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Stresses i n  Reams with  Circulnr Ecccnt r ic  #cb I lo les  

Peter W. chart", h.M.ASCE and Richard C. ~ e d w o o d ~  

INTRODUCTION 

The stress a n a l y s i s  of beams c o n t a i n i n g  web holes has  r e c e i v e d  c o n s i -  

de rab le  a t t e n t i o n  because of t h e  f requency o f  occu r r ence  o f  such h o l e s  i n  b u i l d i n g  

c o n s t r u c t i o n .  Khile p l a s t i c  d e s i g n  methods may be preferred because of t h c i r  r a -  

t i o n a l i t y ,  and the i r  a p p l i c a t i o n  t o  r e c t a n g u l a r  h o l e s  has  been exp lo r ed  c x t c n s i v c -  

ly. t h e  allowable s t r e s s  approach t o  design may be necessary i n  some c a s e s .  I n  

p a r t i c u l a r ,  h o l e s  i n  non-compact s e c t i o n s  r c q u i r e  e l a s t i c  a n a l y s i s ,  and thc t r e a t -  

ment of c i r c u l a r  h o l e s  by plastic des ign  mcthods i s  cur ren t ly  l e s s  s a t i s f a c t o r y  

t han  r e c t a n g u l a r  ho les . '  Thc stress c o n c e n t r a t i o ~ i s  produced by c i r c u l a r  ho lc s  a r e  

much lower t han  t h o s c  produced near the c o r n e r s  o f  rectangular h o l c s ,  and whereas 

t h e  l a t t e r  w i l l  normal ly  produce local  y i e l d i n g  under working l o a d s ,  the former may 

be lox enough t h a t  stresses under  working loads can  be kep t  wi th in  permissible l i -  
- .  

mits. 

Much of t h c  previous work d i r e c t e d  t o  t h e  ana lys i s  of webs w j t h  c i r c u l a r  

h o l e s  h a s  been r c s t r i c t c d  t o  mid-depth holcs,  I t  i s  p robab l e  t h a t  d e s i g n c r s  a r e  

more frequently concerned wi th  t h e  cnse of c c c c n t r i c  h o l e s  than w i t h  mid-depth 

h o l e s ,  s i n c e  service ducts o r  p ip ing  may well bc l o c a t e d  a t  d i f f c r c n t  l c v o l s  be- 

tween f l o o r s  t o  f a c i l i t a t e  any crossing which may be n e c e s s a r y .  A n a l y s i s  o f  eccen-  

t r j c t r i c  h o l c s  i s  t h e r e f o r e  of consjrlcrable importance.  
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Thc nvoidance of f a b r i c a t i n g  re inforccrnent  i s  d e s i r a b l e  on t h c  h a s i s  oE 

cos t ,  and i t  i s  therefore of  some importance to de t e rmine  t h c  stress l c v c l s  around 

un re in fo r ced  ho l c s .  Kh i l e  somc s p e c i f i c a t i o n s q  p e r n i t  un re in fo r ced  c i r c u l a r  h o l c s ,  

s u b j c c t  t o  c c r t n i n  s ize and l o c a t i o n  l i m i t a t  i o n s ,  wi thout  t h e  need f o r  a ~ ~ a l y s i s ,  

thcse are,  of necessity, q u i t c  r e s t r i c t i v e .  I n  t h i s  p p c r ,  more gene rn l  c o n d i t i o n s  

ar t .  considered, so  t h a t  any p r a c t i c a l  s i z c d  c i r c u l a r  vcb h o l c  can  be i n v e s t i g a t e d  

iri terms of t h c  maximum strcsscs i t  protluces. 

Much prev ious  a n a l y t i c a l  work concerning such h o l c s  h a s  madc use o f  t h c  

t h c o r y  of e l a s t i c i t y  i n  analysing t h e  wcb as a  largc p l a t c  c o n t a i n i n g  a smal l  

h o l e , ' x b  and i n  a d d i t i o n ,  cmphasis h a s  bccn p l aced  on mid-depth h o l e s ,  although an 

o u t l i n e  of an a n a l y t i c a l  procedure  f o r  c c c c n t r i c  h o l e s  h a s  hcen g i v c t ~  i r i  Refcrcncc  

6. Tlw accuracy  o f  t h e  t h c o r y  o f  e l a s t i c i t y  s o l u t i o n  has been i n v e s t i g a t e d  by 

~ower'" and i t  i s  c l e a r  t h a t  t h e  mcthcd is s e r i o u s l y  d c f i c i e n t  under  some circum- 

stances, i r i  p a r t i c u l a r  for  large holcs and under h i g h  shear-to-momcnt r a t i o s ,  h o t h  

of which' f r c q u c n t l y  a r i s c  i n  practise. A l t c r n a t i v e  nppronches ,  f o r  mid-depth 

h o l e s ,  havc bccn proposed i n  which p a r t s  of the  bcam around t h e  h o l c  have bccn 

t r e a t e d  as Frame members, and analysed by elementary beam theory ,' wi th  the  i n c l u -  

s ion of stress c o n c e n t r a t i o n  f a c t o r s  to account  f o r  t h e  curved cdgc.  

