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Abstract 

Prildical c011lputat.ional t,('chlliqu{'s al't' <leSt r il)('t! to dctt't'Illlllt' tilt' (;."lll:-. gllllljl III 

il dcgrcc S polynoll1idl 0\'('1' il fUlIlt.ioll field or tlll' 1'01111 QUI, ... /,). 1·:",1t Il.111:-'1 

tivc permutation glOup or d('gl'(,(, S i~ 1(',!II;I,('d d~ ,1 (:.t1ois ].',l\Illp 0\"'1 t I\(' 1.11 Illll.d:-­

The t('chniqu('~ of Soicll<'1' alld r..l( K'I)' [Sl\l] lOI l,II IOIl.tI polyllOllll.d:-- "I d('gl<'(' 1(':--:. 

than 8 arc also extcII<!cd lu fllllctioll fields TimillJ!, and dli( 1('Il(Y 01 d 1\1:\ l'LI,: V 

irnplelllclltat.ion arc' dISCll~:--('d. 

RésUlné 

Nous décrivons des teclllliqll<'S pltlt.iqIH's dl' (.d( III p0111 la t!(·'I.('IIlIÎII.tlloll dll }!,IIJ1ljH' 

de Galois sur un corps de ronctiolls d(' Ici lOI Ill<' Q(lI, .. , 1,) d '1111 polyllolllt' d" 

degré 8. Chaque groupe' trall~il.if de P('llllul.dl.ion; dl' (l<'gl(', S 1':-'1. 1(',,111:-'(" (Olllll\(' 1111 

groupe de Galois sur 1<'s lat.iPIIII('ls. L('s kdllll<jll(':-' d(' SOldll'1 1'1. l'vI, h .. y [SM] p0111 

les polyllorncs latiollJle!S de dq~l'<~ moins <jl!(, H SOIlI. dllS:-.i g(~II(·'lidi:-.(··,'" .111\ «()IPS dl' 

rOlldions, L'éflicdUI.(~ el, le probli'lIlc du L('III/>:-' ICqlli:-. <1(' 1'111.111:-.,.11011 dl' ~dt\I'LI'; V 

SOllt discutés . 
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Notation 
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6 
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group, Ir UI('II' ,lI(' ~('\'('I ,d .!!,lotlpS of t II<' :--dllJ(' 1"" iL\' .tilt! III d/I, t 1 !t'y 

ale distlllglll~ltcd as fi = d,h,("" S(·(· '\1'1)(,1)(1,\ 1> I(JI 1IIIlII' dl·(.;ld'; 
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1 Introduction 

COlllplltiIlg il alld thi~ lUIs 1)(,1'11 pOllltcd out hy ~1'\(,I,t1 dllt Jill\., l ''l't' 1"1 l"~ .11111'1., 

[v\V, p.189]). But, ,lS Galois hilll~df ~,Iid [H.\], 

Si l1Iailll('IIt1nt \ UliS Il Il' donne/, III\(' 1"qll,lIlll!l <jl\l' \011:, .1111", t 111>l',lt' 

par radica1lx, jl' Il'allldi licll ;1 y rai«' «11(' dl' \UlIS 11I<l1'Illt'l Il' IIltl"I'11 dt' 

répondre à \'otl(, (1'1<'~t,iOll, ~"II:-' \,Oll]Oil (h,II~('1 III 1I1111 III 1)('1 "1111111' dt' It' 

raire. Ell Ull Illot Ic~ (',tlrllb ~Ollt illll)1 ,\1 I<'"hk~ 

The t.echniquc illvolvcs fdct.OI ing a POlYIIOllli,d of dq!,1 1'(' Il! III ortle\ t Il "Ild t Ill' ( :,t1t1I" 

group of a degrcc 77 polynolllial f. 111'1\«' iL IS r(',I~il,I(' fOl (Jlily Il)(' ~,lll<lll'''.t \ ,1111(', 

of 11 • 

I1owcvcr, \Vith UH' advl'lll, of high sp('('d digit"d (OIIlPII!.('I'" !>(J\\'('IIIII II('\\, 1111 tl\4// l" 

havc bccn dcvclopcd 1.0 quirkly dd('llllil\(, t.!\(' C,"()i:-. gllllll' ur 111,1!,1l<'1 dl,!"II'I' Pli" 

nomials. III !DG!), SLlllduh,lr [SU] pI('sl'II1.(·d dll ,"golltlllii lOI l,il I!JII,t! jJllh'1I01111,t!'. 

of dcgrcc 8 alld k~s. 'l'lus ,tlp;o[lt.h[ll hols 1('( l'IlIly })('('11 ('xl('lId('d ICI d(')!,II'I' '1 101 " 
dccadc late·r, Soic!tcl ,\lld l\ld\<ly [SI, S~I] PI(':-'('It1('d (1 dlll('I<'II1. "PPllldl ft Wlill Il \','d, 

implcllwnt.('d fo: PO lj'1I0111i,t!:-; of d('g[('(' 7 dlld I(,:-,s. 

The principill advilllt.dge of t.he' 11I('t.llor! or SOlI \1('1 ,IIICI M( 1\<1)' l', L11,11 11. l'. "d'div 

gcncI'alizcd 1,0 polyllollliclis OV('!' fil'Id.., ot.llf'l t.lldll 1.111' l,tI,ioll,tlS III t III', 111/ l, "':1 

rcalize t.his pot.clIl l,li IJy <!C'IIIO[I:-,!.r,t1,illg c111 C:X!.('/I!->J()ll of 1.111' 1.('1111111111(' t'I flill/ tl'III 

fields of tllc furm QUI, ... ,l r ) (wlH're lI, ... ,lr él[(' 1. l'ri Il'-,1 ('IICII'/iLtI IIV"I q) ,llld 

polynornials of d('g[c(' 8 a/ld I('f>s. 

Following <Ill int.rodllct.oly :-,C'ctioll Ol1t.1illillg 1.1", !.Iwoly Il'qlli/l'd, S,,( 1 j'III ') II/IW', 

how the idcaf. of Soit her alld Md\ay IlIily \)(' ('x!.('[Ir!I'd 10 Uw d/ï~II'(' ,1.) / d',/' III :~I" 

t · ') . 1 1'1 r . 1 t t' f t 1 1 Il 1 Il t III' \1.,\ 1) l, l,: \' ',( ,'( ,'( ',1 1011 .) we gl ve ( C ,éll S () élfl i III P CITICfI "t ,1011 () ,If' ri il} Il 1 . 1 [/1 ,. • , 

fi 
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1""~',lldf'!' '1 hl" I~ f, III 0\\'1'(1 \)) <111 dlJaly~i!- of t,lw plogram \Vith timing rcsults in Sec­

t 1'111 ,1 ')111' "pJH'lldIC ( . .., J/J( lude, III ApP('lJ(lix A, a li~t. of polylJollllals Icahzing cach 

Ild""III\'" d,'pp'(' K glUllp <I~ a (;,dois gIOUp over thc ratiollab dlHI, ill Appcndix B, 

d Il'-.1 of J!1i]YIIO/llld]" O\('r Q(I) of c!('gr('('!->:J through 8 with scl('dcd Galois groups. 

1.2 '1'1)(' FUlld:lllwlltaJ Thcorcm of Galois Thcory. \Vc bcgill with SOITIC def­

IIIJ1i()lI~ ],·"dillg Iii Il)(' flllld,lIlJ('lll,t! 1.1)('01('111 of Galois thcol'Y. Details cali he [mmd 

III ,illY ~t.1 /ld"l d,dg"''' d lexl. !->l'(" ri" [L, pp.~(i:~-31 :J]. In the following k is a field, 

1\' <1/1 (·;..k/l..,itJll flf']d of ~. rllld J fi IIOll-Collstallt polynoll1ial III k[x]. 

Dt>fillif iOIl 1.2.1 '/'lit Jil Id /{ l.~ ([ splitting field oJ J OIJU' k if f splils (into 

111/101 JI/dOl . .,) III 1\' und J{ 18 l/ILTllTllal unlh 1'(8/)(c! to tlus pl'OpCl'L!J. 1/ S lS a sct of 

I)O//lII()/II/I//' III l [.1'] III( 11 I{ l8 ([ sphlLlIl.'} field fo,. .') if each f E S splils in f{ and 

1\' 1.' 1111 Il III/fi/ 

SIIII (' .t ~pIJl,lillg fif'ld I~ IIl1lque IIp t,o iSOIllOIphism, wc often l'der to lhe splitting 

li,'],1. 

Dpfillit.ion 1.2.2 The /lOlyllol/l/ll1 J 18 separable ovcr k 1f il has dis/mcl rools in 

11/1 ,'/,/,111111/ fit Id. TI/( t /ul/l'l/l 0' of /{ ù, separable Ol1er k 1f 11 18 the root of a 

." l'tlm'''t 110//11/111111111 11/ l·[.l']. If ('IW/'V CI' in ]{ i8 separable Ihcn J{ is a separable 

l'xf.l'Ilsion oJ l· 

Dpfinit.ioll t.2.:~ ,111 1/(/1/(111 n of}{ is primitive if f{ == ken). 

PI'oposit ion t. 2,4 If 1\' 1 .... Cl separable extension of k, then f{ has a primilive 

,l, IIlt III, 

Ddinif ion 1.2.5 TIlt (J'/f IISÎOIl I{ is normal over k if II lS the splitling field of a 

'" J of jlO/!lIIOII/ltll • .; III "'[.1'], 

ï 
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Definition 1.2.6 The e.rICll.'iLOIl 1\ is Galois (JI'I r /.. If Il / .... 1/0111//1/ Illlt! M lIll/rI­

ble. In tI~lS C/lSC, Çi(Klk), the Galois group of 1\ 01'/1' k, /." Iht' ,tl/'Olili (1/ )/Clt! 

automoT'phisms of 1\ fixiTlg 1.:. 

Notation: Let II he a suhgrotlp of 9(1{11.:). Wc dCllo!.(· tht' :-'llhlit·ld ur 1\' li\.(·d h~ 

II by 1(11. 

Theorem 1.2.7 (The F\.mdamental Theorclll of Galois Th('o/'y) /'tl /\' lit Il 

Galois exlenSlOn of k. TI/(/"e 18 a blJlclwn '}(Ill'IIII /l/( MI of ,~lI/l/i(/d, .. l,' Il) J\ 

conlaining :~, and the sel of sllbg/'oup."i Il of Q(l\{kL gil'lIl b,ll /.; 1\ 1/, '/'/lt litld 

E is Calou> Ol'Cl' k 1) (1/1(/ ouly /1 /8 normal 1II (,' 1 tlnd ,f 11/111 /,~ II/( ((/~I, II/! 1/ Ill! 

ma]> a ~ aiE mdllccs (ln 180TT/O/'phlhlU of 01/1 0/110 Iht (,'l''IJI.~ Il'111/1/ Il) 1·; /11'/1 1.' 

1.3 The Galois Group of a Polynomial. We ddi/l(' 1./1(' C,tlOIS /',IOllp ul d (loi\' 

nomial and inlroduce SO!T1e invariants of the group ('(lsily dl') i \'('<1 f/(JIII t \J(' /,lIlyllo 

mial. 

Definition 1.3.1 If f E k[x] zs separable, lheu 'he .... pliltl1lfJ fit Id /\' of J /,~ Il (,'1/101, 

extension. In titis case wc call Q(1{jk) the Ga/ozs 9/'0111' oI.r 0011' J.- flllt! dt/IOI, " 

by Qa1k(j). 

Wc will gcnerally assumc that f is irreducibl<~ .llId (hll/'(/;) - () :,() 1.\,.11. / j, 

separable. Let a E 9aldl). If Q is a l'Oot of j, t1l1'n, :-,ifl«(' a is ri fi('ld !r/JlIl()"::1l 

phism, wc sce that 17(:1') is again a root of f. But ~i!l('e a is ,t!..,o ,l IIIOII(JIIIOlphi',!1I 

it permutes tllC raots of f. Il CIl cc Ça/dl) aets on t1w J()f)j,:-, ni" ,Ir" of J Ily 

permutation. 

In this Wdy Qa1k(J) is a suhgroup of Sn, the sYI/IIII<'1.t i(' gtf)11f1 011 'ft Id!.('I:, 

IIowcvcr, this injccticm depends on the labelling of the )/){)1.S; J'('l,dwllillp: tllc /(J(lb 

amounts to conjugation by an clement of Sn. 
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J)(·fiflitiOJl 1.3.2 G7'O/1,P,<; (JI, G'2 ln Sn are permutation isomorphic if GI -

/1('1(', we~ ide'lltify t.he group only ur ta permutation isomorphism. This equiva­

le'll< (' IS St./'Ollg('1 t.1r,tll ahst./'dct grO:Ip isomorphismj isomorphic transitive subgroups 

of S" will 1)(' J)('II1111t,ttIOIi isorJlorphic only if the il>omorphism is realizable by a 

1)(·IIIlIIt.,d,ioli III S" For ('xétrnp)c tJI{~ groups Gj2b and G'32d (see Table 9) are bath 

)SOllIOI plilc 1,0 <.1', yl:r'l , ,1/, (,ry)-1, J;2yxYX
2y.T3y > in S8. 1I0wevcr, sinee no permu­

t.citioll i!>OIlIOI plrislIl e ail ('/rallge the parity of a group, thcy ale Ilot permutation 

):-01110) pille. 

P"oposition 1.3.3 'J'lu: polynomwl f in k[x] is irTCducible iff ga)k(J) zs transitive. 

Definition 1.3.4 Let k be a field Wltft char(k) f:. 2 and J E k[x] of degree n with 

/'O()I.~ al, ••. ,° 11 1/1 the ..,plzllmg field J(. The discriminant of f zs 

~ = II(O', - 0')2 E k. 
I<J 

Pl'Oposition 1.3.5 !.Jel k, f, f{ (L1!d ~ bc as abovc. Thcn ~ zs a square in k iff 

{1,t1df) ç Au. 

A It.houg/r the t./r('ory developcd 1.0 this point applies gcnerally 1.0 any field k, 

w(' will clSSIlIl)(' 1j(')]('cfOl t.h t.hat 1..' is of the form Q(tI, ... , tr) (including the case 

1.. = Q) wJu.Il(,(, ". is t h<' quotiellt field of the unique fadorization domain (UFD) 

f) = Z[/), ... ,Ir]. W(' Cdll !('I,ltl' lacLOlizatioll modulo maximal ideals in D to cycle 

t;hêlP('s ill Qal(f) (IlSillg t.!1<' lllollolllorphisrn Ç}al(J) '-+ Sn). 

Definition 1.:1.6 'l'hl' shape of a zn Sn is the partition of n detc7'mined by the 

ll/lf/lh .... of Ifs dl,"jO/ll/ cyr//(; factors. 

Not.ation: Wl' dl'Ilo\(' the d<'grce of the polynomial f by of . 
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Proposition 1.3.7 Lei k be the qlLOt len/ jield of f) = [) / p /l'h rTI' pl ... Il 111 (/1'1/1/(/1 

ideal in D and suppose 1 = f mod p Iws IW rcpflll(([ mol,.; '/'h/'II ~i,t1f(l) 18 Il 

subgrolIp of 9a1k(f). 

Corollary 1.3.8 The parlztion of af induccd by thl' t!f.l!/'('/' ... of Ihf /l'/'t dl/oh/t' fado/.'; 

of 1 is the shape of an clC/l/cnl of Ça1k(f) , 

Proof. Sec [v"Y, pp.190-l9l]. II 

In case D = Z, wc have t.hc followillg r(,~HlIt, (s('c [1,0]): 

Theorem 1.3.9 (èebotarev Density Theorcm) I,d Jr bl' a l'ar/II 10/1 of 1/. '/'//1'11 

as 1 -+ 00 1 the p7'Oporllvn of occurrenccs of 7r (l,'i Ihe fado/' 1 !Jj)f of f Illod Il, , 

i = 1, ... ,1, (Pl,.,.,pl dl.';liTlcl primcs) tends /0 the p/'Op01'l/OII of l't.,.IIII/IIIIItIII, .. of 

that shape in 9a.lQ(f). 

1.4 Imprimitive Groups. A refercncc for the III cl (,('1 i.1I III t.his S('( t.iOll IS I\V, 

pp.1l-15]. 

Definition 1.4.1 Lel G be a lmn.'Hlive permulatlOlI grollp Olt H, Inl :::- 11. 'J'/It' 

group G is imprimitive if il stabilizes a pal'lûwn of n wlo 1 IH 1." of ."'.-;r III (1.('. 

n = lm) with 1 < m < n. In thzs m.r.,c lhe . .,/alnltZlt! .'id . ., (II',' ,ol/,d blocks (of 

imprimitivity) . 

Proposition 1.4.2 Ld f E k[:c] be an zl'rerlw:tb/(·, ,<,cpltl'fJbh J!()[!ll/oI1l1ll1 of d((/1I1 Il. 

Then 9ah(J) is zmpri11lzlwc zff tlttre cxi.-il PolyuOffHal.., g, h E. /;f,r], mt//' i)r/, ah " iJ r 
and 9 ZT'l'cd1lciblc, Sllch [hai J 1 90h. In lIti . ., caM:, Ç},t1dJ) ha . ., (/ dl (OIlIJlO.~" 101/ IIIh 

89 blocks. 

"'"c shaH cali such a polynomial J imprimitive. 

10 
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P/(}I)f LI'1,!( 1)(' 1.1)(' split.t.illg fic'Id of J and let the fOots of J be ah"" an. Let 

(J' -= glll d J) , 

SI/l'po:,,' fi/st t1litt n is irnprimitive with 1 blacks of size m. Let B be the black 

(old,;tiulI1g (q, L('t, (,'''1 Iw tlte stabilizer of a, in Gand G B tlw setwisc stahilizer 

of /J, By t1w flilldtllllc'/ILùl lhmlcm of Galois thcO/'y, 

Now, KU/I is S('p;lI'ctbk over ~~ so il, has a primitive clement f3 snch that [(GB = 
~'((i) SUIn' /i E !.-far], we s('c thdt f3 == h( nd for Rome h E k[x]. Let 9 E k[x] he 

t.h(· Illillilll,t! !>Olyllo1111il1 of FJ over k. TIJ(~n Dg == [k(j1) : k] == IG : GBI == n/m = 1 

;Incl SI 11('(' f/o!t(OI) = (l, wc' have J 1 goll as rcqllircd, 

(!0l1Yc'1 sl'ly, Sil ppo:,(' J 1 goh wlH'rc Dg = /, Let (31, •• " /31 be the 1'Oots of g. 

Ld, 

Sill(,(' t.I)(. lJ, é11(, .111 roots or the saille irrcduciblc polynomial, any u E G acls on the 

li, Ily I)(·I/llut.atioll. Supposc O'JI' 0)2 E JJ'I and u(j1q) = (3'2 for sorne u E G. Then 

,11\,1 rr(n)I)' a(oJl) E /J'l' Thus G Rtabilir.es the partition of the a J into 1 sets E, 

and is IIllprilllil ive'. o 

(~.1sl)('rSOIl <llId l\lcl\é\)' [C1\12] have rcccntly describcd a praclical algorithm for 

lindlll~ d('WIIlI)()sit iOlls J 1 goh whcn J E Q[.r]. Let J have degrec aJ = n with 

/llll! SOI, ... , n". 1,<'1 
n-I 

Il = L cJ.cl
• 

)=0 
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n-l 

~ C (OJ - n J ) = O. 
~) '1 '1 

)=0 

So, usillg approximat.iolls to tht' JOots 0, of J, Wl' ('.111 \lM' .1 '1. 11111'.1' dl'PI'IIlII'I\(I' 

algorithm slIch as the' LLL [LLL] cllgol'ithlll lo det.(·, lllill(, i.l1l' (odlil il'lIts (')' J 1 0 of 

h. (It should be lIo!.('d how<'\'('l' t.hat si 11('(' W(' hol\'(' 110 bOllllds roI' t hl' «H·lliril·lIf:.. o( 

h, wc do not kllow how an tIJ'étt(· the root app,oxillw!.iom; 1II\1:"t. ()(', Fol' t hi:; l't'dSO(l, 

the algolithm Illcly miss dCCOIll!>ositiollS,) 

Once Il is knowl1, tll<'re <He sl'w'l'(tl ways of det(·, III J Il i Il!!, !J' vYt' (.111 IIS(' .1 '/, 11111'.11 

dcpcndcllcc algorithlll ln filld .fi <1S t!I(' Illillilll<11 polyllollli.t1 fOI /'(11) \\'11<'«' 1\ is " 

root of J, Âllothcr Ilwthot! is to f01'1ll 

l'(lJ) = l'C81dta'llIJ-(y - h(,r),/(J:)), 

(The subscript x indicates that x is climillétf,(·d.) TIl('1I !I -= 1'/(//('<1(/',/")), 

It appears however t.hat the bcst mcthod for (OIlSt.llIdill~ g(!I) is hy I-'.('II(·I .. IIII~'. 

equations of the fonll 

Jl = (h(x))k TJIod J, k = D"",M 

until Z-lillear dependcnce OCCll'S. At most kl suclt eqllatio/ls éU'(' 11('( (·~:.. .. r y will'Il' 

M is the greatest propcr di visor of n. 

