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ABSTRACT

This thesis concerns tree decompositions. Trees are one of the simplest and most well
understood class of graphs. A tree decomposition of a graph improves our understanding
of the graph in a similar way. For example, as a consequence of Robertson and Seymour’s
groundbreaking work in the theory of graph minors, there are linear time algorithms for
NP-hard problem on graphs that admit a tree decomposition of a certain type. We classify
existing tree decompositions and examine what makes a tree decomposition unique.

The first result of this thesis is a linear time algorithm for building a tree decomposi-
tion for the class of graphs that exclude K5 as a minor. The second result is a significant
modification to this algorithm which results in a linear time algorithm to construct the tree
decomposition for graphs which exclude a special set of paths. These are vertex disjoint
paths between two pairs of input vertices (si,t1), (s2,%2), one from s; to ¢; and the other
from s9 to ts.

We then use these tree decompositions to improve the running time of existing algo-
rithms and extend the allowed input of other algorithms from planar graphs to graphs that

exclude K5 as a minor.



ABREGE

Cette these traite de décompositions arborescentes. Les arbres font partie des classes
de graphes les mieux comprises. La décomposition arborescente d’un graphe améliore notre
compréhension de ce dernier. Par exemple, grace aux travaux de Robertson et Seymour sur
les mineurs d’un graphe, nous savons qu’il existe, pour des problemes qui sont en général
NP-difficiles, un algorithme linéaire pour les graphes admettant une certaine décomposition
arborescente. Nous classons les décompositions arborescentes connues et déterminons les
propiétés qui rendent cette décomposition unique.

Comme premier résultat, nous donnons un algorithme linéaire pour construire une
décomposition arborescente d'un graphe sans mineur du graphe complet K5. Notre deuxieme
resultat repose sur une modification de cet algorithme afin d’obtenir un autre algorithme
linéaire. Ce dernier permet la construction d’'une décomposition arborescente d'un graphe
qui ne contient pas deux chemins a sommets disjoints entre deux paires de sommets données
(Sl, t1> et (82, tz)

Nous utilisons ces deux décompositions pour améliorer le temps de calcul des algorithmes
existants et modifions des algorithmes pour graphes planaires pour leur permettre de prendre

comme donnée des graphes sans mineur K.
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CHAPTER 1
Introduction

Trees are one of the most well understood class of graphs and often occur naturally, for
example in divide-and-conquer algorithms. Sometimes when a recursive algorithm is used to
divide a graph, it produces a recursion tree where each node is labelled by its input graph.
Such recursion trees are an example of a tree decomposition, the topic of this thesis.

A tree decomposition for a graph is a tree with each node labelled by some (likely
different) graph with restrictions on these labels (and the tree) depending on the specific type
of tree decomposition we have. They allow us to solve hard problems on graphs for which we
can build such a decomposition. This is not too surprising as these hard problems are easy to
solve on trees (for example using dynamic programming). Frequently, tree decompositions
express how tree-like a graph is and allow us to use similar techniques on graphs which are
not trees. To benefit from these faster algorithms, we need to be able to quickly build a tree
decomposition of interest in the first place.

Of course, a graph does not have a tree decomposition of every type. Many results in
this area are of the form: every graph in which substructures of type A are excluded has a
tree decomposition of type B. In order to be able to exploit such a result algorithmically,
we need to be able to efficiently construct a tree decomposition of this type (or show that
this is impossible because the input graph does not permit such a decomposition). The two
main contributions in this thesis are algorithms of this type.

First, we present a linear time algorithm for building a tree decomposition called a
(3,3)-block tree, for graphs which exclude a clique of size 5 as a minor. Second, we modify

this algorithm into a linear time algorithm for building a tree decomposition, called a pruned



Ks-tree, for graphs which exclude a minor of the clique of size 5 that is not separated by
small cuts from a set of input vertices.

The problems our algorithms solve arise in the theory of graph minors (we recall that,
as discussed in detail below, a graph H is a minor of a graph G if it can be obtained from
a subgraph of G by contracting some edges). They relate to seminal work of Robertson and
Seymour, motivated by a theorem and a conjecture of Wagner.

Wagner proved that every graph G from which we exclude a clique of size 5 as a minor
has a special kind of tree decomposition. He conjectured that in any infinite family of
graphs, there must be one graph containing another member of the family as a minor. In
their seminal work, Robertson and Seymour show that for every graph H, those graphs
not containing H as a minor permit a special type of tree decomposition (the type of tree
decomposition depends on H). This allowed them to prove Wagner’s conjecture.

Robertson and Seymour’s result implicitly contains an O(n?®) algorithm to construct
such a tree decomposition. An explicit algorithm (whose running time is a function of
H) was given by Demaine et al. [22]. This structural decomposition result can be used to
obtain algorithms. For example Robertson and Seymour used it to provide O(n?) algorithms
to determine if a graph has a specific graph H as a minor. They also used it to obtain an
O(n?) algorithm for the k-DRP problem defined as follows: given a graph G' and k pairs of
vertices (s1,11), (S2,t2), ..., (Sk, tx), determine if there are k vertex disjoint paths, one from
s; to t; for each i. Actually they provided an O(n?) algorithm for a common generalization
of H-minor containment and k-DRP, the labelled minor containment problem (see [58]). We
will consider H-minor containment for a specific H: K5, and k-DRP for a specific k:2.

One of the main contributions of this thesis is providing a linear time algorithm which
allows us to exploit Wagner’s proof that Ks-minor free graphs have a special type of tree
decomposition. Given an input graph it either constructs such a special tree decomposition

or determines that G has a Ks-minor. This improves on the previously best known quadratic



algorithm of Kézdy and McGuinness [44]. Having obtained this tree decomposition we show
that we can exploit it to obtain linear time algorithms for various optimization problems if
we restrict our attention to Ks-minor free graphs.

A second major contribution is an algorithm which allows us to solve the 2-DRP problem
in linear time. It improves on the previous best O(na(m,n)) algorithm of Tholey [70] (where
« is the inverse Ackermann function).

Our algorithm exploits the characterization of feasible instances of 2-DRP obtained
independently by Seymour, Thomassen and Shiloach (see [62, 71, 64]). The algorithm works
with an auxiliary graph obtained from the input graph. The characterization implies that
if the auxiliary graph contains a Kjs-minor then this minor is not “attached” to the set
A = {s1, 82,11, 2} but rather can be “separated” from this set of vertices by a cutset of size
at most three. Furthermore, given such a 3-cut it is easy to reduce to a smaller graph in
which we add edges to make the cutset a triangle and a component of the auxiliary graph
disjoint from A is deleted.

Our algorithm repeatedly applies such reductions. We can think of this algorithm as
building a tree decomposition of a graph from which we have excluded an “attached” Kj-
minor. The tree we build is a star, with the Ks-minor free graph we have reduced to being
at the center of the star, and the leaves containing the pieces we deleted. We call this a
pruned Kjs-tree decomposition.

The thesis is organized as follows. We begin, in Chapter 2, with an overview of (some)
existing tree decompositions and the algorithms which use them. We consider conditions
which ensure that a graph has a unique tree decomposition of a given type. We spend
considerable time discussing graph minors and the tree decompositions obtained by excluding
minors.

In Chapter 3, we present our linear time algorithm for finding a Wagnerian tree-

decomposition of a Ks-minor free graph. We first apply classical linear time algorithms



to obtain the block trees and strong 2-block trees of the input graph. These well-known
tree decompositions (the algorithmic theory of which was developed by Hopcroft and Tarjan
[67, 39]) split the input graph into its 3-connected components using 1-cuts and 2-cuts.

We then apply the key subroutine of our algorithm: a linear time procedure which
decomposes the input graph using those 3-cuts whose deletion leaves at least three com-
ponents, into pieces which have no such 3-cuts. It turns out that this tree decomposition
is Wagnerian. This key subroutine is recursive and in each iteration, our algorithm either
finds a K5-minor or recursively applies itself on a set of smaller 3-connected graphs. Having
solved the problem on these smaller graphs, it uses the solution to these new problems to
construct the solution to the old problem quickly. Our reductions will reduce the problem so
much that the entire algorithm runs in linear time provided the reduction and post-recursion
subroutines take linear time.

In Chapter 4, we describe our linear time algorithm which builds a pruned Ks-tree of a
3-connected graph with no attached Ks-minor. We begin by reducing the 2-disjoint rooted
paths problem to the problem of finding a pruned Kjs-tree in a (auxiliary) 3-connected graph.
Again, our algorithm is recursive and in each iteration, our algorithm either determines an
attached K5-minor exists and or recursively applies itself on a set of smaller 3-connected
graphs. In order to reconstruct a solution for the input graph from the solutions to the
smaller graphs we need to exploit the fact that the graph corresponding to the center of
the tree decomposition is K5-minor free. In particular we will show this implies that it has
locally bounded tree width. This allows us to apply, and exploit Bodlaender’s algorithm [§]
for obtaining bounded width tree decompositions of graphs of bounded tree width to carry
out the postprocessing in linear time.

Finally, in Chapter 5, we turn to applications. We improve the running time for existing
polynomial time approximation schemes on Ks-minor free graphs. This includes all problems

described by Baker [5] and Eppstein [26, 27]. Although their algorithm already run in linear



time, we reduce the dependency on the parameter k£ from super-exponential to exponential.
(In fact, building our decomposition only takes O(kn) and it is the dynamic programming
step using our decomposition which takes longer.) We then use our algorithm to solve the k-
Realizations problem (for fixed k) in linear time on Kj-minor free graphs. Here, we are given
a graph G, and a set X of k vertices of G and asked to find all partitions A = (D, ..., Dy)
of X such that there is a set of disjoint trees {77, ...,T;} with D; C V(T;). This problem

generalizes many problems such as k-disjoint rooted paths and k-vertex disjoint trees.



CHAPTER 2
Tree decompositions and excluded structure

A tree decomposition breaks a graph up into simple pieces using a restricted family of
cuts. We have already mentioned some such tree decompositions in the previous section:
specifically block trees and the tree decompositions studied by Robertson and Seymour. In
this chapter we will discuss these tree decompositions in more detail and present some other
examples of tree decompositions. We discuss the relationship between them and conditions
ensuring that a graph has a unique tree decomposition.

We will present each tree decomposition in turn, give examples of algorithms for building
these decompositions and give examples of using tree decomposition to solve optimization
problems.

In the first section, we present the block tree. In the second section, we introduce several
trees of 3-connected components. In the third section, we discuss their generalization, F-
block tree. We then discuss properties which make a tree decomposition unique. In the fourth
section, we classify tree decompositions into three types and show how we can transform a
tree decomposition of one type into that of another type. In the fifth section, we introduce
clique cutset trees. Finally in the last section we introduce tree decompositions studied
by Robertson and Seymour. We present some theorems which tell us that by excluding a
substructure in a graph we can ensure it has a tree decomposition of a certain type. We will

focus on excluding minors here, given that our main results involve doing so.



2.1 Block trees

The first and perhaps simplest example of a tree decomposition are block trees. These
trees encode all cutvertices and maximal 2-connected components of a graph, and are well
defined for all connected graphs.
Definition 2.1.1. A block of a graph G is a maximal 2-connected subgraph of G or a cut-edge
of G (or a single vertex if G is a single vertex).
Definition 2.1.2. The block tree of a connected graph G is a bipartite graph T with one
part indexed by the cutvertices of G and the other part indexed by the blocks of G. A node
indexed by a cutvertex v is adjacent to all nodes indexed by blocks containing v (and there
are no other edges in 7).

See Figure 2-1 for an example of a graph and its block tree. We start by showing that

this block tree is indeed a tree and not any bipartite graph.

(OcCutvertexin G

OBIock of G
— Edge of the block tre

Block tree of G

Figure 2-1: An example of a block tree.

To help distinguish between the tree and the graphs indexing its nodes, in the remainder
of this thesis, we use “vertices” to refer to vertices of the graph and “nodes” to refer to nodes
of the tree.

Theorem 2.1.3. The block tree of every connected graph is a tree.



We now present a second recursive definition of the block tree before giving a linear
time algorithm to construct one for any connected graph.

From Definition 2.1.2, we see that the block tree of a connected graph is unique (the
block tree of a disconnected graph is actually a forest). Not all tree decompositions are
unique. This is an important property and we discuss what makes this tree unique later in
Section 2.3.

We can instead define block trees recursively, which guarantees it is a tree, and then
prove uniqueness.

Definition 2.1.4. 1. If G has no cutvertices, a block tree of G is a single node tree

labelled by G.

2. Otherwise, let x be a cutvertex in a connected graph G. Create a node t labelled by

3. Obtain the components Uy, ..., Uy of G — x.

4. Add z back to each component by building the induced subgraphs C; = G[U; U {z}]
fori=1,...,k.

5. A block tree of GG is obtained from a block tree T; for each C; by adding an edge from
t to an arbitrary node whose label contains x in each 7;.

A tree obtained recursively in this way can be thought of as a variant of the block tree.
Indeed, the final graphs we can no longer recurse on (i.e., those not labelled by a cutvertex)
are the blocks of G (this can be shown by induction).

We will come back to the concept of repeatedly breaking a graph on cuts and use similar
recursive definitions in the next section. In an even later section, we prove a general theorem
that shows this tree is unique and thus, the two definitions are equivalent. We now turn to
an algorithm for building a block tree.

2.1.1 Algorithm

We discuss how to build a block tree in linear time in this section.



The first linear time algorithm for building the block tree of a connected graph was
developed by Hopcroft and Tarjan [67, 41]. Tt uses depth-first search (DFS). In fact, many
subsequent algorithms for building block trees use DFS (see e.g., [51, 20]).

To perform a depth-first search of a graph,

e we start at an arbitrary vertex and repeat the following,
e move to (and search) an unsearched neighbour (along an edge) if possible, and
e backtrack to the previous vertex if all neighbours have been searched.

Running DFS on a connected graph G gives a natural orientation to the edges by
directing them in the first direction in which they are searched. Furthermore, DFS divides
the edges of the graph into those that were used in the discovery of a new vertex and those
that were not. The first set of edges clearly form a (directed) spanning tree 7" of G rooted at
the starting vertex of DFS. The second set of (directed) edges, called back edges (or fronds or
cotree edge), all point from a vertex to one of its ancestors (since it must be from a vertex to
a vertex we already visited but not finished visiting at the time). This structure consisting
of a directed spanning tree and directed back edges is called a palm tree or trémaux tree.
(The palm tree as a graph is not a tree due to back edges.) This is the only tree that is not

a decomposition tree we will see.

——= tree edge
........ = back edge

palm tree and num values low values and cutvertices

Figure 2-2: An example of a palm tree, numberings num and low, and cutvertices (in white).



The following lemma allows us to easily find all cutvertices in G from this palm tree.
From these cutvertices, we can easily find the blocks of G and build its block tree.
Lemma 2.1.5. Let G be a graph. A non-root vertex v in a palm tree of G is a cutvertex in
G if and only if there is a child u of v such that there is no back edge from the tree consisting

of u and its descendants to an ancestor of v.

Proof. Clearly if such a v and child u of v exist then removing v disconnects u from all
ancestors of v.

Conversely, if no such child u of v exists then removing v from 7' leaves all of its ancestors
connected and the subtree rooted at each of its children connected. The existence of a back
edge from each subtree to an ancestor of v ensures that vertices in all these subtrees are in
the same connected component of G — v. Since T is spanning, G — v is connected. So v is

not a cutvertex. O

This lemma can now be used to find all cutvertices in a connected graph provided we
can determine if such a child u exists for each vertex v. This is done by determining for each
u, the vertex closest to the root which can be reached (by a back edge) from the subtree
rooted at u. Hopcroft and Tarjan [67] formally defines a function low(u) which stores this
closest vertex to the root.

They first label the vertices of T' (and thus G) in the order they are discovered by DFS
using the function num so that ancestors of a vertex have smaller labels (num is sometimes

called the starting time). Then low can simply be defined as
low[v] = min({num|w] : zw is a back edge from some descendant x of v} U {num[v]})

and by Lemma 2.1.5, v is a cutvertex if and only if low[u] > num[v] for some child u of v.

Equivalently,
low[v] = min({low[u] : u is a child of v} U {num|w] : vw is a back edge})

10



and we can easily compute low using dynamic programming. This allows us to compute all
cutvertices in a connected graph G. Formally, we order the vertices of 1" in a post-order
traversal (or equivalently, we can iterate over the vertices in decreasing values of num) and
apply the following algorithm.

Algorithm 2.1.6.

Input: A graph G and a palm tree T of G

Output: low[v] for each v € V(Q)

Description.

For v in postorder(V(T)),
low[v] < min({low|[u] : u is a child of v} U {num[w] : vw is a back edge})

Return low

Again, we can use dynamic programming to obtain the blocks of G by using our list of
cutvertices of G. Indeed, any subtree rooted at a cutvertex containing no other cutvertex is
a block. Otherwise, if the subtree contains other cutvertices, we need to exclude the subtree
rooted at each of these other cutvertices from the block.

More formally, we can describe the algorithms for finding all blocks as follows.
Algorithm 2.1.7.

Input: A graph G, a palm tree T of G, and a list of cutvertices of G
Output: The blocks of G

11



Description.

Initialize the list of blocks to be empty
For v in postorder(V(T)),
If v is not a cutvertex,
currentblock(v) <= {v} U U0 is a ehild of » CUITENEDlOCk (1)
If v is a cutvertex,

newblock < {v} U

u:u is a child of v Currentblock(u)
add (the vertices induced by) newblock to the list of blocks
currentblock(v) = {v}

Return the list of blocks
Note that we can take unions in the above algorithm efficiently since we no longer need

the original sets when joining them (e.g., we could use doubly linked lists and join them
together).
Now given the cutvertices of G and the blocks of GG, we can easily build its block tree
as follows.
1. For each cutvertex v, create a node t with V(G;) = {v} (and no edges in G;).
2. For each block B, create a node t with G; = B.
3. For each block B, add an edge tgt, if v € B.
We note that Tarjan (see [67], page 153) gave a single pass algorithm which computes
all of the above: num, low, cutvertices and blocks.
2.2 Tree of 3-connected components
The result of the previous section may make us hopeful that similar trees exist for higher
connectivities. However, further complications already arise if we wish to define a tree of

3-connected “blocks” of a 2-connected graph.
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For example, consider a cycle G. Any two non-adjacent vertices of G form a 2-cut
but G contains no (non-trivial) 3-connected subgraphs. So simply defining the “tree” of
3-connected components as an incidence graph would yield a stable set of cuts in this case.

What if instead we try to use the recursive approach as in Definition 2.1.47 In this
case, we notice that breaking G on any 2-cut X yields two components Uy, U; and adding
X back to each gives us two paths C7, Cy. But these paths are not 2-connected so it is not
clear what we should do recursively. To make matters worse, some 2-cuts present in G are
no longer completely contained in either C or Cj.

Although, it is possible to obtain a definition as the incidence structure of some cutsets of
size 2 and subgraphs of G with edges added to make them 2-connected, it is not immediately
clear how to do so. We will thus first give a recursive definition of the tree of 3-connected
components of G. We will come back to a definition using “incidences” later on.

We will discuss in more detail why these problems occur and some general ways to fix
them in Section 2.3. For the moment, we simply provide definitions which avoid all these
problems.

We first follow Tutte’s [72] and Hopcroft and Tarjan’s [39] treatment of these trees of
3-connected components (but using different terminology) and then discuss variants of these
trees.

For Tutte’s, Hopcroft and Tarjan’s tree and later, the SPQR tree, we allow multigraphs.
For all other tree decompositions, we restrict ourselves to simple graphs.

First, we make the following simple modification to our recursive approach by adding
an edge between the vertices of the cut whenever we recurse. More precisely, we define the
operation of decomposing on a cut, used throughout this thesis.

Definition 2.2.1. Let G be a graph and X a cutset in G. By decomposing on X, we mean
to build C4, ..., Y} as follows.
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Build the components Uy, ..., U, of G — X. For each i = 1,...,k, build X, the subset
of X with neighbours in U; and then build C; the graph obtained from G[U; U X;] by adding
all edges between vertices of X; (i.e., we add a clique on Xj;).

We refer to C, ..., Cy as the decomponents of G — X.

We refer to graphs obtained by repeatedly decomposing a graph G on 2-cuts as the
3-connected components of G. We state this definition more formally.

Definition 2.2.2. Suppose we apply the following procedure to a 2-connected graph G.
1. Find a 2-cut X in G (if it exists) and decompose G on X,
2. recursively apply these steps to each decomponent C; (until no 2-cuts are found).
We call the resulting graphs 3-connected components of G.

This ensures that each intermediate graph is 2-connected and each final graph is 3-
connected. This leads us to the following definition of a 2-block tree.
Definition 2.2.3. Let G be a 2-connected graph.

A 2-block tree of G, written [T, G], is a tree T with a set of graphs G = {G;}er with
the following properties.

e T contains two types of nodes which we refer to as “graph nodes” and “cutting nodes”.
e [f G contains no 2-cuts then 7" has a single graph node r and G, = G.
e If G has a 2-cut then there exists a cutting node ¢ € T" such that
1. V(Gy) = {z,y} = X, E(G;) = {zy} and X is a 2-cut.
2. Let Ty, ..., Ty be the components (subtrees) of 7'—¢. Then G — X has k decom-
ponents C', ..., such that T; is a 2-block tree of C;.
3. For each i, there is a graph node t; € T; such that X C V(G,,) and tt; € E(T).
Furthermore, ¢ has not other edges to T;.
For t € V(T'), we refer to G as the label or index of t.
There could be many 2-block trees for a graph (for example, every triangulation of a

cycle corresponds to a 2-block tree). To guarantee uniqueness of the final graphs (regardless
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of the cuts chosen at the intermediate steps), we restrict ourselves to finding 2-cuts X for
which there exist three vertex disjoint paths between the vertices of X in G We call these
cuts strong 2-cuts.
Definition 2.2.4. Let G be a 2-connected graph. A 2-cut X is a strong 2-cut if there exist
three vertex disjoint paths between the vertices of X in G.
Definition 2.2.5. Suppose we apply the following procedure to a 2-connected graph G.

1. Find a strong 2-cut X (if it exists) and decompose on X,

2. recursively apply these steps to each decomponent C; (until no strong 2-cuts are found).
Then the resulting graphs are called the triconnected components of G.

We can now define the strong 2-block tree, a tree of triconnected components for a 2-
connected graph G. Note that triconnected components of a graph may not be 3-connected
(as opposed to 3-connected components). For example, the only triconnected component of
a cycle C' is the cycle as no 2-cut of C' is strong. However, cycles and edges are the only
triconnected components (of any 2-connected graph) which are not 3-connected.
Definition 2.2.6. Let G be a 2-connected graph. A strong 2-block tree of G, written [T, G],
is a tree 7" with a set of graphs G = {G}ier with the following properties.

e T’ contains two types of nodes which we refer to as “graph nodes” and “cutting nodes”.
e [f G contains no strong 2-cuts then 7" has a single graph node r and G, = G.
e If G has a strong 2-cut then there exists a cutting node ¢ € T such that
1. V(Gy) ={x,y} = X, E(G;) = {zy} and X is a strong 2-cut.
2. Let Ty, ..., Ty be the components (subtrees) of 7'—¢. Then G — X has k decom-
ponents C', ..., C} such that T; is a strong 2-block tree of C;.
3. For each i, there is a graph node t; € T; such that X C V(G,,) and tt; € E(T).
Furthermore, ¢ has not other edges to 7;.

For t € V(T'), we refer to G; as the label or indez of t.
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It is known that all graph nodes of a strong 2-block tree are either 3-connected graphs,
cycles or single edges. We will not prove this here (see [39]).

2.2.1 Algorithms

Hopcroft and Tarjan [39] gave the first linear time algorithm for constructing the strong
2-block tree of a 2-connected multigraph . Their algorithm is similar to the algorithm
described in Section 2.1.1 but is much more involved (in fact, a later correction was necessary
[34]).

It uses a two pass DFS. On the first pass, they label the vertices of the input graph
G in the order they are discovered and on the second pass, this labelling is used to break
ties when choosing a new vertex to visit. This allows them to consider the edges of G in an
ordering which does not require backtracking, thus allowing their algorithm to run in linear
time. They also need to define and compute num, low and other values on the vertices of G
and use properties of the palm tree (created by the second pass DFS).

They first split G into 3-connected components and then merge some of these compo-
nents to obtains the triconnected components of GG. The tree structure on these components
is implicitly encoded in the edges added between vertices of the cut (which they refer to as
virtual edges), thus explaining the need for multigraphs and multi-edges.

2.2.2 Other variants of the tree of triconnected components

Tutte [72] first introduced a tree of triconnected components as the tree of cleaved compo-
nents without algorithmic considerations. Hopcroft and Tarjan [39] refer to the components
as split components or triconnected components and gave the first linear time algorithm for
finding them. Di Battista and Tamassia [24] then formalized the tree implicit in Hopcroft
and Tarjan’s algorithm into what they call an SPQR tree. In particular, this allows Di Bat-
tista and Tamassia to design an algorithm to maintain the triconnected components of a

graph while it is modified online [23].
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Definition 2.2.7. The SPQR tree of a 2-connected graph G is a tree T' with nodes labelled
by triconnected components of G (i.e., subgraphs of G with some added edges). The tree is
comprised of four types of nodes, named S, P, ) and R. () nodes are only used when the
graph consists of a single edge (in which case its tree contains a single () node labelled by
G).
In all other cases,

e S nodes are series nodes, labelled by a cycle,

e P nodes are parallel nodes, labelled by two vertices with at least 3 edges between them,

e R nodes are rigid nodes, labelled by 3-connected graphs.

The strong 2-cuts in the graph are implicitly encoded by the intersection of adjacent
labels in the SPQR tree T' (aside from the added edges which obviously still each correspond
to a 2-cut). Thus, from an SPQR tree, we can obtain the incidence structure of triconnected
components of G and strong 2-cuts.

We finish off this section by presenting a second non-recursive definition of strong 2-
block trees (similar to Definition 2.1.2 for block trees). We note that at first it may seem
unusual to consider multigraphs in a problem primarily concerned with vertex connectivity.
However, we see that multi-edges are necessary for remembering the 2-cuts, for example in
the case of Hopcroft and Tarjan’s algorithm.

However, we could instead mimic block trees and build an incidence graph of strong
2-cut and triconnected components, thereby encoding the 2-cuts of GG in the labels of the
tree rather than the added edges. Hence, we can define the following tree.

Definition 2.2.8. The strong 2-block tree of a 2-connected graph G is a bipartite graph
T with one part indexed by the strong 2-cuts of G and the other part indexed by the
triconnected components of G. A node indexed by a strong 2-cut X is adjacent to all nodes
indexed by triconnected components completely containing X (and there are no other edges

inT).

17



2.2.3 Application: Planarity Testing

Using algorithms for building block trees and a tree of triconnected components, we can
obtain an algorithm which tests if a graph is planar.

Given a graph G, we build its components (using DFS, say), then the blocks of each
component and the triconnected components of each block. Finally, we test the planarity of
each triconnected component to decide the planarity of G.

This algorithm relies on the following facts about embeddings of a planar graph. An
embedding of a planar graph can be thought of as a drawing of the graph in the plane
with no crossing edges. However, just as with graphs, we are not concerned with the “spa-
cial location” of points and curves. Such drawings can be summarized using combinatorial
embeddings which store the order of the edges around each vertex.

Definition 2.2.9. A combinatorial embedding of a planar graph G is a cyclic ordering of
the neighbours of every vertex in G. lLe., {L,|v € V(G)} where L, is ordering of N(v) up
to cyclic permutation.

Theorem 2.2.10 (Whitney’s theorem). [76] Every 3-connected planar graph has a unique
combinatorial embedding.

Theorem 2.2.11. [50] A graph G is planar if and only if all of its triconnected components
are planar.

We do not prove Whitney’s theorem and give an algorithmic proof of one direction of
Theorem 2.2.11 in Section 2.2.3.

Algorithm

We describe a simple (non linear time) algorithm due to Bruno et al. [14] which tests
if a triconnected graph is planar. We avoid the description of a linear time algorithm due
to Hopcroft and Tarjan [40]. The reason we present Bruno et al.’s algorithm is that it has
the same flavor as our algorithm. It recurses to smaller graphs by repeatedly deleting or

contracting edges and then postprocesses by undoing these operations.
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It is easy to test if the input is either a cycle or a single edge (the other possible
triconnected components) and they are always planar. So, we can restrict our attention to
3-connected graphs.

The key to their algorithm relies on the following result of Tutte on 3-connected graphs.
Definition 2.2.12. A wheel W,, on n vertices is the graph obtained from the cycle C,, by
adding a vertex adjacent to all of C,.

Definition 2.2.13. By contracting an edge e = uv in a graph, we mean to remove all edges
between u and v and replace the vertices u, v with a single vertex w, incident to all edges
originally incident to either u or v.

We refer to this operation as edge contraction. We denote the resulting graph by G /uv

(or G/e).

Theorem 2.2.14. [72] Every 3-connected graph either
1. is a wheel,
2. contains an edge whose deletion yields a 3-connected graph, or
3. contains an edge whose contraction yields a 3-connected graph.

We do not prove this theorem here. We remark that only vertex connectivity is of
interest to us in this particular case so we can keep multiple edges when contracting. This
will help later on in embedding the graph. We use the following corollary of the theorem.
Corollary 2.2.15. For every 3-connected graph G, there is a sequence of 3-connected graphs
G = Gy, ...,Gg where Gy, is a wheel and every graph G; (except G1) is obtained from the
previous graph G;_q by deleting an edge or contracting an edge.

With this corollary in hand, describing the algorithm is straightforward. Given an input
3-connected graph G, we find a sequence as in Corollary 2.2.15. To determine if G is planar,
start from the wheel at the end of the sequence (which is planar) and iteratively undelete

an edge or uncontract an edge. Due to Whitney’s theorem and the fact that all graphs
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in the sequence are planar, there is only one way to preserve planarity while undeleting or
uncontracting an edge.

Formally, we have the following.
Lemma 2.2.16. Let H be a 3-connected planar graph with uwv ¢ E(H). Then H + uv is
planar if and only if both endpoints of uv lie on a face of H.
Lemma 2.2.17. Let G and H be 3-connected planar graphs with G = H/vpvg. Letv € V(H)
be the vertex vpvgr contracts to. Then G is planar if and only if the edges incident to vy are
in a consecutive clockwise order around v in the (unique) embedding of H.

We now give a formal description of the algorithm presented in this section.
Algorithm 2.2.18.
Input: A 3-connected graph G.
Output: A planar embedding of G if GG is planar and “G is not planar” otherwise

Description.

Build the sequence G = G, ..., G where Gy, is a wheel, all GG; are 3-connected
and consecutive graphs in the sequence differ by an edge deletion or contraction.
Obtain a planar embedding of Gy,
Fori=k,... 1,
If G; = G;_1 — uv then
Check if u and v lie in the same face of the embedding of G;.
If they do, add uv to (G; and update the embedding of G; to obtain an embedding of G;_
Otherwise, return “G is not planar”.
If G; = G;_1/vpvR then
Check if the edges incident to vy, are in a consecutive (clockwise) order around v,
the contraction of v;vg
If it is, uncontract v and update the embedding of G; to obtain an embedding of G;_;.

Otherwise, return “G is not planar”.
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We will make use of this concept of uncontraction seen here in later sections, both in
planar and non-planar settings.

Combining embeddings

Now suppose we also want to obtain an embedding of the input graph G when it is
planar. The last section already gives us the embedding of the triconnected components of
G. We merge them using a tree of these triconnected components to obtain an embedding
for each block of G. We then merge the embedding for the blocks using the block tree of G.
We now provide the details of this merging operation.

Using combinatorial embeddings, we see that it is easy to merge two embeddings for
two decomponents of G — v (for a cutvertex v) as we can simply concatenate the two lists
for v in each embedding (and take the union of the remaining lists without changing them).
If we use pointers and linked lists, we can merge in O(1) time.

To merge two embeddings Ly, Ly for two decomponents of G — {u, v}, again we combine
the lists for v and v. We shift Ly, so u is at the beginning, delete u in L, , and replace it
by Ly, (at the same location in the list). We shift Ly, so v is at the beginning, delete v in
L, and replace it by Ly, (at the same location in the list).

We can also easily delete an edge uv from such an embedding by simply removing u
from L, and v from L,. This again allows us to merge the embeddings of two decomponents
of G — X where X has size 2.

This completes our algorithm for obtaining an embedding of any planar graph G (in
polynomial, but not linear time). We now turn to combining decomponents of cutsets of size
3. Although not needed here, it will be useful in later sections.

Combining embeddings on triangles

We can extend the algorithm discussed in the previous section for combining embeddings

on vertices and edges to combining planar embeddings on triangles as well. Here we wish
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to paste together (identify) two triangles in two different planar embeddings (which can be
thought of as the decomponents of G — X for some graph G and | X| = 3).

We only consider the case where both graphs we want to paste together are 3-connected.

Instead of combining combinatorial embeddings, we combine combinatorial embeddings
of the duals. In other words, we keep track of the cyclically ordered list of edges on each
face.

To be able to combine embeddings on a triangle in O(1), we need to keep track of more
information. At each edge e, we store pointers to the 2 faces F'(e) containing e.
Definition 2.2.19. An augmented combinatorial embedding of a planar graph G is a cyclic
ordering of the edges of every face in G and a pointer F'(e) from each edge to the two faces
containing e. Le., {L(f)|f € F(G)} where L(f) is a closed walk of the boundary of f and
[Fle)le € BG)}.

Note that every face of a 2-connected (and thus 3-connected) planar graph is bounded
by a cycle and therefore no edge appears twice in the same face.

We also note that our algorithm does not check whether the newly combined embedding
is actually planar. This allows us to later combine multiple embeddings (as well as perform
other operations) without having to check planarity of the intermediate embeddings (and
only check at the end). We still refer the intermediate outputs as augmented combinatorial
embeddings even though they may be for non-planar graphs.

However, if the resulting graph is planar, we do obtain an augmented combinatorial
embedding of the resulting graph.

Algorithm 2.2.20.
Input:
e Graphs G, G,
e a triangular face f; with edges uivy, viwy, wiuy in Gy,

e a triangular face fo with edges usvs, vows, wouy in Gy, and
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e an augmented combinatorial embedding L, F} of G; and an augmented combinatorial

embedding Lo, F; of Gs.

Output: An augmented combinatorial embedding L, F' of H obtained from G4, G5 by iden-

tifying uy with wus into u, v; with v, into v and w; with wy into w.

Description and analysis. 1. Set L to be the disjoint unions of the two embeddings (i.e.,
L(f) = Li(f) if fisin Gy and L(f) = Lo(f) if f is in Go).
2. Remove L(f;) and L(f3).
3. Set F(e) = (Fi(e) U Fy(e)) — {f1, f2} if e € {uv, vw, wu}
Set F(e) = Fi(e) if e has at least one endpoint in V(G;) — V(Gs)
Set F(e) = Fy(e) if e has at least one endpoint in V(Gy) — V(G1)
4. Return L, F'.

O

Note that if f; is not given (but uy, vy, wy is), we can compute it by taking the intersection
of F(ujvy), F(viwy) and F(wyuy).

If the intersection is empty then no face contains uy,v; and w;. In the case where G,
and G are 3-connected, this mean the resulting graph G is non-planar. (In fact, in this case,
we are able to obtain a certificate for the non-planarity of G.)

To extend our algorithm to decomponents, we need to remove some edges {u,v1, viwy, wiuy }.
However, we cannot remove edges and update the embedding in O(1). (To delete an edge
in O(n), we can also easily remove an edge e from an augmented combinatorial embed-
ding of a 3-connected graph G by replacing both faces fi, fo in F(e) by a single face f
with L(f) = (L(f1) —e) U (L(f2) — e), removing e from F and update F(¢’) for every
e € (L(f1) UL(f2)) —e.
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For our application in later chapters, we need to repeatedly combine many graphs on
triangles. We do not need to delete extra edges at the intermediate steps and just as we do
not check intermediate graphs for planarity, we only delete these edges at the very end.

Linear time planarity testing algorithms

Although we presented a non-linear time algorithm, linear time algorithms to test if a
graph @ is planar and which produce an embedding (usually a combinatorial embedding) of
G are well known. In fact, these algorithms also produce a certificate in case G is non-planar
(a Ks-minor or K3 s-minor; we discuss these later in Section 2.6.5, Theorem 2.6.25).

