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il Six .. e~periments tested the assumption that, in visual perception, observers have 
~ l' • '. 

, \~Miable and direct éf~cess to the equival~nce of shapes in projeciive- geometry- (l,caU 

" ' 

tbis "t~e invariance hypo.thesi~ in the theory of shaPe œnstancy"). This assumption ~s 

been- made- in' the study of vision sil'lce' Helmholtz's time. Two eXPerlments ~ested 

reC"ognitioru of the pc'ojective equivalence of pJanar shapes. In another four experiments, 
" , 

subjects estimated the apparent shape of a $Olid object from different perspeètives. 

Departure from prOjec;iV8 equivalence was assessed in each study by Aleasurjf\g "the 

cross ratio for the plane. This measure 01 projective invariance Js new to perc~ptual 
/ 

research. Projective equivalence was n~t found to be perèeived uniformly in any of the . 
studies. A significant effe~t of change in perspective, was found in ~ach study ..... T~se 

results -were construed as supporting the classical theory of 'depth' Cues a'gainst the 
. '" . 

invar lance hypOthesi~ • 
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1.q présoo,ptio~ seJoh laquelle l'équivaJenée de figures relative à ~a projection plane est 
" ~" ' 

f;J accédée par la, ~rception visuelle fut exa!1'inée à l'aide dè six ex~riences. (le la désigne, . . .....,.,~. . 
" 

sous Je nom d'hypothèse de t'invariance 'dans la théorie de la" constance ,visuelle.) Depuis 

Helmholtz, la psychologie traditionelle a soutenu ce poInt, de d9ctrlne dans la th~orle de' 
o • 

la vision. ,Stx expériences ont examiné l'identifica,tion de l'équivalence conservée par 
• 0 .. 

tou~e projection plane; Dans les quatres auws expériences., les ~bservateu~s estimaie~t . 
,. ' 

la forme apparente d'un objet soiide, à partir de points de, vue Qbliques.' Dans chaque 
v 

expérience, la' disparité des figures par rapport.à la géométrie projective ftJt évaluée par 

la me$ure plane qu'on appelle "cross ratio". Cette mesure' particulière d'i!lvariance " 
~- . 
prOjectiye est une "Nouveauté dans le domaine de. la recherche en vjsjo~. Il ,fut moritrl 

/ 

que, dans ,aucune des conditions expérimentales, on ne perçoit l'équivalence' proJ~tive { 

uniformém'ent. Un effet. signifi'catif de ~hangement de pèhpectiv~ fut trouvé dans 
() 

chiiCuq,e des expêr' 
1% 

Ces donnéés furent interpretées comme évidence .eD fav'eur de 
" 

/ 

la théoi' ~e classique S indices de profondeurs par oppqsifion à l'hypothèSe d'Invariance. 
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([ 

There are many theoriès of shape cons.tancy;lheir catalogue would IlG of .. " 

, J h Y b f h' h . h \ h ' . _ unreason~ble engt. et the greater num er 0 t ese, t eones s ar1\ g.ne c arJlcterlstlc. 
,~ III 

. They assl,ime-- or imply that projective congruence is seen directly, or that. the 

'- magnitudë of' visual Ae is seen directl)"': 1 hope ;hat the followi~g experiments 'and--
1 )\. • 

arguments will prt>mote Scrutiny of those assumptions. It. is not m~ present lntent to 
~ • ~, q l 

- construct a theory of shape constancy. Rather, my intent is to spotUght a problem for 
.' ~ "lI 

contemporary theories.tihe probJetn is that perceivers may not be exqujsit~Jy sensitive 
... 

( ' 'III. 

to projec.tive co~ruence. 1 am .of. the opinion that thi's seems a pr.()bl~m only when the 
, . \ 

.~ con}equences of wrong ~hinking abou,t vision at:e accepted. A resolution of the problem 

is' expressèd by WittgenJtein, though 1 am at pains to expiain what he could mean when 
. 

he says: "lm Gesichtsraum gibt es keine Messung (1981, p. 266).". 
, 1 

The thesis .con,tains an or iginaJ contribution- from n1f part, t~ough 1 have received 

gene:ous heJp from others. \ The six experiments âre original contributions. The 

re·evaluation -of the ex~~rilT'ent reported by A ttnea ve and Frost (l9~) is new, aJ;K>. 
_ l' ,_ .. ,,_ 

That re·evaluation can be fc~~nd in Chapter Two. Of, those who helped,.....one deserves , , , "AP 
~special me~tion. Professor John èv)acnamara has my Jieartieft thanks and admira:tion. He 

.. 
has tie,lped m~ more than 1 could say in sevel'aJ °èhapteFs: He helped to con~ense a cloud 

oi' i~as into a thesis topie, and any lucid passage trlat may be found in illY rurbid 
!JI f:'1- .:- , 

prose has been subjeèf to his criticism. Under his supervision, 1 came t~ feel that "the , . - . 
supreme vice is shallowness. Whatever is realized, is r.ight". 1 wo~ld Iike to thank the 

pther members of my thesis ~or'11mittee -- ,Ors. Don Donderi, Yoshio Takane, and Steve , 
-

Zucker - for !heir poign~nt direction and hel"pful comments. Karen Wynn was a 

, faultless research assistant. She t:onducted the ~ôurth experiment, and' she typed dat~ 

10r the experim:nts in~o computer files. Vero~ie.a Horn conducted the fifth and sixth 
,:. 
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. . 

experiments, • and coded those Professor Viktam Shatt showed his kindness by . 
recommendi~g participation in. the fourth experiment t mem!>ers 0 his architecture ~ 

class. Pr.ofessof.' Peter Dodwefl deserves my th~nks-tor! his patienc' a~d support si~~e . , . . 
my,arrival at'?Queen's University. 1 thank Rhonda Amsel and Dr. Justine Sergent for 

! . l ' • , 
their comments on a draft of the experimental section. '. fv!inerv Kühlenschmidt and 

Betty 'Loggie w~re ;ndlessly patient in typing the ~nuscript. 1 thank Andy, Edward, 
C 1 

ErFlest, Floyd, Gaétan, Glenn, and L,prine. Without any one of \ hem this thesis would 
.. 1· ~ . . 

not have been 'compJe,ed. ~xcept for Brian ChamberJain's photograph of -the 
~ 

greenhouse, photographie work was done by Robert Lamarche. Spelling and usage in the 
, ~ 

. , , .' ( 
the,sis are meant to èoflform to the Oxford -Engl!sh DictionarY. Any ~rror in fact, .. 

empha,sJs, or presenta ti~n that ryay be f&und' is my sole responsib,ty. 

This research has been sUPPoÏ"ted by a Doctoral 1 Fellowship from the Social 

Scietlces and; Humanities ~eJarch- CouncH o'f can;~a (A~arCi numbers 452-82-~J61, 
, 

453-8~-0130, ,and 453-84-0505). The l'esults of the third ~xperiment were reportêd ln a ...... 
" coUoquium for the Center for Cogn'itive Science .at the University' of Western Ontario . ~ ~ - . 

c ~ ~ , 

on March 27, 1985, and i~ a paper to the Canadian Psycho,logieal Association (June 18, 
,,~ . . r.; 

,1987). The re~ult~ 'of the fourth experiment were reported at a workshoi{ held at 

Queenls University on, August 25, 1986. The results of the fourth' experiment ",ere alBo 

presented to the -J()~t Meeting of EPS and CPA (Oxford, England; July 2, 1987). The 

results of the fifth and sbE-th, experiments were presen'tfcj at the C~nferen~e on VisIon 
, , \ 

• 1 • 

at Queen1s University on April 24,1987. Note 1 of,the disserta-tion Is an invited review 

of Cutting (1 ~86), an~ will appear ~i the Journal of Mathematical Psychology. The 
~ 

• experiments were presented, in i n'for mal taJks in the Department of EJectrkal • -
Engineering at McGill, as wen. 
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INTRODUCTION 

, , 1 

, -

ln the fJrst place It's objected that in the beginning of the 
e .... y.l arst.'~ eJther against aU use of Unes and ~Iles ln opt1cs, 
and then wha~ 1 .. y la falseJ or against those writers only who wlll 
have It that W(l. eu perce1ve by sense the optic axes, angles, etc., 
and then It'. Indpüflcant, thll beinS an absurdity wh1ch no'one 
ever held. To .MdI 1 ans_« that 1 argue onJy ap1nlt those who 
are of the opJn1on that we percelve the ~ of objects by 
Unes and anlles oi, as they term It, by a Idnd of lnnate geometry. 

Berkeley, An Appendlx to the tissar on Vision, p.237.· 

il' 

1 

, 

j 

SoUd forms look unchanged as they are seen from different viewpoints. One may 
, 

be tempted to explore the possibiUty that the explanation !or thls pérceptual constancy 
.' . 

1s the constant shape of the real objecte Why Rot hypothesize that we notice no change 
-

in the real object just because th~re is no change? T 0 rule out obv ious 
. 

counterexamples, we might formuJate a more conservative hypothesis: we notice no 

ge0!'1etrical change in an object whenever the laws of optics would allow that the light 
, , 

that reaches our. eyes emanates from an object of constant shape. We might add that" 
, 

the ~ Jaws of optics ,50 allow when Jens images of the object, such as images of the 

object on the retina, are projectively equivalent. It 1s a simple matter to extend the 

hypothesis to the perception of a pair of obj~ts: t~o objects wiJ) be seen to have the 
, 

same shape whenever their images on the retina are projectively equivalent. From this 

we should concJude that if two surfaces are equivaJent in Euclidean geometry, they 
~ 

wjJJ necessarlly look the same, since the Euclidean equivalence of reaJ objects implies 
. 

the equivalence in projective geometry of their lens images. 

-
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One can approach the issue fro!1l a slightly diHerent angle. One might ask: what 
, " 

is. the geometrical condition that two objects should appear to have' the same form? 

There seems a simple answer:, objects look to have th~ same form whey they do have 

the same forme This answer is 'a psychological claim. <T,he claim is that the physical 

congruence of two objects is a sufficient geometrical condition for. the objects io be 

seen ~as congruent. Since large objects sometimes look smaller than small objects, the 
r 

daim has to be modified. It is ,possible, too, thàt !il large and a small object should look 

the same size. The Empirè State, B ... uilding looks larger than the Chrysler Building, wh en 
" ' ~ t» .. 

'r " , 
seen from the observation deck of the Rockefeller Center in Manhattan. t The Empire 

, . 
State .Building J! larger. Yet the Empire State Building looks larger than t~e World" 

!rade Center from that standpoint, though the Trade Center is larger. Sometimes these 

buildings don't look to be t~e sizes they are. Hence the Si~~le, a1we.r t~ the question 

is· inadéqua~e - for, siz-: at least, which is o~e aspect of shape • . 
What, then, is the basic geometr ical condition that two objects should appear to 

- " '/,,' . 
6 1 

hav~ the same Iorm? The way that objects look is influenced by many factors. The 

laws of.optics, such as the familiar inverse-square law of the propagation of Ught, play 

a central role in the description of the basic cond'ition under which objects" can appear 
, .. ..' 

to be the same sb~pe •. Could it ~e that forms 'appear the same when the laws of optics 
- , -would alJow that their appearances had been occasioned by objects of the same shape? 

ln 'Other 'words, _could it be that !he relevant projective information is preserved and 

accessible to ~i~~ers' in the appearances of objects? It might seem plâusible that it is , , 

and, certainly, this is a more interesting approach to shape constancy than the first. 

Unfortunately, this si~ple idéa cannot be the whole story. A fiat object and the 
• 

shadow it ca~s~s on a plane surface are projectively equivalènt, and 50 the retinal 

\ ' 
images of object and shadow must be pr,ojectively equivalent. Yet an object and its 
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snadow may be .strikingly different in shape, as seen Why, then, should 
- , 

anyone want to hoJ~ on to t~e pdncipJe? One .might ,to make the empirical daim . .. 
that projective e'quivalence is aècessed and used as th; basis or the neèessary 

. condition for shape constancy. AJternativ~Jy, one migh~ hypothesize that the const&ncy 

in shape which does exist~n tb,pt situation po;ses !!!? cruc~l condition for 'shapes to be 

seen as congruent. The charactèrist1c geom~tri€aJ quar\tity that is preserved in the 

propagation of Ught may not be accessible to observef's. CaU that geometrical qUaJ)tity 

"the cross ratio". The proposition that the projective congruences which are~ preserved . 
) , , 

in the propagation of light form h~ basis of the geometrical condition that objects 
{ 

, 
~hould appear the same shape has ~eel) put férward"- in the literature on shape 

c<\~stancy in v jsjon (eg., in G lbson, ' 1979, and in JO"-'t"s50n,) 977). • CaU thjs conte./;on 

"t~e i'nva-:r hYP,?thesis" for pur po es of identificatior:a, as in Bqring 0952>/ The 

invariance hypothesis has a c1ear antithesis: tf1,at normal observers are not reliabÎy and 
< \ 

constantl,Y sensitive to projective. equivalence. T~e statement, that, is underlined 1s the 

thesis that .will . ~e_ defend~d. There are a number of ter~s and concep~s <that will be 

eXPldtne,d\~ that t~e. meaning and irnport of the jhesis may become cJear. The place 

and itn~tance of, 'prOje:tive congruence in theories of shape c?nsta.ncy will ~equire 
',,-elaboration, too, ~ft.er the notion itself i~..introduced. 

t- , 
The breadth df the invariance hyp~thesis - that shap~s appear the sarne .whef 

the la? of op tics would allow that their ~ppearance had been occasioned by objects of 

the same 'shape - can be surveyed only wh en the notion of projective congr~uFflce is 

explained. In geometry, èongruence is fundarnental. Two shapes are congruent when 
, , 

they count as the ~me shape in sorne ge?metry. Historically and logically, projective 

congruence i~ fundamental to geometry. Projective congruenc~ is basic to the laws'''Of . 
, ' (. 

optics, foo. One must appreciate the relation of projective geometry- to other kinds of .. .. 



.. 0 

•• ~ 1 
y>j' . .,. / 

,t 

--, 

4 

geometric congruence if 'on~ is to evaluate the psychological c::lalm, placing it ln the 

context of theories of shape constancy and size constancy. The reader must, then, 

pardon ~n excJrsus into g~ometry, 50 thàl what is meant by projective qmgruence and 

w~at is meant py an_ordering of invatiants m~y' be eXPlaj~ed. ;/tatter Is needed to 
- , It 

explain the way in which projec~ive congruence 1s basic~ 

A Word About Geometry 

" Two figure~ are con~ruent when their shapes cot.,t as the ,sàme.' To count as 
, 

.~ . 
the same stiape, the figures' must have a common measure. For example, tv.~o -squares .. 

are the. same ,when the le~gths" of their sicles are 1 the S8!'le. L~ngth Is the l11easure 
. '. 

preserred. Such measure~ are called ipvariants. 11'variants are 'quantides whose v~lue 
• -< 
does not change among figures of the same shape. ,Common measures are said to .be t 

in~ariant "under an operation" or "under, transformation". To extend the example, t'NO 

squares of -the same size remain so r~gard4ess, of where the y are in a plane. In other 

" .. 
words, Jength 15 invariant under, the operation of translation. Measures other tllan , 

fength can be invariant too •. The internai anglues of two squ~es of unUl<e si~es arl 

- > equal, but 'the lengths of the corresPO~ing si~s diffe~. In other 'Nords, angle 15 an 

invariant measure over the operation of magnification, but length i5 note The operation 

) 

. \, ~. ~ of. ~nification or miriification is also known as the similarlty. tr~nsform ion. There is 

an <?,"dering on such invariants which results in ar;l ordering of the geom les that they 

\ cha~acterize' (J~ger, 1980, pp. 19-21). This ordedng couJQ;tbe' 'used 'to draw particular 
\ ~ , 

consequences from ,the <t/ai!!1 that a ~onditiôn for two objects to look the same in form 

is that there should exist a congruence between their profections that is implled by th 
, ....... 

laws, of optics. 

The notion of an order.ing of in var iants 
~ ,~ 

can be pr,esented ,l!mply. Consider two 
<. 

rigid squares on a pla~e 
, - surface, each ~ith ilS diàgonals dra~~~ ~1Ï~iàg.onaJs ensure 

- .. 

/ 

, -

t 
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the rfglditX of the figures. Cali these figures "crossed squares". If their sides ar.e the 
~. , 

,same ln length, one can be laid exactly on top of the other. It can be superimposed. on .,( 
v ~ 

the other, as if by the .overlay of transpaienGies. Thelr internai relations of' 

~on~ecti~on, order,_ paraJletlsm, _congruence of Jines, congruence of angles, and. 

continuity are the ·same (the se terms name groups ofaxioms in Hilbert, 1899/1950. 

"Congruence of angles" was adi:led ln 1'939). A transformation of one of the crossed 

squares might be imagined as ~egulélf deformation of one of the transparendes., More 

. accurateJy, a transformation can be considered " "tnapping of the plane onto itseUIt. , ~ 

The sheet inight be moved laterally', rotated, or even llfted and the reverse side placed 

over the stade figure.' . The transparency film Înight expand, shrink, or stretch in one '. . 
direction. For. example, thè film might stretch to èhange >the length ôf the figures in 

f 

one direction' without i~rease in their area. The sheet\couJd be stretched regularly in . , 
• • • 

two directions at -once. What measures wiJl be invariant over these transformations? 

How wiIJ the invariant measures relate 10 one another? J . ~ 

The answer to, this question supplies us with a hierarchy among geometries. 
.1, 

~ , 

~upp'ose that one transparency expands té form a larger crossed square; it will have 

the internai angles of the original, and its sides, wjJJ remain paraUel. The lengths of its 
o ,'t- .... _ _. 

sldes and diagonals change. It 1s impoS'sible, on the other hand, that it shouJd retain the 
j 

Jengths of its sides and diagonal s, but not also retain its internai angles. Invariance of 

length, then, impJies invariance of, angle and of paralleJs, but invariance of 'angle and 

patallels does not imply invariance of length. 

Suppose the transparency overlay were stretc1ted in one direction 50 that one of­
U 

the crossed squares became a, parallelogram. A paralleJogram that 1s not a rectangle 
, 

still has its opposite sides par ail el, as does a square, but the correspond1n'gjcrossed 

paraIJelogram -retains neither the lengths of diagon~ls nor the in'ternal angks of a 
r 

r " 

, 
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1 . 
crossed square. Moreover, its sides need no longer be of the.ol same length as the 

original. Invariance, of length or anglë or both implies invariance of parallellsm, but 

invaria"nce of parallelism implies neither invariance of length nor invariance of angle 

nOf both. 
'> # 

Now suppose in two directions to produce a 

trapezium wÎth diagonals. There is a measure that exhlblts the invariance betweèn a 

square and a trapez1um. This measure 1s called the cross ratio. 1 $hall leave the name 
l 

.. \ 
of the measure unexplained for the moment (bu/t see_ Chapter 3, entltled "An 

Introd:::tion to the Stimuli"). Our trapezoid with dlag~nals ~hat is not a paraJlelogram .... 
has .Rot the length'S of sides, nor the angles, nor the parallels of a crossed square, but 

~. 

its cross ratlo is the same as that of the original. The projective invariance measured " 
4 

by the cross ratio 1s impJied by invariance of paraUelism, invariance of paralleUsm and 
\ 

angle, invariance of par~lJelism, angle, and l{ngth, or 'by any of these considered 

separately. As Ibefore, the converse implications are false. -x:!ngtb, angle, parallelism, 

and a projective invariant: these invariants in this order form a chain of implication: 
~ 

. The patterf\' of implications might suggest that invariance of Jength 15, in sorne 
• 1 

sense, the primary or most important invariant. Not 50. Although length ls the measure 

most important to a carpenter, it 15 not the most important one to a mathematician. 

the mathematician o Cayley: "The more 5 stematic _ urse in the present introductory 

memoir ••• would have been to ignore aJtogether the notions of distance [i.e., Jength] and 

metricaJ geometry_ ••• 'Metrical geometry i5 a part of - descriptive geometry, and 

de5criJ?tive geometry 1s !!! geometry" 08.59, cited in Coxeter, 1969, p. 230). His 

eX~lamatjon j~ ~n exaggeration, but a SJl~ and not fund~entallY lJ1i.lea~lng. 

/ 
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The ordering of invariants is familiar to ps{chologists. Klymenko and Weisstein 

'(1983) suppose that" their readers are familiar with the notion, since, without further 
'-

explanation, ~hey ~ntion !hat "Klein, in hls Erlangen program, categorized various 
~ \ . 

geometries in terms of the s1ructural properties that remain- invariant under 

transformation". Dissemination of these ideas can be atttibuted to followers of GiMon -
'\ . 

as witness Shaw, McIntyre and Mace (1981) and Mich~ls and 'Carello (1981). Besides, 

the ordering ot"invar\ts is often dte<! by Piaget (1968). The Erlangen program just 

mentioned 'provides the \~ganization of chapters for the The Child's Conception of 
11 

Space (1948/1963). Although Piaget's exposition may be flawed, as Kapadia (1974) 
. 

notes, the size of Pia8et's audience assures that many psychologists e heard of the 

idea. There are even a few studies in the devefopment of the perc tion of invariants. 
ol, 

'Day and >McKenzie (1973), Shaw, Roder, and ''"BusheU (1986), and Gibson, Owsley, and --
Johns~on (1978) are among the best examples. The best recent discussion of Klèln's 

ordering of invariants and its application to the psychology of vision can be found in 
. . 

Cutting (1983). A substantiation of the explanatory power of the ordering of, invariants 

can be found in Kramer 's (1982) chapter, entitled: "The Unüication of Geometry". A 

more sophisticated overview i5 fotlnd in ~orretti (978), and also in an article by 

Jasin'ska and KUcharzewsb (1974). There are more basic properties that are properly 

, l 'called geometrical, such as continuity, but their place in appHèd geometry is abstruse. 

Certainly they have been liule mentioned in the study of vision. The invariants of 

projective geometry are vitaJ to us, "then, since they are basic geometricaJ properties, 

and they serve to characterize projectiye geometry (~Il the quantities and theorems of 

a geometric system are derivable trom its invariants and tl;leir relations, Klein, 

1925/1967, pp. 156, 159). Physical optic5 is a model for projective geometry. A 

psychological daim that will be shown to be standard in the literature on shape 

) 
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constë;lncy 1s that "the congruences that are preserved in the propagation of Ught form 
\ -

the basis of the geometrical condition that ·objects should appear the same shape". The 

cross ratio is the simplest measure of projective congruènce and ail other measures of 
- ~ , 

such congruence are a function of it. Hence it is the simplest measure of the 

congruence that .i5 preserved in the propagation of light, and the measure aPJ?foprlate 

to a test of t~ daim. \ - r;; 
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CHAPTER 1 

1 
i 

Pr ..... • .. • ... ·,·., .... Invariance and Visual ,,,,p·rr.~nt on: Some 

, 
\_~ 

pnrp"'ntative Theories 

\ 
'" We la.,., that proj~tive Geometry 15 neceuar 

form of externaUty. lb three axioms._were aU 
conceR~Jon of a form of externaUty, and; s1nc~ 
~Y to experiènce, vere aU c1eeJared • ptlcd. 

9 

The impàrtan~e of ~ojective congruence to the study 'of vision may oot be 
-

apparent immediately, though daims about sensitivity to projective congruence proceed 

trom reasonab/e suppositions about the nature of vision. It.l! surprising that these 

daims are' sometimes held to be inevitable. - There are several traditions in the 

psychology t,f perception that share a concern with projeCtive properties, despite great • 

diflerences amang these traditions •. l' will sketch the t~ies he/d by four noted 
_,_J • 

uthors to show how diverse theories hàve this connection. Helmholtz represents the . . 
tradition of Empiridsm within epistemoJogYi he ~forged the doctrine of unconscÎous 

Inference. Gibson's the ory can be considered a naTve realism; he made the term "direct 

/ perception" poputar withi!1 psychology. Rock represents the Gest~lt tradition, though 
r 

his theory diverges trom tr.adi~ional Gestalt theory. UUman r~pre,sents a comput~tional 
... 

approach to vision. Each of the se authors stands for a theoretical tradition as weJl as 

being important in his own right. Each makes daims about the role of projective 
~ 4 

Q 

properties in vision. My intent 1S to show that such daims are common, and tt'!.at they 
-

are working pâ'rts of the respecti ve theor1(s, if not essential parts. 

.. . 
1 
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Helmholtz 

Helmholtz, who was a psychologist as weil as al, physicist, concelves the human . 
c) , 

observer as a naïve astronomer - an humb-le Galileo (von Helmholtz, 1867/1925" pp. 4, 

164, 282,. 297). Once astronomers sOUge to discover the distances and relations of 

celestial objects by studying the appearance of the night skye Similarly, he thln~s, 
1 

ordinary observers discover the distances and relations of middle-sized objects trom 
" . J. 

their appearances. Other psychologists have conceived of vision differently, and the , 

differences in their theories are marked by differences in their conceits. For example, 

Gibson's (1950a) exposition has the vitality and immediacy of his theme: an aviator who 
~ 

makes a landing without instruments. His attention is on the onrush of 'the grourtd 

below. 50; Gi"bson's theory stresses the importance of motion, ground, and horizon. A 
o 

reéurring theme will be' that both Helmholtz and Gibson assume that projective 

invariance is the basis of shape constancy. 
!' 

Helmholtz beHeves that the difference between an astronomer afld an ordlnary 

observer is that the ordinary observer is led to conclusions about the geometry of 
_.~ Q -

<?bjects automatieally, while the astronomer struggles long and hard' \Vith theory to 

achieve his knowledge. Helmholt~ speaks of "unconscious conclusions" in this respect, 

but means only ta distinguish the results of vision tram conclusions of deductive Jogie 

(1867/1925, p. 4). He abandoned the use of the term beçause it confused his readers 

0879/1968, p. 220). Th~ basis of the analogy with a natural astronomer is that an 

astrqnomer distances ot celes~jal objects from their 

perspective images. In the night s ,all Iights appear indefjnitely distant, as if they 

were projèctèd onto a surface of ome shape. This "surfacelt was once known as the 

'celestial sphere. Ear Iy astronomers had several means at their disposai to estimate the 

\., 
distances of t~e planets from their projected images. One example îs the -relative 

.' 
" 

/ 

., 
~ 

: 
,; 
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motion of the planets with respect to the "fixed stars"; another is triangulation of the 

position of the planets, whe'h the diameter of the earth's orbit about the sun i5 u5ed as .... 
a base. Helmholtz draws an analogy to the cues of relative motion and disparity on the 

scale of the abjects seen in everyday si~at~ons. He thinks ai the perceiver as applying 

the science of optics unconsciously, ~h~reas an astronomer -applies it consciously 

0867/1925, p. 4). 

The celestiaJ 5phere i5 a fiction that arose because the stars and planets appear 
c' 

indefinitely distant. Helmholtz uses a similar fiction in his theory: the "visual globe". 

He di5tinguishes the "geometrical place" of a visual image trom the "apparent placell of 

a visual image. The "geometr ical place" of an image is not the position of the physicial 
, 

object that causes the image; it is a place on the visuaJ field, whose description begins 
s 

with that 9f the retinaJ surface. The geometricaJ place of an image is determined by 
. 

a 'the direction of fixation, as weil as by the internai op tics Qf the eye. An "apparent 

place" is where a thing of .indefinite proximity. to the ,~bserver' appears to be. The 

apparent positions' of "en top tic" images ilIustrate such as indefinite character. When 
o 

, one st;tres at a featurele5s blue sky, if one focusses "on infinity", faint shadows that 

cross the field of vision may be seen. They are shadows of epithelial cells that have 

been shed into the vitreous humor. 'The point 1s that these appear to bé
1 

obi'ects 

external to the observer, and they do not appear to be at a definite distance from the 

observ~r. 

• r.;, 
To return to the discuss!on: the totality of apparent places is caJled the "visual 

globe". Positions on ,the globe are not necessarily predicted by projections outward 

\ /\from a retinal imqge. The apparent place of a point in im image might not be p,edicted 
: ! 

by its geol1}etrical place. In short, Helmholtz recognizes a dj~tinction between th~ 
1 _ ~ r 

apparent positions things ought to have if they depended' solely on the laws of physicar-
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optics' and their act\Jally apparent pos!tions (1867/192.5, p. 164). The distinction Is 
, \ 

mâintained even when the two coindde: The apparent positions of things depend on the . , . 
, -

laws of optics, too, but i~ addition they d~pend on an observer's belief about the real 
\ 

positions of things. 
, , 

Helmho1t~ ma~es the pÎ-ovisional h)'pothesis that the vlsual globe reflects 

knowledge (one might say impJicit knowledge) of a projective relation between retinal 

images and the real shapes~f tnings. Tl:te hypothesis .is a corollary of the doctrine of 

unconscious inference. Helmhol tz believes that all v1sual illusions can be explained by a 

mechanism of shape constancy; namely, that "we aJ.ways beHeve that we see such 

objects as would, under conditions_of normal vision, produce the retinal imàge of !,h1ch 
, -

- -~weMë âëtuaUy conscro~s'i (l868/l~~ p. 130). -RelinaJ -frilages are pfOâuceâ-fromsoliâ-

objects by laws pf physical optics that govern the propagation ~f Iight. These are 

projective laws which Helmholtz sy'ppÇ)ses to be operative in the unconscious process by 

which shapes are estbnated? He stresses that . the implicit use of projective relations 
• 

reflects 'cognizance of naturai iaw; it is not "hard-wired" - to use a modern idiome If 

• • 
the form of opticaJ laws were different, new relations couJd be Jearned and used in the 

o 
interpretation of the retinal image (see Helmholtz, 1876,· 1878). Helmholtz uses 

geometry to deduce positions aod'dfrections on the visual globe by p~o jectlon on to a 

specifie surface. The' specifie description, of that visual globe is fixed by the 

provisional assumption that it,is a projection of the visual field. Nevertheless, "we are , 

at liberty to assume any arbitrary form f8r this surface, as soon as there are any new 

factors of 'per~eption tendjng_ to throw light on it" (Helmholtz, 1867/,192.5, p. 281),. AH 

that is necessary tà the visuaJ globe, Helmholtz 0867/1925, p. 189) daims, is that it be 

two dimensional. 



... 

,( 
Helmholtz thus argues that projective relations are not a necessary part of 

unconscious inference. He criticizes Hering for postulating such a necessary geometric 
, . 

. Jelalion between the real ~nd perceived shapes of objects. Helmholtz sees no more t~an 

a "cer;tain pedagogie value" 'in any geometric description of the rela!ion between 

retinal images and pèrceive~ shapes (1879/1967, p. 223). He thinks that se~sation o~ers 
" . 

an array of symbols et nat'llral signs which have no necessary connection with positions 

on the -retina. He even allows that like signs might correspond to positions distributed 
., . 

randomly across the retina, ri:; that there would' be no relevant contiguity between the 

v)suaJ signs of adjacent points. However, "trom anaJogy wjth other organic 

contrivances, as wet! as on other grounds" (1867/1925, p • .536), he makes the assoumption ' 

that the laws of optics are used to interpret "the ,retinal image when shape i5 

estimated. The stress that Helmholtz places on those laws indicate5 that projective 

)nvariance is a working part of hls theory, even ,though not a necessary one, as it 1s of 

the next theory to be mentioned, Gibson's. 

Gibson 

James Gibson's Jegacy is difficul te; his ideas were ,vital and fluide In 

his last bookl'he abandons claims' he made in earli r writings, yet there is a significant 

contin~ity to his study of qSion. Parts of his earJy work seem a reaction to' the 
. ~ 

~heories of 5pace perception that were contemporary with his firs~ researches (for 

" example, that of luneburg, ·1947). With-tim~ his approach emphasizes four theme;: one,. 

,that perceptipn is direct, and not. mediated or the result of ar;océss' of inference; 

two, th~t complex variables of the viewing situation play a large' part in the theory df 
percepÜon; three, that the normal case for the study of perception is a changing visual 

". 

array for a moving observer; and four, that the observer should be -considered in his 

environ mental niche. Glbson stresses projective io)"riance in a!1 his researches. ~ shall 

~ 

, 1 
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• 
discuss the réJevant chan~e$ in his theory in the chronological order of the three, books , -.. 
in which they appear. . 

Gibson çaJls t~e theory ~(ntained\ in The: Perception of the Visual Worlel 09'.50a>, 

a "ground th~ory" of vision, which he contrasts with "air theories". By "air theories" he . " 

means ,hose monoli.thic theories of space pef'ception, of which the Blank and Lunllat\ 

proposaI (of hyperbolie geometry as a model for visuaJ space) Is only one. In the, 

"gro.und theory", Gibson supposes that it is meaningless to describe the perception of 

spatial relations without reference to specifie surfaces and edgek..surfaces and edges .. 
in the wor l~ are reJatéd- to tbeir images on the retina by a JawfuJ transformation. An 

observer may attend eit'her to the soli dit Y of surfaces, or the foreshortening of 
J " . , 

surfaces. 6ibson contrasts an,observer's normal attitude (the ~ world), ln which he 

attends to the soJid shàpes of things, to a painter-Jike attitude (the vlsuaJ field) ln 

which the obs.erver attends to ~he perspectives of ~hings. The t~tlcal difference Is 

that "tbe visual world contams depth shapes, wher~s the ~ual field con tains 
~ ., 

projected shapes" (19.50a, pp. 34-35). 
, 

, In the theory, the retinal image. is important as a projection 1 the ~or Id, and 

mov~ent is important in that it changes the pattern of shapes projected on the r-etlna. 

Gibson think~ that variations in the tetinaJ image underlie the class1c eues for depth: 

"the whole problem of pattern perception might be concei ved in terms of the 
. 

" geometries of certain invariants and transformations" Cl 9.50a, p. 1.53). He. identifies 

projective geome!ry as primary among these. In a footnote he mentions the cross ratio 

of points on a line range a~ an' example of a prOJective invariant. There may be solfie 
c , 

doubt that Gi/lson recognized the hierarchical relations ~ong geometrkal j.nvariant~ at 
-

this point. In fact he states, erroneously, that membership is mutually exclusive among -

the equivalenc,e classes determined by various familiar georiletries 0950a, p. 193), His 
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" subsequent discussioflS are fr.-ee of the confusion. He' cornes to reèognize that prbjective 

invariants are' fundamentaJ. Consideration of the projective invariants of textured 

surfaces Jed Gibson to consider his "ground theory" as a gradient theory. Perspective . 
gradients in texture, as iHustrated in pictures of terrain, can lead' to the impression ol'\ 

a surface that recedes in depth. Cutting and Miflard (1984) show that perspective 

" variation is indeed the mast reliable source of information in texture gradients. The 
, ~ 

gradient theory is meant to explain how· observers perceive certain variations in 
- .. 

distance over a surface. Two themes important in Gibson's later work are present as 

asides in thi5 first book. At the time of The Perception of the VisuaJ World, Gibson 

considers the daims that pictures yield only presumptions of real shape, and that the 

sJant of a surfqce i~ an important factor in the percePt~n of 1,ts form. 

The Senses Considered as Perceptua, Systems (I ~6) l'las a different emphasis. 

No longer do the retinal projections of surfaces have primary importance. Now Gibson 

_daims that sense-impressions are the incidefltal occasions of perception, not the basis 

of perception. Yet there is evidence that sensations affect estimates of shape, since 

shape constancy 1s not always complete. Gibson's emphasis is that properties, of the 

image obtrude on what is ~ormally perceived: the real properties of surfaces. "Putting 

it in another. way, sometimes we attend to the pictorial projections in the visual field 

instead of excJusively to the ratios and other invariants in the op tic array" 0966, p. 

306). Thus, he considers pro'jective descriptions of surfaces in the environment to be 
l ~ _, 

th'e elementSbf' a theory of perceived forme Surfaces are cafléd faces or facets, 

depending ,on their size. Faces specify form in the visual array, while ·facets specify 

texture. No qualitative distinction is made between faces and facets 0966, p. ~08). 

A the me of the book, and the notion with which Gibson introduces the study of 
-

1!cologicaJ bptics, Is information. , Information is contained in ambient Ught, but it is 

'" 
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distinguished trom energy. The process of photosynthesis requ~es Iight energy, but not 

information from Iight. The function of informadon is to identify its source. If an 

observer has information about a tree in this sense, then that tree is thereby specified. '. 

The source is not conveyed -as if 'b'y a Uterallii\Popy, tho~ information ·for an 

• object is cQn~ained in the perspective projection of that objecte Information resides. in 

the structure of the visual ârray, that is, in the structure of amblent Hght. Two origJn! 

" of the structure in light are the geometric relations of the objects seen, and the 

geom~trical comfitions under which those objects are viewed (1966, p. 221). Gibson 

distinguishes t"{o sorts of information: specification by convention, and specification by 
" 

projection. His examples of 'convention and Pf'ojection are these: a Iicense plate 

specifies a car by convention, while the carIs shadow on a driveway speCifies Jt by 

projection 0966, p. 235). Pr9jection is the no~mal means of specification in vision. The " 

basic variables of visual information are, 'he daims, the invariants of projective' 

geometry (1966, p. ~13). In fact, what it means for environmental information to be 

conveyed is that a property of the stimulus is unambiguoùsly reJated to properties of 

surfaces by physical la ws (196l;, p. 187). 

