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A 01(/Bi\ &~.&.LYSIS OF 9BE (P, D) 8BE 

John L. Schoonovcr 
:.~. Sc. Phystcs 

The 9Be (p,d.) BBe reaction tl.t incident proton 

energies of 46 ~ev and 10C YeV has been anulyzed using the 

DWBA theory. The flnite-range approximation has been 

used. The transferred neutrcn "laS ascumed to be bound 

by a Woods-Saxon ~cte~tial in the tar~et nucleus. The 

proton distorted waves were fenerated usinE the o;tical 

c potentlal obtalneè fro~ elastic scatteri~r from ~Be, 

,."hile the deutero~ optical potential \'I8.S obtained by 

fittinE the angular distribution of the Eround state 

transition in tr:e re:~~tton. ':lransitions to the exciter:! 

stat2s were analyzed with aIl potanti~l yarameters flxed. 

Fairl~' Eocd C!.fre2':-.e:-:t :.::.:. ~ eXf-,erl'':8:1t han be::m cbtained. 

The s yectrosco l le f~ct crs extr::cted fro!:. the e:q.erl:ï8nt 

were cO!Il};ared. "';lt!: !.revio~s '"ork us weIl as \'/it.h t~e 

prs'.51 ct i ons cf v::::..ricus nucl'?ar IT:odels. lsrc:e di s cre-

~~~cies betwecn the ex;erime~ts ~nd the pre~ictions of 

i!ltr;rmediate cou!"'li:-:;- sh'.~ll 1;:01el ',;ere found, espec1aIly 

in tte hi~h-lyinf ste~c~. ~he cl~ster ~cd~l ~rcvlded 

.~ a c:1Jalitat1ve ex:.lanr"tion of the prese:1t results. , 
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ABSTRACT 

The SBe (p,d) 8Be reaction at incident proton 

energies of ~6MeV and 100 }:eV has been a!~!\.lyzed usinp: the 

m~BA t 'reory. The fini te-ra.nge approximation Ras been 

used. The transferred neutron \·:as assumed to be bO'.lnd 

by a Woods-saxon potential in the target nucleus. The 

prote;) èlstorted "·I!lVP.8 were f'3nerated usinE:' the optical 

potentifil obtained fro~ ~lbstlc sc~tterin[ from ~Be, 

whlle tte deuteron optlc~l ;otantlal was obtained by 

fitting the Dnfular distribution of the ground st~te 

transition in the reGct~0n. Tra~sltiohs to the excited 

states were analrzed with all potential p3ra~eters fixed. 

Fairly good agreeIT'ent wi th experlment has been obt2.ined. 

The srectroscoplc f~ctcrs extracted froT. tte experi~ent 

were co~p·reJ wllr. prevlous work R2 weIl ~s ~ith the 

pred:ctlons of vnrio~s ~1ucle,'r r'oJels. lE.rEe dlscre

r'-ar:cies bet'tle'::m the ex!~eril'lents anJ ire predicticns of 

interTediete ccufllnf shell model were found, especially 

ln the htEh-lyinE st~tes. ~he cluster ~odel provided 

a c:uallt:.tlve ex,:'~l{!natic!1 of the preser:t re::;~lts. 
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CHAPTER 1 

INTRODUCTION 

For a long time nuclear pick-up and stripping 

reactions have been among the principal tools of nuclear 

physics. AmonE other uses, these reactions are important 

in the determinstion of spectroscopic data such as nuclear 

spins an d peri ti es and enert:Y leve l schemes. They are 

also useful in testinE nucle~r models and deterrnining 

nuclear W2.ve functions. The l~tter ti'IO uses will be of 

main interest in this thesis. 

Nuclear reactions are generally char~cterized 

by the bombardment of a target A by a projectile a \'lith 

the result that a residual nucleus B ~.nd an outgolng,: 

particle b are produced. In abbreviated notation this 

can be written A{a,b)B. In this work the priœary interest 

is \-lith the picl:-up re"',ction (p,d) • .. ,hich is closcly reléüed 

to the time-reversed reaction, that i8 the (d,p) stripping 

r.:;acticn. 

It is possible to classify nuclear reactions 

further as due to com!)oun':1 nucleus or direct processes. 

A corr:pound nucleus renction occurs if the incl(~e!1t particle 

is absorbed by the target and illldergoes rr:ultiple internal 

collisi ons \.Ji th the indi vidual parti cles of the tare:et. 

The multiple scatterin(.~ causes the incident particle to 

forset its history, in 11 sense, which causes the differential 

cross section to have a much different angular dependence 



2 

from that associated \'lith direct reuctions. It has been 

found that for compound nuclear reactions it is difficult 

to calqulate matrix elernents for the scattering, since the 

properties of the intermediate states are very poorly 

understood. Cn the other h~nd, calculations for direct 

reactions have been done with increasing sophistication 

and more gratifyinS results since at least the early 1950's. 

Ey compg,rison to the compound reaction, the direct reaction 

is very sirr.l;le. The incident projectile is in the region 

of the tareet for f', short tlme an::: inter2.cts '1:ith very fe\'! 

of the target nucleons. Since there a.re no intermediate 

states fomed, t .... ,C\ matrix elements involve only th~~ states 

of the initial and final nuclei and the interD.cticn responsi-

ble for the re~ction. 

In the e~rly 1950's Eutler (1957) prcposed a 

method for calculatinl? the renction matrix elements which 

had the virtues of bein~ wlthin the capabl1lties o! the 

c~lculatin~ facillties avallable at the time and yielded 

values in fair agreement '-lit h experin:ent s • 'l'li th the But 1er 

theory it waO possible to determine the orbital angular 

momentum tronsfer v!ith a fair decree oi' certainty. This 

in turn enabled investicators to determine spins and 

paritles 0::' nU::lerous states. The Butler the ory h:1.s the 

dra'''' back, tha.t i t often ove restin:at es t he di fferentia.l 

cross section by as much as an order of m~enitude, and 

does not gi ve eood shape fit ting at laree ane-les. Sc5ille 

of this dif~~îculty can be attrlbuted to the use of the 
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plane 'ltlave approximation for the incident and out[)oing 

:r;articles. \'l1th thp. advent of hie:h speed com::uters in 

the l~te 1950's, it became practic~l ta use the distorted 

.... taves ap:':-iroxin!ation fer tho incident and oute:oine:. p;.rticles. 

Since that time nUffierous improvements have been made in 

the methods for c~lcul~tine the matrlx elements. Among 

these is the flnite-ran[e a.p~;roxir.:[.!.tion, \':hich 'dill be 

discussed in sorne detail. 

AmonE the 1p shell nuclei rr.uch Ylork ho.s been 

done to determine the Eround state ",ave function and 

spectroscopie factors for various pick-up and stripping 

reactions (Cohen and Kurath, 1967; Kull, 1967; l<ac Farlane 

and French, 1960; Li and l·~c.rlt, 1969a, 1969b; To'ltmer, 1969; 

Verba, 1967; Narion, 1965; l~arion et al., 1960; Wildermuth, 

1962; Jac~~rt, 1964). Usually one assu~es a model for 

the nucleus and tries to make up the i'l:-,ve funct iOI1 

,·[hich predicts enerGY levels \'il th the correct qucntur.. 

nUtl:bers, for inst~~nce. The sune \-l['.ve function C::'!'l then 

be used to culcul['.t e el/Gct rcscopic !'['.ctors which [lre 

consistent \-:ith t:-:e B9S.ln.ed model. This i8 essentially 

the pregr&rf. followed by Cohen C:..nd Kurath (1967) in their 

calculatic~s. Since their tsble becarne av~ilable, a 

nucber of investirators have use~ lt ~s a guide in deter

minint; experimental spectroscopic f~~ctors ovor :? wide 

rfl.n[:e of enerEies (Kull, 1967; Li 8.nd l:ark 1969a, 1969b; 

To~ner, 1969; Verba, 1967). 

This thesis is arranged into two distinct parts. 
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The first is concerned vii th the deta.i ls of the rec.cti on 

theory, and the secoYld den1s vlith the actua1 an0.1ysis 
o 8 

of data from the .... Be(p,d) Be reaction at 46 r.~eV and 

100 ~~eV. Chapters 2 and 3 cOr.1prise the first part, and 

they can be broken down further into two re1~ted prob1ems. 

To begin \\'ith, the tr.eory is deve10ped step by step payine 

attention to the assumptions and the essentia1 physics 

cf tr.e prob1em. The concept of the differentia1 cross 

section 15 discus2ed, ~nd th3 physic~l necessity of anti-

synm;etrization for systems of Ferr:\ions nnd the results 

of the process E'~r2:: presented. After\'lo..rd, the chl.culc..tic·n 

is narro'vled te the specific c~se of sco.tterin[ batween 

nuc1eons whose wave functions are Elven in the J T repre-

sentation. At this point the necessity for spectroscopic 

factors becomes apparent and sorne of the methodo10gy for 

c~lcu1atinf the~ in tbe J T representation is exp1ained. 

Chapter 3 is devoteù to the seco~d problem, '-lhicr.. is the 

pr[:.ctica 1 diffic :.11 tJr of evalu.:-tt lne tl"'.l:; tr·:ir.s i tl en rr.n.trix 

e1ement. For o..ny reasonab1~ potential, neither the dlstorted 

waves nor the bound state neutron \"1~c,ve funct len can be 

written in c10sed forc. For meanincful ca1culatlcns, then, 

one must rely on tto p.;et~od!:: of nun;orlcé,l c:...t1culus. 

The an3.1ysis section, Cr1t .pter ~, invo1ves fi ttinc 

~Be(p,è.) SBe angu1c.r distributions usine: clistort·::d ,-myes 

for both the proton and deuteron generê:'.ted vlith optica1 

potentials. The que.. lit y of the fits is discussed, c..nd 

experiment8.1 spectroscopic factors ;~r'~, extrl..icted for the 
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sround, 2.90,16.93,17.64,18.15, and 19.05 !'-feV states. 

These values a.re corr:p:.ired to those extré\cted by Kull (1967) 

at 33.6 MeV and Towner (1969) at 155 MeV. In ~ddition, 

they are cOIDIXtred to t he theoretic<.:~l values gl ven by 

Cohen and Kurath (1967) and Bulashov et al. (lS65) based 

on the lnterrnedi:üe coupllnE: shell model. In this section, 
c 

sever~l models for JBe are discussed and thelr merlts are 

C0!1sidered in liCht of tr:0 results of thls \;ork. 
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CF.API'ER 2 

FCru·:ALI SM 

2.1 DWBA Differentiel O~oss Section 

Calculation of a differential cross section 

involves the evaluation of a matrix element made up of a 

wave function which describes the etate of the complete 

system, an effective interaction potential, and the final 

state of the outgoint: particle 3.nd the residual nucleus 

with no interaction between them. In the sirnplest deriva

tion of the expression for the differential cross section, 

it is necessary to assume that the asymptotic forIT. of 

the potential is proportional to r-n , where n~2. Hm':ever, 

for scattering of charged ~rticles, this is obviously not 

a good assumption, since the Coulomb potential has r- 1 

dependence. The derivation using time dependent perturba

tion theory (Gell-Mann and Goldberger~ 1953) is free from 

this restriction, and gives the sarne result to first order 

as does the more restricted derivation. This is because 

the Coulonb interaction iB rel~tively weak co~pared to 

the nuclear interactions. 

The be.sic assumption of the tirr.e del}end.ent per-

turbation approach i8 that the Ha~iltonian of a system of 

nucleonE can be written in such a way that the interaction 

between incident and t~rget nuclei appe&rs aD a perturbation~ 

The main ~~rt of the Earr.iltonian describes the internal 

motion of target and prcjectile. By a heuristic arE:ument 
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it is easy to show that the interaction energy is sffiall 

compared to the energy of internaI motion of the t.9re:et, 

and hence, can be used as a perturbation. A proton, for 

instance, inter6cts with a target of A nucleons; the A nucleons 

Interact amonE themselves by Al nucleon-nucleon combinatlons. 

Slnce the energy of ef.ch nucleon-nucleon interaction 

should be of neC!.rly the S[tme magnitude, that portion due 

to the internaI motion woule be of the order of (A-1)1 

greater than that due to the proton. 

In the case of the (p,d) reaction, in which a 

neutron in the target nucleus ls transferred to the out

going p~rticle, the Hamiltonian can be written for the 

incident proton channel as 

The first term, Hp, includes the interaction o~ the A-l 

nucleons, called the core, a~onE t~o~selves, the inter

action of a bound neutron \-I1th the nucleons of the core 

and the relative motion bet"leen the incomine:- proton aild 

the target nucleus. A less mOdel-dependent description 

(2-1 ) 

of Hp ls that it describes the interLction of the A target 

nucleons and the relative motion of the projectile anj the 

target. Nore important than this tern; i8 t}':e second term, 

V, which appears in the rnatrix element for the differential 

cross section. V describes the interaction of tte incoming 

proton \'lith the A target nucleons in such a vlay ttC:.t the 

inter~ction with the neutron to be picked up appears 
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separately. 

(2-2) 

Here, Vpc is the interaction between the incomlng proton 

and the core, and Vpn is the inter~ction between the proton 

and the transferred target neutron. Cne can write a 

similar expression for the Hamiltonian fv~ the outgoing 

deuteron channel. 

(2-3) 

Here the internaI motion of the deuteron, the A-l nucleons 

in the residual nucleus, and t~eir relative motion are 

lumped in the unperturbed part, Hd' and the i!1teracticns 

of the proton and neutron \-litt. the residual nucleus are 

considered separatel:.' and gi ven by U. By the 1&. ... : of con-

servation of energy, the Hamiltonia!1 of the cor::plete system 

is 

(2-4) 

Gell-Mann and Goldberger (1953) given an expres-

sion for tre tr.·:~nsition rate per unit tin:e per unlt final 

system. 

w-~+~ ~ l ('Ptt 1 Vre ... Vf~\ \1);)\1. cf(E~-Ef) (2-5) 

Here, 'l' .. {'t\s tre eXG.ct-state vector Elven by the schrëdinger 

equation 

(H- lE) lJl= 0 

With the boundary condition ttat the solutlcn contains 

outgoing spherical proton waves at infinity; <PeliS the 

(2-6) 



c 
~ 

wave function for the final system consistinE of the out

going deuteron and the residual nucleus "li th no interaction 

between thern and satisfies the Schrodinger equation 

(2-7) 

The delta functior. in energy of the initial and final 

channels expresses the conservation of energy in the 

reaction. In order to fir.è the transition probability per 

u.T'lit time, introduce f(~~)' the number of final states per 

unit fin~l energy interval in an energy region around Ef. 

After integrating over the final energy Ef' the transition 

probability per unit tlrr.e ls 

(2-8) 

For partlcles wlth e!'lergy p2/2m, the number of states in 

a volume element of phase space is 

cl. N = 'P~ clp clSL 
(;z.T't.) i 

(2-Ç· ) 

The r.:omentum J:: of the particles lies in the direction 

between solid angle ..n. andn."cl.n, and the georr.etrieal 

spaee volume is unity. The number of states ln the energy 

lnterval E to E+dE is 

(2-10) 

The quantities ID and pare respeetively the redueed mass 

