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| Six ,eiperiments tested the assumption that, in visual perception, observers have

1

\gél'iable and direct dccess to the equivalence of shapes in projec‘%ive’ geometry (I call

Al

this "the invariance hypo,thésis; in the theory of shape constancy"). This assumption has

beens made in the study of vision since - Helmholtz's time., Two experiments tested

-

recognition of the projective equivalence of planar shapes. In another four experiments,

i .

subjects estimated the ‘apparent shape of a solid object from different perspectives.

Departure from projective equivalence was assessed in each study by measuring ‘the

cross ratio for the plane. This measure of projective invariance .is new to perceptual
/

research. Projective equivalence was not found to be perceived uniformly in any of the

»
»

studies. A significant effect of change in perspective‘ was found in each study. These
~

results were construed as suppor;iné the classical theory of ‘depth cues ;{gainsf the

-

, 4
invariance hypothesis. o
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. © La prészamptioh seloh laquelle l'équivalence de figures relative A Ja projection plane est

b accédée par la perception visuelle fut examinée 2 'aide de six expériences. (Je la désigne

&

sous le nom d'ﬁypothése de linvariance dans la théorle de la” constance visuelle)) Depuis
' Helmholtz, la psychologie traditionelle a soutenu ce point.de rotr‘lne dans la théorie de’
\ la vision. iS'{x expériences ont examiné l'identif{éqtion de [I'équivalence conservée par

toute projection plane: Dans les quatres autpes expériences, les observateurs estimaient -

’, v

la forme apparente d'un objet solide, & partir de points de vue gbliques. Dans chaque
expérience, la’disparité des figures par rappc;rt.a la géométrie projective fut évaluée par

"la mesure plane qu'on appelle "cross ratio". Cette mesure particulitre d'invariance °
Y ®

\ A “x__ b ) . N . x
projective est une Nouveauté dans le domaine de la recherche en vision. 11 fut montré
g

oo que, dans .aucune des conditions expérimentales, on ne percoit I'équivalence proj@ctive {
. . uniformément. Un effet signifi‘catif de changement de pé%spectivq fut trouvé dans

' 4 - - - 4
- chacuqe%des expérijepces, Ces données furent interpretées comme évidence en faveur de

< 7 \
la théorie classique\des indices de profondeurs par opposition A I'hypothé¥e d'invariance.

N .
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/o P}eface and Acknowledgements { )
" There ére many theories of shape cons,tancy;“~ their catalogue would bg of
unreasonable length Yet the greater number of these. theories Sha"ﬁ one characteristic.

A
They ass&me or imply that pro;ecnve congruence is seen dlrhéctly, or that_the

- magnitudé of " visual d%e is seen directly? 1 hope that the followmg experxments and-
h

arguments will probmote scrutlny of those assumptions. It is not my\ present interit to

. construct a theory of sha‘pe constancy. Rather, my mtent is to spotklght a problem for

contemporary theones.d' he problein is that perceivérs may not be exquisitely sensitive
to projective. congruence. I am of the oplmon that this seems a problem only when the.
congequences of wrong t'hmkmg about vision are accepted. A resolution of the problem
is expressed by Wittgengtein, though I am at pains to explain what he could mean when
he ;ays: "Im (“.esichtsraum giBt es keine Messung (1981, p. 266).".

., The thesis contains an original contribution- from nﬁ part, though I have received
genegj'ous help from others, 1The six experiments are original contributions. The

4

re-evaluation of the experiment reported by Attneave and Frost (195‘?) is new, aigso.

A

That re-evaluation can be foynd in Chapter Two. O3 “those who helped, one deserves .

'special mention. Professor john Macnamara has my fieartfeft thanks and admiration. He

has helped me more than I could say in sevetal v&hapters." He helped to condense a cloud

of ldgas into a thesxs topic, and any lucid passage t?/ t may be found in my turbnd

o

prose has been subject to his criticism. Under his supervxsnon, I came to feel that "the -

supreme vice is shallowness. Whatever is realized, is right". I would like to thank the
ptﬁher members of my thesis scommittee -- .Drs. Don Donderi, Yoshio Takane, and Steve

—— «

Zucker - for their poignant direction and he)‘pful comments. Karen Wynn was a

_ faultless research assistant. She gonducted the fourth experiment, and she typed data

-~

for the experiments into computer files. Veronica Horn conducted the fifth and sixth
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experiments,°and coded those data. Professor Vikram |Bhatt showed hls kindness by

recommendmg participation in. the fourth expernment to member’s o hns architecture

class. Professor Peter Dodwell deserves my thanks*for/ hlS patienc and support since

my. arrlval at'?Qt;een“s University, 1 thank Rhonda Amsel and Dr. /Justine Sergent for

their comments on a draft of the experimental section.. Minerva Kuhlenschmidt and

Betty ‘Logéie were endlessly patient in typing the manuscript. [/thank Andy, Edward,

Ernest, Floyd, Gaétan, Glenn, and Lorine. Without any one of \them this thesis would

not have been ‘completed. E)'ccept for Brian Chamberlain's photograph of the

greenhouse, photographic work was done by Robert Lamarche. /Spelling and usage in the

thesis are meant to thform to the Oxford English Dictionary. Any error in fact, %

emphasis, or Pfes'entation that ryay be found'is my sole resPonsibyty.

(8

‘This research has been supported by a Doctoral*Fellowshlp from the Social
Sciepces and, Humamtxes Re\Larch Council of Canada (Award numbers #52-82 hiél,

453- 83,—0130 and 453 84-0505). The results of the third experiment were reported in a

t A

colloqutum for the Center for Cogmtlve Scnence at the Umverslty of Western Ontario
*

-]

on March 27, 1985, and in a paper to the Canadian Psycho‘loglcal Association (June 18,

. : - &
.1987). The results of the fourth experiment were reported at a workshoﬁj held at

Queen s University on_August 25, 1986. The results of the fourth expenment were also

presented to the’ Jonqt Meeting of EPS and CPA (Oxford, England; July 2, 1987) The

results of the fifth and snx»th expenments were presentgd at the Conference on Vision
at Queen's University on Aprﬂ 214 1987. Note 1 of .the dissertation is an invnted review

of Cutting (1986), and will appear 14 the Journal of Mathematical Psychology. The

‘ experiments were presented in informal talks in the Department of Electrical
“  Engineering at McGill, as well. .
- . ) 3
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INTRODUCTION

L )

~

A In the first place it's objected that in the beginning of the
" essay .l argue either against all use of lines and angles in optics,
and then what | say is false; or against those writers only who will
. have it that we can perceive by sense the optic axes, angles, etc.,
and then it's insignificant, this being an abswrdity which no fone
ever held. To which I answer that I argue only against those who

are of the opinlon that we perceive the distance of objects by ’
lines and angles or, as they term it, by a kind of innate geometry.

Berkeley, An Appendix to the /Essay on Vision, p.237."
=

. S

Solid forms look. unchanged as they are seen from different viewpoints. One may
be tempt;d to expl‘ore the possibility that the explanation for this pérceptual conétancy
is the constant shape of the real object. Why not hypothesize that we notxce no change
in the real object just because there is no change? To rule out obvious
counterexamples, we might formulate a more conservative hypothesis: we notice no
R geometrical change in an object whenever the laws of optics wouldlallow that the light
that rt;aches our eyes emanates from an object of constant shape. We might add that
the laws c;f optics so allow when lens images of the object: such as images of the
| . object on the retina, are projectively equivaler;t. It is a simple matter to extend the
hypothesis to the perception of a pair of objects: two objects will be seen to have the
same shape whenever their images on the retina are projectively equivalent. From this
we should conclude that if two surfaces are equivalent in Eucﬁ&ean geometry, thg

will necessarily look the same, since the Euclidean equivalence of real objects implies

the equivalence in projective geometry of their lens images. \
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One can approach the issue from a siightly different angle. One might ask: what
is. the geometrical condition that two objects should appear to have the same form?
There seems a simple answer:. objects look to have the same form whey they do have

the same form. This answer is a psychological claim. The claim is that the physical

congruence of two objects is a sufficient geometrical condition for the objects to be

~ v

seeri . as congruent. Since large objects sometimes lool'; smaller than small objects, the
claim has to be modified. It is possible, too, that ; large and a small object" should look
the same size. Thg Empire S‘tate‘B.uilding looks larger than the Chrysler Bullding when
seen frqm the 9§servatién deck of the Rockefeller Center in Manhattan, iThe Empire

State Building _is larger. Yet the Empire State Building looks larger than the World-
Trade Center from that staﬁdpoint, though the Trade Center is larger. Sometimes these

~

buildings don't look to be the sizes they are. Hence the sim‘ple\a?wer to the question

is-inadéquate — for size at least, which is one aspect of shape.

B 4

~ What, then, is the basic geémetrica} condition that two objects should appear to
have the same 'forlf;\? The way that objects look : influenced by many factors. The
laws of, optics, such ;s the familiar inve}se—square law of the propagation of light, play
a éentral role in the description of the basic condition under which objects can appear
to be the same Shape. Could it pe that forms appear the same when the laws of optics
would allow that— their appearances had been occasioned by objects of the same shape?
In "Sther ’;vo;ds, could it be that the relevant projective information is preserved vand
acce}ssible to \;ié;vers’in the appearances of objects? It might seem plgusible that it is
and, certainly; this is a more interesting approach to shape constancy than the first,
Unfortunately, this s.ir'nplle idéa cannot be the whole story. A flat object and the
shadow it casts <;n a plane surfac; are projectively equivalent, and so the retinal

images of object and ‘'shadow must be projectively equivalent. Yet an object and its

™
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shadow may be strikingly differe;nt in shape,\as seen ~om any angle. Why, then, should
anyone want to hold on to the principle? One might wartto make the empirical claim
that projective equivalence is accessed and used as the basis or the necessary
condition for shape constancy. Alternatively, one might hypothesize that the const:':pncy
in shape which does exist°<'in that situation poses no crucial condition for shapes to be
seen as congruent. The characteristic geometrical quantity that is preserved in the
propagation of light may not be accessible to observers. Call that geometrical quantity
"the cross ratio". The proposition that the projective crongruences which are preserved

in the propagation of light form fhe basis of the geometrical condition that objects

should appear the same shape has been put forward”in the literature on shape

cystancy in vision (eg., in Gibson\]979, and in Joh\qnsson, 1977). “Call this contention

"the fnvalj@ee hypothesis" for purposes of identifiéation, as in Baring (1952)./ The

invariance hypothesis has a clear an‘tithesis: that normal observers are not reliably and

~

constantly sensitive to projective equivalence. The statement.that is underlined is the

thesis that will be defended. There are a number of terfns and concepts that will be

expl&ned so that the meaning and import of the thesis may become clear. The place
P L

and imp;tance of jprojective congruence in theories of shape constancy will :)'equire

~

elaboration, too, after the notion itself i, introduced. h

i ’
N The breadth of the invariance hypothesis -~ that shapes appear the same 'whefb

the lavy of optics would allow that their abpearance had been occasioned by objects of
the same shape — can be surveyed only when the notion of projective congrugnce is

explained, In geometry, congruence is fundamental. Two shapes are congruent when

.

they count as the same shape in some gegn;etry. Historically and logically, Qroieciive

congruence is fundamental to geometry. Projective congruence is basic to the laws of

v . 1 . , A . L
optics, too. One must appreciate the relation of projective geometry- to other kinds of
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geemetric congruence if ‘ong is to evaluate the psychological claim, placing it inﬁ the
context of theories of shape constancy and size constancy.' The reader must, then,
pardon an excdrsus into geometry, so that what is meant by proiective congruence and
what is meant by an._ordering of invariants m.ay'hbe e)gplained. THé latter is needed to
, .

explain the way in which projec\tive congruence is basic.

e A Word About Geometry

4
Two figures are congruent when their shapes count as the .same.’ To count as

.

% . . . N
the same shape, the figures must have a common measure. For example, two*squares
are the, same .when the lquths"of their sides are the same. Length is the measure

preseryed. Such measures are called invariants. Invariants are "quantities whose value

4
{J" . r“
does not change among figures of the same shape. Common measures are said to be

. . ¢ . ~ 1 .
invariant "under an operation" or "under transformation". To extend the example, two

¥

squares of ‘the same size remain so regardless. of where they are in a plane, In other
- " o ‘

words, length is invariant under the operation of translation. Measures other than

v

length can be invariant too.. The internal angles of two squares of unlike sizes arg

equal, but the lengths df the corresponding si;ies differ. In other words, angle is an
invariant measure over the operation of magnification, but length is not. The opectation
of magmﬁcauon or minification is also known as the snr:‘tlari‘ty transform ion. There is
an ordering on such invariants which results in an ordermg‘ot the geometries that they
characterize‘ (Jgger, l980,dpp. 19-21). This ordering could;:.be‘ 'used 't‘o draw particular

consequences from the %lair_n that a condition for two objects to look the same in form

is that there should exist a congruence between their projections that is implied by thh/

A

laws of o?tics 7
. w “

i

The nogion of an ordering of invariants can be presented gmply. Consider two

ngxd squares on a plaﬁe surface, each with its didgonals drawn. "’l‘hﬂlagonals ensure




. ‘& > @ ’ \
the rigidity of the figures. Call these figures "crossed squares". If their sides are the

o 5

same in length, one can be laid exactly on top of the other. It can be superimposed, on

v ~

the other, as if by the .overlay of transpar'epcies. Their internal relations of *

1

é’\coméecti‘on, order, parallelism, congruence of lines, congruence of angles, and .
continuity are the .same (fhese terms name gfoups of waﬁxiorrl;s in Hilbert, 189941950.
"Congruence of angles" was added in 1939). A transformation of one of the crossed
squares might be imagined as °ﬁﬂ;egula,r deformation of one of the transparencies., More

"accurately, a transformation can be considered a "mapping of the plane onto itseif".
~ : Y
The sheet might be moved laterally, rotated, or even lifted and the reverse side placed

over the static figure.' - The transparency film might expand, shrink, or stretch in one
direction. For. example, the film might stretch to change “thg length of the figures in

one direction’ without increase in their area. The sheet,could be stretched regularly in
« ¥ fy . - . »

two directions at.once. What measures will be invariant over these transformations?

-

‘ qu will the invariant measures relate to one another? J

The answer to this question supplies us with a hierarchy among geometries.

. R

‘ 13 .
Suppose that one transparency expands to form a larger crossed square; it will have

the inrternal angles of the original, and its sides_will remain parallel. The lengths of its

sides and diagonals change. It is impossible, on the other hand, t;hat it should retain the
lengths of its sides and diagonals, but not also retain its internal angles. Invariance of
length, then, implies invariance of angle and of parallels, but invariance 'of"a“ngle and
parallels does not imply’invariance of length.

Suppose the trar'lsparency overlay were stretched in o;me direction' so that one of

the crossed squares became aa, parallelogram. A parallelogram that is not a rectangle
still has its opposite sides parallel, as does a square, but the corresponding )crossed
" parallelogram retains neither the lengths of diagonals nor the internal angles of a

]

-
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crossed square. Moreover, its sides need no longer be of the, same length as the

~

original. Invariance_ of length or anglé or both implies invariance of parallelism, but

invariance of parallelism implies neither invariance of length nor invariance of angle

nor both. ’ : ’ .
3 &

Now suppose the transparency is stretched in two directions to produce a

trapezium with diagonals. There is a measure that exhibits the invarlance between a

square and a trapezium. This measure is called the cross ratio. I shall leave the name

{
' | . .
of the measure unexplained for the moment (but see Chapter 3, entitled "An
=

Introduction to the Stimuli"). Our trapezoid with diag’}:nals that is not a parallelogram

has not the lengths of sides, nor the angles, nor the parallels of a crossed square, but

’its cross ratio is the same as that of the original. The projective invariance mea:ured
by the cross ratio is impli?d by invariance of parallefism, invariance of parallelism and
angle, invariance of paréllelism, angle, and length, or 'by any of these considered
separately. As 1before, the converse implications are false. ‘f:ngth, angle, parallelism,
and a projective invariant: these invariants in this order formga chain of implication;
-The patterfi of implications might suggest that invariance of length is, in some
sense, the primary or most important invariant. Not so. AlthoUgh length is the measure
most important to a carpenter, it is not the most important one to a mathematician,

An insight of the prior place of projective or ‘descriptife" geometry was expressed by

the mathematician- Cayley: "The more systematic cBurse in the present introductory

memoir...would have been to ignore altogether the notions of distance [i.e., length] and

metrical geometry...Metrical geometry is a part of_ descriptive geometry, and

descriptive geometry is all geometry" (1859, cited in Coxeter, 1969, p. 230). His

. exclamation is an exaggeration, but a slighdﬁrb and not fundamentally misleading.

: /

-
.
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The ordering of invariants is familiar 20 psy’chologists. Klymenko and Weisstein

o

(1983) suppose that" their readers are familiar with the notion, since, without further
ex}lanatioWntion that "Klein, in his Erlangen program, categorized various
geometries in terms of t\he sjructurai properties that remain- invariant under
transformation". Dissemination of these ideas can be attributed to followers of Gibson -
as witness Shaw, Mcintyre and Mace (1981) and Michaels and Carello (1981). Besides,
the or&ering of invariants is often cited by Piaget (1968). The Erlangen program just

mentioned "provides the organization of chapters for the The Child's Conception of

' #
Space (1948/1963). Although Piaget's exposition may be flawed, as Kapadia (1974)

idea. There are even a few studies in the development of the percegption of invariants.

notes, the size of Piaget's audience assures that many psycholog\is;:Zave heard of the

‘Day and -McKenzie (1973), Shaw, Roder, and “Bushell (12§6), and Gibson, Owsley, and

Johnston (1978) are among the best examples. The best recent discussion of Klein's
ordering of ir}variants and its application to the ‘psychology of vision can be found in
Cutting (1983). A substantiation of the explanatory power of the ordering of invariants
can be found in Kramer's (1982) chapter, entitled: "The Unification of Geometry". A
more sophisticated overview is four;d in ®Torretti (1978), and also in an article by

Jasifska and Klicharzewski (1974).There are more basic properties that are properly

"called geometrical, such as continuity, but their place in applied geometry is abstruse.

Certainly they have been little mentioned in the study of vision. The invariants of
projective geometry are vital to us, then, since they are basic geometrical properties,
and they serve to characterize projective geometry (all the quantities and theorems of
a geometric system are derivable from its invariants and their relations, Klein,
1925/1967, pp. 156, 159). Physical optics is a model for projective geom’etry. A

psychological claim that will be shown to be standard in the literature on shape
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constancy is that "the congruences that are preserved in the propagatnon of light form
the basis of the geometncal condition that objects should appear the same shape", The

cross ratio is the simplest measure of projective congruence and all other measures of
such congruence are a function of it. Hence it is the simplest measure of the

congruence that .is preserved in the propagation of light, and the measure appropriate

to\a test of t%& claim,

» 2 o
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C CHAPTER 1
" /
{ .
Projective Invariance and Visual Perception: Some Repre ntative Theories
, -
i
\
“ We saw that projective Geometry is necessarfly true, of any
form of externality. Its three axioms...were all d ed from the
' conception of a form of externality, and, since orm is
neceisary to experiénce, were all declared a ptiori.
’ Russell, An Essay on the Foundations of Geome®y, p. 200, ~
; ‘ ,
o ' The importance of Brojective congruence to the study ‘of vision may not be

apparent immediately, though claims about sensitivity to projectivé congruence pr:oceed
from reasonable suppositions about the nature of vision. It is surprisihg that these
claims are: sometimes held to be inevitable. - There are several traditions in the
psychology ‘of perceqtion that share a concern with projective properties, despite great
d}'{jgrences among these traditions. - I' will sketch the theories held by four noted

uthors to show how diverse theories have this connection. Helmholtz represents the

4

tradition of Empiricism within epistemology; he ~forged the doctrine of unconscious

@3

L]
inference. Gibson's theory can be considered a nafve realism; he made the term “direct

.

perception" popular within psychology. Rock represents the Gestalt tradition, though

his theory diverges from traditional Gestalt theéry. Ullman represents a computational

¢

approach to vision. Each of these authors stands for a theoretical tradition as well as
being important in his own right. Each makes claims about the role of projective
¥ b

. . » . 3 - N
properties in vision. My intent is to show that such claims are common, and that they

are working p‘é}ts of the respective theor‘i&s, if not essential parts.

.
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He}mholtz — . . )

Helmholtz, who was a psychologist as well as a"physicist, conceives the human .
o

~

" observer as a naive astronomer - an humble Galileo (von Helmholtz, 1867/1925, pp. &,

164, 282, 297). Once astronomers sought to discover the distances and relations of
celestial objects by studying the appearancelof the night sky. Similarly, he thinks,
ordinary observers discover the distances and relations of middle-sized obiect)s from
their appeariaﬁces. Other psychologists have conceived of vision di‘fferently, ar;d the
differences in their theories are marked by differences in their conceits. For example,
Gibson's (1950a) exposition has the vitality and immediacy of his theme: an aviator who
mak?g a landing without instruments. His attention is on the onrush of “the ground
below. So, Gibson's theory stresses the imporfance of motion, ground, an;;l horizon. A

recurring theme will be that both Helmholtz and Gibson assume that projective

invariance is the basis of shape constancy.

. , T
Helmholtz believes that the difference between an astronomer and an ordinary
observgr is_that the ordinary observer is led to _conclu‘sions about the geometry of
objects automatically, while the e;stronomer st’ruggles long and hard "with theory to
achieve his knowlec‘ige. Helmholtz speaks of "unconscious conclusiqns" in this respect,
but méans only to distinguish the resuits of vision from conclusions of deductive logic
(1867/1925, p.- 4). He abandoned the use O‘f the term because it confused his readers‘
(1879/1968, p. 220). The basis of the analogy with a natural astronomer is that an
astronomer may compute the rel tive distances of celestial objects from their
perspective images. In the night sky, all lights appear indefinitely distant, as if they

were projectéd onto a surface of dome shape. This "surface" was once known as the

‘celestial sphere. Early astronomers had several means at their disposal to estimate the

distances of the plane\fs from their projected images. One example is the relative
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- by its geometrical place. In short, Helmholtz recégnizes a distinction between the

11
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motion of the planets with respect to the "fixed stars"; another is triangulation of the
position of the planets, wheh the diameter of the earth's“orbit about the sun is used as
a base. Helmholtz draws an analogy to the cues of relative motion and disparity on the
scale of the objects seen in everyday situations. He thinks of the perceiver as applying
the science of optics unconsciously, &héreas an astronomer .applies it consciously
(1867/1925, p. lt).
- The celestial sphere is a fiction that arose because the stars and planets appear
indefinitely distant. Helmholtz uses a similar ficti;n in his theory: the "visual globe".
He distinguishes the “geometrical place" of a visual irﬁaée from the “apparent place" of
a ViSl:Ial image. The "geometricai place" of an image is not the position of the physicial
obj'ecg that causes the image; it is a place on the visual field, whose description begins
with that of the retinal surface. The géometrical place of an image is d;atermined by
‘the direction of fixation, as well as by the internal optics Qf the eye. An "apparent
place" is where a thing of _indefinite proximity, to the 'oﬁbserver ‘appears to be. The

apparent positions of "entoptic" images illustrate such as indefinite character, When
A -

. one stdres at a featureless blue sky, if one focusses "on infinity", faint shadows that

cross the field of vision may be seen. They are shadows of epithelial cells that have

°

been shed into the vitreous humor. ' The point is that these appear to bé’ obj\ects

external to the observer, and they do not appear to be at a definite distance from the

observer,
2

To return to the discussjon.: the totality of apparent places is called the "visual
globe". Positions on the glob'e are not necessarily predicted by projections outward

\from a retinal image. The apparent place of a point in an image might not be predicted

apparent positions things ought to have if they depended solely on the laws of physicai ™
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“we are actually conscious" (186871968, p. 130). Retinal images are produced from solid"

c - -
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optics'an& their actually apparent positions (1867/1925, p. 164). The distinction is

N Y

maintained even when the two coincide. The apparent pésitions of things depend on the
laws of optics, too, but in addition they depend on an observer's belief about the real

{
positions of things. oo ' ~

“  Helmholtz n;alfes the provisional hypothesis that the visual globe reflects
knowledge (one might say imp}icit knowledge) of a projective relation between retinal
images and the real shapes of things. The hypothesis is a corollary of the doctrine of
unconscious inference. Helmholtz believes that all visual illusions can be explained by a

mechanism of shape constancy; namely, that "we aldwéys believe that we see such

objects as would, under conditions of normal vision, produce the retinal image of which

objects by laws of physical optics that govern the propagation of light. The\se are
pllojective laws which Helmholtz sypposes to be operative in the unconscious process by
which shapes are estimated® He stresses that the implicit use of projective relations
reflects cognizance of natural law; it is not "hard-wired" - to use a modern idiom. If
the form of optical laws were diffe;'ent, new relations co:ld be learned and used in the
interpretation of the retinal ima:e (see Helmholtz, 1876, 1878). Helmholtz uses
geometry to deduce positions and”dIrections on the visual globe by p(ojection on to a
specific surface. ) The- spc;cific description of that visual globe is fixed by the
provisiaonal assumption that it is a projection of the visual field. Nevertheless, "we are
at liberty to assume any arbitrary form for this surface, as soon as there are any new
factors of ‘per;eption tending_ to t'hrow light on it" (Helmholtz, 1867/ 1925, p. 281) A“
that is necessary to the visual globe, Helmholtz (1867/1925, p. 189) claims, is that it b;

two dimensional.
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Heimholtz thus argues that projective relations are not a necessary part of
unconscious inference. He criticizes Hering for postulating such a necessary geometric

.

g )elatlon between the real and perceived shapes of ob)ects. Helmholtz sees no more than
a "certain pedagogic value" in any geometnc description of the relauon betWéen
retinal images and perceiveq shapes (1879/1967, p. 223). He thinks that sensation Q{ers
an a;'ray of symbois or natyral signs which have no necessary connection with positions
on the retina. He even allows that like signs might correspond to positions distributed
rand.omly a'cross the retina, s€ that there would'be no relevant contiguity between the
v‘Sual signs of adjacent points. However, "from analogy with other organic
contrlvances, as well as on other grounds" (1867/ 1925, p. 536), he makes the assumptxon

that the laws of OpthS are used to interpret ‘the retmal image when shape is

T / estim"ated. The stress that Helmholtz places on those laws indicates that projective

_invariance is a working part of his theory, even though not a necessary one, as it is of

the next theory to be mentioned, Gibson's. . .
Gibson s
¥ . . s . .
———— James Gibson's legacy is difficul valtate; his ideas were vital and fluid. In

his last book he abandons claims he made in earlier writings, yet there is a significant

continl:lity to his study of ﬂlsion. Parts of ;ﬂs early work seem a reaction to’ the
ghelories of space perception that were contempo;;ary with his first researches (for
example, that of Luneburg, 1947). With-time, his approach emphasizes four themes: one,
.that perceptipn is direct, and not mediated or the result of af\proce”ss‘ of inference;
two, thét complex variables of the viewin.g situation play a large part in the theory éf
perception; three, that the normal case for the study of perception is a changing visual

array for a movmg observer, and four, that the observer should be -considered in his

environmental niche: Gibson stresses projective ingariance in all his researches. I shall
. . 3

=
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discuss the relevant changes in his theory in the chronological order of the three books
. N

in which they appear.

i

Gibson calls the theory c?ntained in The. Perception of the Visual World (1950a)

1

a "ground theory" of vision, which he contrasts with "air theories”, By "air theories" he
means t,hose monolithic theories of space perception, of which the Blank and Lungl&gq
proposal (of hyperbolic geometry as a model for visual space) Is only one, In the
"ground theory", Gibson supposes that it is meaningless to describe the perception of
spatial relations without refeirence to specific surfaces and edged.. Surfaces and edges
hin the worl& are relatéd to their images on the retina by a lawful transformation. An
V?bserver may attend eifh;:r t'o' thg solidity of surfacés, or the foreshortening of
surfaces. Gibsona contrasts an obse‘rver"s normal attitude (the visual world), in which he
attends to the solid shapes of things, to a painter-like attitude (the yisual | field) in
which the observer attends to the perspectives of things. The practical differeﬁce is
that "the visual world contains depth shapes, \;Ihereas the ual field contains
projected shapes” (1950a, pp. 34-35). _
In the théory, the retinal image is im;‘)ortant as a projection of the \yorld, and
mov&qnent is important in that it change$ the pattern of shapes projected on the retina,
Gibson thinks that variations in the &;tinal image underlie the classic cues for depth:
"the whole problem of pattern perceptiori might be. conceived in terms of the
geometries of certain invariants and transformations" (1950a, p. 153). He .identifies ‘
projective geometry as primary among these. In a footnote he mentions th; cross ratio
of points on a line range as an‘exampie of a projective invariant. Tr&ere may be ;oiﬁe
doubt that Gipson recognized the hierarchical relations an}ong n‘geometrical invariants at
‘ this point. In fact he states, erronegusly, that membership is mutually exclusive among -
the equivalence classes determined by various familiar geometries (1950a, p. 193), His

\ i -
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subsequént discussions are free of the confusion. He comes to recognize that pr%ajective
invariants are fundamental. Consideration of the projective invariants of textured
surfaces led Gibson to consider his "ground theory" as a gradient theory. Perspective
gradients in texture, as illustrated in plctures of terrain, can lead to the impression of\
a surf;ce that recedes in depth. Cutting and Millard (1984) show that perspective
variation is indeed the most reliable source of informa‘tion in texture gradients. The
gradient tﬁeory ns meant to explain how  observers perceive certain variations in

distance over a surface. Two themes mportant in Gibson's later work are present as

asides in this first book. At the time of The Perception of the Visual World, Gibson

considers the claims that pictures yield only presumptions of real shape, and that the
slant of a surface is an important factor in the perceptipn of its form.

The Senses Considered as Percepttgt Systems (1966) has a different emphasis.

No longer do the retinal projections of surfaces have primary importance. Now Gibson
_claims that sense-impressions are the incidental occasions of perception, not the basis
of perce\ption. Yet there is‘evidence t;\at sensations affect estimates olf shape, since
shape constancy is not always complete. Gibson's emphasis is that properties of the
’image obtrude on what is Qormally perceived: the real properties of surfaces. "Pu;ting
it, in another.way, sometimes we attend to the pictorial projections in the visual field
instead of exclusively to the ratios and other invariants in the optic array" (1966, p.
306); Thus, he considers pro‘jective descripti?ns of surfaces in the er;vironment to be
the elements—\b{ a theory of perceived form. Surfaces are cailed faces or facets, -
&epbnding on their size. Faces specify form in the visual array, while facets specify
texture, No qualitative‘distinction is made between faces and facets (1966, p. 208).

A theme of the book, and the notion with which Gibson introduces the study of

%ecological dptics, is _information. . Information is contained in ambient light, but it is
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distinguished fron; energy. (The prt;cess of phoiosynthesis requi;es light energy, but not
information from light. The function of information is to identify its source. If an
observer has information about a tree in this sense, then that tree is thereby specified.
The source is not conveyed -as if B' a literalggopy, though the information ifor an
object is con'tained in the perspective projection of that object. Information resides, in
the structure of the visual drray, that is, in the structure of ambient light. Two. origins
of the str‘uct,ure in :ight are the geometric relations of the objects seen, and the
geométrical conditions under which those objects are viewed (1966, p. 221). Gibson
distinguishes two sorts of informatiﬁon: specification by convention, and specification by'
projection. His examples of convention and projection are these: a license plate
| specifies a car by convention, while the car's shadow on a driveway specifies .it by
projection (1966, p. 235). Projection is the normal means of specification in vision. The\
basic variables of >visual information are, he claims, the invariants of projectlve\
geometry (1966, p.%lB). In fact, what it medns for environmental information to be
conveyed‘is that a property of the stimulus is unambiguously related to properties of
surfaces by physical laws (1966, p. 187). ?

Presumably, the laws governing the propagation of light are impdrtant examples
of such laws.-'The invariances expressed in laws ‘of physical optics are, of course,
projective. He says: "the reiational invariants of perspective or projective geometry...l

3

argue, carry most of the information about the world" (1966, pp. 312-313). ‘ Gibson sums
- up his general account of in}ormation in one sentence: "The same- stimulus array coming
to the eye will always afford the same perceptual experience insofar as it carries the
same variables of structural information" (1966, p..248). Structural information is the

invariance that is preserved in ambient light,r and the basic dimension of structural

information is projective invariance.

Wt e S u iy
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The Ecological Approach to Visual Perception (1979) deveiops .the idea of

(' ecological opttcs as a study parallel to physical optics. T hevdifference between pure
geometry and the application of geometry in ecological optics is stressed. Yet the two
3 " have more features in common than differences. For example, ecological optics is

1

concerned with "surfaces" and "the medjum" instead of "planes" and "space". The

« difference is akin to that between Euclid's constructions and the Cartesian method of

“%;oordinates in analytic geometry, where ecological optics has the greater similarity to
Euclid (G’ibson, 1979, p. 132). The natural perspective of ecological optics is still
described by the "elegant trJigonometrical relations" of solid angles in the projection of
_solid forms onto a surface (1979, p. 70). The study of the perspective of objeets in
motion, or as seen by a moviné ‘observer, takes pride of place in ecological optics.
Still, the relevance of the static case, the "pause in locomotion...a temporarily ﬁxed
position relative to the environment" is not lost (1979, p. 75). Layout is specified by
the perspective structure of light. A perspective structure is present when the
observer moves, and also when he pauses. Locomotion itself is specified by the
invariant structure of light. The terms "invariant ‘structure" and "perspective structure"
connote the difference between "what sp\ecifies locomotion" and “"what specifies
layout"; and are not meantAto designate different kinds of structures.

. w

The importance of motion in Gibson's last book is a reflection of the originality

of his thought about form perceaption. The classical formulation of the problem of shape

25
.

constancy may be introduced this way: consider a square surface, such as a tabletop,
, and the projections of this shape onto arbitrary planes. From any position where the
* tabl\etop is visible, except from positions directly above, the plane projections of the

tabletop will not be square. A condition of visual perceptn is that images of surfaces

are projected onto the retina, It is entirely probable that\one can tell the tabletop is

s
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square‘ by the way it looks, without ever ha;/ing been suspended above it. This exar‘nple,
and the question "how is the shape, of the tabletop known to be square"? are a
stand~ard form of the problem (1979, pp. 74, 168). The example and the question tempt
one to make dubious claims about computations on retinal images as projections. They
also te;npt one to make a background assumption about the manner in which knowledge
is gaifed from the way things look, in order to be able to connect the example and the

question. ’ ‘ ' ¥

-

Gibson makes neither these claims nor this assumption; he construes the problem

in a different way. He speaks of the invariants that are seen by a moving observer as
"fortnless". He means that théy are not attached to any shape;J that is, they are not
attached to any particular static projection of the object. If one is walking about an
object, it is hard to imagine v.;hat a still picture of the object would be like, Gibsén
claims that whas a moving observer sees is not like a series of snapshots, but the
invariants themselves, as abstracted (though Gibson w;:>uld not use the word) from
particular retinal sensations or phenomenal impressions. If the observer pauses in his
motion, he can noticeﬂ the effects of perspective. Those effects can obtrude on

§ .
perception of the invariants. If an observer resumes his motion, then he cannot notice

the effects of perspective, so. Gibson claims (1979, p. 197). The possibility of A

. "painterly attitude" does not arise for a moving observer, since a greater sample of

invariants is available (one might say afforded) to him. Gibson's verdict is not that the

perception of invarijants is different in kind for a moving observer than for a stationary

~

one, but that perception by a stationary observer is secondary in the study of vision,
The notion of a "formless" invariant may clarify Gibson's statement on picture
perception:

%All along I have maintained that a picture is a surface so treated
that it makes available a limited optic array of some sort at a

¢

s .




point of observation. But an array of what? My first answer was,
an_array of pencils of light rays. My second was, an_array of
visual solid angles, which becomes nested solid angles after a little —_
thought. My third answer was, an array considered as a structure.
And the final answer was, an arrangement of invariants of

structure" (1979, p. 270).