Presumably, the laws governing the propagation of light are imp6rtant examples 

of such laws. The invari~nces expressed in laws 'of physicaJ optics are, of course, 
"---' • L 

projective. He says: "the relational invariants of perspective or projective geometry ... 1 

argue, carry most of the information about the worJd" 0966, pp. 312-313). Gibson sums . 
up his general account of information in one sentence: "The same' stimulus array coming 

to the eye will al ways afford the same perceptual experience insofar as it carries the 

same variables of structural information" 0966, p. ,248). Structural information is the 

invariance that is preserved in ambient light,· and the basic dimension of structural 

informatio.n is projective, invariance • 

., 
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>, • The Ecologiea! Approach to Visual Perception (1979) deveiops ,the .. idea of .. 

ecoJogicaJ optics as a study paraIJeJ to physieal optks. The· difterence between pure 
, , 

geom'etry and the ~pplication of geometry in ecological opties is stres5ed. 'Yet the two 

have more featuI'e5 in common than differences. For example, ecologkal optics i5 

concerned wit~ "surfaces" and "the mecijum" instead of "plan~s" and ".spacell. The 

difference is akin to that between Euclid's constructions and the Cartesian method of 
. 

~ordinates in anaJytk geometry, where ecologicaJ opties has the greater similarity to 

Euclid (Gibson, 1979, p. 132). The natural perspective of ecological optics is stiJl 
, ~-

described by the "elegant tiigonometrical relations" of solid angles in the projection of 

solid forms onto a: surface (1979, p. 70). The stu,dy of the perspective of objects in 
J . 

motion, or as seen by a moving observer, takes pride of place in ecological op tics. 

StiJl, the reJevance of the statie case; the "pause in locomotion ••• a temporarily fixed 

position ,rèlative to the environment" is not lost (1979, p. 75). Layout is specif.ied by 

the perspective structure of light. A persp~tive structure 1S present when the 

observer moves, and also when he pauses. Locomotion itself is specified by the 
. ' 

invariant structure of light. The terms "invariant . structure" and "perspective structure" 
\ 

connote the differ.ence between "what specifies locomotion'" and "what specifies 

layout", and are not meant to designate different kinds of structures • 
• l~ 

The importance of motion in Gibson's last book is a reflection of the originality 

of his thought about form perc~ption. The classical formulation of the problem of shape 

constancy may be introduced this way: consider a square surface, such as a tabJetop, 

and the projections 'of this shape onto arbitrary planes. From any position where the 
~ 

.. tabletop is visible, except from positions directly above, the plane projections of the 

tabJetop wil1 not be square. A conditiçn of visual percePfon is that images of surfaces 

are proJected onto the retina. It IS entlreJy probable thal,one can tell the tabletop is ç 
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square by the way it looks, without e~er having been suspended above h. This example, 

and the question "how 1s the shape of the tabletop known to be square"? are a 

standard form of the problem 0979, pp. 74, 168). The example and the question tempt 

one to make dubious daims about computations on retinal images as projections. They 

also tempt one to make a background assumption about the manner in which.knowledge 

is gaiî\ed from the way things look, in order to be able to connect the example and the 

question. 

Gib50n makes neither these daims nor this assumption; ,he construes the problem 

in a different way. He speaks of the invariants that are seen by a moving observer as 
, 

"fortnless". He means that they are not attached to any shape; that Is, they are not 

attached, to any particuJar statie projection of the object. If one is walking about' an 

object, it is hard to imagine what a still picture of the object would be Iike. Gibso~ 

daims that what a moving observer sees is not Uke a series of snapshots, but the .. 
invariants themseJves, as abstracted (though Gibson would not usë the word) from 

partlcular retinal sensations or phenomenal impressions. If the observer pauses in his 

motion, he can notice ... the effects of perspecti ve. Those effects can obtrude on , 
~ . 

perception of the invar iants. If an observer resumes his motion, then he cannot notice 
~ 

the effects of perspective, 50. Gibson daims (1979, p. 197). The possibility of a 

"painterly attitude" does not arise for a moving observer, since a greater sample of 

invariants is available (one might say afforded) to him. Gibson's verdict is not that the 

per.ception of invariants is dHferent in kind for a moving observer than for a stationary 

one, but that perception by a stationary observer is secondary in the study of vision • . 
The notion, of a "formJess" invariant may cJarify Gibson's statement on picture 

perception: 

i(\Jl along 1 have maintained that a picture is a surface 50 treated 
that it makes available a limited optic array of sorne, sort at a 
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point of observation. But an array of. what? My first answer was, 
an array of penciJs of light rays. My second was, an array of 
visuaJ soUd angles, which becomes nested solid angles after a Jittle 
thought. My third answer was, an array considered as a structure. 
And the final answer was, an arrangement of invariants of 
structure" 0979, p. 270). 

19 

Though its proper place changes irom the visuaJ field to formless invariant, 

proj~tive invariance is essential throughout Gibsonian theory. At tirst Gibson believes 

that a description of the environment in terms of certain invariants and 

transformations can encompass the whole of pattern perèeption. Later' he recognizes 

that some problems, !ike ~clusion by the advancing' edge of a surface-, are not eas1ty 

accommodated in such a description. For him, tpe word "invariant" does- not al ways 

have a mathematical force. Nevertheless, the moti( of the theory is clear. In large 

part, Gibsonian theory ~eals wHh the projective invariants of real surfaces. For him,. 

the projective laws of physical optics, or their ecologica1 counterparts, are general 

descriptions of the conditions of perception. Specification by projection is important 

for vision; the basic variables of information in- vision are projective invariants. , 

Though motion is crucial, the theory has implications for picture perception and for the 

stationary observer, as weJJ.' Gibson understands that the perspective structure of 

pictures specifies the layout of the environment, though it may not specify locomotion. 

Projective invariance, then, is a keystone of the Gibsonian theory of form percepti0!l' 

Rock -
Irvin Rock's theory of form pe~ception is different from Gibson's later theory in 

two important resp~cts. Fust, Rock's goal is the study of phenomenal qualities. He 

takes "perceived" tOt be synonymous with "phenomenal" (1975, p. 9). Secondly, Rock 

makes reference ... to a "proximal mode" of vision. The proximal mode has many of the 
'Y . 

characteristics of Gibson's' "visual field". In the' pro,ximal mode, some I;lhenomenal 

J 



\ 

, 
20 

qualities have an odd characteri~tic; they are quanÜtatively identical ta propertie;' of 

proximal stimuli. Proxima1 stimuli are sensations by another namè • 
.. 

Rock postulates that the, projective geometry of Ught is internalized as a 

system of rules known implicitly. ln this context,-he uses the term~!central projection", . 
which is an application .of projective'geometry. The supposition that such knowledge Is 

implicit is neither a vague nor an unfamiliar notion. After ail," we 5e'em to be able to 

determine with ease the angle at which' we must incline a bicycle as we round a bend.' 

We do that unconsciously. Tacit knowledge of projective geometry Is knowledge' of the 

form of sorne optjca~_}aws;onameJy, those that describe :the geometr1cal conditJons of 
, " 

.p~ception. Rock says that the following rules reduce to a projective princ1plez that 
• • 

"the visual angle of objects of the same size is inversely propor;jonal to distance (J,w 

of visual angle); the size of abjects subtending the same visual angle varies directly 

with distance (coroUary or Emmert's law); surface extents yield visual angles that are 

reduced as a dir.ect function of \ the 'angle of their plane with respect to the 

frontopatallel plane (foreshortening); parallel lines in planes other than the 

frontoparaUel yield converging image Unes (Jjnear~ perspective)" 0983, p. 32.5). He 

makes the further daim that we have a quantitative knowledge of these relations; for 

example, that implicit knowledge oi the law of visuaJ angle is exact knowledge' of the 
, ( 

inverse-sguare law for the sections of soUd a.ngles. And, he says, we must know this 

(1983 p. 278). The same knowledge 1s said to account for the kinetic depth effect and 

the perception of objects in motion 0983, p. 325). 

If such knowledge 1s implidt in perception, how 1s it used? Rock presents an 

example from size constancy. Hé believes that an observer perceives the visual angJe 

of an object (see Rock and McDermott 1964). Somehow, and independently, the 

observer knows the object's proximity. The observer forms a' percept from these data. 

,,> 
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The datum of th~ visual angle, data about the object's proximity, and the resufITng 

percept are rèJated as jf by an inference performed unconsciously t in whieh the data 

would take the place of premises, and the percept wouJd he the conclusion. This 

unconscious inference is a deductive inference of predieate Jogie (1983 p. 273), though 

it may not be instantiated in such a way as to be recognizable as such. A statement of 

the, inverse-square <iaw forms the major premise of the inferénce (the inverse-square 
• ,... 

Jaw is a projecdve reguJarity). The particular visuaJ angle and distance are described 

in the minor premiSe; they are substitution instances of the general law contained in 
'0 

. , 

~ \ . 
the major premise (198.3, p. 279). Yet the conclusion of a deductive argument has the 

same form as the premises in the. sense that both have Jogical form - both affirm or 

den)' something (.I:.ukasiewiez, 1951, p: 3). 

argume:~:s d:S sJ:es:k:~:: ~I:::. i:. t:: t:e~ft ~~:::I"::~ ~;C:::iO:d::t::: 
argument jnitiatesla~ -automatic procedu~e that produces an appropriate percept. If the 

percept' is the Ionclusion of the argument, then the percept has Jogical form, Iike a 

decJarative sentence. The point may be eJaborated: If observers have knowledge of 

optical laws, that knowJedge shouJd consist of propgsitions, expressed by symbols. Such 

symbol5 ,alone can provide the premises 1~r deduction, or for any inference. The 

. "output" of .deduction· is ~nother string pf symbols with an interpretation. 1 assume 

Rock does not mean to c1aim that a percept is a string of symbols or that percepts 

have Jogical forme On the other hand, if the conclusion initiates a procedure, why is an 
< -

inference needed? There are more plausible input conditions for a procedur~~' At any . . 
rate, the point to be emphasized is that, for Rock, unconsci6us infererice'S are 

deductive inferences of predièate Jogie that employ the inverse-square Jaw and 

perceptual data as premises. 

1 
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The reader may wonder how, on Rock's account, seeing is different _ trom " 

thinking ~bout phY5tÎcal optics. There are two dUferences. Both are restrictions on the \ . 
. 

domain of operat~ons. First, "perception differs trom thought primarily because i( is 

rOQted in and constrained by the necessity of accounting for the proximal stimulus" 

P 983,_ pp. 339-340). That i5, the data are different. Secondly, "the other major 

difference is that per~eption i5 based -on a rather narrow range of internaUzed. . --- ~ 

knowledge" (1983, p. 340). Perception 1s like thought about projective geometry ln 
• ~I 

application to dioptries. /-_.~ 
~/ 

Rock's theQr-y-of form perception has an important similarlty to Gibson's later 

theory. Bcxth assert the obvio~s: that tpe physical conditions of perception' infl~nce 
• 

the way thing5 look. They emphasize what Js called the "reJativity of perception"" 

meaning that the wa'y things look depends on the conditions of observatiop. People look 
~ , 

~ , 
odd when seen in funhouse mirror~ and the apparent coJours Q,t things undersea tend to . . 

blue-green w1th increa"sing depth in water. The two theories use the relativity ot . 
perception in the same way. They present it as a problem. Yet unies$' one begiris wlth 

, -

the assurllption that things cannot appear to· be otherwise than they are, why should 

one be put out by the obvious tact that they can and do? (Warnock, 1953, p. 148). The 

strate of both theories 15 to su est that thin 5 cannat 

the)' are, when viewing conditions are taken ' into accoUnt. Gibson 

conditions into account in ,his theory whén he 5earches for the invariants in 

in tbJ environment. ~ock attdbutes a process of inference to the observer 50 that he 

(the observer) may compensate for the .effec-ts of viewing "'Ei:onditions • 

. The centrality of the conditions of observation to Rock'5 theory is ev ident by 
-

.... the examples that count as exceptions. to the theory. Sorne perceptual effects remain 

unexplained when compensation is made for the condition of obs~l"'vation. These are the "", 

\ ( 
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geometrical illusions. Rock 'has no explanation for t~e~. If the s~rategy - t~t things 

cannot appear to be otherwise than they are, when viewing conditions are taken", into 
, Il 

1 • ~ .. ' 

account ...: were good str ategy, there would be an easy' explanation for v isual illusions. 
, ~ 

ln their ignorance of the conditions of perception, obset'vers would make errors just 

insofar a~ they failed to compensate for the physical conditions of observation. T'he 

supposed 1 co~pensation~ is automatic, and èrrors lin com~tion would be reflected in 
l' ............. 

perceived properties that do nAt correspond to . the reaJ properties of ~ts. These 

are illusions. A puzzle remains, for Rock says: "the one area where it is obvious that 

there is ~robJem requiring explanation. 1s that of the so-caIJed 'geometrical iJJusions" 

(1975, p. 389). 

What preciSely is the probJem posed by the geo(Tletrica1 illusions? It is'that they 

do not conform to \he desired explanation. The~ are ~rtant as exceptions to a 

general rule that is meant to relate perceived shape and real shap.e. Rock rejects the 

explanation that geometrical Hlusions result from misapplication of the mechanisms that 

under lie constancy 0983, p. 262) •. Many figures produce UJusions whether those figures 

a!e seen in the proximal mode or note It doesn't heJp tocadopt a "painterly attitude". 

An artist who sketches a perspective drawing of the Zollner or café-wall illusions will 
, ù 

depict the princ~pal Unes as skew, ,not parallèl. He wiU not haye the""right" percept in 
1 _ \ 

, 

p~oximaJ m.ode to depict. them as they are, that 15,oparalleJ. In such cases, the proximal 

stimuli do not provide "good" data for an inf~rence. -

The,f are suppo~ed u~fit lÏec.use t~e percept is illusory".,hi.ch is as ;"uçh :. 

to say that the conclusion of the unconscious inference is false. One might say that 

the fOFm of the proxif!1al stimulus has been mistakerl in such ca~es 0983, p. 262), but 

that would be to admit that there 15 more to this story than diop'trics.~ In efféct, Roc~ 

daims that there 
( 

b 

~J 

J 

\sts 

.... 

~ ~ 

a lawful relation between_ real shapes an dl' perceived shapes 
\ 
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that is governed by the projective nature of. physical optiés. If there were no such 

regularity or law, the d.esired inference 'would not be possible. The geometric l11usion~ 

constitute a class of exceptions to. the law; h~nce their occurrence is not covered by 

the inference. The importance of the geometrkal illusions!! exceptions reflects the 

centrality of the postulated rule within Rock's ,theory. Let' us pur sue the matter 

'further. 
'. 

One 0\ Rock:s rU11s for the dependence of, per<:eived s~ape on the geometr1ca1 

conditions of vision 1s E\,ert's law. At least, t~e supposed ruJe has the form of 

Emmert's law, though it is a pecuJiat' Interpretation of Emmert's law. Emmert's law 

describes how the areas apparently covered by an afterimage ~are scaled as the 

afterimage is trained on frontal surfaces of varying distance from the observer. The 
. 

law generalizes to fiat surfaces of different slants, as weil. Suppose an observer 
1 • • 

fixates the center of a medium-sized and brightJy coJoured square that 1s .painted on a 

wall one meter distant from him. After several minutes, he 

'so that his afterimage is trained on il blank portion of th 

area that the afterimage appears to cover •. Then he f 

s slightly to the side, 

1"­
metqt5 distant. The ar~a that the afterimage of the square appears to cover wJII be , ~ 

larger than before. The estimated area, or that which Rock caUs the percelveq size, 
, 

can be expressed as the numerical pr uct of the distance of the relevant 'wall and the 

visual angle that was subteJl.041~ the painted square (197.5, p.33). The peculiar 
, 

interpretation, which is meant to g~neralize to other pro~lèms of size const~nc~ 

thi.: "If the perceptual system' ~orks I~ ~omput~ and efiktl,kly m~ltlPII?~: th~ 
visuaJ ~ngJé by the distance.ot the ~bject in arrj.~ing at percelved size, then jf visual.,.,.--. 

, .' . ,~ ~ 
angle decreases as dista{lce increases, the product may remaîn constant (size "-- -.....;""'" - ~ 

\.. 

. \. 

.-

-
, . 

) 
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~onstancy); if visual angle remains constant as distance increases, the product will 
li' -

increase (Emmert's law)" (Rock, ~975, p. 34). 

There" is an analogue of Emmert's law." for fiat surfaces of varying slant. The 

area on a slanted surface that will appear to be d~marcated by an afterimage can be 
"C 

predicted when Emmert's law is' extended to surfaces ~liose distanc~~ from the obs~rver 

increases uniformly in one direction. The resulting foRnula 'expresses the area overo 

which the afterimage seems Jro;ec;edfas a f~ion of: the distance of the surface\:) 

from the observer, the orientat'ion of the sùrface to the ~bserver, and the visual angle 
! . 

that wa1s subtended by the shape that created the afterimage. One might interpret the 

formula differently. Rock says that the, equation relates the perceived shap~ of planar 

surfaces whjch préSent a constànt visuaJ angle, to their distance and orientation trom 

the observer (1975 p; 70). The corr~sponding general daim is that a Jaw of shape ,..-
constancy can be derived from Emmert's law, since the law can be extended to make 

'" 
predictions about shape. "Thus for every constancy there is an analogue of Emmert's 

law that is perfectly comprehensible in terms of the same law that explains that 
D 

constancy" ,(J97~, p. 561). This indicates the generaJ rule of perceived shape that 

" makes the geometricaJ illusions seem 50 important as exceptions, when the rule is 

assumed. 

What does the area apparentty' covered by an afterimage have to do with 
, , , 

perceived shape? Rock's assumption is that, in perception, implicit knowledge of 
h 

projectiv~ relations is used to estimate which real 'and pr.esent ol)~t couJd cause the 

lingering impression that is the afterim~ge (1983, p. 325). The' same implicit knowledgê 

is though~ to be exercised whenever there is constanq 01, perceivèd shape. The 
--.: 

mparity, to Helmhohz's doctrine shou.1d be obvious, othough Helmholtz ~oes not insist 
" d 1 

t at the ,unconscious process ~ apply projective relàtions. It seems 50 evid~!1#t to 

o 
, .. 

, 

, 

\,---- , 
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some that "'projective equivalence" Js thè central problem ~f form ~ t'hat !t is 

passed over as common knowledge in some treatm~nts - for, example, ~ first 

paragraph of Hildreth (1984). The assumption that projective laws are at work st'ems to 

follo~ simpJy from the dependence 01 perceived shape on the geometrical conditions of 

vision. What basis has the putative0relation between real shape and, perc~ived shape'? 

The kernel of the assumption is that constancies of perceived shape are based . . 
upon, or derived from, knowledge of just one of the pr.opertles of the conditions uncfer 

which objects are seen. Huygen's principJe for the prl()pagation 9f Iight describes that 

property (Rock, 1983, p.324). The principle may be posed thus: "every point of a , ~ 

l wavefront may ~ considered the source .of small secondary wavelets, whrch spread out 

in a~J directions with a speed e~ual to ,the speed of propagation of the waves" (Sears &: 
'" . , 

Zemansky, 1970, p. 544). Many laws of physical optics, such as the law of reflection 

and SneIJ's law, can be derived from the PrincipJe. The propagation of ,light trom 

nearby sources to a surface, say C a fiat coronal section of the lens of the eye, is a 

prJ)totypaJ example of a projective relation. The constancies, or in other words, the 

invariants that ar'e _preserved in the propagation of light are thought to underlie both - . 
"l'; 

shape constancy and size constancy. That these are projective invariants is shown in . . 

elementary physics (Wyzecki &: StiJes, 1982, pp. 2-3). Rock considers the perceptual 

constancies of shape and size to be consequences of implicit knowledge of the 
"-

projective invariance derivable trom laws of physieal optics. The property of projective 
< 

invariance is meant to provide a foundation'-on which psychologieal laws of shape 

constancy can be based. 

Actually, Rock's daim that projective invariance is the basis of shape 

constancy ~ be extended to an account of the geometr ~cal illusions, though' he does 
. 

not do 50. Gregory's theory of misapplied constancy scaling is such an .. _à,ccount. 
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Gregor~ supposes th~t persistent \nd incorrec! estimates of geometric quantities -- the 

mark ,01 the visuaJ ilJusions - are attributable tb a mistaken application of the 
~ . 

ordinar'y mechanisms of scaling wh(ch produc~ shape constancy. His assumption is that a 

complete theory of shape constancy expjains just how the real shapes of things are 

seen despite the effects of lineat; pèrspective. Gregory considers figures that produce 

illusions to be impoverished sketches in perspeç'tive (1970, p. 90). 

Perspecti~e drawings suggest differe~ces in depth, and observe~s tend to 

attribute depth to portions of figur~s in accordance with pictorial eues. When depth is 

attributed to parts of a figure, there WllJ be concomitant variation in the apparent size 

or tift of other elements in the picture. For eXàmpJe, a rectangle that is pictured as 

distant will look larger than an identical rectangle that is pictured as near. The 

persistent changes concomitant with pictured' depth are the aspects of the figure that 

identify it as a geometrical illusion. ,Gregory cites the Ponzo illusion as a perspective 

drawing analogous to a picture of two objects placed at different distan~es (to the 

observer> between receding rallway tracks. Similarly, the MüUer-Lyer iIluslt>n -15 like a 

picture of the internaI and externaJ corners of a rectilinear building, ~here the 

arrowheads' represent' the joïn of two right angles. (Perspective Hile drawings are 

known to provide cues that indicate pictured depth as effectively as do the cu es 

provided by shaded diagrams or photographs, e.g., Smith, Smith, &: Hubbard, 1958). 

. Gregory' suppo~ that there are ,text~ral eues that indicate the fiat shape of 

the surface on which theIliusory figure is drawn. lhese "contradict" the cuves that are 

offered by the figure as a perspective drawïng •. To eliminate these texturai cues, he , 
4i' 

uses a'n arrangement of polarizers and a half-silver=-ed mirror - an arrangement of the 

kind that was used by Attneaye and Frost (1969) in their researches. Gregory caUs the 

apparatus "Pandora's Box" (it is .described in Gregory, 1973, pp. 158, 159). When' 

, 
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iIlusory figures are presented in the apparat us, binocular Iy guided- judgments of 

pictured depth can be made on parts of the flat figure. Different estlmates of pictured 

location in depth are made for the main Unes of the MÛller-Lyer illusion. The estiméites 
l 

depend upon the steepness of the arrowhead that termlilates each Une. "The prediction 

is that distortion musions should reduce to zero when scaling features, of the figure 

are the same as for the object of which the illusion figure is a representation" (1978, 

p. 349). 

It has - been noted alreâdy that Rock's theory of shape constancy de pends on 

projective invariance and perspective rules. Gregory goes beyond Rock's daim to say 

that p<ojective in lance and perspecti~e rules provlde • CO~heOry, of shape 

constancy that subsumes he geometric illusions. There is an anomaly in the theory 

similar to one that will be noted in Attneave's evidence for the use of projective rules 

in perception: Gregory's theory applies only jf the pictured objects can be assumed to 

have an extremely simple forme Not aH pktured corners are right angles, nor are ail , 

Unes pict~red as converging actually patallel in reality. The observer 1s supposed to 

ma~ an unjustified assumption that is far more powerful than any t~at is required to 

4a- resolve the projec,tive equivalence of pictures. The important point for the present 

discussion i~, this: Gregory as.sumes tl'at visual illusions are' equivaient to perspective 

drawi'ngs that are projectiveJy cong.ruent t'o the objects they depict. The illusions are 
, 

thought to be produced by an implicit knowledge of that projective equivalence. His 
, ...... 

theory éan be thought of as' a logieal extension of Rock's account of shape constancy, 
~ 

though one that Roçk does not accepte 

Ullman 

UUman (1979) also believes that sorne geometrieal laws play the role of 

assumptions about the world whieh are implicit in vision. -He provides a scheme that 

f 
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interprets a series of stiJl views or pictures as dif,ferent views of the same saUd 
, 

object. The object might move and r.otate with respect to the picture plane. Geomètric 
[! 

laws are used to predict which salid object could have given rise to the series of 

., pictures. Different views would col\-espond to snapshots of 'the object at instants of its 

. totion and rot~tion. Ullman's scheme will determine the object that gave rise to the -
series of pictures, ü the series of pictures can he given ~uch a geoinetric 

\ Interpretation consistently. The scheme wjlJ be -discussed as it relates to successive 

1tatic views of a single object. 

UHman divides th~ probJem -of form perception into two near Jy independent 

topit~. He conceives of the derivation of figurai unities trom still views as one 

problem, and the interpretation of those figures as projections of a saUd object as a 

Second p~oblem. He proposes independent processes io carry out th.ese tasks. The 

fig~r~ that F.esult from the first process are dàta for the second process. Ullman caUs 

the brot "the correspondence process", and the second "the inteI!'etation pr'fess"o 

The corresponJence process establishes relations among the elements within a single 

picture; it proposes a solution to the problem of figurai unit y or Gestalt formation. 

UJJman (1978) makes it explicit that, though figurai unit y is achieved in two dimensions, 

the locus of the process is not the retina. The second process determines that two or 

more pictures have arisen trom a unique soUd object in rotation or translation (or 

both). The .second process addresses the ,problem of IIprojectiv~ ambiguity" ln vislon. 

Here "projective ambiguity" is a name for the theorem that a single picture ~ay be a 

projection of an infinite number of planar or 50lid forms. 
/ 

The 1nterpretation process is the one of interest here, because it uses 

geometr kal rules to "reconstructll the object from which the pictures are projected., 

, The object 1s not actually constructèd; rather,. a description of the object is recovered 
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from the forms of the 'pietùres. Unlike hi~ description of the correspondence process, 

'UlJman's description of the int~tation process seems more geometrical than 

psychological in nature. He assumes that any series of still views that can be 
= 

interpreted consistently by geometry as successive projections of an object in rigid 

motion will be 50 interpreted by an observer. He sees it as a psychologieal problem 

that there are many objects (dUfering in shape and orientation) that could give rlse to 

the same two-dimensional projection on the frontal plane. He says that the 

interpretation scheme for vision must have- constraints that determine a unique 

solution, or at least identify a smaJl number of ~Jternat,ives. The relevant constraints, 

he daims, constitute "a set of implicit assumptions about the physical world whieh, 

when satisfied, imply the correct solution" 0979, p. 142). 

Ullman has an exact conception of. these constraints. They are geometr ie ln 

nature, and the rules of interpretation are geometric ru les. The end to whieh he 

applies geometrk rules is described succinctly in his "structure-from-motion theorem". 

The structure-from-motion theorem states that from Euclidean measurernent on at least 

three distinct affine mappings of four noncoplanar points onto a plane, the relative 

positions of the rigid group of four points and their directions of translation and 
, rJ 

rotation can be recovered. In his words: "Given three distinct orthographie vjews of 

four noncoplanar points in a rigid configuration, the, structure and motion compatible 

with the three views are' uniquety determined" (1979, p. 148). Given (oôr coplanar 

points, their structure and motion are simpler to recover than those of four 

noncopJanar points. The structure and motion compatible with several views of these 
\ 

are derivable by "straightforward trigonometrk considerations". UlJman goes on to 

make the strong psychological daim that the procedure he has constructed to 

determine the structure of a rigid object (in accordance with the theorem) Is· a 

,1 
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comple}e account of the Interpretation process in vision. That, he considers the 
~ 

procedure a complete account is shown in his "rigidity assumption": "Any set of 

elements . undergoing a two-dimensional transformation which has a unique 

Interpretation [by the theore~] as ca rigid bo~y moving in space shou'Jd ~rpreted as 

such a body in motion" (1979, p. 146). 

Other researchers accept propositions that are equivaJent to the rigidity 

assumption. Research on the kinetic depth effect assumes that objects are perceived as 

rigid just when their projections could have been occasioned by a rigid object, also. 

JOhaton', von Hofst~, and Jansson (1980) cite such ,an assumPti~n as motivati~n for 

their proposai of proje<ëtive geometry as a primary tool_ in the study of spatial 

constancy. Oddly, the r,esults of an experiment by Ja~sson and Johansson (1973) are 

inconsistent with Ullman's rigidity assumption. In the sentence that follows their 

paraphrase of the principle, they say: "the outcome of the experiment is in good , 

correspondence with sucht:'a ..• prir~cipJe if the Jatter is extended to incJude alsa the 

,partially rigid motion of bending ••• " About this one need only ask: is a bendin~ object ~ 

rigid 'object? Either objects are rigid, or they are flexible, but they are not both. 

However, Jèt us continue the discussion at hand. 

Orthographie projections (affiné n)appitlgs onto a plane) are the data- for 

UUman's Procedure that recovefs the structure and motion of a - rigid configuration. 

These operations are more constrained than projective l'Qappings onto the plane. 

Orthographie projections preserve para~lelism as weil. Ullman asserts that the 

projection of light from soUd objects to the eye is not an affine mapping, I5ut a . 

~rOjective rnapping (1979, p. 153). Yet he cJaim~ that the dUferences between the two 
\ 

types of picture that are produced by perspective projection and orthographie 

projection are not psychologicaJly salient (Attneave and Frost, 1969, provide sorne 

" , , 
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relevant evidence). In other words, he claims that affine and projective mappings are 

not psychoJogicaJly diffeFent: He proposes a method to approximate projective mapping 

• by a combination of the results of several affine mappings. This method he calls the 
, 

--lIpolar-parallel" method. His "pola~-paraJlel" method supplies an approximation to the 

geometry of perspective projection by means of orthographie proj~tio~s. The method 
. , 

uses Orthographie projections whose axis of projection changes from reglon to 'regJon. 

Four closeJy grouped points constitute a region. Ullman makes the argument that the 

• polar-par all el scheme is about as accurate an appr~ximrion to perspective projection 

as is evident in human judgments (1979, p. 153). He ~ay~at the poJar-paraJJel scheme 

"resembJes human performance ,in both its capacity and its limitations" 0979, p. 154). 

Recent resea~ch, however, has shawn that human performance exceeds even the best 

performance that is expected under the limitations supposed Dy UlJman's theory. 

(Braunstein et al., 1986). 

The" parts of UJJman's theory, nameJy t~ eorrespondenee and interpreta'tion 

proeesses, differ markedly in the extent of the psychological support he off ers for 

them. UHman's psychologicaJ theory in the tirst part is. complicated, and makes 
,JI 

continuai ref~rence to psychophysical researches. In contrast, the psyehological claims 

that he presents for the geometric ruies that d~scribe the interpretation, process cart 

be expressed in a single sentence: 

"The polar-parallel interpretation scheme is advanced as a 
competence theory for the perception of structure from motion by 
humans" 0979, p. 154). . 

This staternent is decidedly odd. A competence theory is an idealization. If it is a 
. 

mathematieal structure, it is Ilot meant to approximate another 'mathematJcaJ structure, 
• 

as the polar-paraJlel scheme approximates projective g~om~try (Pylyshyn, 1972, p. 548). 
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.. 
Nor should a competence theory be desig~ed to model the limitations of perfor,.mance, 

as 1S the polar-parélllei schème. 
" 

Ullman's cJaim can be carried further in one of two ways. The ti,rst is to take 
. ~ . 

affine geometry as the compe~ence theory. Ullman says that affine mappings are 

psychologically indistinguishable from Pis0'ective mappings (though parallel Unes are ., \ 

psychologically salient, and affine map ngs do keep paraUel Unes paraUeJ while 

projective mappings rnay not). Neverthetess the constraints on the interpretation 

process, the constraints. that are supposed to be taken as assumptions about the 

physical world, are Qrojective constra1nts. The function of the poJar-paraJJeJ scheme is 

'bound by these 'constraints. AUine geometry is thus an unpromising candidate for the 
/ 

role of a psychological the.Qry of visual competence. The other alternative 1s to take 
. /', 

as competence theory projective geometry, which is what the PQlar-parallel sçlieme is 
k • / 

meant to approximate. In face of the desiderata for a competence theorY"At is easier 
, 

to take the second alternative. Then UIJman's statement amounts to the strong 

assumption that projective geometry is part of the competence theory for visual 

perception. The Jatter interpretation of UlJman's daim for a competence theory of 

vision coïncides- with the cJaim made by ROCK and Gibson: that projective invariance 

provides a basis for laws of form perception. 

The four theories that have been discussed assume that a sufficient description 

of the way things look uses the same terms as a description of the conditions under 
• 

which Jight reaches the eyes. The projective congruences that are p}eserved in the 

propagation of 'light are the basic elements in this description. These are claimed to 
- - - --- -----

ground the phenomenon that an 'ôbjèCrviewëâ~'fr-ôin--a1Ü~~-~~t positions and di~tances 

appears to have the same shape - to the extent that if does in facto The explanati?n 

offered 1s a geometrical one. The daim 15 made by Helmholtz.in its- most generaJ for~, 
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because he believes that if the laws of physics were different, then the Interpretation 

of reu'nal impressions would proceed ac-cording to those altered laws. The 

, ~ Interpretation would involve knowledge of different geometr'ic rules. Helmhoitz assumes 

that wh'atever may _ be the description of the way Iight reaches the eyes, that Is, 

whatever optics and kinematic geometry· might have' to offer, that is what the 

perceptual system will employ. ~e daims that our working beUefs about geometry 

would change 50 that we would~ come to know the true shapes of, o~ects under many . 

conditions. Helmholtz's theory is not simply about Beliefs, however; it poses a 

geometrical constraint on what count as perce'PtuaJ data. Helmholtz (1878) describes 
J , 

thesi geometric constraints, which imply perceptiort of projective congruence. He holds 

that, as thîngs stand, we actually perceive projective congruence •. 

Rock makes the same assumption in different words, that the causal locus of 

the "proximal stimulus" 1s deduced from implicit and quantitative knowledge of 

projective reJations. The proximal stimulus i5 a sensation of visual angle; Rock belleves 

that "visual angle per se is avaHable to phenomenal experience as a sensation of pure 

extensity, quite apart from [an object's] apparent objective size" (Rock & McDermott, 

1964, p. 134). Again, the geometrical form of useful per,ceptual data is fixed by the use 

that, is supposed to be made of implicit geometricaJ knowJedg.e. (For a thoroughgoing 
~ 

discussion' of the reJation between perceptual data and cognitive processing, see> 

P,ylyshy:n, 1984, Chapter 6). Ullman concurs that sorne geometricaJ laws play the role of 

assumptions about the world that are implicit in vÎsual processing, and that th~se laws 

~rmÎne projective constraints. Gibson makes much the same point when he says that 

, ) what it m~\~~s for e~l':;>nmentaJ 'ii17ôrmation to be conveyed is that a. property of the 

stimulus Î5 unambiguously related to properties of surfaces through physical laws. 

Gi?son says that if! vision this is normally a projective relatJon. 
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Helmholtz, Rock, and Ullman's theories differ from Gibson,'s in ma " ways, but­

the' most salient difference is that the first three postulate a role 

inference in shape constancy. By way of contrast, Gibson specifies th t 'projective 

relations should bear a univocaJ significance. Non~theless, 1 should like to say aU four 

daim that obse~vers are sensitive to projective equivalen~e. There is little doubt about " 
• 

Gibson's daim. The others presuppose that projective properties are basic to form 
, 

perception. They suppose projective equivalence to be a datum for inferential 
- "1' 

\ processes. ( This datum has - several r:-ames. Helmholtz speaks of the pattern of retinal. 

stimulation; Rock speaks of the- measure of the visual angle; and UUman speaks of the 

dimensions of planar perspective .views of objects. Each takes projective equivalence as 

a datum, as sometRing that we can reason fr.om, and something that does not itself 

have to be reasàned ta. Then the obvious difference between Gibson's theory and the 

others does nolt impinge upon th~\discussion at hand. VIe are st,udying an assumpt.ion 

that aH four make - an assumption that 'is JogicaJly prior ta beHef and Inference in 

shape constancy. -The four theories share this tenet: that the geometric properties of 

useful d~ta for perceptual beHefs should include projeétive propertles. The theories 

t~k. projective congru';;'c,; as\.m.~IOr vision. Are these ~ata 7SSibi~ 
the ~bserver? There have been a num'ber 01 experiments intended to shO.w that ;J'Y 
are. Still the answer is unci,,:,r. as will.he seen .rnext chapter. 1 

( 

-

• 
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CHAPTER 2 

, " 

I?rojective Invariance and Visual Perception: Recent Research ~ 

l. 
, \ 

Some IUtinl' there lI"e which at Ont sight incline one tG- # 

think poIhetry conversant about visible extension. 
$' 

Berkeley, A New Theory of Vision, p. 232.' 

, , 

An experilnent may not be relevant to the theoretical daim it is meant to test. 

"The ,existence of th~ experimental method [in' psych~logy] makes us think we have the 
, 

mear;ts of solving the problerns which trouble us; though problem and method pass one 

another by" (Wittgenstein, 1958/J976, p. 232). 1 wiIJ argue that the tests that have . 
been made to ascertain the place of projective invariance and projèctive Iules in vision 

have not been the right ones for the task. Projective relations are often 

misreprese'nted in the study of vision; rnany textbooks in perception misrepreesent 

Perspective both in their diagrarns and in their texte (For a brief assessment see 

GüJam, 1981.) Recent experiments on s~atic figures involve the identification of 

pÎCt.ures Or the estirpation of certain geometric. quantities fro~ pictures. Most often, 

phe . .pidures are perspective proj~tions of squar~s or boxes. Two .rnethodologies will be 

described, to ilIustrate the kinds of test that have been made. The first kind includes . 

