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Abstract 

This paper examines the dynamics of a tether connected multi-spacecraft 

system, arranged in a wheel-spoke configuration, in the vicinity of the ~ Lagrangian 

point of the Sun-Earth system. First, the equations of motion of a N-body system are 

obtained and equilibrium configurations of the system are determined and small 

motions about one of these configurations are analyzed. Then, a numerical analysis of 

the free tether libration is carried out for a three-mass case when the system is near L2 

and the parent mass is assumed to be in a halo orbit of different sizes. Finally, a set of 

control goals are defined and a time domain state feedback control system is 

integrated into the numerical model. The performance of the control system is tested 

under different conditions. 
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Résumé 

Ce mémoire examine la dynamique d'un système spatial composé de plusieurs 

satellites câblés en formation de roue-et-rayons aux alentours du point de Lagrange L2 

du couple Soleil-Terre. D'abord, les équations de mouvement et les états d'équilibre 

d'un système multi-corps sont dérivés, suivis d'une étude des petits mouvements au 

voisinage de ces points d'équilibre. Ensuite, une analyse numérique de la libration 

libre du câble est effectuée pour le cas d'un système à trois masses orbitant près du 

point ~ où le corps central est contraint à des orbites de halo de différentes tailles. 

Finalement, des objectifs de contrôle sont définis et un système de contrôle par 

rétroaction sur le domaine temps est introduit dans le modèle numérique. Ce système 

de contrôle est soumis à des conditions variées et sa performance est évaluée. 
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Chapter 1 

INTRODUCTION 

1.1 Preliminary Remarks 

For sorne applications, using a group of smaU satellites working together is 

more efficient than putting aIl the instruments onto one large spacecraft. An example 

of tbis is high-resolution interferometry, where formation flight allows one to 

establish a longer baseline and get a sharper image. However, long-term perturbations 

can nudge members of the formation out of position and propulsion would be 

required to correct the situation. Compared to free-flying formations, tether-connected 

satellites can remain in formation without using much fuel. In addition, the use of 

tethers may allow for formations that are not possible for free-flying spacecraft due to 

the constraints of orbital mechanics. 

Space tethers have many other potential uses besides formation keeping. 

Atmospheric research, artificial gravit y generation, orbit modification and power 

generation are sorne of the areas where tethers can find applications 1. A large number 

of these applications make use of two-body systems in low Earth orbits, with sorne 

applications using three-body systems. Multi-body systems at other locations 

(Lagrangian points, Earth trailing orbits, planetary probes, etc) are relatively recent 

ideas and so far only exist on academic papers. 

Besides remote sensing, scientific applications of tethered satellites include 

exploration of the Earth's upper atmosphere by lowering a tethered probe into the 

atmosphere from a space shuttle or a parent satellite. At the end of the experiment the 

1 



probe could either be recovered for later use or cut loose to avoid the difficulties of 

tether retrieval. 

Artificial gravit y generation is another potential application for tether­

connected bodies. Science fiction writers in the 1960s envisioned giant space stations 

with a rotating habitat ring; an artificial gravit y field can be generated due to the 

centrifugaI acceleration. On a much smaller scale the same effect can be achieved 

with two tethered bodies spinning about their combined centre of mass. The 

magnitude of the acceleration experienced depends on the rate of rotation of the 

system and the distance from the centre of mass and this acceleration is directed away 

from the centre of mass. This system does not have to generate 1 g to be useful. For 

long duration missions, even 1/3 g is sufficient to maintain the inhabitants' physical 

conditioning and avoid the health problems upon their arrivaI at a stronger 

gravitational field. 

Power generation and orbit change applications are related. When a 

conducting wire is moved through the Earth's magnetic field, a CUITent is generated. 

This CUITent can be used to power a spacecraft' s electronics and supplement or 

replace it solar panels. However, an e1ectrodynamic force is induced that acts on the 

tether and ils orbit rapidly decays. A retuming spacecraft can make use of this force 

to deorbit. This electrodynamic drag principle can also be made to work in reverse by 

feeding a current into the wire and generate a thrust that would propel the spacecraft 

into a higher orbit. Using this method for gross orbit changes allows for smaller 

amount of fuel to be carried aboard to be used for finer manoeuvres, thereby 

2 



extending the service life of the spacecraft. Other orbit modification schemes have 

been proposed. They include tethered slingshots and momentum ex change devices. 

Tethered systems have been considered in more exotic locations such as the 

Lagrangian points. A spinning tethered space station, generating an artificial gravit y 

field for its inhabitants, has been considered at LI of the Earth-Moon system. This 

station would serve as a transit point for future missions to the moon. The SPECS2 

mission proposes to put a multi-tethered satellite formation at L2 of the Sun-Earth 

system. This mission, along an introduction to science behind this mission, will be 

discussed with more detaH in the following sections as discovering the dynamics of 

this multi-tethered system is the main thrust of this thesis. 

1.2 Infrared Astronomy 

The wavelengths belonging to the infrared region of the electromagnetic 

spectrum stretches from about 1 micron (near infrared) to 200 microns (far infrared). 

This region sits between visible light and radio waves. A lot of information can be 

obtained in this wavelength, and severa! properties of the physical uni verse made 

infrared observations an important aspect of observational astronomy. 

The temperature range of solid bodies in space is from 3 to 1500 Kelvin and 

most of the energy radiated by objects in this temperature range is in the infrared. 

Therefore infrared astronomy is sometimes the only way to study interstellar nebulas, 

protostars, brown dwarfs and everything else not hot enough to emit visible light. 

Just finding an interstellar object and knowing its shape and temperature is 

only the first step. Knowing the chemical composition of that object is aIso important. 

Fortunately, the emission and absorption band of almost an molecules and solids are 
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in the infrared. This allows different elements and molecules to be identified via 

spectrograph. With both the physical condition and the composition in hand, 

astronomers cail mode! the physical processes behind the life of stars and planets. 

And given the current interest in planet finding, the presence of water and oxygen can 

be discovered via spectrography. 

Looking up at the night sky, one can see patches of darkness where nothing 

can be seen. However, space is not as empty as it looks and interstellar dust and gas 

can block visible light and obscure the viewing of many important astronomical 

objects. It is like throwing a blanket in front of a camera. Sorne of the most interesting 

regions and events in the universe are hidden from optical view and infrared 

astronomy allows astronomers to visualize that the happenings in these previously 

unseen places as IR radiations can move through dust and gas clouds. 

Infrared observations also allow one to look back in time. The general 

expansion of the universe shifts energy to longer wavelengths in an amount 

proportional to the distance between an object and its observer. Since the uni verse has 

been expanding since the Big Bang, objects formed near the beginning of time are 

now very far away and the energy they gave off is redshifted into the infrared region. 

Much of the shape and structure of the early universe would have to be learned from 

infrared observations. 

Earth's atmosphere absorbs almost aU cosmic IR radiation with the exception 

of a few narrow windows. The best place to do IR astronomy on the Earth is at high 

elevations, such as on Mouna Kea in Hawaii. Atop that extinct volcano is Britain's 

3.8 meter infrared facility. The thin air at this location minimizes atmospheric 
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distortion and absorption. But mountains on Earth only go so high. To get a truly 

unobstructed view one must place the telescope in space. 

1.3 Interferometry 

In astronomicai term, resolution refers to angular resolution as measured in 

arc seconds. High angular resolution is the ability for an instrument to form distinct 

and separate objects lying close together in its field of view. An ex ample would be 

seeing a binary.star system a few light years away as two separate objects instead of 

one blob. Angular resolution is proportional to the wavelength of the radiation 

divided by the diameter of the telescope mirror or baseline. For a given wavelength, a 

longer baseline gives higher angular resolution. While building a large telescope is 

one way to go, various design issues limit the size of any telescope both on earth and 

in space. Since angular resolution depends on the length of the baseline and not on 

actual area of the mirror, several smaller ones placed far apart can substitute for one 

large mirror. This type of instrument is called an Interferometer. The effective 

baseline is the distance between its outermost detectors. Interferometry works by 

analyzing how waves interfere when they are added together. Two or more detectors 

are used in tandem to observe the same object at the same wavelength and at the same 

time. If the detected signaIs are in step, they combine constructively and if not they 

cancel each other. As the detectors track the object, a series of peaks and troughs 

emerges and a computer would then translate this into a high-resolution image. 
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1.4 Space-Based Infrared Telescopes and Interlerometers 

The Earth's atmosphere is opaque to most of the electromagnetic spectrum, 

including most of the infrared spectrum. Air molecules also tend to absorb and refract 

photons. Therefore, the best place to put an observatory is at high elevations, 

bypassing the most dynamic part of the atmosphere. The Kech Telescopes at Mauna 

Kea, Hawaii, is a good example. They are situated at an extinct volcano 4 km above 

the sea level. Ground base telescopes have several advantages such as being easier to 

build and upgrade. Their main mirror can be larger as weU, although this is partly 

offset by the dimming effect of the atmosphere. As high as sorne of the mountains 

are, they are still surrounded by air. Space-based telescopes offer an unhindered view 

of the stars. The full electromagnetic spectrum can be observed in space, rather than 

the limited window available here on earth. Far-infrared astronomy, the kind needed 

in order to understand galaxy and star formation, can only be done in orbit. Similarly 

direct evidence of the existence of black holes can only be found by observation from 

space, as the X-rays given off by matter being ingested by a black hole cannot 

penetrate the atmosphere. The biggest drawback of space telescopes is the prohibiting 

cost of building and operating one. Building a sensitive astronomical instrument with 

very exact specifications is going to be expensive no matter where it is placed. Add to 

that the launch cost, and the threat that any single failure in any stage of the 

construction, launch and operating process can potentially cause the 10ss of the 

instrument and the billions invested. It is easy to understand why despite aH the 

advantages of a space based observatory, there are only a handful currently in orbit 

with a few more on the drawing board. 
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There are several upcoming space infrared and interferometric missions. The 

Space Infrared Telescope Facility (SIRTF) is scheduled for launch in August 2003, to 

be followed bythe James Webb Space Telescope roughly ten years later. Those two 

observatories would focus on near and mid-infrared light. The SPECS program aims 

to put a space-based interferometer around the second Lagrangian point of the Sun­

Earth system and this telescope will focus on the far-infrared observations. 

1.5 Introduction to SPECS 

One proposed use of a tether-connected satellite formation is the SPECS 

(Submillimeter Probe of the Evolution of Cosmic Structure) project being developed 

by NASA's Goddard Space Flight Center. The goal of SPECS is to build a space 

telescope that will enable astronomers to see into the far-infrared and submillimeter 

wavelengths, leading to answers to fundamental questions pertaining to the formation 

of the first stars and the origins of galaxies. The SPECS system is set for launch in the 

middle of the next decade. To achieve the kind of angular resolution and photon 

gathering ability desired, a large telescope must be built and placed in a very cold 

region of space. With a proposed baseline of up to 1 km, this telescope cannot be 

build the conventional way even with futuristic technologies such as large inflatable 

structures and thin membrane-like mirrors. A tethered formation, consisting of as few 

as three 3-4 meter diameter mirrors operating together as an interferometer, can take 

the place of a massive primary mirror. These mirrors must be kept very cold in order 

to not swamp the faint astronomical signaIs with radiations emitted from other 

sources. Active cooling can be minimized by placing the interferometer in a cold, 

stable temperature environment, such as L2 of the Sun-Earth system. The L2 location 
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also allows the instruments to "stare" at a target much longer than if the 

interferometer is placed in the Earth orbit, due to the much lower rate of rotation of 

the Sun-Earth system compared to objects in the Earth orbit. 

