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[1] The partial differential equations governing non-
isothermal flow and deformation in an elastic medium
with double porosity are presented. The governing
equations satisfy an effective stress concept, Darcy’s law,
Fourier’ law and the equations of Hookean thermoelasticity.
The equations are derived using a systematic macroscopic
approach that satisfies conservation laws applicable to
balance of linear momentum, mass and energy. The
Thermo-Hydro-Mechanical coupling take into account
processes associated with: thermal expansion, thermal
convection by moving fluid, fluid flux due to temperature
gradients, heat flux due to pressure gradients, fluid and
heat exchange between the two pore system, and the heat
of phase compression. INDEX TERMS: 5104 Physical

Properties of Rocks: Fracture and flow; 5114 Physical Properties

of Rocks: Permeability and porosity; 5134 Physical Properties of

Rocks: Thermal properties; 5199 Physical Properties of Rocks:

General or miscellaneous; 9810 General or Miscellaneous: New

fields (not classifiable under other headings).Citation: Khalili N.,

and A. P. S. Selvadurai, A fully coupled constitutive model for

thermo-hydro-mechanical analysis in elastic media with double

porosity, Geophys. Res. Lett., 30(24), 2268, doi:10.1029/

2003GL018838, 2003.

1. Introduction

[2] The thermo-hydro-mechanical (THM) coupling,
influencing heat and mass transport in deformable porous
media has received increasing attention in various
branches of science and engineering, primarily due to
its importance to processes such as secondary enhance-
ment of oil production, storage of thermal energy in the
form of sensible and latent heat, remediation of contam-
inated sites, isolation of hazardous waste, etc. THM
processes are also of interest to applications related to
insulation materials, heat emitting buried cable systems,
tumour treatment, and in the cooling of microelectronic
components. Constitutive models have been developed
over the past two decades in relation to topics such as
coupled heat and moisture transfer in agricultural engi-
neering and in the study of THM processes in natural and
engineered barriers for the storage of heat emitting
nuclear fuel waste. In spite of their importance in the
fields of petroleum engineering, reservoir engineering, and

nuclear waste management, THM coupling effects in
media with double porosity have rarely been investigated
[Bai and Roegiers, 1994; Masters et al., 2000].
[3] In this paper, the governing equations for THM

processes in an elastic medium with double porosity are
derived using a systematic macroscopic approach, that
satisfies appropriate constitutive and conservation laws.
The comprehensive array of THM processes taken into
account, include: thermo-mechanical deformations, fluid
transport, heat transfer, fluid flux due to temperature gra-
dients, heat flux due to pressure gradients, fluid and heat
exchange between the double pore system, heat transfer due
to fluid movement, and the presence of heat of phase
compression. Three phases (solid, pore fluid and fissure
fluid) and two constituents (solid and liquid) are identified.
Each phase is viewed as an independent continuum,
endowed with its own kinematics, mass, momentum and
energy. Both solid and fluid constituents are assumed
slightly compressible, but if required, either can be made
incompressible. Matrix displacement vector, pore fluid
pressure, fissure fluid pressure, solid temperature, pore fluid
temperature and fissure fluid temperature are introduced as
the primary variables.

2. The Conceptual Model

[4] The formulation presented consists of three separate,
yet inter-connected, models involving (1) deformation,
(2) flow model, and (3) heat transfer. The deformation
model is based on the classical theory of thermoelasticity,
the effective stress concept and the equations of equilibrium.
The fluid flow through the medium is modelled using the
double porosity concept. Two interacting continua are
identified: one representing the porous blocks and the other
the fissure network. The two flow regions are connected
through a leakage term, describing transfer of fluid from the
porous blocks into the fissure network, and vice versa. The
rate of fluid transfer at any point depends upon the fluid
pressure difference between the porous blocks and the
fissure network, as well as the permeability of the porous
blocks and the fissure spacing. The coupling between the
flow and the deformation fields is established through the
effective stress parameters, z1 and z2, which relate pore and
fissure fluid pressures to matrix deformation vector. The
heat transfer model is based on the assumption of thermal
non-equilibrium between the phases. At any material point,
three temperatures are introduced; one for each of the solid,
the pore fluid and the fissure fluid phases. The modes of
heat transfer are assumed to be: conduction, advection, and
heat exchange. The thermal interaction between the phases
is established through heat exchange terms. The coupling
between the heat transfer model and the flow and the
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deformation models is established through thermal expan-
sion coefficients and the heat of phase compression. In the
case of the flow model, an additional coupling is also
established through the thermal energy transfer due to the
leakage term.