So the algorithm J>l'Occeds as follows. Ca.lculat.e approxilllatlolis 1.0 III<' J()ot:; {JI 

f. Fix one root nI, For cadi di!>t.lnd pair 0'1,0', uJIlstllld li ,11111 (/ ,llId ksI. if 

J 1 goh; if so, J is imprimit.ive' ttIld 0'1 alld 0', élIe ill tilt! S""W IJlo( k. F(JI LIli:, fi"", 

thcn, we bave found the POIYIlollliab ft and g. 

1.5 Resolvent Polynomials. A rden'nce for UJ(' mater icil i Il t!w, S(O( tl(JII 1:-' 1 MDl 

We bcgin \Vith the FUIldarnental Tbeorern of SyrruTld, i( P(}IYIIOlllltlb. 1" 1.1)(' flJll/JW 
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1111'" Il 1'> cl (OIIlIlIUt.i11.ivc ring aIld II, .. " ln algcbraically indcpcndcnt clements over 

J)pfillition 1.5.1 /;r;l FE l1[l), ... , ln][x] be dcfincd as 

n n 

F= II(x-I,) = 1)-l)1sJxn-J. 

1=1 ;=0 

,~'u(" "J 1'> (l pol,ljllo/flud oJ lolul (ügl'CC J zn lI, ... , ln. Thcse arc the elenlentary 

syllllllct.r·ic polynolllials of lI,'" ~ ln. 

N()I,(~ t1ld1., III' t,o ~Igll, the e1clllcntary symrnctric polynomials are just thc cocffi­

cie'lIls of ft' 

D('finit.ion 1.5.2 'l'hc polynomial f E A[t}, ... , ln] is symmetric if 

Jo /' t'Il ('h (J' E Sn. 

TlwOl'CIll 1.5.3 (Fundamental Theorem of Symmetric Polynom1als) Let 

f E.: /1 [1), ... , 1 lil be .'i!llllllH Inc. 'l'hen Ihcrc CXlsts a polynomial 9 E A[t!) ... , in] such 

/hl// f ::: .rJ(.~I""''<;1/) mil( /'c the SI (Irc the clcmcntal'y symlllct/'lc polynomials. 

'l'lu' f'('~()lv(,lIt. polYllomial iH a very uHeful 1.001 ill the dctcrlllillation of Galois 

gIOIl(>!'>. \\ft' defil\(, Il alld giv(' HOll\e of its plOpcrtics. III the following, let f E k[x] 

Ill' cl polyllulllldl of d('glt'(, 11 wit.h roots O'I, ... ,On over the field k. 

Not.at.ion: Fol' FE q'/'I, ... ,.l'nJ and a E Sn, wc denoic F(:Z'u(t),,,,,Xu(n)) by F<1 

oIlld {,.'" ln ( Sil} by /.'''''. 

Not.ëlt.ion: Let 1/ = .'itab(F) be the stabilizcr in Sn of F. (That is, II is the 

largt'sl HubglOup l)f S" fixing P. Note that any subgroup of II will aiso fix F.) For 
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0" E Sn, 1l0" = {hall! E li} is a light cosct. of /1 il! Sn ,\1\<1 (T is .1 It'Plt'St'IILlti\'t' 

for lIa. (vVe use the perlllutation BlIlltipheat.ioll rOIl\'('lIti\)ll t'OI1~I~1<'lIt \\'lllt tlll' 

cquation (b,c)(a,b) = (a,b,c).) 

Definition 1.5.4 For Ji' E "'[J'!, ... , .l',,], Id al, ... , (T", /JI' Il MI of l'/(Ihi ('0'''11 l'II" 

rescnlativc8 of stab(F) zn Sil' The resolvcnt polYllominl Nt l", 1) 1/''''''01'/1111 d lpt/II 

F and f is dcfil1cd by 

ln 

R(F,f) = IT(x - 1"(1'(0'1, ... ,0 11 )), 

.=1 

Sinee the a. r('prcscnt dirrcrcnt cmwts, w(' kllow tltat. if 1 l ) t.lwll l"", 1 1"" J 

However, it. may tUl'll out that FO"(o" ... ,nn) = 1"(1)(0"., ,0,,). \V(, will ~.ty tlldl. 

R(F,f) has dist.illct zcrocs in Célse z f- ) illlplit's "''''(01,' .. ,11,,) 1 1-""((11, "n,,) 

(whcnce R(F, f) has 110 Icpcated root:,). 

If k is tlte quoticnt. fipjd of t.he UFD J), t.!J('/l, by (j(',ui/lg d(·/lOlllill.d,OIS, wc lII.t.\' 

assume f E D[:r] , T:lC ( odficÎ(,llts of t1H' f(·solvt'nt. polyllollli.d !t'( F, f) .III' ~'yIIlIlIt't. 

ric fUllctions in t.he lOols of f. 11(,11(,(', by Llw flllld.IIlIl'Ilt.,d t1W()I('1I1 (JI ~yllllllt·t.II( 

functioI\s, tll<'y are polynomials in tlte ('()('fJi( J('1It.S of f. Thil:' 11'( F, 1) c 1 JI·I 1. 

Definition 1.5.5 FOl' a y/'Ollp (,f acltl/f/ Olt a Jin"" ,,,d .s', 1/1" {(tll Ilu' 1'11""11111 of 

151 ind1Lccd by the lcuy/lu; of the orlul,<, of S 'Il1l.de1' (,' the ol'J,it.-h'lIgf.1t pal'tit.ioll 

of S 'UndcT G. 

Notation: Any clcment ï of A-(x) rnay be written IllliqlJ('ly ilS 9,,/'1,1 wlwl(' 1/", (Id 

arc in k[ .. r], Yn is mortÎe and g,l, Nd have no COllllllorl fado/s, W(· wtll d('llIJfl' Il,, l,y 

N(,). 

Wc shall dcfinc the Tschirnhaus trallsforlllatio/ls as follow:, (:'('(' 1 B, fil' ) 7) ) 7KI 

for a more standard expo~ition): 



• 

• 

• 

Definition 1.5.6 I[ rP,1/' E k(x) are mverses, (z.e. rP 0 1/J = 1/J 0 rP _ 1) then 

TIJ = N ([ 0 rp) 1,." a Tschirnhaus transformation o[ [. 

Proposition 1.5.7 'l'lw Ga/ozs group is invariant under a Tschirnhaus tmnsforma­

/101/, I[ 'I:,J 1." (J f/'M:lllrlll/(/'Il.~ tm7t . .,[ormatwn o[ f, tken Qa1k(T",f) = Qa1k(J). 

III this W,IY, Tschif/lhaus transformations inducc a partition of the set of polyno­

mials 1111,0 (;,t!ois equivalencc classcs. 

Proposition 1.5.8 S'IlP/JOS'; H( P, J) has distinct ze7'Oes. The orbit-length partition 

oJ ",SOI /I,U"" {l,LIU) tH the Mme as the partition o[ 8R(F, J) induced by the degrees 

oJ tllf' 11'/,((11/('/h!(' [ac/or .... o[ R(F, J). 

'l'ilus t11C' fcl< tOI i""d,IOIl of rcsol vcnt polynomials is dctermincd by Qah(J). The 

radori",é\tioll of jo\'('I' I.:(~) whcll ~ is not a square is also an invariant of the 

(;;dois p,1 OIJ p: 

P"oposition 1.5.9 Ld !J bl' an zrreducible factor oJ a resolvenl polynomial R(F,J) 

SI/('I! 'hal l'~(D.) (/l'lIcre.0:. = 0'1, ... ,0'11)) is a zeTO oJ 9 Jor some FJ E FSn. The 

Jollo//llf/f/ (/1'(' fqIlÎua/cul: 

,'J .• lI IS l't'dur/bic in /,:( JL\)[x]. 

Pronf. Th(, ('()llivalcllcC' of 1 and 2 follows immediatcly from the fundamcntal theo­

l'l'Ill or (~alois t,}J('ory a!ld the observation that 
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and 

where !( is the splitting field of f. 

Let h be the minimal polynomial of ll~( (l) over J.'(~). 

9 is irreducible over k( JE) 

Ç}g==h 

Ç} [k(l'~(g)): k) == [k(Ji~(ll'), v'E): k(v'E)] 

Ç} [k(FJ(g), v'E) : k(FAg))) == [J..(v'E) : k] = ~ 

Ç} k( JE) g I.:(l~(g)) 

Hence 2 and 3 are also equivalcnt.. ( ) 

The Galois groups of factors of rcsolvent. polYllolllials dl<' a Iso inVill iilllts or aa! d (). 

Proposition 1.5.10 Let!J be an i,.,.eduClb!e fado,. of a l'f':wlm'/// po/y//o/ll/al N( F,./) 

w?lh roots FI (g), ... , f~n(g) whcl'e F~ E pSn, 1 :::; l :::; 7/1, a/'(' dl."/lIId ant! ~r -­

(aI, .. . ,an). Then Qalk(g) ç Sm lS It l'C]Jl'cstllfa/wn of OaldJ) Ils fi "t'/'II/II/o/wn 

group aclzng on {PI, ... ,JI~n}. 1'0 cach (j E gct1k(g) /!If,.(' {;()1'/'(,Sf!O/lII." (Jo (~;'''dj) 

such that the aclzon of a on the JI~ is lltal l1uluU'd by (J* 0/1, /11/' (Y" 

Proof. This 18 an imrncdia1.e consequCll((' of t.he r1lIldd,II\('IItiti t/WOI('/I1 o! Cil lois 

theory. No1.e that gah(g) i8 a quotient of OahU). r J 
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2 The Problem in Degree 8 

2.1 lIistory. At. prCS(!llt there are two basic approaches to computer aided com­

pllt.af.Ïol/ (jf C'llois groups. Wc briefly revicw these and discuss thcir relative merits. 

2.1.1 Stauduhar's Method. Stauduhar's method [Stl, St2] relies on the idea 

of iL polYllolllial \H'IOIlp;illg 1,0 a group (sec page 13 for a definition of stab(F)): 

Definit.ion 2.].1 IV" MIl} Ihal FE k[xI, . .. ,xn ] belongs to G = stab(F). 

W(, will cali d ~('qlH'llce 

of sllhgrollps of Sn a, chain if G'+1 is a maximal transitive subgroup of G. for 

(',1( Il 1 = 0, ... , TIl - 1. A monie, irreducible polynomial f with integral coefficients 

d(,t,('l'IIliIWH él chaill c1H followH . 

S"PPOH(' W(' kllow t,h<lt gal(J) ç G, (initially G, = Sn) with respect ta sorne 

orc!crillg, rr = (n l, ... ,0,,) of I.he J'Oots of f. Let II be a, maximal transitive subgroup 

0/ C', alld (TI,"" (TA. a ~,;('t of right coset represcntatives for 1/ in G, (sec page 14). 

Ld 
k 

Hu (F, 1) = II (x - Fa'(a)) 

1)(' a factor of R( P, f) wherp F bclongs ta lI. 

Pl'oposition 2.1.2 1?/I(I,',f) has a linear factor in Z[x] iff Qal(J) is conlained in 

(/ l"O/I.lI/!/alt' of 1/ . 

Sn for ('a( Il 1Il,\\lIllal transit.ive subgJ'Oup 11 of G1 , we test RJ/(F,1) for a linear 

fa ri or. If II. Il,,:, 011(', t.!lI'll (,',+1 = Il and the factor deter'11ines a new ordering of 

t.he \'oot.s s\lch t.h,\t ~/al(J) ç JI. lf none of the Rl/(F,1) have a lin<.>ar factor the 

chaill L(·rrllill,\t.l·~ aL Ci,. In t.his way, wc ex tend the chain until one of the two things 

h,\ ppl'IlS . 
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1. Wc find t.hat CI is a minimal transitive grollp. In titis (',1"1' 1 I\l' clt.lin tcrlllin.tll's 

with Cm = CI' 

2. For ail maxirnal transitive sllogroups 1/ of G., HII ( F, J) h.u; 110 IIIW<l1 r.1! tOI. 

In this case the chain t.erminates wit.h Gill = (; •. 

Note that if Go ~, ... , ~ Gm is th<' dldin ct:-.SOI i,ltcd wit h I III t hi:-. W.I\', t IlI'n 

gal(J) = Cm. So in Stauduhar's Illt'thod, giwlI a polYllolllial .1 WI' t!I'11'IIIlÎIIl' it.s 

chain and rcturn the tail c1emcnt of th<' ('It.tin .ts t!lI' C,dols ~lOlIp. FOI l'cI( h dq.',II'(' 

n, wc need t.o store a set of clJains rassi ng t.hrough (',l! Il 1 rel Il:-'1 1 1 VI' :-.\1 h1-',1 011 il of SrI , 

and, for each subgrollP in a chaill, a polyllo\lliall)('lon1-',ill~ t.o 1.11<' :-'\lh)!,IOIII' cI!ld (ml"! 

rcprcsentatives of t.he sllbgroup in it.s pr('dc('(':-.sor in t.he (haill 11111:-.1 Il(" t.tll\ll.d\'d. 

The polynomials Rl/(F,f) arc cO:Jst.ruct('d IISIII)1, hi1-',h-pl('( I~I()II c1I'Plll\lIllc1t.IOIIS 

to the roots of f. Wc know thaL RII ( F, J) !IdS ill!.(')!,('1 1 ()dri( Will S :-'IIH (' t.Iw 1 Clot:-. clIC' 

ordercd such that. ÇjaIU) ç 1/ (see [SI.2]). So t,o ('ow,t 1 IH t. /{II( J.', n \\,(' clpPIIJ\IIII.d,(· 

the roots 1,0 sufficient. prcclsion LitaI. t.lte 1(,:-'1I1t.ill)1, ('1101 III t.Iw . .1':-'0111\'(' v.dlll' of 

the coefficIents of RI/(F,J) is less thall O.,l. ThIS I(·qlll['(·d Pl('( ISIOII (.III 1)(' V(,ly 

large. For exarnpk, St.allduhar [St2] n'ports calwl,tI,lolIs IISllIg 1 !)~ l,il. (~ fjO dll-',II,) 

approximations to the roots of cl. d('glcc (j polYllollli,d. lu [CMl] il. is :-.1..1I,(·d tll.lI, 

calculatiol1s for cert.aill dcgrce Il and 12 polyllollll.ds (l'quil(' t.IlOll:-'dlld:-. of digll.s of 

preC1SIOI1. 

Sincc Stauduhar's rncthod l'dies 011 cd.lculiltiollS \IsIng ,lpplOxilllil.l.iolls 1.0 !.II(' 

roots of I, it is Ilot easily gCllcralized to fields otlll'f 1.11,1.11 1.11(' (.d,ioll.tls III "ill­

ticular, it cannot he cxtended to functioT! fields Q(t., ... , Ir) On 1.11(' Ot.!WI Il.I/Id, 

the technique is very fast over Q ill comp<triSOll wiUI t.Ilf!f, of Soif 1)('1 itlld M( I\ity 

2.1.2 The Method of Soicher and McKay. TII(! ftlgol il/llIl lir SUH 1Jf'1 alld 

McKay [SI, SM] Ilses sbapcs (sec Sectio:1 1.:!) 1,0 illdu <ü(! wh .. :, t.!J(' (:alols J-',1lJllp 
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l/lay l)/', followed Ily the ll~e of re~olvent polynomials to fix iL Rather than test for a 

IlllC'ilr [,t( t(lr, as Wd~ t/w (a~e in Stauduhar's mcthod, the rc~o!vcnts are completcly 

I.t('to/'(·d so l.!Ja1. 1,1)(' /,(·hlJlt.ant orbit-Icngth partition (sec Proposition 1.5.8) may be 

IHolIgll1, 1.0 [1111 1l~1·. II. this way, ollly a few resolvents arc rcquircd to distinguish aIl 

Uw glOllpS of ft giVI'lI degf(·('. 

M OJ'('OVI'I, t/w 1 ('!-.o! v('lltS are relati vely simple. For a dcgree TI polynomial we 

lllak(' l1C1I' of tJH' oIIIÎt-h'lIgth rhHtition on r-sets (r = 1,2, ... , ln/2J ) and 2-sequcnces. 

III 0)(' .... 1· 1 dhl'S, IIIC !lO!yIlOlllldls relating t}JC coefficients of the resolvent to those of 

t!w illitl,tI polYllollll,d df(' cclsily dcrived. (Sec [EFM] for example.) I1cnce, there is 

110 lwcd to work wlth clpPloximations to the roots of the polynornials. For this rea­

SOli, tllI' llldhod I!-. C'<lsy to generaliw to fields other than the rationals. The storage 

J('qllil!'llll'lIl!-. o[ t.IrIS tcchlliqtlC' arc minimal. For each group we record its shapes and 

tll!' oll>1t-II'lIgth partitiolls of l'-sets and 2-sequenccs under its action . 

2.2 Dist.illguishing Groups of Degree 8. The Illcthod is csscntially the same 

mi th,d, OlltlllH'd by SOIc!H'r éllld McKay [SM] for the groups of dcgree up to 7. 

!,ct, f 1)(' <Ill irrcdllclhl(' polYllomictl in k[:r] of d('grcc 8 where k = Q(t}, ... ,tr ). 

'/(1 <Id('! 111111<' 1 II!' C;,dois glOUp it suffltcs to dit;tinguish it alTlOTlg the 50 transitive 

~IJ bp,I'OII p~ of SH (hl'I' [B Î\ 1]). So wc bcgi Il wi th é1 list of 50 candidates for the Galois 

p,rolJ(>. ,\1 ('"dl hLlg(' W(' !llclke a (dlculatioll bascd on f which yiclds sorne further 

prOp('1 Iy 01 IIH' (;.tlols p,IOUp. Tho~(' groups which do not have the reqllisite property 

HII' l'<'IIlo\'('d frolll t1i!' list. This contillucs untÏ! there is only one candidate left which 

lIIU~f, tlr(,l'I·fOI (' 1)(' the (:c\lois group. 

2.2.1 Discriminant and Shapes. We first dctcrmine whether Çiah(f) is even 

Ily (',t!cu!,!I,illg t.lre disCl illlillclllL Sillf;(' k is the q'uoticnt of the UFD Z[t}l"" tr] 1 

wc rail look for cycle shapes by factoring f modulo maximal ideals. For each shape 
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found in this manncr, we may eliminatc all candid,tI,(· gro\Ip~ wh\( h do Illl! l'xll1hll 

this shape. Thc groups S8 and As contain l't'SIH'ct1\ l'ly threl' dlld t.\\O S!tdlH'S tOllnt! 

in no other groups. In both cÔt.es, e!('lI\ents of tl\l'~i(' Sh,IPI'S Illdke 1111 1/;)lh ut thl' 

group. As is illustl'ôtcd in the following t'xitlllplcs, If ~;/ll!.. CI) i~ 81'\ (lI As. WI' l,III 

usually alrcady provc it aL titis st.age hy finding s\t,q)('s ulliqlle 10 11lt'~t' gloups (tlwy 

are distinguished from one anot.her by pari ty; AH I~ t'VI'II ,\(1<1 Ss i~ Ilot). 

Example 1: Aceordillg to Matzat [M], the POlYIlOllli,tl 

ovcr Q(t) has Galois group An whcn n = 0 Illod 2. 1" part.iclllar, if 1/ =- X, wc' Il.lv,' 

Since f is irredueible, QaIQ(t)(J) is a transitive suhgroup of St!. '1'1)(' dl:'1 1 i Il Il Il cl lit 

of f is 

~ = (212725l(7l2 + ] ))2. 

As ~ is a square in Q( l), wc know tltat QaIQ(t)(f) ç Ali' 

Wc next find shapes by fddoring modulo maximal ideitlH. It 1:' (OIIVl'IIH'llt 1.0 US(' 

ideals of the form p = (p,t - a) wltc/(' a,p E Z and p i:, /,1111)('. '1'1)('11 Z[/Jlp - 'lI' 

is a field and so p is ma.ximal. '1'0 f<Lct,or f lIIodulo p, w(' !JI:-,t ':,p(·/I;di1.(" J l,y 

sctting t = (l and then f,H Lor flt=fL lIIod p. (Nol.e "hal. galq( III Il) l', cl Ijllol.lI'lI1. 01 

a subgroup of QaIcW)(J).) '1'0 clI~ure t.hat f IIIOt! P hclH 110 J('(H'tlLl'd I/JlIL-, W(' C !JfJO:-'C' 

a alld p sueh that ~ :j 0 B1od]J ullder the Hfwci.dIZdt.ioll l -- Il. (III (ldl LIC !JI.JI 

P =f 2, 7.) The ehoicc a = l, p = :j, gives the hpecializat.ioTl 

flt=a - x8 
- 8x7 + 23 77 

(x3 + 2X2 + X + 1)(x5 + 2x4 + x3 + x2 + X +~) mot! :l, 

20 



• 

• 

• 

,Ille! !->() Yfl!Q(t)(f) ha. ... an dC'rncnt of shape 3,5, but the only transitive subgroup of 

AH with th is shape is Ail itself (sec Table 11). So QalQ(t)(J) = A8, as rcquired. 

