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ABSTRACT

In this thesis, we investigate some foliations on the positive characteristic fibres of
certain Shimura varieties. First, we review the general theory of foliations in positive
characteristic, especially looking at torus-equivariant foliations on toric varieties. In
particular, we will provide an explicit description for the singular locus of a torus-
equivariant foliation on a toric variety. Secondly, we apply these observations to the
tautological foliations on Hilbert Modular Varieties in both characteristic zero and
positive characteristic, thus giving a description of the singular locus of these foliations
on a toroidal compactification of a Hilbert Modular Variety. We will also investigate the
behaviour of the V-foliation on unitary Shimura varieties of signature (n,m) and show
that certain high-dimensional Ekedahl-Oort strata are integral varieties with respect

to this foliation.
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Résumé

Dans cette these, on étudie certains feuilletages sur les fibres de caractéristique
positive de certaines variétés de Shimura. On commence par une introduction a la
théorie générale de les feuilletages en caractéristique positive, en particulier on considere
les feuilletages sur des variétés toriques. On donne une description explicite du lieu
singulier d'un feuilletage torique. Apres, on applique ces observations aux feuilletages
tautologiques sur les variétés modulaires de Hilbert a la fois en caractéristique nulle
et en caractéristique positive, donnant ainsi une description du lieu singulier de ces
feuilletages sur une compactification toroidale d’une variété modulaire de Hilbert. On
étudie également la V-feuilletage sur les variétés unitaires de Shimura de signature
(n,m), et on montre que certaines strates Ekedahl-Oort de haute dimension sont des

variétés intégrales par rapport a ce feuilletage.
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1. INTRODUCTION

Let X be a smooth variety over a field x with tangent bundle 7 X. A foliation on X
is defined as an involutive saturated subsheaf of 7 X, that is, a saturated subsheaf that
is closed under the Lie bracket. If s is a field such that char(k) = p > 0, we have a
map ¢ — (P on TX. If % is a foliation on X that is closed under this map, it is called
a p-foliation. In | |, it was shown that p-foliations have a deep connection with
inseparable morphisms. In this thesis we will be examining two examples of p-foliations
on Shimura varieties, namely the tautological foliations on Hilbert modular varieties,
and the V-foliation on unitary Shimura varieties.

A Hilbert modular variety M can be viewed as a moduli space parameterizing
polarized abelian varieties with real multiplication by O, where L is a totally real
field. The complex points of M can be described by the uniformization M(C) = I'\ 9,
where I is an arithmetic subgroup of SLy(L) acting on ¢ copies of the upper half-plane.
Let (21,...,2,) be the coordinates of h?, then for any subset J C {1,...¢g}, we can de-
fine a foliation .#; on M(C) by considering the subbundle of 7 M spanned by {%} jed-
We call these the tautological foliations on M. In | ], de Shalit and Goren gave
an algebraic description of the tautological foliations and studied them on the positive
characteristic fibres of M. We will build on their work by extending the tautological
foliations to toroidal compactifications of Hilbert modular varieties. These extensions
are generally not smooth foliations, and our main result about them is to explicitly
describe the singular locus such a foliation on a given toroidal compactification.

One of the main components in the construction of toroidal compactifications of
Hilbert modular varieties are toric varieties. In [ ], a correspondence between

torus-equivariant vector bundles on a toric variety and certain multi-filtrations of a
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vector space is given. In the case of toric foliations, this classification reduces to a
correspondence between toric foliations on a toric variety X with subspaces of certain
vector space. In characteristic zero, this theory has been developed and used in, for
example, | ], | ] and | |. In this thesis we further extend this idea
to positive characteristic and prove the correspondence between toric p-foliations on
a toric variety X defined over a field k of positive characteristic and subspaces of a
vector space defined over k.

Using this correspondence, we can compute the singular locus of toric foliations,
and in particular, the singular locus of a tautological foliation on a toroidal compact-
ification of a Hilbert modular variety. This leads to some interesting results in the
positive characteristic case. For example, it is well-known that the singular locus of a
tautological foliation on any toroidal compactification of a Hilbert modular surface de-
fined over C is precisely the zero-dimensional toric strata. However, when working over
a field k with char(k) = p > 0, we demonstrate that it is possible for the tautological
foliations to be smooth at some of the zero-dimensional strata. Indeed, in character-
istics 2 and 3, we prove it is always possible to choose a toroidal compactification of
a given Hilbert modular surface such that one of the tautological foliations is smooth
everywhere.

We will also be considering a p-foliation defined on unitary Shimura varieties. Given
a quadratic imaginary field E, the unitary Shimura variety M of signature (n,m)
can be viewed as a moduli space parameterizing polarized abelian varieties A with
an endomorphism structure O — End(A) of signature (n,m). Let x be a field of
characteristic p. The Ekedahl-Oort stratification, first defined over A, in | ],
classifies the points in M(k) by the isomorphism class of the p-torsion of the abelian
variety parameterized.

For m < n, de Shalit and Goren constructed a natural height 1 foliation of rank m?
over unitary Shimura varieties of signature (n,m) in | ]. This foliation, known
as the V-foliation, was first defined over the open Ekedahl-Oort stratum, but was

shown to extend deeper to a particular stratum, denoted Si,. Furthermore, they
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showed that Si, is an integral variety for the V-foliation. In this thesis, we look
specifically at the Ekedahl-Oort strata that lie between the open stratum and Sj,.
Using Dieudonné theory, and Zink’s theory of displays, we give an explicit description
of the V-foliation and the tangent spaces of the individual Ekedahl-Oort strata, and
use this to demonstrate that each of these strata are invariant with respect to the

V -foliation.

1.1 Structure of the Thesis

We first examine the behavior of the tautological foliations on a Hilbert modular
variety M as they are extended to toroidal compactification of M. In chapter 2, we
will review some of the background material relevant to this topic, including results
on toric varieties, formal schemes and Hilbert modular varieties. These results are not
new, but they provide the foundation of the work in chapters 3 and 4.

Chapter 3 begins by reviewing the theory of foliations and p-foliations, with a
particular focus on toric foliations. The work done by Klyachko in | | regarding
the classification of toric vector bundles is extended to the case of positive characteristic.
A new criterion for explicitly calculating the singular locus of a toric foliation is proven.
Also, a description of the quotient of a toric variety by a toric p-foliation is given.

In chapter 4, we apply the results of chapter 3 to the case of the tautological
foliations of a Hilbert modular variety, both when working over C and when working
over a field x of positive characteristic. We explicitly compute some examples in
dimension 2, and describe when a tautological foliation on a Hilbert modular surface
is smooth at certain zero-dimensional toric strata.

Secondly, we will examine the interaction of the V-foliation on a unitary Shimura
variety with the Ekedahl-Oort stratification. In chapter 5, we will set up our notations,
and review some important results of Dieudonné theorey and the theory of displays
that will be used later on. Then, in chapter 6, we will look at the Ekedahl-Oort strat-

ification, using the elementary sequences defined by Oort, as in | ] and | ]
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to parameterized the EO-strata. While more general techniques exist for working with
the EO-stratification, (e.g. | 1, | I, | |), we are choosing to use the
elementary sequences here as their explicit descriptions of the actions of the Frobe-
nius and Verscheibung operators make them well suited for computations involving
the V-foliation, which is defined explicitly in terms of the action of Verschiebung.

In chapter 7, the theory of displays is used to explicitly compute the universal
deformations over the individual EO-strata. Finally in chapter 8, we conclude by
discussing the V-foliation on a unitary Shimura variety. Using the results of chapter 7,
we demonstrate that every strata larger than Sp, is invariant with respect to this
foliation.

Note that chapters 5—8 are completely independent from chapters 2-4 and can be
read separately. As such, there may be some small overlap in the introductory material
introducted in these two sections of the thesis, particularly with regards to the basic

theory of foliations.



2. PRELIMINARIES

2.1 Algebraic Lemmas

Let R be a (commutative) ring. An R-module M is said to be free if there exists
some subset B of M, such that every element of M can be uniquely written in the form
m = riby + -+ + rpb, for some by,...,b, € B, and ry,...,r, € R. If B is finite, with
cardinality r, then M is called a free R-module of rank r. Such a subset B is called a
basis for M. If B C M is such that B’ is a basis for some submodule of M, then B’ is

said to be R-linearly independent.

Lemma 2.1. Let R be an integral domain, with field of fractions F. If M is an R-
module containing an R-linearly-independent subset {by,...,b.}, then M ® F is an

F-vector space containing the F-linearly independent set {b; @ 1:1 <1i <r}.

Proof. Let x € M ® F be such that x is in the span of {b; ® 1 : 1 <1 < r}. Then, if
x=>"_rilbj@1) =37, si(b;®1), for some 7;,5; € I, let C' € R be chosen such
that Crj,Cs; € Rforall1 <j <rand C #0. Then Cz =377 Crjb; =377, Cs;b;.
Then, since {by,...,b,} is R-linearly independent, it must be that Cr; = C's; for all
1<j<r. Thusr;=s;forall1 <j<r.

Thus, {b; ® 1:1 <i <r}is F-linearly independent in M ® F'. O

Let N be a sub-R-module of an R-module M. Then N is said to be saturated
in M if for every m € M such that there exists some nonzero r € R with rm € N,

alsom € N.



2. Preliminaries 6

Lemma 2.2. Let R be an integral domain, and let M be a free R-module of rank r.

Let N be a saturated, free sub-R-module of M of rank r. Then N = M.

Proof. Let {ai,...,a,} be a basis for M and let {by,...,b.} be a basis for N. Then
there exists t;; € R such that b; = Z;Zl ti;a;. Let I be the field of fractions of R. Then,
since {b1,...,b,} is an R-linearly independent set in N, then the set {b;®1,...,b,®1}
must be F-linearly independent in N ® F' by Lemma 2.1. Thus, the columns of the
matrix 7" = [t;;] must be F-linearly independent, and is thus and invertible matrix

over F. By the adjugate formula for the inverse, we know that:
adj(TT = det(T)1,.

However, since each ¢;; € R, it must be that each component of adj(7") is also in R.
Hence if adj(T") = [s;], then det(T)a; = > 7, si;b;. Thus det(T)a; € N, for all
1 <4 < r. But since N is saturated in M, it must be that a; € N for all 1 <i < n.
Thus M C N. Hence N = M. ]

Lemma 2.3. Let A be a g X g invertible matriz over a field k. Let I,J C {1,2,...,g}.
Define Ay as the submatriz of A given by the rows in I and columns in J. Then

nullity(Ary) = nullity((A=Y) 57), where I (resp. J ) refers to the complement of I (resp. J)

in{1,2,...,9}.

Proof. Let Ef be the matrix of size g x |I| with columns e;, the elementary basis vectors
for i € I. Define £y similarly. Then A;; = ‘E;AE;. Now, since A is invertible, and E;
has full column rank, we see that ker(AE;) = {0}. Thus

AEJ(ker(AU)) = ker(tEI) N 1m(AEJ)
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Let U; be the subspace of kY generated by the elementary basis vectors e; for
i € I, and define Uy similarly. So im(E;) = Uy, and ker(*E;) = Uj, where I is the
complement of I in {1,2,...,¢g}. Thus,

nullity(A;;) = dim(ker(A;)) = dim(AE;(ker(Ar;)) = dim(ker(*E;) Nim(AE)))

= dim(U; N A(U)).

By replacing I with J, J with I, and A with A~! the same argument shows that:
nullity((A™1) ;7) = dim(U; N A~H(Uy)).
However, since A is invertible, we see that:
dim(U; N AY(U7)) = dim(A(U; N A™H(Uy))) = dim(U; N A(U,)).

Thus nullity(Ar;) = nullity((A™1) 77). O

We remark that this Lemma includes the cases where I, J or their complements are
empty. In such a case, we define the nullity of an m x 0 matrix to be 0, and the nullity
of a 0 x n matrix to be n. This convention is in line with viewing and m X n matrix
as a linear map k"™ — k™ with the nullity defined as the dimension of its kernel. Along
the same lines, the product of an m x 0 matrix by a 0 X n matrix to defined to be the
zero matrix of size m X n.

After a previous version of this thesis was written, we discovered that this result

has previously appeared in | | and independently in [ ].

Let A be a k-algebra, p be a prime ideal of A, and A, the localization of A at p.
A k-derivation on A is a k-linear map 0 : A — A such that for any f,g € A, the
map 0 satisfies the Leibniz property d(fg) = fd(g) + go(f). Note that this implies
§(1%) = 6(1) + 6(1), we must have §(1) = 0, and thus for any ¢ € k, we have §(c) = 0.
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Lemma 2.4. Let A be a k-algebra, S a multiplicative subset of A, and § a k-derivation

on A. Then 6 extends to a unique k-derivation dg on S~*A by the formula

5. (z) 93(f) = fé(g)
g

— 7

Proof. We first show that dg is well-defined. Suppose ;—1 = g—z in S~'A. Then by the

definition of localization, there exists some s € S such that s(gaf1 — fog1) = 0. If we

apply 0 to this equation, we obtain

$(920(f1) + f10(g2) — f20(91) — 19(f2)) = 6(s)(fag1 — g2.f1)-

Now, we will show that 55(5—1) = 55(5—2). Using the equations above, we get:

s(92910(f1) — 92.10(91) — 91920 (f2) + g7 f20(g2))

= 5% (03910(f1) — 922010(91) — g7920(f2) + 919216 (g2))
= (s9192) - 5(920(f1) — f20(g1) — 910(f2) + f16(g2))

= 591920(5)(fag1 — 92./1)

= 0.

Thus

5 (ﬁ) _ @10(f1) = f10(g1) _ g20(f2) — f26(g2) _ (é)
S = 2 - 2 -9 )
91 g1 93 g2

So dg is well-defined. From this definition it is clear that dg is k-linear, and satisfies
the Leibniz property. Thus dg is a well-defined derivation on S~'A that extends the
derivation 0 on A.

Finally, we can show that this is the unique such extension, as if dg is any extension

of § to STtA, we must have d¢(f) = ds(g - %), Slo)

_/
g

f

55(f) = Los(g) + gos (5) |
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By rearranging we have

“(t)-

Q| =

]

The n'* symbolic power of p, denoted p™ is defined as prA, N A, asin | ].
It is clear that p™ C p™, however equality may not always hold. For example, let A
be the ring k[X,Y, Z]/(YZ — X?), and coosider the ideal p = (X,Y). We see that
p@ # p? as follows. Note that Z ¢ p, so Z71 € A,. SoY = Z71X2% € p®?| since
Z7'X € pA,, but Y ¢ p2.

Proposition 2.5. Let A be a k-algebra, and let p be a prime ideal of A. Let § be a
k-derivation on A such that §(p) C p. Then for any n € N,we have 6(p™) C p

Proof. First, we can show that §(p™) C p™. We proceed by induction. It is given that
§(p) C p. So, suppose that §(p»~1) C p(=Y. Then, if f € p", there exists such r € N
and elements f; € p"~! and ¢; € p for 1 <4 < r such that f =>",_, fig;. Thus:

25 fi9:) —Z £:6(9:) + 9:6(f:)) -

Since each g; € p,d(g;) € p, Thus f;6(g;) € p™. Similarly, since each f; € p”~! we have
5(f) € p" ' so g;0(f;) € p™. Thus 6(f) € p" as required.
It remains to show that §(p™A,) C p™A,. So suppose that f € p”, and g € p. Then,

(1) - #0100

g g*

by Lemma 2.4:

Since 0(f) € p™ and f € p™ it must be that W € prA,.
Thus, §(p™) C p ]
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2.2 Toric Varieties

Let k be an algebraically closed field. A toric variety over £ is defined to be a
normal variety X/k, along with a dense open subset T', such that T is an algebraic
torus, and there is an action of 7" on X that extends the natural action of T" on itself.
We will review the basic construction and notations that will be used in the sequel.
See | : | for more details. Many of these results can be extended to define

toric schemes over any commutative ring. For more details, see [ .

2.2.1 Strongly convex rational polyhedral cones

Let N be a lattice, isomorphic to Z", and let M be the dual lattice, M :=
Hom(N,Z). Denote the natural pairing (-,-) : M X N — Z. A subset 0 C Ng := N®R
is called a strongly convex rational polyhedral cone if there exists a subset

{n1,...,ns} C N such that

o=Rsong + -+ Rxony

and ocN(—o) = {0}. We will abbreviate this by calling o a scrp cone. If o is generated
by a single element of N, then it is called a ray.

Let o be an scrp cone in Ng. Then the dual cone, denoted 0¥ C My is the set of
vectors:

0" ={u€ Mg : {u,v) >0,v €0}

A face of an scrp cone o is a subset 7 C o such that 7 = o N {my}* for some
mo € 0. Note that this implies 7 is itself an scrp cone | , Prop 1.3]. We define

the set o(1) to be the set of faces 7 of o such that 7 is a ray.
Lemma 2.6. Let 0 be an scrp cone in R". Then {0} is a face of o.

Proof. Choose some m; € ¢”. Consider the hyperplane p; = {m;}*. If p; N o = {0},

we are done, since {0} = o N {m;}". Otherwise, choose some nonzero ny € o N p;. If
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(m,ny) =0 for all m € ¢", then (m, —ny) = 0 for all m € 0¥, so —ny € 0. But this
cannot be, since o is strongly convex. That is, o N (—o) = {0}. So, choose my € o
such that (my, ny) > 0. Then consider the hyperplane py = {mo}*. If cNp;Nps = {0},
set m = my + my. Otherwise, continue this process until o N p; N pa N --- N ps = {0}.
Note that this process will take at most r steps, since each p; is chosen such that
ﬂf;ll pi ¢ pj. So ﬂgzl p; has codimension j in R". Then, we set m = my + - - + ms.
Since cNp;N---Nps = {0}, we see that for any nonzero n € o, we must have some i
such that (n,m;) > 0. Also, since each m; was chosen in ¢", we have (n,m;) > 0 for
all 1 <i <s. Thus (n,m) > 0 for all nonzero n € o, giving o N {m}+ = {0}. So {0}

is a face of o. N

Lemma 2.7. Let o be an scrp cone generated by {ni,...,ns}, where this set of gen-

erators is minimal. Then o(1) = {1;}5_, where 7, = Rxgn,.

Proof. First we will show that 7; is a face of . Without loss of generality, suppose 7 = 1.
Since {ny,...,n,} is a minimal set of generators for o, the cone 0’ = Rsgng+- - -+Rsons
is a proper subset of 0. Thus ¥ C (¢’)¥. So let mg € (¢)¥ but mg € o¥. Thus
—a = (mg,ny1) <0, but (mg,n;) >0 for 2 <i<s.

Now, by the previous lemma, we know that there exists some m € M such that

oN{m}+=1{0}. So (m,n;) >0 for 1 <i<s. Let 8= (m,n;). Note that:
(am + pmg,nq) = aff — Ba = 0.

(am + Bmo,n;) = a(m, n;) + B(mo, ;) > 0, 2<i<s.

Thus for any n € o, we have (am + fmgy,n) = 0 if and only if n = Rson; = 7.
Hence 71 = o N {am + Bmo}*+. Thus the ray 7 is a face of o, so 7, € o(1). Since this
argument works for all 7;, we have {7;}_; C o(1).

Conversely, if R>on € o(1), there exists some mg € ¢ such that (mg,n’) = 0 if and

only if n’ is a multiple of n. Since o is generated by {ni,...,ng}, write n = >_7_, cin;
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for ¢; > 0. Then

(mg,n) = Z ci(mo, n;).

Since mg € 0", we know that (mg,n;) > 0. So for each 1 < ¢ <'s, we must have either
¢; = 0 or (mg,n;) = 0, that is n; is a multiple of n. Since n # 0, it must be that
some n; is a multiple of n, so Rsgn = R>gn; = 7.

Thus o(1) = {r}_;. O

2.2.2 Toric varieties and fans
Given a cone o € Ng, let S, denote the semigroup o N M.

Proposition 2.8. S, is a finitely generated additive subsemigroup of M that gener-

ates M as a group.

Proof. See | , Prop 1.1]. O

Define U, := Spec(k[S,]). Then U, is an affine toric variety. The inclusion of
the open dense torus in U, is induced by the natural map k[S,] — k[M]. Indeed,
every affine toric variety X is of the form U, for some scrp cone o in N, where N is
the co-character lattice of the torus 7" in X. Given an affine toric variety X, we can
define S as the semigroup of characters on T that extend to regular functions on X.
Then X = Spec(k[S]), and S is an scrp cone in N.

A fan Y in Ny is defined as a finite collection of scrp cones, such that if o € X, then
every face of ¢ is in X, and if o, 7 € ¥, then o N 7 is a face of ¢ and 7. Note that if 7
is a face of o, then U, C U,, since M No"Y C M N7". Then we can construct the toric
variety X (X) by taking U, for each ¢ € ¥, and gluing U, and U, along U,n,. Indeed,
given a toric variety X with torus 7', there exists a unique choice of fan ¥ in N such
that X is equivariantly isomorphic to X (X). [ , Theorem 1.5].

Given a toric variety X (X), then we call the lattices M and N the character and
co-character lattices of X respectively. Indeed, the elements of M are precisely the

characters of T, and for any o € X, the elements of S, are precisely the characters of T’
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that extend as regular functions to U,. In order to clarify notations, for an element
m € M, we will denote the regular function on U, by x"*. This reflects the fact that
the character corresponding to the sum my + ms in the lattice M is the product of the
characters xy™ x™? as functions.

Similarly, the elements of N correspond precisely to the one-parameter subgroups
of T. For n € N, we can define the one-parameter subgroup 7, : G,, — T such that
m(v,(\)) = A for any m € M and A € k.

Example: Consider the projective plane P2 along with the embedding T — P2 of
a rank 2 split torus given by (t1,ts) + [t; : 2 : 1]. Then the action of T on P? that

extends the translation action of T on itself is the action
(t1,t2) - [x:y: 2] = [tix : tay = 2].

The characters of T' are precisely the maps of the form (t1,t5) — t$t5 for a,b € Z*. We
will denote such a character by the point (a,b) € Z?. The character (a, b) thus extends
to the rational function [z : y : 2] — ;‘:—f{i on PZ. To determine the fan associated with
this toric variety, we will consider which of these characters extend as regular functions
to the different T-invariant affine charts of P2.

First, consider the affine open U; given by z # 0. Then, the character (a,b) acts
on this open by [z : y : 1] = 2%P°. This is a regular function if and only if @ > 0 and
b > 0, that is if (a,b) is in the semigroup S; generated by (1,0) and (0,1). Let N,
the dual of the character lattice M, also be described as Z? with the standard pairing.
Then the dual cone oy to S is generated by (1,0) and (0,1) in N.

Next, consider the affine open U, given by y # 0. So the character given as the
pair (a,b) acts by [z :1: 2] — Zf—ib This is a regular function if and only if @ > 0 and
b < —a. That is, if (a,b) is in the semigroup S, generated by (1, —1) and (0, —1). The
dual cone o3 to Sy is generated by (1,0) and (—1,—1) in N.

Finally, consider the affine open Uz given by = # 0. Then the character given as

the pair (a,b) acts by [1:y: 2] — Z?jib. This is a regular function if and only if b > 0
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and a < —b. That is, if (a,b) is in the semigroup S5 generated by (—1,1) and (—1,0).
The dual cone o3 to S; is generated by (0, 1) and (—1,—1) in N.
So P? is equivariantly isomorphic to the toric variety X[X] where X is the fan

containing oy, 09, 03 and their faces.

Proposition 2.9. Let T be an algebraic torus with character lattice M and co-character
lattice N. Let ¥ and ¥ be fans in N such that there exists a (not-necessarily equiv-
ariant) isomorphism ¢ : X(X) — X(X') such that o(T') =T. Then there exists some
g € GL(N) such that g¥ = ¥'. Conversely, given any g € GL(N), there exists an
isomorphism ¢ : X(3) — X(¢%) such that o(T) =T and ¢|r = g as an element of
Aut(T).

Proof. Recall that Aut(T') = GL(N). Since p(T) =T, let g = ¢|r € GL(N). Since
M = NV, for any ¢ € GL(N), it has an unique adjoint ¢g? € GL(M) such that
(")) = x(g-1).

Let x € M be a character of T. Then x(p(t)) = x(g-t) = (¢7x)(t). Thus, since
x(p(t)) = (97 x)(¢) for any t € T', we must have x(¢(z)) = (g7 x)(x) for any z € X(2).

Let 0 be a cone in X, and let U, € X be the corresponding affine open chart. Since
©(U,) is also a T-invariant affine open of X (3), let ¢’ be the corresponding cone in ¥'.
Then, xy € M extends as a regular function to U, if and only if x € M N¢". Further,
since x(¢(z)) = (g7 x)(x), we see that y extends as a regular function to U’ if and only

if g7y extends to U,. So x € S, if and only if g7y € S,. Thus:

o={neN:(x,n >0,VxeS,}
={neN:(¢g"x,n) >0,Yx € S,}
={n€N:(x,gn) = 0,Vx € S}

={neN:gneod'}

Thus go = ¢’. As this holds for every o € 3, we must have g¥ = >'. Conversely,
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given any cone o, and g € GL(N), we can define the cone
o' ={gn:n e}

Then, by the same calculation as above, we see that xy € S, if and only if ¢7x € S,.
The map x + g’y induces an isomorphism k[S,/| — k[S,], which after taking Spec
of both sides, induces an isomorphism ¢ : U, — U, extending the automorphism
g: T —T.

Therefore by the functoriality of this construction, if g = ¥/, the automorphism
g € GL(N) induces an isomorphism X (X) — X (¥'). O

Example: Let X; = P2 be the toric variety with the torus action given as in the
previous example. Now define X, = P2  but with the torus 7' < P? embedded as
(t1,ta) — (t1 : tita : 1). Then let ¢ : X; — X, be the identity map on P%. Note
that for both X; and X, the image of T is the open subset of P% given by z,y, z # 0.
However, since the torus action is different on X; and X5 this is not an equivariant
isomorphism. Indeed, if we restrict ¢ to the image of 7" in X;, we map the image of

(t1,t2) to the image of (¢,t] 'ty) in X,. Thus, g is the automorphism that maps (1, t,)
1 0

-1 1
We can compute the fan corresponding to X5 just as we did for X;. Note that

to (ti,t; 'ty), and is given by the matrix

if (a,b) is the character on T that maps (t1,t,) — t%5, then (a,b) acts as a rational

function on Xy via (a,b) - [z :y: z] — xa:yb.

Consider first the open affine chart U; given by z # 0. Then (a,b) acts on U; via
(a,b) - [z :y: 1] — 27y, So this is a regular function if and only if @ > b and b > 0.
This describes the semigroup S7 € M generated by (1,0),(1,1). This is dual to the
cone o} generated by (0,1) and (1, —1) in N.

Next consider the open affine chart Us given by y # 0. Then (a,b) acts on U, via

xafb

(a,b) - [z :1: 2] — “—. So this is a regular function if and only if a < 0 and b < a.

This describes the semigroup S5 C M generated by (0,—1),(—1,—1). This is dual to
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the cone o} generated by (—1,0) and (1,—1) in V.

Finally consider the open affine chart Us given by x # 0. Then (a,b) acts on Us
via (a,b) - [1:y:z] — g—z So this is a regular function if and only if « < 0 and b > 0.
This describes the semigroup S5 C M generated by (—1,0) and (0,1). This is dual to
the cone o} generated by (—1,0) and (0,1) in V.

Thus X5 is the toric variety given by the fan Y consisting of the cones o1, 05 and o3.

Note that
1 0\ (1 1 1 0\ (0 0 1 0\ (-1 1
—1 1/ \o 1) \21 1) 1)\ 1)\ 0

So if we consider the fan » with cones o7, 0}, 0% as in the previous example, we see

that

g(o1) = o7, g(o2) = 03, g(o3) = 03,
Thus g% = ¥, as described in the proposition above.

Corollary 2.10. Let U be a subgroup of Aut(T), and let 2 be a fan in the cocharacter
lattice N such that u¥ =% for allu € U. Then U is a subgroup of Aut(X(X)).

Proof. Let uw € U. Then by Proposition 2.9, the automorphism u induces an isomor-
phism X (¥) — X(uX). But ¥ = uX. Thus u induces an automorphism X (¥) —
X(X2). SoU C Aut(X(X%)). [
Proposition 2.11. The toric variety X (X) is nonsingular if and only if each cone o
is non-singular, in the sense that for each o, there exists a Z-basis {ni,...,n.} of N
such that for some s < r, the cone 0 = Rsony + -+ + Rsons. Such a fan ¥ is also

called non-singular.

Proof. See | , Theorem 1.10]. O

The support of a fan 3, denoted Supp(2) is defined as the subset:

Supp(X) = U o C Ng
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Proposition 2.12. The toric variety X (X) is compact if and only if ¥ is a complete
fan, i.e., Supp(¥) = N.

Proof. See | , Theorem 1.11]. O

Lemma 2.13. Let ¥ be a non-singular fan in Z* such that (1,0) € Supp(X), but
(0,£1) & Supp(X). Then the ray generated by (1,0) is in X.

Proof. Suppose (1,0) does not generate a ray in . Then, since (1,0) € Supp(X%),
the point (1,0) must be in some o € ¥. Let (a,c) and (b,d) be the generators of o.
Since (1,0) € o, we must have either ¢ < 0,d > 0 or ¢ > 0,d < 0. Without loss of
generality, suppose the generators are ordered such that ¢ < 0 < d. Further, since
(0,£1) ¢ Supp(X), it must be that (0,4+1) € 0. Thus a,b > 0.

But then, ad — bc > 1 4+ 1 = 2. However, since ¥ is a non-singular fan, ¢ must
be generated by a basis of Z?. So ad — bc = 1. This cannot be, therefore for any
non-singular fan ¥ containing (1,0) in its support, but not (0,+1), the ray generated
by (1,0) must be in X. O

Let X (X) be a toric variety. As part of its defining data, X (X) is equipped with an
action by the torus 7. We can classify the T-orbits on X (3) as follows:

Proposition 2.14. The orbits of the T-action on X(X) are in one-to-one correspon-

dence with the cones o € ¥ as follows. For o € X, define
o ={u€ My : (u,v) =0,v€o}.

Then the closed subvariety Z, := Spec(k[M Not]) of U, is a T-orbit in X . All T-orbits
are on this form. Further:
(i) If o =0 is the zero cone, then Zy = Spec(k[M]) =T is the embedding of T into
X(%).

(i) If o has codimension r in N, then Z, has dimension r.
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(iii) Z, is the unique closed T-orbit in U,, and we have U, = | | Z,.

70

Proof. See | , Proposition 1.6]. O

Note that while Z, is closed in Uy, it is not necessarily closed in X (X). Indeed, the

closure of Z, in X (X) is the union of all orbits Z! for ¢’ € ¥ such that o < ¢’.

Note that the requirement that the fan X is finite is only required to ensure that
X (X) is an algebraic variety. We will need to also consider the case when X is an
infinite collection of cones. In this case, X(X) can still be constructed as a normal
scheme, separated and locally of finite type | ]. X(X) is still covered by affine
toric varieties, however this cover may be infinite. All of the above results, with the
exception of Proposition 2.12; still hold true as they were proven locally at the level of

affine toric varieties.

2.2.3 Ideals of toric varieties

Let T be a split torus over a field k of arbitrary characteristic with character
lattice M and co-character lattice V. Recall that elements m € M are notated as
functions x™ € k[M].

Let 7 be a ray in IV generated by some n, € N. Then we can define a Z-gradation
on k[M]:

k(M) = @D k[S-.al.

(e1<y/
where S, , is the k-module generated by {m € M : (m,n,) = a}. Note that for any

monomial my € S: 4, and may € S; ,,, we have Y™ x™2 = x™ ™2 and
(m1 +ma,n) = (my,ny) + (M2, nr) = 1 + Qs

Thus k[Sra,] - k[Sr.as] = k[Sr.a1+as), SO this is indeed a Z-gradation.
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Now, define a valuation v, on k[M] by

v (f) =max{r: f € @k[Sﬂa]}.
a>r
That is, v, (f) is the minimum value of (m,n.) for monomials x™ in f.