, 

Sorne experiments by Perkins, whose results were achieved independently by Shepard. 

The second kind is 'a series of experiments by Attf)eave and his associates. The two 
'\ 

kinds of test will be shown to be simiJar not only in stimuli, bu! aJ'so in the way they 

faiJ to solve the problem. 

" 

a 
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Perkins and Shepard l" 
Both fpkins ,(1972, 1982) and She'pard (I 981) daim that observers' can 

,diser iminate ' 

has access 

, 
projections of sorne obJects, and that the ability of observers to 

is evidence that geometric rules ~or projective 
~ 

1982, p. 73, 87). Yet il,' in certain 

observer succeeds in seJecting projectiv~Jy equiv~ent pairs, it 
, , . 

that he knows the underJying Projective principle n9r that he normaHy 

,projective eqùi~valence. A p-actical example may serve to cJarify the 
• 1 

observer i(stationed in an Ontario forest, and he is asked to 

poin~ out mapJe trees. There is ,an easy perceptual test: the maples are the red ones. 

Uncl~r the right conditions, maples can be distingu~shed at.a distan~e of several miles, 

though therè wHl be .some confusion with sumacs.' It does not iollow that the observer 
, . 

can discriminate maples from oaks or birches in a reliable way. Marked decrements. in 

C:performance ~ay ~cur if the observer 6S tested in June or January. Nor does it folJow 

, tbat the observer knows anything about trees, except that. maples are tne red cnes. 

The rough and ready test does not reflect the general standards, by which mapJes are 
..", • f1 

identified. There are botanical proc~dures to identity maples. A particular Jeaf 
.) 

/ . 
structure or a type of arborescence might bê an identitying mark ff maples. An 

( . 
• J 

observer is said to discriminate maples reliably if and when he uses such criteria. .r 

~ . -

AnalogQusly, a number of tasks have been developed fQr which the àpplication of a ~ 

superfidal rule suffites to discrimint!te perspective projections. Each of the tasks can 

/ be performed by -the ~ppJication of a simple rule that does not involve prOjktive 

invar iance. 

. perkir!' and S~epard use tasks that are weJl.-nigh identical in fôrm. In both, the 

: correct choÎce invol ves right solid angles cruciall~ .. :, (The corners of ij. cube are right 

o 

(, 
.. ) , . 

\ 

... 

, , 
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' .. ,,*-_ solid ang'les.) Both .... e~archers employ ,othet tests,hùar points c';' be made about 

each.În 'the tasks that involve righ.t soJid aAgle~ the~ present a number of projective 

, 0 

\.I~ 

y" 1 < 

, ' 

~. 

drawings. These drawings are Projectively ambiguous: they can be interpreted as 

projections of any number of ;l'lid objects. Yet they cannot be projections of an 

arbitrary thr.ee-dimensionaJ Jigur~ A "omber of pictures are presented, of whic"b *,e 
~ . 

can be, the perspective p,rojections Qf rectangular boxes, that is, parallelepipeds ail of 
.. ~ ~ 

whose corners arè. dgh't soUd angles. Other pictures are presented· that cannot be, 

interpreted' 50 by the 'rules of perspective projection. Perkins (1972) asked subjects 

"whether each box appeared rectangular". Shepard devised a mêchanism by which 
• 

"... ,. \~'! ----

subjects couJd vary' the shape,. of a 'Necker cube figure. This .shape could vary 
" -

continuously in two ways. He alsp"had subjects"select which arrangements of three tine 

segmen~s connected at a singlé"" vertex could be perspecti ve drawings of a soUd right 
. -

angle. The~ tasks, and similar ones, can be solved with a superficial rule. Three po,ints 

will 'be made about th~l solution to these 
• J 

1. 0 Only quantities in the picture plane eed be, judge 
2. The quantities are not judged reHably excep' 0 

s~ciaJ~cases. -
The explicit rule is not formally equivalent to a gener ,test 
for the projective1equivalencè of a three-dim nsio object . 
with a two-dimensional one. b 

What is the ruJe that subiects may use to select possible projecti~ns of those 
l', 4# 

figures that have right solid angles as corners? It is helpful to know that, apart from 
, ' 

rotation of the en tire fig~~e, the task has two degrees of f!eedom corresponding to the 

m~as~res of two o{ the angles (Shepard, 1981, p. 303). T~ thir~ angle is' fixed, since 

the three' angles of the picture must s"um to 360°. Consider angles internai to the 
~ , 

figure-- of the pictures. There is a simple rule to predict which of the drawings are -
'. 

.. . 

.. 
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projections of rectangutar: boxes. It is this: two angles may not subtend more than 270° 

, or less than 90°.· In Shepard's task, tbis rule can help one to select the r,egion that is 
1 

not internaI to the figure. Why should this rule be simple ta learn? The rul~ reflects a 

qualitative knowledge of the way that cubes (or other boxe,> look. If the subject were ,.. 

not informed that the dep,icted figure is a box, 'his ded5j~ 'would not be jusiified. 

Given the information, he can invoke sorne familiar facts about boxes, and an ability too 

differentiate a right from an acute angle. It may also be added that most people have 

practice at drawing boxes. 'J 

Here
o 

are the familiar facts: when a box is viewed face-on, it looks like a 

rectangle. Ali the corners look to be right angles. When the b~ is seen from sorne 

oth'er posi$ions, the per imeter af the object is a salient hexagonal shape, like the 

drawing of an oblique view of a cube. Abutted' pair of angles on this shape look as if 
,1 

they form obtuse angles. The pairs can't look as if they are acute. In general, angles 
~ 

are easiJy c1assified as obtuse or étcut~, and this applies to' abutted angles in the 

diagram of a box: The angjes of the diagram are the ones ta be estimated. O~e half of 
o 

the .fuie is that two of the angles can't look greater than a certain value. The limit is 

the value at which the third would have to look acute. Abutted pairs of angles on the 

shape can't look as if they are acute. If the two together looked less than a right 

angle, they would be acute. If they were ocute, the? would look ocute. -50 these 

jointed angles must never look acut , if the y are to represent a right solid angle, and 
" 

the second half of the rul~ is that can't look less than '~ ... ight angle. 
, 1. 

The finding that observe an use such a test is interesting, much as the 
î 

finding that observers can use aerjal haze as a cue for depth. However, the "finding 

does not prove the main daim. Sh~pard's daim 1S that "the implicit rules of formation 
, 

. ol internaI representations of three-dimensional objects ... correspond to the objectively 

Cl 
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corr-ect rules çf projection" (1 ~81, p. 299). T~ application of the test ignores the 

general problem of pro.jective equivaJence, even for the limited class of cases 

envisaged. To make the point by analogy, it would be absurd to claim that Euclidean 

principJes are followed if equality of distances is IlOt respected. The recognition of 

equality of length is a sure test that EucJidean princip les are being followed. The use 

of a simple test that involves the estimation of angles does not imply sensitivity to 

projective equivaJence. The evide~ce th~t Perkins and Shepard present does not suggest 

that an observer is a naïve renderer of perspective projections. lt is one thing to 
4 

notice the perspectives of things, and another- to do projective geometry. It is still 

another 
\ 

to demonstrate that a "knowledge of projective geometry ... has been 
, 

incorporated into our perceptual machinery" (Shepard, 1981, p. 298). 

The simple ob~er in the analO_gy with which we began will not have shown 

himself to be a botan~if he discriminates not only red leaves trom green leaves, but 

also red leaves from yelJow leaves. Moreover, he is Hable to he Jed astray by sumacs, 

since they too are red in the fall. Neither does an observer show himself to be a 

geometer if he discriminates not only right angles, but also straight angles (J800 

'-~ 
angles) from smaUer angles. Nor wiJJ he know much about the projecti ve geometry of 

dO 

tetrahedra, if he identifies perspective drawings of regular tetrahe'~ta by a rule similar 
_ _..._..J ""il ~ 

to the one dted for boxes. The rest of Shepard and Perkin,' ev1dence 1s beset by the 
.... ~ 

same or similar difficulties. Shepard asked observers to identify perspective drawings 

. as drawings of the corners of 'a tetrahedron, or of _à "Ptanar tlMe(çedes-Benz symbol". 
• '1 

Perkins devised another task that could be accompli shed by an application of the rule 

that i~ntifies thé perspective dtawings of cubic corners. Each of the.se tasks has a 

solution that involves the, sum of two angles in the picture. There is a relation between 

sums of angles and the projective invariants in a picture -- a loose relation that 
\.--

- , 
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depends on a host of conditions. If the conditions are un~pecified, 50 too is the 

relation,. If the pictlfred object is a cube, a simple inequality of angles can be used to 

categorize perspective drawings. If the pictured object can be sorne other shape, the 

relation between correct projection and Othe sums of an~s is unspecified. This 
. -, -: .... 

ambiguity is particularly evident in Shepard1s 'experiment. He pFesented pictures and 
J 

asked subjects to say if the y were pictures of a cube, a tetrahedron, or a Mercedes 
, , l symbole Sorne of the pictures represent ail three objects. 

~mething more th an an ali-ar-none reaction to the SUffiS of angles in a picture 
, 

is required to reveal sensitivity to projective invariance or rules of projection. Nothing 

need be known about projection to categorize perspect,ive drawings,.J!. the pictured­

solid ls known to be rectangular and the observer has plenty of experience with boxes 
V ' 

(see Perkins and Deregowski, 1982, for cross-cultural differences on this same task). 

The sum of angles in a perspective drawing provides a eue which can indicate whether 

or not the drawing cDuld depict a specified object. "hat knowledge of projective 

geometry does one need to use this visual eue? None at aH, .2!:. no more than one needs 

to know principles of the scatter of light to app'r~that buildings 

indistinct""by smog are farther away than buildings that ~e seen 'distinctly. 

What the experiments do ~ot support is Shepar<s (1981, p. 305) daim 

rendered 

that "the 

rules of formation [for visual representationJ inc1ude some approximatiôn, to an inverse 

of.-the--wles- governing the optical projection of three-dimensional objects onto a-

two-dimensional surface". What they do show is subjects' ability to judge the magnitude 

of a pair of angles as being great~r or Jess than 900 or as being greater or less than 

- 180°. Shepard's subjects were reliable only when they judged if a figure could depict a 

, right ~lid angle. They identified perspectives of 1200 angles (the Mercedes symboJ) le~s 

.. 
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accurately than they identified ~ons of right soUd angles, and they identified 

perspectives of a tetrahedral corner less accurately still. 
'~ 

Perkins contrived another three tasks.' In the first, observers judged the 

bilater!-I symmetry of solid wedge-shaped forms from' pictures of those forms. The 

wedg~s were bilaterally symmetric just when their bases were rectangular. In the 

second, Perkins presented pictures of medjum~sjzed quadrilaterals in which were 
,/"'0-

ehc10sed sm~ller quadr ilaterals. Subjects judged if the figures in the ~ture could 

represent rectangles that lie in the, same tilted plane in space. In anothf experiment, 
1 

Perkins p:~sented a variety of single quadrilaterals. Subjects were aSk~d of each if it 

could repr,èsent a planar figure in which two nonadJac~nt internai angles(.are both right 
J 

ang1'ès. Prrkins is explicit about the nature of his tasks. He says that the rule to 

identify cubic corners and that used to judge the bilateral symmetry of the 

wedge-shaped figures are "mathematically equivalent" (Perkins, 1982, p. 82), but he 

does not state the relevant inequality. The similarity of the two tasks can he seen if 

ail the b~se vertices of Perkin's ~edge figures are joined, and the plane of symmetry 

of the wedge is drawn. The other two tasks differ from those just mentionea. The 

other two' tasks no longer requite subjects to sum non'adjacent angles and compare 

them to 900; they require subjects, to sum angles and compare ~hem to 1800
• 

Consider Perkins' task in whiclT subjects judge whether a quadr i1ateral can be 

the projection of a figur,! whose two nonadjacent angles are constrained to ~ right 

angles. The fo~r angles of the quadrilateral must sum to 3600
• Suppose that' the angles 

of the quadriJateral are labeJJed ,!, E, S, and d i~ the order the y are encountered as 
,) 

the perimeter of the figure is traversed. Then "there will be a common plane in which 

~ngle: .! and .s. are" both right angles if and only if either angJe a + b is Jess th an 180 . -
degrees, and angle a + d greater th an 180 degrees or alternativeJy, angle a + b is 

- -
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great,er than 130 degrees and angle a + d less thanè'>180 degrees" (Perkins, 1982, p. 84). 
, ' 

The sum of the four angles 1s 360°. Two of these 'are constrained to be 900
• The rules 

follow as a consequence, since two angles vary. The rulea has a form similar to that of 
• 

the rule for cubic corners. Perkins makes it dear that the solution 1s the same for the 

task 1'n which nested qUadrirterals may be' coplanar rec,tangles. In fact, aIl Perkin's 

and Shepard's tasks can be solved by a 'rule of the following fQrm: 

,where ~ stands for the mal§nitude of an angle. The fuIe seems useful to observer:s only 

when the constant .! takes ,on a value of 90 or 180. The angles!l and !z- can be 
. 

measured on the picture. This seems a weak te~t (lf the daim that the visual system is 

sensitive to projective invariance. The three pre'lious objections cao be made precise. 
q 

The experiments are not cogen,t demonstratÏt.ms of the perception of projective--

relations because: " 0; 

1. ihe estimation of angle~\ jn ~he picture plane does not 
disambiguate perspectiv.· 'cirawings. 

'2. The magnjtud\.~s of such angles are not judged accurately in 
the conteltt cf a figure, except for right angles and straight 
angles.0 

" 

1 

) 
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3. The' rule by which the problem can be' solved is not a 
general one. The variable~ of the inequalities are two 
angles. These"J do not provide a general criterion for 
projective 4 invariance; the y do not even determil)e the 
relative invariant of area. ' / 
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The said experiments 'Cannot pro vide appropria te support for the daim that "the 

human perceiver must be considered a 'sloppy geometer'" (Perkins, 1982, p. 84).l!, as 

geometers, they are thought to resolve problems in projection. 
, . 

Attneave 

Sorne remarkably dilferent experimenls provide t~e same type of evidence that 
1 

. Shepard and Perldns do. The studies wei-e conducted by Attneave and his students, who 

made" estimates of the slopes of lines their dependent variable. The stimulus objects 

were either rectangles or boxes, as in the previous studies. In one classic experiment 

, A ttneave & Frost (1969) used perspective drawings of cubes. They sought to verify' a 

principle of simplicity or "Ieast action" il). perceptual organization. They do not define 
r 1 

"simpJicity", but sorne analogy may be found in the study of minimal surfaces. (A 

minimal surface is the surface of minimum area that is bounded by a three-~1' \ ensional 

frame. The film that is formed when a wire frame is dipped in a soap solution' a good 
r 

model of a minimal surface.) Percepts, Attneave felt, are organized according to this . . 
minimum principle: a picture will be perceived as representing the simplest form among 

those which have that pr.ojection' in the pieture plane; a soUd form will be perc\ived as 

the simplest of those solids that project the same profile in the picture plane - when 

there are no specifie cües to the real shape. Attneave relates the principle to the 

Gestalt principle of simplicity, which he says "assumes that the rules of perspective (or 

sorne approximation thereto) are implicit in an analog medium representing physical • 

space, within which the representati~n of an object maves toward a stable 'state 
• loi< , ' 



• characterized by 'figurai goodness' or minimum, complexity" (Attneave &. ,Frost, 1969, p. 
"if 
'-' 
395). 

Attneave and Frost daim, then, that rules "of perspective are operative in 

vision. Thelr evidence is that subjects' judgments of slope refJ,ect a complex 

trigonometric function that describes part of the projective relation between aubes and 

~pectjv. drawings. At first glane., the similarities between Attneai."and 

Frost (969) on one hand, and Shepard and Perkins' work on the other, appear 

inc}dental; aIl use ~ox~s' or rectangle~all ask subjects to judge drawings that couJd 

depi,ç~ thpse forms (though the y could d ict a host of other soUd forms as weH). But 
, ~ .Jo",'" l. 

the 'similarity is more subtle and runs deeper. Although Attneave and Frost daim' that 

subjects judge the three-dimensional slant of depicted line segments, yet their 

judgments refJect estima tes of angle in the pictures themselves.. Shepar~f,and Perkins 
• 1 

devised tasks tha"t can be solved by a rule about the magnitudes of angles, also. Sorne 

'of the comments 1 made on their wor~ apply also ta Attneave and Fr.ost's evidence. As 

befpre: 

1. 
2. 

Only quantities in the picture plane need be judged, and 
The rule that subjects seem to use is unlike a projective rule. 

~ . 

The minimum principle is meant to resolve the_ "projective ambiguity" 0 

pi'cture shouJd be , se en" ta represent the soUd object that possesses the 

symmetry am~ng those solids that co~ 9@-depicted_ by that perspective 

Conversely, unle~s a picture has an interpretation ;, a simple soUd, the geometric 

characteristics of the object depicted will not be estimated with accuracy. Attneave 

a~d Frost fO,cus on the geometrical properties of one simple form - boxes. 

perspective drawings of boxes have a simple and familiar interpretation, their 

geometric charaç.teristics ought ta be judged a~curately. The simplest among boxes is 

-' 

A 

1 

~ 
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• 
the cube. What could be of psychological interest in the geometric properties of a 

cube? Its orientations in space provide interesÎing measures. The picture plane was 

taken as a plane of reference for estima tes of or ientation. Three adjacent sldes of the 
1 • 

\ depicted boxes were judged for their orientation with respect to the picture plane. 

Attneave and Frost employed an ingenious apparatus to obtain estimates of 

~ 

slope in three dimensions. With a combinat ion of polarizers, fluorescent diagrams, and a 

half-silvered mirror, the y contrived that a stick might appear aligned with segments of 

per-spective drawings. Though both picture and stick were viewed binoculGrly, Iight' 
'\l 

from the picture to one eye was occluded by crossed polarizers. WhJle the picture did 

not appear at a definite depth from the observer, it app'eared adjacent to the stick. If 

. such a device were not used, texturaI cues would make the surface of the picture 

apparent. Then the real orientation of the picture (it is bounded in the picture plane) 

would have infJuenced apparent alignments. The obtrusive textura! eues were 

eHminated by the apparatus. 

Imagine a box somewhere near the picture plane. Each of the three dlhedral 

edges that meet in the vertex nearest the picture plane forms an angle wlth respect to 

the picture plane. One leg of the angle is the edge whose slant is to be judged. The 

other leg is on the pictureo plane; it is t~e intersection of the picture plane with a 

perpendicular pJâne that contains the edge whose slant is to be judged. The angle is 

the slant of the edge with respect to the picture plane. Since the object is box-shaped, 

the measure of that slant can be derived from the measures(of the angles that are 

projecteâ by right angles of the cubic corner nearest the picture- plane. Two of- those . 
angles determine the slant of the edge whose projection fies between them. The 

j 

relation i5: 

CPl = SIN7'l.JCOT ex COT {3 , 
1 
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wheré..4l 1s the angle to be estimated, and!!. and.!! are the relevant angles of the 

_, perspective drawing '0969, p. 391). Attneave and Frost hypothesized that judgments of 

apparent slant would be predicted by this rule. Their apparatus enabled them to make a 

simple test of the hypothesis, since subjects could b~ asked to aJign a stick with the 

apparent slant of a depicted edge. What evidence is there' that apparent slant 15 

predJctèd by ~ perspecti ve rule? 

Recall that Shepard and Perkins' experiments seem to indicate that the 
, 

, magnitudes of angles in the picture plane are cues for the identification of correct , 
perspective projections of boxès. Perhaps they are cues to the orientations of boxes, as 

weil. A ttneave realized that the data of his article with Frost could be explained just 
~ . 
as weJl by esdmates of angles in the picture plane as by use of a projective rule. 

A ttnea ve(1972), when faced with the same problem later, wrote: "1 must admit, . 
hoWever, to have got myseJf in a bit of a trap here ••• This is not ta say that the issue 

is inherently unresolvable, but merely that we have not, up to the present time, 

designed an experiment Iikely to resolve it" (p. 300). Sorne discussion of sampUng 

technJque and the form of results may ,tip the balance of doubt in this matter. Still, 

there is a prior question. How àre angles in the picture plane important to estimates of 

slant? The trigometric relation given before 1s equivaJent to: 

COS(a+{3) + cos(a-{3l 

cos(a+ {3) - COS( a-(3) 

where CPI is the sJope of the dihedral edge, and ~ and B are angles in the picture, as . 
before. The quantity a+ B is mentionect twice in the equation. Let "Y denote the third 

angle that 15 attached to the vertex. That angle 1s opposite to the projèction of the 
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edge whose sJant is estimated. The value of a+ B is a functioh of 2, since the three 

angles sum to 360°. Perhaps the rule that predicts estimates of slant is simply that the 
, C\ 

apparent slant of an edge increases as the projection of the angle -~posite to 11 

decreases (t~e restrictions on projected angJes that can represent cubic c~ners apply 

here as elsewhere). Attneave himself poses the question: "~hat if the observer were 

meç.,ely basing his judgment on a mean or sum of these !wo angles, or, what would be 

exactly the same thing, on the complementary angle opposite the Une belng judged?" 

(1972, p. 298). If a+B predicts estima tes of slant as weil as the formula does, then the 

angle 1: would seem a better predictor than actual slant. Angle 1: Is both a germane and 

a simple quan ity. There Is some indication thàt a+ B may be 'a better predlctor than' 

the projectiv rule, even when its simpJicity is not taken into account. 
'( 

The ex riment fails to distinguish the simple rule based on angle from the 

projective rule, because the sampling of stimuli was biased. Ir appears that Attneave 

• 
and Frost used samples of pictures that represent equal intervals of the angles ~ and --!! 

A sample based on' equal jnt~rvals of ~SJ~nt would have been a beater cholce. :f 
A ttneave and Frost's data points are grouped nto categories of slant from 00 to 29 , 

30° to 59°, and 600 to 900
, then of 27 obs ations, 14, "9, and 4 observations fall into 

the respective categories; If slant is computed by th~ formula, and equal ,ten-degree 

intervals 01 ~ and ...lL are used, but the extremes are excluded, then of 28 ohservations, 

13, 12, and 3 fall into the respective cat~gories. The correlation ofCX+ li with!l: 15!. , 

= 0.943 in that case. The magnitude of tliis correlation is as high as the regression 

coefficient that was found between estimatecf sJope and predicted slope. A persIstent 

ct:lrvilinear trend in these data as weil as in the data of other experiments indicate 

.~ that:(X + B may be ~ better predictor. The measure (X + B exhibits such a curvilinear 

trend where the more complex function predicts Jinearity. The plot of <Pl versus ex. B 

/ 
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., 
shows a marked curv ilinear trend, as might be elfpected from the last formula. The 

1 

trend i5' most pronounced wh en the intervaJ trom q,1 =800 to <Pl = 90
0 

is included. Not 

one of Attneave's stimuli had slopes in that interval. Estimates of slant for stimuli 

witA predicted slants in that, range woufd have distinguished the two hypotheses. 

The importance "of the curvllinear trend ma'y be seen if equal five-degree 

i~tervals of q and B are taken. O~ hundred and thirty-six values of 21 are thus 
\ 

prod!-,ced. When~ is plotted against ~l' the regression coefficient for the 26 values 

ot" ~J that fall withih the interval 100 to 200 is 0.23. The regression coeffi~ient of 

those 23 vaJues of 1!.1 within the intervaf 500 to 700 1s 1.29. The change of ~ slope in the 

O'I'H;.U.A~-t5--5&fRe indication of the function's nonlinearity. A curvilinear trend of this 

kind is a persistent teature of the data in a series of experiments designed to 

demonstrate the same point (see Attneave, 19'72). The stimuli for the other experiments 

include rectangular shapes. 

Two comments about Attneave and Frost's data ate warranted. First, as the 

boxes tended to cubic shape, the quantity was better estimated, in the sense that the 

slope of the regression fine tended to one': (The quantity estimated may have been '!!. 

1!.) SecondJy, no appreciable differences were found for estimation of slope between 

affine projections of cub~s and perspective projections. Attneave's evidence 1s 

equivocal; it allows the interpretation_ that: 

1. ,Cnly 0 ang e in the picture plane. need be judged to 
per rm the task, and" 

2. T e rule that subjects seem to use is unlike a projective 
ule. 

Moreover, subjects were asked to judge boxes only. What if Jess familiar shapes had 
i) 

been use d, or any shapes for which it cannot be assumed that their corners are ail 

right angles? Although Attneave and Frost's experiment seems different trom those of 
',' 

.. 
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Shepard and Perkins, ail ,Iheir tàsks can he solved Sh ,simple 'information ~~ut aogl~5 
in perspective drawings. 

Previous- research doès not seem to have provided an adequate assessment of 

sensitivity to projective invariance. Since the topie 15 central to a number of theories 

of shape constancy, there is reason to perform a new series of experiments. There will , 
, 

be two types of exper lments. In the first, subjects will he required to judge if two 

figur~s are projectively equivaJent. In w these experiments there are two important 
. 

manipulanda: (1) the cross ratio, whieh guages how far two figures are projectively 

alike; and (2) the degree of transformation to whieh a figure i5 subjected. The second 
o • 

i5' ~relevant to projective équivalence, though it may yield a figure that 1s very 

dUferent from the r or iginal in the' terms of Euc1idean, similarity or affine geometry. 

These manipulanda are independent; when the degree of transformation is nu Il , the 
~ 

magnitude of the cross ratio 1s left unconstrained.lt will not he possible for subjects to 

achieve success by anr su ch strategies as might have heJpep them in the studles we 

have just surweyed. The int~est of these experiments i~ whether subjects will be able 

to distinguish projectively neutral transformations from projectively relevant changes. 
, , h 

The second Une of experiment will involve subjects in the ,~mpletion of projective 

drawings of large outdoor objec~s. The objects are lïrregular quadrilateraJs. Subjects , , 

wiJJ be required to indiéate the position of a missing corner in a sketch of these 

q~riiaterals. It will be interesting to disco ver whether or, ,oot subjects tend to choose 
, 

a point tha,t preserves in the piéture the projective equivaJence of the object. 
~ 

An historical analogy may suggest anothet reason that observers may Q be 

. insensitive to projective invariance. At the turn of the century, sorne psychologists 

wondered how the wor Jd couJd he seen as upright, when the retinal image is inverted. 
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One theory was devised to explain how the retiflal image is reinverted in the visual 

sfstem. A number of theories cJaimed that the inverted position of the retinal image is 
• Po' 

necessary if the world i~ to appear upright. Some psychologists'still recognize this as a 

'Iegitimate probJem (Rock J 97 5, p. '495). It's a resolved problem. Once, the 

ocular-movement and the projection theory expJained the "necessity" of an· inverted 

image. A concise statement of the projection theory is that "the eye prpjects images or 

abjects into space in t~e direction which the ra ys of tight enter the eye or are thrown 

upon the retina" (Hyslop, 1897, p. 153). This projection was supposed to follow the laws 
) ~, o" 

of physica] optics. The orientation of the retinal image 1s no longer in the center of 

controvetsy in psychoJogy. That is not to' say discussion of th~ topic was in vain. Tne 

debate prompted Stratton (1897) to begin research on visual adaptation to the ,effects 

of distorting goggles. 

Today it is generally (agreed that an inverted image is not necessary for the 
{} 

wor Id to appear upright (Rock 1966, p. 17). A better ex~nation is that directions of 

orientation are assigned to objects. The recognition of disoriented forms often de pends ' 
\ 

on the correct reassignment of orientation (Rock, 197"3, pp. 126-7). Therefore, "it 
. 

should not matter whether the entite image is inverted, upright, or tHted" (Rock, 1966, 
." " 

p. 61). The or ientation of the retinal image q is a global property which does not 
~ .' 

contribute to judgments_ of dilference made with the aid of vision. abjects have 
, , 

orientation within a frame of reference (Stratton, 1897, p. 184). The orientation of 

objects within the frame is known in visiof}.. The ground, h,orizon, or direction of 

gravit y may be used to determine such a frame of .referen~e in vi;ion. A standing'; _ 
'1 

observer will see the $round below his head, even if he stand~ at the antipodes. The 
, \ ' , 

inversion of the retinaJ image is not necesswy for upright vision because ,it 15 a global 
# # f] , 

pro,erty. Another reason can be presented. The reason will not be accepted generally, 
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but it is·consonant with the/" Gibsonian approach to petception. If one assumes that the 
o 

retinal image is not seen, then the orientation of the retinal image may be unimportant 
• , 0 • .. 

• 0 

(Gibson, 19 l, p: 404). At~east, the retinal image ls- not important for its delail 5, but 

To put the ';;;atter 
, 

for the dUf rences and invatiants it reveals (Gibsont 1966, p. 319). 

, 
1. 
2. 

.. 
two points that may account for theoretical neglect of the -reiinal 

'\ J 

The relevant geometrical property is a global property. " 
The. properties of external objects 'are seen, not the 
properties of the retina. 

• 

, ln the second half of the centur,Y,. sorne psychologists 'are concerned with a 

sirti il ar problem: how real obj~ts appear soUd, since observers see on.Jy certain 
, , f 

pers~tives oj the surfaces of thing5. A number of, theories have daimed that 

perception or knowledge oi ,çoj~ctive invJiance is necessary if the real and solid 
/) 

<1 

shapes of objects are to, be seen. Ecological optics and the daim qf implicit knowledge 

of the laws of perspective tecapitulate ..the ~ supposed ~cessity of fundamental ' 
- Â 

projective ~aws in vision. The latter theory assumes, Jike the the.ory of projection' that ,. 
accounted for the orientation of the retinal ima'ge, that an inference foJJowing the 

1 

laws of optics compensat,es for the projection. Perhaps there is an historical lesson to 

. '. be learn~ from the stu 'y 0 the orientation of th~ retinal image. This le~sQn .. might be 

applied to the study of proje tive invariance in visual perception. There are tiNo points ' , 
-

. of similar ity: .. 
1. 

, 

,The relevant geometr ical property is a global property (e.g., 
all the perspectives of a planar object have the same 
projective invar,iants). 

- J 



(, 

• 

c 

2. The properties of external 'ôbjects are seen, not the 
pr~perties of the retina. 

53 

Geometdcal rules might not need to be applied to projective equivalences when objects 

. are seen as constant in shape, for the same "reason that geometrical rules do not need 

to'be~ed to compe~sate for the inverted position of the retinal image.. If 

projective equivalence is a global property to whieh observers are insensitive, just as 

they are insensitive to the inversion of ,the retinaJ image, thet'l thei'e may he no need 

to postul~te an inference on 'the laws of oRties to compensate for projective ambiguity, 

ju'st as there is no need to po~tuJate an inference to com~nsate for the orientation of 

the retinaJ image. An alternative account of the way shape constancy is achieved 

might mention any number of visual cues that are unrelated to projective quantities. 

The cu es that appear to have ~en used in the studies described in th.Îs chapter provide 

ready ex~mples. Consider the possibility, às Helmholtz ~d, that a descrip~ion of 

projective invariance is not a necessaryÏeature of a theory of form perception • . 
On the other hand, the c1aim that projective geome~~r is_ a compet~~ce theory 

~ \ 
for visual perception might ~em compelling, since projecfive geoméiry charact.erizes 

, . 
relevant invaria~ces in the dioptrie cond'itions of vision. Vet does the way t~ings look 

need a foundation in the invariants of projective geometry? The hypothesis that 
1 

projective equivalence 1S not per.celved directly in a reliable way 15 worth testing, at 

'teast. 

. '" 
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CHAPTER 3 

. An Introduction to the Stimuli and Dependent Measure 

D 

How Ibould we notice it,~ if people c:auld _t tee .. th 
[6ectJy]? 50 that they were as Berkeley theupt .. ... .... 

"lttaensteJn, R ... ~ GIa ~ PhlIOIOphr 01 PQcI!!oI!ay, wL 1, ... U. 

The perception of projective equivalence i5 the toplc of the six experlment. 

to be reported. One way that projective equivalenœ la famillar to us 15 as the 
) 

relation between var ious plane shadows of an object that is ilIumlnated by 

different sources,for example, the shadows of hands cast on a wall by a Ughted 

chandelier. In the introductory section 1 discussed what is meant by projective 

invariance in the transformation of rigid figures. Projective Inv.iance has beeo 

weil understood in formai terms for over a century. The basic projective invariant 

is calle<! the 'cross ratio'. That is to say the cross ratio provides the fmdamental 

measure of projective equivaJence. AU other measure's of projective equivaJence 

are functions of it. There are no other independent and reJ1able measures of 

projective equivaJence even for two dimensionaJ objects - see KleIn U92,J-I961, p. 

!SO. The present chapter describes how projective invariance i5 measured for the 

purpose of the experiments. The intr ica cie 5 of the classial approach to projecti ve 

~ometry are presented by Coxeter (1974), and the reader i5 referred to Klein 

(I92.5/1967) for an eXPQsition of the analytic formulation of projective geometry. 

An understanding of the cross ratio is neeessary if one is to grasp the 

experiments. Consequen,tly an introduction to the notions of the cross ratio and the' 

transformation of projection will be useful. The aim of stimulus construction for 

1 

\ 



3 

c 

55 

the tirst two exper iments is to produce pairs of pictures that are either ... 
projectiveJy equivaJent or depart trom projective equivalence in sorne known and 

, 
measureable way. The other four experiments are different. They use perspective 

drawings made with a Leonardo's window, as weJJ as subjects' estima tes of a 

projectively invariant figure, and some calculations on those drawings and 
- , 

estimates. The characteristics of viewpoints and projecting planes, patticular 

perspective projections, and the computation of the two-dimensional analogue of 
o ~ 

'the aoss ratio will be discussed in this section. Attention will be drawn to the 

numerical equaJity of the cross ratio for a figure and for its projection .. 

• 
A caveat is in or der • There is a qu~ntity cal1ed the cross ratio th~t is ( _ 

famifiar to readers of the psyçhoJogical Jiterature 0!l shape"J constancy - see Gibson 

(1950a), Johansson (1977), Michaels and Carello (1980, Cutting (1982), Térouanne 
• 

(1983), and Simpson (1983). Their measure 1s the cross ratio of points on a Une. 

Note 1 describes how Cutting (1986) uses the crQSS ratio of ppints on a Une, and 
, , 

alsa sorne pitf~lJs of his approach. The measure of present interest is more generaJ; 

it is the cross ratio of points on a plane. TRe formula for the cross ratio on a line 

range ,can be qerived from the same general equation as is the formula for the 

cross ratio on a plane range. The cross ratio .on a plane ~s the more suitable 

quantity for investigation of the optics of Jight that faUs on plane surfaces. From 

here onwards, the aoss ratio on a 'plane will be called "the aoss ratio". The term 

"cross ratio on a Une" wiJJ be specifi~",when that quantity is intended. The use of 
- 1 , 

, , 1 

the cross ratio on a Une has led to misunderstanding. Simpson (l9~3) concJudes 

from the definition of the measure that projective invariance only exists if at least 

four points are visible. The inadeql:lacy of the measure in this case does not imply. j 

that three points cann~t be mapped projectively trom one Une to another. Simpson 

supposes that the aoss ratio 15 constant only for coJJjnear points. He fails to 

mention the extension of the cross ratio to the plane. From these false ~,mises, 



o 
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he concludes that if subjects can détermine that three dots colUnear on a rotating 

Une are indeed colJinear, then the cross ratio cannot be necessary for the 

derivat~on of structure from motion. Such confusion is avoided if the more general 

measure is adopted. 

The cross ratio is an invariant between figures that bear the relation of 

prpjec~ive equivalence to one é\nother, and constant cross ratio implles the 

projective equivalence of the fig~res on which the 0'055 ratio is measured. UnUke 

distance, 'the cross ratio bears no unit of measure: it is a scalar qU~~ A aoSi 

ratio can be of any.value on the real number Une. whether positlv~atlv •• or " 

zero. The measurement of the cross ratio requires five points. The regular 

pentagon is used as the basis for the figures of the first two exper iments because 

it is a convenient construction on five points. Actually, the cross ratio Is a 

relation among four points-, but the' measure of that relation varies as the point 

from which it is calculated changes in position. The cross ratio can be calculated 

as an in~ernal geometric property of a figure enc10sed by five points. In fact, five 

cross ratios can be measured when the coordinate origin is taken to be a vertex of 

a pentagon, (that is, when the coordinate origin is translated to this point), since 

there are (five choose four) 'suitable arrangements of the points. It is important 

that the. cross ratio be calculateJ' as in 'internai geometric pro~rty of a figure, , , -
since it is difficult to identify the projection of thè origin of coordinates once the 

coordinates of the plane of a' figure are altered prgjectiveJy. If the projection-of 

the origin is part of the transformed figure, it is identified easily. 

How is the cross ratio computed? It seems best ~~>, proceed by example. If J., 

" b 1" and .2. are four. di~tinct points of an arbitrary figure, and if !!. is another paint 

distinct trom the r.st, then ,Il 12 indicates the area of the tr~angJe bounded by 

-points J.., b' and i in that order. The subscript ~f the origin, in this example point 

!!, will be understood. For simpJidty, let areas of triangles bear a sign, just as 



l 
f 
[ 
! . 