Example 2: Mat~at [Ml also provides cxamplcs of polynomials with Galois group 

S" : 

xn - tx + t. 

1 Il t.!lC' case u = 8, wc have f = X
S 

- lx + t. As the discriminant 224 t7 - 77 t 8 of 1 is 
Ilot il !->quélre ill Q(t), wc sec that QalQ(t)(J) ~ A8' 

11t=1 = x 8 
- X + 1 

== (x 2 + X + 1) (x
6 + x 5 + x3 + x 2 + 1) mod 2 

1lt::cO

j = xs - 3x + 3 

== (x 2 + X + 1 )(x6 + x 5 + x3 + x 2 + 1) mod 2 

111=5 = .r8 
- 5x + 5 

== (x 2 + X + 1)(x6 + x5 + x3 + x 2 + 1) mod 2 

!/t=7 = :1"8 - 7x + 7 

== (:1'2 + x + 1)(x6 + x 5 + x3 + x 2 + 1) mod 2 

(Sp('cializ,tt,iolls wil Il l == 0 mod 2 are omitted as the disC!'iminant is trivial mod 2 in 

1.110:-'(' (d8(·:-'.) So 1 Il<' Caloi!-> group has an clement of shape 2,6. Consulting Table 11, 

wc :-'('(' 111,11 ~;llfQ(t)(J) IIIl1st \)(' olle of the following: G48 , G192a , G192b , G384 , G ll52 

or SI'. Undt'r (hl' :-'!H'Ci,tlIZ,üioll t = 8, 1 has fadors of degrees 3 and 5 mod 3. The 

ollly group ill the li~t Just given with the shape 3,5 is Ss. So QalQ(t)(J) = S8 as 

J<'q li il cd. 

2.2.2 Imprimitivity. If k is Q, the algorithm of Casperson and Mckay [CM2] 

{~('(' St,ctioll 1.1) cali he lIsed to test f for imprimitivity. If a decomposition 1 1 gah 
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is found, groups whieh arc Ilot imprimitivc with Dg hlocks Illa)' I)l' elilllÎllatcd. TIH'n' 

are severa! more groups whieh may he idplItified al. t.his st.ag(' \lsillg t.ltis kCltlliql\(, 

in concert with thosc I!lclltioned previously. 

Example 3: Thc polynomial f = x 8 + 1.r6 + 7.1'4 + ().l'l +- ;l h.\!> di~nillllll.1l11 

À = 21632 11 4 5 and ÇaIQ(J) ~ As. Sinec ~ _ 0 fIIod l' for l' = :.!,:!Jl.11 WI' h('gill 

looking for shapcs by factoring mod 7. Silice f is irreducihl(' llIod ï, \.11<' !-"IOIIJ>H 

from the list of candidates. 

Modulo 13, f has two factors of degrec 2 and olle uf (1<-11,1('(' .1. '1'1)(' )!,1(lIIJ>H ZX, 

G16a , G16b , G 16c , G32a , C32b , G.IS and PCL(2,7) lIlily 1)('('!Jlllill.tI,l'd dS t.Il1'.y 1.lIk 

an clement of shape 2 2 4. J3y factoring rnod 17, 19,Uld 2:J \V(' lilld ~h.'1w:-, H, ,I~ dlltl 

1223 • Thc first two give no new infc 'lllatioTl as ail (('Illdillilll!, c.IIHlld.tI(, I-',IOIII'S hdVl' 

thcsc shapcs. IIowevcr G,12c, G64c and G57(; hav(' no ('1<·II]('IIt. of c,h.l(H' Il~ 1 .IIHl (élll 

he climinated. The shape 42 oeCllfS again lIlod 2!), bill. lIlod :SI wc' lind 1.1)(' sh.'1H' 

G I152 and Ss as candidates for gaIQ(f). 

Evidcntly, sctting 9 = ]; .. + 4:r'! + 7x 'l. + ()x +!) éllid h = .r l
, W(' ~('(' t. Ir ,If, j :.--=. Iloh 

sa that f 1 goh. An additional dcwrnpositio/l is: f 1 ((:1;2 + :11 -+!i) 0 (J;'I 1- :2.1'2)). 

Since G128 is the only group amoIlgst the rClIIailllllp; (,tJI(bd,Lt,(,:-, whi( h Iitl~ sYS1.(·IlI!-> 

of imprimitivity with bot.h 2 a.nd 1 blocks (sep Ta.ble !), W(' ('Oll( Intl(· th,d, t.IJ(' CilloÎs 

group is G128 • 

Example 4: The polynomial f = XS + x2 + 1 has di~criJlliJJallt ~x:l~!p wlJ('JJ( (' 

ÇJalQ(J) ç As. Factoring modulo p for p = :1,5, 7, ... ,:2:1, W(' lilld t.lw sh,'1 u!s 

1232 , 26,42 and }224. This leavcs Gt92a, Gi92b' U;7fj, (i' .l,(:J,2))t ,11111 A~ il'> 

candidates for ÇJalq (/). Clearly f 1 (( x 4 + X + 1) 0 x2
). Si Il LI! GtJ2(l i~ th(! (Jrdy (Jue 
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or UJ(' n'llIiLÎnillg P;1{Jllp~ wit.h a decomposition into four blocks of imprimitivity, we 

(Ollcludc' that Qalq(f) = Gina' 

2.2.:1 Orhit-Leflgth Partitions. Alt.hough testing shapcs and imprimitivity are 

dlicil'llt Wdy~ or Weill< illg th(~ li~t of canJidatc Galois groups, the)' do not, in gen­

('1 • .1, pICJVld,' a ploof; fOI tllis wc must turn 1.0 rcsolvcnt polynomials. As was the 

(;t!'>(' for !'>III,dlcr d('p;rcp polynornials [SI, SM], we make uscof r-sct (r = 2,3,4) 

dncl ~-M'qlll'IJ( (' /'C'!'>olv(·/Its. The orbit-Icngth partition of thesc four resolvents distin­

p;llisllC's ~~ of t11C' !}O grollps. 

Not.atioJ\: Wc will 1 ('fer t.o the Icsolvent whose roots are sums (respectively prod­

Ilets) ur /' -sds of t\J(' /'Oots of f as the r + -set (respectively rx -set) resolvent. Thus, 

tJJ(' ~+ -st'!. wsolwllt is /((:1:1 + X2, J) and the 2x -set resolvent is R(XIX2, f). We use 

U(.I' 1 + '2.I''}., f) as a 2-seqlH'IICC resolvent . 

~xé1lnplc 5: Let J = :r B 
- 2. The discriminant. of f is _231 so QalQ(f) Cl As. 

F'l<'l.orÎng f IIIOdlllo p for the primes 3 ~ 11 < 41, we find the shapes 1223 , 42 

alld ~. Art.er 1('lIIovillg ~lll>grollps of A8 and thosc missing any of these shapes, 

thC' 1('lllélillillg cdllClidc!tcs for QaIQ(J) are G16a , G 16c , G32a , G48 , G64a , G64b , G12S , 

U 1!I'2/J, 1)(,'1,('2,7), (,'.Ir. 1 , (,'1152, and S8' lIowever, by the Cebotarev density theorem, 

wc ('X(H'ct, thctl. the Calois glOup is G16c ; alI the other groups have shapes not yet 

o\'S('lv(,d ill t.he filS!. 12 (>IIIlICS, but whit.h should occur more frequeutly than 1/12. 

(Ill rel( 1. Wt' ~It(dl M'l' tlta!. Çal(f) is Gw". AlI shapcs of G16c occur in each of the 

01,111'1' lt'Illelilllll,l'. (éllldid(ü('s. So wc can not further reduce the list of candidates by 

kst i Ilg S!tel!)('S.) 

(~I(,.Ir1y.r 1 ((.r2 
- 2) 0 X4) and f 1 ((X4 - 2) 0 X2). The groups G48 , G192b, 
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PGL(2, 7), 0 384 , GI152 and S8 are rellloved from th(' list of l alldlll.itcs .IS Illt,y do 

not have decompositions into both 2 and ·t blocks. 

The group G Wc may be distillguishC'd fmm t.he otllt'r groups i Il tilt' Il:,1 of l'II Il 

didates by orbit-lcngth partition of 2-scts and :~-s('t.s. Silln' Wl' h,,\'c 1101 .\l'I pluvet! 

that the group is G 16e1 wc start with the 2-sct n'solvent. as il, b.ls :'111.111(,1 dq~I(,(' .1I1l1 

is thcrcfore casicr to construct and factor. The relJ1,tinillg (cltl<lid.lIl':-' lOI ~ialQ(f) 

havc differing orbit-Icngth partition on this r<,sol\'<'III., so W(' wIlllH' "bl(· 10 (·Iitllillak 

candidates using il. 

The 2x -SI t rcsolvcnt 

has rcpeated roots. In ordcr to apply Proposition 1.5,8 we fi 1 st. <'OIlS\.l'lIel. r frotll l 
by the Tschirnhaus transformatioll x t-+ x + 1 

The 2x -set rcsolvcnt of f* factors as 

(x 4 
- 1X 3 + 6x2 

- 4.1: - 1) X 

(x8 
- 8x7 + 28x6 

- 56x5 + 66x4 
- 104x:1 + ;Wx'.! + 8.r -1- 1) X 

(X16 - 16x15 + 120xl1 - 5GOx lJ + 1828.1:12 - 4:1;WJ;11 -t 7(jOH,/1O 

- 10320x9 + 11846x8 - 1 1952x7 + Il !)7(j..c fi 
- 87~(lJ;r. + 18~H.1'4 

+ 1584x3 + 264x2 + Wx + ') 

so the orbit-lcngth partition is 4,8,16 and wc may dimillat.e OH,,! flOrll t.!J(' Il:-'1. (jf 

candidates. 

Finally, the orbit-length partition for the ;3-set resoivelll. is H'I, (?, 'IIJ(' IJ/lly 

rcmaining candidate with this partition of 3-sets is (JjIJc (SI!(! T;t/)I(' 12). SI) t.Jw 

Galois group of x 8 
- 2 is Glfjc' 
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Exalll l'le 6: Let J = xl! + 2x4 + 2. The discriminant, 227 , is not a square so that 

Q(J/q (J) Z As. Fet( I,(,ri II~ rnod p for 3 ::; p ::; 37 yiclds sha pes 8, }44, 42, 224 and 

~I :-'0 1 lied, (,' 121 1 (,'(.1 Il , (,'l'lX, (,'1'I'lb, G\,~,t, GI152 and S8 l'CI. ain as candidates for 

9(J1c~(j). Hy (;!'!'01,dl('V, the 1JI0:-'1, hkely candidate Îs G3 '2c' 

SIII( (' J 1 (( 1'1 f ~J'.l-f-2)o.r2) illld J 1 ((x 2+2x+2)ox4 ) wc may c1imillate G192b , 

(."111.'1, ("11'.2 itlld Sil 'l'JI(' J('solvPllt of Icast degrcC' which allows us to further reduce 

1.11<' 1I11/1d)(,1 of (all(lld,l1.(·s is the 2-scquen c resolvent. As it has an orbit-Iength 

peutitioll or K 1:12, wc collrlude that gah~(f) = GJ2c . 

2.2.4 1<'.\(., orization Over 1.:( VLS). Arnongst the groups not distinguished by 

OII,i1.-I(·llg1.h p,ll1.itiollS, ctll bllt th/,('e of those with discriminant ~ not a square 

ill ~. (ri Il 1)(' id('lIti(j('d hy {.(·f,tillg irreducihiIity of factors of resolveIlts over k( JK) 

(S(·(· ')'.t1)J(. 1) . 

EXélmple 7: Let J =- .r8 - 11.1;6 + 4x4 - 2. The discriminant _(2)29 is not a square 

so Q(/h~ (J) IH Ilot, ('\'<'11. F,tct.oring modulo ]J for p from 3 to 71, wc find the shapes 

12:2 1
, l'l'l, :2'2'1 "lId ,1'2. So the lis\. of cctlldidates for t.he Galois group is Gü1a , G61d , 

(,'12/'., (,'1'121., (,',1/'.1, (,'11;'2 ,1IId S8' Usillg thc Ccbotarev clcIlsity theolcm, the most 

Ijl,(·I.\' (,llIdida1.(· is (,'" Id. 

CI('drly f 1 ((,/,1_1./,,1+1.1:2-2)0.1'2). On the other hand, f 1 (x 2 -2)0(x4 -2x2 ) 

,IS w('11. (~(lII~(·ql)(,lIt.1y, only GtHa , G64d and Gl28 remain as candidates for the 

C,lIllls I-',IOllp, Sill«' t.)I<'HC groups aIl have thc same orbit-Icngth partition for the 

fOllr J('~(l1\'('1I1~, 1/11')(' is Ilot lung tü hc gtlillcd by attclllpting to fador them. 

11I~1('dd, "'t' I\~(' r,\( IOliza1.ioll 0\,('1' Q(v' ~). From Table 1 wc sec that, the Galois 

glOllp Illdy 1)(' ,delll d'l·t! Il} (·X.tlllillillg t.he dcgl'cc 1() factors of the 2-ScL and 3-set 

)'esol \'(,11 b. The :2-~t'1 r('~olv(,llt is of lessel' dcgrcc (and is therefore casier to construct 

,\lit! r,let or) sn Il is bt'~t 1.0 start wi th it. 
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Gwup F,tctol'(s) to \)(' T('!'>kd 

(Hesolvc'llt/lkgn'{' of Fcleto l') 
----

1-sdII 

G32b l'cd lIci hl(' 

G64b il'I'('dllcibh' 
-

2-sd/'1 

G32d l'('dllcibl(, 

GG4c i l'n'd Il (' i b 1<. 
-- --

2-set/1 1-:'<'1./1 () :1-:,('( 

GG4a irrcducibl<' l(·dlH Iblc' IC'd li • ,/1 () 

Oô'le redllcible ill'l'c!IH iblc wc! Il ( i hl., 

Gb.Jd irrcdllcible il l'cd IIC i 1,1(· J('d \1 

G12/l irf('c!II('iblc~ illc·dll( ihlc' il 1 ('C lt 
'---- - - -- ~-

') ,.( / l ') ~-SL, ~ 

(,',,7G 

ilTcdllcibk 

Table 1: Distingllisbing groups by tcstillg il'n·duciIJilit.y of fa(t.or:-. (Jr 1"hOIWIII·) UV('! 

k(~) . 

• 



• 

• 

• 

Sill('(' t.!J(' ~/ -sd n!i>olvcnt of f bas rcpcatcd roots wc first construct r from f 

VliJ the '/\chif/lballS transformation x f-+ x + 1. The rcquired factor of the 2x -set 

1(·soIV(·1l1. polYllomial of f* is 

.f} ::..~ T(() - ](i.e 1;; -1- !)();c I4 - 256x 13 + 196x17 + 528x l1 - 1056x lO 

+ 902:cH + 5!)2J;7 + J.110x6 + 256xs + 196x4 + 48x3 + 32x2 + 1. 

lb Il i~ ill('du( ihle over Q()=2) we may climinatc G'64a' 

'/'llI' :~,>( -sC't wsolvellt of f also has repcatcd 1'Oots, but, again, that of r does 

IIOf.. '1'1)(' de!!,1 œ 1 G fador is 

ft :r ll
; - 16;:11 + a6x12 + 336x lO + 322x8 + 240x6 + 92x4 + 16x2 + 1 

__ (.rH 
- 8;J:fÎ - SHX 5 - 14x1 - 8x 2 - 1) X 

(.r H 
- 8:l'h + SHX 5 - l1x4 

- 8x2 
- 1) . 

Sill(e ft fa( I.OIS owr Q( J=2), wc concludc that 9a1Q(f) = G'61d. 

2.2.5 Galois Groups of Resolvent Factors. The remaining sixtccn groups can 

1,,· dl'1('llIlill('d by (,illclllat.lllg t.he Galois groups of factors of the rcsolvcnts as îndi­

(,II,(·d III 'l',lille:.!. For ('Xdlllpk, to di1>tinguish (Z2 x A4)+ frolB (Z2 x S,t)+ wc make 

WH' o[ 1.1)(' ~-sd J'(':-,olv('ld, The rcsolvcnt bas an incduciùlc factor .fi of dcgrce 4. 

(Sill(,(' (Z2 X A,t)+ ,lIld (Z2 x S.d+ have the saUle orbit-lcIlgth partitions for thc 

(('solv('llts, hoth glOlIpS will have suclt a dcgrcc 4 factor.) Using the mcthods in [SM] 

WI' (ail filld G(/!,.,(I/). If QaiJ,(g) = A4 thcn 9alk(f) = (Z2 x A t )+. If Qalk(g) = S4 

tll<'l1 Çiah.(f) = (Z2 x S.d+. 

The 'I-<ldl" l't'SO]\,('IIt. polYllomial rcfcrrcd to in Table 2 is 
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g(l[k(f) IksolVl'llt iJg ~'1I1 J.( .I} ) 

(Z2 X A .. )+ 2-set 4 A" 
(Z2 x SI)+ S. 

-

C!2b 2-sd 8 r:.12d 

ct .. 0",1, 

(23 .Z7)t Z" :J7 

(23.(Z7.ZJ))+ 1-diff 7 (Z7.Z.I) 

(23 .L(3,2))+ J),,",' 1,( :J, ~)I 
- - -

Ct6a 2-sct t1 A.j 

• CtCJ2a S, 
- -

Ct6b 4-diff 6 A., 

ct 
Jln2b St/V, 

~------------
G' 288 2-sd 12 l:t/'l + 

C+ '57!> l '2'/''2 t-
--- --

12'1'1+ 2-sd (j Z:I.S3 

121'2+ :fl.2'l 
-

G192a 
(t1-

1 !Jflb 

G192b 4-diff 8 ('t 
1 !J()c 

G3g,J 
('t-

1 l!l'llJ 

Table 2: Distinguishing groups using Galois grolJps (Jf n'sulw'nt f;ldIJI!, 
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l'~X}\IIJ pIe 8: Ld 

'l'Il(' dl:'Cl illlillttllf. t:. = ~!l) 1572 is a square whencc 9nlq(J) ç As. The shapes found 

a HIOII).!,:'t, UJ(' pl ill)('s \)('lW('ell 2 tUld 31 (excludillg 29) are 1,7 and 2,1 so that the can­

didate':, d/(O (~I.Z7)+-, (il (Z7 Z:l»+, L('2, 7)+, (23.L(3,2))+ and At with (23.Z7)+ 

Il Im,t, likc'Iy dC C 01 di/l~') t,o (:d>ot;upv. As the remaining groups arc all primitive, there 

I~ no IIc·(·d 1,0 I,c·:,t. for illlplïmit.ivit.y. 

'l'II<' grollp:, /,(2,7) 1- éllld At may be removcd from the lI"IJ using ol'bit-Iength 

p""t.ltiorlS C!II 1-scb. By Tél hIe 2, the rcmaining groups may be distinguished from 

Olt<· tlllotll<'l' \I:,illg t.he d('grc(' 7 fador 9 of the 4-diff rcsolvcnt. Following [SM], we 

filld (fl//q(q) 0': Z7 'j'II(' <:aloi:, group is therdorc (23 .Z7)+ . 

FOI Dg ::; ~ wc' cali lIS(' (·ith('r the techniques of Soichcr and McKay or those 

W(~ ,IJ'(' ()(·s(·lIt.illg h(·P! to find ga1k(g). IIowcver, to distinguish bctween Gt88 and 

(,'f~ï(1 Wc' 1ll,1i\(' U:-'(' of il j"ct,or !J of J('grcc 12. III this CelSC, wc denotc Çia1k(g) by 

1~1'11- (r(':-.p(·(tivcly (~'J'~+) wh('[l Çial;,,(J) is Ct88 (respect.ivcly Gtï6)' 'l'hcn as 

illdi(',II,cd ill T.tld(' ~, I.hc' Calois grollp of the dcgrce 6 facior of tlle 2-sct rcsolvent 

of .tI c!c'()('rl<ls 011 wlH'tl)('r Çial;,,(q) is l:tn+ or 121'2+ (121'1+ and 121'2+ have the 

!'illI](' olhit.-kllgth !>,lItit.ioll for the 2-set resolvcnt). 