The first such algorithm was discovered by Hopcroft and Tarjan [40] and use ideas from
their algorithm for building the tree of split components (a variant of the strong 2-block tree)
[39, 34]. Their algorithm again uses a two pass DFS (and numberings of the vertices). It
splits the graph along a cycle and considers the resulting components and their adjacencies
to this cycle separately. Di Battista and Tamassia introduced SPQR trees to maintain planar
embeddings through a sequence of vertex and edge additions [23].

Simplifications to this algorithm were later suggested by De Fraysseix et al. [20] which
avoid the use of SPQR trees. Their “left-right” algorithm is non-recursive and includes an
efficient implementation [19] which is freely available.

A different simplification was suggested [48, 63, 12] which orders the vertices of G so
that for any k, both the first & vertices and the last k vertices induce a connected graph (the
similarity between these three papers was first noted by Haeupler and Tarjan [35]). Such
an ordering, sometimes called an st numbering, allows successive additions of vertices to
an initially empty embedding while preserving the connectivity of the embedded portion of
the graph as well as the connectivity of the graph induced by the remaining vertices (where
vertices are added in this order).

For further details and a graph theoretical treatment of these planarity testing algo-

rithms, we refer to the reader to Chapter 1 of [66].
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2.3 Laminar cutsets and component minimality
The uniqueness of the block tree (defined recursively) can be attributed to two reasons.
1. First, when we decompose on a cutvertex, no new cutvertices are created (present in
a decomponent but not the original graph).
2. Second, all cutvertices of the original graph are still cutvertices in some decomponent
and thus we will decompose on that cutvertex eventually.

We wish to define and use other trees of cuts obtained by decomposing on different
cutsets (for example, 2-cuts and strong 2-cuts from the previous section). To do so, we
determine what properties (which cutvertices of a graph do satisfy) we must impose on a
type of cut to ensure the following two properties hold.

Ul (No new cuts) Let X be any cut (of type of interest). If Y is a cut (of type of
interest) in a decomponent of G — X then Y is also a cut (of type of interest) in G.

U2 (No lost cuts) Let X be any cut (of type of interest). If Y # X is a cut (of type of
interest) in G then Y is also a cut (of type of interest) in some decomponent of G — X.

We show that if X is a cutset in a decomponent D then it is also a cutset in GG. This
implies that for many natural types of cuts, (Ul) holds automatically.

For the second property to hold, we will need extra conditions on the type of cuts of
interest. We introduce the notions of laminarity and component minimality and show they
are sufficient to guarantee the second property.

Definition 2.3.1. We call a cut of size i that splits G into at least j components an (i, j)-cut.
Lemma 2.3.2. If we decompose a graph G on a cut X andY # X is a cut in a decomponent
C of G— X, then G =Y has at least as many components as C —Y . In particular, if Y s

an (i,j)-cut of C then it is an (i,j)-cut of G.

Proof. The second statement follows from the first. A component of C'—Y which is disjoint
from X is also a component of G —Y. At most one component of C'—Y contains any vertex

of X since X is a clique in C'. If such a component exists then X — Y is non-empty and
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some component of G — Y contains a vertex of X — Y. Therefore, G — Y has at least as

many components as C' — Y. U

The converse (that is property (U2)) does not always hold. For example, decomposing
on one part of the bipartition of K33 yields three K4’s which prevents us from decomposing
on the other side of the bipartition of K3 3 (as the vertices are now in different decomponents).

Having vertices of Y in different decomponents of G — X is only one of three ways to
“lose” the cut Y. We can also lose Y if decomposing on X joins all components of G—Y (due
to the clique we added on X). In this case, X is in different components of G — Y (in fact,
X intersects all components of G —Y") so the vertices of X are in different decomponents of
G —Y (i.e., we would lose X in the first way if we decompose on Y). Finally, we can “lose”
Y if decomposing on X puts Y in a decomponent of G — X where only one component of

G — Y is present (i.e., X cut off all components of G — Y already).
Y

»&a oo e
Decomponents of G-

Decomponents of G-Y

Figure 2-3: Two cutsets X in Y in Ps and their decomponents. X is in different decompo-
nents of G —Y and Y is no longer a cut in the decomponent of G — X containing Y. This
is an example of the first two ways of losing a cut.

To prevent the first two kinds of losses, we can require cuts to be laminar.
Definition 2.3.3. Let X and Y be two cuts of G. If X intersects at most one component
of G —Y and Y intersects at most one component of G — X then we say that X and Y are

laminar.
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A family of cutsets F is said to be laminar if every pair of cutsets in F are laminar.

To address the third kind of loss, we could require cuts to be minimal. We instead relax
this condition a bit and only require cuts to be component minimal.

Definition 2.3.4. We say that a cut X is component minimal if there exist components
Uy, Uy of G — X such that for every subset Y of X, V(U;) and V(Uy) are in the same
component of G — Y.

Ui, Us are the components certifying X is component minimal.

The reason we choose the component minimal property rather than the negation of the
second kind of problem (i.e., require decomposing on one cut to not decrease the number of
components in a different cut) as we did with laminarity is that a cut remains component
minimal (and laminar) when we decompose on other cuts (whereas not decreasing the number
of components of other cuts may not be preserved).

It is now easy to see that laminar component minimal cuts are not lost.

Lemma 2.3.5. Let G be a graph and X,Y be two laminar cuts in G with Y € X such that
X, Y are component minimal. Then there is a unique decomponent C' of G — X that contains

all vertices of Y. Furthermore, Y is a cut of C.

Proof. A decomponent C' of G — X containing Y exists by the definition of laminarity. It is
unique because Y is not a subset of X. We now show Y is a cut in C.

Let Uy, Uy be components certifying X is component minimal and label them so that U,
is not C'— X. U; has edges to all vertices of X and so only one component of G —Y contains
vertices of X (and Uy). Thus, there is at least one component of G —Y not containing X and
this is also a component of C' —Y. Since C'—Y has at least two components (one containing

X and one not containing X), Y isa cut in C —Y.

We now formalize the definition of “cut type”.
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Definition 2.3.6. A cut property P is a boolean function that takes as input a graph G and
a subset X of the vertices of G and outputs whether X is a cut with property P in G.

A cut in G with property P is called a P-cut.

1-cuts in connected graphs and strong 2-cuts in 2-connected graphs are minimal. We
close this section by showing they are also laminar, thereby proving the uniqueness of block
trees and strong 2-block trees.

1-cuts are trivially laminar as it is not possible to separate a set of size 1.

Lemma 2.3.7. All strong 2-cuts in a 2-connected graph are laminar.

Proof. Suppose X and Y are strong 2-cuts. Since there exist three vertex disjoint paths
between the vertices of X, Y misses at least one of these paths so Y does not separate X.

By symmetry, X does not separate Y. O

We now define a more general tree decomposition in terms of a family F of cuts of the
initial graph G.
2.3.1 F-block trees
In this section, we generalize block trees and 2-block trees to arbitrary cuts in a graph
G. We define such trees in terms of a cut property P.
Definition 2.3.8. Let GG be a graph and P a cut property. A P-block tree of G, written
[T, G, is a tree T with a set of graphs G = {G,}4er with the following properties.
e T contains two types of nodes which we refer to as “graph nodes” and “cutting nodes”.
e [f G contains no P-cut then T has a single graph node r and G, = G.
e If G has a P-cut then there exists a cutting node ¢t € T such that
1. V(Gy) = X, E(Gy) = {ay|z,y € X} and X is P-cut in G.
2. Let Ty, ..., Ty be the components (subtrees) of 7'—¢. Then G — X has k decom-

ponents C', ..., such that T; is a P-block tree of C;.
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3. For each i, there is a graph node ¢; € T; such that X C V(G,,) and tt; € E(T).
Furthermore, ¢ has not other edges to T;.
We can also define a similar tree in terms of a family F of cutsets (rather than a
property). We use this definition more oftenly.
Definition 2.3.9. Let G be a graph and F a family of cutsets in G. A F-block tree of G,
written [T, G|, is a tree T with a set of graphs G = {G, };cr with the following properties.
1. T contains two types of nodes which we refer to as “graph nodes” and “cutting nodes”.
2. If G contains no cut in F then T has a single graph node r and G, = G.
3. If G has a cut in F then there exists a cutting node ¢ € T such that
(a) V(Gy) = X, E(Gy) = {zy|lz,y € X} and X is a cut of F in G.
(b) Let T1,..., Tk be the components (subtrees) of T'—¢. Then G — X has k decom-
ponents C', ..., C} such that T; is an F-block tree of C;.
(c) For each i, there is a graph node t; € T; such that X C V(G,,) and tt; € E(T).
Furthermore, ¢ has not other edges to 7;.
For both definitions 2.3.8 and 2.3.9, we refer to G; as the label or index of t (for each
t € V(T)). These two definitions relate in the following way.
Remark 2.3.10. For a laminar family of component minimal cuts, an F-block tree is a P-
block tree where X is a P-cut if and only if X belongs to F (i.e., P(G,X) is true if X € F
and false otherwise).
We now prove the uniqueness of cutting nodes of a family of F-block trees.
Lemma 2.3.11. Let F be a family of laminar component minimal cuts in a graph G. Then
i any F-block tree of G obtained by decomposing on a cut of F that is not a superset of
any remaining cut of F at each step, all cuts in F appear as the index of exactly one cutting

node.

Proof. We proceed by induction on the size of V(G). If G has no cut in F, then its only

F-block tree has precisely one graph node, and no cutting nodes and we are done.
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Otherwise, for any JF-block tree [T, G] there is a cut X € F which corresponds to a
cutting node t of the tree and such that deleting it decomposes the tree into subtrees which
are F-block trees for the decomponents of G — X.

By Lemma 2.3.2 and 2.3.5, all cuts of F except X appear in some decomponent. By
the inductive hypothesis, all cuts of F completely contained in a decomponent of G — X
appear exactly once in the corresponding subtree of T'. Therefore, each cut of F is the label

to exactly one cutting node of [T, G]. O

As a corollary, we obtain the same lemma for minimal cuts.
Lemma 2.3.12. Let F be a family of laminar minimal cuts in a graph G. Then in any
F-block tree of G obtained by decomposing on a cut of F, all cuts in F appear as the index
of exactly one cutting node.
2.3.2 Uniqueness of F-block tree
Aside from the unique multiset of cutting nodes, we can also get a unique multiset
of graph nodes and finally, isomorphism between all F-block trees. However, component
minimal and laminarity of cuts is not sufficient (see Figure 2-4) and in most cases, unique
multiset of cutting nodes will suffice.
We first need to define equivalence between two F-block trees.
Definition 2.3.13. We say two JF-block trees [T1,G1] and [Tz, Gs] of G are equivalent (or
the same tree) if there is an isomorphism f from 7} to T, such that for each t € V/(T1), G,
is isomorphic to G5 f() (as graphs labelled by vertices of G).
From the definition of F-block tree, we see there are two ways to get different trees from
the same graph G.
1. First, at step 3, there may be a different cuts in F we can choose to decompose on.
2. Second, at step 3c, once we obtain the F-block tree for decomponents recursively, we

can choose which graph nodes to connect ¢ to.
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G
F={{a}.{a,b}.{a,c}}
decompose on {a} first

Three possible trees (one
for each choice of dashed edges)

Figure 2-4: Three component minimal cuts F = {{a}, {a, b}, {a,c}} in a graph and three of
the possible F-block trees.

There is only one way to complete this second step when F is a family of minimum
cuts.
Lemma 2.3.14. Let G be a k-connected graph, F a family of laminar k-cuts in G and [T, G|
an F-block tree of G. Then any clique X of size k in G not indexing a cutting node appears

n a unique graph node of T.

Proof. Suppose X is in two graph nodes. Then X also appears on the path between these
two graph nodes. But this path includes at least one cutting node since T" alternates between
cutting nodes and graph nodes. So X is contained in the index G; of such a cutting node.

Since both X and the index have size k, X = G;, a contradiction. O

In the case that F is a laminar family of component minimal cuts, we can think of
building an F-block tree by first selecting a permutation of the cuts in F and decomposing

on cuts in F in this order (rather than using the recursive definition given in Definition
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2.3.9). We use this remark to show that the F-block tree where F is a laminar family of
minimum cuts is unique.
Theorem 2.3.15. Let G be a k-connected graph, F a family of laminar k-cuts in G. Then

G has a unique F-block tree.

Proof. We proceed by induction on |F|. We can assume G has a cut in F. We need only
show that every two permutations of the cuts in F (representing the order in which we
decompose on cuts) yield the same tree. Since we can move between any two permutations
by repeatedly transposing adjacent elements, it is enough to show that if 7; is a permutation
and 7y is obtained from m; by transposing two adjacent elements then m; and m, yield the
same tree.

If 71 and 75 both have first element X, then the corresponding trees both have a cutting
node t corresponding to X such that deleting ¢ breaks the tree up into subtrees corresponding
to the graphs obtained when we decompose G on X. By the inductive hypothesis, these
subtrees are unique, and by Lemma 2.3.14, there is only one way to combine them on a
cutting node corresponding to X. So, we see that the two permutations do indeed yield the
same tree.

Otherwise, there exist two cuts X, Y such that X is immediately before Y in m; while Y
is immediately before X in 5. From the definition of the tree corresponding to a permutation
we see that for both permutations, if we delete the nodes corresponding to X and Y then we
obtain (i) one subtree corresponding to all the components of G — X —Y which have an edge
to both X and Y (this is the subtree containing the unique path between these two nodes),
and (ii) a subtree corresponding to each component of G — X — Y which has edges only to
the vertices of Y or only to the vertices of X. Furthermore, by the inductive hypothesis,
each of these smaller F-block trees is unique, and Lemma 2.3.14 implies there is a unique

way to combine them to obtain an F-block tree of G. U
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Remark 2.3.16. The above proof also shows that every cut in F appears in the F-block
tree.

Recall that 1-cuts of a (connected) graph are trivially laminar and strong 2-cuts in a
2-connected graph are laminar by Lemma 2.3.7. Combined with Theorem 2.3.15, we obtain
the uniqueness of block trees and 2-block trees.

Corollary 2.3.17. The 1-block tree of a connected graph is unique.

Corollary 2.3.18. The F-block tree of a 2-connected graph where F is the family of all
strong 2-cuts 1s unique.

2.4 Tree decomposition types

Having already discussed JF-block trees in the previous section, in this section, we intro-
duce two other tree decomposition types and compare all 3 types. All tree decompositions
seen up to this point can be classified as one of these 3 types. Tree decompositions from
later sections can also be classified in the same way.

At the end of this section, we will see how to transform one decomposition into another.
All tree decomposition types are based on a family of cuts F in a graph G.

2.4.1 Recursive trees

A second type of tree decomposition occurs naturally in recursive algorithms which we
dub recursive tree decompositions. This rooted tree is shaped exactly as the recursion tree of
the algorithm. Each interior node is labelled by a cut in F which the algorithm decomposed
on and each leaf node is labelled by a final graph the algorithm stopped on.

Definition 2.4.1. Let G be a graph and F a family of cutsets in G. A recursive F-tree,
written [T, G], is a rooted tree T" with a set of graphs G = {G}}ier with the following
properties.
1. There are two types of nodes in T: graph nodes and cutting nodes. All leaves are
graph nodes and all internal nodes are cutting nodes.

2. If G contains no cuts of F then T is a single graph node r and G, = G.
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3. If G contains a cut in F then the root r of T" is a cutting node and G, is a clique with
vertex set X for some cut X € F.
(a) Let T1,..., T} be the components (subtrees) of T'—t. Then G — X has k decom-
ponents C', ..., C} such that T; is a recursive F-tree for C;.
(b) For each i, there is an edge from r to the root of T;.

As with F-block trees, we can define an equivalence as follows.

Definition 2.4.2. We say two recursive F-trees [T, G| and [Ty, Go] of G are equivalent (or
the same tree) if there is an isomorphism f from 7} to T, such that for each t € V/(T1), G,
is isomorphic to G5 f() (as graphs labelled by vertices of G).

The criteria for obtaining uniqueness for recursive F-trees differs from those for F-block
trees. For a recursive F-tree, only the decomposition order affects the final tree we obtain
as we always connect the root to the roots of its children. But since the recursive F-tree
is rooted, we could also obtain the same tree with different roots. In fact, as with F-block
trees, while the multiset of graph nodes or cutting nodes in two recursive F-trees are the
same, the actual trees may differ.

For an example, see Figure 2-5 in which the block tree of a connected graph G and two
different recursive F-trees of G where F is all cutvertices of G are shown.

We’ve seen two examples of recursive F-tree. One such recursive F-tree where F is the
set of cutvertices in Section 2.1. Hopcroft and Tarjan’s tree of split components is another
example of such trees.

2.4.2 Intersection trees

We now describe our third and final type of tree, the intersection tree. This tree is
essentially the F-block tree where only graph nodes are present and the cutting nodes are
implicitly encoded in the intersection of adjacent graph nodes.

Definition 2.4.3. Let G be a graph and F a family of cutsets in G. An F-intersection tree
[T,G = {G: }ier] is defined as follows.
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(O Cutting node

Q Graph node
— Tree edge

G
F is all 1-cuts of G F-block tree of G

ﬂ

F-intersection tree of G

A different recursive F-tree of G

Figure 2-5: The three different types of trees where F is the family of all cutvertices of G.



1. G, is a graph (not necessarily a subgraph of () for each ¢ € T' that does not contain a
cut in F.

2. For each edge t1ty of T, X = V(G,,) NV (Gy,) is a cutset in F and X is a clique in
both Gy, and Gy,.

3. For each v € V(G), the nodes of T" containing v form a subtree.

4. Every vertex v € V(@) appears in some Gj.

5. Every edge uwv € E(G) appears in some Gj.

If (2) in the above condition for an F-intersection tree is weakened to the following, we
refer to the tree as a weak F-intersection tree.

2. For each edge t1t of T, X = V(Gy,) N V(GYy,) is a cutset in F (but X is not required
to be a clique in both Gy, and Gy,).

For compatibility with the other tree types, we will still refer to nodes of an F-
intersection tree as “graph nodes” even though there are no cutting nodes.

See Table 2.4.2 for a table of trees introduced in this section and their types.

2.4.3 Tree type equivalence

We now see that all 3 tree types in this section are not so different. For a fixed F, the
following algorithms transform a tree of one type into a tree of the other type.

As we stated in the previous section, F-intersection trees are F-block trees without
cutting nodes. The following algorithm makes this connection explicit.

We first need to be able to turn an F-intersection tree into an F-intersection tree where
no (graph) node contains another. This is easy as we can just contract adjacent nodes for
which one contains the other. To do this in linear time we use dynamic programming.
Algorithm 2.4.4.

Input:
e A graph G,

e a family of cutsets F in G, and
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e a F-intersection tree [T, G| of G.

Output: An F-block tree [T',G'] of G

Description and analysis. We replace each edge of T' by a cutting node adjacent to its end-

points (in later sections, we see that this operation is known as subdividing an edge) and

label this new cutting node by the intersection of the edge we replaced. (Optional) If a

node of T" is adjacent to two newly created cutting nodes that are the same, we replace them

by a single cutting node. More formally, we proceed as follows.

1.

2.

For each t € V(T), let G, = G} be a graph node.
For each e = t1ty € E(T), let G, = G, N Gy, be a cutting node.
Let T" be the vertex-edge incidence graph of T'. Le., V(T") = V(T) U E(T) and
E(T") = {telt is an endpoint of e}.
For each graph node t of T”, bucket sort its neighbouring cutting nodes by label. If
any bucket contains more than one node, replace all cutting nodes in that bucket by a
single cutting node adjacent to the union of their neighbours in 7.
Return [T7,G'].

O

To turn an F-block tree into an F-intersection tree, we cannot reverse the above trans-

formation as not all cutting nodes have degree 2 in an F-block tree.

Algorithm 2.4.5.

Input:

e A graph G,

e a family of cutsets F in G, and

e an F-block tree [T, G| of G.

Output: A recursive F-tree [1",G'] of G.
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Description and analysis. We consider the cutting nodes of [T, G] in any order and decom-
pose on these cutting nodes. More formally, we use the following recursive procedure.
e Let G be any cutting node Gy of T
e Let T7,...,T}, be the trees in T" — t.
e Recurse on each 71, ..., T} (and corresponding decomponent of G — V(G.)) to obtain
recursive F-trees [17,G1], ..., [T}, Gi-

Take the disjoint union of all these recursive F-trees together with G and add an edge

from r to each of the roots of T7,...,T}.

Return the resulting recursive F-tree [T, G']

Algorithm 2.4.6.

Input:
e A graph G,
e a family of cutsets F in G, and
e a recursive F-tree [T, G| of G.

Output: An F-block tree [T, G'] of G.

Description and analysis. We perform a post-order traversal of T to obtain a decomposition
order (we ignore the leaf graph nodes of T').
To make this algorithm more efficient, we use dynamic programming.
1. If T is a single node ¢ then build 7" = T = {t} with G; = G}.
2. Otherwise, T is a tree rooted at r with children rq,...,7,. We proceed as follows.
(a) Build Gy, ..., Gy, the decomponents of G — V (G,
(b) Recurse on each subtree rooted at r; to turn the recursive F-tree of G; into an

F-block tree [T3, G;].
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(c) By Lemma 2.3.14, since G, is a clique in each G;, we can find a graph node G, 4,
containing V(G,) in each F-block tree [T}, G;].

(d) Take the disjoint unions of all T; for ¢ = 1,...,k, add a root cutting node r
labelled by G, and add an edge from r to t; in T;.

Return the resulting tree decomposition.

Algorithm 2.4.7.

Input:
e A graph G,
e a family of cutsets F in G, and
e an F-block tree [T, G| of G.

Output: An F-intersection tree [T7,G'] of G

Description and analysis. We arbitrarily root the tree T' at a graph node, add an edge from
each graph node to any of its descendants two levels below (i.e., if we think of all edge of
T as being directed away from the root and take the square of the tree (as a graph)) and
delete all cutting nodes.
More formally,

1. Let 7" =T.

2. Pick an arbitrary graph node r and root 7" at r.

3. For any graph node ¢ that is not r, add an edge (in 7”) from ¢ to the parent of the

parent of t.
4. Delete all cutting nodes in 7".
5. Return T".
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Definition 2.4.8. For a given tree, we refer to its block version, recursive version and inter-
section version to mean the tree obtained by applying some of Algorithms 2.4.4, 2.4.5,2.4.6
and 2.4.7.

2.5 Clique cutset trees

In this section, we examine one example of F-block trees where F is a set of minimal
clique cutsets.

Definition 2.5.1. A cutset in a graph that is also a clique is a clique cutset.

A minimal clique cutset is a clique cutset not completely containing any other (clique)
cutset.

Two minimal clique cutsets X and Y of a graph GG do not separate each other as X —Y
is a clique (in G —Y) and Y — X is a clique (in G — X). Thus, if F is a family of minimal
clique cutsets of GG then F is laminar and by Lemma 2.3.12, all of F appear in all F-block
trees (F is component minimal since minimal clique cutsets are minimal cutsets).

We start by showing this F-block tree is unique. We prove the analoguous version of
Lemma 2.3.14.

Lemma 2.5.2. Let G be a graph, F a family of minimal clique cutsets of G and [T,G] an
F-block tree of G. Then any minimal clique cutset X in G not indexing a cutting node

appears in a unique graph node of T

Proof. Suppose X is in two graph nodes. Then X also appears on the path between these
two graph nodes. But this path includes at least one cutting node since T" alternates between
cutting nodes and graph nodes. So X is contained in the index G; of such a cutting node.

Since X is minimal and G, is a minimal clique cutset, X = G, a contradiction. O

Theorem 2.5.3. Let G be a graph and F a family of minimal clique cutsets of G. Then G

has a unique F-block tree.
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Proof. We proceed by induction on |F|. We can assume G has a cut in F. We need only
show that every two permutations of the cuts in F (representing the order in which we
decompose on cuts) yield the same tree. Since we can move between any two permutations
by repeatedly transposing adjacent elements, it is enough to show that if m; is a permutation
and 7y is obtained from m; by transposing two adjacent elements then m; and m, yield the
same tree.

If 1 and 75 both have first element X, then the corresponding trees both have a cutting
node ¢ corresponding to X such that deleting ¢ breaks the tree up into subtrees corresponding
to the graphs obtained when we decompose G on X. By the inductive hypothesis, these
subtrees are unique, and by Lemma 2.5.2, there is only one way to combine them on a
cutting node corresponding to X. So, we see that the two permutations do indeed yield the
same tree.

Otherwise, there exists two cuts X, Y such that 7 begins X, Y and 7y begins Y, X. From
the definition of the tree corresponding to a permutation we see that for both permutations,
if we delete the nodes corresponding to X and Y then we obtain (i) one subtree which is the
F-block tree of the union of X Y, and all the components of G — X — Y with an edge to
both X and Y, and (ii) a subtree corresponding to each component of G — X —Y which has
edges only to the vertices of Y or only to the vertices of X. Furthermore, by the inductive
hypothesis, each of these smaller F-block trees is unique, and Lemma 2.5.2 implies there is

a unique way to combine them to obtain an F-block tree of G. O

Note that for a family F of minimal clique cutsets, we do not add any edges when
decomposing on cuts to create the F-block tree (since all cuts are already cliques).

When F is all minimal clique cutsets, we refer to the F-block tree as a clique cutset
tree.
Definition 2.5.4. The F-block tree of G where F is the set of all minimal clique cutsets of

G is the clique cutset tree of G.
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Structure theorem

If graph nodes of the clique cutset tree of G are also cliques then G actually belongs to
the class of chordal graphs [29].

Definition 2.5.5. A graph G is chordal if it does not contain an induced cycle of length
greater than 3.

In fact, the converse also holds. That is, the clique cutset tree of a chordal graph
contains only cliques as graph nodes. Gavril [29] was the first to characterize chordal graphs
with such a decomposition.

Theorem 2.5.6. [29] If a graph G is chordal (i.e., G does not contain an induced cycle of
length greater than 3) then either

e (G contains a cutset which is a clique, or

e (G is a clique.

It follows immediately that the graph nodes are cliques in any clique cutset tree of G.

The tree decomposition for chordal graphs can be introduced in a second way, using
subtree intersection representation. We define this decomposition, which is a special case of
the Robertson-Seymour tree decomposition of Section 2.6.

Definition 2.5.7. A subtree intersection representation of a graph G is a tree T and a family
of cliques X; of G for each t € V(T') such that

1. G is the union of all cliques X;, and

2. for any vertex v of (G, the nodes of T' containing v induce a subtree of 7.

This is essentially the intersection version of the clique cutset tree and we can easily
transform one tree into another (see Section 2.4.3). However, the (implicit) clique cutsets
of a subtree intersection representation are not required to be minimal and the correspond-
ing F-block tree may not be unique. In fact, there may be several subtree intersection
representations for the same chordal graph G.

Gavril’s theorem can be restated using subtree intersection representations as follows.
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Theorem 2.5.8. [29] A graph is chordal if and only if it has a subtree intersection repre-
sentation.
2.5.1 Building a clique cutset tree

In this section, we describe an algorithm which builds a clique cutset tree of a (not
necessarily chordal) graph.

We assume G is connected as otherwise, we can first decompose G on the empty (clique)
cutset, build a clique cutset tree for each component of G and add an edge from the root
(empty) cutting node to any graph node of each component.

We present a simple O(n(m+mn)) algorithm due to Whitesides [75] for finding one clique
cutset. We can then use this algorithm as a subroutine to build a clique cutset tree.
Algorithm 2.5.9. [75] Input: A graph G.

Output: Either
1. A clique cutset in G if there is one, or
2. “G has no clique cutset”.

This algorithm requires a subroutine for finding either a chordless cycle of length at
least four or a clique cutset in a graph that is not a clique which we describe later.
Description. 1. Determine if G is a clique. If so, return “G has no clique cutset”.

2. Apply Algorithm 2.5.10 to G which determines if G is chordal and proceed depending
on whether the output is a clique cutset or an induced cycle.

3. If a clique cutset of G is returned, return that clique cutset.
4. If an induced cycle C of (G is returned, “grow” a set S as follows.

(a) Initialize S = V(C).

(b) Repeat the following until S = V(G).

i. Find a component U of G — S and compute R, the vertices of S adjacent to
some vertex of U.

ii. If R is a clique, return R as a clique cutset of G.
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iii. Otherwise,
A. find an induced path P between two non-adjacent vertices of R whose
interior is in U.
B. Add all interior vertices of P to S.

(¢) Now, S = V(G) and we return “G has no clique cutset”.

Analysis. Correctness. If G is a clique then G contains no cutsets and therefore no clique
cutset so our output is correct at step 1.

At step 4(b)ii, if we return a clique R then R is indeed a clique cutset as it separates U
from the component of G — R containing S — R (which is non-empty as R is a clique but S
is not).

It remains to show that if we grow S to be all of V(G) and reach step 4c, G cannot
contain a clique cutset X. To do so, we show that for any clique cutset X of G, S — X is
contained in a unique component of G — X throughout each iteration of the while loop.

Initially, G[S] is an induced cycle of length at least 4 so any clique intersects one or two
consecutive vertices of this cycle so S — X is connected in G — X.

Now suppose by induction that S — X is contained in a component U of G — X and we
add P with endpoints x, y to S. The argument is the same as the initial case where S — X
is used to complete P to a cycle. Since P is induced, X contains at most two consecutive
vertices of P. So after removing X, every vertex of P — X has a path in P — X to x or y
(since x and y are not adjacent and thus non-consecutive in P). Thus, all remaining vertices
of P (i.e., P — X) are in the same component of G — X as S — X.

By induction, S remains in a single component of G — X. Therefore, in all iterations of
the while loop, S — X is contained in a single component of G — X.

Running time: We can determine if G is a clique in O(m). Algorithm 2.5.10 runs in

O(m +n).
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Note that the size of S increases at each iteration so there are at most n iterations of
the while loop of step 4b. In each iteration, building R and U each take O(m + n). Finding
an induced path P (using, say BFS) also takes O(m + n). Finally, updating S takes O(n).
Thus, each iteration runs in O(m + n).

Therefore, the whole algorithm runs in O(n(m + n)). O

We now describe the subroutine needed to initialize Algorithm 2.5.9. The idea is similar
to one iteration of the main while loop of Algorithm 2.5.9.
Algorithm 2.5.10. [75] Input: A graph G that is not a clique.
Output:
1. A clique cutset of G if G is chordal, or

2. an induced cycle of length at least 4 in G.

Description and analysis. 1. Find a vertex v of degree less than |V(G)| — 1. It exists
because G is not a clique.
2. Let U be a component of G — N(v) —v. Let C be the vertices of N(v) which have a
neighbour in U.
3. If C'is a clique return it.
4. Otherwise,
(a) let z and y be two non-adjacent vertices of C' and find an induced path between
them through U.
(b) Add v to form an induced cycle of length at least 4 and return it.
Running time: Finding two non-adjacent vertices, building S and finding U all take
O(m + n). Finding an induced path P (using, say BFS) also takes O(m + n). Thus, the

entire algorithm runs in O(m + n). O

We use Algorithm 2.5.9 as a subroutine in the the following algorithm, we obtain an

O(n*(m + n)) algorithm for building a clique cutset tree for any graph.
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Algorithm 2.5.11.
Input: A graph G,
Output: A clique cutset tree of G.

Running time: O(n*(m + n)).

Description and analysis. 1. Run Algorithm 2.5.9 to determine if G has a clique cutset.
2. If not, return the tree consisting of a single node labelled by G.
3. Otherwise, we found a clique cutset X in G.
(a) Build a node t with V(G,) = X, E(G;) = {zy|z,y € X}.
(b) Recurse on all decomponents Cf,...,Cy of G — X. Let [T;,G;] be the F-block
tree of C; obtained recursively and let T" be the disjoint union of all these trees.
(c) For each i, find a graph node t; € T; such that X C V(Gy,).
(d) For each i, add an edge tt; € E(T).
(e) Return [T, G].
O

A faster algorithm for building a clique cutset tree was later developed by Tarjan [68]
with O(mn) running time. Tarjan actually builds the binary decomposition tree, the recursive
version of the clique cutset tree we defined (the atoms of the binary decomposition tree are
the graph nodes of the clique cutset tree).

For chordal graphs, or more generally the class of clique separable graphs (see [30]), a
clique cutset tree can be built in O(n?(m + n)).

2.5.2 Application: Colouring chordal graphs

We now see how a subtree intersection representation or clique cutset tree can help us

colour chordal graphs in polynomial time. This gives us a flavour of algorithms using tree

decompositions.
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Definition 2.5.12. By colouring a graph G, we mean an assignment c of integers (or colours)
to vertices of G so that adjacent vertices receive different integers (colour). Le., ¢: V(G) —
{1,..., k} where c(u) # ¢(v) if wv € E(G).

A k-colouring of G is a colouring of G using at most k different colours.

An optimal colouring of a G is a colouring of G which uses the minimum number of
colours amongst all colourings of G. The number of colours used in an optimal colouring is
denoted by x(G).

We solve the following problem on chordal graphs.

Problem 2.5.13. COLOURING
Input: A graph G.

Output: An optimal colouring of G.

Colouring (also called vertex colouring) in general is NP-complete, even to approximate
within n'~¢ for any € > 0 [78].  We need the following well known properties of colourings.
Remark 2.5.14. In any colouring ¢ of a graph G, the vertices in a clique X = {x1,...,x3}
of G all receive different colours.

Thus, we can always permute the colours of ¢ so c(x;) = i.

Lemma 2.5.15. If X s a clique cutset of G and Cy,Cs,...,Cy are the decomponents of
G — X then x(G) = max(x(C1), ..., x(Cp)).
We prove this lemma algorithmically.

Algorithm 2.5.16. Input:

e A graph G,

e acut X in G,

e the decomponents C1,...,Cyp of G — X,
e a k;-colouring ¢; of C; fori=1,... /1.

Output: A max({k;}i_,)-colouring c of G.
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Description. This algorithm simply merges all colourings of the decomponents after matching
them on X. More formally, we proceed as follows.

1. Label the vertices of X by xy,..., xp.

2. Permute the colours of ¢; so ¢;(x;) = j for each i (using Remark 2.5.14).

3. Set ¢(v) = ¢;(v) ifve C; — X and ¢(v) =j for v =12; € X.

Analysis. ¢ is a colouring of G since any edge of G is an edge of some decomponent. It uses
max({k;}_,) colours since it always uses all colours from some c¢;. This algorithm proves
X(G) < max(x(Ch), ..., x(Cr)).

We now prove the reverse inequality when X is a clique cutset, thus showing the opti-
mality of the colouring ¢ of G. If X is a clique cutset, C1, ...,y are subgraphs of GG so any
k-colouring ¢ of G is a k-colouring of C; by simply restricting ¢ to C; (i.e., ¢;(v) = ¢(v) if

v € V(C;)). Therefore, x(C;) < x(G) for each i. O

Now that we know how to merge colourings on clique cutsets, it remains to colour the
graph nodes of a clique cutset tree. By Lemma 2.5.6, the graph nodes are cliques and are
coloured optimally by simply assigning a different colour to each vertex of the clique.

After we colour all graph nodes, we apply Algorithm 2.5.16 to merge colourings (in the
reverse order in which the clique cutset tree was built, for example). This gives us an optimal
colouring of G.

We note that there is an easier way to colour chordal graphs in general. All chordal
graphs contain a simplicial vertez, a vertex whose neighbourhood is a clique [25], so we can

1. delete a simplicial vertex v,
2. recurse on G — v,
3. (greedily) assign the lowest numbered colour to v not assigned to a neighbour of v.

Since the neighbourhood of v is a clique, N(v) is a clique cutset in G or G is a clique

and in both cases, our colouring is optimal by Lemma 2.5.15.
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2.6 Robertson-Seymour tree decomposition

We are now ready to introduce Robertson-Seymour tree decompositions and the theory
of graph minors in which they are used. The original goal of their work was to answer
Wagner’s conjecture.
Conjecture 2.6.1 (Wagner’s conjecture). For any infinite sequence of graphs, there exists a
graph of the sequence containing another as a minor.

The Robertson-Seymour tree decomposition is an F-intersection tree, with no particular
restrictions on F.

In the context of graph minors, we are interested in properties of the graph nodes of
a Robertson-Seymour tree decomposition. In particular, in answering Wagner’s conjecture,
they also gave an (approximate) characterization for all graphs excluding a fixed minor H.

