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Abstract

Quantum Chromodynamics is the underlying theory of hadrons and their inter-
actions. In deriving results from this theory one relies on perturbative calculations.
Sometimes indirect methods have been explored to circumvent direct calculation
of pure gluonic amplitudes. For example, it has been shown that supersymmetric
extension of QCD along with supersymmetric Ward identities can be used to es-
tablish relations between amplitudes with the same total number of particles but
a different number of gluons. Such relations are used here to connect pure glu-
onic and pure fermionic amplitudes in the case of 4-pt and 6-pt functions. These
relations offer an indirect way of calculating tree level pure gluonic amplitudes
since these amplitudes are identical in supersymmetric and non-supersymmetric
QCD.The aforementioned relations however, provide no insight into the relation
between Feynman diagrams of the amplitudes involved. In this regard, we in-
vestigate the relation between individual Feynman diagrams in the Wess-Zumino
model.

Another calculational difficulty arises when one is concerned with high energy
scattering in QCD. In the high energy regime, because the effective coupling con-
stant is relatively large, it is necessary to sum up an infinite number of diagrams.
This is made even more difficult due to the cancellations in certain color channels
that occurs at any perturbative order. The new non-abelian cut diagram tech-
nique provides considerable assistance by giving the result with the cancellations
already built into its rules. Sixth-order calculations are carried out to show the
efficiency of this technique. Finally, we consider the question of diagrams with
fermion loops that need regularization because of their UV divergence. We find

that regularization leads to an enhancement in their high energy behavior.



Résumé
La chromodynamique quantique (QCD) est la théorie décrivant les hadrons ainsi
que leurs interactions. Les résultats obtenus dans le cadre de cette théorie font
appel & des calculs perturbatifs. Afin d’éviter un calcul direct des amplitudes
purement gluoniques, des méthodes indirectes ont été développées. Par exemple,
il a été prouvé que l'extension supersymétrique de QCD avec une version super-
symétrique des identités de Ward peut étre utilisée afin d’établir des relations entre
des amplitudes avec un nombre identique de particules mais un nombre différent
de gluons. De telles relations sont utilisées ici afin de relier des amplitudes pure-
ment gluoniques et purement fermioniques dans les cas de fonction & quatre et
six points. Ces relations nous offrent une méthode de calcul indirect des ampli-
tudes gluoniques au niveau des arbres, ces derniéres étant identiques dans le cas
supersymétriques ou non. Elles ne convoient par contre aucune intuition en ce
qui concerne les diagrammes de Feynman correspondant. Nous recherchons donc
I’existence de relations au niveau des diagrammes de Feynman dans le cadre du
modele de Wess et Zumino.

Un autre probléme calculatoire apparait lorsque I'on étudie la diffusion & haute
énergie en QCD. A ces énergies, vu 'importance de la constante de couplage ef-
fective, il est nécessaire de sommer un nombre infini de diagrammes. Le p;obléme
est de plus compliqué par l'existence d’annulation dans certains canaux de couleur
4 chaque ordre de la série de perturbation. La nouvelle technique des diagrammes
non-abéliens tronqués est d’une aide précieuse car elle prend en compte automa-
tiquement ces annulations. Des calculs jusqu’au sixiéme ordre ont été effectué afin
de démontrer 'efficacité de cette méthode. Pour terminer, nous considérons le cas
des diagrammes avec des boucles de fermions qui nécessitent une régularisation
due 2 des divergences ultraviolettes. Nous trouvons que la regularization méne &

une augmentation de In(s) dans leurs comportement & haute energie.

ii



Acknowledgements

I would like to take this opportunity to thank my supervisor, professor
C.S. Lam, for his support and patience during the course of this work. His
guidance, suggestions and explanations kept me on track and corrected my
mistakes and for that I am deeply grateful. I also learned a great deal from
the courses I had with my supervisor and professors R.C. Myers, C.P. Burgess
and N. de Takacsy to each of whom I feel indebted.

I would also like to thank my friends S. M. Zebarjad, M. R. Garousi,
M. Sabouri and M. Dezfouli for countless things too numerous to mention.
I also thank my office mates Jason Breckenridge and Y.J. Feng for bearing
with me for the past four years. I hope I have not bored Jason with my silly
computer questions. I would specially like to thank him for taking his time
to read and correct the English mistakes of the original draft. I would also
like to thank Philippe Page for his kind help in translating the abstract into
French.

My gratitudes are due to the Ministry of Culture and Higher Education
of Iran for the scholarship that made my PhD studies possible. I also thank
the Carl Reinhardt McGill Major Fellowship for the support during the last
year of my studies.

Last but not least, I would like to thank my family for all the moral
support they gave me. Having to live apart for the past five years has not
been easy on me as it wasn’t on them. Their believing in me was the sole
driving force at times when the challenge seemed invincible. I hope to have
lived up to their expectations. I would like to dedicate this thesis to my

parents as a token of my appreciation.

i



Statement of Original Contributions

Supersymmetric Ward identities are among the techniques used to cal-
culate pure gluonic amplitudes more effectively at tree level. Using these
identities we present an independent derivation of the relation between pure
gluonic and pure fermionic amplitudes in the 4-pt function case. In this thesis
we also derive such a relation in the 6-pt function case which is a new re-
sult. Such relations reduce the difficulty of perturbative calculations of pure
gluonic amplitudes at tree level to a minimum and are of interest to QCD
practitioners. We also carry out a graphical analysis of the Supersymmetric
Ward identities in the Wess-Zumino model which show that such relations
also exist among individual Feynman diagrams. This analysis sheds light on
the inner mechanism of supersymmetric Ward identities.

In high energy near forward scattering in QCD, cancellation of leading
(and sometimes subleading) factors of logarithms of energy takes place. In
perturbative calculations this leaves us with a vanishing result in the lead-
ing log approximation. The new cut-diagram technique [22] effectively deals
with this problem. We will present a sixth-order quark-quark scattering cal-
culation [35] which will demonstrate the power of the new technique. Lastly
we will compute the high energy behavior of three of the eighth-order QCD
diagrams which contain fermion loops and were previously considered in the
context of QED [19]. The study of these diagrams is necessary in order
to extend the perturbative calculations beyond the well known sixth-order

results.
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Chapter 1

Introduction

The advancement of physics as an exact science occurs along two interacting
directions. The first direction is that of observation and experiment. At this
stage one makes measurements of various physical quantities relevant to a
certain phenomenon. The results of these measurements are then analyzed,
tabulated and plotted against one or more basic physical quantities. At the
second stage one faces the challenge of describing this body of data and
facts using models and theories constructed for that purpose. A model or
a theory is almost always a mathematical construct that attempts to give
a clear picture, at least in an algebraic or prescriptional way, of how the
phenomenon occurs and progresses. By its nature, the extraction of results
from theories involves calculations that are, with the exception of simple
models, complicated, and very often an exact result is simply not obtainable.
Therefore, a better understanding of a phenomenon depends on how much
calculational power, analytic or numerical, one has at one’s disposal to tackle
the theory that explains that phenomenon.

One such case is that of Quantum ChromoDynamics {QCD). This theory
is believed to be the underlying theory of hadrons and their interactions. As

with any other quantum field theory, an essential tool for extracting results



from QCD is the perturbation technique. This technique, however, is not
free of limitations. Due to the complexity of QCD, improved calculational
methods to deal with its various aspects are of prime importance.

It is the purpose of this thesis tc consider the basics of two of these
techniques and to examine examples where they can be applied. The first
technique has to do with supersymmetry. By considering the supersymmet-
ric extension of QCD along with supersymmetric Ward identities one is able
to relate pure gluonic amplitudes to amplitudes that have fewer numbers of
gluons and hence obtain an indirect way of determining tree-level pure glu-
onic amplitudes. This method works since tree-level pure gluonic amplitudes
are identical in supersymmetric and non-supersymmetric QCD. The ensu-
ing simplification is a result of reducing the number of gluons which have
complicated self-interaction vertices. We will derive relations connecting the
4-pt and 6-pt pure gluonic amplitudes to the 4-pt and 6-pt pure fermionic
ones. We will also address a related question regarding the relation between
individual Feynman diagrams in a supersymmetric relation among scattering
amplitudes, i.e. supersymmetric Ward identities.

The second technique proves to be suitable for high energy scattering
calculations at low momentum transfer, —¢ < s with s the square of energy
in the center of mass system. In this energy regime the effective coupling
constant, g2lIn(s), carries an energy dependent factor and therefore is not
necessarily small. This compels one to sum an infinite number of Feynman
diagrams each calculated in the leading In(s) approximation. It then turns
out that the leading contributions to certain color channels at any order
of perturbation cancel out. This obliges one to calculate each diagram to
its non-leading contribution, which is an enormous task. The technique of

non-abelian cut diagrams, introduced recently, is an improved calculational



method that gives the result for the sum of diagrams at each order of pertur-
bation with all the cancellations already built into its rules. As a result what
one calculates is directly the result after the cancellations have been done.
We will work out in detail the quark-quark scattering up to sixth-order using
this new technique to demonstrate its efficiency.

In the high energy perturbative calculations, diagrams containing fermion
loops are believed to make only non-leading contributions. In the context
of QCD such diagrams suffer from UV divergences that must be handled
before high energy calculations can be carried out. We find that as a result
of regularization the high energy behavior of such diagrams demounstrates an
enhancement in energy dependence over similar situations in QED.

The outline of the thesis is as follows. In chapter 2 after a quick re-
view of the essentials of supersymmetry, the supersymmetric Ward identities
will be used to work out the relation between the 4-pt and 6-pt pure glu-
onic and pure fermionic amplitudes. In chapter 3 a further endeavor will
be undertaken which will result in establishing relations among individual
Feynman diagrams. Chapter 4 contains a brief review of the historical de-
velopment of the high energy scattering experiments that demonstrated the
growth of the total hadronic scattering cross section with energy along with
some of the theoretical ideas developed to explain them. In chapter 5 the
newly developed non-abelian cut diagram technique will be introduced and
applied to quark-quark scattering up to sixth-order. Finally, in chapter 6,
the high energy behavior of diagrams containing fermion loops that require

regularization will be addressed.



Chapter 2

Supersymmetry

In this part of the thesis we will consider a particular aspect of supersymme-
try (SUSY) [1]. No doubt much can be said about mathematical construction
of SUSY, its group theoretical content, and how it has been employed fruit-
fully in various quantum field theories. Out of all that, what is of interest to
us here is how different SUSY scattering amplitudes are related and in what
ways such relations can be exploited. Before getting too specific let us have
a general look at SUSY.

Supersymmetry is a symmetry between fermions (matter) and bosons
(carriers of interactions). Since fermions generally have half-odd-integer spin
and bosons have integer spin, SUSY must change the spin content of the fields
describing these particles. In a SUSY quantum field theory one generally
talks about a supermultiplet, i.e., a set of fields with spins differing by 1/2
which transform into each other under SUSY transformations. Examples
are scalar multiplet consisting of a Majorana (self-conjugate) fermion and
a complex scalar field or a vector multiplet consisting of a spin one vector
field and a Majorana fermion. The particles (fields) transforming into each
other under SUSY are called superpartners. We will review the Wess-Zumino

model based on scalar multiplet as well as vector model in the next two



sections.

Despite its great beauty, to date, SUSY remains as a model since none of
the predicted SUSY partners of the known particles have yet been observed.
Whether or not SUSY is a true symmetry of nature, one can still benefit from
it in a different way. The reason for this inherent potential lies in the fact
that in a SUSY theory gauge bosons (relatively complicated objects with
regard to their interactions) are related to fermions (less involved in their
interactions). Through the use of Supersymmetric Ward Identities (SWTI)
(2, 3] one can establish a relation between an amplitude with external gauge
bosons and one that has some of those bosons replaced by fermions. This
is a well known technique and has been used in the calculation of primitive
color oriented gluon amplitudes [4]. In these works one pair of gluons is
replaced with a pair of gluinos (gluino is the SUSY partner of gluon). One
can, however, repeat this process in succession and replace as many gluon
pairs as possible which will proportionally reduce the amount of necessary
subsequent diagrammatic calculations. Here we consider cases where one can
find explicit relations between pure gluon and pure gluino amplitudes. These
turn out to be two special cases of the 4-pt and the 6-pt function amplitudes.

The fact that SWI relate different SUSY amplitudes does not tell how
individual diagrams are related. A natural question is whether or not one can
establish relations between individual Feynman diagrams in a quest to find
a more effective way of calculating Feynman diagrams. We will address this
question in the Wess-Zumino model in chapter 3. As will be seen, this is done
effectively by introducing a dot (to be explained later) that sits on an external
line of the diagram of interest. By moving this dot through the diagram to
all the allowed external legs one can generate a unique set of diagrams that

sum to zero. Each of the diagrams in this relation belong to an amplitude



that are altogether related by SUSY Ward identities. Establishing a similar
relation in SUSY Yang-Mills theory is more involved and is the substance for

a future work.

2.1 Supersymmetry algebra

In order to derive SWI we would need some familiarity with SUSY itself. A
thorough discussion of the SUSY algebra will pull us away from our main
purpose so we will review only those essential elements that we will be us-
ing later. Our consideration is restricted to N = 1 supersymmetry, i.e.,
the simplest case where one only has one supersymmetric generator ¢ as
opposed to extended supersymmetry where one has several generators, Q4,
A=1,---,N.

In its simplest form, SUSY is an extension of the Lie algebra of the
Poincare group to a Graded Lie Algebra (GLA) via introducing a self-conjugate
spinor !, Q,, of spin L. The (anti) commutations relations of the SUSY al-

gebra are [5, 6],

[Qan M”V] = i(o"wQ)a 3
[QOHP”] = 0 ]
{Qaa aﬂ} = 2('Yu)a,6py ’ (2.1.1)

where 1 and v are space-time and a and £ spinor indices. In these rela-
tions M*¥ are the generators of Lorentz boosts and P¥ are the generator of
translation. Because of the spinorial nature of Q. this algebra involves both
commutators and anticommutators. By introducing a pair of anticommut-

ing parameters £, and 7g the last relation in (2.1.1) may be written as a

LFor a list of our conventions see App. A.2.



commutator relation,

ga{Qaa—Q_ﬁ}'rlﬁ = [EQ? 6’7] = 2-§-’YA"7P“ (2'12)

This fact is related to the property that a GLA over complex numbers can

actually be converted into an ordinary Lie algebra over a Grassmann algebra

{6*,6°y =0 VvV ¢#c{¢},j=1,---,N-

2.2 Vector Multiplet and supersymmetric Ward
identities

In this section we will focus our attention on the SUSY extension of pure
Yang-Mills (YM) gauge theory. Our aim is to extend the results of the
previous works [3, 8] and to relate the scattering amplitudes involving only
gluons to those which involve only gluinos (fermions). One can do this in
certain cases.

The SUSY extension of the classical Lagrangian for the pure YM theory

in Wess-Zumion gauge is given by [6]
L = —1F<°)#"F(g) + lz'X“nyVD,,,\a +Lpepe , (2.2.3)
4 i 2 2
Fi, = 0,A%—8,A5 + gf*AL AL,
DA = 8,A%+gfedlre, (2.2.4)

where all spinor indices have been suppressed. The Lagrangian £ involves the
gluon field represented by the spin-1 vector Aj, the gluino field represented
by the spin  Majorana field A® and the auxiliary real field D°, with a the
gauge group index. Note that all these particles belong to the same adjoint
representation of the gauge group SU(N). The auxiliary field D® has no

observable physical effect because it has no kinetic term in £. The reason for

7



introducing it is the original desire to have unconstrained SUSY invariance.
The Lagrangian in (2.2.3) is invariant, £ = 0, under SUSY transformations
defined by,

1' v a a
N = -—Ew“ §F,, —vs€D
0A; = iy, A°
§D° = —ifyPysD,\° (2.2.5)

where & is the infinitesimal spinor. Taking £ as describing a quantum field
theory then §® = i[£Q, ®] where Q is the SUSY generator and & stands for
any of the fields A%, A} or D°. In order to find the SUSY relations among
on-shell scattering amplitudes we would need the transformations of on-shell
particle creation and annihilation operators. These are not difficult to find,
(see App. (A.3)) and the result is

[@,AL(p)] = +V2N.(p,k)gk(p) ; [Q,8L(0)] = £V2Nz(p, k)AL(p)
[ :Ki(P)] = :}:ﬁNq:gi(p) i [@agﬁ:(p)] = :f:‘/iNi(p1 k)Ki(p)
(2.2.6)

where @ = £Q, A* and §* are the fermion (gluino) and gluon annihilation

operators and the constants N+(p, k) are defined by
N,=0[kp] ; N_=08<kp> (2.2.7)
in which 6 and 6 are two anticommuting constants and?
ko] = (K)u_(p) ; <kp>=u_(k)uy(p)-

These commutation relations are sufficient for us to work out supersymmet-

ric Ward identities. Consider a product of a number of on-shell creation and

2For a more thorough description of the notations see App. A.1

8



annihilation operators. Due to the fact that the generator of supersymmetry
annihilates the supersymmetric vacuum, the commutator of Q and any com-
bination of these on-shell operators will have a vanishing vacuum expectation
value. If ®; represents any of these operators, then we obtain the following
Supersymmetric Ward Identity (SWI) {2, 3],

0 =< 0|[Q, f[ 3;]|0 >= i <0[®;---[0, 8] 2al0 > (2.2.8)

i=1 i=1
This equation is nothing but a relation among supersymmetric amplitudes.
As a warm up exercise we first go over some of the well known results. For
brevity we will drop the ~ over the operators and assume all the particles
to be out-going. So our notation in the following will be §*(p;) = g, and

similarly for other operators . Consider the following choice of operators,
0=<0|[Q,A{g5 -+ g3]l0 >= N_(p1, k)M (97, 95, . 9%)

+N+(p2,k)M(Af',A;', .t ‘19:) +e+ N+(pmk)M(A:,g;a "'1A:) (2-2-9)

Notice the sign flip of the SUSY factors [— N (p;, k)] in all but the first term
because this factor carries the noncommuting constant 6 that produces a
minus sign when moved past Af. Since for a massless fermion all fermion-
vector couplings are helicity conserving, all the terms on the second line will
vanish since two out-going fermions of the same helicity are equivalent to
a helicity flipped in—out pair of fermions. As a consequence the first term
having only gluons must vanish too. This result is usually put as follows:
maximal helicity violation is forbidden. This fact holds true to any order of
perturbation and is also true at tree level in a non-supersymmetric theory.
Let us consider another example and start from the same string of oper-

ators but with one negative helicity gluon,

0=<0[[@Afgrg5 - g3]l0>="--



N—(ph k)M(gi{: g2_a Tty gr-ll.-) + N—(p21 k)M(Ai*.7 A;: Tty g;-) (2210)

where we have dropped all the vanishing terms possessing two fermions with
the same helicity. Here we still have the option of choosing k. If we let
k = p, the first term will vanish and for the equality to hold the second term
must vanish alse. So an amplitude with a pair of fermions and any number
of gluons with the same helicity vanishes. If we let & = p, the second term
will vanish and therefore an all gluon amplitude with only one nonidentical
gluon helicity will vanish.