Let f,g € k[M]so f = fo, +--+ fo, and g = g3, + - - + ga,, where f,, (resp. gg,)
is the «; (resp. ;) part of f (resp. g) with respect to the gradation given above. In
particular fo,, gs, # 0 Further suppose these are sorted such that ay < ay <--- < a,
and f; < fg < -+- < fs. Then v.(f) = ay and v,(g) = B1. Let v = min{ay, 81} then,

f+9 € DHSral-
azy
Thus v, (f + g) > min{v.(f),v-(g)}. Also, for any 1 <7 <r and 1 < j <'s, we have
a; + f; > a1 + (1 with equality only if ¢ = j = 1. Since f,, g5 # 0, as k[M] is an

integral domain, we see that

foe @ kSl
a>ai+p
Thus, this is indeed a valuation.

Recall the semigroup S, C M defined above as S; = {m € M : (m,n,) > 0}. From
this definition it is clear that k[S;| = D50 k[Sra]- Let I := @ 5, k[Sra). Then I is
a prime ideal of k[S;].

Now, let o be an scrp cone in N generated by {ni,...,n,}. Then S, = {m € M :
(m,n) > 0,n € o}. Note that (m,n) > 0 for all n € ¢ if and only if (m,n;) > 0 for all

1 < <r. Thus, for any 1 < i < r, if 7; is the ray generated by n;, we have:
k(S| C Ek[S.].

Let I, be the ideal of k[S,] generated by {m € S, : (m,n) > 1,n € o}. Then I, is the



2. Preliminaries 20

ideal corresponding to the complement of the torus 7" in U,. Let 7 € o(1) be a ray
of o, and let n, € N be the generator of 7. Then define I, to be the ideal of k[S,]
generated by {m € S, : (m,n,) > 1}. So I, = I. Nk[S,] and is thus a prime ideal of
k[S,].

Lemma 2.15. The minimal prime decomposition of I, is:

=) Lo
T€0(1)
Proof. Suppose f € I,. Then f = c;x™ + ... X" such that(m;,n) > 1, for each
1 <4 < r. In particular, for each generator n, for 7 € o(1), we have (m;,n,) > 1.
Thus f € ﬂTEU I .

On the other hand, if f € N I, -, then for each monomial x™ in f, it must

T€(1
be that (m;,n,) > 1 for each 7 € a(l). But if n € o, then n is a positive linear
combination of the generators n, for the rays 7 € o(1). Thus (m;,n) > 0.

Therefore, since (m;,n) € Z, we must have (m;,n) > 1, so x"™ € I,. Thus f € I,.

So

() Lo

T€o(1)
Since each I,, » is prime, this is a prime decomposition.
By Lemma 2.7, each 7 is a face of o, for there exists some m, € ¢V such that
(m,,n.) =0 but (m,,n.) >0 for any 7’ # 7. So m, € ﬂT,ea(l)’T,# I, . but not in I,.

This thus is a minimal prime decomposition. O

Lemma 2.16. The n'" symbolic power of I, can be decomposed as:

That is, 17 is generated by {m e S, : (m,n;) >n}.
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Proof. Suppose f € Lgfl). So, by the definition of symbolic powers, we have f &
I7 k[S5]1,, Mk[S;]. Thus, there exist g1, ..., gn, h1, ha € k[S,] such that g; € I, ., and
hy & 1, - such that:

haf = g192 ... gnhi.

Since hy € S, but not in I, -, we have v,(hy) = 0. Thus v, (hof) = v.(f). Also, as

hy € S,, we have v,(hy) > 0. Further, since each g; € I, ,,v;(g;) > 1. Thus:

n

v () = 3 velg) + v () = .

=1

Thus f € @,>, k[Sral- So

11 € @ k[Sra] N K[S,)-

a>n

On the other hand, suppose f € @ -, k[S-, ] Nk[S,|. Let {n,,na,...n,} be the

a>n
generators of 0. Note that n, is one of the generators as 7 € o(1). Let 7o, ..., 7. be the
rays corresponding to the generators ns, ...n, respectively. Let m,m’ € S, be chosen

such that (m,n,) =1 and (m’,n,) = 0 but (m',n;) >0for 2 < i <r. Som € I,,,
but m’ & I, .. Note that m’ exists since 7 is a face, by Lemma 2.7, thus 7 = o N {m’}*+
for such an element m’ € S,.

Let 8 € Z be chosen such that § > 2121?25{71-1/” (m)—uv.,(f)}. Since x™ is a monomial,

it is invertible in k[M]. Thus the quotient -L- € k[M]. Further:

’/T(Xﬁmlxnim> =B-ve(m) +ve(f) —n-ve(m) >0

as f was chosen such that v, (f) > n, and v,(m) = 1,v,.(m') = 0. Also, for 2 <7 <r:

%(xﬁm’wim) = B v (') — (v (f) — - v (m)) 2 0
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by choice of 3. Thus (x*™ X,{Cm) € k[S,]. Therefore as

O™ = (™) (x

we must have f € I7_k[S,] As we also have f € k[S,], we must have f € 157 So

I(T,T'

O

Lemma 2.17. Let o be an scrp cone in N, and let m € S,. Then the ideal (x™) C k[S,]
18

ﬂ[mn-r

TEU

where n, € N 1is the generator of ray 7.

Proof. Suppose f € (x™). Then f = x™g for some g € k[S,]. Thus for each 7 € o(1),

we have

vr(f) =vr(X™) + vr(9) = vr(m) = (m,ny).

Thus f € o) k[Sr(mnny]- Since f € k[S;] As well, by Lemma 2.16, we have
f € ﬂTEO’(l) I( mnT))

On the other hand, if f € (., 187D then v, (f) — vy (x™) > 0 for each
7 € o(1). Since x™ is a monomial, x_m € k[M]. Therefore, xim € k[S,]. Hence,
fed™.

Therefore (x™) = (¢, 15D, O

2.3 Farey diagrams

There is a good exposition of Farey diagrams and their relationship with classical

problems in number theory involving binary quadratic forms in | |. Here we will
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be using a correspondence between the Farey diagram and the set of smooth rational
cones in Z? in order to reason about classes of smooth toric surfaces. We review some
basic results about the Farey diagram, and its relationship to cones in Z2.

The Farey diagram is a graph for which each vertex is labeled by a pair of integers,
written as fractions 7. The edges are produced using the following inductive procedure.
Note that all edges are undirected in this construction.

10

In stage 0, we start with two edges (3,9) and (9, ='). At stage 1, we then add four

edges (3,1),(7,9), (%, 5) and (5%, 7). Continuing inductively for i > 1, we look at
each edge (2, %) added in stage i, and in stage 7 + 1 we add edges (%, ‘C‘T*s) and (?TJ“Z, %).

We then have the following facts about this diagram, proved in | .

Proposition 2.18. For each pair of fractions ¢ and IE’, including %, there exists an

edge in the Farey diagram between ¢ and g if and only if ad — cb = +1.
Proof. | , Theorem 1.1]. ]

Corollary 2.19. The fraction § appears as a label in the Farey diagram if and only if

% = % or % 1s a rational number in lowest terms.
Proof. See Corollary 1.2 and Proposition 1.3 in | ]. H

We can identify the vertices % and _Tl together, and thus get a graph where the set
of vertices is identified with P!(Q). The first few iterations of this graph is shown in
the figure above.

As the set of vertices of the Farey diagram are identified with P!(Q), we can extend
of the action of SLy(Z) on P'(Q) via Mobius transformations to the Farey diagram. In
order for this action to be well-defined, we need to show that for any v € SLy(Z), and
edge (p, q) in the Farey diagram, then (yp,vq) is also an edge in the diagram. Indeed,

a
c)

a b
g) is an edge if and only if € SLy(Z), and v acts on the set of edges by
c d

matrix multiplication, this group action is well-defined.

as (
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Fig. 2.1: The Farey Diagram

Proposition 2.20. The action of PSLy(Z) on the set of edges of the Farey diagram is

free and transitive.

Proof. From the previous proposition, we know that every edge, (2, %) satisfies ad —
cb = £1. If, ad — bc = —1, we can rewrite this edge as (%,:—Z) Then, we have

a(—d) — ¢(—b) = —(ad — c¢b) = 1. So every edge can be written such that ad — c¢b = 1.

a b L0y [(abd
e 4l \o1) \ecd)”

Thus, the action of PSLy(Z) is transitive on the edges of the Farey diagram.

But then:

a b
Also, if - (3,
c d

=1

) = (¢.9), then we must have b = ¢ = 0, and ad = 1. So

a b
we must have = +1, which is the identity element in PSLy(Z). Thus PSLy(Z)
c d

acts freely on the Farey diagram. O
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The Farey height of a rational number is defined to be the stage in which the

number first appears as the endpoint of the edge.

Proposition 2.21. Let [ag; a1, a9, ... ,a,] be the simple continued fraction expansion

of a rational number q, then the Farey height of q is the sum > a;.
Proof. Follows directly from | , Theorem 2.1]. O

As the vertices of the Farey diagram are elements of P!(Q), we can extend the
natural order on Q to P'(Q) by saying that ¢ < ¢ for all ¢ € P'(Q). Given this
ordering, we say that a path (pi,ps,...,p,) is decreasing if p; > py > --- > p, with

respect to this ordering.

Proposition 2.22. Suppose P = {p1,ps,...,pr} is an decreasing path on the Farey
diagram. Then there exists some i € {1,2,...,r} such that the Farey height of p; is

less than the Farey height of any other rational number in the interval (p,,p1).

b

Proof. Note that for any ¢ > &, we have ¢ > ath %. Thus, for each edge (a, ) in

ctd

the Farey diagram added at stage i, there are no points strictly between o and S that
are already in the Farey diagram, that is, having height less than 7. Therefore, for
each g € (pis1,p;) the height of ¢ must be greater than the heights of both p; and p;41.
Hence the point of lowest height in (p,, p1) must be one of the p;.

Now, suppose that p; and p; have the same height, and that this is the lowest height
in the interval (p,,p;). Then, as in the construction of the Farey diagram only 1 point
of height 7 is added between each consecutive pair of points of height less than 7 ,
there must be a point of lesser height between p; and p;. But this contradictions the
minimality of the height of p;, and p;. Thus, there is a unique point p; of lowest height
on the path P, such that the height of p; is less than the height of any ¢ € (p,, p1) such

that g # p;. n

Proposition 2.23. There is a 2-1 correspondence between smooth rational cones in 7>

and the directed edges of the Farey diagram that is equivariant with respect to the action
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Proof. Let C' be a smooth cone on Z? with generators (a,c) and (b,d) ordered such

that ad — bc = 1. We associate this cone to the edge of the Farey diagram from %

to &. Note these are the inverse slopes of the faces of this cone. This edge exists by

E.

Proposition 2.18, since ad — bc = 1. Let ¢ be this correspondence. So

ol(a.o). ()} = (%%,

Further, again by Proposition 2.18, if there is an edge in the Farey diagram going
from 2 to C%, we must have ad — bc = +1. If ad — bec = 1, then it corresponds to the
cone generated by (a,c) and (b,d), and if ad — be = —1, it corresponds to the cone
generated by (a,c) and (—b, —d). So ¢ is surjective.

Now, suppose that two cones C' and C’ correspond to the same edge. Then if C
has generators (a, c) and (b, d), the cone C’' must have generators (Aa, Ac) and (ub, ud)
such that Apad — A\ube = 1. Thus, Ay = 1. The only integer solutions to this equation
are A = . = £1. Thus, precisely two distinct cones correspond to each edge. So this

is a 2 — 1 correspondence.

Now, we can check the equivariance with respect to the natural actions of SLy(7Z)

w
on Z? and P}(Q) as follows. Suppose that y = Il ¢ SLy(Z).
T oz

Then:

v (v-{(a,0),(b,d)}) = o ({7 - (a,¢),7 - (b,d)})
= ¢ ({(wa + xc,ya + zc), (wb + xd, yb + zd)})

wa + xc wb+ xd
ya + zc’ yb+ zd

_{w%—l—x w%—i—x}
yi+z yb+z
a b

:{7-277.3}

=7-¢{(a0),(b,d)}).
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Thus ¢ is SLy(Z)-equivariant. O

Let (p1,p2,...,p,) be a path in the Farey diagram, so each p; € P1(Q). We will
define an action of PGLy(Z) on these paths as follows.

(fyp17 v 77pr) det(’)/) =1
'7(}91,]?2, e 7p7n) —

(s, ap1) det(y) = -1

Proposition 2.24. There is a 1-1 correspondence between non-equivariant isomor-
phism classes of smooth compact toric surfaces containing a given 2-dimensional torus T
and PGLy(Z) orbits of cycles (p1,pa,--.,pr,p1) in the Farey diagram such that there

are precisely two indices 1,j such that p; < piy1 and p; < pji1.

Proof. By Proposition 2.12, a compact toric surface X is given by a finite and complete
fan ¥ in N = Z2. Such a fan can be described by choosing a ray 7, and listing the
remaining rays in ¥ in clockwise order {7, 7, ..., 7., 71 }. Since ¥ is finite, such a list
can be constructed, and since ¥ is complete, for each 1 <7 < r, the cone generated by
{7, Tis1} € . Since X is smooth, we can use Proposition 2.23 to associate each cone to
an edge in the Farey diagram. Thus, this fan corresponds to a path {p1,p2, ..., 0, p1},
where (p;, piy1) = ©({7i; Tis1})-

Since the 7; were taken in clockwise order, and since p; corresponds to the reciprocal
of the slope of 7;, we see p; < p;11 if and only if (£1,0) is in the interior of the cone
generated by {7;, 7,41} or (£1,0) = 7;41. Since (1,0) and (—1,0) cannot be in the
same scrp cone, there are exactly two distinct cones {7;, 7,11} and {7}, 7,41} such that
pi < pit1 and p; < pji1.

Similarly, given a path (pi, pa, ..., pr, p1) in the Farey diagram as in the statement,
we can produce a fan ¥ in Z? by adding a ray 7; with inverse slope p; such that either
the second coordinate of 7 is positive, or 71 = (1,0). Then, for each p;, add a ray 7;
of inverse slope p; in the clockwise direction from p;_;. Note that p; < p;11 will thus
correspond precisely to including (1,0) or (—1,0) in the cone {7;, 7,11} and (£1,0) # 7;.

Thus, since there are precisely two edges such that p; < p;.1, this process will wrap
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around Z? precisely one time. So ¥ is a complete fan.

By Proposition 2.23, the correspondence ¢ is SLy(Z)-equivariant, so for any v €
SLy(Z), the y-translate of the fan 3 will correspond to the 7-translate of the corre-
sponding path as constructed above. Further, since det(y) = 1, the clockwise cyclic
ordering of the rays is unchanged, so the vy-translate of this path corresponding to a
given fan ¥, will be the path given by the above construction using the fan v and
beginning at the ray v(p;).

If v € GLy(Z) has determinant —1, then the clockwise ordering of the rays in the
fan 43 will be reversed from the ordering in ¥, and by the definition of the PGL4(Z)
action on cycles, the ordering of the cycle will also be reversed. This new cycle will again
correspond to the clockwise ordering of rays for a complete fan in Z?, and thus satisfy
the condition that precisely two indices satisfy p; < p;+1 and p; < p;jy1. Therefore,
GLy(Z)-orbits of finite, complete fans in Z? are in 1-1 correspondence with PGLy(Z)-
orbits of cycles in the Farey diagram satisfying this condition.

Thus, by Proposition 2.9, non-equivariant isomorphism classes of compact toric
surfaces containing 7" are in 1-1 correspondence with PGL2(Z) orbits of cycles in the
Farey diagram such that precisely two edges (pi, pit1) and (p;, pj+1) satisfy p; < pita
and p; < pjq1. O

2.4  Formal Schemes

Let X be a noetherian scheme with a closed reduced subscheme X’. Let .# be
the ideal sheaf defining X’. The completion X of X along X' is defined as the
locally ringed space with underlying topological space X’ and sheaf of rings Oy :=
<_

A locally noetherian formal scheme is a locally ringed space (X, Ox) such that
there exists of cover (L), for which each pair (;, Oxly,) is the completion of some
noetherian scheme along a closed subscheme.

An ideal of definition for X is a sheaf of ideals .# such that the support of Oy/.#
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is all of X, and the locally ringed space (Ox/.#) is a locally noetherian scheme.

Lemma 2.25. Let X be a locally noetherian formal scheme, then a unique maximal
ideal of definition & exists, characterized by the fact that (X,0x/.%) is a reduced

scheme.
Proof. See | , 1.10.5.4]. O

Lemma 2.26. Let X be the completion of X along a closed reduced subscheme X',
and let I be the ideal sheaf defining X'. Then then image of & in O is the unique
mazximal ideal of definition, and O/ = Ox.

Proof. See | , 1.10.8.5]. O

Given a coherent Ox-module H, the completion H of H along a subscheme X' is

defined to be the restriction to X’ of the sheaf im(H ®o, Ox/F™), where .# is the
<7

defining ideal sheaf of X’ | , 1.10.8.4]. We recall some basic results about the

completions of coherent Ox-modules.
Lemma 2.27. The function H — H is ezact.
Proof. See | , 1.10.8.8]. O

Lemma 2.28. Let t : X — X be the natural inclusion of locally ringed spaces. Then
L X — X s flat, and for any coherent Ox module, 1*(H) — H is an isomorphism of

Og-modules. That is, H ®p, Og = H.

Proof. See | , 1.10.8.8-9]. O
Lemma 2.29. Let ‘H be a coherent Ox-module, then H is a coherent O ¢-module.
Proof. See | , 1.10.10.5]. O

—

Lemma 2.30. Let X and X be as above, then (Ox)" = (0g)™.
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Proof.

(Ox)" = (Ox)" ®oy O = (Ox ®oy Og)" = (Ox)".
O

Lemma 2.31. Let X’ be a closed subscheme of X, and X the completion of X along X'.
Let H be a coherent Ox-module, and x € X'. Then H, is a free Ox ,-module if and

only if?f[\m is a free @—module.

Proof. Since H is coherent, we know that H, is finitely generated. Thus H, is a free
Ox ~module if and only if H, = (Ox )"

By Lemma 2.28, the morphism ¢ : X — X is flat. Thus, for each x € X', the map
on stalks Ox, — Oy, is flat. Further, as we are considering only the local rings at
x € X', the corresponding map on spectra, ¢/, : Spec(Oxm) — Spec(Ox ), is clearly

surjective. Therefore, Oy  is a faithfully flat Ox, module. So
H, = (Ox,)" if and only if H, R0Ox . O}?@ =~ (Ox.)" ROx O)A(J.
By Lemma 2.28, we can reduce this statement to:

M, 2 (Ox,)" if and only if H, = (Ox.)".

—

Using Lemma 2.30, we get (Ox ;)" = (Ox ,)". Thus, we have:
Ha = (Ox,0)" if and only if H, 2 (05 )"

Since H is coherent, then by Lemma 2.29, we know that H is a coherent (/’);—
module. Thus if 7, is free, it must be that H, = (Og )" for some n € N. Hence, via

the equivalences above, H, is a free Ox ;-module if and only if 7/{; isafree Og . [

Proposition 2.32. Let XY be locally noetherian schemes with closed reduced sub-

schemes X', Y respectively. Let )A(,? be the completions of X and Y with respect
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to X" and Y’ respectively. Then, if ¢ : X = Y isan 1somorphism, ¢ induces an

isomorphism X' — Y’

Proof. By the definition above, an isomorphism X 5> Yisa topological homeo-
morphism of the underlying spaces of X’ — Y’ along with a sheaf isomorphism
" : Op — Og. Let _# be the maximal ideal of definition for Y. Then, by Lemma 2.26,
Oy = Oy / 7. Further, as ¢* is an isomorphism, ¢*(_¢#) is the maximal ideal of defi-
nition for X. So O%/9*(#) = Ox:. Thus ¢* induces a sheaf isomorphism Oy — Oly.

Thus ¢ induces a scheme isomorphism X’ — Y. ]
Proposition 2.33. Consider the setup in Proposition 2.32. Then TX = <p*7/'\Y.

Proof. Since a map between sheaves that is locally an isomorphism is an isomorphism,
we can suppose that X is affine without loss of generality. So, suppose that X =

Spec(A), then for any ideal I C A, we have the exact sequence:
1)1 = Q) @ AJT = Qpeciaynym — 0

In particular, if we let I be the reduced ideal defining the subscheme X', and consider

the system of ideals {I"},en, we get a system of exact sequences:
I = O @ AJT = Qgpeciasmy e — 0.

Further, note that the system {I™/I*"} is Mittag-Leffler, since for any k € N, and any
n > 2k, the map I"/I*® — I*/I?* is the zero map. Recall the proposition in [ ,

0.13.2.2], which states that given a sequence
0—-A,—B,—C,—0
of projective systems such that A, is Mittag-Leffler, the sequence

0—limA, - 1limB, —1limC, =0
— — —
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is also exact. Therefore, as the system {I"/I*"} is Mittag-Leffler, we get:
limln/]% — 11m(Q§(/k ® A/]n) — thépec(A/I")/k — 0
— — —

But lim I /I*" is zero, since A is noetherian. Also,
%

hm(QX/k ® A/I") = X/k
Finally, since I is reduced, its image in A is precisely the unique reduced ideal of

definition Z. Thus A/I" = A/T". So we get:

Qﬁ(/k = hm QA/In

~ o~

Recall that %@X(ﬂ, G) = Homo(ZF,G), by | , [11.4.5.1].

Thus, we have:

TX := Homoy (/1 Ox)
= ’Hom@A(Q&/k,(/’);)

= Homo,, (th Oz)

X/jn?

= Homog(limgp (Q;//”) Oy)

~ Homo (o (hmﬂ?/fn) ©"(Oy))

= p"Homo, (th Oy)

v/
=~ SD*HomO? (Q%//k’ Oy)

= @*%@Y (Q%//kv Oy) =. (,0*7/;)7
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2.5 Hilbert Modular Varieties

We review the construction of Hilbert modular varieties along with the notations
that we will be using. This treatment is based on the constructions in | , ]
and | ]. See also the first chapter of | ).

Let S be a scheme defined over a field k. Let L be a totally real number field of
degree g, with ring of integers Op. An abelian scheme with real multiplication
by O over S is a couple (A, ), where A is an abelian scheme of dimension g over S,
along with a ring embedding ¢ : Op — Endg(A). Further, we require that (A,:)

satisfies the Deligne-Pappas condition:

A®p, Py =AY

where

P, :=Homgp, (A, AV)¥™ = {X: A — AY : X=X\, Ao w(a) = t(a)” o \,Va € O}

The module P4 is equipped with a notion of positivity, by declaring the positive
elements to be the O -equivariant polarizations of A. Given a fractional ideal ¢ of L, a ¢-
polarization of (A, ¢) is an Op-isomorphism A : P4 — ¢ such that the positive elements
of P4 correspond to the totally positive elements of ¢. Such a triple (A, ¢, \) is called a
c-polarized abelian scheme with real multiplication. Note that multiplying ¢ by
some principal ideal with a totally positive generator will not change this construction,

so we can consider ¢ as an element of CI(L)*.

Lemma 2.34. Suppose (A, i) satisfies the Deligne—Pappas condition as above, and
suppose that k is either a field of characteristic 0, or a field of characteristic p where p
is unramified in L. Then, Lie(A) is a locally free Op @ Og module of rank 1, and Py

1s a projective Op-module of rank 1.

Proof. See | , Ch 3, Lemma 5.5]. O
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There exists a coarse moduli space, which we will denote M(c), parameterizing

triples (A, ¢, A) as above. M(c¢) is called a Hilbert modular variety.

We now consider Hilbert modular varieties over C. Define the group:

a b
[.:=SLO, @) = ca,de€Opbec cecad—be=1
c d

Let {o1,...,04} be the set of embeddings of L into R. If b is the upper half plane, the

group I'; acts on h? by:

a b <al(a)zl+01(b) o—g(a)zg+o-g(b)).

o .(217‘.-729): 01(6)21+U1(d)"“’0g(c)zg+‘79<d)

Proposition 2.35. M(¢)(C) = T':\pY.
Proof. See | , Theorem 2.2.17]. O

The cusps of M(c¢)(C) are parameterized by the I'-orbits of P!(L). Note that
two points (ay : 51) and (g : o) are in the same I';-orbit if and only if the ideals
101 + Bic ! and ayOp, + Boc~! are equivalent in the class group of L, as shown in the
proof of | , Prop 2.2.22]. So, we can identify the set of cusps of M(¢)(C) with the
class group of L.

Consider the cusp at co. The isotropy group of this cusp is

= s re€Of,uec!

0 et
As a transformation group, this is the same as the group:

62

0 1

e O pec! 2! x(0))%
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So, locally around the cusp at oo, the variety M(c)(C) has a neighbourhood homeo-
morphic to a neighbourhood of (ioo, ..., ico) in I\ h?.

In general, let M be a Z-module in L of maximal rank, and let V' be a finite index
subgroup of (’)Z’Jr. Around a cusp of type (M, V), that is, a cusp with isotropy group
M %V, the variety M(C) thus looks like M x V\h9, where the action is defined such
that M acts on hY as

o (21,22, 0, 29) = (21 + 01(p), 22 + 02(p), -, 29 + 09 (1)),

and V' will act on h? as

€ (21,22,...,25) = (01(€)21,02(€) 22, ..., 04(€)2y).

As a moduli space, M(c) can be defined over any field k. Later on we will consider
the case where k is a field of characteristic p, for p unramified in L. As such, we will
need a different description of the cusps of M(c) that works over arbitrary fields. As
described, M(c) is only a course moduli space, and not a scheme. In order to get a
moduli space tThat is representable by a scheme, we must consider a level structre
as well. Let n be an integer such that (n,p) = 1. An Op-equivariant embedding
Q' jl, @707 — A[n] is then called a rigid T'gg(n)-level structure. We define M., (c)
to be the moduli space parameterizing tuples (A, ¢, A, «) as above. For n > 4, M,,(¢)
is indeed a scheme.

There exists a universal c-polarized abelian scheme with real multiplication and
[oo(n)-level structure over M, (¢), which we denote as (Auniv, Lunivs Auniv, Quniv)-

The cusps of M, (¢) are defined as follows. (See for example [ ). Let (a,b)
be two fractional ideals of L, such that b~'a = ¢, and let H be a projective Or-module

forming a short exact sequence of Op-modules:

0= (@)= H-=b-0



2. Preliminaries 36

where 0 is the different ideal of L. Also, let consider an isomorphism

v:at/nat — (Op/nOy).

Note that in the case that a is coprime to n, such an isomorphism can be given canon-
ically. A cusp of M, (¢) is then given by an isomorphism class of triples (a, b, ). Note
that the isomorphism class of (a, b) is determined precisely by the ideal class of a, so
we can always choose a representative (a,b,v) such that a is coprime to n. In the
following, we will generally supress the level structure in the notation, and describe
cusps by the pair (a, b).

The previous description of cusps as orbits of points in P*(L) can be connected to
this description as given in [ |. To the cusp at co we associate the exact sequence
0— Op = Op @ (cd)! = (cd)™! — 0. This corresponds to the pair (9, (¢d)™!) of
ideals. Any other cusp can be written in the form A-oo for some A € T'. C SLy(L). We
can also use A to transform our exact sequence and this will give us the exact sequence

corresponding to the cusp A - co.

2.6 Toroidal Compactification of Hilbert Modular Varieties

The main result of toroidal compactification of Hilbert modular varieties is given
below. It was originally proven by Rapoport in | ]. See also | , ]. For
a statement for more general Shimura varieties, see | ]

The principal tool we will use to construct the toroidal compactification is the
Mumford construction, as originally formulated in | ]. Let A be an excellent
integrally closed noetherian ring, with an ideal I such that A is [-adically complete.
For our purposes, it is enough to let A be a complete discrete valuation ring, and is thus
integrally closed and noetherian. Let K be the fraction field of A. Let S = Spec(A),
with closed subscheme Sy = Spec(A/I), and generic point 7. If G is a group scheme
over S, then we will denote the generic fibre of G by G, and the fibre over Sy by G.
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Let G be a split torus of rank r over S. We say that an (abstract) subgroup
Y C G(K) is a period subgroup, if Y = 7" and there exists a homomorphism
t 1Y — X(G) into the character group of G, such that for all z,y € Y, we have
vz)(y) = t(y)(x) and t(y)(y) € I, for all y # 0. This homomorphism is called a

polarization of the period subgroup.

Theorem 2.36 (Mumford Construction). Let G be a split torus over S with period
subgroup Y. Then there exists a semi-abelian group scheme G/Y over S such that

(G/Y)o =2 Go and (G]Y), is an abelian variety.

Proof. See | ]. O

The Mumford construction first embeds GG as an open subset of what is called a
relatively complete model P of G with respect to Y, then defines G/Y as an open
subset of the quotient P/Y.

For example, consider the case where A = Z[q] and I = gA. Thus A is I-adically
complete with fraction field K = Z((q)). Let G be the one-dimensional torus G,,, with
period subgroup Y = ¢%. Then the map which takes ¢™ to the character (z — 2™) on

Gm(K) = K* is a polarization, since

and for n # 0, we have

n n 'n,2
gM)g" =q" el

In this example, the relatively complete model P is a toric scheme containing the
torus G, such that the closed fibre of P is an infinite union of non-singular rational
curves, connected in a chain and crossing each other transversely.

The quotient P/Y in this example is known as the Tate curve. Note that is defined
over the ring of formal power series Z[q]. By changing the base to any complete field k,

the Tate curve describes a degenerating family of elliptic curves, where for any ¢ € k*
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such that |c| < 1, the fibre over ¢ = c¢ is an elliptic curve over k, while the special fibre,
that is the fibre over ¢ = 0, is a rational curve with an ordinary double point. Then
G/Y is the open subset formed by removing only the double point in the special fibre.
The generic fibre of G/Y is the same as the generic fibre of the Tate curve, while the

special fibre is a torus.

Let C' be a cusp of M,(c), given by ideals (a,b). Let Mc = ab, and No =
Hom(Mc¢,Z) = (abd)~'. Let MZ and N7 denote the totally positive elements of M¢
and N¢ respectively.

A I'(n)-admissible decomposition {¥} for M,,(¢) is a collection of fans indexed
by cusps C' of M, (¢). For each cusp C, it is required that X¢ be a fan on Ng with
support (N¢)g. Furthermore, the fan ¢ should be invariant under the natural action
of U2, where U, = {z € O} : x = 1 mod nO}. For simplicity, we will also assume
that for any ¢ € 3¢ and u € U2, the intersection o0 Nu - o = {0}. Moreover, the
collection of cones ¥ /U? should be finite.

We will then use this data to construct the quotient X(X)/U2. Note that by
Corollary 2.10, U? does have a well-defined action on X (X¢), since Y¢ is invariant
under U2, If we are working over C, this will be the quotient as a complex analytic
manifold, well-defined since the definition of I'(n)-admissible decomposition ensures
that the action of U? is free and discontinuous. On the other hand, if we are working
in mixed or positive characteristic, we will need to use the rigid analytic quotient, as
described in | |. This quotient can still be covered by the affine charts U, as o
ranges over the orbits of cones in Y¢/U2. While the interior of U, in the quotient
X (3¢)/U? is now the quotient of a torus by U2, the boundary remains the same, since
u-oNo={0} for any u € UZ2.

We would like to use the Mumford construction to produce a semi-abelian scheme
over the quotient X (3¢)/U? of the toric scheme built from this fan, however the affine
charts of this fan are not complete with respect to the ideal defining the boundary. As

such, we make the following modifications.
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Let RY. = Z[¢™ : m € Mc], so we have the torus Sg = Spec(RY). Let o € Y¢
be a rational cone. So we can define Ro(o) = Z[g™ : m € oY N M), with the toric
scheme Sc(0) = Spec(R¢)(0). Let Sc(0)™ := Sc(a)\SE be the boundary of this toric
scheme. Then we can define the formal completion S/CB as the completion of S¢(0)

along S¢ (o).

