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Abstract

Recently, the ideas of extra dimensions and brane world scenarios have
captured considerable interest. The potential ability of these brane-based
models to explain the gauge hierarchy problem and the cosmological constant
problem has been examined in numerous recent papers (on these subjects).
In the first part of this thesis we examine many aspects of warped brane
world scenarios, focusing on the Randall-Sundrum model. We begin with
the stability issue of the Randall-Sundrum model and its cosmological impli-
cations. We will specifically verify that the Randall-Sundrum scenario, once
stabilized, will reproduce the late-time conventional cosmology. In further
studies, the possibility of providing a very small cosmological constant, in ac-
cordance with recent observations, is examined in the context of the warped
brane world scenario. We also show that the “self-tuning” mechanism of the
cosmological constant problem does not improve in the brane world models
and the unnatural fine-tuning mystery of the cosmological constant problem
remains unexplained. In the second part of this thesis some cosmological
implications of the tachyon are examined. In particular, a mechanism is pre-
sented to take advantage of a time-varying tachyonic background to convert

the energy of the tachyon to radiation at the end of inflation.



Résumé

Récemment, I’idée de dimensions supplémentaires et de scénarios de
« brane world » a capté un intérét considérable. La capacité potentielle de ces
modéles, reposant sur le concept de branes, a expliquer le probléme de la
hiérarchie de jauge et le probléme de la constante cosmologique a été examinée
dans de nombreux articles parus récemment sur le sujet. Dans la premiére
partie de cette thése, plusieurs aspects des scénarios de « warped brane world »
sont examinés, en mettant I’emphase sur le modéle de Randall-Sundrum. On
débute par la question de stabilité de ce modele et ses implications
cosmologiques. On vérifiera spécifiquement que le scénario de Randall-
Sundrum, une fois stabilisé, reproduira la cosmologie traditionnelle aux temps
récents. Dans une étude subséquente, la possibilité de produire une trés faible
constante cosmologique, en accord avec les observations récentes, est examinée
dans le contexte de scénarios de « warped brane world ». On démontre aussi
que le mécanisme de « self-tuning » du probléme de la constante cosmologique
ne se voit pas amélioré dans les modéles a branes, et le mystére du « fine-
tuning », lié au méme probléme, reste inexpliqué. En deuxiéme partie de cette
thése, quelques implications cosmologiques de la corde tachyonique sont
examinées. En particulier, on présente un mécanisme qui tire avantage d’un
arriére-plan tachyonique variant dans le temps pour convertir, 4 la fin de

I’inflation, I’énergie du tachyon en radiation.
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Chapter 1

Introduction

Recently, the idea of the extra dimensions and brane-based scenarios
have captured a considerable level of interest in the high energy physics
community. The brane world scenarios have the ability to provide a novel
interpretation of interactions between gravity and the Standard Model of
particle physics. In this regard they may provide a unique solution to some
of the longstanding problems in the high energy physics. Among these are
the gauge hierarchy problem and the cosmological constant problem. Also,
the brane world models may open a new window toward the cosmology of

the very early universe.

In one class of these brane world scenarios proposed by Arkani-Hamed,
Dimopoulos and Dvali (ADD) [7], space-time is the product of a four-
dimensional Minkowski space and a compact factorizable manifold. The
Standard Model of particle physics is trapped on the brane, while gravity
can propagate in the higher dimensions. An observer on the 3-brane mea-
sures the effective gravitational scale, Mp;, to be M3, = M%"?V,, where M
is the fundamental gravity scale in higher dimensions and Vj is the volume
of the extra dimensions. For a very large V; (mm?), M can be as low as the

weak scale. This provides a partial solution of the gauge hierarchy problem;
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i.e. the question of why Mp, is 16 orders of magnitude larger than the weak
scale. On the other hand this opens up the new question of why R, the
typical radius of the extra dimensions, is so much larger than the expected
scale 1/M.

Assuming that M ~ TeV, we find R ~ 103%/¢ x 107" cm. For d =1 the
radius of the extra dimension is unacceptably large. For d = 2 one obtains
the approximate value R ~ mm, just on the edge of the table-top experimen-
tal bound for gravity, due to the fact that the four-dimensional Newtonian
gravity has been experimentally verified down to a distance of about 0.2
mm [8]. However the most severe experimental constraints come from light
Kaluza-Klein (KK) graviton excitations. The typical KK graviton excitation
has mass m, = n/R and interacts with SM fields by M3, suppression in-
stead of M?2. On the other hand the total emission rate of KK gravitons is
large for energies comparable to M due to the small mass gap between KK
excitations. Consequently the bound from collider experiments on M could
be as low as few TeV [9]. However, astrophysics imposes even more severe
constraints. For example, requiring the light graviton emission to not cool
down the supernova 1987A too quickly implies that M > 30 TeV.

For d > 2, yet smaller values for R are obtained. For example when d = 6, we
obtain R ~ 1072 ¢m, where the search for any deviation from conventional
gravity is impossible.

Randall and Sundrum (RSI) proposed a different brane world scenario to
explain the gauge hierarchy problem [10]. In their model, the geometry along
the extra dimension is not factorizable and the space-time is ”warped” due to
a negative cosmological constant which fills the bulk. The Hierarchy problem
is now explained by the curvature of the extra dimension. The physical mass
scale depends on the position of the observer in the bulk, similar to the
Doppler effect.

The RS scenarios, RSI and RSII, have proved to have even richer proper-
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ties and physical applications than the ADD model. It does not suffer from
the light KK excitations and is compatible with cosmological requirements.
Also, it might have a plausible string theoretic origin. In this regard, we will
mainly focus on the warped brane world scenarios and their cosmological
implications.

Interestingly, the Kaluza-Klein picture of the brane world scenario, either
in the form of the ADD or RS model, is not the only physical application
of branes motivated by string theory. Recently applications of the tachyon
to the cosmology of the very early universe have been extensively studied.
The tachyon appears in some formal brane world models, either in brane-
antibrane collisions or in the decay of unstable branes to lower dimensional
branes. It indicates another example of the richness and vast number of
applications of string theory motivated branes in current theoretical high en-
ergy physics. We will also devote some space to study the tachyon cosmology
in this thesis.

This thesis will be divided up as follows. We begin with a review of the
Randall-Sundrum model and how it can explain the gauge hierarchy prob-
lem. A discussion of its excitation modes and their phenomenological impli-
cations is presented. The idea of “self-tuning” as a potential solution to the
cosmological constant problem in the context of the brane world scenario is
presented in the section following. A review of the cosmological applications
of the RSI and RSII models is the last topic concerning the warped brane
world scenario in this introduction. The last section of the introduction is
devoted to a brief study of the tachyon.

Chapters 2-6 are devoted to many aspects of warped brane world scenarios.
In chapters 2 and 3 some cosmological aspects of the stabilized RSI model via
the Goldberger-Wise (GW) scalar field are studied. In chapter 2 we study the
radion potential in the GW mechanism. In chapter 3 we will verify pertur-

batively that the RSI model reproduces the standard Friedmann-Roberston-
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Walker (FRW) cosmology.

Chapters 4 and 5 are devoted to the cosmological constant problem in the
context of the brane world scenarios. In chapter 4 we use an RSI-like model
and demonstrate how a very small cosmological constant can be generated,
in accordance with recent observations. In chapter 5 we present a no-go
theorem on how the self-tuning mechanism in brane world scenarios fails to
explain the cosmological constant problem. While the theorem is easily de-
rived, it is quite robust and model independent.

In chapter 6 we present a six-dimensional brane world model, the AdS soli-
ton. This has the interesting property of being a hybrid of the ADD and
RSI models. While it solves the gauge hierarchy problem in the same way
as RSI, it does not have any negative tension brane. The different excitation
modes and the stability of the model are extensively studied.

Chapter 7 is devoted exclusively to tachyon cosmology. We demonstrate a
reheating mechanism for the universe at the end of inflation, based on a

time-varying tachyonic background.

1.1 The RS Models

1.1.1 The Set-Up

In the RSI model, the space-time is five dimensional and the metric is

given by the ansatz
ds* = e~ 240y, dotds” — bPdy?® . (1.1)

The space-time is compactified on S;/Z,. Two branes are located at the
fixed points y = 0,1. For reasons that shall be made clear later, the brane
located at y = 0 is referred to as the “hidden” or “Planck brane”, while the

brane located at y = 1 is called the “visible” or “TeV brane”. The action for
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this model is

S = /d%\/:z (-21?3 - A) + [ d*0y/G (£mo = Vo) ly=o
+ /d4x\/'g'(£m,1 V) |yer - (1.2)

where «? is related to the 5-D Planck scale M by x* = 1/(M?) and A is the
bulk cosmological constant. The sign of A will be determined by the solution.
On each brane there exists a vacuum energy, V4 and Vi, as a gravitational
source even in the absence of particle excitations. In the following discussion
we will not be concerned about the existence of the matter fields, £,,. In the
cosmological discussion of the next chapters, we will consider the existence
of matter on the branes. Also in what follows, the 5-D indices are denoted
by capital Roman indices, M, N,... while the 4-D indices for the observer on
the branes are denoted by Greek indices, y, v,....

We would first like to investigate the solution of the classical Einstein
equations where the space-time is static. Written explicitly, the Einstein

equations are
(Rarw — 2gmnR) = 62guw A + 50,004 0% (Vod(y) + Vid(y — 1)) . (1.3)

The (00) and (55) components of the Einstein equation, respectively, are

/{)2/\ K,2 2

247 — A" = =20 — Tbhd(y) - %bm(y ~1), (1.4)
2
A? = —5“6—/\192 . (1.5)

From Eq (1.5) it is clear that A < 0, i.e. the bulk is an AdS space-time.
Parameterizing the bulk cosmological constant as A = —6k?/x?, the solution

of Eq (1.5) with orbifold symmetry, y — —y, is
A = kbly| . (1.6)

The boundary conditions can be read off directly from the Dirac delta func-

tion in Eq (1.4). More explicitly they are [A}] = (—1)* %szi, where ¢ = 0,1
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and [X ()] = X(y:t) — X(y;7). Imposing the boundary condition on each

brane, the following constraint is obtained

6k
Vo=-V = = (1.7)

This fine-tuning between the bulk cosmological constant and the brane ten-
sions must be satisfied in order to obtain a solution that respects the four-
dimensional Poincare invariance. As a consistency check we can directly
show that the total action, S, is zero when the constraint (1.7) is satisfied,
meaning there is no remnant energy left over on the 3-branes. To see this,
note that

R =} (2047 — 164'6(y) + 16A'5(y)) - (1.8)
The delta functions in the above expression come from the discontinuity of
the warp factor at the position of each brane. Using this expression for the

Ricci scalar, the bulk part of the action is

[ =i (~gaR - 4) = 50 =) 19)

12
This exactly cancels the last two terms in the action (1.2) coming from branes.
In chapter 4 we will slightly relax the fine-tuning (1.7) to produce a very small
effective 4-D cosmological constant.

In order to trust this solution one must assume k/M < 1, which means
that the bulk curvature is smaller than the fundamental mass scale and the

higher curvature terms are negligible in the action.

1.1.2 Physical Implications

To see how the gauge hierarchy problem can be addressed in the RS
model, first we need to find an expression for the four-dimensional gravita-
tional strength, Mp;. The four-dimensional graviton zero mode is determined

by replacing 7,, in (1.1) by g..,. The corresponding 4-D effective action is
M3 1 _
Sepf D2 X —Q—b/d4x/ dy/=ge *4e* R | (1.10)
0
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where the factor 2 is due to the orbifold symmetry and the second exponential

A

factor, e*4, comes from the rescaling relation between the 5-D Ricci scalar,

R, and the 4-D Ricci scalar R in metric (1.1). We find that

3

Mp)? = AZ~(1 — e 2kby (1.11)

The above relation between Mp; and M indicates that Mp; depends only
weakly on b for relatively large kb, in sharp contrast to ADD model.
It is assumed that the SM particles are confined to the brane located at

y = 1. For a typical scalar field on this brane, the action is given by
S = /d4ze_4’4(y) [eQA(y)n“”O#(/)@,,qS - m2¢2] ly=1 - (1.12)

The bare mass, m, is of the order of the fundamental mass scale, M ~ Mp;.

After normalizing the kinetic part by the rescaling e=4¢ — ¢, we find
Mphys = € Fom | (1.13)

This is the main result of the RS model. To get a hierarchy of 10 between
TeV and Planck scales, one only requires that kb ~ 35.

1.1.3 Excitation Modes

It is important to verify that the RS model is consistent with four-
dimensional gravity. This requires an investigation of the behavior of the
modes appearing in the four-dimensional effective theory. There are two
kinds of physical excitations around the static background of metric (1.1).
The first one is the graviton excitations, corresponding to perturbing 7,, by
hyu,. The second one is the radion, corresponding to the fluctuation in the
brane separations. It can be shown that these two modes do not couple to

one another and each can be excited separately[11, 12].
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Gravitons

To be consistent with the four-dimensional gravitational expriments, the
graviton excitations should have a zero mode, corresponding to a long dis-
tance gravitational attraction for massive objects on the TeV brane. On
the other hand, the massive KK graviton excitations should not modify the
Newtonian 1/7 potential for distances larger than 0.2mm, as was verified in
the table-top gravity experiment [8].

Consider a linearized fluctuation of the metric in the form

ds* = e 3[(n,, + hy)dz"dz” + d2?]

= 245" (1.14)

In the above expression, the new coordinate, z, is defined by the relation
kz+1 = e for y > 0 and A(z) = In(kz + 1),z > 0. Also, for later
applications we define a new line element, d3?, conformally related to ds?.
In order to find the equations for the linearized perturbations, we can
compute the effective action up to O(h?) and vary it to find the equations of

motion. To begin with, we choose the Randall-Sundrum gauge[10, 11]
o,ht =0 , ht =0. (1.15)

This gauge has the advantage that all components of h,,, regardless of the
indices, satisfy the same equation of motion, as we will see later. Using the

conformal relation ds® = e~24(*)d5% one can show that
R=e*(R—-8V2A+124%) (1.16)

where R is the curvature scalar calculated purely by the d3? line element,
given by
- - 3
_(4 aff of
R=" R—nPhl, - Zh' hos | (1.17)

8



and @R is the four-dimensional curvature on each slice of the brane located
at constant position z,
1

DR =
4

1
Rl hog o — iaﬂ(%aﬂhw,ﬂ — hhg, ) - (1.18)

Plugging equations (1.16), (1.17) and (1.18) into the action for R and by
defining h= e_TBAh, we find, after performing some tedious but straightfor-

ward algebra, that

1 1
S = Q—I;E/dllxdzl:Z(haﬂ’uhaﬂ,u — hlaﬁh:}ﬂ)

3

15k2 3 n oa
_2 2 - ho# 1.1
(16(kzc+1)2 PO+ kot Zc)> haﬂ]( 9)

The corresponding equation of motion is

1., 15k? 3 3 -

- — kS ————ké(z — 2.)| hag = 0.

pltas T [8(/% 1z "M@ s (2 = 2e) | s
(1.20)

1 ~
50,0 has -

To analyze these modes, we impose the separation of variables,

2

B z,2) = ¥(2)e®*, where p2 = m? is understood as the mass of each
B

excitation mode. The final mode equation is

2
Larivle=""y, (1.21)
2 2
where
15k2 3 3
VO = g e MO g (02

Much information can be obtained from the general shape of this analog
nonrelativistic potential. The delta function supports a normalizable zero

mode. Its wave function is given by

e

Po(2) = No(kz +1)~ (1.23)

where Ny is a normalization constant. Unlike the ordinary Kaluza-Klein the-

ories with factorizable geometry, the zero mode wave function is a nontrivial

9



function of the extra dimensional coordinate and is decreasing toward z = z,
the position of the second brane. This indicates that the coupling of the zero
mode to the TEV brane is much weaker than its coupling to the Planck

brane. Consequently the zero mode is peaked near the Planck brane.

The massive KK graviton wave function is given by a linear combination

1 1
of (hz+1)2Jy (2(kz + 1)) and (kz+1)2Y; ((kz + 1)), where J and Y; are
Bessel functions. Imposing the boundary condition ¢, = —%kwm at z =0,

we find

Yn(2) = Nl + 12 [L()Y (B2 + 1)) = Vi) (Rlhz +D))]

(1.24)
where NV,, are the normalization constants.
Further, imposing the boundary condition ¢, = _%(.’CTZC-FT)d}m at z = z, the
following quantization condition on m,, is obtained
Ji(B)Y; (B (ke + 1)) = Vi(Z2)Jy (B(kze + 1)) =0 (1.25)

Phenomenologically interesting are the lightest excitations, correspond-
ing to the creation of massive gravitons accessible to an observer on the TeV
brane. In the limit > < 1, for example with KK gravitons of mass of order
TeV, the approximate solution of m,, is given by J; (%(kzc + 1)) = 0. The
first few m,, are m, = 3.8ke™* Tke %0 10.2ke™*", ...

We see that the massive KK are approximately quantized in units of ke=*?
and consequently the tower of massive KK excitations is split by the TeV
scale. This gives another sharp distinction between the RS and ADD models,

since in the ADD scenario with two extra dimensions the mass gap in the

KK excitations is around 1072 eV, wheras RS has a mass gap of TeV.

We would also like to compare the couplings of ¥, and 1y to the TeV

brane. For large mz one can use the plane wave approximation for ),
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VzJo(mz) ~ [ Zcos(mz — 3m)

VzYa(mz) ~ \/Zsin(mz — 37) . (1.26)

Consequently
~ Ny Ji(2)y/ 22 e 1.27
Ym(2) = Ny 1 () sin(mz — 57) + Wcos(mz =3m . (1.27)

The normalization constants Ny and N,,, can be fixed by the following or-

thogonality condition

z

5 | A2 = O (1.28)

—Ze

Fixing Ny and N,, in this manner, we find that v, (z:)/%o(2:) ~ kz.. This
implies that 1),, couples to the TeV brane kz, ~ 10'6 times stronger than does
the 1y. In other words the massive KK gravitons couple with TeV strength
to the TeV brane. This is quite interesting from a phenomenological point
of view. The excitations of KK gravitons with mass around a few TeV and
with interactions suppressed by the TeV scale can potentially be detected in
future collider experiments at the LHC.

One can simply remove the TeV brane from the above picture. In this
model, RSII, the SM particles are confined to the Planck brane and the hier-
archy problem can not be explained. Since the four-dimensional gravitational
strength, Mp;, is weakly related to the position of the second brane in Eq
(1.11), the gravity is still localized even if the second brane is moved to in-
finity. This can also be understood from the fact that the zero mode in Eq
(1.23) is still normalizable if z. — oco. In this model the KK excitations are
continuous and thus have all possible m? > 0. To find the wave functions of
the KK excitations, we can still use Eq (1.24). Now N,, must be normalized
by

/ °:o Az (2) e (2) = B(m — ) . (1.29)

Using the orthogonality properties of the Bessel functions we find
1
N = /2 [Ji(2)? + Ya(22)2] 2. (1.30)
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The gravitational potential between two particles m; and ms on the Planck

brane will now be given by

AV() = ~Gumoms (34 [ nOP )

o0
= G, (34 [T )
1

= —Gymm(]4 L), (1.31)

T

=S =

>3

In the final expression, the first term comes from the exchange of a massless
graviton between m; and my. The second term is the sum of the Yukawa
potentials from continuum KK graviton exchanges. Also in the step before

the final expression, the factor 2 comes from the measure of the plane wave

k

for large z. The extra factor 7 is due to the suppression of the KK excitations

at z = 0: by using Eq (1.30) for N, in Eq (1.24), for small 7 we find that
Y (0) \/% .

This correction is extremely small and the deviation from usual New-
tonian gravity is beyond experimental observations. For example, taking

the current bound on the precision of the ordinary gravity r = 0.2mm ~

10'%(TeV)~!, we find a correction of order 10~

The Radion

In order to explain the gauge hierarchy problem in RSI, the combination
kb must be approximately 35, so that e™*® ~ 10716, Yet in the original pro-
posal, the value of b, which is the size of the extra dimension, was completely
undetermined. It is a modulus with no potential, which is phenomenologi-
cally unacceptable. As we will see below, the particle associated with 4-D
fluctuations of b, the radion, would couple to matter on the TeV brane in a
manner similar to the gravitons, but stronger by a factor of e® [13]. This
would lead to a fifth force that should easily have been detected. Further-

more, a massless radion leads to problems with cosmology: our brane universe
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would have to have a negative energy density to expand at the expected rate,
assuming that energy densities on the branes are tuned to give a static extra
dimension[28, 29]. It was shown in refs. [30, 31] that this problem disappears
when the size of the extra dimension is stabilized.

In [14, 15] the radion excitation of the metric has been found to be
ds? = e W@y  dridy” — (14 2F (z,y)) bPdy® | (1.32)

where F(z,y) = e*WT(z) .

In order to identify the radion’s coupling to the branes, we need a Kaluza-
Klein reduction of the five-dimensional Einstein-Hilbert action for this per-
turbation. The kinetic part of the 5-D action corresponding to this pertur-
bation is Skin, = —%M 3(d 5$\/§ka, where Ry;, corresponds to the part of
the 5-D curvature scalar containing the time derivatives. A straightforward

calculation lead us to
Sk'in,r = 3M3/d4 aT /dye 24 4k|y|
= e — / d*z(0T (x (1.33)

Correspondingly, using the relation M3, = T? the normalized radion, ¢(z),
is given by é(z) = V6 MpetT(z) .
On the other hand, the induced metric on the brane, g,,, is given by the

relation g,, = e~24W-2F@w) g = The coupling of the radion to the matter
field is
(SSSM 6551\/1 59’“’

= ¢(z)(-3 —gTM,,)(\/g]?V[Plekbguu)
= -0 ey
Y= Tony? (1.34)

¢(z)
" V6MpeHb 6 Mpe=kb
In the penultimate relation above, we have used the approximation F' < A,

and in the final expression we have identified e AT 1 as the physical stress
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energy tensor, in light of the resolution of the hierarchy problem in the RS
model as given by Eq (1.13).

As indicated in Eq (1.34), the massless radion couples to the trace of
the stress energy tensor on the TeV brane with TeV suppression. It pro-
duces a long range gravitational force 10%* times stronger than the usual
gravitational force. Radion stabilization is therefore a crucial ingredient of
the Randall-Sundrum idea. Goldberger and Wise (GW) have presented an
elegant mechanism for accomplishing this [16], using a bulk scalar field. Self-
interactions of the field on the branes forces it to take non-vanishing vacuum
expectation values, vy and v; respectively, which are generally different from
each other. The field thus has a gradient in the extra dimension, and the
competition between the gradient and potential energies gives a preferred
value for the size of the extra dimension. In other words, a potential for the
radion is generated that has a nontrivial minimum. It is easy to obtain the
correct brane separation using natural values of the parameters in the model.

The stabilized radion in the GW mechanism has a mass somewhat lighter
than the TeV scale and therefore lighter than the KK modes of the bulk
fields[17] and the KK excitations of the graviton. In this regard the detection
of the radion field might be the first detectable signal of the RS scenario.

In chapter 2, we will investigate the radion potential for a stabilization

mechanism closely related to the GW method.

1.2 The Self-tuning Mechanism of the Cos-

mological Constant Problem

Recent observations of high redshift Type la supernovae [18] indicate

that the universe is accelerating with a large fraction of the energy density in
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the form of a cosmological constant, A. Combined with observations of the
cosmic microwave background(CMB), an approximately flat FRW cosmolog-
ical model with total energy density €2, + 4 >~ 1 and Q4 ~ 0.7 is suggested.
This corresponds to a vacuum energy density of py ~ 10747 GeV*.

On the other hand, from a basic field theoretical point of view, the energy
density of the vacua is expected to be much larger than 10747 GeV*. Adding
the zero-point energies of a typical field with mass m produces a vacuum

energy density

M
Py ~ / dkk*Vk? + m2 ~ M*, (1.35)
0

where M is a cutoff scale of the theory.

The fundamental mass scale of general relativity is Mp; ~ 10'® GeV. This
would imply a vacuum energy density py ~ 10" GeV*, which is 10'?° times
bigger from the observed value. This is one of the biggest discrepancies be-
tween theoretical prediction and experimental observation in physics. Stated
another way, the cosmological constant problem requires a cancellation of 120
decimal places between an adjustable classical cosmological constant in the
gravitational action and the one loop vacuum fluctuation of the SM fields.
The extreme smallness of the cosmological constant leads one to the belief
that the true vacuum has a zero cosmological constant. In a review article
Weinberg [19] presented a sort of no-go theorem stating that any mechanism
attempting to adjust the cosmological constant dynamically will suffer from
another fine-tuning, probably no better than original cosmological constant
fine-tuning.

Recently, it has been argued that in the context of the brane world sce-
nario the 4-D no-go argument of Weinberg can be evaded. In [20, 21] it was
shown that choosing the higher dimensional gravitational dynamics care-
fully, one can convert the SM vacuum energy into the bulk as a current.

The gravitational back-reaction of this current warps the higher-dimensional
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space-time while maintaining the Poincare symmetry on the brane. These
models have the same geometric set-up as the RSII and the SM fields are
confined to the brane while a scalar field along with gravity can propagate
in the bulk. Choosing the coupling of the scalar field to the brane in a spe-
cific conformal form, for a given value of the brane tension there exists a
flat solution on the brane. This flat solution remains unaffected by one loop
quantum corrections on the brane. However, in these solutions there is a
naked curvature singularity in the bulk at a finite physical distance from the
brane. To solve the cosmological constant problem in this method, a satis-
factory study of the naked singularity must be undertaken. In this section
we briefly review the self-tuning idea.

The 5-D gravitational action coupled to the scalar field @ is

5= [d*sv=g (-%R + 18,004 — V(<1>)) T [ d%2/gV5(®)ly=o
(1.36)
In this expression T is the brane tension or the vacuum energy density on the
brane and contains the SM quantum loops and V(@) indicates the coupling
of the scalar field to the brane. The coupled Einstein equations with the

ansatz (1.1) and b =1 are

2

I " K2 K2 &/ K
2A2 —A = — 73 ((I)) - ?@2 - ETV()é(y) (137)
A% = —EV(D)+ 50" (1.38)
" = 4AD + V(D) + TV(D)d(y) - (1.39)

Here the primes on the potentials V and V; denote %.
Following[20, 21], we first assume V(®) = 0 and that the brane coupling
25
will have the conformal form V,(®) = ¢v3”. The solution is then easily found

to be

Aly) = —ginl — &

By) = Po — Lin|l — I, (1.40)
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where ry and @, are constants of integration. Intuitively speaking, the idea of
self-tuning is based on having more constants of integration than constraining
equations from the boundary conditions.

Imposing the boundary conditions A’ = '2—2TV0(<I>) and ® = ZV{(®), we
find
(1.41)

Interestingly enough, there is no fine-tuning of 7' to the microscopic param-
eters of the theory. Given a solution for one value of T, a shift T+ AT in T
is simply compensated by a shift in ®y.

As can be seen from the solution, there is a naked singularity at
ro = 5o 6_2_\/%%. This indicates that the 5-D effective field theory breaks
down near the singularity, and the solution for » > r; can not be trusted
since the short distance physics of quantum gravity becomes important. One
might hope that the fundamental theory, i.e. string theory, will resolve this
singularity. Also one might argue that placing a brane in front of the singular-
ity and implementing orbifold symmetry will resolve the singularity problem.
It is easy to verify that in order to restore the 4-D Poincare invariant solution
the tension of the regulator brane T, must be exactly fine-tuned to T' = T,
[10, 22], which destroys the whole idea of self-tuning.

One interesting property of this solution is the translational symmetry
® — ® + constant in the bulk. The associated conserved current

1 OSbutk
VI 50,

JM = (1.42)

has non-zero component J, due to 4-D Poincare invariance. The confor-
mal coupling of ® to the brane explicitly breaks the shift symmetry. This

corresponds to a localized source on the brane given by

J, = f\/_-é TeVs® (1.43)



This implies that the SM vacuum energy is transferred to the bulk via this
current. There is no 4-D curvature due to the vacuum energy on the brane,
but the back-reaction of this current warps the bulk.

The general feature of the self-tuning solution with non-zero bulk po-
tential V(®) and with an arbitrary brane coupling V5(®) was studied in[23].
In this paper the authors proved a no-go theorem demonstrating that the
self-tuning solution with localized 4-D gravity will always produce a naked
singularity at a finite distance from the brane.

Up to now, it was assumed that the bulk is globally Poincare invariant.
An interesting loophole for avoiding the no-go theorem in [23] is to break the
global Poincare invariance in the bulk while maintaining that a brane slice at
a constant position in the bulk retains the Poincare invariance [24, 25]. As a
result, depending on the field content of the model, the singularity in the bulk
can be shielded by a horizon, making it physically tolerable like the ordinary
Schwarzchild black hole. The metric ansatz in this warped asymmetric model
is [24]

ds? = h(r)dt* — a(r)d@® — h(r)"'dr? . (1.44)

A gauge field, accompanied by gravity, will propagate in the bulk. A gener-
alization of Birkhoff’s theorem implies that this metric has the geometry of

an AdS-Reissner-Nordstrom black hole with

h(r) = g— A a(r) =r? (1.45)

r2
where p and () are proportional to the black hole mass and charge, respec-
tively, and [72 = —£k2A is the AdS curvature radius.

