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Résumeé.

Le principe de Landauer affirme qu’il existe une borne inférieure a 'énergie requise pour
changer I’état d’un petit systéme d’un état initial & un certain état final en intéragissant avec
un réservoir thermondynamique. La situation dans laquelle cette borne est saturée, et donc

le colit énergétique minimisé, pour une transformation donnée est d’un intérét particulier.
Nous étudions le principe de Landauer dans le contexte des systémes 4 intéractions répétées
(RIS), un classe de systemes physiques dans laquelle un petit systéme d’intérét intéragit avec
une suite de sondes thermales. En particulier, nous démontrons que, pour les RIS, la borne de
Landauer n’est généralement pas saturée dans la limite adiabatique, dans laquelle I’évolution se
fait, en un certain sens, infiniement lentement. Ce résultat présente un contraste au cas d’'un
systéme intéragissant avec un seul réservoir thermondynamique. Toutefois, pour un RIS spé-
cifique modelant le petit systéme et les sondes par des systémes a 2 niveaux intéragissants dans
I'approximation rotating wave, la borne de Landauer est saturée adiabatiquement. Dans ce tra-
vail, nous formulons et démontrons aussi un théoréme adiabatique discret et non-unitaire pour

usage dans les RIS.

Abstract.

Landauer’s Principle states that there is a lower bound on the energy required to change the
state of a small system from an initial state to a final state by interacting with a thermodynamic
reservoir; of particular interest is when the bound is saturated and the minimal energy cost
obtained for a given state transformation. We investigate Landauer’s Principle in the context
of repeated interaction systems (RIS), a class of physical systems in which a small system of
interest interacts with a sequence of thermal probes. In particular, we show that for RIS, Lan-
dauer’s bound is not saturated generically in the adiabatic limit, in which time evolution can be
thought of as proceeding infinitely slowly, in contrast to the case of the interaction of a system
and a single thermodynamic reservoir. However, for a specific RIS which models the small sys-
tem and the probes as 2-level systems interacting via a dipole interaction in the rotating wave
approximation, Landauer’s bound is saturated adiabatically. In this work, we also formulate and

prove a discrete non-unitary adiabatic theorem to use for RIS.
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Introduction

WE amm to investigate Landauer’s Principle in the context of finite-dimensional repeated inter-
action systems, a class of quantum systems with several amenable properties. Briefly, repeated
interaction systems consist of a system of interest interacting with a chain of probes, one probe
at a time. This work is based on the preprint [HJPR15]; my coauthors Alain Joye, Yan Pautrat,
and Renaud Raquépas are responsible for most of the ideas, their mathematical formulation,
and their proof. In fact, this document does not prove many of the results of the important
small coupling limit section of that preprint. However, this report presents more details in the
proofs and hopefully provides more intuition for the ideas. We’ll use finite-dimensional pertur-
bation theory extensively, as formulated in chapters 1 and 2 of Tosio Kato’s Perturbation Theory
for Linear Operators [Kat76].

We'll first discuss the context of this work, by introducing Landauer’s Principle in sec-
tion 1.1, adiabatic theorems in section 1.2, and repeated interaction systems in section 1.3.
With this background, we’re ready to formulate Landauer’s Principle for repeated interaction
systems in the adiabatic limit in section 2.1. With definitions in hand, we will proceed to our
first attempts to look for the saturation of Landauer’s bound in section 2.2. Our partial success
there will lead us to develop two tools: a discrete non-unitary adiabatic theorem (chapter 3),
and a perturbation result for the relative entropy function (chapter 4). Both seem to be novel,
although the methods and tools used to prove them are standard. Empowered by these results,
we will develop a criterion to check for the adiabatic saturation of Landauer’s bound at each
step of a repeated interaction system in section 5.1, and return to our initial explorations in sec-
tion 5.3. We will also discuss the small coupling limit in section 5.4, and apply those results to

an example system in section 6.1.



1
The setting

In order to describe Landauer’s principle for repeated interaction systems, we need to under-
stand both. We will have reason to suspect that Landauer’s principle in an adiabatically evolv-
ing system is of particular interest, so we will introduce the adiabatic limit here as well. These
well-trod grounds are included here to establish notation, highlight relevant features, and pro-

vide a unified exposition.

1.1 Landauer’s Principle

LANDAUER’S PRINCIPLE states that there is a minimal ener- See [Lan61] for Rolf Landauer’s
getic cost for a state transformation p' — pf on a system S via original description.
the action of a thermal reservoir € at temperature (kg)~'. In kg ~ 1.38 x 10723 Joules per

Kelvin is Boltzmann’s constant.

particular, if ASs is the change of entropy of the system S,
and AQ)¢ is the change in energy of the reservoir &, then

AQg > BTASs. (1.1)

This principle has generated interest since its inception in
1961; see [RW 14, Section I] for a recent summary. Firs,

the bound has allusions to practicality: perhaps the energy
efficiency of our computers will be limited. For changing the
state of a classical or quantum bit however, the bound is at

most

AQg > kp-Tlog2 = (9.6 x 107*J/K)-T



8 LANDAUER’S PRINCIPLE IN REPEATED INTERACTION SYSTEMS

which is extremely small for reasonable temperatures T’ yet,
modern processors are within several orders of magnitude
of this limit, as shown to the right in ﬁg. 1.1. Moreover, in
1973 Bennett showed that any Turing machine program
may be implemented in a reversible manner [Ben73], so that
ASs = 0. Reversible computing is an area of considerable
practical interest and continuing theoretical work [Vos10;
Jeal 5].

More fundamentally, Landauer’s bound is a direct rela-
tionship between energy and information (entropy). In fact,

Landauer’s principle follows from the entropy balance equation

where o is the entropy production.

WE wiLL DEFINE o and prove eq. (1.2), in a finite dimen-
sional quantum unitary setup, following [RW14] and [JP14,
Section 2]. We assume the system S is described by a finite
dimensional Hilbert space Hs, with self-adjoint Hamiltonian
hs. The initial state on the system is given by a density ma-
trix! p'. Likewise, we assume the environment is described
by a finite dimensional Hilbert space H¢ with self-adjoint

Hamiltonian hg, and initial state

51 _ exp(—fhe)
Tr(exp(—phe))

(1.3)

the Gibbs state? at temperature 3~'. The system and envi-
ronment start uncoupled, so the joint initial state is p' ® &'.
The evolution of the joint system is given by a unitary opera-
tor U € B(Hs®™M¢), leading to the final joint state Up' @& U™
We decouple the systems, yielding

pf:Tl"g(Upi®fiU*), gf:TrS(Upl®€lU*)

as the final state on the system, environment, respectively.

Switching energy (fJ)

1 10 100 1000

Gate length (nm)

Figure 1.1: Energy cost of chang-
ing state for modern silicon tran-
sistors, as compared to a theo-
retical minimum for classical bits
encoded in electron charge at
room temperature ([CZH+06]).
Figure reproduced from [Pop10,
Figure 1(a)].

From now on, we will use natural
units so that kg = h = 1, and
describe temperature in terms of
B, where g7t =T.

! non—negative trace-one operator
on 7'[3

2 Gibbs states on & are invariant
under the free dynamics hg; in
this finite dimensional context,
they are uniquely so. They thus
have the interpretation of thermal
equilibrium states.
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We identify two quantities of interest during this process:
ASs, the change of entropy of the system of interest, and

AQg, the change of energy of the environment, defined as Note the sign convention.
ASs:=S(p") = S(p), AQgs := Tr(heth) — Tr(hed),

where S(p) := —Trplog p is the von Neumann entropy.
Recall the relative entropy S(n|v) = Tr(nlogn — logv)) of
two faithful states n and v has S(n|r) > 0 with equality if

and only if n = v. With this function, we define the entropy See [JOPP12, Sections 2.5-2.6]
production for a review of entropy functions
o= SUp @& U*|pf ® €. (1.4) in ﬁnlte‘dlmensmnal quantum
mechanics.

We may proceed to derive eq. (1.2), simply by expanding o:

o=-S(Up @&U") —Tr (Up' @ U (log pf @ 1d)) — Tr (Up' @ €U* (Id @ log £))
= —S(p ® &) + 5(p) — Tr(¢"log &)
= —=S(p') = S(€) + S(p) — Tr(¢"log &)
= —ASs + BAQ:.

For a more detailed derivation, consult appendix B.

WE MAY INTERPRET eq. (1.2) as a microscopic Clausius formulation of the Second Law of
Thermodynamics [BHN+15]. More specifically, we may interpret SAQs = ff% = AGflausius

as the Clausius entropy change of the environment. Then, with a minus sign to account for

our sign convention, Asglausius = —ASg, and the Second Law is
A Clausius A Clausius __ d :
Se + ASg = entropy production > 0.

In this language then, o serves as the entropy production. The classical Second Law, however,
is a statement about macroscopic quantities obtained from the behavior of > 10?* particles.
Within the theory of quantum mechanics and our assumptions, however, the balance equation

eq. (1.2) is exact on a microscopic level.

WE ARE INTERESTED in the case of equality: when is 0 = 0? In fact, in this finite dimen-
sional framework, only in the case ASs = AQ¢ = 0. In nontrivial cases, tighter bounds exist
[RW14].
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1.2 The adiabatic limit

LET US CONSIDER a finite dimensional quantum system described by a Hilbert space H with
dimH < oo, and for each time s € [0, 1], a self-adjoint Hamiltonian h(s) € B(H). Time

evolution is governed by the solution to the Schrodinger equation

d

igU(s) = h(s)U(s), s € [0,1], with U(0) = Id.

The adiabatic limit concerns the evolution of the rescaled Schrédinger equation

id—dtUT(t) = h(t/T)Ur(t), t € [0,T], with Uz(0) = 1d (1.5)
in the limit 7' — oco. The adiabatic parameter T' corresponds to a physical time scale over which
the process takes place; the limit 7 — oo corresponds to the process being “infinitely slow”, or
quast static.

Adiabatic theorems generally correspond to assumptions which can be made on h(s) and
H to guarantee properties of the solution Uz (¢). In particular, often assumptions are chosen so
that Uy (t) approximately transports states starting in an eigenspace of h(0) to the states in the
corresponding eigenspace of h(t/T), as demonstrated in the following result due to Tosio Kato

[Kat50].

Theorem 1.1 (Kato, 1950). Let e(s) be an eigenvalue of h(s) separated from the rest of spectrum of
h(s) by a gap. Let P(s) be its projection onto the associated eigenspace. Assume that e(s) and P(s) are
continuous functions of s € [0, 1], and that % and % are piecewise continuous. Then there exists a

unitary operators W (t) for t € [0, T such that
W(t)P(0) = P(t/T)W(t) (1.6)
t/T
<UT(t) —exp (- Z'T/ e(s) ds)W(t))P(O) = O(T™"), uniformly int € [0,T). (1.7)
0
The condition (1.6) is an internwining relation; if a state  begins in the P(0) subspace (that is,

P(0)n = n), then
W(t)n=W()P(0)n = P(t/T)W(t)n

lies in the P(¢/T) subspace at time ¢. Equation (1.7) then has the interpretation that Ur(t)
acting on the P(0) subspace is approximated up to an error of O(1/T') by the operator W (t)
when augmented by the dynamical phase factor exp ( — iT fOt/T e(s) ds). This makes precise
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the notion that Uy (t) approximately transports states from an eigenspace of h(0) to the corre-
sponding eigenspace of h(t/T).

IN THE CONTEXT OF THIS WORK, a natural application of an adiabatic theorem is to the setup

of Landauer’s Principle in section 1.1. Given a self-adjoint time-dependent Hamiltonian
[0,1] 5 s+ h(s) € B(Hs ® He)

for the system and environment together, we may define Ur(t) the adiabatic time evolution
operator as the solution to eq. (1.5). By choosing the time evolution unitary U of section 1.1 to
be Uy = Up(1), we obtain Landauer’s Principle in an adiabatic setup: Just as before, we obtain
the change in entropy of the system, ASs 7, change in energy of the environment, AQ¢ 7, and

entropy production o, related by the balance equation

ASsr + or = BAQ¢g 1,

where we have explicitly written the T-dependence inherited from Ur.

In [JP14], the authors formulate Landauer’s Principle in a setup where the environment is
described by an infinite-dimensional reservoir. They derive a balance equation analogous to
eq. (1.2). With an ergodicity assumption to ensure the system and environments interaction
mixes thoroughly enough and the Avron-Elgart adiabatic theorem, they show that o — 0 as

T — oo. In this case then, Landauer’s bound is saturated in the adiabatic limit.

1.3 Repeated interaction systems (RIS)

A REPEATED INTERACTION sYSTEM (RIS) consists of a system of interest S which is coupled to
a sequence (or chain) of probes {€,}3 ;. The system S interacts with each probe, one at a time,
for some duration 7. Each probe is discarded after it interacts with the system; mathematically,
this is modeled by tracing out the probe. This is a type of open quantum system which has the
advantage of a simple mathematical model while being relevant to experiments in quantum
optics. For a recent review, see [B]M14].

In an RIS, the system S has an associated Hilbert space Hs, and self-adjoint Hamiltonian
hs € B(Hs). Each probe & is described by a Hilbert space H¢, with self-adjoint Hamiltonian
he, € B(He,). We will assume each probe’s Hilbert space is identical: He, = He. Additionally,
for this work we assume dim Hs < oo and dim He < oo. We specify the state of the kth probe
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&), to be the Gibbs state at inverse temperature f;:

i eXp(_ﬁkhgk)
S = Tr(exp(—fBrhe,)) (1.8)

The system S begins in an initial state p'. Then the system couples to the first probe &, yield-
ing an initial joint state p' ® &}. The coupling is described by a self-adjoint potential vy €
B(Hs ® He) and coupling constant Ay > 0. The joint state is evolved to time 7 by

Up = exp(—ito(hs ® Id + Id ® hg, + Aovo)).

Then the joint state of S + & at the end of their interaction is Uy(p' ® &))U. We trace out &,

to obtain the final state on the system

P1 = TrHs(UO(pi ® £(1J>U(T>

This state is then the initial state of the system for its interaction with &. Now, assume the
system is in state pj,_; after interacting with the first £ — 1 probes. Then the kth probe is in the
state &}, and the joint step at the start of the kth interaction is py_; ® &.. Time evolution to the
end of the step is governed by

Ui = exp (—iTk(hS RKId+Id® hgk + )\kvk)) (19)

for Ay > 0 and vy € B(Hs ® He). This yields the joint state Uypr—1 @ &,U;: and hence the state
of the system after interacting with the kth probe is p, = Try, (Urpr—1 @ ELUS). This process is
depicted in fig. 1.2.

Ek—a, he, Ervas hey N Figure 1.2: A s.cheman.c indicat-
ing a repeated interaction system

: 1, heg, Eri1, h
(\ //‘ /”\/ - &, hey, PG at the begiknining of the kth step,

. 1
attime ) " _ | Tp.
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This process defines a family of maps {£}1 on Z;(Hs), the trace-class operators on Hs.
Since dim Hs < o0, Z;(Hs) = B(Hs), i.e. every operator is trace class. The notation is used
here to convey that spiritually, £ acts on states, not observables; additionally, we will equip

T, (Hs) with the trace norm, and B(Hs) with the uniform norm. We define

Lr: Thi(Hs) — Ti(Hs)

, 1.10
n = Tre (Un(n @ &)U;). (1.10)

These maps are called the reduced dynamics. Then the state of the system after step k is
pr = LiLy1-- Lap'.

This is a Markovian form for the sequence of states of the system (py);. Thus, when consid-

ering the state of the system at times (3%

n=1

7.)1 the exact state of the system is described by
a Markovian process, which is determined by hs, he, , vi, Ak, 7k, and the initial state &}, of the
probe.

Often, open quantum systems, which consist of a system of interest interacting with an en-
vironment (in this case, the chain of probes), can only be approximated by Markovian dy-
namics, and are only precisely described by Hamiltonian dynamics. Here, the two approaches

coincide at the times of interest, namely at the end of each step.

Remark. We will assume without loss of generality that the coupling A, = A > 0 is constant.
We will consider the small coupling limit (which involves A — 0) in section 5.4. Additionally,

we will assume the interaction durations 7, = 7 > 0 are constant.

The maps L, are completely positive and trace preserving (CPTP). Let us equip Z; (Hs)
with the trace norm ||5||; = Tr || = Tr/7*n. Denote ||Ly|| = supy,,=1 | £x (1)1 its uniform
norm as an operator on Z;(Hs). Then Ly, is a contraction. In fact, we may prove this only
using that the £, are CPTP.

Proposition 1.2. Let H be a Hilbert space and L = (Zy(H), || - ||1) — (Zi(H), || - l1) be a CPTP
map. Then ||L|| = supy,, <1 [IL(n)lly = 1, ie. L is a contraction.

Remark. For the initiated: this proof is simply an application of the Russo-Dye theorem.

Proof. Recall that the topological dual of trace class operators is the set of bounded operators:
(Zi(H), ] - [l1)* = (B(H), ]l - ||) [RS81, Theorem VI.26], where [|A|| = supcy, i<t 4]l In
this duality, we identify A € B(H) with the map 1 — Tr(nA). Then we have the Banach space
adjoint of L,

LY (T(H) - )" = (@(H) - )
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so that for all A € (Z;(H), || - |l1)* and n € (Zy(H), || - ||1), we have
Tr(AL(n)) = A(L(n)) = L*(A)(n) = Tr(L*(A)n)

where on the far left and far right we have recalled our identification (Z;(H), ||-|1)* = (B(H), ||-

). If we take A = Id, then using that L is trace preserving, we have
Tr(n) = Tr(L(n)) = Tr(L*(1d)n).

Since the map A — Tr(A-) is an isometric isomorphism of B(H) — (Z1(H),]| - |[1)* and Id

satisfies Tr(Id - ) = Tr(n) for all € Z;(H), we must have that L*(Id) = Id, and thus L* is

unital. This map is also completely positive, as we can see from the following argument.
Letn e N.If A € B(H ® C") has A > 0, then for all n € Z;(H @ C"),

(L7 @ 1d,)(A)(n) = Te((L" @ 1d,)(A)n) = Te(A(L @ 1d,)(n))-

Let us choose n = |¢) (| = (¢,-) ¢ for » € H @ C™. Then 7 is a rank one projection and
positive semi-definite. Then

(¥, (" @1d)(A)y) = Tr((L" @ Idn)(A)n) = Tr(A(L @ 1d,)(n))
= Tr(A"2[(L ® Id,) ()] V*[(L @ 1d,) ()] /2 AY?)
= Te(([(L ® Id,) ()2 AY?) [(L @ 1d,) ()] /2 AY?) > 0

where we have used that L is completely positive map, so that L ® Id,(n) is positive semi-
definite, and the fact that positive semi-definite operators admit positive semi-definite square
roots. Thus, L* : (B(H), || - ||) = (B(H), || - ||) is completely positive.