This is a formal scheme with coordinate ring

—

Rc(o) :== RY[q™ : (m,n) > 0,n € o,m € M¢].

o —

Now we can define Sf/c(?‘) = Spec(R/c\@). The ring R (o) is complete over the ideal
that defines the subscheme S¢(0)*°, so we can perform the Mumford construction

—

over Ro(0).

o —

We have a tautological homomorphism ¢ : M¢c = ab — G,,(Rc(0)), given by

m — q™. Note the isomorphisms:

— —

Hom(ab, G,,(Rc(0))) & Homo, (b, Hom(a, G, (Re(0))))

()
~ Home, (b, (G, ® Hom(a, Z))(Rc(0))
)

= Homyp, (b, (G,, ® av)(R/C(?) )

where a¥ = (ad)~! is the dual of a with respect to the trace pairing. Thus the map ¢

induces an Or-module homomorphism:

L —

q:b6— (G, ®a")(Rc(0)).

If {uy,...,u,} is any Z-basis of a, and {vy,...,v,} is the dual basis of a¥ with

respect to the trace, then we can explicitly describe ¢ as the map:

() = ¢"“* @ v
=1
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Note that the character group of G,,®a" is a, so even without a basis, we can realize ¢(b)
as the element of G,, ® a¥ such that for any character a € a, we have x%(q(b)) = ¢®.
Furthermore, the homomorphism ¢ realizes b as a period subgroup of this split torus.

To see this, let d € Z be such that db C a, and let ¢ : b — a be the multiplication

by d map. Then for by, by € b:

L(b1)q(b) = q™" = 1(ba)q(by).

Also, since t(by)q(by) = ¢™ and o is a subset of the totally positive cone, for any n € o,
we must have

(db*,n) = Tr(db*n) > 0.

Thus ¢(b1)g(by) is in the ideal defining S (o), so ¢ is indeed a period map.

Let Gy := (G,,®a")/q® be the quotient built via the Mumford construction. Then,
by the functoriality of Mumford’s construction we can glue together each of the G, for
o € Y to produce a scheme G, over the completion ?(5) along all the boundary
components, which is then considered over the quotient ?(3)/ UZ.

The polarization, endomorphism structure and level structure all pass through this
construction, providing the Mumford family (Gum, Amum;, tmum, Qmum) OVer the quo-

—

tient (X (X¢)/U?). Indeed, we have the following theorem.

Theorem 2.37. Letn > 4, and let {¥¢} be a I'(n)-admissible decomposition for M,/(c).
There exists a scheme ML (¢), called the toroidal compactification given by {3c}, such

that there exists an open immersion j : M, (c) — MZTC(c), and an isomorphism:

o L (X(Z0)/U2) x Spec(Z(1 /n]) — MEC(c)
cusps C
where /ﬁf\c(c) is the completion of ML (c) along the complement of j(M,(c)). Fur-
thermore, there exists a semi-abelian scheme (G, \, ¢, «) with real multiplication over

MTC(¢) extending the universal abelian scheme with real multiplication over M,/(c),
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such that the pullback of (G, )\, t,«) over ¢ is the Mumford family descibed above

over @)
Proof. See [ , Theorem 5.1]. See also | , Theorem 6.4.1.1] for a more general
statement. N

We will also need the following corollary regarding the Lie algebra of G .

Corollary 2.38. Notation as above, for any cone o, in ¢, there is a canonical iso-
morphism

- ~ ~ .V
LZQ(GU) =a ® OS/C—(;)'

such that the action induced by tymuem s given by the natural action of O on a”.

Proof. | , Corollary 4.4] O

2.7 Hilbert Modular Varieties with Iwahori Level Structure

We may also want to consider level structures that are not prime to p. Let
A = (A, 1, \,a) be a polarized abelian variety with real multiplication, and thus pa-
rameterized by a point in My (c). Then we can use this to produce a perfect pairing
Alp] ® Alp] = pp. We begin with the standard Weil pairing (-, _),, : A[p] @ A [p] — wp.
By the Deligne—Pappas condition, we have an isomorphism AY = A®p, Pa. So passing
the Weil pairing through this isomorphism produces a map A[p] ® A[p] ®o, Pa — fip.

The polarization A is defined as an Op-isomorphism P4, — ¢, so we can use this
isomorphism to produce a map A[p] ® A[p] ®o, ¢ — p,. But since ¢ is prime to p, there
exists a canonical isomorphism A[p] ®o, ¢ — A[p] given by (u ® «) — t(a)u. So after
passing the second coordinate of the Weil pairing through each of these isomorphisms,
we have a pairing (, _)x : A[p] ® Alp] — pyp.

Let ¥ be a product of prime ideals p; ...p, over p. The Hilbert modular variety
with Iwahori level structure by B, denoted M,,q(¢) parameterizes pairs (A4, H) where A
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is a point of M,(c), and H is a finite flat Op-invariant subgroup scheme of A[J] of
order p/, where fis >_"_, f(p;/p), and H is isotropic with respect to the pairing (-, _)y.
Alternatively, M,y (c) can be thought of as parameterizing pairs (A4;, Ay), of points
in M, (¢c), and M, (¢P) respectively, equipped with a B-isogeny A; — A,, respecting
the polarization and endomorphism structures.
The cusps of M,gp(c) can be parameterized by isomorphism classes of maps «

between exact sequences:

such that Hy/a(H,) = OL/PBOL (cf. | , §3.2]). Under the forgetful morphism
(A H) = A: Myp(c) = M, (c), such a cusp will map to the cusp given by the pair
(a1, b1). The isomorphism classes of cusps lying over (ay, by ) are precisely determined by
the ideal q such that b,/a(b;) = O /qOp, which can be any ideal of Oy, containing .
As such, we will denote the cusps of M,,(c) by triples (a, b, q).

We can construct the toroidal compactification of M,q(c) just as we did for M,,(c).
Over the cusp C' = (a, b, q), we will need to build our admissible polyhedral decomposi-
tion using the lattices My = abq™', and N¢ = (abd)~'q. Here the semi-abelian scheme
built over the cusp C will still be (G,, ® a¥)/q", but now equipped with a subgroup
scheme H of the P-torsion, for which the choice of q will describe the multiplicative
and étale parts of H.

Now consider the case where B = p is prime. Then the ordinary locus of M,(c)
can be decomposed into two disjoint smooth varieties. The first is denoted M, (¢)rd™,
paramterizing pairs (A, H) where H is multiplicative. The second is denoted M., (¢)*r ¢,
parameterizing pairs (A, H) where H is étale.

Similarly, when classifying the cusps of M,,,(¢) the only options for q are p or Oy..
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Over the cusp C' = (a,b,p), we have the semi-abelian scheme (a¥ ® G,,)/q* where H
will be the étale part of the p-torsion, whereas, over the cusp (a, b, O ), we will have the
semi-abelian scheme (aV ® G,,)/q® where H is the multiplicative part of the p-torsion.
Thus the cusps of M,,,(¢)>*™ are of parameterized by tuples (a, b, Op), and the cusps

of M,,p(¢)°" ¢ are parameterized by tuples (a, b, p).
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3.1 Vector Bundles

Let Y be a scheme. A pre-vector bundle on Y is a Y-scheme X, such that for
all Y-schemes T, the set X (7') := Homy (7, X) has an Op(T')-module structure, such
that for all Y-morphisms 7" — 7", the induced map X (7") — X(T') is Op(T')-linear.

Let X, X’ be pre-vector bundles. A morphism of pre-vector bundles is a Y-scheme
morphism X — X’ such that for all Y-schemes T, the induced map on the T-points
X(T) — X'(T) is Op(T)-linear.

For example, A}, is a pre-vector bundle. This is called the trivial bundle. A vector
bundle on Y is pre-vector bundle on Y that is locally trivial of constant finite rank n.
That is, a pre-vector bundle X, such that there exists an open cover {U;} of Y, and
isomorphisms v; : Xy, — Af;., such that the transition maps ; o¢;1 are linear on A&j.

A subbundle X'’ of a vector bundle X is a vector bundle such that there exists
a closed immersion X’ < X of Y-schemes that is also a morphism of (pre-)vector

bundles.

Proposition 3.1. Let X and X' be vector bundles over Y, of ranks n and m respec-
tively, such that there exists a closed immersion of Y -schemes ¢ : X' — X. Then X'
is a subbundle of X if and only if there exists a cover {U;} of Y and isomorphisms

U, & satisfying the following relation:

Xu, i b A&

1

Xy, s AR
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where the inclusion Afj into Af; is the standard inclusion of the first m coordinates.

Proof. Let X’ be a subbundle of X. Choose an affine cover {U;} of Y that trivializes
both X and X', and let U; = Spec(A4;). Then we have isomorphisms W Xy, — Ap,
and & : X — A7 Let a; = ;o ¢y, 0 & '. Then, if 1; is the standard inclusion of
the first m coordinates into A7} , we are looking for a linear isomorphism ~ that makes

the following diagram commute:

Let T = U;, then by the definition of morphism of pre-vector bundles, we know
that the map X'(T) — X(T) is linear, but this is just the map ¢p.. Since t; and &
are isomorphisms of modules, they are linear. Thus «; is a linear map. Furthermore,
since ¢ is a closed immersion, we see that «; is a closed immersion. Thus, when passing
from affine schemes to commutative rings, we see that a; is induced by a surjective,
linear map

) s Ajlxy, ] = Ailx, o )

)

Note that ¢ : Aj[xq,..., 2z, = Aj[xy, ..., 2] is the map such that of(x;) = x; for
1 <i<m,and ¢;(z;) =0 for m <i <n. Thus ker(:}) = (Tmi1,. .., Tn).

Recall that A;[xy,...,z,] is just the symmetric algebra of the free A;-module A7,
and that the linear maps on A;[z1, ..., x,] are precisely those induced by module maps
on A”. So, let a be the surjective module map A? — A that induces o}. Note that
the kernel of af need not be free. However, since o is a surjective morphism of free
modules, the kernel is projective, and hence locally free. So, let {V;} be a refinement
of {U;} such that the kernel of oZ; is free over each V;. Let V; = Spec(B;). So over V;,

we have ker(af) = B! ™. Then, we have a comparison of exact sequences:
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0 —— B'™ » B » B* —— 0
| L
0 — ker(a}) y B —— B" —

Since Ext(B}~™, B") = 0, we know that there must exist such an isomorphism ~*.
Then, we can define v : A, — A7, as the map induced by Sym(v*), so v o a; = 1;, as

required.

Now, suppose that X’ < X is a closed immersion of Y-schemes, such that there
exists a cover {U;} and isomorphisms v, §; such that the diagram in the statement
commutes. In order to show that X’ is a subbundle of X is suffices to show that for each
Y-scheme T, the map Homy (T, X’) — Homy (7, X) is linear. Note that for each U;,
Xy, = Al and X, = A7}, and the induced map Homy (Ty,, A} ) — Homy (Ty,, A7)
is defined by post-composing with ¢;. This is clearly linear. Since the support of the
image of any Y-morphism 7y, — X must lie over U;, we then see that this map is
isomorphic to Homy (7y,, X') — Homy (1y,, X ), which is thus linear.

By the definition of pre-vector bundle, the map Homy (7, Af} ) — Homy (T, A7} )
given by the precomposition by the inclusion 7y, < T is also linear. Therefore, for

each pair U;, U; we have the following commuting square of linear maps:

Homy (T, X') —— Homy (Ty,, X') —— Homy (Ty,, X)

| |

HOmy (TUj s X/> EE— Homy (TU], R X) EE— HOmy (TUiﬂUja X)

Thus, by the universal property of sheaves of modules, we must have a unique linear
map Homy (T, X') — Homy (T, X), such that the maps Homy (7, X') — Homy (Ty,, X)
factor through it. But this is precisely the condition that X’ — X is a morphism of
pre-vector bundles. Therefore X’ is a subbundle of X. n

Recall that there is a correspondence between vector bundles and locally free sheaves

over a scheme Y (cf. | , Exercise 11.5.18]). In particular, if & is a locally free
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sheaf on Y, then Spec(Sym(&")) is the vector bundle with sheaf of sections &. This
construction is functorial, giving a categorical equivalence between locally free sheaves
on Y and vector bundles over Y. However, this equivalence need not preserve sub-

objects.

Let V(&) := Spec(Sym(&Y)).

Proposition 3.2. Let % be a locally free subsheaf of some locally free sheaf & on'Y .
Then V(%) is a subbundle of V(&) if and only if &/F s locally free.

Proof. Define 4 := &/.%. We then have an exact sequence:
0> =8 —>9—0.

Recall that the dual of a coherent sheaf & is defined as &Y := #Zom(&, Oy). Thus,

by applying the dual, we get a long exact sequence:
09" = & = FV = Extt(9,0y) — Ext' (&, Oy).

Note that if ¢ is locally free, then &xt'(¥4,0y) = 0. Thus &Y — FV is surjec-
tive. Since forming the symmetric algebra is an exact functor, the map Sym(&Y) —
Sym(.#") is surjective. Thus V(%) — V(&) is a closed immersion. Since it is induced
by a map of locally free sheaves, it must be a morphism of vector-bundles. Therefore
V(%) is a subbundle of V (&),

On the other hand, if V(%) is a subbundle of V' (&), then Sym(&Y) — Sym(#") is
surjective. Thus &Y — .7V is surjective, since is this is just the degree 1-summand of
the graded symmetric algebra. Therefore &xt!(4, Oy) injects into &xt! (&, Oy ). But
since & is locally free, we know that &zt' (&, Oy) = 0. So Ext' (4, Oy) = 0.

Therefore, since .Z is locally free, we see that &xt'(4,.7) is trivial. Hence, the
exact sequence

0% &9 =0
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splits. Hence, ¢ is a local direct summand of &, and thus locally free. O

3.2 Foliations

Let & be a coherent sheaf on a noetherian scheme X, and let 1 be the generic point
of X. Then & is said to be a torsion sheaf if &, = {0}. Recall that the support of
a sheaf &, denote Supp(¢&’) is defined as the set of points x € X on which the stalk &,
is non-zero While the Supp(&’) may not be closed, the codimension of Supp(&’) can be

defined as the codimension of the smallest subscheme of X containing Supp(&’).

Lemma 3.3. Let & be a coherent sheaf on a noetherian scheme X such that the support

of & is nonzero. Then & is a torsion sheaf.

Proof. This follows directly from the definition. If ¢ € &, is non-zero, then 7 is in the
support of &, so the codimension of & would have to be 0. Thus, &, = {0}, so & is

torsion. ]

Let & be a coherent sheaf. The torsion subsheaf .7 of & is the maximal subsheaf
of & that is torsion. & is said to be torsion-free if the torsion subsheaf of & is zero.
Note that &/.7 is torsion-free.

Let % be a subsheaf of some coherent sheaf & on a scheme X. Then .# is said
to be saturated if the quotient &/.% is torsion-free. Equivalently, .Z is saturated if
for any section 0 of & over an open subset U of X and f € Ox(U) such that f§ is a
section of .#, then § is also a section of .# over U.

Let 7 C &/.% be the torsion subsheaf of &/.%. Then the saturation of .7,
denoted .#**" is defined to be kernel of the map & — (&/.%)/7. Note that F C %t

and that .#%" is the minimal saturated subsheaf of & containing .7 .

Let X be a variety over k. The tangent bundle of X, denoted 7 X is defined as
’Hom(Qﬁ(/k,OX). For any affine open U = Spec(A) of X, the I'(U, TX) = Dery(A)
[ , IV.16.5.7], that is the k-derivations on A. This gives I'(U, T X) the structure
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of a Lie algebra, with Lie bracket given by [0,(] = 0 o { — ( 0 ¢ for k-derivations §, ¢
on A | , IV.16.5.9].

If X is smooth, then 7 X is locally free, and is thus a vector bundle. A subbundle
F C TX is said to be involutive if .% is closed under the Lie bracket. An involutive
subbundle of T X is called a smooth foliation. That is, .# is a smooth foliation on X
if it is a locally free subsheaf of T X such that .% is closed under the Lie bracket, and
TX/.Z is locally free.

Lemma 3.4. Let F be an involutive subsheaf of T X, then F%' is also involutive.

Proof. Suppose that ¢, ( are sections of .#*. Then there exists f,g € Ox such that
f9d,gC are sections of .#. So [fd,g(] is a section of .#, and in particular a section

of F%a* But:

[£0,9¢] = (F0) 0 (9¢) — (9¢) © (f6) = fg(d0C) + f(6(9))¢ — fg(¢ 0 d) —g(¢(f))d

= [9(16,¢]) + F(6(9))C = 9(¢(/))o.

Since ¢, ¢ are sections of .#*' it must be that fg([0,(]) is a section of #***. Thus
[0, (] is a section of % as F%*" is a saturated subsheaf of 7 X. Thus .#%" is involutive.

]

A foliation .# is defined as an involutive saturated subsheaf of 7 X such that there
exists some open dense subset U of X such that .# is a smooth foliation on U. If %

is a foliation, then we denote by S(.#) the singular set of .%, which is defined as
S(F)={reX:(TX/Z), is not free}.

In particular, consider a smooth variety X with dense subvariety X. If .Z is a
foliation on X, then (1.7 )% is a saturated subsheaf of X. By Lemma 3.4, it is also an
involutive subsheaf. Further, since any dense open subvariety U C X is also a dense

open subvariety of X, and .Z |y = (1,.%)*|y, we see that (1,.%)%" is a foliation on X.
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When working over a field k of positive characteristic p, we have also the notion
of a p-foliation. | , ]. In this context, the p-fold composition of a derivation
with itself is again a derivation. A foliation that is closed under p-fold composition is
said to be p-closed, and is called a p-foliation.

In | |, Ekedahl describes both the involutivity and p-closed conditions on a
subsheaf & of the T X in terms of O x-linear morphisms. This provides a useful criterion

for determining when a subsheaf of 7 X is a p-foliation.

Lemma 3.5. Let & be a subsheaf of TX.

(i) The Lie bracket on TX induces an Ox-linear morphism
NE - TX/E.

(ii) Suppose & is involutive. Then the p-th power morphism induces an Ox-linear
morphism

F*¢ - TX/Z,

where F': X — X 1is the absolute Frobenius morphism.

In particular, if TX/& is torsion-free and
Home, (N*E, TX/E) = Homo, (F*E, TX/E) =0,

then & s a p-foliation on X.
Proof. See | , Lemma 4.2]. O

Unlike in characteristic zero, we have the notion of the quotient by a p-foliation.

Let .# be a p-foliation on X, and define the annihilator of .% to be

Ann(F) ={f € Ox:0(f) =0,V € Z}.

It is shown in [ | that Ann(.%) is an integrally closed O%-subalgebra of Ox
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containing Ox, and as such Spec(Ann(.%)) gives rise to a normal variety, which we
will denote X/.%, such that there exists a factorization X — X/# — X® of the

Frobenius morphism on X.

Proposition 3.6. Let .7 be a p-foliation on a smooth variety X .
(i) If F has rank r, then [k(X) : k(X/F)| =p".
(ii) There is a one-to-one correspondence between p-foliations on X and normal
varieties between X and X P, by the association F with X /.7 .
(iii) The variety X/F is smooth if and only if ¥ is a smooth foliation.

Proof. See | , Proposition 1.9]. O

3.3 Examples

Let k be a field and consider the affine plane over k, defined as A? = Spec(k[x, y]).

0 8>.

Then the tangent bundle TA? is generated by the derivations (5 Em

Example 1: Let % = (Z). Since . is rank 1, it is trivally involutive. Fur-
ther, Z; is a saturated subbundle of TAZ since TAZ /%, = (%) is torsion-free. Indeed,

the stalks of TAZ2/.Z, are free at every point of AZ thus .#; is a smooth foliation.

Example 2: Consider the subsheaf %, = (zZ) C TA}. Let p be a point of A?

such that x = 0. Then, we note that % & Fs,, since if a:ta% = 6%, we must have

a=a1¢ Oyz,. However, xa% € Fyp, by definition. Thus .%; is not saturated
everywhere, so %, is not a foliation on AZ. However, the saturation of %y in TA? is

just %7, which is a smooth foliation.

Example 3: Consider .%#; = <xa%+ya%) C TAZ. We can show that .Z; is saturated.
Let f% —i—ga% € TA? and suppose there exists a € k[z, y] such that afa% +ag% € Z3.
Then there must be some h € k[z,y| such that

0 0 0 0
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For p € k[x,y], let |p|, be the highest power of z dividing p. Since af = zh, we have
la|, + |fl. = 1+ |hl|,. Similarly, ag = yh. So |a|, + |g9|z = |h|z. Thus |f|. =1+ |g]..
In particular, |f|, > 1. Thus z|f.

Similarly, y|g. But % =h= %. In particular 2 € k[z,y]. Thus

Thus %3 is saturated. So .%3 is a foliation. However, it is not a smooth foliation, as
the quotient TAZ%/.Z; is not locally free. In particular the stalk of this quotient at
the origin is not free. This will be proven for a somewhat more general version of this
foliation in Theorem 3.21.

So .#3 is a singular foliation, with singular locus equal to the origin.

Example 4: Consider now the case that k is a field of characteristic p. Then we

can calculate:

o ®

Or (xayb) =ala—1)(a—2)...(a—p—+ 1)xa—pyb‘

Note that since a € Z, at least one of a,(a — 1), (a — 2),...,(a — p+ 1) must vanish

o (p)

modulo p, thus 5= = 0. Also, we can calculate:

o (p)
(x('?_x) (2%y") = aPx"y’

_ 0 0
But, as a € Z, and a” = a modulo p, we have (QJ%)(p) = x5

These calculations show us that each of the foliations in the previous examples are
p-closed, and are thus p-foliations, when considered over a field k£ of characteristic p.
As such, we can compute the quotients A7 /%, and A} /.%;. In the case of the smooth

foliation .Z; = (), it is easy to see that

Ann(.#) = k[P, y].
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Thus, AZ/.#, = Spec(k[2?,y]), which is just another affine plane. On the other hand,
when we consider a foliation with a singularity, such as .#3 = <$% + ya%), we compute
that

Ann(F3) = k[zP, 2P Yy, .. ayP P

Thus A}/ 3 = Spec(k[zP, 2Py, ... xyP~t y¥]), a surface with a cyclic quotient sin-
gularity at the origin.

However, not all foliations are p-closed. For example, let a € k such that o ¢ ),
and consider the foliation .7, = (x% + ay(%). We can see that %, is not p-closed by

computing (xa% + ocya%)(p) = Ia% -+ ozpya% ¢ F4. So F, is not a p-foliation.

3.4 Foliations on Toric Varieties

Let X be a toric variety over a field k of arbitrary characteristic, containing an
open dense torus 7. A torus-equivariant vector bundle & on X is a vector bundle

along with a map 7' x & — &, such that the following diagram commutes:

TxE —— &

I

I'x X — X

We further require that for any z € X and t € T(k), the map &, — &, is a linear

isomorphism.

Proposition 3.7. A bundle & on a toric variety X can be endowed with a toric struc-

ture if and only if & 2 t*& for every t € T'(k).
Proof. | , Proposition 1.2.1]. O

Note that this does not imply that the given isomorphisms & =2 t*& are the toric
structure, merely that if such a family of isomorphisms exists, then a toric structure

also exists.
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3.4.1 Klyachko Filtrations

In | |, Klyachko classified vector bundles on a toric variety X (X) in terms of
a collection of filtrations indexed by the rays 7 € 3(1). We review the relevant results
here.

Let T be a split torus over k, and let ¢ be a cone in the cocharacter lattice N
of T. Then X = X(o) := Spec(k[S,]) is an affine toric variety. X has a unique closed
T-orbit. Let T|, C T be the stabilizer of a point in the closed orbit.

Proposition 3.8. Let X = X(o) be an affine toric variety. Then all toric bundles &
on X take the form & = E x X, where E is a representation of T', with toric action

on & given by t- (e,x) = (t-e,tx).

Proof. | , Proposition 2.1.1(i)] The Quillen-Suslin Theorem states that every
projective module over a polynomial ring is free. Equivalently, every vector bundle
over affine space is trivial. This was extended by Gubeladze in | | to affine toric
varieties. Thus & is a trivial vector bundle over X, that is & = E’ x X for some vector
space E'. We would like to show that there is a T-action on E’ that extends to the
toric action on &. We will do this by defining a vector space F with torus action, and
showing that it is isomorphic to E’, in such a way that the T-action on F induces the
toric action on &.

Let x, be a point in the closed orbit of X. Then, consider the map p: I'(X, &) —
&(r,) = E', such that p(s) = s(x,). This is a surjective map, since & is a trivial
bundle.

First, we claim that there is a T-invariant subspace E C I'(X, &) on which p is an
isomorphism. Let F be a maximal T-invariant subspace on which p is injective. By
the diagonalizability of torus representations | , Theorem 12.12], the representa-
tion I'(X, &) of the torus T' decomposes into character spaces I'(X, &) = @, Ey. So
@D, p(Ey) = &(x,), since p is surjective. If p(E) # &(z,), there must be some x and
v € E, such that p(y) € p(E). Then v ¢ E. Thus p is injective on E + (7). Also,
for any t € T' we have t - v = x(t)7y. thus £ + () is T-invariant. But this contradicts
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the maximality of £. Thus p(F) = &(z,). In other words, p : E — &(z,) is an
isomorphism.

Now, let s; € E be such a basis of T-eigenvectors. Clearly, they are linearly
independent over x,. Suppose there exists some point xy over which the s; are not
linearly independent. Then, since the s; are T-eigenvectors, we see that they are not
linearly independent over any point tzy. Thus, they are not linearly independent over
the orbit containing xy. However, since such a linear dependency is a closed condition,
we know that the s; must not be linearly independent over the closure of this orbit.
But the unique closed orbit (containing z,) is in the closure of every T-orbit on X,
by Proposition 2.14. So this contradicts the fact that the s; are linearly independent
over x,. Therefore, they are linearly independent over all z € X. Thus & = E' x X as

a toric bundle. That is, & extends the T-action on E. O

Proposition 3.9. Let & = E x X and % = F x X be toric bundles on an affine toric
variety X = X(o0). For each ray 7 € o(1), let .. be the generator of T and define a

decreasing Z-filtration on E, (similarly on F'), as follows:
E(i)= & E,
(X’O‘T>Zi
where, for x € M, the vector space E, 1is the x-isotypical component of E. Then,
Homqy(&,.F) is canonically isomorphic to:

{p € Hom(E,F) : p(E"(i)) C F"(i),7 € 0(1),i € Z}.

Proof. | , Proposition 2.1.1(iii)] Consider the case dim(E) = dim(F') = 1. Let ™~
and x"'F be the characters by which T" acts on E/ and F' respectively. Then, we see
that a bundle morphism f : & — %, is a family of maps ¢, : E — F, parameterized

by x € X. For such a morphism to be T-equivariant, it must satisfy:

Pr(te) =1 pg(e).
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That is:

X" () pr(e) = X7 () pa(e).

Thus, if we fix z¢ in the open T-orbit of X, and denote ¢ := ¢,,. Then for any

point x; = txg in the open orbit, we must have:

mrg

F (e, o) = (oo e), to) = (X (t)so(e%txo) |

XME

Note that this formula determines f uniquely, as it gives the value of f on an open
dense subset of X. Furthermore, since f is regular, we know that either ¢ = 0 or the
character % = X"F~E is a regular function on X. Since X = Spec(k[S,]), we see
that x™#~"™E is a regular function if and only if it is in S,, i.e. (mp —mg,a,) > 0 for
all 7 € o(1). Equivalently, that (mp, a,) > (mg,a,) for all 7 € o(1). However, this is
equivalent to saying that (FE7(i)) C F7(i) for all 7 € o(1) and i € Z, as required.

On the other hand, suppose there exists some non-zero ¢ € Hom(FE, F'), such that
©(E7(i)) € F7(i) for all 7 € o(1), and ¢ € Z, we must have F'7 (i) = 0 only if E7(i) = 0.
Thus, (mg,a,) < (mp,a,) for all 7 € o(1). So the character x"*~"# € S, and thus

extends as a regular function to X. Thus, the map

et = (A 0p(e) 00

X"E

extends to a regular map on £ x X.

Thus we get a canonical isomorphism Homy(&,.%#) with the subset of Hom(E, F)
that respects the filtrations.

Now, if dim(F) or dim(F) is greater than 1, we see from the proof of the previous
proposition, that F and F' are generated by T-eigenvectors. Thus & and .# are sums
of T-invariant line bundles, and these sums respect the filtrations given. Thus, this

result generalizes to E' and F' of arbitrary dimension. O]
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3.4.2 Classifying Toric Foliations

We will now specialize to looking specifically at the tangent bundle, in order to
classify the toric foliations. Let X be a toric variety of dimension n with open dense
torus 7. Let X be the fan defining X, and let 0 € . Let 7 € o(1) be a ray of o.
Then 7 determines a closed codimension-1 subvariety of U,, corresponding to the prime
ideal:

Iyr = (xX™;me€S,, (mn)>0,necr) C kS,

This subvariety is precisely the closure of the T-orbit of the point induced by the map:

1 mert

Sy = k:m—
0 m¢grt

This is the codimension-1 T-orbit Z,. Call this subvariety V(7).
Let D be the T-invariant Weil divisor > s, V/(7), where X(1) is the set of rays
in the fan 3. Let .# be the sheaf of ideals of Ox determining D. In particular, for

o € X, we see that

j(Ua) - Ia = m ]U,Ta

rea(l)
as described in Lemma 2.15.
Now, we define 7 X (—log(D)) to be the subsheaf of 7X consisting of derivations ¢
such that §(.#) C .7.

Proposition 3.10. Let X be a toric variety, corresponding to the fan . Then there is
a T-equivariant isomorphism T X (—log(D)) = N ®z Ox, where N is the cocharacter
lattice of T.

Proof. | , Proposition 3.1] Suppose that for each cone o € ¥ we have such an
isomorphism TU,(—log(D)) = N ®z Oy,, that respects the inclusions 7 C o for any
face 7 of 0. Then we can glue these isomorphisms together to get an isomorphism of

sheaves T X (—log(D)) = N ®z Ox. We will show that such an isomorphism exists for
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each cone o € X. Note that after restriction to the affine open U,, the ideal sheaf .#
is just the coherent sheaf associated to the ideal I, C k[S,].
For each o € 3, define a homomorphism A, : N ® Oy, — T X (—log(D)) by:

n@ fs fon.

where 9,, is defined to be the k-derivation such that

On(X™) = {m, n)x™.
Since Y™ x™2 = "™t we need to check that 0, is a well-defined derivation. We see

that:

mi

Sn(X™X™?) = X (Mg, n) X + X (M, n)x

m1+m2)'

= (m1 + mg, )X X" = 0 (X

Thus §,, is a well-defined k-derivation.

Further, if ¢ = Y°" , ¢;x™ € I,, then each x™ € I,, as each monomial in ¢
must be a product of a monomial in x™* € k[S,], and a generator x"™? of I,. So
(mi1,n) > 0 for all n € o and (my,n) > 0 for all n € 0. Therefore, we see that
(my,n) = (my + myz,n) > 0, which implies x™ € I,,.

Then, since 6,(x™) is a multiple of x™¢, we must have 9, (x™) € I,. Therefore
dn(1,) € 1,. So the image of A, is contained in 7 X (—log(D)). Thus A, is a well-
defined map N ® Oy, — T X (—log(D)).

Next, we will verify that A, is indeed a homomorphism. Given ny,ny, € N, we

have:

m

Onytns (X™) = (n1 + ng, m)x™ = (ny, m)x™ + (ng, m)x
= 0, (X™) + 00, (X™)-

Thus the map N — T U,(—log(D)) given by n +— 9, is a homomorphism of Z-modules.
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Thus A,, as defined above, is a homomorphism of Oy, -modules. We would like to show
that it is an isomorphism.