1.6 Literature review of Lagrangian Point Dynamics and Halo 
Orbits and Overview of Past Missions 

The classic restricted three-body problem deals with the motion of an object 

with mass m in· the gravitation al field of two massive primary bodies with mass Ml 

and M2, where m is very small compared to Ml, M2. The circular restricted three-

body problem is a special case where the two primary bodies are in circular orbits 

about their barycenter. Euler first formulated the problem in 1772 and he found three 

equilibrium solutions. Later on, Lagrange found another two. These five equilibrium 

points (Figure 1.1), where gravitation al and centripetal accelerations are balanced out, 

are denoted by LI through L5 and are called the Lagrangian or libration points. Three 

of these points are on a line joining Ml to M2, and the other two form equilateral 

triangles with tllese bodies in the plane of orbital motion. The collinear points, LI, Lz 

and L3, are unstable while the triangular points, L4 and L5, are quasi-stable. 

Motion of a single mass near a collinear Lagrangian point is a well-researched 

problem. After Euler and Lagrange, Moulton3 and Poincare 4 investigated two and 

three-dimensional periodic solutions of the three-body problem and produced farnilies 

of solutions. However, due to the computational complexity of the problem and the 

lack of numerical tools that are so common today, much of the work afterwards 

focused on planar solutions and very Uttle work was done on the control of libration 

point objects. 
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In 1950, Arthur C. Clarke5 suggested placing satellites at L2 and L4 of the 

Earth-Moon system to facilitate communication with colonies on the far side of the 

moon. Pioneering work by Colomb06 has shown that a simple linear feedback 

control would work for positional stabilization. Others, such as Breakwelf and 

Farquhar8
, explored how continuous communication can be established with the far 

side of the moon using only one satellite. Ralph Pringle at Lockheed proposed the 

initial solution9
, which was unpublished. It involves a spacecraft oscillating about the 

~ point in the Earth-Moon plane. This solution proved unsatisfactory, as the 

spacecraft would periodically pass behind the moon. FarquharlO proposed an out-of­

plane solution that would keep a spacecraft orbiting L2 in view of both Earth and the 

inhabitants on the far side of the moon. As the in-plane motion of a libration point 

object has a divergent mode as weIl as an oscillatory mode, the initial conditions 

could be chosen such that only the oscillatory modes are excited and the spacecraft 

could be placed and maintained in a quasi-periodic orbit with very little control effort. 

This planar solution can be coupled with the out-of-plane motion, which is naturally 

harmonic. The resulting three-dimensional trajectory is called a Lissajous trajectory 

and it is actually more fuel efficient to hold the spacecraft in this trajectory than it is 

to hold it steady at the libration point. The Lissajous trajectory still was not 

satisfactory as it does not close and the spacecraft goes behind the moon on 

occasions. The reason for this is that the in-plane and out-of-plane frequencies are 

different. Breakwell proposed forcing those two numbers to match using a continuous 

controller, closing the trajectory and making the spacecraft visible from Earth at aIl 

times. This is the basic concept of a "halo orbit". 
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Due to the lack of computational capabilities, many of the early attempts at 

describing motions in the vicinity of a libration point are done with semi-analytical 

techniques and the search for large orbits and families of halo orbits were hampered 

by sorne complicated mathematics. In recent years, the increased computational 

capabilities available to researchers have enabled them to compute a range of 

halo/Lissajous trajectories numericaHy, and to develop modem techniques that 

incorporate dynamical system theory (DST) in support of trajectory design in three­

body problem. Howell and PernickaIO determined Lissajous trajectories numerically, 

and Cielasky and Wiel1 developed a simple, iterative method for determining halo 

orbits. From the mid 1970s on, the topic of libration point dynamics and control 

expanded from a purely academic one to include engineering research in support of 

future Lagrangian point missions. 

Although the initial interest of the space flight community was for a lunar 

communication station, aIl the missions flown thus far went around the Sun-Earth Li 

point. Starting with ISEE-3 (International Sun Earth Explorer-3)12,13 in 1978, several 

missions have placed spacecraft in periodic orbits around a Lagrangian point. They 

include SOHO (Solar Heliospheric Observatory)I4, ACE (Advanced Composition 

Explorer)15 and Genesis16
,17. AIl of the above spacecraft performed or are performing 

extremely useful scientific functions, but only their orbital mechanics is of interest 

here. 

From November 1978 to June 1982, the ISEE-3 spacecraft (Figure 1.2) 

completed 4 halo orbits around the LI point about 1.5 million kilometres from Earth. 

The primary science objective of this mission was to continuously monitor the solar 
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wind and other events such as solar flares, and the placement of the satellite gave 

about an hour of advance warning before those events affect the space environment 

around the Earth. For operational reasons a halo orbit was chosen and the reference 

orbit used in this mission is described a paper written by Richardson 1 
8. The spacecraft 

employed what can be described as a tight control technique19
, in that it varies two or 

more components of ~V to target a three dimensional nominal path. As ISEE-3 is the 

first libration point mission, fuel consumption was higher than it might have been as 

the ground controllers were more focused on keeping the complexity and risk to a 

minimum. Later missions built on the experience gained and were able to orbit Li 

using less fuel. 

Fourteen years after ISEE-3, the SOHO spacecraft (Figure 1.3) was inserted 

into a halo orbit almost identical to the one flown by ISEE-3 on February 14th
, 1996. 

The primary goal of SOHO is to serve as a space weather station and provide 

advanced waming in case of abnormal solar activities. The control strategy used for 

SOHO is different from that used for ISEE-3 as it just seeks to remove the unstable 

component of the motion and no attempt was made to control the path of the 

spacecraft. This technique is a form of loose control called Orbital Energy Balancei9. 

As there was no reference path, SOHO was free to circle LI according to the natural 

dynamics of a libration point object and it resulted in a Lissajous trajectory. Station 

keeping fuel consumption was lower for SOHO than it was for ISEE-3 and a part of 

the saving can be attributed to the loose control technique. The average ~ V for the 

SOHO mission is 0.6 mfs Vs 2 mfs for ISEE-3 with each manoeuvre around 90 days 

apart. The space,craft is still operation al and the mission is ongoing. 

11 



The station keeping technique used in the ACE mission (Figure lA) is very 

similar to that llsed on the SOHO mission, differing mainly in the details. The ACE 

spacecraft was placed in a Lissajous trajectory in mid-December, 1997. After aIl the 

initial problems were resolved, the average /j. V for this mission was around 004 mis, 

but each station keeping bum occurred only 58 da ys apart. This was due to the 

frequent attitude reorientations required to keep its sensors and instruments pointed in 

the correct direction. Each reorientation imparted sorne perturbation to the orbit 

which must be cancelled out with station keeping burns. The overall /j. V per year was 

comparable to SOHO, however. 

The Genesis mission (Figure 1.5) was launched on August 8, 2001 and is 

currently in a halo orbit around the LI Sun-Earth libration point. The primary purpose 

of the mission is to capture and retum to Earth a sample of the solar wind. While that 

in itself is very interesting, the trajectory design for this mission is definitely unique. 

The Genesis trajectory is the first to make use of modem dynamical systems theory. 

The transfer trajectory to LI was constructed using the stable manifold, while the free 

retum trajectory used the unstable manifold. The halo orbit trajectory was calculated 

using the invariant manifold associated with the orbit. Two to four station keeping 

manoeuvres are planned during the halo orbit phase. The unique aspect of the Genesis 

trajectory is that the spacecraft automatically leaves the halo orbit without a departure 

bum, making use of gravitational channels of the Sun-Earth system much like an 

airliner makes use of the jet stream of our atmosphere. The spacecraft is scheduled to 

leave its halo orbit and retum to the Earth sometime next year. 
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Several other missions currently on the drawing board will circle around the 

L2 libration point of the Sun-Earth system. This location is ideal for astronomical 

applications, as the Sun, the Earth and the Moon are aIl on one side of the spacecrafts 

and one light shield can eliminate stray radiations from the Sun and Earth. The 

European Space Agency has two missions planned: FIRST and Planck. Besides 

SPECS, NASA's James Webb Space Telescope will also be in a halo orbit around the 

same libration point. 

L4 

L3 

Ml LI M2 

L5 
Figure 1.1 Lagrangian Points (www.paias.comlpaias/home/SciencelNewtonINewtSFig4Ll­

L5.htm) 

L2 

13 



Figure 1.2 ISEE-3 Spacecraft (stardust.jpI.uasa.gov/comets/ice.html) 
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Figure 1.3 SOHO Spacecraft (sohowww.nascom.nasa.govl) 

Figure 1.4 ACE Spacecraft (helios.gsfc.nasa.gov/ace_spacecraft.html) 
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Figure 1.5 Genesis Spacecraft (www.genesismission.orglmissionlscgallery.html) 

1.7 Basics of Tether Dynamics 

Most works are for geocentric satellites. A tether in the Earth orbit is 

subjected to two main forces, the gravitational force and the centrifugaI inertia force. 

Other forces, such as aerodynamic drag, solar pressure and electrodynamic forces are 

much smaller in magnitude and are considered as perturbations. For a constant length 

tether, the balance of the gravitational force and the inertia force lead to three possible 
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equilibrium positions; one vertical, two horizontal. The vertical equilibrium, where 

the tether is simply aligned along the local vertical, corresponds to a similar aligned 

dumbbell system and the stability of this configuration is maintained by the gravit y 

gradient. The t'\l\10 horizontal equilibriums are marginally stable in theory and are 

unstable in practice. 

The dynamics of the tether are different when its length is not constant, such 

when it is being deployed or retrieved. The deployment phase, where the length is 

increasing, is inherently stable as long as the rate of deployment is not too large. In 

this case, the Coriolis force acts to damp out the librations of the tether. The retrieval 

phase, however, is unstable as the Coriolis force now amplifies the librations. Several 

different types of control laws have been devised to combat this instability. These 

include different flavours of tension control laws, length control laws and offset 

controllaws. 

1.8 Literature review of Tether Dynamics at Lagrangian 
Points 

As with a single mass, tethered systems are also unstable in the vicinity of L j 

and Lz. In contrast to the extensive volume of research on the dynamics and control of 

a single spacecraft in the vicinity of these points, the dynamics of tethered spacecraft 

at these locations is a relative new area of research. Most of the studies have focused 

on positional stability near the Lagrangian points, while a few others considered 

tether librations. Aimost no research has been done on the dynamics and control of a 

tethered system in a HalolLissajous orbit. 
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There are two main approaches to analyze the dynamics of a tethered satellite 

at Lagrangian points. One approach is to treat each sub-satellite as an individu al 

element with motion constraints. This is the way which Farquhar20, and later on 

Gates21 , Kim, and HaU22 approach this problem. The other method is to treat the 

group of tethered satellites as a system and derive the equations of motion for that 

system. Misra and Bellerose23 used this technique. Each approach has its advantages 

and disadvantages, and which method to use will depend on the problem at hand. 

As part of his research on the dynamics and control of libration point objects, 

Farquhar derived the equations of motion of an ideal tethered satellite located at Lz of 

the Earth-Moon system using the Newtonian method. The left hand side of the 

resulting equations are the familiar equations describing the motions of a single body, 

but the right hand side is more complicated due to the tether-imposed constraints. 

With these equations, he analyzed the positional stability of the system and showed 

that it is possible to stabilize its position by changing the distance between the two 

end masses using a linear control law. With Farquhar' s formulation, it takes a bit of 

effort to work in a length control algorithm as a term describing the tether is not 

immediately obvious. Gates used a Lagrangian approach to derive the equations of 

motion for an arbitrarily configured tethered system consisting of N masses and M 

tethers 10cated in the vicinity of a Lagrangian point. The tether is treated as another 

applied force rather than as an integral part of the system. He did not explicitly 

consider gravitational and other environmental forces acting on the system at L2. 

