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Abstract 

Recently, the ideas of extra dimensions and brane world scenarios have 

captured considerable interest. The potential ability of these brane-based 

models to explain the gauge hierarchy problem and the cosmological constant 

problem has been examined in numerous recent papers (on these subjects). 

In the first part of this thesis we examine many aspects of warped brane 

world scenarios, focusing on the Randall-Sundrum model. We begin with 

the stability issue of the Randall-Sundrum model and its cosmological impli

cations. We will specifically verify that the Randall-Sundrum scenario, once 

stabilized, will reproduce the late-time conventional cosmology. In further 

studies, the possibility of providing a very small cosmological constant, in ac

cordance with recent observations, is examined in the context of the warped 

brane world scenario. We also show that the "self-tuning" mechanism of the 

cosmological constant problem do es not improve in the brane world models 

and the unnatural fine-tuning mystery of the cosmological constant problem 

remains unexplained. In the second part of this thesis sorne cosmological 

implications of the tachyon are examined. In particular, a mechanism is pre

sented to take advantage of a time-varying tachyonic background to convert 

the energy of the tachyon to radiation at the end of inflation. 



Résumé 

Récemment, l'idée de dimensions supplémentaires et de scénarios de 

« brane world » a capté un intérêt considérable. La capacité potentielle de ces 

modèles, reposant sur le concept de branes, à expliquer le problème de la 

hiérarchie de jauge et le problème de la constante cosmologique a été examinée 

dans de nombreux articles parus récemment sur le sujet. Dans la première 

partie de cette thèse, plusieurs aspects des scénarios de « warped brane world » 

sont examinés, en mettant l'emphase sur le modèle de Randall-Sundrum. On 

débute par la question de stabilité de ce modèle et ses implications 

cosmologiques. On vérifiera spécifiquement que le scénario de Randall

Sundrum, une fois stabilisé, reproduira la cosmologie traditionnelle aux temps 

récents. Dans une étude subséquente, la possibilité de produire une très faible 

constante cosmologique, en accord avec les observations récentes, est examinée 

dans le contexte de scénarios de « warped brane world ». On démontre aussi 

que le mécanisme de «self-tuning » du problème de la constante cosmologique 

ne se voit pas amélioré dans les modèles à branes, et le mystère du « fine

tuning », lié au même problème, reste inexpliqué. En deuxième partie de cette 

thèse, quelques implications cosmologiques de la corde tachyonique sont 

examinées. En particulier, on présente un mécanisme qui tire avantage d'un 

arrière-plan tachyonique variant dans le temps pour convertir, à la fin de 

l'inflation, l'énergie du tachyon en radiation. 
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Chapter 1 

Introduction 

Recently, the ide a of the extra dimensions and brane-based scenanos 

have captured a considerable level of interest in the high energy physics 

community. The brane world scenarios have the ability to provide a novel 

interpretation of interactions between gravit y and the Standard Model of 

particle physics. In this regard they may provide a unique solution to sorne 

of the longstanding problems in the high energy physics. Among these are 

the gauge hierarchy problem and the cosmological constant problem. Also, 

the brane world models may open a new window toward the cosmology of 

the very early universe. 

In one class of these brane world scenarios proposed by Arkani-Hamed, 

Dimopoulos and Dvali (ADD) [7], space-time is the product of a four

dimension al Minkowski space and a compact factorizable manifold. The 

Standard Model of partic1e physics is trapped on the brane, while gravit y 

can propagate in the higher dimensions. An observer on the 3-brane mea

sures the effective gravitational scale, M pl , to be M~l = Md+ 2Vd , where M 

is the fundamental gravit y scale in higher dimensions and Vd is the volume 

of the extra dimensions. For a very large Vd (mm3), Mean be as low as the 

weak scale. This provides a partial solution of the gauge hierarchy problem; 
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i.e. the question of why Mpl is 16 orders of magnitude larger than the weak 

scale. On the other hand this opens up the new question of why R, the 

typical radius of the extra dimensions, is so much larger than the expected 

scale l/M. 

Assuming that M rv TeV, we find R rv 1032/ d X 10-17 cm. For d = 1 the 

radius of the extra dimension is unacceptably large. For d = 2 one obtains 

the approximate value R rv mm, just on the edge of the table-top experimen

tal bound for gravit y, due to the fact that the four-dimensional Newtonian 

gravit y has been experimentally verified down to a distance of about 0.2 

mm [8]. However the most severe experimental constraints come from light 

Kaluza-Klein (KK) graviton excitations. The typical KK graviton excitation 

has matiS mn = n/ Rand interacts with SM fields by M~l suppression in

stead of M 2
. On the other hand the total emission rate of KK gravitons is 

large for energies comparable to M due to the small mass gap between KK 

excitations. Consequently the bound from collider experiments on M could 

be as low as few TeV [9]. However, astrophysics imposes even more severe 

constraints. For example, requiring the light graviton emission to not cool 

down the supernova 1987 A too quickly implies that M > 30 Te V. 

For d > 2, yet smaller values for Rare obtained. For example when d = 6, we 

obtain R rv 10-12 cm, where the search for any deviation from conventional 

gravit y is impossible. 

Randall and Sundrum (RSI) proposed a different brane world scenario to 

explain the gauge hierarchy problem [10]. In their model, the geometry along 

the extra dimension is not factorizable and the space-time is "warped" due to 

a negative cosmological constant which fills the bulk. The Hierarchy problem 

is now explained by the curvature of the extra dimension. The physical mass 

scale depends on the position of the observer in the bulk, similar to the 

Doppler effect. 

The RS scenarios, RSI and RSII, have proved to have even richer proper-
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ties and physical applications than the ADD model. It does not suffer from 

the light KK excitations and is compatible with cosmological requirements. 

Also, it might have a plausible string theoretic origin. In this regard, we will 

mainly focus on the warped brane world scenarios and their cosmological 

implications. 

Interestingly, the Kaluza-Klein picture of the brane world scenario, either 

in the form of the ADD or RS model, is not the only physical application 

of branes motivated by string theory. Recently applications of the tachyon 

to the cosmology of the very early universe have been extensively studied. 

The tachyon appears in sorne formaI brane world models, either in brane

antibrane collisions or in the decay of unstable branes to lower dimensional 

branes. It indicates another example of the richness and vast number of 

applications of string theory motivated branes in current theoretical high en

ergy physics. We will also devote sorne space to study the tachyon cosmology 

in this thesis. 

This thesis will be divided up as follows. We begin with a review of the 

Randall-Sundrum model and how it can explain the gauge hierarchy prob

lem. A discussion of its excitation modes and their phenomenological impli

cations is presented. The idea of "self-tuning" as a potential solution to the 

cosmological constant problem in the context of the brane world scenario is 

presented in the section following. A review of the cosmological applications 

of the RSI and RSII models is the last topic concerning the warped brane 

world scenario in this introduction. The last section of the introduction is 

devoted to a brief study of the tachyon. 

Chapters 2-6 are devoted to many aspects of warped brane world scenarios. 

In chapters 2 and 3 sorne cosmological aspects of the stabilized RSI model via 

the Goldberger-Wise (GW) scalar field are studied. In chapter 2 we study the 

radion potential in the GW mechanism. In chapter 3 we will verify pertur

batively that the RSI model reproduces the standard Friedmann-Roberston-
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Walker (FRW) cosmology. 

Chapters 4 and 5 are devoted to the cosmological constant problem in the 

context of the brane world scenarios. In chapter 4 we use an RSI-like model 

and demonstrate how a very small cosmological constant can be generated, 

in accordance with recent observations. In chapter 5 we present a no-go 

theorem on how the self-tuning mechanism in brane world scenarios fails to 

explain the cosmological constant problem. While the theorem is easily de

rived, it is quite robust and model independent. 

In chapter 6 we present a six-dimensional brane world model, the AdS soli

ton. This has the interesting property of being a hybrid of the ADD and 

RSI models. While it solves the gauge hierarchy problem in the same way 

as RSI, it does not have any negative tension brane. The different excitation 

modes and the stability of the model are extensively studied. 

Chapter 7 is devoted exclusively to tachyon cosmology. We demonstrate a 

reheating mechanism for the universe at the end of inflation, based on a 

time-varying tachyonic background. 

1.1 The RS Models 

1.1.1 The Set-Up 

In the RSI model, the space-time is five dimension al and the metric is 

given by the ansatz 

(1.1 ) 

The space-time is compactified on SI/Z2. Two branes are located at the 

fixed points y = 0,1. For reasons that shan be made clear later, the brane 

located at y = 0 is referred to as the "hidden" or "Planck brane" , while the 

brane located at y = 1 is called the "visible" or "Te V brane". The action for 
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this model is 

S J d5xv=fj ( - 2~2 R - A) + J d4xyg ('cm,O - Va) Iy=o 

+ J d4xyg ('cm,1 - Vi) ly=1 . (1.2) 

where ",,2 is related to the 5-D Planck scale M by ",,2 = 1/(M3
) and A is the 

bulk cosmological constant. The sign of A will be determined by the solution. 

On each brane there exists a vacuum energy, Vo and VI, as a gravitational 

source even in the absence of particle excitations. In the following discussion 

we will not be concerned about the existence of the matter fields, 'cm. In the 

cosmological discussion of the next chapters, we will consider the existence 

of matter on the branes. Also in what follows, the 5-D indices are denoted 

by capital Roman indices, M, N, ... while the 4-D indices for the observer on 

the branes are denoted by Greek indices, 11, /J, .... 

We would first like to investigate the solution of the classical Einstein 

equations where the space-time is static. Written explicitly, the Einstein 

equations are 

The (00) and (55) components of the Einstein equation, respectively, are 

A ,2 Aff ",,2 A 2 ",,2 À() ",,2 À( ) 
2 - = --3-b - 3bVou y - 3bVIU y - 1 , (1.4) 

(1.5) 

From Eq (1.5) it is clear that A :S 0, i.e. the bulk is an AdS space-time. 

Parameterizing the bulk cosmological constant as A -6k2 / ",,2, the solution 

of Eq (1.5) with orbifold symmetry, y -t -y, is 

A = kblyl . (1.6) 

The boundary conditions can be read off directly from the Dirac delta func

tion in Eq (1.4). More explicitly they are [A~l = (_l)i K:
3

2 bVi, where i = 0,1 
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and [X(Yi)] X(y/) - X(Yi-)' Imposing the boundary condition on each 

brane, the following constraint is obtained 

6k 
VO =-V1 =2"' 

K 
(1.7) 

This fine- tuning between the bulk cosmological constant and the brane ten

sions must be satisfied in order to obtain a solution that respects the four

dimension al Poincare invariance. As a consistency check we can directly 

show that the total action, S, is zero when the constraint (1.7) is satisfied, 

meaning there is no remnant energy left over on the 3-branes. To see this, 

note that 

R = b12 (20A'2 - 16A'6'(y) + 16A'6'(y)) . (1.8) 

The delta functions in the above expression come from the discontinuity of 

the warp factor at the position of each brane. Using this expression for the 

Ricci scalar, the bulk part of the action is 

11 r-:: (1 ) 6k -4kb dYv-g --R-A =-(l-e ). 
-1 2K2 K2 (1.9) 

This exactly cancels the last two terms in the action (1.2) coming from branes. 

In chapter 4 we will slightly relax the fine-tuning (1. 7) to pro duce a very small 

effective 4-D cosmological constant. 

In order to trust this solution one must assume k/M :::; 1, which means 

that the bulk curvature is sm aller than the fundamental mass scale and the 

higher curvature terms are negligible in the action. 

1.1.2 Physical Implications 

To see how the gauge hierarchy problem can be addressed in the RS 

model, first we need to find an expression for the four-dimensional gravita-

tional strength, M pl . The four-dimensional graviton zero mode is determined 

by replacing "hw in (1.1) by 9/-w. The corresponding 4-D effective action is 

M
3 J rI -Seff ::) 2 x Tb d4x Jo dyvf=ge- 4Ae2A R , (1.10) 
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where the factor 2 is due to the orbifold symmetry and the second exponential 

factor, e2A , cornes from the rescaling relation between the 5-D Ricci scalar, 

R, and the 4-D Ricci scalar Il in met rie (1.1). We find that 

(1.11) 

The above relation between M pl and M indicates that M pl de pends only 

weakly on b for relatively large kb, in sharp contrast to ADD model. 

It is assumed that the SM particles are confined to the brane located at 

y = 1. For a typical scalar field on this brane, the action is given by 

(1.12) 

The bare mass, m, is of the order of the fundamental mass scale, M I"V M pl . 

After normalizing the kinetic part by the rescaling e-Acp -t cp, we find 

-kb 
mphys = e m. (1.13) 

This is the main result of the RS model. To get a hierarchy of 1016 between 

TeV and Planck scales, one only requires that kb I"V 35. 

1.1.3 Excitation Modes 

It is important to verify that the RS model is consistent with four

dimensional gravity. This requires an investigation of the behavior of the 

modes appearing in the four-dimensional effective theory. There are two 

kinds of physical excitations around the static background of metric (1.1). 

The first one is the graviton excitations, corresponding to perturbing 'TJ/J,V by 

hJ.Lv. The second one is the radion, corresponding to the fluctuation in the 

brane separations. It can be shown that these two modes do not couple to 

one another and each can be excited separately[l1, 12]. 
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Gravitons 

To be consistent with the four-dimensional gravitational expriments, the 

graviton excitations should have a zero mode, corresponding to a long dis

tance gravitational attraction for massive objects on the Te V brane. On 

the other hand, the massive KK graviton excitations should not modify the 

Newtonian 1/r potential for distances larger than O.2mm, as was verified in 

the table-top gravit y experiment [8]. 

Consider a linearized fluctuation of the metric in the form 

(1.14) 

In the above expression, the new coordinate, z, is defined by the relation 

kz + 1 = ekby for y > 0 and A(z) = ln(kz + 1), z > O. Also, for later 

applications we define a new line element, ds2
, conformaIly related to ds2 . 

In order to find the equations for the linearized perturbations, we can 

compute the effective action up to O(h2
) and vary it to find the equations of 

motion. To begin with, we choose the RandaIl-Sundrum gauge[10, 11] 

h~ = O. (1.15) 

This gauge has the advantage that aIl components of hJ.tv, regardless of the 

indices, satisfy the same equation of motion, as we will see later. Using the 

conformaI relation ds2 = e-2A (z) ds2
, one can show that 

(1.16) 

where il is the curvature scalar calculated purely by the ds2 line element, 

given by 

(1.17) 
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and (4) fi is the four-dirnensional curvature on each slice of the brane located 

at constant position z, 

(1.18) 

Plugging equations (1.16), (1.17) and (1.18) into the action for Rand by 

defining h e -,} Ah, we find, after perforrning sorne tedious but straightfor

ward algebra, that 

s = _1_Jd4XdZ[~(hCi{3'JLh (3 - h'Ci{3h'(3) 
2",2 4 Ci ,M Ci 

( 
15k2 3 3 ) A Ci{3 A 1 

16(kzc + 1)2 - 4k6 (z) + 4(kzc + 1) k6(z - zc) h hCi{3 (1.19) 

The corresponding equation of motion is 

To analyze these modes, we impose the separation of variables, 

hCi{3(x, z) = 'ljJ(z)e ip .x , where p2 = m 2 is understood as the mass of each 

excitation mode. The final mode equation is 

(1.21) 

where 

15k2 3 3 
V(z) = 8(kzc + 1)2 - 2k6(z) + 2(kzc + 1) k6(z - zc) . (1.22) 

Much information can be obtained from the general shape of this analog 

nonrelativistic potential. The delta function supports a normalizable zero 

mode. Its wave function is given by 

(1.23) 

where No is a normalization constant. Unlike the ordinary Kaluza-Klein the

ories with factorizable geometry, the zero mode wave function is a nontrivial 

9 



function of the extra dimensional coordinate and is decreasing toward z = zc, 

the position of the second brane. This indicates that the coupling of the zero 

mode to the TEV brane is much weaker than its coupling to the Planck 

brane. Consequently the zero mode is peaked near the Planck brane. 

The massive KK graviton wave function is given by a linear combinat ion 
1 1 

of (kz+ 1) 2 J2 (7!(kz + 1)) and (kz+ 1) 2Y2 (7!(kz + 1)), where J2 and 12 are 

Bessel functions. Imposing the boundary condition 'l/J'm = -~k'l/Jm at z = 0, 

we find 

1 

'l/Jm(Z) = Nm(kz + 1)2 [J1 (7!)Y2 (7!(kz + 1)) - YI (7!)J2 (7!(kz + 1))] , 
(1.24) 

where Nm are the normalization constants. 

Further, imposing the boundary condition 'l/J'm = -~ (kZ:+1) 'l/Jm at z = Zc, the 

following quantization condition on m n is obtained 

(1.25) 

Phenomenologically interesting are the lightest excitations, correspond

ing to the creation of massive gravitons accessible to an observer on the Te V 

brane. In the limit ~n « 1, for example with KK gravitons of mass of order 

TeV, the approximate solution of m n is given by JI (~n (kzc + 1)) = O. The 

first few m n are m n = 3.8ke-kb , 7ke- kb , 10.2ke-kb , .... 

We see that the massive KK are approximately quantized in units of ke- kb 

and consequently the tower of massive KK excitations is split by the TeV 

scale. This gives another sharp distinction between the RS and ADD models, 

since in the ADD scenario with two extra dimensions the mass gap in the 

KK excitations is around 10-3 eV, wheras RS has a mass gap of TeV. 

We would also like to compare the couplings of 'l/Jm and 'l/Jo to the Te V 

brane. For large mz one can use the plane wave approximation for 'l/Jm 
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Consequently 

vzJ2(mz) rv (;fcos(mz - ~7r) 

VZY2(mZ) rv (;fsin(mz - ~7r) . 

1/Jm(z) ~ NmJ1(!If){!f [Sïn(mZ - ~7r) + :~2COS(mZ - ~7r)l 

(1.26) 

(1.27) 

The normalization constants No and Nm, can be fixed by the following or

thogonality condition 

(1.28) 

Fixing No and Nm in this manner, we find that 1/Jm(zc)/1/Jo(zc) rv kzc. This 

implies that 1/Jm couples to the TeV brane kzc rv 1016 times stronger than does 

the 1/Jo. In other words the massive KK gravitons couple with TeV strength 

to the Te V brane. This is quite interesting from a phenomenological point 

of view. The excitations of KK gravitons with mass around a few Te V and 

with interactions suppressed by the Te V scale can potentially be detected in 

future collider experiments at the LHC. 

One can simply remove the TeV brane from the above picture. In this 

model, RSII, the SM particles are confined to the Planck brane and the hier

archy problem can not be explained. Since the four-dimensional gravitational 

strength, M pl , is weakly related to the position of the second brane in Eq 

(1.11), the gravit y is stilllocalized even if the second brane is moved to in

finity. This can also be understood from the fact that the zero mode in Eq 

(1.23) is still normalizable if Zc -+ 00. In this model the KK excitations are 

continuous and thus have all possible m2 > O. To find the wave functions of 

the KK excitations, we can still use Eq (1.24). Now Nm must be normalized 

by 1: dz1/Jm(z)1/Jm'(Z) = c5(m - m') . 

Using the orthogonality properties of the Bessel functions we find 
1 

Nm = ~ [J1(T)2 + Y1(~n?r2. 
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The gravitational potential between two particles ml and m2 on the Planck 

brane will now be given by 

~V(r) -GN m lm2 0 + 10
00 

d:l1f;m(0)1 2 e-;r) 
-G N m lm2 (1. + (X! dm!!! e-

mr
) 

r Jo k k r 

-G N m)r
m2 (1 + r 2\2) . (1.31) 

In the final expression, the first term cornes from the exchange of a massless 

graviton between ml and m2. The second term is the sum of the Yukawa 

potentials from continuum KK graviton exchanges. Aiso in the step before 

the final expression, the factor d: cornes from the measure of the plane wave 

for large z. The extra factor T is due to the suppression of the KK excitations 

at z = 0: by using Eq (1.30) for Nm in Eq (1.24), for small T we find that 

1f;m(O) ~ Fi· 
This correction is extremely small and the deviation from usual N ew-

tonian gravit y is beyond experimental observations. For example, taking 

the current bound on the precision of the ordinary gravit y r = 0.2mm rv 

1016 (TeV)-1, we find a correction of order 10-64 . 

The Radion 

In order to explain the gauge hierarchy problem in RSI, the combination 

kb must be approximately 35, so that e-kb 
rv 10-16 . Yet in the original pro

posaI, the value of b, which is the size of the extra dimension, was completely 

undetermined. It is a modulus with no potential, which is phenomenologi

cally unacceptable. As we will see below, the particle associated with 4-D 

fluctuations of b, the radion, would couple to matter on the TeV brane in a 

manner similar to the gravitons, but stronger by a factor of é b [13]. This 

would lead to a fifth force that should easily have been detected. Further

more, a massless radion leads to problems with cosmology: our brane universe 
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would have to have a negative energy density to expand at the expected rate, 

assuming that energy densities on the branes are tuned to give a static extra 

dimension[28, 29]. It was shown in refs. [30, 31] that this problem disappears 

when the size of the extra dimension is stabilized. 

In [14, 15] the radion excitation of the metric has been found to be 

(1.32) 

where F(x, y) = e2kIYIT(x) . 

In order to identify the radion's coupling to the branes, we need a Kaluza

Klein reduction of the five-dimensional Einstein-Hilbert action for this per

turbation. The kinetic part of the 5-D action corresponding to this pertur

bation is Skin,r = -~M3 J d5xJ9Rkin' where R kin corresponds to the part of 

the 5-D curvature scalar containing the time derivatives. A straightforward 

calculation le ad us to 

3M3 j d4 x(8T(x)? j dye-2AéklYI 

3M
3 

(e2kb -1) jd 4x(8T(x))2 k . (1.33) 

Correspondingly, using the relation M~l = ~3, the normalized radion, cjY(x) , 

is given by cjY(x) = V6Mp1ekbT(x) . 

On the other hand, the induced me tric on the brane, 9j.Lv, is given by the 

relation gj.LV = e-2A(y)-2F(x,y) 9j.Lv. The coupling of the radion to the matter 

field is 

cjY(x) (5~~M 

(1.34) 

In the penultimate relation above, we have used the approximation F « A, 

and in the final expression we have identified e-4AT: as the physical stress 
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energy tensor, in light of the resolution of the hierarchy problem in the RS 

model as given by Eq (1.13). 

As indicated in Eq (1.34), the massless radion couples to the trace of 

the stress energy tensor on the TeV brane with TeV suppression. It pro

duces a long range gravitational force 1032 times stronger than the usual 

gravitational force. Radion stabilization is therefore a crucial ingredient of 

the Randall-Sundrum idea. Goldberger and Wise (GW) have presented an 

elegant mechanism for accomplishing this [16], using a bulk scalar field. Self

interactions of the field on the branes forces it to take non-vanishing vacuum 

expectation values, Vo and VI respectively, which are generally different from 

each other. The field thus has a gradient in the extra dimension, and the 

competition between the gradient and potential energies gives a preferred 

value for the size of the extra dimension. In other words, a potential for the 

radion is generated that has a nontrivial minimum. It is easy to obtain the 

correct brane separation using natural values of the parameters in the model. 

The stabilized radion in the GW mechanism has a mass somewhat lighter 

than the Te V scale and therefore lighter than the KK modes of the bulk 

fields[17] and the KK excitations of the graviton. In this regard the detection 

of the radion field might be the first detectable signal of the RS scenario. 

In chapter 2, we will investigate the radion potential for a stabilization 

mechanism closely related to the GW method. 

1.2 The Self-tuning Mechanism of the Cos

mological Constant Problem 

Recent observations of high redshift Type la supernovae [18] indicate 

that the universe is accelerating with a large fraction of the energy density in 
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the form of a cosmological constant, A. Combined with observations of the 

co smic microwave background(CMB), an approximately flat FRW cosmolog

ical model with total energy density nm + nA ~ 1 and nA ~ 0.7 is suggested. 

This corresponds to a vacuum energy density of Pv rv 10-47 Gey4. 

On the other hand, from a basic field theoretical point of view, the energy 

density of the vacua is expected to be mu ch larger than 10-47 Ge y4. Adding 

the zero-point energies of a typical field with mass m pro duces a vacuum 

energy density 

(1.35) 

where M is a cutoff scale of the theory. 

The fundamental mass scale of general relativity is M pl rv 1018 GeY. This 

would imply a vacuum energy density pv rv 1073 Ge y4, which is 10120 times 

bigger from the observed value. This is one of the biggest discrepancies be

tween theoretical prediction and experimental observation in physics. Stated 

another way, the cosmological constant problem requires a cancellation of 120 

decimal places between an adjustable classical cosmological constant in the 

gravitational action and the one loop vacuum fluctuation of the SM fields. 

The extreme smallness of the cosmological constant leads one to the belief 

that the true vacuum has a zero cosmological constant. In a review article 

Weinberg [19] presented a sort of no-go theorem stating that any mechanism 

attempting to adjust the cosmological constant dynamically will suffer from 

another fine-tuning, probably no better than original cosmological constant 

fine- t uning. 

Recently, it has been argued that in the context of the brane world sce

nario the 4-D no-go argument of Weinberg can be evaded. In [20, 21] it was 

shown that choosing the higher dimension al gravitational dynamics care

fully, one can convert the SM vacuum energy into the bulk as a current. 

The gravitational back-reaction of this current warps the higher-dimensional 
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space-time while maintaining the Poincare symmetry on the brane. These 

models have the same geometric set-up as the RSII and the SM fields are 

confined to the brane while a scalar field along with gravit y can propagate 

in the bulk. Choosing the coupling of the scalar field to the brane in a spe

cifie conformaI form, for a given value of the brane tension there exists a 

fiat solution on the brane. This fiat solution remains unaffected by one loop 

quantum corrections on the brane. However, in these solutions there is a 

naked curvature singularity in the bulk at a finite physical distance from the 

brane. To solve the cosmological constant problem in this method, a satis

factory study of the naked singularity must be undertaken. In this section 

we briefiy review the self-tuning idea. 

The 5-D gravitational action coupled to the scalar field <I> is 

s= J d5Xye:g(-2~2R+~8JL<I>8JL<I>-V(<I») -T J d4xy'gVO(<I»ly=0. 

(1.36) 

In this expression T is the brane tension or the vacuum energy density on the 

brane and contains the SM quantum loops and Vo (<I» indicates the coupling 

of the scalar field to the brane. The cou pIed Einstein equations with the 

ansatz (1.1) and b 1 are 

2 
2A,2 - A/I -1\;3

2 
V (<I» - 1\;6

2 
<I>,2 - ~ TVoO (y) (1.37) 

A,2 _ 1\;2 V ( <I» + 1\;2 <I>,2 
6 12 (1.38) 

<I>/1 4A'<I>' + V'(<I» + TV~(<I»o(y) . (1.39) 

Here the primes on the potentials V and Va denote :<I>' 
Following[20, 21], we first assume V(<I» 0 and that the brane coupling 

21\; 
will have the conformaI form Vo(1)) = eV3"<I>. The solution is then easily found 

to be 

A(y) = -~lnI1 - :0 1 

<I>(y) = <I>o - t!lnI1- :0 1 , 
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where rD and <Po are constants of integration. Intuitively speaking, the idea of 

self-tuning is based on having more constants of integration than constraining 

equations from the boundary conditions. 

Imposing the boundary conditions A' = ~2TVo(<P) and <p' = tV~(<p), we 

find 

(1.41) 

Interestingly enough, there is no fine-tuning of T to the microscopic param

eters of the theory. Given a solution for one value of T, a shift T + 6.T in T 

is simply compensated by a shift in <I>o. 

As can be seen from the solution, there is a naked singularity at 
2K 

rD = 2K~T e - y'3<1'>o. This indicates that the 5-D effective field theory breaks 

down near the singularity, and the solution for r > rD can not be trusted 

sinee the short distance physics of quantum gravit y becomes important. One 

might hope that the fundamental theory, i.e. string theory, will resolve this 

singularity. Aiso one might argue that placing a brane in front of the singular

ity and implementing orbifold symmetry will resolve the singularity problem. 

It is easy to verify that in order to restore the 4-D Poincare invariant solution 

the tension of the regulator brane Tc must be exactly fine-tuned to T = Tc 

[10, 22], which destroys the whole idea of self-tuning. 

One interesting property of this solution is the translational symmetry 

<I> -t <I> + constant in the bulk. The associated conserved current 

(1.42) 

has non-zero component Jy due to 4-D Poincare invariance. The confor

maI coupling of <I> to the brane explicitly breaks the shift symmetry. This 

corresponds to a localized source on the brane given by 

(1.43) 
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This implies that the SM vacuum energy is transferred to the bulk via this 

current. There is no 4-D curvature due to the vacuum energy on the brane, 

but the back-reaction of this current warps the bulk. 

The general feature of the self-tuning solution with non-zero bulk po

tential V(<f» and with an arbitrary brane coupling Vo(<f» was studied in[23]. 

In this paper the authors proved a no-go theorem demonstrating that the 

self-tuning solution with localized 4-D gravit y will always pro duce a naked 

singularity at a finite distance from the brane. 

Up to now, it was assumed that the bulk is globally Poincare invariant. 