A non-vanishing example would be the following. Let us start with the

same string of operators as (2.2.8) but with two negative helicity gluons,
0=<0|[Q Afgz9595 -+~ 95110 >= N_(p1, -)M (g7, 9295+ ", 9n)
+N_(p2, E)M (AT, A7, 95, -+, 97) + N_(ps, k) M(AT, 97, A5, - - -, 97)
(2.2.11)

Now if we simply let & = p; we will obtain

<32 >
< 31>

M(gif.sg;1g3—1g:{""ag:):“ M(A-{aAz_ag:;s"',g:)' (22'12)

As can be seen, a single application of (2.2.8) has the potential of relating
amplitudes with one pair of fermions to an all-gluon amplitude. Similar
examples with different initial helicity structures can be worked out. In all
of them the pure gluonic amplitude will be related to a sum of amplitudes
with one pair of gluons replaced by gluinos. What we would like to do is
to make multiple use of (2.2.8) and try to replace all gluons with fermions.
This will only be possible in amplitudes with an even number of particles.
We will start by considering the simplest case of four particles. In this

case it turns out that we need two initial combinations. These are
Si=Afgigsor ; S2=AFAfATgr - (2.2.13)
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Taking the vacuum expectation value of the commutator of each of these

combinations with @ will give

<kl>M-—-<k3>M-—-<kd4>M = 0,
<kel> My— < k2> My—<kd>M; = 0, (2.2.14)
where M; are amplitudes defined by
Ml = Ml(gi{-, g;ags—’gZ) ’
M2 = MZ(Al-{-agg-1 A;:g‘t—) 3
M3 = M3(A1+79.‘;'! gs—,AZ) ’
M4 = M4(gi*-7 A;a AS—! 94_) '
Ms = Ms(Af AT AT A7) - (2.2.15)

Note that these equations have each been derived separately and thus are
independent. The two different values k; and kj reflect this independence.

Now if we let k; = ps and ks = p; we will get,
<AI>M—-<43>M,=0 ; <12>M+<14>M;=0 (2.2.16)

from which we conclude,

< 43 >
<12 >

Mi(gt,95,95:95) = Ms(Af, A, A7 A7) - (2.2.17)

A similar result has been derived in {8]. There are two conclusions we can
draw from this result. From a calculational point of view, it is far more
simpler to calculate an all fermion 4-point amplitude than to calculate one
with external gluon lines due to the complexity of the three and four gluon
vertices. Secondly, this result shows at a glance the gauge independence of
the amplitude M; from the gauge dependencies of external gluons since on

the right hand side everything is explicitly gauge independent.
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This result may seem like pure luck, and in general it is not a prior
clear that one can get such relations when more particles are involved. To
examine the possibility we have to consider six-point functions. Here again
one is seeking an equation relating an amplitude with six external gluons to
one that has six external fermions (gluinos). It turns out that this case is
quite a bit more laborious than the 4-point case. The reason for this is that in
each application of (2.2.8), one obtains a relation between amplitudes that in
general have 2m fermions and ! gluons and those that have 2(m — 1) fermions
and (! + 2) gluons. For m = 3 and [ = 0 the all-fermion amplitude will
appear together with the amplitudes having four fermions and two gluons.
Then it is necessary to repeat the procedure starting with a different initial
operator combination so as to get relations between (4A, 2g) and (24, 4g) type
amplitudes. Repeating this once again finally establishes relation between
the (2A, 4g) type and the (6g) amplitudes. Once these equations are laid out
one has to solve the linear system of equations for the desired relation.

To begin, it would be better to adopt a more economical notation. From
now on the helicity index ‘+’ will be suppressed and in order to remove the
resulting ambiguity we will assume that the first three operators from the
left have positive and the last three have negative helicities. The amplitude
with six gluons will be denoted by G and the one with six fermions by F.
A general notation for the amplitudes with two fermions (and four gluons)
will be M;; with ¢ and j indicating the location of the two fermions, counted
from the left. A general notation for the amplitudes with two gluons (and
four fermions) will be /V;; with 7 and j locating the two gluons within the set,
counted from the left. We will also use f to denote a fermion rather than A.

We will start by introducing the different initial operator combinations

12



to be used. They are

S1=fgg9g999 ; S2=gfg999 ; Sz =ggfggg ;i Sis=g99fgg
Ss=gfffff i Se=f9ffff ; S:=ffgfff ; Ss=fffaff

So = ffgfag ; Sw=ffggfg-

(2.2.18)

Using (2.2.8) we will get the following set of equations for Sy, ---, Sy

<kil>G— < kid> My— < kb > Mps— < k16 > Mg
< k92> G— < kod > Moy— < k25 > Mos— < ka6 > Mg
< k33> G— < k3zd > Mzs— < k35 > Mss— < k36 > Mg

(kal] My + [ka2] Moy + [kq3] May + [k44]G

Similarly for Ss, -+, Ss we will get

[@1]F + [q14] V14 — [@15]N15 + [16] V16
—(q22]F' + [g24]N2a — [g25]N2s + [g26] Nas
[g33]F + [g34] N34 — [q35]N3s5 + [g36] N6

< qul > Niyy— < Q42 > N24+ < @3 > Nyy— < qd > F
And lastly for Sy and Sy

<kl > Myy— < k2> My— < k5> Nizg— < k6 > Nas

<ql > My— <q2> M+ <gd > Nzg— < ¢6 > Nyy

0(2.2.20)

0
0(2.2.21)

Each set of equations in (2.2.19) and (2.2.20) contain ten variables (ampli-

tudes). By choosing two different values for each k; and g;, each set will have

eight equations. In the set corresponding to (2.2.19), we will choose G' and

M3 as independent and will solve for the other M;; in terms of these two

amplitudes. In the set corresponding to (2.2.20), we will choose F' and N3g as

13



independent and will solve for the other IV;; in terms of these two. Lastly by
assigning k = 5,6 and ¢ = 6 in (2.2.21) we will solve for the desired relation,
i.e., G in terms of F.

The calculation, although straightforward, involves lengthy matrix com-

putations and the final result is

_ <56 > {2[53]ps - (p1 +p2) — [63]((51] < 16 > +[52] < 26 >)} .
o [54][56] (< 51 >< 62 > — < 52 >< 61 >)

G
(2.2.22)

It should be mentioned that the authors in [3] considered this case but did
not give the relation between the six-gluon and six-fermion amplitudes. Un-
fortunately we have not yet found a clear interpretation of the special type
of functional dependence in (2.2.22).

For higher numbers of particles one can still make multiple use of (2.2.8),
but a single relation involving ¥ and G type amplitudes alone seems unlikely
due to the large number of variables which will eventually exceed the number

of equations.

2.3 A detailed example

In order to see the type of calculational efficiency that relations of the form
(2.2.17) can provide, we will work out the 4-pt pure fermionic and pure glu-
onic amplitudes. In general, instead of the whole amplitude one can consider
color-oriented subamplitudes. A color-oriented amplitude is constructed from
color-oriented vertices. In App.(B) we show how color-oriented vertices can
be derived from normal vertices. These subamplitudes in general contain
fewer number of diagrams than the complete amplitude and yet are still
gauge invariant [9, 10]. With this brief introduction, the color-oriented di-

agrams for 4-pt pure gluonic and pure fermionic amplitudes are shown in
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Figure 2.1: Color-oriented 4-pt diagrams.

Fig.(2.1). The expression corresponding to each of the diagrams is given

below,

g2

—2p3 - P2
x{2ps - €4(2)(ps — p1) - e-(3)e—(4) - €4 (1)

+2p2 - €-(3)(Ps + p1) - €4-(2)e-(4) - €4+(1)

—€+(2) - e-(3)e-(4) - €+(1)(p2 + p3) - (P4 + P1)

—4e_(3) - €4 (1)ps - €+(2)p1 - e-(4)

—4e_(3) - e-(4)ps - €+(2)p4a - €4+(1)

—4€+(2) - €4 (1)p2 - e-(3)p1 - e-(4)

—4e4(2) - e-(4)p2 - €-(3)ps - €4(1)

+2€4(2) - €-(3)(P2 + p3) - €4)pa - €+(1)

+2€4(2) - 6—(3)832 +p3) - ex(L)p1-e-(4)} (2.3.23)
g

Gz = TT(tatbtctd)?—p—;—
1° /M2

X{(P1 + p2) - (Ps — p3)es(1) - €4(2)e—(3) - e-(4)

Gi = Tr(t*tttt%)

15



+2(p1 + p2) - €-(3)p3 - e-(4)ex(1) - €4(2)

—2(p1 +p2) - €-(4)ps - e-(3)e+(1) - €4(2)

—2p1€.(2)(ps — p3) - €4(1)e—(3) - e—(4)

—4py - € (2)ps - - (4)ex (1) - e (3)

—4pz - €. (1)ps - €-(3)e4(2) - e-(4)

+2ps - €2 (1)(ps — p3) - €4(2)e-(3) - e_(4)

+4p2€;(1)ps - €—(4)es(2) - e-(3)

+4p1 - €:(2)ps - e-(3)e-(4) - e+ (1)}, (2.3.24)
Gs = Tr(t°ttt?)g?

x{2e4(1) - e-(3)es(2) -e-(4)

—€4(1) - e-(4)e4(2) - e-(3)

—€:(1) - €1 (2)e-(3) -e-(4)}, (2.3.25)

2
F = Tr(tat”tCt")Tgp < 2+ |73+ >< 1+ |yul4+ >(2.3.26)
&P P2

For general helicity of the polarization vectors® (not written explicitly), straight-
forward counting shows that G; and G; have 14 terms each and G3 has 3
terms. The high number of terms in each diagram is due in part to the
gauge dependencies of 3g and 4g vertices. Summing up the diagrams will
bring about cancellation of gauge dependent terms and the result will be
vastly simpler than any of the individual diagrams. Using (2.2.17) however,

we can indirectly obtain the result. We will have,

<43 >

<12 >
<43 > (2[21] < 43 >

To<12> (—[23] < 32 >)

Gi+G,+G3 =

(2.3.27)

3See equation (A.1.16) for the spinor-helicity representation of the polarization vector.
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As one can clearly see, the sum of 31 terms of the gluonic diagrams on the
left hand side reduces to just one term. In the 6-pt function case, one of
course has many more color-oriented diagrams than in the 4-pt case. Here
again, by first summing the pure fermionic diagrams one calculates F and

then through (2.2.22) one can indirectly find the pure gluonic 6-pt diagram.
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Chapter 3

Supersymmetric relations
among Feynman diagrams

In the previous chapter we saw how SWI establishes relations among scat-
tering amplitudes. The relations found have the potential to assist one in
calculating scattering amplitudes in a more efficient way. An amplitude in
the perturbative language consists of the sum of Feynman diagrams that grow
in complexity with the order of perturbation. The relations found using SWI
relate these perturbative sums but are silent about the possible relation be-
tween individual Feynman diagrams within each of these amplitudes. One
could think of this as a global picture of the relation since the role of in-
dividual diagrams is not clear. A natural question is then whether or not
we can find a relation between individual Feynman diagrams of amplitudes
related by SWI? Our aim in this chapter is to explore the answer to this
question. For reasons that will be mentioned later such a relation is partic-
ularly difficult to find in the case of supersymmetric Yang-Mills theory. We
have succeeded, however, in finding the relation between Feynman diagrams
in the Wess-Zumino model (WZ) [1]. The particle multiplet of the WZ model
consists of a Majorana (self-conjugate) fermion 1, a complex scalar field ¢

and an auxiliary scalar field . The ¥ and ¢ field could both have mass m

18



or both be massless. In our treatment we will specialize to the massless case.

We will begin with a brief review of this model.

3.1 Wess-Zumino model and basic diagram-
matic identities

The WZ model is the supersymmetric extension of the complex Klein Gor-
don field theory in which ¢ acquires a supersymmetric partner ¥ , a spin %

Majorana fermion. The Lagrangian describing WZ model is [1],

Lo = 0,00"¢" + %z@;ﬂl{) + FF*
Ln = ~m(gF +§"F") = 2mifip
L, = —gV2|[(¢*°F +¢°F*) +%(¢Pr+ ¢*P)¥] ,  (3.1.2)
where the right Pp and left P; projection operators are defined by,
Pr=(l+in) ;i Pr=i(l-iv)- (3.1.3)

The complex scalar field F' is an auxiliary field introduced to maintain uncon-
strained supersymmetry. Since it has no kinetic term it does not propagate
and thus can be removed using its equation of motion. The resulting La-

grangian containing only the physical fields will then be
— Lk 2 s 1 : * %*
L = 8,00"¢" — m*¢¢™ + S9(if — m)v) — V2mg$*(¢ + ¢7)
~V2gY[¢Pr + ¢*Prlv — 29°(¢4*)? (3.14)
This Lagrangian is invariant under SUSY transformations,
8¢ = V2EPpy = V2YPr§
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Figure 3.1: Vertex factors of massless WZ model.

— D P A
@ T u-i:(P) E = u;:(p)
o— L2+ a_(p — L 1 w(p
s 3 +

Figure 3.2: Designation of external states.

§¢* = V2EP ¥ = V29YPL¢
0 = —VZ[if +m+V2g(6Ps, + ¢*Pr)| (P + 6" Pr)E
5 = ~VIE@F; + 6 Fr) [~ § +m+ Vig(9P, + ¢PR)| (3.15)

Using a similar method to that explained in App. (A.3) we can write

down the SUSY transformations of the on-shell operators. They are
[Q.AL(p)] = +N_(k,p)a’(p) ; (@ AL(R)] =—N.(k,p)b!(p),

[@,d'(®)] = +Ni(k,p)AL(D) ; [Q,b'(p)] = —N_(k,p)AL(p) ,

(@ A+(p)] = —=Nyi(k,plalp) ; [Q ,A_(p)] = +N_(k,p)b(p) ,

[Q,a(p)] = +N_(k,p)A+(p) ; [@.b(p)] = —Ni(k,p)A-(p), (3.1.6)
where the constants N, and N_ are defined by

N (k,p)=ivV20[kp] ; N_(k,p)=ivV28 <kp> - (3.1.7)

In (3.1.6) a(p) and b(p) are the annihilation operators of the scalar particle

and its antiparticle.
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Figure 3.3: Relation 1A.

From now on we specialize to massless, m = 0, WZ model. Using the
Lagrangian (3.1.2) one can easily extract the vertex factors which are shown
in Fig.(3.1). The dashed line represents the boson particle. It indicates a
boson, type a, if the momentum and the arrow are parallel and an anti-
boson, type b, if they are anti-parallel. The fermion line does not carry an
arrow since it represents a Majorana fermion. In writing down the expression
associated with a Feynman diagram however, this seems to pose an ambiguity
since one is not guided naturally to the right order of gamma matrices. This
ambiguity can be removed by associating an arbitrary, but fixed, direction
with the fermion line. Figure (3.2) shows the way external states will be
assigned. Since the fermion-boson vertices carry projection operators Pg g
the helicity of the states on opposite sides of the vertex must be different.

In order to find the relation between Feynman diagrams we need to con-
sider some basic relations. These relations can best be presented using the
dot convention. We place a dot on a fermion (boson) line to indicate that
it is a supersymmetrically transformed line. Thus removing a dot from a
fermion (boson) line will change it back to a boson (fermion). There is a
factor associated with the dot depending on where it is. These factors can
be read from the right-hand sides of commutation relations (3.1.6). For ex-
ample, if the dot is on a positive helicity fermion line with a momentum
pointing outward (away from the vertex) it represents +N_(k, p) or a dot on

an incoming a type fermion is + N_(k,p) and is —N, (k,p) on an outgoing
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Figure 3.4: Relation 1B.

one. With this brief introduction we can now consider the basic relations.

They are as follows:
¢ Relation 1.

Referring to Fig.(3.3) with p;n = ps and pey: = p1 + p2 and following the rule

for writing the associated expression we have,

la = (—1) <k+|p|po+ >< pa — [P Proslpe+ >,
10 = <k+|ps3|pct+ >< pa — |1 Prpalpe+ >,

le = <k+|pilpat ><py — [f2Prislp+ >, (3.1.8)

where all common factors including the denominator of the propagators have
been dropped. The SUSY factor in these expressions are the ones that con-
tain k. If the boson line arrows were pointing inward as in Fig.(3.4) then
the corresponding helicities should become negative in these factors. The
momenta p,, p» and p. could be any of the on-shell momenta of the external
lines that appear in the momentum expansion of that particular line. The
(—1) factor in la is due to the anti-commutativity of the SUSY factor ¢
(suppressed in the above relations) and appears because in factoring out it
passes by an odd number of fermion lines. Using off-shell Fierz relations, see

App. (A.l.1), it is straightforward to see that,
Relation 1A: la+1b+1c=0" (3.1.9)

In case any of the three lines is an external on-shell line, say p, for instance,

then in the above amplitudes p, must be dropped and that has to accompany
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Figure 3.6: Relation 2B.

a helicity flip in the corresponding state as well as momentum change, in this
case [p, = po— >.

Similarly for Fig(3.4) we have

1L = — <k—|palps— >< pa + |P1PrPslDc > »
1, = <k-—|ps|pe— >< pa + |p1Pripe|ps— > ,

1! = <k-—|pi|ps >< pp + |p2Prpslpc— >, (3.1.10)
from which it follows

Relation 1B: 1, +1;+1.=0- (3.1.11)

e Relation 2

This relation is depicted pictorially in Fig.(3.5). The momentum configura-
tion is py = p3 +pg and poy; = p1 +p2 where all p; can in general be off-shell.
The corresponding expressions for these diagrams, ignoring all common fac-

tors, are

2a = <k—|p1Pr(P1 + P2)Prpslpa— > ,
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20 = <k—|p2Pr(p1 + P2)Prpalpa— >,

2¢ = <k—|flpa— > (p1 +12)* - (3.1.12)
From these expressions it follows that
Relation 2A: 2a+2b+2¢c=0- (3.1.13)

The amplitudes given above also yield the on-shell results if any of the mo-

menta go on-shell. For example, if all p; except ps are taken to be on-shell

then
20 = —<kl> [12] < p2 — lﬁ4|pd—— >,
2b = — <k2>[21] <p1— |palpa— >,
2¢c = <k—|papa— > [12] <21 >, (3.1.14)

which will satisfy (3.1.13) provided we write py = p; + p» — p3 and use
Fierz relations. For Fig(3.6) the corresponding amplitudes (the primed ones)
can be obtained from (3.1.12) by flipping the helicities of the states and
changing the lable L <+ R on the projection operators. For the resulting

!

ab,c €xpressions it follows that

Relation 2B: 2, +2, —2.=0- (3.1.15)
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Figure 3.8: Relation 3B.
e Relation 3.

Another relation that can be easily checked is depicted in Fig.(3.7). Assuming

p3 is an on-shell fermion line we have,
3a=<k+ |p1Pr|3+ > ; 3b=<k+|fPr|3+ >, (3.1.186)

where again the common SUSY factor of —1/218 has been dropped. Using

Fierz identities it follows that
Relation 3A: 3a+3b = [k,1+2] < 14+2,3 >=[k3] < 33 >=0 - (3.1.17)

In (3.1.16), if we change the helicity of the fermion line which should accom-
pany a change in the direction of arrow on the boson line, only the type of
brackets will change, i.e., [..] ¢+< .. >. The resulting graphical relation is
shown in Fig(3.8).

Now let us consider how these graphical relations may be used to relate
more complex diagrams. The strategy for obtaining such relations is the
following. By joining elementary pieces together and by moving the dot

from internal lines to external ones, diagrams with more external lines can
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Figure 3.10: Moving the dot from an internal to an external line

be constructed. Along with constructing bigger diagrams one also obtains
relations among them. Consider the following example. We can start from
relation 1A and sew on an extra piece as shown in Fig(3.9). As one can
see, the first and the third grafted diagrams are normal ones (note that in
the grafting process one has to strip off the helicity state |p.+ > from the
common line 3) but the second one looks odd. To get a sensible diagram we
first notice that line 3 has, from (3.1.8) and after attaching the extra piece,
the SUSY factor < k + |p3Pgr|5+ >. All we need to do is to move the dot
across to the negative helicity outgoing fermion of the grafted piece which
will generate the same SUSY factor, from (3.1.16), Fig.(3.10). The last step
is to use relation 3A to move the dot to the external line 4. Putting all three
terms together the final result is as shown in Fig.(3.11). As a further check
we can directly verify the validity of the relation of Fig(3.11). Assuming all

o | 4w 2+

-——m - -

- - - -_— = 0

Figure 3.11: A derived relation among 4-pt functions.s
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external lines are on-shell, the expressions associated with each term are,

A=[k1][12] <25 >; B=—[k4][12] < 46 > ; C = —[k1][21] < 15 > -
(3.1.18)
Using Fierz identities it follows that A + B + C = 0. One can proceed
further and sew on more and more pieces and create complicated diagrams
and relations.

