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ABSTRACT
Accurate and robust thermochemical models are required to

identify future low-NOx technologies that can meet the increas-
ingly stringent emissions regulations in the gas turbine indus-
try. These mechanisms are generally optimized and validated
for specific ranges of operating conditions, which result in an
abundance of models offering accurate nominal solutions over
different parameter ranges. At atmospheric conditions, and for
methane combustion, a relatively good agreement between mod-
els and experiments is currently observed. At engine-relevant
pressures, however, a large variability in predictions is obtained
as the models are often used outside their validation region. The
high levels of uncertainty found in chemical kinetic rates en-
able such discrepancies between models, even as the reactions
are within recommended rate values. The current work investi-
gates the effect of such kinetic uncertainties in NO predictions by
propagating the uncertainties of 30 reactions, that are both un-
certain and important to NO formation, through the combustion
model at engine-relevant pressures. Understanding the uncer-
tainty sources in model predictions and their effect on emissions
at these pressures is key in developing accurate thermochemi-
cal models to design future combustion chambers with any con-
fidence. Lean adiabatic, freely-propagating, laminar flames are
therefore chosen to study the effect of parametric kinetic uncer-
tainties. A non-intrusive, level 2, nested sparse-grid approach is
used to obtain accurate surrogate models to quantify NO predic-
tion intervals at various pressures. The forward analysis is car-
ried up to 32 atm to quantify the uncertainty in emissions predic-

∗Corresponding author. Email: jeff.bergthorson@mcgill.ca

tions to pressures relevant to the gas turbine community, which
reveals that the NO prediction uncertainty decreases with pres-
sure. After performing a Reaction Pathway Analysis, this reduc-
tion is attributed to the decreasing contribution of the prompt-NO
pathway to total emissions, as the peak CH concentration and
the CH layer thickness decrease with pressure. In the studied
lean condition, the contribution of the pressure-dependent N2O
production route increases rapidly up to 10 atm before stabiliz-
ing towards engine-relevant pressures. The uncertain prediction
ranges provide insight into the accuracy and precision of simula-
tions at high pressures and warrant further research to constrain
the uncertainty limits of kinetic rates to capture NO concentra-
tions with confidence in early design phases.

INTRODUCTION
Any combustion of fuels with air will produce nitrogen ox-

ides (NOx), which negatively affect human health and the envi-
ronment. To reduce their contribution to worldwide emissions,
and to meet the increasingly stringent regulations, engine manu-
facturers are actively developing new low-NOx technologies and
combustor architectures [1]. With growing computational power,
the industry is steadily increasing the number and complexity of
simulations performed to identify optimal configurations. High
accuracy, both in modelling and predictions, therefore becomes
increasingly important to distinguish promising designs [2].

The development of thermochemical mechanisms has fol-
lowed this ideology for the last few decades, growing in the num-
ber of species and the number of reactions, to capture increas-
ingly complex combustion phenomena [3]. From the well-known
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GRI mechanism [4] to hierarchically built models [5], these de-
tailed mechanisms each have unique sets of reactions, species,
and reaction rates optimized and validated towards specific ap-
plications. However, taken outside of their validation range, they
can exhibit large discrepancies in predictions. For gas turbine ap-
plications, recent high-pressure measurements have shown that,
although a reasonable agreement between a selection of mech-
anisms can be obtained at lower pressures, large discrepancies
were observed in predictions of reference flame speeds and burn-
ing rates [6, 7] and NO concentrations [8]. Furthermore, un-
derstanding the effect of pressure on NOx formation has been
identified as one of the key challenges to develop accurate ni-
trogen chemistry [9], and is especially important for turboma-
chinery applications. In gaseous hydrocarbon fuels, four for-
mation pathways have been identified: thermal, prompt, N2O,
and NNH [10]. Achieving low-NOx configurations requires a
detailed understanding of pathway interactions, especially in the
gas turbine industry, where lean, premixed configurations are de-
veloped to steadily reduce emissions below 10 ppm. In these
conditions, every production route is suspected to significantly
contribute to total emissions [8, 11]. However, the prompt, N2O,
and NNH channels have received little interest compared to the
thermal channel, and they are not as well understood.

The introduction of uncertainty analysis in combustion re-
search provides additional tools to study the relationship between
parametric kinetic values, often obtained after optimization, and
selected quantities of interest. Quantifying uncertainties in ther-
mochemical models has been acknowledged as a necessary step
in every model development [12, 13]. Sampling methods were
traditionally used to quantify the impact of parametric uncer-
tainty on predictions in combustion [14], but the introduction
of spectral methods [15], requiring significantly fewer evalua-
tion points, has provided an economic avenue to quantify chemi-
cal interactions. For instance, uncertainty propagation and infer-
ence were performed for ignition delay times and laminar flame
speeds to constrain prior distributions [13,16], and syngas model
optimizations have been performed under uncertainties using
PrIME in a robust approach to develop mechanisms [17]. The
uncertainties in the nitrogen chemistry have been studied through
various approaches for multiple configurations [11, 14, 18, 19],
but little interest has been seen regarding the quantification of
uncertainties in emissions at engine-relevant pressures.

This work focuses on quantifying the uncertainties in NO
concentrations at various pressures up to 32 atm to understand
how prediction intervals change towards engine-relevant pres-
sures. With scarce high-pressure NO measurements to opti-
mize and validate current thermochemical mechanisms, the ni-
trogen chemistry is generally used outside its validated range
during combustor design. By propagating parametric uncertain-
ties of key reactions in the thermochemical mechanism through
one-dimensional freely-propagating flames, NO prediction inter-
vals are obtained. Estimating the change in prediction uncer-

tainty from atmospheric to high-pressure conditions would help
to identify promising designs for the desired operating condi-
tions. The subsequent use of reaction pathway analysis provides
insight into the contribution of each formation pathway to to-
tal emissions to identify major sources of uncertainties at pres-
sures. Understanding the interactions between the four produc-
tion routes, and their respective active parameter spaces, will
help to formulate further experiments to revise current models
and improve high-pressure predictions.

