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To Gilles.!

My grandfather Gilles Roy was a car mechanic for all his working years. As the older sibling, he had
to start working at his father’s garage when his brother went off to engineering school. The abrupt end
to Gilles’ agronomy studies displeased him—Ilead soldering cracked radiators in a thick blue haze was not
exactly what he aspired to—but he had no choice, such was the custom at the time. Two generations later,
as an older sibling myself, I am pursuing doctoral studies and hoping to advance the state-of-the-art in
automotive engineering. I believe this contrast is due in no small part to the technological progress our
society benefited from since then. May this story be a testimony to the importance of research work, and
hopefully, give a glimpse of motivation to my fellow graduate students. May this also be a reminder of the
chance bestowed on us.
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Abstract

Machine learning algorithms can enhance the control of uncertain dynamical systems by
learning dynamical models and tuning controller parameters. However, electric and au-
tonomous vehicles present important challenges. First, the need to operate a physical system
in order to collect data and iterate the control parameters leads to efficiency requirements
for the learning algorithm. Also, vehicles must be kept safe at all time during operation,
which requires to maintain criteria of robust stability and state constraint satisfaction dur-
ing learning. This thesis presents learning methods that address these challenges. First, it
is shown that with a proper choice of algorithm, a gearshift controller can be tuned from
reinforcement learning with very few gearshift trials. The method could accelerate the de-
velopment process for new multi-speed transmissions for electric drivetrains. Also, the thesis
presents a new method to synthesize a linear controller from a learned model of arbitrary
type, while preserving robust stability guarantees. The method is demonstrated by syn-
thesizing a controller for autonomous vehicular maneuvers. Finally, the thesis presents the
safe uncertainty learning principle. This principle introduces necessary conditions such that,
while the dynamics of an uncertain system are being learned, state constraints are always
enforced despite the modeling uncertainty. This research suggests that machine learning
control can be employed to accelerate the development process of new electric drivetrains,

and to enhance vehicular control while preserving safety guarantees.
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Sommaire

Les algorithmes d’apprentissage automatique peuvent améliorer le controle de systemes dy-
namiques incertains en apprenant des modeles dynamiques et en ajustant des parametres
de controle. Cependant, les véhicules électriques et autonomes présentent des défis impor-
tants. Tout d’abord, le besoin d’opérer un systeme physique afin de collecter des données
et itérer les parametres engendre un requis d’efficacité pour I'algorithme d’apprentissage.
De plus, les véhicules doivent demeurer en sécurité tout au long de 'opération, ce qui re-
quiert de maintenir des criteres de stabilité robuste et de satisfaction de contraintes d’état
pendant 'apprentissage. Cette these présente des méthodes d’apprentissage qui répondent
a ces défis. En premier lieu, il est montré qu’avec un choix approprié d’algorithme, un
controleur de changement de vitesse peut étre ajusté avec ’apprentissage par renforcement,
et ce, en nécessitant seulement quelques essais de changement de vitesse. Cette méthode
peut accélérer le développement de nouvelles transmissions multi-vitesses pour véhicules
électriques. Aussi, cette these présente une nouvelle méthode pour synthétiser un contréleur
linéaire a partir d’'un modele appris de la dynamique d’un systeme, tout en préservant des
garanties de stabilité robuste. Cette méthode est démontrée en synthétisant un controleur
pour des manoeuvres de véhicules autonomes. Finalement, la these présente le principe
d’apprentissage sécuritaire de I'incertitude. Ce principe introduit des conditions nécessaires
tel que, pendant que la dynamique d’un systeme incertain est apprise, les contraintes d’état
sont respectées malgré 'incertitude du modele. Cette recherche suggere que le controle par
apprentissage automatique peut étre utilisé afin d’accélérer le développement de véhicules
électriques, ainsi que d’améliorer le controle de véhicule autonomes tout en préservant des

garanties de sécurité.
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Introduction

The transition towards electric transportation is slowly gaining momentum in Canada. Ta-
ble 1 shows the proportion of new motor vehicle registrations that are battery electric in
the light vehicle category—i.e., passenger cars, pickup trucks, vans, and multi-purpose vehi-
cles [1]. The promise of electric vehicles is to reduce greenhouse gas emissions and alleviate
climate change. This is important given that in Canada, the transportation sector is respon-
sible for 25% of all greenhouse gas emissions, which amounts to 186 Mt of CO4 equivalent [2].
Of these emissions, passenger transportation by cars and light trucks is responsible for 99 Mt,
and freight transportation by heavy trucks, 65 Mt. As a technology, the electric drivetrain is
still relatively new. The development of more efficient drivetrains could help accelerate the
adoption of electric vehicles. Particularly important to heavy duty trucks are multi-speed
transmissions. Part of developing a new transmission involves choosing its architecture,
which influences whether the vehicle will be capable of uninterrupted gearshifts. It also in-

volves synthesizing a gearshift controller.

In parallel, several companies are developing autonomous vehicles [3]. Some automak-
ers already offer advanced driver assistance, and are gradually expanding the capabilities of
these systems. Other companies aim directly at fully automated driving. Regardless of the
approach, the promise of autonomous driving is to reduce the number of road collisions. In
Canada, vehicle collisions cause 1800 fatalities every year [4]. Driver distraction is a con-
tributing factor in 22% of these collisions, speed, 23%, and driving under the influence, 15%.
Despite the challenges of developing autonomous vehicles [5], the potential for safety they
represent is very appealing [6]. In addition to perceiving the environment and planning their

trajectory, autonomous vehicles must accurately control their dynamics.

Table 1: Portion of battery electric vehicles in Canadian new-vehicle registrations.

Year 2017 2018 2019 2020 2021
Proportion [%] | 04 1.1 1.8 25 3.3
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Meanwhile, machine learning is becoming a popular tool in several scientific and engi-
neering fields such as materials science [7], computer vision [8], machine fault detection [9],
and process control [10]. The Appendix A presents a brief introduction to machine learning
for the interested reader. In the field of control engineering, machine learning can be used
to obtain better performing controllers. In effect, most controller synthesis methods rely on
a model of the system dynamics, which inevitably differs from the actual system dynamics.
If this modeling error is too large, the closed-loop system may become unsafe. While ro-
bust control [11] offers a principled way to account for modeling uncertainty and maintain
robust stability, a large uncertainty necessitates a sacrifice in performance [12]. Thus, using
machine learning to learn the actual system dynamics and reduce the modeling error is a
promising approach. This approach can be seen as an extension of system identification [13],
with the main distinction being that the models used in machine learning control can be
more sophisticated—e.g., neural networks [14] and Gaussian processes [15]. Moreover, re-
inforcement learning can provide an alternative to traditional controller synthesis methods.
With reinforcement learning, the controller parameters are learned iteratively as the system
is being used and data gets collected. In this context, machine learning control can also be

seen as a generalization of adaptive control [16].

Despite the potential benefits, the use of machine learning control in the context of
electric and autonomous vehicles also raises concerns. First, learning for control has to
accelerate the development of new vehicles. In other words, it should be faster to obtain
controllers with learning than without it. High profile accomplishments [17] already showed
that deep reinforcement learning can achieve impressive results when provided with enough
data, computational power, and training time. For the control of physical systems however,
the data collection is rate-limited by the need for physical experiments. Also, a method
that is very computationally expensive may be deemed impractical. Therefore, the machine
learning control of physical systems has an additional efficiency requirement.

Second, the control of physical systems typically requires safety guarantees, both in terms
of robust stability and state constraint satisfaction. However, most theoretical guarantees
that originate from control theory are incompatible with the type of learned models that
are typical of modern machine learning. Therefore, the machine learning control of physical

systems also requires the adaptation of safety guarantees from control theory.

This thesis investigates the following two research questions.
1. Can machine learning control accelerate the development of electric drivetrains?

2. Can machine learning control preserve safety guarantees for vehicular control?
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Thesis structure

Part 1 relates to the first research question. It concerns the use of learning for control to
accelerate the development of a multi-speed transmission for an electric vehicle. Chapter 1
reviews transmission architectures and introduces corresponding dynamical models. It also
presents a new transmission design. Chapter 2 describes the fundamental limitations to
uninterrupted gearshifts. In effect, not all transmission architectures are capable of such
gearshifts, and motor saturation can be a significant source of limitation. This is important
to consider during the design process of a new drivetrain, but also during the learning of a
gearshift controller. Chapter 3 presents a method to learn a gearshift controller from expe-
rience, i.e., by performing gearshift trials on a test bench. The experimental setup consists
of a transmission prototype based on the new design introduced in Chapter 1. The learning
method focuses on reducing the number of gearshift trials required to tune the controller,

thereby addressing the efficiency concerns associated with machine learning control.

Part II relates to the second research question. It concerns methods to preserve safety
guarantees when learning to control vehicular maneuvers. Chapter 4 reviews the typical func-
tional architecture of an autonomous vehicle. It also introduces models for the longitudinal
and lateral vehicle dynamics. Chapter 5 presents a new method to learn a linear controller
from experience. The method is compatible with any learned dynamical model, and it pre-
serves robust stability guarantees. It is used to synthesize a controller for a lane change with
concurrent vehicle acceleration. Chapter 6 proposes the safe uncertainty-learning principle.
This principle suggests requirements for learning a safety condition to keep a dynamical sys-
tem within state constraints. The principle is supported by examples of both longitudinal
and lateral control. Together Chapters 5 and 6 address the concerns of maintaining safety
guarantees for robust stability and state constraint satisfaction when learning vehicular con-

trol.

Claims of originality

The theorems for the fundamental limitations to uninterrupted gearshifts of Chapter 2 are
an original contribution; they are published in [18]. It is the first time that the gearshift

limitations resulting from electric motor saturation are explicitly defined.

Another contribution is demonstrating the efficacy of a model-based reinforcement learn-

ing algorithm to tune a gearshift controller from a physical prototype, as presented in Chap-
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ter 3. The method was published in [19]. It is the first time that a learning algorithm is used
to tune both the feedforward and feedback components of a gearshift controller. The algo-
rithm itself is not entirely new—it is adapted from the PILCO algorithm [20]. Nonetheless,
our adaptation of the algorithm provides additional flexibility due to the use of automatic
gradients. Also, the analytical gradients of Appendix C are new results, and can be used to

verify the proper implementation of the automatic gradients.

The learning-based method to synthesize a robust linear controller presented in Chapter 5
is a contribution. It is the first time that a learning algorithm can tune a linear controller
from any type of learned model while preserving robust stability. For this contribution, a

manuscript was accepted for publication [21].

The safe uncertainty-learning principle of Chapter 6 is also a contribution. The principle
suggests conditions such that an uncertain dynamical system is kept within state constraints
during learning. It is the first time that such conditions are explicitly stated. The principle

is introduced in a manuscript accepted for publication [22].

Finally, the transmission design of Chapter 1 could be considered an original contribution,
as it is the object of a patent application [23]. The clever arrangement of the braking and
locking mechanisms makes it possible to obtain three gear ratios with only two modulated
braking elements, thereby saving cost on the assembly. Moreover, the use of locking elements
in parallel to the braking elements allows to deactivate the braking elements when not shifting
in order to save energy. This combination of features was never found in the literature.
However, this thesis makes no attempt at justifying the superiority of this design over others,

hence the reserved claim for this contribution.

Contributions of authors

The four papers [18,19, 21, 22] supporting this thesis have Mr. Beaudoin as a first author
and Prof. Boulet as the second (and last) author. For all the work presented in this thesis,
Mr. Beaudoin can be credited for the research planning and execution, while Prof. Boulet

provided guidance and suggestions for improving the research work.
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Notation

The notation devised for this thesis aims to harmonize the conventions of different research
fields, namely mechanics, control theory, probability theory, and machine learning. While the
variables may change meaning between chapters, the notation remains consistent throughout.

In general, scalar variables are italicized lower-case letters (ag), vectors are bold lower-case
letters (x), and matrices are italicized upper-case letters (Aq). There exist a few exceptions,
however. Notably, F, Th, and I typically refer to the scalar magnitude of a force, a torque,
and a mass moment of inertia, respectively; see Figure 1.2 for instance. Note that I without
a subscript is always the identity matrix. For the free-body diagrams of Figure 4.3, upper-
case letters are used to contrast the inertial frame of reference from the non-inertial one.
In Chapters 3 and 5, J™ and J are scalar-valued cost functions, following the traditions of
optimization and machine learning.

The notations [x]; and [A];; are used to denote the i and (7, j) entries of a vector x and
a matrix A. The notation xp; is used to denote a vector x with a particular index 7. This
can be used in the context of an indexed dataset D = {xp,...,X[n]}, or to represent state
vectors Xp) in discrete time. Higher-order tensors are denoted as A;j;, where 4, j, and k are
the tensor dimensions. The Einstein summation convention is used for tensor manipulations.
For instance, a simple matrix multiplication would be denoted Cj, = A;;Bj. It is always
assumed that the indices in the resulting tensor are arranged in alphabetical order. For
instance, the product A;;B;; would yield a fourth order tensor Cj;.

In Chapter 3, state vectors xpj are sometimes stochastic variables. Assuming p(xp)
follows a Gaussian distribution, pify represents the mean of the probability distribution, and
). its covariance matrix. In other words, xp ~ N (p,f;], Zﬁ]).

In Chapter 5, y(s) refers to a signal in the frequency domain. This signal may be
multi-dimensional despite the use of a non-bold letter. Similarly, G(s) represent a linear
time-invariant system, not a matrix. Note that using a partition within square brackets

confers a particular meaning. Take for example

M, M A|B
PO and G(s) =
Ms My C|D

In the first case, M is a matrix composed of smaller matrices M; to M, with matching

dimensions. In the second case, the expression is a shorthand for the state-space realization
C(sI + A)7'B + D of the system G(s).

The rest of the notation should be clear from context.
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Chapter 1
Multi-speed transmissions

This chapter reviews common electric powertrain architectures, justifies the use of a multi-
speed transmissions, presents dynamical models for common transmission types, and presents

a new transmission design.

Contents

1.1 Review of powertrain architectures. . . . .. ... ... ... ..

1.2 Justification for multi-speed transmissions . ... ... ... ..

1.3 Vehicle and drivelinemodels. . . . . . ... ... ..o, 10
1.4 Transmissionmodels . ... ... ... ... 000000, 12
1.4.1 Parallel shaft architecture with two frictional clutches . . . . . .. 13
1.4.2 Parallel shaft architecture with a one-way clutch . . . ... .. .. 13
1.4.3 Planetary gearset architectures . . . . . . .. ... ... ... ... 14
1.5 New multi-speed transmission design . . . ... ... ... ... 16

1.1 Review of powertrain architectures

The literature abounds with electric powertrain concepts, each aimed at different client
needs [24-26]. Typical design specifications for electric powertrains include energy efficiency,
drivability, and cost. The efficiency is important as it directly influences the driving range.
Drivability is a subjective measure of the vehicle’s response to driver inputs, and is typically
evaluated for specific maneuvers. For a tip-in maneuver—i.e., when a driver suddenly re-
quests a vehicle acceleration—oscillations in the acceleration is generally unappreciated [27].

For gearshifts, it is important to minimize torque interruptions and vehicle jerk [28].
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Perhaps the simplest architecture is using a single motor and a fixed reduction ratio be-
tween the motor and the wheels. This concept has an excellent drivability, but it introduces
significant drawbacks on the vehicle design: to meet vehicular performance specifications,
the motor is often oversized, and the resulting powertrain only seldom operates in its optimal
efficiency region. This becomes especially problematic for heavier vehicles, as will be shown

in Section 1.2.

A natural evolution of the single-motor fixed-ratio concept is the introduction of a multi-
speed transmission. A simple concept is the manual transmission [29,30]. It consists of
mounting gears on bearings, and selectively locking different gears to their transmission
shafts to achieve different transmission ratios. Because electric motors do not need to idle,
it is possible to use a manual transmission without a clutch between the motor and the
transmission. To shift gears, the motor torque is first reduced to zero, then the first gear
is disengaged, the motor speed is synchronized with the second gear, the second gear is
engaged, and finally the motor driving torque is reapplied. Synchronizers may also help
with the shaft synchronization and gear engagement [31-34]. If properly performed, such a
gearshift can have a low jerk level, but a torque gap is inevitable, as the shifting elements
have to be engaged and disengaged when no torque is passed through them. To reduce this
torque gap, we can introduce a torque gap filler in the transmission architecture [35, 36].
This is typically a clutch placed between the motor and the transmission output shaft; it is

used only during gearshifts.

Alternatives to manual transmissions used in electric vehicles are dual-clutch transmis-
sions [37-39] and automatic transmissions [40-43]. Conceptually, they are almost equivalent.
Both consist of offering clutching and braking devices that can be modulated such that the
transmission’s torque can be continuously transferred between different transmission paths.
The distinction resides in that dual-clutch transmissions typically use a parallel shaft archi-
tecture and only require two clutches, while automatic transmissions typically use a planetary
gearset architecture and require more clutching and braking devices if more than two gear ra-
tios are to be offered. In both parallel shaft and planetary architectures, it can be interesting
to replace a friction clutch by a one-way clutch [37,41,44]. A one-way clutch that transfers
the transmission torque in a given ratio will automatically disengage when a friction clutch of
a higher gear ratio is engaged. This automatic disengagement may also simplify the gearshift
control algorithm, as one fewer clutch needs to be controlled. This concept also allows to
continuously transfer the torque between the two transmission paths, but with the added

benefits that a one-way clutch is cheaper and more compact than a friction clutch or a brake.
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Instead of using a multi-speed transmission, one could circumvent the drawbacks of a
single-motor fixed-ratio powertrain by using a plurality of motors. The different motors can
be mounted on different axles, where the driving torque is shared through the road. Each
motor can either power a single wheel [45] or a front or rear axle [46]. Alternatively, the differ-
ent motors can also be mounted on the same axle [47]. These architectures allow the driving
torque to be continuously transferred from one motor to another, thus providing excellent
drivability. This is also true for multi-motor architectures with multi-speed transmissions.
For instance, a planetary gearset architecture can be configured to receive inputs from two
motors [48-51]. These transmission architectures are conceptually indistinguishable from
power-split transmissions used in hybrid electric vehicles [52]. Alternatively, a parallel shaft
architecture can be configured to receive inputs from two motors [53-55]. Such a powertrain
is capable of perfectly smooth gearshifts: if the driving torque is taken exclusively from one
of the two motors, the other motor transmits no torque, which allows for an easy gear change
on some transmission shafts. However, a torque gap may still exist, as the torque on one
motor has to be reduced to zero and the other motor may not be able to fully compensate

this torque decrease.

Finally, electric powertrains can also include mechanical continuously-variable transmis-
sions [56]. These powertrains provide excellent drivability, as the transmission ratio can be
smoothly varied. However, friction losses may lower the powertrain energy efficiency, which

is undesirable due to the high cost of energy storage in battery electric vehicles [57,58].

1.2 Justification for multi-speed transmissions

For certain vehicles, a multi-speed transmission may offer the best tradeoff between the con-
flicting requirements of efficiency, drivability, and cost. The performance benefits of having
more than one gear ratio can only be determined with a vehicle-level analysis. The promise
is to compensate for the additional cost, volume, and complexity of the transmission by al-
lowing the use of a smaller motor, and operating the motor on a higher efficiency region for
a larger fraction of the time, which can reduce the battery size, and thereby save on overall
vehicle cost [59]. When compared to a fixed ratio drivetrain, a multi-speed transmission can

lower the energy consumption on standard drive cycles by over 20%.

The potential benefits of having multiple gear ratios can be seen through an example

motor selection process. The vehicle hypothesized is a commercial vehicle with a gross ve-
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Table 1.1: Design specifications considered in the motor selection.

Design specification v [km/h] «a [%] Duration
1: extreme grade 20 20 < 1min

2: highway, cruise speed 110 0 Continuous
3: highway, high grade 90 ) < 1min

hicle mass of 8500kg. It would be classified as an N2 commercial vehicle in Europe, and
a Class 5 medium-duty truck in North America. The gross vehicle mass of 8500 kg is used
for the motor selection process. The analysis also considers a frontal area of 6m/s? and
a drag coefficient of 0.7. The three design specifications of Table 1.1 define the vehicle
performance requirements. The first specification consists of an extreme grade—it sets the
maximal torque requirement. This is a short duration event, so the powertrain is allowed to
operate above its continuous capacity limit. The second specification consists of the vehicle
cruising on the highway, which sets both a wheel speed requirement and a continuous power
requirement. The third specification happens when the vehicle climbs a steep but reasonable

grade on the highway, which sets the maximal power requirement.

As shown in Figure 1.1a, if the vehicle is equipped with a single-speed transmission,
the vehicle requirements can be met with a 200 kW motor with 700 Nm peak torque and
8000 rpm maximum speed, using a fixed total reduction ratio of 7.5. With a two-speed
transmission with ratios of 12 and 6, the peak torque requirement can be lowered to 450 Nm,
while keeping the same power and speed limit requirements. In practice, this would allow
vehicle designers to reduce the motor’s active length [60], thereby reducing the motor peak
torque capacity while maintaining the same motor power capacity. The resulting system
capacity is displayed in Figure 1.1b. The vehicle now has a 36% volumetrically smaller

motor and a larger high-efficiency operating region.

1.3 Vehicle and driveline models

This section introduces the vehicle and driveline models used in Chapters 2 and 3; they are
shown on Figure 1.2. It is assumed that the vehicle longitudinal speed v follows the driving
wheel speed év according to v = évrw, where ry, is the wheel radius. In other words, there is
no longitudinal slip at the wheel. This allows to project the vehicle mass and the vehicular
forces on the wheel coordinate. The vehicle mass m becomes an equivalent rotational inertia

I, = mr2. In this model, three vehicular forces are considered: the aerodynamic drag Fj,
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(b) Two-speed transmission, ratios of 12 and 6.
Motor requirements: 200 kW power, 450 Nm peak

torque, and 8000 rpm maximum speed.

Figure 1.1: Vehicle capacity for (a) a single-speed transmission and (b) a two-speed

transmission.

the tire rolling resistance Fi, and gravity Fy.

Ey
F, =

Fi
F, =

F,+ F, + Fg,
%pUQG/dea
mgcg cos(a),

mg sin(a),

These three forces become an equivalent torque T, applied to the vehicle wheel

Ty

rw(3pv®ascq + mge cos(a) + mgsin(a)),

(1.5)

where p is the air density, a¢ is the vehicle frontal area, cq is the aerodynamic drag coefficient,

¢; is the tire rolling resistance coefficient, ¢ is gravity, and « is the road slope.

The driveline model is shown on Figure 1.2b.

It contains three rotating bodies: the

electric motor I,,, the transmission output shaft 1., and the equivalent vehicle inertia I, .

The three equations of motion are

.
] out éout

1.0,

—cmém + T

- ﬂna

_Coeout + Tout - k(eout - ev)

- d(éout - 9V)7
- _Tv + k(gout - ev) + d(eout - 9\7)7
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Figure 1.2: Vehicle and driveline models.
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(a) Two-speed transmission with parallel shaft (b) Two-speed transmission with a planetary
architecture. Short name: dual-clutch transmis- gearset architecture. Short name: dual-brake
sion. transmission [40].

Figure 1.3: Two popular transmission architectures.

where ¢, is the coefficient of viscous damping on the motor, and ¢, is the coefficient of
viscous damping on the transmission output. The coefficients k and d represent lumped
driveline stiffness and damping, respectively. They cover phenomena such as driveshaft and

tire flexibility and damping. The resistive torque T, can be obtained from the vehicle model.