The injectivity is clear, since if ny,ny € N such that (m,n;) = (m,ngy) for all
m € S,, then (m,ni) = (m,ny) for all m € M, as S, generates M as a group, by
Proposition 2.8. Thus n; = ns, as M is the dual lattice to N. It remains to show
surjectivity.

Suppose § € TU,(—log(D)). Then §(1,) C I,. Recall I, =

reo(1) I, ; is a minimal
prime decomposition, by Lemma 2.15. We will then show that §(/,,) C I,, for each
Teo(l).

Let 7 € o(1). Then, since I, =) I, - is a minimal prime decomposition, for

T€0(1)
any = € I, ., we can find some y & I, ,, such that xy € I,. Since 0(I,) C I,, we know

that 6(xy) € 1, C I, ,,. But:

d(zy) = 2d(y) + yo(x).

Thus, since d(zy) and xd(y) are in I, ,,, it must be that yd(x) is in I, . Further, as
y & Iy, and I, is prime, it must be that 6(x) € I, ,. Thus 6(1,.,) C Iy 4.
By Lemma 2.17, we also know that for any m € S,, the ideal (x™) C k[S,] has

primary ideal decomposition:

ﬂ I (mn-r

T€o(1)

where n, is a generator of the ray 7 C N. Since ¢ preserves I, ., it also preserves
its symbolic powers, by Lemma 2.5. Hence §({x™)) C (x™). In particular, for any
m € S,, there exists {(m) € k[S,] such that 6(x™) = &(m)x™.

So & : S, — k[S,]. Note that this is an additive map, since for any my, my € S,:

S(X™X™2) = S(x™T™2) = E(my + ma)X™ T = E(my + ma) Y™ .
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Also
SOX™X™) = XM (X™?) + X2 (X™) = X E(ma) X ™ 4 XT2E (me) X ™

= (§(m1) + &(ma))xX™ x™.

Therefore, since S, generates M as a group, £ extends to a homomorphism M — k[S,].
Further, as N is the dual of M. Any homomorphism M — k[S,] can be viewed as an
element of k[S,| ®z N.

Thus, there exists Y. | a;n; such that £(m) = >"" | a;(m,n;). Thus

D aida (") = 3 ai(m,nay™ = €m™ = 5(x").

So d =" a;0,,. Thus, A, is surjective.
Further, from the definition of A,, it is clear that for any face 7 C ¢ the following

square commutes:

k[S,] ® N =27 TU,(—log(D))

| |

k[S,] ® N =275 TU.(—log(D))
where the vertical arrows are restrictions from U, to U,. Therefore, this we can glue
the isomorphisms A, to get an isomorphism A : Ox @ N — T X (—log(D)).

Finally, recall that the action of T on 7 X is such that for any derivation §, we

have:

(t-0)(f)(@) =o(fot™)(t ).

So, for any n € N, we can calculate for any m € M and zy € X:
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(- 6,)(X™) (o) = 8p(X™ 0 t7H)(t - 20)
WX () X™)(E - o)
X" ()8 (X™)(t - o)
X" (t

X" (DX () (m, n)x™ (o)
= (m, n)x" (o)

On(X™)(20)-

)
)

“H)(m, n)x™(t - 20)

Thus t - 6,, = 6,, for any n € N. Further, for any f € Ox and § € T X, we have:

t- (£8)(g)(wo) = (fo)(g ot )(t - zo) = f(t-z0)d(g ot ")(t - xo)

= (t- F)(t-0)(g)(wo).

Thus the isomorphism A is equivariant with respect to the action of 7" on T X (— log(D))
derived from the action of 7" on X, and the action of T'on N ® Ox given by the trivial

action on N, and the action on Oy derived from the action of 7" on X. O

Lemma 3.11. For any nyi,ny € N, we have [0,,,0,,] = 0. Thus, any subsheaf of
TX(—log(D)) generated by {d,,} for some subset {n;} C N is involutive.

Proof. For any m € M, we have:

[67L17 6“2](Xm) = 6“1 (5n2 (Xm)> - 5”2 (5111 (Xm)>
= 5n1(<n27 m>Xm) - 5n2(<n17 m>Xm)
= <n17 m> <n27 m>Xm - <n2> m> <n17 m>Xm

=0.
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Thus, since k[S,| C k[M] is generated by the x™ as a k-vector space,
[0y 5 Ony] = 0.

]

Example: Consider the affine toric variety U, over k given by the cone o generated
by n; = (1,0) in N = Z*. So S, = {(a,b) € Z* : a > 0}. Thus, naming the first
coordinate X and the second Y, we have U, = Spec(k[S,]) = Spec(k[X, Y*!]). This is
just the product of the rank 1 torus with the affine line.

Now, ,, is the derivation on k[X,Y*!] defined such that 4,, (X*Y?) = aX?Y?. So
0p, = X4%. Similarly, if n, = (0,1) € N, then §,, is the derivation on k[X,Y*]
defined such that d,,(X*Y?) = bX*Y". So §,, =Y 2.

We know that the tangent space TU, of U, = Spec(k[X,Y*!]) is generated by 5%
and Y2, that is +6,, and d,,. Then TU,(—log(D)), where D is given by the divisor
of X = 0 is generated by Xaix = 0, and Yaiy = Op,. S0 the map ny — d,,, N2 — op,
is indeed an isomorphism N ® Ox — T U,(—log(D)) in this example.

Example: This construction works in general to find the tangent space TU, for

some smooth ¢ in N, the co-character lattice of a rank g split torus. Let {ug41,...,uy}
be a basis for o as a semigroup that extends to a basis {uy, ..., u,} for N as a group. Let
{mi,...,m,} C M beadual basis to {uy,...,u,}. Then S, = k[mi',... mE Mg,
So U, = k[S,].

So Z, is the closed subvariety given by ™ = 0 for ¢g+1 < j < g. As in Proposition
3.8, we want to construct the tangent space TU, as a product E x U, where F is a
representation of 7. Consider the point z, € Z, where y™i(z,) = 1or 1 < j < q.
Also, since x, € Z,, we must have x™ =0 forg+1 <7 <g.

Then the fibre TU,(z,) = spank{%}le. Following a similar computation as in
the previous example, we can deduce that for each u;, we have ¢,, = X’”l’%. Note
that since each ¢,, is T-invariant, each of the d,,, are T-eigenvectors, with respect to the

trivial character. So, we can begin constructing our £ using the d,,. Since x"(z,) = 1
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for 1 <i < g, the image of §,, in the fibre TU,(z,) is just %. However, x™i(z,) for
q+1<7<gis0. So the image of 9,; in this fibre is zero.
Consider instead the derivations ﬁéuj for g +1 < j < g. Then for t € T' we have
1 X7 (1) 1

to(—0,) = t8,,) = X" () —64,-
(i) = X 8) =X ()

Thus — 6, is a T-eigenvector with character y™. Further, the image of —+¢,. on
X9 VU XTI U

. . a
the fibre over x, is just T

So, by Proposition 3.8, we have TU, = E x U, where F is

1 1

SO T}

E = span; {6y, . .., 0y,, e

So we get the following corollary:

Corollary 3.12. Let U, be an affine toric variety, with notation as above. Then

1 1
TU, = spang,, {5u17 oy Ougy 0w gy - e s —5ug} .

Xt XM

Further, since we have clearly defined the T-action on E, we can explicitly describe
the filtrations from Proposition 3.9 for TU, here. Note that the eigenspace decompo-

sition of F is
1 .
Er=(0useos0u)s By = <W%q+ 1< < 9>'
For each 7; = (u;) € o(1), that is, for ¢ +1 < j < g, we have:

E 1 <0
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Proposition 3.13. There is a 1-1 correspondence between the following sets:

{Foliations of X} < {Involutive saturated subsheaves of T X (—log(D)) }.

Proof. First, note that 7 X (—log(D)) is involutive. If .# is the ideal sheaf defining D,
and f is a section of .#. Then for any 0,£ € T X (—log(D), we have

[0, €1(f) = 0(&(f)) — €(6(f)).

But since £ and ¢ are in T X(—log(D)), they map sections of .# to sections of .#.
Thus [6,&](f) is a section of .#. Thus [,{] € TX(—log(D)). So TX(—log(D)) is
involutive.

Let .# be a foliation on X. So .# is an involutive saturated subsheaf of 7X. As
such, we can associate it with its restriction to 7 X (— log(D)), which remains involutive
and saturated in 7 X (—log(D)).

On the other hand, let ¢4 be an involutive saturated subsheaf of 7 X (—log(D)).
Consider the saturation 4% of 4 in T X. Then ¥** remains involutive by Lemma 3.4,
and is a saturated subsheaf of T7X. That is, ¥ is a foliation.

Finally, note that these are inverse operations. Let .# be the ideal sheaf defining D,
and let .# be a foliation on X. Then if § is a section of .%, and f € ., we see that
f6 € TX(—log(D)). Thus, fd is a section of the restriction of .# to TX(—log(D)).
Thus, ¢ is in the saturation in 7 X of this restriction.

On the other hand, suppose ¢ is in the saturation in 7 X of the restriction of .# to
TX(—log(D)). Then there is some f € Ox such that fé € .F(—log(D)). So fé € .F,
which implies 0 € %, since .7 is saturated in T X. n

Proposition 3.14. Let X be a toric variety with torus T defined over a field k. Let D

be the divisor as described previously. There is a 1-1 correspondence between the fol-



3. Foliations 65

lowing sets:

T-equivariant saturated

subsheaves of T X (—log(D))

< {subspaces of N ®z k}

where N is the cocharacter lattice of T

Proof. By Proposition 3.10, we know that
TX(—log(D)) = N ®z Ox.

Let V be a subspace of N ®z k. So V ®; Ox is a subsheaf of T X(—log(D)). Let #
be the saturation of V ®; Ox in TX(—log(D)). Note that .# is T-invariant, as the
action of T"on N ®z Oy is defined by acting on the Ox part over k. Thus restricting
to a subspace V of N ®z k remains T-invariant.

On the other hand, let .# be a T-equivariant saturated subsheaf of 7 X (—log(D)).
Let K be the function field of X. Then, if  is the generic point of X, the stalk .%, is a
K-subspace of TX(—log(D)),. So let {v1,...,v,.} be a basis of .%, that extends to a
K-basis {v1,...,v,,...,0,} of TX(—log(D)),. Then, since TX(—log(D)) = N®;0x,
we must have 7 X (—log(D)), = N ®z K. Let {n1,...,n,} be a basis of N. Then we

can find a;;, b;; € Ox such that:

— E L
V; = b—(SnJ
— Yij
7j=1

Thus TX(—log(D))/# is free away from the codimension 1 subscheme defined by
{bij = 0}1<ij<yg-

But, since .# is T-equivariant, the stalks (7 X (—log(D))/.% ). must be isomorphic
along T-orbits. Since (7 X (—log(D))/%)., is free for all x away from a codimension 1
subscheme, it is free for all z on the open T-orbit Uy = T of X. So, after restricting

to Uy, the subsheaf .# is a subbundle of 7 X (—log(D)).



3. Foliations 66

So by Proposition 3.9, the inclusion .# — T X (—log(D)) corresponds to a vector
space morphism V < N®k. Over the open orbit, this is the inverse of the construction
above. It remains to show that if two T-equivariant, involutive, saturated subsheaves
of TX(—log(D)) coincide on Uy, then they are equal.

Suppose #1,.%, are T-equivariant, saturated subsheaves of T X(—log(D)) such
that %, and %, coincide on Uy. Then let %3 = %, + 5. Since %1,.%5 coincide
on Uy, the quotients %3/ %, and #3/.%, must be supported away from Uy, and thus by
Lemma 3.3, they are torsion subsheaves of TX/(—log(D))/.#, and T X (- log(D))/%
respectively. But .#; and %, are saturated in 7X(—log(D)). So %#3/#, = 0 and
Fo/F1 =0. Thus 7 = F3 = F5 on X.

Thus we have a 1-1 correspondence between T-equivariant involutive saturated

subsheaves of T X (—log(D)) and subspaces of N ®z k. O

Note that the subsheaf corresponding to V' ®7 Ox is involutive, since [0,,, dy,] = 0

for any vy, v9 € N by Lemma 3.11. Thus:

D" Fib0 D950, | = D [fids 90

i,J
= Z (figj[(svm 5uj] + fidy, (9j)5vj - gj(svj(fi)(svi) €V ®z Ox.
2%

Thus combining the above two propositions gives us a 1-1 correspondence between
subspaces of N ®z k and T-equivariant foliations of X, which we will call toric foli-
ations. Given a subspace V of N ®yz k, we will denote the associated toric foliation
by %y, that is

Fy =6, :neV)™ CTX.

Since .Zy is generated by the derivations 9, for n € V', we see that the rank of Fi as

an Ox-module is equal to the k-dimension of V.

Lemma 3.15. Let u € Aut(T), and let §,, € TX be defined as above. Then, the
differential du : T X, = T Xu@) maps dplp 10 dunu(p)-
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Proof. Recall that a map v : T — T induces a map u* on the character lattice M of T,
such that for any p € T, the character (u*x™)(p) := x™(u(p)). The map u* then has a
dual map (u*)¥ : N — N on the cocharacter lattice N of T, such that for any m € M
and n € N, we have (m, (u*)"n) = (u*m,n). For ease of notation, we will denote (u*)"

as Uu.

Then we can calculate:

Sun(X™)(u(p)) = (m, un)x™ (u(p)) = (u'm,n)x" (u(p)).

Also

du(d,)(X")(p) = dn(u*Xx™)(p) = (W'm,n)(u*x™)(p) = (u'm,n)x" (u(p)).

Thus, for any p € T, the differential du maps 0, |, t0 dun|u(p), as required. ]

Corollary 3.16. Let U be a subgroup of Aut(T'), and let ¥ be a U-invariant fan in the
cocharacter lattice N of T'. Then there is a 1-1 correspondence between the following

sets

{Toric foliations of X(X)/U} < {U-invariant subspaces of N @ k} .

Proof. Let V be a U-invariant subspace of N ® k, then the projection of %y on X ()
to X (X)/U is well defined, since 6§, € Zy if and only if §,, € % for u € U, by the
U-invariance of V. So V' corresponds to a toric foliation of X (X)/U.

Similarly, let .# is a toric foliation on X (¥)/U. Then .# pulls back to a toric
foliation on X (X). Thus, .# = %y for some subspace V of N ® k. By the construction
in Proposition 3.14, we know that .# = %y, where V = {n : ¢, € .#}. Further, since .#
is defined on X (X)/U, it must be that d, € .Z if and only if d,, € .# for any u € U,
by Lemma 3.15. Thus V is U-invariant.

Therefore, there is a 1-1 correspondence between toric foliations of X (X)/U and

U-invariant subspaces of N ® k. O
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3.4.3 Classifying Toric p-Foliations

Let k be a perfect field of characteristic p. We will now provide an extension of the
above results to p-foliations. Let N be the cocharacter lattice of a split torus 17" over
k. Consider the action of Frobenius on N ® k, given by the trivial action on N, and
Frobenius on k. Then a subspace V of N ® k is called p-closed if it is closed under

this action of Frobenius.

Lemma 3.17. Let k be an finite extension of IF,,, and let N be a F,-vector space. Let
o € Gal(k,F,) denote the Frobenius automorphism. Suppose V' is a k-subspace of N ®k
such that o(V') C V. Then there ezists an F,-subspace Vo C N such that V =V, @ k.

Proof. This is exactly Galois descent for vector spaces (cf. | , V.10.4]). O

Proposition 3.18. There is a 1-1 correspondence between the following sets:
{ Toric p-foliations on X} < {p-closed subspaces of N @y k}.

Proof. To prove this proposition, we will start with the following Lemma:

Lemma 3.19. Let X be a variety defined over a field of characteristic p. Let F be
a foliation on Ox that is generated by { D1, ..., Ds} as an Ox-module. Then F is a
p-foliation if and only if DY € F for 1 <i<s.

Proof. If .7 is a p-foliation, then DY € % for any D, € .% by the definition of p-closed.
On the other hand, let {Dy,..., Ds} be a generating set for .#, and suppose that
D! € F for each generator D;. By Deligne’s identity | , Prop 5.3], we know that
for any g € Oy, we have (¢D;)? = g? D? — gD~ (¢*~')D;. Therefore, since D; and D”
are both in .%. we see that (¢D;)? € .Z.
By Jacobson’s identity | , p. 187], we have
p—1

(D+ D'y =D"+D"+> s(D,D),

i—1
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where each s;(D, D’) is in the Lie subalgebra of T X, generated by D and D’. Therefore,
if D, D" € .7, then s;(D,D') € .7, since .# is involutive.

Thus, (D + D) € F,as DP, D" s;(D,D") € .Z.

Thus, if {D1,..., Dy} is a generating set of % and DY € F for each 1 < i < s,

then .Z is p-closed and thus is a p-foliation. O

We now continue with the proof of Proposition 3.18. Let .%# be some toric foliation
on X, and let V' be the subspace of N ®yk corresponding to .%, via the correspondence
in Proposition 3.14. Let {vj,va,...,vs} be a basis of V. Then, given any Z-basis
{n1,...,nq4} of N, we can write v; = Zle n; ® a;; for some a;; € k, since VC N ® k.

Since .# is the foliation associated to V/, it must be generated by derivations 4,

where 0, := Zle a;;0,,. Note that for any m € M, we have
o, (X™) = (m, ny)PX™.

Note that (m,n;) € Z, since the n;, € N. Since we are working over a field with
characteristic p, and as (m,n;) = (m,n;)” mod p, we must have 6% = J,,.

Since 05, = d,, and [0, 6,] = 0 by Lemma 3.11, we see that 0f = > 1" | a};d,,. Note

=1 "

that the p-action on N ® k is such that v](-p) =7 e ag;. Thus 67, =3, .
j

Therefore .% is p-closed if and only if V' is p-closed, as required. O

Corollary 3.20. Let U be a closed subgroup of Aut(T), and let ¥ be a U-invariant
fan in the cocharacter lattice N of T'. Then there is a 1-1 correspondence between the

following sets:
{Toric p-foliations on X (3)/U} < {p-closed U-invariant subspaces of N @z k}.

Proof. Follows from Proposition 3.18 and Corollary 3.16. O
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3.5 Singular Locus of Toric Foliations

Let k be a field of arbitrary characteristic, and let T" be a split torus of rank g over
k, with character lattice M and co-character lattice N.

Let 0 € ¥ be a smooth scrp cone in N ®k with codimension q. Since o is smooth, we
know by Lemma 2.11 that o is generated by part of a Z-basis of N. Let {ugt1,...,uy}
be a basis of o that extends to {u1,...,u,} a basis of N ® k. Note that we are placing
the basis of o at the end of this basis, and not the beginning.

Let {my,...,my} be the basis of M that is dual to {us,...,u,}. That is,

1 i=j
0 itj

<ui’ mj> =

The affine open chart U, C X is given by:
U, = Spec(k’[(x’”l)ﬂ, . (qu)il, X"t x™]) = Spec(k[S,]).

Thus, as computed in Corollary 3.12, the tangent space of U, is generated over k[S,]
by:
1 1
TU; = spang, 14 Ours - -+ 5 Ougs o Ougyys -+ o5 ——Ouy ¢ -

XM+ mg
Let Z, be the stratum in X corresponding to the cone o. That is, Z, is the unique closed
stratum in U,. Note that dim(Z,) = ¢, and is isomorphic to a torus of dimension ¢. By
construction, given any point z € Z,, the function x" for ¢ < ¢ < g, is not invertible
in Ox,, as Z, is defined by the equations ™ = 0 for ¢ < i < g. On the other hand,
for 1 < < g, the function x™ is invertible over all of U,, so we could also have written

the generating set of TU, as

1 1
TU, = spanyg, | {Wéul, ceey —5ug} .

Let V' be the subspace of N ® k corresponding to some toric foliation .# of rank p
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on a toric variety X = X (X). Let {vy,...,v,} be a k-basis of V. Note that the basis
elements v; € N ® k need not be of the form n; ® 1 for elements n; of N. % is thus

generated over k[S,| by {dy,,...,0,,}. Now define ¢;; := (v;, m;). Then we have

g
v, = E Cl'j'LLj
j=1

, for constants ¢;; € k. Note that this implies that 9,, = ?:1 Cij0u,; -

So C' = [¢;4] is a p X g matrix with coefficients in k. Let us break C' into two blocks
C=1C; ¢

where C is size p x ¢ and C, is size p X g — q.
After possibly re-ordering the basis {ugt1,...,u4}, let 0 < s < g — ¢ be such that
the i column of C” is in the column space of C} if and only if i < s. Let ¢ = ¢+ s

and consider the block decomposition
C=[C, C

where C; is p x ¢ and C,, is p X g — ¢’. Note that C; has the same rank as C}, and no

column of C}, is in the column space of C;.

Theorem 3.21. With notation as above, the foliation Fy extends smoothly to Z, if

and only if rank(Cy) =p+4q —g.

Before proceeding with the proof, we will look at a couple small examples. Let o
be a codimension ¢ cone in X, so Z, is a ¢g-dimensional toric stratum in X. Consider
the case that .# is the full tangent space. V = N ® k, so C' is a g X g invertible
matrix. Thus all of the columns of C' are independent, and hence ¢’ = ¢. Also, the
rank of C; will be ¢, as it is a g X ¢ matrix, with ¢ independent columns. Since p = ¢
and ¢ = ¢, the condition rank(C}) = p + ¢’ — ¢ is indeed satisfied. As .Z is the full

tangent space, and X is smooth, .%# extends smoothly to all of X, and in particular, it
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extends smoothly to Z,.

As another example, let X be the affine plane A?. This is the affine toric variety
corresponding to a smooth cone with generators {uj,us} in N = Z2. If we let {z,y}
be the corresponding dual basis of M, we have §,, = xa% and 6,, = ya%.

Let ¢ be the rank 1-foliation generated by xa% + ya% on AZ and let Z, be the
0-dimensional boundary stratum, that is the origin of A. So C' = [1 1] Since we
are considering the 0-dimensional boundary stratum, C; is the first 0 columns of C|
and as such has rank 0. Since neither column of C' is the zero column, ¢ = ¢ = 0. So
we can calculate p+ ¢ — g =140 — 2 = —1, which is not equal to rank(C;) = 0. So
the condition in the theorem is not satisfied, and indeed ¢ does not extend smoothly

to Z,.

Proof. Let X = X (X) be a toric variety with cocharacter lattice N, and let o € ¥ be

a codimension ¢ cone with basis {441, ..., us}. So we have a basis {uq,...,u,} of N.

We will be looking at a point = € Z,, which is a ¢-dimensional toric stratum in X.
Let V C N ® k be generated by k-basis {vy,...,v,}, and let .%y be the foliation

associated to V. Recall that by construction we have

As above, we have the block decomposition C' = [Ct Ca} into a p x ¢’ block C; and

apx(g—q') block C,. Since elementary row operations will not change the rowspace of
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the matrix, we can reduce the k-matrix C' to the row reduced echelon form R, and %y,

will still be the saturation of the rowspace of:

Let r :=rank(C}). Since R is in row reduced echelon form, we can write it as

S %
0 T

R:

where S and T are in row reduced echelon form, where S is size r x ¢/, and T is size
p—1 % g—¢. Furthermore, since no column in C, is in the column space of C}, every
column of 7" must be nonzero. Also, as C' consists of p linearly-independent rows, it
must have full row rank. Thus 7" has full row rank as well.

where the a; corre-

Now, rename the elements of {u;}?_; to {a;}}_; and {b;}9_7,

i—
spond to columns in R with leading ones, and the b; correspond to columns without
leading ones. Similarly rename the dual basis elements {m;}?_, to {a;}?_, and {b;}7_7
respectively.

Since S has rank r, this implies that a; € {u;}{_, for 1 <i <7, and a; € {u;}]_,,,
for r <1 < p. In particular, there cannot be a leading one in the columns corresponding
to u; for ¢ < j < ¢, as these columns are in the columns space of the first ¢ columns, by

the construction of C;. Thus, if d;; € k are the entries of R in the columns corresponding

to the b;, we get:

9=p
rowspo, R | 1 | =spanp, {(5% + Z dijdbj} .
j=1

Suppose = € Z,, we wish to determine if %y, is a direct summand of 7X,. We
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have two cases. Either T is square, or it is not square.
Suppose that T' is square. Then, since 7" is in row reduced echelon form, and has

full row rank, it must be the identity matrix of size g — ¢’ = p — r. Thus we have:

sat

g—p
y‘/’ﬂc = spanoxym {(5% + Z dijébj} U {5ai}r<i§p
j=1

1<i<r

Even though x™ is not invertible in Ox, for ¢ < i < g, we have the derivations

1
XM

0u; € TX,. Thus for r < ¢ < p, we have %5%. € Zy, by saturation. So:

sat

g—p
1
y\/’x = spanoxym {5% + Z dijéb]. } U { a 5@}
j=1 1 X r<i<p

<i<r

Recall that over x € Z,, we have

1 1
TX, = spang, | {5ul, oy Oy = Cuy g s —5ug} )

X Matt

Let us define the map ¢ : TX, — spanp, , {%5% }, by:
o

0o, > > —dijly, 1<i<r
j=1

1 :
— 04, — 0 r<i<p
X

Op,; > Op, 1<j<qg-r
1 1 .
T5bjl—>75bj g—r<j<g-—np.
X X

r 1 — 1 . bios - . .
Let ¢ =37 fiba, +> 0 1 fiﬁéai +2 90 hy Eébj' Since x% is invertible in Ox ,

for 1 < j < g — r, this is indeed a generic element of 7 X,. Then, we can compute:

o(() = (Zz—dijfi5bj> + (Zl h;‘é&j)

i=1 j=1
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Z Z_]f’L

=1

I
i wa

_J
X
So ¢ eker(¢) if and only if Xh— — S di;fi. That is, if

- Zfzam Z s+ 03 dyfi,

= 7“+1 7j=1 =1

r g—p
= Zfz <5ai + Zdijébj> —+ Z fz
i=1 j=1

1= r+1

So ker(¢) = Fv,. Thus we get a split exact sequence:

1
0— Fye — TX, — spang, {_136”3} — 0
= b

As spang,, {%51,]} is clearly free, we see that %y, is a direct summand of 7 X, for
5T X7 ’
all x € Z,, and thus .%y extends smoothly to Z,.

On the other hand, suppose that T is not square. Since it has full row rank, this
implies that it must have more columns than rows. That is, it implies that g—¢' > p—r.
In particular, since g — ¢’ > 0, it implies that not all the columns of C are in C;. Thus
rank(Cy) < rank(C'). So r < p, and T has at least one row. Also, since T" has no zero
columns, and more columns than rows, that implies there is a row in T" with at least 2
non-zero components.

We then can describe Fy, as:

g—p sat
gzv’m = (spanox’z {(5(“ + Z dijébj }) .
7j=1

Since some row in 7" has at least 2 non-zero components, there exists some ¢ > r
and 1 < j < g —p such that d;; # 0. We now prove that %y, is not a direct summand
of T X, as follows. First, note that if .%#y, were a direct summand of 7 X, then by the

additivity of rank we would know that 7 X, /%y, would be free of rank g—p. Secondly,



3. Foliations 76

note that the classes <$6b‘7> modulo %y, provide a saturated, free submodule of
TX./Pv, of rank g — p, as it is generated by a sub-basis of 7X, and does not
intersect .y, in T X,. Therefore, by Lemma 2.2, we must have T X,/ Fy,, = <i5bj>'
It remains to show that TX,/Fy,. # (éém. We will do this by demonstrating that
the class of %6% modulo %y, is not in <$5bj). This will prove that %y, is not a

direct summand of T X,.

x%
exists some g € Ox,, £ € Fy,, and ¢, € Ox, such that:

Suppose that =0, = Z?;f fjéébj modulo .Fy,,. for some f; € Ox,. Then, there

1 |
—0q, &= D> fi—0,
X ; X

P g—p
gE=> t <5a2 + Zdeﬁbj) :
=1 j=1
Thus:

1 g—bp 1 p g—p
gﬁdli +) 915 —50, = St <5ae +)° dgjabj> .
j=1 X =1 j=1

Now, since the d,, and ¢;, are all Ox ,-independent, we see that for all £ # i we
must have ¢, = 0, since there is no d,, term on the left hand side. So this equation

reduces to:

1 g—p 1 g—p
gﬁéai + Z —gij(Sbj = tiéai + Z dijtidbj.
j=1

j=1

This gives us a system of equations in Ox ,:

IN
IN

g =tix" <

—gf; = dijtix" 1

p

IA
IA

J<g—0p.

Now, since ¢ > r, we know that x*Ox, is a prime ideal in Ox,, thus we have a

valuation on Oy, given by y% Let us call this valuation v. So, taking valuations, we
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see that

v(g) = v(t;) + v(x™) = v(t:) + 1.

Choose j such that d;; # 0. Recall that by choice of 4 there is such a j. Then:

v(gf;) = V(dz‘jiixgj)
v(g) = v(t:) + v(x") — v(f;) = v(t:) — v(fy).

Thus v(t;) > v(g) = v(t;) + 1. Since g # 0 this is a contradiction. Hence,

1 1
— 00, & <—A5bj> modulo Fy .
Xaz ij

Putting this altogether gives us the statement that for x € Z,, the stalk .#y, is
a direct summand of 7 X, if and only if T is square, that is to say, if g — ¢ = p — 7.

Thus %y extends smoothly to Z, if and only if r =p+ g —¢'. ]

Corollary 3.22. Suppose V- # N ® k and suppose further that there exists a basis
{vi,v2,...,v,} of N, extending the given basis of V, such that there exists a;; € k all

non-zero, such that u; = 25:1 a;jv;. Then Fy extends smoothly to Z, if and only if

rank (Cy) = p.

Proof. Let A be the matrix of a;; as in the corollary statement. Thus

As such, by the construction of C' above, we have the following block matrix for A~!:

A_l . Ct Oa

*x *
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where C; and C, are as above, so C; is a block of size p x ¢’. Then, we can let A" be
the bottom right ¢ — ¢’ x g — p block of A. So Lemma 2.3 tells us that nullity(C;) =
nullity(A’).

Now, note that:

rank(C}) = ¢ — nullity(Cy)
= ¢ — nullity(A’)
=q — (9 — p — rank(4))

=p+q — g+ rank(A").

Thus, rank(C}) = p+ ¢’ — g if and only if rank(A’) = 0. But, since all of the a;; are
non-zero, the only way for rank(A’) = 0 to occur is if it is an empty matrix. Since A’
is g — ¢ x g — p block, we must have either ¢ = p or ¢ = ¢. Since V # N ® k, we
know that p < ¢g. Also, from the construction of ¢' we know that g = ¢’ if and only if
rank(C;) = p. Hence, %y extends smoothly to Z, if and only if rank(C;) = p. O]

3.6 Quotients by Toric p-foliations

Let T be a split torus over k, where k is a perfect field of characteristic p. Recall
that the Frobenius map is defined on k as z — 2. Let T™) be the base change of T' by
Frobenius. That is, define 7®) := T ®Rspec(k),r Spec(k). Then T® is also a split torus
over k, since T = T,

Let ¢ be the rank of T', so T = Spec(k[ X, .. X)), Similarly, let Y7, ..., Y, be
such that T® = Spec(k[Y™, . .. ,Y:#1]). Then the canonical map T'— T®) is induced
by the ring map Y; — X?.

Let M := X (T) be the character group of T', and let M’ := X (T?) be the character
group of T™. Recall that X (T) := Hom(T,G,,). So X(T) = Z9, where the vector
(mq,...,mgy) corresponds to the character inducted by X — [[?_, X;"". The map
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T — T® induces a map of character groups X (T®) — X (T). After passing over the
isomorphism with Z9, we see that the image of this map is pZ9.

Thus, if M = X (T'), we can naturally identify X (T®) with the lattice pM. Consid-
ering the dual lattices, we see that if IV is the co-character group of T', we can naturally
identify the co-character group of T® with the lattice p~'N.

