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A B S T R A C T

Heavy ion collisions (HIC) performed at major experimental facilities such as the

Large Hadron Collider (LHC, Switzerland) or the Relativistic Heavy Ion Collider

(RHIC, USA) produce a novel state of matter known as the Quark-Gluon Plasma

(QGP). An important signal of the creation of the QGP is the observation of jet energy

loss or jet quenching in these collisions.

This thesis studies jet energy loss via two parallel and independent comparative

analyses. The first study uses martini in the first, single-stage energy loss simulation

to analyze the effect of changing the collision kernel which encodes information about

the interactions of the jet with the QGP medium and is a crucial ingredient of energy

loss rates. Recent efforts have resulted in this kernel’s next-to-leading order (NLO)

and non-perturbative (NP) evaluations. New inelastic rates are generated with the

higher-order kernels and used in martini simulations of energy loss. The simulations

are then compared against those using the leading-order (LO) kernel. Systematic

differences are shown between the three rate-sets, which can be absorbed into a re-

scaled strong coupling constant within a single-stage energy loss model. Simulation

results also demonstrate the need to go beyond a single-stage simulation and the

physical necessity of a delayed parton shower or a multi-stage simulation.

The second study concerns the first comparative analysis of two important mod-

els of jet-medium interactions, martini and cujet, which employ the amy-McGill

and the dglv energy loss frameworks, respectively. Two multi-stage models are con-

structed using jetscape, incorporating martini and cujet as components in their

workflow. The models are then applied to multiple HIC systems to calculate nuclear

modification factors of charged hadrons, jets and jet substructure observables such as

jet fragmentation function ratio. The simulations also contain photons via jet-medium

interactions for the first time. We show systematic differences between the models in

jet and jet-medium photon observables. The relation of the observed differences to

the inelastic rates of the models is shown and points of improvement are discussed.

xiii





A B S T R A I T

Les collisions d’ions lourds (HIC) réalisées dans les grandes installations expérimen-

tales telles que le Grand collisionneur de hadrons (LHC, Suisse) ou le collisionneur

d’ions lourds relativistes (RHIC, États-Unis) produisent un nouvel état de la matière

connu sous le nom de Plasma de Quarks et de Gluons (QGP). Ces collisions pro-

duisent initialment des ensembles de particules relativistes: des “jets”. L’observation

de la perte d’énergie des jets ou de l’extinction des jets dans ces collisions constitue

un signal important de la création du QGP.

Cette thèse étudie la perte d’énergie des jets par le biais de deux analyses compara-

tives parallèles et indépendantes. La première étude utilise martini dans la première

simulation de perte d’énergie en une étape, en vue d’analyser l’effet du changement

du noyau de collision qui encode des informations sur les interactions du jet avec le

milieu QGP. Des efforts récents ont abouti à des évaluations nonperturbatives (NP) et

au prochain ordre dominant (NLO) de ce noyau. De nouveaux taux inélastiques sont

générés avec les noyaux d’ordre supérieur et utilisés dans des simulations de perte

d’énergie. Les simulations sont ensuite comparées à celles utilisant le noyau d’ordre

dominant (LO). Des différences systématiques apparaissent entre les trois ensembles

de taux, qui peuvent être absorbées dans une constante de couplage rééchelonnée

dans un modèle de perte d’énergie en une seule étape. Les résultats des simulations

démontrent également la nécessité d’aller au-delà d’une simulation à une étape et la

nécessité physique d’une pluie de partons realiste.

La seconde étude concerne la première analyse comparative de deux modèles im-

portants d’interactions jet-milieu, martini et cujet qui utilisent respectivement les

systèmes de perte d’énergie amy-McGill et dglv. Deux modèles à plusieurs étapes

sont construits à l’aide de jetscape, incorporant martini et cujet en tant que com-

posants dans leur flux opérationnel. Les modèles sont ensuite appliqués à plusieurs

systèmes HIC pour calculer les facteurs de modification nucléaire des hadrons chargés,

des jets et des observables de la sous-structure des jets tels que le rapport de la fonc-

xv



xvi acronyms

tion de fragmentation des jets. Pour la première fois, les simulations contiennent

également des photons via des interactions jet-milieu. Nous trouvont des différences

systématiques entre les modèles dans les observables de photons de jet et de jet-

medium. La relation entre les différences observées et les taux inélastiques des mod-

èles est montrée et les points d’amélioration sont discutés.
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S TAT E M E N T O F O R I G I N A L I T Y

Chapter 1-4 — provide introductory information on heavy ion collisions, jet produc-

tion and energy loss modelling, and the different approaches to modelling the soft

and hard sectors.

Chapter 5 — presents the first study of the effect of using higher order collision ker-

nels in single-stage martini simulations of jet energy loss. Energy loss rates were

computed and implemented in martini by Dr. Shuzhe Shi. I performed the full

test and validation of the implementation, generated all the results and simulations

presented here and performed the first fit of the model parameters using Gaussian

Process Regression. This is the first systematic study of the parameter space of mar-

tini. I also present original work on jet-medium photons in single-stage martini

simulation, and the study of the effect of a delayed parton shower, demonstrating the

need for multi-stage modelling of jet energy loss. The simulations of this chapter use

hydrodynamic histories generated using (2+1)D ip-glasma simulations of the initial

state coupled with (3+1)D music hydrodynamics. The hydrodynamic background

files used in this chapter were generated by Dr. Scott McDonald and Dr. Mayank

Singh. This is the current state-of-the-art approach in the field.

Chapter 6 — showcases the first multi-probe study and analysis of cujet and martini

when used in a multi-stage jet evolution model. The model parameters for cujet

and martini were fitted by Dr. Shuzhe Shi and Dr. Chanwook Park, respectively. I

contributed to the final implementation of the two models in the jetscape, performed

comprehensive tests and validations, and generated all the simulation results and

analyses. Among the novel work here is the usage of a modified cujet in Monte

Carlo simulations. I present original work on the first-ever fully-reconstructed jet

calculations and jet-medium photon spectra from cujet. Other novel and original

aspects of the work are jet-medium photons from martini in a multi-stage simulation

of an evolving QGP and the usage of direct photons and their scaling in studying

parton energy loss mechanisms. Figure 6.19 in this chapter was generated by Dr.
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Shuzhe Shi and has been properly attributed. The hydrodynamic histories used here

were generated by me, using the parameters and the T-V approach’s workflow as

described in Chapter 3 with the exception of Pb-Pb collisions at 2.76 ATeV, 0− 5%,

20 − 30% and 30 − 40% centrality histories which were generated by the jetscape

Collaboration and provided along side the publicly-available jetscape framework.

Chapter 7 — presents the conclusions of the above studies and the discussion of what

can be done going forward.
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O V E RV I E W O F H E AV Y I O N C O L L I S I O N S A N D J E T

P R O D U C T I O N





1
I N T R O D U C T I O N

You cannot learn about the insides of a watch

by colliding two watches together.

— A famous theorist [1]

The Standard Model of Particle Physics (SM) is the current reigning theory that explains

much of what we can observe in the universe1. The three fundamental forces in the

SM are electromagnetic, weak and strong nuclear forces. Here, we are interested in

the dynamics of quarks and gluons, the strongly interacting particle content of the

Standard Model. The quantum field theory that governs the strong nuclear force

and, therefore, the interactions of quarks and gluons (collectively called partons) is

QCD or Quantum Chromodynamics. The naming of the theory stems from the labels

assigned to the charges that quarks and anti-quarks carry: r,b,g for red, blue and

green, respectively. Gluons are the mediators of the force, similar to the role played by

the photon in electromagnetism. However, unlike photons, gluons also carry colour

charge. The Lagrangian density of QCD is given by

LQCD = ψ̄q,a

(
i/∂δab − gt

C
a,b /A

C
−mqδab

)
ψq,b −

1

4
F
µν
A F

A
µν (1.1)

where repeated indices are summed over. The index q denotes the flavour of the

fermion, one of the standard model’s six quarks (or their equivalent anti-quarks),

summarized in Table 1.1. The lower cases a,b signify the colour charge index of the

fermion, while the upper case superscripts A, B and C are the colour indices of the

gluon. FAµν is the gluon field strength tensor and is given in terms of the gluon field,

AAµ

FAµν = ∂µA
A
ν − ∂νA

A
µ − gfABCA

B
µA

C
ν . (1.2)

1 In this thesis, we are not concerned with physics beyond the Standard Model. This pronouncement

includes gravity.

3
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particle Electric Charge Mass (multiple of

mu)

u +1
3e 2.16 MeV

d −2
3e 2 mu

s −2
3e 43 mu

c +1
3e 588 mu

b −2
3e 1935 mu

t +1
3e 79949 mu

g 0 0

Table 1.1: Particle content of QCD. Masses are shown as multiples of the up quark mass,

and the charges as multiples of the electron charge. Data from the Particle Data

Group [2].

fABC in the above are the structure constants, and tCab are the Gell-Mann matrices,

the generators of the symmetry group of QCD, SU(3). The structure constants are

defined via the commutation relation

[tA, tB] = ifABCtC. (1.3)

1.1 running coupling and asymptotic freedom

While the discussion above is on quarks and gluons, neither has been observed as free,

isolated particles in nature. Instead, we observe them as constituents of hadrons in

their dressed or bound form. This fact indicates that QCD has to be a confining theory

for long distances where the strength of the interaction increases as the particles

separate. The confining behaviour tells us something about the nature of the running

coupling in QCD. We can assume that the coupling constant g ≡ 4πα2s is small at very

high energies. We can then divide the Lagrangian density into free and interacting

terms

S = exp
(∫
d4x[Lfree +Lint.]

)
(1.4)
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Figure 1.1: Allowed vertices in QED (leftmost) and QCD (rest). Solid lines represent fermions,

wavey line represents the photon and the curly lines stand in for gluons. Every dia-

gram describing an interaction in either quantum field theory is made of repeated

combinations of these diagrams. Notice that unlike in QED, the gauge boson of

QCD can self-interact.

and expand the interaction term in powers of g. The renormalization group equation

for QCD is given by

µ2
∂αs

∂µ2
= β(αs) (1.5)

where µ is the scale at which αs is to be evaluated and β(αs) is the QCD beta function

whose value at LO in the perturbative expansion is given by

β(αs) = −
33− 2Nf
12π

α2s. (1.6)

where Nf is the number of active quark flavours. Solving for αs, we get

αs(µ
2) =

12π

(33− 2Nf) ln ( µ2

Λ2QCD
)

(1.7)

where ΛQCD = 200 MeV is the QCD scale parameter, the scale at which the pertur-

bative expansion breaks down and αs becomes large. Finally, Nf = 6 in QCD2. Thus

we see that as the scale µ is increased, αs is reduced while as µ approaches ΛQCD,

αs grows and eventually becomes undefined. The reason for this behaviour is the

gluon self interaction (see Figure 1.1) [3]. In Quantum Electrodynamics, where we

also have a series of spin-1/2 fermions interacting via exchanges of a spin-1 boson

(the photon), the gauge boson does not have a self-interaction term as the equivalents

2 While in general there are six quarks in QCD, we include only the number of active flavours, due to

the wide spread in the masses of the quarks as evidenced by Table 1.1, depending on the scales and

the nature of the problem.
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Figure 1.2: The running coupling of QCD, measured at different scales. Figure adapted from

Ref. [2].

of the structure constants, fABC, for the U(1) symmetry group are zero. Thus in the

QED-equivalent of Equation 1.2, the third term is zero, and the photon does not cou-

ple directly to itself3. The β function of QED (for one fermion flavour) is, to leading

order,

βQED(α) =
1

3π
α2 + · · · (1.8)

which, in stark contrast to Equation 1.6, is positive. Figure 1.2 shows the measure-

ments of the running coupling at different scales. Asymptotic freedom of αs, as

demonstrated in Figure 1.2, then requires different techniques to be applied at dif-

ferent scales. Far above the ΛQCD scale, one can safely use pQCD techniques. As the

scale µ in Equation 1.7 approaches the scale of hadronic physics, µ ≈ 1 GeV, more

and more terms must be included in the perturbative expansion. Below this scale, the

3 One can have photon-photon collisions in QED, but these go through higher-order diagrams, such as

the famous box diagrams.
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Figure 1.3: Sketch of the QCD Phase diagram, with the conjectured first order phase transition

and critical end point. Figure adapted from Ref. [5].

coupling is too large and non-perturbative techniques, like Lattice QCD (LQCD) are

used [4].

1.2 qcd phase diagram

Figure 1.3 shows a sketch of the QCD phase diagram. This work’s region of interest is

the high-temperature and zero baryon chemical potential. Lattice calculations of the

Equation of State (EOS) of QCD in this region suggest that at high temperatures, the

relevant degrees of freedom are quarks and gluons in a deconfined medium, while at

lower temperatures, they are constrained to hadrons. The transition is shown in Fig-

ure 1.4 for EOS as calculated by the HotQCD [6] Collaboration. At low temperatures,

the lattice results fall neatly on top of model calculations of hadron resonance gas

(HRG), while at high temperatures, they approach the limit of an ideal gas. The lat-

tice results diverge from the HRC calculations at around the cross-over temperature,

Tc. No quantity (or their derivative) is discontinuous in this transition. Calculations

of the hadron resonance gas model at high baryon chemical potential suggest that the

hadron resonance gas undergoes a first-order phase transition to a plasma of quarks

and gluons [7]. This fact, coupled with the lattice calculations of a cross-over at zero

baryon chemical potential, suggests the existence of a critical point, the search for
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Figure 1.4: Equation of state calculated by Lattice QCD. Light colour bands are the Lattice

QCD results, while the dark lines at low temperatures are the EOS of a hadron res-

onance gas model. A yellow box marks the cross-over temperature. The quantities

shown are pressure (p), energy density (ε) and entropy density (s). Figure from

Ref. [6].

which is a major goal of experiments. Recent lattice calculations place this critical

point beyond µB/T = 2 [8, 9].

1.3 heavy ion collisions and the quark-gluon plasma

The laboratories for studying the quark-gluon plasma (QGP), the deconfined phase

in the QCD phase diagram, are the major experimental facilities involved in colliding

heavy ions at high energies. The Large Hadron Collider (LHC) at CERN, Switzerland

and the Relativistic Heavy-Ion Collider (RHIC) at the Brookhaven National Labora-

tory in NY, USA, collide heavy ions at ultra-relativistic energies. The collisions have

resulted in the creation of droplets of QGP with life-time less than ≈ 20 fm/c4. Even

in this short time, however, the produced matter undergoes several stages of evolu-

tion. Figure 1.5 shows a cartoon of the space-time evolution of plasma. The stage

immediately after the collision is labelled the pre-equilibrium phase, where the created

4 This translates to approximately 7× 10−23 seconds.



1.3 heavy ion collisions and the quark-gluon plasma 9

Figure 1.5: Sketch of the evolution history of the QGP produced in heavy ion collisions in

t− z coordinate system.

medium is highly out of equilibrium. As the medium expands and cools down, it

approaches equilibrium where one can use relativistic hydrodynamics to model the

evolution of the medium. The hydrodynamic medium expands further and cools until

the local temperature reaches the cross-over. As discussed in the previous section, the

degrees of freedom change from quarks and gluons to hadrons. The evolution then

continues as the hot, hadron gas expands. Eventually, the mean free path becomes

large, the gas dilutes, and hadrons fly toward the detectors.

The spectra and distributions of final state particles (mostly hadrons) then encode

within them information about the various stages of the evolution. The coordinate

system in which these quantities are described is the traditional coordinate system of

colliders where the momenta of the final state partons are decomposed to its trans-

verse components5, pT =
√
p2x + p

2
y, the azimuthal angle φ = arctan (py/px) and the

rapidity variable

y =
1

2
ln (

E+ pz
E− pz

) (1.9)

5 Transverse here means transverse to the beamline in a collision event.
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Figure 1.6: Comparison of flow coefficients as measured by the ALICE Collaboration [10]

versus theoretical calculations generated using (2+1)-dimension IPG-M composite

model. Figure is adapted from Ref. [11].

where E is the energy of the particle, E =
√

p2 +m2. In this thesis, pseudorapidity

variable is used,

η =
1

2
ln tan (θ/2)

=
1

2
ln

|p|+ pz
|p|− pz

(1.10)

which is favoured by experiments since the rapidity variable requires the measure-

ment of the energy of the particle as well as its longitudinal momentum, while the

pseudorapidity variable requires the measurement of the particle’s momentum and

its angle relative to the beam axis, θ.

One of the most important signatures of collective behaviour is the observation of

non-zero flow coefficients. These are Fourier coefficients of the invariant differential

yield

dN

pT dφ dpT dη
=

dN

2π pT dpT dη

(
1+

∞∑
n=0

2vn(pT ) cos (nφ−nΨn(pT ))

)
(1.11)

where vn are the Fourier coefficients (also called flow harmonics), φ is the azimuthal

angle and Ψn are the event-plane angles. Without a medium or collective flow, the

particles flying out of the collision point are doing so isotropically, and all flow coef-

ficients are zero. A non-zero measurement of these coefficients is strong evidence for
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the existence of collective behaviour [12]. A comparison of the measurements of these

flow coefficients versus theoretical calculations employing relativistic hydrodynamics

is shown in Figure 1.6.

1.3.1 Hard and soft probes of QGP

The flow coefficients described above exemplify a soft observable6. These observables

or measurements are dominant at relatively lower values of transverse momenta. Typ-

ically, the soft observables are those whose dominant contribution occurs at pT < 4

GeV 7. There are other classes of observables, including measurements of hadrons but

those at much higher transverse momenta. These are high pT hadrons and jets pro-

duced at the moment of initial scattering. The mechanism of generating such probes

is via large momentum transfer reactions, allowing for a perturbative treatment. An-

other piece of evidence for the creation of QGP has been the observation of the soft-

ening of the hard particle and jet spectra relative to an (appropriately scaled) proton-

proton collision at the same energy. The cause of this softening of the spectrum is jet

energy loss via gluon bremsstrahlung due to the hard parton’s interactions with the

thermal medium.

A primary focus of this thesis is the study of jet energy loss and high-pT hadrons

and jets. This is done using models of jet-medium interactions and pQCD-inspired

analyses for simulations of jet energy loss. Many models, with different assumptions

on the nature of the process and the QGP medium, have been proposed to explain

jet energy loss and reproduce experimental observations. An important question, as

well as the current focus of the field, is to determine the extent to which these models

can explain the data, in what regions do they agree with each other, and whether we

can use such comparative studies to guide further theoretical development.

Throughout the discussion above, the focus has been on gluon radiation. In such

processes, the radiated gluon can further interact with the medium. These interac-

tions can then modify the gluon spectra and wash away some of the information

6 Soft as compared to the scales set by jets.
7 This is approximately four times the proton’s mass (4mp). It also works out to around four times the

average energy of a particle at a temperature of T = 0.6 GeV, an achievable temperature in the initial

steps of the medium evolution.



12 introduction

about the local conditions of the gluon radiation. Photons generated during the evo-

lution of quarks or anti-quarks through the medium, on the other hand, have large

mean-free-paths compared to the size of the medium. As such, measurements of the

photon spectra allow for more direct access to information about the medium. The

photon spectrum also includes photons not generated from hard scattering processes

or jet evolution. The pre-equilibrium and hydrodynamic stages can also emit photons.

Indeed the low pT part of the measurements of the photon spectrum can be used to

infer an effective temperature for the QGP fireball. Thus one can ask about the relative

contribution of jet-medium photons to the total direct photon spectrum and the pos-

sibility of experimental measurements or detection of these photons. Composition of

the direct photon spectrum is an open question and an active area of research, one

that we will contribute to here.

1.4 thesis purpose and organization

This work presents the results of two novel, parallel and state-of-the-art studies of jet

energy loss in heavy ion collisions. The first of these is the first study which uses the

higher-order collision kernels in the energy loss simulations of hard parton evolution

through an evolving QGP. Scattering kernels encode information about the elastic

scatterings of hard partons with the medium constituents and are, therefore, a crucial

element in determinations of radiative energy loss. For the study presented in this

work, we use what is known as a single-stage energy loss simulation. This is when

the energy loss is assumed to be dominated by a single stage of the evolution, for

instance energy loss of partons when at low virtuality. In the case of this study, mar-

tini, which implements the amy framework, is used to model the evolution of the

hard partons through the QGP medium. The new kernels are used to generate associ-

ated rates within the amy framework. These rates are then compared and contrasted

against each other in static as well as evolving QGP simulations. A series of hadronic,

jet and electromagnetic probes are employed, in a first multi-messenger study of mar-

tini, to analyze the effect of the higher-order kernels. The limitations of single-stage

modelling of jet energy loss are studied where Gaussian Process Regression is used,

for the first time, to probe the parameter space of martini. The importance of multi-
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stage (as compared to single-stage) evolution of partons is clearly demonstrated and

the presented results show the importance of the high-virtuality stage of jet evolution.

The hydrodynamic evolution of this study is also seeded by the state-of-the-art model

of initial conditions, ip-glasma.

As mentioned before, there are many approaches to modelling the jet-medium in-

teractions, each with a different view of the nature of the underlying medium. They

also differ in their assumptions of the radiative process itself. The jet energy loss

community is now focused on comparative studies of these energy loss models in

anticipation of entering the precision studies era of heavy ion collisions. The second

independent and complementary study of this work aims to contribute to this effort

by presenting a novel analysis of two important models of jet energy loss, cujet and

martini. For the first time, these two models are compared against each other in the

context of a multi-stage, multi-probe analysis with a realistically evolving hydrody-

namic background. In order to have tight control over all aspects of the simulation

and to have a fair comparative study, we use the jetscape framework as our model

factory and use charged hadrons, jets, jet substructure and jet-medium photons to

probe the differences between the models. The aim is to further illuminate the na-

ture of jet-medium interactions and to probe the assumptions of the two models via

a comparative study of them against the data and each other. The jet, jet substruc-

ture and jet-medium photon results presented here are the first calculations of such

observables for cujet and the cujet framework itself had to be modified explicitly

from a deterministic approach to a Monte Carlo generator for our purposes here.

The document, then, is organized as follows. Chapter 2 describes hard parton gen-

eration in proton-proton collisions. Chapter 3 briefly describes the modelling of the

soft sector, which provides the QGP temperature and flow velocity evolution profiles

as a function of time. A theoretical overview of the jet energy loss models used in this

thesis is given in Chapter 4. The study of the new collision kernels is presented in

Chapter 5 using the single-stage study of martini. Chapter 6 then shows the results

of the first multi-stage study of martini and cujet. The findings of this study and

the discussion of what is to be done next are presented in Chapter 7.
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notations

This thesis uses natural units where  h = c = kB = 1. The bold font x denotes three-

vectors whose magnitude is |x| = x. Four vectors are written with lower case p or pµ,

and context should help distinguish between a four-vector and the magnitude of a

three-vector. In some parts of the thesis, light cone coordinates will be used. These

are defined for a given four-vector pµ,

p+ =
p0 + pz√

2

p− =
p0 − pz√

2
. (1.12)

Finally, the mostly negative metric tensor, gµν = (1,−1,−1,−1) is used. Throughout

the text we refer to Mandelstam variables, s, t and u. For a reaction p1+p2 → p3+p4,

where pi are momentum four-vectors, these are defined as

s = (p1 + p2)
2, t = (p1 − p3)

2, u = (p1 − p4)
2. (1.13)

Thus s is the total energy in the collision and t and u measure the momentum trans-

fers between different particles during the collision.



2
J E T P R O D U C T I O N I N P R O T O N - P R O T O N C O L L I S I O N S

Hard-parton generating processes1 in hadron-hadron collisions are of particular inter-

est to theorists and experimentalists alike. These processes interest theorists as they

allow for a perturbative expansion and are studied by experimentalists since with

large momentum transfers come large transverse momentum particles. In a collider

experiment, this translates to energetic partons in the final state travelling perpendic-

ularly to the beamline, a (somewhat) clean signal to measure. Calculations of these

processes, their modelling and measurements are now at such a state of maturity that

we can use them as probes of other systems, such as heavy ion collisions and QGP

formation.

At a fundamental level, we are interested in the scatterings of partons. However,

due to confinement, we do not have access to free quarks and gluons and instead

have to deal with hadrons. Using high-energy collisions of hadrons, we can probe

their internal structure and then study the resulting spray of particles that exit the in-

teraction point. Typically, this is done by grouping hadrons to form jets, the hadronic

analogues of an energetic parton. Figure 2.1 shows a schematic diagram of the scat-

tering of two hadrons, A and B, resulting in h1 and h2, the outgoing hadrons. The

differential cross section for this process is, after suppressing all scale dependencies,

given by

dσA+B→C+D =
∑
a,b,c,d

∫
xa,xb,zc,zd

fa/A(xa) fa/B(xb) dσ̂ Dh1/c(zc) Dh2/d(zD). (2.1)

where the momentum fractions x and z are defined by

xa =
pa

pA
, xb =

pb
pB

, zc =
ph1
pc

, zd =
ph2
pd

. (2.2)

1 Hard, in QCD, typically means energies involved are larger than the QCD scale ΛQCD = 200 MeV.

In proton-proton collisions and simulations, hard is taken to mean transverse momenta or energies

above 10 GeV, where perturbative techniques can be comfortably applied. In this work, we use hard to

be pQCD events resulting in the generation of a parton with pT > 4 GeV.

15
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Figure 2.1: Schematic diagram showing the scattering of two hadrons, A and B, resulting in

the production of two hadrons h1 and h2 in the final state along with other debris.

The parton level scattering is shown as a red circle in the middle.

We can now go through Equation 2.1 term by term. fa/A(xa) and fb/B(xb) are the

parton distribution functions (PDFs) of hadrons A and B. At leading order, they can

be thought of as the probability of finding partons a and b in their respective hadrons

with the given momentum fractions xa and xb. dσ̂ is the differential cross-section of

the process at a partonic level, where partons a and b scatter to a final state of c

and d. Finally, the functions Dh1/c(zc) and Dh2/d(xd) are the fragmentation functions

and represent the probability of parton c(d) fragmenting into hadron h1(h2) which

then carries zc(zd) fraction of the original parton. The PDFs and the fragmentation

functions depend on the scales –factorization and fragmentation, respectively– at which

they are evaluated.

Both PDFs and fragmentation functions are non-perturbative objects. Their values

or functional forms are unknown and need to be extracted from data. Once deter-

mined, however, they are process independent, and their scale evolution is described

by the famous DGLAP evolution equation. For PDFs, this is given by

µ2F
∂fi/A(x,µ2F)

∂µ2F
=
∑
j

αs(µ
2
F)

2π

∫1
x

dz

z
Pi←j(z)fj/A(

x

z
,µ2F) (2.3)
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process splitting function

q→ q+ g Pq→q = 4
3

[
1+z2

(1−z)+
+ 3
2δ(1− z)

]
q→ g+ q Pq→g =

1
2

[
z2 + (1− z)2

]
q→ q+ γ Pq→γ =

1+(1−z)2

z

g→ q+ q̄ Pg→q = 4
3

[
1+(1−z)2

z

]
g→ g+ g

Pg→g =6[
z

(1− z)+
+
1− z

z
+

z(1− z) +

(
11

12
−
Nf
18
δ(1− z)

)
Table 2.1: DGLAP splitting functions for each QCD and QED process of quarks using the

shortened notation.

Figure 2.2: Example of the free proton parton distribution function using for CTEQ6L1 [13]

proton PDFs, evaluated at three different scales. PDFs were generated using

LHAPDF6 [14] PDF Library code.
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where µF is the factorization scale and the function Pi←j(z) is the DGLAP splitting

function2 given in Table 2.1. The + (plus) description is defined as∫1
0
dz

f(z)

(1− z)+
=

∫1
0

f(z) − f(1)

1− z
(2.4)

Figure 2.2 shows the parton distribution functions for u,d, s, c quarks and gluons in a

free proton, evaluated at three scales. The dominance of gluons for small momentum

fractions and lower scales is visible in the figure.

Evaluation of Equation 2.1 can be done in three ways. One way is to perform a fixed-

order pQCD calculation. Such schemes require knowledge of the matrix elements at

the given order. They are typically referred to as inclusive or semi-inclusive calculations

since most of the information of the final state is integrated over. The benefit of such

techniques is that they have very few free parameters, usually only the three scale

parameters: renormalization, factorization and fragmentation. The downside is the

inclusive nature of the calculation: one has to calculate the observable of interest

directly, and any new observable would then require a new calculation.

Another technique is to utilize a Monte Carlo generator. In this scheme, the process

of interest is simulated (typically at LO). Then a parton shower is constructed based

on some shower parameter that defines the ordering, with typical choices being the

virtuality or the relative angle of the parent and the daughter parton [15]. Showers are

split into two parts: initial state radiation (ISR), which happens before, and final state

radiation (FSR), which occurs after the hard scattering. The probability of a branching,

for a parton a to branch to partons b and c is given by [16]

dPa(z, t) =
dt

t

αs(t)

2π

∑
b,c

Pa→bc(z)dz (2.5)

where t is the scale used to order the emissions and z is the momentum fraction

of parton b, and 1 − z is the fraction taken by c. The above expression gives the

differential probability of branching in a dz dt step. Integrating over the kinematically

allowed region of z gives the differential probability of branching in a dt step

dPa(t) =
dt

t

αs(t)

2π

∑
b,c

∫ zmax(t)

zmin(t)
Pa→bc(z) dz. (2.6)

2 The full notation for these functions is Pa→b+c but c is always uniquely defined in accordance to

various conservations laws and the allowed interactions terms from the Lagrangian. Thus it can be

dropped from the notation.
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Figure 2.3: Example of a proton-proton collision event generated via pythia where the un-

derlying partonic process is pp→ tt̄. Figure taken from Ref. [16].

The probability to not branch is 1 − dPa(t). We can define the Sudakov form fac-

tor [16],

Sa(t0, t1) = exp (−

∫ t1
t0

dPa(t)) (2.7)

which results from the repeated application of the no-branching probability. It has the

physical interpretation of the probability of parton a experiencing no branchings be-

tween t0 and t1. The full shower is then generated recursively via repeated application

of the Sudakov form factor. The fully simulated parton shower is then hadronized us-

ing a hadronization model. The final state of an MC generator workflow looks very

similar to a realistic collider event: a list of hadrons, photons, leptons and so on with

their associated momenta. An example of such an event is given in Figure 2.3. The

downside of an MC generator approach is the relatively larger number of free param-

eters that need to be fitted to the data.
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Finally, one could mix the two approaches by generating the process of interest us-

ing a higher order matrix element and then couple the calculation to a parton shower.

This way, one benefits from a higher-order pQCD calculation while obtaining a realis-

tic final state. Of course, this has a downside: the technical difficulty of matching the

parton shower to the hard scattering generation.

In this work we use the Monte Carlo method and utilize pythia in generating the

hard scattering events in p-p and A-A collisions.