There is an even easier way to obtain such relations. This shorter tech-
nique was actually derived from considering several examples. We first ex-
plain the rule and will then give examples. We notice that there are two
types of SUSY factors, one having square brackets [..] and one having angle
brackets < .. >. With this in mind let us start from an arbitrary diagram
with on-shell external lines and choose the dot to be on one of the external
lines. Based on the type and momentum direction of the line carrying the
dot the SUSY factor will either be square or angle brackets. As a rule the dot
can only go to those external lines whose resulting SUSY factor will be the
same in type as the original line. In order to reach these external lines one
has to move the dot along some internal fermion or boson lines. At tree level
there is only one path to take for each destination. Passing the dot along an
internal line should bring about a particle type change from fermion<«+boson.
When the dot is moved along a fermionic line of the diagram between two
fermion-boson vertices, the fermion propagator shrinks and produces a four-
boson vertex. This occurs every other time a fermion propagator is reached.
The sum of diagrams created in this way will be zero.

Our first example is shown in Fig.(3.12). The momenta are chosen as
Din = P3 + pg and Poyr = p1 + pp. We start with the dot on line 1 with
negative helicity. In this case the dot can go to either Ao or A_;, particle
types which are lines 2 and 3. It is straightforward to verify the relation
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Figure 3.12: A 4-pt example. SUSY factors;(A1)-[k1], (B1)-[k3], (C1)-[k2]
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Figure 3.13: An 8-pt example
depicted in Fig.(3.12). The expressions for the three terms are

Al = —~[k1] <14 > [23] ; Bl =[k3][23] <34> ; C1 = —[k2][32] < 24>
(3.1.19)
where we have again ignored all common factors. Now using momentum

conservation we have
k2] < 24> = < +k|po]d+ >

< k + |ps + p-p1|4+ >
= [k3]<34>—-[kl]<14> -

Replacing this in C1 it follows that A1 + B1 + C1 = 0. As an example
illustrating shrinking of fermion propagators consider Fig(3.13). The ‘in’
and ‘out’ momenta are p;, = pg +p7 + P + D5 , Pout = P1+ P2 +P3 +Ps. The
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expressions for the diagrams are
A; =< k1 >[12] < 2,143 > [1+3,2+4] < 2+4,14+3-5> [14+3-5,7] < 78 >,

A, =< k2 > [21] < 1,243 > [2+3,14+4] < 1+4,2+3-5 > [2+3-5,7] < 78 >,
Az =< k4 > [4,14243] < 1+2+43,4-5 > [4—5,7] < 78 > (p1+p2)?,
Ay = — < k6 > [67] <78 > (p1+D2)(D1+D2+Ds+D4)? ,
As =< k8 > (p1 + p2)*(D1 + p2 + ps + pa) (07 +ps)* -
(3.1.20)

From the Fierz identities it follows then that
A +A + A3+ As+45=0- (3.1.21)

These examples serve to illustrate that in the WZ model one is able to dig
further down from what SWI provides and find relations among individual
diagrams. A further question is whether such relations exist in other theories
such as supersymmetric Yang-Mills theory. In a (SUSY) gauge theory each
complete amplitude is a gauge invariant unit but each diagram is gauge
dependent. The complete amplitude can be split into the so called primitive
color subamplitudes each of which contain fewer number of diagrams which
are still gauge invariant. Further gauge invariant splittings are impossible.
If one attempts to relate diagrams within subamplitudes of the same color
(coming from different processes) we will end up with a gauge dependent
relation. As a result of the gauge dependence, physical diagrams (made up
of regular vertices) will not add up to zero, leaving left over pieces. Therefore,
one is obliged to introduce nonphysical vertices. So the conclusion is that
in gauge theories, gauge invariance forces diagrams to be split into gauge
invariant subamplitudes. Attempts to split the gauge invariant unit will

result in nonphysical vertices.
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Chapter 4

High energy scattering

Until 1972 it was a commonly held belief in the physics community that
the total scattering cross section approaches a constant as the square of the
total center of mass energy, s, tends to infinity. Around that time the ISR
[11, 12] experiments found evidence that this belief is not strictly true and
a rise in the total hadronic scattering cross section was observed. Subse-
quent analysis of the data established the growth of the total cross section
as oye o< s98 [13]. Since then other scattering experiments have verified this
observation. Recently, scattering experiments at HERA [14] have revealed
an even stronger growth for v*p total cross section o, oc s%5. These growths
are generally believed to be due to the exchange of a composite object, called
the pomeron, between the colliding hadrons. The gentler growth is due to
the so called soft or non-perturbative pomeron and the steeper one due to
the hard or perturbative pomeron.

The rise of the total cross section at high energies can be looked upon
from two different perspectives. First, according to the Froissart-Martin
[15, 16] theorem at asymptotic high energies the total cross section cannot
grow faster than oy, o In®(s). The observed power growth is not neces-

sarily a threat since the present day energies available are believed not to
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be high enough to meet the requirement of the theorem. One possibility is
that at yet higher energies multiple gluon exchanges will take place which
will dampen the growth. This point is not of primary concern at the mo-
ment. On the theoretical side however, the situation is different. Here there
are two approaches. First is the Regge phenomenological approach which is
based on general unitarity, analyticity and crossing symmetry properties of
sca.ttéring amplitudes [17]. In Regge theory, based on assumptions regarding
singularities of the partial-wave amplitude, one finds the general dependence
of the scattering amplitude, A(s,t), on s. According to Regge theory the
high energy behavior of A(s, ¢) is dominated by the poles of the partial wave
amplitude, see section 4.1. In the simplest case one assumes that the singu-
larities of the partial wave amplitude are simple poles. Then the scattering
amplitude exhibits an asymptotic power growth, A(s,t) ~ s*P®) if ap(t) is
the pomeron pole. The pomeron pole is one of a series of possible poles in the
complex angular momentum plane generally referred to as Regge poles. The
pomeron pole provides the leading contribution to the total cross section.

From the optical theorem one would then have,
1 ap(0)—-1
O'tat-—-;ImA(s,t=O)ocs P .

As one can see, if 1 < ap(0) the result will violate the Froissart bound.
Nonetheless at present day energies, this model fits the data. From the
collected scattering results, the effective pomeron trajectory has been found
to be ap(t) = 1.08 + 0.25¢ [13]. There are other possibilities as well. These
are due to Regge cuts. These cuts will generally produce In(s) factors in the
amplitude.

The second approach is via the perturbative QCD calculations. In 1975

Low and Nussinov [18] proposed a perturbative model of the pomeron in
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which the pomeron is simply the color-singlet component of a two-gluon ex-
change in QCD. Diagrammatic calculations in the leading log approximation
(LLA) have been carried out to substantiate this proposal [19, 20] and to
study other aspects of the high-energy near-forward scattering. A charac-
teristic feature of these calculations is the necessity to sum up an infinite
number of diagrams. The reason is that even if g2 < 1, the effective cou-
pling at high energy is g2 In(s) which may be of the order of unity and hence
an infinite number of diagrams must be summed up. Dealing with such a
huge number of diagrams is an enormous task and compels one to work in
LLA. This turns out not to be sufficient. The reason is the common cancel-
lation of leading In(s) factors which occurs in certain color channels of the
sum of diagrams at each order of perturbation. Because of this one needs the
sub-leading contributions of a diagram. This fact in itself is a calculational
hardship and complicates matters. Here a calculational method that would
give the leading contribution of the sum of diagrams at each order of pertur-
bation would simplify the calculations considerably. There is another point
to notice. A priori one cannot dismiss non-leading terms, whether they are
non-leading contributions of a leading diagram or leading contribution of a
non-leading diagram, since it is quite possible that the sum of non-leading
terms may overrun the sum of leading terms.

The result of finite order diagrammatic calculations [19] seems to indi-
cate that the high-energy near-forward scattering is governed by multiple
reggeized gluon exchanges, supplemented by elementary gluon production
from the reggeons and by s-channel unitarity [21]. The emergence of reggeon
exchange out of perturbative calculations is particularly interesting and is
consistent with the Regge theory result.

There is another important development in this area. A case where the
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leading log factors do not cancel is in the sum, in LLA, of a reggeized gluonic
ladder with an effective vertex for elementary gluon production. The sum
leads to the BFKL equation, see section 4.2. The color singlet solution
of this equation is the hard pomeron and the color-octet is the reggeon.
The pomeron solution results in a cross section that violates the Froissart
bound. Here there is a possibility that non-leading diagrams, i.e., those with
multiple gluon exchange as well as those containing fermion loops, may be
of importance.

Recently a new way of calculating sums of Feynman diagrams at a given
order of perturbation was proposed [22]. The new technique exploits non-
abelian cut diagrams as opposed to standard Feynman diagrams. A non-
abelian cut diagram is in fact an extract of the sum of a number of standard
diagrams and as such contains a number of cancellations already built in.
This greatly simplifies the calculations. We will examine this new technique
in chapter 5.

As was mentioned above, restoration of unitarity and fulfilling the re-
quirement of the Froissart bound would demand resummation of muti-gluon
exchange diagrams. Some recent studies have been conducted in this direc-
tion [23, 24]. The question of the role of fermion loops in the context of the
BFKL equation has also been the subject of some recent articles [25]. The
study of the contribution of diagrams containing fermion loops to the high
energy behavior of electron-electron scattering amplitude was pioneered by
Cheng and Wu [26]. In QED such amplitudes are free of UV divergence.
Similar diagrams occur when considering quark-quark scattering in QCD. In
QCD however, these diagrams are UV divergent and therefore regularizing
them is necessary. In chapter 6 we will examine this point and will calculate

three eighth-order diagrams containing fermion loops in quark-quark scat-
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tering. We find that as a result of regularization, the high energy behavior
of such diagrams exhibits an enhancement in their energy dependence as
compared to QED diagrams.

The outline of the present chapter is as follows. The elements of Regge
theory will be reviewed in section 4.1. Section 4.2 will be a review of the

BFKL equation.

4.1 Regge theory

In 1959 Regge [27] showed the advantage of viewing the angular momentum
l as a complex variable. He showed that for a wide class of potentials the
only singularities of scattering amplitudes in the complex angular momentum
plane were poles, now known as Regge poles. If these poles occur for positive
integer values of [ they correspond to bound states or resonances. Regge’s
considerations were non-relativistic but it was later shown that the theory of
complex angular momentum, Regge theory, can also be used in high energy
particle physics. Below we will review the complex momentum approach as
is used in the high energy particle scattering.

Consider an elastic scattering process [28] (a) :  A(p1)+ B(p2)—A(p})+
B(p,)  progressing in the s-channel, 0 < s, ¢ < 0, u < 0, as shown in
Fig.(4.1). The goal is to find out how the scattering amplitude A(s, t) behaves
as s, the center of mass (CM) energy, grows very large. To this end we first
consider the crossed process (b) : B(p2)+ B(—p%) — A(p}) + A(—=p1). The
amplitude for (b) can be obtained from A(s,t) by analytic continuation to
the ¢t-channel physical region where 0 < ¢, s < 0, uz < 0. Now, using ¢-channel

partial waves we can expand A(s,t) as follows,

A(s,t) = A (s, t) + A_(s,1) , (4.1.1)

34



P P}
s —

D2 7

Figure 4.1: Elastic scattering in s and ¢-channels.

As(e) = 23141 Au®) [P(-2) £B(=)],  (412)
=0

where [ is the angular momentum, A4(t) is the positive (negative) signature
(to be explained below) t-channel partial wave, P, is the Legendre polynomial,
zz = —cos(f;) with 6, the scattering angle in the CM of process (b). The

relation between Mandelstam variables in ¢-channel physical region are,
—t —t
§s=— (1—cosby) ; wu= - (1 + cosby) - (4.1.3)

Note that we can move back to s-channel physical region by allowing 1 < |z
and t < 0. The reason for splitting A(s,¢) into positive and negative sig-
nature parts as in (4.1.1) is as follows. Suppose that particle A is its own
antiparticle A=A. Then the amplitude for the {-channel process (b) has
a s <> u symmetry. Since only P(z) with even ! has such a symmetry,
P_even(—2:) = Pi=even(z:), one would expect that only Pi—even(z) should
be present in the expansion. Equation (4.1.2) implements this requirement.
After this brief digression let us take another step and think of Pj(2;) and
ALi(t), originally defined for positive integers, as analytic functions of . In
this extension Pj(z;) will no longer be a polynomial but rather a hypergeo-

metric function with a branch cut going from (—1) to —oo. The situation

35



{—plane 1
-3 +toc

4
i O O «— Regge poles

CL”- 1 2 3

-l e
3 1

(a) {b)

Figure 4.2: The complex [-plane. Regge poles are indicated by dots. (a)
Contour C; encircles the positive ! axis (b) After opening the contour.

with A4(t) is more subtle. We assume that it has only isolated singularities
and thus makes the analytic continuation in the complex [ plane plausible.
Also we assume that A,(¢) dies fast enough as [ increases, for a reason to
be explained later. This extension would allow for another representation of

A, (s,t) known as the Sommerfeld-Watson representation [17],

Py(z) + P(—=)
! — W; : (4.1.4)

Ai(s,t) = ;—3 fc (L (21+1) Au(t)
As shown in Fig.(4.2.a) the contour C; encompasses all positive integers. The
factor sinwl has simple poles for integer values of ! with a residue —2i(—1)".
With this residue one can directly see that (4.1.2) and (4.1.4) are identical.
The next step is to open up the contour to a straight line as in the Fig.(4.2.b).
The contribution of the big semicircular part of the contour closing to the
right side (not shown in the figure) vanishes because of the assumption we
made earlier. As opening the contour entails inclusion of the poles of 4;
which where previously outside the contour, the contribution of these poles

must be subtracted off. Let us suppose that A;(t) has poles at [ = ;(t) with
residue f5;(¢)/(2c4(t) + 1). So we will have

Pi(zt) + B(~2)
sin ml

—1 pL+ico
Aulst) = 5= [L U2+ 1) Aut) (4.1.5)
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- E Sl:iﬁzt) (1) (2t) £ Pey(ey) (—21)] -

In the above equation L must be smaller than the real part of all the a;(¢)
in order to have all the poles of 4;(¢) included. We now move back to the
s-channel physical region with s — oo by allowing z; — co. From (4.1.3) we
will have

2
zZ—00 = th_sE (4.1.6)

Moreover, in this limit we have

L+ 3)
V(L + 1)
Now from {4.1.5) the high energy behavior of A.(s,t) is dominated by the

Pi(z) — (2z)" (4.1.7)

rightmost Regge pole. The integral part in (4.1.5) vanishes at least as fast
as s71/2, so we will have from equations (4.1.5)-(4.1.7),

;)  T(oy(t) +3)
sin me;(t) /7L (e;(t) +1

mB;(t) T(ay(t) +3) [4s\%® ires
T V@ T () BEE @1

As can be seen from this result, any simple pole of the partial wave ampli-

A:i:(s: t) - -

51227 = (~22))

tude results in an amplitude which grows as a power s. The partial wave
amplitude may in general have cuts. These in general require more elaborate

considerations and produce factors of In(s) in the amplitude.

4.2 Dispersion relations

Before we go on to the BFKL equation it is necessary to give a quick review
of the dispersion relation technique. We will also use the partial wave ex-
pansion that was used in the Regge theory. It should be mention that all of
the gluon vertices in the BFKL ladder are effective vertices and are derived

perturbatively by summing up diagrams with standard three and four gluon
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vertices at tree level. Also, in the context of the BFKL equation we are con-
sidering solely parton production from a reggeized gluon exchanged in the
t-channel. The kinematical region for this production process is the so called
multiregge kinematical region [29]. More specifically in gags — gorgr 91 - - * 9n
this region is characterized by yy < y1 € --+ € yn K Yy, where y; is the
rapidity of the ith gluon defined by 3 = Lln .g;_*;;ﬁ .

Consider the elastic g,g5 — gu’ gy amplitude in multiregge region. For two
gluon exchange in the t-channel, the color dependence may be decomposed

in terms of irreducible color elements of the tensor product of two adjoint

representations (8 ® 8) of SU(3) [30]

iMEY | (8,8,0) = (G Gy O P (T)AT (5,1) (4.2.9)
T

Ha B gt Byt
where the extraction of polarization factors indicate that at high energies

helicity is conserved. A7 (s,t) are the corresponding scalar amplitudes and

Pg¥ (T) are the color projectors satisfying the orthogonality relation
P (T)PE(T") = P& (T)érr - (4.2.10)

These color projectors split into two groups, the symmetric projectors (8 ®
8)s = 1 ® 85 @ 27, and the antisymmetric ones (8 ® 8)4 = 84 ® 10 ® 10.

Under s <+ u crossing we have
P (T) = (-1)TRZ (D)

- -1 fOI.' (8 (%4} S)A
(1T = { +1 for (8®8)s (4.2.11)

The goal here is to express AT(s,t) in terms of a dispersion relation of its
discontinuity DiscA(s, t). To this end we first decompose the scalar amplitude
AT(s,t) in terms of t-channel partial waves

A7(s,8) = YL+ DAF D) Ri(z2) (4:2.12)
=0
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where Pj(z;) are Legendre polynomials and z; = — cos(f;) with 6; the scat-
tering angle in {-channel physical region. The Mandelstam invariants are

related according to

fl

t
—-(1
s 2( +2z),

u = _3(1—4)- (4.2.13)

The invariance of the amplitude M(s,¢,u) in (4.2.9) under s <> u crossing,
along with the parity of the projectors determines the parity of the scalar
amplitude,

A(—2,t) = (-1)T AT (2, 1) (4.2.14)
where from (4.2.13) under s ¢ u crossing z; +> —z. The next step is to
write the scalar amplitude in terms of its singularities. If we take ¢ to have
some fixed negative value then from s+¢+u = 0 we see that in the s-channel
physical region —o0 < u < 0 and —t < s < co. Similarly, with the same
assumption in the u-channel physical region we will have —oc0 < s < 0 and
—t < u < oo. Using (4.2.13) the two ranges of values for s can be expressed
in terms of 2. So in the s-channel physical region 1 < z; < oo and in the
u-channel physical region —oco < z; < —1. Therefore the dispersion relation

for the scalar amplitude is
(o= f 2 ACY _ g LA
’ Q2rt s—g o 2mi zZh — 2

-1 T T
_/ dz, DlscA (24, t) 4 © dz DlSC’A. (zt,t) (4.2.15)
—o0 2T2 -2 1 2w Z— 2z
where
DiscAT(s',t) = AT(s' +ie, t) — AT(s' — ie,t) - (4.2.16)

The contour of integration is shown in Fig.(4.3). Using the orthogonality of
Py(z;) we can invert (4.2.12) to obtain

A@) = [ daPi(z) 47 (1) - (42.17)
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Figure 4.3: Integration contour in (a) s-plane (b) z-plane.
Replacing for A7 (z;,t) in (4.2.17) from (4:2.15) we will get

Afe)= [

—0Q

-1

dzil: ! : Tt 0 dz; 7 : T
oL Qu(=4)DiscAT (2}, t) + /1 2t Qu(#)DiscA” (z,t) , (42.18)
where Q;(2;) is the Legendre function defined by

Qu(2') = % _11 4z 22 (4.2.19)

z'—z
Now using the following properties of the Legendre function and the discon-

tinuity of the amplitude

DiscAT (—z,t) = (=1)T*'DiscAT(z, 1),
 Qla) = (D)), (4.2.20)

we will get
AT (t) = [1 + (—1)H 1] / _zi Q;(z):’)DiscAI (z’ t) . (4.2.21)
t 1 27 t &

We are now almost at the end of the road. The last step before we get the
desired expression is to express the partial wave expansion in (4.2.12) using
the Sommerfeld-Watson transformation. This gives

AF(t)

Sm(ﬂ)Pz(—zt) ) (4.2.22)

AT(s,t) = 2% JREERY
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where the contour C surrounds the positive real [ axis in the complex [ plane.