1 

( 

dh,tance~ may bear a positive or negative sign to describe their direction on a Hne. 

ln the plane, a triangle will be ~ajd to have positive sign if the or der in which the 

poini> are named is ~ountercloekWiFgure l,.~ is positive, sinee l ~ ~ ~!± 
h. a counterclockwise movement about the triangle. The area ~ Is negative. 

1 . -
Arcas whose exp/kit ~ubscripts are ~versed àre opposite in sign (for example, b.52 

. ' , 

:: - /\25). 

Computa tiona/ fQrmu/ae for cross ra tios are der i vable from th~ / èqtJation 

known as the fundamental syzygy. In the terms just described, this equation is: 

ld2 tJ5 +b.13 b52 +b.15 &3 =9 
, 0 

When the syzygy is divj~ed by the last term on the left-hand side of the equation, 

and terms are rearranged, then a formula that relates the values of two cross 

ratios ~left- afld right-hand sides of the equation) is the result: 

b.12 b.35 = I-b.13 b.25 

b.15 lI32 b.lS b.23 

A thorough discu!>sion "o~ the significance of the fundamental sy~ygy can be found 
./ 

in Klein 0925/1967. - The equations tnemselves are given on page 158). Note 

descr ibes the relations of var 10U5 forms of the cross ratio. 

Projected shapes preserve the cross ratio of the shapes of which they are . " 

projections, as can be measured. Figure 3.1 depicts a portion of the reguJar 
r 

pentagon, Jabelled in the manner of the formulae just presented. The areas of the 

relevant triangles and the v~lue of the cross ratio are given in Table 3.1 under the 

heading "regu/ar pentagon". Polygon 12345 of Figure 3.2 is a projection of the. 

~gÙI.ar . pentagone The method by which it was constructed wiJ1' be described in a 

moment. The areas of the relevant triangles and the value of the cross ratio for 

this shape are given under the head~ng "projec"ted pentagon" in Tabl The , 

value of its cross ratio is the same as that comput~d for the eg~ An 

analogous measure' ~an be dettved from the fundamental the 

.r 
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Figure' 3.1 

.' A Regular Pentagon 
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Figure 3.2 

( 
Proj~ctivity of a R~gular Pentagon 
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Table 3.1 

The Areas of Several Tr~ang1es withl.ll 'l'wO Pont,1qonc.; 
and the Computation of a Cross HcltlO 

Tri-angle 

Reqular Pentagoll 
2 

(cm) 

Pro j{\ctcd l'Cl\tcll)OIl 

;; 
, (cm) 

60 

J------------------------------------------------------------------------
.612 

.635 

.615 

.632 

.613 

.62S'L-

LH2 .635 

.6l5 .632 

l - .6è-3 t.25 

~15. t.25 

+173.12 

-107.00 

-107.00 

-:107.00 

+173.12 

-173.12 

( ,- - 1.62 

~ " (no unit) 

""\ 
1. 62 

-11.'3'1 

HO. B2 

+1').12 

+ 4.HI 

-11.-'10 

l-lB. JI 
, 

- 1.fJ2 

\ 
<:" - 1.62 

, 
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Figure 3.3 

Viewp'oints for Projections of the Pentagon 
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This viewpoint map depicts relations amonq several ~ie~. Six 

viewpoints ~ to ~ specify six projections of the pentagone The angular 

separation ~ between adjacent viewpo~nts is eighteen degrees. Thè letter 

! marks the centre to the viewpoint map, and was not itself used as a 

viewpoint. Point Z has the same X and Y coo~dina~es as the centre of 
. 

the -pentagon that is to be projected,. The height of the viewpoint plane 

~s 11.41 cm. above the o~igin. The" axes of the g~aph are marked in 

cen timeter:s. ·0 
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projective equivalence that obtains between soUd shapes and their pianar 

pro jections. 

Now that the notion of the cross ratio has been introduced, let us consider 

the notion of projective transformation. ,The stimuH of two experiment5 were 

cons.truçted from projected pentagons. A viewpoinr 15 _ necessary to specUy a 

pr.ojection of the figure. Figure 3.3 depicts six viewpolnts whlch speclfy six 

projections of the regular pentagone These viewpoints were chosen to be 

representative of a larger range of viewpoints. FigureV, 3.3 can be called a 

viewpoint map. 

The coordinates of the pr'ojected figure are given by simple equations. Let 

M be the slope in radians of a projecting plane, with respect to axes y and!.. Lét 

the v iewpoint coordinates be' called ,Ji, JS., and .b respec'tively, and Jet the non-zero 
r 

coord]nates of .some point of the original -regular pentagon on the horizontal 

coordinate plane be called the ,unprimed letters band 1.. Then the coordlnates ~ 

and r- of other points are given by the equations 

Xl = (L - MK) x + MHy 

My . + (L - MK) 

yI = L( •. 11 +M2)y 

My _'!' (L - MK) 

l 

The effect of these equations 1s to ',stretch"" figure in one "direction. If these 
-

equations are applied once, the.! and 1. coordinates of the result rever'sed, and the 

formula v applied onèe again, the effect i5 to 'stretch' the figure in two directions. 

This i5 the de5ired pro}ectivity. These formuJae can be found in Chapt~r Six of 

-Spr 1nger (1964). The rationaJe for thesè equations 1s far removed from present 

purposes. What 15 important is that the point coordinates 50 derived preserve the 

O"oss ratio. They do, as can I:?e verified. The range of transformed pentagons th~t 

was formed- bS' this procedure may be seen by a gtance at Figures 3.4 and 3.5, An 

• 

'. 



1 

c 

63 

impressk>n of the geometric means by which these were produced is given by fig~re 

~.6. 

Where the fundamentals of projective geometry are applied to the study of 

• • 
vision, some writers are misled, because they fixate on details .of a particular 

axiomatization. They may 'fixate conventions that serve to introduce. the cross 
, 

ratio. Simpson (I983) makes this error, as r mentioned. Claims. abolit projective 

equivaJenêe, shape constancy, and. the cross ratio have not been concerned with 

matters of Implementation and intricacy of computation. The means that rflight be 

"" used to compute the value of a projective invaJ:Îant can be superficially different 

from a given geometri~al procedure. (Thel computation of a cross ratio is different 

in a number of oper~tions when one uses a ruler than when one uses a polar 

planimeter.) A geometrical theorem, taken in isolation, may not fit an intended 

appJicati<:>n. For example, there is a theorem of projective geometry to the eff~ct 

th~t "there exist four points of which no three are çollinear", (Coxeter, 1974, Th. 
4 

3.12). It would be a mistake to interpret such a theorem blindly, as if to mean that 
~ , 

observers must always see fouI' positions, even when their eyes are cJosed. 

Similarly, the projective theorem "any two Iines are incident with at least one 

point" (Ct>xeter, 1974, Th. 3.11) will not imply that parallels are unobservable, nor 

that observers are conscient of a "line at infinity". That does not foHow even 

when (folJowing Johans50n, 1977), one takes preject~ve geometry as a descriptive 

system for 'visual space'. In the same way, one might insist that the cross ratio is 

a mëasure applicable only to Pla~ pentag~ns, since it has been presented here by 

means of planar pentagons. Tha~ would be to have a narrow view of the 
\ 

appUcation of geometr ic concepts. The extension of this same formula to solid 

noncoplanar--shapes, and to shapes on the surface of a sphere, among other classes 

<?f shapes, i5 a straightforward extension. In other words, the difJerence between 

the incidental features of a 'system ofaxloms and- the essential features of its 

-----~--------------------------------



10 

9. 

-8 

64 

.1 

The Projected Pentagon P~oduced by Vicwpoint ~ 

• u 

. L 

5 4 

6 7 8 

This figure is the projection'ot the regu1ar pentagon from viewpoint ~. Viewpoint 
A is identified iri Figure ,3. 

The coordinates of the vertices are: 

. -

1: 
2: 
3: 
4: 
5: 

( 8.64, 
(13.39, 
(15.27, 
(13.83, 
( 6.70, 
(12.50, 

14.99) 
14.93) 
12.19) 

8.11) -
7.97) 

12.19) , 

, 
) 

The axes are marked~in ce~t~meters. 

6: 
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Fiqure 3.5 

The projected Pentagon produced by Viewpoint F 
" -

15 

14 

13 

5 

.. 

l 

3 

• f 

4 

The coordinates of the vertices are: 1 

The axes are in ct:.entimet-ers. 
o \ t 

1: (3.62, 19.92) 
2: (7:75, 18.38) 
3: (9. 79, lS. 90) 
4: (9.55, 13.31) 
5: (3.40, 14.90) 
'6: (7.62, 16.61) 

65 

.. 

J 

, 

.. 



o 

o 

66 
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. \. 
>. modeJs should be kept firmly in mind in discussion of proj:Ctive equivaJence and 

the cros~o. '" J d 

Incidentaily, the feasibility of a computa tional account of the pe,rception of 
4 

projective equivalence betweer} pent?&onaJ shapess more seve;reJy transformed (ln 
~ 

Euclidean terms) than these is outlined in UUman (1984 b), wh~re the hypothesis 15 , ,-
, " . 

made that just ,these sorts of equivaJences are capture~, by the hu~n QvlsuaJ system ' 

(though it should be noted that his "inaemental rigidlty ,·seheme" 1, eut_ ln 

Eucfidean' terms rather than in prejective terms). We shaH took to se~" if his claim;' 
li 

is true. 
, 

" The stimuli for the first two experimerits may be desqibed in turn, now 

that the notions of projectivity and aoss ratio ~é been expJained. 

'" , 
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Figure 3.6 

An Overview of the 
Geometrie Situation 

m 
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A 

The diagram presents a rough apprqxirnation to a geometric situation 
that,produces t~ projective transformations described in this chapter.~ 
~he projecting plane i5 tilted ISo in each of two directions, and the 
perpendicular dista~ce of viewpoint A from1the point C ~f a fragment of 
'the regular pentagon i5 17.41 cm. The, line between ! and :s. includes the, 
point !' that is the proj~dted image of C. The plane i m n p of the 
projected fi.gure. i9 hinged', on the or~gl.n, i. This diagram is neither a 
scale dra~ing, nor is it accurate in projeëtive term5. • 

1) 
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CHAPTER 4 

Experirrfent - Dlscnmination 

Perhaps you say: "It's quite simple; - if that picture occurs 
to me and 1 point ta a triangular prism for instance, and say it Is 
a cube, then this use of the word doesn't fit the picture." But 
doesn't it fit? J have purposely so chosen the example so that it i5 

o quite easy to imagine a method of, projection ~cording to which 
the picture does fit after aIl. If 

Wittgenstein, Philosophical Investigati,ons, p.54 

68 

It is to be shawn that perceiver's judgments do not reflect constant 

sensitivity to projective equivalence. This tir st expedrnent assesses perceiver~' 

)udgments in an identification task (that is, a forced-choice tdsk). Thh. task doe'i 

not address the problem of shape consta.ncy through invariance directly. ,Rather, it 

examines a prediction that may proceed ft-om the invariance hypothe!ih. Latcr 
~ . 

studies will face the problem of shape constancy squarely. Sub.jects are here asked 
. ' 

to choose one of three shapes as a match to a standard shape. A match is defined . ---.. . 
as a proJectiv"ity. The formai criteria for projective equivaJence werè)not 

presented to subjectsj rather, several examples of projecti vitiel> were pre~ented. 

The value of the cross ratio for the figure that is chosen i5 the dependent variable 
',' , " 

of an analysis of var'iance. The incorrect alternati.ve shapes in this expcriment are, 

interesting on~s. Besides differing from the standard figure in cross ratio, they 

violate the projective 'constraint of noncollinearity (explained beJow). If subjects 
• 

choose such figures o~er ~ose that are proJectively' equivalent to the standard, 

, then they have at best 50 coarse an abiJity to discriminate projective equivalences, 

that it is l,Inlikely to be a significant underpinn'ing~' of the robùst phenom-ena of ~ 

shape and size constancy. , 7 

.. 

( 
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Figure 4.1 

The Standard Shape: A Fra9ment of the Regular Pentagon 
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, 
The stimuli f~r the first experiment are parts of the regu1ar penta~on. 

points mar~ed !, ~, 4 pnd 5 are' fixed vertices of a five-sided figure. 

1 

The 

One . 

of' the primed points· can be chosen as fifth vertex for a figure.. The cross 
1 

0-

/ 
0, 

ratio of the quadrilaneral ~ f~om the point §.. is 0.62., O· 
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2. Stimuli 
, 

2.1 Standard and compar ison figures 7 
Figure 4.1 presents the standard ngure. The comparison figures ,were ail 

" , 

based on projections of the regular pen"tagon. In making the projeCtions, ail the six 

viewpoints, specified in Chapter 3, were employed. One may think of the viewpoint 
J) 

as the position of a point SOtJCE ofJ!ight. This gives us otr first factor, with six 

Îevels - fhe SOURCE factor. __ ~hen the regular pentagon i5 prôjected (rom any of 

the six viewpoints, (see the last Chapter)~ it forms an irregular pentagon - sec 

Figures 3.4 and 3.5. By l'otating an irregular pentagon, each of its fivc sides' can 
" 

be used as the base for a segment. ~otation is ~geometrically neutral (or pre!.ent 

purposes, but it yields figures that are per,ceptually' different. Ali 30 of the~e , 
bases (6 levels of SOURCE-"X 5 sides) werc used. This givcs us the ~econd facto,:.., 

with five levels - the -ROTATION factor. 

To understand how noncongruent comparison figures were obt~~ned tum 

again -i~ Figure 4.1. In it there are fi ve po lOts labeted l, l, l, !!.. and 1. These \ arc 
~ , 

the points ln which l the diagonals of/the regular pentagon intersecte The, point', 

rnark~d .§. i5 the centre of the regular pentagone Noncongruent comparison- figures 

were obtained by repladng the_ projection of point 6 with the projection of one Qf 

the points .t .:..,r... Note, however, that the points .1 !!:.. and 1 are collinear. In one 

such iigu~e, if ~int .§. were r~llced with 3', wé would have a quadrilatcral'. In 

each combination of SOURCE and RO! A TION, one of the 'points .t - ~ gave _ a 

ree:tangJe., These were not used, since there is no point asking subjects if thcy can 

distingI;Jish quadrilaterals from pentag<?~s" Thay1eft four other points' 'to 'chobse 
... - , -

from. Of these two (used as origins) aJways yieJded a figure with cross ratio of 

2.00 and the other two (used as origins) yielded a figure of 'cross -ratio 1.00. ~hile 
oP 

the second cross ratio is nearer to that of the standard figure, 0.62, a cross ratio 

'" of 1.00 signaIs that three of the five points are colJinear. From the standpoint of ~ 
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Figure 4.2 
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Two'Shapes with a Cross Ratio of 2.00 o 
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pr.ojective geometry such a figure 1s a gross departure !rom the standard -fi~ in 

which no three points are co Ilinear • The projective constraint of noncollinear ity is 

that noncollinear Fints do not become collinear under projective transformation, 

nor vice versa. Figures of cross ratio 2.00 also represent gross departures from the 

standatd figure, though this 1S Jess evident. We now have jo comparison ligures 

" 
-with cross ratios of .62, which is the same as that of the standard figure; we have 

60 comparison figures with cross ratios of 1.0 and 60 with cross ratios of 2.0. This 

gives us our dependent measure. These differences in values of the crOss ratlo are 

gross dUferences. 

Since the replacement points éfl'e symmetrical 'about a vertical &xis one can 
o 

divide the figures to be projected into Imirror images of each other. Two such 
1 

figures are presented in Figure 4.2. This gives us a div~ion of comparison figures 

into those based on left-hand and those based on r ight-hand points: Let us caU this 

subdivision 'the REFLECTION factor. It has two levels. The three factors of the 
~ , -, 

expe~imental design are, then, ROTATION, REFLECTION, and SOURCE. These 

factors vary between slides. 

The -:\andard fi~re was on a card before a subject 'atl during a test 

session. It ~ attached ~o a wall at a distance of 2 m from the subject. 

Comparison figures were presented three ~t- a time on a sfide. Each süde coo,tained 
---' , 

.l''-----~'""' 

one figure that was projectiveJy congruent with the standarQ, one that had a cross 

Q ratio of 1.00 and one that had a cross ratio of 2.00. Moreover, ail three 

compar ison figur.es on a slide had the same base and adjoining sides • .In other words 
< 

the three figures on a sllQe differed only in two line segments. This means that 
Il 

subjects never had to worry about rotation when they were performing their task. 

2.2 Thê preparation of slldes ' .. 
The shapes were arranged in triads, (with some replication) ,and 

photogr~ph~d as such. Each sllde shoYis three shapes that differ only in the 
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Figure 4.3 
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IExamples of Slides Used in the First Experiment 

Four slides that were used in the experiment are depicted. Examine the figures in 
thé lower left-hand'box. One of these figures (the.top figure) has'a cross ratio 
of one. From top to bottom, the origins of these three shapes are the projections 
of points 1',6 , and 5'. 

,~ s 



o 

o 

" 
7~ 

. position of a point on their perimeter. Only one 'shape of the ~hree Is projectively 
o ' 

equivaJent to the standard stimulus shown in Figus:e 4.1; it has a cross ratio of .62. 

The other shapes ,'have cross ratios oh 1.00 and 2.00. Each condition of the 

experimental design is- represented by one slide. Figure 4.3 gives an impression of 

several slides that were used in the experiment. As in Figure 4.3, ail three 

compar Ison figures on a single slide had the same base él!ld adjoinlng sides - they 

dtlfered in choice of 'origin'. Sixt y slides were photographed on Kodak high-speed 

duplicatIn~ film. 

3. Method 

3.1 Subjects 

Fort y people \Vere tested between January 30, 1984" and March 13, 1984. 

Half the subjects were students or faculty in the Department of PSYiJhology at 

McGill •. qther subjects were recr!Jited by advertisement. There were 17 men and 23 

women in the sample, a.nd subjects ranged in age from 19 to 44. Seven wore gl,asses 

during the experiment. 

3.2 Instr uctions 

The subjects were provided with two mèans of solving the problem posed in 

this experirftent. A lamp, a pane of gléds, and an opaque sereen were used to model , 
, .. ' 

a projection. Sever al shapes were fixed on the SCleen, and a single shape was, 

pasted on to the glass. None of the shapes on the sereen were cong~nt in 

Euclidean terms with the shape on the glass. The lamp was used to cast a shadow 

, of the figure o.n the glass onto the sereen. The shadow was aJigned for Jength withf\_ 

the base of each of the shapes on the sereen in turn. Only one was a precise fit to 

the shadow. This correspondence was plainly evident. The subjects were informed 

that the correspondence could be conceived' in this way. , , 
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The sub jects were" pro v ided with aflother means of solving the task, as weH. 

This method was emphasized.,·A slide of the standard shape was presented, as was 

a card of the standard shape. The card was fix~d to the wall, and the projector 

was adjusted 50 that the beam of Hght from the slide filled the figure on the card 

exactly. The pro jector was moved to show how the cross section of the light beam 

changes when the projector is tiJted. Several compari~ns were made between the 

~_J'~ shapè of the light ~tch when the beam was trained on the standard shape and its 

shape when the beam was tralned elsewhere. 

The subjects were told that these shapes ar'e projections of one another. 

They were reminded that, aJthough many shapes Ble projections of the standard 

shape, there are many others that are note The instruction continued in this way: 
" 

.. ,Now cons1der Othis slide. One of these shapes 1s a projection of just this 
shaope (the card with the standard shape, which was aJways present, was indicated). 
T.he card on which this shape is pasted 1s fiat. It is to just th1s shape 1 mean you 
to compare those shapes. One and only one of these three shapes is a projection of 
that shape on the cardo There is a place in this room to which 1 could move the 
projector, so that the Jight from the projector wouJd fill just this area. As for the 
other two shapes, one couJd not jJJuminate those areas exactly, no matter where 
one moved the projector. Perhaps the, place one would need to put the projector 
would be hard to reach, or the path or the light beam might be blocked by some 
object in the room. No matter. For th1s slide, when" 1 move the proj'ector to your 
left and down to the floor like this, pointing the projecfor upwards, the light from 
just one of these shapes can be made to flU that white area. When 1 return the 
projector to the table, and again tilt it at the r,equired angle, you can see which 
of the shapes becomes the same shape as that one (the standard). 

Now, ,for each slide that 1 will show you, one and only one of the shapes 
will be a correct projection of this figure (the standard was 1ndicated). 1 would 
Iike you to say which one it 1s by saying "top", "middle", or "bottom", for each 

•. stide. The figures wHl be arranged in this fashion, vertically. Here is the tir st 
'\ stide. ' Do you have any' questions?" 

3.3 Proc~dure 

The room lights were switched off after subjects had been given the 

instructions. The stimulus patterns for comparison figures were projected on an 

opaqu~ sereen with a Kodak carousel projector. The standard fig~re, roughly equal ) 

in area to the projected comparison figures, remained constantly in view, attached 

to the sereen to the immediate Jeft of where the projected figures appeared. The 
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sereen was two meters distant from the-subjects, who sat immediately to the left 

on the ~ojector. The magnjfied size of the projected images was about th/ee tîmes 

the ·size of the original drawings (the originals w'ere ck'awn on cards of 28 x 3S.S 

cm.). One extra slide had been photographed which showed a centimeter ruler 

placed horizontally, and one placed vertically. T~s slide was used to verity the 

degr~e and constanc~ 'of the magnification of the image :lf0jected on the sereen. \ 

1 Yet neither changes in the çlegree of magnification, nor in the tilt of the projector 

to the sereen, alter t~e projectiv'e qualities of the pattern that 1s presented~ 
. 

Neither does the angle of viewing the presented figures affect the projective ~ 

qualities of the retinal images viewers received. 
': 

One slide was presented at a time, and the slides were presented in one 

of two random orders. The subjects were glven as much time as they required to 

make each decision. They were i'rlformed that the tim. they ~o mak. th.ir 

decision was not a factor in the experiment. 

4. Results and Discussion 

Subjects chose a shape by saying "top", "middle''',- or "bottom'" on each trial. 

The real value of the cross ratio of the sha~e chosen 15 a datum for an~lysis. ~" 
values represented are 0.62, 1.00, and 2.00. Although the cross ratio can have any 

real value, only these three are used. These data may be too sparse to satisfy 

the requirement of the analysis of v~iancè that a dependent measure be a ra,tio 

'Variable. Methods for correcting this ~'\tucity of real ~aJues are given by Murdock 

~ and Ogilvie (J 968) and were adapted as folJows. Here an assumption o~ Ïine~ scale 

is made for the cross ratio. Although this assumption is, clear Iy warra~ted in 

mathematical ter ms, the PSyChologica~ validity of the as5ump~ion m~y be'--l) 

questioned. However t Cutting (I986), at least, is committed to the psychoJ gica' 

usefulness of absoJute differences of .02 in the cross ratio. 'A preliminary an Iysis 
'-

,. 
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of variance showed no significant effect related to SOURCE, sa- -each subject/s 

scores (a""bss ràtios) on' the six JeveJs of the source variable were averaged, and 

the resuJting averages Were submitted to anaJysis of variance. That is, six values 

of r"aw score were combined to make a single data po~nt for an:JYSiS Of\ variance. 

These new data points couJd have a great many values; and 50 they meef ~urdock. 

and Ogilvie's standards for statistical analysis. The ana1ysis found significant 

effects of ROT ATION and REFLECTION, and a signifiant interaction of 

ROTATION and REFLECTION (see Table 4.1). Since projective equivalence is 

. unaffected by REFLECTION and ROTATION, these findmgs support the notion that 

, '. the jupgments s\Jbjects make when asked to match shapes on the basis of projective 

equivalence are sensitive to façtors other than those that' have to do with 

projective equivaJence. 

A word about the significance tests in this analysis: the univariate analysis 
, , . 

of variance of n repeated measures data. assumes constant covariance of 

observations. One may obtain al\. unambiguous tes~ of significance even in violation 

" of the assumption, by using the coriservative degrees of freedom specified by 
L' 

Greenho~se and Geisser (1959, p. J 02). Conservati ve degrees of freedom will be 

used in !!! subsequent analyses of variance. (The effect of conservative degrees of 

freedQm 15 that in any F test that involves a repeated factor, both numerator anc;l~--

denominator degrees of freedom are reduced by dividing them by (e-O, where .e is 

the number of conditions in the factor under- test.) \ 

4.1 Descriptive Results 

Inspection of the data might seem to offer support for the hypothesis that 

\ the figures were chosen for their projective equality to the standard figure. The 
~~, 

number of tÎmes any subject chose any shape of a particular cross ratio was 

counted. Since there were 40 subjects and 60 slides, the total is 2400. The vaJue 

of the O"oss ratio for the standard figure is .62. Shapes with a cross ratio of .62 

" 



\ 

o o 

8 

_ .... 

. " 

Source 

Between Subjects 

Wi thin Subjects 

Rotation 

R9tation 
X Subject@w 

Reflectiort 

Reflection 
X, Subjectsw 

--- Q Rotation , 
X Ref lection 

Rotation 
4-. X Reflection 
-, X Subjectsw 

Total 

Table 4.1 

An~lysis of Variance: 
Real,Values, Data Collapsed 
over the 'Source" Factor 

SS df MS 

6.71 39 

58.44 360 

7.03 4 1.75 

12.07 156 0.07 

3.73 1 3.7'3 

2.19 39 0.05 

22.38 4 5.59 
,. 

, 
11.04' -156 0.07 

L 

65.15, 399 

1 :)i 
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F P 

2-2.71 p ~ .001: 

66.57 p '= .001 

79.04 p ~ .~1\' 
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Table 4.2 

Numbers of Correct Choices to Individual Slides 

.a, 
, / ' , 

1 SOU R C E R 0 TAT ION 

\ 1 2 3 4 5 6 (Side of Pentagon) , G 

~ 

, 

11 10 12 6 Il 10 51 

22 29 26 27 30 28 51 
, 

-, 
31 26 27 26 27 30 \ 12 -
33 32 31 30 24 25 12 

'" 
24 2~ ~ 27 28 25 26 23 , 

-
14 14 10 12 19 10 23 

1 
, . ---. 

11 8 6 5' 7 4' 34 -
" 2S - 22 . 20 16 17 17 34 --

20 20 25 20 15 17 45 -
, 20 ~6 18 9 ) 10 Il 4S -

0 i , 

Overiül Total of Choices: 1156 
, 

l' 

(max '2400) 
- , 

". 
Total's for levels of REFLECTION: 

, , 
'-'\, 

539 617 (max 1200) 

Totals for 1evels of ROT~TION: 

222 342 232 159 201 (max 480) ... , f 

Tota1s for levels pf SOURCE: 

211 200 202 179 185 178 (max 400) 

~ 

. , 

, ... ", 
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were chosen 1 156 ~imes, whi~ white -far from per~ect is probably better th an 

random res~onding. (S, in c e ttte~e are repeated measures, ~t is_difflcult to apply _ a 
-\ 

statistical test.) Shapes with a cross ratio of 1 ;00 were chosen 708 tim~s, and 
" I}, v . 

those witti a cross ratio of 2.00 were chosen 536 times. The impression of 
u , 

sensitivity to projective invariance changes, however, "hen the number of choices '_ 

is compared am.ong conditions in w~ich different foc us points are used. 

Consider aU the comparison ngure~ (across S,OURCE and ROTATION) that 

ha.~e point l' as their ~n. In each point .!.' is' at som. '~.mov. from' th. 

projection of point 6. The distances of point l' from the projection of point! were • 

avefaged t~ yield a Mean displacement for point l'. Similar mean displacemen.ts 
, c , 

were calculated for each of the other points, 2' - 5'. These displacement measures - - c, 

are highlyo correlated with the fre9uency with which ,a projecti.vely nonequivalent 

comparison figur,~\ was ch,en: Spearmari's rank correlation, rho(.5) = 1.0?, ... p~.OI -

see Fec:.guson (1971, p. 4,8). It should be noted that differences among the 
f .. A" , 

displacement measures in qUtfstion are projectively irrelevant. This finding 

coincides wi~,h the results o~ a multidimensionaJ. scating procedure appUed by 

Professor YOShi~ Tak~ne to ,a table of the numbers ?f_:choices, cpntingent on levels 

of the factor ROTATION and values of the cross ratio. He found, too, that the " 
, 

var iability in' the se' data could be accounted for ~y one factor, that b, in a 

one-dimensional solution. (He assumed no pifferences associated with SOURCE and 
1.. 0 

no individual differences.) There May be, then, a single index that guages ttie 

influence of nonprojective factors; this is a notion that will be taken üp in the 

neX-t chapter. Such an index is not intendedt\ provide any e~planationt rather, it 

'~provides a post-hoc description pf sorne, results. 
. . 

Thf pr,incipal reason for mentioning invariance in a theory of vision is to 

give sorne' account of shape constancy. The principaJ reason is not to reveal how 
, ' 

shadows may be matched to the objects that cast them. Are these two tasks not 

j 
,Q 
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very differ.ent? 1f so,-do the results of the tirst experiment address the role of· 

projective equivalen~e in a theory ·of shape constancy? A first response' is that 
, - - \ 1 

'.~' more interesting situations will be emplo.yed in I~tér experiments. Besides, we shall . '\ 

. , 

want to see the results of many different kinds of tasks,' to accumulate ev idence . 
J> 

about sensitivity Ao.!?"ojective equivalence. Such ,evidence increases by the 

enumeration of cases. The same quest1o? can be asked in several ways~ as this 

, question will be. A second response is that this task requ1r.es the sathe sort' of 

geometric compar ison as is presupposed in standard .theories of shape constancy. It 

might }>e true that the sorts of projective transformations that are characteristlc 

o{ Qbjects and their shadows can be different"'from the projective transforma~ions 0' 

that are char acter istic of objects and their retinal images. Suppose, though, that 
) 

the Euclidean properties of shadows could be distinguished from the Euclidean 

properties of planar objects projeeted' at a slant. Then it should be considered 
~> - - , 

that, in both cases, retinal images may be compared as projections. If one believes 
.---. 

that the projective equivalence of retinal images must be compared to aChieve 

shape constancy, the" the case of an object an"â its shadow is not 50 different. The 

comparison of their 'retinal projections must be made in the ~ way, too, to. be 

consistent. 

The Si~ifi~ffects shown by the analysis support the cJ.ti.m that 

perceivers' judgments in an identificatIOn task do not sim ply reflect a reUabJe 

sensitivity to projective constancy. Two aspects Qf the data reveaJ the presence of 

perturbing fac:tors. One i~ the dependence of frequencies of choice not only on the 

cross ratio, as indicated by a fair number qf correct choices, but also <?n the 
) 

projectively irrelevant factors ROTATION and REFLECTION. The other aspect is 
. 

the greater frequency of choice for projectively nonequivalent figures whose 

.cefltraJ Poiq,t$" .~part further ~rom .thè c~.ect~ projected \ centr\tl point. In 
L, tIIIl\rwo ~ .,. 1 <:0.. _ .. 

conclusion, it, is noted that subjects chose the wrong comparison figure in more 

'-
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1 
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, q -

than hait the trials. This may be a greater number ot correct' choices than the 

on_e-third expected pn the basis 'Of random responding. Yet wrong choices betr.ayed 

insensitivity to a gross violation of projective con~ence, namely a violation oi th.e 
, . f!',· _ 

collinearity constraint. The lm'pact of experiment l, then, 1s that subjects do not 
v 

seem sensitive to projective equlvaJe~ce in a. consistent and rel~able way. Though 

i~ 1s difficult to be q~finite about it, their sensitivity to prO!ectiv~ congruence 

does not seem strong enough to explain 50 robust and 50 pervasiv~ phenomena as 

s~pe and size consta?cy. However, this is "hnly one experiment and the conditions 

under which subjects were asked 'to judge projective congruence May seem .. , 
, . 

,somewhat artlt1cial. The '~oblem' of establishing Çl 'base ~ate of response, against 

which sensit1vity may be f1~ged, is addressed in the next experiment. The present 
f 

findings echo Cutting's 0.982a) conclusion that projective equivalence 1s "sometimes 
, .. 

perce1ved, and sometimes not" • 

. . 
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CHAPTER 5 

,\ Experiment 2 - Identificatio~ 
è 

Suppose however, "that ~.. the method of projection comes 
before our mind? HoVi am 1 to imaiine this - Perhaps 1 see before 
me a schemè shewing the method of projection: sly a picture of 
two cu~es connected by Unes of projection - But does this reaUy 
get me any further? ' 

Wittgenstein, 
Philosophieal Investigations, p.55 

... 

"-

,. -
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ln EXperiment -1, th~ angular differences betweE)n' the pla,nes of the object 

and its' sh~dow were not if\dicated to subjects.' Now, various theorles of' shape 
\. :. ~~ 

cons~ancy make the daim that oQservers are sensitive to projective equivah;n<!e; 

and that they have access to th,ose angles when they mak~i use of 'projective 

equivalenèe.' It is indeed true that, given a projectivity and angles between two 

planes, a geometèr can rec,over the 'Shape of the figur~ that was projeeted. We 
~. / t 

should see if a clue to th~ angles might help sublects..1 perform the sort of task 
~ 

that they were" asked to do in the fir.st experimentj This is ~ti1l a test of the 
6' -( 

geometr ic consequences of the invar iance , hypothesis rather than a direct , 
examination of the phenomena of shape constancy. Th()ugh thh tas~ is more 

'ecologieally vaUd'. than the first, situations, even more natural will be presented in 

exper iments to follow. • 

The idea· !hat slope and ~Ojecte~ ote ~ot~ necessarr to indlcate 

actual shape can be found in Koffka's (1935) construal of the in var iance 1 

hyp~thesis. Beek and G~bson (1955) supposed that a form as projected on the retina . 

"dt>termines a faW.i1y of possible apparent sh~pes", and that a particular shape 

becomes apparent only if and ~hen a measure of the sJope of a phy~ical. obj,ect j!, 

specified. They hypotheslzed that "phenomenal s~ape becomes indeterminate when 

phenomenal slant is made ,Îndeterminate" (p. 126) • 
..., . 

, 
... 
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;t assump$ion that estima tes 01 shape are .... lIied to lamiJiar' tilt ~ ;ou:d'in 

''''''the literature on ps~chophysics, such as ip Perrone (1980)~" Slôp~ has been \ari~d in 

a number çf studies on shape constancy; most of these use planar quadrilaterals as 

\ '" \ 

stimuli. The criticism that was applied ta Attneave's,--Shepard's and -.Perkins' 

btudies also ~plies ta those experiments, (eg., OIson, 1974, and Stevens, 1983). 

\ .. AI~. t~eir task!> can be solved with _ information about angles in the perspectivé 

drawings. Attneave (~~) had suspected that the ~urvili'1earity in his data could 

he attributed ta subjebts-' use of sorne picture-plane variable. However, he decided 
f;:~ 

upon thé "ratio of the height ta the wj,~th of rectangles as tQe important variable, 
-',-

instead of the ~w· familiar variable of al'}gle -in the pictur;e plane. OIson (1974), as 
1 , . 

A ttneave's student, us~d the height-to-~idth ratio ta control for the effects of 

pic'turé-pl,ane var iables. The control may be ineff")ctual if that variable is not at 

of the irregularities in f.ttneave's dataJ A better strategy might have 
\­

-1,( the botto.m 

.been ta use other shapes than quadriJaterals as stimuli. Further Investigation seems 

warranted, since previous inve!>tigations a~ not clear ly Interpretable in favour of 

J' JI • • 

the hypothesis that perceivers are sensitiv1! to projective congruence. (My 
" _ f 

objections are strengthened by Stevens's (1983) data. He found that variation in an 
" ' 

angular measure ln thl" picture plane has a significant eHect OR estimates of tilt, 

but h~ did not !>pecify' the relation between the two measures.).. 1 
How can slope be indicated on new stimuli? The stimuJi of Itti~ tirst 

experiment are each perspective views of a number of abjects which present the 

same profile, though they are sit~ated differently. IThough \thJ' stimuli exhibit 

definite projective relations, each could represent a host of shapes that stand at 
~ , ' 

various orientations. The "projective ambiguity" of these stimuli is shared by aIl 

photographs; their "projective ambiguity" is not resolved in more complex pictures, 

or by a picture more "informative" in sorne Isense. How can the ambiguity be 

removed? Weil, subfects can be told something abo,ut the objects that are depicted • 

.. 
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'" 
Kndwledge influt!nces judgments of shape. Observers use what is called the 

depth ,cue of "familiar 'Size". Observers can compare an object of 'unknown size dnd 
'<:0 c ' ... 

prox.lmity wit'h ar'iJdJaCen~ cfject of known size, to estimate' both the size and the 

proximity of the ,nkl object. A eue that, would resol ve proj;~ti ve ambiguity might 

by analogy be 'called "familiar tilt". When an unfdmiliar shape in the picture plane 

is assumed to 0 be the projection of a familiar shape at a til t, the tilt of the plane 

in which the familiar shape lies is apparent. There are two independent dngles of 
~) Q, • 

1 '1 ~ 

surface or ientatiori~:(that is, pitch and yaw, or pitch dnd' roll, see Stevens, 1983, 
,-. 