METHODOLOGY

Non-intrusive spectral methods are used to develop high-
accuracy surrogate models instead of conventional sampling ap-
proaches [20]. The use of polynomial chaos expansion (PCE),
introduced by Wiener [15], produces algebraic systems of equa-
tions that capture the relationships between the uncertain pa-
rameters and the quantities of interest at reduced computational
costs [21]. These formulations also identify the contribution of
various parametric sources of uncertainty once they are propa-
gated through simulations. The resulting surrogate models, or
high-dimension response surfaces, can then be heavily randomly
sampled to quantify the uncertainties in the quantities of inter-
est, perform model optimization, and constrain prior parametric
distributions. Non-intrusive techniques have received particular
interest in the community as they can be used with legacy code
without major modifications.

The current work follows the approach in [19] that uses a
combination of Cantera 2.4 [22], to perform one-dimensional
flame simulations, and Dakota 6.8 [23] to construct the surro-
gate model for uncertainty quantification. The uncertainty in the
specific reaction rate constants is propagated through the calcula-
tions to quantify the uncertainty in predictions of NO species, or
provide “error bars” on solutions. The analysis is performed with
a thermochemical model assembled using the base chemistry of
the San Diego mechanism 2016 [24], optimized for accurate peak
concentration of methylidyne radicals, [CH]peak, [25] and the ni-
trogen chemistry from the NOMecha 2.0 mechanism [26]. The
resulting “small” detailed mechanism contains 82 species and
505 reactions.

A subset of reactions is first identified to constrain the set
of active parameters for the uncertainty quantification, in order
to limit the effect of the curse of dimensionality and, therefore,
reduce computational effort. A selection of 30 reactions is anal-
ysed to provide a set large enough to encompass the most impor-
tant reactions in the thermochemical model. The surrogate model
is then developed using a level 2, ℓ2, nested sparse grid approach
to provide 5th-order polynomial approximations per dimension
and pair-wise interactions reaching 4th-order polynomials.
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Identifying uncertain parameters

The 30 most important reactions are selected using an
uncertainty-weighted sensitivity analysis, shown in Appendix A,
to quantify the impact of major uncertainty sources with a lim-
ited set of reactions [27]. Logarithmic sensitivities (L.S.) are first
calculated to identify reactions that greatly affect the production
of NO species. Uncertainty factors obtained from the literature
then multiply the sensitivity coefficients. The resulting index,
an uncertainty-weighted sensitivity coefficient (Iuwsc), allows for
systematic identification of important reactions that exhibit high
sensitivity and uncertainty. In other words, the most important
reactions are the ones that largely affect the concentration of NO
species within the stated uncertainties in specific reaction rate
constants.

The uncertainty in the ith specific reaction rate constant:

ki = AT n exp
(
− Ea

RuT

)
, (1)

where A is the pre-exponential coefficient, n is the temperature
exponent, and Ea is the activation energy, is typically found in the
literature as one of two options: a variation on the constant value,
∆ log10 ki, [28–30] or an uncertainty factor fi [16]. The uncer-
tainty factor is generally favoured for uncertainty quantification
purposes as the nominal rate constants in a given mechanism can
be readily multiplied with existing combustion software without
modification to the source mechanism file. Consequently, un-
certainty factors are obtained with fi = 10∆ log10 ki to perform the
analysis with multipliers. Physically realistic intervals, compiled
in the literature [28–30], provide preferred specific reaction rate
constants along with their uncertainty bounds. Additionally, con-
strained rates for important reactions in ignition delay time and
flame speed determinations are used from [16]. These uncer-
tainty factors are given relative to their preferred specific reac-
tion rate constants, resulting in symmetric probable intervals in
log space. However, the rates in a given mechanism, denoted
here as nominal rates, are often not equal to the preferred rates
in [28–30] as they have been adjusted to specific experimental
data. Modified uncertainty factors, which will no longer be sym-
metric, are therefore required to keep the reaction rates, during
the uncertainty analysis, within the preferred interval by apply-
ing the multiplier f , to a rate constant different from the preferred
value found in the literature. Consequently, relative errors are ex-
pressed for the lower and upper limits of the uncertain parametric

space as follows:

∆ki

ki

∣∣∣∣
low

=
ki,p/ fi,p − ki,p

ki
=

1
fi, low

−1 and (2)

∆ki

ki

∣∣∣∣
high

=
ki,p · fi,p − ki,p

ki
= fi,high −1 , (3)

where the subscript p denotes the preferred values identified in
the literature. The resulting limits therefore retain the nominal
specific reaction rate constants of the thermochemical mecha-
nism while covering a similar uncertain region as the preferred
values. Uniform prior distributions are chosen for the pressure
independent reactions as scarce collected measurements do not
provide statistical evidence to justify other choices.