Replacing for AT (t) in the above equation from (4.2.21) we get,

Bi(—2)

AT(s,8) = — 1+ (- D7) [+ )

/ * d2/Qu(#)DiscAT (2, ) -

(4.2.23)
We are interested in the asymptotic form of (4.1.1) in the limit as 2z, ~
—(2s/t) — oco. The asymptotic form of the Legendre function and Legendre
polynomial are [31],

1 M(+1/2)

Blz) = = @2
Qi(z) — /s %“—é%(zzr(‘ﬂ)- (4.2.24)

Replacing these back in (4.2.23) we will get,

AT(s,8) ~ —— / [(=1)'+(=1)7] / dy'eV'DiscAT (¢, 1) , (4.2.25)

sm(7rl )
where we have introduced the rapidity variable y by 2} = €. Using this equa-

tion it will be sufficient to calculate the discontinuity of the scalar amplitude.

Plugging it into this equation will get us the whole amplitude.

4.3 The BFKL equation

The expression developed in (4.2.25) will now be used to derive the BFKL
equation. As is seen from this equation one can construct the asymptotic
form of the entire amplitude from a knowledge of its discontinuity.

It was briefly mentioned in the introduction that the hard or BFKL
pomeron is the color-singlet part of the resummation of an infinite num-
ber of ladder diagrams of the type shown in Fig.(4.4). The incoming gluons
with momenta p, and p, collide head on in the center of mass frame with

total energy s assumed to be much larger the momentum transfer (—t) < s.
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In this diagram the coupling between each horizontal gluon rung and the two
sides is through an effective 3g vertex called the Lipatov vertex [32] which is
expressed as
Sai t Shi t
C*(qi, @i+1) =~ (& + @ir1) — (— + 2—) o+ (—"‘ + 2—) ¥, (4.3.26)
S 1% S Sai

where

n+l
Sai = —2pa-ki=— kip-kje ¥
i=0
n+1l
Sy = _2pb . k,; = — 2 k,‘_]_ . kjLe”"””J' . (4327)
=0
The vertex factor C#(g;,gi+1) can be obtained, in the Regge kinematical
region, by summing the five g,gs — go'gy g diagrams at tree level. An inter-

esting property of this vertex is that it is gauge invariant, i.e.,
C(gi> ¢i+1)*ku =0 - (4.3.28)

In the ladder model the gluons exchanged in ¢-channel are reggeized gluons.
This is based on the ansatz [32] that the leading logarithmic approximation
of the virtual radiative corrections, to all orders in @, = g?/(47), is obtained

by replacing the propagator for the ith gluon with momentum ¢; by

L L eteaw) (4.3.29)

@ 4
with «(%;) given by

d?k,. 1

(g ) = —asN.q; . 4.3.30
(61 % @) Kilg P (4:3:30)

In order to evaluate the discontinuity of the amplitude it is sufficient to
implement Cutkosky rules, i.e., the propagators of the horizontal gluons must

be replaced by [33]
)

5~ 2m O(K°)8(K?) - (4.3.31)

42



Da, @ l k()’dﬂ p:zya,
- D0O000000DOOOOOOOAQOOAOG

- Q00000000000 000O0O0OO0QO0

P, b : K+, dnyt Po, ¥

Figure 4.4: The BFKL ladder. Thin lines and thick lines represent elemen-
tary and reggeized gluons respectively.
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Therefore the n + 1 loop integration measure will become,

n+l n+1

d%nin = [ (nﬂ d4k4(27r)4) 5 (Datpr—3 1) 1] 270(R)6(k2)

=0 (2 ) =0 7=0
n+1 . . ntl
= f (H M) (2m)i 6% (o + 16 — D_ K1) (4.3.32)

=0 411’(21!‘) 2 =0

where use has been made of,

d“k 0)5(k? dsk{ _ dyidkis
ky = ki sinh(y;) E,z =K + kﬁ = k;, cosh(y;) - (4.3.33)

In the multiregge region, using the two-dimensional longitudinal components

of §* function, one can perform dy, and dy,,; integrations, giving

_ 1 koO_L dzkn+1.L = dyidzki.l. 252 o 2
d®n+1 = 5; (21[_)2 (271_)2 (g 47'{'(271’)2) (27!') ) mzo ki.!. . (4.3.34)

Now the ground is prepared and we can write the expression for the discon-

tinuity of the amplitude of Fig.(4.4),

o ldzko_!_dzk 1L i dydsz ntl
Disc [iMg2¥, 1= [~ nt ) 2?8t (DR
1SC [Z F‘G“b”a’l‘b’ nz=% %2 (z,n,)2 (271')2 E 47((271')2 ( ﬂ') Z; $L
X (2i8)25#al‘af Oy (10 f adoct) (ig f c,‘d°a')
n_ ole(te)+a(g ) —vi+1)
X
=0 bty
x H(zgf‘:"’”"’*‘)(zgf‘?dﬁl"’) I Clai,g541) - Cla — i a — Gis)
i=1
X (g fHwrionsa) (ig fhratnrs¥ (4.3.35)
where ¢, = (¢ — ¢;)? and ¢ is the overall momentum transfer in the elastic

scattering. For the contraction of two Lipatov vertices we have,

2 2 2.2

— . “ + R . <
C(gi Gi+1) - C(q — €54 — Giy1) = —2 [Qi B - 51 =S W C 5 %) 10
(Qi - Q'i+1)J..

= —2K§(q,-,q,-+1) . (4336)
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Now using (4.2.10), the discortinuity of the scalar amplitude, DiscAT (s, t),
can be extracted via multipling (4.2.9) by the desired projection operator,

DiscAT(s, £) = Z 20’1‘ n+2/‘H dy; dij.l_

n=0 i=1 (271') 2

n latti)+ta(t  m—ws1) n
x2is [ " II 2X(gm; gm+1) (4.3.37)
=0 b1ty m=1

where the constant Cr comes from projecting the combination of color factors

of the diagram out using the color projectors which are in turn given by
Cr =N, forsinglet ; Cr=N./2 for octet. (4.3.38)

Note that the d2ko, integration has been carried out using the §2 function.
Also, we have transformed the integration variables from the transverse mo-
menta of the produced gluons to that of the gluons exchanged in ¢-channel.

With reference to (4.2.25), the next step is taking the Laplace transform
of (4.3.37), as in

AF(t) = / * dy e~¥Disc AT (s, t)

- £ (o)™ [Taen [T 2T G

n=0 =1
R eleCrsr) ot Ny —vir1) n
x 2is ][] — II 2K(gm, gm+1) - (4.3.39)
k=0 k+10k4-1 m=1

Now the y;’s and y are a total of » 4+ 1 variables. In the integrand, however,
these are entangled as n+1 differences u; = y; — ¥;+1- Transforming from the
original variables to %;’s and keeping in mind that y = ¥ — Yn+1 = In(—s/%)
is the overall rapidity, and s = —texp(yo — Yn+1) = —texp[Tio (¥ — ¥i+1))],
then the integration over u;'s can easily be carried out and we will end up

with
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00 d2 .
— : 2 gjL
AT (8) = —2it(dma,)?C2 zoj f o
< 1 1 fI —2aaCTK:(Qm’ Qm+1) .
aty [—1—at) —a(t]) 5 ttiall — 1 — a(tiv) — a(tig)]
(4.3.40)
This result can be written as a recursive relation
dPq L 1
AT (t) = —2it(4ra,)2C> 1), 4.3.41
] ( ) \ ) T (27!') QI.L(q ql)z fl (QI ) ( )
with the function f(g,t) satisfying the equation
gy, K{q:,4q2)
[—1—oa(t) —al)]fFlg,t) =1-2a,C : ,t
[ ( 1) ( 1)]fl (q ) T (27?)2 q2_L(q 0 )2 f (Q2 )
(4.3.42)
In the last step we have made the replacements ¢; ~ —¢?, and ¢}, ~ —(q —

¢:)%. The result in (4.3.42) is the BFKL integral equation [34]. It describes
the evolution of a gluon ladder in LLA. The left side of the equation reflects
the contribution of the virtual corrections in the ¢-channel and the function
(g1 — g2) on the right side reflects the effect of radiative corrections.

Solving this equation for the octet solution one obtains [30],

1
oct - -
(g, t) = —i—a)’ (4.3.43)
with the corresponding amplitude,
oot 1) = — _melt) g gt () el 4
A%(s,t) = —47N, o, nro(d (1+ =) - (4.3.44)

The singlet solution is more involved. We define the new function ?, (q1,q2,t)
[30] through
flaing (QI’ t) = (2Q2)J; f!(Qh g2, t) (4'3'45)

Then in forward scattering ¢ = 0 we can further define f;(q;,¢2) as

fl(QIr Q2) 1 2-L fl(Ql‘l g2, t= 0) (4346)

46



and replacing for f{*™ in terms of this new function, the BFKL equation will

yield

1 1 T —
902) = GralE BT ARt (43.47)
1L

with

a, N, a,N. I—1—A\Y?
A=4""FIn2 ; B=14((3)7= ; ug_(—T—) . (4.3.48)

Using this function, the total scattering cross section turns out to be

Ot = 54, (4.3.49)

which obviously violates the Froiassart bound o, < In?(s).
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Chapter 5

Calculating high energy
scattering amplitude using
non-abelian cut diagrams

In this chapter we will present an introduction to the non-abelian cut diagram
[22] technique as well as demonstrate its application to a 6th-order calculation
[35]. This calculation has been done [19, 20, 21, 34] using standard Feynman
rules. A notable but not so positive feature of using standard Feynman
rules is the prevalent cancellation of leading powers of In(s) which takes
place among the diagrams of a certain order. This could be viewed as a
down side for such an approach because much of the effort that is put into
the calculation eventually disappears through cancellations. Here is where
the merits of non-abelian cut diagram technique lie. The cancellations are
prebuilt into the non-abelian cut rules so what one calculates is directly the
sum with the cancellation already built in. This feature makes higher order
calculations more feasible.

The outline of this chapter is as follows. In the next section high energy
kinematics is reviewed. In section 2 abelian cut diagrams and in section
3 non-abelian cut diagrams will be discussed. A review of the lightcone

integration method will be presented in section 4. Section 5 is devoted to a
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Figure 5.1: (a) External momenta (b) An electron (quark) — electron (quark)
+ n photon (gluon) tree diagram

brief summary of the 6th-order calculation results. Sixth order cut diagram
calculations are the subject of section 6. Finally, in section 7, a discussion of

the results will be presented.

5.1 High energy kinematics

We will assume the colliding bea.mé in their c.m. system to be directed along
the z direction. In lightcone coordinates, p* = p° £ p3, the components
of a four-vector are labeled in the order p* = (p™,p™;pL), with the two-
dimensional vector 7, lying in the transverse x—y plane. For brevity, from
now on we will suppress the vector sign over transverse vectors. In this nota-
tion, the incoming fermion momenta are p; = (1/5,0;0) and p, = (0, +/s; 0),
in which their mass m has been neglected. The outgoing fermion momenta
are approximately given by pj = (4/5,0;A) and pj = (0,4/s;—A). See
Fig.(5.1.a). Suppose n photons are connected to the upper fermion line as

shown in Fig.(5.1.b). The initial and final fermions are on-shell but the pho-
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tons can be off-shell, though with an amount of energy far less than /s. At

high energy, the numerator of the propagator can be approximated by

(’)’-p-l-m) >~ v-p = 2mZuA(p1)u',\(p1) ’ (5.1.1)
A

provided the Dirac spinors are normalized to @y (p)ux(p) = drv. With that,
the dominant current ) (p;)y*ux(p1) at high energy is just its translational
part dyxp§/m. This shows that the spin content at high energy is unimpor-
tant. All that it does is to enforce helicity conservation of the fermion and
to produce a factor 2p; at each vertex together with an overall normalization

factor of 1/2m. The denominator of the ith inverse propagator is
{ i
(pr+> gl —-m?+ie =~ sO z;+ie) (5.1.2)
—t —

where z; = ¢;—/+/3. For a diagram of the form of Fig.(5.1) with the electron
replaced by a scalar particle (making all the vertices scalar-scalar type), the

scalar amplitude is given by

a[12---n] = —2mid (s zn: a:j) - 'ﬁl L (5.1.3)

= =1 8 i1 T + i€ ’
Note that a momentum conservation d-function for the negative components
(together with an explicit factor —277) has been incorporated. In (5.1.3) the
ordering of the vertical scalar lines lines from left to right is [123-..n]. If
they are ordered differently, say [viv2---vs] = V, then the corresponding

amplitude is

afrivg - - - vp) = a[V] = —27id (s ix,,j) . ﬁ L . (5.1.4)

1 .
i=1 =1 8 Xj=1 To; + i€

5.2 Abelian cut diagrams

The high energy limiting form of the propagator, (5.1.2), leads to some in-

teresting results. It allows computing sums of Feynman diagrams with many
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delicate cancellations in a simple way through special rules. This can be
achieved by using the cut diagrams which we shall describe in this section
and the next. The derivation of cut diagrams relies on two exact combinato-
rial formulas for the quantity a[V] in (5.1.4), the factorization formula and
the multiple commutator formula, derived in [22]. The latter will be used in
QCD calculations. We shall discuss the former in this section, and the latter
in the next section.

Consider a total of M photon (scalar particle) lines grouped in an ar-
bitrary way into the form {ni,ng,---,n;} such that M = >7_,n;. Sup-
pose further that in each group, n;, the photons have certain ordering,
[va1Viz - - - Vin,] = Vi. We shall use the notation {Vi;Vz;---;V;} to denote the
set of all orderiﬁgs of the M photon lines formed by merging photons from
different groups together, provided the relative orderings of lines within each
V; are maintained. The number of orderings in this set is given by the multi-
nominal coefficient M!/ [[Z_; n;!. For example, if V; = [135], Vo = [24], then
{V1; Vo} = {135; 24} consists of the 5!/312! = 10 orderings [13524], [13254],
[13245], [12354], [12345], [12435], [21354], [21345], [21435], and [24135].

We shall use the notation

oViiVii--iVi}= Y alV] (5.2.5)
ve{viiVe;-Vi}
to denote the sum of all amplitudes for the gluon orderings in the set. The
factorization formula [22] then states that
m
a{Vi; Va;---; V3} = t=]:|; alVi]. (5.2.6)
In particular, if each set V; = [v;] consists of only one photon line labeled by
v;, then {V1; Va;---; Vi } is the set of all orderings of the m photon lines. In

that case the factorization formula reduces to the well-known eikonal formula
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[19, 36]. Other special cases of this formula have also been discovered before
(21, 37]. Since in (5.2.6) the ordering of the factors on the right side is
immaterial we will call (5.2.6) an abelian cut rule and the corresponding
diagrams abelian cut diagrams.

It is useful to adopt an alternative notation for the right hand side of
(5.2.6) to denote [T, a[V;] simply as a[V;|Vz|---|V,]- This notation is sug-
gestive because the vertical bar can be interpreted graphically as a cut in the
fermion propagator between the last photon line of V; and the first photon line
of V.. For a cut propagator, instead of the usual factor (s E§=1 Ty; + ie)7t,
we have —2mi6(s 5, Zv;). This notation is also convenient because it makes
(5.2.6) deceptively simple. It now reads a{V;; Vo;---; Vin} = a[V1|V2| - - - |Val;
we simply have to change the semicolons to vertical bars.

Cut propagators are not limited to tree diagrams like Fig.(5.1.b). The
off-shell photons can be connected to other diagrams to form a composite
diagram that inherits the original cuts. The cut diagrams so formed are
similar to, but different from, the Cutkosky cut diagrams. Similar because
we have the same factors for the cut propagators, different because the cuts
here occur only on fermion lines whereas in a Cutkosky diagram they can
occur on any line. Moreover, via (5.2.6), our cut diagram represents a sum
of M!/I7x, n;! (uncut) Feynman diagrams, with their real and imaginary
parts fully included, which is unlike the Cutkosky diagrams in which only
the imaginary part or the discontinuity is represented.

It is clear from (5.2.6) that the factorization formula can be thought of as
a sum rule, to represent sums of Feynman diagrams as cut diagrams. As will
be discussed in section 6, a cut diagram is easier to compute than an uncut
diagram. In this way not only it is unnecessary to compute the individual

diagrams first, the cut diagram representing the sum is actually easier to
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compute than just one single Feynman diagram.

5.3 Non-abelian cut diagrams

The method of abelian cut diagrams introduced in the last section can be
directly applied to QED diagrams as was illustrated. It can also be applied
to similar QCD diagrams but with some extra considerations due to the color
matrix ¢, at each gluon-quark vertex. One can, however, use an extension of
the factorization formula, (5.2.6), known as the multiple commutator formula
to be discussed below.

In order to incorporate the color matrices we have to extend our previous
notation of (5.1.4). With reference to Fig.(5.1.b), for n gluons attached to a

quark line we adopt the following notation,
A[‘U]_’Uz re ‘Un] = a[v1v2 - v,,]t[vlvg e ’Un] = a[V]t[V] = A[V] (537)

where £[V] = t,,ty, - - - ty,. What we want is a formula for the sum of the
n! permuted gluon orderings, A = Yy¢s, A[V]. The generalization of the
factorization formula, the multiple commutator formula is [22],

A= Y oVIV] = 3 alValelV,]. (5.3.8)

VESn VESn

It expresses the sum of a[V]{[V] in terms of sums over the corresponding
cut amplitude a[V.]¢[V/]. Compared to the eikonal formula this looks com-
plicated; instead of a single term on the right hand side we have now a sum
over n! terms. The complication is inevitable because we are attempting to
sum up amplitudes for every color. However, we shall see that many of these
terms are actually zero, and moreover, the cut diagrams on the right are

considerably simpler to evaluate than the uncut diagrams on the left. Again

delicate cancellations will largely be incorporated automatically as before.
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It remains to say what each factor on the right side of (5.3.8) means.
Given a V' = [vv; - - - ], start from the rightmost number v, and proceed
leftward until one comes to the first number less than v,. Put a cut just to the
right of this number. Then start from this number and proceed leftward again
until one comes to the first number that is less than this number, and another
cut is put just to the right of this new minimum number. Continue this way
until the end and we have constructed the cut diagram V.. For example, for
n = 2, the 2 cut diagrams are {12}, = [1]2] and [21]. = [21]. For n = 3,
the six cut diagrams are [123]. = [1|2|3], [213]. = [21|3], [312]. = [31]2],
[132]. = [1/32], [231]. = [231], and [321]. = [321].

To each cut diagram we associate a spacetime cut amplitude a[V;] as
described in the last section. Namely, it is given by (5.1.4) except the prop-
agator at a cut is replaced by —2mid(s X; Ty;)-

The complementary diagram V of a cut diagram V., is obtained as follows.
If a cut appears between two numbers in V, then there will be no cut between
the same two numbers in V), and vice versa. For n = 2, the complementary
cut diagrams are [1|2] = [12] and [21]' = [2|1]. For n = 3, the complementary
cut diagrams are [1|2|3])' = [123], [21]3]' = [2(13], [31|2] = [3|12], [1]32]’ =
[13|2], [231)' = [2[3[1], and [321]) = [3|2]1].

When no cut appears in V the color factor ¢t[V]] is simply t{vivs - - - un] =
Ly tu, - - - ty,- If 2 cut appears between v; and v;,;, then the product t,,t,,,,
is replaced by their commutators [t;,%s,,]- If two or more consecutive
cuts appears, then the corresponding product of ¢’s is replaced by multi-
ple commutators. For example, ¢[2|13] = [t2, t1)ts, £[2]3]1] = [¢2, [t3, t1]], and
t[4]3|2|15] = [t4, [t3, [t2, t1]]]ts-
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5.4 Lightcone integration

In this section we will review the technique of lightcone integration [19, 28].
As was mentioned in section 5.1 we adopt the lightcone coordinates for the
external as well as loop momenta. In terms of lightcone coordinates we have

for each loop,

i _dgtdg” d?q. 1 [/sdg” d?q.
@it = e G T [ —omi ]d"’" [(271')2]
= o [Pq*]dz [Da.] - (5.4.9)

To find the asymptotic behavior of diagram we will need to take the following

steps,

1. Performing the ‘+’ integrations using residue technique and flow dia-

grams.