Since (B(H), | - ||) is a C*-algebra, we may apply the Russo-Dye theorem [RD66, Corollary
1] to conclude that because L* is a positive unital map, we must have ||L*|| = 1. But since the
mapping ' — T* of operators to their Banach space adjoints is an isometric isomorphism
[RS81, Theorem VI.2], we have ||L|| = || L*]| = 1.

Remark. This proof also shows us that 1 € sp(L*) = sp(L). Thus, 1 is an eigenvalue of Lj.

On the other hand, if we equip Z;(Hs) with the Hilbert Schmidt norm || - || induced by
the inner product (A4, B) — Tr(A*B), we do not in general have that £, is a contraction. In
fact, £, being a contraction in the uniform norm induced by || - ||5 is equivalent to £, (Id) =
Id [PWPRO6]. Additionally, since Ly is positive, Lx(n)* = Li(n*) ([JOPP12, Ch. 2]) and
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consequently sp(Ly) = sp(Ly), i.e., the spectrum of £, is symmetric about the real axis.

131 An example

BEFORE MOVING ON, let us consider an example, the simplest non-trivial RIS. We will return
to this example throughout this report. In this case, both the system and probes are 2-level
systems, s0 Hs = Hg, = He = C*. We choose Hamiltonians hs = Ea*a and hg, = he = Egb*b
where a/a*, respectively b/b* are the annihilation/creation operators for S, resp. £. That is,

choosing the basis (ground state, excited state), we have

1
a=b= 0 , a*=b"= 00 , a*a =b"b = 00 .
0 0 10 01

We will consider two choices of potential; in either case, we will take the potential to be the

same for each interaction. The full dipole interaction is given by
1 * * 1 * * * *
VFD = i(a +a)® (b +0b) = §(a®b+a Rb+a®@b" +a"®0b).

If we drop the two “counter-rotating” terms a* ® b* and a ® b, we obtain the rotating wave

approxzmatzon

1
Urw = §(a*®b+a®b*).

This is a common approximation in the regime |E — Ey| < min{E, Ey} and A < |Ey|. This

potential has the property that it commutes with the total number operator
Nee = a*a ®@1d + Id ® b*b.

This can be checked by hand, although by inspection we have the physical interpretation that
either a quanta of particle is created on the system and annihilated on the probe or vice-versa,
so the total number of quanta is preserved.

In these examples then, the only parameter which will change from probe to probe is the in-
verse temperature (. In the rotating wave case, we may compute L, (as defined in eq. (1.10))
by diagonalizing h using [h, Ny = 0. The results of this are shown in Example 2.4 of [BJM14].
Computationally the full dipole case is much more complicated. However, using Mathematica

to perform the symbolic manipulation, we may compute matrix representations of Ly, in either
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case (see [Han16] for the code). We identify Z;(Hs) = Matayo(C) = C* via

a

a b b
—

c d c

where the basis of the matrices is (ground state, excited state) basis from earlier. Then we ob-

tain LYY (L, when v}, = vry) to be

eP0Pr \2(cos(v1)—1)

% +1 0 0 2(14eP0Pk )u2
0 Q@ 0 0
0 0 B 0
AZsin?(Lv7) 0 0 202 4eP0Pk (202422 cos(v7) )
(1+eF0Pr )2 2(1+eP0Pk )12 ,

where

ef%i(EoJrEJru)T ((_1 + eivr) EO T E + ez‘yr (l/ _ E) + I/)

Q= o s
ﬁ o 6—%i(—E0—E+V)T (_eil/TEO + EO — E + eiur (E + l/) + V)
T 2v ’

and v = \/(Ey — E)? + A2 > 0. We also find in the case v, = vep,

0Pk (2(E0+E)22+*2+*2 cos(n7)) N 2(E0*E)2+A§+A2 cos(v7) A (_ 2¢= 0Pk Acos(nT)=1) _ 2A(cos(gr)—1))
v
7 2(1+6EU[5)@) = 0 0 "4(1+€_E0[§k)
LZD _ 2 c g
A(7 2A(cu%'§nT)71) _2.-FoBk );(;os(uf)fl) ) «—EoBy (2(E0+E)z+>\2+>\2 cos(n7)) N 2<E07E)2+A§+A2 cos(vT)
0o o0 ul v

4(1+e*E05k) 2(1+e’EOBk)

where
(L?]COb(%)‘F(EU‘FE)Sill(%))((EofE) ﬁin(%)ﬂ'ucus(%)) A2 sin(%) siu(%
\/Eé+2(>\2—E2)E3+(E2+)\2)2 \/Eé+2(/\2—E2)E3+<E2+/\2)2
c= v
A2 sin(T‘r) sin(%) 67%“JT(7ei”TE0+E07E+u+eiVT(E+V)> ('r] cos(%)%»i(EO‘FE) sin(%))
\/Eg+2(/\2—E2)Eg+(E2+A2)2 2y/n202
b

and n = \/(E + Ep)? + A\2. We include these matrix representations here for completeness and
concreteness. This explicit form for the reduced dynamics of this repeated interaction system

with the full dipole interaction is probably novel; perhaps it might be of use to others.
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Rising action

In section 2.1, we will tie together Landauer’s Principle, adiabatic limits, and repeated inter-
action systems. From there, we will attempt to consider two simple systems of interest in sec-

tion 2.2. This investigation will motivate the tools and results of the rest of this report.

2.1  Formulation of Landauer’s Principle for repeated interaction systems

WE HAVE THREE subjects to reconcile. First, we’ll discuss Landauer’s bound in an RIS con-
text. Then, motivated by saturation of Landauer’s bound, we’ll interpret the adiabatic limit of
repeated interaction systems.

During each step, an RIS obeys unitary time evolution in exactly the same setup as that of
Landauer’s Principle (at least, as formulated in section 1.1). Thus, we may define at each step

the change in entropy of the system
ASsk = S(pr-1) = S(pk),
and the change of energy of the probe
AQe i = Te(he, &) — Te(he, &),

where & = Try (Urpr_1 ® &,U;) is the final state of the kth probe. As before, these quantities

are related by the balance equation

ASsk + 0k = BrAQs k, (2.1)
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where oy, is the entropy production defined as

or = S (Un(pr-1 ® &)U Li(pr-1) © &)

Note o, > 0. If consider T steps, we may sum over k to obtain

T T T
Y ASsk+ > on=>_ BAQk
k=1 k=1 k=1

Since oj, > 0 for each k, we have

T T
D AS <D BAQ:
k=1 k=1

which is Landauer’s bound in an RIS setup. In particular, we are interested in the case of equal-

. . T .
ity, which occurs when >, _, o4 = 0. Since each o4, > 0, we must then have o, = 0.

LET Us NOTE here that alternatively, we could describe this process in the large Hilbert space
of the entire chain up to step 7" along with the small system. On this space, time evolution at
step k is given by

_ ,—iTihe —iTg—1hey _ —iTpt1he —itrhe
U.=c¢ 1®---Re -1 QU Re LR Qe T

that is, the free evolution on each &; for j # k, and unitary evolution according to Uy, as de-

fined in eq. (1.9), omitting tensor products with the identity operator. Then
Utot = ﬁTUTfl T Ul
is the joint time evolution operator from the first step to the end of step 7'. Define

‘Ctot(p) = Tr51,52,~~-,5T (UtOt(p ® §51,-..,5T)U;>t)

where &, g, =& ® & ® -+ ® &, Then we have

T
N 01 = S(Uraelp @ Eey..0) Uil Lel(9) © 1)
k=1

by direct computation. In this way, we may delay tracing out the probes until the end of the
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process. If we consider our system and chain of probes interacting through the unitary opera-

tor U, the final state of the system is

1- i
PTStep = Lioc(p') = pr

where we use the 1-step superscript to indicate we are considering time evolution by Uy, and

are tracing out the probes at the end. Since the change entropies

T
ASS™ = S(p') = S(py"F) =D A8,
k=1

telescope, we may sum the balance equation eq. (2.1) to obtain

T
AS‘]S‘_Step + 0_1—step — Z ﬁkAQg,kn
k=1
defining

gl—step — S(Umt(Pi ® 6517_._75T)U£t|£t0t(pi) & §81,...,€T) = Z Jk.

Thus, we may model the process as occurring via unitary time evolution. This is a concrete
manifestation of an idea described well by Michael Wolf [Wol12, p. 7]:

[T]he division of a physical process into preparation and measurement is ambiguous. .. but,

fortunately, in the case of quantum mechanics predictions do not depend on this choice.

One may wonder then why the considerations of RIS here differ from those of Landauer’s
Principle in the case of a small system interacting with an infinitely extended thermal reservoir
via unitary time evolution, as remarked on at the end of section 1.2 ([JP14]). The key differ-

ences here are the state of the chain

106 - ®&r

which in general is nor a KMS state for the probes’ free Hamiltonian at a single temperature 3,

and the specific unitary dynamics
Utot - lijk—l T Ul

which reflect that the chain interacts with the system one probe at a time. Since this operator

depends on the properties of the first 7" environments, it is not clear how to control its spectral
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properties as 7" — oo in order to apply an adiabatic theorem. Instead, it is more natural to use

the special structure of the RIS system and model the system’s evolution by the operators Ly.

NEexT, WE WisH to formulate an adiabatic limit of an RIS. At each step, could replace Uy, with
the solution to the rescaled Schrédinger’s equation corresponding to the Hamiltonian hs +

he, + Avy. This would consider the RIS to be a sequence of essentially unrelated adiabatic
processes, each step of which proceeds infinitely slowly and takes infinite time. There is little
to say here; each step simply consists of the well-studied adiabatic time evolution of a small
system interacting with a thermal reservoir. In particular, Landauer’s principle in this context is
thoroughly understood [JP14].

Instead, we’ll try to formulate an adiabatic process natural to RIS. Given
[0,1] 5 s+ he(s), [0,1] 5 s — B(s), 0,1] 5 s v(s)

C? functions, we’ll define an RIS process with respect to a (fixed, large) adiabatic parameter T
by sampling:

k

he pr = hg(,f>, Bor = 5(%) Vet = U(%) k=12 ..T (ADRIS)

In this setup, the chain consists of 7" probes. Thus, for each T, we have an RIS consisting of a
system S (with Hilbert space H.s), a chain of probes {&}7_, (with identical associated Hilbert
spaces He, = He), and parameters {he .7, Bi.r, vk} chosen according to (ADRIS), as well
as fixed parameters {hs, 7, A, p'}. That an RIS is of this form will be known as the assumption
(ADRIS), short for adiabatic RIS. The limit T — oo is a double limit: we consider interac-
tions with 7" probes, whose parameters from step to step change by O(1/T') by the mean value
theorem. We require the functions he(s), 5(s), v(s) to be C* instead of C* so that the second

differences, e.g.

(Br+1,0 — Brr) — (Ber — Be—11),

are O(T?). We will use this assumption in section 3.2 to apply a discrete time non-unitary
adiabatic theorem to RIS. Since the Hamiltonians of the probes, the temperatures of the probes,
and the interaction Hamiltonians each depend on T, the change in entropy ASs . 1 of the sys-
tem at each step, the change in energy AQg¢ ;1 of each probe, and the entropy production oy, 7
each depend on 7. We again have the balance equation eq. (2.1) at each step, but now each

parameter depends on T":
ASspr + orr = BrrAQs k1. (2.2)
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We are interested in

Ok, T -= S(U/mT(pkfl,T ® 52,T)U;,T’£k,T(Pk71,T) ® flie,T) (2-3)

and in particular, the limit 7 — oo of o2 := Y21, 0. 7.

NOTE THAT COMPUTATIONALLY the step-wise structure of the RIS only comes to play in

the sum o = ZZZI oyt and in computing the state of the system at a given step. At the
level of an individual step of the RIS process however, the parameters are constant or sam-
pled at a single point from a C? function; thus, regarding oy, r as a function of the parameters
{hs, 7, \, p', he, 1, Brr, vk} We can substitute the k, T’ dependence for s dependence, and con-
sider o(s). In this language, 0% = 3°}_, o(k/T). Likewise, we may consider £(s) instead of
Ly 7, or other quantities which depend on & and 7" via k/T only. We should be clear that the
functional notation £(s) does not reflect a continuity of the underlying physical process; sim-
ply, for each s we have a choice of parameters from which we can generate a step of an RIS

process with corresponding reduced dynamics £(s).

22 A ﬁrst attempt

REcALL OUR EXAMPLE from section 1.3.1, with v = wvpw. Since Hs = He = C?, we may
interpret the system and each probe as being a qubit (2-level quantum system).
Can we determine o 7? Given a step k, we know all the parameters to generate Uy r and

compute Ly 7. But for some large &, we have the task of determining
Prk—1,T = ﬁk—l,Tﬁk—Q,T e '£1,TP1-

Given the matrix representation from section 1.3.1, theoretically we could compute this state
for any fixed step k, but we have little hope of a closed form. This motivates a consideration of
the spectral properties of £, . From our computation of a matrix form of £, in section 1.3.1,
we may compute the eigenvalues and eigenstates (see [Han16] for the code). We obtain for

eigenvalues 6', 6%, 6°,
Lir(a) = 0'a, Lyr(a*) = 6%a*, Lipr(Id — 2a*a) = 6*(Id — 2a*a)

as well as the eigenvalue one: Ly, 7 (ps: ) = pg: . where pg: is the Gibbs state at inverse tem-
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perature 3f ;- := £23; 7, namely

exp(—f; rhs)

. = , 2.4
= T lexp— i rhs)) 24
We have
91 B e—%ir(Eg—&-E—&-u) (EO (_1 + eiu‘r) + (V _ E)eiw- +FE+ V)
B v ’
g e~ 3iT(~Eo—E+v) (—Eo (=1 + eiz/T) + v+ E)eiw —E+v)
N v ’
o 2(Ey — E)* + M cos(vr) + N2

202 ’

where, as before, v = \/(E — Ep)? + 2. Note that these eigenvalues are independent of 3,
and thus of ¥ and 7. In fact, 2 is 0! after the substitutions £y — —Fy, £ — —E. Thus, 0* # 6?
unless 0* = f(E, Ey) for some even function of E and Ey; since we may write §' as a power
series in, say, £ with non-zero odd terms, this must enot be the case. Similarly, for all but a
countable set of parameters, ' and 6* have imaginary components, whereas for every choice of
parameters, 6? is real, and for v7 ¢ 277, is strictly less than one. We will assume these restric-

tions. Then Ly 7 has only simple eigenvalues, and we have that

, )2
max |67] < <1 - —Zsin2 E) =/(<1
Jj=12.3 v 2

Then we may write
3
Lir=P+) 0Q (2.5)
i—1
the Jordan form of £, 7, where Q" is the eigenprojection associated to 6°. Then, using QP =
PQ =" =0forj # j,
3
ko =P+ Z(9j>an-
=1

But since |07] < ¢ < 1 the terms in the sum vanish exponentially fast. Thus, we see repeated
applications of £y, 1 to a state will drive it exponentially quickly towards the invariant state
ps: .- We will return to this particular property in section 5.3.1.

This gives a hint to a possible approach to computing oy, 7: since we assume successive probes
are close together (in some parameter space, at least), perhaps £y 7Ly—1 1 - L1 7 acts similar to

T Then we might expect py_1,17 ~ prr ~ [ Since oy only depends on parameters at
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step k and on py_1 1, we would then have that o 7 approximately only depends on the param-
eters at step k. In this case, we could compute oy, 1 as a function of T, \, 7, E, Ey and S, 7, and

see if oy, — 0, and if so, how quickly.

Remark. For those disappointed with the use of the rotating wave approximation, rest assured
that its use here was not at all essential; with a different choice of ¢ < 1 and a different (count-
able) set of excluded parameters, we would recover the same exponential driving towards the
(different) invariant state when considering, say, the full dipole interaction. In fact if we as-
sume only that £ is some reduced dynamics with a unique invariant state which is the only

eigenvalue on the unit circle, then we may write

L=P+> 0Q)+ D
J
where P is the projection onto the invariant state, the 67 are the other eigenvalues, @ their

eigenprojections, and D7 their eigennilpotents, in the language of [Kat76, Section 1.5.4]. Set

dim Hs = d; since there are at most d* eigenvalues of £, the sum is finite. Then, using Q'P =

ij — QJQJ" — DJQJ" — Qij’ =0 forj £ 4,

;{T_P+Z 0°Q7 + DI)" P+ZZ( ) (67 (D y™

7j=1 m=0

by the binomial theorem. Since the D7 are nilpotent operators on C*, they have degree at

most d?, so for n > d?,

e 33 (M) e

j m=0

Since () < ein® and (67)"™™ < ¢y(max; [67])"¢ for constants c1, ¢, > 0 and large n, the at
most d* terms in the sums tend to zero exponentially fast (since max; |¢7| < 1). Thus, even in
a fairly general case, iterating a single choice of £ r provides a strong control on the resulting
state, just as with the example system with the RW approximation. For further discussion, see
[BJM14, Section 3].

We will return to both the full dipole interaction example and the rotating wave example,
and in fact compute the entropy production oy 7 in each case (to some kind of leading order).

See section 5.3 for the rotating wave case, and section 6.1 for the full dipole interaction.
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Turning point: An adiabatic theorem

To proceed past the explorations of the section 2.2, we would like a way to approximate the
entropy production at each step by a quantity which only depends on the parameters at that
step, and not all of the steps before it. The entropy production

orr = S(Ukrpr-17® f}g,T Usrlprr ® 3

depends both on the parameters at step k and on py_17 = Ly_17 - Lorp'. We will thus first
try to approximate pj_; 7 by a state depending on only the parameters at step k, and then learn
how to propagate this uncertainty through the relative entropy function. In this chapter, we’ll
formulate a discrete time non-unitary adiabatic theorem in section 3.1, and then apply the
theorem to repeated interaction systems in section 3.2. In chapter 4, we will apply perturbation
theory to the relative entropy function to find a leading order term, and then in chapter 6 put

these results together to compute the entropy production of repeated interaction systems.

3.1 Discrete non-unitary adiabatic theorem (DNUAT)

OUR SETTING WILL BE a finite-dimensional Banach space X, with a norm || - ||. We consider

an operator-valued function

[0,1] 5 s — L(s) € B(X).

Remark. We do not assume here that £(s) is the reduced dynamics of an RIS, nor an underly-
ing Hilbert space structure.

Here and in what follows, we say a function f on [0,1] is C* on [0, 1] if f is continuous on
[0, 1], twice continuously differentiable on (0, 1), and lim, o f'(s), limgq f/(s), limgyo f”(s) and

limgyy f”(s) exist and are finite.
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We consider the following hypotheses:
H1. For each s € [0,1], £(s) is a contraction, i.e. ||£(s)| < 1.
H2. There is a uniform gap € > 0 such that, for s € [0, 1] [¢/(s) — €'(s)| > 2e for any peripheral
eigenvalues €’ (s) # ¢'(s) insp L(s) N ST
H3. Let P/(s) be the spectral projector associated with e/(s) € sp L(s) N S', and P(s) =
>°; P(s) the peripheral spectral projector. The map s — LF(s) := L(s)P(s) is C* on [0, 1],

H4. There is a uniform bound on the strictly contracting part of L(s), i.e. if Q(s) := Id — P(s),

(= sup [£()Q(s)]| < L.

s€[0,1]

3.1.1  Implications of H1-H4.

LET Us sEe what we can get with these assumptions. First, we have a useful lemma.