Though its proper place changes from the visual field to formless invariant,
projective invariance is essential throughout Gibsonian theory. At first Gibson believes
tha; a description of the environment in terms c;f certain invariants and
transformations can encompass the whole of pattern perception. Later he recognizes
that some problems, like occlusion by the advancing edge of a surf;ce, are not easily
accommodated in such a description. For him, the word "invariant" does not always

have a mathematical force. Nevertheless, the motif of the theory is clear. In large

part, Gibsonian theory deals with the projective invariants of real surfaces. For him,

the projective laws of physical optics, or their ecological counterparts, are general
descriptions of the conditions of perception. Specification by projection is important
for vision; the basic variables of information in- vision are projective invariants.
Though motion is crucial, the theory has implicati;ns for picture perception and for the
stationary observer, a; well.” Gibson understands that ﬂ;e perspective structure of
pictures specifies the layout of the environment, though it may not specify locomotion.
Projective invariance, the;n, is a keystone of the Gibsonian theory of form perception.
Rock

Irvin_Rock's theory of form per’ception is different from Gibson's later theory in
two important respects. First, Rock's goal is the study of phenomenal qualities. He
takes "perceived" to be s;/nonymous with "phenomenal" (1975, p. 9). S‘econdl}'l, Rock

m7a(kes reference-to a "proximal mode" of vision. The proximal mode has mahy of the

characteristics of Gibson's- "visual field". In the' proximal mode, some phenomenal
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qualities have an odd characteristic; they are quantitatively identical to properties/ of
prc;ximal stimuli. Proximal stimuli are sensations by another name, v
'Rock postu‘rates' that the, projectivengeometry of lightais internalized as a
syste;n of rules known implicitly. In this cont‘ext,~he uses the term Jicentral projection",
which is an application of projective"geometry. The supposition that stuch knowl'edge is
implicit is neither a vague nor an unfamiliar notion. After all, we seem to be able to
determine with ease the angle at which we must’ incline a bicycle as we round a bend.

We do that unconsciously. Tacit knowledge of projective geometry is knowledge of the

form of some optical | !aws;onamely, those that describe .the geometrical conditions of

.

~psception. Rock says that the following rules reduce to a prdiecti;/e principle: that

*
"the visual angle of objects of the same size is inversely proportjonal to distance (law

of visual anéle); the size of objects subtending the same visual anglé varies directly
with distance (corollary or Emmert's law); surface extents yiéld visual angles that are
reduced as a direct funcfion of, the ‘angle of their plane with respect to the
frontopatallel plane /(foreshortening); parallel lines in planes other than the
frontoparallel yield converging image lines (linear- perspective)' (1983, p. 325). He
makes the further claim that we have a quantitative knowledge of these relations; for

example, that implicit knowledge of the law of visual angle is exact knowledge of the

. [ _
inverse-square law for the sections of solid angles. And, he says, we must know this

(1983 p. 278). The same knowledge is said to account for the kinetic depth effect and
the perception of objects in métion (l§83, p. 325). \

If such knowledge is implicit in perception, how is it used? Rock presents an
example from size constancy. Heé believes that an observer perceives the visual angle
of an object (see Rock and McDermott 1964). Somehow, and independently, the

observer knows the object's proximity. The observer forms a: percept from these data.

« S
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The datum of the visual angle, data about the object's proximity, and the resulﬁng
percept are related as if by an inference performed unconsciously, in which the data
would take the place of premises, and the percept would be the conclusion. This
unconscious inference is a deductive inference of predicate logic (1983 p. 273), though
it may not be instantiated in such a way as to be recognizable as such. A statement of )

<3

the inverse-square law forms the major premise of the inferénce (the inverse-square
law is a projective regularity). The particular visual angle and distance are desc,:ibed
in the minor premise; they are substitution instances of the general law contained in
.;he major premise (1983, p. 279). Yet the conclusion of a deductive argument has the
same form as the bremises in gthe‘sense that both have logical form - both affirm or
deny something (l:ukasiewicz; 1951, p: 3)

Rock does not make‘ it clear if the percept itself is the conclusion qu the
argument, as he suggests once (1983, p. 2735, or if the conclgﬂp‘r& of the deductive
argument initiates an automatic procedur'e that produces an appropriate percept. ‘If the
percept is the ?/onclusion of the argument, then the percept has logical form, like a
declarative sentence. The point ma;' be elaborated: If observers have knowlecige of

optical laws, that knowledge should consist of propgsitions, expressed by symbols. Such ’

symbols alone can provide the premises for deduction, or for any inference. The

. "output" of deduction-is another string of symbols with an interpretation, 1 assume

Rock does not mean to claim that a percept is a string of symbols or that percepts

_have logical form. On the other hand, if the conclusion initiates a procedure, why is an

inference needed? There are more plausible input conditions for a proceduré.’ At any

*

_ rate, the point to be emphasized is that, for Rock, unconscibus infererices are

1 o -

deductive inferences of predicate logic that employ the inverse-square law and

perceptual data as premises. e

’
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The reader may wonder how, on Rock's account,'seeing is different from «
thinking about physical optics. There are two differences. Both are restrictions on the\
domain of operations. First, "perception differs from thought primarily because if is
rooted in and constrained by the necessity oi accountiﬁg for the proximal stimulus"
(1983, pp. 339-340). That is, the data are diffe;'ent. Secondly, "the other major
difference is. that perCeptic;n is based -on a raiher narrow range of Internalized.
knowledge" (1983, p. 340). Perception is like tblt:ught about ﬁoixtlve geometry in
application to dioptrics. _ T ’ ’ .

Rock's theo,r/y“éﬁ;rm perception has an important similarity to Glbsog‘s later
theory., Both assert the obviogs: that the physical conditions of perception'inflggnce
the way things look. They emphasize what 1s called the “r;:lativity of perception”,
meaning that the w‘a'y things look depends on the conditions of observatiop. People look
odd when seen in funhouse r:wirrorss and the apparent colours of thi\ngs undersea tend to
blue-green with increasing depth in water. The two theories use the relativity of
perception in the same way. They present it as a E‘ oblem. Yet unless one begiris with
the a§sumptior.1 that things cannot appear to be otherwise than they are, why should

one be put out by the obvious fact that they can and do? (Warnock, 1953, p. 148). The P

strategy of both theories is to suggest that things cannoWerwise than

they are, when viewing conditions are taken’ into account. Gibson tak viewing

conditions into account in his theory when he searches for the invariants in ligh
in the environment. Rock attributes a process of inference to the observer so that he
(the observer) may compensate for the effects of viewing <onditions. |

"The centrality of the conditionsh of observagion to Rock's theory is evident by

the examples that count as exceptions to the theory. Some perceptual effects remain

unexplained when compensation is made for the condition of observation. These are the

S

-~ . '
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geometrical illusions, Rock has no explanation for then_\.' If the strategy — thﬁt things

-

cannot appear to be otherwise than they are, when viewing conditions are taken*into
J 1

N .

»

account - were good strategy, there would be an easy'explanagion for visual illusions.

In their ignorance of the conditions of percepfioh, observers would make errors just

insofar as they failed to compensate for the physical conditions of observation. The

i

supbosed compensation is automatic, and érrors ‘in compensation would be refiected in
berceived properties that do npt correspond to the real properties of apfects. These
are illusions. A puzzle remains, for Rock says: "the one area where it is obvious that

there is a\problem requiring explanation . is that of the so-called geometrical illusions"

(1975, p. 389).

14

What precisely is the problem posed by the geometrical illusions? l? is'that they
do not conform to <~the desired explanation. The&» are imfportant as exceptions to a
g;eneral rule that is meant to relate perceived shape and real shape. Rock rejects the
explanation that geometrical illusions result from misapplication of the mechanisms that
underlie constancy (1983, p. 262). . Many figures pr.;duce ill-usions yhether those figures
are seen in the proximal mode or hot. It &oesn't help to.adopt a "painterly attitude".
An artist who sketches a perspective drawing of the Zoliner or café-wall illusiqnsuwill
depict the principal lines as skew, .not parallel. He will not have the"’"right" Perce\pt in
pgyoximal mpde to depict them as they are, that is, parallel. II:I such cas‘es,f the prof(imal
stimuli do not provide "good" data for an inference. -

. . /
The data are supposed unfit because the percept is illusory,‘ivhich is as much as

° - Ad

to say that 'the conclusion of the unconscious inference is false. One might 'say' that
the form of the proximal stimulus has been mistaker{ in such cases (1983, p. 262), but

that would be to admit that there is more to this story than dioptrics: In effect, Rock
. . . ‘ o

claims that there exists a lawful relation between_real shapes and¢perceived shapes
\

N
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' that is governed by the projective nature of,physicél opti¢s. If there were no such
@ ‘ regularity or la;w, the desired inference would not be possible. The geometric illusions
constitute a class of exceptions to the law; hence their occurrence is not covered by -
‘the inference. The importance of the geometrical illusions as exceptions reflects the
centralit} of the postulated rule within Rock's theory. Let us pursue the matter
further. -

9

One of Rock's rules for the dependence of pér’ceived shape on the geometrical
A . ' ‘ .
vision is Einmert's law. At least, the supposed rule has the form of

”

éond?tions of
Emmert's law, though it is a peculiar’ interpretation of Emmert's law. Emmert's law
describes how' the areas apparentl; covered by an afterimage are scaled as the
afterimagé is trained ‘on frontal surfaces of varying distaﬁce from the observer. The
/llaw generalizes to flat surfaces of different slants, as well. Suppose an observer
fixates the center of a medium-sized and brightly coloured square that is painted on a

. wall one meter distant from him. After several minutes, he s slightly to the side,

" so that his afterimage is trained on a blank portion of th¢ same walil. He estimates the

area that the afterimage appears to cover.. Then he fixes his gaze on a wall five

—

~
met% distant. The arpa that the afterimage of the square appears to cover will be

<

- \
larger than before. The estimated area, or that which Rock calls the percelved size,

C. can be expressed as the numerical protuct of the distance of the relevant-wall and the

y visual angle that— was sub by the painted square (1975, p-33). The peculiar

interpretation, which is meant to generalize to other problems of size constancy, is
[ - . , 2 ;
this: "If the perceptual system works like ja computer and eff'é‘ctiv'gly multipliﬂq—/
N \ C ‘ ‘ A _
] . visual angle by the distance.of the gbject in agri.ving at perceived size, then if visual —
- angle decreases as distapce increasgs, the product may remain constant (size
N\ . o - . "
No— . . ’
> . . } : . 2 T
DA ¢ - ” o




© 25

constancy); if visual angle remains constant as distance increases, the product will

increase (Emmért's law)" (Rock, 1975, p. 34).

-

There is an analogue of Emmert's law for flat surfaces of varying slant. The
area on a slanted surface that will appea;' to be demarcated by an afterimage can be
predicted when Emmert's law is extended to surfaces whose distance, from the observer
increases uniformly in one direction. The resul}ing foftula ‘expresses the area over-
which the afterir;'aage seems Jrgjec;ed,{as a function of: the distance of the surface,
from the observer, the orientation of the sﬁrfag:e to the 6bserver, and the vi"sual angle

that wa's subtended by the shape that created the afterimage. One might interpret the

formula differently. Rock says that the equation relates the perceived shape of planar

surfaces which présent a constant visual angle, to their distance and orientation from

" the observer (1975 p. 70). The corresponding general claim is that a law of shape
. I

constancy can be derived from Emmert's law, since the law can be extended to make

4

predictions about shape. "Thus for every constancy there is an analogue of Emmert's
law that is perfectly comprehensible in terms of the same law that explains that
constancy".(1975, p. 561). This indicates the general rule of perceived shape that

makes the geometrical illusions seem so important as exceptions, when the rule is

v

assumed. ) ' »

What does the area apparently covered by an afterimage have to do with
percc.;ivéd shape? Rock's assumption is that, in perception, implicit knowledge of

1
projective relations is used to estimate which real ‘and present o!’:%ec‘t could cause the

lingering impression that is the afterimage (1983, p. 325). The'same implicit knowledgé

is thought to be exercised whenever there is constancy of. perceived shape. The

N

milarity.to Helmholtz's doctrine should be obvious, -though i-lelmholtz Fioes not insist

-

“\that the unconscious process must apply projective relations. It seems so evidep’t to

o
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some that Yprojective equivalence" is the central problem of form mn that it is

passed over as common knowledge in some treatments - for example, m first
paragraph of Hildreth (1984). The‘assumptio’n that projective laws are at work seems to
follow s:mply from the dependence of / perceived shape on the geometncal conditions of
vision. What basis has the putativesrelation between real shape and perceived shape?

The kernel of the assumption is that constancies of perceived shape are based

upon, or derived from, knowledge of just one of the properties of the conditions under

©

. which objects are seen. Huygen's principle for the propaéation of light describes that

- property (Rock, 1983, p.324). The principle may be posed thus: "every point of a

\ b “a
wavefront may he considered the source of small secondary wavelets, which spread out

in a\il directions with a speed equal to the speed of propagation of the waves" (Sears &

Zemansky, 1970, p. 544). Many laws of physical optics, such as the law of reflection

and Snell's law, can be derived from the principle. The propagation of light from

nearby sources to a surface, say "a flat coronal section of the lens of the eye, is a

prototypal example of a projective relation. The constancies, or in other words, the

invariants that are _preserved in the propagation of light are thought to underlie both

shape constancy and size constancy. That these are projective invariants is sﬁown in
elementary physic:s (Wyzecki &‘Stiles, 1982, pp. 2-3). Rock considers the beréeptu;\l
constancies qf shape and size to be consequ;ences of implicit knowledge of' the
projective invariance c}erivable from laws of physical optics. The property of project;ive
invarjance is meant to provide a foundation-on which psychological laws of shape
constancy can be based.

Actually, Rock's tclaim that( projective inva::iance is the basis of shape

constancy can be extended to an account of the geometrical illusions, though he does

not do so. Gregory's theory of misapplied constancy scaling is such an.account.

r}
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Gregory supposes that persistent <nd incorrect estimates of geometric quantities -- the
mark .of the visual illusions — are attributable to a mistakerz application of the
ordinary mechanisms of scaling which producé shape constancy. His assum;;tion is that a
complete theory of shape constancy explains just how the real shyapes of things are
" seen despite the effects of linea( pérspective. Gregory considers figures that produce
illusions to be impoverished \sketches in perspective (1970, p. 90).

Pet"specti\fe drawings suggest differences in depth, a;nd observé(s tend to
attribute depth to portions of figures in accordance with pictorial cues. When depth is
attributed to parts of a figure, there will be concomitant variation in the apparent size
or tilt of other elements in the picture. For example, a rectangle that is pictured as
distant will look larger than an identical rectangle that is .pictured as near. The
persistent changes concomitant with pictured depth are the aspects of the figure that
identify it as a geomeirical illusion, Gregory cites the Ponzo illusion as a perspective
drawing analogous to a picture of two objects placed at different distances (to the
observer) between receding }ailway tracks. Similarly, the Miller-Lyer illusi‘é;;"is like a
picture of the internal and e;(ternal corners of a rectilinear building, where the
arrowheads represent’ the join of two right angles. (Perspective line drawings are
known to provide cues that indicate pictured depth as effectively as do the cues
provided by shaded diagrams or photographs, e.g., Smith, Smith, & Hubbard, 1958).

Gregory'suppok{\t:\at there are textural cues that indicate the flat shape of
the surface on which the illusory figu;'e is dra:wn. Jhese "contradict" the cues that are
offered by the figure as a perspective drawéng. "To eliminate these textural cues, he
uses an arranéement of polarizers and a half-silvered mirror - an arra?\gement of the

kind that was used by Attneayve and Frost (1969) in their researches. Gregory calls the

spparatus*Pandora's Box" (it is described in Gregory, 1973, pp. 158, 159). When’
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illusory figures are presented in the apparatus, binocularly guided- judgments of
pictured dep'thl_can be made on parts of the flat figure, Different estimates of pictured
location in depth are made for the main lines of the Mﬁller-Lyer illusion. The esti}mdtes
depend upon the Steepness of the arrowhead that termipates each line. "The prediction
is that distortion iltusions should reduce to zero when scaling feature; of the figure
are the same as for the object of which the illusion figure is a representation" (1978,
p. 349).

It has been noted already that Rock's theory of shape convstancy depends on
projective invariance and perspective rules. Gregory goes beyond Rock's claim to say
tl;at projective invagiance and perspective rules provide a cor\nye/theory\ of shape
constancy that SUZN gebmetric iilusions. There is an anomaly in the theory
similar to one that will be noted in Attneave's evidence for the use of projective rules
in perception: Gregory's theory applies only if the pictured objects can be assumed to
have an extremely simple form. Not all pi‘ctured corners are right apgles, nor are all’
lines pictlred as converging actually patallel in reality. The observer is supposed to
make an unjustified assumption that is far more powerful than any that is require;i to
resolve the projective equivalence of pictures. The imbortant pointofor the present
discussion is. this: Gregors' assumes that visual illusions are equivalent to perspective
drawings that are projectively congruent to the objects they depict. The illusions are
thought to be produced by an implicit knowledge of that i)rojective\equivalgnce. His

theory can be thought of as a logical extension of Rock's account of shape constancy,
A \

though one that Rock does not accept.
\

Ullman

Ullman (1979) also believes that some geometrical laws play the role of

assumptions about the world which are implicit in vision. ~He provides a scheme that

K

!
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interprets_a series' of still views or pictures as different views of the same solid
object. The objecf might move and rotate with respect‘ to the picture plane. Geometric
T

laws are used to predict which solid object could have given rise to the series of
« pictures. Different views would cofrespond to snapshots of ‘the object at instants of its
" motion and rofation. Uliman's scheme will determine the object that gave rise to the

series of pictures, if the series of pictures can be given such a geometric '

interpretation consistently. The scheme will be discussed as it relates to successive
\Xtatic views of a single object.

C Ullman divides the problem of form perception into t‘wo‘ nearly independent
topits. He conceives of the derivation of figural unities from still views as one
problem, and the interpretatior: of those figures as projections of a solid object as a
second problem. He proposes independent processes to carry out these tasks. The‘
figurey, that‘rresult from the first process are data for the second process. Ullman calls
the first "the correspondence process", and the second "the intg’:"pretation pr?:ess".
The corresponcfence process establishes relations among the eleme:ts within a single
pictuée; it proposes a solution to the problem of figural unity or Gestalt formation.
Ullman (1978) makes it explicit that, though figural unity is achieved in two dimensions,
the locus of the pro;:ess is not the retina. The second process determines that two or
more pictures have arisen from a unique solid object in rotation or translation (or

A

both). The second process addresses the problem of "projective ambiguity"X\ vision.
Here "projective ambiguity" is a name for the theorem that a single picture

ay be a

3

projection of an infinite number of planar or solid forms. . /
’The interpretation process is the one of interest here, because it uses
geometrical rules to "reconstruct" the object from which the pictures are projected.
. The object is not actually constructéd; rather, a description of the object is recovered

[’




from the forms of the pictures. Unlike his description of the correspondence process,
Ullman's description of the intmtation process seems more geometrical than
psycholbgical in nature. He assumes that any series of still views that can be
int;rpreted consistently by geometry as successive projections of an object in rigid
motion will be so interpreted by an observer. He sees it as a psychological problem
that there are many objects (differing in shape and orientation) that could give rise to ,
the same two-dimensional projection on the frontal plane; He says that the

interpretation scheme for vision must have constraints that determine a unique

solution, or at least identify a small number of alternatives. The relevant constraints,

o

he claims, constitute "a set of implici‘t assumptions about the physical world which,
when satisfied, imply the correct solution" (1979, p. 142). -

Ullman has an exact conception of these constraints. They are geometric in
nature, and the rules of interpretation are geometric rules. The end to which he
applies geometric rules is described succinctly in his “structure-from-motion theorem".
The structure-from-motion theorem states that from Euclidean measurement on at least
three distinct affine mappings of four noncoplanar points onto a plane, the relative
positions of the rigid group of four points and their directions of translation and
rotation can be recover‘ej. In his words: "Given three distinct orthdgraphlc views of
four noncoplanar points in a rigid configuration, the. structure and motion compatible
with the three views are’ uniquety determined" (1979, p. 148). Given four coplanar
points, their structure and motion are simpler to recover than those of four
noncoplanar p;ints.\ The structure and motion compatible with several views of these
are derivable by "straightforward trigonometric considerations". Ullman goes on to
make the strong psychological claim that the procedure he has constructed to

~,

determine the structure of a rigid object (in accordance with the theorem) is a

\___———/ ) |
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comple7te account of the interpretation process in vision. That .he considers the

-

procedure a complete account is shown in his "rigidity assumption"™ "Any set of

1 4

elements . undergoing a two-dimensional transformation which has a unique
interpretation [by the theoren_l] as a rigid body m/oving in space should Qg;oierpreted as
such a body in motion" (1979, p. 146). .

Other researchers accept propositions that are equivalent to the rigidity
assumption. Research on the kinetic depth effect assumes that objects are perceived as
rigid just when their projections could have been occasioned by a rigid object, also.
Joharisson, von Hofst?n, and Jansson (1980) cite such an assumption as motivation for
their proposal of projective geometry as a primar); tool in the study of spatial
constancy. Oddly, the r'esu‘lts of an experiment by Jansson and Johansson (1973) are
inconsistent with Ullman's (igiqity assumption. In the sentence that follows their
paraphrase of the principle, they say: '"the outf:ome‘ of the experiment is in good
correspondence with such®a ... prir;ciple if the latter is extended to include also the
partially rigid motion of bending..." About this c;ne need only ask: is a bending, object a
rigid object? Either objects are rigid, or they are flexible, but they are not both.
However, let us continue the discussion at hand.

Orthographic projections I(affine' mappings onto a plane) are the data for
Ullman's procedure that recovezs the structure and motion of a rigid configuration.
These operations are more constrained than projective mappings onto the plane,
Orthographic projections preserve parallelism as well. Ullman asserts that -the
projection of light from solid objects“to the eye is not an affine mapping, but a
&rojective mapping (1979, p. 153). Ye\t he claim$ that the diff;erences between the two
types of ’picture that are produced by perspective projection and orthographic

projection are not psychologically salient (Attneave and Frost, 1969, provide some
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relevant evidence). In other words, he claims that affine and proi‘ective mappings are
not psychologically different. He proposes a method to approximate projective mapping

by a combination of the results of several affine mappings. This method he calls the

“"polar-parallel” method. His "polar-parallel" method sup{:lies an approximation to the

12

geometry of perspective projection by means of orthographic projections. The method

uses orthographic projections whose axis of projection changes from region to region.

Four closely grouped points constitute a region, Uliman makes the argument that the

polar-parallel scheme is about as accurate an appr on to perspective projection
as is evident in human judgments (1979, p. 153) He Qhat the polar-paraliel scheme
“"resembles human performance .in both its capacnty and its limitations" (1979, p. 154).
Recent research, however, has shown that human performance exceeds even the best
perfor;nance that is expected under the limitations su;:posed by Uliman's theory.
(Braunstein et al., 1986).

\ The ‘o parts of Ullman's theory, namely the correspondence and interpreta’ﬂon
processes, differ markedly in the extent of the psychological support he offers for
them. Ullman's psychological theory in the first part is_ complicated, and makes
continual reference to psychophysical researches. In contrast, the psychological claims
tha’t he presents for the geometric rules that describe the interpretation process can
be expressed in a single sentence: |

-~

"The polar-parallel interpretation scheme is advanced as a
competence theory for the perception of structure from motion by -
humans” (1979, p. 154).
This statement is decidedly odd. A competence theory is an idealization. If it is a
mathematical structure, it is not meant to approximate another ‘mathematical stl;ucture,

as the polar-parallel scheme approximates projective geometry (Pylyshyn, 1972, p. 548).
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Nor should a corflpetence theory be designed to model the limitations of perfoxmance,

as is the polar-paréllel scheme.
v N

Ullman's claim can be carried further in one of two ways. The first is to take

- h N
affine geometry as the competence theory. Ullman says that affine mappings are

psychologically indistinguishable from projective mappingls (th\ough parallel lines are
psychologically salient, and affine ma;i\%s do keep paraliel lines paraliel while
projective mappings may not). Nevertheless the constr;ints on the interpretation
proéess, the constraints that are -supposed io be taken as assumptions about the
physical world, are projective constraints. The function of the polar-parallel scheme is
bound by these ~cons.traints. Affine geometry is thus an unpromising candidate for the

/

role of a psychological thegry of visual competence. The other alternative is to taf<e
' Y

as competence theory pr;)jective geometry, which is what the polar-parallel scheme is
meant to approximate. In face of the desiderata for a competence theoryg/fit/is easier
to take the second alternative. Then Ullman's statement amounts to the strong
assumption that projective geometry is part o'f the competence theory for visual
perception, The latter interpretation of Ullman's claim for a competence theory of
vision‘coincides~ with the claim made By Rock and Gibson: that projective invariance
provides a basis for laws of form perception.

Y

The four theories that have been discussed assume tﬁat a sufficient description
of the way things look uses the sameﬂt‘erms as a description of the conditions under
which light reaches the ey;s. The projective congruences t}xat are sterved in the
ﬁropagation of 'light are the basic elements in this descript/ipn. These ‘are g}aimed__tp
ground the phenomenon that an %B’Fe’é‘f““fféiv’éa@ff&fﬁ“a}f'f&éi;t positions and distances
appears to have the same shape - to the extent that it does in fact. The e’xplanatiz'n

¥

offered is a geometrical one. The claim is made by Helmholtz .in its most general for

t
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becaus; he believes that if tt;e laws of physics were different, then the interpretation
of retinal impressions would proceed ac’c’:ording to those altered laws. The
interpretation would involve knowledge of different geometr‘ic rules. Helmholitz assumes
that whatever may be thej_ description of the way light reaches the eyes, that i;,
whatever optics and kinematic geometry might have to offer, that is what the
perceptual system will employ. He claims that our working beliefs about geometry

2]

would change so that we would come to know the true shapes of oq(jects under many

a

conditions. Helmholtz's theory is not simply _about Beliefs, however; it poses a

geometrical constraint on what count as perceptual data. Helmholtz (1878) describes
thesT geometric constrair;ts/, which imply perception of projective congruence. He holds
that, as things stand, we actually perceive projective congruence.’

Rock makes the same assumption in different words, that the causal locus of
the "proximal stimulus" is deduced from implicit and quantitative knowledge of
projective relations. The proximal stimulus is a sensation of visual angle; Rock believes
that "visual angle per se is available to phenomenal experience as a sensation of pure
extensity, quite apart from [an object's] apparent objective size" (Rock & McDermott,
1964, p. 134). Again, the geometrical form of useful perceptual data is fixed by the use
that. is supposed to be made of implicit geometrical knowledgg. (For a thoroughgoing
discussion of the relation bet\:enen perceptual data and cog_r:it:ive processing, see’
Pylyshyn, 1984, Chapter 6). Ullman concurs that some geometrical laws play the role of
assumptions about the world that are implicit in visual processing, and that these laws
etermine projective constraints, Gibson makes much the same point when he says that
what it me:ans for er;égfnmental ‘information to be conveyed is that a property of the

stimulus is unambiguously related to properties of surfaces through physical laws.

Gibson says that in vision this is normally a projective relation.

v
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Helmholtz, Rock, and Uliman's theori‘es differ from Gibson's in ma . Ways, but -

the “most salient difference is that the first three postulate a role for belief ‘and.

inference in shape constancy. By way of contrast, GleOﬂ specifies th t projective

relations should bear a univocal significance. Nonetheless, I should like to say all four

claim that observers are sensitive to projective equivalence. There is little doubt about

Gibson's claim. The others presuppose that projective properties are basic to form

perception. They suppose pro;ectlve equnvalence to be a datum for inferential

processes.< This datum has several names. Helmholtz speaks of the pattern of retinal

stimulation; Rock speaks of the measure of the visual angle; and Ullman speaks of the ’

dimensions of planar perspective views of objects. Each takes projective equivalence as
a datum, as somethmg that we can reason from, and something that does not itself

have to be reasoned to. Then the obvious difference between Gibson's theory and the

others does nokt impinge upon thé\\discussion at hand. We are studying an assumption

that all four make - an assumption that 'is logically prior to belief and inference in
shape constancy. —The four theories share this tenet: that the geometric properties of
useful data for perceptual beliefs should include projective preperties. The theories

take projective congruence as\a\baﬂe-dmm\for vision. Are these data ﬁc{ssmlejf

~

the observer? There have been a number of experiments intended to show that they

are. Still the answer is unclear, as will be seen in the next chapter.

\ . (
* .
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Rrojective Invariance and Visual Perception: Recent Research .

L

Some 'things there are which at first sight incline ;ne to
think geoﬂe;ry conversant about visible extension. .

Berkeley, A New Theory of Vision, p. 232.-

iy, -

Y
)

. An experiment may not be relevant to the theoretical claim it is meant to test.
"The existence of the experimental method [in psychélogy] makes us thinl.< we have the
means of solving the problems which trouble us; though problem and method pass one
another by" (Wittgenstein, 1958/1976, p. 232). 1 will argue that the tests that have
been made to ascertain the place of projective invariance and projective rules in vision
have not. been the right ones for the task. Projective relations are often
misrepreseRted in the study of vision; many textbooks in perceptian misrepresent
perspective both in their diagrams and in their text. (For a brief assessment see

Gillam, 1981.) Recent experiments on static figures involve the identification of

pictures or the estimation of certain geometric quantities from pictures. Most often,

N -

ﬁthe, pictures are perspective projections of squares or boxes. Two methodologies will be

described, to illustrate the kinds of test that have been made. The first kind includes

some experiments by Perkins, whose results were achieved independently by Shcpar&.

The second kind is ‘a series of experiments by Attneave and his associétes. The two
Y

kinds of test will be shown to be similar not only in stimuli, but also in the way they

fail to solve the problem. k o T,

— 5
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c Perkins and Shepard X -
Both PRerkins (1972, 1982) and Shepard (1981) claim that ~observers’ can

distinguish perspective projections of some objects, and that the ability of observers to

, discriminate’ Ahese  projections is evidence that geometric rules for projective

4 »
operations aré\ used in vision (e.g. Perkins, 1982, p. 73, 87). Yet if, in certain

- circumstances, observer succeeds in selecting projectively equivalent pairs, it

follows neithé that he knows the underlyin§ projective principle nor that he normally

has access tb_projective eq”ui‘valence. A practical example may serve to clarify the -

s+ point. In O y an observer is(}\ationed in an Ontario forest, and he is asked to |

point out maple trees. There is .an easy perceptual test: the maples are the red ones.
Under the right conditions, maples can be distinguished at_a distance of several miles,

though there will be some confusion with sumacs. It does not follow that the observer

4

can discriminate maples from oaks or birches in a reliable way. Marked decrements in

°

(performance may occur if the observer és tested in June or January. Nor does it follow

"

’ that the observer knows anything about trees, except that maples are the red ones.

The rough and ready test doe's not reflect the general standards by which maples are
| 5 ider;;iiic.;d. There are bo~tanical procedures to identify maples. A ;)articular leat
structure or a/t)?pe of arbo‘r/escence might be an identifying mark Ff maples. f An
observer is §aid to &iscriminate maple§ reliably if and when he uses such criteria. ,
Analogously, a number of ta?ks have been ‘devel‘oped for which the application of a .

éuperficial rule suffices to discrimingte perspective projections. Each of the tasks can

! be performed by -the qpplicaiion of a simple rule that does not involve projgtive

e - . T~
.

invariance. & )

0 . ’ Perkil){é and Shepard use tasks that are well-nigh identical in form. In both, the

% correct choice involves right solid angles crucially. * (The corners of a cube are right
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drawings.

o
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a 4 , , . .
& \ solid angles.) Both researchers employ other tests, BUt similar points can be made about

each. In the tasks that involve right solid angles\ they present a number of projective

These drawings are projectively ambiguous: they can be interpreted as

L

projections of any number of ylid objects. Yet they cannot be projections of an
- arbitrary three-dimensional figures A number of pictures are presented, of which same

v can be,tr;e perspective projections of rectangular boxes, that is, parallel;:pipeds all of

b

whose corners aré right solid angles. Other pictures are presented- that cannot be
interpreted s0 by the rules of perspective projection. Perkins (1972) asked subjects
_"whether each box appeared rectangular”. Shepard devised a méchanism by which

stjécts could vary ‘the shape of a Necker cube figure. This shape could vary

" continuously in two ways. He alsp-had subjects select which arrangements of three line

segments connected at a single” vertex could be perspective drawings of a solid right
* )

angle. These tasks, and similar ones, can be solved with a superficial rule. Three points

N will be made about the;solution to these problems:

.
PR 3
.
<

<

©

Only quantities in the picture plane“Tieed
The quantities are not judged creliably excep
specialccases.

The explicit- rule is not formally equivalent to a gener
for the projectiveéequivalencé of a three-dimensio
with a two-dimensional one.

T

What is the rule that subieéts may use to select possible projectigns of those

'y 4
figures that have right solid angles as corners? It is helpful to know that, apart from
rotation of the entire figure, the task has two degrees of freedom correspondiné to the

measures of two of the angles (Shepard, 1981, p. 303). Trﬁ third angle is” fixed, since

the three: angles of the picture must sum to 360% Consider angles internal to the
. k - . “ .

figure- of the pictures. There is a simple rule to predict which of the drawings are

,
v
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projections of rectangufar boxes. It is this: two angles may not subtend more than 270°

3

or less than 90°%: In Shepard's task, this rule can help one to select the region that is
Y i

not internal to the figure. Why should this rule be simple to learn? The rule reflects a
qualitative knowledge of the way that cubes (or other boxeg) look. If the subject were
not informed that the depicted figure is a box, *his decisi&s ‘would not be justified.
Given the information, he can invoke some familiar facts about boxes, and an ability to_
differentiate a rig'ht from an acute angle. It may also be added that most people have

NS

Here are the familiar facts: when a box is viewed face-on, it looks like a

practice at drawing boxes.
L)

0

rectangle. All the corners look to be right angles. When the bo@( is seen from some
otheer positions, the perimeter of the object is a salient hexagonal shape, like the

drawing of an oblique view of a cube. Abutted pair of angles on this shape look as if

T e 5

they form obtuse angles. The pairs can't louok as if they are acute. lg general, angles
are easily classified as obtuse or acute, and this applies to’ abutted angles in the
diagram of a box. The ar:gl'es of the diagram are the ones to be estimated. One half of
the ‘rulé is that two of the angl;s can't look gréater than a certain value. fhe limit is

the value at which the third would have to look acute. Abutted pairs of angles on the

o

. shape can't look as if they are acute. If the two together looked less than a right

angle, t)hey would be acute. If they were acute, they would look acute. -So these

jointed angles must never look acutej\if they are to represent a right solid angle, and

the second half of the rule is that thé¢ two\can't look less than @ right angle.

\ o
The finding that observe an use such a test is interesting, much as the

]
finding that observers can use aerial haze as a cue for depth. However, the “finding
does not prove the main claim. Shepard's claim is that "the implicit rules of formation

of internal representations of three-dimensional objects...correspond to the objectively
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correct (:ules of projection" (1?81, p. 299). The application of the test ignores the
general probiem of oprujective equivalence, even for the limited class of cases
envisaged. To make the point by arlalogy, it would be absurd to claim that Euclidean
principles are followed if equality of distances is not respected. The recognition of
equality of length is a sure test that Euclidean principles are being followed. The use
of a simple test that involves the estimation of angles does not imply sensitivity to
projective equivalence. The evidence that Perkins and Shepard present does not suggest
that an observer is a nailve renderer of perspective projections. It is one thing to
notice the perspectives of things, and another to do projective geometry. It is stitl
another to demonstrate that a "knowledge of projective geometry..has been
incorporated into ou:"percept:xal machinery" (Shepard, 1981, p. 298).

The simple observer in the analogy with which we began will not have shown
himself to be a botanisf if he “discriminates not only red leaves from green leaves, but

also red leaves from yellow leaves. Moreover, he is liable to be led astray by sumacs,

since they too are red in the fall. Neither does an observer show himself to be a

. geometer if he discriminates not only right angles, but also straight angles (180‘;

angles) from smaller angles, Nor will he know much about the projective geometry of
tetrahedra, if he identifies perspective drawings of regular tetrahedra by a rule similar

to the one cited for boxes. The rest of Shepard and Perkins' evidence is beset by the

v
same or similar difficulties. Shepard asked observers to identify perspective drawings

]

as drawir;gs of the corners of ‘a tetrahedron, or of a planar "Mercedes-Benz symbol".
. N )

Perkins devised another task that could be accomplished by an application of the rule

that icgntiﬁes thé perspective drawings of cubic corners. Each of these tasks has a

solution that involves the sum of two angles in the picture. There is a relation between

sums of angles and the projective invariants in a picture -- a loose relation that
\ .
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b

depends on a host of conditions. If the conditions are unspecified, so too is the
relation, If the pictured object is a cube, a simple inequality of angles can be used to
categorize perspective drawings. If the pictured object can be some other shape, the
relation between correct projection and "the sums of anghes is unspecified. This
ambiguity is pal:ticularly evident in Shepard's /experiment.l He pn;sented 1[5‘i‘ctures and
asked subjects to say if they were pictures of a cube, a tetrahedron, or a Mercedes
symbol. Some of the pictures represent all three objects. .

omething more than an ail-or-none reaction to the sums of angles in a picture
is required to reveal sensitivity to projective invariance or rules of projection. Nothing
need be known about projection to categorize perspect}ve drawings, if the pictured
solid "is known to be rectangular and the observer has plenty of experience with boxes
(see Perkins and Deregowski,(/l982, for cross-cultural difieren(_les on this same task).
The sum of angles in a perspective drawing provides a cue which can“indicate whether
or not the drawing could depict a specified object. What knowledgg of projective
geometry does one need to use this visual cue? None at all, or no more than one needs
to know principles of the scatter of light to apprectate~that buildings rendered
indistinct by smog are farther away than buildings that pre seen ‘distinctly.