1.4 Transmission models

This section introduces dynamical models for three popular transmission architectures. In
Chapter 2, the transmission models will be combined with the general driveline model of
Equations (1.6)—(1.8). The resulting complete driveline models are then used to analyze

gearshift trajectories.
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1.4.1 Parallel shaft architecture with two frictional clutches

The first transmission architecture to be modeled is illustrated in Figure 1.3a. The equations

of motion for this system are

Il = =l + T — Ty — T, (1.9)
[outéout == _Coéout - To + ilTl + 7;2T2, (110)

where T and 75 are the clutch torques. For this first model, both clutches are assumed to be
frictional clutches. The torque output of a friction clutch depends on its state—i.e., sticking
or slipping. The Coulomb friction model is assumed for simplicity. The clutch torques can

be expressed as

Tm - T2 - Imem - Cmém em = iléout
T = (1.11)

Fnl,udranp Sign<ém - iléout) 9m 7é iléout 7

Tm - Tl - Imém - Cmém 9m = 2.20.out
T, = (1.12)

Fn2ﬂdranp Slgn<9m - i290ut) ém 7é i290ut

where F), is the linear force at the clutch plates, uq is the clutch’s dynamic friction coeffi-
cient, r, is the mean friction radius, and n, is the number of friction surfaces. The clutch
starts to slip when the reaction torque at the interface reaches the clutch torque capacity

Teap = Fupisrany, where pg is the static friction coefficient.

1.4.2 Parallel shaft architecture with a one-way clutch

In this second transmission model, the first-gear clutch in Figure 1.3a is a one-way clutch.
The equations of motion (1.9) and (1.10) remain the same. But this time, 77 is a reaction

torque in one direction, and is null in the other direction:

Trn - T2 - ]mém - Cmém ém = Z.19‘0ut
T, = ‘ o (1.13)
0 6)m < Z-190ut

The one-way clutch also introduces the kinematic constraint

O < i160us. (1.14)
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Figure 1.4: General representation of a double planetary gearset. Possible connec-
tions are shown between the ring of the first set and the elements of the second set.

1.4.3 Planetary gearset architectures

A single planetary stage can be seen as a combination of three bodies: a ring gear with
inertia I, a planet carrier (I.), and a sun gear (I5). The equations of motion for each of

these bodies are

L6, =T, — r.F, (1.15)
1.0, =T, + 1. F +r,F, (1.16)
L6, = T, — r.F, (1.17)

where T is the torque applied on either the ring (r), carrier (c), or sun (s), r, is the radius
of the ring gear, ry is the radius of the sun gear, and F' is the tooth force in the gearset.

There is also a kinematic constraint associated with these equations:
rs0s + 120, = (15 + 1:)fe. (1.18)

Equations (1.15)—(1.18) are commonly used the the analysis of automatic transmissions,
see [61] for instance. It is worth noting that these equations imply to approximate as null
the rotational inertia of the planet gears—see Appendix B for more details. Meanwhile, the
mass of the planet gears can still be considered in the equations by projecting it into the

rotational inertia for the planet carrier I..

It is common to combine stages of planetary gearsets in series, such as in Figure 1.4. In
this case, one set of the equations (1.15) to (1.18) needs to be added to the system model
for every additional planetary stage. By connecting and grounding elements, kinematic
constraints are added to the system model, and the number of degrees of freedom in the
system is reduced. These connections must be done carefully, as the system can become

over-constrained or under-constrained. An example design is presented in Section 1.5.

The transmission of Figure 1.3b is an example of a double planetary gearset [40]. The



CHAPTER 1. MULTI-SPEED TRANSMISSIONS 15

rest of this section shows how to obtain a system model for it. The inertias I,, and I.; are

lumped into a single mass; the same is done for I,,; and I.». The equations of motion are

L0, =Ty — raFy — roF, (1.19)
Imem == _Cmém + Tm + TrlFl + Tlela (120>
]outéout - _Coéout - Z'f_liro + Tr2F2 + Ts2F27 (121)
L0, =Ty — ra Fy — roF. (1.22)
The two kinematic constraints are
rals + 7016r = (11 + 701) 0, (1.23)
7“520.5 + TrQér - (TSQ + rr2)9out- (124)

The kinematic constraints can be used to reduce the four equations of motion into a set
of only two equations. In order to solve this algebraic problem, researchers have assumed
that elements other than the input and output shafts have a negligible inertia [61]. This
greatly simplifies the reduction process. For the system of Figure 1.3b, it would mean that
I, = 0 and I; = 0. For convenience, the parameters 51 = 7,1/rs; and [y = r9/rs are
introduced. The result of this reduction is a set of equations that is identical in form to that
of a parallel shaft architecture. This can be observed by comparing Equations (1.25) and
(1.26) to Equations (1.9) and (1.10).

L+ 6 T, — MTQ, (1.25)

P — e B — B2
Y 1+ B Bi(l+5)
foufou = =eoflou =i o+ 5 = g )

-[mém = _Cmém + Tm +

T. (1.26)

If it is not assumed that I, = [ = 0, the reduction process results in a different set of

equations; they are more coupled this time.

[mém = Cl(—Cmém + Tm) + CQ(—COéout - if_lTo) + Cng + C4T2, (127)
IouiOout = 05(—Cmém +Tw) + c.;,(—coéout — if_lTO) + 717 + T, (1.28)

The constant coefficients ¢; to cg are not detailed further in this thesis. They are fairly
involved algebraic expressions that only pertain to the specific architecture of Figure 1.3b.
More important is the observation that the motor acceleration is now coupled with the

transmission output.
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Figure 1.5: The three configurations of the new multi-speed transmission design.

1.5 New multi-speed transmission design

This section presents a new design for a three-speed planetary transmission. The design was
manufactured and used as a transmission test bench for the experiments of Chapter 3. The
transmission comprises three planetary gearsets. By varying the internal connections and
the grounding connections on the different bodies, three speed ratios can be achieved. The

three configurations are illustrated on Figure 1.5.

In industry, new transmission designs must be optimized with respect to several design
criteria. Typically, engineers randomly generate numerous candidate designs and automate
the filtering and selection process through design optimization—a process called transmis-
sion synthesis [62-64]. In this work, we simply used trial and error to iterate through a few
candidates, and selected the final design with simple criteria such as ease of manufacturing
and the resulting transmission ratios. The ratios can be computed by solving a linear system
of equations, which needs to be repeated for each of the three configurations of Figure 1.5.

The process is now shown for the Gear 1 configuration of Figure 1.5a.

Three kinematic relations are required, one for each planetary gearset,
Tsiési + rriéri = (rsi + rri)écia 1= {17 27 3} (129)

Because R; is grounded, érl = 0. Moreover, C; and C, are connected, Ry, and Rs are
connected, and Sy, S and S3 are connected, so 961 = 962, érl = 9r3, and 951 = 952 = 953.
Assuming .3 = 1, a linear system of equations can be formed and the transmission ratio
can be computed by solving for f.;. Table 1.2 lists the chosen radius for the components,
and the resulting transmission ratios.

When a candidate design yields no solution to the system of equations, this means that

the transmission is either over-constrained with too many connections, or under-constrained
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Table 1.2: Gear radius and transmission ratios for the new transmission design.

Sun gears Ring gears Ratios
rs1 28mm | rpp 100mm | 27 2.59
reo O0mm | 7o 100mm | 29 1.52
re3 28mm | r;3 100mm | 23 1.00

with not enough connections.

It is also possible to compute the steady-state reaction torques on the braking and lock-
ing elements, as well as the gear meshing forces. This is achieved by setting the bodies’

acceleration to zero in Equations (1.15) to (1.17) which yields

0= Tm' — TriFiy (].30)
0="Te +ruli +ry4kF;, (1.31)

Because there are three planetary gearsets, three sets of these three equations are required,
where i = {1,2,3}. The connections between the elements generate additional equations.
For instance, C; is connected to Cs, and the motor provides torque to Cq, so Ty = Ty, — Tro.
Just as with the speed ratios, the resulting system can be solved by assuming T, = 1 for
instance. The torque ratio between the input and the output of the transmission should be

the inverse of the speed ratio, which is a good verification.

The next step in the design process is to verify that the three configurations of Fig-
ure 1.5 can be switched between one another, in other words, that gearshifts can take place.
This requires placing braking and locking elements on the various bodies—see Figure 1.6.
This design comprises two braking elements that can be modulated to provide uninterrupted
gearshifts. The design also comprises three locking elements, which allows to deactivate the
braking elements after gearshifts, thereby saving energy by eliminating the need to provide
constant pressure on the brake friction plates. Interestingly, this design only requires two
braking elements for three gear ratios—this is part of the motivations for the patent appli-
cation associated with this design. Table 1.3 shows how the locking and braking elements
can be activated to yield the three gear ratios. Switching between configurations lc and
2a results in a clutch-to-clutch gearshift between gear ratios 1 and 2. Switching between

configurations 2c and 3a results in a clutch-to-clutch gearshift between ratios 2 and 3.

The next chapters investigates the conditions under which clutch-to-clutch gearshifts can
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| Hout

Figure 1.6: The component arrangement in the new transmission design.

Table 1.3: The configurations of the transmission and their component activation.

Gear Config. | Bf Bo | Ly Lo Lj
la X X
1 1b X X X
1c X X
2a X X
2b X X X
2
2c X X
2d X X
3a X X
3 3b X X X
3c X X

result in an uninterrupted torque at the transmission output, and when motor saturation

makes this fundamentally impossible.



Chapter 2
Uninterrupted gearshifts

This chapter concerns the fundamental limitations to uninterrupted gearshifts. First, com-
mon shifting processes are illustrated through example gearshift trajectories. Then, the

limitations are explicitly defined by introducing three new theorems.

Contents
2.1 Limits to uninterrupted gearshifts . . ... ... ... ...... 19
2.2 Example gearshift trajectories. . . . . . .. ... .00, 22
2.3 Theorems for fundamental limitations . . . . . ... ... .... 27
2.3.1 Theorems for a dual-clutch architecture . . . . ... .. ... ... 27
2.3.2 Adaptations for planetary gearset architectures . . . . . . . . . .. 33
2.3.3  Other vehicle models and kinematic conditions . . . . ... .. .. 35

2.1 Limits to uninterrupted gearshifts

Uninterrupted gearshifts provide superior drivability to electric vehicles, but not all multi-
speed transmissions are capable of it. For that, it must be possible to continuously transfer
the motor torque from one transmission path to another during gearshifts. Transmission
architectures with this capability were reviewed in Chapter 1, namely dual-clutch trans-
missions and transmissions based on planetary gearsets. But in the presence of motor and
clutch saturation, even such architectures can fail to provide an uninterrupted gearshift.
This chapter explores the fundamental limitations on gearshift performance that originate

from actuator saturation.

19
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These fundamental limitations should be considered early in an electric vehicle design
process, such as when selecting the transmission type during the conceptual design phase.
Design methodologies typically attribute a high importance to the conceptual design phase,
as its outcome has a large influence on the rest of the design project, and ultimately, the
product quality [65-67]. This chapter aims to provide automotive engineers with clear expec-
tations on the potential gearshift performance of various transmission architectures before
they delve into resource-intensive detailed modeling.

Moreover, the limitations should be considered when designing—or learning—a gearshift
controller. In effect, the theorems describe the system trajectories that allow for an uninter-

rupted gearshift.

The existence of fundamental limitations to uninterrupted gearshifts that originate from
motor saturation was hinted in [37], but they were never formulated explicitly. Some studies
on gearshift jerk reduction are framed around gearshift trajectory optimization [68,69]. Typ-
ically, researchers model a driveline, formulate a cost function that balances vehicle jerk and
clutch energy dissipation, then solve a trajectory optimization problem. The main caveat
with this approach is that often the optimization problem is non-convex, so a global opti-
mum is not guaranteed. Moreover, it is hard to apply the results to other vehicles or to
small alterations of the transmission design. Other studies address the design of an optimal
gearshift controller [70-73]. But similarly, this approach does not allow to generalize, as it
is not known whether the torque gap during gearshift is a result of an imperfect controller,
or an unavoidable fundamental limitation. Instead, this chapter aims to provide explicit

definitions of these limitations in the form of theorems.

The work in this chapter is done under the assumption of a perfect state feedback, a
perfect control of actuator forces, and a perfect model of the system dynamics. Formally,
this translates into Assumption 1. In practice, this assumption would never hold; other
system limitations inevitably lead to torque interruptions. Nevertheless, Assumption 1 is
appropriate for this chapter given that the theorems are only intended to predict when

actuator saturation is an inevitable contributor to torque interruptions.

Assumption 1. Only the following two system limitations can lead to unavoidable torque
interruption during gearshift:
1. a limit on the motor torque, which can be characterized both in terms of maximal
torque Tiax, or maximal power pray;

2. a limit on the torque application rate of a friction clutch, 7.
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Furthermore, uninterrupted gearshifts need to be properly defined. In this work, a
gearshift is considered uninterrupted when the vehicle acceleration a, remains constant for
the duration of the gearshift. This is also the definition of a no-jerk gearshift, therefore
in this chapter, these two concepts are treated as equivalent and the terms are used inter-
changeably. The definition for an uninterrupted gearshift can be specified using the driveline
model of Chapter 1. A constant acceleration implies that 6, = a, /Tw. And by extension,
0, = (a;t + v;)/ry, where v; is the initial vehicle speed at the beginning of the gearshift
(t = 0). Since the gearshifts are short in duration—approximately 0.5 s—it can be assumed
that the vehicular forces Ty are constant. Given the driveline model in Equations (1.6)—(1.8),
the constraints introduced on év, év, and T3, also restrict éout and éout. These variables can
be solved for explicitly. First, the vehicular forces and acceleration are grouped into a single

constant output torque T, = Ivév + T,. Substituting T, in Equation (1.8) yields

Ty = k(Oous — 6y) + d(Bous — 6y). (2.1)

Taking the time derivative of Equation (2.1) gives

O - k(éout - 9\,) + d(eout - Qv) (22)

Substituting 6, and 6, with their no-jerk constraints in Equation (2.2), a linear differential

is obtained, where

. k . k a
Oout (1) + Eﬁout(t) = R(art + ;) + . (2.3)

Assuming the initial condition éout(O) = v;/ry, the differential equation can be solved, and

the trajectory for the output shaft is obtained as

o (1) = 220 (2.4)

Tw

The prescribed trajectories on 9V, éout, and T, can be used to formally define an no-jerk

gearshift.

Definition 1. A no-jerk gearshift is obtained if, for the duration of the gearshift,

éout - év - (art + Ui)/TW7 (25)
T, = ‘[Va’I‘/TW +T. (26)



CHAPTER 2. UNINTERRUPTED GEARSHIFTS 22

Table 2.1: Example-vehicle parameters.

Param. Value Param. Value Param. Value
m 6500 kg Iwe  0.05kgm? io 6
Tw 0.3m Cm 0.02Nms/rad I, 0.03 kg m?
ag 6 m? Co 0.04 Nms/rad I 0.03 kg m?
cd 0.7 k 10 kNm/rad 51 2
¢t 0.007 d 75 Nms/rad B 4
In 0.3kgm? i1 12 is 7.2

Table 2.2: Gearshift scenarios.

Scenario  Direction Motor quadrant Region vi [km/h] a, [m/s?] DTD
1 Upshift Driving Power-limited 65 1.0 80%
2 Downshift Driving Torque-limited 18 1.0 80%
3 Downshift Braking Torque-limited 45 —-1.5 -

2.2 Example gearshift trajectories

This section presents five example gearshift trajectories where the no-jerk conditions of Def-
inition 1 are met. The examples illustrate the implications of the no-jerk condition on the
input torques—the motor torque, and the clutch torques. The vehicle parameters are listed
in Table 2.1. The three gearshift scenarios of interest are that of Table 2.2. Scenario 1 is an
upshift during vehicle acceleration, where the driver torque demand (DTD) at the beginning
of the shift is 80% of the available torque. This gearshift takes places in the power-limited
region of the motor map. Scenario 2 is a downshift when the vehicle is accelerating, also
with a DTD of 80%. The downshift takes place in the torque-limited region of the motor
map. This gearshift is motivated by the desire to have a greater wheel torque after the
downshift. Scenario 3 is a downshift when the motor is used for regenerative braking in the

torque-limited region.

The example trajectories are computed using the transmission models of Section 1.4:
Equations (1.9)—(1.10) for a dual-clutch transmission, Equations (1.25)—(1.26) for a dual-
brake transmission with neglected gear inertias, and Equations (1.27)—(1.28) for a dual-brake
transmission with the gear inertias considered. First, T;, is computed from (2.6) and (1.5)
given the acceleration a, and initial velocity v; of the scenario. Similarly, éout(t) and éout(t)
can be computed from (2.4). A trajectory is chosen for ém(t). And finally, the input torques

can be computed from the transmission model.

Figure 2.1 shows an upshift during vehicle acceleration (Scenario 1) with a dual-clutch

transmission where the first clutch is a one-way clutch. The gearshift starts at 0.05s and
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Figure 2.1: Example trajectory for the gearshift scenario 1 with a dual-clutch
transmission, where the first clutch is a one-way clutch.

ends at 0.50s. It begins with a torque phase—where the transmission torque is transferred
from Clutch 1 to Clutch 2—followed by an inertia phase, where the motor is synchronized
with the Gear 2 speed. During the torque phase, T5 is gradually increased from zero to the
torque required at Gear 2 following an arbitrary trajectory. This has the effect of gradually
reducing the reaction torque on the one-way clutch, 77, all the way down to zero at the end
of the torque phase. In order to maintain a constant output torque 7y, the motor torque T},
has to increase according the to transmission model. Interestingly, because the first clutch
is a one-way clutch, the torque transfer phase just described is the only possible trajectory.
But since the motor power exceeds its 200 kW limit in the example of Figure 2.1, the ex-
ample trajectory is in fact infeasible. In reality, the vehicle would inevitably experience a
torque gap. This is the first fundamental limitation examined in this chapter—Theorem 1
in Section 2.3 formalizes it. The rest of the gearshift consists of the inertia phase, which
is not as prone to motor saturation as the torque phase. T and T, are kept constant, and
the motor is synchronized with the second-gear speed following an arbitrary trajectory. It is
possible to reduce the variation in motor power during the inertia phase by simply making

it longer.

Figure 2.2 also shows an upshift during vehicle acceleration with a dual-clutch trans-
mission, but Clutch 1 is a friction clutch this time. This introduces two new possibilities:
the motor speed can be increased above the Gear 1 speed, and T} can be modulated when

the clutch is slipping. By taking advantage of these possibilities, a new trajectory can be
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Figure 2.2: Example trajectory for the gearshift scenario 1 with a dual-clutch
transmission, where the first clutch is a friction clutch.

crafted to obtain a no-jerk gearshift. Prior to transferring the clutch torques, the motor
speed is increased above Gear 1 speed. Then the torque transfer begins, which has the effect
of decreasing the motor speed. It is important that the torque transfer completes before the
motor crosses Gear 1 speed, as this would result in a sign reversal on 7). In effect, when
a friction clutch slips, the clutch torque opposes the clutch slipping velocity as per Equa-
tion (1.11). With a torque reversal on 77, T would have to instantaneously compensate in
order to maintain the constant T, condition. This would violate any constraint on the clutch
torque application rate. Therefore, this trajectory also contains a fundamental limitation,

which is formulated in Theorem 2.

Figure 2.3 shows a downshift during motor acceleration (Scenario 2) with a dual-clutch
transmission. This trajectory can be obtained whether Clutch 1 is a one-way clutch or a
friction clutch. This time the inertia phase precedes the torque phase. In the inertia phase,
the motor speed is increased using maximal motor power. When the motor reaches Gear
1 speed, the torque transfer begins. The fundamental limitation for this scenario concerns
the capacity to synchronize the motor speed within acceptable time, while maintaining the

output torque T, constant. This limitation is formalized in Theorem 3.

Figure 2.4 shows a downshift during vehicle deceleration (Scenario 3) with a dual-clutch
transmission. The motor operates in regenerative braking mode. Because T, < 0, the clutch

torques T} and T, must be negative. And since T} < 0, this trajectory is only possible
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Figure 2.3: Example trajectory for the gearshift scenario 2 with a dual-clutch
transmission. This trajectory is valid for both one-way clutch and dual-friction-
clutch architectures.

5000

4000

Motor speed [rpm]
w
f=}
S

2000
0

o =
(= (=1
(=] (=}

Motor torque [Nm]
(=}

End

Start

2000 4000 6000
Motor speed [rpm]

8000

400
—— Motor

200 | —— Clutch 1
g —— Clutch 2
Z ul
— 0
E
g 200
S -

-400

0 0.1 0.2 0.3 0.4 0.5
Time s
100 | ——— Motor
——— Clutch 1

= 50| —— Clutch 2
Z
’S O
g
A -50

-100

0 0.1 0.2 0.3 0.4 0.5
Time [s]

Figure 2.4: Example trajectory for the gearshift scenario 3 with a dual-clutch
transmission. This trajectory is only possible if Clutch 1 is of friction type.
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Figure 2.5: Example trajectories for the gearshift scenario 1 with a dual-brake
transmission, namely that of Figure 1.3b. The dotted lines represent the situation
where the trajectory is computed with Equations (1.25)—(1.26), thereby assuming
I, = Iy = 0. The solid lines represent the situation where the inertias of I, and I
are considered, and the trajectory is computed with Equations (1.27)-(1.28).

if Clutch 1 is a friction clutch—by design, a one-way clutch can only carry torque in one
direction. Often, transmissions with a one-way clutch are also equipped with a locking
mechanism in parallel to the one-way clutch [37]. This allows for regenerative braking when
the transmission operates in first gear. However, the locking mechanism typically cannot
be engaged when there is a significant speed difference between the mating elements, and
it cannot be modulated. Therefore, it is impossible for a dual-clutch transmission with a
one-way clutch to provide uninterrupted shifting in regenerative braking mode. Figure 2.4
shows that for a dual friction clutch architecture, such a gearshift can be initiated even when
the motor is essentially on the saturation limit. For transmissions with two friction clutches,

the system limitations included in Assumption 1 will not result in unavoidable gearshift jerk.

Figure 2.5 shows a gearshift of Scenario 1, but with the dual-brake transmission of Fig-
ure 1.3b this time. The gearshift strategy is the same as in Figure 2.2, i.e., increasing the
motor speed above the Gear 1 speed just before the torque transfer. The trajectory in dotted
lines are obtained by computing the trajectory with Equations (1.25)—(1.26), which implies
assuming I, = Iy = 0. The trajectories in solid lines are obtained considering I, = I = I,,,/10
and using Equations (1.27)—(1.28). Introducing a small inertia on I, and I has a strong influ-

ence on the resulting trajectory. First, T}, becomes coupled with 77—when the motor torque
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Table 2.3: Summary of fundamental limitations to uninterrupted gearshifts for the
dual-clutch transmission.

Scenario One-way clutch Dual-friction clutch
1: Upshift, driving motor Limited by Theorem 1 Limited by Theorem 2
2: Downshift, driving motor | Limited by Theorem 3 Limited by Theorem 3
3: Downshift, braking motor Impossible Not limited

is increased in the first phase of the gearshift, 77 must be decreased in order to maintain the
same output torque 7. This means 73, cannot increase arbitrarily quickly due to the clutch
torque application rate limitation. Also, the additional inertia increases the time required to
attain a given motor speed during the first phase. Finally, Clutch 2 takes a larger portion of
the load during the inertia phase, and the motor takes a smaller portion of the load. From a
design perspective, this means that the maximal torque requirement on Clutch 2 is higher,
which has to be accounted for in the sizing of this component. In summary, even small gear
inertias can have a significant influence on the gearshift trajectory of a transmission with a
planetary gearset. Engineers should take precaution before neglecting them in the equations

of motion for their systems.