Instead, he treated them as generalized forces acting on each mass. The rotation of the 

Sun-Earth frame was also not considered in his analysis. AU of those factors have 
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significant effects on the dynamics of the parent mass and on the attitude of the 

system. Kim and Hall took the particle model developed by Gates and used it as a 

basis for the development of a nonlinear controller for a rotating triangular system. 

They analyzed the performance of this controller in severàl mission scenarios for the 

SPECS missions. However they also did not consider gravit y and other environmental 

forces in their analysis and their results represents what can be achieved in the best 

case scenario. The element approach in general is easier to use for a diverse range of 

shapes, including those without a physical centre. Any change in the configuration of 

the system is reflected in the constraint and generalized force terms, and not in the 

equations of motion. This makes the element approach a very flexible method ta use 

in the design phase of a system, when different shapes are evaluated. The downside in 

treating each mass individually is the large number of equations required ta describe 

the full system, and it is more difficult ta understand the tethered system as a whole. 

There are also no guarantees that the constraint and generalized force terms will be 

simple to derive or to deal with. 

Misra and Bellerose23 looked at the problem with a system approach and 

derived the planar equations of motion of a two-body system in the Earth-Moon 

system. The equations of motion were derived for the motions of the centre of mass 

and motions about the centre of mass. The tether was assumed ta behave like a rigid 

rod and they worked out the equilibrium position and tether libration frequencies. 

They also developed a tether length controllaw to stabilize the centre of mass and the 

tether librations of the idealized tethered system at the equilibrium point and 

performed numerical simulations for the motion of the centre of mass near the 
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translunar libration point. The systems approach that Misra and Bellerose took 

resulted in fewer equations needed to describe the system compared to the elements 

approach. The equations of motion need not be derived about the centre of mass, but 

the equations are mathematically simpler if it is. In practice, it is more useful to derive 

equations for and about the centre mass as that are what the ground stations are 

tracking. The systems approach is well suited to systems with a defined centre and it 

is easier to get a systems level understanding of the dynamics. In addition, the tether 

term is explicit in the equations of motion and tether controllaws are easier to derive. 

There are several disadvantages to using this approach. The equations of motion are 

slightly more complicated, and tether tensions are harder to calculate. Changing the 

physical configuration of the system will require a rederivation of the equations of 

motion rather than just changing the constraint equations. 

1.9 Reference Trajectory for Tethered Systems in Periodic 
Orbits 

Since it takes less fuel to maintain a halolLissajous orbit that it does to remain 

statie, it makes sense that the control system of the tethered formation should attempt 

to place and hold the system in a periodic trajectory. For small sized orbits (amplitude 

less than 3000 km), a first order approximation to the actual trajectory is sufficient. A 

first order Lissajous type reference trajectory can be described by 

(1.1) 

(1.2) 

(1.3) 
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where Cùxy and W z are respectively the nondimensional in-plane and out-of-plane 

frequencies of the oscillatory modes. Ax' Ay, Az define the amplitudes of the 

reference trajectory for the x, y and z axis respectively. The dimensions of a halo orbit 

can be charact~rized completely by specifying Ax and expressing the other two 

amplitudes in terms ofAx. As mentioned previously, if (j}xy = (j}z' the resulting 

trajectory closes and is caUed a halo orbit. Otherwise the satellite is in a Lissajous 

trajectory. It should be noted that a halo orbit does not represent the natural dynamics 

of a body around L2 and a Lissajous trajectory is doser to the true picture. Specifying 

the type of orbit, halo or Lissajous, would have a major impact in the dynamics of the 

tethered system and the control effort required to enforce certain behaviour. For 

trajectories with a large semi-major axis, additional terms are needed and the resulting 

shape looks more like the cross section of a pancake than an ellipse. 

1.10 Objective of thesis 

There are three major objectives in this work. The equations of motion of a N­

body system tethered system located at L2 Sun-Earth Lagrangian point must first be 

derived. The second goal is the development, implementation and verification of a 

detailed computer model, focusing on the 3-body case, using the previously derived 

equations of motion. The third objective is to analyze the control effort required in 

order for a spin stabilized tethered system to first remain in a halolLissajous orbit, and 

second maintain. sorne astronomically useful configuration. 
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1.11 Outline of thesis 

This thesis first presents the mathematical derivation of the equations of 

motion describing the dynamics of an N-body tethered system in chapter 2. These 

equations determine the effect of tether lengths, the number of masses and the mass 

ratios on the motion of the parent mass as well as the tether librations. Information 

such as stable equilibrium configurations of the tether and equilibrium positions of 

the parent mass can also be obtained from the equations of motion. 

Chapter 3 describes the numerical results from different initial conditions. The 

computer model used is based on the equations derived in chapter 2. Of specifie 

interest is the librations of the rotating tethers when the parent mass is assumed to be 

in a halo orbit of a certain size. 

Chapter 4 discusses the setup of a proposed control system for the tethered 

system, both to hold it in a certain orbit and to control the librations of the tether in 

sorne useful manner. Specifie attention would be paid to the amount of control effort 

required to hold the parent mass in a halo or a Lissajous orbit of a certain size while 

controlling the plane of rotation of the spinning tethers. 

Chapter 5 summarizes the findings of chapters 2 to 4, and offers sorne 

concluding remarks. Sorne future directions of this research are also suggested. 

22 



Chapter 2 

FORMULATION OF THE PROBLEM 

2.1 Description of the System 

The system under consideration consists of a parent mass mp and a set of end 

masses ml, m2 ... mN moving under the gravitational influence of the Sun and the Earth 

(Figure 2.1). The ith end mass is connected to the parent mass by a tether of length l;. 

It is assumed that an the masses can be treated as point masses and that the tethers are 

rigid, inextensible and of negligible mass. The forces on the tethers are likely to be 

very small, as seen in the geocentric cases, and the elastic oscillations are should have 

no higher than second order effects on station keeping. Hence the tethers can be 

treated as rigid. It is assumed that the Sun, of mass Ml, and the Earth, of mass Ml. 

revolve around their common mass centre 0 in circular orbits. The fixed distance 

between Ml and M2 is denoted by D, while Dl and D2 denote the distances of the Sun 

and the Earth from 0, respectively. It can be shown that 

(2.1) 

where ê =M2/(M1+M2). 

The motions of the masses are described using a set of rotating coordinate 

axes [X Y Z], with its origin at 0 and the X-axis in the direction of Ml to M2• The Y­

axis is perpendlcular to the X-axis in the plane of motion of the primary bodies and 

the Z-axis is along the normal to this plane. Unit vectors along the X, Y and Z axes are 
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denoted by i, j and k, respectively. The axes rotate about 0 at a constant rate of n 

about the Z-axis, with 

n = [G(M1+M2)1D3
]1f2 

where G is the universal gravitational constant. 

(2.2) 

Two additional sets of axes are used. The set of axes [x y z] is located at the 

Lagrangian point of interest, L2 in this case, and is parallel to [X Y 2]. The two sets of 

axes are re1ated by 

X=XL+X z=z (2.3) 

where (XL, YL, 0) are the coordinates of the Lagrangian point of interest. This set of 

axis is used to describe the motion of the parent mass relative to L2. The locations of 

the end masses relative to the parent mass are described using a set of spherical 

coordinates centred at the parent mass, which is rotating with the [x y z] axes. The in­

plane and out-of-plane rotation angles, ~ and rA, are measured relative to the x, y, z 

axes. ~ is measured counter-clockwise from the x-axis about the z-axis and rA is 

measured down from the z-axis (Figure 2.2). At any arbitrary instant, the location of 

an end mass relative to the parent mass can be described by 

Yi = li sin ~ sin rA ' Zi =1; cos rA (2.4) 

for i = LN, with N being the number of end masses and li as described above. The 

ratio of the th mass to the total mass, Pi, is defined as Pi = m/mt, where mt is the total 

mass of the system. 

The position vector of the parent mass mp relative to 0 is denoted by Rp, while 

hs position vectors relative to the two primary bodies are denoted by RI and R2 
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respectively. The vector ri denotes the position vector of the end mass mi relative to 

the parent mass. These vectors are given by 

Rp = Xi+Yj+Zk = (XL+xp)i + (YL+yp)j + zpk 

Rl = (Dl+XL+Xp)i + ( YL+yp)j + zpk 

R2 = (-D2+XL+Xp)i + (YL+yp)j + Zpk 

ri = Xii + yJ + Zik 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

In this paper, the generalized coordinates for the system are xp, YP' Zp, Bi, and rA 

for i = I.N. The lengths of the tethers are constant. The coordinates xp, YP and zp are 

the coorrunates of the parent mass of the tethered system in the rotating frame located 

at the Lagrangian point, while Bi, and rA define the orientation of the tether connected 

ta the end mass mi. The number of equations to be analyzed is 3+2N for a system with 

N end masses. 

Given that this paper deals only with inextensible tethers, the choice of this 

particular set of generalized coordinates does not require constraint equations and 

leads to a simpler formulation of the dynamic equations. An alternative way of 

describing the system would be to select the location of the patent mass and the end 

masses as generalized coordinates, as described in chapter 1. This method would 

increase the number of required coordinates to 3N+3 while also introducing N 

constraint equations. The total number of unknowns would then be 3+4N and the 

resulting differential algebraic equations are more difficult to solve. If the tethered 

system is modelled using extensible tethers, the two sets of generalized coordinates 

would be of the equal number and the choice of the generalized coordinates would 

depend on the problem at hand. 
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2.2 Energy Terms 

In order to derive the equations of motion using the method of Lagrange, the 

kinetic and potential energy terms must first be obtained. The absolute velocities of 

the parent mass and the end masses are given by 

(2.9) 

v. = V +r. +nkxr. 
1 plI 

(2.10) 

where n is the angular velocity of the rotating frame attached to the [X y Z] axes. 

The kinetic energy term of the system is given by 

lIN 
T =-m V .V +-[mY.v. 

2 PPP 2 i~1 1 1 1 

(2.11) 

Using Eqs. (2.3)- (2.5) and (2.8)-(2.10), Eq (2.11) can be written as 

T =~( mp + t m; J x! + Y! + z! +2nyp (XL +Xp )-2nxp (YL + yp)+n2 {(XL +xpY +(YL + YPY}] 

+± tm/;2 [(n +B; r sin 2 rA + ~2 J+ t m/; [(n+ ~ )sinrA {(nYL +nyp -xp )sin (Ji +(nX L +nxp + Yp )cos(J;} 

+~; cosrjJ; {(xp -nYL -nyp )cos (J; +(Yp + nX L + nxp )sin (J;}- Zp~i cosrjJ; ] 

(2.12) 

for constant length tethers. 

The potential energy term is given by 

v= (2.13) 

where RI and R2 denote the position vectors of the parent mass relative to the two 

primary bodies and are given by Eqs.(2.6) and (2.7), respectively. It is assumed that 

the lengths of the tethers are small compared to the distance between the two primary 
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bodies, which implies that Iril is small compared to IRII and IR21. Expanding the 

denominator of the third terro in Eq.(2.13) using the binomial theorem and retaining 

terms up to the third order, one obtains 

(2.14) 

where RI = IRd and UI is the unit vector along RI. Similar expansion can be carried 

out for the last term in Eq.(2.13). Substituting Eqs. (2.5)- (2.8) and (2.14) in 

Eq.(2.13), setting YL = 0 and then expanding the result and retaining terros up to the 

third order, the potential energy term for the system in the vicinity of L2 becomes 

(2.15) 

where 

(2.16) 

(
l-E E J A=D --+-5,2 5,2 

1 2 

(2.17) 
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~ _ XL -D2 
U 2 -

D 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

Using the kinetic and potential energy terms given by Eqs. (2.12) and (2.15), 

the equations of motion for xp, YP' zp, as weIl as for Bi and rA, can be obtained Because 

working with nondimensional equations is more convenient, a set of nondimensional 

quantities are defined. AIl distance and length measurements are divided through by 

1o, the characteristic length of the tethers. This term is chosen as 1 km in this thesis. 