We postpone the statement of this structure theorem for the moment as it is fairly
involved. We start by introducing the bounded treewidth decomposition and discuss algo-
rithms to build such a decomposition. We then delve into the thoery of graph minors, show
how it relates to tree decompositions and state Robertson and Seymour’s structure theorem.
Finally, we give some applications of the bounded treewidth tree decomposition.
2.6.1 Treewidth

Although the Robertson-Seymour tree decompositionhas no particular restrictions on
the set of cuts F, the corresponding structure theorems are obtained when we restrict the
graphs indexing graph node. As a first example, we simply restrict the size of each graph
nodes. This is formalized using the notion of treewidth.
Definition 2.6.2. Let G be a graph.

The width of a Robertson-Seymour tree decomposition [T, G] is maxser |V (Gy)| — 1.

The treewidth of G, denoted tw(G), is the minimum width over all tree decomposition
of G. A Robertson-Seymour tree decomposition of width tw(G) is an optimal tree decompo-

sition.
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The notation of a tree decomposition and treewidth was first introduced by Halin [37]
(under different names) before Robertson and Seymour re-introduced it for the theory of
graph minors.

We state the following simple results without proof.

Remark 2.6.3. The treeundth of a graph is at least one less than the size of its maximum
clique.

The treewidth of a tree is at most 1.

The treewidth of a chordal graph is the size of its maximum clique minus one.

Many NP-hard problems can be solved in linear time on graphs whose treewidth is
bounded by a fixed constant & (typical running times are super-exponential in k). We now
see how to build an Robertson-Seymour tree decomposition of width at most k (if it exists)
and how to use these decompositions to solve NP-hard problems.

Properties of bounded treewidth decompositions

We now state some simple properties of Robertson-Seymour tree decompositions we will
need. The first is that the treewidth of a graph G is at most the maximum treewidth of its
decomponents.

Lemma 2.6.4. (see e.q., [11]) Let G be a graph and X a cut in G with decomponents
G1,Ga, ..., Gg. Then tw(G) < max(tw(Gy), tw(Ga), ..., tw(Gy)).

This is usually stated in terms of the clique sum operation (instead of decomponents)
where we combine G4, ...,Gj on a cut.

Definition 2.6.5. Let G be a graph and X a i-cut in G with decomponents Gy, ..., Gi.
Then we say G is the i-clique sum of Gy, ..., Gy.

As an easy corollary, when one of the decomponents is a clique.

Corollary 2.6.6. Let G be a graph and v € V(G) be such that N(v) is a clique, then
tw(G) < max(tw(G — v), deg(v) + 1).

The second property is that treewidth is non-increasing for subgraphs.
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Lemma 2.6.7. Let G be a graph and H a subgraph of G then tw(H) < tw(G).

We can simply restrict a Robertson-Seymour tree decomposition of G to a Robertson-
Seymour tree decomposition of H (and the width will not increase).

2.6.2 Building bounded treewidth decompositions

In general, if the treewidth of the input graph is unbounded, determining the treewidth
of the graph is NP-complete even for graphs of bounded degree [10], bipartite graphs [45] or
complements of bipartite graphs [1]. On the other hand, treewidth can be computed exactly
in polynomial time for chordal graphs (indeed the clique cutset tree is a tree decomposition
of optimal width), permutation graphs [9], circular-arc graphs [65], circle graphs [45] and
distance-hereditary graphs [13].

For graphs of bounded treewidth, Bodlaender [8] gave the first linear time algorithm to
build the tree decomposition, improving on Reed’s O(nlogn) algorithm [57]. Perkovic and
Reed [52] modified Bodlaender’s algorithm to also return a (certifying) subgraph of width
greater than k and at most 2k in case the input graph has treewidth greater than k. Our
main result in the next chapter uses some ideas from their algorithm.

2.6.3 Graph minors

In order to state Robertson and Seymour’s structure, we need to introduce some notions
from the theory of graph mionrs. We recall the definition of edge contraction.

Definition 2.6.8. By contracting an edge e = uv in a graph, we mean to remove all edges
between u and v and replace the vertices u, v with a single vertex w, incident to all edges
originally incident to either u or v.

Remark 2.6.9. The graph obtained by contracting a set of edges is always the same, regard-
less of the order in which we contracted the edges.

Definition 2.6.10. By contracting a subgraph H of a graph GG, we mean to contract all
edges in E(H).
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Definition 2.6.11. A graph H is a minor of a graph G if we can obtain H from G via a
sequence of

e vertex deletions,

e edge deletions, and

e edge contractions.

In this case, we say G has an H-minor or G contains an H-minor.

Remark 2.6.12. If there is a sequence of vertex deletions, edge deletions, and edge contrac-
tions that turns G into H then there is a sequence with all edge contractions occuring at the
end.

Equivalently, H is a minor of G if can be obtained from a subgraph of GG via edge
contractions. Note that any edge in an intermediate graph of a sequence of contractions
corresponds to an edge of the original graph (G. The union of all contracted edges induce a
forest in GG, one tree for each vertex of H.

In fact, instead of a sequence of operations, we can specify a set of vertex disjoint trees
of G, one for each vertex of H, such that if uv is an edge in H then there is an edge of G with
one endpoint in the tree corresponding to u and the other endpoint in the tree corresponding
to v.

This is the definition of a graph model.

Definition 2.6.13. An H-modelin a graph G is a set of vertex disjoint trees {T}|v € V(H)}
and edges e,, = vy € E(G) with z € V(T,),y € V(T,) for each wv € E(H).

We refer T, as the vertexr image of v and e, as the edge image of uv.

For an H-model K, we refer to the subgraph of G consisting of the union of {T,|v €
V(H)} and edges {ey,Juv € E(H)} as the subgraph corresponding to K. We will refer
to wvertices of K (written V(K)) and edges of K (written F(K)) and other properties of
subgraphs as if K were this subgraph.

See Figure 2-6 for an example. We have thus proven the following lemma.
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- - - - edge deletion
edge contraction
) vertex deletion

Figure 2-6: A K -minor in a graph G and the corresponding model.

Lemma 2.6.14. A graph G contains H as a minor if and only if G contains an H-model.
Thus, throughout this thesis, we use minor containment and model containment inter-
changeably.
We now state some simple properties of minors (and models) that we will use implicitly.
It is clear from the definition of a minor that “containing a minor of” is a transitive relation.
Remark 2.6.15. If G contains H as a minor and H contains F' as a minor then G contains
F' as a minor.

If G contains an H-model and H contains an F-model then G contains an F-model.
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As a special case, if a subgraph H of G contains an F-minor then so does G and G
contains an F-model. In, particular, we have:
Remark 2.6.16. If K, is a minor of G then all graphs on at most ¢ vertices are minors of
G.
We will need the following algorithm later on.
Algorithm 2.6.17.
Input:
e A graph G,
e a model of H in GG, and
e a Ks-model in H.
Output: A Ks-model in G.
Running time: O(|V(G)| + |E(G)]).

Proof. Let {Y,},ev(m) be the input H-model in G. Let {X;}?_; be the input Kz-model in
H. We build sets Z; = U, ey (x,) V(Yy) fori=1,...,5. Return {T}[ T; is a spanning tree for
G[Z],1 € {1,2,3,4,5}} (as a Kz-model of G). Each G[Z;] is connected since each Y,,v € X;
is connected and the edges between these sets (from {X;}?_,) connect these components to

each other. O

This thesis’” main focus concerns the algorithmic question of determining whether G
contains H as a minor and the structure of graphs that do not contain a fixed graph H as
a minor.

Definition 2.6.18. We say that G is H-minor free or G excludes H as a minor if G does
not contain A as a minor.

Complete graph minors are of particular interest to us. We close this section with a
very simple example of a structure theorem for graphs excluding a minor H.

Theorem 2.6.19. A graph G is Kz-minor free if and only if G is a forest.
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This is true due to the fact that being K3-minor free is equivalent to having no cycles.

Proof. Suppose G contains a cycle C' (as a subgraph). Contracting all but three edges of C'
yields Kj3. Therefore, K3 is a minor of GG in this case.

Conversely, suppose G is a forest and thus contains no cycles. Contracting an edge in a
tree yields another tree. So all minors of GG are also forests. Since K3 is not a forest, G does

not contain K3 as a minor. O

Equivalently, every graph G without a K3-minor has an F-intersection tree where each
graph node has size at most 2 (for some family F of cuts in G). The notion of bounding
the size of graph nodes will appear again when we introduce the notion of treewidth. In
particular, this notion will allow us to order all graphs by their “complexity value” (in some
sense) and solve problems in time polynomial in the size of the graph but exponential in the
complexity values.

2.6.4 Complete graph minors

In this section, we prove some properties of K,-minor free graphs for any fixed . We
show decomposing on a minimal cutset X where G — X has at least | X | components preserves
the property of being K,-minor free.

Theorem 2.6.20. If a graph G has a clique cutset X then it has a Ky-minor precisely if there
is a component U of G — X such that G[V(U) U X] (i.e., the corresponding decomponent)

has a Ky,-minor.

Proof. G[V(U) U X] is a subgraph of G for any component U of G — X so any K,-minor of
G[V(U) U X] is also a K,-minor of G. We now suppose G contains K,-model {Y;}{_, and
show that G[V (U) U X| contains a K,-minor for some component U of G — X.

Since X is a clique, G[V(U) U X] contains a K|x|-model for any component U of G — X

and the theorem is true for ¢ < |X].
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So ¢ > |X| and some Y; does not intersect X. Without loss of generality, it is Y.
Since {Y;}_, is a K,-model, all Y; intersect X or are contained the component U of G — X
containing Y; (otherwise, there is no edge between Y; and Y;). We claim G[V (Y;)N(V (U)UX)]
is connected for each Y;. If not, two components of G[V (Y;) N (V(U) U X)] are connected to
each other via a path in GG. If P is a shortest such path either we can shorten P using an
edge of X (if some of P is outside G[V (Y;) N (V(U) U X)] ) or P is completely contained in
GIV(Y;) N (V(U) U X)] and in both cases, we have a contradiction. Therefore {G[V (Y;) N
(V(U) U X)]}_, is a Kpi-model in G[V(U) U X] as required. O

Theorem 2.6.21. If X is a minimal cutset of a graph G and the number of components of
G — X is at least | X| then the graph obtained from G by adding edges so that X is a clique

has a Ky;-minor precisely if G has a Ky-minor.

Proof. GG is a subgraph of H, the graph obtained from G by adding a clique onto X so any
K-minor of GG is also a Ky,-minor of H. We now suppose H contains K,-model and show G
contains a K,-minor.

X is a clique cutset in H so by Theorem 2.6.20, H[U U X] contains a K,-model for some
component U of H — X.

Let U,, ..., Ux| be | X| —1 other components of H — X = G'— X. We contract all edges
in all U; for i = 2,...,|X|. Each component contracts to a vertex of degree |X| since X is a
minimal cut. We then contract a maximum matching between the resulting vertices and X
(and delete all other components of G — X except U). The resulting graph is H[V(U) U X].

Thus, G contains H[V(U) U X] as a minor and therefore a K,-model. O

In particular, we can decompose graphs along (k, k)-cuts without affecting K,-minor
freeness.

Corollary 2.6.22. Let X be a minimal (k, k)-cut in a graph G.
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Then for any ¢ > k, G is Ky-minor free if and only if all decomponents of G — X are
Ky-minor free.
We now provide the algorithmic version of the above theorem.
Algorithm 2.6.23.
Input:
e A graph G,
e a minimal (k, k)-cut X in G, and
e a decomponent C' of G — X
Output: A C-model of G.

Description and analysis. 1. Let Uy, Us, ..., Uy be k components of G — X with V(C) =
V(Uy)UV(X). Build the graph H obtained from G by contracting each U; to a single
vertex u; for i = 2, ...k and deleting all other components of G — X.

2. Since X is minimal each u; is adjacent to all of X.
Let x1,..., 2 be the vertices of X. Contract x;u; for each i = 2,... k.

3. Return H (and the sequence of deletions and contractions performed to obtain H).

O

By the transitivity of the minor relation, we can use the above algorithm to obtain a
Kyp-model in G given a Ky-model in a decomponent C.
Algorithm 2.6.24.
Input:
e A graph G,
e a minimal (k, k)-cut X in G, and
e a K;-model in a decomponent C' of G — X.

Output: A K,-model in G.
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2.6.5 Wagner’s theorem

We are now ready to present a more elaborate structure theorem, Wagner’s theorem for
K3 s-minor free graphs and Wagner’s theorem for Ks-minor free graphs.

Such structure theorems help us study many families of graphs closed under taking
minors (which include graphs embeddable on a fixed surface). As we shall see, this allows
such families to be characterized in terms of excluded minors. For example, Kuratowski’s
theorem characterizing planar graphs can be stated in this way.

Theorem 2.6.25 (Kuratowski’s theorem). [47, 74] A graph G is planar if and only G does
not contain K33 or K5 as a minor.

This is also an example of how a topological restriction (being planar) can be translated
into a graph minors restriction (excluding K33 and Kj as a minor). We will see topology
playing an important role again in the theory of graph minors and the Robertson-Seymour
structure theorem.

The above theorem is actually Wagner’s translation of Kuratowski’s theorem in terms
of graph minors. Kuratowski’s original theorem used subdivisions.

Definition 2.6.26. A graph H is a subdivision of a graph G if H is obtained from G by
subdividing some of the edges, that is, by replacing the edges by paths having at most their
endvertices in common.

We say that a graph F has (or contains) a subdivision of G (or G-subdivision) if it
contains a subdivision of G as a subgraph.

Theorem 2.6.27. [47] A graph G is planar if and only G does not contain Ks3 or K5 as a
subdivision.

Subdivisions

If G is a subdivision of H then H is a minor of G as we can simply contract all edges

of paths in the subdivision. However, the converse is false (see for example, Figure 2-7).
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G H

Figure 2-7: H is a minor of G (obtained by contracting the highlighted edge) but G has no
H-subdivision as one center of such a subdivision needs to have degree at least 4 and G has
maximum degree 3.

However, we can obtain an approximate converse. That is, there exists a finite set of
graphs Z(H), all of which have at least |V (H)| vertices and |E(H )| edges such that if H is a
minor of G then G contains some graph in Z(H) as a subdivision. The list Z(H) represents
all possible trees for vertex images of a model of H.

Theorem 2.6.28. (see e.g. [54]) For every H, there exists a finite set of graphs Z(H) such
that if H is a minor of a graph G then G contains some graph in Z(H) as a subdivision.

We might think that we can use Kuratowski’s theorem to test if G is planar by testing
if G contains a Ks-minor and testing if G' contains a 3 s-minor. However, linear time
algorithms for testing planarity were first discovered [40] (see also Section 2.2.3). Linear
time algorithms for testing if a graph contains K33 as a minor [4] and for testing if a graph
contains K5 as a minor were only later discovered. In fact, one of the main contributions of
this thesis is a linear time algorithm which determines if an input graph contains a Ks-minor
(see Chapter 3).

In contrast to Kuratowski’s theorem, Wagner [73, 74] showed we can instead use pla-
narity to characterize K s-minor free graphs and Ks-minor free graphs.

Theorem 2.6.29 (Wagner’s theorem for Ks3). [74] A graph G either
e contains a Kj3-minor,
e is planar,
e is the graph Ks,

e contains a 0-cul,
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e contains a 1-cut, or

e contains a 2-cut.

L

Figure 2-8: The special graph L with 8 vertices and 12 edges. It is also known as V3 in the
literature.

Theorem 2.6.30 (Wagner’s theorem for Ks). [73] A graph G either
e contains a K5-minor,
e s planar,
e is the graph L,
e contains a 0-cut,
e contains a 1-cut,
e contains a 2-cut, or
e contains a 3-cut which splits G into at least 3 components.

We give an algorithmic proof of this theorem at the end of this chapter (in Section
2.6.9).

We can reformulate Wagner’s theorem for Kz-minor free graphs in terms of F-block
trees. For simplicity, we refer to 3-cuts in Wagner’s theorem as (3, 3)-cuts and more generally
define (i, j)-cuts as follows.

Definition 2.6.31. We call a cut of size ¢ that splits G into at least j components an
(1,7)-cut.

Theorem 2.6.32. Let G be a connected Ks-minor free graph and F be the family of all
component minimal 1-cuts, 2-cuts and (3,3)-cuts of G.

All graph nodes of an F-block tree of G are either planar or L.
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2.6.6 Treewidth and excluding planar graphs

Recall the Robertson-Seymour tree decomposition of a graph G is what we called an
F-intersection tree (for general F). For the purpose of excluding minors, we wish to put
restrictions on the graph nodes of this tree (other than having no cuts in F). For Wagner’s
theorem for K7, the graph nodes are planar or have bounded size.

Robertson and Seymour showed that if H is planar and GG is H-minor free then there is
a Robertson-Seymour tree decomposition of bounded width. We now state Robertson and
Seymour’s structure theorem for graphs excluding a fixed planar graph in terms of treewidth.
Theorem 2.6.33. [60] For any planar graph H, there exists a constant k(H) such that all
H-minor free graphs have treewidth at most k(H).
2.6.7 Structure theorem for H-minor free graphs

The structure theorem for H-minor free graphs for general H is similar to Wagner’s
theorem for Ks-minor free graphs stated in the last section (Theorem 2.6.30) in that we
obtain an F-intersection tree where graph nodes labels are either a fixed graph or embeddable
on a fixed surface. This is not quite true as the graph nodes are not quite embeddable (a
bounded number of faces can be altered in a very specific way) and we must first delete a
bounded number of vertices from each graph node.

We now state this version and fill in the details throughout this section. We follow
Lovész’s exposition [49].
Definition 2.6.34. We say an F-block tree of a graph G is a < 3-block tree if F is the
family of all component minimal 0-cuts, 1-cuts, 2-cuts and 3-cuts of G.
Definition 2.6.35. We say an F-block tree of a graph G is a < k-block tree if F is the
family of all component minimal of size at most k in G.
Theorem 2.6.36. [59] Let H be fized. Then there exists a constant cg and a surface X
(depending only on H) such that all H-minor free graphs G have an < k-block tree where

graph nodes are “almost embeddable” on X after we delete at most cg vertices from them.
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Note that unlike Wagner’s theorem, this is only an approximate characterization. That
is, all H-minor free graphs have such an F-block tree but graphs with such an F-block tree
are not necessarily H-minor free. However, there exists another constant, say ¢j; and surface
¥y for which the converse holds.

We now present the missing definition of “almost embeddable”.

Definition 2.6.37. A graph G is k-almost embeddable on a surface X if it is obtained from
a graph H embeddable on ¥ by

e adding a fringe of width at most k& onto (the bounding cycles of) k faces of G, and

e adding at most k vertices with arbitrary adjacencies in G (called apez vertices).
Definition 2.6.38. By adding a fringe of width k to a cycle C'; we mean to

e select p paths P, ..., P, of C so that no vertex is in more than k paths,

e for each i, add a vertex v; adjacent to a subset of V(P;), and

e for some pairs 4, j where V(P;) intersects V' (P;), add an edge between v; and v.
2.6.8 Recognizing an H-minor free graphs

For arbitrary H, a polynomial time algorithm to construct the decomposition was re-
cently developed by Demaine et al. [22]. In the same paper these authors, building on earlier
work of Baker [5], Grohe, and others, develop polynomial time algorithms for a number of
optimization problems on this class of graphs. The exponent in the running time of the
algorithm depends on |V (H)|. It exceeds (‘V(QH )‘).

2.6.9 Algorithmic proof of Wagner’s theorem

In this section, we give a flavour of proofs for a structure theorem excluding a fixed
graph H as a minor. Specifically, we provide the algorithmic proof of Wagner’s theorem for
K5 (Theorem 2.6.30). Our algorithm finds a K5-model in a non-planar 3-connected graph
G with more than 8 vertices and no (3, 3)-cut.

Our algorithm always succeeds in finding a K5-model so Wagner’s theorem for K follows

by checking Wagner’s theorem is true for all graphs with fewer than 9 vertices.
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Our algorithmic proof assumes Kuratowski’s theorem holds. More specifically, it uses
the algorithmic version of Kuratowski’s theorem [77] which given a non-planar graph returns
a K33 or K5 subdivision in G.

We are now ready to give the formal specifications.

Algorithm 2.6.39.

Input: A non-planar 3-connected graph G with more than 8 vertices and no (3, 3)-cut.
Output: A Ks-model of G.

Running time: O(|V(G)| + |E(G)]).

Description and analysis:

Our algorithm uses three subroutines,

(i) the linear time algorithm of [77], which given a non-planar graph finds a K5 subdivision
or K33 subdivision in it in linear time,
(ii) a linear time algorithm which given a K33 subdivision within a 3-connected graph G
with no (3, 3)-cuts finds either a subdivision of L or a Kjz-model, and
(iii) a linear-time algorithm which given a subdivision of L in a 3-connected graph which
is not L finds a Kz-model in the graph.

Algorithm 2.6.39 first runs the first of these subroutines. If a K5 subdivision is returned,
we can easily find and return a Kj5-model within the subdivision. Otherwise, the second
subroutine is applied. If it returns a Ks-model, so does Algorithm 2.6.39. Otherwise, the
third subroutine is applied to the subdivision of L returned by the second subroutine, and
Algorithm 2.6.39 returns its output.

To complete our description of Algorithm 2.6.39 it remains to describe the last two
subroutines. We note that the second subroutine exploits the fact that if we subdivide two
disjoint edges of a K33 and add an edge between the two new vertices, we obtain L.
Algorithm 2.6.40.

Input:
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e A non-planar 3-connected graph G with more than 8 vertices and no (3, 3)-cut.

e A subdivision F' of K33 in G whose centers are given as two sets of vertices A =
{a1,as,a3} and B = {by, be, b3} and whose edge set has been decomposed into a set of
paths {Q; ;|1 < 1,7 < 3} such that

(I) Q;; has endpoints a; and b; and
(IT) these paths are disjoint except at common endpoints.
Output: Either
e a subdivision of L in G, or
e a Ks-model in G.
Running time: O(|V(G)| + |E(G)]).

Description and analysis:

Figure 2-9: Ks-models obtained from a K3 3-model.

1. Determine the at most 2 components of G — A, and find a component U of G — A
containing two elements of B.
2. Find a path P between these two elements of B in U. Find a subpath Pg of P linking

two components of F' — A which is internally disjoint from F' (this can be done by
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10.

traversing P from one endpoint until we encounter a vertex of F’ which is in a different

component of F'— A, and then backtracking along P from this point until we encounter

a vertex of F).

In the same way, find a subpath P4 of F' — B which links two different components of

F — A, and is internally disjoint from F.

If both endpoints of Py are in B and both endpoints of P4 are in A then

(a) if Pp and P, are disjoint we can obtain a Ks-model, where the @; ; between the
vertex of A not on P, and the vertex of B not on Pp is contracted to a vertex,
as depicted in Fig. 2-9(b), while
(b) if Pg and P4 intersect then we can obtain a K5 model where we contract the

connected graph (Pp U P4) — A — B to a vertex, and use the K, subdivision
within F' centered at (Pg N B)U (PaNA).

Otherwise, relabel A and B so that P has an endpoint which is not in B.

If the endpoints of Pp are on the interior of disjoint @); ; then F'U Pg is a subdivision

of L. Return it.

Otherwise, we can reindex A, B and @); j so that Pp runs from a vertex on the interior

of Q1,1 to a vertex on Q12 — a;.

G — B has at most two components while (F'U Pg) — B has three, so as in (2) we

can find a path P; internally disjoint from F' U Pg whose endpoints are in different

components of (F'U Pg) — B.

If the endpoints of P, are on the interior of disjoint @); ; then F'U P; is a subdivision

of L. Return it.

If P, has an endpoint on (11 (and hence no endpoint on Pg U Q12), we check if this

endpoint is a;. If not, F' U P, U Pg contains Fig. 2-9(a) as a minor (by contracting

the path between the endpoints of P, and P on )1 1, the path between the endpoint
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11.

12.

13.
14.

of Pg and by on Q12 and the path from the other endpoint of P; to A) and hence a
Ks-model, which we return.

If so, F'U P, U Pg contains Fig. 2-9(a) as a minor (by contracting the path between
the endpoints of Pp and b; on (1, the path between the endpoint of P and by on
()12 and the path from the other endpoint of P, to A in F) and hence a Ks-model,
which we return.

If P, has an endpoint on the subpath of ()1 2 from b, to the endpoint of Pp (and hence
no endpoint on ¢y ; U Pg), F'U P, U Py contains Fig. 2-9(a) as a minor (by reversing
the roles of @1 ; and 1 2 in the above argument (but in this case, the endpoint cannot
be a1)) and hence a Ks-model, which we return.

If P, has an endpoint on Pg (and hence no endpoint on Q1 1UQ1 2), F'UP;UPg contains
Fig. 2-9(a) as a minor (by contracting the subpath of Pg between the endpoints of Py
on Pp and the endpoint of Pg on )y 1, the path between the endpoint of Pz and by on
()12 and the path from the other endpoint of P; to A) and hence a Kjs-model, which

we return.

Thus, we can contract the subpath of (), from the endpoint of Pp to a;, the subpath
of 12 from the endpoint of Pp to ay and the subpaths from each endpoint of P, to A
in F' to obtain Fig. 2-9(b) as a minor and hence a Kj3-model, which we return.

We turn now to our second subroutine, it exploits the following observations:

Observation 2.6.41. Adding an edge e between two non-adjacent vertices of L yields a

graph which contains a Ks-model.

Proof. Let L be labelled as in Fig. 2-10(a). By symmetry, we are free to choose the first

endpoint of e to be v;. Now we need only consider e = viv3 or e = v1v4, as € = vV U7 IS

symmetric to the first case and e = vvg is symmetric to the second. In the first case there is
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a Ks-model with vertex images vy, vs, Va0, V405, v70s (see Fig. 2-10(a)). In the second there

is a K5-model with vertex images vy, vy, Uou3, V5V, V70g (see Fig. 2-10(Db)). O

Figure 2-10: K5-model obtained from L with an added edge.

Observation 2.6.42. Subdividing an edge uwv of L and adding an edge between the new

vertex x and any verter y of L —u — v yields a graph with a Ks-model.

Proof. One of u or v is not adjacent to y since L contains no triangles. Contract the edge
between that vertex and z. This yields L with an added edge (between y and one of u or

v). By Observation 2.6.41, this graph contains a Kj-model. O

Observation 2.6.43. Subdividing two edges of L and adding an edge between the two sub-

division vertices yields a graph with a Ks-model.

Proof. For any vertex v that is an endpoint of the first subdivided edge uv, but not the
second, we can contract the path from v to the vertex subdividing uv. We then apply

Observation 2.6.42. O
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Algorithm 2.6.44.

Input:
e A non-planar 3-connected graph G with more than 8 vertices and no (3, 3)-cut.
e A subdivision F' of L in G.

Output:

e A Ks-model in G.

Running time: O(|V(G)| + |E(G)]).
Description and analysis:
1. If Fis not L,
(a) find a path @ of F' corresponding to a subdivided edge uv of L whose interior
contains a vertex.
(b) Use DFS to find a path P in G —u — v from the interior of @ to F'— Q. (P exists
since G is 3-connected).
(¢) By either Observation 2.6.42 or 2.6.43, F'U P contains a K5-model which we find
and return.
2. If Fis L,
(a) find a vertex v € V(G) — V(F) (such a vertex exists since G contains more than
8 vertices).
(b) Find 2 paths P;, P, from v to F' that intersect only at v. Let Q = P, U P, be the
path between two vertices fi, fo of F' (internally disjoint from F’).
(c¢) If fife is not an edge of F' (and thus L), by Observation 2.6.41, F U () contains
a Ks-model which we find and return.
(d) If fifs is an edge of F,
i. replace this edge by @) in F' to obtain a new model of L in G that contains a

subdivided edge (with non-empty interior).
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ii. Apply the algorithm in case 1 (i.e., steps la), 1b) and 1c)).

The last two algorithm presented both run in linear time since they only need to find a
constant number of paths (using DFS) and a constant number of checked (which can all be
done in constant time once the paths are built).

2.6.10 Bounded treewidth and linear time algorithms

Many NP-hard problems can be solved in linear time on graphs whose treewidth is
bounded by a fixed constant k£ (typical running times are super-exponential in k). See for
example [61, 3, 6, 7]. Such algorithms require a Robertson-Seymour tree decomposition of
width & as input. Bodlaender [8] showed if G has bounded treewidth then we can find an
optimal tree decomposition of GG in linear time.

In fact, Courcelle [16, 15, 17] showed that all problems that can be formulated in monadic
second order logic can be solved in linear time. His method relies on evaluating a large number
of formulas (this number depends only on k) at each node of the Robertson-Seymour tree
decomposition (for the graph corresponding to the tree rooted at that node) and uses dynamic
programming.

For example, we can formulate the problem of determining if X is an independent set

in monadic second order logic as follows

Indep(X) =Vx € X,Vy € X, - Adj(x,y)

Arnborg et al. [2] extended Courcelle’s result to extended monadic second order logic
(EMS), which allows them to solve counting and optimization problems in polynomial time.
This extension essentially allows weights on the vertices and edges of G and evaluations
(for instance, of sum of these weights over a set). For a restricted class of formulas, known
as linear extended monadic second order logic with uniform cost measure, they show that
problems encoded using such formulas can be solved in linear time on graphs of bounded

treewidth.
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For example, we could have set weight 1 to every vertex in G and ask to maximize |X|
in the above formula in order to find the maximum independent set in G.

Their result is obtained using a linear time algorithm which transforms a labelled graph
of bounded treewidth to a labelled binary tree and an algorithm to transform a monadic
second order logic property for labelled graphs to a monadic second order logic property for
labelled binary trees.

Courcelle et al. [18] then extended these results to graphs of bounded clique-width
(another graph parameter). It should be noted that the hidden constant in the running
time in these algorithms (as well as many other algorithms presented in this thesis) are very
high compared to direct dynamic programming algorithms (see [31] for work on rendering
such algorithm more practical by formulating problems in “datalog”). See [32] and [46] for
surveys on more results on such algorithmic meta-theorems.

Monadic second order logic and extended monadic second order logic

We now provide the formal definition for monadic second order logic and extended

monadic second order logic. We use notation and definitions from [2] as we need their
results in other chapters of this thesis.
Definition 2.6.45. Monadic second order logic is a language which contains the proposi-
tional logic connectives A, =, V, —, <> (with the usual meanings: and, not, or, implies, if,
and only if, respectively) , individual variables x,y, z, 1, xo, . . ., existential (3) and univer-
sal (V) quantifiers and predicates. Moreover, it contains set variables X, Y, Z, U, X, Xo, .. .,
the membership symbol €, and it allows existential and universal quantification over set
variables.

A (labelled) graph consists of an incidence relation (Adj), unary predicates to designate
vertices (V') from edges (F) and unary predicates corresponding to vertex and edge labels.

Extended monadic second order logic further allows evaluations (vertex and/or edge

weight functions denoted by f; for j = 1,...,m) over subsets definable in monadic second
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order logic, in the form ®(Xy, ..., X¢) AY(| X1, ..., |Xe|m), where | X;]; is to be interpreted
as Y .cx, fi(z), ® is a monadic second order logic formula and ¢ is an evaluation relation.
An evaluation relation is a propositional formula whose are sign conditions on polyno-
mials built from |X;|;.
We can also replace the relation ¢ by an objective function and ask for its extremal
value:

FOX1lh - 1 Xl
S (Xl -y | Xelm)

For linear extended monadic second order logic, we require the evaluations to be linear
in the terms |X;|; and that the evaluation relation is missing (i.e., ¢ is identically true).

A graph property that can be expressed in monadic second order logic is called a MS-
property. A problem which can be expressed in extended monadic second order logic is called
a EMS problem. A problem which can be expressed in linear extended monadic second order
logic is called a linear EMS problem.

We will use set equality and set operations as shorthand for their corresponding monadic
second order logic formulas. We will sometimes use v € V(G) and e € E(G) to mean the
corresponding formulas using the graph’s predicates.

We are now ready to formally state the theorems introduced in the previous section.
Theorem 2.6.46. [16, 15, 17] For each MS-property P, and for each class K of graphs of
treewidth universally bounded by k, the problem P(G) for G € K can be decided in linear
time, if G is given together with a tree decomposition of width at most k.

Theorem 2.6.47. [2] For each class K of graphs of treewidth universally bounded by k,
every EMS' linear extremum problem P can be solved in linear time with the uniform cost
measure (where an arithmetic operation or comparison is charged constant cost), for G € K,

if G 1s given with a tree decomposition of width at most k.
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For all our applications, weights we give to vertices and edges are either 0 or 1 and
objective functions are linear with coefficients 0 or 1 (which allows us to assume the uniform
cost measure).

Dynamic programming examples

We give an example in this section and use a tree decomposition of bounded width to
find an optimal colouring. In the next section, we revisit this example using monadic second
order logic.

Remark 2.6.48. A Robertson-Seymour tree decomposition [T, G| of G of width w actually
gives us a chordal supergraph H of G. We obtain H by adding edges so each (graph) node
Gy is a clique. Then [T, G] is the intersection version of a clique cutset tree of H.

We can then use Algorithm 2.5.16 to obtain an optimal colouring of H. This is a
tw(G) + 1 colouring of G, but may not be optimal.

We now describe a dynamic programming algorithm for colouring G. Our algorithm
takes an input k& and Robertson-Seymour tree decomposition of width tw(G) and determines
if G has a k-colouring. This algorithm runs in time linear in |V (G)|, |E(G)| and exponential
in k. To obtain an optimal colouring, we may try all values from 1,... tw(G) + 1.
Algorithm 2.6.49.

Input:
e A graph G,
e a Robertson-Seymour tree decomposition of G of width tw(G), and
e an integer k.
Output: “Yes” if G has a k colouring. “No” otherwise.
Running time: O(|V(G)| + |E(G)]).
Basically, we wish to build the following lookup using dynamic programming. We

arbitrarily root the tree at a node r. For each node ¢ and each (proper) k-colouring c of its
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label, our table contains a boolean value which indicates whether this colouring extends to
(the graph induced by the union of nodes in) the subtree rooted at t.

There are at most n nodes and at most (tw(G) + 1)* colourings of any particular node
index Gy. So our final table contains n(tw(G) + 1)* entries. We fill in the entries for the
leaves first (by iterating over all colourings in each leaf and checking that it is proper) and
proceed in a post-order traversal.

To fill an entry for an internal node, we check if this colouring can extend to each of its
children (by looking at the corresponding entries in the table for its children). We can in
fact build a Robertson-Seymour tree decomposition where all internal nodes have degree 3
and thus 2 children. This allows us to look up at most (tw(G) + 1)?* entries.

Definition 2.6.50. A canonical Robertson-Seymour tree decomposition is a Robertson-
Seymour tree decomposition where each internal node has degree three.

Remark 2.6.51. We can obtain a canonical Robertson-Seymour tree decomposition (of the
same width) from any Robertson-Seymour tree decomposition in linear time.

We now describe Algorithm 2.6.49.

Description and analysis. 1. k> tw(G) + 1, return “Yes”
2. Arbitrarily root T" are r and compute a postorder of V(T') with respect to this root.
3. For t in postorder(V (7)),

V&I colour-

(a) Build a list L, of all proper colourings of (G;) by iterating over all &
ings of GG; and checking it is proper.
(b) For ¢ in Ly,
i. For each child s of ¢, for each colouring ¢’ of G, which agrees with ¢ on G;NGy,
check if Table[s][¢/] is true.
ii. If for every child s, there is such a colouring ¢, set Table[t][c] to true (this

includes the case where t has no children).

iii. Otherwise, set Table[t][c] to false.
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4. Check if Table(G,, ¢) is true for some proper colouring ¢ in L,. If so, return “Yes”. If

not, return “No”.

Monadic second order logic example
We can easily formulate the k-colouring in monadic second order logic by first defining
a predicate to test if a partition is a colouring and then a predicate to test if a set of k sets

is a partition.

k—Col(Xy,..., Xx) = Indep(Xj) A ... A Indep(Xy)
k—Part(X,X,,....X) = (X=X,U...UX})
ANXiNXo=OANXiNXz=0)A...N (X1 N X =0)

The monadic second order logic sentence for k-colouring is then

Xy, ... Xk —Col(X1,. .., X)) Ak —Part(V(G), X1, ..., X)

We now state some more useful predicates in monadic second order logic which we will
need later. Adjacent determines if there is an edge between two sets of vertices X and Y.

Conn(X) determines if a set of X induces a connected subgraph (specified as a predicate).

Adjacent(X,Y) = JzTy(z € X Ay €Y AAdj(z,y))
Conn(Z2) = VXVY2—-Part(Z, X,Y) — Adjacent(X,Y)
A final formula we need, H —model, tests if a graph induced by X contains an H-model.