Thu two aypruachcs, theury of elasticity and curved bcn~n t rnn lys i s ,  a r e  

cornparcd h e r c i n  f o r  mid-dcpth holcs, and the c o n d i t i o n s  under  which each i s  most 

appropriate a r e  determiricd. The approximate  appl.oach i s  t h e n  extended t o  d e a l  

wi th  e c c c n t r i c  h o l e s  by c o n s i d e r i n g  thc d i v i s i o n  of s h e a r  bctwcen t h e  p a r t s  of t h c  

beam above and below t h c  ho l e .  Experiments on largc mid-depth h o l c s  and c c c c n t r i c  

h o l e s  arc  d e s c r i b e d ,  and r c s u l t s  compared ~ i t h  t h c  a n a l y t i c a l  s o l u t i o n .  Previous 

exper imenta l  r e s u l t s  o b t a i n c d  e l s c w l ~ e r c s  a r e  a l s o  used f o r  comparison. F i n a l l y ,  

de s ign  a i d s  i n  thc form of momcnt-shcar i n t e r a c t i o n  diagrams arc p r c s e n t c d  which 

relatc specifically t o  maximum stress c o n d i t i o n s  on t h e  h o l r  c d ~ c s  and in t h c  flangcs. 



ANALYSIS 

The two approaches are out1 incd below for miti-depth holcs nnd eccentric 

holes. The rclevant mcthod t o  use is discussed in a subsequent section, in thc 

l i ght  of cxpcrimental results. 

Mid-Depth Holes 

Theory of Elasticity Solution 

This theory is outlined in References (1) and (6). A useful 

expl ic i t  relationship for the t a n g e n t i a l  normal stress on thc cdge of a 



hole  i s  e i ven  by equa t i on  (6) i n  Rcference 1. For t he  spccific c a w  of s circular 

hole. t11j.s reduccs  to: 

Qt - = 2R b I  T 
( ) ( s i n  B - s i n  38) + 4(-)(E)T sin 20  

Fb G l  a 1 1 

where Ut = the t a n g e n t i a l  normal s t r e s s  on t h e  h o l c  edcc,  Fb = t h c  a l l o v a b l c  bend- 

ing s t r c s s ,  M = t h e  applied momcnt a t  t h c  hole centreliric, Mall = the a l l o w a b l e  bc- 

ing moment bsscd on Fb and the gross s c c t i o n  of t h e  beam, R = t l i c  h o l c  r a d i u s ,  

d = t h c  o v e r a l l  beam dcp th ,  B = t h e  ang l e  rneasirrcd from t h c  h o r i z o n t a l  through t h c  

h o l e  c c n t r e ,  T = the nominal ave r age  s h e a r  s t r c s s  based on the g r o s s  wch area,  

a = t h c  nominal bending stress a t  t h e  o u t s i d e  f i b r e  of t h c  beam. a g a i n  hased on 

g ro s s  s e c t i o n ,  and I' F t h e  r a t i o  of t h e  maximum nominal shear s t r e s s  t o  T .  

E x p l i c i t .  r e l a t i o n s h i p s  f o r  s t r c s s e s  i n  o t h e r  l o c a t i o n s  a r c  not available. The 

above cquation i s  va l id  fo r  mi111 h o l c s  on ly .  cxcep t  t h a t  i f  t h e  shear-to-moment 

r a t i o  i s  low, h o l e s  wi th  d i m c t c r  equa l  t o  or somewhat larger t h an  o n e  h a l f  t h e  

hole  dcpth may be ZIll3ly~ed with s a t i s f ; ! c t o ry  r e s u l t s .  For l a r g e  h o l e s  e s p e c i a l l y  

i f  t h c  shear-to-moment r a t i o  i s  no t  low, t h e  f o l l o u i n g  a n a l y s i s  is proposed.  

Curved Beam Ana ly s i s  

I n  t h i s  a n a l y s i s  p a r t s  of t h e  beam near  the  h o l e  a r e  t r e a t c d  as i n d i v i -  

dual  s t r u c t u r a l  membcrs, and ana lysed  a c c o r d i n g l y  by wcl l  e s t n b l  i shcd  methods. 

Thc resul tant  f o r c e s  a c t i n g  on a c r o s s - s e c t i o ~ )  o f  t h c  bean th rough  t h q  c e n t r e  o f  

t h e  h o l e ,  a s  shown in F igu rc  1, are f i r s t  e s t ima t ed .  Syrrmetry r cq l r i r c s  t h a t  h a l f  

of t h e  t o t a l  shear fo rce  be c a r r i e d  i i b o ~ e  t h c  ho le ,  and t h e  n s g n i t u d c  and l ir!c o f  

a c t i o n  of t l i c  nomal force  EI can be q~pmximstcd by a p p l i c a t i o n  of t h c  s imp lc  f l c -  



xure formula. T h i s  can be based on t h e  moment a p p l i e d  a t  t h c  c c n t r e l i n e  of t h c  

h o l e ,  and t h e  p r o p e r t i c s  o f  t h e  n e t  scct ion  a t  t h a t  l o c a t i o n .  Stresses a r c  t h c o  

c a l c u l a t e d  for s c v c r a l  s c c t i o n s  r a d i a t i n ~  from the  h o l e  centrc,  a5 i n d i c a t c d .  

Thc normal f o r c c  a c t i n g  through t h e  c c n t r o i d  o f  such a s c c t i o n  and t h e  moment, % 
and M+,  are t h e n  uscd t o  c n l c u l a t c  t h c  strcsses. 