2.3 Theorems for fundamental limitations

This section introduces three theorems that define the fundamental limitations to no-jerk
gearshift for a dual-clutch transmission. Table 2.3 summarizes which theorem pertains to
which combination of gearshift scenario and Clutch 1 type. Theorems for Scenario 3 are not
provided as the conclusions follow naturally from Figure 2.4 and the associated discussion
in Section 2.2. Then in Section 2.3.2, the theorems are adapted for transmissions based on

planetary gearsets.

2.3.1 Theorems for a dual-clutch architecture

Theorem 1 presents a necessary and sufficient condition for a no-jerk upshift in the power-
limited region of the motor map when Clutch 1 is a one-way clutch. Together Equation (2.7)
and the assumptions that éout(t) = (a;t + v;)/ry and éout(t) = a,/ry can be used to predict
whether a specific driving condition allows for a no-jerk gearshift. Interestingly, it does not

require to simulate the complete gearshift.

Theorem 1. For a dual-clutch architecture where the first-gear clutch is a one-way clutch,

and when the motor operates in a power-limited region, a no-jerk upshift of Scenario 1 can
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be obtained if and only if py(tir) < Pmax, Where py, (i) is the required motor power at the

end of the torque transfer phase, and pp.x is the motor power limit; py, (t.) is evaluated as

pm(ttr) = Z'le‘out(ttr) ((lem + igllout) eout(ttr) + (ilcm + iglco) éout(ttr) + Z-271170> . (27)

Proof. (Necessity): The gearshift begins with a torque transfer phase that spans from ¢ = 0
to t = ty;, which is defined as follows: the clutch torques are smoothly varied from 77(0) # 0
and T5(0) = 0 to T (t) = 0 and Ta(ty,) # 0, while 0., = i10uu and O, = i10,, for all t €
0, ti], and T, 90ut, and éout follow the conditions for a no-jerk gearshift as per Definition 1.
The condition ém = i190ut is necessary because the first-gear clutch is a one-way clutch:
Equation (1.13) indicates that 77 # 0 — 01y = 1100y, SO this imposes Oy = 100 at least
until 77 = 0. The condition ém = iléout is necessary for a no-jerk gearshift: Equation (1.13)
indicates that if the clutch opens before 77 = 0, which means that O < iléout, then the
clutch torque immediately drops to 0, and Equation (1.10) indicates that for Ty, 90ut, and
Gous to follow the conditions for a no-jerk gearshift, T would have to immediately jump to
a higher value, which violates any limit on clutch torque application rate. Moreover, the
one-way clutch imposes the kinematic constraint that ém < i190ut, so it is impossible that
ém > iléout. Therefore, the torque transfer phase as defined above is necessary for a no-jerk
gearshift, as any deviation from it either implies a vehicle jerk, or is physically impossible.

The required motor power at the end of the torque phase can then be computed. Sub-
stituting 77 (t,) = 0 in Equation (1.10) yields

TQ(ttr) = ZQ_I (Ioutéout<ttr) + Coéout(ttr) + To> 9 (28)

which can be substituted in Equation (1.9) to get the motor torque at t:
Tm(ttr) = ]mém(ttr) + Cmém(ttr) + ZQ_I (Ioutéout<ttr) + Coéout(ttr) + To> . (29)

The motor power at ty, is computed using py, (ti,) = ém(ttr)Tm(ttr), Equation (2.9), and the
conditions that ém(ttr) = iléout(ttr) and ém(ttr) = iléout(ttr); Equation (2.7) is obtained.
Naturally, this requires that the motor be capable of producing py,(t:,), therefore a no-jerk
gearshift implies that py, (ti) < Pmax-

(Sufficiency): Assumption 1 indicates that if a no-jerk gearshift cannot be obtained, it is
because either the motor saturates, or the clutch saturates. Further assuming that t;, is large
enough such that the clutch does not saturate, if a no-jerk gearshift cannot be obtained, it is
because the motor saturates. By showing that py, () is the maximal required motor power

during the gearshift, it can be shown that if the motor saturates, then py, () > pmax. TO
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do this, Equations (1.9) and (1.10) are rearranged to eliminate T, and isolate Ty,, and the

motor power is obtained as follows

Pm = 6')m (Im‘gm + cmém + Tl (1 - Z_1> + 22_1 (Ioutéout + Coéout + To)) . (210)

()
Assuming that the motor begins to synchronize with Gear 2 speed exactly at t;,, the maximal
ém(t) is at t = t,. Furthermore, every term on the right-hand side of Equation (2.10) is
maximized at t,. In particular, since i; > iy, T (t;;) = 0 maximizes py,, as T} > 0. Therefore,

if a no-jerk gearshift cannot be obtained, then pp, (i) > Pmax- O

Theorem 2 presents a necessary and sufficient condition for a no-jerk upshift in the power-
limited region of the motor map when Clutch 1 is a friction clutch. The gearshift strategy
is outlined in Figure 2.6. Several instances of this strategy are simulated and the result is
shown in Figure 2.7. In practice, Theorem 2 can be used to predict whether a specific driving
condition allows for a no-jerk gearshift. Because Equation (2.14) renders the transmission
model nonlinear, there may not be a convenient closed-form solution to find a sufficient A,
for a no-jerk gearshift. Perhaps the best way to do so is to simulate the first phase of the
gearshift up to a given A,,, and then validate if this A,, is sufficient to allow a complete
torque transfer before Ay = 0. If the given A, is not sufficient, then the process can be
repeated for a higher A, until no higher A, can be reached, at which point it is concluded

that a no-jerk trajectory is infeasible.

Theorem 2. Consider a dual-clutch architecture with two friction clutches as shown in
Figure 1.3a. Referring to Figure 2.6, suppose that at t = 0 the motor speed is synchronized
with Gear 1 speed. Let t;, > 0 be the set torque transfer duration and ¢, the time at which
the torque transfer is initiated. The gearshift is intended to complete at t5. When the motor
operates in a power-limited region, a no-jerk upshift of Scenario 1 can be obtained if and

only if

3 Am = O (ty) — 1100 (t1) > 0, (2.11)

such that Ag = O (t; + t) — 100w (t + te) > 0, (2.12)
Oin(t1) < O, (2.13)
(2.14)

(2.15)

(2.16)

L 0<t<t.
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Proof. (Necessity): The gearshift begins with a speed phase (0 <t < t;), where the motor
speed is increased above iléout, with T = 0 and T}, = Pmax/ ém. Then the gearshift continues
with a torque transfer phase (¢; <t < t; +t,), where the clutch torques are smoothly varied
from Ti(t1) # 0 and T5(t1) = 0 to T1(t1 + ti) = 0 and Ty(¢; + t,) # 0, while T, = pmax/ém.
Finally, the gearshift ends with an inertia phase (t; + ti, < t < t5), where the motor speed
is brought down to igéout, while T} = 0. During all three phases, the conditions for a no-jerk
gearshift in Definition 1 can be maintained by modulating 7} and T5 as per Equation (1.10).
Motor saturation can be avoided as the motor torque is set to Ty, = Pmax/ 0., for the first two
phases, and the motor synchronization of the inertia phase requires that Ty, < pmax/ 0. The
torque application rate on both clutches can be maintained within limits during the speed
phase, as T5 = 0 and the variations on 7, éout, and éout are small enough such that d7} /dt is
within limits. The same argument can be made for the inertia phase, with 77 = 0 this time.
During the torque transfer phase, appropriate clutch torque profiles must be chosen such
that limits on 7' are respected. Moreover, a torque reversal on Clutch 1 must be avoided.

In effect, the clutch torque Tj is necessarily positive when the motor is driving the
vehicle through the first gear and Clutch 1 sticks. When Clutch 1 slips, the direction of
Ty is dependent on the slip direction, as described in Equation (1.11). If Om < ’héout, then
the torque T suddenly reverses direction and becomes negative. In order to maintain the
conditions for a no-jerk gearshift, Equation (1.10) indicates that the torque reversal on T}
must be instantaneously compensated by an increase in 75, which necessarily violates any
application rate limitation. Consequently, it must be that O > 11000 as long as 77 # 0.
Once the torque transfer phase begins, ém(t) < ém(tl), given that i; > 79, which can be seen
from Equations (1.9) and (1.10). Therefore, the torque transfer needs to start at a sufficiently
high A,, such that Ay > 0. Moreover, A, must correspond to a motor speed that is within
the motor’s limit .. However, nothing guarantees the system can reach such a A,,. If it
fails to reach a satisfactory A,,, then one of the conditions for a no-jerk gearshift will not
be satisfied due to system limitations—there will be vehicle jerk. This proves the necessity
part by contraposition.

(Sufficiency): By construction, the actuation strategy described in Equations (2.14)-
(2.16) is sufficient for a no-jerk gearshift given that Assumption 1 holds.

This actuation strategy is not unique, but any deviation would only make it harder to
achieve a sufficiently high A,,. Consequently, if a no-jerk gearshift can be obtained using
such a deviation from Equations (2.14) to (2.16), it can also be obtained using the actuation
strategy described in these equations. Therefore, if a no-jerk gearshift cannot be obtained,
there is no Ay, such that Ay > 0 when the Equations (2.14)—(2.16) hold. O
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Figure 2.6: Strategy for a power-on upshift with a dual-friction clutch transmis-
sion. First the motor speed is increased to an increment Ay, above Gear 1 speed.
Once Ay, is reached, the torque transfer begins, which takes a set time t;,. At the
end of the torque transfer, the motor will have decelerated to a different speed whose
increment over Gear 1 speed is defined as Ag. In order to avoid torque reversal at
Clutch 1, which would imply an unavoidable jerk, it must be that Ag > 0.
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(a) Even when using the maximum available motor (b) The Aq after the torque transfer is a function of
power, not all A, can be reached. the starting A, and the transfer time t,.

Figure 2.7: Example limitations for a power-on upshift with the example vehicle
and a dual-friction-clutch transmission, for a gearshift initiated at v; = 65km/h and
a; = 1.0m/s?.

Comparing Theorems 1 and 2 highlights that transmissions with a one-way clutch are
more prone to motor saturation. In effect, the constraint on the maximal motor power im-
posed in Theorem 1 does not exits in Theorem 2, and as a result, transmissions with two
friction clutches have a wider set of possible no-jerk gearshift trajectories. For example, both
gearshift trajectories of Figure 2.1 (one-way clutch) and Figure 2.2 (two friction clutches)
are initiated under the same driving scenario, namely an upshift at 80% DTD in the motor’s
power-limited region. The trajectory of Figure 2.1 results in motor saturation and Theo-
rem 1 would indicate that it is inevitable, meanwhile the trajectory of Figure 2.2 completes

without motor saturation and a no-jerk gearshift is obtained.

Theorem 3 presents a necessary and sufficient condition for a no-jerk downshift in the

torque limited region of the motor map. Several instances of this gearshift scenario were
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simulated with a different initial vehicle acceleration a,. The time ¢s required for the motor
to synchronize with Gear 1 speed is shown on Figure 2.8. When a, is too high, either t; is

impractically long, or the motor never synchronizes with Gear 1 speed.

Theorem 3. Consider a dual-clutch transmission where the motor operates in a torque-
limited region. Assuming a constant 75 during the inertia phase, a no-jerk power-on down-

shift can be obtained if and only if

i N’ m . Ui
dt, >0 st 0= —ilw + exp (—;—ts) 221

TW w

Tmax - T2

Cm

+

1 — exp (—%t)] . (2.17)

Proof. (Necessity): The gearshift begins with an inertia phase (0 < t < t,), where 6,
is accelerated from Gear 2 speed to Gear 1 speed, while T, = T.c and 77 = 0. The
gearshift ends with a torque phase (t; < t < t5 + ti,), where the transmission torque is
transferred from Clutch 2 to Clutch 1. During both phases, the conditions for a no-jerk
gearshift in Definition 1 can be maintained by modulating 75 (and 7} when applicable)
as per Equation (1.10). Motor saturation can be avoided by restricting the motor power
to Ty, < Thax. Clutch saturation can be avoided by using an appropriate torque transfer
trajectory during the torque phase. However, it is not guaranteed that the motor will
eventually synchronize with Gear 1 speed when these conditions are maintained. If the
synchronization time t; exists, it can be computed from the system model. Substituting

T = Tmax and T = 0 in Equation (1.9), the motor acceleration is

G = I1 (—cmém ¥ T — Tg) . (2.18)

Assuming that T, is constant during the inertia phase, Equation (2.18) becomes a linear
ordinary differential equation. It can be solved to obtain the evolution of ém(t) from the
initial condition 0,(0) = #3004 (0). The result is

. m . A Tmax =T m
Om(t) = exp _Cmy i900ut (0) + 22 =2 11 —exp AN (2.19)
When the motor synchronizes with Gear 1 speed, Hm = iléout. Substituting this relation
into Equation (2.19), and using the fact that éout(t) = (v + a,t)/ry, Equation (2.17) is
obtained. For the motor to synchronize with Gear 1 speed, Equation (2.17) must have a

solution, otherwise a no-jerk gearshift cannot be obtained. This proves the necessity part by
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Figure 2.8: Example limitations for a power-on downshift with the example vehicle,
when the gearshift is initiated at v; = 18 km/h, and a, is varied. When the desired
vehicle acceleration a, is increased, the time t5 required for the inertia phase to
complete also increases.

contraposition.

(Sufficiency): By construction, the actuation strategy described in the first paragraph of
this proof is sufficient for a no-jerk gearshift, given that Assumption 1 holds.

This actuation strategy is not unique. It could be that T}, < Ti.x, but it would only
make it harder to synchronize the motor with Gear 1 speed. This can be seen from Equa-
tion (2.18). If Clutch 1 is a one-way clutch, then 77 = 0 until the motor synchronizes, as per
Equation (1.13). If Clutch 1 is a friction clutch, then it is possible to activate T} before t.
But Equation (1.11) indicates that T} would be negative, so Equation (1.10) dictates that 75
increases by |T}|(i1/i2) to respect the no-jerk conditions, and since i; > i, 0, would again
be smaller than if 77 = 0. Therefore, if a no-jerk gearshift can be completed with a different
actuation strategy than the one presented in the necessity part of the proof, it can also be
completed with this strategy. As a result, the existence of a solution to Equation (2.17) is a

sufficient condition for the possibility of a no-jerk gearshift. ]

2.3.2 Adaptations for planetary gearset architectures

In this section, Theorems 1-3 are adapted for planetary gearset architectures described by
the general Equations (1.27)-(1.28).
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Theorem 1 adaptation

With the new transmission model, the motor power at the end of the torque transfer phase—

originally described by Equation (2.7)—mow becomes

C4Cs

-1
pm(ttr) - Zleout@tr) (cmzleout(ttr) + <Cl - _) |:<Zl-[m - 6_4]0ut) eout(ttr)

Cg ]

Cg

+ (CQ — %) (Colout (tir) + i;lTo)} ) (2.20)

The proof for the necessity condition remains valid, as it it based on the limitations im-
posed by the one-way clutch, and these limitations still apply. The proof for the sufficiency
condition requires to demonstrate that py, (¢ ) is the maximal motor power required during
the gearshift, which now ultimately depends on the coefficients ¢; to cg, as can be seen by

adapting Equation (2.10) into a new expression for the motor power:

Pm = em (Cmem + (Cl - %) [[ 9 outéout
Cg CS

+ <(:2 - %) (coblouws + i1 T,) — (c3 - %>T1} ) (2.21)

Cs Cs

In particular, for 7} = 0 to maximize py,, it must be that —(c3 — cyc7/cg)(c1 — cacs/cg) ™t < 0.
For the architecture in Figure 1.3b, this expression reduces to —(8; + 1)/f1, so that indeed
Ty = 0 maximizes py, since —(; + 1)/8; < 0. Assuming that the other variables—i.e. Gm,
Gm, éout, Hout, and T,—remain approximately constant during the torque phase, py(t,) is
the maximal motor power required during the gearshift for the case of the architecture in
Figure 1.3b.

Theorem 2 adaptation

The existence of a sufficient A, such that Ay > 0 remains a necessary and sufficient condition
for a no-jerk gearshift. The only difference is that T}, cannot jump to puyax/ 9m at t =0, as
prescribed in Equation (2.14). In effect, T}, now appears in the second equation of motion—
Equation (1.28). The effect of an increase in T3, on T3 can be seen in Figure 2.5. To maintain
T,, 0., and 6, such that the no-jerk conditions in Definition 1 are met, a sudden increase in
T, implies a sudden increase in 7. This would violate any torque application rate limitation.

Therefore, Theorem 2 remains valid, but 7}, must be increased such that T is within limits.
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Theorem 3 adaptation

The proof for Theorem 3 remains valid, but the necessary and sufficient condition described
by Equation (2.17) must be adapted to the new transmission model. First, f,, can be

computed for the inertia phase by imposing 77 = 0 in Equations (1.27) and (1.28).

b = 17! <—7cm9m AT — 7‘> , (2.22)
v = (cl - %> , (2.23)
Cs
= (62 - %> (coéom + z’;lTo> 4 Ao, (2.24)
Cs Cs

Following the argument in Section 2.3.2, T}, cannot jump to T,.x at t = 0, as this would imply
a jump in 75, which would violate any rate limitation. Therefore, Ty, should be gradually
increased from 7},(0) to Thax at the beginning of the gearshift. For this proof adaptation
however, this effect is neglected as the ramp up is assumed very fast, and Ty, ~ Ty,.c. Further,
it is assumed that Gou(t) = Goue(0) and T,(t) = T,(0) for the duration of the inertia phase,
which was also assumed in Theorem 3 by imposing 75 constant for the duration of the inertia
phase. Equation (2.22) is now a linear ordinary differential equation of the same form than
that of Theorem 3. It can also be solved imposing ém(()) = iQQOut(O). The adapted condition
for the possibility of a no-jerk gearshift is

LU+ agts Cm LY
dt,>0 st. 0=—i;——— +exp (—Lts) lg—

Tw Iy Tw
Tmax - m
g Jomex 7T [1 —exp (—Kts)] . (2.25)
YCm I,

2.3.3 Other vehicle models and kinematic conditions

The theorems presented in this article are based on the general driveline model described in
Section 1.3, which does not include tire slip and other nonlinear behaviors likely to occur on
real-world vehicles. The theorems could be adapted to other vehicle models. This implies
solving for the transmission output torque T,(t) and velocity éout(t) using the new equations
for the vehicle model and the no-vehicle-jerk constraint. Effectively, this would result in
different conditions for a no-jerk gearshift than that of Definition 1. The theorems could be
adapted according to the new definition, perhaps with additional mathematical complexity
as more terms may become time-dependent.

Similarly, the theorems could be adapted to another kinematic conditions than the one
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imposed in this chapter, i.e., 6, = 0. This also requires solving for new conditions on T, (t)
and éout(t), and adapting the theorems accordingly. The same remark holds: this may

increase the mathematical complexity as more terms may become time-dependent.



Chapter 3
Learning gearshift controllers

This chapter presents a model-based reinforcement learning approach to tune a gearshift
controller from gearshift trials. First the problem is introduced, and the experimental setup
and corresponding system models are presented. The gearshift controller design is then
outlined, followed by the learning algorithm, where PILCO is introduced along with Gaussian

process regression. The chapter closes with the experimental results.
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3.1 Motivations for gearshift controller learning

To perform smooth and consistent gearshifts, a multi-speed transmission requires a well-
designed and well-calibrated gearshift controller whose development can be a challenge. For

that, engineers first synthesize a controller: they define its mathematical structure and

37
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parametrization. Then, they find controller parameters that maximize a chosen perfor-
mance objective. An initial set of parameters can be obtained from a principled method
that rely on an approximate model of the transmission and vehicle dynamics. However,
the final set of controller parameters is usually calibrated from gearshift trials on a phys-
ical transmission test bench. At this point, engineers rely solely on statistics to infer the
best combination of parameters from the recorded gearshift trials, typically using design
of experiments (DOE) [74]. This method can be time and resource consuming, sometimes
requiring thousands of gearshift trials [75-77]. This is because despite modern advances [78],
DOE-like methods treat the mapping from the controller parameters to the gearshift perfor-
mance indicator as a black box. This leaves no choice but to generate a lot of data points
by performing multiple gearshift trials with varied parameters, do statistical inference on
the collected data set, and try to optimize the parameters with this information. This leads
to wonder whether modern approaches in reinforcement learning can be used to assist in
the development of gearshift controllers by better leveraging the data generated during the
gearshift trials. In particular, it should be possible to better exploit prior knowledge of the

approximate system dynamics.

To be interesting in practice, a learning approach to gearshift controller calibration should
drastically reduce the number of gearshift trials required. Moreover, the method should yield
controllers that perform well under varying operating conditions—not just the specific con-
ditions under which the training data was obtained. Because the number of gearshift trials
would be reduced, engineers should be able to synthesize and iterate through a wide range of
controller types with varying parametrization. This brings about the last requirement: the
learning method should be easily amendable to various controller designs. This is impor-
tant for the development of multi-speed transmissions for electric vehicles, as this emerging
technology may not have converged to well established gearshift control strategies. This
chapter presents a gearshift controller tuning method based on reinforcement learning. The
method is argued to be interesting in practice for automotive engineers on the basis of the

considerations introduced above.

3.1.1 Review of controller designs

In terms of feedback controller type and principled design method, several approaches are
reported in the literature. In [70], researchers first linearized the system along the reference
gearshift trajectory, then formulated an optimal control problem and used dynamic program-

ming to solve it. The controller is a feedforward plus linear feedback controller. Researchers
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in [40] first obtained an open-loop optimal controller using the Pontryagin’s minimum prin-
ciple, and closed the feedback loop with the design of a backstepping controller. Article [79]
presents a backstepping controller that integrates lookup tables for the strongly nonlinear
elements of the powertrain model, such as the torque converter. In [80], the same powertrain
nonlinearities are considered for the design of a feedforward controller this time, which is
used in combination with a linear feedback controller. In [37], the motor torque is controlled
with a proportional-integral-derivative (PID) feedback controller during the inertia phase.
The PID gains were tuned by shaping the closed-loop transfer function between the motor
torque and the motor speed. In [81], researchers designed a robust feedforward-feedback con-
troller for the inertia phase using p-synthesis. The solution has guaranteed robust stability
and robust performance given the parametric uncertainty included in the model. Similarly,
researchers in [82] reported a complete gearshift solution which includes a multi-variable
feedback controller designed with the robust H,, method. Finally, model predictive control

was also used for clutch-to-clutch gearshift control [83].

In this research, we used a linear feedback controller and tuned its initial parameters
with the linear quadratic regulator (LQR) method based on a nominal model of the linear
system dynamics. This yields a feedback controller structure with an interesting number
of parameters to tune—the eight entries of the K. matrix, see Section 3.3. The feedback
controller is also complemented with a feedforward signal, which adds four more parameters

to be learned.

3.1.2 Review of controller parameter learning

None of the methods reviewed in Section 3.1.1 learns the feedback controller from iterated
trials with a transmission test bench. The closest to it would be the work reported in [75],
where researchers use iterative learning control (ILC) to tune the parametrization of a feed-
forward signal for the closure of Clutch 2. The experimental results show that very few
trials are required to learn appropriate parameters. However, ILC directly iterates on con-
trol signals [84], therefore this method is ill-suited for tuning the feedback portion of gearshift

controllers.

The principled control design methods introduced in Section 3.1.1 all rely on a system
model to compute the controller parameters. It is customary to use system identification
methods to obtain, calibrate, or validate system models [13]. With an identified model,

one can hope to get a superior controller since the design method now relies on a model
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that better represents the true system dynamics. However, this research aims to go beyond
this approach and proposes using reinforcement learning to concurrently and iteratively gain

knowledge about the system dynamics and tune the control parameters.