3
T H E S O F T S E C T O R

The modelling of the soft sector of heavy ion collisions has been an active and very

fertile area of research for several decades. The prevalent view of the soft sector, a

standard model of heavy ion collisions and QGP evolution, is that of a multi-stage evolution

expected to represent the plasma’s true or physical spacetime evolution. The stages

of the evolution, as previously shown in Figure 1.5, are enumerated as

1. Initial conditions where an energy or entropy density profile is generated imme-

diately after the collision,

2. Pre-equilibrium evolution where a highly out of equilibrium system evolves to-

ward equilibrium,

3. viscous, relativistic hydrodynamic expansion where the system is taken to be close

to local thermal equilibrium with viscous corrections and is then evolved (typi-

cally) as a (2+1)-dimensional medium

4. Particlization at some switching temperature, Tsw, the macroscopic model of hy-

drodynamics is abandoned in favour of a microscopic transport model,

5. Transport below the switching temperature, the hadron gas is evolved, hadrons

are allowed to rescatter, and resonances are allowed to decay. This stage ends

when all hadrons are kinetically frozen out.

The focus of this work is not on the details of modelling the soft sector. As such, only

the relevant details and descriptions for each model used in the composite, multi-

stage modelling of the soft sector are provided. The interested reader is referred to

the original references for the technical specifications.

The evolution of the QGP is modelled in a multi-stage and multi-scale simulation.

This perspective on jet evolution and simulation results from decades of very success-

ful model building and analysis, and it rests on the assumption that the fast, energetic

21
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modes, as represented by jets, are perturbations on the evolution of QGP and do not

fundamentally alter the fireball. The soft sector is simulated and stored, and the jets

are propagated through the history files generated from that simulation. There are

new studies indicating the need for more connection and cross-talk between the hard

and soft sectors [17–20] and the potentially significant modification affected by jet,

and in particular mini-jet, propagation in a QGP medium. However, this branch of

QGP studies is still in its infancy and more studies are needed.

3.1 composite models

Simulations of the soft sector are grouped into two composite models or approaches,

and resulting simulations provide the evolution histories that are then used as the

background for the medium evolution of the hard partons. These are1

a. T-V approach: tRento+free-streaming+vishnu+frzout+UrQMD

b. IPG-M approach: ip-glasma+music+iSS+UrQMD.

There are several parameters whose values need to be tuned to use the two workflows

introduced here. These will be presented and discussed in their appropriate sections.

The T-V model’s parameters were tuned to data in the Bayesian study of Ref. [22].

The free parameters of the IPG-M model were fixed phenomenologically, with values

that provided a good visual fit to heavy ion collision data. A recent, state-of-the-art

Bayesian analysis of the soft sector [23] used a modified2 version of the IPG-M model

and found very similar values for the parameters shown here.

All initial state models used here are evolved or computed in (2+1)-dimensions.

Most of the hydrodynamic profiles – with the exception of the Pb-Pb hydrodynamic

histories of Chapter 5– also have the same spacetime dimensions. The choice of us-

ing a (2+1)D initial condition or later for hydrodynamic simulation is motivated by

the observation of a plateau in charged hadron density dNch/dη. Given the focus of

1 The T-V uses a customized version of iSS [21] available at https://github.com/Duke-QCD/frzout.
2 the modifications involved were strict usage of the (2+1)-dimensional music and different particliza-

tion and hadronic-afterburner packages for the last stage of evolution. The parameterization of the

specific shear and bulk viscosities were also different. However, the extracted profiles are not materi-

ally different from what is presented in Section 3.4.

https://github.com/Duke-QCD/frzout
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experiments on midrapidity observables and the approximate boost-invariance ob-

served in charged hadron density, a boost invariant evolution is a good, reasonable

and successful approximation. The midrapidity region is also the region of interest in

this thesis.

In terms of performance against the data, we use the terminology introduced in

Ref. [11] of first generation and next generation of observables. The first generation

observables are those which capture the large-scale features of the QGP evolution

and are typically observables introduced in the earlier studies of QGP. These incldue

charged hadron multiplicity, mean transverse energy and so on. Next generation ob-

servables are those which are far more sensitive to the momentum correlations, ge-

ometric fluctuations and non-linear response of the medium. It is the latter class of

observables that can distinguish between the modelling approachs enumerated in the

above. For our purposes and given the focus on high energy probes of the medium,

the two approaches are equivalent and the choice to use one over the other, in each

study presented in Chapter 5 and Chapter 6 is purely based on computational and

logistical considerations.

3.2 initial stage

The initial stage of evolution begins with the collision of the two nuclei and extends

until the onset of hydrodynamics. This stage of evolution is the least well-understood

part of the overall modelling of the QGP and is an active area of research. Models of

the initial state can be broadly classified as

a. parametric models such as Glauber [24] and tRento [25],

b. transport models such as AMPT [26],

c. saturation-based models such as ip-glasma [27] and EKRT [28].

Here, we discuss the models used in the multi-stage simulations used in the thesis.
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nucleus a (fm) R (fm)

197Au 6.38 0.535

208Pb 6.62 0.546

Table 3.1: Woods-Saxon distribution parameters used in this thesis. The values are taken from

Refs. [29, 30].

3.2.1 Optical Glauber

One of the earliest models of the initial state is the Optical Glauber model [31, 32].

In this model, the Woods-Saxon distribution [33]3 which has been used to model the

charge distribution in nuclei, is taken to be a good parametrization of the density of

nucleons in the nucleus

ρ(r) = ρ0
1

1+ exp r−R
a

(3.1)

where R is the charge radius of the nucleus, a is the nuclear skin parameter, and ρ0

is the density at the center of the nucleus which can be treated as a normalization

parameter. The values of R and a can be measured in elastic electron scatterings off

target nuclei [35, 36]. The measurements associated with the two nuclei used in this

thesis, Au and Pb, are presented in Table 3.1. The ρ0 parameter can then be fixed via

the normalization condition [37]∫
ρ(r) d3r = 1. (3.2)

In high-energy collisions, the nuclei experience severe Lorentz contraction. The Lorentz

factor can be worked out to

γ =
E

m

=

√
s

2m
(3.3)

3 This parametrization of Woods-Saxon is for underformed nuclei. The equivalent form for deformed

nuclei includes an additional term in the numerator to account for the deformation. In this thesis, only

the high-energy collisions of gold (Au) and lead (Pb) ions are considered, which are generally assumed

to be spherical. This is an assumption that is coming under scrutiny (see Ref. [34]), but the discussion

of which is beyond the scope of this work.
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which for Pb-Pb (208Pb) collisions at 2.76 ATeV, becomes approximately 1490. For a

lead ion with a radius of approximately 7 fm and colliding at this energy, we have a

Lorentz contracted thickness

dcont. =
2RPb

γ

=0.009 fm. (3.4)

Thus this is an extremely contracted object, even more so for higher energy collisions

like
√
s = 5.02 ATeV, and is said to resemble a pancake4. To model the initial condi-

tions, the optical Glauber model assumes straight path trajectories for the nucleons

in each nucleus5. With this approximation and the significantly Lorentz-contracted

nucleus, we can then think of the colliding nuclei as two thin overlapping pancakes

and define the nuclear thickness function

TA(B)(s) =
∫∞
−∞ ρA(B)(s, zA(B)) dzA(B) (3.5)

which is normalized to unity∫
TA(B)(s) d

2s = 1. (3.6)

The nuclear thickness function is the probability of finding a baryon in the trans-

verse plane at location s. The subscripts A and B denote the projectile and the target

nucleus, respectively. Using the nuclear thickness function, we can write down the

overlap function of two colliding nuclei

TAB(b) =
∫
TA(s − b/2)TB(s + b/2) d2s (3.7)

where b is the impact parameter of the collision. The integrand of this quantity is the

joint probability per unit area of two nucleons overlapping. The main input to the

Optical Glauber model, is the inelastic nucleon-nucleon cross section or σNNInel. which

together with the nuclear overlap function TAB(b)σNNInel., gives the probability of an

4 This is the terminology that is typically used in the literature to describe the shape of the colliding

ions. Given the amount of contraction, I find crêpe to be a better analogy.
5 This is the eikonal approximation, true when the velocities of the nucleons are very high. In such

a limit, most interactions are small deflections, too small to change the direction of travel. This is

sensible given that soft QCD interactions (momentum exchanges less than 1 GeV) are much more

likely to happen than hard collisions which result in significant deflections of the nucleons.
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interaction occuring. Using this information, the Optical Glauber model can compute

various quantities of interest for heavy ion collisions. However, it is a smooth model

with no fluctuations. While it has been able to adequately explain some experimental

observables when coupled to a realistic hydrodynamic simulation, it is not capable

of capturing fluctuation-driven observables, such as triangular flow (v3, see Equa-

tion 1.11).

3.2.2 Monte Carlo Glauber

Monte Carlo Glauber (MCGlauber) model is a natural improvement on the Optical

Glauber model. It introduces fluctuations via sampling the Woods-Saxon distribution

of Equation 3.1 for nucleon positions rather than using it as a smooth distribution.

Two nucleons then are taken to have experienced a collision if their distance, d, satis-

fies

d 6

√
σNNInel.
π

. (3.8)

The nucleons that have experienced at least one collision are called participants while

the rest are spectators. Another parameter in MCGlauber is the radius associated with

the proton. The proton shape is taken as an exponential exp (r/R) where R can be the

root-mean-squared charge radius of the proton (R = 0.88 fm) or the gluon radius of

proton (R = 0.4 fm). Both Optical Glauber and MCGlauber can be used to directly

initialize the hydrodynamic stage by calculating the initial entropy density profile

s0
6 [38]

s0(r⊥) ≡
dS

τ0d2r⊥dη
|η=0

=
C

τ0

(
1−α

2
npart.(r⊥) +α nbin.(r⊥)

)
(3.9)

where S is entropy and τ0 is the start time of the hydrodynamic evolution with npart.

and nbin. being the number density of participants and number density of binary

collisions. α is the relative weight, a phenomenological parameter, and C is the overall

6 Energy density can also be used to initialize the hydro stage, and it is related to the entropy density

via the EOS.
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(a) Sketch of the relation between centrality

and Nch

(b) Example of centrality determination by the

ALICE Collaboration

Figure 3.1: (a) Sketch of the relationship between impact parameter, centrality and charged

particle multiplicity. Figure is taken from Ref. [24]. (b) ALICE Collaboration’s cen-

trality determination of method in Pb-Pb collisions at 2.76 ATeV using the VZERO

detector. Figure is taken from Ref. [39].

constant that can be tuned to charged hadron multiplicity at midrapidity to reproduce

the data.

The MCGlauber model then incorporates fluctuations into the Glauber model and

expands the range and number of observables it can accommodate. However, it is a

purely geometry-based model and currently, the main application is centrality class

determination. Centrality is a measure of how head on the heavy ion collision was

(see Figure 3.1). Centrality determination in experiments is done by correlating the

measurement of energy deposition or number of particles in a given detector to the

size of the QGP created in the HIC [24]. One way is to measure the charged particle

multiplicity (Nch) at midrapidity for all events in a given run and order them in

increasing order of Nch. This is shown in Figure 3.1a. The centrality classes are then

determined by binning the distribution into fractions of its total integral [24, 38]. For
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example, for the 20-30% centrality class, we need the boundaries c20 and c30 which

are determined using∫nc20∞ dNevt.
dNch

dNch∫0∞ dNevt.
dNch

dNch
= 0.20,

∫nc30∞ dNevt.
dNch

dNch∫0∞ dNevt.
dNch

dNch
= 0.30. (3.10)

The experimental example for the ALICE Collaboration using their VZERO detector

is provided in Figure 3.1b7.

3.2.3 ip-glasma initial state model

The (2+1)-dimensional, boost-invariant ip-glasma model [27, 41, 42] is a state-of-

the-art, QCD-inspired initial state model within the Colour-Glass-Condensate (CGC)

framework. The CGC framework is an effective field theory based on the idea that

the hadronic structure depends on the scales probed by the external observer [43].

It argues for a separation of scales for a nucleon travelling with a high velocity: the

valence quarks (partons with large x) of our nucleon are highly time-dilated and

act as colour-charge sources for the soft (or small x) gluons. Virtual radiations or

fluctuations of these valence quarks are also occurring at much larger time scales due

to the Lorentz time dilation. A valence quark, then, can radiate a gluon that will go

on to radiate another gluon and so on, forming a gluon cascade. Thus going to low-x

seems like a mistake: the gluon density is going to explode the lower we go in x8.

This is where the idea of gluon saturation comes in. Gluon recombination processes

also become more likely as the number density of gluons increases. The scale at

which the two balance each other is the Saturation Scale or Qs. While gluon-saturation

has not been directly observed, saturation-based models have been very successful

in simulations of HIC. Further studies of gluon saturation are a part of the physics

program of the Electron-Ion Collider [44].

The discussion of ip-glasma here follows Refs. [42, 45, 46]9 and references therein.

7 The VZERO detector at ALICE is a scintillator array, placed asymmetrically at both ends of the inter-

action point [40].
8 Refer back to Figure 2.2 where for lower values of the parton momentum fraction x, the gluon is by

far the dominant constituent of the proton.
9 In Ref. [46] a (3+1)-dimensional implementation of ip-glasma is presented. In this work, the simu-

lated hydrodynamic backgrounds that are used were seeded by a (2+1)-dimensional simulation. This
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The initial state of the collision, using ip-glasma is simulated first by determining

the position of the nucleons via sampling the Woods-Saxon distribution of Equa-

tion 3.1. The impact parameter of the collision, b, is also sampled from

P(b)db =
2b db

b2max − b
2
min

(3.11)

after which the two nuclei are shifted by ±b/2 in opposite directions. The nuclear

thickness functions are computed by summing over the contributions of individual

nucleons

TAj(x) =
Aj∑
i=1

1

2π BG
exp

(x − xi)2

2BG
(3.12)

where Aj is the mass number of nucleus A and BG = 4 GeV−2 is the size of the nu-

cleonic hotspot extracted from deep-inelastic scattering (DIS) data. Once the nuclear

thickness function is determined, using the IP-SAT model [47], we can compute the

saturation scale at midrapidity

Q2s =
π2

Nc
αs(µ

2(r2))x G(x,µ2(r2))T(b) (3.13)

where µ is the energy scale, G is the gluon PDF and x its momentum fraction. Finally,

Nc = 3 is the number of colours. The colour charge density is then sampled across

the transverse plane from a Gaussian whose width is proportional to Q2s. From the

colour charge distribution, gauge fields for each nucleus are computed and evolved

using the classical Yang-Mills (CYM) equations

[Dµ, Fµν] = 0 (3.14)

where Dµ = ∂µ + igA
a
µt
a is the covariant derivative and Fµν the field strength tenosr.

The gauges fields are evolved until the start time of the hydrodynamic phase, τ0. At

this point, the energy-momentum tensor is constructed [45]

Tµν = −gµαgνβgγδFαγFβδ +
1

4
gµνgαγgβδFαβFγδ (3.15)

is because while the 3D ip-glasma is more physical, it is also significantly more computationally in-

tensive. As such, the tuning and validation of the runs are, at this point, computationally prohibitive.

Furthermore, as stated before, a boost invariant approximation is valid in heavy ion collision and has

been very successful.
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Figure 3.2: Example of an initial energy density profile generated using ip-glasma for a head-

on Pb-Pb collision at 2.76 ATeV.

and diagonalized

Tµνuν = εuν (3.16)

where uµ is the local flow velocity and ε the local energy density. Finally, Tµν is

separated into ideal and viscous components and used to initialize the hydrodynamic

evolution. This process is called Landau Matching. An example of an initial profile

from ip-glasma is shown in Figure 3.2. This energy density profile is evolved to

τ = 0.4 fm/c, the start time of the hydrodynamic evolution in the IPG-M model.

3.2.4 tRento initial state model

The Thickness (Reduced) Event-by-event Nuclear Topology or tRento [25] is a para-

metric initial state model. The model uses a smoothly varying parameter, p, in com-

puting the reduced thickness function

TR(p; TA, TB) =

(
T̂
p
A + T̂pB
2

)1/p
(3.17)
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where T̂A and T̂B are the participant thickness functions of the nuclei involved in the

collision, A and B. These are given by [25]

T̂A,B =

∫
dzρ

part.
A,B (x,y, z) (3.18)

with ρ
part.
A,B being the density of the nucleus that participates in inelastic collisions.

The idea is that the reduced thickness function, TR, is the deposited energy in the

collision and is some function of the respective thickness functions of the colliding

nuclei. By having the smoothly varying parameter p, then, one can probe different

models of initial state models and how they deposit the energy10. tRento constructs

the thickness function of each nucleus via

T̂A,B(x,y) =
Npart.∑
i

uiTp(x− xi,y− yi) (3.19)

where xi and yi are the transverse plane positions of the nucleon, sampled from the

Woods-Saxon distribution of Equation 3.1 and ui are fluctuation factors, included to

account for the large fluctuations that are observed in p-p collisions [21]. The values

for the ui are sampled from a Gamma distribution

Pk(u) =
kk

Γ(k)
uk−1e−k u (3.20)

where k is the shape parameter, related to the standard deviation of nucleon multi-

plicity fluctuations [21]. The participant thickness function, Tp, is given by a Gaussian

characterized by nucleon width w

Tp(x,y) =
1

2π w2
exp−(

x2 + y2

2w2
). (3.21)

There are also other parameters in the tRento model, such as the minimum distance

of the nucleons when sampling the Woods-Saxon distribution or the overall normal-

ization factor for energy (or entropy) deposition. Through all of this, the tRento

model aims to provide an initial state model that is agnostic on the exact physical

mechanisms of entropy production, thermalization or pre-equilibrium dynamics. The

simplicity and the parametric nature of the model have made it a (nearly) universal

choice for generating initial states for hydrodynamic simulations, with particular ap-

plication in Bayesian studies of the QGP [21, 22, 48–51]. Here, tRento is used within

a jetscape workflow and only for event-averaged simulations. An example for such

initial profiles in event-averaged mode is given in Figure 3.3.

10 See Chapter 4 of Ref. [11] for a thorough discussion on the caveats of using tRento.
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Figure 3.3: Example of the initial energy density profile generated by the tRento model for

Pb-Pb collisions at 2.76 ATeV at 0-5% centrality class. For this figure, 500 profiles

were generated and averaged to produce the profile.

3.3 pre-equilibrium stage

Once the initial conditions are generated, they have to be evolved through the pre-

equilibrium stage until the onset of hydrodynamics. Examples of models designed

connect the initial state to the hydrodynamic stage are KøMPøST [52] and free-

streaming [53, 54]. KøMPøST seeks to smoothly connect the microscopic description

of the initial state to the macroscopic description of later evolution governed by hy-

drodynamics. An alternative approach is to use free-streaming and evolve the initial

conditions, without interactions, up to the start time of the hydrodynamics.

Free-streaming is used in the T-V model for the soft-sector event backgrounds

used here. KøMPøST, is not used as a part of soft-sector modelling. The contribu-

tion of KøMPøST is its input to the photon spectra that are calculated from the

pre-equilibrium stage. As discussed in Chapter 1, the evolving QGP can be a source

of photons, both in the hydrodynamic and pre-equilibrium stages. In Chapter 5 and



3.3 pre-equilibrium stage 33

Chapter 6, the contribution of jet-medium photons to the direct photon spectra is

analyzed. Therefore it is necessary to include pre-equilibrium and thermal photon

spectra for completeness. The spectra are taken from Ref. [55], and were generated

using a KøMPøST background.

3.3.1 Free-streaming

Free-streaming is an approach which mimics the pre-equilibrium state, based on the

idea that the initial state is an infinitely weakly coupled system [56]. It assumes the

coupling to be zero and the system to be a collection of noninteracting, massless

partons [21, 53, 54]. Free-streaming takes the output of tRento and interprets it as

the density of partons in the transverse plane. The partons are then assumed to travel

at the speed of light, without further interactions and are evolved for some time,

τFS. This is the only parameter of the model whose value can (and indeed has been)

learned from data to be close to 1 fm/c [21]. At the end of the free streaming process,

the stress-energy tensor is matched to the hydrodynamic one using the same Landau

matching condition described for ip-glasma.

3.3.2 KøMPøST

In contrast to free-streaming, KøMPøST [52, 57] is designed to smoothly match the

initial condition to the hydrodynamic stage within a weakly-coupled kinetic theory

approach. It uses non-equilibrium linear response theory [58] to evolve the energy-

momentum tensor from its non-equilibrium form up to the onset of hydrodynamics.

The stress-energy tensor for a given spacetime point (τ, x) is decomposed into a seg-

ment that is averaged over the causally connected part and perturbations [55]

Tµν(τ, x) = T̄µν(τ, x) + δTµν(τ, x) (3.22)

The two components are then evolved using response functions, computed within a

purely gluonic QCD.

As explained previously, the only input of the KøMPøST pre-equilibrium model

into this work is the pre-equilibrium photons calculated in Ref. [55]. The calculation is
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done with the same steps as photon calculations from the hydrodynamic stage. The

stress-energy tensor is decomposed into energy density, flow velocity and viscous

components. An effective temperature is calculated from the energy density using the

QCD equation of state, and the equilibrium photon emission rates are then folded

with this information.

Photon production requires a quark population since gluons are not charged under

QED and do not couple directly to photons. A purely gluonic QCD can dynamically

generate quarks via gluon scatterings as the system evolves towards equilibrium. To

model this behaviour, Ref. [55] uses the equilibrium quark distribution (Fermi-Dirac

distribution) multiplied by a time-dependent suppression factor characterized by a

chemical equilibration time, τchem with chemical equilibrium defined as the time at

which this suppression factor reaches 0.9 [59]. This accounts for low quark population

density at the early times and their rising population as we approach the hydrody-

namic stage. The pre-equilibrium photon spectra used in this work are the τchem. = 1

fm/c spectra of Ref. [55]. The relevant physical scale of the pre-equilibrium matter is

the effective temperature which in the very early stages of the simulation is less than

1 GeV and falls rapidly. Thus the contribution of these photons is most significant for

lower values of transverse momenta, and they are not a significant source of high-pT

photons.

3.4 relativistic hydrodynamics

We have arrived at the hydrodynamic stage. Relativistic hydrodynamics is the model

used for the collective expansion of the QGP. It is a macroscopic theory which deals

with average thermodynamic quantities. Here only a summary of the basic equations

used in the simulations is provided. The discussion of this section closely follows

Refs.[21, 60].

All hydrodynamic simulations aim to solve

∂νT
µν = 0 (3.23)
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which is simply a conservation equation for the energy and momentum of the system.

When at local thermal equilibrium, we can write the stress-energy tensor as

Tµν = Tµνideal = (ε+ P)uµuν − Pgµν (3.24)

where as before, uµ is the local flow velocity with uµuν = 1, ε the local energy

density and P the pressure. There are four equations in Equation 3.23 while there are

five unknowns to solve for: three in the flow velocity and two for energy density and

pressure. The system of equations and unknowns is closed using the equation of state

(EOS) to connect the pressure to energy density.

When out of local thermal equilibrium, the stress-energy tensor is modified to

account for the energy dissipation,

Tµν =Tµνideal + T
µν
viscous

T
µν
viscous =π

µν +∆µνΠ (3.25)

where πµν is the (traceless) shear viscous tensor and Π the bulk pressure. The projec-

tion tensor is also defined as ∆µν = gµν −uµuν. These introduce 16 new components

and unknowns, which must be solved for 15 from πµν and one for the bulk viscous

pressure. Given the freedom in choosing the definition of uµ, we can choose the Lan-

dau frame where uµ is defined as the velocity of energy transport

uµT
µν = εuν. (3.26)

which leads to the relation uµπµν = 0. These relations, coupled with the requirement

that shear viscous tensor is traceless and symmetric, leaves only six additional de-

grees of freedom, five from πµν and one from the bulk viscous pressure. We can now

take the first order in deviation from local thermal equilibrium, which leads to the

Navier-Stokes theory [61]

πµν =2ησµν

Π =− ζθ (3.27)

where η and ζ are shear and bulk viscosities, θ = ∂µu
µ is the expansion rate and σµν =

∂<µuν> is the Navier-Stokes tensor. The angular brackets denote the traceless part of

the symmetrized tensor. The Navier-Stokes tensor, in expanded form, is written as

∂<µuν> =
1

2
(∂µuµ + ∂νuµ −

2

3
∆µν∂αuα). (3.28)
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In the above equations, the instantaneous connection between the fluid flow and

viscous pressures leads to superluminal flow and acausality [62]. This issue was re-

solved11 by the introduction of the first relativistic viscous hydrodynamics by Müller,

Israel and Stewart. By including terms up to the second order in the gradient expan-

sion [64, 65] they introduced relaxation-time type equations for the viscous correc-

tions,

τππ̇
<µν> + πµν =2ησµν −

4

3
πµνθ

τΠΠ̇ =− ζθ−
2

3
τΠΠθ (3.29)

where τπ and τΠ are the relaxation times of the shear and bulk viscosities, respectively.

The dot above a variable denotes the proper time derivative (π̇ = uµ∂µπ). The vari-

ant of the Müller-Israel-Stewart used by the hydrodynamic models used here is the

kinetic-theory-based formulation of by Denicol, Niemi, Molnar, and Rischke called

DNMR hydrodynamics [66–68]. The DNMR equations read

τππ̇
<µν> + πµν = 2ησµν −

4

3
τππ

µνθ+
9

70P
π<µα π

ν>α −
10

7
τππ

<µ
α σ

ν>α +
6

5
τπΠσ

µν

τΠΠ̇+Π = −ζθ−
2

3
τΠΠθ+

8

5

(
1

3
− c2s

)
τΠπ

µνσµν. (3.30)

The relaxation times, τπ and τΠ provide a time scale over which the dissipative modes

decay and their values are derived as [68]

τπ =
5η

ε+ P

τΠ =
ζ

(ε+ P)

1

14.55(1/3− c2s)
(3.31)

where cs is the speed of sound in the medium. When these relaxation times are zero,

we recover the Navier-Stokes hydrodynamics. All transport coefficients have been

written in terms of known quantities and η and ζ, the two transport coefficients of

interest. In this work, the medium temperature evolution profiles are generated by

two main hydrodynamic models: music [69], vishnu [48, 61, 70]. Both models are

numerical solutions to equations discussed above and differ only in their numerical

11 There are still some acausality issues in hydrodynamic simulations and it is an active area of research,

see for example [63].
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Figure 3.4: Example of a (3+1)-dimensional music simulation of Pb-Pb collisions at 2.76 ATeV,

for a highly central event belonging to the 0-5% centrality class. The plotted pro-

files are of the midrapidity slice η = 0 at four different times.

implementation. On the physics side, the only difference is the choice of the imple-

mentation of viscous corrections and their functional forms (see Figure 3.5). music

chooses a fixed value for the shear viscosity to entropy density ratio 12, η/s = 0.13,

which is motivated by phenomenological studies [69, 71, 72]. The bulk viscosity to

entropy density used by music was parametrized in Ref. [73] and is given by

ζ/s(x) =


A1x

2 +A2x−A3 (0.995Tc 6 T 6 1.05Tc)

λ1e
1−x
σ1 + λ2e

1−x
σ2 + 0.001 T > 1.05Tc

λ3e
x−1
σ3 + λ4e

x−1
σ4 + 0.03 T < 0.995Tc

(3.32)

12 The values and the functional form of the viscosities implemented in either hydrodynamic model,

music or vishnu, is purely a choice. The models can be used with any parameterization or value for

the viscous corrections.



38 the soft sector

where x ≡ T/Tc. The parameters are fitted to data from lattice QCD [74] and hadron

resonance gas [75] and are given by

A1 = −13.77, A2 = 27.55, A3 = 13.45

λ1 = λ3 = 0.9, λ2 = 0.25, λ4 = 0.22

σ1 = 0.025, σ2 = 0.13, σ3 = 0.0025, σ4 = 0.022 (3.33)

The critical temperature, Tc is taken to be 180 MeV in music simulations used in

this work. While the parameters presented here are the results of phenomenologi-

cal studies, the Bayesian analysis of Ref. [23], which sought to extract the various

parameters of an ip-glasma(2+1)D coupled to a music(2+1)D simulation from HIC

data has found similar values for viscous corrections. The parameters of the current

implementation of viscous corrections in vishnu were tuned in the Bayesian analysis

of Ref. [22].

The parametrization on the shear viscosity to entropy density is given by

η/s(T) =(η/s)min + (η/s)slope(T − Tc)(T/Tc)
(η/s)crv

ζ/s(T) =
(ζ/s)max

1+ (
T−(ζ/s)T0
(ζ/s)width

)2
(3.34)

where the maximum a posteriori values for the parameters introduced were found

to be

(η/s)min = 0.081, (η/s)slope = 1.11 GeV−1, (η/s)crv = −0.48

(ζ/s)max = 0.052 (ζ/s)T0 = 183 MeV, (ζ/s)width = 0.022 GeV. (3.35)

The events used in this thesis for jet energy loss simulations are generated using both

hydrodynamic models. While vishnu is in (2+1)-dimensions only, music can gener-

ate (2+1)D and (3+1)D simulations. An example of the hydro temperature profile at

midrapidity for Pb-Pb collisions at 2.76 ATeV is given in Figure 3.4 for simulations

performed using music. The temperature dependence of the specific shear and bulk

viscosities discussed above is provided in Figure 3.5. The significant difference ob-

served in the viscosities are largely functions of the modelling choices made during

their extractions [11]. Finally, the thermal photon spectra emitted from the hadronic

gas and the QGP were computed in Ref. [55], using an IPG-M model, and it is this

thermal photon spectrum that is used throughout the thesis when the total direct

photon yield is presented.
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Figure 3.5: Temperature dependence of the specific shear (η/s) and bulk (ζ/s) viscosities im-

plemented in IPG-M model (music) and T-V model (vishnu).

3.5 particlization and transport

The hydrodynamic evolution continues until the mean free path is large enough

that both hydrodynamics and transport become reasonable ways of modelling the

medium. This is also around the time that confinement causes the relevant degrees

of freedom of the system to transition from quarks and gluons to hadrons. The tran-

sition is modelled to occur at a switching temperature, Tsw. Above this temperature,

T > Tsw, hydrodynamics is taken to be the model of the evolution of the system while

T < Tsw is seen as a microscopic system whose evolution is governed by transport.

The process of converting the hydrodynamic prescription and preparing the medium

for transport is particlization. A general overview of the process is provided in what

follows, loosely following the discussion of Refs. [11, 21, 60].

The current standard in particlization is the Cooper-Frye prescription [70, 76]. The

idea is to construct isothermal hypersurfaces and describe the differential particle

yield from a hypersurface as

E
dN

d3p
=

N

(2π)3

∫
σ
f(x,p)pµdΣµ (3.36)

where N is the particle degeneracy and f(x,p) the phase-space distribution. The in-

tegral is over the hypersurface σ, and dΣµ is the differential surface four-vector. At
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equilibrium, the Bose-Einstein or Fermi-Dirac gives the phase-space distribution, as

appropriate for the hadron. Out of equilibrium, the distribution function is broken

up into its equilibrium and viscous components [60]

f = fequilibrium + δfshear + δfbulk. (3.37)

The viscous corrections can be evaluated in different ways. Two methods of doing so

are the Relaxtion Time Approximation [77] or the Grad’s 14 moment [78] approach.