Imposing the boundary conditions at the brane position r, will determine

the brane tensions in term of the black hole mass and charge:

po= 317+ Extwp’)ryt
Q* = 2(17+ e (1 +3w)p?) 1’ . (1.46)
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In this expression p indicates the —T¢ component of the brane tension while
p = wp corresponds to the T} component of the brane tension. As a com-
parision, in the RS model w = —1, which corresponds to a homogeneous
brane.

A careful investigation of the above relations indicates that a self-tuning
solution can be found while the singularity is hidden behind a horizon located
between the brane and the singularity[24]. This requires w < —1 in the
desired domain of the parameter solutions, corresponding to an exotic matter
field on the brane which violates the weak energy condition. One might argue
that the existence of such an exotic matter content can be cured if a complete
model of asymmetrically warped background with more fields in the bulk is
considered. In chapter 5 a no-go theorem is presented showing that the
situation does not improve and the existence of this exotic matter is actually
generic.

Besides providing a new manner of dealing with the cosmological con-
stant problem, the asymmetrically warped brane scenario incorporates the
interesting new idea of Lorentz violation on the brane from the gravita-
tional sector. The induced geometry on each brane slice at constant r is still
Poincare invariant, however different 4-D sections of the metric (1.44) have
different Poincare symmetry. The local speed of light is a function of the
brane position in the extra dimension given by ¢(r) = /h(r)/a(r). Due to
globally broken Poincare symmetry, the speed of gravity propagation will be
different from the speed of light. Intuitively, if the local speed of light is an
increasing function in the bulk, then the gravitational wave can slightly bend
in the bulk and therefore arrive earlier than electromagnetic waves confined
to the brane. In this regard, gravitational signals can move faster than light.
This intuitive picture of Lorentz violation from the gravitational sector was
explicitly verified in [24] by studying the light-like geodesic behaviour in the

bulk and also by studying the graviton zero mode perturbatively around the
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RS solution.

The future gravitational wave experiments like LIGO, VIRGO or LISA
may test this phenomenon. Also the apparent Lorentz violation may provide
a mechanism other than inflation to explain the horizon problem of the FRW

cosmology|[26].

1.2.1 Cosmology of the RS model

The cosmological implications of the RS model have been extensively
studied [27]-[37], [1, 2]. In the early works, it was realized that the expansion
of the brane universe could be significantly different from the standard FRW
cosmology[27, 28, 29].

In [27] a two-brane world universe with the same topology as RSII was
studied. The bulk was empty and the branes contained matter energy density
and pressure without any brane tension. It was shown that the cosmologi-
cal evolution on the brane is quadratically related to the energy density, in
contrast to the conventional linear expansion in late time cosmology. The
sensitivity of Big Bang Nucleosynthesis (BBN) to the expansion rate will
exclude any such dramatic change in late time FRW cosmology.

The cosmology of the RSI was studied soon after and it was shown that
there is a wrong sign in the Friedmann equation for the observer on the TeV
brane[28, 29]. Also matter on the TeV brane, p, and the matter on the Planck
brane, p,, are correlated to each other by p, = —Q2p, where Q = e . As
was argued before, this pathology is due to the lack of radion stabilization
and it was then shown that once the radion is stabilized the conventional
FRW cosmology is recovered[30, 31].

The cosmological implications of the stabilized RSI model were exten-
sively studied in[30]. Either by averaging the Einstein equations in the bulk
to obtain the 4-D equations or by averaging the 5-D action over the bulk to
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obtain the effective 4-D action, the following picture was concluded: for gen-
eral matter states without a radion potential the radion runs off to infinity.
This can be avoided by tuning the energy densities on the two branes as men-
tioned before. Once the radion is stabilized this constraint is removed and
the conventional cosmology is recovered. The constraint for matter fields on
the two branes is now replaced by an expression of the radion displacement
around its vev
s 1920 = 3p) + Q*(p — 3p.)]

~ : 1.47
b kb mTQMp[QQQ ( )

On the other hand, both Newton’s constant and the SM particle masses

depend on the vev of the radion. A substantial change in these quantities
before BBN would result in a different prediction for the abundance of light
particles. The success of the standard BBN imposes severe constraints on
the changes in these quantities. An estimation of change since BBN therefore
could be insightful. Here we assume that there is no matter on the Planck
brane, i.e. p, = 0.

From Eq (1.11) we find AG/G ~ kAbe™?*, which in combination with

Eq(1.47), implies

_A_Ci ~ e~ 2kb PNR

¢ m,2(TeV)?’
where p — 3p ~ pygr. The energy density of the non-relativistic particles

(1.48)

just before the start of BBN is pyg ~ (Tsan/T0)3pco ~ 102 eV*, where
Tsen ~ 10MeV and p.g ~ 10710 V% Substituting this into the above

expression one finds

AG TeV
T 10730 ¢ 10728 (—)2 . 1.49
G X 1075( ) (1.49)

The fact that this should not be more than 10% will impose the lower bound
m, > 1077 eV. Also, requiring that the weak scale has not changed more

than 10% since the BBN implies from Eq (1.13) that kAb < 1/10. Using Eq
(1.47), this gives the upper bound

my > 10002 0(1072)eV . (1.50)
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Previously we showed that the radion couples to the SM particles with TeV
suppression. This indicates that the above cosmological constraints are ex-
tremely weaker than the constraints from collider experiments.

In chapter 3 a systematic investigation of the stabilized RSI cosmology
is presented. In the rest of this section we will review the cosmology of the
RSIT model in detail.

Due to the fact that there is no stabilization problem in the RSII model,
the cosmology of the RSII model does not suffer any of the above pathologies.
Also, an analytical investigation of the model can be performed exactly.
There are two methods of studying the cosmology in the RSII scenario,
the brane-based approach and the bulk-based approach. In the brane-
based approach the brane is located at a fixed point in space-time while
the bulk is dynamic [33, 32]. The Gauss-Codazzi equations and the Is-
rael junction conditions[38] are used to find the Einstein equation on the
brane. The effect of the bulk geometry is encoded in an undetermined ten-
sor, E,,, corresponding to the projection of the 5-D Weyl tensor on the
brane: E,, =0 C,q,pnnP, where n® is vector normal to the brane [33].
The brane-based method has the advantage of using a metric ansatz simi-
lar to the FRW metric but with the disadvantage of losing the information
from the bulk hiding in £,,. On the other hand, in the bulk-based method,
the bulk has the geometry of the static AdS-Schwarzschild black hole and
the brane is a moving boundary[34, 35, 36]. The Israel junction conditions
give the energy and pressure of the brane as a function of its trajectory. The
beauty of this approach is that there is no hidden information in the bulk and
the cosmological solution translates into a wall moving in an AdS space-time.
The only disadvantage of this method is that this is perhaps more abstract
and less intuitive compared to the brane-based approach. It was explicitly
shown in [36] that these two approaches are equivalent. In this section we

will use the bulk based approach following [34] and [36].
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In this method the metric in the bulk is given by

a
h(r) "’

where h(r) = k— 472 — & and dX3} is the metric for a homogeneous 3-D space

ds® = h(r)dt* — r’dS; — (1.51)

of constant curvature with £ = 0,+1. In this expression yu is interpreted as
the bulk black hole mass originating from E,, .

The induced metric on the wall is given by
ds?, = dr® — R(1)dZ% . (1.52)

For an observer comoving with the wall, 7 is the proper time. The condition

that the wall is moving in the bulk will imply
£2h(r) — R?h7(r) =1, (1.53)

where t = ¢(7) and the derivatives are with respect to the proper time 7. By
definition ¢ is the time coordinate in the bulk and may not agree with the
proper time on the brane.

Let n* be the unit normal vector on the brane such that h,, = g, +n.n,
and n#n, = g,n*n” = —1, where h,, indicates the induced metric on the
brane. Also define u* to be the wall velocity vector, which by construction
is given by n*u, = g, n*u” = 0 and for an observer on the brane u, = u™ =
1,7 = 0. Using the identities u! = Zu” = { and u" = &

in the bulk finds

u” = R, the observer

u, = (£,0, R). (1.54)
Furthermore, the orthogonality condition between u and n implies
n, = +(R, 0, —1). (1.55)

The =+ sign reflects the choice of which part of the space-time we wish to

keep, r < R or r > R. This in general depends on the sign of the brane
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energy density: positive(negative) energy brane matches across two inte-
rior(exterior) space-times with —(+) sign choice and with outward(inward)
normal vector.

The Israel junction conditions imply
AKab = _"{‘:2(Sab - %Shab) ) (156)
where K, are the components of the extrinsic curvature and

Sap = —prhes + (o7 + Pr)UsUsp - (1.57)

In the above expression pr and pr are the total energy density and the total

pressure on the brane, respectively. More explicitly
pr=T+p ; pr=-T+P, (1.58)

where now T represents the pure brane tension in the static RS background
and p and p represent the ordinary matter energy density and pressure,
respectively.
The components of the extrinsic curvature in terms of the intrinsic brane
coordinates £* = (7, %) are explicitly given by
Y
g%g—;v“n,, :

The non-zero components of the extrinsic curvature are kyy and &;;. Imposing

Ku = (1.59)

the Z, symmetry between the interior (—) and the exterior (+) regions, they

are given by

R+ 1N
ki = +——2 1.60
00 th ) ( )
and
ki = FRth . (1.61)

The (ii) component of Eq (1.56), using Eq (1.61), will result in pr = F3th.
Using Eq (1.53) to replace £ in favour of R in this expression of pr, we arrive

at

R K/4 K2 k el
(E)Z = (3_GPT2 +5A) - Tt (1.62)
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The other non-zero component of the extrinsic curvature will give the energy

conservation condition on the brane

_ R
pT+3§(pT +pr)=0. (1.63)

Equations (1.62) and (1.63) can be used to investigate the cosmological wall
solutions. The chosen form of pr and pr distinguishes various different cases.
The most straightforward choice is when the bulk is empty and the only
energy source on the brane is that of ordinary matter, i.e. pr = p and pr = p.
In this case we find a non-conventional cosmology with H ~ p, which is in
contradiction with the late-time matter dominated cosmology|[27].

The second possibility is the “domain wall” when pp = —pp, while p =
p = 0. Following Eq(1.63) we find pr=constant and Eq (1.62) is simplified
to )

(—g-)2 = Aess - % + % , (1.64)
where A.sp = (%/)T2 + %2—/\). The background RSII model is the one with
Aepp = k = p = 0. As was mentioned before in Eq (1.7), the fine-tuning
between the brane tension, pr here, and the bulk cosmological constant is to
enforce the vanishing vacuum energy on the brane. The analytical solution
of Eq (1.64) for the case of a planar domain wall, £ = 0, can be found [36]
with no physically relevant applications.

The most physically interesting case is when the matter energy density
and the pressure are added to the brane on top of the the background RSII
tension. This corresponds to pr = T + p and pr = —T + P with the
equation of state p = wp. Eq (1.63) implies p = poR~*1+%) and Eq (1.62) is
transformed to

k  w'T K !

2 2

A, + 0o+ —p° + . 1.
(%) I R 18 36 R4 (1.65)

Several interesting conclusions can be drawn from Eq (1.65). First we

note that in the low energy limit when p <« T and taking p = 0, the late
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time standard FRW cosmology is recovered with 87G = £7T. In the case
of vanishing A.s; this reduces to M3, = MTs, in exact agreement with Eq
(1.11). The fact that the conventional FRW cosmology is recovered in this
case should be expected, since we already verified that both the zero mode
and the KK graviton in RS background have well-defined behaviour, and the
low energy 4D gravity is indeed recovered for the observer on the brane. On
the other hand, the p? correction in Eq (1.65) will decay rapidly in the early
radiation era as R~%. This is not likely to have a significant effect on the BBN
predictions and is quite negligible in the late-time matter dominated era given
that p < M ~ Mp;. The term corresponding to p, however, is of considerable
interest. In this term the scale factor changes as in the radiation era with
constant 4, and in this regard it is called the dark radiation. Mathematically,
both positive and negative p are possible. If p is positive, then it behaves
like extra relativistic particles and increases the expansion rate, whereas for
negative p the argument is reversed. Due to its effect on BBN and CMB, the
sign and magnitude of y are restricted. An analysis of dark radiation by the
BBN constraints is presented in [39]. It is convenient to compare the dark
radiation to p,, the energy density of the photon in the BBN epoch at T' =
1MeV. In this terminology ppr/py = 3u/87GR% p,, as can be read off from
Eq(1.65). Furthermore, ppr/p, can be interpreted as an effective number of
extra neutrino species, %AN,,. For positive dark radiation the upper bound
AN, < 0.13 is obtained from primordial ‘He and D/H abundances in the

BBN epoch. For a negative dark radiation, a wider range of dark radiation

density is allowed and a lower limit of AN, > —1.41 is obtained.

1.2.2 Tachyon Cosmology

We have seen that the brane world scenarios have drastically changed

our traditional intuition about the interaction of SM particle physics with
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gravity. It is reasonable that other, more formal, brane-based models may
have novel applications to the cosmology of the very early universe, especially

inflation.

Inflation has become a central facet of the cosmology. Not only is it
capable of addressing the shortcomings of standard cosmology, i.e. flatness
and the horizon problems, but it also provides an interesting explanation
of structure formation in the universe. The expansion due to inflation is
usually driven by a slow rolling scalar field. In some brane world scenarios,
a natural candidate for this rolling scalar field is provided by the inter-brane
separations. In particular in brane-antibrane collisions the distance between
two branes is the field which plays the role of the inflaton, while the onset of
tachyon condensation after the branes reach some critical separation provides

the unstable direction of hybrid inflation[90, 91, 92].

The cosmological investigation of the tachyon was triggered by the recent
work of Sen[96]. It was shown that at the end of tachyon condensation the
tachyon field can be described by a pressureless gas with non-zero energy
density, known as tachyon matter. In this regard it is very similar to non-
relativistic cold dark matter. Its cosmological relevance and shortcomings
were studied in [99], [100] and [101]. Since the tachyon field does not oscillate
around a minimum of the potential, it appears that the universe will become
immediately dominated by cold dark matter and never resemble the hot big
bang. This is not acceptable because it is well-known that at some early
stage our universe was radiation dominated. It is important to convert very
nearly 100% of the energy stored in tachyon matter into radiation because
the former redshifts more slowly than the latter.

In this section we briefly study the basic properties of the tachyon, closely

following [99].
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The tachyon is described by the effective action

L=-V(T)/1-n*0,T9,T, (1.66)

where in bosonic string theory V(T) = Vye~7/% and in superstring theory
V(T) = Voe~T*/To* | Ty is close to the fundamental length scale, Ty ~ [, and
Vb is the brane tension.

The interaction of the tachyon with gravity is described by the action

5= [dov=g (——————V )\/1—7;WVNTV,,T>. (1.67)

The corresponding Einstein equations following from the above action are

V «
G = 87G ( o Vi VT 9wV [1 = VTV T) . (1.68)

while the field equation for the tachyon is

V.V, 1 [/T
Jz MURMLA v/ v — =
VYT + g VT VT + 37 =0, (1.69)

We are interested in applying these equations to the homogeneous FRW

cosmological model

ds? = dt* — a*(t)d7* . (1.70)

The energy-momentum tensor of the tachyon matter is given by T# , =

diag(—p, p, p, p), where the energy density and the pressure, respectively, are
v
p = —V(I)y1-12. (1.71)

The equations of motion for the evolution of the scale factor and the rolling

tachyon are
a? 87G V(T)

a* 3 117
T . Vo
. 3¢ T Ty, 1.72
-7 =0 (1.72)
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After a small Ty, the tachyon will be fast rolling. In units of Tp, where both
t and T are dimensionless, the approximate solutions of the above equations

are

(1.73)

As argued before, the universe is expanding like in a matter dominated era
and the tachyon behaves like cold dark matter. More explicitly, from Eq
(1.71) we find

Vp e~ t/To Vo
=t -7
while
p=—Vp e t/To g3e=tTo —ade 2T 5 . (1.75)

In this regard, inflationary models which incorporate the tachyon field should
be treated carefully. The energy density of the tachyon field dominates the
total energy density of the universe at the end of inflation with an equation

of state p ~ a3.

The energy density of radiation p, ~ a=* is decreasing
faster than the energy of the tachyon. In ordinary inflationary models the
matter is created through the reheating mechanism around the minimum of
the potential at the end of inflation. However, the effective potential of the
tachyon field does not have any minimum at a finite 7', so reheating can not
occur. In chapter 7 a mechanism is presented to take advantage of the time-
varying tachyonic background in order to convert the energy of the tachyon

into radiation via the Bogoliubov procedure, by coupling the tachyon field to

a massless gauge field in the Dirac-Born-Infeld action.
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Chapter 2

Cosmological Implications of

the Radion Potential

2.1 Introduction

As explained in the introductory chapter, one of the most striking propos-
als in current elementary particle theory is the existence of extra dimensions.
In particular, the Randall-Sundrum proposal involves a “Planck brane” lo-
cated at a position y = 0 in a single additional dimension, and a second
“TeV brane” located at y = 1, in our conventions. The extra dimension
is permeated by a negative bulk vacuum energy density, so that the space
between the branes is a slice of anti-de Sitter space. Solving the 5-D Einstein

equations results in the line element

ds? = e W (dt? — di?) — b* dy? , (2.1)

oly) = kby, ye0,1]. (2.2)

The constant & is related to the 4-D and 5-D Planck masses, M and M,

M3

respectively, by & = 2. The warp factor e"?® determines the physical
MP

masses of particles on the TeV brane: even if a bare mass parameter my in
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the TeV brane Lagrangian is of order M, the physical mass gets rescaled by
Mphys = €7y, where & = (1) = kb.

In order for mg to be of order 100 GeV, the combination kb must be ap-
proximately 36, so that e=% ~ 10716, On the other hand, in the original RSI
model no stabilization mechanism to fix the value of b, the size of the extra
dimension, is proposed. In the introductory chapter the phenomenological
and cosmological problems of an unstable radion were discussed and it was
argued that radion stabilization is a crucial ingredient of the RSI scenario.

One elegant mechanism for radion stabilization is presented by Gold-
berger and Wise [16] by using a bulk scalar field. It was shown in [16] that
the presence of a bulk scalar propagating on the RSI background can gener-
ate a potential that stabilizes the radion. The minimum of the potential can
be arranged to yield the desired value of kb without extreme fine-tuning of
the parameters.

Roughly speaking, the radion potential in [16] has the form

i[9 "o ’

v ((%) -2 23)
In the above expression vy and vy, respectively, are the vacuum expectation
values (VEV’s) on the Planck brane and TeV brane and ¢ = m?/4k?, where
m is the bulk scalar field mass.
A nontrivial minimum is located at ¢ = f(v;/vy)'/¢. However, there is an-
other minimum at ¢ = 0, which represents an infinitely large extra dimen-
sion. This could not describe our universe, because then e™? would be zero,
corresponding to vanishing particle masses on the TeV brane. In the more
exact expression for the potential, we will show that ¢ = 0 is actually a false
vacuum-—it has higher energy than the nontrivial minimum. Nevertheless,
it is quite likely that the metastable state could be reached through classical
evolution in the early universe. The question then naturally arises whether

tunneling or thermal transitions to the desired state occurs. This is the
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subject of our study.

In section 2.2 we derive the Goldberger-Wise potential for the radion
in a slightly simplified model which allows for the exact solution of the po-
tential. The classical evolution of the radion field is considered in section
2.3, where we show that for generic initial conditions, the universe reaches a
state in which the radion is not stabilized, but instead the extra dimension
is expanding. This is a metastable state however, and in section 2.4 the rate
of transitions to the minimum energy state, with finite brane separation, is

computed. Conclusions are given in section 2.9.

2.2 Radion Potential

Let 1(y) be the bulk scalar field which will be responsible for stabilizing
the radion. Its action consists of a bulk term plus interactions confined to
the two branes, located at coordinate positions y = 0 and y = 1, respectively.
Using the variable o of Eq (2.2) in place of y, the 4-D effective Lagrangian

for a static ¢ configuration can be written as

k ro
£ = -3 /_ (@) + i) do
— mo(i/Jo - U0)2 — 6_4677’1,1 (101 — U1)2 s (24)

where 7 is the dimensionless mass m/k, 1; are the values of ¢ at the respec-
tive branes, and the orbifold symmetry (o) = ¥(—0) is to be understood. In
5-D, the field v, as well as the VEV’s v; on the two branes, have dimensions
of (mass)®?, while the parameters m; have dimensions of mass. Denoting

0,1 = 9, the the Euler-Lagrange equation for 1 is
ke™ (4" — g — i) = 2me(tho — v0)3(0)
+ 2e7my (1 —v1)6(0c — 7). (2.5)

32



The general solution has the form
'd} — 620 (Aeuo +Be——ua);
v = Vd+mP=2+e¢. (2.6)

To get the correct hierarchy between the Planck and weak scales, it is nec-
essary to take Mm? to be small, hence the notation e.

The brane terms induce boundary conditions specifying the discontinuity
in ¢/ at the two branes. Imposing the orbifold symmetry ¢(—o) = (o), this
implies that

1/’,(0) = mo(%—’Uo)
Y'(o) = —mu(—wv), (2.7)

where we defined 7h; = m;/k. Substituting the solution (2.6) into (2.7) allows
us to solve for the unknown coefficients A and B exactly. In this respect,
the present model is simpler than that originally given in ref. [16]. There
the brane potentials were taken to be quartic functions, so that A and B
could only be found in the approximation where the field values 1); were very
strongly pinned to their minimum energy values, v;. In our model this would
occur in the limit m; — oo. However, we can easily explore the effect of
leaving these parameters finite since A and B can be determined exactly.

Let us denote

S -

¢ = e_'kb =e ¢ , (28)

which will be convenient in the following, because dA> is proportional to the

canonically normalized radion field. Then A and B are given by
A = (~Cid" + Cud?) §/D(D)
B = (G367 - Cud®) ¢"/D(9) , (2.9)
where
C1 = moue(riy — ¢€)
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Cg = mlvl(mo—i—e)

03 = ﬁlovo(m1+4+6)

04 = ml’l)l (mo -4 — 6)
) (C2C5 — C1C49*)
= . 1
) (ho7h1vov1 ) (2.10)

It can be checked that in the limit /; — oo, the field values on the branes
approach ; — v;. For finite 1, the competing effect of minimizing the bulk
energy causes departures from these values, however.

The solution for ¢ can be substituted back into the Lagrangian (2.4) to
obtain the effective 4-D potential for the radion, V(¢). However, rather than
substituting directly, one can take advantage of the fact that 1 is a solution
to the Euler-Lagrange equation. Doing a partial integration and using the
boundary terms in (2.5) gives a simpler expression for V(q@) In the general
case where the brane potentials are denoted by V;(¢), one can easily show

that
L==3 e (Vilwi) = 59V () - (2.11)

In the present case, we obtain

Vig) = -L
= movo(ve — o) + ¢'mvr (v — 1)
= movo(vo — (A + B))
+ ¢*muvi(vy — ¢2(Ad™V + ¢“B)) . (2.12)

~

In the following, we will be interested in the situation where V' (¢) has a
nontrivial minimum for very small values of qAS ~ 10718, as needed to address
the weak scale hierarchy problem. It is therefore a good approximation to
expand V(dg) near (;3 = 0, keeping only the terms which are larger than QA52V.

A

This is accomplished by expanding the denominator D(¢) in egs. (2.9), after
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which the potential can be written in the simple form
V() = Ad (1 +es—a) 6™ —2m(1+e) 6 + 1) - (2.13)

where we introduce the notation

€ € €
€4 4 ) €0 mo ) €1 ﬁh 3 ( )
v
n=(1+e)—, (2.15)
Vo

and

o, (14 e) (1+¢)? |

A=k (1+4+e)

(2.16)

-~

In the following it will be convenient for us to rewrite V(¢) in the form
V() = NéH(d —cp)(¢ =) (2.17)

where cy are given by

c :’r/<(1+64):|:\/(1+64)2_(1+64—61))

(1+64 —-61)

(2.18)

and A" = A(l+ ¢, —€;).

2.3 Phenomenology and Early Cosmology of
the Model

The warp factor which determines the hierarchy between the weak and
Planck scales can be found by minimizing the potential (2.17). Expanding

in ¢, it has a global minimum and a local maximum at the respective values

$+ and _:
R o 1/6( 1+60 >1/e< -
= (YT ) 1+ _1 )
d):t <’U0> 1+64—€1 Lt 2661

vy 1/e
<U—O> exp (£/2(E+H+LE+4-1) (2.19)

1/e

14
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The last approximation holds in the limit of small €, ¢, and €; it is not
always an accurate approximation for the parameter values of interest, so we
will use the exact expression in any computations which might be sensitive
to the actual value. The positions of the zeroes of V, qAb = ci_L/E, are slightly
greater than ¢y, by the factor (1+€4)'/¢ = e'/4, as can be seen by comparing
(2.19) with (2.18). The large hierarchy of ¢, ~ 107 is achieved by taking a

moderately small ratio v; /vy < 1 and raising it to a large power,' 1/e. This

leads to the mass scale which functions like the cutoff on the TeV brane,
¢+ M, = Mrey (2.20)

where Moy /(1 TeV) is a number of order unity, which we will take to be
one of the phenomenological free parameters of the model. The choice of
M.y specifies precisely where we want our cutoff scale to be. In ref. [16]
the exponential corrections to (v;/vp)"/€ in (2.19) were not considered; these
change somewhat the values one might choose for v;/vy and € to get the
correct hierarchy. The factor eV (/™M +1/4/¢ in particular can be significant.

Refs. [30] and [13] showed that the canonically normalized radion field is
¢ = fé, where f = V6M?/k = M; (a method of deriving the canonically
normalized radion field is presented in the introduction chapter). The 4-D

effective action for the radion and gravity is

S = g—;/d4x\/—_g(1~¢32)R
+ [ sy (310,006 - V(D) | (2.21)

~

where V(¢) is the potential (2.17) and R is the Ricci scalar.

The radion mass is f~2 times the second derivative of V evaluated at its

LAn alternative possibility, taking vi/vg > 1 and € < 0, corresponding to a negative
squared mass in the bulk Lagrangian (2.4), does not work. Although the negative m? does
not necessarily lead to any instability, since the field is prevented from going to infinity by

the potentials on the branes, the radion potential has no nontrivial minimum in this case.
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minimum. We find the value

A
_4_F( i—

which implies that my is of typically of order €3/ times the TeV scale. The

) (\/1 + o) gl e (2.22)

£
my

factor of €3/4 leads to the prediction that the radion will be lighter than the
Kaluza-Klein excitations of the graviton, which would also be a signal of the
new brane physics [13]. However, we see that the corrections due to finite
71, which were not explicitly considered in [13], can possibly compensate
this and make the radion heavier, if m; ~ e.

Now let us turn to the evolution of q§ in the early universe. For this
purpose it is important to understand that the depth of the potential at its
global minimum, as well as the height of the bump separating the minimum
from ¢ = 0, is set by the TeV scale. The values of the potential at these
extrema are approximately (to leading order in €4, but exact in )

€40/€1 + €4
_|_

V(de) = ¢2n2A¢i (1+ V&) . (2.23)

Since A ~ M, the depth at the minimum is Vidy) ~ —€/20(TeV)i—
suppressed slightly by the factor of ¢3/2. The height of the bump at qAS_ can
be considerably smaller because of the exponential factors in (2.19). In fact

~ 4

= (5) =0 221

IV@}_)
V()

where

1—\/61‘}‘64 Y
1+\/61+64

For example, if ¢ = 0.01 as suggested by [16], Q! is less than 107'7. If the

~ exp (— 1+ 7—31—)) : (2.25)

brane potential parameter m; is not large, so that m; < 1, the suppression
will be much greater. Figure 1 illustrates the flatness of the potential for the
case € = 0.2, where the barrier is not so suppressed. The new mass scale €2

TeV < 1 TeV is due to the small curvature of the radion potential at the top
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of the barrier, and its smallness will play an important role in the following.
Thus the barrier separating the true minimum at q3+ from the false one at
é = 0 is extremely shallow. Moreover a generic initial condition for the radion
is a value like qAb ~ 1, quite different from the one we want to end up with,
¢ ~ 10718 Clearly, the shape of the potential is such that, if we started with
a generic initial value for , it would easily roll past the local minimum and
the barrier, hardly noticing their presence. The point é = 0 toward which it
rolls is the limit of infinite brane separation, phenomenologically disastrous

since gravity no longer couples at all to the visible brane in this limit.

30 0-10 T T T T T T T T

20 0.08 A
—_— 1 . B 7
= 0 0.06 _ A
> 0 0.04 - 1

-10 0.02 -

_20 r L ) | s ! 0.00 . t N 1 L | L

0 1 2 3 00 02 04 06 08 1.0

Figure 1: V(¢) versus ¢ for ¢ = 0.2, showing the smallness of the barrier (right)

relative to the minimum (left). Notice the difference in vertical scales.