We assume the vertices of H are labelled 1,...,|V(H)|.

H-—model(X) = 3Xo, X1,..., Xjy@) Conn(X;) A ... A Conn(Xy )
/\(|V(H)| + 1) —Part(X, X(),Xl, ey X|V(H)\)

A Nijajerr Adjacent(X;, X;)
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Table 2-1: Table of different trees introduced in this section

Name F Requirement on G | Type Unique Uniqué¢ Note
cut- tree
ting
nodes
block tree all 1-cuts connected block yes yes
all 1-cuts connected recursive yes no
all 1-cuts connected intersection yes no
2-block tree all 2-cuts 2-connected block yes no
tree of split | all strong 2- | 2-connected recursive yes no allows mult
components cuts graphs as i1
dices
tree of split | all 2-cuts 2-connected recursive no no allows mult
components graphs ¢
before merg- indices  an
ing non-unique
only due t
triangulatior
of cycles
SPQR tree all strong 2- | 2-connected intersection yes yes allows mult
cuts graphs €
indices  an
(graph) node
are labelle
by  S,P.Q,
depending o
their index
clique cutset | all  minimal | chordal block yes yes all grap
tree clique cutsets nodes are als
cliques
clique cutset | all clique cut- block no no
tree sets
binary de- | all clique cut- recursive no no
composition sets
tree
Robertson- weak intersection | no no
Seymour tree
decomposi-
tion
Robertson- weak intersection | no no all grap
Seymour nodes indice
tree  decom- have at mox
position  of w vertices
bounded 75
width w
(3, 3)-block all (3,3)-cuts | 3-connected block yes yes

tree




CHAPTER 3
Recognizing Ks-minor free graphs

In this chapter, we present a linear time algorithm which determines if an input graph
G contains a Ks-minor and outputs a Ks-model if it does. If G is K5-minor free, it outputs
a special tree decomposition as a certificate.

We discuss how this tree decomposition can be used to design algorithms in Chapter 5.

Our tree decomposition is derived from Wagner’s theorem, which we now recall.
Theorem 3.0.52 (Wagner’s theorem for K3). A graph G either

e contains a K5-minor,
e is planar,

e is the graph L,

e contains a 0-cut,

e contains a 1-cut,

e contains a 2-cut, or

e contains a (3,3)-cut.

Also recall that a (3, 3)-cut is a 3-cut which decomposes G into at least 3 components.
Definition 3.0.53. We call a cut of size ¢ that splits G into at least j components an
(1,7)-cut.

We first describe a simple polynomial time, but not linear time algorithm that does not
use tree decompositions.

By Wagner’s theorem, it is easy to determine if a graph G without 0-cuts, 1-cuts, 2-cuts
or (3,3)-cuts is Ks-minor free. We only need to check if G is L (using brute force) and if G

is planar (using one of the linear time planarity testing algorithms [40, 20, 48, 63, 12, 35| or
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the algorithm described in Section 2.2.3) as G has a Ks-minor if and only if it is not L and
non-planar.

By Corollary 2.6.22; if we find a smallest cut X of one of the three types (0-cut, 1-
cut, 2-cut or (3,3)-cut) then we can decompose on X and recursively determine if each
decomponent of G — X has a Ks-minor in order to determine if G has a Ks-minor (G has a
Ks-minor if and only if a decomponent does).

Finding a 0-cut, 1-cut, 2-cut or (3, 3)-cut in G (if it exists) is also easy as we can simply
try and delete every subset of V(G) of size at most 3. Thus, we can use the above recursive
algorithm to determine if an input graph contains a Ks-minor.

Using tree decomposition, we see that the algorithm is simply

1. building block tree,

2. building a 2-block tree for each block,

3. building a recursive tree for each 2-connected component using (3,3)-cuts of those
components, and

4. testing if all resulting graph nodes are either planar or isomorphic to L.

As discussed in Sections 2.1 and 2.2, the block trees and 2-block trees of its graph nodes
can be built in linear time. We name the last type of trees (3, 3)-block trees.

Definition 3.0.54. A (3, 3)-block tree of a graph G is an F-block tree where F is the family
of (3,3)-cuts of G.

To return a Ks-minor of GG if a Ks-minor is found in a graph node, we simply run
Algorithm 2.6.23 and 2.6.17.

Since testing for planarity and isomorphism to L can also be done in linear time, except
for step 3, our algorithm runs in linear time. So we only need to focus on the case where G is
3-connected for the remainder of this section. More formally, our main result is an algorithm

with the following specifications.
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Algorithm 3.0.55 (K5-minor recognition).
Input: A 3-connected graph G
Output: Either
e a K5-model of GG if GG has a K5-minor, or
e a (3,3)-block tree of G otherwise.
3.1 (3,3)-block trees for K;-minor free graphs

In this section, we give an overview of the main result of this chapter, Algorithm 3.0.55,
a linear time algorithm which finds a (3, 3)-block tree for K5-minor free graphs. If the input
contains a Ks-minor, it instead returns a certifying Ks-model. As discussed in the previous
section, we only need to focus on input graphs that are 3-connected.

In each iteration, our recursive algorithm either finds a K5-model or recursively applies
itself on a set of smaller 3-connected graphs. Having solved the problem on these smaller
graphs, it uses the solution to these new problems to construct the solution to the old problem
quickly. Our reductions will reduce the problem so much that the entire algorithm runs in
linear time provided the reduction and construction subroutines take linear time.

Some of our reductions are straightforward. For example suppose the graph has a large
stable set S of vertices of degree 3, each of which has the same neighbourhood (in G) as at
least 4 vertices in V(G) — S. In this case, deleting the vertices of S does not significantly
change the structure of the (3, 3)-block tree. Indeed having constructed a tree for the smaller
graph G — S, to obtain a tree for G we note that the neighbourhood of each deleted vertex
will be a (3, 3)-cut in G— 5, and for each such vertex v, we need to add a pendant graph node
which is a clique on {v}UN (v) adjacent to the unique cutting node of the tree decomposition
of G — S containing N(v). Note that the reduced graph is 3-connected. On occasion we

reduce via the deletion of a large set S of vertices of this type.
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Another reduction involves finding a laminar set F of 3-cuts of G such that the F-block
tree has at least en graph nodes. We then decompose (on cuts in F) into the set of graph
nodes of this tree. We note that these cuts need not be (3, 3)-cuts but they will be such that

(a) given a Kz-model in one of the smaller graphs we can quickly find one in G and
(b) we can paste (3,3)-block trees of the smaller graphs together into a (3, 3)-block tree
for GG in linear time.

Our last reduction involves contracting a matching M in G with a linear number of
vertices to obtain a new 3-connected graph H. Since minor containment is transitive (Remark
2.6.15), if H contains a model of Kj5, so does G and we can uncontract to find this model
quickly. Obtaining our output for G given a (3, 3)-block tree for H is much more complicated
and forms the major part of this chapter. To do so, we need to insist that M has some special
properties. To wit, M must be induced and only use vertices whose degrees in G are small.

This allows us to massage the (3, 3)-block tree of H to obtain a (3,3)-block tree of G.
Our first step is to identify where the (3, 3)-cuts of G lie with respect to the (3, 3)-block tree
of H. It turns out that each of them either corresponds to a (3,3)-cut of H or corresponds
to a triangle of H or to certain Pss of H which have very special properties. This allows us
to refine our decomposition tree so as to obtain an F-block tree for a set F containing all
(3,3)-cuts of G. We then process this tree, modifying it so as to obtain a (3, 3)-block tree
for G unless a Ks-model of GG is found in the process.

Finally, we note that we can stop our recursion whenever we find a K5-model by simply
returning it. The following three subroutines will be useful in doing so.

Algorithm 3.1.1. [58]

Input: A graph F with |E(F)| > 64|V (F)].

Output: A Ks-model of F.

Running time: O(|V(F)|) (if we can obtain the first 64|V (F)| edges without reading the

remaining edges)
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We also use the algorithmic version of Wagner’s theorem discussed in Section 2.6.9,
whose specification we now recall.
Algorithm 2.6.39.
Input: A non-planar 3-connected graph G' with more than 8 vertices and no (3, 3)-cut.
Output: A Ks-model of G.
Running time: O(|V(G)| + |E(G)|)..
We refer to the operation in Algorithm 2.6.24 as uncontracting a Ks-model whose spec-
ification we now recall.
Algorithm 2.6.24.
Input:
e A graph G,
e a model H in G, and
e a Ks-model in H.
Output: A Ks-model in G.
Running time: O(|V(G)| + |E(G)]).
This completes our informal description of our algorithm.
3.2 Formal description
Having described the algorithm informally we are now ready to present a formal speci-
fication. Throughout the chapter, d = 2000000 and ¢ = d~°. Our algorithm uses a number
of subroutines with these specifications. We label them to indicate where they can be found
in this chapter.
The first subroutine is used to determine which reduction to make.
Algorithm 3.4.1.
Input: A 3-connected graph G of minimum degree at least 3 with at most 64|V (G)| edges.

Output: One of the following.
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(O1) A stable set T' of at least 5|V (G)| vertices of degree 3 such that for each v € T', there
exists 4 vertices in V(G) — T that have degree 3 (in G) and have exactly the same
neighbours (in G).

(02) A matching M of size at least d*c|V(G)| in G, all of whose vertices have degree at
most d in G.

(03) A Ks-model of G.

Running time: O(|V(G)]).

The remaining subroutine will help handle each reduction.
Algorithm 3.4.2.
Input:
e A 3-connected graph G, and
e a matching M of size at least d*e|V(G)| in G, all of whose vertices have degree at most
d in G,

Output:

e an induced matching N with at least €|V (G)| edges, all of whose vertices have degree

at most 2e7!

in G, such that contracting the edges of N in G yields a 3-connected
graph, or
e a family F of at least ¢|V(G)| laminar 3-cuts of G and a matching M"” such that for
each X in F, G[X] contains an edge of M".
Running time: O(|V(G)| + |E(G)|)..
Algorithm 3.5.1.
Input:
e A 3-connected graph G,
e a stable set T' of degree 3 vertices of G such that for each vertex v in T, there exists 4

vertices of V(G) — T of degree 3 (in G) with the same neigbhours as v, and
e a (3,3)-block tree of H =G —T.
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Output: A (3,3)-block tree of G.
Running time: O(|V(G)| + |E(G)|)..
Algorithm 3.5.5.
Input:
e A 3-connected graph G,
e an induced matching M, all of whose vertices have degree at most d in GG, in G such
that H = G/M is 3-connected, and
e a (3,3)-block tree of H.
Output:
e A Ks-model of G, or
e a (3,3)-block tree of G.
Running time: O(|V(G)]).
Algorithm 3.4.6.
Input:
e A 3-connected graph G, and
e a family F of at least ¢|V(G)| laminar 3-cuts of G and a matching M” such that for
each X in F, G[X] contains an edge of M".
Output: An F-block tree of G.
Running time: O(|V(G)| + |E(G)])..
Algorithm 3.5.4.
Input:
e A 3-connected graph G,
e a set F of laminar 3-cuts of GG each of which contains an edge, which decompose G
into at least |V (G)| pieces,
e an F-block tree [T, G] of G, and

e a (3,3)-block tree of each graph in G.
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Output: A (3,3)-block tree of G.
Running time: O(|V(G)| + |E(G)|)..
Having completely specified our subroutines, we now describe the main algorithm of

this chapter.
Algorithm 3.0.55.
Input: A 3-connected graph G.
Output:

e A Ks-model of G, or

e a (3,3)-block tree of G.
Running time: O(|V(G)]).
Description: If G has fewer than 20 vertices we solve the problem by brute force, otherwise
we proceed as follows.

1. Count the number of vertices in G. Count the number of edges in G. Stop counting
if we reach 64|V(G)| edges and apply Algorithm 3.1.1 to find a model of K35 in G and
return it.

2. Run Algorithm 3.4.1.

(a) If it returns output (O1) (a set T of degree 3 vertices with many common
neighbours),
i. recurse on H =G —T.
ii. If a K5-model is returned, return that model.
iii. If a (3,3)-block tree is returned, apply Algorithm 3.5.1 and obtain a (3, 3)-
block tree of G.
(b) If output (O3) a Ks-model is returned, we return it.
(c) Finally, if output (O2), a large matching M, is returned, apply Algorithm
3.4.2 (to G and M).

i. If a K5-model of GG is returned, we return it.
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ii. If a set of cuts is returned, apply Algorithm 3.4.6 which returns an F-block
tree of G. Recurse on all graphs nodes of this F-block tree.
If any solution obtained recursively is a Ks-model, return the corresponding
Ks-model in G.
If all solutions obtained recursively are (3,3)-block trees, apply Algorithm
3.5.4 and obtain a (3, 3)-block tree of G.
iii. If a matching M is returned, contract the edges of M to obtain a graph H.
Recurse on H.
If a K5-model of H is returned, return its uncontraction.
If a (3,3)-block tree of H is returned, apply Algorithm 3.5.5. If a K5-model
is returned, return its uncontraction. Otherwise, we obtained a (3, 3)-block
tree of G.
3. In all cases, we obtain a (3,3)-block tree of G (if we have not already returned a
K5-model).
4. Check if all graph nodes of this (3, 3)-block tree are L or planar [40].
5. If so, return this (3, 3)-block tree.
6. If not, apply Algorithm 2.6.39 to a non-planar non-L graph node to obtain a Kj-model
in that graph node. Return the corresponding K5-model in G.
Analysis: Let n = |V(G)|. Since our subroutines run in linear time, each iteration of this
algorithm runs in O(cn) time for some large ¢ (once we preprocess to check if the graph has
O(n) edges). We claim that this implies that the whole algorithm runs in O(C'(n —4)) time

on graphs of size at least 5 where C' = ce L.

If we recurse by contracting a matching or
deleting vertices of degree 3, the new subproblem has size at most n(1 — €) and the bound
follows easily by induction. Suppose then that we decompose G on a family F of 3-cuts into

subproblems. Any subproblem of size 4 is already solved as the graph is a K, so we need

not spend time on them. Hence every considered subproblem has size at least 4, so if there
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are k subproblems of total size N then the total time spent is CN — C4k + c¢n. Now the
subproblems are disjoint except on the 3-cuts son—3 = N —3k and k > en so Ck > cn and
we are again done by induction. We have that the time spent is inductively at most Cn.

To complete our description of the algorithm, it remains to fill in the details of the
subroutines whose specification have been set out in this section. We describe all pre-
recursion subroutines in Section 3.4 and all post-recursion subroutines in Section 3.5. Before
doing so we analyze the small cutsets in a graph and how they can interact with the small
cutsets in a minor obtained from it by contracting a matching in Section 3.3.
3.3 The Structure of 2-cuts and 3-cuts

We need to examine the structure of 2-cuts and 3-cuts more closely. In this section, we
first introduce the (3, 3)-block tree, an F-block tree where F is the family of all (3, 3)-cuts,
and show that if a 3-connected graph G is not K33 then its (3, 3)-block tree is unique. Then
we examine the ways in which the 2-cuts of a 2-connected graph can interact. Third, we
determine the correspondence between cutsets of a 3-connected graph G and a 3-connected
graph H obtained from it by contracting an induced matching M.
3.3.1 The (3,3)-block tree is unique

We note that a K33 has two (3, 3)-cuts, its two stable sets of size three. Decomposing on
either of these cuts yields three K4s, which cannot be decomposed any further. Thus, a K33
has two (3, 3)-block trees, each of which has only one cutting node even though the graph
has two (3,3)-cuts. These two (3, 3)-block trees would be isomorphic if it were not for the
requirement that the graph labelling a node is itself labelled by vertices of G. In this section,
we show that every 3-connected graph G which is not a K33 has a unique (3, 3)-block tree
which has a cutting node corresponding to each of its (3, 3)-cuts.

To do so, we show that the (3,3)-cuts of any G # K33 are laminar and then only need

to apply Theorem 2.3.15.
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Lemma 3.3.1. Let F' be a 3-connected graph that is not Ks3. Let X be a (3,3)-cut in F.

There does not exist a (3,3)-cut separating X .

Proof. Suppose to the contrary that Y is a (3, 3)-cut separating X. Since F' is 3-connected,
every component of F'— X contains a neighbour of every vertex of X and thus every compo-
nent of ' — X intersect Y. Since there are at least three such components, we see that the
vertices of Y are in different components of F' — X and there are exactly three components
of FF— X. Thus X also separates Y and the same argument shows that the vertices of X
are in different components of F' — Y. Thus, X and Y are disjoint and each component of
F — X — Y has edges to at most one vertex of X and at most one vertex of Y. Since F' is

3-connected, there are no such components and F'is a K3 3. O

Sometimes, we will also want to decompose on 3-cuts containing an edge. We now show
that if G is 3-connected and G # K33, adding a laminar family of such cuts to a family of
(3,3)-cuts of G yields a laminar family of cuts of G.

Lemma 3.3.2. Let X be a (3, 3)-cut of a 3-connected graph F' . There does not exist a 3-cut

Y separating X such that F[Y] contains an edge.

Proof. Suppose to the contrary that Y is a 3-cut separating X such that F[Y] has an
edge. Since F[Y] has at most two components, Y fails to intersect some component K of
F — X. Thus X — Y is contained in one component of F' — Y (which also contains K), a

contradiction. O

Lemma 3.3.3. Let F' be a 3-connected graph . Let X be a 3-cut in F' which contains an

edge. There does not exist a (3,3)-cut separating X .

Proof. Suppose to the contrary that Y is a (3, 3)-cut separating X. Then Y must contain a

vertex of each component of G — X. Thus, X separates Y, contradicting Lemma 3.3.2. O
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Lemma 3.3.4. If we decompose a 3-connected graph G # K33 on a 3-cut X which is either
a (3,3)-cut or contains both endpoints of some edge then, for any other (3,3)-cut Y of G,
there is exactly one decomponent of G — X which completely contains Y .

By Theorem 2.3.15, the (3,3)-block tree of a 3-connected graph that is not Ks3 is
unique.

Corollary 3.3.5. Every 3-connected graph G # Ks 3 has a unique (3, 3)-block tree.

In fact, we’ve shown the following more general statement.

Corollary 3.3.6. Every 3-connected graph G # Ks 3 has a unique F-block tree where F is
the union of all (3,3)-cuts of G and a family of laminar 3-cuts, each of which contains an
edge.

3.3.2 The Structure of 2-cuts

For our algorithm, we need to use more properties of the 2-block tree than those dis-
cussed in Section 2.2.

Recall that a 2-connected graph may have different 2-block trees. For example, each
triangulation of the 6-cycle gives a different 2-block tree. We can obtain all 2-block trees
of a graph G from its SPQR tree SPQR(G) by triangulating each cycle (series node) in the
SPQR tree. In other words, the 2-block tree only changes depending on the triangulation
chosen.

There is only one triangulation for a cycle of length 3 so we focus on series nodes
containing cycles of length at least four in this section.

We refer to a cycle indexing a series node of SPQR(G) of length least four as an series
node cycle.

We note also that the number of leaves in the 2-block tree changes depending on this
choice of triangulation(s). We will sometimes want to build a special 2-block tree which

typically has more leaves than the other 2-block trees for the same graph.
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Definition 3.3.7. A 2-block tree is special if it is obtained from SPQR(G) by triangulating
each series node cycle C' of length at least sixcorresponding to graph nodes within it as
follows. Let C' = ¢q,...,¢x Split C along the |k/2] cuts cies, cscs, c507, ... (ending with
either cx_ocy if k is odd or ¢x_y¢; if k is even). Triangulate the remaining (smaller) ”interior”
cycle in any way. Triangulate series node cycles of length four in any way.

We can build a special 2-block tree for G in linear time by first building SPQR(G) and
then triangulating the series node cycles as described above. We now deduce some useful
properties of this tree.

The first property holds for all 2-block trees. Recall that a virtual edge in an SPQR tree
is a 2-cut that is decomposed on (they corresponding to cutting nodes in a 2-block tree).
Lemma 3.3.8. The number of cutting nodes in a 2-block tree of a 2-connected graph H 1is

at least one quarter of the number of vertices in the 2-cuts of H.

Proof. Let C; be the set of virtual edges of SPQR(G), and Cy be the set of series node
cycles of length at least four. The number of cutting nodes of a 2-block tree for H is
|C1] + > kee, (K| = 3). Every vertex of H in a 2-cut is either in some element of C; or on
some element of Cy. Thus, the number of such vertices is at most 2|C| + 3 c(, |K|. Since

each series node cycle of C5 has size at least four, the result follows. O

The second property holds because we have attempted to maximize the number of leaves
of the 2-block tree.
Lemma 3.3.9. Let H be a 2-connected graph and T a SPQR tree of H. If S C V(H) then
either
1. T has at least |S|/15 leaves,
2. the total number of vertices in series node cycles of T minus three times the number

of series nodes of T'is at least |S|/15, or
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3. there is a subset S" C S of vertices of size at least |S|/15 no two of which are in the

same series node cycle of T and no two of which are in a 2-cut.

Proof. Greedily pick a maximal subset S” of S with property (3). If |S’| > |S|/15 then we
return S’ (as output 3). We cannot add s € S\ S’ to S’ for one of two possible reasons.
Either s is in the same series node with at least 4 vertices as some vertex of S’, or s is in a
virtual edge with some of S’.

If at least half of S — S” are in series nodes with at least 4 vertices then T contains at
least |S — S5'|/4 > 14]S|/(4 - 15) vertices in excess of 3 in all of its serial nodes. Thus, we can
output (2).

If at least half of S— 5" are in virtual edges (and not serial nodes with at least 4 vertices)
then either T" has |S|/15 leaves or T has |S|/15 disjoint paths of length at least 7, each of
which contains only nodes of degree 2 in T' (since T has at most |S|/15 internal nodes of
degree at least 3 but at least 7|5|/15 nodes) and which begins and ends with a cutting node.

In the first case, we output (1). In the second case, for each path, we pick a vertex in
one of the middle cutting node that does not appear in the end cutting node of the path.
Thus, we picked at least |\S|/15 vertices. No two of these vertices form a 2-cut as there exists
a path in H between the vertices of the end cutting node of each path that does not use the

vertex chosen in that path (and the at least |S|/15 paths are disjoint). O

Lemma 3.3.10. Let H be a 2-connected graph and S a subset of vertices of H. If there s
a special 2-block tree for H with at most |S|/15 leaves then there is a subset S" of S of size
at least |S|/15 no two vertices of which form a 2-cut of H.

Furthermore, given a special 2-block tree with at most |S|/15 leaves, we can find such

an S" in linear time.
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Proof. Suppose there is a special 2-block tree with at most |1—5; leaves. We remove from S all
vertices which are contained in series node cycles of length &k > 5, or are in a 2-cut both of
whose vertices are contained in a rigid node with d > 2 2-cuts.

The number of leaves in a tree 1" with at least 2 vertices is

Z max(d(v) —2,0) + 2.
veV (T)

For a special 2-block tree, the triangles of the triangulation of series node cycles of length
k > 5 contribute at least |5] —2 > £ to this sum. Each 3-connected graph node (R node)
of SPQR(H) which contains the vertices of d > 2 2-cuts contributes d — 2 > 27d to this sum
(and contains at most 2d vertices in 2-cuts). So the number of vertices in these two types of

nodes is at most max(7,7) = 7 times the number of leaves which we know is at most |1—S5‘

75|

B vertices. We also remove the vertices

Thus, in our first pass, we remove at most

. . S .
of S which are in no 2-cut. Clearly, we can assume we remove at most |1—5‘ more vertices as

otherwise we can return this set. We let T' be the remaining set of at least %g‘ vertices of S.
It is easy to find 7" in linear time given our special 2-block tree.

We note that any rigid node of SPQR(H) which contains a vertex x in a 2-cut contains
another vertex y such that x,y is a 2-cut in the SPQR tree and hence in a cutting node of
our special 2-block tree. Thus, no graph node of SPQR(H) contains more than 5 vertices of
T. We join two vertices of T if the subtrees of nodes of SPQR(H) containing them intersect.

This yields a chordal graph F' of maximum clique size at most 5. This graph has a 5-colouring

78| < 18]

and hence has a stable set of size at least % > s 2

This is the desired S’. Indeed, no two vertices in S’ are in a 2-cut since otherwise, they
appear in a series node cycle or a strong 2-cut (and thus appear in at least two graph nodes).

We use Algorithm 2.5.16 to find such a colouring and stable set S’.
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The third result focuses on graphs whose 2-cuts have a special property.
Lemma 3.3.11. Let H be a 2-connected graph for which we can 2-colour the set S of vertices
in 2-cuts so that every 2-cut has a vertex of each colour. Then given a 2-block tree for H we
can find within it, in linear time, either
(i) % leaves, or

(1) % disjoint paths, each with 11 nodes, all of which begin and end with a cutting node

and contain only vertices which have degree 2 in the tree.

Proof. We can assume that H is not just a 4-cycle. We note that any two non-consecutive
vertices in a series node cycle of SPQR(H) form a 2-cut. Thus, our 2-colouring implies that
the SPQR tree contains only series node cycles of length (at most) 4. Furthermore, since H
is not just a 4-cycle, any such 4-cycle contains a 2-cut of the SPQR tree (i.e. a strong 2-cut).

When we triangulate such a 4-cycle to make the 2-block tree, we add one more 2-cut
using two of these four vertices. Any vertex in S which is not in one of these 4-cycles is
in a cutting node of the SPQR tree. It follows that the total number of cutting nodes of
the 2-block tree is at least |S|/2. We delete all of the vertices of the 2-block tree which are
graph nodes which contain the endpoints of at least 3 2-cuts along with all cutting nodes
which are adjacent to at least 3 graph nodes. If we delete more than |S|/50 vertices then
the 2-block tree has more than |S|/50 leaves and we are done. So, we are left with a set
of disjoint paths of the 2-block tree, every vertex of which has degree 2 in the tree. If the
sum of the degrees of the deleted vertices is more than 3|S|/50 then again the block tree
has |S]/50 leaves and we are done. Thus, there are at most 3|5|/50 paths, and they must
contain in total at least 25[5|/50 — |S|/50 = 24]S|/50 cutting nodes. We traverse each of
the paths, repeatedly splitting off a path with 11 nodes, which begin and end with a cutting

node, until there are only 5 cutting nodes left on the path. We build a set of at least

24|95 3]
S0 — 9% < S|
6 = 50
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paths, which we return. O

3.3.3 Cutset Structure Relative to a Contracted Matching

In this section, we study the correspondence between the cuts in a 3-connected graph
G and those in the graph H obtained by contracting an induced matching M in G.

To ease notation, we use f to refer to the function from V(G) to V(H) corresponding to
the contraction of the edges of M. If v is in no edge of M, f(v) = v. If v is in an edge of M,
f(v) is the vertex to which it is contracted. So V(H) = f(V(G)) and V(G) = f~1(V(H)).

Note that if Y is a cut in H then f~}(Y) is a cut in G. Therefore since M is a matching
and G is 3-connected, H is 2-connected.

In the other direction, if X is a 3-cut of G but f(X) is not a cut in H, then for some
component U of G — X we must have that f(U) C f(X). If U has more than one vertex
then there is an edge wv of U. This is not an edge of M as otherwise f(U) € f(X). Since
M is induced, we can therefore assume without loss of generality that f(u) = u. But, again,
we contradict f(U) C f(X). So U is a vertex u. Since f(U) C f(X), we know that zu is an
edge of the matching M for some vertex = of X. Since M is induced it follows that f(v) =wv
for every other neighbour v of u and hence N(u) C X. Since u has at least three neighbours,
it follows that u has exactly three neighbours x,y, z in G and X = {z,y, z}. Thus the only
cutsets of size 3 in G whose image in H is not a cutset are N(u) for vertices u of degree 3
which are in the matching and for which G — u — N(u) is connected.

We are actually more interested in which (3, 3)-cuts X of G do not correspond to (2, 3)-
cuts or (3,3)-cuts of H. If this is to happen then for some component U of G — X, f(U) C
F(X).

Mimicking the arguments above, we see that this occurs precisely if U = {u} and
X = N(u) for some degree 3 vertex w in the matching and for which G — u — N(u) has
exactly two components. Note that in this case f(X) is a (3,2)-cut of H which induces a P;

(i.e., an induced path with 3 vertices) or a triangle.
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In summary then, a (3,3)-cut X of G is of one of the following types:
1. f(X)isa(2,3)-cut of H,
2. f(X)isa (3,3)-cut of H,
3. f(X) is (3,2)-cut of H which induces a connected subgraph of H, and X = N(v) for
some vertex v of degree 3 in GG which is in M.
3.4 Reductions

In this section, we present and prove the correctness of the subroutines we apply to
reduce our problem to a set of smaller problems.

In Section 3.4.1 we provide the details of Algorithm 3.4.1 which returns either a set T of
vertices of degree 3 or a matching M. In Section 3.4.2 we describe Algorithm 3.4.2 which we
apply if Algorithm 3.4.1 returns a matching M. It returns either a matching N or a family
F of 3-cuts. Finally in Section 3.4.3 we describe how to recurse given 7', N, or F. Recursing
on F requires an application of Algorithm 3.4.6 which builds the F-block tree.

3.4.1 Finding a Matching or a Set of Special Degree 3 Vertices
In this section we give the details of Algorithm 3.4.1, which we now restate.

Algorithm 3.4.1.

Input: A 3-connected graph G of minimum degree at least 3 with at most 64|V (G)| edges.
Output: One of the following.
(O1) A set T of at least 5¢|V(G)| vertices of degree 3, each of which has the same neigh-
bourhood as at least 4 vertices of V — T
(O1) A matching M of size at least d*c|V] in G, all of whose vertices have degree at most d
in G.
1. A Ks-model of G.
Running time: O(|V(G))).

Description and analysis.
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. Check if G contains at least 64|V (G)| edges. If so, apply Algorithm 3.1.1 to G and

return the Ks-model it outputs.

. Build S, the set of vertices of degree at most d in G.

. We find and delete a maximal matching M from G[S] (see [43]).

. Let n = |V(G)].

If M has more than d*en edges, we return M.

. Otherwise, we proceed as follows.

(a)

The vertices of M along with the vertices of degree exceeding d form a hitting set
B for the edges of G. Since G has at most 64|V (G)| edges and M has at most
2d*en < 2 vertices, it follows that B has at most |[BN S|+ |B— 5| < 2+ 252 —

d

% vertices. Build B.

V — B is a stable set and every vertex of V' — B has at least three neighbours in
B. For each of these vertices in turn, we try and choose a pair of its neighbours
which has not yet been chosen for a vertex already considered. We can check this
condition easily because the vertices of V' — B have bounded degree.

If we choose 64% such pairs then they correspond to the subdivided edges of
a subdivision of a high density graph and we apply Algorithm 3.1.1 to this high
density minor and return the output Ks-model.

Otherwise, letting S* be the set of vertices for which we have chosen a pair of
neighbours, and F' the graph with vertex set B and edge set the pairs we have
chosen, we see that F' has fewer than 64% edges and % vertices.

We note that the neighbourhood of every vertex of V' — B — S* forms a clique
in F'. Thus, if any such vertex has degree exceeding three then we have found a
Ks-model, which we return.

So, the neighbourhood of every vertex of V — B — S§* in F' is a triangle. We

determine if F' is 64-degenerate.
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(g) If F' is not 64-degenerate,
i. we find a subgraph of F' of minimum degree at least 64 and apply Algorithm
3.1.1 to obtain a Ks-model, which we return.
(h) If F is 64-degenerate,
i. we construct an order in which each vertex has at most 64 neighbours ap-
pearing earlier in the order.
ii. Note that every triangle of F' consists of a vertex v and two adjacent neigh-
bours of v earlier in the order. Thus, F' has at most (°)|B| triangles.
Since we failed to choose a pair for all vertices of S’ =V — B — S§*, we can
pick a subset T C S’ of at least |S'| —4(%)|B| vertices whose neighbourhood
is shared with at least four other vertices of S" — T'.
iii. We return 7" as output (1).
We claim T contains at least 5en vertices. Indeed, T'=V —B—-S*— (5" =T

SO

T > n—|B- |5 —4(64)|B\

2
64 130n 130n
> — |4 1 — 64
B 1056770n - n. 5
= n d 3= En

3.4.2 Massaging the Matching
In this section we describe and analyze Algorithm 3.4.2 which we apply if Algorithm
3.4.1 returns a matching M. In order to do so we use results about the 2-block trees of

2-connected graphs discussed in Section 2.2.

95



Algorithm 3.4.2.
Input:
e A 3-connected graph G, and
e a matching M of size at least d*e|V(G)| in G, all of whose vertices have degree at most
din G,
Output:
e an induced matching N with at least |V (G)| edges, all of whose vertices have degree

at most 2e7!

in G, such that contracting the edges of N in G yields a 3-connected
graph, or
e a family F of at least ¢|V(G)| laminar 3-cuts of G and a matching M” such that for
each X in F, G[X] contains an edge of M".
Running time: O(|V(G)| + |E(G)|)..
Outline
We outline here our approach for Algorithm 3.4.2 and provide details later in the section.
We first find a reasonably large submatching M’ of M such that if a vertex has neighbours
on two edges of M’ then it has degree at least 7. We contract M’ to obtain a graph H. We
note that H is 2-connected, since G is 3-connected. We build its 2-block tree [T',H]. We
apply Lemma 3.3.10 to H and S where S is the set of vertices edges of M’ contracted to.
How we proceed next depends on the structure of the outcome of this lemma.
o [f the 2-block tree of H has many leaves, we look at the cutting nodes separating these
leaves from the rest of H.
If more than half of these cutting nodes correspond to three vertices of GG, they form
a set of laminar 3-cuts (in G), each of which contains an edge (of M’). We return this
family of cuts.
If more than half of these cutting nodes correspond to four vertices of GG, we pick an

appropriate edge from each leaf graph node adjacent to one of these cutting nodes.
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We choose these edges so that they form a matching N in G and no two edges are in
a 4-cut of G. We then use N to obtain either a submatching of N whose contraction
leaves the graph 3-connected or find a family of laminar 3-cuts each of which contains
an edge of N. We return this submatching or family of cuts.
o If there is a subset S" C S of vertices of size at least |S|/15, no two of which are in
a 2-cut of H, we construct a submatching N of M’ consisting of the preimage of S’.
Again, we obtain a submatching of N or a family of cuts as in the previous case. We
return this submatching or family of cuts.
We now provide the necessary details.
Details
Lemma 3.4.3. Given
e a graph G, and
e a matching M of size at least d*e|V (G)| in G, all of whose vertices have degree at most
d i G,
we can construct in linear time an induced submatching M' of M of size at least 30d*c|V (G)]
which 1s induced and such that no vertex of G of degree at most 6 has a neighbour in two

distinct matching edges.

Proof. Since the maximum degree of the vertices in the matching M is at most d, we can
greedily find a submatching M’ of size at least % > 30d%¢|V(G)| which is induced and such
that no vertex of degree at most 6 has a neighbour in two distinct matching edges. O
Lemma 3.4.4. Given

e a graph G,

e an induced matching M’ of size at least 30d*¢|V (GQ)| in G, all of whose vertices have

degree at most d in G, and such that no vertex of degree at most 6 has a neighbour in

two distinct matching edges, and
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o a 2-block tree [T,H] of H=G/M'
we can construct in linear time either
e an induced matching N of G, all of whose vertices have degree at most 2e~! in G, with
at least 5¢|V(G)| edges of which no two edges are in a 4-cut, or
e a family F of at least €|V (G)| laminar 3-cuts of G and a matching M" such that for

each X in F, G[X] contains an edge of M".

Proof. Let n = |V(G)|. Let S = f(M) be the set of vertices obtained by contracting M. By
Lemma 3.3.10 applied to H and S, either
1. T has at least |S|/15 leaves, or
2. there is a subset S” C S of vertices of size at least |S|/15 no two of which are in a 2-cut
of H.

In the second case, we return f~!(S’) as N. Thus, we may assume T has at least
|S|/15 > (30d%en) /15 > 40en leaves.

Since the 2-block tree for H has at least 40en leaves, it has at least 20en leaves L such
that L has at most e~ vertices (since the graphs corresponding to these leaves are disjoint,
except for the cut Y which separates L from the rest of H).

We distinguish two cases.