After the particlization process, a Boltzmann transport model is used to further

evolve the sampled hadrons, including their rescatterings and decays until the system

is kinetically frozen out. The most popular implementation is that of UrQMD [79, 80].

It solves the relativistic Boltzmann equation

pµ∂µfi(x,p) = C[fi] (3.38)

where fi(x,p) is the phase space distribution of the hadron type i and C is the collision

kernel, encoding the elastic and inelastic scatterings. It is via the collision kernel

that the phase space distributions of the different hadrons become coupled to each

other. UrQMD then propagates the hadrons along classical trajectories and allows

for collisions. It also accounts for resonance formation and decay. The evolution ends

once the hadron density is so low that collisions can no longer occur, and the hadrons

have undergone kinetic freezeout.
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J E T- Q U E N C H I N G : A N O V E RV I E W

Jets produced from hard scatterings of constituent hadrons in heavy ion collisions

encounter a QGP medium as they leave the interaction point. The hard partons then

lose energy via their interactions with the thermal medium. The modelling of jet

quenching requires an understanding of the physics of very different scales:

a. hard parton generation via high pT collisions

b. time evolution of the QGP

c. jet-medium interactions of partons traversing the QGP

d. transition at temperature Tc where jets decouple from the medium and hadronize.

Our current understanding of jet energy-loss indicates two dominant channels

available to a high-pT parton: collisional and radiative energy loss. The first work

on the quenching of jets in a QGP medium was done by Bjorken [81] with a focus

on collisional energy loss, and the effect was found to be significant for intermediate

transverse momentum ( pT 6 30GeV, approximately) partons. Further work on this

topic was done in Refs. [82–89]. It is now accepted that while radiation is the domi-

nant mode of energy loss for light quarks and the gluon, elastic scatterings modify

the evolving parton spectrum in a non-trivial way [89] and affect final observables

such as jet-shape and charged hadron fragmentation functions within jets.

Radiative energy loss via gluon bremsstrahlung is the dominant mode of energy

loss for an energetic parton. A number of different radiative energy loss approaches

have been proposed [90–96] to model this process with different sets of assumptions.

There have been previous attempts at systematic comparisons of these models [97]

in a QGP brick: the idealized QGP environment which is static and at a fixed tem-

perature, and allows for comparative studies of the rates of emission and for under-

standing the average path length dependence. Moving from an idealized brick to

an evolving QGP, however, has been more challenging. This is due to the practical

43
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approximations and assumptions that had to go into how the formalisms were im-

plemented. These assumptions include the initial jet profile that would be fed into

the calculation, the hydrodynamic background that the jets would travel through1,

the hadronization scheme to be applied and finally, the jet-clustering algorithm to

be used. The jetscape collaboration sought to create a modular approach to jet sim-

ulation in heavy ion collisions and thus to enable a direct and faithful comparison

between various jet-quenching models. The modularity of jetscape then allows for

the creation of multi-stage models, where different regimes of a hard parton’s evo-

lution through the medium can be modelled separately and with significant control

over the details of the evolution. As it will be shown in the following two chapters,

particularly in Chapter 5, multi-stage modelling is essential in the successful and

simultaneous description of different hard probes.

Here jetscape is used for two tasks

a. the first comparative analysis of two jet quenching models: martini and cujet

in the context of Monte Carlo simulation

b. the study of the effects of single vs. multi-stage modelling of jet energy loss in

realistic simulations.

The structure of the rest of the thesis, then, would be as follows: this chapter will

deal with the theory behind cujet and martini. Chapter 5 is dedicated to the new

phenomenological study of the higher order collision kernels in martini and their

effect on hadronic observables and jet-medium photon spectra. Chapter 6 presents the

novel and state-of-the-art multi-probe, multi-system comparative analysis of cujet

and martini in a jetscape workflow.

It should be noted that recent works on jet energy-loss in the pre-equilibrium stage

indicate the possibility of significant quenching of high-pT jets [98]. Energy loss of jets

in the initial stages is not considered in this work beyond what is done via matter,

and only in Chapter 6.

1 This includes the modelling of the initial, pre-equilibrium state as well.
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4.1 collisional energy loss

In collisional energy loss (or elastic scattering) reactions, the identity of the hard

parton2 is conserved while its momentum receives minor modifications. These are

t-channel-dominated processes where the energetic parton exchanges a space-like

gluon. One can also have processes where a space-like quark (or anti-quark, depend-

ing on the identity of the partons involved) is exchanged. However, the fermion-

mediated processes are not identity-preserving and will be discussed in Section 4.3.

Figure 4.1: Elastic scattering channels for quarks, anti-quarks and gluons. The blue line de-

notes the hard parton, while the red is reserved for soft particles. The black lines

with a circle are the internal, dressed propagators. Solid lines denote quarks or anti-

quarks, and curly lines are the gluons. See text for details.

Figure 4.1 shows the 2 → 2 elastic scattering channels open to QCD fermions and

bosons in the QGP where figures (a) and (b) show the possible scattering channels

of a quark or anti-quark while (c) and (d) are the channels available to gluons. The

solid lines can be either quark or anti-quark. To calculate the cross-section of these

processes, we need to regulate the infrared divergence of the internal propagator for

small momentum exchanges. At finite temperatures, gauge fields acquire a thermal

mass mg ≈ gT [99]. When the momentum of the internal propagator is of this same

order, then all effects of O (T) need to be re-summed to get a dressed propagator [100].

This procedure is known as the Hard Thermal Loops (HTL) resummation and was

2 Hard partons are distinguished from the soft, medium background by some cut on their momentum

p > pcut. Typically this cut is related to the local temperature, T .
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performed by Braaten and Pisarski in Refs. [101–103], Frenkel and Taylor in Refs. [104,

105] and Taylor and Wong in Ref. [106] to dress the propagators inside a medium.

4.1.1 Collisional Energy Loss in martini

martini uses the elastic scattering channels of Figure 4.1 and regulates the diver-

gence by taking the re-summed HTL gluon propagator when computing the matrix

elements. The implementation of elastic energy loss in martini follows the original

work in Ref. [89]. More recently, Ref. [107] added the ability to promote a medium

particle to a hard parton (called recoil partons) in case of large momentum transfers.

Presented here is the approach of Ref. [89] in calculating transition rates from elastic

scattering3. In the massless (or ultra-relativistic) limit, the general expression for the

transition rate of a 2→ 2 process is given by

dΓelas.

dω
=d2

∫
d3p2
(2π)3

d3p4
(2π)3

2π

16p1p2p3p4
δ (p1 − p3 −ω) δ (p4 − p2 −ω)×

|M|2f2 (p2, T) (1± f4 (p4, T)) (4.1)

where the lower case pi is the magnitude of the three-momenta of particle i and fi

is the distribution function, Bose-Einstein or Fermi-Dirac, depending on the particle

species. The plus or minus sign (±) accounts for Bose-enhancement (+) or Pauli-

blocking (−). d2 is the spin, colour and flavour degeneracy factor of the thermal

particle. The integration is performed using the technique proposed by Ref. [108, 109],

where the p2 integral is replaced by an integral over the exchanged three momentum,

q = p1−p3. Allowing q to define the z-axis, restricting the incoming parton to the x-z

plane and taking the ultra-relativistic limit for the incoming parton (p1 →∞) enables

us to write

dΓelas.

dω
(p,ω, T) =

d2
(2π)3

1

16p2

∫p
0
dq

∫∞
q−ω
2

dp2 Θ (q− |ω|)×∫2π
0

dφp2q|pq

2π
|M|2f2(p2, T)(1± f4(p2 +ω, T)) (4.2)

where p was re-defined p ≡ p1. The angle φp2q|pq is the angle between the planes

defined by p2 × q and p× q. The Heaviside step function (Θ) ensures that the mo-

3 Specifically it is Method B of Ref. [89] that is discussed here and implemented in martini.
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mentum transfer is space-like. Ref. [89], which is the basis for elastic rates imple-

mented in martini performed the calculation in two ways, demonstrating that they

are equivalent

a. break the integration domain with q∗ ≈ O(T)

• use bare propagator for hard momentum transfers q > q∗

• used HTL re-summed gluon propagator for soft momentum transfers 0 <

q < q∗

then carefully match the two computations.

b. use the HTL re-summed propagator of the gluon throughout.

martini implements the second method where the HTL re-summed gluon propaga-

tor is used to compute the matrix element. The Coulomb gauge propagator is given

by [101, 102]

Dµν (Qα) = δµ0δν0∆L (ω,q) + PµνT ∆T (ω,q) (4.3)

where PµνT is the transverse projector operator with components

P00T = 0, P
ij
T = δij − q̂iq̂j. (4.4)

The four-vector Qα = (ω, q) is the momentum flowing through the gluon. Finally, ∆L

and ∆T are, respectively, the longitudinal and transverse propagators of the gluon

∆T (ω,q) =
1

FT −Q2
, ∆L (ω,q) =

1

FL −Q2
Q2

q2
. (4.5)

The expressions for FL and FT are

FL =2m
2
D(1− x

2) (1− xQ0 (x))

FT =m2
D −

1

2
FL (4.6)

with x ≡ ω/q. mD is the gluon Debye mass

m2
D =

1

6

(
Nc +

Nf
2

)
g2T2 (4.7)

where Nc and Nf are the numbers of colours and flavours in the theory, respectively.

Q0(x) =
1
2 log

(
1+x
1−x

)
is the Legendre function. The propagator of Equation 4.3 is then
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used in calculating the matrix element squared of Equation 4.2. The matrix element is

taken to the soft momentum transfer limit q ∼ gT . Elastic channels present in martini

are presented in Figure 4.1. The rates for each channel are then computed using the

HTL re-summed gluon propagator, tabulated and read into martini at run time.

As the hard parton travels through the medium and interacts via elastic scatterings,

it deposits energy into the medium. This jet-induced flow is correlated with the hard

parton and travels alongside the jet. Its effect is enhanced production of soft hadrons

along the main jet axis. martini uses the kinetic theory approach where the jet is

scattering off of and transferring energy/momentum to a thermal particle from the

medium [107]. The distinction between a hard, jet parton and a soft, medium particle

is made using a momentum cut, pcut. Partons with energies larger than this value

are considered hard, while those below are taken to be indistinguishable from the

medium. The value of this cut is then a parameter that can be varied and can be

seen as either fixed (pcut = 2 GeV, for instance) or as a multiple of local temperature,

pcut = n T where n is some number4. A medium particle that receives enough energy

as a scattering partner of a jet parton and passes the momentum cut will then be

treated as another jet and evolved accordingly. To conserve energy and momentum,

the hole that is left in the medium is allowed to free-stream, hadronize and then be

subtracted at the analysis stage.

Figure 4.2 shows the elastic scattering rate for the four channels implemented in

martini for a fixed temperature (T = 300 MeV, left) and a fixed jet momentum

(p = 20 GeV, right). The dotted lines in the figure are the elastic rates evaluated for a

fixed αs = 0.3 while the solid lines are with a running coupling5. The shaded region

on the left side is momenta that are below pcut, which for this plot is chosen to be 2

GeV. In the figures, we can see that the relative position and general behaviour of the

total elastic rates are as expected:

1. parton travelling through a high-temperature plasma would experience more

elastic scattering than plasma at a lower temperature,

4 For the martini vs. cujet comparison work, pcut = 2 GeV is used for both models. In simulations

comparing the effect of collision kernels, pcut = 4T was used.
5 See Section 4.4 for the discussion on running coupling of martini and Section 4.2.1 for cujet.
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Figure 4.2: Elastic scattering rates implemented in martini for temperature fixed to T = 0.3

GeV (left) and momentum fixed to p = 20 GeV (right). The solid lines are elastic

rates, including the effect of the running coupling, while the dotted lines are for

a fixed αs. The shaded red region denotes momenta p < pcut where in this plot,

it is set to pcut = 2 GeV. For the solid lines, the elastic running coefficient is set to

κe = 4.5 (see Equation 4.39 for the definition).

2. owing to their much larger Casimir factors, hard gluons experience more energy

loss than quarks.

4.1.2 Collisional energy-loss in cujet

cujet employs the Thoma-Gyulassy model [82]. Unlike martini where a dressed

gluon propagator is used to regulate the divergences for all values of the momentum

exchange, cujet uses the vacuum gluon propagator and approximates the thermal

effects by using the gluon Debye mass as the regulator. The differential scattering

cross-section is given by

dσi,j

dt
=

2πα2s
(t+m2

D)
2
ci,j (4.8)

where subscripts i and j denote the identities of the jet parton and the medium par-

ticle, respectively. The momentum exchange variable, the Mandelstam t, is the same
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Table 4.1: Colour factors used in cujet modelling of elastic scatterings. Subscripts i and j are

used to denote the hard and soft parton, respectively.

Scattering Partons ci,j

q,q 4/9

q,g 1

g,g 9/4

as before, and m2
D is the square of the gluon Debye mass, given by Equation 4.7. The

numerical constants ci,j are the colour factors, presented in Table 4.1. The total elas-

tic scattering rate is given by a convolution of the differential cross-section and the

thermal distribution function of the medium particle

Γelas. (p, T) =
∑

dj

∫
d3p2

(2π)3
f2 (p2, T)

∫
dt
dσi,j

dt
(4.9)

where dj is the degeneracy factor of the thermal parton. There are two significant dif-

Figure 4.3: Elastic rates implemented in cujet for fixed temperature (T = 0.3 GeV, left) and

fixed momentum (p = 20 GeV, right). The shaded red area is p < pcut where the

momentum cut is set to pcut = 2 GeV. Compare with Figure 4.2.

ferences between the models of the elastic energy loss channels in cujet and martini.

First is the simplistic inclusion of thermal medium effects in the gluon propagator in
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cujet via a simple gluon Debye mass versus the full HTL gluon propagator in mar-

tini. Second is the accounting for quantum statistics: martini uses Fermi-Dirac and

Bose-Einstein statistics for both the initial and final state of the interaction while cu-

jet uses Boltzmann statistics for the initial state and ignores the final state. The more

major of the two differences is the treatment of the matrix element. While at the dif-

ferential cross-section level, for large momentum transfers, the two models would

look very similar to each other, they will give different total scattering rates due

to their very different treatments of the small-t region. This can be readily seen by

considering Figure 4.3, which presents the elastic scattering rate for a representative

temperature, T = 300 MeV (left figure) and a fixed jet momentum p = 20 GeV (right

figure). One can contrast this figure with Figure 4.2, where we can observe the differ-

ences in shapes and overall scale of the elastic scattering rates of cujet and martini.

Though the shapes are different, the two models of collisional energy loss result in

rates that are of the same order.

This discussion and comparison are somewhat complicated by the effect of the

running coupling, αs (p, T), and how the two models have chosen to implement it.

While both models take the LO pQCD formula of running coupling, they chose to

implement different scale dependencies. In particular, martini allows for a different

scale dependence for its radiative and elastic channels while cujet implements the

same functional form and applies the same parameters for both. More details on the

cujet running coupling, can be found in Section 4.2.2. The martini implementation

of the running coupling is discussed in Section 4.4.

4.2 radiative energy loss

The main and most important difference between cujet and martini frameworks is

their implementation of radiative energy loss of hard partons in a QGP medium. This

is the dominant energy loss mechanism for energetic, light partons and has significant

implications for the observables we consider in this thesis.

The discussion here will begin with cujet which implements dglv radiative rates.

This is followed by a discussion of martini’s inelastic rates, which are computed in

the amy framework. Here these models are referred to as low-virtuality energy models
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as they do not assume the hard parton to be far off-shell6. This will prepare us for a

comparative, multi-probe study of cujet and martini when embedded in realistic

simulations of heavy ion collisions using jetscape.

As a matter of notation, unless explicitly stated otherwise, the coordinate system

is defined by the hard parton. For example, the transverse momentum of a radiated

gluon, kT , is the transverse momentum of that gluon relative to the incoming parton.

4.2.1 cujet and dglv rates: gluon emission

cujet models the radiative energy loss of hard partons via the LO-dglv opacity

expansion. In this model, the radiated gluon spectrum is expanded in powers of

the opacity, L/λmfp, where L is the size of the QGP medium. Thus, the fundamental

assumption in cujet is its view of the medium: one that has a size comparable with

the mean free path of hard partons. In other words, it is a thin medium, and as such,

one can calculate the spectrum of the radiated gluons from jets that have experienced

a single soft scattering. If we assume the medium is at very high temperature T with

static, well-separated colour sources [110], we can write the effective qg scattering

cross-section

σ ∼ 2πα2s/m
2
D, mD ∝ gT , σ ∼ g2/(8πT2).

Taking a Stefan-Boltzmann parton density ρ ∼ (T3) 7, we see that the mean free path

is approximately λmfp ∼ (g2T)−1. Comparing this to the length scale set by the Debye

mass (m−1
D ∼ (gT)−1), it is evident that if the strong coupling g � 1, the assumption

that the plasma is made of a series of well-separated, static scattering centers is a

valid one.

The first attempt at the opacity expansion is the glv (Gyulassy–Wang–Vitev) model [111–

114], the direct precursor to dglv. There, the bremsstrahlung gluon spectrum was cal-

culated for a hot QGP medium with static sources. The model continued with the

high-temperature assumption and the static-source approximation and used them to

6 martini specifically assumes the parton to be on-shell. cujet makes no such assumption, but in

practical applications, it is only applied as a low-virtuality energy-loss model.
7 In this chapter, ρ is the density of the scattering centers in the QGP medium, and should not be

confused with the ρ(x) in Chapter 1 where it was nucleon density in a nucleus.
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simplify further the physical picture of gluon radiation. Due to high temperature and

small coupling assumptions, glv neglects the average energy loss (q0 ∼ qz ∼ g2T )

when compared to the average transverse momentum transfer (q⊥ ∼ mD ∼ gT) [110].

The model also takes an eikonal view of the jet propagation in the medium by assum-

ing that the energies of the hard parton and the emitted gluon are so much larger

than the magnitude of the transferred transverse momentum, (E,k)� q⊥, that the di-

rection of the hard parton is not modified as a result of its travel through the plasma.

The calculation is simplified further by assuming that the radiated gluon takes away

only a fraction of the incoming parton’s energy8. The final piece of the glv model

focuses on radiated gluons with small kT , which can be thought of as collinear or

nearly-collinear with the incoming parton.

The dglv model, builds on glv by including an effective gluon mass [116] and

heavy quark masses [117]. Finally, dynamical scattering centers were added in Ref. [118,

119]. It should be emphasized that both glv and dglv are general frameworks within

which one can calculate the radiated gluon spectrum to arbitrary order in the opac-

ity expansion. The diagrams used for calculating gluon radiation from an energetic

parton at LO in the opacity expansion are shown in Figure 4.4. The Mi denotes the

family of diagrams contributing at i-th order in the opacity expansion. The labelling

of individual diagrams, Mn,m,l, was introduced in Ref. [111], and translates to a dia-

gram of n number of scattering centres where l gluons are radiated in the final state

with the gluon emitted in the m-th time interval. The first order opacity expansion

result for the double differential, single inclusive radiated gluon distribution is given

by [117]

d3N
(1)
g d

3NJ =

(
1

dT
Tr 〈|M1|

2〉+ 2

dT
ReTr 〈M∗0M2〉

)
d3p

2p0 (2π)3
d3k

2ω(2π)3
(4.10)

where dT is the dimension of SU(3) representation of the target (8 for gluons, 3 for

quarks). dglv assumes that the scattering centres are distributed with the same den-

sity [117]

ρ (x) =
N

A⊥
ρ̄(z),

∫
ρ̄(z)dz = 1. (4.11)

8 This approximation, also known as the soft-gluon approximation was recently tested in Ref. [115]

where it was relaxed for gluon radiation from gluons and found to be valid. I emphasize that the soft

in soft-gluon approximation means the gluon is soft relative to the incomig parton. This gluon is still

hard compared to the temperature scale.
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Figure 4.4: Diagrams included in dglv calculation of gluon radiation at LO in the opacity

expansion. The diagrams inside the green rectangle are gluon emission diagrams

involving a single soft scattering with the medium, while those in the red rect-

angle include two soft scatterings with the medium. The red oval indicates that

M2 diagrams are evaluated in the contact limit. The hard parton, denoted by the

straight black line, can be a quark, anti-quark or gluon.

where A⊥ is a large (relative to the interaction area, m−2
D ) transverse area. The angle

brackets are ensemble averages over the scattering centre locations [117]. The notation

(p0, p) is used for the four-momentum of the outgoing hard parton (post-radiation)

and (ω, k) for the four-momentum of the radiated gluon. NJ is the distribution of the

hard partons, defined by [117]

d3NJ = dT |J (p) |
2 d3p

2p0 (2π)3
(4.12)

where J is the source current of the hard partons, assumed to vary slowly as a func-

tion of momentum: J(p+ k− q) ≈ J(p+ k) ≈ J(p) and dT is the dimension of the

representation of the hard parton, same as before. Finally, Mi in Equation 4.10 denote

the sum of the Mi family of diagrams in Figure 4.4. These are

M1 =M1,1,0 +M1,0,0 +M1,0,1

M2 =M2,2,0 +M2,0,3 +
1

2
(M2,0,1 +M2,0,2) (4.13)
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where the factor of 1/2multiplies the two topologically indistinct diagrams M2,0,1 and

M2,0,2, to avoid double counting. Defining the four momenta involved in the process,

with parentheses and square brackets denoting Minkowski and light-cone momenta,

respectively

p =(E,E, 0) = [2E, 0, 0⊥]

k =(xEE,
√

(xEE)2 − k2, k⊥) = [x+E
+,

k2

2x+E+
, k⊥]

q = (q0,qz, q⊥) (4.14)

where p, k and q are the four-momenta of the jet parton, emitted gluon and the

exchanged gluon, respectively. xE is the energy fraction of the gluon to the jet parton

ω/E in Minkowski space, with x+ its light-cone counterpart. The two are related via

x+(xE) =
1

2

(
1+

√
1− (

k⊥
xEE

)2

)
. (4.15)

Thus the LO-dglv expression for the double-differential gluon multiplicity distribu-

tion at LO of the opacity expansion with dynamic sources, is given by [120]

dΓdglv

i→gi
dx

(p, x, τ) =
18CRi
π2

4+Nf
16+ 9Nf

ρ(T)

∫
d2k⊥

{
1

x+

∣∣∣∣dx+dx

∣∣∣∣αs( k2⊥
x+ − x2+

)
×
∫

d2q⊥
q2⊥

[
α2s(q2⊥)

q2⊥ +m2
D

−2

(k⊥ − q⊥)2 + χ2

(
k⊥ · (k⊥ − q⊥)

k2⊥ + χ2
−

(k⊥ − q⊥)2

(k⊥ − q⊥)2 + χ2

)

×
(
1− cos

(
(k⊥ − q⊥)2 + χ2

2x+p
τ

))]}
(4.16)

where CR is the quadratic Casimir factor of the jet parton (4/3 for quarks, 3 for gluons)

and χ2 contains the quark and gluon effective mass factors and regulates the soft and

collinear divergences

χ2 =M2x2+ +m2
g(1− x+) (4.17)

whereM is the mass of the quark9 and themg is the thermal gluon mass:m2
g = m

2
D/2.

Finally, τ is the distance between the production vertex (black blob in Figure 4.4) and

9 The M notation used in dglv was included from work done on massive quarks. In this work, massive

quarks –charm and bottom– are not considered and light quarks are taken to be massless. M is kept so

as to be consistent with the existing dglv published works. To summarize, in gluon bremsstrahlung

processes here, gluons have a thermal mass and quarks are massless.
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the scattering vertex or equivalently, the time since the creation of the hard parton.

The existence of the cosine term is the manifestation of the LPM effect [121–123],

where the radiation rate gets suppressed because of the destructive interference of

successive collisions of the jet with the medium. In dglv this effect manifests itself

in the interference of M0 and M2 diagram classes. The integration limits of the mo-

mentum integrals are q⊥ 6 qmax =
√
6pT and k 6 xp. The factor ρ(T) is the number

density of the scattering centers and a function of local temperature. The value of

ρ (T (τ, z)) can be estimated by connection to the QCD equation of state for which we

use the s95p-PCE [124] EOS via ρ = s/4 where s is the entropy density.

As previously mentioned, the strong coupling in cujet is allowed to run, and in

the equation above, there are three powers of the coupling. Two powers stem from the

momentum exchange during the soft scattering process, and thus their scale is chosen

to be q2⊥, the exchanged momentum. The remaining power is the gluon radiation

vertex, where the chosen scale is the virtuality of the quark propagator post scattering,

Q2 =
k2⊥

x+−x2+
. There is also the evaluation of the Debye mass, which we solve for at

any given temperature using the self-consistent equation

m2
D (T) = 4παs(m

2
D (T))T2(1+Nf/6). (4.18)

The form of the running coupling implemented in cujet is given by the LO pQCD

equation for αs, with one free parameter, αs,max, to be determined by fits to the data

αs(Q
2) =


4π

9 ln(Q2/Λ2QCD)
, Q > ΛQCD e

2π
9αmax ,

αmax , Q 6 ΛQCD e
2π

9αmax .

(4.19)

where ΛQCD = 200 MeV is the QCD scale parameter. All αs running in cujet for

elastic and radiative processes, is implemented using Equation 4.19 except for the

jet-medium photon conversion channel. The last note on Equation 4.16 is the inter-

pretation of τ. The standalone cujet is a deterministic calculation of jet energy loss.

In this work, we converted the standard cujet model from a deterministic to a Monte

Carlo implementation for the first time. Among the changes made is the interpreta-

tion of τ: while in standalone cujet it was the time from the production of the hard

parton and the scattering vertex, in the Monte Carlo implementation (used in Chap-

ter 6), it is taken to be the time since last radiation. This will have consequences for the
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Figure 4.5: Feynman diagrams involved in the LO opacity calculation of photon

bremsstrahlung within the dglv framework. Contrast with the diagrams of Fig-

ure 4.4.

fitted value of αs,max, which we will discuss when considering cujet in the context of

realistic simulations. From here on, cujet, LO-dglv and dglv are used interchange-

ably. It should be clear that the standalone cujet will not be referred to at any point

in the remainder of this work.

4.2.2 cujet and dglv rates: photon emission

The first calculation of photon bremsstrahlung within dglv was performed in Ref. [125]

for a static medium. Beyond the static medium approximation, another assumption

was using a Gaussian profile ansatz for the number density of the particles in the

medium to simply the integrals. Figure 4.5 shows the Feynman diagrams involved

in the calculation, which can be contrasted with the Figure 4.4. The photon emission

process, at leading order in the fine structure constant α and αs, does not include pro-
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cesses where the emitted particle experiences further scattering with the medium10.

We modified the photon bremsstrahlung rates to go beyond the static sources and

used the same density for the medium scattering centers as the gluon bremsstrahlung

rate. The photon radiation rate is then given by

dΓdglv

q→qγ
dx

(p, x, τ) =
e2fαem

π2
32+ 8Nf
16+ 9Nf

ρ(T)

∫
d2k⊥

(1− x+)
2

x+

∣∣∣∣dx+dx

∣∣∣∣
×
∫

d2q⊥
q2⊥

α2s(q2⊥)
q2⊥ +m2

D

[(
k⊥ − x+q⊥

(k − x+q)2 + χ2
−

k⊥
k2 + χ2

)2
+ 2

(
k⊥ · (k⊥ − x+q⊥)

((k⊥ − x+q⊥)
2 + χ2)(k2⊥ + χ2)

−
k2⊥

(k2⊥ + χ2)2

)
cos
(

k2⊥ + χ2

2x+p⊥
τ

)] (4.20)

where ef is the charge of the quark or anti-quark involved in the process and the

kinematic factors x and x+, are defined using Equation 4.14 and Equation 4.15. The

regulator for soft, collinear divergences is now given by

χ2 =M2x2+ (4.21)

where M is the quark thermal mass and given by

M2 =
4π

6
αsT

2. (4.22)

When used in evaluating the rate in Equation 4.20, the thermal quark mass is solved

for using the self-consistent equation

M2 = 4παs(M (T)2)
T2

6
. (4.23)

All other variables are defined analogously to the gluon radiation case of Equa-

tion 4.16. The differences in the momentum structure of the photon and gluon radia-

tive processes are due to the former missing 4 diagram classes (those with where the

emitted particle rescatters with the medium) and all the interference terms that those

would have provided. The final difference is the coupling constant of the radiation

vertex. Unlike the gluon emission case, the coupling strength of the electromagnetic

vertex is fixed to the fine structure constant, αem = 137−1. The integration limits here

are |q|⊥ 6
√
6 p T for the integral over the exchanged transverse momentum during

the soft process and mD 6 |k|⊥ 6 xp for the photon transverse momentum.

10 As it will be mentioned throughout this thesis, photons can, in principle interact with the QGP

medium. However, their mean free path is much larger than the size of the medium, and thus such an

interaction is extremely unlikely.
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Figure 4.6: Example of differential radiative rates for gluon emission from a quark (blue),

gluon emission from a gluon (orange) and photon emission from a quark (green).

The rates are provided for a quark of momentum 10 GeV in a static QGP of three

representative temperatures (columns) and for path lengths of 1 fm (solid), 2 fm

(dashed) and 4 fm (dotted). Generated using αs,max = 0.68.

Figure 4.6 gives an example of the shape and behaviour of the differential ra-

diative rates in dglv as a function of the fractional energy. The temperatures cho-

sen are typical of heavy ion collisions. The apparent threshold effect in the photon

bremsstrahlung rates is due to the lower bound on k integral.

4.2.3 martini and amy rates

martini [126] simulates energy-loss of hard partons within the amy framework [127–

130] of Arnold–Moore–Yaffe, a kinetic theory approach based on the techniques of

finite-temperature field theory. In the amy framework, the medium is viewed as an

equilibrated, stationary, infinite slab of QGP at asymptotically high temperatures. As

such, the medium is weakly-coupled with the strong coupling taken to be g� 1.

The genesis of the framework is in the realization that for calculations of hard ther-

mal photon production at LO, the diagrams of Figure 4.7a are incomplete. It was

found [131] that the bremsstrahlung or inelastic pair annihilation processes, given by

Figure 4.7b, also contribute at leading order, despite being 2 → 3 processes. This is
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(a) QCD Compton scattering and qq̄ annihila-

tion

(b) Bremsstrahlung and inelastic pair annihila-

tion

Figure 4.7: (a) Diagrams of LO thermal production of photons in QGP. The diagrams on the

left are the t and s channels of QCD Compton scattering, while those on the left

are the u and t channel diagrams of q/q̄ annihilation, respectively. (b) diagrams

of bremsstrahlung (left) and inelastic pair annihilation (right). The dotted line can

be a quark, anti-quark or gluon from the thermal medium.

Figure 4.8: Example of a photon emission diagram where the radiator experiences multiple

elastic scatterings while undergoing radiation. The black line is a parton of O(T)

momentum, and the red curly lines are soft gluons with momenta of O(gT).

based on the fact that if the momentum scale of the internal propagators is hard (of

O (T)), then the diagrams contribute at next-to-leading order or O
(
αα2s

)
. However,

when the internal momenta are of order O (gT), then the enhancement in the propa-

gator, (gT)−1 cancels the extra power of g in the numerator resulting in the diagram

contributing at O (ααs), same as the 2→ 2 channels.