One might wonder whether inflation could prevent this unwanted out-
come, since then there would be a damping term in the ¢ equation of motion,

possibly causing it to roll slowly:
b+3H+Vi(¢)=0. (2.26)

Indeed, with sufficiently large Hubble rate H, the motion could be damped
so that ¢ would roll to its global minimum. The condition for slow-roll is
that

<< 9H? (2.27)
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However, inflation is a two-edged sword in this instance, because the effective
potential Vig for the radion gets additional contributions from the curvature

of the universe during inflation. From Eq (2.21) one can see that

R . M3
Verr(4) = V(¢>+?k_

3
= V() + 6M7H2<£2

= V(¢)+ H*¢*, (2.28)

R¢?

using the relations M} = M®/k and R = 12H* which applies for de Sitter
space. The new term tends to destroy the nontrivial minimum of the radion
potential. One can estimate the relative shift in the position of the minimum
as R A
6o _ VD) _ HP
br BV Mg
This should be less than unity to avoid the disappearance of the minimum

(2.29)

altogether.
Combining the requirement that the global minimum survives with the
slow-roll condition (2.27), evaluated near the minimum of the potential, we

find the following constraint on the Hubble rate:
imj < H? <mj . (2.30)

This is a narrow range, if it exists at all. In fact, one never expects such
a large Hubble rate in the Randall-Sundrum scenario since the TeV scale
is the cutoff: H should never exceed T?/M, ~ 107'¢ TeV if the classical
equations are to be valid. The problem of radion stabilization might also
be exacerbated because contributions to the energy density of the universe
which cause inflation can give additional terms of the type ¢32 to Veg which
are not considered in the above argument. For example, a field in the bulk
which does not have its endpoints fixed on the branes has a 5-D energy

density which is peaked on the visible brane [17], ps(y) ~ poe®**¥, and gives
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a contribution to V.g of

1
5V~ po/o dy b e~ po 2k

= bpod® (2.31)

remembering that e ** = ¢. Such a contribution could destroy the nontrivial
minimum even if (2.30) is satisfied. In any case, it does not appear to be nat-
ural to tune the Hubble rate during inflation to try to solve the stabilization

problem.

2.4 Phase Transition to the True Vacuum

Since the barrier of the radion potential is too small to prevent the radion
from rolling into the false minimum, perhaps we can take advantage of this
smallness to get tunneling or thermal transitions back into the true vacuum.
The situation is quite similar to that of “old inflation” [43], except that in
the latter, the transition was never able to complete because the universe
expanded too rapidly compared to the rate of nucleation of bubbles of the
true vacuum. In the present case this problem can be avoided because we are
not trying to use the radion for inflation. Indeed, a small amount of inflation
may take place before the tunneling occurs, since the radion potential is
greater than zero at ¢ = 0, but we will not insist that this be sufficient to
solve the cosmological problems inflation is intended to solve—otherwise we
would be stuck with the problems of old inflation. Instead we will assume
that inflation is driven by some other field, and consider the transitions of
the radion starting from the time of reheating. The criterion that the phase
transition completes is that the rate of bubble nucleation per unit volume,

['/V, exceeds the rate of expansion of the universe per Hubble volume:

r

— > H*. 2.32
- (2.32)
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The reason is that the bubbles expand at nearly the speed of light, so the
relevant volume is determined by the distance which light will have traveled

by a given time, which is of order 1/H.

2.4.1 The Euclidean Bounce

To compute the nucleation rate I'/V, one must construct the bounce
solution which is a saddle point of the Euclideanized action [44, 45], in other
words, with the sign of the potential reversed. This is a critical bubble

solution with the boundary conditions

d(r)lr=0 = ¢o; ¢'(r)|r=0 =0}
¢(r)lr—o0 = 0; ¢'(1)lrs00 =0 (2.33)

The value of ¢y which ensures the desired behavior as 7 — oo cannot be
computed analytically because the motion of the field is damped by the
term ¢'/r in the equation of motion. We will consider bubble nucleation at
finite temperature in the high T limit, where the bounce solutions are three

dimensional. The equation of motion is
1 2.\ 1
= (9) = +Vir(9) (2:34)

where now Vg includes thermal corrections, which are much larger than the

H?@$? term considered in Eq (2.28):

T2 T
Ver(9) 2 V(9) + 2—§-m%h<¢> ~ o5 (9)
+ 64—;27”311(@ -V (2.35)
m2, () =V"() + HFT*VH(0) (2.36)

o

where ¢, & 3.9 if the renormalization scale is taken to be equal to 7. The
leading thermal correction is of order T?¢?, whereas H?¢? is suppressed by

T?/M? relative to this. The cubic term mj, becomes imaginary if V"(¢) +
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2y (™) (0) becomes negative; we take the real part only. The term 3 T2V (0)
represents the thermal mass, which appears in the cubic and quartic terms
when ring diagrams are resummed [46]. We subtract a constant term V4
from Vig so that Vig(0) = 0, as is needed to properly compute the action
associated with the bounce solution.

The thermal corrections to the effective radion potential cause the bounce

solution to fall exponentially at large r:
6~ —e I (2.37)
r

where 1/ry ~ ny/A/fAT if A/f* < 1 [the exact expression is 1/ry = VAU, T,
in terms of quantities to be defined below, in egs. (2.40) and (2.52)]. Once
the bounce solution is known, it must be substituted back into the action,

which can be written as
4 oo 9 (1 .12
S:_T/o drr? (347 + Vea(9)) - (2.38)

The nucleation rate is given by

r wo| /8N _
7= '-2?1 (-2—7;) |D|7Y2 e, (2.39)

where w_ is the imaginary frequency of the unstable mode of fluctuations
around the the bounce solution, and D is the fluctuation determinant factor,
to be described below. A typical profile for the bounce solution is shown in
figure 2.

For the numerical determination of the bounce solution and action, as well
as understanding their parametric dependencies, it is convenient to rescale

the radius and the field by

ro= 77;?; )\:%cz_, (2.40)
_ fcl/e
6 = zT¢ z=1%. (2.41)

T
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Then the action takes the form

2 ~
§ = %S(e,ml, A 7): (2.42)

S = d4r /oodff2{% (62 + 82 f2) + 226" fo

=2
3cb

+ AL (46270 )} (2.43)

w1223 1,)" - ()]

where

fol@) = (6= 1)(¢° — &)
fn+1((5) = (1 + _¢8 )fn(ég) . (2.44)

In the following, it will be helpful to keep in mind that Z can be extremely
small, of order © in (2.25) when € is small, whereas v/ tends to be closer
to unity, depending on the mass of the radion and the definition of the TeV
scale (2.20):

_ M omy  (-veata) (2.45)
216 Mrev (\/1‘_]_?1_,_ 2%)1/2

In the rescaled variables, the value gg = 1 corresponds to the first zero of
the potential, which would be the starting point of the bounce if energy was
conserved in the mechanical analog problem, i.e., if there was no viscous
damping term ¢'/r in the equation of motion. The actual starting point
turns out to have a value in the range do ~ 1.5 — 3 because of this. The
rescaled action S depends mainly on the model parameters € and 7y, for the
parameter values which are of interest to us. All the sensitive exponential

dependence on ¢, namely the factor c ¢, is removed from S. Numerically we

find that

S = 2pny (erny) 731 (2.46)

wll\D

except when m, becomes close to €. For m; slightly smaller than e, €; starts

to exceed 1, and c_ becomes negative, signaling the onset of an instability in
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the radion potential toward coincidence of the two brane positions

shows the dependence of log(S/m,) versus log(er,)

0 20_ 40 ©0 20 40 60
r r

Figure 2: The bounce solution, for the parameters e = 0.01, m; = 0.1, my =T =

100 GeV and Mr.y = 1 TeV. The rescaling ¢ — & and r — 7 is given in egs.
(2.40-2.41).

log(3/m,)

Figure 3: log;4(S /1) versus log,o(erhy), where S is the rescaled bounce action,

Eq (2.43). The other parameters are my = T = 100 GeV and Mrey = 1 TeV.
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We have computed the bounce solution and the corresponding action for
a range of parameters e and 7, which can be consistent with the solution to
the hierarchy problem (i.e., that ¢ ~ 1071 at the global minimum). The size
of the bounce in position space, measured as the width at half-maximum, is
small near e = M4, and reaches a larger constant value as m; — oco. Using
the rescaled radial variable 7 = /AT, the dependence of the width on € and

mmy is shown in figure 4.

100 . ,

80

o))
o

B
o

half-width (W)

Figure 4: Half-width @ of the bounce solution, in terms of the rescaled radial

distance 7 = /AT, versus log,o(77;), for the same parameters as in figure 3.

The action of the bounce can be much greater than or much less than 1,
depending on the parameters: for e ~ m; < 1, § <« 1, while for larger values
of € and 7y, S > 1. Where the crossover occurs (S ~ 1) depends on my,
T and Mey. This behavior can be inferred from figure 3 (showing 5) and
the dependences of the coefficient in the relation S = (Z2/v/A)S. Rather
than presenting further results for S directly however, we will turn to the
more relevant quantity, the rate of bubble nucleation. For this we need to

determine the prefactor of e in the rate.
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2.4.2 Prefactor of Bubble Nucleation Rate

The bounce action is the most important quantity determining the rate
of tunneling, since it appears in the exponent of the rate (2.39). Since we
do not have a model for the inflation and reheating of the universe which
must occur prior to the bubble nucleation, hence an exact prediction for the
reheating temperature which enters the rate, it would not be worthwhile to
compute the prefactors in Eq (2.39) very accurately; however we can estimate
their size.

First, consider the frequency w_ of the unstable mode. w? is the negative
eigenvalue of the Schrodinger-like equation for small fluctuations d¢ around
the bounce solution, which we will denote by ¢,(r):

O* Vg

35 S =w2dg . (2.47)

éu(r)

~ (5¢" + %(Mﬁ') +

Rescaling the radius and background field exactly as in egs. (2.40-2.41), Eq
(2.47) becomes

2 2
—<5¢” 4 %—&p') FU() 09 = 2266 (2.48)
Vg -~
I 2 0)
3V ( ; 12(Zq3f3)2)
= for X -2 g /E x4 20
. JEX
b 2 (e X (fa 262/ 12)) (2.49)
]2 e J4 4 3/J2 ) .

where primes now denote ad—r., X = 12Z2q32f2, and the f; are defined in Eq
(2.44). Except when the radion mass is significantly larger than 100 GeV, A
is much smaller than 1, and U is dominated by the first two terms in (2.48).
Of these, the first (f;) always dominates if Z < 1, while the second (X) can

be important near r = 0 if Z 2, 1. The two different cases are illustrated in
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figure 5. Since 1 < ng < &, both fs and X are negative at r = 0, so that

Up=U(0) = —/%/1+ 24

x (2+1Indy+122°¢3(3 +1n o)) , (2.50)

and thus the smallest eigenvalue of Eq (2.47) is negative. This is the unstable

mode of the saddle point solution, with imaginary frequency of order
w? ~ UpAT? . (2.51)

Recall that |w_| appears in the prefactor of the nucleation rate I'/V.

1.0 \ 1 . | ; 2
0+ ———-'"':
—~~
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0 200 N 400 600 O 5 19 15 20
r r

Figure 5: The potential for small fluctuations around the bounce solution, U(7) =
X2V"(¢p(7)), as a function of 7, for the parameters ¢ = 0.02, m; = 5 (left) and

e = 0.1, iy = 25 (right).

As 7 — oo, U(7) approaches a maximum value

U, =Uoo) =2 (1- 2,02 + 3422 ) (2.52)
which determines the asymptotic behavior of the fluctuations at large 7:
6¢ ~ e~VU . The fluctuations around the false vacuum state (¢ = 0) thus

have a mass given by

m? = Vy_o = UMNT? | (2.53)
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which will be relevant for the following.
Next we must estimate the functional determinant factor,

_det'(=02 - V2 + V" ()

= .04
D= e = s vi0) (2.54)

where 7 is imaginary time (7 € [0,1/7]), V2 is the three-dimensional Lapla-
cian, ¢ is the bounce solution, and the prime on det’ means that the three
translational zero-mode eigenvalues must be omitted from the determinant
for fluctuations around the bounce. These zero modes correspond to spa-
tial translations of the bubble solution. Because of their removal, D has
dimensions of (energy)~®, as is required to get a rate per unit volume in Eq
(2.39).

Ref. [47] has given a thorough account of how to compute D by a method
which was discussed for one-dimensional systems in [48]. In 3-D one should
classify the eigenvalues of the fluctuation operators by the quantum numbers
n and [, denoting Matsubara and angular momentum excitations, respec-
tively. Then D can be written as a product, D = [[,,; Dp,-

Ref. [47] shows that the contribution to D from the [th partial wave can
be expressed, to leading order in a perturbative expansion in the potential

U(r), as

l
Doy 2 (14 A" (2.55)
The quantity hl(l) has the Green’s function solution
mY = 2 [Cdrr(er) Kler) (VV(04(r) = m?)
— 2/0 07 7 o (25) Ko (U(F) — UL) (2.56)

using the modified Bessel functions I and K, and the mass m of the field in

the false vacuum, Eq (2.53). For general Matsubara frequencies, v = 27nT,

one defines kK = vVm? + 2.

The subdeterminant for the n = 0 (zero-temperature) sector of the theory

has the usual ultraviolet divergences of quantum field theory, namely the
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vacuum diagram (» (the dot represents one insertion of V' (¢)), which should
be absorbed by renormalization of the zero of energy for the radion potential.
Since we are not attempting to solve the cosmological constant problem here,
we are going to ignore all of this and compute only the factor Dy, which
contains the translational zero modes—or more precisely, which has the zero

modes removed. This removal is accomplished by replacing

(1)

(1) dhl
1+h' — Pk (2.57)

Notice that this quantity has dimensions of (mass) ™2, and there are 2/4+1 =3
such factors, so that |D|7'/2 has dimensions of (mass)?, as required. From

Eq (2.56) one can show that

ani’ _ 1
de? — AT2U2 7"
_ (%, 2 !
I = [ dyy (Bp@EW) (UH) -V) . (259)

We have numerically evaluated the integral I, for each set of parameters.
Our estimate for the fluctuation determinant factor in the nucleation rate

can then be written as

)\T2 2 3/2
|D|7Y/2 ~ ( U*) . (2.59)
Iy

2.4.3 Results for Nucleation Rate

Putting the above ingredients together to find the rate of bubble nucle-
ation per unit volume, I'/V, we see that the latter depends on five unde-
termined parameters: €, 1y, my, My and the temperature 7. Ref. [30]
showed that, as long as the energy density on the TeV brane is much less

than M3, the usual 4-D effective theory governs the Hubble rate:

H =P 2.
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where p is the total energy density,

2
T
p = g7=T'+py,
po = L +V(9)—V(ds)
o VI+ 2-(1+/e1)
¢ Vit L 42f

14

(2.61)

3as2

We take the number of relativistic degrees of freedom, g., to be 100. The
kinetic energy of the radion is zero since ¢ = 0 in the false vacuum, so py is
essentially the potential energy of the radion in the false vacuum, assuming
the 4-D cosmological constant is zero: V(¢) — V(é4) = |V(4)], which is
given by Eq (2.23). Depending on the parameters, this can be comparable
in size or dominate over the energy density of radiation. Using our estimates
for the prefactor of the tunneling rate, the logarithm of the ratio of I'/V to

H* can be written as

2 3 M2 2 3/2
I r In (A VU U; T4 (3 p) (ﬁ.) ) - S (2.62)

1

VH (27572 o I,

where S is the action of the bounce solution. The criterion for completion
of the phase transition to the true vacuum state is that In(l/VH?*) > 0.
The saddle point approximation leading to Eq (2.39) is only valid if the
action S is not much less than 1. Otherwise, the barrier is not effective for
preventing the field from rolling to the true minimum, as in a second order
phase transition. This situation occurs in the vicinity of In(l'/V H*) ~ 150
in the following results; thus the transition region where I'/VH* = 1 is well
within the realm of validity of the approximation.

In figure 6 we show the contours of constant In(I'/V H*) in the plane of
log,,(m1) and log;,(€), starting with the fiducial values T = my = 100 GeV,
Mrey = 1 TeV for the other parameters, and showing how the results change

when any one of these is increased. The dependencies can be understood
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from the prefactor Z2/v/X in the action, Eq (2.42):

Z? 3/4 M’%‘ev %

— ~ €

= T, (2.63)

where Z and A are given by (2.40-2.41) and Q by (2.25). The factor Q is
responsible for suppressing the bounce action when ¢ < 1 or em; < 1,
explaining the shape of the allowed regions in each graph. Nucleation of
bubbles containing the true minimum becomes faster when the temperature
or the radion mass is increased, but slower if the definition of the TeV scale in
increased. These dependences are dictated not only by the size of the barrier

between the two minima in the effective potential, but also by the size of the

bubbles.

Interestingly, the borderline between allowed and forbidden regions of pa-
rameter space falls within the range which is relevant from the point of view
of building a model of radion stabilization. That is, some choices which would
otherwise have been natural and acceptable are ruled out by our consider-
ations. We see furthermore that the choice of m; — oo, as was effectively
focused on in ref. [16], is not the optimal one for achieving a large nucleation

rate.

It might be thought that our analysis is rendered less important by the
fact that one can always obtain fast nucleation simply by going to high
enough temperatures. However it must be remembered that the TeV scale
functions as the high-energy cutoff in the Randall-Sundrum scenario: the
whole semiclassical description breaks down at super-TeV scales, where quan-
tum gravity effects start to become important. From this point of view, the
temperatures of 100 — 300 GeV which we are discussing are already rather
high, and a fairly efficient mechanism of reheating at the end of inflation will

be needed to generate them.
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(a) fiducial values (b) T =400 GeV

-1.5-1.4-1.3-1.2-1.1 -1 -1.5-1.4-1.3-1.2-1.1 -1
log e loge
(c) m, = 400 GeV (@M, ,=2TeV
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log e log e
Figure 6: Contours of In(I'/VH*) in the plane of log,,(m,) versus
log;o(€). The shaded regions are where the tunneling rate is too small for the
phase transition to complete. Figure (a) has T = my = 100 GeV, My =1
TeV. The other figures are the same except for the following changes: (b)
T = 400 GeV; (¢) my = 400 GeV; (d) Mrev =2 TeV.

2.5 Discussion

In this chapter we have presented a somewhat simpler model of radion
stabilization by a bulk field () than that of Goldberger and Wise [16];

although the physics is qualitatively identical, we are able to write the radion
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potential exactly, and thus explore the effect of letting the stabilizing field’s
VEV’s on the branes be pinned more or less strongly to their minimum energy
values. One such effect is that the mass of the radion can be significantly
increased for small values of the parameter m;, which is the coefficient of the
potential for ¢ on the TeV brane. Moreover if m;/k = 7, is accidentally close
to €, approximately the minimum value consistent with a stable potential,
the radion mass can start to diverge, by the factor (1 — £ — m%)‘l/?. This
modifies somewhat the expectation expressed in ref. [13] that the radion mass
will be small relative to the TeV scale, due to a factor of ¢3/4,

Our main focus was on the problem that the radion potential has a local
minimum at infinite brane separation, and that the barrier between the true
and false minima is so small that for generic initial conditions, one would
expect the true minimum to be bypassed as the radion field rolls through it.
We showed that for a large range of parameters, the high-temperature phase
transition to the true minimum is able to complete, thus overcoming the
problem. There are however significant constraints on the model parameters,
and the initial temperature after inflation, to insure this successful outcome.

There remain some outstanding issues. The form of the radion effective
potential is such that the field is able to reach ¢ = 0 in a finite amount of
time; yet ¢ = 0 represents infinite brane separation in the extra dimension.
This paradoxical situation may be due to the assumption that the stabilizing
field, v, is always in its minimum energy configuration at any given moment.
In reality ¢ must require a finite amount of time to respond to changes in
the radion. Thus one should solve the coupled problem for time-varying ¢
and v to do better. This is probably a difficult problem, which we leave to
future study.

A related question is whether it is correct to treat thermal fluctuations
of the radion field ¢ analogously to a normal scalar field with values in the

range (—o00,00). Since ¢ is related to the size of the extra dimension by
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é = fe* its range is [0, f]. We have not studied what effect this might
have on the thermal part of the effective potential; instead we assumed that
the usual treatment suffices.

Another approximation we made was to ignore the back-reaction of the
stabilizing field on the geometry. Ref. [49] has given a method of finding
exact solutions to the coupled equations for the warp factor a(y) and the
stabilizing field 9 (y). This method cannot be applied in the present case
because it works only for bulk scalar potentials with a special form that,
among other things, requires them to be unbounded from below.> Moreover,
since the method of [49] generates only static solutions to the equation of
motion, it cannot be used to deduce the radion potential, which is a probe
of the response of the geometry when it is perturbed away from a static
solution. On the other hand, [49] does show that the neglect of the back-
reaction is justified for the parameter values which most closely resemble the

Goldberger-Wise model.

In [49] this is asserted to be allowed because of special properties of anti-de Sitter
space; however we believe that the real reason the bulk potential can be unbounded from

below is that the potentials on the branes have the correct sign to prevent an instability.
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Chapter 3

Cosmology of the Stabilized
Randall-Sundrum Model

3.1 Introduction

As explained in the introductory chapter, the RSI idea as originally pro-
posed was incomplete due to the lack of any mechanism for stabilizing the
brane separation, b. This was a modulus, corresponding to a massless par-
ticle, the radion, which would be ruled out because of its modification of
gravity: the attractive force mediated by the radion would effectively in-
crease Newton’s constant at large distance scales. An attractive model for
giving the radion a potential energy was proposed by Goldberger and Wise
(GW) [16]; they introduced a bulk scalar field with different VEV’s, vy and
vi, on the two branes. If the mass m of the scalar is small compared to the

scale k which appears in the warp factor e ¥% then it is possible to obtain the

—kb ~ (vl/vo)zikz/mz_

desired interbrane separation. One finds the relation e
An important benefit of stabilizing the radion is that cosmology is gov-
erned by the usual Friedmann equations, up to small corrections of order

p/(TeV)* [30]. Even with stabilization, as we showed in chapter 2, there may
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be a problem with reaching a false minimum of the GW radion potential {1},
but without stabilization, there is a worse problem: an unnatural tuning of
the energy densities on the two branes is required for getting solutions where
the extra dimension is static [28, 29], a result which can be derived using the
(5,5) component of the Einstein equations. However when there is a nontriv-
ial potential for the radius, V'(b), the (5,5) equation serves only to determine
the shift db in the radius due to the expansion, and there is no longer any
constraint on the matter on the branes. Although this point is now well ap-
preciated [31, 41, 50, 51], it has not previously been explicitly demonstrated
by solving the full 5-dimensional field equations using a concrete stabilization
mechanism. Indeed, it has been claimed that such solutions are not possible
with an arbitrary equation of state for the matter on the branes [53]-[54],
and also that the rate of expansion does not reproduce normal cosmology
on the negative tension brane despite stabilization [55]. Our purpose is to
present the complete solutions, to leading order in an expansion in the energy

densities on the branes, thus refuting these claims.

3.2 Preliminaries

The action for 5-D gravity coupled to the stabilizing scalar field ¢ and

matter on the branes (located at y = 0 and y = 1, respectively) is

s = [day <—%R ~A+30,80°0 - V(®))
+ [ 4%y (Lo = V(@) ymo + [ d*0\/G (Lons = Vi(®)) ya(3.1)

where &2 is related to the 5-D Planck scale M by k* = 1/(M?). The negative
bulk cosmological constant needed for the RS solution is parametrized as A =
—6k?/k? and the scalar field potential is that of a free field, V(@) = im2®*.
The brane potentials V5 and V; can have any form that will insure nontrivial

VEV’s for the scalar field at the branes, for example V;(®) = \;(P? — v?)?
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[16]. In chapter 2 we pointed out that the choice Vi(®) = mi(® — v;)* is
advantageous from the point of view of analytic calculability (see also [49]).
We will take the metric to have the form
ds* = n’(t,y)di® — a*(t,y) Y daf — b*(t,y)dy”
e NV L2 — a4(t) 240N 3" da? — b(t, y) dy? | (3.2)

where a perturbative expansion in the energy densities of the branes will be

made around the static solution:

b(t,y) = by +b(t,y); O(t,y) = Do(y) + dP(t,y) . (3.3)
The perturbations are taken to be linear in the energy densities p, and p
of matter on the Planck and TeV branes, located at y = 0 and y = 1,
respectively.

This ansatz is to be substituted into the Einstein equations, G, =

k2T, and the scalar field equation
1 . 1
) (Eba3¢> 9, (5a3n@') FhaPn [V + Vis(by) + VIs(bly — 1))] = 0. (3.4)

Here and in the following, primes on functions of y denote ai’ while primes on

potentials of ® will mean z%. The nonvanishing components of the Einstein
tensor are
a ab n?(d" d a't!
= 3(=V2 4+ 22— (2
Goo [(a) +ab b2<a+(a) ab”
CL2 a’ a/ TLI bl ! b/ l CLH nll
Gy = —= 2-——————2—— 2— —
b? {( a) an bn b a + n}



and the stress energy tensor i Tyn = gmn(V(®)+A) + 0, 80, P — 50' 90, P gmn
in the bulk. On the branes, T is given by

TF = §(by)diag(Vo + pe, Vo — psy Vo — pe, Vo — 14, 0)

At zeroth order in the perturbations, the equations of motion can be

written as
2 K2 12 27242 2.2, //_12/2
Dy = 4ALD, +mPD, (3.7)

and the solutions are approximately

2
Doly) Zope M 5 Ao(y) = kboy + Tof(e MY —1)  (3.8)

where we have normalized Aq(0) = 0, and introduced

/ m? m?

The above approximation is good in the limit e < 1, which is the same regime
in which the Goldberger-Wise mechanism naturally gives a large hierarchy
without fine-tuning the scalar field VEV’s on the branes: e %% = (v; /vg)'/°.
For small €, the GW solution coincides with an exact solution of the coupled

equations that was presented in ref. [49].

3.3 Perturbation Equations

We can now write the equations for the perturbations of the metric, A4,
SN, 8b, and the scalar field, §&. The equations take a simpler form when

expressed in terms of the following combinations:

vooa - A Eese TN - A (3.10)
= Ob() 3 00 = .
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Further simplification comes from realizing that the perturbations will have
the form, for example, ¥ = p,(t)go(y) + p(t)g1(y), so that their time deriva-
tives are proportional to p and p,. Below we will confirm that p = —3H (p+p),
where H ~ /p, \/p« is the Hubble parameter. Therefore time derivatives of
the perturbations are higher order in p and p, than are y derivatives, and can
be neglected at leading order (except in the (05) Einstein equation, where
p°? is the leading order). Using this approximation, we can write the com-

binations (00), (00)+(ii), (05) and (55) of the Einstein equations as

: 2
AT — T = <Z—z> bRe (3.11)
. 2 .
AT+ Y = 2 <“—°> ~ 20 pze2ao (3.12)
ag ag
—%‘ZTJF\;'D = 0 (3.13)
0

2

5
AL(4T + ) + % (cpgacb — 360" + cpgb—b)
0

= ((@>2 + 99> bae? Ao (3.14)

Qg ag

In addition, there is the scalar field equation,

4 2
§O" = (4T + T1)P; + (%@{f + bgv”(cbo)> 5P

6b . o

+ A4 + (2B3V (Do) + 44,®)) e (e (3.15)
0 0

Assuming Z, symmetry (all functions symmetric under y — —y), the bound-

ary conditions implied by the delta function sources at the branes are

2 2

U(0) = +bopu (1) (1) = —Thop(t)  (316)
YO = ~Sh(tp)® T =T+ )0 (3.17)
50(ty) = LB )+ (-1 (VI (@(t, 1) 60 (E, 31) (3.18)

b 2
where in (3.18) i = 0,1,y =0 and y; = 1.
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3.4 Solutions

Naively, it would appear that we have five equations for four unknown
perturbations, but of course since gravity is a gauge theory, this is not the
case. First, we have the relation Z[Eq 3.11] +%2[Eq 3.12] = [Eq 3.13]. Fur-
thermore, the (55) Einstein equation and the scalar equation can be shown
to be equivalent, using (00),(ii) and the zeroth order relations (3.7): [Eq
(3.14)] — 44, x[Eq (3.14)] = ®(x[Eq (3.15)]. So our system is actually un-
derdetermined because of unfixed gauge degrees of freedom. To see this more
directly, consider an infinitesimal diffeomorphism which leaves the coordinate
positions of the branes unchanged: y = § + f(g§), where f(0) = f(1) = 0.

The metric and scalar perturbations transform as

A — O0A+AYf; 0N = 0N+ Ayf
§b — Sb+bof; 0D — 6D+ D f (3.19)

If desired, one can form the gauge invariant combinations

! i 6b ’{2 I ! ! " [ / /25b
SA' — A% - 3 O0%; OGN 04 2O — B’ + & B (3.20)

where the first two are precisely our variables ¥ and Y and the last one
appears in (55) equation. In terms of these gauge invariant variables, the
system of equations closes.