As discussed in Appendix A, model-free approaches to reinforcement learning tend to
require many more interactions with the environment [85]. Thus, we chose a model-based
approach for this work. More specifically, we chose PILCO [20, 86], which uses Gaussian
processes (GP) [15,87] to efficiently learn the system dynamics. To name a few, this method
was used to efficiently tune linear controllers [88] and multivariate PID controllers [89] for
robotic arm applications. In PILCO, the control policy is iterated with analytic gradients
obtained from simulated policy rollouts using the learned model. However in this work, we
make use of the automatic gradient functionalities of TensorFlow [90] for additional speed
and flexibility in the implementation of the method. The primary criticism of PILCO is that
the method scales poorly for problems of higher dimensions [91], which should not be an
issue in this work.

For higher dimensional problems, an alternative would be guided policy search [92]. In
this method, control policies are randomly searched in a model-free fashion, but the search
is guided by optimal control solutions obtained with differential dynamic programming [93],
using a nominal model of the system dynamics. This method is interesting for avoiding local
minima in complex high-dimensional control problems. But because our control problem is
quite small, this method is likely to be less efficient than PILCO and provide little added
benefit.

Another alternative would be Coarse-ID control [94]. This method starts with the identifi-
cation of a linear system dynamics with least squares estimation. Then a bootstrap technique
it proposed to bound the error between the real dynamics and the identified model. Finally,
a controller is synthesized by solving a robust optimization problem. Researchers introduced
a method for LQR controller synthesis, but the work could be extended to other controller
types, and perhaps feedforward signals as well. Coarse-ID is very close to the traditional
system identification plus principled controller synthesis method discussed at the beginning
of this section, with the only difference being that machine learning is used twice: once for
the system identification, and again for the uncertainty estimation. We subscribe to the idea
that researchers should strive to reduce the gap between reinforcement learning and control

theory [95]. This study is an attempt to do so.
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Clutch 1 Planetary gearset

Input motor Load motor

Clutch 2

Figure 3.1: Reduced-scale electric vehicle transmission prototype.

3.2 Experimental setup

The experimental setup consists of a multi-speed transmission prototype—it implements the
transmission design of Section 1.5. The test bench is shown on Figure 3.1. A section view of
the planetary gearset is shown on Figure 3.2. The input motor simply represents the electric
motor in an electrical drivetrain. Both clutches are friction-plate electromagnetic brakes:
a spring keeps the plates apart, until the electromagnet is activated, which magnetizes the
floating plate and brings the braking surface into contact. A section view of a clutch is shown
on Figure 3.3. The load motor on Figure 3.1 inputs a torque that corresponds to a simulated
driveline torque. This resistive torque is determined by a driveline model that is simulated

in real-time. The driveline model is shown on Figure 3.6 and further discussed in Section 3.3.

A schematic representation of the control loop is shown on Figure 3.4. The real-time
controller is implemented on a CompactRIO. It includes the gearshift controller whose pa-
rameters are to be tuned with the proposed learning method. The gearshift controller outputs
three torque commands: the motor torque, and the two clutch torques. The motor torque
command is sent directly to a motor drive. The motor drives manage the closed-loop control
of the actual motor torques based on current feedback.

The clutch drives are simple H-bridge drivers however, and take as an input a pulse-width

modulated (PWM) signal. In this setup, we implemented a closed-loop control of the actual
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Figure 3.2: Section view of the planetary gearset.
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Figure 3.3: Section view of the clutch assembly.
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Figure 3.4: Experimental setup.

clutch torque output. Torque sensors are installed between the fixed part of the brakes and
the ground plate, as shown on Figure 3.3. The clutch controller modulates the PWM signals
to track the desired torque values given by the gearshift controller. Typically, automotive
transmissions do not include such torque sensors, so this kind of tracking is impossible in
practice. However, automotive clutches are also typically better suited for the task at hand,
and engineers spend significant efforts to characterize them. Given that the research objec-
tive is to learn a gearshift controller from reinforcement learning, the closed-loop control of
the friction clutches was deemed acceptable. The clutch controller is a simple proportional

integral controller tuned heuristically until an acceptable tracking is obtained.

Figure 3.5 shows both the commanded torque and the measured torque for the motor
and Clutch 2, for an example gearshift. Unsurprisingly, the motor torque is well tracked
by the motor drive. Figure 3.1 shows that there is also a torque sensor between the input
motor and the planetary gearset, which was used for the torque measurement of Figure 3.5a
and for debugging purposes. However, this torque signal is not used in the control loop of
Figure 3.4. From Figure 3.5, the clutch torque can also be considered sufficiently tracked.

The signals are acquired at 1000 Hz. A fourth-order Butterworth filter with a cutoff fre-
quency of 450 Hz was implemented for anti-aliasing purposes. The gearshift controller runs

at 200 Hz, which is sufficient to cover the dynamics of the problem. An increase in the con-
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Figure 3.5: Comparison of the command signals and the measured torques.
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Figure 3.6: Driveline and vehicle model. The components on the left—the motor,
planetary gearset, and clutches—are the physical components of Figure 3.1. The
vehicle model on the right is simulated in real-time and used to generate the torque
command on the load motor.

troller frequency results in an increase in the number of time steps that must be simulated

during controller learning. Here 200 Hz was deemed an appropriate balance.

3.3 Gearshift controller design

The system model used for the controller design is shown on Figure 3.6. The system is in
part physically realized with the input motor, the clutches, and the planetary gearset, and
in part simulated in real-time with a simple driveline model. In the displayed configuration,
the planetary gearset is composed of the five rotating bodies labeled on Figure 3.6: S, Cq,
Cs, R1, Re. Choosing the motor speed 6, the output shaft speed oy and the vehicle speed
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0, as the general coordinates, the equations of motion are

ém = Cle -+ Co (k;(Qout — HV) -+ d(éout — ‘9\,)) + Cng + C4TQ, (31)
éout - C5,1—'111 + Cq (k(eout - ev) + d(éout - ‘gv)) + C77—‘1 + CSTQa (32)
O, = I, (k(Oous — 0v) + d(Oows — 0,)) — I, T, (3.3)

where ¢ to cg are constants that regroup parameters such as the inertias of the rotating
elements and the number of teeth on the meshing ones. Following the driveline model of
Chapter 1, I, represents the equivalent vehicle inertia, k is the equivalent driveline stiffness
and d, its damping. By choosing the set of states x = [ém, Oout, Oy, (Oous — 0,)] " and control
inputs u = [T,,, T}, T]" for the system, a linear state-space representation of its dynamics

can be obtained, where

x = Ax + Bu + to, (3.4)
0 cod —cod 2k c1 C3 C4

A= 0 Cﬁd _Cﬁd 06]{? , B— C; C7 Cg ’ (35)
0 IJ'd —I7'd I7'k 0 0 0
0 1 -1 0 0

to = (0,0, —1;T,,0]". (3.6)

Since they are simulated, the parameters I, k, and d must be defined. First, I, is set
such that, in first gear, the equivalent inertia of the motor and transmission projected at the
vehicle level is 10% that of I,. This is a realistic ratio for a real-world vehicle [37,96,97].
Then, k and d are set such that, in first gear again, the natural frequency of the driveline is

5Hz, and its damping ratio is 0.15, which are also typical values of driveline dynamics.

Following the clutch-to-clutch gearshift strategies discussed in Chapter 2, a prescribed
gearshift trajectory X and a nominal torque command u can be computed using Equa-
tions (3.4)—(3.6). The rest of this paragraph outlines the procedure, and the results are
shown on Figure 3.7. The controller’s objective is to track the prescribed state trajectory x.
In this work, the main gearshift performance indicator is maintaining a constant vehicle speed
0,. The gearshift begins under the following conditions: 6,, = 20rad /s and T, = 3.5 Nm. For
this study, T, is kept constant throughout the gearshift, which is a common assumption in
gearshift control research [40,82]. The motor speed 0. is kept 1rad /s above Gear 1 synchro-
nization speed during the torque phase, and is then smoothly brought down to Gear 2 speed

during the inertia phase. A constant output shaft speed Oous that matches 6, is prescribed,
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Figure 3.7: The gearshift begins with a torque phase [0s, 0.5s], where O, is kept
above the Gear 1 synchronization speed and 77 is gradually reduced to zero. It
ends with an inertia phase [0.5s, 1s], where O, is brought down to the Gear 2
synchronization speed.

as well as a constant driveshaft elongation (0,, — 0y) = Ty/k. With x defined, the next
step is to compute 6. First, an idealized nominal torque command ty = [T,0,T}.0, T0] " is
computed by solving the system of Equations (3.4)—(3.6). The system trajectory X is used
to define the state variables. Then, an arbitrary trajectory is imposed for 77 : it starts at
the Clutch 1 torque required at the beginning of the gearshift, and ends at zero at the end
of the torque phase. The rest of u, i.e., 11,0 and T5(, can be computed by solving for the

remaining terms in Equations (3.4)—(3.6). Finally, the actual u is defined as follows:

Tm = Tm,O + além/éout + aq, (37>
T1 = a3T1’0, (38)
T2 = a4T270, (39)
where {ai,...,a4} are parameters for the feedforward signal u of the gearshift controller.

These parameters help to account for missing terms in Equations (3.4)—(3.6) such as friction
in the planetary gearset, as well as other discrepancies between the nominal model and the
real system dynamics. These are the four parameters that the learning algorithm will vary
in order to tune @. An initial value for these parameters is defined heuristically from simple

measurements done on the test bench, such as estimating friction from constant-speed runs.

The complete controller has the form

u=nu-+ K.(x—x), (3.10)
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Figure 3.8: Gearshift controller setup. The control signal u = u + K.(x — x) is
the sum of feedforward () and state-feedback components.

where u is the control signal, @ is the (feedforward) nominal control signal, and K.(X — x)
is the feedback term. The control loop is pictured on Figure 3.8. The linear controller K. is
obtained by solving an LQR problem where the second column of B is removed. In effect,
only T,, and T5 are feedback controlled. Even when removing the second column of B, the
system is still controllable. The resulting controller is a 2 X 4 matrix, which adds eight more
controller parameters to tune during training. The next section presents the algorithm used

to tune the 12 controller parameters @ from gearshift trials.

3.4 Proposed learning method

The learning algorithm used in this work is an altered version of PILCO. The method is
schematically represented in Figure 3.9, and outlined in Algorithm 1. The learning problem
is formulated in discrete time; the states and control actions are still continuous. The system

model used for the simulated policy rollouts is

Xy = AaXp_1] + Baup—1 + f(Xp—1y, up—1)) + to, (3.11)
Up_q = T(Xp_1],¥P) = Up_1] + Ke(Xp—1) — Xp—1)), (3.12)

where Aq, Bq, and t( are obtained by discretizing the system in Equations (3.4)—(3.6). The
dynamics of Equation (3.11) is composed of a known nominal model (AqX—1)+ Baup_1+to)
and an unknown function f(xp—1), up—qj). This unknown dynamics f(x,u) is to be learned
from gearshift trials on the test bench, which is addressed in Section 3.4.1. The control
policy m(x,1)) is deterministic, and 1) regroups the 12 policy parameters. The tuning of

these parameters is the subject of Section 3.4.3.
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Figure 3.9: The model-based reinforcement learning method used to tune the
parameters 1) of the control policy .

Algorithm 1: piLCcoO for gearshift controllers

Result: Learned policy 7(x, ).

Initialize 1): initialize K. from LQR with a nominal model, initialize u heuristically.
while 7 not learned do

Rollout the policy 7 on the test bench and collect a dataset D.
Learn the unknown system dynamics f(x,u) with Gaussian processes.
while 7 not optimized do

Simulate a policy rollout: compute the state probability distribution

p(xpy) vVt € {0,..., T}, the cost function J™ (), and the gradients %gp)'

Iterate the policy parameters @ using the gradients %y)‘
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3.4.1 Gaussian process regression

The unknown dynamics f(x,u) is learned using Gaussian processes. GPs approximate func-
tions with a scalar output, so D functions fy(x, u) need to be learned, i.e., one for every state
we wish to predict. The structure of the unknown function is f(x,u) = [fi(x,u),..., fp(x,u)]".

For each dimension d, n training targets and feature vectors are obtained with

Yali) = Taji) — [AaXi-1 + Baugi-1 + tola, (3.13)
2y = Xy ufy] (3.14)

Each dimension d has its own target vector y,; composed of the yq(; elements computed
above. All dimensions share the same set of corresponding feature vectors regrouped in
Z = zp - - -, 2] Effectively, the GP learns the difference between the nominal model and
the real (measured) system dynamics. GPs are stochastic processes characterized by a mean
m(z) and a kernel function k(z,2z"). Here, we choose the mean function m(z) := 0, and the

square exponential kernel function
k(z,2') = ofexp(—1(z—2) A" (z — 2)), (3.15)

where of is the signal variance and A = diag([l}, ..., (%, z]) is a diagonal matrix composed
of the characteristics length-scales. These are the hyper-parameters of the Gaussian process,
and each dimension d has its own set of hyper-parameters. The last hyper-parameter in this

problem is the noise variance o2, which will appear in Equations (3.16) and (3.17).

In this work, the system dynamics are modeled with a linear nominal model and a
Gaussian process with a zero mean function m(z) = 0. This is equivalent to modeling the
dynamics with no nominal model and a Gaussian process with a linear mean function. In
the original implementation of PILCO [20], no nominal model is used and the mean function
is also zero. This means that the entirety of the system dynamics has to be learned from
data. Unsurprisingly, researchers in [98] showed that using a linear model as a mean function
accelerates the learning process, which motivates the use of the linear nominal model in our

case.

For a deterministic test point z,, the output of f;(z) will be normally distributed with
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mean and variance

<z*>  Kys(Fon 02y (3.16)

i(2.) = k(24,22) — Ky (Kpy + 021) 'K, (3.17)
Z, ) k(2 20n))

where K,, = ) : , (3.18)
2y 2)) e K (200 Zin)

= k(24,2 o k(2 2p) | (3.19)

The accuracy of the prediction fy(z.) depends on having appropriate GP hyper-parameters.
It is possible to tune the set of hyper-parameters 6; by maximizing the logarithm of the
marginal likelihood of the observed data points y,, such as suggested in [15], with

1
log p(y4|Z,64) = _§YdK Ya— —log K| — —10g 2, (3.20)

where K = K,, + 02I. The likelihood is maximized with a gradient-based optimization

algorithm using

1 4\ 0K
logp(yqlZ,04) = §tr ((aaT ~ K1) 50 ) (3.21)
da[j]

a=K'ly, (3.22)

9
90y

3.4.2 Simulated policy rollouts and uncertainty propagation

Algorithm 1 requires to simulate a rollout from an initial state xy, under a given con-
trol policy 7, from time ¢t = 0 to t = T. This means computing the state distributions

{p(x()), - .-, p(x77)}. Computing p(x) by performing the integration

X[]) = //p(x[t]|x[t1]7u[t1])p(u[t1]|X[t1])p(x[tl])dx[t1} dup_y (3.23)

is generally intractable. In particular, p(xp|xy_1], up—1)) is quite challenging. Recall that
the results of Equations (3.16) and (3.17) were for a deterministic test input z,. When xp_q
and up_y) are non-deterministic, the output of a Gaussian process is in general not Gaussian,
even if x;;_;; and up_y; are themselves normally distributed. In the original PILCO implemen-
tation, they approximate the output distribution as Gaussian, and they obtain the mean and

variance of the distribution using exact moment matching [20]. In this work, we take a some-
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what simpler approach: we also approximate the output as a Gaussian distribution, but we
get the mean and variance using an approximate solution. Assuming z, ~ N (pu%*, X% ), and

using a first order Taylor expansion around p*—see [99]—the mean and variance become

fa(zs) = pa(p™), (3.24)

Opta(z)
0z

pa(z)|
Zx Hd\Zs
> 0z,

Ya(2z:) = Xa(p™) + (3.25)

*

Zoy = U %* Z s = %

This approach is also chosen by researchers in [100], where GPs are used in the context of
model predictive control. This requires to introduce the derivative of the mean of the GP

prediction with respect to a deterministic test point z,

0 . ~
L) (K © ¥ ] (R 071) ) ZIA (3.26)
where Z, = [z, — 2], - - -, 2o — Z[n)], and © represents an element-wise product.

Assuming that x_y) ~ N (uﬁfl], Eﬁffl])’ the mean and variance of the control signals are

,Ll,ﬁ_” = 1_l[t—l] + Kc<)_([t—1] - l"’ﬁ—l])? (327)
by = KCEE;”KCT . (3.28)

Then p(zy—1)) can be expressed as

X X X T
zp1 ~ N ) N (3.29)
up-1) + Kc(i[t—l] — [JJE_”) KCE}[;_” KCZE_”KCT

For convenience, Equations (3.11) and (3.12) are regrouped into
X = (Aa — BaKe)Xp—1 + f(Xp—1p, up—1)) + Ba(Up—1) + KeXp—1)) + to, (3.30)
from which an expression for p(xp) can be obtained as

By = (Ad — BaKo)pf_qy + pue(pf—y)) + Ba(Up-1) + KXp—1)) + to, (3.31)
%= (Aq — BaKo)S%_y(Aq — BaKo) ' + Se(zp—1), (3.32)
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where

:U/f(:u’[ztfl}) = [Ml(ﬂ[th})a e 7/~0D<Nfﬁ571]>]T7 (3.33)
Zf(Z[t_l}) = diag([Zl(z[t_”), ey ED(Z[t—l])])- (334)

3.4.3 Cost function and its gradients

As is customary in reinforcement learning, the goal of Algorithm 1 is to minimize the expected

long-term cost of following a policy 7 over a finite horizon of T" time steps

T () = Ba le(xq)]. (3.35)

Following PILCO’s original paper, the cost function used in this study is the saturating

immediate cost
c(xp) =1 —exp (= 3(xp — Xpg) "L (x — X)), (3.36)

where L~! is a diagonal matrix whose elements dictate the width of the cost function for

each of the state dimensions. For xp ~ N (uﬁ}, Eﬁ]), the expectation of this cost function is

Exyle(x)] = 1= |1+ SHL7 2 exp (= (8 — %) TS (15 — %q)) (3.37)
S=L'I+35L), (3.38)
where | - | denotes the determinant of a matrix. The cost can be minimized by following the

gradients given by

L Z% o) (339

The two most viable options for computing these gradients are analytical differentiation and
automatic differentiation. The original implementation of PILCO computes the gradients
analytically, which consists of expanding Equation (3.39) with the chain rule until it becomes

an analytical expression that can be computed directly. The first expansion is

d 0 d gy o A,
) Ex, [e(xi)] = ( o By [C(Xm)]) dl:i} + ( o5 Ex [C(Xt])]> i (3.40)
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where the derivatives of the mean and variance of the state distribution with respect to the

controller parameters can be further expanded as

dufy — Ougy dpfioyg | Oy dXf_y 0wy

_ , 3.41
& o, Ay ovn ., dp | oy (341)
dxfy _ 0%y dppy 9%y iy Oy (3.42)
&y o, Ay ovx . dp | o
The derivatives =1 and —f=1 gre given from the previous time step, while the rest of
3P AP

the gradients have to be further expanded. This approach quickly becomes cumbersome,
and more importantly, several steps would need to be redone if the parametrization of the
controller changed.

For that reason, we implemented automatic differentiation [101]. This method uses the
fact that all computations are ultimately compositions of elementary operations with known
derivatives. Automatic differentiation consists of augmenting the computation of the ele-
mentary operations leading to a result—here, the cost function—with the computation of
the derivative of these operations. Then the stored derivatives can be combined with the
chain rule to yield the derivative of the result with respect any chosen constituent of the
computation. Several frameworks exists for implementing automatic differentiation; here we
chose TensorFlow. In TensorFlow, computational graphs are used to perform the forward

computations and the automatic differentiation efficiently.

In this study, we still worked out the analytical solution for the derivative of the cost
function with respect to the matrix K.. The results are presented in Appendix C. The
analytical solution were used to verify our implementation of automatic differentiation, as
programming mistakes are easy to make and hard to detect otherwise. The results of Ap-
pendix C can be reused by the interested researchers to verify their own implementation
of PILCO with automatic gradients. Alternatively, numerical gradients can also be used for
gradient validation. However, numerical gradients are never exact, and it can be hard to
decipher whether the discrepancies are caused by numerical imprecision or programming

errors.

3.5 Experimental results

Measurements of 6y, and 6, during a gearshift with the initialized (untrained) controller is

shown on Figure 3.10. The rest of the result section focuses on the improvement of the
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Figure 3.10: Experimental results for the untrained control policy.

tracking performance for 6, with the proposed learning method. For the model-based learn-
ing method to be effective, the learned model must accurately represent the actual system

dynamics. This was verified every time a new model iteration was obtained.

Figure 3.11 shows the evolution of the trajectories of 6, through the iterations of the
bigger loop in Figure 3.9 and Algorithm 1. Every trace is a measurement of 6, on the
test bench where the gearshift is performed with a newly optimized policy n*. Table 3.1
shows the reduction of various norms of the tracking error signal e(t) for 6,. The results
show that very few gearshift trial—in this case, only about four—are required to tune the
12 parameters of the gearshift controller. The computation of each iterated policy 7* only
takes about 100s on a laptop computer. Of course, the various measures of error reduction
presented in Table 3.1 heavily depend on the quality of the initialized controller. After all,
PILCO was shown to be capable of learning controllers starting from randomly initialized
parameters. In the context of a gearshift controller development process however, it may be
counterproductive to randomly initialize the controllers given that several principled design
methods exist in the literature, and engineers typically have good approximate models for
the driveline dynamics. Therefore, it is interesting to see that the method still improves
the performance of a reasonably initialized gearshift controller, and does so using only a few

gearshift trials.

Moreover, Figure 3.12 shows the repeatability of the results. Figure 3.12a shows 10
gearshift trials with the initialized policy (in purple), and 10 gearshift trials with the learned
policy (in blue). This indicates that the improvement reported in Figure 3.11 and Table 3.1
are not due to mere variations in the measurements. Figures 3.12b and 3.12c show that the
learned parameters also improve the gearshift quality for conditions that were never used

during training. Figure 3.12b shows a gearshift with a shortened duration, i.e., 0.6 s instead
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Figure 3.11: Evolution of vehicle speed 0, trajectories through the iterations.

Table 3.1: Reduction in the tracking error of 6, through the iterations.

iter. nb. (i) | [lellos | [e()] | llell2
0 0.91 0.66 18.5

1 0.62 0.22 12.4

2 0.41 0.41 5.4

3 0.50 0.10 10.0

4 0.42 0.13 7.3
reduction | 54 % | 80 % | 61 %

of the original 1.0s. Figure 3.12c¢ shows a 1-s gearshift initiated at reduced motor speed and
reduced vehicle load. This suggests that the automatic tuning of gearshift controller param-
eters using the proposed method does not require trying a myriad of operating conditions,

which greatly accelerates the tuning process.