The initial application of the discussion above was in thermal photon radiation

from a QGP plasma. However, the discussion is generalizable to photon or gluon

emission from a hard jet traversing a plasma, and this is how it will be applied in this

work. We can now go back to Section 4.2.1 and Section 4.2.2, where the LO results of

the dglv framework were discussed. Since the medium is assumed to be infinite in

the amy framework, we must more carefully consider the interplay of the radiation

formation time and the mean free path of the incoming particle. The time taken for
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Figure 4.9: Example of a photon self-energy diagram with four soft gluon exchanges. The

cut of this diagram results in the interference term between the photon radiation

before and after four elastic collisions with the medium.

each soft scattering to occur can be estimated as τel. ∝ m−1
D ∝ (gT)−1. The formation

time of the radiation is estimated via uncertainty principle-type arguments, as [132]

τform. =
2E x(1− x)

k2⊥
(4.24)

where E is the energy of the incoming parton, k⊥ is the transverse momentum com-

ponent of one of the outgoing particles relative to the incoming and x = k/p the

momentum fraction of the radiated parton to the parent. Thus, the formation time is

of order
(
g2T

)−1. This is larger, given our assumption of g� 1, than the typical time

of elastic scatterings.

The diagrams of Figure 4.7b, then, are not sufficient, and we have to consider di-

agrams with an arbitrary number of elastic scatterings, of which Figure 4.8 is an

example. Diagrams such as this must be re-summed to arrive at the photon or gluon

radiation rate at leading order. The production rate of photons or gluons is related to

the imaginary part of their self-energy [133]. Cuts in the self-energy ladder diagrams,

similar to the one in Figure 4.9, result in diagrams contributing to bremsstrahlung

or inelastic annihilation at LO with the LPM effect due to the interference between

different diagrams. The resummation of the infinite set of ladder diagrams, each with
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a different number of gluon legs, yields a linear integral equation [127–129] for the

transverse dynamics of the emission process. This is given by

2h⊥ = iδE(x,p, h⊥)g(x,p)(h⊥) +
∫

d2q⊥
(2π)2

C̄(q⊥)

×
{
C1[g(x,p)(h⊥) − g(x,p)(h⊥ − q⊥)]

+ Cx[g(x,p)(h⊥) − g(x,p)(h⊥ − xq⊥)]

+ C1−x[g(x,p)(h⊥) − g(x,p)(h⊥ − (1−x)q⊥)]
}

(4.25)

where x is the momentum fraction of the radiated parton given by

x ≡ k
p

(4.26)

and used throughout the rest of this chapter. The factors C1,x,1−x are functions of

Casimir operators of the incoming and outgoing particles. These are explicitly given

by

C1 =
1

2

(
−CR1 +C

R
x +C

R
1−x

)
,

Cx =
1

2

(
CR1 −C

R
x +C

R
1−x

)
,

C1−x =
1

2

(
CR1 +C

R
x −C

R
1−x

)
,

(4.27)

where CR(1,x,1−x) are the colour Casimir of the parton with the specified momentum

fraction with CR = CF for quarks and CR = CA for gluons. The integral equation

solves for g(x,p) (h⊥), the function that contains information on the transverse dynam-

ics of the process. h⊥, the argument of the function, measures the collinearity of the

outgoing parton, h ≡ (k× p)× e‖. Parametrically, the magnitude of this vector is of

order O
(
gT2

)
. In the first term in Equation 4.25, δE is the energy difference between

the initial and final states of the radiation process. It is given by

δE(x,p, h⊥) =
h2⊥

2p x(1−x)
+
m2∞,(x)

2xp
+
m2∞,(1−x)

2(1−x)p
−
m2∞,(1)

2p
(4.28)

where m2∞,(1,x,(1−x)) is the asymptotic mass of the particle which carries the specified

momentum fraction. Its possible values are m2∞,g = m2
D/2 and m2∞,q = 2M2 where

mD and M is the gluon Deybe mass and quark thermal mass, specified previously in

Equation 4.7 and Equation 4.22. Finally, C̄(q⊥) is the LO (in αs) collision kernel, also
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known as the transverse momentum broadening kernel with the colour factors removed

and it is given by [134]

C̄LO (q⊥) =
g2T3

q2⊥
(
q2⊥ +m2

D

) ∫ d3p

(2π)3
p− pz
p
×

[2CAnB(p)(1+nB(p
′)) + 4NfTfnF(p)(1−nF(p

′))] (4.29)

where p and p ′ = p +
q2⊥+2q⊥·p
2(p−pz)

are the momentum of the thermal particle before

and after the elastic scattering, respectively. C̄LO (q⊥) is then the differnetial rate of

exchaning transverse momentum q⊥ with the jet parton. Once the function g(x,p) (h)

is solved for, it is used as input in the amy splitting rate

dΓamy

i→jk
dx

(p, x) =
αsPi→jk(x)

[2p x(1−x)]2
f̄j(xp) f̄k((1− x)p)

∫
d2h⊥
(2π)2

Re
[
2h⊥ · g(x,p)(h⊥)

]
,

(4.30)

where f̄j,k ≡ (1± fj,k) are the distribution functions of particles j and k, which de-

pending on the particle species, are Bose-Einstein or Fermi-Dirac and include the

appropriate enhancement or suppression, respectively. Pi→jk are the usual DGLAP

splitting functions

Pg→gg(z) = 2CA
[1− z(1−z)]2

z(1−z)
, Pq→qg(z) = CF

1+ (1−z)2

z
,

Pg→qq̄(z) =
1

2

(
z2 + (1−z)2

)
, Pq→qγ(z) =

1+ (1−z)2

z
.

(4.31)

Figure 4.10 shows the radiative amy rates of Equation 4.30 for a energetic quark of

10 GeV in a plasma of three different tempratures.

4.3 jet-medium conversion processes

The last remaining set of energy loss processes is jet-medium conversions. Similar to

collisional energy loss channels of Section 4.1, these are 2→ 2 channels and contribute

at leading order in the strong coupling. Unlike the elastic processes, however, these

do not conserve the identity of the incoming parton. In the discussion that follows,

the focus is on jet-medium conversion photons but the discussion is general and can

be equally applied to quark to gluon or gluon to quark conversion.

Interest in jet-conversion processes began with work done in Ref. [135], where it

was hinted that this source of photons could potentially be an important if not dom-
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Figure 4.10: Example of the inelastic differential rates implemented in martini (amy rates) for

a parton of p = 10 GeV at three representative temperatures as a function of the

momentum fraction of the radiated parton. The rate of the two gluon splitting

channels is zero for x > 1/2 due to symmetry. The coupling is allowed to run

in this figure, with parameters (κr, κe,αs,0) = (1.5, 4.5, 0.3). See Section 4.4 for

details.

inant source of photons in the intermediate pT region. The derivation of the rate of

conversion is discussed below, following in the spirit of Ref. [135] but using the more

complete rate calculation of amy in Ref.[128].

The diagrams at play in q(q̄) to photon conversion are the same as those in Fig-

ure 4.7a. The rate per unit spacetime volume of these processes, within kinetic theory,

is given by [133]

dNc

d3xdt
= Nc

∫
p1,p2,pγ,p4

|Mc|
2f1 (p1) f2 (p2) f̄4 (p4) (2π)

4 δ(4)(
∑
i

p
µ
i ) (4.32)

where c denotes the channel, either QCD Compton scattering or qq̄ annihilation.

The symbols Nc and Mc denote the degeneracy factor and the matrix element of the

channel under study, respectively. The particle labels, 1, 2 and 4, correspond to the

jet parton, the incoming thermal parton and the outgoing recoil parton. The distri-

bution functions are associated with this labelling, and the same bar notation as in

Section 4.2.3 is used where f̄i ≡ (1± fi), with the plus and minus sign corresponding
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to Bose enhancement or Pauli blocking. Finally, the integral sign is short-hand for

Lorentz invariant integration∫
pi

· · · →
∫

d3pi
2Ei (2π)

3

The typical approximation used in the literature when evaluating Equation 4.32 is

to use vacuum propagators when evaluating the matrix element Mc and to ignore

modifications to external legs from thermal effects or masses [128]. Much like the

discussion of elastic scattering channels, so long as the exchanged momenta are hard,

this approximation will hold. However, if the exchanged momenta are soft, one has to

perform a resummation on the fermion propagator and use a dressed propagator in-

stead. The calculation of the rate of these processes was previously done by amy [128],

building on previous work by Baier et al. [136] and Kapusta et al. [137]. The main dif-

ference between the amy calculation and the other two is how the large momentum

transfer region is treated. Unlike amy, Refs. [136, 137] assumed that the energy of the

emitted photon is hard relative to the local temperature, i. e. k� T . This assumption

allows for an analytical solution to the integral. The rate, then is calculated 11 by intro-

ducing a cutoff scale on the exchanged momenta, q∗, which separates the integral to

hard (q > q∗) and soft (q < q∗) contributions. The integral over the large momentum

transfers use the vacuum matrix elements and is numerically integrated, while the

one over the soft momentum exchanges uses the HTL re-summed quark propagator.

The final result for the total rate of photon emission via QCD Compton scattering

and qq̄ annihilation is given by [128]

(2π)3
dR

d3k
=
2πCF ααs

k
T2nFD(k)

[
dF
∑
f

(ef)
2

][
1

2
ln
2kT

m2∞,q
+C2→2 (k/T)

]
(4.33)

where nFD is the Fermi-Dirac distribution, which is assumed to be only a function

of the magnitude of the three momenta. The factor ef is the fractional charge of each

quark, and dF = Nc is the dimension of the quark representation. Finally, C2→2(k/T)

is fitted to the numerical calculation and is given by

C2→2(k/T) = 0.041
T

k
− 0.3615+ 1.01 e−1.35 k/T . (4.34)

Much like the elastic energy loss processes, the conversion process is t-channel dom-

inated. As such, the conversion processes are implemented in the collinear or loss-less

11 For more details see Section V of Ref. [128].
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Figure 4.11: Conversion rate of an up quark to photon and gluon as well as gluon conversion

rate to an up quark. The coupling constant for the conversion photon channel is

fixed to αs = 0.3 while the other two channels have a running coupling.

conversion limit, i. e. no energy-loss during the process. This is done by first rewrit-

ing the rate formula above into a conversion rate [138] which can then be used in jet

energy loss calculations

k
dR

d3k
=

∫
d3p

(2π)3
(2π)3

dNq/q̄

d3xd3p
k
dΓq(q̄)→γ

d3k

∫
d3p

(2π)3
fq,q̄ (p) k

dΓq,q̄→γ

d3k
(4.35)

where p and k are the three momenta of the fermion and the photon. The function

fq/q̄ ≡ (2π)3 dN
q,q̄

d3xd3p
is interpreted as the phase space distribution of quarks and anti-

quarks. By comparing Equation 4.35 and Equation 4.33, and replacing nFD → fq/q̄ we

can write the conversion rate in the collinear conversion approximation for a single

quark or anti-quark

dΓq(q̄)→γ

d3k
= e2f

2πααs

k
T2CF

[
1

2
ln
2kT

m2∞,q
+C2→2 (k/T)

]
δ(3) (p − k) . (4.36)

In a Monte Carlo simulation, evolving the jet distribution through the plasma and

applying Equation 4.36 to the hard quark or anti-quarks would result in the total

conversion photon yield, in the collinear approximation. Equivalent rates for q(q̄)→
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g and g→ q(q̄) can be calculated by simply correcting for the different colour factors,

the fine structure(α) constant and fractional charges [126]

dΓq(q̄)→g

d3k
=
1

e2f

αs

α

dΓq(q̄)→γ

d3k

dΓg→q(q̄)

d3k
=
1

e2f
Nf
αs

α

Nc

N2c − 1

dΓq(q̄)→γ

d3k
. (4.37)

Finally, martini implements all conversion channels above while cujet contains only

the q(q̄)→ γ channel. Figure 4.11 shows the conversion rate of a quark (up quark) to

a photon and a gluon as well as the gluon conversion rate to a quark.

4.4 αs running in martini

martini implements a running coupling, αs
(
µ2
)

for both elastic and radiative energy

loss channels. The addition of running coupling to martini was done in Ref. [139].

Here a brief description of the implementation is provided for two reasons. First,

for completeness as it includes the two most important parameters of martini and

second, since in Chapter 5 these parameters are re-fitted for amy radiative rates that

are generated using higher order collision kernels.

In martini the expression for the strong coupling as a function of the running

scale, much like cujet is the LO pQCD result and is given by

αs(µ
2) =

4π

(11− 2
3Nf) log (µ2/Λ2QCD)

. (4.38)

However, unlike cujet, where the only parameter of the running coupling is the value

of its plateau, αs,max, martini introduces two multiplicative constants for the scale

at which the αs of each process, is evaluated. The rationale behind this choice is that

while it is known that the strong coupling has a scale dependence (see discussion of

Section 1.1), there is freedom in the choice of what it should be. martini takes the

running scale, µ, to be the average momentum transfer [139] which can be calculated

as

µ =
√
〈p2T 〉 =


κe
√
q̂λmfp Elastic

κr (q̂p)
1/4 Radiative

(4.39)
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where κr and κe are the scale factors. Furthermore, ΛQCD = 200 MeV is the QCD scale

parameter, and the running coupling is set to its maximum of 0.42 for µ = ΛQCD. The

average momentum transfer per mean free path, q̂ is the second moment of the HTL

re-summed elastic collision rate [97]

dΓelas.

d2q⊥
=

CR
(2π)2

g2m2
DT

q2⊥
(
q2⊥ +m2

D

) (4.40)

where m2
D is the squared of the Debye mass from Equation 4.7, CR the Casimir op-

erator of the jet parton and g the strong couling that is related to αs via αs = 4πg2.

Using the elastic scattering rate then, q̂ can be calculated as

q̂ =

∫qmax
d2q⊥q2⊥

dΓelas.

d2q⊥

=CRαs,0m
2
D log

(
1+

q2max

m2
D

)
(4.41)

where the upper bound of the integral is qmax =
√
6pT . For the elastic scattering

renormalization scale, the mean free path is also computed using the elastic scattering

rate

(λmfp)
−1 =Γelas. =

∫qmax

qmin

d2q⊥
dΓelas.

d2q⊥

= CR αs,0 T (ln (1+
m2
D

q2max
) − ln (1+

m2
D

q2min
)) (4.42)

where qmin = 0.05T , the lowest momentum exchange value used in generating the

elastic scattering rate tables in martini. The main parameters controlling the running

coupling of martini are αs,0, κr and κe, which are fixed by fits to experimental data.

For all martini results shown in this chapter and Chapter 6 the values used for these

parameters are (κr, κe,αs,0) = (1.5, 4.5, 0.3)[139].

4.5 matter : a parton shower generator

The Modular All Twist Transverse-scattering Elastic-drag and Radiation or matter [140–

142] is the default model in jetscape for final state showers of high virtuality partons

both in p-p and A-A simulations. matter was introduced in order to incorporate

spacetime information into the final state parton shower after a hard scattering event.

The typical view of Monte Carlo simulations of jet energy loss before matter was
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to have pythia perform a full vacuum shower and then pass the parton list to the

energy loss model of choice for further evolution. This assumes that allowing for a

finite formation time for a parton shower is not necessary and that highly virtual,

energetic partons generated in the hard scattering lose all their virtuality before they

ever enter the medium. matter is a model that seeks to address this assumption.

Given the usage of matter in the multi-stage simulations of jet energy loss in HIC

presented in Chapter 6, the section below is intended to present a brief introduction to

matter and the physics included therein and in a very utilitarian manner. Specifically,

the discussion here follows what is presented in Refs. [143, 144]. The interested reader

is directed to the original references [140–142] for more information.

4.5.1 matter in vacuum

After pythia generates the hard scattering process and the initial state radiation, it

passes the active partons with four momenta (Ei, pi) to matter. Initial virtuality is

assigned to each parton by sampling the Sudakov form factor[143]

S (vmax, v) = exp
(
−

∫vmax

v

dv ′

v ′
αs
(
v ′
) ∫ymax

ymin

dyP (y)

)
(4.43)

where vmax is set to pT/2 with pT being the transverse momentum of the particle

for the very first branching. The function P(y) is the DGLAP splitting function for a

parton of light cone momentum p+ to split to two partons with light cone momenta

yp+ and (1− y)p+ and the limits of the integral are ymin = Q0/v
′ and ymax = 1−

ymin where Q0 is the minimum allowed virtuality set to 1 GeV for p-p simulations.

The positive light cone momentum of the outgoing partons and their virtualities are

then determined by sampling the splitting function and the Sudakov form factor,

respectively. matter keeps track of the position information of the partons in the

shower and the process is iterated until all partons have virtuality at or below Q0.
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4.5.2 matter in medium

The medium effects are included in matter via the medium-modified DGLAP split-

ting kernel

Pa(y,Q2) = Pavac.(y) + P
a
med.(y,Q2)

= Pavac.(y)
[
1+

∫ξ+0 +τ+
ξ+0

dξ+Ka(ξ+, ξ+0 ,y,p+,Q2)
]

(4.44)

and therefore if a parton is within the medium and with virtuality above the cutoff

scale, medium modifications to the DGLAP splitting functions are considered via the

second term in Equation 4.44. Otherwise, only the vaccumm DGLAP functions are

used. In the above, a denotes the particle species (q,q̄,g), τ+ = 2p+/Q2 the formation

time of the radiated gluon. Ka(ξ+, ξ+0 ,y,p+,Q2) is the leading twist contribution [140]

to the single-emission-single-scattering kernel [145–147]12

Ka(ξ+, ξ+0 ,y,p+,Q2) =
Caq̂a

y(1− y)Q2(1+ χa)2

[
2− 2 cos (

ξ+ − ξ+0
τ+

)

]
(4.45)

and is integrated from location ξ+0 , the production position of the jet to ξ+0 + τ+, one

splitting formation time later. The factor Ca is given by

Ca =
[
1−

y

2
(δa,q + δa,q̄)

]
− χa

[
1−

(
1−

y

2

)
χa

]
. (4.46)

In the above, δa,q(q̄) are Kronecker delta functions and χa is given by

χa =
(δa,q + δa,q̄)y

2m2
a

y(1− y)Q2 − y2m2
a

(4.47)

where ma is the mass of the parent parton, a. If the jet transport coefficient encoding

the average momentum transfer per unit length, q̂, is zero, then the medium-modified

DGLAP splitting kernel is reduced to the vacuum equivalent. A non-zero q̂ then

introduces medium effects to the Sudakov factor. matter uses the HTL expression

for q̂ as calculated in Ref. [148] for single scattering with the medium and in the

q̂ = CA
42ζ(3)

π
α2sT

3
local

[
ln

(
5.7ETlocal

4m2
D

)
Θ(E− 2πTlocal)+

ln

(
5.7× 2πT2local

4m2
D

)
Θ(2πTlocal − E)

]
(4.48)

12 Original formulation includes drag (ê) and diffusion (ê2) transport coefficients. Since these are not

used in this work, they have been dropped from the equation for clarity.
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where Θ(x) is the Heaviside function, Tlocal is the local temperature, m2
D the squared

Debye mass given by Equation 4.7 and ζ(3) is the Apéry constant (ζ(3) = 1.20205).

The number 5.7 results from an analytical approximation of q̂ as done in Ref. [148]

where the small angle approximation was made on 2 → 2 elastic scattering cross-

section,

dσi,j

dq2⊥
≈ ci,j

2πα2s
q4⊥

(4.49)

where q⊥ is the magnitude of the exchanged transverse momentum and ci,j are the

colour factors of jet parton i scattering off of the medium parton j, provided in Ta-

ble 4.1. The equation for q̂ resulting from the small angle approximation (first term

of Equation 4.48) is then fitted for quarks and gluon separately for the constant factor

in the logarithm term, and the average value is 5.7 which is then applied universally.





5
E X P L O R AT I O N O F H I G H E R O R D E R C O L L I S I O N K E R N E L S I N

T H E A M Y F R A M E W O R K

Chapter 4 presented the amy formalism for radiative energy loss rates. A crucial

ingredient in these rates is the collision kernel C(q⊥), also known as the transverse

momentum broadening kernel. It gives the rate at which the hard parton exchanges

transverse momentum q⊥ with the particles of the medium and its expression at LO

was given in Equation 4.29. Recently, this kernel has been evaluated to NLO [149] and

there has also been a non-perturbative (NP) evaluation [150] of it on the lattice. This

chapter presents the study of these new kernels, via their radiative rates, in static and

evolving QGP.

The process of going beyond the LO evaluation of the collision kernels starts with

Ref. [149]. The idea was inspired by previous work on perturbative corrections to

thermodynamic pressure [151] where a three dimensional, Euclidean theory of QCD

was introduced. By introducing a scale separation gT � 2πT and integrating out

the hard scale, one can arrive at a purely bosonic theory where the only remaing

field, is the bosonic zero mode (Matsubara 0-mode). All other bosonic and fermionic

modes are hard and therefore integrated out, with their effects absorbed into effective

parameters of the new, effective theory. This three-dimensional effective theory is

called Electrostatic QCD or EQCD [152]. EQCD can then be used as an effective IR

theory of QCD, where one computes higher order contributions to the collision kernel.

A nice feature is the ability to relatively easily apply lattice techniques to the EQCD

theory in order to have non-perturbative input in the calculation.

It was found in Ref. [153] that one could write the collision kernel in terms of certain

light-like Wilson loops. Ref. [149] showed that these Wilson loops can be modified,

at very high temperatures, and recast by going to EQCD [150]. The ability to use Eu-

clidean techniques for EQCD then allows one to avoid the infrared problems [154] of

finite temperature pQCD. In this way, the IR part of the QCD collision kernel can be

73
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Figure 5.1: Feynman diagrams involved in the NLO kernel. The left most digaram shows the

LO contribution while the rest are the one loop corrections. Figure adapted from

Ref. [149].

evaluated in the effective theory to higher-order, either in a perturbative calculation

or via lattice techniques. One can bring in non-perturbative input into jet-queching.

However, while EQCD is an effective field theory for the IR region of QCD at high

temperatures, it does not have the correct UV behaviour for QCD. As such, the col-

lision kernel should be constructed by a careful matching procedure. Furthermore,

this should be done at a scale where the unphysical UV and IR behaviour of EQCD

and QCD, respectively, are in coincidence and the resulting kernel would have the

physical UV properties of QCD and the physical IR contribution of EQCD.

The NLO kernel was computed in Ref. [149] and used in Ref. [155] in a calcula-

tion aimed at thermal photon emission rates at NLO as well as in Ref. [156] for jet

energy-loss within the amy formalism1. The IR region is calculated using perturba-

tive results from EQCD and then matched to the LO collision kernel of Equation 4.29.

The matching conditions reads [158]

CNLO
QCD(q⊥) =

[
CLO

EQCD(q⊥) +C
NLO
EQCD(q⊥)

]
+
[
C

pert
QCD(q⊥) −C

pert
subtr.(q⊥)

]
(5.1)

1 Ref. [156] does not have phenomenological jet energy loss calculations. Instead, what is attempted

there is a very clever and novel look at recasting the energy loss channels in a way that would allow

for Monte Carlo generators, like martini to more naturally incorporate higher-order effects in energy

loss. An application of this work was implemented in Ref. [157] for LO results as a proof of concept in

the context of a brick test.
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where the LO and NLO EQCD collision kernels are given by

CLO
EQCD(q⊥) =CRg

2T
m2
D

q2⊥(q
2
⊥ +m2

D)

CNLO
EQCD(q⊥)

g4T2CsCA
=

7

32q3⊥
+

−mD − 2
q2⊥−m

2
D

q⊥
arctan ( q⊥mD )

4π(q2⊥ +m2
D)
2

+
mD −

q2⊥+4m
2
D

2q⊥
arctan ( q⊥2mD )

8πq4⊥
−

arctan ( q⊥mD )

2πq⊥(q
2
⊥ +m2

D)
+

arctan ( q⊥2mD )

2πq3⊥

+
mD

4π(q2⊥ +m2
D)

[ 3

q2⊥ + 4m2
D

−
2

q2⊥ +m2
D

−
1

q2⊥

]
(5.2)

and Figure 5.1 shows the Feynman diagrams of the LO and NLO kernels. The first

term in brackets in Equation 5.1 provides the appropriate IR contribution to the Equa-

tion 4.29, with the unphysical UV part of the EQCD calculation subtracted by Cpert
subtr..

This term is given by [158]

C
pert
subtr.(q⊥) =

CRg
2Tm2

D

q4⊥
−
CRCAg

4T2

16q3⊥
(5.3)

which is the q⊥ � mD limit of the Cpert
EQCD = CLO

EQCD +CNLO
EQCD. CR and CA are, respec-

tively, the Casimir operator of the hard parton and the gluon.

The non-perturbative contribution to the collision kernel is computed [159–161], us-

ing lattice techniques, for this dimensionally reduced, effective theory. The matching

calculation for the non-perturbative kernel, analogously to Equation 5.1, was done by

Moore et al. in Ref. [158]

CQCD(b⊥) ≈ (C
pert.
QCD(b⊥) −C

pert
EQCD(b⊥)) −C

lattice
EQCD(b⊥) (5.4)

where b⊥ is the impact parameter, the Fourier transform of q⊥. The matching cal-

culation is done for the quantity in the parenthesis. In the above, Cpert.
QCD is given by

the Fourier transfrom of Equation 4.29 (in the large q⊥ limit) and Cpert.
EQCD is given by

Equation 5.3. The lattice evaluation of Clattice
EQCD was done in Ref. [150].

Using the matching process described above, the cosntructed kernels at NLO and

NP order were used to compute splitting rates within the amy formalism for an in-

ifite [150] and finite [162] medium. In both cases, significant differences were observed

between the computed rates from these kernels.

This chapter presents the consequences of using the new collision kernels via their

implementation in the amy framework. The study is done both in a static QGP brick
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and a single-stage jet energy loss simulation with both fixed and running coupling

constant. The medium evolution simulations used in this chapter are provided by the

IPG-M approach as described in Chapter 3 and they are the current state-of-the-art in

the modelling of the soft sector.

5.1 study of new rates in a static medium

The collision kernels were placed in the amy rate equation of Equation 4.30 and the

resulting rates were implemented as alternatives to the LO rates2. As a matter of

notation, the rates will be referred to by the collision kernel used to compute them.

The rates calculated using the non-perturbative collision kernel will be referred to as

the NP rates, and ditto for NLO and LO rates. As a first step to studying these new

rates, we can consider their moments via

〈xn〉 ≡ 1

g4T

(∫1
0+

|x|n
dΓ

dx
dx−

∫0−
−∞ |x|n

dΓ

dx
dx

)
(5.5)

where x ≡ k/p is the momentum fraction of the radiated parton k over the incoming

parton p. For a given time interval, ∆t, the zeroth moment 〈x0〉g4T ∆t gives the differ-

ence between the number of emissions and absorptions. The first moment, 〈x1〉g4T ∆t,

is the net energy loss fraction within that time interval, and finally, the second mo-

ment is related to the variance of the energy loss ratio per event via

σ2 =
〈x2〉
〈x0〉

−

(
〈x1〉
〈x0〉

)2
.

Figure 5.2 shows the three moments discussed above. Arbitrary factors scale the

three inelastic channels, so the scale on the y-axis is similar. The figure’s general

feature is that the NP rates sit between the NLO and LO results. The values of the

new rates can be as much as 100% the LO rate, indicating their potentially significant

power in jet quenching.

The new collision kernels are designed to match the LO collision kernel in the

large momentum transfer limit. As such, the moments of the rates derived from these

kernels also seem similar in the UV limit. We can rescale the NLO and NP curves to

match the tails of their distributions to the LO rate to see better the differences in the

2 The implementation was done by Dr. Shuzhe Shi.
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Figure 5.2: Moments of the total rates (Equation 5.5) computed within the amy framework

using the new collision kernels plotted against the temperature-scaled momentum

(p/T ). The solid lines are the direct output of the amy rate equation after the

collision kernels are put in. The dotted lines are the NLO and NP rates, scaled to

match the high p/T limit of the LO rate. Each channel is scaled by a number (in

parentheses) so that they can all be plotted on the same scale.

region of small p/T . The rescaled results are shown in Figure 5.2, denoted by dotted

lines. The scaling factors are

LO
NLO

≈ 0.66, LO
NP
≈ 0.85 . (5.6)

This brings the new rates to a broad agreement with each other, particularly for their

first and second moments. The scaling also flips the order of the curves, with the NLO

curve now placed between the LO and NP across the plotted range of p/T . Finally,

after the scaling, we can see that for p/T ≈ 10, the new rates are the least similar to

the LO rates.

We can now go beyond looking at the rates and study their effects on the evolving

hard parton distribution. This is done by employing a static QGP brick held at a

fixed temperature where a parton gun (quark or gluon) of fixed momentum p, with

pz = 0, is shot through the medium and evolved for some time. After each timestep

∆t, the evolving partons (primary parton and those generated via its branchings) are

collected and analyzed. In such a run, there is also the option for elastic scatterings.

As such, we can construct four different sets of simulations using the combinations
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Figure 5.3: Distribution of primary parton – up quark – initially at p = 100 GeV, after trav-

elling through a medium held at 0.2 GeV in temperature. The solid, dashed and

dotted lines denote the travel time for 1, 2 and 4 fm, respectively. The top row

does not include elastic collisions, while the bottom row has them enabled. Sim-

ilarly, the medium evolution is performed in the left column with the three rate

sets using the same αs = 0.3. The right column has αs,LO = 0.3 with the coupling

of the other two rates scaled according to Equation 5.7. When turned on, the cou-

pling of the elastic channels is the same as the radiative rate sets.

of elastic channels (on vs. off ) and coupling constant (0.3 vs scaled) that can be made.

The scaled runs refer to the scaling of the coupling, done according to

αs,NLO =
√
0.66×αs,LO, αs,NP =

√
0.85×αs,LO . (5.7)

Figure 5.3 shows static medium test results of a quark of pinit = 100 GeV3 in a brick

of T = 0.2 GeV. The runs are made using both for an αs = 0.3, a typical value in

phenomenological studies of jet quenching that is used for all three rates and the case

where the NLO and NP rates are scaled to this value. In each case, two calculations are

made with elastic scatterings on and off (left and right column figures in Figure 5.3).