[t is now easy to verify the following solution from the (00) and (00)-(ii)

equations, i.e., egs. (3.11-3.12). Denoting the warp factor {2 = e~ we
find
o= I 0 [P (@) - (@t %)) (321
6(1 — Q2)
T o= s [—-F)(Q*(p+p) + ps +p.)
+ (Q'p+p) + (. +p.))] (3.22)
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where

Y o—240 4
Fly) =1— (1- 0200 "W o oty 3.23
(y) ( )fol e__QAOdy € ( )
and the Friedmann equations are
C o\ 2
Qo 8rG 4
— = — (p.+Q 24
<a0> 3 (b + Q') (3.24)
(@y—-&—“ = 47G (p. +p. + Qo+ D)) (3.25)
o o Px T P pTp .
1 -1
8nG = K (2b0/0 e“ZAOdy> ~k?E(1 - Q%)L (3.26)

The approximations in egs. (3.23) and (3.26) hold when the back reaction of
the scalar field on the metric can be neglected.

In the Friedmann equations (3.24-3.25), we note that p is the bare value
of the energy density on the TeV brane, naturally of order MI‘}, while Q%p is
the physically observable value, of order (TeV)*. Since p, has no such sup-
pression, it seems highly unlikely that p, should be nonzero today; otherwise
it would tend to vastly dominate the present expansion of the universe. We
also point out that these equations are consistent only if energy is separately
conserved on each brane: p+3H(p+p) = 0 and p, + 3H(p. +p,) = 0. This
can be derived directly by considering the (05) Einstein equation, evaluated
at either of the branes. The equations of state on the two branes are com-

pletely independent; there is no relation between p/p and p,/p..

3.5 Stiff Potential Limit

The above solutions are quite general, but they are not complete because
we have not yet solved for the scalar field perturbation, §®. This would
generically be intractable, but there is a special case in which things simplify,
namely, when the brane potentials V;(®) become stiff. In this case, the

boundary condition for the scalar fluctuation becomes §® = 0 at either brane.
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There is no information about the derivative ¢®' in this case; although 6& —
0, at the same V”(®) — oo in such a way that the product ¢&V"(®) remains
finite, and Eq (3.18) is automatically satisfied.

Notice that the shift in §®, Eq (3.19), respects the boundary conditions
on 6®. Moreover, @ is always nonzero for our solution. It is therefore always
possible, given some solution §® which vanishes at the branes, to choose an
f such that §® becomes zero. This is a convenient choice of gauge because
it simplifies the equations of motion, and we will make it for the remainder
of this letter.! Thus far we have satisfied the (00), (ii) and (05) Einstein
equations. As noted above, egs. (3.14) and (3.15) are equivalent, so either

one just determines the shift in the radius. Using the former, and defining

1.,2A0(y) 1 ado(y) [Y ~240 L e Kby e kboy
W(y) = |3 + Afe /0 e dy] //0 eHody 2~ (3.27)
we find that
ob b ,
by ﬁ [4(p = 3p))W + (p. — 3p.) (W — Afe*)]
~ kb3 etkboy A , |
= e eI+ = 3p)] (3.28)

the last expression is found by approximating A, = kbyy everywhere, which
means neglecting the back reaction. Using the zeroth order solution (3.8) for
®,, and integrating over y, we can obtain the shift in the size of the extra

dimension,

/1 sbdy = (0= 3p) + 2(p, — 3p.)]
0 v= 8(ekup)2Qit2e

We can compare this to the result of ref. [15] by using their result for the

radion mass, m? = (4/3)k?(evok)?Q?+%, and the relation kx* 2 1/M?. Then

(3.29)

!The above argument is strictly true only for diffeomorphisms which are constant in
time, while for our problem we need f(t,y) ~ p(t), p«(t). However, the time variation
of such an f is of higher order in p and p., so we can neglect it to leading order in the

perturbations.
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fo dbdy _ [Q(p — 3p) + Q*(ps — 3pJ)]
(3.30)
b 6kbym?2 M2G2 '

which agrees with ref. [15], except for small corrections of order (14+0?).2 As
is well known, the shift in the radion vanishes when the universe is radiation
dominated, because the radion couples to the trace of the stress energy tensor,

which vanishes if the matter is conformally invariant.

3.6 Implications

Above we focused on the shift in the size of the extra dimension due
to cosmological expansion, but the more experimentally relevant quantity
is the shift in the lapse function, n(t,1), evaluated on the TeV brane. As
emphasized in ref. [52], the change in n(t,1) between the present and the
past determines how much physical energy scales on our brane, like the
weak scale, My, have evolved. The time dependence of My is given by
My (8)/ My (tg) = e~V EDTON (o DHIN(E0)-0N(,0)  In terms of the variables

of the previous section, SN' = W + Y + A{db/by. We find that

2

/ K~bo 2kb /
/ IN'(ty)dy = 5 (20 + 3p) — (29, + 3p.)) 4, dy (3.31)

Interestingly, the new non-db contribution is present even during radiation
domination, and is parametrically smaller than the radion part only in the
matter dominated era, and then only if the back reaction is small (e < 1). If
M, ~ 1 TeV, the shift in the energy scale since nucleosynthesis is negligible,
and this is the only cosmological constraint on 6 N. However, near the weak
scale, the effect could be more interesting. To first order in the physical
energy density p, = Q%p, at early times,

My (t) = My (to) (1 - ﬁ%) , (3.32)

2Qur correction factor is (1 — Q4+2¢)/(1 — Q2), while that of ref. [15] is (1 — Q?).
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assuming that p, = p, = 0. It is conceivable that k& ~ M,/30—in fact, the RS
model requires £ < Mp for consistency, so that higher dimension operators
in the gravitational part of the action do not become important. With these
parameters and assuming g, ~ 100 relativistic degrees of freedom and QM, =

1 TeV, the correction to My becomes of order unity at a temperature of 130

GeV.
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Chapter 4

A Small Cosmological Constant
from Warped Compactification

with Branes

4.1 Introduction

There is mounting evidence that we live in a universe with a vacuum
energy density A which is about 0.7 of the critical density [18]. This value
is close to 120 orders of magnitude less than the Planck density, MI‘}, which
would be the natural expectation for the size of A from quantum field theory.
If there exists some mechanism to make A small, it would seem much sim-
pler if its value was zero than 107*M}. Our motivation in this chapter is to
present a possible explanation for this enormous hierarchy of scales, taking
advantage of Randall-Sundrum ideas involving 3-branes embedded in an ex-
tra dimension. Several attempts to use one or more extra dimensions to get a
small A have been made [20, 21, 23, 56, 57]. We will suggest that the RS idea
can, with only minor changes, account for the smallness of the observed A.

Our model relies heavily on stabilization of the distance between two branes
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using a bulk scalar field, as was suggested by Goldberger and Wise [16].
Our explanation only partially addresses the cosmological constant prob-
lem, in that we assume there is some unknown mechanism which forces the
ground state of the universe to have vanishing 4-D vacuum energy. We show
that there can be a false vacuum state with A nonzero and exponentially
small, as illustrated in figure 1. Its size is determined by the separation be-
tween the two branes, which in turn depends on the potential of the bulk
scalar field ¢. The degree of freedom which is varying between the true and
false vacua is the radion, the dynamical field associated with fluctuations in

the size of the extra dimension.

0= fexp(—i/L) *

Figure 1: Qualitative form of the radion potential, for the two cases A > 0 and

A = 0. The false vacuum state at ¢ = ¢4 naturally has A ~ 10“120M1‘}.

We borrow the notation of reference [49] !. We will be working in a 5-D
theory with the extra-dimensional coordinate r, whose metric is parametrized
by

ds? = ¢*A) (dt2 el > dxf) —dr?. (4.1)
B
We note that slices of constant r represent 4-D deSitter spaces with vacuum

energy A = 3A/(87G), where G is the 4-D Newton constant. There are two

3-branes, located at r = 0 and r = r; respectively. There is also a scalar field

To recover the notation of chapter 1, change A to —A and % to $x2.
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¢ with potential V() in the bulk, and separate potentials Ag(¢) and A1 (@) on
the two branes. V' (¢) contains a negative bulk cosmological constant which
induces the behavior A(r) oc —r, so that e24(" is exponentially decreasing.

The action for the model is
S = /dsx\/g ( - Zfl,;éR + %(qu)? —V(¢)
Mo(8)5(r) — M@)ol m) | (42)

Here k? = %M‘g’ defines the 5-D gravity scale M, which is assumed to be of
order M,. To simplify the analysis, we will take the brane potentials to have

the form
Xi(9) = Ti+ 7(9" — ¢7)? (4.3)
with ; — o0, 4.e., the brane potentials are stiff. This will make the boundary

conditions for the scalar field simply

¢(0) = ¢, ¢(7“1) = ¢1, (4-4)

and the potentials will have the values \;(¢;) = T;, where T; denotes the
tension of the respective brane.

We will show that for the same simple choice of bulk potential used in the
exact solution of ref. [49], it is possible to find a metastable solution to the
equations of motion whose false vacuum energy (in the 4-D effective theory)
is exponentially close to that of the true vacuum. By assuming the latter
has vanishing cosmological constant, we can thus explain the small observed

value of A in our universe by imagining that we are stuck in the false vacuum.

4.2 Superpotential Method

To construct solutions to the coupled equations for 5-D gravity and the

scalar field, we will take advantage of the superpotential method discussed
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in ref. [49]. One introduces a superpotential W (r) and a function

v(r) = \‘ 1+ W?/I%"—)? e=2A() (4.5)

such that the desired potential V(¢) is given by
1 [OW\® k2
1% =— =] - =W 4.6
60 =53 (55) 3 (46
Then solutions to the coupled equations for A and ¢ can be generated from

the first order equations

K? 1 oW
A= ——Wr; = ——. 4.7
For flat branes (when A = 0), W can be regarded as a function of ¢ alone,
but for bent branes (A # 0), it must be considered as a function of r, and in
oW _ 1 dW

-2 The boundary conditions at the brane

that case one interprets - = 57

positions r = 0 and r = ry are

Xo(go) = Wrle=o; ¢(0) = Lo (4.8)
/\1(¢1) - —W7|r:r1; ¢(T1) = :}:(bl . (49)

4.3 Solutions with Vanishing A

Let us first present a ground state solution in which the branes are flat
and the 4-D cosmological constant A is tuned to be zero, hence y(r) = 1.
We will later perturb this solution with a small positive value of A. The

unperturbed functional form for the superpotential is taken to be

Wo(g) = o= — bé?, (410)

where L is a length scale that turns out to be the curvature radius of the 5-D
anti-deSitter space in the limit where the back reaction of the scalar on the

geometry is small. The resulting scalar potential is simply a polynomial in
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¢ of degree 4. It is easy to integrate the equations of motion (4.7) to obtain

the solutions [49]

¢ = ¢oe
A= A-

-Z— - %Qqsg o2 (4.11)
where A is a constant of integration (we have already chosen ¢y so as to
satisfy the boundary condition on ¢ at r = 0.) The value of A s physically
irrelevant, so we can for convenience choose it such that A(0) = 0. Applying

the boundary condition on ¢ at the second brane determines r;, the size of

the extra dimension:

e i = % (4.12)

This solution is essentially the same as the ones found in references [16] and
in particular [49], differing from the latter only by our choice of stiff brane
potentials. The stability of this solution against small perturbations has
been demonstrated in [15] and [58]. The large hierarchy of energy scales
between the two branes is generated by assuming that b is parametrically
small compared to 1/L. In this case, although e™™ < 1, the warp factor will
be exponentially small, e /% <« 1.

The remaining boundary conditions are satisfied by the constraints

3

Ty, = —&Z—L—bqﬁg (4.13)
3 2

Ty = _KTE+6¢1 (414)

on the brane tensions.

4.4 Nearby Solutions with Nonzero A

Let us suppose that the tuning of brane tension Tj, eq. (4.13), is en-

forced, so that the solution where the second brane removed still exists, with

69



vanishing 4-D cosmological constant. Consider what happens to the other
solution if the tension T} is no longer tuned according to condition (4.14).
We expect that A is no longer zero in this case. The equations of motion
with nonzero A are difficult to solve exactly, so we will instead solve them
perturbatively, to first order in A.

The first step in this procedure is to realize that, although V(¢) should
still have the same functional form as in the A = 0 solutions, the superpo-
tential need not be the same. In general, it must be corrected in such a way
that V(¢) is unchanged. Let us denote the new solutions and superpotential

by

1%

b = d+0h A2 A+A

Wi(r) = W(h(r))+W(r) (4.15)

where the quantities ¢(r) and A(r) refer to the bulk solutions with A = 0
found in the previous section, and W (¢) is the corresponding superpotential
(4.10). By taking the variation of Eq (4.6) and keeping terms which are first

order in A weget a differential equation for W,

r_ 4 _ 9 g (LW
SW' — ZKIWOW = = Re (W 5 (4.16)

which by using the equations of motions (4.7) can be written as
- AW
(e*6W) = Ae?4 <—> : (4.17)
This can be formally integrated to solve for 6W (r),

T 1 2
SW = Ae™44 / e?4 <%> dr + Ce™*4 (4.18)

0

To determine the constant of integration C', we should impose the boundary
condition (4.8) on the tension of the first brane. Recall that the value Ty was

already fixed by demanding the existence of the solution with only one brane
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and A = 0. Since the brane potentials are assumed to be stiff, Ag(¢o) = To
regardless of whether A = 0 or not. This leads to the requirement that the

variation of Eq (4.8) vanishes:

9Re240)
S— 4.1
W (0) + = 5y =" (4.19)

Recalling the definition A(0) = 0, this fixes C' to be

9A

O W (d)

(4.20)

In fact, because of our assumption that b < 1/L, needed to get a large
hierarchy of scales, the C term is the dominant one in 6W. The first term in
(4.18) is of order ¢? ~ b* and can therefore be neglected.

Once §W is known, it is straightforward to find the perturbations 6¢ and
JA. In particular, the equation for ¢ is

W' 9Ae24 ¢,+182W
20 W (@2 T304

54 = 56 (4.21)

Again, since b < 1/L, the first term dominates. We thus find the approxi-

mate solution

~ BAL 4r/L —br
5 = I (e ey (4.22)

To obtain this result, we have assumed that 1/L > b,b¢*. (The fact that
boy appears in the denominator of this result might seem to upset our per-
turbation expansion; we will address this potential problem presently.) The
constant of integration was chosen so that the boundary condition ¢(0) = ¢
is respected by the perturbed solution.

All that remains is for us to impose the two boundary conditions at the
second brane. These will determine the new position of this brane, r,, and
the 4-D cosmological c.:onstant A. The b.c. on ¢ is

3AL

_ —br, drp /L
dL=doe ™+ o (e*/F —1) (4.23)
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and the condition for the brane tension is
9]\6—214(7"/\)
2I€4W(¢1)2

Using the hierarchy e~#4() > ¢=24(n) > 1, this can be approximately

ﬂerV@ﬂ<1+ )—5WU“, (4.24)

solved for A to give

A

1%

A= S T+ W) (4.25)

87 2k2
3

This is our main result: if the interbrane distance is around r, ~ In(10%)L ~
70L, then the physical 4-D cosmological constant can be the observed value
even if (T} + W(¢;) is of order the Planck energy density. (Recall that
T, = —W(¢y) is the fine-tuned value that gave us A = 0 in the previous
solutions.) To see if such a value of r, is natural, we must solve the ¢
boundary condition (4.23):

I S VA C)] (4.26)

~ % 257

However, we must consider the fact that the second term on the right hand
side of this equation is of order 1/b. A small amount of tuning is required
so that T, + W(¢1) is of order 4%, so that the new term can be treated
perturbatively. Once this is done, however, there is no great difficulty in
achieving the enormous hierarchy of 120 orders of magnitude for A. For
example if bL = 0.01, the r.h.s. of (4.26) need only be as small as 0.5 to
achieve the required separation of r, = 70L. We have therefore succeeded
ameliorating the cosmological constant hierarchy problem in the same way as
the original Randall-Sundrum model addressed that of the weak scale. The
mild fine-tuning we demanded for the second brane tension might be merely
a technical requirement for the convenience of analytically demonstrating the
mechanism. Possibly it still works even without this small amount of tuning,
though the solutions are harder to find in that case.

Ref. [59] pointed out that any warped compactification solution involving

a scalar field must satisfy certain consistency conditions, notably that >, T;+
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J ¢"dr = 0 in the case where A < M,;. The present solution has already been
shown in [59] to satisfy this relation when A = 0, so we should verify that
our perturbed solution also satisfies it. To first order in the perturbation, we
should find that 67} +2 [ ¢'d¢'dr = 0, where 67} is the mistuning of T} away
from its A = 0 value, 677 = Ty + W (¢1). It is straightforward to show that
in the regime where b < 1/L, 2 [;* ¢'0¢'dr = SW |t = Ce™**, and using
(4.20) and (4.25) that the consistency condition is satisfied.

To complete our argument we should demonstrate that the 4-D Newton
constant G can take its observed value without requiring any fine tuning. By
integrating over the extra dimension in the 5-D action (4.2) to obtain the
4-D effective action, one finds the relation

1 1 /m L
L R R 4927
167G 4r2 ), ¢ T a2 (4.27)

Thus it is natural to assume that G, x? and L are all of the order M, to the
appropriate power, and no additional tuning is needed to localize gravity.
Although we have succeeded in constructing the approximate solution
corresponding to the local minimum of the radion potential, one might won-
der why we are not able to find the unstable solution at the local maximum.
Evidently this is nonperturbative in A. Recall that we needed to do some
mild tuning, Ty + W (¢,) = O(b?) to keep our perturbation expansion under
control. Yet the unstable solution exists even when T) + W(#,) is exactly
zero. It thus seems plausible that the barrier height is large, although we
expect in order of magnitude that its size is governed by the same warp factor

e~"8/L which suppresses the perturbative solution value.

4.5 Lifetime of the False Vacuum

Our proposal is only viable if the false vacuum has a sufficiently large

lifetime that we could still be in it at the present time. To study this we
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should construct the bounce solution of the Euclideanized radion action and
check that the lifetime 7 ~ A~/4e% exceeds the age of the universe, where
S, is the bounce action and A~Y/* ~ 10™* eV is the typical energy scale that
will appear in the prefactor in the saddle point approximation for the path
integral for the rate of false vacuum decay. We will take the following ansatz

for the radion potential:

V(g) = 3¢ [((o/ ) = )" + (ame)’] (4.28)

Note that ¢ = fe™/L is the radion field, not to be confused with the
bulk scalar ¢. In this notation, the small parameter € is related to our
superpotential parameters by ¢ = bL, n = ¢1/do, the quartic coupling is
A = 4¢2/(9LM}), and f = v/6M, [1]. When a = 0, this agrees with the
approximate form found by ref. [16] in the case where A = 0. It has two de-
generate minima at ¢ = 0 and ¢ = fn'/¢, corresponding to the solutions with
infinite and finite interbrane distance, respectively, which we found above.

—r1/L hetween the radion

(This can be seen through the relation ¢/f = e
field and the brane separation.) By adding the term (ane)?, we have lifted
the minimum near ¢ = fn/¢ to a nonzero value of the 4-D cosmological

constant:

_ A 490
A—32 ©ined, (4.29)

where in the limit that € < 1, the value of ¢ at the metastable minimum is

given by
oo = fpteedt s=1—4/1- (40)?. (4.30)

To estimate the bounce action, we use the thin wall approximation of
ref. [44]. For a bubble of radius R in 4-D Euclidean space, with false vacuum

energy density A,
2
Sy = —%AR‘* +2m2 R3S (4.31)
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where S; is the action for the 1-D instanton corresponding to the a = A =0

limit of the radion potential,

O+ 1 /A
Sy = /0 do V2V = 5\/; en(fn')?3, (4.32)

and the radius of the bounce solution which minimizes (4.31) is R = 351/A.
Substituting this value into the (4-D) Euclidean action, we obtain

. 17m2e®

S g (4.33)

which is so large for the parameters of interest for getting a large hierarchy
of scales (¢ ~ 0.01) that the false vacuum state is easily more long-lived than
the present age of the universe.

The 1-D instanton obeys the equation of motion ¢ = %[azo, which can

be solved in terms of the Lerch transcendental function &,

emy/ /2t = -35@ (n7" (/) 1, —1/e), (4.34)

as illustrated in figure 2. (We take ¢ = 0.011 since ®(z,1,—1/¢) is singular
when 1/e is a positive integer.) This has the desired behavior that ¢ — 0 as
t — —oo and ¢ — ¢4 ast — oo.

We can verify that the thin-wall approximation is valid when § < 1.
From figure 2, the width is AR = At = 10(ef771+1/€\//\—/2)"1. Comparing to
the bounce radius R = 3S1/A, we find that AR/R = 0.

In chapter 2 we studied a similar problem, that of transitions from a false
to a true minimum of the radion potential in the original Goldberger-Wise
mechanism. There it was necessary to consider thermally-induced transitions
because the radion would have been in thermal equilibrium in the early uni-
verse. In the present case, assuming that inflation is driven by an inflaton on
the observable brane, the radion is so weakly coupled that it does not come

into thermal equilibrium. This is also true of the variant model we propose
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below in which the observable brane is at the TeV rather than the Planck

scale.

radion

10 20

20 -10

. 0
time

Figure 2: 1-D instanton solution for € = 0.011 and § = 0. The axes are scaled such

that “time” = efn't1/¢\/X/2t and “radion” = (p/f)n~"/¢.

4.6 Physical Consequences

In the false vacuum state, the radion will have a very small mass, some-

what below the milli-eV range, since it has been shown that [15], [58]
my = gbe_TA/L. (4.35)

Since Mpe_’"A/L is supposed to be the meV scale and b ~ 0.01/L < 0.01M,,
this is a dangerously small mass if the radion were to couple to matter as
strongly as does gravity. We have investigated the corrections to this formula
due to the O(A) perturbations and found that they are of the same order
as the unperturbed value if A ~ b*>. Hence there is the possibility that
corrections to the radion mass which we cannot compute by perturbing in b
make it somewhat larger than the value (4.35).

However, if we live on the positive tension (Planck) brane, the radion’s

exponentially small couplings to matter make it impossible to observe di-
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rectly. Let us denote the renormalized trace of the stress energy tensor by
(T#); = e~*/L(T); at the two branes located respectively at r = ro = 0 and

2r/L away from

r = r; = r,. Because the radion wave function grows like e
the Planck brane [14], its coupling to matter on the respective branes goes

like [30, 13]

@ _ory /Ly
Lradion = 173 ((Tw), + e/ (Th),). (4.36)

(In the original RS model, the TeV scale appeared in place of the milli-
eV scale A'/1) If we are living on the Planck brane and (Tﬁ)o represents
standard model physics, then the radion coupling to the standard model is
negligible since e™>/LA~4 ~ A4 /M2,

There is a slightly better chance of detecting the effects of such a radion
through cosmology. The shift in size of the extra dimension due to physical
energy density p on the Planck brane is [2, 15, 30, 58]

A?"l ~ L,O
ry - GrymZM2’

(4.37)

which becomes of order unity at temperatures 1T° ~ \/m ~ 1 TeV. How-
ever this is still such a high temperature that it is difficult to imagine any
surviving remnant of the changes to physical scales and the Hubble expansion
rate which would arise from a variation in r; during this era.

A more testable and interesting situation is to imagine that we are living
on a third brane located approximately halfway between the original two,
instead of on the positive tension brane. This is desirable apart from consid-
erations of the cosmological constant problem, in that it preserves the natural
resolution of the weak scale hierarchy which was the original motivation of
Randall and Sundrum. An intermediate brane can be inserted into our so-
lution if it has zero tension and a potential of the form 'y%(qﬁ — ¢%)2, with
Y1 — 00 for ease of analysis. The position of this new TeV brane can be ad-

justed to the desired value by satisfying the approximate boundary condition
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e~trie =2 ¢ L /do. There are now two radions, one at the TeV scale associated
with fluctuations in the distance between the Planck and TeV branes, and
the original milli-eV radion.

If there does exist a TeV brane, the coupling of the light radion to par-

ticles there will be significantly larger than on the Planck brane:

~d

E radion— = £ 62(T1/2—T1)/L (Tﬁll)

T
TeV brane (p+ (Tu) ? (438)

10
N

R
My
which means the radion is coupled with approximately the same strength as
ordinary gravity. This is precisely the range of scalar masses and couplings
which is presently being probed by measurements of the gravitational force
at submillimeter range [8]. The new contribution to the potential energy for

two masses m; and my separated by a distance r is

47rGNm1 me e T

AV = —
v 3r

eltrp=2r/L (4.39)

The exponential factor should be of order (meV)?M?2/(TeV)* ~ 6 for the
warp factors to naturally explain the TeV and meV scales of the standard
model and cosmological constant, respectively. To evade the constraints of
submillimeter gravity tests, this number must be made somewhat smaller, or
the radion mass must be made somewhat larger than 1 meV. The model is
therefore tightly constrained by present tests of the gravitational force.

In addition, the Kaluza-Klein gravitons have a mass gap similar in size to
the meV radion, and to the extent that they are nearly massless, their effects
will be like those of the KK gravitons in the noncompact RSII scenario. We
find that the correction to the Newtonian gravitational potential from these

modes is given approximately by

AV = ——GNL2m

—5mr /4 1 1
MM © ( ) (4.40)

l—em \4  1—emr

where m = we~ /" /L, and we have approximated the KK masses by m, =

(n-+1/4)m using the large-n behavior of the exact eigenvalues [60]. Moreover,
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the existence of the TeV brane would imply the usual TeV radion, whose
phenomenology has been widely studied in connection with the compact

Randall-Sundrum scenario [9, 13, 30, 61].

4.7 Conclusions

We have presented a warped compactification model which, at the ex-
pense of assuming there is some unknown solution to the first cosmological
constant problem—the question of why the ultimate vacuum energy of the
universe is zero—naturally resolves the second one: it explains how the ob-
served value can be 120 orders of magnitude below the Planck energy density
without requiring additional fine tuning. The hypothesis is that there exists
a brane at such a distance (~ 70/M,) from the Planck brane that the mistun-
ing of its tension from the flat-brane value contributes to A at the 107120/}
level, due to the smallness of the warp factor.

Our idea has several shortcomings. Unlike quintessence models, it does
not try to solve the coincidence problem of why A happens be a significant
fraction of the critical density now. In the version where we are assumed to
live on the Planck brane, we sacrifice any new understanding of the weak
scale hierarchy problem, and furthermore there seems to be no experimental
signatures that would test the idea. These difficulties are overcome if we
live instead on a zero-tension TeV brane between the two original branes,
for then the light radion is in the right range for current tests of gravity at
submillimeter distances, but then a new fine-tuning problem is introduced:
why is the tension exactly (or so nearly) zero? We find it intriguing that
this explanation of the cosmological constant, whose presence is revealed by
gravity over cosmological distance scales, might be corroborated by table-top

gravity experiments, as well as collider searches.
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Chapter 5

No-Go Theorem for
Horizon-Shielded Self-Tuning

Singularities

5.1 Introduction

As argued in the introductory chapter, the braneworld scenario has cre-
ated the hope of somehow circumventing Weinberg’s no-go theorem for solv-
ing the cosmological constant problem using an adjustment mechanism, by
virtue of introducing an extra dimension. Some attempts along these lines
were made by [20, 21], in which a scalar field in the bulk adjusted itself to
yield a static solution to Einstein’s equations, for a range of values of the
brane tension. These solutions relied upon singular behavior of the scalar
somewhere in the bulk, which was shown by ref. [63] to be simply a way of
hiding the fine-tuning problem, since a proper treatment required insertion
of a new brane at the singularity, whose tension must be tuned with respect

to that of the visible brane.! In essence, the original self-tuning idea was

! Moreover the original self-tuning solutions were shown to require a fine-tuning of the

80



pretending to gain extra free parameters by no longer requiring boundary
conditions to be satisfied at the boundary of the bulk where the singularity

was appearing, and where a brane would normally have appeared.

A significant attempt to improve on this situation was made in ref.
[24, 25]. Their idea was to render the singularity more physical by intro-
ducing a horizon between it and the visible brane, in the same way that the
Schwarzschild black hole singularity is hidden. In fact the bulk geometry is
the AdS-Schwarzschild (or AdS-Reissner-Nordstrom in the case of a charged
black hole) generalization of AdS, in which a singularity appears for all of
3-space at some position in the bulk. The singularity could thus be described
as a black brane, though we will follow common usage and call it a black hole
(BH).

The significance of the AdS-Schwarzschild solutions has become apparent
in a number of works that deal with braneworld cosmology. In ref. [34] it was
shown that this is the bulk solution which gives rise to the dark radiation term
that was shown to be a possible addition to the Friedmann equation for the
expansion of the brane. Ref. [64] subsequently identified the dark radiation
as being identical to the thermal excitations of the CFT degrees of freedom
in the context of the AdS/CFT correspondence. In ref. [65] it was shown
that the bulk black hole must form in the early universe, since gravitational
radiation emanating from the hot visible brane becomes infinitely dense as
it falls toward the AdS horizon, for any cosmologically relevant initial brane
temperature.

In contrast to these cosmological solutions, where the brane is moving
away from the BH and thus seeing a bulk which becomes increasingly AdS-
like (or alternatively, the dark radiation term in the brane Friedmann equa-

tion is redshifting away), ref. [24] finds a class of static solutions, so that the

initial conditions in order to avoid motion of the singularity with respect to the brane [56].