2. Performing the ‘—’ integrations. This will lead to the appearance of

powers of In(s).

3. The ¢, integration will be left undone.

5.4.1 The ‘4’ integration

Aside from being suitable for describing external colliding particles, light-
cone coordinates make the implementation of the residue technique more
straightforward. Since a-b = (1/2)(a*b~ +a~b*) —ay -b, each denominator
of a propagator is a linear function of ¢;. This means that each propagator
provides a simple pole for each ‘+’ integration. The integration contour has
a part along the real ¢} axis and a semicircle part that we always choose to

lie in the lower plane. The result of integration is therefore —27i times the
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residue of the pole summed over all the poles in the lower plane. The ques-
tion now is which poles will be in the lower plane in a diagram with many
propagators. The answer clearly depends on the sign and relative magnitude
of ‘—’ momenta which are components of loop momenta themselves. The
flow diagrams will provide the answer pictorially [19].

In a flow diagram the arrow on each line indicates the flow of the negative
component of the momentum, i.e., p_, a quantity which we always choose to
be positive. Because of this latter specification there may be more than one
flow diagram associated with each Feynman diagram. The reason is that in a
standard Feynman diagram an arrow would indicate a momentum irrespec-
tive of its sign but in a flow diagram, by our convention, we are required to
reverse the direction of the arrow and multiply the momentum by a minus

2

sign when the momentum is negative. Conservation of ‘—’ momentum at
each vertex would prevent all arrows pointing toward or away from a vertex,
i.e., such diagrams are zero. Also in any loop of a flow diagram, one would
generally have some of the arrows pointing in one direction and some in the
opposite direction. The two groups will have their poles on opposite sides in
the complex momentum plane. By choosing ¢ (or —g;") as loop variable,
which can always be done, we can make the group with fewer members to
have poles in the lower plane. A corollary of this latter property is that a
flow diagram whose one loop has all its arrows pointing in the same direction
will be zero.

To illustrate the above explanations consider the following two examples.
Figures (5.2.a) and (5.3.a) are Feynman diagrams and (5.2.b), (5.3.b,c) are
flow diagrams. Since the lower line is always the source of negative current, at

D> the arrow points inward and at p, the arrow points outward. In Fig.(5.2.b)
this will leave no freedom for the other flow lines but to be the way they
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Figure 5.2: (a) A one loop Feynman diagram (b) its flow diagram
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Figure 5.3: (a) A two-loop Feynman diagram, (b) and (c) its flow diagrams

are drawn. In Fig.(5.3.a), however, since the direction of the arrow on the
boundary of the two loops can be changed there are two flow diagrams.
Following the above discussion we choose the pole of line 1 (marked with
an X) to be in the lower plane which would require —pj to be the ‘+’ loop
momentum in (5.2.b). In (5.3.b) for the right loop we choose the pole of line
1. For the left loop there seem to be two choices (2,4) and (5,7). We have
chosen (5,7) . The reason is that with the approximation of (5.1.2), g;" never
appears on the propagator along the top line, so apparent poles there are
actually absent. So for the choice indicated one essentially has only one pole

per loop.

5.4.2 The ‘-’ integration

Having completed the ‘+’ integrations, all positive momenta are now fixed
by their values at the poles. In the propagators not taken as poles, we have

the product of positive and negative momenta (some linear combination of
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z; times s) plus the transverse part. As a short hand notation let a,, = k2,
when k¥ is the four momentum of the line. Since all z; are positive, by our
earlier convention, the lower limit of z; integrations is zero, but in order for
the approximation in (5.1.2) to be valid the lower limit cannot be zero but
rather of the order of A?/s which is a lower cutoff and is consistent with
the leading-log approximation. In leading-log approximation, factors of In(s)
appear when z; are close to the lower cutoff. Therefore we can safely ignore
z; compared to 1. |
Following the ‘+’ momentum integration of Fig.(5.2.b) with the pole as

indicated we will have
+ a; — 1€

7= Vs(l —z)
so the denominator D and the numerator N are approximately
(2p1) - (2p2)]* _ g*s?

(2m)? T om2 )’
(5.4.11)

~0, (5.4.10)

D = ridadzdy ~ (1 — z)azas(sz —aq) ; N =~ g4[

where 7, is the coefficient of g% divided by +/s. Using (5.4.9) the amplitude

1\ g%s 1 gt dz
M=— —) 2 [p az
(47{' m?2 q'La2a3 ﬁ.i z

is,

_ sln(se™™)
—IE gt () (5.4.12)
where I;(A) is defined as
1755 s (B -5)
L(A) = —2= ) ——(27)%52 i — A - 5.4.13
(8) ‘/(i=1 (2m)? ‘1521_( ) EQL ( )

In (5.4.12), for small values of z the denominator (sz — a4) is negative
and therefore the logarithm picks up a factor of e~ .
In the second example of Figs.(5.3.b) the poles are at,

Q2

Vs(1 —12)

+ as +
— . —_
= gy =

~0- 4.14
d1 \/';-'El ’ 0 (5 4 )

58



Therefore the denominator is

D= 7‘1°d2'd3'd4°7'5'd5'd7

= [(1 o)== T) g gL 22)

72 Zq as][z2][sT1][572]

~ s®a3a57[z32(as — as) + T10s5] , (5.4.15)

and the numerator is N = (2g%s3)/m?2. So the contribution of Fig.(5.3.b) is,

1\224%s° 1 dz,dz,
o= (2) 2 fonimnsc ]
b 4 m2 ™2l aszas J zi[zri05 + z2(ag — as)]

In(as/aq)
asas(as - 04) ’

where the minus sign is an overall factor. Also, each loop has an 7 factor and

the factor of 1/(4x) is due to (5.4.9).

_ _gss In(s

— ) / Dg1. Daas (5.4.16)

In Fig.(5.3.c) we have used a slightly different momentum labeling for the
lines which can be deduced from Fig.(5.3.2) by q1 = g» followed by a shift
¢ — ¢; + A. Now if we let ¢;; — —g;1, we can see that the Fig.(5.3.c) and
(5.3.b) are in fact equal. Therefore the total result will be
In(as/a4)

asas(as — ag)

8sln(s
M, =M, + M, =2M, ~ _g__g_) /DQI.LDQ2J_

5.4.17
41m? ( )

The above two examples illustrate the the main features of lightcone inte-
gration technique. In the next section, we will use this method to calculate

the O(6) cut diagrams.

5.5 Review of the sixth-order calculations

With an overview of the lightcone integration method completed, we will
now consider the leading-log calculations related to the scattering of two
quarks up to 6th-order. The energy regime of interest is —¢ < s where s is

the square of c.m. energy and ¢ = A? is the square of momentum transfer.
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Figure 5.4: Quark-quark scattering in QCD up to 6th order. The thick lines
at the top and bottom of each diagram are the g-lines, and the thin lines are
gluon lines

As was mentioned earlier in the introduction, this calculation can be done
using the standard Feynman diagrams [19, 20, 21]. We will first review the
established results. The relevant topologically distinct diagrams up to 6th-
order are shown in Fig.(5.4). The 2nd order diagram is labeled A, the 4th
order diagrams labeled Bl and B2, and the 6th order diagrams C1 to C21.
This last labeling® is identical to the ones used in Fig.(12.7) of Ref.[19].
Under the interchange of the Mandelstam variables s = (p; + pz)? and

INote however that for later convenience the fermion arrows in Fig.(5.4) and all subse-
quent figures are drawn from right to left, reflecting the order one writes matrices as well
as initial and final states on a piece of paper, whereas in Ref [19] they are drawn in a more
conventional way from left to right.
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. v = (p1 — ph)?, the space-time part of each of these diagrams will either

remain unchanged, or will become identical to the space-time part of another

diagram in the set. For example, A < A, B2 « B1, C2 « C1, C15 + C16,

C17 & C19, and C18 + C20, under s +> u. There exist other symmetries

aswell, (py = p, and pf = py) = (s > s, v = u) and (p, = p} and p, =

Dy) = (s = s,

u — u). Because of these symmetries many of these diagrams

are equal. With the normalization of Dirac spinors as Tu = 1 the results are

A =

B1

3

3l

C11

C15

C16

C17

C19

4
S
+47I' Iz'(Gz-I-CG]_),

2 -t 1 272
+ 87rm21n (se=) [—2-A I —JQIZ] .Gy,

— 22 (s) [ NP2 - szz] (G + Gy,
C4=C5=Cs,

6

+327r2m2 {In® (se""') —1n?(s)} oLy - (Gs — cGa)
C8=C9=C10,
6
gs 2 —ir
T 32m2m? ln (36 ) oIy - (—c Ga)

Cl12 =C13 =C14
g8s

322

+ = n?(s) oDy (—c Gy — 2 Gy)

- I — 2 _1In(s)Js - (Gq — Ga + 3¢ Ga + 2 Gy)
6
Ci8 = 8 2 2(J3 +Z’IT13) (G4+ CGZ) )
6
C20 = +W(J3 - z'1rI3) . (G’4 —G3+2¢ G2) : (5'5'18)

In these expressions I, is given by (5.4.13) and I; , Jo(A) and J3(A) are
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defined by

1
L= %,
d?q, 1
5 o= [&al
(2m)? ¢}
5 dg, 2z S In(%+)
» = (I=[1 Gmz) BT O ~ N gy (5519)

The functions I, I3, J, J3 are denoted respectively by I, I, K, I, in [19].
The infrared divergence of these integrals can be regulated by a mass, either
put in by hand or via the Higgs mechansim. This regulation, discussed in
the literature [19, 20, 21, 34], does not affect the following discussion so we
shall ignore it. There is, however, an ultraviolet divergence in the integral
defining J>(A), but it turns out that this function disappears in the sum of
the sixth order diagrams so it will cause no trouble.

The factors G; are the basis color factors depicted in Fig.(5.5) with ¢ =
N/2 for SU(N) colors. Although these are not independent it turns out that
they will lead to Reggeon resummation. Color decomposition of diagrams
A —(C21 can be easily carried out, see App.C, in a complete graphical manner
[19] using the pictorial equivalent of the color commutation relations and the

identities
[ta:tb] = ifabctc 1 fabcfabd = 206&1 ; isfadgfbedfcge =1c fabc . (55.20)

The color decomposition of each diagram in (5.5.18) remains valid irrespec-
tive of the color content of the quark , although the G; themselves would be
different for different color of the quark.

The sum of all the terms in (5.5.18), from A to C20, is

2 2
— gs 1 _ 1_ 2 1 ) g*c
T = 2m?2 - KE [1 - aln(s) + 5042 In (3)] -Gy + 5292(I2 — —71_—[3 ]_n(s)) -Gy
+ig 1n(s) [I3 - lAzﬂ] +Lnc } (5.5.21)
2T 2 2 63 4 0.
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with
g2
a(A) = gcAFIg(A) . (5.5.22)
The coefficient of G, suggests the t-channel reggeized gluon to sixth-
order. It is important to note the various cancellations that takes place to
make the sum (5.5.21) vastly simpler than the individual terms appearing in

(5.5.18). For example,

1. In the fourth order, the leading term proportional to In(s) is cancelled
out between Bl and B2 in the color amplitude proportional to G,

though not in G;.

2. In the sixth order, the leading In(s) contributions to G4 from C15
to C20 also add up to zero. The expressions given in (5.5.18) are
not accurate enough to deal with the subleading terms. The term in
(5.5.21) proportional to G4 is obtained separately from the eikonal

formula.

3. As a result of these cancellations, the energy dependence and the
SU(N) (or c) dependence of the G; amplitude is [g%cIn(s)]™, and
those of G, , G3 and Gy are respectively g?[g%cIn(s)]™, g%[¢% In(s)]™,
g*[g°cIn(s)]™. These dependences can be summarized all at once by
introducing a different notation for the color factors. We shall use the
notation F;; to denote a color factor with 7 parallel vertical lines con-
necting the two fermions, and j parallel horizontal lines joining any two
of the vertical gluon lines. We shall also write F;q simply as F;. The
relations with the color factors G; are Gy = F1,G; = Fy,G; = Fy 1,
and G4 = F3. The g, c and In(s) dependences of F;; in (5.5.21) are
then given by g?(—1[g2cIn(s)]™c ™ for a diagram of order 2(m+:). We
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. shall refer to such dependences as Regge-like, for the Reggeization of
the scattering amplitude to be discussed later relies critically on this
feature of the scattering amplitude. Note from (5.5.18) that contri-
butions from individual diagrams are not Regge-like. Ounly the sum
is.

4. Simplification in transverse-momentum dependences also occurs in the
sum. The simple integrals I,, survive, but the complicated integral J;
and the divergent integral J» do not appear in the sum. This cancel-
lation is highly nontrivial because both of them contribute different

amounts to different color amplitudes. More specifically,

5. The function J3(A) appears in all the color amplitudes G1, G2, G3 and
G, in diagrams C15 to C20. Those in Go, G3, G4 actually get cancelled
out in the sum, but its presence in the G; amplitude survives. However,
since this term is of order g In(s), it is negligible compared to terms of
order g% 1n(s)s appearing in the G, amplitudes of C2 and C11 to C14,
it can be ignored in the leading-log result displayed in (5.5.21).

6. Jo(A) appears in the color amplitudes G;, G, and Gj; in individual

diagrams C1 to C14 and all these appearances get cancelled out.

As a result of these cancellations, 7 acquires a very simple interpretation
in terms of reggeized gluon exchanges . These exchanges are constructed in
such a way to ensure s-channel unitarity [19, 21].

Let us denote the reggeon propagator by
1
Ri(A, 5) = 55 exp[~a(A) In(s)] - (5.5.23)

This reduces to the (transverse part of the) ordinary propagator I; (A) = A~2
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for small g?clIn(s). Similarly, let us denote the reggeized version of I,(A) by

R.(4,8) = / (f[ ﬁqf—tRl(qu, s)) - (27)%82 (i GiL — A) (5.5.24)

=1 (2m) i=1

indicating the exchange of n reggeons. Then to order g% in 7, we can write

2 2
T = % {—R1(A, s)-F; + i’g—! [Ra(A, 8) - Fo + R21(A,s) - Fa )
g
+ERy(A,5) F3} : (5.5.25)

In other words, the ¥, F», F3;, and F3 components looked precisely like dia-
grams A, Bl, C1, and C15 respectively, but with the vertical gluons replaced
by their reggeized version whose propagators are given in (5.5.23), and with
all longitudinal-momentum integrations omitted. To interpret it this way
for Ry1F2; we need to know the Lipatov-Dickinson vertex [38, 39] describ-
ing how elementary gluons are produced and absorbed from the reggeized
gluons.

This remarkable simplicity and regularity led to the conjecture [19, 38]
that the reggeized formula (5.5.25), suitably generalized, is the correct high
energy limit to all perturbative orders. This conjecture is very difficult to
verify on account of the sheer complexity in higher order calculations. For
QCD in the 8th order it is simply not manageable without simplifying as-
sumptions. If one assumes all cancellations occurred up to O(g®) will also
occur in higher orders, the final result can be extracted from a relatively small
set of diagrams. It is reported that this reggeization conjecture is true to 8th
and 10th orders [38]. Even so these heroic calculations are so lengthy and

complicated that to our knowledge the full details have never been published.
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Gy Gz Gs Gq

Figure 5.5: Color basis.
5.6 Sixth-order cut diagram calculations

Cut diagram calculations would require that we redraw the diagrams of
Fig.(5.4) following the prescription described in section 5.3. We would there-
fore generate two new sets of diagrams, one for the space-time part and one
for the color part. Then straightforward calculation will be carried out on
individual elements of each set. For the sake of cut diagram calculations
the group C1-C21 will be split into four sets, SI=C1+C2+C21=C1+C1 ,
S2=C3+C4+C7+C8+C11+C12 , S3=C5+C6+C9+C10+C13+C14 and
S4=C15+C16+C17+C18+C19+C20.

Due to the symmetries described in section 5.5 S2=S3, so calculation
of S2 will be sufficient. The reason for this grouping is that the multiple-
commutator formula gives a resummation of a set whose members are ele-
ments of a permutation group.

To implement the cut technique the first step is the numbering of the
gluon lines as is required by the cutting prescription. Following the rule ex-
plained in section 5.3 we get the space-time cut-diagrams shown in Fig.(5.6).
The corresponding color cut-diagrams and their decomposition into the color
basis is shown in Fig.(5.7). The color decomposition of the cut diagrams can
be carried out in a completely pictorial way using graphical identities of
App.(C). We now proceed to calculate the space-time cut diagrams. The

method of calculation is similar to the uncut diagrams described in sec-
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Figure 5.6: Space-time cut diagrams
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Figure 5.7: Color cut diagrams
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tion 5.4 with the exception that each cut propagator has to be assigned
—2mwid(g? — m?) ~ —2wif(sz) rather than (¢ — m? + €)', where q is the

four-momentum of the line and ¢~ = sz = s ; z;.

5.6.1 Diagrams A., Bl. and B2,

The first diagram, A, is quite simple. It is equal to

2

2
S
2 (5 L(A) - (5.6.26)

2m?

The flow diagrams for B1. and B2, are shown in Fig.(5.8.a,b). For Bl, we

have,
+ _ 21 ~
=i ™" (5.6.27)

therefore

N (25)® —2mié(sz)

<Ble> = <4m2 / / dz Q2G4
_ igis 1 igts
= 2 / Dgi— = sl - (5.6.28)

Note that integrating d(z) from zero to 1 has produced a factor of (1/2)
because only half of delta function is integrated.
Next is diagram B2.. The flow path is shown in Fig.(5.8.b). From the

figure we see that again

+ = ._\/;(‘1’1_ 5~ 0 (5.6.29)

and therefore

(25)? 1 1
B> = [0 [ de L1
T 4m (4m2 a 1/s de a2a4(—sz)

_ g*sln(s) 1 g*sln(s)
= T2 [Po— = L2200 - (5630)
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Figure 5.8: Flow diagrams
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5.6.2 Diagrams C1,. and C2,

In diagrams C1 and C2 it is advantageous to first combine them with C21.
In so doing one achieves a cancellation of longitudinal terms before any in-
tegration is performed. Consider Fig.(5.8.c). The numerator of this diagram
is

552

N1x~Gs? 729" (@ —20)" + 9" (22 — 20)7 + g7 (@ + @2 — 24)"]

xg*[g" (g2 — 2q1)” + 6" (@1 — 2g2)" + g7 (g2 + @1)"]
6 2

= GS ot — (@ + @)L - (@ + a2 —24).], (5.6.31)

where we have implemented ¢ ~ g5 ~ 0 , since the dominant contribution

comes from this region. Next consider Fig.(5.8.d), the numerator is

6 2
N2~ [g“ (@1 —2g2)* + 9, (@2 —2¢1) " + 94— (@1 +q2 — 24)%]
xg" (9" (@2 — 2q1)” + 0" (@1 — 2¢2) " + 97 (@2 + @1)"]
652
~ [G3 +2¢ Gl]‘—[fh % ~ (@ +@)L- (@ +q—24),]- (5.6.32)

Lastly, consider the C21 diagram. The numerator of this diagram is

6 2
N21 —i 5(@1 — @)*[Gsg™ g7 + (Gs +2¢° G1)g* g™
6 2
~ gm—[ — (g1 — 22)2][Gs + (Gs + 2¢Gy)] - (5.6.33)

Combining color factors of V21 with their counterparts from N1 and N2 we

will get

—_ —g8s?
N1=Gg g (a1 — @)% + (@ +g2)L - (g1 + g2 — 24A),]

= Gg —m2 g1 + 31 — AL (@1 + g2) L]
_ —2¢°%s 2
=Gg — [qu_ +q2, — A%}, (5.6.34)
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L —abs2
N2 = [G3 +2¢ Ga]—=—((q1 — @)} + (@1 +@2)1 - (@1 + 02 — 24).]
"29632 2 2

In the last step of (5.6.34) we have rewritten ¢, - A, as

1

1 1 1 1
A'Qi_!_:iA'QiJ_'i'EA'QiJ_:EAJ_'(A—‘Z{)L+§A.L'Q£J.='2-A§_'

As was previously mentioned, the longitudinal terms are cancelled out. Now
we can implement the cutting prescription and obtain the diagrams which

were shown earlier in Fig.(5.8.c,d). In this figure we have

gF=—% 0 . gt =
% Vsl —z;) TR Ve(zy —z2)’

D = (1 — z,)[as][as](z1 — z2)[

Zaa4

+as|[—2 4 ag],
Ty — T2 Iy — T2

and the dominant contribution comes from the region z; <« z;. Therefore

we will have

1\2 [2g%s?
Cle >~ — (E) ( fnz ) /DQLLDQzJ_

y /1 iz, /::1 . [—2mié(sz)][q?, + q2, — A%]
e 0 A2Q30506T1

> 6
1g%sIn(s) [ 1 1
~ =7 121D — | D
& |2/ P (a1 — A)i/ BLE (- D)

2
1
aiffop }
. [ qu_qﬂ(fh - A3 ]
_ig°sln(s) 1

>~ T[EAilzz - J2I2] . (5.636)

The calculation of C2, is similar except for the upper fermion line which is

uncut and therefore there will be a (z1z2) factor in the denominator resulting

in a factor of In®(s), giving

_g%sIn(s)?

