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Abstract
We examine the problem of finding the exact distributions of linear functions of k£ inde-
pendent generalized gamma variables, X, X,,... . X;. Special cases of generalized gamma

distributions include the exponential, gamma and Weibull distributions. A linear function
of such variables is often a quantity of interest in the analysis of survival data. reliability
of certain systems and stochastic processes and hence we present this problem in the con-
text of life testing. The exact distributions of these linear functions are needed to compute
survival functions, hazard functions and other important functions in practical problems.
Stacy (1962) obtained some exact results involving generalized gamma variables and Huzur-
bazar and Huzurbazar (1999) used saddlepoint approximations where the input variables are
gamma or Weibull. We examine this problem where the k£ independent real scalar random
variables, X, X, ... . Xk, are of gamma type with general parameters. For this case, various
exact distributions are obtained and it is shown that most of these representations are easily
computable. These exact results are compared with the usual saddlepoint approximations.
We also examine numerically inverting the Laplace transform in this context, showing that it
is one of the most efficient and accurate ways of estimating the exact distribution for certain
cases. Results of this thesis are being published and presented in co-authorship with A.M.
Mathai in Koulis and Mathai (2000).

Résumé
Nous étudions le probleme de determination exacte de la loi de distribution d'une fonction
linéaire de k variables aléatoires indépendantes, X,. Xa.... . Xk, de type gamma généralisé.

Des cas particuliers de distributions de type gamma généralisé sont la distribution exponen-
tielle, gamma et Weibull. Une fonction linéaire de ces variables est souvent une quantité im-
portante dans l'analyse de processus stochastiques. la fiabilité d'un systéme ou dans I’analyse
de la survie et donc nous présentons ce probleme dans le contexte de l'analyse de données de
faillite. La distribution exacte de ces fonctions linéaires est nécessaire pour calculer la fonc-
tion de survie, la fonction de risque et d’autres fonctions importantes. Stacy (1962) a obtenu
quelques résultats éxacts et Huzurbazar and Huzurbazar (1999) ont utilisés des approxima-
tions de type “point de selle” (saddlepoint) pour des variables gamma ou Weibull. Nous
étudions ce probléme ou les k variables aléatoires, X. Xs.... . Xi. sont de type gamma avec
des parametres généraux. Dans ce cas, quelques distributions exactes sont obtenues et c’est
montré que ces représentations sont facilement calculées. Les resultats exacts sont comparés
avec |'approximation de type “point de selle”. Nous étudions aussi l'inversion numerique
de la transforme de Laplace. montrant que cette méthode est une facon efficace d’estimer
la distribution exacte pour certains cas. Quelques résultats de cette thése seront publiés et
présentés en collaboration avec A. M. Mathai dans Koulis and Mathai (2000).
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Chapter 1

Preliminaries

1.1 Introduction

Often in industry, a manufacturer wishes to have some information about the items it pro-
duces. One of the prevalent themes in the computer industry is determining whether or not
a producer’s computer chip is reliable. In situations where such delicate equipment fails to
work once in a while, a measure of frequency of failure is often needed. Another situation
may involve the study of an assembly line with many stages where one may wish to know
how long it takes to produce an item. In medicine, researchers wish to answer questions
relating to the survival of patients afflicted with potentially deadly diseases. One way to
obtain this information is by constructing life testing experiments designed to measure the
‘lifetime’ of a product or patient subjected to tests.

The anal&sis of life testing has its origins in the study of population life tables. Recently,
methods have been developed to study diseases such as AIDS and cancer and to examine

various problems in engineering and industry. In general, one wishes to study subjects or



groups of subjects each of whom have a predefined ‘failure’ time. For example, light bulbs
may be examined, each of which have a failure time defined to be the waiting time until
burn out or the subjects can be patients in a clinical trial where the failure time is defined
as the time in months from the beginning of the trial until death due to heart failure.

The difficulty in studying this kind of data arises when considering censored data. Often
in life testing experiments, subjects are still ‘alive’ at the time the experiment terminates.
Because of the context, this censored data is often called survival data, failure time data or
lifetime data.

Two fields concerned with the analysis of life testing are survival analysis and reliability.
Survival analysis is mainly concerned with the probability of failure-free operation of an item
in an interval [ty, ¢y + t) given that the item is still ‘alive’ at time ¢y. Reliability is concerned
with a quantitative measurement of the reliability of an item, usually in terms of average
lifetime. Survival analysis is often used in medicine and biology and reliability usually deals
with problems in engineering and industry. Even though the two fields deal with different

real world problems, they can both be studied through life testing.

1.2 Failure Time

Before we begin discussing the analysis of failure time data, it is essential that we define
precisely what is meant by failure time of a subject. In order to do so, we need to define a
clear time of origin, a scale for measuring the passage of time and what is meant by a failure
event. The waiting time between the time of origin and the failure event is often referred to

as the failure time or survival time.



1.2.1 Time of Origin

The time of origin is defined according to the life testing problem at hand. If one is studying
the engine failure of automobiles, then a natural measure of reliability or failure is mileage
of the vehicle. The time of origin here is at 0 km. If we consider prostate cancer patients
in a clinical trial then the time of origin can be chosen to be at the time of diagnosis of the
disease. In this case, it would be appropriate to take the exact time of onset of the disease
as the time of origin, but this is not always possible. Note that the time of origin may not
be necessarily at the same calendar date for each subject. Two patients may be diagnosed
at different times in a year, however their time of origin is defined in the same way.

When considering the time of origin, it is essential to assign a measuring scale for the
passage of time. For the survival of patients in a clinical trial, time is measured in months
or years. In industrial problems, other types of information can be used to indicate the
passage of time, such as mileage for engines, arnount of load for springs or distance traveled

for particles.

1.2.2 Failure Event

Measurement of data for a subject in life testing ends with a failure event. In medical fields,
a failure event is often defined as death or as death due to a specific cause. A failure event
may or may not be arbitrary, depending on the problem. For instance, when testing the
reliability of a washing machine, a choice for the failure event may be the instant at which
the performance of the machine falls bellow a predefined level, whereas when testing the

reliability of a lightbulb the failure event is defined as the instant at which the light bulb



burns out.

1.3 Life Testing and Related Functions

In life testing, the failure time of a subject can be represented by a non-negative random
variable, X say, with a probability density function (pdf) f(z), a cumulative probability
density function (cdf) F(z) and a moment generating function (mgf) Mx(t), if it exists.
The distribution of X is referred to as the life testing model and will be the main concern in
our discussion. The probability that a subject survives beyond a time z is called the survival
function in survival analysis and the reliability at time z in reliability. It is denoted by
S(z)= P(X>z)= 1-F(z). (1.1.1)
Throughout the text, we will refer to (1.1.1) as the survival function. Note that in life
testing, it is usually the convention to define the survival function as in (1.1.1) rather than
S(z) = P(X > z). For continuous random variables either definition will work, but for the
discrete case, results vary slightly.
The probability that a subject is failure-free in [z, z + h) given that it has survived until

z is given by

P(z<X<z+h) F(z+h)-F(z)
P(X>1z) - 1 - F(x) )

Assume that X is a continuous random variable. The instantaneous failure rate at time

(1.1.2)

z conditional upon survival to time z is called the hazard function and is given by

F(z +h) - F(z)
ns0 k[l — F(z)]
f(z)
1- F(z)
/@)
S(z) °

h(z) =

(1.1.3)

4



The hazard function k(z) is often called the force of mortality in actuarial science. In most

areas of application it is called the failure rate. The hazard function is said to be increasing

if for any z, < z, we have h(z,) < h(z,). Analogously, the hazard function is said to be

decreasing if h(z,) > h(z;). For continuous distributions, we have that

F(z) = j [t , fz)= F(z) and f(z) = -+ S(a)
0

and so (1.1.3) can be rewritten as

d
~L.5(z)
Mo) =~ = - loglS@)]

Since S(0) = 1, integration of the above equality yields,

S(z) = exp{—/h(t)dt-i-log[S(O)]} = exp{—[h(t)dt} .
0

0
The integral found in (1.1.5)

H(z) = / h(t)dt
0
is called the integrated hazard. Upon differentiation of S(z) in (1.1.5), we have
f(z) = h(z)exp {—H(z)} .
The mean residual life time of a subject with failure timme X is defined as

m(t) = E(X —t|X >1)

= /(x-t)g% T

(1.1.4)

(1.1.5)

(1.1.6)

(1.1.7)

(1.1.8)

Given that m(0) = E (X), the mean residual life time can be looked at as a generalization

of the mean failure time. Note that, (1.1.8) can be rewritten as

m(t)= E(X|X >¢t)—t,

(1.1.9)



so that a possible interpretation of m(t) is that it is the average amount of unused “life time”

of a subject at time ¢. Using integration by parts with u = z —¢ and dv = f(z)dz, we obtain

(s ]

m(t) = f g—%)dz . (1.1.10)

The form of the mean residual life time in (1.1.10) gives another representation for the mean

failure time by substituting ¢ = 0. The representation is

E(X)=m(0) = /S(:r)dz . (1.1.11)
0
If X is discrete, then some modifications of the above definitions are necessary. If X takes

on values 7, < z, < 3 < --- then the pdf of X is defined as
f(z;)=P(X=1z;) fori=1,23,--

The cdf and survival function of X are

Fl¢)= Y flz;) and S(@)= 1-F(z)= Y f(z;),

j:zj<z Jizj2

respectively. For discrete distributions, the hazard at z; is defined to be the conditional

probability of failure at z; and we write

- f(z;)
h(z:,-) = ITF-T(-I_,) . (11.12)
Note that
S(zi) = 1-F(z:)= f(z:) + f(zix)) +---  and
N o— 1 f(zi) — S(Zi+1)
PTRE) = e e T S@)
Given that S(z,) = 1, we have by recursion
S(z) = JJ(-h(z)) and (1.1.13)
fz) = ) [[(-h) - (111
1=l

6




To be consistent with (1.1.3), the convention is to define the integrated hazard as

H(z) = 'Z log (1 — h(z;)) (1.1.13)
so that
S(z) = exp[—H(z)] . (1.1.16)

Example 1. Assume that a system has the following reliability (survival) function:

exp (—2z - 5z2) forz >0
S(I) = (1.1.17)

1 elsewhere.

Differentiation gives the pdf as

2410 -2z — 522%) fi >0
fa) = (2 +10z) exp (—2z — 32%) forz > (1118

0 elsewhere

and the hazard function is

(2+10z) forz >0

h(z) = (1.1.19)
0 elsewhere.
Survrval Density
i 7N
N N
N 2 AN
081 \‘\ 1 \\\
. [£{z) = (2 + 10z) exp (=22 — 52%) |
o8 ‘\ [5(2)= GXP(‘Zt-S.-:i)I 15 \\
Stn) \\ fx) \\
\ , AN
0‘4 \\ \\
AN
\ N
02 \ s \

o 02 04 . 08 08 [ 02 as . cs oa

Figure 1.1: Survival and Density Functions: Example 1




1.4 Censoring

In a life testing experiment, it may not always be possible to obtain a complete sample
of data, since this may take a long time. In industrial reliability, an experiment may be
terminated after a certain time to minimize costs that increase with time. Also, subjects
may fail due to reasons other than the failure event. For example, a patient in a clinical trial
may die in a car accident. This means that some subjects may have incomplete information
and such data are called time-censored. Generally speaking, censoring occurs when exact
lifetimes are known for only a portion of the subjects in a life testing experiment. Because
censoring gives partial information about the life of the subject in an experiment, it must
be recorded and included in any analysis. Censoring, however, represents a problem in the
analysis of life time data.

A subject is right censored at a time c if it is known only that its failure time, X, is
greater or equal to c. Similarly, a subject is left censored at time c if its failure time, X, is
less than or equal to c. Both right and left censoring are special cases of interval censoring
where the failure time is observed to lie in an interval. Left and interval censoring are not
as common as right censoring, and so we will restrict our discussion of life testing to right
censoring.

The censoring time of a subject in a life testing experiment is defined to be the waiting
time from the time of origin until the subject is censored. Like failure time, censoring time
can be represented by a positive random variable, C, say. Even if a subject fails before the
experiment is terminated, it has an inherent unobserved censoring time. In a similar fashion,

if a subject is censored, then it is assumed that it has an unobserved failure time, represented



by a positive random variable X.

If a life testing experiment contains n subjects, then the data observed consist of wait-
ing times, y1,¥2,%3," " ,Yn, Where y; = min(z;,¢;), i = 1,---,n, along with an indicator
function, 4;, where

1 ifz; <¢
% =

0, ifz; >¢

and z; and c; are the actual failure and censoring times of subject 7. If for some i, §; = 1
then the failure time of subject i was observed and y; = z;. If §; = 0 then the subject i was
censored and y; = ¢;.

Before we include censoring in our discussion, it is important to describe some specific

censoring mechanisms.

1.4.1 Type I Censoring

A type I censored sample is one in which the censoring time for all subjects is predetermined
and identical. In other words, we have ¢; = c Vi, i = 1,2,--- ,n. In real life, this type of
censoring may be considered to save time and money since a full sample may take too long
to obtain. Data obtained from such a life testing experiment is often called time-censored
data. Figure 1.2 shows an example of type I censoring with ¢ = 6.

If n subjects start operation at different time points in an interval [0,c], and the life
testing experiment is terminated at time c, then data obtained is called multiply censored

data. An example of multiple censoring is displayed in figure 1.3 with ¢ = 6.
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Figure 1.3: Multiple Censoring : ¢ = 6; Triangle: Censor, Diamond: Failure

1.4.2 Type II Censoring

A type II censored sample is one in which only the r smallest failure times are observed
in a life testing experiment of n subjecis, with 1 < r < n. This means that the life
testing experiment terminates at the rth failure. the data consists of the ordered sample
y) < Y@) < -+ < Yy and Yr) = Yr41) = - - = Y(n). Data obtained from type II censoring
is also referred to as failure-censored data. This type of censoring is often considered when

testing high cost items such as microchips. Figure 1.4 shows an example of type II censoring

with r = 6.