of the outEoing partiele from the re[~ctlon anè. the momentum 

of thls partiele. Pif' which is the probability per unlt 

tlrne for a transiticn from the initial te the final state, 

can be thoue:ht of as the flux of flnal st~,te particles. 
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In order to convert this expression into a differential 

cross section, it is necessary to consider the incident 

particle current intenslty. If the incident bearn is 

norrnalized to a density of one unit per unit volume, and 

if ii is the veloclty of tte p~rticles, the incident particle 

bearn intensity is vi. Then, the differential cross section 

is defined by 

J,po _ "'Pa 
q.." - -) 

\1'.. 
" 

which leads to tte expression 

~!lll" : t:~ t"~ ~ \' q? \ V V \ lU <'+') 11. ~ ( .:1.'11' t. 1. ).,. k~ '\. tk 't c: + li V\ i? ) 

where ki and kf are the wave nurr.bers for the incident 

and outgoinr particles, and ~ and ~f are the reduced 

masses. 

Throughout the derivation, there has been an 

assurnption that the p~rticles are spinless. If this ls 

not the cese, anj in additicn, neither the incident nor 

the outEoinE IX'ptlcles are polarizec:, it is necessary 

to aVer&E8 the crOES section over incident spin states 

(2-11 ) 

(2-12) 

of the tarEet r:nd projectile an(~ su:: over fi~:al Sl)in states 

of the residual nucleus and detected particle. If Ji' 

~\ and J f , 1t.f are angular momentum quantum nurr.bers for 

target and resldual nuclel and si' mi and sf' IDf are used 

for tt-:? i:1cident :;.ns outEoinC particle spins, t!'"e differ-

ential cross section can immediately be wrltten as follows: 

(2-13) 
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The quantity (tpcl.l VPC."'rVf~' \~"+» , denoted by 

Tif and called the transition aœplitude is the crux of 

the scatterln[ problerr:. The eveluation of the transition 

matrix element, Tif' is not an eusy t1-:.sk because it contains 

't'p(,-tl, the exact solution of equatlon (2-6) 'tlith the pre-

ecribed boundary condition. An approxlmation must be made 

here. It has becn shown by Feshbach (1958) an:' Glendenning 

(1963) tha t the potential V pc can be approximated by an 
w(."" <;t) 

optical potential Vp ' and the v;ave function Tt by Xf' ' 
the optical wave function solution of the schrëdinger 

equation 

with the boundary condition that it conti..l.lns outEoine 

epherical proton waves. Similarly, U = V + V is pc nc 
ap~roxi!Tlated by a deuteron optical potential Vd and cp~ 

11 (.-) 
is replaced by ~~, the optical wave function containing 

incoffiing spherical deutron waves Eiven by 

This met~od of evaluatinE Tif is 6nlled the distorted -

wave - Born - approximation or DWBA (Tobocffian, 1961). 

The spherical wave boundary conditions can be explained 

by ccmps.rison to the plane - Wé.;.ve - Born - approximation 

(2-14) 

(2-15) 

(PWBA). In this case t'r.c incident pc.rtlcle is a.ssumed to 

be freG an( its ~otion ie described by a plane wave. There 

is also a scattered co:r.ponent Eiven by spherical ''Javes 

emitted from tbe scnttering center. In the Infinite 
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llrolt one \-lould expect D'hBA and PWBA \'lave functions to have 

the same forro, slnce the dlstorted \·;é'.ve particle ls free 

by t ~e tlme 1 t tr3vels a large di stance. The outgolng 

pF..rtlcle channel ls the tlrne reversed analog of an lncomlng 

partlcle channel. Hence, the asymptotic behavlor ls tlme 

reversed, t 1".3. t 18 t r.e spherlcal '-lave 1 s comlne: ln tO\'lard 

the scatterlng center. It ls lmportant to keep ln mlnd 

that, due to the presence of H and Hd' these wave functlons 
p 

also cont:.~in t~e lnt'3rnal structur,:: of the systems of A 

and A-1 nucleons. 

In der1v1ne: the optlcal nodel wavc functlons, 

'1/ (~') 'Y <.-' 
A.f and ~J... ' t"dO importent oper~,tor::J .... lere used. These 

are the projection oper~tor P, whlch when used on an arbi-

trary wave functicn of a. system projects out only the 

ground state, and lts complementQry operrotor Q, whlch 

projects out the excited state components of the wave function. 
(.-) 

The optica.l '-lave function 'Xd. defined ln equation 2-15 ls 

eener::.ted ln such a lmy, that it is a pure ground state 
~ 1.+) 

\-lave functicn. lt "1111 be shovln l:.!ter thot iVf ' as deflned 
-vc-) 

ln equation 2-14 contains a component corresponding t 0 ~d. • 

In the ~esntlme, the transition a~plitude can be wrltten 

as 

T~f ::: (X:' \ V + V?V\ \ 1-~c..+)) 
(2-16) 

'\r":: a( V,e.) Q +- '? (VycJ Q T Q( Vpc.)? 
(2-17) 

This expression reduces imrnedi~tely to 

(2-18 ) 
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Thls ls the transltlon a~plitude ln DWBA. 

Physlcally, the reaction the ory as formulated 

above assumes the valldity of the optical model for pre

dlctlng the results of elastlc scatterlng. In order to 

generate inelastlc matrlx elements, a perturbation ls 

lntroduced, whlch plcks out other exit channels for the 

reactlcn. 

The theory outlined above has been 31ven for 

(p,d) reaction, ln which a neutron is tr:::nsferred froP."1 

the target to th~ incomlng projectile. However, becuuse 

of time reversaI lnvarlance of nuclear re~ctions, the 

tr:lnsltlon Datrix for (d;p) reactlon leading from the 

state f to the state 1 has the sarne value as thut for 

(p,d) reaction from state i to state f (Messiah, 1966): 

( <Pel' Vp~ + Q V,c. ? 1 tt,~»t: < CP, , VyYl + Q '4c.?\ tf~-t~ (2-19) 
or 

< 1:)\ V,,, + G. Vpe P \ 'tt) t: ( ~t) Vp~ + G. Vpe p\ lot». 
FroIT. the principle of Getal1ed balance (Blatt and Weisskopf, 

1952), one can write the dlfferential cross section for 

(d,p) re&cticn in terms of (p,d) differential cross section: 

(~) _ (~\.,.. (J.J"p+I)(';S,.+') ( ~\ 
4.!L J.~ - lt6) (:I:l"lA:tl)(~S~+') Wrd.· 

J p and J d are tre spin cf t~e nucleus in the proton and 

(2-20) 

deuteron channels; sp and sd are the proton and deuteron 

spins, i and 1; kp and kd art:; the proton and deuteron 

momenta in units of ~ in the centre - of - mass - systems, 

respectively. 

For the sake of convenience the calculation 
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performed hereafter will be done for the (d,p) reaction. 

This is done mainly because the computer code l'las written 

for (d,p) matrix element calculation. 

2.2 Antisymmetr1zation 

The idea of a target nucleus and a separate 

particle called an incident project1le are convenient 

fictions introduced to help the physlcists to descr1be 

the 1nteracticn process. To be more accurate, 1t is neces-

sary to think of the react10n 1nvolv1nE so many 1dentical 

fermions. In such a cuse, the incident and final state 

wave functions must be totally antisymmetr1zed. Cons1der 

a stripping process, (d,p), in which a deuteron imp1nging 

upon a tarŒet nucleus of A nucleons and tr~nsferrinE a 

neutron to the tar~et, the initial system consists of two 

groups of 2 and A fermions and tt.e f1nal s~'stem comprises 

of two groups of t and A + 1 fermions. If one writes 

the initial and final W2ve 
~'tl c-) 

functi cns ,t.d,. and x.~ , as product 

wave functions of the internaI lfIot1cn of e~~ch group and 

the relative motion between t;:roups, one rr.ust antisymn:etrize 

the complete ~eve funct10~ w1th r~spect to interchange of 

particles between groups. The totnl number of p0rrr.utations 

in t~e system is (A + 2) l, and the nu'nber of perrr:utaticns 

which do not leaè to new wave functicns is AI 21 in the 

deuteron channel and (A + 1 )111 in the proton channel. 

Hence, there are Ni=(A + 2)I/AI21 and Nf=(A + 2)1/(A + 1 )111 

terms of product wave functions in the totHlly antisymmetrized. 
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initial and final wave functions, respectively. The 

transition rr.a.trix, Tif' e;iven in equHtion (2-1 S:) becomes 

~f = f~fJ~ < ~ X~-)\ Vf'f,. + Q V,e. P \ Â 'tJ+» (2-21 ) 

A ..,t+) ...J (,-) 
'\'/here /Wd., and ~"tp are the totally ant isymmetrized initial 

and final wave functione. In the argument presented 

above, it i6 implicitly assumed that protons and neutrons 

are identical p~rticles. To a good approximation this 

is true in the isotopie spin formalisœ. Throughout the 

calculation the isotopie spin fcrmalism \'lill be used, and 

its importance will become more apparent in later sections 

of this paper. 

Consider the seneral case of an a-particle 

projectile incident on an A-particle target with one particle 

stripped. This ler'ves an (a - 1 )-purticle outgoing pro

jectile and an {A + l)-purticle residual nucleus. The 

antis~metization gives Ni = (A + a)I/AI al and Nf = (A +a)l/ 

{A + l)l(a -1')1 with the transiticn eiven b~r (2-21) un-

chaneed in for'm. The total nur.:ber of terrr.s in Tif is 

equal to the number of products bet'vleen the initial and 

final state weve functions; 

( A .. o.) ~ (R--t- o.) ! 
A! (A+I) ~ o.! (o.-')~ . 

In order for one of these products to be non-vanishing, 

the nucleons left in the core of the residual nucleus 

(comprisi~G tbe initial target nucleus) ffiust match the 

nucleons of the target nucleus. 

Suppose for a particular tarD in the initial 
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state wave functlon partlcles labeled x, y, and z 

appear ln the lncldent projectlcle functlcn, and the 

target 15 comprlsed of partlcles labeled a, b, and c. 

There wl11 be terms of the flnal state wave functlon 

wlth the outgoln~ projectl1e contalnlng partlcles labeled 

xy, xz, and yz, as weIl as others contalnlng only one 

or none of x, y, and z. The resldual nucleus terms cor-

responding to the outgolnp- particl~s listecl above contaln 

abcz, abcy, and abcx. Kon-vanlshlng terms of the overlap 

inteEral occur \-lhen JXlrticles x, y, and z are decoupled 

froœ abc and in no other cases for thls partlcular term 

of the lnltl~l state wnve functlon. It ls seen that thls 

glves three terŒs, which is the nu~ber of nucleons ln the 

lncldent projectl1e. By carrylng thls ergument to an a

particle projectile, it 19 found thL.t the number of non-

vanlshlng products for e~ct terT cf the lnltlal wave 

functlon is é!. Bence, the antlsymnetrized tr:msitlon 

a~plltud9 i8 arrlved nt when t~e unsyrnrretrizeJ cne 18 
.!. 1 

multiplle:~ by tte nor:relizattcns N1&and.N~r.an~, the number 
-t 

of non-vanl shlnE products, that ls (N1Nf) a (A + a)l/ Ala 1 = 

a (A + 1). 

2.3 Formalism ln the J T Representation 

Comblnlng the results of DWBA, equatlon 2-18, 

and antlsymmetrlzat10n, equatlon 2-13 becorr.es 

(2-22) 
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In order to further specify the optlcal model wave 
."l-) ~ lt) 

functi ons ~p and A.t!. , i t i s necessary t 0 introduce a 

set of coordinate axes. The rr.ost convenient set, since 

the particle coordinate can be written in separable fashion, 

and the conventional set is the center - of - mass axes. 

Figure 1a shows the coordinates of the system of particles 

in the center - of - mass system for the deuteron channel, 

and Figure lb shows the coordinates for the proton cha~nel. 

The three vectors Pp' rn , and Fi a.re dlrected from the 

center - of - mass of the target, A, to the proton and 

neutron of the incident deuteron and to the center - of -

mass of the deuteron, In Figure lb, the am.loEoue vectors 
_, - , -1 

rp , rn ' and Rare directed from the center - of -

mass of the residual nucleus. Cf the two renaining vectore, 

r gives the relative proton - neutron positions, both 

before and e.fter tr.e neutron le stripped, and ra 16 

the distance betwee~ the center - of - maso of A and 

A + 1 nucleons. At a later stage of the calculation, the 

origln will be shifted as a matter of convenience in 

numerical evaluation. By usinE the definition of center -

of - mass and the construction of the diaErams, certain 

useful relations are found. 

il 't--) .... :. 'i 'f'f+~'" 

(2-23) 

(2-24) 

(2-25) 
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FIGURE 1 

?he coordinates of a system of pA.rticles ie the center

of-~ass system for a (p,d) or a (d,p) reectlon. The 

àeuteron channel is exhibited in part a, and the proton 

channel in p~rt b. 
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The masses used in equations 2-25 and 2-26 are the 

target, mA' and a nucleon,IDn. 

In the J T representation, the distorted waves 

which appear in the transition matrix for the (d,p) 

reaction are written as follows (Glendenning, 1963): 
tl- M· 

-X:\:a ~;+)(it~li) <p .. (qr) ')lI cl 'lo"lJ4 'f'l' .. ;~(R) 
..,l-) 'IJ t-'( ~ .:) x,"" -r.'" ~ M~(A+') 110". P rl"r v,. v., '3'+,.~ \ 

(2-26 ) 

(2-27) 

(2-28) 

The functions 
t,P,l+) ~t..) 

A and r describe the motion of the 'leuteron 

and proton as particles tL'1dergoinG elastic scattering 

by a centra,l optical potenti~l appropriate to the ch::mnel 

in question. The form of the potentials \'/ill be discussed 

in more detail Iater. 

InternaI structure of the target and residual 

nuclei is containeù in the functions 
JJII~ 
~~A + 1). The various indices represent the number of 

M' 
~~T: (A) and 

nucleons (A, A + 1), the nucleur spin (Ji' J f) and '1-

component (Voi ' Mf)' an~ the isospin (Ti' Tf). The re

maininE' WP,ve functions in ec:ucctionD 2-27 and 2-28 describe 

the proton and deuteron. SpecificaIIy, the spins are 
JJ~ 'IJ "'t ,.., vJ. .... , 

contained in X, , and .Lv ... , th·~ i80spins in '0 and 'Y./1. 

and the deuteron internaI spatia.l \'/ave function in CPd-(.~). 

For the deuteron, the \,/[;I,ve functions are \·œitten exylicit-

lyas follows (NiEam and Roy, 1967): 

(2-29) 
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,.,.,0 <.1 1 J- 11 >[ -.;. ~ ~ I,t. -/(..] 
o = & -1. '10 .... Do , '(., CI) 1 1(","") - ,. "'" \,1) l' V1, l"-} 

<? tf) 1 ~ {q{ At;:+êlJ""- e-oI,,"_ e. .. ~~ 
t p-~ 2~ ~ 

In equetion 2-31, the quant1t1es ~ and ~ are constants 
~ ~ 

character1st1c of the Hulthen potential and the Hulthen 

wave funct10n for the deuteron (Buttle and Goldfarb, 

1964) • 

If one depicts the stri~pinf process as auch 

that the res1dual nucleus of (A + 1) nucleons can be 

made up of the init1al target of A nucleons coupled to 

(2-30) 

(2-31 ) 

the stripped neutron in a specifie sincle pnrtlcle orbit, 

the l'lave functlon of the fine.l state rnay be expanded ln 

terms of states arislng from the vector coupllng of the 

states of A ta~ret nucleons to the states of the strlpped 

particle (Glendenning, 1963): 