Figure 3.13 shows how the learning process affects the torque commands. The two
gearshift trials displayed—the initial policy and the trained policy—correspond to the tri-
als with © = 0 and ¢ = 4 in Figure 3.11, respectively. Figure 3.13a shows that with the
initial policy, the nominal motor torque (@, thick purple line) is likely set too high, as the
total controller output (u, thin purple line) is almost always lower than the nominal torque.
The learning process reduces the nominal torque, which makes the controller’s output more
centered around the nominal value. This suggests that the learning method appropriately
corrects feedforward parameters. Figure 3.13b shows that the feedback gains for the com-
mand of T5 are greatly increased. The initial policy barely deviates from the nominal torque
command, and the trained policy does so significantly. Note that the torque command is sat-
urated at zero, since it is impossible to command a negative torque on a friction clutch. This
large increase in the feedback gains, combined with the fact that it improves the trajectory

tracking—see Figure 3.11 and Table 3.1—suggests that the feedback did not have enough
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Figure 3.12: Comparison of repeated gearshifts between the initial (purple) and
trained (blue) policies (a) under the same operating conditions and gearshift tra-
jectory used during the learning process, (b) under the same operating conditions,
but with a shorter gearshift duration, and (c) at reduced motor speed and vehicle

torque.
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Figure 3.13: Comparison of the control signals for the initial policy (purple) and
the trained policy (blue). The thick lines represent the feedforward component of
the control signals (), and the thin lines represent the total controller output (u),
as in Equation (3.10) and Figure 3.8.

authority in the initial policy, which the learning process corrects. It also belies unknown

dynamics in the physical transmission, and motivates the learning approach.

Finally, Figure 3.11 and Table 3.1 show that the policy seems to converge to a local
minimum. In practice, engineers could restart the learning process with different initial
values for the controller parameters, which would help determine whether the local minimum
is also a global one given the current controller parametrization. Moreover, engineers could
vary the parametrization of the controller, and determine whether it is possible to further
improve the gearshift performance. After all, the chosen feedback controller and the arbitrary

parametrization of the feedforward signal in this study may not be the best that one can
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devise. This highlights the importance of a flexible approach that can learn quickly. The
method proposed in this work is made more flexible by the use of automatic gradients. Since
the method can learn from few gearshift trials, several parametrizations can be tried. This
is a key advantage of the proposed method over traditional ones, which are mainly suitable

for fine-tuning a given parametrization.
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Chapter 4
Autonomous vehicles

This chapter reviews the functional architecture of autonomous vehicles. It also presents the

vehicle models to be used in the example problems of Chapters 5 and 6.
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4.1 Functional architecture of autonomous vehicles

Modern vehicles have varying degrees of autonomy, ranging from simple driver assistance
features—e.g., lane centering or adaptive cruise control—to more sophisticated autonomous
capabilities, such as navigating completely autonomously in an urban environment as a
driverless taxi [102]. Several system architectures were proposed to structure the problem of
autonomous driving [103-105]. Typically, the architectures are structured around the thee

main functions presented in Figure 4.1: perception, planning, and control.

The perception problem consists of transforming sensorial inputs into useful information
for the motion planner and the controller. Depending on the autonomous features, these
inputs may come from one or several of the following sensor types: GPS receivers, cameras,

radars, lidars, sonars, inertial measurement units, and other sensors typical of vehicle chassis,

29
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Figure 4.1: Functional architecture of autonomous vehicles.

such as wheel speed sensors, steering angle sensors, and other motor and drivetrain sensors.
Part of the perception task is vehicle state estimation, commonly done through sensor fusion
and the use of a Kalman filter [106]. More specific to the autonomous driving problem is the
rest of the perception task: localizing the vehicle on a road map, creating or adapting a map
of road surroundings [107], detecting and identifying objects such as road signs, pedestrians,
and other vehicles [108], along with predicting their future trajectory, and finally, identifying

the drivable areas and lane divisions [109].

The planning task is structured hierarchically [110,111]. The mission planner is re-
sponsible for navigating the road network toward the intended destination. The behavioral
planner [112] is responsible for selecting the short term maneuver to be executed, such as
stopping for a red light, or changing lane. The planning task finished with computing a
smooth and safe dynamical trajectory for the vehicle to follow [113,114], which is then sent
to the vehicle controller. Both the behavioral and trajectory planning can be updated in

real-time to adapt to the motion of other vehicles [115].

The controller is the lowest level task in the autonomous driving problem. It is the con-
troller that sends signals to the various vehicle actuators: mostly the motor(s), brakes, and
actuated steering wheel, but also potentially other actuators such as transmission actuators
or active suspension components. To simplify the control task, it seems common to treat
the longitudinal and lateral control problems separately—see [105] for instance—although
this is not necessary. Control methods typically rely on a model of the vehicle dynamics,
which is the subject of the next section. Section 4.3 reviews popular control approaches for

autonomous vehicles.



CHAPTER 4. AUTONOMOUS VEHICLES 61

=
fe=}

8
v _5 20
m E S 30
Fi 5
t \_/( ) <—>\_/( ) O /ﬁ 0 20 40d [m](o 80 100
(a) Vehicle dynamics. (b) Drag reduction.

Figure 4.2: Longitudinal vehicle dynamics.

4.2 Vehicle models

This section presents dynamical models for three vehicular control tasks: pure longitudinal

control, combined longitudinal and lateral control, and pure lateral control.

4.2.1 Pure longitudinal vehicle dynamics

The free-body diagram for the longitudinal control problem is shown on Figure 4.2a. The
vehicular forces considered in F, are the aerodynamic drag Fj,, the tire rolling resistance Fi,

and the effect of gravity due to a road slope Fj.

F, = F, + F, + Fy, (1.1)
F, = ipv’aseq(d), (4.1)
F, = mgc; cos(a), (1.3)
F, = mgsin(a), (1.4)

This is mostly the same model as in Section 1.3, with the exception that F, depends on the
distance d between the vehicles [116]—see Figure 4.2b. The drag coefficient ¢q is modeled
with

ca(d) = cao (1 . Cﬁ d> : (4.2)

where cqp is the value for d — oo. The road slope is assumed small enough so that the
small angle approximation holds, where cos(a) = 1 and sin(«) = « in Equations (1.3) and
(1.4). The force Fy represents the tractive or braking force on the vehicle. It is therefore an
input to this model. The magnitude of F; is assumed to be low enough so that the effect

of longitudinal tire slip can be neglected. Similarly, the effect of driveline and suspension
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dynamics are neglected as well. The model for the longitudinal dynamics is
b = — 5= pviasea(d) — gop — ga + F. (4.3)

4.2.2 Combined longitudinal and lateral vehicle dynamics

The free-body diagram for the combined longitudinal and lateral control problem is shown

on Figure 4.3a. The equations of motion for this system are

i =L (Fy + Fycos(¢) — Frysin(¢) — F) + g, (4.4)
ij =L (Fgsin(¢) + Fyy + Fyy cos(¢)) — i, (4.5)
¥ = 1 (Frlsin(¢) — Fyle + Fyylr cos(¢)) . (4.6)

The steering dynamics are modeled with a first-order linear dynamical system [117], where

¢ = M\(6 — ¢). (4.7)

The kinematic relations between the inertial frame of reference (X,Y)—the road—and the

non-inertial frame (z, y)—the vehicle—are described by

X = dcos(v)) — gsin(y)), (4.8)
Y = @sin(¢) — g cos(t)). (4.9)
The states of interest for this problem are x = [z, 9, 0,1, Y, ¢]", and the control inputs

are u = [F},, Fi,, ¢,]". The vehicular forces can be expanded until they are expressed solely

in terms of the state variables. In this problem, F, only considers aerodynamic drag, thus

F, = fpi*ascq. (4.10)

Several tire models exist to describe the lateral forces F}, and Fy,. These models typically

rely on a notion of tire slip angles, illustrated on Figure 4.3a and described with

ar = ¢ — arctan (@le; y), (4.11)

o, = arctan (Wr — y). (4.12)

T

A popular choice of tire model is the Pacejka model [118]. However, this model is highly
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(a) Combined longitudinal and lateral dynamics. (b) Pure lateral dynamics.

Figure 4.3: Free-body diagrams of bicycle models.

nonlinear and sometimes unnecessarily cumbersome. For small slip angles, a commonly used

model is the linear tire model [119], where

Fyy = cray, (4.13)
Fy = cay. (4.14)

In this work, the small slip angle approximation is assumed to hold because the vehicle
maneuvers are gentle. In effect, this study focuses on lane-change maneuvers, not racing-
style cornering or emergency collision avoidance. Consequently, the slip angle definition can
also be simplified, where

Ple +

o = ¢ — o (4.15)

o= Y=Y (4.16)
x

Moreover, assuming that the vehicle 1 and steering ¢ angles remain small, the equations of
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motion can be further simplified. With the tire model, the equations of motion become

T = % <Fraz + Fip — ¢t <¢2 - W) - %pj:2afcd) + y¢7 (417)
y= 2 (Futta( M) s - M), (1.18)
) = % (folf¢ — ¢y (Mrdc_ y) + celg (¢ - wf;_ y)) ) (4.19)

The equation for the steering dynamics (4.7) remains the same. The equation for Y becomes
Y =iy — 4. (4.20)

Together Equations (4.7), (4.17)—(4.20) describe the dynamics of the system %X = f(x,u).
The dynamics can be linearized to conform to x = Ax + Bu by taking the Jacobian of
f(x,u) with respect to the states x and inputs u. The partial derivatives are presented in
Appendix D. A nominal linear model is chosen by evaluating the partial derivatives at a

nominal point xo = [ig,0,0,0,0,0]", uy = [0,0,0]", where most of the partial derivatives

vanish.
[ —pioarca ) 0 00 0] 1 1 ]
0  Slate) calgek g, o9 0 4 0 0 0
—celgterly —(cel+erl?) cel
A= 0 y Ioto 00 g p_ 000 (4.21)
0 0 1 00 0 0 0 0
0 1 0 io 0 0 0 0 0
0 0 0 0 0 —\ [0 0 A

Chapter 5 considers two types of modeling uncertainty for this control problem: the un-
certainty related to vehicle parameters—e.g., ¢ and ¢,—and the uncertainty related to the
linearization around a given set of states. To obtain an envelope of possible system dynamics,
the partial derivatives can be evaluated for different states and different parameter values,

thereby obtaining different A and B matrices for the system equation.

4.2.3 Pure lateral vehicle dynamics

For the purely lateral control problem, the free-body diagram is reduced to 4.3b. The vehicle
speed is assumed constant, i.e. © = v, and the longitudinal dynamics are neglected. In other

words, the vehicle is assumed to be closed-loop controlled such that the longitudinal speed
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remains v, and the problem only concerns the lateral control. The states of interest for this
problem are x = [1,4,4,Y,¢]", and the only control input is u = [¢,]. The effect of the
front tractive force on the lateral dynamics is also neglected. Consequently, the equations of
motion (4.18)—(4.19) and the kinematic relation (4.20) become linear.

y:cr(wr_y> +cf(¢>— Mf“)) — i, (4.22)
muv muv

. bl — g ble 4+ 1

b= —crlr(¢ T y) ol (qﬁ - 1/’;2: y> (4.23)
Y =vh — 3. (4.24)

The same steering model (4.7) is used for this problem. The dynamics can easily be expressed

in the form x = Ax + Bu, where

_(Cf+Cr) —cele+erly

muv muv _U 0 O Zl—f 0
—CflIfz-:Crlr *(CflIfQZJ;Crlg) 0 0 C;if 0

A=1 9 1 00 o0 B=]0 (4.25)
1 0 v 0 0 0
0 0 0 0 —X A |

4.3 Safe control of vehicle dynamics with learning

In the functional architecture of Figure 4.1, the objective of the control task is to generate
actuator commands so that the vehicle follows the trajectory given by the motion planner.
For a vehicle to remain safe, the controller has to both stabilize the closed-loop dynamics
and keep the vehicle within state constraints. Example constraints for ground vehicles are
lane keeping and maintaining a safe distance with other vehicles. Both the stability and the
constraint satisfaction problems can be rendered more difficult by the presence of unknown
adversarial disturbances or uncertainty in the vehicle dynamics. This motivates the use
of learning for control. Machine learning is ubiquitous for the perception task and is also
commonly used for the planning task, but it is not as prevalent in vehicular control [120,121].
Numerous control methods were used in the context of autonomous vehicles [122]. These
include model predictive control [123], linear control [124], classical control [125], and Lyapunov-
based control [126]. Vehicular control generally benefits from the addition of a feedforward
component [127]. Approaches such as tube-MPC [128] explicitly consider modeling uncer-
tainty. While some recent studies [100] make use of machine learning to counter modeling

uncertainty, this remains a challenge. This is the object of Chapters 5 and 6.



Chapter 5

Learning-based synthesis of robust

controllers

This chapter presents a new approach to obtain a robustly stable linear controller from a
learned dynamical model of arbitrary type. It begins with a review of robust stability and
learning methods. Then the new method is presented, first by introducing the robust control
framework it is based on, followed by the learning algorithm. The method is demonstrated

with a vehicle control problem: a lane-change maneuver with vehicle acceleration.
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5.1 Review of learned robustly stable controllers

Machine learning can be used to improve the performance of controllers for dynamical sys-
tems. Typically the performance increase is enabled by a reduction in the modeling un-
certainty. In effect, the fundamental tradeoff [12] between robustness and performance in
control reveals how modeling uncertainty can oftentimes be the limiting factor in system
performance. However, it can be hard to maintain theoretical guarantees of robust stability

when incorporating learning components in control methods.

For complex problems such as robotic hand manipulation [129], domain randomiza-
tion [130, 131] seems to provide an interesting level of robustness. The idea is to randomly
alter the physics of the simulated environment used by the learning algorithm, which better
prepares the controller to be deployed in the real world. This method was even proposed
for the end-to-end learning of control policies for autonomous driving [132]—i.e., learning a
direct mapping from camera pixels to control signals. But it remains that whenever possible,
it is preferable to maintain theoretical guarantees of robust stability, and domain random-

ization does not.

Recently, several lines of research presented successful approaches to such guarantees.
One approach [133] consists of using Lyapunov theory to characterize the system’s region of
attraction (ROA), and tune a neural network (NN) controller with gradient descent while
considering the constraints imposed by the ROA. Gaussian processes (GP) are used to learn
the system dynamics. The size of the ROA and the controller performance both gradually
increase as a result of controller tuning and data collection. In another approach [134], a
quadratic programming controller is used to adjust a nominal controller’s output to enforce a
Lyapunov-based stability constraint. Given that the safety of this approach is contingent on
having an accurate model of the system dynamics, a NN is trained from collected data and
used to improve the model’s accuracy. In [135], researchers also devised an outer-loop con-
troller to adjust the output of a nominal controller, but they update in real-time the model
uncertainty estimates using the variance of a GP regression in order to better adjust the
controller’s aggressiveness with respect to the local system configuration. Researchers in [94]
use machine learning to estimate a linear system model along with error bounds, from which
they can obtain a robust linear controller. The method can also be used to identify systems
having linear dynamics with respect to nonlinear features of states and inputs [136]. It can
also be used to design robust linear controllers for systems with complex high-dimensional

sensorial inputs like camera-based autonomous vehicles [137], thereby making progress to-
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ward formal guarantees even for the most complex problems.

This chapter introduces a control learning method that is appropriate for linear time-

invariant (LTT) controllers, which typically have the state-space representation

XC = AKXC + BKe, (51)
u = CKXC + DKe, (52)

where e is the error signal fed to the controller, x. are the controller states, and u are the
controller output signals. A time-proven method to synthesize such a controller is H,, loop
shaping within a robust control framework [11], see [138,139] for instance. To do so, one
assumes a nominal linear system model along with uncertainty bounds, defines performance
criteria in terms of filters on the input and output signals, and solves a norm minimization
problem. However, H., loop shaping can be difficult to implement in practice. Notably,
the method is restricted to linear system models, so it can be hard to optimize closed-loop
performance when the system is best described with a nonlinear model. As a result, the
method is ill-suited for taking advantage of system identification through modern machine
learning techniques, as the learned models are often nonlinear. Finally, it can be hard to
translate the desire to track specific temporal reference trajectories into design filters. Thus,
the objective in this research is to develop a LTI controller synthesis method that can take
advantage of nonlinear learned models while ensuring robust closed-loop stability through a

robust control framework.

Such a method does not exists in the literature. The approaches in [134, 135] consist of
adjusting a base controller output according to a safety criterion computed in real-time, but
do not tune the base controller parameters. Moreover, the approach of [133] suffers from
the curse of dimensionality, which makes it ill-suited for multi-input multi-output systems
with several states—a typical application for LTI controllers. The approach of [94] could be
used to synthesize such controllers, but it assumes a linear system model, which defeats the
objective of this work. Researchers in [140] use a robust control framework to ensure robust
stability. By learning a probabilistic dynamical model with GPs, they reduce the model-
ing uncertainty by translating the GP posterior variance into the robust control framework,
and ultimately increase the closed-loop performance. However, this approach is still a norm
minimization problem with design filters. Another approach [141,142] is to attach a NN to
a LTI controller. In this chapter however, the objective is to tune a LTI controller without

requiring a NN.
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The proposed learning method is outlined in Algorithm 2. It requires to define a nomi-
nal linear system model G(s) and uncertainty bounds. Robust stability criteria are derived
from a robust control framework and the uncertain system model. An initial controller Kj is
obtained from H, loop shaping. Then, the controller is tuned with gradients obtained from
simulated rollouts using any nominal model f,(x,u), thereby obtaining a tuned controller
K. The dynamics f,(x,u) can be the same as G(s), but can also be any more accurate
nonlinear model. During the training, the robust stability criteria are enforced through the
gradients. Finally, the tuned controller K; can be adjusted to the actual system dynamics,
thereby obtaining the final adjusted controller K,. This is done by implementing K; on
the actual system, collecting data, learning a system model fj(x,u), and then retraining the
controller from the same gradient descent method. The same robust stability criteria are

enforced during this second controller tuning.

Similar to the method in Chapter 3, the control parameter tuning in Algorithm 2 is based
on simulated policy rollouts. This choice was motivated by the results obtained when learning
the gearshift controller, as well as the previously discussed merits of the PILCO algorithm—
Section 3.1.2. However, PILCO does not explicitly enforce robust stability though constraints
in the optimization problem. Instead, it propagates state uncertainty during rollouts, which
is used to penalize controller behaviors leading to regions of the state space with high uncer-
tainty. Because of the robust stability criteria, Algorithm 2 can rely on deterministic policy

rollouts, which is interesting given that uncertainty propagation is not a trivial problem.

The proposed method synthesizes a controller that is already robustly stabilizing when
first implemented on the actual system. This is not the case for some of the methods reviewed
above, such as [134]. Moreover, the controller remains stable even in the event of a sudden
change in system dynamics, assuming the change remains within the chosen uncertainty
bounds. By design, the learning methods reviewed above all rely on the assumption that
the system dynamics are fixed. This allows to learn the uncertainty bounds from data, and
increase the closed-loop performance. But it leaves no formal guarantee for the system safety
when a sudden change in dynamics occur, which could be a concern for certain applications.
On the contrary, if for a given application it is judged that the fixed uncertainty bounds are
too conservative, our methods still makes it possible to learn the bounds such as in [140],

and retrain the controller.



CHAPTER 5. LEARNING-BASED SYNTHESIS OF ROBUST CONTROLLERS 70

(a) Robust control framework. (b) Closed-loop system for policy rollouts.

Figure 5.1: Systems used in this work: a) is used to derive the criteria for robust
stability, and b) is used to tune the controller performance.

5.2 Robust control framework

A typical robust control problem is formulated based on system models such as that of
Figure 5.1a. The goal is to find a stabilizing controller K (s) that maximizes the perfor-
mance of the system, which means minimizing ||7%,.,(s)|l«. Design filters are used to
weight the penalty on the various signals of zy over frequency ranges of interest. In Fig-
ure 5.1a, Wy(s) penalizes the control signal and W,(s), the error signal. Because the ac-
tual system dynamics are not perfectly known, they are assumed to be within a set of
perturbed plants G. Thus, nominal stability is not sufficient; K (s) must stabilize the sys-
tem for all possible plants in G. In Figure 5.1a, additive uncertainty is used to describe
G = {G(s) + Wa(s)A(s)}, where A(s) € RHoo with [|A(s)|lee < 1, G(s) is the nominal
plant dynamics, and W,(s) is a design filter bounding the uncertainty. Also commonly
used are output multiplicative uncertainty, where G := {(I + Wy, (s)A(s))G(s)}, and input
multiplicative uncertainty, where G := {G(s)({ + Wi(s)A(s))}. From the small-gain theo-
rem [11,143], if A(s) € RHoo and T3,y (s) € RHoo, the system of Figure 5.1a is robustly
stabilizing if and only if [|A(jw)T%,w, (Jw)|| < 1 Yw. And because ||A(s)|loc < 1 by design,
robust stability is guaranteed if K (s) stabilizes G(s) and makes || T, ($)|lc0 < 1.

5.3 Controller learning method

This section explains Algorithm 2. It requires to define a nominal system model G(s) along

with uncertainty bounds such that all possible system dynamics are contained in a set G.
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Using the robust control framework of Section 5.2, the set G is used to obtain the robust

stability criteria. The method also requires to define a (possibly nonlinear) system model

x = f(x,u), (5.3)
y = g(x), (5.4)

to be used during the simulated policy rollouts under the closed-loop configuration of Fig-
ure 5.1b. The simulations consist of tracking N; trajectories in rollouts of 7' time steps.
The while loops starting at lines 6 and 14 tune the controllers by solving the constrained

optimization problem

arg(;nin ¢p(¢) = argmin Z Z (¥ (5.5)

s.t.  K(s) stabilizes G(s), (5.6)
[ Terwi (8)lloo < 1, (5.7)

where ¢ contains the control parameters to be tuned, namely the entries of the matrices Ak,
Bk, Ck, and Dg. The two constraints of Equations (5.6) and (5.7) are turned into penalties

with easily computable gradients. As such, a more general cost function is

J(@) = cp(@) + &is(@) + &), (5-8)

where ¢, is the performance cost, ¢s is the nominal stability penalty, and ¢, is the robust
stability penalty. The controller parameters ¢ are iterated through either a simple stochastic
gradient descent scheme—where ¢} 1] < @ +aVeJ(¢) and a is the learning rate—or any
other suitable optimization algorithm. Constants &, & € R are used to weight the penalties
and help the gradient descent method. The following sections demonstrate how to obtain

the gradients of the performance cost and penalties.
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Algorithm 2: Learning-based synthesis of robustly stabilizing controllers
Result: Learned controller parameters ¢ = { Ak, Bk, Ck, Dk}

Define nominal linear system dynamics G(s).

Define set of all possible system dynamics G, bounding the uncertainty on G(s).
Define weighting functions W, (s) and W, (s); obtain K;(s) from H, loop shaping.
Define nominal (possibly nonlinear) system dynamics f,(x, u).

Initialize Ki(s) = Kj(s).

while Ki(s) not tuned do

Simulate a policy rollout with K(s) on f,(x,u) as per Figure 5.1b.
Compute the total gradients Vg J (@) = Vgcp() + &V pcs(@) + &V e ().
Iterate the parameters ¢ with V,.J(¢).