The s t r c s s c s  due t o  bend ing  may bc calculated on t h c  assumpt ion  t h a t  t h e  

s c c t i o n  de f ined  by t h e  a n g l e  Q i s  t h e  cross s e c t i o n  o f  a cu rved  beam w i t h  c e n t r c  

of  c u r v a t u r e  a t  t h c  centre o f  t h c  hole .  Then u s i n g  t h c  Kinkler-Bnch curved  bcam 

fo rmulaB the bcnding stress a t  t h e  e d e c  o: t h e  hole  i s  

A = a r e a  o f  t h e  i n c l i n e d  t e c - s c c t i o n  d e f i n e d  by t h c  a n g l e  $, c = t h e  d i s t a n c e  from 

t h e  h o l e  cdge t o  t h e  c e n t r o i d  of t h c  i n c l i n e d  tcc. and y = a c o o r d i n a t e  mcasured 

from t h c c c n t r o i d  of t h e  i n c l i n e d  t e e - s e c t i o n .  

The i n t e g r a t i o n  o f  c q u a t i o n  (3) may be performed numel - i ca l ly ,  o r  a l t e r -  

n a t i v e l y  c x p l i c i t  fo rmulac  are  g i v e n  f o r  a numbcr of different s e c t i o n  shapes  i n  

R e f e r e n c e  (8). I n  p a r t i c u l a r ,  f o r  a t e e  s e c t i o n  as shown i n  figurc 2 ,  

R+c Z = - 1 + -  
A [b l d R t c + u l l  + (w-b) h ( R t c t u 2 )  - w kn(R)] ( 4 )  

I t  i s  c o n v c n i c n t  t o  c a l c u l a t e  a s tress c o n c e n t r a t i o n  f a c t o r  K f o r  t h e  

h o l c  cdge stress based on cquntion (2). Thus, 

whcrc I i s  t h e  n m c n t  of i n e r t i a  of t h e  i n c l i n c d  t e e - s e c t i o n  obokit i t s  c e n t r o i d .  



The stress caused by KO must be addcd t o  thc bcnrling component, and i t  

has been found ruff icicnt l y  accurate t o  apply thc samc strcss concentrat ion f a c t o r  

K t o  the nominal a x i a l  stress valuc a s  derivcd hy cons iJcrat ion  of  t h e  bead in^ 

stresses. Thus t h e  tangcnt ia l  s t r e s s  at the h o l c  cdj:c bcconlcs 

This  c a l c u l a t i o n  i s  repeated for  various values of Q u n t i l  n maximum valuc of ot 

i s  rrached. Thi s  process  can h e  carricd out up t o  a maxir~~un~ @ of about ,15', and 

i t  has bcen found t h a t  for pract ical  hole  and beam pcomctrics,  t h c  maximum alrrys 

occurs with b < 45O. 

Thcory of Elasticity Solut ion  

The thcory  i s  outlined i n  Reference (61 and the f o l l o w i n g  cnpl  i c i t  r e l a -  

tionship for thc h o l c  cdgc s t r e s s  for c i r c u l a r  holes may h e  dcrivcd: 

Afd2 2R e d 
(J-) [CDS 3 - 3 cos 36 + 4 , s i n  231 

wherc c = t h c  ccccntricity mcasurcd as  the  distance from t h e  centre of  thc ho lc  

t o  t h c  heam c c n t r e l i n e ,  V = thc total shcar ,  Val ,  = t h c  al lowable shear, F, = thc 

allornble shcar s t r e s s ,  A, = the gross wcb arca [= dw], and A f  = t h c  area of one 

f lanee. 

Curved Beam Solution 

This method follows t h e  i d e n t i c a l  procedure as for t h e  mid-depth h o l e ,  

the o n l y  d i f f e r e n c e  bcing that the shcar forcc i s  no longer d i s t r i b u t e d  e q u a l l y  



above and below t h e  ho l e .  I n  o r d c r  t o  calculate the d i v i s i o n  of s l i ca r ,  t h e  scc- 

t i o n s  of t h c  beam above and  below thc ho le  a r c  treated  s e p a r a t e l y ,  and cond i t i ons  

of s l o p c  and d e f l e c t i o n  compat i b i l  i t y  between t h e i r  ends are cmploycd . 
E q u i l i b r i u m  r e q u i r e s  t h a t  t h e  sun o f  s h e a r  f o r c e s  i n  r h c  uppcr  and lower 

sec t ions  must be equal t o  t h e  t o t a l  shcar force a t  h o l e  c c n t r c l i n c .  V ,  that  i s ,  

v~ + v~ = v (8)  

uhcre VT and VB = t h e  shcn r  f o r c c s  i n  the upper and lower s c c t i o n s  r c s p e c t i v e l y .  