Case 1: If at least half of the leaves L of size at most ¢!, f~!(Y) has size 3
where Y is the cut separating L from the rest of H then for each such L and Y, f~1(Y)
is a 3-cut containing an edge separating L from a component of G — f~1(Y’) containing the
rest of G. We return this family f~1(Y") for each such Y and the submatching M” of M’
consisting the edge of M’ in f~1(Y) for all such Y. This family of cuts contains at least
|S]/30 > en cuts and are laminar since the cuts in cutting nodes of 7" are laminar

Case 2: If at least half of the leaves L of size at most ¢!, f~!(Y) has size 4
where Y is the cut separating L from the rest of H then we proceed as follows to

choose an edge for each such L and Y. Since G is 3-connected and no vertex of degree at
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most 6 in G has neighbours in two different matching edges we see that L has at least 7
vertices. We try to find two disjoint paths of L joining the two edges of f~}(Y). If we fail,
we find a 1-cut separating them. This 1-cut forms a 3-cut with one of the edges in f~!(Y)
separating some of L — f~1(Y) from the rest of G. But this 3-cut corresponds to a 2-cut
in H, which is impossible. So we find two disjoint paths and we can also find an edge of
L — f~Y(Y) for which the deletion of its endpoints leaves a path between the two edges of
F7HY) (as we can use an edge on one path unless they both have 3 vertices, in which case
our degree condition guarantees that each midpoint is joined to some other vertex in L). We
choose this edge (for this L and Y).

We return all chosen edges as N. Note that N is an induced matching of size at least

10en > 5en and no two edges of N form a 2-cut in G.

Lemma 3.4.5. Given
e a graph G, and
e a matching N of G, all of whose vertices have degree at most 2e~! in G, with at least
5e|V(G)] edges of which no two edges are in a 4-cut,
we can construct in linear time either
e a submatching N' of N with at least en edges such that G/N' is 3-connected, or
e a family F of at least €|V (G)| laminar 3-cuts of G and a matching M" such that for
each X in F, G[X] contains an edge of M".

Proof. Let n = |V(G)]|.
We build the 2-block tree [T, H] of H = G/N. Since G is 3-connected, every 2-cut and

thus every cutting node of 7' contains a contracted edge of N (which is a vertex in H).
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If T has at least en cutting nodes then we uncontract each of the corresponding cuts to
obtain a family F of 3-cuts, each of which contains an edge (of N). Since the cutting nodes
of T" are laminar, so are the 3-cuts in F. We return this family of cuts.

If T has less than en cutting nodes then by Lemma 3.3.8, the number of vertices of H
that are in 2-cuts is at most 4en. We remove from N any contracted edge of N in a 2-cut of

H to build N'. G/N’ is now 3-connected (since we eliminated all 2-cuts.). We return N’. O
We are now ready to describe Algorithm 3.4.2.

Description and analysis. (of Algorithm 3.4.2) Given G and M, we apply Lemma 3.4.3 (with
the same input) to obtain a submatching M’ of M. We build the 2-block tree [T, H] of
H=G/M.

We run Algorithm 3.4.4 on G, M’ and [T, H]. If we obtain a family F of cuts and
matching M"”, we return it. If we obtain a matching N, we apply Lemma 3.4.5 to G and N

and return its output. O

3.4.3 Decomposing
In this section, we obtain the set of smaller problems to recurse on given one of the
following structures in G (found in one of the previous sections).
1. A set of at least 5e|V(G)| vertices of degree 3 which have the same neighbourhood as
at least 4 other such vertices.
2. An induced matching N with at least en edges such that contracting the edges of N
in GG yields a 3-connected graph.
3. A set of laminar 3-cuts of GG each of which contains an edge, which decompose G into
at least en pieces.
If we obtain 1., we simply remove these degree 3 vertices and recurse on the resulting
graph.

If we obtain 2., we contract this matching N and recurse on the resulting graph.
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In the remainder of this section, we assume that we have 3. We provide the details of
Algorithm 3.4.6 which we apply when Algorithm 3.4.2 finds a set of laminar 3-cuts, each of
which contains an edge.

Algorithm 3.4.6.
Input:
e A 3-connected graph G, and
e a family F of at least ¢|V(G)| laminar 3-cuts of G and a matching M"” such that for
each X in F, G[X] contains an edge of M".
Output: An F-block tree of G.
Running time: O(|V(G)| + |E(G)|)..

Theorem 3.4.7. There is an algorithm with the specifications of Subroutine 3.4.6.

Proof. Note that each cut of F is a 2-cut in G/M". Furthermore, this family of corresponding
2-cuts is laminar since F is laminar.

Since the 3-cuts in F are laminar, the F-block tree is well defined and unique. We
add a triangle onto each cut in F to obtain G’ which has the same F-block tree as G by
laminarity of the cuts in F. This ensures that every cut of F maps to a 2-cut containing
an edge (which is a strong 2-cut and appears in all 2-block trees). We then contract M” to
obtain H. We build the 2-block tree for H and then coarsen it by removing any cuts except
the ones we are interested in (we can coarsen the 2-block tree by simply deleting all cutting
nodes corresponding to a cut of F, replacing each resulting component 7; of the tree by a
single graph node indexed by the graph induced by the union of vertices in indices of nodes
of T;). This gives us an F’-block tree [T, H] of the contracted graph where F' is obtained
from F by contracting the edges in all cuts.

We then build an F-block tree of G by uncontracting the edges in all nodes of the

F'-block tree of H. le., if f : G — H is the map for contracting M” then we set G, =
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G'[f~Y(V(H;))]. We uncontract all nodes simultaneously. This yields an F-block tree of G’
which is an F’-block tree of G.
U

After we apply Algorithm 3.4.6 to output 3. of Algorithm 3.4.2 and obtain an F-block
tree, we recurse on each graph node of this F-block tree.

In fact, we apply a brute force algorithm on each graph node of size at most 27! to
avoid recursing on them. Since F contains en cutting nodes, it contains at least en graph
nodes so at least half the graph nodes have size at most 2e .

Since the union of all graph nodes in the F-block tree is O(n) so the total running time

for recursing on all graph nodes of size at most 2e*

is bounded by cn.
3.5 New Solutions from Old

In this section, we present the subroutines we use to construct a solution to an instance
of our problem using the solution to the subproblems we reduced to.
3.5.1 Adding degree 3 vertices

In this section, we describe how to obtain a solution for G given a solution for a graph
H obtained from G by removing a special set of degree 3 vertices. In other words, we provide

the details of Algorithm 3.5.1, which we now restate.

Algorithm 3.5.1.

Input:
e A 3-connected graph G,
e a stable set T' of degree 3 vertices of G such that for each vertex v in T, there exists 4
vertices of V(G) — T of degree 3 (in GG) with the same neigbhours as v, and
e a (3,3)-block tree of H =G —T.
Output: A (3,3)-block tree of G.
Running time: O(|V(G)| + |E(G)|)..
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The algorithmic steps are simply as follows. We assume the list T is given as a list of

triplets encoding the neighbourhood of each vertex v in T" and a pointer to from the triplet

to v.
Description and analysis. e Arbitrary order on the vertices of G and sort the triplets
(t1,t2,t3) in T so that t; < ty < t3.

e For each cutting node of the (3,3)-block tree of H, build a triplet (iy,is,143) of its
vertices with 7; < 45 < i3. Call this new list T".

e Merge the two lists of triplets, but mark the elements of T before doing so.

e Radix sort the merged list.

e Now the triplets that have the same value for all coordinates occupy a contiguous
region in the sorted list. Note that each region of equal triplets contains exactly one
marked triplet (corresponding to a cutting node).

Pass through the list once and put the marked triplets at the beginning of the region
of equal triplets.
For each unmarked triplet, build a graph node of the corresponding vertex with its
neighbourhood. Add an edge between this graph node and the cutting node corre-
sponding to the triplet of the same value (if we read through the list, this is the last
marked triplet).

Return the (3, 3)-block tree with these added nodes. O

3.5.2 Uncontracting a Matching: Easy Case

In this section, we describe a linear time algorithm which will construct the (3, 3)-block
tree for G given a (3, 3)-block tree for a 3-connected graph H obtained from G by contracting
the edges of an induced matching all of whose vertices have degree between 4 and d. Here
we consider a simpler case of the problem, the more difficult case being described in Section

3.5.4. In this case, we suppose that every (3,3)-cut of G can be obtained from taking a
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subset of 3 vertices of f~!(Y") for some (3,3)-cut Y of H. Recall that f is the map from G
to H contracting the edges of the induced matching.

Suppose Y is a (3, 3)-cut in H and we want to determine if a subset S of three vertices
of f71(Y) is a (3, 3)-cut in G. If the vertices in Y — S connect the components of G — S into
fewer than three components then S is not a (3,3)-cut in G. Otherwise, S is a (3, 3)-cut in
G.

This concept is formalized using the notion of a component graph.

Definition 3.5.2. Let G be a graph and Z a subset of the vertices of G. Let Cg(Z) be the
(simple) graph obtained from G by contracting all the edges with no endpoint in Z. Cg(Z2)
is called the component graph of Z in G.

A vertex in Cg(Z) that is not in Z is called a component vertes.

S C Zisa(3,3)-cut in G if and only if S is a (3,3)-cut in Ce(Z). However, Cu(Z) is
typically much smaller than G.

We outline the main algorithm of this section.

For each cutting node ¢ of the (3, 3)-block tree of H,

1. Build Cy(Hy).

2. Build Co(f1(Hy)).

3. Determine which sets of three vertices of G contained in f~'(Hz) are (3, 3)-cuts of G
by examining this graph.

4. Construct the (3,3)-block tree for G by combining the information that we have ob-
tained.

Building the component graph for H, is easy. Since the components of H— H; correspond
to components T' — t of the decomposition tree T" and edges from H; to H — H; have already
been assigned to the nodes of the tree. We further note that the vertices in the cut obtained
by contracting an edge of the matching have bounded degree so that the total size of this

component graph is constant. Furthermore, if we are given the component graph of H; in H,
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we can easily obtain the component graph of f~!(H;) in G. To do so, we simply uncontract
the vertices contained in f(M)N H; in Cy(H;). We then look at the neighbourhood of edges
of the vertices in f~'(H,) to decide the endpoints of the corresponding edges in Co(f~(Hy)).
This can be done with a list of edges vw with v € H; to w € H — H; and a pointers from
each edge to the component of H — H; containing v. (When we uncontract v, the component
containing w does not change.)

To build the (3,3)-block tree of G, we root the (3,3)-block tree of H. We then use
dynamic programming, examining this tree from the leaves to the root, to build the (3, 3)-
block tree of G. We first describe a quadratic time algorithm to do this and then improve it
to a linear time algorithm.

We traverse the (3,3)-block tree of H in a post-order traversal. When we examine a
cutting node, uncontract everything (of the matching) in this cutting node or below it that
is not already uncontracted. For every component consisting of a union of child graph nodes
cut off from the parent graph node by a (3, 3)-cut contained in the 3-cut of this cutting node,
make a graph node in the new (3, 3)-block tree. Merge the remaining graph nodes into the
parent graph node.

This algorithm may take quadratic time as we may merge the same set of vertices
multiple times. To make this a linear time algorithm, we replace these child graph nodes
with an auxiliary reminder vertex encoding what merges we should do. In particular, when
deciding if a graph node is cut off by a cutting node from a parent, we need not look at any
graph nodes that will be merged into it. When we complete our traversal of the (3, 3)-block
tree, we consider the tree in post-order repeatedly expanding a graph node by replacing the
auxiliary vertices corresponding to children of a particular cutting node by the corresponding
graph nodes.

We note that the algorithm described in this section can be used (without modification)

to build the F-block tree of G where F is the family of sets X of G such that f(X) is a
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(3,3)-cut in H. We refer to this tree as the partial (3, 3)-block tree and use it in the general
case in Section 3.5.4.
3.5.3 Combining (3, 3)-Block Trees

In this section, we describe how to obtain a solution to G given the solution to the
graph nodes of an F-block tree of G where F is a set of laminar 3-cuts of GG, each of which
contains an edge.

If we obtained a Kjz-model as a solution from any of our subproblems, we can easily
obtain a Kj-model for G by using the following lemma. It shows that all graph nodes of the
F-block tree are minors of G.

Theorem 3.5.3. Let G be a 3-connected graph and F a set of laminar 3-cuts in G, each
of which contains an edge. Then the index of graph nodes of the F-block tree of G are all
manors of G.

The proof is similar to Corollary 2.6.22.

Proof. We prove that decomposing on any one cut X € F yields decomponents which are
minors of G. The theorem then follows by repeatedly decomposing on cuts of F to obtain
the index of graph nodes of the F-block tree.

Suppose we decompose G on X = {x,x9,23} € F with z123 € E(G) and obtain
decomponents (Y, ...,Cy. C} is a minor of G as we can contract all of Uy (the component
corresponding to Cy) into a single vertex us and the contract usxs to form a clique on X.

By symmetry, each C; is a minor of G. O

If on the other hand we obtain a (3, 3)-block tree for each graph node, we apply Algo-
rithm 3.5.4, for which we now provide details.
Algorithm 3.5.4.

Input:
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e A 3-connected graph G,
e a set F of laminar 3-cuts of GG each of which contains an edge which decompose G into
at least en pieces,
e an F-block tree [T, G] of G, and
e a (3,3)-block tree of G, for each of the graph nodes G;.
Output: A (3,3)-block tree of G.
Running time: O(|V(G)| + |E(G)|)..

Description and analysis. Since F is laminar, by Lemma 2.3.11, each cutset X € F appears
in a cutting node ¢. By Lemma 2.3.14, for each s adjacent to ¢ in 7', there is a unique graph
node (Gy); of the (3, 3)-block tree of G containing all of X.

We first build an F’-block tree [T",G'] by

e taking the disjoint union of all cutting nodes of 7" and all (3, 3)-block trees for graph
nodes of 7' (where all nodes = keep their indexing graph G,.), and
e joining every cutting node Gy to (Gy); for each s adjacent to t in T
(Thus, F’ consists of the union of F and all (3, 3)-cuts in graph nodes of T.)

Note that as we constructed it, 7" is still bipartite and a tree (with cutting nodes in one
bipartition and graph nodes in another). Now any cutting node ¢’ with at least 3 neighbours
corresponds to a (3, 3)-cut of G.

On the other hand, cutting nodes with exactly two neighbours in 7" correspond to (3, 2)-
cuts X of F. In particular, since we added a triangle for each cut, their neighbouring graph
nodes contain a triangle and is thus not L (recall this is the 8 vertex graph of figure 2-8).
So their neighbouring graph nodes s; and s, are planar and X is a triangular face in G,
and Gy, (otherwise, X would be separating in some graph node and that graph node would
contain vertices from different components of G — X, which is impossible by definition).

Thus, we may obtain a new planar graph G, by putting all of Gy, inside this triangular
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face X and all of G, on the outside. We then contract s;t and tsy in 7" to obtain a new
graph node s;s, with the corresponding graph Gy, s, that we just built.
We apply the above contraction operation for all cutting nodes of degree 2 in 7”. This

yields the (3, 3)-block tree of G. O

3.5.4 Uncontracting a Matching: Hard Case

Overview

In this section we present and prove the correctness of Algorithm 3.5.5 which given a
(3,3)-block tree of a graph H obtained by contracting a special matching M of G, returns
either a (3, 3)-block tree of G or a Ks-model in G.

Algorithm 3.5.5.
Input:
e A 3-connected graph G,
e an induced matching M in G, all of whose vertices have degree at most d in G, such
that H = G/M is 3-connected, and
e a (3,3)-block tree of H
Output:
e A Ks-model of G, or
e a (3,3)-block tree of G.
Running time: O(|V(G))).

First, we note that we may assume all graph nodes of the (3,3)-block tree of H are
planar. Otherwise, since we add a triangle on every (3, 3)-cut we decompose on and L is
triangle-free, the (3, 3)-block tree of H consists of a single graph node which is L and we use
a brute force algorithm.

We need to find three types of (3,3)-cuts in G discussed in Section 3.3.3. They are
(3,3)-cuts X where

1. f(X)isa(2,3)-cut of H,
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2. f(X)isa (3,3)-cut of H, or
3. f(X) is (3,2)-cut of H which induces a connected subgraph of H, and X = N(v) for
some vertex v of degree 3 in GG which is in M.

There is no (3, 3)-cut X such that f(X) is a 2-cut in H since we chose M so that H
is 3-connected. In Section 3.5.2, we already discussed how to find the (3,3)-cuts for which
f(X) is a (3,3)-cut in H. Thus, we can build the F-block tree for these cuts F (i.e., the
partial (3, 3)-block tree). We then construct a (3, 3)-block tree for each graph node of the
partial (3,3)-block tree (or find a Kjs-model) and apply Algorithm 3.5.4 to combine them
into the (3,3)-block tree of G. It remains to construct the (3, 3)-block tree where only the
third kind of cuts appears.

So, the key is to handle the (3, 3)-cuts of G for which f(X) is a (3,2)-cut in H. Before
formally presenting the algorithm, we discuss how we handle such cuts.

Our first objective is to turn (3,2)-cuts of H into separating triangles in some graph
node. After this transformation, we describe how to find all separating triangles. We then
update the (3, 3)-block tree of H using these triangles to obtain a (3, 3)-block tree of G.

Turning (3,2)-cuts into Triangles

We now attempt to add edges to the graph nodes of our decomposition, maintaining
the planarity of its nodes, so that every (3, 3)-cut of G corresponds either to a cutting node
of the tree or to a separating triangle in one of the graph nodes. If we fail, then we will find
and return a Ks-model.

As discussed in the previous section, cuts of the third type which are of interest to us
only arise from contracting an edge uv containing a degree 3 vertex v. Furthermore, such a
contraction yield either a triangle or a P;. Triangles are already separating triangles in H (if
they arise from a (3, 3)-cuts in G) so we only need to worry about turning Pss into triangles.
We refer to these Pss which arise from contracting an edge containing a degree 3 vertex of

G as contracted Pss.
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We claim that we can add edges between the endpoints of all contracted Ps’s to turn
them into triangles, whilst maintaining the planarity of the graphs corresponding to the
graph nodes of our tree decomposition.

We now show that any such contracted Ps’s (i.e., a P; obtained by contracting an edge
containing a degree 3 vertex) lie in a unique graph node.

Lemma 3.5.6. The endpoints of any contracted Ps lie in the same graph node G; and no

other graph node.

Proof. To begin, we note that since such contracted P3’s are connected 3-cuts of H, they
are not separated by the (3,3)-cuts of H. Thus, each of them is contained in the subgraph
G, corresponding to some graph node ¢. Furthermore, ¢ is unique (since the intersection of

the graphs corresponding to any two distinct graph nodes is a clique of size at most 3). O

We can thus add an edge between the endpoints of a contracted P3 by adding the edge in
the graph node containing that P;. We still need to show that adding such an edge preserves
the planarity of the graph node.

Lemma 3.5.7. We can add an edge between the endpoints of a contracted P3 in a graph

node Gy while preserving the planarity of G;.

Proof. Each Pj is a 3-cut of Gy as well since they do not separate the (3,3)-cuts so they
cannot be removed as we perform a decomposition. This implies that the vertices of the P
do not all lie together on some face of the embedding of the graph node G, (the embedding
is unique due to 3-connectivity) containing it. Otherwise, by adding a vertex in this face
adjacent to all of the vertices of the P; and contracting two components of the 3-cut to a
single vertex, we would obtain a planar drawing of a graph with a K3 s-minor. It also implies
that there is a face containing the endpoints of the P;. Indeed an (induced) Pj is a cutset
of the 3-connected planar graph G, precisely if there is a face containing its endpoints but

not its midpoint.
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Figure 3-1: A Ks-minor obtained from two P3’s with both endpoints on F' and distinct
midpoints not on F. The added vertex is white.

We see then that for any specific P corresponding to a (3,3)-cut of G, we can add
an edge between its endpoints to the graph node which contains it whilst maintaining the

planarity of this graph node. O

In fact, we can add all such edges while preserving planarity.
Lemma 3.5.8. We can add all edges between the endpoints of contracted Pss in any graph

node Gy while maintaining the planarity of G,.

Proof. 1t is enough to show that there does not exist a face F' of the embedding of GG; and
two P3’s abc and def with no endpoints in common such that a,d, ¢, f appear in the given
cyclic order around F'. If the midpoints b and e are distinct, the boundary of F', along with
a vertex added inside F' adjacent to all four of a,c,d, and f, which yields a planar drawing
of a graph with a Kj-minor (see Fig. 3-1).

So, we need only consider two P3’s with the same midpoint. In this case, the midpoint
is the image of a matching edge which joins two vertices of degree 3 each of whose neigh-
bourhoods is a (3, 3)-cut. In this case, it is easy to verify that the corresponding (3, 3)-cuts
of GG cross which is impossible. Thus we can indeed add all the edges to make these P3’s into

triangles. O
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We now show how to add all such edges in linear time. We need only generate a list of
edges to add, since for any graph node ¢ and corresponding subgraph G; with the extra edges
added, finding a planar embedding can be done in linear time and since G, is 3-connected it
remains so when we add these edges and this embedding will be unique.

Theorem 3.5.9. We can add all edges between endpoints of contracted P3’s which are (3,2)-
cuts in linear time.

We prove this theorem assuming we have the following subroutine.

Lemma 3.5.10. There is a linear time algorithm which given an embedding of a 3-connected
graph Gy and a list of O(|V(G)|) Ps’s in that graph outputs the sublist of the input P3’s with

endpoints in a face not containing its midpoint.

Proof. (of Theorem 3.5.9)
We only need to determine which vertices v of degree 3 in G contained in the matching
M are contracted to the midpoint of a Ps that is a (3,2)-cut in H. As remarked in the
previous proof, such a Pj is a (3,2)-cut precisely if there is a face containing its endpoints
but not its midpoint in the planar embedding of the unique graph node containing this Ps.
Thus, our problem reduces to determining for each G; which of at most |V (G;)| Ps’s of
G satisfy this property. We can directly apply Lemma 3.5.10 to obtain this list and thus,

the list of edges we need to add.

We now prove Lemma 3.5.10 which itself requires Lemma 3.5.11.

Proof. We now show how to determine, in linear time, for which of a list of O(|V(Gy)|) Ps’s
in a planar 3-connected graph Gy, there is a face containing the endpoints of the P; but not
the midpoint. In a 3-connected planar graph, every two nonadjacent vertices lie together in
at most one face. We will separately check for which P;’s some face contains their endpoints

and for which P3’s there is a face containing all three vertices of the P;.
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Because G, is 3-connected, the latter occurs precisely if the Pj is part of the boundary of
this face in the unique embedding of GG;. But we can check this by generating an embedding
and enumerating all the P3’s on its face boundaries (note we sort these lists lexicographically
before comparing them, to do so we use bucket sort, which is linear in the size of the graph).
So the second problem can be solved in linear time; it remains to solve the first.

We are actually asking which of the endpoint pairs have a common neighbour in the
face-vertex incidence graph. We can generate the face-vertex incidence graph J in linear
time, and it has linear size. Furthermore, it is planar and so has degeneracy at most 5 (that
is, we can repeatedly remove vertices of degree at most 5 until the graph is empty). We now

simply apply Lemma 3.5.11. U

We now describe the final subroutine needed.
Lemma 3.5.11. For any graph J of degeneracy bounded by some constant C', and list of
O(|V(J)|) pairs of vertices, we can determine all common neighbours of all pairs in the list

in O(|V(.J)|) time.

Proof. We consider an ordering < of V' (.J) for which each vertex has at most C' neighbours
appearing before it in the order. For every w, there are at most C? pairs of vertices where
both vertices appear before w in the order and have w as a common neighbour. So we
can determine, for each pair on the list, all their common neighbours appearing after both
of them in linear time. It remains to determine for every pair u,v with u < v, the set of
common neighbours which are less than v. There are at most C' neighbours of v appearing
before v, which makes this task easy. Formally, as we strip vertices of degree at most C' out
of J to generate our order, we can orient the edges of J so that each edge zy with x < y
is directed from z to y. Then, we can traverse the edge list of J once to obtain for each v
the list N~ (v) of vertices w < v such that wv is an edge of J. Now we can traverse our set

of vertex pairs, replacing a pair (u,v) with u < v with the at most C' pairs uw for each w
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in N~ (v). Next we can traverse the edge list of J again to see which of these new pairs are
edges of J. Finally u and v have w as a common neighbour which appears before v if and
only if we found that uw is an edge and that w € N~ (v).

Again, before comparing the lists we sort them using bucketsort which takes linear time.

This completes the description of the linear time algorithm. O

Updating the Decomposition Tree

Having added an edge between the endpoints of every contracted P3, we are ready to find
all newly formed triangles which are separating. In fact, we start by finding all separating
triangles in every graph node.

Lemma 3.5.12. We can find all separating triangles in any graph node G in linear time.

Proof. We exploit the fact that each G; has a unique planar embedding. Thus, each non-
separating triangle is a face. So, since we have a planar embedding of the graph, to generate
all the separating triangles we need only generate all the triangles. But, for an edge uv, we
have that uvw is a triangle precisely if w is a common neighbour of v and v. We use Lemma
3.5.11 with C' = 5 to generate the set of such w for every edge uv, thereby obtaining the set

of triangles of G. O

Our next step will be to modify the decomposition tree of H to take all (3, 3)-cuts found
in the previous lemma into account.
Lemma 3.5.13. We can add all (3,3)-cuts found in Lemma 3.5.12 to the (3,3)-block tree

of H (as cutting nodes) in linear time.

Proof. Basically when we uncontract the midpoint uz of the Py and do the cut on N(u), we
turn the P; into a triangle (which we have already done), and then replace the vertex of H
corresponding to the matching edge by x. This latter step does not change H at all because
after turning the P3 into a triangle this vertex has the same neighbourhood in G and H

as the old contracted vertex did. What we do need to do is to split apart the graph into
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pieces using all the cuts corresponding to these separating triangles in our extended planar
embedding which have now become (3,3)-cuts. We note that some of these correspond to
Pss we have turned into triangles and others correspond to triangles in the embedding of G;.

Thus, we take the list of all separating triangles from Lemma 3.5.12 and apply Lemma

3.5.14 to add all these separating triangles to our decomposition. O

Lemma 3.5.14. Given a list of separating triangles, we can update the (3,3)-block tree in

linear time.

Proof. We check which of these separating triangles corresponds to a (3, 3)-cut X of G which
is N(v) for some vertex v of degree 3 which is in the matching. This simply involves looking
at the preimage of each separating triangle (under the contraction of the matching) and can
easily be done in linear time. We obtain a set of separating triangles on which we will split
Gy, adding a cutting node and a graph node with vertex set {v} U N(v) incident to it for
each such triangle.

We now have to partition the graph further, because each separating triangle which
becomes a 3-cut will cause us to split our planar embedding into two smaller embeddings,
with our separating triangle as a face in each of these embeddings. A linear time algorithm
to do so has been developed by Havet, Quercini, and Reed [38]. It uses a breadth first
search of the face vertex graph of a planar embedding, exploiting the fact that the vertices
of separating triangles all lie on the same level of this tree or on levels ¢ and ¢ + 2 for some
i. They treat each such pair of consecutive levels separately to solve the problem (this can
be done in two ways, either using the fact that the graph under consideration has bounded

tree width or via a more combinatorial approach). O
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Building the separating triangle block tree

In this section, we describe a linear time algorithm which takes a 3-connected planar
graph G and a list T of separating triangles (in the unique embedding of G) and builds an
T-block tree of G.

We first describe an algorithm which runs in polynomial but not linear time which we
later speed up.

We can repeatedly decompose on a triangle in T to recursively build the T-block tree.
Instead, at each step, we could choose the triangle of T to decompose on more carefully.
We choose a triangle that when decomposed on will yield a decomponent which contains no
more separating triangles of 7 (i.e., that decomponent is a leaf graph node of the 7-block
tree).

Note that since GG is 3-connected, there are always two decomponents of G — T for any
T € T so this guarantees we are always working with a single graph (as opposed to a list of
decomponents in general).

One way to find is to

1. remove all dual edges in triangles of 7 in the dual G* of G,

2. find all resulting dual components U* = Uy, ..., U} of G* — Uper E(T),

3. construct the (bipartite) triangle-component incidence graph B (with vertex set U*UT
and edges {(U}, T)|the dual of an edge of T has an endpoint in U;}), and

4. find a component U} incident to only one triangle 7" in B.

Indeed, if we decompose on 7', U; (the dual of U;) is a decomponent containing no other
separating triangle of T (by construction of B).

Such a “leat” component U always exists and we can always pick 7" to be a smallest
triangle (in terms of area in a (non-combinatorial) embedding of G) and the “inside” of T

(which contains at least one vertex) is a component incident to only 7.
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Having described a polynomial time algorithm, we now present the details of our linear
time algorithm. We speed up our algorithm keeping track of the dual components U}, ..., U}
and the triangle-component incidence graph throughout without rebuilding them at each
step. To do so, we only keep track of a list of vertices and dual vertices for each dual
component U; (rather than the whole dual graph).

We also find “leaf” components faster by keeping a queue of “leaf” components and
simply update this queue for free while performing other updates.

Algorithm 3.5.15.
Input:
e A planar 3-connected graph G, and

e a list 7 of separating triangles in G.

Output: A T-block tree of G.

Description and analysis. 1. We initialize a list of graph nodes (that is initially empty).
In fact, this list will only contain vertices of graph nodes.
2. Build H* by removing all dual edges in triangles of 7 in the dual G* of G (i.e.,
H* =G — Uper E(TY)).
3. Find all resulting dual components U* = Uy, ..., U} of H*.
4. Construct the (bipartite) triangle-component incidence graph B (with vertex set {V (U})|U} €
U} UT and edges {(V(U;), T)|the dual of an edge of T' has an endpoint in U;}).
5. Find all components U incident to only one triangle 7" in B and put them in a queue
(). As we remarked, there is at least one such component and () is now non-empty.
6. While @) is non-empty
(a) Remove the top component U} from Q). U} is adjacent to only one triangle 7.
(b) Add V(U;) to our list of graph node vertices to output.
(¢) Remove U} from B.
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(d) Merge all components incident to T in B (i.e., delete these vertices for these
components, replace them by a single vertex adjacent to the union of their neigh-
bourhood and replace the index for these components by the union of the index
of all removed components).

(e) Check if the newly merged component has degree 1. If so, add it to Q.

Since every triangle of B has degree 6, we can delete the vertex corresponding to a
triangle in constant time. We can store the vertices of each component as a doubly linked
list so we may merge them in constant time. In each iteration of step 6, we merge at most
3 such lists in constant time.

We can easily check if a newly merged vertex has degree 1 by looking at the first four
edges (or less if there are fewer) incident to it. Thus step 6e), can also be completed in
constant time.

However, we cannot perform step 6d) (i.e., update the bipartite graph with the adja-
cencies of the newly merged vertex) in constant time. The at most 3 vertices (representing
components) that we merge may not have bounded degree so updating B may be costly. If
we think of vertices representing components of B as elements of a set, we are simply per-
forming a union operation at each step (and a find operation for other substeps of step 6).
In fact, B is planar and we use the results of [33] which allows us to perform all union-find
operations of step 6 in linear time.

B is planar since it is the minor of a graph consisting of one vertex for each component
of U* and three vertices for each triangle T' € T, one vertex in the middle of each edge of T,
all connected to each other (using the same “lines” as the original embedding of T" (we kept
three vertices for T so we could use the original embedding)). We can then contract the 3
vertices for each triangle to obtain B.

Therefore, our entire algorithm runs in linear time as required.
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Algorithms

We now summarize the algorithmic steps described in the previous subsections.
Algorithm 3.5.16 (Main algorithm).
Input:

e a 3-connected graph G,

a matching M in G such that H = G/M is 3-connected,
e a (3,3)-block tree of H, and

a partial (3, 3)-block tree of G,
Output:
e a Ks-model of G, or
e a (3,3)-block tree of G
Algorithm:
e Add all edges between contracted P3’s inside graph nodes of the (3, 3)-block tree of H
which are (3,2)-cuts (Algorithm 3.5.17).
e Find all separating triangles in all graph nodes of the input (3, 3)-block tree of H (using
Algorithm 3.5.20 on each graph node).
e Obtain a (3, 3)-block tree of G (Algorithm 3.5.18).
Algorithm 3.5.17.
Input:

e a 3-connected graph G,

a matching M in G such that H = G/M is 3-connected,
e a (3,3)-block tree of H, and

a partial (3, 3)-block tree of G,
Output: The input (3, 3)-block tree of H with an edge between all contracted P3’s which are
(3,2)-cuts.

Algorithm:
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e For each graph node F',
— Obtain a planar embedding of F'.
— Build a list L; of all contracted Py’s (for each vertex v in M of degree 3 in G,
check if N(v) induces a P3).
— Build a list Ly of P3’s in F' with endpoints in a face not containing its midpoint
(using Algorithm 3.5.19).
— Build a list Lj of elements of L; that are also in Ly (i.e., L1 — Ls).
— For each Pj5 in L3, add an edge between its endpoints.
— Obtain a planar embedding which includes all added edges.
Algorithm 3.5.18.
Input:
e a 3-connected graph G,
e a matching M in G such that H = G/M is 3-connected,
e a (3,3)-block tree of H,
e a partial (3, 3)-block tree of G, and
e a list Ly of all separating triangles in H.
Output: A (3, 3)-block tree of G.
Algorithm:
e For each graph node G,
— For each P3 y, ux, z that is now a separating triangle in G; where N(u) = {x,y, 2z}
in G
* Add a new cutting node containing {z, vy, z}.
x Add a new graph node containing u, x, y, z adjacent to the cutting node cor-
responding to the P3 y, uz, 2.
— Replace G; by a set of graph nodes using algorithm 3.5.15
e Return the modified (3, 3)-block tree as the (3,3)-block tree of G.
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Algorithm 3.5.19.
Input: A planar 3-connected graph G and a list Ly of P3’s in G.
Output: The list Ly of all P3’s in Ly with endpoints in a face not containing its midpoint.
Algorithm:
e For each face in the planar embedding of G, enumerate all consecutive triplets of
vertices.
This yields a list Ly of P3’s with all vertices contained in some face.
e Build the face-vertex incidence graph F' and obtain a planar embedding of it.
e Repeatedly remove a minimum degree vertex in F' until no vertices are left.
Define < on V(F') where u < v if u is removed later than v.
e For cach edge e = (u,v) € E(F) with u < v orient e from u to v
e We now build a list L of all pairs of vertices in F' with a common neighbour using
Algorithm 3.5.21.
e Output all elements of Ly — L; with endpoints (as a pair) in L.
Algorithm 3.5.20.
Input: A 3-connected planar graph G;.
Output: A list of all separating triangles in Gy.
Algorithm:
e Use Algorithm 3.5.21 to obtain a list L, of common neighbours of G;.
e Build alist L; of all triangles in G using the list of common neighbours Ly (by checking

if uv € E for each ((u,v),w) in Ly).

Remove from L; all triangles which are faces in Gj;.

Return L;.
Algorithm 3.5.21.
Input: A planar graph F.

Output: A list Ly of triplets ((u,v),w) of all pairs of vertices u,v with a common neighbour
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w.
Algorithm:

e Let Ly be initially empty.

e For each pair u, v, for each w € N~ (u) N N~ (v), add ((u,v),w) to Ls.
e For each vertex w, add ((u,v),w) to Ly for every pair of vertices (u,v) in N~ (w).
e Return L.
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CHAPTER 4
2-Disjoint Rooted Paths

In this section, we present a linear time algorithm for the two disjoint rooted paths
problem (2-DRP) where we are given an input graph G and four vertices s1, t1, s9,t2 € V(G)
and we wish to determine whether there exist two vertex disjoint paths in GG, one from s; to
t; and one from s to ts.

Our algorithm is similar to the algorithm described in the previous section as it also
makes one of several reductions before recursively applying itself on set of much smaller
problems. Our algorithm also produces a tree decomposition as a certificate when the desired
paths do not exist. However, we solve an equivalent problem in an auxiliary graph and build
a tree decomposition of this auxiliary graph if the desired paths do not exist in the original
problem.

We first establish this well known equivalence in the next section before survey past
results in Section 4.2 and delving into the details in remaining sections.

4.1 2-DRP and Attached Kz;-Minors

In this section, we establish the equivalence between 2-DRP and the problem of finding

“attached” minors. Our main algorithm will solve this equivalent problem.

Problem 4.1.1. [2-DRP]

Input: A graph G and four vertices sy, ty, So, ts.

Output:  “Yes” if there exist two vertex disjoint paths, one from sy to t; and the other from
Sy to ta, and “no” otherwise.