3. The Deformation Model

[5] To formulate the deformation model, we define the
effective stress in the solid skeleton of a doubly porous
medium, s0ij, as [Khalili and Valliappan, 1996],

sij ¼ s0ij � z1p1dij � z2p2dij; i; j ¼ 1; 2; 3 ð1Þ

where sij is the total stress and pa is the fluid pressure
(positive for compressive pressure and negative for tensile
or suction), with subscripts a = 1 and a = 2 referring to the
porous blocks and fissure network, respectively, and, dij is
the Kronecker’s delta function. The effective stress param-
eters, z1 and z2, are defined as [Khalili and Valliappan,
1996; Loret and Rizzi, 1999; Callari and Federico, 2000;
Pao and Lewis, 2002],

z1 ¼ cp � cs
� �

=c and z2 ¼ c� cp
� �

=c ð2Þ

where cs is the elastic compressibility of solid constituent, c
is the underlying elastic drained compressibility of the
fissured porous media, and cp is the elastic drained
compressibility of the porous blocks. Assuming, the
compressibility of solid grains to be negligible, Equation
2 yields z1 + z2 = 1. Notice that in the limiting case of zero
fissure volume we have cp = c thus, z1 = 1 and z2 = 0, and
Equation 2 reduces to that proposed by Terzaghi for
saturated elastic medium with a single porosity. The
Duhamel-Neumann extension to Hooke’s law gives the
thermoelastic constitutive relationship as,

s0ij ¼ 2Geij þ lekk � gTsð Þdij ð3Þ

where G and l are the Lamé constants, Ts is the temperature
of the solid constituent, and gdij = �(@s0ij/@Ts)jekk and g is
related to the volumetric thermal expansion of the fissured
porous medium, cT, through g = (cT/c), with c = (2G/3 +
l)�1. Notice that in Equation (3) the macroscopic thermal
expansion of the fractured porous medium is defined in
terms of the temperature of the solid constituent only rather
than an average of the solid and the pore fluid temperatures.
This is an important aspect, which is often ill-posed in the
literature.
[6] The strain eij is the related to the displacement

components, ui, through

eij ¼
1

2

@ui
@xj

þ @uj
@xi

� �
ð4Þ

Considering the equations of equilibrium,

@sij
@xj

þ Fi ¼ 0 ð5Þ

and combining it with Equations 1 to 4 yields,

@

@xj
G
@ui
@xj

þ lþ Gð Þ @uj
@xi

�
� z1p1 þ z2p2 þ gTsð Þdij

�
þ Fi ¼ 0

ð6Þ

in which Fi is ith component of the body force per unit
volume. The set of partial differential Equations 6, for
govern the deformation phenomenon in a thermoelastic
double porous medium.

4. The Flow Model

[7] The flow model is obtained by combining the equa-
tions of linear momentum and mass balance for the liquid
phase. Neglecting inertial effects, the equation of linear
momentum balance can be written as,

vrai ¼ � kaij

ma

@pa
@xj

þ ragj

� �
� kaTij

@Ta
@xj

ð7Þ

where kaij is the intrinsic permeability and kaTij is the
coefficient of thermal coupling for fluid flux, analogous to
the Soret effect in molecular diffusion, in which mass flux is
caused due to both a concentration gradient and a
temperature gradient. Also, ma and ra are the dynamic
viscosity and the density of fluid respectively, gi is the ith
component of gravitational acceleration, and vai

r is the
relative velocity of the fluid defined as,

vrai ¼ na vai � vsið Þ ð8Þ

where na is the porosity, vai is the absolute fluid velocity
and vsi is the solid skeleton velocity,

vai ¼
@uai
@t

and vsi ¼
@ui
@t

ð9Þ

where uai and ui are the components of displacements of
fluid and solid, respectively.
[8] For conservation of fluid mass, we require

� @

@xi
ranavaið Þ ¼ @

@t
narað Þ þ �1ð Þaþ1ra� ð10Þ

where � is the leakage term controlling the rate of fluid
transfer between the fissure network and the porous blocks,
defined as,

� ¼ h p1 � p2ð Þ ð11Þ

in which h is the leakage parameter. Substituting Equation 8
into 10, we obtain

� @

@xi
rav

r
ai

� �
� @

@xi
ranavsið Þ ¼ @

@t
ranað Þ þ �1ð Þaþ1ra� ð12Þ

and introducing the Lagrangian total derivative concept
with respect to the moving solids, ds(.)/dt = @(.)/@t + vsi @(.)/
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@xi, and the moving fluid, dl(.)/dt = @(.)/@t + vli@(.)/@xi,
Equation 12 can be rearranged to,

