . . . . . . . . . . . . . . . . .

6.2.:3 Compnting the Reproducing Kerne! k~(O, 1)

6.:3 Computing the Operators Both in HI and Hz

6.4 Smoothing P(O), (Dh)(O) and 1(0) .

6..; Summary of the Algorithm .....

44

4·1

49

51

5·1

.5·1

.5i

5i

j Simulation, Discussion and Conclusion

•

i.l

-.)
1.-

Illustration with Simulated Data.

Discussion and Conclusion ....

2

60

60

63



•
List of Figures

5.1 Six :lems responsl'S of t he l'l'al score from a [inal k"t ur Illt rudllc,

tory of P"ycho!ogy. . :17

6.1

• 6.2

6.:3

7.1

the paramclers Cl, b ant! e arc e'IlIal tu 1. -O.:l and ll.~ Sl·par;ll.dy. ·I~

P(O) generated by a aPL modd \\"ith Cl = 1. b = O. r = ll.~. ·1"

h(O) of aPL mode! \\"ith Cl = Lb = O,e = O.~. . . .\li

(DIt)(O) of :3PL modcl \Vith Cl = 1,b = O,e = O.~. ·17

Comparison bet\\"een polynomial splines and psychoml'l.rie splil\(,s

by the mean square errors of J'(0), h(0), (DIt)(0) and 1(0) \\"i thin

- .)1.-

simulated samp!e for different values of À.

Comparison bctween polynomial splines and psychometrie splines

by mean square errors of P(O),h(O),(Dh)(O) and 1(0) across sim-

ulated samples, and for different \'alues of ,\ with the l'ange of 0

from -3 to 3. The solid li ne shows the result for tll<' psychometrie

(i·1

•

splines and the doUed line for the eubie splincs 6"



•

•

•

7.:! ('eJlllparis(Jl1 \)('1 \\"1.'('11 P01YIlOIllI.d :"plill('~ and p:-:yc1lome·t rie splines

l,y lIll'a Il S'J liaI''' ('ITOrS of 1'( ()). il (()). (D il )( ()) a IId J(()) across si m11

la\.<'d ""I1I'I,·s, alld fOI' difT"rellt. ,';dllc's of .\ \\'ith lhe ra lige of 0 from

-l,:; 10 1.:;, The solid lille sho\\'s the reslllt. for the psychometrie

splill"s allci t.lll' doltec1 lille for the cllbic splilles 66

;.·1 Coml'arisoll bc-t.\\'cen the psychometrie splines and CL?-! method

\\';t.h the basis {1.O.ln(co+ I)} for one simlliated saml'le. P and

il \\'ere estimated \\'ith .\ = O.OL and Dil and J \\'ere est.imated

\\'it.h .\ = 0.1. The solid line sho\\'s the true eun·e. the dotted line

sho\\'s the estimate by the psychometrie splines. and the dashed

line sho\\'s the estimate by the 3 dimension linear regresion. . . .. 6;

4



•

•

•

Chapter 1

Introduction

The purpose of exams is to figure out studcnts' abilitics. Thcrefore. it is "cry

important ta fincl a way ta asscss whcthcr an cxanl is good or not. Ta a~s(~s ail

exam, the data coming from an exam administration arc analyzed by statistical

methods. This is one of the most important fields in psychometries, and is called

item response theory. Item rcsponse thcory is a thcory about the probabilily of

examinccs choosing an option, and probabilitics should have sorne relationship lo

the ability of examinccs. Within ilem rcsponse thcory, the ability of examinces is

uSllal\y \;e\\,ed as lInidimensional, and denoted as O. The probability of a specifie

response to an item is assumed to depend only on 0, and denoted as P(O).

In this thcsis, some statistical tools arc applied to the problem of estimaling

the function P(0): the generalized linear model and spline smoothing adapted lo

this special problem. The goal is lo combine the advanlagcs of bath. In facl, this

approach is a combination of a paramelric model and nonparamelric regrcssion.

The advantages of such a combination are of:

1. rapid computation because the algorithm in the generalized linear model

based on the scoring method converges rapidly,

,5
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0) lllO,.e f1,oxi1>ility l"'oa1lse il. allo\\"s bol h parametric modd and unspecified

COIIIIHltjt'Ill.S 1.0 cotll.rilJute to the cstill1<tt<.~~ and

:1. a stable alld dficiellt estimatc of deri,oatiyes.

The ddail of thesc a<hoantages \\"ill be discussed in the later chapters.

The thesis aims only 1.0 propose and specify a mcLhod of analysis, although

a slllall simulation study is included 1.0 indicate the feasibilit.y of the methodo A

det.ailed cyaluation of the method is Icft 1.0 further research.

For simplicit.y, only binary data are considered in this thesis. Thal. means one

only considers \\"hcther the item is ans\\"ered correctly or not, i.e. that there are

1.\\"0 responses 1.0 each item. The modelling of binary data requires all estimate

of the binary regression of these data on the '"alues of abiIity O.

Chapter 2 recalls the basic kno\\"ledge of generalized linear models, especially

on ho\\" 1.0 use il. for binary regression. II. introduces the main features of gen

eralized linear models, and reviews the generalized linear model algorithm for

calculating the estimated function P(0) üsing the de"iance criterion defined by

NcIder and Wedderburn (19;2).

Chapter 3 describes ho\\" 1.0 combine generalized linear modcIs and nonpara

metric regression together \\"ith the penalized likelihood function.

Chapter <1 describes a special method of nonpararnetric regression, spline

smoothing. II. gives details of its use and techniques of computation.

Chapter 5 is an introduction 1.0 background of psychometric thcory. II. intro

duces the main features of item characteristic curve, which describes the relation

ship bet\\"cen the probability of an examince choosing a correct answer and the

ability of an exarnince. Some assumptions and concepts are also introduced in

6
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this Chapter.

The main contributions of this thl'sis are III Chapter li alld Chapt<-r ï. III

Chapter G. a Ile\\" basis adapted to this spl'cial prohkm for Splill'" sm"ü! hi Il1\ is

put for\\"ard. The details of a modifil'd algorithm hased "Il the 1\"lleraiiz,"d IiIH"ar

mode! algorithm arc described to sho\\" ho\\" to estimate hillary re1\I"<'SSiüll.

Sorne small simulations arc carricd out ill Chapt cr ï. C"mparisülls al"<' m,,,I,

among the ordinary genera1iz~d linear mode!' gCllcra1ized litll'ar modl'1 \\"itlt nl1,ic

polynomial spline and the ne\\" method.

ï
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Chapter 2

General Introduction to the
Binary Response Model

2.1 Introduction to Binary Regression

•
lu the real \\'orld, therc are many cxamples of obsen·ations only taking t\\'o

possiblc states, for com·cnicncc dcnoted by 0 and 1. For example, to test a new

medicinc, a paticnt has either recovercd, response denoted by 1, or not, rcsponse

dcnoted by O. If such a rcsponse is dcnotcd by a random variable, Y, it can be

cxprcsscd in the follo\\'ing way,

E(Y) =Pr(Y =1) =P, Pr(Y =0) =1 - P (2.1)

This mcans for a certain patient, thc probability of his recovcring from his ilIness

no\\' is P, the probability of his failure in recovering is 1 - P. This random

variable is said to folIo\\' a Bernoulli distribution with parameter P. And these

kind of data arc called binan) data.

Generally, Y is called the rcsponse variable. There may be other variables

used to explain or predict the variation of response \'a1"iable Y, which are called

the explanatory \"ariables or covariates. Such a covariate value will be indicated

• by O. Variable 0 can be a vector.

s
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Gi"en data {Oi.Yi}.i = 1. .... 11. the purpose IS \0 huild up a r<'!ali')lIship

between PlO) and 0, which is assumed known.

E()ïO) = PlO).

Function P(0) is called the binary regressiou function.

2.2 Test Data

The binary response of primary intercst in this thesis cornes from testing data.

\Vhen an examinec takes an exam, his rcsponse to each item can also be denoted

by 1 or O. If he answers correctly, it is denoted hy 1, otherwise, denot.ed b)' O.

Now P is the rrobabilit)' of his choosing a correct answer.

Assume there arc n examinecs taking an exam. For a cert.ain item, an exami

nec's response can be viewed as a binar)' random variable if one is onl)' interested

in whether the rcsponse is correct or not. Because the probabilit)' of different ex

aminecs choosing a correct answer is different, this differencc will be explained h)'

examinecs' ability. Ability, denoted by 0, is thought to be the total knowledge of

examinecs with respect to such an item. Usually 0 is taken to he one dimensional

and evaluated by a real number. Therefore each 0 corresponds to a P(0) which is

the probability of a correct response conditional on O. The relationship bcLween

P(O) and 0 is called as the item response model, and such a P(O) is called item

diaracteristic curve (ICC).

A good item should indicate the difference between examinccs. This means

that examinecs with low ability should have a low probability to get a correct

answer, and on the other hand, e.'i:aminecs with high ability should have more

chance to answer correctl)'.

9
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TIl,·re are tllreemaillf.·..turesof.LllICC of illterest.

1. A guessillg Jew·!. Altllougll 1'(0) is bounded by a and L tlle Jower bound

of 1'(0) is usually greater tllan O. For example, considering an item for a

multiple clloicc exam witll ,\[ options, if an examinee knows nothing about

tllis it',I11, Ilis probability of clloosing a correct answer may be equal to I/M

by a randon. selection rule. The guessing level can be referred to as P( -00)

for a certain item.

2. The difficulty of an item for the whole group of examinees is also a very

important concept. There are two ways to estimate this difficulty. One

considers probability, the other considers ability. If one knows the a\'erage

of the ability of this whole group, the probability oi choosing a correct

answer with respect to such a value of ability is a measurement of the

difficulty for this item. If this \'alue of probabi!ity is lower, it suggests that

this item is more difficult for this group, otherwise, it means this item is

casier. Another way is to calcu!ate the average betwccn the guessing !eve!

and 1 and find the value of 0 corresponding to this average. The higher the

value of 0, the casier this item.

3. One nccds to define a quantity to measure the sensitivity of P(O). Usually,

the change in P(0) over a standard small change of 0 will measure il. Such

a quantity is defined as itcm discrimination or itcm discriminability. If one

has a differentiable ICC, the first derivative of ICC measures the sensitivity

of P(0), and the ma.."imum value of the first derivative of P(0) can be usefu!

to measure the o\'erall discriminating power of an item.

la
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2.3 Generalized Linear Model (GLM) for
Bernoulli Regression

Generalized linear modek introdnccd by Ncldcr and \\'eddcrhllrn (l!lï:!). Ml'

statistical modcls for the analysis of data from exponcntial famili,'s. This is "n

extension of dassical linear models. for c1assicallinmr modeb only "lIo\\" data 10

come from normal dist.ribution, \\"hich is ob\"iously one spcci,,1 Case of an cl'1'0-

nential family distribution.

The data arc assumed to come from an exponential family in the fO"111

{Oi.Yi}. i = 1.2•...• 71.

in which Yi'S are independent observations conditional on cO"ariate "alul's Oi ·s.

Let Y be the random variable taking "alues of y which l'an be eqnal to any Yi .

According 1.0 the exponential family, the density function of )., has the form

f(yllt, if» = c.xp[(yh - b(h))/Cl(if» + c(y, if»]. (2.2)

•

for sorne specifie functions of Cl. band c. Parameter It is called the canonical pa·

rarneter. Because it is always a function of the mean, it is also called the location

pararneter. Pararneter if> is a known scale parameter for a specific exponential

farnily. Mean and variance of Y can be derived by

db
E(Y) = Il = (Db)(h) =-,

dit

o cflb
Varey) = V = (D-b)(h)Cl(if» = dh2 '

For the Bernoulli distribution, if> = 1. Consequently, the densil.y of Y has the

forrn

f(yIP) - PU(l- P)l-U

11
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= exp (Y ln _P_ _ln _1_) .
l-P I-P

COlllparing with (:!.2), " can he \\"ritten as

P
h = ln 1 _ p'

and f"ndions ", band c for Bernoulli distribution are

a(";) = 1,

b(h) = In(e" + 1),

c(y,";) = O.