.J ' .. , ... "," , 
pp. 241-242), but the tilt"?f a plane away from the observer has been the variable 

." of' 1 

that has attracted most intér.est. It can be assumed that the estimated slopes of a 

Jamitiar shape ~e the best' estirqtrtes of slope for coplanar 'shap~s. When the 

dimensions of the frontal projection of a familiar shape are known, the tilt of the ,6 

familiar shape can be estimated, and then the real dimen!.ion!. of other shape~ that 
, 

have been ti,1ted or transformed in the same way Cdn be estimated (@art from 
1> 

their absoJute size and absolu te position). What is neceS!>ary t2..."thh tale 1!. that .sn 

observer assume tOhe dimensions of a familiar figure. This is not'hard to drrange. 

Estimations ~f tilt normally depend on such assumptioh~, as do e~tim~te~ of depth 

'based on texture gradients (e.g., Rock, 1983, p. 250 and Flock, 1'964, pp. 382-3,83). 
'\ 

A familiar pnd regular figure is use,d to indicate 'tilt here. Imagine' (ft) 

equilateral star on a dressing-room door. In the absence of ,~ther eues, one Cdn tell 
, 

how wide the door is open by observing the foreshortening of the star shape, .. ince 
. b 

one knows that the star is equilateral. A 'Star on a plane tilted at an arbitrary A' ~ Q '" 

angle in space would, provide a similar indicaticm, except --that- the foreshortening of 
1 

the star could take place in two directions independently. An equilateral stàr 

indicates the two independent angles of surface slant in the present experiment. 
, 

An insp~ction of a projected star shape provides an il)1mediate impre~sion of the 
~, . 

tilt of a figure in space. (Figurè' 5.1 gives ~ome examples). Once the slope~ of th'e 

( 
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Il . ., 'Figure 5.1 

'Examples of the Shapes cis~d in the Second Experiment 
86 

.' 

{ . 

Images of the shape at upper left are slanted at progressi vely incre~sing angles 

(to the frontaloplane. The shape at upper left is a s~andard figure, the 

remainder are comparison figures. variations in position due to the method of 

greater than 2 mm. in , ., 

.. 
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plane a~a prci;ect0nv~iant--are kn~w~. the corresP'l"~ence of the drawing ta 

a 'pictured ~ that, has the ~ame frontal projection is fixed. 'Do observers supply 

the , .t" mlssmg bit of information, 

correspondence of shapes? 

that 

1 

i,s, can 

, , 0 

they identify the projective 
~ 

• 
Again, the experimental hypotMesis - is that percelvers~ judgment~ wH! not 

reflect·a reliable sensitivity to projective congruence. Thh second experiment • . 
, , 

• "assessE!s perceivers' ability to choose from amon'g si~ ~tandard shapes the on~ that 

1s projectively"congruent 
" . 

with a c~mparison figure. That is, the samé six stand~d 

subject· tbroughout; ~e comparison figure ~hange; witl\ figures remain before a 

each trial. 

A difference score of q:oss ratios is the dependent variable. This score is 
.. 

the difference in value between the cr.oss ratio of the compa'rison shape' and that 
""" 

of' the standard shape a subj~ct chooses as a match. Unlike the dependent variél'ble 

of the tirst andlysis, this variabl~ CdO have many values. If, perceivers are not 

sensItive to projective eqûivalence, then they should not systematically match 
? 

\0 ' 

shapes that' are identical in cross ratio. Hence the difference ~core of croJj.s ratios 
ç -

should not 'tend to zero under ail conpitions. 

2. Stimuh 
/ 

2.1 An indicator of slant 

The sÙmuli of this experiment bear an indication of the plan~ in which they 
) 

lie - an equilater al star. The perimeter's of" the stimulus figures, both tr ar:tsformed 

ar;td untransformed, are pentagons. The untransformed pentagons are variable in 

shape, but each contair:ls an equilateraJ five-pointed star' at it .. , center. The 

projective transformat,ion that is applied to the pentagohs ,is appJied al~ to the 
-?' 

stars,. regardJess of any differences among- tJ:le J untransformed pentagons. It rnay be 

wort~whiJe to for-eshadow a resuJt at this point: subjects re\?orted they c0ut.d 

estimate 
.... 

th~ tilt of a figure in space easily by in~pe~~e stars. 

f 
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The reader
o 

may wonder: if the subjects could use the transformed ,star 
" 

l . 
shape tq determine the slope of a plane, why could they ~'?t do the sam~ wlth tfJe Ji 

" -
'pentdgons? The difference 1s that the untransformed l'stars are regular shapes, "and 

:. "'~ 
th~ ~ubject .. know them to be regular. Subjects do n~t rnake, initial estimates\of th.e 

\ 
• -' ,1 

- pentagons because their dimensions are not known beforehand. Nor. are such 

pentagons reliab'ly recurrent as ""fixed shapes in all the. pictures. In most t~ia4s 
• Il t;: .... 

subjects w~re looking idr ~ projective equivalent to ~ non-regular pentagon. 
ti- - - . 
2.2 The standard shapes 

... 
The .stal).f1ard shapes are described first, because they are simplest.. There , 

arJ six such shape~ tha,t define a factor of the experimental design. One of -the 

standard 'shapes' has aJ'egular pantagon as its perimeter. The other five standard 

shapes have an irregular pentagon as perimeter. The irregular pentagon i5 the same 

• in each ca~e, e.xcept that it is rotated in position abou"f the center of the familiar 

shape. We caU this the ROTATION factor. Each standard' pentagon ;ontains an 

equilateraJ star 50 plac~d that its axes of symmetry do not .lie on th~ diameter of 
Il -

t -"'1 

the pentagon. The cross ratio can be computed fro~ the lower left ver,;tex to the 
, t l'.f) 

') other poir:ts on the perimeter o( each figure. WheJ'I this computation is' perfdrmed 

on the stand'ard figures, six distinct value;'io ·res~Jt. The!5e values range fr~m 1.54 to 

.1.7~ which is also the rlange for the co~parison figurd. 

y 2.3 The compari" figures . -' , 

li The comparisoh figures are projections of the standard" shapes, as in the 

last exper iment. Again, OAe tnay think of the position of a source of. light that 

projects an image of the. shape on to a fixed\.plane. This position is val)ed to 

produce shapes that are different in the lengths -of their sides, but which are not 

different in their projective properties. It should be noted that the operations of 
1 • 

,-' 

rotation and' pr-ojection are not cômmutative from a Euclidean standpoint. A 

rotation of a figure followed by a projection of that figure has a different result 
." 

,( 
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than a projection follo~ed by ~_rotation (se~'"Figure 5.2)7 The corresporiding fdctor'. , 
. c • " 

in the experimental design is caIJed SOURCE: This factor has three I,evels. Hence 
~- ~ 

the experimeAt h~s ~ fully-crossed' repeated measures design, ail condition~ 

repeated. 
./ 

It IS a two-fa<:tor 6X3 design. Eath cOJnparison figure .Wd~ congruent 
, ' -- " 
, 

with one and only one standard figure, when orientdtion is taken into account. 

Orientation w~s e~Phasiz~d in the instructions and '~'~ ~ matter o~ fdet orientation 
\ 

1S accessed in ,perception. Besides, Rock (1973) has shoWA thdt rea~signment of '1 

orientation is difficult for subjects to achieve with unfamiliar shapes. 
, 

The outline -of" the familiar shape - .the equilateral st,:!r ." varies with, the 
, 

~ 

levels of the. factor SOURCE,' but does not vary acros~ leveb of the factor 

in length to 1ho~e of othèr star~ 
'-

ROTATION. The sides of any st~r are equal 

contained in other compar~n shapes to whîch th;; same pr~jective trdnsformafion 

has been applied. It has been said that the star is an indicator of .. Iope, but what , 
i) 

" sJope doès it inditate? Let us assume, J ..lst for this in~tant, a ~ view'P'oint. The 

~ 
slope of the plane that is depicted in eac~ condit~~m oi the SOURCE factor can be 

-
, expressed 'by a single number. The ratio of the area of an original figure,'-iind the 

~ ,) ~I 

area of the pro jected figures varies as the cosine of the angle at which that plane , ,r 

intersects the picture pJane (the formula i5 from Bell, 1923). The c~{npari~on 
\ p~ IJ":" ., 

figures can be proJected on to the picture plane by standard figure~ on .plane~ that , 
. , \ , 0 0, 0 

intersect the picture plane a~ angles of 32.1 , 37.9 , and 50.5 • 

The sJides were prepared arad presented as in the first experiment, but thh 

time there was only ohe compari~n figure on each. Six cdrds with the c,tdndard . , 

• figures were pJaced in frsmt of a subject. The spatial arder of presentation of 

these cards was' random across subjects • .. 
0' • 

• l, 

.. 
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,. 
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~oC' Exam"ples of S~~pes oJ-

" ... 
-" 

" 

? 

f 

The untransformed figure in the upper left is different from that in 
Figure 5.1, though its perime ter is a ~otation of the other's. The other 
shapes are comparison shapes derived from that standard shape. The 
perimeters ot the comparison shapes'are noticeably dif~erent from those 
of the compa-rison shapes of Figure 5.,1. The shapes of~j:L.§tars are the 
sarne for figures in corresponding positions in Figures 5.1 and 5.2. 

r 

-

Q 



"s" 

.. 

,,\ 

/ 

o 

91 

3. Method 

3.1 
t ~ 

y subjects 'were tested between March 5 and April 4, 1984."f Ali were 

students 'br faculty at McGill.. The new s~~ple of subjects included 15 men and 25 
-li 1. , • 

women,\'a,nd subjects ranged in age from 19 to 3.5. Five wore glas,ses during the 
~, 

'\ 

experlment. 

3.2 Instructions 

Subjects were told .that r;hey would have the same six 'pictures constantly 
'~, h' 

before tnem (standard), and that they would al~p be shown !>lide~ (cornparison) of 
, 

those pictures. Their task was to match ~"slide with one of the' pictures. The 

• subjects were t~en s~own' the six pictu;es(and sorne similaritie, and difference;' 

among the pictures were noted. The subjects' attention was called to the 
A • 

orientation of the five-pointed star, which was identical in each picture. The 

pictures were sai~ to have a proper orientation tixed by the orientdtion of the 

star. In particular, differen~es in the lengths of the segmeht~ that compri .. ~ the 
1 • -. 

figure in each picture, in the angles of the pentdgons that form the périmeter of 
-1. 

1 / 
each figure, in the areas at, different locations within the figure, and in Dthe 

Jccent~icities of the stars witnin their pentagonal frames were pointed out. 

" 
The comparison slides were said to have been photographed when ,the 

Ic..am~ra was held at' some odd angle to the papér:. Subjects were told thlat thi~. 

angle would vary. They were told that the pictures would not be. rotdted or 
,,' J 

re~rsed in the slides, and that ,the topmost poil'lt of, the star on the c:;!ide would 

-t correspond to the uppermost point of the star in the picture. They were shown one 
~ 

of the transformed figures as an example of the result. The subject'> were a!>sured ... 
that each of the new slides represented one of the pictures. It wa!> stij;'ulated that 

the topmost. point of the star in the picture wo~ld match ,the topmost point of the 
, r 

" 
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~star 9n the slide". The idea that shape c::an be judged from slant was intr.oducea in 

p 

this way~, ~ 

- 50metimes the shape of the star in the slide will" be altered witt) respect t~ 
thé shape of the star in the pictùres. 'You wiIJ be asked to identif~ the slides with", 
the pictures from which ,they were taken, Thè question is: to which"picturt: does!l 
the sJide correspond? The change in the star's shape between the picture and the 
slide will not help you to answer this question. In eajZh of the pictures before you" 
the star has the same shape. This altered star in the slide bears the same.relation 
t() each of those stars in the pictures. 50, th~ relation will not help you tc). judge 
the differences among the pictures. However, the relation between the shape of • 
the star in the picture and the 'shape of the star as projected by the slide provÏdes ~ 
a clue to the angle at which the camera was held. Do you see what 1 meall? One 
can tell the angle of the çamera, or the slant of the plane of the paper in space, 
by looking at the change in shape of the star betweeh the picture and the slide. :."" 
Can you imaginenow the camera was heJd to produceOthis slide? '" . , 

Tilt was expresseç! cdlloquially ~s ~he angle àt which a camera must. have 
..if. l1 • 

, p ~ ... ! 

, been held 'Mith respect to the paper to produce such a slide. The s'ubjects }V.are not 

dsked to make thei~stimates of tilt explicit. Subjects ide~~ified a stan~ard figl:Jre 
>c 
,~~ ".~~ ,. 

to which the compar ison fjgure was thought to correspond. The stand~d ,figure 'was' 

indicated by its number. Subjec!s wer~, t~id t~;t they might take.as much"time 'as 
, . . 

·théy desired for their decision, and subjects were asked for their questions"about , 

the procedure. J 

3.3 Procedure \, 

A ftt>r subj'ects had ·been given the instructions" the comparison figur~,' were 
" , 

pro}ected !?n an opàque ~creen with a Kodak carousel projector·;.~ The" eighteen 1 

s1id~were pr~sented in either of two- 'random orders. The room Ii~hts wer( l~f,t 

on. The screen was two metèrs distant from the subjects, and the magnified s~EÛof 

the pr:ojected images was about twice the size of the original' drawings.· The'-
" \ r .' • 

exper imenter recorded the responses. 

4. ResuJts and OiscussÎQI) 
0" , " 

Ejlch subjec;'s choice w~ recorded for each ·slide. Overall, 29% of choices '" 

w.r. correct. which se~ms h~i!>_'YV~(l6.7%).' Th:'e wa~ Doweve'. ' 

considerable var iation about the general mea~see Table 5.2. , ~ "\ 
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To explore. .thirdata-!urther,",a {wo-wa? analysis ,of varià!\c~ was performed 
f- ,- • 

with, as dependent rneasure, the difference in cross ratio betweén. pairs of figures .. 
j~dged ,to match. A significant effeet, 2f ROTATION, but none assodated with . ... . 

1 ~ ~. J~t 

SOURCE, ~as found .(seft, Table 5.0. Recall that ROTf)TION 15 à projectjvel~J ""'1 

irrelevant factor. Post-hoc comparisons reveal'ed signjficant departure!t from 
• ~ ., 'G 

projective equivalence for four ,of )he Six levers of ROT A TION. It f~liow!t tllat' a 

nonprojective factor iS inflûe'ncing responses. Yet how can the p~ttcr-n- ~f respon~e~ 

best ~e summ.ar ized and understood? 

4.1 0 Foreshodening 
~ 

- ,~- '" 

" There is a distance ,measure 'that exemplifies some of the nonprojectlvé' , . 
! • 

,factors that guided subJects's choices. This measure is put for ward neither as a,-. ~ . 
new dependent variable, nor as an index of a psychological proce'ls. It h. merel y d 

, ~ 

gross indoicator of geometroic properties that, wh,He, being nonprojective, are highl y} 

correJated with response patterns. Let the ver.tices of each of' the standard and 

corn par ison figures be labeJJed 1 to 5 in countercJ6ékwi~e 'order, beginning wi~h the 
-- -. • ,<:) 

origjn. : Thi~ provides a match of ve'hic-es for any paIr consistin'g';of a standard and 
. . 

a compar ison figure. het the distance be measured' between each vertex ànd the" 

centre of the star in each figure:. Let these 'dist{;1nces be'·l~p.e/Jed i~ the same" way 
~ ~ ~r::.~ 

o as the vertices, 50 that .. they too. may be pa-ired. For each pair, consisting of a 
.a - ~ .. 

standard and a compar ison figure, let il I;~arson correlation c<?effic~nt be 
,. ,f ~ ~ ~ 

~omputed. This coeff~ci~nt is dex, il), , ~UC:!~dean term~, as to hQw c1~s~ly 'the 

LI • two ,figures matc~' in ,shape. The coefficient is, in fa\ct, an indicator of 
., \ . , 

foreshortening, which is the relative change in distances that\ is biought ?bout by , 

There is one measure of foreshortèning for each' pair of a J 

. 
perspective effects. 

~ 

standard and a compar ison figure •. 
" e 

: ' 

A tabulation of the number of times that e~ch comparison figure was 
o .. " 

II 

matched 10 each standard figure is given in Table 5.2 for ail subjects. Thesê data' 

.' 

« 
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Table 5.1 

Ana1ysis of Variance: Differênces of Cross Ratios 

, , 

\ 

Source 

h.....-ijetween SuOJects 

Within Subjects 

Source 

:;ource 
X Subjectsw 

Rotation 

Rotation 
X Subjectsw 

Source X Rotation 

Source X Rotation 
X Subjectsw 

Total 

. 
Rotation Mean 

5S df MS 

C.317 39 

8.284 680 

~ 
0.001 . 2 0.000 

0.374 78 0.004 

2,947 5 0.589 
~ 

1.805, 195 0.009 
.. 

0.198 ·r 10 0.019 

2.956 390 0.00'7-

8.601 719 ., 

Post-hpc- Comparisons 

F for 
Condition Difference " Comparison 

1 -0.0541 19 .. 00 
~ 

2 0.0765 37.91 " 
~ 

3 -0.1147 '85.31 

4 0.0250 4.04 

5'" , 0.0199 2.56 

6 . -0.0590 22.55 

F p 

0.14 NS 

63.68 p L .001 

2.6.2 NS 

'II 

P . 

P 6..'Û+ 

,P L.01 • 
P <.01 -

1 

'" P L\Ol 1 -

The critical F is 15.60 at ex - 01 
procedure (Keppel, pp. 97-99):· 1. calculated by...,5cheffé's 

• 
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Table 5.2 

Confusion Matrix for the Second Experiment 

Rere i8 the contingency table for\ the data of the se~ond 
experiment (40 subjects).' 'l'he nul! hypothesis is that a greater 
number of. observertions will lie along the major diagonal than off 
it. Columns of the table are labelled by the titles of the 
'tran~formed·pict~res·that weré presented, in order from l to 6. 
ROW8 are 1ab~11ed by-the titles of the untransformed pictures-that 
subjects indicated to he matches, 1ikewise. Comparison 6 is the 
regular pentagon. -

1 

72 

, . 
29 . 

• 

3 ... 

3 

1 
--

-
12 

120 

., 

pre sen" t e d-

2 3./ 4 

18 5 . 6 ~ 

• 
""ç. 

64 51 59 

13 40 . 22 
" 

5 3 3 

\ 
\ . • 

5 ,6 4 

. 
15 . 15 '26 

120 120 120 

Correct: 
!ncorr'ect: 

197/72.0 
523/720 

5 6 

57 3e>' 
J 

. 
35 63 

3 7 
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6 3 . 
3 2 . .. 
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have been collapsed over the leveJs of the SOURCE factor. If the subjects had 
, - <If 

judged projectivé equivalences perfectly, then ail the~ choicrrs would fall atong 

the major diagQnal of the table. If subjects chose rando~ly, ail the cells of the 

... 
table would have equal values in the long 'fun.1J The pattern of subjects' choices 

se.ems dif~~rent fro~ either of those."patterns: Let us, then, see how the indicator 
. .. " \ H f 

of foreshortening correlates with the results. :; 

To tht~ end, new C~~1ati~n coe,~ficients were calculated. Çonsider a .. 
matrix thrèe tîmes as large ~ Table 5.2, defined by the presented and clw>sen 

,figures for each of the three leveJs of the SOURCE factor. To eadT cell in the 
• 1 

matr ix three ·numbers can be assigned: , 1) the number of Hmes ~at the pair was 

chosen as'· a match, 2) a' one or "'a zero to indlcate whether or not the p~ir is a , 
match in projective ge9metry, and 3) a correlation coefficient (as ij meas{Jr~ of 

foreshortening)." The point biserial correlation of 1) and 2) can, ,be computed, as can ) 

the Pearson correlation of 1) and ~). The' point biserial correlation of Ir and 2), 

which inc;licates th~ degre'e to which projective equival;nee predicts the pattern of 

subjects' choices, does not account for the pattern of subjects' choices. That 

correlation is smaH (r(108) = 0.110), and nonsignificant (!(l06) = 1.14, Ferg'uson, 
, ~ 

1971, pp.356-3S8). The Pearson correlation of 1) and 3), which indicates the degree' 
. ,. .. 

to which nonprojective factors account for the pattern of subjects' choices, is 

large (r(99) ,=:' 0.898) and significant (t(88) = 19.14, p~.Ol) where it can be 

computed~ If attassumption of average frequency of response is made for those pairs . , , 

where the cor{'elation could not· be computed for lack of variance, then the 

.. correlation remains high (r(l08) = 0.882) and significant. The measure of 
c!) 

foreshortening Is not significantly correlated with 2). These calculat!ons provide . 
evidence fÔT a post-hoc claim that subjects' response patterns'oIdverall are better 

explained by nonprojective properties than by projective one~. This confirms a 

.. 

," , 
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tendency that was noticed 'in Experiment J. In fact, the tendency is more marked 

in the second experiment. 
? • ~ , 

, 1 might' obs~rve! in passi~g, that Professor Yoshio Ta~ané has performed a 

n;lulti'dimensionaJ scaling of Table 5.2, which contains frequend'às of choice to pairs 

of . the stê,ndard and comparison f?gures. In- this. e')(perimen~ ~~ in the. last, 
\ 

variability in' frequency' of choice ~.could be explained adeq~elY by a single 

'dimension~ It see,!!s in view of the"'correlatio~s ju~t're;orted, tfa: such a dimension 
, 1 

can either be identifièd as f~reshorteni.ng, or is cJo+J)h-COrrelated wi~h tt. 
1 

Though the tasks that wer~ presented in the tirst ana second experiments 

may seem different: the '~me projectivities are produced in the two situations that 

. were described to sUbjeàs. ~h}re {is a' ,common geometry .to both shadow-casting 
~ . ,,~ 

and the projection of shapes at ! slant. Ther~ is litt le except the 'directioh of the 

propagktion of light to differentiate, the two situations. One could imagine that 
, . 

relative size differentiate~ the two situations. When shadows are cast, the result i5 

often Jarger than the original shape. When outHnes ·are photographed at a slant, 
. .. . 

. the resuJt is often smaller than the original. This might lead one to say that one 

" relation is the "inverse ll of ~the other, in the ,sense of a tran~formatio'n -and ih 

inverse. Yet the two situations. are identical in projective tcrrn", a!'l ~hown by the 
. 

equality of thé ~rojective invariants. These two situation~ are best conceived not 
. \ 

as a transformation and its inverse, but a~ projectively ~imilar ~ituation!>, who~e 

relations are best described by the transitiv-lty of equality. E~h standard figure 

may be a, picture of each comparison in either experiment, ju~t as each comparison 

·may be a picture of each standard. Equally weil, each standard may be a !>hadow 
( 

O! éach comparison, just as each comparison may be a shadow of, each !>tandard. 

This assertion. is no mere theoretical postulate; these ~had9ws and picture!> can be 

produced by rnechani<;;al means, ~ith sorne little trouble. In addition, it ~hould be 

noted that a projectivity of a projectivity is itself a projectivity. 

l> 
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Th~ main poi~t that can be made about the 
. \ 

particular Iy 'responsive to projective congruenc.e. 

fi 

op 98 

results 1S t~t su~jects were not 

Subjects identified projective' 

matches in less than a third of the, trials. In addition, the significant effect of • 

ROTA TION in the analysis supports the daim that subjects' judgments were 

sensitive to nonprojecJive influences. This factor is inde pendent of both projective 
l 0 
congruence and cues to slant. Thus, even when an indicator of tilt is added to a 

.i • 

projected shape, subjects' judgments do not univocal1y refle~sensitjvity to 
\ 4> 

projective equivalence. 
, lÀ 

Shadows and photographs are mere cr'àtche~ to a single set of mathe!KÙcal 

intuitions. Psychologically, too, the two crutches are simHar. The sorts of 

distortions of an object that can be found in its shadow can ail be found in its 

o . 
photgr:aph.- One IS accustomed to seeing the strange effects of foreshortening in 

, • 1 

each, for example. Nevertheless, it is of inter est that the results of the firs~t , .. 
experiment are extended when a new metaphor for presenting the task 1s 

. 
introduced, as weil as an indication of tilt. The evidence begins to mount that 

viewer.!> are not finely -sensitive to projective congruence. The 'next experiment 

extehds. the investigation to ask: are these findings supported by the results of. 

another task in an 'open-air' setting? 
,~ '" 
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CHAPTER 6 

~I • §dperiment 3 - Production 

f R Evëry projection must have something in common with what 1 
is projected no matter what is the method of projection. But that ". 
onJy means that 1 ~ am here extending the ~oncept of 'having in "~ 

~, common' and am making it equivalent to the general concept of 
r~ projection. 
~~ 

Wittgenstein, 
Philosophical Gr ammar, p. 163 \ 

.' 

, . 

.- A different sort of experiment is undertaken next. The stimuli for' the tirst two 

expedments. were photogra'phs of geometric constructions. They' are not the usual or 
.. 

natural stimuli for vision. Gibson's research, in partlcular, stressed that result~ should 

. hav~ "ecological validity" for large out-of-doors objects in natural viewing situation~. 

The present expenml:!nt assesses perceivers' ability to reproduce 'the projecÎ:ed snape of 
: 

r 1 

a large obJect ~een in daylight. 

In thls experiment subjects were required to estimate the proj:~ted ~hape of 

two large planar objects. The subjects were given incomplete perspective drawing!l of , 

t~e obj,~ts, a~d asked to indicate the apparent position of tlo features by placing two 

marks on a dra.wing. When a subject placed. these marks a figure was formed on which 

two cp:>ss ratios could be measured. The quotient of these cross tfâtios b cal1~d the 

cross ratio measure. The dlfference of this cross ratio measure from th~t of a correct 

perspective drawing is the dependent variable for analysis. If perceivers are not 

sensitive to projective invariance, then the cross ratio measure of their e~timated 

figure can be significantly different trom the cross ratio measure of a correctly drawn 
F 

perspecti ve sketGh.' 
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Flgu.r:;e 6.1 

fi Photc5<]ra:rh -of thc 
• 

\ 

'rhis is lhû VICW from the lobby of thc seventh floar of the Stewart Biolagy 
ll:t' 

Buildinq. 'l'ho phOlOgra~)h' was taken fram the c1.ghth window. The e:x:pel',iment 

was conducted durinq the Slunmcr months. 
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2. Stimuli 
<' 

The' stimud for this experiment ~r.en't r)aturd.1 i~ the war~t a ~eOloglcal 
formation IS natural, but they are part of a large grecnhouse that was visible from the 

, 
main- part of McGdl's Stewart Biol-ogy Building. (If was demolished in summ('r 198).) 

" Figure 6.1 is a photograph of the greenhouse rùof, and Figure 6.2 is il sch('rnatic of tilt' . " 

same view. The main part of the Biology Building has a bank of windoV{s that faccd the 
~ PI' 1). .. ~ t> 

greenhouse. The near edge of the greenhouse was some thirty five meters south of the 

windows. 

Six riewing statIOns were arranged at six windo~s, three on each of two fJoors 
~. 

- ....,-~ 

that over look the greenhouse. The windows are ail of the saille shape. If th(' windows 

,are/counted beginning from the east, then the stations from which the stimuli wert' 
~ . 

seen are the fourth, eighth, and twelfth' .wIndows of the sixth and seventh floors. 

~igure 6',1 IS the view from .the seventh floor, eighth window. The horizontal distance-

between adjacent stations is some 5.0 mete;~ and 

is some 5.4 meters as measured by plummet. The 
-' 

t' -
theO vertical distance between floors 

floor of the greenhouse roof is on il 

level with the fourth f100r of the main building. The viewir)g stations corrcs~nd to il 

factor in the èxpe~ imental de'sign. Accord ingJy, the experimen t has 'a one f actj design 

with six Jevels. It is a repeated measures design, ail conditions repe';\ted.T~e factor i~ 
0. 

called ST A TION. 

Correct perspective dr~wings were obtained at each viewing station by means 

of a Leonardo's window. A Jevel was chose.n -sorne distance above each window-sill, and 

the middle qf thè level was marked at each window. tall 'the~e points Q. A horizontal 
• $;. 

line of fiv~ centimetêrs in Jength was drawn' to the lef.t of Gi7 ~ this segment OF. A 
~ . . 

transparent rectanguJar grid, Leonardo's window by another name, wJplaced over this 

) ) 
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Figure 6.2 

A.Schematic Diagram of the Object 

". 
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This diagram i5 the master projection for the seventh floor·and eighth wlndow. , 

The line ,FD on. the object i5 horizontal in a frontal pThne to .the observer. 
1 

1 , , 
~he cross ratio was measured for quadrilateral ABCD from point! and for 

, 
quadrllateral DCEF fram point !. Fixed points X and y were inserted into 

di~grams aftér subjects had placed two dots on each side of the diagram. 
<? 
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1 

'50 "that the x axis of the grid was level. The experimenter aligned the length of DF 

with the bottom of a panel of the greenhouse roof, thus fixing a projection. The 

position~ (those apparent to one eye) of ail toe vertices of the stimuli were marked on 

the 'gr id. The gr id was then removed • 

. - Incomplete copies were made of the correct perspective drawings. Figures that 

are 'Y'-shaped remain when the lines that include the points ~. b !.., and F are 

removed from the drawings. These parts of (the master drawings weie photocopied, then 
r 1 

collateq. into booklets containing one of each picture. The copies were arranged in, 

random arder within each booklet. A traDsparency of the same part of the mastef 

drawing was placed on each window. The transparencies were appropr.iate to~. the 

wi~dows; meaning, the figure copied on the transparency would be aligned with the 

dihedral angle and flanges of the grtenhouse just when the segment DF was aligned as 

in the production of the master drawing. 

2.1 Var iabili ty in the cross ratio 

First of ail the quotient of the cross ratio for the two quadrilaterals ASCO and 

DCEF in the complete correct drawings was calculated, to check on the accuracy of 

these drawings. The quotient was taken in arder that all the data might be used 

economically and efficiently - in fact, by working with this quotient a great economy 

of compL\,tation was effected. Since the cross ratio of each quacriJateraJ is a constant 

across th~ six viewing windows (ST A TION), so too is the quotient of cross ratios. To 

permit the calculation of cross ratios, two points - one interior to each quadrilateraJ 

- were noted' in each drawing. These points are marked X and Y,.in Figure 6.2. There 

was, in 'fact, a slight variation in the quotient of cross ratios thus calcuJated. It will 

come up again when we come to analyse the data. , 
j 
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ISince ,the dependent variable of the analysjs depends upon the corresponding 

cross ratios in subjects' drawings of the projectivities, we shouJd be cJear about how it 

was estimated. A subject was asked to place points ~ and F on the answer sheets-
, " 

appropriate for a particular window. The experimentet subsequently entered P9ints X 
\ 

,--' 

and-X in the cor ... èct position in the answer sheet .and then calculated the quotient of 

cross t:,atios~ for. that response. The formula used to make the calculation is 

!mCY /).EFY 

4eFY !!.FCY .. 
MBX OCOX 

MOX OCBX 

J 

Cali the dividend c and' the divisoP' a. - - 1:t'1e dependent measure was obtained by 

subtracting trom the quotient fi...! tor each response the value of the 'true' quotient -

the 'true' quotient being that which was ,obtained trom th, complete and correct 

drawings, nameJy 1.33. 

3. Method 

3.1 Subjects 

Twenty subjects were tested between May 28 and June 12, 19840. The subjects 

were students ôr faculty in the Department of Psychology at McGill. There were nine 

men and eleven women in the sample, and subjects ranged in age trom 20 to 32. One of 

the subjects wore contact lenses. t,welve of the subjects were left-eye dominant, as v " . 
deterrnined by a sighting task, described by Porac and Coren (1981). 

3.2 Instr uctions 

The instructions glven to subjects were as 10Uows: 

This exper iment concerns the shape of the grèenhouse you 5ee outside. In 
particular, it concerns a certain part of the greenhou5e; namely, the two sloping planes 
of glass that form the very end of the greenhou5e; the plane of ~early triangular shape 
that' slopes down and forward like this (gesture),and the plane that slopes off to the 

( 



• 

.. 

o 

105 

side like this (gesture). If 1 were to make a crude drawing of that part 9f the 
greenhouse, it might look Iike this: 

... 

" 
~s you can see, this is a very crude drawing. 'The transparency before you on 

th,e window ) a picture of just this ~he ,greenhouse • 

\ 
Namely the picture is of the two short edges àt the top of that. part of the 

greenhouse t~ther with the Jong edge that slopes down and forward ff'oOn'l them 
(gesture). Do you see the correspondence? Later you'U be asked about the two corners 
of this part of- the greenhouse' that are not included in the picture on the windows 
the se corners. 0 

'\. 

That is, you'll be asked about the position d'f the lower left-hand corner of thls 
plane of gJass (gestùre) that sI opes down and for ward, and the position of the far 
-corner on the other plane of glass, that is, the corner nearest the street .. ~ There are 
other parts of the gre~nhouse that might be drawn in schematic -Uke this: . 

~ ...... ~ LV'i / 
~ ", 
"'~ ... 

You will not be asked about tQose corners. Stand.in front of this picture, then 
focus on the greenhouse. You may notice that the lines of the picture on the window 
appear to be doubled. Do they appeàr to be doubJed? (Ahernate instructions concerning 
the apparent doubling were given if the subject re'Sponded "no".) 

~, 

~ Onè image appears to be on the left, and the other on the right. r. would like 
you to align the ("right" or. "left", whatever the contralateral si<te to the 
dominant eye) image with the corresponding part of the greenhouse. Here's what" is 
meant by "aHgn". This point (a point on the picture was indicated) shoùld appear to' 
coincide with that corner (a point on the greenhouS:e was indicated) and that point 
shoulc} al 50 correspond to that corner. Both these points on the pictur~ shoul,d appear 
to coincide with points on the greenhouse at the same time • . 

What is important is that the length of this segment (the ve~tical c;egment on 
the picture was indicated) should have the same apparent length as the long edge of 

.. , 
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the ~eenhouse that sJJees down and forward. -Their hs should appear to be the " 
same. You may need to move about to discover <111"\,_"" the correspondence can be 
achieved. Tell me when you have aligned the _r--,, __ ~ ..... ("right" or "Je ft" as before) 

,,-{. 

image with that part of the greenhouse. (When responded, he was given a 
pen and clipboard with the appropriat"e diagram. was a photocopy of the 
transpare;tcy' on the" window). 

:J 

On this picture, l'd Jike you to mark in 
descriptions Wef'e repeated). Indicate their position by, 
on the pape;. You ma y need to Jook back and forth' 
severaJ t,imes tp do this. Try to be as accurate as you 

(;J , 

ers 1 mentioned (their 
small dot or a cross 

ndow to the paper 

Aiter the subject marked in the dots he was led to the second vittwpoint. 

The task was performed six times, once each at six station points. The order of 

station points was randonfl"Zed... across subjects. Subjects were allowed to hold the 

response form at the orientation that .. was most comfortable for them. This may imply 

" some change in the geometric characterization of the viewing conditions, but that is a 

'\ ,matter which will be attended to in later experiments. , 

4. Results· and Discussions 

The dependent measure fa".- the 'tirst analysis is the différence between 'true' \ 

and observed cross ratio quotients. One subject's data were elimin~ted from 'the" ! 
- i 

CI analyses because rus scor"es were a factor of magnitude larger than the scores of other 

suDjects •. Var iability in ~he val'ues of quotients of the correct d~awings is noticeably 

I~SS than that 'of the quot~en~~ of subjects' dra~ings. 

6.1. Subjects' quotients we~ much more variable 

The co~pari%on is made in Table 
. r 

in two conditions than in other 

conditions. The former' conditions represent the viewing stations farthest removed from 
,j 

the greenhouse. rnese two conditions are eHminated trom this analysis of variance.' . -. 
"Though analysis of variance" is fairlyl7 Fobl;lst to violation of the assumption of 

homoscedastièity, particular Iy where cells of the analY,sis contain equal ,9umbers of 
< 
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Table 6.1 

R~OS for 
. 

Estim)tes of Cross 
!P"" Mean the Master Drawings 

and for a ,!\,pical Subject 

c) 

\: 

c for master drawings c for subject A.S. 
Window a a .. 

1 

-
1 

7,4 1.27 1.32 

7,8 1.33 1.09 
~,1J 

7,12 ~ 1.39 2.04 

6,4 1.56 0.83 

6,8 1.30 0.74 

6,12 1.18 -0.69 ' .. 

,.. ." 

The variance of the estimates were signif{cantly different. 

{~,( 4) = 16.44**, 

Variance 

, 
Floor, Window 

7,4 

7,8 

7,12 

6,4 
6,8 

6,12 

2 
S(7,12) = 16.65 
2· . 

S (6; 4) 

Ct 

in 

(c( ... • 01) (4) ... 8.610, 
'-..r 

McNemar, p.246} 

Estimates of the 

, 

, , 

2 

.. 
Quantity cfa 

Standard Deviation 
of Estimàte 

.47 

.34 

1.28 
~ .31 

~71 

1.25 

S(6,12) = 15.96 
2 

' /S(6,4) 

107 

• 

J. 

'" 
)1 ~ 

~, 

.. 



" 
.. 

'1 

lOB 

o 

pbservations, yet the -magnitude of ,the differences in variance across conditions is 
.. 

large. 
, < .... 