An interesting loophole for avoiding the no-go theorem in [23] is to break the 

global Poincare invariance in the bulk while maintaining that a brane slice at 

a constant position in the bulk retains the Poincare invariance [24, 25]. As a 

result, depending on the field content of the model, the singularity in the bulk 

can be shielded by a horizon, making it physically tolerable like the ordinary 

Schwarzchild black hole. The metric ansatz in this warped asymmetric model 

is [24] 

(1.44) 

A gauge field, accompanied by gravit y, will propagate in the bulk. A gener

alization of Birkhoff's theorem implies that this metric has the geometry of 

an AdS-Reissner-Nordstrom black hole with 

a(r) = r2 (1.45) 

where Il and Q are proportional to the black hole mass and charge, respec

tively, and l-2 = -iK,2A is the AdS curvature radius. 

Imposing the boundary conditions at the brane position rb will determine 

the brane tensions in term of the black ho le mass and charge: 

(1.46) 
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In this expression p indicates the -Tg component of the brane tension while 

p = w p corresponds to the Ti
i component of the brane tension. As a com

parision, in the RS model w = -1, which corresponds to a homogeneous 

brane. 

A careful investigation of the ab ove relations indicates that a self-tuning 

solution can be found while the singularity is hidden behind a horizon located 

between the brane and the singularity[24]. This requires w < -1 in the 

desired domain of the parameter solutions, corresponding to an exotic matter 

field on the brane which violates the weak energy condition. One might argue 

that the existence of such an exotic matter content can be cured if a complete 

model of asymmetrically warped background with more fields in the bulk is 

considered. In chapter 5 a no-go theorem is presented showing that the 

situation does not improve and the existence of this exotic matter is actually 

genenc. 

Besides providing a new manner of dealing with the cosmological con

stant problem, the asymmetrically warped brane scenario incorporates the 

interesting new idea of Lorentz violation on the brane from the gravita

tional sector. The induced geometry on each brane slice at constant r is still 

Poincare invariant, however different 4-D sections of the metric (1.44) have 

different Poincare symmetry. The local speed of light is a function of the 

brane position in the extra dimension given by c(r) = jh(r)ja(r). Due to 

globally broken Poincare symmetry, the speed of gravit y propagation will be 

different from the speed of light. Intuitively, if the local speed of light is an 

increasing function in the bulk, then the gravitational wave can slightly bend 

in the bulk and therefore arrive earlier than electromagnetic waves confined 

to the brane. In this regard, gravitational signaIs can move faster than light. 

This intuitive picture of Lorentz violation from the gravitational sector was 

explicitly verified in [24] by studying the light-like geodesic behaviour in the 

bulk and also by studying the graviton zero mode perturbatively around the 
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RS solution. 

The future gravitation al wave experiments like LIGO, VIRGO or LISA 

may test this phenomenon. Also the apparent Lorentz violation may provide 

a mechanism other than inflation to explain the horizon problem of the FRW 

cosmology[26]. 

1.2.1 Cosmology of the RS model 

The cosmological implications of the RS model have been extensively 

studied [27]-[37], [1, 2]. In the early works, it was realized that the expansion 

of the brane uni verse could be significantly different from the standard FRW 

cosmology[27, 28, 29]. 

In [27] a two-brane world universe with the same topology as RSII was 

studied. The bulk was empty and the branes contained matter energy density 

and pressure without any brane tension. It was shown that the cosmologi

cal evolution on the brane is quadratically related to the energy density, in 

contrast to the conventional linear expansion in late time cosmology. The 

sensitivity of Big Bang Nucleosynthesis (BBN) to the expansion rate will 

exclude any such dramatic change in late time FRW cosmology. 

The cosmology of the RSI was studied soon after and it was shown that 

there is a wrong sign in the Friedmann equation for the observer on the TeV 

brane[28, 29]. Also matter on the TeV brane, p, and the matter on the Planck 

brane, p*, are correlated to each other by P* = -D2 p, where D _ e-kb
. As 

was argued before, this pathology is due to the lack of radion stabilization 

and it was then shown that once the radion is stabilized the conventional 

FRW cosmology is recovered[30, 31]. 

The cosmological implications of the stabilized RSI model were exten

sively studied in[30]. Either by averaging the Einstein equations in the bulk 

to obtain the 4-D equations or by averaging the 5-D action over the bulk to 

20 



obtain the effective 4-D action, the following picture was concluded: for gen

eral matter states without a radion potential the radion runs off to infinity. 

This can be avoided by tuning the energy densities on the two bran es as men

tioned before. Once the radion is stabilized this constraint is removed and 

the conventional cosmology is recovered. The constraint for matter fields on 

the two bran es is now replaced by an expression of the radion displacement 

around its vey 

(1.47) 

On the other hand, both Newton's constant and the SM particle masses 

depend on the vey of the radion. A substantial change in these quantities 

before BBN would result in a different prediction for the abundance of light 

particles. The suc cess of the standard BBN imposes severe constraints on 

the changes in these quantities. An estimation of change since BBN therefore 

could be insightful. Here we assume that there is no matter on the Planck 

brane, i.e. P* = O. 

From Eq (1.11) we find f:.:.G/G "" kf:.:.be- 2kb , which in combinat ion with 

Eq(1.47), implies 
f:.:.G -2kb PNR 
- "" e G m r

2(TeV)2 
(1.48) 

where P - 3p "" PNR. The energy density of the non-relativistic particles 

just before the st art of BBN is PNR "" (TBBN /TO)3 Pe,O t'V 1020 eV4
, where 

TBBN "" 10M eV and Pe,O "" 10-10 eV4 . Substituting this into the above 

expression one finds 

(1.49) 

The fact that this should not be more than 10% will impose the lower bound 

ml' > 10-17 eV. Also, requiring that the weak scale has not changed more 

than 10% sin ce the BBN implies from Eq (1.13) that kf:.:.b < 1/10. Using Eq 

(1.47), this gives the upper bound 

(1.50) 
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Previously we showed that the radion couples to the SM partic1es with TeV 

suppression. This indicates that the above cosmological constraints are ex

tremely weaker than the constraints from collider experiments. 

In chapter 3 a systematic investigation of the stabilized RSI cosmology 

is presented. In the rest of this section we will review the cosmology of the 

RSII model in detail. 

Due to the fact that there is no stabilization problem in the RSII model, 

the cosmology of the RSII model does not suffer any of the above pathologies. 

Also, an analytical investigation of the model can be performed exactly. 

There are two methods of studying the cosmology in the RSII scenario, 

the brane-based approach and the bulk-based approach. In the brane

based approach the brane is located at a fixed point in space-time while 

the bulk is dynamic [33, 32]. The Gauss-Codazzi equations and the Is

rael junction conditions[38] are used to find the Einstein equation on the 

brane. The effect of the bulk geometry is encoded in an undetermined ten

sor, Ep,v, corresponding to the projection of the 5-D Weyl tensor on the 

brane: Ep,v =(5) Cp,avf3nanf3, where na is vector normal to the brane [33]. 

The brane-based method has the advantage of using a metric ansatz simi

lar to the FRW metric but with the disadvantage of losing the information 

from the bulk hiding in Ep,v. On the other hand, in the bulk-based method, 

the bulk has the geometry of the static AdS-Schwarzschild black hole and 

the brane is a moving boundary[34, 35, 36]. The Israel junction conditions 

give the energy and pressure of the brane as a function of its trajectory. The 

beauty of this approach is that there is no hidden information in the bulk and 

the cosmological solution translates into a wall moving in an AdS space-time. 

The only disadvantage of this method is that this is perhaps more abstract 

and less intuitive compared to the brane-based approach. It was explicitly 

shown in [36] that these two approaches are equivalent. In this section we 

will use the bulk based approach following [34] and [36]. 
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In this method the met rie in the bulk is given by 

2 2 2 2 dr2 

ds = h(r)dt - r dL,k - h(r) , (1.51) 

where h(r) = k - ~r2 - ~ and dL,~ is the met rie for a homogeneous 3-D spaee 

of constant curvature with k = 0, ±1. In this expression 11 is interpreted as 

the bulk black hole mass originating from EJ-Lv. 

The induced metric on the wall is given by 

(1.52) 

For an observer eomoving with the wall, T is the proper time. The condition 

that the wall is moving in the bulk will imply 

(1.53) 

where t = t( T) and the derivatives are with respect to the proper time T. By 

definition t is the time coordinate in the bulk and may not agree with the 

proper time on the brane. 

Let nJ-L be the unit normal veetor on the brane sueh that hJ-Lv = gJ-LV +nJ-Lnv 

and nJ-LnJ-L - gJ-LVnJ-LnV = -1, where hJ-Lv indieates the indueed metric on the 

brane. Also define uJ-L to be the wall velo city vector, whieh by construction 

is given by nJ-LuJ-L - gJ-LVnJ-Luv = 0 and for an observer on the brane UT = UT = 

1, Ü = O. Using the identities ut = Z; UT = i and UT = ~~ UT = H, the observer 

in the bulk finds 

UJ-L = (i, 0, H). (1.54) 

Furthermore, the orthogonality condition between u and n implies 

nJ-L = ±(H, 0, -i). (1.55) 

The ± sign refiects the choice of which part of the space-time we wish to 

keep, r < R or r > R. This in general depends on the sign of the brane 
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energy density: positive (negative) energy brane matches across two inte

rior( exterior) space-times with - (+) sign choice and with outward(inward) 

normal vector. 

The Israel junction conditions imply 

(1.56) 

where Kab are the components of the extrinsic curvature and 

(1.57) 

In the above expression PT and PT are the total energy density and the total 

pressure on the brane, respectively. More explicitly 

PT=T+p PT=-T+P, (1.58) 

where now T represents the pure brane tension in the static RS background 

and P and p represent the ordinary matter energy density and pressure, 

respecti vely. 

The components of the extrinsic curvature in terms of the intrinsic brane 

coordinates Ça = (T, i) are explicitly given by 

(1.59) 

The non-zero components of the extrinsic curvature are koo and kii . Imposing 

the Z2 symmetry between the interior ( -) and the exterior (+) regions, they 

are given by 

and 

R+ lh' kto = ± . 2 
th 

± . 
kii = ~Rth . 

(1.60) 

(1.61) 

The (ii) component of Eq (1.56), using Eq (1.61), will result in PT = ~~ih. 

Using Eq (1.53) to replace i in favour of R in this expression of PT, we arrive 

at 

(1.62) 
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The other non-zero component of the extrinsic curvature will give the energy 

conservation condition on the brane 

(1.63) 

Equations (1.62) and (1.63) can be used to investigate the cosmological wall 

solutions. The chosen form of PT and PT distinguishes various different cases. 

The most straightforward choice is when the bulk is empty and the only 

energy source on the brane is that of ordinary matter, i.e. PT = P and PT = p. 

In this case we find a non-conventional cosmology with H l'V p, which is in 

contradiction with the late-time matter dominated cosmology[27]. 

The second possibility is the "domain wall" when PT = -PT, while P = 

P = O. Following Eq(1.63) we find PT=constant and Eq (1.62) is simplified 

to 

(1.64) 

where Aeff (~;PT2 + "6
2 
A). The background RSII model is the one with 

Aeff = k = p, = o. As was mentioned before in Eq (1.7), the fine-tuning 

between the brane tension, PT here, and the bulk cosmological constant is to 

enforce the vanishing vacuum energy on the brane. The analytical solution 

of Eq (1.64) for the case of a planar domain wall, k = 0, can be found [36] 

with no physically relevant applications. 

The most physically interesting case is wh en the matter energy density 

and the pressure are added to the brane on top of the the background RSII 

tension. This corresponds to PT = T + P and PT = -T + P with the 

equation of state P = wp. Eq (1.63) implies P = PoR-3(1+w) and Eq (1.62) is 

transformed to 

(1.65) 

Several interesting conclusions can be drawn from Eq (1.65). First we 

note that in the low energy limit when P « T and taking p, = 0, the late 
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time standard FRW cosmology is recovered with 8'1rG = ~4T. In the case 

of vanishing Aejj this reduces to M~l = ~3, in exact agreement with Eq 

(1.11). The fact that the convention al FRW cosmology is recovered in this 

case should be expected, since we already verified that both the zero mode 

and the KK graviton in RS background have well-defined behaviour, and the 

low energy 4D gravit y is indeed recovered for the observer on the brane. On 

the other hand, the p2 correction in Eq (1.65) will decay rapidly in the early 

radiation era as R-8
. This is not likely to have a significant effect on the BBN 

predictions and is quite negligible in the late-time matter dominated era given 

that p « M rv M pl . The term corresponding to J-L, however, is of considerable 

interest. In this term the scale factor changes as in the radiation era with 

constant J-L, and in this regard it is called the dark radiation. Mathematically, 

both positive and negative J-L are possible. If J-L is positive, then it behaves 

like extra relativistic particles and increases the expansion rate, whereas for 

negative J-L the argument is reversed. Due to its effect on BBN and CMB, the 

sign and magnitude of J-L are restricted. An analysis of dark radiation by the 

BBN constraints is presented in [39]. It is convenient to compare the dark 

radiation to P" the energy density of the photon in the BBN epoch at T = 

IMeV. In this terminology PDR/ p, == 3J-L/87fGRtp" as can be read off from 

Eq(1.65). Furthermore, PDR/ p, can be interpreted as an effective number of 

extra neutrino species, ~tlNv' For positive dark radiation the upper bound 

tlNv :::; 0.13 is obtained from primordial 4He and D/H abundances in the 

BBN epoch. For a negative dark radiation, a wider range of dark radiation 

density is allowed and a lower limit of tlNv > -1.41 is obtained. 

1.2.2 Tachyon Cosmology 

We have seen that the brane world scenarios have drastically changed 

our traditional intuition about the interaction of SM particle physics with 
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gravity. It is reasonable that other, more formaI, brane-based models may 

have novel applications to the cosmology of the very early universe, especially 

inflation. 

Inflation has become a central facet of the cosmology. Not only is it 

capable of addressing the shortcomings of standard cosmology, i.e. flatness 

and the horizon problems, but it also provides an interesting explanation 

of structure formation in the universe. The expansion due to inflation is 

usually driven by a slow rolling scalar field. In sorne brane world scenarios, 

a natural candidate for this rolling scalar field is provided by the inter-brane 

separations. In particular in brane-antibrane collisions the distance between 

two branes is the field which plays the role of the inflaton, while the onset of 

tachyon condensation after the branes reach sorne critical separation provides 

the unstable direction of hybrid inflation[90, 91, 92]. 

The cosmological investigation of the tachyon was triggered by the recent 

work of Sen[96]. It was shown that at the end of tachyon condensation the 

tachyon field can be described by a pressureless gas with non-zero energy 

density, known as tachyon matter. In this regard it is very similar to non

relativistic cold dark matter. Its cosmological relevance and shortcomings 

were studied in [99], [100] and [101]. Since the tachyon field does not oscillate 

around a minimum of the potential, it appears that the universe will become 

immediately dominated by cold dark matter and never resemble the hot big 

bang. This is not acceptable because it is well-known that at sorne early 

stage our universe was radiation dominated. It is important to convert very 

nearly 100% of the energy stored in tachyon matter into radiation because 

the former redshifts more slowly than the latter. 

In this section we briefly study the basic properties of the tachyon, closely 

following [99]. 
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The tachyon is described by the effective action 

(1.66) 

where in bosonic string theory V(T) = Vae-T/To , and in superstring theory 

V(T) = Voe-T2/To2. To is close to the fundamentallength scale, To rv ls, and 

Vo is the brane tension. 

The interaction of the tachyon with gravit y is described by the action 

(1.67) 

The corresponding Einstein equations following from the above action are 

G1W = 8'1rG () V V ILTV vT + 9ILv V VI - VaTvaT) , (1.68) 
1 - VaTVaT 

while the field equation for the tachyon is 

(1.69) 

We are interested in applying these equations to the homogeneous FRW 

cosmological model 

(1.70) 

The energy-momentum tensor of the tachyon matter is given by TIL v = 

diag( - p, p, p, p), where the energy density and the pressure, respectively, are 

p = 

p = 

V(T) 

VI-1'2 
- V (T) V~1 --T-· 2 . (1. 71) 

The equations of motion for the evolution of the scale factor and the rolling 

tachyon are 

0,2 8'1rG V(T) 

a
2 

3 VI-1'2 
o,· V T 

+ 3-
a

T+ V' =0. 
1- 1'2 

T 
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After a small To, the tachyon will be fast rolling. In units of To, where both 

t and Tare dimensionless, the approximate solutions of the above equations 

are 

a(t) 
2 

t3. (1. 73) 

As argued before, the universe is expanding like in a matter dominated era 

and the tachyon behaves like cold dark matter. More explicitly, from Eq 

(1.71) we find 

(1.74) 

while 

(1.75) 

In this regard, inflationary models which incorporate the tachyon field should 

be treated carefully. The energy density of the tachyon field dominates the 

total energy density of the universe at the end of inflation with an equation 

of state p rv a-3 . The energy density of radiation Pr rv a-4 is decreasing 

faster than the energy of the tachyon. In ordinary inflationary models the 

matter is created through the reheating mechanism around the minimum of 

the potential at the end of inflation. However, the effective potential of the 

tachyon field does not have any minimum at a finite T, so reheating can not 

occur. In chapter 7 a mechanism is presented to take advantage of the time

varying tachyonic background in order to convert the energy of the tachyon 

into radiation via the Bogoliubov procedure, by coupling the tachyon field to 

a massless gauge field in the Dirac-Born-Infeld action. 
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Chapter 2 

Cosmological Implications of 

the Radian Patential 

2.1 Introduction 

As explained in the introductory chapter, one of the most striking propos

aIs in current elementary particle the ory is the existence of extra dimensions. 

In particular, the Randall-Sundrum proposaI involves a "Planck brane" 10-

cated at a position y = 0 in a single additional dimension, and a second 

"Te V brane" located at y = 1, in our conventions. The extra dimension 

is permeated by a negative bulk vacuum energy density, so that the space 

between the bran es is a slice of anti-de Sitter space. Solving the 5-D Einstein 

equations results in the line element 

a(y) kby; y E [0,1] . 

(2.1) 

(2.2) 

The constant k is related to the 4-D and 5-D Planck masses, M and Mp, 

respectively, by k = ~~. The warp factor e-a(y) determines the physical 
p 

masses of particles on the Te V brane: even if a bare mass parameter mû in 
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the Te V brane Lagrangian is of arder Mp , the physical mass gets rescaled by 

mphys = e-a-ma , where a CJ(l) = kb. 

In order for ma to be of order 100 GeV, the combination kb must be ap

proximately 36, so that e-a- rv 10-16 . On the other hand, in the original RSI 

model no stabilization mechanism to fix the value of b, the size of the extra 

dimension, is proposed. In the introductory chapter the phenomenological 

and cosmological problems of an unstable radion were discussed and it was 

argued that rad ion stabilization is a crucial ingredient of the RSI scenario. 

One elegant mechanism for radion stabilization is presented by Gold

berger and Wise [16] by using a bulk scalar field. It was shown in [16] that 

the presence of a bulk scalar propagating on the RSI background can gener

ate a potential that stabilizes the radion. The minimum of the potential can 

be arranged to yield the desired value of kb without extreme fine-tuning of 

the parameters. 

Roughly speaking, the radion potential in [16] has the form 

(2.3) 

In the above expression Va and VI, respectively, are the vacuum expectation 

values (VEV's) on the Planck brane and Te V brane and E = m2 / 4k2
, where 

m is the bulk scalar field mass. 

A nontrivial minimum is located at cp = f(vdva)I/E. However, there is an

other minimum at cp = 0, which represents an infinitely large extra dimen

sion. This could not describe our universe, because then e-a- would be zero, 

corresponding to vanishing particle masses on the Te V brane. In the more 

exact expression for the potential, we will show that cp = 0 is actually a false 

vacuum-it has higher energy than the nontrivial minimum. Nevertheless, 

it is quite likely that the metastable state could be reached through classical 

evolution in the early universe. The question then naturally arises whether 

tunneling or thermal transitions to the desired state occurs. This is the 
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subject of our study. 

In section 2.2 we derive the Goldberger-Wise potential for the radion 

in a slightly simplified model which aIlows for the exact solution of the po

tential. The classical evolution of the radion field is considered in section 

2.3, where we show that for generic initial conditions, the universe reaches a 

state in which the radion is not stabilized, but instead the extra dimension 

is expanding. This is a metastable state however, and in section 2.4 the rate 

of transitions to the minimum energy state, with finite brane separation, is 

computed. Conclusions are given in section 2.5. 

2.2 Radion Potential 

Let '1/J(y) be the bulk scalar field which will be responsible for stabilizing 

the radion. Its action consists of a bulk term plus interactions confined to 

the two branes, located at coordinate positions y = 0 and y = 1, respectively. 

Using the variable a of Eq (2.2) in place of y, the 4-D effective Lagrangian 

for a static '1/J configuration can be written as 

-~!~ e-4a ((8a '1/J)2 + m2'1/J2) da 
2 -a 

mo('1/Jo - VO)2 - e-4itml('1/Jl - Vl)2 , (2.4) 

where m is the dimensionless mass m/k, '1/Ji are the values of'1/J at the respec

tive branes, and the orbifold symmetry '1/J(a) = '1/J( -a) is to be understood. In 

5-D, the field '1/J, as weIl as the VEV's Vi on the two branes, have dimensions 

of (mass)3/2, while the parameters mi have dimensions of mass. Denoting 

8a '1/J = '1/J', the the Euler-Lagrange equation for '1/J is 

ke -417 ('1/J" 4'1/J' - m2'1/J) = 2mo( '1/Jo - vo)6(a) 

+ 2e-4itml('1/Jl - vl)6(a - a) . 
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The general solution has the form 

v (2.6) 

To get the correct hierarchy between the Planck and weak scales, it is nec

essary to take m2 to be small, hence the notation E-

The brane terms induce boundary conditions specifying the discontinuity 

in 'ljJ' at the two branes. Imposing the orbifold symmetry 'ljJ( -0") = 'ljJ(0") , this 

implies that 

'ljJ' (ij) (2.7) 

where we defined mi = md k. Substituting the solution (2.6) into (2.7) allows 

us to solve for the unknown coefficients A and B exactly. In this respect, 

the present model is simpler than that originally given in ref. [16]. There 

the brane potentials were taken to be quartic functions, so that A and B 

could only be found in the approximation where the field values 'ljJi were very 

strongly pinned to their minimum energy values, Vi' In our model this would 

occur in the limit mi -+ 00. However, we can easily explore the effect of 

leaving these parameters finite since A and B can be determined exactly. 

Let us denote 

J. -kb -0-<p=e =e , (2.8) 

which will be convenient in the following, because ~ is proportional to the 

canonically normalized radion field. Then A and B are given by 

where 

A 

B 

(-Cl~V + C2~2) ~v / D(~) 

(C3~-v - C4~2) ~v / D(~) , 
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C2 m1V1(mO + E) 

C3 mOVO(m1 + 4 + E) 

C4 m1V1(mO - 4 - E) 

D(~) 
( C2C3 - Cl C4~2V) 

(2.10) 
(mOm1 VOV1) 

It can be checked that in the limit mi -+ 00, the field values on the branes 

approach 'l/Ji -+ Vi· For finite mi, the competing effect of minimizing the bulk 

energy causes departures from these values, however. 

The solution for 'l/J can be substituted back into the Lagrangian (2.4) to 

obtain the effective 4-D potential for the radion, V(~). However, rather than 

substituting directly, one can take advantage of the fact that 'l/J is a solution 

to the Euler-Lagrange equation. Doing a partial integration and using the 

boundary terms in (2.5) gives a simpler expression for V(~). In the general 

case w here the brane potentials are denoted by V; ( 'l/J ), one can easily show 

that 

L = - L e-4ai (V;('l/Ji) - ~'l/JiV:'('l/Ji)) (2.11) 
i 

In the present case, we obtain 

A4 
movo(vo -'l/Jo) + cP m1v1(v1 -'l/Jd 

movo(vo - (A + B)) 

+ ~4m1v1(v1 - ~-2(A~-V + ~v B)) . (2.12) 

In the following, we will be interested in the situation where V(~) has a 

nontrivial minimum for very small values of ~ rv 10-16 , as needed to address 

the weak scale hierarchy problem. It is therefore a good approximation to 

expand V(~) near ~ = 0, keeping only the terms which are larger than ~2v. 

This is accomplished by expanding the denominator D(~) in eqs. (2.9), after 
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which the potential can be written in the simple form 

where we introduce the notation 

and 

f 
fa = -A- ; 

ma 

VI 
Tt = (1 + fa) - , 

Va 

f 
fI = -A- , 

ml 

A = 4kv5 (1 + (4) (1 + fo)2 

(1 + ~1 + fa) 

(2.14) 

(2.15) 

(2.16) 

In the following it will be convenient for us to rewrite V(J) in the form 

(2.17) 

where c± are given by 

(2.18) 

and A' = A(1 + f4 - fd. 

2.3 Phenomenology and Early Cosmology of 

the Model 

The warp factor which determines the hierarchy between the weak and 

Planck scales can be found by minimizing the potential (2.17). Expanding 

in f, it has a global minimum and a local maximum at the respective values 

~+ and ~_: 

CP± 

(2.19) 
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The last approximation holds in the limit of small E, Ea and El; it is not 

always an accurate approximation for the parameter values of interest, so we 

will use the exact expression in any computations which might be sensitive 

to the actual value. The positions of the zeroes of V, ~ = c~\ are slightly 

greater than ~±, by the factor (1 + E4) l/E ~ e1/ 4 , as can be seen by comparing 

(2.19) with (2.18). The large hierarchy of ~+ rv 10-16 is achieved by taking a 

moderately small ratio vI/va < 1 and raising it to a large power,l liE. This 

leads to the mass scale which functions like the cutoff on the TeV brane, 

(2.20) 

where MTev /(l TeV) is a number oforder unit y, which we will take to be 

one of the phenomenological free parameters of the model. The choice of 

MTeV specifies precisely where we want our cutoff scale to be. In ref. [16] 

the exponential corrections to (vI/va)l/E in (2.19) were not considered; these 

change somewhat the values one might choose for vI/va and E to get the 

correct hierarchy. The factor e±-J(l/ml +1/4)/E in particular can be significant. 

Refs. [30] and [13] showed that the canonically normalized radian field is 

c/J = f~, where f - y'6M3 1 k = M; (a method of deriving the canonically 

normalized radion field is presented in the introduction chapter). The 4-D 

effective action for the radion and gravit y is 

(2.21) 

w here V ( ~) is the potential (2.17) and R is the Ricci scalar. 

The radion mass is f-2 times the second derivative of V evaluated at its 

1 An alternative possibility, taking vi/vQ > 1 and é < 0, corresponding to a negative 

squared mass in the bulk Lagrangian (2.4), does not work. Although the negative m 2 do es 

not necessarily lead to any instability, since the field is prevented from going to infinity by 

the potentials on the branes, the radion potential has no nontrivial minimum in this case. 
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minimum. We find the value 

(2.22) 

which implies that m<p is of typically of order E3/4 times the Te V scale. The 

factor of é/4 leads to the prediction that the radion will be lighter than the 

Kaluza-Klein excitations of the graviton, which would also be a signal of the 

new brane physics [13]. However, we see that the corrections due to finite 

ml, which were not explicitly considered in [13], can possibly compensate 

this and make the radion heavier, if ml l'V E. 

Now let us turn to the evolution of cP in the early universe. For this 

purpose it is important to understand that the depth of the potential at its 

global minimum, as weIl as the height of the bump separating the minimum 

from ~ = 0, is set by the TeV scale. The values of the potential at these 

extrema are approximately (to leading order in E4, but exact in El) 

(2.23) 

Since A l'V Mi, the depth at the minimum is V(~+) l'V -E3/20(TeV)4-

suppressed slightly by the factor of E3/2. The height of the bump at ~_ can 

be considerably smaller because of the exponential factors in (2.19). In fact 

(2.24) 

where 

o (l_~)l/E l'V exp (- /~(1 + ~)) . 
1+JE1 +E4 V 

(2.25) 

For example, if E = 0.01 as suggested by [16], 0 4 is less than 10-17 . If the 

brane potential parameter ml is not large, so that ml :::., 1, the suppression 

will be much greater. Figure 1 illustrates the fiatness of the potential for the 

case E = 0.2, where the barrier is not so suppressed. The new mass scale 0 

TeV« 1 TeV is due to the small curvature of the radion potential at the top 
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of the barrier, and its smallness will play an important role in the following. 

Thus the barrier separating the true minimum at J+ from the false one at 

cp = 0 is extremely shallow. Moreover a generic initial condition for the radion 

is a value like J t'V 1, quite different from the one we want to end up with, 

J rv 10-16 . Clearly, the shape of the potential is such that, if we started with 

a generic initial value for J, it would easily roll past the local minimum and 

the barrier, hardly noticing their presence. The point J = 0 toward which it 

rolls is the limit of infinite brane separation, phenomenologically disastrous 

sinee gravit y no longer couples at all to the visible brane in this limit. 

30 0.10 

20 0.08 

~ 
10 0.06 

'..;;..,..0' 

> 0 0.04 

-10 0.02 

-20 0.00 
0 2 3 0.0 0.2 0.4 0.6 0.8 1.0 

<1> <1> 

Figure 1: V(cp) versus cp for E = 0.2, showing the smallness of the barrier (right) 

relative ta the minimum (left). Notice the difference in vertical scales. 