'[',dlll'S ;~ éllld ,1 !'ullllllarize how to distinguish the 50 dcgrce 8 groups. For each 

group (,', \\'C' IIldl( ,Ile 01 hIt.-1Œgt.h partitions for a set ~ of rcsolvcnt polynomials. 

If 1/ i:-. .\llot I\('r gIOlIp, of the !'.IIII(' parity as G, such that G anù II have the 

!'dll\(' olhit.-Il'Ilgth pclItitio(\ for t'Mh r('!'olvcnt in ~, thcIl G alld /1 have the same 

p.lrt itioll f(lI .dl !'<'sllh·('lIl.!'. l\lor('()\,('I', no propcr suosct of ~ has this pl'opcrty; ~ is 

IlIillillléll. Tht' Llbl!'!' al!'o :-;how whct.hcr it is ncccssary to find the Galois groups of 

(CSO"'(·lI1. factor!' or [ddor thclll OV('l' 1.,( v~) . 
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Group Orbit-Length Partitioll (;;dois CtUlt ps of 

(G ç As) 2 3 4 2 Besol ,,(·ttl. Fé \( t ()rs 

set set set SCct ( S('(' ,\" 1" 1 ( • ~) 
------

(Z2 X Z4)+ 4382 87 

(23)+ 47 

n+ 4 458 

Qt 4 83 , 87 

GiGa 4382 83 162 

• GiGb 43 16 83162 

GiGc LI 83 83 162 
1 

SL(2,3)+ 4,24 8 242 , 

(Z2 X A4)+ 2 628 212 , , N('('d("1 

S+ 4 2 628 12224 , , 
G+ 32a S'i:J2 

Gt2b 8, 1 (i, :12 N('(·d(·" 

Gt2c 4,8,16 8332 

Gt2d 4 83 , 83:32 
------ -

Table 3: Distinguishing dcgl'ec 8 Galois groups - (,' C AH 
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(;!'Ollp Orbit-Length Partition Galois Groups of 

((,' ç Ax) 2 3 4 2 Resolvent Factors 

set set set seq (sec Table 2) 
f--

(Z2 X S4)+ 2 628 242 , , Nccded 

(il .Z7 )+ 14,56 Needed 

(,t 
'ti4 

8,16,32 Needcd 

(,t 
'UHu 8,48 Nceded 

('t-
'\)Io/' 2,12,24,32 Ncedcd 

• 
('t- 2 12332 '!J(i{ , 
('):1 (Z Z. ))t 11,56 Nccdcd ~ • '..17· .1 

1.('2,7)+ 14242 

('t 
'lH2f1 8,48 Needed 

('1 
'1 !l2b 2,12,2-1,32 Nccdcd 

('1-
'.!~I! 2,32,36 Nccded 

c+ , r,ïB 2,32,36 Necdcd 

('2:1./.( :~, '2))+ 11,56 Nccdcd 

At 70 1 

Tallit- :~: (CoIILllllled) Distinguishing dcgrec 8 Galois groups - G ç As 
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Group 

(G ~ As) 

Z8 

C16a 

C16b 

C16c 

C32a 

C32b 

G32c 

G32d 

G48 

• C6,la 

G64b 

CG,je 

C6,ld 

C64e 

C l28 

0192a 

GUJ2b 

PGL(2,7) 

G3S" 

G576 

0 1152 

S8 

• 

Orbit-Length Partit.ion F,u (,0\ 

2 :J ,1 :2 O\'l'r 1. 

set set set seq (sel' T, 

87 

4 S3 , 83 162 

83 l(i2 

4,8,16 83 162 8 I(? , 
8,163 

4,8,16 83 32 NI'( 

S:J;J2 

if 83 , 83 32 Ne( 

4,21 8,2'1 2 

8,16,32 8, 1 (i, :~2 NI'( 

1,8,16 8:132 N(·( 

8,I(),:J2 8, \(i,:i2 Nec 

8, Hi, :12 S,1(),32 N(·( 

4 83 , S332 Ne!' 

8,16,32 8,16,32 NI'(' 

24,32 

24,32 

28,42 

24,32 

12,16 NI'(' det! 

12,16 N('(t 

70 
-

Table 1: Distinguishing degree 8 Galois /.;lOllp:' - (1' 1 A~ 
:32 



• 

• 

• 

3 An Irnplernentation of the Degree 8 Algorithrn 

The alwmthlll of the prcvio\Js f,('CtioTl has becn irnplcIl1ented in the MAPLE V [CGG] 

lallgu,I1-',t!. 'l'III' (1111('111, p,og';UII exteJJds MAPLE code written by Ron Sommcling 

te) fi"d (;,doÎ" gr 0111':-' of l ,d,iofl,d polynomials (,f dcgrce up ta 7 ming the idcas out­

lill(·<I i" [S:Vl]. 'l'II(' polYllollli,t!s (of etll dcgrces up to 8) may IlOW bc deuned over a 

flllldioll ficld (Jf t.he lOI III QUI,"" lr) wh cre il, ... , i r are transceIldental over Q. 

WC d('s( 1 ilH' :-'OIlH' .1"1)('( ts of the illlplernentatioll. 

a. J Disrr-il1linallt and Shapes. Expressing the algorithm in a symbolic algebra 

l<lll,!!,lId!!,(' :"II( h a:.. MA PLE is :-,llaightJorward. For cxample, di.'1crl7n(f,x) finds tbe 

<11:"( 1 11l1illdllt or il jlOIYII()lIIi,t! 1(.1'). The cornlllillld Faclol'(f) mod p, which factors f 

lJV('1 FI' (((JI 1/ pl illH'), Cdll be IIsed to gCllcratc shapes. AccordlIlg ta COl'ollaly 1.3.8, 

W(' <'.III fllld :-,11,'1)(':-' 111 Oa/(J) by factoring f l:lodulo maximal idcals. Wc use ideals 

i Il Z [1 1 , • • • , l, 1 () f 1.\ )(' rOI III p = (jJ, Il - al, . . . , l r - a r) wh C l cp, Cl l , . . . , arE Z ail d 

l' is pli!lw. '1'1)('11 Z[/I, ... ,lr]/p = Zp is a field and so p is maximal. To factor 

c:: q(ll,"',t r) 11IOdll\O p wc first 'spccialize' f to J* E Z[x] by substituting al 

for Il dlld 1\1<'11 Lldol' j* lIlodp. In particular, if the base field is Q, wc sirnply 

CHloI lllod J/. 

Ilo\\'('\'( '1, III 01 dCI t () .Ipply tlte plOposi tian, wc must cnsure that f has no re­

Il(',d ('" 1 oof ~ III Z[ Il, .. ,1 r l/p. COlIscquently, we do Ilot aUcmpt 1,0 factor f mod 

p If fil<' d,s( 1 iJllillalit. or Ic"dillg (O('ffici<'llt of f is zero modulo p. 

AIt.hulIgh P,('Il('1 .If ill!!, s!J'Ij){'s is rütlH'r cas)', they will Ilot dctermine galU) ullicss 

II IS .....tH UI S.." TIlt' qllc!>f ion t 1)('11 Mises as to how m,U1Y shapcs should be gcneraied 

hdol'c IIIU\' 1 Il,!!, 011 fn ot Ill'r (c( IllIiqul's. In our progl'ûll1, wc continue generaiing shapes 

\llItil III<' follm\'llIg Ihl'l'(' conditions ail obtain . 
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• The set C of candidate Galois groups l'l'mains s(aLI!t- ,tI'kr CllIIl{lllt ill1-!. :-1r,'IH':­

for 16 consecutive primcs. 

• C contain8 an clement Î 8tH h t hat ~"Y ç ~c for ail (' III (' 111!t'H' ';, j., 11\1' ..,l't 

of shapes of c. 

• AlI shapes of Î have bccn observed. 

The first condition is motiva.l<·d by the (~(·bot.\l'{'v dl'Ilsity tl!t'OIl'1l1 L(·t ':(: lit' 

the set of shapes occllrrillg in gJOllp G. If C. alld (,''2 rll(' <11'1.',1('(' K gl\Jlljl:-' of :-'111111.11 

parity s1lch tha!' ~(il is a pl'Oper SlIbsd of ~(:l' tlwlI tilt' (·I(·II)('llIs \\'Itlr :-.11.qH". III 

:S12 = EC2 \ ~r,l J\l,dœ IIp at !cclS!, l/I(ith of (,'~. So, Ily ('(·IIOt.llt'\ \ tlr(·.III'IlI, 11 

Qal(J) == O2 , wc expect a ~hapc ill ~''2 1.0 OC( III <llllon,l',:-'t. t II<' I(i (\>II~('( lit Il'(' pl 11111", 

and hellcc allow us 1.0 dilllin,tI,e 0, <lS <1 (,tIIdid,tt,(,. 

The advanl.dge of the second condition i~ <11'c1I, ri tll('I(' I~ IIU 1111111111,,1 ,l',IIIII!, • 

then, c0utinuillg, wC' will evcntually 1)(· able 1.0 ('''lIllll,d,(' :-OIlH' (,lIldld.III'''' \\'111'11 Il'' 

find a shape they lack. The thi)'(! (olldit.ioll givI's 1I~ fil 1 t.hl'I (Olrllt!('III,' 11r.1I -, 1:, III 

fact the Galois glOlip <llld I.hl'll'foll· t.!WI(' is lIo\.lrillf!, \.U 1)(' gdllll'd Ily 1',1'111'1.11 1111',111111(' 

shapes. (If ~Çlll(f) ç ~r" t,]J('1l \V(' (iill IICVI'!' ('Iilllilldl,(' (' .. " d (dllllld,II(' 1,\, If ',1 Iii)!. 

shapcs.) Note howc\'('r that W(' IIcc,dll't <'xpli( Il.Iy d( IlIOII"!.!,"(' ,dl :-.11.11)/'" III ~f (Il\' 

factoring ITlodtllo IlIdximal id(~(tb)l if \VI' lilld ,\ "hap(' 1(11 1 l '''!>lllI'' 1 "", III 1111' ('1"1111'111 

x, UJ('(] we kllOw t.Il,Lt, tlte shape.; of ail pO\\'1 '1 s of J' wtll ,d .... \) (J( ( III 

As further cvidcllC<' fo!' t/H' validity of ollr st()PI)JfI~ 1 Il t ('II,l, W(' IIU!,(' tll,lI, 1,','1111 

one siIlgle exceptioJl, 2:" = L.Çal(f) , for the JlolYllullll,ds of 'l,d)II's (j ,,"d 7. '1111' 

exceptiollétl case i~ J = :I:
s - :I: h 

- :t.c2 + 4 (Qal(f) =-= (,'.:;",). Iii UI dl'/' t.u ,,(·11'( 1. LlJ(' 

correct l' in tbis case, wc would I1ceu 1.0 extclIu 1.11(' fil!'>\' (I)/Idlt.ioll \'0 J('(I'IIJ(' ',I;d)lIll" 

U ncler 2G COIl~('CII t ive /)) i mes, 
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:1. 2 COllstructioll of Resolvents. The r-sct (r = 2,3,4) resolvents may be 

(()1J~11I1d('d (j~ hüvllIg wols whi<-h ..l.re eilher the sum or the product of r-sets of 

foot!'> of t!l<' ()/lAi/),t! polynomial. Caspcr~on and McKay [CM!] have dcmollstrated 

df,( i('IIt. lIw1 h()d~ for bot.h of tlle~e cases. It appears to be faster to construct the 

/('..,olv('IIt. lI<.,illg JlIOeJIH 1,<;. For eX<Lmple, on a SPARC station 2, the 3-set resolvent of 

(Çi(JI(j) = (~l./.(:l, ~))+) W<lS (ollstructed in two ways. Using surns of 1'Oots took 20 

S('( o/lds of (:PlJ \VIlil(' plOducts required less than 3 seconds. On the other hand, 

plOdllet!'> 1.('lId to giv(' <i pol Y Il(HTllal with larger coefficients sincc the roots of the 

/C·~()I\'(,II1. <11(' o[ Il()lll()g('IJ('Oll~ wcight r in the roots of the original polynomial as 

()ppo~('d tu \\'('I).',ht. 011(' ill tll<' (,tse of ~UIllS. Such il polYllomial is thercforc more 

drlll( Idt. tu CU!.OI III the (,l!->C of the rc~olventsjust mcntioIlcd, it took twicc as long 

1.0 fel( tOI tif(' plOdllC t:-- polylloIllidl as comparcd to thc sum~ polYllomial; 15 versus 8 

~('«()Ij(b of (~I'!), FOI tlJ(' ~-sd ,li/ci 3-set resolvcnts wc use tbc product construction. 

To (Oll~t 1 Il( 1, t Il(' I-~d polYllomial of a dcgrcc 8 polynomial J, wc make use of 

t III' fol 10"'1 Il).', 0\):-'('1 \'cd 1011 of S()Jc!Jer aIld McKay [SI\'I]: Wh en R(F, J) is a resolvent 

~,IJ( lt tll.ll. F(1 =-= -F fOI wllle a E Sn (11 = al), th en R(F2,J)(x2) = R(F,J)(x). In 

l'Mt I( 111,11, kt 

(:-'0 t h.\t U( /<,2, f) is the 4-diIf rcsolvcllt of Table 2). Uy Illaking an appropriate 

'1\c1l1ll1h.lll!-> tl.lIl~rOllllcltioll wc Cdll cnsme that thc SUIn of thc roots of 1 is O. 

BlIt t!tell \\'(' ~('(' th"t 11(/<',1) 18 the·1 ,_-set resolvent. (Adually the roots have becn 

dlll/I,ft.d. hl/t thi~ i~ clgdlll ill~t. ct '1\,('himh,uls trallflformatioll.) So Ly constructing the 

,I~ -!-l'! (('~oh('/It III thl" WcI)". wc find that wc have in fact construdcd R(P2,J)(X2). 

To f,\( tOI' tl)(' r('~ohellt, wc Iil~t fador R(P2,J)(X). This polynomial has half 

t Il<' d(',!!,Il'l' l)f thl' ,1+ -set Icsolvcnt and thercforc is much Ccl::>lcr to factor. This gives 
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a partial factorizat.ioll of H( [<'2, J)(.r 2
) or, equi\'alent Iy, t!Je 1 + -:;('1. Il'sol\'('IIt. Hy 

examining the possible orbit-kngth partitiolls which lIIay aJ'i~t' tllldt'r " dq-',I l't' ~ 

transitive group (sec Table 12), we sec that the only f<let,ols or t Il(' 1 t -~d 1('~()I\'t·lIt. 

which may be furthcr reduced after thc iuit ial part i.li f.trloriz.\t iOIl, Me t hOSt' of 

degrce 16, 32 and 48. '1'0 complete the fact.orization, wc f.H loI' élll)' I.H t.OIS of IIl('s(' 

degrces. 

The method used to construct the 2-scqu('l\(c l'l·solvt'lI1. is Silllil.lI 10 Ib.d, ouI 

Iined by Caspcrson and McKay [CMl] for the r-seL rcso! \'('11 b. \Vt' 1l'J)II'~('lIt 1 h(' 

2-sequence rcsolvcnt as R2~ = Il(Xl + 2x'}"f). '1'0 (ollst,J'tld, Hl', il. :.;ulli('('s (,() 

demonstrate how the power-SUHl symlTlctric fUllctiolls of H2, dl'lH'lId 011 t.llos(' of 

Ji the coefficients of a polynomial arc simply 1"(,la(,('d 1.0 t.h('s(· ~'yI\1I1\('t III 1111\('1 \(1\1' .. 

(see [CM!]). For J a polynomial of clcgrcc n wit.h 1'001.:-. (\" ... ,° 11 h't. 

n 

Pk(f) = L a~ . 
a;::: 1 

Proposition 3.2.1 

k 

Pk(R2s ) = L 2' A' ? 1. 
1;:::0 

Proof. Let al, ... , 08 be the roots of f. The roots of il'2., an! t.I)(,1I 

{al + 2aJ li =1 j, 1 5: i,j 5: 8}. So, 

8 8 

Pk(R2s ) = E L (0'1 + 20'J)k 

8 k 

=E2:E 
1=1 l-:/;' 1=0 C) 

) t EO~(1~-1 
1=1 J'I-I 

~ 1 (k - ~2 
1=0 1 
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:~.3 F'actorization over k( v;i). To distinguish bctween certain groups not con­

tai f1ed i Il AH l we use fadori2ation over k( VK), where ~ is the discriminant of the 

illpllt. polyllolll ial f. We can avoid working over an extension field using a technique 

of Soi( IWI [S l, p.:! J J. '/'0 sec' whether the polynomial 9 is irreducible over k( Jt;.) , 

Wl' (OIlSt.1 \1( 1, t.he polYflomial flâ wit.h roots 13, ± ...;;5. where thc 13, run through the 

woLs o[ 9 (so ()Yâ = '2()g). 'l'hen gâ E k[x] and 9 is irreduciblc , ver k( JE) iff gâ 

is il rcdllcihl<' ov!'r /.;. The polynomial gâ may be construcl.ed as a resultant: 

gâ(Y) = rcsultantx(g(x), (x _ y)2 - ~) 

It. is COIIV('fli('flt. 1,0 Il:,e {j, the square-free part of ~, in place of ~ in the construction; 

t.he POIYflOllli,t1 96 i:, incduciblc iff gâ is irreducible and the former will have sm aller 

codli< i('II!.s alld !tl'Il< l' Il(' casier t.o fador. 

3.4 Distinguishillg ("lU:.!", G192b and G384 • In thc currcllt implcrncntation, to 

ifl1plO\'1' IH'r[ollll;IlI«', w(' lise Illcthods slightly diffcrcnt from those outlined above 

!.o dist.illglli:,h <t1l101lg (,'1'12<1, G1<J:.!b and G384 • As indicatcd in Table 2, these groups 

fila)' 1)(, id('llt ili('cI hy filldillg tlle G,t1cis group of the dcgrcc 8 factor 9 of the 4-diff 

1 (':'O!\'I'llt For n,(lI11pk, if \\'(' 11<1\,(' lJarrowed the lisl of candidates for Çjal(f) down 

ln (,'1'I.!.1 <llIti (,',I~I t.hCII wc kllow th,l!. gal(g) is eithcr Grit,b or GTg2b' Again, by 

rdl'l'I'illg 1.0 T<lhlt· :? \\'(' St'(' that gal(g) is dctcrrnincd by the Galois group of h, the 
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dcgrce 6 factor of the 4-diff rcsolvcnt of 9; the proCt'SS of finding 1 Il<' (;,doi!'\ )..',I\lllp 

of a resolvent factor i3 rcpcatcd. 

We can avoid repeatcJ construction of Galois groups of )'('sol\'('1I1 factors ilS fo\­

lows. First G192a IlMy oc idcntifi('J by filldillg t.he Ca\ois ).',IOUp of !/. ! II(' dq"It't' 

4 factor of the 2-sct l'l'solvcllt. If valU) = GI!l.!u t.1I('1I {/II/Ctl) = A! 01 ht'I \\'I~t" 

Qal(g) = S4. 1'0 distinguish bctwccn GUJ2b alld n,IH! \Vt' IISt' 1111' dt')!,!'('t' (i Lulu! III 

the 4-set rcsolvent. This polynomial, g, ('ail ù1so!){' tOl\~t.r1l(It'd il:- 1111' '! ~t'\. I('~()I 

vent of the dcgrec 4 factor of th<, 2-set reso\v('lIl of f ('lIld Ihi~ 1:, t.1~lt'l 1I11It'~'" IIIl' 

4-sct rcsolvent is alreéldy availablc from pr<'violls (',dcul,t!,I<JIIS sillCt· t.1J(' <1<')..',1('(':' III 

the rcsolvents uscel arc sTrlaller), The 3-set !('so\v('nl. of 9 has ail irn·dllcih\(· LI( 101 

h of degrcc 12. If valU) = G192b (rcspectiVl'\Y (,f,~X'I), \,11('11 li 1',1( \'01:-' (It'Spl'l 1 i\'dy 1:-. 

irreduciblc) over k( VI5.), whcrc ~ is the discriminilllt of J, 
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4 A venues for Further Exploration 

III T,.!,I(! !) wc gl v(~ home htatistics on the CPU use of the implcmcntation discussed 

III t.IH' )ll<'ViOllh hcdioll. In partiLular, wc have includcd data on the time spent 

fa( t,!Jlillg )lOlyllOllliéds (llid tcsting polYllomials for imprirnitivity. 