Thercfore the density fundion of the Bernoulli distribution becomes

f(ylh) = exp[yh - In(e" + 1)].

Also mean and variance have the form

E(Y) = Jl = e"/(e" +1),

Var(Y) =V = eh/(eh+1? =Jl(1 -Il).

There are many approachcs to study the dependency of P(0), the probability

of a binary rcsponse variable Y, on an explanatory variable value O. The approach

in this thcsis is to use faidy simple empirical [unctions that express P(0) in terms

of 0 and sorne nnkno\Vn parameters in a reasonably flexible way, such that the

parameters ha"e a clear interpretation and preferably such that the resulting

statistical analysis is straightfor\Vard.

•
But P(0) must satisfy the [ollo\Ving condition,

o~ PrO) ~ 1.

12
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This nlay cause sorne difficulties in fit Ling IHOdds dirt.'ct ly. and OIW IIl'l'd~ t,) liull

a way to fit models in which constraint (2.:1) is automatically satislied.

It was shown in :\lcCullagh and ?'dder (1989) t hat each <'xl'on<'nl ial family

distribution has a special transformation. which is a function of lIll'an l'. alld for

which there exists a sufficient statistic. which is assunll'd to be a linear combi-

nation of sorne cO\'ariates X' = (Xl •.... X,,). This transformaI ion wiil be called

a link Junclion, denoted by 7/, and it occurs for the Bernoulli distribution when

7/(1') = In[I,/(l - Il)]. Recai! that

PlO)
h(O) = ln 1 _ PlO)'

therefore 7/ maps the interval (0,1) onto the whole real line and builds up a

relationship between PlO) and the location paramcter h(O). It follo\\'s that

PlO)
h(O) = (7/ 0 P)(O) = ln 1 _ P(O)'

which is also called logit transformation.

This suggests ~timating h(O) instead of estimating PlO) direclly. Notice that

the original problem is trying to estimate P(0) in terms of the covariate 0, so

X' = (XI, .•. , x p) must he functions of 0, i.e. )('(0) = (Xl(O), ... , xp(O)).

It is clear that the generalized linear modcl for the Bernoulli distribution has

the following threc-part specification:

1. The random component: the components of Y have independent Bernoulli

distribution \Vith E(Y) =P =p..

2. The link funclion: betwcen the random and systematic components:

7/(P) =In[P/(l - Pl] .

13



• :L TI", -'!J-,Iulltllic CO/lljJOlItll/: co\'ariates X' = (.rI(O)., ".J',,(O)) produce a

iincal' !,redictor T} gin'u i>y

"h(O) = (710 PHO) = X';3 =I: xdO)3k •

k=1

III tbis formulation, generalized linear modcls allow two extensions from das-

sical lill"ar modcls: first the distributi07. in the l'andom component 1 may come

from :tlly exponelltial family other than the normal; such as in this situation

where it comes from a Bernoulli distribul ion. and secondly the link function in

COl1lpOllellt 2 may becorne any monotonie dili"r"ntiable fundion.

Th" log likclihood may be written in two forms

•
where

n

I(P(O),y) = I:{Yih(O;) _ln[eh(O,) + Il}
i=l

= Ë{Yiln[l~~(~i)] +lll[l-P(Oi)l}

n

- I:1i(P(Oi),Yi),
i=1

li(P(Oi),Yi) = Yih(Oi) _ln[eh(O;) + 1J

1 [
P(Oi)] , ()J= Yi n 1 _ P(Oi) + lnII - P Oi .

(2.'1)

•

2.4 Deviance: The Criterion for Fitting GLM

Nclder and Wedderburn (19i2) defined dcviancc to measure the discrepancy

or goodness of fit in terms of the logarithm of likelihood ratio.

There arc t\\·o extreme modcls which can be considered. One is the model

just with one parametcr, representing a common fi for all the Yi'S whidl is called

the null modc/. The other, saturatcd model, contains n parameters, one per



•

•

•

saturatcd 1l10dcllca\"cs none for the randolll c.:olllpo!lt'IlL

In pract.icC'. t.he 11n11 1l1odd is too Sinlpll-' to givl' a :-oy:-:t.l'Ilwt.ic.: klhl\\"ll'd~l' ahllut

the data. and the salurated tnodd is Illcaningless IwC'ausl" il. dü('s 11l){. slIlllIllarizl'

the data but mercly rel'cats thcm in full. IlolI"evcr. il. 'llggl'St.S t.hat. t h,' lit.1t'.I

modcl should be bct.lI"ecn these tll"O modcls alld lI"it.h the lIum!",r of p,u',ulId"rs

bctlI"een 1 and n.

Denote ail the values of y bya vector y. Il. is cOll\·ellicllt. 1.0 l'X press t.h,' log

likelihood in terms of the mean-value paramcter l' rather than the lillk fUlIct.ioll

1/. The mmi:Ïmum likclihood achievable in a saturated modcl lI"it.h 1/ paramdel's

is l(y; It =y), which is ordinarily finite. The discrcpancy of a fit is propOl"tiollal

to twice the differencc bet\\'ccn the ma.ximum log likclihood achieyable and th;,t.

achieyed by the moclelunder investigation. If one denotes by 'i = 'IUt) und"r the

estimated model and ij = 1/(Y) under the saturated mode!, the di5crepancy can

be written as

I:2[Yi(iji - ';i) - b(iji) +b(iji)] = D(y';l)

D(y,it) is known as dcviance for the current modcl and is a fllnctioll of the dat.a

only.

The form of de\'iance for the Binomial distribution follo\\'5:

n

D(y, ft) =2I:{Yi ln(y;/ fti) + (1 - Yi) In[(l - y;)f(l - jti)]}.
i=1

2.5 The GLM Algorithm

The algorithm for fitting GLM can be defincd by considering the problem of

15
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•

1= !fil - b( il).

TI", lll"xillllllli likdihood estimate fJ satisfies the equation.

It is sho\\"n by l\kCllllagh and Nclder (1989) that such an estimate of the

piLrarneter fJ in the Iinear predictor Tf can be obtaincd by iterati\'e \\"cighted least

squares. Considering one clement /3; of /3. the ~~J can be expressed as the follo\\"ing

by the chain rulc,

Sincc

al al lait
ôlt = ah ah'

and
al
ah = y - It,

note that (Db)(It) = It, and define V = (D~b)(h) = (DJl)(It). From Tf = EfJ;xj,

it follo\\'8 that,

al 1 dit
- = (y - Jl)--x·,
a/3i V dll J

With the definition of the quadratic \\'eight

•
.'1 b'i7 ecomes,

, ~J

ôl dTf- = I·V(y - ,,)-~.
a/3i r dit" J'

16
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(2.6)



•
'\. ,Ir,
,ll(Y-I,)-·rJ=O.
.-.- dIt

Csing the Fisher":.; scoring 111cthod. t.he llpdatc..-d .;- = J + (\f, i~ ddiul'd hy litt'

solllt ion 10 the linear l''l"atioll

ül .
0;3 = 1/(d)8b,

where H is the information matrix

H()) = -E(D~I)

(') -)_./

•

•

and) is the Cllnent estimale of ,B. COnSC'llll'nt I~·. Ilsing (2.6). the ,·j(,Ill<'llts of 1/

are

The ne\\" cstimate /3" which is oblained by adjusting f3 by lib satisfying equation

(2.i), is defined to be

" fJ[
H/3 =H/3+Illib= H/3+ off

li



•
(11.1), = L Il,,J, = L 1I".r,'/'

..\ Il 01

(2.S)

which is t.1H' (·qll;d.ioll of t.he [onll of lincar weiglltcd !ca..... t squares wit.h wcight

d11== '1 + (y - l' )-.
dl'

(2.9)

•

•

C:OIl'l''lIll'llt.ly. olle cali 'cc that. in this regresslon, the dependent "ariable in a

'l'''cilic it.erat.ion i, not y bnt =, a linearized form of the link function applied 1.0

!I a, in (2.9). and the \\"eights arc functions of 111,' fitted "alucs p. The process

b it.erati,·e becanse bot1l the adjuslcd dcpclldclI/ t"ariablcs =and the \\"eight IV

depelld on the fitted values, for \\"hich only current estimates arc a,·aHable. The

procedure underlying the iterat.ion is as follo\\"s:

18
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,

(input lb, initial valth':'. 1ft! = 1,'"2"1

'1 = ln l' ,/ II - JI)

1

z = '1 + (il - Ii);t.

l
[rom (lf.3), = L IrJ',Z

compute the estimate /3
l \

•

•

no

1 compute the de\'iancel
1

satisfy itcration critM".i,ou: ===-

Tycs '",
,- ...1- ..,... ' ........

IlHally get the estimate /3 '.
'....,'....

'-,
"

19
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Chapter 3

GLM and Nonparametric
Regression

•
3.1 Combination of Nonparametric

Regression and GLM

GU\! modcIs like other paramctric models have stable curves, and stable

deri,""tives. But they leave no room for an unspecified component of variation in

the funelion P(0). Consequently, these models can often fail to capture important

features in the data. On the other hand, purcly nonparametric regressions can

have other disach'antages such as unstable derivatives.

ln the GU\'1 modcl described in Chapter 2, the mean is rclated to the linear

predielor of variable Y or GLl\! regression surface via the transformation, which

will be called h in the following chapters,

hi =h(Oi) = (1/ 0 P)(Oi) =X'(O;),1.

Therefore one can rewrite P(0) as

eh(B)

P(O) = h(B) , -00 < 0 < 00.
l+e

• It is frequently easier to attempt to estimate h rather than P because h is in

20
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•

principle unboulld,'d.

Function 11 will he ('''Iimated 1I0llparam"lrically. Lib, Sil\""l"Illan (l~l,~), :\n-

derson and l3Iair (19S~). Gu and Qiu (19~13). alld Gu (!~)~l:n, fnllclilln 11 will h,'

estimated by the penalized likdihood nwthod of (;ood alld Ga"kill" (!!l'I). Th,'

estimate of 11(0) is the fnnctioll. 11.\(0). that millimize" Ihe !,l'naliz"d Il,'~ali\'<'

logarithm of Ihe likelihood.

l~
Q.\(Yi.1I(Oi)) = - 'L,li(Yi.1I(Oi)) + .\.1(11).

11 i=l

where li(Yi.1I(Oi)) is defined in (~A). Function J(1I) is a pellally fnllctiolla! d,'-

signed to incorporate 1'1':01' notions. such as smoothness. ahollt the I",ha\'ionr of

h. It will be discussed in detail below.

The estimate of h(O) will depend on the pammcter À. which i" called the

smoolhing parameler. Parameter À controls the relati\"e weighting of the penalty

function in cstimating h. When À --> 0 the solution will be a fllnction thal.

ma."i:Ïmizcs the likelihood. whereas when À --> 00 the solution will he detcl'millcd

by the penalty function. Usually. a generalized cross-validatioll procedure is put

forwal'd for empiri~ally assessing the parameter.

3.2 The Penalty Function J(71.)

The transformation h(O) is a function defined on the whole 1'(';,1 line n. In

practice, the domain of 0 is always chosen as a subinterval of n, denoted by n.

And the range of h(O) is also the whole l'cal line. The domaill of the penalty

functional, J, is ail the possible functions h.