The distributions shown in the figure are the primary parton gun after travelling

1, 2 and 4 fm in the QGP brick. Going from left to right, which goes for the rates

3 Visually, the initial distribution at τ = 0 fm/c then is a δ-function centered at p = 100 GeV.
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Figure 5.4: Same as Figure 5.3 but for (pinit, T) = (50, 0.5) GeV system.

evaluated with the same αs to rates evaluated with appropriately scaled αs brings

them close together. In the case of no elastic scatterings, the scaling of the coupling

makes the NLO and NP-governed distributions nearly identical, while both are more

quenched than the LO-governed result. When elastic scatterings are present, this clear

grouping is minimized, where some – very small – visual difference remain between

the NLO and NP curves. The inclusion of elastic scatterings breaks the degeneracy

induced by the scaled αs. The system studied in Figure 5.3 has p/T = 500, which is in

a region where even before the scaling, the rates are converging towards each other

(see Figure 5.2) and the NLO/NP rates are nearly indistinguishable. Furthermore,

the figure is focused on the initial value of the parton momentum. Figure 5.4 shows

the equivalent calculation for a p/T = 100 system. This value is the beginning of the

range where the moments of the rates are becoming more clearly separated from each

other. Compared to Figure 5.3, we can see that while the same general trend

a. scaling the coupling creates a degenerate result for NLO and NP,

b. including elastic scatterings breaks degeneracy by a small amount,

for a travel time of 2 fm/c with scaled coupling and elastic scattering, the ordering

of the results is more visible than in the case where p/T = 500. Figure 5.5 reduced
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Figure 5.5: Same as Figure 5.3 but for the (pinit, T) = (10, 0.5) GeV system.

the temperature-scaled momentum to p/T = 20, well inside the region where the

rates were most different. In this case, the ordering of the curves before including

elastic scattering is apparent. While the inclusion of the elastic scattering pushes them

towards each other, the differences are not as small as the p/T = 100 or p/T = 500 case.

This hints at the ability of the intermediate transverse momentum observables in HIC

to probe the effects of the inclusion of higher-order kernels in a realistic simulation.

We can further probe the quenching ability of the radiative rates by computing the

fractional energy loss

pinit − 〈pT 〉
pinit

=
1

pinit

(
pinit −

∫
pcut

pT
dNprimary

dpT
dpT

)
(5.8)

where the pcut = 4 GeV is the value of the momentum cut used in the brick simula-

tion4. Figure 5.6 shows the fractional energy loss calculated for pi ∈ [20, 50, 100] GeV

and T ∈ [0.2, 0.3, 0.5] GeV, with a p/T ranging from 40 to 500. For each system of

(p, T), as the parton evolves in the medium more and more energy is radiated out of

4 This is a somewhat large momentum cut to use. The brick tests above were all generated using this

cut. The results in the realistic simulations use pcut = 4T . So long as we are focused on the primary

and high pT partons, the brick results here are perfectly valid. A reminder that the pcut means that

radiated partons with energy less than this value are not taken into the event record. However, the

energy loss due to their emission is still registered for the incoming parton.
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Figure 5.6: Fractional energy loss calculated for an up quark with three initial momenta (20, 50

and 100 GeV) in a static QGP brick held at three temperatures (0.2, 0.3 and 0.5 GeV).

Elastic scatterings are turned off in this figure.

the transverse plane5. The effect of the scaling is to match the NLO and NP fractional

energy loss to each other. The two are visibly different and more effective at quench-

ing the energetic parton than the LO curve. Turning on the elastic channels for the

fractional energy loss calculation results in Figure 5.7. Including collisional energy

loss visually breaks the degeneracy of the NLO and NP results while reducing the

separation between them and the LO simulation.

The conclusion here is that for an equal value of the coupling, the three rate sets

predict a hierarchy of energy loss: ∆ENLO > ∆ENP > ∆ELO. However, rescaling the

strong coupling for each rate set alters this ordering to ∆ENP > ∆ENLO > ∆ELO,

bringing the rates with higher order kernels closer to the LO rate.

5 A caveat in the analysis is the value of pcut that is used in the evaluation of the integral of Equation 5.8.

With a high pcut, while the leading parton is radiating away energy, new particles are not being added

to the event. Therefore energy is not conserved at the event level.
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Figure 5.7: Same as Figure 5.6, including elastic scattering channels.

5.2 evolving plasma and fixed coupling

A known fact about the LO-amy calculations is how flat the computed charged

hadron nuclear modification factor is relative to the data, particularly when the simu-

lation is made using a fixed αs [139]. The charged hadron nuclear modification factor

is defined as

Rh
±

AA (pT ) =
Edσh

±
A-A/dp

3

Nbin. Edσ
h±
p-p/dp

3
(5.9)

where Nbin is the number of binary collisions that occur in a A-A and depends on

the centrality of the collision. Deviations of this quantity from 1 can indicate energy

loss of the hard partons6 to the QGP medium. Another reason for taking such a ratio

beyond its ability to clearly show the amount of the softening of the spectrum, is

the assumption that systematic uncertainties (either in measurements or theoretical

calculations) would cancel. Thus, in this chapter and throughout this work, all nuclear

modification factors are computed with the same exact workflow, with and without

medium effects for the numerator and the denominator, respectively.

6 The experimentally reported charged hadron RAA is not specific to the hard sector and lower momen-

tum regions are also measured. However, here the focus is specifically on hard parton energy loss and

simulation.
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(a) p-p simulation workflow for single-stage calculations

(b) A-A simulation workflow with single-stage martini energy loss

Figure 5.8: (a) Workflow for simulation of proton-proton collisions (b) Single-stage workflow

for simulation of jet energy loss in heavy ion collisions.

In this section, the new rates with higher-order collision kernels are used in simula-

tions of jet energy loss in a realistic hydrodynamic background. Doing so requires a fit

of the strong coupling. As mentioned before, typically, the main parameter of an en-

ergy loss model is either the value of the coupling (if one is considering a simulation

with a fixed coupling) or the parameter(s) controlling its running.

5.2.1 Event generation

Figure 5.8 shows the workflow for p-p and A-A simulations. In this chapter, we em-

ploy a single-stage jet energy loss simulation7 where a full vacuum shower is devel-

oped before martini is used to model the interactions of the hard partons with the

thermal medium.

7 The hard sector simulation is performed using pythia+martini but pythia does not include any

energy loss beyond the regular parton branching in vacuum. Thus the jet energy loss is a single-stage

simulation.
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√
s (GeV) σNNInel. (mb)-Theo. σNNInel. (mb)-Expt.

200 42 43.82± 0.21(stat.)+1.37−1.44(syst.)[165]

2760 62 62.8+2.4−4.0(model)± 1.2(lumi.)[166]

5020 68 -

Table 5.1: The inelastic proton-proton cross sections used in this thesis to convert differential

cross sections to differential yields, presented with the current experimental mea-

surements from the STAR [165] and ALICE [166] Collaborations.

For efficient simulation, the phase space is divided into sub-intervals in the trans-

verse momentum of outgoing, hard partons, p̂T

σ̂ = N−1
evt

∑
i

σ̂i (5.10)

where index i runs over the subintervals [p̂T ,i, p̂T ,i+1) and σ̂i is the estimated cross sec-

tion in that subinterval. The p̂T intervals, in effect, control what range of exchanged

momenta we wish to study, and the lowest and highest values are limited, respec-

tively, by considerations for the validity of pQCD and maximum allowed momentum

exchange in a 2 → 2 process (<
√
s/2). This subdivision of the phase space is nec-

essary as the differential cross-section of most hard QCD processes falls off rapidly

with transverse momentum. To effectively simulate high-pT processes, it is necessary

to artificially boost these regions of phase space. After the event simulation, the par-

ticle spectra from each p̂T bin are added with the appropriate weight to construct the

total cross-section, as shown in Equation 5.10. If the observable of interest is a yield,

then the resulting spectrum from the simulation is divided by the total inelastic cross-

section. The values used for this quantity in this thesis are provided in Table 5.1. These

are computed within pythia using the Regge Theory-based model of Refs. [163, 164].

Events in p-p hard collisions are generated using pythia (version 8.209), including

a full vacuum shower. The end of the parton shower signals the onset of the non-

perturbative effects of hadronization. As there is currently no first-principles way of

hadronizing a parton, Monte Carlo simulations rely on models of hadronization to

convert the final state of a parton shower to a collection of hadrons which can then
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be further processed. The default hadronization mechanism in this workflow is the

famous Lund String Model, as implemented in pythia [16, 167]. pythia is also tasked

with decaying unstable hadrons, defined as any hadron with a mean lifetime less than

or equal to τ = 10 mm/c 8.

The last stage of the simulation involves the clustering of the final particle list into

jets. Jet reconstruction is a way of partially bypassing the non-perturbative physics

by treating the composite jet object as a stand-in for the outgoing partons of the

hard scattering. The most popular jet clustering algorithm, due to its infrared and

collinear safety properties and computational viability, is the anti-kT algorithm [168]

as implemented in the fasjet3 package [169, 170]. The anti-kT algorithm clusters the

final hadrons into jets via the calculation and minimization of two distances,

dij = min
(
p−2T ,i,p

−2
T ,j

)∆R2i,j
R2

diB = p−2T (5.11)

where dij is the distance between two particles i and j and diB is the distance between

particle i and the beam. ∆R is the distance in the φ− η plane as given by

∆Ri,j =
√
∆η2i,j +∆φ

2
i,j (5.12)

where ∆η and ∆φ are the differences in the pseudorapidities and the azimuthal angles

of the two particles, respectively. Finally, R is the algorithm’s free parameter, control-

ling the cone size of the reconstructed jet. A limitation of anti-kT algorithm is that it

loses touch with QCD structure of parton branching and thus is unsuitable for jet sub-

structure studies [171]. As such, more recent studies of jet quenching (see Ref. [172],

for example), which are interested in the detailed structure of QCD emissions from a

jet, first use the anti-kT technique to find jets and then re-cluster the constituents of

the jets using the Cambridge-Aachen algorithm, where the power of the transverse

momentum factors in Equation 5.11 is set to zero. Therefore it clusters the jet based

purely on pairwise geometrical distance. In this thesis, the anti-kT algorithm is the

only jet clustering algorithm used, with the same cone size radii and kinematic cuts

as those of experiments whenever compared to measurements of jets.

8 This is a standard definition for the stability of a particle for experimental collaborations. The same def-

inition is used when comparing simulation results to measurements. It is used universally throughout

this thesis.
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The jet-clustering stage in A-A collisions requires an extra step at the analysis level,

corresponding to medium-response to the passage of the energetic partons. In elastic

scattering events of the jet parton with the medium, the momentum transfer between

the jet and the medium particle can occasionally be large enough to promote the latter

to a jet (p > pcut). In such a case, the medium particle is taken into the event record as

a hard parton and called a recoil parton while the hole left in the medium as a result

of this interaction is also taken in but only allowed to free-stream, to ensure energy-

momentum conservation. At the end of evolution, jet particles, including recoils, are

hadronized together, while holes are hadronized separately. The hadrons resulting

from these negative energy partons are then subtracted from reconstructed jets. For

jets reconstructed with a cone radius R, this subtraction is done via

p
µ
jet,subtracted = pµjet,raw −

∑
holes,∆ri6R

p
µ
i , (5.13)

where the criteria for subtraction from jets is if a hadron resulting from hole partons

falls within the jet cone

∆R =
√
∆η2 +∆φ2 6 R (5.14)

with ∆η and ∆φ being the difference of pseudorapidity and azimuthal angle between

the jet and the hole hadron. The subtraction for the charged hadron spectrum is given

by

E
dσ

dp3 subtracted
(pT ) = E

dσ

dp3 raw
(pT ) − E

dσ

dp3 holes
(pT ) . (5.15)

Including medium response via recoils and subtraction of holes has been shown to be

an important effect in computing jet spectra and jet-substructure observables [107].

The information flow in the simulations of single-stage jet energy loss in heavy ion

collisions is presented in Figure 5.8b. For jet calculations in HIC, the major difference

between a heavy ion event and a p-p event, beyond nuclear PDFs, is the existence of

the thermal medium and the addition of the low virtuality energy loss as described

by martini. The finalized parton shower from pythia is passed to martini for evo-

lution in the hydrodynamic medium. The evolution starts at τ0 = 0.4 fm/c and ends,

on a parton-by-parton basis, when the local temperature falls below the critical tem-

perature, Tc = 160 MeV or if the parton’s momentum falls below the momentum cut,
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stage parameter value note

pythia

Tune No. 15 CMS underlying event tune

PDF CTEQ6L.1 Free proton PDF

nPDF EPS09LO Nuclear mods. to the PDFs

martini

Nf 3 Number of flavours

αs,0 0.3 Fixed coupling

ELoss,cut 4T Energy loss cut

pcut 4T Cut on radiated p

precoil,cut 4T Cut on recoil parton p

Tc 160 MeV Decoupling temperature

Table 5.2: Parameter list used in the fixed coupling workflow.

pcut = 4T , where T is the local temperature of the fluid. Once all partons are frozen

out of evolution, they are passed to pythia for hadronization. The hadronization and

jet clustering steps are done precisely like the proton-proton simulations which form

the baseline. Table 5.2 summarizes the parameters.

5.2.2 Simulation results

The study of jet-medium interactions is through the construction of nuclear modifica-

tion factors, an example of which was presented in Equation 5.9. These are defined as

the ratio of an observable in A-A collisions over the value of that observable in the

equivalent p-p collision, appropriately scaled. The p-p baseline forming the baseline

of the nuclear modification factors used here is calculated using the simulation work-

flow of Figure 5.8a and shown in Section A.2. The events are simulated with pythia

Tune No. 15 [173], which uses the CTEQ6L.1 [13] parton distribution functions. The

heavy ion simulations use the same tune and free proton PDFs and include nuclear

modification factors from the EPOS09 [174] nuclear PDFs. The hydrodynamic back-

ground used throughout this chapter is the event-by-event simulations done using



88 study of new collision kernels

Figure 5.9: Charged hadron RAA using the new rates, compared to experimental data. Solid

and dashed lines denote the fixed and fitted setups, respectively (see text). The

collision system is Pb-Pb at
√
s = 2.76 ATeV and the 0-5% centrality class. The

spectra are constructed for midrapidity (|η| < 1.0). Experimental data is taken

from ALICE [175], ATLAS [176] and CMS [177] Collaborations.

the IPG-M approach, described in Chapter 3. The dashed lines Figure 5.9 show the

result of the simulation when αs,0 = 0.3 is used for all three rate sets (and both

energy loss channels). The ordering of the lines conforms to our expectation given

the discussion of Section 5.1. The rate set affecting the most energy loss is the NLO,

while NP and LO results are less quenched. The NLO curve is nearly 35% below the

NP-calculated RAA and 50% below the LO one. For further analysis, we fit the strong

coupling constant of each rate set independently by minimizing the χ2 function

χ2/d.o.f =
1∑
i 1

∑
i

(
yexp.,i − ytheo.,i

)2∑
s σ

2
s,i

(5.16)

on charged hadron RAA data of Pb-Pb collisions at 2.76 ATeV and 0-5% centrality. In

the equation above, i sums over the experimental data points with pT > 10 GeV, and
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rate set αs

LO 0.280

NLO 0.242

NP 0.260

Table 5.3: Fitted values of αs from the χ2 fit.

sum over the sum over s adds the uncertainties. The solid lines in Figure 5.9 show

the results of this fit9. The labelling of the lines follows

a. fixed: αs,0 = 0.3 for the three rate sets

b. fitted: each rate set uses the associated fitted value of αs.

As before, the value of αs is the same for the elastic and radiative channels in each

run. The fitted curves collapse on top of each other, particularly for larger transverse

momenta. At lower pT , the LO results are visibly above those of the higher order

corrections. However, given the size of the uncertainties, one cannot make a more

categorical statement. The slope also, is mostly the same. Thus, in a fixed coupling

simulation, the inclusion of the higher-order collision kernels does not change the

curvature of the charged hadron RAA. We can also look at the scaling of the fitted

values of αs from Table 5.3

αs,NLO

αs,LO
≈
√
0.74

αs,NP

αs,LO
≈
√
0.86. (5.17)

The ratios are remarkably close to the values that were found in Equation 5.7, where

the scaling was applied to the radiative rates directly. The deviations are due to the

effects of including elastic scatterings. This once again confirms that in a realistic

simulation, the differences between the rate sets as a result of using the new collision

kernels can be absorbed in a rescaled value of the strong coupling.

9 The fit was performed with simulations where pcut = 4 GeV. The pcut of the results shown here are 4T ,

which is approximately equivalent to a pcut = 2 GeV cutoff. As such the solid lines may not look like

a good fit, but the fundamental conclusion of the discussion is the same.
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Figure 5.10: Ratio of the running radiative and elastic couplings for αs,0 = 0.2 to αs,0 = 0.4

for three choices for (κr, κe). The top row is the ratio of the radiative coupling,

while the bottom panel shows the ratio of the elastic coupling.

5.3 evolving plasma and running coupling

The study in the previous section was done with a fixed and equal αs for both energy

loss channels. While such a study is instructive, it is an approximation. To better ana-

lyze the effect of the new collision kernels, we need to go beyond the fixed coupling

and allow for the running and scale dependence of αs. This is done by first fitting

the running coupling parameters used in martini, (κr, κe,αs,0) (see Section 4.4) for

all three rate sets, before moving into a multi-probe study. The fit presented here

is the first systematic fit and analysis of the parameters of the martini energy loss

framework.

5.3.1 Fit of αs: parameters and initial discussion

In such a simulation, all parameters connected to the martini model should be in-

cluded in a fit. However, our aim is not a complete fine-tuning of martini but rather

to study the effect of the collision kernels on high-pT observables. As such, only the

parameters that are specific to the running coupling are considered for the fitting
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Figure 5.11: Parameter space in the (κr, κe) plane, sampled using the Sobol sequence. Fifty

points are chosen on the plane for κr,e ∈ [1, 15]. The figure on the left shows the

space while the figure on the right plots the points on the
(
κ−1r , κ−1e

)
plane. The

latter is used in the fitting procedure. Highlighted points are the edges of the

space.

procedure, and all others are fixed to physically motivated values. These include the

momentum cut parameters (pcut,Eloss,cut,precoil,cut), which are, respectively, the mo-

mentum cut controlling whether a radiated parton is taken into the event record,

the energy cut below which the parton is no longer evolved and finally the momen-

tum cut on recoil partons in elastic scattering events. These cuts are all a measure of

whether a given parton is considered hard and thus evolved like a jet or soft, where

martini is unsuited for its evolution. The values of these cuts are set to 4T , four times

the local temperature. The average energy of a thermal particle is 3
2T . Thus 4T is a

reasonable cut to separate the soft and hard scales in the simulations. The other major

parameter is the jet-decoupling temperature which we keep as Tc = 160 MeV. This

value should be above the switching temperature of the QGP to hadronic gas (≈ 155

MeV). In principle, the momentum cuts and the decoupling temperature should be

included in a tuning effort of martini. However, such an exercise is not our intent.

Moreover, based on preliminary studies, the dependence of the simulation results in

moderate changes in these parameters is relatively weak.
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The remaining parameters are those governing the running of the strong coupling.

Figure 5.10 shows the sensitivity of the running coupling to a change in αs,0 for

three different values of (κr, κe). The figure is the ratio αs,(rad/elas)(αs,0 = 0.2) to

αs,(rad/elas)(αs,0 = 0.4). Doubling this parameter results in at most 20% difference in

the running coupling. As such, for this fit, the value of αs,0 is set to 0.3 and eliminated

from the parameter list.

The fit space is, then, the (κr, κe) plane. We sample the parameter space using Sobol

sampling [178–180], a sampling method that gives even coverage of the space. The

benefit of using the Sobol sequence is the ability to add new points to the parameter

space if it is decided that more resolution is needed. The sampled points are presented

in Figure 5.11. Figure 5.12 shows the charged hadron RAA simulations results for

each member of the parameter space shown in Figure 5.11. The RAA curves from the

boundary points are in shown colour. There are four main takeaways from the figure

a. different rate sets with the same κr,e observe the ∆ELO < ∆ENLO < ∆ENP pattern

as the previous section

b. there is significant degeneracy where very different sets of κr,e values, for exam-

ple (1, 15) and (15, 1), give very similar results for Rh
±

AA. This is particularly true

for LO and NP rates

c. the sample simulations provide a good coverage of the experimental data, thus

there is reasonable expectation of recovering an optimal fit,

d. even for very large values of κr,e, i. e. (15, 15), significant quenching can be

observed.

The first observation is not surprising and is a good check on the running mechanism

as the same parameters, applied in the same system, give the same running coupling,

and therefore the rates would be evaluated with the same αs. The issue of degeneracy

can be handled by including an observable that breaks it. Jet nuclear modification

factors for different jet cone radii are useful in this respect as due to their exclusive

and three-dimensional nature. These are defined as

R
jet
AA (pT ;R) =

dσ
jet
A-A/dpTdη|R

Nbin. dσ
jet
p-p/dpTdη|R

. (5.18)
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(a) Rh
±

AA initial runs, LO set

(b) Rh
±

AA initial runs, NLO set

(c) Rh
±

AA initial runs, NP set

Figure 5.12: Charged hadron nuclear modification factors from the sampled values of κr,e.
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(a) Rj
AA initial runs, LO set

(b) Rj
AA initial runs, NLO set

(c) Rj
AA initial runs, NP set

Figure 5.13: Inclusive jet nuclear modification factors from the sampled values of κr,e.
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where R is the cone radius used to cluster the hadrons into jets in the anti-kT al-

gorithm. Figure 5.13 shows the jet nuclear modification factor calculations from the

same simulations. While the degeneracy observed in charged hadron RAA is broken

when jets are included, the over-quenching issue is observed even more dramatically

here. All κr,e sets miss the jet RAA data by nearly a factor of two. This is a setback in

the single-stage view of jet energy loss in HIC and an important topic which we will

come back to in Section 5.4. For now, we consider other jet observables, such as jet

shape, an observable that deals with the internal substructure of jets and is defined

as

ρ (r,R0) ≡
Nnorm

Njet

∑
jets

rmax<R0∑
r∈[rmin,rmax)

ptrk
T

p
jet
T

(5.19)

where the sums run over all jets with a cone radius of R = R0. The variable r is the

radial distance of the charged hadron track from the jet axis in the plane transverse

to it and is given by

r =

√(
φtrk −φjet

)2
+
(
ηtrk − ηjet

)2. (5.20)

The jet shape analog to jet nuclear modification factor is the jet shape ratio, which for

a given jet cone radius R = R0, is defined as

Rρ (r,R0) =
ρAA (r,R0)
ρpp (r,R0)

(5.21)

where ρAA (r) and ρpp (r) are the A-A and p-p jet shape functions computed via

Equation 5.19. This quantity measures the effect of jet-medium interactions on the

shape of the jet as a function of the radial distance from the jet axis in the η − φ

plane.

Figure 5.14 gives the jet shape ratio calculated using Equation 5.21 for the parame-

ter runs of Figure 5.11. While the simulations miss the jet nuclear modification factor,

indicating that they are significantly over-quenching the jet spectra, the shape of the

jets coming out of the simulations is remarkably close to the data. It seems that the

charged hadron RAA and jet shape ratio are resilient to over-quenching. Or, put differ-

ently, while the populations of charged hadrons and jets shown in Figs. 5.12,5.13,5.14

are wrong, martini-modified jets will look as they should. Thus, the observables

used for the fit are the charged hadron nuclear modification factor and jet shape.
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(a) Jet shape ratio initial runs, LO set

(b) Jet shape ratio initial runs, NLO set

(c) Jet shape ratio initial runs, NP set

Figure 5.14: Jet shape ratios from the sampled values of κr,e.
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5.3.2 Fit Procedure

For the fit target, the same χ2 function of Equation 5.16 is considered. For each (κr, κe)

set, χ2 is calculated using charged hadron RAA data from the CMS, ALICE and AT-

LAS Collaborations for 0-5% centrality class of Pb-Pb collisions at 2.76 ATeV, as well

as jet shape ratio for the 0-10% centrality class of the same system from the CMS Col-

laboration. We are particularly interested in the potential degeneracy in the model

and how sensitive its performance is to the parameter space. Thus, we utilize Gaus-

sian Process Regression (GPR) [181] for the fit.

5.3.2.1 Gaussian Process Regression: brief overview

Why Gaussian Process Regression? The aim is to arrive at optimal or close to optimal

parameters in the running of the strong coupling of martini with optimal defined

by the performance of martini simulations in reproducing the target observables.

There exists a function, f(κr, κe), underneath our calculations, and it is this function

that we want to optimize in order to get our fit results. Typically one would go about

this process by assuming a shape or functional form for f and fit the free parame-

ters of this functional form. From there, it is a simple matter of taking derivatives.

This can be called a restriction bias approach where we restrict the space of functions

that can fit our data [181]. However, we do not know what this function is, nor its

dependence on the parameters. The two parameters are simply values that multiply

the scale at which αs is evaluated and thus enter the simulations in a highly non-

linear way. Furthermore, there is no physics input or direction that could guide us

here toward a specific functional form. On the other hand, we can also come at this

problem in a preference bias way [181]. In this case, we do not restrict ourselves to

only a specific class of functions but instead, consider all possible functions that can

describe our data. This is done by using Gaussian process regression (GPR). A Gaus-

sian process can be thought of as the generalization of a Gaussian distribution that

seeks to describe functions instead of trying to describe scalars or vectors. Thus a GP

is, in effect, a Gaussian prior placed on the target function. Each sampling of the GP

results in a random function [11]. In this way, the interpolation is done in function

space, and we are not specifically attached to a given modelling choice, making life
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Figure 5.15: Example of sampling from a Gaussian process before (top) and after (bottom)

training on observed data.

so much simpler. In esssense, we are emulating the model – which is martini energy

loss – very efficiently. This also gives the second –and very practical– reason to use

GPR: computational expense. Each model evaluation entails a full simulation of 0-5%

centrality Pb-Pb collisions at 2.76 ATeV. In practical terms, each evaluation takes ap-

proximately 1 core-year10. In a typical fitting exercise, the model would need to be

evaluated hundreds, if not thousands, of times. The computational expense and time-

cost of fitting a model like martini can very quickly get out of control. Gaussian

process regression is therefore an extremely efficient and simple way to learn more

about the model and its parameter space.

A Gaussian Process (GP) is specified [181] by a mean and a kernel function

m(x) = E[f(x)]

k(x, x ′) = E[f(x) −m(x)(f(x ′) −m(x ′))]. (5.22)

10 A core-year is defined as the amount of computation done by one CPU if it was to be in constant use

for 1 year.
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where f(x) is the process or target function we wish to study. The kernel function,

k(x, x ′), describes the covariance of any two points. An example of a kernel is the

radial basis function or RBF

RBF(x, x ′; l) = exp
(
−
d(x, x ′)2

2l2

)
(5.23)

where l is the length scale, a hyperparameter. In a GPR, the hyperparameter(s) of

the kernel are learned from the data. The learning is done by maximizing the log-

marginal-likelihood (LML). Once the kernel’s hyperparameters are learned, we can

then use our GPR to predict the value of the target function at a new position. Fig-

ure 5.15 shows an example of this for the RBF kernel. In the top panel, we have an

example of an untrained GPR, and each sample of the GPR results in a function nor-

mally distributed around 0 with a standard deviation of 1. Ten artificial data points

were used in the bottom panel to train the GPR. Now each sampling from the GPR

is conditioned to give functions normally distributed around the target function and

pass through (or close to) the trained points. Notice that the uncertainty grows be-

tween the points where there is no data.

5.3.2.2 Procedure

The goal is to train a GPR on the computed values of χ2. The compound kernel used

in the regression step is

k(x, x ′) = Matern(x, x ′;ν, l) + RBF(x, x ′; l) (5.24)

In the above, RBF(x, x ′; l) is the Radial Basis Function kernel, a stationary kernel

defined in Equation 5.23 and the Matérn kernel, which is a generalization of the RBF

kernel and is given by

k(x, x ′;ν, l) =
1

Γ(ν)2ν−1

(√
2ν

l
d(x, x ′)

)ν
Kν(

√
2ν

l
d(x, x ′)) (5.25)

where Kν is the modified Bessel function. The parameter ν controls the smoothness

of the function and as ν→∞, a Matérn kernel approaches the RBF kernel.
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(a) (κr, κe) space, LO rate (b) (κr, κe) space, NLO rate

(c) (κr, κe) space, NP rate

Figure 5.16: Heat map of the LO, NLO and NP (κr, κe) generated using Guassian Process

Regression of the calculated χ2 of each κ pair.

For the choice of a kernel, it was found, through trial and error, that the composite

kernels

kLO(x, x ′) =Matern(x, x ′;ν = 3/2, l = 1) + RBF(x, x ′; l = (0.001, 0.001))

kNLO(x, x ′) =Matern(x, x ′;ν = 5/2, l = 1) + RBF(x, x ′; l = (0.001, 0.001))

kNP(x, x ′) =Matern(x, x ′;ν = 5/2, l = 1) + RBF(x, x ′; l = (0.001, 0.001)) (5.26)

yield the best results when judged visually. We use x ≡ ~κ−1 =
(
κ−1r , κ−1e

)
as the

argument in the above kernels due to observations of significant nonlinearity in the

calculated values of the χ2. This modification made it easier for the GPR to train on the

data. From here, 2000 iterations were made where 3 data points would be randomly
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rate set κr κe

LO 2.0 8.6

NLO 4.4 11.6

NP 2.8 9.8

Table 5.4: Fit results of (κr, κe) for the different rate sets using Gaussian process regression.

chosen and set aside as test points at each step while the GPR was trained on the

other 47. After the training, the mean-squared-error of the trained model versus the

test points

MSE =
1

3

3∑
i=1

(GP(xi) − yi)2 (5.27)

is calculated. The model with the lowest MSE is then chosen as the best performing.

The result of the calculation is shown in Figure 5.16. The fit results, or the optimal

(κr, κe) set, is found by evaluating the GPR over the entire plane and finding the set

that is the minimum of the function. This is equivalent to evaluating

κr, κe = argmini(GP(xi)) (5.28)

where i runs over the (κr, κe) pairs for which the GPR is evaluated.

The structure observed in the heatmaps of Figure 5.16 shows the significant level of

degeneracy in the parameters of the running coupling in martini. It is clear that with

the current implementation of martini in a single-stage simulation, similar amounts

of energy loss can be observed for a range of different values of the parameters. The

strength of the coupling can be thought of as a measure of the strength of specific

channel, elastic or inelastic energy loss. In essence, it indicates that in a simulation

where radiative channels are weak but elastic channels are strong, we can have nearly

the same amount of energy loss as one which has strong radiative channels but weak

elastic ones. At this stage, it is an open question whether the observed degeneracy is

a property of martini as a physical model or is due to the way it is being employed,

in a single-stage energy loss calculation.

Table 5.4 shows the resulting κr and κe valeus from the procedure above. The

ordering of the different κ values follows the discussion of the rates in a static medium
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Figure 5.17: Plot of the temperature and momentum dependence of αs,rad. and αs,elas. for the

three rate sets using the optimized running parameters of Table 5.4. The solid and

dashed lines are the radiative and elastic coupling constants. The dotted lines are

the radiative αs of NLO and NP, scaled according to Equation 5.7.

(Section 5.1) and the fixed coupling in a dynamic medium (Section 5.2). This is seen

more clearly in Figure 5.17 where the running coupling is plotted. Since we saw in

Section 5.1 that the NLO and NP rates are above the LO rate, even after scaling, it

is not surprising to see that tuned to the same data, the strong coupling of the NLO

and NP are systematically below the LO result. If at the same coupling, the NLO and

NP rates quench more, then for the same amount of quenching, their αs should be

smaller. The figure also includes scaled curves where the radiative αs curves of NLO

and NP sets are scaled by Equation 5.7. The scaled results match the LO curve at high

temperature and momentum, with the biggest difference between the dotted and the

solid lines observed for p = 5 GeV for all plotted temperatures.