Pressure dependent reactions, however, are expressed using
the Lindemann approach [31]:

ki =

(
k∞ik0i [M]

k∞i + k0i [M]

)
F , (4)

where the low and high-pressure constants follow the Arrhenius
form and the broadening factor F typically follows the Troe for-
mulation [32]. Uncertainty factors are applied to k0 and k∞, and
to the fall-off parameter Fc, if any. The uncertainty limits in the
literature therefore change with pressure and need to be adjusted
depending on the regime where the calculations are performed.
Uniform distributions are initially applied to the k0, k∞, and Fc
values before evaluating the uncertain distribution of the specific
reaction rate constant with pressure. This analysis is demon-
strated in Fig. 1a where the uncertainties in the three terms are
propagated through the Lindemann formulation for the pressure
dependent reaction N2O(+M) ⇌ N2 +O(+M). Two types of
resulting distributions are observed for the reactions in the range
of pressures of interest: (1) uniform distributions are observed
in pressure regimes where only one asymptotic branch is active,
such as in Fig. 1b; (2) normal distributions are used to approxi-
mate the fall-off region between low and high pressures, as seen
in Fig. 1c, consistent with the central limit theorem. For the un-
certainty analysis, the prior parametric distribution of pressure
dependent reactions is therefore expressed by either a uniform or
normal distribution depending on the pressure regime.

Consequently, the orthogonal polynomial bases used in the
development of the surrogate model become Legendre and Her-
mite polynomials corresponding to uniform and normal distri-
butions, respectively [33]. Both bases are normalized over their
parametric interval to ensure consistency between variables.
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FIGURE 1. a) SPECIFIC REACTION RATE CONSTANT UN-
CERTAINTY FOR THE PRESSURE DEPENDENT N2O(+M) ⇌
N2 +O(+M) REACTION IN AN ARGON ATMOSPHERE AT 1800K.
THE UNCERTAINTY ON THE VALUES k0, k∞, AND Fc COMBINE
IN THE FALL OF REGION CREATING NON-UNIFORM PRIOR
DISTRIBUTIONS. b) AT ATMOSPHERIC CONDITION, THE LOW
PRESSURE REGIME DOMINATES AND THE UNIFORM DISTRI-
BUTION HOLDS. c) AT 16 atm, THE DISTRIBUTION CAN BE AP-
PROXIMATED BY A GAUSSIAN PROFILE.

Uncertainty quantification with sparse grids
Inherent parametric uncertainties in thermochemical mod-

els have been studied using stochastic methods [14, 18] and,
more recently, with spectral methods [12, 16] that benefit from
an economic approach requiring fewer evaluation points. Still,
for complex multi-physics phenomena, such as combustion pro-
cesses, the curse of dimensionality limits the number of param-
eters evaluated in any practical applications. Sparse grid for-
mulations were found to be a reasonable alternative, providing
high-order polynomials per dimension with relatively few col-
location points, by neglecting higher-order interactions between
variables. Additionally, they support anisotropic development
that can result in adaptive methods [34] to provide greater control
on the accuracy of the approach. In the current work, ℓ2 sparse
grids are used to develop the surrogate models for uncertainty

quantification in emissions predictions.

Polynomial chaos expansions, similarly to Fourier series for
periodic signals, decompose any response R into an infinite series
of polynomials:

R(x) = R0 +
∞

∑
k1=1

αk1P1(xk1)

+
∞

∑
k1=1

∞

∑
k2=1

αk1,k2P2(xk1 ,xk2)

+
∞

∑
k1=1

∞

∑
k2=1

∞

∑
k3=1

αk1,k2,k3P3(xk1 ,xk2 ,xk3)+ ... , (5)

where x contains the uncertain parameters x, αki are real coef-
ficients of the expansion for the polynomials Pj(xk1 , ...,xk j) of
order j. The expansion is written in the compact form:

R(x) =
∞

∑
k=0

αkΨk(x) =
∞

∑
k=0

αk

n

∏
i=1

ψtk
i
(xi) , (6)

for a series of k terms over the n variables studied. A one-to-
one correspondence relates the coefficients αk to the polynomials
Pj(xk1 , ...,xk j) and Ψk. The multivariate polynomials Ψk(x) are
expressed using the one-dimensional polynomial bases ψtk

i
for

the ith variable, where the polynomial order of the kth term for
the variable i is included in the multi-index tk

i . For practical pur-
poses, a finite series is obtained by truncating Eq. 6 to the desired
polynomial order p:

R(x)≈
K

∑
k=0

αkΨk(x), (7)

where K+1 terms limit the expansion based on the spectral tech-
nique employed. In the current analysis, the prior distributions
are assigned to the uncertain parameters. Therefore, ψi and Ψk
are known, leaving only the polynomial coefficients for evalu-
ation. Spectral projections against each orthogonal polynomial
basis function are used to obtain αk with:

αk =
⟨R,Ψk⟩
⟨Ψk,Ψk⟩

=
1

⟨Ψ2
k⟩

∫
Γ

R(x)Ψk(x)ρx(x)dx (8)

over the multi-dimensional domain Γ. The quantities of inter-
est R are obtained from complete solutions of the direct simu-
lations of one-dimensional flames and the joint probability den-
sity function ρx is derived from the prior parametric distributions.
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For structured grids used in this work, deterministic quadrature
methods are used to evaluate coefficients. The one-dimensional
quadrature operator approximates the integral in Eq. 8 over the
first dimension Γ1 with:

I(1) f =
∫

Γ1

f (x)dx ≈
m

∑
r=1

f (xr)wr = Q(1) f , (9)

where f (x) = R(x)Ψk(x)ρx(x), and the m nodes, xr, and m
weights, wr, are specific to a given quadrature rules. The n-
dimension quadrature operator is described by:

Q(n)
ℓ f (x) =

(
Q(1)
ℓ1

⊗ ...⊗Q(1)
ℓn

)
f (x)