C2, ~
€ 81m?

[%Ai[f ~ L5 - (5.6.37)
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5.6.3 Diagrams C3.,, C4,, C7., C8,, C11, and C12,

The flow paths relevant to these diagrams are shown in Fig.(5.8.e-j). Con-

sider, for example, C3.. With the poles taken as indicated in the figure we

will have
. SR . (- R
q; 70—z 0 ; q¢f —¢; i —z2) (5.6.38)
for which the numerator D and the denominator NV are
—Taa
D ~ (z:~g3)as [ 206 _ a3] [—s(zy —z3)lar,  (5.6.39)
Iy — Ty
—27i6(sz5)](28)?
N ~ 2 b 4( > 2)i(25) s [(z2 — 221)™ + (72 + 21)]
m
~ 2”:5 8(z2) (222 — 1] - (5.6.40)

With the dominant contributing region being z, < z; we will have,

1 —2mig8s?
C3, =~ - (E) (T) f Dq1.Dgzy

1 z1 —z,0(z2)
d d
X /l/a 71 0 2 (—03)(12(17 Ty (—8371)
2zg 2ig°sin(s) 1
T 16mm? / Ly /Dq *as
_zg s In(s) )
o 22 (5.6.41)

Next consider diagram (5.8.f). Choosing the poles as shown, the ‘+’' momenta
are fixed as in (5.6.38), then the denominator D and the numerator N will
be

~ (z; — z2)azar [_z::iafz:z - a3] . (5.6.42)
. 96(—27”)26(:;)25[3(:31 — 15)] (25)?s[(q1 + @)~ + (@ — 21)"]
~ _49671-25(1:21):2(2:1 - z2)3(2z2 —z)- (5.6.43)
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The dominant contribution comes from z, < z; and we will have in this case

1\? s L —4m26(z2)6(z1 ) (—z1)
C4 ~ -— (Z;) ‘TT?_/DQu_/DQu/O. dxl./ohd-’b'z

T1Q2 a‘r(—as)

S
= 1?; _LJ, - (5.6.44)

Next consider C7, and C8.. As one can see, because of the cut, the negative
current flow is forced to go round in the (3,4,5) loop and therefore both these
diagrams will vanish

C7.=C8.=0- (5.6.45)

Diagrams C11. and C12, can likewise be calculated with the result

g%s1n?(s)

Cll. = Cl2. = “o 53

IJ, - (5.6.46)

5.6.4 Diagrams C15, — C20¢

We now come to the last six diagrams. The first in this set is C15.. This
diagram is a bit tricky to calculate using the method employed so far. The
reason is a combination of the following facts. There are two cut lines, the
relative magnitude of the small ‘—’ flows matter and this produces two flow
diagrams without poles on the lower fermion line. To calculate this diagram,
one can use the factorization formula explained in section 5.2. Because of
the cuts on the top line, one can interchange the location of the lines in any
of the six possible configurations. This will now allow the application of the
factorization formula to the lower fermion line. This is shown pictorially in

Fig.(5.9). We then will have
2 6(9q)3 + +
C15, =~ —l( ) g°(2s) /Dql_I_’Dq /\/Ed@ -/'\/Edq? /dﬂ:lfdiﬂg

6 4m?2 —271 —2m1
o (271)*6(521)8(525)6(— /56" )6(—+/522)
g (a — @) — A3

= I - (5.6.47)
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Figure 5.9: Factorization formula applied to C15,
Next is C16,. There are two flow diagrams as shown in Fig.(5.8.k,1). For the
flow diagram (5.8.k) we have

ay as

—_— + T —————— ) . + —_ —— 0
U =750 —20) 0 @ N (5.6.48)
and accordingly the denominator D is
as(l —z as(cy — =
D=(1- xl)zz[_u - az][as][_é_(_l__i) — a4)(—sz2)(—sz1) -
Zo I3
(5.6.49)

The dominant contributing region is z; < 1 and zo < 1. So we will have,

a 12 g5(2s)®
C16;, =~ - (E) I / Dq11.Dg2y
1

1 1
X dz dz
/1./3 tJo 2¢15¢13[cz5(:z:1 — Zg) + @42
Ve
a
In (o

asas (as - a4)

_g%sln(s)

= gz / Dg1.Dgay

_¢%°sIn(s)

e (5.6.50)

The contribution of C16} is identical to that of C162 and therefore their sum
is equal to

_g%sIn(s)

C16. = C16¢ + C16; = 2C167 ~ —= ——

Js - (5.6.51)
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We continue with diagrams C17. and C18,. In these diagrams, because of
the cut the negative current is forced to flow round the loop (12345) and

consequently the diagrams will vanish. Therefore we have
C17,=C18. =0 - (5.6.52)

Lastly, we have C19. and C20.. Diagram C20. is basically the same as the

uncut diagram and straightforward calculation gives
—1I; - (5.6.53)

we do not need to calculate diagram C19, since its corresponding cut color

diagram vanishes.

5.6.5 A recap of the final results

Before we conclude this section it would be worthwhile to summarize the
results of the previous three subsections. The quark-quark scattering calcu-

lations using cut diagrams of Fig.(5.6) and (5.7) led to the following results,

g°s
AC = _ﬁII(A) 'G1 3
. 4
1g%s
Blc = sz . (C Gz) y
gtslin(s)
B2, = —sz(A) (cG1),
. 6
—— ig°sln(s) 1
Clc = ———47—1'—(_)[§A?LI22 - J2I2] . G3 3
6 2
— g°sln(s)* 1
C2c = —-81T—775,2)[§A3'I22 - J2I2] . (62 Gl) N
. 6
_ 1g°sln(s)
C3. = —'leJz -Gz,
ce, = 25 1 (Gs — ¢ Gy)
¢ = Tgmz 272 3 —Clx2),
6. 12
Cllc = Cl2c = M.&Jz . (—202 Gl) ;

327w2m?2
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gG

Cls. = 2=l Gy,
6
g°sln(s) 2
C].Gc = —WJ:; - (C G’l) )
- 6
_ ig°sIn(s)
Czoc = ‘_?7;2—771_2_[3 . (C Gg - G3) y
Cr, = C8=C17.,=C18,=C19. =0 - (5.6.54)

5.7 Discussion

Having demonstrated the cut diagram calculations at some length we notice

the following:

1. In(s) factors that get cancelled in the sum of the Feynman amplitude
(see points (1) to (3) in Sec.5.5) never even appear in (5.6.54). Can-
cellations of this kind are automatically built into the cut diagram

formalism.

2. The transverse function J3 appears only in C16, in (5.6.54). This ex-
pression survives the sum but can be ignored compared to the contribu-
tion from C2.. In other words, as opposed to the Feynman amplitude
(5.5.18) where J3 appears in many places, most of them being cancelled
out at the end (see points (4) and (5) in Sec.5.5), in the cut amplitude

J3 do not appear except when it survives the sum.

3. The cut amplitude is not as successful in cancelling the transverse func-
tion J; (point (6) of Sec.5.5), although there is still an improvement
here over (5.5.18) in that J; appears in fewer places. In fact, it appears
in C3, to C20, only when absolutely needed to cancel its previous ap-
pearance in CI. and C2.. In order for J, to disappear completely it
is necessary to combine diagrams with triple and four gluon vertices

together using the Lipatov-Dickinson vertex [34]. The technique of cut
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diagrams by itself, which deals mainly with the fermion lines, is not

sufficient for that purpose.

. Other than the Jy complication mentioned above, the summands of
the final answer (5.5.21) appear directly in the cut amplitudes. In that
sense the cut amplitudes are as economical and as simple as they can
ever be. In particular, the Regge-like feature mentioned in point (3) of
Sec.5.5 is present already in individual cut diagrams.
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Chapter 6

Eighth-Order Diagrams with
4-point fermion loops

Leading log calculations, as were previously discussed, does not lead to the
correct asymptotic amplitude of parton scattering since the total cross sec-
tion following such calculations violate the Froissart bound. This fact is a
hint at the relative importance of non-leading contributions since the sum
of non-leading terms can in principle be comparable or even higher than the
sum of leading terms. Such contibutions come from different sources. One
such source is the same class of diagrams that has already been considered
only to leading log approximation. Systematic improvement to subleading
contributions is very difficult to conduct for such diagrams and so progress
along this direction faces serious problems. Another source of subleading
contributions has a more subtle nature. Current finite order calculations
seem to support the picture that ¢-channel exchanged gluons fuse into a
composite, color-octet object dubbed a ‘reggeized gluon’ or ‘reggeon’. The
exchange of a single reggeon, therefore, will occur in the color-octet channel.
The exchange of two reggeons, however, will occur in both the octet and
singlet color channels. The color-octet contribution of two reggeon exchange

is subleading to that of a single reggeon exchange since it carries an extra
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factor of a,. So, as can be seen, leading log calculations of Feynman diagrams
will lead to a multi-reggeon exchange resummed structure (verified explicitly
to sixth-order) within which one can identify leading as well as subleading
contributions in certain color channels. There are recent studies along this
direction(23, 24].

Another source of subleading contributions whose study is not as exten-
sive as pure gluon exchange diagrams are diagrams with fermion loops. The
study of such diagrams goes back to the work of Cheng and Wu [19, 26] in the
context of QED. In electron-electron scattering experiments, the exchanged
photons can produce electron-positron pairs. The fact that photon-photon
scattering in QED is UV finite enables one to carry out the calculations
without need to regularize the diagrams. Performing similar calculations in
QCD, however, requires one to regularize the diagrams first. The purpose of
this chapter is to take this step and find the high energy behavior of three
eight-order diagrams that have been considered by Cheng and Wu in the
context of QED.

6.1 Fermion loop subdiagrams

The diagrams of interest are shown in Fig.(6.1). In order to calculate the
high energy behavior of such diagrams it will be helpful to look at the similar
QED situation first. This has been extensively discussed by Cheng and
Wu [19, 26]. In their treatment, in the leading log approximation, each
of the three diagrams, similar to Fig.(6.1), turn outs to carry quadratically
divergent factors of transverse momenta. These factors cancel out in the sum
of the three diagrams as one would naturally expect since the four photon
subamplitude is finite without any need for a counter term.

The presence of quadratically divergent factors in their calculation for
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each diagram is a point that makes these results not suitable for the cor-
responding QCD situation. In fact the quadratic divergence is something
unexpected to begin with. By power counting the expected divergence is
just logarithmic. The reason for this inconsistency is the imposition of high
energy approximations, implemented without having dealt with the diver-
gence of the fermion loop subamplitude.

In QCD however, one is obliged to deal with the UV divergence of the loop
first. So before any high energy calculation can be achieved it is necessary to
regulate the fermion loop subdiagram. Then after removing the divergence
using a 4g counter-term one can move on to the asymptotic calculation. This
is basically what we intend to do in this chapter.

In this section we will present the details of the regularization and re-
moval of the divergences of the fermion loops. Then, in the next section,
these results will be used in the calculation of the high energy behavior of
the 8th-order diagrams. We will then see that as a result of regularization
the 8th-order diagrams demonstrate In3(s) behavior.

First, we briefly write down the the expression of the 8th-order diagrams.
Referring to Figs.(6.1.a,b,c) we have the following three amplitudes respec-

tively,
(MUY =~ (ig* )22(Wegcd ' Norwp / HD (AL);‘;;;;’ , (6.1.1)
(ML= 50" 35 Waril o [ [T 5 612)
(ML= (i85 WaliBoy [ [T 9L 013)
D= G G (614

[\/5-’02?3' — a1] [\/Exzpé' — ag] [ﬁzwf — as) [\/31?117'1'- — ag]
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Figure 6.1: 8th-order diagrams.

X[sz2 — a7] [Vs(1 — 21)p{ —aud] , (6.1.5)
D' = [Vszaps — a1][Vszepy — ao] [Vszipf — as] [Vsz1p] — a4
X[—sz2 — a7} [v/s(1 — z1)p{ — @], (6.1.6)
(Wegalfi = (LY @T0 ;N = 228 )(21’(‘27%’;?)(2” 2.
5 =(v/500) ; pp=(0,V50)- (6.1.7)

In the above expressions 4;, A, and A3 represent the fermion loop subam-
plitudes of Figs.(6.2.a,b,c), respectively. As was mentioned at the outset we

will calculate these subamplitudes first. Starting with the amplitude of the
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diagram of Fig.(6.2.a) we have

(A)gtd™ = T AT, (6.1.8)
Tl = Tr(TTTTd)-!-Tr (LIILT,) (6.1.9)
—— 4 .

AT = Z / (21)4 (6.1.10)

“Trivy-(@+m @ —si+me)y (d — L +me)y (g — 52 +mp)]
[¢> = m3][(¢ — A)> — mi] [(¢ — p1)? — m3] [(g — p2)* — mi]
The reason for having only one index configuration in (6.1.8) is due to the fact

that p, and p, in (6.1.7) have only one nonvanishing lightcone component.
Introducing Feynman parameters 2;,zo and 23 and moving to n = 4 — 2¢

dimensions will cast the above expression into the form

A, = T(4)g 4@‘“/2)% / ps [ 22 (6.1.11)
1 gH ; (2m)n o

. ~32(g—p2)” (g—p)* (¢} —q - AL +m})
[¢2 — 2q - (21p1 + 2202 + 20A) + 210% + 23p3 + 2 A2 — m} + ie]t

1 1-z; 1-z1-22
/Dza = -/0 dZ]_-/o ng/; ng ’ (6.112)

where we have suppressed the upper indices of A; for brevity and we have

used

(=07 =0 T =47V YT =207 5 h=-0.
(6.1.13)
to simplify the numerator. Using the standard integrals, listed in App.(D)

for reference, and after some algebra the above expression becomes

—11"‘E D(e)p?  —(ky+p1) (ki +p2)~ +m3

—32in%gt 28
b = SRS [ pa T+ D,
k2, +ky - A k (%
(B4 k- A+ md) (b p)* (ks +pa)” I (6.1.14)

D2
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where kY, M? and D, are defined by

K = —zph — 20ph — A¥* (6.1.15)
M? = —zp ~ zmps — 20A% +m (6.1.16)
D, = —k?—M}+ie- (6.1.17)

Now using
Te)==—v—-0() ; a*=e*20) ~1—¢ In(a) (6.1.18)

we will get

N,
4 = ‘32(‘2":): i zf/ma[ +oy =1+ In[ L f] +1n[’°—;—;"f§]
+—(k1 +P1)+(k1 +p2)” + mf 1
Dy

(ku+ku Ay +mg2(k1+p1)+(k1 +pa)~ ] (6.1.19)

where we have added and subtracted 1 and In[—m?%/(4wu?)] so as to make
the subtraction at zero-momentum point easier.

Next we take the diagram of Fig.(6.2.b). The propagator structure of this
diagram is similar to that of the previous diagram. So without any further

work we can write

(Ao)idd™ = TZaA7TF 3 A;TF =47, (6.1.20)
Fecgd = Tr (TeTchTd)-f'TT (anTch) : (6.1.21)

Next is the diagram of Fig.(6.2.c). By straightforward use of Feynman rules

we get
(As)ady* = Tl A3+, (6.1.22)
Loty = Tr(TLILT,) + Tr(TT,TT,) (6.1.23)
AT+ + 4Nf d'q
3 =g ; f an) (6.1.24)
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I+ m)v E —th A me )y~ — e+ B+ )y (d —gh +my)]
[¢% — m3]{(g — p1)? — m%][(g — p2)2 — m3][(g — p1 — p2 + D)2 — mf]

Introducing Feynman parameters and moving to n = 4 — 2¢ dimensions the

above expression will take on the form

Ay = [(4) g4y @72 g f Dz @d:r—g)’n- -l];f—g , (6.1.25)
where
N = —32[(@ +m3) +2as - pro)(as - par) — (s - pas)
—p2 (gL - P21 )(@] +m3) (P2, +P3) + P11 -p2r ~2q1 - (01 +p2)1
—A-(pr+p2—q)1 ]+ (gL pr1)(Pas - AL)
+(qL - p21)(Prr - AL) — (Pro - p2u)(qe - AJ_)] ) (6.1.26)
D. = ¢¢-2¢-[(1—z—z)p+(1—2—z)p2— (L — 20 — 2, — 22)A]

+ 219} + 205 + (1 — 20 — 21 — 22)(p1 + p2 — A)? — m} + i€ ,(6.1.27)
1 1—-2zp 1-29—21
/ Dz, fo dzg ./(; dz /0 dzs - (6.1.28)

Here we have used the identities in (6.1.13) and have carried out the gamma

algebra in the numerator N. Note that the upper indices of A; have been
suppressed for conciseness. Now performing the ¢ integration using integral
relations of App.(D) and simplifying the result we obtain

—32in2gtu? ¥ 2T (e)u® Ny N,
Az = Dz 3+ 2 1.
3 (27r)4 Z./ [ (2m)—2cDj + D2 * Ds] ’ (6.1.29)

where

N = (k3 +m%)?—(p11-AL) (P21 ks )+ (Pri-per) (ks AL)—(p2r-AL)(pro-ksL)

+(k3 +m3) [P%_L + 051 + P Pay +2ksn (o1 +p2)L — AL (ks 41 +P2)J.]