'l'Il<' illlplilllitivily ,t1goritllltl (h('e Section 1.1) tests pairs of roots 1I1 an effort 

to (OIlf>tllld, il dc'( ulIlJ)()c;d JOli f !Joli. The algOl ithlll will ol1ly \w ablc to und 

SIl<" rI d(·( ()1I1P()~III(J1l Jf t1l<' l><tir is in the salllc hlock of illlPlllllitivity. IIcncc, the 

pCI /()llIl:IIH'(' of Ut(' ,dgol d,hlll dcpends on which root pClirs arc cxamincd. In the 

t,",I(·~ wc' h"v(' Illdi('dL('c! st.atiht,ics for the best case, in which the first pair of roots 

t,('sl.(·<1 yi('lds ,I, d('( Olli/lositioll, alld the worst casc, in wilich as lIlaIly bael choiccs of 

W(Jt pdilh rI~ pos~il)l(' if> 1I1,HI(' lH'folc hittillg 011 olle which yields a dccomposition. 

(If 1"('1<' ih ,1 hy~1!-IJl of illl(>1 illiitivity with blocks of size 1n, thCIl we can he sure 

t1lill, ri pelll i" 1 Il<' salll<' blo( k occurs éllllong,st thc first n - rn + 1 pairs. IIowever, 

hill< (' 1.11<' itlgoritltlll sOllldllllCS misses dccompositiolls, thc \Vorst case may be to 

IIllhlJ('«'s~fldly f.t·~t cdl 7 pails even wh en the polynomial is imprimitive.) The data 

fOI 1.11(' POIYIIOIIII,t! LI( f,oliz,ll.ioll is tak('1l with H'spect. to the bcst case. 

1" th(' \\'01 sI ('.1:-'(" POIY"Olllicd fcldùl'ization and t.he imprilllitivity algol'ithm ac­

(tHIIII. fOI 7,I'XI 01 th(' CPlJ llh('d in ca1culating the fifty Galois groups. Even in the 

h('~f. ('.tSC, t h(' p('J'( Cil ta!!/, is 1S%. Improving cithcr of the t\\'o plocesscs \Vouid be a 

,l!,oot! W.ty tu illl/>IOVt' 0111' cdg,orif.lllll. 

4.1 Improving Polynomial Factorization. Thcre are severai ways in which 

\\'t' Ilia,\' sp('t'd IIp polYl1olllial fadol'izatioll. I3y finding shapcs in the Galois group, 

\\'c hd"t' .. ,l',()ud Id(,d of \Vhat it is beforc we examine resolvcnts. As Caspcrson and 

~k\'c1.\' [(,i\II] !t,I\C dis, IIss('d, wc cau use this knowlcdge to COllstl'Uct factors of the 

1 ('suh ('Ill 
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Group CPU Used Polynomial IIllPlllllit i, tt~ 

(seconds) Fadoriza lion (%) AIr,Ulitltlll lI;;,) 

Bcst Worst 1 ~('~t \\'01 ~t. 
------ - - - -. --

Z8 10.3 40.7 28.1 ;~~. 7 S I.:~ 

(Z2 x Z4)+ 46.5 105.7 66.5 L:~ ~ (it. ~ 

(23 )+ 8.9 37.7 58.5 15.:l So.o 

D+ 
4 13.3 13.3 10.7 7(Ui iO.(i 

Qt 58.4 86.1 S:1.8 ~.:l :l:l 7 

GiGa 5.2 61.2 ] S.l :I!I !) !l t :) 

G16b 13.7 42.6 44.2 1 ().' 1 71.:\ 

G1Gc ]8.3 67.1 51.9 HU; /,;) fi 

• Gt6a 43.8 52.6 (i.2 SS ~ !)(l. ~ 

GtGb 50.9 113.8 80.() Cl r-:~ ., 
,)/ ~ 

Gt6C 73.2 82.9 87.5 L.,l I;U'; 

SL(2,3)+ 96.5 625.9 87.5 .) r: 
"-'.' } S:1.!1 

(Z2 X AiJ )+ 27.6 99.9 8.5 7!Uj !),1.'1 

S+ 
4 292.2 369.1 7.9 S.7 ~:) '1 

G32a 78.5 14;3,0 8(i.0 :L!) 17 Il 

G32b 22.8 117.6 51.5 !). :l Kf; () 

G32c 16.6 45.0 27.8 IH 7 711 () 
-- - -------

Table 5: St.atistics on CPU usage alld percentage of til/w sp<'IlL LI( LOlill~') (JlJlyllullll,d', 

and testing thcm for irnptilllit.ivity - Data from a MAPLE V IlIlplcll/f'ld,d 11)11111111)11 

a SPARC station 2 using polynornials uf Table~ (i alld 7 as illpllt 
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C /'01J P CPU Uscd Polynomial Irnprimitivity 

(seconos) Fadorization (%) Algolithrn (%) 

Best Worst Bcst Worst 
----

('1-
'.12a :W!'i.7 218.5 89.4 6.3 22.5 

('1-
J :1'2/, :1~.0 70.0 43.6 11.8 71.8 

('1-
':I:.!r 117.9 267.6 56.l. 37.9 65.7 

(,' 1201 :32.1 32.1 29.0 6004 6004 

('t 
'.12d IG!J.8 288.5 55.5 38.9 64.0 

(,'''Il 116.5 295.5 91.7 1.7 61.2 

(Z'2 x S,,)+ 21.6 92.0 11.9 76.3 94.4 

• (2 1.Z7 )1- 227.8 227.8 3.9 0.0 0.0 

(,'blll 10.0 10.0 41.5 15.9 15.9 

(,'r.,I/) :32.0 91.6 51.1 24.6 73.6 

(,'Ii IL 11.1 86.5 13.1 63.8 94.1 

('t 
'H,I :15.1 90.8 34.1 50.1 80.7 

("(i'id 4:H.6 499.1 85.0 12.6 23.9 

(,'h Ir 15.8 15.8 39.2 34.5 34.5 

ct 
'!J(iu 69.3 169.4 83.1 3.4 60.5 

('t 
'!lbl> 2:18.3 238.3 7.5 31.2 31.2 

('-1 
'nli ... :ISD.6 389.6 9.0 30.6 30.6 

Table 5: (continued) 
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Group cru Used PolYlloIIIÎc11 11111'1 ((11It.ivlly 

(seconds) Fact.orÎ2atioll (%) Alp,orit.hlll l%) 

Best \Vorst Ih':;! \VOI~t. 

G128 23.1 71.2 8.3 77.S !)~.X 

(23
.(Z7. Z 3))+ 216.6 216.6 8.6 0.0 (l.O 

L(2,7)+ 221.7 221.7 8.3 00 00 

G 192a 10.2 95.8 45.0 :.!fi.O !):.! 0 

Gt!J2a 4.1 86.5 ~1.6 fi~.[j !)X () 

G 192b 15.1 91.1 '15.5 1 fi.1 Hr, !) 

• Ot!J2b 289.1 28!).1 :l.7 71.:~ 71.:1 

Gt88 131.9 131.9 4.7 X(Ui HO. (j 

J~GL(2, 7) 218.3 218.:3 3.7 (1. 0 0.0 

0 384 3.7 97.2 2.3 (i!}.1 !)X.X 

G+ 576 21.6 129,4 1.:3 !n.:> !}~U~ 

GS76 31.9 100.3 19.5 71.1 !J 1 1 

Gm2 21.1 96.1 0.5 !)1.() !JX X 

(23.L(3, 2))+ 10 l.1 101.1 4.1 0.0 0.0 

A+ 8 0.6 0.6 16.7 0.0 00 

S8 0.6 0.6 21.:3 0.0 00 

Table 5: (contiuued) 

• 42 



• 

• 

• 

II, i!> oH('JI Ilot II<'U'!>!>rLfy to find a complete factorizal,ion of the rcsolvent polyno­

IIII,d. For (!X,llllp!e, if \V(! eLf(! goÎng 1,0 distinguish groups by forlllÎng the Galois group 

of .. ('('It .. ill factor of tlJ(' 1 (:!>OIVCllt, il, f>uffices 1,0 find tltat fador. SOIllC symbolic algc-

1/1 fi [JlOJi,r,UII~ hdv(' fd( tOI l:l.ét!,lOrr rout.ill(,s whi('h only look for factors of givcn dcgrce 

('.J!.. l'AIU [llHeO]). ~1APLE V clOCH not. 

'l'II<' 1110<.,1, 1,111)(' (Oll:,llllllllg [Mrt of the slclllddn! Z,tsscnhalls [Z] faclorizatioll al­

Ji,OI it hll\ 1'-. 1('( ollrllill,lI iOIl of 1IIodlllar factors after 1I('llsel lifting; III the absencc of 

of./I('I 11IfolllliltÎOII II, J~ 11('( ('~~ilry to t.ry lIlultiplying ail pŒsil)!c (,olllbinations of the 

IIIOdlll.t1 [d( t,OI~ t,ogdill'I' cllld t('stillg if the f(~~ult is a factor of the original POlYllO­

IlIi,d. Bill, :,ill('(' \V(' kllow whclt orhit.-kllgth partitions Blay occur, wc can spced this 

Il p ily 1<')( '( tl rrg t,lJo~(' (01 Il !Ji /lcl tions of rnod ular factors wIrose degrce is inconsistcnt 

\':11.11 cllly of UJ(' p()~~rlll(' j)cllt.itioIlS. 

l\10)(,O\'('I, 1)(·( cl Il:-'(, 0111' I('solvcnt.s ale dcrivcd from dcgrec 8 poJynomials, their 

1110(1111,11 LI< 1,01:; will IH' 1('latlvdy small. Nole tl)étt lhe ckmellts of largesl order 

\Vlli( Ir (J( (III fllIl(llIg~1. t II<' d('gIC(' 8 U<t!ois glOUps have older 15, corre:::.ponding t.o the 

:-,1.(11)(' :1,;;. SIII( (' t 1)(' [dC 1,01 ~ of reso!vmts have Galois groups wbich arc quotients 

of tlr(' olig,ill,d dq~I(,(' ~ glOUp (~ee Proposition 1.5.10), these gl'OUpS will aIso have 

('1(,1IH'1It,:> of ()ltlci Ilot ('\( ('{'dillg, 15. But th(,ll, sincc the factOlization of the rcsolvcnt 

l'.tl'f.or IlIOdlllu fi PIIIII(' (t'pI(':-'CIlt,S th(' sbapc of an clemellt. in tbe Galois group, wc 

S('l' t.Ir,d, LIli' 11lOt!lddl Lu t.or~ (lIll !lever ('xc('cd degrce 15. 

So t II<' Z,ls!'>('l\hall<" llH't.hod IS ét pOOl' rhoice for the situation of factoring rcsolvcllts 

<1('11\('<1 l'IUIIl dcgl(,(, ~ pulYllolllia!sj UH'IC will be mally moùular factors of rclativcly 

~llldll dq.~Il'(· (5 1;;) to IH' lt'(ombillcc!. It may be worthwhilc to invcstigate other 

"ppro,1< l)('~ tu pol) llOllli,d fdCt.Olization such as that proposcd by Lcnstra, Lenstra 

,lIld Lm',Î:-,;; [LLL] llllirke t be Zasscnhaus algorithlll, which is cxpoIlcntial in the 

\\,,)r~t (,ISI" tire LLL algOl it hm is polynomial. 

'l'hl' LLL ,dgl)l it hlll 1H'g,ills \\'ith a low-dcgrce faclor ft E Z(p)[x] (whcre Z(p) is the 
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p-adic intcgcrs) of j with cOl'flicients accurate modulo q = 1'111 (fol' III 'Slllli( i('llt Iy' 

large), Such a fador may Le found using Berlekamp 's algorit hlll \Vit Il 1 kllsd lift illg, 

From h, wc construd t.he Z-Idtticc 

where n = 8j, k = Dh, If h 1 ho for ho E Z[.r], thc'II ho i~ III th\' l.dtiu', If ho 

dividcs j, then the codTicicnts of ho Me rclatively 8111,111. So lilldillg ho (olIc'~pollds 

to Iooking for a short vedor in the IdttiCC'. This plon'ss is \('pl'.II,('d 1,0 1-',C'II<'I"t(· .dl 

i rreo uci bic factors of r, 

4.2 Improving the Imprimitivity Aigorithm. Tlw\(' is abo SOIl\(' pos~ill\llI,y 

of making bettcr use of the irnprimitivity algorithm o[ Casp('1 SOli ,,"d 1\1c1\"y [C~I~1 

H would be Ilseful to gct a Loulld ou t!H' coc·f[i(i('lIts u[ h, III P"ltl(III.II, wc' "01\'(' 01 

bound if wc kllow j = 90h 80 ('ollchtiollS 1I1lc!('r wlii( li J 1 .fJoh 11I1J.\i(':-, J ,1/<1/1 oIlc' 

worth invcstigat.illg. Ir slIch a houlld W('I(' <1v.lilabl(', t1WII WI' «()lJld 1)(' :-'111 (' t ".d, il IICl 

decomposition J 1 golt is found (with coeffici('I1Ls of h I('~,~ th,1I1 t,lit' IJolllldj, t11C'1I 

none exists, Such a rwgcttlve J('sult cOllld he Il:-.ed \'0 )HOVC' )H IIllit.ivit,y yVc' (Oilld 

also test for t.he different block siles; given a bOllne! fol' t1H' «)('lli('i('lll.s o[ h, t1w 

imprirnitivity algorithlll IS ddinit.ive, 

In our implemcntatiofl, the use of the LLL al1!.orit'\l1I 1,0 lilld t.IlC' Z-lill('oIr d,·­

pendence dctcrmining tlte coefficients of h (s('(' SC( 1.1011 I,~) d( «(Jlllib loI' Ill()~t CIl 

the CPU llscd in tcstillg implilllitJvity, For exctmple, III t1lC' W()I~t, '01:,(' (JI 'LdJI(, !j 

(Qal(J) = SL(2,:l)+), tlte illlprilllitivit.y algorithlll IIS('" ['j:!:! CPI) :,(" ()Ild~; X:I'YrI (JI 

this t.ime is conslllIled by the LLL algOl ithm, So dli( ie'IIC y of t 1lC' ,dr/JI Il,11111 d"lwlld:1 

on a good implernentatioll of LLL. 

Wc comparcd the MAPLE V [CGG] and PAlU J .:W [HBCOj 1l1l)Jlr'/liI'IILd,j(Jll'i 

of LLL on a SUN 3/50 for the case of SL(2,:I)+. In PAlU, LLL Lt!ws 10 ~('((Jllds 
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of CPlJ if feal arit./JJ.ldic is u~cd, and 1500 seconds for rational arithmetic. AI­

tlJ(J1Jp,h Uw two vcr!-lioTls carne up with the sarne result in this case, in general, the 

1(,;)1 ill i1./lIllC'tic v!T!-.ioll IS 'T111lIlcncdlly unstable' (sec [BUCO, p,:30]), The MAPLE 

illlpl('lrH'llttltloll J('qlJJ1('!-. ~(HO sc(()nds of CPU and uses rational arithmetic. 

LLL I~ lI!-.(,d fOI bd..,is Icdudion in a lattice generated by differenccs of powcrs of a 

l'ai 1 of 1 (Job (!-I('(' S(·ct.ioll i.1). The vectors used in the computation become sm aller 

wlJ('1I .t !>(lil of [(·(Ii 100Ls are Ils(~d since these differences ale then rcal (we rnay drop 

t.!J<' illldgllldly (OIlIJ)()JJ('llt of the vector). So the calculatioIl will be faster for pairs 

of 1 (·.d lootS. H lIIay 1)(' ad valltageous 1,0 firsL test aIl real pairs bcfore procceding to 

illly IlIldgilldly loots 

If. I!-. ('vI(kllt flolll th(' data in the tables that the worst case for the imprirnitivity 

(dgollt.hlll (.III 1)(' 11111 ( Il worsc t.han the best case. Over the 50 groups, the percentage 

of t.illf(' Il!-.(·d iIlCl('ilS('S fI o III 2:J% tü 50%. So il, would be uscful t.o dcvclop a rnea'lS of 

qllickly tl'!-Itillg wl(('t/lI'r il glveIl pair of roots might kad to a decornposition; olle can 

W,ISt.(' ,1 lot. of ti Il li' tlyillg to gel a decomposit.ioll from a l'dir of roots which are not 

III t1w !-I.tllf(' IJlu( k of Illlprilllit.lvity and hence can never le~:illlt in a decomposition. 

EVI'II cl. t.l'St. whi< Il !-IOllldillWS labels good pairs as bad may be wOlthwhilej a big 

silvillg of t.il1((, in tIlt' WOlS!. Cd.se scenario Illight be wOlth a srnall incrcase in the best 

1 .lM'. III ally l'vell!., Wl' do /lut rcly on imprimitivity 1,0 identify the groups so il, IS 

1l0!. ( ritic,d If \\'(' Ill~l' :;0111(' cl.ccuracy in cxchange for spceding the algorithm up. 

A dl'('Olllpo"It.lOll f 1 goh also givcs information about certain subfields of the 

splIt.t.illg !il'Id of f. Let. f he éUl imprimitive polynomial of degrce Il \Vith splitting 

lil'Id 1\' SIII Il t h.t!. t.hl' mot.s {(\ t, ..• ,ad are reprcs('ntatives of the 1 blocks of im­

PIIIIIIli\'ity. Theil ('<Il II /1, = 11(0,) is a root of g. Let J[ ç Qah(J) be the subgroup 

01 illltOllll>I plll:;lllS which fix the blocks. TheIl 1/ fixes each (3. and consequently, by 
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the fundarnental theorern of Galois theory, 

So the decornposition f 

[k(f3) : k] = l. 

goh implies the existellce of il lield /'·un 1'\1( Il 1 h.t! 

If the "improper" decompositiolls of the set of 1'OO\.S ill\.o OIlC' bloc" of sizc' Il ,1I1t1 

n blocks of size one are included, thell the syst,('IIlS o[ illl)>1 illliti\'1 t.y of .1 )!,I \llIp d('lill(' 

a lattice L. To eaeh system of imprimit,ivity with 1 !>Iol ks wc' III.1y <lS~\I( l.tI (' cl li(·ld 

k((J) \Vith [k(;3) : k] = 1. The latti('e oper(ttiolls thell cOr!('spollll \'0111<' 1111('1:'('('\ i011 

and compositum of the cOl'\'espollding fields. ln this way l, dt'! ('IIIIIII('S 1'''1 t 01 t.\w 

latticeofsubficldsof f( over k. But Lis ail illvariall\.of 9aldI) <11\(1 su \.Il<' H'~ultillg 

subficld structure may also he used 1,0 hdp idcntify LI\(' C.dois giOUp. 

4.3 Small Degree Resolvents. AnotlH'r /IWilllS of pot.e'IIt.I • .!ly I1I1proV11I1-!, (llir 

technique arises from the idea of a polyllolllJal l)('lolJglll/l: 1.0 a gJ'Ullp (S('(' Iklilll 

tion 2.1.1). IL is Ilot dlfficult to sc'c t.hat every group (,' C-::: SI! Il,,:' d l'oJylJ()llIl.d 

bclonging to il,. For exalIlplc let F*(xJ, ... ,J·fI) = .J':.ld, .. )'1'::, '1'11<'11 2:,,«(;17(1"") 

bclongs to G. Cenelally there arc /Ilany polynomials I)('I()III-',IIJ~~ 1,0.1 I-',IV('II P,I()IIP (,', 

If F bclongs 1,0 G, thcn D R( F, 1) = ISn : (,'1. Thi~ gi v(':, 11~ .t 1111'1,110<1 lUI (UII­

structing new resol vellts of srnall d('gree; find il lélrg(~ Sil Ilgl 011 P .. II d 1..11(, .. p()1 Y 1101 III.d 

bclonging to il,. For eXéllTlple, a resolvcJlt. as~oci(tt.('d wit.11 (:~I IJ(:~, '2)) 1 Il .. s dq!,I('(' 

ISs: (23 .L(3, 2))+1 = :JO. ln Appclldix C we show bow ~ll< Il .t 1('~{JIVI'III. (<III Iw 11~(·d 

1.0 distinguish Gt88 [,om Gt76' 

Therc rernains however the question of how 1.0 UJIISt.lllcI. tltcse J'(!~()I v(·III,S. If 

k = Q, wc could use complex approximations 1.0 the JOol.s. But., ilS /11I'IJI,I<JI)('c! III 

Section 2 ] .1, therc are certain disadvantages 1.0 this appro.u:11. ft i~ pJ('fl'lilIJI(! tu 

take advantage of the coefficients of the resolveIlt Jwillg polyrl()rrllal~ III 1./11' (Ildfi-
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('if'lIts of J (:we Section 1..5). Although we know of no easy way to find these pol y­

IlolJlials, il is worth noting that we nced only to do it once; once we have expressed 

th(! ('odfi( j('l1tH of t/)(' rCHolvent in terms of those of f, constructing the resolvent is 

silJlply li f/I(Lt1.(·r of ('vlt1uatlllg the polynomials. 