=

mℓ1

∑
j1=1

...
mℓn

∑
jn=1

f (xℓ1
j1
...xℓn

jn)(w
ℓ1
j1
⊗ ...⊗wℓn

jn), (10)

along the ℓth-level of integration. The resulting tensor-product
rule is used to evaluate the multi-dimensional integral in Eq. 8.
Nested rules, used in the current work, require the introduction of
the quadrature operator ∆ℓ. These formulations reuse points from
previous levels, ℓ− 1, to express the change between two levels
of development. Similarly to Eq. 9 and 10, the one-dimensional
quadrature operator ∆

(1)
ℓ can be obtained by

∆
(1)
ℓ f (x) =

(
Q(1)
ℓ −Q(1)

ℓ−1

)
f (x), (11)

before generalizing to the n-dimension quadrature operator

Q(n)
ℓ f (x) = ∑

maxℓ′≤ℓ

(
∆
(1)
ℓ1

⊗ ...⊗∆
(1)
ℓn

)
f (x) , (12)

where ℓ′ = (ℓ1, ..., ℓn) is a multi-index that contains the levels of
accuracy ℓi for each variable i. The resulting quadrature formu-
lation in Eq. 12 is used to evaluate the coefficients of the PCE in
techniques known as tensor-product expansions [21, 35].

To provide similar accuracy with fewer quadrature points,
sparse grids were introduced for high-dimensional problems
[36]. This approach retains only a subset of the tensor-product
expansion by changing the summation rule. In this case, multi-
variate terms are limited to low-order interactions, reducing the
increase in collocation points due to the curse of dimensionality.
The sparse grid quadrature rule at the ℓth level only differs from

Eq. 12 by the definition of the summation limit, following

Q(n)
ℓ f (x) = ∑

|ℓ′|≤ℓ+n−2

(
∆
(1)
ℓ1

⊗ ...⊗∆
(1)
ℓn

)
f (x) , (13)

where the summation over |ℓ′|= ℓ1+ ...+ℓn regulates the growth
in number of required collocation points as more parameters are
studied.

Surrogate modelling for species concentrations
The current work focuses on quantifying uncertainties in the

predictions of NO species. Surrogate models are developed using
sparse grids for the concentration of NO, and also CH to inves-
tigate the impact of parametric uncertainties on the prompt-NO
precursor. To accurately construct the response surfaces, loga-
rithms of the species concentrations are used as the quantities of
interest, R, when evaluating the coefficients αk through spectral
projection in Eq. 8. It therefore limits the quantities of inter-
est to strictly positive values to prevent extrapolation errors to
non-physical, negative concentrations when the surrogate mod-
els are sampled over the entire domain. Consequently, the un-
certainty analysis is performed for log10 XNO and the results are
transformed back to mole fractions, XNO, to present ppm values.

RESULTS
The Iuwsc are evaluated using a thermochemical mechanism

assembled with the base chemistry of the San Diego mechanism
2016 [24] and the nitrogen chemistry from the NOMecha 2.0
mechanism [26]. The analysis is performed 10 ms downstream
of the flame front, identified as the location of the CH-radical
peak concentration, to identify reactions that affect NO emis-
sions on a residence time scale comparable to combustion sys-
tems found in the gas turbine industry. The analysis is performed
across a range of pressures varying from 1 atm to 32 atm and the
30 reactions that present the highest index, defined previously,
are listed in Appendix A. The analysis performed is limited by
our description of the combustion process and focuses solely on
the effect of parametric uncertainties. Understanding the effects
of structural uncertainties, such as chemically termolecular reac-
tions [37], or non-linear mixing rules [38], would require further
analysis and likely result in larger predictions uncertainties.

The uncertainties of the specific reaction rate constants
of these reactions are propagated through adiabatic, freely-
propagating flame simulations to study nitrogen chemistry with-
out hydrodynamic stretch effects. The simulations are performed
for a lean, φ = 0.7, mixture of methane and air at 293 K and
at pressures of 1, 2, 4, 8, 16, and 32 atm. The resulting flame
temperatures are relatively constant over the range of pressures
studied and reach ∼ 1835K. The NO concentrations are first ob-
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tained to quantify the uncertainties in predictions as pressure in-
creases to engine-relevant conditions. Reaction pathways anal-
yses are subsequently performed to identify the contribution of
each formation channel to total emissions across the range of
pressure. Throughout this analysis, concentration profiles are re-
ported against residence time, τres, relative to the flame front,
with zero corresponding to the location of [CH]peak. The res-
idence time is obtained by integrating the distance divided by
local velocity over the numerical domain.

NOx emissions with pressure
Concentration profiles are first presented for increasing op-

erating pressures in Fig. 2. NO concentrations are then recast
against pressure at the residence time of 10 ms, chosen as the
target for the uncertainty-weighted sensitivity analysis, in Fig. 3
to visualize the impact of pressure on emissions predictions and
uncertainties. The prediction uncertainty is displayed as grey
shading, where darker regions correspond to higher probability
of obtaining a specific realization in the uncertainty space cov-
ered by the 30 reactions identified. Statistics of the distributions
are also evaluated to bound the shaded area with the 68% and
95% intervals and ease the comparison between simulation re-
sults. Additionally, the nominal solutions of the thermochemical
mechanism are presented for the range of operating pressures.

At the conditions studied, and for residence times compara-
ble to conventional combustion systems, few differences in nom-
inal profiles are observed as the pressure is increased from 1 to
32 atm, to engine-relevant pressures. The formation of NO in
the flame front increases to pressures of 8 atm and subsequently
reduces at higher pressures. In the post-flame region, the rate of
production of NO increases with pressure, as can be seen from
the increasing post-flame slope in the concentration profiles.