Mass uuits are nondimensionalized by dividing them by the total mass of the system 

mt giving Pi and time uuits are multiplied by n to create nondimensional time units, 

giving 't. The constants A, Band C are also nondimensionalized. 

Xp =xp/lo, Yp = Yp/lo, zp =zp/lo 

~ =I)lo, J.li =m;/mt' 'C'=nt (2.22) 

Â=Allo, Ê=B, C=Clo 

2.3 Equations of Motion 

With the kinetic and potential energy terms in hand, the equations of motion 

for the tethered system can be derived using the standard Lagrangian approach. The 

nondimensional equations of motion for the parent mass in the vicinity of L2 are 
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x; - 2 y; -(28+ l)x, + 3ê( x,' - y~' - ';' )+ t.,u,Î,[~;COS II, cos~, -lY,sin II, sin l\ 

_rp;2 cos (Ji sin rpi - 2 cos rpi ( (J; cos (Ji + rp; sin (Ji ) - «(J; + 1 t cos (Ji sin rpi - 2B cos (Ji sin rpi 

+3ê (2xp cos (Ji sin rpi - Y p sin (Ji sin rpi - zp cos rpj)+ 3êf; (3cos 2 (Ji cos2 rpi -1)] = Qx;{ 
m,n 0 

(2.23) 

N y; + 2x~ + (B -1) Y p - 3êx p Y p + r. III [(Ji'" cos (Ji sin tfti + rpi'" sin (Ji cos tfti + 2(J;tft; cos (Ji cos rA -
i=1 

n 

z; + Èz p - 3êxpzp + L,ui~ [ rpj"sin rpj + rp;2COS rpj + È cos rpi - 3ê~ cos Bj sin 2rpj 
i~l 

- 3ê (xp sin ifJi + zp cos Bi sin ifJi ) ] = Qz; 
mtn 10 

(2.25) 

(2.24) 

The equations governing the in-plane and out-of-plane rotation of the ith tether 

connecting the parent mass to the ith mass are 

B;"sin2 çq +tft:( B;' + 1 )sin 2çq +%( (8+3êxp )sin 2B; sin2 l/J; - 2êyp cos2B; sin2 l/J; +êzp sin B; sin 2çq) 

+ Si~ l/J; [(y; cos ei -x; sin B; )+( 2x; +(8-1) yp )cosB; +( 2y; +(28+ l )xp )sin B; 

-3ê[[x~- Y~ - z~ ]sinB;+xpyp cosS; l]= ~ 2 
2 2 min 1; 

"( ",2 n.. n. 3 sin 2f); (( h h h) 2 () h h . () ) f);- 1+S;, cOS'f'iSlllYi 2! B-3Cxp cos i+CYpS1ll2 i + 

co~ f); [x; cosS; + y; sine, +( 2x; +(B-1) Yp ) sin e, -(25'; +( 2B+ 1 )xp )cos(J i + 
li 

3ê( x,y, sinll,-cose, (x; -~ -~ 1 )]-3êi, cose, cos2~ 

(2.26) 

(2.27) 
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The generalized forces Qxp' QyP , Qzp , ~ , Q4! can either be control forces applied 

by the satellite control system and/or other applied forces acting on the parent mass or 

the end masses. Setting an the time derivative terms to zero, the equilibrium position 

of the system can be found and from these results the equations of motion can be 

linearized. Sorne insight can be obtained from an approximate analysis of the 

linearized equations, while numerical studies of the fun nonlinear system would 

illustrate the behavior of the system under sorne specified conditions. 

2.4 Generalized Forces/Control Forces 

In the Lagrangian formulation of the problem, applied forces are formulated 

into the equations of motion as generalized forces. The term Qk is called the 

generalized force in the direction of the J!h generalized coordinate and is defined to be 

(2.28) 

where fis the resultant force vector acting on the kth mass from the thrusters and/or 

perturbations. In this thesis, only control forces are considered. For the parent mass, 

Pi = Rp and Pi = Rp+rk' k = 1 ... N for end masses. For the parent mass, f has 

components fxp , fyp and fzp in the i, j and k directions. At each end mass f has 

components 0, fek and f~ , acting in the e and tjJ directions, respectively, in the same 

spherical coordinate as used to define the location of the end masses. These forces are 

applied perpendicular to the tether. The control forces acting on the end masses will 

provide the required torques for tether libration control. When calculating the 
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generalized force terms Qxp' Qyp and Qzp in the parent mass equations, dPi = 1. The 
dqk 

generalized force expressions for the parent mass equations are 

(2.29) 

(2.30) 

(2.31) 

Oot and 0;, are a bit harder to derive as the' thrusts are not acting on the centre 

of the coordinate frame but at the kth end mass. The generalized force terms for the 

libration equations of kth tether can be written as 

(2.32) 

(2.33) 

2.5 Equilibrium Positions 

The first step to finding the equilibrium configuration of the system is to 

obtain the equilibrium equations. Setting aIl time derivatives to zero, the equilibrium 

equations are 

(2.34) 

(Ê-l)yp -3êxpYp + t.u;Î; [( Ê -1 )sin Bi sin ~ -3êÎ; sin 2B; sin2 f/Yi -
;=1 (2.35) 

3ê sin f/Y; (x p sin Bi + Y p cos Bi ) ] = 0 
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Èzp - 3êxpzp + tJliÎ; [B COS rA - 3êÎ; cos Bi sin 2f/Ji -3ê (xp sin f/Ji + zp cos Bi sin f/Ji) ] = 0 
i;1 

(2.36) 

%( (B+3êxp )sin 28; sin2 </1; -2êyp cos 28; sin2 </1; +êzp sin 8; sin 2</1; ) 

+ "i"' [(Ê-l )" oo,o,+(ZB+l)x, ,inB, -3ê( (X; -; -? }tnn, +x,y, oo,n, )]=0 
(2.37) 

-cos~sin~ 3Si~2~ ((Ê-3êxp)cos2 B;+êYpsin2B;)+ 

co; .. [(Ê-l )9, ,inB, -(2B+ 1 lx, co,e '+3ê( x,9, ,in B,-cosB, (x: -; -; ) J] (2.38) 

~ Z sin~ ( ~) -3Czp cosB; cos2~ p i 1 B-3Cxp =0 
1 

The above equations are nonlinear and have multiple solutions. The solution that is of 

practical importance is 

(2.39) 

(2.40) 

(2.41 ) 

(2.42) . 

(2.43) 

where {l;eq, rAeq are the angles at equilibrium of the tether connecting the ith end mass 

to the parent mass. For the system under consideration here, the above values describe 

a particular equilibrium configuration on the x-axis. The equilibrium position of the 

parent mass is slightly displaced from L2 in the x direction with no displacement in 
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the y and z directions. The tethers are extended towards and away from the primary 

bodies. The equilibrium distance between the parent mass and L2 depend on factors 

such as the mass ratios, the length of the tethers and the number of end masses. In this 

configuration the end masses are bunched up at two locations. For a three-body 

system this situation is not a concem, but for N>3 this is dangerous, especially if the 

end masses contain sensitive astronomical instruments. 

Looking at the equilibrium equations for the libration angles, one can see that 

there are other equilibrium possibilities. These additional configurations depend on 

the equilibrium position of the parent mass, while the equilibrium position of the 

parent mass in general depends on the tether angles in a recursive manner. Both 

equilibrium positions and tether angles depend on the lengths of the tethers. Therefore 

to find these other positions an iteration scheme is needed. 

2.6 Analysis of the Motion of the Parent Mass and Tether 
Rotation 

After obtaining the equilibrium values, a linear analysis can be carried out for 

the parent mass motion and tether librations. Linearizing the equations at the system's 

equilibrium position given by Eqs. (2.39)-(2.43) yields 

x; -2y; -(2Ê+l )xp + tJlii; [(3êi;2 -2Ê-1)( -Ir -2ot i; (-Ir J=o 
,=1 

(2.44) 

y; +2x; +(Ê-1 )yP - tJlii;[ (~'+(Ê-l)~ -3êYp )Î; (-Ir -3ê~i;2 J=o 
,=1 

(2.45) 

z; +Êzp -[Jlif; [ç>" -3êzp (-Ir + (3êf;2 (-Ir -Êq~ J=o 
.=1 

(2.46) 
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~"+3h~+3êyp + (-~t [y; +2;; +(h-l)Yp J=O 
• 

(2.47) 

(2.48) 

From the above equations, it can be shown that the tethered system is not 

stable in the plane of rotation of the primary bodies. The out-of-plane motion of the 

parent mass is decoupled from its in-plane motion and is oscillatory in nature. The 

nondimensional libration frequencies of the tethers are roughly FE for in-plane 

motion and ..J3B + 1 for out-of-plane motion. The oscillation frequencies of the parent 

mass depends on the number of end masses, the mass ratios and the lengths of the 

tethers. For the Sun-Earth system, B is roughly 3.94. Therefore the in-plane and out-

of-plane frequencies are roughly 3.43 and 3.58 times the angular velocity of the Sun-

Earth system, respectively. Since the above frequencies are obtained assuming small 

parent mass motions, if the motions are not small the libration frequencies could be 

different due the coupling between the tether librations and the parent mass motions. 

Once the motion of the parent mass is sufficiently large, the nonlinear effects become 

significant and the frequencies change. 

If the system is placed in a halo orbit, the full equations of motion must be 

used to describe the system as Eqs (2.44)-(2.48) are linearized about the equilibrium 

point and are not quite vaUd if the halo orbit is large. In such a case it is easier toget a 

sense of the dynamics of the system by numerical simulations of the full equations of 

motion than by analytical methods. In chapter 3 the results of such numerical 

experiments will be presented. 
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Chapter 3 

FREE DYNAMICS OF MULTI-TETHERED SYSTEMS AT 
SUN-EARTH L2 

The equations of motion derived in chapter 2 are now implemented in a 

numerical simulation software. The goals of the simulations are to (1) investigate the 

motions of the parent mass when it is slightly displaced from the Lagrangian point, 

(2) investigate the librations of the tethers when the parent mass is freely moving and 

(3) when it is held in a halo or Lissajous orbit of different dimensions. 

3.1 Simulation Setup 

The equations of motion are solved numerically using MATLAB for several 

cases. The integrator used is ODE45 with the default tolerance. The parameters are 

for ~ of the Sun-Earth system and aU of the results obtained are nondimensional. 

They are later re-dimensionalized for plotting purposes. AU masses are assumed equal 

and an tethers are 1 km long. The in-plane angular displacements ~ and out-of-plane 

angular displacements rA, along with the respective angular velocities, are measured 

with respect to the [X Y Z] axes. The displacements of the end masses can be 

calculated from 

Xi =Xp +l; cosB; sin rA, Yi = Yp +li sin ~ sin rA, Zi = zp +li cos rA 
(3.1) 

The numerical studies focused mostly on the 3-body case, and the free 

dynamics of a 4-body case was also briefly examined. As can be seen in Eqs. (2.26)-

(2.27), there are more than one 2nd derivative terms in the libration angle equations. If 
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the motion of the parent mass is prescribed, x;, y; and z; are known and can be 

moved to the right hand si de of the equations. The resulting equations of motion can 

be solved with the usuaI methods. However, if the motion of the parent mass is 

unknown, a Httle bit of linear algebra is required to isolate the desired 2nd derivative 

term. Moving an the second derivative terms to the left hand size, the equations of 

motion can be written in a matrix form: 

Aij =f (q) (3.2) 

where A is a matrix containing the coefficients of the second derivative terms, ij is 

the vector of the second derivatives and fis the vector composed of the rest of the 

equations. The system of equations that needs to be soived then becomes 

(3.3) 

3.2 Unconstrained Parent Mass Motions 

Figure 3.1 compares the in-plane and out-of-plane motions of the three-body 

system when the masses are untethered with those when they are connected together. 