Lemma 3.1. The peripheml eigenvalues of a contraction L on a ﬁnite—dimensional Banach space X

are semi-simple.

Proof. Write L it its Jordan canonical form, L = ", ¢; P, + D;, where each ¢; is an eigenvalue of
L, P, is the associated eigenprojection, and D; the associated nilpotent, summed from i = 1 to
dim X. Let m; = order D;, and m = max{m; : 1 < i < dim X}. Assume for some eigenvalue
e; with |e;] = 1 thatm; > 2, i.e., ¢; has an eigennilpotent. We wish to derive a contradiction,
implying D; = 0.

Note that for n > m, using D;P; = P;D; = 6;;D;, and P,P; = P;P, = §;;F;, a binomial

expansion yields

=33 (1) R

The plan of attack is to use that the binomial coefficient (}) becomes large, while ¢} stays on
the unit circle, and ||L"|| < ||L||" =

Now, since D] ~" # 0, for some vector v we have D" ~'v # 0. Let n € N large enough so
that n|| D™ 'v|| > || Dy "?v|| and n > m. Then, since L is a contraction,

> i (Z) el P DEDT Ty
j k=0

1D 20| > ||L" Dol = ‘
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Note P;P; = 0 implies P; D" v = P;P,D" *v = 0 for i # j, so we have

1D 0] >

> (})ernooor

k=0

But, by choice of m;, only two terms in the sum survive: k = 0 and k = 1:
1D 20| > ||er D" %0 + ne ' D M|
Then, by reverse triangle inequality and using |e;| = 1,
1Dl = [| Dol = n | Dol 2 n [ Do

By our choice of v, we have HDimi_lvH # 0, hence

for all n large enough. This is a contradiction to our choice of n; moreover, we could take
n — oo, while the LHS remains bounded. ]

Remark. We saw that the reduced dynamics for qubits with the RW approximation was simple
in eq. (2.5); this lemma shows that in general, the peripheral reduced dynamics £” is always
semi-simple. With this in hand, we may proceed to extend differentiability to the individual

eigenvalues and eigenprojections.

Lemma 3.2. Assume H1 to H4. Then the peripheral eigenvalues 7 (s) and eigenprojectors P?(s) of
LP(s) are C* as functions of s on [0,1].

Remark. The assumption H4 here may be weakened; see lemma 3.8.

Proof. By theorem A.9, the set of eigenvalues {e;(s)} is continuous in s. Since the peripheral
eigenvalues are isolated by assumption H2, we can parametrize them by continuous functions
s+ el(s).

Next, as shown in [Kat76], if an operator-valued function 7'(s) is differentiable and invert-
ible in a neighborhood of s, then 77! (s) is differentiable in that same neighborhood, and

gT(s)_l = —T(s)"'T"(s)T(s)~".
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Applying this to R”(s,z) := (2 — LT (s)) ™!, we obtain that s — R” (s, z) is twice differentiable
on any interval of [0, 1] on which z is not an eigenvalue of £”(s), using H3. Choose some
peripheral eigenvalue €/ (s) and fix s. From our gap and bound assumptions H2 and H4, there
exists a circle I'and 6 > 0 such that I" encircles €’ (s) for |s — so| < d, but stays a uniform
distance away from e¢;(s) for any ¢ # j. Then for any s in the above neighborhood of sy, the

spectral projector onto €’(s) is equal to

Pi(s) = ,—/FRP(S,Z) dz,

and the preceding discussion shows that P/(s) is C* on [0, 1].

Next, because €7 (s) is semi-simple (using H1 and lemma 3.1), we may write
L (s)PI(s) = e(s)P'(s).

Again, fix sq. Since P/(sg) # 0, in a matrix representation of P/(sg) in some fixed basis, some
matrix element a(s) must be nonzero at sg: a(sg) # 0. But since P/(s) is C?, s — af(s) is C?
and in particular continuous, so on a neighborhood of sy, a(s) # 0. Choosing the correspond-

ing matrix element b(s) of L”(s)PJ(s), we have

is C?. O

Remark. In particular, there exists ¢, > 0 such that for all s € [0, 1],

d2P(s)|| |d2%e(s)| [|[dP(s)|| |de(s)
< .
Hax <' ds? ||7| ds? ds ||’| ds ) = (-1)
and for some N € N, we have
Vse[0,1], dimP(s)=N (3.2)

by corollary A.4. Note by H2, N < min (2?”, dim X).
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Now, for T e Nand 0 < k < T, we set
Lyr = L(k/T), Pyr:= P(k/T), el = (k/T).
Let us suppress the subscript T for the rest of the section.

Lemma 3.3. Assume H1, H2 and H4 and let P} be the eigenprojector corresponding to a peripheral
cigenvalue €], of Ly and Py =Y, P]. Then

1. for each j, | Pl|| = 1, and || Py|| = 1, so that | P.Lk| < 1,

2. if in addition Ly, is CPTD, then both Py, and PyLy, are CPTP

Proof. Omit the subscript k. Using that £ is simple, we may write
&L = Z &e'P + & L9,

Then using P'P? = P7P" = §;;P', we compute the ergodic sum

M-1 o M—1
1 | 1l =1l (@eM 1 .
— Y @L)=P+—=) —— P+ (@)"(L" 3.3
37 L= P ) gy Pt @) (£9) (3.3)
n=0 i1#£j n=0
where we have used the geometric series Y_j—) % = =" for [r| < 1. The LHS is a contrac-
tion: Hﬁ S (Ej[,)”H < LSMVIL|™ < 1. The second term is of the form 4 times a

bounded function of M. For the third term, the spectral radius satisfies
lim [|(£9)"Y" =0 < 1
n—oo

so for € > 0 such that £ + 2¢ < 1, for some ng and n > nyg, ||(L2)"]| < (¢ + €)™ < 1. Since

|&7| = 1, we have the bound

LS @ywey| < | LS @reey| + LY @
_% nzzo(éf)”(c%n +%—1_é+6> = O(M™).

Hence, the third term vanishes with M as well. Thus, taking the norm of eq. (3.3), we obtain
| P?|| < 1. Since PV is a projection, || P?|| = ||(P?)?|| and || P?|| > 1.
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Next, we wish to show ||P|| = 1. let us write ¢/ = ™ for x; € R, j = 1,...,r. By Dirich-
let’s approximation theorem for each ¢ € R\ {0} there exists a set of integers {p1, ps, ..., p,}
and n, > ¢ in N such that |n,z; — p;| < é forall j =1,...,7. Then,

i\n 2np; 2w (ngrj—p;) 1 2
()" = el < U1+ (ngz; — pj) + 5 exp(C) (g5 — ps)°)

by Taylor’s theorem, where ¢ € (0, nyz;—p;); then exp(¢) < exp(1). Thus, (¢/)" = 1+0(1/q).
Then

Lr=> ()P + QL = L' =P +0(1/q) +QL".
J
Now, consider an increasing subsequence (74), of (n,),. Then as before for ¢ > 0 such that
{ + 2e < 1, we have for sufhiciently large ¢, [|QL"|| < (¢ + €)™ Thus,

17 — Pll = O(1/q) + (£ + €)™ — 0.

So lim,_,o, £ = P. Thus, similarly to before, since £ is a contraction, || P| = 1.

Lastly, if £ is CPTP, then £ is CPTP for each 7. Note that the composition of CPTP is
CPTP, because if at each step (complete) positivity is preserved and trace is preserved, then the
composite map preserves those properties. Then since L™ — P, by proposition A.10, P is
CPTP as well. Then the composition £” is CPTP. O

The arguments showing £% — P are from [Wol12]. We should also note that although
| P7|| = 1, these projectors may not be self-adjoint, since |- || is induced by a norm on a Banach

space, not a Hilbert space.

WE WILL PROCEED to state the main result of this chapter.

Theorem 3.4. If L(s) satisfies H1 to H4, then there exists constants Ty > 0 and C* > 0 depending
only on cp defined by eq. (3.1) and on N defined by eq. (3.2) such that for all T > Ty there exists two
family of maps (A r)k=1,. 7 and (A,TQT)k:l ¢ with uniform bounds

-----

Ch\~To/2
sup_max([| Azl ALz ]) < N(1 - —TI;) ’ (3.4)
k=0,...,T 0

.....
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satisfying

AZ:,T Arr = P, A ALT = Py,
Aer P = Plz,T Ak, AL,T Plg,T =P ALm AprQo = QOALT =0,

and such thal,‘for all k < T,

OP
I —App| < ——— + 20", 3.5
||£kz,T['k 1,T El,T k7TH = T(]_ - g) + ( )

Additionally,

CP

a0 (3.6)

|LraLirrLrix— Arnr — LEpLy 7o L] <
Remark. From the point of view of adiabatic approximations, eq. (3.5) is the central result of
this chapter: an approximation of adiabatically-stretched non-unitary time evolution from
time ¢t = 0 to some discrete time ¢ = k7 via an operator which intertwines with the spectral
projectors of the dynamics. While less satisfying, eq. (3.6) provides a useful description of the

20% error for later use.

We will prove this result in two steps: first by approximating the reduced dynamics Ly, 1 --- L1
by the peripheral reduced dynamics £ .- - - L]} in proposition 3.5. This is essentially a com-
binatorial result. Then we will approximate the peripheral dynamics by operators which in-
tertwine with the peripheral eigenprojectors in proposition 3.6; this is modeled on a uni-
tary discrete time adiabatic theorem by Tanaka [Tan11]. The construction of the families

(Agr)k=1.. 7 and (AL,T)k:l 1 is detailed in section 3.1.3.

.....

Remark. All statements of this chapter hold for X an infinite dimensional Banach space, as-
suming the peripheral eigenvalues ¢’(s) are isolated and the differentiability conditions are

understood in the norm sense. These assumptions imply that sup, dim P(s)X < +oc.

3.1.2  Approximation by peripheml dynamics

Proposition 3.5. If L(s) satisfies H1 to H4, then there exists a constant C* depending only on cp
deﬁned by eq. (3.1), such lhatfor any T > 1 and k < T,

P

HEk,TEk—LT e 'El,T - EkP,TEkP—l,T o 'ﬁf,TPO - EgTﬁg—LT o "C?,TQO” < T (3-7)

1-20)
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where we have deﬁned Ei = LyrP,r and EgT = Ly, 7Qn, . Moreover, we have the bound
HEkQ,T[’?—l,T o 'E?,TQOH < %k- (3-8)

Remark. Note first that eq. (3.7) implies that for some operator A with || A|| < %, and the

definitions
L:=LirLleagr - Lir, LY i=LppLl o LUpP, L9 = LE0LY 7o L97Qo,
we have
L=L"+1%+A.
Multiplying from the left and right by projectors P, or Q,,, for n = 0, k yields

207
T(1 =20y
CP
T(1—10)

ILkrLirr - LroPo— LipLliyq- - Lol < (3.10)
Equation (3.9) shows that there is little transition from the Qg subspace to the P, subspace un-
der the action of the reduced dynamics, nor from B, to Q,,, for any n,m € N. Moreover,

eq. (3.10) has the interpretation that the action of the reduced dynamics on an initial state in
the peripheral subspace is well approximated by the peripheral reduced dynamics. If the ini-
tial state is not in the peripheral subspace, then by eq. (3.8) we see the non-peripheral part is
exponentially suppressed, although nor vanishing in the limit 7 — oc.

Proof. We may rewrite eq. (3.7) as

CP
[(ramser = LELL o L) Po (LaLim - £ = LELE - £7) Q| < =5

Let us bound
(Lol Lo — LDLD |- LDV P, (3.11)

For each 0 < n < k, we write £, = L 4+ L£%. This yields 2* terms, corresponding to a choice
of L or LY for each 1 < n < k; since PoQy = Qo Py = 0, the choice for n = 0 must be Py. In
addition to the term EgﬁkQ_l e £?P0, we identify four forms, corresponding to starting with
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P/@ and to ending with P/Q:

(TT(TT <)~ (TT £ (TT £0) B 6.12

a€Ay beBy a€Ay beB1

CIT (I eDCTT ) CTT €D (TT £7) P, (3.13)

beBi+1 a€Ay beBy ac€Aq beB;
CIT c9C T 20 (CIT e (CII ) (T £9) A, (3.14)

a€Ad+1 bGBd+1 a€Asg beBo a€A;
CIT e (CIL e C IT 28) - (CTT e CIT 2 (I £2) P, (3.15)

beEBg+1 a€EAy beEBy_1 a€As be By acAq

where d > 1, and each A, and B, is a nonempty set of consecutive elements of {1, ..., k} such

that the {A,,, B,, },,.m are a partition of {1, ..., k}. The products are ordered as

_ rQ Q P ._ pP P
11 L£9:=r2 ... L3 ., I =zl 2.

ae{a0+1 ..... a0+t} bG{b0+1 ..... b0+t}

The partition {A,,, By, }n.m is also ordered in a particular sense: for eq. (3.12), for example,
max B, = min A4, — 1 for each 1 <n < d. The key fact is that for ¢ = 2¢p,

1 PnQnall < ¢/T, |@nPoall < ¢/T. (3.16)

This follows from ||P, — P,_1|| < ¢p/T by the mean value theorem and definition of ¢p
(eq. (3.1). Then, e.g., P,Qu-1 = (P, — Po-1)Qu—1, and [|Qu_1|| < IId — P, < 2.
We also have that

I T 21 < e, NIEAES

acAy, beBy,

using H4 and lemma 3.3. This norm bound along with the estimate ||Qo|| < 2 yields eq. (3.8).
Additionally, (| £ZLE |- LEPy|| < e*T—, and

1(3-12)]| < (¢/T)7" f2n el 1(3.13)|| < (¢/T)% (Xn 401
1@ 14)[| < (¢/T)>H" 2n e, 13.15)]| < (¢/T)2 214l

Thus, it remains to count the number of terms of each form; we’ll only consider the case (3.12)
as the others are very similar. The set of valid choices of d is {1, ..., | £]}. If we constrain
>, 1Au = a,thenweneeda > dand k — o > das ) |B,| = k — a. Given such an «
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and d, the only remaining freedom is in choice of |A;|...., |A4] and | By, ..., | B4|, since once
the cardinalities are chosen, the particular elements are determined by the ordering. There are
respectively ( ) and (k o 1) such choices. We may see this with the “stars and bars” argu-

ment: if we write the elements of | J, A,, as stars
K K K kK

then our task is to put d—1 bars between the stars and thus partition the elements into Ay,..., Ay

(since the ordering is fixed).

* koK ok | Kk
A Ay

There are v — 1 gaps between the stars of which we must choose d — 1 to place bars. Parti-
tioning J,, B, follows the same logic. Thus, the number of terms of form (3.12) at fixed d with

Zn\An|:aiS
a—1\/k—a—-1
d—1 d—1

241 .
and each such term has norm (%) 0« as estimated above. Thus, the sum of all terms of the

form (3.12) has norm at most

LSO
SR EGINC o7

e CE )
<t () D 1

We can expand the other forms (3.13) to (3.15) similarly, and obtain the same type of upper
bound. To bound
(LhLyr - Lo = LELE - L7)Qq

we may again substitute £, = L2 + £9 and obtain the term £ L} | -+ L Qo plus terms of the
forms (3.12) to (3.15) with P and @ interchanged. We note || LELL |-+ LT Qo|| < ¢/T and we
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may bound the terms of the other forms in the same way as above.
y y

Remark. We see that following this method of proof, we cannot obtain a better dependence on
T than 1/T. The expansion of eq. (3.11) via £,, = LF + LY yields terms

gg...ﬁgﬂgﬁ...gfpo

which have exactly one Q,,P,_; part yielding a 1/T factor. Moreover, there are k — 1 such
terms; since we may have k = T', the assumption ||[£?|| < ¢ < 1 is essential.

Additionally, the dependence on ¢ in eq. (3.18) will be important in section 5.4, but may not
be improved substantially. In fact, eq. (3.17) is bounded below by the term with d = 1, namely

< Zz;ll e« = d«;(—l—e_’zl), which has the essential features of the bound.

3.1.3 Approximation of peripheml dynamics

THE RESULTS of the previous section, namely proposition 3.5, motivates us to restrict our
attention to L 7 Lf | ;- -+ L1 Py. This operator is a product of contractions, each with all
eigenvalues on the unit circle.

In order to construct the families of operators (A r)x—o,.. 7 and (ALT) k—o,... 7, we will con-
struct several intermediate families. First, define (W r)x—o_. 1 and (VVkT 7)k=0,...7 by Wor =
Wi, = Pyr,and

~1/2

Wi, := Z Plg-&-l,TPIg,T (Id - (Plg-i-l,T - Plg,T)2) )

J

WII—}—LT = Z Plg,TPJgH,T (Id - (Pé;l,T - Plz,T)Q)

J

(3.19)

-1/2

Note for an operator R with spr R < 1, the operator (Id — R) is invertible, and its inverse is
positive definite, thus admitting a unique positive definite square root.

By lemma 3.2 and the mean value theorem, || P/ T P,iTH < £, so the operators W11
and W, | . are well-defined for T > Ty(cp) := 2¢, (that is, the spectral radius condition is
met). Bach (P, 7 — P];)?* commutes with both P/ ;. and P/, ;. (as shown in the proof of

lemma A.3), yielding

Wk-i—LTPIg,T = PIerl,TPIg,T(Id - (Plg+1,T - Piz,T)Q)_l/QPIz,T = Plg+1,TWk+1,T-
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We also have the identity

Plg,T(Id - (ij+1,T - Pl;sj,T)2) = Plg,T(Id - Plg-&-l,T - Plg,T + Pk7+1,TPg,T + Plg,TPlg—i-l,T)

_ pJ J J
= Ppr PP
which we may use to compute
T _ J J J J J \2\—1
Wiy eWenir = PPl o Ple(d = (Pl 1 — Pig)?)

J
= Z Plg,T(Id - (Plz-&-l,T - P,f’T)Z)(Id - (Plg+1,T - P;f,T)2)*1 = Pk,T~
J

By interchanging W;T and Wy, 7, we find similar results; all together, we have

i _ pi t i _ pi it

Witir By = Biyy 7 Wi, Wesir Peyir = Per Wi (3.20)
f _ P :
WenioWiir = Pers, Wiar Wi r = Pear.