One might wonder whether inflation cou Id prevent this unwanted out

come, sinee then there would be a damping term in the cp equation of motion, 

possibly causing it to roll slowly: 

(2.26) 

lndeed, with sufficiently large Hubble rate H, the motion could be damped 

so that cp would roll to its global minimum. The condition for slow-roll is 

that 

(2.27) 
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However, inflation is a two-edged sword in this instance, because the effective 

potential Veff for the radion gets additional contributions from the curvature 

of the universe during inflation. From Eq (2.21) one can see that 

V(~) + ~3 R~2 

V(~) + 6~3 H2~2 
V(~) + H 2</J2 , (2.28) 

using the relations M; = M3 
/ k and R = 12H2 which applies for de Sitter 

space. The new term tends to destroy the nontrivial minimum of the radion 

potential. One can estimate the relative shift in the position of the minimum 

as 

</J+ ~+ V"(~+) m~ . 
(2.29) 

This should be less than unit y to avoid the disappearance of the minimum 

altogether. 

Combining the requirement that the global minimum survives with the 

slow-roll condition (2.27), evaluated near the minimum of the potential, we 

find the following constraint on the Hubble rate: 

(2.30) 

This is a narrow range, if it exists at aIl. In fact, one never expects such 

a large Hubble rate in the Randall-Sundrum scenario sin ce the TeV scale 

is the cutoff: H should never exceed T 2/Mp I"V 10-16 TeV if the classical 

equations are to be valid. The problem of radion stabilization might also 

be exacerbated because contributions to the energy density of the universe 

which cause inflation can give additional terms of the type ~2 to Veff which 

are not considered in the above argument. For example, a field in the bulk 

which do es not have its endpoints fixed on the bran es has a 5-D energy 

density which is peaked on the visible brane [17], P5(Y) I"V poe2kbY , and gives 
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a contribution to Veff of 

oV rv Po fa 1 
dy b e -4kby Po e2kby 

A

2 bpocP , (2.31 ) 

remembering that e-kb = ~. Such a contribution could destroy the nontrivial 

minimum even if (2.30) is satisfied. In any case, it does not appear to be nat

ural to tune the Hubble rate during inflation to try to solve the stabilization 

problem. 

2.4 Phase Transition to the True Vacuum 

Since the barrier of the radion potential is too small to prevent the radion 

from rolling into the false minimum, perhaps we can take advantage of this 

smallness to get tunneling or thermal transitions back into the true vacuum. 

The situation is quite similar to that of "old inflation" [43], except that in 

the latter, the transition was never able to complete because the universe 

expanded too rapidly compared to the rate of nucleation of bubbles of the 

true vacuum. In the present case this problem can be avoided because we are 

not trying to use the radion for inflation. Indeed, a small amount of inflation 

may take place before the tunneling occurs, since the radion potential is 

greater than zero at cP = 0, but we will not insist that this be suflicient to 

solve the cosmological problems inflation is intended to solve-otherwise we 

would be stuck with the problems of old inflation. Instead we will assume 

that inflation is driven by sorne other field, and consider the transitions of 

the radion starting from the time of reheating. The criterion that the phase 

transition completes is that the rate of bubble nucleation per unit volume, 

r IV, exceeds the rate of expansion of the universe per Hubble volume: 

(2.32) 
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The reason is that the bubbles expand at nearly the speed of light, so the 

relevant volume is determined by the distance which light will have traveled 

by a given time, which is of order 1/ H. 

2.4.1 The Euclidean Bounee 

To compute the nucleation rate r /V, one must construct the bounce 

solution which is a saddle point of the Euclideanized action [44, 45], in other 

words, with the sign of the potential reversed. This is a critical bubble 

solution with the boundary conditions 

4>( 1') Ir=o 

4>(r)lr-+oo 

4>0 ; 

o· , 

4>'(r)lr=o = 0 ; 

4>'(r)lr-+oo = 0 . (2.33) 

The value of 4>0 which ensures the desired behavior as l' ---+ 00 cannot be 

computed analytically because the motion of the field is damped by the 

term 4>'/1' in the equation of motion. We will consider bubble nucleation at 

finite temperature in the high T limit, where the bounce solutions are three 

dimensional. The equation of motion is 

1 ( 2 ')' , ( ) 1'2 l' 4> = + ~ff 4> , (2.34) 

where now Veff includes thermal corrections, which are mu ch larger than the 

H24>2 term considered in Eq (2.28): 

(2.35) 

(2.36) 

where Cb ~ 3.9 if the renormalization scale is taken to be equal to T. The 

leading thermal correction is of order T 24>2, whereas H24>2 is suppressed by 

T 2 
/ Mi; relative to this. The cubic term m~h becomes imaginary if V" (4)) + 
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I: V(4) (0) becomes negative; we take the real part only. The term }4 T 2V(4) (0) 

represents the thermal mass, which appears in the cubic and quartic terms 

when ring diagrams are resummed [46]. We subtract a constant term Va 

from Veff so that Veff(O) = 0, as is needed to properly compute the action 

associated with the bounce solution. 

The thermal corrections to the effective radion potential cause the bounce 

solution to faU exponentially at large r: 

(2.37) 

where l/ro rv 'TJV A/ j4 Tif A/14 « 1 [the exact expression is l/ro = y')\U*T, 

in terms of quantities to be defined below, in eqs. (2.40) and (2.52)]. Once 

the bounce solution is known, it must be substituted back into the action, 

which can be written as 

(2.38) 

The nucleation rate is given by 

(2.39) 

where w_ is the imaginary frequency of the unstable mode of fluctuations 

around the the bounce solution, and 1) is the fluctuation determinant factor, 

to be described below. A typical profile for the bounce solution is shown in 

figure 2. 

For the numerical determination of the bounce solution and action, as weIl 

as understanding their parametric dependencies, it is convenient to rescale 

the radius and the field by 

r 
r 

J).T' 
(2.40) 

ZTcp; (2.41) 
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Then the action takes the form 

S 

S 

where 

Z2 _ 
y'),.S(E, ml, À, Z); 

47r foOOdrr2{ ~ (~'2 + ~2h) + Z2~4fo 

_1_ y'),. [(~ + 12z2~2 12)3/2 _ (~)3/2] 
127r Z2 c- c_ 

+ :~~Àh~2 (z + 6Z2~2 12) } , 

(2.42) 

(2.43) 

(2.44) 

In the following, it will be helpful to keep in mind that Z can be extremely 

small, of order n in (2.25) when E is small, whereas y'),. tends to be doser 

to unit y, depending on the mass of the radion and the definition of the TeV 

scale (2.20): 

(2.45) 

In the rescaled variables, the value 4> = 1 corresponds to the first zero of 

the potential, which would be the starting point of the bounce if energy was 

conserved in the mechanical analog problem, i. e.) if there was no viscous 

damping term 4>' Ir in the equation of motion. The actual starting point 

turns out to have a value in the range 4>0 l'V 1.5 - 3 because of this. The 

rescaled action S depends mainly on the model parameters E and ml, for the 

parameter values which are of interest to us. All the sensitive exponential 

dependence on E, namely the factor cljE, is removed from S. Numerically we 

find that 

(2.46) 

except when ml becomes close to E. For ml slightly sm aller than E, El starts 

to exceed 1, and c_ becomes negative, signaling the onset of an instability in 
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the radion potential toward coincidence of the two brane positions. Figure 3 

shows the dependence of log( S / ml) versus log( Eml) . 

2.0 2 

1.5 0 
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0.5 -4 

0.00 20 40 
-6 

0 20 40 60 
r r 

Figure 2: The bounce solution, for the parameters E = 0.01, ml = 0.1, me/> = T = 

100 GeV and MTeV = 1 TeV. The rescaling cp -+ cp and r -+ r is given in eqs. 

(2.40-2.41) . 
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Figure 3: loglO(Sjmd versus loglO(Emd, where S is the rescaled bounce action, 

Eq (2.43). The other parameters are me/> = T = 100 GeV and MTeV = 1 TeV. 
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We have computed the bounce solution and the corresponding action for 

a range of parameters E and ml which can be consistent with the solution to 

the hierarchy problem (i.e., that J rv 10-16 at the global minimum). The size 

of the bounce in position space, measured as the width at half-maximum, is 

small near E = ml, and reaches a larger constant value as ml -+ 00. Using 

the rescaled radial variable f = rv0..T, the dependence of the width on E and 

ml is shown in figure 4. 

100 
G----fJ E = 0.01 
!'s------fI, E = 0.02 

80 'i'------* E = 0.03 

~ 
G-----El E = 0.05 

13 ~E=O.l -- 60 .c -"0 .;: 
1 40 ..-

co 
.c 

20 

-~-- '---_._~-----

o 2 4 

Figure 4: Half-width w of the bounce solution, in terms of the rescaled radial 

distance f = rv0..T, versus 10glO(mt), for the same parameters as in figure 3. 

The action of the bounce can be much greater than or mu ch less than 1, 

depending on the parameters: for E rv ml « 1, S « 1, while for larger values 

of E and ml, S » 1. Where the crossover occurs (S rv 1) depends on mrjJ, 

T and MTeV. This behavior can be inferred from figure 3 (showing S) and 

the dependences of the coefficient in the relation S = (Z2 / v0..) S. Rather 

than presenting further results for S directly however, we will turn to the 

more relevant quantity, the rate of bubble nucleation. For this we need to 

determine the prefactor of e-s in the rate. 
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2.4.2 Prefactor of Bubble Nucleation Rate 

The bounce action is the most important quantity determining the rate 

of tunneling, since it appears in the exponent of the rate (2.39). Since we 

do not have a model for the inflation and reheating of the universe which 

must occur prior to the bubble nucleation, hence an exact prediction for the 

reheating temperature which enters the rate, it would not be worthwhile to 

compute the prefactors in Eq (2.39) very accurately; however we can estimate 

their size. 

First, consider the frequency w_ of the unstable mode. w~ is the negative 

eigenvalue of the Schrodinger-like equation for small fluctuations 5if> around 

the bounce solution, which we will denote by if>b(r): 

(2.47) 

Rescaling the radius and background field exactly as in eqs. (2.40-2.41), Eq 

(2.47) becomes 

(2.48) 

U(r) 

(2.49) 

where primes now denote d~' X = 12Z2J2h, and the fi are defined in Eq 

(2.44). Except when the radion mass is significantly larger than 100 GeV, À 

is mu ch smaller than 1, and U is dominated by the first two terms in (2.48). 

Of these, the first (14) always dominates if Z « 1, while the second (X) can 

be important near r = 0 if Z ~ 1. The two different cases are illustrated in 
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figure 5. Since 1 < ~g < ~, both 14 and X are negative at r = 0, so that c_ 

Ua U(O) 

(2.50) 

and thus the smallest eigenvalue of Eq (2.47) is negative. This is the unstable 

mode of the saddle point solution, with imaginary frequency of order 

(2.51) 

Recall that Iw-I appears in the prefactor of the nucleation rate r lV. 
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Figure 5: The potential for small fluctuations around the bounce solution, U('1) = 

X 2 V"(<Pb('1)), as a function of '1, for the parameters E = 0.02, ml = 5 (left) and 

E = 0.1, ml = 25 (right). 

As '1 ---t 00, U(f) approaches a maximum value 

(2.52) 

which determines the asymptotic behavior of the fluctuations at large f: 

6cp l'V e-vVof . The fluctuations around the false vacuum state (cp = 0) thus 

have a mass given by 

(2.53) 
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which will be relevant for the following. 

Next we must estimate the functional determinant factor, 

v = det'( -8; - \72 + V"(cPb)) 
det(-8; - \72 + V"(O)) , 

(2.54) 

where T is imaginary time (T E [0, liT]), \72 is the three-dimensional Lapla-

cian, cPb is the bounce solution, and the prime on det' means that the three 

translational zero-mode eigenvalues must be omitted from the determinant 

for fluctuations around the bounce. These zero modes correspond to spa

tial translations of the bubble solution. Because of their removal, V has 

dimensions of (energyt6
, as is required to get a rate per unit volume in Eq 

(2.39). 

Ref. [47] has given a thorough account ofhow to compute V by a method 

w hich was discussed for one-dimensional systems in [48]. In 3-D one should 

classify the eigenvalues of the fluctuation operators by the quantum numbers 

n and l, denoting Matsubara and angular momentum excitations, respec

tively. Then V can be written as a product, V = ITn,1 Vn,l. 

Ref. [47] shows that the contribution to V from the lth partial wave can 

be expressed, to leading order in a perturbative expansion in the potential 

U(r), as 
IV ( (1))21+1 Vn,l = 1 + hl . 

The quantity h?) has the Green's function solution 

2 fooodrr 1l+1/2(~r) Kl(~r) (V"(cPb(r)) - m2) 

2 fooodrr 11+1/2 (;IT) Kl(;IT) (U(T) - U*) 

(2.55) 

(2.56) 

using the modified Bessel functions land K, and the mass m of the field in 

the false vacuum, Eq (2.53). For general Matsubara frequencies, 1/ = 27rnT, 

one defines ~ = Jm2 + 1/2. 

The subdeterminant for the n = 0 (zero-temperature) sect or ofthe theory 

has the usual ultraviolet divergences of quantum field theory, namely the 
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vacuum diagram () (the dot represents one insertion of V(4))), which should 

be absorbed by renormalization of the zero of energy for the radion potential. 

Since we are not attempting to solve the cosmological constant problem here, 

we are going to ignore aU of this and compute only the factor VO,l, which 

contains the translational zero modes-or more precisely, which has the zero 

modes removed. This removal is accomplished by replacing 

(2.57) 

Notice that this quantity has dimensions of (mass)-2, and there are 2l+1 = 3 

such factors, so that IVI-1/ 2 has dimensions of (mass)3, as required. From 

Eq (2.56) one can show that 

1 
ÀT2U2 lu ; 

* 
lu = fodyy2 (I3/2(y)KI (y))' (U(-ru:) - U*) (2.58) 

We have numericaUy evaluated the integral lu for each set of parameters. 

Our estimate for the fluctuation determinant factor in the nucleation rate 

can then be written as 

(2.59) 

2.4.3 Results for Nucleation Rate 

Putting the ab ove ingredients together to find the rate of bubble nucle

ation pel' unit volume, r IV, we see that the latter depends on five unde

termined parameters: c, ml, m,p, MTey and the temperature T. Ref. [30] 

showed that, as long as the energy density on the TeV brane is much less 

than MfeY' the usual 4-D effective theory governs the Hubble rate: 

H
2 

= M
P 

2 ' 3 p 
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where p is the total energy density, 

p 

Pep 

(2.61 ) 

We take the number of relativistic degrees of freedom, g*, to be 100. The 

kinetic energy of the radion is zero sinee cjJ = 0 in the false vacuum, so Pep is 

essentially the potential energy of the radion in the false vacuum, assuming 

the 4-D cosmological constant is zero: V(cjJ) - V(cjJ+) = IV(~+)I, which is 

given by Eq (2.23). Depending on the parameters, this can be comparable 

in size or dominate over the energy density of radiation. Using our estimates 

for the prefactor of the tunneling rate, the logarithm of the ratio of r IV to 

H4 can be written as 

(2.62) 

where S is the action of the bounee solution. The criterion for complet ion 

of the phase transition to the true vacuum state is that In(r IV H4) > o. 
The saddle point approximation leading to Eq (2.39) is only valid if the 

action S is not much less than 1. Otherwise, the barrier is not effective for 

preventing the field from rolling to the true minimum, as in a second order 

phase transition. This situation occurs in the vicinity of In(r IV H4) rv 150 

in the following results; thus the transition region where r IV H 4 = 1 is weIl 

within the realm of validity of the approximation. 

In figure 6 we show the contours of constant In(r IV H4) in the plane of 

10glO(ml) and 10glO(E), starting with the fiducial values T = mep = 100 GeV, 

MTeV = 1 Te V for the other parameters, and showing how the results change 

wh en any one of these is increased. The dependencies can be understood 
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from the prefactor Z2 /.;x in the action, Eq (2.42): 

(2.63) 

where Z and À are given by (2.40-2.41) and n by (2.25). The factor n is 
responsible for suppressing the bounce action when E « 1 or Eml « 1, 

explaining the shape of the allowed regions in each graph. Nucleation of 

bubbles containing the true minimum becomes faster when the temperature 

or the radion mass is increased, but slower if the definition of the Te V scale in 

increased. These dependences are dictated not only by the size of the barrier 

between the two minima in the effective potential, but also by the size of the 

bubbles. 

Interestingly, the borderline between allowed and forbidden regions of pa

rameter space falls within the range which is relevant from the point of view 

of building a model of radion stabilization. That is, sorne choices which would 

otherwise have been natural and acceptable are ruled out by our consider

ations. We see furthermore that the choice of ml -t 00, as was effectively 

focused on in ref. [16], is not the optimal one for achieving a large nucleation 

rate. 

It might be thought that our analysis is rendered less important by the 

fact that one can always obtain fast nucleation sim ply by going to high 

enough temperatures. However it must be remembered that the Te V scale 

functions as the high-energy cutoff in the Randall-Sundrum scenario: the 

whole semiclassical description breaks down at super-Te V scales, where quan

tum gravit y effects st art to become important. From this point of view, the 

temperatures of 100 - 300 GeV which we are discussing are already rather 

high, and a fairly efficient mechanism ofreheating at the end of inflation will 

be needed to generate them. 
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Figure 6: Contours of ln(r IV H4) III the plane of loglOCml) versus 

loglO (E). The shaded regions are where the tunneling rate is too small for the 

phase transition to complete. Figure (a) has T = m<jJ = 100 GeV, MTeV = 1 

TeV. The other figures are the same except for the following changes: (b) 

T = 400 GeV; (c) m<jJ = 400 GeV; (d) MTeV = 2 TeV. 

2.5 Discussion 

In this chapter we have presented a somewhat simpler model of radion 

stabilization by a bulk field ('ljJ) than that of Goldberger and Wise [16]; 

although the physics is qualitatively identical, we are able to write the radion 
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potential exactly, and thus explore the effect of letting the stabilizing field's 

VEV's on the branes be pinned more or less strongly to their minimum energy 

values. One such effect is that the mass of the radion can be significantly 

increased for smaU values of the parameter ml, which is the coefficient of the 

potential for 1/; on the Te V brane. Moreover if ml / k _ ml is accidentaUy close 

to E, approximately the minimum value consistent with a stable potential, 

the radion mass can start to diverge, by the factor (1 - ~ - ;;1 )-1/2. This 

modifies somewhat the expectation expressed in ref. [13] that the radion mass 

will be small relative to the Te V scale, due to a factor of E
3

/
4

. 

Our main focus was on the problem that the radion potential has a local 

minimum at infinite brane separation, and that the barrier between the true 

and false minima is so smaU that for generic initial conditions, one would 

expect the true minimum to be bypassed as the radion field roUs through it. 

We showed that for a large range of parameters, the high-temperature phase 

transition to the true minimum is able to complete, thus overcoming the 

problem. There are however significant constraints on the model parameters, 

and the initial temperature after inflation, to insure this successful outcome. 

There remain sorne outstanding issues. The form of the radion effective 

potential is such that the field is able to reach cp = 0 in a finite amount of 

time; yet cp = 0 represents infinite brane separation in the extra dimension. 

This paradoxical situation may be due to the assumption that the stabilizing 

field,1/;, is always in its minimum energy configuration at any given moment. 

In reality 'Ij; must require a finite amount of time to respond to changes in 

the radion. Thus one should solve the coupled problem for time-varying cp 

and 1/; to do better. This is probably a difficult problem, which we leave to 

future study. 

A related question is whether it is correct to treat thermal fluctuations 

of the radion field cp analogously to a normal scalar field with values in the 

range (-00,00). Since cp is related to the size of the extra dimension by 
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cP = fe- kb
, its range is [0, f]. We have not studied what effect this might 

have on the thermal part of the effective potential; instead we assumed that 

the usual treatment suffices. 

Another approximation we made was to ignore the back-reaction of the 

stabilizing field on the geometry. Ref. [49] has given a method of finding 

exact solutions to the coupled equations for the warp factor a(y) and the 

stabilizing field 'ljJ (y). This method cannot be applied in the present case 

because it works only for bulk scalar potentials with a special form that, 

among other things, requires them to be unbounded from below.2 Moreover, 

since the method of [49] generates only static solutions to the equation of 

motion, it cannot be used to deduce the rad ion potential, which is a probe 

of the response of the geometry when it is perturbed away from a static 

solution. On the other hand, [49] does show that the neglect of the back

reaction is justified for the parameter values which most closely resemble the 

Goldberger-Wise model. 

2In [49] this is asserted to be allowed because of special properties of anti-de Sitter 

space; however we believe that the real reason the bulk potential can be unbounded from 

below is that the potentials on the branes have the correct sign to prevent an instability. 
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Chapter 3 

Cosmology of the Stabilized 

Randall-Sundrum Model 

3.1 Introduction 

As explained in the introductory chapter, the RBI idea as originally pro

posed was in complete due to the lack of any mechanism for stabilizing the 

brane separation, b. This was a modulus, corresponding to a massless par

ticle, the radion, which would be ruled out because of its modification of 

gravit y: the attractive force mediated by the radion would effectively in

crease Newton's constant at large distance scales. An attractive model for 

giving the radion a potential energy was proposed by Goldberger and Wise 

(GW) [16]; they introduced a bulk scalar field with different VEV's, Va and 

VI, on the two branes. If the mass m of the scalar is small compared to the 

scale k which appears in the warp factor e-kby , then it is possible to obtain the 

desired interbrane separation. One finds the relation e-kb 
Co,! (vI! Va )4k

2 
1m2

• 

An important benefit of stabilizing the radion is that cosmology is gov

erned by the usual Friedmann equations, up to small corrections of order 

pj(TeV)4 [30]. Even with stabilization, as we showed in chapter 2, there may 
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be a probIem with reaehing a faIse minimum of the GW radion potential [1], 

but without stabilization, there is a worse problem: an unnatural tuning of 

the energy densities on the two branes is required for getting solutions where 

the extra dimension is statie [28, 29], a result whieh ean be derived using the 

(5,5) eomponent of the Einstein equations. However when there is a nontriv

ial potential for the radius, V(b), the (5,5) equation serves only to determine 

the shift r5b in the radius due to the expansion, and there is no longer any 

constraint on the matter on the branes. Although this point is now well ap

preeiated [31, 41, 50, 51], it has not previously been explieitly demonstrated 

by solving the full 5-dimensional field equations using a con crete stabilization 

meehanism. Indeed, it has been claimed that such solutions are not possible 

with an arbitrary equation of state for the matter on the bran es [53]-[54], 

and also that the rate of expansion does not reproduce normal cosmology 

on the negative tension brane despite stabilization [55]. Our purpose is to 

present the complete solutions, to leading order in an expansion in the energy 

densities on the branes, thus refuting these claims. 

3.2 Preliminaries 

The action for 5-D gravit y coupled to the stabilizing scalar field <I> and 

matter on the branes (loeated at y = 0 and y = 1, respectively) is 

s J d5Xh ( - 2~2R - A + ~aM<I>aM<I> - V(<I») 

+ J d4xh(Lm,o - Vo(<I») Iy=o + J d4xh(Lm,1 - VI (<I») ly=I(3.1) 

where /<1,2 is related to the 5-D Planck seale M by /<1,2 = 1/(M3 ). The negative 

bulk cosmological constant needed for the RS solution is parametrized as A = 

-6k2 / /<1,2 and the scalar field potential is that of a free field, V (<I» = ~m2<I>2. 

The brane potentials Vo and VI can have any form that will insure nontrivial 

VEV's for the scalar field at the branes, for example V;(<I» = Ài(<I>2 - vl)2 
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[16]. In chapter 2 we pointed out that the choice 1;i(<I» = mi(<I> - Vi)2 is 

advantageous from the point of view of analytic calculability (see also [49]). 

We will take the metric to have the form 

ds2 n2(t,y)dt2 - a2(t, y) Ldx~ - b2(t,y)dy2 

e-2N(t'Y)dt2 - ao(t)2e-2A(t,y) L dx~ - b(t, y)2dy2 , (3.2) 

where a perturbative expansion in the energy densities of the branes will be 

made around the static solution: 

N(t,y) 

b(t,y) 

Ao(Y) + 5N(t, y); 

bo + 5b(t, y); 

A(t, y) = Ao(Y) + 5A(t, y) 

<I>(t, y) = <I>o(Y) + 5<I>(t, y). (3.3) 

The perturbations are taken to be linear in the energy densities P* and p 

of matter on the Planck and TeV branes, located at y = 0 and y = 1, 

respecti vely. 

This ansatz is to be substituted into the Einstein equations, Gmn 

r}T mn, and the scalar field equation 

Here and in the following, primes on functions of y denote ty ' while primes on 

potentials of <I> will mean 8~' The nonvanishing components of the Einstein 

tensor are 

Goo 3 (_)2 + __ _ _ _ + (_)2 __ 
[

a ab n
2 

(ail a' alb
l
)] 

a ab b2 a a ab 

- (-)2+2------2--+2-+-a2 [ a' a' n' b' n' b' a' ail n ll
] 

b2 a an bn ba a n 

+ ~ -(~)2+2~~-2~+-(-2~+~)--2 [' . . .. b . . b] 
n2 a a n a ban b 

[
n'a a' bal] 3 -- + -- --
n a a b a 

3 [~ (~ + ~) - ~: (~ (~ - ~) + ~) ] (3.5) 

57 



and the stress energy tensor is Tmn = gmn(V( <1?) + A) +om<1?on <1? - ~ol<1?Ol<1?gmn 

in the bulk. On the branes, T~ is given by 

T~ b(by) diag(Va + p*, Va - p*, Va - p*, Va - p*, 0) 

+ b(b(y - 1)) diag(VI + p, VI - p, VI - p, VI - p, 0) (3.6) 

At zeroth order in the perturbations, the equations of motion can be 

written as 

<p" a 

and the solutions are approximately 

where we have normalized Aa(O) = 0, and introduced 

(3.7) 

(3.8) 

(3.9) 

The above approximation is good in the limit E « 1, which is the same regime 

in which the Goldberger-Wise mechanism naturally gives a large hierarchy 

without fine-tuning the scalar field VEV's on the branes: e-kbo = (vdva)I/E. 

For small E, the GW solution coincides with an exact solution of the coupled 

equations that was presented in ref. [49]. 

3.3 Perturbation Equations 

We can now write the equations for the perturbations of the metric, bA, 

bN, bb, and the scalar field, b<p. The equations take a simpler form when 

expressed in terms of the following combinations: 

\li = bA' - A' bb _ /'\,2 <p' b<p' 
a ba 3 a , y = bN' - bA' (3.10) 
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Further simplification cornes from realizing that the perturbations will have 

the form, for example, \li = p*(t)go(y) + P(t)gl(y), so that their time deriva

tives are proportional to p and p*. Below we will confirm that p = -3H(p+p), 

where H rv y'p, J(J: is the Hubble parameter. Therefore time derivatives of 

the perturbations are higher order in p and P* than are y derivatives, and can 

be neglected at leading order (except in the (05) Einstein equation, where 

p3/2 is the leading order). Using this approximation, we can write the com

binations (00), (OO)+(ii), (05) and (55) of the Einstein equations as 

-4A~Y+Y' 

ao . 
--Y+\lI 

ao 
o 

In addition, there is the scalar field equation, 

0<P" (4\l1 + Y)<P~ + (4;2 <p~2 + b6V"(<Po)) 0<P 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

+ 4A' r5<P' + (2b2V'(<P ) + 4A' <p,) r5b + <p' r5b' (3.15) o 0 0 0 0 bo 0 bo 

Assuming Z2 symmetry (an functions symmetric under y ---+ -y), the bound

ary conditions implied by the delta function sources at the branes are 

w(t,O) 

Y(t,O) 

0<1>' (t, y) 

where in (3.18) i = 0,1, Yo = 0 and YI = 1. 
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3.4 Solutions 

Naively, it would appear that we have five equations for four unknown 

perturbations, but of course since gravit y is a gauge theory, this is not the 

case. First, we have the relation %t[Eq 3.11] +~[Eq 3.12] = [Eq 3.13]. Fur

thermore, the (55) Einstein equation and the scalar equation can be shown 

to be equivalent, using (OO),(ii) and the zeroth order relations (3.7): [Eq 

(3.14)]' - 4A~x[Eq (3.14)] = q:,~x[Eq (3.15)]. 80 our system is actually un

derdetermined because of unfixed gauge degrees of freedom. To see this more 

directly, consider an infinitesimal diffeomorphism which leaves the coordinate 

positions of the bran es unchanged: y = fj + f(y), where f(O) = f(l) = O. 

The met rie and scalar perturbations transform as 

oA -t oA + A~f; 

ob -t ob + bo!'; 

oN -t oN + A~f 

oq:, -t oq:, + q:,~f 

If desired, one can form the gauge invariant combinations 

(3.19) 

oA' - A' ob _ ,,"2 q:,' oq:,. 
o bo 3 0 , 

oN' - oA'· , q:," oq:, - q:,' oq:,' + q:,,2 ob (3.20) 
o 0 0 bo ' 

where the first two are precisely our variables 'l! and Y and the last one 

appears in (55) equation. In terms of these gauge invariant variables, the 

system of equations closes. 