A short note on the choice of the compound kernel is in order. Another compound

kernel with equal performance was found to be

k(x, x ′) = RBF(x, x ′; l = (0.001, 0.001)) + WhiteKernel(x, x ′)
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where the Matérn kernel was completely dropped in favour of a white kernel which

models random noise and is defined as

WhiteKernel(x, x ′; λ) = λδ(x − x ′). (5.29)

In the above, λ is the parameter of the white kernel, denoting the noise level at each

point.

The ability of the GPR to give equivalent performance11 using the Matérn-less ker-

nel indicates that one can simply assume the smoothness of the underlying function

and use a White Kernel to account for the statistical noise. Furthermore, the impor-

tant feature of the kernel, which is also seen clearly in the heatmaps of Figure 5.16

is the anisotropy in the parameter space. This is an expected feature. Equal changes

in κr and κe are not the same, given the relative difference in the strengths of the to-

tal rates of the elastic and inelastic energy loss channels. Therefore a separate length

scale should be used for each parameter. All the results in the rest of this chapter,

were generated from fits which used Equation 5.26.

5.3.3 Fit Results

With the parameters of the running coupling tuned separately for each rate set, we can

consider a multi-probe study. Figure 5.18 shows the charged hadron RAA calculation

compared to experimental data using the parameters of Table 5.4 in the running cou-

pling of the simulation. Since this data was used in the fit, the good performance of

the model is to be expected. However, the agreement between the curves themselves

is excellent and perhaps indicative that even with running coupling, the differences

between the LO, NLO and NP rate sets can be absorbed into the coupling.

Performance of the simulations using the new running couplings are also shown

against the other observable used in the fit, the jet shape ratio, in Figure 5.19. There

is a clear ordering here, and unlike the charged hadron RAA where the three simu-

lation results stacked neatly on each other, the jet shape still shows some differences

between them. This is a remnant of the difference at rate level in Figure 5.2 where

after scaling the rates, the ordering of NP > NLP > LO was observed, particularly

11 With the exception of the NLO kernel, which performed better when Matérn was used.
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Figure 5.18: Charged hadron nuclear modification factor for 0-5% centrality of Pb-Pb colli-

sions at
√
s = 2.76 ATeV. The figures show the simulation results using a running

coupling for the LO, NLO and NP rate sets.

Figure 5.19: Jet shape ratio of inclusive jets clustered using the anti-kT algorithm for R = 0.3.

Charged hadron tracks passing the cut ph
±
T > 1 GeV are used in constructing the

observable. Data from the CMS Collaboration [182].
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Figure 5.20: Jet fragmentation function ratios of inclusive jets clustered using the anti-kT al-

gorithm for R = 0.4. No cuts were placed on the charged hadrons. Data from the

ATLAS Collaboration [183].

for smaller values of the radiated parton energy. Thus in jet shape, partons radiat-

ing according to the NP rates are radiating more soft gluons than the other two rate

sets. Elastic scatterings then push these soft gluons out of the jet cone, hence the ob-

served ordering of the simulations. It should be noted that all three rate sets capture

the general features of the data. The first observable not used in the fit process are

jet fragmentation function (FF) ratios presented in Figure 5.20. Fragmentation func-

tions are defined in two ways, first as a function of the transverse momentum of the

charged hadrons within the jet

D (pT ) =
1

Njet

∑
jets

∑
pT ,trk∈[pmin

T ,pmax
T )

1

pmax
T − pmin

T

(5.30)

and then as a function of the momentum fraction of the charged hadron along the jet

axis, z12

z ≡
pjet · ptrk

pjet · pjet

D (z) =
1

Njet

∑
jets

∑
z∈[zmin,zmax)

1

zmax − zmin
. (5.31)

12 The variable z in this chapter corresponds to the x variable in Chapter 4.
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Figure 5.21: Inclusive jet nuclear modification factor for Pb-Pb collisions at 2.76 ATeV and 0-

5% centrality. The jets are clustered for three different cone radii. The solid lines

denote jets clustered from hadrons, while the dashed lines are jets clustered from

partons before hadronization. Data from the CMS Collaboration [184].

The FF ratio, defined analogously to nuclear modification factors of charged hadrons

and jets, is given by the ratio

RD(z) =
DAA (z)

Dpp (z)
, RD(pT ) =

DAA (pT )

Dpp (pT )
. (5.32)

In the above, the fragmentation functions Dpp,AA (pT ) and Dpp,AA (z) are given by

Equation 5.30 and Equation 5.31, respectively.

Overall agreement with the fragmentation function ratio data (from the ATLAS

Collaboration) is very good for small z or ph
±
T . All three rate sets, however, miss the

behaviour of the primary charged hadrons (ph
±
T > 80 GeV or z > 0.6). A systematic

trend is observed between the three rate sets in their relative ordering. For values of

ph
±
T < 20 GeV or z < 0.2, the ordering in the FF ratios are RD(pT )[LO] < RD(pT )[NLO] <

RD(pT )[NP] and it is reversed as we get to more energetic charged hadrons travelling

in the direction of the jet (ph
±
T > 20 GeV or z > 0.2).

Figure 5.21 shows the inclusive jet RAA calculation using the new running param-

eters, both at a hadronic and partonic level. Partonic jets are clustered from partons,

using the same kinematic cuts as the hadronic jets, before hadronization. Much like
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Figure 5.13, the fitted runs also miss the data. This, taken together with the other two

jet-related observables, jet shape ratio and jet FF ratio, indicates that while the mar-

tini energy loss model within a single-stage simulation can be made to fit charged

hadron RAA and jet shape ratio in a sophisticated fit, it simply cannot do so with

the correct population of jets. The strong quenching that results from using martini

energy loss from the very beginning of the evolution means that the most energetic

partons coming from the initial hard scattering will efficiently fill the lower energy

modes, and the whole population cascades down. The lower pT part of this cascade

can be made to fit the data for charged hadron RAA. The jet substructure observables

are scaled quantities measuring the shape of a typical jet in a given kinematic range.

Thus they are not overly dependent on a good agreement between the jet RAA calcu-

lation and data and except for a few bins in jet FF ratio, the theory curves can match

the data even though it is completely missing the actual jet RAA.

5.3.4 Jet-Medium photons

The objects of study so far in this chapter have been charged hadrons and jets. The

main goal in the studies of strongly interacting probes, like those mentioned, is that

they are related to the evolving hard parton distribution. However, two complicating

factors make gluon bremsstrahlung calculations difficult. First, while we may wish to

learn about the energy loss mechanisms and evolution at a parton-level, experimental

observables are measured at the hadron level. Due to the effects of confinement, par-

tons are dressed as hadrons, and in theory calculations, hadronization models need

to be used. Second, the radiated gluon can also interact with the medium and will

receive modifications from it. This is where photons come in. Photons are not charged

under QCD and therefore do not experience confinement. Furthermore, due to their

large mean free path relative to the size of the medium, they are extremely unlikely

to interact with the QGP surrounding them at the moment of emission. This means

the jet-medium photon spectrum is proportional to the evolving hard q/q̄ spectrum.



108 study of new collision kernels

In this section, to compare to experimental data, the prompt and jet-medium pho-

ton spectra are scaled by the average number of binary collisions. This value has been

previously calculated using the Monte Carlo Glauber model in Ref. [37]13.

The aim is to calculate the direct photon spectrum. Photon production occurs at all

stages of the evolution. By far, the largest source of photons from a heavy ion collision

is decay photons which result from electromagnetic decays of mesons14. Direct pho-

tons emanate directly from the collision or the resulting evolution of QGP. Given the

experimental difficulty of disentangling the photons by source, the typical technique

of extracting the direct photons is statistically subtracting the decay photons from the

measured inclusive spectrum.

Direct photons consist of

a. pre-equilibrium photons, emanating from the initial stage of evolution

b. thermal photons from the expanding QGP medium and the hadronic gas

c. prompt photons, created in hard scatterings of the nucleons and the resulting

parton shower

d. jet-medium photons, resulting from interactions of hard partons with the plasma.

The first two channels, thermal and pre-equilibrium photons, are dominant for

(relatively) small values of the photon transverse momentum, given the mechanism

behind their production and the relevant scale: the local temperature. Prompt pho-

tons, on the other hand, are produced during the hard collision event and the parton

shower that follows. These can be produced at much higher transverse momenta and

may be used in measurements of the gluon content of nuclei. For the prompt photon

contribution, we use the spectra generated by pythia simulations of Pb-Pb collisions,

using the same tune and PDFs as those used for the generation of the rest of the

event. The spectrum is then scaled by a numerical factor (k-factor) to match the cen-

tral value of the data at the highest available pT bin. This factor was determined to

be 0.736. Thermal and pre-equilibrium photons are taken from Ref. [55], as stated

previously.

13 Specifically, table 9 of that reference.
14 Particularly π0 and η-meson.
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Figure 5.22: Total photon yield at midrapidity of Pb-Pb collisions at 2.76 ATeV for 0-20% cen-

trality. The yields include thermal, pre-equilibrium and prompt photons, as well

as jet-medium photons computed using the different collision kernels in the rates.

Data from the ALICE Collaboration [185].

The resulting direct photon spectrum, including jet-medium photons produced by

the three independent simulations of the new rate sets, also point toward an over-

quenching conclusion, as can be seen in Figure 5.22. The range of photon pT that is

plotted against data from the ALICE Collaboration is relatively low, and while the

NLO results are peaking above the LO and NP points (most visible in the bottom

panel of the figure where the ratio to the data is taken), the total yields including jet-

medium photons are very close to each other. Given that for each curve, all photon

channels other than jet-medium are identical, we can conclude that the yield of jet-

medium photons is very close for LO, NLO and NP results.

The ratio of jet-medium photon yield to the total, as presented in Figure 5.23, clearly

demonstrates the point. The difference in the jet-medium yield from the different

rate sets is at a few percent level. The conclusion from this exercise, as it stands, is

that the differences between the rate sets, evaluated with different collision kernels,

can be mostly absorbed in the running of the coupling. However, the considerable

energy loss experienced by the partons in the simulations has significantly softened

the spectra of quarks and anti-quarks and eliminated any potential signal. Whether
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Figure 5.23: ratio of jet-medium photons calculated using the new kernels for each rate set

over the associated total photon yield. Plotted for Pb-Pb collisions at 2.76 ATeV

and 0-5% centrality.

the long evolution time in martini is allowing for a partial thermalization of the

soft partons around the jet would require a more detailed study. Jet-medium photons

considered here are at low enough pT where they should be sensitive to the difference

in the rates, as observed in Figure 5.2.

It is difficult to make a stronger statement at this moment, given the observed inabil-

ity of the single-stage energy loss simulations in simultaneously capturing charged

hadron and jet RAA within the same simulation. The cause and possible solution to

this issue is discussed in the next section.

5.4 shower formation time

In Section 5.3, it was observed that martini in a single-stage simulation, cannot

capture the nuclear modification factor of jets. Jet-medium photons and, consequently,

the total direct photon yield were also insensitive to using the different rate sets. This

is despite their almost direct proportionality to evolving hard fermion distribution

and intermediate to low pT window in which we computed them. This is the region

where one would expect significant differences between the rates (see Figure 5.2). This

observation stands in stark contrast to our independent and complementary study of

martini in multi-stage simulations of Chapter 6 where jet RAA for different jet cone
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radii and at different centralities was easily reproduced. The major difference between

the two models is their single vs. multi-stage nature15.

This observed difference between single and multi-stage simulations is due to the

unphysical way the single-stage simulation generates the parton shower. The parton

shower is generated in a vacuum and instantaneously. Thus at the start time of the

hydrodynamic evolution, martini begins to evolve a full parton shower which in-

cludes both soft and hard partons. In the multi-stage simulations of Chapter 6, as

we will see, matter contains spacetime information for the evolving virtual partons.

Thus, many shower particles are emitted later in the evolution when the temperatures

and interaction rates are lower or are emitted outside of the fireball altogether. This

section seeks to demonstrate that it is indeed the lack of shower formation time that

is primarily responsible for the over-quenching observed in the single-stage simula-

tions. This has previously been shown in Refs. [141, 186, 187] though all were mostly

focused on the study of the charged hadron yield and did not consider the effect of a

long parton shower time on jets or jet substructure. Other novel aspects of the work

presented here are the usage of martini as the energy loss model as well as using

state-of-the-art simulations of the soft sector.

The idea is tested by comparing the LO rates within both single-stage and the

multi-stage model of Chapter 6 using the following shorthand for the (κr, κe) factors

used in each simulation

k0 = (1.5, 4.5) , k1 = (2.0, 8.6) . (5.33)

where k0 is the value of the parameters of the running coupling as used in the sim-

ulations of Chapter 6. Figure 5.24 shows a comparison of four different simulations,

three using the composite model of the previous chapter and one evolving with the

single-stage model, shown in Figure 5.18. The two new jetscape runs for this figure

are

a. final state shower provided by matter (including energy loss), martini uses

the k1 parameter set

15 The simulation of the soft sector is also different between the two methods. However, jet energy-loss

is not particularly sensitive to the details of the modelling of the thermal background. This is, in par-

ticular, true for the types of observables considered here: event-averaged spectra and jet-substructure
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Figure 5.24: Comparison charged hadron RAA for martini energy loss with and without a

time-dependent parton shower as well as high virtuality energy loss. The collision

system is Pb-Pb at 2.76 ATeV, 0-5% centrality. The blue line here corresponds to

Figure 5.18. The orange line corresponds to the multi-stage martini simulation

in Figure 6.7. For the simulation where matter is used in vacuum mode (red

line), the q̂ parameter in Equation 4.45 is set to zero.

b. final state shower provided by matter (no energy loss), martini uses the k1

parameter set.

The resulting charged hadron RAA from the single-stage (in blue) and multi-stage

energy loss simulations (in orange), are nearly identical to each other. Both these

workflows were fitted to the charged hadron RAA data which is shown in the figure.

As such, their agreement with the data is not surprising, though given the significant

differences in all other aspects of evolution, this is quite remarkable. The two other

simulations, as described above, test the effect of a time-dependent (or time-delayed)

final state shower with and without energy loss. First, running the multi-stage of

Chapter 6 but using the newly fitted parameter set, k1, one can see that the high pT

part of the charged hadron nuclear modification factor is mostly unperturbed. The

lower pT part, however, is less quenched. This is due to the role of martini in the

multi-stage model as a low-virtuality stage. Low pT charged hadrons are more likely

to originate from partons which undergo low-virtuality evolution. Furthermore, the
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Figure 5.25: Comparison of inclusive jet RAA for martini energy loss with and without a

time-dependent parton shower as well as high virtuality energy loss. Same setup

as Figure 5.24. Data from the CMS Collaboration [184].

parameter values in k1, which govern the running coupling, are larger relative to k0,

resulting in a smaller αs, leading to less quenching relative to simulations using k0

parameters in martini. The effect of jet energy loss during the parton shower can be

studied by turning off the energy loss part of matter which couples the evolving

virtual partons to the medium. By setting q̂ to zero in Equation 4.45, the matter

shower in the medium becomes a pythia final state shower but with spacetime in-

formation. The result is the red curve in Figure 5.24. There, a portion of the shower

either never experiences energy loss or only does so for a short period. As such, the

charged hadron RAA is larger, indicating less quenching.

The effect described above is even starker for the nuclear modification of inclusive

jets, shown in Figure 5.25. First, even though the single-stage run with new parame-

ters k1 matched the results of the composite model when considering charged hadron

RAA, they are very clearly separated when considering jet RAA. Regardless of the pa-

rameter set used, the three runs which include matter are significantly above the

single-stage model. In particular, the effect of medium energy loss in jet RAA is small

(difference between the green and red lines), and the dominant effect is the delay in
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Figure 5.26: effect of a time-dependent final state shower on jet shape ratio for jets clustered

using the anti-kT algorithm for radius R = 0.3 with a pT > 1 GeV cut placed on

the charged hadron transverse momentum at clustering level. The theory curves

are calculated for 0-5% centrality class while the data is for 0-10% centrality. The

setup is identical to Figure 5.24. Data from the CMS Collaboration [182].

the full development of the parton shower that is generated due to spacetime infor-

mation incorporated by matter.

The inclusion of an initial stage of energy loss also modifies the two jet observables

studied here. For the jet shape ratio, given in Figure 5.26, the last bin, the multi-

stage framework with in-vacuum shower (matter:Vac or q̂ = 0) sees a reduction

of nearly 30% when contrasted with the single-stage martini simulation, using the

same running αs parameters (k1). When martini takes over the evolution at later

times, there is less quenching and less elastic scattering with the medium. Thus the

leading hadron loses less energy, and the partons around the jet are not likely to

receive kicks that push them out of the jet cone, bringing the jet shape closer to that

of the p-p case. The jet fragmentation function ratios, given in Figure 5.27, also show

the modification by the suppression relative to the martini-only run for the largest

pT or z bin. Unlike the jet shape ratio, jet FF ratios are not absolutely normalized. As
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Figure 5.27: effect of a time-dependent final state shower on jet fragmentation function ratio

for jets clustered using the anti-kT algorithm for radius R = 0.4. The theory curves

are calculated for 0-5% centrality class while the data is for 0-10% centrality. The

setup is identical to Figure 5.24. Data from the CMS Collaboration [182].

such, they are more sensitive than the jet shape ratio to the jet population and if it is

indeed captured correctly by the simulation.

A solution to this over-quenching problem is incorporating a formation time into

the pythia parton shower. In Ref. [187], the pythia shower was modified by the

assignment of a formation time using Equation 4.24. There, jet RAA reconstructed

at the partonic level achieved a better performance against the data than the case

where an instantaneous parton shower seeded the energy loss mechanism16. The

formation time is introduced by tracking the history of partons coming out of the

hard interaction and calculating the total formation time

τform.,p =
∑
i

τform.,i (5.34)

where p denotes a final state parton and the sum over i runs over all the branchings

in the parton’s history. This is, in effect, poor man’s matter. Ref. [186] used a mat-

ter+LBT model and showed the importance of high-viruality energy loss stage and

16 Similar work was done in Ref. [188–190] for LBT energy loss model for LHC energies. The partonis

resulting from the jet evolution where not hadronized and jet spectra were reconstructed at a partonic

level. No jet-substructre observables were used in those calculations.
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(a) p-pcollisions at 200 GeV

(b) p-pcollisions at 2.76 TeV

(c) p-pcollisions at 5.02 TeV

Figure 5.28: Formation time of partons in simulations of p-pcollisions at 0.2, 2.76 and 5.02 TeV.
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shower formation time for Pb-Pb collisions at 2.76 ATeV while Ref. [187] achieved sim-

ilar results by using this shower formation time in a pythia+LBT simulation applied

to Au-Au collisions at 200 AGeV.

The form of τform.,i is given by Equation 4.24. This was implemented for the case of

p-p collisions at 0.2, 2.76 and 5.02 TeV, resulting in Figure 5.28. The heat map should

be almost entirely black if the zero shower formation time was a good approximation.

Instead, however, we can observe significant structure throughout the space. Further-

more, the shape of the heatmap for collisions at 200 GeV is visibly different from

those at the LHC energies. This is due to increased phase space for jet production.

It is clear that at the partonic level if this is implemented for a Pb-Pb collision at

the same energy, some partons may never experience an interaction with the ther-

mal medium (formation time larger than the lifetime of the plasma). Many of these

shower particles may encounter the medium at some finite time, where the medium

is at lower temperatures and thus experience a lower energy loss rate. Based on the

figures, this is particularly true for low and intermediate pT partons, which have a

higher production rate than the very high pT partons. The delay in the interactions of

the parton shower with the medium would then mean significantly less elastic scat-

terings with the medium and less radiation and thus recovery of the energy of the

original hard parton at jet clustering level.

5.5 conclusion

This chapter presented the first study of the new, higher-order collision kernels in

a static and evolving QGP. The simulations were performed with both fixed and

running coupling constants. In the static QGP, it was observed that while the rate

sets evaluated with the new collision kernels are quite different from the LO set and

result in a very different parton population, these differences could be absorbed into a

rescaling of the strong coupling. This observation was also made for simulations of jet

quenching in an evolving QGP with fixed coupling. The Guassian process regression

fit is the first systematic study of the running coupling parameters of the martini

framework.
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During the fitting process it was found that the quenching is too strong in a single-

stage energy loss simulation. This meant that the model could not simultaneously de-

scribe charged hadron and jet RAA. The cause of the over-quenching was found to be

the instantaneous development approximation for the parton shower. Previously, in jet

energy loss calculations, it was assumed that all partons in the shower would rapidly

lose all their virtuality before QGP formation. A major finding of this study is to show

that this is not the case. The importance of a time-delayed parton shower and high

virtuality energy loss has been demonstrated to be extremely significant. Without a

time-dependent parton shower, it is not possible to capture jet and charged hadron

nuclear modification factors within the same simulation setup. In a single-stage ap-

proximation, all shower partons lose energy via elastic and radiative processes, from

the very first moment they enter the QGP all the way to freezeout. Many of these par-

tons have low or intermediate momenta which are crucial for jet reconstruction. They

are also partons which are modified the most by energy loss to QGP. After hadroniza-

tion and clustering stage in these simulations, the resuling jets are missing significant

energy, due to the removal of these softer partons (and their resulting hadrons) from

the jet cone.

The only currently existing model which incorporates the physics of the initial,

high-virtuality energy loss is matter. Our work shows the importance of incorporat-

ing matter (or at least a matter-like approach in delaying the parton shower) and

therefore crucial need to move toward multi-stage simulations of jet energy loss. This

is the first time this effect has been demonstrated with martini. It is also the first time

that jets and their substructre have been used as sensitive probes of the multi-stage

nature of parton energy loss in an evolving QGP.

The inability to capture jet and charged hadron RAA limits our capacity to make

more definitive conclusions about the new rates. However, it is clear that after rescal-

ing the αs or retuning the running coupling parameters, the spectra of charged

hadron and jets alone are not significantly modified by using the new collision ker-

nels. On the other hand, jet substructure observables are much more sensitive and

have promise in helping to study these kernels further. Photon spectra were found to

be too affected by the large amount of energy loss resulting from the long evolution

time and could not distinguish between the rates.
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By delaying the energy loss, photon-producing channels such as conversion and

bremsstrahlung are not activated until later in the evolution when temperatures are

lower. As such, the spectrum of the jet-medium photons will be harder than what

has been presented in Figure 5.22 where the parton shower was taken to occur at

τ = 0+ fm/c. The shorter evolution time would mean that the signal of the difference

between the rate sets would potentially not get pushed to lower and lower pγT , where

thermal sources are expected to dominate the jet-medium signal significantly. Thus,

including the shower formation time would allow jet-medium photons to study the

effect of the higher-order collision kernels at a partonic level with potentially more

discriminatory power.

The setup and execution of the fitting process presented here is the first application

of Gaussian process regression to fit the parameters of martini. Beyond the physics

modification of a formation time for the parton shower, a natural next step for the

study is to perform a full Bayesian study of all parameters of martini, including

those which were not included in the fit here.





6
C O M PA R AT I V E A N A LY S I S O F C U J E T A N D M A RT I N I

Chapter 4 introduced energy loss of energetic partons in equilibrium (or close to equi-

librium) QGP medium. Particular emphasis was placed on two models of radiative

energy loss, martini and cujet. In this chapter, these models are embedded within

a larger, multi-stage 1 framework of jet evolution inside a plasma. We previously saw

that cujet and martini are very different at a rate level: they have a different view of

the radiative energy loss of jets and the medium within which they travel. We aim to

see how these models compare, using a state-of-the-art integrated approach, against

the data and, more interestingly, against each other. The question is whether the data

can tell us anything about energy loss mechanisms, and if so, how much information

can we extract?

This work is the first modern comparative study of these models and focuses on

a multi-probe analysis. The most recent comparative study of various energy loss

models was set in the context of a static QGP brick [191]. The emphasis was a com-

parison of theoretical assumptions behind the derivation of each model and then

examining their effects on evolving parton distributions in a fixed temperature, static

QGP medium. Later, an effort was made by the JET Collaboration [97] to compile

the results of jet quenching calculations of these models and to extract the effective

value of the jet quenching transport coefficient, q̂. The limiting factor in that analysis

was how different calculations were not only different in their modelling of the jet

energy loss mechanism but also in their modelling of jet production, hydrodynamic

evolution, and hadronization. The jetscape Collaboration was grown out of, and in

response to, this effort.

The Jet energy loss Tomography with a Statistically and Computationally Advanced Pro-

gram Envelope or jetscape [192], is a framework for a comprehensive simulation of

the evolution of a jet through a heavy ion collision event. It allows for composite mod-

1 Multi-stage here means that the energy loss of hard partons is broken into evolution stages based on

a given parameter, virtuality in this case, and each stage is governed by a different model.
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elling of jet evolution from the initial hard scattering that produces the hard partons

to the pre-equilibrium stage, hydrodynamic evolution and finally, particlization and

fragmentation. The jetscape emphasis on a modular approach to simulation of jets

and their interactions allows its use as either a model factory where jet energy loss is

treated as a multi-stage process or as a laboratory for systematic and comparative

studies of different jet energy loss models. It provides a unified framework of jet sim-

ulation, which allows us to faithfully compare two different models of the same stage

of a heavy ion collision- jet energy loss models, hadronization models or any other

topic of interest- while keeping all other aspects of the evolution identical. It is this

aspect of jetscape that we leverage in this chapter.

This chapter presents the first results of our multi-probe and multi-stage compara-

tive study of cujet and martini within a jetscape framework and workflow. These

results use modified and novel Monte Carlo implementation of cujet and include

a. first realistic calculation of jets with cujet,

b. first realistic calculation of jet-medium photons with cujet,

c. first multi-stage study of cujet and martini,

d. and first controlled, comparative of cujet and martini in a multi-stage, multi-

probe simulation.

For simulation results, this chapter will focus on Pb-Pb collisions at the lhc for the

centre of mass energy of
√
s = 2.76 ATeV and centrality classes up to 50%. For the re-

sults of Pb-Pb collisions at
√
s = 5.02 ATeV and Au-Au collisions at rhic for

√
s = 200

AGeV see Section B.2. Note that radiative rates used by martini in this chapter are

evaluated using the LO collision kernel. The soft sector of these simulations is mod-

elled using the T-V approach. In this chapter, we do not use the ip-glasma model of

initial conditions or (3+1)D modelling of the hydrodynamic evolution. The choice not

to use the state-of-the-art might strike the reader as strange. However, it should be

noted that due to the scale separation of the hard jets from the soft medium, observ-

ables under consideration in this chapter are not particularly sensitive to the details

of the modelling of the soft sector. Furthermore, the current modelling of the initial

state, as provided by ip-glasma is computationally expensive, making it unsuited
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Figure 6.1: The jetscape workflow of proton-proton simulations in this chapter. The red ar-

rows denote the flow of information, which in this case is the evolving particle list.

for large-scale, event-by-event simulations. In its place, we used the T-V approach

to modelling the soft sector, as it provides identical performance in most integrated

observables of the soft sector compared to the IPG-M model and is significantly less

computationally expensive.

6.1 multi-stage simulation of jet energy loss in jetscape

In this section we first present a brief discussion of the flow of information in p-p and

A-A multi-stage simulations, as well as the modelling choices made regarding the val-

ues of various parameters. The results of the simulations are presented immediately

after.

6.1.1 Proton-proton simulations: the baseline

Figure 6.1 presents the flow of information in p-p collisions with simulations using

the jetscape framework. The parameters of the various models are fixed using the

fit results of Ref. [143]. The hard scattering events which produce the energetic par-

tons, along with their associated initial state shower and multiparton interactions, are

modelled by pythia 8.243 [167] using NNPDF2.3 LO parton distribution functions [193–

195] 2. The last stage of the parton shower, the final state radiation, is handled by mat-

ter [140–142], which evolves the partons down to the cutoff scale Q0 = 1 GeV, below

which perturbative QCD is no longer valid.

After the parton shower has fully developed, non-perturbative effects of hadroniza-

tion and fragmentation set in. The default hadronization mechanism in this workflow

2 The pythia tune is set to the default Monash-2013 tune [196].
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is the colourless hadronization mechanism. This hadronization method is a vari-

ant of the famous Lund String Model and is consistent with it [143]. In short, the

hadronization scheme assigns the colour tags of all partons by minimizing their dis-

tance in the η-φ plane via

r =
√
∆η2 +∆φ2 (6.1)

where ∆η and ∆φ are the differences in the pseudorapidities and the azimuthal an-

gles of the quark and anti-quark, respectively. After the q-q̄ pairs, which form the

two ends of the colour strings, are identified, the gluon list is traversed, and gluons

are assigned to a given string according to their average distance (measure provided

by Equation 6.1) to the two ends of it. After all colour tags have been assigned, the

event is checked for colour neutrality and passed to pythia for string fragmenta-

tion via the Lund string model. As before, pythia is also tasked with decaying un-

stable hadrons, defined as any hadron with a mean lifetime less than or equal to

τ = 10 mm/c. The jet clustering is then done after hadrons have formed and the

unstable ones have decayed. Much like Chapter 5, here we use the anti-kT algorithm

for jet clustering.

6.1.2 Simulation results for p-p collisions at
√
s = 2.76 TeV

The jet clustering step concludes the simulation of p-p collisions and at this stage, var-

ious spectra or other observables of interest can be constructed. This section presents

the calculations of the hadronic observables for p-p collisions at
√
s = 2.76 TeV. Simi-

lar calculations for
√
s = 200 GeV and 5.02 TeV are presented in Section A.1. It should

be noted that all the results presented below are computed within the same simula-

tion, using the same event record and the same simulation parameters.

The first observable to consider is the invariant differential charged hadron yield,

produced at midrapidity

E
d3Nh

±

dp3
(pT ) =

1

σNNInel.
E
d3σh

±

dp3
(pT )

=
1

σNNInel.

1

2πpT

dσh
±

dpT dη
(pT ) (6.2)
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Figure 6.2: Invariant differential yield of inclusive charged hadrons at midrapidity (|ηh± | <

1.0) compared to measurements from ALICE [175], ATLAS [176] and CMS [177]

Collaborations. The lower panel shows the ratio of experimental data over the

theoretical calculations, where error bars and shaded boxes denote the statistical

and systematic experimental uncertainties, respectively.

where σNNinel. is the nucleon-nucleon inelastic cross section. The values used in this

thesis are given in Table 5.1.

Figure 6.2 compares the theoretical simulation of inclusive charged hadrons vs

measurements from experimental collaborations at the LHC. There is overall good

agreement between theory and experiment, with most data points being within 20%

of the theoretical calculation. We can conclude that the charged hadron yield simula-

tion results provide a good baseline for the heavy ion calculation.