For any function h(0) in a cerlain funclion space, sorne may bc more smoolh

than others. The penalty functional, J(h), is defined 10 be a m""sllremenl of

21
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•

:"lll()ot IJllf'ss {JI' tlw fl111cl i(JJ1 li wil.iJ the ê,ppropri(lte pl'opel'ties rf'quircd by a par

l.il'lil;ll' sit.Il'tti()lI. Ff'{JfII 1.11<' 1I1.d,lwlIliltinti vic\\'. Lilc stnoothness of êt fUIlction

IIW;t1IS tilt' ('xislt'IIC(~ (JI' il n.'rtilill 111l1ll!J('r of dc'ri\'<ttivcs. If il functiol1 1l:i.5 highcr

d('l'i\';d,j\,('s, il. is said to 1)<: lIIorc Slllooth. :\s~unlc tltat one considcrs fUl1ctions il

\\'itl. deri""ti"es "l' to onler 111, Dih,j = 0,1, ... , m. In practicc, it is IIscful to

"SSIIll'" that f)'" li EL".

Frolll the il'Lsic idca of smoothncss, it is casy to undcrstand \\"hy smoothncss

\\"'LS ddined classically in terms of Dm. Polynomials arC groups of functions \\"hich

"1"<' Illost smooth. For an)" polynomial]' \\"ith ordcr m, the smoot Imess of h +]' is

considered to ile jnst the same as tltat of h. Thercfore, polynolnials are regarded

'LS hYl'cr-smoolli.

\Vith the same idea of c1assical smoothness, one can consider a more general

situation. Define a Iinear differential operator, L, as

\\"here DO is the identity functional, and tua, tul, ••• , tum_1 may be funetions of 0,

\\"hich must satisfy certain conditions to be specified later. With this definition

of L, a more general smoothness can be defined. Let ker L be a space containing

these functions f \\"hich satisf)" the condition Lf = O. Any function f in such a

spacc can be regardcd as hypcr.smooth in this general idea of c1assical polynomial

smoothness. The ad\'antage of such a procedure \\"ill be seen \\"hen such a special

smoothness is used in Chapter 6. Thercfore. smoothncss is hereby defined as

•
J(h) =ln (Lh?(O)dO = IILhIl1"

22
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• :3.3 Minimization of the Penalized
Likelihood

To minimizc lhc I)('nalized likelihood. lir'l ("<""ider how 10 lind a Il, whidl

minimizes the penalized likdihood for a fixcd "alll<' of .\.

The penalty fllnclional. .1(11). l",come,

.1(11) = j(J.hf(O)dO.

For simplieity, n = [-T, Tl will be Il,ed in thi, th",i,. If J i, 1""p"cili,",1. J~:r will

be implied. The penalized likelihood for generalizcd lincar mod,·" l'an Iw writkn

as

It will he shown in Chapter 5 that ÎI.\ is a Iinear combination of Iwo sels of

linear fllnctions. The fil'sl is a set of ni fllnclions, "i, i = 1, ... ,111, which span•
l "

Q.'(Yi,h(Oi)) = - 'L1i(Yi,h(O;)) + _\j(Lhf(OldO.
n i=l

(:1.:11

•

the funclion space ker L, and thercfore generale ail hYPcl'-smoo/h fllnclions. The

second is a set of n fllnctions '1j,j = 1, ... ,II COl'l'esponding to a sct of 11 discret"

values of O.

Consequently, the linear component of the link fllnclion will be composed of

"i, i = 1, ... , m and '1i-j = 1, ... , n. Let Xi, i = 1, ... , l' wilh l' = m + 11, inslead

of Ui and 'Ii- i.e.

Xi = Ui, i = 1, ... , nI.,

Xj+m = qj,j = 1, ... ,n,

then h can be wrilten as

p

h(O) = 'L Xk(O){3k = X'(O){3.
k=l

23



• \\ïl.ll tlll: lirll';tf ('xprt~ssi()f1 fuI' ft. Oiie can rewrite the pcn<t1ized tlcgati\'c likeIihood

Q.I(;3) = .!.. t 1,(Yi. X'8) + .\J(X',3).
11 i=l

l'roll' Il,,, d,.fJllil.ion of J in (:l.2). let ~r .• he

~r .• = j(Lxr)(O)(Lx,)(O)dO.

TI","

1~ 1 ( ,." '~) , '(3'\~8- - L..J i Yi!~\. jJ ïA -,

n i=l

= I,CB) + .\,B'~f3. (3.'1)

•
'1'0 fJnd Î,.\ which minimizcs Lhe penalized negative likclihood (3.1) is equivalent

Lo fJnd lJ which minimizes (:3.-1).

Recall Lhe ~.jgoriLhm in the last chapter. To find the ma.,imum likclihood

eslima1.e 01 f3 is equivalent 1.0 find (3 which is thc lincar wcightcd Icast squarcs

(2.8) wiLh wcight (2.5) aud dcpcndcnt variablc (2.9). That mcans l3 minimizing

(2.8) is 1.hc samc as which will minimizc

(3.5)

•

With thc samc clcfinition of IV and:; in thc last chaptcr, applying thc Ncwton

Raphson minimiza1.ion proccdnrc with thc GLl\I algorithm tcchniquc willlcad to

a way to find a scqucncc of approximations, {,Bk}, which will cOIJ\'crge to l3 when

k tends lo infinily. The information matrix II cau he calculated in each iteration

as

and thcrcfore



•

•

•

The n1l':lIl and \Oariancf' fUIlet ions. Jlj ;lnd \ :'. are llut il l'\";l!u;til'd ;\:, t IHH1~h .Y'.;~'

\\"('rc the truc values of !I(O;). lt follo\\"s 1hall hi, Il'chlli,!ut' i, l',!uiv;lil'II! h) au

itcrathoely wcightcd ridg\.... rC'gr('~sion pr.:>ce<.!ut"e.

Ta assess the s1l10othing partuncter ..t a standard W:1Y 1.... 1.1..> U,St' t lu' crll.s,S

validation or gcncraliz('d cross-validat.ion. The dl'tai\ of 1hi, lt't'hui,!ut' cali hl'

found in Wahba and Wold (1975) and Cra"eu aud Wahba (\!17!l) .

2,5
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Chapter 4

Using Spline Smoothing to
Estimate h(e)

Let S be a funclion space in which for any function J, Dmf E L2 • It is

necessary to define a Hilbert spacc Ho on S by defining an inner product. For•
. 4.1 Function Space Defined by a DifferentiaI

Operator L

dctails one can rcfer to Ramsay and Da!zell (1991).

Within the function space 5, there is a subspace, ker L, which contains ail the

hyper-smooth funclions, i.e. for any functions, fI, f2 E kCl' L,

j(Lfd(O)(Lh)(O)dO = O.

Let hypcr-smooth functions u' = (UI, ... , um ) span ker L. On the other hand, it

is nccded to kccp the form J(Lhd(Lh2 ) as part of the inner product of Ho for

any fnnctions hl> h2 E lIo in order to measure the smoothncss of functions not in

ker 1.

To achie\'e this objective. a comp!ementary constraint opera/or B is defined

whose kerne! space is exact!y the function space for which J(Lh 1)(Lh2 ) is an inner

• producl. Such a kerncl spacc with the constraint operator B must be orthogonal
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l. k('rl.nk('r13 = O.

2. k('r l. <0 k('r 13 = S.

Th('re arc many ways to d('l1ne lhl' constrainl opl'ralor H. Bnt h,)\\'("\','r /1

is del1ned, there is a common property: kl'r 13 must 1", ,,1' dinll'nsion "" and

codimension m. This can be achie\'ed by lctting 13 be a mapping l'rom S to Hm.

Two kinds of B introduced here arc often used in practice. One is called the

initial value constraint, and is

(Bh)(O) = {h(O).(Dh)(O) •... ,(D... -1h)(O)}'.

The other is the integral constraint operator, with the form:

(Bh)(O) = {j tll(O)h(O)efO, j 1I2(0)h(0)efO, ... , j Il,,,(II)II(O)dO}'

With a weU defined constraint operator B, the inner product of ker 13 will

have the form J(Lhtl(Lh2 ) and the inner product of ker Lean he ddined as

(Bhtl'(Bh2). Denote ker L as Ifl and ker Bas II2, sa thal lIu = III (j) 112, wilh

the inner produet, for any hlo h2 E Ifo, defined la he

(11 10 h2)0 = (h lo h2)1 + (h lo 112)2

= (Bhtl'(Bh2) + j(Llltl(LhJdO. (4.1)

•
It will be assumed lhat the inner product spaces IIa, If l and 112 are complete,

and hence Hilbert spaces of functions (sel' Adams 19ï5 for a complele lrealment

of Sobolev spaces.)
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•

•

\ViIJ, IIIC' 1"'r1ilio" of IIIC' Ilill"'rt '1'<1,." of fll"clio"s 110 • <l''Y fllnctioll /, in

lIu COli 1 ;t1sn IJe p:lI"litiOllt'd iuta t\\"o fUJlctions ;lccordillg lo the t\\'o orthogonal

Sld"I';LC'" fil <I"rI JI". Let

h=.r',.

\\,J,el'<' J E JI,. l' E II,. Olle can sec that f and r satisfy LJ = 0 and Br = O.

For e"ch value of O. there exists a funclion l·u(O.·) \\'hich r<'presents the e\'al,

lIal.ioll of /, al. O. /'(0). as follo\\'s:

(l'u(O•. ).h(·)) = /'(0). Tlh E Ho.

The fuuclion ~'o(O••) is kno\\'n as a representor of this evaluation. and its exis,

tence and uniqueness arc assured by the Riesz representation theorem and the

conti nuity of the e\'aluation functional in S. (sec Aubin 19i9). Corresponding

representor of evaluation in 1ft and lf2 also exist. and are denoted as kl(O.·)

and k,(O• .). Thesc representors vie\\'ed as bivariate functions are called repro·

clucing kcrnek Fnnction ku(O•. ) is the reproducing kerneI for Ho, k1(0,·) for H,

and kAO.·) for H2• Since Ho is partitioned into two complementary subspaces.

Ho = JI, œH~. each subspace has its own inner product as well as the reproducing

kernels, and ka = k, + k2• The reproducing kernel, ko(O,·) of the Hilbert space

Ho. belongs to the space Ho when either argument is fixed. These spaces are

called l'Cll1'oclllcillg kerncl Hilbert spaces. abbre\'iated to RKHS. Real functions in

a RKHS arc smooth in the sense that two functions which are arbitarily close

together in the sense defined by the inner product must also ha\'e values whicll

arc close.

28



•

•

•

4.2 Definition of Interpolating and Smoothing
Spline

The rcason why one nccds to do S1l100t hing is t.lillt ",it hill ('aell itt'rat inll nr the.'

algorithnl dcscribcd in last chaptcf. al the b,,"ginning. ont' only has t 11 .., disert'ft-

yalues of 0 and the corrcsponding yalues of il. l'Il<' l'l'al fllnet iLlII Llf " is IIl1kIlLl\\"lI.

The aim is to lind a smoothing function which cal'tmes the tn'lI.! uf tlw uri~ill,,1

data. It is truc that there is no knowledge or cOlltrol over what ,'ither t.1ll' OI'i~illal

function il or the smoothing fnndion h does bcl.wl'l'n argllllll'lIts vallll's. lt "','IllS

reasonable to ask that il minimize the criterion

- 1 - - . "
Q.\(h, hlw) = -(z - h)'W(z - h) + .\11"11'

n

where z E Rn and is delined as in (2.9), 0 E Rn, h E R", with

and \V is the weight matrix, W E Rn". The nOI'm of 11h11 is <k'lined iL'

In practice, one always deals with data with discrete \'alues. These dat.a cali

be "iewed as a set of n funct.ion values, hi = h(O;), i = 1, .. ,,11 correspolldillg

to argument yalues 0;, i = 1, ... ,n, The interpolating funct.ioll shollid he "<illal

to the function values when e\'aluated at the corresponding 'l.I·glllnellts alld have

the norm 11h11 as small as possible so that h is as consen';,ti\'c or cautious iL' 011"

can make it between arguments. It can be shown that the millillluln norm h is

a linear combination of the n reproducing kcrncls ko(O;,·), i = 1, .. " TI (Wahb..