~~~(A+')= ~P.t;(l'c.T.~'l'fo1fl r. ~:r"Mc.j ... )\-:r, t1~> 
+ + ..t ) '3'" ~ ~ ~ , M'T, 

X < Tc. MT .. t \:.\"T$. M Tf > ~:r~ .. (A) ~A.jt. . (2-32) 
The coup11nE 18 subjeet to the restrictions that trlangle 

1nequa11tles exist arlone the sp1n c: ua nt un: numbers (1 ~ il, 

(Je j J f ), and (Tc ~ Tf). The quantity P;j 15 the over-

lap 1ntegral between ~~f and the v'!!rious wave funetle:ns 

4JT~ vectcr coupled to the sinEle partiele neutron 

wave funetlons f"J.jt. 

Althourh there i8 surnrr;ation over numerous 

indices in the genera: expression of equaticn (2-32), 

in practiee, there are often a smaller number of terms than 

lt would searn ut first glunee. For instance, if J f ls 0, 
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jean have only one v~lue, that ls J. AIso, j ls 11mlted e 
by the maxlmum orbltal angular ~omentum of the strlpped 

neutron, s 0 the number of vr·.lues of Je ls 11ml ted. If 

the neutron ls strlpped lnto one single particle orbit 

only for a given trélns1tlon, l ls limited to one vE:lue, 

and j i5 lirr:i ted to a maximum of two va lues. Henee, 

J has a œaxi~um of two values. 
e 

Now consider the effect of substitution of 

equation 2-IZ in the expression for the tr~nsitlon ampli

tude Eiven in equation (2-18). The transition œatrix for 

(d,p) becomes 

T~,,~ ~,G.tj(.7c.ï(.~J'.T~)Z:<'T.Mc.i"""i \j'~t'I~><Tc.t-\t t -t \1l M1j) 
.tJ l'" Tf. H,-~i l'\\. .., 

< 
~('·l 1 ~ ~ l'\c. 

X P (ltr,r .. );lv,. ""'V1o 't'-r .. T,,(A) ~~ti~ \ Y~VI.'" Q(Vpft)P (2-33) 

, ~:ht"" l) q>cl.(.~) ):.~II. 'Yo"Vt ~:i.~:.(A». 
The first term of the potenth.l doea not operate on ei ther 

M' lU I1f 
~l'i.;~ or T~T+ ' so these t'Wo functions rr::., y be conjugated 

out. The only non-vanishing tern: occurs \olhen Je = Ji' 

Tc = Ti' and Mc = Ml' that is, when the state of the 

core in the residual nucleus corresponds to the target 

ground state. Thi8 cor!'"'esponds to the t;.ssu!Lption the.t 
Mc. 

the core io undisturbec: è.urinE! tl'1.e rer·1 cticn. Since ~'l'c.Tc. 

i8 essentlally a t:round stc'.te w"ve function, the projection 

operator Q, then, causes the matrlx te vanlDh when it i8 
lU Mc. 

applied to Tl"'c.1"c.. Ttis is expected because the second 

term of Tif corresponds to cere excit~tion. Since this 

posslbilit J' i r
• small, in the sirr:ple pick-up or strlpp1.ne; 

formalism, the second term of the potentiel is iEnored. 
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The perturbation, then, is considered to be due entire1y 

to the proton - neutron interaction in the deuteron. Now, 

the transitlon amplitude can be more simp1y expressed. 

~f,,~ .~.t: (:rc. Ic. j J+ ~) < Ji. M~ ~ -M)' \ l"i M~)<T" "'Tt \ t \T~ttT~> 
~I~) • ~ (2-34) 

X <<<IJt)(tlh~t') t.~t 1'~P 'P~jt 1 Vf '4\ \ ~~1'>C:~d.)l) 'Pd.t~) Xrt1/4I.) 
The bound neutre~ wave functlon can be further 

decomposed (G1endennlng, 1963) to ShOh exp11clt1y the spln 

and orbi t~l aneu1e.r momenturn coup11nf. 

~ . - r < 1 Jo l . )' J.. ("() --.t_ '1/ ""s ~ I/~ 
V\J.lt-~s ~ ""'.1 "-"""s J~j 1. ""'A.I.(.~~)"I/ ... ''la, 

(2-35) 

C:P",~c.y:,,"\~ U"'.l ~'C' ... ) y ... ""t~'*') 
The Wé:~ve functlon U.~l'('~) ls the radial part of the sine1e 

partic1e wave functlon for t~e neutron beund in an orbital 

with n rh~ia1 nodes and orbi~~l angu1ar momentuffi 1. The 

potentia1 must be central to eet spherlca1 harmonic~ and 

the method of calcu1o.tine \À~l'f'",,) '..;111 be discussed in chapter 

SubstitutlnE equstions 2-29, 2-30, and 2-35 

lnto 2-34, the transition a~plitude becomes. 

1\ + a - t . t -~) ~ fi. .(. .. ) < . .' . _ 
J.w...., ~ ~i r=:- r .. ..l)!" T~ l j~ r, 'l'"" M\, ) w..) \ ~4 t'\~> 
.., ,.,., ~ p ~ oz. 

X<T~~~~ l Tf MTt)(..t w..a. t Msl i ~»< ~ r-t -i. ~I \ \ tA-cL) 

)( < ~tC.·)(kll'~;~ u.1II..Lt~ ... \ '(,,~ .. ) X~ t,~S l".zt) ~/:1,,) l V~'A 
l 'P;··t~6.\j.) ~~(~)~:;:x~S[ "";:~",)r,;~~)-r~,,)r~:('\.a). (2-36) 

The factor-~ cornes from the C1ebsch - Gorden coefficient 
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for isospin in equation 2-30. Various simplific~tions 

are irnmediéltely apparent. For inst&nce, the potentlal 

Vpn is assumed te be spin and isospin inde pendent for 

this calculation, so the spin and isospln wave functions 
tl 'MJ. can be immedi<-:tely conjuEated out. A new quantity 4.IA 

(Glendenning, 1963) is defined, and the tr?nsltion ampli

tude may then be wr1tten as 

To find the dif~erentl~l cross sectl:n, it ls necessary 

to perfor~ a r~the~ tedious calculntlon of the square 

modulus of Tif summed over the Initial and final spin 

orientations. 

r: I1:LI'" = < T. MT;, l:.tIT+MT$)"" t «·u.'.,)~J .. ,) A.~. A :";''D.~J. 
M' M "T - - - ~ - - •• 1 \ ~ l , , i J. ) 1 i Il ') ~ A 1 ~ /1 

" • "" JI.. ~" ~J. ""' ... ~'\ ""\ .A Jo ",. 
,.,...~ M·... 1 

C. n" r"t t"'L """~' 
x<:rf Mf\l't. t1" i'r.\i)<1'~ M~ l\M.i Ij~Mf)< l/w.j/\J.'~; 1. \4A.~) 
~<..tw. ... \1f4.\\i~j)< t f'4, -t~!I \ 'r-.. ) .. <lt ...... l :l~l' t'-A:) 

(2-39) 

The intern:edlate steps of thls calculatlon appecœ in 

APpendix A. SubstitutinE tte result of appendlx A into 

equé~tion 2-22 and usinE .5t,=1 and. a = 2 for th~ deuteron, 

the differential cross section for the (d,p) reaction ls 

written as 
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A quantity called the spectroscopic factor OJ!ac Farlane 

and French, 1960; Glendenning, 1963) 1s deflned as 

(2-40) 

(2-41) 

This quantity is further explored in the next section, but 

it shoulè be noted that at this point the differential 

cross section has been reduced to the product of two factors, 

the firet .Jel) invol ves the spin eeometry and the second 

\ e;.t\," involves the reaction dynamics. The next section 

is devoted to the calculation of spectroscopic factors 

in the shell model, and the third chapter explai~s the 

detailed nUIil9rical intet:r~lt1on of \ S~1. • 

2.4 The Spectroscouic Factor in the Shell ~:odel J T Representation 

The spectroscopie fRctor 15 dependent on the 

overlap Integral between the nuelear w:.-~ve functions in 

the initial and final states. Hence, it depends on the 

nuclear model \'/hich generates the wccve funetions, and, 

for this reason, it can be used as a test of the validity 

of a specifie œodel of a nucleus. The forœalism has been 

treated in detail else"/here (l-1ac Farlane and French, 1960), 
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so only the outlines "lill be given here. 

In the previous section, @)i wus introduced ~s 
Il .. t1~ 

an expansion coeffici ent of 'rI T (A.t/) in terms of states 
.. f 1\ 

arising from the vector coupling of ~c.Tc.(A) to ttJ.;t. ' the 

complete wave functlon of the bound neutron. 

This is 

Hilbert space and is independent of the nuclear model used 

to generute the wave fu..l1cticns. In ",hat follows, the 

overlap intesral will be evaluated usin~ shell model j-j 

coupllng base functions. In this n!odel a single particle 

orbi t is designated by (n l j t) or simply (j). If there 

are n partlcles occupylnE the slr.gle p~rtlcle orblt j, 

they are denoted by (j)n. A system of particles occupying 

u set of single particle orbits 18 c81led a configuration. 

To evalué:.te (At; , it is convenient to use the 

technique of fractional parentage expansion. The tech-

nique ls essentially a method for antisymmetrizing a system 

of n identical particles "lith reference to a set of base 

functions representinf a system of n - Ir. identical particles, 

where men. The relevance to strippinr ~~d pick-up reactions 

is apparent. Consider, for instance, a te.rget nucleus 
,tl N~ n 

'wh08e Erou.l'1d state, 'r"1.~c.V\} i8 a member of the (j) con-.. ' .. 
fie:uration. When a nucleoll i8 strip:)ed into the orbit j, 

the final state, tVT~(lATI) , is a men.ber of the (j )n+ 1 con

figuration. The antisymIr.etrized final state \'Jave function 
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can then be expanded in terms of the vector coupling of 

single particle states, j, to the various possible (j)n 

configurations. 

ie called 

the coefficient of fractional parentaEe or cfp (de-Shalit 

and Talmi, C["l..ap. 33, 1963), t~nd it hc.s the follm'ling 

property: 

(2-44) 

Substituting equation 2-43 into equation 2-42 and carry-

ing out the integration, one finds, since the cfp is a 

real quantity (de-Shalit and Talmi, ch~p.33, 1963), 

Reference to equetion 2-41 irr.meè.iately leé:.ds to 3. vElue 

for the spectroscopic f~ctor. 

(2-46) 

Here, A has been replaced by n, the nu~ber of active 

nucleons p~rticipatln~ ir the re~ction. The spectro-

scopic fÇ.ctor for the pick-up re,.ction is fou."1d by n~erely 

interch~nElnf the subscrlpts i and f ln equ~ticns 2-43 

through 2-46. Equ.!-:',tlon 2-41; le:,üs te the lmport'3.nt surn 

rule (French and r.:ac Farlane, 1960). 

(2-47) 
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Normally, the nuclear "lave functions are more 

complicnted than trc simple (j)n configuration. For 

inst~nce, a target nucleus ground state of the forrr. 

~ \I\~-I > \q .. ) \ J I 1'; (j,.j 'J'"" T\. J T, Tt T!1ély have a nucleon stripped 

lnto the 32 orbital, which gives a final state 

\'1,)"" li TI l~a.)~:rr~lfT~. The overlap integro.l is f3:iven by 

French and }!.ac Farlane (1960) and Glendenning (1963). 

PJ.j = [~::J~q.)"":r~ T-d-, "f'r' n'l')"' 7'T'J 

x [,;tr'+I}(::L.TL+l)t'2.~/+I)'l TI." 1)] t'", we ja. J"\.:r~ 1,; T'Jl ) 
x 'Wc t,1. r" Tf Tt; r'T,) 

(2-48 ) 

Where W ie the Rac~h coefficient {Brink and Satchler, 1968; 

Edmonds, 1960). 

In the more General case, the nuclear states 

can be constructed as a linear corr:bim:.tion of configurations 

(French and ~ac Farlane, 1960). 

M' .J, ~ ) 'f ~ ; C.~) ~ l: k ~ '1'1' T.t ~ 01' 'L fi'- r • , c. 