It is now easy to verify the following solution from the (00) and (OO)-(ii) 

equations, i.e., eqs. (3.11-3.12). Denoting the warp factor n = e-Ao(l), we 

find 

,,"2b 

6(1 _ ~2) e
4Ao

(y) [F(y) (n4 P + P*) - (n4 P + n2 P*)] (3.21 ) 

,,"2b 

2(1- ~2) e
4Ao

(y) [-F(y)(n 4(p+p) + P* +p*) 

+ (n 4 (p + p) + n 2 (p* + p*))] (3.22) 

60 



where 

(3.23) 

and the Friedmann equations are 

(~~) 2 87rG ( 0 4 ) 
-3- P* + P (3.24) 

(~~) 2 
ao 

47rG (P* + P* + 04(p + p)) (3.25) 
ao 

87rG (1 ) -1 
1),2 2bo fa e-2AOdy ~ 1),2k(1 - 0 2)-1. (3.26) 

The approximations in eqs. (3.23) and (3.26) hold when the back reaction of 

the scalar field on the metric can be neglected. 

In the Friedmann equations (3.24-3.25), we note that pis the bare value 

of the energy density on the Te V brane, naturally of order Mi, while 0 4 p is 

the physically observable value, of order (Te V)4. Since P* has no such sup

pression, it seems highly unlikely that P* should be nonzero today; otherwise 

it would tend to vastly dominate the present expansion of the universe. We 

also point out that these equations are consistent only if energy is separately 

conserved on each brane: p + 3H(p + p) = 0 and p* + 3H(p* + p*) = O. This 

can be derived directly by considering the (05) Einstein equation, evaluated 

at either of the branes. The equations of state on the two branes are com

pletely independent; there is no relation between pl p and p*1 P*· 

3.5 Stiff Potential Limit 

The above solutions are quite general, but they are not complete because 

we have not yet solved for the scalar field perturbation, 5<1>. This would 

generically be intractable, but there is a special case in which things simplify, 

namely, when the brane potentials Vi (<1» become stiff. In this case, the 

boundary condition for the scalar fluctuation becomes 5<1> = 0 at either brane. 
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There is no information about the derivative 6<P' in this case; although 6<P -+ 

0, at the same V"(<I» -+ 00 in such a way that the product 6"<I>V"(<I» remains 

finite, and Eq (3.18) is automatically satisfied. 

Notice that the shift in 6"<I>, Eq (3.19), respects the boundary conditions 

on 6<P. Moreover, <P~ is always nonzero for our solution. It is therefore always 

possible, given sorne solution 6<I> which vanishes at the branes, to choose an 

f such that 6"<I> becomes zero. This is a convenient choice of gauge because 

it simplifies the equations of motion, and we will make it for the remainder 

of this letter. 1 Thus far we have satisfied the (00), (ii) and (05) Einstein 

equations. As noted above, eqs. (3.14) and (3.15) are equivalent, so either 

one just determines the shift in the radius. Using the former, and defining 

we find that 

6b 

bo 

b 
2;~2 [04(p - 3p)W + (p* - 3p*)(W - A~éAo)] 

kb2ékboy 

~ 2<I>~2(1 _ 0 2 ) [04(p - 3p) + 02(p* - 3p*)] ; (3.28) 

the last expression is found by approximating Ao = kboY everywhere, which 

means neglecting the back reaction. Using the zeroth order solution (3.8) for 

<I>o, and integrating over y, we can obtain the shift in the size of the extra 

dimension, 

(3.29) 

We can compare this to the result of ref. [15] by using their result for the 

radion mass, m; r-...I (4/3)f);2(éVok)202+2E, and the relation kf);2 ~ 1/M;. Then 

IThe above argument is strictly true only for diffeomorphisms which are constant in 

time, while for our problem we need f(t,y) '" p(t),p*(t). However, the time variation 

of such an f is of higher order in p and p*, so we can neglect it to leading order in the 

perturbations. 
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6kbom 2 M 2 0,2 
r p bo 

(3.30) 

which agrees with ref. [15], except for small corrections of order (1 +0,2).2 As 

is well known, the shift in the radion vanishes when the universe is radiation 

dominated, because the radion couples to the trace ofthe stress energy tensor, 

which vanishes if the matter is conformally invariant. 

3.6 Implications 

Above we focused on the shift in the size of the extra dimension due 

to cosmological expansion, but the more experimentally relevant quantity 

is the shift in the lapse function, n(t, 1), evaluated on the TeV brane. As 

emphasized in ref. [52], the change in n(t, 1) between the present and the 

past determines how much physical energy scales on our brane, like the 

weak scale, Mw, have evolved. The time dependence of Mw is given by 

Mw(t)/I'v1w (to) = e-ON(t,l)HN(to,l)HN(t,O)-ON(to,O). In terms of the variables 

of the previous section, 6N' = \[1 + y + A~6b/bo. We find that 

Interestingly, the new non-6b contribution is present even during radiation 

domination, and is parametrically smaller than the radion part only in the 

matter dominated era, and then only if the back reaction is small (f « 1). If 

Mp0, rv 1 TeV, the shift in the energy scale since nucleosynthesis is negligible, 

and this is the only cosmological constraint on 6N. However, near the weak 

scale, the effect could be more interesting. To first order in the physical 

energy density Pp = 0,4 p, at early times, 

(3.32) 

20ur correction factor is (1- 04+2<)/(1_ 0 2 ), while that ofref. [15] is (1- ~V). 
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assuming that p* = p* = O. It is conceivable that k rv Mp j30-in fact, the RS 

model requires k < Mp for consistency, so that higher dimension operators 

in the gravitational part of the action do not become important. With these 

parameters and assuming 9* rv 100 relativistic degrees of freedom and DMp = 

1 TeV, the correction to Mw becomes of order unit y at a temperature of 130 

GeV. 

64 



Chapter 4 

A Small Cosmological Constant 

from Warped Compactification 

with Branes 

4.1 Introduction 

There is mounting evidence that we live in a universe with a vacuum 

energy density A which is about 0.7 of the critical density [18]. This value 

is close to 120 orders of magnitude less than the Planck density, Mi, which 

would be the natural expectation for the size of A from quantum field theory. 

If there exists sorne mechanism to make A small, it would seem mu ch sim

pler if its value was zero than 10-120 Mi. Our motivation in this chapter is to 

present a possible explanation for this enormous hierarchy of scales, taking 

advantage of Randall-Sundrum ideas involving 3-branes embedded in an ex

tra dimension. Several attempts to use one or more extra dimensions to get a 

small A have been made [20, 21, 23, 56, 57]. We will suggest that the RS ide a 

can, with only minor changes, account for the smallness of the observed A. 

Our model relies heavily on stabilization of the distance between two branes 
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using a bulk scalar field, as was suggested by Goldberger and Wise [16]. 

Our explanation only partially ad dresses the cosmological constant prob

lem, in that we assume there is sorne unknown mechanism which forces the 

ground state of the universe to have vanishing 4-D vacuum energy. We show 

that there can be a false vacuum state with A nonzero and exponentially 

small, as illustrated in figure 1. Its size is determined by the separation be

tween the two branes, which in turn depends on the potential of the bulk 

scalar field cp. The degree of freedom which is varying between the true and 

false vacua is the radion, the dynamical field associated with fluctuations in 

the size of the extra dimension. 

A>O 
" . .... 

... , ......... 

A 

Figure 1: Qualitative form of the radion potential, for the two cases A > 0 and 

A = O. The false vacuum state at I.P = I.P+ naturally has A '" 10-120 Mi· 

We borrow the notation of reference [49]1. We will be working in a 5-D 

theory with the extra-dimensional coordinate r, whose metric is parametrized 

by 

ds2 = e2A
(r) (dt2 

- e2VAt ~ dX;) - dr2
. (4.1 ) 

We note that slices of constant r represent 4-D deSitter spaces with vacuum 

energy A = 3A/(87rG), where G is the 4-D Newton constant. There are two 

3-branes, located at r = 0 and r = rI respectively. There is also a scalar field 

lTo recover the notation of chapter 1, change A to -A and /'i,2 to ~/'i,2. 
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</J wi th potential V ( </J) in the bulk, and separate potentials Ào ( </J) and À 1 ( </J) on 

the two branes. V (</J) contains a negative bulk cosmological constant which 

induces the behavior A(r) ex -r, so that e2A(r) is exponentially decreasing. 

The action for the model is 

s = J d 5xy'g ( - 4~2R+ ~(V'</J)2 - V(</J) 

-Ào(</J)o(r) - Àl(</J)o(r - rd) . (4.2) 

Here ",2 = ~M-3 defines the 5-D gravit y scale M, which is assumed to be of 

order Mp. To simplify the analysis, we will take the brane potentials to have 

the form 

(4.3) 

wi th Îi --+ 00, i. e., the brane potentials are stiff. This will make the boundary 

conditions for the scalar field sim ply 

</J(O) = </Jo, ( 4.4) 

and the potentials will have the values Ài ( </Ji) = Ii, where Ii denotes the 

tension of the respective brane. 

We will show that for the same simple choice of bulk potential used in the 

exact solution of ref. [49], it is possible to find a metastable solution to the 

equations of motion whose false vacuum energy (in the 4-D effective theory) 

is exponentially close to that of the true vacuum. By assuming the latter 

has vanishing cosmological constant, we can thus explain the small observed 

value of A in our universe by imagining that we are stuck in the false vacuum. 

4.2 Superpotential Method 

To construct solutions to the coupled equations for 5-D gravit y and the 

scalar field, we will take advantage of the superpotential method discussed 
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in ref. [49J. One introduces a superpotential W(r) and a function 

,(r) = 
9A 

1 + e-2A(r) 
K;4W(r)2 

(4.5) 

such that the desired potential V (cp) is given by 

1 (aW)2 K;2 2 V(cp(r)) = - - - -W . 
8,2 acp 3 

(4.6) 

Then solutions to the cou pIed equations for A and cp can be generated from 

the first order equations 

K;2 
A' = --W"V· 

3 " 
(4.7) 

For fiat branes (when A = 0), W can be regarded as a function of cp alone, 

but for bent branes (A i= 0), it must be considered as a function of r, and in 

that case one interprets ~~ = ~I d:. The boundary conditions at the brane 

positions r = 0 and r = rI are 

W,lr=O ; cp(O) = ±cpo 

- W,lr=rl; cp(rd = ±CPI . 

4.3 Solutions with Vanishing A 

(4.8) 

(4.9) 

Let us first present a ground state solution in which the bran es are fiat 

and the 4-D cosmological constant A is tuned to be zero, hence ,(r) = l. 

We will later perturb this solution with a small positive value of A. The 

unperturbed functional form for the superpotential is taken to be 

3 2 
Wo(<f;) = K;2L - b<f; , (4.10) 

where Lis a length scale that turns out to be the curvature radius of the 5-D 

anti-deSitter space in the limit where the back reaction of the scalar on the 

geometry is small. The resulting scalar potential is sim ply a polynomial in 
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cP of degree 4. It is easy to integrate the equations of motion (4.7) to obtain 

the solutions [49] 

A 
2 

Â - ~ _ ~A.2 e-2br 
L 6 'Po , (4.11) 

where Â is a constant of integration (we have already chosen cPo so as to 

satisfy the boundary condition on cP at r = O.) The value of Â is physically 

irrelevant, so we can for convenience choose it such that A(O) = O. Applying 

the boundary condition on cP at the second brane determines rI, the size of 

the extra dimension: 

(4.12) 

This solution is essentially the same as the ones found in references [16] and 

in particular [49], differing from the latter only by our choice of stiff brane 

potentials. The stability of this solution against small perturbations has 

been demonstrated in [15] and [58]. The large hierarchy of energy scales 

between the two branes is generated by assuming that b is parametrically 

small compared to 1/ L. In this case, although e-br1 :s 1, the warp factor will 

be exponentially small, e-rl/ L « 1. 

The remaining boundary conditions are satisfied by the constraints 

To 

on the brane tensions. 

4.4 Nearby Solutions with Nonzero A 

(4.13) 

( 4.14) 

Let us suppose that the tuning of brane tension To, eq. (4.13), is en

forced, so that the solution where the second brane removed still exists, with 
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vanishing 4-D cosmological constant. Consider what happens to the other 

solution if the tension Tl is no longer tuned according to condition (4.14). 

We expect that A is no longer zero in this case. The equations of motion 

with nonzero A are difficult to solve exactly, so we will instead solve them 

perturbatively, to first order in A. 

The first step in this procedure is to realize that, although V(l,i» should 

still have the same functional form as in the A = 0 solutions, the superpo

tential need not be the same. In general, it must be corrected in such a way 

that V (l,i» is unchanged. Let us denote the new solutions and superpotential 

by 

(4.15) 

where the quantities l,i>(r) and A(r) refer to the bulk solutions with A = 0 

found in the previous section, and W(l,i» is the corresponding superpotential 

(4.10). By taking the variation of Eq (4.6) and keeping terms which are first 

order in A weget a differential equation for bW, 

(4.16) 

which by using the equations of motions (4.7) can be written as 

(4.17) 

This can be formally integrated to solve for bW(r), 

_ r (l,i>I) 2 
d"W = Ae-4A la e2A A' dr + Ce-4A (4.18) 

To determine the constant of integration C, we should impose the boundary 

condition (4.8) on the tension of the first brane. Recall that the value To was 

already fixed by demanding the existence of the solution with only one brane 
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and A = O. Since the brane potentials are assumed to be stiff, Ào ( 4>0) = To 

regardless of whether A = 0 or not. This leads to the requirement that the 

variation of Eq (4.8) vanishes: 

( 4.19) 

RecalIing the definition A(O) = 0, this fixes C to be 

( 4.20) 

In fact, because of our assumption that b « 1/ L, needed to get a large 

hierarchy of scales, the C term is the dominant one in 6W. The first term in 

(4.18) is of order 4>'2 f'V b2 and can therefore be neglected. 

Once 6W is known, it is straightforward to find the perturbations 64> and 

6A. In particular, the equation for 64> is 

(4.21 ) 

Again, since b « 1/ L, the first term dominates. We thus find the approxi-

mate solution 

64> ~ 3AL (ér / L _ e-br ) . 
4",2b4>0 

( 4.22) 

To obtain this result, we have assumed that 1/ L » b, b4>2. (The fact that 

b4>o appears in the denominator of this result might seem to upset our per

turbation expansion; we will address this potential problem presently.) The 

constant of integration was chosen so that the boundary condition 4>(0) = 4>0 

is respected by the perturbed solution. 

AlI that remains is for us to impose the two boundary conditions at the 

second brane. These will determine the new position of this brane, rA, and 

the 4-D cosmological constant A. The b.c. on 4> is 

( 4.23) 
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and the condition for the brane tension is 

( 

9Ae-2A(rA) ) 

Tl = -W(<pd 1 + 2/);4W(<PI)2 - c5W(rA) , ( 4.24) 

Using the hierarchy e-4A(rA) » e-2A(rA) » 1, this can be approximately 

solved for A to give 

A - 81fG A ~ 2/);2 e-4rA/L(TI + W(<pd) 
3 3L 

(4.25) 

This is our main result: if the interbrane distance is around rA l'V In(1030 )L l'V 

70L, then the physical 4-D cosmological constant can be the observed value 

even if (Tl + W(<Pl) is of order the Planck energy density. (Recall that 

Tl = - W (<Pl) is the fine- tuned value that gave us A = 0 in the previous 

solutions.) To see if such a value of rA is natural, we must solve the <P 

boundary condition (4.23): 

-brA <Pl (Tl + W(<Pl)) 
e = - - 2 

<Po 2b<Po 
( 4.26) 

However, we must consider the fact that the second term on the right hand 

side of this equation is of order l/b. A small amount of tuning is required 

so that Tl + W (<Pl) is of order b2
, so that the new term can be treated 

perturbatively. Once this is done, however, there is no great difficulty in 

achieving the enormous hierarchy of 120 orders of magnitude for A. For 

example if bL = 0.01, the I.h.s. of (4.26) need only be as small as 0.5 to 

achieve the required separation of rA = 70L. We have therefore succeeded 

ameliorating the cosmological constant hierarchy problem in the same way as 

the original Randall-Sundrum model addressed that of the weak scale. The 

mild fine-tuning we demanded for the second brane tension might be merely 

a technical requirement for the convenience of analytically demonstrating the 

mechanism. Possibly it still works even without this small amount of tuning, 

though the solutions are harder to find in that case. 

Ref. [59] pointed out that any warped compactification solution involving 

a scalar field must satisfy certain consistency conditions, notably that Li ~ + 
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J cjPdr ~ ° in the case where A « Mi. The present solution has already been 

shown in [59] to satisfy this relation when A = 0, so we should verify that 

our perturbed solution also satisfies it. To first order in the perturbation, we 

should find that oTI + 2 J cp' o cp' dr = 0, where oTI is the mistuning of Tl away 

from its A = ° value, oTI = Tl + W (cpt). It is straightforward to show that 

in the regime where b« IlL, 2J;1 cp'ocp'dr = oWI~l ~ Ce-4ATl , and using 

(4.20) and (4.25) that the consistency condition is satisfied. 

To complete our argument we should demonstrate that the 4-D Newton 

constant C can take its observed value without requiring any fine tuning. By 

integrating over the extra dimension in the 5-D action (4.2) to obtain the 

4-D effective action, one finds the relation 

( 4.27) 

Thus it is natural to assume that C, ~2 and Lare all of the order Mp to the 

appropriate power, and no additional tuning is needed to localize gravity. 

Although we have succeeded in constructing the approximate solution 

corresponding to the local minimum of the radion potential, one might won

der why we are not able to find the unstable solution at the local maximum. 

Evidently this is nonperturbative in A. Recall that we needed to do sorne 

mild tuning, Tl + W(cpd = O(b2) to keep our perturbation expansion under 

control. Yet the unstable solution exists even when Tl + W (CPl) is exactly 

zero. It thus seems plausible that the barrier height is large, although we 

expect in order of magnitude that its size is governed by the same warp factor 

e- rA
/
L which suppresses the perturbative solution value. 

4.5 Lifetime of the False Vacuum 

Our proposaI is only viable if the false vacuum has a sufficiently large 

lifetime that we could still be in it at the present time. To study this we 
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should construct the bounce solution of the Euclideanized radion action and 

check that the lifetime T rv A -1/4éb exceeds the age of the universe, where 

Sb is the bounce action and A -1/4 rv 10-4 eV is the typical energy seale that 

will appear in the prefactor in the saddle point approximation for the path 

integral for the rate of false vacuum decay. We will take the following ansatz 

for the radion potential: 

(4.28) 

Note that cp = fe-rl/ L is the radion field, not to be eonfused with the 

bulk scalar cp. In this notation, the small parameter E is related to our 

superpotential parameters by E = bL, TJ = CPI/CPo, the quartic coupling is 

À rv 4cp~/(9LM:), and f ~ V6Mp [1]. When 0: = 0, this agrees with the 

approximate form found by ref. [16] in the case where A = O. It has two de

generate minima at cp = 0 and cp = fTJ1/E, corresponding to the solutions with 

infinite and finite interbrane distance, respectively, whieh we found above. 

(This can be seen through the relation cp/ f = e-TI /
L between the radion 

field and the brane separation.) By adding the term (O:TJE)2, we have lifted 

the minimum near cp ::: fTJ1/E to a nonzero value of the 4-D cosmological 

constant: 

(4.29) 

where in the limit that E « 1, the value of cp at the metastable minimum is 

given by 

6 - 1 - JI - (40:) 2 . ( 4.30) 

To estimate the bounce action, we use the thin wall approximation of 

ref. [44]. For a bubble of radius R in 4-D Euc1idean space, with false vacuum 

energy density A, 

( 4.31) 
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where Si is the action for the 1-D instanton corresponding to the 0: = A = 0 

limit of the radion potential, 

( 4.32) 

and the radius of the bounce solution which minimizes (4.31) is R = 351/ A. 

Substituting this value into the (4-D) Euclidean action, we obtain 

( 4.33) 

which is so large for the parameters of interest for getting a large hierarchy 

of scales (E t'V 0.01) that the false vacuum state is easily more long-lived than 

the present age of the universe. 

The 1-D instanton obeys the equation of motion cp = ~~ 10<=0, which can 

be solved in terms of the Lerch transcendent al function <P, 

( 4.34) 

as illustrated in figure 2. (We take E = 0.011 since <p(x, 1, -l/E) is singular 

when l/E is a positive integer.) This has the desired behavior that 'P ---+ 0 as 

t ---+ -00 and 'P ---+ 'P+ as t ---+ 00. 

We can verify that the thin-wall approximation is valid when <5 « 1. 

From figure 2, the width is 6R = 6t t'V 10( EfT/Hl/E J À/2) -1. Comparing to 

the bounce radius R = 351/ A, we find that 6R/ R ~ O. 

In chapter 2 we studied a similar problem, that of transitions from a false 

to a true minimum of the radion potential in the original Goldberger-Wise 

mechanism. There it was necessary to consider thermally-induced transitions 

because the radion would have been in thermal equilibrium in the early uni

verse. In the present case, assuming that inflation is driven by an inflaton on 

the observable brane, the radion is so weakly cou pIed that it do es not come 

into thermal equilibrium. This is also true of the variant model we propose 
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below in which the observable brane is at the TeV rather than the Planck 

scale. 

0.8 

C 0.6 
o 
"0 
~ 0.4 

0.2 

0.0 b========---,--~_---,---_~~ 
-20 -10 o 

time 
10 20 

Figure 2: I-D instanton solution for E = 0.011 and 6" = O. The axes are scaled such 

that "time" = Ef'r/1+1/EJÀ./2t and "radion" = (cp/f)'r/-l/E. 

4.6 Physical Consequences 

In the false vacuum state, the radion will have a very small mass, some

what below the milli-eV range, sinee it has been shown that [15], [58] 

( 4.35) 

Since Mpe-rf./ L is supposed to be the meV scale and b t'V 0.01/ L ;S O.01Mp, 

this is a dangerously small mass if the radion were to couple to matter as 

strongly as does gravity. We have investigated the corrections to this formula 

due to the O(A) perturbations and found that they are of the same order 

as the unperturbed value if A t'V b2 . Henee there is the possibility that 

corrections to the radion mass which we cannot compute by perturbing in b 

make it somewhat larger than the value (4.35). 

However, if we live on the positive tension (Planck) brane, the radion's 

exponentially small couplings to matter make it impossible to observe di-
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rectly. Let us denote the renormalized trace of the stress energy tensor by 

(T:)i = e-4r;jL(T:)i at the two bran es located respectively at r = ra = ° and 

r = rI = rA' Because the radion wave function grows like e2r/L away from 

the Planck brane [14], its coupling to matter on the respective branes goes 

like [30, 13] 

f' . _ ~ ((T-J1) + -2rl/L(T-J1) ) 
LradlOn- AI/4 J1 1 e J1 0 . ( 4.36) 

(In the original RS model, the Te V scale appeared in place of the milli

eV scale AI/4.) If we are living on the Planck brane and (T:)o represents 

standard model physics, then the radion coupling to the standard model is 

negligible since e-2Tl/LA-I/4 rv A- I / 4 /M;. 

There is a slightly better chance of detecting the effects of such a radion 

through cosmology. The shift in size of the extra dimension due to physical 

energy density p on the Planck brane is [2, 15, 30, 58] 

~rI ~ Lp 
rI 6rI~;M;' 

(4.37) 

which becomes of order unit y at temperatures T rv J~rMp rv 1 TeV. How

ever this is still such a high temperature that it is difficult to imagine any 

surviving remnant of the changes to physical scales and the Hubble expansion 

rate which would arise from a variation in rI during this era. 

A more testable and interesting situation is to imagine that we are living 

on a third brane located approximately halfway between the original two, 

instead of on the positive tension brane. This is desirable apart from consid

erations of the cosmological constant problem, in that it preserves the natural 

resolution of the weak scale hierarchy which was the original motivation of 

Randall and Sundrum. An intermediate brane can be inserted into our so

lution if it has zero tension and a potential of the form 'Yd<p - <Pl?, with 
2 2 

'Yl -+ 00 for ease of analysis. The position of this new TeV brane can be ad-
2 

justed to the desired value by satisfying the approximate boundary condition 
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e-br1
/ 2 ~ (/Jl/r/YO. There are now two radions, one at the TeV scale associated 

2 

with fluctuations in the distance between the Planck and TeV branes, and 

the original milli-e V radion. 

If there does exist a Te V brane, the coupling of the light radion to par

ticles there will be significantly larger than on the Planck brane: 

(4.38) 

which means the radion is coupled with approximately the same strength as 

ordinary gravity. This is precisely the range of scalar masses and couplings 

which is presently being probed by measurements of the gravitational force 

at submillimeter range [8]. The new contribution to the potential energy for 

two masses ml and m2 separated by a distance r is 

( 4.39) 

The exponential factor should be of order (meV)2M;/(TeV)4 f""V 6 for the 

warp factors to naturally explain the Te V and me V sc ales of the standard 

model and cosmological constant, respectively. To evade the constraints of 

submillimeter gravit y tests, this number must be made somewhat smaller, or 

the radion mass must be made somewhat larger than 1 meV. The model is 

therefore tightly constrained by present tests of the gravitational force. 

In addition, the Kaluza-Klein gravitons have a mass gap similar in size to 

the me V radion, and to the extent that they are nearly massless, their effects 

will be like those of the KK gravitons in the noncompact RSII scenario. We 

find that the correction to the Newtonian gravitational potential from these 

modes is given approximately by 

(4.40) 

where m _ 7fe- r J/L / L, and we have approximated the KK masses by m n Co,! 

(n+l/4)m using the large-n behavior of the exact eigenvalues [60]. Moreover, 
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the existence of the Te V brane would imply the usual Te V radion, whose 

phenomenology has been widely studied in connection with the compact 

Randall-Sundrum scenario [9, 13, 30, 61]. 

4.7 Conclusions 

We have presented a warped compactification model which, at the ex

pense of assuming there is sorne unknown solution to the first cosmological 

constant problem-the question of why the ultimate vacuum energy of the 

universe is zero-naturally resolves the second one: it explains how the ob

served value can be 120 orders of magnitude below the Planck energy density 

without requiring additional fine tuning. The hypothesis is that there exists 

a brane at such a distance (cv 70/ Mp) from the Planck brane that the mistun

ing of its tension from the fiat-brane value contributes to A at the 10-120 Mi 
level, due to the smallness of the warp factor. 

Our idea has several shortcomings. Unlike quintessence models, it do es 

not try to solve the coincidence problem of why A happens be a significant 

fraction of the critical density now. In the version where we are assumed to 

live on the Planck brane, we sacrifice any new understanding of the weak 

scale hierarchy problem, and furthermore there seems to be no experimental 

signatures that would test the idea. These difficulties are overcome if we 

live instead on a zero-tension Te V brane between the two original branes, 

for then the light radion is in the right range for current tests of gravit y at 

submillimeter distances, but then a new fine-tuning problem is introduced: 

why is the tension exactly (or so nearly) ~ero? We find it intriglling that 

this explanation of the cosmological constant, whose presence is revealed by 

gravit y over cosmologieal distance seales, might be corroborated by table-top 

gravit y experiments, as well as collider searehes. 
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Chapter 5 

No-Go Theorem for 

Horizon-Shielded Self-Tuning 

Singularities 

5 .1 Introduction 

As argued in the introductory chapter, the braneworld scenario has cre

ated the hope of somehow circumventing Weinberg's no-go theorem for solv

ing the cosmological constant problem using an adjustment mechanism, by 

virtue of introducing an extra dimension. Sorne attempts along these lines 

were made by [20, 21], in which a scalar field in the bulk adjusted itself to 

yield a static solution to Einstein's equations, for a range of values of the 

brane tension. These solutions relied upon singular behavior of the scalar 

somewhere in the bulk, which was shown by ref. [63] to be sim ply a way of 

hiding the fine-tuning problem, since a proper treatment required insertion 

of a new brane at the singularity, whose tension must be tuned with respect 

to that of the visible brane. 1 In essence, the original self-tuning idea was 

1 Moreover the original self-tuning solutions were shown to require a fine-tuning of the 
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pretending to gain extra free parameters by no longer requiring boundary 

conditions to be satisfied at the boundary of the bulk where the singularity 

was appearing, and where a brane would normally have appeared. 

A significant attempt to improve on this situation was made III ref. 

[24, 25]. Their ide a was to render the singularity more physical by intro

ducing a horizon between it and the visible brane, in the same way that the 

Schwarzschild black hole singularity is hidden. In fact the bulk geometry is 

the AdS-Schwarzschild (or AdS-Reissner-Nordstrom in the case of a charged 

black hole) generalization of AdS, in which a singularity appears for aIl of 

3-space at sorne position in the bulk. The singularity could thus be described 

as a black brane, though we will follow common usage and caU it a black hole 

(BH). 

The significance of the AdS-Schwarzschild solutions has become apparent 

in a number of works that deal with braneworld cosmology. In ref. [34] it was 

shown that this is the bulk solution which gives rise to the dark radiation term 

that was shown to be a possible addition to the Friedmann equation for the 

expansion of the brane. Ref. [64] subsequently identified the dark radiation 

as being identical to the thermal excitations of the CFT degrees of freedom 

in the context of the AdS/CFT correspondence. In ref. [65] it was shown 

that the bulk black hole must form in the early universe, since gravitational 

radiation emanating from the hot visible brane becomes infinitely dense as 

it falls toward the AdS horizon, for any cosmologically relevant initial brane 

temperature. 

In contrast to these cosmological solutions, where the brane is moving 

away from the BH and thus seeing a bulk which becomes increasingly AdS

like (or alternatively, the dark radiation term in the brane Friedmann equa

tion is redshifting away), ref. [24] finds a class of static solutions, so that the 

initial conditions in order to avoid motion of the singularity with respect to the brane [56]. 
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effect of the BR on the brane can be felt at arbitrarily late times. A very 

interesting application is that Lorentz invariance is broken, and gravitational 

signaIs travel with an average speed different from that of light on the brane. 