81



effect of the BH on the brane can be felt at arbitrarily late times. A very
interesting application is that Lorentz invariance is broken, and gravitational
signals travel with an average speed different from that of light on the brane.
Most germane for the present work is that ref. [24] also finds self-tuning so-
lutions with a horizon in the case of the charged (RN) black hole, where the
mass and the charge of the BH adjusts itself to the energy density p on the
brane; but self-tuning and the horizon can coexist only if the positive energy
condition is violated on the brane: p < —p.

Our motivation for the present work was to try to remove this seem-
ingly unphysical restriction on the solutions and allow for positivity of the
brane stress energy tensor. After various failed attempts we realized that
the Einstein equations can be manipulated to show in a simple way why it
is impossible to improve the situation by adding extra matter fields to the
Lagrangian.

This is our no-go theorem, which is given in the next section. In section
3 we show that the theorem also holds when the gravitational part of the
action is supplemented with a particular higher-derivative correction, the
Gauss-Bonnet term. In section 4 we discuss a way of evading the theorem:
giving positive curvature to the 3-D spatial hypersurfaces parallel to the
brane. We generalize a solution of this type which was derived for the AdS-
Schwarzschild case to the case of nonvanishing charge and show the range
of parameters where self-tuning and a horizon coexist. In section 5 we show
that it is not possible to put the curvature into extra dimensions instead of
the usual 3-D space, which would have been desirable for describing our flat

universe. Conclusions are given in section 6.

5.2 The No-Go Theorem

We begin with the following general action:
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R
5= /d%,ﬁ——g (%5 + L‘,B> + /d%/_—g,c,, , (5.1)
where L£p and £, are the Lagrangian densities in the bulk and on the brane
respectively, and 2 = 1/M? in terms of the 5-D Planck mass Ms. The

ansatz for the metric, which includes the AdS, AdS-Schwarzschild or AdS-

RN geometries, is

ds* = —h(r)dt* + a(r)dL: 4+ h(r) " 'dr? (5.2)

where dX2 is the line element for a homogeneous 3-D space of constant spatial
curvature with & = 0,£1. The 5-D generalization of Birkhoff’s theorem
guarantees that this form for the bulk metric is a general solution (in the
appropriate coordinate system) when there is only a cosmological constant
(34, 36] or a U(1) gauge field [24] in the bulk. However we will also take it to
be our ansatz for the metric when there are more general sources of stress-
energy in the bulk. Since we are interested in static solutions, a coordinate
system can always be found which puts the metric into the form (5.2). For
definiteness we will write the 3-D part of the metric as
dz? + dy? + dz*
(14 Lh(a? + 92 + 22))
= Yi(z,y,2)(de® + dy® + dP). (5.3)

as? =

The nonzero components of the Einstein tensor are

! n
Goo = —h (ﬂh' +on 45>
4 a a a

a o h{d\® AWk
Gy = a2 | —h +h— — -~ - _Z
a2y, (CL -+ p 1 <a> -+ 7 a)

3((d\> Wd Kk
_ S{(« Mo _ 4% 4
G 4 ((a) + h a 4(1) (5:4)
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Next we will rewrite,

a(r) = age~ A", (5.5)

where g is an arbitrary constant with dimensions of (length)?, and consider
the following linear combination of the Einstein tensor components: 2Ggg/h+

2G11/(aX?). Using the Einstein equations,
G = 1 (T2, + T8,V h4825(r = 7o) (5.6)
where 0% = 0, we obtain

k
(W + hA'Y — gA’(h’ A’ + 4!
0

T8 TEB TS T?
— 92 <_h_ ¥ ﬁ) + o2 (% " a_z_%> VRs(r — 7o)

(5.7)

This can be integrated once since (h' + hA')’ — 2A'(h' + hA') is proportional
to (e=4/2(h' +hA")). Using Z, symmetric boundary conditions at the brane

to interpret the contribution of the delta function, we have

3 7o TB TB 3
(W' +hA")|, = —2&265A/ (ﬁ + i) e 2 dr
T h aZ%

b b
_ K;Ze%(A(T)‘—A(TO)) &_}__Tl_g \/71'
h aX;

]

k r
+ 4—6%'4/ " et dr . (5.8)
ag T

Let us for the moment consider the cases of vanishing or negative spatial
curvature, k = 0 or —1. Then at the horizon r = rg, h = 0 and since the
right hand side of Eq (5.8) is not positive—assuming that —77 + T}} > 0,
in accordance with positivity of the stress energy tensor—we conclude that
h' < 0 at the horizon. But the brane is located at a value ro > r, beyond the
horizon, by construction, and h(ry) must be positive for ¢ to be a timelike
coordinate. This implies that h'(ry) > 0 at the horizon, as a shown in figure

1, and in contradiction to Eq (5.8).

84



10 . ;
—— AdS-RN
- AdS-Schwarzschild g
5 -
h o _
o
// C
/4 ©
/ o
/
5k // |
/
/
/
]
-10 ' '
0 1 L 2 3

Figure 1: Required behavior for h(r) near the horizon, r = 7y, for charged and
for neutral black holes. Since the brane is at values of r greater than r;, and A is

supposed to be positive in this region, h'(rp) must be positive.

From the argument above, we can discern two ways of evading the no-go
result. (1) Violate positivity of the stress-energy tensor in the bulk or on
the brane, which would change the sign of either of the first two integrals in
Eq (5.8). (2) Let the 3-D curvature be positive, making the third integral
in (5.8) positive. In section IV we will consider the second possibility. For
the moment, let us assume that neither (1) nor (2) is fulfilled, and moreover
that the 3-D curvature is zero, which is the most favorable case for horizon
formation, apart from the positive curvature case.

To demonstrate the usefulness of our no-go theorem, we will now study
two examples. Inclusion of a scalar field in the bulk along with gravity is the

simplest one. In this case the stress-energy tensor contributions are

1
Tﬁn = —gmnV+8m<I>8n<I>—§gmn8l<I>81<I>
(T = diag(—Vo, —Vo, =Vo, =V0,0) , (5.9)

where V and V} are the potentials in the bulk and on the brane, respectively.
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Static solutions which respect Lorentz symmetry on the brane will be of the
form ® = ®(r), i.e., dependent on the bulk coordinate only. Then from the
above expressions we see that %ﬂ + %—L = 0 both in the bulk and on the
brane and hence (h' + hA') = 0 everywhere in the bulk, as a consequence
of Eq (5.8). In this case h must be of the form e™#, just like the metric
component a. Thus the metric is explicitly Lorentz invariant, regardless of
the choice of bulk or brane potentials, and there can be no horizon, with the
possible exception of the usual AdS horizon at r = oo, where h and a vanish
together. In this case the situation is the same as was investigated in ref.
[23], which found that self-tuning solutions where gravity is localized have a
naked singularity.

As a second example, we consider the AdS-RN solution which ref. [24]
investigated in depth. Here one introduces a U(1) gauge field in addition to
the negative vacuum energy in the bulk, giving the stress-energy tensor

1
T = =9mn = S Gmn Fap F™* + FoncF, (5.10)

The solution to the equations of motion is

 op @

M) = F-mtoT

a(r) = r?

Ft?‘ = \/63Q bl (5.11)
KT

where 1 and @ are proportional to the black hole mass and charge, respec-
tively, and [7? = —Zx®A. Substituting this solution into the stress energy

tensor we find
TH | T8 _ 6Q°

3 iy (5.12)

From Eq (5.8) it is then clear that there is no possibility of having a horizon
unless the positivity of the stress energy tensor on the brane is violated, i.e.,

p+p <0, where p = —(T%) and p = (T°),'. We note in passing that the
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jump conditions at the brane are
a’ 2 n 2
u — —§m2p\/h‘1; L——]— = —/§2(2p+3p)\/h—1 R (513)
a

where [ '] denotes the discontinuity in the derivative across the brane. Since

h' > 0 at the brane, its discontinuity assuming Z, symmetry is negative.

Hence the brane tension must be positive; nevertheless p 4 p is negative and

the parameter w = p/p must be less than —1.

It was recently proposed that adding a dilatonic coupling to the gauge
field will improve the situation in such a way that the horizon could be outside
of the brane [66], and the interior region containing the singularity is cut away
when the Z, symmetry around the brane is imposed. In this situation, to
satisfy the jump conditions (5.13), p must be negative and w = p/p must
be positive. This is in contrast to the AdS-RN situation where w < —1 was
required, in contradiction to the positive energy condition. The authors of
ref. [66] find that w > 0 in their new solution, which may at first look like
an improvement. However, when p < 0, positivity of the stress-energy tensor
actually requires that w < —1 (so that p+p > 0), so we see that the problem
still persists in their solution.?

In fact we can easily extend our no-go theorem to the case where the
brane is placed between the singularity and the horizon to show that no
improvement is provided by this variation. Let us suppose there exists a
bulk solution which is qualitatively like one of those shown in figure 2; these
are the negatives of the normal AdS-Schwarzschild or AdS-RN solutions. In

this case the brane should not be placed at r» > 7, because in this region r is
the timelike coordinate, and such a brane would not be static, as we would

like for self-tuning, but instead would represent a time-dependent solution.

2Ref. [66] does however remark upon the possibility of overcoming this problem when

the curvature is k = 1.
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Repeating the steps that led to Eq (5.8), we obtain

s (M1 TR s
(4 ha)|, = 2tedt [ <T+_z—> eHhdr

b b
L gedam-aeoy (Too | T
h  aXj

To

k r
- 4—e%A/ e~ 24dr. (5.14)
Qg 7o

The new condition (5.14) is identical to the old one (5.8) as far as the
bulk contributions are concerned, but the sign of the brane contribution is
changed because of the fact that the space is being cut away for r < ry rather
than for r > ry. Now when we apply (5.14) at the horizon, rp, we find that
R'(ry) gets only positive contributions unless the 3-D curvature is k¥ = 1, or
positivity of T, is violated. But figure 2 makes clear that h'(r,) should be

negative in this case, thus giving a contradiction.

10 { | .
\
\ —— flipped AdS-RN
- flipped AdS~Schwarzschild
\
5rF \ 4
\
AN
N
N
\\
h( o X
0]
C
©
S
m
-5 F
-10 - '
0 1 " 2 3

Figure 2. Qualitative behavior of hypothetical solutions which would require the

brane to be placed between the horizon and the singularity.
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5.3 Relaxation of 7, Symmetry, and Higher

Derivative Corrections

We have seen that nonvanishing 3-D curvature £ can provide a way out
of our no-go result, but one may wonder whether there are other loopholes.
In this section we continue to leave £ = 0 and explore two possibilities which,
as it turns out, do not provide any additional loophole. The first is to relax
the Z, symmetry imposed at the brane, at r = r5. We consider possible

solutions in which
hi(r), r<r
wey = M ’ (5.15)
ha(r), r >

4i(r) The solution would have singularities

and similarly for a;(r) = age”
on both sides of the brane, at positions r = 0 and r = ry > ¢, say. The
hope would be to obtain horizons on both sides before the singularities are

reached, at 7 = rp1, 7o, as illustrated in figure 3.
Integrating Eq (5.7) in the bulk we get

r TB TB
o ha)), = ot [ (T8I ag,
7o 7 .

a;

+ ezt (5.16)

where ¢; are the constants of integration determined by the jump conditions
(5.13). Integrating Eq (5.7) across the brane gives

, (5.17)

b b
(ca — ¢1)e2400) = 2 <—:I;°LO + —T“) Vh
a

o

which implies (¢ca — ¢;1) > 0. But at the first horizon, r4,, we need A’ > 0 and
Eq (5.16) thus requires ¢; > 0. Similarly getting b’ < 0 at 7, requires c; < 0.
These two conditions give rise to the contradictory relation (¢ — ¢;) < 0;

hence nothing is gained by relaxing Z; symmetry.
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Figure 3. Qualitative behavior of possible solutions without Z> symmetry across

the brane.

One might alternatively hope that adding higher derivative corrections to
the action might circumvent the no-go theorem. The simplest such correction
to the Einstein-Hilbert action is a Gauss-Bonnet term [67, 68], since this
introduces extra powers of derivatives in the equations of motion without

increasing the order of the equations. The action is
1
S=5- / d*v/=g (R + MR? = 4R R™ + RapeaR™™)) (5.18)

where A\ is the coefficient of the new Gauss-Bonnet term. The modified

Einstein equation is Gyn = &*Tinn where Gmn = Gn + Gﬁ,’l\% and

A
G()\) — _§gmn(R2 _ 4RabRab + RabcdRade)

mn

+ 2A(RRmn — 2RmeRE + Romede RE% 4+ 2R Rpnen) -
(5.19)

The (00) and (ii) components of the new contribution to Einstein’s tensor

are
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) 3 AT (AN LA
= 15 —) =R = =] K+ =
00
4 a a a a
"o 7\ 3 I\ 2 2
a a
Gy = -2 (29—“—hh'- (~> hh’+<——> h'2+< > hh”) .
2 a a a a

(5.20)
As before, adding the (00) and (55) components of Einstein’s equations gives

o | &

a differential equation similar to Eq (5.7), but (A’ + hA’) must be replaced
with (b + hA")(1 — AhA"?). Integrating this gives

(W +hA')(1 = AhA?)|

_ZKQQ%A /TO T_Ol(g) + Tﬁ e_%AdT’
r h a

b b
2634 Alro)) <7;(ZO 4 Tn) N
a

(5.21)

o
The new factor does not change anything with respect to achieving a horizon
since h vanishes there. Just as before, the theorem shows that at the putative

horizon h' < 0, in contradiction to the required behavior.

5.4 Solutions with 3-D Curvature

In contrast to the negative results described above, it is possible to have
both self-tuning and a horizon, with no violations of stress-energy positivity,
when the spatial curvature is nonvanishing and positive. In fact, such a
solution has already been obtained in ref. [69] in the case of the chargeless
black hole with £ = 1. The authors of [69] did not identify their solution as
being self-tuning, but if one regards the position of the brane along with the
black hole mass as the properties of the solution which adjust to compensate
for the brane tension, then it should indeed be considered as self-tuning. It is

straightforward to apply the jump conditions to show that a static solution
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with
hir)y =k + Lk a(r) =r?, (5.22)

exists if k = 1, if the brane is placed at the position satisfying

18 36
42 _ 19 99
mP= r3 2
p >0 p=-p (5.23)
(again using [72 = ~é/§2A) and if the black hole mass parameter is
L,

Thus self-tuning works for the range of brane tensions p > 6x72["'. The

horizon is located at

1

which can be shown to be always between the singularity and the brane.
We can easily generalize the above solution to the case of a charged black
hole, where
rop @
h(?”)———k+'ﬁ—r—2+;‘4—, (5.26)

The jump conditions determine the mass and charge of the black hole to be?

3 2 kY
— 4 1 < = _rr
p="T <l2 * rd 12 )
2 1 kip?
Q2 = T‘g <l—2+;g——w> . (527)

The additional constant of integration, @, introduces some freedom in the
position of the brane, which now can have some range of values for a given
brane tension. The condition for existence of the horizon becomes compli-

cated because h(ry) = 0 is a cubic equation. It has real roots (hence a

3We follow ref. [24] in adopting the following Z; parity assignments for the gauge field:

A, = +A., Ay — —A;, so that no new jump condition arises for it.
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horizon) only if the following inequality coming from the discriminant of the

cubic equation is satisfied:

2 1 2 4 1 3
Ly e 2) —2(—12 ) . 5.98
(27 tapl @) <3l Ha (5.28)
If we define
1
= 1*/rf; = —x'p?l 5.29
e=l/rg;  n 5655 (5.29)

and use the expressions (5.27), this can be rewritten as [l —n + (1 — i) +
12+ 2 < [1—n+ 2e+ §€]°. Although this is hard to solve analytically,
the results are shown numerically in figure 4. The darkened region is where
the horizon exists for positive values of Q2. The region above the wedge
(n > 1+ ¢/2) corresponds to Q* < 0. The lower region has Q* exceeding
the critical value beyond which the horizons are lost, resulting in a naked
singularity. The boundary of this region can be approximated by the line
n =1+ %e (the approximation becoming exact as e — o0o). Thus the
allowed region for self-tuning with a horizon is given approximately by

12 1
14+ —e<n<1l+4 -¢€. .30
+ 276 n<1+ 26 (5.30)

These solutions correspond to a brane with positive tension since the discon-
tinuity of A’ at r¢ is negative.

We thus see that generalizing to @% > 0 does not significantly relax the
relation between the brane’s tension and its position relative to the original
chargeless solution, unless ry < . However the small ry regime is not very
physical, because at distances much shorter than [, the AdS curvature scale,
one expects higher derivative corrections to the gravitational action to alter
the solution, so that one should not trust it in detail for » < [. Moreover,
our universe would have to have very large values of ry in order to be nearly

spatially flat.
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Figure 4: The dark wedge is the range of parameters (see Eq (5.29)) for which self-
tuning with a horizon and with Q2 > 0 occurs for the k¥ = +1 AdS-RN solution.
The upper limit corresponds to @ = 0, and the lower one to the critical charge for

which the horizons disappear.

We have also searched for static solutions with negative tension branes
and k£ = 1 in the AdS-RN case, where the brane is between the singularity
and the horizon. These could in principle exist because of the inner horizon
and the positivity of h(r) in this region. However we do not find any such
solutions. All those illustrated in figure 4 have positive tension branes located
outside of the horizons. To arrive at this conclusion, we numerically evaluated
the positions of the horizons, 7, on a fine grid in the n-¢ plane and checked
whether 7y was less than or greater than these values. The solutions of

h(rp) = 0 are given by

2
i 1 A
Th o~ 4902 .
B 3+ \/3c039, (5.31)
where
1 p 2  p @
A=+ p=Z, Lt X,
37 o7 T3 T
1 o, e
6 = g(mr—i—tan 27B2—1)’ n=20,1,...,5. (5.32)



(The three extraneous roots of the six given by this procedure were identified
by substituting back into the original equation.) There are always two roots
with positive 7 and one unphysical one with negative 73, except in the
regions 7 > 1+ ¢/2 (Q? < 0) and n < 1+ (12/27)e (where Q? exceeds the
critical value for having any horizon). The physical values of 7, are always

less than that of the brane position, ry.

5.5 Curved Extra Dimensions

Since we live in a universe that is nearly flat, it would be better if the
effect of a large brane tension could be counteracted by the curvature of
some small extra dimensions rather than that of the usual three. To explore
whether this is possible, we consider the following ansatz for the metric, in
which two extra dimensions with the geometry of a two-sphere of radius

b(r) are introduced:
ds* = —h(r)dt® + a(r)dS2 + h(r) " 'dr® + b(r)(df? +sin® 0ds?) . (5.33)

The (00) and (ii) components of the Einstein tensor are

3 ! 1
Gow = —-h (“—h'+2h“—>
4 a a

b ab b’ AN
— Z(G—Zh bh h<3> +4-h 4b)

(5.34)

Although the last terms in Gyp and G;; show the effect of the positively curved

extra dimensions, this effect cancels out of the relevant linear combination
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Q;LQQ + %ﬂ Repeating the same steps that led to our previous no-go result
gives
2 r B B
(' +hA)|, = ~2“—e%A/ "y (Lo L) 3ag
" b T h a
b b
_2b00) seam-ago) (59 N ﬂ) Jh

50 o (5.35)

7o

Again we need R'(r) > 0, whereas the above expression shows that A'(r,) <
0, regardless of the curved extra dimensions. The latter thus do not provide

any new loophole in our theorem.

5.6 Discussion

By integrating a certain linear combination of the (00) and (ii) compo-
nents of the Einstein equations, we have derived an enlightening constraint
on the ggy component of the metric when there is a black hole in a five-
dimensional bulk, which is reminiscent of other consistency conditions that
have been deduced for brane/bulk solutions [59, 70]. Our theorem explains
why previous attempts to hide self-tuning singularities behind a horizon have
had to resort to a brane equation of state which violates positivity of the
stress-energy tensor. It shows that one could alternatively achieve the same
effect by violating positivity in the bulk rather than on the brane. Indeed, in
our search for self-tuning solutions with a horizon and with p = —p on the
brane, prior to deriving this theorem, we discovered that it is possible if the
black hole charge has unphysical values with Q% < 0.

In our quest for loopholes to this constraint, we found that augmenting
the gravitational action with higher powers of the curvature was unsuccessful,
as was relaxing the Z, orbifold symmetry that is often assumed when cutting
the bulk space off at the brane. Including positive spatial curvature for the 3-

D hypersurfaces provided a more successful way of evading the no-go theorem.
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We noted that the previously discovered solution of ref. [69] was an example
of self-tuning with a horizon, and we generalized it by allowing the black hole
to have a charge.

Unfortunately these positive curvature metrics do not provide a realis-
tic solution to the cosmological constant problem because the curvature is
related to the brane tension p by 1/r¢ = C,/p/M,, where C is a number
which lies within a narrow range of values of order 1. In our universe, which
is nearly flat, the same relation exists, where p is the critical energy density.
Therefore these “self-tuning” solutions can describe our universe only if the
brane tension is on the order of the presently observed cosmological constant;
this therefore constitutes fine-tuning after all. Precisely the same conclusion
would hold if one tried to counteract the effect of a positive cosmological
constant with positive curvature in a purely 4-D solution. This is nothing
other than Einstein’s static solution, which is known to be unstable against
perturbations of the scale factor away from the special static value. It seems
likely that the same problem will afflict the 5-D solutions as well. Moreover,
we found that it was not possible to cancel the effect of the brane tension by

shifting the positive curvature into small extra dimensions.
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Chapter 6

Dynamical Stability of the AdS
Soliton in RS Model

6.1 Introduction

Most of the brane world scenarios have focused on 5 space-time dimen-
sions, making it difficult to ascertain which features are generic to warped
geometries and which are artifacts of five dimensions. Indeed, some features
of these models are very likely to be specific to five dimensions. For instance,
the requirement of negative-tension branes — which are generic in five dimen-
sions — does not arise in six dimensions [59, 70]. It is also unlikely that the
Friedmann equations are modified in six dimensions in the same way as in
five. Moreover, the absence of Kaluza-Klein excitations of the metric’s radion
mode is also a 5-dimensional artifact, due to the trivial geometrical nature
of 1-D manifolds.

There have been numerous proposals for higher-dimensional generaliza-
tions of the RS idea. One of the earliest was to consider intersections of
codimension-1 branes as the 3-branes [71]. Others involved modeling the

3-brane where we are supposed to live, or in some cases where gravity is lo-

98



calized, as a cosmic string or higher-dimensional defect [72]. Other relevant
work warped higher dimensional spaces include [73]. A particularly attrac-
tive six-dimensional warped model has been considered in various contexts
by several authors [70], [74]-[77]. This model is related to the AdS soliton
[78], a double analytic continuation of a planar AdS Black hole metric, and
involves two compact dimensions having the topology of a disc with a coni-
cal singularity at its center. The boundary of the disc occurs at a (Planck)
4-brane and a (TeV) 3-brane is placed at the conical defect. The stress en-
ergy of the 4-brane requires an anisotropic form which could arise from the
smearing of 3-branes around the 4-brane, as suggested in ref. [70], or from
Casimir energy of light particles confined to the 4-brane [74].

Since all observable consequences of this (or any other) geometry only
involve the theory’s low-energy degrees of freedom, essential to understanding
its physical implications is a determination of its low energy spectrum. While
this has been partially done in previous references, it is the purpose of this
chapter to provide a complete accounting of the metric modes, especially as
regards the elusive radion mode.

We find results which differ interestingly from what obtains for five-
dimensional RS models. Instead of a massless radion, we find that generically
the mass squared is nonzero, and possibly negative, depending on details of
the 4-brane stress tensor. For a special case involving Casimir energy on
the 4-brane, the radion is an exactly massless modulus at the classical level.
Quantum corrections (which we do not here calculate) might stabilize the
radion in this case. If the radion mode is stable, the magnitude of the mass
squared is of order (1073 eV)?. Both the stable and loop-stabilized cases
might therefore make this mode of interest for table-top tests of gravity. The
tachyonic instability, if it occurs, does so regardless of the value of the ra-
dial size of the extra dimensions in the static solution. We show that it is

straightforward to cure this problem in the manner of Goldberger and Wise
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[16], by adding a bulk scalar field which couples to the branes. The mass
of the radion, once stabilized, is suppressed relative to the Planck scale by
an additional fractional power of the warp factor, which puts it in the MeV
rather than TeV range. Although this could potentially have been problem-
atic, we find that the coupling of the radion is similar to that of gravity,
because its wave function is not strongly peaked on the TeV brane. There-
fore, although there are cosmological constraints on this model, it is not ruled
out by constraints from supernova cooling or radion production in colliders.

We organize our presentation as follows. In section 2 we will introduce the
model at the static level. In section 3 we will find the dynamical perturbations
for 4-D modes which transform as tensors (gravitons), vectors, and scalars
(the radion). We will show that, whereas the tensor and vector modes have
a massless ground state, the radion mass squared is generically nonzero and
possibly tachyonic, although its magnitude is exponentially small. In section

4 we will show how a bulk scalar field can stabilize the radion mode, and

discuss the phenomenology of the model. A summary is given in section 5.

6.2 The AdS Soliton in Randall-Sundrum
Models

In this section we present the AdS soliton [78] and its key properties
relevant for braneworld applications. A more detailed description of this
space-time including its role in terms of the AdS/CFT correspondence can
be found in ref. [78].

The (p + 2)-dimensional AdS soliton first arose in connection with the
AdS/CFT correspondence [79] as a double-analytic continuation of a (p+2)—
dimensional planar AdS black hole metric. We will be interested in the six

dimensional (i.e., p = 4) AdS soliton for which the line element may be
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written
ds? = a(r) (f(r)d0* + nudztdz”) +a™ (r) f7 (r)dr® (6.1)

where the metric functions are given by

1= 2 (1-2) st o= 62

and 7),,,, is the four dimensional Minkowski metric.! This is a solution to six

dimensional Einstein gravity with negative cosmological constant

10 _ 8,
A= =—2H, (6.3)

where k%2 = Mg *, in terms of the 6-D gravitational scale Mg. The space-time
is asymptotically locally AdS as r — oo; below we will cut off the radial
extent by inserting a 4-brane at a finite value of r. For convenience we have
normalized a(p) = 1, since we will be interested in placing the standard
model on a 3-brane situated at that position.

The range of the 7 coordinate is p < r < oo, with the geometry smoothly

ending at r = p provided that the 8 coordinate is periodic, with period

Ar L2
8= 5 (6.4)

This also requires that, in the context of supergravity, fermions are antiperi-
odic in the # direction. It is important to note that this geometry is every-
where smooth and nonsingular including at » = p where the circle parameter-
ized by § smoothly shrinks to a point and the geometry ends. An attractive

feature of this geometry is that it ends in a natural and nonsingular fashion,
allowing constructions similar to those proposed in refs. [80], but which are

free of uncontrollable and likely unphysical curvature singularities.

Here our metric’s signature is ‘mostly plus’ and we adopt MTW [81] curvature

conventions.
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To construct a brane-world model, we will want to imagine that we are
living on a (TeV) 3-brane at 7 = p, thereby introducing a conical defect there
of size § = k%73, where 73 is the 3-brane tension. This modifies Eq (6.4) to

become
_ 2L%

5p

The extra dimensions are compactified by terminating the space at a 4-brane

o} (2m — §). (6.5)

at r = R.
In the horospheric coordinate system, the proper distance from p to r

along the r-direction is given by

Todr
= —— =k cosh™ [(r/p)*? , 6.6
T [(/p)*"] (6.6)
and so 7/p = cosh?®(k7) ~ &/ if r > p.
We will often find it enlightening to express the solution in polar coordi-

nates, 7, where the line element has the form
ds* = a(F)n,dz*dz” + b(F)d6? . + di* | (6.7)

Here the metric coefficients are given by

sinh®(k7)

. 4/5 (1.7, S
a(7) = cosh®®(k7); b(f) = bom :

(6.8)

where by = k=2 if the point 7 = 0 is regular, and 6 € [0,27]. In general
we will suppose the 3-brane has nonvanishing tension located at this point.
Then the conical singularity at 7 = 0 introduces the deficit angle given by
2m(ky/by — 1). In these coordinates the proper distance between two radii 7
and 7y is simply their difference, 7 — 7. We denote the radial position of
the 4-brane by 7 = R.

We close this section with some comments regarding the stability of the
AdS soliton. Since the AdS soliton is constructed from multiple analytic

continuations of a black hole space-time one might worry about dynamical
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stability of the solution. In general such analytically continued space-times
are not always well behaved. For example beginning with the Reissner-
Nordstrom black hole in asymptotically flat space one can analytically con-
tinue the metric in such a way as to allow for arbitrarily large negative values
for the mass parameter. Solutions such as this are inherently unstable i.e.
small perturbations around the background are tachyonic—see ref. [78] for a
detailed discussion.

One of the key results of ref. [78] was that (for p = 3) the AdS soliton was
found to be perturbatively stable to such linearized fluctuations. Further, in
ref. [82] this proof was extended to arbitrary p > 2 —see also ref. {83] for
a recent discussion. One consequence of this proof is that at least locally
within the space of solutions to the Einstein equations with asymptotically
locally AdS boundary conditions the AdS soliton represents the minimum
energy solution.