Interestingly, the uncertainty interval decreases as the pres-
sure is increased to engine-relevant conditions. This seems
counter-intuitive as we could expect the model to be more un-
certain at conditions where accurate validation and optimization
targets are scarcer, especially for time-resolved species concen-
trations. Since this analysis focuses on quantifying the impact
of specific reaction rate constants, additional uncertainties in the
selection of collision efficiencies and the mechanism structure
itself could increase the prediction interval. It is worth mention-
ing that, although the nominal response is within the uncertainty
limits, the NO production in the flame zone is found to yield
concentrations above the 1σ limit for all pressures, and even ex-
tends beyond the 2σ line for elevated pressures. Furthermore,
the [CH]peak, known as the precursor to prompt-NO formation,
does follow a similar trend with pressure as the nominal con-
centration extends further than the upper 2σ limit. With several
nominal reactions close to the uncertainty limits of the evalua-
tion, due to the asymmetric definition of the uncertainty factors,
the nominal mechanism does not lie in the most probable region

for most of the profiles. It is suspected that a different set of reac-
tions, obtained with reactions that greatly affect NO formation in
the flame front, or CH formation, in addition to those used here,
would increase the predicted limits.

The uncertainty reduction is most apparent by comparing the
upper 2σ uncertainty limit of the 1 and 32 atm cases. The prob-
ability distribution, or the shading, drastically changes towards a
shape that is closer to a normal distribution. At low pressures, the
concentration profiles exhibit a wider distribution tail extending
to higher concentration values, shown by the light-grey regions.
This type of uncertainty distribution in NO prediction typically
arise from the prompt pathway where the uncertainty distribu-
tions in [CH]peak propagate through the calculations [19]. The
change in shape towards higher pressures tends to indicate that
the contribution of the prompt pathway to total emissions and un-
certainty is weak, which is subsequently confirmed by reaction
pathway analyses. No reduction of the ±1σ interval is observed
for NO concentrations at 10 ms in Fig. 3.

Investigating further into the narrower NO uncertainty dis-
tributions at elevated pressures and the reducing contribution of
prompt-NO, the probability distribution of [CH]peak along with
nominal CH profiles are shown in Fig. 4a and b, respectively,
for the same operating pressures. Nominal profiles indicate that
CH concentrations decrease systematically with pressure. The
[CH]peak values are halved as the pressure is doubled, leading
to a reduction of more than one order of magnitude in nominal
predictions at 32 atm. Additionally, the expected thinner flames
at increased pressure lead to a shorter residence time in the CH
layer. Recent measurements of C1-C4 alkanes and alcohols con-
firmed that the prompt-NO formation scales linearly with peak
CH concentration when scaled with the residence time in the CH
layer [39]. These two effects, observed in nominal solutions,
both result in a reduction of prompt-NO formation and, con-
sequently, the absolute uncertainty in CH predictions decreases
with pressure, as shown in Fig. 4a. The impact of uncertainties
in the CH chemistry, propagating through the prompt pathway,
should then be reduced at pressure, consistent with the results
shown in Figs. 2 and 3.

Pathways contribution to emissions
A detailed investigation of the formation pathways in the ni-

trogen chemistry is conducted using Reaction Pathway Analysis
(RPA) following the implementation in [40–42]. This approach
provides a visual representation of the complex thermochemi-
cal mechanism to help understand the interactions between the
species and reactions. By connecting the species of the mecha-
nism, as nodes, with arrows representing reactions, dense mech-
anism files become relation graphs where chemical pathways can
clearly be identified. The approach used here conserves the flux
of atomic nitrogen (N), which is a scalar, and tracks it as reac-
tants are being consumed to products before exiting the control
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FIGURE 2. [NO] PROFILES FOR FREELY-PROPAGATING FLAMES IN LEAN, φ = 0.7, METHANE-AIR MIXTURES. OPERATING PRES-
SURES OF: a) 1 atm, b) 2 atm, c) 4 atm, a) 8 atm, b) 16 atm, AND c) 32 atm ARE SHOWN. THE SHADING EXPRESSES THE PROBABILITY
OF PREDICTING A GIVEN QUANTITY OF NO EMISSIONS WITH DARKER REGIONS CORRESPONDING TO HIGHER PROBABILITIES.
NOMINAL SOLUTIONS ARE SHOWN AS . STATISTICS OF THE DISTRIBUTIONS ARE PRESENTED FOR THE AVERAGE BY ,
THE 68% (±1σ ) INTERVALS BY , AND THE 95% (±2σ ) BY .

volume. The rate of transfer from species s1 to s2, R(N,s1,s2). is
spatially-integrated with:

R(N,s1,s2) =
∫ xf

xi
∑

l
nl(N,s1,s2) ·ql(x) ·πr2dx, (14)

where the number of N atoms, nl , is transferred from species s1 to
s2 in reaction l, ql(x) represents the rate of progress of reaction l,
r is the radius of the cylindrical control volume, and x is the spa-
tial domain. The cylindrical volume is adjusted over the domain
with inlet and outlet boundaries, xi and xf, to obtain a known in-
let flux. The fraction of the flux going through the reaction l is
then obtained by evaluating the integral in Eq. 14. In the nitrogen

chemistry, it is therefore possible to evaluate the contribution of
each of the four formation pathways to total emissions through
well-defined initiation reactions. Only a single evaluation is re-
quired to identify the contribution of each channel, contrary to
methods where initiation reactions are turned on and off [43].
Additionally, RPAs study the entire mechanism at once, reducing
the risks of potentially introducing structural errors when remov-
ing initiation reactions from channels that interact back with the
core chemistry.