Remark. The operator W,I 1.7 1s a pseudo-adjoint of Wi 7, in the sense that we would have
Wiir = W .1 if the spectral projectors P}, were self-adjoint. We continue with this nota-

tion throughout this section, and every operator YT will be a pseudo-adjoint of Y, depending

on {Pig,T}lw‘-

From these families, we have the natural constructions Ky r := K . := Id, and
Kpr=Wer.. Wir,  Klp=Wl. . Wl (3.21)
From eq. (3.20), we have

Kk,T Poj = Plg,T Kk,T> KI];T Plg,T = Pg Klm

. ; (3.22)
Kk,T Kk,T - P07 Kk,T Kk,T - Pk,T-

These intertwining relations have the interpretation that K, 1 accounts for the motion of the
spectral projections of the dynamics from step 1 to step k.

We may bound their norm using that P,iTPZT = 0for j # j' and any k, ¢, so by eq. (3.21)
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we have for T > Ty and any k =0,..., T,

k—1

ST FlrPir(d = (Pl — Plp)?) ™
j £=0

H 1z+1T PZJT)> v
~1

| Kir| <

<N (1 — (Cp/T)2>_1/2 —N(1- (Cp/T)Q)—(k:—l)/Q

Since K ,1 + is bounded in the same way, we have

C
sup maax(([ K, [ KL pl) < N1 = 25)7772 (5.23)

,,,,,

=l,.. 0 G\ F LT )JR=1,...,

k

k
Py = Z ( H ei,T) Pg, (I)ch,T = Z ( Héi,T) Pg- (3-24)

J n=1 J n=1

These operators have (I)k,T(I)L,T =P = CD};TQDIC,T, and have the interpretation of accounting
for the motion of the phase within each spectral subspace of the dynamics from step 1 to step .
The construction is finished by setting A7 = Ky r®r and Al ;. = ®f K] ;.. Note that by
eq. (3.22),

AerAfp =Py, Al Arr = By (3.25)

Remark. The bound eq. (3.4) in theorem 3.4 follows from the bound eq. (3.23) using that the

RHS is monotone decreasing with 7.

With this construction in hand, we are ready to state the result of this section.

Proposition 3.6. If L(s) satisfies H1 to H4, then there are positive constants Ty and C* depend-

ing only on cp defined by eq. (3.1) and N defined by eq. (3.2) such that the adiabatic approximation
(Ak1)x, defined above satisfies for all T > T,

||£ k 17" ‘CiTPO —Apr| < CP/T, (3.26)

where Ao Pl = P,f’T, A rQo = 0, and || Ay || is uniformly bounded in k, T for k <T.
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The proof follows a similar strategy to that of [Tan11], a unitary discrete-time adiabatic
theorem. To simplify notation, we will omit T subscripts, and say an expression in O (T~)
if there exists 2 numeric constant C' depending on ¢p and N only such that the expression is

bounded by C'- T7°. In this language, we wish to show
LELE |- LY Py — K@ Py = OF(T71). (%)

If we define
Q= ®LKIchLl ... Ll PR,

then (%) is equivalent to
Q= Py +0OF(T™) (%%)

by eq. (3.25) and eq. (3.23). Note that Qy = Py, Py, = QP = €, and that Q, is bounded
uniformly in k by eq. (3.4).
Define ©,, := @LKZEka,ICI)k,l so that Q; = ©,Q;_; and ©y = Fy. Then we may write the

telescoping sum

k k

Q= Fo + Z 0,81 — Q1 = By + Z(@n — FPy)_.
n=1 n=1
If we define V,, :=3>"" _(©,, — P) and 1}, := 0, we have
k
Qk‘ =P+ Z(Vn - Vn—l)Qn—l-
n=1

Now, we are in a position to use summation by parts:

k-1 k—1
Q=P+ Vi — Y Vol — Qut) = Po+ Vil — > V(O — ©9) Q1.
n=1 n=1

Now, we will show that each ©,, — ©g = OP(T™!) in claim 1, and V,, = OP(T™") in claim 2,

which proves (xx), as the sum is over k — 1 < T terms.
Claim 1. We have

1. Qo(Or — B©g) = (B — O9)Qp = 0,

2. PJ(©y — ©g) Py = OP(TY) for any j # ¢,

3. PJ(©), — ©9)P] = OF(T~2) for any j.
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Remark. This claim shows ©, — 0y = O”(T"), since we may write Id = Qo+, P! to obtain

Or =00 = (D _ P+ Qo) (O —00)(D_ P+ Qo) = _ P (O
J ¢ gt

Here, we only need P} (6, — ©y)P] = OF(T~'), but the sharper estimate is used in claim 2.

Proof of claim 1. The first relation follows from Qo®xt = ®;_1Qo = 0 and the definition of ©,
and ©,. For the second and third, fix j and ¢. Then

PlOwPL=PIAI LY A, Pl = ATPILEP! Ay

Now, L] = Z P] ek , SO Pjﬁp Then Pl(©, — 6Pl = ekATPjP,f (A1
Now, if j # ¢ we have

1Pl = (B = L) Piall < 1Byl 1B = Byl = OF(T7Y),

hence PJ(0, — ©y)P{ = OP(T~"), using that PjO,Pf = PJP{ = 0. On the other hand, if

j =/, we have
PlOwPL =l AIPIPI A, = Al PIWIW, K, _1el®,_ P = Al PIW! K@), = ALPIWI A,
Then,

PJ(6r — ©0)P] = ALPIWIA, — P = ALPIW] A, — AL Pl A,
= ALPIW] = P Ay = ALP[[(Id — (P} — Bl_)*) 7V — 1d] A;.
Since |P] — P]_,|| < ¢,/T, and

, A B 1 . A . ,
(Id - (Plg - PI?A)Q) 12 = Id — §(P1g - Plgfl)z + OP((PIg - Plg—l)4) (3-27)

we have the result. O

Lastly, the property V,, = OF(T!) follows from the next claim.

Claim 2. Forany k € {1,...,T}, we have

1 QoVi, = ViQo = 0.
2. PJV,P{ = O"(T ~1) for any j, 0
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Proof. The first is immediate. For the second, in the case j = ¢, summing over k in the third
part of claim 1 yields the result. Next, fix j and ¢ with j # £. We have

k
PiViPy = el Al P DL Ay,
m=1

as shown in the proof of claim 1. We may write

ed At Pipt A, = PIol KT Pipl o, K,

m*m>Em - mT mT m—1

m—1 m—1

= ( H é.i)KTTnP’I‘;PTifl( H eﬁ)Kmfl
z=1 z=1
m—1

=[] & &Kl PP, K.

m* m+ m—1

Define Z,,_1 = ([[/, & - ¢!) and R,,, = K}, Pi P! | K,,_,. Then

k
, R
PV,Pl = o — D ) ———
0Vkto 7nZ:1( l)émefn 1
k—1
_ ZkRk N ZORl N Z Zm A Rerl _ Rm ‘ (328)
ee,—1 eel—1 et —1  ehel —1

The first two terms (the boundary terms) are OF(T') by the gap assumption H2, and that

R,, = OF(T) for each m, which was shown in claim 1 in different language. Next,

Ry, R, Zm _
zm<j il ):—(Rm+1—Rm>+0P<T )

& _ &l &l ol
€mt1Cmait émer, — 1 émes, — 1
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since we may expand

1 1
=J ¢ 1 Sl =7 ¢ 50y _
€m+1€m+1 1 Eme€y, + (6m+16m+1 mem) 1
1 (e el —élel) : .
1 1 _ _
= B ZOn) L OP (e ey - ehel)?)
EmEy, EmEy,

and use that (¢, el | — &l ef,) = OF(T7!) by lemma 3.2, and R,,,41 = OF(T) as stated

m

earlier. Thus, if we show R,,11 — R, = OF(T?), we sum may over k — 1 < T terms in
eq- (3.28) to recover PV, P{ = OF(T~'). By definition,

Ry — Ry =K! P P'K, - K PP K,

m* m+ m—1

K3 (W Pl Pa Wi — P3PA ) Koy,

m* m—1

Recalling the expansion eq. (3.27), we have both W/, P? . = PJ P/, + OP(T~?)and
P!W,, = PL P+ OF(T7?), hence
Rps1 — Ry = KI PI[P] P —PIP 1P K, +OF(T72).

m+1-m m* m—1

By strategically adding zero,

PP PrPry = PhFy_ = PhP (P — Pri)Pry — P(Pry — Py
= PoPh (P = Prat) = (Proy = Po)lPry.
Now, write P/, = PJ, + A,i.e. A= P/, — Pi, = O"(T~"). Then,
PP PPy = PhP_y = PLI(Py = Pry) = (Poy = Po)IPo_y + PLA(P, — Pry) Py
But

(Pl = Phiy) = (Pl y — Pl = (P(m) — P(m1)) — (P(md) - P(%)) = O7(T))

by the Taylor-Lagrange theorem, and ||A(P}, — P! 1)l < ||A] - ||1Pf — PhLall = OF(T72).
This concludes the proof. O
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314 Relaxing H4

THE assumpTION H4 requires a uniform bound sup,c( 5 [|£(5)Q(s)|| = ¢ < 1. However, in
our examples in section 2.2, we don’t have an easy way to check this condition. The spectral
radius, on the other hand, is simple to compute. Motivated by this, we define the following

weaker version of H4:
wH4. We have the uniform spectral bound ¢ := sup,¢ (o spr £(s)Q(s) < 1.
Then we have the following result.

Lemma 3.7. Assume that [0,1] > s — L(s) is continuous and satisfies H1 to H3 and wH4. Then
there exists mo € N such that for any m > my, the map [0,1] 5 s — L™(s) satisfies H1 to H4.

Remark. Note we have the additional condition that the whole map s — £(s) is continuous.

Proof. For any m € N, we have ||£™]| < ||£]|™ < 1 and hence H1. Since (£L™)" = (L")™, we
also have H3. Let ¢y > 0sothat1 — ¢ > 2¢5 > 0,and fix s € [0, 1]. Since spr(L(s)Q(s)) =
lim,, 00 | £7(5)Q(5)]|V/™ < ¢ for some m(s),

L7 (8)Q(s)]| < (€ + €)™ < £+ €

forany m > m(s), using that £ + ¢, < 1. Since P(s) = > . P’(s)is C* by lemma 3.2,
Q(s) = Id = P(s) is C?, and hence s +— L™ (s)Q(s) is continuous, using the assumption
that s — L(s) is continuous. Thus, there exists an open interval I 5 s such that if s’ € I, then
1£m) (") Q(s")|| < £+ 2¢0. Then for m > m(s), we have for s’ € I,

17 (sNQ < I£(s)™ L™ () Q)] < £ + 260,

Since [0, 1] is compact and {,}¢jo,1) is an open cover of [0, 1], we may consider a finite sub-

cover I, ..., I, and take my = max{m(si,...,m(s,)}. O

Let us also note that the assumptions for lemma 3.2 may be weakened. The lemma states
that peripheral eigenvalues and eigenprojections of £(s) are themselves C?, under H1 to H4.
However, in the proof assumption H4 is only used to ensure the eigenvalues stay away from

the unit circle, which is achieved simply by wH4. Thus, we have the following.

Lemma 3.8. Assume H1 to H3 and wH4. Then the peripheral eigenvalues e’ (s) and eigenprojectors
Pi(s) of LY (s) are C* as functions of s on [0, 1].
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32 Applying DNAUT to RIS

WE’VE FORMULATED THEOREM 3.4 in terms of H1 to H4, but we would like to obtain as-
sumptions more naturally formulated for the reduced dynamics £(s) of an RIS (defined in

eq. (1.10), written as a function of s as discussed in the remark at the end of section 2.1). As
discussed in section 1.3, the reduced dynamics £(s) are CPTP contractions. Let us take  to
be a finite dimensional Hilbert space, X = 7, (H) the trace-class operators on H, equipped with
the trace norm |||, = Tr((n*n)'/?).

Def 3.9. A CPTP map £ on Z;(H) is called irreducible if the only self-adjoint projections P €
B(H) satistying L(PZ,(H)P) C PZ,(H)P are P=0and P =

Recalling our identification of (Z;(H), || - |[1)* with (B(H),|| - ||) from chapter 6, we have the

following lemma.

Lemma 3.10. If £ on Z,(H) is CPTP and irreducible, then L* is CD unital, and irreducible on
B(H).

Remark. That £* is irreducible on B(7{) means that the only self-adjoint projections P € B(H)
satistying £*(PB(H)P) C PB(H)P are P =0and P = Id.

Proof. We’ve shown directly by hand that if £ is CPTP then £* is CP and unital in propo-
sition 1.2. Here, we’ll use the Kraus representation (see, e.g. [Sch01]): £ is CPTP iff it has a
Kraus representation £(n) = .., VinV;*, where V; € B(#) for all i € I. In the finite dimen-
sional case we have here, we may take |I| < (dim #)?, and we will restrict to this case. As £ is
trace-preserving, » ..., V;*V; = Id.

For A € B(H) and n € Z,(H),

L*(A)(n) = Te(L*(A)n) = Tr(AL(n) ZTr AVinV;)
= ZTr VAV = (Z V*AV)

So, L*(A) = >_,.; Vi*AV; is a Kraus representation for £* on B(H) where we have recalled our
identification (Z;(H))* = B(H). Thus, £* is CP. Since ) = Id, we have £*(Id) = Id,

so L£* is unital.

ze]

Now, to prove the equivalence of irreducibility, we will use the following claim, proven in

[Far96] with different language.
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Claim. L is irreducible g'/jrthere is no non-trivial subspace ofH left invariant by all V.

Proof of claim. Let P € B(H) be a self-adjoint projector. Assume V;PH = PH for all i € I. Fix
i € I. Thenforall ¢y € H, V;Py = P¢ for some ¢ € H. But, left multiplying by P, we have
PV;P{ = P¢ = V;P. Thus, we may take ¢ = V;Pyp. We have V;Py) = PV; Py for all ) € H.
That is, V;P = PV,P. On the other hand, if V,;P = PV,P, then V,PH = PV,PH C PH, so
V.P = PV,P is equivalent to V; leaves PH invariant.

Now, assuming each V; leaves PH invariant, for any n € Z;(H), we have

L(PyP) =Y V:PpPVi =) ViPy(ViP)' =Y  PV.Py(PV;P)" = PL(PyP)P.
icl iel iel
That is, L(PZ,(H)P) C PZ,(H)P. So if L is irreducible, then P € {0,1d}, and there must be
no non-trivial subspace of # left invariant by all V.
On the other hand, assume there is no non-trivial subspace left invariant by all V;. Assume
P € B(H) is a self-adjoint projector such that £L(PZ(H)P) C PZ;(H)P. Letn € I;} (H) be

positive semi-definite and trace-class. Let £ € ker P.

(&, L(PnP)E) =Y (&, ViPnPVi&) = Y (€, PViPnPV; PE) =0
il icl
since P¢ = 0. But, (&, V;PnPV*¢) = (PV*E,nPVFE) > 0since n > 0. Thus, (£, V;PnPV;*¢) =
0 for all 4. Since n > 0, there exists unique 7'/2 > 0. We have

(P PVIE N PPYE) =0

Thus, the vector n'/2PV*¢ = 0 for each i € I. Choose = Id; since we are in finite dimen-
sions, the identity operator is trace-class. Then PV;*¢ = 0 for all € € ker P. Thatis, PV;*Q = 0,
and hence, PV;* = PVP for each i € I. By taking the adjoint, we have V;P = PV;P. Then
V;PH = PV;PH C PH.Hence, V; leaves PH invariant; by assumption then, P € {0,1d}.
Thus, £ is irreducible.

O]

The same proof (up to change of symbols Z;(H) — B(H)) shows that £* is irreducible iff
there is no non-trivial subspace left invariant by all V;*.
But,
ViP = PVP = QUP=0 <= PV;Q=0 < V'Q = QV/Q

That is, all the V; leave PH invariant iff all the V;* leave QH invariant. Thus, £ is irreducible iff
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L* is irreducible. O

Then if £ is CPTP and irreducible, £* is CP, unital, and irreducible. Then by [Wol12, The-
orem 6.6], for some 2z € N, the peripheral spectrum of £L*is S, = {exp(2mik/z) : k =
1,2,...,z — 1}, and each peripheral eigenvalue is simple. Note S? C C is the unit circle, i.e.
St = exp(iR). Since sp(L*) = sp L = sp L, we have that

sp(L) NSt =S, := {exp(2mik/z) 1 k=1,2,...,2 — 1}, (3.29)

and each eigenvalue exp(27ik/z) is simple. Additionally, by, e.g. [Wol12, Theorem 6.3], the
eigenvector for the eigenvalue 1 may be chosen to be positive definite. With simplicity we

then have that there exists a unique invariant state p™".

We may now formulate (stronger) assumptions for theorem 3.4 relevant to this context.

Proposition 3.11. Assume X is a finite dimensional Banach space, [0,1] 3 s — L(s) € B(X) is an
operator-valued function such that for each s € [0,1], L(s) is an irreducible CPTP map. If s — L(s)
satisfies H3 and H4 then it satisfies H1 to H4. If s — L(s) is continuous and satisfes H3 and wH4,
then there exists m € N such that s — L™(s) satisfies H1 to H4.

In either case, there exists z € N such that sp(L(s)) N ST =S, forall s € [0,1].

Proof. By proposition 1.2, the CPTP map L(s) is a contraction for each s, and hence s — L(s)
satisfies H1.
As discussed above, since L(s) is irreducible, for each s there exists 2, € N such that sp(£(s))N

St = S,,, and each peripheral eigenvalue is simple. We have that 1 < z; < dim X for each
s. Thus, sp(£(s)) N S* ¢ Y™™ S, foreach s € [0,1]. Since || I 5, < 9%, =

£ dim X (dim X + 1) < 0o, the minimal distance

1 dim X
e:—gmin{|61—62’Z617€2€ U S, 61#62}

z=1

has e > 0. For any s then, any two distinct peripheral eigenvalues €’ (s), €’(s) have [/ (s) —

e'(s)| > 2¢, which is H2. This proves the first statement, and aided by lemma 3.7, the second.
Now, we have that s — L(s) satishies at least H1 to H3 and wH4, so by lemma 3.8, s

P(s) is C*. Since dim P(s) = z, by corollary A.4, continuity implies that z is constant: z, = 2

for some z € N. This proves the last statement. ]

Remark. In the case where s — L(s) satisfies H1 to wH4 we may (and will) choose m so that
the peripheral eigenvalues of £™(s) are simple. If sp(£(s)) N S* = S, then simply choose

m > myg such that ged(m, z) = 1, where mj is the exponent guaranteed by lemma 3.7.
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Perturbation of relative entropy

LET 1 BE A FAITHFUL STATE on a finite-dimensional Hilbert space #, and let D; and D, be
two operators on H. We call these operators D; and D, corrections to our state, although
for the sake of generality we won’t make any assumptions on them yet; eventually, we will be
interested in the case when both 1+ D; and n+ D, are themselves states, i.e., non-negative and
trace 1, implying in particular that each D; is traceless and self-adjoint. We wish to expand
the relative entropy S(n + Di|n + D) in terms of || D1 || and || D,||, for sufhiciently small
[ D1l | D2.