Most germane for the present work is that ref. [24] also finds self-tuning so

lutions with a horizon in the case of the charged (RN) black hole, where the 

mass and the charge of the BH adjusts itself to the energy density p on the 

brane; but self-tuning and the horizon can coexist only if the positive energy 

condition is violated on the brane: p < -p. 

Our motivation for the present work was to try to remove this seem

ingly unphysical restriction on the solutions and allow for positivity of the 

brane stress energy tensor. After various failed attempts we realized that 

the Einstein equations can be manipulated to show in a simple way why it 

is impossible to improve the situation by adding extra matter fields to the 

Lagrangian. 

This is our no-go theorem, which is given in the next section. In section 

3 we show that the theorem also holds when the gravitational part of the 

action is supplemented with a particular higher-derivative correction, the 

Gauss-Bonnet term. In section 4 we discuss a way of evading the theorem: 

giving positive curvature to the 3-D spatial hypersurfaces parallel to the 

brane. We generalize a solution of this type which was derived for the AdS

Schwarzschild case to the case of nonvanishing charge and show the range 

of parameters where self-tuning and a horizon coexist. In section 5 we show 

that it is not possible to put the curvature into extra dimensions instead of 

the usual 3-D space, which would have been desirable for describing our fiat 

universe. Conclusions are given in section 6. 

5.2 The No-Go Theorem 

We begin with the following general action: 
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s = J d5xJ=9 (2~2 + LB) + J d4xJ=9Lb , (5.1) 

where LB and Lb are the Lagrangian densities in the bulk and on the brane 

respectively, and Ko
2 = 1/Ml in terms of the 5-D Planck mass M5' The 

ansatz for the metric, which includes the AdS, AdS-Schwarzschild or AdS-

RN geometries, is 

(5.2) 

where d2:,~ is the line element for a homogeneous 3-D space of constant spatial 

curvature with k = 0, ±1. The 5-D generalization of Birkhoff's theorem 

guarantees that this form for the bulk metric is a general solution (in the 

appropriate coordinate system) when there is only a cosmological constant 

[34, 36] or a U(1) gauge field [24] in the bulk. However we will also take it to 

be our ansatz for the metric wh en there are more general sources of stress

energy in the bulk. Since we are interested in static solutions, a coordinate 

system can always be found which puts the metric into the form (5.2). For 

definiteness we will write the 3-D part of the metric as 

(1 + ~k(X2 + y2 + Z2)) 2 

2:,% (x, y, z)(dx2 + dy2 + dz2). (5.3) 

The nonzero components of the Einstein tensor are 

Coo --h -h' + 2h- - 4-3 (al ail k) 
4 a a a 

( ( )
2 ) 

a' ail h a' hl! k 
a~~ -h' + h- - - - + - - -

a a 4 a 2 a 

C55 ~ ((a l )2 + h' a' _ 4~) 
4 a h a a 

(5.4) 
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Next we will rewrite, 

(5.5) 

where ao is an arbitrary constant with dimensions of (length)2, and consider 

the following linear combination of the Einstein tensor components: 2Goo / h+ 

2Gu/(aEk). Using the Einstein equations, 

(5.6) 

where of 0, we obtain 

(h' + hA')' - ~A'(h' + hA') + 4~eA 
2 ao 

= 2",2 (Tfo + T1~) + 2",2 (Tio + T{l) Vho(r - ro) . 
h aE2 h aE2 k k 

(5.7) 

This can be integrated once since (h' + hA')' - ~A'(h' + hA') is proportional 

to (e- 3A/ 2(h'+hA'))'. Using Z2 symmetric boundary conditions at the brane 

to interpret the contribution of the delta function, we have 

(h' + hA')lr = 

(5.8) 

Let us for the moment consider the cases of vanishing or negative spatial 

curvature, k = 0 or -1. Then at the horizon r = rH, h = 0 and since the 

right hand side of Eq (5.8) is not positive-assuming that -Tg + Tl ~ 0, 

in accordance with positivity of the stress energy tensor-we conclude that 

h' ::; 0 at the horizon. But the brane is located at a value ro > rh beyond the 

horizon, by construction, and h(ro) must be positive for t to be a timelike 

coordinate. This implies that h'(rh) > 0 at the horizon, as a shown in figure 

1, and in contradiction to Eq (5.8). 
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Q) 
c 
ces 
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Figure 1: Required behavior for h(r) near the horizon, r = rh, for charged and 

for neutral black holes. Since the brane is at values of r greater than rh and h is 

supposed to be positive in this region, h' (rh) must be positive. 

From the argument above, we can dis cern two ways of evading the no-go 

result. (1) Violate positivity of the stress-energy tensor in the bulk or On 

the brane, which would change the sign of either of the first two integrals in 

Eq (5.8). (2) Let the 3-D curvature be positive, making the third integral 

in (5.8) positive. In section IV we will consider the second possibility. For 

the moment, let us assume that neither (1) nor (2) is fulfilled, and moreover 

that the 3-D curvature is zero, which is the most favorable case for horizon 

formation, apart from the positive curvature case. 

To demonstrate the usefulness of our no-go theorem, we will nOw study 

two examples. Inclusion of a scalar field in the bulk along with gravit y is the 

simplest one. In this case the stress-energy tensor contributions are 

1 l 
-gmn V + om<!>on<!> - "2gmno <!>Ol<!> 

diag( - Vo, - Vo, - Vo, - Vo, 0) , (5.9) 

where V and Vo are the potentials in the bulk and on the brane, respectively. 
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Static solutions which respect Lorentz symmetry on the brane will be of the 

form <I> = <I> (r), i. e., dependent on the bulk coordinate only. Then from the 

above expressions we see that ~ + ~ = 0 both in the bulk and on the 

brane and hence (h' + hA') = 0 everywhere in the bulk, as a consequence 

of Eq (5.8). In this case h must be of the form e-A , just like the metric 

component a. Thus the metric is explicitly Lorentz invariant, regardless of 

the choice of bulk or brane potentials, and there can be no horizon, with the 

possible exception of the usual AdS horizon at r = 00, where h and a vanish 

together. In this case the situation is the same as was investigated in ref. 

[23], which found that self-tuning solutions where gravit y is localized have a 

naked singulari ty. 

As a second example, we consider the AdS-RN solution which ref. [24] 

investigated in depth. Here one introduces a U (1) gauge field in addition to 

the negative vacuum energy in the bulk, giving the stress-energy tensor 

(5.10) 

The solution to the equations of motion is 

h(r) 
r2 fJ, Q2 
---+-[2 r2 r4 

a(r) r2 

Ftr 
J6Q 
K,r 3 

, (5.11) 

where fJ, and Q are proportion al to the black hole mass and charge, respec-

tively, and [-2 

tensor we find 

- ~K,2 A. Substituting this solution into the stress energy 

(5.12) 

From Eq (5.8) it is then clear that there is no possibility of having a horizon 

unless the positivity of the stress energy tensor on the brane is violated, i. e., 

p + P < 0, where p = _(Tb)oO and p = (Tb)/. We note in passing that the 
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jump conditions at the brane are 

[h'] 2 
h = "3h:2 (2p + 3p)v1rï , (5.13) 

where [ '] denotes the discontinuity in the derivative across the brane. Since 

h' > 0 at the brane, its discontinuity assuming Z2 symmetry is negative. 

Hence the brane tension must be positive; nevertheless p + P is negative and 

the parameter w == pl p must be less than -l. 

It was recently proposed that adding a dilatonic coupling to the gauge 

field will improve the situation in such a way that the horizon could be outside 

of the brane [66], and the interior region containing the singularity is cut away 

when the Z2 symmetry around the brane is imposed. In this situation, to 

satisfy the jump conditions (5.13), p must be negative and w pl p must 

be positive. This is in contrast to the AdS-RN situation where w < -1 was 

required, in contradiction to the positive energy condition. The authors of 

ref. [66] find that w > 0 in their new solution, which may at first look like 

an improvement. However, when p < 0, positivity of the stress-energy tensor 

actually requires that w :::; -1 (so that p+p > 0), so we see that the problem 

still persists in their solution. 2 

In fact we can easily extend our no-go theorem to the case where the 

brane is placed between the singularity and the horizon to show that no 

improvement is provided by this variation. Let us suppose there exists a 

bulk solution which is qualitatively like one of those shown in figure 2; these 

are the negatives of the normal AdS-Schwarzschild or AdS-RN solutions. In 

this case the brane should not be placed at r > rh because in this region r is 

the timelike coordinate, and such a brane would not be static, as we would 

like for self-tuning, but instead would represent a time-dependent solution. 

2 Ref. [66] do es however remark upon the possibility of overcoming this problem when 

the curvature is k = 1. 
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Repeating the steps that led to Eq (5.8), we obtain 

(h' + hA')lr 

(5.14) 

The new condition (5.14) is identical to the old one (5.8) as far as the 

bulk contributions are concerned, but the sign of the brane contribution is 

changed because of the fact that the space is being cut away for r < ro rather 

than for r > ro. Now when we apply (5.14) at the horizon, rh, we find that 

h' (rh) gets only positive contributions unless the 3-D curvature is k = 1, or 

positivity of Tf.Lv is violated. But figure 2 makes c1ear that h'(rh) should be 

negative in this case, thus giving a contradiction. 

- llipped AdS-RN 
- - - llipped AdS-Schwarzschiid 

5 

h(r) 0 I----I-----L...---~-------_I 

-5 

r 

Figure 2. Qualitative behavior of hypothetical solutions which would require the 

brane to be placed between the horizon and the singularity. 
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5.3 Relaxation of Z2 Symmetry, and Higher 

Derivative Corrections 

We have seen that nonvanishing 3-D curvature k can provide a way out 

of our no-go result, but one may wonder whether there are other loopholes. 

In this section we continue to leave k = 0 and explore two possibilities which, 

as it turns out, do not provide any additional loophole. The first is to relax 

the Z2 symmetry imposed at the brane, at r = ra. We consider possible 

solutions in which 

h(r) = { hl(r), 
h2 (r ), 

r < ra 

r > ra 
(5.15) 

and similarly for ai(r) = aae-A;(r). The solution would have singularities 

on both sides of the brane, at positions r = 0 and r = rs > ra, say. The 

hope would be to obtain horizons on both sides before the singularities are 

reached, at r = rhl, rh2, as illustrated in figure 3. 

Integrating Eq (5.7) in the bulk we get 

(5.16) 

where Ci are the constants of integration determined by the jump conditions 

(5.13). Integrating Eq (5.7) across the brane gives 

(5.17) 

which implies (C2 - cd > O. But at the first horizon, rh 1 , we need h' > 0 and 

Eq (5.16) thus requires Cl > O. Similarly getting h' < 0 at rh2 requires C2 < O. 

These two conditions give rise to the contradictory relation (C2 - cd < 0; 

hence nothing is gained by relaxing Z2 symmetry. 

89 



5 

h(r) 0 1---+-----7f-------+--~--_+_-______i 

-5 

Figure 3. Qualitative behavior of possible solutions without Z2 symmetry across 

the brane. 

One might alternatively hope that adding higher derivative corrections to 

the action might circumvent the no-go theorem. The simplest such correction 

to the Einstein-Hilbert action is a Gauss-Bonnet term [67, 68], since this 

introduces extra powers of derivatives in the equations of motion without 

increasing the order of the equations. The action is 

(5.18) 

where À is the coefficient of the new Gauss-Bonnet term. The modified 

E·· .. G 2T h G G G(À) d lllste1n equatlOn 1S mn = ft, mn W ere mn = mn + mn an 

G~~ -~gmn(R2 - 4Rab R ab + RabcdRabcd) 

+ 2À(RRmn - 2RmcR~ + RmcdeR~de + 2Rcd Rmcdn ) . 

(5.19) 

The (00) and (ii) components of the new contribution to Einstein's tensor 

are 
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c~~) +~hÀ H ~)' ~' h' - (~r h' + (~r h'h) 

cl;) _ ~ (2~'~ hh' _ (~) 3 hh' + ( ~) 2 h" + (~) 2 hh") 

(5.20) 

As before, adding the (00) and (55) components of Einstein's equations gives 

a differential equation similar to Eq (5.7), but (h' + hA') must be replaced 

with (h' + hA') (1 - ÀhA,2). Integrating this gives 

(h' + hA')(l - ÀhA,2) Ir = 

-2A;2e~A i ro (~~ + T!) e-~Adr' 
- ~2eï(A(,)-A(,")) (Tt, + T!l) vit . (5.21) 

The new factor does not change anything with respect to achieving a horizon 

since h vanishes there. Just as before, the theorem shows that at the putative 

horizon h' < 0, in contradiction to the required behavior. 

5.4 Solutions with 3-D Curvature 

In contrast to the negative results described above, it is possible to have 

both self-tuning and a horizon, with no violations of stress-energy positivity, 

when the spatial curvature is nonvanishing and positive. In fact, such a 

solution has already been obtained in ref. [69] in the case of the chargeless 

black hole with k = 1. The authors of [69] did not identify their solution as 

being self-tuning, but if one regards the position of the brane along with the 

black hole mass as the properties of the solution which adjust to compensate 

for the brane tension, then it should indeed be considered as self-tuning. It is 

straightforward to apply the jump conditions to show that a static solution 
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with 

exists if k = 1, if the brane is placed at the position satisfying 

p > 0; p= -p 

(again using l-2 = -t/);2A) and if the black hole rnass pararneter is 

1 2 
J-l = -ro· 

2 

(5.22) 

(5.23) 

(5.24) 

Thus self-tuning works for the range of brane tensions p > 6",,-2Z-1. The 

horizon is located at 

(5.25) 

which can be shown to be always between the singularity and the brane. 

We can easily generalize the above solution to the case of a charged black 

hole, where 

(5.26) 

The jurnp conditions deterrnine the rnass and charge of the black hole to be3 

(5.27) 

The additional constant of integration, Q, introduces sorne freedom in the 

position of the brane, which now can have sorne range of values for a given 

brane tension. The condition for existence of the horizon becornes compli

cated because h(rh) = 0 is a cubic equation. It has real roots (hence a 

3We follow ref. [24] in adopting the following Z2 parity assignments for the gauge field: 

Ar -+ +A", At -+ -At, so that no new jump condition arises for it. 
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horizon) only if the following inequality coming from the discriminant of the 

cubic equation is satisfied: 

( 
2 1 )2 4 (1 )3 _Z4 + _jJZ2 + Q2 < _Z2 _Z2 + jJ 

27 3 27 3 
(5.28) 

If we define 

(5.29) 

and use the expressions (5.27), this can be rewritten as [1 - fJ + E(1 - ~fJ) + 
kE2 + 2\ E3 j2 < [1 - fJ + ~E + iE2J3. Although this is hard to solve analytically, 

the results are shown numerically in figure 4. The darkened region is where 

the horizon exists for positive values of Q2. The region above the wedge 

(fJ > 1 + E/2) corresponds to Q2 < O. The lower region has Q2 exceeding 

the critical value beyond which the horizons are lost, resulting in a naked 

singularity. The boundary of this region can be approximated by the line 

fJ S:! 1 + ~~ E (the approximation becoming exact as E -+ CXJ). Thus the 

allowed region for self-tuning with a horizon is given approximately by 

12 1 
1 + -E < 'Yl < 1 + -E . 27 rv'( - 2 (5.30) 

These solutions correspond to a brane with positive tension since the discon

tinuity of h' at ro is negative. 

We thus see that generalizing to Q2 > 0 does not significantly relax the 

relation between the brane's tension and its position relative to the original 

chargeless solution, unless ro «l. However the small ro regime is not very 

physical, because at distances mu ch shorter than l, the AdS curvature scale, 

one expects higher derivative corrections to the gravitational action to alter 

the solution, so that one should not trust it in detail for r «Z. Moreover, 

our universe would have to have very large values of ro in order to be nearly 

spatially fiat. 

93 



4r--~------'-----'--~------'------'-~-----' 

3 

2 

2 

--- 1'] = (12/27)f 

naked 
singularity 
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Figure 4: The dark wedge is the range ofparameters (see Eq (5.29)) for which self

tuning with a horizon and with Q2 > 0 occurs for the k = +1 AdS-RN solution. 

The upper limit corresponds to Q = 0, and the lower one to the critical charge for 

which the horizons disappear. 

We have also searched for static solutions with negative tension branes 

and k = 1 in the AdS-RN case, where the brane is between the singularity 

and the horizon. These could in principle exist because of the inner horizon 

and the positivity of h( r) in this region. However we do not find any such 

solutions. AlI those illustrated in figure 4 have positive tension branes located 

outside of the horizons. To arrive at this conclusion, we numericalIy evaluated 

the positions of the horizons, rhi' on a fine grid in the Tj-E plane and checked 

whether ro was less than or greater than these values. The solutions of 

h(rh) = 0 are given by 

r
2 

1 ~ ~ = - - + 2 - cos () 
[2 3 3 ' 

(5.31) 

where 

A 

() (5.32) 
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(The three extraneous roots of the six given by this procedure were identified 

by substituting back into the original equation.) There are always two roots 

with positive r~ and one unphysical one with negative r~, except in the 

regions 7] > 1 + é/2 (Q2 < 0) and 7] ~ 1 + (12/27)é (where Q2 exceeds the 

critical value for having any horizon). The physical values of rh are always 

less than that of the brane position, ro. 

5.5 Curved Extra Dimensions 

Since we live in a universe that is nearly fiat, it would be better if the 

effect of a large brane tension could be counteracted by the curvature of 

sorne small extra dimensions rather than that of the usual three. To explore 

whether this is possible, we consider the following ansatz for the metric, in 

which two extra dimensions with the geometry of a two-sphere of radius 

jb(0 are introduced: 

(5.33) 

The (00) and (ii) components of the Einstein tensor are 

Goo = -~h (al h' + 2h ail) 
4 a a 

~ (6 a' b' h + 2 b' h' _ h (b
l

) 2 + 4 b" h _ 4 ~) 
4 ab b b b b 

a -h + h- - - - +-(
a' 1 ail h (al) 2 h" ) 
a a 4 a 2 

+ - 4--h + 4-h' - h - + 4-h - 4-a ( a' b' b' ( b
l) 2 b" a) 

4 ab b b b b 

(5.34) 

Although the last terms in Goo and Gii show the effect of the positively curved 

extra dimensions, this effect cancels out of the relevant linear combination 
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~ + ~. Repeating the same steps that led to our previous no-go result 

glVes 

(5.35) 

Again we need h'(rh) > 0, whereas the above expression shows that h'(rh) ~ 

0, regardless of the curved extra dimensions. The latter thus do not provide 

any new loophole in our theorem. 

5.6 Discussion 

By integrating a certain linear combination of the (00) and (ii) compo

nents of the Einstein equations, we have derived an enlightening constraint 

on the gaa component of the metric when there is a black hole in a five

dimensional bulk, which is reminiscent of other consistency conditions that 

have been deduced for brane/bulk solutions [59, 70]. Our theorem explains 

why previous attempts to hide self-tuning singularities behind a horizon have 

had to resort to a brane equation of state which violates positivity of the 

stress-energy tensor. It shows that one could alternatively achieve the same 

effect by violating positivity in the bulk rather than on the brane. Indeed, in 

our search for self-tuning solutions with a horizon and with p = -p on the 

brane, prior to deriving this theorem, we discovered that it is possible if the 

black hole charge has unphysical values with Q2 < O. 

In our quest for loopholes to this constraint, we found that augmenting 

the gravitational action with higher powers of the curvature was unsuccessful, 

as was relaxing the Z2 orbifold symmetry that is often assumed when cutting 

the bulk space off at the brane. Including positive spatial curvature for the 3-

D hypersurfaces provided a more successful way of evading the no-go theorem. 
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We noted that the previously discovered solution of ref. [69] was an example 

of self-tuning with a horizon, and we generalized it by allowing the black hole 

to have a charge. 

Unfortunately these positive curvature metrics do not provide a realis

tic solution to the cosmological constant problem because the curvature is 

related to the brane tension p by l/ro = C,;pl Mp, where C is a number 

which lies within a narrow range of values of order 1. In our universe, which 

is nearly fiat, the same relation exists, where pis the critical energy density. 

Therefore these "self-tuning" solutions can describe our universe only if the 

brane tension is on the order of the presently observed cosmological constant; 

this therefore constitutes fine-tuning after aIl. Precisely the same conclusion 

would hold if one tried to counteract the effect of a positive cosmological 

constant with positive curvature in a purely 4-D solution. This is nothing 

other than Einstein's static solution, which is known to be unstable against 

perturbations of the scale factor away from the special static value. It seems 

likely that the same problem will amict the 5-D solutions as weIl. Moreover, 

we found that it was not possible to cancel the effect of the brane tension by 

shifting the positive curvature into small extra dimensions. 

97 



Chapter 6 

Dynamical Stability of the AdS 

Soliton in RS Model 

6 .1 Introduction 

Most of the brane world scenarios have focused on 5 space-time dimen

sions, making it difficult to ascertain which features are generic to warped 

geometries and which are artifacts of five dimensions. lndeed, sorne features 

of these models are very likely to be specifie to five dimensions. For instance, 

the requirement of negative-tension branes - which are generic in five dimen

sions - does not arise in six dimensions [59, 70]. It is also unlikely that the 

Friedmann equations are modified in six dimensions in the same way as in 

five. Moreover, the absence of Kaluza-Klein excitations of the metric's radion 

mode is also a 5-dimensional artifact, due to the trivial geometrical nature 

of 1-D manifolds. 

There have been numerous proposaIs for higher-dimensional generaliza

tions of the RS idea. One of the earliest was to consider intersections of 

codimension-1 branes as the 3-branes [71]. Others involved modeling the 

3-brane where we are supposed to live, or in sorne cases where gravit y is 10-
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calized, as a cosmic string or higher-dimensional defect [72]. Other relevant 

work warped higher dimensional spaces include [73]. A particularly attrac

tive six-dimensional warped model has been considered in various contexts 

by several authors [70], [74]-[77]. This model is related to the AdS soliton 

[78], a double analytic continuation of a planar AdS Black hole metric, and 

involves two compact dimensions having the topology of a dise with a coni

cal singularity at its center. The boundary of the dise occurs at a (Planck) 

4-brane and a (Te V) 3-brane is placed at the conical defect. The stress en

ergy of the 4-brane requires an anisotropie form which could arise from the 

smearing of 3-branes around the 4-brane, as suggested in ref. [70], or from 

Casimir energy of light particles confined to the 4-brane [74]. 

Since all observable consequences of this (or any other) geometry only 

involve the theory's low-energy degrees of freedom, essential to understanding 

its physical implications is a determination of its low energy spectrum. While 

this has been partially done in previous references, it is the purpose of this 

chapter to provide a complete accounting of the metric modes, especially as 

regards the elusive radion mode. 

We find results which differ interestingly from what obtains for five

dimensional RS models. Instead of a massless radion, we find that generically 

the mass squared is nonzero, and possibly negative, depending on details of 

the 4-brane stress tensor. For a special case involving Casimir energy on 

the 4-brane, the radion is an exactly massless modulus at the classicallevel. 

Quantum corrections (which we do not here calculate) might stabilize the 

radion in this case. If the radion mode is stable, the magnitude of the mass 

squared is of order (10-3 e V)2. Both the stable and loop-stabilized cases 

might therefore make this mode of interest for table-top tests of gravity. The 

tachyonic instability, if it occurs, does so regardless of the value of the ra

dial size of the extra dimensions in the static solution. We show that it is 

straightforward to cure this problem in the manner of Goldberger and Wise 
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[16], by adding a bulk scalar field which couples to the branes. The mass 

of the radion, once stabilized, is suppressed relative to the Planck scale by 

an addition al fractional power of the warp factor, which puts it in the MeV 

rather than Te V range. Although this could potentially have been problem

atic, we find that the coupling of the radion is similar to that of gravit y, 

because its wave function is not strongly peaked on the Te V brane. There

fore, although there are cosmological constraints on this model, it is not ruled 

out by constraints from supernova cooling or radion production in colliders. 

We organize our presentation as follows. In section 2 we will introduce the 

model at the static level. In section 3 we will find the dynamical perturbations 

for 4-D modes which transform as tensors (gravitons), vectors, and scalars 

(the radion). We will show that, whereas the tensor and vector modes have 

a massless ground state, the radion mass squared is generically nonzero and 

possibly tachyonic, although its magnitude is exponentially small. In section 

4 we will show how a bulk scalar field can stabilize the radion mode, and 

discuss the phenomenology of the model. A summary is given in section 5. 

6.2 The AdS Soliton . 
ln Randall-Sundrum 

Models 

In this section we present the AdS soliton [78] and its key properties 

relevant for braneworld applications. A more detailed description of this 

space-time including its role in terms of the AdS/CFT correspondence can 

be found in ref. [78]. 

The (p + 2)-dimensional AdS soliton first arose in connection with the 

AdS/CFT correspondence [79] as a double-analytic continuation of a (p+2)

dimensional planar AdS black hole metric. We will be interested in the six 

dimensional (i.e., p = 4) AdS soliton for which the line element may be 
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written 

where the met rie functions are given by 

r 2 

and a(r) = 2" 
p 

(6.2) 

and 7]/lV is the four dimensional Minkowski metric. 1 This is a solution to six 

dimensional Einstein gravit y with negative cosmologie al constant 

10 _ 8 2 
A=-----k 

1'1,2 L2 - 5 ' (6.3) 

where 1'1,2 - M6-
4

, in terms of the 6-D gravitational scale M6' The space-time 

is asymptotically locally AdS as r -+ 00; below we will cut off the radial 

extent by inserting a 4-brane at a finite value of r. For convenience we have 

normalized a(p) = 1, since we will be interested in placing the standard 

model on a 3-brane situated at that position. 

The range of the r coordinate is p :::; r < 00, with the geometry smoothly 

ending at r = p provided that the e coordinate is periodic, with period 

47fL2 

{3=-. 
5p 

(6.4) 

This also requires that, in the context of supergravity, fermions are antiperi

odic in the e direction. It is important to note that this geometry is every

where smooth and nonsingular including at r = p where the circle parameter

ized by e smoothly shrinks to a point and the geometry ends. An attractive 

feature of this geometry is that it ends in a natural and nonsingular fashion, 

allowing constructions similar to those proposed in refs. [80], but which are 

free of uncontrollable and likely unphysical curvature singularities. 

1 Here our metric's signature is 'mostly plus' and we adopt MTW [81] curvature 

conventions. 
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To construct a brane-world model, we will want to imagine that we are 

living on a (TeV) 3-brane at r = p, thereby introducing a conical defect there 

of size 6 = K,273 , where 73 is the 3-brane tension. This modifies Eq (6.4) to 

become 
2L2 

(3 = - (27T - 6). 
5p 

(6.5) 

The extra dimensions are compactified by terminating the space at a 4-brane 

at r = R. 

In the horospheric coordinate system, the proper distance from p to r 

along the r-direction is given by 

(6.6) 

and so r/p = cosh2
/
5 (kr) l'V ef / L ifr» p. 

We will often find it enlightening to express the solution in polar coordi

nates, r, where the line element has the form 

(6.7) 

Here the metric coefficients are given by 

(6.8) 

where bo = k- 2 if the point r = 0 is regular, and fj E [0,211} In general 

we will suppose the 3-brane has nonvanishing tension located at this point. 

Then the conical singularity at r = 0 introduces the deficit angle given by 

27T(kYbo - 1). In these coordinates the proper distance between two radii rI 

and r2 is sim ply their difference, r2 - rI' We denote the radial position of 

the 4-brane by r = R. 

We close this section with sorne comments regarding the stability of the 

AdS soliton. Since the AdS soliton is constructed from multiple analytic 

continuations of a black hole space-time one might worry about dynamical 
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stability of the solution. In general such analytically continued space-times 

are not always weIl behaved. For example beginning with the Reissner

Nordstrom black hole in asymptoticallY flat space one can analytically con

tinue the metric in such a way as to allow for arbitrarily large negative values 

for the mass parameter. Solutions such as this are inherently unstable i. e. 

small perturbations around the background are tachyonic-see ref. [78] for a 

detailed discussion. 

One ofthe key results of ref. [78] was that (for p = 3) the AdS soliton was 

found to be perturbatively stable to such linearized fluctuations. Further, in 

ref. [82] this proof was extended to arbitrary p 2: 2 -see also ref. [83] for 

a recent discussion. One consequence of this proof is that at least locally 

within the space of solutions to the Einstein equations with asymptotically 

locally AdS boundary conditions the AdS soliton represents the minimum 

energy solution. 

It is one of the purposes of this chapter to investigate whether the per

turbative stability of this space-time persists wh en the geometry is cut off by 

the introduction of the 4-brane discussed above. 

6.2.1 The Gauge Hierarchy 

To understand how this model solves the gauge hierarchy problem, let 

us imagine that aIl the fundamental sc ales M6, k, and 1/ R are of order 

TeV. Then the standard reduction of the gravitational action from 6 to 4 

dimensions (using polar coordinates) gives the 4-D Planck mass as 

M; Mi J di de a(r)Jb(i) 

'" Mt a3/ 2 (R) = Mt e6kR/ 5 

k2 k2 ' 
(6.9) 

Thus by taking è kR/ 5 '" 1016
, corresponding to kR ~ 60, we can explain the 

largeness of the Planck scale. 