10 Initialize K,(s) = K(s).

11 while K,(s) not learned do

© 00 N O ks W N

12 Implement K,(s) on actual system, collect dataset D.

13 Learn a model fi(x,u) for the system dynamics from D.

14 | while K,(s) not tuned do

15 Simulate a policy rollout with K,(s) on fi(x,u) as per Figure 5.1b.

16 Compute the total gradients V4 J () = V(@) + EVecs(P) + 4V per ().
17 Iterate the parameters ¢ with V,J(¢).

5.3.1 Performance gradients

In discrete time, the system of Figure 5.1b transitions with

Yig = 9(X), (5.9)
Xjy) = Xj—1] + Ts f (K1), up-1y), (5.10)
w1y = CxXepr1) + Dx(Yap—1) — Yie—1) + Up—1), (5.11)
Xepo1] = (I + ToAk)Xep—o + TSBK(Yd[t_z] — y[t_Q])7 (5.12)

where Ty is the sampling period, u is a nominal (feedforward) control command, and y is
the desired output trajectory. The performance gradients are obtained by first applying the
chain rule

C N T dC
dp =y > C(1¢ (5.13)

ny=1 t=0
dC(Y[t]) _ de(ypy) dypy
do dy[t} do

(5.14)
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The first term on the right-hand side of Equation (5.14) depends on the chosen cost function,

the other term can be further expanded as

dyy _ dg(xp) dxp

5.15
dp ~ dx, do (5.15)
dx dxp_ d
- g] _ d[;j Y +T5@ F(Xp—1)s upe_1)) (5.16)
d (9f dX[t_” (9f du[t_l]
— f(xp_q,up_q)) = + 5.17
agp e =50 T e T 10
duy_y dxce—y) dCx
o = Ck ¢ + (1) i (Xefr—1) )k w
dyp_y dDxg
— Dk ¢ + (i (Yap-1 — Y1)k rry (5.18)
dxcp_ dxcp_ dA
c[t—1] c[t—2] K
—— = ([ + TiAx) ——— + Ts(1)ij(Xefr—o) )k ——
dyp—2 dB
— T,Bi —=2 ¢ Ts(1)ij(Yaj—2 — Yie—2))k . (5.19)

d¢ d¢

dx(i_q) and dxc[t_2]

where g g

are obtained from the previous time steps.

5.3.2 Nominal stability gradients

In the configuration of Figure 3.8, K (s) stabilizes G(s) if and only if the following system is
stable

[y(S)
u(s)

For transfer functions with the state-space realizations

A | B Ak | B
G(s)= |[—21=5 |, and K(s)= |—1—F (5.21)
CG 0 C’K DK

Gs)K(s)(I+ G(s)K(s) " Gls)(I + K(5)G(s)) " _1] [yd(s

)
K(s)(I+G(s)K(s) ™ K()G(s)(I + K(5)G(s)) ] . (5.20)

di(s)
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it suffices to verify that the eigenvalues A of the four matrices

[Aq BoCx  BeDyCe
0 BgCx Ag— BaDxCgq
(A — BaDCo —BaC
M2: G GLrKVYG GUK : (523)
i BKCG AK
[ 4 —BxC,
M = K K-G 7 (5.24)
_B(;CK AG — B(;DKCG
[ A BxCe 0
M4: O Ag—B(;DKOG —BgCK 3 (525)
O BKCG AK

are all in the open left-half plane. In effect, these are the A matrices of the state-space
realizations of the transfer functions in Equation (5.20). In the learning algorithm, a penalty
is applied whenever the system is unstable. The cost function for the nominal stability is

therefore defined as

ce(p) = ZmaX{O,m?X{ER()\j(Mi))}}. (5.26)

The gradient of ¢ is easily obtainable with automatic differentiation [101]. In this work, we
used TensorFlow [90].

5.3.3 Robust stability gradients

A state-space representation for T, (s) is obtained with the linear fractional transforma-
tion T u, (8) = Fr[Prea(s), K(s)], where Prq(s) represents [z1, €] = Peq(s)[wi,u]", and is

partitioned as follows

Al B B
Pred(s) - 01 Dll D12 . (527)
CQ D21 0

Then,

QI
S| G

A+ ByDkCy  ByCkx | By + ByDyx Doy
Tzlwl(s) = 4’7 = BKCQ AK BKD21 s (528)
C1 + D2 DxCy D120k ‘ D1y + D19 Dg Doy
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and the complex transfer matrices for the various frequencies w can be obtained with
Toyw, (jw) = C(jwl — A 'B+ D. (5.29)

The robust stability criterion is ||7%,u, (5)]|cc < 1. This can be verified by computing the
maximum singular value & of the complex transfer matrices 73,,, (jw) on a sufficiently dense

frequency grid. Thus, ¢;(¢) becomes

¢ (¢) = max {1, supc’T(Tzlw1 (jw)) }, (5.30)

w

N

where (M) = [AM*M)]?, (5.31)

and ) is the largest eigenvalue, which is positive real. Here again, the gradients are obtained

through automatic differentiation.

5.4 Example problem

The method in Algorithm 2 is applied to the problem of simultaneous lane change and
vehicle acceleration. The vehicle model used is that of Section 4.2.2, also pictured on Fig-
ure 4.3a. Full state feedback is assumed, so y = x. The states are x = [a‘s,g),@ﬁ,w,Y, BT
and controls are u = [F},, Ft,, ¢:] . The full system dynamics x = f(x,u) are described by
Equations (4.7), (4.17)—(4.20) reproduced below.

i= (Fm + Fre — <¢2 - w> - %Pi’Qade) + 9, (4.17)
i= 2 (Ffm e (‘“fjj y) o (¢ St y)) — i, (4.18)
) = % (folf¢ — ly <¢lr5g_ y) + el <¢ _¥ ;— y)) ; (4.19)
PN (4.20)
QB = )\s(gbr - ¢) (47)

5.4.1 Uncertainty cover

The system model is linearized to obtain the nominal model G(s) following the method dis-
cussed in Section 4.2.3: taking the Jacobian of f(x,u) with respect to both states and input

vectors, and evaluating the expression for nominal states xo = [ig,0,0,0,0,0]" and inputs
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Table 5.1: Vehicle parameters.

Parameter =~ Unit  Nominal Uncertainty

m kg 2000 1200
I, kg m? 3200 +200
ct kN /rad 50 +10
Cr kN /rad 50 +10
ls m 1.1 -
I m 1.7 —
cd - 0.24 -
ag m? 2.4 -
P kg/m3 1.225 -
As s 8 +2
x m/s 25 +5
Y m/s 0 +1.5
) rad/s 0 +0.15
P rad 0 +0.15
) rad 0 +0.06
Fr, kN 0 -0.1/42

uy = [0,0,0]". This yields the Ag and Bg matrices of G(s). Assuming full state feedback,
Ce=1.

Input multiplicative uncertainty is used to cover the set of all possible system dynamics,
where G := {G(s)(I + Wi(s)A(s)Wa(s)) } and [|[A(s)|| < 1. The filters W;(s) and Wa(s)
must be designed such that G covers f(x,u). This can be achieved by first sampling multiple
possible system linearizations of f(x,u). For that, the partial derivatives of Appendix D—
which form the Jacobian of the system—are evaluated at different points within the assumed
range for the parameters and states presented in Table 5.1. Then, the MATLAB command
ucover can be used to obtain Wi(s) and Ws(s) such that all the sampled systems are
covered. However, given that G(s) has 6 outputs, it is extremely difficult to cover the
system without introducing too much conservatism, even when the covers are fitted with
optimization techniques as is the case with the ucover command. Therefore, only the 7, ¥,
and 1 outputs are covered with the proposed method—a different C' matrix is introduced
in the sampled systems. The Wj(s) and Ws(s) filters obtained with this method can still be
applied to the complete system. The resulting full-system uncertainty cover can be seen on
Figure 5.2.

The filters are able to cover almost all the uncertain dynamics, except the input—output
relation from ¢, to #. This is deemed acceptable given the structure of the controller pre-
sented in Section 5.4.3. In effect, the longitudinal control is decoupled from the lateral

control, and it mostly consists of a feedforward component. The feedback gains on the
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Table 5.2: Scenario description.

Scenarios
Parameter 1 2 3 4
& [m/s] 30.0 26.5 28.0 30.0

te [s] 30 35 35 50
amax m/s?] | 20 05 1.0 1.8
Y [m] 3.7 37 32 38
te [s] 40 45 45 45

longitudinal control are small, thus the risk of instability resulting from the incomplete un-
certainty cover is negligible. The risk of instability in the lateral dynamics is considered

more important.

5.4.2 Trajectory and nominal command

The trajectories x4 consist of concurrent lane change and vehicle acceleration. Only the
states © and Y are prescribed and the rest of the entries in x4 are zeros. Four scenarios
are used in this work; they are parameterized with the values presented in Table 5.2. The
vehicle is accelerated from &y = 25 m/s and reaches iy at time ¢g. The acceleration begins at
0m/s?, then is gradually increased up to a constant value a@yay, which is held for a moment
until it is brought back to 0m/s? at time t. The lateral position begins at Yy = Om and
ends at Y; at time tp. The trajectory of Y follows a 3-4-5 polynomial where the first and

second derivatives are null at both ends of the trajectory.

The nominal command u is computed in two independent steps. First, the front and rear

tractive forces are computed from the reference velocity profile in x4, where

F(t) = mi(t) + $pi(t)ascq, (5.32)
Fro(t) = 3F (1), (5.33)
Fu(t) = 1P (2). (5.34)

Then, the steering input is computed considering only the lateral dynamics of Section 4.2.3
using the model of Equation (4.25). This forms the reduced system with matrices Ag and

Bgr. The nominal steering input is then computed with
de(t) = BRetnte=01=1(t4)[0,0,0, Y, 0], (5.35)

where W, () is the controllability Gramian.
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5.4.3 Controller structure and initialization

The feedback controller is structured to decouple the control of the longitudinal and lateral
dynamics. The front F}, and rear F,, tractive forces are used only for the feedback control
of the vehicle velocity &, while the steering input ¢, is used only for controlling the lateral
dynamics. As will become apparent in the result section, a simple integrator is sufficient
for the vehicle speed control. Moreover, the tracking error is so negligible that no further

controller tuning is required for this integrator.

The control of the lateral dynamics is more difficult, however. An initial controller
is obtained with H,, loop shaping. For that, a nominal linear model G(s) is built from
the same Agr and Bgr matrices introduced in the previous section. Then, a controller that
stabilizes G(s) and minimizes the tracking error is obtained using the MATLAB command
hinfsyn. This H. controller is assembled with the simple integrator obtained previously
to form the complete initial feedback controller K;, which has 24 internal states, and has
Dy = 0. Together the Ak, Bk, and Ck matrices of K; contain 792 entries.

5.4.4 Controller training
Training with nominal model

The controller K is tuned with simulated rollouts, see line 6 in Algorithm 2. The system
model f,(x,u) is that of Equations (4.7), (4.17)—(4.20) with the nominal parameters shown

in Table 5.1. The simulations have a time step of Ty = 0.02s. The cost function used is

c(xp) = (Xp — Xd[t])TQ(X[t} — Xd[) (5.36)

where () is a diagonal matrix weighting the relative importance of the state errors.

Only the first three scenarios of Table 5.2 are used during training. Scenario 4 is reserved

for testing that the controller also does well on a scenario never seen during training.

Training with learned model

The controller K, is also tuned from simulated policy rollouts, but with a learned model of
the system dynamics this time, see line 14 in Algorithm 2. In this example problem, the

actual (unknown) system has an altered tire stiffness coefficient of ¢ = ¢, = 40kN/rad. We
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chose to learn the dynamics using a model that has the form

fl = fn + [gl(z>7 g2(Z),g3(Z), 07 07 O]T (537)

where g4(z) are functions that represent the unknown dynamics and z = [af, a,]" is the
feature vector used in the prediction models. To learn fi, first a lane change is simulated for
Scenario 1 with K (line 12 in Algorithm 2), and a dataset D = {xp;), u; } composed of n;, +1
data points is collected. Then Gaussian processes are used to learn the difference between
the nominal system dynamics f, and the actual dynamics. The targets to be learned are

issued from the prediction error
Copy = X(i+1] — fu(X(, upg). (5.38)

More specifically, each of the three dimensions to be learned has its own target vector t; €

R" which are composed of the d-th component of the error vectors, such that

ta = [[epyla - lepg Ja] - (5.39)

All three dimensions share the same set of feature vectors {zj;}. The Gaussian processes used
in this work has a zero mean function m(z) := 0 and a square exponential kernel function
k(z,7'), just as in Section 3.4.1. The predictive functions g4(z) are simply the mean of the

Gaussian processes evaluated at the test inputs z,
9a(Ze) = pa(2.) = Kpy(Kpy + 021) 4, (5.40)

where K,, = [k(zp), z(j)]ij, and K., = [k(2.,2[))];, also following Section 3.4.1. Here again,
the hyper-parameters 6 are tuned by maximizing the logarithm of the marginal likelihood

of the observed data points in D.

5.5 Results and discussion

Figure 5.3 shows that the tracking error is negligible for the vehicle speed z, but not for the
lateral position Y. Therefore, the result section only discusses the tracking of the lateral
position. For every stimulation result shown in this section, the tire slip angle was verified

to confirm that the linear tire model remains appropriate.

Figure 5.3b shows that the controller tuned from simulated policy rollouts (K}) improves
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(a) Vehicle speed, Scenario 1. (b) Lateral position, Scenario 1.

Figure 5.3: Simulated policy rollouts on the nominal model (¢ = ¢, = 50 kN /rad).
The tuned controller Ky improves the lateral position tracking compared to initial
controller Kj;.
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(a) Lateral position error, Scenario 1. (b) Lateral position error, Scenario 4.

Figure 5.4: Simulated policy rollouts on the nominal model (¢f = ¢; = 50kN/rad).
The tuned controller K; improves the tracking performance for both a scenario used
during training (Scenario 1) and a scenario not used during training (Scenario 4).

the tracking performance when compared to the initial controller (Kj;) obtained from H
loop-shaping. Figure 5.4a shows the tracking error ey on the lateral position for this run,
and Table 5.3 presents the Lo-norm of this error signal. The tuning method also reduces the
tracking error for a lane-change scenario that was not used during training. In effect, both
Figure 5.4b and Table 5.3 show that K; does better than K; for Scenario 4. This suggests
that the tuning method does not overfit on the training scenarios, and can generalize to oth-
ers. Finally, the proposed method keeps the tuned controller K robustly stabilizing, which

can be seen in Figure 5.5.

The tuning of K; requires 4000 training epochs. The first 2000 epochs are done using
simulated rollouts with a duration of 8s (simulated time), and the last 2000 epochs, with
40-s rollouts. The longer rollouts are used to ensure that the low-frequency dynamics are
also considered during the controller tuning. The total training time for the first 2000 epochs
is 1083 s, and for the last 2000 epochs, 5245s. Figure 5.6 shows the evolution of the perfor-

mance cost ¢, in (a), the maximum real part of all eigenvalues in the matrices M; to M,
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Table 5.3: Lo-norm of the tracking error on Y (ey) for the 0-8s time span.

Scenarios
Nominal model 1 2 3 4
K; 3.85 222 292 3.39
K 1.78 1.53 1.33 1.80
Actual dynamics
K 3.84 3.85 3.11 3.87
K, 2.21 255 190 2.27

(T;ut'l (] )

1072 107! 100 10! 10?
w [rad/s]

Figure 5.5: The maximum singular value 5(Tz1w1 (jw)) for Kj, K, and K,.

in (b), and the maximum singular value of T, ,, in (¢). This indicates that the penalties
&cs and & were sufficient to enforce both the nominal and robust stability constraints.
Figure 5.6 shows the training behavior when the weights are & = 10,000 and &, = 1000. For
smaller values of & and & however, the penalties were not strong enough to enforce the sta-
bility constraints. The gradient descent algorithm used during training is Adam [144], which

helps stabilize the gradients compared to a simple stochastic gradient descent algorithm.

Figure 5.7 and Table 5.3 show that the tracking error of K} increases for policy rollouts
on the actual dynamics, i.e., when ¢; = ¢, = 40kN/rad. However, the controller remains

stable, as the actual dynamics are still within the assumed uncertainty bounds. This allows

1200

(=]
—
ot

<
1000 =)
=< 01
& 800 &
<]
£ 0.05
600 ot
»
g
400 = 0
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Epoch Epoch Epoch
(a) Performance cost cp. (b) Nominal stability criteria. (c) Robust stability criteria.

Figure 5.6: Evolution of the performance cost, nominal stability criterion, and
robust stability criterion during the first 2000 training epochs for K;.
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Figure 5.7: Simulated policy rollouts on the actual system dynamics (¢f = ¢, =
40kN /rad). The controller K, has a better tracking performance than K. This is
because K, was tuned on a learned model f; while K; was only tuned on a nominal
model fi.

to bring back the performance to a similar level by re-tuning the controller with a learned
model. As a result, the adjusted controller K, reduces the tracking error, even for the unseen
Scenario 4. Training with the learned model is longer, but still reasonable. The same 2000
epochs of 8-s rollouts takes 2071 s of training time, which is approximately twice the time

that was required for the nominal model.

5.5.1 Augmented cost

It is possible to augment the total cost J(¢) of Equation (5.8) with ¢t(®) = ||Tepuwsy(S)]lco
to help shape the closed-loop behavior with frequency-based specifications. The gradients
Vgci(@) can be computed with the method of Section 5.3.3—which was used to obtain
Ve (@)—but with T),,,(jw) instead of T},,, (jw). This additional cost ¢; could be used
in problems where scenario-based tuning alone is inadequate. One such example could
be a controller that must account for a large frequency range. In effect, if T is small
enough to allow the simulation of high-frequency dynamics, it also means that the policy
rollouts must have a long time span to also include the effects of low-frequency dynamics.
Therefore, the cost ¢, could be used to penalize the low-frequency errors, while the scenario-
based performance cost ¢, tunes the high-frequency behavior. In the lane-change problem
however, this was found unnecessary. As previously discussed, it was sufficient to simulate 40-
s rollouts. As a final remark, the nominal model G(s) is not learned in the proposed method,

so the additional cost ¢; could be less beneficial if the actual system deviates significantly
from G(s).



Chapter 6

Structured learning for state

constraints

This chapter presents the safe uncertainty-learning principle, which can be used to struc-
ture the learning component of a safety controller. After the principle is motivated and
introduced, a learning method based on control barrier functions is presented. Then, two

vehicular control examples are demonstrated and the principle is discussed.
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6.1 Review of safety guarantees for state constraints

For a large class of dynamical systems—e.g., autonomous vehicles and unmanned aerial
vehicles—the notion of safety implies keeping the system within state constraints. The
general approach is to use a model of the system dynamics, and derive a condition on the
control signals that guarantees system safety. Three such methods are: model predictive
control (MPC) [145], control barrier function (CBF) [146], and Hamilton-Jacobi reachability
analysis (HJR) [147].

In MPC, the control signal is optimized at every time step by predicting the future sys-
tem states for a finite time-horizon. This optimization can account for state constraints,
and therefore keep the system safe [123,148,149]. A CBF is a Lyapunov-like scalar function
whose output depends on whether the system states are within a given set, and how far
they are from the set boundary. A CBF and its time derivatives can be used to obtain
a condition on the control signals for the system to remain within the given set, thereby
enforcing forward invariance on that set. If the chosen set is within state constraints, then
the CBF can be used to keep the system safe [150,151]. In HJR, a target set is defined as
the set of states that violate the constraints, and a backward reachable (BR) set is defined
as the set of states that could lead the system to the target set despite the system’s best
possible actions. The BR set, the optimal action, and a value function can all be com-
puted by solving the Hamilton-Jacobi partial differential equation for this system, typically
through dynamic programming. The system can be kept safe by applying the optimal ac-
tion whenever the system comes close to the BR set [152,153]. These methods can also be

combined: for instance, the value function obtained though HJR can be used as a CBF [154].

For systems with uncertain dynamics, all three methods outlined above can be adapted
to consider bounded system uncertainty [155-157]. Generally, this is nontrivial and often
leads to a higher computational burden for the controller. This is because the controller
must now predict the system evolution considering the set of possible system dynamics.
Also, this can lead to overly conservative controllers if the uncertainty description is itself
too conservative. For instance, this can arise if the method is formulated for a rather general
uncertainty description, and the actual system uncertainty is in fact more restricted—more
structured. Naturally, this motivates using machine learning to adapt the system model
from data collected during the system’s operation. An approach is where instead of using
uncertainty bounds, a nominal model is learned from data, which reduces the risk associated
with a discrepancy between the system model and the actual dynamics [158]. Another

approach is where uncertain system dynamics are considered, and the uncertainty bounds
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are learned from data, thereby increasing the performance of the system by obtaining tighter
uncertainty bounds [100,159-162].

6.2 Safe uncertainty-learning principle

However, the use of machine learning to derive the safety condition also introduces certain
risks. These risks are not sufficiently discussed in the literature, or at least, not explicitly

enough. In this chapter, the following principle is introduced.

Safe uncertainty-learning principle (1). Take an uncertain dynamical system with
safety defined by state constraints, which must be respected at all time during operation.
Suppose machine learning is used to obtain a condition on the control signal that will guaran-
tee the system’s safety. For the learning-based control method to preserve safety guarantees:

1. A robust safety condition is necessary, where uncertainty bounds are considered.

2. The uncertainty bounds must be initialized conservatively.

3. The uncertainty bounds should only be tightened if it can be assumed that the collected
data sufficiently captures the future behavior of the system. Particularly challenging
adversarial events are a sudden change in the system dynamics or a rare disturbance.
If expected, these events must be distinctly accounted for, since it could be impossible

to model them from previously collected data.

The argument is based on contraposition: through two example problems, it is shown
that when one of these conditions is not respected, the safety guarantee is lost. The examples
are 1) the lateral control of an autonomous vehicle through a lane-change maneuver, and 2)
the longitudinal control of an autonomous vehicle in a two-vehicle platoon, also commonly
called adaptive cruise control. Both these problems were investigated several times in the
literature, including with some of the approaches presented above [146,148,163]. In this
work, the example problems are solved using robust exponential control barrier functions for

the safety condition, and maximum likelihood estimation for the uncertainty learning.

6.3 Learned safety condition

This section presents the approach to derive the learned safety condition for the example
problems of Sections 6.4 and 6.5. It begins with the introduction of CBF's and exponential-
CBFs. Then uncertainty is considered and robust exponential-CBFs are introduced. The
definitions and theorems are largely adapted from [151,160]. Finally, maximum likelihood

estimation is briefly discussed.
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6.3.1 Robust safety condition from a control barrier function
Control barrier function

Take a system with states x € R", controls u € R™, and dynamics

x = f(x) + g(x)u. (6.1)

If the dynamics are locally Lipschitz, then given an initial condition xg, there exists a maxi-
mum time interval I(x¢) = [to,T) such that x(t) is a unique solution on I(xg). Let a closed
convex set & C R" defined as the 0O-superlevel set of a continuously differentiable function
h: R™ — R where

S = {x € R"|h(x) > 0}, (6.2)
0S = {x € R"|h(x) = 0}, (6.3)
int(S) := {x € R"|h(x) > 0}. (6.4)

Definition 2. The set S is forward invariant if for every xo € S, x(t) € S Vt € I(xy).

Definition 3. A continuous function « : R — R is an extended class K, function if it is

strictly increasing, «(0) = 0, and is defined on the entire real line.

Definition 4. Let S be a 0-superlevel set for a continuously differentiable function A : R™ —
R, then A is a control barrier function if there exists an extended class Ko, function a such
that for all x € S

sup h(x,u) > —a(h(x)). (6.5)

ueld

Theorem 4. Let S be a 0-superlevel set for a continuously differentiable function A : R" —
R, if h is a control barrier function for (6.1) on S, then any Lipschitz continuous controller

satisfying (6.5) renders the set S forward invariant [151].

As a result of Theorem 4, if the set S is defined as the safe set, then any controller that
meets Condition (6.5) keeps the system safe.