\f!~ (". .. 1) ~ t \<11 f: .... (k+l) 
f If '\l ol. If ) 

Where K are the amplitudes for e:..c~~ confit"ur~~ticn. In 

this Cllse, p~j is given by 

and 

~J..j ': ;)) K~KlI < <P~T/~TI) ) ~;T;.t~) ® j> 
:: t ~f4'" 

fV J.j} 

A closer examinntion of equ~tlon 2-48 le~ds to 

sorne helpful intuition concerninE the construction of 

(2-49) 

(2-5C) 

(2-51 ) 
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nuclear states. For the ground state of li6ht nuclei, 

closed orbitaIs are fllled in such D way that both J 1 

and. Tl are O. This mee.ns that the spin and isospin of 

the ground state is deterrnined by the configuration of the 

outermost nucleons. For n nucleons, and for a given set 

of available orbitaIs, it i8 possible, in sorne cases, 

that the spin-related qUEntum nur.:bers of certain observed 

states of a nucleus cculd not be reproduced, eapecially 

if the active nucleons are restrlcted to those available 

in the outermost shell. In a more reflned calculatlon, 

1t m1ght be possible to gener?te the proper spln-related 

quanturr. numbers, but, especially for high lyinf states, 

it might not be possible te reproduce the excitation 

energy. The nucleons in the inner orbitaIs ~re Œore tiEhtly 

bound than those in the outermost; and, hence they require 

more enerEY to remove them from their orbitaIs. 50 it Is 

rnost probable th~t these nucleons are actively involved 

in the construction of highly excited states. Construction 

of these states, then, involves the core excite.tion 

which \-/as ruleè out \'/here Q(Vre)'P '-Jas deleted froT the matrix 

element in equ~tlon 2-33. The assurr~tion can be restated 

in terms of the ch~racteristics of wave functions: For 

low-IyinE states of the residual nucleus, the components 

of the wave functlon correspor.dlnf to core excitat10n 

have negle€1ble a~plitud.es. en the other hand, ln highly 

excited states, where core excitation amplitudes are not 

negleglble, the reaction theory, as here forv.ulated is 

inadequate. 

When both J l and Tl are 0, the spectroscopic 
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factor takes an especially simple forme 

(2-52) 

It is important to note that there are no quantities in 

this expression which refer to the closed orbitaIs. For 

the pu~poses of the c~lculation, in the approximation that 

there are no core excitations, t~e only effect of the inner 

nucleons is in the kinematic part. 

At the beginninc of this section, it was stated 

that the spectroscopie factor can be used te test nuclear 

models. It should no\'I' be clear ho,., this is done. The 

spectroscopie factor is sensitive to tte different components 

which CQn be added to the initial state wave function. 

The amplitudes can be arrived et, for instance, by fitting 

the ststes witt the amplitudes as parameters. The same 

sort of thinE c~n be done for the fln~l stllte .... rave 

function. However, it 15 posslble that ~ s;eclfic wave 

function could fit the nuclear states, but predlct spectro-

scoplc ft~ctors of entirely the wrenE' magnitude. If this 

were the case, it would be &n indlc~tion of e breakdown 

in the model. Alternotlvely, aEreement between experiment-

al anè theoretical spectroscopie f~ctor is a parti~l con-

firwat10n of the rr:odel. 

For the work carried out here, only lieht nucle1 

whose outer nucleons occupy the 1 p shell are dealt .... lith. 

The cfp's for these nuclei he.ve been computed by several 

authors; ln L-S coupling by Jahn and van Wleringen (1950 

and 1951) and by J.~ac Farlane anè. French (1960), s.nd in 

j-j coupling by Flowers (1952) and Edmonds ~nd Flm'Jers (1952). 
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The spectroscopic fa.ctors extr"cted in this .,;ork will 

be compared with those calculated by Cohen and Kurath 

(1967) • 
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CHAPTER 3 

MErHCDS OF Nm~ERICAL CQ1.':PUTATION 

3.1 The Radial Inte..6~al 

From the definition given in equation 2-38, 

the reaction dynn.rr.ics f!:'.ctor, ,,;hlch contalns the ansular 

distribution in the tr~nsition amplitude can be written 

explicltly in the form 

"'1 J. '6.... ~ (.~) 

J~.l+ 1 

(3-1) 

This is a six dimensional lntegrnl which oust be simplified 

before it can be evaluated. 

From the eeometry of the reaction (Fleure 1) 

and rel~tions 2-23 through 2-26, it ls possible to mske 

the followlng substitutions. 

(3-2) 

(3-3) 

where "t":~, l 'M..J.. and À ~ MA / M".... Rere, the s ubscripted 

masses refer to the proton (p), deuteron (d), tarcet (A), 

snd reslc1ual nucleus (A + 1). Wltt the substitutions of 

equ~,tlons 3-2, 3-3 and transforr!!inE the vc..rlables V:pand.?V\ 

to ~~ and ~ , an interrrJ~(Upte lntegr .. ~l 18 deflned, \o!hich 

wll1 be u.sed for sO!~e of the slrr.pliflcations in Ister 

and 

(3-5) 
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Two common approximations often used in evalu

ating equation 3-4 are the zero ranEe approximation and 

the fini te range approximation. Both of these \'lill be 

discussed in this ehapter. First, though, it is necessary 

to diseuss the IT-ethod of generating the distorted waves, 

~-) '* and + ~t+J, and the r::, dial plirt of the bOlL.'1d neutron 

\'lo.ve functi on UJ • 

3.2 The Distorted Waves 
,ri t.-'" ,II c.~ The distorted .... 1 av es , 't"p and 'rd. , are assUr.1ed 

to be generated by a schrodineer equation similar to 

equations 2-14 and 2-15, with optical potentials V and 
p 

V
d

' respeetively. It ls further assumed that the optical 
1 \. (:0) li 

potentials are central, so the dlstorted waves Ti> e.nd 
llJ ,~) 
TG. ean be exp3.nded in terms of the spherical harmonies 

(Bassel et al., 1962). 

IU"-'" -) ,,- r Mttl! Ml 
"ft ( if' ,À 1" v. = k r '(' - y\. ('f"W\) y\.( ~,) ~- Lf "'\. ('c.~ ~ r~ ~ 

f ~ '-f Hp t' ~ t 

~ (.~\ ( - If 7i r'lJ.oIt ~J.. 
~ \tcL) f~) = k" ~W\ ~M .... Y\..~~) YL.i'r) L\.~ "Y\.~Lh.. \"~) 

Note that the distorted 't/P..ves are expanded in terr:1S of 

r only and not r. This ls possible sinee in both apn 

proxiI!lIi ti ons used t 0 evalu.:-1. te eq ua ti en 3-5 the lntet;:ra-

tion over r is performed first, and the distorted waves 

wlll not be introduced in exprrnded form until this is 

done. 

In either the incident or outEoine channel, 

(3-6) 

(3-7) 
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the Schrodinger equation used to generate the distorted 

waves can be written as follows: 

where Vc ' Vop und ~~ are t~e Coulomb potential, optlcal 

potential, and the reduced mass, rospectively. The 

(3-8 ) 

Coulomb potential is assumed to he that for a point source 

up to a specifled distance ,Rc' from t~e oriEin. Inslde 

that disto.nce, the charEe distribution is assutr.''?d to be 

isotropic ~nd the potential functlcn ls Elven by (Houdayer, 

1969) 
Vt ~ z, IJ.e 1. Y' > t(c. 

va 
: 3 'l, 'l Co '\0 [ \ _ 'f' '\0 1'3 ft," ] 0(" <. R. c. 

~ ,." 
The potential V is an opticnl potenti~l of the forrn op 

(Houdayer, 1969), 

Vop = Vo Fo~~)-~c.YVSo; t'C" F'oty) <l·i> 

~ ~t \Nv Fv(YO)- 4 ~I> ~L fl>l~)'2 ~~ J) 
\-lhere 

which ls the ''t'oods-Suxon forr.: factor. T!1e qua.ntity Rx 

ls a measure of the potentiul well radius, Ene i8 taken 

'l, to be Rx=rx A ,'v/here A 15 the nucle[lr muss nur;;ber, a.nd 

a x 18 the diffuseness par[,:rIete:-, wr:ich deterr.1ines the 

slope of tte potcntial welle For sr.:~ll a the slope x 

(3-9) 

(3-10) 

(3-11 ) 

aprroaches lnfinity, that is, a square , ... ell, ancl as a x 

approaches inflnity, the slope beco~es O. For intermediate 
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values ofax ' the weIl shape ls slmllar te that of the 

h:t.rmonlc osclllator weIl. The four terms Elven ln equatlon 

3-10 are the real potentlal (Vp), the spln-orblt potentlal 

(Vso ), and the lmaglnary voluœe (Wv ) and 1reaglnary surface 

(Wd ) potenti&ls. The four quant1ties in parentheses are 

the weIl depth par,;:.rr;eters for e,::.ch of th:.: potentlals. 

For the deuteron channel, the spin-orblt term 13 set 

equal tc zero. The ef~'ect 0:' thls assumptlon w111 be 

dlscussed later. 

The nuclear potential is short-ranged, so the 

asymptotlc form of the rc\dlal part of the distorted wuves 

ls slm11~r to the Coulomb wave functlon (Abramowitz and 

Stegun, 1965~ Bas2el et al., 1962), 

\f''"t\t~'f''')'''' e,a-", [F\.(k.,1")'" C'- \-\,-("L~)] 
(3-12) 

IV -l:- [éHlt\V'-1,~2.~1"-\..1ih) a.;l~~C" .. ) ~tkt"".yt:"""2.k~,,+ .... 'ft/J.)] 
2,.", .. e e. 

The constant ~ an.:: Cl. contain, respectively, the Coulomb 

an:: nuc lear potent ial ph9.se shi fts, q"~= 0..'1 r(1+L"~~,), b.nd 

, where K .... ls the nuclear ph~se shlft. 

The Coulomb pararr.eter, rt, = ~lt.1.e.1.tA-~ /~ ..... ~ • Hl. 13 3. linear 

combination of the reE~lar (Fl.) and irresular (Gl.) Coulo~b 

\'lave functicns, Hl. = Gl. + 1Fl: If bot!: tr.e Coulol:ib a~d 

nuclear potentials Rr~ 0, the Coulomb wave functicns 

reduce to the sphericé,l Bessel a!2'} Hankel fu~cticns, and 

wh en these are substituted into equation 3-6 or 3-7, the 

expansions becorr.e the standard ones fcY' plane .... :aves. 

This, of course, confirms thG.t the distorted \'lé~ve a.pproximation 



36 

converges to the plane w.J.ve api")roy.lmo.ticr~ 1!": tte 11Iéit of 

sma.ll distortin[ potentials. 

In order te generate the w:Jve fU!lCtic!1s numerlcally, 

the followins approxima.tion i8 used (Smith, 15C:;; rllne, 

1962) : 

This leads to t1'1e lteratlon formula 

'tt'f'otâ)= Ll1.-/OtC."~ 'PL.(.V'}-!c.~6'")\f1~(.,"-,) ) 

tc.'C"+Q) 
where ~ 1 s the increment in rand 

", " 
"Co,,") : ,- J.:. 'il .. (r) . 

Il" 4'_l.-) 
The boundary conditions 8re that "'~(.O)=o, ~r.d t!;S,t at a. 

(3-14) 

sufficlentl:: large value of r, Cf{,l1") matc!",es t!i9 éo.syr:,ptotlc 

v~lue of the Coulonb wnve functlon Elven in e~u~tien 3-12. 

In f[~ct, the calculatlcl 18 perfor:::ed b~' [enerating ~(1") 

startin[ frorr: tte oriEin an,] norr.~i.lizinc te th: v':.lue 

01' the Coulomb "tlo..ve functic:l at t'vIO adjacent points at 

h:.rge r. 