10
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Lawless (1982) also considers a more general type II censoring mechanism called progres-
sive type II censoring. This involves the removal of n, subjects of a sample of size n, n, < n,
after r; of them have failed, so that n — n, — r| items are now remaining. The process is
then repeated by removing n, items after r; of the remaining n — n, — r, have failed, and so

on.

Most of the analysis concerning type II censoring can be done using order statistics as

will be seen in chapter 2.

1.4.3 Random and Independent Censoring

In real life situations, censoring times are often random variables. A random censoring
process is one in which subjects have a failure time X, and a censoring time C, with X and
C independent variables with survival functions S(z) and G(z) respectively. Type I censoring
is a special case of random censoring. There is a weaker form of independence between the
survival times and the censoring times, which, if satisfied by a life testing model, is sufficient

for the establishment of most of the asymptotic results discussed in chapter 2. This weaker

11



form is called independent censoring (not to be confused with the independence of X and
C in random censoring). Let H(z) be the history of a subject up to time z. The history
may contain failure times and censoring times for all the subjects in a life testing model and

even covariate information in the case of a regression model. We say we have independent

censoring if
P(z< X <z+dz|H(z), X2z)= P(z< X <z+dz|X > 1) .

This means that independent censoring allows for censoring to depend on mechanisms ex-
ternal to the failure process. Note that random censoring is a special case of independent
censoring. Note also, that in type II censoring, we do not have random censoring but we do

have independent censoring.

1.5 Bibliographic Notes

There are numerous books available presenting life testing through various levels of mathe-
matical and statistical sophistication. Books close to the spirit of our subject include Cox
and Oakes (1984), Crowder, Kimber, Smith, and Sweeting (1991), Miller (1981), Sinha
(1986) and Zacks (1992). Kalbfleisch and Prentice (1980) and Fleming and Harrington
(1991) are more advanced texts, but provide more insight into the field. Also, there are
many journals such as IEEE Transactions on Reliability which deals with issues in relia-
bility in engineering. Useful sources for searching for articles in journals are the on-line
databases MathSciNet (http://www.ams.org/mathscinet/) and Zentralblatt MATH Database

(http://www.springer-ny.com/ZMATH/).
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Chapter 2

Distributions and Techniques

2.1 Introduction

Now that we’ve discussed the nature of failure time data, we proceed to the discussion of its
modeling and analysis. With any statistical inference based on the life testing experiment
and the data acquired, one usually assumes that the data drawn is from a population with
an underlying distribution function, F'(z), say. Before starting a life testing experiment,
it is often necessary to make some assumptions about the underlying pdf, f(z), or cdf,
F(z), of the population. These assumptions lead to different models for life data and such
characterizations are discussed in detail in Kagan, Linnik, and Rao (1973), Galambos and
Kotz (1978) and Mathai and Pederzoli (1977).

In this chapter we introduce the reader to elementary and complex statistical models and
parameter estimation with and without censoring, as well as non-parametric results such as
the product-limit estimator for the survival function. The likelihood function for different

censoring mechanisms is also discussed.
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2.2 Elementary Models

Given that failure time is defined to be a positive random variable, it is natural to begin with
a certain class of distributions. It is evident that the most common distribution in applied
statistics, the normal distribution, will not be particularly effective for explaining life data.
From a stochastic point of view, it makes sense to describe life data with the exponential
distribution in mind. Even though the exponential model is quite limited for life testing
experiments, it leads to generalizations such as the gamma, Weibull and generalized gamma
distributions which perform very well in applied settings.

In the next subsection, we will discuss briefly properties of these elementary models. We

begin with the simplest life testing model.

2.2.1 Exponential Model

If we begin with the assumption that a population has a constant hazard rate

L ifz>0,0>0
h(z) ={ A (2.2.1)
0 ifz<0

then from (1.1.3) we have that the survival function is

T

1
exp|—— fdt] = exp(—z/A) forz >0
S(z) = (*/ )

0 (2.2.2)
1 elsewhere.
Application of (1.1.7) gives the density of X as
lexp(—z:/z\) forz>0,A>0
fiz)=¢ A (2.2.3)

0 elsewhere.

14



The pdf in (2.2.3) is the exponential density function with parameter A. The moment

generating function (mgf) of the exponential distribution is

Mx(t) = fort <1/A. (2.2.4)

1
1- At
The exponential model is a natural distribution in life testing, and is a special case of the
Weibull and gamma distributions as will be seen shortly. It is also the simplest model in life
testing and, hence, one of the most exploited distributions. The constant hazard assumption

implies that the exponential model is well suited for populations where there is no wearing

or aging. This is referred to as the “no memory property” and can be expressed as
P(X>z+t|X>z)= P(X >t)= exp(~t/A). (2.2.3)
This means that under the exponential model, future survival of a subject does not depend

on its past. Obviously, this model is poor for explaining life data, since in reality most

objects age in some sense.

Example 2. Putting A to be equal to 1, 2 and 0.3 gives the following survival functions:
Si(z) =exp(—-z) , S(z) =exp(—z/2) and Si(z)=exp(-z/03).
These are shown in figure 2.1. Their corresponding pdf and hazard functions are:

(@) =ep(~2), fi@)=zexp(-z/2), fila)= 55 exp(~2/03),

1

hi(z)=1, hg(z)=é and hyz) = o=

Note that for the exponential model, it is easy to see the relationships between the hazard

function, pdf and survival function (see chapter 1).
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Figure 2.1: Exponential Density and Survival Functions

2.2.2 Gamma Model

A generalization of the exponential model discussed in section 2.2.1 is the gamma model

with two parameters. The density of the gamma distribution is

1 -t
— % ' exp(z/A) forz>0,a>0,A>0
flzy =4 ATl (2.2.6)

0 elsewhere.

The parameters « and A represent the shape parameter and scale parameter, respectively.

An integral representation of the gamma function, I['(z), is given by

o

[(z) = f t*texp(—t)dt, z>0. (2.2.7)
0

For example, I'(3) = 4! and T (%) = /7. Properties of the gamma function are discussed
in detail in Mathai (1993).

Putting o = 1 in (2.2.6) shows that the density of the exponential model given in (2.2.3)
is a special case of the gamma model. The cdf and survival function of X in this model

do not have closed forms and are given in terms of incomplete gamma integrals. They are,
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respectively

v(z,a, A) forz>0,A>0,a>0
F(z) = (2.2.8)

0 elsewhere,
and

1-v(z,a,A) forz>0,A>0,a>0
S(z) = (2.2.9)

1 elsewhere.

The incomplete gamma function ¥(z, a, A) is

— * 1 a-—1 —-
(T, ) = /0 e e (/A A>0,a >0, (2.2.10)

More on the incomplete gamma function can be found in Mathai (1993). The hazard function

of X is given by
1
Ael(a)
h(z) = 1—-v(z,a, )

%! exp (—z/A)

forz>0,A>0,a>0 (2.2.11)

0 elsewhere.

Unlike the cdf, survival function and hazard function for this model, the mgf of X has a
useful closed form:

1

Mx®)= a3

fort < 1/A. (2.2.12)

The choice of parameters can greatly affect the shape of the hazard function. If one puts
a =1 and A =1, then we are considering an exponential model and the hazard is constant.
For a = 2.3 and A = 0.3 the hazard is monotone increasing and for a = 2 and A = 1.3, it
is monotone decreasing. This can be seen in figure 2.2. These choices for the parameters

produce the following density functions:

filz) = exp(~z), faolz) = _()7—:317}55:?5.—71“'333({)(—3/0-3),
fi(z) = szzzexp(~z/13),
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Figure 2.2: Gamma Hazard and Density Functions

2.2.3 Weibull Model

Another generalization of the exponential model is the Weibull model which, like the gamma
model, has two parameters. The pdf of X in this model is
8
é:tﬂ"exp (—E—-) forz>0,8>0,A>0
f@y=4q * A

0 elsewhere.

(2.2.13)

Note that by substituting 8 = 1 in (2.2.13), we obtain the exponential density in (2.2.3).
The Weibull distribution is one of the most common and well suited distributions to model
failure time data. Unlike the gamma distribution, the survival function, cdf and hazard

function have closed forms in this case. They are

y-
exp(-x—) forz>0,A>0,8>0
S(z) = A (2.2.14)
1 elsewhere,
and
ﬁxﬁ-‘ forz>0,1>0,8>0
h(z) =4 A (2.2.15)

0 elsewhere.
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. Unfortunately, the mgf of the Weibull distribution does not have a closed form. The moments

of X are

ul = X/fr (% + 1) forr=1,2,3,--- (2.2.16)

Hazard: Eampie 4 Survvel Exampie 4

B=1 A=0.63

Mzjos

oe

o4

02

e 05 1 15 2 25 3 L] T 3 3 )

Figure 2.3: Weibull Hazard and Survival Functions

Densty Example 4

Hixjos

LX)

o4

02

B=1.5 A=74
0 os 1 15 2 25 3

Figure 2.4: Weibull Density Functions

Example 4. Just as in the exponential model, it is easy to see the relationships between the
pdf, hazard and survival functions in the Weibull model. However, like the gamma model, it

. depends on two parameters which determine the shape of the hazard function. The models
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shown in figures 2.3 and 2.4 are those corresponding to the following pdfs:

xl.S T

=18 es (27 I P
flz) =732 e"p( 7.4) » f(2) = Gz e 0.63) and

T

0.8
fiz) = %:%5_0'2@"1) (-'2—1) .
2.2.4 Generalized Gamma Model

We have seen that the exponential model is a special case for both the gamma and Weibull
models. If we consider an even greater generalization of these models, then we access a
wider, richer family with which to describe life testing data. This generalization is called the

generalized gamma model and it has a density function defined as:

a/B
ﬂ&a z*'exp (-dz°) forz>0,a2>0,8>0,5>0
foy=¢{ T (E) (2.2.17)
0 elsewhere.

Putting 8 = 1 and a = 1 gives the exponential distribution in (2.2.3) with parameter ¢ = }\
With a = 38, we obtain the Weibull density in (2.2.13) with parameters § = % and a. For
B = 1, we obtain the gamma density in (2.2.6) with parameters a and § = % In (2.2.17),
the quantities a and S are referred to as the shape parameters and ¢ is called the scale
parameter. Since the exponential, gamma and Weibull distributions are used often in life
testing, it makes sense to analyze life data through generalized gamma distributions.

The survival function and hazard function for the generalized gamma model can be given

in terms of incomplete gamma integrals. These are:
1 —v(zf,a/B,1/6) forz>0,6>0,a/8>0

S(z) = (2.2.18)
1 elsewhere.
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and
B 62/8z2~! exp (—6zP)

> forz>0,6>0,a/8>0
may={ T(5)a-eta/8,1/6) 2.2.19)

0 elsewhere.

The moment generating function of the generalized gamma, given in Stacy (1962), is equal

Mx(t) = i (&%)r(%—')

=)

defined fort < c,0<c. f =1 thent < 4. However, if 3 < 1,thent <c=0andiff>1

to

(2.2.20)

1
then ¢ = oo. Thus, setting @« = 3 and § = X produces the moment generating function for

the Weibull distribution.

Density: Example 5 Survival Example 5
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Figure 2.5: Generalized Gamma Density and Survival Functions

Example 5. If we put « =3, 3 =1 and § = 2.1 the density is

filz) = '—1312 exp (—2.1z) . (2.2.21)

2
2
Fora=1,8=2and § =1 we get
2
f2(@) = F=exp (%) , (2:2.22)
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and for a = 0.8, 8 = 0.5 and & = 3 the density is

1.6
fa(z) = %z'"‘zexp (—3z%%) . (2.2.23)

These examples are shown in figure 2.5 above.

2.2.5 Extreme Value Model

Another family of distributions worth mentioning is one related to the Weibull family. The
model is called the extreme value distribution and is used to study the properties of the

log-failure time, ¥ = log (X). The pdfof Y is

oy 1 y—4 y—u
(y) = aexp{ > exp( . )} (2.2.24)
for —o0o <y < 00, —00 < u < 00, ¢ > 0. The survival function of Y is
§(y) = exp {—exp (y—;e)} (2.2.25)

for —o0 < y < 00, —00 < u < o0, ¢ > 0. Note that the extreme value distribution
has support on (—o00,00). In life testing, the extreme value distribution often arises as the
distribution of Y = log (X); this is equivalent to the assumption that X has a Weibull

distribution. The relationships between parameters in (2.2.24) and (2.2.13) are

u= —;—log (A) and o= (2.2.26)

To| -~

Example 6. Figure 2.6 shows three examples of extreme value density functions. These

are:

filly) = %m{%-m(%)}
-~ 1 y—2.6 y—2.6
A = grew{5r -ew(L520) ] and

F(y)

exp {y —exp(y)} .
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Using (2.2.26) we find the density function of X = exp (Y). The Weibull densities corre-

sponding to the pdfs above are
0.5 _45 205
fi(z) g.‘.l—/;l' exp (‘“m ;

0.27027 _ 027027
f2(z) z 0.72973 exp (__ )

2.0192 2.0192

f3(z)

zexp(—z) .

Density: Example 6

Figure 2.6: Extreme Value Density Functions

2.2.6 Normal and Log-Normal Models

Here we assume that Y = log (X), where Y is normally distributed. This is equivalent to

assuming that X has a log-normal distribution. The pdf of the normal distribution is

2 1 (y — )’
= — 2227
flo) = o= exp ( 257 ( )
for —oc <y < 00, —00 < u < oc and 62 > 0. The associated pdf for X is
1 (log (z) — p)’*
= - 222
f=) 2ro212 P ( 202 ( 8)
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where £ > 0, —00 < u < o0 and 02 > 0. The survival and hazard functions for X involve
the incomplete normal integral.