+2(p1 - k3 ) (Do - k3r) + P2, (P11 - kL) + 03 (Pay - Kay) (6.1.30)
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Ny = —2k2, — [(Zh +p2)i —AL-(p1+p2)L+ 2771%] —2k31 -[2(p1+p2) — AL,
(6.1.31)

where in turn
ki = (1—20—22)pf + (1 — 20 — 21)ph — (1 — 20 — 21 — 22) A(6,1.32)
M? = —zp}—2z2pi— (1— 20— z1 — 2)(p1 + p2 — A)® + m% (6.1.33)
Dy = —kj— M +ie- (6.1.34)

Using (6.1.18), the first term in (6.1.29) can be simplified to

_ —32rm g4u2‘
4 = 5o Z [ P2 (6.1.35)

k3+ M2 Ny N,
_]+D3 —1+D—3—2]

2 m}
Z_ —21In
[s 2y +2 — In[4 ,u] [

Each of the results in equations (6.1.19),(6.1.20) and (6.1.29) carry the UV
divergent part 1/e. The last diagram is the 4g counter term which will cancel
these UV divergent terms by a suitable adjustment of the constant Z,;. The
amplitude of the diagram of Fig.(6.2.d) is,

A4 = 492#25(2 - 1)[ eged + Pecgd 2recdg] (6136)

Now by equating the sum of the divergent parts (plus constant terms) of
A, A; and A3 with A4 we find Z4 to be

L, g 1 —m}
Zy = 1+ 75 [Nf( v 1)+Zln P ]J , (6.1.37)

which means we have subtracted the constant at pf = pf = A#* = 0 from
each of the three diagrams. The regularized results for the three fermion

loop subdiagrams are then

—32 k2 M2 =
”92/9[ + ]+N1+N1

. Jea.
1res (2m)* mZ D, D, D2 6.1.38)
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Apey = Appeg (6.1.39)

Ny = K —zpl) —np;, — 24l (6.1.40)
N~ = —(ki+p1) (k1 +p2)” — kT kT +21p{p] + 22p3p5 + 20ATAT,
Ni¥~ = (ky+p)* (b +p2)” [BE + R - AL+ mﬁ] :

_ T8urg [ & +M§ N, Ny Ny ‘]
A3reg = (27!‘)4 Z/DZb 2]_11[ ] 1+ D, + Ds
(6.1.41)
where
Ny = —4k% +[1—2(z0 + 21+ 22)](p1 + p2)} — dkar - (b1 +p2)1

+2z1p3) + 2z0p%, +2ksy - AL — [3—4(zo + 21+ 2)]AL - (p1 +P2)1L

+2(1 — 20— 21— Zg)Ai ’ (6142)
Ni~ = 2kfks —221p7p7 — 22p3 p7
“2(1—-zg—z1 —2z)(p1 +p2 — A) (p1 +p2 — A)” - (6.1.43)

In Ajreq and Ajpey only Ni/D; and in Aspeq only N3/Dj will produce leading
asymptotic terms. This is because in the other terms one either has or will
produce ‘+’ momentum components in the numerator (as a result of having
a second degree pole). These will subsequently produce z; factors in the
numerator which have dampening effects, i.e., they will reduce the power of
In(s). Using the result of (6.1.38), (6.1.39) and (6.1.41) in the next section
we will carry out the calculation of the asymptotic behavior of 8th-order
diagrams.

6.2 8th-order Calculations

In order to determine the high energy behavior of the 8th-order diagrams it

is necessary to carry out the integration over the ‘+’ and ‘-’ components of
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momenta p; and ps.
Starting from (6.1.1) with .4; given by the N;/D; term of (6.1.38) (D is
given by(6.1.17) we have,

(Ml)'lv;: = (Wegcd){l: r:gcd M; (6.2.44)
where
2 - 2 4 Ny 2
_; 45 _S —32im“g / -/D A 6.9.45
M= (2m)?2  (2m)* 2;‘ ,-=Hle' DD (6.2.45)

where in turn

D = [\/-;-’Czpi" - 01] [\/53?2172' - 02] [\/351!117'1*' - as] [\/5«"31P;r - as]

X[sz1 — a7] [Vs(1 — z1)pf — aud] (6.2.46)
.D1 = \/EPTF]_ - \/._S-p;-Fz - T]_ + i€ ; (6.2.47)

Fl = f]_.’Z?]_ —h$2 ) F2 = h:c1 —fg.’Bz ' fg = Zi(l_Zf) s h= 2129 , (6248)
Ty = fips, + fops, + foAL —2Z19p11 -p2s —2Z01p1s - AL —2Z0epay - Ay +m5F
Z{j = 2z - (6249)

Now we begin by carrying out the p7 integration using the residue technique.

The denominator has poles for certain value of p{. These are

+ as6 — € + +F2 \
= =— . +p; — - (6.2.50
2 Pb= 7oim =1 | Pl F TP ( )

The location of the poles in (6.2.50) depends on the sign and magnitude of

a10 — 1€ + T1 — i€

z; and z;. Throughout this section our convention for closing the contour
is as follows. For z;(or z2) < 0 we close the contour of p{ (pf) integration
from below and for 0 < z;(or z2) from above. Table 1. summarizes the pole

locations.
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<0 [pLt,phT|22<6: |04
Pr<z2| pi. T
O<zi<1|pLl,phft|z2<Bi| Dl
B <z | pi. 1t
1
il

1<z |phLd,phd |22 <Pl
B < 2 | pi.
Table 1.
Here 3, is defined by,
. ___hm
Fi1=0 = ﬂ]_ =Ty = - (6251)

h

In this table and later such ones 1 (|) specify a pole residing in the upper
(lower) half plane. Also {} ({}) indicates that the pole is being enclosed by a
contour closing from above (below). Using this information the result of pi

integration is

g%s®  2mi
M= 8m2m? (271')4 Z / H Dp,_;_/dp2 /Dz°

i=1

[t oo oo o o 5

(6.2.52)

where

Dy = s(z1—1) l:fl_a;)l a ] [11:1_ 0 4 as] [\/_172172 - a1][\/_$2p2 — ag]
X [sz2 — a7] [;ltﬂl — sFypf — TL] , (6.2.53)
Dy = sFi[Vsz2pF — a1][v/sz2pF — aa][sz2 — ar]

<[ (e Vi) ol o (g v ) o

[(xl —1) ( +/spF ) - am] - (6.2.54)

So we see that the p integration has generated three terms. Next is the pg

integration. The first integral has poles for the following values of p3,

4y _ G12—1€ P = _ Ty —e apoF1

P2a == o, \/_.'L' ’ \/_Fg (.‘Bl - 1)F2 !
89
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where pole locations are given in table 2.

2 <0 poyt Pae T
0<ze|[phil|z2<xi|Pot
X1 < T2 | D3 4
Table 2.
Here we have
h:z:l
F,=0 = X1 =T = — (6.256)
fa
As for the poles in pJ of the second and third integrals, they occur at,
+ a2 — € . 4+ Q5.6 — € (ﬂ) _ T1
sz - \/E.‘Bg b p29 - \/5931 F2 \/EFz ’
+ o G0 —te (ﬂ) __4h 5
Dan /(L —21) N7 (6.2.57)

with pole locations in Table 3.

.’D]_<0 $2<ﬁ<0 P;}T:P;gT;Pg_hT
0<z:,<1]|0<B8<za|p3;d,Pogd D51

1< O<ﬁ<$2 p;eryp"j-ngyp;-hJ’
Table 3.

There is only one non-zero pole contribution, that of pJ;. Thus p3 integration

in (6.2.52) will give

v o _ig%s® 2mi %fﬁD-/D
T 16m3m2 (271')2 11 =Pl Za

1
x[/o o * dzy le€+ / dzs / dry 5t ] (6.2.58)

where

Dipe = —Dien= ' (6.2.59)

s(1 — z1)Fa(szy — ar) [ Z1d10 + as] [
1-— Iy
T apF1 T a1
X [-’172 ( + (l—zl)Fo) +a1} [:L'z (F2 + 0—z)F + aa| -
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Having completed the ‘+’ momentum integrations we still have the z; and 2;
integrations to do. As one can see M; receives contributions from different
regions of the z; (and z;) integrations but enhancements come from certain
regions only. So, for the asymptotic behavior of M, it would be sufficient
to determine those regions as s — oo. Let’s consider the first integral in
(6.2.58). Inspecting the denominator D, we see that at F, =0 and z; =1
it equals infinity causing the integrand to vanish. This situation occurs at
the upper bound of z; and z, integrations. We do not, therefore, expect a

major contribution from those points. To avoid those points let us demand

that
hat —
0<F = zp<imzlls (6.2.60)
fa
which places restrictions on z; and z;2 as well,
1 1 1
O<hz;—= = —<z1<1 = —<z<l-z (6.2.61)
s sh 521

1 1 1
= ;<z1—zf =z <z <z ; {z":-s-, zf~1—=}-
Also by introducing a cutoff p we can avoid z; = 1. Now consider values of

z, sufficiently small such that,

F2 hz]_
F, and = = < = A 6.2.62
To K I3 Ty K 7 T2 157 T1 ( )

Also z; could be sufficiently small such that ;- < z; < 1. This is the region

of main contribution to M;. Because of the smallness of z, and z, one can
actually ignore the terms proportional to z; and z, in the factors of the
denominator in Dype. In F5, the z, term can now be ignored compared to z;.
Now consider the second integral in (6.2.58). The major difference in this
integral is that z, is bounded from below and therefore this integral will not

make a leading contribution. One can then write
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8.2 Ny

—g's
~ .2.63
My 32rim? (6 )
1-1/s 1—2z1 l-2z1—22
X Dp; / dz / dz / dz / dz / dz
j H PiL 1 L/ (ez) 2 J, 0 1 2 lee
Dige =~ a,lazasaeh:zzl(szg — a7+ 26) ) (6.264)

where £ is a small constant introduced to meet the requirement of (6.2.62).
Before performing the integrations let us define a new variable, ] = £Az;

in terms of which

—g8s? Ny
M ~ =
32m4m?
1-1/s 1-z1 l—z1—2z2 pEA T3 N]_
D / dz / d / d / dz! dz
/ H Dit Ve 1 L/ (sz1) 22 A 20 79 1 1 2 Dis
D1pe >~ alazasat;h:z:'1 (sz2 — ay + i€) (6.2.65)

Now integration over z, yields

1-1/s 1-2, l—z1—2z3 PEA ,
327r4m2 Z / HDP& / dz /1' Haz) dzp /0 dzg o dz}
(6.2.66)

N
x sayagasaghz) [In(sz}) ~ 4]

All that is left is the z} and 2; integrations. This is a long and tedious

calculation and we will spare the reader the details and simply state the final

result which is

—g g
M, ~
! 3274m?2 Z
2 'DP:.L {1[13(8) 5 ,
alazasas [ p2_!_ +(p1+p2)L- AL+ 6A ]

i [1113(3) A% + ln23( °) {ph +p2— (Pr—p2)L AL~ gAi}] } :
(6.2.67)
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We now proceed to calculate the next amplitude, M;. As one can see from
Fig.(6.1a,b) the only difference between M, and M, is in the propagator of
the upper fermion line. The calculation is then similar to (6.2.65). We can

thus write,
(M2)'l1; = (Wegw)lkrecgd ]
—g8s? ¥
M, ~ 3271’4777,2; (6.2.68)

1—-1/s 1-21 l—z1—22
/ H'Dp, v / dz, j dz, / dzp
1/(sz1) 1]

h Ty N1
/ daf [, dmap

Dige =~ aasasachz,(—sz, — a7 + i€) -

This integral will not develop an imaginary part. Carrying out the z, inte-

gration gives,

1-1 /a 1—-2z; l—z1—z2 h ,
M, ~ 327r4m2 Z / E Dp;1 / dz /1 o) dz, /0 dzg ‘/; dz}
'
(Lliln(szy) (6.2.69)
§ GiQq0as50s

Now performing the long integrations over z; and z;'s we get,

M; ~ 32w4m2z (6.2.70)

2 Dpy ln’(s) .
- A _AZ] .
* /i=1 a182a5a6 6 [ PiL—Pa +(P1—p2)L- Do+ 5AL

The last amplitude is that of (6.1.3). As was mentioned earlier only the term
N3/Ds of Aspeq in {6.1.41) will have the leading contribution. So taking that

term we have from (6.1.3)

(M3)'I7I: = (” Cgcd)‘l’I:I‘chglM:i (6 2. 71)
2 —32z7r
My = ig'o 9 Dp; [ D
8 922(271'2) Z/E Pz/ ZbDD1(6272)
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where N; and D are given by (6.1.42) and (6.1.5) respectively, Dj is given
by (6.1.34) which, in terms of lightcone components, is

D3 = +/sHypi ++/sHip§ — Tp +ic, (6.2.73)
H, = [mze—wzi] ; Hp=[nz —wzs),

n1 = (+z)(l—2—2); na=(20+2)(1—2—2z) ;

w = (204 21)(20 + 22) — 20,

Tg = nzpr_+nlp§J_—2wp1l-p2_|_+Z(1—Z)Ai—2202(1—Z)pU_ 'AJ.. y
—2Z01(1 — Z)p2r - AL +m}

Z = zs+z1+2 ; Zn=zp+2z1 ; Zop=2+2-

Like the previous case we begin by performing the p{ integrations. Our
choice for closing the contour is as before, i.e., closing the contour from
above for 0 < z; and from below for z; < 0. The denominator has poles at

the following values of p7.,

+ ass—ze + ajg — i€ + Tz—'e +H:
la = \/_IL']_ Py -\/5(371 hnd l) P1c \/:S_lq 2 132 ( )

Table 4 summarizes the location of the poles for different integration regions,

Table4.
At T | < V() |z <B8]. [Pt
;<0 |. me,pu,T 0<B [B<z|e|pld

Pt T | VE) <z |z <B|f|p.{
L, T, T| B<0 [B<z|.]|pLt
Platd Pt | 22<V(z) [za<B|g|pi
i, phft] B<0 [B<z|.|pkl
Ll et | VE) <z |z.<B].[p{
Pt o] 0<B8 [B<z|h|[pt
P puA 2<V(z) |z <B|i]|p1
1<z e bR il B<0 [ B<z|.|phd
P, 0l | VE)<zn|z<pB|.|p.l
P, oy | 0<B [B<z|j|plt

O<z <1

oo e
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where 8 and V'(z) are defined by,

H, =0 = B=zs= ”fj (6.2.75)
O=w = ==V ; V)= al=2-2), (6.2.76)
’ 29+ 2z

One can now readily write down the result of p7 integration,

o = L fiom [on [0

i=1

[T [ o [ a7
_/ le{/V—zo—zl 22/ d:z:2+/ ()dz2/t; d:z:z}__
s [Tand [Can [ dms [ [ dxz}i] ,

Db = \/E(xl — 1) [fiaj:l +a ] [].:Bl_ 10 + as] [S.’L’z - a7]

H
x[v/szapy — a1](v/szapy — 42][:01 _1(1 ~+VsHpf -T2 ,

17 H, T:
D. = Vi |52t~ erwt it —os| |2 — Veuwi oo

(@ s, 1)p;§l — a1o][vsz2p] —a1][V/sz2p5 — az][s72 —ar] -

H,
Next is the pF integration. The convention for closing the contour of inte-

gration is as before. For the integrand N3/D, related to (a) , (b) , (c) and

(d) entries in table 4 the poles of pJ occur at,

p+_012—i6 . +_T2—Z€ H2a10 .
2d \/_222 ’ \/-Hl \/E(.’L‘l - l)H]_

The location of the two poles in different integration regions are summarized

in Table 5.

Table 5.

zn<V(z)|[z2<x<0{pist,pit
x<z2<0|pgy?t,p5
0<z:<1 (V@) <z | 22<0 |put.pet
V(i)<z |0<z:<x|pgd,pst
O0<x<zZz2 | paad,psd
22<V(Z) 0<$2 P;&Jr,Pg;Jr
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In Thable 5 x is defined by

H =20 = X=T9g = — - (6.2.77)
n

For the second and third integrals with integrand N3/D,, the poles of p3

occur at

+ .
p2f \/.;272 ’ p2g \/—21

as6 — T

( + GH,

ai2 — i€

'
-

ayg — i€ Hg T

P = e ) T VAR

with the location of the poles summarized in table 6,

2:<0 [z <V(2),0<B<zs|e|psyd 05,1, ||0<Hs,0<H
V() <z ,2:<B<0|f|p3: 1,05, T, 0 T||0< Hp, H1 <0
O0<z;<1l|2<V(2),z2<B8<0]g pﬂ,ﬁq‘]‘,p;ﬂ Hy,<0,H; <0
V(e)<z,0<B8<z |h|pil,p5, L, 05t | H2<0,0<H,

1<z [22<V(z),22<B8<0]i[pa %, 05, T.panT|H2<0,H; <0

V(2)<2,0<8<z|j|p5;l,03,1,p, 1| H<0,0< H;

Table 6.

Each entry in Table 6 refers to the same entry labels as in table 4. From

the above table the only non-zero contributions are those of (g) and (h) due

to a pole at p7 = pf, and these two differ by a sign. Putting these pieces

together the result of pJ integration is

M;

Dee(cry

83222 ((227::))42 Z/ ,_HIDP L / dz || I (6.2.78)

V(z) —z0—z
[/ zg/dxlfd:rg [ °1z2/dx1/dx2
l—20—21 V(z) ]
+</v(z) de/; d$IL d.’L'g / 22/ dx;/ dIz Dbe(ch)

Tia T1a
sHy(1 — z1)(sz3 — a7) [1 = :) + as} [1 L 2)1 + as] (6.2.79)
— —

T, ayoH, e a10H>
8 [xz ( N (1- -’Bl)Hl) al] [zz (Hi i (1- xl)Hl) azJ
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In order to determine the high energy behavior of Mj it is necessary to find
the region of z; (and 2;) integration that makes the highest contribution or
produces an enhancement. This usually occurs for small values of z;’s. In the
first two integrals the integrand vanishes at the x boundary of z, integration.
The same occurs at z; = 1. We can cut off the region close to z, = x and
1 =1 by replacing x > axand 1 - & where 0 < a<1,0< &< 1. Then

we can approximate

lz2|] < |x| = Hy~-—wzy ; Hy;=~noz, (6.2.80)
L2, _ %2 Ty | maz
H = wr ' (l-z)H  w

Further, if we go to regions of smaller z,, i.e., |z2| < |wzy|, we can ignore
these last two factors as well.

The above discussion on the magnitude of z, further requires us to write

1 1 1
- < |wlzy = — <1<l = =< |u
s slw| s
1

+ - . Wt —
= W (Z) < zg , Z<<W (Z) i W —V(Z)is—(mﬁ28l)

which places further restrictions on zy and 2;. For example 25 < W™ restricts

zg and z; as follows

20(l—29g—21)—1/s 1
0<n< ol 0~ 21) / => 0<zn<zf; zf=1—2-—
Zs+ 21 S22y
= 1 <l—-2y = 27 <2 <z+'z_—1 2z =1
520 0 0 0 0 0—3) Q0 — S

The requirement that W+ < 2, would place the same restriction on z; and
z1. Now we go back to (6.2.79). The second and third integrals don’t make
leading contributions as s — oo since |z2| is bounded from below. Therefore
we will have,
—g°s* 75 2
My = 22 Z / e / [ dz fldm (6.2.82)

=1
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l—zg—z1 1 wL1 w- 1 -‘%
X / dzo / dz, / dzy — / dzs / dz, / dzs
W L 0 25
X Ns
wr1(sT2 — ar)aazasa6

Then if we let z; = (2]/w) in the first integral and z; = —(z}/w) followed
by zo — —z9 in the second integral we will have,
¢8s? Ny

327r"‘m2 Z/ H p'J'alazasas/ dzﬂ/ dz (6.2.83)

i=1

1—z9—21 w z N-
x[ / dz; / dz / dzg——Fr—>
W+ 1 1 wz} (sz2 — a7)

w- —w z} N3

Ly ./ ] .

/o “2 1 dz; 1 dx2w:z:'1(—sxg —ar)
Carrying out the z, integration we get
M3 = —g 3 E/HDP / ng/ d21
3274m? “ayasa506 z
l—20—2z N.

X [ [ " da /1 d:c'l-—s7 [In(sz}) — in]

w+

_ /W_ dz ""’d '_____N?'ln(”l)] (6.2.84)

—swz]

Next carrying out the integration over z yields

_ =9
M3 o 327w4m? Z/H PiL a1a2a5a5/ dzo./ dzl

<[/ e dzg% [5 In¥(s) + ln(s) In(w)

w+

+l In(w)? — ix[ln(w) + ln(s)]]
+ f dzz—— [ L 1n2(s) + In(s) In(—~w) + %m(-w)ﬂ] }6.2.85)

The z; integrations are long and tedious and here we simply give the final

result
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—ing®s In?(s
My, = g° In()Z/HDp

32mim?2 = a1a2a5a6

5 7 2
X [‘g (P%J_ +03 —AL(p +P2)J.) + 3PPt §A§_] .
(6.2.86)

As one can see, the real leading part has canceled out between the two terms
leaving behind only the imaginary part.

Equations (6.2.67), (6.2.70) and (6.2.86) are the final results for the space-
time part of diagrams in Fig.(6.1).