It is one of the purposes of this chapter to investigate whether the per-
turbative stability of this space-time persists when the geometry is cut off by

the introduction of the 4-brane discussed above.

6.2.1 The Gauge Hierarchy

To understand how this model solves the gauge hierarchy problem, let
us imagine that all the fundamental scales Mg, &k, and 1/R are of order
TeV. Then the standard reduction of the gravitational action from 6 to 4
dimensions (using polar coordinates) gives the 4-D Planck mass as

ME = M [ d7dfa(i)/b(7)

_]\{éa:”ﬂ R) = %emcfz/s

S Q2(R) = T

~

(6.9)

Thus by taking e3%%/5 ~ 106, corresponding to kR 2 60, we can explain the

largeness of the Planck scale.
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Notice that the relation M2 ~ a®?(R)(TeV)? differs from the analogous
relation in the 5-D RSI model, M2 ~ a(R2)(TeV)2. The additional factor of
a'/? is coming from the b/? part of the measure, which gives the size of the
extra compact dimension that was not present in the 5-D model. This shows
that the present model is a hybrid of the RS and ADD scenarios, in that
the hierarchy is due to a combination of warping and having a large extra
dimension.

This difference can also be seen by considering the physical mass of a
4-D scalar field which is confined to a 3-brane at a fixed position (F,é) in
the bulk. Since we are taking the fundamental scale to be TeV, we should
assume that its bare mass parameter m is of this order. But the physical mass
is determined by the usual argument of canonically normalizing its kinetic

term:

S3 = - %/d‘*az a? [a_ln”"au(ba,,(b + m2¢2]

o o [t [0,00,6 + alPymie?] (6.10)

Thus the physical mass is given by m3 = m\/JF-) . If we take the particle all
the way to the 4-brane, its mass does not reach the Planck scale, but rather
a smaller one, a(R)"Y*M, ~ 107%2/M, ~ 10'® GeV. This reflects the fact
that the strength of gravity is still diluted for a 4-D observer on the 4-brane,
by the large extra dimension. We should refer to it as the “10'®> GeV brane”
rather than the Planck brane.

6.2.2 Properties of the Branes

The 4-brane we need for compactifying the AdS soliton can be con-
structed by the standard cutting and pasting procedure. Here, the metric in

Eq (6.2) will be cut along the surface r = R and then pasted onto a mirror
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image of itself. The resulting space-time is then a solution of

1 o r—R
(RMN - §R9MN + AgMN) = K2 S0%,6%8 (T/f——a> ; (6.11)

where gpsy is the metric given in eqn.(6.2) and the induced metric on the
4-brane is gop = grn(R)OMSY.

S, is the stress tensor of an infinitely thin brane located at the cut-
ting surface. The stress-tensor so defined may be obtained from the Israel

matching conditions [38]. A straightforward calculation yields,

Sw = —r%/fa (4% i f7> v (6.12)
Segg = ——/{"‘2\/}; (4%;) Gop- (613)

Here and in the following uppercase Latin indices indicate six dimensional
coordinates, while lower case Greek indices specify the coordinates parame-
terizing the directions along the 3-brane. Lower-case Latin indices similarly
label directions parallel to the 4-brane i.e., z* = (x*,6).

A crucial point for this model is that the extra term f'/f in Eq (6.12)
relative to (6.13), though small, is nonvanishing, and therefore it is impossible
to interpret the 4-brane stress tensor as being due to a pure tension. Were
we to do this, thus making S,° = S,°, the 4-brane would be forced to go to
r = 00, and we would lose the compactification of the extra dimensions and
the localization of gravity.

There are several kinds of physics on the 4-brane which would naturally
involve the required difference in S,° — S,°. One is to imagine that the
gluing surface is composed of multiple branes. As discussed in ref. {70}, one
could consider the superposition of the stress-energy tensors of a four-brane
wrapping the internal circle and a three-brane which is smeared over the

internal circle. Indeed egs. (6.12,6.13) then take the form [70],
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Ty
S,uu = (T4 + z;) Guv

Seo = Tuges , (6.14)

where Ly is the proper period of the circle parameterized by 6 at r = R.
Another very physical possibility is that the difference between Tj and
Ty is due to the Casimir energy of any massless fields which are confined to

the 4-brane [74]. For these the stress-energy tensor will take the form
Co
S/W = <T4 + F,‘) g,uu

sw = (m-32). (6.15)

with some dimensionless coeflicients ¢y and cy. To the extent that the trace
anomaly vanishes (which is the case at one loop, since the 4-brane is odd-
dimensional), the Casimir energy satisfies the condition g*Sy, = 0, which
implies ¢y = 4cp.

In a static background, either of these stress-energy tensors are trivially
conserved on the 4-brane. But when we discuss dynamical perturbations
of the static space, conservation of stress-energy will yield a nontrivial con-
straint on the components of S,,. This will be discussed in section 3.3,
where we show that the ground state of the radion modes is tachyonic for
the smeared 3-brane model, but massless for the Casimir model.

The issue of stabilization is closely related to another potential problem
with the above models. This concerns the order of magnitude of the difference
S, — S,%, which is required in order to achieve a(R) ~ 10%* as is needed to
solve the hierarchy problem. This requires

5015, a(R)™%/? ~ 10733, (6.16)

which appears to be extremely fine-tuned. From this standpoint, only the
Casimir effect can be considered to be natural, since its L,® dependence

scales precisely like a(R)~%2. However the Goldberger-Wise stabilizing field
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makes it unnecessary to have nonvanishing S,° — S,?, as was shown by [75):
with the scalar it becomes possible to achieve an exponential hierarchy even
when S,° = S,°. It is interesting that we are able to both determine the size
of the extra dimension and stabilize the radion using the same scalar field.
In the 5D RS1 model, the two phenomena are necessarily tied together, but
not so in 6D. The fact that the size of the extra dimension is determined by
the value of S,° — S,% does not prevent the instability we will demonstrate,
so it is not obvious that introducing a new effect to determine the size of R

should stabilize the system. Nevertheless we shall show that it is true.

6.3 Stability Analysis

In the original model of Randall and Sundrum with two branes, fluc-
tuations of the metric were decomposable into Kaluza-Klein modes. Most
notably the spectrum included a zero mode which was bound to the brane
and served as the graviton in a four dimensional world. The remaining excita-
tions formed a tower of massive modes which were fully five dimensional and
had very little support near the brane. In the AdS soliton model presented
here we will find a very similar story emerging with a few differences. As in
RSI, the space-time constructed in the previous section is finite and one can
view the graviton fluctuations as linearized gravity in a box. This implies
that the spectrum of gravitons will again be discrete. Another difference
from RSI is that the fluctuations of the metric are now more complicated
owing to the greater complexity of the background metric. With only a sin-
gle extra dimension, the only degree of freedom for the radion mode is the
distance between the two branes, since any apparent ripples in the dr? metric
component can be gauged away by a coordinate transformation. With two

or more extra dimensions this is no longer the case, and the radion too has
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a KK tower of excitations.

By virtue of the symmetries of the geometry at least four of the metric
modes must be exactly massless. First, there are two massless states which
correspond to the massless 4-D graviton which is ensured by the model’s
unbroken Lorentz invariance in the directions parallel to the 3-brane. Second
there are two states making up the massless 4-D spin-one particle, which is
a consequence of the isometry § — 6 + ¢ of the extra dimensions.

The counting of massless modes may be further sharpened as follows. If
gravity is indeed localized on the 4-brane, we would expect to find a total of
five zero modes appropriate to the five independent fluctuations of a massless
spin-two particle in 4+1 dimensions. Since we will find below that the radion
generically has a nonvanishing mass in this theory (either tachyonic or real
by adding the appropriate scalar), there are in fact only four zero modes
bound to the brane. These will have a natural interpretation, at energies
below the mass of the radion, as a 3 + 1 dimensional graviton and a 3 +1
dimensional massless vector field.

The analysis will proceed by linearizing Eq (6.11) around the background
of the AdS soliton. In particular we will consider fluctuations of the six
dimensional metric which are given by gyny — gun + hun. A feature here
is the fact that hysy is a tensor and there is thus a variety of polarizations,
or graviton modes, that need to be considered. Following refs. [82, 84] we
can divide the various polarizations of the six dimensional graviton into three
categories. (i) Transverse traceless polarizations. These are modes which are
polarized in directions parallel to the Lorentz invariant hypersurface spanned
by the coordinates z*. (ii) Vector polarizations. These are gravitons whose
polarization is of the form ¢, i.e., modes polarized along the circle and in
the flat piece of the brane. (iii) Scalar Polarizations. These are modes which
are diagonal but not traceless. It is this last mode which is related to the

radion field.
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For the cases (i) and (ii) above we may write the metric fluctuations
as hyny = Hyn(r)e®® where Hyn(r) is the radial profile tensor and k*
is a 4-dimensional momentum vector with k* = n*k,k, = —M?. Further
there are ambiguities in the metric perturbations arising from diffeomorphism
invariance, which we (partially) handle by imposing a “transverse gauge:”
Hy,k* = 0. For massive excitations we may always, via the appropriate
Lorentz boost, choose to work in the rest frame? so that the momentum can

be written as k* = pd.'. In this case, the transversality condition becomes,
Hy k=0 = Hu=0 Va (6.17)

Our implicit notation for the 3 + 1-dimensional Minkowski space coordinates
is ¢ = (t,2') withi =1,...,3.

We do not consider here the Kaluza-Klein modes® corresponding to an-
gular excitations, i.e., around the large extra dimension. One might at first
have thought that these had a mass gap of order 10 eV since they are modes
which are localized on the 4-brane (assuming they are radially unexcited)
and the circumference of the 4-brane is of order Ly ~ (10 eV)~*. However, if
we imagine integrating out only the radial dimension to obtain the effective
theory of these modes, we find that the fundamental scale is no longer TeV,
but rather \/@ TeV ~ 10'3 GeV, because of the effect of warping. (The
kinetic term of these excitations gets the same exponential factors as does
the angular gradient term: £ ~ (¢)2/a + (85¢)%/b.) This effect of warping
was alluded to in section 2.2. From this point of view, the size of the compact
dimension looks like (TeV)™!, whose smallness compared to ~ 10" GeV is

how the largeness of the extra dimension is manifested. We will leave aside

20f course when searching for zero modes we are constrained to work with a null

momentum vector.
3For a discussion of these KK modes as they relate to the stability of the AdS soliton

see ref. [82].
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these angular KK modes and instead consider the radial excitations. To de-
termine the spectrum, we must solve Eq (6.11) with the ansatz (6.17) as an
eigenvalue problem for the mass M.

The metric fluctuations for case (iii) are considerably more complicated

and will be dealt with separately in section 3.3.

6.3.1 Transverse Traceless Modes

As explained above, these modes are polarized parallel to the Lorentz

invariant directions on the brane and correspond to
Hoyr = Hopp = 0 = Hyy K* VM, (6.18)

where the last equality is a restatement of Eq (6.17).
A consistent solution to Eq (6.11) linearized around the AdS soliton is

provided by the following ansatz,
Hyn = eyna(r)H(r) , (6.19)

where ¢,y satisfies the conditions in Eq (6.18) and a(r) is the metric function
appearing in the static solution above.

Solving the equations of motion, which come from linearizing eqn. (6.11)
around our ansatz, imposes that the polarization, must also be traceless,
n* e, = 0. Thus Eq (6.18) describes five independent modes, which can be

described as three off-diagonal polarizations, e.g.,
€19 =€y =1, otherwise ey =0 (6.20)
and two traceless diagonal polarizations, e.g.,
€11 = —€x; =1, otherwise e,y = 0. (6.21)

For all of these independent polarizations, the radial profile H (r) satisfies the

same differential equation. Substituting the above ansatz, (6.18) and (6.19),
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into Eq (6.11) and linearizing around the AdS soliton background one finds
that the radial profile must satisfy

d2H(r)+<3a'(T) f'(r))dH(r>+ M piy=o0, (622

dr2 a(r) + f(r) dr f(r)a(r)?

where primes denote differentiation with respect to . Here the d-function

coming from the right hand side has been canceled exactly by similar terms
on the left hand side. One should note that this is ezactly the equation for the
transverse traceless modes originally obtained in ref. [82, 84]—see also ref.
[85]. Again, this is independent of the form we choose for the stress tensor,
since by exciting these transverse traceless modes we are not perturbing the
size of the circle. It is interesting to note that this is precisely the equation
describing the propagation of a minimally coupled massless scalar on the AdS
soliton background [82, 84].

Here we will determine the eigenvalues numerically using a shooting tech-
nique (see ref. [86]). For the purposes of numerical calculation we will hence-
forth restrict to r < R and replace the brane by effective boundary conditions
on the gravitons at » = R. Obtaining the correct solution to this problem
is equivalent to determining the correct boundary conditions that the radial
profile H(r) must obey at r = p and r = R. At the brane the absence of J-
functions in Eq (6.22) implies that H (r) and its first derivative are continuous
so requiring an even function of r gives the boundary condition H'(r) = 0.
The boundary at r = p is more subtle since the metric function f(r) vanishes
there, i.e., f(r = p) = 0. This is reflected in the fact that this point is a reg-
ular point of Eq (6.22). So requiring that H(r) be regular at this boundary
gives the condition

dH (r) L*M?

dr 5

r=p

H(r)l,o, - (6.23)

It is now straightforward to see that this polarization of the six dimensional

graviton indeed has a zero mode. This can be done by setting M? = 0 in Eq
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(6.22) and integrating directly. After the first integration we find

dH(r
——d(—> = const. x a(r) 3 f(r)7", (6.24)
-

which can be seen by inspection to violate the boundary condition at the
brane unless the integration constant is forced to vanish. Performing the
second integration just leaves the constant solution obeying the above bound-

ary conditions. So we see, referring back to the ansatz in Eq (6.19), that the

physical zero mode for these polarizations is

hMN = EMN(L(T) y (625)

where ¢,,y obeys the conditions in Eq (6.19) and we have used our freedom
to perform one overall rescaling of the solution to set H(r) = 1.

In order to obtain the spectrum of nonzero modes we use the numerical
shooting technique with the above boundary conditions. The mass eigenval-
ues are a function of the relative size of the extra dimension R/p, but in the
limit that R/p becomes exponentially large, as desired to solve the hierarchy
problem, the masses quickly approach their asymptotic values. We give these
values for the first few KK modes in the following table. We emphasize that

there are no modes with M? < 0 and hence no instabilities in this sector.

Mode Number | M?L?
0 0
16.494
44.731
85.545
138.92

St bW N =

204.85

Table 1. Mass squared of the radial graviton KK modes, in units of the AdS

curvature radius, in the limit of large warp factor.
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Unlike the zero mode, which is localized on the 4-brane, the KK modes
are peaked at the TeV brane, a phenomenon which is familiar from the 5D

RS model. This behavior is illustrated for the first three modes in figure 1,

where the wave functions are plotted.
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Figure 1. Wave functions for the first three radial KK modes of the graviton.

6.3.2 Vector Modes

The next set of polarizations comes from the same ansatz as in Eq (6.19);
however in this case the polarization tensor is such that it has one leg in the

Lorentz invariant directions of the four-brane and another on the circle. It
has the form

Eop = Epo = Uy withk-v=0andv-v=1, (6.26)

Polarizations of this form contain three independent modes. Substitution
into the equation of motion (6.11) and linearizing as before yields

PH(r) | d(r)dH(r) | M = Do — mEE
dr2 a(r) dr f(r)a(r)QH(T)~ Zf(r)d( BH() - {8.21)

For these modes there is a net contribution from the §-function source term

on the right hand side of Eq (6.11). This can be understood from the fact
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that the metric perturbation we are considering is a fluctuation in the gg,
components of the metric. The corresponding variation of the stress-energy
tensor only involves the pieces proportional to Ty and not those proportional
to T5. In other words for these modes we have effectively that éTy = 0T
under the fluctuations considered in this section. In our formalism this will

manifest itself as a nontrivial boundary condition at r = R,

dH(r) _f'n) .
dr r:R— f(r)H()

while enforcing regularity at the point » = p requires that H(p) = 0. As

, (6.28)
r=R

with the transverse traceless modes of the previous section, we can obtain an
analytic solution for the zero mode of this equation by setting M? = 0 and

performing the integration directly. We find an exact solution of the form

where ¢ and b are arbitrary (dimensionful) constants of integration. Imposing

the boundary condition in Eq (6.28) gives

cL®
b=— 6.30
s (6.30
and from this it is straightforward to see that the zero mode is given by
cL?
H(r)= 57)7 (r) . (6.31)

Fortuitously, this solution also satisfies the boundary condition at r = p for
all values of ¢ since this is precisely where f(r) = 0. Choosing to normalize
the wavefunction so that H(R) = 1 amounts to choosing ¢ = 512—; (R)~L.
Returning to the ansatz in Eq (6.26) we see that the physical zero mode

takes the simple form
f(r)
f(R)”

which is indeed peaked at r = R. In order to analyze the nonzero modes

H,ué’ = 5u0a(r) (632)

we again turn to numerics and find a positive definite spectrum which im-

plies that no instabilities are caused by exciting these vector modes. In the
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table below we again present, in the limit of large warp factor, the first few
eigenvalues in this spectrum.

Like the spin-2 modes, the vector KK modes are also peaked near the
TeV brane, although their wave function vanishes precisely there. The first

three modes are shown in figure 2.

Mode Number | M2L?
0 0
1 25.001
2 59.752
3 106.91
4 166.61
o 238.80

Table 2. Mass squared of the radial graviphoton KK modes, in units of the AdS

curvature radius, in the limit of large warp factor.

Figure 2. Wave functions for the first three radial KK modes of the graviphoton.
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6.3.3 Scalar Modes

Here we will consider modes which fall into category (iii) above. There is
in fact only a single mode (at the lowest KK level), although it corresponds
to simultaneous fluctuations of different components of the metric. Most
importantly this mode includes fluctuations of both gg and g,, and thus
couples fluctuations of the radial size to fluctuations in the size of the compact
circle. For the radion, it is convenient to switch to the polar coordinates
introduced in Eq (6.7), where the equations take a somewhat simpler form.

We start by writing the perturbed metric as
ds® = a(F, ) da*dz” + b(F,t)d6* + c(F,t)di* (6.33)

where the perturbation around the static background corresponds to

a(F 1) = e M)A = ao (F)e~ 1)
b(r,t) = e~ Bo(F)-Bi(7t) — b (,il’)e—Bl(F,t)
C(ﬁ t) = 1+01(7:, t) , (634)

and we have now included a subscript ‘0’ to denote the metric functions of
the background around which we are expanding, i.e., the AdS soliton. Here

we have gone to the 4-D rest frame of the fluctuation
A (7,t) = A1 (F)Re(e ™) , (6.35)

and similarly for F; and G;. This is generically valid since for arbitrary
values of the parameters there will be no zero mode. We will find however
that there is a special case in which there is a zero mode and hence no rest
frame. For this case we have checked that the procedure outlined here gives
the correct result.

We can unify the models of the 4-brane stress energy at 7 = R which

were discussed in section 2.3 by writing
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T
S;u/ = <T4 + Z%) Guv = ‘/Og;w

(]
T
Ly

S = <T4 - > 900 = Vo goo (6.36)

where Ly = [ dH\/EIF: 5 is the circumference of the compact 4-brane dimen-
sion. The smeared 3-brane model has « = 1 and T3 = 0, while the Casimir
effect model has o = 5 and T3, T3 # 0. Notice that the metric tensor elements
appear within the definition of the circumference Ly. Also T3 really has the
dimensions of a 3-brane tension only when o = 1.

We can now write the Einstein equations for this metric ansatz. Since
it will later be necessary to add a bulk minimally-coupled scalar field, we
include it here, although at first we shall carry out the analysis with no scalar.
Ignoring terms like a? which would be higher order in the perturbations, the

(tt), (tt) + (i1), (rr), (A6) and (tr) components of the Einstein equations are

2 a b

3a” 3d'b 3dd 1V 1 b_’ > o1l
4dab 4ac 2b 4
- (C[A V()] + 17 + Vaes(F — B) + Tb\/gé(F)> (6.37)

@ b ¢
2=+ -+ - = 6.
~+p - =0 (6.38)

a 2a
=~ (c[A+ V(9)] + 26 + Vo /(7 — R))  (6.40)

a ad  ba ca yooby el 91,1
2 gl _ 12 _ a2 I = 41
6a 6aa ba 3ca+2b bb ¢b 99, (6:41)

where T} is the tension of the 3-brane at 7 = 0 and primes denote 0.
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The next step is to linearize the field equations in the dynamical pertur-
bations. We use the relation 4, = —m?2A;, and similarly for the other per-
turbations, where m, is the sought-for radion mass. Expanding the (¢t)+ (44),
(tr) and (rr) Einstein equations, respectively, to first order gives

m2(2A; + By — C1) =0 (6.42)
1 1
44 = SAC) + [ Bl = A1 = S(By— 4p) (B +C1)| = 2620061 = 0 (6.49)

2

3
(345 + B s + 4B — Ay (34 + B;) Gy = 3 (341 + By)
k2 [, ov o
+‘§‘ |: 0201 + 2—6—$¢1 - 2¢0¢1‘| =0 ; (644)
and similarly for the scalar field we find
" 1 oV 9*V m?
1 —(245+By)¢1 - 5(414/1‘*‘31"'0{)%*01%— 8—¢3¢1+a—0¢1 = 0. (6.45)

We note that even for a massless mode, the energy is nonvanishing, so that
Eq (6.42) would still provide a constraint among the components of the
perturbation (we would then have to consider its spatial momentum too).
Moreover (6.43) is the time-integrated form of the (¢r) equation, which we
have organized in a form whose purpose will become clear momentarily. We
have not written the (¢¢) nor (#8) components since these are not independent
equations: (tt) can be obtained from (¢r)" and (tt) + (é1), which follows from
the Bianchi identities; and (89) follows from combining (¢r), (rr), (rr)’ and ¢
equations in a manner which is not obvious, but which could be anticipated,
since first order constraint equations, like (rr) and (¢r), must be consistent
with the second-order dynamical equations, (¢t), (¢3) and (68).

For the remainder of this section, we will assume there is no bulk scalar
field present. Effects of the bulk scalar will be considered in the next section.

The boundary conditions at the 4-brane come from integrating over the

delta functions to find the discontinuity in the first derivatives, and using Z,
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symmetry across the brane to identify, e.g., Ad’'/a = —2d'/a at 7 = R. At
zeroth order in the perturbations, this gives the jump conditions (6.12,6.13)
for the static solution. Expanding to first order, and assuming that 75 is a

constant (more about this below) we find

. 1 o T3 , ,
! 1 / /
Bi— A = 5(Bj—A)(Ci+aBy). (6.47)

In addition, we must consider the boundary condition at the 3-brane at
the center, 7 = 0. With two extra dimensions, the effect of such a point-
like source is to introduce a conical singularity and a corresponding deficit
angle, as we have discussed in section 2.1. Since the defect is unchanged
by perturbations around the static solution, we insist that the deficit angle
does not vary. If we consider a circle with # = € around the 3-brane, with
circumference L and physical radius D, we therefore demand that L/D be

invariant in the limit that ¢ — O:

lim 6 (£> — lim$ <fdé\/5)

e—0 D e—0 f(; \/E
L
= ~5p (B1 + C1) =g » (6.48)

in other words, B; +C; = 0 at 7 = 0. In addition, we expect A to vanish at
7 = 0. The latter can be shown to be satisfied from B; + C; = 0 combined
with the bulk equations of motion, so it gives no additional constraint.

We must pause to discuss an important point, concerning the counting
of boundary conditions versus independent differential equations. Using the
algebraic constraint (6.42) to eliminate Cj, we have two first order o.d.e.’s
for A; and B;. On the face of it, our system looks overconstrained: there are
three boundary conditions! But in fact the system is not overconstrained.
Rather, there is a constraint on the stress-energy tensor on the 4-brane, due

to its conservation. By computing 3-,.: SO“;G = 0, where Sy is the surface
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stress energy on the 4-brane, we obtain

dly; B
d—;’ = -Zi (T5(1 —a) +T3) . (6.49)

Integrating this, we see that unless the constraint
Ty = (a—1)T; (6.50)

is satisfied, then 75 must have had extra hidden dependence on B (hence the
circumference of the circle Ly) beyond that which was explicitly assumed.
If Ty is truly constant, then any physical model of the stress-energy must
satisfy (6.50). This is true for the model which corresponds to delocalizing
(smearing) a 3-brane around the circular dimension of the 4-brane, since
there @« = 1 and 7§ = 0. And it tells us that the Casimir energy model
with @ = b must satisfy T3 = 475, as we saw earlier was indeed the case
for massless particles. With any such choice, it is easy to see that there are
not really two boundary conditions at the 4-brane; rather, imposing the first
b.c. (6.46), together with the (tr) equation (6.43), implies the second b.c.,
(6.47). The result of this discussion is that it suffices to impose just one b.c.
at 7 = R, say (6.46), which using (6.50) can be written more simply as

(=1
8

! 1 ! ! !
Al = §A0C1 b (BO - AO)BI- (651)

We solved the above system of equations for the radion numerically, for
the case of @ = 1 (the general result for arbitlrary values of a will be given
below) and we find that it has a negative value of m2—it is a tachyon. The
graph of its dependence on the ratio of warp factors between the 4-brane and
the 3-brane is shown in figure 3a. If we normalize a(0) = 1 at the 3-brane,
then in the regime where the hierarchy is large (right hand side of the graph),

the radion mass squared depends on a(R) (a evaluated at the 4-brane) as

m; 2 —20L72a(R)™? (& =1 case only), (6.52)
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where we recall that L is the AdS curvature radius. Since L ~ 1/TeV and

a(R)3/? 22 10% to solve the hierarchy problem, we obtain

—m2 ~ 1073V, (6.53)

This is well above the present Hubble scale, so we would have noticed the

expansion or contraction of the extra dimension due to the change in the

strength of gravity, if Eq (6.53) were true.
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Figure 3. (a) Log of minus the radion mass squared versus log of the warp factor,

for the case a = 1. (b) Outer (solid) lines: the radion wave function for a large

value of the warp factor; inner (dashed) lines: wave function of the first KK

excitation of the radion.

The radion wave function in the large warp factor regime is shown in

figure 3b. If the 4-brane is moved even farther away (larger warp factor),

the wave function retains the same form, since it stays flat in the region of

large 7. Although these plots were made for the case & = 1, we find that

the wave function looks essentially the same for all values of . We see

from its functional form that near the 3-brane A; = —Bj, and since C] is

constrained to be 3A4; + B, therefore C; = —2B; in this region. For larger

values of 7 we have A; = 1/3 and B,
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throughout most of the bulk. Nevertheless its integral is nonvanishing, so
the radial size of the extra dimension, which is given by fOR dr C(F), changes
in response to the instability, and it does so in the same sense as the size of
the compact dimension, because of our choice of signs in the definitions of
B; and ). That is, the instability is a simultaneous growth or shrinking of
the radius together with the circumference. Either direction is a possibility,
since the static solution is analogous to sitting on the top of a hill: the ball
can roll down in either direction. The situation is illustrated in figure 4.
Not shown there is the fact that the relative sizes of the brane directions,
a#, grow or shrink in the opposite sense relative to the extra dimensions. In
the case where the extra dimensions grow, the endpoint must be the AdS
soliton solution with no 4-brane, since this has been demonstrated to be the
minimum energy solution which is stable [82]. In the case where they shrink,
the 2-D surface presumably degenerates into a point.

In comparing the radion in this model to that of the 5-D Randall-
Sundrum model, we can notice several similarities and differences. Similarly
to the 5-D model [14, 15], in 6-D the radion is an admixture of the radial
and brane metric components, such that oscillations of the radial size are
accompanied by fluctuations in the scale factor of the 4-D universe which
are 180° out of phase. But in 5-D, the radion was exactly massless in the
absence of stabilization, whereas in 6-D it is a tunable parameter. Another
difference is that, whereas in 5-D the radion has no tower of KK excitations,
in 6-D it does. The mass gap is of order 1/L, i.e., the TeV scale. The first
few eigenvalues, for large values of the warp factor, are given in table 3. One
notices that these masses are systematically smaller than those of the gravi-
ton and vector modes. Thus the radion excitations would be the first signs
of new physics from this model (once we have made it viable by stabilizing
the radion) to appear in accelerator experiments. The wave functions of the

second and third excited states are shown in figure 5, while that of the first
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excited state appears in figure 3b. Similarly to the spin 2 excitations, the
modes above the ground state have wave functions which are exponentially
strongly peaked on the TeV brane. The wave function of the radion ground
state, on the other hand is relatively flat throughout the bulk. This plays

an important role in its couplings, as we will discuss in the next section.

-

-

-
—
>
—

Figure 4. Illustration of the instability. A given static solution, shown in the cen-
ter, is unstable toward growth (left) or shrinkage (right) of the extra dimensions
(funnel), accompanied by the opposite behavior of the directions z# within the

3-brane (shown as a sphere).
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Mode Number | m?2L?
1 1.0188
6.1512

12.748
21.311
44.437
75.588

OOt WD

Table 3. Mass squared of the radion KK modes, in units of the AdS curvature

radius, in the limit of large warp factor.
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Figure 5. Solid lines: wave function of second excited state of the radion; dashed

lines: the third excited state.