-

What the experiments do not support is Shepard's (1981, p. 305) claim that "the

“

rules of formation [for visual representation] include some approximcatién\to an inverse
of —the-rules- governing the optical projection of three-dimensional objects onto a
two-dimensional surface”. What they do show is subjects’ ability to judge the magnitude
of a pair of angles as being greater or less than 90° or as being greater or less than

" 180°, Shepard's subjects were reliable only when they judged if a figure could depict a

“right sglid angle. They identified perspectives of 120° angles (the Mercedes symbol) less

©
-

S
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accurately than they identified n&e@ons of right solid angles, and they identified
perspectives of a tetrahedral corner less accurately stiil. \

Perkins contrived another three tasks.” In the first, observers judged the
bilateral symmetry of solid wedge-shaped forms from 'pictures of those forms. The
wedges were bilaterally symmetric just when their basesl were rectangular. In the0
second, Perkins presented pictures of medium=sized quicxdrilaterals in whi/;:l\- were
enclosed smaller quadrilaterals. Subjects judged if the figures in the gié;ure could
represent rectangles that lie in the same tilted plane in space. In anoth?/r experiment,
Perkins presented a variety of single quadrilaterals. Subjects were ask /d of each if it
could rep:\:ésent a planar figure in which two nonadjacent internal anglebsl\are both right
angles. P?rkins is explicit about the nature of his tasks. He says that the rule to
identify cubic corners and that used to judge the bilateral symmetry of the
wedge-shaped figures are "mathematically equivalent." (Perkins, 1982, p. 82), but he
does not state the relevant inequality. The similarity of the two tasks can be seen if
all the base vertices of Perkin's u(edge'figures are joined, and the plane of symmetry
’of the wedge is drawn. The other two tasks differ from those just mentioned. The
other two’ tasks no longer require subjects to sum nonadjacent angles and compare
them to 90°; they require subjects, to sum angles and compare them to 180°.

Consider Perkins' task in whichr subjects judge whether a quadrilateral can be
the projection of a figure whose two nonadjacent angles are constrained to be right )
angles. The four angles of the quadrilateral must sum to 360°. Suppose that the angles
of the quadrilateral are l}abelled 3, b, ¢, and d in the order they are encountered as
the perimeter of the figu;e is traversed. Then "there will be a common plane in which

angles a and ¢ are both right angles if and only if either angle a + b is less than 180

degrees, and angle a_+ d greater than 180 degrees or alternatively, angle a + b is
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greatg}' than 180 degrees and angle a + d less than_ 180 degrees" (Perkins, 1982, p. 84).
The sum of the four angles is 360°. Two of these are constrained to be 90°. The rules
follow as a consequence, since two angles vary. The .rule” has a form similar to that of
the rule for cubic corners. Perkins ‘makes it clear that‘the solution is the same for the

task in which nested quadriFterals may be coplanar rectangles. In fact, all Perkin's

and Shepard's tasks can be solved by a'rule of the following farms

9, +62<360-x-
91_ +.62 2 X
o
ywhere 8 stands for the magnitude of an angle. The rule seems useful to observers only
when the constant x takes on a val'ue of 90 or 180. The angles 8, and 6, can be
measured on the picture. This seems a weak test of the claim that the visual system is
sensitive to projective invariance. The three previous iobjections can be made precis;e.

The experiments are not cogent demonstrations of the perception of projective ”

relations because: ’ ‘o

EY

The estimation of angles in :he picture plane does not
disambiguate perspective drawings.

2. ' The magnitudes o such angles are not judged accurately in
the context of a figure, except for right angles and straight
angles.’ '

a




3. The rule by which the problem can be solved is not a
general one. The variables of the inequalities are two
angles. Thesé® do not provide a general criterion for
projective Yinvariance; they do not even determiye the
relative invariant of area. ‘

The said experiments cannot provide appropriate support for the claim that "the
human perceiver must be considered a 'sloppy geometer' (Perkins, 1982, p. 84) if, as

geometers, they are thought to resolve problems in projection.

Attneave

Some remarkably different experiments provide tﬁe same type of evidence that
t

Shepard and Perkins do. The studies wete conducted by Attneave and his students, who

y
made estimates of the slopes of lines their dependent variable. The stimulus objects

were either rectangles or boxes, as in the previous studies. In one classic experiment

.Attneave & Frost (1969) used perspective drawings of cubes. They sought to verify'a

principle of simplicity or "least action" in 'perceptual organization, They do not define
"simplicity", but some analogy may be found in the study of minimal surfaces. (A

minimal surface is the surface of minimum area that is bounded by a three-dimensional

\

. frame. The film that is formed when a wire frame is dipped in a soap solution {5 a good

model of a minimal surface.) Percepts, Attneave felt, are organized according to this
minimum principle: a picture will be perceived as representing the simplest form among

those which have that pr.ojection' in the picture plane; a solid form will be per&ived as

i
v

the simplest of those solids that project the same profile in the picture plane - when

there are no specific clies to the real shape. Attneave relates the principle to the
Gestalt principle of simplicity, which he says "assumes that the rules of perspective (or

some approximation thereto) are implicit in an analog medium representing physical

space, within which the representation of an object moves toward a stable state

. -
S




\
)

/45

characterized by 'figural goodness' or minimum complexity" (Attneave & Frost, 1969, p.
95). '

Attneave and Frost claim, then, that rules .of perspective are operative in
vision, Their evidence is that subjects' judgments of slope reflect a complex
trigonometric function that describes part of the projective relation between cubes and

Mpective drawings. At first glance, the similarities between Attneave and
Frost (1969) on one hand, and Shepard and Perkins' work on the other, appear
incidental; all use boxgs’or rectangle all ask subjects to judge drawings that could
depict those forms (though they could depict a host of other solid forms as well). But

L ) .,

the ‘similarity is more subtle and runs deeper. Although Attneave and Frost claim that

subjects judge the three-dimensional slant of depicted line segments, ye‘t their

judgments reflect estimates of angle in the pictures themselves. Shepard, and Perkins
‘ +
devised tasks that can be solved by a rule about the magnitudes of angles, also. Some }

‘of the comments | made on their work apply also to Attneave and Frost's evidence. As \

before:

1. Only quantities in the picture plane need be iudged,‘and
2. The rule that subjects seem to use is unlike a projective rule.

The minimum principle is meant to resolve the_"projective ambiguity" of pictures. A

Conversely, unless a picture has an inter[;retation a}‘ a simple solid, the geometric
characteristics of the object depicted will not be estimated with accuracy. Attneave
and Frost focus on the geometrical properties of one simple form -.boxes. Since,
perspective drawings of boxes have a simple and familiar interpretation, their

geometric characteristics ought to be judged accurately. The simplest among boxes is
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tr;e cube. What could be of psychological interest in the geometric properties of a

" cube? Its orientations in space provide interesting measures. The picture plane was

_taken as a plane of reference for estimates of orientation. Three adjacent sides of the

depicted boxes were judged for their orientation with respect to the picture plane.
Attneave and Frost employed an ingenious apparatus to obtain estimate-s of
slope in three dimensions. With a combination of polarizers? fluorescent diagrams, and a
half-silvered mirror, they contrived that a stick might appear aligned wit;\ segments of
perspective drawings. Though both picture and stic& were viewed binocularly, light
from the picture to one eye was occluded by crossed polarizers. While the picture did
not appear at a definite depth from the observer, it appeared adjacent to the stick, If

such a device were not used, textural cues would make the surface of the picture

apparent. Then the real orientation of the picture (it is bounded in the picture plane)

would have influenced apparent alignments. The obtrusive textural cues were

eliminated by the apparatus.

- Imagine a box somewhere near the picture plane. Each of the three dihedral
edges that meet in the vertex nearest the picture plane forms an angle with respect to
the picture plane. One leg of the angle i‘s the edge whose slant is to be judged. The
other leg is on the picture plane; it is the intersection of th’e picture plane with a
perpendicul;r plane that contains the edge whose slant is to be judged. The angle is
the slant of the edge with respect to the picture plane. Since the object is box-shaped,
the measure of that slant can be derived from the measures(‘of the angles that are
projected by right angles of the cubic corner nearest the picture plane. Two of those
angles determine the slant of the edge whose projection lies between them. The

o Pl
relation is:

¢, = SINTLjcoTa coTf
, E |
]
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wl:eré_f_ti is the angle to be estimated, and & and B8 are the relevant angles of the
_ perspective drawing (1969, p. 391). Attneave and Frost hypothes‘ized that judgments of
apparent slant would be predicted by this rule. Their apparatus enabled them to make a
simple test of the hypothesis, since subjects could be asked to align a stick with the

apparent slant of a depicted edge. What evidence is there that apparent slant is

predicted by t& perspective rule? ‘ \
Recall that Shepard and Perkins' experiments seem to indicate that the
~magnitudes of angles in the picture plane are cues for the identification of correct
perspec'tive projections of boxes. Perhaps they are cues to the orientations of boxes, as
well, Attneave realized that the data of his article with Frost could be explained just
:s well by estimates of angles in the picture plane as by use of a projecti“ve rule.
Attneave(1972), when faced with the same problem later, wrote: "I must admit,
however, to have got myself in a bit of a trap here...This is not to say that the issue
is inherently unresolvable, but merely that we have not, up to the present time,
designed an experiment likely to resolve it" (p.‘ 300). Some discussion of sampling
technique and the form of results may tip the balance of doubt in this matter. Still,
there is a prior question. How are angles in the piqture plane important to estimates of
slant? The trigometric relation given before is equivalent to:
;f:OS(a+B)+ cos(o-p) S
b= SINT cos(a+B) — cosl{a-B)

where '9'31 is the slope of the dihedral edge, and & and B are angles in the picture, as
before. The quantity a+ B is mentioned™ twice in the equation. Let Y denote the third

angle that is attached to the vertex. That angle is opposite to the projéction of the

s
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edge whose slant is estimated. The value of @+ B is a function of ¥, since the three

iad

angles sum to 360°. Perhaps the rule that predicts estimates of slant is simply that the
ap°i>aren't sla;\t of an edge increases as the projection of the angl:a ~Qonsite to it
decreases (the restrictions on projected angles that can represent cubic c%\'ners apply
here as elsewhere). Attneave himself poses the question: "What if the observer were
merely ba.sing his judgment on a mean or sum of these two angles, or, what would be
exactly the same thing, on the complementary angle opposite the line being judged?”
(1972, p. 298). lIf+B _ predicts estimates of slant ‘as well as the formula does, then the
angle Y would seem a better predictor than actt(Jal slant. Angle?Y is both a germane and

a simple quanfity. There is some indication that®+ 8 may be.a better predictor than’

the projective rule, even when its simplicity is not taken into account.

riment fails to distinguish the simple rule based on angle from the
projective rule, because the sampling of stimuli was biased. It appears that Attneave
+

and Frost used samples of pictures that represent equal intervals of the angles X and _8

. A sample based on’equal intervals of slant would have been a begter choice. If

Attneave and Frost's data points are grouped into categories of slant from 0° to 29°,

30° to 59°, and 60° to 90°, then of 27 obser{ations, 14,-9, and 4 observations fall into
the respective catngories: If slant is computed by the formula, and equal ‘ten-degree
intervals of ¥and _R are used, but the extremes are excluded, then of 28 observations,
13, 12, and 3 fall into the respective caté\gories. The correlation ofO+ 8 with Ql: isr
= 0.943 in that case. The magnitude of this correlation is as high as the regression ‘
coefficient that was found be{ween estimated  slope and predicted slope. A persistent
curvilinear trend in these data as well as in the data of other experiments indicate

that:® + B may be a better predictor. The measure O + 8 exhibits such a curvilinear

trend where the more complex function predicts linearity. The plot of _4_’1 versus X+

[
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shows*a marked curvilinear trend, as might be expected from the last formula. The
'tre.nd- is'most pronounced when the interval from Ql =80° to Ql = 90° is included. Not
one of Attneave's stimuli.had slopes in that interval. Estimates of slant for stimuli
with predicted slants in that range would have distinguished the two hypotheses.

The importance of the curvilinear trevr;zl may be seen if equal five-degree
intervals of a and _B are taken, One hundred and thirty-six value; of Sél are thus
produced. WhenQ+ 8 is plotted against él’ the regression ‘coefﬁcient for the 26 values
of'Q‘ that fall within the interval 10° to 20° is 0.23. The regression coefficient of
those 23 values of Ql within the interval 50° to 70° is 129 The change of bslope in the
indication of 'the function's nonlinearity. A curvilinear trend of this

kind is a persistent feature of the data in a series of experiments designed to

demonstrate the same point (see Attneave, 1972). The stimuli for the other experiments -

include rectangular shapes.

Two comments about Attneave and Frost's data are warranted. First, as the
boxes tended to cubic shape, the quanfity was better estimated, in the sense that the
slope of the regression line tended to one’. (The quantity estimated may have been O+
B.) Secondly, no appreciable differences were found for estimation of lSlOpe between
affine projections of cubes and perspective projections. Attneave's evidence is

equivocal; it allows the interpretation_that:

-

Moreover, subjects were asked to judge boxes only. What if less familiar shapes had
' &
been used, or any shapes for which it cannot be assumed that their corners are all

right angles? Although Attneave and Frest's experiment seems different from those of

3
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" o
Shepard and Perkins, all their tasks can be sol'vectgi\th simple information about anAgles
in perspective drawings. h
Previous research doés not seem to have provided an adequate assessment of
sensitivity to projective invariance. Since the topic is central to a number of theori;s
of shape constancy, there is reason to perform a new series of experiments. There will
be two types of experiments. In the first, subjects will be required to judge if two
figures are projectively equivalent. In, these experiments there are two important
manipulanda: (1) the cross ratio, which guages how far two figures are projectively
alike; and (2) the degree of atransformation to which avfigure is subjected. The second
is: irrelevant to projective équivalence, though it may yield a figure that is very
different from thevoriginal in the terms of Euclit_:fean, similarity or affine geometry.

Id

These manipulanda are independer;t; when the degree of transformation is null, the
magnitude gf the cross ratio is left unconstrained.It will not be possible for subjects to
achieve success by any such strateéies as might have helped them in the studies we
have just éunveyed. The infé\\}'est of these experiments isi whether subjects will be able
to distinguish projectively neutral transformations from projectively relevant changes.
' ' &

The second line of experiment will involve subjects in the ncompletion of projective
drawings of large outdoor objects. The objects are ’irregu’lar quaqrilaterals. Subjects
will be required to indicate the position of ‘a missing corner in a sketch of these
qu}riiaterals. It will be interesting to discover whether or. not subjects tend to choose
a point that preserves in the picture the projective equivalence of the object.

An historical analogy may suggest a;iothe;r reason that observers may .be

‘insensitive to projective invariance. At the turn of the century, some psychologists

wondered how the world could be seen as upright, when the retinal image is inverted.




“r
4

One theory was devised to explain how the retinal image is reinverted in the visual
sfstem. A ﬁumb;zr of‘> theories cldimed that the inverted position of the retinal image is
necessary if t‘he world is to appear upright, Some psychologis;s"still recognize this as a
" legitimate problem (Rock 1975, p."495). It's a resolved problem. Once, the
ocular-movement and the projection theory explained the "necessity" of an:inverted
image. A concise statement of the projection theordy is that "the eye projects .images or
objects into space in tt)e direction which the rays of light enter the eye or are thrown
tipon the retina" (Hyslop, 1897, p. 153). This pr%isction was supposed to follow the laws i
of physical op/ticsl The orientation of the retinal ’imagé is rﬂlo longer in the center of

controversy in psychology. That is not to'say discussion of the topic was in vain. The

debate prompted Stratton (1897) to begin research of visual adaptation to the effects

of distorting goggles.

o

Today it is generally ‘agreed that an inverted image is not necessary for the
- . g )
world to appear upright (Rock 1966, p. 17). A better explanation is that directions of

orientation are assigned to objects. The recognition of discriented forms often dependS"
o.n the correct reassignment of orientation (Rock, 1973, pp. 126-7). Therefore, "it
should not matter whether the ;:Qtir“'e image is invert-ed, upright, or tilted" (Bock, 1966,
p. 61). The otrientation of the retinal image ‘is a global property which does not
contribute to judgments of difference made with the aid‘of vision. Oi)jects have
orientation within a frame of reference (Stratton, i897, p. 184). The orientation of
objects within the frame is known in vision, The ground, hpi:izon, or direction of
gravity may be used to determine such a frame of reference in vision. A standing‘ 3
observer will see the gro’und belov;' his head, even if he stands at tr:e antipodes. The‘
\ :

inversion of the retinal image is not necessary for upright vision because ;it is a global
¢ - * g

property. Another reason can be presented., The reason will not be accepted generaliy,

L.

/f
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@ but it iscconsonant with the Gibsonian approach to perception. If one assumes that the

retinal image is not seen, then the orientation of the retinal image may be unimportant

4

(Gibson, 1951, p. 404). Ati!east, the retinal image is not important for its details, but
for the differences and invariants it reveals (Gibson, 1966, p.l 319). To put the matter

briefly, there' are two points that may account for t{\eoretical neglect of the retinal
s

image's inyersion: . ‘ . >

-

The relevant georﬁetrical property is a global property. ®

The properties of external objects ‘are seen, not the

properties of the retina, - T, : .
i ° “ | J

, In the second half of the century; some psychologists ‘are concerned with a

& similar problem: how real objects appear solid, since observers see only certain
) .
I
LY

perspgctives of the surfaces of things. A number of, theories have claimed that
perception or knowledge of ﬁ-’o;ectwe invariance is necessary if the real Dand solid

~ a

shapes of objects are to be seen. Ecological optics and the claim of implicit knowledge

of the laws of perspective Tecapitulate the usupposed necessity of fundamental ’

4 o .

prbjective"laivs in vision. The latter theory assumes, like the theory of projection’ that

%
accounted for the orientation of the retinal image, that an inference ?ollowing the

o I .

laws of optics compensates_for the projection. Perhaps there is an historical lesson to

\

‘ applied to the study of projective invariance in visual perception. There are two points -

4 v ’
"of similarity: .
. B P
o 1.  The relevant geometrical property is a global property (e.g., .
all the perspectives of a planar object have the same

L

projective invariants). .

.
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2, The properties of external ‘objects are seen, not the
properties of the retina. '

[

Geometrical rules might not need to be applied to projective equivalences when objects
are seen as constant in shape, for the same-reason that geometrical rules do not need

to be-applied to compeﬁsate for the inverted position of the retinal image. If

ptojective equivalence is a global property to which observers are insensitive, just as
they are insensitive to the inversion of the retinal image, then there may be no need
to postula'te an inf;erence on the laws of o;;,tics to compensate for projective ambiguity,
jﬁ’st as there is no need to pogtulate an inferen;:e to compensate for the orientation of
the retinal imagé. An alternative accoun; of the way shape constancy is achieved
might mention any number of visual cues that are unrelated to projective quantities.

The cues that appear to have been used in the studies described in this chapter provide

-~

ready examples. Consider the poséibility, as Helmbholtz did, that a description of
projective invariance is not a necessary feature of a theory of form perception.

On the other hand, the claim that projective geomesry isﬁ'a competence theory
. N “ . { - -
for visual perception might seem compelling, since projective geomé&try characterizes

P}

relevant invariances in the dioptric conditions of vision. Yet does the way things look

.

need a foundation in the invariants of projective geometry? The hypothesis that

projective equivalence is not perceived directly in a reliable way is worth testing, at

¢

Yleast.




. CHAPTER 3

> An Introduction to the Stimuli and Dependent Measure

How should we notice it, it people could met see depth
[diectly]? So that they were as Berkeley thought we are.

Whtgmtdmkmhmﬂ:?hﬂomhydmml,pu.

The perception of projective equivalence is the topic of the six experiments r

”t-o be reported. One way that projective equivalence is familiar to us is as the
relation bgtween various plane shadows of an object that is illuminated by

different sources,for example, the shadows of hands cast on a wall by a lighted

chandelier. In the introductory section I discussed what is meant by projective

invariance in the transformation of rigid figures. Projective invariance has been

" well understood in formal terms for over a century. The basic projective invariant

is called the 'cross ratio'. That is to say the cross ratio provides the fundamental

measure of projective equivalence. All other measures of projective equivalence
are functions of it. There ‘are no o‘ther independent and reliable measures of
proiective equivalence even for two dimensional objects - see Klein (1925/1967, p. |
151). The present chapter describes how projective invuianqe is measured for the
purpose of the experiments, The intricacies of the classical approach to projective
g\(\eometry are presented by Coxeter (1974), and the reader is referred to Klein
(1925/1967) for an expaosition of the analytic formulation of pro,ectxve geometry.
An understanding of the cross ratio is necessary if one is to grasp the

°

experiments. Consequently an introduction to the notions of the cross ratio and the

transformation of projection will be useful. The aim of stimulus construction for

-~ ' [
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the first two experiments is to produce pairs of pictures that are either

projectively equivalent or depart from projective equivalence in some known and .

measureable way. The other four experiments are different. They use perspective
drawings made with a Leonardo's window, as well as subjects’ e'stimates of a
projectively invariant figure, and some calculations on those drawings and
estimates. The characteristics of viewpoints and projecting planes, partic.:ular
perspective projections, and the computation of the two-dimensional analogue of
‘the cross ratio will be discussed in this section. Attention will be drawn to the
numerical equality of the cross ratio for a figure and for ?ts projection.

A caveat is in order. There is a qua’ntity called the cross ratio that is‘
familiar to readers of the psychological literature on shapedconstancy - see Gi;ason
(1950a), Johansson (1977), Michaels and Carello (1981), Cutting (1982), Térouanne
(1983), and Simpson (1983). Their measure is thevcross ratio of points on a line.
Note 1 describes how Cutting (1986) uses the cross ratio of Epints on a line, and
also some pitfalls ?f his approach. The measure of present interest is more general;
it is the cross ratio of points on a plane. The formula for the cross ratio on a line
" range can be derived from the same general equation as is the formula for the
cross ratio on a plane range. The cross ratio on a plane is the more suitable
quantity for‘ investigation of the optics ;>f light that falls on plane surfaces. From
;1ere onwards, the cross ratio on a plane will be called "the cross ratio". The term
_ “cross ratio on a line" will be speciﬁedw\;vhen that quantity is intended.( The use of
the cross ratio on a line has led to misunderstanding. Simpson (19{3) concludes
from the definition of the measure that projective invarjance only exists if at least
four points are-visible. The inadequacy of the measure in this case does not ihply.
that three points cannot be mapped projectively from one line to another. Simpson
supposes that the cross ratio is constant only for collinear points. He fails to

mention the extension of the cross ratio to the plane. From these false pl;é,mises,

~

/.
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he concludes that if subjects can détermine that three dots collinear on a rotating
line are indeed collinear, then the cross fatio cannot be necessary for the
derivation of structure from motion. Such confusion is avoided if the more general
measure is adopted.

The cross ratio is an invariant between figures that bear the relation of
projective eﬁuivalence to one another, and constant cross ratio implies the
projective equivalence of the figures on which the cross ratio is measured. Unlike
distance, the cross ratio bears no unit of measure: it is a scalar q(sg A crolss '
ratio can be of any value on the real number line, whether positivé, negative, or
zero. The measurement of the cross ratio requires five points. The regular

pentagon is used as the basis for the figures of the first two experiments because

it is a convenient construction on five points. Actually, the cross ratio is a

relation among four pointsy but the' measure of that relation varies as the point
from which it is calculated changes in position. The cross ratio can be calculated
as an internal geometric property of a figure enclosed by five points. In fact, five
cross ratios can be measured when the coordinate origin is taken to be a vertex of
o

a pentagon, (that is, when the coordinate origin is translated to this point), since
there are (five choose four) suitable arrangements of the points. It is important
that the. cross ratio be calcula;ecp as an \internal geometric property of a figure,
since it is difficult to identify the projection of thé origin of coordinates once the
coordinates of the plane of a‘figure are altered projectively. If the projection-of
the origin is part of the transformed figure, it is identified easily. B

How is the cross ratio computed? It seems best to proceed by example. If |,

I B
2, 3, and 5 are four, distinct points of an arbitrary figure, and if 4 is another point

distinct from the rest, then A 12 indicates the area of the triangle bounded by

-points 1, 2, and 4 in that order. The subscript of the origin, in this example point

4, will be understood. For simplicity, let areas of triangles bear a sign, just as

«~ . ) | \‘/ ﬁ
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distances may bear a positive or negative sign to describe their direction on a line.
In the plane, a triangle will be said)to have positive sign if the order in which the
points are named is counterclockwis¢. In Figure l,:_é_l_z_ is positive, since | -2+ 4
is a counterclockwise movement about the triangl'e. The area _é_}_g_ is negative.

4 . . . '
Areas whose explicit subscripts are &aversed are opposite in sign (for example, A52

= - A25).
¢

Computational formulae for cross ratios are derivable from the-é&quation

known as the fundamental syzygy. In the terms just described, this equation is:

A1Z M35 +A13 52 + ALS B3 =Q

When the syzygy is divided by the last term on the left-hand side of the equation,
and terms are rearranged, then a formula that relates the values of two cross
ratios '(left-‘aﬁd right-hand sides of the equation) is the result:
Al2 B35 =1 -A13 A25

! Al5 A32 AL5 A23
A thorough disc‘uasion 5§ the significance of‘the fundamental syzygy can be found
in Klein (1925/19/67.’ The equations tHemselves are given on page [58). Note |
describes the relations of various for’ms of the cr;)ss ratio. -

Projected shapes preserve the cross ratio of the shapes of which they are
projections, as can be measured. Figure 3.1 depicts a portion of the regulér

pentagon, Jabelled in thé manner of the formulae just presented. The areas of the

relevant triangles and the value of the cross ratio are given in Table 3.1 under the

heading "regular pentagon". Polygon 12345 of Figure 3.2 is a projection of the,

regfjlar pentagon. The method by which it was constructed will be described in a

moment. The areas of the relevant triangles and the value of the cross ratio for

——
puu———g —

this shape are given under the heading "projechted pentagon" in Table 3:1. The

value of its cross ratio is the same as that computed for the egtﬁ{ ntagon. An

yzygy to describe the

analogous measure can be dé’ived from the fundamental

-




Figure 3.1

- ' A Reqular Pentagon .
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Figure 3.2

Projectivity of a Regular Pentagon




Table 3.1

«

The Areas of Several Triangles within Two Pentagons

and the Computation of a Cross Ratio

. 60

Reqgular Pentagon

Projected Pentagon

Tftangle (cm2) h (cm})
A12 +173.12 ~11.94
A35 -107.00 Fl0.82
AL5 -107.00 +19.12
A32 =107.00 + 4.10
A13 +173.12 ~11.40
A25\~~ -173.12 +18. 31

Al2  A35 - 1l.62 o - 1.62

Al5 A32 (no unit)

2 16 SO - 1.62

1 - 9@3 A25

A15. A25

oA




- Figure 3.3

Viewpoints for Projections of the Pentagon

10

This viewpoint map depicts relations among several Yiewp@s. Six . :
viewpoints A to F specify six projections of the pentagon. The angular
separation @ between adjacent viewpoints is eighteen degrees. Thé letter
Z mark.s the centre to the viewpoi;lt map, énd was not itself \uéed as a
viewpoint. Point 2 has the same X and Y coordinates as the centre of

the -pentagon that is to be projected. The height of the viewpoint plane

is 17.41 cm. above the origin. The axes of the grxaph are marked in

*

centimet:er/s . - .

L]

o —
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projective equivalence that obtains between solid shapes and their planar

rojections. :
proj . .
Now that the notion of the cross ratio has been introduced, let us consider

the, n<;tion of projective transformation. -The stimuli of two experimentus were
constructed from projected pentagons. A viewpoiny is necessary to specify a
projection gf the figure. l;igure 3.3 depicts six viewp‘olnts which specify six
pr;)jections of the regular pentagon. These viewpoints were chosen to be
representative of a larger range of viewpoints. Figure\”/‘3.3 can be called a
viewpoint map.

| The coordinates of the projected figure are given by simple equations. Let
M be the slope in radians of a‘projecting plane, with respect to axes y and z. Let
the viewpoint coordinates be called I_l:l_, K, and L, respectively, and let the non-zero
coordinates of some point of the original ’regul[ar pentagon on the horizontal
coordinate plane be called the unprimed letters x, and y. Then the coordinates x'

‘

and y' of other points are given by the equations

x' = (L - MK) x + MHy ' : .

. My .+ (L - MK) ) oy
y' = L( Ji e )y
My + (L : MK) /
The effect of these equations is to "stretch'\\ figure in one direction. If these
equations are applied once, the x and y coordinates of the result reversed, and the
formula’ applied once again, the effect is to 'stretch' the figure in two directions.
This is the desired pm}‘ectivity. These formulae can be found in Chaptér Six of
Springer (1964). The rationale for these equations is far removed from present
purposes-. What is important is that the point coordinates so derived preserve the

3

cross ratio. They do, as can be verified. The range of transformed pentagons that

" was formed- by this procedure may be seen by a glance at Figures 3.4 and 3.5 An

%

“
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impression of the geometric means by which these were produced is given by figure

3.6.

s .

Wher‘;e the fundamentals of projective geometry are applied to the study of
vision,. some writers are misled, because they fixate on details of a particulér
axiomatization. They may fixate conventions that serve to introduce the cross
ratio. Simpson (1983) ma\kes this error, as [ mentioned. Claims. abbut projective
equivaienée, shape constancy, an’d.'the cross ratio have not been concerned with
matters of implementation and intricacy <;f computation. The means that might 2?
used to compute the value of a projective invariant can be superficially different
from a given geometrical prn;cedure. (The,computation of a cross ratio is different'
in a number of operations when one uses a ruler than when one uses a polar
planimeter.) A geometrical theorem, taken in isolation, may not fit an intended
application, For example, there is a theorem of projective geometry to the effect
that "there exist four points of whi.ch no three are collinear", (Coxeter, 1974, Th.

i 0

3.12). It would be a mistake to interpret such a: theorem blindly, as if to mean that
-

observers must always see four positions, even when th:e\ir eyes are closed.
§imilarly,_ the projective theorem "any two lines are incident with at least one
point;‘ (Coxeter, 1974, Th. 3.11) will not imply that parallels are unobservable, nor
that observers are conscient of a “line at infinity". That does not follow even
when (following Johansson, 1977), one takes fpreiecti_ve geometry as a de'scriptive
system for isual space'. In the same way, o}1e might insist that the cross ratio is
a measure applicable only to plana péntag;ns, since it has been presented here by
means of pl;mar pentagons. \That would be to have a narrm;/ view of the
application of geometric concepts. The extension of this same formula to solid
noncoplanar_shapes, and to shapes on the surface of a sphere, among other classes

of shapes, is a straightforward extension. In other words, the .dif,ferenCe between

the incidental features of a system of axioms and the essential features of its
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: The Projected Pentagon Produced by Viewpoint A )
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This figure is the projection‘of the regular pentagon from viewpoint A. Viewpoint |
A is identified in Figure 3. -

’

The coordinates of the vertices are: . .
1:  ( 8.64, 14.,99)
2:  (13.39, 14.93)
3: (15.27, 12.19) ;
4: (13.83, B.1l1l)~ ] )
. 5:  (6.70, 7.97)
6: (12.50, 12.19) '

The axes are marked._in centimeters.




’ ‘ ' Figure 3.5 L .
< -, .--’ , . . .
C‘f \ : The Projected Pentagon P‘r.'oducedl by Viewpoint F
‘ 4
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1: (3.62, 19.92) ’
: (7.75, 18.38)
3: (9.79, 15.90)
4: (9.55, 13.31)
5: (3.40, 14.90)
6: (7.62, 16.61)

. The axes are in eentimeters.

' . .
o | » .
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2 models should be kept firmly in mind in discussion of proj:ctive equivalence and
the dosNo. - ! . )
’ Incidentally, the feasibility of a computarional account-of the perception of
projective equivalence between pentagonal shapes more severely transformed (in
Euclidean terms) than these 1s outlmed in Ullman (1984 b), where the hypothesis is '
made that just these sorts of eqmvalences are captured by the human Jvisual system ‘
(though it should be noted that his "incremental rigidity -scheme" Is cast. in
Euclidean” terms rather than in prejective terms). We shall ook to see,if his claim:
is true. .o 1
“ The stimuli for the first two Experimerits may be described in turn, now

that the notions of projectivity and cross ratio/h\avé been explained.

20

L
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1
i Figure 3.6
An Overview of the .
Geometric Situation
\ (12.5,12.3) ‘{*
~ A

X

The diagram presents a rough approximation to a geometric s;Ltuatlon
that. produces t)p projective tran(s)fbrmat:.ons described in this chapter.”
The projecting plane is tilted 18 in each of two directions, and the
perpendicular distance of viewpoint A from lthe point C of a fragment of
‘the reguiar pentagon is 17.41 cm, The llne between A and C includes the,
point B' that is the projected image of C. The plane imnp of the
pro;ected figure is hinged on the origin, i. This diagram is neither a
scale drawing, nor is it accurate in projective terms.

1
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CHAPTER 4 . :
. Ll
- Experiment 1 - Discrimination .

¢ . -

Perhaps you say: "It's quite simple; - if that picture occurs
to me and I point to a triangular prism for instance, and say it is
a cube, then this use of the word doesn't fit the picture." But
doesn't it fit? I have purposely so chosen the example so that it is

" quite easy to imagine a method of. projection gccording to which
the picture does fit after all. %

Wittgenstein, Philosophical Investigations, p.54

B -

»

. * i
It is to be shown that perceiver's judgments do not reflect constant
. & '

sensitivity to projective equivalence. This first experiment assesses perceivers'
judgments in an identification task (that is, a forced-choice task). This task does
not address the problem of shape constancy through invariance directly. Rather, it
examines a prediction Atha‘c may proceed from the invariance hypothesis. Later
studies will face the problem of shape constancy squarely. Subjects are here asked

°

to choose one of three shapes as a match to a standard shape. A match is defined

as a prolectivﬂity. The formal criteria for projective equivalence weré>net

presented to subjects; rathér, several exz;mples of projectivities were prcsente;i.

The value of the crossaratio for the ﬁgureathat is chosen is the dependent vatiablg\

of an analysis of variance. The incorrect‘alternati.ve shapes in this experiment are

interesting o'n;es. Besides differing from the standard figure in cross ratio, they

violate the projective constraint of noncollinearity (explairied below). If subjects
.

choose such figures over those that are projectively ' equivalent to the standard,

then they have at best so coarse an ability to discriminate projective equivalences,

that it is unlikely to be a significant underpinn!ingn' of the robust phenomena of/‘ﬁ;\

shape and size constancy. oL a7

N . A »
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) Figure 4.1 : a

The Standard Shape: A E;rata’;ment of the Regqgular Pentagon

‘ . _ ,

< 4em, “
' The stimuli for ?‘he first experiment are parts of the regular pentagon. The

points marked 1, 2, 4 and S are fixed vertices of a five-sided figure. One '

of ‘the primed points.can be chosen as fifth vertex for a figure. The cross

1
. ! 5
ratio of the quadrilateral 1245 from the point 6 is 0.62. ‘ ' o

s
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2. Stimuli
2.1 Standard and compar ison figures ; ' ’?