Densily: Example 7
|
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151 '\ u=-1 o=2
1
i
“\
_ 1 (log (z) - )’
1 f(z)—mzz:exp( 2l “ )
y ! Y
i
\
\I
‘\
051 \
u=2'6 _u\‘\uzm‘:

05

15 2
X

25
Figure 2.7: Log-Normal Density Functicns

Example 7. In figure 2.7, we show three log-normal density functions. These are:

2
A6 = e (_QL):I),) |

8

_ 1 _(log (z) — 2.6)?
f(2) = 35775 P ( ) d

2(3.7)2
2
fo@) = ;\}_2_?exp(_(IOgéx)) ) |

2.3 Complex Models

In this section, we examine more complex models such as mixture, series, parallel and re-
placement models. Here the complexity of the models is increased to better explain life data
. and real life situations. Each type of model involves k& failure times X, X5,--- , X}

. For
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each failure time Xj;, i = 1,2,--- ,k, there is an associated pdf, cdf, survival function and

hazard function, denoted by fi(z), Fi(z), Si(z) and h;(z), respectively.

2.3.1 Mixture Models

Thus far, we have considered cases where subjects in a life testing experiment come from
the same population. Assume now that we have a mixed population, with k different sub-
populations. Each sub-population, i, has an inherent failure time X;. Let m; be the propor-

k
tion of the ith sub-population with respect to the whole population, so that 5" m; = 1. The

i=l

survival function for the whole population is

k
Sz) = P(X>z)= ): {miP (X; > z)} (2.2.29)
=1

k

= Z{m,S.(J:)} .

i=l

Thus, the pdf of X is given by

k
fz) = Y {mifi(@)} (2.2.30)

i=1
so that the hazard function is
Y (mfi@} Y imii(@)Sia)}
h(z) = = == ) (2.2.31)
SimS@} X {miSi(a)}

The above equality indicates that the failure rate of the whole population is a weighted

average of the failure rates of the sub-populations.

Example 8. Let £ = 4 with m; = 0.05, ma = 0.35, m3 = 0.1 and ms = 0.3 so that

4
S m; = 1. Let the failure times for the 4 populations be generalized gamma variables with

i=l

para.metersa[=l,ﬁ1=1,61=1,a2=2,ﬂg=1,52=0.5,a3=3,63=1,53=2,and
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Figure 2.8: Mixtures Density Function

as = 1.3, B4 =1, §4 = 0.7, respectively. The resulting density

0.05 exp (~z) + (0.55)0.5°z exp (—0.5z) +

15
0.4z exp (—2z) + 0.6 O;;; %% exp (—-0.7z)

f(z) =

is plotted in figure 2.8.

2.3.2 Series Models
Consider a system of k transistors arranged in a series. The failure of any one of these

transistors causes the entire system to fail. This model is known as a series model with
h

k modes, where 2 mode represents a transistor, say. Let X; be the failure time of the it
mode. Assuming that the failure times are mutually independent, there are two scenarios

to consider. If the mode of failure is known, we are in a competing risks model. This is

discussed in more detail in Cox and Oakes (1984)) and Lawless (1982). If the mode of failure
is not known and the failure time of the whole system is X = min (X, X,---, Xk), then

only X is observable. In this situation, the survival function of X can be derived through
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the use of order statistics.

Sz = P(X2z)=P(allX;>1; i=1,2,--- ,k) (2.2.32)
k
= [[Pxi>x)
i=1

k
I‘[ Si(z) .

Also, from (1.1.3), we have the identity S;(z) = exp {— / hi(t)dt}. Substituting this in
0

(2.2.32), we obtain

k z
S(z) = exp {-Z / hi(t)dt} (2.2.33)
Tk
= exp{—/z:hi(t)dt}

The representation of S(z) in (2.2.33) gives the hazard function of X by comparison with
(1.1.5):
k
h(z) = D hi() - (2.2.34)
i=1
Thus the hazard function in a series model is simply the sum of the hazard functions for each
mode. This indicates that the survival or reliability of the system is less than the reliability

of the individual components that make up the series.
Example 9. If we have a series with 3 modes where the failure time for each mode is a
Weibull random variable, X for i = 1,2, 3, with parameters 5, =1, A, =23, 82 =1.7, A2 =

0.5 and 83 = 2, A\; = 1.1, respectively, then the survival function of X = min (X, Xz, Xj3) is

r M 2 A
S(z) = exp (——2_—3 +35 —1_—1) (2.2.35)
and its hazard function is
—_ 1 0.7 2
h(z) = 23 + 3.4z + 115" (2.2.36)
These functions are plotted in figure 2.9.

27




\
os '\‘ ]

\\ 1 2
A Y T — 7 —
va ~ ! / Ma) = g3+ 3457+ 3=
\\
\
\.
02 Ny

2 '

\\ /
\\

o 4

H\ .
N\
\\
\ s
o8 \ _ r 7 2
\\‘ S(z) = exp (—ﬁ-i'ﬁ"l'ﬁ)

Qo 02 cs X} [X] ! 12 T4 16 18 2

Figure 2.9: Series Survival and Hazard Functions

2.3.3 Parallel Models

Consider now a system where k£ components are connected in parallel. Each component
i has a survival function denoted by S;(z). For each survival function S;(z) there is an
associated cdf and pdf denoted by Fi(z) and f;(z), respectively. The system fails when all
of the components fail. This system is called a parallel model and the failure time of the
system is X = max (X, X,---,Xi). Let’s assume that only X is observable and that the
failure times X; are mutually independent. The survival function of X is given in terms of

its cdf.

S(z) = P(X>z)=1-P(X<2z) (2.2.37)

1-P(ll X<z
k

= I—HP(X.' < 1)
i=1

k
1-[[Fiz) .

Differentiation of this equality gives the pdf, f(z), of X

I

k k
f@) =3 1@ [[{R@} - (2:2.38)

J=1 i=1
i#J
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Hence, the hazard is simply the ratio of the pdf and the survival function as defined in

(1.1.3):
k k
> | fi=) [1 {Fi(z)}
Jj=1 i;—;l.
17
h(z) = - . (2.2.39)
1 -1 Fi(=)
i=1
Survival' Examoie 10 04 Oensity Example 10
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Figure 2.10: Parallel Survival and Density Functions
Hazard: Example 10
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Figure 2.11: Parallel Hazard Function

Example 10. Examine a parallel system with three components all having exponential

failure times with parameters A, =1, A\ = 1.7 and A; = 0.4, respectively. Then the survival
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function for the failure time of the system is

T

S(z)=1-(1-¢€7%) (1 - e-ﬁ) (1-e2%) .

and the pdf of the failure time is

I
f@) = e (1_e“f7) (-5

I
Tl7 (1—e=)e 17 (1 - e2%) +

T
25(1—e%) (1 - e"ﬁ) e 25

The survival function and pdf are plotted in figure 2.10.

2.3.4 Replacement Models

In real world applications, it is often necessary to have spare parts available for a crucial
component in a system. One might be interested in evaluating the reliability of a commponent,
given that there are only k spare parts for it. Alternatively, one may wish to know what the
number k should be to attain a certain level of reliability.

Here, we denote the failure time of the first component as X,, and the failure time of
replacement part i as X, i = 2,3,---,k + 1. Also, we assume that the failure times Xj,
t=1,2,-.--,k+ 1, are mutually independent. The failure time for the whole process of
failure and replacement is the sum of all the failure times, X = X, + X2 + - -+ + Xg41-

Depending on the type of model for each Xj;, the survival function of X may not be
so easy to calculate. If the failure times are all from the exponential model with the same

parameter A, then the survival function of X is easily computed from the moment generating
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function in (2.2.4);

Mx(t) = ME"""Xi(t) (2.2.40)

=1

k+1

= HMXi (t)

1 k+1
(I—_AZ) fort < 1/1\.

Mx(t) is the moment generating function of a gamma model (2.2.12) with parameters A

and a = k + 1. If we generalize further and let the failure times X, X5, -+, Xx4+1 be all
from the gamma model, then the survival function is more difficult to compute. Results
developed and discussed in chapter 3 will give computable forms for the survival function of

a replacement model with gamma type failure times.

2.3.5 Linear Risk Models

In the exponential model, we begin with the assumption that X has a constant hazard rate.
Assume now that X has a linear hazard rate

Ail+ Az forz >0
h(z) = (2.2.41)

0 elsewhere.
The integrated hazard function is obtained by integrating (2.2.41) with respect to z and it
is

AT+ iz-:r2 forz >0
H(z) = 2 (2.2.42)

0 elsewhere.

Using results in chapter 1, one has

A
exp (—Alz - ?2:1:2) forz >0

S(z) = (2.2.43)

1 elsewhere
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and

(A1 + Axz) exp (—Alz - %xz) forz >0

flz) = (2.2.44)

0 elsewhere
for the survival and pdf of X, respectively. Clearly this model can be extended to the case

where the hazard is a polynomial, h(z) = Ay + Aoz + - - - + Apz™.

Hazard Example 11 Survival- Exarmple 11
1

A(z) = Mt + M2z

154 S(z) = exp (—Alx - %z')

04

Al=23 A2=23

Al=38 A2=0 92

Q 1 2 " 3 4 H [ 02 04 N L] os T

Figure 2.12: Linear Risk Hazard and Survival Functions

Density: Example 11
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Figure 2.13: Linear Risk Density Function

Example 11. Figures 2.12 and 2.13 give three examples of linear risk models. The functions
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plotted correspond to models with the following hazard functions:

h(z) = 38, (2.2.45)
ha(z) = 2.3+2.3z and (2.2.46)
ha(z) = 0.6+4.4z . (2.2.47)

2.3.6 Regression Models

The inclusion of regressor variables for the failure time X in a life testing experiment is
another way to account for homogeneity in a population. These regressors are typically
extra variables related to the failure. For example in a lung cancer study, regressors may be
such variables as age and sex of a patient and the size and type of tumor. In a reliability
study for an electrical component, one may have the amount of stress or voltage administered
and the model of the component as regressors.

Regression models allow for the inclusion of regressor variables in life testing experiments.
The survival function S(z) no longer depends alone on the failure time X. If Y}, Y,,--- , Y]
are the regressors of a model then Y = (Y),Y,,--- ,Y) is the regressor vector. The survival
function is now a function of X and the regressors Y, and thus is denoted by S(z|Y).
Regression models are discussed in detail by Kalbfleisch and Prentice (1980) and Lawless

(1982).

2.3.7 Remarks

There are many reasons to select a particular life testing model. For instance, past experience

and knowledge of the underlying failure process may suggest the validity of a chosen model.
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Often, one model is abandoned for another because of ease of use in computations. This is
often the case with the exponential or Weibull model where the survival function and hazard
function have closed forms. The gamma model however does not have closed forms for S(z)
and h(z) but it has a closed form for its mgf Mx(t) which makes it particularly useful for
cases with replacement models. In chapter 3, the mgf of the gamma model will be used to

develop techniques for gamma type models.

2.4 Estimation and Approximations

Suppose that the survival function and related life testing functions need to be estimated
based on failure time data y,, yo, - ,yn from n subjects. There are two cases to consider.
One is that the life testing experiment lasts as long as all the subjects survive. In this case,
our random sample is complete in the sense that we have failure times for all the subjects.
Here one uses standard elementary statistical methods to analyze failure time data and to
check for the validity of a particular model. The other case to consider is that of a life
testing experiment which yields only partial information on the failure times of the subjects.
The analysis of a failure process when censoring is present varies depending on the form of
the censoring mechanism. Note that, as outlined in chapter 1, determination of either the
hazard function, pdf or survival function determines a given life testing model uniquely.
For the next portion of our discussion, we confine our results to the case where the failure
times of subjects are continuous. Furthermore, we only examine type I, type II and inde-
pendent censoring. For more general censoring mechanisms such as independent censoring,

results are similar to those of random censoring and we refer the reader to Kalbfleisch and
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Prentice (1980), Lawless (1982) and Fleming and Harrington (1991).

2.4.1 Parametric Estimation

We now give some details on maximum likelihood for the purpose of estimating the parame-
ters@ = (6,,0s,---,0, )" of a certain life testing model. The method of maximum likelihood
is used to fit a parametric model to an observed set of life testing data. Let X;,i =1,---,n,
be the failure times of n subjects with censoring times Cj;, ¢ = 1,--- ,n. The observed life

data is best described using the pair of random variables (Y;, ;) where

Y, =min(X;,C;) i=1,2,---,n (2.2.48)
and
1 fr; <¢
0 ifz;>¢.
The observed data is thus the pairs (y1,01),: - ,(Yn,dn) where y; = min(z;,¢) for i =

1,2,---,n. Furthermore, assume that the failure times of the n subjects are independent

and identically distributed with pdf f(z)} and survival function S(z). We use this notation

throughout the section.

Complete Sample

We begin with the assumption that the failure times have been observed for the n subjects
in a life testing experiment. Hence, no censoring times have been observed. The likelihood

of the n observations, z,,z5,--- , I, is simply

Lo = _Hf(zi). (2.2.50)
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The likelihood is a function of the unknown parameters § = (6,,62,---,0)". In most cases,
it is more convenient to work with the logarithm of the likelihood function, log (L(8)). The
values of § which maximize L(@) are the same values which maximize log (L(#)). Maximum
likelihood estimators and confidence intervals for complete samples for many life models are

discussed in detail in Zacks (1992).