Now, let us consider an affine toric variety X,, where o is a scrp cone in N. Then
X, := Spec(k[S,]). Again, as k is a perfect field, we know that X, = X(Sp), and we have
a natural map X, — Xép), such that when we restrict to 7', we get the map T — T®.

By definition, the characters of X, are the semigroup S, = ¢¥ N M. Then, by the

) are naturally identified

same argument as for T, we see that the characters of X
with oY N pM. Note that ¢" is a cone, thus for any m € M,pm € ¢V if and only if
m € o". Hence, XP is the toric variety given by the cone o in the lattice p~*N. Note
that since 0 C Ny, and Nz = p~'Ng, we could equally view o as a cone in the space
generated by the cocharacter lattice of T®. Thus X is the toric variety containing
torus T given by the cone o. Furthermore, if {n;,...n,} are generators of ¢ in N,
then {p~'n,...,p 'n,} are generators of ¢ in p™*N. Thus ¢V N M = ¢V N pM, so
X, = X% as required.

Finally, since the functor X — X® commutes with colimits, if Xy is the toric
variety with torus 7' corresponding to a fan » in Ng, we must have Xép ) as the toric
variety with torus 7 corresponding to the same fan ¥ in Ng.

Now, let us consider a toric p-foliation .% over a torus T'. By Proposition 3.18 there

exists a vector space V' C N ® F, such that .# = .%y,. Note that since N is a lattice,

we have N/pN = N ® F,. Thus, we have a surjection: 7: N — N @ F,,.

Proposition 3.23. Define V** := {m € M : (m,n) =, 0,Yn € 7= Y(V)}. Then
pM C V4te C M and T/.F is a torus such that the projection map T — T/.F induces
an injective map X(T)F) — X(T) with image V1».

Proof. Recall that .7 is the foliation defined by spanp,. {9, }nev. Then, by the definition

of quotient by a p-foliation, T'//# will be the torus such that the character group of
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T /.7 is the subgroup of X (T') annihilated by every derivation in .#. Since 6,(x™) =
(m,n)x™, we see that 6,(x™) = 0 for all n € V' if and only if (m,n) =0 mod p for all
n € V. Thus the inclusion X (T/F) — X (T) is just the inclusion of V1 in M. Note

that since (pm,n) = p(m,n), we have pM C V-=». O

Proposition 3.24. Let ¥ be a fan in Ng, and let N' = (V+#)V be the viewed as a
lattice in Ng containing N. So let ¥ be the fan 3, now considered over the lattice N'.

Then X/F is the toric variety corresponding to the fan Y.

Proof. Let o € ¥. The characters of X, /.% are precisely the characters of T'/.% that are
also in . Since the characters of T//.% are precisely V+» = N’V by Proposition 3.23,
the space (0 N N')¥ describes the characters of X,/.%. So X,/.% is the affine toric
variety constructed from lattice N’ and cone o.

Taking the colimit of this construction gives us the same result for any fan .
Thus, Xy /.% is the toric variety with lattice N’ and fan 3, with the canonical map
Xy — Xx/.% given by the inclusion of N into N'. O



4. TAUTOLOGICAL FOLIATIONS OF HILBERT MODULAR
VARIETIES

We will now give a definition of the tautological foliations on Hilbert modular
varieties following | |. Then we will then compute the singular locus of the
tautological foliations on toroidal compactifications of Hilbert modular varieties with
some examples both over C and in characteristic p. In the case of Hilbert modular
surfaces in characteristic 2, 3, we will show that for any tautological foliations, there is
a toroidal compactification on which the foliation is smooth. We will also briefly look
at behavior of the toroidal compactification when taking the quotient by a tautological

p-foliation.

4.1 Tautological Foliations and Toric Foliations

First, consider the case k = C. Then M(¢)(C) is isomorphic to a quotient I'.\h?,
by Proposition 2.35. Recall that I'. acts on each h by way of the natural embeddings
SLy(L) into SLo(R) induced by the g embeddings L < R.

Let {z;} be the coordinates of M(c)(C) given by the natural coordinates on h?.
Then the tangent space T M(c)(C) is canonically generated by the derivations a%-' For
any subset J C {1,..., g} we define the foliation .%; of M(¢)(C) as the subbundle of
TM(c)(C) generated by {%}l‘ej. The foliations of the form .#; are called tautolog-
ical foliations.

In the case g = 2, these foliations play a role in McQuillen’s classification of foliated

surfaces. In particular, the rank 1 tautological foliations on a Hilbert modular surface,

extended to the minimal compactification, are canonical models of foliations with nu-
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merical Kodaira dimension 1, and foliated Kodaira dimension —oo, see | , The-
orem IV.5.11]. Allowing g > 2, the tautological foliations on Hilbert modular varieties
have been used to prove geometric results, such as a Green-Griffiths-Lang principle for
Hilbert modular varieties, | ].

We can construct a generalization of these tautological foliations to Hilbert modular
varieties defined in positive characteristic. Let k be a field of positive characteristic p,
and let L be a totally real field such that p is unramified in L. Suppose « is sufficiently
large as to contain the residue fields Op/pO; for each prime p containing p. Let
M, (¢)(W(k)) be the Hilbert modular scheme over W (k) with T'gg(n)-level structure.
We will care especially about the special fibre M,,(c)(x). Recall that we have a universal
c-polarized abelian scheme Ay over M, (¢)(W(k)). Also recall that we defined our
moduli problem such that by Lemma 2.34, the action of O makes Lie(Ayuy) a locally
free O ® O, () module of rank 1.

Let B be the set of embeddings of L into W (x)[1/p]. Since p does not divide the

discriminant of Oy, the action of O decomposes Lie( A,y ) into a direct sum

Lie(Auiv) = EP £,

oeB

where the line bundle £ is defined by the piece of Lie( Ay ) on which the action of

(e

Oy, corresponds with the natural W (x)-action under the embedding o.

Now, as shown in | |, there is a Kodaira—Spencer isomorphism
Lie(Auiv)®? ®0, 0¢ = TM,(c).

Note that Lie(Auniv) ®o, 0¢ = Lie(Auiv), thus we have a natural decomposition:

TM(c) =P L>

ceB
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For any subset J C B, we define a foliation .%; on My(¢)(W(k)) by:

This is clearly a direct summand of T M,,(¢)(W(x)) and by | , Lemma 3.1]
is indeed a smooth foliation. The foliations .%; as described here are also called tau-
tological foliations. When we restrict to the special fiber, each of the tautological
foliations .%; can now be viewed as foliations on M,,(¢)(k). Since we are now working
over a field of positive characteristic, we would like to know when .%; is a p-foliation.

This is given as part of Theorem 3.2 in | |, reproduced here.

Theorem 4.1. | , Theorem 3.2 (i)] The smooth foliation Z; is p-closed if and

only if J is invariant under the action of Frobenius on B.

By Theorem 2.37, we have M1 a toroidal compactification of M, (c), as well as

a toric scheme X (3¢)/U?, and an isomorphism

—

¢ : X(Xc)/U? x Spec(Z[1/n]) — j@’

where the completion of MZC is performed over the cusp C. For ease of notation, let
X = X(2¢)/U2 x Spec(Z[1/n]), and M = MZC with X, and M the completions over

the boundary, and the cusp C' respectively.

Proposition 4.2. Let .% be a tautological foliation on M, and let 4 be some foliation
on X, smooth away from the boundary, such that ¢*F =9. Then S(F) = ¢(S()).

Proof. Recall that completion is an exact functor. Therefore, we have the exact se-

quence:

057 TM—TM/F 0.

Since ¢ is an isomorphism, it is flat. Thus, we can pullback the above sequence by ¢

to get:

—

0— "7 — ¢*’7A7—> go*TW — 0.
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— ~

Recall that by hypothesis, we have p*.#% = 4. Also, by Proposition 2.33, we have
©*TM = TX, we must have @*(TW) = @

Note that TM/.Z is a coherent Op-module, so we will apply Lemma 2.31. We
then see that for any z € X lying over the boundary, z ¢ S(¥¢) if and only if ¥,
and (TX/¥), are free, which holds if and only if &, and (@)m are free. But, since
¢*(F) =G and ¢* (TW) = T/XE, this holds if and only if agf;(@ and (TW)@@
are free, which, by Lemma 2.31 again, is true if and only if F ;) and (TM/.F ),
are free. That is, if and only if p(z) & S(F). Thus S(F) = ¢(S(¥)). O

So, we would like to find some foliation on X (X¢), invariant under U2, such that
after completion over the boundary, it is isomorphic to the pullback of a given tauto-
logical foliation on MZ¢  completed at the cusp C.

If we are working over C, then we know by Proposition 3.14, that foliations over
X (3¢) correspond to subspaces of No @ C = C9. Solet J C {1,...,¢g}, and define the
foliation ¢, as the foliation corresponding to the subspace V; defined as the span of
elementary basis vectors (e;);c; C C9. Note that for any u € U2, and indeed for any
u € Oy, the action of u on N¢ is given by u - e; = oj(u)e;. Thus V; is U? invariant,
and thus by Corollary 3.16, induces a foliation on X (X¢)/U?.

On the other hand, if we are working over a field x with positive characteristic p, we
can choose a and b such that the fractional ideal No = (abd)™! is prime to p. Thus, for
each 0 € B, we have 0(N¢) € W (k). Thus we have an embedding N — W (k)?, given
by the maps o; € B. These maps can be reduced modulo p to get 7; : (abd)™' — &
So we have can reduce the above embedding to a map No — k9. Note that this is
no longer an embedding, however after tensoring with x we do get an isomorphism
Ne ® k= KY.

Again using Proposition 3.14, the foliations (not necessarily p-closed) are given by
subspaces of No ® k = k9. We would like to know when ¥ is p-closed in this context.

Note that we have an action of Frobenius on B, given by ¢ — Frog, where Fr is

the Frobenius on W (k). This gives an action on N ® xk where Fr(n ® a) =n ® da?.
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We would like to explicitly understand the action thus induced on x9 via the iso-
morphism N ® k = k9. Let B = {0y,...,0,}. Recall that by this isomorphism, any

element of k9 can be written in the form:

Ty . 71 (a;) o |aizi (i)
SISy
i=1 i=1
Lg Tg(0) a;0g()
for some a; € k and o; € No = (abd)~!. Let 7 denote the permutation on {1,...,g}

such that Fr(o;) = 0,4). Then, we see that:

1 . a;o1(a;)
Fr : = Fr Z
i=1 B
g CLiO'g(O[i)
o |aioi (o)
=1
_afﬁg(ai)

(a;io-—1(1)(v))P

<

.
I
—

(aiET_l(g) (Oéi))p

Using this action, we can now use Proposition 3.18 to determine which subsets
J C B induce a p-foliation ¢;. Since ¥ is induced by the subspace (e;);es, and
since the action above maps e; — e,-1(;), we see that this subspace is preserved under
Frobenius exactly when J is stable under 7. So ¥; is a p-foliation if and only if J is

stable under the action of Frobenius on B.
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Lemma 4.3. Let p be an ideal of Oy containing p, and let p’ be the conjugate ideal
such that pp’ = (p). Also let J, C B consist of the mappings o; € B such that
o (pW (k) N O = p. Let Vy, = (e;)jes, as a subspace of No ® k. Then a ® 1 € V),
if and only if a € p'Ne.

Proof. Let a € N¢. Then, by the isomorphism No ® k — k9 described above, a ® 1 =
Y. 1 Ti(a)e;. Soa®l €V if and only if 7;(a) = 0 for i & J,. That is o;(«) € pW (k)
for each i & J,. Since (0;) ' (pW (k)) N O C p’ for i € J,, it must be that o € p’ N N.

Since N¢ is relatively prime with p, this is a € p'Ng. m
Proposition 4.4. For any J C {1,2,..., g}, we have G, = gp*%.

Proof. Recall from Theorem 2.37 that the pullback of the universal semi-abelian variety

over MZT¢ is precisely the semi-abelian variety from the Mumford construction.

(Gmuma )\muma //mum) — (Auniva )\univa Luniv)

l |

(X(Z0)/U2 ——F——s MTO(¢)

and this pullback commutes with the Kodaira—Spencer isomorphisms:

Lie(Gmum)®2 ®(’)L oc —— Lie(Auniv)®2 ®OL oc

/£(s le

T(X(2c)/U7) ————— TM(c).

Recall that we had a decomposition Lie(Auiv) = B, cp L which was defined by
the Op-action as induced by tyniy. Since tpum is the pullback of ¢y, in the above
diagram, we see that if Lie(Gmum) = @B, ep £ 7" is the decomposition defined by the
action of O, on Lie(Gum) induced by Lyum, the pullback of each £2 ® dc¢ is precisely
L 7? ® 0.

Now, note that Lie(Gpum) = a¥ @ O 5y where the action induced by ¢yum is the
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natural action of O, on a¥ by Corollary 2.38. But then

. ®2 V.V o -1 o —
Lie(Guum)®” ®0, 0¢ =a’a"dc® OX(EC) = (abd) " ® 0s =N ® OX(ZC).

So let {ei,...,e,} be the natural basis for N ® x such that the O, action on N
is given by a - e; = o;(a)e; for any j € {1,...,g}. Then, for any J C {1,...,¢} the
foliation ¢, given by (e;) ;e is the pullback ¢*. %, as it was defined using the pullback

of the Oy, action that defined .%; in the same construction. O

4.2  Computing the Singular Locus of Tautological Foliations

To determine the singular locus of ¢;, we will consider each boundary piece in-
dividually. We will work in the positive characteristic context here, although the
construction over C is similar. Let C' be a cusp of M, (¢)(x) associated with the ideal
pair (a,b). So a toroidal compactification at the cusp C' is given by an admissible
['(n)-admissible polyhedral decomposition of N¢ := (abd)™'. Let o be a cone in %
generated by {ftg+1, ..., 1e} In Ne. Since o is smooth, we can extend this to a basis
{1, ..., pg} of Ne.

Recall that we B is the set of embeddings o; : L — W(k)[1/p]. We denote by
7; : No — Kk the reduction of o; modulo p, after restriction to No. Thus, the element
i € Ne corresponds to the vector [;(y;)] € ™, under the map N — N @ k = k™.

Without loss of generality, we suppose that J = {o1,...,0,} C B. That is, let J be
such that {e,...,e.} is the basis for the vector space V' that induces ¢;. Note that
in section 3.5, we used p to denote the rank of the foliation, but here we are using r
to denote the rank of the foliation ¥; to avoid confusion, as p already denotes the
characteristic of x.

Since No — No ® k = k9 is given by the map p — [7;(u)], we have the equations

p=>7 5;(pne; for any pu € Ne. Thus, if {p1,..., 1.} is the basis of N including
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the generating set of o, we have the equations:

M1 €1

Hg €g

Note that this is the reverse of the equation that defined C' in section 3.5, so we

can invert this matrix to get:

Cy | Cy
Solet C := [7;(p;)] . Then, as before, we can divide C' into blocks C' = '

* *

where C} is size r x q. After possibly reordering {jtg41, ..., g}, choose 0 < s < g—gq
such that the i** column of C, is in the column space of C if and only if i < s. Then
let ¢ = g+ s, so the upper r x ¢’ block of C' has the same rank as C;. Thus, by
Theorem 3.21, we see that the toric stratum corresponding to the cone o is in S(¥;) if
and only if rank(C;) =r+¢ — g.

Note that if we do this construction over C, rather than working in characteristic p,
we can get a cleaner result. The only difference in the construction is that we now
consider o;(1;) € C to be the image of pu; € (abd)™! under the i’ embedding of L
into C. Note that this implies that o;(;) # 0, since p; # 0. Note that this may fail in
the characteristic p case, since we had reduced modulo p rather than working directly
in W(x)[1/p]. Thus it is possible for 7;(;;) = 0 € k, even though p; # 0 € L.

This gives us precisely the extra condition required to apply Corollary 3.22. So
over C we can say that the toric stratum corresponding to the cone o is in S(¥;) if

and only if rank(Cy) = r.
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Proposition 4.5. Consider a cusp C' of the Hilbert modular variety M, (¢)(C) asso-
ciated with the ideal pair (a,b). So No = (abd)™'. Let V be the subspace of N ® C
defining a tautogical foliation F; of rank r, and let Z, be a boundary piece of the
toroidal compactification of M corresponding to the cone o, where the dimension of

Zy=q<r. Then F; is singular on Z,.

Proof. Note that if p is a generator of o, then o;(u) # 0 for all embeddings o; € B.
Thus, the hypothesis of Corollary 3.22 holds. So, by this Corollary, we see that .7 is
singular on Z, if and only if the rank of C] = r. But C] is a r x ¢ matrix, thus if ¢ < r,

it is impossible for it to be rank r. O

Recall that a square matrix A is said to be totally invertible if every square

submatrix of A is invertible.

Proposition 4.6. Using the same notation as above, if there exists a maximal cone
having a face o with a generating set that extends to a basis {{1;} of N¢, such that the
matriz [o;(p;)] is totally invertible, then F; extends smoothly to Z, if and only if the
rank of F; < dim(Z,).

Proof. Note that by Lemma 2.3, the inverse of a totally invertible matrix is also totally
invertible. Hence, since [o;(p;)] is totally invertible, so is the matrix C'. As above, since
the hypotheses of Corollary 3.22 always hold in characteristic zero, we know that %,
is smooth if and only if the rank of Cj is p. So, suppose that p < ¢. Then since C} is a
submatrix of a totally invertible matrix, we know that any p x p submatrix of C; has

rank p. Thus the rank of Cj is also p. Thus .#; is extends smoothly to Z,. ]

Conversely, in the case that [0;(p;)] is not totally invertible, it is possible for the
singular locus of .%; to have components with dimension greater than or equal to the
rank of .%;.

Example: Consider the totally real field L = Q[v/2,v/3], and consider the cusp
corresponding to the fractional ideal Of, = (1,v/2,/3, @} Take a I'(n)-admissible
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decomposition of the totally positive cone of O that contains the cone generated by
{1,24+v2,3+V3,4+ V6.

Consider the rank 2 foliation .%;, where J C B is the embeddings V2 —\/5, and
V3 — —v/3. We will show that the dimension 2 boundary stratum corresponding to
the cone o generated by {1,4 + /6} is in the singular locus of .%;.

First, we extend the generators of o to a basis of N,
{24+V2,3+3,1,4+ 6}

as given by the maximal cone. Let {u,us, us, us} be the dual basis in the character
lattice M to this basis. These are thus the coordinates of the affine chart given by

U, = (C*)? x C% So the generators of TU, are <u18%1,u2%, 6%3, 8%4). Also, the

tautological foliations are given by <ai>i€ 7, where J is this set of embeddings L — C,

Zi

T

and uia%i = Zj:l Ui(/ﬁj)a%j‘

Now, let us look at [o;(x;)]~". We can compute that:

(9- V2 343 14— [ 3v3 3v2 3v2 -3\
2+v2 3—-v3 1 4-6 1| 2v3 —2v3 2v3 —2V3
24v2 3+v3 1 446 21 6 —v6 V6 V6
_2—\/§ 3—v3 1 4—1—\/6_ o vy Qg Oy

For some «; € Q[\/i \/§] Note that the «; are all conjugates in @[\/5, \/g], but

the exact value is not needed for this compuation.

Since o _ -
Jo] o)
0z1 uy oul
o] e}
Ozo | __ -1 Ousg
0 | [o3(117)] s |
0z3 Ous
o] 0
| Oz4 _U4 Ouy |
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we see that the matrix C' used in Theorem 3.21 is just the first two rows of [oy(p;)] 1,

—3v2 3V2
broken into 2 x 2 blocks. Thus we get C] = 2—14
2v/3 —2/3

Further, note that neither of the columns of C’ are in the column space of C]. Thus

, which has rank 1.

this is also Cy, and ¢’ = 2. Note also that rank(Cy) =1, but r+¢ —g=2+2—-4=0.
So by Theorem 3.21, the boundary piece given by uy,us # 0 and ug, uy = 0 is part of

the singular locus of .%;. Indeed, we can explicitly compute that:

Fy = —3\/5114i + 3\/§UQi + 3\/§U3i - 3\/§U4i7
Ouq Ous Oug Ouy

2\/_’21,1— — 2\/_u2 —|— 2\/_U3 — 2\/_U4
aul au4

A
A @Ul e 8U2 U 8U3 ta (‘3u4 '

From this, we see by the singularity of ug 86 — Ugr— au at us = uy = 0, that .#; is

singular on the piece of the boundary given by us = uy = 0, which is exactly the toric

stratum Z,.

4.2.1 Examples in Characteristic p

In this section, to keep the computations simple, we will be working at the level
N = 1, thus the our cone decompositions of the totally positive cone will be I'(1)-

admissible. Thus, they will need to be stable under translations by the group
(07)? = {u?fu € O},

Note that any cone decomposition that is (O} )*invariant, will also be U? invariant,
but the resulting toroidal compactification will be a finite cover of order [U2 : (Of)?]
over the examples we are giving here. This will not affect the calcuations regarding
singularity and smoothness as the calculations are done locally, and the tautological

foliations are (O} )*-invariant regardless of the chosen level.
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Let L = Q(v/13), and let p = 3. Since p is split in L, we can set x = Fs, as
Or/pOr, = F3 for each prime ideal p containing 3. Indeed, if we let w = %ﬁ, these
ideals are p; = (w) and py = (1 — w).

Consider M(¢)(k), the Hilbert modular surface parameterizing c¢-polarized abelian
varieties with real multiplication by L. Since the class number of L is 1, there is only
one cusp C on M, so let us choose a and b such that No = O = Z|w]. Further, note
that the fundamental unit of Z[w] is 14 w. Also, note that (1+w)? = (4+ 3w). So the
squared unit group (Of)? is generated by 4 + 3w. In order to construct the toroidal
compactification of M around C', we need to find an admissible cone decomposition of
the totally positive cone that is invariant under the action of (O ).

Let us consider the cone decomposition X given by translating the 3 cones
o1 =(1,24w),00 = 2+ w,3+ 2w), 03 = (3 + 2w, 4 + 3w)
by (OF)% Let us call the faces
m=(1),7=2+w),m3=(3+2w).

Since 3 is (Or,)?-invariant, we can take the quotient X (X)/(Or)? This quotient is then
covered by the affine toric varieties corresponding to cones in ¥/(Opr)% As such, we
need only look at the cones o1, 09 and o3, while identifying the ray generated by 1 with
the ray generated by 4 + 3w. Thus the cone o3 will have faces 73 and 7. So the fibre
of the cusp C' in the toroidal compactification will be 3 rational nonsingular curves X,

that intersect each other once in the intersection points X,., as in the diagram below:
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Recall that since p = 3 is split in Oy, it decomposes as (3) = p1pa, where p; = (w)
and ps = (1 — w). Thus B consists of the two embeddings L — W (IF3)[1/3]. Since we
are working over k = [F3, we will restrict these maps to Oy and project them to Fj,
become the quotient maps onto Of, /p; and Of /ps. Since Fr is the identity on Fs, the
rank 1 tautological foliations on M(c)(F3) corresponding to each of these maps are

indeed p-foliations. Under the map N¢ — N @ F3 = F2, we see that

1
1~ 24w
1 0
0
3+ 2w 4+ 3w
2 1

Further, by the definition of the tautological foliations, we know that .%#; corre-

0
compute the singular locus of .%#;. We will consider the 6 boundary pieces individ-

sponds to the subspace V = < > in Neo ® F3. Using this, we can now explicitly

ually. Let Z,, be toric stratum corresponding to the ray 7;. In particular Z,, is the
curve X, with the intersection points removed. Also, let Z,, = X,,, as these are the

zero-dimensional toric strata.
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For Z. , we get as a basis for 7;. We can extend this to a basis of N¢g
1
2 1 . . . . .
as , . Note that this is the affine chart for the toroidal compactification
0 1

pictured above, with the origin at Z,,, and the w; axis being X,, and the wuy axis

being X, . In these coordinates, Z,, is the u; axis excluding the origin.

Since V' is generated by v; = , we see that vy = 2u;. So the matrix C' in

Theorem 3.21 is [ 2 ‘ 0 ] Thus rank(C;) = 1. Since the second column is in the
column space of Cy, we must have ¢/ = 2. But r+¢ —g=1+2—2 = 1. Thus .7,
extends smoothly to Z,,. Indeed, in coordinates u; and uy, we can explicitly write

F1 = (2w 8%1)52“ = ((9‘971>, which is indeed non-singular along Z,.

2
Similarly, for Z,,, note that 7, generated by , so if we extend the basis to

0 2
, , we get the affine chart with origin at Z,,, where the w; axis is X,
2
and the ug axis is X,,. In these coordinates we have v; = 2uy. So C' = [ 0 ‘ 2 } . Thus
rank(C;) = 0. Since the second column is not in the column space of Cy, we have ¢ = 1,

so we compute: r+¢ —g =141—2 = 0. which equals the rank of C;. So .#; extends

smoothly to Z,,. Indeed, .%#; = <2u26iu2>sat = <8%2> which is non-singular everywhere,
in particular along Z,,.
Now, for X,,, note that 73 is generated by , so we can extend the basis to

1 0
, . This now corresponds to the affine chart with origin at X, , with w4

1 2
axis given by X, and ws axis given by X,,. So v; = u; + us. Thus C' = [ 1 ‘ 1 }
Once again, we have rank(C};) = 1, so the second column is in the column space of C;.

Thus ¢’ = 2. So in this case we have r + ¢ —g =1+ 2 — 2 = 1 =rank(C}). So F#;
does extend smoothly to Z,,. Indeed, .#; = <u13%1 +1u5-2-). Note that this foliation is

duy
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indeed non-singular along Z,,, that is, the strata defined by equations u; = 0, uy # 0.

These calculations also describe at which intersection points .#; is smooth. From
the above descriptions, it is clear that .# is smooth at Z,, and Z,,, but not at Z,,.
We can verify this using Theorem 3.21. Consider the affine chart corresponding to the
cone oy. In this case, we care about the zero-dimensional stratum. So, the matrix C'
is still [ 2 0 }, but now C}; consists of the first zero columns. Thus the column
space of C; is just {0}. Since the second column is in this space, we get ¢ = 1. So
r+q¢ —g=1+1—2=0, which equals the rank of C;. Thus Theorem 3.21 confirms
that .#; is smooth at Z,,.

The calculation for Z,, is very similar. However, for Z,,, we see that the matrix C
formed using the cone o3 is [ 11 } . Since Cy is empty, its column space is still {0}, so
none of the columns are in that space. Thus ¢’ =0. Sor+¢ —g = 1+0—2 = —1 which
is not equal to the rank of ;. Therefore, the theorem confirms that .#; is singular
at Z,,. This matches are earlier calculuation, giving . = (ula%l —|—u28%2> on the affine

chart corresponding to o3.

Thus the singular locus for .#7 is just the point X,,. Similar calculations show that

the singular locus for %, is just the point X,,.

Example: Let L = Q(1/17). The narrow class number of L is 1, so there is only
one possible choice for the fractional ideal ¢ that determines the polarization module.
Also, there is only one cusp C' on M(c). We will represent that cusp with ideals (a, b)
such that N = (abd)~! = Of, = Z[w] where w = /7,

The fundamental unit of Z[w] is 3 4+ 2w. Since (3 + 2w)? = 25 + 16w, this is the
generator of (O} )?. Thus, we would like to find an admissible polyhedral decomposition
of the totally positive cone in Ng = Z[w] that is preserved under the action of (O] )? =
(25 + 16w)Z. A fundamental domain for this action is the cone (1,25 + 16w), so any
decomposition of this cone can be extended to the totally positive cone in a way that

preserves the action of the units.
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The minimal smooth polyhedral decomposition of (1,25 4 16w) is:

(1,2 +w), (24w, 5+ 3w), (5 + 3w, 8 + bw),

(8 4 5w, 11 4 Tw), (11 + Tw, 25 + 16w).

Then the fibre of the point at the cusp C' of the toroidal compactification given by
this decomposition over the minimal compactification consists of 5 rational nonsingular
curves intersecting each other in a cycle, thus 5 intersection points, each given by one
of the cones listed above.

We will compute this example in characteristic 2. Note that the ideal (2) decom-
poses in O, as (2) = (2 + w)(3 — w). Since 2 is split, we see that k = Fy, and thus
both of the rank 1 tautological foliations are p-foliations.

Consider the tautological foliation .#; on M(c)(F2) defined by the ideal (2 4+ w).
Then .#; is smooth away from the intersection points. Also, via the same type of
calculuations as in the previous example, .%; is smooth at the intersection point given
by the cone («, 3) if and only if either a or 5 are elements of the conjugate ideal (3—w).

Since 5+ 3w and 11 4 7w, are elements of (3 —w), we see that % is smooth at 4 of
the intersection points, but singular at the point corresponding to the cone (1,2 + w).
However, if we blowup the surface at this point, we now have 6 rational curves over

the cusp intersecting in a cycle, with intersection points corresponding to the cones:

(1,3+w),3+w,2+w),(2+w,5+ 3w), (5+ 3w, 8+ 5w),

(8 + 5w, 11 + 7w), (11 + Tw, 25 + 16w).

Since 3+w € (3 —w), we see that . is smooth at all 6 of these intersection points.
On the other hand, if we want %5, defined by the ideal (3 — w) to be smooth

everywhere, we must instead blow up the point corresponding to the cone generated
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by (11 + 7w, 25 4+ 16w). We will then have the toroidal compactification defined by:

(1,2 + w), (2+ w, 5+ 3w), (5 + 3w, 8 + 5w), (8 + bw, 11 + Tw),
(11 + 7w, 36 + 23w), (36 + 23w, 25 + 16w).

Since %, is smooth at any intersection point given by a cone with a generator in
(2 +w), and since 2+ w, 8 + 5w, and 36 + 23w are all elements of this ideal, we see that
with this blowup, %, is smooth.

In the next section, we will see that in characteristic 2 or 3, blowups can always be

done to make either .#; or %5 smooth, but they cannot be made smooth simultaneously.

4.3 Smoothness of Tautological Foliations on Hilbert Modular

Surfaces

In this section we will show that for characteristic p = 2 or p = 3, it is possible to
refine any admissible polyhedral decomposition such that the tautological foliations on
a Hilbert modular surface are smooth everywhere. However, for p > 5, blowing-up the
singular points will not generally be able to remove the singularities of the tautological
foliations.

Let p be the reduction map P'(Q) — F2, for which given some ¢ € P'(Q) that can

be written in lowest terms ¢ = ™ with n > 0, then p(q) = (m, 7).

14

Let ¢ be a linear functional ¢ : IF]Q) — [F,, then we can define

(W

=/lop:PH(Q) = F.

We define an /-path on the Farey diagram to be a path on the Farey diagram such
that at least one endpoint ¢ of each edge on the path satisfies g(q) = 0.

Lemma 4.7. Suppose { is non-trivial. Then for each edge on the Farey diagram, at

most one end satisfies £(q) = 0.
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Proof. Suppose {%, g} is an edge on the Farey diagram. Then ad — bc = £1. Let
((x,y) = ma + ny, and suppose that both endpoints of the edge satisfy ¢(¢) = 0.
Then, we have p|(ma + nc) and p|(mb + nd), where m and n are considered here as

integers. Since / is non-trivial, we must have either ptm or p{n. If p4 m, then:
pl(ma + nc)d — (mb + nd)c = m(ad — be).

But since p{m and pt (ad — be), this cannot happen. Similarly, if p { n, then:
p|(mb+ nd)a — (ma + nc)b = n(ad — be).

But since p{ n and p 1 (ad — be), this cannot occur. So we have a contradiction.

This argument is essentially saying that the product over I, of the rank 1 matrix
b

a
representing ¢, namely [m n} and the rank 2 matrix representing the edge

c d
on the Farey diagram cannot be zero.
Therefore, given any edge on the Farey diagram, at most one endpoint ¢ satisfies

l(q) = 0. 0

Corollary 4.8. If { is non-trivial, then an £-path is one such that every other vertex q

satisfies ((q) = 0.