Figure 4.1 presents the standard figure. The comparison figures were all

E]

based on projections of the regular pentagon. In making the projections, ail the six
viewpoints, specified in Chapter 3, were employed. One may think of the viewpoint
as the position of a point SOLH{CE ofslight. This gives us our first factor, with six
ievels - the SOURCE factor. When the regular pentagon is projected from any ofk
the six viewpoints, (see the last Chapter), it forms an irregular pentagon - sce
Figures 3.4 and 3.5. By ro’tating an irregular pentagon, each of its five sides can
be used as the ba\;e for a segr;lent. Rotation is hgeometrically neutral for present
purposes, but it yields figures that are perceptually different. All 30 ‘of these
bases (6 levels of SOURCEXX 5 sides) were used. This gives us the second factor,
with five levels - the ROTATION factor. - ’

To understand how noncongruent comparison figures were obtRined turn

again to Figure 4.1. In it there are five points labedec'i 1,2, 3, 4 and 5. These, are

ot

>4 .
the points in which/ the diagonals of,/the regular pentagon intersect. The point

marked 6 is the centre of the regular pentagon. Noncongruent comparison- figures

were obtained by replacing the projection of point é with the projection of one of

the points 1' -5'.. Note, however, that the points 3, 4' and 5 are collinear. In one

. . ﬁ 3 )
such figure, if point 6 were replaced with 3', we would have a quadrilateral. In

each combination of SOURCE and ROTATION, one of the ‘points [' - 5' gave a

rectangle.. These were not used, since there is no point asking subjects if they can

Histinggish quadrilaterals from pentagqns.' Thaty./lgft four other points ‘to ‘chovse

from. Of these two (used as origins) always )’/ieldéd a figure with cross ratio of

2,00 and the other two (used as origins) yielded a figure of cross ratio 1.00. while
. . ' o .
the second cross ratio is nearer to that of the standard figure, 0.62, a cross ratio

)
’

of 1.00 signals that three of the five points are collinear. From the standpoint of 7

AN

o o

°
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Figure 4.2

/—r . Two- Shapes with a Cross Ratio of 2.00 . ﬁ
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projective geometry such a figure is a gross departure from the standard «fiw in
which no three points are collinear. The projective constraint of noncollinearity is
tr{at noncollinear lpoints do not become collinear under projective transformation,
nor vice versa. Figures of cross ratio 2.00 also represent gross departures from the
standard figure, though this is less evident. We now have 30 comparison figures
“with cross ratios of .62, which is %he same as that of the standard figure; we have
60 comparison figures with cross ratios of 1.0 and 60 with cross ratios of 2.0'. This
gives us our dependent measure. These differenCes’ in values of the cross ratio are
gross differences. -

Since the replacement points are symmetric'al about a v&tica] axis one can
divide the ﬁgu;es to be projected into :mirror images of each other. Two such
figures are presented in Figure' 4.2. This gives us a division of comparison figures
into those based on left-hand and those based on right-hand points. Let us call this
subdivision ‘the REFLECT.ION factor. It has two levels. The three factors of the
experimental design are, then, ROTATION, REFLECTION, and SOURCE. These
factors vary between slides. ’

The standard ﬁ%re was on a ?ard before a subject all during a test

\&i attached to a wall at a distance of 2 m from the subject.

session. It

Comparison figures were presented three at a time on a slide. Each slide contained

i

one figqre that was projectively congruent with the standard, one that had a cross
ratio of 1.00 and one that had a cross ratio of 2.00, Moreover, all three
comparison figures on a slide had the same base and adjoining sides. .In other words
the three figures on a slide differed only in two line seg;nents. This means that
subjects never had topworry about rotation when they were performing their task.
2.2 The preparation of slides -
The shapes were arr;qged in triads: (with some 'replication‘) .and

photogrgphgd as such. Each slide shoW‘s_ three shapes that differ only in the

'T-N\m g

S

t




‘Examples of Slides Used in the First Experiment

Figure 4.3
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Four slides that were used in the experﬂiment are depicted. Examine the figures in

the lower left-hand’ box.

of points 1', 6 , and 5'.

One of these figures (the-top figure) has a cross ratio
of one. From top to bottom, the origins of these three shapes are the projections

~

g 8
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.position of a point on their perimeter. Only one shape of the three is projectively

equivalent to the standard stimulus shown In Figuee 4.1; it has a cross ratio of .62,
The other shapes have cross ratios ofs1.00 and 2.00. Each condition of the
experimental design is represented by one slide. Figure 4.3 gives an impression of
several slides that were used in the experiment. As in Figure 4.3, all three
comparison figures on a single slide had the same base and adjoining sides - they
differed in choice of 'origin'. Sixty slides were photographed on Kodak high-speed
duplicating film.
3. Method " | A

3.1 Subjects ,

Forty peo_ple were tested between January 30, 1984, and March 13, 1984.
Half the subjects were students or faculty in the Department of Ps;ghology at
McGill. Other subjects were recruited by advertisement. There were I7 men and 23
women in the sample, and subjects ranged in age from 19 to 44. Seven wore gl,a‘sses
during the experiment. - 0 |

3.2 Instructions

The subjects were provided with two m;éans of solving the problem posc;d in
this experirent. A lamp, a pane of gld8s, and an opaque screen were used to model
a projection. Several shapes were fixed <;n the screen, and a single shape was,
pasted on to the glass. None of the shapes on the screen were conghuent in

Euclidean terms with the shape on the glass. The lamp was used to cast a shadow

. of the figure on the glass onto the screen. The shadow was aligned for length withm,

the base of each of the shapes on the screen in turn, Only one was a precise fit to
the shadow. This correspondence was plainly evident. The subjects were informed

that the correspondence could be conceived in this way.
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The subjecis were . provided with another means of solving the task, as well.
This method was emphasized., -A slide of the standard shape was presented, as was
a card of the standard shape. The card was fixed to the wall, and the projector
was adjusted so that the beam of light from the slide filled the figure on the card
exactly. The projector was moved to show how the cross section of the light beam
changes when the.projector is tilted. Several comparisons were made between the
\’_ f \ shapé of the light‘ gatch when the beam was trained on the standard shape and its
shape when the 'beam was trained elsewhere,
! The subjects were told that these shapes are projections of one another.
They were reminded that, although mény sh.:apes are projections of the standard
shape, there are many others that are not. The instruction continued in this way:

. -Now consider this slide. One of these shapes is a projection of just this
' shape (the card with the standard shape, which was always present, was indicated).
The card on which this shape is pasted is flat. It is to just this shape I mean you
to compare those shapes. One and only one of these three shapes is a projection of
that shape on the card. There is a place in this room to which I could move the
projector, so that the light from the projector would fill just this area. As for the
other two shapes, one could not illuminate those areas exactly, no matter where
one moved the projector. Perhaps the place one would need to put the projector
would be hard to reach, or the path or the light beam might be blocked by some
object in the room. No matter. For this slide, when I move the projector to your
. left and down to the floor like this, pointing the projector upwards, the light from
just one of these shapes can be made to fill that white area. When I return the
projector to the table, and again tilt it at the required angle, you can see which
of the shapes becomes the same shape as that one (the standard).

Now,.for each slide that I will show you, one and only one of the shapes
will be a correct projection of this figure (the standard was indicated). I would
like you to say which one it is by saying "top", "middle", or "bottom", for each

« slide. The figures will be arranged in this fashion, vertically. Here is the first
slide. Do you have any questions?"

3.3 Procedure ' ‘ .

’The room lights were switched off after subjects had been given the
instructions. The stimulus patterns for comparison figures were projected on an

~  opaque screen with a Kodak carousel projector. The standard figure, roughly equal

in area to the projected comparison figures, remained constantly in view, attached

to the screen to the immediate left of where the projected figures appeared. The
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*and Ogilvie (1968) and were adapted as follows. Here an assumption of iinex scale
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screen was two meters distant from the—subi;ects, who sat immediately to the left
on the pr'oiector.’ The magnified size of the projected images was about thfee times
the size of the original drawings (the originals were dra;rn on cards of 28 x 35.5
cm.). One extra slide had been photographed which showed a centimeter ruler
placed horizontally, and one placed vertically. Tt}is slide was used to verify the
degre.e and constanc):' ‘of the magnification of the image gojected on the screen.
[Yet neither changes in the degree of magnification, nor in the tilt of the projector
to the screen, alter the projective qualities of the pattern that is presented.
Neither does the angle of -viewing the presented” figures affect the projective
qualities of the retinal images viewers received.

One slide was presehted at a time, and the slides were presented in one
of two rando;n orders. The subjects were given as much time as they required to
make each decision, They were informed that the time they jook to make their

decision was not a factor in the experiment.

4. Results and Discussion

Subjects chose a shape by saying "top", "middl;:";or "bottom"” on each trial.
The real value of the cross ratio of the sha(pe chosen is a datum for anélysis. The ™
values represented are 0.62, 1,00, and 2.00. Alth;augh the cross ratio can have any

<

real value, only these»three are used. These data may be too sparse to satisfy
the requirement of the analysis of var\icncé that a dependent measure be a ratio
variable. Methods for correcting this paucity of real \v’alues are given by Murdock
is made for the cross ratio. Although this assumption is clearly warranted in
mathematical terms, the psychological vélidity of the assumption mLy be

questioned. However, Cutting (1986), at least, is committed to the psychological

usefulness of absolute differences of .02 in the cross ratio. ‘A preliminary analysis
A

'

\»(J
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of variance showed no significant effect related to SOURCE, so -each subject's

scores (cross ratios) on the six levels of the source variable were averaged, and

the resulting averages were submitted to analysis of variance. That is, six values

of raw score were éombined to make a single data point for analysis of variance.
These new data points could have a great many values; and so they meet’ MurdockA
and Ogilvie's standards for statistical analysis. The analysis found significant
effects of ROTATION and REFLECTION, and a signiﬁéant interaction of
ROTATION and REFLECTION (see Table 4.1). Since projective equivalence is

"unaffected by REFLECTION and ROTATION, these findings support the notion that

the judgments subjects make when asked to match shapes on the basis of projective
equivalence are sensitive to factors other than those that have to do with
projective equivalence.

A word about the significance tests in this analysiﬁ: the univariate analysis
of variance of | re;;eated measures da;a. assumes constant covariance of
observations. One may obtain an_unambiguous ies{: of significance even in violation
of the assumption, by using the conservative degrees of freedom sppecified by
Greenhouse and Gei;ser (1959, p. 102). Conservative degrees of freedom will be
used in all subsequent analyses of variance. (The effect of conservative degrees of
freedom is that in any F test that involves a repeated factor, both numerator and
denominator degrees of freedom are reduced by dividing them by (p-1), where p is
the number of conditions in the factor under- test.) \

4.1 Descriptive Results \

Inspection of the data might seem to offer su.pport for the hypothesis that
the figures were chosen for their projective equality to the standard figure. The

N
number of times any subject chose any shape of a parﬁrcular cross ratio was

counted. Since there were 40 subjects and 60 slides, the total is 2400. The value

of the cross ratio for the standard figure is .62, Shapes with a cross ratio of .62
N
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Table 4.1

Analysis of Variance:

Real Values, Data Collapsed

over the 'Source'' Factor

78

Y- -
Source SS df wMs F p
Between Subjects 6.71 39
Within Subjects . 58.44 360 ‘
Rotation 7.03 4 1.75 ., 22.71 p £&.001
Rotation ; 12.07 156 0,07
X Subject§w )
Reflection 3.73 1 3.73 66.57 p & .001
Reflection 2.19 39 0,05 ‘ .
X Subjects, '
— Rotation , 22,38 4 5.59 79.04 p ¢ .pOoI*
X Reflection - -
Rotation - 11.04+-156 '0.07
$ X Reflection ]
] X Subjectsw .
. c .
Total 65.15, 399
L4
; -




Table 4,2
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Numbers of Correct Choices to Individual Slides

? ¢ s
’ SOURCE ROTATION
’ ' 1 ) 2 . 3 4 5 6 (Side of Pentagon)
' 11 10 12 6 11 10 51
B 22 29 26 27 30 28 51 .
31 26 27 26 27 30 | 12
33 32 31 30 24 25 Y
24 2y g 27 28 25 26 23 :
' 14 14 10 12 19 10 23
. 11 8 6 5 7 4 34 :
. 25 22 20 16 17 17 34 g
- 20 20 25 20 15 17 45 )
'20 . 16 18 9 ) 10 11 45
: | CaN . B
- -0 Overall Total of Choices: 1156
‘\ CoLL (max -2400) ' ) ° ‘ ,
) ' rTotals for levels of REFLECTION: A
- 539 617 (max 1200)
Totals for levels of ROTATION:
‘ 222 342 232 159 201 (max 480) S

Totals for levels of SOURCE:
211
¥

o o

»

200 202 179 185 178 (max AQ0)
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were chosen 1156 times, whiQ} while far fro;n perge'ct is‘probably better than

& | randylom respond’ing. (Since these are repeated measures, i} is.difficult to apply a
statistical Eest.) Shapes %with a cross ratio of 1:00 were chosen 708 times, Vand
those with a cross ratio of 2.00 were chbsen 536 times. The im;x'ession of
sensitivity to projuective invariance changes, however, when the number of éhoice; g
is .compared among conditions in which different focus ;)oints‘are used,

) o Consider all the comparison figures (across SOURCE and ROTATION) that
ha}ve point |' as their otigin. In each point 1' isaat some remove from ‘the
(,)rojection of point 6. The distances of point 1' from the projection of point 6 were -

avel"aged to yield a mean displacement for point 1'. Similar mean displacements

14

were calculated for each of the other points, 2' - 5'. These displacer}\ent measures
are highly, correiated with the frequency with which a projectively nonequivalent
comparison ﬁgur,vi was choien: Spearmani's rank correlation, rho(5) = 1.00, p<.01 — .
see Feecguson (1'571, p- 458). It should be noted that differences among the
displace'ment measures in question are projectively irrelevant. This finding
coincides with the results of a multidimensiona)l scaling procedure applied by
Professor Yoshi§ Takane to.a table of the numbers not;choices, cbntinkent on levels
* ' of the factor ROTATION and values of the cross ratio. He found, too, that the ™
variabiiity i these' data could be accounted for by one factor, that is,h in a
or:e-dimensional solution. (He assumed no differences associated with SOURCE and
no individual differences.) There may be, then, a single index that gques' the
J influence of nonprojective factors; this is a notion that will be taken up in the
next chapter. Such an index is not intendeﬂbkprovide any explanation; rather, it '
~provides a post-hoc description of some results.
ThT principal reason for mentioning invariance in a theor}l of vision is to
Igive some account of shape constancy. The principal reason is not to reveal how
shadows may be matched to the objects that cast them. Are these two tasks not

.
)
B
i
\
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-
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- . The signifi:aR‘effects shown by the ;nalysis support the claim that

' ' \

- ’

very different? 1f so,-do the results of the first experiment address the role of*
¢
projective equivalence in a theory -of shape :\:onstancy? A first respon§e'is that -
3

- more interesting situations will be employed in later experiments, Besides, we shall <~/
. p

. k|
want to see the results of many different kinds of tasks, to accumulate evidence
P
"~ about sensitivity tosprojective equivalence. Such evidence increases by the

. ) .
\ enumeration of cases. The same question can be asked in several ways, as this

¥
. question will be. A second response is that this task requires the sal%\e sort of

’

geometric comparison as is presupposed in standard theories of shape constancy. It
might pbe true that the sorts of projective transformations that are characteristic
of abjects and their shadows can be different from the projective transforma\tions n
that are characteristic of objects and their retinal images. Sup)pose, though, that

the Euclidean properties of shadows could be distinguished from the Euclidean

properties of planar objects projected at a slant. Then it should be considered

>

that, in both cases, retinal images may be compared as projections. If one believes
that the projective equivalencefc\)f retinal images must be compared to achieve
shape constancy, then the case of an object and its shadow is not so different. The
comparison of their ‘retinal projections must be made in the same way, too, to be

consistent.

perceivers' judgments in an identificat®n task do not simply reflect a reliable

sensitivity to projective constancy. Two aspects of the data reveal the presence of

perturbing factors. One is the dependence of frequencies of choice not only on the

cross ratio, as indicated by a fair number of correct choices, but also on the !
)

projectively irrelevant factors ROTATION and REFLECTION., The other aspect is

the greater frequency of choice for projectively noriequivalent figures whose

+ + central points- depart further from the cd(i.ec‘tLy projected(centr\al point, In
~ (S e " , S e » . 3
conclusion, it. is noted that subjects chose the wrong comparison figure in more

Y :

-~
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than half the trials. This may be a greater number of correct’ choices than the

\on.e-third expected pn the basis of random responding. Yet wrong choices betcayed

insensitivity to a gross violation of projective coné;lJence, namely a violation of the
B - /i ' . L
collinearity constraint. The impact of experiment 1, then, is that subjects do not

seem sensitive to projective equivalence in a consistent and reliable way. Though

o

it is difficult to be definite about it, their sensitivity to projective congruence

does not seem strong enough to explain so robust and so pervasive phenomena as

<

shape and size constancy. However, this is bnly one experiment and the conditions

under which subjects were asked to judge projective congruence may seem

somewhat artificial. The problem of establishing a base rate of response, against'

which sensitivity may be ‘suaged, is addressed in the next experiment. The present

findings echo Cutting's (982a) conclusion that projective equivalence is "sometimes

- -

perceived, and sometimes not",
4 R . \

+




. — \ N <<
. ~ 8 ,
» A 4 \0
. ! . o 83
e - .
' fa,
. ! " CHAPTER 5 .
. ,\ ) e " hg

Experiment 2 - Identification
- , & ) -

Suppose however, that «. the method of projection comes
before our mind? How am I to imagine this - Perhaps I see before
me a scheme shewing the method of projectxon: sBy a picture of
two cubes connected by lines of projection - But does this really

get me any further?

Wittgenstein,
Philosophical Investigations, p.55

) - .
]
*®

In Experiment -1, the angular differences betweegn - the planes of the object

and ijts shadow were not indicated to subjects. - Now, various theorles of shape

MR
Tt ue

cons'gancy make the claxm that observers are sensitive to projective equivalende;

and that they have access to those angles when they makeja use of -projective

equivalence.' It is indeed true that, given a projectivity and angles between two

i

planes, a geomefer can recover the Shape of the figure that was projected. We

r

should see 1f a clue to thg__g angles might help subjectsaperform the sort of task

that they were asked to do in the first expenmentj ThlS is still a test of the

b

geometric consequences of the invariance hypothesxs rather than a dzrect
N a -
examination of the phenomena of shape constancy. Theugh this task is more

'ecologlcally valld' than the first, suuatxons even more natural will be presented in

experlments to follow. ‘ " " .

’

The idea that slope and projected are bhoth ﬁecessarz to indicate

actual shape can be found in Koffka's (1935) construal of the invariance

hypothesis. Beck and Gibson (1955) supposed that a form as projec%ed on the fetina

"determines a family of possible apparent shapes", and that a particular shape
m P PP é

becomes apparent only if and when a measure of the slope of a physical object is

specified. They hypotheslzed that "phenom:enal shape becomes indeterminate when

phenomenal slant is made indeterminate” (p. 126).
o .

S
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e assumption that estimates of shape are allied to familiar tilt is found in

‘the literature on psychophysics, such as in Perrone (1'980);"Sldpg has been tCaried in

a number of studies on shape constancy; most of these uSe planar quadrilaterals as
\ » - \ ? \

stimuli. The criticism that was applied to Attneave'sy— Shepard's and ‘Perkins'

studies also izpplies to those experiments, (eg., Olson, 1974, and Stevens, 1983).

- -~

\‘Al!‘,their tasks can be solved with information about angles in the perspective
drawings. Attneave (1 1{) had suspected that the curvilinearity in his data could

be attributed to subjects' use of some picture-plane variable. However, he decided

~

RY Lot , , .
upon the ratio of the height to the width of rectangles as the important variable,

S e

instead of the row- familiar variable of angle in the picture plane. Olson (1974), as

/
i

Attneave's student, used the height-to-width ratio to control for the effects of

.

picture-plane variables. The control may be ineffactual if that variable is not at
R .
" the bottom of the irregularities in Attneave's datay A better strategy might have

.been to use other shapes than quadrilaterals as stimuli. Further investigation seems

r

warranted, since previous investigations a'rxg not clearly interpretable in favour of

7!
the hypothesis that perceivers are sensitivé to projective congruence. (My

t o

objections are strengthened by Stev.ens's (1983) data. H\e found that variation in an

angular measure n the picture plane has a significant effect on estimates of tilt,
L < ° .
but he did not specify the relation between the two measures.), -

How can slope be indicated on new stimuli? The stimuli of 'th‘f first

experiment are each perspective views of a number of objects which present the

same profile, though they are situated differently. 'fThough \the? stimuli exhibit

definite projective relations, each could represent a host of shapes that stand at

various orientations. The "projective ambiguity" of these stimuli is shared by all
g photographs; their "projective ambiguity" is not resolved in more complex pictures,
or by a picture more "informative" in some 'sense. How can the ambiguity be

removed? Well, subjects can be told something about the objects that are depicted.

: | \
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s Knowledge influences judgments of shape. Observers use what is called the ,
. <

o

depth cue of "familiar size", Obser\"eré can compare an object of 'unknown size and
: c .
proximity with an d)acen’g o@ect of known size, to estimate both the size and the

broximify of the ndwel object. A cue that,would resolve projeZtive ambiguity might

’ <

by analogy be ‘called "familiar tilt". When an unfamiliar shape in the picture plane
is assumed to _be the projection of a familiar shape at a tilt, the tilt of the plane

in which the fan}}iliar shape lies is apparent. There are two independent angles of

Ll .

A . . .
surface orientation (that is, pitch and yaw, or pitch and-roll, see Stevens, 1983,

. )

pp. 241-242), but the tilt.‘}& a plane away from the observer has been the variable
that has attracted most intégest. It can be asSumed that the estimated slopes of a
ofar;li%iar shape are the bes;; ésfim:a"fes of slope for coplanar :shape‘s. When the

~
dimensions of the frontal projection of a familiar shape are known, the tilt of the ,

.

familiar shape can be estimated, and then the real dimensions of other shapes that
~ i P

have been tilted or transformed in the same way can be estimated (gpart from
their absolute size and abso‘lute position). What fs necessary to this tale 1s that an
observer assume the dimensions of a familiar figure. This is not-hard to arrange.
Estimations of tilt normally depend on such assumptiohs, as do estimgtes ﬂof depth
‘based on texture gradients (e.g., Rock, 1983, p. 250 and Flock, 1964, pp. 382-383).

A familiar and regular ﬁguffg is used to indicate 'tilt here. Imagine’ an
equilateral star on a dressing-room door. In the anbsence o‘f other cue's, one can tgll

—_ 1

¥
how wide the door is open by observing the foreshortening of the star shape, since
. &
one kngws that the star is equilateral. A \Stgr on a plane tilted at an arbitrary

angle in space would.provide a similar indication, except that the foreshortening of
the star could take place in two directions independently. An equildteral star
indicates the two independent angles of surface slant in the present experiment. \

An inspection of a projected star shape provides an immediate impression of the
? “ . .
tilt of a figure in space. (Figure 5.1 gives some examples). Once the slopes of the

+>

! ! ’ .
»
\
.
ﬂ'!';."\ .
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- 'Figuré 5.1

) . 1
-

\ St . ‘Examples of the Shapes dséd in the Second Experiment -

Images of the shape at upper left are slanted at progressively increasing angles

( ‘to the frontaliyplane. The shape at upper left is a standard figure, the
remainder are comparison figures. Variations in position due to the method of

construction were nowhere greater than 2 mm. in originals.
\




-assesse¢s perceivers' ability to

3
~

- "

plane and\ a projective invariant-are known, the correspgndence of the drawing to
\

-

a pictured sh that _has the same frontal projection is fixed. *Do observers supply
.2 . . . . . C
the mxssfng bit of information, that 1is, can they identify the projective
' ¥
" correspondence of shapes? / 2% '

[ .

"

-+ Again, the experimental hypotﬁesisvis that percetvers' judgments will not

reflect -a reliable sensitivity to projective congruence. This second experiment

y

choose from among six standard shapes the one that
~ -
is projectively kcongruent with a comparison figure. That is, the sam€ six standard

figures remain before a subject- throughout; Qhe comparison figure "Change§ wit}\

?

each trial. ) \

A difference score of cgoss ratios is the dependent variable. This score is

.

the difference in value between the cross ratio of the combaorison shape: and that
~2
I K

of the standard shape a subject chooses as a match. Unlike the dependent variable

of the first analysis, this variable can have many values. If perceivers are not

sensitivepto projective equivalence, then they should not systematically match -

~ e

[1v ) ’
shapes that are identical in cross ratio. Hence the difference score of crogs ratios
13 N

should not ‘tend to zero under all conditions.

2, Stimuli RPN ‘
. 7

2.1 An indicator of slant

The stimuli of this experiment bear an indication of the plane in which they

“«
1

lie - an equilateral star. Thé perimeters of, the stimulus figures, both trar_lsformed
and untransformed, are pentagons. The untransformed pentagons are variable in
shape, but each conta_ins\an equilateral fivé—poihted star” at’ itxce.nter. The
projective transformation that is applied to the pentago‘r:\s,is applied also to the
stars,.regardless of any differences among” the untransformed pentagons. [t may be

worthwhile to foreshadow a result at this point: subjects reported théy cowld

estimate the tilt of a figure in space easily by inspet%ing these stars,
h-Y Cerh

Ty
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The reader, may wonder: if the subjects could use the transformed star
shepe to determine the slope of a plane, why could they r}’cpt do the same with the §

. . P
‘pentagons? The difference is that the untransformed stars are regular shapes,-and
LA
’ A ~
the subjects know them to be regular. Subjects do not make initial estimates\of the
i

.

- pentdgons because their dimensions are not known beforehand Nor . are such o

pentagons rehably recurrent as “fixed shapes in all the, plctures. In most trials
13 ~
subjects wgre lookmg for a pro;ecnve equivalent to a non-regular pentagon.

- . ) . s

v ! !

2% The standard shapes ) N

The .standard shapes are described first, because they are simplest., There
)
arg six such shapeg that define a factor of the experimental design. One of the

standard ‘shapes« has a yegular pantagon as its perimeter. The other five standard

shapes have an irregular pentagon as perimeter. The irregular pen}:agon is the same

in each case, except that it is rotated in position abou? the center of the familiar
shape. We call this the ROTATION factor. Each standard pentagon contains an

equilateral star so placéd that its axes of symmetry do not lie on the diameter of
N . (2
¢ v ~
the pentagon. The cross ratio can be computed from the lower left vergex to the

5@

« other points on the périmeter of each figure. Whef this computation is‘perfdimed
on the standard figures, six distinct values ‘result. These values range from 1.54 to

. 1.764 which is also the range for the comparison figure’s{ .

2
-

2.3 The comparisgn figures _ ‘ ' .

¥ The comparisoft’ figures are projections of the standard’ shapes, as in the

1

, last experiment. Again, ome may think of the position of a source of.light that

projects an image of the shape on to a fixed-plane. This position is varied to
produce shapes that are different in the lengths "of their sides, but which are\not

different in their projective properties. It should be noted that the operations|of

rotation and' projection are not commutative from a Euclidean standpoint./ A

+

rotation of a figure followed by a projection of that figure has a different result

«
e N \
. .
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than a projection followed by a rotation (seeFigure 5.2). The correspoﬁding factor'.

P

in the experimental design is called SOURCE." This factor has three levels. Hence
. . ® ,

~

.

/ 1Y A i v
the experiment has a fully-crossed repeated measures design, all conditions

.

S . . .
repeated. It is a two-factor 6X3 design. Each comparison figure was congruent

*

'with‘ one and only one standard figure, when orientation is taken into account.

Orientation was eiﬁphasized in the instructions and a5 a matter of fact orientation
\

is accessed in perception. Besides, Rock (1973) has shown that reassignment of -

orientation is difficult for subjects to achieve with unfamiliar shapes. .

a

The outline «ofp the familiar shape - the equilatere;l star - varies with. the
\ i -
levels of the . factor SOURCE, but does not vary across levels of the factor
. . .
ROTATION. The sides of any star are equal in length to tyhosse of other stars

. Vo N . . )
contained in other compari}bn shapes to which the same projective transformation

has been applied. It has been said that the star is an indicator of slope, but what
$ <
" slope does it indicate? Let us assume, ,ast for this instant, a fixed viewpoint. The

-

‘i? -
slope of the plane that is depicted in each condition of the SOURCE factor can be

. expressed 'by a single )n“umber. The ratio of the area of an original figure-and the

area of the projected figures varies as the cosine of the angl'e at which that plane .

intersects the picture plane (the formula is from Bell, 1923). The cqlhparis}on

" A \

Il > )y
figures can be pro\jected on to the picture plane by standard figures on planes that
'e

intersect the picture plane at ahgles of 32.1°, 37.9°% and 50.5°.

~

The slides were prepared and presented as in the first experiment, but this
time there was only ohe comparison figure on each. Six cards with the standard

- ° [
figures were placed in front of a subject. The spatial order of presentation of

A
tpese cards was' random across subjects.

\ o ' ' ‘

=
J
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¢ __— yoEfiExaqples of Shapes
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-

The untransformed figure in the upper left is different from that in
Figure 5.1, though its perimeter is a rotation of the other's. The other
shapes are comparison shapes derived from that standard shape. The
perimeters of the comparison shapes "are noticeably dif%:;ent from those

of the comparison shapes of Figure 5.1. The shapes of “she _stars are the
same for figufes in corresponding positions in Figures 5.1 and 5.2.




N 3.1 Subjetts |
N vy subjects ‘were tested between March 5 and April 4, 198467 "All were
“ﬁl ‘ studenqt\s\jr faculty ’at. McGill. The new s;h_ae of subjects included 15 men and 25
women,\\a,nd subjects ranged irlage from 19 to 35. Five wore gi‘asises lduring the
S experiment. A 0 . '
- - . o 3.2 Instructions )

Subjects were told .that they would have the same six ‘pictures constantly
: T

before th‘gim' (standard), and that they would also be shown slides (comparison) of

subjects were then shown the six pictureand some similarities and differences

among the pictures were noted. The  subjects' attention was called to the

¢

- orientation of the five-pointed star, which was identical in each picture. The
pictures were said to have a proper orientation fixed by the orientation of the

star. In particular, differenges in the lengths of the segmehts that comprise the
;. .

figure in each picture, in the angles of the pentagons that form the perimeter of
. / .
X 4 -
each figure, in the areas at different locations within the figure, and in sthe
-gccentricities of the stars within their pentagonal frames were pointed out.

[ 4

The comparison slides were said to have been photographed when the
/’x;amera was held at some odd angle to the pape‘r,. Subjects were told thfat this.

angle would vary. They were told that the pictures would not be. rotated or
- 1
[
revgrsed in the slides, and that the topmost point of the star on the slide would

., correspond to the uppermost point of the star in the picture.They were shown one

of the transformed figures as an example of the result. The subjects were assured

that each of the new slides represented one of the pictures. It was stipulated that

=

. the topmost. point of the star in the picture would match the topmost point of the

O b .

A

those pictures. Their task was to match a slide with one of the “pictures. The



L

a

‘4

“star on the slide. The idea that shape can be judged from slant was intnoduced in

this way: % i ) '
" Sometimes the shape of the star in the slide will be altered with respect to
the shape of the star in the pictures. 'You will be asked to identify, the slides w1th
the pictures from which they were taken, The question is: to which®picture doés”
the slide correspond? The change in the star's shape between the picture and the
slide will not help you to answer this question. In eagh of the pictures before you,,
the star has the same shape. This altered star in the slide bears the same relation
to each of those stars in the pictures. So, the relation will not help you to. judge
the differences among the pictures. However, the relation between the shape of
the star in the picture and the 'shape of the star as projected by the slide provides
a clue to the angle at which the camera was held. Do you see what I mean? One
can tell the angle of the camera, or the slant of the plane of the paper in space,
by looking at the change in shape of the star between the picture and the slide.
Can you imagine~how the camera was held to produce” this slide? - -

Tilt was expressed cdlloquially as the angle at whiph a camera must have

*og

been” held with respect to the paper to produce such a sli&e.j The subjects wsre not

asked to make theif~estimates of tilt explicit. Subjects identified a standard figure
o, 4 .

to which the comparison figure was thought to correspond. The standard figure was"

-

indicated by its number. Subjects were told that they might take_as much time ‘as )

.

+

b

N

théy desired for their decision, and subjects were asked for their questions-about ‘

the procedure.l o .

3.3 Procedure

+ After subjects hadbeen given the instfu;tions,~the comparison ﬁgureg‘were
profected gn an opaque screen with a Kodak carousel proje:ctor)l".z_‘v The "ei'ghteen
slides jwere presented in either of two «random orders. The room ligghts' wer{ left
on.‘The screen was two meters distapt from the subjects, and the magnified s'i@d};f

the projected images was about twice the size of the ori\ginal'drawings.' The-
! A Y r 2 .

experimenter recorded the responses.

A

4, Results and Discussien

Each subject's choice waé recorded for eachslide. Overall, 29% of choices
- /

were correct, which seems higher_thap-chance\(16.7%). There was, however,
. (] .
considerable variation about the general mean < see Table 5.2. y B

N
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To explore._théfdata'gurther,n_a two-way analysis of variéﬂcg was performed

- ‘ . . LR Co S
with, as dependent measure, the difference in cross ratio betweé€n pairs of figures

jgudged to match.

SOURCE, was found (see Table 5.1).

I

Post-hoc comparisons

<

p?ojectfve equivalence for four of the 's\xx levels of ROTATION

Ny
FiSs

revealed significant departures

A significant effect of ROTATION, but none associated with

from

It folff)ws that a

nonprojective factor i$ 1nfluenc1ng responses, Yet how can the pattern-of responses

A

best ge summarized and understood?

4.1

 factors that guided subjects's choices.

<’ Foreshortemng

-~

7

»

o~
1\._‘;(\

Y

There is a distance measure "that exemplme% some of the nonprolectlve

o

new dependent variable, nor as an index of a psychological procesa.

gross indicator of geometric properties that, whlle being nonpro;ectwe, are hzghly}
correlated with response patterns,

comparison figures be labelled 1 to 5 in countercléckwise ‘order,

This measure is put forward neither as a-

It 1s merely d

Let the vectices of each of the standard and

beginnigé with the

ongm. - This provides a match of véttices for any palr consistingzof a qtanddrd and

a comparlson fggure.

B

et the distance be measured between each vertex and the °

centre of the star in each figure., Let these dxst;mces be’ Iabeued in the Same way

4

)

:—«aahb

4

» as the vertices, so that,they too may be paired. For each pair, consisting of a

standard and a comparison figure,

qomputed This coefﬁcxent 15J

two figures match

in

~

. . .
let a Pearson correlation coefficient

be

an ipgdex, in Euchdean terms, as to how closely the

_shape.

The coefficient

is,

in fact,
\

an

indicator of

foreshortening, which is the relative change in distances that! is brought gbeut by

perspective effects. There is one measure of fores)wrténing for each pair of a’

> . :
standard and a comparison figure.

matched to each standard figure is given in Table 5.2 for "all subjects.

'

A tabulation of the number of times that each comparison

AP
4

i

h 3

»

¢

S

v

-

figure was
‘ ]

Thesé data -

]

[N

73 .
Recall that ROTATION is a projectively- %

il

o

\
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Table 5.1 /{ ‘
Analysis of Variance: Differénces of Cross Ratios "
£ .
N
Source sS af MS F P
Between Sabjects ~ ©.317 39 ‘
Within Subjects 8.284 680 . "
' .P‘/ - —— .
Source 0.001 . 2 0.000 0.14 NS
Source '
X Subjectsw 0.374 78 0.004
Rotation . 2,947 5 0.589 63.68 p £ .001
. ~ ‘
Rotation
X Subjectsw 1.805 195 0.009 - -
Source X Rotation 0.198 '° 10 - 0.019  2.62 NS
Source X Rotation *
X Subjectsw 2.956 390 0.00 7%
Total 8.601 719
AN
Past-hoc Comparisons a
3
Rotation Mean F for A
Condition Difference “Comparison P -
»
1 -0.0541 19.00 P 01
2 0.0765 37.91° P 2.01 .
3 '-0.1147 '85.31 P <.01
a 0.0250 4.04
5~ / 0.0199 2.56 N
3 . =0.0590 22.55 P 201 : -

The critical F is 15.60 at (= .01, calculated by Scheffé's

procedure (Keppel, pp. 97-99),

k]

z




Table 5.2 .
/% & ? .,

Confusion Matrix for the Second Experiment
b4

Here is the contingency table for\ the data of the second
experiment (40 subjects).' The null hypothesis is that a greater
number of, observations will lie along the major diagonal than off
~ it. Columns of the table are labelled by the titles of the
‘transformed pictures‘that were presented, in order from 1 to 6.
Rows are labelled by ‘the titles of the untransformed pictures that
subjects indicated to be matches, likewise. Comparison 6 is the
regular pentagon, -

B

Y

] . ’
/N | - - .