The next step beyond the inclusive charged hadron spectrum is to look at jet observ-

ables. These include inclusive jet spectra for jets of different cone-size radii and jet-

substructure measurements. The differential jet cross section is calculated by cluster-

ing final state hadrons into jets using the same definition of a jet as the experimental

collaborations. These are inclusive jets, as no cuts are placed on the clustered hadrons,

and both stable charged and neutral hadrons are used in the analysis. Figure 6.3 com-

pares the theoretical calculation to the experimental measurements of ALICE, ATLAS

and CMS Collaborations and for three different jet cone radii at midrapidity. Once
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Figure 6.3: Differential cross section of jets for jet cone radii of R = 0.2 (Green), R = 0.3 (Pur-

ple) and R = 0.4 (Red) at midrapidity, clustered using the anti-kT algorithm. The

theory curve and associated experimental data are colour-coded. The R = 0.3 and

0.4 results are multiplied by an arbitrary number for clarity. Calculations are com-

pared to data from ALICE [197], ATLAS [198] and CMS [184] Collaborations. The

bottom panel shows the ratio of experiments to the theory simulation results, with

error bars and shaded boxes denoting the statistical and systematic uncertainties

of the experimental data, respectively.

again, the agreement between theory and experiment is quite good, with most data

points falling within 20% of the theory results.

Finally, the next two observables deal with the internal substructure of jets. These

are jet shape and jet-charged hadron fragmentation functions (referred to as fragmen-

tation functions from here on).

Figure 6.4 presents the results of the normalized jet shape (Equation 5.19) calcula-

tions in p-p collisions. The results are mostly within 20-25% of the experimental data,

and the agreement between the theory and experiment is satisfactory3. The final ob-

3 Jet shape as an observable is sensitive to O(α3s) effects [199]. Thus for potential improvements in

agreement between theory and data, one should consider higher-order matrix elements in the hard

event generation or higher-order evaluation of the DGLAP splitting functions. These effects are far

beyond what this thesis considers.
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Figure 6.4: Jet shape calculations from p-p simulations using the jetscape workflow. Jets

are clustered using the anti-kT algorithm for R = 0.3 for rapidity window 0.3 <

|η| < 2.0 and jets with pjet
T > 100 GeV are chosen. A transverse momentum cut

of ptrk
T > 1 GeV is applied to charged hadron tracks when clustering the jets.

Horizontal black lines give the theoretical calculations, while experimental data

are denoted by horizontal orange lines and in both cases, the thickness of the line is

proportional to the uncertainty. The bottom panel shows the ratio of experimental

to theoretical calculation. The thickness of the lines corresponds to the systematic

and statistical uncertainties for experimental and theoretical results, respectively.

The calculations are compared to data from the CMS Collaboration [182].

servable here is the fragmentation function of charged hadrons in the jet, defined in

Equation 5.30 and Equation 5.31.

Figure 6.5 shows the calculation of jet fragmentation function against experimental

data from the ATLAS Collaboration. The chosen jet population for the analysis are

inclusive jets at midrapidity with transverse momentum in the [100, 398) GeV range.

The agreement between theory and experiment is very good, with all data points

within 15% of the theory calculation, indicating that this is a solid baseline for studies

of heavy ion simulations. A final note regarding the complementary nature of the jet

substructure observables discussed here is in order. While jet shape measures the

distribution of charged hadrons as a function of their radial distance from the jet axis,
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Figure 6.5: Comparison of the simulated jet fragmentation function (Red) to data from the

ATLAS Collaboration [183] (Black). Chosen jets for the analysis are at midrapidity

(|ηjet| < 2.0) and have transverse momentum between 100 < p
jet
T < 398 GeV. No

cuts are placed on the hadrons, neither at analysis nor at the jet-clustering level.

The bottom panel shows the ratio of the experimental data to the theoretical calcu-

lation.

jet fragmentation functions look at the momentum of the charged hadrons along the

jet axis. As such, these two observables can be used in conjunction with each other

to study and compare the radiative and elastic energy loss mechanisms of different

models.

6.1.3 Heavy ion simulations: the workflow

The multi-stage model for simulating jets and their energy loss in a heavy-ion colli-

sion is presented in Figure 6.6. The major difference between the p-p and A-A sim-

ulations, unsurprisingly, is the inclusion of the QGP medium and its effect on the

subsequent evolution and energy loss of hard partons. Due to the presence of the

medium, the matter final state shower is modified as described in Section 4.5.2 and

the partons with low virtuality (assumed to be on the mass shell) are allowed energy
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Figure 6.6: The jetscape multi-stage workflow for simulating jet evolution through a QGP

medium. The system goes through two extra stages, as compared to a p-p collision

(Figure 6.1), for jet energy loss at high and low virtuality. The arrows from the

hydrodynamic background denote the input of hydro information, namely local

temperature and flow velocity, into the energy loss models.

loss via radiative or elastic scattering processes as provided by cujet or martini. As

input, the energy loss models require local medium temperature and flow velocity

from the hydrodynamic medium. The hydro medium histories used in this chapter

are simulated using the T-V approach, as described in Chapter 3.

In this model, a hard collision event in a A-A goes through the following stages

of evolution. The hard event generation is performed by pythia with nuclear modi-

fications to the PDFs as provided by LO eps09 [174] parametrization. For the initial

τ 6 0.6 fm/c of evolution (in the fluid rest frame), partons evolve as if in a vacuum

and have vacuum-like splittings as described in Section 4.5.1. At τ = 0.6 fm/c, the

evolving partons begin to see the medium that is formed around them, and their

shower receives modifications from their medium interactions. This was described

in Section 4.5.2, where elastic scatterings with the medium and the transverse mo-

mentum broadening effects due to them were incorporated into the parton shower.

Specifically, the strong coupling in this stage is held fixed at αs,matter = 0.23. If a

parton leaves the medium and is still virtual, a condition defined as having virtuality

Q > Q0 = 2 GeV [200], it will proceed to continue branching in vacuum. If, on the

other hand, the parton reaches the virtuality cutoff and remains in the QGP medium,

it is considered an on-shell particle, and its further evolution is governed by the low

virtuality model, either cujet or martini. This switching is done on a parton-by-

parton basis. Partons then evolve in the QGP and experience scatterings with the
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medium constituents until they either escape the medium, a condition defined as the

local temperature falling below Tc = 160 MeV or if their momentum in the rest frame

of the plasma is less than the momentum cut pcut = 2 GeV4.

After all partons are frozen out of evolution, the event is processed for hadroniza-

tion and jet clustering, using the same techniques as in the p-p collision as described

earlier in this chapter. The same recoil-hole prescription as described in Section 5.2.1

is implemented here as well. At this stage, the simulation and clustering are done,

and the event is analyzed by constructing the observables of interest.

6.2 multi-probe study of cujet and martini

In the previous section, the simulation details for both p-p and A-A collisions were

discussed and the results of the p-p baseline for
√
s = 2.76 TeV were presented. All

non-cujet and non-martini parameters of the workflow, as stated before, are fixed

by jetscape Collaboration fits to p-p [143] and Pb-Pb collisions [200].

The remaining parameters that need to be fixed are those governing the running of

the strong coupling in cujet (αs,max) and martini (κr, κe). These are fitted to Pb-Pb

collision data at
√
s = 2.76 ATeV and 0-5% centrality class. The reasons for the choice

of this system are twofold

a. large collision energy and availability of high-pT observables, which allow for

more confident usage of pQCD techniques,

b. existence of photon data as well as hadronic and jet data which enables a multi-

probe analysis.

After the parameters are fitted to the data, they are fixed for the rest of this chapter

and the associated results presented in Appendix B. Table 6.1 presents the parameters

used in our simulations.

4 The temperature cutoff is motivated by the desire to avoid the hadronic gas phase which sets in at

Tsw. = 151 MeV. The momentum cut ensures that the energy loss models used here, martini and

cujet are applied to energetic partons and stay within or close to their domain of applicability.
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Figure 6.7: Comparison of charged hadron RAA calculation with experimental data from AL-

ICE [175], ATLAS [176] and CMS [177] Collaborations. The collision system is

Pb-Pb at
√
s = 2.76 ATeV, and the 0-5% centrality class (upper leftmost subfigure)

was used in the fitting of the running coupling parameters in cujet and martini.

The spectra are constructed for midrapidity (|η| < 1.0). The denominator in the

RAA calculation is provided by Figure 6.2.

6.2.1 Hadronic observables in Pb-Pb collisions at
√
s = 2.76 ATeV

Figure 6.7 shows the charged hadron nuclear modification factor (RAA) fit and calcu-

lation results for six centrality classes, using parameters if Table 6.1, going as high as

40-50% class, compared to experimental data from ALICE, ATLAS and CMS Collabo-

ration results5. There is a great agreement between the theory simulation results and

the experiment.

The two composite models, one with cujet and the other martini, are nearly

indistinguishable from each other. This is in large part due to the fact that this ob-

servable was used as the fit target for both models. Another reason is the nature of

charged hadron RAA: it is an inclusive observable that encompasses both the leading

and all subleading charged hadrons. As such, any possible sensitivity to the usage

5 See Section B.1 for comparative runs with and without low-virtuality energy loss
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model parameter value note

Both

Nc 3 Number of colours

ΛQCD 0.2 GeV Eqs. (4.41), (4.19)

pcut 2.0 GeV Energy loss cut

Tsw 160 MeV Decoupling temperature

αs,conv. 0.3 Fixed coupling for conv. γ

martini

Nf 3 Number of flavours

αs,0 0.3 Eq. (4.41)

κr 1.5 Eq. (4.39)

κe 4.5 Eq. (4.39)

cujet

Nf 2.5 Number of flavours

αmax 0.68 Eq. (4.19)

Table 6.1: Parameter list of cujet and martini, including the running parameters ((κr, κe) for

martini and αs,max for cujet) which are fitted to charged hadron nuclear modifi-

cation factor.

of different models for a given stage of jet quenching is likely to be lost. A more

discriminatory observable is jet RAA.

Figure 6.9 shows the jet RAA results in four centrality classes for three jet cone

radii, compared against data from the CMS Collaboration. There is great agreement

between the two models and the data, as well as between the two models themselves.

The relatively large experimental uncertainty makes any definite statement on the

data preference for one model or another difficult. However, it is clear that the two

models are moving with respect to each other as one moves from the most central

towards more peripheral centrality classes (left to right movement in Fig. 6.9). This be-

haviour is more pronounced when the cone radius for jet reconstruction is increased

from R = 0.2 to R = 0.4 (moving down a column in Fig. 6.9). The effect of going

to higher centrality classes is to shrink the medium and lower evolution time. This

corresponds to less time for the low virtuality shower to quench the jets.
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Figure 6.8: Comparing the differential radiative rates of cujet and martini for an energetic

up quark of p = 100 GeV at the representative temperature of T = 0.3 GeV, as a

function of the momentum fraction of the radiated particle. martini framework

allows for energy gain from the medium (x < 0 region). The effect of traversed

length in cujet is more pronounced for gluon emission than photon emission.

The dips in the cujet curves are the result of the LPM phase, see Equation 4.16.

The movement to larger cone radii within the same centrality class, however, is

sensitive to the details of jet energy loss. Increasing the jet-cone radius has the effect

of including more hadronic activity previously in the jet’s periphery. These hadrons

originate from (mostly) radiated gluons which were then kicked away from the parent

parton due to elastic scatterings with the QGP medium. To further study this effect,

one can form the ratio of jet RAA for different cone radii to R = 0.2 jet RAA as a

reference in Figure 6.10. The general pattern is the same for simulations including

either model: as jet pT increases, the effect of going to larger cone sizes decreases.

This is related to the composite nature of these models. The high virtuality part of

jet evolution in the medium is handled by matter and therefore the jets with lower

transverse momenta are more likely to be sensitive to the low virtuality part of energy

loss. cujet jet RAA rises to nearly 40% for lower transverse momentum jets as jet

cone radius increases, while for martini this increase is less than 10%. This is due
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Figure 6.10: The ratio of the nuclear modification factor of (inclusive) jets of different cone

radius to those with R = 0.2. Increasing the jet cone radius boosts the jet RAA

relative to jets with smaller cone radii. The effect is more pronounced for simula-

tions including cujet.

to the difference in radiative rates for dglv and amy, as seen in Figure 6.8. A parton

evolving according to amy rates is more likely to radiate a large number of soft gluons

relative to a parton of the same energy evolving according to cujet. At the level of

implementation, both martini and cujet take the radiated gluon to be perfectly

collinear to the parent parton. A soft gluon is much more effectively deflected by

elastic processes than a harder gluon, resulting in a halo of soft gluon at larger and

larger radii away from the parent parton. This indicates the sensitivity of jet RAA as

a function of jet cone radius, to the elastic scattering processes of jet energy loss and

leads to the pattern observed in Figure 6.10. To further corroborate this observation,

we consider substructure observables. Beginning with the jet shape ratio given in

Equation 5.21.

The result of the jet shape ratio calculation in Figure 6.11 complements the obser-

vations made above. Both models compare favourably with the data, with both being

able to recreate the depletion of the charged hadrons for r < 0.1 and the enhancement

for r > 0.2. Comparing the models with each other, we see nearly identical results

close to the jet axis followed by a divergence between the two for r > 0.1 where

jet shape ratios, as computed by cujet are systematically above martini. The last
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Figure 6.11: Comparison of jet shape ratio as calculated using cujet and martini versus

experimental measurements in three centrality classes. Jets are clustered using

the anti-kT algorithm with R = 0.3 from inclusive hadrons in the rapidity window

0.3 < |η| < 2.0. A cut of pjT > 100 GeV is placed on the transverse momentum

of the jets. Jets are clustered from inclusive neutral hadrons as well as charged

hadron tracks passing the condition ptrk > 1 GeV. The p-p the denominator, is

given in Figure 6.4. Data from the CMS Collaboration [182].

jet observable remaining to discuss here is the jet fragmentation function ratios of

Equation 5.32. Analogously to the jet shape ratio, jet fragmentation function ratios

also demonstrate systematic differences between the two models arising from this

interplay of radiative and elastic energy loss channels.

Figure 6.12 shows the theoretical jet fragmentation function ratios calculated using

cujet or martini vs data from the ATLAS Collaboration for three centrality classes.

The two models have a more pronounced difference in this case, particularly where

the charged hadron transverse momentum (or the momentum fraction) is small. As

observed in the jet-shape ratio, cujet simulation results are systematically above

those of martini. Furthermore, for jet fragmentation function ratios, we can see that

close to and along the jet axis, martini is slightly above cujet in all centrality classes.

Specifically, in the bottom row of Figure 6.12, Rcujet

D (z < 0.1) > Rmartini

D (z < 0.1) while

Rcujet

D (0.1 < z < 0.4) < Rmartini

D (0.1 < z < 0.4). While the difference for small values

of the momentum fraction is due to the interplay of a large number of soft radiation

and elastic scatterings, for intermediate values of z, one can observe the influence

of the radiative rates. Comparing Figure 6.12 to the rates in Figure 6.8, shows that

cujet rates are mostly subdominant to martini rates in this range of momentum
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Figure 6.12: Comparison of jet fragmentation function ratios in three centrality classes (0-10%,

20-30% and 30-40%, columns) from cujet and martini simulations as a function

of charged hadron transverse momentum (top row) and charged hadron momen-

tum fraction (bottom). Inclusive jets are clustered at midrapidity (|η| < 2.0) using

the anti-kT algorithm with cone radius R = 0.4. Fragmentation functions of clus-

tered jets passing the transverse momentum cut 100 < p
jet
T < 398 GeV are then

computed. The p-p baseline is given by Figure 6.5. Data from the ATLAS Collab-

oration [183].

fractions. For a jet with momentum p = 100 GeV, this means martini curves in

jet fragmentation function ratios are expected to be above cujet the calculation for

10 6 ph±T 6 40 GeV. This is observed in the top row of Figure 6.12 and given the

relatively large energies involved, elastic scattering channels are not as relevant as

for the z < 0.07 range. An important note to remember, of course, is that these are

approximate ranges given the composite nature of the model with matter handling

the high virtuality stage of jet energy loss.

Our analysis indicates that once fitted to the most central charged hadron RAA

data, two very different energy loss models, cujet and martini, are nearly indis-

tinguishable for all other centralities. However, charged hadron nuclear modification

factor is also a forgiving observable due to its integrated nature. Jets and jet substruc-

ture measurements, then, show remnants of the differences between the treatment of
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Figure 6.13: Same as Figure 6.8 but for a parton of momentum p = 10 GeV.

bremsstrahlung between cujet and martini. In particular, fragmentation function

ratios of jets show systematic differences in how the models populate and distribute

the charged hadrons along the jet axis.

6.2.2 Jet-medium photons

We previously introduced jet-medium photons as probes of the theory in Section 5.3.4.

Here we perform a similar analysis, using the results of jet-medium photon calcula-

tions from Pb-Pb collisions at 2.76 ATeV, as well as Pb-Pb at 5.02 ATeV and Au-Au at

200 AGeV. The simulations of these systems are performed using the same physical

settings as those shown earlier in this chapter. This was a conscious choice as we want

to analyze the two energy loss models and their effects on the evolving hard partons.

Re-fitting the running coupling parameters for each collision system may mask the

differences between the models. Finally, the number of binary collisions is once again

taken from Ref. [37]6.

The total direct photon spectrum, based on the discussion of Section 5.3.4 is con-

structed out of a sum of thermal, pre-equilibrium, jet-medium and prompt photons.

The expectation is that for pT 6 4 GeV, thermal and pre-equilibrium photons are

6 Specifically, tables 9, 10 and 20 of that reference.
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Figure 6.14: Direct photon spectra from Pb-Pb collisions at 2.76 ATeV collisions for two cen-

tralities compared against data from the ALICE Collaboration [185]. The photons

are at midrapidity (|η| < 0.8). The three spectra are (a) direct photons without

jet-medium contribution (green), (b) direct photons with jet-medium computed

using martini (blue) and (c) direct photons with jet-medium computed using cu-

jet. The prompt photon contribution (in all three spectra) is scaled by a k-factor

(0.736). The lower panel shows the ratio of the theoretical calculation to data. See

text for details.

the principle photon emission channels while pT > 20 GeV would be dominated

by prompt photons. The effect of the inclusion of jet-medium photons is studied by

constructing the direct photon spectrum in three ways

a. spectrum 1: no jet-medium: sum of thermal, pre-equilibrium and prompt pho-

tons,

b. spectrum 2: matter + martini : spectrum 1 + jet-medium photons given by

martini,

c. spectrum 3: matter + cujet : spectrum 1 + jet-medium photons given by cujet.

The same k-factor prescription of Section 5.3.4, where the spectrum is matched to the

central value of the largest pT bin of the data, is also used here.

Figure 6.14 shows the result of constructing the total direct photon using the three

methods described above, present along with the photon data from the ALICE Col-
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Figure 6.15: Breakdown of different photon production channels for Pb-Pb collisions at 2.76

ATeV. The ratios of figures (a) and (c) are calculated with jet-medium calculations

from martini for 0-20% and 20-40% centralities respectively. Figures (b) and (d)

show the same using cujet jet-medium photons. In all figures, the solid line is

the ratio of the jet-medium photon spectrum over the total theory spectrum.

laboration. The prompt photon spectrum is set to kfac. = 0.736) and used for both

centrality classes.

The effect of the inclusion of jet-medium photons, using either cujet or martini

energy loss models, is to bring the theory curve into better agreement with the data

in the intermediate transverse momentum range, pT ∈ [4, 10] GeV. The effect is visible

in the upper panels of Figure 6.14 when comparing spectra and the lower panels,

where the ratio of the theoretical calculations to data is presented. The spectrum of

direct photons, including jet-medium photons from martini is clearly above that of

cujet for both centrality classes. This can be due to two related effects. First, the

amy photon radiation rates in martini are larger than the equivalent LO-dglv rates

in cujet. This is due to the difference between the rates for small x (see Figure 6.13

and Figure 6.8 for exampe). Thus a quark or anti-quark evolved with martini would

yield more bremsstrahlung photons. Second, martini generates more energy loss via

gluon emission. As such, a hard fermion spectrum is softened more when evolved

with martini, resulting in a larger population of relatively softer fermions, which are

even more efficient at radiating photons in our pT range of interest.
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We can study the pT dependence of the different photon production channels by

forming the ratios of each channel to the total theoretical yield for each centrality

EdNch/d3p∑
i EdN

i/d3p
. (6.3)

Figure 6.15 shows the result of this exercise. The overall pT behaviour at low and

high values of photon transverse momentum is as previously expected. Thermal pho-

tons dominate for lower pT , while prompt photons become increasingly more impor-

tant as we go to higher photon transverse momentum. Both jet energy loss models

expect a significant contribution for jet-medium photons for pT > 4 GeV, with the

most important contribution window being at pT ∈ [4, 10] GeV. The jet-medium con-

tribution, when computed using martini is approximately 40% of the total photon

yield in this pT window and remains large (≈ 20%) even for transverse momentum

of 20 GeV. cujet, on the other hand, provides a jet-medium yield that has half the

relative importance of martini. There is only a slight decrease for jet-medium pho-

tons from both models when comparing the two centrality classes, and overall, the

relative importance of the different photon channels remains unchanged in different

centralities.

To study the effect of the initial hard parton distribution, we can consider Au-Au

collisions at 0.2 ATeV.

The effect of using jet-medium photons to construct the total direct photon yield

is shown in Figure 6.16. The prompt photon in this calculation is modified in the

same way as in Figure 6.14, with a k = 1.12 factor multiplying the prompt spectrum

as provided by a pythia simulation in order to match the highest pT bin of the

data. We see that the introduction of jet-medium photons from either energy loss

model improves the agreement of the direct photon spectrum with the data. While

the martini results are again clearly above those of cujet, the jump from cujet to

martini is not as pronounced as it was for Pb-Pb collisions at 2.76 ATeV.

We can look into the composition of the direct photon spectrum as a function of

the photon transverse momentum in Au-Au collisions in Figure 6.17. There, we can

see why the jump due to the inclusion of jet-medium photons is less significant than

for the case of Pb-Pb at
√
s = 2.76 ATeV. The share of the direct photon spectrum

from jet-medium photons is, again, larger for martini than cujet. However, unlike in

Figure 6.15, the maximum contribution of martini is approximately 25% and falls off



142 comparative analysis of cujet and martini

Figure 6.16: Direct photon spectrum in Au-Au collisions at 0-20% centrality and
√
s = 200

AGeV at midrapidity (|η| < 0.35). Same k-factor prescription (k = 1.12) and colour

scheme as Figure 6.14. The bottom panels present the ratios of the theoretical

calculation to the experimental observations. Data from the PHENIX Collabora-

tion [201].

Figure 6.17: Channel-by-channel breakdown of the contribution of different photon produc-

tion channels to the total direct photon spectrum in Au-Au collisions at 200 AGeV,

at 0-20% centrality.
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Figure 6.18: Comparison of the jet-medium photon channels via their invariant differential

cross section for the three collision systems under study in this thesis, at 0-10%

centrality class and at midrapidity (|η| < 0.35 for Au-Au, |η| < 0.8 for the Pb-Pb

systems).

faster with increasing transverse momentum than the previous system. The difference

in the contributions is, then, indicative of the importance of the jet population. The

yield of the jet-medium photon channels is related to their own rates and those of

the other inelastic and elastic rates. Thus, a low rate of photon bremsstrahlung or

conversion can be mitigated if the other jet energy loss channels efficiently fill the

underlying q/q̄ population.

Figure 6.18 shows the invariant differential cross-section of the two jet-medium

photon channels. The bremsstrahlung and conversion photon spectra are shown for

the 0-10% centrality class of three collision systems: Pb-Pb at
√
s = 2.76 and 5.02 ATeV

and Au-Au at 200 AGeV7. The large difference in the photon bremsstrahlung rates is

evident on the left-hand side of this figure, where the bremsstrahlung photons from

cujet are subdominant to the martini generated spectrum. The conversion channels

are much closer to each other though differences can still be observed between the two

models, and again, martini shows a higher yield of jet-conversion photons. Given

that the implementation of the conversion channel is identical for both models, down

to the fixed value of αs, we can conclude that the differences in that channel are

7 The hadronic results for Pb-Pb at 5.02 ATeV and Au-Au at 200 AGeV are shown in Section B.2
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√
s (gev) brem . ratio conv. ratio

Au-Au @ 200 52.7 1.03

Pb-Pb @ 2760 25.4 1.26

Pb-Pb @ 5020 22.9 1.40

Table 6.2: Average ratio of the martini differential cross section to the cujet differential cross

section of the two jet-medium photon channels. Data corresponding to the curves

of Figure 6.18.

entirely due to the underlying evolving q/q̄ distribution. This means that martini

is better at populating the quark distribution, fq/q̄ (pT ), for intermediate and lower

values of quark/anti-quark transverse momentum, which in itself is an indication of

the ability of martini in effectively quenching the initial distribution. This difference

is not large, and if one was to compare gluon emission or conversion channels, it

could be easily lost to hadronization effects during the full simulation stage, but it is

here, in the photon spectrum.

Both conversion and bremsstrahlung channels show a different pT dependence

when comparing the Pb-Pb results to Au-Au, due to the effect of the initial jet dis-

tribution. At LHC energies, the jet population is larger, and the intermediate/lower

momentum region of parton jets is seeded by the more energetic partons. martini

due to the relatively flat shape of its rate over a large range of the radiated partons mo-

mentum ratio x (see Figure 6.8 or Figure 6.13, for example), is able to create quarks

or anti-quarks at lower momenta who then are more likely to radiate photons at

even lower energies. Furthermore, martini possesses more fermion-producing chan-

nels than cujet, with the most important of them being the gluon branching process

g→ q+ q̄.

martini also radiates many more soft gluons than cujet. This can be seen, as an

example, in Figure 6.19 where two quarks of 20 GeV initial momentum are evolved

for some time in a fixed temperature T = 300 MeV QGP brick and reach a final mo-

mentum of 12 GeV. We can see that the quark, as evolved by martini has many more

radiated gluons and that they are, in general, softer than the gluon emissions from a

quark that is evolved by cujet. In a realistic simulation, given the composite nature of
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Figure 6.19: Evolution history of two hard quarks with initial momentum of 20 GeV and

final momentum of 12 GeV. The horizontal and vertical position of the colour

tube denotes the relative momentum direction of the parton with regard to its

initial momentum. The upper and lower tubes are evolution histories according to

martini and cujet, respectively. The colour of the tube corresponds to the energy

of the quark. The black, green, and red arrows stand for the momentum vectors

of the radiated gluon, recoil partons and incoming medium particles, respectively.

Figure created by Dr. Shuzhe Shi.

our models, many of these gluons are likely to have been radiated in the middle of the

evolution. In such a situation, considering the information in Figure 4.10, the gluon

branching channel can make a non-trivial contribution since its rate at T = 200 MeV,

is comparable to that of gluon emission from a gluon, particularly for 0.2 6 x 6 0.5.

For RHIC energies, the initial jet population is much smaller, and the lifetime of the

medium is shorter. Therefore, the efficiency of the energy loss model at populating

the q/q̄ distribution becomes even more significant since the initial jet distribution

for Au-Au at 200 AGeV is cut off at
√
s/2 = 100 GeV, whereas for the LHC energies,

the initial distribution (though falling as a power law) can go as high as an order of

magnitude above this value. Table 6.2 shows the result of taking the average ratio of

the martini jet-medium photons to the cujet jet-medium photons in the three sys-

tems. Since the conversion rates are identical, the difference in the conversion channel

is entirely due to the underlying fermion population, which can go from 3% at 200
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AGeV collisions of Au-Au to 40% for Pb-Pb collisions at 5.02 ATeV. Given the direct

proportionality of conversion photon spectrum to the q/q̄ spectrum and after inte-

grating over the spacetime history of jet evolution through the plasma, a martini

simulation is likely to have 40% more fermions in [4, 25] GeV transverse momentum

window than a cujet simulation. The differences in bremsstrahlung ratios further

demonstrate the point made in the above discussion on the effect of the initial jet

population and its interplay with the energy loss rates. The two LHC energies result

in roughly the same ratio for martini to cujet bremsstrahlung, while the Au-Au col-

lisions at a much lower center of mass energy show a much larger difference between

the two models.

6.2.3 Direct photon scaling

An interesting way of looking at direct photons is via the study of the dependence

of their yield on system size. One can ask about the scaling relation of the direct

photon yield with system size and consider how the scaling changes by changing the

kinematic cuts on the photons. By using the charged hadron multiplicity at midrapid-

ity as a proxy for system size, the PHENIX Collaboration [202] found the following

scaling relation between the direct photon and charged hadron multiplicities

dNγ

dy
= A

(
dNh

±

dy

)α
, (6.4)

where α = 1.25. When computing the photon multiplicity, we have to integrate over

the differential yield,

dNγ

dη
=

∫∞
pcut
T

pTdpT
dNγ

pT dpT dη
. (6.5)

Considering the above equation along with the information in Figure 6.17 and Fig-

ure 6.15, we find that we can probe the scaling properties of different photon produc-

tion channels by varying the lower bound on the momentum integral.

For the charged hadron multiplicity, only the charged hadrons from the soft sector

are considered. For each system and centrality class, these are provided in Table 6.3

This is an approximation it takes the dominant source of charged hadron produc-

tion to be through the hadronization and fragmentation of the QGP, with jets and
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system centrality dNh±/dη

AuAu-200 AGeV 0-10% 424.35

AuAu-200 AGeV 10-20% 291.65

PbPb-2.76 ATeV 0- 05% 2302.0

PbPb-2.76 ATeV 05-10% 1893.59

PbPb-2.76 ATeV 10-20% 1436.59

PbPb-2.76 ATeV 20-30% 968.85

PbPb-2.76 ATeV 30-40% 633.65

PbPb-2.76 ATeV 40-50% 519.23

PbPb-5.02 ATeV 0-10% 2660.08

PbPb-5.02 ATeV 10-20% 1813.17

PbPb-5.02 ATeV 30-50% 647.93

Table 6.3: Charged hadron multiplicity at midrapidity from the hydrodynamic simulation of

the QGP background used in this chapter.

jet-related contributions seen as merely a small correction. While this is a reasonable

approximation, it ignores the coupling of the jets to the soft background via their en-

ergy loss. Recent concurrent simulations [20] where deposited or subtracted energy

by the jet is treated as a source term for the hydrodynamic simulation have shown

that particularly at low pT , the jet modifications to the soft sector are significant and

should be accounted for. For now and in this work, the original assumption of the

independence of the jet energy loss simulation from the hydrodynamic one is main-

tained.

From Figure 6.20 it is clear that increasing the pcut
T , has a major effect. As the

lower bound increases, a smaller proportion of the soft sources (thermal and pre-

equilibrium photons) contributes to direct photon multiplicity. Given that these are

by far the dominant sources of photon production, by yield, the overall photon yield

collapses by nearly two orders of magnitude.
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Figure 6.20: Photon multiplicity versus charged hadron multiplicity (data from Table 6.3) at

midrapidity. The markers denoted as star, left triangles, and right triangles cor-

respond to the numerical integration of the spectra using the three values of

pcut
T = 1, 3 and 5 GeV, respectively (or going from top to middle to bottom of

the figure). The solid, dashed and dotted lines are the fits of these results to

Equation 6.4. Direct photon spectrum from the martini governed jet energy loss

simulations is clearly distinct from that of cujet, which itself is very close to the

case with no jet-medium photons. See text for details.

pcut
T (gev) α

matter+martini matter+cujet no jet-med.