3.3 The Bound state Neutron :iave Furlctic!1 

The r::..clie.l neutron W:- ve fun(!ti en U..u.l~ ls eenerated 

usinE the Schr~dlnfer equaticn 

Id.'" + R1. - ~ VI..."<'.,.,)- .Jc.l.+ùl u.\o\J.t~'i\) = 0) 
~~~ ~~ ~~ 

~ ~ 
(3-16) 

where the potentLll V(rn ) ls of the s'_:'.e forE as t'be one 

glven in equatlon 3-10, except th~t the~e 15 no lmaginary 

terme Since there i8 no Coulomb potenti~l, an~ 2ince the 
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neutron i s bound, the asymptotic form of \J.'4\L<'~..)1s gi ven 

by lettingG'" and~ eo to 0 in eo.uation 3-12, a.nd. by lettine; 

k go to ik (Smith, 1965). 

'\. (~KA. ... J. ~/a..) -\t.r 
u..""1C.'("~) ~ ~ ~ e e (3-17) 

The "/r..ve function i9 generc:ted numerically startine- from 

the asymptotic vcüue and goinE towurd the origin usinE 

the numeric.:.l differentia.tion approximation 

q ) 
u.",.a.l't') ~ \1" ... Ly+ 0) - 4 U.~L'C'") -t- v.. V\.L (v-- 6" • 

~t (3-18) 

The spin-orbit potential p~rameter3 ~re held fixed, but 

the reé::.l weIl depth is varied so the wave function meets 

the boundary ccnditicn at the origin. 

The zero-range a!'proxirnatlo!l is the mél.thernatical 

expression of the assurrption t'r.:;.t tr.e transition rr.a.trlx 

eler.!ent 13 neEleEi ble except ,,:hen t~e neutron end proton 

coordiné:~tes of t!1.e deuteron c01ncide. The aSEu!!lptiun i8 

expressed by replacine: the product of V~'Ac.~) CPIlC.~) in 

equaticn 3-4 by a&'~)' where 

~ = J t! ~' Vr'#t.Lv.') cp ~L~') 
(3-19) 

i8 é::. constant correction factor, vlhich iEo the zero-rnomentum 

component of the Fouri er trans form of Vp.,.<.f» ~L(~). If the 

spin-dependence of the proton-neutron intercction is 

ignored, and only the s-wnve part of the deuteron wave 

" function is considered, the Hult~~en w'Jve function (er:uation-

2-31) and Hulthén potential can be useel in the inte[r,ü 
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of equatlon 3-19 (Buttle anè Goldfarb, 1964). 

"" '1. ",) e-~'f" 
V =-.t...(~-ot fS't' 
p~ fJ. e-clv;, fi :> 

where 

In equatlons 3-20 and 3-21, ~ 1 s the reduced mass of the 

deuteron, and Bd 18 the deuteron blndin~ energy. 

i'lhen the lntegration of equatlon 3-4 ls per

formed, the lnterr!'ediate lntegral, l (rn ), ta}~es the form 

(3-20) 

(3-21 ) 

(3-22) 

When Irrn ) ls lntroduced lnto equ,::-.tlon 3-5 and the expansions 

ln spherlcal harmonlcs t:1 ven in equCl.tions 3-6 <lnè. 3-7 are 

employed, the an(.uli:1.r pb.rts of the inte~r·:.tior. CG..rl be per-

(3-24) 

where « ls the increment. 

The effect of the zero-rance ap~roxi~~tion is 

ta ma~e th8 incide:1t c.!Î,:1 outcoinc J)'...;.rticle coardinE.te 

-, \-
vectors par<..:.llel, tt.3.t i8 ~"~I\"',,. In some cases, the 

zero-ranEe theory tend~; ta averestir.::.üe the differential 

cross sectiens. This proble:,i 15 thou[ht (Li, 1967) to be 
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due to e tendency for the theory to overestimate the 

contribution to the integral from inside the residual 

nucleus. To correct for this, an approximation called 

the finite-range approxirr.ation is introduced. The effect 

of this is to reduce the overall magnitude of the cross

section, while retaininb much of the simplicity of the 

zero-range approx1mation. 

3.5 The Finite-~~_~E~~p'~~x:œation 

In equation 3-19, it i8 noted th~t Œ is the 

zero-mo~entum co~ponent of th~ Fourier transform of 

V~~\c.~) ~cl.c.~ For the zero-range approximation, 

i8 assumed to be 8harply peaked at r:O, 

80 the f-function is employed. The Fourier transform of 

the f-function i8 a constant, and similarly, g is a 

constant. If one were to assume that the sharpness of the 

peak 'il?S les2. than that vlarre.nted by the ("-function ap

proximation, the Fourier trans:~or!1 of V,""(.~) ~t~) \'lould 

not be given by a constant. Hm'lever, for small distances 

from r:O, it would be safe to [:.ssume the Fourier transform 

i s I:l. s 10\'lly varying functi on of momentum. 

In equation 3-4, it i8 possible ta exrund the 

distcrted waves in a. Taylor series about r=O, since 

is a short rallEe function, and there ls 

no need to knO\'1 the properties of the distorted \;'L-\ves for 

large 

(3-25) 
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The integral can be evaluat ed by notln[ that K 1 s 

lndependent of r (Buttle and uoldfarb, 1964). Thls, 

then, ls the Fourler trans fOrr.i of "'\foot"') Cf> ... c.~~ , and 

should be a srncothly varying functlon of K. Using this 

property, the integral ls evaluated by Buttle and Goldtarb 

(1964) and Li (1967). The result ls 

::t~~~}: _ (cI.+Ii\~Jz. ~~('tiDl) V... ~1 fwC.-(~ À~) ~ '"Ct ~ ~ 
(Il Î - f" ~1.+ K~ f ) ~ ... ) W' • 

The operator K12 ls defined as 

where ~2, Kp2, and Kd2 are deflned by the Schrodlnser 

equations 

and 

{ l<~ - z. t ... (ecl T VY\c.l;:~)) } c.y~Ajtl Y'~):: 0 ) 

t Kt --. ~( V.rt~ .. ) .. Et) J Y',c...,,*( kt-)À ~~)o::. 0) 

(3-26) 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

In equations 3-28, 3-29, and 3-30, V (r) ls the potentlal nc n 

for the bound neutron, and V1 (rn ) and Vf(rn ) are, respective-

ly, the optic~_ü potentials for eenerb.tlnE th~ distorted 

W8..ves ln the incident é'.nd oute:oing ch.s.nnels. 

The distorted 't/<o:ves e~è_n be expanded as they 

were in section 3.4, and the sarne an~ular intecral ean be 

performed. If S(K,) i8 defined 

~ \\(,) ~ .. (~)3h..1;. '( f'itd.)'{~ (11. ) 

(3 f'- ~1.+ l<\\. 

(3-32) 
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The i"emaininE t[~sk i s to evnluate the re.dial integral 

usinE tte ~ettod menttcned et the end of section 3.4. 
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CF.APrER 4 

o B 
ANALYSIS OF THE REACTION ~Ee(p,d) Be 

4.1 Method of Analysis 

The experimental data to be analyzed are the 

9Be (P,d) 8Be reaction obtained at proton enerGies of 46 MeV 

(Verba ~~.J 1967) and 100 MeV O·~ark, 1965; Lee et al., 

1967). These data are reproduced for convenience in 

tables 4-1 and 4-2. Comparine the (p,d) data with the 

partial energ:i level scheme of BEe in figure 2 (Lauri tsen 

and Ajzenberg-Selo~e, 1966), it ie evident that sorne 

comment is necessary. Verba ~ al. obeerved six deuteron 

groups corresponding to the states listed in table 4-1. 

The experiment was done with an energy resolution of t 

• 1J.1eV • In addi ti on, the:: observed Et small group at 11.4 MeV 

and a..l'1other at 24.5 MeV. Kull (1967) has done the same 

experiœent et 33.6 MeV, and his observ~tions aEree for 

the most purt wlth Verba's. They both find that the 16.63 

MeV state i8 excited only about 5f; compared te the 16.93 MeV 

state. Rm-ïever, the state which Verba identifies as 19.05 

MeV, Kull identifies us 19.22 ~~eV. Neither author mentions 

any contribution from the broad 1B.9 It..eV state ' .... hich appears 

in the enerEY level diagram. For the purpose of' this analysls, 

Verba 1 s designation of the 191 .. :eV deuteron group as result-

ing fro~ the excitation of the 19.05 MeV state in SBe 

will be assumed. The data from Lee et al. using 100 l-leV 

protons were taken with energy resolutlon of 1.9 MeV. The 
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TABLE 4-1 

Differential crosn sections from ~Be (p,d) SISe àt 46, MeV. a 

Ground state 

e cm 
(de5. ) 

15.0 
17.3 
20.3 
23.2 
29.0 
34.8 
40.5 
46.7 
52.0 
57.5 
63.5 
69.0 
74.0 
79.5 
84.5 
90.0 
100.0 
105.0 
110.0 
11S.:: 
124.0 
129.: 
133.5 
133.0 

dr/dRc 
(mb/sr) 

3.55 
2.76 
2.13 
1 .58 
.82 
.54 
.335 
.205 
.116 
.062 
.067 
.043 
.035 
.037 
.040 
.02 
.00,32 
.0047 
.004G 
.0057 
.00:::7 
.0061 
.O,::-A 1 
.0037 

r.) 
Verba et al., 1967 • 

2.90 ~·:eV state 

Bem 
(dès.,) 

15.3 
17.6 
20.6 
23.5 
29.3 
35.1 
40.8 
46.5 
52.2 
:: 7 .3 
53.3 
68.8 
74.2 
79.6 
8l~ .8 
90.0 
1 o~ .2 
10:, • 1 
110.0 
119.5 
123.2 
137.0 

d Il"! clnc Q1 
(rnb/sr) 

7.07 
4.93 
4.28 
3.23 
2.49 
2.08 
1.65 
1 .32 
.867 
.2n3 
.3S'2 
.264 
.230 
.168 
.125 
.137 
.0670 
.03S0 
.0261 
.0272 
.0260 
.025C 

16.93 :r.:eV state 

9crn 
(de[. ) 

15.8 
18.3 
21 .3 
24.3 
30.3 
36.3 
42.2 
43.1 
53.9 
59.7 
65.3 
70.9 
7ô.5 
81 .9 
37.2 
92.5 
102.6 
107.5 
112.4 
117.2 
126.4 
13,:; .3 
13S;.~J 

dcr/dtlc (mb/sr~ 

4.77 
4.53 
3.73 
2.73 

1.23 
1.27 
1.12 
.787 
.459 
.310 
.284 
.269 
.272 
.238 
.162 
.104 
.0937 
.0722 
.0564 
.0768 
.0:: 73 
.0647 



44 

TAB!..E 4-1 (CCNT. ) 

1 7.64 ~reV state 18.15 l!eV state 19.05 NeV state 

~crr. ) 
da"/èA:~, ~n, Geg. (rr:b/ sr"y t~ L~ • ) 

dr'/dQc 
(n:b/sr~ 

e 
(â~g. ) 

dcr/dnn 
(mb/si'~ 

12.0 cr-> 16.0 .34 12.3 1.64 • ~ 1 
15.0 1.1 C 10.3 .37 15.4 1.55 
15.6 .86 21 .5 .175 16.0 1.35 
lô.0 1.13 24.:: .250 13.4 1.46 
21.2 .61 30.5 .CS·,o 21 .5 1.27 
24.1 .51 36.: :.0~8 24.5 1.15 
30.2 .263 42.5 .108 30.G .683 
36.0 .242 43.2 .102 36.5 .6:;7 
42.0 .207 54.1 .o4·é lf2.6 .::72 
48.0 .207 59.9 .03221 48.5 .585 
53.9 .143 hl: r:, .0)::·0 54.4 .440 v.." ..... 

59.7 .114 71.3 .o,SO 60.2 .307 
65.2 '0'~7 76.: .0243 71.5 .196 
71 .0 OI:·C 32.3 .Oc80 32.5 .167 · ~~ 
76.1 .061 87.2 .()211 93.1 .118 
82.0 .060 92.5 .0132 103.3 .0376 
86.5 or:,c: 103.0 .0026 • J_ 

5'2.6 .044 108.0 .0161 
102.5 .0230 112.7 .0110 
107.1 .0229 117.5 .0150 
112.0 .013c 127.0 .0106 
116.5 .0170 135, .5 .0OS-1 
126.5 .C202 14C.O .0 i 2/1 

135.1 .12:;4 
139.2 .0176 
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TABLE 4-2 

DifferentiaI cross sections frorn SEe (p,d) SBe at 100 ~eV.a 

Ground state 

9cm 
(nef· ) 

5.8115 
9.338 
13.9359 
13.G727 
23.3451 
30.0893 
34.9356 
41 .492'3 
45.2564 
50.5304 
57.5307 
63.0699 
65'.9585 
74.2766 
85.1345 

dr/dAcm 
(mb/sr) 

1.6203 
1 • 1 1 64 
.: li 1 1 
.2272 
.1339 
.1079 
.07023 
.0391 
.02795', 
.01661 
.01083 
.006107 
.004303 
.003145 
.001530 

2.90 1·:eV stc.te 

9cm 
(dee:. ) 

:' .824S. 
9.3595 
14.015'1 
13.7155' 
23.3982 
30.1571 
35.0237 
41 • r::B36 
45.354S 
50.6837 
57.6509 
63.1986 
70.0906 
74.4198 
85.3375 

da-/dnc 
(rnb/sr~ 

3.0097 
2.266 
1 .3:.141 
.8320 
.5556 
.3123 
.2256 
.1334 
.08933 
.O~36 
.02919 
.01896 
.01166 
.008797 
.oc4111 

16-20 }iev states 

&çm 
(Qat;. ) 

5.89S2 
9.4737 
14.197 
13.95,2 
23.6922 
30.5322 
35.45,52 
42.0852 
L~5 .39S 8 
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:0.3157 
63.9109 
70.8609 
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FIGURE 2 

A partial diaFram of the known ener3Y levels of °Be. 

See I..a.uritsen and Ajzenberg-Selove (1966) for the corr.

;::lete diaEra:r:. 
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deuteron group labeled 16-20 MeV presumably contains 

contri butions from many levels of 8Ee in that enersy 

reglon. For the purpose of thls ane.lysis lt has been 

assumed that the major components are due to the 16.93, 

17.64, 18.15, and 19.0:, }.!eV states aB observed by Verba 

and Kull. 

In this analysis the trs,ns ferred neutron "ras 

assuma-d initi~lly to be bound in D. Saxon-Woods potential 

of the form of equatlon 3-10 (wlth the lmacinary part set 

equal to 0) in the target nucleus. The bound state of the 

neutron must be such that ,·rhen 1 t iB coupled t 0 the final 

state in the residual nucleus the initial state of the 

target i8 reproduced. The neutron potentlal weIl para

meters used are civen lr. table 4-3. The potential depth 

V has bean adjusted to e1ve the correct neutron binding 
o 

energy 'r'lith respect to the e;round state of the-ref31dual 

nucleus. 

The easlest method for obtalninr. the incoming 

and outgoine distcrted waves would be ta use the optical 

potential derlved from fittinE the elastic sc~tterinE 
c 8 data of protons from ~Be and of deuterons from Be. 

However, deuteron data. , ... ere not available since BEe is 

unstable. Hence, ~ more complicated method has been 

adopted to obtaln the œuteron optlcal potentlal. First, 

the proton pote!1tial ls obtr-.ined by fi ttine: the elastic 