As /II('lltiollcd, Ollf! J)()tt1eneck in our met hoq lies in factoring the r-set and 

2-S('qllC'llC (' 1 ('!'>ol V('llts The degrecs of these rcsolvents incrcai>C with 8J so that they 

11.1(' 11101(' (Iiffi( ult t.o factor; conscqucntly, using polynomials bclonging 1,0 groups to 

~('II!'I t1,te :-.rnall (h'grec rCHolvents becolIlcs more attractive as Ô J incrcascs . 
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A Rational Polynolnials With Given Galois Groups 

Tables 6 and 7 give, for each transit.ive subglOup Ci of St/., .1 1.1111)(\.11 pol,' 11\)1\11.\1 l 

such t.hat gllIQ(J) = G. III the tabl('s, (1. dClloLt's ,t Plllllitl\'(' '\lh Wllt (lf Illlit\, 

Many of these polynomials were suggestcd 1.0 Us in ('.lIli('r \\'011- il.\' D.\IIIIOII [1>1 III 

Section A.2 wc indi<.atc how they W{'l'C d(,l'iv('(!. E:-',lIupk:, rUI ."'I.(~,:ql, 1.('.~,'i)1 

and PGL(2,7) are drawn from [IIK] and ll\l]. In [S:.!], Soich(,1 .l!,1\'(·S .1 P(lIYIll)lllléll 

for (23 .L(3,2))+ and mentions that the same 1lH'\'hod 1Il(1)' 1)(' Il'-,(·d r\lr (:! \,Z7) 1 .\lId 

(23.(Z7.Z3))+' \;Ve discuss this mcthod and how il 111(1)' 1)(' (',kll<l"<1 tu d('li\'(' 11I,1.\' 

nomials for G;t'b and G;tk in Section A.:l. The J'('III<lillilll-', plll.\'IIUIIII.ds \\'('1(' IOlllld 

by computer s( arching, vVe were guid('d ill our S(',1f( I\('s hy Soit h(', [S l, PP srI Sïl III 

particular, wc u5cd 11Is ideas for geIlcrating POIYIIOllli,ds \Vil Il :-.1111<11(' <1,:-.( 11111111<1111, 
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CIl)llp J(X) Rcmarks 

( (,' c: AH) 
----

(Zl / Z.d+ .J'H + 2.r') + 1x4 + 8x2 + 16 spl(!) = Q( (5, V2) [D] 
-------
(~ 1) t J'I'! - 12x'; + 23x4 - 12x2 + 1 spl(J) = Q( V2, V3, VS) [0] 
------
n+ 

\ J'!'! + ·1.r(; + 8x4 + 1X2 + 1 spl(J) = spl(x2 
- 4) [0] 

------

q~ J./l - 21J,() + 1·l-1x4 - 288x2 + 141 spl(f) = 

Q( h, V3, J(2 + V2)(3 + V3)) [0] 
----- ---

( • f-
'it Ifl 

x/l - 10.r4 + 1 f = TI(x ± v±J2 ± v'3) [D] 
- ---
( 'i 

, Il,'. J'I'! - ~3J'() + 9.r4 - 12x2 + 16 f = TI:~~(·r2 - (~x - 2) [D] 

• -
(</ J.1l - IH.r4 + 9 spl(J) = normal closure of ')tli. 

Q( V12 + 7v'(i + 12V2 + 713) [D] 

,",'1, (~, :1)+ ,/~ + !J.l'h + ~:~.r4 + 1·1.r 2 + 1 [111\] 

(Z,!"A,)+ .rH + 21J"\ + 61.r 2 + HI spl(J) = Q(rls(x4 + 8:r + 12), i) 
- - -

0.; t .. \ .rH + 1 !iO./' 1 - ,500.1'2 + 3625 spl(!) = 5pl(x 1 + 2x + 3) 
------ --

( , t 
, ~!fl .rH + ~.,:2 + a 

-
('f-

, .12/ • J.H - .1.r ti + 1~J·4 - S.r 2 + 4 [0] 
• t .rt! + ,1.1'6 + J.1 - 6.r 2 + 1 f = (x 2 + 1)' - 5(x2 + 1)2 + 5 [D] 1 .\ 21~ 

( 
-
·t 

J.1l - 28.r4 + 100 f = TI(x 2 
- (±2V3 ± V2)) [0] 1 12.' 

( 

'1',11>1<' (i: H,l! iOllcll POIYIlollliais with dcgrcc 8 Galois groups - G ç As 
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Group J(x) HCllIdI'ks 

(G ç Â 8 ) 

(Z2 x S4)+ X
8 

- 4.r2 + 4 
- -- - ~---

(23 .Z7 )+ X
8 

- X
7 + 2.r6 + 2.r5 + 7.r'l S<,e a(,(olllp(1I1yill~ t. c'xl 

+3x3 + '1.r 2 + 3x + 5 

Gt4 .1;8 + ,1;r6 + 7.r4 + 6.r2 + 4 Qa/(.r 1 + '\.1' S -t 7.1''2 + (i./' + ,1) n'I [DI 

Gt6a xS 
- x6 - 3.r2 + ... 

.-----------

Gt6b x8 - 'l x7 - 8xf> + 21 x 5 + ;l(iJ;4 SC'(' !l'xL 

-24.r3 -18x2 + 18x - 12 
--------- -

• Gt6c x8 
- Gx6 

- 4x 5 + 2'1x4 - 28J·2 + 1S S('e tex\. 
------

(23 .(Z7,Z3))+ x8 + 2X7 + 28.r6 + 81x5 + 221x 4 S('e tc·xl. 

+392x3 
- :336.r + 112 

--

L(2, 7)+ x8 + 2X 7 + 28x6 + 1 nsx + :H5G [M] 

Gt92a x 8 + x2 + 1 
------ ---

G+ )H2b .r8 + IGx4 + IGx:l + 8 
--- -

G+ 288 x8 + 7 x4 + 8.eJ + 9 
-- -- -

Gt76 x8 
- 8xô 

- 8x" + 8 
--------- - -

(23 .L(3, 2))+ x8 + l1 x5 + 7X'1 - HX'3 + 1.r + 11 [S~] 
------ --

A+ 
8 x 8 + 8.e,l + 10 

--- - - -

Table 6: (continucd) Ratiollal fJolYllornials with cl(!g/('e 8 G,t!Ciis 1!,/IJllp:, - r: r: AH 
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CIOlIJ) f(X) Remarks 

(G 7= Ail) 

ZH :rH 
- (i8x6 + 918x4 _. 612x2 + 17 spl(!) == Q((17 + (;/) [D] 

(J' 1111, x H 
- 8x" - 2 f = (x 4 - (21/4 + 23/4)2) X 

(X" + (21/4 - 23/4)2) [D] 
- . 

(,'thl, J;H - ~O./; + 1 aOx4 - 1 GOx 2 + 80 f = nUEZ. (x2 -a-(a + 2Ja/2 + 2.fl3ï2)) 

a=5+V5, f3=5-V5 [D] 

(,'1 he X8 - 2 [D] 

• (::11." x8 - 16x4 - 98 f = (x4 - (21/4 + 2(2?/4)Z) X 

(x 4 + (21/4 - 2(2)3/")2) [D] 

(,':1'2/J x B 
- 5x'\ + 5 Çal(x" - 5x 2 + 5) = Z4 [D] 

--

(,'J'2, J;8 + 2.r" + 2 

( :.12,1 .rll + ~.el> + ~~ l.c4 + (iOx 2 + 15 f = (x 2 + 2)-1 + 7(x2 + 2)2 + 4 [D] 

(,"II! ./~ - 'Hx2 - 44 

(,").1" .rH + :roi + 2 Ça/(x4 + x 2 + 2) = D4 [D] 

(,'1>16 X
8 + 4.1''' + 10x4 + 12x2 + 7 Ça/(x4 + 4x 3 + lOx 2 + 12x + 7) = Z4 [0] 

-

'1'(\\,1(, 7: Hctt.iollal polYllomials with dcgrcc 8 Galois 6l'OUPS - G ~ As 
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Group f(x) Rcmarks 

(G ~ As) 

G64c x8 + 4x6 + 8x4 + 8x2 + 2 Çal(x'l + ,Lr'\ + l'l,l'.! + H,I' -t- 2) = n.1 IDJ 
---

G64d x 8 
- 4x6 + 4x4 

- 2 
-- ----- - --

G64e x8 + 4 i' + 7 x 4 + 6x 2 + 6 Çal(J;4 + .1.,." + 7,/".! + (l,1' t 
- -------- --

G128 x8 + 4x6 + 7 x 4 + 6x 2 + 5 Çal(,1'4 + ·l.r,1 + 7,/''2 + G,I' -

G192a x 8 + 8x 2 + 12 
--• G192b x 8 + 12.1,2 - ~) 

----

PGL(2, n x 8 + X 
7 + 7 x() + X + 1 [M] 

---

G384 xS + x 2 + 2 
-

G576 x S 
- tlx6 + x 4 

- tI .1;3 

+2X2 + 4x + 2 

G1l52 X
S + 4x5 + 8 

-----

Ss x8 + X + 2 

Table 7: (continucd) Rational polynornials wit.h degree 8 (j,tlois gIOI/PS (,' r; Ail 
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A.t PolYllo/llials of the form f(x 2
). Notice that if f = f(x 2

) then Qal(f) 

hah a syhl('rfl of illlprirllitivity with blocks of size 2 (see Section lA). Converscly, 

giWll f :'IJ( Il thel!' 9al(J) is imprimitive with blacks of size 2, wc can construct. l 
with 911/(1) = yulU) alld suell tltat ] = ](x2

). For let f be such a polynomial, 

(J) = '211. ,/,111'11 I)y J>lOpo~lti()n 1.4.2 therc are 9 and h sueh that f goh 

with fI 111 ('du('ibl(' illld ()g = n. Roots a. and a) of f ale in the same block iff 

h(n t ) :..: h(HJ) (hce proof of Proposition 1.4.2). Wc may order the roots such that 

h(n2d -= h(n'lt-d· 

1,('1. 
n 

f = (x - (a2. - a21-d ). - Il 2 2 

1=1 

(If J IS f(·dIlCi],I(·, ;lpply a 'l'schifllhaus transformation to the original f. Alterna­

t.iwly, (Iloma' 1 E: /. [./] alld h·t /. = (a21 - a2._t}I(h(0'2.)). Then ] = n~=I(x2 - ln 

will iih-o WOI k pIOVHI(·d il. is irrcducible.) 

f·;vid(·Il1.ly j --=- j( .1'2) and spl(]) ç spl(f). By the fundamcntal theorem of Galois 

Uwory (S('(' abo PIOPOhitioll 1.5.10), çalci) is a representation of Çal(J) acting on 

II. slIflin's t.o show tltat t.he representatioll is faithful. Suppose a a E Çal(J) acts as 

11lt' idl'nt.tly on l'( .... (]). SiIlC(' ] is cOllstructcd to be irI'educible and chal'(k) = 0, the 

wols ellC disl iud. 1I('lIce a fixes cach of the blocks. On the otller hand a also fixes 

lite t.Wll ('1('II1('llts ",t1ltin t'mit block for othcrwise it inteI'changes the roots 0'2.-0'21-1 

alld (\ 2t-1 - 021 (If f. 'J'hus a is the identity of 9al(J) and the l'epresentation is 

relil hrlll. 

Note t.hat. j IllelY ,llt'o he constructcd as a resultant. Let /31 = h(O't) be a root. 

or q. Lt'I, 1) he the Illillilll,ll polynomial of al over k(j3d. Then 
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Ocp [k(a.) : k(JJ.)] 

[I.-(a.) : k]J[k(jJl) : k] 

°f/Og 

2n/n = 2 

Since (3l = h(al) = h(a2)' the roots al and a:l of f are n>lljll/-',.dc· 0\'('1 "'(!-Id. Of 

course al is one root of ~j the oUlcr must be (l':l. HellCl l,Il(' dis(,I'II11Îllillll. of C/I IS 

b.q, = (al - (2)2. Sincc b.q, E k({31), it may bc writt.('Il ciS ,t fUIlct.10Il of Iii .\I\(I wc' 

can construct the rcsul t.ant 

(Again, if the rcsultaIlt is l'cducible, apply a Tschil IIb,ws 1,1 dll!,,fOllll.d,ioll tu J ) 

Fo!' cach of the 36 degree 8 groups with a SystPlI1 of illlpllllllt.lvtfy C()II"I~,I,IIIJ', ,,1 

blocks of si~e 2 the cxaIllple ill t.hc (.(lbl<.'s is of the fO/'l1J J( 1"2). TI\(' [('IIIIIII\s fOI t.l1I':,C' 

examplcs indicatc othe!' mdhods fol' ObtclÎIlÎlIg !>Olyllollll.t!S of 1.11(" ICJI III J _- j ( 1'2) 

A.2 Additional Remarks on the Derivation of tlte PolYllolllials. Wc' h.lvc' 

givcn sorne i ndicatioll of tbc deri vatioIl of the polYllollli,ds i Il 1 ('III" 1 k1> Î Il 1.11(' t..d II('s, 

IIowever, more dct.ails arc in ordcr in severcd cas('~: 

Let g be the polynomial with fOots (~ ± .Jj., z = 1,. ,,1. TIJI' ('x.IIIlplc' J 

of Table 6 is dcrived from g via the 8TrwlIJlo/l'ul (Olllllldlld of PA H 1 [IIIH :0], 

(This comrnand pcrforrns TschÎl'Ilhétlls tlét[]sfor"I<1t.I()Il~ 011 a l}CllYIl(llllldl III tlll 

attcmpt to find j. new polynomial with ~Irlaller u)('f1ic1<'IJf~ ,Incl t.IJ(' ',dllJ(' ,.plil. 

ting field.) 



• 

• 

• 

(:~ 1) 1 

1)1 
1 

Ld .'J = [I(x ± vi'i ± 1:1 ± V5). The examplc J of Table 6 is derived from 9 

Ilsi/lg MIL (Jllpo[l'cd. 

Not.(· that. Qa[(x4 
- 2) = D4' Bence, R(XI + 2X2, x4 - 2) (the 2-sequence 

1'('!'>oJvCIlt) l!;LH a fador 9 of degree 8. The ex ample f of Table 6 is derived 

ri 0111 .'J hy Mfwllpob·cd. 

J = [I(x ± /(2 ± V2)(3 ± v'3)) 

(' 1 
'If.". 

( d-
1 1 lob 

( d 
, If" 

W lI,b (,b(~ g('Il('1 (Üors of Table 10, Gt6a acts on the system 

{(i,i+4)li= 1, ... ,4} 

<18 t.he Kleill Vlcrcrgr'U]Jpc V4. Thercfore, an extension of Q( 12, J3) was 

8011gb!.. Tbe ext.('lIsion Q(.;2, V3, i, J v'2 + 13) has degree 16. 

Sil\( (' (,'t,b il< ts as Z4 on the system of imprimitivity {(12), (34), (56), (78)} , 

w(' (U'(' J('ùd j,o an ('xLcnsion of Q( (5)' 

Sil\n' (,'~, .. aet.s ilS Vion iLS system of imprimitivity, wc scck an extension of 

Q( h, v:1). 'l'Ill' 1101 maJ r10surc of Q{\h2 + 716 + 12V2 + 7V3) has degree 

1 (;. 'l'Ill' poJYllolllictl J givcn in Table 6 is derived by smallpoll'cd from 

g= Il (.r2 
- 0'(12 + 716 + 1212 + 713)). 

oE 9(Q(V2,v':'ï)/Q) 
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s+ 
4 

Zs 

The polynomial has roots {ni,-ailo: E d$(.r"+~.r + l~)}. Nok tlt.1I tilt' 

Galois group of x 4 + 8x + 12 is A". 

Let 9 = x" + 2x + 3. Then Çal(g) = S4 and 9 lias dis( 1 illlill.\IIt. ~\ -!>( :Hi)!. 

The polynomial f of Table 6 has roots {± V5n 1 n E r / .... (fI) } . 

Let f31 = 0:;, i = 1, ... ,4. Let 

Then using the rcprcsentation given by 'l'able 10, U~1 aels as /),1 011 t.lw /1
1 

and as V4 on the TI' 

Let 9 be the polynomial with roots (i7 + (ïr', l=::I, ... , H (su 1.11,11, {il//( (/) 

Z8)' The 3 x -set rcsolvcnt of 9 has a factor 

The polynomial of Table 7 is 25fih((x - 1 )/'2) . 
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l'or the polYJlomial with roots ±,!±(a21/ 4 + b23/4) , ±)±(ai21/ 4 - bz23/ 4 ) , let 

!JI) !J'}. \Je UJ(! roots Ja21/4 + b2:!/4 and ..; ai21/4 - bi23/.I • Then 

6162 = .,f{~Ja2 - 2bz 

= ((1 + i)/J2)~Ja2 - 2bZ. 

So, wc' Wélllt to c!toosc a, b such that J a2 - 2b2 E Q( i, J2). The polynomial 

i/l t.!w ta]'I(! (orrespollds to the choice a = b = 1. 

Not,· t.ltat. 9(Q((s)/Q) = Z4. But Q((5) = Q( V5 + J5). This explains how 

a E Z4 ads on Ü' + 2) a/2 + 2...jïff5. (0:, f3 = 5 ± J5). 

(,'I(,e' 

S,'!! G UHl ahov('. For this polynornial wc take a = 1, b = O. 

(,'I,l" 

(,',!.!/. 

Silllildr to G Wu abovc. In this case we choosc a, b such that a2 - 2b2 is not 

d sqUiLle III spl(.r'1 - 2). The cxample given corresponds to the choice a = 1, 

b = 2. 

No!.(' t.hat. (,':l'2b acts as Z4 on its 24 system of imprimitivity. The polynomial 

.rH 
- [),I"" + 5 is a good candidate since 9al(x4 - 5x2 + 5) = Z4 and the product 

of i!.s root.s is cl square in Q( J5) = Q( v'X) (~ is the discriminant). 

For t !tt':w groups wc again use the f3i and Tc dcfined for Ct4 above . 
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Group Action on f3. Act.ion 011 T, 

G64a D4 JJ., 

G64b Z .. /)" 

G64c D4 Z., 

G64e v.. /J., 

G128 D .. /) .. 

A.3 Generalizations of Soicher's Method for (2:J.L(;~, 2))+. \V(' bl'Mill IIy 1(' 

pC[1,ting Soicher's [S2] construction of a polynomia.l wit.h G"loi:-; glOlIp (~,I.I,(:~,~))'. 

Let f = x7 -7x3 + l1x2 - h + 1 (Qal(J) = L(:l, 2)+). \J 11<1('1 <III .lpPIlIP' i.lI,(' l.dH'lllllg 

of the foots 0'1, ••• ,0'7 of J, 

Qal(J) =«1,2,3,1,5,6, 7),(1,:J)(.1,!))>. 

2 '/2 l'aking h(x) = f(x ) we may label the roots f3t, ... ,(i1•t of ft :-;11<!J t.h.d, li1.. =- 0, 

and f32i-1 = -f32. (i = 1, ... ,7). l'hcn, II:::: ga/Ch) =< A, H, C>= '27./{~, '2) wlll'!t, 

A = (1, 3, 5, 7, 9, 11 , 1:l) ( '2, 1 , fi, R, 1 0, l '2, Jt1), 

B:::: (1,5)(2,7)(7,9)(8,10), C = (1,2). 

Let J( =<A,B,D,E>= 24 .L(3,2) he t.he subgrouJ> of 1/ wit.1. gt'IIt'IiII.()/S /1, /1 

as ab ove and 

l'hen, if we definc 

D = (1,2)(3,4)(5,6)(7,8)(9, 10)(11, 12)(1:1, 11), 

E = (1,2)(7,8)(11, 12)(1:~, 11). 

'Y = L(32tf32J(32k(321(i,j,k,l E {1,1.,6, 7}Qa/(J») 

= f32(1)(32(4)(32(6)fJ2(7) + (32(1)f32(2)(12(:I)fJ2(fl) + f32(1)(32('l)/i2(ii)/i'2(7j + /i2(Ij/i2( 1)/i'l(4/i'2("j 

+ (32(2)(32(J)(32(4)(32(7) + (32(2)(32(1)(32(:,)(32(6) + (32(:I/·JJ.('J)(i'2{f;Jfi'2(7j, 
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WC' ~,('(' th ,tt sial) JI h) = 1<. 