Type II Censoring

In type II censoring, only the r smallest failure times are observed, 1 < r < n. Consider the r
failure times y, ¥2, - - - , ¥» and order them to find the ordered sample z()) < z(3) < -+ < Z¢5).
From results in order statistics (see Balakrishnan and Cohen (1991)) we have that the joint
distribution of the ordered failure time sample is

L= “_t!jﬁf(x(l))f(z(z)) < f(zen) [S(z:(,.))]"_r (2.2.51)

(n
The equation in (2.2.51) gives the likelihood function for type II censoring. Note that

Yoi) = T fori=r+1,7r+2,---,n. As aresult, type II is not a case of random censoring.

Type I and Random Censoring

In this case, we assume random censoring which includes type I censoring (C; = C V i =
1,2,---,n, C is a constant). Let the random censoring times denoted by C,,C;,Cj3,--- ,C,
be independent and identically distributed with pdf g(z) and survival function G(z). Then

the likelihood of the pair (y;, §;) is easily obtained by

P(K:t,&.:()) = P(C. =t,X; >C;)

9(t)S(t)  and (2.2.52)
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P(Y;=t6=1)

P(Xi=t X <C)

F)G(t) (2.2.53)

so that

P(Y; =t,6) = [f(t)G(t)]* [9()S(t)]'™* . (2.2.54)

Hence, the likelihood function for the pairs (y1,d:), - , (yn,dn) is given by

n

L= L(Ol(y1,8), " ,(¥ns0) = [JF@)Cw)* [9(3)Sw)]'™* . (2.2.35)

i=1

Under the assumption that the censoring times have no connection to the failure times of the
subjects, the products involving g(y:) and G(y;) do not involve parameters of the survival
function of the failure times. This assumption is known as non-informative censoring. The
censoring functions in this case do not need to be considered when maximizing the likelihood
function (2.2.55). Note that for non-informative censoring, the li¥elihood function for Type
II censoring is the same as that for Type I and random censoring. It also turns out that the

likelihood above under non-informative censoring

n

L@ = [Tr@)® S * (2.2.56)

i=l

is also the likelihood for independent censoring under non-informative censoring (see ap-

pendix A).

Numerical Solutions

As described in Miller (1981), the method of scoring and the Newton-Raphson method are
useful in finding numerical solutions to max L(6). This is equivalent to finding the solution

E to the system of equations

IS}
[

log (L(8)), (2.2.57)

| @
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where 710§ (L(2)) = (5‘3— g (L@), ++, - log(L(Q))) .

The Newton-Raphson method is the recursive solution of (2.2.57) given by

-1
al4l o 3
The vector
0 .
55108 L(a))} (2.2.59)
is called the score vector at E‘ and the matrix
. [ 7 d
i (Q ') = - (30) (ao) log (L(8)) a (2.2.60)
8%
0? 8?
\~ 56,9, log (L(8)) i ~ 562 log (L(8)) ot }

~
is called the sample information matrix at 8.

If the operations of integration with respect to y; and differentiation with respect to 8

can be interchanged then one can show that the score vector % log (L(8)) has expectation

0 and the covariance matrix

E(i(9)) = 1(0), (2.2.62)

where I(8) is the Fisher information matrix:

10) = E ([5‘% g (£(0)| | 55 toe @) ) (22.63)
If one uses (@) in (2.2.38), the recursive solution to (2.2.57) is
-~ {+1 ~1 ~ 1 a
/) = f I8 log (L(8 2.
8" = 9"+ [1@Y]” 55 o8 (L) _ (22.64)

This is known as the method of scoring. The derivation for the Newton-Raphson method is
given in appendix B where other optimization techniques are also discussed.
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Confidence Intervals Under General Censoring

Miller (1981) gives three methods for confidence intervals under general independent cen-
soring. He states that under smoothness conditions, the maximum likelihood estimator :é_ is
asymptotically distributed as a normal random variable with mean value @ and covariance

matrix [7(8)]"". There are three methods for testing Hy : 8 = §° versus H, : 8 # 8°. These

are based on:
e Wald’s Statistic
(8-2) 1 (2- )

e Score Statistic (Rao’s Method)

[a%log(uﬁ)) H,} 1(Caa) [% log (L(6))

oo

e Likelihood Ratio Statistic (Neyman-Pearson/Wilks)

—2log { [;((%) } .

These three statistics are asymptotically distributed as a chisquare with k degrees of freedom

under Hy. In most situations, particularly when censoring is present, it is difficult to calculate
Fisher’s information matrix /(@). Instead we use the approximation i(6) in the statistics given
above.

Let U(8°) denote one of the statistics above. To find a confidence interval for U(§°), one

finds a constant x2(a) such that
P(UE) < xi(a)) =P(Z<xi(e)) = 1—c, (2.2.65)
and Z is distributed as a chisquare with k£ degrees of freedom. Thus one rejects the null

hypothesis, Hp, when U(8°) > xZ(a). Cox and Oakes (1984) state that these three methods
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usually yield the same results, but that the likelihood ratio statistic is strongly recommended.
For more on properties of the maximum likelihood estimator, see Barndorff-Nielsen (1983),
Barndorff-Nielsen and Cox (1984), Bartholomew (1963), Efron and Hinkley (1978) and Rao

(1973).

Example 12 (Exponential Model: No Censoring). Assume that we have a complete
sample. Let (z,,z2,z3,--- ,Z,) be random failure times and assume that the failure times
are independent and identically distributed under the exponential model. Given the observed
failure times, we wish to estimate the mean life A of the exponential model. The log-likelihood

function for this model given the data is

n
IA) = —nlog(A) =S & (2.2.66)
i=1
The maximum likelihood estimator of A is the solution to
n Ig
40 = Ein _n_ (2.2.67)
dA A2 A -

~ L -~ ~ 2 -
which yields A = 3 % Note that E(A) = A and Var()) = %. The properties of A for the

exponential model are known. Sinha (1986) shows that A is the uniformly minimum variance

unbiased estimator (UMVUE) of A.

Example 13 (Exponential Model: With Censoring). In this example, assume that we
have right independent censoring. The failure time data consists of (y1,y2, - - - , ¥n) along with
the indicators (4,82, - ,8,). Further, let the failure times be independent and identically

distributed under the exponential model. The log-likelihood function is given by

n

1) = =3 lilog W]~ 5 S ui- (2268)

i=1
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The maximum likelihood estimator under these assumptions is given by solving
d iy 2.y
—1 = - hkd =2 = . &,
UG i=Zl'\+i=l % =0 (2.2.69)

The solution to (2.2.69) is A= (i y,-) / (i 6,-) . Note that this solution makes sense if
i i

there is at least one failure in our sample; that is there is at least one ¢ such that é; = 1.

Now an estimate for the variance of A is given by looking at the second derivative of the

log-likelihood function (2.2.68) with respect to A.

= izl 2.2.70
i A2 (22.70)

-~

Functions of the MLE

so that s.e.(i) ~ , where s.e. is the standard error.

Let 8 be the calculated maximum likelihood estimator for 8 in a given model. A quantity of

interest may be a function of 8. For instance, we may have

¢= m(f), (2.2.71)

where m is a one-to-one function. From the theory of maximum likelihood estimators, the

maximum likelihood estimator of ¢ is simply
¢ = m(f) . (2.2.72)

For example, researchers in reliability and survival analysis are often interested in estimating

a quantile, g(p) say, of a particular life testing model. Here, ¢(p) is the quantity such that

P(x 2400 = 5 (aw)]e) = ». (22.73)
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where 0 < p < 1 is specified before hand. The maximum likelihood estimator of the pth

quantile is given by solving g{p) in

S (ij(p) ‘E) =p. (2.2.74)
The sample information matrix i (@) is the estimated covariance matrix of the maximum
likelihood estimator E Hence, if
i (@) = {35} , (2.2.75)
wherei=1,---,kand j = 1,--- ,k, then /(35) is an estimate of the standard error of the
parameter 5, such that E = (51, e ,?01).
The standard error of the maximum likelihood estimator 3 is needed to make any in-
ference about ¢ = m(f). Crowder, Kimber, Smith, and Sweeting (1991) give a standard
procedure for estimating the variance of ¢. It is called the delta method and it gives the

standard error as

/2
s.e. (5) ~ {Zk:zk: [%m(g)%m(ﬁ)] a-,-} , (2.2.76)

i=l j=1
where the partial derivatives are evaluated at @ If we have £k = 1 then 8 is a scalar, 0 say,

then s.e.(a) ~

@m ‘\/311. A derivation of the delta method is given in appendix C.
=0

Example 14 (Weibull Model: With Censoring). Assume that a life testing sample
(y1,¥2, " , Yn) along with indicators (4,82, -- ,d,) arises from a Weibull model. The log-

likelihood is

(A, B) = Ztsi log (B) - ng log(\) + (8 — I)Zb'ilog(yi - %ny . (2.2.77)

=1 i=1 i=1

With the transformation z; = log (¥;), it is equivalent to consider the log-likelihood from an

extreme value model (see section (2.2.5)). The log-likelihood of the extreme value model is

I(p,0) = —§Jilog(a)—§6.-§+(I;G)Z;Jiz‘-—z;exp(zi;”). (2.2.78)
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The partial derivatives of I(u,0) are

d S =
67[(“’0) pe + p (2.2.79)
P i d i 0izi 2 ]
—l(p,a) = _i=l _i=1 + =1
do o o? o?
> (z — p)exp ( ”)
+ — (2.2.80)
o DL exp(z; ) (2 u)exp(z'—”)
ml(ﬂ,a) = ) - ; o2 + o3 (2281)
n z' [—
i Z:lexp ( o l‘)
5‘?[(”, o) = - 3 (2.2.82)
n n n
5 2-:1 d; Z{ &z p };l d;
a;é'l(ﬂ, 0’) = '—02 + 2|_0_3 -2 :;3
Zi — i —
o [2a- e (222) - wren (222)
- Zl p + - . (2.2.83)
The maximum likelihood estimators of (u,0) are given by solving
> exp (3)
i = dlog| =t—2I2"] and (2.2.84)
(%)
i=
Z: d;2; E Z; &Xp (%)
0 = 5 —+5-= P (2.2.85)
.'=Zx & Z exp (5)

Hence, solving for (i, ) simultaneously reduces to solving for & in (2.2.85) by numerical
methods and then substituting back into (2.2.84) to find .

To obtain the sample information matrix at (i, &), one needs only to evaluate the second
order partial derivatives (2.2.81), (2.2.82) and (2.2.83) at (i, ). This simplifies the equations
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somewhat:

8 LI,
—l(u,0) = —-) = (2.2.86)
ou’ ) g Ch
5 3 & Y iz
—‘l(u U) = =1 + 2i=l
aaz ’ (B.3) 32 33
n | 2ziexp (z_,_’\_p) (zi — B)* exp (——”)
- 53 + 51 (2.2.87)

g

g
900 =1, 0)

= > =3 . (2.2.88)

(#,9) i=1

~ Zi—
n (Zi-ﬂ)exp( Aﬂ)

These equalities are used in constructing the sample information matrix i(4,0) given by
(2.2.61). Given that the parameters of the extreme value and Weibull models are related
by u = 1/B8log(\) and ¢ = 1/8, one can use the delta method to find estimates for the

standard errors of A and E, the maximum likelihood estimators of A and 5. The method

gives
Var(3) ~ a%var(a) and (2.2.89)
24 ~ 24
L w(®), (@
Var(A) = ——52-——Var(u)+———é4——————Var(a)
e (%)
- T—-Cw(ﬁ,&) . (2.2.90)

An estimate for the covariance matrix of (i, ) is obtained by examining the inverse of the

sample information matrix i(%, 7).

Example 15 (Gamma Model). For the complete sample case, results for point estimation
for the gamma and generalized gamma models have been discussed thoroughly in Lawless
(1982) and Hager and Bain (1970). As in the example above for the Weibull model, we give
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the general form for the log-likelihood under type I, type II and random censoring for the

gamma model.

We begin with the life testing sample (y1, ¥2, - - , y») along with the indicators (8,,4,,-- - , d,).

y = ——— and (2.2.91)
D

"Define % and j as

Zn:&

i=1

n l/(li:l&‘)
g = (Hy."‘) : (2.2.92)

These correspond to the analogous definitions of the arithmetic and geometric means in the

complete sample case. We use § and § to write the log-likelihood function as

la,A) = —Zd,alog(/\) Z&Iog([‘ a))+(a—1)2510g(y) (2.2.93)

- Z“fx + Z (1 - &) log (1 — Y(yi, @, A)) -
i=1 i=1

The incomplete gamma function used in (2.2.93) is defined in (2.2.10). The partial derivatives

of (2.2.93) are

i=1

Z (1 — &) A2 35 (1 — 1, o, /\)]

+ 2.2.94
- e (22.94)
% _ — 0 ) a,\ - ¥(yi, @, A)] -
i@ = —z Si~ + Z 5L ; T (y" Y (2.2.95)
d
—TI'(a
where ¥(a) = d‘[”, @ is the digamma function. Properties of the digamma function can be

found in Mathai (1993)). Equating these partial derivatives to zero and solving for a and A

gives the maximum likelihood estimators for the gamma model. The equations (2.2.94) and
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(2.2.95) involve terms which can be written in terms of incomplete gamma integrals. One
can show that with a simple transformation of variables, the incomplete gamma function

v(y;, @, A) can be rewritten as

-"f a—1,-u
V(i e, A) = fo y?zz%—du : (2.2.96)
Thus
0 1 2
5_0_ [1 - 7(y.-, «, ,\)] = —F(—&j ‘/0- A u"_l log (’U) €xXp (—u)du
9 1 ryiye Yi
5:\- [1 - 7(yir a, ’\)] = [\(a),\ (X) exp (—_X) : (2298)

Note that to find the maximum likelihood estimators for the parameters using the Newton-
Raphson method, the second partial derivatives of the log-likelihood are required. This can
be accomplished with the aid of advanced mathematical software. Lawless (1982) states that
a good approach to solving the maximum likelihood estimators is to solve (2.2.95) for fixed

a and then narrow down to the estimator for A using graphical or numerical methods.