1991),
n

h(·) = Lc;ko(O;,.) .
i=J
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• II()\\"(;\'(·t'. il is I1llwisc' te) fit Cl fllllcl.Îon that P:lSSCS exactly t.hrough the dat.a

{{ji.hi} in sl;tt,Îstics l.Jecilllse tberc are alwétys sOlne obscrvational crrors. ThC'rc~

fon'. 10 slIIoolh Ihe daU, lIleans ta fit a funclion which can capture Ihe trend of

II", dala "nd .liso 1", 'k' dose as possible at the same time. It can be shawn that

a sll100thing funclion ft lIIinilnizing the criterion (3.:3) is of the forl11

ln n

h(·) = 2::>lilli(') + LCik,(Oi.·)'
;;;:1 ;=1

(4.3)

•

This IllcallS that it is essential ta calculate the reproducing kernels k, and k2 •

The rel'roducing kemel k, is easily computed. Defining the matrix DI to be

the arder m s)'mIlletric matrix with "alues,

(tli~Ujh, i,j = 1,2, ... ,m,

then,

(.1.'1)

•

Coml'uting the reproducing kernel k2 is in general much more difficult, and details

arc gi\'en by Dalzell and Ramsay (1993). The remainder o[ the section givcs the

steps required to compute k2 •

In order to distinguish the initial value constraint and the integral constraint,

let B denote the former and 13 denote the latter.

The first step ill\'ol\'es computing the Green's [unction 90(S, w) [or the initial

"alue constraint. In the l'articulaI' case where h is a real-"alued [unction, the

Green's [unction associated with the diffcrcntial opcrator L and the initial value

condition B(h) =0 ""'ltisfics

Vh 1 E(h) = 0, h(O) =J90(O,w)(Lh)(w)dw.
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•
C'alculate t he \VI'\,.)Il~kiatl Illat l'ix. Tlll~ \Vl't)IJ:-;kian Illat rix i~ 11Il' llrd"r III 11l~lt l'ix·

"aluce! function with clements

(Di-1Ui)(0).i.j = I.:l..... III.

It is assumed that W(O) is nonsingul",' for ail O. l'hl" adjoint functi<lIls.

. (" . )Il = 1l1.U~ ...... 1I1/l'

arc defined by ,< = (1V-l ):n where (1 F-I)m is the Ill'" ww of \F- 1. Th,' (:1'<'l"n's

function \Vith the initia! \'alue condition is

Once 90(0, w) is coml'uted, one can modify 90 to obtain g(lI, <1"). which is•
{

u(O)'u"(w) =L:;~1 lIi(O)lI;(<I").
90(0. w) = -u(O)'lI"(w) = - L:i~l"i(O)ui(''').

0,

O~w:50

O~w~lJ

otll('r\\"i~('

the Green's function associated with the diffel'ential operator f, and tlll' int,'p;ral

constra.Îllt Eh = 0 satisfies

Vh 1 E(h) = 0, h(O) = Jg(O,w)(Lh)(II')dll'.

Define the \"ector \'alued functional bo by

bo(w) = (B90)(·,w).

Let order m matrix B" ha\"e clements biuj, where bi is the i ll• functional in fJ:

that is B" = Bu'. If B" is nonsingular and the functional bi commutes with

integration in lia, then the Green's function for the condition lJh = 0 is

•
9(0, w) = 90(0, w) - u(0)'B--1/",(w).

The l'roof can be found in Dalzell and Ramsay (1!J!J3)•

:H

(4.5)
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•

il 1",,11"1'.",1"1',,111 (I.I..J(O.·) = !I(O .. ). w!",re l. i, "l'l'lied 10 ~·o """ f""Clion of li"

~·"(O.I) = (ldO.. ).k"(I..))o

= j(l.k-,)(O.lI")(H2)(1.11')<lIL'

= j g(O.Ic)g(l. 11")<11".

4.3 Computation of Smoothing Spline

lisillg the matrix notation. one can ha'ce a form of Ir similar to (-1.:3).

Ir = Td+Kc

where T is a n x m matrix. with

lij = lti(Oj). i = 1. 2, ...• n. j = 1. 2, ...• m.

and K is the symmetric n x n matrix, with entrics

By the abo\'C notation. Q~ (4.2) can be written as:

Q.I = .!.(Ir - Td - Kc)'W(h - Td - Kc) + .\c'Kc.
11

(4.6)

•
To find l'ectors d and c which minimize the criterion Q.I. the first step is to take

the first derÏl'atil'cs of Q.I according to d and c.

.)
DdQ.I = _::'T'W(1r - Td - Kc)•

n
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D,.C!, = _'::1\:\\'(" - Td -1-::<') + :!.\Iù.
11

Let t ing t hc~e t \\"0 l'qnat ion:, l'quaI lü zero. and :,nl\'ill~ 1Ill"Ill. II and (. wii: \1(' !"')\llltl

by.

{
T'\V(h - Td - 1\:c) = 11
KW(h - Td - Kc) - 1I.\1\:C = 0

(1. i)

As?un1ing K is nonsinglllar and Illultiplying t.Ill" Sf"Cl)t1d eqllat il)Jl \)f (-\.7) hy
>..

T 'K-1 "one gcts

T'c = O.

So the stationary cqllations arc now:

KW(h - Td - Kr) = II.\Kc.

(.I.~)

•
T'c = o.

If the weight matrix W is of full column rank. then from th,' fi"st (''1,,,''iOll of

(.\. i) one can dcduce the following.

d = (T'\VT)-lT'W(h - Kc)

= T-(I. - Kc),

where T- is called the least squares generalized i!l\'erse of T,

Correspondingly,

Td = Tr(h - Kc) = P(h - Kc), (4.9)

•

where P = TT- has the following properties: p 2 = P. Thercfor(', P is a projec

tion matrix. By sllbstituting (4.9) into the second equation of ( 1. i), one C;lll scc

more clearly the properties of d and c,

KW[h - P(h - Kc) - Kc] ="nKc.
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• 1.1'\ 1ill~, Q = 1 - P. lilis ('qll'l1.ioll (";111 lw writ tC'1I as

KWQ(h - K,,) = ,\IIK".

!("",ril" (-1.1 Il) "" tbe [o!!o\\'illg.

K(WQK + ",\I)e = KWQh.

e = [K(WQK + n,\IJt'KWQh.

(.1.1 0)

Cl.! 1)

(·1.12)

•
No\\' Olle cali filld bath d and e \\"hich minimize tbe penalty likclihood Q.\.

If \\"e defille M.\ = WQK + ILÀI, d is also ablc to be sol\"ed by

d _ T-[I - K(WQK + 7l,\I)-IWQ]h

= r(1 - KMîIWQ)il,

anô \\"ith the result of d. c is sol\"ed by

Thercfore rewrite h(0) by the results of d and c,

ÎI(O) - Td + Kc

= P[I - K(WQK +n,\I)-IWQ]il +KMîlWQh

= (P +QKMîIWQ)h,

(4.13)

(·1.14)

Berc;' is the smoothed l'alues of h. The abo\'c expression of ÎI(O) in (4.1'1) means

projecting il into t\\"o subspaces which are orthonormal. Sincc P is a projcction

• matrix and Q = 1 - P. thesc h\'o orthonormal spaces combincd together is not

3·1
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•

the \\"hole 'pace of !Ill. eXC,,!'l f'lI' .\ = O. \101'<' ,'!<-;Iriy. \\"h"11 .\ = O. [\1 \ i, Ilol "

full rallk matrïx. if gl'neralizl'd in\"l'r:-:;c b 'Ipplil'd Ill'n',

QKM:\WQ = Q.

no\\' •

h(O) = Ph +Qh

= Ph + (1 - P)h

= hl + h2

= h

\\"here hl is the component i:l the space by the projectioll P. dl'Ilotillg Sllel, "

subspace by PI" and hz is the component of QI<' If.\ i' o. (QKM:\WQ)" is "

subspace of QI<' It is clear \\"hat a l'ole .\ plays. When .\ beconles larg<·r, t.h,· i,

becomes more smooth. Therefore, .\ controls the dcgrcc of smoothncss.
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•

Chapter 5

Psychometrie Theory

5.1 Notation

The purposc of this scction is to introc1ucc notation. In this thcsi~, thc intercst

is only in thc rcsponsc to cach itcm of an exam corrcct or not. These kind data

arc callcd dichotomous.

0: This indicatcs thc ability of examinccs. It stands for the trait or skill of

examinccs, and is a latcnt or nonobservable variable.

n: This is thc total number of levcIs for the ability, usually equal to the total num

bel' of examinees. It indicates how many levels there are in distinguishing

the ability O. Variable °has levels 0" i = 1, ... ,71.

y;: This is an indicator "ariable which is the rcsponse of an iuùi\'iùual with ith

Jc\'cl of ability, i.e. y; =1 indicatcs this examinee getting a correct answer,

y; = 0, means his fallure in choosing a correct answer.

PlO,): This is the probability of an examincc with the i th level of ability choosing

a correct auswer, i.e.

P(O;) = Pr(y; = 110,)
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• Th(' data akays ha\'(' this fllrIn {Oi.!I;).i = 1. ... . 11. Let )' 1", a r'"ld'>l1

\·ariable. follo\\"in~ lkrnonlli distribntion \\"ith 1"lr;lIll<'kr "(0),

1'(0) = Prp' = 110).

Ali the abo\'e notation is for on!y one speeilie il<'m. If som,' inf,)J'lllatilln

bel\\"een items need to be considere,L the follo\\"ing indices will 1", lI,,'d:

N: This is the total number of items in an ('xam.

Yai: "J'his is an indicator \"ûriablc to itcnl G. Il tneans the rt~sponSt~ of '1I1 ('x'l1uitu·(·

with the ability leyel Oi. If Y"i = L meaning that the examinee with the

ability le\'c! Di gets a correct answeI' of item li, if iI"i = l.. tll";lIlin~ that sllch

• 5.2

an cxanlince gcts a wrong answcr of itelll ll .

Background on Analyzing a Psychological
or Educational Test

•

A psychological or educationa! test is a sampie of behiwionr. USllally the

behayiour is quantified in sorne way to obtain a nllnlerical score. COllllllonly, a

test consists of separate items and the test score is a (possibly wcighted) sllm of

item scores. In this case, statistics describing the test scores of a certain group

of examinees can be expressed algebraically in terms of statistics describing the

individua! item scores for the sarne group.

In practica! test deye10pment \Vork, one needs to be able to dcscribe the

statjstica! and psychometric properties of any t<..."t that may be built.. Also it is

needed to describe the items by item parameters and the exa.minccs by examinec

pararneters in such a \Vay that one can describe as weil as possil,l" 1he response

of any exarninee to any item.
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Fllrl.lll'lïll(JI'('. ,1 lIl;till ()lJj(·ct.i\·C' i~ t.o illfer t.h(' (~X;IIninee's ahility It'\"t.:l or skill

whi"h 1"" SOIll" rdaliollsl,i!, \\"ilh Ihe lestillg scores. III arder ta do this. onc

1l1llSl kilo\\' sOJnet.hillg ahollt ho\\' alJility or skill dctcrmincs the rcsponsc to an

it('lIl. 'l'II«' il<'Ul rC'spOIlS(~ tIH'ory s1.arts with il l11athcmatical statcnlcnt as to ho\\'

reSI)(lIlSe d'ï)Cllds 011 t.hc le\'cl of ilbility or skill O. Thilt mcans t.o lilld thc relation

,hip, "d,\\"eell Ihc leslillg scores ilnd t.hc indi\'iduill's l'cal ability. This rclationship

is gi\'cII IlY t.he item ""'-POII'-C fl/Tlc/ioll, also callcd thc itcm charact.crist.ic cun'C

(ICC). Throllghollt this t.hcsis thc ICC is simply thc probabilit.y prO) of a corrcct

l'CSpOilse t.o thc item conditional Oll abi!it.y IC\'d O.