The displacements are measured from the second Lagrangian point, and the three 

masses are initially displaced from L2 by 1.5 km, 11.5 km and 21.5 km respectively in 

the x direction, and 11.5 km in the y and z directions respectively. The initial angles 

of the tethers when the three bodies are connected are set as ~ (0)=0,82 (0)=Jl" , ~ (0) 

=(/lz (0) = re/2. For the untethered case, it can be seen that the three free masses go their 

separate ways quickly, while the tethered masses in the tethered system maintain their 

positions relative to each other. On the other hand, the tethered system as a whole 

drifts away from L2 more quickly than the free mass case when they are given the 
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same initial displacements. In practical terms, the cost of keeping the masses together 

is lower for a connected system, but more control effort is needed to keep it near L2 as 

opposed to a single free mass. 
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Figure 3.1 Comparison of displacements for a 3-body tethered system and a single mass 

Figures 3.2, 3.3 and 3.4 show the parent mass motions and the in-plane and 

out-of-plane rotations of the 3-body tethered system for the case where the parent 

mass has initial displacements x p (0) = Yp (0) = zp (0) = 11.5 km, with ~(O) = 5 deg , 
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e2 (0) = 185 deg, ~(O) =85 deg and ç&2 (0) =95 deg describing the initial orientation of 

the tethers. These initial conditions represent a small perturbation from the 

equilibrium configuration of a 3-body system. Exponential drift of the parent mass 

from L2 in the x and y directions, as weIl as the sinusoïdal motion in the z direction 

can be clearly noticed. Similar to the in-plane motions of the parent mass, the in-plane 

tether librations are also unstable. The out-of-plane librations are roughly periodic, 

rnirroring the motion of the parent mass. As the tethered system moves very quickly 

away L2, the linearized model developed in chapter 2 does not apply. 

From the numericai results, it can be seen that the in-plane equilibrium is 

unstable as there are no restoring forces. Out-of-plane motions for both the parent 

mass and the tethers are periodic as the out-of-plane components of the gravitational 

and the centripetal forces act as restoring forces, pushing the masses back and forth 

across the ecliptic plane. Sirnilar behaviour can also be seen for a single body in the 

vicinity of L2. 
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Figure 3.4 Out-Of-Plane Tether Librations, xp(O)=yP(O)=zp(O)=U.5 km, 

~ (0)=5°, ez (0)=185°, cA (0)=85°, fJz (0)=95° 

The number of end masses does not appear to have a significant effect on the 

motions of the parent mass. Since the tether equations of motion are independent 

from each other, the action of one tether only affects the others through its effect on 

the parent mass and are apparent only for high mass ratios. Figures 3.5-3.7 show the 

parent mass motions and tether rotations of a 4-body system. Comparing figure 3.5 to 

3.1, one can see that the two graphs look almost exactly alike. The unstable nature of 

the parent mass is not affected by the additional tether. Figures 3.6 and 3.7 show the 

librations of the three tethers and again they are uns table in-plane and periodic out of 

the ec1iptic plane. In practice, the initial angular separations of the tethers should be 

greater than what is simulated here, but since the in-plane motions are not stable 

anyways it does not play a significant role in the dynamics of the system. 
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3.3 Parent Mass in Halo Or bits 

One way to stabilize the motions of the parent mass over the long term is to 

place it in a halo orbit. Since the interferometer proposed by the SPECS project is 

spin stabilized, it is important to know how the tethers would behave in a spinning 

system with the parent mass occupying a halo orbit. Specifically of interest are how 

the out-of-plane librations and the angular velocities of the tethers are affected by 

different initial conditions. Angular velocities are measured as multiples of n, where n 

is the rate of rotation of the Sun-Earth system in radians/sec. Whenever e and f/J are 

used without subscripts, those values refer to both tethers. 

If the parent mass is placed in a small halo orbit with initial conditions Ax = 10 

km, ti(O) = IOn, and the out-of-plane angles are displaced ± 5 degrees from their 

equilibrium, the free librations of the tethers appear as in Figures 3.8 and 3.9. The 

behaviour of the system in this configuration would serve as the baseline case. The 

average in-plane angular velocities are a bit more than IOn, oscillating about 13n. The 

reason for this increase is unknown at this moment and more research is needed. The 

out-of-plane motions of the tethers can be described as "flapping", as both of them are 

librating in the same direction and by the same amount despite their different initial 

displacements. As the parent mass travels up in the positive z direction, the tethers 

begin to angle down and start to a small amplitude libration about the f/J=120 degrees 

value. The shape of f/J vs time is almost like that of a crown with a small magnitude, 

with higher fiequency components embedded in the larger amplitude, lower 

frequency overall shape. As the parent mass goes below the ec1iptic plane the same 

thing happens in reverse, this time the tethers are librating about f/J = 60° . 
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Larger halo orbits lead to larger out-of-plane libration amplitudes as weIl as 

even higher frequencies for the high frequency component of the librations. Figures 

3.10 and 3.11 illustrate the differences in the out-of-plane librations and in-plane 

angular velocities for different sized halo orbits. In these figures é(0)=30n and Ax 

goes from 10 km to 1000 km. The amplitudes of f/J (t ), both the high frequency and 

the low frequency components, increase as Ax grows. The variations of e also grow 

as a function ofAx. This pattern can be seen for other é (0) as well. Figures 3.12 and 

3.13 show what happens when é(0)=70n 
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Figures 3.9 to 3.13 indirectly hint that the amplitudes of the out-of-plane 

tether librations can be reduced by increasing é (0). The amplitudes of the high and 

low frequency librations tend to diminish as the tether' s angular velocity increases for 

aH sized orbits, with the high frequency librations becoming less distinct and more 

integrated with the overalllibrations. The variations of the in-plane angular velocities 

are also diminished. The flip side to this increased stability is that the frequency of the 

high frequency librations would become even higher. To illustrate this pattern; system 

dynamics with different initial in-plane angular velocities were simulated for Ax=IO 

km, Figures 3.14 and 3.15 show how the amplitudes of the out-of-plane librations and 

the variations of tether angular velocities decrease for increasing initial angular 

velocity. The initial in-plane angular velocities are IOn, 20n and 50n and the initial 

out-of-plane dis.placements are 5 degrees from the equilibrium positions. Maximum 

f/J excursions from ~ is a bit more than 40 degrees when é(O) is IOn, but slightly 

less than 10 degrees when é (0) =50n. The same pattern can be seen when the parent 

mass is in a larger halo orbit. In the Ax = 50 km case, tether librations and angular 

velocities are shown in Figures 3.16 and 3.17. The initial in-plane-angular velocities 

are IOn, 30n and 90n and the initial out-of-plane displacements are again ± 5 degrees 

from equilibrium. Maximum f/J deviation from the equilibrium value is a bit less than 

70 degrees when é(O)=IOn, but around 8 degrees when é(O)=90n. The same 

pattern is seen again for the Ax= 1 000 km halo orbit case, as can be seen in Figures 

3.18 and 3.19. The initial in-plane angular velocities tbis time are 50n and 150n. 
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In theory, the tether librations can be flattened out with a sufficiently high spin 

rate. In practice, however, the maximum spin rate is limited by several factors such as 

the material strength of the tethers, the observational requirements of the 

interferometer and the fuel requirements. 

The results of the numerical simulations in this chapter show that an 

uncontrolled tethered system is unsuitable for use as an orbiting interferometer 

Control strategies are needed for both parent mass motions and tether librations and 

chapter 4 would go into those topics in more detail. 
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Chapter 4 

CONTROL OF MULTI-TETHERED SYSTEMS AT SUN .. 
EARTH L2 

4.1 Control System Design 

As was seen in the previous chapter, the tethered system, like a single satellite, 

is unstable when placed at a collinear Lagrangian point and sorne form of control 

must be applied if it is to perform sorne useful function. Given the way the numerical 

simulation was set up, it is easier to integrate a time domain state feedback controller 

into the simulator than a c1assical frequency based design. An LQR controller was 

chosen to ca1culate the gains. 

4.2 State Feedback Control/er: 

Dynamical systems theory aUows one to reduce the behaviour of a system 

near a fixed point to a linear time invariant problem in the form of 

x=Ax+Bu (4.1) 

where x is the state vector, u is the input vector, A is the state transition matrix and B 

is the input selection matrix. If the matrix A has eigenvalues on the right hand si de of 

the complex plane, i.e. positive real parts, the system is unstable as the states would 

grow exponentially. The goals of a controller are to first stabilize the system and then 

impart sorne desired response characteristics by moving the eigenvalues to sorne 

desired location on the c10sed left half side of the complex plane. In astate feedback 
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control system, the state vector x is multiplied by a gain matrix K and fed back into 

the control input, 

u=-Kx (4.2) 

The c10sed Ioop system then becomes 

x=(A-KB)x (4.3) 

If the system is controllable, then selecting an appropriate K matrix could modify the 

c10sed Ioop eigenvalues and therefore change the dynamics of the controlled system. 

There are two main types of state feedback controllers: Pole Placement and 

Linear Quadratic Regulator (LQR). Pole Placement controllers attempt only to 

influence the c10sed 100p poles of the linear system, without regards to the amount of 

effort required. The Linear Quadratic Regulator can be optimized both in terms of 

performance and control effort required. In this thesis the LQR controller is chosen to 

stabilize the motions of the tethered system. 

4.3 Linear Quadratic Controller: 

The LQR controller ca1culates K in a way such that the linear quadratic 

performance index 

(4.4) 

is minimized. Q is the state weighting matrix and R is the control input weighting 

matrix. K can be ca1culated using 

(4.5) 

where Pis obtained by solving the algebraic Riccati equation 

(4.6) 
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Severa! conditions must be satisfied for a unique positive-definite solution ta 

the Riccati equation. Q must be symmetric and positive semi-definite, R must be 

symmetric positive definite, and the system must be controllable and observable. 

Increasing the weights in R produces a K matrix with more emphasis on reducing the 

control effort required, while cranking up the Q matrix minimizes the error signal. 

While it is certainly desirable to both minimize the error signal and the required 

control effort, tbis is far from what is possible in a normal situation. It is up to the 

designer to choose a balance that would satisfy those two somewhat conflicting goals. 

4.4 Goals of the Control System in TSS: 

The proposed control system of the tethered system must accomplish two 

goals: stabilizethe motion of the parent mass in the vicinity of Lz, and control the 

observation axis of the interferometer, 11, which is perpendicular to the plane of tether 

rotation. Since the motions of the parent mass and of the tethers are coupled, the two 

goals are not as distinct as it flIst appears. 

A fuel-efficient way of stabilizing the motions of the parent mass is to put it in 

a halo or Lissajous trajectory as described in chapter 1. As shown in chapter 3 the 

dynamics of the parent mass in a tethered system are not very different from those of 

a single body, and well known methods can be used to control the parent mass either 

on its own or a~ part of the overall system. Since the tether librations depend on the 

motions of the parent mass, the latter is included as a part of the overall control 

system developed here. The reference parent mass trajectories, as described in section 

1.9, are 
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x = -Ax sin ((j}xyt ) 

y = -Ay cos ((j}xyt ) 

(4.7) 

(4.8) 

(4.9) 

In order to use the tethered system as an astronomical interferometer, the 

system must have an ability to orientate its observation axis. This is done by changing 

the plane of tether rotation relative to the [X Y Z] axes. A normal telescope is pointed 

by specifying a desired set of azhnuth and elevation angles relative to the inertial 

axes. These angles are defined as a for elevation and 'Y for azimuth in this thesis. 