2.4.2 Non-Parametric Estimation

Methods of estimation which are said to be non-parametric or distribution-free do not require
any assumption on the underlying failure time model. Non-parametric estimates of the

survival and hazard functions are often useful to summarize and explain failure time data.

- Full Sample

Let us assume that we have a complete sample of failure time data, z,,z,,--- ,z,. Here,
the failure times for all subjects have been observed. In such a situation, one uses standard
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elementary statistical methods to describe and analyze the data. The empirical survival

function is as follows:

i >
S.(z) = (Number of:allures > 1) . >0, (2.2.99)

Sn(z) is a step function and a non-parametric estimator of the survival function S(z) in
the sense that no assumption about the underlying model is necessary. When dealing with
censored observations, some modification to (2.2.99) is necessary. A natural estimate of the

integrated hazard when considering the form found in (1.1.3) is
H,(z) = —log(Sn(z)); z2>0. (2.2.100)
Using sample moments, one can estimate the mean value and variance by the sample mean

and sample variance. These are

n

i o= Z% and (2.2.101)
=1

2 = (zi—p)?

2 = ; . (2.2.102)

Confidence intervals on S,(z) can be computed by using results from the binomial dis-

tribution. The standard error of S,(z) is

1
se. (Sa(z)) = (S“(”) (1- S"(“))) 2 (2.2.103)

n

so that a 100(1 — a)% confidence interval for S,(z) is
Sn(:r) + 2q/28.€. (Sn(l')) (2.2-104)

where 2,/, is the upper 100(1 — a/2) percentage point of a standard normal distribution.

Censoring

The non-parametric maximum likelihood estimator of the survival function S(z) in the
presence of censored data is called the product-limit estimator or the Kaplan-Meier estimator
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(see Kaplan and Meier (1958)).

To begin, we examine the likelihood of the failure time data ((y1,01), - - , (¥n,ds))- First,
we assume that there are m failures at the times a,, a,, - - - , a,,. By convention, we let ag =0
and an4+; = oc. We also suppose that the failure time X is concentrated on these failure
times and we allow for more than one individual to fail or be censored at a given time. Now,
let d; be the number of subjects who fail (but are not censored) at time a; and r; the number
of subjects at risk just before a;, which is the number of subjects still alive and uncensored
just before a;.

For the discrete case, the survival function given by (1.1.13) is

Sz)= [] - ~(a)) (2.2.105)

a; <z

and so a non-parametric estimator of S(z) is

5) =[] (1 -Tz(a,-)) (2.2.106)
a; <Z
where E(ai) is the maximum likelihood estimator of A(aq;), fori = 1,2,.-- ,m. If a subject

fails at a; then its contribution to the likelihood is f(a;); if a subject is censored at a time

¢ then its contribution is

P(X>c)= S(c+)= Y_ f(a;) . (2.2.107)

aj>c

In terms of (1.1.13), we have

S(c+) = [] (1 -h(e;)) and (2.2.108)

Cox and Oakes (1984) give the likelihood for the data as

m

L =[] A" [(1 - h(a;)]" ™ . (2.2.110)

ij=1

48



We now use the logarithm of the likelihood to find estimates for h(g;), j=1,2,--- ,m.

I = log(L) = )_djlog(h(a;)) + (r; — d;) log (1 — h(a;)) (2.2.111)
j=1
The maximum likelihood estimator for h(a;) is then the solution to
7]

0 = m;)- log (L)

= ;dj_ah(aj) log (h(a;)) + (r; — dj)m log (1 — h(a;))

dj 1’_1' - dj
= - . 2.2.112
h(a;) 1 - h(a;) ( )
Hence '};(a,-) = %’- . (2.2.113)
b]

Substituting this result in (2.2.106), one obtains the product-limit estimator

S(z) = H( —%) : (2.2.114)

a; <z

If there is no censoring, the product-limit estimator is the same as the empirical survival
function given by (2.2.99). If the failure times for all subjects are observed then r; = d;+r;,,,

i =1,2,..,m=n. On expanding the product in (2.2.114), we see that

d;
11 ( - —’) (2.2.113)
o<z Ts
7
raTy | Terl

Ty T2 Ts

5(z)

T+l
™1

Ta+l
n

where a, < z < a,4;. From the recursive relation r; = d; + rj;(, we see that 1y = n =
Tst1 +di +d2+---+d,. Hence, n — (#failures<z)= n—d,+dy+---+ds = 7,41, SO
that S(z) = Sa(z).

Also, if the largest observation in the failure time data is y* and y* is censored then S (z)
is undefined for z > y*. If ¥* is an uncensored time, then §(:z:) =0forz>y"
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Confidence Intervals for S(z)

It can be shown that under certain conditions, the product-limit estimator, §(x), converges
to the survival function, S(z), as n = oo, where n is the number of observations. Also, we
conclude that

S(z) - S(z)

(2.2.116)
Var (S(z))
converges to a standard normal random variable in distribution. Using Greenwood’s formula,

the variance of S(z) is estimated to be

Var (S@) = [S@)' 3 -2 (2.2.117)

Sri(r—dj)
For a derivation of Greenwood’s formula, refer to appendix D. This is particularly useful

because it allows us to make approximate 100(1 — a)% confidence intervals for S(z) using

5(z) % zas2\/ Var (S(z)) , (2.2.118)

where z,/; is the upper 100(1 — a/2) percentage point of a standard normal distribution.
The symmetric confidence interval given by (2.2.118) produce pointwise confidence intervals

for each fixed failure time z.



Chapter 3

Additive Gamma Type Inputs

3.1 Introduction

In this chapter, we define inputs to be the survival times of the individual components that
belong to a complex model. For example, if we have a mixture model (see section 2.3.1),
then the lifetimes corresponding to each sub-population are considered to be inputs for the
whole mixtures model. A gamma type input is one that follows the generalized gamma model
discussed in section 2.2.4. An exponential input is one that comes from an exponential model
and a gamma input is from a gamma model. These inputs are both of gamma type. As
stated before, the generalized gamma model is well suited for explaining life data, however
because of its numerical complexity, it is seldom used. These gamma type inputs offer wider
variety and more flexibility to researchers and analysts compared to exponential type inputs,
say. Thus, we now turn our discussion towards linear functions of gamma type inputs.
There exist a multitude of real-life situations in which one might consider the distribu-

tional properties of a linear function of gamma type inputs, X, X>,...,X;. In survival
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analysis, one is interested in the survival function or hazard function over the total waiting
time of a process. In the case of a rapidly evolving disease such as AIDS or cancer, the
individual inputs X, X5, ... , X may represent the waiting times of each progressive stage
of the disease. In AIDS for instance, X, might be the length of time in the first stage where
the test results show that a patient is HIV negative after receiving a contaminated blood
transfusion; X, is the waiting time in the second stage where the patient is HIV positive;
X3 is when the patient shows pre-AIDS symptoms; X, is the duration of full-blown AIDS,
and so forth.

On the other hand, our problem may involve k£ vehicles waiting to be serviced at a
garage, where each automobile is serviced one at a time. The first vehicle may need an oil
change, the second new tires, the third new brakes and so on. Thus the £ individual inputs
X1, Xa, ..., X are independently distributed waiting times and they need not be identically
distributed.

Analogously, we can have a spare parts problem as discussed in section 2.3.4. An impor-
tant component of the system may fail occasionally and thus it is replaced with an identical
spare part; the spares are independent of one another, however, they are identically dis-
tributed.

Another popular scenario might be the study of a system failure in the case of a parallel
port with k£ components. Here, X; denotes the failure time for the i** stage,i=1,...,k. In
each of these examples, the quantity of interest is X = X; + X2 +...+ X;. For simplicity of
calculations, these inputs are sometimes assumed to be exponentially distributed with the
same or different means to obtain tractability. In reality however, it makes sense to consider
these as being independent gamma type inputs with general parameters.
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Researchers are now considering linear functions of gamma type inputs in their studies
and are using traditional approximation techniques to obtain distributional properties of
their functions. For example, Huzurbazar and Huzurbazar (1999) examine the survival
function associated with AIDS with the help of data from the San Francisco Men'’s Health
Study. A two stage situation is considered in their paper, X = X, + X, where X, is from an
exponential rpodel whereas X is from a gamma model. The inputs X, and X, are assumed
to be independent. Saddlepoint approximations are used to attempt the problem. In this
fascinating paper, it is shown that the saddlepoint approximation is simple to apply and
produces results close to the simulations arising from the exact distributions.

The saddlepoint approximation technique, widely used in physics, was introduced in
statistics by Daniels (1954) for approximating a probability density function (pdf). Lugan-
nani and Rice (1980) used the same technique to approximate cumulative probability density
functions (cdf). Application of this technique to various problems may be seen, for example,
from Barndorff-Nielsen and Cox (1979), Cox and Qakes (1984), Blaesild and Jensen (1985),
Daniels (1987), Reid {1988), Butler, Huzurbazar, and Booth (1992a,b), Jensen (1995) and
Butler and Huzurbazar (1997).

This chapter focuses mainly on X = a, X + a2 X2 + . . . + ax X, where the inputs X; are
mutually independent and e; > 0 for j = 1,... , k. Since weighted gamma type inputs with
positive weights are again gamma type inputs, then without loss of generality, one needs to
consider only a sum of independent gamma type inputs, such as X = X, + Xo +... + X;.
We present several techniques for computing the exact pdf of X, f(z), and exact cdf of X,
F(z), so that the exact forms for the survival function, S(z), and hazard function, k(z), can
be computed. In order to discuss the properties of S(z) and k(z), it is necessary to study
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exact forms of f(z) and F(z). We then compare the exact forms to the usual approximation
results. Our aim is to compute S(z) and h(z) for general cases and then apply the results

to specific problems. We begin with gamma inputs.

3.2 Gamma Inputs: Exact Forms

The exact density of X when the inputs are gamma can be written in terms of confluent
hypergeometric functions. Before giving an explicit form for f(z), we will consider a special
case of the moment generating function of the gamma model. When the shape parameters
of the model are integers, the pdf of X, f(z), has a finite expression and can be handled
easily.

The moment generating function of the gamma input X; with parameters (a, \) (see

section 2.2.2) is denoted by
My, (t)= (1= At)™™ (3.3.1)

and since the components of X = X, + X, + ... + X are assumed to be independently

distributed, the moment generating function of X is simply given by

k
Mx(t) = 1’[ (1=Xt)™% . (3.3.2)

3.2.1 Integer Shape Parameters

Assume that the shape parameters of the gamma inputs are of the form a; = m;, where
m; = 1,2,... for j = 1,2,... k. This means that all the a;’s are positive integers. In this

case the moment generating function found in (3.3.2) can be written as an explicit finite sum



by using partial fraction techniques. That is,

k mj

H(l -5 =3Y i _“’; L (3.3.3)

j=1 i=l1

where the a;;’s are free of . Thus, inversion of the moment generating function given by

(3.3.3) produces the pdf

k m; e—%/
f@) =3 a; { NG = 1),} forz >0 (3.3.4)

j=1 i=1

and 0 elsewhere. The cdf F(z) is thus available from (3.3.4) using term-by-term integration.

The coefficients, a;;, are given by the following:

k
aji = {H ("’\n)—m}("Aj)'bjh (3.3.5)
n=1
™ (my—i—1 =1 A
bi: = 3T )A("'J"_ =) (l— )A(Jl-l-n) . ] —,
" {;.Z=:o ( N ”Z_o J2 (mj —i)!
k —(s+1)
(0 — (=1)+s! 1_1
A (-1) s.;m,.(,\j Ar) and
r#3
k -m,
1 1
& = I (5-%)
r#j

For a complete derivation of the coefficients a;; refer to Mathai (1982).

Example 16. Consider a two stage process X = X, + X; where the inputs are assumed to
be independent and the parameters are (a;, 51) = (2,2) and (a3, 52) = (3,2.3). The shape
parameters are integers and we use the previous results to write the moment generating

function of X as:

Mx(t) = (1-2)7%(1-235t)7°

-960 64 1200 _ -200 _ 2
(1-2t) " (1-2t)° (1-25t) (1-25t)° (1-25t)°"

4]
(1]



Which gives the following pdf for X:

e—/? re—%/2 e—%/25
flz) = —960( 5 )-64( 5 )+1200( o )

ze-z/2.5 1.28—:/2.5
'200( 2.52 )+25( 2.53 2 )

The case considered in this section is not an isolated situation in statistics and other

related fields. Problems of this type, usually arise in engineering and communication theory,
where X is of the form X = | X2 + | X2 + ... + | Xi|?, where X; = Xj; + X3, i%2 = —1.
Here X, and Xj, are real with X? and X7, independently distributed chisquares with the
same degrees of freedom v;. So, if | X;|? ~ x%,,’, then a; = 2v;, where v; = %, n; =1,2,...
and thereby all «;’s are positive integers. Some problems of this type can be seen from Biyari
and Lindsey (1993), and Divsalar, Simon, and Shahshahani (1990). Another example arises
in testing of statistical hypotheses on the parameters of complex Gaussian distributions. The
null distributions of the likelihood ratio test statistics, in many cases, can be written as that
of a linear function of chisquares with even degrees of freedom, thereby making the ¢;’s in

(3.3.2) positive integers.

3.2.2 General Shape Parameters

For general parameters, the density f(r) arising from the moment generating function (3.3.2)
can be written as a convex combination of gamma densities. We begin by stating the result.