5.3 General :Features of Item Characteristic
Curves

Figul'c 5.1 displays six correct.-answcr itcm charactcristic cun'cs for six diffcr

ent items on a final cxam in a coursc on Introductory of Psychology. This was

act.ually a multiplc choicc tcst, consisting of 100 itcms, cach with 4 options, and

givcn to :3ï9 cxaminecs. Thc cun'cs wcrc estimatcd using thc kcrncl smoothing

approach of Ramsay (1991, 1993).

Thc first and pcrhaps most ob\'ious aspcct of thc ICe is that it indicates

thc probability that an cxamincc of ability 0 will gct thc itcm right. Thc low

\'aluc of 0 stands for the low ability and the high valuc of 0 stallds for the high

ability. ICe, prO), tends to incrcasc O\'er whole range as 0 incrcases, although it

may dccrcase locally in some parts. If P(0) is near zero, then "'e cao conclude

that this is a difficult itcm for an exanlinee with this ability lc\·el. Values near

onc indicatc an easy item for an examinee with corresponding ability levels, and

\'alues ncar 0.5 $uggest an item of intermediate difficulty.
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Item 1 Item 3 Item 5

q q q
~ ~ ~

ilCl Cl Cl
0 0 0

~ ~ ~
=0 =0 =0
"' "' Jl
~ ~ ~

Jl Jl Jl
O~ o~ O~

à:ô è:ci à: ci

CIl CIl CIl
0 0 0

0 0 0
0 0 0

-3 ·2 ·1 0 2 3 -3 ·2 ·1 0 2 3 ·3 ·2 ·1 0 2 3
Abilily Abilily Abilily

• Item 2 Item 4 Item 6
q ------- q q
~ ~ ~

Cl Cl Cl
0 0 0

~ ~ ~
=0 =0 =0Jl Jl Jl
al al al
Jl .g~ Jl
o~ o~

!te rte ttci

CIl CIl CIl
0 0 0

0 0 0
0 0 0

-3 ·2 ·1 0 1 2 3 -3 ·2 ·1 0 2 3 -3 ·2 ·1 0 2 3
Abilily Abilily Abilily

Figure 5.1: Six items responses of the rcal score from a final test of lntroductory
of Psychology.
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• III !·ï)!..lll'l· .:;.1. ()i}vÎolIsly ilt'lI1 ~ is tllC' ('élSÎ('S!. one becallse c\'cn the illdividual

with ;1 \'l'l''y lu\\' .d,jiily st.ill IlélS ft iligil prOi)élbility t.a gel. a correct answcr. Item

l and :~ an' :dso v(_'ry casy all.hollgh tltey sel'Jn not as ca...~y iL"; itCIl1 2. Thcrc is il

lil.ll,· <Iilficll!l.y 1.0 cOllll",re I.he il.em'l. 5 alld G, If Olle fixes his l'icI\' 011 the al'erage

;.I,ilil.y I.,\<,!. 1,,· may say, itelll -1 alld it.em Garc of the intermediate difficulty, and

i1.( 'Ill :) is tOllgh.

Frum Figllre ::;.1, il. l'ail be sccn thal. the probability of a correct response

fur examinees I\'ith extrelllely loI\' abilit.y values is not all\'ays zero, In fact, by

llsing some random selection rules, el'ery examinee l'an expect ta a\'erage ahout a

correct response one out of M tries. 'ïhis prohahi!ity is called as hefore. ~guessing

•
lcvcl" .

5.4 Local Independence and Likelihood

•

In Chapter 2.2. a log-likclihood of ail examinccs \\'ithin one item \\'as intro

duced. If it is denoted by Iii), another kind of log·likelihood \\'ill be introduced

here, denoted by I~Z), \\'hich is the log·likelihood of ail items for a certain ex

aminee. And let L denote the \\'hole log-likclihood of summary of 11Z
) O\'er ail

examinccs. One l'an think of the log-likelihood as a measure of ho\\' \\'ell the

modcl fits the data, i.e. trying to use the ma.ximum likelihood rule to estimate 0,

such values of 0 \\'ill give the largest value of L for ail response sequences.

No\\', 11 Z
) l'an be \\'ritten as:

11Z
) = In[Pr(y.; = 1, a = 1, ... , NIO;)].

Local illdependence means that for a fixed levcl of 0, responses ta 1\\'0 different

items arc illdependent. This is a \'ery strong assumption, but if il 1,,,lds, one l'an
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•
SUJlJlosing that local indq><'nd<'ncl' r<'ally holds. t h"n

PI'(Yoi = 1. Ybi = [\Oi) = Pr(Y"i = llOi) l'rlYhi = I!O,).

so
.v

(~) "li = LIli P(Y"i = I\Oi)
a=1

for a fixed le"el of O. Fnrther.

n N JI l\"

L =I: I: ln P(Y"i = 110i) =I: I~~) =I: IiI)·
i=1 a=1 i=l lI=l

l;'. 1)

(- "):.L _

1'0 sum up, with formula (5.1) and (5.2). one can get the Illaxillllllnlikdihood

estimate of 0, denoted by Ô•

• 5.5 Item Information Function

A good item discriminatcs highly for sorne range of ability va!uL'S, and there

fore the size of siope of PlO), measured by dcrivatÏ\'es (DP)(O), is a nsdul illdi-

cator. A closcly rclatcd qllantity that is used for item scored as l"ight or wrollg is

the item information funetion, 10 (0),

[(DPa)(OW
10 (0) = Pa(O)[1 - PolO)]' (5.a)

•

where Pa is the item rcsponse function for a fixed item.

The amount of information given by an item "arics with ability levcl O. The

higher the curve, the more the information. If one information functioll is twice

as high as another at sorne particular ability levcl, then it will take two items of

the latter type to measure as weil as one item of the former type at that ability

leve!.
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• From 1he expr<'ssioll of t.1l" item iIlfor!"::'~;c1Il fllnction (5,:3), one can Sl'e there

;lI't' ~()IIII' proiJll'llls ill ('s1.itllêltillg 1'1(0) directly:

• Fllnctj(J11 1,,(0) is a ratio of [(DP,,)(O)]" o,'er P,,(O)[1 - P,,(O)], Pl'Oducing

güod est.ÎlI1éltes of rat.ios has bccn a cla..."isicaIly difficuIt problcln in statistics.

• To est.imate (DP,)(O) is also to estimate a ratio,

• Sampling ,'ari:,tion in DI'" leads lo bias in estimating (DP.?,

• When I~,(O) is near 0 or 1. 1.(0) becomes unstable,

A good procedure lI1ust be sought which can minimize these problems in eslimat

ing 1.. (0),

A good procedlll'c should h",'c the following thrcc propcrtics: flexible, fast

to computc and with stablc dcrÏ\'atives. Paramelric modcl'; for item and option

charaelcristic functions arc surc to give nicc smooth dcrÏ\'at i,'cs, so that itcm in

formation funelion also looks nicc. But their shapc ~;gidity Icavcs room for doubt

about whether thcy capturc ail the important fcatures of a curve, and fitting

thcm has not turncd out to be easy. Complctely nonparametric approaches, such

as thc kernel smooth proccss of Ramsay (1991), are ccrtainly flexible and fast,

but producc vcry ugly and unstable dcrivatÏ\'cs, and hence arc of limit.e<! value in

cstimating information funelions. Thc procedure combining GL\1 IIIl."lhod and

nonparametric rcgrcssion is one satisfying thcsc three propertics. And with the

logit transform h(O) =In{P(O)f[l- P(O)]}, the item information function can be

cstimatcd by

•

•
J.(O) =P.(O)[l - p.(0)](Dh)2(0).
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•
(Dh )(0).

5.6 Test Information Function

A maximum likclihood estimator Ôof a parameter () is asymptolically Il,"'mally

distributed with mean 00 (the ullknown lnlt' param"kr) and ,'arian,",·

• 1 1
Var(OIOo) = E((d~;~l')âol = l(O)'

where L is the log·likelihood function. sec Lord (1990). When th,' il"lll n'sponSl'

model is known, and by the local independence, Olle h...<,

That means that the information function for an unbiased estimatol' of ability•
J(O) = 1. =f. [(DPo)(Olf .

Var(OIOo) ..=1 P'.(0)[1 - l~.(O)l
(5.5)

•

is the reciprocal of the sampling variance of the estimator. E'111al.ion (5.5) is of

such importance that it is given a special name alld symbol. It is called the lesl

information funciion and is denoted simply by l(O). The importancc of the test

information function cornes partly from the fact that il. provides an (attainablc)

upper limit to the information that l'an be obtained fmm the test, 110 matter

what method of scoring is used.

A very important feature of (5..5) is that the test information fnnctioll consists

entirely of independent and additive contributions from the items. The contri

bution of an item does not depend on what other items arc included in the test.

The contribution of a single item is (DPa?f[Pa{l - Pol]. Because in the later

chapters, only the item information function is considered, the notation J(Ol is

also used as the item information function .
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Figure .5.2: Oue :IPL modcl with P(O) = 0.2 + 0.S[el.~(O+O.5) /(1 + cl.~(O+O.5»)J. the
paramcLers ll, band c arc equal to 1, -0..5 and 0.2 separatcly.

• 5.7 The Three-Parameter Logistic Model

•

Whcther calculating the log-likelihood or the item and test information func

lion, wc need to know the item response modcl P(O). One of thcse models used

very often in psychometrics is

el.~a(O-b)

P::P(O)=c+(1-c) 1- (0 b)'1 + c .. a -

which is called thrce-paran1eter logistic modcl (3PL). Figure 5.2 iIlustratcs the

characteristic of this mode!.

From Figure 5.2, one can sec parameter c determincs the guessing leve1, pa

mmcter b is the location point where the cmve has its inflexion. This point is

called the item difficulty. The more difficult the item, the further the curve is

lo the right. And the parameter a is proportiona! to the slope of the CUl'\'e at

the inflexion point. Thus parameter a reprcsents the discrimination power of the
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itl'll1. the dt'grec to which itelll I"t';-;POIl:'t' \'aril':-' wÎt 11 ô11,ility il'\"-!:-",

Thl-' purpose of intI'ociuct iùn of :)PI. Illodd i;-; l)erall~(' in ('itaph'r -: t Ill' ;-;Îllllt

latcd data will he gcn('rakd according tü t hi, 111<)'1.-1.
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Chapter 6

A Psychometrie Model for h(e)

6.1 A New Spline Model for h(8)

'l'I.e nwtbod is used in tbis tbcsis to combine tbe generalized Ene"r mode! and

nonpal"allletric regression to estimate the logit transformation h(O) with the goal

of obtaining a good estimate of the information function 1(0) as weil as the rcc.

PlO).

Considering Figure 6.1, one can sec that the main featurcs of PlO) which are

genel"ated br a aPL mode!

e1.7a(O-b)

PlO) = c + (1 - c) 1 + e1•7a(O-b)

arc the following:

1. The CU1"\'e has a lower asymptote of c, which is equal to gucssing le\·el. in

this case. c = 0.2.

2. The function is monotone increasing with an upper asymptote of 1.

a. The point. 0 = b is of intermcdiate difficult of the corrcsponding item. in

this case. b = O.
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Figure G.1: PlO) generated by a :31'1. modd wilh Il = l.b = O.C = n.:?