Similarly, the desired observation axis of the space interferometer, 1}d' can also be 

specified in terms of its azimuth and elevation angles relative to the Sun-Earth line 

and the ecliptic plane (Figure 4.1). In the [X Y Z] axes, the desired observation axis 

can be written as 

1]d =cos rcos ai+sin rcos aj+sin ak (4.10) 

Since the system has two independent tethers, there are actually two planes of 

rotations and two normal vectors. The task of the control system is to vary (Ji and fJj 

in a way such that both tethers are spinning in the same plane and the normal vector 

of that plane matches up to the desired 1). The normal axis to the lh tether' s plane of 

rotation can be written in terms of the tether rotation angles: 

1}i =-cosB; cos~i-sinB; cos~j+sin ~k (4.11 ) 

When the two end masses are rotating in the same plane, the normal vector of 

that plane is labelled 1}. The free librations of the tethers while the parent mass is 

occupying a halo orbit is described in chapter 3 and are determined to be unsuitable 
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for astronomical applications. Without control, the overall tether librations do not 

trace out a defined plane of rotation, but rather cones. In order to ensure that the 

tethers are spinning in the desired plane and the normal vector of that plane is parallel 

to l1d , a set of time dependent control goals must be developed. 

The two tethers are assumed to be spinning at a constant desired rate Bd' 

Controlling the elevation of the plane of rotation is fairly simple. One tether must be 

at <Pmax while the other is at <Pmin' and half a revolution later the libration angles are 

reversed. <Pmax and <Pmin are calculated from the desired elevation angle of the t'Id 

vector. Controlling the azimuth angle of the plane of rotation in terms of tether 

libration angles is more complex. One tether, say tether 1, must be at <Pmax when 01 = 

Y, and at the other end tether 2 must be at <Pmin when 0 2 = r + Jr. Half a revolution 

later, tether 2 will be at <Pmin while tether 1 will be at <Pmax' Figure 4.2 shows the 

location of the tethers when the system is frozen at 01 = Y. The up and down motions 

of the tethers are harmonie in nature, so a cosine function was the reference function 

for the out-of-plane libration angles. The control goals for a 3-body system are: 

01 (t)= Bdt 

O2 (t)= Bdt 

<PJ (t)= ~ +( ~ -a }os(r-OJ (t») 

<P2 (t)= ~ +( ~ -a }os(r-02 (t») 

(4.12) 

(4.13) 

(4.14) 

(4.15) 
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where (Jd is the desired in-plane angular velocity relative to the [X Y Z] axes. The 

above conditions ensure that when (JI = rand (J2 = r + Ir, tA = max( tA) = Ji - a and 

fJ2 = min(fJ2 ) = a. Recal1 that fJi is relative to the Z-axis. 

z 

y 

x 

Figure 4.1 Geometry of the Observation Axis 

z 

--------'l<t---l---'-----'''==.x--,J- plane 

Figure 4.2 Control Goal Geometry when 8 = Y 
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It is assumed that thrusters attached to the parent mass are aligned along the i, 

j and k directions and those mounted on two end masses are along the y and z axis in 

the body frame. Since the masses are assumed to be point masses, effect of these 

control thrusts on the attitude of the three bodies is not an issue in fuis thesis. 

While it is desirable for 11 to point exactly as intended, this is not practicable 

in reality. Given the nonlinear dynamics of the system as well as other perturbations 

(which are not modeled), a more reasonable goal for the satellite control system is to 

get 11 within a certain level of tolerance and let the finer mirror control mechanisms 

do the rest. 

4.5 Implementation of Proposed Control System 

The design is of a simple feedback type. The desired trajectories of the parent 

mass and end masses are generated based on the control goals stated in the above 

section. These are subtracted by the outputs of the plant and the gain matrix K 

generated by the LQR controller multiplies the resulting error signal. The control 

signaIs are then fed into the plant. It is assumed that the full state is available. 

Figure 4.3 Block Diagram of the Proposed Control System 

There is one small twist. Good results depend on having an accurate linear 

system representation of the nonlinear equations and linear system theory states that 
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this representation is only accurate within the neighbourhood of the state where the 

equations are linearized about. Since both the parent mass and the tethers are 

commanded to follow certain trajectories, any single linear system considered at a 

particular time would be outdated very quicldy. While it is mathematically possible to 

constantly update the linear system and the associated K at every moment this 

involves a lot of extra work and is usuaUy not desirable. A compromise solution is to 

use Gain Scheduling, which is a fancy way of saying let K be recalculated 

periodically using an updated linear system. The designer can choose the time interval 

between K updàtes. Appendix A has a better description of how to calculate the linear 

system for any arbitrary time. 

4.6 Results 

After the Gain Scheduling LQR controller was integrated into the numerical 

model of the 3-body tethered system, a series of simulations were performed with 

varying dimensions of the halolLissajous trajectory and tether spin rate. The goals of 

the simulation are to determine 1) whether it is possible to control the tethered 

system, 2) the performance of the control system for different size orbits and tether 

angular velocities, and 3) the amount of !J. V required both to maintain the desired 

trajectory and tether librations. The equations of motion solved were nondimensional, 

and the results were later re-dimensionalized for presentation. The integrator used is 

again ODE45, with the default tolerances. In aIl cases, tether lengths were fixed at 1 

km and aH three tethered bodies have the same mass. The parameters are set to 

simulate system dynamics around L2 of the Sun-Earth Lagrangian point and with mxp 
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and {J)z calculated using a method given by Bong Wie24
, which works out to be 

{J)xp =2.0571n and {J)z =1.9851n. The dimensions of the periodic reference orbit are 

measured in kilometers. A new gain matrix K is calculated every O.21n based on the 

most recent state. The values of a and y are 85 and 10 degrees, respectively. 

The simulations were performed for Ax equal to 10 km, 100 km or 1000 km 

for halo and Lissajous trajectories and ad = IOn or 30n, where n is the rate of rotation 

of the Sun-Earth system. A typical set of parent mass commands for the halo orbit can 

be seen in Figures 4.4 and 4.5. A plot of a mode! Lissajous trajectory is presented in 

Figure 4.6. Note that the Lissajous trajectory does not close. A set of tether libration 

commands corresponding to the parent mass commands is shown in Figure 4.7 and 

the resulting end mass trajectories are on Figure 4.8. To start off, the system was 

commanded to follow a model halo orbit with Ax = 10 km, 

Ay = Az = kAx = 31.8732 km with the tether angular velocity ad = IOn. The behaviour 

of the system with this setup would serve as a basis of comparison for the 

performance of the control system under various conditions. The ~ V cost associated 

with control wIn be discussed in the next section. When everything is working 

properly, the parent mass is in its assigned trajectory and the plane of tether rotation 

remains fixed at its desired orientation. The normal vectors of the tethers, 11; , point in 

the direction of the observation axis without wobbling. As the tether librations deviate 

from their command values, the planes of rotation of the two tethers wobble and their 

normal vectors no longer point straight and traces out a trajectory. The larger the 

departure, the more pronounced the wobble. For the baseline case, the error signal can 
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be seen in Figures 4.9 and 4.10. The resulting plane of rotation can be seen in Figure 

4.11. For this value ofAx, increasing the spin rate did not affect the system dynamics 

much except for an increase in the /1 V required as a result of gyroscopic stiffening. 

As Ax increases from 10 km to 100 km to 1000 km for the same commanded tether 

angular velocities, the displacements of the parent mass remain stable and close to the 

desired vales but the tether librations became increasingly harder to control and the 

wobble becomes more pronounced. This can be seen in Figure 4.12 to Figure 4.17. 

An interesting thing to note is that for Ax = 1000 km, the tether libration controls are 

no longer consistent as the error signaIs for tether 1 are much greater than those for 

tether 2. The reason for this difference is unknown at the moment, but a good place 

to begin the investigation is the starting positions of the tethers. One tether begins 

doser to the gravitational sources than the other does and the initial difference in the 

potential energy of the end masses could affect the final result. Increasing Bd with Ax 

again does not improve the controller' s performance as the increased gyroscopic 

stiffness of the system makes it even harder to control. Figures 4.18 to 4.20 illustrate 

this for the case ofAx = 1000 km halo orbit, with the tether angular velocity equal to 

30n. 

If the system is allowed to follow a Lissajous trajectory, however, much better 

results can be obtained at a lower cost as can be seen on Figures 4.21 to 4.29. The 

parent mass again remains in a controlled trajectory and the tether libration error 

signaIs are very.smaU even when Ax increases from 10 km to 1000 km for Bd =lOn. 

As a result, the tether planes of rotation remains stable and the its normal vectors 

pointed in the correct direction. Increasing the tether spin rate does not increase nor 
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degrade the performance of the controller except that the f:y. V co st is increased. An 

example of this can be seen on Figures 4.30-4.32 for the case of the Ax=lOOO km with 

Bd =30n. The Liss<ùous trajectory results are comparable to the baseline case and are 

much better than those when the parent mass is placed in a halo orbit. It is important 

to note that tether libration controis are also not consistent for large size Lissajous 

trajectories, although not nearly ta the same degree as in the halo orbit case. 

In the halo orbit cases the tethered system is forced to act against its natural 

dynamics and this is the primary reason why the control system performs better when 

the parent mass. is following a Lissajous trajectory. Recall from chapter 1 that the 

natural in-plane frequency of a body in the vicinity of Lz is different from its out-of­

plane frequency, and this applies to the end masses as weIl as the to the parent mass. 

Choosing a halo orbit means forcing those two values ta match and c10sing the orbit 

using control. For smal1 periodic orbits the difference between OJxp and OJz is not big 

enough to cause a major difference in the motion of the masses and the control system 

do es not need to put forth a lot of effort to force OJz match OJxp' For large halo orbits, 

however, the difference between the natural motions of the system and the trajectories 

the control syst.em wishes it to follow is great enough, so that substantial effort is 

required ta maintain the halo orbit. While the parent mass can be controlled directly, 

the end masses are affected through the tether libration angles and the control laws do 

not take into account the natural dynamics of the end mass. Therefore in large halo 

orbits, control of the tethers is weaker than desired. 
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Figure 4.5 Mode} Parent Mass Trajectory, Ax = 10 km Halo orbit 
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4.7 Control Effort Requirements 

Finding out the control effort required is both important in terms of choosing 

the proper method of propulsion and in determining the amount of fuel required. As 

the proposed tethered system is to be located around 1.5 million km from the Earth 

there is no possibility of in-orbit refueling. Also important is to determine what sort of 

jitters the masses will encounter. 

Figures 4.33 and 4.34 show the control history of the system for the baseline 

10 km halo orbit case. The order of magnitude of the control accelerations is from 

around 10-9 tolO-8 rnIs2 for in-plane motions and from 10-10 to 10-9 rnIs2 for out-of-

plane motions. While il appears that almost continuous adjustments are required, 

small 50 hours time slice of the ax graph (Figure 4.35) shows that it is not the case. 