'l'II(' iTlla~('s of "1 IlIlder II are '1 = ,(21-1,21) (i = 1, ... ,7) and "Ys = ,. So using 

III~II-pr(~ci~ioll approximations to the roots of J, we may construct 

s 
l(x)= II(x-"(,) 

1=1 

"II d il. follows rroll 1 the mcthod of construction thaL 

Qal(t) = Il/( n p-1J(p) = (23.L(3,2))+. 
FEil 

'/'1)(' polYllolTlials for (2:I .Z7) 1"" and (23,(Z7.Z3))+ may he gencrated III exactly 

t!J(' S,lIlle Wcly ('xu'pt that wc bcgin willl polynomials f such that Qal(J) = Z7 and 

Z7.Z.1 f(·:'p<,divdy. For (2.l.Z7)+ wc Lake 

0'5 ~ 0.8·1, 0'6 ~ 4.25, ('(7 ~ 13.4. 

(1\ 1 t.!JOllgh Soit Irel l'deües Iris lOot labclling to a specifie permutation rcprcsentation 

(If (~.I I.(;~, ~)) f-, \\'(' roulld it cd.sier to simply experimcnt with diffcrcnt labellings 

Il lit " W(' lilld OIlC wlrich r('~mlts in integcr coefficients for t(x). Once wc have t(x), 

WI' cali ch('ck tiraI, Qal(t) = (23 .Z7 )+ using the algol'ithm of Section 2.2.) We find 

t.hat 

Ill./') = f('2./')j'2Mi = J.1l + 3ü6 + 12.r5 + 405x4 
- 102x3 

- 9l2x2 + 72lx + 2063. 

'l'hl' POIYIIOlllidl l't'portet! in Table 6 is derived from u by the sJnallpolred command 

ur P:\HI. 
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f = X 7 
- 28x5 + 224x3 

- 448.r + 19~ 

with mots 

Then, 

The polynomial given in the tables is eonstruct.('d [1'0111 Il hy sl/wl!jlo[n ri 

Wc may use a similar techniquc to find polYllomialH for (,'':"" dllli (,'::t.I' L!'I. II~ 

begin with Gci6b' This group ean hc writtcn.tH 2· ' .A.,. If Wc' llotH(' Lh,lI, ("I!I111 

24 .A4 , then, in analogy with the (23.L(3,2))+ case, Wl' éllC I{'d Lo look fUI Huh/!,IOlipS 

[{ of GIna of index 8 sueh that 1 nPEG
19

2a P-l/\ PI = 2. 

Let 

f = (x+l)8+8(x+l)2+12 

= x 8 + 8x7 + 28x6 + 56x 5 + 70..c4 + 5G;/;:1 + :W,J:'.! + 21.1' f ~ 1 

80 that Ç}al(J) = G HJ2a • To find an appropriat.e ord('rillg of UIC' J'(jots, II, i:-, (OIIV('IIJ('lrI. 

to use Staud uhar's [St)] method. In the notatioll of [S 1.1], (; l 'Jl'l -::. (,'t'l'2 d.lld ;alt hr 1I11',h 

different gencrators are givcn, the permutation rqm'H('l1tatioll of (,'t,!'2 iH III rd( t. tIlèd. 

of Table 10: GW2a =<e,n,v> where 

e = (1, 7)(2,8)(3,5)(4,(j), 

n = (3,.5,7)(4,6,8), v = (:~,4) . 

GO 
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Theil, to fix ft correct. ordering of the foots ab"', 0'8 of J, wc must ensure that 

.6.(O'j 0 2,n.l0'1,0','jO'h,Ü7(t,d (that is, the discriminant of the polynomial with roots 

n, n l, ..• , (}'7(r1l) iH ail illteger. One such ordering is 

a' ~ -2.:!5 + 0.68z, 0'2 ~ 0.35 - 0.68i, 0'3 = ah 0'4 = 0'2, 

05 ~ -1.27 - 1.20i, as ~ -0.73 + 1.20z, 0'7 = as, as = as. 

J\ Huitable choice for J( is (Z2 X A,,)+ reprcscnted as <A,B,C> whcre 

A = (1,6,8)(2,5,7), B = (3,8,6)(4,7,5), 

C = (1, 5)(~, 6)(3,7)(4,8) . 

(We cOllst.rudcd , by Jooking at the orbit of {3, 6~ 8} under the action of the group 

(Z:,! x A . .) f-.) 

'1'11(' i mages of , 1I11(}('r 2" . A .. are " = ,0', (i = 1, ... ,8) wherc the (J. are right 

cos('\, J('!>r('senLatives (twe page 14) of (Z2 x A4)+ in 24 .A4 : 

(:~, ,1), (5,6), (7,8), p, 4)(7, 8), (3,4)(5,6), (3,4)(5,6)(7,8), (5,6)(7,8). 

(Not.(· t.hat. if w(' t.,t!œ J.8 + 8.r2 + 12 as the polynomial J, then wc find that aU the 

'1 an' ï,('IO. This is why wc first make a Tschirnhaus transformation x ........ x + 1.) 

Finall)', w(' constIlIct t = n~;:::l(X - ,,) using high-prccision approximations to 

t.llt' mot.s of f. Taking 

ll(.r) = i(8(x - 1))/88 = xS -16x5 -102x4 + 64x2 - 48x + 9 
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we have, 

9al(u) = 24
.Â4 /( n P-1(2 x Â .. )l') = 2:I .Â. = (,\t,/,· 

PE24 • ..4. 

The polynomial given in Table 6 is derived froIll Il by thl' ,"II/Ill/I'o//,( li COlllll\(\lId 01 

PARI. 

In the case of Gt6e, wc note that Gt92a has a 1\01111,1/ slIhglOllp .\' (lI oldc'I ~ 

sueh that Gt92a/N = Gt6c' So, again wc look for a. slIbglOllp /\' (lI' IIIdc':\ ~ III (,'i"~,, 

sueh that nPEGt92a p-1J(P = N. In Stauduhar's [StI]II11LlI,illll, (,'t".!<1 --- (n,,! .\11<1 

his represen tation is the sarne as that of Ta.ble 10: Utl'.!'! = < J,II, 8 > \\' 11<'('(' 

j = (1,6)(2,5)(3, 7)(tl,~), 

n = (3,5,7)(4,6,8), s = (1,:~)(2,t1). 

Let 

\Vith 9a1U) = Gt92a' (f is a Tschirnhalls t.rclllsforlll.tI,ioll of ./' -1- .1''2 -1 1.) Ily 

[StI], a correct labclling of the roots O'b"" 0'8 of f, m.;ulLs ill illl illtq!,('1 V;tllI(' I(JI 

0'10'2 + 0'30'4 + 0'1>0'6 + fl'70'8. Olle sllch lalwllillg is 

0'1 ~ 0.30 + 6.26i, 0'2 ~ 1,43 - 0.:15l, n.: -:: ëTï, n,. ==- Il h 

A 'luitable candidate for J( is < A, IJ, C> where 

A = (1,6,2,.5)(3,7,4,8), JJ = (1,:l,!j)(~,t1,(i), 

C = (1, 7,2,8)(3,5,4,(i). 

Let 
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'>0 th,ü ,~/flb(,+ h) = f{. As bcfore, we define /1 = ,(1, for a set {0'1, ... , (J's} of 
1 J !.fla 

(O~d n!jJf('S(!lItativcs of f{ in Gi92a and construct t = n~=l(X - Il). Then 

Il( J') = t( 1 R(x + 1))/188 = xB + 64x6 -16x" + 1280x4 
- 512x3 + 8256x2 

- 2048x + 1728 

III r,u t, thf' POIYIlO/lli,d of Table 6 is derived in a differcnt waYj it is a transfor­

III.d,jOII (I!y ,,>Tl/allJ!olnd) of the dcgrce 8 factor of the 4-diff resolvent of a polynomial 
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B Polynomials over Q(t) 

In Table 8 wc present polynomials ov('r Q(t) with se!edcd Caloif; gl\lllp~. Ex­

ccpt whcre othcrwise noted, thcse polynomictls WCI(' ail plo\'id('d III us ily CI'Il<' 

Smith [Sm]. Note that wc can always COIlStruct a polYllollli,t! m'('1' Q(I) "'rI Il glOllp 

G sim ply by hOl1logenizing a rational polynomial wit.h t Il,11 gl Ult p. NUI\(' 01 t.1\(' 

polynomials in the table arc of this form. 

The table also reports cru use by our MAPLE V illlpkll\(,llt.at.ioll 1'II111lil1g (lll 

a SPARC station 2. For those computations which took pel! ti< ulally lllll~~, t.JJ(' 1I\,Iill 

rcason was the manipulation of a resolvent POIYllolilial. "V(' hclVI' ill( hHII'c1 1111111111'111." 

indicating x-dcgree and perc~I\tag(' of time spellt f,IC t.OI illg 01 «()Il~IIII('1 ill,!!, :-'lIch " 

rcsolvcnt in thcse cascs. 

LaMacchia [LM] has giVCIl an cxamplc of a polYllollli,d \Vil.h ,!!,IOllp /J .... ·/,(:I,~) 1 

over Q( il, t2 ) 

The program requircs 6765.8 seconds of CPU tu dd('lIllille LIU' Ccllois grollp. M()~t. 

of the timc was Spcllt 011 a 3x -sct rcsolvcnt (x-degrœ = :3Ji); COIl'it.11J< t.ioll {JI LlI<' 

rcsolvcnt requircd 79% of the total and factorillg took :W1it 
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CIO 1Jp ICx) E Q(t)[x] 

AI 
1 x 3 + tx2 + (t - 3)x - 1 

SI x3 
- tx + t [M] 

- --------

A,i x3(x-'1)+t2+27 

Z" x 4 + tx3 
- 6x2 - tx + 1 

1>1 x 4 
- (-1 + t2 

- t)x3 + (1 + 2t 2 
- 2l)x 2 

- (-1 + t 2 -t)x+ 1 

I-~~~:-- x4 
- lx + t [M] 

z' Jr; 1 - IOlH - 4l lO 
- Slx2 - 25t2x2 + 15t3x + 30l2x - 10t5x 

+20/J; + X S - IOxa + 5,l·2 - 2St4,z;2 - lOl:rJ - 25t3 x 2 - 10l2X3 

+~St'> + ~Ol2 + 1516 + 101 + 10.c + 301 3 + 351' - 1013 x 3 

+!)1 7 _ 5/H - 10l4,z;:l - 15l8 ,z; - 301 7x - 20l6 .t - 20l"x2 - 30t 5x 2 

/)~ r. J'(x - ;jf(x + 5)2 -l(x - 1)2(.r + 3) 
-------

J, 
---

-----

-----

(S,,/ 

(:I2.Z 

\:\ ) t 
~-----

Jd t 

--

.A' h 
--

:1' s + (t 2 - :n 25 )(.L - 4) 

,/> -- 10/.1'.1 - 10(1.1'2 - 101.1. 2 - 5l 2x - 5l.lx - 5/.c _l2 - t - fI _1 3 

-----

1.5 - lx + t [1\1] 
- -

.L.
ti + 1/' + (1 - :n.l·2 

- 1 

Xl; - 4x2 _ l2 

x"(.r - G)2 - t2 - 1024 

.l'S(.r - G) - t2 + 3125 

T<lI>I<' ~: PolYIIolllials ovcr Q(t) with s.clccicd Galois groups 

G5 

CPU Used 

(seconds) 

0.2 

0.4 

0.3 

7.9 

5.7 

0.1 

289.0 

8.3 

1.9 

6.4 

0.3 

29.5 

16.6 

23.1 

1.6 
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Group 

D6 

S4/Z" 

32 .D4 

PGL(2,5) 

S6 

PSL(3,2)+ 

At 
Z7.Z6 

. 

f(x) E Q(t)[.r] 

---
.z:6 + t.r3 + 1 

----- --
(x(x - t) + t2rl - 4x(.r - t) - 5l'2 

x 4 (x - 1)2 - t 

x5 (.r - 4) - t(.r + 1) 

Xl> - t.r + 1 [~1] 
- . 

x(x - 7)3(X + 7f3 - t(x - 9)(.r - 1) 1 
-

x 7 
- (1 2 + 82:15,t:J)(.r - (i) 

.-
x7 - 21tx5 - :35t.r1 - :l5t 2.r4 - :l!)l",r.l 

-.. --- - ..... 

(~(,l ) 

1 ~ () 

1 :L:l 

1 !):U 

~.() 

(i l Il 

:110,1.-I !) 7 (X', Id( 1 ()IIII!', 

• iJJ • :\:) 1 (·~>()I\'I'IIt. -3512x 3 - 35lx3 - 21(Ix2 - 2lt1 x'l - 21/.r'i 

_2lt2 x2 - 7(IX - 7l 2x - 71";r - 7l'1.r 

-7lx - l,1 - (1 _/2 - l- [5 _lH 
.. _-------- ---

S7 x7 -lx + l [M] l.1 
---- ----

G32a ;L,8 - l 'IS7 !I 
- ----

PGL(2, 7) X
G

(:1'2 + x + 7) + I(J' + 1) lM] 1 (,!.!.S '1 !)!)% 1 01l:-,f,111l 1.1111'. 

--

(23 .L(3, 2))+ XX - 24x7 + 2!2~X5 + 2!ë4.r1 - (j(j52HI 1 S(,O!):\ !J~J%, lilI',f IllI t 111/', 

-28672x 2 - 24:H),18:r + lO'l~)7G - g7Xmü· 1 [~11] /J, 70 rI" ,1 VI'III. _ .. 
At xH - Sx 7 + 57(),180!{l + H2:35,1:1 [M] o 7 

--------~- -

S8 x H 
- lx + t [ J\1] u; 

--- ----- -~-

Table 8: (continucd) PolynolIlials over Q(t) wi1.h scl,·( t.er! C,t!'JI:-' g!OIIP" 
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C Distinguishing GtH8 from Gt76 

w,· !J,IV(! I/IClltiOIWd i" S('cLion 4.:3 that a resolvcnt dcrived from a polynomial be­

IUlIgillg t,o (~I.I,(:I,~))t- b,LS degree 30 (= IS8 : (23 .L(3,2))+I). Aside from its low 

d(·gf'(·f·, Ulis If':-'Olvcllt is ctttract.ive bccause it providcs a simple test which distin­

glli:"llf's lH'tw('clI (/~xx éLlld C,'t7G' 

Ali ('Xillllp](' of a polYllolllial bclonging to (23 .L(3,2))+ is 

(;IV<'II a ],tlH'lIillg 0'), ... ,0'8 of the roots of J, the root F(O't, ... ,as) of R30 -

N( "', J) IIl"Y be n'pl ('S('lItcd (\lsillg the subscripts) as 

1 GG8 + nl5 + ] :378 + 1248 + 11G7 + 1257 + 1236 + 
~;117 + 2678 + 2,156 + 3567 + 2358 + 3-168 + 4578. 

1I00VI'Wf',01l cXétlllillillg tlris Jlotation, we see that for cvcry 4-ad its complement in 

{ l, ~,:J, ... ,8} (d:-.o OCCUf'S. SO we can simplify OUf notation Gy writing only the 4-ads 

in \V hi( Il 'l' O('lU! s: 

(\11<1 

F( 01, ... , (8) = 1568 + 13f15 + 1378 + 1248 + 1467 + 1257 + 1236. 

,\( (ordillg 1.0 Table 10, 

GI88 =<s,z, m > 

Gt76 =<s,z,m,y> 

. .; = (1,:i)(2,4), nt = (1,5)(2,6)(3, 7)(4,8), 
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.,. = (6,8,7), Y = (1,8)(2,5)(:J,G)( t,7). 

Using this reprcsentation, wc flud that both groups Ihtl'titillll tltt' wots of If. lu illl\! 

4 orbits; 2 of length 12 al.l 2 of lcngth 3. The t.\\·o orbils of 1t'1Ir,t.h :~ .In' 0, -­

{fil, ,82, fi3} and O2 = {P.j, 1'5, ,8t;} whcrc 

fil 1367 + 1,168 + 1256 + 13GB + l·t!>7 + I:m.; 1- 12:1\ 

f32 123,1 + 1368 + 1267 + Hf>() + 1·178 + 12:>8 + I:J:>/ 

f33 = IJ78 + 1167 + 1257 + 12:H + }.1!)8 + 12(i8 -1 1 :l!)(i 

f34 1378 + 1468 + 1157 + 12:J.1 + 12G7 + 12!)8 + 1:1:)(; 

f3s 1257 + 1367 + 13.r:iS + l:~:~/l + 12(;8 + 1i\!i(; + 1\7X 

f36 1467 + 1256 + 1278 + 12:H + H.r:iS + I:W8 -1- 1:1:;7 

The action of Gt88 011 0 1 yiclds the permutat.iolls (j-J"jj2,jJd cllld (;-J"ji2,j1d .. s 

well as the idcntity. Sa Gt88 acts as A3 on 0 1 • 011 t!\(' oL!1I'1' !J.llld, tlll' .I( t 1011 011 

O2 givcs ail possible permutatioIls. HCllcc (,'tI>8 éH ts (1) O2 cl.., SI 

Sincc Gt88 ç Gt7(" wesce that G't76 willlik(,wls('(t('l ilS S, 01102 Bill. Il)('1',1'11('1 

ator y of G't76 illdu(cs the transposit.ion (lil,/il)' (:ollJ!If!\('d wilh t.\w jJ('/IIIIILdium 

alreacly found for (,'t!'s, this plOVPS th,d, tIlt' iL< tioll 011 0 1 IS IIOW S,. 

Sa R3u can be used to dist.inguish bdwc(,11 ntHI> .I/Id (,"~7(,' (J IId('l ('it.lll'I of t/I<",/' 

groups it \tas two il'l'eclucible fadols 91 and 92 of d('gl('(':L Il G(JI(J) -- ("'~"h t111'11 

both 91 and 92 have SI .IR Calois group. But If Çlll(f) ( ,f 
'L"H 1 IJI'II (JIJI' III III dlld 

92 has Calois group A.l éllld the ot.her has Cd lois glIJllp S, 

Tbis may be COlltI ét!>t('d wit.h Uw algOl itlllll W(' !t(LV!' 1'11':'/'111 (·rI III S(·( LIOII ~ ~ 

which, in ordcr to di!>tillgui!>h tll('se g/Oups, r('qlliIl's f(u tOI iZ.tll()11 01 ,1 dl'J'p'(' (1(1 

polynomial (t.he 2x -!>et r('~()1 VCII t d('1 i ved l'rom t.he d(,!',! ('(' J:::! Lu I,()I (Jf t 1 J(' t / :,1'1. 

rcsolvcllt of the Oligillal polYIlomial J; ~ee 'l'rdll(! 2). Â.." t1li:, Il':'(Jlvl'llt Ild:, h'1')JI'I 
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(kg/cf' LJJiJ/I /(.10, it Iflay take longer to factor. For exarnple, let 

(gal(J) -= U;XH)' Fddoring the degree 66 resolvent of f reqUlres 1200 seconds of 

CPIJ on a SPAHC ~t t ;rm 2. Factoring R30 (construded using complex approxima­

tio/l:, 1.0 UJ(' fOotS) takeH ollly 4 seconds of cru. 
Si'l( C' il, is III Il ch f,t:,f.er to factor H30 than the dcgrce 66 polynomial required by 

0111' .111-',0/ iUIIII, il, élppcars t.hat we could improve the algorithrn by using this new 

Il':'OIVf'IIL lIowcvc'l, élS Iloted in Section 4.3, it is not clcar how to construct it; 

(1 J/lstlllc tioll by cOlIIl'lex approximations to the roots is availablc only when k = Q 

éllid ('V('I) U)('11 il, is to be avoidcd . 
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D Tables of Degree 8 Transitive Groups 

The following tables, taken from [I3M] and [l'tH], givt' illfol'lllatlOlI abolit. tltt' dq!,l('(' 

8 transitive groups. Table 9 includes the group 01'<1('1, p,lIi!.\' .11Id \\'hllit S\':-.klWi 01 

irnprimitivity il admits to. If tlicre is more titan Ollt' sYS\t'111 fOl .1 ,t',l\'t'II 1)11)( " :-'1.',(', w(' 

indicate how many such systems there an'. This Llhl(· abo rl'I.ltes t hl' ''1'11' 1I1)t.d 1011 

of [DM, Mn] to the 'G~CJ' notation used here. III t.ht' fill,d 1011111111 of 'J'.lblt-!) \\'t' gi"t' 

a description of the gtoUP structure. The descriptiolls of !.II<' 1IIIIJlilllit.i\'t' groups clll' 

clrawll from [llK]. The notation is as follows: 

Zn The cyclic group of Oldcr n. 

pk An clcmelltary abehan group of order pk where l' is pri 11\('. 

V4 The Klein Vicrcrgruppc . 

Dn The dihedral group of degree n and order 2n. 

Q8 The quaternions. 

<l,min> The group <x,ylxl = ynl,(xyt = c> wl)('/,(' C is tilt' id('lIttl,y 

(l,min, k) The group < x,ylx l = ynl = (xyt = (X-Iy)k = c >. 

A x B The direct produd of the groups A and JJ. 

A.B denotes a group with a normal subgroup isorno/'phic to A HIiC Il t.1t;d, Il.IIIA 

is isomorph Je to il. 