Proof. Since every edge in the path must have exactly one endpoint that satisfies

/ (q) = 0, this guarantees that every other vertex on the path satisfies this condition. []

Proposition 4.9. Suppose that p =2 or p = 3. Then every path in the Farey diagram

has a refinement that is an f-path.

Proof. First, we will consider the case p = 2. Let (p,q) be an edge on the Farey
diagram. By the lemma, we know that we cannot have both /(p) = ¢(q) = 0. So, we
have 3 possibilities. If Z(p) =0 and g(q) = 1, then this edge can be part of an /-path.
Similarly, if /(p) = 1 and #(q) = 0.
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Suppose that ¢(p) = 1 and f(q) = 1. Let p = “and g = g. If (p, q) was produced

in stage ¢ of building the Farey diagram, then in stage ¢ + 1, then we construct the

a+b

5 between p and ¢ and build the edges (p,m,,) and (my,, q). Note

mediant m,, =

however, that

U(mpq) = L((a,c) + (b,d)) = l(a,c) +£(b,d) =1+ 1=0.

Thus, if we replace every edge (p,q) of a path in the Farey diagram such that
{(p) = €(q) = 1, with the two edges (p,mpq) and (myy,, q), the refinement is an (-path.

In the case p = 3, the construction is similar.

Consider a path in the Farey diagram. Then, there are four ways that an edge (p, q)
can fail to have an endpoint that vanishes under £. Suppose first that g(p) = 1 and
{(q) = 2. Then, as above, {(m,,) = 1+ 2 = 0. Similarly if £(p) = 2 and #(¢q) = 1. So
we can refine the edge (p, ¢) to the two edges (p, my,) and (myq, q).

Now, if £(p) = £(¢g) = 1. Then we have {(m,,) = 2, so when we refine (p, q) to the
two edges (p, my,) and (m,q, q), both of these edges are in one of the first two cases.
Similarly, if £(p) = {(q) = 2, we compute £(m,,) = 1, which also reduces the problem
to the earlier cases.

Thus for p = 2, 3, every path in a Farey diagram can be refined to an ¢-path. [

Let L be areal quadratic field, and let N¢ be a fractional ideal in L with generators «
and (. Further, suppose that « is totally positive, but neither of £/ are totally positive.
We can view N¢ as the lattice Z* C R? through the correspondence aa + b3 — (a,b).
Consider the totally postive cone in N¢, denoted NJ. When viewed in R?, the cone
N¢ contains (1,0), but not (0,41). Thus, the totally positive cone is bounded below
by a ray of negative slope A\, and above by a ray of positive slope p.

Since every non-zero element v of N¢ satisfies o1(y) # 0 and o9(y) # 0, the
bounding rays of the totally positive cone, defined by the equations oy (ac + b3) = 0
and o9(aa + bfF) = 0, must not intersect No away from the origin. Thus A and p are

irrational.
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Note that U? acts on N¢ by multiplication, so we can view U? C Aut(N¢) = SLy(Z).
Further, since every element of U? is totally positive, this action preserves the totally
positive cone.

Let a < 0 < b be irrational numbers. We will say that an infinite path

(. --yP—2,P-1,P0,P1,P2; - - )

in the Farey diagram is decreasing from a to b or D, if the following conditions
hold:
(1) Po = %7
(i) lm p, = a,
——00
(iii) lim p, = b,
n—oo
(iv) p; > pisq for all i # —1.

With this notation, we now have the following correspondence.

Lemma 4.10. There s a 1-1 correspondence between.:

Smooth I'(n) — admissible cone

decompositions of the totally positive cone
< { U2 — invariant Dy-1 ,-1-paths. }

Finite decreasing paths in the Farey diagram from
A % to ¢ where yao = aa + bf3

and v is the generator of U? such that n > 0.

Proof. Suppose ¥ is a smooth I'(n)—admissible decomposition of the totally positive
cone. Since we are working over a rank 2 lattice, this decomposition is a collection of
rays with slopes between A and p. Note that (1,0) is a ray in X, by Lemma 2.13, so
let pg = (1,0). By the definition of I'(n)—admissible, we know that the quotient X /U2
is finite. Since U2 is an infinite cyclic group, it has only two generators inverse to each

other. Let v be the generator of U2, such that yp, has positive slope. Then there
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is a finite collection, ordered by increasing slope {p1, ..., ps} of rays in ¥ with slopes

between py and ypy. Thus, the rays in X can be listed in order of increasing slope:

Lo 205 Y 00,7 P1s Y sy POS Py -y P VPO VP - - s VP> Y P05 <+ -

Relabel these such that p, = ~vp, for n =q(s+ 1)+ 7, 0 <r < s+ 1. So, the rays

in ¥ form an infinite sequence of increasing slope:

{' <y P=25 P15 P05 P15 P2, - - }

such that nl_i)rg()(slope of p,) = A and nh_)ngo (slope of p,) = p.

By the correspondence of Proposition 2.23, each maximal cone in ¥ corresponds
to an edge in the Farey diagram with endpoints equal to the inverse slopes of the faces of
the cone. Thus we can associate to X the path in the Farey diagram {. .., p_o, p_1,p0, P1, P2, - - - }
where p; is the inverse slope of p;. This is then a path in the Farey diagram with limit-
ing values A~! and p~t. Since py has a slope of zero, we have py = %. Finally, since the
slopes are increasing, the inverse slopes are decreasing, except for the edge (p_1, po)-
So this is a Dy-1,-1 path. Also, since ¥ is invariant under the action of U2, and as
the action of SLy(Z) on N carries through the correspondence of Proposition 2.23, this
path is also U2-invariant.

On the other hand, given any decreasing U2-invariant path on the Farey diagram

from A7 to pt

, we can build a smooth I'(n)-admissible cone decomposition of the
totally positive cone in N, by taking the cones that correspond to each edge in the
path. Note that while the correspondence from Proposition 2.23 is a 2-1 correspon-
dence, each edge on this path corresponds to a cone with slopes between A\ and p, and
thus correspond to one totally positive cone and one totally negative cone. We choose
the totally positive one for each edge. By the UZ-invariance of the path, the cone

decomposition is also UZ2-invariant, as the correspondence between edges on the Farey

diagram and smooth rational cones is equivariant with respect to U2. Furthermore,
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the quotient by U?2 is finite, since there are only finitely many edges in a path between
any vertex ag and its y-translate vag.

Thus, we have a 1 — 1 correspondence between smooth I'(n)-admissible decompo-
sitions of the totally positive cone in N, and UZ-invariant Dy-1 -1 paths.

By definition, % is on any Dy-1,-1 path. So let v = aa + b8 be the generator

of U? such that ~ - % is positive, where this is the induced action on P}(Q), by the

1
0
correspondence (a, ) = Z2. In particular, v - % =2
1
0

— @

; are on the decreasing path, we can look at the sub-path

Then, since = and y -%

1

from % to . On the other hand, given any decreasing path on the Farey diagram from g

to ¢, labeled (%, ai,as, ..., as, %), we can extend it via the UZ-action to an infinite path

from A7! to ! on the Farey diagram:

(. .. ,7_2(15,7_10,7_1@1, . ,v_las,O,al, ey as,Y0,vaq, . . ,yas,VQO, o )

Indeed, if we define the sequences (a,,b,) such that v" = a,« + b3, we know that
rElinoo o= ~1 and TILIgO b= pt. So this is a Dy-1 ,-1-path.

Thus, we have a 1-1 correspondence between UZ-invariant decreasing paths from A~!

1

to p~+, and finite decreasing paths from % to 7. m

Let L be a real quadratic field in which the rational prime p is split into p = p1ps.
Define the linear relation ¢;(a,b) = a + bw mod p;.

Consider the corresponding Hilbert modular surface M,,(¢)(x), where £ = IF,,. Then
there is a toroidal compactification of M, (¢)(x) given by a I'(n)-admissible decompo-
sition X for each cusp C. We want to determine when the tautological foliation %,
corresponding to the ideal p; is smooth on the toroidal compactifcation. Since the
singular locus of a foliation must always have codimension 2, we only need to examine

the 0-dimensional boundary strata.
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Proposition 4.11. The tautological foliation %1 is smooth at a zero-dimensional
boundary stratum if and only if one of the faces of the cone o corresponding to this
stratum is in pg. That is, if lo(u1, pe) = 0 for one of the generators (w1, p2) of the

cone o.

Proof. Let o be a cone in the I'(n)-admissible decomposition ¥, and let py, pio be the

generators of 0. Suppose that uy € po. So, if we reduce p; mod p to a vector in IFIQ), we

a
will get p1 = for some a # 0. Since .%#,, corresponds to the vector space generated

1
by vy = , we have v; = a~'u; + Opg, regardless of what py is. Thus, over the

[F,-fibre, #,, = <a*1u18%1>sat = (a*18%1>, which is smooth at u; = uy = 0.

Alternatively, we can use Theorem 3.21. Using this approach, we have matrix
C = [ al 0 } Since we are looking at a zero-dimensional stratum, Cj is the first
zero columns of C' so rank C; = 0. However, as there is a zero column, we have ¢’ = 1.
Sor+q¢ —g=1+1-2=0 =rank(C}), thus % is smooth at this zero-dimensional

boundary piece.

Similarly, % is smooth when o € po.

1
Now, suppose that neither p; nor uy are in ps. Then, for v; = , We must

0
have v; = apy + bue with a,b # 0. So, using Theorem 3.21, we have the matrix

C = [ a b }, so rank C; = 0, but as there are no zero columns, we also have ¢’ = 0.
Sor+q¢ —g=1+0—2= —1 #rank(C;). Thus .%; extends smoothly to the zero
dimensional boundary piece corresponding to cone (1, u2) if and only if either p; or uo

are elements of ps. O]

Corollary 4.12. % is smooth everywhere if and only if the admissible polyhedral

decomposition defining the toroidal compactification corresponds to an ly-path.

Proof. By Proposition 4.11, .%#; is smooth everywhere if and only if every cone in the

defining I'(n)-admissible decomposition has one of the faces satisfying ¢(a, b) = 0. But,
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by the correspondence in Lemma 4.10, these cone decompositions correspond precisely
to that paths such that every other vertex ¢ satisfies ¢5(¢) = 0. In other words, it

corresponds to an f5-path. O]

Corollary 4.13. If p = 2 or 3, then for every Hilbert modular surface and tauto-
logical foliation thereon, there exists a smooth toroidal compactification such that the

tautological foliation is smooth.
Proof. This is a direct result of Propostion 4.9 and Corollary 4.12. m

Corollary 4.14. Forp > 5, given a Hilbert modular surface M,,(¢)(k) and tautological
foliation F , then either & can be made smooth on the IF,- fibre of the minimal smooth
toroidal compactification after blowing up each singularity once, or there is no toroidal

compactification for which F is smooth.

Proof. Consider the minimal smooth toroidal compactification of M, (c)(x). This is
the toroidal compactification formed by the Hirzebruch resolution of the cusp singu-
larities of the minimal compactification, as in | |. In the case of surfaces, every
smooth toroidal compactification is a blowup of the minimal one. Let ¥ be the cone
decomposition corresponding to the minimal smooth compactification. Note that the
rays in X are precisely the rays generated by points on the convex hull of the totally
positive cone in Ng. Let P be the path on the Farey diagram corresponding to .

Let p; be the ideal defining %, and let py, = p/p;. Let «, 5 be the generators of Ng,
giving the isomorphism Ng = Z? and define £(a, b) := aa + b3 mod p,y. For each edge
(p,q) in P there are 3 possibilities.

Case 1: Either f/(p) = 0 or /(g) = 0. In this case, .7 is already smooth at
the zero-dimensional boundary point corresponding to the cone corresponding to the
edge (p,q).

Case 2: {(p) + {(¢) = 0. Recall that if m,, is the mediant of p,q then £(m,,) =
{(p) 4+ (q) = 0. Also, if we perform a single blowup at the point corresponding to this
edge, we get the path with edges (p,m,,) and (m,,,q). Since g(mpq) = 0, we must
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have .# smooth at both of the zero-dimensional strata over the original point after the
blowup.

Case 3: ((p), {(q),{(p) + £(q) # 0. Since £(my,,) = £(p) + £(q) # 0, it must be that
the edges (p, my,) and (m,,,q) are in either cases 2 or 3. Suppose that both (p,m,,)
and (1m,,, q) are in Case 2. That is, suppose that £(p) 4 £(my,) = 0 = (my,) + (q).
Then, we must have £(p) = £(q). Thus £(m,,) = 2((p). So 3¢(p) = 0. But p > 5, s0 3 is
invertible in F,. Thus £(p) = 0. But this contradicts our initial hypothesis for Case 3.
Thus, at least one of the edges (p, my,), (Mg, ¢) is in Case 3. Therefore, no matter how

many blow-ups are performed, there will always be an edge in P that is in Case 3.

Thus, if one of the edges in the path corresponding to the minimal smooth toroidal
compactification is in Case 3, .# will not be smooth for any toroidal compactification.

]

4.4 Quotients by the Tautological Foliations

Let L be a totally real field containing a fractional ideal ¢, and let n > 4. Then
we have the Hilbert modular variety M,,(¢) as constructed in section 2.5. Let p be a
rational prime unramified in L, and let x be a field of characteristic p large enough to
contain the residue fields Oy /p; for prime ideals p; of Oy containing p.

As noted previously, we have a collection B of embeddings o; : L — W (k)[1/p].
Let p be a prime ideal of Oy, containing p, and as before let B, be the collection of
elements o; in B such that o' (pW (k) N O = p.

Let p’ be the complement ideal to p, that is the ideal p’ such that pp’ = (p). Define
the subset J = |_|q 2, Bg € B. We will consider the foliation .#; as constructed in
section 4.1

Consider the cusp C' of M, (¢) given by the pair (a,b) of fractional ideals. Then,
we have defined the foliation ¢; on X (X) where ¥ is an admissible polyhedral cone

decomposition of N = (abd)~ b+,
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By Lemma 4.3, the foliation G; is induced by the subspace V = pN¢o ® k of No ® k.
So V4» = p'Mg C Mg = ab. By Proposition 3.24, the quotient X (X)/G; is X (X)
where Y’ is the fan X, now considered on the lattice N/, = (abdp’)~!. Note that even

if ¥ was a smooth fan on N¢, the fan ' will generally not be smooth on V(..

The quotient of M,,(¢) by % is described in | ]. There it is shown that
Mo ()] Ty =2 My (c).

Over the ordinary locus, the quotient map 6 : M,,(¢) — M,,(c)* is defined as the

composition # = 0’ ow o o where #',w and o have the following moduli definitions:
0 Mp(c) = My(c)™, A (A A[Fr] N Alp])

Wt M) = Mup(ep)™, (A, H) v (A/H, Alp)/H)

0: M (cp) = Mo (), (A, H) = (A/A[F]NA[p'], H mod A[Fr]NA[p')).

We can examine the behaviour of this map on the toroidal compactification by

applying these maps to the semi-abelian schemes over the cusps.

Theorem 4.15. Let C be the cusp of M, (c) given by (a,b), where the representative
ideals a and b are chosen to be prime to p. Let MLC(c) be the toroidal compactifi-
cation of My(c) using the T'(n)-admissible decomposition ¥ of N = (abd)~t. Then
the quotient of M (c) by F; is M} (¢)¥, where the toroidal compactification at the
cusp C', corresponding to (a,b,p), is given by the I'(n)-admissible decomposition ¥’ of
N’ = (abop’) ™! induced from X by the natural inclusion N — N'.

Proof. Let C' be the cusp given by (a,b), we can look at the semi-abelian scheme G
over C, given by the Mumford construction G = (G, ® a¥)/c(b).
Note that the p-torsion of G has a multiplicative and an étale part. The multiplica-

tive part corresponds to the p-torsion of G,, ® a”, and the étale part corresponds to
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the lattice «(bp~1). So, the map o, as described above, takes G to the tuple consisting
of G and the multiplicative part of the p-torsion. This is the semi-abelian scheme over
the cusp C7 = (a,b,0p) of M,,(c).

In order to apply the map w, we need to take the quotient of (G,, ® a¥)/c(b) by
the multiplicative part of its p-torsion. This will just be the p-torsion of (G,, ® a").

First, note that the p-torsion of (G,, ® a¥) is pu, ® a¥ = p, ® a/pa’. Further, for a
simple tensor ¢ ® o € p, ® a” to be in the p-torsion, we require ca € pa" for all ¢ € p.
Thus, we will need a € p’a’. So the p-torsion of (G, ® a¥) is pu, @ p'a”.

Consider the map @ : (G, ® a¥) — (G,, ® p~'a¥) induced by a” < p~'aV. The
kernel of this map will be generated by the simple tensors of the form ¢ ® a where
q € pp and a/p € p~ta¥. But a/p € p~ta¥ if and only if a € p'a¥. So p, @ p'a¥
is indeed the kernel of this map. Thus we have an isomorphism from the quotient of
(G,, ® a") by its p-torsion to (G, @ p~ta).

Recall from section 2.6 that ¢ : b — (G,, ® a¥) sends any element b € b to the
unique element ¢° of the torus G,, ® a¥ such that for any character x* € a, we have
x4(¢%)) = q*. After applying @, the lattice ¢° still satisfies x*(¢°) = ¢® for any X2,

with the x® now ranging over pa. Thus we can extend this map to the quotient

w: (Gp®a)/¢® = (Gn@p'a")/¢,

the image is the semi-abelian scheme over a cusp of M,,(¢p) given by the ideals (pa, b).

The quotient of the p-torsion of G by its multiplicative part will be precisely the étale
part of the p-torsion of our new semi-abelian scheme. So w(o(G)) = (G,, @ p~ta")/¢®
along with the étale part of its p-torsion. This is the tuple over the cusp Cy of M, (cp)
given by (pa, b, p).

Finally, we will apply the map 6’, in which we do much the same quotient as we
did for w, but this time with the multiplicative part of p’-torsion. Thus, we will get
the semi-abelian scheme over the cusp C' = (pa, b, p) of M,,,(cp) = Mp,(c).

Note that over the cusps C and Cs, the toroidal compactification is defined using
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an admissible polyhedral decomposition of Ny = (abd)™!, and N, = (abdp)~'p, both
of which are equal to Ngo. So we can set these decompositions to be ¥ = Yy = X.
For the cusp, €’ we must have an admissible polyhedral decomposition of (pabd)~!p =
(abop’)~! = N/. This will just be the decomposition ¥’ given in the statement. Thus,

we have the following diagram:

XE)/Up —— X(E)/Uy —— X(5)/U; —— X(&)/U;

1 J 1 J

—

XE)U2 —— X(5)/JU2 —— X(29) /U2 —— X(2)/U2

CMIO(c) —— O MEIC ()™ —— C2MIC(cp)& —— C MIC()é

| | [ [

M) —— M7 ()" ——— M7 (ep)® ——— MEF (o)

J J J J

M (¢) ———— My ()™ ——— Myp(cp)® ——— M,,p(c)*

Here CMTC( ) denotes the completion of MZ%(¢) along the fibre over the cusp C
of M, (¢), and X ( )/U2 denotes the completion of X (X)/U? along its boundary, as
in Theorem 2.37. The bottom arrows are the quotient by .%; and the top arrows are
the quotient by G;. The vertical arrows correspond the toroidal compactification, and
the third row is induced by the maps we just described on the semi-abelian schemes
defined over the cusps.

This gives us a full description of the quotient of the toroidal compactification of
M., (¢) by the tautological foliations .#;. In particular, we see that this quotient gives

us a toroidal compactification, not necessarily smooth, of M, (¢). ]



5. DIEUDONNE MODULES AND DISPLAYS

5.1 Unitary Shimura varieties

Fix a prime p > 2, an imaginary quadratic field F in which p is inert, and let
m,n € Z with 0 < m < n. Let x be the non-trivial automorphism of E/Q. Let

A =0 and V = A ® E, along with the Hermitian pairing:

(u,v) =a’

Let G denote the group of E-linear symplectic similitudes of (E,(.,.)). Note that Gg
1m
is isomorphic to GU(n,m), since (1 ln—m > is similar to (1" 1, ) That is, G is

the subgroup of GL,,, such that for each ¢ € G there exist some pu(g), satisfying
(gu, gv) = p(g){u,v).

Let S be the algebraic group given by the restriction of scalars from C to R. Thus
Sg = C*. Now, let h:S — G be the homomorphism defined on R-points, by taking
z— (%g" 21 ). So his a Hodge structure of type (—1,0), (0, —1) on V ®g R.

Let C? be an open compact subgroup of G(AY;), where A" denotes the finite adeles,
trivial at p.

The data (G, h) is a Shimura datum, from which a unitary Shimura variety can be
constructed. This variety can be viewed as a moduli space, as described by Kottwitz
[ J

Fix an embedding ¥ : E < C — C,, and let 3 be the conjugate embedding. Let S

be a locally noetherian scheme over Op ®yz Z,, and let A be an abelian scheme of



5. Dieudonné modules and Displays 110

dimension g over S.
Given an injection ¢: O — End(A), we say that ¢ has signature (n,m) if, for all

b € Og, the characteristic polynomial of ¢+(b), when viewed as acting on Lie(A) is:

(X = %(b)"(X = X(b)™ € Os[X]

Note that as A has dimension g over S, we must have n +m = ¢g. From here on we
will also assume that 0 < m < n.

We can now formulate the moduli problem. Consider the set-valued contravariant
functor from the category of locally noetherian schemes S over Op®z7Z, that associates
to S, the set of isomorphism classes of quadruples (A, ¢, ¢, n), where:

— A is an abelian scheme of dimension g = m + n over S;

— 1: O — End(A) has signature (n,m);

— (: A — A* is a principal polarization whose Rosati involution induces ¢(a)

(@) on the image of ¢;

— n is a rigid C? level structure as in | ].

Then, we know that this functor is representable by a quasi-projective scheme M
over O ®z Ly.

Our object of study is the special fibre M,, of M at p, which is a smooth variety
over k, the residue field of p. As we will not need M itself in the following, we will

denote M,, by M from here on.

5.2 Dieudonné modules

Let k be a perfect field of characteristic p, and let W (k) be the ring of Witt vectors
over k, with Frobenius o: W (k) — W (k). Then a Dieudonné module is defined
as a finitely-generated W (k)-module along with a o-linear operator F, and ¢~ !-linear

operator V such that F'V =V F = p.

Proposition 5.1 (Dieudonné). There is an equivalence G — D(G) of categories be-
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tween the category of p-divisible groups over k and the category of Dieudonné modules

that are free and finite rank as W (k)-modules.

There is also a contravariant version of this equivalence, which is precisely dual to
the covariant theory. The construction of the contravariant equivalence can be found
in the literature, for example | |. We can use this equivalence to study p-divisible
groups by considering their associated Dieudonné modules

Note that if G is a p-divisible group over k, F:G — G® is the Frobenius morphism
and V:G® — G is the Verschiebung morphism, then if we denote D(G) = N, then

D(F:G—-GP)=V:N —» N®

and

D(V:G® — G)=F:N® - N.
This equivalence continues modulo p.

Proposition 5.2. There is an equivalence of categories between the category of fi-
nite commutative k-group schemes that are killed by p with the category of Dieudonné

modules N killed by p such that N is finite-dimensional as a k-vector space.

If a finite commutative k-group scheme G that is annihilated by p also satisfies
the condition that the sequence G 7 Q(p)i G is exact, then G is called a truncated
Barsotti—Tate group of level 1, which we abbreviate as BT;. When carried across
the Dieudonné equivalence, this condition becomes im(V) = ker(F) and ker(V) =
im(F'). A Dieudonné module that is finite-dimensional as a k-vector space, annihilated
by p, and satisfies the condition that im(V') = ker(F") and ker(F') = im(V) is called
a regular Dieudonné space | |. Thus, we have an equivalence between the
category of BT, and the category of regular Dieudonné spaces.

Note also that if A is an abelian variety, then Alp| is a BTj. As we care about
groups of the form A[p|, we will be looking primarily at the theory of BT;’s and

regular Dieudonné spaces from here on.
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We now wish to consider what happens when we consider the polarization on A.
First, a polarized BT is defined to be a BT} group G, along with a non-degenerate
alternating pairing (,):D(G) xD(G) — k such that (Fx,y) = (x, Vy)?, for z,y € D(G).
A Dieudonné module with such a pairing is said to be symmetric. Note that if A
is a principally polarized abelian scheme, then A[p| is a polarized BT}, where (,) is

induced by the polarization on A | , 9.2,12.2].

Now let £ be algebraically closed. We wish to consider what happens when we
incorporate an endomorphism structure on A along with a principal polarization. Let
FE be a quadratic imaginary field, such that p is inert in F, and let s be the residue field
of p. As above, let S be a locally noetherian O ®z Z, scheme, and let A be an abelian
scheme over S. Suppose there exists an action ¢: Op — A with signature (n,m).
Furthermore, suppose that this action is compatible with the principal polarization,
that is, the Rosati involution induced by the polarization must act as ¢(a) — ¢(a) on
the image of ¢ in End(A).

Now let N be the regular Dieudonné space associated with A[p]. Due to the en-
domorphism structure ¢ on A, we see that /N can be seen not only as k-vector space,
but as an x ® k-vector space. Recall that we have two embeddings ¥, % : E < CP. By
taking quotients by (p), these embeddings induce

¥, 5k F, = k.

Thus, we have K ® k = k @ k, and a decomposition of N as N(X) @& N(X), where 2
and Y are the two embeddings of x into & | , 4.3].

5.3 Displays

In order to study the geometry of M, we will need to understand deformations of
abelian varieties with polarizations and endomorphism structures. By a theorem of

Serre-Tate, it is known that deformations of abelian varieties over a field of charac-
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teristic p are equivalent to the deformations of their p-divisible groups. Furthermore,
by the Dieudonné equivalence, we can study the deformations of A[p*] by looking at
the deformations of the related Dieudonné modules. These deformations have been
explicitly described in the work of Norman and Oort | : |. These methods
have since been generalized and extended via Zink’s theory of displays in | .

Let (A,¢,(,n) be as in the previous section, and let N be the Dieudonné module
of A[p™®]. Then a displayed basis of N is defined as a set of generators {es, ..., e}
for N as a W (k)-modules such that there exists {a;;} € W (k) that satisfy:

29
F(ei):Zaijej 1§’L§g
j=1
29
ei:V<Zaijej> g—|—1§z§2g
j=1

The matrix (a;;) = (& B) is called the display matrix for N. In particular, note that
since F'V = p, we have

2g

F(ei)zzpazj@j g+1<i<2g
=1

Thus, the action of F' on N in the displayed basis is given by the matrix ( é ﬁg ) When

working with this matrix representation it is important to remember that this is not a

linear operator on NN, but a o-linear operator.

Such objects can be defined over more general rings than just perfect fields. We
follow the construction of displays as introduced by Zink in | |. Let R be a com-
mutative unitary ring, such that p is nilpotent in R. Then W(R) is the ring of Witt
vectors over R. Let o : W(R) — W(R) be the Frobenius map, and let I C W(R) be
the Witt vectors (zg, x1,...) € W(R) such that o = 0. Let V' : W(R) — W (R) be the
Verschiebung map, that is V(zg, z1,...) = (0,2, 71,...).

A display over R is defined to be a quadruple (P, Q, F,V 1), where P is a finitely
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generated W (R)-module, @ C P is a submodule, and F and V! are o-linear maps
F:P — Pand V7! ::Q — P that satisfy the following properties:

— IgP C Q C P, and P/Q is a direct summand of the W (R) module P/IrP.

— V71:Q — P is a o-linear epimorphism.

— For z € P and w € W(R) we have V! (Ywz) = wFz.

Proposition 5.3. | | Over a perfect field k, there is an equivalence between the

category of displays over k and the category of Dieudonné modules over k.

We wish to study the deformations of NV through these displays. In this context,
we define a deformation of N to be a display over a local Artinian W (k)-algebra R
with residue field k, such that it specializes to N after base change to k.

Proposition 5.4. | | Let R be a local Artinian W (k)-algebra with residue field k.

Every deformation of N over R is isomorphic to a deformation with display matriz:

A+TC B+TD
C D

where ti; € R are uniquely determined, and T = (t;), for t;j == (t;;,0,...) € W(R).

From this result, we see that the universal deformation of N is over the local

Artinian W (k)-algebra R = k[[t;;]], with the displayed basis {eq,. .., ey} and matrix

A+TC B+TD
C D

where T = (1;;) and #;; = (t;;,0,...) € W(k[[t;]])-

If we wish to take the polarization structure into account, we must insist that the
displayed basis be a symplectic basis with respect to the polarization. That is, we must
have (e;, eqqj) = 6;; for 1 <4, j < g. In this case, the deformations of N over R that

preserve the polarization are given precisely by the condition that t;; = t;; | .
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Furthermore, we will need to preserve the action of Og. As such, we cite the
following Lemma, which gives the deformation of N that is universal for deformations

that respect the polarization and endomorphism structure on V.

Lemma 5.5. | , Lemma 2.2.8] There exists a displayed basis for the Dieudonné
module N of A[p™] of the form {e1,... ey f1,..., fg} such that

— By =A{e1,.--,em, fmt1,--. fy} is a basis for N[X]

— By ={ems1,---r€q, f1,--, fm} is a basis for N[Z]

— V(N) = span{ fi,..., fg}

— (e, f5) = i = = (fj, ei)
and the displayed matriz for N has the form

0 A B 0
A B\ |4 0o o B
¢ o] |c o o b

0 ¢ D 0

with respect to the basis {e1,...,eg; f1,..., f4}. Also,it satisfies the relation

A pB —pD! pBT

— ply,.
¢ op)\ v _a) U

Furthermore, the universal display of N preserving Og-action and prime-to-p po-

larization has the form
A+TC B+TD

C D

where
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Here T' refers to the matrix

~

fl(n—l—l) ce tlg

>
3
Q

En(n+1)
5.4 Permutations and Shuftles

In the sequel, we will be using the permutation group Sy, along with a quotient of
that group. The purpose of this section is to set down notation for discussing these
groups.

Elements of S, will be notated using one-line notation. For example, the identity
element of S, is [1 2 3...¢g]. When giving particular examples, the brackets may be
suppressed, for example, the identity element of Sg is 123456.

Every element of S, can be written as a product of transpositions of neighbouring
elements. Define the length of w € S, to be the smallest k such that w can be written
as a product of k transpositions of neighbouring elements. We denote the length of w

as ¢(w). Note that {(w) can be computed as

Uw)=#{(0,)) 1 1 i <j < giw(j) > w(i), } (5.1)

Let n 4+ m = g as above. View S, as acting on the set {1,2,3,...,g}. Consider
the subgroup S, x S, C Sy, where S, acts on the subset {1,2,3,...,n}, and S, acts
on the subset {n+1,...,9 — 1, g}. Define Shf, ,, = S,, x S;,\S,. Each coset of Shf, ,,
has a unique minimal length representative. These minimal length representatives are
characterized by the property that w € S; is a minimal length representative of its

coset in Shf,, ,, if and only if:

wl) <w@2) < <wn) and wh+1l)<---<w(g—1) <wl(g).

Such a permutation is called an (n, m)-shuffle. Elements of Shf, ,,, will be denoted by

their minimal length representative.



6. THE EKEDAHL-OORT STRATIFICATION

In this chapter we will describe the Ekedahl-Oort stratification of M. This stratifi-

cation was first defined for A, [ |. It has since been extended to (good reductions
of) Shimura varieties of PEL-type | , | and more generally to (good reduc-
tions of) Shimura varieties of Hodge-type | |. Further, the abelian case has been
treated in | ].

In section 6.1, we will look at Oort’s construction of this stratification for A4,. In
section 6.2, we will consider some results pertaining to Moonen’s extension of this
stratification to Shimura varieties of PEL-type. Then in section 6.3, we will look a

little more explicitly at these results for unitary Shimura varieties.

6.1 The Ekedahl-Oort Stratification of A,

In this section we review the construction of the Ekedahl-Oort stratification of A,
the moduli space of principally polarized abelian varieties of dimension g. The con-
struction provided here is based on the work of Oort | ], and much of the extension
to unitary Shimura varieties will be based on it.