The analysis is performed in freely-propagating flames using
a lean, φ = 0.7, methane-air mixture at pressures varying from 1
to 32 atm. The control volume outlet location is adjusted to yield
residence times of 10 ms to allow for systematic comparison be-
tween pressures. The limit cases are shown in Fig. 5a and b for
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FIGURE 3. EVOLUTION OF THE [NO] UNCERTAINTY LIMITS
WITH INCREASED PRESSURE AT τres = 10 ms. NOMINAL SO-
LUTIONS ARE SHOWN AS . STATISTICS OF THE DISTRIBU-
TIONS ARE PRESENTED FOR THE AVERAGE BY , THE 68%
(±1σ ) INTERVALS BY , AND THE 95% (±2σ ) BY .

pressures of 1 and 32 atm, respectively. The rates of transfer are
presented by arrows where the width is scaled using the fraction
of the flux going from species s1 to s2. To ease visualization and
identify major pathway interactions, a selection of minor species
are lumped under Hα Nβ Cγ Oδ and only rates of transfer larger
than 1% are shown in Fig. 5a and b. The contribution of each
NO production route to total NO concentration is then evaluated
by tracking the flux of atomic nitrogen through the initiation re-
actions, with key species shown on the second row, and exiting
the control volume as NO molecules. The relative contribution is
presented in Fig. 5c for the range of pressures studied along with
the nominal NO profile.

At atmospheric pressure, every pathway is contributing sig-
nificantly to total NO emissions. The four routes are clearly
identified in Fig. 5a and the N2O, thermal, and prompt path-
ways exhibit similar contributions with 35%, 26%, and 26%,
respectively. As pressure increases, the relative contribution of
the prompt and NNH pathways decrease monotonically, the N2O
contribution increases, as expected from the pressure-dependent
reaction, and the thermal contribution decreases slightly until
5 atm before increasing again towards higher pressures. At
32 atm (Fig. 5b), the contribution of the NNH route is considered
negligible, effectively removing the production pathway from the
RPA graph, and the N2O contribution dominates total NO for-
mation. The decreasing prompt-NO contribution with pressure
further supports the findings that predictions are less uncertain
at elevated pressures because of the smaller impact of inherent
parametric uncertainty in reactions involved in the CH pathway.
As the contribution of the prompt pathway to total emissions di-
minishes, its contribution to uncertainty is also reduced. This
behaviour is consistent with Fig. 2 where the wide distribution

FIGURE 4. a) UNCERTAINTY DISTRIBUTION OF THE [CHpeak]

WITH PRESSURE. NOMINAL SOLUTIONS ARE SHOWN AS .
STATISTICS OF THE DISTRIBUTIONS ARE PRESENTED FOR
THE AVERAGE BY , THE 68% (±1σ ) INTERVALS BY ,
AND THE 95% (±2σ ) BY . b) NOMINAL CH PROFILES EX-
HIBIT A STEADILY DECREASING MAXIMUM CONCENTRA-
TION AND THINNER CH LAYER THICKNESS WITH PRESSURE.

tail, characteristic of the propagated CH uncertainty through the
prompt pathway, decreases rapidly with pressure.

Once the pressure reaches 10 atm, the contribution of the
N2O route remains fairly constant and the increase in thermal
contribution simply results from the decreasing prompt contribu-
tion, for the studied pressures. This seems to indicate that beyond
the rapid change in relative contribution at lower pressures, the
pressure-dependent N2O reaction does not favour more NO for-
mation at engine-relevant pressures. In fact, the absolute contri-
bution, in ppm, of this pathway decreases slightly in opposition
to the thermal pathway. The pressure-dependent relative N2O
contribution at lower pressures, and its interaction with the ther-
mal route at higher pressures, would suggest that experiments in
the range of pressures of 1–20 atm are ideal for model validation
and optimization of the reactions involved in these pathways at

8

https://doi.org/10.1115/GT2019-90486
http://creativecommons.org/licenses/by-nc/4.0/


T
hi

s
is

an
A

cc
ep

te
d

M
an

us
cr

ip
to

ft
he

fo
llo

w
in

g
ar

tic
le

,a
cc

ep
te

d
fo

rp
ub

lic
at

io
n

at
th

e
Tu

rb
o

E
xp

o
20

19
.•

D
ur

oc
he

r,
A

.,
B

ou
rq

ue
,G

.a
nd

B
er

gt
ho

rs
on

,J
.M

.(
20

19
),

Q
ua

nt
if

yi
ng

th
e

ef
fe

ct
of

ki
ne

tic
un

ce
rt

ai
nt

ie
s

on
N

O
pr

ed
ic

tio
ns

at
en

gi
ne

-r
el

ev
an

tp
re

ss
ur

es
in

pr
em

ix
ed

m
et

ha
ne

-a
ir

fla
m

es
.I

n
P

ro
ce

ed
in

gs
of

th
e

A
SM

E
Tu

rb
o

E
xp

o
20

19
:

Tu
rb

om
ac

hi
ne

ry
Te

ch
ni

ca
lC

on
fe

re
nc

e
an

d
E

xp
os

iti
on

.V
ol

um
e

4A
:C

om
bu

st
io

n,
F

ue
ls

,a
nd

E
m

is
si

on
s

Ph
oe

ni
x,

A
ri

zo
na

,U
SA

.J
un

e
17

–2
1,

20
19

.V
04

A
T

04
A

03
0.

A
SM

E
.d

oi
:1

0.
11

15
/G

T
20

19
-9

04
86

•
©

Si
em

en
s

C
an

ad
a

L
td

.A
ll

ri
gh

ts
re

se
rv

ed
.I

ti
s

de
po

si
te

d
un

de
rt

he
te

rm
s

of
th

e
C

C
B

Y
-N

C
,w

hi
ch

pe
rm

its
no

n-
co

m
m

er
ci

al
re

-u
se

,d
is

tr
ib

ut
io

n,
an

d
re

pr
od

uc
tio

n
in

an
y

m
ed

iu
m

,p
ro

vi
de

d
th

e
or

ig
in

al
w

or
k

is
pr

op
er

ly
ci

te
d.