.1. Parameter, a, contro!s the slope of PlO) at 0 = b. lIerc the slope is n"ar

O.:3-l(= OA15a( 1 - cl).

Figure G.2 and Figure G.3 show what h(O) and (Dh)(O) look likc. lt is also casy

to see sorne properties of h(O), such as that the cun'e of h(O) is asymptotically

linear in O. For large negative values of 0 the curve of h(O) approaches the constant

logil(c), and the first deri\'ati\'e of h(0) is asymptotically constant.

In order to approximate the special characteristics of 11(0), a hasis for approx·

imating II(0) is chosen to be,

{l,O,ln(eoIO-bl+l)} .

For any function f in the function space spanned by {l, O,ln(co(O-b) + l)}, wc

have

where a anà b arc taken as kno\\'n or i:ldependent!y estimatctl. Functions 1(0)•
f( 0) =Cl + C20 + C31n(eo(O-bl + 1) (G.l)
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•
Figure 6.2: h(O) of 3PL modcl with a = 1, b= 0, c = 0.2.
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Figure 6.3: (Dh)(O) of 3PL modcl \\'ith a = l,b = D,c= 0.2.
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11l(",(('-") + 1) kllds le, "'1"aI fi. Tll<'n.f<)f(' J(O) is asyrnptotically Iill"ar in O. And

e"(O-b)

(1) f)( 0) = c, + C3" (0 b)
e" - + 1

is aS)'lllpl.otic;dly a constant near c, + C3a for the large positi\'e \'alues of O.

Il. wouId he Ilai"e to suppose thal. the function (G.l) is enough to deseribe

h(O). Olle will estimat" h(O) through a more )'.'·Il,·ralized smooth function

h(O) = f(O) + llli).

This Ii!'st term J is the modcl component (G.l) and the second terml' is a residual

fUlletion which gi\'cs a more adequate approximation to the real cur\'e. But one

cali only idclltify term l' uniquely if it satisfics some suitable eonstraint that

sepal'ates its contribution from that potentially pro"ided by term f. No\\' let it

satisfy the integral constraint.

(Br)(O) = {J r(O)dO, JOr(O)dO, JIn(cu(O-b) + l)r(O)dOr= o.

Define a differential operator L as

\\'herc
a(1 _ eu(O-b»)

tO == .
cu(O-b) + 1

Then h(0) consists of t\\'o parts, f( 0) and r(0), \\'ith f( 0) E ker Land r(0) E ker B.

If Id Ho = III œlI~, with III = ker L and H~ = ker B. Then lIa is a Hilbert

space for any hl and h2 bclonging to Ho with inner produet
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+ J Oh,(O)dO J Oh~(O)dO

+ J III (1 :'~~,~:;l 101) hl (O)dO.! III (1 :~'~':~::~/o)) h,(O)dO

+ J(f.hd(O)(f,h~)((I)dO. ((i.~)

6.2 Computing the Reproducing Kernels

\Vit.h t.he same Ilot.ation as in chaptcr ·1.2. Olle cali ,a\clllal<' th,' '·dO.I) alld

k~(O, 1) for this specific modcl h(O).

No\\' m = :3. and lt = {/th lt~, lt3}' is l'quaI ta '11 ( 0) = {I. O. 11l( Cil + l)}' rCSI)('('-

th'elr, i.e. it is assumed for cOIl\'elliencc that " = 1 and il = o.
First, look at how ta compute the reproducing kerncl k,(O.I). Rccal\ t.he

formula of how ta calculatc k,(O, 1) in Chapt.er ,l,

k,(O,I) - u(O)'Uïllt(t)

_ (I,O,ln(co+l))Uï' ( b )
lll(co+l)

where U I is a:3 x :3 matrix with ll;j = (Ili,lt;). And

(Ili, Uj) = (J u;(O)cfO, J OlLi(O)cfO, J In(co + 1)'lI i (O)cfO)

(

f uj(O)dO )
x f Ou;(O)dO .

fln(cO + l)ltj(O)dO

Therefore three special one·dimension numerical integral were compul.cd:

1. fln(eO + l)dO,

2. fOln(eO + l)cfO,
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• ('sill,!!, t Ill" HolltlJ("r~ qll;lclr;d lIn~ ;dgorilhl1l (s('(~ Press. TC'ukolsky. \"('ttvrling

;'·1.·12 102.s.1)
·10;'.00 2G LOi .
2G1.0i 2:38.i:3

TI "'....foJ"("

,)·1.'12
405.00
261.0i

= (LO,IIl(co + 1)) ( ~~:~~
102.84

;~i:~~ )-1 ( ~ )

2:38.i:3 In(c'+I)

(

H.29 G.9·1 -1:3.i5) ( 1 )
= (I,O,ln(eo + 1)) G.9·1 :3.38 -6.69 t

-1:3.i.) -6.69 13.2·1 ln(e' + 1)

= 1·1.29 + 6.9·11 - 13.i511l(c' + 1) + 0(6.9'1 + 3.381 - 6.G9In(e' + 1))

/'1 (11.1)

•
+ lll(co + 1)(-13.i.) - 6.691 + 13.24In(e' + 1)).

One Ilccds only compute the valucs of k2(0, t) on some fixed points. Since

k2 (0, t) = Jg(O, w)g(l, tu)dw

and

g(O, tu) = go(O, tu) - u(O)'B"-lbo(tu),

computing k2 (0, t) involvcs computing two-dimensiona! numerica! integraJ. To

summarize. the fol1owing three steps arc required to compute the reproducing

1. compute the initial \'alue constraint Green's function go(O, "IV),

2. compute the iutegra! constraint Green's function g(O, tu),

•
:3. compute the reproducing kerncl k2 (0, t) .



• 6.2.1 Computing the Green"s Function !/ll(O.W) for the
Initial Value Constraint

The following sI "l" show ho\\" to calcnlatc lh<' Cr.."n·, fnnCli"n wilh Il,,' inili;d

valuc con~trail1t:

• Cale" late the \\:l"Onskian matrix \1':

1\"(,,") = ( L
In(c'" + 1)

o
1

u"(w)'= (w(ew+ 1) _ (c
w

+ 1)2In(e
w + 1) ._(cw+ 1). (c'" + 1)2) .

c'u' Cil'

• Calculate the inverse of the Wronskian matrix 11'-1:

•
(

1
W-l(lO) = -w

(
w + 1) «"'+tl'In(c'''+tlte c - ..:'"

Thercfore the adjoint function is wriUen as

o
1

-(c'" + 1)

o
o

(....·+1)::
rOI'

).

• Calculate the 90(0, lo), the Green's function with the initial value coustraiut:

90(0, IV) = u(O)'u"(w), 0 ~ IV ~ O.

50 the initial value Green's function is 'l'rilten as,

90(0, IV) =

w(etU + 1) _ k"'+t):~I{r.'lI+l)

_O(ew + 1) + In(eO+ l)k"~~l)',

-ta(e" + 1) + (e'''+t):~'(''''+1)

+O(eW + 1) _ In(cO +-1)l<w,~I)',

o

O~lIl~O

O~IV~O

othe!'wise

•

• To check the initial:alue Green's function 90(0, w): one uses the adjoint

operator L- of the operator Land apply it to the initial valuc Grcen's

function. One has,
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• \\' iwrt,.

2<.:"'(<."'+1)
n'u = (<."'+1)3'

nOI =
(c"'+lf'

\VI,,"ll WC apply it to the illitial "alue Green's funetion. the result is sho\\'ing.

L;',9(0.w) =0, \\'hell Of.w.

This sal.isfies the basic propcrty of the initial "alue Green's fundion.

6.2.2 Computing the Green's Function g(O, w) for the
Integral Constraint

'1'0 compute the Green's funetion \\'ith the integral consl.raillt. one needs to

• use the Romberg quadrature algorithm again. De:lOte

H(O.w) = {l, Ow ~ 0
. -1, Ow < 0

Re\\'I'ite 90(0,10) as

90(0, w) = sgn(O)J1(O, w)u'(O)u"( w)

\\'here u(O)' = (l, O,ln(cO + 1)), and

O()' (( '"+1) (c'"+ If In(c'" + 1) ('"+1) (c'"+lf)utv=tve - -e,.
eUI eW

Let Z(O. w) = sgn(O)H(O, w). so

90(0, w) = Z(O, w)u'(O)u"(w).

•
Deline order 3 matrix [undions

U(w) = J: u(O)u'(O)dO, w ~ 0,
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•
The :lpproxil1l:ltc ":lllleS of B" = Jiu' for T =:, arc

Define :llso

(

li
B" = 0

6.0·168

o G.Olli8)
\8 9.0000 .

!J.OOOO Il.00ïï

Following the formllla (-1..5). one gcts the Creetù fllnl't.ion of inl.<'g;ml l'onst.raint.

condition

( 0./ = { ~(O.tu)u'(O)u:(w) -Il'(O)X(w)u:(w).
9( . ) Z(O,tu)u'(O)u (w) -u'(O)Y(w)u (w).

o:5 lU ::; T.
- 'J' :5w ::; o.

• By dividing 0 - tu plane into fonr regions, one l'an gel a c\e:Il'('l" expression of

9(0, tu):

1. 0 ::; IV ::; 0 ::; T.

9(0, w) = u'(O)[I - X(1O)]u"(w),

2. -T::; 0 ::; 0 ::; IV and 0 ::; 0 ::; 10 ::; T,

9(0,W) = -u'(O)X(w)u"(w),

3. -T::; 0 ::; w ::; O.

9(0,W) = -u'(O)[I+ Y(w)]u"(w),

•
4. -T::; w ::; 0::; 0 and -T ::; w ::; 0 ::; 0,

9(0, w) = -u'(O)Y(w)u·(w).
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•

•

6.2.3 Computing the Reproducing Kernel "AB. t)

Let. G 1", the 1 X 1 Ill<ttrix of v<tlues of g(O,1I') for 1 estimated \'alues of 0 and

11', Dellote IdO.!) for these fixed poiuts as <t 1 x 1 matt'ix K. the Simpson ru le

\\"iL' IIsecl f"r tl", lIullwrÏ<'<tl c<tlculation. Then

K = G'WG,

\\"l'''''e W is <t di<tgoual \\"l'ighted matrix by the Simpson rule,

. (1 -1 2-1 -1 2-1 1)
W=dlag 3'3'3'3""'3'3'3'3 .

6.3 Computing the Operators Both
in Hl and H 2

The next. st('p after computing the reproducing kerncls is to compute the d, c,

coefficients of the two components in III and Il~.

Depending on the analysis in Chapter 4.3, one Ci:n understand how spline

smoothing works in this problem. But in practical computation, this method can

not be used directly because it involves ~omputing the im'erse of a big matrix.

Following are the details of computation using special matrix dccompositions

which make computation stable and efficient.

Sincc weight matrix W is a diagonal matl'Îx and all the diagonal elements are

.. 1 W W1Wl.pos.t.ve. ct = , " I.e.

1 (1 1 1)W;; = diag lOit, w~z,,, .... ,tL"i, '

$0

Q I l, 1 1 K )'( 1 1 1 ,,\ =-('V, /- W,Td- W'i c W,h - W'iTd- W::K,') + ÀcKc.
11.
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• ,
:\pplying Qll dccomposition 10 \Y'iT. ,>;,-1.

,
\Y'iT = QR

\l'herc Q'Q = QQ' = land R i$ an uppcr-triangnlar n,atrix. Fur \Y)T is a /1",:\

matrix. so

1

Q~(W;T) = o.