Exponential control barrier function

For systems where h(x) does not depend on u, Definition 4 cannot be used to find a control
input u that keeps the system safe. It is possible, however, to use higher derivatives of

h(x). For a system where the 7! time derivative of h(x) depends on u, but not any of the
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lower derivatives, a new system with states 7(x) := [h(x), h(x), h(x),...,h""D(x)]T, input

p = h"(x,u), and output h(x) can be formed. The dynamics of this system are

n(x) = Fn(x) + Gp, 6.6
h(x) = Cn(x), (6.7)

with _ _ o
F= Ca=1:. 02[1 0 o} (6.8)

0

L 0_ _1_

If the input g = —K,n(x) is chosen, then h(x(t)) = CelF~GKa)ipy(xy). By the comparison
lemma, if g > —K,n(x), then h(x(t)) > Cell'=GKalty(xy).

Assumption 2. K, is chosen such that the poles p;, i € {1,...,7} of (FF — GK,) are real

and negative.

Assumption 3. Define a family of recursive functions v; : R* — R, i € {0,...,r}, and

corresponding superlevel sets S; as

vi(x) = U1 (x) — pivia(x), (6.9)
S ={xeR" | y(x) > 0}, (6.10)
and define 1y(x) := h(x). Then, K, is chosen such that v;(x¢) >0, 1 € {1,...,7}.

Definition 5. Let S be a O-superlevel set for a r-times continuously differentiable function
h:R™ — R, then h is an exponential control barrier function if there exists a row vector

K, € R" constrained by Assumptions 2 and 3, such that for all x € §

sup b (x,u) > — K, n(x). (6.11)

ueld

Robust exponential control barrier function

For systems where the dynamics are uncertain, Definition 5 is inappropriate to find a control

input u that keeps the system safe. Take an uncertain system model where the dynamics
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depend explicitly on an unknown parameter vector §, with each parameter bounded in

magnitude such that § € D, where
x = f(x,0) + g(x,0)u. (6.12)

Now, the control barrier function h(x,d) and its derivatives depend on the unknown param-

eters §. This requires to adapt Assumption 3 and Definition 5.

Assumption 4. Define a family of recursive functions v; : R — R, ¢ € {0,...,r}, and

corresponding superlevel sets S; as

vi(x,08) = v;1(x,0) — pivi_1(x, 8), (6.13)
S ={x e R" | y(x,8) > 0}, (6.14)

and define vy(x, 8) := h(x,d). Then, K, is chosen such that v;(x¢,0) >0, i € {1,...,r}, Vd €
D.

Definition 6. Let S be a 0-superlevel set for a r-times continuously differentiable function
h:R™ — R, then h is a robust exponential control barrier function if there exists a row
vector K, € R" constrained by Assumptions 2 and 4 such that for all x € S and for all
6eD

sup b (x,u,8) > —K,n(x, d). (6.15)

ueld

6.3.2 Robustly safe controller

The robustly safe controller used in this work consists of correcting a nominal k,(x) con-
troller’s output whenever Condition (6.15) is not respected. This can be expressed as the

following optimization problem.

u =argmin 1|ju— k,(x)[3, (6.16)
uel
s.t. K (x,u,8) > —K,n(x,8), V6 € D. (6.17)

This optimization problem is in general nontrivial. It may be possible to further structure
the problem depending on the system equations, the uncertainty description, and the chosen

control barrier function.



CHAPTER 6. STRUCTURED LEARNING FOR STATE CONSTRAINTS 90

6.3.3 Learning parametric uncertainty

When the controller is initialized, conservative bounds D are estimated for the parameters 9.
As the controller is deployed and data is collected, it may be possible to update the bounds

for 4. In this work, the following structure is assumed

x = f(x,0) + g(x,0)u, (6.18)
y =1(x,0), (6.19)
Z(n) = Vi) + GWia, (6.20)
Wi ~ N (0,5w), (6.21)

where @ are uncertain model parameters, which include the parameters d of interest, y are
the system output, zj, are the n-indexed measurements contaminated by Gaussian noise
w,. The noise is assumed to be zero-mean and to have a known and diagonal covariance
matrix Yy,. To obtain the best estimate for the parameters 8, the likelihood of the observed
data p(z|@) is maximized. For that, p(z|0) is assumed Gaussian. Maximizing p(z|@) is then

equivalent to maximizing

N
J(0) = Z(Z[n} — Vi) 2% (2] — i) (6.22)

where N is the number of data points collected. In this work, J(€) is maximized through
gradient ascent. Finally, the following covariance matrix is used to estimate the uncertainty

bounds around the parameters

Y Tyl o Tav ]
pP= nzl [WU] o)t [WE}] . (6.23)

This method is commonly used in practice to identify system parameters, such as for flight
dynamics [164]. A notable caveat, however, is that the recorded data is not guaranteed to
provide enough information to identify the parameters with enough accuracy to be useful
for the given application. This is mitigated by the fact that we also estimate uncertainty
bounds around the parameters, and can therefore decide not to update the parameters when
the identification is not precise enough, i.e., when the variance of the parameter estimation
in P is too high.
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6.4 Example 1: vehicle lateral control

The first example problem is to control a lane-change maneuver performed by an autonomous
vehicle. The goal is to bring the vehicle form the middle of a lane where the lateral position
is defined as Y = Om, to the middle of a neighboring lane where Y = 3.7m. However,
the vehicle must not exceed Y.« = 3.85m in order to avoid a potential collision with other
vehicles. In this problem, the vehicle speed is assumed to remain constant throughout the

maneuver and the dynamics of Section 4.2.3 are used.

6.4.1 System model and safety condition

The vehicle is modeled with a bicycle model as shown on Figure 4.3a. The states of the
system are x = [,1,1,Y, 4], and the control is u = [¢]. The dynamics are as per
Equation (4.25) reproduced below.

x = Ax + Bu. (6.24)
e sty 00 2] (o]
7cfi_f;crlr —(Cfl]i-i;crl?) 0 0 C;if 0

A= 0 1 00 0 , B=10 (4.25)
1 0 v 0 0 0
0 0 0 0 =\ A |

The actual vehicle parameters are unknown to the controller. The parametric uncertainty
shown in Table 6.1 is used to bound the system behavior. The vehicle is assumed to be a
medium-duty truck; its mass m may vary significantly depending on the payload it carries.
The vehicle’s moment of inertia [, is assumed to vary proportionally to the mass of the
vehicle, as well as an unknown parameter d;, that accounts for an unknown mass distribution.
The wheelbase of the vehicle is known to be [ = 4.5m. The distance of the front axle to the
center of mass is unknown, but assumed to vary around 55% of the wheelbase. The front and
rear tire cornering stiffness—c; and ¢;, respectively—are assumed to be proportional to the
weight on the given axle, as well as a parameter ¢,. This ¢, parameter is dependent on the tire
construction and its loading condition [165,166], thus is parameterized as well. Finally, the
decay constant )¢ in the steering mechanism is also unknown. This parametrization allows
to express the A and B matrices of Equation (4.25) explicitly in terms of the uncertain

parameters. Below are the non-zero matrix components, where a;; represents [A];;. As a
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Table 6.1: Uncertainty parametrization for Example 1.

Parametrization Unit Param. Nom. Range

m  Mpom, kg Mn 6500 -

I, dymdr, kg m? dn 4.8 -

Iy  apldy m l 4.5 -

L. -1 m an 0.55 -

Co  Cnlo rad—! Cn 8 -

e camgly/l N/rad An 8 -

& camgls/l N/rad Om 1 +0.3

As Anl3 s 51 1 +0.3
01 1 +0.4
0o 1 +0.4
03 1 +0.4

result of the parametrization, d,, does not appear in these terms.

aj; = —cplag/v, (6.25)
ajs = —v, (6.26)
a5 = cpdag(l — aydy), (6.27)
a1 = 0, (6.28)
Ao = —Cp02gl(1 — andy)andy/(dndrv), (6.29)
ags = Cnoag(l — andy)andy/(dyor,), (6.30)
as5 = —An03, (6.31)
bs1 = An03. (6.32)

The safety condition is turned into an exponential control barrier function h(x) with the

following derivatives

h(x) = Vinax — Y, (6.33)
h(x) = = — vy, (6.34)
h(x) = —any — a5, (6.35)
E(X, u) = —aly+ anv) — ars(ayy + ass)¢ — aisbs by (6.36)

A system with states n(x) = [h(x), h(x), h(x)]T, input p = h(x,u), and dynamics that
follow Equations (6.6)—(6.8) is composed. A controller K, = [k1, ko, k3] is devised with pole
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placement. As a result of Definition 6, the safety of the system is ensured with the following

condition

o < %neig s(x,d), (6.37)
s(x,0) = a15lb51 (lemaX — (kg + ay ks + a%l)g) + a1t — koot

kY — as(ks + an + a55)gz§>, (6.38)

8 = [61,00,05) " (6.39)

This safety condition is formulated as a direct limitation on the controller’s output signal
¢,. Therefore, a safe controller must ensure that Condition (6.37) is respected at every time
step. This optimization problem is not trivial, as the parameters in § appear multiple times
in s(x,d). In this work, it was found sufficient to discretize the search space D and evaluate
s(x,d) at every point of the resulting 3D grid. With 10 points per axis, this requires 1000

function evaluations every time step, which is easily manageable in real-time.

The base controller is a linear state-feedback controller.
k(%) = K(x; — %), (6.40)

where x, is the desired reference state, namely x, = [0,0,0,3.7,0]". In this work, K is
obtained by solving a LQR problem. Finally, ¢, is saturated at 0.08 rad to counter the large
input resulting when the desired state is suddenly switched to 3.7m at ¢ = Os.

In order to reduce the uncertainty bounds around the components of §, parameter iden-

tification is performed according to the method presented in Section 6.3.3, where

Yin = X[n] (x,u,0), (6.41)
Zn) = Yin) T Win)» (6.42)
Yw = 0.1%15, (6.43)

0 = [61.,01,0,65] . (6.44)

Because the measurements are obtained from a simulated environment, random noise is
injected in the measurements as per Equations (6.42) and (6.43) to have a more realistic

identification problem.
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6.4.2 Results and discussion

Figure 6.1 shows the lateral position of the vehicle for various simulated runs. In Figure 6.1a
the actual system parameters are at nominal value, and in Figures 6.1b and 6.1c, the sys-
tems have the actual parameters of Vehicles #1 and #2 respectively, which are listed in
Table 6.2. In all three plots, the blue lines originate from a safety controller that does not
account for uncertainty bounds around the system parameters; it is an exponential control
barrier function (ECBF) as presented in Section 6.3.1. This is sufficient to keep the nominal
vehicle safe, but not Vehicle #1. When considering uncertainty bounds around the system
parameters and using the robust-ECBF (RECBF) presented in Section 6.3.1, all three systems
remain safe. Figure 6.2a shows the effect of the RECBF on the control action during the
simulation with the nominal vehicle model. The black line represents the controller signal
¢r, and the red line, the maximal value that ¢, could take and still respect Condition (6.37).
When the two lines coincide, it means that the RECBF limits the control action; otherwise,
only the nominal controller k,(x) is in effect. Figures 6.2b—6.2d show the values of § € D
that minimize s(x,d). Most of the time, these values are located at the boundary of D,
which supports the assumption that the rather crude optimization method chosen for this

problem is adequate.

Figures 6.1a and 6.1c show that for some systems, the robust formulation of the safety
controller may hinder the system performance by delaying the completion of the lane change.
This motivates learning the actual system parameters, and hopefully estimating smaller un-
certainty bounds. The system parameters are estimated for the Vehicles #1 and #2 by
collecting data issued from the RECBF runs and then applying the learning method. The
estimations are shown in Table 6.2. The results for the learned-RECBF (LRECBF) are shown
in green in Figure 6.1b and 6.1c. The new parameter bounds for d;, d,, and d3 are updated

as i + 30, where p is the estimated mean and o, the estimated standard deviation.

Figure 6.3 highlights the risk associated with sudden changes in system dynamics. The
figure shows a simulation when the actual system behaves as Vehicle #1, but the RECBF uses
parameter estimates from data collected with Vehicle #2. In practice, this could happen
if the controller learns the vehicle parameters, then the vehicle is unloaded at a stop and
driven to another location, and the controller does not reset the parameter estimates. In
effect, given that the vehicle must perform a lane change to gather the data required to
estimate the parameters, and that this lane change must always be performed safely, the
only solution would be to reset the uncertainty bounds to the initial conservative values

every time the vehicle stops.
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Figure 6.1: Simulation results for the lane-change maneuvers of Example 1.
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Figure 6.2: Details of the RECBF simulation for the nominal vehicle model in

Figure 6.1a.

Table 6.2: Parameter estimation for Example 1.

Vehicle #1 Vehicle #2
Param. | Actual 7 o Actual 7 o
Om 0.80 - - 1.20 - -
o7, 1.15 1.202 0.037 1.05 1.048 0.022
01 0.70  0.706 0.009 | 1.35 1.357 0.005
02 0.60 0.595 0.003 | 1.35 1.351 0.006
03 1.35  1.386 0.073 | 1.35 1.354 0.062

4+

3

El

S 2

1

0

1 2

3 4

Time [s]

5

Figure 6.3: Lane-change maneuver with Vehicle #1 using parameters identified
from data obtained with Vehicle #2.
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Figure 6.4: Problem setup for Example 2.

6.5 Example 2: vehicle longitudinal control

The second example problem is controlling the trailing vehicle in a two-vehicle platoon,
as pictured in Figure 6.4. It is assumed that there is no communication between the two
vehicles, and that the leading vehicle operates independently of the trailing vehicle. The
trailing vehicle can measure its own speed vq, the distance d between the two vehicles, and
the road grade a. Recall from Section 4.2.1 that the aerodynamic drag on the trailing vehicle
reduces when d reduces. Therefore, the control objective is to minimize the distance between

the two vehicles, without ever risking a collision.

6.5.1 System model and safety condition

The states are x = [v,v9,d] ", the only control action u = [u] is either a tractive force or
a braking force on the second vehicle, and the disturbances are v = [a;,a]". Following the

model of Equation (4.3), the dynamics for the actual system are

Uq 0 0 1 0
a
Uy | = —ﬁpvgafcd(d) —gey | + % u+ [0 —g [ 1] , (6.45)
) a
d V1 — U2 0 0 0

where

ca(d) = cqo (1 — CQCJL d> : (4.2)
In this model, a; represents the acceleration of the leading vehicle. Full state measurement
is assumed for this problem. The actual vehicle parameters are not exactly known, but
they are assumed to be centered around nominal values as shown in Table 6.3. The actual
vehicle exhibits a behavior where cq(d) decreases when d decreases, as per Equation (4.2) and
Figure 4.2b, with the ¢; and ¢y parameters of Table 6.3. However, for the system model used
in the computation of the nominal and safety controllers, this effect is neglected. Instead, it
is assumed that

Cq = Cqo- (646)
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Table 6.3: Uncertain parameters for Example 2.

Parameter  Nominal Actual Range Unit
m 6500 5000 [4500, 8500] kg
agcqo 4.9 4.2 (3.4, 5.6] m?
c1 - 10 - m
Co - 32 - m
C 0.006 0.007  [0.005, 0.007] -
Disturbance Nominal Actual Range Unit
ap 0 - [-9, 2] m/s?
a 0 - [-0.06, 0.06]  rad

This assumption is compensated by considering a larger uncertainty on the a¢cqy parameter

of Table 6.3. Finally, the tractive force is also bound by a maximal power of p.. = 250 kW.

The safety condition is based in part on the notion of a safe distance d,,;,. This distance
represents the initial distance d such that, if both vehicles come to a full stop with their
respective maximum deceleration rate, the final distance d is zero. This distance d,;, is a
function of the vehicle speeds, as well as the maximum deceleration rate for the first ay (o)
and second ag o(m, ) vehicles. It is assumed that the leading vehicle is capable of exploiting
a static friction coefficient of g = 0.9. Moreover, an additional 0.17 m/s? of deceleration due
to aerodynamic drag is considered for this vehicle. It is assumed that the trailing vehicle is
only capable of exploiting a friction coefficient of s = 0.7, and that it is also constrained
by a maximum braking force Fj yax. This force is computed assuming that at maximum
payload, the vehicle has a maximum deceleration rate of only 4 m/s? which is just enough
to comply with the Federal Motor Vehicle Safety Standards [167]. Aerodynamic drag is
neglected for the trailing vehicle, which is a conservative assumption. Figure 6.5 shows how

both the trailing vehicle mass m and the road slope « influence d;,.

—v? v?
Amin (V1, V2, M, @) = 2@2’6(7;,05) 2@1,:(04)’ (6.47)
are(ar) = —ga =9, (6.48)
age(m, ) = —ga — min{ Fy, paxm ™', 0.7g}. (6.49)

Safety is enforced through two control barrier functions, hy(x) and ho(x). The first

ensures that the trailing vehicle stays behind d,,;,, and the second enforces a maximum
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Figure 6.5: Safe distance dmi, as a function of vehicle mass, road grade, and vehicle
speed.

speed Vpax = 32m/s.

hi(x) = d — dwin, (6.50)
ha(X) = Umax — Va, (6.51)

For hi(x), a system 7(x) = [h(x), h1(x)]T is defined. Then a controller K, = [k, ko] is

obtained from pole placement. This results in the following condition on the control action

< mi .
u < 1min s1(x,6), (6.52)
s1(x,0) = m(kl(d — dmin) + k2(v; — o) + ﬁpv%afcdo +g(ce +a) + al), (6.53)
0 = [m, ascqo, ¢, a1, . (6.54)

For hs(x), an extended class Ko function is defined as —ksho(x) where k3 > 0. Using the
condition that hy(x,u) > —ksha(x), ¥ € D, a second condition is obtained for the control

action

< mi .
u < min Sa(x,6), (6.55)
$2(x, 6) = m (k3 (Umax — v2) + 5= pv3ascao + glct + a)), (6.56)
0 = [m, ascqo, ¢, . (6.57)

For both Conditions (6.52) and (6.55), the minimization problem is much simpler than for

Example 1; it can be solved exactly.
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The base controller k,(x) is a combination of feedforward and feedback signals, where

kn(x) = ug + up,(x), (6.58)
ug = —1pul..ascao, (6.59)
ugp(X) = kp(d — dipin)- (6.60)

The speed Vypom = 30m/s is an approximate nominal speed for this problem. k, is a simple

proportional gain.

As with the previous example, online parameter identification is performed according to

the method presented in Section 6.3.3, where

Yin) = — 55 P(V2p)) asca — ge + Sup), (6.61)
Z[n] = V2n) T 9] + W, (6.62)
wpy ~ N(0,0.05%), (6.63)

0 = [m, aca, ] (6.64)

Again, noise is injected into the measurements to obtain a more realistic system identification

problem.

6.5.2 Results and discussion

For this problem, the road profile is taken from a portion of the Fleet DNA Long-Haul Rep-
resentative drive cycle from the National Renewable Energy Laboratory [168]. This defines
the road slope to be used during simulation; it has a minimum grade of -6%. Then, the
v1(t) speed profile is obtained from simulating a vehicle where a PID controller attempts to
track a v; = 30m/s velocity. Finally, the simulation for the trailing vehicle—the problem of

interest—can begin.

For this problem, only the robust formulation of the control barrier functions h;(x) and
ho(x) are implemented. The simulation begins with v, = 29.5m/s and d = 100m. As per
Table 5.1, the initial range for the mass parameter is 4500-8500 kg. This results in a con-
servative behavior, where d,;, ~ 80m for the first section of the simulation, see Figure 6.6.
Using 25s of recorded data, the vehicle parameters are estimated online; the results are
shown in Table 6.4. The resulting variance on the a¢cq and ¢, parameters are too high to ex-

tract useful information. This is caused by the noise level being too high for the parameters
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Figure 6.6: Simulation results for Example 2.

Table 6.4: Parameter estimation for Example 2.

Estimation
Parameter Actual L o Unit
m 5000 5026 57 kg
ascq ~3.83 392 095 m?
C 0.007 0.006 0.011 -

to be identified properly. However, the mass m can be updated to p 4= 30, which effectively
reduces the range of the parameter. In the simulation, this uncertainty bound is updated at

time ¢ = 100 s, which results in a large increase in system performance.

In the simulation, the range for the two disturbances a; and « are not updated. Like-
wise, the functions ay (@) and age(m, ) required to compute dyi, are not updated either.
Figure 6.7 shows a histogram of the recorded a; for the whole duration of the simulation; it
also shows a normal distribution fitted on the data. Given that the d;, and hi(x) safety
conditions are defined based on an extreme event—an emergency braking scenario—and that
the recorded data does not include such a scenario, it would be impossible to safely update
the range of a; from online learning. Similarly, updating the functions a; .(a) and as(m, )

would require the two vehicles to perform one or several brake tests. Finally, the range for
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Figure 6.7: Histogram of the a; disturbance during the simulation of Figure 6.6.

the road slope « is not updated either. This is because even if the vehicle can record the
previous values of «, this gives very little information with regard to the future values. In
this problem, it is insufficient to react to the current and previous levels of the disturbances
a1 and «, as a sudden increase in disturbance could cause a sudden increase in d,;,, for which
the system would be unable to react to, thereby causing the system to suddenly leave the safe
set. For the road slope «, one could think of a map-based solution where, given its current
position on a predefined trajectory, the system could predict the expected disturbance range

for the next 30s or so, which leaves enough time to react to.

6.6 Discussion

The first point in Principle 1 is supported by the results of Example 1. The CBF based on
the nominal model is insufficient to keep Vehicle #1 within state constraints. The results
in [158] suggest that a CBF based on a learned nominal model could keep a uncertain system
safe, as long as the learned model closely matches the actual system behavior. While this
may be the case for some scenarios, this method yields no formal guarantees. In practice,
CBFs include a certain amount of conservatism, which depends on the chosen « function.
In effect, this function influences the rate at which the system is allowed to evolve toward
the set boundary. Therefore, a more conservative CBF may compensate for modeling error.
Moreover, as exemplified by Figure 6.1c, not all model perturbation results in an unsafe
situation. Nevertheless, it remains that a nominal model cannot provide safety guarantees,

even if it is learned from data.

The second point in Principle 1 is trivially supported by the first point: if a safety
condition based on a nominal model can lead the system outside state constraints, then too
small an uncertainty bound can certainly do so.

But perhaps a more interesting discussion concerns learned safety conditions based on
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non-parametric models. Such models are interesting because the shape of the uncertainty
need not be specified in advance, which can lead to a less conservative uncertainty description.
Researchers in [169] use data to construct a point-wise uncertainty set that bounds the
dynamics, which they use in a robust-CBF setting. Several studies use a Gaussian process
(GP) [15,87] as a non-parametric model to both learn (or correct) a nominal model of
the dynamics as well as bound its uncertainty [100, 161, 170-172]. In effect, GP models
provide a probability distribution as state prediction. This distribution can be used to
bound the uncertainty on the dynamics [173]. Despite being a non-parametric model, the
distribution obtained from a GP is still dependent on its hyper-parameters, namely the
type of kernel function and its chosen parameters. Thus, such hyper-parameters are often
optimized through maximum likelihood estimation, see [100,161], much like the parameter
estimation presented in this chapter.

Safety conditions based on non-parametric models require special care when first initial-
ized, given that no data is yet collected, thus no safety condition can be computed. One
approach is to initially use a nominal model, but restrict the initial safe set to a smaller
subset than the entire state constraints [161,172]. In [161] for instance, the initial safe set is
computed though HJR with assumed conservative bounds on the disturbance. As data gets
collected, it is then possible to use the robust safety condition and to iteratively increase the
size of the safe set. Therefore, approaches based on non-parametric models can still meet the
condition of Point 2 in Principle 1, but additional assumptions are required for the method’s

initialization.