103 



Notice that the relation M; rv a3
/
2 (R) (Te V)2 differs from the analogous 

relation in the 5-D RSI model, M; rv a(R)(TeV)2. The additional factor of 

a1
/

2 is coming from the b1
/

2 part of the measure, which gives the size of the 

extra compact dimension that was not present in the 5-D model. This shows 

that the present model is a hybrid of the RS and ADD scenarios, in that 

the hierarchy is due to a combinat ion of warping and having a large extra 

dimension. 

This difference can also be seen by considering the physical mass of a 

4-D scalar field which is confined to a 3-brane at a fixed position ('1, ê) in 

the bulk. Since we are taking the fundamental scale to be TeV, we should 

assume that its bare mass parameter m is of this order. But the physical mass 

is determined by the usual argument of canonically normalizing its kinetic 

term: 

S3 - ~ J d4x a2 [a- 11]J-tvoJ-tcfJov4) + m 2cfJ2] 

-+ - ~ J d4x [1]J-tvoJ-tcfJovcfJ + a(r)m2cfJ2] . (6.10) 

Thus the physical mass is given by m3 = mja(f). If we take the particle aIl 

the way to the 4-brane, its mass do es not reach the Planck scale, but rather 

a smaller one, a(R)-1/4 Mp rv 10-32/6 Mp rv 1013 GeV. This refiects the fact 

that the strength of gravit y is still diluted for a 4-D observer on the 4-brane, 

by the large extra dimension. We should refer to it as the "1013 Ge V brane" 

rather than the Planck brane. 

6.2.2 Properties of the Branes 

The 4-brane we need for compactifying the AdS soliton can be con

structed by the standard cutting and pasting procedure. Here, the metric in 

Eq (6.2) will be cut along the surface r = Rand then pasted onto a mirror 
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image of itself. The resulting space-time is then a solution of 

(6.11) 

where gMN is the metric given in eqn.(6.2) and the induced metric on the 

4-brane is gab = gMN(R)b;;:bt'. 

Sab is the stress tensor of an infinitely thin brane located at the cut

ting surface. The stress-tensor so defined may be obtained from the Israel 

matching conditions [38]. A straightforward calculation yields, 

(6.12) 

(6.13) 

Here and in the following uppercase Latin indices indicate six dimensional 

coordinates, while lower case Greek indices specify the coordinates parame

terizing the directions along the 3-brane. Lower-case Latin indices similarly 

label directions parallel to the 4-brane i. e., x a = (xJ.L, e). 

A crucial point for this model is that the extra term f' / f in Eq (6.12) 

relative to (6.13), though small, is nonvanishing, and therefore it is impossible 

to interpret the 4-brane stress tensor as being due to a pure tension. Were 

we to do this, thus making 50
0 = 5/, the 4-brane would be forced to go to 

r = 00, and we would lose the compactification of the extra dimensions and 

the localization of gravity. 

There are several kinds of physics on the 4-brane which would naturally 

involve the required difference in 50
0 

- 5/. One is to imagine that the 

gluing surface is composed of multiple branes. As discussed in ref. [70], one 

could consider the superposition of the stress-energy tensors of a four-brane 

wrapping the internaI circle and a three-brane which is smeared over the 

internaI circle. Indeed eqs. (6.12,6.13) then take the form [70], 
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(6.14) 

where Lo is the proper period of the circle parameterized by e at r = R. 

Another very physical possibility is that the difference between To and 

To is due to the Casimir energy of any massless fields which are confined to 

the 4-brane [74]. For these the stress-energy tensor will take the form 

S ~v (T4 + ~~) g~v 
Soo = (T4 - 2~) , (6.15) 

with some dimensionless coefficients Co and Co. To the extent that the trace 

anomaly vanishes (which is the case at one loop, sinee the 4-brane is odd

dimensional), the Casimir energy satisfies the condition gabSab = 0, which 

implies Co = 4co. 

In a static background, either of these stress-energy tensors are trivially 

conserved on the 4-brane. But when we discuss dynamical perturbations 

of the static space, conservation of stress-energy will yield a nontrivial con

straint on the components of S~v. This will be discussed in section 3.3, 

where we show that the ground state of the radion modes is tachyonic for 

the smeared 3-brane model, but massless for the Casimir model. 

The issue of stabilization is closely related to another potential problem 

with the above models. This concerns the order of magnitude of the difference 

So 0 
- Sr/, which is required in order to achieve a(R) t'V 1021 as is needed to 

solve the hierarchy problem. This requires 

So 
0 

- S/ rv a(R)-5/2 rv 10-53 

Soo+s/ ' 
(6.16) 

which appears to be extremely fine-tuned. From this standpoint, only the 

Casimir effect can be considered to be natural, sinee its L-;;S dependence 

scales precisely like a( R) -5/2. However the Goldberger-Wise stabilizing field 
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makes it unnecessary to have nonvanishing 30
0 

- 3/, as was shown by [75]: 

with the scalar it becomes possible to achieve an exponential hierarchy even 

wh en So 0 = Sr/. It is interesting that we are able to both determine the size 

of the extra dimension and stabilize the radion using the same scalar field. 

In the 5D RS1 model, the two phenomena are necessarily tied together, but 

not so in 6D. The fact that the size of the extra dimension is determined by 

the value of So 0 
- Sr/ does not prevent the instability we will demonstrate, 

so it is not obvious that introducing a new effect to determine the size of R 

should stabilize the system. Nevertheless we shall show that it is true. 

6.3 Stability Analysis 

In the original model of Randall and Sundrum with two branes, fluc

tuations of the metric were decomposable into Kaluza-Klein modes. Most 

notably the spectrum included a zero mode which was bound to the brane 

and served as the graviton in a four dimensional world. The remaining excita

tions formed a tower of massive modes which were fully five dimensional and 

had very little support near the brane. In the AdS soliton model presented 

here we will find a very similar story emerging with a few differences. As in 

RSI, the space-time constructed in the previous section is finite and one can 

view the graviton fluctuations as linearized gravit y in a box. This implies 

that the spectrum of gravitons will again be discrete. Another difference 

from RSI is that the fluctuations of the metric are now more complicated 

owing to the greater complexity of the background metric. With only a sin

gle extra dimension, the only degree of freedom for the radion mode is the 

distance between the two branes, since any apparent ripples in the dr2 metric 

component can be gauged away by a coordinate transformation. "Vith two 

or more extra dimensions this is no longer the case, and the radion too has 
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a KK tower of excitations. 

By virtue of the symmetries of the geometry at least four of the metric 

modes must be exactly massless. First, there are two massless states which 

correspond to the massless 4-D graviton which is ensured by the model's 

unbroken Lorentz invariance in the directions parallel to the 3-brane. Second 

there are two states making up the massless 4-D spin-one particle, which is 

a consequence of the isometry e -+ e + c of the extra dimensions. 

The counting of massless modes may be further sharpened as follows. If 

gravit y is indeed localized on the 4-brane, we would expect to find a total of 

five zero modes appropriate to the five independent fluctuations of a massless 

spin-two particle in 4+ 1 dimensions. Since we will find below that the radion 

generically has a nonvanishing mass in this the ory (either tachyonic or real 

by adding the appropriate scalar), there are in fact only four zero modes 

bound to the brane. These will have a natural interpretation, at energies 

below the mass of the radion, as a 3 + 1 dimensional graviton and a 3 + 1 

dimension al massless vector field. 

The analysis will proceed by linearizing Eq (6.11) around the background 

of the AdS soliton. In particular we will consider fluctuations of the six 

dimensional me tric which are given by 9MN -+ 9MN + hMN . A feature here 

is the fact that hMN is a tensor and there is thus a variety of polarizations, 

or graviton modes, that need to be considered. Following refs. [82, 84] we 

can divide the various polarizations of the six dimension al graviton into three 

categories. (i) Transverse traceless polarizations. These are modes which are 

polarized in directions parallel to the Lorentz invariant hypersurface spanned 

by the coordinates xi. (ii) Vector polarizations. These are gravitons whose 

polarization is of the form fie, i. e., modes polarized along the circle and in 

the flat piece of the brane. (iii) Scalar Polarizations. These are modes which 

are diagonal but not traceless. It is this last mode which is related to the 

radion field. 
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For the cases (i) and (ii) above we may write the metric fluctuations 

as hMN = HMN(r)eik 'x where HMN(r) is the radial profile tensor and kM 

is a 4-dimensional momentum vector with k2 = rJMv kMkv = - M 2 . Further 

there are ambiguities in the metric perturbations arising from diffeomorphism 

invariance, which we (partially) handle by imposing a "transverse gauge:" 

HMMkM = O. For massive excitations we may always, via the appropriate 

Lorentz boost, choose to work in the rest frame2 so that the momentum can 

be written as kM = p c5f. In this case, the transversality condition becomes, 

( 6.17) 

Our implicit notation for the 3 + 1-dimensional Minkowski space coordinates 

is XM = (t,Xi) with i = 1, ... ,3. 

We do not consider here the Kaluza-Klein modes3 corresponding to an

gular excitations, i. e., around the large extra dimension. One might at first 

have thought that these had a mass gap of order 10 eV since they are modes 

which are localized on the 4-brane (assuming they are radially unexcited) 

and the circumference of the 4-brane is of order Le rv (10 eV)-1. However, if 

we imagine integrating out only the radial dimension to obtain the effective 

theory of these modes, we find that the fundamental sc ale is no longer TeV, 

but rather Ja(R) TeV rv 1013 GeV, because of the effect of warping. (The 

kinetic term of these excitations gets the same exponential factors as does 

the angular gradient term: .c rv (~)2 la + (oecp)2 lb.) This effect of warping 

was all uded to in section 2.2. From this point of view, the size of the corn pact 

dimension looks like (TeV)-1, whose smallness compared to rv 1013 GeV is 

how the largeness of the extra dimension is manifested. We will leave aside 

20f course when searching for zero modes we are constrained to work with a null 

momentum vector. 
3For a discussion of these KK modes as they relate to the stability of the AdS soliton 

see ref. [82]. 
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these angular KK modes and instead consider the radial excitations. To de

termine the spectrum, we must solve Eq (6.11) with the ansatz (6.17) as an 

eigenvalue problem for the mass M. 

The metric fluctuations for case (Hi) are considerably more complicated 

and will be dealt with separately in section 3.3. 

6.3.1 Transverse Traceless Modes 

As explained above, these modes are polarized paraUel to the Lorentz 

invariant directions on the brane and correspond to 

VM, (6.18) 

where the last equality is a restatement of Eq (6.17). 

A consistent solution to Eq (6.11) linearized around the AdS soliton is 

provided by the foUowing ansatz, 

(6.19) 

where CMN satisfies the conditions in Eq (6.18) and a(r) is the metric function 

appearing in the static solution above. 

Solving the equations of motion, which come from linearizing eqn. (6.11) 

around our ansatz, imposes that the polarization, must also be traceless, 

'r}J.LvcJ.LV = O. Thus Eq (6.18) describes five independent modes, which can be 

described as three off-diagonal polarizations, e.g.) 

otherwise CM N = 0 (6.20) 

and two traceless diagonal polarizations, e.g.) 

cu = -E22 = 1 , otherwise E M N = 0 . (6.21) 

For aU of these independent polarizations, the radial profile H (r) satisfies the 

same differential equation. Substituting the above ansatz, (6.18) and (6.19), 
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into Eq (6.11) and linearizing around the AdS soliton background one finds 

that the radial profile must satisfy 

d2 H(r) (a'(r) f'(r)) dH(r) M2 

dr2 + 3 a(r) + f(r) dr + f(r)a(r)2 H (r) = 0 , (6.22) 

where primes denote differentiation with respect to r. Here the 6-function 

coming from the right hand side has been canceled exactly by similar terms 

on the left hand side. One should note that this is exactly the equation for the 

transverse traceless modes originally obtained in ref. [82, 84]-see also ref. 

[85]. Again, this is independent of the form we choose for the stress tensor, 

since by exciting these transverse traceless modes we are not perturbing the 

size of the circle. It is interesting to note that this is precisely the equation 

describing the propagation of a minimally cou pIed massless scalar on the AdS 

soliton background [82, 84]. 

Here we will determine the eigenvalues numerically using a shooting tech

nique (see ref. [86]). For the purposes of numerical calculation we will hence

forth restrict to r < R and replace the brane by effective boundary conditions 

on the gravitons at r = R. Obtaining the correct solution to this problem 

is equivalent to determining the correct boundary conditions that the radial 

profile H(r) must obey at r = p and r = R. At the brane the absence of 6-

functions in Eq (6.22) implies that H(r) and its first derivative are continuous 

so requiring an even function of r gives the boundary condition H'(r) = O. 

The boundary at r = p is more subtle since the metric function f (r) vanishes 

there, i.e., f(r = p) = O. This is reflected in the fact that this point is a reg

ular point of Eq (6.22). So requiring that H(r) be regular at this boundary 

gives the condition 

dH(r) 1 = - L
2
M

2 
H(r)1 

dr 5 r=p 
r=p 

(6.23) 

It is now straightforward to see that this polarization of the six dimension al 

graviton indeed has a zero mode. This can be do ne by setting M 2 = 0 in Eq 
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(6.22) and integrating directly. After the first integration we find 

dH(r) 
dr = const. x a(r)-3f(r)-1 , (6.24) 

which can be se en by inspection to violate the boundary condition at the 

brane unless the integration constant is forced to vanish. Performing the 

second integration just leaves the constant solution obeying the above bound

ary conditions. 80 we see, referring back to the ansatz in Eq (6.19), that the 

physical zero mode for these polarizations is 

(6.25) 

where CMN obeys the conditions in Eq (6.19) and we have used our freedom 

to perform one overall rescaling of the solution to set H (r) = 1. 

In order to obtain the spectrum of nonzero modes we use the numerical 

shooting technique with the above boundary conditions. The mass eigenval

ues are a function of the relative size of the extra dimension RI p, but in the 

limit that RI p becomes exponentially large, as desired to solve the hierarchy 

problem, the masses quickly approach their asymptotic values. We give these 

values for the first few KK modes in the following table. We emphasize that 

there are no modes with M 2 < 0 and hence no instabilities in this sect or. 

Mode Number M 2L 2 

0 0 

1 16.494 

2 44.731 

3 85.545 

4 138.92 

5 204.85 

Table 1. Mass squared of the radial graviton KK modes, in units of the AdS 

curvature radius, in the limit of large warp factor. 
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Unlike the zero mode, which is localized on the 4-brane, the KK modes 

are peaked at the Te V brane, a phenomenon which is familiar from the 5D 

RS model. This behavior is illustrated for the first three modes in figure 1, 

where the wave functions are plotted. 
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Figure 1. Wave functions for the first three radial KK modes of the graviton. 

6.3.2 Vector Modes 

The next set of polarizations cornes from the same ansatz as in Eq (6.19); 

however in this case the polarization tensor is such that it has one leg in the 

Lorentz invariant directions of the four-brane and another on the circle. It 

has the form 

with k . v = 0 and v . v = 1 , (6.26) 

Polarizations of this form contain three independent modes. Substitution 

into the equation of motion (6.11) and linearizing as before yields 

d2 H(r) a'(r) dH(r) M 2 f'(r) 
dr 2 + 3 a(r) dr + j(r)a(r)2H(r) = -2 j(r) 6(r - R)H(r). (6.27) 

For these modes there is a net contribution from the 6-function source term 

on the right hand side of Eq (6.11). This can be understood from the fact 
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that the metric perturbation we are considering is a fluctuation in the gfJx 

components of the metric. The corresponding variation of the stress-energy 

tensor only involves the pie ces proportional to T4 and not those proportional 

to T3 . In other words for these modes we have effectively that bT4 = bTo 

under the fluctuations considered in this section. In our formalism this will 

manifest itself as a nontrivial boundary condition at r = R, 

dH(r) = f'(r) H(r)1 ' 
dr r=R f(r) r=R 

(6.28) 

while enforcing regularity at the point r = p requires that H(p) = o. As 

with the transverse traceless modes of the previous section, we can obtain an 

analytic solution for the zero mode of this equation by setting M 2 = 0 and 

performing the integration directly. We find an exact solution of the form 

c L 6 

H(r) = -5~ + b , (6.29) 

where c and b are arbitrary (dimensionful) constants of integration. Imposing 

the boundary condition in Eq (6.28) gives 

cL6 

b=-5 ' 5p 
(6.30) 

and from this it is straightforward to see that the zero mode is given by 

cL8 

H(r) = 5
p

7 f(r) . (6.31) 

Fortuitously, this solution also satisfies the boundary condition at r = p for 

aU values of c since this is precisely where f(r) = O. Choosing to normalize 

the wavefunction so that H (R) = 1 amounts to choosing c = 5.r;; f (R) -1. 

Returning to the ansatz in Eq (6.26) we see that the physical zero mode 

takes the simple form 

(6.32) 

which is indeed peaked at r = R. In order to analyze the nonzero modes 

we again turn to numerics and find a positive definite spectrum which im

plies that no instabilities are caused by exciting these vector modes. In the 
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table below we again present, in the limit of large warp factor, the first few 

eigenvalues in this spectrum. 

Like the spin-2 modes, the vector KK modes are also peaked near the 

Te V brane, although their wave function vanishes precisely there. The first 

three modes are shown in figure 2. 

Mode Number M 2L 2 

0 0 

1 25.001 

2 59.752 

3 106.91 

4 166.61 

5 238.80 

Table 2. Mass squared of the radial graviphoton KK modes, in units of the AdS 

curvature radius, in the limit of large warp factor. 
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Figure 2. Wave functions for the first three radial KK modes of the graviphoton. 
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6.3.3 Scalar Modes 

Here we will consider modes which faIl into category Ciii) above. There is 

in fact only a single mode (at the lowest KK level), although it corresponds 

to simultaneous fluctuations of different components of the metric. Most 

importantly this mode includes fluctuations of both gBB and grr and thus 

couples fluctuations of the radial size to fluctuations in the size of the compact 

circle. For the radion, it is convenient to switch to the polar coordinates 

introduced in Eq (6.7), where the equations take a somewhat simpler form. 

We start by writing the perturbed metric as 

where the perturbation around the static background corresponds to 

a('1, t) 

b(f, t) 

c(f, t) 

e-Ao(r)-Adr,t) = ao(f)e-Adr,t) 

e- Bo (r)-B1(r,t) _ b
o
(f)e- B1 (r,t) 

1 + Cl ('1, t) , 

(6.33) 

(6.34) 

and we have now included a subscript '0' to denote the metric functions of 

the background around which we are expanding, i. e.) the AdS soliton. Here 

we have gone to the 4-D rest frame of the fluctuation 

(6.35) 

and similarly for FI and G l . This is generically valid since for arbitrary 

values of the parameters there will be no zero mode. We will find however 

that there is a special case in which there is a zero mode and hence no rest 

frame. For this case we have checked that the procedure outlined here gives 

the correct result. 

We can unify the models of the 4-brane stress energy at f = il which 

were discussed in section 2.3 by writing 
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(T4 + Z3a ) 9 J.LV ::=: Vo 9 J.LV 

Soo ( T4 - Z~a ) goo 110 goo , (6.36) 

where Lo = J deVblr=R is the circumference of the compact 4-brane dimen

sion. The smeared 3-brane model has Q = 1 and T~ = 0, while the Casimir 

effect model has Q = 5 and T3 , T~ f. o. Notice that the me tric tensor elements 

appear within the definition of the circumference Lo. Also T3 really has the 

dimensions of a 3-brane tension only when Q = 1. 

We can now write the Einstein equations for this metric ansatz. Since 

it will later be necessary to add a bulk minimally-coupled scalar field, we 

include it here, although at first we shan carry out the analysis with no scalar. 

Ignoring terms like 0,2 which would be higher order in the perturbations, the 

(tt), (tt) + (ii), (rr), ((Je) and (tr) components of the Einstein equations are 

3 a" 3 a' b' 3 a' c' 1 b" 1 (b') 2 1 b' c' 
2~ + ~!~:b - 4~~ + 2b - 4 b - 4b~ 

= _",2 (c[A + V(4))] + ~4>'2 + Vovlc6(f - R) + n/f;6(f)) 

a b ë 
2- + - + - = 0 
abc 

3 
( 

')2 'b' 1 (b·· .. ) a a a 2 1 '2 - - + -- - - - + 3- = -'" (c[A + V(4))]- -4> ) 
2 a a b 2ao b a 2 

a' a a' b a' ë a' b' b b' ë b' 2·' 
6- - 6-- - -- - 3-- + 2- - -- - -- = 4", 4>4> 

a aa ba ca b bb cb ' 

where n is the tension of the 3-brane at f = 0 and primes den ote Or. 
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The next step is to linearize the field equations in the dynamical pertur

bations. We use the relation Al = -m;Al' and similarly for the other per

turbations, where m r is the sought-for radion mass. Expanding the (tt) + (ii), 
(tr) and (rr) Einstein equations, respectively, to first order gives 

(6.42) 

(6.44) 

and similarly for the scalar field we find 

We note that even for a massless mode, the energy is nonvanishing, so that 

Eq (6.42) would still provide a constraint among the components of the 

perturbation (we would then have to consider its spatial momentum too). 

Moreover (6.43) is the time-integrated form of the (tr) equation, which we 

have organized in a form whose purpose will become clear momentarily. We 

have not written the (tt) nor (ee) components since these are not independent 

equations: (tt) can be obtained from (tr)' and (tt) + (ii), which follows from 

the Bianchi identities; and (BB) follows from combining (tr), (rr), (rr)' and cp 

equations in a manner which is not obvious, but which could be anticipated, 

since first order constraint equations, like (rr) and (tr), must be consistent 

with the second-order dynamical equations, (tt), (ii) and (ee). 

For the remainder of this section, we will assume there is no bulk scalar 

field present. Effects of the bulk scalar will be considered in the next section. 

The boundary conditions at the 4-brane come from integrating over the 

delta functions to find the discontinuity in the first derivatives, and using Z2 
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symmetry across the brane to identify, e.g., 6.a'ja = -2a'ja at r = Il. At 

zeroth order in the perturbations, this gives the jump conditions (6.12,6.13) 

for the static solution. Expanding to first order, and assuming that T3 is a 

constant (more about this below) we find 

A' l 

B'-A' l 1 

~A'C - ~ ( T~ ) (B' -A')B 
2 0 1 8 T3 + T~ 0 0 1 

(6.46) 

t(B~ - A~) (Cl + aBl ) . (6.47) 

In addition, we must consider the boundary condition at the 3-brane at 

the center, r = o. With two extra dimensions, the effect of such a point

like source is to introduce a conical singularity and a corresponding deficit 

angle, as we have discussed in section 2.1. Since the defect is unchanged 

by perturbations around the static solution, we insist that the deficit angle 

does not vary. If we consider a circle with r = E around the 3-brane, with 

circumference Land physical radius D, we therefore demand that Lj D be 

invariant in the limit that E -+ 0: 

(6.48) 

in other words, BI + Cl = 0 at r = o. In addition, we expect A~ to vanish at 

r = o. The latter can be shown to be satisfied from BI + Cl = 0 combined 

with the bulk equations of motion, so it gives no additional constraint. 

We must pause to discuss an important point, concerning the counting 

of boundary conditions versus independent differential equations. Using the 

algebraic constraint (6.42) to eliminate Cl, we have two first order o.d.e.'s 

for Al and BI. On the face of it, our system looks overconstrained: there are 

three boundary conditions! But in fact the system is not overconstrained. 

Rather, there is a constraint on the stress-energy tensor on the 4-brane, due 

to its conservation. By computing La,tr soaja 0, where Sab is the surface 
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stress energy on the 4-brane, we obtain 

dT3 131 1 

dt ="2 (T3 (1- 0:) +T3 ) (6.49) 

Integrating this, we see that unless the constraint 

T~ = (0: - 1)T3 (6.50) 

is satisfied, then T3 must have had extra hidden dependence on B (hence the 

circumference of the circle Le) beyond that which was explicitly assumed. 

If T3 is truly constant, then any physical model of the stress-energy must 

satisfy (6.50). This is true for the model which corresponds to delocalizing 

(smearing) a 3-brane around the circular dimension of the 4-brane, since 

there 0: = 1 and T~ = O. And it tells us that the Casimir energy model 

with 0: = 5 must satisfy T~ = 4T3 , as we saw earlier was indeed the case 

for massless particles. With any such choice, it is easy to see that there are 

not really two boundary conditions at the 4-brane; rather, imposing the first 

b.c. (6.46), together with the (tr) equation (6.43), implies the second b.c., 

(6.4 7). The result of this discussion is that it suffi ces to impose just one b.c. 

at f = R, say (6.46), which using (6.50) can be written more sim ply as 

A' = ~ A' C - (0: - 1) (B' - A' ) B 
1 2 0 1 8 0 0 1· (6.51) 

We solved the above system of equations for the radion numerically, for 

the case of 0: = 1 (the general result for arbitrary values of 0: will be given 

below) and we find that it has a negative value of m;-it is a tachyon. The 

graph of its dependence on the ratio of warp factors between the 4-brane and 

the 3-brane is shown in figure 3a. If we normalize a(O) = 1 at the 3-brane, 

then in the regime where the hierarchy is large (right hand si de of the graph), 

the radion mass squared depends on a(R) (a evaluated at the 4-brane) as 

(0: = 1 case only) , (6.52) 
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where we recall that L is the AdS curvature radius. Since L rv l/TeV and 

a(R)3/2 ~ 1032 to solve the hierarchy problem, we obtain 

(6.53) 

This is weIl above the present Hubble scale, so we would have notieed the 

expansion or contraction of the extra dimension due to the change in the 

strength of gravit y, if Eq (6.53) were true. 
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Figure 3. (a) Log of minus the radion mass squared versus log of the warp factor, 

for the case Œ = 1. (b) Outer (solid) lines: the radion wave function for a large 

value of the warp factor; inner (dashed) lines: wave function of the first KK 

excitation of the radion. 

The radion wave function in the large warp factor regime is shown in 

figure 3b. If the 4-brane is moved even farther away (larger warp factor), 

the wave function retains the same form, sinee it stays fiat in the region of 

large f. Although these plots were made for the case Ct = 1, we find that 

the wave function looks essentially the same for aIl values of Ct. We see 

from its functional form that near the 3-brane Al ~ -BI, and sinee Cl is 

constrained to be 3Al + BI, therefore Cl ~ -2Bl in this region. For larger 

values of f we have Al = 1/3 and BI = -2/3, so Cl is extremely smaIl 
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throughout most of the bulk. Nevertheless its integral is nonvanishing, so 

the radial size of the extra dimension, which is given by foR df C(f), changes 

in response to the instability, and it does so in the same sense as the size of 

the compact dimension, because of our choice of signs in the definitions of 

BI and Cl. That is, the instability is a simultaneous growth or shrinking of 

the radius together with the circumference. Either direction is a possibility, 

since the static solution is analogous to sitting on the top of a hill: the ball 

can roll down in either direction. The situation is illustrated in figure 4. 

Not shown there is the fact that the relative sizes of the brane directions, 

xJ.!, grow or shrink in the opposite sense relative to the extra dimensions. In 

the case where the extra dimensions grow, the endpoint must be the AdS 

soliton solution with no 4-brane, since this has been demonstrated to be the 

minimum energy solution which is stable [82]. In the case where they shrink, 

the 2-D surface presumably degenerates into a point. 

In comparing the radion in this model to that of the 5-D Randall

Sundrum model, we can notice several similarities and differences. Similarly 

to the 5-D model [14, 15], in 6-D the radion is an admixture of the radial 

and brane metric components, such that oscillations of the radial size are 

accompanied by fluctuations in the scale factor of the 4-D universe which 

are 1800 out of phase. But in 5-D, the radion was exactly massless in the 

absence of stabilization, whereas in 6-D it is a tunable parameter. Another 

difference is that, whereas in 5-D the radion has no tower of KK excitations, 

in 6-D it does. The mass gap is of order 1/ L, i. e., the Te V scale. The first 

few eigenvalues, for large values of the warp factor, are given in table 3. One 

notices that these masses are systematically smaller than those of the gravi

ton and vector modes. Thus the radion excitations would be the first signs 

of new physics from this model (once we have made it viable by stabilizing 

the radion) to appear in accelerator experiments. The wave functions of the 

second and third excited states are shown in figure 5, while that of the first 
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excited state appears in figure 3b. Similarly to the spin 2 excitations, the 

modes above the ground state have wave functions which are exponentially 

strongly peaked on the Te V brane. The wave function of the radion ground 

state, on the other hand is reIativeIy fiat throughout the bulk. This plays 

an important role in its couplings, as we will discuss in the next section. 

Figure 4. Illustration of the instability. A given static solution, shown in the cen

ter, is unstable toward growth (left) or shrinkage (right) of the extra dimensions 

(funnel), accompanied by the opposite behavior of the directions xf.l within the 

3-brane (shown as a sphere). 
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Mode Number m 2L2 
r 

1 1.0188 

2 6.1512 

3 12.748 

4 21.311 

5 44.437 

6 75.588 

Table 3. Mass squared of the radion KK modes, in units of the AdS curvature 

radius, in the limit of large warp factor. 
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Figure 5. Solid lines: wave function of second excited state of the radion; dashed 

lines: the third excited state. 