Parent mass control inputs ax and ay have more or less evenly spaced periods where 

more inputs were required, and az is more or less sinusoidal. The shape of az cornes 
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from (Oz being forced to match (Oxy. Tether libration controis alll and aa2, have by and 

large evenly spaced periods where more inputs were required and a<pI. a<p2 have the a 

bit of a sinusoidal shape. The numerous spikes in the inputs can be attributed to 

various computational noises. For this small halo orbits, in-plane motion controls are 

a big part of the total requirement due to the unstable nature of those motions. The 

out-of-plane motions are oscillatory and the control system can make use of the 

natural dynamics of the system. As the size of the halo orbit increases for the same 

tether angular velocities, ax and ay decrease slightly while aal and aa2 remain roughly 

the same. The out-of-plane accelerations az, arpl and arp2 increase as the control system 

now has to fight against the natural out-of-plane motions of the tethered system and 

begin to be a bigger part of the total control requirements. This can be seen in Figures 

4.36-4.39. Recall from section 4.6 that control system performance is not good for 

Ax=100 km and Ax=lOOO km halo orbits, so in reality much more efforts are needed to 

orientate the interferometer. While in theory it is possible to manuaUy fine-tune the 

LQR controller, the results presented in this thesis is the best that the Matlab' s 

Control Toolbox could do. Beyond this, no results can be obtained. 

As was first mentioned in the previous section, increasing the desired tether 

spin rate does not improve the performance of the control system. Figure 4.41 shows 

that more effort is required to maintain the higher angular velocity compared to 

Figure 4.39, while the out-of-plane controis remain around the same. 
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Letting the parent mass follow a Lissajous trajectory requires less control 

effort, especially for controlling out-of-plane motions. Comparing the Ax=lO km 

Lissajous case (Figures 4.42-4.43) to the baseline case, it is clear that less az is needed 

to keep the parent mass in the Lissajous trajectory. Aiso it no longer has a sinusoïdal 

shape, instead it looks just like ax and ay where there are periodic bursts of activity. 

This is due to the parent mass control laws are more in tune with the tethered 

system's natural dynamics and the control system is just fine-tuning the trajectory. 

Control accelerations in the x and y directions are approximately the same as the 

baseline case. The magnitude of aOl and ae2 are also approximately the same as the 

halo orbit case. acpl and Ucp2 are very small in magnitude and have a saw-tooth shape. 

This is due to the fact that while the parent mass is in a Lissajous trajectory, the end 

masses are not as they are rotating in a specific way that has nothing to do with the 

Lissajous trajectory. The numerous spikes are probably due to numerical noise 

introduced during simulation. As Ax increases from 10 km to 1000 km, the overall 

control requirements increase but not as much as for the halo orbit cases. In-plane 

motion control accelerations are the same whether the system is in a halo or a 

Lissajous trajectory. The majority of the increases in total control effort cornes from 

the out-of-plane controis. For the Ax=100 km and 1000 km cases, az takes on a 

periodic shape as the first order approximation of the Lissajous trajectory gets less 

accurate for larger sized trajectories. 
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4.8 Total L1 V Cost 

Integrating the control accelerations over time gives the ~ V required for that 

time span. Knowing this value helps the engineers pick the most appropriate method 

of propulsion and estimate its fuel requirements. Figure 4.48 shows the total ~ V 

requirements over a year as a function ofAx and tether spin rate. For small periodic 

orbits, the total ~ V requirements are similar for Lissajous and halo orbits, increasing 

from around 330 mis ta 900 mis as spin rate increases from IOn ta 40n. As Ax 

increases for the same tether angular velocity, ~ V requirements also increase with 

cast growing faster for halo orbit cases than for Lissajous cases. ~ V z, ~ V <pl and ~ V <p2 

increase steeply as the dimensions of the halo orbit increases. Those quantities also 

increase for larger Lissajous trajectories, but not nearly as fast since the command 

trajectory is close to the natural dynamics of a body near L2. However the first order 

Lissajous approximations used here does not represent the complete picture, and even 

more fuel savings could be found if the tether system is following a second or even 

third arder approximation. For the Ax= 1 000 km Lissajous case, total ~ V requirement 

for a year is about 709 mis for fJd =IOn, rising ta about 1690 mis for fJd =40n. For the 

same diameter halo orbit, total ~ V requirement for a year is about 9807 mis for 

fJd = IOn and 9187 mis for fJd =40n. Aiso of interest is that the total impulse required 

increases roughly in a linear fashion with tether spin rate for a particular Ax, with the 

exception of the largest halo orbit case where it is decreasing linearly. 

The Do V values for a three-body tethered system presented in this thesis cannat 

be directly compared ta that of a single mass, as in addition to staying near the 
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reference orbit, the tethered system also has to perform relative station keeping to 

maintain a desired orientation. The closest comparison would be to an untethered 

two-body system that is maintaining a constant distance between each other while 

staying near a reference orbit. Figure 3.1 demonstrated how quickly two unconnected 

mass would drift away from each other if they are displaced from L2 in opposite 

directions, so the combined station keeping cost of the two-body system would be at 

least an order of magnitude greater than keeping a single mass near a reference orbit. 

However very little research to date has been done on the dynamics of a satellite 

constellation around a libration point. 

117 



12000 .,------------

10000 
br A 

~ 
-+-Ax=10 km Halo 

8000 
-il.\!- Ax= 100 km Halo 

"0 
\1) 
"-
'5 

-A- Ax= 1 000 km Halo 0-
\1) ... 
> 6000 
«'II Ax=10 km Lissajous -'i) trajectory "0 

fti --*- Ax=1 00 km Lissajous -0 
1-

4000 trajectory 

-0- Ax= 1000 km 
Lissajous trajectory 

2000 .....-lI!! 
411---

~-

1 

lI!i"--
.~ 

0 

10n 20n 30n 40n 

Tether spin rate (deg/sec) 

Figure 4.48 Total ~ V Cost 

118 



This chàpter dernonstrated that a 3-body tethered system could be controlled 

using a simple LQR feedback control system. The controUer performed very weB for 

small halo orbits, and got progressively worse for larger halo orbits. Results are much 

better if the parent mass is following a Lissajous trajectory regardless of ifs 

dimensions. While several important parameters, such as the type of orbit the parent 

mass will follow and the desired angular velocities, depend on the astronomical 

observation requirements, the numerical simulations done here show fuel expenditure 

can be rninimized by placing the system in a Lissajous trajectory and using lower 

tether angular velocities while observing. 
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Chapter 5 

CONCLUSION 

5.1 Summary of Findings 

In this thesis, a preliminary study of the dynamics of a multi-tethered system 

located near the L2 Lagrangian point was performed. The system was assumed to be 

comprised of N end masses connected to a parent mass in a wheel-and-spoke 

configuration. The tethers are assumed to be massless, rigid and have fixed length. 

AU the masses are considered as point masses. The equations of motion were derived 

using the Lagrangian approach, and an equilibrium configuration of the system was 

determined analytically. A linear analysis of the system revealed that the system has 

unstable in-plane motions and periodic motions out-of-plane. 

The derived equations were implemented in a simulation software and sorne 

numerical experiments were conducted in chapter 3 to study the dynamics of the 

system. The parameters of the experiments are set to mimic the conditions at L2 of the 

Sun-Earth system. First, the free dynamics were simulated and the results confirmed 

that the system has unstable in-plane dynamics. As the tethered system is to occupy a 

halo orbit around L2 of the Sun-Earth system, tether librations of a rotating system, 

when the parent mass is occupying a halo orbit, were also examined with different 

initial spin rates and in halo orbits of various sizes. The numerical results showed that 

the amplitude of the out-of-plane librations depend on the size of the orbit as weIl as 

the rate of rotation of the system. The farther the parent mass is from ~, the larger the 

amplitude. This can be reduced to a certain extent by increasing the spin rate but high 
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angular velocities would pose their own problems. Results from these simulations 

showed that active control is needed for the tethered system to perform as an 

observatory. 

In chapter 4, a control scheme was developed using the LQR method and was 

applied to the system. The main goal is to point the observation axis, which is 

perpendicular to the tether plane of rotation, at a desired direction relative to the 

ecliptic plane, while the parent mass is in a halo or a Lissajous trajectory. Results 

from the simulations showed that if the parent mass is in a halo orbit, the observation 

axis wobbles increasingly for larger halo orbits. Fuel consumption, measured in !J. V 

(mis), also increases dramatically for large orbits. The results, both in terms of 

pointing accuracy and !J. V required, are much better if the parent mass is following a 

Lissajous trajectory. From the simulation of the controlled system, it can be 

concluded that a tethered system could be made to work as a space interferometer, 

and unless the operation of the spacecraft requires a halo orbit, life would be much 

easier if it is to occupy a Lissajous trajectory instead of a halo orbit. 

5.2 Future work 

In order to study the tether vibrations and the attitude dynamics of the parent 

mass and of the end masses, a more detailed model must first be developed. This 

model will incorporate extensible, variable length tethers along with realistic mass 

and inertia properties. The orbital dynamics and control of the multi-tethered system 

can also be explored in more detail, taking into account the elliptic motion of the 

primary bodies and other perturbations such as the gravitational attraction of Jupiter. 

There exists almost three decades of libration point mission experience and different 
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orbit control techniques were developed, along with almost a century of academic 

research on the dynamics of a libration point object. These experiences can be 

extended to the study of multi-tethered objects. 
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AppendixA A method of calculating the linear 
System al any arbitrary time 

In order to use the LQR method to calculate the required control gains, a 

!inear system representation of the equations of motion is required. As explained in 

chapter 4, a new linear system must be calculated periodically. Instead of working out 

in advance an the different system matrices and storing them in memory, a more 

efficient way is to provide the computer with a general way of calculating the linear 

system as required. As mentioned in chapter 4, the structure of the equations of 

motion is a littl~ different from what is ordinary. The !inear system can be presented 

as 

(A.I) 

14X14 matrices where 
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l 0 0 0 0 0 0 0 0 000 0 0 

o 1 0 0 0 0 0 al 0 a2 0 a3 0 a4 

00100 000 0 000 0 0 

o 0 0 1 0 0 0 b 1 0 b2 0 b3 0 b4 

00001 000 0 000 0 0 

o 0 0 0 0 1 0 0 0 cl 0 0 0 c2 

A 00000010000000 
A= o dl 0 d2 0 0 0 d3 0 0 0 0 0 0 

000 0 0 000 1 000 0 0 

o el 0 e2 0 e3 0 0 0 1 0 0 0 0 

000 0 0 000 0 0 1 000 

o fi 0 fl 0 0 0 0 0 0 000 0 

000 0 0 000 0 000 1 0 

o gl 0 g2 0 g3 0 0 0 0 0 0 0 1 

01000000000000 

Al 0 A2 A3 A4 0 AS A6 A7 A8 A9 AlO AlI A12 

000 l 0000000000 

BI B2 B3 0 0 0 B4 BS B6 B7 B8 B9 BIO BIl 

00000100000000 

CIO·· 0 0 C2 0 C3 0 C4 CS C6 0 C7 C8 

00000001000000 
B= 

Dl D2 D3 D4 DS 0 D6 D7 D8 D9 0 0 0 0 

00000000010000 

El E2 E3 E4 ES 0 E6 E7 E8 0 0 0 0 0 

00000000000100 

FI F2 F3 F4 FS 0 0 0 0 0 F6 F7 F8 F9 

00000000000001 

GI G2 G3 G4 GS 0 0 0 0 0 G6 G7 G8 0 

(A. 2) 

(A.3) 
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al=-~~sin~cos~ 

a2=~~cos~cos~ 

a3=-,llz12sin82sin92 

a4=,llz12cos 82cos92 

bl=~4cos~cos~ 

b2=~4sin~cos~ 

b3=,llz4cos82cos92 

b4=,llz12 sin 82cos92 

c1=~4sin~ 

c2=,llz 12 sin 92 

dl -sin~sin~ 

4 
d2= cos~sin~ 

4 
d3=sin2~ 

el= cos~cos~ 

4 
e2 sin~cos~ 

4 
e3= -sin~ 

~ 

fI= -sinx82sin92 
l .. 
2 

f2 cos 82 sin 92 
/2 

f3=sin292 
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Al=2B+ 1+6Cxp -3C (J.4~ cos8j sin Ç\ + fl2l2 cos 82 sin 92) 