From slope and d e f l e c t i o n  c o m p a t i b i l i t y ,  that  i s ,  equality of t h c  changes i n  s l o p e  

and dcflection of t h c  uppcr  and lower scct ions  o v c r  thc I cng th  o f  t h e  h o l e ,  t h e  

fallowing shear force  r a t i o  i s  obtained: 

where E = Young's Modulus, I.,,, J B  = t h e  moments o f  i n c r t i a  of  upper and lover 

s e c t i o n s . r c s p c c t i v c 1 y  ahout  t h e i r  c e n t r o i d s ,  0 = an anglc mcasurcd from t h e  c e n t r e  

of t h e  h o l e  from i t s  v c r t i c a l  c e n t r e l i n e ,  G = s h e a r  modulus, and %, $ = shear 

stress paramete rs  f o r  t h e  uppcr  and lower scct ions r c s p c c t i v c l y .  A d e t a i l e d  ana- 

l y s i s  of thc derivation of equation 9 i s  g iven  i n  hppcndix I. 

In ordcr to v c r i f y  t h e  above t h c o r i c s ,  and t o  determine which i s  thc 

more appropriate to usc i n  a given ca se ,  smc experiments rcrc  psrformed, and are 

desc r i bed  i n  thc ncxr section. 



TEST PROGRAX .1W IIESULTS 

Two heams cach conta in ing  t w o  h o l e s  kmcrc tcstcd t o  de t eminc  e l a s t i c  

stress d i s t r i b r ~ t i o n s  and d e f l e c t i o n s .  D e t a i l s  o f  t h e  beams, h o l e s  and test 

a r rangements  are s h o w  i n  Figure 3. Thc two h o l e s  i n  Beam A wcre choscn  t o  bc 

largc  cnough that the  t h e o r y  of e l a s t i c i t y  s o l u t i o n  uou ld  a lmos t  c e r t a in ly  be in-  

adequate f o r  t h e i r  a n a l y s i s ,  and t h c  r c s u l t s  t h c r e f o r c  r e p r c z e n t  a t c s r  of the 

curvsd  beam mcthod of a n a l y s i s .  The s m a l l e r  h o l e s  of  Bern U wcre c h o s e n  i n  an 

a t t e m p t  t o  e x p l o r e  t h c  l i n ~ i t ~ t i o n s  in a p p l i c a t i o n  of t h e  two a n a l y t i c a l  a p p r o a c h e s .  

A l l  h o l e s  were t e s t ed  under  two d i f f c r c n t  shca r - to -monen t  r a t i o s ,  s i n c e  t h c  ade- 

quacy of t h c  a n a l y t i c a l  approaches is known t o  be vcry  dependent on t h i s  r a t i o .  

Thc h o l e s  wcre ' m h i n e d  w i t h  a f l y  c u t t e r ,  and t h u s  bad clcan, notch  

frcc edges. w h i l e  i n  p r a c t i c c  most h o l e s  would  be flame c u t ,  t h c  r e s u l t i n g  

s t r c s s  raiscrs would i n  f a c t  be ignorcd by t h e  d e s i g n e r ,  u n l e s s  f a t i g u e  was a con- 

s i d c r a t i o n .  I t  was t h e r e f o r c  p re fe r r ed  t o  eliminate the c f f e c t s  o f  a rough edge 

and s o  providc a clearer p i c t u r e - o f  t h e  r e l e v a n c e  o f  t h e  a ~ l a l y s e s .  The  wcbs and 

f l a n g e s  of t hc  beams i n  t h c  v i c i n i t y  o f  cach h o l e  were s t r a i n  gauged, and gauge 

l o c a t i o n s  are shown on F i g u r e  4 .  

Thc beams were s imply  suppor ted  a t  each end, and  b c c a u s c  of t h c  l o x  

rnngl~itudes of l o a d ,  no l a t e r a l  s u p p o r t  was p r o v i d c d .  Load was appl ied  by weans 

of an Amslcr h y d r a u l i c  j a c k  and r e a d i n g s  of  gaugcs and d e f l e c t i o n s  recordcd a t  a 

minimum of 5 incrcrnents of l o a d .  A maximum load of 13 kips was a p p l i e d  t o  Ream A ,  

and 21 k i p  t o  Beam 8, and no n o n - l i n e a r i t y  *as observed  i n  any of the readings .  

The bcams were t c s t c d  w i t h  t h e  h o l e s  i n  t h e  p o s i t i o n s  shown i n  F i g u r e  3 .  and tl icn 

w i t h  t h e  reversed p o s i t i o n  w i t h  the kolcs cccentr ic  below the ni id-depth .  Xuch of 

t h e  data was a u t o m a t i c a l l y  r ecorded  and s t o r e d  on d i s k  for l a t e r  a n a l y s i s .  



Tangential normal stresses around t h e  hole c d ~ c  arc shown on Figures 5 

to 8 .  Also plotted arc solutions given by the theory of c l a s t i c i c y  and by the 

curved bcam mcthod; for the lattcr, stresscs are plottcd only for thc sector + - 
45' from the vertical centre-linc of the holc, because of the limitation of the 

wthod. Stresscs around tho large holcs of Beam A arc shom oil Figures 5 and 6 

for M/V = 24 in. In both c n s c s ,  the theory of e l a s t i c i t y  solution i s  qu i t c  inade- 

quate, and the curvcd beam solution accurately predicts the mcasured stresses. 

Similar rcsults wcre aIso obtaincd for these holes under a ht/V ratio of 48 in. 