Using QI' Q2' Q and R instead of \ybT in Q.I, Q.I 1)<'('Ome$

•
define

then

and

Q.I(h, ÎI\W)
1 , 1 1

= -[Q'(W'h - W;Td - W'iKc)]'
n

1 1 1

X [Q'(W; h - \V'iTd - W::Kc)] + Ac'KI:

l",t fI,= -(QIW::!l +QoW::h - Rd - Q W'iKc)n ..
1 1 1

X (Q;W:: h + Q;W'1/1 - Rd - Q'W'iK,·)'.

z, = Q;wh.

Z Q' l:.12= ~W1h,

, RI' lZ, - (- Q,\V.Kc

•
are orthonormal, and thus Q.I can be \l'ritten as



•

•

•

Ch(l,.It:II') == .!-II/.l + /.~ - Rrl- Q;W}Kc- Q;w}Kcllo
Il

+ Àc'Kr:

== .!-1I/.1 - Rd - Q;W&K"lf + .!-lIz~ - Q;W&Kcllo
11- Il

+ ,\c'Kc.

Silice '.f'c == O. c cali he ddined as

I.C.

Thcrcfore

l ,1 1 ...

Q.\ == -II ZI-Rd-QtW :iKW:iQ,bll-+
n -

.!-IIZo - (Q;KW~Qo)bIl2 + '\b'(Q;W&KW~Qo)b
Il.

== 2. lIzl - Rd - Q;W~KW~Qobllo + 2. Il Z2 - Jbll2+ ,\b'Jb,
1'1, 11

1 1 1 1
wherc J == Q2\V:iK\V:iQ2' Recall d == T-(I - KMî WQ)h, using the decom-

posit.ions abo\·e. d becomes

l3ecatls<, R is an upper-triangnlar matrix, d can be solved by back substitu-

tion. :\Iso bcc<ltlse both d and c depend on b. if b is found, the problem can

he complct.dy solved. To compute b will apply the eigendecomposition of J be

J == UDoU'. Since the value of d makes the first part of Q.\ cqual to zero, so
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• The pl'oblellll)r lilldillg h i:-: Cli;lIlgl'd tl1 tiud Il cqllivail'Il! ly. l':'l' t hl' :-:illli\;,r 1111'\ Ihld

as bd"ùrl'. kt

I),,(h = o.

Soh'Îng thi~ equat ion will gi\"(' t hl' SOl11t.il)J\

6.4 Smoothing p(e), (Dh)(fJ) and I(fJ)

Once a good smoothed funelion 11(0) is attaint'd. the IIl1li-Io!!il transf,)rlllati,)n

gi\'es an estilllate of 1'(0). '1'0 get a smoothl',l (DII)(O). onl' can ns,' th.. sinliJ;,r

method as getting the sllloothl'd 11(0). The ditTl'rl'ncl' is to ns.. thl' (/)/,', ),,(I!. Il

and (Dk2 )o(0,t) instead of k1(0,t) and k2(0,t).

• Once smoothed prO) and (D")(O) arc a\'ail"bll', uSlnl'; f"rmnl" (::.·1). 1.11<'

smoothed estimate of 1(0) can be easily compntl'd.

6.5 Summary of the Aigorithm

Ifone has the data in theform {O;,y;},i = l, ....n, with prO) 1.0 beestinliLted,

it is not necessary to compute the evaluated values of prO;) for each point 0;. For

most purposes, estimating P(0) at Of., ~ = 1, ... ,1, 1 is Illuch smaile,' than ll, is

sufficient. The evaluation points Of. can be equ"lly spaced: because calcnlatinl';

the reproducing kernels does not involve the original data, one nceds 1.0 c<l,npnt.<.

k2 (0, t) and (Dk2 )o(0, t) only once. The steps of this algorithm arc as follows:

1. Compute k2(0,t) and (Dk2 )o(O,t) for points 0f.'~ = 1, ... ,1, Denote them

by notations K and DK respectivdy.
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:L \\ïlh tIlt' rl'l'rl)dll("ill~ k('IïH'l K. l1:-illlg; 111<' CI.:\1 ~t1gt)r:illIll. lir:-;t :-,l"t nI' tht"

tJptT;l!ul' of /1 in II~ :-;P;ICt' in (';lcl1 itt'ralil)ll. ;lIld at 1:I",i gl'l :-i11100t1JL·d fJlO).

1. \\ïlh Ill<" "1)('r"l"r "f IJI, ;11 "" 'p"n' "lId tl", (·,t;11101<·d It(O). compute (h"

"",)<,11",.1 (lJl,)(O) ;'lId fllrl!",r P(O) alld /(0).

TIlt' follu\\'illg trics to illtlst.l'at.-~ the thin.! stcp of this algoritlltll:

GO
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input t Ill' l)ri~ill~d

:,illltlla~l'd d~ll~l

'------,,.--_...-/

~l'l up bn'ak poillt~ wliich
illdi •.:atl" w!lat. ratt'gory an

ob"en"ation falb intù

l
initiai e~ti:llatt· value:,

lL'=I.P=~

l
lC=P(I-P} "-

: = il + (il - Pli 11'
)

/

l
bill the \"alu", of : and Il."

with the categories set up
abo\"(~, d"note tlwlll a'

=.: and Il',:

l
set up the operator of If, 'pace
\\"ith the reproducillg kerncl K,

dcnote such an operator ~ dO"l'r

l
1 h = dOol'r x =c 1

l
Icompute de,"iance ill CLl\!

l
no

,atisfy iteration criterioll :::=-

Tycs

(estimate P, Dh and / from " )

61
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al~orit.lll11

=: dt'IH·lIdt'llt. \"ari~dll(· in
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al~orit.lllll



•

•

•

Chapter 7

Simulation, Discussion and
Conclusion

7.1 Illustration with Simulated Data

The J>urpûse of this tiny simulation is to illustralc' the method described in

t11l' p,'c\'ious chapters, '1'0 illustrate the simulation, thrœ methods were used:

I. GLM with a oasis {LO,ln(co + I)}.

2. GU\! combining the spline smoothing with the b;;sis {l,a}, or cubic spline

smoothing.

a. CL1\1 combining spliue smoothing with a special basis {1,O,ln(co + l)}.

This will be call1'd psychometrie spline smoothing.

Thc fi!'st lllelhod is ,"cry simple: use the linear regression to approximate h(O)

according to the basis {l.O.ln(cO + l)}, then use the GLM method 10 estimate

P(O). (Dh )(0) and 1(0). The second combines GLM mdhod with polynomial

spline with a cuhic polynomial basis. The third one combines GLl\I \\'ith the

spline sllloothing with a special basis {LO,ln(cO + I)}.
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The simulatl'd billary (bt~ WC:"l' carril'd dut ft)!" ;1 Il 11 1lIhl't' l,r \":duc':-; ".li" li tYl'ical

of Inany applicat ion::,. tl;,\l1ll'ly 11 = 500. Tht' 'let tl~d y~d\lt.·:' "lf () \\'C'rl' t lH' ,'(lne

~ponding 11 qllariiks of Ill,,· standard Burtn::! dislri!llltillll. t\)llditillllalllll the's,'

O's. 1hl' fllllCt iOIl l' (0). 1110). ( f) h)(V) alld 1(0) lu 1)(' ..sI iilIa \0'<1 II'< '1''' ~"",·I·,,!,·<I [rulll

a tilrec-par:unetcr logist ie fUt1Cl ion \Yi! II paratlld.cl" \",alues. Il = 1." = O. c' = ll.~.

Fol' c\"aluatèd poiuts. :21 \'alllc.:'s with l'qllal spacing \\'cre USt'd ill ('aell Sillllll:Itt·t1

samp!l'. O. = -:3(0.:3):3. TIll'se e\'a\llatl'd POillts arl' rl'aSUllabll' l'''..all''· 1h,·r.. "l','

fl'II' points beyond intel'\'al [-a.:3] ll'ith the stalldard Ilom",! disiriblllinn.

Th" nnmber of simulated s"mp!<'S allalyz...d lI'l'rc 100. \Vilhill l"H'!: .,illutlal..<i

saml'le. binar~' \'alues Yi E {O. l} ll'ere gCllerated a-' folloll'''' gl'Ill'rate ,,00 Il;'s

randoml:' from the uniform distribution. let. Yi = aif "i :5 P(Oi)' olhl'rll'i,,' y; = 1

if ILi > P(Oi)'

Because both cubic poly"omial splille alld l'sychomet.ric sl'Iille ill\'ul",' chuus

ing the smoothing parameter ,\, and the firsl ml'thod docs lIÙt., so t.h" ..omparison

bet\l'ccn the second 'lnd the third metlwd is considcred lil's!.

The smoolhing parameter ,\, \l'as gi\'en "alues of 0.001,0.0 1, 0.1, 1, la and 100.

FOI'each parameter ,\, the ""erage of llIl'an square Cl'l'Ors of c;,ch sillll":t1,·d S:L1l1pl"

for P(O), 1t(0), (DIt)(O) and 1(0) \l'cre cO!1lputed.

In each graph of Figure ï.L the x-axis tak,," ,·;tlues of 11110('\)' alld y-axIs

takes values of the correôponding mean squal'e errors. The solid lille conll"ct.s th"

points by psychometric splines, the dotted line is by cubic polynomial splilles. Il.

is clear t.hat for each value of À, the mean square errors roI' P(O), 1t(0), (DIt)(IJ)

and 1(0) by psychometric splines arc always smaller th"n th" cubic polynomial

splines. And the optimal À "alucs of Dit and 1 are greater than t.hose for P

and It in both situations. That mcans that estinl1lt.ing Dit and 1 re'l"ires more
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splilw:-;. (~(jllllJilre tlu: llWélIl square <'rrors ur hot1l across the Sitnlllatcd san1plcs

fur dirf,'r',lli. "I,ilil.y 1""..1 Ois,

Fi,!.!;lln· ï.:! étnd Figuf(' 7.:~ giv(·j he Illf'atl sqllar0 t'rfors of both cubic polynomial

splill"s illld psyehon\('tric splines for difrerent ,'alues of ,\ with different ranges of

Il, TI\(' l'illlg" of Il fur Figme ï,2 is from ·:l to:J. ilnd for Figure ï,:l is from -1.,5 to

l,Ii, III llUth figl""'s. the solid lille shows the "ahles of mean sqnare errors of the

psychometrie splinl's and the c!otll'd line ~hows the ,'alues of cubic polynomial

splil"'s, III Figurl' ï.2. one can sec that cubic polynomial ~plines are mneh more

unstabl,· tl,an psychometrie splin"s, espeeially on boundaries, but it is diffieult

to scc the difference betwccn them ",hen Il ,'aries from ·1.5 to 1.5. In FilTureo

ï,:l. it is cb,r that whate"er the "alue of smoothing parameter À is, the mean

square l'l'l'ors of psyehometric splines are almost al",ays less than enbic polynomial

splines. Recall the properties of 11.(0): h(O) is asymptotieally !inear in 0 ",hen 0

tends to infinity. The psychometrie splines ",ith the basis {l, 0, ln(eS + l)} satisfies

t.his propel'ty, but not the enbic polynomial spiines. Therefore, the result confirms

the ""lue of nsing a basis fol' Il,. which d,cs h""e this property.