We can understand the preceding results for the radion ground state
mass and wave function analytically, and generalize them to arbitrary values
of the 4-brane stress-energy parameter . Toward this end, we first convert
the coupled first order equations into a single second order equation. The
form of the equations suggests that a natural dependent variable to consider

is the linear combination H = 34, + B;. The variables A;, B; and C}
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can be expressed in terms of H using egs. (6.42) and (6.43), where for later
convenience we continue to show the effect of a bulk scalar field, even though

we set it to zero for the present:

1

A = 35 [~ H'+ (A + BY) H — 257 ¢
3 [ ! 1 ! /
By = g H' - (Ag + 5BO) H+ 2n2¢0¢1}
1 -
C, = H' + (By — Ay H — 26261 ] . (6.54)
2B} |

Substituting these into the remaining field equation (6.44), we obtain

6AZ — 3B — 6AyBf — 2k}’

n HI
1 2B}
N C%—Aw@%+gmmr«%ﬁﬁgﬁ>ﬂ
B ag
ov bt
_ 4 (_ _ ,iz_ov> b1 . 6.55

and the boundary conditions at 7 = R and 7 = 0, respectively, are

1—« K2
AI BI 0 Hl
(“*4 0*%%—%0
1 1 -« 2 2BIm?
Al ~B'Y(A B/ e 242 o'ty H
(( 0+3 0)( 0+—4 o) 3"‘5 b0 +3(B(I)—A6)ao ’
H = AyH =0, (6.56)

The radion mass squared comes into the boundary condition because, in the
process of eliminating A;, A}, B; and Bj in favor of H' and H’, it is necessary
to use the bulk equation (6.44), evaluated at the 4-brane.

Now it happens that the important features of the radion ground state
can be deduced from approximating the above equations by the form which
they take in the asymptotic region of # ~ R when R is large. In this region,

we have

Ay By~ ——k;  Bj— Ay —8ke " =§A", (6.57)

125



and the equations in the bulk and on the brane, respectively, simplify to:

1" 3 ! ! ! /! mg
H ~§AH+ bA'WA'+ — | H =0, (6.58)
ao
K2pZ 3 m?2  5-a« K22
—(5 — "VH == A — SA' | H .
< yt +8(5 a)dA o + ( 5 T ) . (6.59)

where now we take A’ to have the constant value —4k/5. The terms JA’

and m?2/ay are both of order e=2"

in the large 7 region (as we will verify
self-consistently), so that in the bulk equation (6.58) they can be ignored

compared to the other terms. The solution in the bulk has the form
H(7) 2 ¢) + coe” GO 151 (6.60)

where §H represents the small effect of the parenthetical terms we have
ignored. The latter give rise to a negligible effect on the bulk solution, 6 H <
H. However, the small terms proportional to 64’ and m?/ay cannot be
neglected when applying the b.c. at the 4-brane. In fact, this equation,
(6.59), can be used to solve for the radion mass, which in the absence of the

scalar field gives

5—« 3 H 20 5
2 _ ! ! ~ -2 _—(6k/5)R
m, = 1 CL()(SA <§ﬁ—2A> -_R—(a_5)§z75L e (6k/5)
5 _ ~
= (o= 5) 509 2(R) + O(ao(R)6A™)
a—5 A A
- —_— ] . .61
2 a3/2(R)+O<aé(R)> (661

The final expression assumes that aq is normalized to unity at the TeV brane,
and uses the relation (6.3) between A and L. (The intermediate factor of 2%/°
comes from ag(R) = cosh®(kR).) Interestingly, the value for m? which we

so obtain is completely insensitive to the details of %’ ~ e~ (6k/5)R

, much less
0H, since all of these are much smaller than A’. We are therefore able to
give a very accurate analytic estimate for the radion mass squared, when

the warp factor is large. The small magnitude of m? is seen to be a direct
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consequence of the value of By — Aj in the static solution. This expression
agrees with our previous numerical results for &« = 1 (and we have also
checked it numerically for other values of ¢). In the limit that the 4-brane
goes to infinity, so that the full AdS soliton is recovered, the radion becomes
massless, but is not normalizable. Thus it does not contradict the fact that
the uncut AdS soliton is a stable solution.

Interestingly, the radion mass vanishes almost exactly in the case where
the anisotropy of the 4-brane stress tensor is provided by the Casimir energy
and pressure of fields living on the compact extra dimension. In this case
the relevant energy density scales like L;®, i.e., @ = 5, as expected from di-
mensional analysis. This is the unique case where no dimensionful parameter
is introduced in the anisotropic part of the 4-brane stress tensor, which is
the part that also controls the position of the 4-brane, and hence how large
the extra dimensions are. Curiously, the mass does not vanish ezactly when
o = 5 because of the O(§A"?) correction, whose coefficient turns out to be
(11 + «)/8. However, the natural size of this contribution to m, is of order
1071% eV, which is far below experimental limits on scalar-tensor theories of

gravity.

6.4 Radion Stabilization and Phenomenology

In this section we show how to increase the mass of the radion through
using a bulk scalar field, and discuss the implications of the model for collider

experiments, tests of the gravitational force, and cosmology.

6.4.1 Stabilization by a Bulk Scalar Field

We have found that the radion can be massive, massless, or tachyonic,

depending on the value a which controls the dependence of the 4-brane stress-
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energy on its circumference. In the latter two cases (o < 5), it is certainly
necessary to increase the radion mass squared so that we have a stable uni-
verse, with Einstein gravity rather than scalar-tensor gravity at low energies.
In the 5-D RSI model, this was achieved by Goldberger and Wise [16] by
adding a bulk scalar field, whose VEV’s at the two branes were constrained
by potentials on the branes to take certain values. The bulk scalar then
acts like a spring between the branes, whose gradient energy becomes re-
pulsive if the branes get too close, and whose potential energy (from m2¢?)
causes attraction if the branes separate too much. We expect that the same
mechanism should work in 6-D.

Scalar fields in AdS have solutions which are exponentially growing or
decaying toward the ultraviolet cutoff brane. Ref. [75] studied these solutions

and found the approximate behavior
¢(F) = ¢pre™ + e’ ", (6.62)

where 0. = —k &+ k2 + m2. Near the 3-brane, where the space does not
look like AdS, the behavior is different; ¢(7) = ¢o(1 + m?72/4), but this
will not be very important for understanding the effect of the scalar since
most of the volume of the extra dimensions is near the 4-brane. For generic
boundary conditions, the growing solutions dominate, and it is a good ap-
proximation to neglect the decaying ones. The main point is that the most
natural configurations are ones where ¢(0) < ¢(R).

Before doing any analytic estimates, we solved the entire system of Ein-
stein equations numerically, to find the effect of the scalar field on the radion
mass. There are three kinds of corrections to consider. First, the scalar field
induces a small back-reaction on the static solutions, Ay, By, determined by
the zeroth order truncation of the Einstein equations (6.37-6.41). This effect
has been analytically computed in [75]. Second, the background scalar con-

figuration couples to the fluctuations of the metric. This arises solely through
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the term x2¢}>C} of the pertufbed (rr) component of the Einstein equations,
(6.44). We will see that this is the really important effect for stabilizing the
radion. The third kind of correction is from fluctuations of the scalar field,
which can mix with the radion. These are governed by the perturbed scalar

field equation (6.45).

1! 1 / ! !/ / ! 1 av ! !/ ! !
L= (44 + By — doH' - TR ((By — Ap)H + H' — 26> ¢y
2 2
it g =, (6.63)

"~ 9¢?
where V = 1m?¢? is the bulk potential.

Our numerical results demonstrating the stabilization of the radion are
shown in figure 6. We considered scalar field configurations with ¢ = 0 at
the 3-brane and varied the value of ¢ at the 4-brane, showing that m? (in the
tachyonic case @ = 1) becomes positive for sufficiently large values of o(R).
(Treating ¢(R) as an adjustable parameter can be justified by imagining that
we have stiff potentials for ¢ on the branes, fixing their boundary values to
whatever we desire.) We checked that these results are quite insensitive to
whether the fluctuations of the scalar are included. The mixing between the

radion and ¢; was found to be negligible.

0.03———————————————

0.02}- i

212
0.01f 4

0.2 03 04 05

O(R)
Figure 6. Dependence of m? on the value of ¢ at the 4-brane.
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The behavior shown here can be easily understood by generalizing our
previous derivation of the radion mass to include the effect of the scalar. The
equation of motion and boundary condition for H, in the large-7 region, were
given in (6.58-6.59). We can take m? of the scalar to be small, so that its
effect can be neglected in the bulk equation and the approximate solution
(6.60) is still valid. Now when we solve the b.c. for the radion mass, we
obtain the previous expression plus a new term,

m?2 55—« 3H' H' k2¢
— = A= —24" | + =2 6.64
et (G ) ey ey

whose origin can be traced to the extra term in the (rr) Einstein equation.
The first term is also changed by the presence of the scalar field, because
of its back-reaction on the static metric. However, using the results of ref.
[75] who computed this back-reaction, we find that 6 A’ is still of order e~2kR,
Therefore, since £ is of order e**/2, the new term on the r.h.s. of (6.64) is
the dominant one. The fact that %’ has the correct sign (negative) to insure
that the radion mass squared is positive is not obvious, but by numerically
solving for H(r) we have verified that indeed %’(R) < 0, as we show in figure

7. We thus find that for large enough values of ¢(R), the radion mass is

m2q§(}~?,) —kR/5
my ~ k—w'e / ~ MeV s (665)
independently of the details of the 4-brane stress-energy.
It is remarkable that the stabilized mass is not of order the TeV scale,

as was the case in 5-D RSI [15, 16, 58]. The mass squared is suppressed

H 1/2

by the fractional power of the warp factor left in the product ag% ~ ay
Recalling that the Planck scale hierarchy was set by ay/* 2 1032, we see that
the stabilized m, is suppressed by the factor 10'%/%) giving m, ~ 10 MeV.
This is precisely the same factor by which a TeV mass particle, transported
from 7 = 0 to 7 = R, falls short of the Planck scale, as we noted in section

2.2. Thus the smallness of the radion mass seems to be associated with the
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additional dilution of the strength of gravity that comes from the large extra

dimension.

H(T) i+ .

0.5 _

Wi

Figure 7. The radion wave function H(r) for the ground state, showing that

H'|H < 0.

In ref. [75], one advantage of having a bulk scalar field was already pointed
out: because of the back-reaction of the scalar on the metric, the jump
conditions at the 4-brane can generically be satisfied for large values of R,
as desired for achieving a large hierarchy, without much sensitivity to the
model of stress energy on the 4-brane. In particular, choices like @ = 0 (pure
tension) or ¢ = 1 (smeared 3-brane), which by themselves could not have
yielded a satisfactory value of R, become viable in the presence of the bulk
scalar. The only requirement for getting sufficiently large R is that the scalar
mass should be somewhat light since R ~ #

Hence one needs k/m ~ 8 to get the desired hierarchy. A similar relation
occurs in the 5-D realization of Goldberger and Wise [16]. This requirement
is quite compatible with the parameters we need for generating the radion

mass, as in retrospect one would have expected.
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6.4.2 Couplings of the Radion and Its Excitations

In the 5-D RSI model, the stabilized radion has a TeV scale mass and TeV
suppressed couplings to standard model matter [13, 30]. Were the couplings
of our MeV-scale radion so large, it would easily be observable in low-energy
experiments and possibly affect the cooling of supernovae. Here we show
that the couplings are actually Planck scale suppressed.

Computing the 4-D effective Lagrangian for the gravitational fluctuations

at quadratic order, we obtain
1 : .
Lo=55 / df dr ag(r)\/bo(r) [H?(r,t) +2B}(r,t)] + A1 (0, £)T% , (6.66)

where T is the trace of the 3-brane stress-energy tensor, representing the
standard model, H(r,t) = H(r)po(t), Bi(r,t) = Bi(r)po(t), etc. Here o(t)
represents the 4-D ground state radion field, and H(r), By(r), A;(r) are the
corresponding wave functions found in the previous section. Since they are
nearly constant throughout the bulk, we can take them out of the integral

and perform it to obtain
Lo~ M2@5 + 0oTh, . (6.67)

This shows that the canonically normalized radion field ground state has
Planck-suppressed couplings to TeV-brane matter. This differs from the
behavior of the radion in the 5-D RS1 model. There, the wave function of
the radion is exponentially peaked at the Planck brane, which overcomes
the exponential warp factor in the measure to give Lo ~ (TeV)*@f + @oT*,
instead. The flatness of the radion wave function in the present case accounts
for its weak couplings to the TeV brane.

The KK excitations of the radion are exponentially peaked on the TeV
brane, on the other hand. We can understand this from the asymptotic form
of the bulk equation of motion (6.58); since the mass is no longer negligible,

the solutions behave like H(r) = c,e~%7/% with the constant piece ¢; equal
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to zero. The integrand of (6.66) behaves like e !27/5H127/5 = O(1), so we

obtain
Mé 5 -2 .9 o [k
L, ~ = R, + T, — o + Mg 7 onT", . (6.68)

Hence the coupling of the radion excited state is suppressed only by the
small factor (MgR)Y/? ~ /60 relative to the TeV scale. The radial KK
gravitons have similar couplings, but larger masses (compare Tables 1 and
3), so the radion excitations would be the first signal of new physics in collider
experiments. Heavy radions could be copiously produced in the s-channel at
the LHC, through gluon-gluon fusion events due to the QCD trace anomaly

contribution to T’L.

6.4.3 Gravity and Cosmology

Although perhaps less physically motivated, models of the 4-brane stress-
energy with o > 5 predict that the radion mass squared will be positive even
without a bulk scalar, and that its magnitude is in the 1073 eV regime. This
is within the reach of Cavendish-type tests of submillimeter gravity [8], and
will be even more accessible to upcoming versions of the experiment which
will have improved sensitivity.

It may also be possible to achieve this situation without appealing to
exotic forms of matter on the 4-brane. The radion mass will get radiative
corrections from its couplings to matter. Since the radion couples to the
trace of the stress energy tensor on either brane, the heaviest particles will
contribute the most strongly. Considering matter which is on the TeV brane,
we can estimate the size of the one-loop correction as

9 TeV*

m ~
r,1—loop 2
Mp

(6.69)

The numerator comes from the fact that the TeV scale is the cutoff on the

3-brane, and the heaviest particles will have masses of this order, whereas
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the denominator is due to the fact that the lowest mode of the radion has
Planck-suppressed couplings. This argument could be upset if the 4-brane
has massive particles which are much heavier than the TeV scale, since by
the same argument these could apparently make the radion very heavy and
presumably would destabilize the hierarchy which we have achieved. It may
be necessary to assume that there are only massless particles on the 4-brane
to avoid this.

On the other hand, if we allow heavy particles to exist on the 4-brane,
their natural mass scale is y/a(R) TeV ~ 10" GeV. It is interesting that
this is the right order of magnitude for generating the observed primordial
density fluctuations from the simplest model of chaotic inflation. This is an
advantage of the present model over the 5-D RS model, where a ~ 10'® GeV
particle would look unnaturally light were it living on the Planck brane, and

of course too heavy to exist on the TeV brane.

6.5 Summary

We have focused on the simplest and most direct generalization to six
dimensions of the 5-D Randall-Sundrum two-brane model: the AdS soliton
model, with the TeV 3-brane at the center of the azimuthally symmetric extra
dimensions, and a 4-brane cutting the space off at some finite radius. The
model has many features in common with its 5-D predecessor: the geometry
is highly warped and very close to AdS in the region far from the 3-brane,
the graviton zero-mode is localized on the hidden brane, while the radial
KK excitations are localized on the TeV brane and have a TeV mass gap.
In both models, the radion can easily be stabilized by the Goldberger-Wise
mechanism, using a bulk scalar field.

However, there are also some quite distinctive differences. The hierar-

chy between the Planck and weak scales, while generated mostly (2/3) by
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warping, is also partly (1/3) due to the exponentially large size of the com-
pact extra dimension [87], giving it some features in common with the large
extra dimension proposal. The mass scale at the 4-brane is not the Planck
scale, but it is suppressed by the size of the large compact dimension to the
10" GeV scale. There is a tower of relatively light (~ TeV) KK gravitons
corresponding to this large dimension. In the absence of stabilization by a
scalar field, the 6-D model requires some mildly exotic form of stress energy
on the hidden brane in order to have a finite volume. The 4-brane stress
tensor generically depends on the size of the extra dimension as Ly* with
some model-dependent number .

Most of these features were already known; in the present work we
computed the spectrum of metric perturbations, including the graviton and
graviphoton modes, and we found the unexpected new result that the radion
is not necessarily massless, but has a mass squared which depends linearly
on « and the negative bulk cosmological constant: m2 ~ (5 — &) A TeV/M,,.
Only for the special case of Casimir energy on the 4-brane (o = 5) is it
massless. For smaller values of « it is tachyonic, and the space-time is unsta-
ble. Its couplings to the TeV brane are Planck suppressed rather than TeV
suppressed, due to the different behavior of its wave function relative to the
5-D case. Once stabilized by a bulk scalar field, the radion mass is not TeV
scale, as in 5-D, but rather at the MeV scale. This suppression is related to
the presence of the large extra dimension which does not feature in 5-D.

The 6-D model has similar phenomenology to the 5-D model, since the
Kaluza-Klein excitations of the radion behave much like the ground state
of the stabilized 5-D radion. However, there is a new possibility that the
radion is stabilized not by the Goldberger-Wise mechanism, but by some
form of stress energy on the 4-brane which has a > 5, or perhaps by radiative
corrections from standard model particles on the TeV brane. In this case the

radion mass is in the milli-eV range, which is just right for being accessible
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in experiments which test gravity below 1 millimeter.

The latter possibility would seem to require the absence of massive par-
ticles on the 4-brane, since radiative effects there should induce much larger
corrections to the radion mass. In fact it might be necessary to forbid heavy
particles on the 4-brane just to maintain the large hierarchy we set out to
achieve. This is a question which deserves further study. But if it is con-
sistent to have heavy fields on the 4-brane, then the fact that their mass is
naturally of order 10! GeV is intriguing for inflation, since this is the right

scale for getting density perturbations of order 107° in chaotic inflation.
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Chapter 7

Reheating from Tachyon

Condensation

7.1 Introduction

Because of the difficulty of finding direct laboratory probes of string the-
ory, it is interesting to look for possible evidence from cosmology. Most
notably, inflation may be tested more sensitively in the near future by the
MAP [88] and PLANCK [89] observations of the cosmic microwave back-

ground radiation.

Recently there has been significant progress in constructing stringy in-
flation models which make use of naturally occuring potentials between D-
branes to provide the false vacuum energy [90, 91, 92]. However, these at-
tempts have not adequately addressed the question of how reheating occurs
after inflation. In fact, there are reasons to fear that reheating may be
generically difficult to achieve in D-brane inflation. For this reason, we aim
to propose a generic mechanism for reheating in such models, which is qual-
itatively different from reheating in ordinary field-theory inflation models,

and which has the hope of being fairly robust. It is based on particle produc-
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tion in a time-varying background, which will occur even if the background
motion is not oscillatory.

Let us begin by describing the difficulty with reheating. In the simplest
version of D-brane inflation, a parallel brane and antibrane begin with some
separation between them in one of the extra dimensions required by string
theory. Although parallel branes are supersymmetric and have no force be-
tween them, the brane-antibrane system breaks supersymmetry so that there
is an attractive force and hence a nonvanishing potential energy. It is the
latter which drives inflation. Once the branes have reached a critical separa-
tion, they become unstable to annihilation. The instability is described by
condensation of a tachyonic mode [93]. Its low energy effective description is

a field theory of a peculiar kind, whose Lagrangian has the form [94, 95]*

L=-Te T F[—(8,T)] (7.1)
where
F(z) = % (7.2)

which is determined for the superstring from the boundary string field theory
(BSFT). Here T is the sum of the original brane tensions and a is of order
the string length, a ~ /o' (the precise value to be used in the model we
adopt will be discussed in section IV). The tachyon starts from the unstable
maximum 7' = 0 and rolls to 7' — oo. This process requires an infinite
amount of time, during which the tachyon fluid has an equation of state
identical to that of pressureless dust as T — 1 [96, 97].

(There have been numerous recent attempts to make use of the tachyon
fluid for cosmology [98], either as the inflaton or as quintessence. Although
these ideas might work if one had the freedom to change the form of the

tachyon potential, the action which arises from string theory is not suitable

lwe use the metric signature (1,-1,...,—1)
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for either purpose. Since the late-time equation of state is p = 0, the string
theory tachyon does not provide accelerated expansion in the recent universe.
At early times, its potential is too steep to satisfy the requirements of in-
flation. Constraints on tachyon cosmology and its shortcomings have been
discussed in [100] and [101].)

Returning to our description of the endpoint of D-brane inflation, the
situation is similar to that of hybrid inflation [102], where the tachyon plays
the role of the unstable direction in field space which allows for inflation to
quickly end. The important difference is that in a normal hybrid inflation
model, T would have a minimum at some finite value, e.g., due to a potential
like A(|T)?—a?)?, and the oscillations of T' around its minimum could give rise
to reheating in the usual way, or the more efficient tachyonic preheating [103].
But with the exponential potential in (7.1) there can be no such oscillations.
It thus appears that the universe will become immediately dominated by the
cold tachyon fluid, and never resemble the big bang [101]. It is important to
convert very nearly 100% of the energy stored in tachyon matter into radia-
tion because the former redshifts more slowly than the latter. For example if
we assume that the universe started initially with a temperature of at least
1 TeV for the purposes of baryogenesis, while matter domination begins at a
temperature near 0.1 eV, then the ratio of energy density in tachyon matter
versus that in radiation must have been no more than 10713,

To emphasize the difficulty of getting such efficient reheating in the
present situation, let us contrast the rolling tachyon with an inflaton which
is decaying through its oscillations into massless fermions via a coupling
gdyp.  The probability of particle production in the background ¢ =
¢ sin(Mt) is proportional to the square of the transition matrix element
[ dtsin(Mt)e?™t ~ §(M — 2w), where w is the energy of the fermion or an-
tifermion. The square of the delta function is understood in the usual fashion

to be §(M — 2w) times the total time; in other words, oscillations lead to
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a constant rate of particle production. By simply waiting long enough, the
energy stored in the oscillations will naturally be reduced to an exponentially
small level. In the case of the rolling tachyon however, ¢ is replaced by T’

which has the asymptotic behavior T' ~ ¢, and the whole action is multiplied

~T/a —T?/a?

by a factor e or e . The corresponding transition matrix element
[ dtte~t/e+2wt ig finite, with no delta function. As a result, it gives not a
constant rate of particle production, but rather a finite number density of
produced particles. It is not obvious that the energy stored in the tachyon
fluid can be sufficiently reduced.

Nevertheless, it is known that the tachyon couples to massless gauge
fields; one form that has been suggested for the low energy theory is the

Dirac-Born-Infeld action [104, 105],

L= _Te—:rz/a2\/| det(guy + Fl — 0,70,T)| . (7.3)

Because of its time dependence, we expect that some radiation will be pro-
duced by the rolling of the tachyon. It then becomes a quantitative question:
can this effect be efficient enough to strongly deplete the energy density of
the tachyon fluid, so that the universe starts out being dominated by radi-
ation rather than cold dark matter? There is one immediate problem with
this idea, however; the fact that the entire action is multiplied by the factor
e~T'/** means that the massless particles which are produced will not act

like ordinary radiation [106]. Recent work has shown that these excitations

have the same equation of state as the tachyon itself [107]. This is related to

2This form is not the same as what one derives from BSFT. However it has the right
qualitative features, besides being simpler to work with. Ignoring for a moment the gauge
field, it can be shown that /| det(gu, — 8,79, T)| = V1~ T2 for time-dependent config-

urations, so that the action vanishes as T — 1. The same is true for the BSFT-derived
function F(—7?) in (7.2). Moreover, both functions behave like /(8,T)? for spatially
dependent profiles in the limit that 8,7 — oo, whose relevance will be explained in the

next section.
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the fact that the system is annihilating to the closed string vacuum, which

does not support any open string states like the gauge fields.

An obvious way to circumvent the above difficulty is to assume that the
branes annihilate not to the vacuum, but rather to branes of lower dimen-
sion [108]. This is a natural possibility since any initial fluctuations of the
tachyon field where it changes sign will lead to the production of topological
defects at the points where T = 0, via the Kibble mechanism [91]. In the
effective description, the lower dimensional branes are represented by soli-
tonic configurations of the tachyon field. A D(p — 2) brane is a vortex of
the complex tachyon field, whereas a D(p — 1) brane is a kink [94, 95, 109]
. These possibilities are described by the descent relations of Sen [108]. The
stable descendant branes are able to support open string excitations of gauge
fields, including those of the standard model. They will no longer decouple
as a consequence of the rolling tachyon because the topological defect which

prevents pins 7' = 0 at the origin.

In this chapter we will set up a simplified model of particle production
by tachyon condensation, which we hope captures the essential features of a
more realistic Lagangian. The computational method developed here should
carry over straightforwardly to more complicated situations. In section II we
motivate an ansatz for the space- and time-dependent tachyon background
which describes condensation to a brane of one dimension lower than the
initial configuration. In section III we present the solutions for a gauge field
in this classical tachyon background. Section IV describes how we compute
the spectrum of particles produced during the early phase of the tachyon
motion, and presents numerical results. We conclude in section V with the
interpretation of these results and a discussion of how the calculation can be

improved in future work.
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7.2 Tachyon background

There are two kinds of tachyonic solutions which have been described in
the literature: (1) static solutions which are topological defects and represent
lower dimensional branes, and (2) dynamical solutions which are spatially
homogeneous and describe a cosmological fluid with vanishing pressure at
late times. The mechanism we have in mind combines these two pictures
by supposing that at ¢ = 0 the tachyon starts from (or very near to) the
unstable equilibrium configuration 7' = 0 throughout some number d of extra
dimensions which will be transverse to the final descendant brane. We denote
the spatial coordinates of these extra dimensions by x1,...,z4. Starting at
t = 0, the tachyon starts rolling towards T — oo for |z;| sufficiently far from
the center, whereas it is pinned to 7' = 0 at z; = 0. By charge conservation,
there must be at least one other position where T = 0 also. The pair of
defects represents a brane and an antibrane. For simplicity we will focus our
attention on the half of the internal space near x; = 0 which contains the
brane, since by symmetry the physics near the antibrane will be identical, for
the purposes of particle production. At any given time, this half of the extra
dimensional space will contain an interior region where the defect resides,
and an exterior one where the tachyon is still rolling. We might expect the

tachyon profile to evolve with time similarly to fig. 1(a).

To find the real behavior of T'(¢,z;) we should solve the equation of
motion for T which follows from (7.1). This is already a difficult numerical
task in itself, and its results would surely complicate our next step, which
will be to solve the gauge field equation of motion in the background T'(¢, z;).
Therefore we are going to satisfy ourselves with a simplified ansatz for the
background and defer more detailed investigations to future work. Namely,

we will consider a linear profile for the defect, and a purely time-dependent
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one in the exterior:

T(z) = gz, lz| < t/q (region IIT)  (7.4)
T(t,z) = aln(cosh(t/a))sgn(z), |z|>t/q  (regionIl)  (7.5)
T = 0, t<0 (region I) (7.6)

We have specialized to the case of a single codimension for the descendant
brane (p = 1) and this dimension has been compactified by identifying the
points x = 2L and x = —2L, where an antikink is assumed to reside. We
show only the half of the space —L < x < L which surrounds the kink. A
parameter g describing the steepness of the tachyon kink profile has been

introduced. The spacetime regions I-III are illustrated in figure 1(b).

t
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! region| III '
: :
: N ,/55 :
\ Tegion \9% <"/ region |
| m .
: . - X
| "
1 ]
' region I '
X x=-L X=

Figure 1. (a) Possible time evolution of the tachyon field T' during condensation.
(b) Our ansatz for the tachyon evolution in time and in the half of the extra
dimensional space containing the defect representing the final state brane: region
ITT contains a linear kink, IT contains the homogeneous rolling field, and I is the

unstable vacuum configuration.
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One may wonder to what extent the ansatz (7.4-7.6) reproduces a more
realistic tachyon background. Let us first consider the rolling tachyon region
(IT). Eq (7.5) is in fact an exact solution not for the action (7.1) but rather

for a mutilated version in which the argument of the exponential is linear:

£=-Te e/ det(g,, — 8,T9,T)| . (7.7)

This closely resembles the BSFT result for the effective action from the
bosonic string, except for having |T'| rather than T' in the exponent. The
bosonic string has an unphysical instability as T' — —oo which we artificially
remove by taking the absolute value. The behavior of the solutions to (7.7) is
similar to that coming from a potential with a quadratic argument, which is
the appropriate one for the superstring. For example, the late-time behavior
corresponding to the Lagrangian £ = Te /% (1 — T?) is

a*(1 — b)

o (Zb)1/(1~b)e—t2/(a2(1—b)) + O(e—2t2/(a2(1—b))) : (7.8)

T(t) =t +

assuming that & < 1. (This can most easily be derived by computing the
corresponding Hamiltonian density and using energy conservation to get a
first integral of the motion.) Similarly, if we expand (7.5) for large times, we
get

T(t) =t 4 ae™2/° 4 O(e~4/9) | (7.9)

which resembles (7.8). Moreover if we compute the relevant factor /1 — T2

in the two cases (now taking b = 1/2),

1/1 _ TQ — e—tZ/(ﬂ + O(€_2t2/a2), e—-t/a + O(e—2t/a) : (710)

respectively. In other words /1 — T? is just equal to the other prefactor
et/ or e~t/% ag the case may be. This can easily be understood from
the fact that the conserved Hamiltonian is V(T)(1 — 72)~Y/2, hence V(T)
and y/1 — T2 must be proportional to each other. It will turn out that the
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simplified form e~** makes it easier to solve for the gauge field in the next
section, which is one of our motivations for adopting the action (7.7).