A2=3C (2 Y p + J.4~ sin ~ sin Ç\ + fli2 sin 8z sin 92 ) 

A3=2 

A4=6Czp -3C (J.4~ cos Ç\ + flzlz cos 92 ) 

A5 = J.4 ~ ur cos ~ sin Ç\ +Ç\Hsin ~ cos Ç\ -9; sin ~ sin Ç\ -28;Ç\' sin ~ cos Ç\ + 

2Ç\' cos~ cosÇ\ -(~' +li sin ~ sin Ç\ -2Bsin ~ sin Ç\ +3Csin Ç\ (~+ Y/ +z/» 

A6=2J.4~ cos~(<<cosÇ\ + (tr+1) sin Ç\) 

A7 = J.4~ (8;sin ~ cos Ç\ +Ç\HCOS ~ sin Ç\ +Ç\IJ. cos~ cos Ç\ -28;Ç\' cos ~ sin Ç\ 

-2« sin ~ sin Ç\ + (~' + 1)2 cos ~ cos Ç\ + 2B cos ~ cos Ç\ -3C(xp sin ~ sin Ç\ - y p sin ~cos Ç\ 

-zp sinÇ\» 

AS = 2J.4~ cos Ç\ (Ç\' +8;)cos ~ +sin ~) 

A9= flzI2(8; cos8z sin rA +9;sin82 cos 92 -9;sin 82 sin 92 -28;9; sin 82 cos rA + 

29; cos 82 cos 92 -(8; + 1)2 sin 82 sin 92 -2B sin 82 sin 92 +3C sin 92 (x~ + Y~ + zpz» 

AIO=2flz4 cos 82 (9; cos 92 +(8; + 1) cos 82 sin 92 ) 

All= flzl2(8; sin 8z cos rA +9; cos 82 *sin 92 +92'2 cos 82 cos 92 -20;tP; cos 82 sin 92 -29; sin 82 sin 92 + 

(8; + 1? cos 82 cos 92 + 2Bcos 82 cos 92 -3C(xp sin 82 sin 92 -Yp sin 82 cos 92 - zp sin 92 » 

A12=2flz4 cos rA (9; +8;)cos82 +sin8J 
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B1 = 3C(fl1l! sin ~ sin ~ + Jl)2 sin 82 sin fjJ2 -Y p) 

B2=-2 

B3= -(B -1-3C(xp + f.4~ cos ~ sin ~ + 11?4 cos 82 sin fjJ2» 

B4= f.4~ (~"sin~ sin~ -fj(cos~ cos~ +~ cos~ sin ~ +~~ cos ~ sin ~ +28:~' sin~ cos ~ 

-Bcos~ sin~ + 3 Cil cos 2~ sin ~2 +3C(xp cos~ sin ~ -Yp sin~ sin ~») 

B5= f.4~ (2«8:+1) sin ~ sin ~ -(~' + 1) cos ~ cos ~» 

B6=f.4~ (~"sin~ sin ~ -~"cos~ cos~ +~~ sin~ cos~ +~~ sin8! cos~ +28:~ cos~ sin~ 

-Bsin ~ cos~ + 3 Cil sin 2~ sin 2~ +3C(xp sin ~ cos~ + Yp cos ~ cos~)) 

B7 = f.4~ (2(~' sin~ sin~ +(8; +l)cos~ cos~» 

B8 = 11?12 (8; sin 82 sin fjJ2 - fjJ; cos 82 cos fjJ2 + fjJ; cos 82 sin fjJ2 + 8; cos 82 sin fjJ2 + 28; fjJ; sin 82 cos fjJ2 

-B cos 82 sin fjJ2 +3C12 cos 282 sin fjJ22 +3C(xp cos 82 sin fjJ2 -Yp sin 82 sin fjJ2)) 

B9 = 11?12 (2«8; + 1) sin 82 sin fjJ2 -(fjJ; + 1) cos 82 cos fjJ2» 

BIO = I1?lz (fjJ2" sin 82 sin fjJ2 -8; cos 82 cos fjJ2 + fjJ; sin 82 cos fjJ2 + 82,z sin 82 cos fjJ2 + 28;fjJ; cos 82 sin fjJ2 

-Bsin 82 cosf/12 +3Cl2sin 282 sin 2fjJ2 +3C(xp sin 82 cosfjJ2 + Yp cos 82 cosfjJ2» 

B11= 11?1z (2(fjJ; sin 82 sin fjJ2 +(8; + 1) cos 8z cos fjJz» 

C1=3C(f.4~ cos fjJ2 + f-li2 cosfjJ2 -zp) 
C2 = 3C(f.4~ cos ~ sin fjJ2 + 11?12 cos 82 sin fjJ2 -xp ) - B 

C3= f.41! (% Cl! sin ~ sin 2~ -zp sin ~ sin ~ J 
C4=f.4~ (~~ sin~ -3C(xp sin ~ + zp cos ~ cos~)+Bsin ~ -3CI! cos~ cos 2~) 

C5=2f.41!~ cos~ 

C6= 11?12 (% CI2 sin 82 sin 2(Pz - zp sin 82 sin fjJ2 J 
C7 = 11?4 (fjJ2f2 sin fjJ2 -3C(xp sin ~ + zp cos 82 cos~)+ Bsin fjJ2 -3C4 cos 82 cos 2fjJ2) 

C8=211?12fjJ; cosfjJ2 

127 



Dl=%csin 2~ sin ~2 + Si~~ (3C(2xp sin ~ + Yp cos(~)-(2B+l)sin Br) 

D2= -2cos~ sin~ 

4 
D3=3Ccos2BI sin~2 - sin~ ((B-l)cosBI-3C(xp cos~ -Yp sin~)) 

Il 

D4 -2sin~ sin~ 

li 

zp sin~ sin~ 
D5=-3Ccos~ +-'----

11 

D6= Si~ ~ (x; cos~ + y; sin ~ -(2y; +xp cos~ +(2x; + yp)sin~ -B(2xp cos~ - yp sin BI) 
1 

+3C(cos~ (x/ -0.5Y/ -0.5z/)-xpYP sin ~))-3sin ~2«B-3Cxp)cos 2~ +2YpCsin 2~) 

D7=tjJ:sin2~ 

D8= cOls~ (y; cos~ -x; sin ~ +(2x; - yp)cos ~ +(2y; +xp)sin~ +B(2xp sin ~ + yp cos~) 
1 

-3C(sin ~ (xp
2 -0.5Y/ -0.5zp

2 )+xpyp cos~))+1.5 sin 2~ «B-3Cxp) sin 2~ -2Cyp cos2~) 

3C~ . AI ~"'sin 2~ 
+ zp sm'f'I + 4 

D9 = (~' + 1) sin 2~ 
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El=-ic COS
2 ~ sin 2~ +3Czp sin~ + cOls~ «2B+l)cos ~ +3C(2xp cos~ -Yp sin ~» 

1 

E2= -2sin~ cos~ 

4 

E3=%csin2BI sin2~ -co;~ «B-l)sin~ +3C(yp cos~ +xp sin~» 
1 

E4= 2cos~ cos~ 
11 

E5=3Ccos~ cos2~I+sin~(B-3x C)- cos~ (z cos8.l ) 
p 4 p 

E6=-%(B-3CXp)Sin 2~ sin 2~ +3C(yp cos 2BI sin 2~ -zp sin ~ cos2~)- co:~ «2x; -yp)cos~ 

+(251; +xp) sin ~ + B(2xp sin ~ + yp cos~)+3C(sin ~ (xp
2 -0.551/ -0.5zp

2 )+xpyp cos~)+x; sin~ - y; co~ 

E7 =(~' +1)sin2~ 

E8=(~' + li cos2~ +3(B-3Cxp)cos2 ~ cos2~ +3Cyp sin 2~ cos 2~ -6zpC cos~ sin 2~ + Zp cos~ (B-3Cxp) 

+ sin~ (x; c~s~ + y; sin~ +(2x; - yp)sin ~ -(2y; +xp)cos~ -B(2xp cos~ - yp sin ~) 
~ 

3C ( L1 (~2 0 5 ~ 2 0 5 ~ 2) ~ ~ . L1) Z; cos ~ - cos VI Xp - . Yp - . zp -Xpyp sm VI +-'--~-
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Fl=4.5Csin 28z sin2 ~2 + Si~ ~2 (3C(2xp sin 82 + Yp cos 82 )-(2B+ 1) sin 82 ) 

2 

F2 -2cos82 sin~2 
i2 

F3=3C cos 282 sinz ~2 - Si~ ~2 «B -1)cos82 +3C( -xp cos 82 + Yp sin 82» 
2 

F 4 -2 sin 82 sin ~2 
i2 

z p sin 82 sin ~2 
F5= -3C cos ~2 +-'-----­

l2 

F6= Si~ ~2 (x; cos 82 + y; sin 82 -(2y~ + xp)cos 8z +(2x~ + Yp) sin 82 - B(2xp cos 82 - Y p sin 82 ) 

2 

+3C(cos 82 (x/ -0.5 Y/ -0.5z/)-xpYP sin 8J)-3sin2 ~2 «B-3Cxp) cos 282 + 2ypC sin 282 ) 

F7=~; sin2~2 

F8= cos ~2 (y; cos 82 -x; sin 82 +(2x~ - yp )cos 82 +(2y~ +xp) sin 82 + B(2xp sin 82 + Yp cos 82 ) 
12 

-3C(sin 82 (x/ -0.5Y/ -0.5z/)+xpYP cos82»+~sin 2~2«B-3Cxp)sin 282 -2Cyp cos 282 ) 
2 

3C
A • At 8; sin 2~2 + Z sm 'r:2 +--=---'-"­

p 1 
2 

F9=(8; + 1) sin 2~2 

130 



Gl=-4.5C COS2 82 sin 2~ +3Czp sinq,12 + CO;q,12 «2B+ 1) cos 82 +3C(2xp cos 82 - Yp sin 82» 
z 

G2= -2sin 82 cos~ 
12 

G3=%C sin 282 sin 2~ - CO;q,12 «B-l)sin 8z +3C(yp cos 82 +xp sin 82» 
2 

G4 = 2 cos 8z cos q,1z 
12 

G5=3CcoSe2cos2f/12+sin~?(B-3Cx)- cos~ (z cos(2) 
- p l p 

2 

G6=_lCB -3Cxp) sin 282 sin 2q,12 +3ypC cos 282 sin 2q,12 -3zpC sin 82 cos 2q,1z - cos q,1z «2x; - yp)cos 82 
2 ~ 

+(2y; +xp) sin 82 + B(2xp sin 82 + yp cos 8z)+3C(sin 82 (x/ -0.5Y/ -0.5z/)+xpYP cos 82) 

+ x; sin 8z - y; cos 8z) 

G7=(8; +1) sin 2q,12 

G8=(8; +1/ COS2q,12 +3(B-3Cxp)cosz 8z cos 2q,1z +3Cyp sin 282 cos2q,1z -6Czp cos8z sin 2q,1z + zp COSq,12 (B-3Cx 

+ sin q,12 ex; cos 82 + y; sin 82 + (2x; - yp) sin 8z -(2y; + xp) cos 82 -B(2xp cos 82 - yp sin 82) 
12 

-3C(cos 82 (x/ -0.5Y/ -0.5z/)-xpYP sin 82»+ z; CZOSq,12 
2 

Using the information given above, the control system can generate Â and 

B using the most recent state vector q, hence getting the required starting point for the 

LQRmethod. 
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