Rl y presen®ted
1 2 3, .4 I -
1 72 18 5 .6 0 57 30
. =,
2 20 .| &4 51 59 35 63
»
[
o 3 3 - ¥3 40 22 3 -7
)] 2 °
o o &4 b
L 4 3 5 3 3 6 3
[4) 1
i
. 5 1 5 6 \ 4 3 2
- - L3
6 | 12 15 . 15 126 16 15
. 120 120 - -+ 120 120 120 '

120

Correct: 197/720Q
Incorrect: 523/720

95
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a6

:

a

have been collapsed over the levels of the SOURCE factor. If the subjects had
jddged projectivé equivalences perfeétly, then all thei{ choices would fall aion§
the major diaganal of the table. If subjects chose randomly, all the cells of the

table would have equal values in the long Tun.” The pattern of subjects’ choices

Y &>

seems different from gither of thosevﬁatterns: Let us, then, see how the indicator

I ve

of foreshortening correlates with the results,

- To this end, new conf}{ation coefficients were calculated. Consider a
S ¢ ‘
matrix three times as large as Table 5.2, defined by the presented ahd chesen

©

.tigures for each of the three levels of the SOURCE factor. To each cell in the

mateix three -numbers can be assigned: 1) the number of times @at the pair was -

' ' r . e o, . -
chosen as'a match, 2) a one or a zero to indicate whether or not the pair is a
b L}

o

match in projective geometry, and 3) a correlation coefficient (as a méas(wq of

foreshortening).,” The point biserial correlation of I) and 2) can be computed, as can

the Pearson correlation of 1) and 3). The' point biserial correlation of 1) and 2),

which indicates Ehé degreé to which projective equivalence predicts the pattern of

subjects' choices, does not account for the pattern of subjects' choices. That

correlation is small (r(108) = 0.110), and nonsignificant (t(106) = 1.14, Ferguson, |

1971, pp.356-358). The Pearson correlation of 1) and 3), which indicates the degre;'

. - ’ a e
to which nonprojective factors account for the pattern of subjects' choices, is

large (r(90) -="0.898) and significant (t(88) = 19.14, pi:Ol) where it can be
comp'uted‘. If amassumption of average frequency of response is made for those pairs
where the correlation could not -be computed for lack of variance, then the
correlation rjmains hi‘gh (r(108) = 0.882) and significant. The measure of
f\oreshort‘ening is not significantly correlated with 2). These calculations provide
evidence f‘& a post-hoc claim that subjects' tesponse patterné':dveréll are better
explained by nonprojeétive pf'operties than by projective ones. This confirms a

[

-
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&

&

a

tendency that was noticed in Experiment 1, In fact, the tendency is more marked

in the second experiment.

a

I might: obsgrve/, in passinhg, that Professor Yoshio Takane has performed a

.

multidimensional scaling of Table 5.2, which contains frequencies of choice to pairs
of “the standard and comparison flfgures. In thisaexlperiment‘ as in the . last,
variability in frequency of choice - could be explained adequately by a single

e
‘dimension. It seems in view of the-correlations just-reported, that such a dimension
rs o -

. |
can either be identified as fereshortening, or is closkly,\,correlated with it.

Though the tasks that were presented in the first ard second experiments

~

may seem different, the 'yame projectivities are produced in the two situations that

- 2

"were described to subjects., There'is a common geometry {0 both shadow-casting
— - , ¢
and the projection of shapes at a slant. There is little except the directioh of the

propag\ation of light to giiferentiate,the two situations. One could imagine that
relative size differeﬁtia'teé the two situations. When shadows are cast, the result is
often la;'ger than the original shape. When outlines -al:e photographed at a slant,
.the result is often smaller than the origina‘i.‘ This might lead one to say that one
relation is the "inverse" of sthe ott‘\er, in the sense of a transformation and its
qinverse. Yet the two situations are identical in _projective terms, as shown by the
equalhity of the projective invariants. These two 'situations are best conceived not

as a transformation and its inverse, but as projectively similar situations, whose

relations are best described by the transitivity of equality. Eagh standard figure

may be a picture of each comparison in either experiment, just as each comparison
'may be a picture of each standard. Egqually well, each standard may be a shadow
o('f" each comparison, just ;s each comparison may be a shadow of .each standard.
This\ assertion. is no mere theoretical postulate; these shadows and pictures can be

produced by mechanical means, with some little troubfe. In addition, it should be

noted that a projectivity of a projectivity is itself a projectivity.
N
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Théz main poir‘wt that can be made about the res;Jlts is ttﬁt squects were not
particufarl; ‘responsive to projective congruence. Stfbjects identified projective
matches in less than a third of the.trials. In addition, the significant effect of
ROTATION in the analysis supports the claim that subjects' judgments were
sensitive to nonprojective influences. This fact;>r is indep?ndent of both projective

B
éongruence and cues to slant. -JThus, even when an indicator of tilt is added tg a
projected shape, subjects' judgments do not univocall); reflect sensitivity to

\ -

projective equivalence. ., .

Shadows and photographs are mere cr&tgh_e_s to a single set of mathegmical
intuitions. Psycholoéically, too, the two crutches are simiiar. The sorts of
distortions of an object that can be found in its shadow can all be found in its
phot?gr:aph.» One is accustomed to seeing the strange effects of foreshortening in
.each, for example. Nevertheless, it is of interest that the results of the first
experiment are extended when a new metaphor for presenting the task is

introduced, as well as an indication of tilt. The evidence begins to mount that

viewers are not finely sensitive to projective congruence. The ‘next experiment

<

extends. the investigation to ask: are these findings supported by the results of.

another task in an 'open-air' setting?

-

.
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CHAPTER 6  * e
- ‘ ‘ \
- 14
~ . Egperiment 3 - Production )
. Every projection must have something in common with what f@’
is projected no matter what is the method of projection. But that . °
only means that I'am here extending the concept of ‘'having in ~
. common' and am making it equivalent to the general concept of
32_;;\ projection. P .

» -

4

Wittgenstefn, T ‘
Philosophical Grammar, p. 163

. A different sort of éxperiment is undertaken next. The stimuli for' the first two °

-
1

experiments were photographs of geometric constructions. They:are not the usual or
natural stimuli for vision. Gibson's research, in particular, stressed that results should

4

have "ecological validity" for large out-of-doors objects in natural viewing situations.
The present experimént assesses perceivers' ability to reproduce the projec“ted shape of
a large object §éen iln daylight. . '

In this experiment subjects were required to estimate the proigczted shape ofﬂ
two largé planar objects. The subjects were given gncomplete perspective drawings of
tt}e objects, and asked to indicate the apparent position of t\bo features by placing two
marks on a drawing: When a subject ,placed. these marks a figure was formed on which
two PSS ratios could be measured. The quotient of these crossfatios is called the
cross ratio measure. The difference of this cross ratio measure from that of a correct
perspective drawing is the debendent variable for analysis. If perceivers are not
sensitive to projective invariance, then the cross ratio measure of their estimated
figure can be significantly different from the cross ratio measure of a correctly drawn

£
perspective sketch.’

¥
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100 ) ) Figure 6.1 >

A Photdgraph of the Object .
L)

.
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This is the view from the lobby of the seventh floor of the Stewart Biology
o

L 4

Building. The phot_ograph' was taken from the eighth window. ~The experiment
t

was conducted during the summer months.

o

\
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+ is sdme 5.4 meters as measured by plummet. The floor of the greenhouse roof is on a

2. Stimuli
. R « . o
The stimult for this experiment aren't natural in the way that a geological

3

. 4
formation 1s natural, but they are part of a large greenhouse that was visible from the

4

main part of McGill's Stewart Biology Building. (It was demolished in summer 1985,)

Figure 6.1 is a photograph of the greenhouse roof, and Figure 6.2 is a schematic of the
14

same view. The main part of the Biology Building has a bank of windows that faced the

greenhouse. The near edge of the greenhouse was some thirty five meters south of the

L}

windows., . - . . ’ .

Six yiewing stations were arranged at six windows, three on each of two floars

4 -

that overlook the greenhouse. The windows are all of the same shape. [f the windows

[

€
aregfcounted beginning from the east, then the stations from which the stimuli were

b

seen are the fourth, eighth, and twelfth® .windows of the sixth and seventh floors.

%igure 6.1 1s the view from the seventh floor, eighth window. The horizontal distance -

-

between adjacent stations is some 5.0 meters«,{and the' vertical distance between floors

o>

level with the fourth floor of the main building. The viewing stations correspond to a

factor in the éxperimental design. Accordingly, the experiment has a one factof design

with six levels. It isa repeated measures design, all conditions repeated.The factor is
Pye

called STP:TION.

Correct per\spective drgwings were obtained at each yiewing station by means
of a Leonardo's window. A level‘ was chosen .some distance above each window-sill, and
the middle of the level was marked at each window. Call nt‘geée points D. A horizontal
line of five centimet&s in length was ;irawn' to the left of Bé G this segment DF. A

-

b .
transparent rectangular grid, Leonardo's window by another name, w§placed over this

) > - °

4




Figure 6.2

‘ . A Schematic Diagram of the Object

. H .
- - - *
. o . .
- 3 .
. o
R .
- , 4
.
B

F « - D .

- &
) This diagram is the master projection for the seventh floor -and eighth window.

The line FD on.the object is horizontal in a frontal plane to the observer.

o

The cross ratio was measured for quadrilateral ABCD from point X and for ,
quadrilateral DCEF from point Y. Fixed points X and Y were inserted into the

. diagrams after subjects had placed two dots on each side of the diagram.
<

\
-
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4

'so that the x axis of the grid was level. The experimenter aligned the length of DF

with the bottom of a panel of the greenhouse roof, thus fixing a projection. The

position§ (those apparent to one eye) of all the vertices of the stimuli were marked on

the grid. The grid was then removed. ¢

Incomplete copies were made of the correct perspective drawings. Figures that

are 'Y'-shaped remain when the lines that include the points A, X, Y, and F are

removed from the drawings. These parts of 'the master drawings were photocopied, then

: - " . 3 - ) -
collateq into booklets containing one of each picture. The copies were arranged in,

4

random order within each booklet. A transparency of the same part of the master
drawing was placed on each window. The transparencies were appropriate to<the

windows; meaning, the figure copied on the transparency would be align}:d with the

dihedral angle and flanges of the gr(«\aenhouse just when the segment DF was aligned as

in the production of the master drawing.

2.1 Variability in the cross ratio «

First of all the quotient of the cross ratio for the two quadrilaterals ABCD and
DCEF in the complete correct drawings was calculated, to check on the accuracy of
these drawings. The quotient was taken in order that all the data might be used
economically and efficiently - in fact, by working with this quotient a great economy
of computation was effected. Since the cross ratio of each quadrilateral is a constant
across the six viewing windows (STATION), so too is the quotient of cross ratios. To
permit the calculation of cross ratios, two points — one interior to each quadrilateral
— were noted in eact; drawing. These points are marked X and Y.in Figure 6.2, There
was, in‘fact, a slight variation in the quotient of cross ratios thus calculated. It will

come up again when we come to analyse the data.

Vi AT 2T S T
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Since the dependent variable of the analysis depends upon the corresponding

cross ratios in subjects' drawings of the projectivities, we should be clear about how it

A\

was estimated, A subject was asked to place points A and F on the answer sheets -

appropriate for a particular window. The experimenter subsequently entered points X
\-

and Y in the correct position in the answer sheet.and then calculated the quotient of

cross ratios for , that response. The formula used to make the calculation is

ADcY AEFY )
ApFY AFCY

AnBX ACDX -

Aapx AcBX

. Call the dividend ¢ and the divisors 2. The dependent measure was obtained by

subtracting from the quotierit c: a for each response the value of the 'true' quotient —

the 'true' quotient being that which wés]obtained from the complete and correct

drawings, namely {.33.
3. Method ' ‘ *

3.1 Subjects

Twenty subjects were tested between May 28 and June 12, 1984. The subjects
were students or faculty in the Department of Psychology at McGill. There were nine
men and eleven women in the sample, and subjects ranged in age from 20 to 32. One of
the subjects wore contact lenses, i,welve of the subjects were lgft—eye dominant, as
determined by a sighting task, described by Porac and Coren (1981).

3.2 Instructions ' - ’

The mstructwns g.;ven to subjects were as Follows:

This experiment concerns the shape of the gréenhouse you see outside. In
particular, it concerns a certain part of the greenhouse; namely, the two sloping planes

of glass that form the very end of the greenhouse; the plane of nearly triangular shape
that” slopes down and forward like this (gesture),and the plane that slopes off to the
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- . -
side like this (gesture). If I were to make a crude drawing of that part of the
greenhouse, it might look like this: \3

"

As you can see, this is a very crude drawing. The transparency before you on
the window ﬁa picture of just this part of the greenhouse.

’ 9

g

Namely, the picture is of the two short edges at the top of that part of the
greenhouse tcféether with the long edge that slopes down and forward from them
(gesture). Do you see the correspondence? Later you'll be asked about the two corners
of this part of the greenhouse 'that are not included in the picture on the window:
these corners. -

-

%

That is, you'll be asked about the position df the lower left-hand corner of this
plane of glass (gesture) that slopes down and forward, and the position of the far
<orner on the other plane of glass, that is, the corner nearest the street.- There are
other parts of the greenhouse that might be drawn in schematic like this: . *

You will not be asked about those corners. Stand in front of this picture, then
focus on the greenhouse. You may notice that the lines of the picture on the window
appear to be doubled. Do they appear to be doubled? (Alternate instructions concerning
the apparent doubling were given if the subject responded "no".) ‘

Pls

¢« . Oned image appears to be on the left, and the other on the right. I, would like

" you to align the ’ ("right" or. "left", whatever the contralateral side to the

dominant eye) image with the corresponding part of the greenhouse. Here's what- is
meant by "align". This point (a point on the picture was indicated) should appear to:
coincide with that corner (a point on the greenhouse was indicated) and that point
shoulg also correspond to that corner. Both these points on the pictures should appear
to coincide with points on the greenhouse at the same time.

What is important is that the length of this segment (the vertical segment on
the picture was indicated) should have the same apparent length as the long edge of

o e (
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the greenhouse that sldees down and forward. Their I@hgths should appear to be the
same. You may need to move about to discover whqlle the correspondence can be
achieved. Tell me when you have aligned the L ("right” or "left" as before)
image with that part of the greenhouse. (When the subj{ct responded, he was given a
pen and clipboard with the appropriate diagram. The didkram was a photocopy of the

transpare}\cy‘ on the- window).

On this picture, I'd like you to mark in the corners I mentioned (their
descriptions were repeated). Indicate their position by, small dot or a cross
on the paper. You may need to look back and forth fro window to the paper

several times to do this. Try to be as accurate as you

L

After the subject marked in the dots he was led to the second viewpoint.
. The task was performed six times, once each at s.ix station points. The order of
station points was randonﬁzed\across subjects. Subjects were allowed to hold the
response form at the orientation that.was most comfortable for them. This may imply

some change in the geometric characterization of the viewing conditions, but that is a

'

.matter which will be attended to in later experiments.

S

4, Results”and Discussions ) . .

The dependent measure for the first analysis is the difference between "true'

[}

and observed cross ratio quotients. One subject's data were ehmmated from the |

analyses because his scores were a factor of magnitude larger than the scores of other
subjects, * Variability in the values of quotients of the correct drawings is noticeably
less than that of the quotienjts of subjects' dra\{/ings. The comparifon is made in Table

6.1. Subjects' quotients were_much more variable in two conditions than in other
q

'y ¢

conditions. The former conditions represent the viewing stations farthest removed from
the greenhouse. These two conditions are eliminated from this analysis of variance.
“Though analysis of variance is fairly’ robust to violation of the assumption of

homoscedasticity, particularly where cells of the analysis contain equal pumbers of

N <

L]

”
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Mean Estimates of Cross R;%SBS for the Master Drawings
and for a Typical Subject

Table 6.1

3]

v

1

¢

¢ for subject A.S.

Window a ! a
. 1

7,4 1.27 1.32

7,8 _ 1.33 1.09

7,12 5 1.39 2.04

6,4 1.56 ' 0.83

6,8 1.30 0.74 '
6,12 1.18 . -0.69 .

|

Y

I =

The variance of the estimates were significantly different.

{£(4) = 16.44**, Ct (o¢= .01)(4) = 8.610, McNemar, p.246}

r

)

Variance in Estimates of the Quantity ¢ ¥ a

Fléor, Window

Standard Deviation

of EBtimate

7.4 , .47
7,8 .34
7,12 / . 1.28
: %
, 6,4 . A
) 6,8 . W71
6,12 % 1.25
. p-}
52 52
(7,12) = 16.65 (6,12) - 15.96 .
2, . 2
S(6,4) “S(6,4) .
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observations, yet the “magnitude of -the differences in variance across conditions is

- -

-

large,

*
- ! i © 3 - - .
An analysis of variance was performed for the four remaining conditions. It
¢ % . L

&

showed a significant effect of STATION on the cross ratio measure of the estimated
figures. Again, conservative degrl}' of freedom were used in making thg’_F_ test, to
avoid unwarranted assymptions about equal covariance in ‘the repeated measures design
(see Table 6.2). The finding indicates that the departureg from the trixe\cross ratio
measure are not uniform across conditions, as would be expecte.d if, for exagllple; the
differences were due to random variability in cross ratio. That is not what is observed.

4
The two largest departurés among the four are significantly different from zero, as

Ashown by post-hoc compari':;ons (see Table 6.2). They represent distortions in projective

properties, . " . ‘
Another analysis was done that used the estimates of trapezium ABCD only.
Each subject had made a mark to cémplete drawings of this shape. The distance and
orientation of this mark from the position of the corresponding point in a true
perspective drawing is taken. ‘All the mean departures are significantly.different from

the correctly projected point, as shown by Mahalanobis' 152 computed on the

coordinates X and Y. (See Table 6.3. Mahalanobis' D? is equivalent to a familiar

. i statistic, Hotelling's Tz, when T2 is adjusted for sample size. For Hotelling's Tz, see

Scheffé, 1959, p. 417). When scatterplots of the placements for each drawing were
produced, the true point was found to be: af an extreme of the gﬁstribution of the

estimated points in each case. Though these findings relate to Euclidean properties,

% - ¥

|

\ .. .
theyl\s//tirongly support the thesis that perceivers' judgments of apparent shape in a

natural environment reflect insensitivity to projective equivalence. '

o

k3
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Table 6,2 :
{

+ Analysis of “Variance: Corrected Ratio of Cross Ratios,
Two Conditions Eliminated :

«

= -
i

) 7] 4 o o
Source ss  df MS F P
e i ‘
b, et *
‘ Between Subjects . 7:§8 18 . /\
Within Subjects 11.48 57 .
Station 2.52 3 - 0.842 5.08 .053xp> .0l
v - .
Station .
X Subjects ° 8.95 54 0.165 -
Total '* T 19.36 75 .
' ®
[ .o
\ "Post-hoc Comparisons N
! L4
Mean © F for
Station Difference Comparison \f’ '
. 7.4 -0.386 . 8.57
' N
7,8 -0.760 .7 33.11 P 2.0l
6.4 -0.482 13.35 P £.01
. (0]
6,8 -0.265 ] 4.03 .
The critical F is 12.60 at (= .01, calculated by Scheffé's
prdcedure.
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" Table 6.3 ° =
' Departures of Vectors from tero (mm., )
N
Mean of X  Mean of ¥ Mahalgnobis' F -
Condition. coordinate coordinate ~ D value ' p.
7,4 3.84 6.97 1.53 13.70 <.001
7,8 6.87 '6.04 212 19.03 <.001
7,12 9.§L 5.57 154 13.84 £.001 .
6,4 3.66 4.74 355 31.82 < <.001
5{8 6.81 4.04 13.20 11845 <.001
6,12 9. 20 3.52 236 21.14 -<.001
nd = 19
} <
1 "
v -
@
¥ r'
“ X J
~==

.
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4.1 Areas and ordered distances \ -
L ’ onn
There*are measures that may help to show that projective consi rationy being
\ %

.

shouldered aside in subjects' responses. Thesé® measures are meant \ to indicate

perspective or foreshortening effects. One measure is related to a geometric property

I

internal to figure ABCD,,; while the other is not. The adjusted vector sum of the

~_/

departures of observed from true points was computed for the figure /\B%D at cadheof
A L3

the six viewpoints. The pattern of the vector sums runs counter to that which would be _

“expected on the basis’ of unguided error (for example, as in Heywood and Chessell,

1977). A schematic of the results is shown in Figure 6.3. \

-

Is ar( internal geometrical property of f{igure A'BCD associated with the

direction and magnitude of the adjusted vector sums? A -comprehensive search was

y
made of the_ variable line lengths, anglesy trigometric functions of angles, and areas of

individual triangles of the six estimated figures A'BCD to find such a quantity. None

providled a medium-sized or - significant correlation with the operties of the
i

o

corresponding figuces ABCD of the master jprojections. One chz teristic of figure

A'BCD, as estimated by subjects, showed a 'stgong relation to the corresponding

‘property of the projected figure. An ordinal ranking of the area of the figures ABCD

of the master drawings correlated strongly and significantly with the "arca of the
25 ,

_figures produced (see Table 6.4). The (c/:orrelation does not, however, account forpboth

the magnitude and direction of the errors in estimating the position of point A. For a

éiven area of a particular’ figure, the vector including the estimated point could vary

in both direction and magnitude, yet still produce a quadrilateral of the same area.
[+ ' .
Perhaps some external geometric variable Wwill capture the departures better.
L

One variable that is of interest needs some introduction: The panes of glass from

I3

which the observations were made form. part of a wall of the Biology Building. The

e

viewpoints can be assumed roughly coplanar, since each subject stood at asm's length

from the rwindows\ when they made their judgments. Call the plane of the windows

$
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-, o Fiqure 6.3 1

’ l‘ — R - .
Average Deviations’ of Estimated Points A' from the
Correctly Projected-Point A

»

.

Ry W — — — —— — o—

lem, -

.
I em, -
3
Y

' ®
The mean deviation of estimated points frof the projected points of a corner of '
the _object abcd is shown for various viewpoints. The rows are the seventh and '
six}:h floors of the building. The columns are the fourth, eighth, and twelfth

windows of the lobbies. Both the direction and the magnitude of the deviations

w

are portrayed.

- N w\ N4 . Lo - .

i



g]& i N i Table 6.4

- Rank Correlations between Measures on the Estimated
and Correctly Projected Figures ABCD
in Experiment Three

* N o I .'

. ) 'y
Measure 1 Measuregz Spearman .Rank
\ . ) - Correlation
Projected Estimated 1.000
o . .

Distance Estimated 1.000
Distance JProjected >~ 1.000

N ' Distance . Angle —l.ObO

i

n= 6, Crho (6) (one-tailed) (¢ = .01) = .943

~ \ . »

Projected: The areas of the\quadrilateral ABCD for the master drgwxngs.
Estimated: The areas df the quad;ilaterél‘A'BCD as found by construction
on the subjects' estimations of the position of point #.

Distance: The perpendicular distance from the viewpoint to the line of .
' / .intersection of the object plane and the plane of the viewpoints
{plane abcd and plane ABCD). o '

N

%

- Angle: The deviation in' directiog of the mean vector from the
: ' horizontal.” The mean vector is the deviation of gsubjects'
‘estimates of thé position of point A from the position of
point A in the master drawing.

. :

Note: Each subject estimated a positicn for point A. Each of these
points deviated from the projected position of point A. The
deviation can be represented by a vector. The vector sum over
all subjects and for one drawing is a measure of the average
deviation of the subjects' choices. The magnitude and direction
of this vector sum have several correlates, as displayed.
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_ Figure 6.4 ‘ \ T,

[y

-

! The Pyramid with Object as Base and a Viewpoint as Apex

-

GRLENIHOUSE

B

WINDOWS

&
There is a pyramid that has & viewpoint as its apex and the séﬁmulus object

as its base. The variant geometrical quantities of this pyramid change as

p4

the viewpoint changes, and, as a consequence, those{quantities change as the
perpendicular distance from the viewpoint to the object plane changes.

4

p—
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ABCD, just as the quadrilaterals, and call the plane of the greenhouse face abcd. The
quadrilateral figures in the drawings are projections of the object abcd. Plane ABCD"®
intersects abcd in a line. This is the line at which surface abcd disappears. One looks
"edge on" at the plane abcd from certain positions in the building. Once these positions
are known, the disposition of the line can be calculated. A variable that correlates
with béth the magnitudes and the directions of the discrepancies of estimation is the
ordinal ranking of the viewpoints for their perpendicular distance from the line of

intersection of the planes abcd and ABCD. The correlation between the ordefied

distances and the estimated areas was high and significant, as was the correlation

between the ordered distances and an ordinal ranking of the projected areas (see Table

_6.4)r The ordered distances also correlate with the angle of the vectors from the line

of intersection, which lies -71° from the horizontal. »

The significance of an ;)rdering of the perpendicular distances of viewpoints to
plane ABCD is that the distance is the key to the dimensions of thé pyramid between
the viewpoint and the vertices of the object. Such a pyramid is depicted in Figure 6.4.
All the variable quantities in the viewing situation can be expressed roughly as
functions‘of the variability of these distances, since other k?)"% variables vary but li'ttle
in this situation. Book twelve of Euclid is sufficient to demonstrate these propositions.
Perrone (1980) found perpendicular distance to be important in the perception .of
texture gradients. He sought to explain slant underestimation (see Gibson, 1950b). He
used the hypothesis that, when confronted with the ~ stimuli ordinarily used in
experiments on texture gradients, a subject mistakes his distance to the edge of the
aperture tht:ough which he sees \a gradient for the perpendicular distance. He supposed
that this mistaken assumption results in an illusion of slant. In turn, that illusion would
result in an illusion of shape, on the hypothesis of shape-slant invariance. Thus, the

slant underestimation phenomenon may be related to the departures from projective

invariance seen in the present experiment. It should be noted, however, that this does




1lle
not detract from the significance of the new finding that subjects are not reliably

»

sensitive to projective congruence.

The significant effects shown in the analyses support the claim that perceivers'
judgments in a production task do not simply reﬂect‘ sensitivity to projective
constancy. There are real differences between projections and subjects' productions.
The cross ratio measure that was computed shows real differences across viewpoint
conditions. Relative differences in the measure across conditions are evidenced by the
outcome of the analyses of variance. The effect is not explained by a "pheriomenal

regression to the real object" in terms of area (see Note 2 for an explanation).

g

Yet the expérimental task is so simple. When it is performed, it seems
compellingly obvious. What could be more apparent than the position of one clearly
visible ‘point close to se:eral og\ers? It might have seemed that the apparent position
Mmust be related to projected position. After all, we are told that "the optical
information abouf other bodies available at the sensory' surfaces of each organism is
governed by the geometrical laws of perspective projecti;n"‘(Shepard, 1984, p. 422).
When these results are considered, it becomes less than obvious that what is useful
visual information is governed by the laws of perspective projection,: since the basic
co\ngruence of perspective projection is not reflected in a variety of judgments guided

’

by vision. Nevertheless, we must look at several factors that might haye affected

subjects' responses in such a way as to obscure sensitivity to projective equivalence.
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' . CHAPTER 7 -

q o

Experiment 4: Effects of Training

1 explain various methods of projection to someone so
that he may go on to apply them; let us ask ourselves when Ve should
say that the method that I intend comes before his mind. ‘

Now clearly we accept two different kinds of criteria for this: on
the one hand the picture (of whatever kind) that...comes before his
mind; on the other, the application which...he makes of what he
imagines. (And can't it be clearly seen here that it is absolutely
inessential for thecpicture to exist in his ima;ination rather than as a
drawing or model in front of him...?) o

Wittgenstein, v
Philosophical Investigasions, I, p. 55 e

One can imagine certain objections to the interpregation of the results of the
last experiment. Some of the objections might be inspired by a belief ‘that projective
geometry provides a competence theory for the visual percep,tjvon of form. For example,
someone could propose that most of the negative evidence that has been provided is
due to performance factors. If com tence is remote from performance, particular
judgments by subjects may be <;f small irplportance to formulation of a colmpetence
{
theory. The negative evidence would then. be tangential to the standard theoretical
claim t)hat we are sensitmive to projective equivalence in vision. Though this objection
sounds dogmatic, it does raise inieresxing possibilities. It suggests an appeal to
individual differences, to learning, and tol the contrast between novice and expert.
What if someone were born lwit'h a perfect ébility to detect projective congruence, juist

as some people are born wi}h perfect pitch? Or what if some people could be trained

to judge projective congruence, and their performance were genéral to a variety of

[y

%
L e
;m




118

situations? Such performance would tell agéinst a raciic;al claim that projective
invariants are in t,act invisible,

The fourth experiment concerns expert judgments of proj;cted shape. Members
of ‘professions that require training in perspective drawing might be more sensitive to
projective invariants than most of us. Consequently, students of architecture were
recruited for an experiment: - All had had instruction in descriptive draughtfhig and
systems of projection. It is possible that practice had improved their skill at
reproducing the projected shapes of planar forms. In other words, the effects of
instruction on sensitivity to projective equivalence will be assessed. Subjects estimated
the projected sl:\ape of the same planar object as in the last experiment, a quadrila‘teral
pane of the greenhouse that belonged to the McGill Department of Biology. Subjects
were given an incomplete perspective drawing of the guadrilateral, and they were
asked to indicate the position of a feature by placing a mark on the drawing., Again, if
perceivers are not sensitive to projective equivalence ther)\ the cross ratio of their
estimates of the projected shape éan be different from the cross ratio of a correctly
dra\:}n perspective sketch (i.e. the "true' cross ratio). The null hypothesis is that the
cross ratios of the architects' estimates will be ’no closer to the true cross ratio than

that of untrained subjects' estimates.

2. Stimuli . -

The stimulus was part of the greenhouse used in the prev}o‘us exper}ment. The
relevant part has been identified as abcd and its projected image was called> ABCD.
The reader is referred to previous illustrations (Figures 6.1 and 6.2) for an jmpression

of the shape of the stimulus. Nine viewing stations were arranged at nipe windows,

three on each of three floors that overlook the greenhouse. The statighs from which
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AN
the stimuli were seen are the fourth, eighth, and twelfth windows of the sixth,

seventh, and eighth floors. In subsequent discussion, the fourth, eighth, and twelfth

windows will be called windows one, two, and three, respectively. Perspective drawings

were obtained anew at each viewing station by means of a Leonardo's window, as

+ described in Chapter 6, Section 2.

R

Incomplete copies were made of the correct perspective drawings. Figures that

dre shaped like an inverted L remain when the lines that include the points A and x
@ - 2 —

are removed from pictures of the figure ABCD. The figures DCEF ‘were also included
as aids to fixation. These par;gs“’ of the master drawings were photocopied, then collated
into booklets coptaining one of each picture. The copies were arranged into 27

booklets according to the entries in the rows of three different 9 x 9 Latin squares.
PN

Transparencies were applied to the windows at each station point as before. For the

L}

[ § S
comfort of the subjects, the heights of the transparencies "above the windowsill were
changed from the last experiment. Since each subject made a response at each of the

nine windows, viewing stations contribute a repeated measures factor. I call that

factor STATION; it has nine levels. '

q d : i 7’

3. Method

3.1.  Subjects

Twenty-seven ;ubjects were tested between May 9 and June 18, 1985.

’

suBjects were final-year students in the School of Architecture at McGill. There were
seven men and two women among the architects, and they ranged in age from 20 to 30.
Five were left-eye dominant for sighting tasks, and those subjects used their left eye

in aligning the transparency with the stimulus object. The other two groups of nine o~

subjects were students or faculty in the Department of Psycﬁglogy q}\McGill. There

- |
[

-%
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were four men and five women in the second group, and they ranged in age from 21 to
25. Four were left-eye dominant for sighting tasks. There were three men and six

women in the third group, and subjects ranged in age from 22 to 29. All nine were
left-eye dominant for sighting tasks. ’ \

- - -
- P

“
- ’

- ? r

3.2» lnstéuctions and Procedure - :

The instructions t& subjects were idehtified to those givenﬁ/n the third
experiment, The present experiment was conducted by Karen Wynn. The angle at which

» .
the clip beard was held was not strictly-controlled. The effect of such a control wiil
be discussé:d in the next chapter. The order of the nine station points was
counterbalanced by a different Latin square for each group of nine subjects. The three
¢

groups of subjects form a between-groups factor’ called EDUCATION. It has three

levels. Recall that thd viewing stations correspond to a within-groups factor called

STATION. The experimental design, then, is a two-way between-within 3 x 9 design. It

may be noticed that both S:l'ﬁ/,\TlON and EDUCATION are random-effects factors. (At

3 q g
least, they may be construed as random-effects factors -- or rot — for the

. generalization of results, though their levels were not randomly assigned. The issues of

the "language as a. fixed effects" debate may be invoked here. (cf.,QClark, 1973). This
cgnstrual of the factors has no consequence for the direction or significance of the

0
present results.) After the two'groups of control subjects had performed the task,~the;‘y

. - &
were presénted with a set of complete perspective drawings and a corresponding set of

incomplete drawings. They were asked to copy from a complete drawing the position of

o . . - 3 . l - ’ . -
the missing point in each of the nine incomplete drawings. This procedure provides an

4 -~

estima]te of the effect due to the copying task itself. These draw'ings weke presented in
. . . 'Y

{ R N
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the same order as the viewing stations themselves.

4, Results and Discussion

The dependent variable for the first analysis is the cross ratio of the shape t'hat

a subject produces, minus the true vafue of the cross ratio. The cross ratio was

~ calculated as follows: a subject was asked to represent point A on the answer sheet

appropriate to a given window. Subsequently the experimenter entered a point x (see
Figure 6.2) in- the correct position on 3‘the answer sheet, and calculated the cross ratio
of quadrilateral ABCD from poinf, x. The dependent measure was obtained by
subtracting the value of the 'true' cross ratio from the cross ratio for the responses.
The 'true' cross ratio is that which was obtained from the complete and ‘correct
drawings. An analysis of variance showed a significant effect of STATION on the
dependent measure (see Table 7.1). Hence cross ratios in at least one of the conditions

are significaritly different from the mean corrected cross o gross violations of

homoscedasticity were apparent among :the conditidns. "'A significant effect of

a —

EDUCATION was also found, so that cross ratios in at \east one of the groups were -

\

. different from cross ratios’in the other groups. A quasi—i\vas constructed to test the

L V. . - .
significance of this effect, because of the presence of.random-effects factors in the

design. The quasi-F was tested with two and thirty degrees of freedom, following

Winer (1971). No significa

found. It is important, to know if these effects represent departures of the cross rati
‘ -
found

1 teractfog of the factors EDUCATION and STATION was

N . v
from its 'true' value. Departures in the cross ratio from fts 'true' value wer

among levels of the factor STATION, a?; witnessed by the test that is tabled for ™,

¥
claim that ;uc&gments in jthis task do not reflect a umffgrm sensitivity to projective
. ﬁs !

LN . . LN ~ ) -

viewing, station _é,r_Z/ (Table 7.1), The significant effect of STATION substantiates the
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Table 7.1
Analysis of Variance: Corrected Cross Ratios
. i .
. *
N o
Source SS df MS F P
# ) d s
Between Subjects 355.98 26 "
Education 84.72 2%  42.36 3.41* p £ .05°¢
. . ;4
Subjaects within
. Education - 271.25 24* 11.30
. ’ . .
Within Subjects 525.53 216 p .
Station v 163.43 8 20.42 11.66 .01l 2 p £ .001
_Station X Education- 25.82 16  1.61 0.92 _~_ NS
Station
X Subjects : 336.27 192 -1.75 -
Total 881.52 242 o
B 2 \

* A quasi-F was constructed in which the numerator is the sum ©of
mean squares for EDUCATION and STATION X SUBJECTS effects, and
the .denominator is the sum of mean squares for SUBJECTS WITHIN
EDUCATION and STATION X EDUCATION effects. This procedure, as
well as the construction of appropriate degrees of freedom for
this ratio, is outlined in Winer (197!).” A simple ANO?A produces
the same trends. R

A post hoc comparisqnawas performed on the largest difference

from the correct cross ratio amgng STATIONS. That mean difference

is 2.07, and the F value of the- corresponding comparison is 32.99.

The gritical F for that comparison, wheno«= .01, is 16.00,
*. > -
as calculated by Scheffe's procedure. o '

.

g

G a
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‘De?értures from the True Cross/Raticp for Three Groups
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The cross ratios of the estimates of shape that were made by three groups

o om—

are plotted. Mean cross r?tios for the group of architects are plotted by

Station points are plotted on the abscissa and values of the

'

. solid lines.

value of the cross ratio is 3.06,

.

"o r Cross, ratio on the ordinate. The ‘true'
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equivalence. Departures of the cross ratio from its true value were. also found among

C levels of the EDUCA{ION factor. The scores of the group of architects and the scores
* of the second control group depart significantly from zero (p < < Ol), ‘but in opposite
! directions. The absolute value of the departure in mean cross ratio-shown by the group
of architects is greater than that shown by the combined contrﬂol g}oups. At very least,

this substantiates the hypothesis that sensitivity to projective equival;p@g among
trained subjects is no better than among nc;'fve subjects. The differences among the
groups are difficult to interpret; for instance, a hypothesis that the.differences might

be due to the varying number of rﬁeno and women in each grm'xp would be controversial

at best (cf. Caplan, MacPherson and lTobin, 1985). This particular hypothesis will be
pursued later. Recall too, that no significant interaction -was found between the

STATION factor and the GROUP factor in the analysis of variance: one effect seems

uncomplicated by the other. An illustration of these trends can be seer} in Figure 7.1,

The 'true' value of the cross ratio is 3.06. The shapes producedl by architects show real
Y

deviations in cross ratio from that value. The magnitude of the deviation changes with
. . . . . 4 :
the station point at which the architects stand, in the same way that that magnitude
. changes fof nalve subjects. The main finding is.that architects do not produce shapes

that are closer in projective terms to correct projections than do subjects who have

not had the same training. An education in systems of projection has not made the

. cross ratio any more gvident to these observers. .
) Perhaps deparz;}\\is from the 'true' cross ratio could be attributed to errors

<

induced by the task of 'copying' a varietf of different shapes. At the same time as the
> subjects saw the greenhouse, they, also noted its projected shape on thé€ pane of glass,
and their task can be construed as one of copying the projection on the glass on to the

answer sheet. To test this idea, I had the eighteen subjects of the two control groups
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: $ Figure 7.2. -
s g ¢

Departurés from the True Cross Ratio for Viewing and Copying Tasks

-

Obtained by 18 Subjects
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The differences for a'task in which those eighteen subjects copied a point

by freehand from correct perspective drawings are plotted by dashed lines..