FIGURE 5. REACTION PATHWAY ANALYSIS (RPA) PERFORMED FOR LEAN, φ = 0.7, METHANE-AIR MIXTURES AT τres = 10 ms IN a)
ATMOSPHERIC CONDITIONS AND b) AT 32 atm. THE WIDTH OF THE ARROWS CORRESPONDS TO THE MAGNITUDE OF THE FLUX
OF ATOMIC NITROGEN CONSUMED FROM ONE SPECIES TO THE OTHER. ONLY FLUXES GREATER THAN 1% ARE SHOWN TO EASE
READING. COLOURED ARROWS IDENTIFY THE INITIATION REACTIONS OF THE FOUR NO FORMATION ROUTES. c) CONTRIBUTION
OF EACH NO PRODUCTION PATHWAY TO TOTAL EMISSIONS. NOMINAL NO EMISSIONS ARE SHOWN BY THE SOLID CURVE.

engine-relevant conditions.

CONCLUSION
The development of future low-emission combustion sys-

tems requires accurate design tools to explore the feasible de-
sign space numerically and minimize the risks and costs associ-
ated with new technology development. Additionally, these tools
should be robust to operating conditions and provide at least an
estimate of the error on predictions. Thermochemical mecha-
nisms are at the core of these software and are used on a daily
basis. Still they are inherently uncertain. Understanding the
sources of uncertainties and their impact on predictions should
be paramount for any applications.

The current paper investigates the impact of kinetic uncer-
tainties at elevated pressure relevant to the gas turbine indus-
try. An uncertainty-weighted sensitivity analysis performed in
lean, φ = 0.7, methane-air mixtures identified 30 reactions that
greatly affected NO formation 10 ms downstream from the flame
front. The uncertainties in the specific reaction rate constants of
these reactions were propagated through one-dimensional freely-
propagating flames to obtain prediction intervals for NO concen-
trations across a range of pressures up to 32 atm. The analysis
showed that, although key reactions in the subset studied become
increasingly sensitive with pressure, the uncertainty in NO pre-
dictions decreases with pressure. The narrowing of the prediction
interval is found to be mainly caused by the diminishing contri-
bution of prompt-NO formation to uncertainty, through the CH
chemistry. The narrower high-pressure distribution observed in

lean conditions would suggest that thermochemical mechanism
validation for NO concentration performed at elevated pressure
could better distinguish model inaccuracies outside the predic-
tion intervals. Additionally, reaction pathway analysis suggests
that experimental NO concentration measurements between 1–
20 atm are required to accurately capture the falloff transition
between the low- and high-pressure regimes.

For design purposes, the narrow high-pressure distributions
with the ±1σ interval predicting approximately 5-8 ppm at
10 ms suggest that well calibrated thermochemical models in the
studied conditions should capture the proper magnitude of emis-
sions, but might not be able to identify the best configuration with
confidence. More importantly, the analysis conducted for uncer-
tain reaction rates demonstrates that, for NO concentrations, the
prediction uncertainty does not increase with pressure, and, in
fact, decreases due to the reduced influence of the prompt-NO
route at pressures.

PERMISSION FOR USE
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Appendix A: Uncertainty-weighted sensitivity analysis
The 30 reactions used in the uncertainty propagation are

identified using uncertainty-weighted sensitivity analyses at
pressures of 1, 2, 4, 8, 16, and 32 atm for a lean, φ = 0.7,
methane-air mixture. The analysis is performed with the ther-
mochemical mechanism assembled from the nitrogen chemistry
NOMecha 2.0 [26], attached to the base chemistry of the San
Diego mechanism [24]. The uncertainty factors used in the cur-
rent analysis are extracted from [16, 28–30].

The sensitivities of NO concentration, with respect to
changes in the specific reaction rate constants, are obtained for
concentrations 10 ms downstream of the flame front using an
adjoint method. Results of the uncertainty-weighted sensitivity
analysis are shown in Fig. 6 for the 50 reactions that most affect
the concentration of NO species. The reactions are ranked based
on their logarithmic sensitivity (L.S.), shown by orange bars,
across the range of pressures with the most impactful reactions at
the top. The L.S. are then multiplied by f −1, shown as yellow
bars, to obtain a measure of their effect on emissions predictions
within the uncertainty range, and identify reactions that are both
impactful and uncertain. For instance, if a reaction is sensitive,
but has been studied in greater detail and, therefore, has a lower
uncertainty factor, it might not contribute significantly to total
prediction uncertainties, and can be removed from the forward
analysis. An example of this is the H+O2(+M) ⇋ HO2(+M)
reaction. Alternatively, reactions with smaller L.S. index and
higher f − 1 values, such as reactions in the CH chemistry, can
have larger uncertainty-weighted sensitivity indices. This ap-
proach provides a robust identification of important reactions for
uncertainty quantification as both sensitivity and uncertainty are
included in one index to select a subset of reactions for the anal-
ysis. The 30 reactions used in the current work are identified by
bold font in Fig. 6.