An analysis of variance was perJormed for the four remalnmg conditions. It 
" 

~howcd a significant efféct of ST 1TION o~ the cross rat:o measure of -th~ estimated, 

figures. Again, conservative degre~ of freedom were used in ma king th~ 'f test, to 

avoid unwarranted assymptions about equal covariance in the repeated measures desfgn 

(sée Table 6.2). The finding indicates that the departure~ trom the vuo,cross ratio 
, (J 

, 
measure are not uniform across conditions, ~s would be expected if, for exafTlple, the 

differences were due to random var iability in cross ratio. That is not what is' observed. 

"" The two largest departurés among the four are significantly different trom zero, as 
\ , 

shown by post-hoc compari~ns (see Table 6.2). They represent distortions in projective 
., 

properties •. 

a Another analysis was done that used the estimates of trapezium ABCD only. 

Each subject had madi a mark to c~mplete dra~ings ot' this ~hapè. The distance and 

....r orienta.tion of, thi,s mark trom the position of the corresponding point in a true 

per~pective drawing is taken. 'AIl the mean departures are significantlyndifferent ,trom 

the correctly projected point, as shown by Mahalanobis' 62 computed on the 

coordinates X and Y. (See Table .6.3. M~h~lanobis' 0 2 is equivalent to a familiar 

statistic, Hotelling's 12: when T2 is adjusted for sample size. Fo; Hotelling's T2, see 

1 Scheffé,. 1959, p. 41 !>. When scatterplots of the placements for each drawing were 
! 

,c-

1 

-
produced, tlle true point was found to be- ar an extreme of the distribution of the 

estimated, points in each case. Though these findings relate to Euclidean properties, 
~ ~ 

they \ \skrongly support the thesis that 'perceivers' jud~mc:rnts of apparent ,shape in a 
, f 

natural environment refJect insensitivity to projective equivalence. 
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Table 6.2 \ 

, Analysis, of ·Variànce: Corrected Ratio of 
Two Candi tions Elimiflatecl 

Cross Ratios, ,~, 

,-
cp . 

Sou rée ss df MS F P 
1 

~ 

.. ' 
Between Subjects 7; EtP 18 

J , 

Wi thin' Subjects Il.48 57 ~ 

~ . 
Station 2.52 3 . 0.842 5.08 .OS ~p~ .01 

.., 
Station 

X Subjects a 8.95 54 0.165 

"; 

Total .. 19.36 75 
• 

1 
< ., . Post-hoc Comparisons ,. 

Mean (() F for 
Station Difference Comparison \1:> 

. 
o - . 

. 7 /4 -0.386 
" 

8.57 
"-

- . 
7,8 -0.760 33.11 P .L.Ol -, 

.6,4' , -0.482 13.35 P =..01 
0 

, 

6,8 -0.265 - 4.03 
" . , 

Tj;le critical F is 12.60 at Ol- .Of, calculated by Scheffé's 

procedure. 

) , 
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4.1 Areas and ordered dist,pnces • \ , 

There~-are mea5ures that rnay help to show that projective 
'\, 

shouldered aside in subjects' responses. Thes~ measurel\ are 

111 

d#. 

con~~ration~ bcing 

mednt \ to indic.\te 

perspecti ve or foreshortening effects. One measure i5 related to a gcometric Rroperty - ' ( 
internai to figure ABCD,'i white the other is note The adjusted vector ~Ull\ of the 

, 
departurès of obse~ved from true points ,was computad for the figure ABl? at c,;l~of ... 

the six v iewpoints. The pattern of the' vector sums runs countcr to that which wO~Jld bl' ~ 

1 expe~ted on the basis' of unguided error (for example, as in Heywood dnd Chec;scll, 

1977). A s~hematic of ·the re~ults i~_ s~own in Figure 6.3'
l 

Is a\ internai geometrical property of figure A'BCD as~ociated with the 

direction and magnitude of the adjusted vector sums? A 'cornprehcnsive search was 
J 

made of theo variable Hne lengths, angles~ trigometric functions of angle~, and areas Ç>f 
, ' 

inchvidual triangles of the six estimated figures A'BCD to hnd such d quantlty. Non(' 

provided a medium-sized or, significant ~:orrelatlOn with thr fopcrticl\ of the 

corresponding figur:es ABCD of the master ~~rojections. One ch~teristic of fIgure 
c 

A 'BCD, as estimated by subjects, showed a 'st(.ong relation to the corre!lponding 
. 

'property of the projected figure. An ordinal ranking' of the area of the figures AI3CD 

of ,the master drawings correlated strongly and significantly with the' arC<l of the 

~ L ,figures produced (see Table 6.4). The ~orrelation doe!. not, however, account for ... both 

the magnitude and direction of the errors ~n ,estimating the pO!lition of point A. For a 

j-iven area of a par:ticular' figure, the vector including the e<;timated, point could vary 

in both direction and magnitude, yet stiJl produce a quadrilateral of the !lame area. 

Perhaps sorne external geom-etric variable ~wil1 capture the departure!. better. 
(.. , 

One variable that is of interest needs sorne introduction: The panes of ~Ia!t!' trom 

Which the observations were made form part of a wall of the Biology Building. The 

viewpoints can be assumed roughly coplanar, since each subject stood at arm's .1ength 

{rom the window~, when they made their judgments. Cali the plane of the windows ., 
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Figure 6.3 
, . 

, 1-

Average Deviations~of Estimatea Points A' from the 
Correctly Projected-Point ~ 

7~'4 _ __._-:-~;8':ï _______ .!,12 

l, - 1 
1 .. 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 l ' , r 
6~_r___ 6" 6,1 

j 
1 
1 

-1-
1 

~----", ~-~--
, 1 

,<m·L 
1 cm. 

The ~ean deviation of estimated p01nts from the projected points ~f a corner of 
~ 

the .object abcd is shown for various viewpo1nts. The rows are the seventh and 

si~th floors of the building. The col~s are the fourth, eighth, and twelfth 

\ 'Ii- windows of the lobbies. Both the direction and the magnitude of the deviations 

are portrayed. 
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Table 6.4 

Rank Correlations between Measures on the Estimated 
and Correctly Projected Figures ~ 

\ 

Measure 1 

Ï?rojected 

Distance 

Distance 

Distance 

in Experiment Three 

':l Measure 2 

'Estimated 

Estimated 

,Projected 

Angle 

Spearman 1 S Rank 
Correlation 

1.000 

1.000 

~ 1.000 

-1.000 

n = 6-, c
rho 

(6) (one-tail~di (0( = .01) = .943 

TIJ 

, • ... \ 0 

Projected: The areas of th~quadrilateral ABCD for the mas ter dr~wings. 

1 

Estimated: The areas of the quadrilateral-A'BCD as found by construction 

Distance: 

( 

Angle: 

on the s,ubjects' estimations of~ position of point ~. 

The perpendic4lar distance from the viewpoint to the linc of 
intersection of the object plane and the plane of the viewpoints 
(plane abcd and plane ASCD) • 

, c 

The deviation in' directioa of the mean vector from the 
horizontal. -- The mean vector is the deviation of l;>ubjects 1 

-estimates of thé position of point A from the position of 
point ~ in the master draw1ng. 

Note: Each subJect estlmated a posit1cn for point~. Each of these 
points devlated from the projected positl~n of point A. The 
deviation can be represented by a vector. The vector sum over 
aIl subjects and for one drawing is a measure of the average 
deviation of the subjects' choic~s. The magnitude and 9irect10n 
of this vector sum have several correlates, as displayed. 

", -
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.' . ( 
Fl.gure 6.4 

The pyramid with dbject as Base and a Viewpoint as Apex 

le \ 

• J 

, . 

Gllll Nlluust 

WINDOWS 

L------..::::;--- .... -1- __ -----------

There i9 a pyramid that has Cf viewpoint as its apex and the- s~mulus abJect 

as its base. The variant geametrical quantities of this pyram~d 'change as 

the viewpoint changes, and, as a consequence, those~uantit1es change as the 
. ~ 

perpendicular d1stancc from the v1ewpoint ta the obj ct plane changes. 

1 
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ABCO, just as the quadrilaterals, and cali the plane of the greenhouse face abcd. The 

quadriIateral figures in the drawings are projections of the object abcd. Plane, ABCD'" 

intersects abcd in a Hne. This is the Une at which surface abcd disappears. One looks 

"edge on" at the plane abcd from certain positions in the building. Once these positions 

are known, the disposition of the line can be calculated. A vartable that correlates 

with both the magnitudes and the directions of the discrepancies of estima~ion is the 

ordinal ranking of the viewpoints for their perpendkular distance from the Une of 

intersection of the planes abcd and ABCO. The correlation between the ordefed 

distances and the estimated areas :-vas high and significant" a~ was the correlation 

between the ordered distances and an ordinal ranking"of the projected areas (see Table 

6.4)1 The ordered distances also correlate with the angle of the vectors from the Une 

of inters~ction, which lies -71 ° from the horizontal. 

The significance of an ordering of the perpendicular distances of viewpoints to 

plane ABC;O 1S that the distance is the key t.o, the dimensions of thè pyramid between 

'" the viewpoint and the vertices of the objecte Such a pyramid is depicted in Figure 6.4. 

AU the variable quantities in the viewing situation can be expressed roughly as 

functions of the var ia bilit y of these distances, since other key variables vary but Iittle 
,- , ~ 

in this situation. Book twelve of Euclid is sufficient to demonstrate these propositions. 

Perrone (1980) found perpendicular distance to be important in the perception. of 

texture gradients. He sought to explain slant underestimation (see Gibson, 1950b). He 

used the hypothesis that, when confronted with the'" stimuli ordinarily used in 

experiments on texture gradients, a subject mistakes his distance to the edge of the 

..... 
aperture through which he sees a gradient for the perpendicular distance. He supposed 

thatthis mistaken assumption results in an illusion of slant. In turn, that illusion wou/ô 

resu/t in an iUusion of shape, on the hypothesis of shape-slant inval iance. Thus, the 

sIant u~erestimati()n phenomenon may be related to the departures from' projective 

invariance seen in the present experiment. It should be noted, however, that this doe~ 
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not detract trom the ,significance ot the new finding that subjects are not reJiably 
~ 

sensitive to projective congruence. 

The signifjcant etfects shown in the analyses support the claim that perceivers' 

judgments in a production task do not simply reflect sensitivity to pro'ject(ve 

constancy. 'There are real differences between projections and subJects' productions. 

The cross ratio measure that was computed shows real differences across viewpoint 

conditions. Relative differences in the measure across conditions are evidenced by the 

outcome of the analyses of var iance. The effect is not explained by a "phenomenal 

regression to the real object'I in terms of area (see Note 2 for' an explanation). 

Yet the ex~rimefltal task is 50 simple. When, it is performed, it seems 

compeJJingly obvious. What couJd be more apparènt th an the position of one clearly 

visible ·point close to several others? It might have seemed that the apparent position 
rA 

.!!l!:!!t be related to projected position. After ail, we are told that "the optical 

information abouT other bodies available at the sensory surfaces of each organism is 

governed by the '\.eometrical la ws of perspective pro jection" (Shepard, 1984, p. 422). 
~ 

When these restJlts are considered, it becomes Jess th an obvious that what is usefuJ 

visual information is governed by the laws of perspective projection" since the basic 

congruence of perspective projection is not refJected in a, variety of judgments guided 
, , 

by vision. Nevertheless, we must look at severa} ,factors that might ~~ye affect~d 

subjects' responses in such a wày as to obscure sensitivity -to projective equivaJence. 
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CHAPTER 7 >!' 

.. 

Experiment 4: Effects of Training 

LI' ... plain voriouo met~ of projec:tIoA ~ _eane 10 
that he may go on to .pply themJ let us uk ourselves when re should 
say that the method !hat 1 intend comes before hls mlnd. 

Now clearly we accept tWo different kinds of criteria f9r thlSl on 
the one hand the pictw-e (of whatever kind) that ••• comes ,before hl. 
mind. on the other, the application which ••• he make. of what he 
imagines. (And can't it he clearly seen here that it is absolutely 
messentiaJ for thec;picture to exist in his ima~ination rathet' than u aJ 
drawing or mode! in front of hlm_.1) , l" 

, 
, Wittgenstein, .. 

Philosophical Investiga)Ïons, l, p. 55 ~ 

One tan imagine certain objections to 'the Interpretation of the results of the 

last exper,iment. Some of the objections might be inspired by a ,belief that projective 

geom~try provides a competence theory for the visual percep~on of forme For example, 

someone could propose that most of the negative evidence that has been provided is 

due to performance factors. If, 'Com~en~e is remote from performance, ~rticular 

judgments by subjects may be of small irt]portance to formulation of a competence , . , 

theory. The negative evidence would then. be tangential to the standard theoretical 

daim that we are sensitive to projective e(juivalence in vision. Though this objection 
< 1 -

sounds dogmatic, it does raise interesting possibilities. It suggests an appeal to 

individual dilferences, tri learning, and to the contrast between novice and expert. 

What if someone were born ,with a perfect ability to detect projective congruence, jt1st 

as sorne people are ~orn wi)l" perfect pitch? Or what if some people could be trained • 
. . 

1 

to judge projective congruence, ,and their performance were general to a variety of 

/ 
, , . 

rd 
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situations? Such performance would tell against a radical cJaim that projective 

invar iants are in lact invisible. 

The fourth experiment concerns expert judgments of projected shape. Members 

of'professions that require training in perspeetive drawing might be more sensitive to 

pr'b jet:ti ve invar iants than most of us. Consequently, students of 'architecture were . .' 

recruited for an experiment. a AU had had instruction in descriptive draught1ng and 
, . 

systems of projection. It is possible that practice had improved their skiJJ at 

"" reproducing the projected shapes of pl~nar forros. In other words, the effects of . 

instruction on sensitivity to projective equivaJence will be assessed. Subjects estimated 

t~e projected shape o! the' s~me planar abject as in the Jast experiment, a quadrilateral 

pane ot' the greenhouse that beJonged to the McGilI Department of BioJogy. Subjects 

wef'~ given an incompJete perspective drawing of the quadrilateraJ, and t~ey were 

asked ta indicate the position of a feature by placing a mark on the crawing. Again, il 
) 

perceivers are' not sensitive to projective equ~valence then the cross ratio of their 

estimates of the projected shape can be different from the cross ratio of a correctly 

drawn perspective sketch (i.e. the "true" cross ratio). The null hypothesis 1s that the 
(:) 

cross ratios of the architects' estimates wiJJ be no closer to the true cross ratio th an 

that of untrained subjects' estimates. 

2. Stimuli 

The stimulus was part of the greenhouse used in the previous experiment. The 

relevant part has been identified as abcd ~nd its projected image was callect- ABCD. 

The reader is referred te previous illustrations (Figures 6.1 and 6.2) for an impression 

of the shape of the stimulus. 

three on each of three floors 

Nine yiewing stations were arran$ed at ~ windows, 

that oyer look the greenhouse. The staFs ,ftom which 

./ , ... 
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\ 
the stimuli were seen are the fourth, eighth, and twelfth windows of the sixth~ 

seventh, and eighth floors. In s~bsequent .discussion, the fourth, eighth, and twelfth 

windows will.be called wincfows one, two, and three, respectively. Perspective drawings 
( 

were obtained anew at each viewing station by means of a leonardo's window, as 

described in Chapter 6, 5.ection 2. 

, Incomplete copies were made of the correct perspective drawings. Figures thilt 
. 

are shaped like an inverted .!:. remain when the line.s that include the points A and! 
, ~ 

are removed from pictures of the figure ABCD. The figures DCEF 'were also Included 
']r 

as âids to fixation. These parts of the master drawings were photocopied, then collated 

into bool?Jets co~aining one of each picture. The copies were arranged into 27 
• 

book Jets according to the entries in the rows of three different 9 x 9 latin squares. 

Transparencies w~re applied to the windows at each station point as before. For the 

" comfort of the subjects, the heights of the transparë~cies 'above the windowsill were 

changed from the last experiment. Since each subject made a response at each of the 

nine windows, viewing stations contribute a repeated measures factor. 1 call that 

factor ST A TION; it has nine Jevels. 

3. Method 
• 1 

3. L Supjects . 
Twenty-seven subjects were tested be~ween May 9 and June 

suajects were final-year students in the School of Architecture at McGi1I. There were 

seven men and two women among the "architects, and th;Y' ranged in age from 20 to 30 • 

Five were left-eye dominant for sighting tasks, dnd those subjects used their Jeft eye 

in aligning the transparency with the stimulus objecte The other two groups of nine ,."... 

~ subjects 
;t d 

were students or faculty in the Department of PsyctloJogy ~ McGilJ. There 

\ \' 
\ • 
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were four men and five women in the second group, and they ranged in age from 21 to 
'" 

2.5. Four were Jeft-eye dominant for ~ighting. tasks. There were three rven and six 

women in the third group, and subjects ranged in age from, 22 ,to 29. Ail nine were 
'" . -

Jeft-eye dominant for sighting tasks. . '. 

3.2 Instr I:.Ictions and Procedur~ 

The instructions td' sl:IQjects were ideiÎtified to those given;;- the third 

exper.imento' The present experiment was conducted by Karen Wynne The angle at which 

the clip ~rd was held was not strictly'controUed. The effect of such a control will 

be discussea in the next chapter. The o~ger of the nine station points was 

counterbalanced by a different Latin squar'e for each group of nine subjects. The three 
c:. 

groups of s'ubjects 'form a between-groups factor> called EDUCATION. It has three 

levels. Recall that thé viewing stations correspond to a within-groups factor called 

ST A TION. The experimentaJ design, then, is a two-way between-within 3 x 9 design. It 

may be noticed that both ST~TlON and EDUCATION are random-effects factors. (At 
" 

least, they 
. , 

may be construe? as random-effects 
~ 

factors -- or rtot - for the 

generalization of results, "though their levels were not randomly assigned. The iss,ues of 

the "language as a. fixed etfects" debate may be invoked here. (cf., °Clark, 1973). This 

cc.~nstrual C?f the factors has no consequence for thè direction or significance of the 
Cl 

present results.) After the two'groups of control subjects had performed The task,-they 
~ .' (' r " , - t:J 

were prese'n}ed with a set of complete perspective drawings and a, cor&.espondin.g set of 

, incomplete drawings. They \vere asked to copy trom a complete drawing the position of 
. J , 

the missing point in each of the nine incomplete drawings.' This~procedure provides an 

the eHect due to the copying task itseJf. These drawings wel\e presented in 
• '.. 6, 

\ .. 

\ 

i'Q ___ _ 
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the same order as the viewing stations themselves. 

4. Resul ts and Discussion 

The dependent variable for the !irst analysis is the cross ratio of the shape that 

a subject pro duces, minus the true vafue of the cross ratio. The cross ratio was 

-calculated as follows: a subject was asked to represent point A on the answer sheet 

appropriate to a given window. Subsequently the experimenter entered a point.!. (see . 
Figure 6.2) in- the correct position on "the answer sheet, and calculated the cross ratio 
~ 

of quadrilateral ABCD from point.,!. The dependent meaSure was obtained by 

subtracting the value of the 'true' cross ratio from the cross ratio for the responses. 

The 'true' cross ratio is that which was obtained trom the complete and correct 

drawings. An analysis of var lance showed a significant effect of ST A TION on the 

dependent measure (see Table 7.1). Hence cross ratios in at least one of :the c~>nditions , 

~e significarhty different from the mean corrected cross 0 gross violations of -
homoscedasticity were apparent a!TI0ng, the 

EDUCA TION was also {ound, 50 that cross ratios in at ast one of the groups were ' 
-\ '\ r-

_ di~rent from cross ratios'!n the other groups. A quasi-~as constructed to te,st the 

sigmficance of t~is eff'ect, because of the presence of ~random-effects factors in the 

design. The quasi-F two and thirty degrees of freedom, foJ1owing 
" ' 

Winer (1971). No significa . ter actIon of the factors EDUCATION and STA T10N wa~ 
" 'l'li -

found. It is important. to know if these effects represent departures of the cross ra . 
r (\ . 

trom its 'true' value. De~artures ir:' the ~oss ratio from fts 'true' value wer found 

among -Ievels of the factor ST A TlbN, ab ~~nessed by)he test that is tabled fOP-~ 

viewing, station 6,~~ (Table 7.1). The 

~ 
'---=-. . r ' 

clai~ that juqgments in }this task do 
\.. . ~ 

: '\! . \ 

significant effect of ST A TION substanti-ates the 
fl 

,not reflect a unifrm sensitivity to projective' 

... ) 

,..., 
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Table 7.1 -, 
Analysis of Var~ance: Corrected Cross Ratios 

o 

Source 

U(~twecn Subjccts 

gducation 

Sub.jects wi tlnn 
Educéltion ) " 

Wi ttu.n Subjccts 

Station 

S ta tl.on X Educa tion ~ 

Station 
X Subjccts 

Totâl 

• 

S5 df 

1 

355.98 26 

84.72 2* 

271. ~5 24* 

525.53 216 

163.43 8 

25.82 16 

336.27 192 

881. 52 242 

v 

MS F P 

,. 
. 

42.36 3.41* 0 J? L .05 .. , 
11.30 
, , 

20.42 11.66 .01 L P ~ .001 

1.61 0.92 --.... NS 

'1. 75 
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-Î"-

* A quas'i-F was constructed in which the numerator is the s,um 'bf 
meàn squ~res for EDUCATION and STATION X SUBJECTS effects, and 
tlle ,denominator is'the sum of mean squares for SUBJECTS WITHIN 
EDUCATION and S~ATION X EDUCATION effec~s. This procedure, as 
weIl as the construction of appropriate d~grees of freedom-for 
this ratio, is outlined in Winer (1971).~A simple ANOVA produces 
the sùme trends. '.J" ' 

A post hoc comparisqn'was performed on the largest differe~ce 
from tho correct cross ratl.O amqng STATIONS. That mean differen~e 
is 2.07, and the l;> value of the- corresponding comparison is 32.99. 
The critical F for that comparison, wheno(= .01, is 16.00, . .,. .\ 
as caleulatod py Seheffe' s procedure. \) \~ 

o 
, 

• 

" 

= 

\) 

1 

1 
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Departures from the Trut! Cros' RatiQ for Thrcc Groups . . > . 
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The cross ratios of the estimates of shape that were made by ti1ree groups 

are plotted. Mean cross ratios for thè group of'architects arc plotted by 
t 

solid Unes. Station points are plotted on the absci:3sa and values of the 

- , cros~. raho on the ordinate. The 'true' value of the cross ratio is 3.06. 

- " 
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equivalence... Departures of the cross ratio from its true value were.. also found among 

levels Qf the EDUCA~,ION factor. The scor~s of the group Qf ar~hitects and the scores 

of the second control group denart significantly from zero (p ~ ~O1), "but in opposite 

directions. The absolute value of the departure in mean cross ratio.shown by the group 

of architects is greater than that shown by the combined control g~oups. At ver~ least, 

this substantiates the hypothesis that sen.Sitivity to projecti,ve eqUival~ among 

trained subjecfs is no better than among na!ve subjects. The differenees among the 

groups are difflcult to interpret; for instance, a hypothesis that the, differences might 

be due to ~~e var ying number of mena and women in each group would be controversial 

at best (cf. CapIan, MacPherson and Tobin, 19&5). This particular hYP,othesis will be 

pursued la ter. Recall too, that no significant interaction· was found between the 

STA TION factor and the GROUP factor in t,he analysis of variance: one effect seems 

uncomplicated by the other. An iHustration of these trends can be seen in Figure 7.1. 
t ' 

The 'true' value of the cross ratio is 3.06. The shapes produced by architects show real 
~ 

deviations in cross ratio from that value. The magnitude of the deviation changes with 
l' ' 

the station point at which the architects' stand, in the same way that th ai' magnitude 
\ 

changes for nafve subjects. The main finding is .that architects do not produce shapes 

that are doser in projective térms to correct projections than do subjects who have 

not ha~ the same training. An education in systems of projection has not made the 

cross r~tio any more evident to these observers. / 

Perhaps depar~~ from the 'tr~e' cross ratio could be attributed to errors 

ind'uced by the task of 'copying' a variet{ of different shapes. At the same time as the 

:> subjects saw the greenhouse, they, also noted its projected shàpe' on th~ pane of glass, 

and their task can be construed as one Cff copying the projection on t~ glas,s on to the 

answer sheet. To test this idea, 1 had the eighteen subjects of the two control groups 
' .. 

, 

1 

j 
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by freehand from corre'ct perspective drawings are plotted by dashed linea., 

Cross ratios obtained in the experimental task vary more than those 

obtained in the copy task. 

_0 

~ 
, / 
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e~timate the positions of points on fresh answer sheets by copying them from correct 

perspective drawings. Ea~h station point was r~presented by a drawing. As before, an 

analysis of variance was performed on the cross ratios of the shapes the subjects 

"'e~timated. No significant ~eparture tram the mean corrected cross ratio was found (the 

mean correéted crûss ratio for ail ;;ubjects' and ail conditions on this task was 0.24). 

The cr·Û!t!t ratios for this task and. the cross ratios obtained in the. main part of the 

\xperiment can be fourrd in Figure 7.2. 

p.Jsition betwéen the main task and this 

circ1eJ of radius 16 mm., centered 'on the 

The magnitude of diffe~ence in departures of 
, 

copying task can be seen in Figure 7.3. A 

correctly projected' point A, encompasses all 

the points estimated by ail subjects in the copying task. The same drcIe encompasses 

only 51 % of the points estimated by thë same subjects in the other task. To encompass 

99% of the scat ter of those other points, a drcle of radius 100 mm.)s required. Most . \-r of the points estimated in the experimental task lie in the tirst quadrant, white the 

poiflts estimated in the copying task are distributed as if by random scatter about A.' 

T~e d~viations in cross ratio for the main task, then, are' not a~~ributabJe to the 

mechanicaJ requirements of the task. (It 1s unlikely tao that the difference between the 

copying task and th~ main part of the exper'iment is due to a one-trial practise effeêt). 

Rock (1983) claims th~t subjects can perceive the extensity of objects~ that i5, the 

visual angle they subtend. He says subjects can estimate extensity in an exact way, as 

if they were able to copy their impressions of shape. ,If. he were. right, one wtu1d be 

I~d to attribute sub'jects' initial performances in this experiment to sorne irrelevant 

factor that is characteristic of the task. The copying results make t:}l position less 

probable. 

Nor are subjects' estimates biased by the question they were asked about shape. 

One might think that the right way t<3 ask subjects ab~ut perceive.? shape is nof to ask' 
1 
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Figure 7.:;-

T~e Ma~nitud~~of.Departures of Estimated Posi~ions from 

correctly projec ed Position for Viewing and Copying Tasks 
" . 
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The magnitude of departures in posit~on from a correctly projected point are 

·plotted. These are th~ values for aIL estimates made by eighteen subjects 

in the control groups. The two conditions that are depictcd are the main 

experimental task (VIEW) and the copy task (COPY) of experirJtent four. 

'" Though a radius of 16 mm. 1nc1udes the scatter of 100% of points in the COPY 

If) 

l condition, it ineludes only 51% of the scatter of p01nts in the VIEW condition. 

A cl.rcle of radius 100 mm. is required ta encompas.s 99% of those points. Whilc 

thè scatterplot for the COPY eond1tion 1.S nearly circu1ar, mùst of the points 

in the scatterplot of the VIEW eondit-ron fall with~n the upper right quadrant 

of the 1arger cirele. 
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, 
them tbout a parent shape, b~t about real shape. One could say tllat subjects do not 

make their best estimates of shape wh en their attention is drawn away from the real .. 
Having viewed the greenhouse roof from several windows, 

thirteen new subjects were asked to sketch the shape of thè .()bject·~ey did this 

by positioning four dots on a paper to copy the 'reaJ' shape of that quadriJateral. 'Real 

shape' was introduced to subjects as the shape an object would present if seen 'fac~ 

on'. The cross ratios of their sketches were measured, and they were highJy variable. 

The best estimate a subject made to the 'true' cross ratio of 3.06 was 3.88, and the 

wort,estimate was Ip.42. The standard deviation of the cross ratios was 4.18. 

AJthough subjects reproeuced saUent features of the object, such as the parallelism of 

lines bc and ad" and the axis of symmetry, the cross ratios that 1 computed on their 

• 
estimates were wildly variable.' Clearly the question that was posed about apparent 

shape 1s not misleading, s1nce,' by contrast, questions about objective shape lead to 

even greater departures ln cross ratio. Again, the def'artures that were found initiaHy 

are not due to an artifact. Simply, even wh en trained in systems Qj projection, subjects 

do not estimate projective properties weil. 

4. r Ordered Distances 

On the basis of the data of the last experiment, some hypotheses were made 

a ut the following var iables: one, the mean direction of departure of estimated points, 

two, the mean area of the estimated shapes, three, an ordering on perpendicu/ar 

distances, and four, the correctly projected areas of shapes (the re'ader may refer back 

( to Table 6.4), The objective quantities three and four, that i5, the ordering of areas of 

correctly projected shapes ASCO and the ordering of perpendicular distances from 

station points to the intersection of planes, are correlated because they are related 

-
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o 

n = 9, 

Table 7.2 } 
, 

Rank Correlations between·'Measures on the Estimated 
and Correctly Projected Figures ~ 

Experiment Four , 

Spearman's Rank 
Measure 1 Measure 2 Correlation ., 

0 

projected Estimated 1.000 

Distance Estimated \' ( ,0.867 
4-

Distance Projected 0.867 
'\ . 

Distance Angle -0.7'17 

C h (9) (one-tailed) (ot III .01) • .783 r 0 _ 

C-
h

- (9) (one-tailed) (0(;"" .05) III .600 
r 0 .. 

129 

Projected: IIfhe areas of the quadrilatera1 AB~D for the master drawings. 

Estimated: The areas of the quadrilateral A'BeD as found by construction 
on the subjects 1 estimations of the positio!,\ of point ~ • 

Distance: 
.. 

'fhe perpendicul'ar distance from the viewpoint to the line of 
intersection of the object plane and the plane of the viewpoints 
(plane abcd and plane ~). 

The deviation in direction of the mean vector from the 
horizontal. The mean vector la the deviation of subjects' 
estimates of the position of point ~ from the position of 
point ~ in the master drawing. 

, 

'1 
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.. .. 
geometr ically. Further, the size-distance invariance hyp.othesis (eg., Kilpatr ick and 

, . 
Ittelson, 1953; R6ck, 1983) supposes that estimated areas will mirror the exact function , 
of those metr ic variables of area and distance. Since ttze-distance invariance seems a 

rea~onable hypothesis, and i5 one that has had sorne experimental basis, it is not 

suc:prising to Und that the ordering of -estimated areas d,Ves a,gain correlate with those 

ordered ~ar iables in 'the present experiment (see Table 7.2). Rank correlations were 

used to emphasize that subjects are not taken to have access to Euclidean measures of 

the l'elevant quantities.. In fact, contrary to the hypothesis of size-distance invariance, 

projected areas and mean estimated areas are not related by the same metric function 

in the Experiments 3 and 4. 'Though the slopes of both are nearly one, the intercepts ,of 
/ 

the two regression Unes ale separated by about 1200 mm2• Though the conelations may 
/'\ 

, / 

explain how the hypothesis of size-distance invariance has received support,! yet this , 

result runs counter to the daim that an exact and constant correspol)dence exists 
/ 

between visual angle and perceived shape. The data are consistent with the 

interpretation ,that subjects achieve nothing more than an ordinal scaling on extensity. 

This flnding reinforces the initial impression that non-projective factors influence . 
judgments -of projective equivalence • 

.. 
In general, the significant effects shown in the analysis support the claims that 

the cross ratio of the estimate of a projected shape is different frlQm the cross ratio of 

a correct perspective drawing, and 

experienced subjects are not closer to 

that the cross ratios of estimates made hy 

the true cross ratio ~an those of other groups. 

These results are 'free from several artifacts that could be imagined. These results and 

the results of previous experiments aU point in' the same direction: that normal 
-

nonprojective factors. 

subjects' attempts to judge projective equivaJence are significantly jostJed ty 

There is sorne indication that their performance may refJect an 

... 

1 
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o //, ordinal 'seaUng on .,us or magnitudes of vl.ual angle.. The result. obtaln even when 

, / subjects are familiar with techniques of perspective draughting. The appropriateness of 
, 

/ 

o 

these architects as ,subjects may be questioned, if one requires extreme finesse as a 

,criterion for expert performance. (Some mathematidans daim to be able to teJl the 
y , 
Ir-" • , 
~"dimensionality of fractal shapes upon inspeêtion, for insta!5e.> Ye~ ~t has been done 

cast. doubt that moderately skilled .ubject. are more 1'ltlve t ~ onés to 

projective equivalence. One can reflect, too, that even Canalett used a .. camera 

obscura to produce rus perspectives. 1 

" 
.' 

" , . 
c. 



c 

132 

1)1 

CHAPTER a 

Ex riment.5: Effect of Viewin le 

To say that a person" seeitts a tree is in priRciple _the same 
sort -..Qf af1air as a neSativ~, in a camera beinS expoMCl-will not -do at 
aU.. But a- crut deaJ has been founel out about seeina by workina'on 
.... OBies 1ike t~ It is, indeed, the Sood repute of these d1scoveries 
_ whldi bribes us to tty to subjugate oW' untechnicaJ SeneraUties· about 
.eeml .... to the C~I that -goyern 10 weU cu tec:hn1caI generalltiel 
about cameraI... Nor is there anything te> warn us beforehand whether 

, or w~e the attempted ",:,bjugation will fall. 

Ryle, Perception. p. HO 

\ 

The 'results alr~ady obtained raise several questions ,of which twe will be the 

focus of this chapter. '> In tne la st two experiments subjects placed a dot on a sheet to 
-~ -

indicate their response. The spatial, orientation of that sheet was not fixed, but rather 
< 

subjects held the sheet as was comfortable. Now, signifieant effects of the orientation 

of the stimul~s to thè subject have been found. It is natural to ask if there are 

" 'sigriificant effects of the ~ientation of the answer sheet. In the next experimen~at 

factor was systematically varied. In addition, the effect of sex differen~ on 

responses is explored. \ 

2. Stimuli 
• 

The stimulus object for this experiment is part of St. James' Church, that faces 

the Arch Street windows of Humphrey HalJ, which houses the Department of Psychology 

at Queen's University in ~ingston, Ontario. Figure 8.1 repre~nts the ~timulus o~t. 
The important point~ are detailed; the> back wall afld chimney are salient features of 

the church. Figure 8.2 shows the quadriJateraJ that can De traced from that 

perspective. The near edge of the back wall of St. James' C,hurch is some 33 meters 



Figure 0.1 

A Photograph of the Objcct 

, ",.-,P-

l" i >-
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_/" 1,1 
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" 

This is the Vlew from one window of the confere,nec room of Humphroy 

'" _ Hall. The photograph was taken from the first window. 
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This diagrameis the mast~r projection for the,first w1ndow.: The 

cor~espondence of these labelled points to ~atures of the object' 

i5 . pictureé" in Figure 8.2. 
. " 
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----. , distant (rom the plane of the window~. T""s near~i'~g Jtation is "22 met~rs ~lstant 
from the- Hne of intersection of th~se planes. ( . 

Three viewingYstations were arranged at three windows in the conference room 

of Humphrey Hall. If those windows are counted,. beginnil}g with that nearest the 
, 

church, then the statioh points. will be called stations one, two, anq three.~The 
'. 

•• 1 

horizontal distance between a,djacent stations is ~etres. The viewing stations 

correspond to one factor in the experimental design: -the factor ST A TION. 
" , 

,Correct perspective drawings were obtailled at a constant height at each viewing 1. ..., 
'''''y' -. 

station, by means of a Leonardo's window, as before. Inçomplete copies were made of . 
thé correct perspective drawin~s. Figures that are 'L' shapecl' are formed when the 

lfnes that inc1ude point 1 are r,~moved from the drawings. These parts of the mastét 

~awings were photocopied, then colJated into book lets containing one of each picture. . . 
Il 

Thè copies were randomly ordered' within eaçh 'b~kle~. A transparency of the same 

part of the master drawing 'lias placed on each window. 'The transpar~n~es 'were - \ appropriate to the windows. The cross ratio that" was estimated from the master 

drawings((Î_s 1.20. This 15 the cross ratio of points!, b 1, and!!. trom point 1'(see 

Figure 8.2). A salient feature of the experiment is that the positioning of the answer 
1 

sheet 'was varied. In one condition (call it NATURAL) the answer sheet was placed on a , . , 

clipboard which subjects held as they wished - as in the two previous experiments. In 
, 

the other condition (caU it FIXED) the c1ipboard with answer sheet j-ttached was 
~ 

placed over the Leonardo's window,. The reason for this was as foHows. The answer 

sheets 'were exact reproductions of the figures of fh,: Leo~do windows. If the 

orientation of an,~wer sheets is important, the positiJn ~at ought to 9ield the môst J 

accurate, resuJts is when the answer sheet is supeltimposed on the Leonardo'ls window 
" 

from .. which it 'lias copied. Hence the FIXED condition. 