Definition 4.1.2. We say an instance of 2-DRP is feasible or realizable if the desired s; — t;

and s, — ty paths exist in G.
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Necessary condition

First, we derive a necessary condition for the paths to exist. Suppose G is planar and
s1,11, $2, ta appear in this order on a face of G (see Figure 4-1). Then then vertex disjoint
s1 —t; and sy —t9 paths do not exist as any two curves, one from s; to ¢t; and the other from
s9 — to, must intersect so any two paths must intersect.

More formally, we can add a vertex x* to G adjacent to sy, t1, So, to and edges s1tq, t1Sg, Saota, tas]
(see Figure 4-1) and obtain a planar graph G* (since G is planar and sy, 1, 2, o appear in
this order on a face of G). Now if the desired paths exist in G, we obtain a Ks-minor in G*,

a contradiction to Kuratowski’s theorem.

St St
%@tz S t,

Uy ty
G

Figure 4-1: A planar graph G with vertices s1, t1, s9, t2 on a face, two curves inside this face
intersecting and the auxiliary graph G* obtained by adding edges sit1,t159, Sato, 1251 and a
vertex x* adjacent to sy, ty, g, to.

This auxiliary graph G* is key to our equivalent problem.
Definition 4.1.3. Let (G, s1,t1, s2,t2) be an instance of 2-DRP. We call G*, the graph ob-
tained from G by adding a vertex x* to G adjacent to sq, t1, So, to and edges s1t1, t182, Sata, tasy
the auziliary graph obtained from (G, sy, t1, S9,t2).

In fact, we have just shown that if G* (which we can build without first checking the
planarity of G) has no Ks-minor, the desired paths do not exist. The converse is almost

true.
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W4
Figure 4-2: The 4-wheel, W,

Connectivity reductions and equivalence

For this converse, we must first eliminate small cuts as we now see K5-models separated
by small cuts from s1, %1, s9,ts are of no use in finding the desired paths.

Suppose now that G contains a minimal cut X of size at most 3 and a component U
of G — X does not contain any of {si,t1,s9,t2}. Then we claim the desired paths exist
in G if and only if they exist in the graph G’ obtained by deleting U and adding a clique
onto X (this is not quite a decomposition on X as we keep all components with a vertex of
{s1,11, $2, t2} in the same decomponent).

Indeed, if the paths exist in G' then any path that uses a vertex of U can be shortened
by using an edge we added between vertices of X so the paths exist in G’. On the other
hand, if the paths exist in G’, since |X| < 3, at most one (added) edge between vertices of
X is used. We can replace this edge by a path between them using only vertices of U (such
a path always exists in G[U U X] as X is a minimal cut).

Thus, we’ve shown the desired paths exist in G if and only if they exist in G’. The
following three remarks on the above discussion gives us the exact characterization.

The first is that if no cut of size at most 3 with a component containing none of
{s1,11, $2, t2} exists and G* contains a Kz-minor then the desired paths exist [42] (see [53]
for this version stated in terms of minors).

The second remark states that the component U discussed above is disjoint from {s1, t1, s2, t2}

so X is also a cut in the auxiliary graph G*. In fact, we can restate our operation of removing
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U and adding a clique on X as building G*, decomposing on X in G* and removing the extra
vertices and edges in G*.

Thus, if {x*, s1, 1, s2,t2} cannot be separated by a cut of size at most 3 in G*, we can
decompose on all cuts of size at most 3 in G* (in increasing order of size) and focus on the
final decomponent containing {x*, s1,t1, S2,t2}. If this final decomponent is Ks-minor free,
then the desired paths do not exist in our original instance of 2-DRP.

The third remark tells us that if a K5-minor is present in this final decomponent then
the desired paths do exist [53].

Thus, a K5-minor exists in this final decomponent in G* if and only if the desired paths
exist in G.

We now formalize the reduction discussed in this section and our three remarks.
Lemma 4.1.4. [55] (see also [42]) Let (G, s1,11,S2,t2) be an instance of 2-DRP and G*
be the auxiliary graph obtained from (G, sy,t1,S2,t2). If G* is J-connected and contains a
Ks-minor then there exist vertex disjoint s; —t1 and sy — ty paths
Remark 4.1.5. Let (G, s1,11, S2,t2) be an instance of 2-DRP and G* be the auziliary graph
obtained from (G, s1,t1, S, t2).

Let H* be the decomponent containing A = {x*, s1,t1, S2,t2} in the graph obtained from
G* by decomposing on cuts of size at most 3 that do not separate {x*, s1,t1, s2,t2} in G* (in
increasing order of size) until no such cut exist.

H* contains a Ks-minor if and only if (G, s1,11, S2, 1) is feasible.

We can restate the definition of a K5-minor in the final decomponent as follows. Using
this definition, we give an equivalent problem to 2-DRP.

Definition 4.1.6. Let A be a set of vertices in G and K a clique model of G. A detacher (of
K from A) is a cut X such that some component U of G — X completely contains a vertex

image of K but none of A.
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We say that a Ks-model is attached to A if there does not exist a detacher of K of size
at most 3.

In terms of attached minors, we’ve shown the following.
Theorem 4.1.7. [53] (see [71, 62, 64] for the original statement not involving Ks-minors)
Let (G, s1,t1, 89,t3) be an instance of 2-DRP and let G* be the auxiliary graph obtained from
(G, 51,11, S2,t2).

Then (G, s1,t1, S9,ta) is feasible if and only if there is a K5-model attached to G*.
Problem 4.1.8 (Attached Ks-model (AK5)).
Input: A graph G* and a subgraph A of G* that is a 4-wheel.
Output: “Yes” if G* contains a Ks-model attached to A. “No” otherwise.
Corollary 4.1.9. If we can solve attached Ks-model in linear time then we can solve 2-DRP
in linear time.

Note that although we give a linear time algorithm for solving 2-DRP in this chapter,
our algorithm does not return the desired paths if they exist.

The most difficult part for AK5 is again the case where G* is 3-connected. The remainder
of this chapter focuses on solving the following restricted version of AKS5.
Problem 4.1.10 (Restricted attached Ks-model (RAK5M)).
Input: A 3-connected graph G* and an induced 4-wheel A in G* with no 3-cut separating
A.
Output: “Yes” if G* contains a Ks-model attached to A. “No” otherwise.

We close this section by proving that a linear time algorithm for 2-DRP given a linear
time algorithm for RAK5M.
Corollary 4.1.11. If we can solve RAK5M in linear time then we can solve 2-DRP in linear
time.

We give an algorithmic proof, using the linear time algorithm for attached K5-minor as

a subroutine.
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Algorithm 4.1.12.
Input: A graph G and four vertices sq, 1, Sg, ta.
Output:  “Yes” if there exist two vertex disjoint paths, one from s; to ¢; and the other from
S9 to ta, and “no” otherwise.
Description. 1. If 51ty € E(G), determine if s, and ¢y are in the same connected compo-
nent of G — s; — t; and if so, return “Yes”. Return “No” otherwise.
2. If sty € E(G), determine if s; and ¢; are in the same connected component of G—sy—1t
and if so, return “Yes”. Return “No” otherwise.
3. Otherwise (s1t1 € E(G) and sote & E(G)), proceed as follows.
a

Set A == {Sl,tl, Sg,tg}.

(a)

(b) Build the auxiliary graph G*.

(c) Build the component of Gy of G* containing A.

(d) Build the block tree of Gy and find the graph node G} containing A.
(e) Build the 2-block tree of G} and find the graph node G containing A.
(f) If there is a 3-cut separating A in G35, return “No”.

(g) Determine if G5 has a Ks-model attached to A using the algorithm for RAK5M.
(h)

If so, return “Yes”. Return “No” otherwise.

Analysis. Our earlier discussion proves the correctness of this algorithm.

Indeed, (G, s1,t1, S2, o) is feasible if and only if (G1, s1, 11, se, t2) is feasible where G is
the graph obtained from G by removing z* and any edges we added to G. (G, s1, 1, S2, t2)
is feasible if and only if (G, s1,t1, S9, L) is feasible where G is the graph obtained from G%
by removing x* and any edges we added to G.

By Theorem 4.1.7, (G, s1, 1, So, t2) is feasible if and only if G has a Kz-model attached
to A.

If G% has a 3-cut separating A, since G is 3-connected, this cut is either {sq, ¢, 2*}

or {sg,ty, x*} (since these are the only cuts of size at most 3 in A). In the first case, any
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Sy — to path in Go uses one of {s1,%;} so the desired paths do not exist in Gy. Similarly, in

the second case, any s; — t; path in G5 uses one of {ss,t2} so the desired paths do not exist

in GQ. U

4.2 Previous work

Jung [42] first showed the equivalence between 2-DRP and the planarity in G* when G
is 4-connected. The extension of Jung’s theorem to all graphs was shown independently by
Thomassen, Seymour, and Shiloach [71, 62, 64]. They prove the following theorem.
Theorem 4.2.1. [62, 71, 6] Suppose a graph G with four vertices labelled s, so,t1,ts does
not contain vertex disjoint si-t1 and sy-to paths. Then either

e (G can be embedded in the plane such that s, so,t1,ts appear in this order in some face,
or
e (G has a cutset of size at most 3.

The corollary of this theorem in terms of Ks-models (Theorem 4.1.7) was first stated
explicitly by Reed [53].

Theorem 4.2.2. [53] If there is a detacher to a Ks-model then there is a detacher of size
at most 3.

Corollary 4.2.3. Let G be a graph with four vertices labelled sy, so,t1,ty. Verter disjoint
si1-t1 and sy-ty paths exist in G if and only if there is a Ks-model in G* with no detachers
with respect to A = {s1,11, S2, t2, x*} of size at most 3.

As we stated in the previous section, the main difficult part arises when G is 3-connected
and we are looking for 3-cuts. Using their theorem, Thomassen, Seymour, and Shiloach
independently gave the first polynomial time algorithm for 2-DRP. Tholey [69] improved
this to a O(ma(m,n)) algorithm by using a more sophisticated approach for testing for

3-cuts. Later, Tholey [70] further improved his algorithm to run in O(na(m,n)).
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4.3 Closest Detachers and Laminarity

As for Ks-minor containment of the previous section, our algorithm provides a certificate
in the form of a tree decomposition when an attached K5-model does not exist.

We'd like to build the F-block tree where F is all detachers of size 3 (to some K5-model
from the special set A = {s1, 1, S, t2, 2* of vertices). However, there could be exponentially
many models and therefore detachers. Furthermore, they may not be laminar. In this
section, we describe the laminar set D of detachers we restrict ourselves to so the D-block
tree can be built in linear time.

We note that the graph node G4 containing A in this hypothetical D-block tree needs
not be 4-connected (as suggested in Section 4.1). It only needs to contain no detachers.

To do so, we need the notion of a closest detacher.

Definition 4.3.1. A closest detacher X of clique model K from a set of vertices A is a
detacher of K from A of minimum size which (subject to this) minimizes the size of the
union of components of G — X containing a vertex image of K.

The closest detacher is the detacher which is effectively closest to K (and furthest from
A). At first, it may seem that the opposite (the “furthest detacher” closest to A, furthest
from K) would be more useful as decomposing on it reduces the size of the decomponent
containing A the most. However, it turns out the closest detacher has many properties our
algorithm will need. We now examine these properties.

We now show the closest detacher to a fixed K5-model is unique.

Lemma 4.3.2. [53] Let A be an induced 4-wheel in a graph G.

Let X be a closest detacher of a Ks-model K and Ux the union of all components of
G — X ntersecting K. Then for any other minimum size detacher Y of K, the union Uy of
components of G —Y intersecting K contains all of Ux.

For completeness, we repeat (parts of) the proof of Lemma 7.10 in [53] here.
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Proof. Let U* be the union of components of G — X — Y intersecting K. Let Y; be the
vertices in X UY adjacent to a vertex of U*. Let Y5 be the vertices in X UY contained in
A or adjacent to a vertex of A.

Note that both Y7 and Y3 are detachers of K and hence have size at least | X| (as X is a
minimum size detacher). Any vertex in both Y7, Y5 must also be in both X and Y (otherwise,
there is a path in G — X or G — Y from K to A). That is, [Y1 NY3| < | X NY].

By construction of Y1,Y3, Y1 UY, C X UY and thus |V U Y5 < [ X UY]. So

Vi + (Yo = [V UY2[ + V1N Y| < [XUY|+ [XNY] = [X]|+ V] = 2[X]|

So, both Y] and Y5 have size | X|. Since U* is contained in U, U* = U (or Y; contradicts
our choice of X). However, U* is also contained in Uy, hence Uy is contained in Uy as

required. ]

Corollary 4.3.3. The closest detacher is unique.
Lemma 4.3.4. If X is a closest detacher for a Ks-model K (from a set A of vertices) and

Y is a cut separating X from K with |Y| < |X]| then Y = X.

Proof. Suppose not and let G, K, A, X, Y be a counter-example. So Y separates X from K
but Y # X. Then we claim Y is a detacher of K from A. Indeed, suppose there is a path
from a component of G — Y completely containing a vertex image of K to A in G — Y.
Then this path does not contain any of X since Y separates X from K (in particular, X
does not intersect this vertex image of K) and thus it is a path of G — X from a component
completely containing a vertex image of K to A, a contradiction to X being a detacher.

Therefore, Y is a closest detacher. By Corollary 4.3.3, Y = X, a contradiction. O
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4.4 Pruned Ks-tree

We are now ready to define the set D of detachers for the D-block tree our algorithm
builds when no attached Ks-minor exists.

We simply pick D to be the set of all top detachers, closest detachers that shrink the
decomponent containing A the most.
Definition 4.4.1. A closest detacher X is a top detacher if there does not exist another
closest detacher Y (with respect to a different K5-model) such that X does not intersect the

decomponent of G — Y containing A.

G A Kg(-model){vs V4 Vs Vg vt Another K ((-model) {V1 V2 V3 Vs v3
with closest detacher{ 3, V4, Vs} with closest detacher{V; v, V3}

which is a top detacher

The pruned K tree of G A red-blue colouring of G

Figure 4-3: (a) A graph G with a set A = {s1,t1, s2,t2,2*} of vertices (b) A Kj(-model)
in G with closest detacher {vs,vs,v5} (¢) Another Kj(-model) in G, this one with closest
detacher {vy, vy, v3} which is also a top detacher (d) A pruned Ks-tree of G (d) a red-blue
colouring of GG

Note that if X and Y are top detachers then A and (all of) X are in the same decom-

ponent of G — Y (otherwise, we contradict Lemma 4.3.2), leading to the following remark.

132



Remark 4.4.2. The D-block tree [T, G| where D is the set of all top detachers is a star.

We call the center of this star (containing A) the root of T

The D-block tree of G where the root’s index is Ks-model free is sufficient to certify
that G contains no Ks-model attached to A. We call this tree the pruned Ks-tree of G. We
define this tree with a slightly weaker restriction on A.
Definition 4.4.3. The D-block tree [T, G] where D is the set of all top detachers is a pruned
Kx-tree.

We can now state the main algorithm of this chapter.
Algorithm 4.4.4.
Input: A 3-connected graph G and a fixed size subgraph A in G with no 3-cut separating
A.
Output: Fither

e a pruned Kjx-tree of GG, or
e “a Ks-model attached to A exists”.

Running time: O(|V(G)| + |E(G)]).

We refer to A as the root subgraph or simply root of G (as it is always contained in the
root graph node of a pruned Kj-tree).
4.5 Pruned (3,3)-tree

Before we begin our discussion of Algorithm 4.4.4, we note that we can build a more
interesting tree decomposition (that is not always a star) in case an attached Kjs-model does
not exist. Indeed, since the label G, of the root of a pruned Kjs-tree is Ks-minor free, we can
apply the main result of our previous section (Algorithm 3.0.55) to G, to further decompose
it along (3, 3)-cuts into graphs which are planar or L. Furthermore, by construction, the set
F of 3-cuts obtained from the union of (3, 3)-cuts of G, and 3-cuts in cutting nodes of this

pruned Kjs-tree are laminar. We call this F-block tree the pruned (3, 3)-tree.
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Thus, as we just discussed, we can combine Algorithm 4.4.4 and 3.0.55 into the following
algorithm.
Algorithm 4.5.1.
Input: A 3-connected graph G* and an fixed size subgraph A in G* with no 3-cut separating
A.
Output: Either
e a pruned (3,3)-tree of G, or
e “a Ks-model attached to A exists”.
Running time: O(|V(G)| + |E(G)]).

All internal nodes of the pruned (3, 3)-tree are either planar or L. We now delve into
the details of Algorithm 4.4.4.

4.6 Main algorithm
4.6.1 Overview

In this section, we give an overview of the main result of this chapter, Algorithm 4.4.4, a
linear time algorithm which finds a pruned Kjs-tree for 3-connected graphs with no attached
Ks-model.

In each iteration, our recursive algorithm either determines an attached Ks-model exists
or recursively applies itself on a set of smaller 3-connected graphs. Having solved the problem
on these smaller graphs, it uses the solution to these new problems to construct the solution
to the old problem quickly. Our reductions will reduce the problem so much that the entire
algorithm runs in linear time provided the reduction and construction subroutines take linear
time.

Many reductions are similar to those used in our linear time Kjs-minor recognition
algorithm.

One reduction consists of deleting a stable set of vertices of degree at least four such

that for every pair of neighbours of every vertex deleted we leave a set of four common
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neighbours, where these sets are disjoint (note that this implies that the neighbours of a
deleted vertex form the center of a clique subdivision which combined with the edges to the
deleted vertex leaves a clique minor of order at least 5). When doing so, we also add edges
to make the neighbourhood of each deleted vertex a clique. It is not hard to prove that given
an attached K5-model in the resultant graph, we can easily find one in G.

Furthermore, we can easily extend a pruned Kjs-tree for the smaller graph to a decom-
position tree for G. For deleted vertices of degree at least 5, we simply add the deleted
vertex to the Ks-model node containing the clique minor given by the subdivision whose
centers are its neighbours. This will also work for a vertex of degree 4 if the clique on its
neighbourhood in the smaller graph extends to a K5-model.

In our second reduction, we contract the edges of a matching M with the properties
that:

(i) the resultant minor G of G is 3-connected, and

(ii) every vertex of G has degree bounded by a constant d specified below.
We will then solve the problem on Gj; and exploit this solution to find the solution in G. If
an attached K5-model exists in (G, it is easy to see that the uncontraction of this attached
Ks-model is an attached Ks-model in G. If the algorithm returns a pruned Kjs-tree of Gy,
then after the uncontraction we must check if there are new Kjz-models, and find new top
detachers. In doing so, we exploit the fact that each graph node in the decomposition tree
for G, is planar or small, much as was done in Chapter 3.

We make a third reduction if there is a larger stable set S of vertices of degree 3 and
each of which has the same neighbourhood as at least 4 vertices in V(G) — S. In this
case, we reduce by deleting each vertex in the stable set, replacing it with a triangle on
its neighbourhood. If an attached K5-model K exists in this smaller graph, an attached
Ks-model (not necessarily obtained from K) also exists in G. Given a pruned Kj-tree for

the smaller graph, for each deleted vertex v, we either
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(i) add it to a Ks-model node,
(ii) place it in the face of the graph node formed by the triangle on its neighbourhood, or
(iii) add it and its neighbourhood as a graph node adjacent to the cutting node containing
its neighbours (such a cutting node exists since N(v) is a (3, 3)-cut in G — S due to 4
other vertices of degree 3 with neighbourhood N (v)).

We can perform a similar reduction if we find a large stable set S of degree 4 vertices,
each of which has the same neighbourhood as at least 4 vertices in V(G) — S.

We make our final reduction if we find a small dense minor of GG. In this case, we recurse
on this minor. We use this recursive solution to find a large set S of special “irrelevant”
vertices (vertices in Kz-model nodes whose removal does not destroy the corresponding K-
model) and delete them in G. We recurse on the resulting graph. If an attached Ks-model
exists in G — S then our choice of S guarantees one also exists in G. Otherwise, as in our
first reduction, we can add S to the pruned Ks-tree of G — S to obtain the pruned Kjs-tree
of G.

For our final reduction, we use Frank, Ibaraki and Nagamochi’s algorithm [28] to de-
termine which edges of the small minor are “irrelevant” (which we then translate into “ir-
relevant” vertices of G). Their algorithm finds a subset of at most 4n edges of an input
3-connected graph G which yield a 3-connected subgraph H in which for every pair of ver-
tices the set of 3-cuts which separate them are the same. Specifically, we apply the following
corollary to the main result of [28] in which they find a graph G}, with at most kn edges in
linear time.

Algorithm 4.6.1. [28]

Input: A 3-connected graph G.

Output: A 3-connected subgraph H of G with at most 4|V (G)| edges in which for every
pair of vertices the set of 3-cuts which separate them are the same as in G.

Running time: O(|V(G)])
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Corollary 4.6.2. Let G be a graph and let G4 be defined as in [28]. Then G and G4 have
the same set of (3,3)-cuts and thus the shape of their pruned Ks-trees is the same (that is,
the trees are the same and the vertex set inside corresponding nodes are the same).
4.6.2 Formal description

Having described the algorithm informally we are now ready to present a formal specifi-
cation. Throughout the chapter, d = 100000 and let € = d=¢. Our algorithm uses a number
of subroutines with these specifications. We label them to indicate where they can be found
in this chapter.

The first subroutine is used to determine which reduction to make.
Algorithm 4.7.1.
Input: A 3-connected graph G.
Output: One of the following.

16]V (G

16\Vd(G)\ 5 ) edges, and a sub-

1. A graph F' with at most vertices, and at least 2000
division of F' in G such that every edge is subdivided at most once, and the vertices
which are the midpoints of a subdivided edge are a stable set of G.

2. A matching M in the subgraph of G induced by the vertices of degree at most d which
has size at least d*|V(G)|.

3. A stable set S of at least L2|V(G)| vertices of degree at least 5 and at most d such that
for every v € S, we can choose in V(G) — S — N(v) four common neighbours for every
pair of neighbours of v such that these choices are all distinct.

4. A stable set S of at least 2|V (G)| vertices of degree 4 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours
of v such that these choices are all distinct.

5. A stable set of at least 22|V(G)| degree 3 vertices in G.

6. 8|V (G)| edges in G.

Running time: O(|V(G)| + |E(G)]).
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Algorithm 4.9.1.
Input:

e A graph G,

e aroot Ain G,

16|V(G)]

e a graph F with at most ——=* vertices, and at least 2000 ) edges, and a sub-

16[V(G)I
d
division of F' in G such that every edge is subdivided at most once, and the vertices
which are the midpoints of a subdivided edge are a stable set of G. (i.e., output (1)
of Algorithm 4.7.1.)
Output:
e A 3-connected graph F' with |E(F")| = |E(F)| and |V(F")| < 15|V (F)|.
e A subdivision of F’ in G such that every edge is subdivided at most once, and the
vertices in the center of the subdivided edges are a stable set of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.9.5.
Input:
e A graph G,
e aroot Ain G,
e A 3-connected graph F’ with |E(F")| = |E(F)| and |V (F")| < 15|V (G)].
e A subdivision of F’ in G such that every edge is subdivided at most once, and the
vertices in the center of the subdivided edges are a stable set of G.
Output: Either “a Kz-model attached to A exists” (in G) or
e A set R of 27¢'n vertices in Ks-models of G, and
e a graph H obtained from G by deleting these vertices.
Algorithm 4.10.1.
Input:
e A graph G,
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e aroot Ain G,

e a matching M in the subgraph of G induced by the vertices of degree at most d which
has size at least d'e|V(G)|.

Output: Fither

e a matching N in G of size at least 4en among vertices of degree at most £~! such that
G/N is 3-connected, or

e a set of at least en laminar 3-cuts in GG and for each cut X, a component C' of G — X
of size at most 7! disjoint from A and a 3-connected graph H obtained by removing
all such components C' and adding a triangle onto each such cut X.

e a set of at least en laminar 4-cuts in GG and for each cut X, a component C' of G — X
of size at most ! disjoint from A and a 3-connected graph H obtained by removing
all such components C' and adding some edges between vertices of each such cut X.

Running time: O(|V(G)| + |E(G)]).

The following subroutines are needed for our post-recursion steps.
Algorithm 4.11.1.
Input:

e A graph G,

e aroot Ain G,

e astable set S of at least 12|V (G)| vertices of degree at least 5 and at most d such that
for every v € S, we can choose in V(G) — S — N(v) four common neighbours for every
pair of neighbours of v such that these choices are all distinct, and

e a pruned Kx-tree of H =G — S.

Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.14.1.

Input:
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A graph G,

aroot Ain G,

a stable set S of at least 22|V (G)| vertices of degree 4 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours

of v such that these choices are all distinct, and

a pruned Kx-tree of H =G — S.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.12.1.

Input:

A graph G,

aroot Ain G,

a stable set S of at least 2|V (G)| vertices of degree 3 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours

of v such that these choices are all distinct, and

a pruned Kx-tree of H =G — S.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.15.1.

Input:

A graph G,

aroot Ain G,

a set of at least 4|V(G)| edges F' in G, none of which have endpoints in different

components of G — X for any 3-cut X of GG, and

a pruned Ks-tree of H =G — F.
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Output: A pruned Ks-tree of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.16.1.
Input:
e A graph G,
e aroot Ain G,
e a matching N in G such that H = G/N is 3-connected,
e a pruned Kjx-tree of H.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).
Algorithm 4.18.1.
Input:
e A graph G,
e aroot Ain G,
e a set of at least en laminar 3-cuts or 4-cuts in GG and for each cut X, a component Ux
of G — X of size at most ¢! disjoint from A
e a 3-connected graph H obtained by removing all components Ux and adding some
edges between the vertices of X for each X, and
e a pruned Kjx-tree of H.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).
Having completely specified our subroutines, we now describe the main algorithm of

this chapter.

Description and analysis. [of Algorithm 4.4.4]
1. If G has fewer than 20 vertices, solve the problem by brute force. Otherwise, proceed

as follows.
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2. Run Algorithm 4.7.1.

(a) If it returns output (1) a graph F' and a subdivision of F' in G,

i.

11.

111.

1v.

V.

run Algorithm 4.9.1 on the output and run Algorithm 4.9.5 on the graph F’
(a small dense minor of G) it outputs.

If “a K5-model attached to A exists” is returned, return “a Ks-model attached
to A exists”.

If a set R and a graph H are returned, recurse on H.

If “a K5-model attached to A exists” is returned, return “a Ks-model attached
to A exists”.

If a pruned Kjs-tree of H is returned, return it as a pruned Kj;-tree of G.

(b) If it returns output (2), a matching M,

i.

11.

111

run Algorithm 4.10.1 to obtain either a submatching N or a graph H and a
set F of cuts and for each cut X € F a component Ux of G — X of size at
most e 1.

If we obtain a submatching N,

A. build H = G/N and recurse on H.

B. Run Algorithm 4.16.1 on the output and return its output.
If we obtain a graph H and a set F of cuts,

A. recurse on H, run Algorithm 4.18.1 on the output and return its output.

(c) If it returns output (3), a stable set S of vertices of degree at least 5,

i.

11.

iii.

build H, the graph obtained from G by adding a clique on the neighbourhood
of each vertex in S and removing S.

Recurse on H.

If “a K5-model attached to A exists” is returned, return “a Ks-model attached

to A exists”.

142



iv. If a pruned Kjs-tree of H is returned, run Algorithm 4.11.1 and return its
output.
(d) If it returns output (4), a stable set S of vertices of degree 4,
i. build H, the graph obtained from G by adding a clique on the neighbourhood
of each vertex in S and removing S.
ii. Recurse on H.
iii. If “a Ks-model attached to A exists” is returned, return “a Ks-model attached
to A exists”.
iv. If a pruned Kjs-tree of H is returned, run Algorithm 4.14.1 and return its
output.
(e) If it returns output (5), a stable set S of vertices of degree 3, is returned,
i. build H, the graph obtained from G by adding a clique on the neighbourhood
of each vertex in S and removing S.
ii. Recurse on H.
iii. If “a Ks-model attached to A exists” is returned, return “a Ks-model attached
to A exists”.
iv. If a pruned Kj-tree of H is returned, run Algorithm 4.12.1 and return its
output.
(f) If it returns output (6), a set F' of edges, is returned,
i. run Algorithm 4.6.1 on G to delete all but 4|V (G)| edges and recurse on the
resulting graph H,
ii. If “a Ks-model attached to A exists” is returned, return “a Ks-model attached
to A exists”.
iii. If a pruned Kjs-tree of H is returned, run Algorithm 4.15.1 and return its

output.
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4.7 Finding the reductions

In this section we take our first step towards finding a structure which allows us to
perform one of the reductions described in the previous section. In doing so, we use the
following observation:

If G contains a subdivision of F' in which every edge is subdivided exactly once and the
midpoints of the subdivided edges form a stable set, then there is a model of F' in G such
that

(i) each vertex image is a star, and

(ii) each edge in the model has at least one endpoint which is a center of the star.
Algorithm 4.7.1.
Input: A 3-connected graph G.
Output: One of the following.

16]V (G

16\Vd(G)\ 5 ) edges, and a sub-

1. A graph F' with at most vertices, and at least 2000
division of F' in G such that every edge is subdivided at most once, and the vertices
which are the midpoints of a subdivided edge are a stable set of G.

2. A matching M in the subgraph of G induced by the vertices of degree at most d which
has size at least d*|V(G)|.

3. A stable set S of at least L2|V(G)| vertices of degree at least 5 and at most d such that
for every v € S, we can choose in V(G) — S — N(v) four common neighbours for every
pair of neighbours of v such that these choices are all distinct.

4. A stable set S of at least 2|V (G)| vertices of degree 4 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours
of v such that these choices are all distinct.

5. A stable set of at least 22|V(G)| degree 3 vertices in G.

6. 8|V (G)| edges in G.

Running time: O(|V(G)| + |E(G)]).
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Description and analysis. We present an algorithm which has two steps. It first finds a
maximal matching M amongst the vertices of degree at most d using a greedy algorithm.
Obviously, the vertices of M, together with the vertices of degree greater than d form a
hitting set B for the edges of G. If this matching has more than d*c|V(G)| edges, then we
can return it as output (2).

Otherwise, we turn to the second step, in which we attempt to find a subdivision of a
graph F' as in (1) whose centers are in B. We assign a vertex to the pair of vertices which
will be the endpoints of the edge of F' it corresponds to. To do so, for each vertex of G — B
in turn, we try to assign it to a pair of its neighbours which have not yet been assigned four
other vertices of G — B.

By our bound on the number of edges of G, |B| < w, so if we find 2000%
vertices of G — B which can serve as the midpoint of distinct subdivided edges, we return
output (1).

Otherwise, there are at least 2|V (G)| vertices we failed to assign. If at least a third of

these vertices have degree greater than 4, we return output (3). If at least a third of these

vertices have degree 4, we return output (4). Otherwise, we return output (5). O

If our preprocessing step returns either output (3), (4) or (5), we are ready to perform
the appropriate reduction as described in the last section. If the preprocessing step returns
output (2) we need to massage the matching to find a matching N which is not much smaller
such that contracting on N yields a 3-connected minor of G. To do so, we use the techniques
developed in the previous chapter. If we return output (1) we need to preprocess further.
We would essentially like to preprocess by recursively applying our algorithm to the model
of F'in which the vertex images are stars and the edges of the model all have at least one
endpoint which is the center of a star. However, this graph may not be 3-connected, and so

again we need to do some massaging. This is described in the next section.
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4.8 Pre-recursion: Deleting vertices

If obtain either output (3), (4) or (5) (i.e., a stable set .S), we simply delete the vertices
of S and recurse on the resulting graph.
4.9 Pre-recursion: Contracting stars

In this section, we describe the algorithm with finds the graph H to recurse on when
we obtain output (1) from Algorithm 4.7.1.

4.9.1 Maintaining Connectivity

In this section, we describe an algorithm which takes output (1) (a large set of edges
inducing stars) from Algorithm 4.7.1 and produce a new 3-connected graph F’. F’ has as
many edges and at most 15 times as many vertices as F' and a subdivision of F’ in G such
that every edge is subdivided at most once, and the vertices in the center of the subdivided
edges are a stable set of G. (Our main algorithm will then recurse on F”.)

Let Ny be the vertices in the middle of a subdivided edges of F' and C' be all other
vertices of the subdivision of F' in GG. Let N; be the remaining vertices of G. We may think
of output (1) of Algorithm 4.7.1 as a set of edges inducing a union of disjoint stars Sy whose
contraction in G — N; yield F'. We add an arbitrary edge incident to each vertex in N to
form a new set S of disjoint stars whose contraction in G yield F' and let N = NyU N;. This
ensures uncontracting S in F' yields a 3-connected graph (namely G). Then C is the center
of these stars (some of which may be trivial) and N is the set of non-centers.

Formally, we describe the following algorithm.

Algorithm 4.9.1.
Input:
e A graph G,
e an induced 4-wheel in G, and

16|V(G)]

e a graph F with at most =7 vertices, and at least 2000716“;(6'

) edges, and a sub-

division of F' in GG such that every edge is subdivided at most once, and the vertices
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which are the midpoints of a subdivided edge are a stable set of G. (i.e., output (1)
of Algorithm 4.7.1.)
Output:
e A 3-connected graph F’ with |E(F")| = |E(F)| and |V(F")| < 15|V (F)|.
e A subdivision of F” in G such that every edge is subdivided at most once, and the
vertices in the center of the subdivided edges are a stable set of G.

We note that for any cut of F', the union of the images of the vertices in this cut is a cut
in G. Since G is 3-connected, it follows that there is no 1-cut or 2-cut which consists of only
vertices of N. Our algorithm proceeds in two steps, it first uncontracts some edges which
ensure that there are no 1-cut or 2-cuts consisting of only vertices of C' and then performs
further uncontractions to ensure that there are no 2-cuts consisting of one vertex of N and
one vertex of C.

In both steps, we begin by constructing an auxiliary graph with vertex set the current
set of centers of stars and with edges representing connections we may have lost due to the
contractions we have performed.

In the first step we have an edge for each such connection. That is, for each vertex u
which is in some star of which it is not the center, we add an edge between every pair of
neighbours of u. This gives us our auxiliary graph H.

To determine which connections are important, we apply Frank, Ibaraki and Nag-
amochi’s algorithm [28] to H in order to reduce it to a graph H’ with at most 5|C| edges
with no new cuts of size at most 5.

Let D be the added edges of F(H') which were not originally from G. We build a set
U of vertices which we would like to uncontract. For each edge e of D, add a vertex u with
both endpoints of e in its neighbourhood which is in some star of which it is not the center.
So we set Tj to be the stars induced by E(S) — U.

After these uncontractions the following holds:
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Lemma 4.9.2. There is no cutset X C C' of size at most 2 in G /T

Proof. Suppose G /Tj contained such a cutset. Then each component U; of G/Ty— X contains
at least one vertex of C' as otherwise, U; only contains vertices of N each of which would
have degree at most 2 since N is a stable set in G. But all vertices of G/Tj not in C' have
degree at least 3 as GG is 3-connected.

Since H is 3-connected, so is H' and there is at least one path between U; and U, in
H' — X. Let P be a shortest path in H' — X from a vertex of Uy N V(H’) to a vertex of
Uy N V(H'). Since P is a shortest path, it contains exactly one edge from U; NV (H') to
Uy NV (H'). But this edge corresponds to a vertex in G/Ty which connected U; and U, in

G /Ty — X. Contradiction. O

Now we can combine this with our remark stating that no cutset of size at most 2 in
G /Ty is contained entirely in N.

Corollary 4.9.3. Fvery 2-cut of G/Ty contains ezactly one vertex of C.

In other words, the procedure we described above takes an input S and outputs Ty with
the property in Corollary 4.9.3. We formally describe this subroutine before reusing it on Tj
instead of S.

Algorithm 4.9.4.
Input:
e A graph G,
e a set of edges inducing a union of disjoint stars S with centers C' and non-centers N
in G
Output: A subset Ty of S with |Ty| > |S| —10|C| and such that every 2-cut of G/Tj contains

exactly one vertex of that is the center of a star (in 7p).

Description and analysis. 1. For each u in some star of which it is not the center, add an

edge between every pair of neighbours of u.

148



Call the resulting graph H.

2. Frank, Ibaraki and Nagamochi’s algorithm [28] to H with connectivity k = 5 to obtain
a graph H'.

3. Build D = E(L) — E(G).

4. Let U be the empty set.

5. For each e € D, add to U a vertex u with both endpoints of e in its neighbourhood
which is in some star of which it is not the center.