Let’s note right away that if  + D and n + D, are states, there is a known lower bound

which does not require perturbation theory, the Quantum Pinsker Inequality:
1 2 1 2
S(n+ Diln+ D) > §||D1 — Ds|7 = §TF(|D1 — Dyl)". (4.1)

See Theorem 1.1.15 of [OP93] for a proof of this lower bound in algebraic terms, e.g. commu-
tative subalgebras, and Theorem 11.9.2 of [Wil11] for essentially the same proof in language
probably more familiar to quantum information theorists, e.g. states diagonal in the same basis.

For our purposes, we will use perturbation theory to expand the relative entropy, and obtain
a leading term, for a lower bound alone will not always suffice. To do so, we wish to use the
Dunford-Taylor holomorphic functional calculus to write the relative entropy as an integral
around the spectrum of n + D; and 1 + D, (see e.g. [Kat76, Section 1.5.6] for reference). The
choice of path for the integral will be important, but we won’t know what we require from the
path until further into the computation.

Our strategy will be to expand the resolvent Ry (¢) := Ry,4p,(¢) = (n+D¢—¢) ' of n+ Dy
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for ¢ = 1, 2, in terms of the resolvent R, ({) of 1, using the Neumman expansion

Re(¢) = Ry(¢)(1d + DZRW(O)i1 = Ry (¢) Z(_DZRU(C))n

n>0

which converges absolutely if | D, R, (¢)|| < 1[Kat76, Section 11.1.3]. Let us assume we
may choose a curve T encircling sp(n + D;) and sp(n) so that for each ¢ € T" we have
|D¢R,(C)]| < 1,for £ = 1,2. We also require thatI' C {z € C : Rez > 0} so that the
logarithm is well-defined. These are the minimal requirements we have of a path for our inte-
gration to use the holomorphic calculus and this expansion; we will find another requirement
later. Then, in lemma 4.4 we will prove that a path satisfying our requirements exists.

Now, we may write

1 1
S(n+ Diln + Dy) = Tr (—%/FclogCRl(C)Jr(n+D1)%/F10gCRz(C) dC)

=T (= 5= [ Clog¢R(0) S (=DiR(O)" ¢

n>0

-+ D)5 [ 105CR(0) 3 (=DaRy(O)" 4C)),

n>0

Separating the higher order terms, we have

. (% [ 1o cRA(QD Ry - <10g<Rn<<><Dan<<>>2d<)
— Tr(D;logn)
1
— Tr ((77 + Dl)Q_m' /F(IOg (R, ((D2R,(C)
— log CRy(¢) D2 Ry(C)) D2y (€)) )

+T(F7U7D17D2)7

where the remainder term is
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We may group the earlier terms by the number of factors of D, they contain.

Def 4.1. Let f be a function of ¢ holomorphic in some open domain Q C C containing sp 7,

and M and D two matrices on H. Then for any curve I' C Q encircling sp 7, define

LD )= (~ e [ RA(ODR, (10 dc)
1O D, f) =T (~ e M [ RAODR(ODR(OF(OdC)

Now, let us return to our curve I' defined above. We may define f(¢) = (log(, and
g(¢) = log ¢; both functions are holomorphicin @ = {z € C : z > 0}, which contains

I', which, in turn, encircles sp 7. Returning to our expansion of S(n + D1|n + D), we have

S(T] + Dl’n + D2) = _Tl(IdaDlaf) +T2(IdaDlvf) - Tr<D1 108;77)
+ T1(n, Da,g) +T1(D1, Dy, g) — To(n, D2, g) (4.2)
— T5(D1, Do, g) +r(I',n, D1, Dy).

It thus remains to compute or estimate 77, 75, and r. To do so, we will write the spectral de-

composition of nasn = >, pu;pi.

Lemma 4.2. As deﬁned n deﬁnition 4.1, Ty and T, satisfy

T1(M, D, f) = — ZTY(MpiDpi)f/(/M) _ ZTY(M(]%DP]' +ijpi)>f(Ni) - f(/v‘j)7

oy Hi — [y
and, if [M,n] = 0,
B oy ()
Ty(M, D, f) =) Tr(MDp;Dp;) :
[ (i) fpi) = f(uy)
Tr(M Dp; Dp; Tr(M Dp; Dp;
+; r(MDp; p)ﬂi_ﬂj+ *(MDp; Dp:) (pi — p)?

Proof. Since ) = >, p;ju;, We can write
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by the spectral theorem. Then we have

Tl(M7D7f) =Tr < 27TZ Z/ _C)_lpiDpjf(C) dC)

— <—%MZpZDp]/ - ()" 1(uj—C)‘1f(<)dC) .

The integral is only over C-valued functions, and we may apply Cauchy’s theorem:

1 1 -1 . [ () iti=j
5. (¢ =) (¢ = my) T f(Q) dC = {M if i # j.
Hi— g

Thus, we have

TW(M,D, f)=—"Tr (MZPiDij(M) — f<ﬂj)> —Tr (MZPiDpif,(#i)> :

iz Hi — Hj
Lastly, the symmetry

S (i) = fpy)

S (i
> Tr(Mp;Dp;) =Y Tr(M(p:Dp; + p;Dp;)) s
i J

i#] i = i<j

yields the result. Next,

211

< omi Z/ My—Q_lij(Mk—C)_lpkf(C)d§>

(M. D, f) - (—LM Ry(C)D R, (C)DRy(O)£(C) dc)

. <_2LMp,Dp]Dpkz [ SO - O (O ¢

i,7,k

Now, we use the assumption [M, n] = 0 and the cyclicity of the trace to write

To(M, D, f) = < ZMpkpszgD/ pj =€) (o —C)_lf(C)dC) :
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But pyp; = dixpi, sO we may sum over k to obtain

To(M, D, f) =Tr< ohr ZMpszjD/ —C)‘lf(C)dC>-

Another application of Cauchy’s theorem yields

(¢ )2 (¢ = ) (O A { o ti=g
- — Hi — My = £ i) = f (i) ) i ~
2im Jr EDE - (pi—pj) it i 7 j,
which yields our result. O

Recalling the specific terms we need to compute from eq. (4.2), from lemma 4.2 we can

obtain simpler forms of two types of terms which appear often.

Corollary 4.3. In the setup of lemma 4.2, if [M,n] = 0, we have
Tv(M, D, f)=—Te(MDf'(n)).

Additionally, when M = 1d we have

,(Id, D, f) = ZT II(“i) —i—ZTr(Dijpi)f/(u;)‘:lf;‘(w).

i<j

Proof. For the T} result, we note if [M, 5] = 0, then [M, p;] = 0 for each i. Then Tr(Mp;Dp;) =
Tr(M Dp;p;) = 0, using the cyclicity of the trace and that p;p; = 0. So the second term van-
ishes, and the first term is

T\ (M, D, f) = ZTr Mp;Dp;) f' (i) = ZTr MDp; f'(1:)) = = Te(MDf' ()

as we wanted. For the 75 result, Tr(Dp;Dp;) = Tr(p; Dp; D) = Tr(Dp;Dp;) using cyclicity
of the trace. Then the symmetry

yields that the sum over ¢ # j of this term is zero. Lastly, given (¢, j) with i # j, then

Tr(Dp; Dp:) f<_”2t + (i j) = Tr(pijpi)f(u;) - /Ji(ﬂj)' -
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Using lemma 4.2 and corollary 4.3, we find

Ti(1d, Dy, f) = = Tr (D1 (logn + 1d)) = — Tr(D; logn) — Tr(D1),
Ti(n, D2,9) = = Te(nDan™") = - Tr(Dz)

Ty(Dy, Dy, g Z Tr(Dyp; Dapi)— — Z Tr Dl(pzD2p] +P;D2pl)) g () g(/ﬁg)7
Hi 557 Mi — pj
1 ;) —1 ,
»(Id, Dy, f ZTr (D1p;)? Dipi) og (i) og(/JL])7
i<j Mg — g
10 ] - 10 i
Ty(n, Da, g) = Tr ( — Z(Dgpz) — + 3" Dop; Dop: g(p;) —log(p )>‘
i 2’u i< i — [y

We only have left to bound the remainder term r(I", , D1, D>) and the term T5(D1, D2, g).
To do so, we will make use of our remaining freedom to choose the shape of I'; so far, we’ve
only required that I encircle 1, n + Dy, and n + Do with || DR, (¢)||™' < lforeach( € T
and both ¢ =1, 2.

We'll call a stadium shaped path two semi-circles joined by straight lines, as shown in fig. 4.1.

Figure 4.1: Illustration of a sta-
dium shaped path. As depicted,

a stadium shaped path consists of
two semicircles at @ and at b with
radii §, connected by segments of
length ¢. The length of the path is
2(¢ 4 9).

1R

Lemma 4.4. There exists a stadium shaped pathT C {z € C : Rez > 0} with the following

properties:
1. For some constant ¢, only depending on n, then for ¢ = 1,2 if || Dy|| < ¢y, then T' encircles ) + D.
2. Additionally, for || Dy|| < ¢, we have | DoRy(C)|| < 1.
3. Lastly, defining B := 2° dim ’H%(HDH] + || Dol|)?, where j11 := inf spn, we have the

bOMI’ldS
|T(F7777D17D2)| S B, |TQ(D1,D2,g)| S B

Proof. Let the set of eigenvalues of n be &(n) = {,...,pn} C R, with py = infspn > 0,
using that 7 is a faithful state. Let T be the stadium shaped path depicted in fig. 4.2.
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. Figure 4.2: We define T' to be
iR the stadium shaped path with

radii § < p1, with semicircles
/% centered on 1 and 1, as shown.
0 \'1

Note spn C [u1,1] C R. We may

> choose any 6 with 0 < & < puy;

R we choose to keep it arbitrary for
clarity, to see the role this radius

plays.

Then sup;cr || R,(¢)|| = 67, by proposition A.7.

Since &(n + Dy) the set of eigenvalues of ) + Dy, is continuous by theorem A.9, for small
enough Dy, we have dist(&(n + D), &(n)) < 6. Then in some ordering of the eigenvalues of
N+ Dy, say (ud?, . kD), we have |l — puy| < 6 for each k = 1,..., N. Thus, T encircles the
spectrum of 1 + Dy, for small enough | Dy, for £ =1, 2.

Moreover, if we choose || D/|| < 3 infce, | R,(C)|| ™" = 30 for £ = 1,2, then

DBy (O < [1Del] - 17 (O < %HRn(C)H‘lHRn(OH =

for all ¢ € I'. Now, for any function f and ¢ = 1,2, we may bound

1 1
‘_%/Ff(ORn(C);(—Dan(C)) d¢|| < —length( )sup|f 2ot ;HDZH” 5"
| Del|?6~°

1
= — length(I') su ot

1
< =(2+2m0) sup | f(O)] | DelP6.
™ ¢er

Now, to bound r, we take f(¢) = (log (. Then

[F (O] = [¢] - [log (| = [¢] - [log [¢] + i arg (] < |¢[(|log [¢]] 4 7).

But by monotonicity of the logarithm, for ¢ € T, we have
log(p — ) <log ¢| < log(1 +6). (4.3)

For simplicity, let us take § = £, This fixes ¢;, = y1/4. Note that if dim # > 2, we must have
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p < 3, otherwise Tr(n) > 1. But for z € (0, 1],

1
—log(z) >log(l+z) <= —>14+2 <= 1>2(1+2)
x

and (1 + z) < 3. Thus, our bound eq. (4.3) becomes

N1)

log7 <log|¢] <log(1l+ 5) = —10g&.

2

and we have |log|¢|| < log i Hence, forall ¢ € T,

F(O)] = [¢log ¢l < (1+ 2)(1og§+w)

using that (| < 140 = 1+, We may simplify the expression by noting 7 < 3log4 < 3log =,
since p1 < 3. Also, 1+ 4 < 2,50 | f(¢)] < 2log l% Then,

3 [ FORQ) S =Dty (O)" d¢

1 s 2 1
<2 (14 ") log — - | Dy
>3 M1

1

1 2
< 2°|| De|]® — log —.
My K1

Next, we use that for an operator A on H, | Tr(A)| < Tr |A| < dim H||A[|to obtain
(s n, Dy, Dy)| < dim H - 2 108 (ID:1P + [l + Dl - [[1D2]1%) -
1 1
Using ||n|] < 1, as 7 is self-adjoint with all eigenvalues at most 1,
- g 1 2 3 3
<dim# -2’ — log— ([ De[* + (1 + [ D) - [|D2f")
M1 H1
i 1 2
< dimH - 2°— log — (||Ds || + || Do)
M1 H1

Finally,

TQ(Dl,DQ,lOgC) ="Tr <_LD1/FRH(C)DQRU(C)DQRW(C) IOngC) .

271

Clearly, we may use our estimate of |log ¢| on I" and our other bounds to obtain the (even
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looser) estimate of

_ 1.2
T5(Dy, Ds,log ¢)| < dimH - 29—410gz (I Dull + 1 D:]1)* B
1

With this choice of path I', we have that

S(n+ Di|n+ Dy) = Tr(Dy — Dy) + Z Tr (((D1 - Dz)Pi)2) (2u:) "

+ YD1 ~ Dalyy (D1 - D) ELLZEI) 4 6,1 .

(4.4)
where we write O, (|| D||*) to mean a term which is bounded by C,, (|| D:|| + || D2|))* for || D4 ||

and || Dz || small enough, where C,, is a constant only depending on 1. We may compile the
main results of the chapter thus far in the following proposition.

Proposition 4.5. Let 1 be afaithful state with spectral decomposition n =, p;p;, where p; are the
eigenvalues and Dj the associated spectral projections. Let Dy, Dy be two perturbations of n. There exist
constants Cyy > 0 and D,, > 0 depending only on n, such that if Dy, Dy satisfy | D;|| < D, j = 1,2,
then the relative entropy S(n + Dy|n + Ds) satisfies

|S(n+ Diln+ Dy) — Fy(Dy — Dy) — Tx(Dy — Dy)| < Cp(||Ds || + || De))? (4.5)

where F,,(A) := F,(A, A) for

1 lo i) — lo i
Fy(AB) = 3 TeAnBp) -+ Y Ti(ap, Bp) LB e
i by ' J

Moreover, we may take D,, = inf sp(n) /4.

Remark. We see that if n = 19 + A with Tr A = Tr(D; + D,) = 0, then
S(n+ Diln+ Da) = Fyy (D1 — Da) + Oy (1 D1l + | Dol + 1A]))°).-

Note that this proposition holds true if any of the norms || - || are replaced by the trace norm

| - |l1 due to the inequalities

| D = Zug |DY|| < \/Tr(D*D) < Tr|D| = ||D||x.
€
l#ll=1
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E.g. if | D], < D, then ||D|| < D, and if F(D) < C(||D||)? then F(D) < C(||D||,)*.

WE’'LL coNcLUDE this chapter with some properties of the leading order term F} (A, B).

Corollary 4.6. The map F,(-,-) defined in eq. (4.6) has the following properties:
1. F), is a bilinear form.
2. We have the bound

dim H)?
(A, B)| < 2| B SR

where piy > 0 is the smallest eigenvalue of 1.

3. If A is self-adjoint, then F,,(A) > 0 with equality iff A = 0.

Proof. The first point is immediate from the definition. For the second, we will first employ the

result
| Tr(AB)| < ||Al| Tr | B|. ([JOPP12, Inequality 2.4])

Using this and ||p;|| = 1,
Z | Tr(Ap; Bp:)| < Z [ Api B|| Tr [pi]
< Z LAl NIl Bl Tx [ps] < [[A]l1| B ZTY [pil-
By proposition A.2, Tr |p;| = dim Ran p;. Furthermore, > ;dimRanp;, = dimH, since H =
@®; Ran p;. We have thus bounded the first term.

To bound the second, we’ll use the mean value theorem: for each 1 < i,5 < dim H, there

exists some ¢;; € [u1, 1] such that

log(p;) —log(p;) 1 _ 1

= < —.
Hi — K Cij M1
Then,
log(p;) — log(p; 1 1
S T(Ap; Bpo) 22U Z 1080 | IS gy 4 By L | < LSO Te(pidp B
i<j P = 1y i<j G Hi i<j

1 1 .
< EHAHHBH Y Trlp| < EHAHHBH(dImH)Z,

1<j
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which completes the bound. For the third point,

+ZT1" Ap, Apz)log(uz) log(11)

F,(A) = Z Tr(Ap; Ap;) —

24 z<] i = 1L
log(p1;) — log(;
= Z Te(piApipiApi) 5— + > Tr(piAp;p; Ap;) () — Log()
24 i< Hi — Hj
1 log(p1;) — log(u
= ZTI (piAp:) PiApi)5— + Y Te((p;Api)"p; Aps) () = log)
2p; i< Hi —
log(u;) — log
= 3 Te(peAp )+ 3 ([ Apy?) 2BU) — Logls)
r 244 i<y Hi — [y

Each term is thus non-negative, using the monotonicity of the logarithm. If F},(A) = 0 then

55

(since (X,Y) — Tr(X*Y) is an inner product), for all 7, j we must have p; Ap; = 0. Summing

over ¢ and j yields A = 0.

[]



5
Assemblage

5.1 General results

COMBINING OUR ADIABATIC THEOREM, theorem 3.4, with the perturbative expansion of the

relative entropy, proposition 4.5, we may compute the entropy production

Ok,T = S(Uk,T(Pk—l,T & fi,T)Ul;k,ka,T(Pk—LT) ® ﬁc,T)

to leading order.

Proposition 5.1. Consider an RIS process obeying the assumption (ADRIS), such that the reduced
dynamics L(s) is irreducible for all s € [0,1] and satisfies H4. Let pi%, denote the (unique) invari-
ant state of Ly, and let P} . denote the associated spectral projector. Let p' be the initial state of the
system, and assume (Py . + Qor)p' = p'. Define:

Xir = Unrpit @ & Us 0 — 00 @ Exrs (5.1)
Dy = Lr(pr1r — piy) @ &er — Unr((pr-10 — P10) © &)U (5.2)

Then there exists Ty > 0 and Dy > 0 such that for T > max(Ty, (Do(1 — €))™") and k < T large
enough so that ||Qorp'||(* < Do, and assuming || Xy, 7|11 < Do, one has

ok — Fror(Xer — Dir)| < CL (1 Xkrlh + 1Qozrp' 165 + (T(1 = £)71)%)), (5.3)

Nk, T

where Fyr = F,, . is associated to ny, 7 := p‘k“‘{p ® &1, Do depends on . only, Ty on cp defined by
eq. (3.1) and N = dim P(s) only, and C’ﬁ L oncp, N, and on . only. In particular, we may take
Dy = infsp(nk.r)/4.