The third point in Principle 1 is supported by both Examples 1 and 2. In Example 1, the
system could become unsafe if the actual dynamics suddenly shift outside the set covered by
the estimated uncertainty. In Example 2, the system could become unsafe due to an adver-
sarial disturbance not covered by the estimated uncertainty. These are particularly difficult
situations to account for, and they share the same root cause: the data previously collected
does not sufficiently describe the future behavior of the system. In Sections 6.4 and 6.5,
example solutions were proposed for this type of problem. For uncertainty sources that are
assumed to remain mostly constant for periods of time, but that are still expected to vary—
e.g., the dynamics in Example 1-—the controller should predict when a significant change
may occur, and reset the corresponding uncertainty bounds to more conservative values.
For uncertainty sources that represent rare and extreme events—e.g., the a; disturbance
in Example 2—the controller should never attempt to learn the corresponding uncertainty
parameters.

The change prediction and adaptation mechanism proposed for Example 1 is simple: the
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controller resets the uncertainty bounds every time the vehicle stops. Moreover, the controller
does not need to continually update the uncertainty parameters as the dynamics are assumed
to remain constant when the vehicle operates. For some systems, however, the dynamics
could evolve continually, or the sudden change in dynamics could be impossible to predict in
advance. These scenarios require a more sophisticated adaptation law if machine learning is
to be used to define the safety condition. In [161], researchers propose to constantly evaluate
the validity of the learned uncertainty bounds. When the learned model is deemed invalid,
a pre-computed safety action is applied, the uncertainty bounds are reevaluated, and finally
the updated safe controller comes back online and resumes normal operation. In [160], the
controller constantly identifies the dynamics with set membership identification, and updates
the uncertainty parameters accordingly. However, using one of these adaptive methods to
guarantee safety in the face of a possibly changing dynamics still requires to make additional
assumptions, notably on the magnitude and the rate of these possible changes. Certainly

not every scenario is recoverable.



Conclusion

This research concerns the control of uncertain dynamical systems using machine learning.
It concentrates on the control of electric and autonomous vehicles. The research questions
motivating the thesis are

1. Can machine learning control accelerate the development of electric drivetrains?

2. Can machine learning control preserve safety guarantees for vehicular control?
This conclusion summarizes the results and contributions presented in the thesis, suggests

answers to the research questions, and suggests future work based on the remaining ambi-

guity.

Results and contributions

In Chapter 1, a novel transmission design is presented. The transmission offers three gear
ratios and a possibility of uninterrupted gearshifts, while containing only two friction brakes.
The use of locking mechanisms also allows to deactivate the braking elements between the
gearshifts and save energy. A reduced-scale prototype of this transmission was designed and

built. The prototype was used as an experimental test bench for the research of Chapter 3.

Chapter 2 provides theorems for the fundamental limitations to uninterrupted gearshifts
that are associated with motor saturation. These theorems can be used during the concep-
tual design phase of a new electric drivetrain, which can help engineers to choose between
transmission architectures. The theorems also help guiding the development of gearshift
controllers by restricting the gearshift trajectories. This is especially useful for guiding a

learning algorithm, as the algorithm does not spend time exploring known bad trajectories.

Chapter 3 presents a method to learn a gearshift controller from gearshift trials on a
transmission test bench. The typical approach in industry uses a statistical method called
design of experiments, which requires thousands of gearshift trials. The proposed learning

algorithm converged to a tuned controller in about four trials. The method was able to
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improve gearshift performance by tuning the parameters of both a feedback controller and
feedforward signals. The method is implemented using automatic gradients, which means
that it can easily be adapted to different controllers. In an engineering context, this can fos-
ter the exploration of many more controller types and parametrization, thereby accelerating

the development of a multi-speed transmission for an electric vehicle.

Chapter 4 presents models for the longitudinal and lateral dynamics of road vehicles,
along with simplifying assumptions that make the models better suited for controller design.

These models are used in the example problems of Chapters 5 and 6.

Chapter 5 presents a new algorithm to tune a linear controller from a learned model of
arbitrary type, while preserving guarantees of robust stability. This is especially interesting
given that modern machine learning typically employs nonlinear models; this allows to fully
harness the predictive capabilities of machine learning. The proposed approach was used to
tune a controller for autonomous vehicle maneuvers, namely a lane change with concurrent
vehicle acceleration. The approach improved the trajectory tracking performance compared
to Heo loop shaping. The controller also remained stable when the vehicle dynamics was

altered, thereby demonstrating the robustness of the approach.

Chapter 6 introduces the safe uncertainty-learning principle. This principle allows to
quickly evaluate whether a learning algorithm preserves safety guarantees of state constraint
satisfaction. To emphasize the importance of the principle, two vehicular control examples
were presented, where a robust control barrier function was used to maintain the uncertain
dynamical systems within state constraints. It was shown that when the proposed principle

is not respected, the safety guarantees are lost.

Research findings

Learning for control can indeed accelerate the development of electric drivetrains. In this
work, this was directly demonstrated by learning a gearshift controller, but it should also
hold true for other drivetrain-related control tasks such as anti-jerk controllers [174-176]. For
such applications, it is recommended to use efficient models to learn the uncertain system
dynamics. In effect, the need to perform physical measurements limits the data collection
rate. In this work, Gaussian processes were shown to be good candidates. Also, if reinforce-
ment learning is to be used, it is recommended to choose a model-based approach. This

allows to reduce the number of interactions with the physical world because the controller
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is iterated in a simulated environment. The model-based reinforcement learning approach

used in this work was able to learn a gearshift controller with very little information.

Depending on the application, it may not be productive to randomly initialize controller
parameters. In this work, the gearshift controller was initialized such that the first gearshift
trial actually completed. This way, the first instance of data collection was relevant. This
would likely not have been the case for a randomly initialized controller. In effect, the non-
linearities present in multi-speed transmissions restrict the set of dynamical trajectories the
system should follow. It is important to properly define the set of interesting trajectories so
that the learning algorithm does not spend time exploring bad ones. Sometimes, this can be

achieved by formulating theorems such as those of Chapter 2.

It can also be faster to learn the difference between a nominal model and the real system
dynamics, instead of learning the entire system dynamics. For the control of engineered
system, there should always be a nominal model. In this work, Gaussian processes were
shown to be a good model type to do so. Because they are a non-parametric model, they do
not require the assumption of a specific form of uncertainty, which is convenient to capture

the unknown discrepancy between a nominal model and the actual system dynamics.

The use of automatic differentiation is also recommended. It allows to quickly iterate on
the formulation of the control law. However, automatic gradients can be cumbersome to pro-
gram, and great care should be taken to ensure the validity of the code. It is recommended to

also derive some gradients analytically and compare the results with the automatic method.

It is possible to preserve safety guarantees while learning to control uncertain dynamics.
To maintain robust stability, it was shown sufficient to combine a robust control framework
with a gradient-based optimization method, as presented in Chapter 5. To generalize on the
proposed method, the idea is to utilize known theorems of control engineering—in our case,
the small-gain theorem—and to adapt learning methods around them. Given the richness of
the control literature, this may be easier than developing new theorems for existing learning

algorithms.

To maintain guarantees of state constraint satisfaction, several methods can be used:
Hamilton-Jacobi reachability analysis, model predictive control, and control barrier func-
tions. When a learning component is incorporated into these methods in an attempt to

reduce modeling uncertainty and improve performance, the safe uncertainty-learning prin-
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ciple of Chapter 6 suggests how to safely vary the uncertainty bounds. It is important to

ensure the validity of the uncertainty bounds.

Both the considerations of Chapters 5 and 6 should be applied to vehicular control. In
effect, the dynamics of vehicles may be uncertain at times, or may be expected to vary.
Thus, machine learning can be employed to reduce this uncertainty, but not at the expense

of safety guarantees.

Future work

It would be interesting to apply the learning method of Chapter 3 to a full-scale transmis-
sion prototype with actual transmission actuators. A more complete vehicle model could be
simulated as well, one with a nonlinear tire model for instance. Perhaps, additional consid-

erations could be learned from this experiment, further refining the method.

The third point in the safe uncertainty-learning principle stipulates that when tightening
uncertainty bounds, challenging adversarial events should be distinctly accounted for. The
examples of Chapter 6 suggest two ways to do so. When the event is a sudden change in dy-
namics that can be predicted in advance, the controller should reset the uncertainty bounds
prior to the change in dynamics. When the event is based on rare and extreme disturbances,
the controller should never try to model the disturbances based on collected data. When the
dynamics are slowly varying however, it should be possible to vary the uncertainty bounds
accordingly and preserve safety guarantees, but there is yet no method to judge when this

approach is acceptable and when it is not. This should be the object of further studies.

Finally, it would be interesting to investigate the safe uncertainty-learning principle in
the context of vehicle trajectory planning. A notoriously difficult problem in this area is
to model the statistical distribution of human agent trajectories [177]. Perhaps the need
to abruptly adjust the desired vehicle trajectory due to an erratic driver behavior could
be treated as a vehicular control problem, and be translated into in additional uncertainty

bounds in the system dynamics.



Appendix A

Introduction to machine learning

The output of a machine learning algorithm is a function f(x) that was learned from
data [178]. The three main categories of learning algorithms are: supervised learning, unsu-

pervised learning, and reinforcement learning.

In supervised learning, the algorithm is given a dataset D composed of outputs yp; and
corresponding inputs x). The algorithm learns a function f that approximate y = f(x)
as closely as possible. The goal of machine learning is to generalize f(x), which means
f(x) would return an appropriate output y when given an unseen input x—an input not
contained in D. Thus, the algorithm must avoid overfitting to the data points in D. A
common approach to verify whether the algorithm overfitted f(x) is to separate D into a
training set and a test set. The function f(x) is learned from the data in the training set, and
it is validated with the data in the test set. If f(x) accurately predicts the outputs y of the
test set, then it is not overfitted. This goal of approximating a model that generalizes well
is what sets machine learning apart from statistics. In statistics, the objective is to describe
a population from sampled data. In machine learning, the predicted outputs y = f(x)
constitute the information of interest, whereas in statistics, it is the properties of the function
f(x) that are of interest.

Supervised learning problems are categorized with respect to the type of output they
approximate. If the output y is a continuous variable, the learning problem is a regression
problem. If y is instead a discrete variable—representing distinct categories for instance—
then the learning problem is a classification problem.

It is commonplace to distinguish between parametric and non-parametric models. Learn-
ing a parametric model consists of tuning its various parameters. A neural network [14] is
an example of a parametric model: the parameters are the weights connecting the nodes.

As the name suggests, a non-parametric model does not contain model parameters. Gaus-
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sian processes [15] are a good example. Every time an output y is to be estimated from
a test input x,, the input x, has to be compared to all the other inputs x contained in
D. Therefore, non-parametric models do not need to be “trained” like parametric models
do. Both parametric and non-parametric models contain hyper-parameters, however. These
are parameters that are not learned during the training process (if applicable), but that
still influence the prediction y. Examples of hyper-parameters for neural networks are the
number of nodes in the hidden layers, and the choice of activation function. Examples of
hyper-parameters for Gaussian processes are the choice of kernel function and its param-
eters. For Gaussian processes, the hyper-parameters are typically tuned to maximize the
likelihood of the observed data—essentially a form of parameter tuning—thereby blurring

the line between parametric and non-parametric approaches.

In unsupervised learning, the algorithm is not given target outputs y; it is only given a
set of inputs x. The goal of unsupervised learning can be to find patterns in the dataset,
or to reduce the dimensionality of the input space by finding a useful projection onto a

lower-dimensional space. Unsupervised learning is not used in this thesis.

Reinforcement learning algorithms use a particular problem setup. They assume that
an agent interacts with an environment. The agent makes observations of the environment,
from which it must takes appropriate actions. The agent is also fed a reward signal as an
indicator of its performance. The goal of reinforcement learning is to learn a function that
maps observations to actions, with the objective of maximizing a cumulative reward [179).

Reinforcement learning and control engineering are very similar. In both fields, the
goal is to obtain an agent (a controller) that behaves optimally in a given environment
by maximizing a reward (minimizing a cost function). Notably, central to both optimal
control and reinforcement learning are Bellman’s Principle of Optimality [180] and dynamic
programming. Perhaps the most important distinction is that in reinforcement learning, the
dynamics of the environment are unknown [95].

Methods in reinforcement learning are typically classified in two categories: model-based
and model-free approaches. In the former, the agent progressively builds an internal model
of the environment (learning), then uses this model to design a control policy (planning). In
the latter, the agent directly learns a control policy from interacting with the environment.

Model-free approaches tend to require many more interactions with the environment [85].

The field of artificial intelligence concerns the design of rational agents that behaves op-

timally in unknown environments [181]. Again, this is very similar to reinforcement learning
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and control theory. Artificial intelligence is more general, however. For instance, not every
intelligent algorithm involves learning. Also, artificial intelligence can handle a more diverse
set of problems than control theory. In effect, control theory is typically applied to dy-
namical systems expressed with differential equations, whereas artificial intelligence can be
applied to other kinds of mathematical models. It is not wrong, but not particularly useful
to see machine learning and control theory as a subset of artificial intelligence. For example,
plenty of learning problems—especially supervised—do not benefit from this notion of an
autonomous agent. Also, control theory is typically taught without the framework of artifi-
cial intelligence. However, the overlaps between the different fields are notable, and should

be exploited. In fact, this is one of the objectives in this thesis.



Appendix B

Equations of motion for a planetary

gearset

This appendix shows how to obtain the dynamical model for a planetary gearset that was
used in this thesis, namely the three equations of motion (1.15)—(1.17), and the kinematic
constraint (1.18). The process begins with a complete system model that considers the four
components of a planetary gearset: the ring gear, the planet carrier, the planet gears, and the
sun gear. This model is obtained from the free-body diagrams of Figure B.1. Then, approx-
imations are made in order to avoid having to consider the motion of the planet gears. This
simplification is convenient for transmission design and gearshift analysis, since the planet

gears never have external torques directly applied to them—it is the planet carrier that does.

For simplicity, this process is done only considering one planet gear. Also, in Figure B.1,
the normal component of the meshing forces are omitted from the free-body diagram, as

they are irrelevant to this analysis.

B.1 Complete system model

For the gearset to mesh and assemble properly, the radius of the various components must

match. This results in two geometric constraints

Ty =1rp+ e, (B.1)
Te = Tg + Tp. (B.2)

In addition, there exist three kinematic constraints. First, the gear mesh does not allow

for slippage at the contact point between meshing gears. There are two contact points to
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planet ring

carrier sun

Figure B.1: Free-body diagrams for the four elements of a planetary gearset.

consider: the contact between the planet gear and the ring gear, and the contact between
the planet gear and the sun gear. Also, the center of the planet gear is fixed with respect to

the carrier body. The resulting three constraints are

Trér = Tcéc + Tpépv (B3>
Tsés - Tcéc - Tpépa (B4)
Tp = Tcé’c.

From the free-body diagrams of Figure B.1, five equations of motion can be obtained.

They are

LO, =T, + 1. F,, (B.6
1.6. =T, —r.F}, (B.7
L6, = T, + rFy, (B.8
Mpip = Fy — F, — F}, (B.9
[pép = —rply +rpF. (B.10

The Equations (B.1)—(B.10) are sufficient to describe the complete motion of the plane-
tary gearset. In the next section, these 10 equations are reduced to a more practical set of

four equations.
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B.2 Reduced system model

To begin, the Equations (B.1) to (B.4) are reduced to obtain the kinematic constraint (1.18)
by eliminating r, 7., and ép. This is a trivial process of variable elimination. For instance,
Equations (B.1) and (B.2) can be combined to obtain and expression for r., where

T+ T

= . B.11
re="1 (B.11)

Also, 70, can be eliminated by combining Equations (B.3) and (B.4), which gives
7.0, + rd, = 2r.0.. (B.12)

Combining (B.11) with (B.12) yields the kinematic constraint (1.18).

rrér + Tsés = (rr + Ts)éc- (118)

Note that no approximation was required to obtain this equation.

Next, Equations (B.6)—(B.10) are reduced to obtain the final equations of motion (1.15)—
(1.17), and eliminate the need for #, and ép. The first step is to isolate F}, in Equation (B.9),

and substitute the expression in Equation (B.7) to obtain
1.6 = T. — re(myip, + F, + F). (B.13)

Taking the time derivative of Equation (B.5), one gets &, = rcéc, which can be substituted
into Equation (B.13) to obtain

(Ie + r2mp)be = Te — re(Fy + FL). (B.14)

By introducing the equivalent inertia I.., = I. + r?m,, Equation (B.14) can be further
simplified into
Ic,eqéc = Tc - Tc(Fr + Fb) (B15)

The Equations (B.7) and (B.9) were effectively reduced into (B.15), and the need for &, was

eliminated. Again, no approximation was required thus far.

The last step is to eliminate ép from the equations of motion. This can be done by

approximating I, = 0. Doing so, Equation (B.10) reduces to F, = F;. A new variable F
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can be introduced to designate both F, and Fj, as they are now approximated as equal.
Using Equations (B.6), (B.15), (B.8), the expression for 7. in Equation (B.11), as well as the

approximation that F' = F, = F}, the final set of equations of motion is obtained, where

L0, =T, +nrF, (1.15)
Legfe = To — 1 F — 1F, (1.16)
1.6, = T, + r,F. (1.17)




Appendix C

Analytical gradients for controller

learning

This appendix provides analytical expressions for the computation of

iy le(xm)]; (3.39)

where 1) is simply K.. This work uses the numerator layout when displaying the Jacobian of
a function. While a few of the results in this appendix can be found in the literature [182],

most are new results that pertain to our specific implementation of PILCO.

C.1 Gradients for the kernel function

The square exponential kernel can be differentiated as follows:

8k(z*, Z[l])

g = —(z — zp) ' A k(2, 7)), (C.1)
0?k(zy, z1)) B -
Tm = —ATNI = (22 — 2q0) (2 — 2) A7k (20, 2q)- (C.2)

This allows to obtain derivatives of the mean and variance functions with respect to a

deterministic test point z,.

L) (Ko © Y] B+ 021 VZIAT (3.26)
Ya(zy CINAT A —
: (9dz<z ) - 2(Kz*z O] Kz*z<Kzz + 0-521) 1)Z*TA 17 (C3>

*
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where Z, = [Z. — 2p), ..., 2. — 2], and © represents an element-wise product. The second
derivative of the mean function can also be obtained. The index notation is used since a

third order tensor needs to be introduced.

02 114(2 _
TUA) (DL © (o 021y ) (4)
where (Z)ix = —A"HI — (2. — 2) (2 — 21,) | A7Y). (C.5)

C.2 Gradients for the state distribution

The equations for the state transition are reproduced below:

piy = (Aa — BaKo)pjy—qy + pe(pfi—y)) + Ba(Qp—1) + KeXp—1)) + to, (3.31)
% = (Aq — BaKo)S% 1 (Aq — BaK.)" + Se(zp—1), (3.32)

where x € RP and u € R¥.

The first gradient for the state distribution of Equations (3.41)—(3.42) is

ows Ope(p?_y) opf,
MU gy = a2 Wion) Oy ()
Oy Ouf,_yy  OBGy)
where
aMl( Ky 1])
opf,
a,uf<ﬂ'[zt—1]> - [:t ! (C.7)
auz_ - : . ) :
i aMD(#[t—1])
Onfi_y
Opf_y) _ Ip«p (C.8)
aN’f)cf—l] __Kc
The next term in Equation (3.41) is trivial:
o
[t]
0 C.9
o (©9)

[t—1]
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Next, there is

ot Ope(pf,_y) Omf,_
[t _ x T [t-1] [t—1]
— = (By)ii (Xiq — p + , C.10
BT (Ba)ij (X—1) Ky 1])k 8u[zt71] B, ( )
opfy_y) _ OpxpxF (C.11)
o (Ipsr)ij(Xp—1) — Hﬁ_u);
Next, there is
0% _ 0%k(zp-y) (C.12)

Oy Omfy

(azf(i[t—l])> :<32i<i[t—u)> 7 (C.13)
Omfy 5 o) 151

OXg(zp—yy) 0 <Zd(l-lfz " ((‘ﬂbd(lllﬁ_l]) sz 3/Ld(ﬂﬁ_1])T)> 8/L[zt_1]

X - z -1 z -1 z x ’
Omfy_yy  OMfy . opf_y TN owry Omfy_y)
0
(C.14)
o(0) Opa(pf_yy) _,  OPmalpf_y)
a Z :2 a Z [tfl} 8 Z ) . (Cl5)
Ky Ky M
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Next, there is

)% 22
aEx[t] = (Aq — BaK.)ix(Aq — BaK.)ji + # ; (C.16)
[t—1] igkl o=l
0%e(z—1) \ [ O%i(Zj—1))
( ) =\ Tom) (C.17)
iijk 1jk1
0%a(zy—y) _ 9(0) 9%y (C.18)
X% 82@ 1 OX5 )
o0) _ [ Omalpf- D) Opta(Kiy) (C.19)
@Ezt 1) all't_l] 8y’[zt—l] 7
0% |(Ipxp)aIpxp)ii (Ipxp)ix(Ee)ji (C.20)
Finally, there is
82x a 82 (Z — )
a N £(Z—1]
= 50 (SAd _ Bch)z[t;1]<Ad — Bch)T) + oo (C.21)
5
20
% = - ((]DXD)zk(Z[t 1]) ) imkl (Ad - BdKC)jm
+ ((Ag — B4K.) ﬁl])im(([DXD)jk(]DXD)il>mjkl)ijkl((Bd)ik(]DxD)jl)kla
(C.22)
O%a(zy ) _ O%alpf ) RUE) (C.23)
o o 0% |
OZa(Wfiy) _ OZa(pfiy) MGy (C.24)
87# al,l,ﬁil] 0¢ ) .
00) _ 90) Imfy  9(O) 9%y (C.25)
oY our_, O o OXE ., O
az[zt_l} _ OpxpxFxD (]FXF>]"€<E}[;—1])N (026)
% | Urer)a( Sy A |

A= (([FXF)ik(EEfI])lj)imkl(KC)jm (K E[t 1]) ((IFXF)jk(IDXD>il)mij'
(C.27)
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C.3 Gradients for the cost function

The derivatives of the expected cost with respect to the state distribution are

OEx, lc(x _ \T&
[][ ( [])] _ (1 _Ex[t] [C(X[t]ﬂ)(ﬂfﬁ] _ X[t]) S, (C.28)

OBy, [c(xp . ~ o L o
B[Z)E H)] = 5(1 — ]Ex[t] [C(X[t])]) (S - ((l’l'[t] - X[t])(/“l’[t} - X[t]) )kl(SikSﬂ)lkij>' (029)



Appendix D

Partial derivatives for the lateral

dynamics

This appendix lists the non-zero partial derivative for the nonlinear equations of the lateral

dynamics, namely
[ .
= (Frx + Fp — < ¢’ M) - %PiQ&de) + 9y, (4.17)

e
:%(Ff:c¢+cr(

) (¢ - wlf; y)) — i, (4.18)
—1 (folfqb < ) s (gb - Wf; y)) , (4.19)

= (4.20)
The partial derivatives for & are

ox cfgzﬁ(zblf + y) px'afcd
e — D.1
oz ma? m (D-1)
o . qub

o _ald (D3)
o, mx
i 20 (Pl + )
o D4
1)) m + mx (D-4)
0% 0 1

OF, OF, m’ (D-5)
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For v,

For @Z},

And finally, for Y,

i _ (a4 )y + (=l + cflf)@ﬁ B

i ma? ¥,
ay _ (Cr + Cf)
ay  mi
8y Crlf — Cflf .
o= s Y
0y  Fip +ct
9  m
% _ o
oF,, m

O (—ad + erle)j + (a2 + ool

0% 1,32 ’

8_12} o (Crlr - Cflf)
oy Li

a¢ (Crlf + Cfltg)
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3_& ~ Frile + cle
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