The uncertainty factors for the lower and upper limits, fi, low
and fi,high respectively, are then evaluated for the subset of iden-
tified reactions following the approach in [19, 25]. The tempera-
ture range where a given reaction is active is first identified using
net reaction rates. The nominal uncertainty factors are then ad-
justed to match preferred uncertainty limits over the active tem-
perature range. Table 1 presents the important reactions of the as-
sembled thermochemical mechanism with their nominal param-
eters, where the reaction rate parameters A, n, and Ea have units
of (cm, mole, s), (-), and (cal, mole), respectively. It also lists the
uncertainty limits modified to maintain similar prior uncertainty
intervals. For the current analysis, 1/ fi, low of the thermal initia-
tion reaction, N2 +O ⇋ N+NO, has also been lowered to val-
ues consistent with recent rate measurements performed in stag-
nation flames [44] and flow reactors [45].
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FIGURE 6. UNCERTAINTY-WEIGHTED SENSITIVITY ANALYSIS PERFORMED FOR LEAN, φ = 0.7, METHANE-AIR MIXTURES AT
INCREASING PRESSURES. THE ANALYSIS ASSESSES THE SENSITIVITY OF NO CONCENTRATION 10 ms DOWNSTREAM THE FLAME
FRONT WITH RESPECT TO CHANGES IN SPECIFIC REACTION RATE CONSTANTS. REACTIONS ARE RANKED BASED ON THEIR
LOGARITHMIC SENSITIVITY AND ONLY THE TOP 50 ARE DISPLAYED.
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TABLE 1. NOMINAL REACTION RATE PARAMETERS AND UNCERTAINTY BOUNDS 1/ fi, low AND fi,high FOR THE NOMecha 2.0 NI-
TROGEN CHEMISTRY ATTACHED TO THE BASE CHEMISTRY OF THE SAN DIEGO MECHANISM.

Reactions A n Ea 1/ fi, low fi,high
[cm, mol, s] [cal, mol]

1 H+O2 ⇌ O+OH 3.52E16 -0.700 17,069.79 0.7979 1.174
2 N2 +O ⇌ N+NO 1.00E14 0.000 75,490 0.4978 2.027
3 N2O(+M)⇌ N2 +O(+M) k∞ 1.30E12 0.000 62,570 0.5000 2.000

k0 4.00E14 0.000 56,600.0 0.3163 3.162
4 NH+NO ⇌ H+N2O 1.75E14 -0.400 -244 0.4495 1.000
5 H+N2O ⇌ N2 +OH 3.30E10 0.000 4729 0.8533 3.420
6 N2O+O ⇌ 2NO 9.20E13 0.000 27,679 0.6415 1.500
7 H+O2(+M)⇌ HO2(+M) k∞ 4.65E12 0.440 0.00 0.7943 1.259

k0 5.75E19 -1.400 0.00 0.3163 3.162
Troe A = 0.5, T3 = 1E–30, T1 = 1E30 0.7943 1.259

8 CH3 +O2 ⇌ CH2O+OH 3.30E11 0.000 8941.2 0.0229 2.774
9 CH+N2 ⇌ H+NCN 1.95E12 0.000 16,915 0.0813 1.676
10 H+CH2 ⇌ CH+H2 1.93E13 0.000 -1787.76 0.3281 36.71
11 CH3 +HO2 ⇌ CH3O+OH 5.00E12 0.000 0.00 1.0000 10.84
12 O2 +CH2 ⇌ CO+H+OH 5.58E12 0.000 1491.4 1.0000 14.00
13 CH+O2 ⇌ HCO+O 8.40E10 0.760 -478.01 1.0000 8.762
14 OH+CH2 ⇌ CH+H2O 9.63E06 2.000 2999.52 0.1409 1.478
15 CH+H2O ⇌ CH2O+H 4.15E15 -0.800 0.00 0.0075 1.000
16 HCO+M ⇌ CO+H+M 1.86E17 -1.000 17,000.48 0.1251 2.232
17 HO2 +OH ⇌ H2O+O2 7.00E12 0.000 -1094.65 0.2856 3.520
18 CH3 +H(+M)⇌ CH4(+M) k∞ 9.965E15 -0.630 382.89 0.3163 3.162

k0 1.938E33 -4.760 2440.01 0.5013 1.995
Troe A = 0.783, T3 = 74.0, T1 = 2941.0, T2 = 6964.0 0.7943 1.259

19 H+OH+M ⇌ H2O+M 4.00E22 -2.000 0.00 0.2765 1.106
20 H2O+O ⇌ 2OH 7.00E05 2.300 14,548.28 0.3778 2.445
21 CH3OH(+M)⇌ CH3 +OH(+M) k∞ 1.90E16 0.000 91,729.92 0.5013 1.995

k0 2.95E44 -7.350 95,460.09 0.3163 3.162
Troe A = 0.414, T3 = 280.0, T1 = 5500.0 0.7943 1.259

22 2CH3(+M)⇌ C2H6(+M) k∞ 1.81E13 0.000 0.00 0.5013 1.995
k0 1.27E41 -7.000 2762.91 0.5013 1.995

Troe A = 0.62, T3 = 73.0, T1 = 1200.0 0.7943 1.259
23 HCO+O2 ⇌ CO+HO2 7.58E12 0.000 409.89 0.3215 1.440
24 CH3 +OH ⇌ H2O+CH⋆

2 2.36E17 -1.200 1811 0.3506 1.440
25 C2H4 +OH ⇌ C2H3 +H2O 5.53E05 2.300 2963.67 0.1720 2.351
26 CH3 +O2 ⇌ CH3O+O 1.10E13 0.000 27,820.03 0.0613 2.311
27 O2 +CH⋆

2 ⇌ CO+H+OH 3.13E13 0.000 0.00 0.3164 3.164
28 HNO+NO ⇌ N2O+OH 2.00E12 0.000 26,000 0.3162 3.162
29 O2 +CH2 ⇌ CO2 +H2 2.23E12 0.000 1491.4 0.2548 7.323
30 CH4 +O2 ⇌ CH3 +HO2 3.98E13 0.000 56,890.54 0.7812 25.82
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