6. Build Ty = E(S) — U and return Tj.

O

In the second step, we build our auxiliary graph with respect to Tj rather than S and
build T instead of Tj.

Now the same argument used in the first step combined with Corollary 4.9.3 applied
to G /Ty shows that G/T is 3-connected. Indeed, all 2-cuts of G/T consist of one center ¢
and one non-center n of a star in Ty. Any such 2-cut X = {¢,n} was a 1- or 2-cut X’ in
G/Ty as all vertices of G/Ty = G/T/(E(Ty) — E(T)) have degree at least 3 and non-centers
of a star form a stable set. Note that the non-center n of X contracts to a center of Ty in
G/Ty. Since the only cuts of size at most 2 in G/Tj contains one center and one non-center,
it follows that the center ¢ of X is a non-center of S. But this implies that both ¢ and n
were non-centers of S in G. Since they form a 2-cut in G/T, they also form a 2-cut in G
contradicting the 3-connectivity of G.

We now formally describe Algorithm 4.9.1.

Description. 1. Run Algorithm 4.9.4 with input G and S to obtain a subset Tj of S.
2. Run Algorithm 4.9.4 with input G and T to obtain a subset T of T.
3. Return T
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4.9.2 Small dense minors
We are now ready to use Algorithm 4.9.1 as a subroutine to find the graph H we recurse
on using output (1) of Algorithm 4.4.4.
Let ¢’ = 1216
Algorithm 4.9.5.
Input:
e A graph G,
e aroot Ain G,
e A 3-connected graph F’ with |E(F")| = |E(F)| and |V (F")| < 15|V (G)|.
e A subdivision of F” in G such that every edge is subdivided at most once, and the
vertices in the center of the subdivided edges are a stable set of G.
Output: Either “a Ks-model attached to A exists” (in G) or
e A set R of 27¢'n vertices in Ks-models of G, and
e a graph H obtained from G by deleting these vertices.
In this case, this pre-recursion actually includes a recursive call to our main algorithm,

Algorithm 4.4.4.

Description and analysis. 1. Run Algorithm 4.4.4 on F".
2. If “a Ks-model attached to A exists” is returned, return “a Ks-model attached to A
exists”.
3. If a pruned Kjs-tree of F” is returned,
(a) initialize R to be the empty set.
(b) For each Ks-model node ¢ of the pruned Kj-tree with parent cutting node s,
i. add all vertices of F} — F! to R.

(¢) Return H = G — R.
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For our algorithm to run in linear time, we will need H to be small compared to G.
More precisely, we need H to have at most (1 — 2¢’)n vertices. We now prove this.
Lemma 4.9.6. H has at most (1 — 2¢’")n vertices.

Proof. Let F' be the 3-connected graph output by Algorithm 4.9.1. Since F' (the input to

16|V(G)]

—a = &'n vertices.

Algorithm 4.9.1) has at most 715'16\;/(6')\

vertices, F’ has at most

By Lemma 1 of [56], in the pruned Kj-tree of F’, there are at most 64¢'n+9¢'n = 73¢'n
vertices whereas F” has at least 100e'n subdivided edges. So at least 27¢'n of these edges lie
in a K5-model node. The vertices that subdivide these edges are added to R and removed

from G. So H has at most (1 — 2¢’)n vertices as required.

4.10 Pre-recursion: Contracting a matching

In this section, we describe Algorithm 4.10.1 which takes output (2) (a large induced
matching) from Algorithm 4.7.1 and produce either a submatching N whose contract yields
a 3-connected graph H or a set of 3-cuts or 4-cut in G, each of which has a decomponent of

! not containing A.

size at most €~
Algorithm 4.10.1.
Input:
e A graph G,
e aroot Ain G,
e a matching M in the subgraph of G induced by the vertices of degree at most d which
has size at least d'e|V(G)|.
Output: Fither

e a matching N in G of size at least 4en among vertices of degree at most €' such that

G/N is 3-connected, or
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e a set of at least en laminar 3-cuts in G and for each cut X, a component C' of G — X
of size at most 7! disjoint from A and a 3-connected graph H obtained by removing
all such components C' and adding a triangle onto each such cut X.
e a set of at least en laminar 4-cuts in GG and for each cut X, a component C' of G — X
of size at most ! disjoint from A and a 3-connected graph H obtained by removing
all such components C' and adding some edges between vertices of each such cut X.
Running time: O(|V(G)| + |E(G)]).

This reduction is similar to the one in the previous chapter (in Section 3.4.2). If we fail
to find a submatching, we return a large set of 3-cuts on which we decompose G. The only
difference in this case is that we cannot simply return a Ks-model if we find one. However,
we also no longer need an edge inside each 3-cut and can also return 4-cuts attached to a
K -minor, which is needed in some cases.

We now provide the formal details of Algorithm 4.10.1.

Description and analysis. Let S = f(M) the vertices obtained by contracting M and H =
G/M. By Lemma 3.3.10 applied to H and S, either
1. T has at least |S|/15 leaves, or
2. there is a subset S” C S of vertices of size at least |S|/15 no two of which are in a 2-cut
of H.
In the second case, we return f~!(S’) as N. Thus, we may assume T has at least
|S]/15 > 30d%en > 4en leaves.
Since the 2-block tree for H has at least 4en leaves, it has at least 2en leaves such
that the leaf L has at most ¢! vertices (since the graphs corresponding to these leaves are
disjoint, except for the cut Y).

! vertices of H cut off by Y from the rest of

Consider a leaf of T' containing at most £~
H and the corresponding subgraph L of G obtained by uncontracting the edges of M’ in it.

We distinguish two cases.
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Case 1: If f7(Y) has only three vertices then we simply note that f~*(Y) is a
3-cut containing an edge separating L from a component of G — f~1(Y") containing the rest
of G. If for more than half the cuts Y, |f~'(Y)| = 3, we return this family f~'(Y) for
each such Y and the corresponding leaf L of size at most 7!, This family contains at least
|S]/30 > en cuts and are laminar since the cuts in cutting nodes of T" are laminar

Case 2: If f7!(L) contains a 3-cut then we proceed as above and return this 3-cut
(instead of f~1(Y")) and the component of G — f~*(Y") completely contained in L.

Case 3: If f~}(Y) has four vertices and f~'(L) contains no 3-cut then, since
GG is 3-connected and no vertex of degree at most five in G has neighbours in two different
matching edges we see that f~!(L) has at least 7 vertices.

We claim there are two vertex disjoint paths between the two matching edges wz and
xy of f~Y(L). If some vertex a separates {z,y} from {w,z} in f~!(L) then either {w,z,a}
or {z,y,a} is a 3-cut in f~(L), a contradiction. So by Menger’s theorem, there are two
vertex disjoint paths from {z,y} to {w, z}. Without loss of generality, these paths are from
x to w and y to z.

We now use brute force to determine there are also vertex disjoint paths in f~!(L), one
from x to z and the other from w to y (we solve this instance of 2-DRP since f~!(L) has size
at most e71). If so, we remove f~!(L) — f~}(Y) and add edges so f~(Y) forms a clique. If
not, since f~!(L) contains no 3-cuts, it is actually planar (since the auxiliary graph f~!(L)*
to this new instance of 2-DRP is planar). In this case, we remove f~'(L) — f~!(Y) and add
edges so w, z,y, z is a 4-cycle and add a vertex x; adjacent to w, x,y, 2.

If for more than half the cuts Y, we are in this case, we return this family f~*(Y) for
each such Y and the corresponding leaf L of size at most ¢!, This family contains at least

|S]/30 > en cuts and are laminar since the cuts in cutting nodes of 7" are laminar
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4.11 Post-recursion: Adding vertices of degree at least 5
In this section, we give the details of Algorithm 4.14.1.f

Algorithm 4.11.1.

Input:

e A graph G,

e aroot Ain G,

e a stable set S of at least L2[V(G)| vertices of degree 4 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours
of v such that these choices are all distinct, and

e a pruned Kx-tree of H =G — S.

Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

We start by showing that when we perform reduction (4) and determine that a K5-model
attached to A exists in H then a Ks-minor attached to A also exists in G.
Lemma 4.11.2. Let G be a 3-connected graph, A an induced 4-wheel in G, x a degree { > 4
vertex in G and K is a Ky-subdivision in G with centers N(x) and edges subdivided exactly
once.

Let H be the graph obtained from G by deleting x and adding a clique onto N(x).

If H has a Ks-minor L attached to A then so does G.

The proof formalizes the idea that if a vertex is attached to a Ks-model K then it is
in a Ks-model node of either the Ks-model node for K or a Ks-model node with a closer

detacher.

Proof. Choose an arbitrary Ks-minor K’ obtained by deleting vertices from K.
Suppose the lemma is false then in particular, K’ is not attached to A.

Since G is 3-connected, by Theorem 4.2.2, there is a closest detacher X of size 3 for K’.
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V(K')NV(H) is contained in some component U of H — X which does not completely
contain some vertex image of L (otherwise, X is a detacher for L contradicting our assump-
tion that L is attached).

Thus, all vertex images of L intersecting U U X also intersect X. We now change the
vertex images of L intersecting X so they use edges of GG rather than H. To do so, we only
need to find a Ks-minor attached to X in U.

This is easy to find as we can use K’ as an attached minor since X is a closest detacher
(it has size greater than 3 which is more than what we need).

More precisely, since X is a closest detacher of K’, we can find 3 paths P, P, Ps in
H[U U X] from X to the centers of K’ (i.e., N(x)). Py, P, P5 are also paths in G as they do
not use edges between neighbours of z. If none of P, P5, P; contains a subdivided edge of
K’ then

This re-routed minor we obtained from L is a Ks-minor attached to A in G, a contra-

diction. ]
Lemma 4.11.3. Deleted vertices x of degree at least 5 are in K5-minors nodes of G.

Proof. Their neighbourhood is a clique in H so N(z) is a clique of size and least 5 in H and
thus appears in a Ks-model node. N(x) is the center of the (same) complete graph minor
in G and x has deg(x) > 4 path to it so no detacher separates X from this complete graph

minor. Therefore, x is in the same Ks-model node. O

Lemma 4.11.4. Adding vertices x of degree at least 5 and deleting the clique on their
neighbourhood does not destroy any detachers (i.e., every detacher is still the closest detacher
to some Ks-minor).

Lemma 4.11.5. Let G be a 3-connected graph, A an induced 4-wheel in G, x a degree { > 4
vertex in G and K is a Ky-subdivision in G with centers N(x) and edges subdivided exactly

once.
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Let H be the graph obtained from G by deleting x and adding a clique onto N(x).

If H has a top Ks-model L with closest detacher Y then so does G.

Proof. Choose an arbitrary Ks-minor K’ obtained by deleting vertices from K.

Suppose the lemma is false then in particular, K’ is not a Ks-minor with closest detacher
Y. K’ has a closest detacher X further from A since the centers of K’ is a K5 (and thus a
Ks-minor K;) in H.

V(K1) is contained in some component U of H — X which does not completely contain
some vertex image of L (otherwise, X is a detacher for L contradicting our assumption that
Y is the closest detacher of L).

Thus, all vertex images of L intersecting U U X also intersect X. We now change the
vertex images of L intersecting X so they use edges of GG rather than H. To do so, we only
need to find a Ks-minor attached to X in U.

This is easy to find as we can use K’ as an attached minor since X is a closest detacher

(it has size greater than 3 which is more than what we need). O

4.12 Post-recursion: Adding degree 3 vertices
In this section, we assume that we removed a stable set of degree 3 vertices and added
a triangle onto either neighbourhood to obtain H. We now add back these vertices given a
pruned Kjs-tree [T, H| for H (and remove edges in their neighbourhoods that we added).
Algorithm 4.12.1.
Input:
e A graph G,
e aroot Ain G,
e a stable set S of at least 2|V (G)| vertices of degree 3 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours

of v such that these choices are all distinct, and
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e a pruned Kx-tree of H =G — S.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

We further assume that for each removed vertex v, there are three (remaining) vertices,
each adjacent to a pair of neighbour of v.

If any such vertex has all neighbours in the Ks-minor free graph H, indexing the root
of T then we simply add these vertices to the root (and remove any edges we added in their
neighbourhood).

We claim H, is still K5-minor free. Suppose we add back v and H, + v has a Ks-model
K. Then {v} is not a vertex image of K since it only has degree 3. But then we can replace
v in any vertex image X by X N N(v) in K to obtain a K5-model in H,., a contradiction.

We add all vertices with all neighbours in H, first.

If not all neighbours of v are in H,, since N(v) is a triangle in H, N(v) is completely
contained in some (K5-minor) node H; of 7. We simply add v to (the list of vertices of) this
Ks-model node.

We claim Gy, the graph obtained from H; + v by removing some edges of N(v) is still
a K5-model node with the same closest detacher.

Lemma 4.12.2. Let G, be the graph obtained from H,+ v by removing some edges of N(v).
Then G, is still a K5-model node with the same closest detacher (i.e., Gy contains an attached

Ks-model with the same detacher).

Proof. Let N(v) = {x,y,z}. Suppose K is a Ks-model in H with closest detacher H,. Then
we can choose K so three vertex images of K, say X, X5, X3 all intersect Hy (or Hy is not the
closest detacher). N(v) is not Hy (or v has all neighbours in H,). Suppose |N(v) N Hy| < 1.

If two of X, Xy, X3 intersect N(v), say at x,y we can remove the edge between them

in N(v) and still obtain (the same) Ks-model. This is a K5-model in G; (if we contract vz).
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If at most two vertex images intersect N(v), again we obtain the same Ks-model by
remove an edge in N(v) no contained in a vertex image.

So three vertex images intersect N(v) and at most one of them is X7, X5 or X3. Without
loss of generality, v € X3,y € X4, 2 € X5. Recall there are three vertices in H, v,, adjacent
to = to y, v,. adjacent to y to z and v, adjacent to z to z. Since, |N(v) N H,| < 1, all three
vertices are also in H;.

If v,y is not in X; U X, then we can put v,, in X3 (or X4) and v in Xj to obtain a
Ks-model with closest detacher H, in G.

If vy, is not in X; U X, then we can put v,, in Xy (or X5) and v in X3 to obtain a
Ks-model with closest detacher H, in G.

If v,, is not in X; U X, then we can put v,, in X5 (or X3) and v in X, to obtain a
Ks-model with closest detacher H, in G.

S0 {vay, Vyz, v} © X7 U Xy, Without loss of generality, two of them are in X;. If
Ugy, Uy € X1 and vy, € Hy, we can put v,, in X5 and v in X3 to obtain a Kjs-model with
closest detacher Hy in G. If vy, vy, € X and v, & Hy, we can put v,y in Xy (or even Xj)
and v in X5 to obtain a Ks-model with closest detacher H, in G.

A symmetric argument shows we obtain a K5-model with closest detacher Hy in G when
Uss, Uy, € Xq and when vy, v,, € X; (we did not use the fact that X intersects Hy in our
argument).

Thus, in all cases where |N(v) N Hs| = 1, we obtain a K5-model with closest detacher
H,in G.

Now suppose |N(v) N Hy| = 2. Say, z,y € H, and therefore zy € E(H;). Again, we
contract the edge between v and N(v) — H, to form a triangle on N(v) so again the same

K5-model exists in G;. O

Similarly, we can show if H contains a K5-model attached to A then so does G.
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4.13 Locally bounded treewidth
For the remaining cases of our post-recursion algorithms, we exploit the “bounded local
treewidth” of planar graphs, essentially using a stronger version of Theorem 2.6.46. This
method was initially used by Baker[5] to give a PTAS for finding the maximum sized inde-
pendent set in a .
Lemma 4.13.1. [5] A planar graph G with diameter d has treewidth at most 3d and we can
find a tree decomposition of width 3d for G in O(dn).
Definition 4.13.2. We say a class of graphs have locally bounded treewidth if there exists a
function f such that for any graph in this class of diameter d has treewidth at most f(d).
We use Eppstein’s construction of layered graphs [26] to solve optimization problems on

planar graphs.
Lemma 4.13.3. ([26] Lemma 5.2) Let G be a connected planar graph, v € V(G) and w
a constant. Let T be the breadth-first search (BFS) tree rooted at v. If G; is the subgraph
induced by vertices in levels iw,iw + 1,iw +2,...,(i + 3)w — 1 in T (i.e., vertices whose
distance from v is between iw and (i + 3)w — 1) then the following holds.

(1) We can construct all G; (with (i + 3)w — 1 less than the diameter of G) in O(m + n).

(2) For every vertex u € V(G), the subgraph G' of G induced by vertices at distance at

most w from u is contained in some subgraph G;.

(3) Every vertex of G is included in at most three subgraphs G;.

(4) The total size of all G; is at most 3(m + n).

(5) For all i, the treewidth of G; is at most 3w.

For completeness, we repeat the proof of this lemma here.

Proof. To construct the G;’s, we simply run breadth first search starting at v. This proves

(1).
If w is at distance j from v then j is between (i + 1)w and (i + 2)w — 1 (inclusively) for

some i. So by definition G; contains all vertices with distance w of u and (2) holds.
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A vertex u at distance j only appears in the three graphs G| /|4 for k£ in {-2,—-1,0}.
So (3) holds. Thus every edge also appears in at most three graphs G; so (4) holds.

Finally each graph G; is a subgraph of G’ formed by removing all vertices at distance
greater than (i +3)w — 1 from v and contracting all vertices at distance at most iw — 1 from
v into a single vertex v. All vertices in G’ are with distance 3w of G’ so by Lemma 4.13.1,

G’ has bounded treewidth and so does G. O

4.13.1 Previous work

The notion of locally bounded treewidth was first introduced by Baker [5] to give a poly-
nomial time approximation scheme for the maximum independent set and other optimization
problems on planar graphs.

Her algorithm use a construction different for the one in Lemma 4.13.3 and builds
disjoint graphs by removed the kth level of a BFS tree (rather than the overlapping graphs
of Lemma 4.13.3). There are k ways of choosing which set of levels to remove, at least one
of which only decreases the size of the maximum stable set by a factor of (k — 1)/k. She
proves Lemma 4.13.1 then finds the maximum stable on each remaining component.

Eppstein [26] built on this technique by using the improved construction in Lemma
4.13.3, allowing him to solve graph isomorphism and other similar problems (counting the
number of isomorphic copies, finding all copies, count the number of induced copies of a
connected graph, etc) exactly in linear time (linear in the size of the input and output).

In fact, he characterized all graphs of locally bounded treewidth [26, 27] (“locally
bounded treewidth” was originally named the “diameter-treewidth property” due to the
diameter based construction) thus extending his results to all graphs excluding some “apex

graphs”. Apex graphs are planar graphs with a fixed number of vertices (with any neigh-

bourhood) added.
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4.13.2 Locally bounded treewidth for face-vertex distance and Ks;-minor free
graphs

We wish to solve problems on our root graph nodes which is Ks-minor free. Hajiaghayi
[36] showed that such graphs have locally bounded treewidth.

Lemma 4.13.4. [36] Let G be a K5-minor free graph. Then G has locally bounded treewidth.

However, we will not be able to use this result directly as we will need “distances” to
be calculated in the face-vertex incidence graph (of the graph nodes of the (3, 3)-block tree
of the root graph node of the pruned Kj-tree).

We first see why we can switch from distance in G to distances in F'V(G) for a planar
graph G. Given GG, we can add a vertex inside every face adjacent to all vertices on that face
to obtain G’. The resulting graph is planar and thus, by Lemma 4.13.1, subgraphs induced
by vertices are within distance d of each other have treewidth bounded by 3d. Therefore,
subgraph of G where vertices are within d/2 faces of each other have treewidth bounded by
3d.

Corollary 4.13.5. A planar graph G whose face-vertex incidence graph has diameter at
most d/2 has treewidth at most 3d.

In particular, we can replace the graph G; in Lemma 4.13.3 by vertices within face-
distance ‘1w and (i + 3)w — 1 from v. We now explicitly define layers to use the face-vertex
distance. We then extend this definition to Ks-minor free graphs.

We need to look in the face-vertex incidence graph in order to find cuts of size X at most
3. In G, there may be no ¢ for which X is contained in G; (the graph induced by vertices
whose distance from v is between iw and (i + 3)w — 1 for some v and some 7). However, in
FV(G), the following lemma shows all 3-cuts of G corresponds to cuts of size at most 6 in
FV(G). In particular, there always exists an ¢ for which X appears in FV(G); (for w > 3).
Lemma 4.13.6. Let X be a 3-cut in a 3-connected planar graph G. Then all vertices of X

are within distance 2 of each other in FV(G).
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Proof. Since X is a cut, there is a closed curve intersecting only the vertices of X and
no other vertex or edge of G (since embedding G in the plane and removing the points
corresponding to the vertices of X yields a disconnected drawing). The faces and vertices
that this curve crosses induce a cycle (of length 6) in the FV(G). Therefore, two vertices
of X are at distance at most two from each other by going through the shortest side of the

cycle. O

We now wish to move across graph nodes. We’ve seen in Section 2.6.6 that the clique
sum of two graphs of bounded treewidth yields a graph of treewidth no greater than the two
graphs composing it.

Thus, even if we recombine all graph nodes, the graphs G; defined in Lemma 4.13.3 still
have bounded treewidth. This property is sufficient for our reduction.

4.13.3 Definitions

We formalize some concepts introduced in this section.

Definition 4.13.7. Let G be a planar graph and u,v € V(G). The face-vertex distance is
the distance between u and v is the distance between v and v in FV(G) (i.e., the number of
edges in a shortest path from u to v in FV(G)). We denote this value by dg(u,v). When
clear from the context, we omit the subscript G.

Definition 4.13.8. Let G be a connected planar graph, v € FV(G) and w > 10 a constant.
Let T be the breadth-first search (BFS) tree rooted at v in FV(G). The ith level is the set
of vertices at the ith level in the BFS tree (i.e., all vertices at distance i from v in FV(G)).

By layer i (or the ith layer), we mean the subgraph G; induced by vertices in levels
iw,iw + 1iw+2,...,(i+3)w—11in T (i.e., vertices whose distance from v is between iw
and (i + 3)w — 1) then the following holds.

Lemma 4.13.9. If | X| < 3 is a cut in G then there exists a layer G; such that X appears
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Proof. This follows immediately from Lemma 4.13.6 as the vertices of X are within distance
2 of each other (and any vertices within distance w > 10 from each other is contained in

some layer) O

4.13.4 Layers in 3-connected Ks;-minor free graphs

We extend the notion of layers explicitly to K5-minor free graph. We first define the
analogue of a face-vertex incidence graph. We still denote this graph FV(G). We choose
the definition of F'V(G) so that the distance function dg in this graph satisfies the following
property.

There exists a function f such that for all Ks-minor free graphs G, for all k£ and for all
v € V(Q), the graph induced by all vertices within distance k of v (i.e., G[{u|dg(v,u) < k}|])
has treewidth at most f(k).

For technical reason, we first define the face-vertex incidence graph of L (denoted
FV(L)) to be the graph in Figure 4-4.

Definition 4.13.10. F'V(L) is the graph in Figure 4-4.

o face vertex
e vertex indexed by a vertex of G

L FV(L)

Figure 4-4: L and FV (L)

Definition 4.13.11. Let GG be a 3-connected K5-minor free graph. The face-vertex incidence
graph denoted F'V(G) is the graph obtained from the disjoint union of F'V(Gy) for each graph
node t of the (3, 3)-block tree of G by

e relabelling all vertices with neighbourhood V (Gy) for some cutting node s to G, and
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e replacing all vertices labelled the same (either as a vertex of G or a newly created
vertex from the previous step) to a single vertex whose neighbourhood is the union of
the neighbourhoods of replaced vertices.

Let dg be the distance between two vertices in F'V (G).

We immediately obtain the following corollary from Corollary 4.13.5 and the fact that
the clique sum of two graphs of bounded treewidth yields a graph of treewidth no greater
than the two graphs composing it (seen in Section 2.6.6).

Corollary 4.13.12. A 3-connected Ks-minor free graph G whose face-vertex incidence graph
has diameter at most d/2 has treewidth at most max(8,3d).

We can now use F'V (G) to define a k-layering which is essentially Eppstein’s construction
where we replace the usual distance function in a graph G by distances in F'V(G).
Definition 4.13.13. By a k-layering of G, v, we mean the subgraphs G; where G; is induced
by vertices in levels ik, ik + 1,ik + 2,...,(i + 3)k — 1 in the BFS tree T of G rooted at v
(i.e., vertices whose distance from v is between ¢k and (i + 3)k — 1 in G).

By a k-layering of G,v in FV(G), we mean the subgraphs G; where G; is induced by
vertices in levels ik, ik + 1,ik +2,...,(i + 3)k — 1 in the BFS tree T of FV(G) rooted at v
(i.e., vertices whose distance from v is between ik and (i + 3)k — 1 in FV(G)).

The graph G, is called the ith layer of the k-layering (or k-layering in FV(G)).

When the root vertex v is not of particular importance, we omit it refer to a k-layering
of G to mean a k-layering of G, v for a arbitrary v € V(G) (and we refer to a k-layering of
G in FV(G) to mean a k-layering of G, v for a arbitrary v € V(G)).

Note the only different between a k-layering of G,v and a k-layering of G,v in FV(G)
is the graph in which we compute distances.

We now describe how to build FV(G) in linear time when G is 3-connected.
Algorithm 4.13.14.

Input: A Ks-minor free graph G.
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Output: FV(Q)
Running time: O(|V(G)| + |E(G)]).

Description and analysis. 1. Build the block tree [T, G] of G.

2. For each block Gy, build FV(G;) and set Hy = FV(Gy).

3. For each cutting node s in postorder(G).

4. (a) Set F'V(Gs) to be a star centered at a new vertex vs with neighbours V(Gy).

(b) For each neighbour ¢ of s, find the vertex adjacent to all of G in F'V(G}) (corre-
sponding to the face of the triangular face G) and change the label of that vertex
to v, (so they are now labelled the same).

5. Build H, the disjoint union of all graph nodes.

6. For each cutting node Gy,

7. (a) For each v € Gy, identify all vertex in H corresponding to v in H (i.e., delete all
these vertices and replace them by a single vertex whose neighbourhood is the
union of the neighbourhood of deleted vertices).

8. Return H.

Note that we can perform the identification operation by simply adding a spanning tree
on all vertices we wish to identify and then contract this spanning tree. If we add edges for
all spanning trees first and then perform all contractions at once, we can complete the last

step of the algorithm in linear time. O

Having built FV(G), we can easily build a layering
Algorithm 4.13.15.
Input: A Ks-minor free graph G and an integer k.
Output: A k-layering of G.
Running time: O(|V(G)| + |E(G)]).

Description and analysis. 1. Run Algorithm 4.13.14 to build FV(G).
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2. Run BFS from any vertex of v € FV(G) to compute distances from v to all other
vertices in F'V(G).

3. Return all layers (subgraphs G; of G induced by vertices at distance ik, ik + 1,k +
2,...,(t+3)k—-1).

4.13.5 Extending layers to non-3-connected K;-minor free graphs

We can easily extend the definition of F'V(G), our distance function and therefore layers
to Ks-minor free graphs that are not 3-connected. We do so using the block tree and strong
2-block tree. We simply merge their graph nodes in the same way (it is even simpler as there
is no special vertex to add to each cutting node before hand since they no longer correspond
to faces).

Definition 4.13.16. Let GG be a 2-connected K5-minor free graph. The face-vertex incidence
graph denoted F'V (G) is the graph obtained from the disjoint union of F'V(G;) for each graph
node t of the strong 2-block tree of G by identifying all vertices labelled the same.

Let G be a connected K5-minor free graph. The face-vertex incidence graph denoted
FV(G) is the graph obtained from the disjoint union of FV(G;) for each graph node t of
the block tree of G by identifying all vertices labelled the same.

Again, we obtain the same bound on the treewidth of such graphs.

Corollary 4.13.17. A Ks-minor free graph G whose face-vertez incidence graph has diam-
eter at most d/2 has treewidth at most max(8,3d).
4.13.6 Red-blue colouring

We now use ideas introduced in this section to find a pruned Kjs-tree of a graph G with
locally bounded treewidth. We reformulate the problem of finding the graph nodes of a
graph G as a red-blue colouring problem where the root node is blue and Kjs-model node,

with the closest detacher separating them removed, are red.
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In this section, we show how to solve this reformulated problem in linear time if G
has locally bounded treewidth. We then use this method in the post-recursion step of the
remaining reductions of our main algorithm.

Definition 4.13.18. A red-blue colouring of (G, A, R) is a 2-colouring of G using colours
red and blue with the following properties.

All vertices in R are red.

The subgraph induced by blue vertices is connected.

A is blue or all vertices are red.

e Every component of red vertices (called “red components”) is adjacent to at most 3

blue vertices.

The graph obtained from the blue subgraph by adding a clique onto each cut is Kj5-
minor free.

e Subject to the above, the number of blue vertices

We now describe how an algorithm for obtaining an red-blue colouring for any one layer

(which is of bounded treewidth by Lemma 4.13.1) is used to obtain an red-blue colouring
for all of G.
Algorithm 4.13.19.
Input:

e A graph G in a class of graphs such that F'V(G) has locally bounded treewidth,

e aroot A,

e a set R of vertices in G (to be pre-coloured red)
Output: An red-blue colouring of (G, A, R).
Description. 1. Add a vertex v to G adjacent to A.

2. Run algorithm 4.13.15 to build a k-layering Gy, ..., Gy of G,v (in FV(G)).

3. Remove v from G and set Ry.; to be empty.

4. For ¢ from ¢ — 1 to 1,
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5. (a) Use Algorithm 4.13.20 to obtain a red-blue colouring ¢ of (G;,{z}}, Rix1 U (RN
V(Gi)))-
(b) Let R; be the red vertices of ¢ in V(G;_1) NV (Gi41) (i.e., all red whose distance
from A is between (i + 1)k and (i + 2)k in the original graph G).
(c¢) Let R; be the set of vertices coloured red in G4 ;.
6. Let ¢ be the colouring where any vertex in R; for some ¢ is red and all other vertices
are blue.
7. Return c.
We now show that the colouring ¢ obtain from this algorithm is indeed an red-blue

colouring of G.

Analysis. Let ¢* be the red-blue colouring of (G, R).

Suppose ¢ and c¢* differ. Clearly, all vertices coloured red by c¢* are also coloured red
by ¢ as otherwise, we found a closer detacher to some red component using our iterative
approach contradicting the optimality of ¢*.

Let = be a vertex at maximum distance from A on which ¢ and ¢* disagree. Then ¢
colours x red and c¢* colours it blue. Let G; be the layer containing all vertices at distance 2
from z in the FV(G). Let K be the red component of ¢ containing x. Let X be the closest
3-cut separating A from K in G. Then by Lemma, X appears in G; (since ¢*(x) is blue).

So x should be coloured blue by ¢. Contradiction. O

To complete the description of our algorithm, we present Algorithm 4.13.20 for finding
an red-blue colouring in one layer (which has bounded treewidth). We present an algorithm
using a extended monadic second order logic formulation.

Algorithm 4.13.20.
Input:

e A graph G of treewidth w,
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e aroot A,

e a set R of vertices in G (to be pre-coloured red)
Output: An red-blue colouring of (G, A, R).
Running time: O(|V(G)| + |E(G)]).

Description and analysis. We use an extended monadic second order logic formula and then
simply apply Theorem 2.6.47 to obtain a linear time algorithm. We encode the set R and A
as labels. We use the shorthand Red(z) to mean z € X3, Red(X) to mean Vz € X,z € X
and Blue(X) to mean Vz € X,z ¢ R.

We also need a variant to the predicate Ks-model(X) so that we can test adjacency
in the graph where we add cliques on blue detachers. To do so, we simply replace every
instance of the subformula Adj(z,y) by (Adj(z,y) V xy € E;) (where Ej is a set of edges).

We call the resulting predicate Ks-model-aux(X)

Q(Xl) = ElEl(Hl(Xl) /\(92(X1) /\(93(X1,E1)/\94(E1))
61(X1) = Red(R) AVX Blue(X) - 3Y(X CY) ABlue(Y)A (ACY) A Conn(Y)
02(X1) = Auy,ug,us, uyg, X, v1, v, v3, 04 Red(X) A ({ug, ug, us, us} € X) A Conn(X)

A Blue({vy, v, v3,04})
A Adj(ug, v1) A Adj(ug, vo) A Adj(ug, v3) A Adj(ug, v4)
05(X1, E1) = AX Blue(X) A K5 —model — aux(X)
0,(FE1) = (zy € Ey) — (Juy, ug, us, X, zRed(X) A ({u1, ug,u3} € X) A Conn(X)
ABlue({z,y, z})
A Adj(ur, z) A Adj(us, y) A Adj(us, 2))

We set the weight function f; to be identically 1 on V(G). Our EMS problem consists

of minimizing | X;|; subject to 6(X7). O
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Finally, we give an explicit algorithm for transforming a red-blue colouring into a pruned
Ks-tree and vice-versa.
Algorithm 4.13.21.
Input: A 3-connected graph G, root A, and red-blue colouring c.

Output: A pruned Kjs-tree of G.

Description and analysis. 1. Build B, the set of blue vertices and R, the set of red vertices
coloured by c.
2. Build a copy H of G. We alter H throughout the algorithm.
3. For each component red component U,
(a) Find Xy, the set of (blue) neighbours of U. Since G is 3-connected and c is an
red-blue colouring, | X| = 3.
(b) Add edges to H so Xy is a clique.
(c) Build a cutting node labelled by H and a graph node labelled by H[U U X]. Add
an edge between these two new nodes.
(d) Remove U from H
4. Build a root node r labelled by H.
5. Add an edge between r and all cutting nodes we built and return the resulting decom-

position as a pruned Kjx-tree of G.

Algorithm 4.13.22.
Input: A 3-connected graph G, root A, and pruned Kjs-tree [T, G| of G.

Output: A red-blue colouring of G.

Description and analysis. Build a colouring ¢ of V(G) where all vertices in the index of root

node of T" blue and all other vertices are red. Return c. O
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4.14 Post-recursion: Adding degree 4 vertices

In this section, we assume that we removed a stable set of degree 4 vertices from G and
added a clique onto each neighbourhood to obtain H. For each of the vertex v we removed,
we left 6 vertices in H, one adjacent to each pair of neighbours in N(v) (these vertices may
also have other neighbours in N(v)). We now add back these vertices given a pruned Kjs-tree
[T, H] for H (and remove edges in their neighbourhoods that we added).

Algorithm 4.14.1.
Input:

e A graph G,

e aroot Ain G,

e a stable set S of at least 2|V (G)| vertices of degree 4 such that for every v € S, we
can choose in V(G) — S — N(v) four common neighbours for every pair of neighbours
of v such that these choices are all distinct, and

e a pruned Kx-tree of H =G — S.

Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

We proceed as in the case for degree 3 vertices and distinguish between the cases where
N(v) is completely contained in the root graph nodes of the pruned Kj-tree of H and the
case where it is not.

The second case is easier for degree 4 vertices and we begin by showing we can add
those vertices. In the first case, N(v) U{v} together with the 6 vertices adjacent to a pair of
neighbours of v form a Ks-model. In this case, we need to find the closest detacher to this
new Ks-model (previously, the root was planar). To find all new top detachers, we use the
fact that the root graph index has locally bounded treewidth.

We now prove the necessary lemma for the second case.
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Lemma 4.14.2. Suppose v is a degree 4 vertex in G and N(v) is not completely contained
in the root graph node H, of the pruned Ks-tree [T, H| of H. Let H; be the unique Ks-model
node containing N(v). Suppose further that there are 10 vertices in Hy, each adjacent to a
pair of neighbours of v.

If Gy is the graph obtained from Hy+v by removing some edges of N(v) then Gy contains

a Ks-model with closest detacher Hy where s is the only neighbour of t in T.

Proof. Let K be a Ks-model with vertex images {X1, Xs, X3, Xy, X5} in H; with closest
detacher H. If K’ be the Kj-subdivision with centers N(v) U {v} and subdivided edges the
10 vertices each adjacent to a pair of neighbours of v (edges incident to v are not subdivided).

Suppose the lemma is false and let L be a Ks-model in H; with closest detacher H.
Then the closest detacher X of K’ (from A in G) is not H;. Let U be the component of
G — X which completely contains a vertex images of K’ but not H,. Since X is not a closest
detacher to L, all vertex images of L intersecting U also intersect X.

We aim to replace these at most 3 vertex images in L to form a Kj5-model in G;. We
only need to show U U X can be contracted into a triangle onto X (i.e., we only need to
show there is a K3-model attached to X in U U X). But this is easy by Lemma 4.3.4 since
K’ is a K5-model attached to X, which is more than what we need.