'. 
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\ 
3. Method 

3.1 Subjects 
. fi 

Twenty subjects were tested betweerp January 6 and 21, 1987. The subjects were 

drawn from the undergraduate subject pool of the Department of P5ychology at Queen's 

" 'University. There were 11 men and 9 women in the sample, and the y rangecl in age 

from 18 to 27. Five were Jeft eye dominant for Sightin~ tasks, ,and 1'5 were r ight eye ' 

dominant for sightlng tasks. 

/'" 3.2 Instr~ction and Procedure'\..~ 

The instructions given ta subjects were as folJows. 

This i5 an 0 experiment in visual perception. You will be asked to judge the 
apparent position of, a part of St. James' Church, which you see out5ide. In par ticu lar , 
the experiment concerns a certain, part of the church, nameJ~, the back wall of the 
building, 'and th~ chimney. If 1 wer~. to make a crude drawJng of that part of the 
church, it might look like this .... 

The transparency before you on the wlndo'lt is a picture of part of the church. 
NameJy, the picture is of the long vertical edge on the le ft side of the back wall, and 
of the smaJl horizontal ledge that runs above me ground. (Gesture) Do ~u see the 
correspondence between the picture and the parts of the church? Later you'll be asked 
about the top right hand corner of the chilllney. (Gesture) There are other parts of the 
building that might be draw"n in séhematic like this ... " ' 

You will Ilot be asked about those. Stand in front of this picture; then focus on 
the church. You may notice that the lines of the picture on the window appear to be 
doubled. Do they appear ta be doubled? 

. One image appears to be on the left, and the other on the right. 1 would like you 
to aUgn the ("right" or "left", whatever the contral~teral side to the dominant -eye) 
image with the corresponding part of the church. Her~'s wtiat is meant by "aUgn". This 
point (a point on the pictur.e is indicated, and marked on a more complete dia'gram) and 
that point should also correspond to that corner. Both these points should appear ta 

~
' coinci .with points on the church at the same time. ' 

, ~ 

What is important is hat the length of "'this segment (the vertical segment is 
indicated on the picture) sho ve the same apparent length 'as the long ve(tical 
edge of the back wall of th~ hurcn. Their Jengths should appear ta' he the same. 50. 
should the length .of. this se nt and the horizontal Jedge. You may need to move 
about to discover where the correspondence can he achieved. Tell me when you have 
aligned the (IIright" or "left", as before) image with that part of the church. 

.. 
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At· this ~int, the instr'uctions continued in one of two ways depending on 

whether the condition 0 was NATORAL or FIXED. The instructions for thè NATURAL 

condition, in which subjects held the response board as, they liked, continue as follows: 

o 

(When the subject responds, he or she is given a ,pen and clipboard with the 
appropriate diagram)~ On this picture, l'd Jike you to mark ln the corner of the chlmney 
t~at 1 mentio~èd (its description is repeated). Indicate its position by marking a small 
dot or cross on the paper. You may need to look back and forth several times from the 
window to the paper to do this. Try to be as açcurate as, you cano 

The instructions fôt the FIXED condition, in which th~ position of the ,r-esponse 

sheet was fixed by the exper imenter, continue as follows: 

<.. 
(When the subjeét responds, he or she is given a pen). 1 would like you to keep 

your head as still as possible. In a moment, 1 will ask you to make a mark on a paper 
that obscures your view of the back waH of the chur~ l'IJ ask you to mark in the 
corner of the ChimneY~t5 description is re.peated). Vou shouJd try to keep your head in 
just the position, it is n • Practise raising your pen as if to make a mark on the 
transparency. Tiike care a preserve the correspondence of the image with the parts of 
the. church'ij Now l'd' you to indicate the cornér of the chimney t~at 1 mentioned. 
Indicate its \position by marking a small dot or a cross on the paper. 

• Readyà (The re5ponse sheet i5 placed on the window 50 that it is aligned exactJy 
with the transparency that is used as an aid to fixation). Try to he as accurate as you 
cano 

The task was performed six times by each ,subject, once under each of the 
~ 

NATURAL and FIXED conditians at each of thtee viewpoints. The three judgments in 

the NATURAL condition were made before those of the FIXEO condition, or vice versa, 
, . . -~ 

and this order was counterbalanced. The present experiment was conducted by Veronica 

Horn. The two condifions form a within-gr~ps factor called CONDITIONS. 'The three 
, . 

viewing stations c~rrespond to a within-groups factor called ST A TlONS. ~ The 

exper imental desig~, then, is a two-wty .!...!.1 within-subjects design. 

ri 
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4. Results and Discussion ( 

The dependent variable for the first analysis is t~e cross' ratio of the shape that" 

a subject produces, minus the true value of the cross ratio. An analysis of var lance 

showed a significant effect of STATION on the dependent measure (see Table 8.l). 

Hence the düferent windows Xie1d significantJy different results. An effect of 

CONDITION was' found to be sign~ficant at the le~, p~.05, 50 tha~ cross ~kios ih the 

FIXEO' and NI\ TURAL conditions diff~ significantly. No sign~eraction of the 

l factors ST A TlON and CONDITION was found. 0 , 

~iS important to know if ther.e are si~nificant departures of the cross ratio 

trom its 'true' value in the factor STATION. There is, as shown by a significant 

post-hoc compar ison (sèe' Table 8'.1). In tact, for that particular ST A TION, ny, individual 

esimate falls below the 'true' cross ratio of 1.20. The strong effect o~ ST A TION 
b -

indlcates that judgments in this task do not reflect a reliable and uniform sensitivity to 
, " 

the cross ratio. One effect of CONDITION is interesting~ In the FIXED condition the 
, 

range of cross ratio differ,ences (1 • .53) 1s twice as large as in the fa~iJiar NATURAL 

condition (0.78). The var iability in response is significantly dmerent between the two 

condition.5--at both the second window, (tU8) = 3.091 ,p ~. test for the düference 

of correlated var iances i5 taken from McNemar, 1962, • 246] and at the third window 

-(t(l8) = 3 • .575, p <.01). A comparlson of Figures 8.3 an 8.4 shows this effect. 

, 

These resuJts can'" be r explored further by pJotting the mean vect~ for departure 

fram the 'true' point'for 'each -CONDITION at each STATION. Figure 8.5 gives the 

resuJt. Mahalanobis' 02 was calculated to see if these vectors are significantly greater 

than zero. Each of the six is, as Table 8.2 shows. The overall effect is that while a 

adopting the FIXED position for the answer sheet does affect responses, if does not 

make ~em more accurate. 'In fact, it made them more variable.' These results suggest 

rd 
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Table 8.1 

Analysis of Variance: correctcd cross'~atios 

Source 

Between subjects 

Wi thin subjects 

Condltion* 

Condltion x 
subJects 

Station 

Station x 
subjects 

Condltion x 
station 

..... ", 
Condi tion' x 

station x 
subjecrs 

Total 

Addendum to Table 8.1 

SS 

2.893 

5.109 

0.436 

1. 227 

1.587 

0.813 

0.119 

0.92-7 

8.002 

~ 

df "~. 
-{...:-

·.l ..... 

19 

100 

1 

19 

2 

38 

2 

38 

119 

MS 

0.436 

Q.064 

0.793 

0.021 

0.059 

0.024 

6.75 

:37.06 

2.44 

139 

p 

<:05 

<.001 

?-.05 

A post hoc comparison was pèrforrned on the large st differenco from the 
correct cross ratio arnong STATIONS. That mean difference is 0.23, and lhe 
F value of the corresponding comparison 'is 46.08. __ The critica-l F for that 
comparison, whenCX= .01, is 10.42, as calculated by Scheffé's procedure. 

* Wilcoxon's matched-pairs signed-rank test (Siegel, 1956, p. 76) bcars'out 
the effect of CONDITION. Individual parametnc ANOVJ\s for scparate CONDI'l'lONS 
also reveal an effect of STATION. The ANOVA for the 1'lXBD conditl0ns alone 
was significant (F(3,57) = 12.213), as was the J\NOVJ\ for the NJ\'rUIU\L conditions 
alone (F(3,57)- 7.253~. These rnay be tested against a critLçal F(l,19) • 4.3U 
at _the levelo<- = .05. Post-hoc comparisons On the larqcst differencû [rom 
the correct cross ratlo were significant in both cases at the lcvclo<.: .01 
(Scheffé' s method). These additional tests were performed to cnsun: that 
the homoscedasticity found in the data does not affect the intcrpretation of 
the results. 

-
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Figure 8.3 .J 
Values'of the cross ratio for factor FIXED 
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Departures from the 'true' cross ratio ,for the estimates of twenty subjects 0 
are shown. The ddrk line marks the value pf the 'true' cross ratio; open 
circles mark the average values found at three STATION p01nts. MLnLmum and 
maximum observations at each STATION are marked by crosses. Response sheets 
were held FIXED in orientation. STATIONS are marked«,B and y. 
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-0.1-

-0.2- + 
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-0.3-
'\ 

;> 

-0.4-

Departures from the 'true' cross ratio (1.2) fo~ the estimates of 
t~enty subjects are shown. Response sheets were he1d at an orientation 
NATURAL for each observer. The dark line marks the value Of th~ 'true' 

) 

_ cross ratio; open circles mark the average values found at three STATION , "'. 
points. Minimum and maX1mum observati9ns are marked by crosses. Note 
the difference in variabi1ity between these observations and those shown 
in Figure 8.1, for which the responsê sheets were held at fixod 
or ienta tions . 
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1 

Figure 8.5 

Departures of Estimated Positions from the 
Correct1y Projected ~osition for FIXED and NATURAL conditions 
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The average X and Y departure~ of subject's estimates from a correctly 
projected poInt are shown for three STATION points, et, f3' and y. The' 
departures that are obtained wh~n the re~onse sheet is ~e1d fixed 
(FIXED condition) are marked as B, and the departures when the 
orientatïon of the response sheet' is ~onstrained (NATURAL condition) 
are marked as~. The axes ~f the ~ot are marked in centimeters. 
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Table 8,2 

- Oepartures fram Correct Proje!ctions 

i , 2 
.iStation Condition Mahalal)lobis 0 F P 
1 

2 Fixed 1. là 11.26 < .01 -
3 Fixed 0.71 .6.l9 < .01 

, 4 

4 Fixed 0.91 8.66 < .01 -
'-

2 Natural 0.72 6.85 < .01 -
3 Natura1 0.64 6.09 < .01 

- -, 
4 Natura1 0.81 7.76 < .01 -

Mahalanobis'o2 values ~ere computed on X and 'i departures from 
the correctly projected points in each condition in which 
estimates were made. 
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that aJJowing subjects to adopt the NATURAL position for .the answer sheet dld not 

bias their responses in a way that was relevant to the experimental hypothesis. 

There are other indications that changes in the orientation of the response sheet 

are not responsible for the magnitude of departures from the true cross ratio that have 
, J 

, <1 
been observed. A simple demonstration was performed to asses,s the magnitude of 

, 

cha~e, in cro,ss ratio that is associated with changes in the orientation, of the r?Wonse 

sheet. Consider again that the experimental task might be like a task of copying; that 

simple hypothesis was considered in the previous chapter. A more complex hypothesis is 

considered here: what changes in response may occur, as the slant of the response 

(sheet is increased with respect to the slant of the crawing to be copied? In the 

,1. present demonstration, two suBjects estimated the positions of points by copying them .. 
from correct perspective drawings. As before, each station point was represented by a 

drawing. The bottom of the response sheet rested on a table, and the slope of the 

response sheet was 'varied in ten steps between 40 and 500 trom the horizontal. The 
-
drawing to be copied and the response sheet were side by side on a table in front of 

the subject, whose head was fixed in a chinrest. Both subjects copied each picture at 

each orientation four times. The conditions of this copying task were randomized. The 

departure in cross ratio of the subject's estimate from the cross ratio of the correctly 
" 

projected drawing was computed for each drawing. Since ten slopes were used four 

rimes each, regression statistics can be computed on the magnitude of difference of 

the cross ratio versus the sJope (in degrees) of the response sheet. These statistics 

present an intriguing pattern. Significanr correlations were found between departures 

in cross ratio and slope for two 'Of the three drawings (Table 8.3). Note that the 

condition for which the largest depa.ture was observed in the main experiment did not 

produce a signifieant correlation. The slopes of the regression Unes associated with 
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Tabie 8.3 

Regression Statistics for~15eparture of the' 
Cross Ratio Versus Slope of Response Sheet 

Sub' tAS Jec . . , 
-Slope of 

Correlation T value Regression 
Coefficient N • 40 Line Intercept Mean 

( 1) ( 2) (2) 

.... 206 -1.30 -1683 -.301 -.316 

-.472 -3.30* - 995 -.313 -.343 

-.422 -2.87* - 732 -.096 -.131 . r---~ 
*p < '.01 - (1) Degrees per unit of cross ratio 

(2) Cross ratio \ 

, 

Subject C.M. 

Slope of 
Correlation r:r value Regress ion, • 
Coeffic;ient N ;;:. 40 Line Intercept Mean 

(1) ( 2) ~ (2) 

-.222 -1.40 -1468, -.054 - 0.036 

-.552 -4".08* - 476 -.021 -.075 
) -

-,438 -3.00* - 663 , -.050 -.089 
\ 

-. 
\ 

*p ~ .01 

+ 

'. 

(1) Degrees per' ufùt of, cross ratio. 

(2) Cross ratio 

. \ 
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c, , 

Standa'rd 
Deviation 

.042 

.035 
-

• 0'47 
. 

Standard 
Deviation 

.044 

.056 

.050 

-4 



• these correlations are most important. They indicate a bizarre result: the difference in 

f' slope thélt would be necessary to account for the results that have been observed in 
, ". i 

this and in pr~vio,us experime~ts may be greater ~han 3600
• 

The consistency with which the two ~jects estimated positions is striking, too. 

This consistency is indicated in the lirst place by the standard deviation of the 'cross 

ratios of estimates made by ,the two subjects. Consistent with the results of the , 
copying task as reported in the last chapter, a circ1e of radius 16 mm. will encompass 

aU the points estimated by subject C.M., and anoth~ circJe of the same radius will 

encompass ail the points estimated by subject A.S.. It should be noted .. that the values 

of dep.artures in cross ratio that are seen here are unJike those of the main results. 

The' departures for subject A.S. do not represent values llke any found in the main 

exper .tment. It is c1ear, then, that this task is dtlferent from, that of the main 

experiment both in effect and in kind. Heré subjects were asked to copy the real shape 

of a· drawing', and then subjects were asked to reproduce the apparent or projected 
-

shape of a distant objecte Though the slant of the response board may have. sorne 

effect on the O'oss ratio of an estimated position in a figure, that effect is an order 

of magnitude too smaU to account for the main results. 

4.1 Sex Differences 

In' Experiment. 4 comparisons were made between a group of 9 architecture 

students and each of two groups of 9 ordinary students each. The numbers of men and 

women vaded from one group to another, 50 it is of some' inter est to learn if there are 

important sex dilferences that might 'explain' the poOl' performance of architecture 

students. Women are oiten supposed to do Jess weIl, or to perform more variably than 
,y 

men, on a variety of 'spatial' tasks. The existence and Interpretation of such 

d~ferences is still a controversiaJ matter. A nùmber of new subjects were culled from 

" 
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thè subject pool of undergraduates at Quee~'s University to test this conjecture. Nine 

men and nine women tompleted the experiment, as it is described at the beginning oÏ 

this chapter. These subjects were given the instructions for the NA TURAL level of the , 
" CONDITION factor only. An analysis of variawce on the cross ratios of the estimàted 

1 

figures did not reveal any significant difference between men and women on this task 

(see factor SEX, Table 8.4), nor was therè any sign.ificant interaction of the group 

means with station points, that is, with the effects of perspective (interaction . 
-

STATION x SE X). Mean deviations oi the cross ratio from its true value welle little 

different between the two groups (Men: X = 0.619, 5.0. = 0.292, Women: X = 0.568, 

5.0. = 0.293). Again, thete 1s a significant effect of change of perspective viewpoint 

on the cross ratio of the figures estimated (factor ST A TlON). These means were 
.; 

signlficantly dilferent trom zero at each station Point; in fact, the effect 1s' somewhat 
1 

larger than that found in the main study that is reporteèJ ear lier in this chapter. Of 

course the study does not prove the null hypothesis. Nevertheless it allays uneasiness 

that the results reported earlier may be seriously complicated by sex differences • . ~ 
The signüicant effects found in the main experiment reinforce the daim that 

subjects are not uniformly and reliably sensitive to projective equivalence, in that the 
} 

cross ratio of the estimate of a projected shap~ is different trom the cross ratio of a 

correct perspective drawing. These effects were obtained with a new stimulus object, 

~t. provided a new value for the cross ratio. These eftects were aise obtained 

independent of changes in the orientation of the response sheet. Other results trom 
, /~ 

two subjects aJso indicat~ that changes in the sJope <&i:-,;;-the response sheet do not 

occasion large changes in the estimates; that is, changes of a magnitude that would 

explain the findings of the main task. These results show remarkable internai 

-
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Table 8.4 
• 

~ 
a Ana1ysis of Variance: Cross Ratios 

Sourc~ 5S df MS F P 

~ 

'Between 3.445 17 
Subjects 

Sex 0.035 . 1 0.035 0.17 p >.05 

.Subjects 3.419 16 0.213 
Within Sex " 

, Within 1.047 36,. 

Subjects <> 

1 Station * 0.703 2 o. 3~ ... 32.90 ,P ~.OOI 

Station 0.002 2 0.001 ' 0.10 op >.05 
x Sex 

Station 0.342 32 0.010 

'-, X Subjeèts 

--
Total 4.502 53 ... 

< il 
'Ir STATION is treated as a' fixed-ef'fects factor her~ 

, . 
. 

, . 

Post-lloc Comparisons 

Mean " F '1 for 
Station Difference Comparison .P 

l .0.594 252.47 .< .01 

2 0.633 286.50 < .01 0 .... -
3 0.454 147.14 "< .01 

• i .. 
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~ 
A significant sex difference was sought on the main, task, but was not 

.. 

Many kinds of objections could be. raised to the proposition that observers are 
"c ~ 

not reliably sensitive to projective equivalence; it is useful to remember th!lt sorne 

matter of ~nduction i5.involved in the daim. One might like to know if or whén there 

are ever situations in which observers are reliably'sensitive to Projective equivalence. 
~, 

, 
Theroe i5 an obvious example; observers. can tell that two ~quar~~ of the same slze are 
, 

equivalent, in alÎ their geometric properties, when those' squares are of the same 

orientation, and are adjacent in a frontoparallel plane. That case is uninteres~ing for 
, 

the theory of shape constancy. There may oe other situations: for example, observérs 
o ' 

can -copy a figure accura~ely, as reported in the last chapter. Howey~, Gibson, Rock, 

and other proponents of the invariance hypothèsis suggest that observers are sensitive 

?- ,:to projective equivalence in a wide variety of drcumstand~s - enough to explain ,the 
J 

1 

J 
p~omena ,Of shape a,nd size constancy, which are, robust over a wide range of . 
viewpoint. 'Certainly th~f w~uld predicf that ,subjects are sensitive t~ projective 

equivalence' in the sorts of situations that have been arranged in these experiments. 

The last several chapters '><have assessed the sensitivity observers may have t-o 
. ê, 0 ' , ' 

project~e equivalence. Such an effective measurement of planar projective equivalence 
ô 

," 

has not been made before in the study of shape constancy (again, see Note 1). Results 
1 

that run counter to the predictions of the invariance hypothesis have been found 

throulhout" Perhaps J one might not be conv i~ced of the generality of th~se resu,Jts, 

since experimental proof ust proceed by indUction. Yet here there seermto be a series 

'of counterexamples to the Ihvariance hypothesis. It is conceivable that the invariance 

hypothesis mighébe substantiated, under other conditions, but the invar iance hypothesis 

itself provides no clue to what such conditions may be. 

'b 

---~----------------
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• CHAPTER 9 

General Discussion .> 

~ 

, ft is. nattr,al (or mathematiclanl to rqard the visuaJ angle 
and ·the apparent magnitude as the sole or principal means- of OW' • 
appre~1n1 the ~libJe, ftlaBnJtude of objects. But it 1s plain 
from what hath been premised, that 0\1' apprel;left.ion is much mor-e 
influenced by other thinBS, which have no s1milltude or necessary 
connect1on therewith. 

Berkeley, . 
The Theory of Vision Vindicated and ExpJained, 
p. 272. . 

.~ 
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The stfategy of severa)' theories which incorporate the invariance hypothesis is 

to suggest that things cannot" appear to have other shapes than they do, once viewif'lg 

cond,itions are taken into ~ccoulit., This is tantamount to the statement that observers 

must aJways be sensitive to projective equivaJence to the extent that shape constancy t 

" , 

hoJds. One may be reminded-of Rock's (1983) statement tha~, in vision, we ~ have a 

constant,' exact, a{ld quantitative knowledge of a· projective regularity - the' la!, of 
• /'.il' • 

t 

tI viSlJaJ, angle -- to -achieve shape çonstancy. At the Jeast, these theories ,dair;n that 

observers are reliabJy sensitive to projective equivalence whenever there is constancy 

.of size and shrwe. Such broad quantitative daims are rare in psychology; the generaJity , . 
of this ê:::laim refJects the hope that projective. invariance, might provide a privileged 

and unerr:ing datum for shape constancy. In the context o~:this programmatic c~aim, any 

reliable 'deviation from sensitivity to projective equivalence that occurs in conditions 
_ D 

where shape constancy holds is a meaniggful finding. The invariance hypa~hesis is not 

an -empiricalJy-derived daim about projectiv~ equivalence; 'rather, it has been 

, ! 

• 
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speculation. This speculation tollows as if by Jogic trom specifie assumptlons ~bout the 

" nature of vision. Sb far as 1 am aware, the experiments that are reported here are the 

first quantitative and effective tests of the hypothesis. What these experiments do nof 

show is that projective equivaJences are constantly and reliably perceived; instead, a 
D 

good number of conditions and tasks have been presented in which observers misjudge 

projec~ive equivaJence grossly. 
\ 

The experimental' ver ification of any daim involves some matter of induction. 

What has been demonstrated 1s that there are exceptions to the invariance hypothesJs. 

AIl the exper irnents reveaJ sorne such' exceptions. Yet consider someone who supports 

the invariance hypothes1s. His interest 1s not in exceptions, even if the exceptions are 

important. His inter est is in the rule he postuJates. He would like to know if there are 

~ conditions under which it can be rnaintained that projective equivalence i5 aJways 

perceived accurateJy. These conditions are not in evidence, nor are there strong 

indications where a researcher of this mind rnight begin, except that he might use 

boxes as stimuli. The lntent and plan of the experiments has been qulte different: to 

discover exceptions to the invariance hypothesfs where they existe K number of 

examples have been col1ected in conditions that have been very easy to set up • ... 
The cross ratio is the dependent measure for analysls in ail the experiments 

(Experiment 3 uses a simple quotient of O"oss ratios). The cross ratio stands in the 

same relation to projective geometry as length stands to Euclidean geometry; Jengtp, . .. , 
and the cross ratio are the fundamental congruences of their respective geometries. We 

.'- coften say' that we can judge length by eye; it is no more of a mistake to daim that 

one might judge 'cross ratios byo eye. ProperJy, though, one should speak of judgments of 

Euclidean equivalence or projective equivalence. The proper usage avoids the 

.' 

-
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--

misJeading and improbable daim that observers compute distance or the cross ratio, 

just as. they are found in texts on anal y tic geometry (but see Rock, 1983). 

The dose connection between projective equivaJence and· the cross ratio can be 

_ seen by means of the above analogy. Unfamiliarity with both concepts may mak~ the 

connection seem less close than ii reaJJy is. The' cross ratio 1S the fundame~ 

congruence of projective geometry: aU (the quantities and theorems of a projectIve 

system can be obtained trom these congruences and their syzygies. One might daim 
ç 

that observers could have access to proj'ective. congruence, at least over a Umited 

range, without being able to compare cross ratios. There is a sense in wh1ch this daim 

1s taIse outright. One might as weJJ daim that observers have access to EucHdean f 
congruence over a limited range without'being able to ,comparc~ lengths. In· fact there 

'.>' are few strong daims about observers as geometers (though see Perkins, 1983); most 

'daims deal squarely with judgments of projective equivalence and the cross ratio. 

There is perhaps one sense in which the c1aim of s~n~tivity to projective 
-' 

equivaJence might seem plausible. Projective competence, it might be thought, could 

be tr iggered by incidental conditions of stimtl1ation. Observers might do better or 

worse at judging the projective equivalence of fuzzy shape s, or curved shapes, or sorne 

other thing. 1 cannot rule out a1l such possibilities. The only stra'tegy open to someone 

who contests the general c1aim is an inductive one. Ali that can be claimed is that on 

the showing 50 far the projective-invariance hypothesis 15 faring bad,ly. 1 should like to 

stress that the cross ratio should be considered a tool, and not an end of investigation, 
~ ( 

as disconfirmation of thé invJlance hypothesis may be an end of/investigation. 

Furthermore, the cross ratio does not provide a psychological model, neither for most 

proponents of the invariance hypothesis, nor for others. The' cross ratio is the measure 
.,.. ". ( 

of an abiJrty, not the means of achieving the result, where the re5uJt 15 shape 
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constancy. The uses to whieh the cross ratio has been put-may give sorne intimation of 
, 

the applicability of this tool (one may remember, too, that though a test may be fair, 

its results may be surprising). 

Several experiments hav~ assessed the constancy of judgments ~f projective 

equivalence. Previous experirnents have not made a direct assessment; rather they have 
~ 

deaJt with geometrical properties that- imply projective properties (for example, as in 
1 • 

Foley, 1964). Quantitative experimerf.tation MS not been undertaken, with the exception 

of Cutting's (I986) claims about the psychologieal efficacy of' the cross ratio as a ratio 

scale variable. It is hard to say what counts as a large or a small difference of the 
~ 

cross ratio in psychologiea! terms, eX'cept by appeaJing to mathematics. 'Large' and 

'smaJl' may have no psychologieal import when applied to values of the cross ratio, as 

things stand. The experiments that have been condu<:ted ~ere can be thought of as 

Items of a large argument by enumeration. The various empirieal results address the 

issue directly; they do not de pend on further geometrical argument or implication for 

their force. The universaJ and absoJute char acter of the invariance hypothesis s~ouJd 

be kept in mind as a ~tandard when these results are considered. What is demanded 

under -' the invariance hypothesis is that there be obvious èvidence of fair Iy precise 

sensitivity to projective equivalence. It should also be kept in mind that the analyses 

reported do not admit just any s-Ugh~ variation in values as a signifieant result. Instead, 
" . 

e)ÇtremeJy co~servative statistics have been empJoyed consistently. The radically 

conservative Greenhouse-Geisser degrees ,of freedorn have been used for ,each analysis 

of vàriance test where within-subjects effects are involved. Scheffé tests have,been , 

used as post-hoc tests throughout; they are the most conservative of standard criteria 

\ "for the evaluation of post-hoc comparisons. Nevertheless, marked exceptions trom 

constancy in Judgment of projective equivaJenee have been found in every experiment • 

î 

-
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The experiments estabJish one basic result: ther~ exist departures fJ <:<Jostant 

and reliable judgment of projective equivalence, which occur in a variety of situations. 

Th!! result is established most eon nCI Iy in the experiments that are most relevant 

to the problem of shape constan y, that is, the experiments reported in chapters 6, 7 

and 8. Both the estimated cross ratio, and t quotient of cross ratios have been found to 

vary with changes iil-<> per~ctive viewpoint. The force ,of the invariance hypothesis, on 

'the other hand, is just that estimates"<0f these quantities should not vay with changes 

in viewpoint. Nor 1s it the case that subjects could be using a simple funetion, say a 

monotonie function, of cross ratios to assess projective equivalence; in each of these 

experiments ait subj.e.cts esfimated a single projective property, measured by a single 

value of the cross ratio, and their judgments vary with perspective viewpoints. Not 

only do estimated projective properties vary with perspective viewpoint; there are aIS<} 
• 6l 

signifiesnt departûres of estima tes from projective equivalence in th( latter four 
1 

exper iments. These have been assessed by post-hoc tests on the dependent measure, the 
! 

cross ratio. -This, then, is the fundamental result. Many of the' other results elaborate 

on this fundamentaJ resuJt, or they anticipate objections- that could affect the 

interpretation of the basie finding. 

The measure of projective equivaJence, the cross ratio, has been found to 

depart from its expected value in two ways. It may be different from the expected 

value on average. It may also be wildly variable, as was found at two station points of 

" experiment three, in the condition in which the orientation of the response, board was 

fixed in experiment Hve, and when subjects. were asked to sketch ~e Shape of an 

o,bject as' it would look from a canonical viewpoint. This var iability 1s large, especialJy 

When compared to the small variability in measurement that is incurred by using 

Leonardo's window. These differences occur, in just those situations in which shape 
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constancy wo~ed ta accur. Such departures Irom projective equivaionce 
, 

were found in the presence of shapes of different projective properties. Namely, these . , 
were a shape that measures 3.06 in cross ratio, another that measures 1.20 in cross 

ratio, and shapes. that measure 1.33 in a rati0.t' cross ratios. What if sorne other shape 

6han these had been employed, that is, ~ther ~ape but a rectangle? It does not 

seem outrageous that an irregular quadrilater'al couJd be used to make a test of the 

'invariance hypothesis in a natural setting, nor that such a quacriJateraJ shouJd be 

varied in two directions of tilt. ' Whatever would happen withslmple shapes Uke those 

u~ed in the first two exper iments? Has a daim about the perception of any physical 

property ever '-been founded on a range of stimuli as restricted as that which has been 

used before now to assess the perception of projective equivalence? 

Projective properties are relatively unfamiliar to most people. To make things 

. graspabJe, depattures from projective equivaJence have al50 been expressed in mor.e . 
famiHar terms, that is, in Euclidean terms. The scatter of points produced by subjects 

\ 

is a perspicuous il,lustration of the data. Bivariate tests have shown that the average 
- .". . 

of this scatter is different from the, position of the correctly projected point, for most 

of the station points that were sampJed. The magnitudes of the test statistics were 

large and signüicant. In the third experiment, the scat ter of estima tes fO( one;> 
... 

trapezium was distinct trom the correctly ~ojected point, and this occurred at each 

viewpoint. If descriptions of shape are changed from projective terms to Euclidean 

terms, other statements -can be made aboùt the data. The variability of observations 
.J' 

cao be divided into that due to projective invar lance, and that due to other factor6, by 

tautoJogy. M~res of projective transformation (or 'projective vatiance) have been 
\ 

used to account for some variability of obstrvation in the third and fourth experiment~. 

These measures are a means of. descripti?n; they do not constitute an explanation. In 

-
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particular, th se measures do not support the daim that subjects ma~e their judgments 

on"v,e basis f uclldean properties. The depar:tures of subjects' estimates have been 

found to vary ~ith these measures. The estimated areas of the figures that subjects 

produce var,y wlth the subjecfs' perpendicular distance from the plane of the object, 

and also with the area of the correctly projected figure, for example. These 

cOl'relatiom are significant, and the resuJts have been repJicated. Such findings are not 

to be explained by a "phenomenal regression" of areas, especially since perceived shape 

is known to diverge from constancy in the ThouJess index for area. Again, these 

Euclidean descriptions are meant only to present the data in a familiar format. 

A number of control conditions ensure that the departures are not due to 

incidental features of the experimental task. One might imagine that that task is like 

copying, and that ear lièr data may be the effects of copying. However, the simple act 

of copying Produces no signlficant projeCtive differences. Two subjects alsa copied 

shapes, <when the response board was fixed at a slant. A slight correlation of slant and 

estimated cross ratio was found. This result refJects s_uch smaU variabijity and such a 

small rate of change in the O'oss ratio tha~the basic finding could not' be explained as 

this effect of copying at a slant. Finally, a response form was made to coïncide with 

the Leonardo's window in the experimental task. This manipulation lowered averag) 

cross ratios, but it increased the variability of observations ds:arriatically. No significant ' 
f , ' 

interaction of this manipulation with the basic eftect was fo~nd. The observe 

departures from projective equivalence are not accounted fol as the effects of 

copying, nor as the effect of changes in orientation on the ease of copying. 

IndividuaJ differences in performance do not seem to affect the interpretation 

of departures from projective equivalence. A significant difference in performance was 

found among a group of architects and two groups of control subjects. No significant 

, ,., 
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interaction of this~ group eff,ect with perspective viewpoint was found, though a 

significan~ effect of viewpoint was found. The architects' average estimates differed 

significantly in cross ratio from the expected value, though lt had been anticlpated 

that architects might perfor.m accurately. Yet architects are skilled in the work of 

descriptive draughting; their strat,egies have good internai consistency and may produce 

compeUing drawings. A test of sex differences. was made, and no signUlcant dlfferc:nce 

was found. The"'familiar effect of perspective viewpoint was replicated. Ther.e was no 

signüicant interaction of performance bètween groups of men and women, and the 

effects of viewpoint. Means and standard deviations for the two groups are close ln 

value. In other wo.rds, individual differences that might have affected performance on 

thi,-~patial' task did not occur as expected. 

The tirst and second experiments reveal departLl'es from judgment of projective 

equivalence. The stimuli are pictures, which may not be as telling as real objects for 

~ the theory of shape constancy. Each of the projectively irrelevant manipulations in the 

first experiment had an effect on judgm~nts of projective equivalence. (orne pictures 

h dl.. h 0 ~o 0 0 1 10 bl hOI h JO bl were matc e to t elr projective e~va ent re la y, W 1 e ot e(s 'were re la y 

mis~hed. AH the mismatches represe~t gross violations of projective congruence ~nd 
collinearity, and yet mismatching pictures were chosen as matches in over hait the 
T~ 

trials. No base rate of response was set in the first experiment; a daim cannot be 

made that these observers were aJways insensitive ~o projective equivalence. However, 

their performance falls short of reasonable expectation on the projective-invariance 

hypothesis of perception. The proble~ of the base rate 1s addressed in the second 

experiment, and there significant ~ post-hoc tests reveal departures from projective 

matches on average. Those pictures include regular indicators of slant. The first and 

-" 

:; 
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second experiments contrib!Jte additional e~ptions to reHable judgment of projeçtive 

equivalence. 

The results of aH the experiments serve to make a single point: that normal 

observers are not constantly and reliabJy sensitive to projective equivalence in normal 

vision. ) do not claim that projective properties are invisible, nor that there may never 

be evidence for the recognition' of these properties under particular conditions. What 
, 

has been demonstrated is that there are exceptions to"'t~nvariance hypothesis. These 

exceptions counter the daim that perception of projective \quivaJence is ihe constant 

and reliabJe basis of ail shap~ constancy. These exceptions occur in a variety of 

ordinary situations which' are germane to the theory of shape constancy. 

Now suppose one made a similar seriës of tests that concerned an obviously 

invisible property of objects, could the results be any more decisive than those that 

have been obtained for projective equivaJence? Consider an example. Many common 

___ objects change the polarization of the Iight they transmit or reflect, yet, this polarizing 

ploperty 1S not perceived. Light that passe,s through a pile of thin glass plates changes 

in polarization, and the light of a clear blue sky has a distinct pattern of polarization. 

Unlike radiance or wavelength, the poJarization of light has not been of interesfin the 

psychology of vision, since there 1s no univocally perceived quality that pertains to 

polari~ation as wavelength pertains to hue. Polarized lig~n be substituted for 

un'polar}zed light trom a scene, and 50 long as the üght ~as the same composition 

otherwise, no différence _ in the scene will be apparent. (The apparatus used by 

Attneave and by Gregory operates on this principle.) 

Sometimes, however, the effects of polar ization can be seen. Under sorne 

conditions, one can tell that a refJecting surface has polarized the incident light 

- because the surface looks Jess br ight than it ought. Sirnilar Jy Fi combination of 
~ 
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materials known as a polarizer-analyzer pair can produ<;~ colours. In that situation, 

pOlarization
1 

var 1e~ with the wavelength of the ~tr~smitted light. lt Is not polar izatlon 

that 1s detected, but concomitant properties. Three characteristics of polarization can 

be discernGed as important to the analogy: 

! 
1. The property i5 essential to the conditions under ",hich 

objects aré 5een and yet the pr-operty is not Itself 
perc~ived. 

2. The property i5 not devoid of visible effects. It has a 
constant effect on perceptible properties in certain 
situations. 

3. The test by which the property i5 knowo. be invisible 1s 
that different degrees of the property do not have different 

'effects, when concomjt~nt perceived properties are 
manipula ted. 1 . -

Projective invariance is essentiill ta the conditions under which abjects are 

seen. An object retains its projective ~operties wh en it retains its shape, and those 

projective properties are also retained in mJny of its optica1t images. Moreover, 

projective invar lance has a constant effect on perceptible properties in certain 
, 

situations, because it is impUed by some geometricaJ properties that are perceived in 

some situations, such as the rectangular.ity of boxes. Projective properties- are not 
"" 1 

devoid of visible effects, then, since 5ha;;eS that are congruent in Eudidean geometry .. 
(e.g., a pair of triangles in the picture plane) sometimes appear congruent. Their 

EucJidean congruence implies their projective congruence. The important point to note, 

however, is that variation in projective, properties has Jittle or no perceptual effect, 

wh en concomitant properties are sY5tematically manipulated. On the basis of the 
. .' 

experiments, 1 daim that observers are not normally sensitive to projective equivalence 

in the uniform way that i5 required by the invariance hypot~esjs. These data do not 

. ' 
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point the way ta a new theory of shape constancy, but they do indicate that 

contemporary theories of shape constancy that depend on the perception of projective 

lnvar iance need to be revised. 
t 

Sorne New Directions 
1 

The preset't research can be_ Carr led in severa!! direc'tions. One can consider 
·/~ 

variations on the experifllents, or one can extend theü techniques ta a new area of 

study. AJready there 1s other evld~nce that the proj~t~ve equivalence of shapes is not 
i !' 

a sufficient condition for impre'ssions of rigid motion (cf. Epstein and Park, q,1986). 