Remark. This detailed proposition calls for some remarks. First, the assumption (FPy ;+Qor)p' =
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p' ensures that
(Id - P()l,T)pi = (Id - Pol,T)(Pol,T + QO,T)Pi = QO,TPi

which we may interpret as the non-invariant part of the state is strictly contracting. We must
be careful with such language as the eigenprojections need not be self-adjoint. This way, the
adiabatic theorem theorem 3.4 will transport p' to pi, up to loss from the strictly contracting
part. Of particular interest is the case Py p' = p', when Qo rp' = 0. Next, X}, characterizes
the invariance of pm" ® &, under the full dynamics, i.e. how invariant the invariant state
of the reduced dynamics is under the full dynamics when coupled with the probe. This term is
inherent to the non-equilibrium nature of the RIS dynamics. The quantity Dj r quantifies the
error in both arguments of oy, = S(:|-) when approximating py_1 1 ~ prr ~ p‘“" Note that
IDirlli < 2l|pr-1,0 — i |l. The result of the proposition, eq. (5.3), yields a leading order term
Fy.7(Xkr — Dy.r) to the entropy production oy, 7 in a sense the proposition makes precise.

In section 5.4, we will consider the small coupling version of this proposition; in particular,

we will show the condition on X}, 7 holds for A small.

Proof. We will drop the subscript 7', and use the notation O}'(Z) for any term bounded by
CF Z for non-negative Z small enough and a constant C” depending only on a given state 7

and cp, z =: dim P(s), and dim X. If such a quantity does not depend on a state 7, we’ll write
O (Z) instead.

Claim. ||p" — pe |l < 2[|Qop'ls + OF((T(1 = ))7).

nv

First, we'll show || pi™; — pj_1|| has a similar bound, and then approximate the difference

between the consecutive invariant states. By theorem 3.4,
Ly 1Ly L1=A £e L2 ... L9+ 0711 —-10)!
k—1Lk—2 1 k-1t Lp_ 1 Lp o T+ O (T( )7
Then applying this to p,

”pmv — P 1“1 < H,Omv Ak71piH1 + HCQO,OIHIEIC + OP<<T<1 - g))*l)

using H4. Note we can obtain ||Qop'||1 instead of ||Q1p'||1 by using Qo + Py = Id and Q1 P =
OF(T—1). Now, we wish to show the first term is small. We have that A;,_1p' = A, Plp' =
Pl A;_1p € Ran P! | = Cpi™,. So for some o € C, Ay_1p' = ap™,. Then,

inv

k™) = Ar-1p'lls = oy — api™y [l = 11— el [l = 1 — o

mnv inv

using that [|pj™, |l1 = 1 as pi, is positive semi-definite and trace one. Next, because each £, is
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trace preserving,
L="Tr(p) = Te(Lyr -+ Lap)) = a+ Te(LE, - LTp) + O ((T(1 = 0) 7).
Then, using Tr(-) < Tr|-| = |- |1, we have |1 — a| < [|Qop'||16F + OF ((T'(1 - ¢))~") and hence,

ks = pralls < 1Qop'll + OF((T(1 = £)7™).

inv

To prove the second step, we again use that the invariant state is unique: Ran P'(s) = Cpl™,
so for any n € Z;(Hs), we have P(s)n = as(n)p™ for some «,(n) € C. Taking the trace, we
have Tr(P*(s)n) = a,(n). In particular, P*(s)p™ = Tr(P'(s)p™)p™. Define y by s — 7, =
Tr(P'(s)p). Then [0,1] 3 s — 7, is a C* function with ~,, = 1. In particular, , # 0 for s
near so. Then

o = = (3(5) P (5) = P (s0))pl = OF (s — su).

Then, for sufhiciently large T', taking s = k/T and sy = (k — 1)/T yields the claim:

1o = pr—ill < o = Pl + 116y = prealli < 2[1Qop' 1 + OF ((T(1 = €))7).
Now, define

Dy, =Li(pr—1) @ & — pi¥ @ & = Li(pp—1 — pi¥) @ &,
Dy =Uy(pr—1 ® &)Uy — Piknv ® & = Uk:((ﬂkfl - P}cnv) ® &)U;;k + Xk,

so that oy, = S(n. + D}, + Dj,) for ny, = piV ® &.. We also have Tr(Dj,) = Tr(D}) = 0, and,
importantly,
Dy — X, = D, — D}. (5.4)

Note that

1Dkl < 2010 = prill < 4l1Qop' [l + O ((T(1 = 0)7) (5.5)

by the claim.

To apply proposition 4.5, we must assume 7" and k& < T are sufhiciently large so that | Dy ||;
and || Xy ||; are smaller than a constant Dy which we may take to be inf sp(n); 7)/4. Then propo-
sition 4.5 yields

o = Fy(D = Xi) + Op ((1Qop' ¢ + [ Xelly + (T(1 = 0)7)), (5.6)
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O
Remark.  + If Qorp' = 0 then eq. (5.6) holds even for k = 1.
* Moreover, eq. (5.4) yields an interesting lower bound via the Quantum Pinsker Inequal-

ity, eq. (4.1):

1 2o 1 2

okt 2 Sl Xer = Dirlly 2 S (1 Xkrlly = [ Derlla])
1
=3 (IXkrl} + 1 Derlls = 21 Xzl | Dirll) -
If we consider the case Qo rp' = 0, then we have
1
orr = S| Xerllt + O (T =)™ (5.7)

using eq. (5.5). In particular, if inf,cp 1) | X (s)]1 = C > 0 for some constant C, then
opr > 5C? + OP((T(1 — €))!). We recall our notation O indicates that there is no

dependence on k or T. Then we may sum over steps to obtain
T 1
O'?t = ;O’kﬂ“ Z 5T02 + O(].)

Thus, 0" diverges as T in the adiabatic limit 7" — oco. Proposition 5.1 treats the case when
Xy 7 is sufhiciently small at each step k; the Quantum Pinsker Inequality along with an
analysis of the above proof yields the case when inf; || X (s)[; > 0. We’ll return to this in
corollary 5.3.

52 m-RIS

MOTIVATED BY OUR CONSIDERATIONS in section 3.1.4 and the results of proposition 3.11, we

wish to formulate a repeated interaction system to take advantage of wH4.

..........

.....

and variables (he ,,_, . . =1, ;m7s (V0 —1)/m)+1)k=1,...m7> A0 (B k1) /m)+1)k=1,..mr. That

is, we obtain the m-RIS from the original by repeating each probe m times.

Now, LET US CONSIDER the adiabatic setup (ADRIS) with an RIS corresponding to parame-
ters hs, A, 7, s — he(s), s = B(s), s — v(s) such that the induced map £(s) obeys H1 to H3
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and wH4. Note that since £ is obtained via (ADRIS), s — L£(s) is continuous, so all the as-
sumptions of lemma 3.7 are satisfied. Then £, = L(k/T) describes the time evolution of S
from time (k — 1)7 to k7 at fixed adiabatic parameter 7.

Lemma 3.7 yields an m € N such that £™(s) obeys H1 to H4. This is then a natural can-
didate for an m-RIS. Choosing the m of lemma 3.7, we have that the time evolution of the
m-RIS from time (k — 1)m7 to kmr at fixed adiabatic parameter T is given by L™ (k/T). We
may consider in an ordinary 1-RIS that the way the parameters are sampled from the curves of
(ADRIS) is by stretching the curves by a factor of T’ in this language, an m-RIS approximately
stretches the curves by a factor mT), as illustrated in fig. 5.1. In this sense, we may consider an
m-RIS as a further slowing of the process, in the spirit of the adiabatic limit.

Note as well that an m-RIS is still an RIS in the sense of the original definition; it is simply
a constraint on the choice of parameters. This constraint manifests itself in the way parameters
are sampled from functions in the adiabatic setup of (ADRIS).

We should emphasize that although the origins of the idea of an m-RIS are mathematical
(wH4 instead of H4), the “stretching” of an RIS to the corresponding m-RIS is a change of
physical setup. One experimentally-oriented interpretation is that if the assumptions of theo-
rem 3.4 are hard to check or false for a given RIS, the result may still be able to be applied to a
modified setup.

We may formalize the above discussion by defining the following assumption.
mADRIS The repeated interaction system is the m-repeated version of a system satisfying
(ADRIS), i.e. we have for k= 1,..., T,

(' —1)/m]+1

Y B =8(

oo = ([(k’ — 1¥m} + 1)7

0 =)/l + 1y

he wr = hs( T

(mADRIS)

where s — he(s), 5(s), v(s) are C* functions on [0, 1] and m is given by lemma 3.7.

WE MAY NOW FORMULATE an analog of proposition 5.1 for m-RIS.

Corollary 5.2 (m-RIS). Consider a repeated interaction system satisfying (mADRIS) where the
CPTP map L(s) is irreducible for all s € [0,1] and satisfies wHA4. Assume that the initial state

p'satisfies (Py p + Qor)p' = p'. Define

D;(CJ)T = Ek,T(ﬂ;f,)T — o) @ &or — U (077 — p%) ® &) U
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Figure 5.1: For a C? curve j(s)
inv. temp. on [0, 1] with positive minimum,
the m-repeated RIS is such that,
between time mkr and time
mkt + mr, the system S interacts
one-by-one with m atoms at
the same inverse temperature

B((k +1)/T).

time

Bmin

Ak +1)/T) 1

kaJ J 7L/Lk’7' +mT
mkT + 1

With the same conditions on T, k < T, and || X}, 7|1 as in proposition 5.1, we have
[0z = Fir(Xer = D] < Cp ((IXerlh + 1Qurp 365+ (T(1 = 071?), (5.8)

_ P : »
where Fyp = F,, . and C, . are the same as in proposition 5.1

Remark. Then an m-RIS has approximately an m-fold increase in entropy as compared to the
associated 1-RIS.

Proof. For T and k < T large enough, as described in the proof of proposition 5.1, after k — 1

steps each consisting of m interactions with external probes, the system is in the state p\™) =

Ly -+ LTp', and from the proof of proposition 5.1 applied to £™, we have

1o = pre—illi < 2|Qop' 116" + OF((T(1 —£))™)

where pi™ is the unique invariant state for £} and thus for £;. This thus approximates the state

of the m-RIS after switching steps (i.e., at times (kmT);). For 1 < j <m,

1o = o1 = 1L = o)l < 1168 = pra [l < 211Qop! 165 + OF (T(1 = 0)71). (5.9)

Thus, within a single step, we have the same bound between the state of the system and the
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invariant state of the start of the step. Thus, we could proceed as in the proof of eq. (5.3) to
obtain eq. (5.8), noting that X, r is independent of ;. O

Remark. In either proposition 5.1 or corollary 5.2, if the assumptions are met and we addition-

ally have X+ = 0 and Qo 1p' = 0, then
o) — Fir(DE})] < O o ((T(1 = 0)7%).

If we make the additional assumption infepo 1) inf sp p™(s) > 0, then we may remove the
nkr dependence from the constant on the RHS as shown by the explicit form computed in

lemma 4.4. Lastly, we make use of the bound on F}, given in corollary 4.6 to obtain
oy = Fur(DYy) + OF ((T(1 = 0)7) = OP (| DYYIP) + O ((T(1 — 0)7%).

Lastly, the bound eq. (5.9) yields HD,(CJ%H = OP((T(1 —¢))71), and we have

(J

oy = 0P ((T(1—0))72).

Summing over j and k yields

oxt iiafj; or((r(1 -0 (5.10)

1 j=1

and in particular 6" — 0 as T — oc.

On the other hand, if infse(o 1 [| X ()1 > 0and Qo rp' = 0, we may generalize our analysis
after proposition 5.1 to conclude o%* — oo as T' — oo, by replacing eq. (5.5) with eq. (5.9). We
may summarize this discussion in a corollary.

Corollary 5.3. Consider a repeated interaction system satisfying either

* assumption (ADRIS), such that the reduced dynamics L(s) is irreducible for all s € [0,1] and
satisfies H4, or

* assumption (mADRIS), such that the reduced dynamics L(s) is irreducible for all s € [0,1] and
satisfies wHA4.

Denote p™ by the unique invariant state for L(s), and define
X(S):U( ) mv®§8 ( ) mv®§8

Assume the initial state p' satisfies P*(0)p' = p'. Then,
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* If supyco ) 1 X (8)]ls = 0, then o — 0 in the limit T — oo, assuming inf e (o 1) sp pi™ > 0.

* If infocoq) | X (s)|[1 > O, then o/ — oo in the limit T' — oo.

5.3  Qubits with RW interaction

LET US RETURN to our example of section 2.2. We will use that, as established in section 2.2,

N LT
spr( Ly rQrr) < (1 — zsm 7) =,

and ¢ < 1 for v7 ¢ 27N, which we will assume for now on. Since £y, 1 has a trivial peripheral
spectrum, in the sense that sp(£y, ) N'S* = {1} and 1 is a simple eigenvalue, and the corre-
sponding eigenvector pi: = pg: , the Gibbs state at temperature 5 . = Lo 3, 7 is positive
definite, we have that £, 7 is an ergodic (or primitive) CPTP map, by e.g. [Wol12, Theorem
6.7]. In particular, it is irreducible. Thus, we may apply proposition 3.11 to conclude there ex-
ists m € N such that £(s) satishes H1 to H4. We will consider the resulting m-RIS for the rest
of this section.

Motivated by corollary 5.2, we compute X, 7.

. 1 E
Urrprr @ &erUsr = WUM eXp(—ﬁEOEa*a) exp(—BEb b)Uy 7
1 * * *
— mUk,T exp(—BEp(a*a+ b)) Uy 1.
But, as discussed in section 1.3.1, vrw commutes with Ny, = a*a+b*b. Thus, Uy, = exp(—7(Ea*a+
Egb*b + 3(a* ® b+ a ® b*) commutes with exp(—BENy), and we have

inv * inv * inv
Urrpir @ &krUsr = prr @ SerUkrUir = prr @ Sk

Thus, X; 7 = 0. If we choose the initial state p' = pfj*, then Qo rp' = 0. Since p™ > 0 for all
s € [0,1] as a Gibbs state at positive temperature, by corollary 5.3, we conclude o — 0.

On the other hand, if we start in a different initial state, the first steps alone may produce en-
tropy which will not vanish in the adiabatic limit, although this contribution will exponentially

decrease with the step number k.

Remark. The qubit setup with the full dipole interaction (introduced in section 1.3.1) does not

have X}, + = 0; we will postpone its analysis to section 6.1.
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53.1 An aside on adiabatic cooling

THE FORM OF THE INVARIANT STATE as a Gibbs state

_ eXp(—ﬂié,Ths)
Tr(exp(—B rhs))

Ps*

prompts a question. Since f* = Eﬁoﬁ where 3 is the temperature of the probes, if Ey < E, we
may cool the system below the temperature of the probes (i.e., reach higher inverse temperature
3). In particular, we can adiabatically drive the initial state of the system to the thermal state at
temperature * < f3, that is, without entropy production. Given Landauer’s bound, this enables
the preparation of such a state with a minimal energetic cost, making the cooling effect more
surprising. To truly produce no entropy production, we must start with p' as the invariant
state for Lo; thus, we must start with the system in a thermal state which is already cooler than
the initial probe. If are willing to allow some entropy production, however, we may start in a
different initial state, and produce ~ ¢* entropy production at each step £, i.e. exponentially
decaying entropy production at each step. If we need no control over the entropy production,
then we could simply fix the target temperature 5* and apply £() many times to drive the
system to pg« exponentially fast, as in section 2.2. We could also investigate a system with Ey =
Ey(s) varying.

Before being carried away, however, we should be suspicious: it does not seem plausible to
cool, say, a fermion by interacting with a chain of hot fermions. In fact, the larger Ej is com-
pared to E, the larger the cooling. However, the rotating wave approximation is known to
hold best when Ej, ~ E. Thus, the cooling phenomenon improves just as the RWA is known
to break down. We will return to this when we consider the full dipole interaction in sec-

tion 6.1.

54  Discussion of the small coupling limit

COROLLARY 5.3 ESSENTIALLY CHARACTERIZES the entropy production of RIS in two ex-
tremal cases when 7' is independent of the other parameters. We are now interested in look-
ing for an intermediate case: X, r decreasing with 7. We will see shortly in lemma 5.4 that
X = O(N). This suggests considering the small coupling regime of |A\| < 1, which is the
focus of this section. However, small A is technically challenging.

For an RIS with A\ = 0, the reduced dynamics £(s) is simply the free evolution of the small

system, and any density matrix which commutes with hs will be invariant. In the 2 x 2 exam-
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ple with the RW approximation considered in section 5.3, then both p = a*a and p = Id — a*a
will be invariant states of £(s) at every s € [0, 1], and we no longer have a unique invariant
state. In general, as A — 0, we expect the eigenvalues of £(s) to move towards the unit circle,
which makes the ¢-dependence in the discrete non-unitary adiabatic theorem theorem 3.4 rel-
evant: we approximate the state of S up to an error of order ((1 — ¢)T)~*, which may or may
not be small.

A brief aside on the conceptual structure cy[ analyzing repeated interaction systems. We wish to con-
sider the mathematical behavior of a fixed RIS where we change the parameter A and under-
stand the behavior of the entropy production. What do we mean by this? Implicitly, we’ve
already done something similar by considering the large T limit: for each T, we obtain a “dif-
ferent” RIS, from which we compute the entropy production. We are taking 7" large then in
this “RIS-parameter-space” and evaluating the resultant total entropy production. This may be

clarified by the following diagram.

Input T p= {)\, T, Hs, hs, He, s — he(s), s — B(s), s — v(s)}

Sample Prr = {\ 7, Hs, hs, He, he(k/T), B(k/T), v(k/T)}

Process RIS ( (ﬁk)T)Z;:l)

|

Output (ok)i_;

Figure 5.2: Diagram of an adiabatic RIS process. Inputs T', pare selected which meet some assumptions A. These
are sampled to determine the parameters for T interactions. The system S interacts with the T" probes as outlined
in section 1.3, yielding an entropy production oy, for each step. .

We make assumptions on the inputs: on the constant parameters, on the C* functions, and
on 7. Then we sample the functions to obtain the list of parameters for the T steps of the RIS
process. We run the RIS process for all T steps, and finally output the entropy productions

from each step: (oy)]_;.
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Mathematically, we compute (o}) by making some assumptions A on the set of inputs (for
the sake of discussion, we won’t be specific). Then, via e.g. eq. (5.3), we obtain informa-
tion I(p, T) about oy, e.g. an expansion like eq. (5.3), which is a function of the inputs. If we
change the inputs to 7/, 7" in a way such that they still obey our assumptions A (e.g., taking
T + 1 instead of T), then running this whole process again must yield the same information
about oy, evaluated at the new inputs: 1(p',T").