�ra
@

@xi
vrai
� �

¼ na
dara
dt

þ ra
dsna

dt
þ rana

@vsi
@xi

þ �1ð Þaþ1ra�

ð13Þ

Considering a barotropic fluid ra = ra ( pa, Ta),

dara
dt

¼ raca
dapa

dt
� racaT

daTa

dt
ð14Þ

in which ca = 1
ra

@ra
@pa

���
Ta

and caT = � 1
ra

@ra
@Ta

���
pa

are the

coefficients of compressibility and thermal expansion for
fluid, respectively. Noting na = Va

V
,

dsna

dt
¼ 1

V

dsVa

dt
� na

dsV

dt

� �
ð15Þ

and assigning a = 1, 2, Equations 7, 13, 14 and 15 can be
combined to give

@

@xi

k1ij

m1

@p1
@xj

þ r1gj

� �
þ k1Tij

@T1
@xj

� �
¼ n1c1

d1p1

dt
þ 1

V

dsV1

dt

� n1c1T
d1T1

dt
þ � ð16aÞ

@

@xi

k2ij

m2

@p2
@xj

þ r2gj

� �
þ k2Tij

@T2
@xj

� �
¼ n2c2

d2p2

dt
þ 1

V

dsV2

dt

� n2c2T
d2T2

dt
� � ð16bÞ

In Equations 16, dsV1

V
and dsV2

V
represent the change in the

pore and fissure volume over the current volume of the
porous medium with respect to the moving solid. For
isothermal conditions, dsV1

V
and dsV2

V
can be calculated from

[Khalili and Valliappan, 1996],

dsV1

V
¼ cp � cs
� �

ds
sii
3
þ 1� n2ð Þcp
�

� 1þ n1 � n2ð Þcs
	
dsp1

þ n2 cp � cs
� �

dsp2 ð17aÞ

dsV2

V
¼ c� cp

� �
ds
sii
3
þ n2 cp � cs

� �
dsp1 þ c� 1þ n2ð Þcp

� 	
dsp2

ð17bÞ

Extending Equations 17 to include thermal effects, we have,

dsV1

V
¼ cp � cs
� �

ds
sii
3
þ ½ 1� n2ð Þcp � 1þ n1 � n2ð Þcs½ 	dsp1

þ n2 cp � cs
� �

dsp2 þ n1cTdsTs ð18aÞ

dsV2

V
¼ c� cp

� �
ds
sii
3
þ n2 cp � cs

� �
dsp1 þ c� 1þ n2ð Þcp

� 	
dsp2

þ n2cTdsTs

ð18bÞ

The last terms on the left hand side of 18a and 18b represent
the change in the pore and fissure volume due to a change in
the volume of the fissured porous medium with solid
temperature, respectively.
[9] Now, using Equations 1 to 3, Equation 18 can be

rearranged to,

dsV1

V
¼z1dseii þ z2 � n2ð Þ cp � cs

� ��
þ z1 � n1ð Þcs

	
dsp1

� z2 � n2ð Þ cp � cs
� �

dsp2 � z1 � n1ð ÞcTdsTs ð19aÞ

dsV2

V
¼ z2dseii þ z2 � n2ð Þcpdsp2 � z2 � n2ð Þ cp � cs

� �
dsp1

� z2 � n2ð ÞcTdsTs
ð19bÞ

Substituting (19) into (16), noting that 1
V
dsV
dt

¼ @vsi
@xi
, and

introducing the approximations vai
@pa
@xi


 @pa
@t , vsi

@ :ð Þ
@xi


 @ :ð Þ
@t

or dapa
dt

� @pa
@t ;

ds :ð Þ
dt

� @ :ð Þ
@t , yield the differential equations

governing non-isothermal fluid flow through fissured
porous media,

@

@xi

k1ij

m1

@p1
@xj

þ r1gj

� �
þ k1Tij

@T1
@xj

� �
¼ n1c1 þ z2 � n2ð Þ cp � cs

� ��

þ z1 � n1ð Þcs
	 @p1
@t

� z2 � n2ð Þ cp � cs
� � @p2

@t
þ z1

@2ui

@t@xi

� n1c1T
@T1
@t

� n1c1Tv1i
@T1
@xi

� z1 � n1ð ÞcT
@Ts
@t

þ � ð20aÞ

@

@xi

k2ij

m2

@p2
@xj

þ r2gj

� �
þ k2Tij

@T2
@xj

� �
¼ n2c2 þ z2 � n2ð Þcp

� 	 @p2
@t

� z2 � n2ð Þ cp � cs
� � @p1

@t
þ z2

@2ui

@t@xi
� n2c2T

@T2
@t

� n2c2T v1i
@T2
@xi

� z2 � n2ð ÞcT
@Ts
@t

� � ð20bÞ

5. The Heat Transfer Model

[10] Assuming the pore-fluid, fissure-fluid, and solid
temperatures are not in local equilibrium, the energy bal-
ance equation for the solid phase can be written as,