Results for Hole 5 of Beam R are shown in Figure 7 for t h e  two M/V ratios. Under 

the lowcr M/V ratio, the two analyses give very c1osc results, and both predict 

thc rncasured strcsses v c l l ,  A t  the higher M/V ratio, the theory of elasticity 

solution provides a good cstimate of the measured strcsses while the accuracy of 

the curved beam results is diminished. Similar conclusions can bc drawn from the 

results for Holc 4 .  shom on Figure 8. These rcsults are consistent with t h e  

known dependencc of both mcthds on tlic M/V ratio. 

Shcar stresses wcrc measured by rosette gsugcs placed on t h c  holc ccn- 

trcline. Expcrimcntal rcsults are shown for two M/V ratios on Figurer; 9 and 10, 

and are compared hsith the theoretical stress distributions bascd on thc shcar 

force valucs givcn by equations (8) and (9) with the-distribution according to 

standard elastic theory. Satisfactory agreement was found i n  a l l  cases. 

Longitudinal normal stresscs were mcasured on the centrelinc of the 

flanges at various positions over the length of  the holc. T y p i c a l  vnlucs are 

shown in Figures 11 and 12, and arc compared with values obtained in thc follow- 

ing two ways: flexural stresses calculated from t h e  applicd bending moment, and 

based on tlrc gross ( i . c .  unperforated) beam scction modulus, and values of 

flange strcsses obtaincd from thc curved bcam analysis. Thc lattcr wcre calcu- 

l a t e d  on planes - + 45' from the hole centrclinc. and it can be expcctcd t h a t  thc 

accuracy w i l l  diminish as the cn~: lc  incrctlscs. The rcsults in gcncral do not 



shw greet deviations from thc nominal strcss valucs, except in cases where the 

hole is w r y  l a r g e  or thc eccentricity i s  large. In either case. it can be ex- 

pectcd that  t h c  n~axirnum holc edge strcss w i l l  be large, and might in any case 

gwcrn .  Thc curved bcam cstimatcs o f  thc longitudinal flange stresses generally 

indicatc thc strcss  distributions,  aid predict the maximum values quite well al- 

though t h c  location i s  Ccncrully not predictcd accurately. 

Four Ylb x 40 bcams o f  A36 s t c e I  containing eccentric circular boles 

werc tested by Frost .' Thc holes were 6 . 4  i n .  diameter, and eccentr ic i t i es  'cre 

1.0 in. and 2.0 in. Stresses were measured on three cross sections of t h e  bcam 

cwrcsponding to  t h c  ccntreline and the two ends of the hole. Howcver, s t r a i n s  

were not rccordcd a t  the  edges of  the holes other than a t  these sect ions .  Thus 

only the stresscs at the hole centreline can be conpared with tlic thcor i c s  here- 

i n .  Shear stresses at this location again showcd good agreement between thc 

thcory and experiment as shorn on Figure 13. 



DESIGN AIDS 

For t h e  cxpcrjmcntal cases presented h e r e i n ,  i t  h a s  Leen shown t h a t ,  

:riding upon t h e  h o l e  s i w  and thc H/V r a t i o ,  c i t h c r  the curved hcam method 

the t h e o r y  of  c l a s t i c i t y  mcrhod g i v c s  a s a t i s f a c t o r y  s o l u t i o n  f o r  thc maximum 

hole edgc s t r c s s .  Thc appropr i a t e  s o l u t i o n  i s  a l r a y s  t h c  one predicting t h c  

grcater s t r c s s  n~agni tudc .  I t  i s  t h c r c f o r c  appa ren t  t h a t  f o r  a givcn c a s e .  i f  

both  s o l u t i o n s  a re  ob t a incd ,  the l n r g c r  s t r e s s  p r c d i c t c d  may bc t aken  as t h c  

more a c c u r a t c ;  however, i t  has  not bccn demonstrated t h a r  such n r e s u l t   ill hc 

s u f f i c i e n t l y  a c c u r a t c  f o r  a11 p r a c t i c a l  va lues  of Y / Y  and 2R/d. 

A s tudy  of t h c  nccuracy of the two methods i n  p r e d i c t i n f i  t h e  maximum 

h o l e  edgc strcss f o r  mid-dcpth h o l c s  has bcen p r c s e n t e d  i n  Refcrencc 4 .  Por n 

number o f  reporta l  r e s u l t s  o f  experiments and finitc element  analyses of mid- 

d e p t h  holcs .  t h e  maximum stresses predicted by t h c  two analysts have been com- 

pared ,  and non -d imens iona l i~ed  s t r e s s e s  p l o t t e d  against a non-dimensional pnra -  

meter M/Vd. r c p r e s c n t i n g  t h c  moment-to-shear r a t i o .  R e s u l t s  for the  s n a l l c s t  h o l e  

(2R/d = . 4 3 4 )  and t h e  l a r g c s t  one [2R/d = 0.758) are  s h o w  on Figure 14. These 

and othcr  r c s u l t s  showcd t h a t  t a k i n g  t h e  l a r g e s t  of the two stresscs cou ld  r c s u l t  

in unsnfc p r e d i c t i o n  of  t h e  a c t u a l  stress, w i t h  a m a x i m u m  underestimate of  about  

14%. This hovlever a p p l i e s  only ovcr  a l i m i t e d  rnngc of !l/lld r a t i o s .  and o n l y  t o  

smal l  h o l c s ,  f o r  which stress l c v c l s  e l sewhcrc  i n  t h c  beam may v c l l  be c r i t i c a l .  