O

We now consider the set of vertices S where N(v) is completely contained in the root
graph node H, for each v € S. As stated earlier, the guarantees a Kj5-subdivision with
centers N(v) U{v} and therefore a K5-model in a previously Ks-minor free graph H,. So we
need to find the closest detacher to this new Ks-model.

For each v € S, since we added a clique onto N(v) in H, all vertices if N(v) are within

distance 2 of each other. In particular, they all appear in some layer. Furthermore, by
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Corollary 2.6.6, adding v to all layers where N(v) appears does not increase the treewidth
of those layers (beyond 5).

Thus, we can add back all removed vertices to a layer without increasing its treewidth
(above 5).

Let G, be the graph obtained from H, by adding back the vertices of S and deleting
some edges between neighbours of vertices in S. We now describe the algorithm which builds
a pruned Kjs-tree of G,.

Algorithm 4.14.3.
Input:
e A Ks-minor free graph H,, and
e a graph G, obtained from H, by adding a stable set S of degree 4 vertices and deleting
some edges between vertices of N(v) for each v € S such that for each v € S, N(v) is
the center of a K -subdivision in G,.

Output: A pruned Kjx-tree of G,.

Description and analysis. 1. Run Algorithm 4.13.22 on (G,, A, S) to obtain an red-blue
colouring ¢ of G,.
2. Run Algorithm 4.13.21 on ¢ and G, to obtain a pruned Kjx-tree of (G, and return it.

O

Lemma 4.14.4. Let X be a closest detacher of K from A in G and U be the (unique)
component of G — X completely containing a vertex image of K but none of A. Then
G[U U X]| has a K3-model attached to X (i.e., if we contract all edges in G[U U X| without
both endpoints in X then we obtain a triangle on X ).

Similarly, we can show if H contains a Ks-model attached to A then so does G.
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4.15 Post-recursion: Adding (3,3)-connectivity preserving edges

In this section, we describe a linear time algorithm which takes the pruned Kj-tree for
a graph H and add a set of edges F' that do not cross 3-cuts of G (i.e., both endpoints are
on the same side of any 3-cut) and outputs a pruned Kjs-tree of the resulting graph G.
Algorithm 4.15.1.

Input:
e A graph G,
e aroot Ain G,
e a set of at least 4|V (G)| edges F' in G, none of which have endpoints in different
components of G — X for any 3-cut X of GG, and
e a pruned Kx-tree of H =G — F.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

We do not need to do anything if an edge of F' is contained in a Ks-minor node (if all
of F'is in Ks-minor nodes, we return the pruned Kjs-tree of H as a pruned Kjs-tree of G).
Thus, we start by deleting any edge of F' that does not have both endpoint in the root node
H, of our pruned Kjs-tree for H.

To add edges of F' to H,, we again exploit the locally bounded treewidth of H,.. We
first give an main algorithm and fill in the details for the subroutines later. Recall d(u,v) is
the distance between v and v in the face-vertex incidence graph.

We start by building the (3, 3)-block tree of the root node. Since no edge of F' crosses
a 3-cut, all edges have both endpoints in some (planar) graph node of this (3, 3)-block tree.
So we restrict our attention to adding edges to a (3-connected) planar graph P (rather than
Ks-minor free graphs).

If an edge e of F' has both endpoints in the same face P then P + e is still planar.

Conversely if endpoints of e are in different faces, by Whitney’s theorem, adding e creates
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a Ks-model. Thus, our algorithm proceeds by first adding a maximal subset of F' which
preserves the planarity of P and then finds the top detachers for the newly created Ks-
models.
The following remark is an immediate corollary of Wagner’s theorem for K.
Remark 4.15.2. If G is a 3-connected planar graph we add an edge uv with endpoints not
in the same face then there is a Ks-model of G + e (containing e).
In fact, we partition F' into three sets Fi, Fy, F3 and add them in three rounds (each
depending on the graph created in the previous round).
e [ is a maximal set of edges of F' we can add to faces of planar graph nodes (of the
(3,3)-block tree of H,) which preserving their planarity.
e F, is the set of edges of F' — F} whose endpoints are at distance at least 6 in the face-
vertex incidence graph of their corresponding planar graph nodes (of the (3, 3)-block
tree of H, + F}).
e [F3 is the set of edges of F' — F; whose endpoints are at distance 4 in the face-vertex
incidence graph of their corresponding planar graph nodes (of the (3,3)-block tree of
H, + ).
Algorithm 4.15.3.
Input:
e A Ks-minor free graph H,,
e aroot set A, and
e a set of edges F' not in E(H,).
Output: A pruned Kj-tree for G,., the graph obtained from H, by adding all edges in F' to
H,..
Description. 1. Build the (3, 3)-block tree of H,
2. For each graph node t of the (3, 3)-block tree, build Fj, the set of edges of F' with both

endpoints in H, ;.
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Ne

10.

11.

12.

13.

14.
15.

16.

For each graph node t of the (3, 3)-block tree,
(a) Run Algorithm 4.15.4 to find a maximal subset F} of F} such that H,, + F; is
planar.
(b) Add F/ to H,; (and H,).
Call the resulting graph H, (to avoid confusion with H.,).
Build Fj, the union of all F} (for all graph node t).
Build Fj3, the set of edges u,v of F' — Fy with dg/ (u,v) = 4.
Build Fy, = F — F} — F3.
For each graph node t of the (3,3)-block tree, build Fy, the set of edges of F, with
both endpoints in H, ;.
For each graph node t of the (3, 3)-block tree,
(a) Run Algorithm 4.15.7 to find an red-blue colouring of H] + F;.
Combine all red-blue colouring obtained this way into an red-blue colouring of H; =
H + F,.
Run Algorithm 4.13.21 to obtain the pruned Kj-tree of H, + F5 from . Let H! be
the root node of this pruned Ks-tree.
Remove from Fj all edges that do not have both endpoints in H/'.
Run Algorithm 4.15.9 on H, F3 to obtain a red-blue colouring ¢’ of H,'.
Run Algorithm 4.13.21 to obtain the pruned Kj-tree of H, + F3 from ¢”.
Combine all colourings by colouring red any vertex that is red in any red-blue colour-
ingApply Algorithm 4.13.21 to turn this combined red-blue colouring into a pruned
Kx-tree.

Return the resulting pruned Kjs-tree as a pruned Kjs-tree of G.

4.15.1 Adding planar edges (F})

We describe Algorithm 4.15.4 which takes a 3-connected planar graph P = G, and a set

of edges F/ not present in P such that both endpoints of any edge in F}/ lie on a face of P
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and finds a maximal subset of F] that can be added to P while preserving the planarity of
P.

We can group the edges of F} by the faces containing the endpoint (each edge is only
contained in one face as P is planar). Thus, we can find a maximal subset of planarity
preserving edges to add to each face in turn. In other words, we only need be able to find a
maximal subset of edges to add to a cycle C. We now describe the algorithm to add these
edges.

Algorithm 4.15.4.
Input:
e A cycle C ={cy,...,c,} (with vertices labelled in this order in C),
e aset of edges F = {ey, ..., e} between vertices of C' (not initially present in C.
Output: A maximal subset £’ of E where no two edges cross in C' (i.e., ).
Running time: O(L + k)

A greedy quadratic time algorithm which tries to add one edge at a time, checking
against the list of already added edges produces the correct output. To speed this algorithm
up to a linear time algorithm, we use a stack and consider the edges to add sorted according

to their endpoints in the cycle.

Description and analysis. 1. Represent each edge by a pair of indices in C"
Construct a pair ¢;, r; for each edge e; with ¢; < r; and e; = ¢y,c,,.
We refer to ¢; as the left endpoint of e; and r; as the right endpoint of e;.
2. Radix sort the pairs ¢;, r; in increasing order of left endpoints and subject to this, in
decreasing order of right endpoints.
3. Initialize F' to be empty.
4. Initialize an stack S of indices (to an empty stack).

5. For each pair ¢, r (in the above sorted order),

&

(a) Pop S until S is empty or T(S) > ¢.
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(b) If S is empty or r < T(S), add (¢,r) to F' and push r onto S.

7. Return the edges corresponding to F'.

4.15.2 Adding far non-planar edges (F3)

We describe Algorithm 4.15.7 which takes a 3-connected planar graph P = G, and a set
of edges F}’ not present in P with far apart endpoints and finds a pruned Kj-tree of P+ F/'.
We show that if the endpoints of an edge in F}" are sufficiently far apart (distance at least 6
in F'V(P)), it suffices to colour the vertex furthest from A red (without adding the edge).

We first prove a lemma about the cut separating them from A. Recall d is the distance
between two vertices in the face-vertex incidence graph.
Lemma 4.15.5. Let G be a 3-connected planar graph and A a root face of G.

Suppose u € V(G) and v € V(G) are at distance at least 6 from each other in the
face-vertex incidence graph of G and no 3-cut separates u from v.

If a 3-cut X with u € X separates A from v then d(u, A) < d(v, A) — 4.

Proof. Suppose not then such an X exists and d(u, A) < d(v, A). By Lemma 4.13.6, d(u, z) <
2 for all z € X and d(X,v) > 4. Let x € X minimize d(x,v) and subject to this, minimize
d(z, A).

So d(u, A) < d(x,A) + 2 and d(v, A) = d(v,x) + d(z, A) (since X separates v from A).
Combining these, we get that d(u, A) < d(x,A) +2 =d(v,A) —d(v,z) +2 =d(v,A) — 4 as

required. O

We now show that we obtain the same red-blue colouring if we add an edge and if we
pre-colour the further endpoint of that edge red.

Lemma 4.15.6. Let G be a 3-connected planar graph and A a root face of G.
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Suppose u € V(G) and v € V(G) are at distance at least 6 for each other in the face-
vertez incidence graph of G, labelled so d(u, A) < d(v,A), and no 3-cut separates u from
v.

Let R be a subset of vertices of G (to be pre-coloured red).

Then the red-blue colouring ¢ of (G +wuv, A, R+v) is the same as the red-blue colouring
d of (G,A,R+v).

Proof. Suppose not and ¢, ¢ differ. So there is an x such that ¢(x) is red but ¢/(x) is blue.
c and ¢ differ on one of u or v (if u and v are both coloured red by ¢’ then they are in
the same red component in G since no 3-cut separates them). Since v € R+ v, ¢ and ¢ differ
on u. But again, since no 3-cut separates u from v, u is adjacent to the red component of ¢
containing v. Let X (which contains u) be the closest detacher to the red component of v
in ¢. Then X is also a closest detacher in G + uv (since uv does not cross this cut). So u is

coloured blue in both ¢ and ¢, a contradiction. O

Thus, we can add all of F; using the following algorithm.
Algorithm 4.15.7.
Input:
e A planar graph P,
e a set of edges Fy in P,

Output: A red-blue colouring of P + F5.

Description and analysis. 1. Set R to be the empty set.
2. Compute the distance from A to every other vertex in F'V(P).
3. For each edge of Fy, add the vertex furthest from A to R (breaking ties arbitrarily).

4. Obtain an red-blue colouring for (P, A, R) using Algorithm 4.13.19 and return it.
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4.15.3 Adding close non-planar edges (F3)

We describe Algorithm 4.15.9 which takes a 3-connected planar graph P = G, and a set
of edges F/” not present in P such that the endpoints of any edge in F}” and finds a pruned
Ks-tree of P+ F}".

In this case, we simply impose the extra condition that at least one endpoint of each edge
need to be coloured red (without adding the actual edge), the resulting red-blue colouring is
an red-blue colouring of P. We modify Algorithm 4.13.20 to add this extra condition.
Lemma 4.15.8. Let P planar graph and A a “root” in P.

If uv is an non-edge in P where d(u,v) = 2 (in FV(G)) then at least one of u or v is

coloured red in a red-blue colouring of (P + uv, A, D).

Proof. Suppose not. Then both u and v are in the 3-cut X separating the Ks-model created
by adding uv from A. But decomposing on X in G yield (two) planar decomponents (all
of which contain a clique on X)), which is a contradiction to either of them containing a

Ks-model. ]

Algorithm 4.15.9.
Input:
e A Ks-minor free graph H,,
e a root set A, and
e a sct of edges F' not in E(H,).
Output: A pruned Kjs-tree for G,., the graph obtained from H, by adding all edges in F' to
H,.

Description and analysis. We need to modify Algorithm 4.13.20 to handle these extra con-
straint. To do so, we leave 01(X1), 02(X1), 63(X7) unchanged and add a new condition 05(X)

(and change 6(X;) to take this new constraint into account).
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EIEl(Ql(Xl) A QQ(Xl) A 03(X1, El) A\ 04(E1) V 05(X1))
05(X1) = Yuv € F/"Red(u) V Red(v)

We still set the weight function f; to be identically 1 on V(G). Our EMS problem still

minimizes |X;|; subject to 6(X;). O

4.16 Post-recursion: Uncontracting a matching

Let H be a graph obtained by contracting a matching M of a graph G via a mapping
f. In this section, we wish to obtain the pruned Kj-tree of G from the pruned Kjs-tree of
H. We again use local treewidth and the face-vertex incidence graph of the root H, of the
pruned Kj-tree of H. We obtain a red-blue colouring of f~*(H,) and transform this red-blue
colouring and the pruned Kj-tree of H into a pruned Kjs-tree of G.

For each leaf graph node t of the pruned Kj-tree of H into a single vertex, build a vertex
vy adjacent to all neighbours of H; (i.e., N(v;) = V(Hs) where s is the parent cutting node
s of ¢ in the pruned Kj;-tree of H). Let P be the graph obtained from H, by adding all such
vertices v;. Let R be this set of added vertices. Equivalently, P is obtained from the red-blue
colouring of H corresponding to pruned Kjs-tree of H by contracting all red components to
a single vertex. Note that P is Ks-minor free as K4 is Ks-minor free. In the following, we
only uncontract edges of the matching M but not vertices in R. So we extend f to P by
setting f(v;) = v; for all newly added vertices v;.

4.16.1 Overview

We build a 20-layering of P in F'V(P). Since each layer G; has bounded treewidth and
/7Y G;) has treewidth at most twice the treewidth of G;, f~1(G;) also has bounded treewidth.
We can thus start from the highest numbered layer and obtain a red-blue colouring of the
uncontraction of that layer and successively uncontract layers while pre-colouring the red

vertices coloured when we uncontracted the previous layer.
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Instead of explicitly stating the algorithm above, we can also note that, since treewidth
at most doubles, f~!(P) has locally bounded treewidth. We could redefine distance between
two vertices in f~!(P) be the distance between their images in H,. Then we can build
a 10-layering of f~1(P) in FV(P) (with the distance function we just defined) and find a
red-blue colouring as before. All 3-cuts are still within some layer (since the contracting of
a 3-cut is within some layer of the 20-layering of H,.).

We now provide the formal details.

4.16.2 Detalils
We describe the following main algorithm of this section.
Algorithm 4.16.1.
Input:
e A graph G,
e aroot Ain G,
e a matching N in G such that H = G/N is 3-connected,
e a pruned Kj-tree of H.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

Again, we provide the output in the form of a red-blue colouring of G.

Description and analysis. 1. Build the red-blue colouring of H from the pruned Kjs-tree
of H.
2. Contract every red component of the pruned Kj-tree of H to a single vertex. Call the
union of these vertices R and the resulting graph P.
3. Uncontract M in P and call the resulting graph G'.
As we've discussed above, G’ has bounded local treewidth.

4. Run Algorithm 4.13.19 on (G’, A, R) to obtain a red-blue colouring ¢’ of G'.
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5. Build a red-blue colouring ¢ of G as following. c¢(v) = ¢'(v)v € V(G') — R, ¢(v) = Red
otherwise.
6. Run Algorithm 4.13.21 on ¢ and return its output (as a pruned Ks-tree of G).
This algorithm runs in linear time since every step corresponds to an algorithm which
runs in linear time.
Every vertex not in V(G’) — R is coloured red since the contraction of any 3-cut is a
3-cut (so uncontracting M cannot create a closer detacher to a Ks-model). Every vertex in

V(G") is coloured correctly by O

4.17 Post-recursion: Adding vertices in Ks-model nodes
In this section, we describe an algorithm for obtaining a pruned Kj;-tree of G given a

pruned Ks-tree for H = G — R where R is a set of vertices we know will appear in K5-model
nodes of a pruned Kj-tree of G.
Algorithm 4.17.1.
Input:

e A graph G,

e aroot Ain G,

e a set R of 27¢'n vertices in Ks-model nodes of the pruned Kj-tree of G, and

e a graph H obtained from G by deleting these vertices.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

Description and analysis. 1. Build an red-blue colouring ¢ of H.
2. Extend ¢ to a colouring ¢ of G by colouring all vertices in R red.

3. Run Algorithm 4.13.21 on G, A, ¢ to obtain a pruned Kj-tree of G and return it.
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4.18 Post-recursion: Adding small components
In this section, we describe how to add a set of component U,, each separated by a cut
X of size 3 or 4 to H and obtain a pruned Kjs-tree of the resulting graph G from a pruned
Ks-tree of H.
Algorithm 4.18.1.
Input:
e A graph G,
e aroot Ain G,
e a set of at least en laminar 3-cuts or 4-cuts in G and for each cut X, a component Uy
of G — X of size at most ¢! disjoint from A
e a 3-connected graph H obtained by removing all components Ux and adding some
edges between the vertices of X for each X, and
e a pruned Kj-tree of H.
Output: A pruned Kjs-tree of G.
Running time: O(|V(G)| + |E(G)]).

Description and analysis. 1. Build the red-blue colouring of H from the pruned Kj-tree
of H.

2. Extend this red-blue colouring to an red-blue colouring of G by adding back one com-
ponent Uy at a time and using a brute force (we can do so since each component has
size at most £71).

3. Transform the red-blue colouring of G from the previous step into a pruned Ks-tree of

G and return it.
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CHAPTER 5
Applications

In this chapter, we describe how the certifying (3, 3)-block tree obtained from our main
algorithm of Section 3 (Algorithm 3.0.55) can be used to solve optimization problems for
Ks-minor free graphs in linear time.

In Section 5.1, we show how this algorithm can be used to solve maximum independent
set. In Section 5.2, we use it to solve subgraph isomorphism.

5.1 Maximum independent set

We give a linear time PTAS (a 1 + $-approximation algorithm) for the maximum inde-
pendent set problem restricted to Ks-minor free graphs.

We follow the same steps as Baker’s algorithm (here we use the layered construction
we described in Section 4.13 based on Eppstein’s, but layers based on Baker’s construction
would also suffice). Our algorithm simply tries to delete every kth level. The resulting
components then each have bounded treewidth by Corollary 4.13.17 and we can find the
maximum independent set in each graph. There exists some choices of layers whose deletion
reduces the size of the maximum stable set in the graph by a factor of at most %
Algorithm 5.1.1.

Input: A Ks-minor free graph G.
Output: A stable set S of size at least (1 — 1/k) the size of a maximum stable set in G.
Running time: O(k(m +n))
Description. 1. Build FV(G). Let v be an arbitrary vertex in G.
2. Fori=1,... k,

3. (a) Delete levels i,i + k,i + 2k, . . ..
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(b) Now the graphs G; induced by levels i + jk+1,...,i+ (j + 1)k all have bounded
treewidth by Lemma 4.13.4.
We find the maximal independent set in each of these graphs using Theorem
2.6.47 and the extended monadic second order logic formulation given in Section
2.6.10. Build the union of these stable sets to form a stable set S; of G (there are
no edges between these stable sets as they are in different components).

4. Return the largest of the S;’s we computed.

Analysis. This algorithm clearly runs in time O(k(m + n)) as each step corresponds to an
algorithm we have already shown to run in linear time.

Suppose S* is an optimal solution. Then S* is the union of the vertices of S* in levels
Qi+ k,i+ 2k, ... (for all 7).

Thus, there is an ¢ for which deleting vertices of S* in levels i,7 + k,7 + 2k, ... reduces
the size of S* by at most (1 — £)[S*|. The resulting set is a stable set in G; and by the
optimality of S;, [S;| > (1 — £)[S*|. So the stable set returned by the algorithm is within

1-— % of the optimum, as required. O

5.2 Subgraph isomorphism

In this section, for each graph H, we give a linear time algorithm (with running time
depending on H) to determine if an input Ks-minor free graph contains H as a subgraph.
Algorithm 5.2.1. k FACE-VERTEX SUBGRAPH CONTAINMENT
Input: A Ks-minor free graph G and a Kz-minor free graph H where the diameter of
FV(H) is at most k.
Output: A subgraph of G isomorphic to H if it exists. “There is no subgraph of G isomorphic
to H” otherwise.

As a special case, we can determine if any fixed H is a subgraph of an input graph G.

However, as we remark at the end, even though this improves the running time on the best
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known result [21] for K5-minor free graph, it does not actually require building a (3, 3)-block
tree (or our extension of the “face-vertex incidence graph”).
Algorithm 5.2.2. H SUBGRAPH CONTAINMENT
Input: A Ks-minor free graph G.
Output: A subgraph of G isomorphic to H if it exists. “There is no subgraph of G isomorphic
to H” otherwise.

Basically, we build a |V (H)|-layering so that if a copy of H appears in G, this copy is
contained in some layer. We then solve the same problem in each layer by exploiting their

bounded treewidth.

Description and analysis. 1. Apply Algorithm 4.13.15 to build a k-layering of G (using
distances in FV(G)).
2. For each layer G, determine if H is a subgraph of G; (using Algorithm 5.2.3).
3. If we find a subgraph isomorphic to H in any layer, return that subgraph (as a subgraph
of G).

Otherwise, return “There is no subgraph of G isomorphic to H”.

Algorithm 5.2.3. H SUBGRAPH CONTAINMENT

Input: A graph G of bounded treewidth.

Output: A subgraph of G isomorphic to H if it exists. “There is no subgraph of G isomorphic
to H” otherwise.

We simply give a LiInEMSOL formulation for this problem.
0= 31)1, e ,U‘V(H)‘Vlj € E(H)Uﬂ)j c E(G)

We close this section, with two possible modifications to our algorithm.
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Remark 5.2.4. We can remove the explicit restrictions on G and H and instead allow our
algorithm to return a Ks-model in G, Ks-model in H, or “FV(H) has diameter grater than
k7 as 3 extra outputs. In this case, we can simply preprocess the input accordingly.
Remark 5.2.5. For a fized H, instead of a k-layering, we can build a |V (H)|-layering using
distances in G (instead of FV(G)). In particular, we do not need to first build any (3,3)-
block tree in this case (by simply running BFS from any vertex in G). In this case, the entire
algorithm (i.e., Algorithm 5.2.2) still runs in linear time.

In fact, a more general statement can be made that is originally due to Baker [5] and
extended by Eppstein.

Theorem 5.2.6. [5, 26] There is a linear time PTAS (a 1+0(1/k)-approzimation algorithm,)
for the following problems in any minor closed family of graphs with locally bounded treewidth.
e maximum independent set,
o minimum vertex cover,
o maximum H-matching, and
o minimum dominating set.

See [5] for a complete list of problems for which such a PTAS exists. Combined with
Eppstein’s characterization of graph of locally bounded treewidth, we see these problems
have linear time PTAS on Kjs-minor free graphs.

Theorem 5.2.7. A family of minor closed graphs have locally bounded treewidth if and only
if there exists an apex graph H such that H is not a minor of any graph in the family.

We recall the definition of an apex graph.

Definition 5.2.8. A graph G is an apex graph if there exists a vertex v such that G — v is
planar.

(K5 is an apex graph since K} is planar.) In the next section, we see to how improve
on the running time of these algorithm. We obviously do not improve their dependence on

the size of the graph n (as this is best possible) but instead reduce its dependence on k.
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5.3 Improving linear time PTASs

In this section, we improve on Theorem 5.2.6. Eppstein used Bodlaender’s [8] algorithm
as a subroutine to construct the tree decomposition of each layer. The hidden constants
in running time of Bodlaender’s algorithm depend heavily (it is super-exponential) on the
treewidth of the graph (and thus in this case, the diameter of the graph). We follow [21]
and reduce this dependence by instead using Baker’s algorithm for constructing the tree
decompositions for planar graphs of fixed diameter.

Theorem 5.3.1. [5/ We can construct a tree decomposition of a planar graph of diameter
d of width at most 3d in time O(dn).

We can easily extend this algorithm from planar graphs to Ks-minor free graphs by
building a (3, 3)-block tree for the Ks-minor graph and combining the tree decomposition
for its graph nodes (obtained from Theorem 5.3.1) on cuts of (3, 3)-cuts.

Thus, we can build all tree decompositions needed in all steps in O(kn). The dominant
term in the running time of our algorithm is now due to the algorithm for solving the problem
in question (e.g., dominating set, maximum independent set, etc) on a graph of bounded
treewidth (which is exponential in k). Demaine et al. have shown this term (and therefore
our total running time) to be O(k - 2%n) for all problems listed in Theorem 5.2.6.

5.4 Bounded intersection tree decomposition

We now present further applications of the (3, 3)-block tree. We first present a slightly
more general F-block tree that we use instead.

In both the last two chapters, we started by reduce the problem in question to a key
problem in a 3-connected graph and solved this key problem. The certificate to the problem
in Chapter 3 can be extended to any graph by first building a block tree, then building a
2-block tree for each graph node of the block tree and finally building (3, 3)-block tree for

each graph node of the 2-block tree.
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In this section, we describe and use the bounded intersection tree decomposition which
combines all cuts of interest to us into a single tree decomposition. We simply let F be all
cuts listed above, all 1-cuts of G, a laminar family of 2-cuts in each block and all (3, 3)-cut
in each 2-connected component.

Definition 5.4.1. A bounded intersection tree decomposition of a connected graph G is an
F-block tree where F consists of 1-cuts, 2-cuts and (3, 3)-cuts and every graph node is either
planar or L.

Thus, by Wagner’s theorem implies every connected Ks-minor free graph has a bounded
intersection tree decomposition. We use the following algorithm to build a bounded inter-
section tree decomposition of a Ks-minor free graph G.

Algorithm 5.4.2.
Input: A connected graph G.
Output: Either a bounded intersection tree decomposition of G or a Ks-minor in G.

Note this algorithm can also take a general graph G as input and output.

Description and analysis. e Build the block tree [T, G| of G.
e For each graph node (block) Gy,
— build the 2-block tree [T",G'] of G;.
— For each graph node G of the 2-block tree of G,
* Run Algorithm 3.0.55 on G}
x If a Ks-model is returned, return the corresponding K5-model in G.
« Otherwise, we obtain a (3, 3)-block tree of Gj.
— Take the disjoint union of all (3, 3)-block tree obtained (for all graph nodes of the
2-block tree of G}) and all cutting nodes of G; in its 2-block tree.
— For each cutting node G’ of the 2-block tree of Gy, for each neighbour u of s
in [7”,G'], add an edge from G’ an arbitrary node of the (3,3)-block tree of G/,

containing all of G”,.
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The resulting decomposition is a bounded intersection tree decomposition of G;.

e Take the disjoint union of all bounded intersection tree decompositions obtained (for
all graph nodes (blocks) of the block tree of G) and all cutting nodes of G in its block
tree.

e For each cutting node G, of the 2-block tree of Gy, for each neighbour u of s in [T",G'],
add an edge from G’ an arbitrary node of the (3, 3)-block tree of G/, containing all of
G'.

The resulting decomposition is a bounded intersection tree decomposition of GG, which
we return.

Since the total size of all block trees, all 2-block trees and all (3, 3)-block trees is linear
in the size of G and we can build them in linear time, the entire algorithm runs in linear
time.

To add all new edges from all cutting nodes to an arbitrary graph node containing all

vertices of the cutting node, we simply build a lookup table for all vertices listing the nodes

containing them and look up the corresponding entry for each cutting node. O

5.5 k-Realizations

We now use the bounded intersection tree decomposition to solve the k-Realizations
problem. The k-Realizations problem (k fixed) has the following form.
Problem 5.5.1 (k-realizations).
Input: A graph G and a set X of k vertices of G.
Output:  All partitions A = (Dy,...,Dy) of X such that there is a set of disjoint trees
{Th,..., Ty} with D; C V(T;) (we return this information as a look up table with entries
indezed by partitions A ).
5.5.1 Previous work and connection to graph minors

This problem can be solved in O(n?) time in general using Robertson and Seymour’s

seminal results. In [55], Reed et al. showed that this problem can be solved in linear time
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on planar graphs. Our decomposition allows us to extend this result to graphs with no
Kx5-minor.

Theorem 5.5.2. [55] For any fized k, k-Realizations can be solved in linear time if the input
graph is planar.

This problem appears in the theory of graph minors as a polynomial time algorithm for
solving k-Realizations can be used to determine if G contains a fixed graph H as a minor in
polynomial time. We follows Reed’s [53] treatment of this reduction.

Problem 5.5.3. [k-DRP]

Input: A graph G and 2k wvertices (s1,t1), (S2,t2), ., (Sk, tr)-

Output:  “Yes” if there exist k vertex disjoint paths, one from s; to t; for each v, and“no”
otherwise.

Lemma 5.5.4. If we can solve 2k-Realizations then we can solve k-DRP in the same running

time.

Proof. Given an instance G, (s1,t1), (S2,t2), ..., (Sk, tx) of k-DRP, solve an instance G, {s1, ..., Sk, t1, . . .
of 2k-Realizations and return whether the partition ((s1,t1), (s2,t2),..., (S, tx)) is realiz-

able. O

Remark 5.5.5. An algorithm for k-DRP implies an algorithm for the more general prob-
lem where we allow the paths to share endpoints but insist that they are otherwise dis-
joint. We simply make multiple copies of any vertex which appears more than once in
S1yeveySkyliy e, lp.

Lemma 5.5.6. If we can solve k-DRP in polynomial time then we can solve H -subdivision

containment in polynomial time where |E(H)| = k

Proof. Given an instance G of H-subdivision containment, we try all O(n!VUD!) possible

choices for centers of H in GG and ask for paths corresponding to edges of H. O
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Now combined with Theorem 2.6.28, we see that a polynomial time algorithm for k-
Realizations for all fixed k& implies a polynomial time algorithm for H-minor containment
for all fixed H (by testing for all subdivisions in Z(H ), the set of graphs such that if H is a
minor of a graph G then G contains some graph in Z(H) as a subdivision).

k-Realizations can also be use to solve other similar problems that we now list.
Problem 5.5.7. [k-rooted routing/

Input: A graph G and a set X of 2k vertices.

Output: All labellings of X into sy, ..., Sk, t1,...,tg for which G, (s1,t1), (S2,t2), ..., (Sk, k)
1s a “Yes” instance of k-DRP.

Problem 5.5.8. [k-vertex disjoint trees/

Input: A graph G, a set X of k vertices in G and a partition A = (D1, ..., Dy) of X.
Output:  “Yes” if there exist { vertex disjoint trees Ty, ..., Ty with D; CT; for each i, and
“no” otherwise.

Lemma 5.5.9. If we can solve 2k-Realizations then we can solve k-rooted routing and k-
vertex disjoint paths in the same running time.

Again, we only need to look at the appropriate part of the solution.

For planar graphs, Reed et al. [55] gave a linear time algorithm which we use as a
subroutine (their paper refers to k-Realizations as the disjoint trees problem).

Theorem 5.5.10. [55] For fized k, there is a O(|V(G)|) algorithm to solve k-Realizations
when the input graph G is planar.

If k£ is not fixed, this problem is NP-hard even G is planar. In fact, even k-DRP is
NP-hard when G is planar.

5.5.2 Solving k-realizations on Kz-minor free graphs

To solve this problem, we construct the bounded intersection tree decomposition [T, S]

for G.
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If there is a leaf ¢ € T which contains none of X, we can simply contract all vertices
in G; but not its parent s (cutting node) to a vertex without changing the answer to the
problem. In fact, since any cutting node has size at most 3, we can remove this leaf vertex
and if it is the only child of s, replace G by a clique without changing the answer to the
problem.

In fact, we can build the minimal subtree 7" of T whose leaves contain only vertices of
X and root T at an arbitrary node r of 77. We then delete all vertices in any component C' of
T — V(T") that do not appear elsewhere in the tree, and add a clique on the neighbourhood
of each deleted component.

By our definition of a bounded intersection tree decomposition, the graph nodes of the
resulting tree [T”, S’] are still planar or L.

Thus, [7”,8’] is the bounded intersection tree decomposition of a graph G’ with the
same realizable partitions as GG for the set X.

Since T” has at most k leaves, nodes in 7" have degree at most 3k. Thus, for each graph
node t of T, we can solve an instance of ¢-realizations with ¢ < 4k where the terminals
consist of all vertices of X in G; and all vertices in a cutting node incident to Gy.

We then replace each G; by Hy, the smallest graph with the same realizable partitions
as Gy (with the same set of terminals). The size of H; is bounded by a function of 4k
(independent of the size of G;) so we now have a tree decomposition H of some graph H of
bounded tree width.

Furthermore, by our choice of H;, the same partitions are realizable in G and H. Indeed,
given a partition A = (Dy,..., Dy) of X realized by Ti,...,T; in G, we replace the part of
Ty,...,T,in Gy for each t € T by a forest connecting the same endpoints (in X and vertices
in the intersection of G; and its neighbours). This gives us a realization of A in H. Similarly,

given a A = (Dy,...,Dy) of X realized by Ti,...,T, in H, we replace the part of T3,...,T}
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in G; for each t € T" by a forest connecting the same endpoints (in X and vertices in the
intersection of H; and its neighbours). This gives us a realization of A in G.

The above remark allows us to obtain a solution for H with terminals X using the tree
decomposition [T, H] and return it as a solution for G.
Algorithm 5.5.11.
Input: A Ks-minor free graph G and a set X of k vertices of G.
Output:  All partitions A = (Dy,...,Dy) of X such that there is a set of disjoint trees
{T\,...,T,} with D; C V(T;) (we return this information as a look up table with entries
indexed by partitions A).
Running time: O(|V(G)| + |E(G)]).

Description and analysis. 1. Build a bounded intersection tree decomposition [T, G| of G.
2. Let Y be the set of all graph nodes containing a vertex of X.
3. Build 77, the smallest subtree of T' containing all of Y.
This can be done by rooting 7" at an arbitrary root » € Y and using dynamic program-
ming to prune the tree.
4. For any leaf t of T' that is not a leaf of T', add a clique in Gy corresponding to each
child (cutting) node s of t.
Also add all these cliques to G to form a graph G’. Call the resulting decomposition
[, G'].
5. For each graph node ¢ in T7,
(a) let S; be the union of all vertices in cutting nodes incident to ¢.
(b) Run the algorithm of Reed et al. [55] on G}, S; U (X NG}) to obtain all realizable
instances.
(c) Replace G} by H;, the smallest graph with the same realizable partitions as G
(we can pre-compute all H; in advance for all subsets of realizable instances on

at most 4k vertices).
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6. Now [T, H] is a tree decomposition of bounded width.
Use dynamic programming or an MSO formulation to solve k-realizations using [T”, H].

Return the realizable instances as the realizable instances of G.
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CHAPTER 6
Concluding remarks

In this thesis, we gave a linear time algorithm for building two tree decompositions,
the (3,3)-block tree of a 3-connected Ks-minor free graph and the pruned Kj-tree of a 3-
connected graph with no attached Ks-model. They are used to solve two problems arising
from theory of graph minors, Ks-minor recognition and 2-disjoint rooted paths.

We then use these algorithm to speed up existing algorithms and extend their inputs
from planar graphs to Ks-minor free graphs. One direction for future work is to explore
further applications of these tree decompositions, as discussed in Chapter 5.

Another question which remains open is whether our linear time algorithm for solving
2-DRP can be modified into one which returns the desired paths when they exist. One pos-
sibility is to modify Algorithm 4.4.4 for restricted attached Ks-model to return an attached
Ks5-model when it exists. However, currently, in many of the reductions we make, we are
unable to obtain an attached Ks-model for the input given an attached Ks-model obtained
recursively.

Similarly, we can think of modifying our algorithm to linear time recognition algorithms
such as graphs excluding a graph H which can be drawn in the plane with a single pair of
edges crossing, which also admit a decomposition similar to Wagner’s theorem for Ks-minor
free graphs.

Finally it remains open is whether we can also build the (3,3)-block tree of any 3-
connected graph. As we have shown such a tree decomposition is unique for any 3-connected
graph, except for K33 (which has two decompositions). Although we can build such a tree

decomposition recursively in polynomial time, is it also possible in linear time?
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