Without loss of generality, let A\; < A\, < ... < A¢. The pdf of X thus looks like

a+r 1 —y/Al

CZJW'T—) forz >0

f(z) = (3.3.6)

0 elsewhere



The normalizing constant C and the weights 4, are given by

o~ )

j=t 79
5. = Z (a?)rz (a'k)l‘h 1-— ﬂ m 1— ﬂ m
T T'z! Tk! 1\2 z\k ’
P24... 4T =T
where a = o) +as + ... + ax, (r2,...,7%) is a partitioning of r, r = ro + ...+, and for

example (a),m = a(a+1)...(a +m — 1), (a)o = 1, a # 0. Properties of (a),, are discussed
in Mathai (1993). A recursive method of finding the weights 4, is also discussed in the
derivation below. The distribution function F(z) is thus available from (3.3.6) using term-
by-term integration. Justification for this can be found in Moschopoulos (1985). Each term of
the integrated expression will involve the incomplete gamma function. Considering the power
of computers at present time, these methods can easily be implemented using a statistical
software package to obtain almost immediate results. We now discuss the derivation of this

result.

Derivation 1

We follow the derivation given by Mathai (1982). Consider the moment generating function

of X in (3.3.2). The j'th term of the moment generating function can be rewritten as

3 —a. 1—;1™%
= -y [1- 122 (33.7)

where A is arbitrary such that {Af| < 1, y; = Xl\; Application of (3.3.7) to the mgf of X in

(3.3.2) gives us

u —-a; - a; ~(a1+az+...+a) u 1- 7j Y
g(l—/\jt) = LI—I’YJ](I—/\t) LH [I—I—At] :l

=1

(3.3.8)



or

k —-a;

- 1—vl| ™
Mx() = C(1-x)™° 1-—- I 3.3.9
0 [I[ = (3.39)

where C = I'[’f=l 'y;»’j and a = a;+as+...+ag. From here, there are many ways to proceed
to obtain the desired density f(z).

One method involves expanding each factor in the product of (3.3.9) through binomial
expansions. To do this, we require that H—:—}{-I < 1. Without loss of generality, let A\, < A; <
... < Ag; for convenience take A = A;. As seen in (3.3.10), this choice for A eliminates some
of the complexity involved in the computable form of f(z) by removing a summation term.

The binomial expansions for each factor gives the following for the mgf of X.

o0 o0

- _ -a (@2)r; (ar)r (1 =2 \" I-m \™
Mx(t) = C-Aat)") ...) Rt (l_m) -\ T

ra=0 ry=0

s o]
= Cl-Mt)*)_ &1-Mt)™" (3.3.10)
r=0
where (r2,... ,7) is a partitioningof r, r = ro + ... + 7,
— (aQ)rQ (ak)r,, r r
8, = Z T Q=m)?...(1—y)* (3.3.11)

r2+...+Fp="

and, as seen before, (@), = a(a+1)...(a+m — 1), (a)o = 1, a # 0. The density of

X = X, + X2+ ...+ Xi is then given by inverting the mgf of X in (3.3.10). This gives
o xa+r—le—z/A1

cy 6 _¢
flz) = rgo AT (a + 1)

0 elsewhere.

forz >0
(3.3.12)

It is easy to show that the weights 4, are positive for all r =0, 1,2,--- and from the pdf in

o0
(3.3-12) it can be observed that CZ d, = 1. Thus, the pdf f(z) in (3.3.12) is a convex

r=0
combination of gamma densities.



Derivation 2

Alternatively we can consider the recursive method found in Moschopoulos (1985). Taking

logarithms in (3.3.9), one obtains

oo
log Mx(t) = log C(1 — Mit)™ + Y _ oy(1 — Ait)™ (3.3.13)
i=1
where o; = " -1 a,(—'—:-"l- Note that the expansion of the logarithm in (3.3.13) is valid for

|ﬁ"13| < 1. Hence, taking exponentials in (3.3.13) and expanding, one gets

s o]
Mx(t) = C1-Mt)")_ p(l - Mt)™ where (3.3.14)
i=0
1 i+l
Pi+t = T 1 Z NOpPis1-n fOri>1 ,pp=1. (3.3.135)
n=1

The density of X = X, + X2 + ... + X from (3.3.14) can be expressed as

ats—1 -z/A.

CZ p,F'_—’—l_T—j forz >0

f(z) = s=0 (3.3.16)

0 elsewhere.

Note that the form of f(z) in (3.3.16) is the same as the one found in (3.3.12) and so by
comparison, d, = p, for s =7 =0,1,2,---. Hence (3.3.11) and (3.3.15) give us two ways to

compute the weights used in calculating the pdf f(z).

3.3 Gamma Inputs: Gamma A pproximation

In the previous sub-section we saw that the density of X is given as a convex combination of
gamma densities. We now use the expected value £(.X) and variance Var(.X) to approximate
the density of X, f(z), by a gamma density.

Since the inputs X; are independent with parameters (a;, 5;) for j =1,2,--- |k, we know




that

k
E(X) = ) a;B (3.3.17)
J=1
and
k
Var(X) = Y e;8? (3.3.18)
J=1

We approximate the pdf of X by using a gamma density with parameters (&, §):

1 = 5 a-1 Y-
flz) = @ exp( x/ﬂ) (3.3.19)

0 elsewhere.

The parameters & and 3 are obtained by solving the following system of equations:

k k

i=1 =1

(£o2) . ()

=t and f=— L (3.3.20)
(Z %'51'2) (Z %'/3:‘)
j=1 j=l1

3.4 Gamma Type Inputs: Exact Forms

We obtain

a=

We now consider exact density of X when the inputs X; are gamma type inputs. These
include exponential and gamma inputs arising from the exponential and gamma models,
respectively. They also include Weibull inputs.

We begin by considering two independent gamma type inputs X; and X, with parameters
(ay,B1,601) and (ag,P2,d2) (see section 2.2.4) to derive the density for X = X, + X,. We
then use the result to generalize the solution for X = X, + X5 +-- -+ X;. Let the pdfs of X,

and X, be denoted by C, f,(z) and C,f,(z) respectively, where C; and C, are normalizing
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constants. Using the assumption of independence between X, and X, and making a change

of variables, the pdf of X is given by
Ix(z) = Clsz t Yz — t)** L exp { =6, — da(z — )7 }dt
0

= Clczzal-f-az—l X

fo l s (1~ s)% texp {0,267 — 5,272 (1 — 5)P}ds  (3.3.21)
for z > 0 and zero elsewhere. Upon making a change of variables, expanding the exponentials
and integrating, we obtain
fx(z) = Czm+ar~lx

(- 61:5‘5')" —827%2)2 T (o) + Bim1) T (a2 + Bor2)
Z E ro! [ (ay + az + i1y + fara)

(3.3.22)

ri1=0r2=0
where

ﬂl&(al)ﬂl/ﬂl (52)az/ﬁz .

()3

We shall see in section 3.8 that the representation of fx(z) in (3.3.22) is not practical for

C =

large z. In such situations, we can still make use of numerical integration techniques to
approximate the integral in (3.3.21) and easily obtain accurate values for fx(z).

Next, we generalize the result for X = X, + X, + -+ + X}, where each gamma type
input has parameters (a;, 5;,9;), by following the same steps for (3.3.22). Since the inputs
are assumed to be independent, we can form the joint density of (X, X2,---,X;). Upon

making two changes of variables, we obtain the following for the pdf of X

1 1 i
fxte) = Caot [ [ [{ame -zt
0 0 0

z'(::—zak-aa—n—l)(l — Zp_p)-1—L. --z‘l"_l(l — zp)o2L

<P (—61(2‘ v zp TP = Ga(z2 - - 2k )P (L = 27 ~ -
— Gz (1 - zk—l)ﬂk)}dzk—l ---dzy for >0 (3.3.23)
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. and 0 elsewhere, where @ = a; +as+: - -+ and C is the normalizing constant. Expanding

the exponentials in (3.3.23) and integrating produces a representation for fx(z) in terms of

infinite series:
[e o)
fx@@) = Cz*' Y (-1 Y M(ziri,rae ), (3.3.24)
r=0 PI4P+etrp=r
Yr B k R AT
M(z;r1,73 -0y T8) = R 1‘[”“‘*‘?"‘)5‘ and  (3.3.25)
r (a+2i=l /3,'7',') i=1 Ti:
k .
ﬂiéia‘/ﬂ‘
C = —_— 3.3.26
E[ - (ﬁ ) (3.3.26)
Bi

where a = o +a2+- - -+, (11,72, - ,7k) is a partition of r such that r| +ry+---+r, =7

Term-by-term integration of (3.3.24) gives the cdf of X, which is

Fx(z) = Cz° E (-1 Z M'(z;1,72,-- ,Tk) (3.3.27)

r=0 r1+rattbrg=r

where

g Bt ﬁ C(a; + Bir;) 6"
r ((! + Zf:l Biri + 1) i=1 ri!
These forms for the pdf and cdf of X have already been derived by Stacy (1962) where, by

M’(I; T1,7T2,7 0, rk) = (33.28)

similar methods as those seen above, the moment generating function of each input X; is

t ' :
- . a; +1
> (6*"”') F( 5 )
= 3 3
Bi
for j = 1,2,---,k. The mgf in (3.3.29) is defined for t < ¢, 0 < ¢ < oo. If §; = 1 then

also given. This is

(3.3.29)

c = d;. However, if §; < 1, then £ < ¢ =0 and if 8; > 1 then ¢ = co. Given that the inputs

are independent, the mgf of X is

k
® Mx(t) = [ Mx, @) - (3.3.30)
i=1
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For certain values of §;, (3.3.29) is numerically unstable. Direct numerical integration is
required to evaluate the mgf of X in such cases. Similarly with the case where X = X, + X»,
the form of fx(z) in (3.3.24) is often impractical for large z. We will show in section 3.8

that using a numerical estimate for (3.3.23) gives more precise results for fx(z).

3.5 Saddlepoint Approximations

Originally used by physicists and introduced to statistics by Daniels (1954), this popular
method can be utilized to solve a wide variety of problems. It is applied successfully by
Huzurbazar (Aparna), her associates and research collaborators in a wide variety of prob-
lemns in survival analysis. Daniels (1954, 1987) exploit the method to approximate densities,
Lugannani and Rice (1980) used it to approximate distribution functions. Conditional dis-
tributions are examined by Reid (1988) and Jensen (1995). These approximations can be
given in terms of a standard normal base or with other distributions such as gamma and
inverse Gaussian as the base. Distributions which readily admit saddlepoint approximations
include exponential, gamma, Raleigh, Weibull and inverse Gaussian, which are, as already
discussed in chapter 2, commonly used to model survival data. In order to apply saddle-
point approximations, one needs to consider the moment generating function (mgf) of the
random variable. If this random variable is denoted by X, its mgf by Mx(t) = M(t) and its
cumulant generating function (cgf) by Kx(t) = K(t), then K(t) = In M(t). Daniels (1954)
explains that the largest interval (c,c;) in which the mgf converges needs to be known. In
other words, we need to find positive numbers ¢; and c; where —¢; <t < ¢z, 0 < ¢, < o0,

0 < ¢y < 00 but ¢; + ¢2 > 0, so that ¢, or ¢, can be zero, but not both.
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3.5.1 Gamma Inputs

Assume that we have X = X, +-- -+ X}, where the inputs X;, j = 1,2, - - - , k are independent

gamma inputs with parameters (a, A). Then from (3.3.2), we have

k

Mty = JJa-2" ,1-Xt>0,j=1,---,k and (3.3.31)
j=t
k

Kit) = Y -ajln(l-\t) . (3.3.32)
=t

The saddlepoint approximation also requires computation of the first three derivatives of

K (t) with respect to ¢t and the solution of the equation
K@) =z (3.3.33)

where K'’(t) denotes the first derivative of K'(t) with respect to t. For the cgf in (3.3.32),
the above equation becomes

a1 A sy . QA I
1—At 1-=At 1~ Mt

(3.3.34)

It is evident that if the A;'s are different then it is somewhat difficult to solve (3.3.34), even
for moderately large values of k. For instance, when £ = 2, A\; # Az, one must solve a
quadratic equation. Once (3.3.34) is solved (usually by numerical methods), let the solution
be denoted by £. The saddlepoint approximations of the pdf f(z) and cdf F(z) of X, denoted

by f(:r:) and F'(z) respectively, are given by the following

~ eK(f)—zt' )
f(.’L‘) = CW and (3.3.30)
Fa) = o0)+o){3-1] (3:3.36)

1/2

where s = £[K"(£)]'?, r = sgn(s) {2(fz — K(f))} " and C is the normalizing constant,

determined numerically, ¢(-) is the standard normal density, and ®(-) is the standard normal
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distribution function. Formula (3.3.36) is valid for all z except at the point z = E(z), where
r= 0and s = 0. At £ = E(z) the formula in (3.3.36) is replaced by

L K™(i)
)= 2% sem e @pe

(3.3.37)

Another approximation for the distribution function is obtained by numerical integration of
(3.3.35). In section 3.8, we demonstrate this procedure and compare results with those using
the methods introduced in section 3.2. For a more thorough introduction to saddlepoint

approximations, refer to Daniels (1954).

3.5.2 Gamma Type Inputs

Applying the saddlepoint approximation to the case when the inputs X;, j = 1,2,--- ,k
are gamma type inputs is somewhat more difficult. To do this, we use the formulas for the
saddlepoint approximation discussed in the previous section, but with the moment generating

function of X replaced by (3.3.30). The cumulant generating function is now

k
K@) = D Kx,(t) (3.3.38)

where Kx, (t) = log (My,(t)) and Mx,(t), the mgf of the j’th input, is given by (3.3.29).