Thus fo r  most purposes ,  the l n r e c s t  value of strcss given by t h c  two mcthotls may 

be cons idcrcd  s u f f i c i e n t l y  a c c u r a t e .  

On t h i s  b a s i s ,  design a i d s  have bccn prepared  and a r c  g iven  in  Figures 

16 t o  27. I t  has bccn assumed t h a t  t h e  above c o n c l u s i o n s  nrrivcd a t  f o r  mid- 

dep th  h o l c s  hold c q u a l l y  fo r  c c c c n t r i c  ho le s ,  and there fore  t h e  e f f e c t s  of cccen- 

t r i c i t y  a r e  inc ludcd  in thesc diacrams, 



The diagrams t a k e  t h e  fum uf i n t c r a c t i o n  curves  r e l a t i n e  t h c  s h c a r  

force V and moment M which, a c t i n g  t ugc thc r  w i l l  j u s t  c ause  t h c  maximum h o l e  

edge strcss t o  reach t h e  a l l owab le  va luc .  Thus  v a l u e s  o f  M and V which j u s t  

cause  t h e  maximum stress to reach  F a r c  r c p r e s c n t c d  by p o i n t s  on t h e  curvc, and h 

p o i n t s  on t h e  concave s i d e  of thc boundary r e p r e s c n t  lower v a l u e s  u f  rhc mnximuu 

stress. P o i n t s  o u t s i d e  t h e  curve r ep re sen t  unsa f e  load  combina t ions .  Shear  and 

m c n t  hovc been non-dimensionnl ised by d i v i d i n g  by  V and H r c s p c c t i v c l y ,  
a l l  a l l  

thrsc hcing t h e  a l l owab le  v a l u c s  o f  s h c a r  and moment, based on the nominal gross 

beam s e c t i o n .  I t  h a s  been assuincd t h a t  Fv = 2F / 3  where F and I: are t h e  a l low-  b v h 

ablc s h c a r  and bending stress respectively. In a d d i t i o n  i t  has heen assun~ed t h a t  

t / d  = 0.05 and AJAf = 2.0; t h e  r e s u l t s  are  n o t  s e n s i t i v c  t o  t h c s c  r a t i o s ,  and t h e  

assumed v a l u e s  both l e ad  t o  s 1 iaht  l y  c o n s e r v a t i v e  r e s u l t s .  

For a l l  these d i a g r m s ,  maximum f l a n g e  stresses givcn  by t h e  curved beam 

a n a l y s i s  have been c a l c u l a t e d ,  and i n  a f e u  c a s e s ,  co r r e spond ing  t o  smal l  h o l e s  

with smal l  o r  ze ro  eccentricity, under low shear f o r c e s  t h c s e  were found t o  be  

c r i t i c a l .  The i n t e r a c t i o n  diagrams t a k e  t h e s e  f l a n g e  s t r c s s c s  into accoun t ,  as 

i n d i c a t e d  on Figure 15.  Th i s  diagram shows f o u r  r c g i u n s  o f  thc diagram, one 

cor responding  t o  the c a s t  when f l ange  s t r e s s e s  govern,  and t h e  o t h e r  t h r e e  t o  holc 

cdgc s t r e s s e s .  A t y p i c a l  d iagram w i l l  c o n t a i n  two o r  morc o f  these zones .  

Figures 16 to 27 p rov ide  de s ign  aids f o r  most p r a c t i c a l  s i t u a t i o n s ,  and 

account f o r  the effects o f  t h e  ho le  on normal stresscs i n  both flange and web. 

The remain ing  check which a des igner  must makc conccrns  t h e  maximum s h e a r   tress. 

A s  an a i d  t o  t h i s ,  P igu rc  28 g i v e s  t h e  d i v i s i o n  of s h c a r  force above and below 

the ho l e .  Bccausc t h c s c  va lue s  are dependent upon A w / A f ,  a l t hough  n o t  ve ry  scn- 

s i t i v e l y ,  r e s u l t s  are g ivcn  fo r  Aw/Af = 0.75 and 2 . 0 ,  and i n t e r m e d i a t e  va luc s  may 

be ob ta ined  hy i n t e r p o l a t i o n .  Th i s  may bc used t o  c a l c u l a t e  t h e  shcar strcsscs 

it) t h e  t o p  and bottom tee  s e c t i o n s  on the h o l e  c c n t r c l i n c .  



Given the  beam dimensions and loading shown on Figure 29, i t  is required 

to check the adequacy of thc  beam i f  a holc of 9 inch diameter and acce i~tr ic i ty  

2 inch i s  placed G f t .  from t h e  lef t  hand support. The beam i s  laterally supported 

along t h e  span and has a y i e l d  stress of SO ksi ( A 4 4 1  steel). 

Since the beam i s  non-coorpact, F b  = 0.60 F = 30 k s i  
Y 

f = 0.40 F = 20 ksi v Y 

Maximum bending momcnt a t  mid-span 20 l2 = 2400 k-in. 4 

2400 18'0 = 26-93 ksi  < P,, Maximum bending strcss - 802 O . K .  

2R 9 
Hole diameter to bcam-depth ratio ($ - - = 0 . 5  

18 

e 2 Eccentricity to beam-dcpth ratio (-1 - - = 0 .11  d 18 

k m e n t  at holc centrcline M = 20 x 6 x 12 = 1440 k-in. 