Cross ratios obtained in the experimental task vary more than those

obtained in the copy task. . =
. A

!
i
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estimate the positions of points on fresh answer sheets by copying them from correct

£

perspective drawings. Each station point was répresented by a drawing. As before, an

analysis of variance was petformed on the cross ratios of the shapes the subjects

“estimated. No significant ¥eparture from the mean corrected cross ratio was found (the

mean corrected cross ratio for all ‘subjects‘ and all conditions on this task was 0.2'4)._
The cross ratios for this task and. the cross ratios obtained in the. main part of the
\Speriment can be fourmd in Figure 7.2. The magnittde of difference in departures of
pdsition between the main task and this copying task cangbe seen in Figure 7.3. A
circlke) of radius 16 mm., centered ’on the correctly prt;jected’point A, encompasses all
the paints estimated by all subjects in the copying task. The same circle encompasses
J - -
only 51% of the points estimated by the¢ same subjects in the other task. To encompass
99% of the scatter of those other points, a circle of radius 100 mm. is required. Most
of the points estimated in the experimental task lie in the first quadrant, while the
poifts estimated in theucopying task are distributed as if by randon}kscatter about A
The d)eviations in cross ratio for the main task, then, are not atgributable to the
mechanical requirements of the task. (It is unlikely too that the difference between the
copying task and the main part of the exper\iment is due to a one-trial practise effect).
Rock (1983) claims that subjects can perceive the‘ extensity of objects, that is, the
visual angle they subtend. He says subjects can estimate extensity in an exact way, as
if they were able to copy their impressions of shape. If he were_right, one wpuld be
led to attribute subjects' initial performances in this experiment to some irrelevant

factor that is characteristic of the task. The copying results make hig position less

probable.

‘
!

Nor are subjects' estimates biased by the question they were asked about shape.

One might think that the right way tq ask subjects about perceiveg shape is not to ask
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Figure 7.3

THe Magnitude of-Departures of Estimated Positions from

Corréctly ProjecfgdjPosition for Viewing and Copying Tasks

16 mm

N

s §

The magnitude of departures in position from a correctly p&ojected point are

‘plotted. These are the values for all estimates made by eighteen subjects

in the control groups. The two conditions that are depicted are the main
experimental task (VIEW) and the copy task (COPY) of experiment four,

Tﬁgugh a radius of 16 mm. includes the scatter of 100% of points in the COPY
condition, it includes only 51% of the scatter of points in the VIEW condition;
A circle of radius 100 mm. is required to encompass 99% of those points, While
the scatterplot for the COPY condition is nearly circular, q?st of the points

in the scatterplot of the VIEW condition fall within the upper right quadrant

of the larger circle.
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them ;i\bout apparent shape, but about real shape. One could say that subjects do not

C | :

properties of an object. Having viewed the greenhouse roof from several windows,

thirteen new subjects were asked to sketch the shape of the object‘abc% They did this

by positioning four dots on a paper to copy the 'real' shape of that quadriléteral. 'Real

L |

shape' was introduced to subjects as the shape an object would present if seen 'face”

on'. The cross ratios of their sketches were measured, and they were hfghly variable.
The best estimate a subject made to the 'true' cross ratio of 3.06 was 3.88, and the
worst estimate was 19.42. The standard deviation of the cross ratios was 4.18.
Althouéh subjects reproduced salient features of the 'object, such as the parallelism of
lines bc and ad”and the axis of symmetry, the cross ratios that I computed on their
estimates \;ere wildly variable:~ Clearly the question that was posed about app\aren;
shape is not misleading, since,- by contrast, questions about objective shape lead to
even greater departures in cross ratio. Again, the departures that were found initially

are not due to an artifact. Simply, even when trained in systems qf projection, subjects

do not estimate projective properties well.

4.I  Ordered Distances

On the basis of the data of the last experiment, some hypotheses were made

about the following variables: one, the mean direction of departure of estimated points,

twé, the mean area of the estimated shapes, three, an ordering on perpendicular

; distances, and four, the correctly proj;:cted areas of shapes (the reader may refer back
(to Table 6.4). The objective quantities three and four, that is, the ordering of areas of

cotrectly projected shapes ABCD and the ordering of perpendicular distances from

station points to the intersection of planes, are correlated because they are related
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Table 7.2 2
Rank Correlations between-‘Méasm:es on the Estimated
and Correctly Projected Figures ABCD

G Experiment Four v .
!
¥ i
Spearman's Rank
Measure 1 Measure 2 Correlation " )
Projected Estimated 1,000
Distance Estimated ‘> 0.867
N )
Distance P;oj\ecteg ] 0.867
Distance ' Angle -0.717

.

n=9, Crho(g) (one-ta:.‘led) (= .01) = .783

C . . (9) (one-tailed) (= = .05) = ,600 ‘ . ‘ ‘
rho v B

\

Projected: “he areas of the quadrilateral ABCD for the master drawings.

Estimated: The areas of the quadrilateral A'BCD as found by construction
on the subjects' estimations of the position of point A.
- ,
Distance: The perpendicular distance from the viewpoint to the line of
intersection of the object plane and the plané of the viewpoints
(plane abcd and plane ABCD).

o

’ Ang‘ le: The deviation in direction of the mean vector from the

- horizontal. The mean vector is the deviation of subjects’
estimates of the position of point A from the position of
point A in the master drawing. . T

LY AN
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geometrica?ly. Further, the ;ize-distance invariance hypothesis (eg., Kilpatrick and
Ittelson, 1953; R;éck, 1983) supposes that estimated areas will mirror ttle exact h]nction
of those metric variables of area and distance. Since s{ze-distant:e invariance seems a
reasonable hypothesis, and is one that has had some experimental basis, it is not
sueprising to find that the ordering of -estimated areas dges again correlate with those
ordered variables in the present experiment (see Table 7.2). Rank correlations were
used to emphasize that subjects are not taken to have access to Euclidean measures of
the relevant quantities. In fact, contrary to the hypothesis of size-distance invariance,
projected areas and m;an estimated areas are not related by the same metric function
in the Experiments.B and 4.'Though the slopes of both are nearly one, the intercepts /o/f/

/
the two regression lines afe separated by about 1200 mmz. Though the correlations may

s
explain how the hypothesis of size-distance invariance has received support/,/yet this
result runs counter to the claim that an exact and constant correspo/l)dénce exists
between visual angle and perceived shape. The data are consistent with the
interpreta'tion _that subjects achieve nothing more than an ordinal scaling on extensity.
This finding reinforces the initial imprefsion that non-projective factors influence
judgments -of projecti\;e equivalence.

In gener;l, the significant effects shown in the analysis support the claims that
the cross ratio of the estimate of a projected shape is different from the cross ratio of
a correct perspective drawing, and ‘that the cross ratios of estimates made by
experienced subjects are not closer to the true cross ratio ‘an those of other groups.
These results are free from several artifacts; that could be imagined. These results and
the results of previous experiments all point in the same direction: that normal

subjects' attempts to judge projective equivalence are significantly josiled by

nonprojective factors., There is some indication that their performance may reflect an
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» ordinal ‘scaling on areas or magnitudes of visual angles. The results obtain even when
subjeéts are familiar with techniques of perspective draughting. The appropriateness of

these architects as subjects may be questioned, if one requires extreme finesse as a

£
,}cr\iterion for expert performance. (Some mathematicians claim to be able to tell the

y . e : )
Idimensionality of fractal shapes upon inspeétion, for instance.) Yefwhat has been done

casts doubt that moderately skilled subjects are more s7hsitive thhn halve ones to

projective equivalence. One can reflect, too, that even Canaletto, used ~a._camera

obscura to produce his perspectives. 7




) . CHAPTER 8

Expgriment 5: Effect of Viewing Angle

’ ~

To say that a person's seeing a tree is in principle the same
sort-of affair as a negative in a camera being exposed..will not-do at
all. But a great deal has been found out about seeing by working-on
um(;gies like this. It is, indeed, the good repute of these discoveries
. bribes us to try to subjugate our untechnical generalities- about
seeing ... to the codes that govern so well our technical generalities
about cameras ... Nor is there anything to warn us beforehand whether

 or where the attempted subjugation will fail.

3

Ryle, Perception, p. 110 .

The -results ah:éady obtained raise several questions,of which two will be the
focus of this chapter., In tt}? last two experiments subjects placed‘ a dot on a sheet to
indicate their response. The spaﬁal}orieﬁtation of that sheet was not fixed, but :‘ather
subjects held the sh'eet as was comfortable. Now, significant effects of the orientation
of the stimull;s to the subject have been found. It is natural to ask if there are

* - significant effects of the o:'ientation of the answer sheet. In the next experimeng\tjnat
factor was systematically varied. In additioh, the effect of sex differencl\é on
responses is explored. } S ‘ . )

2, Stimuli

-

The stimulus object for this experiment is part of St. James' Church, that faces
the Arch Street windows of Humphrey Hall, which houses the Department of Psychology
at Queen's University in kingston, Ontario. Figure 8.1 represents the stimulus oBject.
The importent points are detailed; the_\b'ack wall and chimney are salient features of

the church. Figure 8.2 shows the quadrilateral that can be traced from that

perspective. The near edge of the back wall of St. James' Church is some 33 meters
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Figure 8.1 .

i

A Photograph of the Object

This is the view from one

N ]
Hall. The photograph was

s 4
v

window of the conference room of Humphrey

taken from the first window. ,
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Figure 8.2
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This diagram.is the master projection for thecfirst window,
correspondence of these labelled points to ggétures of the object’

is ‘picturel in Figure 8.2.

the Object
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\ distant from the plane of the windows. Theﬂ nearest” viewing Jtation is 22 meters distant

from the line of intersection of those planes,
Three viewingﬁstations were arranged at three windows in the conference room
of Humphrey~ Hall. If those windows are counted, beginning with that nearest the

church, then the statioh points will be called stations one, two, and three.s¢The

-~

- a . n .\. .
horizontal distance between adjacent stations is sgge/fa‘metres. The viewing stations

correspond to one factor in the experimental design: .the factor STATION.

3

. Correct perspective drawings were obtaipgd at a constant height at each viewing

- .
station, by means of a Leonardo's window, as before. Ingomplete topies were made of

T > ped o
the correct perspective drawings. Figures that are 'L' shaped are formed when the

lines that include point _2_ are removed from the drawings. These parts of the mastér
drawings were photocopied, then colla‘tea into booklets containi_ng one _of each picture.
The copies were randoml)? ordered’' within each ‘booklet. A transparency of the same
part of tl':e master drawinJg was placed on each window. 'The transparpngies '\;vere
appropriate to the windows. The cross ra:tic‘)’that - was estimated from the master
drawingsiis 1.20. This is the cross ratio of points 1, 2, 3, and 4 from point 5 (see
Figurep8.2). A salient feature of the experiment is that the positioning of the answer
sheet ‘was varied. In o;\e condition (call it NATURAL) t'he answer sheet was placed on a
clipboard which subje;:ts held as they wished - as in the two previous experiments. In
the other condition (call it FIXEd) the clipboard with answer sheet attached was
placed over the Leonardo's wingow\. The reason for this was as follows. The answer
sheets were exact reproductions of the figures of the Leonardo windows. If the
orier;tation of answer sheets is important, the position éﬁat xought to field the most*
accurate: results is when the answer s”vhee;t‘is superimposed on the Leonardo’s winf!ow

N .

from.which it was copied. Hence the FIXED condition.




136 - '

3. Method v : : .

3.1 Subjects

Twenty subjects were tested betweem Jinuary 6 and 21, 1987. The subjects were
drawn from the undergraduate subject pool of the Department of Psychology at Queen's
* University. There were 11 men and 9 women in the sample, and they ranéed in age

from 18 to 27. Five were left eye dominant for sighting tasks, and 15 were right eye
dominant for sighting tasks.

3.2 Instruction and Procedure\\,}

¢

The instructions given to subjects were as follows. =

This is an experiment in visual perception. You will be asked to judge the
apparent position of -a part of St. James' Church, which you see outside. In particular,
the experiment concerns a certain. part of the church, namely, the back wall of the
building, "and the chimney. If I were, to make a crude draugng of that part of the
church, it might look like this... . .

The transparency before you on the w:indow is a picture of part of the church.
Namely, the picture is of the long vertical edge on the left side of the back wall, and
of the small horizontal ledge that runs above the ground. (Gesture) Do you see the
correspondence between the picture and the parts of the church? Later you'll be asked
about the top right hand corner of the chimney. (Gesture) There are other parts of _the
building that might be drawn in schematic like this ...

5

" You will not be asked about those. Stand in front of this picture; then focus on
the church. You may notice that the lines of the picture on the window appear to be
doubled. Do they appear to be doubled?

-

One xmage appears to be on the left, and the other on the right. I would like you
to align the ("right" or "left", whatever the contralateral side to the dominant eye)
image with the corresponding part of the church. Here's what is meant by “align". This
point (a point on the picture is indicated, and marked. on a more complete diagram) and
_ that pomt should also correspond to that corner. Both these points should appear to
" coincide with points on the church at the same time.

~

What is important is that the length of this segment (the vertical segment is

indicated on the picture) sho ve/the same apparent length’as the long vertical

edge of the back wall of the/€hurch.” Their lengths should appear to be the same. So

should the length .of this segdignt and the horizontal ledge. You may need to move

about to discover where the correspondence can be achieved. Tell me when you have
aligned the (“right" or "left", as before) image with that part of the church.

. ~
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At- this point, the instructions continued in one of two ways depending on
whether the condition .was NATURAL or FIXED. The instructions for the NATURAL

condition, in which subjects held the response board as they liked, continue as follows:

Sl

(When the subject responds, he or she is given a pen and clipboard with the
appropriate diagram): On this pxcture, I'd like you to mark in the corner of the chimney
that I mentioned (its description is repeated). Indicate its position by marking a small
dot or cross on the paper. You may need to look back and forth several times from the
window to the paper to do this. Try to be as accurate as you can.

5

The instructions for the FIXED condition, in which the position of the response

sheet was fixed by the experimenter, continue as follows:

(When the subject responds, he or she is given a pen). 1 would like you to keep
your head as still as possible. In a moment, I will ask you to make a mark on a paper
that obscures your view of the back wall of the churgh. I'll ask you to mark in the
corner of the chimney {{ts description is repeated). You should try to keep your head in
just the position. it is now. Practise raising your pen as if to make a mark on the
transparency. Take care fo preserve the correspondence of the image with the parts of
the. church,, Now I'd liké you to indicate the corner of the chimney t{\at I mentioned.
Indicate itskposition by marking a small dot or a cross on the paper,

* Ready? (The response sheet is placed on the window so that it is aligned exactly
with the transparency that is used as an aid to fixation). Try to be as accurate as you
can.

The task was performed six times by each subject, once under each of the

e
NATURAL and FIXED conditiens at each of three viewpoints. The three judgments in

the NATURAL condition were made before those of the FIXED condition, or vice versa,

R

and this order was counterbalanced. The present experiment was conducted by Veronica

Horn. The two condit‘}ons form a within-gr&ps factor called CONDITIONS. -The three

) viewing stafions correspond to a within-groups factor called STATIONS. - T

experimental design, then, is a two-w’gy 3 x 2 within-subjects design.
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( : 4. Results and Discussion Y

L]
¥

The dependent variable for the first analysis is fhe cross ratio of the shape that
a subject produces, minus the true value of the cross ratio. An analysis of variance
showed a significant effect of STATION on the dependent measure (see Table 8.1).
Hence the different windows yield siéniﬁcantly different results. An effect of

, - iy
CONDITION was found to be significant at the levgl p<.05, so that cross ratios in the

FIXED and NATURAL conditions differ significantly. No signiﬁa}(\iqteraction of the
factors STATION and CONDITION was found.

is important to know if there are si;nificant departures of the cross ratio

from its 'true' value in the factor STATION. There is, as shown by a significant

| post-hoc comparison (see Table 8.1). If fact, for that particular STATION, nt;ﬁindividual

esimate falls below the 'true' cross ratio of 1.20. The strong effect of STATION

v
indicates that judgments in this task do not reflect a reliable and uniform sensitivity to
the cross ratio. One effect of CONDITION is interesting. In the FIXED condition the
range of cross ratio differences (1.53) is twice as large as in the familiar NATURAL

condition (0.78). The variability in response is significantly ditferent between the two

conditions.at both the second window, [t(18) = 3.091,p £ test for the difference

of correlated variances is taken from McNemar, 1962,

<t(18) = 3.575, p £.01). A comparison of Figures 8.3 and 8.4 shows this effect.

——These results cari’ be explored further by plotting the mean vector for departure

from the 'true' point‘for ‘each “CONDITION at each STATION. Figure 8.5 gives the

’

result. Mahalanobis' D% was calculated to see if these vectors are significantly greater
than zero. Each of the six is, as Table 8.2 shows. The overall effect is that while a

adopting the FIXED position for the answer sheet does affect responses, it does not

make them more accurate. ‘In fact, it made them more varjable. These results suggest

©
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Tab .
able 8.1 139
Analysis of Variance: Corrected Cross'Ratios
. Source ss af &t ms # P
Between subjects 2.893 19
Within subjects 5.109 100 . .
“  Condition* 0.436 | 1 0.43 6.7 <08
Condition x . )
subjects . 1.227 19 . . 064 “
Station 1.587 2 0.793 37.06 ‘_:__«001
Station x ' _
subjects 0.813 3 - 0.021
Condaition x )
statign 0.119 2 0.059 2.44 »>.05
Condition x )
. station x . s
éubjectis 0.927 38 0,024
[ -
Total ° 8.002 119

Addendum to Table 8.1

A post hoc comparison was performed on the largest difference from the
correct cross ratio among STATIONS. That mean difference is 0.23, and the
F value of the corresponding comparison 'is 46.08. _The critical F for that
comparison, when ™ = .01, is 10.42, as calculated by Scheffé's procedure.

T

* Wilcoxon's matched-pairs signed-rank test (Siegel, 1956, p. 76) bears aut
the effect of CONDITION. Individual parametric ANOVAs for separate CONDITIONS
also reveal an effect of STATION. The ANOVA for the I'IXED conditions alone
was significant (F(3,57) = 12.213), as was the ANOVA for the NATURAL conditions
alone (F(3,57)= 7.253). These may be tested against a critical F(1,19) = 4.38
at the levele< = .05. Post-hoc comparisons on the largest difference from
the correct cross ratio were significant in both cases at the levelet= .01
(Scheffé's method). These additional tests were performed to ensurc that
the homoscedasticity found in the data does not affect the interpretation of
the results. .

>
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values of the cross ratio for factor FIXED
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Departures from the 'true' cross ratio for the estimates of twenty subjects

are shown. The dark line marks the value of the 'true' cross ratio; open 0
circles mark the average values found at three STATION points. Minimum and
maximum observations at each STATION are marked by crosses. Response sheets
‘ were held FIXED in orientation. STATIONS are marked «,B and Y.
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: Figure 8.4 . %t

Values of the cross ratio for factor NATURAL

0.7-

0.3-

Vi . e

—0.1- —
) ‘ - \
+
—e.2- +
' * 3 1
—0.3—
A

> , . .
-0.4— .
Departures from the 'true' cross ratio (1.2) for the estimates of /

twenty subjects are shown. Response sheets were held at an orientation .
NATURAL for each observer. The dark line marks the valuc of the 'true'

. cross ratio; open cirgcles mark the average values found at three STATION

points. Minimum and maximum observations are marked by crosses. Note
the difference in variability between these observations and those shown
in Figure 8.1, for which the responsé sheets were held at fixed

orientations.
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Figure 8.5

\

)

+  Departures of Estimated Positions from the
Correctly Projected Position for FIXED and NATURAL conditions

;-
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The average X and Y depa‘rthres of subject's estimates from a correctly
projected point are shown for three STATION points, o,B and Y. The'
departures that are obtained when the regponse sheet is held fixed
(FIXED condition) are marked as B, and the departures when the
orientation of the response sheet isﬂn’cg_t;,constrained (NATURAL condition)
are marked as A. The axes of the pISt are marked in centimeters, 1

<t




Table 8,2

-

N
i

Departures from Correct Projections

|

.EStation
, ,
, 3
. 4

Condition

Fixed
Fixed

Fixed

Naj:ural
Natural

Natufal

Mahalax;xobis' 02

1.18
0.71
0.91
'3
0.72
0.64
0.81

F
11.26
6.79

' 8.66

6.85
6.09
7.76

A A A

IA A A

.01
.01
.01

.01
.01
.01

lvla}';alanobis'D2 values were computed on X and Y departutes from
the correctly projected points in each condition in which

estimates were made.

143
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(: “ that allowing subjects to adopt the NATURAL position for the answer sheeto did not
bias their responses in a way that was relevant to the experimental hypothesis. 1

There are other indications that changes in the orientatiop of the response sheet

are not responsible for the magnitude of departurels from the true cross ratio that have

been observed. A simple démonstration was perfgrmed to assess the magnitude of

chagge in crc;,ss ratio that is associated with changes in the orien‘tation of the r?ponse

sheet. Consider again that the experimental task might be like a task of copying; that

simple hypothesis was considered in the previous chapter, A more complex hypothesis is

considered here: that changes in response ma)} occur, as the slant of the response

sheet is increased with respect to the slant of the drawing to be copied? In the

. present demonstration, two Sulgjects estimated the positions of points by copying them

»
from correct perspective drawings. As before, each station point was represented by a

drawing. The bottom of the response sheet rested on a table, and the slope of the
response sheet was varied in ten steps between 4° and 50° from the horizontal. The
arawing to be copied and the response sheet were side by side on a table in front of
the subject, whose head was fixed in a chinrest. Both subjects copied each picture at
each orientation four times. The conditions of this copying task were randomized. The
departure in cross ratio of the subject's estimate from the cross ratio of the corl\'ectly
_projected drawing was computed for each drawing. Since ten slopes were used four
times each, regression statistics can be computed on the magnitude of difference of
the cross ratio versus the slope (in degrees) of the response sheet. These staﬁstics
present an intriguing pattern. Significant correlations were found between departures
in cross ratio and slope for two of the three drawings (Table 8.3). Note that the
cpndition for which the largest departure was observed in the main experiment did not

produce a significant correlation. The slopes of the regression lines associated with
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Tabie 8.3

Regression Statistics for“Departure of the -
Cross Ratio Versus Slope of Response Sheet

145

Subject A.S. \\‘\ “
Slope of .
Correlation | T value | Regression Standard
Coefficiept N = 40 Line Intercept | Mean | Deviation
(1) (2) (2)
-+206 -1.30 -1683 -.301 -.316 .042
-.472 ~3.30% - 885 -.313 -.343 .035
-.422 -2.87* | - 732 -.096 -.131 | .047 '
*P <.,01 (1) Degrees per unit of cross ratio
' {2) Cross ratio \
Subject C.M.
> . 0
Slope of
Correlation | T value Regression °’ . Standard
Coefficient | N = 40 Line Intercept | Mean | Deviation
(L (2) -] (2)
-.222 -1.40 -1468 -.054 - 0.036‘ .044
-.552 -4.08% - 476 -.021 -.075 .056
-.438 -3.00* |-663 , |=-.050 -.089 | .050
f
*p < .01 (1) Degrees per ufiit of cross ratio.

(2) Cross rqtio

%

Y
o
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. these correlations are most important. They indicate a bizarre result: the difference in

v slope that would be necessary to account for the results that have been observed in

this and in previous experiments may be greater than 360°.
The consistency with which the two subjects estimated positions is striking, too.
This consistency is indicated in the first place by the standard deviation of the cross

ratios of estimates made by the two subjects. Consjstent with the results of the

copying task as reported in the last chapter, a circle of radius 16 mm. will encompass

all the points estimated by subject C.M., and another circle of the same radius will
encompass all the points estimated by subject A.S.. It should be note&,that the.values
of departures in cross ratio that are seen here are unlike those of the main results.
The departures for subject A.S. do not represent values like any found in t'he main
experiment. it is clear, then, that this task is different from that of the main
experiment both in effect and in kind. Here subjects were asked to copy the real si’sape
of a.drawing, and then subjects were asked to reproduce the apparent or projected

v

shape of a distant object. Though the slant of the response board may have some
effect on the cross ratio of an estima:ted position in a figure, that effect is an order
of magnitude too small to account for the main results.

4.1 Sex Differences ’

In Experiment. 4 comparisons were made _between a group of 9 architecture
students and each of two groups of 9 ordinary students each. The numbers of men and
women varied from one group to another, so it isﬁ of some interest to learn if there are
important sex differences that might '‘explain' the poor performance of architecture
students. ‘Women are often suppoéed to do less well, or to perforrqpmore variably than

men, on a variety of 'spatial' tasks. The existence and interpretation of such

differences is still a controversial matter. A number of new subjects were culled from
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the subject pool of undergraduates at Queen's University to test this conjecture. Nine

men and nine women completed the experiment, as it is described at the beginning of’

_ this chapter. These subjects were given the instructions for the NATURAL level of the ~

CONDITi\ON factor only. An analysis of variagce on the cross ratios of the estimated
figures did not reveal any significant difference between men and women on this task
(see factor SEX, Table 8.4), nor was theré any significant interaction of the grm;p
means with station points, that is, with the effects of perspective (interaction
STATION x SEX). Mean deviations of the a'oss ratio from its true value were little
different between the two groups (Men: X = 0.619, S.D. = 0.292, Women: X = 0.568,
S.D. = 0.293). Again, thefe is a significant effect of change of perspective viewpoint
on the cross ragio of the figures estimated ‘(factor STATION). These means were >

»

sigﬁiﬁcantly different from zero at each station point; in fact, the effect is’somewh'at ‘
larger than that found in the main study that is reported earlier in this‘chapter. of
course the study does not prove the null hypothesis. Nevertheless it allays uneasiness
that the results reported earlier may be seriously complicatéd by sex differences.

The significant effects found in the main experiment reinforce the claim that
subjects are not uniformly and reliably sensitive to projective equivalence, in that the
cross ratio of the estimate of a projected shape is different from the cross ratio of a
correct perspective drawing. These effects werev obtained with a new stimulus object,
tS;t-provided a new value for the cross ratio. These effects were also obtained
independent of changes in the orientation of the response,ﬁ?et. Other results from
two subjects also indicate that changes in the slope @i;the response sheet do not

occasion large changes in the estimates; that is, changes of a magnitude that would

explain the findings of the main task. These results show remarkable internal
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o ’ s Tdble 8.4 - °
. Analysis of Variance: Cross Ratids
Source ) 34 daf MS F P
B 0 v .
‘Between " 3.445 17
Subjects “
Sex 0.035, 1 '0.035 0.17 P >.05
Subjects 3.419 16 0.213 ‘
Within Sex . . o
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consistency. A significant sex difference was sought on the main task, but was not

found. (

Many k}nds of objections could be_raised to the proposition that observers are

N

not reliably sensitive to projective equivalence; it is useful to remember that some

matter of induction is.involved in the claim. One might like to know if or when there

-

are ever situations in which observers are reliably ‘sensitive to projective equivalence;
There is an obvious‘ example: observers can tell that two §quar’é¢§ of the same size are
e“éuivalent, in a!lﬁ their geometric properties, when those squares are of the same
orientation, and are adjacent in a frontoparallel plane. That case is uninteresyihg for
the theory of shape constancy. Therenmay be other situations: for exan;ple, observérs
can ‘copy a figure accurately, as reported in 'the lasf chapter. However, Gibson, Rock,

and other proponents of the invariance hypothesis suggest that observers are sensitive

to projective equivalence in a wide variety of circumstances - enough to explain-the

] v o
phguomena of shape and size constancy, which are, robust over a wide range of

v1ewp01nt. ‘Certainly the{ would predxct that subjects are sensitive tg projective
equivalence ' in the sorts of situations that have been arranged in these experiments. .
The last several chapters “have assessgd the sensitiviiy observers may have to
projec'ti?e eqfivalence. Such an effective mcasurement of planar projective equivalence
has not been made before in the Lstudy of| shape consfancy (again, see Ngote’ul). Results
that run counter to the predictions of the ir.w:;'iance hypothesis have been found

throu%hout. Perhaps “one\ might not be convmced of the generality of these results,

since experimental proof must proceed by induction. Yet here there seemsto be a series
»

‘of counterexamples to the ihvariance hypothesis. It is conceivable that the invariance

hypothesis mightgbe substantiated under other conditions, but the invariance hypothesis

itself provides no clue to what such conditions may be. R

8¢
3
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*" CHAPTER 9

General Discussion

» N

It is natural for mathematicians to regard the visual angle
and -the apparent magnitude as the sole or principal means- of our -
apprehending the tangible magnitude of objects. But it is plain

\/ from what hath been premised, that our apprehension is much more

¢

influenced by other things, which have no similitude or necessary
connection therewith. \

Berkeley,
The Theory of Vnslon Vindicated and Explained,
p. 272,

3

The strategy of several theories which incorporate the invariaf\éé hypothesis is
to suggest that things cannotsappear to have other shapes than they do, once viewing
conditions are taken into accourit. This is tantamount to the statement that obse}vecs
mu/st always be sensitive to projective equivaience to the gxtent that shape constancy

holds. One may be reminded-of Rock's (1983) statement thét, in vision, we must have a

constant, -exact, apd quantitative knowledge of a pro;ectxve regularity — the law of
]

. visual angle -- to achieve shape constancy. At the least, these theories clalm that

observers are reliably sensitive to projective equivalence whenever there is constancy

.of size and shape. Such broad quantitative claims are rare in psychology; the geherality

of this claim reflects the hope that projective .invariance might provide a privileged
and unerring datum for shape constancy. In the context of, this programmatic claim, any
reliable deviation from sensitivity to projective equivalencg that occurs in conditions
where shape constancy holds is a meaniggful finc‘iing. The invariance hypothesis is not

an -empirically-derived claim about projective equivalence; rather, it has been
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1@ speculation. This speculation follows as if by logic from specific assumptions about the
> nature of vision. Sb far as I am aware, the experiments that are reported here are the
first quaﬁtitative and effective tests of the hypothesis. What these experiments do not’ J
show is that projective equivalences are constantly and reliably perceived; instead, a
good number of conditions and tasks have been presented in —which observers misjudge
projective equivalence grossly.

The experimental-verification of any claim involve\s some matter of induction.
What has been demonstrated is that there are exceptions to the invariance hypothesis.
All the experiments reveal some such: exceptions: Yet consider someone who supports
the invariance hypothesis, His interest is not in exceptions, even if the exceptions are
important. His interest is in the rule he postulates. He would like to know if there are
any coﬁditions under which it can be maintained tﬁat projective equivalence is always
Jperceived accurately. These conditions are not in evidence, nor are there strong
indications where a researcher of this mind might begin, except that he might use
boxes as stimuli. The intent and‘ plan of the experiments has been qt;ite different: to
discover exceptions to the invariance hypothési’s where they exist, A’ number of

exémples have been collected in condiEions that hav; been very easy to set up. o

The cross ratio is the dependent measure for analysis in all the experiments
(Experiment 3 uses a simple quotient of cross ratios). The cross ratio stands in the
same relation io projective geometry as length stands to Euclidean geometry; length.
and the cross ratig are the fundamental congruences of their respective geometries. We
\ often say'that we can judge length by eye; it is no more of a mistake to claim that

one might judge'crc)oss ratios by, eye. Properly, though, one should speak of judgments of

e i °  Euclidean equivalence or projective equivalence. The proper usage avoids the
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misl'eading and improbable claim that observers compute distance or the cross ratio,
just as ;hey are found in texts on analytic geometry (but see gRock, 1983). | .

The close connection between projective equivalence and-the cross ratio can be
. seen by means of the above analogy. Unfamiliarity with both coﬂncepts'may make the
connection seem less‘ close than it really is. The’ cross ratio is _the fundamen;a%ﬂ
congruence of projective geometry: all (ihe quantities and theorems of a projective
system can be obtained from these congruenfces and their syzygies. One mjght claim
that observers could have access to projnec“éive, congruence, at least over a limited
range, without being able to compare cross ratios. There is( a sense in which this claim
is false outright. One might as well claim that observers have access to Euclidean /
congruence over a limited rangé without'being able to compare lengths. In fact there
are few strong claims about observers as geometers (though see Perkins, 1983); most
‘claims deal squarely with judgments of projective equivalence and the cross ratio.

There is perhaps one sense in which the claim of sgn?itivity to projective
equivalence might seem plausible. Projecti;/e competence, it might be thought, could
be triggered by incidental conditions of stir‘mﬁation. Observers might do better or
worse at judging the projective equivalence of fuzzy shapes‘, or curved shapes, or some
other tlhing. [ cannot rule out all such possibilities. The only strategy open to someone
who contests the general claim is an inductive one. All that can be élaimed is that on
the showing so far the projective-invariance hypothesis is faring badly. I should like to
stress that the cross ratio shoulcl be considered a tool, and not an end of (investigation,
as disconfirmation of‘ the inva;giance hypothesis may be an end of jinvestigation.
Furthermore, the cross ratio does not provide a psychological model, neither for most

proponents of the invariance hypothesis, nor for others. The' cross ratio is the measure

R v
of an ability, not the means of achieving the result, where the result is shape
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constancy. The uses to which the cross ratio has been put may give some intimation of
the applfcability of this tool (one may remember, too, that though a test may be fair,
its results may be surprising).

Several experiments have assessed the constancy of judgments qf projective
equivalence. Previous experiments have not made a direct assessment; ra’ther they have
' /dealt with geometrical properties that imply projective ;;roperties (for eiamp!e, as in
Foley, 1964). Quantitative experimeritation has not been undertakén, with the exception
of Cutting's (1986) claims about the psychological efficacy of the cross ratio as a ratio
scale variable. It is hard to say what counts as a large or a small difference ofthe
cross ratio in psychological terms, except by appealing to mathematics. 'Large' an.d
'small' may have no psychological‘import when applied to values of the cross ratio, as
things stand. The experiments that have been conducted here can be thought of as
items of a large argument by enumeration. The various empirical results address the
issue directly; they do not depend on further geometrical argument or implication for
their force. The universal and absolute character of the invariance hypothesis should
be kept in mind as a standard when these results are considered. What is demanded
under  the invariance hypothesis is that there be obvious évidence of fairly precise
sensitivity to projective equivalénce. It should also be kept in mind that the analyses
reported do not admit just any sﬁgh} variation in values as a significant result. Instead,
extremely conservative statistics have been employed consistently. The radically
conservative Greenhouse-Geisser degrees of freedom have been used for each analysis
of Avériance test where within-subjects effects are involved. Scheffé testns have.been
used as post-hoc tests throughout; they are the most conservative of standard criteria

3

-for the evaluation of post-hoc comparisons. Nevertheless, marked exceptions from

constancy in judgment of projective equivalence have been found in every experiment.

L L
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The experiments establish one basic result: there exist departures fronf constant
and reliable judgment of projective equivalence, which occur in a variety of situations.

The result is established most c:n/'ﬁc?!gly in the experiments that are most relevant

to the problem of shape éonstan y, that is, the experiments reported in chapters 6, 7
and 8. Both the estimated cross ratio and g quotient of cross ratios have\ been found to
vary with changes in perSpective viewpoint. The force of the invariance hypothesis, on
‘the other hand, is just that estimates-of these quantities should not vary with changes
in viewpoint. Nor is it the case that subjects could be using a~simple function, say a
monotonic function, of crc;ss ratios to assess projective equivalence; in each of these
experiments all subjects estimated a single projective property, measured by a single
value of the cross ratio, and their judgments vary with perspective viewpoints. Not
only do estiﬁmated projective properties vary with perspective viewpoint; there are alsg
significant departures of estimates from projective equivalence in th{{ latter four
. experiments. These have been assessed by post-hoc tests on the dependent measure, the
cross ratio. \ ’fhis, then, is the fundamental result. Many of the other resuits elaborate
on this fundamental result, or they antiéipate objections” that could affect the
interpretation of the basic finding.