The derivatives of K(t) are found by using the following technique. The first derivative of

the cgf of X is
k

d d

KO = ; 3 K6 ®) (3.3.39)
where

d M
d )= (3.3.40)
dt= % My, (t) e



To find the derivative of the mgf of X;, we use the fact that

. §.@i/B; oo _
Mx.(t) = @Ja—j/o‘ z;’ lexp(—éja:?’ +t:z:,-)d:z:_.,-
r (_
/3;')
t N /o
- (%) r(29)
_ 9 B;
= E 5 o . (3.3.41)
i=0 ) Ly =
(B,-)
Hence,
d B: §:%/8i o o ,
a—Mx,(t) = -["—(—’?—/0' z; exp (—6ja:g’ +tzj)da:_,-
3)
t \ /o :
. () r(eey
=y M J . (3.3.42)

iz i! r (Qj + 1)
Bi

The second and third derivatives are calculated in similar ways. If for some 3; we have
0 < B; < 1, then the summation formulas for the mgf and cgf of X; are numerically unstable.
In this case it is better to evaluate Mx;,(t) and K, (t) by numerical integration methods. It
is apparent that computation of the saddlepoint approximation of X when the inputs are of

gamma type can be quite intense and even impractical in certain cases.

3.6 Edgeworth Series

The Edgeworth series provides a fast way to approximate the density and distribution of a
sum of independent and identically distributed input variables, X = X, + Xo +--- + X;
say. Barndorff-Nielsen and Cox (1989) give the Edgeworth expansion of X = f—i—%‘-‘i when
the inputs X; are independent but not identically distributed. We use their results applied
to our general problem of obtaining distributional properties of X. Let u;, a;" represent the
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mean and variance of X;, respectively. If we let the ith moment of X be denoted by m;,

then using independence we have:

k k
E(X)=)_E(X;)=p and Var(X)=)_ Var(X;) = o>

j=1 =1

where u = m, and 02 = m, —m?. Putting p, = m, /0" we have the following approximations

from Barndorff-Nielsen and Cox (1989):

f@@) = ¢(f){1 + p“f\;g) + ”“;‘f) + ”gég‘f)} and (3.3.43)
F(z) = ®@z)-¢(z) {p“é{f/g) "‘Izﬁ‘f) + "gfg’f)} (3.3.44)

for the density and distribution of X, where H,(z) is the Hermite polynomial of degree r
(see Mathai (1993)), ¢(:) is the standard normal density function and ®(-) is the standard

normal distribution function. The first few Hermite polynomials are

Ho(I) = 1,
Hy(z) = 2z, Hy(z) = 42° - 2,
Hj(z) = 823 — 12z, Hy(z) = 16z* — 482% + 12,

Hs(z) = 322° — 160z + 120z, and He(z) = 64z° — 480z" + 720z — 120 .

If, for example, all the Xj’s, j = 1,2,--- , k are gamma inputs with parameters (a;, A;) then

—1

k k
m; = Z ajrj = u Mo = Z(aj + 1)a;A2
=1

k k
ms = (@ +2)(a; + 1)a;A] ma=Y_(a;+3)(e; +2)(a; + 1ayAl .

j=1 i=1
If the inputs are of gamma type with parameters (;,,7;,4;), then

a;+n
F( Bj )

mn=z — 3 L 4,k forn=1,2,--- .

=\ (3)
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3.7 Numerical Inversion of the Laplace Transform

In this section we discuss methods to determine the pdf of X, f(z), as accurately as possible

given values of its Laplace transform L¢(s), s > 0. The Laplace transform is related to the

moment generating function of X by

Li(s) = Mx(-s). (3.3.45)

If X =X, +X;+ -+ X, where the inputs X;, j = 1,2,---,k are independent, then the

moment generating function of X can be written as

k
Mx(t) = [ Mx; @), (3.3.46)

i=1

where M, (t) is the moment generating function of X;. In terms of the Laplace transform,

we have

k
Lis) = []Lss) (3.3.47)

i=l1
where f; is the pdf of the jth input. If the inputs are of gamma type, then one can use
numerical integration or equation (3.3.30) to calculate values for either (3.3.46) or (3.3.47).
As described in Bellman, Kalaba, and Lockett (1966), there is no specific method for
inverting the Laplace transform and hence of the mgf which will work well in all cases. A
reason for this is that arbitrarily small changes in the Laplace transform may produce large
changes in the value of f(z). This is often referred to in the literature as the ill-posedness of
the inverse Laplace transform problem. We examine three methods of numerically inverting

the Laplace transform to obtain approximations for f(z).
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3.7.1 Method Based on Gaussian Quadrature

In this section we follow the results for approximating the inverse Laplace transform found
in Bellman, Kalaba, and Lockett (1966). The Laplace transform of f(z), denoted by L,(s),

is defined as

Ly(s) = /exp(—s:z:)f(:z:)da: . (3.3.48)
0

First, we make a change of variables by putting y = exp (—z). In doing this, we obtain a

finite interval of integration for the integral in (3.3.48). This becomes
1

Ly(s) = / ¥ 'g(y)dy . (3.3.49)
0
where g(y) = f(—log(y)). From numerical analysis, one can obtain an approximation to

(3.3.49) by using the Gaussian quadrature formula (see Abramowitz and Stegun (1992),
Bellman, Kalaba, and Lockett (1966) and Whittaker and Robinson (1967)). With this
method we can obtain an extremely accurate approximation to the Laplace transform in

(3.3.49) given by

N
Lg(s) = zwiy.-’"lg(y,-) . (3.3.50)

i=1
This formula consists of finding a good numerical estimate of an integral by picking optimal

abscissas y; in [0, 1] and weights w; for : = 1,2,--- ,N. The N abscissas are the zeroes of

the shifted Legendre polynomials of order N
Py(y) = Pn(1-2y), (3.3.51)

where Py(X) is the Legendre polynomial of order N (see Mathai (1993)). The weights w;
are called the Christoffel weights for the interval (—1,1). If r; = 2z; — 1 and a; = 2w; for
1=1,2,---, N, then the r;’s are the NV roots of the Legendre polynomial of degree V. The
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new weights a; are given by

i = PN(T) 1= e 3
a.—/(r_r')P,N(r')d 1,2,---,N. (3.3.52)

A proof of this can be found in Bellman, Kalaba, and Lockett (1966).
The following is the method of of inverting the Laplace transform based on the Gaussian
quadrature formula. If we evaluate Ls(s) at NV different values, we obtain a system of N

equations in NV unknowns. Hence by solving

N
LGy = D wawd'g(w) =1+ ,N (3.3.53)
=1
we can obtain approximations for g(y;) or equivalently for f(z;) by z; = —log(y;). The
approximations are
N
f)~ Y aisle(i) i=1,2,---,N (3.3.54)

where the coefficients are determined by solving the system in (3.3.33) . Given these
solutions, we can then fit an interpolating polynomial for f(z) through the points z;,

1=1,2,---,N. For example the Lagrange interpolating polynomial is given by

n(z) e
#(z) = 'z-; z —z)r'(z ( i) (3.3.33)
where 7(z) and 7’(z) are defined as
N

n(z) = [J(z-=z) and (3.3.56)

d N
(z;) = =@ = [I@i-=) - (3.3.57)

b

One can show that the roots of Py (z) are uniformly distributed over [0, 1] as \V increases.
The values of z; = —log(y;) however do not follow the same behavior. Because of this

behavior, the method so far is not good for large values of z. To remedy this, we start by
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noting that the Laplace transform of f(az) is M. Hence, (3.3.53) becomes

LI(J/G) Zw,y, ~lf(-alog(y)) j=1,---,N. (3.3.38)
i=t
This allows us to obtain approximations for f(z) near the values ; = —alog (y:) from
R S 7170 B i
f(zi) =~ ; - i=1,2,---,N (3.3.59)
where the q;;, for 7,7 = 1,--- , N, are the same as before.
One must be aware that the solutions f(z;), ¢ = 1,---, N, are unstable functions of
L¢(j), 7 =1,---,N. The accuracy worsens as NV increases. A way to see this is to start at

N = 3 and then increase /N until precision decreases.

3.7.2 Method of Papoulis

Papoulis (1957) gives a method of determining f(z) in terms of an infinite sequence of

equidistant points
=(2t+1)p 1=1,2,3,--- (3.3.60)

in the region of existence of L¢(s). The parameter p is an arbitrary positive real number.

The function of interest, f(z), is given as a series of Legendre polynomials

= i C; Py (exp (—pz)) , (3.3.61)
i=1
where the coefficients C;,7 = 1,2,--- | k,- -, are determined by solving the following system:
pLi()) = Co
pLy(3p) = % + 2—1%
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Co + 2kC, e
2k+1  (2k+1)(2k +3)
2k(2k - 2)---(2)Ci
(2k+1)(2k +3)---(4k + 1)

oLy ((2k+1)p) =

(3.3.62)

An approximation to f(z) is thus given by

N
f(z) = Y CiPx(exp(-pz)) - (3.3.63)

i=1

Papoulis (1957) explains that the parameter p is chosen depending on the interval in which

f(z) is to be described.

3.7.3 Method of Miller and Guy

Another method for approximating the pdf f(z) by numerically inverting its Laplace trans-
form is described in Miller and Guy (1966). Just as in the method of Papoulis, it determines
functional values of f(z) based on values of L(s) at discrete points of s in the domain of
existence. Evaluation of L(s) at the points s; = (8 + 1+i)o, i =1,2,---, where § > -1
and ¢ > 0 determine the coefficients in an infinite series expansion of f(z) in terms of Jacobi

polynomials, P{*®)(z) (see Mathai (1993)). The theory for this method requires that

lim f(z) and lim f(z)

be finite, which is the case for our general problem. The series solution to f(z) is

fl@)=Y_CuP{™ (2exp(-0z) - 1), (3.3.64)
n=0
where the solution of
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Co 20,
B+2 (B+2)(B+3)

oLy ((B + 2)o)

k(k—1)---(k—(m-1)) Cn
+1)(k+B8+2):---(k+8+1+m)

k
aLi((B+k+1)0) = ) Y (3.3.65)
m=0

gives the coefficients C; for i = 1,2,3,---. The pdf f(z) can then be approximated using

N
fl@)~ Y C.PPP (2exp(—oz) - 1) . (3.3.66)

n=0

The accuracy of the approximation (3.3.66) to f(z) may be improved by picking appropriate

parameters S and o. The general guideline given by Miller and Guy (1966) is to select 8

and o such that

~05<8<50 and 0.05<0<20. (3.3.67)

3.8 Examples and Comparisons

We now illustrate the methods developed in sections 3.2, 3.4, 3.5 and 3.7. All computations
are made using Maple VI and the R (version 1.0.0) statistics package. Most calculations are
straightforward and the algorithms used may be found in any standard numerical analysis
book, such as Conte and de Boor (1980). To implement the task of summing over partitions
of an integer as needed in sections 3.2 and 3.4, we refer the readér to Nijenhuis and Wilf
(1978).

In the following sections, we refer to the method found in section 3.2.1 as the Integer
Method and the one in section 3.2.2 is called the Exact Method. The method in section

3.3 is called the Gamma Method. Results obtained using equations (3.3.24) and (3.3.23) in
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section 3.4 are called the Raw Method and Convolution Method, respectively. For sections

3.5 and 3.7.1, they are the Saddlepoint and Gaussian Quadrature Methods, respectively.

3.8.1 Gamma Inputs

Here we consider the case where the inputs X;, i = 1,--- | k are gamma inputs. We begin

with the case where the shape parameters are integers, following with an example for general

shape parameters.

Integer Shape Parameters

Consider a 6 stage process where X = X| + X; + - -+ + X, and the independent gamma
inputs XJ' have (ml, map, M3, My, Ms, ms) = (4, 3, 2, 1, 2, 5) and (:\[, Az, As, A4, /\5, /\5) =
(1,1.2,4.3,2.5,3.7,4.9) as shape and scale parameters. The Integer Method gives the coeffi-

cients for equation (3.3.4) as:
a;, = —8.494665 @, = —0.64293 a3 = —0.03641015 a4 = —0.001163430
az = 11.36933 a2 = —0.8478953 a,3 = 0.1482047
a3 = —441483062 a3, = —17846569
aq = —363.4837
as; = —11111622 as; = —-373560.4

agy = 517801841 ag = —31141923 ag; = 4451650 agqy = —309331.9 aes = 13140.54 .

The resulting density is

6 my i~l,—z/A;
Z Z a;; i.—-—f——l- forz >0
LA (GE—1)
f(z) = j=1 i=1 3 (3.3.68)
0 elsewhere.
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The survival function, S(z) is obtained through direct numerical integration of f(z). These
6 m;
two are plotted in figure 3.1. Note that EZ aji = 1.

j=t =1
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Figure 3.1: Survival and Density Functions: Integer Method

General Shape Parameters

We can apply the Exact Method to the previous example. Using the result in (3.3.68)
obtained through the Integer Method, we compare it with results obtained through the
Exact Method. The Exact Method gives the pdf in equation (3.3.6). We then approximate

the density of X by summing up to a large enough integer, n say, so that
a+r—l —::/Al

f(z) = CE b ,\"*'F(a ) for z > 0, (3.3.69)

and 0 elsewhere. To obtain a “good” approximation, we find an integer n such that

n
CZ d = 1. For our example, the Exact Method approximated through the formula
r=0
40 65

(3.3.69) for n = 40 yields CY _ &, = 0.7403136 and for n = 65 we obtain CY 4, =
0.9863663. The weights 9, a.rerZ:sily computed by using the recursion identity inr?;.3.15).
An approximation for the cdf of X can be obtained from direct integration of (3.3.69). The
cdf allows us to obtain an approximation for the survival function S(z) = 1 — F(z). For the
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. saddlepoint approximation of the distribution function of X, we solve the equation (3.3.34)
to obtain £. For our example, we use the more stable bisection method rather than the

Newton-Raphson method to solve (3.3.34) numerically.