Shear a t  holc c e n t r e l i n e  V = 20 kips 

Allowable Flomcnt M a l l  = 30 '02 1 2673.3 k-in. 
18 

Allowablc Shcar V a l l  = 20 x 18 x .358 = 128.8 k i p s  

v 20 - = -  
"al l  128.8  = 'I6 

This point is plotted on Figurc 29 and i s  found t o  be i n  thc sa fc  region. 

Shear stress a t  h a l t  cen t re l i iw  

Interpolating from Figure 28,  

VT = .ZGV = 5 . 2  kips 

V15 = .74V = 14.8 kips 

Thc locatiorls of the neutral n x i s  for the  top and bottom t c c  sections arc givcn in 

Figurc 3 1 .  



b m c n t  of incrtia of top tee scction, IT = 1.26 

Moment of incrtia of bottom t c e  s e c t i o n ,  I = 2 1  
H 

i n .  4 

. 3 2  in.  II  

v ~ Q r  Maxin~unl shear  stress i n  t op  tcc = -I T" 

"R% 
Maximum shear stress i n  bottom t e e  = - I w 

B 

= 9.16 ksi c FV O . K .  

Hence the stresses a t  t h e  holc  are w i t h i n  allowable l imits.  
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Bridge Company, Montrea 1 , who provided support for onc of  the authors [PWC) by a 

Dominion Bridge Fellowship ward.  



APPENDIX I - S!KAR t:OI\CE DIVISION 

'l'hc d i v i s i o n  of shcar force  V bctticen the unequal t op  and bottom sect- 

i ons  across Lhc web h o l c  can bc determincd by assuming t h a t  t h e  d c f l c c t i o n s  and 

s lopes of thc top and bortorn s e c t i o n s  arc equal . 5  Using t h e  Moment Arca  Method,  

the deflections and change i n  s l opes  of the h i g h  rcor,:cnt cnd of t h e  ho l c  with res -  

pcct t o  t l ~ c  low moment end, or v i c c  v e r s a ,  can b e  calculated. Thc frcc-body d i a -  

gram, thc bending momcnt diagram and Lhc M/EI d i a ~ r ; m  for a t y p i c a l  top sect ion 

are ~ i v c n  in F i y r e  30 .  

De f l ec t i ons  and Slopcs 

W i t h  the coordinate  system indicated i n  Figurc 30. t h e  d c f l c c t i o n s  and 

s lopcs  duc t o  bending and shear for t h c  t o p  and bottom s e c t i o n s  arc g i v e n  as 

fo l l ows :  . ' 
Dcf l cc t  i on  

ZR y' 
R c n d i n ~  ( top section) - ,ZR '"lx2 

dx - ;o - 'Ix 2R % 2R 'TX 4 - d x - I ,  - d x  
E 1 ~  E = ~  F. 1 IT 

'I 
Shear ( top  s ec t i on )  -tR T'mnx 

I; 
dx 

ZR MA x 
Pending pottorn .wc.ti.on) - 2R "Bx2  d x - G  - d x  

2R M A  2R "B' 
- d x -  6 - d x  E I B  E [ ~  

I B 
E I B  

T ZR R , m : l x  
Shear (bottom sect ion)  -6 G d x 

Scct  ional  Properties 

I t  i s  convenient  t o  cxprcss t h c  sectional propcrtics, a r e a  and moment of 

incrt i a ,  i n  p o l a r  coordinntcs (r ,B)  r a t h e r  than t h e  c ~ r t c s i a n  coordinntcs ( x , y ) ,  

Wit11 rcfercncc t o  F i ~ u r c  31, t h e  transformation cquations arc:  



x = R ( s i n O + l )  

and y = R cos 0 

From F i y r c  31 ,  i t  can bc shown that  for any s e c t i o n  n-n,  

bt ' t 
"5' 

and IT = 12 + bt (TT + - - r+* + 
" * 

2 + wI;& - 7) 

where t = f l a n g e  th i cknes s ,  + = sectional a r e a ,  b = f l a n g e  width, u = web t h i c k -  

ness, r.,, = t h e  d i s t a n c e  o f  the neutral axis from thc h o l e  edge, and IT - the mo- 

ment of inertia of the sec t ion .  

For t h e  locotion o f  the maxianun shear stress, and its magnitude, T 
T,max 

two cases need t o  be considered, namely, when the n e u t r a l  axis l i e s  i n  thc ucb and 

i n  t h e  f lange.  

Whcn neutrul  axis l ies  on the web: 

and when neutral a x i s  l i e 5  on t h e  flange: - 

In g e n e r a l ,  T can bc cxpresscd u s :  
T, max 

T 
T,max k ~ V ~  



Equatinl; the ileflcct ions and S l o p e s  

By cquat ing the d e f l e c t i o n  and s lope  of the top and bottom section, the 

f o l l oh~ ing  equations arc obtained: 

The above equations, (15) and (16), can be reuritten in polar coordinates 

u s i n g  equations ( l o ) ,  (11) and ( 1 4 )  as:  

n H; "B "B% 
= - R ( s i n  0 + 1) R cos BdB - -- si sin 8 + 1 1 2  R cos Bd0 - h2 7 R  cos 9dB 