The measure of projective equivalence, the cross r;tio, has been found to
depart from its expected value in two ways. It may be different from the expected
value on average. It may also be wildly variable, as was found at two station points of
experim::nt three, in the condition in which the orientation of the response board was
fi)fed in experiment five, and when subjects. were asked to sketch &e shape of an
object as it would look from a canonical viewpoint. This variability is large, especially

when compared to the small variability in measurement that is incurred by using

Leonardo's window. These differences occur in just those situations in which shape
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constancy woufd be expefted to occur. Such departures from projective equivalence

were fodnd in the presence of shapes ofﬁdifferent projective properties, Namely, these
were a shape that measures 3.06 in cross ratio, manother that measures 1.20 in crt;ss
ratio, and shapes.that measure 1.33 in a ratio cross ratios. What if some other shape
‘gthan these had been employed, that is, %er shape but a rectangle? It does not
seem outrageous that an irreéular quadrilateral could be used to make a test of the
‘invlariance hypothesis in a natural setting, nor that such a quadrilateral should be
varied in two directions of tilt. . Whatever would happen with simple shapes like those
used in the first two experiments? Has a claim about the perception of any physical
property ever ~been founded on a range of stimuli as restricted as that which has been
used before now to assess the perception of projective equivalence? |
Projective properties are relatively unfamiliar to most people. To make things
_graspable, departures from pr?jective equivalence have also been expressed in more
familiar terms, that is, in Euclidean terms. ‘l:he scatter of points produced by subjects
is a perspicuous illustration of the data. Biv‘ariate tests have shown that the average
of this scatter is different from the position ogf" the correctly projected point, for most
‘of the statiqn points that were sampled. The magnitudes of the test statistics were
large and significant. In the third experiment, the scatter of estimates for one
trapezium was distinct from the correctly pc:ojected point, and this occurred at each
viewpoint. If descriptions of shape are changed from projective terms to Euclidean
terms, other statements can be made about the data. The variability of observations
can be divided into tha’é due to projective invariance, and that due to other factors, by
tautology. M;skn\'es of projective transformation (orl'projective vatiance) have been

used to account for some variability of obsEFvation in the third and fourth experiments.

These measures are a means of.description; they do not constitute an explanation. In

=3

" ‘ )
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particular, thgse measures do not support the claim that subjects make their judgments

on\pe basis of

found to vary with these measures. The estimated areas of the figures that subjects

uclidean properties. The departures of subjects' estimates have been

produce vary with the subjects' perpendicular distance from the plane .of the object,
and also with the area of thg correctly projected figure, for example. These
correlations are significant, and the results have been replicated. Such/findings are not
to be explained by a "phenomenal regression" of areas, especially since perceived shape
is known to diverge from constancy in the Thouless index for area. Again, these
Euclidean descriptions are meant only to present the data in a familiar format.

A number of control conditions ensure that the departures are not d;e to
incidental features of the experimental task. One might imagine that that task is iike
copying, and that earlier data may be th; effects of copying. However, the simple act
of copying p'roduces no significant projective differences. Two subjects also copied
shapes, when the response board was fixed at a slant. A slight correlation of slant and
estima;ed cross ratio was found. This re;ult reflects such small variability and such a
smalld rate of change in the cross ratio thaLche basic finding could not be explained as
this effect of copying at a slant. Finally, a response form was made to coincide with
the Leonardo's window in the experimental task. This manipulation lowered average
cross ratios, but it increased the yariability of observations dram'atic;ally. No significant -
interaction of this manipulation with the basic effect was fofind. The observe
departures from projective equivalence are not accounted fof as the effects of
capying, nor as the effect of changes in orientation on the ease of copying.

Individual differences in perforinance do not seem to affect the interpretation

of departures from projective equivalence. A significant difference in performance was

found among a group of architects and two groups of control subjects. No significant

Y
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interaction of this. group effect with perspective viewpoint was found, though a
significant effect of viewpoint was found. The architects' average estimates differed
significantly in cross ratio from the expected value, though it had been anticipated
that architects might perform accurately. Yet architects are skilled in the work of
descriptive draughting; their strategies have good internal consistency and may produce
compelling drawings. A test of sex differ.ences_ was made, and no significant differgn;:e
was found. The*familiar effect of perspective viewpoint was replicated. There was no
significant interaction of performance bétween groups of men and women, and the
effects of view'point. Means and standard deviations for the two groups are close in
value. In other words, individual differences that might have affected performance on
thisL'fpatial' task did not occur as expected. B ‘

The first and second experiments reveal departures from judgment of projective
equivalence. The stimuli are pictures, which may no; be as telling as real objects for
“the theory of \shape constancy. Each of the projectively irrelevat:\t manipulations in the
first experiment had an effect‘ on judgm;:nts of projective equivalence. (ome pictures
were matchegj“' to their é;jective eg;.Qvalent reliably, while others -were reliably
mismdtched. All the misr?atches represent gross violations of projective congruence and
collinearity, and yet mismatching pictures were chosen as matches in over half the
rtrials. No base rate of response was set in the first experiment; a claim cannot be
made that these observers were always insensitive to projective equivalence. However,
their performance falls short of reasonable expectation on the projective-invariance
hypothesis of perception. The problerun of the base rate is addressed in the second

experiment, and there significant- post-hoc tests reveal departures from projective

matches on average. Those pictures include regular indicators of slant. The first and

-
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. second experiments contribute additional exgeptions to reliable judgment of projective

equivalence.

The results of all the experiments serve to make a single point: that normal

s

observers are not constantly and reliably sensitive to projeétive equivalence in normal

vision. I do not claim that projective properties are invisible, nor that there may never
be evidence for the recognition of these properties under particular conditions. What

o
has been demonstrated is that there are exceptions to thé invariance hypothesis. These

exceptions counter the claim that perception of projective equivalence is the constant

and reliable basis of all shape constancy. These exceptions occur in a variety of
ordinary situations which'are germane to the theory of shape constancy.

Now suppose one made a similar series of tests that concerned an obviously

i

_invisible property of objects, could the results be any more decisive than those that

*

have been obtained for projective equivalence? Consider an example. Many common

#__objects change the polarization of the light they transmit or reflect, yet this polarizing

pfoperty is not perceived. Light that passes through a pile of thin glass plates changes
in p'olari‘zation, and the light of a clear blue sky has a distinct patte;rn of polarization.
Unlike radiance or wavelength, the \polarization of light has not been of in;erest in the
psychology of vision, since there is no univocz;lly perceived quality that pertains to
polarization as wavelength pertai;\s to hue. Polarized light can be substituted for
unpolarized light from a scene, and so long as the light has the same éo;lwposition
otherwise, no difference .in the scene will be apparent. (The apparatus used by
Attneave and by Gregory operates on this principle.)

Sometimes, however, the effects of polarization can be seen. Under some

conditions, one can tell that a reflecting surface has polarized the incident light

-because the surface looks less bright than it ought. Similarly a combination of
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materials known as a poiarizer-analyzer pair can produce colours. In that situation,
polarization varies with the wavelength of the .tragsmitted light, It is not polatization

that is detected, but concomitant properties. Three characteristics of polarization can

/

1. The property is essential to the conditions under which
objects aré seen and yet the property is not Iitself
perceived.

be discerned as important to the analogy:

2. The property is not devoid of visible effects. It has & -
constant effect on perceptible properties in certain
situations.

3. The test by which the property is know be invisible is
that different degrees of the property do not have different

' effects, when concomitant perceived properties are
manipulated. | "~

Projective invariance is essential to the conditions under which objects are
seen. An object retains its proj'ective properties when it retains its\ shape, and those
projective properties are also retained in ma{ny of its optical, images. Moreover,
projective invariance has a constant effect on perceptible properties in certain
situations, because it is implied by some geometrical properties that are perceived in
some situations, such as the rectangulrir\ity of boxes. Projective properties” are not
devoid of visible effects, then, since shapes that are congruent in Euclidean geometry
(e.g., a pair of triangles in the picture plane) sometimes appear congruent. Their
Euclidean congruence implies their projective congruence. The important point to note,
however, is that variation in projective propertieshas little or no perceptual effect,
when concomitant properties are systematically manipulated. On the basis of the

experiments, I claim that observers are not normally sensitive to projective equivalence

'

in the uniform way that is required by the invariance hypothesis. These data do not

“
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point the way to a new theory of shape constancy, but they do indicate that
contemporary theories of shape constancy that depend on the perception of projective

invariance need to be revised. ,

¢

_Some New Directions

The present research can be carried in several;"directions. One can consider
A '

variations on the experiments, or one can extend their techniques to a new area of

2

study. Already there is other evidence that the projéct"ive equivalence of shapes is not

a sufficient condition for impressions of rigid motionl (::f. Epstein and Park,*1986).
Recent studies of-the kinetic depth effect have rev;aled quantitative limitations on
the stimuli that c;ccasion perceived rigidity. Caelli, Fl‘anagaq, and Green (1982) halve
found that perceived rigidity depends upon viewing distance and the distance of the
projection plane from the object. They construct a measure of linear perspec‘tive from

these distances. Call the viewing distance from an observer to a point the distance r,

and call the distance from the projection plane to the same point {. (The point is on or

near the object.) A measure of the degree of linear perspective is: "

L = r-f .
P r +1 _ P

" The measure has a value of zero when the gobservér is at the plane of projection and
has a value of one when linear perspective reduces to parallel projection. According to
Caelli, Flénagari, and Green, "our abilities to reconstruct 3D objects are limited to a
‘spatiotemporal ‘'window'," This window corresponds to linear perspectives greater than
about .7". In other words, when the projections of some kinds of rotating objects are
close to affine projection, only then are their geometric characteristics identified

readily. One may note "that in these studies, as in those of Attneave, Shepard, Perkins
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and Sge,vens, only stimuli‘ such as rectangles, cubes, and lirinz'L segments were used as
stimuli. '

Another application of the measure of the cross ratio can be macuie' to the study
of texture gradients as visual cues. Perspective gradients of tgaxture are thought to,,
provide tire most effective cues to depth (see Cutting and Millard, 1984), ls: it
sufficient that texture gradients be in correct pers{p;ctive for°them to indicate depth?
Rock:, Shallo, and Schwartz (1978) have observed that, at least the recognition of ’
regularity in a static tesbture gradient is necessary if the gradient is to pr(;vide an’
effective cue to relative depth, Even that claim has not been substantiated for moving
gradients, of texture. Optical flow patterns based on projective relations are still
thought to provide sufficient cues to the relative motion of objects on surfaces with
resbect to an observer. So, for example, Longuet-Higgins and Prazdny (1980) have

\
shown that derivation pf the structure of a rigid scene and derivation of the direction
of the .observer's motion is possible in principle, given the details of a changing
perspective imagg, that is, an "optical flow field" on-.a hemisphere. The nature of
Longuet-Higgins and Prazdnys' claim is noteworthy. Though they do not intend a strong ‘
chim for the psychological reality of their proposal, they make a strong presupposition
that observers have the ability to solve equations of the necessary type in projective
geometry. They say that "to speak of the observer solving such equations is not, of
course, .to imply that the visual system{ performs such calculations exactly as a
mathematician‘would: its modes of operbation may well be more: "geometrical" than
"algebraic", and the same applies to the other computations envisaged in this paper.
Our main point is that the equations demonstrate the feasibility of c_alculating both the

motion and the structure from the optic flow field alone". To worry about choosing

between geometric and algebraic modes of operation presupposes that the observers'
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. discernible, even when there is a large rate of change in th
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“task of deriving relative depth from an optical flow field is well described as one in
Q

~

projective geometry. In point of fact, it may not be n{ecessary for an optical flow
pattern to conform to the rules of correct projection, in order for the pattern to serve
as an effective cue to depth. Some_times the surface of the ground moves in non-rigid
ways, and still ‘an observer ca)'r discern the motion of the ground relative to himself. A
hiker who climbs a shifting sand dune or a skier who traverses the unstable course of a

wet-snow avalanche estin&ates distances under such conditions. Relative depth n}ay be

oss ratio of identifiable

textural elements across an optic array. It might be worthwhile to submit this

conjecture to the test. I suggest that an appropriate array for\ transformation is not
: 3

regular on a local scale, and has an identifiable five-fold symmetry (the Penrose tiling

- A}

is sucvh a pattern)., There does seem to be a niche for measurement of the cross ratio in
this context, at least.

Other directions for research are suggested by the literaturé discussed in the
lntroducti(on.\Consonant with his extrapolation of Emmert's Law as a projective law for
visual perceptjon, Rock (1983, p. 256) claims that observers are sensitive to the visual
éngle presented by objects. His claim is shared by other proponents of the size-distance
invariance l;ypothesis. On first inspection,  his claim seems to have some support in
Chapters 6 and 7. The magnitudes of the discrepancies of the estimated fig;.nres from
the correctly projected figures in those experiments are related to the areas of the
correctly projected figures., The areas of the estimated figures are also related to the
areas of the correctly projected figures at each viewpoint. Distances measured from
the observer to the point whose apparent position is lestimatea vary in proportion to

the perpendicular distance of the observer from the object plane. This perpendicular

distance is related ,to the correctly projected area and the estimated area of the figure

A
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at eachv\ie»:'point. The correctly projectedl area of the figure and the distance from

L3

the observerto the point on the object itself are geometrically related to components

-

in the equation for solid angle. This solid angle is the visual angle subtended by the

4

stimulus object. [f solid angl'e were seen for itself, then the cross ratio of the

estimated figures would have been constant. Given that it was not, another possibility

%
i

should be considered. Visual angle may not be seen for itself (as is chaimed by Rock
and McDermott, 1964, and Shallo and Rock, in preparation), 'but obs:ervecs' responses
may rejlect a function of solid angle. It would be useful to determine Jthe form of .this
function for the perception of tilted surfaces. ~

A proposal that emerges from other work: by Ullman (1979) can ‘l‘ae\ pursued.

»

Remember that one interpretation of the claim that his "polar-parallel" scheme is a

competeng‘e theory’ for visual perception is that the theory be grounded in affine

geometry. This claim can be explored in several ways. For instance there are several -

u

conditions in the "f'ourtﬂh experiment in. which th.e cross ratio of estimated figures
di'ffers significantly from that of the objecnzt. Each subject marked a position on an
answer sheet to estimate a shape. gThe cross ratio of the shape is calc{xlated from a
construction on this point. Some of the "points in the construction are fixed, not
estimated by the subject. What the subject varies, among other things, is the areas of

\ ~
triangles _ABX and _AXD. Other areas of triangles which enter into the formula of the

cross ratio are fixed quantities. The areas of triangles ABX and AXD are a ratio in

I Rl

" the formula for the cross ratio. If the cross ratio departs from the correct value, the

4 . Al ‘
ratio of the areas of these two triangles must also depart from its correct value. This
ratio is an aff'ivne/ilvgfiant (see Klein 1927/1967). When one condition of the

. > 4
experiment is confidered, the test of projective equivalence becomes a test for affine

equivalence.x Departure from projective equivalence and departure from affine

P
1
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equivalenceé seem to have been demonstrated at one stroke for this particular task in
which subjects judge apparent shape. Of course, there are moré general ways of
investigating the matter. Other studies, similar to the third experiment, can be devisc?d'g .
to test for departure from affine invariance in\ judgments of sha‘ﬁe. There is another _
point that can b? made in this context about the pr'oposal of affine geometry as a
theory of visual competence. The 4obiec\t that was us;ed in the last twa experiments is a
relatively simple shape that affords a salient affine property. The top and bottom
edges of the quadrilateral abcd are parallel. ‘Parallelism is as important in affine
geometry as collinearity is in projective geometry. Subjects didn't seem to use the
;asychologically salient cue of the position ‘of‘the: base parallel, in that they positfoned
tr'\eir points some distance away from the projected —imagg of the parallel, which is a
striking feature of the object. That is not to say that the subjects could no’; have
rgpresented the-t';)p and bottom lines®as parallel. They do "so when asked to judge the

real shape of the object. Yet in the main task they did not, so they failed to preserve

both the cross ratio- and an affine invariant in their estimates of a relatively simple

- shape. The main point here is that Ullman can be seen as making a claim about affine

geometry, at least, and there is' enough preliminary evidence to warran‘t a thorough
test of his hypothesis. | o

. Another possibility for research would be to go beyond the scope of the present
invariance hypothesis. Tt;e perception of other invariants still more fundame;\tal than
the cross ratio could be tested.- The invariants associated wi’th the geometric property
of connectedness are a prime example. This property is the analogue of the topological

property variously called surroundedness, or adjacency, but in a discrete domain. The

significance of this property for the computational approach to vision was described by

L4 v
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Minsky :and Papert (1972). The application of such pgoperties to the study of form

perception is discussed by Ullman (1984a).

[

A new series of experiments has been undertaken, in fact. These em})loy new
§timullixs objects, new eieper?nental tasks, and’a nearly new meaSure. The projective
correspondence of one planar object to another is a central case for the invariance
hypothesis. Yet another case is as importar;tz the projective careSpondenEe of a sol’d,

that is, interﬁally ‘noncoplanar, object 'to a picture or a retinal im(a'ge. .The new
experimZnts assess the sensitivity that obse‘rvers may have to projective equivalence in
the latter situation.

. It is not immediately appareng, whaﬁ\e al;alytic form of _the\equivalence may
be between ; helicopter and a piéture of a he‘licopter, or betweenb a willow tree and
its picture. It may be surprising that this projective equivalence can be assessed by ;
_ simple extension of the measure I have used until now. Imagine a set of three
" coordinate axes, and a solid polyhedral shape which lies‘il; the octant of pésitipve
vai_ﬁés for X, y and z. A planar image of the solid shape can for forxmed by<Projecting
it ontc;' the ;lane z = |, (;r some other plane, except those formed by pairs of' the
axes. This linear transformation can be achieved by dividiné each of the coordinates by
1/z). The projective properties of the planar image can be Teasureda in ;che familiar
way: by the two-dimensional analoglxe of the cross ratio on a line range. The areas
thgt are the data for the formula of this cross ratio are proportional to certain
volumes: the volumes of the pyramids that are enclosed by triplets; of ordered points on
the piane, and the origin. The ratio of these volumes can be‘substituted for the ratio
of e'nreas that was used before. The result is numerically equivalent, since the volume
of a pyramid is one-half the area of its base times its height, and the plane image lies

L]

at a constant height above the origin. Let the ratic of volumes be called the

......
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three-dimensional analogue of the crebs ratio. The conventions by which signs are
- a;ttributed to these volumes ¢ e found in Klein (1925/ 1267). The volumes of the
. pyramids that ar'e enclosed Py triplets of ordered poin,tsuof solid figures, and the origin,
may be found. The triplet o; ;;oints can be labelled in the same way as the points of
the planar figure were labellled earlier. Thep the valué of the cross ratio of the planar
figure (either the two- or{ three-dimensional analogue) is equal to the value of the
three-dimensional analogue |for the solid figure. This result is a general one; it reflects
the generalizability of the cross ratio as a measure. (The ’generalizability of the
measure also shows that the cross ratio is a robust measure;’it is ecblogicaiﬂy valid in
the sense 'that small deviations out of the plane will (not markedly affect the
computation of the cross ratio on the plane. “!A more detailed statement would requir-e
an invol\;ed simulation, of the type that has\\been performegd by Barron, Jepson, and
Tsotsos (1987) for the computation of structure through motior'u.)
The cross ratios of some solid shapes are markedly different. The solid shapes
- , ... that will be used in the experiments are models of a ring of carbon atoms (stripped of

their nodes for hydrogen). These shapes approximate models of the isomers’ of

cyclohexane, that is, they are the "boat" and "chair" models far’niliar to students of

| oréanic chemistry. One of these solid shapes has a cross ratio of 0, and the other has a
cross ratio of about -2, These solid shapes differ in the position of just one point.
Some changes in the position of this point change the value of the shapes' cross ratio,.
while other changes in the position of the same point leave the value of the cross ratio \
unchanged. In other words, there are some solid shapes that differ in the position of
. only one 'point, but which have the same cross ratio. Equal changes in displacement of

this point produce different magnitudes of change in the cross ratio, depending on the

direc(ion‘ of that displacement with respect to other points. These stimuli allow the
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value of the cross ratio to the manipﬁlated‘ in a series of experiments, independent of
the displacement of a point. . 7

The'question that will be posed in these experiments is thist do subjects
recognize the equivalence of shapesmby their projective equivalence? ‘ Three categories
of stimuli will be presentedlz 1) solid 3hapes that are identical in Et_:élidean terms, 2)
solid shapes that )re projectively identical, but which ;re different in Euclidean terms,
and 3) solid shapes that are different in both projective and Euclidean terms (there
exists no pair of shapes that are identical in Euclidean terms, but which are different
in projective terms). Solid models of these shapes havi been constructed with wooden
dowels, and slides have been made of their hplane‘projections from varic;u§ viewpoints.
The solid models will be used in an experiment on the kinetic depth effect. (cf.
Wallach and Marshall, 1986). Subjects will be asked for théir judgments othhe identity
and sim@larity of .shape of pairs of these solid objects, as they are in rotation behlng a
translucent backlit screen. The slides will be used in an experim%nt on the 'men;al
rotation' effect, where the projective properties of the dfsplay wi!l be manipulated. It
is expecte;i that changes in projective properties will have a_mleffect on judg'me‘nts of
shape, but that these effects will not be independent of the effects of changes in
displacement alone.

Some new directions for research have been discussed, but the aim of that

research is ill-deﬁne@ unless there be a positive statement about the nature of vision.

What has been o}ffered is a negative statement: that ordinary observers are not

. !
sensitive to projective equivalence. Though the resuits of the experjments are
\

" expressed as significant departures in a quantity, where the null hypothesis predicts no
“change (for that is what 'invarianc;:' means), yet the impact of the results is that the

invariance hypothesis is inappropriate as it stands. It has not been the aim of this

L I
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dissertation to construct a theory of shape constancy. How to proceed, then? I suggest\\‘
that a theory of shape constancy is to be found by consideration of more things than
projective invariance. (I elaborate this hypotr}esis in Note 3.) The reader may feel
jarred by the result that projective invariance is not a foundatian for shape constancy

in vision. Anyone, like myself, who has been immured in the tradition that linear
perspective i‘s the only real cue to dei:th, is sure to experience some uneasiness when

faced with this proposition. What could such a conclusion imply for a theory of shape

constancy? Nothing more’ difficult or complicated than the invariance hypothesis, at

>

least. One may reflect that the explanation of how knowledge of Euclidean shape might

be supposed to emerge from access to projective. constancy in vision was not an easy

-»

explanation, as witnessed by the depth of mathematical knowledge that is needed to
follow some articles o;&he subject. There are three questions that can give a general
~ direction to the study of shape constancy, and with which a theory of shape constancy

should begin. The virtue of the negative conclusion that is presented is that it.helps
- ‘ . € -

i
e
v

one to face these questions squarely, without prejudice from the invagjance hypothesis.

“~ They are:
. N oL £

I3

l. How do we come to know the real geometric properties of
" objects? )

2. How much do we know about those geometric properties just
by looking?, and '

3. What is the form of the representation by which we are
acquainted with those properties in vision?

These questions seem impossibly broad, almost philosophical. A hint of an answer
to, the first can be given, if only to say that such questions can be addressed. Berkeley

8
K
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(1732/1979, p. 154) puts some original thought about the question in-the mouth of one
Jparticipant if"a dialogue when he says:
"You would have us think, then, that light, shades, and

colours, variously combined, answer to the several articulations of

sound in language; and that, by means thereof, all sorts of objects

are suggested to the mind through the eye, in the same manner as

they are suggested by words or sounds through the ear, that is,

neither from necessary deduction to the judgment, nor from

similitude to the_fancy..."

The passage suggests that the connection bgtwee‘ﬁ concrete propert}es of shape
and perceived properties of shape is neither a relation of isomorphism, nor any other
relation that holds of necessity. The passage suggests the possibility of an original
response to the first question; indeed, a theory‘that did not mention primary qualities,
nor similarity of form, nor inference, nor invariance, would be an original theory. Such
a theory might be called perturbing, since it denies popular assumptions-about the

perception of shape. It might be perturbing just in that it would bypass gne or more

psychological delusions about the perception of shape. Berkeley suggests that such a

" theoretical alternative is viable; I do .not seek to-advocate or* vindicate Berkeley's

theok) of visioh here. Instead, I propose that the apparently simple questions’ I have
listed are more difficult tharl/ an/);one has supposed. These three questions may seem a
simple beginning, but tlfw/e/); are questions which desefve"serioqs reconsideration. |
recommend these questions to anyone who would tell us the whole story of shape.

constancy, of which as yet we have scarcely the outline.

s
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Several decades have\passed since J.J. beson publ*shed The Perceptlon of the_

3 . vy

Visual World, thus launching an 1mportant tradition of research in visual perceptlon.
‘ ~

Cutting's (1986) Perception With an’ Eye for /Motion ranks among the best in this

4 Y . . . . ‘. .
tradition of 'ecological optics’; few others combine such flair for experimentation with

Sl{Ch ‘breadth of istorical knowledge. Cu‘ingr has done innovative work in the

perception of complex mouon’s (eg. Cutting,[1978) and in the categorncal perception of

*

sounds. Cutting seeks to vmdlcate ecological optics and to estabhsh what has been
called "nazve realism" in epnstemology‘ An objecnve of ‘ecological opucs is to solve an
epistemological problem: how the shapes of things are I§nown through vision. Ecologlcal
opthS is not meant to supplant modern physnca! optics; the connection with physxcal_

opt_ics is that Wecological optics supposes shapes are.known by what would once have:

-.been called "natural geometry" (eg. Descartes, 1637/1965, p. 106, and see Cutting,

Chapter 2). An explanation by natural geoinetr;; declares that we perceive the distance
and shape of-“objects by geometric principles which are embodied in the perceptual
system. Some psychologists and philosophers, however, have not been convinced by the

arguments that physical and ecological optics are-linked in the intimate way such an
. L

’ ,explanation supposes. For example, laws of optids proper would nothange, even if the

. ' -
principles of ecological optics turned out to be false; and the ‘principles of visual

perception may have only a remote connection yith the la\gs of optics. B
. - s . \

Ecologjcal Optics and the Cross Ratio

'\) . - a

*

Ecological opticg supposes that a description of the geometrical conditions of

7

) vision' is sufficient “basis for a. theory of visual shape constancy. Its strategy is to

£y

3
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‘ perspective in perception .and epistemology" (p.-79). - To define the cross ratio, let
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- N [ o"ri — - .

t

» A . o aB2
P . P P

A 1 (\\ " [
M v

. e

- ' . o

suggest that thmgs cannot appear to be otherwise than they are, when vxewmg

condmons are taken anto aeéount. Thxs is in fag'a dnstmctnve eptstemological \)t’emlse, :

'mes it lS presented as 1f it “were a unue\rully aécepted trut‘n (Warnock,

). Where shapes are concerned, the claim amounts to thiss; there are -

1982, p.
geometrlc properties of objects thgt are apparent as the'x are seen from "v'ar‘lous

positions ostangles, and these geometric properties prov‘ide a basis for shape cohstancy.-

*

This claim is the familiar _invariance hypothesxs (eg., Bormg, 1952).
v e L d

4 ;
properties: turn out to be quctwe properttes, th

|
These basic *

invariance hypothesis stipulates a

™
" place for pro]ectxve " geometry in the t of shape -constancy. Projective

A

quantified as projective .invariants — are “the elements of this

N

equivalences’

’ 13

geometry. There is a pr"ojfeiive equivalence beth}ee,n"‘ﬂa't ‘objects and the candle

shadows they project-onto a planar’ surface. Projective equivalences are equivalences *

»«preserved by projective operatlons, ideally, pro;ectwe operations can-be szected with

an unmarked straight edge alone (unlike Euclidean operations, which reqiire
‘o - A4

[

K L ,
straight edge and compass). 4 ) @ '

_Cutting's Chapter 5 tells how the notion of invariance is applied to problems of

—

shape constancy. This chapter is the best recent account of- the invanance -hypothesis

=]

. (it is a revision of Cutting, 1983). One tmportant projectxve mvartant is the cross ratlo,

\

concerning which Cutting sta)t'es: "y do not suggest that the use of. the: cppss r’atio in
perceptton solves fundamental and sweeping eplstemologtcal problems. It is merely oné ?
¥

example, perhaps not even a prototyplcal one, that can be used to promote realism as a

i

. -

k, and 1 be four points ordered in one direction along a, ,uﬁé. Let E-tj stand for the
directed distance between points i and j, so that X is of opposite:sign to _3_:_” Then one';~

cross ratio is expressed by: W,

"y,
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For points on a lihey the cross ratio is §he'simglest projective invariant.

S
y
- 1 3
-

a
-~ |
! 1

- \ . ¢
(Many "simple" geometric properties of shape and size, such as length and angle, are
« ‘@, " . » \ ’ ‘~
not projective i,rwariants.q)ﬁ Since it is both simplf and basic, the cross ratio is central

to the geometric description of the way light is propagated from objects to the retiha.

. v \ <0

The cross ratio is just the sort of robust quantity that might explain perceived

. M . . N % S
constancy of shape and size. Gibson (1950a) thought a$ much, as have: others (eg.

>

‘ :!ohann’son,wl9y7, and Michaels and Caréllo, 1981). Yet no one has dembnstratqd that

p
a0 ’
1t

the cross ratio actually performs the psychological work that ecdloéical optics assigns

o

to it:- Inded, Neisser 1977, p. 24, cited in Cuttingsp. 71) says that such claims are
ecol,og\cal optics' "largest outstanding promissory note", and Cutting(1982b, p.2i4)has

called Gibson's (1950a) jdentification of the cross ratio with the relevant perceptual

°

invariant "a Iindmar'k in the stugy of perckption". Cuttirzms to perform the wanted
demonstration. Nonetheless, Cutting's own judgment in later chapters of the book is
that the cross ratio js sometimes effective in specifying form, and sometimes not (pp.

P {

131, 142),
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) . Perception With an Eye for Motion has'a natura[ division into four sections.

o

Sectxé;h one (Chapter | through 5) pro‘vrdes a general and historical. background on

optics, mvanance, and projective relatnons. 'Sgton‘two (Chapters 6 through 9)

’

- . describes the apphcatlon of the gross ratio to the study of vision, and describes some

experiments. Section three (Chapters 10 through 13) presents a theoretical revlew and

.
< L]

empirical study of dtrectlon-fmdmg by means of "optu:al flow'. The last section

(Chaptersu# and 15) rounds out the book with a- theoretical dlscussion of 'direct' ‘and

'dh‘ected' pgrceptlon. & e . \

5

v

The Cross Ratio in Eight Experiments LY

¢

N ¢
® > . . v

‘- - . ' N L.
" Twelve of Cutting's own experiments aré described in his book. In the first eight

experxments, presented in Sectnon two, he seeks to estabhsh the cross ratio as an

%]

effectwe invarjant for the visual perceptnon of form. There are positive thmgs to say

about. these experiments. Psychophysical method and experimental de§ign afe used
admirably .'(the Weber fraction condition of the second experiment is a noteworthy

o example). Yet there are errors in these: experiments that-arise from confusion, and

®

' which make the interpretation of the evidence problematic. The nature of these

! : N
confusions makes this a difficult book to review, because they represent major flaws in

[

an othérwise impressive attempt to establish ecological optics on a firm experimental

basis. Some of these pervasive confusions are broadly theoretical, with implications for
general arguments, while others are practical or arithmetical, )

A confusion of the- first kind occurs when, Cutting wrongly identifies claims

¢

_about projective invariance with. claims about rigidity and coplanarity. Some authors

a o M

(eg., Simpson, 1983) mistakenly hold that a constant cross ratio .among 'points is a

. \
sufficient condition for the collinearity of points. Cutting makes the same miﬁ'ake,- and
' /

tgc
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need not be planar, either, contrary to Cutting

b4 -

he also makes the mistake of taking a constant cross ratio (as applied in a slighfly

o

E diff:erént way, see p. 105) as a sufficient condition for the c‘c%;lanarity of parallel lines.

Yet, for one example, the measure of 3 cross ratio can be efmed among pomts that

N\

é \
fal on'a full cxrc}e (cf Schwerdtfeger, 1979) (There do exist pro;ectxve crxtena for

collinearity. Ap see Cqﬂx‘eter, }969, p. 220 — and for ooplan?nty — see yeblm and

o

Young, 1910, p. 3295.’ The confusion of c‘ol'linearity and woiective invariance motivates

Cutting to produce a "projected-angles" formufa for the computation of the cross ratio,
. - - A

so that ul'tile ‘shape of the projection surface becomes irrelevant. Thus the- projection
A
surface can be a plane, as in a movie theatre, or a curved surface, such as the retina

or cornea of the‘;eye" (p. 81). But this implies th%nt the shape of the projecting surface

{s intent. Further, Cutting considers

s 4

preservation of the cross ratio to be criterial foran object's rigidity (for examples, pp.

‘ '97, 105, 115). Yet the gonstant cross ratio of a-moving object is no guarantee that the

- \ -

rigid shape of the object will be maintained as it is movsd (that is, under its
. .‘ .

displacement) ' - -

Some authors (*eg Helmholtz, 1878 and Ullman, 1979, p. 140 have claxmed that

»

rigid bodies, must be postulated prior to any discussion of geometry. If this is true, and

the rigidity of objects that undergo digplacemgn’t is ensured only by a postulate on
which geometric matters themselves depend, then geometric quantities are notg sure
criteria for the rigidity of objects. S;>me have thought that the bare possibility that
geometry can be appljed..to physical objects at “all ‘dep'ends on this. postulate (Torretti,

1978, pp.c 157,-158). Of course, if one assumes that a body is rfgid under displacement,
% - -

!

its projections onto a planar surface can be predicted. In the absence of a competing

hyp&thesis, ecological optics might safely have assumed the rigidity of objects in a

theory of _shape constancy. Yet there.exists a strong alternative psychological claim

about shape constancy and rigidity under displacement. Helmholtz (1876, 1878) makes a

v [
v -
@

P . ) .
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. plausible claiin that the phenomena of shape constancy would not: obtain if .objects,

were not rigid under displacement (that is, as they are, when they are). Moreover,
R - - ’
projective  invariance could obtain under the conditions Helmholtz specifies. The

rigidity postulate is a working part of Helmholtz's 'iheory. Helmholtz evaluates what

Clltting has only dssumed. In short, Cutting has not established the role of'coplanarlty

4
or rigidity 'in shape constancy. ) - . ' -
. . - A
Some errors in arithmetic are apparent in Cutting's presentatiort of the cross

2

. ' - . ~
ratio. These undermine the value of the first eight experiments: The. errors are brought

to light by a gej‘ne;al equation that obtains among the’ various cross, ratios that can be
a * - ’ ‘ “
‘computed on the same points. That equation” is called 'the fundamental syzygy'. With

a \

the notation introduced earlier, the fundamental syzygy car, be expressed as:

X Xl * Xik Xpj % GRE 0 ' R

(Klein, 1925/1967, Vol. 2, pp. 155-158.) (If, instead, i, j, k, and_[ are four vertices of a ,
y . ’ o7
plane quagdrilateral, none of which coincide with the origin, then a~planaf projective

7
‘

: I . : : . . y .
invariant,” the two-dimensional analogue of the .cfoss ratio, can be computed. This

analpgue of the. cross ratio can be obtained by substituting for 3(@ the areas of
) 4 “

1

Six formulae of éross ratios can be obtained by rearranging the terms of the
: \

4
. v

syzygy. It A s\tands for ‘ ’ .

~

xij X, p? the ctbss ratio given eariier, then

Ll - “

Xit %jk ‘ : , __—
the other cross ratios can be expressed as: -
¢ . -
. \ )
‘ \

o j—— .