In brief, in this chapter we have improved on the calculation of the so
called abelian contributions to the eighth-order scattering of two quarks. We
used dimensional regularization to isolate the UV divergence of the fermion
loop which is then removed by the four-gluon vertex counter-term. The
leading terms of the finite parts are then used to calculate the high energy
behavior of eighth-order diagrams. This result constitutes part of the cor-
rections due to fermion pair production to the BFKL equation.

We would like to mention two points. A quick comparison of our results
(6.2.67), (6.2.70) and (6.2.86) and those of Cheng and Wu [19] regarding
energy dependence of 8th-order e-e diagrams shows that our results are gen-
erally one power of In(s) higher than theirs. Their results however carry an
infinite quadratic multiplicative integral factor that has arisen due to the
lack of regularization of the diagrams. For this reason it seems to us that the
extra power has more to do with the renormalization than with the true high
energy behavior of the diagrams. Therefore a definitive statement regarding
the true non-leading behavior should involve other diagrams that play a role
in the renormalization of 4g vertex.

The second point is that since the discussion so far has been in the context
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of QCD, there are other contributions that need to be considered in order
to obtain the final result concerning the contribution of fermion loops up
to eighth-order. These are due to the so called non-abelian diagrams and
involve a combination of 3g vertex and a triangular fermion loop. What we
have calculated here are the so called abelian contributions which simply
means that they are like QED diagrams multiplied by color factors. Given
this fact, the In(s) dependences of the above results cannot be taken as
indicating the definitive behavior of diagrams containing fermion loops as
they need to be supplemented by non-abelian contributions.

In summary, the role of diagrams with fermion loops cannot a priori be
ignored in the discussion of high energy behavior of parton scattering am-
plitudes on grounds of their making only non-leading contributions. One
reason for this is that leading order calculations such as those offered by
BFKL equation violate the Froissart bound. So, to fix this, attention has
to be directed toward non-leading contributions. Although there are pure
non-leading gluonic contributions as was explained at the beginning of this
chapter, one cannot be a priori assured that other non-leading contributions
such as those originating from diagrams with fermion loops are of no impor-
tance.

One other reason for considering diagrams with fermion loops is that they
are inevitably tied to and mixed with pure gluonic diagrams through renor-
malization process. Qur calculations in this chapter have been an endeavor

along these lines.
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Appendix A

Conventions and some fine
details

A.1 Spinor helicity technique

In chapter 3 we make extensive use of the spinor helicity formalism. For that

to be well defined a review of the essentials of this formalism {40] will be

given here.

When considering massless fermions it is convenient to adopt the chiral
representation of Dirac matrices where 5 is diagonal. A massless Dirac

spinor with momentum p is then given by,
o e LA ik

0
U-(p)lm=0 = |p—>=— 2p0( )

x-(p)
Te@)lmes = <p+|=—/2°0 x5(P)) -
" (D)o = <p—|{20°(x%(P) 0), (A.L1)

where the two-component helicity eigenstate y.(p) satisfies
o-pxa(p) = Alplxa@) 5 X @)xa(p) = daw - (A.1.2)
The normalization adopted in (A.1.1) gives
< p =+ |A¥p£ >=2p* (A.1.3)
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while chirality conservation implies

<p+lgE>=0- (A.1.4)
We also adopt the notation,
<pg>=<p—lg+> ; [pgdl=<p+lg—>, (A.1.5)
and since o003 = —0™, it is convenient to choose the phase of the helicity
eigenstates to satisfy
o (P) = idxi(p) - (A.1.6)
This then implies
<pg>=-—<gp> ; [pgl=—[gp|=sign(p-q) <gp>* - (A.LT7)

Throughout our discussion we assume vectors to be in the forward lightcone

so p - ¢ > 0. The choice of phase also gives rise to the relations

<pi|7ﬁl...7ﬂ2n+1'qi> = <qﬂ:l7ﬂzn+1"'7ﬂ1lpﬂ:>a

<PE[Vr  VuldF > = = <CE Wiagnss - Va[DF > - (AL8)
Using (A.1.3) and
v-p=|p+><p—|+|p—><p—| (A.1.9)
it is easy to see that

<p+lv-kig+>=[pk]<kg> ; <p-—|v-klg—>=<pk>[kq]-
(A.1.10)
In particular using (A.1.3) one gets

<gp>[pgl=2p-q (A.1.11)
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Fierz identities can be expressed as

<AD><CB>+<AC><BD> = <AB><(CD >(A.1.12)
[AD]|[CB] + [AC]|[BD] = [AB][CD}], (A.1.13)

<A+ |y|B+><C—-|y|D-> = 2[AD]<CB >, (A.1l.14)
<A+ |v|B+><C+|y¥|D+> = 2[AC]| < DB > -(A.1.15)

The spinor-helicity representation of polarization vector for an outgoing pho-

ton or gluon with momentum p and helicity + is given by,

< p=|yhkE >
V2 <kF|pt>

where the reference momentum k is massless but otherwise arbitrary. The

e (p, k) = + (A.1.16)

choice of a different value of & corresponds to the choice of a different gauge,

and these different choices are related by

< kk' >
<kp><kp>

e (p, k) = i (p, k') — V2 - (A.1.17)

The polarization vectors satisfy the following identities:

ek(p, k) = (&(p, k)" ; p-ex(pk)=k-€e(p,k) =0,
E:i:(p7 k)'ei(p) k') =0 ) e:f:(pa k’) '€=F(ps k,) =-1 )
E:I:(p'n k) . ei(p’s k) =0 ) 6:!:(17: k) . 6-:i:(k:a kl) =0, (A118)

and also satisfy the following two relations

(P ) (0, B) + e )L (p, ) = =g + EEEERL L (aag)
V2
v -ex(p, k) = £ (IpF ><kF|+[kx><p£)), (A.1.20)

<kF|pxt>

which completes our quick review of the spinor helicity formalism.
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A.1.1 Off-shell Fierz identities

In section (3.1) we mentioned that the diagramatic relations hold even when
the momenta of the lines are off-shell. This fact relies on the off-shell versions
of the Fierz identities in (A.1.13). Here we show how these off-shell relations
could be derived from the on-shell ones. Our considerations in section (3.1)
were restricted to tree-level diagrams, so an off-shell momentum can always

be written as a sum of on-shell external momenta,

pa =2 capl , (A.1.21)

where pf' are the external momenta and c4; = {—1,0, 1} depending on how
one decomposes a given internal momentum. Now it follows from (A.1.9)

that
Pa=Y cadi =3 cai(lpit+ ><pi+|+|pi—><p—[) - (AL22)

Notice that of the two terms in the above relation, which is the typical
numerator of an interim fermion propagator, only one will eventually survive
because at the end points one always multiplies by the definite helicity spinors
of the external lines. So we can further define

lpat ><pax|= ZCAHP:':*: ><piE|- (A.1.23)

To see what the off-shell Fierz identity looks like consider the following ex-

pression,

I =<p, + l?jAﬁBlpb— > pe + |ISCI$D|pd_ >, (A.1.24)

where pg, Dy, . and pg are arbitrary on-shell momenta not necessarily those
of the incoming ones. Now using (A.1.23) we can write the above expression
as

I = [ap4] < paps > [pBY] [cpc] < pPepp > [ppd] - (A.1.25)
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The on-shell Fierz relation for the angle brackets can now be used to expand

the product of the two angle brackets in the above relation,

I = [ap4] < papp > [pBbl[cDc] < PcpB > [PDA]
+{apa] < papc > [pebl[cpc] < pPePD > [PDd]
= < pa+ |pabplpa— >< pc + |PcbBlDs— >

+ < P + |PaPe|pe— >< ps + |PBDDIDa— > (A.1.26)

This last equality is the off-shell version of the Fierz relations for the angle
brackets. The on-shell relation can be retrieved if we assume all the momenta
with capital-letter lower index are on-shell momenta. In this case one can
discard all the on-shell square bracket factors from both sides of the first
equality as they are well defined on-shell spinor products and the remaining
angle bracket factors will make the on-shell relation.

Similarly, one can work out the off-shell Fierz relation for the square

brackets. It reads

< Do — |PapBlPe+ >< pc — |PcPp|Da+ >

=< pa — |PaPp|Pa+ >< pe — |PcPBIPr+ >
+ < pa — [padc|pet+ >< py ~ [PBPD|Pa+ > - (A.1.27)

Two other useful relations which can be worked out following the above

procedure are,
< pa % |[PalppE >< pc £ |pcPplpaF >
=< P F |Bo|PeF >< pa % [Padbp|paT >
- < P F [Pp|paF >< pa £ [PadclpeF >, (A.1.28)

< pa F |PalpsF >< pec £ |PcPp|paF >
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= < ps F |Po|paF >< pe £ |pcPalpsF >

+ < pa F [PepeF >< ps £ [pabplpaF > - (A.1.29)

A.2 Supersymmetry conventions

Our conventions follow those of Schnius {41]. The Minkowski flat-space met-

ric is taken to be,

Guv = dia‘g(+1 Ty —) ) (A'2'30)

Dirac matrices are taken in the Chiral representation as

g

= ( 0 ";' ) , (A.2.31)

where the the four matrices ¢¥ and # are defined in terms of Pauli-matrices

o and 1 as,
o=(1,0) ; T*=(1,0)- (A.2.32)

The 75 and o#” are defined as follows

—i 0 s i
Ts = YoN1V2Ys = ( 0 i ) ;o= 5[7“,7 ]- (A.2.33)

A general spinor t¥(x) satisfying the Dirac equation
(i — m)(z) =0

has the following representation independent mode expansion,

Y(z) = / (2,,)32po > [bap)ePus(p) + di(p)e®=ua(p)]  (A.2.34)

A==
where u,(p) and v,(p) are spinor wavefunctions of definite helicity A and

momentum p and satisfy,
B-mlua(p) =0 ; @B+mu(p)=0,
Cui(p) =ulp) ; Cui(p) =ualp), (A.2.35)
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where C is the charge conjugation operator and in the representation {A.2.31)

C= ( it 0 ) : (A.2.36)

is given by
0 io
Equation (A.2.34) represents the expansion of an unconstrained spinor. If

we impose the Majorana constraint
—4\ T
M) =¢z) =C (¥') ,
then together with (A.2.35) we will have,
d3p i )
M — —ip-T ' ip-z 9.
V@) = [ G & @) 0 + @ @) (4237

which represents a self-conjugate (Majorana) field where the anti-particle

(second term) is identical to the particle (first term).

A.3 Some fine details

In equation (2.2.6) we gave the results for the SUSY transformations of on-
shell particle creation and annihilation operators. Here we will show how
these commutation relations are derived from the general off-shell SUSY
transformations of (2.2.5).

Counsider |¥ > to be an arbitrary quantum state. Then we will have
0 =< 0|Q%|¥ >=<0|[Q, 8]|¥ > + < 0|]8]|¥ >, (A.3.38)

where @ = €Q and P stands for A° or Aj,. Here we have used the fact that
the vacuum is invariant under SUSY transformations which would imply
Q0 >=0=< 0|Q By appropriate choice of the state ¥ for each field we can
find how the on-shell operators transform under SUSY transformations. Let

us begin by choosing |¥ >= |g#(p) > for & = A* where |gp(p) > represents
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an incoming gluon with definite momentum p, helicity A and color a. Then

we will have using (2.2.5)
1 ~
= —50"€ < 0((9. 47 — 8,47)|91(p) > + < 0|A°Qlgn(p) > - (A.3.39)

Note that in F(®#* we have dropped the term proportional to g because we
are considering free on-shell states. The action of Q on a gluon state will

produce, up to a constant, a fermion state
Qlgi(p) >=ra(p, k)| A%(P) > , (A.3.40)
so we will have
ma(,k) [p b > €7 = iz o e P (p,eln, (6) ~ pul(p)) , (A3.41)
where we have used!

<ODAG(E) > = e Pui(p) = e PoxCp b >
<0\Aglgie) > = e PEin(p), (A.3.42)

and where x° is the color wave function and |p,» > represents the spinor
wave function. Note that the color index a in (A.3.41) has been dropped
since the color wave function of the fermion and vector particle are the same
and therefore can be dropped from all terms. In order to proceed we need an
explicit representation for the polarization vector. Choosing this to be the
spinor-helicity basis representation,

< p,hlvilg, h >
\/§ <gq, _hlp1 h >

with g the reference momentum, we will have upon multiplying (A.3.41) by

eni(p,q) = h For outgoing p , (A.3.43)

< q, —hli

nh(pv k) <agq, _h,pv h>=-...

1For a review of spinor-helicity basis see App. (A.1)

108



i < g,—h|d* [lk-i— >0+ |k— > 9] e, (p,9) (A.3.44)
where we have used
§=lk+>0+k—>6 (A.3.45)
in ou = ou < p, h ’Yy q, h >
eh,u(p$ q)= [eh,,f(P, = €~ff.u ,q) = —h vl

\/§<Q1hlpa—h > ’
and where in (A.3.45) 6 and 8 are two anti-commuting numbers introduced

(A.3.46)

to represent the anticommuting nature of £&. Now, fixing the helicity h = +
in (A.3.44) and using explicit form of o#” together with (A.3.46) will give,

1-
ne<gp> = —38{<q-[B@0) — £ (0, plk+ >}
1. [—/2 V2 }
= —f0{——<gp> < ph >+ <qp> <pk >
5 { o <P pq) <p ol <P lgp] <p
ny = +v26 <kp> - (A.3.47)
Similarly, we can work out the result for h = —, with the result

n_=—v20[kp] - (A.3.48)

The job is now half complete. Going back to (A.3.38) and choosing & = A,
and |¥ >= |A§(p) > and using (2.2.5) we obtain

0 = —i < 0[i€7, A% Ax(p)® > + < 0]A2Q[An(p)® > - (A.3.49)

Also since supersymmetry transforms fermionic states into gluonic ones we

will have
QiAi(p) >= ma(p,q)lga(p) > , (A.3.50)

then (A.3.49) will take on the form,
—ma(p, k) <O0[45|gh > = &vu < O[A%]A] >

—Mmp (pa k)e;:lp(pr k) = E’Yu Ip'l h >
—h <k, hlvulp, h >

— k
k) ke hip—h >

(5<k-—|+0<k+|)’y,,|p,h>
(A.3.51)
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Now if we let h = + we will get,
mi(p, k) =+V20[kp ; m_(p,k)=-v28 <kp> - (A.3.52)

Having found the constants resulting from the action of Q on gluon and
fermion states we can now easily find the transformation of on-shell operators.

To this end let us write (A.3.40) as follows,
Q 91010 >= [Q, g (P)]I0 >= nu(p, k) KL (p)[0 >, (A.3.53)
so we will have

[@,9 (0)] = +v28 <kp>AL(p) =+N_(p,k)AL(p) ,
[@.9L()] = —v20 ko] AL (p) = —Ni(p,k)AL(p),  (A.3.54)

and similarly we can find the supersymmetric transformation of Af by writing

(A.3.50) as
QAL(®)(0 >=[Q, AL(®)]|0 >= maZ}(p)[0 > - (A.3.55)
Replacing for both values of h we will get

[@,AL(p)] = +V26 [kp] GL(p) = +N+(p, k)7L (p) ,
@, A ()] = —V28<kp>3gl(p) =-N_(p,k)5 (p), (A.3.56)

and finally taking hermitian conjugation of (A.3.54) and (A.3.56) we will get

the commutation relations used in (2.2.6).

110



Appendix B

Color oriented vertices

Color oriented vertices can be derived from normal vertices in the following

way. Begin with the 3g and 4g vertex factors, written

T, = i9f[gap(pr — P2)y + 9py(P2 — D3)a + Gva(p3 — P1)s] ,(B.0.1)
WS = —g*[f f(ger9ss — 9a6987) + F*°F*(9apGrs — as96+)

+ 1% £°H(gpalys — 985Gery)] - (B.0.2)

From the commutation relation of the group algebra one can write the struc-
ture constants f°* in terms of traces of products of fundamental representa-

tion matrices, % as in
fobe = —i (Te(t*t°) — Te(t*°4")) - (B.0.3)

Using this trace representation the 3g vertex factor decomposes into two
color-oriented vertices both of whose color-oriented factors can be expressed

by
(Tcl.o. ?z%c—y = Tr(tatbtc)g[gaﬁ (P "P2)7 +951(P2 —P3)a +g‘7a(P3 "Pl)ﬂ] (B.0.4)

see Fig.(B.1). The above factor is specificaly that of the first diagram on the
right side. It can simply be read off the graph by turning clockwise. For the
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Figure B.1: Color-oriented vertices.

second graph the same clockwise rotation rule for color indices and momenta

holds and the factor is
(T2,)3%, = Tx(t°t°t*)g[gop(p2 — P1)y + 9y (P3 — P2)a + Gy (P — P3)s] (B.0.5)

Similarly, using the same replacement for the structure constants, the 4g ver-
tex splits into six different trace combinations, all of which can be expressed

by a single color-oriented vertex factor
(We.o. ;%'?6 = ngr(tatbtctd)[zga"/gﬂﬁ — 9as9By — 9aBGvs) » (B.0.6)

which represents the color-oriented factor of the first diagram on the right

side in Fig.(B.1).
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Appendix C

Color decomposition of cut and
ordinary Feynman diagrams

As was mentioned in chapter 5, summing up diagrams with color factors is
feasible only when they have the same color or their color factor has been
decomposed in terms of a basis so that one can sum up the coefficients of the
same color basis elements. Here we will work out these color decompositions
in a graphical manner.

Let t, be the generators of SU(N) group satisfying the commutation

relation
[ta, tb] = 1 fascte (C.O.l)
and normalized according to,
1
Tr(tats) = 50%ab * (C.0.2)

The constants f,s. are the group structure constants and are antisymmetric

in all the indices. Then it follows that

fabcSabda = 2¢0ea  ; iafcdgfbedfcge = iCfabe » (C.0.3)

which can be represented pictorially as in Fig.(C.1). Combining (C.0.1) and

the first equation in (C.0.3) we get i fpaqtatsy = ctq which is shown pictorially
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a a a
c b
ifuse € b

Figure C.1: (a) Triple-gluon color factor, (b),(c) Two identities involving 3g
vertex.

Figure C.2: Two different forms of i fyeatals = ctq-

in Fig(C.2). Also, taking a cut on the fermion line to be the commutation of
two ¢, matrices we can draw the set of relations in Fig.(C.3). Now, using these
graphical relations, we can analyze all the color factors that were encountered
in chapter 5. Figures (C.4) and (C.5) are examples of a ordinary Feynman

diagram and a cut diagram analyzed using graphical relations.
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Figure C.3: Final set of graphical relations.
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Figure C.4: A sample calculation of the color of a Feynman diagram.
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Figure C.5: A sample calculation of the color of a cut diagram.
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Appendix D

Dimensional Regularization
formulas

Below is a list of standard integrals [42] that were used in chapter 6 to

regularize the UV divergence of the fermion loop.

/d"k 1 _ in"’T(a—n/2)
(k2 +2k-qg—-m?2)e  [(a)(—g? — m2)e—n/2’

k” —iﬂn/zr(a — n/2) ;
/dﬂk (k2 +2k-qg— mZ)a - I‘(a)(_qz _ m2)a—n/2 q-,
kHEY iﬂ.n/z e
/dnk(k2+2k-q_m2)a - F(a)(—q2—m2)a—ﬂ/2[q q I‘(a—n/2)
1
+§gFV(_q2 _ m2)1-|(a —1-— TL/Z)] ,
kP EVEA /2 [ o
/dnk (k2 +2k-g—m2)e ~  T'(a)(—q2 — m?)e—n/2 —¢"¢"¢'I'(a—n/2),

1
_5 (gpuq)\r_k gqup + gquu)

«(~¢" ~m)T(a—1-n/2) |,

Ll i/ [ v
/dn (B2 +2%-g—m2)e  T(a)(—¢® — m2)e—rP2 "¢’ ¢ T{a—n/2),

1
+35 (¢#¢°9* + perm) (~¢* ~ m*)L(a ~ 1~ n/2),

+2 (g + perm) (~¢* — m?)ir(@ — 2~ n/2) -
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