We can understand the preceding results for the radion ground state 

mass and wave function analytically, and generalize them to arbitrary values 

of the 4-brane stress-energy parameter Œ. Toward this end, we first convert 

the cou pIed first order equations into a single second order equation. The 

form of the equations suggests that a natural dependent variable to consider 

is the linear combination H = 3Al + BI' The variables Al, BI and Cl 
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can be expressed in terrns of H using eqs. (6.42) and (6.43), where for later 

convenience we continue to show the effect of a bulk scalar field, even though 

we set it to zero for the present: 

(6.54) 

Substituting these into the rernaining field equation (6.44), we obtain 

6A'2 - 3B'2 - 6A' B' - 2K,2 A-.' 2 HI! + 0 0 0 0 '1'0 H' 
2Bb 

+ 0 0 0 0 0 '1'0 + _T H 
( 

(B' - A') (3A'2 + 2B' A' - K,2A-./2) m2) 

Bb ao 

2 (av 2 eP~ ) 
4K, aeP - K, Bb V ePI, (6.55) 

and the boundary conditions at r = Rand r = 0, respectively, are 

2 2 12 2Bbm;) 
"3K, ePo + 3(Bb _ A~)ao H, 

A~H = 0 , (6.56) 

The radion rnass squared cornes into the boundary condition because, in the 

pro cess of elirninating Al, A~, BI and B~ in favor of H' and H', it is necessary 

to use the bulk equation (6.44), evaluated at the 4-brane. 

Now it happens that the important features of the radion ground state 

can be deduced from approximating the ab ove equations by the form which 

they take in the asymptotic region of r rv il when il is large. In this region, 

we have 

A I CY. B' CY. -~k' 
0- 0- 5' Bb - A~ ~ _Ske-2kf - bA' , 
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and the equations in the bulk and on the brane, respectively, simplify to: 

H" - ~A'H' + (5A'c5A' + m;) H = 0 , (6.58) 
2 ao 

( K,2cp~2 + ~(5 _ Œ)c5A') H' = (m; + (5 - Œ A' _ K,2cp~2 )c5A') H (6.59) 
A' 8 ao 2 A' , 

where now we take A' to have the constant value -4k/5. The terms c5A' 

and m; / ao are both of order e-2kf in the large r region (as we will verify 

self-consistently), so that in the bulk equation (6.58) they can be ignored 

compared to the other terms. The solution in the bulk has the form 

(6.60) 

where c5H represents the small effect of the parenthetical terms we have 

ignored. The latter give rise to a negligible effect on the bulk solution, c5H « 
H. However, the small terms proportional to c5A' and m;/ao cannat be 

neglected when applying the b.c. at the 4-brane. In fact, this equation, 

(6.59), can be used to solve for the radion mass, which in the absence of the 

scalar field gives 

The final expression assumes that ao is normalized to unit y at the Te V brane, 

and uses the relation (6.3) between A and L. (The intermediate factor of 24/5 

cornes from ao (R) = cosh 4/5 (kR).) Interestingly, the value for m; which we 

so obtain is completely insensitive to the details of If: rv e-(6k/5)R, mu ch less 

c5H, sin ce all of these are much sm aller than A'. We are therefore able to 

give a very accurate analytic estimate for the radion mass squared, wh en 

the warp factor is large. The small magnitude of m; is seen to be a direct 
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consequence of the value of Bb - A~ in the static solution. This expression 

agrees with our previous numerical results for a = 1 (and we have also 

checked i t numerically for other values of a). In the limi t that the 4-brane 

goes to infinity, so that the full AdS soliton is recovered, the radion becomes 

massless, but is not normalizable. Thus it does not contradict the fact that 

the une ut AdS soliton is a stable solution. 

Interestingly, the rad ion mass vanishes almost exactly in the case where 

the anisotropy of the 4-brane stress tensor is provided by the Casimir energy 

and pressure of fields living on the compact extra dimension. In this case 

the relevant energy density scales like L E/, i. e., a = 5, as expected from di

mensional analysis. This is the unique case where no dimensionful parameter 

is introduced in the anisotropie part of the 4-brane stress tensor, which is 

the part that also controls the position of the 4-brane, and hence how large 

the extra dimensions are. Curiously, the mass do es not vanish exactly wh en 

a = 5 because of the O(!5A'2 ) correction, whose coefficient turns out to be 

(11 + a)/8. However, the natural size of this contribution to mr is of order 

10-10 eV, which is far below experimentallimits on scalar-tensor theories of 

gravity. 

6.4 Radion Stabilization and Phenomenology 

In this section we show how to increase the mass of the radion through 

using a bulk scalar field, and discuss the implications of the model for collider 

experiments, tests of the gravitational force, and cosmology. 

6.4.1 Stabilization by a Bulk Scalar Field 

We have found that the radion can be massive, massless, or tachyonic, 

depending on the value a which controls the dependence of the 4-brane stress-
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energy on its circumference. In the latter two cases (0: ~ 5), it is certainly 

necessary to increase the radion mass squared so that we have a stable uni

verse, with Einstein gravit y rather than scalar-tensor gravit y at low energies. 

In the 5-D RSI model, this was achieved by Goldberger and Wise [16] by 

adding a bulk scalar field, whose VEV's at the two branes were constrained 

by potentials on the branes to take certain values. The bulk scalar then 

acts like a spring between the branes, whose gradient energy becomes re

pulsive if the branes get too close, and whose potential energy (from m2cp2) 

causes attraction if the branes separate too much. We expect that the same 

mechanism should work in 6-D. 

Scalar fields in AdS have solutions which are exponentially growing or 

decaying toward the ultraviolet cutoff brane. Ref. [75] studied these solutions 

and found the approximate behavior 

(6.62) 

where O"± = -k ± Vk 2 + m 2 . Near the 3-brane, where the space does not 

look like AdS, the behavior is different; cp(f) ~ CPo(1 + m2f2/4), but this 

will not be very important for understanding the effect of the scalar since 

most of the volume of the extra dimensions is near the 4-brane. For generic 

boundary conditions, the growing solutions dominate, and it is a good ap

proximation to neglect the decaying ones. The main point is that the most 

natural configurations are on es where cp(O) < cp(R). 

Before doing any analytic estimates, we solved the entire system of Ein

stein equations numerically, to find the effect of the scalar field on the radion 

mass. There are three kinds of corrections to consider. First, the scalar field 

indu ces a small back-reaction on the static solutions, AD, BD, determined by 

the zeroth order truncation of the Einstein equations (6.37-6.41). This effect 

has been analytically computed in [75]. Second, the background scalar con

figuration couples to the fluctuations of the metric. This arises solely through 
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the term K2cp~ 2C1 of the perturbed (rr) component of the Einstein equations, 

(6.44). We will see that this is the really important effect for stabilizing the 

radion. The third kind of correction is from fluctuations of the scalar field, 

which can mix with the radion. These are governed by the perturbed scalar 

field equation (6.45). 

CP" - ~(4A' + B' ) cp' - cp' H' - _1_ 8V ((B' - A')H + H' - 2 2cp' cp ) 
1 2 0 0 1 0 2Bb 8cp 0 0 K 0 1 

82V m 2 

- 8cp2 CPl + a: CPl = 0 , (6.63) 

where V = ~m2cp2 is the bulk potential. 

Our numerical results demonstrating the stabilization of the radion are 

shown in figure 6. We considered scalar field configurations with cp = 0 at 

the 3-brane and varied the value of cp at the 4-brane, showing that m; (in the 

tachyonic case ct' = 1) becomes positive for sufficiently large values of cp( R). 

(Treating cp(R) as an adjustable parameter can be justified by imagining that 

we have stiff potentials for cp on the branes, fixing their boundary values to 

whatever we desire.) We checked that these results are quite insensitive to 

whether the fluctuations of the scalar are included. The mixing between the 

radion and CP1 was found to be negligible. 
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Figure 6. Dependence of m; on the value of cp at the 4-brane. 
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The behavior shown here can be easily understood by generalizing our 

previous derivation of the radion mass to include the effect of the scalar. The 

equation of motion and boundary condition for H, in the large-r region, were 

given in (6.58-6.59). We can take m2 of the scalar to be smaIl, so that its 

effect can be neglected in the bulk equation and the approximate solution 

(6.60) is still valid. Now wh en we solve the b.c. for the radion mass, we 

obtain the previous expression plus a new term, 

(6.64) 

whose origin can be traced to the extra term in the (rr) Einstein equation. 

The first term is also changed by the presence of the scalar field, because 

of its back-reaction on the static metric. However, using the results of ref. 

[75] who computed this back-reaction, we find that bA' is still of order e-2kR
. 

Therefore, sinee If: is of order é k
i'/2, the new term on the r.h.s. of (6.64) is 

the dominant one. The fact that If: has the correct sign (negative) to insure 

that the radion mass squared is positive is not obvious, but by numerically 

sol ving for H (r) we have verified that indeed If: (R) < 0, as we show in figure 

7. We thus find that for large enough values of cp(R), the rad ion mass is 

m rv m
2
cp(R) e-kR/ 5 rv MeV 

r kMg , (6.65) 

independently of the details of the 4-brane stress-energy. 

It is remarkable that the stabilized mass is not of order the TeV scale, 

as was the case in 5-D RSI [15, 16, 58]. The mass squared is suppressed 

by the fractional power of the warp factor left in the product ao If: rv aü1
/

2
. 

Recalling that the Planck scale hierarchy was set by a6/2 
rv 1032

, we see that 

the stabilized mr is suppressed by the factor 1016/ 3 , giving m r rv 10 MeV. 

This is precisely the same factor by which a Te V mass particle, transported 

from r = 0 to r = R, falls short of the Planck scale, as we noted in section 

2.2. Thus the smallness of the radion mass seems to be associated with the 
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additional dilution of the strength of gravit y that cornes from the large extra 

dimension. 

1.5 

H(r) 1 
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Figure 7. The radion wave function H(r) for the ground state, showing that 

H'jH < O. 

In ref. [75], one advantage of having a bulk scalar field was already pointed 

out: because of the back-reaction of the scalar on the metric, the jump 

conditions at the 4-brane can generically be satisfied for large values of il, 

as desired for achieving a large hierarchy, without mu ch sensitivity to the 

model of stress energy on the 4-brane. In particular, choices like Œ = 0 (pure 

tension) or Œ = 1 (smeared 3-brane), which by themselves could not have 

yielded a satisfactory value of il, become viable in the presence of the bulk 

scalar. The only requirement for getting sufficiently large il is that the scalar 

mass should be somewhat light sinee il t'V ;:'2' 
Hence one needs k / m t'V 8 to get the desired hierarchy. A similar relation 

occurs in the 5-D realization of Goldberger and Wise [16]. This requirement 

is quite compatible with the parameters we need for generating the radion 

mass, as in retrospect one would have expected. 
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6.4.2 Couplings of the Radion and Its Excitations 

In the 5-D RSI model, the stabilized radion has a TeV scale mass and TeV 

suppressed couplings to standard model matter [13, 30]. Were the couplings 

of our Me V -scale radion so large, it would easily be observable in low-energy 

experiments and possibly affect the cooling of supernovae. Here we show 

that the couplings are actually Planck scale suppressed. 

Computing the 4-D effective Lagrangian for the gravitational fluctuations 

at quadratic order, we obtain 

1 J ~['2 '2] .co = 3K;2 dOdrao(r)ybo(r) H (r,t)+ 2BI(r,t) +AI(O,t)T~, (6.66) 

where TJ.LJ.L is the trace of the 3-brane stress-energy tensor, representing the 

standard model, H(r, t) = H(r)<po(t), BI(r, t) = BI(r)<po(t), etc. Here <Po(t) 

represents the 4-D ground state radion field, and H (r), BI (r), Al (r) are the 

corresponding wave functions found in the previous section. Since they are 

nearly constant throughout the bulk, we can take them out of the integral 

and perform it to obtain 

f' M 2 ·2 TJ.L 
L.-o '" p <Po + <Po J.L' (6.67) 

This shows that the canonically normalized radion field ground state has 

Planck-suppressed couplings to TeV-brane matter. This differs from the 

behavior of the radion in the 5-D RS1 model. There, the wave function of 

the radion is exponentially peaked at the Planck brane, which overcomes 

the exponential warp factor in the measure to give .co '" (Te V)2<jJ6 + <PoTJ.LJ.L 

instead. The flatness of the radion wave function in the present case accounts 

for its weak couplings to the Te V brane. 

The KK excitations of the radion are exponentially peaked on the TeV 

brane, on the other hand. We can understand this from the asymptotic form 

of the bulk equation of motion (6.58); since the mass is no longer negligible, 

the solutions behave like H(r) ~ c2e-6kf/5, with the constant piece Cl equal 
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ta zero. The integrand of (6.66) behaves like e- 12kr!5+12kr!5 = 0(1), sa we 

obtain 

-+ ·2 M- 2 (k T~ 
CPn + 6 V Ii CPn ~. (6.68) 

Hence the coupling of the radion excited state is suppressed only by the 

small factor (M6R)1!2 rv J65 relative to the TeV scale. The radial KK 

gravitons have similar couplings, but larger masses (compare Tables 1 and 

3), so the radion excitations would be the first signal ofnew physics in collider 

experiments. Heavy radions could be copiously produced in the s-channel at 

the LHC, through gluon-gluon fusion events due to the QCD trace anomaly 

contribution to T~. 

6.4.3 Gravit y and Cosmology 

Although perhaps less physically motivated, models of the 4-brane stress

energy with Œ > 5 predict that the radion mass squared will be positive even 

without a bulk scalar, and that its magnitude is in the 10-3 eV regime. This 

is within the reach of Cavendish-type tests of submillimeter gravit y [8], and 

will be even more accessible ta upcoming versions of the experiment which 

will have improved sensitivity. 

It may also be possible to achieve this situation without appealing to 

exotic forms of matter on the 4-brane. The radion mass will get radiative 

corrections from its couplings to matter. Since the radion couples to the 

trace of the stress energy tensor on either brane, the heaviest particles will 

contribute the most strongly. Considering matter which is on the TeV brane, 

we can estimate the size of the one-Ioop correction as 

2 
mr,l-loop rv M2 . 

P 

(6.69) 

The numerator cornes from the fact that the Te V sc ale is the cutoff on the 

3-brane, and the heaviest particles will have masses of this order, whereas 
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the denominator is due to the fact that the lowest mode of the radion has 

Planck-suppressed couplings. This argument could be upset if the 4-brane 

has massive particles which are mu ch heavier than the TeV scale, since by 

the same argument these could apparently make the radion very heavy and 

presumably would destabilize the hierarchy which we have achieved. It may 

be necessary to assume that there are only massless particles on the 4-brane 

to avoid this. 

On the other hand, if we allow heavy particles to exist on the 4-brane, 

their natural mass scale is Ja(R) TeV f"V 1013 GeV. It is interesting that 

this is the right order of magnitude for generating the observed primordial 

density fluctuations from the simplest model of chaotic inflation. This is an 

advantage of the present model over the 5-D RS model, where a f"V 1013 GeV 

particle would look unnaturally light were it living on the Planck brane, and 

of course too heavy to exist on the Te V brane. 

6.5 Summary 

We have focused on the simplest and most direct generalization to six 

dimensions of the 5-D Randall-Sundrum two-brane model: the AdS soliton 

model, with the TeV 3-brane at the center of the azimuthally symmetric extra 

dimensions, and a 4-brane cutting the space off at sorne finite radius. The 

model has many features in co mm on with its 5-D predecessor: the geometry 

is highly warped and very close to AdS in the region far from the 3-brane, 

the graviton zero-mode is localized on the hidden brane, while the radial 

KK excitations are localized on the Te V brane and have a Te V mass gap. 

In both models, the radion can easily be stabilized by the Goldberger-Wise 

mechanism, using a bulk scalar field. 

However, there are also some quite distinctive differences. The hierar

chy between the Planck and weak scales, while generated mostly (2/3) by 
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warping, is also partly (1/3) due to the exponentially large size of the com

pact extra dimension [87], giving it sorne features in common with the large 

extra dimension proposal. The mass scale at the 4-brane is not the Planck 

scale, but it is suppressed by the size of the large compact dimension to the 

1013 GeV scale. There is a tower of relatively light (f"V TeV) KK gravitons 

corresponding to this large dimension. In the absence of stabilization by a 

scalar field, the 6-D model requires sorne mildly exotic form of stress energy 

on the hidden brane in order to have a finite volume. The 4-brane stress 

tensor generically depends on the size of the extra dimension as LoQ with 

sorne model-dependent number Œ. 

Most of these features were already known; in the present work we 

computed the spectrum of metric perturbations, including the graviton and 

graviphoton modes, and we found the unexpected new result that the radion 

is not necessarily massless, but has a mass squared which depends linearly 

on Œ and the negative bulk cosmological constant: m; f"V (5 - Œ)A TeV / Mp. 

Only for the special case of Casimir energy on the 4-brane (Œ = 5) is it 

massless. For smaller values of Œ it is tachyonic, and the space-time is unsta

ble. Its couplings to the TeV brane are Planck suppressed rather than TeV 

suppressed, due to the different behavior of its wave function relative to the 

5-D case. Once stabilized by a bulk scalar field, the radion mass is not Te V 

scale, as in 5-D, but rather at the MeV scale. This suppression is related to 

the presence of the large extra dimension which does not feature in 5-D. 

The 6-D model has similar phenomenology to the 5-D model, since the 

Kaluza-Klein excitations of the radion behave much like the ground state 

of the stabilized 5-D radion. However, there is a new possibility that the 

radion is stabilized not by the Goldberger-Wise mechanism, but by sorne 

form of stress energy on the 4-brane which has Œ > 5, or perhaps by radiative 

corrections from standard model particles on the Te V brane. In this case the 

radion mass is in the milli-eV range, which is just right for being accessible 
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in experiments which test gravit y below 1 millimeter. 

The latter possibility would seem to require the absence of massive par

ticles on the 4-brane, sinee radiative effects there should induce much larger 

corrections to the radion mass. In fact it might be neeessary to forbid heavy 

particles on the 4-brane just to maintain the large hierarchy we set out to 

achieve. This is a question which deserves further study. But if it is con

sistent to have heavy fields on the 4-brane, then the fact that their mass is 

naturally of order 1013 GeV is intriguing for inflation, since this is the right 

scale for getting density perturbations of order 10-5 in chaotic inflation. 
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Chapter 7 

Reheating from Tachyon 

Condensation 

7.1 Introduction 

Because of the difficulty of finding direct laboratory probes of string the

ory, it is interesting to look for possible evidence from cosmology.. Most 

notably, inflation may be tested more sensitively in the near future by the 

MAP [88] and PLANCK [89] observations of the cosmic microwave back

ground radiation. 

Recently there has been significant progress in constructing stringy in

flation models which make use of naturally occuring potentials between D

bran es to provide the false vacuum energy [90, 91, 92]. However, these at

tempts have not adequately addressed the question of how reheating occurs 

after inflation. In fact, there are reasons to fear that reheating may be 

generically difficult to achieve in D-brane inflation. For this reason, we aim 

to propose a generic mechanism for reheating in such models, which is qual

itatively different from reheating in ordinary field-theory inflation models, 

and which has the hope of being fairly robust. It is based on particle pro duc-
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tion in a time-varying background, which will occur even if the background 

motion is not oscillatory. 

Let us begin by describing the difficulty with reheating. In the simplest 

version of D-brane inflation, a paraIlel brane and antibrane begin with sorne 

separation between them in one of the extra dimensions required by string 

theory. Although paraIlel branes are supersymmetric and have no force be

tween them, the brane-antibrane system breaks supersymmetry so that there 

is an attractive force and hence a nonvanishing potential energy. It is the 

latter which drives inflation. Once the branes have reached a critical separa

tion, they become unstable to annihilation. The instability is described by 

condensation of a tachyonic mode [93]. Its low energy effective description is 

a field theory of a peculiar kind, whose Lagrangian has the form [94, 95]1 

where 

F(x) = 4
X

xf(x)2 
2f(2x) , 

(7.1) 

(7.2) 

which is determined for the superstring from the boundary string field the ory 

(BSFT). Here T is the sum of the original brane tensions and a is of order 

the string length, a t'V yÇi (the precise value to be used in the model we 

adopt will be discussed in section IV). The tachyon st arts from the unstable 

maximum T = 0 and roIls to T -+ 00. This pro cess requires an infinite 

amount of time, during which the tachyon fluid has an equation of state 

identical to that of pressureless dust as T -+ 1 [96, 97]. 

(There have been numerous recent attempts to make use of the tachyon 

fiuid for cosmology [98], either as the infiaton or as quintessence. Although 

these ideas might work if one had the freedom to change the form of the 

tachyon potential, the action which arises from string theory is not suit able 

1 we use the met rie signature (1) -1) ... ) -1) 
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for either purpose. Since the late-time equation of state is p = 0, the string 

theory tachyon does not provide accelerated expansion in the recent universe. 

At early times, its potential is too steep to satisfy the requirements of in

flation. Constraints on tachyon cosmology and its shortcomings have been 

discussed in [100] and [101].) 

Returning to our description of the endpoint of D-brane inflation, the 

situation is similar to that of hybrid inflation [102], where the tachyon plays 

the role of the unstable direction in field space which allows for inflation to 

quickly end. The important difference is that in a normal hybrid inflation 

model, T would have a minimum at sorne finite value, e.g., due to a potential 

like À(ITI2_a2)2, and the oscillations ofT around its minimum could give rise 

to reheating in the usual way, or the more efficient tachyonic preheating [103]. 

But with the exponential potential in (7.1) there can be no such oscillations. 

It thus appears that the universe will become immediately dominated by the 

cold tachyon fluid, and never resemble the big bang [101]. It is important to 

convert very nearly 100% of the energy stored in tachyon matter into radia

tion because the former redshifts more slowly than the latter. For example if 

we assume that the universe started initially with a temperature of at least 

1 Te V for the purposes of baryogenesis, while matter domination begins at a 

temperature near 0.1 eV, then the ratio of energy density in tachyon matter 

versus that in radiation must have been no more than 10-13 . 

To emphasize the difficulty of getting such efficient reheating III the 

present situation, let us contrast the rolling tachyon with an inflaton which 

is decaying through its oscillations into massless fermions via a coupling 

gcjJ1jJ'ljJ. The probability of particle production in the background cjJ = 

cjJo sin(J\;ft) is proportion al to the square of the transition matrix element 

J dtsin(Mt)e2iwt "" 5(M - 2w), where w is the energy of the fermion or an

tifermion. The square of the delta fun ct ion is understood in the usual fashion 

to be c5 (M - 2w) times the total time; in other words, oscillations lead to 

139 



a constant rate of particle production. By sirnply waiting long enough, the 

energy stored in the oscillations will naturally be reduced to an exponentially 

srnall level. In the case of the rolling tachyon however, cp is replaced by T 

which has the asymptotic behavior T cv t, and the whole action is rnultiplied 

by a factor e-Tja or e-
T2 

ja
2

. The corresponding transition matrix element 

J dt te-tja+2iwt is finite, with no delta function. As a result, it gives not a 

constant rate of particle production, but rather a finite nurnber density of 

produced particles. It is not obvious that the energy stored in the tachyon 

fluid can be sufficiently reduced. 

Nevertheless, it is known that the tachyon couples to rnassless gauge 

fields; one form that has been suggested for the low energy theory is the 

Dirac-Born-Infeld action [104, 105],2 

(7.3) 

Because of its tirne dependence, we expect that sorne radiation will be pro

duced by the rolling of the tachyon. It then becornes a quantitative question: 

can this effect be efficient enough to strongly deplete the energy density of 

the tachyon fluid, so that the universe starts out being dominated by radi

ation rather than cold dark matter? There is one immediate problem with 

this idea, however; the fact that the entire action is rnultiplied by the factor 

e-
T2 

ja
2 

rneans that the rnassless particles which are produced will not act 

like ordinary radiation [106]. Recent work has shown that these excitations 

have the sarne equation of state as the tachyon itself [107]. This is related to 

2This form is not the same as what one derives from BSFT. However it has the right 

qualitative features, besides being simpler to work with. Ignoring for a moment the gauge 

field, it can be shown that JI det(g/-LY - ô/-LTôyT) 1 = ,/1 - t 2 for time-dependent config

urations, so that the action vanishes as t -+ 1. The same is true for the BSFT -derived 

function F( _1'2) in (7.2). Moreover, both functions behave like J(oxT)2 for spatially 

dependent profiles in the limit that oxT -+ 00, whose relevance will be explained in the 

next section. 
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the fact that the system is annihilating to the closed string vacuum, which 

does not support any open string states like the gauge fields. 

An obvious way to circumvent the above difficulty is to assume that the 

branes annihilate not to the vacuum, but rather to branes of lower dimen

sion [108]. This is a natural possibility since any initial fluctuations of the 

tachyon field where it changes sign willlead to the production of topological 

defects at the points where T = 0, via the Kibble mechanism [91]. In the 

effective description, the lower dimensional branes are represented by soli

tonic configurations of the tachyon field. A D(p - 2) brane is a vortex of 

the complex tachyon field, whereas a D(p - 1) brane is a kink [94, 95, 109] 

. These possibilities are described by the descent relations of Sen [108]. The 

stable descendant branes are able to support open string excitations of gauge 

fields, including those of the standard model. They will no longer decouple 

as a consequence of the rolling tachyon because the topological defect which 

prevents pins T = 0 at the origin. 

In this chapter we will set up a simplified model of particle production 

by tachyon condensation, which we hope captures the essential features of a 

more realistic Lagangian. The computational method developed here should 

carry over straightforwardly to more complicated situations. In section II we 

motivate an ansatz for the space- and time-dependent tachyon background 

which describes condensation to a brane of one dimension lower than the 

initial configuration. In section III we present the solutions for a gauge field 

in this classical tachyon background. Section IV describes how we compute 

the spectrum of particles produced during the early phase of the tachyon 

motion, and presents numerical results. We conclude in section V with the 

interpretation of these results and a discussion of how the calculation can be 

improved in future work. 
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7.2 Tachyon background 

There are two kinds of tachyonic solutions which have been described in 

the literature: (1) static solutions which are topological defects and represent 

lower dimension al branes, and (2) dynamical solutions which are spatially 

homogeneous and describe a cosmological fluid with vanishing pressure at 

late times. The mechanism we have in mind combines these two pictures 

by supposing that at t = 0 the tachyon starts from (or very near to) the 

unstable equilibrium configuration T = 0 throughout sorne number d of extra 

dimensions which will be transverse to the final descendant brane. We denote 

the spatial coordinates of these extra dimensions by Xl, ... ,xd. Starting at 

t = 0, the tachyon st arts rolling towards T -+ 00 for IXi 1 sufficiently far from 

the center, whereas it is pinned to T = 0 at Xi = O. By charge conservation, 

there must be at least one other position where T = 0 also. The pair of 

defects represents a brane and an antibrane. For simplicity we will focus our 

attention on the half of the internaI space near Xi = 0 which contains the 

brane, since by symmetry the physics near the antibrane will be identical, for 

the purposes of particle production. At any given time, this half of the extra 

dimensional space will contain an interior region where the defect resides, 

and an exterior one where the tachyon is still rolling. We might expect the 

tachyon profile to evolve with time similarly to fig. l(a). 

To find the real behavior of T(t, Xi) we should solve the equation of 

motion for T which follows from (7.1). This is already a difficult numerical 

task in itself, and its results would surely complicate our next step, which 

will be to solve the gauge field equation of motion in the background T(t, Xi)' 

Therefore we are going to satisfy ourse Ives with a simplified ansatz for the 

background and defer more detailed investigations to future work. Namely, 

we will consider a linear profile for the defect, and a purely time-dependent 
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one in the exterior: 

T(x) 

T(t,x) 

T 

qx, Ixl < tlq 

aln(cosh(tla))sgn(x), Ixl > tlq 

0, t < 0 

(region III) (7.4) 

(region II) (7.5) 

(region I) (7.6) 

We have specialized to the case of a single codimension for the descendant 

brane (p = 1) and this dimension has been compactified by identifying the 

points x = 2L and x = -2L, where an antikink is assumed to reside. We 

show only the half of the space - L < x < L which surrounds the kink. A 

parameter q describing the steepness of the tachyon kink profile has been 

introduced. The spacetime regions I-III are illustrated in figure l(b). 

region III 

T 

-,--------~~--------~~~x 

(a) t=Û (b) 
region 1 

x x=-L x=L 

Figure 1. (a) Possible time evolution of the tachyon field T during condensation. 

(b) Our ansatz for the tachyon evolution in time and in the half of the extra 

dimensional space containing the defect representing the final state brane: region 

III contains a linear kink, II contains the homogeneous rolling field, and 1 is the 

unstable vacuum configuration. 
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One may wonder ta what extent the ansatz (7.4-7.6) reproduces a more 

realistic tachyon background. Let us first consider the rolling tachyon region 

(II). Eq (7.5) is in fact an exact solution not for the action (7.1) but rather 

for a mutilated version in which the argument of the exponential is linear: 

(7.7) 

This closely resembles the B8FT result for the effective action from the 

bosonic string, except for having ITI rather than T in the exponent. The 

bosonic string has an unphysical instability as T -t -00 which we artificially 

remove by taking the absolute value. The behavior of the solutions to (7.7) is 

similar to that coming from a potential with a quadratic argument, which is 

the appropriate one for the superstring. For example, the late-time behavior 

corresponding to the Lagrangian .c = Te-T2
/

a2 (1 - T2)b is 

assuming that b < 1. (This can most easily be derived by computing the 

corresponding Hamiltonian density and using energy conservation to get a 

first integral of the motion.) 8imilarly, if we expand (7.5) for large times, we 

get 

T(t) ~ t + ae-2t
/ a + O(e-4t

/ a ) , (7.9) 

which resembles (7.8). Moreover if we compute the relevant factor \h - T2 
in the two cases (now taking b = 1/2), 

(7.10) 

respectively. In other words V 1 - T2 is just equal to the other prefactor 

e- t2
/

a2 or e- t / a , as the case may be. This can easily be understood from 

the fact that the conserved Hamiltonian is V(T)(1 - T2)-1/2, hence V(T) 

and V 1 - T2 must be proportional to each other. It will turn out that the 
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simplified form e-t/ a makes it easier to solve for the gauge field in the next 

section, which is one of our motivations for adopting the action (7.7). 