#) Survivel Funciion nedt ) Survivel Funetion nel0

a2

~ < L [ m - L] L

Figure 3.2: Survival Functions: Solid: Integer Method, dashed: Exact Method and dotted: Sad-

dlepoint Method

Figure 3.2 shows the plots for the survival function of X obtained from the three methods.
The solid curve shows the Integer Method, the dotted is for the Saddlepoint Method, and
the dashed curve gives the Exact Method. The first plot (a) gives the Exact method for
n = 40 and plot (b) is for n = 65. The Saddlepoint Method performs better than the Exact
Method for n = 40. For n = 65 the Exact Method outperforms the Saddlepoint Method.

We can also use the Gaussian Quadrature Method to obtain an approximation for the
density f(z) for the failure time X. Putting N = 11 and a = 40 in equation (3.3.58)
gives fairly good values for the density. For instance, at ' = 40.28929229502032 we get
.026471344924404 for the approximation to f(z’). The real value for f(z') is 0.02615254.
Using spline interpolation we obtain an approximation for f(z). The result is plotted in
figure 3.3. The dotted curve gives the exact density of X obtained from the Integer Method

. and the solid curve gives the interpolated function for f(z) at the estimated points found
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Figure 3.3: Density functions: dotted: Integer Method and solid: Gaussian Quadrature Method

using the Gaussian Quadrature Method. In general, the Gaussian Quadrature Method is
extremely useful for making very fast approximations when X, - - - , Xj are all gamma inputs.
When they are gamma type inputs, this method is not very stable.

Another method which yields fast results is the Gamma Method of section 3.3. It approxi-
mates the density of X by a gamma density with parameters & = 12.86742 and 3 = 3.932411:

1

flz)= @) B3z% ' exp (—1/5) (3.3.70)

and 0 elsewhere. Figure 3.4 gives the results of the Integer and Gamma Methods. The solid

curve represents the Integer Method and the dotted one is for the Gamma method.

3.8.2 Gamma Type Inputs

Most methods for calculating the pdf of X = X; + X5 +-- -+ X when the inputs are gamma

type inputs are impractical. The Saddlepoint method requires the solution to

K'@t)=z (3.3.71)
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Figure 3.4: Density and Survival functions: Solid: Integer Method and dash-dotted: Gamma

Method

where K (t) is the cumulant generating function and the Raw Method requires the calculation
of partitions of an integer, both of which can be quite long and exhaustive. The Raw Method

utilizes the following approximation to (3.3.24)

N

fx(x) = Czo! z: (—-1)" 2 M(z;r 12, - ,7%) (3.3.72)

r=0 rL+r2f- Py =T

Of course, the larger NV is the better the approximation. However, this means that one needs
to calculate partitions for large integers, which can take some time. Also, for fixed NV, the
Raw Method yields poor results for the tail of the density of X. The best way to find fast
and precise approximations for the pdf of X is to use the Convolution Method. We show its
effectiveness by looking at two examples.

First, let X = X, + X, where the parameters of the inputs are (a;,5,6) = (1,1,0.3)
and (ap, £2,02) = (2,2,2). This means that X, is a gamma input with parameters (1, 2) and
X, is a Weibull input with parameters (2,1/2). Using the “integrate” package in R (version
1.0.0), we obtain values for the pdf of X. Figure 3.5 plots the results using both methods.
The solid line represents the plot of the pdf using the Raw Method and the dashed line

is for the Convolution Method. The abruptness in the solid curve is due to the numerical
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Figure 3.5: Density functions: Solid: Raw Method and dashed: Convolution Method

instability of the Raw Method.

Now let X = X, + X + X3 + X4, where the parameters of the gamma type inputs are
(a1, 81,8) = (1,1,1), (aa, B2,82) = (2,1.2,0.3), (as, B3,93) = (1.6,0.8,2) and (au, B1,d4) =
(3.2,2,0.7). The Convolution Method produces accurate plots for the density and survival
function of X. These are shown in figure 3.6. The method depends on the numerical
integration method chosen. For instance, R (version 1.0.0) uses the A. C. Genz’s fortran
ADAPT subroutine to do the calculations. For more on numerical evaluation of multiple

integrals refer to Genz (1986) and Berntsen, Espelid, and Genz (1991).

3.9 Conclusion

We have seen various methods of computing the distribution functions of X = X+ X,+---+

X where the inputs X; are assumed to be independent gamma type inputs with parameters
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Figure 3.6: Density and Survival functions: Convolution Method

(aj, Bj,v;)- For the special case where §; = 1 for all j, the inputs are gamma inputs. Here,
we have shown that the Integer and Exact Methods yield better results than the Saddiepoint
Method. Also for this special case, the Gamma and Gaussian Quadrature Methods can yield
faster results and are quite useful for making preliminary approximations. For the general
case, it seems that the only method worth considering is the Convolution Method. It is
relatively fast and gives accurate results. For the examples given in the previous section,
results were obtained in about 10 to 15 minutes on a Pentium 450MHz with 64 megabytes
of ram memory. The Convolution Method involves no matrix inversion or the numerical
solution to a function, as in the case with the Saddlepoint Method. In the end, the choice

of method is highly variant on the problem being considered.
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Appendix A

Independent Censoring

The independent censoring assumption has been discussed by many to encompass a wide
variety of censoring mechanisms which include type I and type II censoring. Results can
be found in Kalbfleisch and Prentice (1980), Fleming and Harrington (1991) and Lawless
(1982). We shall follow the reasoning of Lawless (1982).

Suppose that we have data from n subjects and assume that we have independent censor-
ing. Our life testing sample consists of the waiting times (y,, y2, - - , yn) along with indicators
(61,02, - ,4,) that come from a model with survival function S(z). The survival function
has unknown parameters § = (8,,--- ,6;). We will show that the likelihood for this data
under non-informative censoring is the same as the one given in (2.2.56). First, let us as-
sume that our data lies in the interval [0, T"]. To obtain the result, we discretize the problem
and then take limits. Let the failure time axis be partitioned into intervals I; = [a;_i, a;),
j=12,--- k where a9 = 0, ax = T and a4, = oo. Let R; = the risk set for [;, D; =
the set of individuals who die in I; and C; = the set of individuals who are censored in [;
with n; = |R;|, dj = |D;| and ¢; = |Cj|. Also, let Aj = aj —aj_, for j =1,2,--- k. The
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data now consists of the sets Dy, Dy,--- , D¢ and C),C,, -+ ,Ci. The probability distribu-
tion of the D;’s and C;’s denoted by P (D,,C\,---, Di,Ci) can be written as a product of

conditional probabilities

P(D[,C[,-" ,Dk,Ck) = P(DI)P(CIIDI)X
k
H [P (DjIDl: D,,--- ?Dj-lycj—l) X

=2

P (C;| Dy, Dy, - ,c,-_l,Dj)]

k
= P(D)Q [[P(D;iDy, Do+, D;1,Ci-1) Q. (A-1)

j=2
where Q[ = P(C[ID]_) and QJ' = P(CJ‘ID[,DQ,"' ij—lyDj) for _] = 2, 3,"' ,k. Let us
examine the term P (D;|D,, Dy,---,D;_,,Cj-1) in (A-1). The assumption of independent

censoring can be sub-divided into smaller assumptions.

Assumption 1. The mechanisms of failure and censoring for different subjects act inde-

pendently in ;.
Assumption 2. For each subject in R;, we have
P (Dying in I;|Dy,C\,---,Dj_1,Cj-1) = P (Dying in I;|Survival beyond I;_;) . (A-2)

If we have covariate information for each subject, assumption 2 should change to the

following assumption

Assumption 3. For each subject in R; and conditional on the covariates, we have
P (Dymg in Ilel,Cl, s ,Dj-[,Cj...l) =P (Dylng in I,ISurvival beyond Ij-l) . (A—3)

Given these assumptions, we have the following:

Si(a; Si(a; ,
PD)D Dy D) = TT (1= gaetsy) AL (sy) - @9

ieD;
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where S;(z) is the survival function of subject i. Given that the survival function is the same

for all subjects, S;(z) = S(z) fori=1,2,.--,n, (A-4) becomes

01006 (1~ S ()T v

We can now write (A-1) in terms of (A-3):

(- 57) () ™o w

k
where Q = [] Q;. Noting that n;,, = n; —d; ~ ¢; and S(ag) = 1, we can expand the
=1

product in (A-6) and rearrange terms to get

k
Hl (S(a;-1) = S(a;))" (S(a;))" Q . (A-7)
j=
Under the assumption of non-informative censoring, we can ignore the term @ in the product
above. In chapter 1 we saw that f(z) = —d%S(z), so by the Mean Value Theorem there
exists n; € I; such that S(a;j_.) - S(e;) = f(n;)Q; for j =1,2,--- ,k. We get the likelihood
of the life testing sample by taking the limit of

k d. N
jl;Il (f(n35)A;)" (S(a;))”

k (A’S)
Il 4,
i=1
as k — oo with m?.x(A_.,-) — 0 and T — oc. This gives
L@) = [’ S . (A-9)

i=1l
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Appendix B

Newton-Raphson Method

There are many methods for optimizing a general system of n equations in n unknowns
subject to constraints. One must be aware of the fact that there is no one particular method
that works for all cases. However, the most widely used techniques are the Newton-Raphson
method and method of scoring. These two rely on quadratic approximations to the function
that is to be optimized. Often in statistics, we wish to optimize the likelihood or, equivalently,
the log-likelihood function.

We begin by taking a first order Taylor expansion of the log-likelihood, log (L(8)), about

a point E:
- ) t ~
g (L®) ~ log (@) + (2 los(z®))],,) (e-1) - (B-1)
The right-hand side of (B-1) is maximized by equating its gradient to zero:

(2 osc@)], ;) + [(;_Q) (2) os ey

Let the solution for 8 in (B-2) be denoted by @1. This is given by

=10+ [— () (a%)tlog(L(Q)) Qz@]—l 2 tog (L)

0=2

|90 @

(B-3)

-~

0=0
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This gives the following iteration scheme:

[ (3) (@) e

There are a few problems of which one must be aware when using the Newton-Raphson

~d+1
2] =

).

. (B-4)

-1 P
=1
o;=§‘] 50 108 (L(9)) og

Method. Besides being computationally expensive, it is not an ascent method. In other
~+1 ~ ) i )
words we may not have L (Q ) > L (Q ) The iteration scheme can be made into an
ascent method by replacing the sample information matrix in (B-4) by a positive definite
matrix A'. These methods are called quasi-Newton methods and further discussion may be

found in Conte and de Boor (1980) and Lange (1999).




Appendix C

The Delta Method

Suppose that a random variable Y = (Y},Y2,---,Y:) has mean pu = (1, 42, -+ , ) and a
non-singular covariance matrix W = (0;;), where ¢ = 1,2,--- ,k and j =1,2,--- ,k. Let g

be some function of Y that admits a Taylor’s series expansion about u

) (X -

o () (8) o0

9(Y) = g(g)*—(%g(l)

X-p+- (€

Y=u

Assuming that (5—6‘179 (Y) I ) # 0 and ignoring higher terms, one gets estimates for the

Y=u4
mean and variance of g in terms of 4 and W. These are

E(g(Y) ~ g(g) and (C-2)

Var(g(Y)) = W= (X-p)'W(X-4) . (C-3)

If furthermore Y is asymptotically normal with mean u and covariance matrix W, then

g (Y) is asymptotically normal with mean g (E) and covariance matrix W' given in (C-3). If

Y =Y a one dimensional random variable, then u = u and W = o2. Thus, E (g (Y)) = g (u)
and Var (¢ (Y)) = o2 (¢'(4))".
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Appendix D

Greenwood’s Formula

We now give a derivation of Greenwood's method for estimating the variance of the product-
limit estimator, also known as the Kaplan-Meier estimator. We follow the derivation found

in Lawless (1982).

The product-limit estimator for the survival function S(z) given the failure time data

((yl: 61)1 Tty (yn: an)) is

S0 &
S@ =[] (1 -7 (D-1)
a; <z
where a;,as,--- ,a,, are the m uncensored failure times of the sample. Further, we define
ao = 0 and a4, = 0c. d; is the number of subjects who fail at time a; and r; is the number

of subjects at risk just before a;. If ax < £ < ag+: then the product-limit estimator can be

rewritten as
k -
S@ =[] (1 ~ ‘:—) (D-2)

k
= [I& (D-3)

where p; = i~ ,t=1,2,--- ,m. Now, p; is the maximum likelihood estimator of p;, the
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probability that a subject survives past the time a;. If there are r; subjects at risk before g;
then the number of subjects that survive past a; is r; —d;. Thus 7; —d; is a binomial random

variable with parameters (r;,p;). Thus the variance of r; — d; is

Var(ri —d;) = ripi(1 — pi) . (D-4)
ry — d,'

T

The variance of p; = is

Var(f;) = Var (""d‘)

T
_ p(l—p) . (D-3)
Ti
A reasonable estimate for (D-5) is obtained by substituting p; for p;. That is
Var(p) ~ BUZB) 2 (D-6)
Taking the logarithm of the product-limit estimator in (D-1), we have
k
log (.S'(J:)) = Zlog (p;) and (D-7)
i=1
N k
Var (log (S(x))) = Z Var (log (B:)) . (D-8)
=1
Using the delta method (see appendix C) we have an estimate for Var (log (7;))
Var (log ) =~ V‘;ﬁ”*)
- ll-m
T Di
d 1
EACED R (B-9)
Applying the delta method once more, we have
Var (log (§(z))) N —— 1 sVar (§(1:)) or
(5@)
~ ~ A2 ~
Var (S (:z:)) ~ ( (:r)) Var (log ( (z)))
~ )2 d 1
= ( (z)) 3 S (D-10)
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