Next we discuss the ansatz for the kink profile, T = gz, in region IIL
This static profile is not a solution to the equations of motion® except in
the limit that ¢ — oo. If we consider a generalized action of the form
L =V(T)(1—=T")°, then the linear profile is a solution only if ¢* = 1/(2b—1).
The limit ¢ — oo has been discussed in [94, 95], where it was noted that the
descendant brane resulting from tachyon condensation has the right tension
to agree with string theory when ¢ — oo. In this limit the descendant brane
looks like a genuinely lower dimensional object, whereas it would have a
nonvanishing thickness (revealed by the energy density of the profile) for finite
values of q. However a different method, that of level-truncation [110, 111],
leads to tachyon defect profiles which do have a nonzero width. In any case,
there is no reason to believe that the kink thickness goes to zero immediately;
it seems quite reasonable to assume that it will have some nonzero value
initially, and possibly tend toward zero only as ¢ — oo. We will assume
that ¢ remains approximately constant for 0 < ¢ < gL since this is the time
during which particles are produced. If ¢ — oo at later times, it will not
significantly change our conclusions.

A further issue is the shape of the spacetime boundary separating the
static kink from the time-dependent solution. We have taken it to be lin-
ear, t = g|z|, but this implies that T is not even continuous at the in-

terface except for ¢ > a. It might seem more reasonable to deform the

3An exact solution can be obtained from that of region II by analytically continuing
t — iz, giving

T = asgn(z)In (%) , (7.11)

where we have imposed continuity of 7" at £ = =L and assumed that L/a < m/2. The
solutions for the gauge field are complicated in this background, so we prefer to use the

linear kink profile here.
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boundary such that e?®l/e = ¢t/* 4+ e/ We could do so, but it would
needlessly complicate the ansatz without even solving the problem of the
tachyon Lagrangian being discontinuous at the interface, because the factor

\/| det(gu — Tyw)| = \/1 ~ (8, T)2 is still not smooth: (9,T)? changes sign as

well as magnitude across the interface:

1 —e %/ region II
9,T)? = & 7.12
"

—q?, region III .

This is an indication that our ansatz (7.4-7.6) is defective; the true solution
should have a smooth Lagrangian density at the transition. Nevertheless, it
would greatly complicate the solution for the gauge fields in the next section
if we tried to smooth out this behavior. We will instead compensate for the
difficulties which arise from this oversimplification in another way, as will be
explained.

We found it simpler to consider condensation to a kink instead of a vortex
configuration of the tachyon. The latter would be more realistic because of
the fact that, assuming the parent branes are supersymmetric BPS states, a
brane of only one dimension less is not, and consequently not stable, whereas
a brane whose dimensionality differs by an even number is BPS. To reduce the
dimensionality by two, the tachyon should be a complex field which condenses
to a codimension-two defect, a vortex. Although we originally wanted to treat
this case, it is not clear how to write the action of the complex tachyon in a
way which extends to the time-dependent configurations of region II. BSFT

calculations show that for a winding configuration of the form
T =qz1 + igaxs , (713)
the Lagrangian factorizes as [95]

Lo ~F(¢})F(g3) (7.14)

146



where F(z) = %)ﬁ It is not immediately obvious how to rewrite (7.14)
in a Lorentz and gauge invariant way which would allow us to deduce the
equations of motion for time-dependent homogeneous configurations. Ex-
plicit constructions involve the use of independent tensors like ,7%9,T and
8,T0,T in matching powers of derivatives, so that a compact expression like
(7.7) does not seem to emerge. We leave the consideration of these compli-
cations for future work.

That being said, the kink configuration may still be physically relevant
because of the possibility of descending from the original Dp-Dp pair in two
steps, with the unstable D(p — 1) brane being a resonance through which
the system passes on its way to the stable D(p — 2) endpoint [112]. The
transition from D(p — 1) to D(p — 2) would be described by the formation of
a kink.

Finally, let us consider the fact that the rolling phase of the tachyon field
ends in a finite time within our ansatz. Fig. 1(b) shows that at late times
we have eliminated the homogeneous condensate by fiat since at ¢ = gL the
entire bulk has been replaced by the static kink. We don’t know whether this
is the actual behavior, or if the homogeneous region persists, which could be

the case if ¢ grows with time:

T(t,z) = q(t)|z], |z| < t/q(t) (region III)(7.15)
T(¢t,z) = aln(cosh(t/a))sgn(zx), |z| > t/q(t) (region II) (7.16)

If q(t) grows with ¢ faster than linearly, then region II survives and the
tachyon fluid coexists with the final state brane at arbitrarily late times. We
believe that the present calculation could give a reasonable approximation to
the efficiency of particle production even in this case. The compactification
length L will be replaced by the size of region III at the characteristic time
scale when the fast roll phase ends (i.e, when 7' 2 1 in the bulk). On the

other hand, if ¢(¢)/t — 0 as t — oo, then as long as the bulk is compact,
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region II disappears completely. In this case it is still important to consider
particle production on the brane since otherwise the energy that was stored
in the rolling tachyon might go into invisible closed string modes in the bulk,

namely gravitons, which would not be an acceptable form of reheating.

7.3 Gauge field solutions

Our aim is to find out whether the energy stored in the homogeneous
tachyon fluid can be efficiently converted into radiation, so that the universe
at least has a long period of radiation domination before possibly giving
way to the cold dark matter of the rolling tachyon condensate. We will do
this by quantizing the gauge field in the tachyon background and computing
the Bogoliubov coefficients that quantify the mismatch between the vacuum
states of regions I and III (see fig. 1(b)); see for example [113, 114]. That is,
if we start in the vacuum state appropriate for region I, we find that it is no
longer the vacuum in region III, and therefore radiation must be produced.

The first step is to find the action for the gauge fields to quadratic order
in the fields. Expanding (7.7) in the tachyon background described in the

previous section, we obtain

(atfzf)2 - (Vy/—l‘)2 B (31\14))2, I
§= 27 [drdad®yd (@A - e (9,4 + (@,47), I

VIF@eelle (3,42 (v, A7 - &4,
(7.17)

where y; are the coordinates of the large 3 dimensions, and we have absorbed
the volume of any other compact dimensions which are merely spectators into
the brane tension 7. We employed the radiation gauge (4g = V,-A = 0) and
projected out the extra polarization by setting A, = 0, which is consistent
since this state turns out to have a mass gap in region III, unlike the massless

components among the large three dimensions, A (The factor e~2/¢ in region
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I1 should really be (cosh(¢/a))~2, but this not an important difference, in the
spirit of the other approximations we have made.) In the following we will
drop the polarization indices of the gauge field and write simply A instead
of A.

To make our analysis more tractable, we have ignored the time depen-
dence of the metric due to the expansion of the universe in the above action.
This neglect can be justified if the initial fast-roll regime of the tachyon,
during which most of the particle production occurs, does not take more
than approximately one Hubble time. We expect that this will be true if
the string scale is somewhat below the Planck scale and strings are weakly
coupled, since then H ~ V2LT/M2? ~ g,M,/(2mM,) [using the relation
g2M2 = MEV/m(27)® [92] and Eq (7.34)], whereas the time scale for the
tachyon roll is of order the string scale.

In the previous section we gave detailed motivations for our choice of
the ansatz for the classical tachyon background. It is worth emphasizing
one further criterion: by choosing T'(¢,z) to depend only on ¢ or z in each
region, we insure that the gauge field equations of motion can be solved using

separation of variables, which greatly simplifies the task.

7.3.1 Solutions in each region

The solutions in region I are trivial since the background tachyon config-

uration is simply 7' = 0:

A,

1 1 —1 W
= \/EZ m[(ame wmt 4l e“mt) cos(kpx)

+ (@me™ ™t + af,e) sin (k)] (7.18)

where k,, = mn /L, w2, = p? +k2,, and §is the momentum in the three large
dimensions. We have split the modes according to their parity in the extra

dimension for later convenience.
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In region II, the equation of motion for A is
A+ wle A =0, (7.19)
which has the solutions

4, = [(bmJo(0wme™%) + emYo (awme™*)) cos(kmz)

1
VL %
+  same with by = by, Cm — Em, €08(kpz) — sin(kmm)] (7.20)
Near t = 0, these oscillate just like the region I solutions, but at large ¢ the
oscillations freeze and the solutions grow linearly with time.
Region III is the important one at late times, since this is where the
descendant brane and the standard model are supposed to reside. Here the

equation of motion is
(1+¢% (—A + VzA) + A" — %sgn(a:)A’ =0, (7.21)

using primes to denote J,. The solutions can be written as

1 ._ - - o
A= Z \/ﬁ[(dne_zwnt + dILewnt)fn(ﬂf) + (dne—zwnt + dlbezw"t)fn(:v)]
n n
(7.22)
with
_ ﬁ27 n=20
Wp = . 1/2
P e+ E)] nxl
No, n=20
falz) =
N, edlzl/2 (cos(knx) ~ i sin(knlx[)) , n>1
\/_2%(1 — e—qL/a)—l/Q(l + q2)“1/4, n=0
N, ) 9\ —1/2
Az (4 GR)) a2
Fa@) = { Spetelisink,), n>1 (7.23)



and k, = nr/L.

These solutions have the desirable property, from the point of view of
string theory, that there is a zero mode accompanied by a tower of heavy
states [109, 112]. This is qualitatively similar to the spectrum of excited
states of the open string, though we have sacrificed some of the similarity by
taking the tachyon potential e~71/ instead of e~T?/e*  With the latter choice
one gets a more realistic spectrum of the form @2 ~ p%+n/a?, which has the
correct n-dependence to match string theory. The disadvantage is that the
solutions in region II cannot be found analytically since A +wfne‘2t2/ “A=0
is not a standard differential equation. We have therefore given up some of
the quantitative similarities with the real theory for the sake of being able

to go as far as possible analytically.

7.3.2 Matching at interfaces

To complete our task, we must relate the solutions in each neighboring
region to each other at the interfaces ¢t = 0 and ¢ = ¢|z|. This will impose
relations between am, d!, and b, ¢, and between by, ¢y, and dy,, df,. At t =0
the procedure is straightforward; A and dypA must be continuous, leading to

the relations

bm TAN/ W _}/1_2'% —}/1+ZYE) am
- 22\ s4ids Ji—ide )\l |

(7.24)

where the Bessel functions are all evaluated at aw,,. We used the Wronskian
of Jy and Y; to obtain (7.24). Notice that there is no mixing between different
m values at this point.

Matching at the ¢ = g|z| interface is more difficult. In this case we also
demand continuity of A, but the fact that the prefactor \/:W in the
action is discontinuous means that derivatives of A are discontinuous as well.

By integrating the partial differential equation for A along an infinitesimal
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path which crosses the interface perpendicularly, we can show that the fol-

lowing linear combination of derivatives must be continuous at the interface:
A(FA + qF,A") = 0 from II to IIT (7.25)

where F, is the coefficient of A2 and F, is that of A’ in the action. Namely,
F, = 1 in region II and /T + ¢Ze~9#/® in III, while F, = ¢ 2/¢ in II and
e~9#l/a/\/T+¢2 in I1L. This gives the rather cumbersome matching conditions

\/__Z(b Jo(awme™ V) 4+ ¢, Yy (awme q'“”'/“)) c08(kme)
1 ._ _
_ - —inqlz| t ionglz]
=% 7= (dne=@n" + df =) £ (@) (7.26)
for A itself and
\/__lem (b Ji (awme™ 1379 4 ¢, V) (awme™ q'”"/“)) cos(kmx)
— Ghe 1 (b o @me™ %) + G Yo(awme™1/%)) Sin(kmx)]
1 ; —iWnq|T Wnq|T
= Y 5o [—zwn«/l + ¢2 (dne n| l_d;fle ng| I) fa(2)
L (dye™t@ndlel 4 g gionalel) f;(x)] (7.27)

V1+¢?

for the derivatives of A. Similar conditions hold among the odd parity modes

[a,d = @,d, f = fn, cos(kpmz) — sin(kn,z)], which do not mix with those of

even parity.

7.3.3 Solution of matching conditions

The technical challenge is now to solve for d,, df, in terms of by, ¢,. Nor-
mally this would be done by taking the inner product of each equation (7.26,
7.27) with some function which is orthogonal to all but one of the functions
multiplying d, or d}. But because of the diagonal nature of the II/III inter-
face, the latter functions are products of orthogonal functions, which are no

longer orthogonal. This makes it impossible to solve for d,, d}, analytically.
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We should therefore choose some set, of basis functions g;(z) and integrate
them against the matching conditions (7.26-7.27) to transform the latter into

the discrete form

dn b
> L a4l > Rim . (7.28)
n n m Cm

We were not able to identify any set of g;(x) that makes the matrix L;, even
approximately diagonal (which would facilitate an analytic approximation),
making a numerical solution necessary. After some experimentation, one
realizes that the most efficient way to do this is to discretize the system on
a spatial lattice at positions =z;, so that g;(z) = 6(z — x;). This allows us to
compute the matrices L;, and R, without having to perform any integrals.
An ultraviolet cutoff is thus introduced. Let ¢ =0,..., N so that z; = iL/N.
It makes sense to let the mode number of the spatial eigenfunctions f,(z) also
range from 0 to N; then (7.28) gives exactly as many equations as unknowns.
The system can be solved by numerically inverting the matrix L;, [86]. The

results are presented in the next section.

7.4 Particle Production

Our solutions for the gauge field in regions I and III are normalized so

that a,,, al , dn, di, are the correct creation and annihilation operators for

m?
particles in the distant past and future once the gauge field is quantized. We
assume the universe starts in the vacuum state a,|0) = 0. But this state is

not annihilated by d,, since the latter is a superposition of a, a! determined

by the Bogoliubov coefficients « and §,

dn Apm nm G
=5 b (7.29)
div )\ Pim % )\ ah
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Therefore observers in the future will see a spectrum of particles in the final

state given by

= (0|d}dn|0) = Z |Brm? - (7.30)

In this section the numerical results for A, and the total energy density of

produced radiation will be presented.

7.4.1 UV sensitivity

Ideally one should obtain convergent results in the limit that N — oo,
where we recall that NV is the number of sites of the spatial lattice in the extra
dimension, introduced in the previous section. However we do not observe
this from our numerical results; rather there is a steady growth with N. Our
conjecture is that this is related to the discontinuity in the action which arises
from the sign change in (8,7)? across the II/III interface. In a simpler situa-
tion where particles are produced due to a (spatially constant) time-varying
background, the spectrum is proportional to the square of the Fourier trans-
form of the background. If the latter has sharp features, the spectrum falls
only as a power of energy, whereas a smooth background leads to exponen-
tial suppression of high energies. For example, the Fourier transform of e~tA
times a step function of time is (A + sw)~! whereas the Fourier transform
of (1 + t2A?)~! is proportional to e~l“l/A TIn the former case, summing over
high frequency modes could lead to nonconvergent results. We expect the
high frequency contributions to be suppressed by a factor like e 1A if we
had a more realistic tachyon profile whose derivative changed smoothly over
a time 1/A. We have not yet found a way of altering T'(¢, z) to incorporate
this behavior while still allowing us to solve for A(t, z) analytically.

To remove sensitivity to the lattice spacing, we therefore try to model

the expected effects of smoothing out the background tachyon solution by
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inserting a convergence factor by hand, so that (7.28) becomes

dn, b,
Yln| o= 3 Ripemm/A . (7.31)
n dl m Cm

Once this is done, the limit N — oo is well-behaved. We have thus essentially
traded the original ultraviolet cutoff N/L for a new one, A, whose physical
meaning is more transparent. Figure 2(a) shows the dependence on N of the
low-momentum zero-mode production, Ny(pg), at po = 0.05/a, for several
values of A and ¢ (recall that the latter parameter determines the slope of
the interface between spacetime regions II and III). The convergence with N
is faster for smaller values of ¢; numerical limitations therefore prevent us
from accurately studying large values of ¢. Fig. 2(b) shows the dependence
of zero-mode production on moderate values of ¢; large values of ¢ at fixed
N give exponentially increasing results due to the term Y;(awme™%/%) in
(7.27), but these nevertheless become well-behaved again as N is increased
to sufficiently large values. On physical grounds one might anyway expect

g < 1 due to the finite speed of propagation of the kink.

7.4.2 Spectra

We note that each state in region III is distinguished not only by its mode
number 7, but also its momentum § in the large dimensions, which we have
until now suppressed except for its appearance in the energies @,, Eq (7.23).
In figure 3(a) we show the dependence of N, (p) on these two variables. The
spectrum of zero modes falls monotonically with p as expected. Although
the nonzero mode spectra temporarily rise with p, their contributions to the
total energy density are smaller than that of the zero mode. We have taken
g =1 and A = 1/a for the parameters controlling the steepness of the kink
in spacetime and the suddenness with which it forms. The dependence on

the size of the bulk L can be seen in fig. 3(b).
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Figure 2. (a) Dependence of Ng(pg) on N for pg = 0.05/a, L = 2a, A = 0.5/a, 1/a
and ¢ = 0.5, 1, 2. b) Dependence of Ny(po) on ¢ for N = 100, 200, at pg = 0.01/a,
L = 2a and A = 1/a. Physically meaningful results correspond to the N — oo

limit.
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Figure 3.(a) Momentum dependence of the spectrum of produced particles, N, (p)
for the string excitation quantum numbers n = 0,...,5. (b) M,(p) as a function

of n for L = 8a, 4a, 2a, a and p = pg = 0.01/a. Both graphs are forg =1, A = %
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Figure 4. Differential energy density of produced radiation as a function of p.

Fiducial values of parameters are L = a, A =1/a and ¢ = 1.

Here and in the remainder we have made the simplifying approximation of
ignoring the odd-parity modes and keeping only the even ones, which include
the dominant zero mode. We expect that this gives a slight underestimate

of the actual efficiency of particle production, by no more than a factor of

order unity.

To find the total energy density of produced radiation, we should sum

over both n and p:
. dpr _ d3p

The heavier modes are counted because they will presumably decay very
quickly into massless standard model particles. In figure 4 we show the
differential energy density, %%, as a function of momentum, for several values

of the other parameters.

7.4.3 Energy density produced
We turn now to the main results, the total energy density p, of produced
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radiation, obtained from integrating Eq (7.32). In figures 5(a-c) we graph
the dimensionless combination In(a*p,) as a function of the main unknown
parameters, g, A and L. It is clearly an increasing function of all three
parameters. The “critical value” shown in these figures, which we would like
pr to exceed, is derived in the next subsection. We will argue that this is the

value at which reheating starts to significantly deplete the energy stored in

the rolling tachyon fluid.
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Figure 5.(a) In(a*p,) versus aA for L = a,4a,8a. (b) In(a*p,) versus ¢ for several

values of L and A.
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S 1 ~ 7| Figure 5(c). In{(a*p,) versus
L/a for A = 2/a, 1/a and
{ 0.5/a, with ¢ = 1.

- A=2/a

— A= 1/a -

——— A=0.05/a
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7.4.4 Efficiency of reheating

Our goal is to see if the produced p, is a large enough fraction of the
energy density which is available from the homogeneous rolling tachyon fluid,
pr. We thus need to specify the value of pr which is predicted by string
theory. In terms of the effective tension of the original brane and the size of
the extra dimension,

pr=2LT . (7.33)

By the effective tension, 7, we mean the energy density in the (4 + 1)-
dimensional spacetime which includes z. If we started from a nonBPS Dp-
brane, then 7 = \/§7E,V where V' is the volume of compact dimensions within
the brane excluding =, and 7, is the tension of a BPS Dp-brane,

T, = 51_(270—11(\/@)—(%1) _ (7.34)

Therefore p, depends on g,, V, L and o'. However, not all of these are
independent; they are related to the fine structure constant of the gauge
coupling evaluated at the string scale M, = (a/)7/2 [92]:

_ 9s (271'\/&7):0—3 '

(M) 2(2LV)

(7.35)
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Interestingly, if we use this to eliminate the V' dependence from (7.33) we
find that the dependence on the string coupling and on L is also gone:
M4
T Vaempa(M,)

To find out how much energy is available for reheating, we must also

(7.36)

consider the descendant brane’s 4-D energy density, ps. This is obtained by
integrating over the extra dimension in (7.7) for the kink profile 7' = ¢z and
taking the limit ¢ — o0o. The result is simply p; = 2a7. Therefore the excess

energy density which can be used for reheating is

a
Ap = pr — ps = pr (1 - -L~> : (7.37)

Hence we should demand that L > a to get any reheating at all.

In order to compare Ap to the energy density of produced radiation, we
need to know the parameter a in terms of the string length. In our simplified
model of tachyon condensation, this can be determined by demanding that
the tension of the descendant (p — 1)-brane match the string theoretic value
for a BPS state, given by (7.34) with p — p — 1. In the limit ¢ — oo,
the ratio of the initial and final brane tensions in our field theory model is
(limy_y00 /T + % [, e~ 12V/2d3) "1 = 1/2a, whereas the string theoretic value
is 2M,/(2m). We therefore obtain

a=m/al/2 = \/_;M . (7.38)

Now we can quantify the efficiency of reheating. Our results for p, are

expressed in units of . Using (7.38) we can convert the available energy
density Ap into the same units to find the critical value of p,, call it p,, for

which the conversion into radiation would be 100% efficient:

n —4 —4
= gt 17at, 7.39
Pe = 3B a(M,)" ¢ (7.39)

We take the fine structure constant to be 1/25, and we omit the factor

(1 — a/L) since it would require fine tuning of L to make it very relevant.
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The figure of merit for reheating is therefore p,/p.. The critical value p,
appears as a dotted line in figures 5(a-c). We see that for large enough

values of A, ¢, or L, reheating can be efficient.

7.5 Conclusion

We have made a case for reheating the universe after brane-antibrane
inflation by production of massless gauge particles, due to their coupling to
the fast-rolling tachyon field which describes the instability of the initial state.
Our results are encouraging, indicating that if the extra dimensions within
the original branes but transverse to the final one are large enough compared
to the string length scale v/o/, reheating can be efficient enough so that
radiation dominates over cold dark tachyon matter. Depending on details
of the tachyon background and the compactification, an extra dimension of
size ~ 10v/o could be sufficient. (For example, with L = 4a in an orbifolded
compactification, the size of the extra dimension would be 47/v2M! =
9v/a). In the present analysis we counted only a single polarization of one
U(1) gauge boson and ignored the odd parity modes in the extra dimension,
so the real situation could be less constrained.

The calculation is complicated, and we have made it tractable by invoking
a number of simplifying assumptions. We considered formation of a kink in
the tachyon field rather than a vortex. We used a simplified version of the
tachyon action rather than the one which has been derived in BSF'T. We used
an ansatz for the background tachyon field which is a good approximation
to the actual solutions in the regions where it depends only on space (the
kink) or on time (the homogeneous roll), but we do not know how suddenly
it makes the transition between these two regimes, hence we parameterized
this uncertainty by introducing a cutoff A on the tachyon field’s derivative.

We have also left the slope ¢ of the tachyon kink profile T' = gz, during kink
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formation, as a free parameter. Moreover, we have ignored the expansion of
the universe, which is only correct if the brunt of the tachyon roll completes
in a time not much exceeding the Hubble time. We have also ignored the
back-reaction of the produced particles on the tachyon background, so our
criterion of requiring the produced energy density to meet or exceed that
which is initially available is a crude one.

To do a better job, more numerical computations will probably be neces-
sary since it is hard to solve the gauge field equations of motion in a tachyon
background that depends on both space and time. One check that might
be carried out relatively easily is to numerically obtain the time- and space-
dependent solution T'(z,t) for the more realistic action and compare its fea-
tures to those we have assumed. This is in progress. Very recent work on
how to generate time-dependent tachyon solutions in ref. [115] might prove
to be helpful here.

Finally, in the related work [116], the authors assume that there is a
constant rate of decay of the tachyon fluid into radiation. We have presented
arguments to the contrary. If such an assumption could be justified, it would

greatly enhance the viability of inflation via brane-antibrane annihilation.
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Chapter 8

Conclusions

In this thesis the cosmological implications of many brane world scenarios

and the tachyon were studied.

In chapter 2, we pointed out that the potential of Goldberger and Wise
for stabilizing the distance between two 3-branes, separated from each other
along an extra dimension with a warp factor, has a metastable minimum
when the branes are infinitely separated. The classical evolution of the ra-
dion (brane separation) will place it in this false minimum for generic initial
conditions. In particular, inflation could do this if the expansion rate is
sufficiently large. We presented a simplified version of the Goldberger-Wise
mechanism in which the radion potential can be computed exactly, and we
calculated the rate of thermal transitions to the true minimum, showing that
model parameters can be chosen to ensure that the universe reaches the de-
sired final state. Finiteness of bulk scalar field brane potentials can have an
important impact on the nucleation rate, and it can also significantly increase
the predicted mass of the radion.

In chapter 3, we presented the 5-dimensional cosmological solutions in
the Randall-Sundrum warped compactification scenario with the Goldberger-

Wise scalar field. The back-reaction of the scalar field on the metric was taken

164



into account. Matter on the Planck and TeV branes is treated perturbatively,
to first order. We identified the appropriate gauge-invariant degrees of free-
dom, and showed that the perturbations in the bulk scalar can be gauged
away. We confirmed previous [15, 30], less exact computations of the shift in
the radius of the extra dimension induced by matter. We pointed out that
the physical mass scales on the TeV brane may have changed significantly
since the electroweak epoch due to cosmological expansion, independently of
the details of radius stabilization.

In chapter 4, we presented a possible explanation for the smallness of the
observed cosmological constant using a variant of the RSI mechanism with a
bulk scalar field. In contrast to RSI, we imagined that we are living on the
positive tension Planck brane, or on a zero-tension TeV brane. In our model
there were two solutions for the scalar field in the bulk and the corresponding
brane separations, one of which is tuned to have zero cosmological constant.
We showed that in the other solution, which is a false vacuum state, the 4-D
cosmological constant can be naturally small, due to exponential suppression
by the warp factor. The radion is in the milli-eV mass range, and if we live on
a TeV brane its couplings are large enough that it can measurably alter the
gravitational force at submillimeter distances. In this case the Kaluza-Klein
excitations of the graviton can also contribute to submillimeter deviations
from Newtonian gravity, and we have in addition the collider phenomenology
of the usual TeV-scale radion.

In chapter 5, we derived a simple no-go theorem relating to self-tuning
solutions to the cosmological constant for observers on a brane, which rely on
a singularity in an extra dimension. The theorem showed that it is impossible
to shield the singularity from the brane by a horizon, unless the positive
energy condition (p + p > 0) is violated in the bulk or on the brane. The
result holds regardless of the kinds of fields which are introduced in the

bulk or on the brane, whether Zy; symmetry is imposed at the brane, or
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whether higher derivative terms of the Gauss-Bonnet form are added to the
gravitational part of the action. However, the no-go theorem can be evaded
if the three-brane has spatial curvature. We discussed explicit realizations
of such solutions which have both self-tuning and a horizon shielding the
singularity.

In chapter 6, we studied a generalization of the Randall-Sundrum mech-
anism for generating the weak/Planck hierarchy, which uses two rather than
one warped extra dimension, and which requires no negative tension branes.
A 4-brane with one exponentially large compact dimension plays the role of
the Planck brane. We investigated the dynamical stability with respect to
graviton, graviphoton and radion modes. The radion was shown to have a
tachyonic instability for certain models of the 4-brane stress-energy, while it
is stable in others, and massless in a special case. If stable, its mass is in the
milli-electron volt range, for parameters of the model which solve the hierar-
chy problem. The radion was shown to couple to matter with gravitational
strength, so that it is potentially detectable by millimeter-range gravity ex-
periments. The radion mass can be increased using a bulk scalar field in the
manner of Goldberger and Wise, but only to order MeV, due to the effect of
the large extra dimension. The model predicts a natural scale of 10'* GeV
on the 4-brane, making it a natural setting for inflation from the ultraviolet
brane.

In chapter 7, we argued that it is possible to reheat the universe after in-
flation driven by D-brane annihilation, due to the coupling of massless fields
to the time-dependent tachyon condensate which describes the annihilation
process. This mechanism can work if the original branes annihilate to a stable
brane containing the standard model. Given reasonable assumptions about
the shape of the tachyon background configuration and the size of the rele-
vant extra dimension, the reheating can be efficient enough to overcome the

problem of the universe being perpetually dominated by cold dark tachyon
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matter. In particular, reheating is most efficient when the final brane codi-
mension is large, and when the derivatives of the tachyon background are

large.
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