This is why we may take the limit 7 — oo in eq. (5.10) to conclude the entropy produc-
tion of an RIS vanishes in the adiabatic limit 7' — oo: at each increasingly large 7', we meet
our assumptions A and obtain the same type of expansion such that ¢f* = O(1/T). Since the
constants hidden in the ‘O’ do not depend on T, the parameter which is changing, we find that
changing T as an input yields an output 02" which yields a vanishing sequence of real numbers.

However, if we change our inputs p, 7" such that our assumptions are violated (e.g. taking
A = 0), we cannot simply evaluate I which was derived for A > 0 and obtain a valid result
for the entropy production of an RIS without coupling. On the other hand, we may simply
find that our information I is unhelpful for some choices of parameters, as in the case when
¢ — 1 and we obtain estimates up to order ((1 — ¢)T")~. In fact, we are additionally troubled
by the fact that the constants here depend on the regularity of the spectral projectors of the
reduced dynamics, which then depends on A. Thus, they are not “constant” as we move \ in

RIS-parameter space.

RETURNING TO THE SMALL COUPLING LIMIT, we will outline the plan of approach to the

small coupling limit taken in [H]PR15] and quote the main result.

1. We wish to ensure taking A small yields small X},  to ameliorate the assumption || X 7|1 <

D, from proposition 5.1. We show the first step of this in lemma 5.4.

2. Then, we need to control the A\-dependence of ¢p as defined in eq. (3.1) so that our adi-
abatic theorem, theorem 3.4, yields helpful estimates of the state of the RIS at each step.
Note that since N := dim P(s) < min(%, dim X), this parameter is already bounded uni-
formly in A. This would allow us to formulate an analog of theorem 3.4 to estimate the the

state of S at each step of the RIS process.

3. As discussed in section 3.1.2, the (1 — ¢)~! dependence of the adiabatic theorem cannot be
improved in our approach. Since ¢ > spr(£(s)Q(s)), and the spectral radius approaches 1
as A — 0, even the newly hardened adiabatic theorem of step 2 will not suffice to estimate
oy, in the small coupling limit. We will have to resort to wH4 and switch to an m-RIS
with m = m()) increasing as A — 0. We can interpret this as a further adiabatic slowing

of the process.
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4. Finally, we will be able to prove an analog of corollary 5.2 to estimate J,Ef} with a clear

understanding of the A-dependence of the error. Thus we may estimate

T m(A) ‘
ora= > or
k=1 j=1

with control over both the 7" and X dependence. This allows, e.g., computation of the limit
A—=0,T =00, NT'=1.

FirsT, we WiLL sHOw that X}, 7 should be small as A — 0.

Lemma 5.4. Assume we may expand
i = (o) @ + M) Y + 0(N) (5.11)
uniformly in k. Then X, r as defined in eq. (5.1) satisfies
Xir = AMMyr + O(N?)
where

Mz = U (o) @ &) UO) = (o) @ i

. . exp(—iT(Eirr — Ejrr)) — 1
- [(PJQT)(U) ® &1 Z ik 7V k7 (—17) + ; 7Tz',k,TWTJ',k,T( Eipr — E; ij
i i J b b b b

Tk, resp. Ejpr, are the spectral projectors, resp. eigenvalues, of hy = hs + heyr, and U =
exp(—ithy). Note that My, is traceless, self-adjoint, and depends on pi’, &0, v(k/T), and 7, but is
independent of A, and is bounded uniformly in k.

Remark. We will not address assumption eq. (5.11) here, although it is shown in [H]PR15] to

follow from an investigation of the operator
AC)‘(S)() = Tre (e—iT(ho(S)J")\’U(S))(.) ® f(S)eiT(hO(S)—H\U(S))) (5.12)
where £(s) = exp(—8(s)he(s)) and ho(s) := hs + he(s).

Proof. Let us drop the subscripts k and T' for notational simplicity. Since U = exp(—ir(ho +

Mv)), the operator U is analytic in A. Since by assumption w := p™ ® ¢ admits a second order

)
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expansion in A, we have
w=w*=w® 4+ 2® 4+ 0N\, U=0"=U0 4+ U0+ 0.

Let R*(z) = (ho + Mv — 2)™! to be the resolvent of the coupled Hamiltonian and Ry(z) =
(ho — z)~!. The holomorphic functional calculus yields

U AU = exp(—iT(¢ = () RN R} (¢') d¢' d,

’

where I" is a contour contained in the interior of T, and both contain the spectrum of the cou-
pled Hamiltonian h. Note that since U is entire such contours trivially exist, unlike with the
relative entropy in chapter 4 where we need to use the faithfulness of the state. Next, we sub-
stitute the Neumann expansion R*(z) = Ro(z)[Id + AvRo(2)] ™" = Ro(z)[Id — ARy (z) + O(\?)]
for z € T, to obtain

PO = iz [ exp(=in(C = D RO = MoRy(O* Ro(¢)1d = dul¢)] ¢ ¢

+ O(N\?).
We insert our expansion for w* and use UQw@(U@)* = w©® to rearrange U*w*(U*)* as

+AU WOy

//,eXp —i7(¢ = ¢')) Ro(QwRo()w'” + w ¥ Ro(¢")v] Ro(¢) AC" ¢ + O(N?),

217r

We compute these integrals using standard techniques. For example, the first term is

- (Qiir)? /r// exp(—iT(¢ — ) Ro(¢)vRo(C) Ro(¢) d¢" dC.

We apply the first resolvent identity (see proposition A.6) on the last factor Ry(¢) Ro(¢’), then
perform the (' integral. Next, we write remaining resolvents using the spectral representation

ho = Y, m;E;, and use Cauchy’s integral formula to obtain

_ exp(—iT(E; — E;)) 1
_ E mom(—iT) — E TUT ( o i) = )
i ? J 7 J

i#]
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We deal with the other term in the same way to obtain, using that [w(®, Ry(2)] = 0,

U/\CL)/\(U/\)* — w(O) + )\U(O)w(l)(U(O)>*

A, > mom,(-ir) + ; T, (eXp(_iTE(;Ei_Efj)) - 1)} +O0).

Now, LET Us CONSIDER eq. (5.12). When A = 0, we have
£0(8)<) — e*i‘l’hg 'e’iThS.

This map is independent of s. Since hs is self-adjoint, it has dim Hs linearly independent

eigenvectors {¢;} satistying hs¢; = E;¢; for some E; € R. Then

L0(s)(|5) (on]) = ™5 ) (g

Then £°(s) has eigenvalue 1 with multiplicity at least dim Hs (corresponding to Ej, = E}), and
all (dim Hs)? eigenvalues in sp £L°(s) are on the unit circle. In order to perform steps 2 and 3,
we need to make a genericity assumption to forbid accidental degeneracy.

WGEN The spectrum of £°(s) consists of dim Hs(dim Hs — 1) simple eigenvalues different
from 1, and 1 which is dim Hs-fold degenerate. Furthermore, hypotheses H1 to H3 and wH4
hold for all A € R* small enough, uniformly in s € [0, 1].

Remark. In particular, we assume hg is not degenerate. This assumption also ensures that v(s)
effectively couples the system and probes in the sense that for small but strictly positive cou-
pling A, H4 still holds, and the strictly contracting part of £*(s) is separated from the periph-

eral part.
This assumption and an analysis of the operator eq. (5.12) along with wGEN allows the tasks

in step 2 and 3 to be performed, yielding the following results.

Lemma 5.5 (m-RIS control of £()\)). Assume wGEN. For all 0 < G < 1, there exists m()\) € N
such that for any A € R* small enough,

() == sup [|L(s)"MQ(\, )] < 1 -G,

s€[0,1]
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We can take m(\) > M 1“(‘1{'15') where M{ > 0 is a constant, and r > 0 satisfies the estimate

sup spr(L£X(s)Q(A, s)) < 1 — Sp|A|", for some Sy > 0.

s€[0,1]

If dimHs =2, (X)) <1 —G form(X) > 22 for some My > 0, for X € R* small enough.

Then by choosing an m(\)-RIS, we may eliminate the A-dependence from ¢. However,
these estimates yield m(\) with m(\) — oo as A — 0. We may think of this as a further adi-
abatic slowing of the process, just as with a constant m-RIS. Now, we may formulate the final

result of the section (i.e. step 4).

Proposition 5.6 (SCL m-RIS). Consider a repeated interaction system satisfying assumption (mADRIS)
such that the induced CPTP map L(s) is irreducible for all s € |0, 1], and satisfies wGEN. De-

inv

note by Py (N) the unique invariant state of ﬁ?,T and Pklj()\) the associated spectral projector of
Ly Assume this state is faithful up to X = 0. Let p' be the initial state of the system, and assume
(Por(N) + Qor(N)p = p'. Then, using the notation of corollary 5.2, for T large enough, A small
enough, and k < T large enough, we have pn(X) = (pi5) + X)) + O(A2), and for all
1<j<m(N),

(J

oy = NEN(Myr, Mir) + Fyp (DY), DY) — AFOM (DY), My r) (5.13)
~ AE (M, DYY) + O(A + [|Qorp | 6N + T71Y),

where Fk(f)%(-, )= F(pianT)(o)(-, -) and My, is defined in lemma 5.4.

This allows the computation of o), at every step of the RIS, as a function of all the parame-
ters, with control over both X and T. Let us apply this to the special case with Qp' = 0 so that
Dy = O(1/T), using eq. (5.5).

We assume that inf sp(p™)® > 0, which yields a lower bound for the spectrum of (pj%,)®
uniform in k and 7. Then our bound on the function F, from corollary 4.6 yields e.g., ,(ggF(D,(f)T) =
O(T~?) uniformly in k and 7. Thus we have

)\2F +(Myr) +0)T?*) + O\/T) + O(N?).
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Then,
T m(\) T
o= 303 ol = m) Y [REG (M) + O(1/T?) + O/T) + OO
k=1 j=1 k=1
T
=m(\) (A2 FO(Miz) +O(1/T) + O(\) + O(T?)
k=1
=m(\) [N*TF, + O(1/T) + O(\) + O(TX?)] . (5.14)
where
1 T
Fyi=Jim = F{ (M)
k=1

In fact, if we consider the C? function M(s),

M(s) = [(pmv )0 © £(s Zwl s)umi(s)(—it) + Zﬂ—i(s)vﬂ—j(S) (exp(—iT(Ei(s)_— EJ(S))) — 1) ]
+UO(s)(p™ (s))M @ £(5) (U ()"

then we may write

Fo = lim ZF o (M) (/T — (k — 1)/T) = /0 oo (M(s))ds.  (5.1)

T—o0

Since M (s) is C* and F{gm0 bounded independently of s, the integral is finite. Additionally,
since M (s) is self-adjoint, by corollary 4.6, the integrand is non-negative, so 0 < Fyy < oo.
Equation (5.14) shows that for any small but finite Ay > 0, the adiabatic limit 7 — oo yields
divergent entropy production. This agrees with our analysis in terms of the Quantum Pinsker
Inequality.
Moreover, if dim Hgs = 2, then we may choose m(X) = [M,/A*], and obtain for F > 0

o\t = TMoFo(1+ O(1/(T?A?)) + O(1/TX) + O(N)).

Then S\ diverges as T even in the limit 7" — oo, A — 0, A\T' = constant. In higher dimen-
sional spaces, lemma 5.5 yields larger estimates for m(\), so the corresponding m(\)-RIS also

has divergent entropy production in this limit.



6

Deénouement

6.1 Qubits with full dipole interaction

WE NOW HAVE THE TOOLS to return to the example of qubits with the full dipole interaction
considered in section 1.3.1. In that section, we computed the reduced dynamics, £ as a func-

tion of the parameters. We may compute its eigenvalues and eigenvectors (see [Han16]). Since

0 0 .
hs = (0 5 for TE ¢ 2nZ we have sp(L£°) = {e*7F 1} where 1 has multiplicity two. We

may check via perturbation theory or computationally that for A > 0, 1 is a simple eigenvalue
and the only peripheral eigenvalue of £*(s). We also see that all eigenvalues of £*(s) are in
fact independent of 3 and thus of s € [0, 1]. We may compute the eigenvector associated to 1
for A > 0:

eB($)Eo (1—cos(v7))n2+1v2(1—cos(nT)) 0
inv _ [ (1+ePOP0)((1—cos(vr))n2 +v2(1—cos(nT)))
Ps = 0 (1—cos(v7))n2+eP () Eoy2(1—cos(nT))

(1+eﬁ(5)50 ) ((1=cos(vT))n2+v2(1—cos(nT)))

where v = /(Ey — E)2+ A2 andn = /(E + Ey)? + A2, using the basis described in sec-
tion 1.3.1, the eigenbasis of the unperturbed Hamiltonian hy = hs + he. Since this matrix
is strictly positive-definite for whenever either v7 ¢ 27Z or nT ¢ 2nZ. Thus, if we exclude
a countable set from parameter space, this invariant state is faithful for small enough A, uni-
formly in s. Thus, similarly to the RW case discussed in section 5.3, since £*(s) has trivial pe-
ripheral spectrum with positive-definite eigenvector to eigenvalue 1, we have that £2(s) is an
ergodic CPTP map, and in particular irreducible. Additionally, these considerations show that
wGEN is satisfied.

By lemma 5.5, there exists m()) € N for each A # 0 small enough to bound ¢()) uniformly

away from one. The lemma shows we may take m()\) = [My5] for some constant M, > 0.
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We will consider the corresponding m(X)-RIS, where each probe is repeated m()) times.
First, let us consider corollary 5.3: do we have inf, | X (s)||; > 0? Even with Mathematica,

a simplified form of || X r||; was not found. However, we may recognize that if M, # 0, as

will be shown below, then X}, r can only vanish with a conspiracy of the higher order terms,

which can only happen for a countable set of A. For any other choice of parameters then,

tot
O\ — 0

as T'— oo when Qo 7p' = 0.
Now, let us consider the small coupling limit. Let p' = (pin)(©), the invariant state at s = 0.
Then Qo rp' = 0, and we are in the case computed after proposition 5.6. We may explicitly

compute M (s), using that p™ has no term which is first order in \. We obtain

0 . 0 ,(ei‘rno 71> sin?(vo7/2)m0
; : (eo-t)sin /2 :
Mk’,T = Ak7T —ivgT [ LTV in2
: (1) s 2 : °
e_mof(eimo 71) sin?(vo7/2)n0 0 ’ 0
where
E
Ltanh ( Berfo
2 2
Akz,T

" 2E,Esin(Eyr) sin(ET) — (E2 + E2) (1 — cos(Eor) cos(ET))

and vy = |E — E()’ and o = ’E -+ E()’
Since [p™, &(s)', ho] = 0, using that p™ and &, are diagonal in the eigenbasis of hy, the spec-

tral projectors in the definition of Fmge are the same as those for hy. We use this to compute

Fimgei (M(s)). We sample at s = k/T to conclude for small X that

Uzif)T = Fym ce,,(Mrr) + OMNT™1) + O(T72) + O(\?),

2 Bk, 7 Eo Br, 1 Eo (cos(Egt)—cos(ET))?
P (M . A 2 tanh ( 2 ) 2EoE sin(EoT) sin(ET)—(E§+E2)(1—cos(Eo7') cos(ET)) E # Eo
plIS,VT®£;c,T< k,T> - 9 Br.7Eo 72 SiHQ(EoT)
A 5’“7TE0 tanh < 2 ) 1+2E372—cos(2EgT) E = Ey.

Given a curve s — [3(s), we may then compute Fj via eq. (5.15). However, we notice that F;

vanishes or not depending only on E, E, 7, and not depending on /3 or A. As pointed out at

the end of section 5.4, if Fiy # 0 then 0%, diverges as 7" in the limit T — oo, A — 0, \T' =
tot

constant. In particular, for any small A > 0, the entropy production 0%} diverges as T — oc.

Naively, when would we have F, = 0 by the expression above? This occurs exactly when
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(E—Ey)7 € 2nZ. But this implies vy = v| o € 27Z violating our assumption that the invariant
state is faithful for all A small enough, including A\ = 0. Thus, for any choice of parameters

meeting our assumptions we obtain divergent entropy production for the m(X)-RIS.

6.1.1 A return to cooling

LET US RETURN to our considerations of cooling in the RW system discussed in section 5.3.1.
First, we have seen we may not drive the system to the invariant state without entropy produc-
tion in this way. Next, we may rewrite the invariant state in the full dipole system as a Gibbs

state as some effective temperature (.4, which may not be positive. We can then check to see if

ﬁeE > 5
Writing pin" = (7 . ), we equate
-

g e — 1 L
( - 7) = exp(—03 EhS)/Tr(' ) = < e_geﬁfEO) 1+ BB

This generates two equivalent conditions, one of which is

1 F 1 1
_ —pfE, _ eff
— — ¢ == -1 <+ —BYE,=log(~-—1
K 1+ e—B%Eo 0 B8 g<7 >

That is, gt = —Eio log (“lr — 1) . First, when is 5 > 02 We have

1 1 1
B> 0 — log<——1><0 = 1<l = >3
Y Y

Substituting the definition of 7 into this inequality, we see this occurs when

eﬁEO(l — cos(vT))n* +v*(1 — cos(nT)) > % (1 + eﬁEO) ((1 — cos(vT))n* + (1 — Cos(nT)))
%eﬂEo(l — cos(vT))n® + %1/2(1 —cos(nT)) > %(1 — cos(vT))n? + %GBEOVZ(l — cos(nT))
(e —1) (1 = cos(vr))n* > (e’ — 1) *(1 — cos(nr))

(1 — cos(v7))n* > v*(1 — cos(nT))

which we can rewrite and simplify as

((Eo — E)? + A2) cos (T\/(Eo T E)? T )\2> +ABE > ((Eo + E)? + )2) cos <r\/(E0 — B+ )\2> .
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By inspection, in the RWA regime, A small and E, ~ E, for example, this condition holds. It
does not always hold; take, say, \ = 2, Ey = 2, E = 1,and 7 = 3, and we have the LHS as
13 cos(3v/5) ~ 11.84 and the RHS as 8 + 5 cos(3v/5) ~ 7.11. Moving on, can we have geft > 32

B> 3 = _pfE, < _BE, «— e B0 < B0

e B 1 < e PP 4

1 1
e=Fko 41 = e=BB 41 !
1 ePEo (1 — cos(vT))n? + v2(1 — cos(nT))

e—BFo 4 1 < (1 + efEo) ((1 — cos(vT))n? 4+ v2(1 — cos(nT)))
68y _ ePPo 11 ePEo(1 — cos(vT))n? + v*(1 — cos(nT))
e—BE0 4 1 (1 — cos(vT))n? + v2(1 — cos(nT))
B0 (1 = cos(vr))n? + 12(1 — cos(nr))) < €?P0(1 — cos(vr))n® + v*(1 — cos(nT))

e

ePEop2(1 — cos(nt)) < v3(1 — cos(nT))

PP <1 «— BE, <0

[ A A

which we’ve assumed to not be the case. Therefore, the cooling seen in section 5.3.1 cannot
occur with the full dipole interaction, at least in the sense shown here. That cooling may thus

indicate a failure of the rotating wave approximation.