Let k£ be a perfect field of characteristic p, and let A be a principally polarized
abelian variety over k of dimension g. Then Alp| is a BTj, and as such there is a
regular symmetric Dieudonné space N corresponding to A[p]. Note that since we are
using the covariant Dieudonné theory, F' corresponds to the Verschiebung map on A[p],

and V' corresponds to the Frobenius map on Alp).
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There is a minimal filtration

0=NyCN,C...NV]=N,=F(N)C+--CNyy CNy=N

that is stable under F' and V! | ]. This is called the canonical filtration of N.

Given such a filtration, we define a canonical type 7 = {p, f,v} as a triple of

functions

p:{O,...,d}—)ZZO

f:40,...,d} = {0,...,r}
v:{0,...,d} = {r,...,d}

are defined such that:

Furthermore, we define a permutation : {1,...,d} — {1,...,d} by

N FCIFORYGR)
v(i) (i) >ov(i—1).

Conversely, consider any such functions {p, f, v}, with induced permutation 7, that
satisfy the properties:
— p:{0,...,d} = Z>o is strict monotone with p(0) = 0.

— v and f are monotone and surjective, with

w(i+1) > v(i) & fi +1) = f(0).
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— pli+1) = p(i) = p(w(i + 1)) — p(n(i)) for every i € {0,...,d}.
Then, there exists a BT group G with covariant Dieudonné module having canon-

ical type {p, f,v} | , 2.8].

In our case, as N is the Dieudonné module of a polarized BT; we have some
additional structure on this filtration. In particular, there exists a non-degenerate
alternating pairing (,): N x N — k such that (Fz,y) = (z,Vy)?, for z,y € N.
Suppose that 7" is a subspace of N with inclusion map ¢: T — N. We write L(T) :=
{ye N :{(z,y) =0,z €T}.

Proposition 6.1. | , 5.2 Let T C N be as above. Then
(1) L(L(T) =T;
(2) L(F(N)) = F(N);
(3) The set {w(N)}, where w ranges over finite words in the symbols F' and L, is
a finite filtration on N;
(4) L(F(T))=V~YL(T)) for every submodule T C N;
(5) The filtration in part (3) of the above is the canonical filtration.

In particular, this proposition tells us that for any regular symmetric Dieudonné
module, the minimal filtration that is stable under F' and V! is the same as the

minimal filtration that is stable under F' and L.

We will call any filtration that is stable under F' and V! an admissible filtration.
So, as the canonical filtration is the unique minimal filtration stabilizing F' and V1,
we note that any admissible filtration of /V is a refinement of the canonical filtration.
f0=ToCTh CTo C--- C T, =N is an admissible filtration such that dim(7;) = i

for each step in the filtration, we say that T, is a maximal admissible filtration for V.

Let (p, f,v) be the canonical type for some symmetric regular Dieudonné space N.
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Then d = 2r and for all 0 < j < r we must have:

v(j) = 2r = f(2r —j)

p(j+1) = p(j) = p(2r —j) — p(2r —j —1).
We call such a canonical type symmetric.

An elementary sequence is a map ¢:{0,...,g} — Z>o, such that ¢(0) = 0, and

() <pli+1) <pl)+1, 0<i<y.

Given N as above, we can produce an elementary sequence as follows. Consider a

maximal admissible filtration of N

N.ZOZN()CNlC"'CN29_1CNQQZN.

Note that each N; is a subspace of dimension i. Then, define ¢:{1,...g} — Z>( such

Proposition 6.2. | , 5.7] There is a natural bijection of sets between symmetric

canonical types with p(d) = 2g and elementary sequences of length g.

Given N, a regular symmetric Dieudonné space, we denote the elementary sequence

corresponding to the symmetric canonical type of its canonical filtration as ES(NV).

Theorem 6.3. | , 9.4] Suppose k is an algebraically closed field of characteristic
p, and let @ be an elementary sequence. Then there exists a polarized BTy (G, () of
rank p* defined over k, such that ¢ = ES(D(G)). Furthermore, (G, () is unique up to

non-unique isomorphism.

This theorem tells us that elementary sequences classify isomorphism classes of BT}

over k.
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Consider Ay, the moduli space of principally polarized abelian varieties over k. The

Ekedahl-Oort stratification is given by
{S, : ¢ is an elementary sequence on {0,...,g}},

where S, is the locally closed subset of A, such that for all geometric points z, the
abelian variety A, , belongs to S, if and only if A,[p] has elementary sequence . It
is known that each S, is regular, quasi-affine and equidimensional. The dimension of

each stratum is given by the following formula.

Proposition 6.4. | , 11.2] dim(S,) = >-7_ (i).

6.2 The Ekedahl-Oort Stratification of Shimura varieties of PEL-type

We now consider an extension of this stratification to Shimura varieties of PEL-
type. This construction was done by Moonen in | , ]. Here, we do not
need the results in their original generality, so we will consider the following moduli
problem. Let B be a number field of degree n such that p is inert in Og, along with a
positive involution z +— Z. Thus k = Op/(p) is a field of characteristic p. Let S be a
locally noetherian O ®7 Z, scheme, let N > 3, and consider the following data.

— A, an abelian scheme up to prime-to-p isogeny over S;

— (, a prime-to-p polarization, considered modulo Z};

— ¢ : Op — End(A), such that if { is the Rosati involution on End(A) correspond-

ing to ¢, then «(b) = ¢(b)*.

— 1, a level-N structure on A

Let M, be the moduli space parameterizing this data. Note that the M we defined
earlier further specializes this problem to the case that B is an imaginary quadratic
field. To study the Ekedahl-Oort stratification of Mg ,, we will need to classify the
p-torsion of such abelian schemes. So let G be A[p] for some (A, (,¢,n) as above. So G

is a polarized BT}, and ¢: k — End(G). In this section, we will look at classifying such
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tuples (G, (,¢).

By the Dieudonné equivalence, we know that there exists a regular Dieudonné
space N corresponding to G. We also see that the action ¢: x — End(G) induces a
K := k®p, k-module structure on N that commutes with /" and V. Let 7 := Hom(k, k).

This gives a canonical decomposition N = @,z N;, where

N;={n € N :i(b)n =b(n),Vb € k}

where we write b(n) for ¢(b)(n).

Note that we have a canonical involution on Z, given by i ~ 4, where

Let d € Z~g be given by d = dim(N;). Note that since N is a regular Dieudonné
space, dim(N;) = dim(N;) for any 4,j € Z. Consider L := ker(F¥) C N. Since F
commutes with the K-module structure, we see that L decomposes as ®;czL;, with
L; C N;. Define §:Z — Z>¢ by f(i) = dim(L;). We say that (d, f) is the multiplication
type of (G, (,¢); it determines (N, L) up to isomorphism | , Ch. 4].

Let G := Uqgr(N), the group of automorphisms of N that preserves the pairing (., .).
[ , 1.3]. Then P := Stab(L) is a parabolic subgroup of the reductive group G.
Define X to be the conjugacy class of parabolic subgroups containing P. Thus, if Wg
denotes the Weyl group of G, there is a subgroup Wx C Wy that corresponds to X.
Note that X depends only on the multiplication type (d,f), and not on the particular
subspace L C N. Thus, any two regular Dieudonné spaces with the same multiplication
type will produce the same subgroup Wx C Wy under this construction. So once a
multiplication type (d, f) is fixed, Wy is well-defined, without regard for which (G, (,¢)
of that type is used to construct it.

To any tuple (G,(,¢) of type (d,f), we can associate an element of Wx\W¢, as

follows. Let N be the regular Dieudonné space corresponding to G, and consider the
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canonical filtration N, of N, as in the previous section. Furthermore, note that since F’
and V' commute with the K-module structure, this is not only a filtration of k-vector
spaces, but of K-modules. In other words, the endomorphism structure is preserved in
the canonical filtration.

Let @ be the parabolic subgroup that fixes this filtration, and let the Weyl group
of @ be Wg C Weg. Then the relative position of L and N, is given by an element
w(G,(, 1) € Wx\Weg/Wg. Moonen proves that the canonical filtration is in optimal
position with respect to L | , Ch. 4]. That is, for any Borel subgroup B of @,
the relative position of L and the complete flag fixed by B does not depend on the
choice of B. In particular, this means that we can consider the relative position to be

an element of Wx\W4g.

Theorem 6.5. | , 5.5,6.7] The map (G,(,t) = w(G,(, ) is a bijection

isomorphism classes of tuples

(G,C, ), of multiplication type (d,f)

— WX\Wg.

Also, note that this construction decomposes across Z. Given a tuple (G,¢) of
type (d,f), where N is the Dieudonné space associated with G, we can decompose
N = ®;erN[i]. Furthermore, since F' and V' commute with the K-module structure
on N, each piece of the canonical filtration is a K-module. Therefore, each N[i] has
a filtration 0 = NYiJo € N[iJs € --- € NJi],, = N[i] | ,4.3]. For 1 < j < let
B;; := NJi];/N[i];—1. Then, since the canonical filtration is stable under F' and V!,
we see that for each B; ; we either have an isomorphism F': B; ; — B;;1 j» for some 1 <
J' < rip1, or F(B;;) = 0. Similarly, we either have an isomorphism V': B; ; — B;_1 j
for some 1 < j' <1,y or V(B;;) = 0.

Note that this produces an equivalence relation on the blocks. Following | ],
we say that B, ; and B, j, are in the same orbit, if there is a sequence of isomor-
phisms F and V! taking B;, j, — Bi, j,- These orbits respect duality. That is, if B;, ;,

and B, j, are in the same orbit, then B;-, _. is in the same orbit as By, _.. In the
’ 1,7 —J1 12,Tig —J2
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case that B;; and B;, ; are in the same orbit, we say that this orbit is self-dual. On

—J
the other hand if B;; and B;, _. are in different orbits, we say that these two orbits

LTri—J

are dual to each other.

Proposition 6.6. | , see 4.11] For every pair i € Z,j € {1,...,r;} we can
simultaneously choose ordered bases f3;; for each B;; such that every isomorphism
F:B;; — By maps B;; = Bit1,57, and every isomorphism V : B; ; — B;_y jy maps

Bij = Bic1y-

This proposition implies that we can refine the filtrations N[i] to maximal filtra-
tions:

0= NliJo & N[i}1 -+ € Nlila = N[i]

with the property that for each i € Z,0 < j < d, there exists j/ and j” such that
F(N[i];) = N[i+1]; and V}(N[i];) = N[i+1];#. We will call a collection of filtrations
of the NTi| that satisfies this property, Z-admissible. The actions of F' and V' can be

made explicit as follows.

Proposition 6.7. | , see 4.9.4.17] Let w be the minimal length representative
of w(G,t) € Wx\W¢. Then the 5, j can be lifted to ordered bases {e;1,...,e;.q} of N,
such that

0 w(7) <F1
Fler) (J) <§()
eivim  w(j) =F() +m
and
0 < d—f(i
V<6i+17j) = /= f( )

ein J=d—f()+wn)

Note that if we start with some w € Wx\W, define a Dieudonné space N by
endowing the k-span of {e; ; : i € Z,1 < j < d} with a s-action by b(e; ;) = i(b)e; ;, for
all b € k, and maps F' and V as in the above proposition, then w is indeed the relative
position of L = F~1(0) and the canonical filtration of this space. Furthermore, we can

define a polarization on this space following | |:
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Recall that the B; ; were divided into orbits. Denote the set of orbits by A. Parti-
tion A into 3 (possibly empty) pieces, A = A; U Ay U Ay, such that A,g consists of
all self dual orbits, and for every orbit O € A;, the dual orbit O € As.

For each (7, ) we define ¢; ; to be a root of unity as follows. Recall that the basis
{e;;} of N was lifted from the collection 3; ; of bases for the B, ;. So suppose for some
(i,7), e;; was lifted from the basis 3; ; and is in an orbit O. If O € Ay, let ¢;; = 1.
If O € Ay, let ¢;; = —1. If O € Agq, and O has length 2s, choose ¢; ; to be a root of
unity in k£ such that cf ; = —c. Furthermore, consider the unique jp such that either
F(ei;) = eiy1j, or V(eiy1j,) = eij. We require that c;yq 5, = ¢ ;. Now we can define

the polarization on N by:

<6i17j1’ 65,d+1—j2> = Ci17j15i17i25j17]'2

One can check that this definition satisfies the relations (z,y) = —(y,z) and
(Fz,y) = (z,Vy)".

Proposition 6.8. | , see 5.8,6.9] The polarized Dieudonné space constructed

above corresponds to w under the bijection in Theorem 6.5.

Consider again the moduli space Mp,. For each w € Wx\W, we can define S, to
be the locally closed subset of Mg, such that for all geometric points x, Mz, » belongs
to S, if and only if A,[p] maps to w under the bijection in Theorem 6.5. This produces
a stratification of Mp,,, that generalizes the Ekedahl-Oort stratification defined on A,
[ , 6.7]. This stratification is also called the Ekedahl-Oort stratification.

Recall that if we fix a generating set of reflections S C W, every coset w € Wx\Weg
has a unique minimal length representative w € Ws. While the choice of w depends

on S, its length, denoted ¢(w) does not.

Proposition 6.9. | | Let w € Wx\Wg, and let w be the minimal length rep-
resentative of w € W, with respect to some generating set of reflections. If A, # 0,

then the dimension of A, is {(w).
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6.3 'The Ekedahl-Oort Stratification of Unitary Shimura varieties

Now we will specialize these results to the case of unitary Shimura varieties. That
is, we will specialize the results from the previous section by requiring that B = E
is an imaginary quadratic field, in which p is inert. Recall that we are considering
the moduli space of quadruples (A, ¢, (,n), where A is an abelian scheme of dimension
m+n, v: O — End(A) with signature (n,m), ¢ is a principal polarization compatible
with complex conjugation on Op, and 7 is an appropriate level structure.

We will consider the p-torsion of A. Since the action of pOg on Alp] is zero, we can
let k = Op/pOp 2 F,e. Thus Z = Hom(k,F,) = {3, X}, as described earlier.

Let N be the regular Dieudonné space corresponding to some such A[p]. There
is a decomposition N = N[X] @ N[¥]. Note that dim(N) = 2g, and dim(N[X]) =
dim(N[X]) = g. If we consider L = ker(F) C N, then the fact that the action of O on
End(A) has signature (n, m) implies that dim(L[X]) = n and dim(L[X]) = m. Thus,
the multiplication type of (A[p],¢) is (d,f) where d = g, f(X) = n and §(X) = m.

We continue with the notation as above. Consider the canonical filtration of N.

0=NoCN, C...N[V]=N,=F(N)C--CNy=N

Furthermore, we note that the action of F" and V' directly maps N[X] — N[X] and vice
versa. Thus, each piece of this filtration has a decomposition N; = N;[X] @& N;[X]. So
we have two filtrations:

0= N[SJo C NS € -+ € N[5, = N[5

=

0= NS C NEh S € N[5, = N[5

=

such that for all 0 < i < 2r, there exist 0 < j,k < r such that N;[¥] = N[X]; and
Ni[X] = N[X]i.

Refine these two filtrations to a maximal Z-admissible pair of filtrations for N (c.f.
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Propositions 6.6 and 6.7). For ease of notation, we will denote these two filtrations as

follows:

A, O:AQCA1C"'CA92N[Z]

_ (6.1)
Be: 0=ByC By C---C By= N[

Furthermore, Proposition 6.7 provides more than just filtrations, but bases for the
maximal Z-admissible pair of filtrations A, and B,. Let {aj,...,a,} be this basis

of N[X], and {b,...,b,} be this basis for N[X]. So:

Ai = Spank’{a‘b s 7ai}

(6.2)
Bi = Spank{bh ey bl}
Furthermore, we have a polarization on N given by:
<(li, bg+1—j> == ci5ij (63)
where ¢; is defined as ¢y ; from the discussion following Proposition 6.7.
We can now directly compute Wx\W.
Proposition 6.10. | , Corollary 3.4.2] The set Wx\W¢ can be presented as the

set

{(w1,ws) : we = wowrwp} C Shf, ,,, x Shi,,
where wg =g g—1 ... 1].

Note that since wy can be directly computed from wq, there is an isomorphism given
by projection to the first coordinate Wx\W¢g — Shf,, ..

As before, we set L := F~1(0). The bijection between EO-strata and elements of
Wx\ W is given by setting wy to be the relative position of the filtration A, with L[X],
and ws to be the relative position of the filtration B, with L[X].

Thus as projection to the first coordinate is an isomorphism, we need only look at

the X part of the filtration. Then w; can be seen as an element of Shf, ,, directly by
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considering the relative positions of the flag A, with L[X] as follows:
Set
7(j) = dim(A; N L[S]).

So 7 describes the relative positions of the flags A, and 0 C L[X] € N[X]. Note
that for all 1 < j < g, we have either n(j) = n(j — 1) or n(j) = n(j — 1) + 1. Let
1 <41 < jo < -+ < jp be the indices j such that n(j) = n(j — 1) + 1, and let
1 <y <y < --- < 1y, be the indices such that n(i) = n(i — 1). Then w; is given by
w1(Jo) = @ and wy (iy) =1+ a.

This can also be done in reverse. Let w be an (n, m)-shuffle. Now, define a function

No:{l,...,9} = {1,...,n} by

m(j) == #{i € {1,..., j}w(i) < n}. (6.4)

Note that if w is constructed by the function n given above, then 7, = 7. For ease
of notation we will suppress the w and simply write 1, when the shuffle being used is
clear.

Thus, using Theorem 6.5, we see that the EO-strata of the unitary Shimura variety

of signature (n, m) are classified by Shf, ,,.

This provides a nice specialization of the classification of EO-strata for PEL-type
Shimura varieties, to the case of unitary Shimura varieties. Another useful approach
is to generalize the elementary sequences used to classify the EO-strata of A,.

Define a function ¢:{0,...,9} — {0,...,m} such that

Note that ¢ is an elementary sequence, as defined earlier. However, when this was
defined for the A, case, the elementary sequence was defined by the low-dimension
half of the canonical filtration, whereas here it is defined by the ¥ part of the whole

canonical filtration. Furthermore, requiring that the action of O has signature (n,m)
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enforces the condition that ¢(g) = dim(F(N[X])) = m.

Proposition 6.11. The EO-stratification of M is classified by elementary sequences
0:{0,...,9} = {0,...,m} such that ¢(g) = m.

Proof. Let w € Wx\Wg be an (n,m)-shuffle corresponding to some BT; group N,
with polarization and endomorphism structures as above. Continuing the notation
from above, we know that n(i) = dim(L[X] N A;). But L[X] N A; = ker(F|4,). Since A;

is the ¢-dimensional piece of A,, we can compute:

dim(F(A;)) = dim(A;) — (i) =7 —n(2)

As such, the elementary sequence corresponding to any point in .S, is:

(i) =1 —n(i) (6.5)

Therefore, the elementary sequence of some (A, ¢, (,n) is determined completely by the
EO-strata it is in.

Now, let ¢ be some elementary sequence such that ¢(g) = m. Define a shuffle w by

i— (i i) =pi—1
o) = p(1) @) =p(i=1) (6.:6)

o) +n pE)=¢e(—1)+1.

This is an inverse to the map from shuffles to elementary sequences given above.
To see this, we take w to be the shuffle defined by some ¢. and compute 7,(i). We see
that

(i) = #{j € {1,..., i}|w(j) < n}
= #{j € {1’ ce 7Z}|90(j) = 90(] - 1)}

:i—#{jG{1,..-,i}|§0(j):QO<j—1)+1}-
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But since ¢ increases by either 1 or 0 at each step, and ¢(0) = 0, we know that
#{7 € (L iHe()) = e =1 +1} = ¢(i). Son(i) = i—p(i). That is (i) = i—n(i).
Thus, setting ¢(i) = ¢ — n(¢) from this shuffle will return the elementary sequence we

started with. O

Note that this besides giving us another way of classifying the EO-strata of a
unitary Shimura variety, it provides an explicit formula for converting between the two
classification schemes. Given an (n, m)-shuffle, (6.4) and (6.5) describe an elementary
sequence, and (6.6) provides the inverse operation. As such, we will also denote S,
by S,, where ¢ is the elementary sequence parameterizing S,,.

We now wish to have a formula for the dimension of S, is terms of ¢ directly.
We already know the dimension of S, in terms of w, by Proposition 6.9, thus it is a

straightforward computation to write this in terms of .

Lemma 6.12. For an (n,m)-shuffle w, we have

Zn(z) = @ +mn — l(w).

Proof. We will compute Y 7_, n(i) by splitting into two cases. First, we note that if
w(i) < n, then n(i) = w(i). Thus

t,w(i)<n t,w(i)<n k=1
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On the other hand, if w(i) > n, we see that:

o)=Y #{j<ilw() <n}

i,w(i)>n t,w(i)>n
= D #i<il@) <n}
t,w(i)>n
= > n—#{i <jlw() <n}
t,w(i)>n

— i — Z#{j\z‘ < j,w(i) > w(j)}.

Note that for an (n, m)-shuffle, the only way for i < j and w(i) > w(j) to occur is

if w(j) <n <w(i). Thus the equality above is justified. Now using (5.1), we have:

Thus,

j :mn—z#{j‘i < Jsw(i) > w(i)}

= mn — #{(i, )i < j,w() > w(5)}

=mn —l(w).

Z n(i) + Z n(i):w—i—mn—ﬁ(w).
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Proposition 6.13. Let S, be the EO-stratum corresponding to the elementary se-
quence p. Then

dim(S.,) = (Zs@(i)) - mm e ),

Proof. Given Lemma 6.12, we see that if w is the shuffle corresponding to S,, we have

dim(S,) = {(w)

= n(nTm—l—mn—Zn(i)

=Y - > (i - (i)

— ZQO(Z) _ M

, 2
=1



7. UNIVERSAL DEFORMATIONS OF EKEDAHL-OORT STRATA

7.1 Combinatorics of Elementary Sequences

Let E be an imaginary quadratic field, where p is an inert prime in E. Choose
any 0 < m < n, and let ¢ = m + n. Consider the moduli space M parameterizing
quadruples (A, ¢, (,n) as described above. That is, where A is a g-dimensional abelian
variety, with principal polarization ¢, and ¢ is an action of O on A with signature
(n,m) compatible with (.

Now, let ¢ be any elementary sequence. So ¢ can be seen as a function from
{0,...,9} — {0,...,m} such that ©(0) =0, ¢(g) = m, and ¢(i) < p(i+1) < p(i)+1.

Define:

Io={itp(i) =oli—1)+1}, J,={i:p() = oli — 1)} (7.1)

Thus |I,] = m and |J,| = n. Denote the elements of I, in ascending order as
{i1,42, ..., ip}. Similarly, J, = {j1,J2,...,Jn}, Also set ig = jo = 0.

For example, suppose we have signature (n,m) = (4, 3). We can consider the (4, 3)-
shuffle 5126374 (written in one-line notation). By (6.4) and (6.5), this corresponds
to the elementary sequence ¢ = (0,1,1,1,2,2,3,3). So here we would have J, =
{2,3,5,7} and I, = {1,4,6}.

Note that [, and J, can be easily read off of the graph of . In this example, the
graph of ¢ becomes:



7. Universal Deformations of Ekedahl-Oort Strata 134

m=3 - —o
2 —o©
1 - e— 0O
—0 T T T T T T

g1 J2 t2 J3 i3 Ja

Note that I, enumerates the “jumps” of ¢, while J, gives the locations where ¢

remains constant.

Lemma 7.1. Given ¢,I and J as above, the following hold:
(a) plia) = a
(b) ¢(js) = max(0, max{alia < js})
(c) ¢(js) = js — B

Proof. (a) and (b) are trivial, and can be seen from the graph of ¢.

For (c), first consider the case that jg < 1. So ¢(jg) = 0. But then the whole set
{1,2,...,78} € J. Thus jz = 5. So ¢(js) = 0= jg — B. Now, if jz > iy, we see that
#{ialia < jp} = max{ali, < jg}, since {iy,...,4,}isincreasing. Thus{1,2,...,js}NI
contains precisely ¢(jg) elements. Thus, as I and J partition the set {1,2,..., g}, we
see that {1,2,...,js} contains precisely jz — ¢ (jg) elements from J. Since {ji,..., 3}
are increasing, this implies there are exactly § elements from J. Hence jz — ¢(j3) = B.

That is, ¢(jg) = jg — B thus proving (c). O

We can use this lemma to produce an explicit description of the action of ' and V'

on the Dieudonné module N associated to A[p] for some A € M.

Lemma 7.2. Let N be as above, and let {ay,...,a4,b1,...,b,} be a basis for N as

in (6.2). Let ¢ be the elementary sequence for N, and I, and J, as defined in (7.1).
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Then:

¢
Fbgi1i) =0 g €1,
V(a;) =0 1<i<n
Vi(b)=0 1<i<m

ba

w(j) =n+a.

Now, recall that for any index jg € J, we know that ¢(j) = ¢(j —1). Thus, by the

construction in Proposition 6.11, we know that

w(jp) = Js —¢(js) =js—js + B =5 <n.

SO F<aj5) = 0.

On the other hand, for any index i, € I, we know that ¢(i,)

W(ia) = @(ia) + n=a+n.

Thus, F(a;,) = ba.

¢©(iq —1)+1. Thus:

In order to compute F'(b;), we must look at wy, which is the conjugate of the shuffle

produced in Proposition 6.11 by wy, where wy(i) = (g + 1) — ¢. Thus:

(g+1)—=((g+1—y4)—wlg+1-17))

g+1—(p(g+1—3)+n)

plg+1—7)=w(g—17)

plg+1—=34)=wlg—7j)+1
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j+elg—7+1) olg—37+1)=plg—7J)
m+l—pg—j+1) wlg—j+1)=wlg—j)+1

By Proposition 6.7, we have

F(by) = O wlsm

ag wo(j)=m+p.

Now, note that for any i, € I, so ¢(iy) = ©(ia — 1) + 1, thus wa(g + 1 — i) =
m+1— (i) <m. So F(byt1-4,) = 0.
On the other hand, for jz € J, we have ¢(jg) = ¢(jz — 1). Thus

walg+1—jg)=g+1—js+wlis) =g+1—jsg+js—B=m+(n+1-7p).

S0 F(bg41-j5) = nt1-p-

Now, to compute V', we know that:

0 7<n
V(a;) =
bo Jj=n+uwa)
and
0 7<m
V(b;) =

ag j=m+w(f).

Thus V(a;) =0 for 1 <i<mnand V(h)=0for 1 <i<m.
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Now, let 1 < a < n. Then

n+4+wy(g+1—1i,)
=n+(g+1—w(i))
=n+(g+1—(p(ia) +n))

=g+1—a.

So V(agti-a) = bgt1—i.-

Also, if 1 < 8 < m, then

m~+w(js) =m+js —p(js) =m+js— js+ 6 =m+p.

Thus V(bmis) = aj,. O

Given an elementary sequence ¢, consider the Dieudonné space N’ formed by
starting with the basis {a1,...,a,,b1,...,b,} where Op acts by ¥ on the a; and
by ¥ on the b;, with F and V defined as in the statement of the Lemma. Let

A; = span{ay, ..., a;}, and B; = span{by,...,b;}. Then, one can compute that

0CA CAC---CA;=N']Y]

0CB CByC---CBy=N[X]
will be a maximal Z-admissible pair of filtrations for N. Furthermore, the elementary
sequence corresponding to N/ can be seen to be ¢.
7.2 Computing the Universal Display

Next, we would like to directly compute the universal display N for N, as discussed
in section 5.3. In particular, we need to know the action of F' on N, as we will need

that to determine the deformations that preserve the elementary sequence of N.
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Lemma 7.3. Let N be the universal display of N as in Lemma 5.5. Then the action
of F on N is:

ba g+1l—aeJ
Fla,) =
ba + Zgzl Cot1—alpniabgri—jo 5, 9T l—a=izel
An+1-3 n+1—ﬁ€[
F(bg-l—l—jﬂ) =

Unt1- — Do Cntl—Blnti—yntati, N+1—LF=7j, € J
Proof. We first wish to construct a displayed basis for D. Recall that this is a symplec-
tic basis such that the second half is a basis for the kernel of F'. Using the information
from the previous lemma, and the ¢; as in polarization formula in Equation 6.3, we

compute that

{ail, gy v ooy Qg s bg-i-l—jnv Ce 7bg+1—j1;
-1 -1 -1 -1 -1
Cil bg+1_i1, Ciz bg+1—i27 PN 7Cim bg+1—im7 _Cjn Qjpyevvy —le (ljl}

is a displayed basis such that the display matrix is of the form:

A1 Bl

A2 B2

Cy D,

Cr || Dy

Now, as in Lemma 5.5, we consider the quotient of the universal deformation ring

that preserves the polarization and endomorphism structure on N. This quotient is
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the ring R =k[[t;; - 1 <i <n < j<g]]. Set
tl,n—i—l Ce tl,g
tonsl o tag T’
T = pu—
tl,n—l—l tn,n—i—l T,t
|ty tng |
We then see by Lemma 5.5 that the display matrix for N is:
A +T'C, || By +T'D,
Ay +T"Cy By +T"D,
CQ D2
Cy D,
The Lemma follows by explicitly computing the above matrix. O]

For the results we have regarding canonical filtrations and elementary sequences

of Dieudonné modules and regular Dieudonné spaces, we need to be working over a

perfect field. Thus let:

Rgp = R/<to¢ﬂ : jn-l—l—oz < ZB—n)

I1<a<n<p<yg

Furthermore, define F,, := Frac(R,,) and let > denote the perfect closure of Frac(R,,).

Note that a display over R, is also a display over Fgerf.
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Lemma 7.4. Let N' be the Dieudonné module over R, given by restricting the uni-
versal deformation N to R,. Then the elementary sequence for N, viewed as a regular

Dieudonné space over Ff;erf 5 Q.

Proof. Recall that by Proposition 6.7 and (6.1), the canonical filtration for D can be
refined to a maximal admissible filtration that decomposes into its ¥ and X parts.

Thus we have the filtrations:

O:A()CAlC"'CAg:D[Z]
O:B()CB1C"‘CBg:D{2].

We have a basis {a1,...ag,b1,...,b,} for N such that Ay = (ay,...,a;) and By, =
(b1,...bg). Let A} = A ® ]Fgerf, and Bj, = B, ® Fgerf. We will demonstrate that

after base change, these filtrations are stable under F' and L. That is, we have A =

D[¥] U B,_;, and B} = D[X]U A,;. Thus by Proposition 6.1, they form an Z-
admissible pair of filtrations for N”’. Furthermore, this computation will demonstrate
that the elementary sequence of N is .

To avoid confusion in this proof, we will denote the map F in the Dieudonné space N

as Fiy, and the map F in the Dieudonné space N’ as Fi».

Note that the displayed basis used in the proof of Lemma 7.3 is a symplectic basis
over k for N, and remains a symplectic basis over Fgerf for N’. Thus, the pair of
filtrations above is stable under duality, even after base change. It remains to show
that it is stable under F. This is non-trivial, as Fy» # Fn ® ingerf on N, despite

N =2N® Fgerf as vector spaces.

First we will show that Fj(A4}) = B[,). Clearly this is true for k = 0, as 4j =
By = {0}. Now, we proceed by induction. Assume Fy(Ap-1)" = B, ;). We now
split into cases.