1,1-A,_1 ,A-l,and_A

~

a 1-a a . A- 1 ;

’ ~186 . o

¢

, triangles'forrhed by the origin and ordered Jairs of points.) .- A PR
. 4 ' aary .
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-’ (see‘7gt7hreier' ar%@perner, 1961, p. 55?6 . . oy
, o0 = e R -
L ., Cutting seems not t¢ realize that thesé formulae are determined in this way, for He
: L4 ' . N ) . " n\ ) ) .
™. says: "It is something of an embarrassment to discover that the six classes of cross
I'd
ratios have different numerical properties" (p. 123). In one table, he lists thﬁ amount of
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Table 6.1 (%ng)

-Six Classes of Cross Ratios

J

Change with Change with

P \ Value for
o even interior exterior .
. [T e .
Cross ratio Range distribution /‘sh{it ' _ shift
1. (AD.BCJ/(AC.BD)  0.0-L.0 075 - 0.13 0,04
" 2. (AC.BD)/(AD.BC) 1.0-00 1.33 0.25 0.07 pairs
3. (AD.BC)/(AB.CD) 0.0-00 3.00 2.2#:] 0.49 of equal
4. (AB.CD)/(AD.BC) . 0.0- 0.33 0.25 0.07 values
5. (Ag.BD)/(AB.CD)  0.0-%0 4,00y, 0.68 0.68 -
: 60 ( cCD)/(AC.BD) ’O-O—m 0’25 OoQa - 0.0‘!-
Table 6.1 Revised <
A
- Change with Change
Value for - leftward leftward >
even movement ¥ mavement*
Cross Ratio Range  distribution of point A of point B
' 4 f
1.{AD.BC)/(AC.DB) -®- +® 075 _ 0,05 -0.05 )
2. (AC.DB)/(AD.BC) -~ +® -1.33 -0.10 ) 0.09 !
3. (AD.BC)/(AB.CB) ~0 ~ 40 +3.00 -0.72 1.14
4. (AB.CD)/(AD.BC) -®-+%® 40,33 0.10 -?.09 £
5 C.DB)/(AB.CD) ~® - +®@ 4,00 0.72 ~1.14
6. (AB.CD)/(AFZ.DB) -0~ +0 0,25

-0.05 0.05

\

A reconstruction

L Cutting's Table %.1 (p. 89) can be used to illustrate some

-

misuses of the cross ratio and a failure to produce a projective mapping. *The

moyements of poipts A and B are as illustrated in €utting's Figure 6.4 (p. 88), and the

©

values of the displacements are given in that Figure. I assume fgr the revised Table

that, points A and B are spaced seven units apart. - _

~

o
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The values he does list violate the rf‘iations impl,icit i the syzygy; thus, there
should be six pairs oof equal xalues'along the last two columns of ‘Table 6.1, yet just
three are equal. This discrepancy is due to arithmetical error. O)her errors occur
because Cutting puts arbitrary bounds on the value of the cross ratio. l-ie restricts his
principal measure of the cross ratio, so that it varies between one and zero, when in
fac;"it can tdke any real value. He also disregards the sign of the cross ratio, deeming

a difference in crosqs ratios of -0.69 equal to a difference of +0.69 (see also Figure 6.4,

p. 838). Hence, Cutting has an invalid measure of the cross ratio. (Granted, he  only

" wishes to measure relative change in the cross ratio for an independent variable.)

Another serious criticism is that the stimuli of the first eight experiments do not
pres;rve projective properties when the locations of individual lines in the stimuli are
changed. Cutting uses four parallel bars as his basic stimulus, like four parallel fingers
of a hand. One of these may have a motion independent of the rest, like a finger that
waggles while the hand is moving. Cutting measures the cross ratio on-a line -that
intersects these parallel bars at right angles. He computes the cross ratio for those
collinear points of intersection. He varies the position of one of the four parallel bars
that is, the position of one of four points on the line, in an effort to produce constant
values of the cross ratio (eg., Figure 6.4, p. 88). There is an artifact in his procedure;
when one cross ratio is constant, other cross ratios on the same points vary (see Table
6.1). One assumes that all eight experiments employ similar materials. That is to say,
all eight experiments fail to control projective properties. Cutting makes the claim
that observers can be sensitive to changes of 0.05 in a~ cross ratio of such stimuli,
though he uses only one measure of the cross ratio. is he calls the "canonical cross
ratio" (pp.”80, 81). Yet the value of other cross ratios on-the~same points is not
constant; those cross ratios can vary more than 1.50 (note rows ?/:a\nd of the revised

Table). This is no relation of projectivity, even though one\measure of the cross ratio

3
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remains constant, Cutting is net free to choose one cross ratio measure and ignore the
- . A

rest; in any projective rhapping, all the cross ratio measures are preserved. When some

cross ratios are not preserved, no projective mapping_has been established. All cro¥s

ratios can be controlled at once; any projective mapping from line to line will achieve
C»

that end. The point is that the method by which Cutting attempts to change the
distances among points or bars, while preserving a single cross ratio, is not a

projective mapping. The variation in values seen among these cross ratio measuu:fs
indicates that, for his purposes, his stimuli are disordered. His experimental conditions
9 N3 . v

do not manipulate projec):tive properties, as he intended (I conjecture that a distance
ratio, not the cross ratio, is the quantity that Cutting has manipulated in thesé

experiments. A distance ratio is a-simple ratio of two distances.) .

v

Other Evidence

N

Chapters 8 and 9 seem to exaggerate the importance of the cross ratio as an
index of projective invariance. K lein (1925/1967, Vol. 2, p. 158) cautions against

treating the quantities of projective geometry as if they were constructions on the

cross ratio. He remarks that’such an emphasis makes insight into projective geometry
o -« 3

difficult.. Perhaps it also makes insight into the applications of projective properties to

perception difficult. Cutting measures the cross ratios of points on a _!iné,' and
complains that "the cross ratio is confined to collinear points or coplanar parallel

lines" (p. 115). Yet he continues to use the cross ratio, and fails to’'explore ‘other
invar?ant measures of planar projections. lnstead‘\ he proposes %o assess planar
projective prope;ties by measuring many cross ratios on skew lines, which he modeis in
turn by an index of the proximity of points, that is by\a "distance-~density function'.

His motivation is tenuous. He says '"the general pattern...is that cross ratio change is a
function of proximity of a displaced element with others... Thus changes in cross ratio

may have a systematic relation to various measures of density. The pursuit of thi$ idea

§

<l

#
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( .

E is the crux of this chapter" (p. 116)~ Cutting may have lost sight of his goal at this
point, since he recognizes that the measure he chboses is not a projective invariant
- ]

(note | p. 273). Why choose thus when there are measures of planar projective

o ]
invariance? One example is the two-dimensional analogue of the cross ratio, which I

mentioned in connection with the fyndamental syzygy. Is there any greater motivation
to use a distance-density model to approximate cross ra;jps than there is to

approximate visual aﬁgT.e by ‘the same method? The appropriate measures should be
( .

applied in the first place. Chapter 8 explores and tests the ﬁypofhesis that "if a .
rigidi;y-violating element always appears in a region of the same density, it ought to
be equally easy to detect" (p. 124). This is a fair hypothesis about constraints on the
information that is used in making perceptual judgments, but it is not an hypothesis

about projective invariance or the cross ratio. - -

L.

=

N .~ Cutting's general conclusion about the cross ratio -is that it is sometilges

effective in form perception, and sometimes not. He concludes that cross ratios are

useful to observers as they, judge the rigidity of planes in rotation, but not when they
&

judge the rigidity of moving pl;nes that remain parallel to the picture plane. The latter

- case is often considered to be simpler. The parallel movement of planar figures cannot

-

be distinguished by a projective property from the rotation of planar figures,”and

| Cutting wisely attempts no such distinction. As it is, perhaps the cross ratio is never a*
¢ ) =

J psychologically effective invariant. A strong case for its effectiveness has not yet

been made. z

Optical Flow

v
) Chapters 10 to 13 are devoted to ‘problems of optical flow; they are excellent. "
. ‘ 3]
The focus of expansion inlan optical flow field has been cited as a visual cue by /,hich

- an observer senses the direction of his own motion. Chapter 10 contains summaries of a

L) . 2 1. .
( good sample of relevant research and criticism. Cutting provides practical evidence

-

1
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. .

about direction finding based on another cue: motion parallax. He makes this topic easy
to understand. In these chapters, Cutting defends the hypothesis that an observer can
use changes in the optic array to tell the direction of his movement. Koenderink and

van Doorn (1981) have provided an analysis which suggests that the focus of expansion

does not indicate the direction of an observer's own movement, independent of eye

movements., Cutting suggests that changes based on differential motion parallax do

indicate the direction in which an observer is moving. He provides two experiments to

document the point. He specifies the asymmetries of optical flow that occur as am -

v
! o

observer moves in a straight line, or. along a circular track. He shows that these

asymmetries of optical flow are effective indicators of direction. Here at least, there
seems to be evidence for an, explanation based*on ecological optics.

Directed Perception

. Cutting's book neither extends %logical optics, nor does it lend support to

.palve realism. Yet it does seek to offer a new approach to the theory of perception,

Ve

which he calls 'directed perception'. Cutting draws conclusnons about directed
/

perception from his results. He sg'esses the vanety of stimujus informatton that is

relevant to judgments of the shapes of objects. He contrasts directed percepfion with

both direct perception and perception mediated by inference. He distinguishes directed

‘percepuon from other theones in the way that this mformatton is "mapped" between

<

e#vu*onment and observer. Du'ect perception implies that things cannot appear to be
otherwnse than they are, that is, the physical descrlptlons of objects are assumed to be

univocal: they map in a one-to-one manner onto the kinds of information available to

the observer. Theories that suppose perception to be meqiatéd“ b'y inference assume
information to be equivocal; many kinds of physical description are specifigd by many

kinds of information. Directed ‘perception .is different: many kinds of information are
is
a;sumed to specify each property visible~to an observer. There is-a many-to-one

T . ) LY
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b

. . .
(, .+ mapping of physical descriptions onto information. Cutting's claim is that while
~ »

v

information about shape is not uhivocal, neither is it wholly equivocal.

His theme is the immediacy of percepotion, that is, how things may be saig,to be_

ibresent to the mind". Cutting mentions .the history o{ the notion of immediacy in.his ‘ﬂ.\
-~

) , 1 & .
? * "Nine Issues Concerning Direct Pgrcepiion" (p. 224). He would have done well to r?fer

to a mor ¢ comprehensive history of the relevant ideas,'such as Yolton (1984). Perhaps .

3 [—

- E -
C he mistrusts such philosophic reviews, since he says of Austin's (!962) discussion of
0
direct perception that it "was more about ‘words than about perception" (p. .234), -

S

Cutting's own historical discussions occur in the first four and the last two chaPters of
the Book. These are’broad apd insightful,. though misleadin&, in a ifev\@ points. Here is
one: he suggests that the abstraction of primary frof secondary qualities was
acceptable’ doctrine for Berkeley (p. 227, but see Grayling, 1986; p. 74). ' At another
point, he attributes to Poincaré the view that projective nétions are central to the
understanding of visual percep.tion (p. 143, but see Poincaré, 1913). I have not been :

convinced by Cutting;s arguments for the directedness of perception. When Cutting. -
discusses the the6ry of depth cues, for instance, he says that the number .of cues seems
= to increase without end, that "it seems difficult not to let everything fload in" (P.

245). Here the theory of depth cues may be defended by a paraphrase of Austin's

(1961, p.221) statement on the many uses of language: "l think we-$hould not despair .
- too easily and talk, as-people are apt to do, about the infinite [number of depth cues.

1

Ps}chologigts] will do this when they have listed as man;', let us say, as_seventeen; but
N R Y -

_even if there were something like ten thousand [depth cues], surely we could list them . .
¥ - .
all in tirﬁe, This, after all, is no larger than the number of beetles that entomologists

. have taken the paif\s to specify." The point is that the number of depth cu;s or the

W

~

con‘npiexity of the "mapping" between environment and observer is no bar to a theory of
c . form perception that is based on depth cues. There is nothing inherently wrong with

theory that is replete with Baconian detail. Cutting does construct an effective




argument to the effe“ct'tha/t ";iirected’ perception" is a better theoéy of form perception

\

[

than is "direct gerception”. But in my view he -has not shown that "directed perception”

is a satisfactory theory. There are perspectives on this subject that are yet unseen.
. .

1

Perception With an Eye for Motion hz;s maHy positive qualities, and it has serious

flaws. The format of the book makes it easy to\i;ead, and the footnotes are apt and
T

informative. Although I gvoilld not recommend this book to an unsophisticated reader,

. . - - 7
any serious student of perception should have a Lo;;y. ~ '
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Note 2 . \ o . e

Y

Phenomenal Regression and the Thouless'lndgx in Experiment Three

@

9

. ° {
Shape constancy is not always complete. If one &ccepts that shape constancy is

achieved as if by operations on projective invariants, one may suppose that when

constancy is incomplete, shape is perceived as a compromise between real shape and
A
\

some projective equivalent such as a perspective image on the retina. Thouless (1931a,\

1931b) characterizes wmpparent shape on a scale between physical shape and a

-
perspective image on the retina. He supposes that a "law of caﬁ'omise" holds for

shape and other perceptible qualities. For instance, apparent brightness may be a

compromise between a surface's reflectance and the product of reflectance and

luminance upon the retina. Thouless calls the tendency "phenomenal regression to the
i .

‘real' object" or, for short, "phenomenal regression". His measure ©f phenomenal

regression, the Thouless index, can be applied to any percepti

(1933) develops the same formula, and is explicit about his assumptions. Brunswick

imagines that the index reflects congruence relations in the abstract, rather than any

single property, since it is unitless and can be agplied to many perceptible qualities.

Thus he recognizes that the unit of projective ci{ngruence is dimensionless. He develops

-

a measure of the degree of projective transformation as a corollary of the index. He

sees the use of a logarithmic formulation of the index as a conversion of the scale of
v .

perceived shape from an arithmetic series to a geometric sefies. In this way, he relates-
the values of the index to Fechner's Law, which makes logarithmic scales omnipresent

in psychophysics. Both Thouless and Brunswick use projective congruené}e as fhe

f
| .
J

1

ity. Brunswick .

0




standard by which they compare perc?ive& shape- to real shape. They accept the tenet
that projective invariance is the basis of sha“gé“tonstan\Cy.

The reader may ‘/wonder whether subjects' estimates COl:ld r\‘tot have been.
explained as phenomenal regressnon. Thouless' (1931) formula’ is an accepted way. to
estimate the magnitude of this effect, smce it Is independent of viewlng dlstance
(Battfo, Reggini & Karts, 1978). The assumptton that__the Thouless index for area, Is
constant across perspectives can be testeo with the present data 'and that In turn tests
s

Let s stand for ‘the area of the flgure found by correct methods of projection, f

whether observed effects are to be attributed to Ehenomenal regression.

for the actual size of the object and p the est:mated or "phenomenal" size. - Thouless's

o

index of phenomenal regression to the real object is given by the formula:

13 4 h '

i = logp-logs
log r - log s

-

" The index ranges between zero and one. Mean values of,s and p (across subjects) can <

be supphed for six viewpoints. Assume the index constant; one "variable" remains- r.

When the values for s and p are substttuted, will r (the real size of the ob]ect_) vary?

)

Sirice the real size of the object is constant, variation in r will reflect varlation in the
I .

Thouless index for area, contrary to expectation. Let subscripts be assigned ‘to.p and s

to indicate the %rie\'vpoints to which they ‘belong, and/let k= lo'g;. The quantity to be

il

" estimated is r. The assumption that the Thouless index is independent of viewing

-

. - ' &

distance predicts that: i, = i, = i, = 1, = is = i,, so that the following should be
- e 2°-73 LI 6 e

identities: . '

[

log p) -~ log s,  log p, - log s log p, - log &

2 = ” e = 6

k - log s k-logvsz‘ k-loqse w

, 1

s4
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If a pair of viewpoints is chosen, say the view qints with indices il and i, an-estimate

~

" .
)
. [}
-

of k is: - . . ‘ .
. ) log s log p, - log S, log pl L .
' + - c >
; {1log s“ {oq s, log Py - log p%) A
= .:4 - . \

. <~
This computation was performed on sall distinct pairs of conditions. The values of s

‘
”.

Q | .

o , Were taken to be the areas of figures ABCD as found in the master drawings. The
2 .

T values of p were the mean estimated areas ABCD. The value of r ranged from 874 cn_\2

A

to 15106 cm2. When the'se values, were reintroduced to the ipdividual equations

i logp-logsJ" - ,

logr, - log s, . ' - ‘
Iy T 9 Fy « . :

' ‘ } the rlndex ranged from meaningless negative scores to .19, A variation of at least

* L

. l one-ﬁfth of . the. range of.the index seems sizeable.’ The variation m derived estimates -
9 4 R

ol the size of the real ob)ect suggest that phenomenal regressnon as descrlbed by.t

)

Thoulrss index does not explain the effect that has’ Zeen found. | . ‘ . .
* The Thouless index fors ar&F has been applis d~to other’ experiments on shape

cbnstancy. T\Pe variability in the index has been exammed as it apghes to the

P

\L é ' helght-to-wxdth ratio of rectangulan:‘stlmuh. That ratio is proportlonnl to ‘the area of
ﬁi réc'tangt]lar sti‘muli. Experiments have varied the angle whieh a rectanéﬁlar stimulus
N makes wnh the picture plane. Lichte -(1952) reviews several experiments, and finds that
- B tﬁ: Thouless index varies with angle of rotation from the frontal plane. Koffka (%35)

also recogmzes such -an effect. A quantitative claim about the index was made by Hsia

(1943), using "data from Thouless's own investigations;: He conjectured that the index c

- ) varies as /

- ' . . . c =(R.- cos 0)/(1 - cos 8) :

'
'
S . - /Q <
A 0
hd .
' “
- ,
. .




: v ' 198 .

P

- . l » -
© where R is the observer's match of height-to-width ratio, and 8 is angle of tilt from

-

the frontal plane. Ti_me present results can be taken as additional evidence for this

&

' ¢
claim. l§ consequence of Hsia's claim is that R varies as cos §, sincec is a constant.

O

The ratio R can be construed as an estimate of area. Tﬁyﬁea of the quadrilaterals

r " 1 * .
«that the subjects produce is correlated wit the afngle their line of sight makes with

the object plane. Thg angfe can be estimated, since the stimulus object was about forty
v ) / . - N
meters from the viewing stations. The correlation of estimated area and the cosine of

angle of tilt is significant. (Spearman's rank correlation = 0.971,. N=6, p< .01). In other

il

words, the finding that the Thouless index for area varies with the viewpoint of an

% ' .

observer is consonant with established' data on shape constanc;'. This is not a new or

surprising finding; estimated area‘ has already been found to be a function of ordered

distances, and the cosine of angle of tilt is another function of the ordered distances.

Accordingly, values of the angle of tilt are ordered in the same way as the ordered
/ . ; \ o

distances, which could explain the high rank correlation of the cosine of angle of tilt

1
A )

with estimated areas.
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Note 3 ‘ T o

. Depth Cues and the Invariance Hypothesis

< =
~

What seems to have mxsled the writers of optics in this

‘ !'\ ( matter is that they imagine men judge of distance as they do of a

' conclusion in mathematics, betwixt which and the premises it is
' . indeed absolutely requisite there be an apparent, necessary
conriexions But it is far otherwise in the sudden judgments men

make of distance. =~ . .

o B
Berkeley, An Essay Towards a New Theory of Vision, p. 176.

- ~N . vy

i £ . )

»

.

’ The experiments can be considered evidence for the classical tlieory of depth

' t
cues, against the theory of directly perceived invariance. To understand this Jclaim, it
. £ o " . -
is necessary to know how the tenets.of the invariance theory and the theory-of depth

A 0

cues differ and what explanation is added by the theory of depth cues. I ask the

"‘reader's indulgence to outliney this\auxiliary claim at soﬁ;e length. Depth cues reqL:ire
no. introciuction, since they are’ reviey/ed in dhy elementary tex;bopk on perception
(e.g., Goldstein, 1980, chap. 7;-Rogk, 1975, chap. 3; or Schiffman, 1976, chap. 16). In
general, the theory of depth cues is a theo;y of shape constancy, as is t\he invariance

theory. Both theories propose to account for the same phenomena. The theory of depth

- cues emphasizes distance, while the theory of invariance emphasizes projective

quantities,
@

Depth cues are meant to contribute to impressiond of depth and form _in varying

degree. In contrast, the Gibsonian program incor;{)brates a theory of invariance that can

4

« " be construed as a search for foundational laws of shape constancy. Gibsawzth’ought that
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impressions of depth and form have one kind of concomitant, not diverse kinds with

varying effectiveness. It will become clear that depth cues do not afford such laws,
. . ’

Gibson believed that geometrical laws of stimulation underlie the classical depth cues.

"The theory is that they are retinal gradients and steps of ordinal stimulation and that

&

zh‘ey are geometrically precise” (Gibson, 1950a, p. 138). Dept es might then be
described as the effects of perspective. A proponent of the theory of depth cues might

respond that such a reduction of depth cues to geometric laws of perspective Is neither

.

plausible, necessary, nor desirable. According to the theory of-invariance, such basic

<

, . |
geometric laws in turn \Pould relate properties of the effective stimulus for vision to

\..pr,operties of objects, and relate them univocally. The validity of these laws would then

depend on optical laws, whose validity is the province  of physfcs. This ,much is
undisputed; the projected image (e.g., the retinal image) of an object is re‘l'ated te ]‘.he
object's geométrical form by laws of]physical' o;tics. Equivalently, projective invarian:; )
— which Gibson thinks are seen directly -- are related_jo*an object's form by laws of
ecological optics. That is what Gibson, ‘(\1966, p 187) means when he claims that
perception yields information about form. | | '

The principle implicit in Gibson's pro~gram is both general and practical: it is
“that the basic congruences -of the dioptric conditions of observation are also the
elements of a psychology of‘appareni shape. The co;msequence for his theory is dthat
linear perspective (that is, perspecty/\'e projection) and the effects of perspective on
texture are emphasized, at the é;(pense of other cues to depth, He presents the
dependence° of perceived shape on the geometrical structure of the light impinging on

- v

the eye as the central problem of shape constancy. Yet.is there a problem at all?

There may be no problem if impressions of shape are reliable cues to real shape”. " The .

: , » /
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v
'only problem is-that Gibson and others postulate a certain kind of geometrical
relationship Between im‘pressions of sh%pe and real shape.
.. The p;ostulate‘ is part of a_long intellectual tradition, as old as Locke.According

®
-
y to the tradition, the appearances of things distinguish them insofar as those

©

appearances are one of two things: "constant effects or else exact resemblances of

something in the things themseélves" (Locke, 1690/1959, vol. 2, p, 498). The way tﬁings
look distinguishes them when there is a recurrent correspondence between the way

they are and the way they look. That is, if (there is either a constant effect of actual
. i . L

shape on perceived shape, or else there is an exact resemblance between actual shape

and perceived shape, then objects can be distinguished by the way they look. The two
grounds for dist’inguishing objects by their appearance were once marked by the
division of perceptible qualities into secondary . qualities and primary qualities,

respectively. This distinction is_foreign to the theory of depth cues. (Gibson implies

EL)

that he does not make the distinction in just this way, but his distinction between

i

specification by convention and specifica!ion by projection implies just this distinction.

The resemblance he claims is in terms of projective quantities.) In modern times, the

notion of re‘semblance between object and idea seems to have lost its definite sense
(for example, a-s\in the exchange between Henle, 1984 and Pribram, 1984). Modern
writers concentrate on the consequences of postulating primary qualities, rather than
on the relation of resemblance (that is, on Lockian orthodoxy) itself.

What is the import of the division betweenﬁprimary and second’ary qualities? All
primary qualities were supposed to be immediately perceived, as were some secondary
qualities, Today, one would se.xy‘ they are directly perceived. Some aspects of form are
still thought of as primary qualitx’ef;s. If some ’are, it is important to know which aspects

they are, because the{ descriptions (say, the geometrical descriptions) "designating the

\(
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primary qualities of things may also be used, without ambiguity or change of meaning,
to designate the ways in which somé things appear" (Ct\ishol;;\,‘ 1975, p. 133), I_h_l_s_ is
the impgrtance; of primary qualities for contemporary theories -of vision, and it is the
reason the distinction is made "today.

v

The invariance treory motiyates a search for such aspects of form. .The reason
is that the descriptions of those aspects can, be bor;owedl’flrom. dioptrics rgady for use
in a theory of shape constancy, as is desir‘able for an ecological optics. If the property
of I;éing quare‘ exemplified a primary quality, then square things weuld have to look
square; things that look square would have to be square; and "square" could be taken
as a basic description of a way thin{s look. It's unlii(ely that “squareness" describes a
primary quality; to some people, other geometric properties seem mort; plausible
candidates® If projective properties were prima_ry qualities, then préjective descriptions
could be taﬂken as a basic level of description for the way things look. This might iead
one (such as Johansson, 1977, p. 403) to make "the principles of central projection, as

2
established in projective geometry, an appropriate model for visual space perception."

Where the study of visual-imagery develops an analogy with vision, the search for
-8
primary aspects of form motivates similar claims for visual imagery. There the mistake

of thinking that .some qualities are "primary" in that they designate both the

appearances and the physical properties of things can be construed as a "seemingly

innocent scope slip that takes image of object x with property P to mean (image of

object x) with property P instead of the correct ~imagg: of (object x with property P)"

(Pylyshyn, 1981, p. 153).

- 7

Now the basic difference between the invariance theory and the i\]eory of depth

2 3
cues can be stated briefly. The-invariance theory postulates primary qualjties of form

rd

in the sense that there- are certain geometrical descriptions that are true both of the

+
<

)

P T
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objects “seen and also of their appearances. The theory of depth cues, on the other
hand, does not recognize the distinction between primary and secondary qualities of
form. In effect it treats all perceived qualities as secondary qualities. Inasmuch as the

experiments show that projective properties are not primary properties, or that they

" are not directly seen, they support the theory. of dep§h cues against the invariance

theory. The distinction between primary and secondary qualities will be elaborated, to

o

indicate why one theory-might be accepted. e

There is an assay that distinguishes primQ%ry from secondary qualities. Primary
qualities, if there were any, would license the following inference: "if there exists
something which" appears to have a certain property, then there exists something which

has that property" (Chisholm, 1957, p. 173). Let us understand "there exists something"

as "there is something in the visual field of the perceiver." Qualities that license the
-‘*W o

‘inference without exception could bear equivalent descriptions in both physical and
psychological applications without undue ambiguity. Secondary qualities would not
license this inference. I[f something appears pink and elephantlike, it doesn't follow on

°

that alone that something akin to a pink elephant exists.

\;/hen an aspect of gpape is supposed primary, then if something appears to have
that shape, something of that shape must exist. The inference might seem banal, since
it"s unusual for medium-sized objects to have shapes other than those they appear to
have. Yet the import of the statement is that it is necessary that%something of the
rig;n shape should exist. About primary qualities, so runs the theory, there is no’
chance of illusion. '(One may be reminded of the importance and place of geometric
illusions in Rock's theory of shape constancy). The inference is rooted in the definition

of a primary qdality. The look of a primary quality is an exact resemblance of that

5

/

i
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physical quality, though "resembles" has only the force of "is amenable to the same

description as" in this context.

°

An example may help to clarify what it means for projéctive properties to be

~ O s
primary qualities. The example demonstrates the initial plausibility of the claim, as
well. The sides of World Trade Center One are rectangular. One might hypothesize

that a necessary condition for me to know they are ‘rectangular is that they appear
]
I

quadrilateral from any vantage point. Whatever' one's vantage point, whether

Rockefeller Center, Trinity Church, or the Staten Island Ferry, the wai‘ls of World
Trade Center One al\\;ays appear quadrilateral, So do the walls of World Trade Centre
Two.  (All convex quadrilaterals are equivalent in projective geometry, and
quadrilhterality can” be taken to be a projective quality). Their constancy of
appearance, that is, the perception of a constant projective property, could

concei\ulably be a basis or a necessary condition for my knowledge that World Tradé

o

Center One and World Trade Center Two are the same shape.

This example hints at an explanation of the way shapes are known through

\

vision, an explanation based on the invariance hypothesis. The assertion that prejective
properties are primary qualities, though it involves a claim about resemblance, does not
imply any such thing as that brain states are quadrilateral or that cross ratios of ideas
can be measur_e_d. It is no longer crucial to the theory how or wWhere the relation of

resemblance can be found. The assertion does involve the claim that terms drawn from
r
projective geometry are adequate to describe how things appear without metaphor,.
4]

-

elision or ambiguity. A description of apparent shape would not be parasitic on a

1

knowledge of objects, in the sense that an understanding of the expression "from here

thosé people look like ants" is dependent on knowledge about ants. The appearance of

>

"
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primary qualities of shape _\\'/ould bear descriptions of shape indeper;déntly, in their own

The overwhelming number of perceptible properties are secondary qualities.
Originally, the primary qualities %f/ objects were thought to be "the bulk, figu\re,
number, situation, and motion or rést of their solid parts" (Lock&, 1690/1959, vol. 2, p.
178). Not all aspects of figure, thdt is, not all aspects of sha;;e, are now thought to be
primary( qualities. Length is not: that is the point of postulating the classical cues for
depth, or any theory of shape constancy at all. ,The way thdt Jistance is seen might
well be likened to the way that distance is heard. There is a temptation to say one
sees distance, but not tempted to say one hears distance. Various signs or cues for
distance (such as the regularities of pjtch knowrnas the Doppler effect) are used in
aucﬁtion, but cﬁstance is not heard directly. A similar account of visually perceived
distance is given by the classical depth cues. Various signs or cues for distance are
employed in vision, but none of these'is described as an exact resemblance of distance.
They ‘dre copStan; effects of distance, and théy are not .described in -the way distance
is. Propérties that provide constant effects, and not exact resemblances, are secondary

qualities. A similar account of projective qualities is not hard to imagine. To quote one

writer who 'denies that there are qistinct' primary qualities of shape, "Can you even
separate the ideas of extension and motion, frt;m the ideas of all those q-ualities which
they who make the distinction, term secondary?" (Berkeley, 1713/1979, vol. 2, p. 193).

How'is the theory of depth cues different from the invariance hypothesis? The
theory stipulates that geometric q(xantities are made visible by cues that have no
necessary connection with the quantities they represent. What suggests some shapes

can suggest other shapes, and what suggests colours can indicate shape. These cues

have the nature of signs. Though the relation of a sign to its significate is called an

[
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’
-

arbitrary relatien, the cues do not denote haphazardly, nor is their significance

N .

established through human convention.” Depth cues, are natural signs that indicate the

- shapes of things.. The tradition is that these cues have beensused to explain the
3

&

perception of distance from the observer, but there is no reason that their use should

~
¢

not encompass more than 'ler;gth.

What is.an expla'nation that employs secondary qualities like? There is a fine
example of a depgn cue, one which has been negl’e;ted. The example is telling because
it seems absurd to postulate a similarity or a resemblance between this sign and the
quantity it signifies., Far-away mountaips appear blup, and the Hollywc\)od hills look
brown from downtown Los Angeles on a smoggy day; this is the effect of aerial
perspective. The apparent colours and brightnesses of things change with‘their distance
from an observer. The reader may note that rough terrain is often chosen for these
examples, not ‘because aerial perspective cannot be demonstrated e'lsewherc, but
because cues to textural gradlents are ineffective in these situations, since the
regularity of texégra‘l elaemczents cannot be assumed (see Gibson and Flock, 1962).

Aeria! perspective once pl,a/yed a greater role in‘perceptual theory than it does
now. Leoﬁ'do considers that "pé'spective is diy}ded into three parts. The first part
includes only the out‘lin‘es of bodies, the second includes 'th.e diminution of colours at
varying disténceg., and the tﬁ’i;d,,loss of distinctness of bodies at various (iistances" (Da
Vinci, 1490/1956, p. 5). _The modern emphasis on linea‘r perspective scarcely allows
discussion of aerial perspective. Rock wonders if it can be considered a perceptual cue

l O 1 .
at all (Rock, 1975, p. 92). Uncharacteristically, Gibson singles it out as a depth cue

, 4

that is independent of projective invariance: "it is only reasonable to suppose that it

would suggest the impression of distance, as red suggests warmth, without ‘compelling

the impression in the way a stimulus is supposed to do (Gibson, 1950a,p.115)". That

/




) e 207

- N v

does not méan that aerial perspecti've is ineffective as a'cue to distance. It can
indicate depth in the absence of cues of familiar size, téxture gradient, and relative
position in. the picture pléhe. Leonardo describes a demonstration to this effect. T

importance of Leon:';u'do's example. is that he eliminates cues due to linear perspective.

"There is another perspective, which we call aerial, because ‘
through the differences in the air we can perceive the 'varying
distances of various buildings which are cut off at the visual base
by a single line. This would be the case if many buildings were
seen beyond a wall, so that all of them appeared to be the same
size above the edge of that wall...Therefore, paint the first
building above the wall its true colour; the next in distance make __
less sharp in oeﬂine and bluer;*another which you wish to place an
.equal distance "away, paint corresponding bluer still...By this rule, :
the buildings which are on one line and seem to be of, the same
size will clearly be understood, so that it will be knovﬂt which is .
the most distant and which is longer than the other." .

*

Da Vinci (1490/1956, p. 101) realizes that the effect depends’ upon a natural
interpretation of this sign for depth. The interpretation of such signs as a means for

the perception of depth and form is a current theme in psychological theory. Rock,

4

"Shallo, and Schwartz (1978) have found that perspective cues such as texture gradients

depend on such-an interpretation (see Rock, Wheeler, Shallo, and Rotunda, 1982, as
< ,

<

well). The importance of aerial perspectivé is that it becomes a prototypal depth cue

when depth cues are considered as natural signs or indicators of shape. The study of
g AN

I\ B
aerial perspective illuminates the possibility of perceptual theory without primary

qualities. No geemetric invariant may ever be singled out that has a necessary
» -

.connection with perceived form. There may not be a basic level of description for the

way things look, at least in geometrical terms. Pet:héps all cues to depth and shape
function on the' model of aerial perspective. That is the alternative postulated in the

theory of depth cues..
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The plaugibility of*such a program may be hard to imagine for ;hose (among,

whom I am included) who have been immured .in the tradition that linear perspective is
the only real indicator of depth. There is‘a subtle connotafion to thc; very terms "cue"
and "sign" that indicat?s the fixedness of this idea. "Depth cue" sis a misnomer,l
becaqse, couﬁter?ﬁto the purposes of the theory of depth cues, the ter& presupposes ‘
that the ‘interpretation of cygs is setondary to the immediate perception o?\hage. The
usaée implies a "contrast with inspection of the item itself” (Austin, 1961, p. 75), that
is, "depth .cues" sound like that with which one makes do when one is not seeing depth
directly. Yet the clgim made about depth cues is that this_is how one sees depth and
forr(;. "'Sign" has Jhe. same connotation a$ '"cue": signs, like traces, are what one has
when the object ﬁself is absent. "When we talk of 'signs of a storm', we mean signs of
an "impen;iing storrﬁ, or of a past storm, or of a storm beyond the hori‘zon; we do not
mean a storm on top of us" (Austin, 1961, p. 74). A sign ‘for depth is meant to be
different; these signs have prior place in the_ theory. '
‘ Linear perspecti\;e does not have pride of place inthe ’theory of depth cues.
Aerial perspectiv_e’m_ay serve as a reminder that the study of depth cues can Ve
br‘qadened in other directions. The characteristics of aerial perspective, by whic S
a model for visual signs, are these:’

1. There is no neclssary connetu:tion between the sign and the

quality it signifies (aerial perspective depends upon the
composition of the air, and the seasons of thg year), and

*

2. The physical law that is reflected in the regularity, that is,

the sign, need not be invoked to explain perception of the

« concomitant quality (it has not been proposed that implicit

knowledge of gaseous density or of the scattering of light is
invoked when depth is seen’by aerial perspective)c

The theory of depth cues differs from the invariance hypothesis in these two claims.

Since the invariance hypothesis$ can be construed as a ;foundational program that seeks
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to cstablisl; th[e basic éo_ngruences of opticéi-laws as primary qualities for vision, the
difference is crucial. ,

The experiments provide evidence " that pr“ojectiv; equivaler)ce is not seen
uniformly. The sense in which it can be said to be seen might be that in which we can
say that depth is heard. Yet this assertion runs counter to established ‘accounts o
shape constancy. For instance, Rock bases his theory on a projective regularity XZ

- Y
optics, the inverse-square law. He supposes the inverse-square law to be a sufficient
basis for 1 theory of shape constancy‘., His supposition is essentially the one with which
we began: shapes "appear the same when the laws of optics :/ould allow that their
appearances had been occasioned by objects of the same shape.

»  What could be wrong with such a minimally adventurous claim? It is ju;t
possible that the wrong sort of explagdtion ha been sought for th;e phenomena of
shape constancy. The invariances gi\kn in laws of optics are not, it seems, the basis
for a satisfactory account of ‘perception. The laws of optics are part of a description
of the causes of perception. Perhaps a descripﬁon of the causes of | perception is
insufficient to a theory of shape constancy; perhaps the best explanation of shape
constancy is not a causal explanation. I would affirm that there are causal processes in
vision, and there are useful causal explanations in the study of vision. "But not all eur
quéstiéns about per;e;;tion are causal questions; and the proffering o; causal answers
to non-catlsal questions leads to inevitable dissatisfaction, which.cannot be relieyed by
promises of yet‘more advanéed causal answers still to be discovered" (Ryle, 1956/1975,
Ap. 201). Tr.le invariance hypothesis is a stipulation about the causal conditions of
perception. Under the hypothesis, the geometric conditions of vision are stibulated to

be a sufficient explanation of phenomena of shape. Various arguments and results have

been presented against this hypothesis. 1 hope that they motivate acceptance of a
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simple principle for vision research, that is: A deséription’ of the geometrical and

causal conditions of vision is not a sufficient basis for a theory of visual shape

constancy. The results o}\ the experiments dd‘not compel this conclusion. It is hard to

imagine what ever would. 3Still, the results can be fsl?ih\as one reason :to accept the

ptinciple. v N
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