6.2 Retrospective

REPEATED INTERACTION SYSTEMS have two sources of entropy production: the difference be-
tween the actual dynamics and the adiabatic dynamics, and the failure of the invariant state of
the reduced dynamics to be invariant under the full dynamics. We would expect the first for
any adiabatic limit. The second is indicative of the non-equilibrium nature of repeated interac-
tion systems, which is due to the probes being swapped out every step. Even if one starts in the
invariant state for the first step, we expect order A\* entropy to be produced from each subse-
quent step. As the number of steps is given by the adiabatic parameter 7', in the adiabatic limit
we obtain infinite entropy production, growing as m(A)A\?T for small but finite coupling .
This more or less resolves our initial question: Landauer’s Principle is not saturated in the adi-
abatic limit. However, we saw when the system and probes are given by two level systems
interacting through their dipoles, in the rotating wave approximation, the entropy production

vanishes even for large coupling.
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Linear algebm

A.1 Projections

Def A.1. If X is a vector space, a bounded operator P € B(X) is a projection it P?> = P.
Projections have the following properties.

Proposition A.2. If X is a finite-dimensional vector space and P € B(X) a projection, then
1.spP C{0,1}

2. Tr P = Tr |P| = rank P = dim Ran P.

Lemma A.3. Let X be a finite-dimensional vector space. Let P and Q be projections on X with
spr(P — Q)? < 1. Then P is similar to Q.

Proof. We wish to find an invertible operator U such that P = U~'QU. Consider
U'=QP+(1—-Q)(1—P).

On the P subspace, U’ maps to ), and on the 1 — P subspace, U’ maps to 1 — Q; in particular,

U'P = Q. But the map isn’t bijective: U'P(1 — Q) = Q(1 — Q) = 0. But P(1 — Q) # 01in

general. We could similarly consider

Vi=PQ+(1-P)(1-0Q),
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which then has V' : QX — PX. We have

UV'=QPQ+(1-Q)1-P)(1-Q)
=QPQ+(1-Q)(1-P-Q+PQ+QP)
=QPG+1-P-Q+PQ+QFP -+ QP +{ - QPQ-QF
=1-P-Q+PQ+QP
—1-(P-Qr

Since the RHS is invariant under P <+ @, the LHS is too, and we have VU’ = 1 — (P — Q).
Let R = (P —Q)? Then U'V' = V'U’ = 1 — R. If the far right side was 1 instead of 1 — R, then

U’ and V" would be inverses to each other, and we would have found a bijective map. We will
try to modify U’ and V"’ to let this happen. Note that

PR=P+PQ—PQ—PQP=P— PQP=P+QP — QP — PQP = RP

and similarly, R commutes with Q. Thus, R commutes with U’ and V’. With our assumption

spr R < 1, we have the absolutely convergent series

(BOREESS (_71,/ 2) (—R)"

n=0

where we define (%) := ale=lle=2ulamntl) £ ¢ C. This sum satisfies (1 — R)~"/?)? =
(1 — R)~" as we would expect, according to [Kat76]. Alternatively, we may see that since
spr R < 1, at least in this finite dimensional case, 1 — R is positive definite. Then its inverse
(1 — R)~! is positive definite and so admits a unique positive square root, which we will call
(1 — R)™'2. Now, define U = U’'(1 — R)"'?,and V = V'(1 — R)™"/2. Then UV = VU =
(1-R(1-R)"'=1s0V=0U"

Finally,

UP=UP(1-R)?=QP1-R)™"?=QU'(1-R)™"?*=QU
So P =U~'QU, and the two operators are similiar. O
Corollary A.4. Let Y and X be finite dimensional vector spaces, and P : B(Y') — B(X), A+ Py

be a projector-valued map, which is continuous at Aq € B(Y). Then for sufficiently small ||A — Ao,
the range Py X is isomorphic to Pa,X. In particular, dim P4 X is constant.
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Proof. Since A +— P, is continuous at Ay, there exists & > 0 such that for |[A — Ay|| < 9, the
norm ||Py — Py4,|| < 1. Fix A with |4 — Ay|| < §. Then

Spl"(PA - PA0)2 < [Spl"(PA - PA0>]2 < ||PA - PAOH2 <L

Then by lemma A.3, Py = U~'P4,U for some invertible U € B(X). Then UPy = Py4,U, so
U: PyX — Py, X is a vector space isomorphism. ]

A2 Resolvents

Def A.5. For X a finite dimensional vector space, and T' € B(X), define the resolvent as the

operator-valued map

Ry : P(T) = B(X)
(= Re(Q)=(T-¢),

where P(T) is the resolvent set of T, namely C \ sp(T') where sp(T) is (in finite dimensions) the
set of eigenvalues of 7.

We will follow convention and also call the operator Ry (¢) the resolvent of T" at ¢.

Remark. The resolvent encodes all of the information of 7" in a way that allows us to access the

powerful results of complex analysis.

Proposition A.6 (Properties of the resolvent). For X a finite dimensional vector space and T, A, B €
B(X), we have the following properties.

1. For ¢ € P(T), the resolvent Ry (C) commutes with T and has exactly the eigenvalues {(X — ()~
A is an eigenvalue of T'}.

2. For (1, (o € P(T), we have the first resolvent equation

Ry (G1) — Rr(C) = Rr(€)(G — G) Rr(C) = (G — Go) R (1) R (Ca).

In particular, Rp(G1) and Ry (Co) commute.
3. The second resolvent equation: for ( € P(A) N P(B),

RA(C) — Rp(¢) = Ra(¢)(B — A)Rp(().
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Proposition A.7. Let X be a Hilbert space with dim X = N < co and T € B(X) be a normal
operator on X with eigenvalues {\1, ..., An} counted with multiplicity. Then

|R(Q) = min

Remark. This is problem 6.43 of [Kat76], page 60.

A3 Continuity of eigenvalues

Def A.8. Let C™ = {{z1,20,...,2,} : 2 € C, z; # 2z fori,j = 1,2,...,n} be the set
of unordered n-tuples of complex numbers. Given two tuples A = {ay,...,a,} € C™ and
B ={by,...,b,} € C", define

dist(A, B) = min 1%?;% |Gy — bi|

where S,, is the symmetric group on n letters.

Remark. 1t is straightforward to check that the function dist : C™ x C™ — R, is a metric.
This distance is a natural one for sets; we rearrange A and B so that their largest elementwise

distance is minimal, and use that distance for the distance between the tuples.

Theorem A.9 (Continuity of eigenvalues). Let X be an n-dimensional vector space. Let &
(B(X),] - 11) = (C™ dist) map T € B(X) to its n~tuple of eigenvalues, repeatedly according to their

algebraic multiplicies, in any order. Then & is continuous.

Proof. This follows from the continuity of zeros of polynomials, e.g. [Zed65, Theorem 1]. [

A3.1 CPTP maps

Proposition A.10. Let H be aﬁnite dimensional Hilbert space. Then set C OfCPTP maps on
(B(H), [|-l2) = (B(H), ||-||2) is a compact subset of B(B(H)) with the norm ||®|| = supy,,=1 [|2(p) |2

Remark. Since all norms are equivalent on these finite dimensional spaces, we recover compact-
ness of CPTP maps on (Z;(H), || - ||1)-

Proof. See [Cro13, Lemma 1.9]. O



B
Detailed derivation of eq. (1.2)

By definition of relative entropy, the entropy production (eq. (1.4)) may be written
o="Tr (Upi ® U log(Up' ® fiU*)) —Tr (U,oi ® £U* log(pf® f‘))

We then recognize the first term as an entropy, and expand the second term using the follow-

ing lemma.

Lemma B.1. If A, B are strictly positive operators, then
log(A ® B) =log(A) ® Id 4 Id ® log(B).

Proof. If A, B have spectral decompositions A = 3=, yi;P;and B = 37, \;Q;, then A® B =
Zij ,LLZ)\]P,L X Qj' With tl’liS,

log(A® B) = Zloguz )P ® Q;
= Z log i + log A;) P ® Q,
ij
:ZIOgMiPi®Qj+ZIOg>‘jPi®Qj
ij ij
:Zlongi@;IdJerog/\de@Qj
i J

— log(A) ® Id + Id ® log(B). 0
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This yields

o=—SUp @&U*) - Tr (Up'® U (log pf @ 1d))
—Tr (Up' @ EU* (Id @ log £)).

Since entropy is invariant under a unitary transformation , we have S(Up' ® £U*) = S(p' ®@

¢'). Furthermore, by definition of the partial trace,
Tr (Up' @ €U (log pf @ 1d)) = Tr (Trs(Up' @ €U*) log pf),

which is simply Tr(pflog pf) = —S(pf). Using this argument for the third term as well, we are
left with
0 ==S(p'® &) + 5(pf) — Tr(¢'log&').

But

S(p®E)=—Tr(p @& log(p'®¢)
= —Tr(p'® & (logp' @1d)) — Tr (p' @ £(Id ® log £'))
=—Tr(p'logp' ®@¢&) —Tr (p' @ &' log &)
= —Tr(p'log p') Tr (&) — Tr (€ log €') Tr(p')
= S(p) +S(&),

using that Tr(p') = Tr(¢') = 1. Then,

o =—=S(p) + S(pf) — S(&') — Tr(& log &)
= —ASs —Tr (¢~ €)log ).

Additionally, using eq. (1.3),
log€' = —fBhe — log(Tr(exp(—phe)),
so, using that Tr(¢F — ¢) =1 -1 =0,

o =—ASs + BTr (6" — €)he) + log(Tr(exp(—Bhe))) Tr(eE=¢)
= —ASs + BAQ:.



Bibliography

[Ben73]

[BHN+15]

[BjM14]

[Cro13]

[CZH+06]

[Far96]

[Han16]

[HJPR15]

C. H. Bennett. “Logical Reversibility of Computation”. In: IBM Journal of Re-
search and Development 17.6 (Nov. 1973), pp. 525-532. 1ssn: 0018-8646. por:
10.1147/1d.176.0525 (cit. on p. 8).

F. Brandio et al. “The second laws of quantum thermodynamics”. In: Proceedings
of the National Academy of Science 112 (Mar. 2015), pp. 3275-3279. por: 10.1073/
pnas. 1411728112 (cit. on p. 9).

Laurent Bruneau, Alain Joye, and Marco Merkli. “Repeated interactions in open
quantum systems”. In: J. Math. Phys. 55.7 (2014), p. 075204 (cit. on pp. 11, 15,
23).

Tanner Crowder. “Representations of Quantum Channels”. In: (2013). Ph.D.
Thesis. URL: http://gradworks.proquest.com/3591941.pdf (cit. on p. 79).

R. K. Cavin et al. “Research directions and challenges in nanoelectronics”. In:
Journal of Nanoparticle Research 8.6 (2006), pp. 841-858. 1ssN: 1572-896X. por:
10.1007/s11051-006-9123-4. URL: http://dx.doi.org/10.1007/s11051-
006-9123-4 (cit. on p. 8).

Douglas R. Farenick. “Irreducible Positive Linear Maps on Operator Algebras”.
In: Proceedings of the American Mathematical Society 124.11 (1996), pp. 3381-3390.
1ssN: 00029939, 10886826. URL: http://www . jstor .org/stable/2161316
(cit. on p. 42).

Eric Hanson. RIS_full_dipole. ericphanson.com/code/RIS_full_dipole.
Mathematica code provided as .nb, .pdf. 2016 (cit. on pp. 16, 21, 72).

E. Hanson et al. “Landauer’s Principle in Repeated Interaction Systems”. Submit-
ted to Communications in Mathematical Physics. arXiv/1510.00533. Oct. 2015
(cit. on pp. 6, 66, 67).


http://dx.doi.org/10.1147/rd.176.0525
http://dx.doi.org/10.1073/pnas.1411728112
http://dx.doi.org/10.1073/pnas.1411728112
http://gradworks.proquest.com/3591941.pdf
http://dx.doi.org/10.1007/s11051-006-9123-4
http://dx.doi.org/10.1007/s11051-006-9123-4
http://dx.doi.org/10.1007/s11051-006-9123-4
http://www.jstor.org/stable/2161316
ericphanson.com/code/RIS_full_dipole
http://arxiv.org/abs/1510.00533

BIBLIOGRAPHY 83

UealS] Reversible Computation: 7th International Conference, RC 2015, Grenoble, France, July
16-17, 2015, Proceedings (Lecture Notes in Computer Science). Springer, 2015. 1SBN:
3319208594 (cit. on p. 8).

[JOPP12]  Vojkan Jaksi¢ et al. “Entropic fluctuations in quantum statistical mechanics. An
introduction”. In: Quantum Theory from Small to Large Scales (2012), pp. 213-410
(cit. on pp. 9, 14, 54).

[JP14] Vojkan Jaksi¢ and Claude-Alain Pillet. “A note on the Landauer principle in
quantum statistical mechanics”. In: J. Math. Phys. 55.7 (July 2014), 075210-75210:21
(cit. on pp. 8, 11, 19, 20).

[Kat50] Tosio Kato. “On the Adiabatic Theorem of Quantum Mechanics”. In: J. Phys. Soc.
Japan 5 (Nov. 1950), p. 435. por: 10.1143/JPSJ.5.435 (cit. on p. 10).

[Kat76] Tosio Kato. Perturbation Theory for Linear Operators. Classics in mathematics.
Springer, 1976 (cit. on pp. 6, 23, 26, 45, 46, 77, 79).

[Lan61] Rolf Landauer. “Irreversibility and heat generation in the computing process”. In:
IBM Journal of Research and Development 5 (1961), pp. 183-191 (cit. on p. 7).

[OP93] Masanori Ohya and Dénes Petz. Quantum entropy and its use. Texts and Mono-
graphs in Physics. Springer-Verlag, Berlin, 1993. 1sBn: 3-540-54881-5. por:
10.1007/978-3-642-57997-4 (cit. on p. 45).

[Pop10] Eric Pop. “Energy dissipation and transport in nanoscale devices”. In: Nano Re-
search 3.3 (2010), pp. 147-169. 1ssN: 1998-0000. por: 10 . 1007 /512274 - 010 -
1019-z. URL: http://dx.doi.org/10.1007/512274-010-1019-z (cit. on p. 8).

[PWPROG6] David Peréz-Garcia et al. “Contractivity of positive and trace-preserving maps
under Lp norms”. In: Journal of Mathematical Physics 47.8, 083506 (2006). por:
http://dx.doi.org/10.1063/1.2218675. URL: http://scitation.aip.org/
content/aip/journal/jmp/47/8/10.1063/1.2218675 (cit. on p. 14).

[RD66] Bernard Russo and Henry Dye. “A note on unitary operators in C*-algebras”. In:
Duke Math. ]. 33 (1966), pp. 413-416. 1ssN: 0012-7094 (cit. on p. 14).

[RS81] M. Reed and B. Simon. I: Functional Analysis. Methods of Modern Mathematical
Physics. Elsevier Science, 1981. 1sBN: 9780080570488 (cit. on pp. 13, 14).

[RW14]  David Reeb and Michael M Wolf. “An improved Landauer principle with finite-
size corrections”. In: New Journal of Physics 16.10 (2014), p. 103011. URL: http:
//stacks.iop.org/1367-2630/16/i=10/a=103011 (cit. on pp. 7-9).


http://dx.doi.org/10.1143/JPSJ.5.435
http://dx.doi.org/10.1007/978-3-642-57997-4
http://dx.doi.org/10.1007/s12274-010-1019-z
http://dx.doi.org/10.1007/s12274-010-1019-z
http://dx.doi.org/10.1007/s12274-010-1019-z
http://dx.doi.org/http://dx.doi.org/10.1063/1.2218675
http://scitation.aip.org/content/aip/journal/jmp/47/8/10.1063/1.2218675
http://scitation.aip.org/content/aip/journal/jmp/47/8/10.1063/1.2218675
http://stacks.iop.org/1367-2630/16/i=10/a=103011
http://stacks.iop.org/1367-2630/16/i=10/a=103011

84 LANDAUER’S PRINCIPLE IN REPEATED INTERACTION SYSTEMS

[Scho1]

[Tan11]

[Vos10]

[Wil11]

[Wol12]

[Zed65]

Robert Schrader. “Perron-Frobenius theory for positive maps on trace ideals”. In:
Mathematical physics in mathematics and physics (Siena, 2000). Vol. 30. Fields Inst.
Commun. Amer. Math. Soc., Providence, RI, 2001, pp. 361-378 (cit. on p. 42).

Atushi Tanaka. “Adiabatic Theorem for Discrete Time Evolution”. In: J. Phys. Soc.
Japan 80.12 (2011) (cit. on pp. 30, 37).

Alexis De Vos. Reversible Computing: Fundamentals, Quantum Computing, and Ap-
plications. Wiley-VCH, 2010. 1sBN: 3527409920, 9783527409921 (cit. on p. 8).

M. M. Wilde. “From Classical to Quantum Shannon Theory”. In: ArXiv e-prints
(June 2011). arXiv: 1106.1445v4 [quant-ph] (cit. on p. 45).

Michael M. Wolf. Quantum channels & operations: Guided tour. http: //www-m5.
ma.tum.de/foswiki/pub/M5/A11gemeines/MichaelWolf/QChannellecture.
pdf. Lecture notes based on a course given at the Niels-Bohr Institute. 2012 (cit.
on pp. 19, 29, 44, 63).

Mishael Zedek. “Continuity and Location of Zeros of Linear Combinations of
Polynomials”. English. In: Proceedings of the American Mathematical Society 16.1
(1965), pp. 78-84. 1ssn: 00029939. URL: http : //www . jstor . org/stable/
2034005 (cit. on p. 79).


http://arxiv.org/abs/1106.1445v4
http://www-m5.ma.tum.de/foswiki/pub/M5/Allgemeines/MichaelWolf/QChannelLecture.pdf
http://www-m5.ma.tum.de/foswiki/pub/M5/Allgemeines/MichaelWolf/QChannelLecture.pdf
http://www-m5.ma.tum.de/foswiki/pub/M5/Allgemeines/MichaelWolf/QChannelLecture.pdf
http://www.jstor.org/stable/2034005
http://www.jstor.org/stable/2034005

	The setting
	Landauer's Principle 
	The adiabatic limit 
	Repeated interaction systems (RIS) 

	Rising action
	Formulation of Landauer's Principle for repeated interaction systems 
	A first attempt 

	Turning point: An adiabatic theorem 
	Discrete non-unitary adiabatic theorem (DNUAT)
	Applying DNAUT to RIS 

	Perturbation of relative entropy 
	Assemblage
	General results 
	m-RIS
	Qubits with RW interaction 
	Discussion of the small coupling limit 

	Dénouement 
	Qubits with full dipole interaction 
	Retrospective

	Linear algebra 
	Projections
	Resolvents
	Continuity of eigenvalues

	Detailed derivation of eq:balance 