1.00 1.00 0.97 0.96

3.00 1.60 1.56 1.56

5.00 1.76 1.72 1.72

Table 6.4: Numerical values of the scaling factor, α from Equation 6.4 for the three sets of

the momentum cut in Figure 6.20. The effect of increasing the momentum cut is an

increase in this scaling factor.
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Figure 6.21: Plot of the scaling power α and the coefficient A (for completeness) as a function

of the pcut
T . The curves converge as this momentum cut increases beyond the

region of significance of the jet-medium sources.

Consequently, the scaling factor α increases as the curves become more and more

steep. One can then use the relationship between direct photon multiplicity and

hadron multiplicity to map the importance of the contribution of jet-medium pho-

ton sources. Table 6.4 shows the values for α associated with the fits in the figure.

The full fit results for more values of pcut
T are presented in Figure 6.21. Initially,

as the momentum cut is relatively low, the three direct photon curves do not show

much difference from each other. This agrees with the results previously shown in

Figure 6.15 and Figure 6.17. As the pcut
T increases, the contribution of thermal and

pre-equilibrium photons is cut away, and the weight of the prompt and jet-medium

sources increases. In this case, since the system as governed by the matter+martini

composite model produced more jet-medium photons than matter+cujet, the net ef-

fect is the separation of the two when α is shown against pcut
T . Further increases in pcut

T

will eventually reach the region where jet-medium photons, even from martini, start

to lose their significance, and this translates to a convergence of the martini curve

with the cujet as well as the case with no jet-medium photons. Other theoretical cal-
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culations of direct photons have reached similar conclusions regarding the transverse

momentum dependence of the scaling power α [55, 203]. As mentioned before, the

PHENIX Collaboration found the power α = 1.25 independent of the pcut
T . This is

in significant tension with our calculations here. The source of this disagreement is

unknown and further study is necessary to illuminate this issue.

Another reason to study the scaling properties of direct photons as a function of

kinematic cuts is with an eye toward experimental observations. Measurements of jet

medium photons are a significant experimental challenge. Currently, typical photon

measurements at the LHC and RHIC generally fall into one of three categories

a. isolated prompt photons for high-pT measurements where a cone is defined

around the photon, and only those where the hadronic activity around them is

below a cutoff are accepted,

b. inclusive direct photons measurements for intermediate pT values, as we saw

previously in this chapter,

c. inclusive direct photons for pT < 4 GeV, where thermal photon sources are

expected to dominate.

Recently, the PHENIX Collaboration [204] reported their non-prompt, direct photon

measurements as the yield of direct photons with the binary collision-scaled measure-

ment of p-p prompt photons subtracted. This photon sample called the non-prompt

direct photons currently has large error bars though similar measurements in the LHC

experimental facilities may not have the same problem. As for the experimental stud-

ies of jet-medium photons and the general behaviour of the different photon sources,

direct photon scaling measurements are currently the only viable option for the trans-

verse momentum regions of interest here.

6.3 summary

This chapter presented the first Monte Carlo implementation of a modified cujet jet

energy loss model, which allowed, for the first time, calculations of jets, jet substruc-

ture and jet-medium photons using the LO opacity expansion of dglv. Another first
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and novel calculation is that of jet-medium photons using martini, another model of

jet energy loss. Both models were used in a multi-probe comparative analysis using

a multi-stage simulation of jet energy loss with the jetscape framework. The work

presented in this chapter is the first controlled and comparative study of cujet and

martini using a realistic simulation setting.

It is known that, at the rate level, the two models are quite dissimilar and make

very different assumptions regarding the nature of the QGP medium, as seen by the

hard parton. On the other hand, the models offer good agreement with the data when

used in a multi-stage Monte Carlo simulation. However, the agreement between the

models themselves depends on the observable. The charged hadron nuclear modifi-

cation factor, used to tune the parameters of the models, was found to be the least

discriminatory. In contrast, jet and jet substructure observables showed systematic

differences in the hadronic structure of jets. They maintained a memory of the par-

tonic structure of the event. Our results indicated that measurements of jet nuclear

modification factor with different cone radii are very sensitive to the details of the

hard partons interaction with the medium and the interplay of the bremsstrahlung

and elastic scattering channels. In particular, martini and cujet predict very differ-

ent behaviours for the ratios of jet RAA at different cone radii, due to the difference

in the emission rate of softer gluons between the two models.

While jet spectra and jet substructure observables are useful probes in studies of

the medium as well as tools to analyze different energy loss models, their usage is

limited by the confining effects of QCD. In this work, we used jet-medium photons as

a complementary probe. The mean free path of photos is significantly larger than the

size of the QGP medium, and therefore, they receive no modifications from final state

interactions. They are also not affected by the non-perturbative effects of hadroniza-

tion. We showed that these photons are directly related to the evolving hard fermion

distribution, and their yield is very sensitive to the details of the energy loss model.

Though it is not currently possible to measure jet-medium photons exclusively, we

demonstrated the potential of using both the direct photon yield and its scaling prop-

erties to indirectly probe the contribution of the jet-medium photons to the direct

photon spectrum. The scaling calculations are in significant tension with the reported
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experimental results of the PHENIX Collaboration and indicate the need for further

study.

On the project’s future outlook, several avenues of improvement were alluded to

in the text. A first step would be to use the same elastic scattering model in both

cujet and martini and therefore narrow the source of the observed differences to

the radiative channels only. Another extension of the comparative study concerns the

quark-producing channels. cujet does not currently include processes that result in

a final state quark beyond the gluon bremsstrahlung channel, q → q+ g. martini,

on the other hand, allows for more fermion production channels. An example would

be implementing the q → g and g → q channels for cujet while going beyond the

collinear approximation for both channels and their equivalent photon-producing

process. Gluon branching to q+ q̄ is also missing in cujet. At relatively lower tem-

peratures, we saw in Figure 4.10 that the gluon to fermion branching channel can,

in some situations, compete with the gluon branching channel. Thus its inclusion in

cujet would enable us to simulate and compare the two models against more exotic

and interesting observables. An example would be a study of jet charge in A-A vs p-p

collisions.

There are other avenues of potential improvements though they get progressively

more computationally intensive and physically complicated. These include, for exam-

ple, concurrent simulation of jet energy loss and hydrodynamic modelling of QGP or

using more suitable hadronization models in the intermediate to low pT region.
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C O N C L U S I O N S A N D O U T L O O K

Jet energy loss of hard partons in QGP is an important signal of the creation of the

strongly interacting medium. Produced at the moment of hard collision, jets also

traverse the medium during its evolution and receive modifications. Thus more than

a signal of existence, they can also be used as probes of the QGP medium. In this

work, the aim was to use jet energy loss not just as a probe of the medium but as a

probe of our models. To that end, two independent and complimentary comparative

analyses of jet energy loss were performed.

The first study presented a multi-probe analysis of the effect of the new, higher-

order collision kernels using a single-stage simulation of jet energy loss using mar-

tini. The new kernels were studied by generating radiative rates using these kernels

and then embedding the rates in a static QGP brick and a realistically expanding

plasma. A state-of-the-art IPG-M approach provided the modelling of the expand-

ing plasma. The new rates differed significantly from those with the LO kernel, even

when scaled according to their asymptotic behaviour. The QGP brick simulations

showed that much of the difference between the evolving parton distribution could

be absorbed by rescaling the strong coupling. When performing a realistic simula-

tion using a fixed αs, a similar behaviour was found: different rates would result in

very different charged hadron RAA when evaluated with the same αs and the results

would collapse on top of each other when the strong couplings were fitted to the

data. Interestingly, these simulations exhibited a similar scaling for the value of their

coupling as those observed at a rate level.

To thoroughly study the new rates, the first major fit for the running coupling pa-

rameters of martini was undertaken. The simulation of the new rates resulted in

the unexpected observation that a martini single-stage jet energy loss calculations

cannot simultaneously reproduce the experimentally-observed nuclear modification

factors of charged hadron and jets within the same simulation. Previous work in

155
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the literature had shown the effect of the high-virtuality energy loss (Ref. [186]) for

charged hadron RAA. Other studies [188–190] have utilized the formation-time pro-

cedure described in Chapter 5 for jet calculations, though only using the partonic

information and no jet-substructre observables. A recent publication also studied a

time-delayed parton shower and its effect on partonic jet RAA. Results in this thesis

are the first study of this kind for martini and the first to use jet and jet substruc-

tre observables. This is a significant finding, and one that seriously challenges the

assumption that shower partons lose all their virtuality before they ever encounter

the QGP. The significant and unsurmountable over-quenching observed in single-

stage martini simulations, regardless of how weak the strong coupling was, points

clearly towards a multi-stage view of jet energy loss. By comparing the single-stage

and multi-stage studies performed in this thesis, it was found that the inclusion of

matter as a model of high-virtuality energy loss is absolutely essential in simulta-

neous description of charged hadron and jet RAA. The aspect of matter that most

contributed to this effect, was found to be the time dependence that it introduces to

the development of the parton shower.

Despite the over-quenching issue the parameter fit proceeded, using charged hadron

RAAand jet shape ratio as the fit target data. The parameter space of the elastic and

radiative coupling constants was sampled using Sobol sampling. Gaussian process

regression was used as a general-purpose tool to get the fit results. This itself is a

novel contribution and constitutes the first, signficant and comprehensive parameter-

tunning effort done for martini. While the performance of the three rate sets was

nearly identical for charged hadron RAA, it was found that the jet shape, fragmenta-

tion function and jet RAA results demonstrated slight differences between the rates

that survived after the fitting procedure. Given the significant energy loss, the jet-

medium photon spectra were also insensitive to including new collision kernels. This

similarity of the jet-medium photon spectrum may indicate a partial thermalization

of the low-pT part of the evolving hard parton spectrum. Whether this effect would

survive the introduction of a shower formation time is an open question and left for

future work.

The second study is a new multi-probe, multi-stage analysis of two jet energy loss

models, cujet and martini. The theory behind the models and their different as-
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sumptions about the medium and energy loss process was presented in Chapter 4.

Previous comparative studies of these models had been in a simple, static QGP held

a fixed temperature. Chapter 6 presents a novel and original contribution to com-

parative studies of jet quenching where two models of interest were embedded in

a multi-stage composite model of jet evolution. Using the jetscape framework as a

model factory, it became possible to perform the first systematic, multi-probe and

multi-stage comparison of a cujet and martini. This study also required the mod-

ification of cujet, to a Monte Carlo generator and the inclusion of an entirely new

energy loss channel, photon bremsstrahlung.

The results of the multi-stage simulations were presented in Chapter 6 where the

calculations of jets and jet substructure from cujet as well as the first realistic simula-

tion of jet medium photons from either cujet or martini were shown. After a simple

tuning with the data, the models produced very similar results for two traditional ob-

servables, the nuclear modification factor of charged hadrons and jets. Jets, owing to

their inherently 3D structure, are sensitive to the delicate interplay between radiative

and elastic scattering channels. The differences become more apparent when ratios of

the jet nuclear modification factors are taken at different jet cone radii, thus creating

an observable sensitive to the soft gluon bremsstrahlung from the incoming partons.

The ratio of jet RAA shows clearly the interplay of the radiative and elastic channels,

where the many soft gluons produced by martini are pushed out of the jet cone and

recovered as jet cone radius is expanded. A similar effect also exists for cujet but

due to the difference in the bremsstrahlung rates, a hard parton evolving according

to cujet radiates fewer such soft gluons. Therefore, expanding the cone radius of

the jet clustering algorithm will eventually capture all the stranded hadrons resulting

from the fragmentation of the radiated gluons, and the energy recovery converges

much faster than martini.

The jet substructure observables considered in this thesis, jet shape ratio and jet

fragmentation function, also show that jets constructed after evolution by either mar-

tini or cujet look fairly similar to each other, particularly for intermediate annuli

around the jet axis. However, important and systematic differences can be observed

towards the periphery of the jets. The overall conclusion is the same: martini emits

a larger number of soft particles than cujet. The net effect is not immediately clear
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in the spectra of strongly interacting particles, and one needs to consider differential

ones.

Jet-medium photons help to paint a more detailed picture. Like the gluon emission

channel, photon bremsstrahlung rates in the two models are very different. However,

unlike hadronic and jet observables, this leads to significantly different behaviour

between the two approaches in the jet medium photon yield. While in martini

bremsstrahlung photons are the main source of jet medium photons, in cujet they

are but an afterthought. The photon bremsstrahlung channel indicates the need to go

beyond LO in the opacity expansion. Within the jet-medium photon channels, jet con-

version photons show the differences between the two models at a partonic level as

they relate to the evolving hard fermion spectrum. Depending on the collision system

considered, martini can see as much as 40% more hard fermions in the intermedi-

ate pT region, relative to cujet. This indicates a strong need for further study and

improvements on the model by going beyond a collinear conversion approximation.

The comparative studies performed in this work and the discussions above, nat-

urally point towards points of improvement where one can go beyond the analysis

presented. Many of these points have been hinted at or stated throughout the text.

They are summarized here.

For comparisons of cujet and martini, a natural step is to make the elastic scatter-

ing energy loss channel identical. This allows for more concrete and clear conclusions

from comparing clustered jets and jet substructures, as the only point of difference

would be the radiative rates. Another issue is the hadronization framework. While

colourless hadronization can reproduce observed hadron and jet results at high-pT

and midrapidity, it is known that recombination [205] is the dominant hadronization

mechanism for intermediate and low transverse momenta. Using a new hadroniza-

tion mechanism requires a full new fit of the parameters of the models in the multi-

stage framework. Furthermore, hadronization models, including recombination, are

still in the early stages of development and present their own unique modelling chal-

lenges.

The ability of jet medium photon channels to shed light on the evolving hard par-

ton distribution has been demonstrated. Many other energy loss models have been

proposed and compared in multi-stage simulations like the one done here, but they
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have yet to consider jet medium photons. This should become a standard part of the

analysis and comparison process. Given the uncertainties and ambiguities of rescat-

tering after emission and final hadronization that gluons experience, the clean photon

signal can help by giving access to the number of evolving quarks and anti-quarks.

This thesis showed that the theoretical calculations of direct photon scaling have a

clear momentum dependence. Experimental measurements of such an observable

can allow for indirect measurements of jet-medium photons. However, existing mea-

surement by the PHENIX Collaboration is currently in tension with the theoretical

expectation, and the causes of the tension need to be clarified. A possible avenue to

probe the cause of the discrepancy is to allow for concurrent simulations of the soft

sector and jet energy loss, where rather than a passive medium response (the hole

and recoil parton formulation), one allows for a hydrodynamic response to the jet

propagation. Recent studies [20] of HIC in this vein indicate significant modifications

to the hydrodynamic evolution history, which may have meaningful consequences for

jet quenching.

The continuation of the kernel study in martini requires a mechanism of delay-

ing the parton shower. Implementing a formation time for the parton shower can

enable the martini framework to reproduce jet and charged hadron RAA within the

same simulation. The fit of the new martini would then allow for a more precise

determination of the differences in jet energy loss calculations using the new colli-

sion kernels. This requires an overhaul of the hadronization mechanism of martini

and thus a new fit of the martini workflow for p-p baseline as well as the A-A

side. Preliminary work along these lines is in progress and is currently showing great

promise.

The Gaussian process regression method applied to perform a fit of the martini

parameters also points toward another possible avenue of future work for martini.

Using GPR, one can construct emulators of the model, which can efficiently mimic the

extremely costly martini simulations. They can be used in the context of a large scale

Bayesian parameter estimation of martini, to study the dependence of energy loss

on critical temperature (where jets decouple from the medium), various momentum

cuts and start time of energy loss (the time where jets see a hydrodynamic medium)

among others.
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An important note on the simulations is to remind the reader of the nature of the

simulation software. Throughout the thesis, the hard scattering event has been gener-

ated by pythia which uses LO matrix elements for the hard event. For the p-p base-

lines, most theory calculations shown here were within 20− 25% of the data. This is

acceptable performance levels, but there is potential for improvement by using event

generators such as POWHEG, previously mentioned in Chapter 2. By generating the

hard scattering at NLO accuracy, one can potentially improve the performance of the

p-p baseline against all observables. However, the complicating factor is the imple-

mentation of such a prescription for A-A as well as the p-p collisions. This task is

expected to be challenging at both theoretical and implementation levels.

Finally, as mentioned in the text, the assumption of the independece or scale separa-

tion of the hard sector simulations and soft sector modelling has recently come under

scrutiny. In Ref. [20] it was shown that the hydrodynamic history is altered signifi-

cantly when the modifications from including low-pT partons from hard scatterings

are considered. Our work here also points toward the potential need for concurrent

simulations of jet energy loss and hydrodynamic evolution. This can be seen in the

prominence of jet-medium spectra at lower pT , almost approaching the thermal pho-

ton domain, as well as the importance of an accurate accounting of the soft hadrons

generated via the jet energy loss mechanisms. Naively, a concurrent simulation means

a smaller amount of soft hadrons, relative to the current simulations, would come out

of the hydrodynamic stage, which in turn means that the medium history through

which jets travel may not last as long, or be as hot. This affects the jet quenching stage

in non-trivial ways and thus further studies of concurrent simulations are needed to

illucidate the effect on both soft and hard observables. The conclusion is the necessity

to go toward this concurrent simulation, with the jet energy loss model and the hydro

working in tandem. This will be a major computational effort but it is a much needed

step in the direction of more realistic simulations of the QGP and a logical next step

for either of the studies discussed in this work.

I conclude by referring to what a famous theorist said to disagree respectfully: One

can learn much from colliding watches. We should collide even more of them!



Part IV

A P P E N D I X





A
P R O T O N - P R O T O N B A S E L I N E S

This appendix presents all the proton-proton collision baselines used to generate the

various nuclear modification factor figures shown in the thesis.

a.1 additional p-p results for multi-stage models

The following gives the p-p baseline simulations used in the jetscape simulations of

Appendix B.

a.2 p-p simulations for single stage simulations

The figures presented here are the proton-proton baselines used in Chapter 5 for

the Pb-Pb collision results at 2.76 ATeV. The p-p results are computed using the

martini in the single-stage setup for jet analysis. This is simply a pythia simulation

with some bookkeeping and flow control done by martini. The parton distribution

functions and tunes are identical to those used in the A-A simulations of Chapter 5.
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Figure A.1: Invariant spectra at midrapidity (|η| < 0.5) of charged pions, charged kaons, pro-

tons and anti-protons. The data are identified spectra of h+ and h− for a given

hadron type h while the black lines are the average theoretical spectrum of the

same. Theory curves are computed using the p-p jetscape workflow. Data from

STAR Collaboration [206].

Figure A.2: Invariant charged hadron spectrum at midrapidity (|η| < 1.0) calculated using the

p-p jetscape workflow. Data from the CMS [207] and ALICE [208] Collabora-

tions.
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Figure A.3: Diffenetial yield of inclusive jets, clustered at different jet cone radii and at for the

rapidity window |η| < 2.0. The data is from the CMS Collaboration [209].

Figure A.4: Invariant different cross section of charged hadrons from p-p collisions at 2.76

TeV calculated with martini embedded in the single-stage worflow. Compared

to data from ALICE [175], ATLAS [176] and CMS [177] Collaborations.



166 proton-proton baselines

Figure A.5: Differential cross-section of inclusive jets clustered with three jet cone radii R =

[0.2, 0.3, 0.4] and clustered with the anti-kT algorithm at midrapidity (|η| < 2.0).

Theory curves (solid lines) are computed using martini and run in a single-stage

mode for proton-proton collisions. Compared to data from the CMS Collabora-

tion [184].

Figure A.6: Jet shape observable for jets of R = 0.3 and in 0.3 < |η| < 2.0 in p-p collisions at

2.76 TeV. Jets are clustered with a pT > 1 GeV cut on charged tracks at reconstruc-

tion. The calculation uses martini in a single-stage setup. Data from the CMS

Collaboration [182].
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Figure A.7: Jet fragmentation function for jets of R = 0.4 and 100 < p
jet
T < 398 GeV and at

midrapidity (|η| < 2.0). The collision system is p-p at 2.76 TeV. Theory results are

computed using martini in the single-stage workflow.





B
J E T S C A P E S U P P L E M E N TA RY R E S U LT S

This appendix provides the supplementary results for the multi-stage studies of Chap-

ter 6. These are results of the 0-5% centrality Pb-Pb runs at
√
s = 2.76 ATeV where we

study the effect of and the need for low-virtuality energy-loss by comparing simula-

tions with and without the low-virtuality models, cujet and martini.

Results are also shown for Pb-Pb runs at 5.02 ATeV and Au-Au at 200 AGeV. These

runs were made with the same parameter set as those of Pb-Pb at 2.76 ATeV. They are

presented here to allow for a multi-system study of the two low-virtuality models,

cujet and martini. However, the agreement with the data is not as good as the

system for which the composite models were fitted, Pb-Pb at 2.76 ATeV.

b.1 isolating low-viruality effects

The effect of the high-virtuality energy loss model, matter is to delay the energy loss

of the parton shower. In the initial stage of the jet energy loss simulation, high pT and

high virtuality partons are evolved with matter only. In terms of energy loss, high pT

partons are lose energy to the medium, via the medium modification of the DGLAP

splitting function in Equation 4.44. In Figure B.1 shows that for large charged hadron

transverse momenta, a matter controlled energy loss alone is enough to recreate the

high-pT behaviour of the charged hadron RAA. On the other hand, the intermediate

to lower pT charged hadron are less and less affected. This is not surprising: radiative

and elastic rates, for both cujet and martini, are rather high for intermediate energy

partons. In a matter only run, these partons are radiated from higher virtuality

parton and have some residual virtuality themselves, which is quickly radiated away.

After which, they are effectively decoupled from the medium. Ref. [186] shows similar

work for with matter+LBT (Linear Boltzmann Transport). We can then consider the

jet nuclear modification factor as a function of the jet cone radius. Figure B.2 shows

169
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Figure B.1: Comparison of charged hadron nuclear modification factor for jet energy loss sim-

ulations, with and without low virtuality energy loss in Pb-Pb collisions at 2.76

ATeV at 0-5% centrality class.

Figure B.2: Comparison of inclusive jet nuclear modification factor, with three different jet

cone radii for jet energy loss simulations, with and without low virtuality energy

loss in Pb-Pb collisions at 2.76 ATeV, 0-5% centrality.
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Figure B.3: Comparison of jet shape ratio, with and without low virtuality energy loss for jets

of R = 0.3 and 0.3 < |η| < 2.0. There is a transverse momentum cut of pT > 1

GeV on the charged hadron tracks that go into the jet clustering step. The collision

system is Pb-Pb collisions at 2.76 ATeV, 0-5% centrality.

the same type of calculation, with and without low-virtuality energy loss, as provided

by cujet or martini. The downward trend in the matter-only runs, as we look

at higher and higher jet pT , shows the effect of matter on high-virtuality partons

coming out of the initial hard scattering. On the other hand, jets with lower pT are

mostly unaffected by the evolution, as expected. The jet shape ratio comparison of

Figure B.3 shows that deviations from a p-p baseline are very minor, except for the

leading hadron and those along outer regions of the jet, both of which are modified

by the parton shower. The figure shows that in order to arrive at the dip and rise

that is seen in the data (see Figure 6.11), the inclusion of a low-virtuality model is

crucial. Indeed, this observable, in its form in Equation 5.21 and Equation 5.19, is

not particularly sensitive to the high virtuality part of evolution loss. We can see this

by comparing Figure B.3 and Figure 5.19, the latter of which does not have such

an evolution stage. Finally, jet fragmentation function ratios of Figure B.4 shows the

same information as the jet shape ratios (if we flip the x-axis, the shapes are basically

the same as Figure B.3). The effect of having no low-virtuality energy loss is the

disappearance of the intermediate z (or pT ) dip from the jet FF ratio. This observable,
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Figure B.4: Comparison of jet fragmentation function ratios, for inclusive jets with R = 0.4

and |η| < 2.0. The collision system is Pb-Pb collisions at 2.76 ATeV, 0-5% centrality.

unlike jet shape ratio, is more sensitive to the initial stages of the parton evolution, as

evidenced both by Figure B.4 and Figure 5.27.

b.2 additional simulation results for jetscape in a-a

In this section, additional results are presented from the simulations comparing mar-

tini and cujet in a jetscape composite model. These are specifically for Au-Au at

200 AGeV and Pb-Pb at 5.02 ATeV collisions, whose data were not part of the fit

of our multi-stage model. All results presented here were generated using the exact

same parameters as those presented in Chapter 6. Figure B.5 and Figure B.6 present

the charged hadron and inclusive jet nuclear modification ratios computed for Pb-Pb

collisions at 5.02 ATeV and compared to experimental data from CMS and ATLAS

Collaborations. The general message of Chapter 6, the indistinguishability of the two

models, is reinforced in these figures. However, the parameter set used in the sim-

ulation is generating too much energy loss. This can be noticed for charged hadron

RAA of Figure B.5 at high pT . For jet RAA, this effect is most noticeable for theoretical

calculation of the 30-50% centrality class which matches the ATLAS data of 30-40%
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Figure B.5: Comparison of cujet and martini using charged hadron nuclear modification

factor in Pb-Pb collisions at 5.02 ATeV, at three centrality classes. Theory calcula-

tions are compared to data from the CMS Collaboration [207].

Figure B.6: Comparison of cujet and martini using inclusive jet nuclear modification factor

for Pb-Pb collisions at 5.02 ATeV. Jets are clustered using the anti-kT algorithm

for a jet cone radius of R = 0.4 and at midrapidity (|η| < 2.0). Compared to

experimental data from CMS [209] and ATLAS [210] Collaborations.
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Figure B.7: Comparison of cujet and martiniusing direct photon spectrum of Pb-Pb colli-

sions at 5.02 ATeV, at 0-20% centrality. Preliminary data from the ALICE Collabo-

ration [212].

centrality at lower pT and 40-50% at higher pT , while it should be located between the

two. This observation confirms and tracks with recent work by the jetscape Collab-

oration [144, 172] where it was found that the formulation of matter as provided in

Section 4.5 results in too much energy loss for high virtuality partons at 5.02 ATeV

collisions. The reason for this is coherence effects [211]. A high-virtuality parton re-

solves the very short-distance structure of the medium and thus sees a much more

dilute medium than a lower virtuality parton. This effect can be accounted for by

introducing a virtuality-dependent modulation function [144, 172]

f(Q2) =


1+10 ln2Q2sw+100 ln4Q2sw
1+10 ln2Q2+100 ln4Q2

if Q2 > Q2sw

1 if Q2 6 Q2sw

(B.1)

whereQsw = 2 GeV is the same switching value for determining whether a parton has

low or high virtuality (and consequently whether matter or a low-virtuality model

should be responsible for its evolution). This modulation function is introduced to

Equation 4.45 and has the net effect of reducing energy loss in the high virtuality

stage. For completeness, the direct photon calculations for Pb-Pb at 5.02 ATeV are
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Figure B.8: Ratio of inclusive jet RAA calculated for Pb-Pb collisions at 5.02 ATeV. The ratios

are taken for jets clustered at midrapidity (|η| < 2.0) and for different cone radii to

the baseline given by R = 0.2.

presented in Figure B.7. The prompt photons are scaled using the same procedure

as in Chapter 6, where the prompt spectrum was scaled to match the highest pT bin

of the data, with a k-factor of 0.95. The prompt photon spectrum is overshooting the

data, and the addition of other channels (jet-medium, thermal and pre-equilibrium)

is, therefore, theoretical curves significantly above the data points. The cause of this

behaviour lies in how the prompt photon spectrum is computed: using a pythia

parton shower. The prompt photon spectrum is then constructed out of the photons

coming from the hard scattering process and photons that are generated during the

parton shower. The latter is the dominant contribution, particularly for low and inter-

mediate pT . However, a parton shower calculation like this assumes that the virtual

parton distribution underneath is well approximated by a p-p-like shower. Thus the

shower part of the prompt photon contribution should be calculated in a matter-like

framework. This is currently limited by statistics. Figure B.8 shows the ratio of the nu-

clear modification factor of inclusive jets clustered using the anti-kT algorithm with

R ∈ [0.3, 0.4, 0.6, 0.8] cone radii to those clustered with R = 0.2. The rapidity window is

identical for all is the same |η| < 2.0. As the cone size radius is increased, the hadrons

at the periphery of the jet are brought in, increasing the total reconstructed energy.

This effect then shows itself in an increase in the RAA ratio relative to R = 0.2. For
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Figure B.9: Comparison of cujet and martini using nuclear modification factor of charged

pions, kaons and protons, compared to data from the STAR Collaboration [213].

The subplots on the left-hand side show the nuclear modification of charged pions,

while the figure on the right is the nuclear modification factor of charged kaons

and protons. The latter is constructed by subtracting the charged pion yield from

the total charged hadron yield of the heavy ion collision. The system under study

is Au-Au collisions at 200 AGeV. The data and theory calculations are at midrapid-

ity, |η| < 0.5. The centrality of the data is 0-12% while the theory calculations are

at 0-10%.

high jet-pT , the two models give very similar results since this is the region where

matter is becoming more and more important. However, going from R(0.3)/R(0.2)

ratio to R(0.8)/R(0.2) and focusing on the low pT part of the figure, we can see that

the cujet and martini curves are diverging. This shows the same behaviour as in

Figure 6.10. Figure B.9 shows the charged hadron RAA the calculation for Au-Au col-

lisions at 200 AGeV for 0-10% centrality, compared to STAR Collaboration data (for

a similar centrality class, 0-12%). The calculations include charged pion RAA and the

combined k± + p± RAA. The latter is constructed by subtracting the charged pion

spectrum from the total charged hadron spectrum, as is done by the STAR Collabora-

tion [213]. The figure is at a much lower pT range than all other hadronic or jet figures

in this thesis, and it is known that in this region, the dominant mode of hadronization
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is recombination, which I do not use here. However, while the absolute agreement with

the data given this fact is not reliable, we can still see the effect of the difference in

the radiative rates from martini and cujet in the clear divergence of the two at low

pT with martini on top. Identified hadronic final state or identified hadron RAA can

be a great signal for probing the fermionic/baryonic content of events and individual

jets, and this figure illustrates the need for further improvements in the hadronization

models provided in the jetscape framework and the necessity of a concurrent sim-

ulation with hydro and energy loss working in tandem. This large number of almost

or mostly thermal partons can significantly alter the hydrodynamic simulation history

and distort the isothermal surfaces from which hadronic spectra are produced using

the Cooper-Frye technique.





open source software

The scientific computational packages used to generate the results of this work have

been cited throughout the text. In addition, a number of other programs were used

during the course of the research and those are cited here.

a. matplotlib [214]

b. scipy [215]

c. numpy [216]

d. scikit-learn [217]

e. h5py [218]

f. pandas [219, 220]

Final Version as of September 13, 2023 (classicthesis version 6.0).
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