@

@xi
nslsij

@Ts
@xj

� �
¼ nsrsCs

@Ts
@t

þ vsi
@Ts
@xi

� �

� Ts z1 � n1ð ÞcT
@p1
@t

� Ts z2 � n2ð ÞcT
@p2
@t

þ Tsg
@2ui

@t@xi
þ ks1 Ts � T1ð Þ þ ks2 Ts � T2ð Þ

ð21Þ

in which lsij is the thermal conductivity of solid phase, Cs is
the heat capacity of the solid, ks1 is the coefficient of heat
exchange between the solid and the pore-fluid, and ks2 is the
coefficient of heat exchange between the solid and the
fissure-fluid. The Equation (21) accounts for the flux of
thermal energy due conduction and advection, the change in
the internal energy of the solid phase due to a change in
pore and fluid pressures, change in the internal energy due
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to volume change of the solid skeleton, and the exchange of
energy between the solid phase and the pore-fluid and
between the solid phase and the fissure-fluid. The energy
balance equation for the pore-fluid is in turn written as,

@

@xi
n1l1ij

@T1
@xi

� �
¼ C1

@n1r1T1
@t

þ @v1in1r1T1
@xi

� �
þ n1T1b1

d1e1
dt

�����
T1

þ C1T1r1h�i � C2T2r2h��i þ k1s T1 � Tsð Þ
þ k12 T1 � T2ð Þ

ð22Þ

with

d1e1
dt

�����
Tl

¼ � 1

r1

d1r1
dt

�����
Tl

¼ �c1
d1p1

dt
ð23Þ

in which l1ij and C1 are the thermal conductivity and the heat
capacity of the pore-fluid, respectively. k12 is the coefficient
of heat exchange between the pore-fluid and the fissure-fluid,
and b1 = @p1/@T1je1 = c1T/c1. In Equation 22, h i refers to
the Clebsch-Macaulay singularity function. The third term on
the right hand side represents the change in the internal
energy due to change in the volume of pore-fluid, the fourth
term represents the convective heat transfer due to fluid
exchange between the porous blocks and the fissure network.
Noting that

@n1r1T1
@t

þ @v1in1r1T1
@xi

¼ T1
@n1r1
@t

þ @v1in1r1
@xi

� �

þ n1r1
@T1
@t

þ v1i
@T1
@xi

� �
ð24Þ

and using Equation 23, Equation 22 can be written as,

@

@xi
n1llij

@T1
@xi

� �
¼ n1C1r1

@T1
@t

� n1c1TT1
@p1
@t

þ C1T1r1h�i

� C2T2r2h��i þ ks1 T1 � Tsð Þ þ k12 T1 � T2ð Þ

þ n1C1r1v1i
@T1
@xi

ð25Þ

Similarly, the energy balance equation for the fissure-fluid is
written as,

@

@xi
n2l2ij

@T2
@xi

� �
¼ n2C2r2

@T2
@t

� n2c2TT2
@p2
@t

� C1T1r1h�i

þ C2T2r2h��i þ ks2 T2 � Tsð Þ

þ k12 T2 � T1ð Þ þ n2C2r2v2i
@T2
@xi

ð26Þ

in which l2ij and C2 are the thermal conductivity and the heat
capacity of the fissure-fluid, respectively. Notice that in
Equations 23 to 26 the term CmTm could be replaced by the
enthalpy, hm.