Case 1: Suppose k € J = J,. Then, by definition of J, we know that ¢(k) =
@(k—1). Also, as ker(Fj) = ker(Fy)®F2™, we know that Fy(ax) = 0, so Fy+(ax) =0
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as well. Thus Fi(A}) = Far(A}_y) = By = Bl

Case 2a: Suppose k =i, € I = I, and suppose that g +1 —a € J. Since k € I,
we know that (k) = ¢(k — 1)+ 1. Also, as g+ 1 — a € J, we see by Lemma 7.3
that Fyr(ax) = bo. By Proposition 7.1, we know that ¢(k) = ¢(in) = a. Thus
Fro(Ay) = Fxo({ax) @ Fyr(A)_y) = (ba) @ Bl 1) = Bl

Case 2b: Suppose k = i, € I, and suppose that g + 1 — a = i, € I. Then, by
Lemma 7.3 we know that Fy(ay) = ba—l—zg:l tgn+abgij, ., 5 However,iftg o # 0
in R,, then by definition of R,, we must have i, < j,41-5. But iy = g+ 1 — . Thus
g+ 1—jny1-5 < @ = p(k). Therefore the term Zgzl t8ntabgri—jnir_s € Bor—1y. S0
we still get the formula Fyv(A}) = B[

Thus, we see that Fi(A4}) = B, for all k.

Next, we will demonstrate that Fy/(Bj) = Aip(k) where 1 is the unique function
such that F(By) = Ayr) Again, this is clearly true for k = 0, as A = B = {0}. Here
we have ¢/(0) = 0. Again, we proceed by induction. Assume that Fi(Bj_;) = Ay ;).
Again, we split into cases:

Case 1: Suppose g+ 1 — k € I. Then by Lemma 7.2, Fy(bx) =0, so Fp(bx) =0
also. Thus Fy+(By),) = Far(B,_y) = Apg-1y. Since Fn(by) = 0 we have ¢ (k) =
¥(k —1), and thus Fy(By) = Ay ;-

Case 2a: Suppose that g +1 -k = jg € J, and suppose that n +1 - € 1.
Then, by Lemma 7.3, we know that Fy»(by) = an41-5. By Lemma 7.2, we see that
Fn(bg) = ant1-p as well, so (k) = n+ 1 — 3, as the filtrations in (6.1) are stable
under Fy. ThusFy/(By) = Fav((b)) @ Fav(Bj_1) = (ant1-5) ® A1y = Aygry-

Case 2b: Suppose g +1 — k = jg € J, and suppose that n +1 -3 = 7, € J.
Then by Lemma 7.3, we have Fy(bg) = ant1-+ D> oy tnt1—yntali,. By Lemma 7.2,
we know that Fy(by) = ant1-p, thus ¢(k) =n+ 1 — (. So it remains to show that if
thtl—ynta 7 0 in Ry, then i, < n + 1 — 3. But, by the definition of R,,we see that
thti—ynta 7 0 implies that i, < j, = n+1— . Thus i, < n+1— f3, as required.
Thus Fy(B},) = Ay in this case as well.

Therefore Fj(By) = A}y for all k.
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Hence the pair of filtrations in (6.1) is stable under Fj» and duality. As such it is
a maximal admissible pair of filtrations of N. Also, since Fy(A}) = B, for all k,

the elementary sequence corresponding to N’ must be . O]

7.3 The Universal Deformation of S,

We will now show that for any x € S, the module R, is naturally isomorphic to

(’35 .- Lhis will tell us that R, parameterizes all deformations of z along S,.

Proposition 7.5. dim(R,) = (3>_7_, p(i)) — @

Proof. To compute the dimension of R,, we just need to count the pairs (o, #) that
satisfy the conditions 1 < a < n < 8 < g, and jpi1-4 > i—n. Or, equivalently,
the pairs j, > i, for 1 < a <n, 1 <b < m. Recall from Lemma 7.1 that ¢(jz) =
max(0, max{ali, < js}). So ¢(js) is equal to the number of i, such that i, < jg.
Thus, the number of pairs j, > i, is precisely, > ;" ¢(Js)-

Also from Lemma 7.1, we know that ¢(i,) = a. Thus
—~ . n(n+1)
3 plia) = 3oa= 2D

a=1

a=1

Therefore, since each integer between 1 and g is either of the form i, or j,, we see that:

Zsﬂ(jb) = ng(z’) — Z@(ia) — (Z SO(i)) _ n(n2+ 1>‘
[

Theorem 7.6. Let k be an algebraically closed field, and let x € S,(k). Then there

exists a natural isomorphism R, = Og,_ ;.

Proof. Let A = (A,,(,n) be the object corresponding to x € S,. Now let A be the
universal deformation of A, which is a formal principally polarized abelian variety over

Spf(R).
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Since R, is a quotient of R, there is a closed immersion Spf(R,) < Spf(R). By
pulling back the universal deformation A — Spf(R) over this map, we get a defor-
mation of A over Spf(R,). By Grothendieck’s existence theorem ([EGA] IIL.5), this
deformation is uniquely algebrizable to a principally polarized abelian variety, which
by a slight abuse of notation, we will also denote A — Spec(R,,).

This gives us a map Spec(R,) — M. We would like to show that this map factors
through S,. By Lemma 7.4, we know that if we base change up to Fgerf, N is associated

to a point in S, (Fgerf), thus, we get a commutative diagram as below.

Spec(F>) —— S,

Spec(F,,)

|

Spec(R,) —— M.

Since Fgerf is a field, the image of Spec(Fgerf) in M will be a single point, which we
have just shown to be in S,. However, F,, is also a field, thus the image of Spec(F,) is
also a single point in M. By the above diagram, we know that the image of Spec(IF,,)
must contain the image of Spec(Fgerf). So it must be the same point, which is in S,.
Thus, we have can factor the map Spec(F,) — M through S,,.

Consider the map Spec(R,) — M. We wish to prove that this map also fac-
tors through S,. We know that the generic point of Spec(R;) corresponds to the
map Spec(F,) — Spec(Ry), as F, is the fraction field of R,. Therefore, as the map
F, — M factors through S, C M, we know that the generic point of Spec(R,,) maps
into S,,. Thus, as Spec(R,,) is the closure of its generic point, Spec(R,) — M factors
through S_W the closure of S,.

Furthermore, the special point corresponding to the ideal ¢;; = 0 maps to x € S,.
Since the special point is contained in the closure of any point in Spec(R,,), the closure

of any point in the image of Spec(R,,) must intersect S, non-trivially. As S, is a stratum
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in the EO-stratification, it is relatively open in S_w thus the image of Spec(R,) must
be in S, itself. Therefore, the map Spec(R,) — M factors through S,. As such, we

have a diagram
Spec(IF>™) — S

L.

Spec(IF‘S{J /.

’

7
’
7
’
7

Spec(R,) —— M.

Now, let us consider the induced map on the completed local ring at z. As
Spf(R,) — Spf(R) is a closed immersion, and R = 9) M.z, We have a surjective map
9 Mz — R,. Furthermore, as this immersion factors through :S’\%m, we see that this
map factors as

OMJ — OSWI — R‘p.

Thus, there is a surjective morphism 55¢7x — R,. But agwr is a power ring of the
form k[[t1, ..., taim(s,)]], and R, is a power ring of the form k[t1,. .., taim(r,)]]

Furthermore, by Lemma 7.5 and Proposition 6.12, we know that

dim(R (Z (1 ) n(n + nint1) = dim(S,).

Therefore, this map is a surjective map of noetherian rings of the same dimension, and

is hence an isomorphism. O

7.4 Examples

Example 1: U(n,1): The Ekedahl-Oort stratification in the case of U(n, 1) is very
straightforward. For each 0 < k < n, there exists a unique k-dimensional EO-stratum.

It is given by the elementary sequence where (i) = 0 for i < n —k, and (i) =1 for
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1 > n — k. By the computation in Proposition 6.11, we have:

12 ... n—k n—k+1 n—k+2

1 2 ... n—k

n+1

n—k+1

n—+1

n

Note that Proposition 6.13 does indeed recover the dimension, as:

n+1

> (i) -

=1

n—k
1+1 ZO+

}: l—-1=(m+1)—(n—Fk —1=k

Now, let (A, ¢, (,n) be parameterized by a point in the k-dimensional stratum, and

let N be the Dieudonné module of A[p]. From these representations, we compute:

I={n—k+1},J={1,2. ..,

By Proposition 6.7, there exists a basis {ay, ...

{a1,...,a,11} generates N[X] and {by,...,

know that F' and V act as:

.
Fla;) =
\O i#En—k+1,
a; i<k+1
F(bi) =40 i=k+1
a;_q Z>k+1,
\

bni1} generates N[X].

n—/kﬁ—l,...

7an+17bl7"’7

,n+ 1}

bni1} of N such that

Furthermore, we

1<n—+1
1=n+1,
1=1

2<i<n—-k+1

1 >n—k+ 1.

Using I and J we can find a displayed basis for N. This gives us:

{an_k+1, bl, ey

-1 ~1
Cr i1 Okl —Cri1ngty - -

be, Disas - - - s

—1
—Cp_g2On—k+2,

-1
—Cp_ 1 On—ky- -,

—citay}
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The above data can be used to give us the display matrix. We will look at the
case where n = 5 and k = 2. We compute that there are two orbits given by
{a1,be, as, bs, ag, bg, as, bs, ayg, by} and {as, by} Note that these are both self-dual. So
let ( € k be a such that (p5 = —(, and let n € k such that n” = —n. Then we get a

display basis of:
{aq, b1, b2, by, bs, bs; P b3, —C " ag, —C Pas, —n taz, —C P ag, —(lar}

and the display matrix is:

1 0 0 0 0 0
0 0 0 0 0 —C°
0 0 0 ' 0 0
0 0 —¢* 0 0 0
0 ¢t 0 0 0
0 0 0 0 -1 0

The universal deformation N of N over M, as described in Lemma 7.4, is defined

over R = K[[t; (n41) : 1 <4 < n]]. In particular, for the 2-dimensional stratum in the
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case n = b, the display of A is:

— ~(tse —(Ptig —mtse 1 —(Plag | —tie -
1 0 0 0 —ti 0
0 0 0 0 —tyg —CP
0 0 0 70! —t 0
0 0 —CP 0 —tg O
0 U0 0 —tsg O
0 0 0 0 -1 0
0 0 0 0 0 -1
0 0 0 0 —¢ | o
0 0 —n 0 0 0
0 P 0 0 0 0
i —C 0 0 0 0 0 |

We can compute the action of F' on A directly from such a display. When doing
this for a general stratum in the case of U(n, 1), this computation gives us 3 cases:

Case 1: k=0

;

F(az) _ b1 + 22:2 Cn+1tﬁ_17n+1b5 1=n + 1
0 1#Fn—k+1
:
0 1=1
F(b;) =
| @i-1— Ci—1ti—1p1Gner 0> 1.
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Case 2: 0<k<n—-k+1

.
F(a;) =

\O i#n—k+1
(
a; — citn_i+17n+1an_k+1 1< k+1

0 1=k+1
F(bz> =\ a;,_1— ci_ltn_i+27n+1an+k_1 k+l<i<n—k+2

ki1 i=n—k+2

| Gi-1 — Ci1ln—it3nt10n-kr1 ©>n—k+2.

Case3:n—k+1<k<n

/

F(az) =
\O i#n—k+1
(
a; — Citp—it1n+10n—k+1 1<n—k+1
Antk—1 1=n—k+1
F(bz) = a; — citn_,-+2,n+1an_k+1 n—=k +1<1 S k
0 1=k+1
| di-1 — Ci—iln—it3nt10n—k+1 1>k + 1.

Now, consider working over R,. The deformations given above are universal over
the whole of M. If we restrict to working over R,,, we will get the universal deformation
over each individual stratum. We know by the definition of R, that if 5 > k + 1 then
tig = 0in R,. Note that this gives us R, = k[[ti1n+1,t2n41, -, tkn+1]] which is
precisely k-dimensional, as expected. We can reduce the above formulae to get the
universal deformations over each EO-stratum in U(n,1). Again, we consider the 3

cases:
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Case 1: k=0

Case 2: 0<k<n—k+1

(

F(CLZ) =

e

\

Case 3: n—k+1

F(&l) =

bl z:n—k:—l—l

kO 1#n—k+1

a;—1
Ap—k+1

;-1 — Ci—1ln—i13n+10n—k+1

<k<n

(
bl z:n—k+1
4
\O i1#Fn—k+1
.

a;

Antk—1

a; = Cilp—it2n+10n+k—1

0

| di-1— Ci—1tn—it3n4+10n—k+1

1< k+1

1=k+1
k+l<i<n—k+2
1=n—k+2

1 >n—Fk+ 2.

t<n—k+1
it=n—k+1
n—k+1<i1<k
1=k+1

1>k + 1.
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Example 2: A higher-dimensional example: Let M be as above, with signature
(n,m) = (4,3). Let ¢ be the elementary sequence (0,1,1,1,2,2,3,3), and consider the
Ekedahl-Oort stratum S,. By the computation in Proposition 6.11, we have:

i—p(i) ei) =¢(—1)

o) +4 (i) =p(i—1)+1.

w(i) =

This gives us w = 5126374.
By Proposition 6.13, we have:

dim(S,) = > (i) — —(1+1+1+2+24+343)—-6="1.

So S, is a 7-dimensional stratum.

Now, let (A,¢,(,n) € S,, and let N be the Dieudonné module of A[p]. Then by
Proposition 6.7, there exists a basis {ay,...,a7,b1,...,b;} of N, such that {as,...,a7}

generates N[X], and {by,...,b;} generates N[X]|. Also, F and V act as:

Flar) = by Via)) =0 F(by) = ay V(b)) =0
Flas) =0 V(az) = 0 F(b) =0 V(b) =0
Flaz) =0 V(az) =0 F(bs) = a V(bs) =0
F(aq) = by V(ag) =0 F(by) =0 V(b)) = as
Flas) =0 V(as) = by F(bs) = a V(bs) = a
Fl(ag) = by V(ag) = by F(bg) = ay V(b6) = as
Flas) =0 V(ar) = by F(b:) =0 V(by) = by.

By looking at ¢, we see that [ = {1,4,6} and J = {2,3,5,7}. The only self-dual
orbit here is computed to contain only {ag,bs}. So let n € k be such that n* = —n.
The other orbits can be divided into A; = {{a1,b1}, {az,bs, a6,b3}} and their duals
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Ay = {{az, b7}, {ay, by, as,bs} }. Thus, the displayed basis for N is
{a, ay, ag, by, bs, bs, be; by, —by, ba, a7, as, —n~'az, —as}.

The display matrix of N is:

100 00 0 0
00 1 00 0 0
000 00 nt 0
000 01 0 0
000 10 0 0
000 00 0 1
010 00 0 0

The universal deformation N of N over M, as described in Lemma 7.4, is defined
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over R=F[[t;; : 1 <i <4< j<T7]]. The display of N is:

—lss —mtzs O ti5 O fos

—lse —Mtze 1| tie O Tog

—tlyr —ntzr O tir 1 tor
1 ti7 tis O 16
0 tor tos 0 t26
0 t37 tss 0 t36
0 tar tys —1 L6
0 O 1 0 0
0 O 0 O 1
0 1 0 O 0

0 0 ofg 1 0 O

0 0 O 0 0 1

0 —p 0/0 0 0

—1 0 00 0 O

We would now like restrict to working over R,. We produce this by setting all ¢,3

such that j5_, < ig_4 to zero. This occurs precisely for t,5 € {tor, ts6, t37, tas, tar}. So

consider N to now be the Dieudonné space over Iﬁ‘gerf given by base change from the

universal deformation described above. Then, this display tells us that the action of F
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on N is given by:

Note that this shows that the pair of flags

and

F(bs) = as — ntssa;
F b6 = Q4
F(b;)=0

0CA CAC---CA

0CB CB,C---CBy

is stable under F. Also, as per the reasoning in Lemma 3.4, the elementary sequence

of this Dieudonné space is (0,1,1,1,2,2,3,3) = ¢. So N is a deformation of N that

lies within S,. Furthermore, as R, = k[[t17, ti6, t26, t15, tos, t3s, tas]], We see that R, is

7-dimensional, as is S,. Thus N is the universal deformation for N that preserves the

elementary sequence ¢.



8. THE V-FOLIATION

8.1 Foliations

We now wish to study a particular foliation on M. First, we will state some general
facts about foliations in characteristic p. See | ] for more details.

Let k be an algebraically closed field of characteristic p, and let X be a non-singular
variety over k of dimension n. Let 7 X be the tangent sheaf of X. Note that 7 X can

be seen as a p-Lie algbera over k, with operations given by

[En=Eon—no& P =¢ofo--0f

where £, € T X are viewed as vector fields defined in some open U C X, and regarded
as operators on Ox (U).

A foliation of height 1 on X is a sub-bundle £ C 7 X, which is a p-Lie sub-
algebra. That is, € is closed under the Lie bracket and & — £®). As we only work with
foliations of height 1 here, we will simply refer to them as foliations from here on.

Given a subvariety Y C X, we say that Y is a integral subvariety for the folia-
tion £ if Ely =TY.

One of the main reasons we care about height 1 foliations is their connection with

height 1 morphisms, as given in the following proposition.

Proposition 8.1. | , 2.4] Let X be a non-singular k-variety. There is a natural
one-to-one correspondence, between finite flat height 1 morphisms f : X — Y and

height 1 foliations € C TX. One has deg(f) = p™&).
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8.2 The V-foliation Over S

Let A be the universal abelian scheme of M, with structure map n: A — M,
equipped with ¢, (,n as above, and let A’ be its dual scheme. Then we can construct

the Hodge filtration:
0 = wasm = Hip(A/M) = wiejpq — 0

where wa/m = ROW*Q}‘VM, and Wiy g = R'7, O 4.

Recall that at a geometric point x € M, there is a canonical identification of
H}(A./k) with the contravariant Dieudonné module D of A,[p]. In particular, under
this correspondence, w4, /i = D[F].

Note that since p is unramified in F, the Hodge bundle w 4,0 decomposes into its X

and X parts. Define the vector bundles

PZIWA/M[E], Q::(,UA/M[E].

Note that P is a bundle of rank n,and @) is a bundle of rank m.

Consider the Gauss—Manin connection
V' Hig(A/M) > Qb Goy, Hin(A/M).

If we restrict this map to waam C H}n(A/M), and project the second component

of the result to w, Mo We obtain the Kodaira—Spencer map:
1 v
wa/m — Qg Q) Wt /nr-

Since the polarization ¢ induces an isomorphism Q" := w}, ] = wYe mlE]s we

see that restricting the Kodaira—Spencer map to the 3 part, we get a morphism

P—Q,®qQ.
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This induces an isomorphism

KS:P®Q — Qk,.

Recall that we have isogenies F: A — A® and V: A® — A. These induce maps

on cohomology, which by a slight abuse of notation, we will also denote as
F i Hip(AP /M) — Hip(A/M)

and
Vi Hjp(A/M) = Hip (AP /M).

Consider Py := P[V] = ker(V: P — Q™). We would like to say that P, is a sub-
bundle of P, however its rank may increase when specializing from one EO-stratum to
a smaller one. As such, we will first consider F, over only the open stratum, denoted
Sora- Over Sg.q, the sheaf Py is a sub-bundle of P, for which the fibers have constant
rank n — m. Thus, after restriction to S, KS(FPy ® Q) is a sub-bundle of 2}, with
rank (n —m)m. Accordingly the V- foliation T C T Soq is defined

T =KS(P,® Q)"

Proposition 8.2. T is a foliation of height 1.

Proof. | , Proposition 3]. ]
The following will be a useful lemma in explicitly computing 7.

Lemma 8.3. £ € T if and only of V¢(Po) C Po.

Proof. | , Corollary 5]. O

We would like to extend 7 to all of M, but it becomes singular over some of the

deeper EO-stratum. As such, it can only be properly extended to a certain union of
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EO-stratum. The details of this extension can be found in | |. We will state some
useful notation and results here.

Consider the EO-stratum corresponding to the shuffle

Wo=[12...n—mn+1...g n—m+1 ...n

or equivalently, the elementary sequence

/

0 0<i<n—m
Pra(i) =9 i—(n—m) n—m<i<n
m n<i<g.
\
This stratum will be denoted as Si,;, and has dimension m?. Let Sy:= U S, This

Seo1 S8y
is a locally closed subset of M. Also, T extends to Sy with the same definitions

for Sorq-

Note that Lemma 8.3 characterizes 7+ over all of Sy,

Theorem 8.4. The EO stratum Sy is an integral subvariety of the foliation T i.e.
T s = T Shor-

Proof: | , Theorem 25].

8.3 The V-foliation Over S,

We would like to directly compute 7 *|g, for any stratum S, C S;. In order to
use Lemma 8.3, we need to evaluate V¢(F,) for £ in the tangent space of M at z.
As such, it would be beneficial to have a basis for 7.M over some neighbourhood
of x that is horizontal with respect to the Gauss—Manin connection. In particular, as
Spf(R) = Spf(Oaz) (c.f. Theorem 7.6), we would like to find a horizontal basis for P,

over Spec(R) from here on out.
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Unfortunately, computing such a basis for Py(Spec(R)) can be difficult. However,
if we only consider first-order deformations, and define R’ := R/m%, we will be able to
find a basis for Py(Spec(R’)) that is horizontal with respect to V; this will be sufficient
for our purposes.

Note that since the Gauss—Manin connection respects isogenies, such as F' and V,
and as the basis given in Proposition 6.7 was chosen to respect £’ and V', we know that
this is a horizontal basis for H}p(A,/k).

Now, we need a horizontal basis for the universal first-order deformation, that is
the universal deformation over R’. When we computed the universal deformation, we
seemed to be using the same basis for both N and A. However, this may be a little
misleading. While the basis remained the same, the action of F' was deformed. This
will not produce a horizontal basis for N'. In order for the basis to be horizontal, we
must instead deform the basis elements in such a way the the action of F' is preserved.
For more details on this process, see | , §5].

Recall that the action of F' was given in block matrix form as:

A pB

C pD

such that the universal display was

A+TC p(B+TD)

C pD

We can consider the automorphism of the universal display given by:

I =T\ [A+TC p(B+TD)| [I T° A AT + pB

0 I C »D 0 I C CT° +pD
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Note that if we consider this equation over R’ = R/m? then T° vanishes, so this

produces the original equations for F. Note that this automorphism corresponds to

I -T
the change of basis corresponding to . So, if we reduce modulo p, we see

0 I

that the the basis elements not in the kernel of F' remain the same, where as the basis

elements in the kernel of ' have become

n m
—1 —1
{ci bg+1—ia — E :ti,n+abg+1—jn+1_k}1§a§m U {—Cjﬁ Ajs — E bnt1-8,n+k i, }1<F<n-
k=1 k=1

Thus, by the work in [ , §5], this provides us with a horizontal basis with
respect to V for w4/ (Spec(R')).

Lemma 8.5. An EO-stratum S, C Sy, that is Sy C Sy, if and only if o(n) = m.

Proof. Recall that Sy is a union of the EO-strata such that P[V] has rank n —m on S,,.
Let z € S, and let N be the covariant Dieudonné module corresponding to A, [p], and

let D be the contravariant Dieudonné module of the same. Given that w4,/ = D[F],

we can view P = D[F|[X] = N[V][X]. So let
OZAUCA1C"'CA92N[Z]

be the ¥ part of the canonical filtration of N, as in (6.1). We know that N[V][X] has
dimension n, and the canonical fitration is stable under V=, Thus N[V][X] = A,.
Also note that when we pass through the isomorphism w4, x = N[V], the map V
on P becomes the map F' on N[V]|[X]. Thus S, C Sy if and only if the kernel of F|,4,
has dimension n — m. As dim(A,) = n, we see that this is equivalent to stating that
dim(F(A,)) = m. But by the definition of the canonical filtration, this means that

o(n) =m. O

Lemma 8.6. Let 1 <a<m<n<p<g. Ifo(n) =m, then t,z # 0 in R,.
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Proof. Recall that t,g # 0 in R, if and only if ig_, < jpy1-a. Also, by the definition
of elementary sequences, we know that p(g) = m. Thus, as ¢ is monotonic, we know
that p(z) =mforn <x <g. Thusz € Jforn <z <g.

Therefore 7,,, < n, and for 1 < o < m, we have j,11_« = g+ 1 — a. Thus, if

1<a<m<n<f<g, we have:
18—p <lgp=1m <n=g—m<g+1l—a=7jpii_q-

O

Note that by Theorem 7.6, we have an explicit description of 55 ..z~ Lhus, using

the coordinates of R,, we see that at a point x € S,, we have

9,
TSLp|a: = <8t_ﬁta’87é0€ R<p>

We can now also view 7 1|, in these same coordinates.

Theorem 8.7. Let S, C Sy be an EO-stratum, and let x € S,. Then

T+|I=< 0 :1§a§m§n<@§g>.
Mtap

Therefore T|s, C TS,.

Proof. Let © € Sy, and let N be the covariant Dieudonné module of A, [p|, and let D
be the contravariant Dieudonné module. Note that these are dual as vector spaces.
Furthermore, the dual of F' on N is V on D, and the dual of V on N is F on D.

In order to compute 7 t|,, we want to use Lemma 8.3. As such, we will need to
compute Fy at z.

Note that P is the X part of wa/p = D[F]. Since the covariant Dieudonné module
is dual to the contravariant Dieudonné module, we see that this is naturally isomorphic

to N[V]. So, if we let {a1,...,a4,b1,...,bs} be the basis for N as in Proposition 6.6,
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we see by Lemma 7.2 that N[V] = (ay,...,a,,b1,...,by). Thus, if we let a; € D be
the dual vector to a; € N, we see that P = (a},...,a),).

Also, if we have I and J as in chapter 7, we see that Py = P[V]|. Thus, we can
compute it by finding the kernel of F' on span{ay,...,a,}, which is {a;,,...,a; },
where 7, is the maximal element of J such that j. < n. However, by Lemma 8.5, we
know that ¢(n) = m. Thus ¢(k) = ¢(k — 1) for all & > n. Thus ju—m+1,-..,Jn > n.

Sor =n —m. Thus

Py =span{d, ,...,d. }.

J1? ’ VJn—m

Now, if we consider the general deformations of P and P, around z, we get:
m
—1
P(Spec(R)) = Spangp{—c;'a}, = > tui1pnina) Yy
k=1

and

FPy(Spec(R)) = SpanR{_Cj_Bl@;ﬂ - Z tn+175,n+k&;k }Z;T
k=1

Thus, we see that V_o_(Fy) C P if and only if @« < m, in which case V_o_(Fy) = 0.

Btap Blap
Thus
0
TH, = 1l<a<m<n<f<g).
Ot ogs
Therefore, by Lemma 8.6 we can conclude that 7+|s, C TS,. O

Corollary 8.8. T+ induces a height 1 surjective morphism f: M — M’ of degree p™”,
where M' is a non-singular scheme. The restriction of f to any S, C Sy is likewise a

height 1 morphism of degree p™ onto its image in M'.

Proof. This follows directly from Proposition 8.1 and Theorem 8.7. O

8.4 Example

Consider the example of U(n, 1) described in the previous section. Since m = 1

this tells us that Sg, is the unique 1-dimensional stratum, and 7 has rank 1.



8. The V-foliation 162

So, if z is in the k-dimensional stratum for £ > 0, we have:
o 7 /
P, = Span, {a},dy, ..., al_, 1,..., 4,1},

Qz = Spank{b;c—l-l}a

and

1o v /
(Fo)e = Spang{ay, ay,...,al 4.y, ... ap}

Using the formula from Theorem 8.7, we see that a basis for Py(Spec(R)) is:

-1 7 / n
{—ca —tnri—ini1n 14 SFU{—¢ g — bt 2—in10n_1 4k Hin—kta

Note that for i < n—k, we know that n+1—¢ > k+1 > 1, and forn—k+2 <i < n,
we have n +2 —4 > 2 > 1. Thus ¢ ,4; does not appear in any of these generating

elements for Py(Spec(R)). Thus

V_a (Py(Spec(R))) = {0} C Py(Spec(R)).

Dt g1

-eTT.
On the other hand, for 1 < j < k, we see that — n+2 o — tint, iy, €

Py(Spec(R)). But:

Therefore

V o (- n}rz —j ',rz+2 —j tj,n+1a;1—1+k)) :a;—1+k ¢ Po(Spec(R)).

9tjnt1

Also, for k < j < n, we see that — —tjny10,_1, € Po(Spec(R))). But

a’
n+1 7 n—l—l -7

V o (- n}rl —j ',rz—l—l —j tj,n+1a;1—1+k)) = a;—1+k ¢ Po(Spec(R)).

9tjnt1

Thus 5 9 - ¢ 7. This makes sense, as Tt is known to be one-dimensional in this

case.
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Now, recall that if ¢ is the elementary sequence parameterizing the unique k-
dimensional stratum, we found that R, = k[[t;n1]]%;. Thus 1,41 # 0 € R, for
all strata with dimension at least 1. But this is precisely the strata that have the

unique 1-dimensional stratum in their boundary, i.e. the strata in S;. Thus for any

r e S, C Sy, wehave T, C TSyl



9. CONCLUSION

In this thesis, we examined two classes of p-foliations on Shimura varieties. We first
examined the tautological foliations on toroidal compactifications a Hilbert modular
variety M,,(¢). Using Klyachko’s classification of toric vector bundles by multifiltra-
tions, and in particular the correspondence between toric foliations %y on a toric
variety X and subspaces V of a certain vector space, we described the singular locus of
Zv in terms of the relationship between V' and the cone decomposition defining X. By
relating the tautological foliations on M,,(¢) to certain toric foliations on the toric va-
rieties defining a toroidal compactification of M,,(c), we used these results to describe
the singular loci of the tautological foliations.

Generically, we saw that the tautological foliations tend to extend smoothly to the
toric strata of dimension at least the rank of the foliation, but become singular at
lower dimension strata. However, there are exceptions to this characterization. In
Proposition 4.6, we saw that this characterization holds when the matrices describing
the relation between V' and cones o € ¥ are totally invertible. While total invertibility
is an open condition, and thus holds generically, it is not hard to find examples where
this hypothesis fails.

This leads to some questions for further investigation. Let L be a totally real field
with embeddings {01, ...,0,} into R (or W(x)[1/p]) and let N be a fractional ideal of L
with basis {pu,...,us}. We could ask when the matrix [o;(y;)] is totally invertible.
One way in which total invertibility could fail is if some subset of {1, ..., y, } lie within
a proper subfield of L, as happens in the example given in section 4.2. A solution to
this question could lead to a characterization of the toric strata with dimension at least

that of the rank of a tautological foliations .%, on which .# does not extend smoothly.
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In positive characteristic, we have even more interesting behavior. When working
over C, we saw that the tautological foliations never extend smoothly to toric strata
of dimension less than the rank of the foliation. On the other hand, it can be possible
to have these smooth extensions in positive characteristic. In the case of a Hilbert
modular surface, we found that in characteristic 2 and 3, there always exists a toroidal
compactification on which a given tautological foliation extends smoothly. In Corol-
lary 4.14, we gave a further characterization of when a Hilbert modular surface over
a field of positive characteristic at least 5 has a toroidal compactification on which
a tautological foliation extends smoothly. Moving forward, I would like to examine
whether the case in which .# can be made smooth can be removed from Corollary
4.14. Preliminary calculations have failed to find a case in which such an .# can be
made smooth everywhere in characteristic at least 5, but proving it never happens may
require methods beyond those found in this thesis.

We also considered the V-foliation 7+ on a unitary Shimura variety M of signa-
ture (n,m). In order to study the geometry of the Ekedahl-Oort strata on M, we used
Zink’s theory of displays to compute the universal display for the Dieudonné module
associated with a point in a given Ekedahl-Oort stratum. This provided a useful de-
scription of the tangent space of the stratum and how it lies within the full tangent
space of the M. By combining this description with an explicit description of 7+ in
these same coordinates, we were able to show that the 7 lies within the tangent space
for each stratum lying between Sg, and the open stratum. That is, each of these strata
are invariant with respect to 7.

This still leaves room for further investigations. The Ekedahl-Oort stratum Sg, is
but one of the integral subvarieties of 7. In the recent work of Goren and de Shalit
in | |, it is shown that there are a multitude of integral subvarieties for any p-
foliation. As such, we may ask if one can define a ”stronger” version of integrality, for
which only certain integral subvarieties, such as S, that have arithmetic significance

to the underlying moduli problem remain integral under this stronger definition.
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