- 2  E 1 ~  - 2  E 1 ~  - 2  

ll VTR(sin 9 t 1) 
- R  co s  CdB - $2 

! v~ 
E I T  R cos BdB - $ d% 

- 2  - 2  - 2 

n M; Il VnR(sin e + 1) 
- R cos  €id9 - +2 

v~ 
= C . I ,  R cos  Ode - h2 - dk 

- 2  - 2  E 1 ~  - 2  
G 0 

On expansion, many of the integrals are found to be odd functions,  and 

therefore vanish. Rearrangmncnt of these equations then leads to the 'follouing 

"'rR cos OdB 
vTuZ n , I n  sln28 cos 8dO VT " 

- I  - -  - -  "T~' I! l o .  Bd0 
E 0 E 0 IT - $2 % cos BdB E 0 IT IT 



MAR ! cos O ~ O  '~~2 sin2 8 cos Q ~ I B  v~ n 
= --I - 3 - L  - -  E - - 5 kB cos 8dQ E 0 IB IB 

G 0 

! cos BdO MAR n 
2 cos BdB - I  'TR2 1 cos OdQ = - I --lo VBR2 ! COS ode - -  

E 0 IT E IT E 0 IB E I0 IB (20) 

Equations (19) and (20) can thus be solved simultaneously to yield 

equation ( 9 ) ,  which can be integrated numerically to provide values of VT/VB. 
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APPENDIX 111 - WOTATION 

The following symbols a rc  used i n  t h i s  paper: 

area of inclined tee-section defined by angle $; 

area of one flange; 

area of ver t ica l  top tee-section; 

area of web; 

width of flange; 

distance from the hole edge t o  the centroid of the inclined tee-section; 

distance from the hole edge t o  the centroid of the ve r t i ca l  top tee- 

sect  ion; 

ovcrall  depth of beam; 

Young ' s Modulus ; 

eccentr ic i ty  w i t h  respect t o  the beam centrel ine;  

allowable bending s t r e s s ;  

allowable shear s t r e s s ;  

yield s t r e s s  of s t e e l ;  

shear modulus; 

moment of i ne r t i a  of the inclined tee-section; 

moment of i ne r t i a  of the ve r t i ca l  bottom tee-section; 

moment of inertia of the ve r t i ca l  top tee-section; 

s t r e s s  concentration factor ;  

shear s t r e s s  parameter for ve r t i ca l  bottom tea-sect ion;  

shear s t r e s s  parameter fo r  ver t ica l  top tee-section; 

moment a t  hole centrelinc; 

allowable bending moment based on F and thc gross section of the bean); b 

resul t ing moment i n  inclined tee-sect ion;  



bending moment at bottom tee-section (hi):h moment cdgr of h o l e ) ;  

bcnding moment at bottom tcc-scction (low nholnent edge of hole); 

bcnding moment at t o p  tee-scction (high moment edce of hole) ;  

bcnding moment at top tee-section (low rnoncnt edge of hole); 

normal forcc n t  h o l e  ccntrc l inc;  

resulting normal force at inclined tee-scction; 

f i r s t  rromcnt of area about ccntroid of hottom tee-section; 

f i r s t  morncnt o f  area about centroid of top tee-section; 

hole rad ius ;  

flange thickncss; 

distance o f  flange from tbc neutral a x i s  of i n c l i n e d  tcc-section; 

distance o f  tl~c web-flan~c in t er face  from the neutral a x i s  of inclined 

tee-section; 

shcar forcc at hole centrclinc; 

allowable shenr based on F and t h e  sross sec t ion  o f  t h c  heam; v 

web thickncss; 

property o f  area; 

a n g l e  mcnsurcd from the horizontal through t h e  holc centre; 

angles mensurcd from the vertical through the holc ccntre; 

noininnl nvcragc shcar  srrcss bascd  on Rross web arca;  

maximum shcnr stress of vcrtical bottom tee-scction; 

maximum she;lr stress of vcrtical top tee-section; 

ratio of miiximum nominal shear stress to T ;  

nominal hcnding strcss at o~tsidc f i b r e  of t h e  beam based o,n gross 

sect ion;  

bend in^ strcss at holc cdge; 

tte tnngential strcss n t  hole cdge; 



E-r = length of wcb of aoy vcrticnl top tcu-scction; and 

G = length of web OI vcrtical top tcc-scction at hole ends. 
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CURVED IIEhV IDEAL1 ZATION 

TYPlCAL IKCLIWLD TEE-SECTION 

DETAILS OF TEST UEILVS 

Ih'STllK~l~hTAl'ION OF BEAMS 

t fOLE EDGE STRESSES (IIOLE 1 ,  BEAX A )  

HOLE EDGE STRESSES ( M L E  2 ,  BEAM A )  

IDLE E K E  STRESSES (MLE 3 ,  BWI B) 

tMw EWE STRESSES [ W E  4 ,  BEAM B) 

SHEAR STRESSES AT I B L E  CEhTRELINE (HOLE 3 ,  REhd H) 

SHEAR STRESSES AT WLE CENTRELIKE (HOLE 4 ,  D E N  B)  

F W G E  STRESSES (HOLE 2 ,  BEkV A )  

FIANGE STRESSES (HOLE 3 ,  BEAV B) 

SIIFAR STRESSES AT HOLE CEKTIIELIXE ( R E F .  5) 
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