6. A Summary of the Governing Equations

[11] In summary, the partial differential equations describ-
ing the coupled THM processes in an elastic medium with
double porosity can be written as,

Deformation

G
@2ui

@xj@xj
þ lþ Gð Þ @2uj

@xi@xj
� z1

@p1
@xi

� z2
@p2
@xi

� aeTs
@Ts
@xi

þ Fi ¼ 0 ð27aÞ

Fluid Flow

@

@xi

k1ij

m1

@p1
@xj

þ r1gj

� �
þ @

@xi
k1Tij

@T1
@xj

¼ a11
@p1
@t

� a12
@p2
@t

þ z1
@2ui

@t@xi

� a1Ts
@Ts
@t

� a1T1
@T1
@t

� n1c1T v1i
@T1
@xi

þ �

ð27bÞ

k2ij

m2

@p2
@xj

þ r2gj

� �
þ @

@xi
k2Tij

@T2
@xj

¼ �a21
@p1
@t

þ a22
@p2
@t

þ z2
@2ui

@t@xi

� a2Ts
@Ts
@t

� a2T2
@T2
@t

� n2c2T v1i
@T2
@xi

� �

ð27cÞ
Heat Transport

1

Ts

@

@xi
nslsij

@Ts
@xj

� �
¼ aTsTs

@Ts
dt

� aTs1
@p1
@t

� aTs2
@p2
@t

þ aTse
@2ui

@t@xi

þ ks1
Ts

Ts � T1ð Þ þ ks2
Ts

Ts � T2ð Þ þ aTsTs vsi
@Ts
@xi

1

T1

@

@xi
n1l1ij

@T1
@xi

� �
¼ aT1T1

@T1
@t

� aT11
@p1
@t

þ C1T1r1h�i

� C2T2r2h��i þ k1s
T1

T1 � Tsð Þ

þ k12
T1

T1 � T2ð Þ þ aT1T1v1i
@T1
@xi

ð27eÞ

1

T2

@

@xi
n2l2ij

@T2
@xi

� �
¼ aT2T2

@T2
@t

� aT22
@p2
@t

� C1T1r1h�i

þ C2T2r2h��i þ k2s
T2

T2 � Tsð Þ

þ k21
T2

T2 � T1ð Þ þ aT2T2v2i
@T1
@xi

ð27fÞ

subject to the constitutive equations,

dsii
3

¼ c�1dekk � z1dp1 � z2dp2 � aeTsdTs

dm1

r1o
¼ z1deii þ a11dp1 � a12dp2 � a1TsdTs � a1T1dT1

dm2

r2o
¼ z2deii � a21dp1 þ a22dp2 � a2TsdTs � a2T2dT2 ð28Þ

dss ¼ aTsedeii � aTs1dp1 � aTs2dp2 þ aTsTs dTs

ds1 ¼� aT11dp1 þ aT1T1dT1

ds2 ¼ � aT22dp2 þ aT2T2dT2; � ¼ h p1 � p2ð Þ

(27d)
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with

z1 ¼
cp

c
� cs

c
; z2 ¼ 1� cp

c

a11 ¼ n1c1 þ a12 þ z1 � n1ð Þcs; a22 ¼ n2c2 þ a12 þ z2 � n2ð Þcs;
a12 ¼ a21 ¼ z2 � n2ð Þ cp � cs

� �
;

aeTs ¼ aTse ¼ g; a1Tl ¼ aTl1 ¼ n1c1T ; ð29Þ
a2T2 ¼ aT22 ¼ n2c2T ; a1Ts ¼ aTs1 ¼ z1 � n1ð ÞcT ;

a2Ts ¼ aTs2 ¼ z2 � n2ð ÞcT ; aTsTs ¼
nsrsCs

Ts
;

aT1T1l ¼
n1r1C1

T1
; aT2T2 ¼

n2C2r2
T2

where m1 and m2 are the mass pore-fluid and mass fissure
fluid per reference volume, respectively. r1o and r2o are the
densities of the pore and fissure fluid at the reference
configuration, respectively. Similarly, ss, s1, and s2 are the
entropies of solid, pore fluid and fissure fluid, respectively.
The constitutive equations in (28) enjoy the major
symmetry due to the reversibility of the physical processes
taken into account. This result can also be achieved using
Biot’s free energy approach, within the general framework
of mixture theory.

7. Conclusions

[12] It is shown that the development of the equations
governing THM processes in elastic media with double
porosity can be approached in a systematic manner where
all the constitutive equations governing deformability, fluid
flow and heat transfer are combined with the relevant
conservation laws. The double porosity nature of the medium

requires the introduction of dependent variables applicable to
the deformable solid, and the fluid phases in the two void
spaces. The governing partial differential equations are linear
in view of the linearized forms of the constitutive assump-
tions invoked in the formulations. The linearity of these
governing equations makes them amenable to solution
through conventional mathematical techniques applicable
to the study of initial boundary value problems in mathemat-
ical physics [Selvadurai, 2000]. Such solutions should serve
as benchmarks for appropriate computational developments.
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