scatterin[ data, as mentioned above. Then, usinE this 

proton potential, the deuteron potentlal i8 Œ:enerated by 



TABLE 4-3 

};eutron potential parameters. a 

r =r o so a ==a o so 

0.55 

~ ) Li ~nd Xar~, 1969a 

9.0 
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fitting the experimental angular distribution for the 
o 8 

ground state transit~on in the ~Be(p,d) Be reaction. 

Once the optical potentie.l is found, anal~rsis for the 

excited sto.te tre.nsitions rnay be carried out vlith aIl 

parameters fixed. 

Both the optical model and the D~rnA computer 

codes were \œitten by Dr. T.Y. U in this laboratory. 

The entire calculation was perforned usinE the IBM 

360/75 cor::puter in the 1·:cGill Computinc Center. Details 

for operatinE the optical model code can be round in the 

thesis of Houdayer (1969) anà for the D'dBA code in appendix 

B of t hi s v!ork. The search subroutine used in both codes 

has been explained by Houdayer. 

The automatic se'trch subroutine operates by 
z. 

minimizin[ the QUR..nti ty 1, , \-,hich ls defined as 
2-

~.:. ~ v (CiJ~) -o-c.eq t.J 1 ,.,. e):,p ""t.i.c.o 1 
~ ... \ Acr(e~)) 

'-Ihere ft:) and cr~ are t respecti vely, the observed and 

the calcul&ted dlffere~tial cross sections at center-of-

(4-1 ) 

IIic'l.SS angle e~, and Acr19~)is the error quoted for the data 

point. Since the optical potential is lmmill te be ambicuous 

in the sense that several different potentials can C1ve 

an adequo.te flt te the data, the absorption cross section, 

o-A ,1s cD.1culated. in the e:::t lc0.1 r.lcè. el code. The aim 

ls to comp.C'.re the cn.lculated vo.lue to tt,:;; observecl v['..lue 

as an addltional criterlen te rlistincuish the best potential. 

At each enercy, t,'IO sets of proton optical Parameters 
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were found using the potential given in equation 3-10. 

In one set, tl1e irnaginary terrn had WV=O, and in the other 

WD=O. These parameter sets are called, respectively, the 

surface imuEinary and the volume 1maginary sets. In aIl 

cases, the Coulomb potential rê.dius parameter, Re' i'T.?.s 

1.89 frn, t~e vRlue quoted by L1 anè l~ark (1963). 

Table 4-4 ShO\'IS the proton optical potential 

parameters found to [ive the test fit to the data. The 

100 NeV sets "lere found b:: Li and I-:arl{ (1968). For the 

46 l·!eV data, essentially the sa~c ceo.rch procedure was 

followed as for the 100 KeV data. In the lutter case, 

hO\'lever, the senrch \'ra.s in1t1ated usinE: the 100 HeV para

meters. First, the potent1al depths were var1ed wlth aIl 

the geornetrica.l pararneters flxed. Then t 1nd1vidually the 

restr1ctions on the geonetric~l pa.rameters were relaxed 

until a !!1inimum value for X'2- Wé:.S re3.ched uith nine para-

meters being v&ried. Figure 3 shows the two theoretical 

fits to the 46 MeV elastic scatteri~c dat~. 

Satchler (lS67) h~8 also unslyzed the 46 MeV 

el9..stic scatterlng dé-,ta usine an optic,?l rncdel code. ':-{e 

obser--.red that when the E'90r:1etric:Oi.l r.ûral::eters in the 

iffiacina.ry pot ent laI "lere v·'.ri e::~ inc:ependent ly of' t bos e in 

the real potential, the r[-:.dius pHr[:.l!i'3ter of the forD~er 

tended to becon;e larE:er tru.1.n the one in the latter. A 

simllür phenomenon was observed ln potentlal P1, but 

not as strlklngly as those civen by Satchler. As a check 

on the optical parL'.meters, they \:ere used to calcu18,te the 
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TABLE 4-4 

Proton cha~nel optlcal pararneters c from -'Be 9 (p,p) Be. 

Potential Energy r a V rI al '(/ ON 

(~~ ev) ( ~m ) ( ~m ) (p. eV) ( frn ) ( fm ) d~ eV) d1 eV) 

Pl 
?2 
F3 
P4 

Potent1al 

Pl 
P2 
P3 
P4 

46 
46 
100a 
1008. 

1.150 .74 
1.145 .76 
1.l~57 .69 
1 .356 .67 

1 .052 .~53 10.63 
1.024.4296.14 
1.035 .394 6.76 
1.294 .4::2 7.05 

b. ) U and !·~arlc, 196ô 
b)Carlson et al., lS67 

34.74 1.31 .79 
42.41 .82 .64 
1 5 .70 1.34 .51 
16.77 1.38 .56 

~cnlc ~expt 
(rob) Tffib) 

449:- (400b 

429 < 490b 
243 231 
250 ~~31 

2.8 
4.7 
1 .6 
1 .5 

13.72 

13.41 
17.09 

5.43 
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FIGURE 3 

optical model f1tt1ng of the 46 rteV elnstic scatter1ng 

data. The solid curve 15 potent1al P1, and t!1e di..:shed 

curve 18 ;ctent1al P2. 
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42 l·~eV proton polarization do.tn. from 9Be • 

The fit wns poor, which has also be8n noted by 

Satchler. This peculiar behavior of the optic~l model fit
o 

tint of ~Be might reflect somethin[ ~rticular in the 

structure of 9Be (U and !-:ark 1968). 

4.2 Results an'! Comp:tris on Wi th ~he Experiments 

For e~ch set of proton ~ara~eters, a deuteron 

surfr.;.ce imaEin[:.ry parameter set \·.'as found usine the DWBA 

code wit:: the finite-rane:e n.prro:d .. IT.:::.tion. For this ca1-

cu1atlon, the spin-orbit cou~lin[ potential was assumed 

to be 0 in bot!': ::!r..:'.nnels. The (p, c:) [round etate transition 

an~ulGr Jlstributlon wns fitted by supp1yi~E a theoretical 

vP..lue for the spectroscopic :'é"ctOl"' (Cohen and y.urath, 1967) 

in order to obtain order-of-cagnitude agreenent with 

experiment. !llhe resultinE cé.lculated value i8 then norrr.a1-

ized to the obeerved differe~tial cross section. 
c 

The ;;Be grou..'1d stnte '.·,ith spin and parity 

J1Y = 3/2- \';F .. S c::.ssumed to be prinicI:Jally of the s hell n;ode1 

conflcur~tion (lS)4(lP)5 and the pick-up precece ie expected 

to tuke place in the 1p shell. For this c~lcul&tion it 

vias as sumed t l:at only the 1=1 nuc leon8 \'lere af !'ected in 

the (p, d) react i on. This le':,è.s t 0 the possi bili t Y of 
, 

= 2 or 3/2 for the total anC'J.lar T;;omentum of 

the picl{,ed-up ne'.ltren. For the tro.r:.sitlon te the Ground 

st::;,te (0+) of 8Be , only j = 3/2 iB allo\'lCd. 

The ca.lcul~ted an[ul::;,r è..istri bution for the 
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ground state tr8.nsition .qt 46 r,1eV incident ener~y wit h 

the two different combinations of proton and deuteron 

optic.?.l potentir~ls FJ.T'''"'e?.rs in fif3ures 4 and 5. A.Ylalysis 

of the sarne transitlo~ at 100 MeV incident enerCy gave 

thG fittinEs shown ln fiEures 6 and 7. Generally, the 

fi ts to the f.round stats are fairl~' [.ood, an-1 e-t e!lC~ 

energy, they are similar to euch other apnrt fro~ a s~all 

difference in absolute nOr2&lization. In each c~se, the 

c2.lculated curve ~s been norrr,[;lized to the experiments.l 

points, anè. t!-'e root-mean-sQuare devis!.ti on fror., the mean 

normal iz::.ti 0!1 hL s b<.;en c:-.lcula ted. The t'lean normali z:ttion 

and its devintlcn were used to extract the spectroscopic 

factors, \·l:-J.ch " .. il:!. be discussed in the next section. 

The deuteron optic~::.l potent ials obtc.ined fror.~ 

the e:round state tr:'.nsi tien at 46 !-~eV and 100 MeV incident 

enercy are civen i:: tcble' 4-5. The Coulomb r~~dius was 

taken to be RC = 1.4 fm. Althouch the deuteron parameters 

at each enert.~r shorl é. cert3.in amount of interné,l consistency, 

there see!!1S to b~ SOl!".e v:'.rip..oility betvleen the sets. At 

100 !-leV r is si~nificantlv sL111.1ler than that at 46 l-1eV. o ~ w 

Also, while rD and aD are about the sarne size ut 46 MeV, 

rD is definitel:' lc.rser than aD at 100 l:eV. 

To an:cl~'ze tte excited states r transitions, 

the deuteron optical TJotentials extré-'.cted from the ~--:-rou.Yld 

state transition were used. In every cuse exce~t the 19.05 

MeV state (3+), the contributions fro!:l both j = J a:16 3/2 

pick-up were expected; for the 19.05 MeV state, only 
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FIGURE 4 

Anfular distribution for the ground stc.te tr&nsition, 

shov/inf the fit obtained usinE) pot'311tial 46"IV• 
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FIGURE 5 

AnEular distribution for the grounc} state tra.nsition, 

showinF lhe fit obtained usin[ potenti31 46WDe 
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FIGURE 6 

An~ulQr distribution for the ~ro~nd state transition, 

showinr: the fit obtaine'] usinf potentlal 1001/iV. 
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FIGU~E 7 

AnEular distribution for the grcund state transition, 

showinf the fit obtained usin~ potent1~1 100W
D

e 
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TABLE 4-5 

Deuteron chan/'el optic::tl pFlraï.i8tc=:rs from 9Be (p,d) 8Be • 

Deut \::ron 
Pot ential 

46WV 46W 
100~V 
100Wn 
Deutercn 
Potential 

~6"'/V 
46Wn 
100WV 
100WD 

Proton 
rotentin.l 

Pl 
P2 
P3 
p4 

1 .146 
.977 
1.66 
1 • C~ 

E.1i 
( .dr. ) 

1 .20 
• Sç 
.85 

,.., ... 
.0 ( 

Energy 
(J:.·:eV) 

46 
46 
100 
100 

WD 
O':eV) 

11 .22 
14.C13 
18.30 
13.03 

1 .212 
1 .176 
.614 
.849 

G.3 
h '-, _ • .c:; 

1~, .9 
1 1 • S; 

.4:, 

.54 

.31 
• 22 

V 
O~ev) 

72.63 
86.79 
50.S0 
51.1: . 
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j = 3/2 ''''RS allowed. To .9.nalyze tra.nGit ions to the exci ted 

states in '.'lhich both j = ~- n.n r:' 3/2 a.re allm'led, t!le 

theoretical relative spectroscopic factors as eiven by 

Cohen and Kure.th (1~67) have been used. The differential 

cross sections for a given transition were calculated 

separately for j = <! e.nd 3/2 components, and t!1en, the 

sum of the t"IO COl:lpOnents, .... /eichted by th'? re19.tive 

spectroscopie factors for j = ~. an'~ 3/2 pick-up, was 

norm3liz.ed to tr:e experir.ental d~tr... The D.nsub.r distribu

tions for t~e excited states arc given in figures 8 through 

21 • 

For the 1 00 !·~eV dr.ta., the observed deuteron 

Croup in the excitation enerEY reGion froc 16 to 20 ~eV 

has been assumed to result mainly fror.J the excitation of 

the four states (16.93, 17.61+, 18.15, and 19.05 r:.eV) as 

observe;~ bjT Verba at 46 KeV. T!1e calculated angular dis

tributions for t!":is froup of deuterons \'1ere obt.r
, ined by 

simply addinc the contributions fron the four states 

meutioned nbove usi!1[' the theoretic,-!l spectroscopic 

fDctors Eiven by Cohen and Kurath. The fits in both cases 

(fieures 20 .?-l1d 21) \'lere surprisincly cood considerine 

the co~plexity of the experinGnt~l datu. 

Cor.I!19.rison of the fieures 4 t hrou(h 21, sho"/s 

trot for a ei ven pé.ir of llotent iEls, the cél.lculated an[.ular 

distributions are quite sirniI::.r in shape. Hm'iever, the 

magnitudes befera normalization are somevlhat different. 

These differences fall \'lithin the roœ-mean-sque..re devia.tions, 
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FIGURE 8 

AnEular d.istribution for the 2.9 YeV state transitio!1, 

s~owinc the fit obtai~led usinE" :;:;otentis.l 46~lV. 
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FIGURE 9 

Angul"lr distribution for the 2.9 }'eV state transition, 

showinf the fit obthined usin~ ~otential 46WDo 
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FIGURE 10 

An/=-,ular distri.butlon for tre 16.93 VeV state transition, 

showin2' t~e fit obto.ineà usinŒ l'otenti:?l l~6\'f.V. 
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FIGURE 11 

An["uL.r distribution for t:-:e 16.~3 FeV statc transition, 

showl~E the fit ottalned usin~ pot~nttal 46WD• 
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FrœJRS 12 

Anru1ar distribution fer th":! 17.64 ?:eV stD.te transition, 

sho\o/ing the :~it obtaine,~ usinE pctentlé.:.l 46i·/V• 
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FIGURE 13 

A..YlFul:~r distribution for the 17.64 ~':GV state transition, 

showin~ the fit obtained usinF ~otentlal 46W • 
f' . • D 
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FIGU'RS 14 

AnE'..llar è.istrL:::.ltlon for the 13.15 !<eV str~te transition, 

shcwlnE the :it obtained us lnt: potentlal 46v/V • 
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FIGIRE 15 

AnGuler distribution for the 18.15 !'eV state transition, 