A 0 B The <..cntral product of groups A and B. Let A <wd fJ h<lve ( 01111/10/1 C ('111,(')' 

isomorphic to C. Then wc have injections (t' : C '-+ A, fi : (/ , ; JJ. 'J'II!' 

group A 0 il is the quotient ofAx il by the set of OId('I('c1 pair:.. (jf tlJ(' f(l/llI 

(o:(c),,B(c)), cEe . 
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AI'./1 '1'1)(' dia~()lId.1 pJ(J(luct of A and B. Let D be the largest cornmon horno­

mOI pllic illlil~(' of the groups A and B. Then we have surjections ï : A -4 D, 

h : fj -t f). The g/Ollp A6B is the subgroup ofAx B cOllsisting of the (a, b) 

for wllICh ~f(a) = h(b). 

A lU 'l'IJ(' wlcath produd of the groups A and B. The group B is a permutation 

)!,IOllp 011 n Idt.ers. The wrcath product is the sernidirect product An.B where 

An = A x ... X A ------n 

,llIcI /J (1( t.s by pel'lIlut.illg factors. 

1101(11) '1'1)(' hololllorph of the group A. Let Aut(A) be the group of automor­

pllisllls. Wc COllf>t.ruct Il ol(A) on the Cartesian product A x II ol(A) with the 

O()('I'<I t. iOll 

,'.'.'11,,(11) '1'1)(' Sylow p-sllbgroup of the group A. 

A SlIp<'l'script of '+' illdicat.cs that the group consists of evcll pClmutations. 

,\,,,hl(· 10 ('xhibits gC'II('rai,ors for cach group. The shapcs bclonging to each group 

arc' shoWIi ill 'l',lbJt. Il. Sillcc evcry transitive degree 8 group has the shapes 18 and 

~ 1, Wc' d,. ilOt. ilH IlId(' t.hese in the teible. 1l0weveI, thcse are t.he only shapcs in 

'l';~. FIII.dl)', ,\,,,bll' 1 ~ lists t.he orbit-lcllgth partitioIl of sets ano sequenccs under t.he 

.I( t.IOII of t hl' glollps 
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Group Order 

Tl 8 

T2 8 

T3 8 

1'4 8 

T5 8 

T6 16 

T7 16 

T8 16 

T9 10 • -l'ID 16 

1'11 16 

T12 21 

'1'13 21 

Tl1 24 

'1'15 32 

'1'IG 32 

T17 32 

• 

Even Imprimitive Namc 

[24
] [42

] 

yi J Zs 

+ 3 J (Z2 X Z.I)+ 

+ 7 J (il)+ 

+ 5 J r+ /4 

+ yi J Qt 
yi J Glua 

J J GWb 

yi yi GWc 

+ 3 J G+ 16a 

+ 3 J c+ 
1 WI) 

+ yi J c+ 
J lIir 

+ yi 8L(2,3)+ 

+ yi J (Z2 X A,,)+ 

+ yi J st 
4 

yi J (1' 1111 

yi J G 11b 

yi J C'.f2e 

D('sn il lt.iull 

Zs 

(Z2 X r 

(~'l)-t 

/) 1-
·1 

qt 
---- - -- - -----

/)8 

< 2, :21~ > 

< -2, iJ 12> 

/),1) /-(Z2 X 

(1, /112, 2)t 

~ , Z 2, .r!l;; -!I z.r -- ;: 1 fI < .l'l,y· 

81-(:2,: 

(Z2 X 

Sl 
Zx.V, 

-~.- -_. 

<' X ( ~.1 , ./ 

Z" 1 Z2 
----- -- --

Table 9: Transitive groups of dq~J'('(' ~ 
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TIH 

TI!) 

T:W 

T~I 

'I\~~ 

'/'~:~ 

T~1 

T~::i 

T:!-(i 

Tn 

'l'~~ 

T~!) 

T:W 

'1 ':~ 1 

T:l:~ 

'1':11 

-- - --
) Ord('r Evcn Imprimitive Narne Descript.ion 

[24
] [ 42

] 
-_. 

:J:l + :3 vi Gt2a (lf.t 1 Z2)+ 

:J:l + vi vi G+ 3'lb < x4, y2, (xy)\ x'l yxyx'lyx3y >+ 

:J~ + vi vi G+ :32c < x4, y2, (xy)4, X2yxyx2YX3y > + 
- ---

:J~ vi vi G32d <X
4 "f2,(:L!J)4,X 2YXyx 2!JX3y> 

:J:l + vi vi Gt2d (Q8 0 Qs)+ 

,18 vi G48 GL(2,3) 

18 + vi vi (Z2 X S4)-1" (Z2 X S4)+ 

::if) + (23 .Z7 )+ (23 ,Z7)+ 

(H vi vi G64a lIol(Z2 X Z4) 

(i,J vi vi G64b < XS
, y-l, (.ry)2, (X 3y)-l, (X'ly'l)2 > 

(i 1 vi vi G64c < XS, y'l, (Xy)2, (X3y)4, (X'ly'l)'l > 

(H + vi vi Gt4 Sy I2(ZZ/ A.t )+ 

G, t vi vi G64d < X\ yo!, (X!J ) 2, (Xy'l)\ (X3y)4 > 
--

(j,t vi vi C64e Sylz(Z2 X A 4) 

!)(i + vi Ct6a ((Qs 0 QS),Z3)+ 

% + vi c+ Jgüb ((~~I 1 Z2).ZJ)+ 

% + vi Gt6c ((A,tL~A4),Z2)+ 

Tabk' 9: (contillued) Transitive groups of degrcc 8 
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Group Order 

1'35 128 

1'36 168 

1'37 168 

T38 192 

1'39 192 

'1'40 192 

T41 192 

• '1'42 288 

'1'43 336 

TH 384 

1'45 ,576 

'1"16 576 

1'47 1152 

'1'48 1341 

'1'49 20160 

'l'50 40320 

• 

Even Imprimi tivc Nalllc 

[24J [ 42 J 

..; v' C l28 

+ (:fl .(Z7. Z.j))+ 

+ L(2,7)+ 

..; (;1\12<1 

+ ..; c+ , lU..!u 

..; CI!J2b 

+ v' 0+ 
.J l!J2b 

+ v' Gtx8 

PGL('2,7) 

vi 03X" 

+ v' ('f-
J[j7n 

v' 057b 

v' 0 1152 

+ (23
• L(:3, 2»+ 

+ At 
SR 

D ('St l'Ipt.ioll 

S 

).I{'I '1 ))1 .... . ,I1";.IJ\ (" 

l, 

Z 

(~, ï) 1 

21 AI 

(" ) 1 ç ) 1-
~ ... 1 

1 !ul((Jx) 

(( 

( A.. 1 'lI.) f 

/1 ( '/ (') "') , " -, ( 

Z 21 S,. 

(( S .. /, Sd 1 .Z'!.) 1 

< .h .• ( 1.)'1. ( 1 1) 1 (\ ) ! .}. ,!I , .I!J ,./!J ,If / !I.I , 

S. .1 Z'l. 

( , 

A 
S 

1 
K 

Table 9: (contillucJ) 'J'rall:->itivc grollps (JI cl(ogll'(' X 
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<l - ( 1 ,Ij ,(i,H,2,:!,.1, 7) (1,3) (2,4 )(5,8) (6,7) w - (1,3)(2,4)(7,8) 

Il - (1 ,:~1.117)(~11,(j,H) In (1,5)(2,6)(3,7)( 4,8) x - (2,4,3)(6,8,7) 

(' - (1 ,(j)(2,!))(:~,?))(~,7) Il (:l,5, 7)( 1,6,8) Y - (1,8)(2,5)(3,6)(4,7) 

d =- (1 ,H)(2,7)(:~,(j)(~,.1) 0 - (1,1)(2,3)(5,6)(7,8) z = (6,8,7) 

(' -"- (1 ,7)(2,~)(:~,.S)(~,(j) p - (1,2)(7,8) A = (1,2,3,4,5,6,7) 

r -- (1 ,7)(2,H)(:!,())(~,.1) q - (1,6,2,5)(3,7)(4,8) B - (2,4,3,7,5,6) 

g (1,7,2,K)(:J,;,,'1,(i) r (5,6) C - (2,3)(4,7) 

li -- (:!,.1)(7,H) s - (1,3)(2,1) D - (1,8)(2,1) (3,7)(5,6) 

c=- ( l,fi )(2,!) (.~,,1) t - (1,2) E - (1,8)(2,7) (3,4)( 5,6) 

J -- ( 1,(j)(2,!)(:~,7)(1,8) Il (1,5)(2,6) F - (1,7,3,5)(2,8,4,6) 

k -- (1,0)(2,:') v (3,4) 

• TI - <a> 1'18 <b,e,j> 1'35 <a, f,t> 

'1'2 - <b,c> 1'19 <b,f> 1'36 - <A, D,B2> 

T;~ - < b'.! (' ('> , , '1'20 <b,p> 1'37 - <A B2 E> , , 
TI - <h, ri> '1'21 - <q,e> T38 <v,e,n> 

'rfJ '.! '1'22 2 b2 . T3D <j,n,s> -- <,(l ,9> <a, ,),e> -

TG -- <a,!> 'l'2:1 <n,w> 1'40 - <j, n,shv> 

'1'7 -- <0,11> '1'2·1 <c, n,s > '1'41 - <F',x,y> 

'1'1'\ - < (l, 1 > 1'25 <A,D> T42 <s,z,m> 

TH -- </J,t',e> '1'26 < (l, J, b2 > T43 - <A,B,E> 

'1'10 - <b,» '1'27 <a,t> T44 <i, b, s> 

'l'II - < 11
2

, b2
, 1 > 1'28 < a, 1l > T45 <s,z,m,y> 

Taole 10: Group gcncrators 
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T12 <g,n> '1'29 <b,c,/> T·IG ~ 8,::,1''-" 

T13 <hj,n> Tao <b,p,lkll> T·n = " l'.~.r:: - l , l , III '-.. 

T14 <n,v> 1'31 <q,c,l> T·tK = ~.\,(',[)'-. 

T15 - <a,/,IL> 1'32 <e,j,71> T·1!) ,:\,:: :> 

T16 - < a, b2 > 1'33 = <F,x> 'l'50 = ~:\,::,I'-. 

T17 <a,e> 1'3,1 <vsv,x,y> 

Table 10: (continucd) Group g,('II('ratols 

Groups Shapcs Grollps 
---

Tl 42 , 8 T2:l 

T2,T4,T5 ,1 2 T2'1 ,T:l:~,'I':l:l 
--~ -

• '1'3 (18, :tl ) 'J'2f> 17 

T6,T8 1223 , 42 , 8 '1'2(; 
-

1'7,'1'16 1<12 2 12 8 , , '1'27 

T9,TIO,T11 1'12 2 , 11 2 'l'2K 
-

1'18,'1'20,1'22 T:W 
---

T12 1232 , q2, 26 'l':~ 1 

1'13 12;J2, 26 T:J1 

'1'14 1232 tJ2 , 'J':l;j 

'1'15 ]122. 122:1, 1 2 ,8 

'1'17 14.)2 
~ , 1 1,1, 22 '1, 12 , 8 T:W J 2 '1'1. ')( 1 ~/' 

.) , .. ~ " 
--

'1'19,'1'29 1,1.)'2 
~ , rl 2'J, 1 2 T!7 

f---. 

'1'21 1'12'2 , 221, '1 2 'l';~!),TII J 

rj ahle Il: Shapcs OCCUfI illg i JI eiH!J glOu p 
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Shapes 

2 1 :liJ 1 :l:32 , 2:l2 , 221 42 12 6 26 , , , , , 
'1 ·10 1" :2 L J 2 

'J-'.1~--- j --I~~~-~ J r 

2\ , ] l :fl , }44 224 42 26,8 , , , 

':\, J :2 l
::, ] :.! :~2 , 42 26 , 

------ --~---

'/'1:\ 1 ~:2 l,IL :\ L, IlL, ILb, 17, K 
- ---- -

If,:.!, Il:.. )2 11..) \ 12Y, 'n 2 144 1224 22,1 42 12(i 26, 8 , ~ , ~. , , , , , , 

'1 ·I.r:, 

'l'lb 

T·I!) 

11~2, l' 

1"·)2 J' 
~ , 

- ------ --

':\, 1 ~2_\, 1 L:J
L 

, 1224 , 
-- -----

':1, 1 :~ 1.: l, 12:~.! , ]22·1, 
---- -- - -----

}L 1 L.) \ 1 r,:\ , Il:n, , ~ , 
- ------ ----

:1 2 , 12~ l, ·IL, :.!ù, 17 
------ ---------

l , , 
l' ~~, 1" :1, 1·)2 '\ J 1. :\2 , J 2:.! 1, - ' , 

---------
2 IL.) 1 1 ;':~ , l j~:\, , ~ , 

1, '1L , ):1 ~ 
d, 12o, :3:) , 

42 , 26 

')24 42 
~ , , 8 

1·)2 '3 
~ - , 12:l2 , 141 , 12 21 , 224 , 134, 

·1 :.! , ) :I!) , :35, 2G, 17 

1 ~i23 , }2:~2 , ')'12 
~- , 144 , 1224 , 

12(; , 2G, 17, 8 

'l'clbl< Il: (,olltinued) Shapes occurring in each group 

(.' ~-s('t.s 3-sct.s 4-sets 4-diff 2-scq 

U ÇAK 
----------

--_2~_-J ·t.lt\2 S7 2:J,j 2S7 }322 ·1,182 87 

'1':\ -1' ~f 27 t;7 )7,1 7 S7 
------- ----

'1',1 -t"~ S7 2 1,1 1Sli }J2 1,1'18 87 

-- ------
11'5 1. t\ 1 S7 23 88 } 34h33 87 

-- --

T!l 1 \~2 cS 1 ](;2 2'1 12S:Jl()2 r122,t 3 82 8.1 1 (j2 
------ -----

'1'10 l 1 \ lt; tl l )(i2 2,-1.\8.1162 ),2 1 (llG 83 1 G2 

----~- --- -

42 

'l'dhlt' I~' (hlllt-kllgth IhlltitinllS of sets amI sequenccs under G 
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G 2-scts 3-scts 4-scts ·I-di Ir 

-------- -, 
2 SC<j 

GÇAs 
---- --------

TIl 4 133 , S31()2 ils t 11:'~ 1.1 \2 ~ 1 8 11(;2 
--- -----

'1'12 4,24 8 ',l.l'.! l , ~ (' Hl'),l l 
), ( ~ :\,.1 ~:~ 1 S, .~ 12 

---

T13 4,122 8,2.1 2 2,()l~,~12 l , : ~ ~ l, ~,~ 1 ~ 
--- - -- -~ 

T11 .1, }22 8 ,) 12 
l , ~ .) ('28 \,,2"1 ~, ) l, ~ _ 1, :~ ~ l, K, .~) Il. 

- - - -

T18 4:\lG 8, 1 G \ 1, 13S\:t~ 1,~' 1 \ K \:t! 
- ---

'1'19 '1,8,IG 8, 1 G, :3:~ 2, 'l, 82 IG, :t~ 1,~, .1 2 :-:, H; s, l(i, :12 
---- ----

'1'20 4,8, lG 8 1 :l:~ 2, ,1, s:L J(; \ 1,2, 12 8, li; 8, l(i 1 
-- -----

'1'22 4,8.\ S·3;i2 2 I X1 1(;:\ 11,12S 1 :-:,1(,1 
t------- --- -- -

'1'21 '1,122 1),2·\2 2,(;28,21 2 1 , :~2 l, 8,21 2 

- --- ----

'1'25 28 ri(; 1 1, fi(i ï, ~s :,(, 
- - -• T2U ,1, ~., IG 8, 1 (;, :t! C) 1 N'lI (' T) 1,2, 1 ~, ., ( ),'--

- -- - - --- --
s, 1 (i, : 1 ~~ 

T32 1,2\ 2·1, :~1 b,S218 :1, ,1 22 H, IS 
-- --- - - --

T~3:j 12,1 G 8, 1~ 1, 12,21,:1~ l, (i, l' 2,1(; ~l,:U 
-- --------- - - -

1'31 12,1(; 8, ,18 2, 1 ~ 1:~2 1 , (, 1 1 ( ~,I, :l~ 
------ --- ~ ---- - -

'1':36 28 f)f; J.1 J,e; 7,28 :,(, 
----- ---- ------- - - - - ----

'l':n 28 ,SG J ,1 2.12 72~~ J !l(, 
---------

T:HJ 1,2,\ 2·1, :~2 (,,8f.IK :1, 12 21 s, 'lK 
---- ---- --- -- -----

'1'41 12, l() 8,/18 2, 12,21,:~2 1, (i, l' 2, J(, :~,1 :!:.~ 
-- ---------

Ttl2 12,1 G 8, ,18 2, :12, :H; l , \ (i, 1 ~·1, :t~ 
----- ------ - -- -

TI\.5 12, J fi S,tir; 1,:12,:W l, Hi, J ~,I,:I~ 
------ ~-----

'1'48 28 ;jf) It1,G(j 7,28 :J( , 
------

T'I!) 28 ;j(j 70 :~;j .S(, 
-------- -

Table 12: (contillucd) Orbit-I('lJgth partitiow; of s(·I.., ilnd ~('qlll'IJ(('" IJl1d"1 (; 
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(J 

(,' (, % AIS 

1'1 

l'fi 
----

l'7 
------

l'K 
.---

'1 , J.tj 
-----

'1 , 1 (j 
----

'1 '17 
- - --

'1 '~I 
------

'1 '2:\ 
--- ---

'1 '2(; 
----

'1 '~)~ ~, 

-----

'1 '~~ 
-----

T :Hl 

'1 

'1 

------

':0 
- -

';~~) 

2-sds 3-sets 

1, ~.I ff 

1 8 1 , S'Il (j2 
-----

'1,8, 1 (i KI J(i 2 

-------

_~~~~_ l 8.
1
16

2 

-

4,8, 1 (, 1'\, If; i 
-- --~-- ------

'1,8, 1 (i S I:~~ 
--~-- --

·1 N, 1 (j 8,1 (i, ::~ 
--

f1 ~ S } 81:t~ 
-- - -

,1,21 8 ,) 11. (, -
------ ------ --

1,1), /(i 1), 1 (i, :~2 
- ------ ------

·1, S, /(i 1) \;~~ 
------- ----
,1, S, /(i 1'\, I(i, :t~ 
-- --- --- ---
1,1), /(, S,If..:!2 

- -- -----
,1,1)\ S\t~ 
-- -- --- -

\,8, 1 (i S, 1(i, :~2 
- ------ ----

'1' :lS ·1,21 21, :t~ 
-- --- - -- .- --- _.--- -

'1' ·1 () 1,21 21, :\2 
- -- - - -- ---

T ·1 :~ :!~ [if) 
---- ---- f------

T ! 1 1 ~1 ~!, :t~ 
-- -- ----- -- --~-

T ·l(i 12,lh ~, IS 
-- - - - - - -- -- -- --

'[' 17 l~, 1 (i ~, l~ 
----- --- --

T :J() ~~ J(; 
-- -- ----

4-sets 4-diff 2-seq 

2 4 88 , , 1,2,1 2 83 87 

2 4 84 162 , , 1, 2, 12~rl 8,lG3 

2 4 82 l6.l , , 1,2,82 1(; 83 1(j2 

2 4 82} 63 , , 1 ') 82 16 , ." '- 8,163 

2,4,82 16,:32 1,2,82 16 8,IG,32 

2,4,lG1 1,2,82 1() 8 163 , 
') 4 ] (l'l') ..... , , ) ~ ..... 1,2,82 16 8:132 

---
2 j l(j1 1.18'\ 8 lü3 , 
(' le '),1 2 
), ), ~ :~, s, 21 8,48 

') -1 1 (2 '3') 
........ , ), t.J 

] ,) D'2 1 (' ,_, c ) 8, lG, :32 

2,4,1G 1 1 ,) ~·f 1 Cl , _, L· ) 8, H? 

2,4,IG232 1,2,82 16 8, lG, 32 

') 4 162 '!') ..... " (~ 1,2,8'2]6 8, lU, 32 

2J IG" 138'1 8 1 G3 , 

2,4, H?32 1,2,::)'216 8,lG,32 

(), 1 (), '18 :l, 8,21 8, ·18 

li, lG, ,18 3, S, :2,1 8,18 

28, :12 H,21 5G 

(i, lG,·t8 :3,8,2·1 8, Ils 

~. :t2, 3G l, lG, 18 1,1,32 

:!,:t?,JG 1, IG, 18 ~,I, ~l2 

70 3r: d 5G 

Tdhlc l')' (((llltlllllCd) Olbit-ll'ngt.h partitions of set.s and sr.}ucnccs under G 
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