Next we discuss the ansatz for the kink profile, T = qx, in region III. 

This static profile is not a solution to the equations of motion3 exeept in 

the limit that q ---t 00. If we consider a generalized action of the form 

.c = V(T)(1-T'2)b, then the linear profile is a solution only if q2 = 1/(2b-1). 

The limit q ---t 00 has been discussed in [94, 95], where it was noted that the 

descendant brane resulting from tachyon condensation has the right tension 

to agree with string theory when q ---t 00. In this limit the descendant brane 

looks like a genuinely lower dimensional object, whereas it would have a 

nonvanishing thickness (revealed by the energy densi ty of the profile) for fini te 

values of q. However a different method, that of level-truncation [110, 111], 

leads to tachyon defect profiles which do have a non zero width. In any case, 

there is no reason to believe that the kink thickness goes to zero immediately; 

it seems quite reasonable to assume that it will have sorne nonzero value 

initially, and possibly tend toward zero only as t ---t 00. We will assume 

that q remains approximately constant for a < t < qL sinee this is the time 

during which particles are produced. If q ---t 00 at later times, it will not 

significantly change our conclusions. 

A further issue is the shape of the spacetime boundary separating the 

static kink from the time-dependent solution. We have taken it to be lin

ear, t = qlxl, but this implies that T is not even continuous at the in

terface exeept for t »a. It might seem more reasonable to deform the 

3 An exact solution can be obtained from that of region II by analytically continuing 

t -+ ix, giving 

T - ( ) 1 (COS((L - x)/a)) 
- asgn x n cos(L/a) , (7.11) 

where we have imposed continuity of T' at x = ±L and assumed that L/a :S 1r/2. The 

solutions for the gauge field are complicated in this background, so we prefer to use the 

linear kink profile here. 
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boundary such that e*l/a = et1a + e-t1a . We could do so, but it would 

needlessly complicate the ansatz without even solving the problem of the 

tachyon Lagrangian being discontinuous at the interface, because the factor 

JI det(g/-!v - Ttw ) 1 = JI - (O/-!T)2 is still not smooth: (O/-!T)2 changes sign as 

well as magnitude across the interface: 

region II 

region III . 
(7.12) 

This is an indication that our ansatz (7.4-7.6) is defective; the true solution 

should have a smooth Lagrangian density at the transition. Nevertheless, it 

would greatly complicate the solution for the gauge fields in the next section 

if we tried to smooth out this behavior. We will instead compensate for the 

difficulties which arise from this oversimplification in another way, as will be 

explained. 

We found it simpler to consider condensation to a kink instead of a vortex 

configuration of the tachyon. The latter would be more realistic because of 

the fact that, assuming the parent branes are supersymmetric BPS states, a 

brane of only one dimension less is not, and consequently not stable, whereas 

a brane whose dimensionality differs by an even number is BPS. To reduce the 

dimensionality by two, the tachyon should be a complex field which condenses 

to a codimension-two defect, a vortex. Although we originally wanted to treat 

this case, it is not clear how to write the action of the complex tachyon in a 

way which extends to the time-dependent configurations of region II. BSFT 

calculations show that for a winding configuration of the form 

(7.13) 

the Lagrangian factorizes as [95] 

(7.14) 
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where F(x) = 4~~~J:r. It is not immediately obvious how to rewrite (7.14) 

in a Lorentz and gauge invariant way which would allow us to deduce the 

equations of motion for time-dependent homogeneous configurations. Ex

plicit constructions involve the use of independent tensors like 8J.LT*8vT and 

8J.LT8vT in matching powers of derivatives, so that a compact expression like 

(7.7) does not seem to emerge. We leave the consideration of these compli

cations for future work. 

That being said, the kink configuration may still be physically relevant 

because of the possibility of descending from the original Dp-Dp pair in two 

steps, with the unstable D(p - 1) brane being a resonance through which 

the system passes on its way to the stable D(p - 2) endpoint [112]. The 

transition from D(p -1) to D(p - 2) would be described by the formation of 

a kink. 

Finally, let us consider the fact that the rolling phase of the tachyon field 

ends in a finite time within our ansatz. Fig. 1 (b) shows that at late times 

we have eliminated the homogeneous condensate by fiat since at t = qL the 

entire bulk has been replaced by the static kink. We don't know whether this 

is the actual behavior, or if the homogeneous region persists, which could be 

the case if q grows with time: 

T(t,x) 

T(t,x) 

q(t) Ixl, 

a ln( cosh( tl a) )sgn(x), 

Ixl < tlq(t) (region III)(7.15) 

Ixl > tlq(t) (region II) (7.16) 

If q(t) grows with t faster than linearly, then region II survives and the 

tachyon fluid coexists with the final state brane at arbitrarily late times. We 

believe that the present calculation could give a reasonable approximation to 

the efficiency of particle production even in this case. The compactification 

length L will be replaced by the size of region III at the characteristic time 

scale when the fast roll phase ends (i. e, when t t'V 1 in the bulk). On the 

other hand, if q(t)lt ---t 0 as t ---t 00, then as long as the bulk is compact, 
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region II disappears completely. In this case it is still important to consider 

particle production on the brane since otherwise the energy that was stored 

in the rolling tachyon might go into invisible closed string modes in the bulk, 

namely gravitons, which would not be an acceptable form of reheating. 

7.3 Gauge field solutions 

Our aim is to find out whether the energy stored in the homogeneous 

tachyon fluid can be efficiently converted into radiation, so that the universe 

at least has a long period of radiation domination before possibly giving 

way to the cold dark matter of the rolling tachyon condensate. We will do 

this by quantizing the gauge field in the tachyon background and computing 

the Bogoliubov coefficients that quantify the mismatch between the vacuum 

states of regions l and III (see fig. l(b)); see for example [113, 114]. That is, 

if we start in the vacuum state appropriate for region l, we find that it is no 

longer the vacuum in region III, and therefore radiation must be produced. 

The first step is to find the action for the gauge fields to quadratic order 

in the fields. Expanding (7.7) in the tachyon background described in the 

previous section, we obtain 

l 

(8tA')2 - e-2t/a ((V yA')2 + (8x A?) , II 

JI + q2 e-qlxl/a ((8t Â)2 - (V y Â)2 - (~~!t), III 

(7.17) 

where Yi are the coordinates of the large 3 dimensions, and we have absorbed 

the volume of any other compact dimensions which are merely spectators into 

the brane tension T. We employed the radiation gauge (Ao = V y· A = 0) and 

projected out the extra polarization by setting Ax = 0, which is consistent 

sin ce this state turns out to have a mass gap in region III, unlike the massless 

components among the large three dimensions, 1. (The factor e-2t/a in region 
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II should really be (cosh(tja))-2, but this not an important difference, in the 

spirit of the other approximations we have made.) In the following we will 

drop the polarization indices of the gauge field and write sim ply A instead 

of Â. 

To make our analysis more tractable, we have ignored the time depen

dence of the metric due to the expansion of the universe in the above action. 

This neglect can be justified if the initial fast-roll regime of the tachyon, 

during which most of the particle production occurs, do es not take more 

than approximately one Hubble time. We expect that this will be true if 

the string scale is somewhat below the Planck scale and strings are weakly 

coupled, since then H rv v2LTjMi; rv 9sMsj(21fMp) [using the relation 

9; Mi; = M1Vj1f(27r )6 [92] and Eq (7.34)], whereas the time scale for the 

tachyon roll is of order the string scale. 

In the previous section we gave detailed motivations for our choice of 

the ansatz for the classical tachyon background. It is worth emphasizing 

one further criterion: by choosing T (t, x) to depend only on t or x in each 

region, we insure that the gauge field equations of motion can be solved using 

separation of variables, which greatly simplifies the task. 

7.3.1 Solutions in each region 

The solutions in region l are trivial since the background tachyon config

uration is simply T = 0: 

(7.18) 

where km = m1f j L, w~ = iJ2 + k~, and pis the momentum in the three large 

dimensions. We have split the modes according to their parity in the extra 

dimension for later convenience. 
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In region II, the equation of motion for A is 

fi + w2 e-2t/a A = 0 m , 

which has the solutions 

~ 2: [(bmJo(awme-t/a) + cmYo(aWme-t/a)) cos(kmx) 
v4L m 

(7.19) 

+ same with bm -+ bm, Cm -+ Cm, cos(kmx) -+ sin(kmx)] (7.20) 

Near t = 0, these oscillate just like the region 1 solutions, but at large t the 

oscillations freeze and the solutions grow linearly with time. 

Region III is the important one at late times, since this is where the 

descendant brane and the standard model are supposed to reside. Here the 

equation of motion is 

(1 + q2) (-fi + V~A) + Ali - ~sgn(x)AI = 0 , (7.21) 

using primes to denote oX. The solutions can be written as 

with 

{ vr n=O p, 

[ --2 1 (L k2 ) f/2 n?l p + 1+q2 4a2 + n , 

{ No, n=O 

Nneqlxl/2a (cos(knx) - ~ sin(knlxl)) , n?l 

{ 
#a(1- e-qL/a)-1/2(1 + q2)-1/4, n=O 

( 2) -1/2 _1_ 1 + ( -...!L ) (1 + q2)-1/4 n>l 
~ 2kn a ' 

ln(x) { _1_ eQlxl/2a sin(k x) 
~ n, n?l (7.23) 
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and kn = mr 1 L. 

These solutions have the desirable property, from the point of view of 

string theory, that there is a zero mode accompanied by a tower of heavy 

states [109, 112]. This is qualitatively similar to the spectrum of excited 

states of the open string, though we have sacrificed sorne of the similarity by 

taking the tachyon potential e- 1T1 / a instead of e-T2
/

a2
. With the latter choice 

one gets a more realistic spectrum of the form w~ t'V jJ2 + ni a2
, which has the 

correct n-dependence to match string theory. The disadvantage is that the 

solutions in region II cannot be found analytically since A. + w~e-2t2 /a2 
A = 0 

is not a standard differential equation. We have therefore given up sorne of 

the quantitative similarities with the real theory for the sake of being able 

to go as far as possible analytically. 

7.3.2 Matching at interfaces 

To complete our task, we must relate the solutions in each neighboring 

region to each other at the interfaces t = 0 and t = qlxl. This will impose 

relations between am, dtn and bm , Cm and between bm , Cm and dn , d~. At t = 0 

the procedure is straightforward; A and aoA must be continuous, leading to 

the relations 

(7.24) 

where the Bessel functions are all evaluated at awm . We used the Wronskian 

of Jo and Yo to obtain (7.24). Notice that there is no mixing between different 

m values at this point. 

Matching at the t = qlxl interface is more difficult. In this case we also 

demand continuity of A, but the fact that the prefactor JI - (aJ.LT)2 in the 

action is discontinuous means that derivatives of A are discontinuous as well. 

By integrating the partial differential equation for A along an infinitesimal 
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path which crosses the interface perpendicularly, we can show that the fol-

lowing linear combination of derivatives must be continuous at the interface: 

6.(FtA + qFxA') = 0 from II to III , (7.25) 

where Ft is the coefficient of ;12 and Fx is that of A,2 in the action. Namely, 

Ft = 1 in region II and )1 + q2e- q1 xl/a in III, while Fx = e-2t/a in II and 

e-qlxl/a / )1 + q2 in III. This gives the rather cumbersome matching conditions 

k ~ (bmJo(awme-qlxl/a) + CmYo(awme-qlxl/a)) cos(kmx) 

= L )2
1

_ (dne-iWnqIXI + d~eiWnqlxl) fn(x) 
n Wn 

for A itself and 

(7.26) 

k ~ [wm (bmJI(aWme-qlxl/a) + Cm YI (awme-qlxl/a) ) cos(kmx) 

qkme-qlxl/a (bmJo( aWme-qlxl/a) + cmYo( aWme-qlxl/a)) Sin(kmX)] 

~ )~wn [- iwnV1 + q2 (dne-iWnqlxl - d~éJJnqlxl) fn(x) 

+ q (d e-iwnqlxl + dt éJJnqlxl) f' (x)] (7.27) 
)1 + q2 n n n 

for the derivatives of A. Similar conditions hold among the odd parity modes 

[a, d -+ à, d, fn -+ in, cos(kmx) -+ sin(kmx)], which do not mix with those of 

even pari ty. 

7.3.3 Solution of matching conditions 

The technical challenge is now to solve for dn, d~ in terms of bn, Cn. Nor

mally this would be done by taking the inner product of each equation (7.26, 

7.27) with sorne function which is orthogonal to aIl but one of the functions 

multiplying dn or d~. But because of the diagonal nature of the II/III inter

face, the latter functions are products of orthogonal functions, which are no 

longer orthogonal. This makes it impossible to solve for dn , d~ analytically. 
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We should therefore choose some set of basis functions gi (x) and integrate 

them against the matching conditions (7.26-7.27) to transform the latter into 

the discrete form 

(7.28) 

We were not able to identify any set of gi(X) that makes the matrix Lin even 

approximately diagonal (which would facilitate an analytic approximation), 

making a numerical solution necessary. After sorne experimentation, one 

realizes that the most efficient way to do this is to discretize the system on 

a spatiallattice at positions Xi, so that 9i(X) = c5(x - Xi)' This allows us to 

compute the matrices Lin and Rm without having to perform any integrals. 

An ultraviolet cutoff is thus introduced. Let i = 0, ... , N so that Xi = iL / N. 

It makes sense to let the mode number of the spatial eigenfunctions in (x) also 

range from 0 to N; then (7.28) gives exactly as many equations as unknowns. 

The system can be solved by numerically inverting the matrix Lin [86]. The 

results are presented in the next section. 

7.4 Particle Production 

Our solutions for the gauge field in regions I and III are normalized so 

that am, atn, dm, dtn are the correct creation and annihilation operators for 

particles in the distant past and future once the gauge field is quantized. We 

assume the universe starts in the vacuum state anlO) = O. But this state is 

not annihilated by dT" since the latter is a superposition of a, a t determined 

by the Bogoliubov coefficients a and j3, 

(7.29) 
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Therefore observers in the future will see a spectrum of particles in the final 

state given by 

(7.30) 
m 

In this section the numerical results for Nn and the total energy density of 

produced radiation will be presented. 

7.4.1 UV sensitivity 

Ideally one should obtain convergent results in the limit that N -+ 00, 

where we recall that N is the number of sites of the spatiallattice in the extra 

dimension, introduced in the previous section. However we do not observe 

this from our numerical results; rather there is a steady growth with N. Our 

conjecture is that this is related to the disco nt inuit y in the action which arises 

from the sign change in (O/-LT)2 across the II/III interface. In a simpler situa

tion where particles are produced due to a (spatially constant) time-varying 

background, the spectrum is proportion al to the square of the Fourier trans

form of the background. If the latter has sharp features, the s'pectrum falls 

only as a power of energy, whereas a smooth background leads to exp onen

tial suppression of high energies. For example, the Fourier transform of e-tA 

times a step function of time is (A + iw t 1 whereas the Fourier transform 

of (1 + t2A2)-1 is proportional to e- 1wl /A . In the former case, summing over 

high frequency modes could lead to nonconvergent results. We expect the 

high frequency contributions to be suppressed by a factor like e- 1wl /A if we 

had a more realistic tachyon profile whose derivative changed smoothly over 

a time 1/ A. We have not yet found a way of altering T(t, x) to incorporate 

this behavior while still allowing us to solve for A(t, x) analytically. 

To remove sensitivity to the lattice spacing, we therefore try to model 

the expected effects of smoothing out the background tachyon solution by 
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inserting a convergence factor by hand, so that (7.28) becomes 

(7.31) 

Once this is done, the limit N -+ 00 is well-behaved. We have thus essentially 

traded the original ultraviolet cutoff N / L for a new one, A, who se physical 

meaning is more transparent. Figure 2(a) shows the dependence on N of the 

low-momentum zero-mode production, No(Po), at Po = O.05/a, for several 

values of A and q (recall that the latter parameter determines the slope of 

the interface between spacetime regions II and III). The convergence with N 

is faster for smaller values of q; numerical limitations therefore prevent us 

from accurately studying large values of q. Fig. 2(b) shows the dependence 

of zero-mode production on moderate values of q; large values of q at fixed 

N give exponentially increasing results due to the term Yl(awm e-qx / a ) in 

(7.27), but these nevertheless become well-behaved again as N is increased 

to sufficiently large values. On physical grounds one might anyway expect 

q :::; 1 due to the finite speed of propagation of the kink. 

7.4.2 Spectra 

We note that each state in region III is distinguished not only by its mode 

number n, but also its momentum p in the large dimensions, which we have 

until now suppressed except for its appearance in the energies Wn , Eq (7.23). 

In figure 3(a) we show the dependence of Nn(p) on these two variables. The 

spectrum of zero modes falls monotonically with p as expected. Although 

the nonzero mode spectra temporarily rise with p, their contributions to the 

total energy density are smaller than that of the zero mode. We have taken 

q = 1 and A = 1/ a for the parameters controlling the steepness of the kink 

in spacetime and the suddenness with which it forms. The dependence on 

the size of the bulk L can be seen in fig. 3(b). 

155 



0.3....,-----,----r----,----,---,----,----,----, 

0.25 

0.2 

o .e 0.15 
~o 

0.1 

o 
Q.. 

~ 

0.4 

0.2 

A = lia 

A = 0.5/a 

100 
N 

1- N=lOol 
- N=200 

2 
q 

150 200 

3 4 

Figure 2. (a) Dependence of No (po) on N for Po = 0.05/a, L = 2a, A = 0.5/a, l/a 
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limit. 

156 



-2 

-4 
~ 

""""' S -6 

S'" 
.s -8 

-10 

-12 

-5 

o 

-15 

-20 

o 

-4 -3 

n=û 
- - n=l 
• - n=2 
~ •• n=3 

l ,,"""" n=4 
n=5 

-2 -1 
In(p/a) 

2 
In(n) 

o 

3 4 

Figure 3.(a) Momentum dependence of the spectrum of produced particles, Nn(p) 
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In(p) 

Figure 4. DifferentiaI energy density of produced radiation as a function of p. 

Fiducial values of parameters are L = a, A = lia and q = 1. 

Here and in the remainder we have made the simplifying approximation of 

ignoring the odd-parity modes and keeping only the even ones, which include 

the dominant zero mode. We expect that this gives a slight underestimate 

of the actual efficiency of particle production, by no more than a factor of 

order unity. 

To find the total energy density of produced radiation, we should sum 

over both n and p: 

J dpr J d 3
p 

Pr = dp dp - ~ (27r)3 Nn(p) . (7.32) 

The heavier modes are counted because they will presumably decay very 

quickly into massless standard model particles. In figure 4 we show the 

differential energy density, ~, as a function of momentum, for seve raI values 

of the other parameters. 

7.4.3 Energy density produced 

We turn now to the main results, the total energy density Pr of produced 
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radiation, obtained from integrating Eq (7.32). In figures 5(a-c) we graph 

the dimensionless combination ln( a4 Pr) as a function of the main unknown 

parameters, q, A and L. It is clearly an increasing function of aIl three 

parameters. The "critical value" shown in these figures, which we would like 

Pr to exceed, is derived in the next subsection. We will argue that this is the 

value at which reheating st arts to significantly deplete the energy stored in 

the roIling tachyon fiuid. 
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O.5/a, with q = 1. 

Our goal is to see if the produced Pr is a large enough fraction of the 

energy density which is available from the homogeneous rolling tachyon fiuid, 

PT' We thus need to specify the value of PT which is predicted by string 

theory. In terms of the effective tension of the original brane and the size of 

the extra dimension, 

PT = 2LT. (7.33) 

By the effective tension, T, we mean the energy density in the (4 + 1)

dimensional spacetime which includes x. If we started from a nonBPS Dp

brane, then T = ..;2'TpV where V is the volume of compact dimensions within 

the brane eXcluding x, and 'Tp is the tension of a BPS Dp-brane, 

(7.34) 

Therefore PT depends on gs, V, Land ol. However, not an of these are 

independent; they are related to the fine structure constant of the gauge 

coupling evaluated at the string scale Ms = (0/)-1/2 [92]: 

(7.35) 
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Interestingly, if we use this to eliminate the V dependence from (7.33) we 

find that the dependence on the string coupling and on L is also gone: 

M 4 
s (7.36) 

To find out how mu ch energy is available for reheating, we must also 

consider the descendant brane's 4-D energy density, Pi' This is obtained by 

integrating over the extra dimension in (7.7) for the kink profile T = qx and 

taking the limit q ~ 00. The result is simply Pi = 2aT. Therefore the excess 

energy density which can be used for reheating is 

6.p = PT - Pi = PT (1 - ~) (7.37) 

Rence we should demand that L > a to get any reheating at aU. 

In order to compare 6.p to the energy density of produced radiation, we 

need to know the parameter a in terms of the string length. In our simplified 

model of tachyon condensation, this can be determined by demanding that 

the tension of the descendant (p - 1)-brane match the string theoretic value 

for a BPS state, given by (7.34) with p ~ p - 1. In the limit q ~ 00, 

the ratio of the initial and final brane tensions in our field theory model is 

(limq-too JI + q2 J~oo e-qlxl/adx)-l = 1/2a, whereas the string theoretic value 

is V2Ms/(27r). We therefore obtain 

(7.38) 

Now we can quantify the efficiency of reheating. Our results for PT are 

expressed in units of a-4 . Using (7.38) we can convert the available energy 

density 6.p into the same units to find the critical value of PT) caU it Pc, for 

which the conversion into radiation would be 100% efficient: 

7r -4 rv -4 

Pc = 32V2 a(Ms) a = 1.7a (7.39) 

We take the fine structure constant to be 1/25, and we omit the factor 

(1 - a/ L) since it would require fine tuning of L to make it very relevant. 
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The figure of merit for reheating is therefore Pr/ PC' The critical value Pc 

appears as a dotted line in figures 5(a-c). We see that for large enough 

values of A, q, or L, reheating can be efficient. 

7.5 Conclusion 

We have made a case for reheating the universe after brane-antibrane 

inflation by production of massless gauge particles, due to their coupling to 

the fast-rolling tachyon field which describes the instability of the initial state. 

Our results are encouraging, indicating that if the extra dimensions within 

the original branes but transverse to the final one are large enough compared 

to the string length scale N, reheating can be efficient enough so that 

radiation dominates over cold dark tachyon matter. Depending on details 

of the tachyon background and the compactification, an extra dimension of 

size t'V ION could be sufficient. (For example, with L = 4a in an orbifolded 

compactification, the size of the extra dimension would be 47r / v'2Ms-l ~ 

gN). In the present analysis we counted only a single polarization of one 

U(l) gauge boson and ignored the odd parity modes in the extra dimension, 

so the real situation could be less constrained. 

The calculation is complicated, and we have made it tractable by invoking 

a number of simplifying assumptions. We considered formation of a kink in 

the tachyon field rather than a vortex. We used a simplified version of the 

tachyon action rather than the one which has been derived in BSFT. We used 

an ansatz for the background tachyon field which is a good approximation 

to the actual solutions in the regions where it de pends only on space (the 

kink) or on time (the homogeneous roll), but we do not know how suddenly 

it makes the transition between these two regimes, hence we parameterized 

this uncertainty by introducing a cutoff A on the tachyon field's derivative. 

We have also left the slope q of the tachyon kink profile T = qx, during kink 
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formation, as a free parameter. Moreover, we have ignored the expansion of 

the universe, which is only correct if the brunt of the tachyon roll completes 

in a time not mu ch exceeding the Hubble time. We have also ignored the 

back-reaction of the produced particles on the tachyon background, so our 

criterion of requiring the produced energy density to meet or exceed that 

which is initially available is a crude one. 

To do a better job, more numerical computations will probably be neces

sary since it is hard to solve the gauge field equations of motion in a tachyon 

background that depends on both space and time. One check that might 

be carried out relatively easily is to numerically obtain the time- and space

dependent solution T(x, t) for the more realistic action and compare its fea

tures to those we have assumed. This is in progress. Very recent work on 

how to generate time-dependent tachyon solutions in ref. [115] might prove 

to be helpful here. 

Finally, in the related work [116], the authors assume that there is a 

constant rate of decay of the tachyon fluid into radiation. We have presented 

arguments to the contrary. If such an assumption could be justified, it would 

greatly enhance the viability of inflation via brane-antibrane annihilation. 
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Chapter 8 

Conclusions 

In this thesis the cosmological implications of many brane world scenarios 

and the tachyon were studied. 

In chapter 2, we pointed out that the potential of Goldberger and Wise 

for stabilizing the distance between two 3-branes, separated from each other 

along an extra dimension with a warp factor, has a metastable minimum 

when the branes are infinitely separated. The classical evolution of the ra

dion (brane separation) will place it in this false minimum for generic initial 

conditions. In particular, inflation could do this if the expansion rate is 

sufficiently large. We presented a simplified version of the Goldberger-Wise 

mechanism in which the radion potential can be computed exactly, and we 

calculated the rate of thermal transitions to the true minimum, showing that 

model parameters can be chosen to ensure that the uni verse reaches the de

sired final state. Finiteness of bulk scalar field brane potentials can have an 

important impact on the nucleation rate, and it can also significantly increase 

the predicted mass of the radion. 

In chapter 3, we presented the 5-dimensional cosmological solutions in 

the Randall-Sundrum warped compactification scenario with the Goldberger

Wise scalar field. The back-reaction of the scalar field on the metric was taken 
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into account. Matter on the Planck and Te V branes is treated perturbatively, 

to first order. We identified the appropriate gauge-invariant degrees of free

dom, and showed that the perturbations in the bulk scalar can be gauged 

away. We confirmed previous [15, 30], less exact computations of the shift in 

the radius of the extra dimension induced by matter. We pointed out that 

the physical mass scales on the Te V brane may have changed significantly 

since the electroweak epoch due to cosmological expansion, independently of 

the details of radius stabilization. 

In chapter 4, we presented a possible explanation for the smallness of the 

observed cosmological constant using a variant of the RSI mechanism with a 

bulk scalar field. In contrast to RSI, we imagined that we are living on the 

positive tension Planck brane, or on a zero-tension Te V brane. In our model 

there were two solutions for the scalar field in the bulk and the corresponding 

brane separations, one of which is tuned to have zero cosmological constant. 

We showed that in the other solution, which is a false vacuum state, the 4-D 

cosmological constant can be naturally small, due to exponential suppression 

by the warp factor. The radion is in the milli-e V mass range, and if we live on 

a Te V brane its couplings are large enough that it can measurably alter the 

gravitational force at submillimeter distances. In this case the Kaluza-Klein 

excitations of the graviton can also contribute to submillimeter deviations 

from Newtonian gravit y, and we have in addition the collider phenomenology 

of the usual Te V -scale radion. 

In chapter 5, we derived a simple no-go theorem relating to self-tuning 

solutions to the cosmological constant for observers on a brane, which rely on 

a singularity in an extra dimension. The theorem showed that it is impossible 

to shield the singularity from the brane by a horizon, unless the positive 

energy condition (p + p ~ 0) is violated in the bulk or on the brane. The 

result holds regardless of the kinds of fields which are introduced in the 

bulk or on the brane, whether Z2 symmetry is imposed at the brane, or 
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whether higher derivative terms of the Gauss-Bonnet form are added to the 

gravitational part of the action. However, the no-go theorem can be evaded 

if the three-brane has spatial curvature. We discussed explicit realizations 

of such solutions which have both self-tuning and a horizon shielding the 

singulari ty. 

In chapter 6, we studied a generalization of the Randall-Sundrum mech

anism for generating the weak/Planck hierarchy, which uses two rather than 

one warped extra dimension, and which requires no negative tension branes. 

A 4-brane with one exponentially large compact dimension plays the role of 

the Planck brane. We investigated the dynamical stability with respect to 

graviton, graviphoton and radion modes. The radion was shown to have a 

tachyonic instability for certain models of the 4-brane stress-energy, while it 

is stable in others, and massless in a special case. If stable, its mass is in the 

milli-electron volt range, for parameters of the model which solve the hierar

chy problem. The radion was shown to couple to matter with gravitational 

strength, so that it is potentially detectable by millimeter-range gravit y ex

periments. The radion mass can be increased using a bulk scalar field in the 

manner of Goldberger and Wise, but only to order MeV, due to the effect of 

the large extra dimension. The model predicts a natural scale of 1013 GeV 

on the 4-brane, making it a natural setting for inflation from the ultraviolet 

brane. 

In chapter 7, we argued that it is possible to reheat the universe after in

flation driven by D-brane annihilation, due to the coupling of massless fields 

to the time-dependent tachyon condensate which describes the annihilation 

process. This mechanism can work if the original branes annihilate to a stable 

brane containing the standard model. Given reasonable assumptions about 

the shape of the tachyon background configuration and the size of the rele

vant extra dimension, the reheating can be efficient enough to overcome the 

problem of the universe being perpetually dominated by cold dark tachyon 
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matter. In particular, reheating is most efficient when the final brane codi

mension is large, and wh en the derivatives of the tachyon background are 

large. 
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