showing t~e fit obtained usinr potentiel 46WDe 
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FIGURZ 16 

Anfular distribution for the 19.05 ?'eV state transition, 

showing the fit obtë.i!1ed usine ,ct ~~ti~l 46~lv· 
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FIGURE 17 

Anful~'r distribution for:the 19.05 ~.:eV state transiticn, 

showinE the fit obtaine~ usine potentiel 46Wn. 
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FIGTJqE 18 

Anful?r dtstrib,ltion for t':"'e 2.9 ~~eV state transition, 

showinf, tr.c ::~lt obtRir.ed usinE" prtenti!'!,l lCC\'i
V

• 
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FIGU::\E 19 

AncuL~r d.istribution for tr.e 2.~ !!e~J state tr:i!:.siticn, 

sr.o\-!in'· t~e fit obt::~i!1ed usinr pctentin.l 100W
D

, 



...-.-... 
fil 

"-
.~ .-
e 
u 

c.1 
~ 

-& 

·e 

1 
1 

10
0 

1O' 

'Be (p,d l'Be 

E,= IOOMeV 

IOOWo 

..l=1 2·9 MeV 

20 40 60 80 100 120 140 

8em (DEGREES) 



91 

FIGURS 20 

Anfular distribution for the 16-20 1'eV states transitions, 

sho\'lin;.: tre fit obteined usi!1Eo ~ote:1tlal 100WV• 
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FIQURE 21 

An~ular distribution for the 16-~o ~eV st· tes tra~sitions 

showinf the ~it obt2ineJ usinr ~otentlal lDDWn-
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thouSh. Hence, there i8 no inconsistency between the 

pairs of potentials. 

In recent years several ~od01s h~ve been 

proposed to explain the reuction 9Be (p,d) BEe. For the 

0.0, 2.9 an~ 11.4 MeV st~tes 
8 of Be, \üldermuth (1 S62) 

ru~s propose,: é! cluster n!odel in \'lhich t'l'O ol-particles in 

8Ee appear in the 0+, 2+, 4+ ro+.ation:::.l sequence. In 
o 
~Be, the ad~itional neutron is loosely bounn to the ~-

particles, and. c:".n be easily picked up leading to the 
8 

exci t~tiO:1 0:' tte states of Be (.Tacmart et al., 1964). 

For the next e:roup of states, fros 16.63 to 19.22 ~~eV, 

this sir.:;le r..od.el brec-Jt:S do'\\rn. At 17.252 and 18.8$;6 1-:eV 

8Be reaches t!':c t ~~reshold8 for brealt up into 7 Li +p and 

7Be +n, resrectlvely, (lauritsen and Ajzenber[-Selove, 1966). 

Karion (1965) has propose-:: th?t tr..e 2+ doublet at 16.63 

sincle po.rticle cluste:-- st:.tes: ~;o.!!;ely, the lG.63 ~":eV 

stete i3 \·rritten p + 7U (ss) and tte 16.93 l:eV n + 7Be(e:s). 
('. 

Consid.er the (round stc.te of ""Ee te be reprosented by 

Gl+Dl~~ , a!1.d 7Li and 730, rospectively, bYat~tanù «+3He. 

I~ the neutron ls picked. up fro!"!: one of the O(-p:..trticles, 

only 3He ~nd never t can be for~ed. Eence, the 16.63 MeV state 

should not be excited. In fact, the experir.1ental results 

seen to be:-.r out this cor.clusion. (1.:arion et 0.1., 1966; 

Kull, 1967; Verba et al., 1967). ;~s ::; further extension 

of this rr.oo.el l-~2.rion (1965) proposed simil:::.r cor..fi['uF.tions 



96 

for the 1+ doublet at 17.64 c.nù 18.15 l:eV. EOvl9ver, 

t!1.e maE:nitudes for the cross sections to these states 

are quite similnr (Rull, 1967; Verba et aL., lS'67), 

which casts doubt on their interpret~tion ~s pure sine.:le 

~rticle cluster states. 

A cons eeuence of ~.~ari on 1 s Interpreta tion of 

the 16.63 and 16.93 !·~eV stf..tes 18 t!îat they have isospin 

mixlnf of T = 0 f'.n.::;' 1. For the ncr:rl:' pure sinf1-:: particle 

states th~t ~urion postulntes, the sixture should be 

e.lmost ec:u:.? .. l for each value of T. It is s.lso thoue.:ht 

(Kull, 1967) that the 1+ doublet (17.64 é.nd 13.15 r,':eV) 

and a possible 3+ doublet ( 15.05 and 19.22 MeV) should 

exhibit isospin n:ixine:. For this rec~son, the c.nL'.lysis 

of the gtates of the region 16.63 - 19.22 KeV was performed 

allov,'inE different mixtures 0-;:' lsos~.in fror.: pure T = 0 

to pure T = 1 to ce incorporate:' inte the cc.lculatcd 

dif~erenti~l cross sections. 

Tables 4-6 &nd 4-7 shm'1 t:--:o spectroscopic factors 

extro:.cted fron1 fittinc tl-)c t,'lO sets of do.t2,. Also, the 

inter~edi~te couplinC shell model Sr€ctrosco;ic fQctors 

of Cohen c.nl Kurath (1967) and. E~'.lE:,shov et al., (1965) 

are disphyed for com~:.ri80n. In the case of the 16.5'3 

to 19.05 ~eV st~tes, spectrosco~lc f~ctors were cclculated 

:::.. 8S un:i TIC bo"'u r: pure T = 1 an(: pure T = o. ?enc e, the 

v~lues for these stat~s can easl1y be found if the proper 

lsospln rr:lxture ls knO\m. In the c&se 0:' the 16-20 MeV 



97 

TABLE 4-6 

spectroscor;ic factors ~:r.:tracted in thls '-Jork, compared to 
theoretlcnl results. 

~ 

Stt::. te JI' T 

0.0 

2.ç: 

o 

o .236 .... 104 
1 .370:!:..-163 

o .211+.117 
1 .417±:.231 

o .109+ .079 
1 • 217~. 157 

19.0:: (3) 0 
1 

0.0 0+ 

2.9 

19.0:: (3) 

0.0 0+ 

o 

o .206+.067 
1 • 3;; 3~. 1 0:: 

o .132+.079 
1 .371;':.156 

o .096+.C60 
1 • F 1 ±:.120 

o 
1 

û 

16.~3 2+ 0 .0230 
1 .1523 

17.64 1+ 0 .0423 
1 • 2~ 65 

18.1:-; 1+ 0 .0423 
1 .2965 

.J"" 
.724:t.224 

.937+.435 1 .223+.435 
3 • 263:!:,1 • Lt 4 1. 2 1 1:;. 43 2 

.070+.043 

.434~.241 

.0'+0+.029 

.226:;.104 

.209+ .125 

.234:; .112 

.150+ .08L~ 

.1 hC~.076 

.660+.224 .660+.224 

.860+.279 1.066+.287 
2.84~:!:..SZ3 1.05G±:.310 

.0r5S+.02S 

.337;':. 163 

.::29+ .125 
1 • 587:t.. 374 

.6663 

.34,:)5 
1 .3461 

.0156 

.3091 

.015ô 

.30S1 

• 1 31 + • C61i 

• 130±:. c5i5 

.: 29+ • 125 

.5 2S±:. 125 

.713 

.345 

.1,01 

.C'5S 

.lS3 

.0éS 

.198 

19.05 (3) 0 .1010 .151 
1 .5260 .113 

a)Cohen and Kurath, 1967 
b)Balashov et al., 1965 

Fotential 
.:~ 

46WV 
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TABLE 4-7 

Spectroscopie factors extracted in this i!ork. 

State J11 T )'I-v .J'/-v .J Potential 

0.0 0+ 0 .602+.413 .602+.418 lOCWV 

2.S 2+ 0 .11 3:t. 053 1 • 270:t. 602 1 • 388±.. 604 

16.93 2+ 0 .181 + .043 .755+.172 .936+.178 
1 .233±:.065 2 4ci::" Ç..7(', • S26±:. 191 • , -'±. -' ... ) 

17.64 1+ 0 .282+.064 .104+ .021, .386+.069 
1 .:4S±:.125 .573±:.131 • 3711±:. 060 

18.15 1+ 0 .282+ .064 .104+.024 .386+.069 
1 .5 49î·125 • 573!:. 1 31 .374~.O60 

19.05 (3) 0 .325+.074 .325+.074 
1 .97Si·22:3 .32:;.;:.074 

0.0 0+ 0 .674:t.190 • 674:t.1 S'O 100\'lD 

2.9 2+ 0 .094:t. 033 1. 070:t.373 1 1 r:c:. -7t:: • ;j...,::!:..) -

16.93 -2+ 0 .098+.024 .40S+.102 .507+.121 
1 .154!:.033 1.354:t.337 .:03î·113 

17.54 1+ 0 .152+.03ô .056+.C14 .208+.040 
1 .2S3î· C74 .3"±:.O77 .203î·C36 

18.15 ,+ 0 .152+.033 .0::6+.014 .203+.040 
1 .2S·J±:.074 .311 ±: .C77 .203±:.036 

19.05 (3 ) 0 .176 ... 044 .17':;+ • C4l.; 
.5 29±: .132 ,...- 4 .17c,:t.O 4 



{3roup e..t 100 l·!eV, the anûlysis ls not very dependable. 

Besides the assuli:ption that j = i- and 3/2 components 

of the scatterinr.- follOi'l the rclE!.tive vRlueo froI!! Cohen 

e..nd Kurath, it \-1&5 neces8Flry to assume th:,t the rele.tlve 

strenfths amone the four states could be found using 

the vG..lues given by Cohen and KurE:.th. In ad::'!ltic·n, the 

four cC!ltributin~' st~<.tes v:ere adùed tocether E:.ssur:l1nc 

e1ther pure T = 0 or pure T = 1. 

Co~parinE the ext~~cted spsctroscopic f~ctors 

to Cohen and I~ur3oth 1 s, it i8 apparent thL~t there 301::'8 larce 

dif:erences. For the ground stnte, the vE:.lues aEree 

wi thin the ass iV1ed error. HOi·rever for the exci ted 

st::'l.tes, the extracted values are in many cases frot1 two 

to fi ve tir.ies l.::.rser t}1.a~ Cohen ond Eurath 1 s values. In 

the ca.se of the c::round ste..~e, one vlould expect acreerr.ent 

v;ith COhen :".nd Kurath since the1r v9.1ue "';5.S used in the 

se"rch to obta1n order-o!-rr.aE'ni tude ac:reer.:cnt \-:i th the 

data. If t:':rJ inte!"medl~te ccuplin[.~ !':odel used to compute 

the spectroscopie v~lues were a ~ood deseri~tion of 9Be , 

there should be f~1.1r :igrea.:ent betHeell tho eŒ::puted ::.ni 

e):tractecl values for t~:-s exei ted st~Jtes. The hl.ek of' 

sueh at:reen:ent ca.sts doubt on the v::.:.lidity of th-a Ir.odel. 

Similarly, eomp2rison with Ealashevls values for 

ShO\'lS ffie.rked discrepa.i.cy beti'leen the extracted and predicted 

results. It seems th:!t. nei t her int erE1eè.i e..te couplint: 

calculatlon re flects the structur(") of 9Be very élccurately. 
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Two other Investlgators have extracted spectro

scopic factors fro;:'! 9Be (p,d) SBe <-l.t 33.6 ~.:eV (Kull, 1967) 

and 155 !!.eV (Tm'mer; 1969). TatIa 4-8 shm/s the results 

of thls "'cr~ com:çc.red tc t!:ose of TO\'.'!1.8r. The qUélntlty 

glven as J ls ~'h.+JJJ,,fer T = 0 p...nd tlJ"LtJj/ .. \for T = 1. 

For the ground C:.nj 2.9 NeV st:.ücs, tte extre.cted values 

are ln fair agree::lent, but for the h15her states, the 

results of thls ' .. ;or:: ar::: systen3ticaIIy hiEher tr.éln those 

extracted by To~mer. Kull ap:)ep.rs to f!et fairly Eood 

agreement \'!it~·, Cohen anl Kurath b~,r c1:.i.lcul:::.tin[ his spectro-

scopie factors ~lth isospin mlxln~ included. Frcffi the figure 

showlnE his flt to the Eroune state tronsiticn, it appears 

thCtt the qu::llty 0:- fittinf ln his \'Iorl: a.n.::' in tlm one 

a.re com~rn.ble. In conclusion, It '..:ould set;)m th~L"'" the 

results pr"3sente.':: ter'.:") c~r·:. les: encc'.lr:>·c1nC for Cohen :;.nd 

Kurc:.th's model tr.~~n ur',) those of either Kull or T01mer. 

It ls Importt~nt te note tr~t the ei:perimcnta.1 results 

f...nalyzed by TO'fmer covered ::ln anEul:,r r'nEe fror., about 

40 
to 35 0 

• This mélLes r.is annlysis less reliable. 
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TABLE 4-8 

Sr;ectrosco:ic fc:ctors ext.r;~cted by TO\mer (1969) for comparison 
to the v~lues fiven in tables 4-6 ~nd 4-7. 

St~te J~ T ,8 
0.0 0+ o .:O:!:..14 

2.9 2+ o • 99::!:.. 17 

16.63 2+ 

16.93 2+ 
• 54:!:._ 12 

17. ·54 1+ 

13. 1 ~ 1+ 

1 ~:'. o~ (3) 

19.22 3+ 
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CHAPrER 5 

CONCLUSION 

A DWBA computer code has been developed by 

Dr. T.Y. Li for use in calc:.llatin[ the anEull."...l"' distri

bution ln (p,d) and (p,~) reactions. The code has the 

advantaEe of bein!?" fe.irl;T sim'Jle to operé:te vlithout [, 

det:ü led kno'~:ledte of i ts censt ructi on and r:i ves results 

in Ctf:reernent with ttosP. obt?! ineri fro!]'; similar analyses. 

The first part of this paper de~ls wit~ the 

form~llsm of direct ra~ctio~ t~2ory ~p~lied te tte pick-up 

and st.rlppin[; reacticns. SOIr.e of t!':c bœic concepts involved 

in c~lculo.ti!12' spectrosco!)ic .f~ctors i:; the J T representa-

tion ars ~lsc discussed. S!nce the b~sic preblem of 

DWBA is to [ener:,'le and lnteFrrlte ovcr ~he distorteè \'i~.ves 

~nd bound state w[.tV(; fanctiO!'1,r t zood èeal of' tlp9 i8 spent 

on the nurr.erical analysis of tLese functic nr,. Speci::.l 

attention ls pa id to the zero-r2.!l:?e énd flnite-range ap-

proxlmat iC!1 S • 

After the theery h'~s been ex::,l8.in(}:-~, it i8 used 

to analyze ancul~r distributlG~~ from 9Be (p,d) BBe ut 

46 l~eV a.nd 100 lieV. Proton e;t iC8.1 ~otentbl[ "lere obtained 

fro!" elastic sC~üterlr':- c:ata ':l!1è deuteron o!'ticc;l pote:ltin.ls 

were four.d b;; opt i!:li zinc t :-,e fit tint' t 0 t he 8.nl~' .. ù::'Cr di s-

tribution of' t:-:e e:rounè. state tr· nsitior; in the (p,d) reaction. 

The potentials thus obtained are in ,se':1eral acreel.':ent wi th 

the res ul ts of opt iC:l l r.:ode l ~tn9,lysis El t ot :-.er enerCi es. 
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These poter:ti;~.ls "lere used t 0 é'.nalyze the transitions 

to the excited st~tes. The quality of fits to the varlous 

stntes observed in the re'lctlon i8 fnirly Eood. From 

trese fits it has been possible to extrQ.ct u fairly 

ext ensi ve table of s pectrosc o~i c factors, ~ .. ihich 8.~pe':~rs 

in t~ble8 4-6 and 4-7. The extr~cted results arc cornp~red 

to those of Towner (1969) nn~ Kull (1967). Both these 

authors ela,im fai r uf'recl:-.ent \"i t:-: the i:~'1terrr;e~lL·,t e c oupl-

inE enlcul~tlc!1s do~e by Cohen ane Kur~th (1967). The 

present ,.,ori'. 15 comp.:-.red \'11, th Towner 1 s resul ts in table 