Once the optimal smoothing parameter, À, is chosen, the comparison bet",ecll

the first methocl and the psychometrie splines can be macle.

ln Figme ï.-l. the solid line represents the "aInes generated from the 3PL

moc!d. t.h.. dashed line stands for the "aIues of the !inear approximation by GLM

Illclhocl. and the clotted line is from the estimated "aInes by psychcm..ll'ic splines,

nsing ,\ = 0.01 for ostimatillg h and À = 0.1 for estimatillg Dh. CU"'1."ring these

ti••ce linos. one can sec that the linearly approximated "aIues catch almost aIl

6·1



• of the eharaeteri,,! ie, of fllnet ion, li l (}) alit! 1'(1)), "'I>cci;t!ly \\' 11l'1I () h;" " lM!'.....

positin'" \'alue. Il il1tl~tratps again that :IH·II~I:-;i~. {l.O.llllc'(' + 1)1. ~ali:-,Ii(·~ the

prl)pcrtics of h(O). The est ill1atl'd values hy pSydhlllld l'il' spline=", art' cll)S(,1" 1!J;1I1

the litleariy approx:ll1<1ted valul's h) tht' ~)J"i~il\<ll dattl !lt'C<111Sl' tltt, splillt' Illt'tlhhl

is 11101"(' l1exible. :\lthough t1le l'st.im:ttecl Dh dl>l'sn', lit vt'ry \','(,11. ~lh)d (·sli1l1'11t·d

\'alue" or 1(0) \\'ere ,till round,

7.2 Discussion and Conclusion

•

•

The purpose of this the"is is to propose a method combilling paraml'!.ric 1110<1·

eIs anCl tlorq:..aralnctrÎc rcgl'cssion t~gct.hcr. It wa$ hopL'd l.llat hy ('ollt.rollill~ tilt'

smoothing parameter >.. one can make the "moothed \'allle" as close as possibl.. 1.0

the parametric modcls. and on the other hand. one can also !e'Wt' mol''' 1'00111 for

the random component, For a \'ery simple sill~lIlation dt'Scribed abo\'(·. il. St'..ms

to \\'ork \\'ell,

Coml'aring the method used in this thesis \\'ith 1he pal'<lmdric mot!..1 and

kerncl smoothing. the psychometric spline is easier to compllte and mort' fiexibl ..

than the parametric modeL

Ho",e\'er, this method needs impro\'ing. To go fUl'l ht'l', r.rsl., the method of

computation should be impro\'ed, so that one can illlprO\'e the acclll'ocY of the

computation. Aiso a greater range of simulations should Le carried out to t.est

this method,

65



•
...........................................................................,

LO ,__ .-.-'-'
o '--.--oo ...----------'
o -3 -2 -1 0 1 2

1091o(lambda)

't ..

01 ;, .
J: ~ j /o 0 !-
~ ~ 1"\ /Cf) 0 : .

~j \'" y/:
r ......::
0: .~ ....... !

'-'--1 :- -

•

............

.. _.... -........ ~~r7~grWï~rr~~rr~~n
t ..
: III

l!) : '.0: ....
o! .

-: ...
.....: ..
0: '.
W (l) :

Cf) q !
~ 0 i

1. '. .,... 1·-·........... ..-....-.... /
0: "- /'.: ,--.--.0:.. ..:

, .
o : ~:

~ 1 ;:

~ 1 /,im !w 0, !
Cf) • 1 :

~ 0 !

N ::::::===='::::t====~o •
0"

-3 ·2 -1 0 1 2

10910(lambda)

.: .

•...........•.,

................................. ;

1
l!)i

Cl.. T"" 1

_ 0 1o q
WO
U) 1

~

•

-3 ·2 ·1 0 1
10910(lambda)

2 ·3 ·2 ·1 0 1
10910(lambda)

2

•
Figure 7.1: Comparison bctwccn polynomial splines and psychometrie splines by
the mean square errors of PlO). 11(0), (Dh)(O) and 1(0) within simulated sample
for diffL'rL'nt "alucs of ,\.

66



•
lambda =0.001 lambda =0.01 lambda =0.1 lambda =1 lambda = la lambda = 100

o
"o o~.

" .o .

:~ : .
o

.) .;2 ., 0 1 2 3

~ \ ~II\ '~I[l\
\ \ 0 1\

:\~ :I~I ~:I ~i
o O~ 0 .

·3·2·10123 ·J·2·10'~J ·)·:·101

~~ ~~ ~U

o :

~~:=
o .

" ",

~'--_~::J
3:'·101:3

l:ll'lJ

aM aM ~M

'0 : '0 : :i :
WN. : r..... . WN. •... . ~. . ~. .
~-VE-VE-V

o 0 o~ ~

~ M ~ M f ~ M :1 ~ M •

~N \ !J ~N \ j ~N:-. ; ~\ j9&'0 -~ -~ ~~
o 0 0 o~ ~

~~v! ~~ :
t:.lN : UlN :

~ .. \'" ./ ~ .. \'" //...... : ~
o 0'-__--'

•

·3·2,10123

'hila

=0"
W

~N '.. ;

2_~'
o'--__-J

·3·2·10123
flotl

-3·2·10123
:!<Q

~ '2·' 0 1 2 3
ll1CQ

~ ·2 ., 0 , 2 3
ll1CQ

0'--__-'

O'--__-J

~ ·2 ·1 0 1 2 3
ll1CQ

•
~ ·2 ·1 0 , 2 3

lIotl

~ ·2 ., 0 , 2 3
Il>....

~ ·2 ., 0 1 2 3- ~ ·2 ., 0 , 2 3
:!<~

·3·2010'23
:!<Q

~ ·2 ., 0 1 2 3

"'la

• • • • • •ci 0 0 0 0 0

-~ -~
..

-~ -~ - " -~..
00 00

V\
00

\;\
00

W\
00 00

wN wN wN wN wN

~
wN

~ci ~ci
.. " . ... .. ...: : ~o ~o ~o

~
'. . . .... . : .,','. . ~o .. ' ..'. . .... : . \.~- ~- '.. : ~- ~-

" : : ~ - .... \. ~-
ci ci ci ci '. .... 0 ci
0 0 0 0 0 0
ci ci ci ci 0 0
~·2 ., 0 1 2 3 ~ ·2 ., 0 , 2 3 ·3 ·2 ., 0 , 2 3 ·3 ·2 ., 0 , 2 3 ·3 ·2 ., 0 , 2 3 ·3 ·2 ., 0 1 2 3

l!leQ ll1CQ
"'~ ll1C~ "'~ ll1Cla

•
Figure ï.2: Comparison between polynomial splin<..'S and psychûnl"lric splincs by
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Figure ï.a: Comparison betwccn polynomial splines and psychometrie splines by
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68



•

•••••••1"

; ....
~.

/,,

o

J:C\1

••••••••~;;.<- •••••--

~ .r-.------------,

~
,....
co
o
ID

0..
0
'<t
o
C\I
o
o
o '--------------'

'.

2 3

2 3·3 -2 ·1 0 1
theta

·3 ·2 -1 0 1
theta

o
o ~

o

,....

true curve
gsychometric spline

Ln 1--L_.......:.3.:.di;m;..en.:.si.:.on~a~p~pr.:..:.ox.:..:.im~a::Jti
o
'<t
o
C'l
o
C\I
o

2 3

2 3

-3 -2 ·1 0 1
theta

·3 ·2 ·1 0 1
theta

,....

o r------------,."..........,
--C\I /<.-::..~ .

Ln

Ln
o

o
o '--.:..-----------'

J:O
0,....

•

•
Figure ;.4: Comparison between the psychometrie splines and GLM method with
the basis {l, 0, In( cO +1)} for one simulated sam pie. P and Il were estilllated with
,\ = 0.01, and Dh and J were estimated with ,\ = 0.1. The solid line shows the
true curve, the dotted linc shows the estimate by the psychometrie splines, and
the dashed line shows the estimate by the :1 dimension linear l'egresion .



•

•

•

Bibliography

[1] Ad","S, Il.:\. (1 !J7;;) So/'o/n' Sl'IW:S. New York: Academic Press.

[:11 AndC'rson .I.A. and Blair V. (1982) Pcnalized maximum likclihood estimation

ill logistic rcgrC'ssioll and discrimination, Biomctrika, 69, 123-13G.

[:11 :\lIbill .Jeall-Pi,·re (1979) .-1 l'l'lied fUllelional analysis, Ne\\' York: Wiley.

[.t] Cox D.R. all,1 Snell E..J. (1989) Allalysis of /'illary data. second edition. Ne\\'

York: London: Chapman and IIall.

[;;] Cra\'en P. and \Vahba G. (1979) Smoothing noisy data with spline functions:

estimatillg the correct. degrec of smoothing by the method of generalized

cross'\'alidatioll, NUlllerischc Mathematik, 31, 377-403.

[G] Dalzell C..J. and Ramsay J.O. (1993) Computing reproducing kel'l1els \\'ith

arbitl'ary boundary constraints, Society fOI' hulustrial and Al'l'licd JVatlu

maties. 14.511-515.

[7] Good \.J. and Gaskins R.A. (1971) Nonparametric roughness penalties for

pl'Obability densities. Biometrika, 58, 225-277.

[S] Gu C. a.nd Qiu C. (1993) Smoothing spline density estimation: theory, The

AUllals of Statisties, 21,217-334.

70



•

•

•

[~)] G11 C. ( l ~)~):n .-\ di IlW:J:,iOll1t .~:-' ~lll h)m;l t il' ~d:::" )ri 1!11l1 . .If) li /'/1 Il l Ilf Ilu . l .... u 1'I1"11f.'

S/a/i'''lica! "\."~()Cill/i(lll. 88. ,1~);)-;jn,L

[10] Lord E.~r. (1980) .·ll'pii('alioll of itou n .... pOll .... r· thn)J'!/ te) llradil"ld h .... ti,,!/

probltm. lIilbdale. :\"II" .1<'r$('Y: 1.aII" l'('n (l' Erihalllll ."",,"i'II<".

[Il] Î\lcCullagh P. and :<idd<'1' .1.:\. (!!18!J) Grllrralionl iillmr 1110,[,[". "'<"olld ,·di

lion. London: Nell" York: Charman and Il,di.

[1:2J N'eider J .A. and Wedderburn R. W .:\1.. (! 972) C<'n"l'aliZl'd linl'al' InolI.-k

Journal of Ihe Royal Sialis/ieai Socie/y. Srri,'" .-\. 135. :\7(J-:I~1.

[1:3] Press W.lL Teukol$ky S.A.. Vetterling \V.T. ,md Flann,·I')' Il.P. (!!)!)2) Nil

mel,ieal rccipcs in Forlrau~ ~ccond edit.iotl~ C:llllhridgt': Nt'\\' York: (~alltlH'id~l'

University Press.

[14] O'Sullivan F., Yandell B.S. ,1Ild Raynor W..1. (I!J8G) :\lIlomat.ie snlllot.hing

of regression functions in gcncralized lincar models, .I0U/·1U11 of Ih,- '\I1".,.ir,,,,

Sialislicai Association, 81. 96·10:3,

[15] Ramsay J.O. and Dalzcll C..J. (1!J91) Some Loois fol' fllllct.ioll,d dat.a ;lI,aiysis

(\\'ith discussion). Journal of the Royal Stali"tielÛ Socid.y. Saie" n. 53. .'):19

.57:2.

[16] Ramsay J.O. (1991/9:l) Testgmf MIll/.1lIlI. McCili Ulliversil.y: IIllplll.iishe"

manuscript.

[17] Silvcrman B.W. (1978) Dcnsity ratios, cmpirical likelihood "nd col. de"l.lI.

Applied Statistics, 27, 26-33.

Tl



•

•

•

i I.~] Wahl,;, G. ;,nd \\'(,Id S. (1 ~)7:;) :\ ("(mlplcldy alltomat;c Fr('nch Cllr\'C': fit t ing

splillf' flllletÎ<JI1S l,y cross-\·alidéLl.:oll. Communicatiou." iu Stalis/ir..... 4. l-lï.

[I!J] Wald", G. (I!J!JO) 8"lil1<: lIIodd.,feT oOs<:I"caliol1a! dala, Ph;!;,dclph;a: SociC'ly

of !ndnst.r;;t! ancl Applied :\ht.h(,l11at.ics.

-.),-