4-8 émè. siz[~~:le discrepancy h.::,s bC0n observed except for 

tr.e rround Hn·-l 2.90 l~eV ste'.tes. Cor.:p:'J.rison vlith Cohen 

and Kurathls values for the spectroscopic factors leads 
c 

to sorne doubts .s.bout the vét11dlty of their model far ·;Be. 

The sarne stt'.tement ap!)lies te tr.e calcul:.:'ticn of Balashov 

other investlcn tors h::'.ve hr:.:'- S o",e succeSG usine 
(', 

vari ou~ cluster arrt'..!1[er.:snt s t 0 descri be "'Be. JL..ctlart 

(1 S'64) UsES two 01- I-",'trt le les ~.:i t h h 100sel:: bour~d neutron 
a 

to descrlba tt8 enerEY levels of "'Be. ~aricn (196~) and 

1·1ari on et al. (1966) h:c'.ve bee!1 suce ess ful in descri bine 

9Be(p,d) BBe transitic~5 te t~e 16.63 and 16.93 KeV states 

usine t~e cC!1fieurE:.tlens p + 7Li(cs):1.nd n + 7Be(fs). 

This model also cives isospin mixinc for T = 0, and in 

the states, which seems to be r.asonat1e. The pair of states 

at 17.64 and 18.15 MeV has been tentatively identified with 

similo.r co!"!:'iru f'" t i '!lS invc1 vinE" t 'r,s :'1 rst exc i ted states 
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of 7U and 73e • These desiEr.atiC'TIs, hm'lover, h~.vü not 

met with ~s ~uch success 28 the others. Generally speak-

lng, the cluster appr02ch 8eems in sorne respects to be 

more suitatle thsn the shell model. It would be lnterest-

ln[ to see \,lh:,t kl~d oi' spectrosco!=,ic factors such a model 

yields. 

Since tœll'esent "lori: ",:as beCun , the mlBA code 

has bee~ exp::'.nded by Dr. T. Y. Li t c i~-, c lude spin-orbi t 

potent i?ls in bot r: c~:mnels \'li th a seRrch f~ ci li t:: in the 

deuteron channel. A very rouEh prclirni~~ry calcul~tlcn 

lndicates thrt furt~er lnvestiE~tlcn of this ~od1fication 

coulè. be fruitful. In e.d,:lltion, th,~ optlc::~l mo~lel cede 

h;;s bee~ modified sa thnt th, rcal r.nd spin-orbit dlffuse

nesses are coupled ta the re::.l and spin-orbit r~dli through 

tr.e size of tr.e root-me(tn-squCt~~'3 nucle:::.r rn.dius. Ther;; 

res ::ot yet been time to investlc.str; t:--2 ef:'ect on the 

quality of' flt.tinC· of t':.ese ac1.d.~tl(n:11 cor:str~.~lnts, but 

lt is hoped tt~t this will soon te possible. In addition, 

there ~rc further data from 160 (P,d) 150 ~t 100 ~eV to be 

analyzed. T'r..ls \-:orl-: should De c om~let ed \'/i thin the next 

fe'\'l mO!lths c!!1': t~:.; rGsults Céln be !'-.?cdc lmo·:m. 
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APPENDIX A 

Simplification of equation 2-39 involves the 

use of the syrnmetry and ortho~cnality relations for the 

Clebs ch-Gordon and Wlc:ner coefficients (Brink e.nd Satc~ler, 

1963). Each of the three pairs of Clebsch-Gordon coef-

ficlents lT:ust be treated separl-~tely and in the order 

shown in what follows. 

First, 

Now that tte e~uallties j=j' and ffij=mj' have been found, 

the rest ls e~sy. Directly, one sees th~t t~e sum over 

projectile s~ins le3ds to 

Z. ~ ~ t"'l» -\.14.\5
1 

\ 1 tA-cf. ~( l", ... l tl"t ~~s '> :: t d...,. ~ 1 (A-2) 
f4J. ~~ ~ S· 

Th~s re'luctlon lea:ls to tte e(uallty r..s=rns', so finally 

the lest pair of coefficients can be simplified • 

.. t ... (L' ... ; !;. ... $ 1; "'j >< i .... j \ ..l .... .t ~ ~S ),. (~~~) 6.Rl'f"'J~ (A-3) 
J S 

When aIl these simplifications are substituted into 

equation 2-39, the new expression is 

~ l~' 11..- 3. <. Tt NT; ~ -t l-r~ Mit) "\.(1.'l'.ç.~1) r. 1 ~·l'ï &" ~J t.(A_4) 
11; ... + 1",," - 1..1 ').-. r, ~ ~ . 
~~ ~ , ~ 

Ecuation 2-40 is :'ound by addinl:' the results of 2.nti-

sym~etrizaticn and ~slnf the definltlon of the differ-

entiel cross section. 
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APFE~lDIX B 

USE CF THZ Di'iEA CCYPUTER CODE 

The D\'IBA code is desie:ned for use on the IBr.~ 

360 series of comp~ters. It requires 220 K memory to 

rune Belo,,; \vill be listed a card-'b:'-card outline cf the 

input data, follO\·red by a list of the options I:'.vailable 

w 1 th the cod e • 

Card #1: Format 3F1 0.3 

T(l )-laboratory enerE'"Y of the incident p.'1rticle, 

(iven in MeV .. , 

AMU. 

At':U. 

T(2)-Q-value if the reaction, Elven in ~eV. 

T(4)-~~ass of the target nucleus, give!1 i!1 AI·:U. 

T(20)-~~ass of the incident ;:article, ftven in 

T (,21 ) -Yass of the outgoln[ partie le , Elven in 

T(3)-CharE'"~ number (Z) of the target. 

B:::TA-Deforrr.::.ticn po.r:~!!:eter for ,~t deformed 

Woods-Saxon potenti~l. It may be eitter positive or neg-

ative, ~nd i8 0 fer no defor~o.ticn. 

Card #2: Forl~t 3F10.3 

T(22)-;':é..SS of t!';e stripped or picked-up part-

icle, [iven in M:U. 

T(24)-CharEe nUlber for the outsoin~ rarticle. 

T(25)-Charce number for the incident particle. 
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T(5)-Orbitnl angular momentum of the bound 

stnte of the bound particle. 

XR( 1 )-Radills parameter for the V/oods-Saxon 

potentinl of the bound particle, ~iven in frr.. 

XA(l )-Difuseness parameterthe Woods-Saxon 

potential of tte bound ,article, given in fm. 

T(3)-2J f +1/2J i +1. It ls necessary onl~ in 

(d,p) calculations, but shoul~ not be set to O. 

T (13 )-Calls finite-r~_mf.e or zero-r',nr:e option. 

It must be s~all, about .000001. See more details under 

options. 

Card ;'/3: !"orr":'. t ôF1 0.3 

T(14)-~axiŒu~ number of ]~rtial waves ta be 

used. As many as 50 partial Wfives ~re ~vailuble. 

T(15)-~umber of r~dial nodes in the bound 

state wnve fu~ction, not countin~ the orifin. 

T(16)-IncreŒent used i~ inteEr~tion. Increments 

of about .1fm have provsn s5tls~~ctory tn the ;ast. 

T(17)-Wave nu~ber used in the (p,~) reactlon. 

Use .231605/.f~. 

T(lJ)-Square weIl rndtus used in the (p,~) 

ru,ction. Use 2.7ô35fm. 

'l'(lS)-U~,vc ::1'..lcber r_l~tcd to tte E/Ciu:"r0 v1ell 

depth used ~n the (~~,~{) rS?ction. Use .8136/!'rr.. 

T(23)-SindinE enerCy of eitter the deuteron 

or the et.-P9-rticle,dependinE on the reactian. It 18 

gi ven in l~eV. 

X!,:7j-Si:r:ple h,-_r~onic oscillator pb_ra'~!eter used 

in the (p,~) r~action. Use .05429. 



111 

Card /14: Form~~t 8F10.3 

Tll-Coulomb radius fer the incident rarticle, 

fi ven in fm. 

TY2-Coulomb r2.c.1ius for the outfoin( ~·.rticle, 

Elven in fm. 

XV( 1 )-Sr.'in-orbit \>,ell depth for the bound part

icle, I!iven in ~·:eV. 

T(lO)-Interior cutoff radius of tte bound part

iele. It is not used, 50 set to C. 

T(9)-~!umber of the 9xperi::e!1tal pci!1t te which 

t~e cross sectiens ~re !1ormr.lize~. It can ran~e from 1 

to the maximum n~mber of dr..ta points '-lsed in the caleulation. 

T (1 1 ) -Set te O. 

T(12)-Set to O. ;:either this nor the item 

above are any lonEer neeessary in tte prcEra~. 

RCX-~oulc~b r~dius of thé bound particle. 

Card #5: Format 4F10.3 

Thl s card c O!1ta. ins the 'r/ocds -Saxon rad! us para

meters fer both e~3_n~lels, e-1ven in fm, as weIl s.s the 

diffusenesBcs, also in fm, for the re2.1 potentiF..1 terIT:. 

The order ls incLdent channel radius, outEo1n[ ct~nnel 

radius, i~cident channel dlffuseness, Gnd outfoin[ channel 

diffuseness. 

Card /IG: For!I:D. t 4 Fl 0 .3 

The sU;'-.e order a.s uscd in card .:i5 is Jsed to 

dis!J1c.y the iG!aEim:.r~r petential rac':i1 and diffusenesses. 

For furtter details, see the options. 
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Gard. .#7: Format 6Fl 0.3 

The potential depths for both channels are 

read in in the order incident channel real, outgoing 

channel real, incldent volume imaf!'inary, outEoine: vclur!Je 

irm'.f.inary, incident surf~lce ir:f:~Ein~~ry, and outfoing 

surface imp..€,inary. AIl ;)otentials are read in \'/ith pos

itive siEns, and those not involved must be set to O. 

The order of cards fiven so far aprlies lf there 

Ar.e.'no.data. If there are data., cards numbered. 4e. and. 

4b are inserted between cards 4 and 5, and 8, ç., and10 

corne after 7. 

Gard #4a: Forr::é. t I4 

This card merely indicates the nuœber of exp

erirnental points listed on the card(s) which follow. 

Gard #4b: Forrr:Elt 9F8.o 

Data are listed on as many car~s as is necessary 

at three peints to the caro. The 11sti~1f 18 ant:le in 

defrees, cross section in r::b/sr, and error for the Jr:e2.sure

!!lent in r:-.b/sr. 

Gard #8: Forr'1p. t 14 

Indicate the number cf points desired in the 

autoœatic search. If none, put 0; if ~ore, there is no 

upper 11 Ii.i t exc ept the nUT!;'cor the c o!r:;~ut er will :.ccept. :or 

sufficiently larce val~es, for instance 100, tte jcb will 

run until Gllocated time 18 used. 

Gard i~9 : Format 1713 

Indicate which parameters are to be varied in 
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the autoTl1e.tic search. The code is 1 for a p&rarneter to 

be varied lndependently, 0 for a parameter not to be varied, 

and -N for a parameter to talce the value asslgned to 

parameter N. The seventeen spaces of l for,:at are al

lotted, cne to a p~rameter in the following order: 

1-5 are allotted to radius para~eters. Bound particle, 

inc ident channel real, incident channel irr.aglnnry, out

going channel real, and outgoing c~annel iœaglnary. 6-10 

are allotted to the dlffusenesses usinE the same order 

as used for the radii. 11-17 are allotted to the pot

entlal ra,rG.r::eters in tr.e order' bound J:Urticle spin-

orbit, incident channel real, incident channel volu~e 

lIT.F.:.Einary, outE'oinE chél.nnel real, outgoinF channel volume 

imaginary, incident channel surface im.:::.[in8.ry, and out

foing channel surface im~Ein.:::.ry. 

Card 410: Format 13 

Indicate the number of indepenftently varied 

raré'c,eters. If a number on card 9 is ne8"ative, the par

ameter is not independently varied. 

OPl'IONS 

Card~~l : 

T(l )-If ne[ë.tive, tte set of dé:.ta 'in 1,>lhich it 

aprears ls the last to be reRd. When the calcul~tion is 

C0!1:r-1eted, t1:e job is finished. 

T(4) and T(20)- In conjunction with XR(l) 

from card 2, these parameters indicate 'Nhich of the reactions 



114 

(p,d), (d,p), and (p,~) is to be c~lculated. If T(4) 

is positive, the (p,«) reacticn ls done; lf T(4) ls 

negatlve and XR(1) ls posltive, (d,p) 18 calculated; and 

if T(4) ls negatlve and XR(l) ls neEative, (p,d) ls cal

culated. ifuen (;:,DO 18 done T(20) must be negatlve for 

7Ll(p,~)~ because of the use of Boson rather than Fer

mlon statlstlcs. For every other c~se, T(20) ls positive. 

SP?:CTR-If thls ls r-osltive, ..:t~"'ls calcul'i.ted 

after norr.l~lizing the ca.lcul:.ted an[ulc·r distrlbution: 
v 

to the data. If it ls ne[atlve,X ls calcul~ted before 

normHlizati en. 

Card #2: 

T(5)-Indlcate j=l+~ when thls ls posltive, ~nd 

j=l-~ when thls ls negatlve. 

T(8)-No data need be 9up~11ed if thls 19 pos-

Itive. The anEulcr distribution 18 the c~lcul~ted ut 5 

interv~ls from 0 -180. If T(S) ls ne[ative, experi-

ment~l Jata must be suppllej. 

T(13)-For posltive v,lues, t~e flnite rnnfe 

ap~!roxl:r[;.tlon 18 used; for neeé.tive values, the :ero-

r::nge ap:.roxL!:. tlon 18 used. 

Card #3: 

T(17)-~ihen the (p,o<) recction ls calculated, 

si:-rple har!r.onlc oscillator \<lave f\mctions are used in 

the finlte r··nge calculation if T(17) ls neg~tlve. For 

positive values, s(!u::tre "lel1 'dave !'unctions are used. 



115 

Card #4: 

RCX-If this i8 positive, assume RCX takes on 

the value of the incident channel real radius. If it 

is nerative, tte ~aFnitude of the stated value of RCX 

is used. This is onl~ import:mt in the (p,oc) re"-iction, 

since the neutro~ is not charëed. 

Card #5: 

o~tFctnF channel diffuseness-When it ls posi

tive, the irr.a[-:-in<'.ry volume p:.;.ranleters are set equal to 

the real paranleters, not includine tte weIl depths. 

~1hen i t i8 ne[B.ti ve, the irr.uEinary surface bolld volume 

geometrical !Jara:neters are .set ec;ual. In the negat: ve 

option it is possibl8 te diutint:;uish volu!!1e and surface 

im~q:;in'~ry lXlr~:.:eters as they éire entered on cards 5 and 6. 