Recent studies of - the kinetic depth effect have reveaJed quantitative limitations on 

the stimuli that occasion perceived rigidity. Caelli, FJanagan, and Green (1982) have 

found that perceived rigidity depends upon viewing distance and the distance of the 

projection plane trom the abject. They construct a measure of linear perspective trom 

these distances. CalI the viewing distance from an obser.ver to a point the distance!.J . , 

and caU the distance from the projection plal'il~ to the sa~e point 1. (The point is on or 

-' near the abject.) A measure of the degree of linear perspect.lve is: 

L = p r - f 
r+1 

f 

'1 -:. 

'. 

" The measure has a value of zero when the observer 1s at the plane of projection and 

has a value of one when linear perspective reduces ta parallel projection. According to 

Caelli, Flànagan, and Green, "our abilities to reconstruct 3D objects are Iimited to a 

spatioternporal 'window'.\ This window corresponds to Jinear perspectives greater th an 

ab~'ut .7". In other word~, when the projections of sorne kinds of rotating objects are 

close to affine projection, only then are their geornetric characteristics identitied 

readily. One may note "that in these studies, as in those of Attneave, Shepard, Perkins 
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and Ste. ven:., only stimuli such as rectangle&, cubes, and lini segments were used as .. 
stimuli. 

Another application of 'the measure of the cross ratio can be made~ to the study 

of texture gradients as visual cues. Perspective gradients of textur~ are thought to....., - . 
ptovide the most effective cues to -depth (see Cutting and Millard, 1984). Is it 

, . 
• c 

sufficient that texture gradients be in correct per:spective for· them to Indicate depth? 

Rock, Shallo, and Schwartz (1978), have observed that", at -least the recognition of 
l 

regular1ty in a static t~ure gradient 1s necessary if the gradient 1s to pr~vide an 

effective cue to relative depth. Even that daim has not been sUbstantiated for moving 

gradients,. of texture. Optical fJow patterns based on projective relations are still 

thought to provide sufficient cues to the relative motion of objects On surfaè~.s with 

respect to an observer. 50, for example, Longuet-Higgins and Praz2ny (1980) have 

shown that derivation pf the s:ructure of a rigid scene and derivation ,of the direction 

of the -observer's motion is possible in principJe, given the details of a changing 

perspective jmag~, that 1s, an "optical flow field" on 'a hemisphere. The nature of 

Longuet-Higgins and Prazdnys' daim is noteworthy. Though they do not intend a strong 
ç 

ctaim for the psychologieal realit"y of their proposai, they make a strong presuppositior.l 

that observers have the ability to solve equations of the necessary type in projective 

geometry. They say that "to speak of the observer solving such equations is not, of 

course, .to im~ly that the visual syste~l p.e~forms such calculations exactly as a 

mathematici~n wou Id: its modes of oper~tion may weil be more" "geometrical" than 

"algebraic", and the same applies to the other computations envisaged in thb paper. 

Our main point is that the eqlJations demonstrate the feasibility of calculating both the 

motion and the structure from the optic flow field alone". To worry about choo!>jng 
, 

between geometr ic and algebraic' modes of operation presupposes that the observers' 
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task of dedving relative depth trom an ,optical flow field is weil described as one in 
, ~ 

proj~tive g~0'!letry. In point of fact, it may not be necessary for an optical flow 

pattern to conform to the rules of correct projection, in order for the pattern to serve 

as an effective eue to depth. Sometimes the su~face of the ground moves in non-rigid 

ways, and still "an observer can ~iscern the motion of the ground relative to himself. A 

hiker who' clin'lbs a shifting sand dune or a skier who traverses the unstable course of a 

'wet-snow avalanch~ estiltes distances under' such conditions. Relative depth ~ay be 
• 
discernible, even when there is a large rate of change in th oss ratio of identifiable 

têxtural eJements across an optic array. while to submlt this 

conjecture to the test. 1 suggest that an appropriate array fo 
l a 

regular on a local scale, and has an identifiable five-fold symmetry (the Penro~e tiling 
..,., ' 

is such a pattern). There does seem to be a niche for 'measurement of the cross ratio' in \ 
~ 

this context, ai least. 

Other directions for res~arch are suggested by the literature discussed in the 
" 

Introduction. ~Consonant with his extrapolation of Emrnert's Law as a projective law for 
( , 

vlsual perceptjon, Rock (1983, p. 256)' claims that observers àre sensitive to the visual 

àngle presented by objects. His dairri is shar,ed by other proponents of the size-distance 
, ). 

, lnvar iance hypothesis. On first inspection" hi~ daim seems to have some support in 

Chapters 6 and 7. The magnitudes of the discrepancies of the estimated figures from 

the correctly projected figures in those experiments are related to the areas o{' the 

correctly projected figures. The areas of the estimated figures are also related to the 

areas of the correctly projected figures at each viewpoint. Distances measured from 

the observer to the point whose apparent position is estimated vary in proportion to 

the perpendicular distance of the observer from the obJect plane. This perpendicular 

distance is related .to the correctly projected area an~ the estimated area of the figure 
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at eaChSieWPoint. The correctly projected area of the figure and the distance fr'om 
", 

the observe to the point on the object itself are geometrically related to components 

in the equation for solid angle. This solid angle is the visual angle subtended by the 
" 

stimulus object. If soUd angle were seen for itseU, then P the cross ratio of the 
" 

estimated figures would havè been constant. Civen that it was not, another possibilify , 
Q 

should be considered. Visual angle may not be seen for itself (as 1s claimed by Rock 

anl McDermott, 1964, and Shallo and Rock, in preparation), but observer,s' responses 
( 

, 
may reflect a function of soUd angle. It would be useful to determine the form of this 

I,t 

function for the perception of tiJted s~faces. 

A proposaI that emerges from other work by UUman (1979) can be-. pursued. 
, , 

Remember that one interpretation of the claim that rus "polar-parallel" scheme ,is a 

competeni.e theory" for visuaJ perception 1s that the ffleory be grounded in affine' 
. 

geometry. This daim can be expl~red in several ways. For instance ther.e are several .~ 

'conditions in the "(ourth experiment in" which the cross ratio of estimated figures 

dUfers §ignificantly from that of the obj~t. Each subject marked a position on an 

answer sheet to estimate a shape . .oThe cross ratio of the shapé 1s calculated from a 

construction on this point. Some of the points in the construction are fixed, not 
\ 

estimated by the subject. What the subject varies,. among other things, is the areas of 

" triangJes ABX and A~D. Other are~s of triangles which enter into the formula of the 

cross ra,tio are fixed quantities. The areas of triangles ABX and AXD are a ratio in 
" --

o 

the formula for the cross ratio. If the cross ratio departs from the correct value, the 
~ • J , 

ratio of the areas of these two triangles must also depart from its correct value. This 

ratio is an affZ'ne inv,.iant (see Klein 1927/1967). When one condition of the 
.../ , 

experimeht is co idered, the test of projective equivaJence become'i a test for affine 

eQuiValence.\ Departure trom projective equivalence < ~nd departure from affine 

il 

• .::> 

.' 
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equivaJenc-è seem to have been demonstrated at one stroke for this particular task in 

which subjects judge apparent shape. Of course, th,ere are moré generaJ ways of 
t 

investigating the matter. Other studies, slmilar to !he third experiment, can be devis~d ' 

to test for departure from aHine invariance in judgments of shape. There is another 

point that can be made in this context about the proposaI of affine geometry às a 

" .. theory of visual competence. The obj~t that was used in the last tWQ experiments i5 a 

reJatively simple shape that affords a salient affine property. The top and bottom 

edges of the quadrilateral abcd ar,e paraUeJ. Parallelism is as important i~ affine 

geometry as coUinearity is in projective geometry. Subjects didn't seem to use the 
1"' 

psychologicaJJy salient eue of the position "'of the_ base parallel, in that they positioned T 

their points sorne distance away from the pr.ojected 'irnag~ of the paralleJ, which 1s 'a . ,. ~ 

striking ~feature of the objecte That is not to say that the subjects could not have 

represented the" top and bottom line~as paraJJel. They do "50 when asked to judge the 

r;eal,shape of the objecte Yet in the main task they did not, so they faHed to preserve 

both the cross r~tio, and an affine invariant in their estimates of a relatively simple 

shape. The main .point here is that UHman can be seen as making a claim about affine 

geometry, at least, and there 1s enough preJiminary evidence to warrant a thorough 

test of his hypothesis. 

Another p05sibility for research would be to go beyond the scope 6f thè present 
.'t _ 

lnvar lance hypothesis. The perception of other invariants still more fundamental than 

the cross ratio could- pe tested. The invariants associateq with the geomet~ic property 

of connectedness are a prime example. This property ~s the anqlogu'e of the topological 

property var iously called surroundedness, or adjace'ncy, but in a discrete domain. The 

signlficance of thls property for the computationaJ approach to vi~ion ~as described by 

.; 
'. 
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Minsky :and Papert (1972). The application of such &>S0perties ta the study of fOfm 

per:ception i5 discussed by Ullman (1984a). 

A new series of exper iments has been undertaken, in facto These employ new 
, , ~ <, 
stimulus abjects, tlew experimental tasks, and a near ly new mea!\ure. The projective 

correspondence of one pl anar object to another is a cent~lll case for the invariance 

hypothesis. Yet another case is as important: the projective cocrespondence of a saUd, 
1 

" , 

. that is, internally noncoplanar, abject 'to a picture or a retinal 1ma-ge. "The new 

experiments assess the sensitivity that observers l11ay have to projective equivalence in 

the latter situation. 

It is not immediately apparef}t wha~e analytic form of the equivalenc;e may . ... . 
be between a helicopter and a picture of a helicopter, or between a willow tree and , 
its picture. It may be surprising that this projective equivalellce can be assessed by a 

simple extension of the measure 1 have used untiJ now. Imagine a set of three 
j' 

coordinate axes, and ~ solid polyhedral shape which lies' in the octant of p6sitiv.e 

values for .!J y and~. A planar image of the, saUd shape can for formed by."rojecting 
_, 

it onto the plane z = 1, (or some other plane, except those formed by pajrs of the 

axes. This Unear transformation can be achieved by dividing each of the coordinates by 

l/z). 

way: 

The' projective prDperties of the planar image can be" )easured in the famil~ar 

by the ~two-dimensianal analogue of the cross ratio on a Une range. The 'Meas 

that are the data for the formùla of thls cross ratio are proportional ta certain 

volumes: the volumes of the pyramids that are enc10sed by triplets.J)f ord,ered point~, on 

the plane, and the origin. The ratio of these volul1les 'can be substituted f~r the ratio 

of areas th~t waS used before. The result is numerically equivaJertt, since the volume 

of a pyremid is one-haIt the area of its base times its height, and the plane image lies 

at a constant height above the origine Let the ratio of volumes be calJed the 

o ~ 
\ 

l' 



, , 

( 

.. 
three-dimensional analogue of 

attr ibuted .to these volumes c 

166 

The conventions by which signs are 

e found in Klein .(1925/1967). The volumes of the 
J 

pyramids that are enclosed y triplets of ordered points_of ~Jid figures, and the origin, 

may be found. The tr ipJet of points can be JabeJJed in the same way as the points of 

the planar figur~' were Jab J ed ear lier. Ther the value of the cross ratio of the planar 

figure (either the two- or three-dime~sional analogue) is equal to the value of the 

three-dimensiondal analogue for the solid ffgl!re. This result is a general one; it reflects 
. 

the generalizability of th cross ratio as a measure. (The generalizability of the 

measure also shows that the cross ratio is a robust measure;/it 'is ecologÏCa11y vaUd in 

the sense that small deviations out of the plane will not markedly affect the 

computation of the cross r,atio on the plane. A more detailed statement would require 
, \r . 

an involved simulation, of the type that has \been perforID1d by Barron, Jepson, and 

Tsotsos (I987) for the computation of structure through motion.) 

The cross ratios of some soUd shapes are markedly different. The soUd shapes 

-_ that will be used in the experiments are models of a ring of carbon atoms (stripped of 
(1 

their nodes for hydrogen). These shapes approximate model~ of the isomers· of 
1 

cycJohexane, that is, they are the "boat" and "chair" models famiHar to students of 

organic chemistry. One of these solid shapes has a cross ratio of 0, and the other has a 

cross ratio of about -2. These soJid shapes differ in the position of just one point. 

Sorne changes in the position of this point change the value of the shapes' cross. ratipv 

while other changes in the position of the same point leave the value of the cross ratio 

unchanged. In other words, there are so~ solid shapes that differ in the position of 

only one point, but which have the same cross ratio. Equal changes in displacement of 

this point produce different magnitudes of change in the cross ratio, depending on the 
-j 

direction of that displacement with respect to other points. These stimuli allow the . 
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value of the cross ratio to the manipulated in a series of experiments, independent of 

the displacement of a point. 7 
The question that will' be posed in these experiments is this: do subjects 

...".. 

recognize the equivalence- of shapes by their projective equivalence? Three categories 

of stimuli will be presented,: 1) solid ihapes that are Identical in E~c1idean terms, 2) 

solid shapes that)re projecti vely identical, but whi'ch ;'e different in Euclidean terms, 

and 3) solid shapes that are dUferent in both projective and Euclidean terms (there 

exists no pair of shapes that ~e identical in Euclidean terms, but which are different 

in pr'ojective t~rms). Solid models of these shapes have been constructed with wood en 
~ • 

dowels, and slides have been made of their plane (projections from var ious viewpolnts. 

The solid models wiJl be used, in an experiment on the kifletic d~pth effect. (cf • 
.)l 

Wal1ach and Marshall, 1986). Subjects will be asked for their judgments of the identity 

and similar ity of shape of pairs of these solid objects, as they are in rotation behind a 
- N 

translucent backlit sereen. The slides wiJJ be used in an experim~nt on the Imental 

rotation 1 effect, where the projective properties of the disp lay will be manipulated~ It 
\ 

. '* 
is expected that changes in projective propeFties will have ~n, effect on judgments of 

-shape, 'but that these effects will not be independent of the effects -of changes in -

displacement alone. 

Some new directions for research have been discussed, but the aim of that 

research is ill-define~ unless there be _ a positive statement about the nature of vision. 

Wh~t has been 0lfer.ed is a negati ve statement: that ocdinary observers are not 
• r 

sensitive to projective equival~nce. Though the results of the experrJ~ents are 

expressed as significant departures in a quantity, where the nu!! hy'pothesis predict., no 

'-change (for that is what 'invariancF' means), yet the impact of the resulh is Thar. the 

invariance hypothesis is inappropriate as it stands. It has not been the aim of this 

, 
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dissertation to construct a theory of shape constancy. How to proceed, then? 1 suggest ~ 
that a theory of shape constancy 1s to be fOl,Jnd by consideration of more things th an 

projectlive invariance. (1- elaborate this hypothesis in Note 3.) The reader may feel 
1 

f' jarred' by the result that projective invariance is not a foundation for shape con"stancy 
.. u 

in v1sio,"!. Anyone, like myself, who has been immured in the tradition that linear 

perspective is the only!.!:!! eue to depth, 1s sur"e ta experience sorne uneasiness wh en 

faced with this proposition. What couJd such a conclusion imply for a theory of shape 

constanC)~? Nothing more' difficuJt or complicated than the invariance hypothesis, at 
'. 

Jeast. One may refJect that the explanation of how knowJedge of EuCUdean shape might 

be supposed to emerge from access ta projective. constancy in vision wa~ not an easy .. 
expJanatian, as witnesse'd by the depth of mathematicaJ knowledge that 1s -needed to 

foJJow sorne articles o~e subj:ect. There are three questions that can give a general 

,... direction to the study of shap~ constancy, and with which a theory of shape 'constancy 

shouJd begln. The virtue of the negative conclusion that i5 presented 1s that it .helps 
- " li' or __ J ~ • .. 

one to face these questions squarely, without prejudice from the inv_~nce hypothesis • 

.r They are: 

1. How do we come to know the real geometr ic properties of 
objects? 

2. How much do we know about those geome"tric properties just 
by looking?, and 

What is the form of the representati<;m by which we are 
acquéUnted with those properties in vision? 

. 
Th~se questions seem impossibly broa'd, .aJmost philosophicaJ. A hint of an answer 

ta, the nrst can be given, if only ta say that such questions can be addressed. Berkeley 
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(1732/1979, p. 154) puts sorne original thought about the question in -the mouth of one 

.participant ina dialogue wh en he says: 

.. 
"You would have us think, then, that llght, shades, and 

coJours, variousJy combined, answer to the severaJ articulations of 
sound in language; and that, by means thereof, all sorts of objects 
are suggested to the mind through the eye, in the same manner as 
they are suggested by words or sounds through the ear, that Is, 
neither from necessary deduction to the judgment, nor from 
similitude to the-iancy ••• " 

.. 
The passage suggests that the connection between concrete properties of shape 

and percei ved .properties of shape is neither a relation of isomorphism, nor' any other 

relation that holds of necessity. The passage suggests the possibility' of an original 

response, to the first question; indeed, a theory ~that did not mention primary quaHties, 

nOf sim'ilarity of form, n9r inference, nor invariance, wouJd be an original theory. Such -. . 
a theory might be caHed perturbing, since it denies popular assumptions' ~bout the 

perception of shape. It might be perturbing just in that it would bypass qpe or more 

psychological deJusions about the perception of shape. ff'erkeley suggests that such a 
, 

theoreticaJ aJternati ve is viable; 1 do .not seek to -advocate or· vindicate Berkeley's 

th~ of visi~ here. Instead, 1 propose that the apparently simple questions 1 have 
/ 

listed are more difficult than prl'yone has supposed. These three questions may seem a 
./ 

/-/~ 

simple beginning, but they are questions which deserve' serio~s r.econsideration. 

recommend these questions to anyone who would tell us the whole story of shape 0 

constancy, of which as yet we have scarcely the outline. 

o 

\ 
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Note 

, . /' 

r' 
SeveraJ deèades have-...passed since J.J. GibSOn pubqshed The Perèeption' of the . 

. , . 
Visual WorJd, thus Jaunching an important tradition of research in visu al perception • 

....... 

Cutting's' (J 986) Perception With an' Eye for ,:Motion, ranks ambng the best in th!s 

tradition of' 'ecoJog~~àl· optics'-; few others combine such fÎair for experimenta'tion with 

,'{ch ibreadth ~istorical kt"Wledge. Cting' has d~ in~vative work in the 

\ perception of compJex m~!ions ~eg. Cutting, 1978) and in the ca~egori~al perception of 
" (1 , 

soùnds. Cutting seeks to
o 

vindica'te ecologic 1 optics and to establish what has been' 

called "nai've realism" in epistemology. An objective of 'ecologicàl optics is to solve an . , 
• 1 

epistemological probJem: how the, _sh~pes of things ar~ ~nown through vision. E~ological . 
. b. optÎ<is Is not meant to supplant modern physical optics; the connection with physical 

., 

f 

l. 

opt,ics is that \coJogicaJ optics supposes shapes are ,known by what would on~e have' 

-been cjiIJed "naturaJ geometry" (eg. Descartes, 1637/1965, p. 106, and see Cutting, 

Chapter 2)~ An. expJanation by naturaJ geom~tr~ decJares that we perceiv~ the distance 

and shape of""objects by geometric prÛlciples v)hich are .embodied in the perceptual 

syst~m. Sorne psychoJogists and philosophers, however, have not been convinced by the 

argumenfs that physical and ecological optics are 0 linked in the intimate way such an 
" ~ 

. 'e~PJanatjon supposes. For example, Jaw~ of optid; praper would ~~hange, even Ù· the ~ 
\ ' 

• prlnclples of ecological optics turned out to be false; and the jnçiples of visual 
.. ' 

perception may have only a remo~e connection l'ith the laws of optics. 
, ". . . '\ 

1 • • 
Ecolog.cal OptlCS and the Cross Ratio 

.,,) 

Eco.logical ~pticf supposes that a description of the geometrical condit,ions of 

visionl Is sufficient ""basis for a" theory of visual shape constancy. Its strat~gy is to 

'1.,. • 
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suggest that th~ngs cannot appear to be otherwise than' the y ~ IVe, when vieWlI'l& 
1 "f. # • ~ f 

\ 

conditiol)S are ,taken'dnto ~ount. This is in f~ a distinctive epistemological ~remQ, ~ 
\. .. l1 j ~~ .." a 
'" • J •• {\ ,r ~ , 

though SOA' mes it lis prese~tec;t as., ~f it 'were a. ~n~et~lly aécep~ed tj'tlth (Warnock, 

1982, po', ). Where shapes are cQl1cerned, the claim llmounts to thisr- tf\ere are " 
cl' .,1 ~ ,. 1 

) ~, 1 , 

geometric pr..operties of objeçts t~tt are apparent as t~eY, are seen trom' "ariou! 

, . po~ition~ olfangles, and these geometr ic prope~ties pro~Lide ~ basis for shape co~st.ancy. ' 
1 1 

Thjs daim, Is" the lamlliar lnvarla~e' hYJio9(~~ Borlng, \9'2). The.e basic' 

. be . rfJ . ,-" . h h 1 1 1 propertles' turn out to proJectIVe propertles; t,l mval"1anc~ ypot es s st pu ates a . . 
~, . /" 

:"pJace for projective' geometry.Jn the t of . shape ".constancy. Projective 

equivaJences' - quantified às projective .invariants -' ar.e 'the ele!;'llents of this 
.. . ~ " . , 

geo~etry. There is a pf'o~!ve equivalence bet~e~n,"flat 'objects ,ana the candie 
... 

shad'ows"they project·'onto a planar' surfac~. Projective equlvalences are equivalences ob 

~reserved by projective operations; ideally, p~ojective operat,ions ~an" be 1tfected w~th , . 

an unmarked straight edge aJone (ur;tJike Euclidean operations, whioh :reqGi;e 
• Jo' - 0' .' . ' , 

straight edge and compass). 

,C.u_t!ihg's Chapter 5 teUs how the notion of invariance is applied to problems of 

shape constancy. This chapter is the best receAt account of, the in~ar iance 'hypothesis 
.. • ~'I! • • ~ , • 0 0 (~ JI 

(it is a revision of 'Cutting, 1983). One important projective invariant 'is the cross ratio, 
• .?-

.... ~ , . ... 

concerning v.;hich Cutting sta~: ';1 d~ no~ suggest th~{~the{' use of, the. cffsS r-atio in 
'lai • ' ' , • c 

perception solves fundamental and sweeping epistemological problems. It Is merely one"! 

exam~le, "perhaps not ~ven a ~oi6tYPical one, th:" can° be used to promot~ realism ..; y 
, perspecti~~ in perception ,and e'~istemology" (p ... 79). '_To define the cross ratio, I~t,~" -' 

, . -
.!5.. and l. be four points ordered in one_ direc:tion along a, ,1inè. Let ~j stand for the 

directed distance between points land j, so th,at -9i is ~f, ~posite" sign t0!tr Then one'.:' 
; \ ' 

cross ratio 1s expressed by: 
. , . 

, 
-> .. 

( 
f \ 
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Fo;'points on a lif1e~the c~o~s ratio is à,e'simples~ p~ojective invariant • 

.. 
183 

D' 

4>, 

~ 

.. 

.. . 

.. 
(Ma'ny "simple" geometric ~propert'ies of shape and size, such as length and angle, are 

. 4,.--.-' . 
J t«:t'!'. ., ' , 

not 'projective invariants.l Since it. i~ !>~th simply and basic, the cross rat!o is central 

to the geometric description of ·the ",ay Jight is propagated fr~m objects to '~he ret~- ~ 
, cr , 1... ,1,:\ 

The cross ratio is just the sort of robast quantity that might explain perceived 
~ , 

constancy of shape ~nd size. Gibson (l950a) thought as much, as have. others (eg. 

J~hannson,..1917, and Midiaels and Car~lJo, 1981). Yet no one hàs demonstrated that 
f. Ij~ .. ;.;"~~ . . , 

the cross ratio actually performs the psychological work that ecological optics assigns 
• C ,. 

to ii:: Inéed, Neisser ~JJ977,~ p. 24-, CÎted in Cutting,--p. 71) says that such daims are 
1 • 

ecol,o~cal optics' "Iargest outstanding promissory note", and Cutting( 1982b, p. 214)has 

calJ-ed Gibson's (1950a) identification of the cross ratio with the relevant perc~Ptual . . 
invariant "a )~ndmar'k in the

n 

stu9J of perc~ption". Cuttinpims 'to perfor~ the warlted 

demonstration. Nonetheless, Cutting's own judgment in ~r chapters of the book is . , 
that the cross ratio js SQ01ctimes effecJive in specifying form, and some~imes not (pp • 

, ... 
131, 14;2). 

.~ ... ~J 
("1 

8 ~ ~ .. -" .... .' / \ f " 
\ / - ;. 

) 
, 

" . , '1 . 
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" 
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1 

With an ~e for Motion has' a natural division into four\sectio!:'s.' 

SectJ~ one (Chapter' 1 through 5) pro'vides a ge'neral 'a~d hist'orical. background. on 

optics, invariance, and projective relat'ions •• S~ion' two ~hapters ~ through 9), 
1 

\ li' ,,~ ~ 

describes the 'application of the qoss ratio to the study of vls-Jon, and dekribe~ sorne . -
~xperJments. Sectio~ three <Chapters. 10 through 13) presents ~ theoretical review and 

~ . , . . . 

empirical study of difection-finding by means of 'optical flow'. The Jast section' 

• 0> " 

. "'-­
(Chap.tersl14 and 15) rounds out the book· with a' theoretical di~ussion of 'dirett~ and 

t •• " 1 ... • .. 

'dii'-ected} PFrceptlon. 
" 

The Cross Ratio in Eight Experiments 

.. 
, 
.oc>. (# 

, ~welve of Cutting's own experiments are described in ~is ,book. In the tint' eight (1 
experinients, presented in Sèction two, h~ seeks to establish the cross ratio as an 

" lf , ( 
effective invariant fol' the visuaJ I?erception of forme There are positive things to say 

o 

~b&utl )e~e experiments.
o 

PSyCh.oPhysicaJ method ançd experimenta~ de~!tn are used 

admirably '(the Weber fraction condition of the second exp!!,riment is a noteworthy 

exampJe). Yet~here are erro;s in these' experi~~nts that-- arise tram contusion, and . . , 

which make the interpretation, of the evidence probJematfc. The nature of .these 
- '\ 

confusion~ makes this a difficult book to re.\'iew, because they represent major flaws ln 

an otherwise impressive' attempt to establ!sh ecological optics on a fir.m experimentaJ 

basis. Sorne of these pervasive .confusipns are' broadJy theoreticaJ, with implications for 

gener~1 arguments, ~hile others are pracficaJ' or arithm.eticaJ. 

A confusion of the" first kind occurs when_ Cutting wrongJy identifies daims 
, , 

. about projective invariance with. claims about rigidlty and coplanarity. Sorne authors . , 

(eg., Simpson, 1983) mistakenly h91d that a constant cross 'ratio ,among 'Points is a 
, " 

, . '\ 
suffident condition for the collinearity of points. Cutting makes the same mii'ake,. and' 

, 1 

.. . 

w -, 

• ! 
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1 

'" he also makes the mistak,e' of taking a constant cross rati~- (as applied' in a sli~tJy 
, l 

" diff~r.ént wa~, see p. 105) as a sufficient condition for the cd11anarity of pa';alleJ Îines. 
, ~}, .' 

Yét, for ohe exampJe, the measûre of i cross ratio ~an be 41efined ~mong points that 
'i 

fali#on' a fuU oirçJ;(cf. Schwerdtf~ger, 1979>: (There do eXI~t projec~ve ~riteria for' 
o IJ:: '.,. " 

coJUnearity. -..see CQxeter, !969, p. 220 - and fOf' coplan~ity - see' Veblen and 
~:' , 1\ /1 - ~, ..... 

Y,?ung, 1910, p. 3'29).' The confusion of colii~earity anéf projective invariance motivates 
. . " 
Cutting to t>roduce a "projected-angles" formula for the computation of the cross ratio, 

\ 

so that "'the "shape of the projection surface becomes irrelevant. Thus the- projection 
• lA. - , • 

\ 

surface can be a plane, as in a movie theatre, or a curved surface, such,!ls the retina 
J 

or cornea of the ~eye" (p. '81). But this implies th~t the shape of the projecting surface 

'need not be planar, either, contrary to Cutting~s intent. Further, Cutting considers , 
• • 

preservation of the crqss ratio to be criterial for..-n object's rigidity (for examples, pp. 

'97, 105, 115). Y~t the ~onstant cross ratio of a 'moving object is no guarantee that the 

rigid shape of tne object will be maintained as it is moved (that is, under its 
'" ... 

displacement). .-
.} ~ - f(!J 

Sorne authors (eg. Helmholtz, 1878 and? Ullman, 1979, p. 14t'f have c1aimed that , 

? • rigid bodies" must be postulated prior .to àny ~isc~sion of geometry. If this is tr~e, and 

the rigidity of objects that undergo displacem~ 1s ensured only by a J?Ostufate on 
~ . 

-" which geometric matters themsefve~ depend" 'then geometric quantities Me not sure 

criteria for the rigidity of objects. Sorne have thought ~hat the bare possibility that 

geometry can be appJjed .. to physical objects at a11 ,dePends on thi~ postulate (Torretti, 

19~8~ pp." 157,'158)~ Of course, if one ass~"!es that a ~y 1s rIgid under displacement, 

its projections orIto a planar surface can be preèficted. In the absence of a competing 

hypothesis, ecological optics might safeJy have assumed the rigidity of objects in a 
, .. 

theory (of.. shape çonstâncy. Yet there .exists a strong alternati ve psycnological daim 

about shape constan~y and rigidity under displacement. Helmholtz 0876, 1878) makes a '0 

" 

~\.. 

.... 

. , 
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plausible daim that the phenomena of sbape constancy would not, obt~in lf 'çbjects,. 

\vere not rigid under displacement (that Is, as the X are~ when the y are). Moreover, .. 
projective . inv~iânce could obtain under the cond,it'ions Helmholti specifies. The 

.' 
rigidity posiulate is a working part of Helmholtz's theory. Helmholtz evaluates what 

Cutting has only assumed. In short, Cutting has not established the role of coplanarity 

or rigidity 'in shape constancy. " , 
Sq,mé errors in arithryleti~ are apparent in Cutti~g's presentatiort of the cross 

• l , 

ratio. These undermine the value of the first eight experiments; The· err,ors. are .brought 
\ . / ' 

to Jight by a ge.neral equation that obta~ns among the~ various, cross~ ratios ,tl=lat can be 

~ 

• r . ~ 

'tomputed ~n the same points'. That equation~ 15 called 'the fundamental syzygy'. Witn 
. ~ 

the notation introduced ear lier,. the fundamental syzygy ca.tbe expressett as: 
~ 

Xij xkl + xik Xlj + Xii' xji<\ = 0 
, 
r 

(Klein, 1925/1967, Vol. 2, pp. 155-158.) (If, instead,j,'j, ~ andl are four vertices of a 
• . . ~~ 

plane- q!JadrilateraJ, none of y.'hich coincide wjth the orig!n, then a....plaQaI' projec;tlve 
, 

invar~nt( the two-dimensional anàlogue ?f t'he .c~oss ratio, ~ ca~' b~ computed. ,This 

analogue of th~, cross ratio can be obta1ned by substituting for -. ) -
15ti the areas of 

triangles' formed by the origin and ordered ,fâirs of points.). o, 

1 

( , , 

Six formuJae of cross ratios can be obtained by rearran8ing~ the ~terms of the 
\ 

syzygy • .If A ~ands for 

Xij xkl' the, cr'~ss ra.tid giv~n ear Uer, then ' 

Xii xjk 

the other cross ratios càn be eXPfessed as: • • 

'-L '1 -A, 

A 

\ 

-.. 
l ,~ and 

1 - A A A • 1 . . 

" 

. \ 

\ 
-. . 
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(see;9hrej~i a~per~~r.' 1961, p. 55~.. ·r . 

Cutting seems not t6 reaIize that thesl formulae are detern1ined.in this way, for Ife . • 1., 
• V!< \ 

. says: "It 15 something of an embarra sment to discovef' that the six classes of Cross 

ratios have different n~melical prope ,ties" (p. ~.123). I~ one tab~,. he llsts t~ amount of 
, 

. change in the cross ratio position of points.. on a 

Une (TabJe 6.1, p. 89). , , 
, 

- . 
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Table 6.1 ~ng) 
f> 

· Six Classes of Cross Ratios 

\ 

Cross ratio Range 

: J 

.~" ~ , ... 

1. (AD.BC)/(AC.BD) 0.0-1.0 
· 2. (AC.BD)/(AD.BC) 1.0-00 

3. (AD.BC)/(AB.CD) 0.0-00 
• 0.0-00 

5. ( .~D)/(AB.CD) '0.0-%0 
4. (~.CD)I(AD.BC) 

· 6. ( .CD)/(AC.BD) 0.0-00 

-

Jable 6.1 Revised 

Cross Ratio Range 

1. '(AD.BC)/(AC.DB) -co _ +00 

2. (AC.DB)/(AD.BC) _Ob _ +00 

3. (AD.BC)/(AB.C8) _co _ +00 

4. (A .CD)!(AD.BC) -co _ +00 

5 C.DB)/(AB.CD) _co _ +00 

6'. (AB.ÇD)!(A~.DB) _co _ +00 

Value for 
even 
distribution 

0.75 • 
1.33 
3.00 
0.33 
4.0~ 
0.25 

{ 
.,.. 

Value for 
even 
distr ibution 

-0.75 ~~ 

-1.33 
+3.00 
+0.3.3 
-4~00 
-0.25 

188 

o 

Change with Change with 
itlterior exterior 

~t*. shift* 
.' 

0.13 0.04 

0.2.5J 9.07J pairs 
2.24 0.49 of equal 
0.2.5 0.07 values 
0.68 0.68 . 
0.Q4 -~'O.O~ 

.. 

Change with Change 
'\, 

-Ieftward leftward 
movement* mo.ve~ent* 
of point A of ~ _ t B 

, 
f~! 

,/ 

0~0.5 -G.05 
-0.10 0.09 
-0.72 1,1.4 
0.10 -f·09 J 
0.72 - .14 

-0.0.5 0.05 

.. 
'- A reconstruction 0 Cutting's Table 6.1 (p. 89) can be used to Hlustr,ate sorne 

misuses of the cross ratio and a failure to produce a projectite map~ *The 

moyements of poiflts A and ~ are as illustrated in €utting's Figure 6.4 (p. 88), and the 

values of the displacements are given !n th,at Figure. 1 assume ~r' the revised Table 

that. points A and B are spaced seven units apart. 
- - - 'p / 

.. 
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The values he does Iist violate the relations implicit KI the syzygy; thus, there .,. 
o • 

should be six pairs of equal values along the last two columns of Table 6.1, yet just . r 
three ar e equal. This discrepancy is due to ar ithmeticaJ er~or. ,he~ errors accur 

because Cutting puts arbitrary bounds on the value of the cross ratio. He restricts his 

principal measure of the cross ratio, so that it varies between one and zero, wh en in 

fact' it can tike any real value. He also disregards the sign of the cross ratio, deeming 
o 

a difference in cross ratios of -0.69 equal to a difference ai +0.69 (see also Figure 6.4,. 

p. 88). Hence, Cutting has an invalid measure of the cross .ratio. (Granted, he, only 
ç; 

1-"1 '. wishes to measur.e relative change in the cross ratio for an independcnt variable.) 

Another serious criticism is that the stimuli of the first eight experiments do not 

preserve projective properties when the locations of individual lines in the stimuli are 

changed. Cutting uses four parallel bars as his basic stimulus, like four parallel fingers 

of a hand. One of these may have a motion independent of the rest,Olike a flnger that 

waggles while the hand is moving. Cutting measures the cross ratio on· a line -that 
" 

intersects these parallel bars at right angles. He computes the cross ratio for those 

collinear points of intersection. He var ies the position of one of the four parallel bars 

that is, the position of one of four points on the line, in an effort to produce constant 

values of the cross ratio (eg., Figure 6.4, p. 88). There is an artifact in his procedure; 

when one cross ratio is constant, other cross ratios on the same points vary (see Table 

6.1). One assumes that a1l eight experiments employ similar materials. That is to say, 

ail eight experiments fail to control projective properties. Cutting makes the claim 

that observers can be ~ensitive to changes of 0.05 in ~ cross ratio of such stimuli, 

though he uses only one measure of the cross ratio. ~s he caUs the "canonical cross 

ratio" (pp. ""gC, 8I). Yet the value of other cross rati~bn-the-.. \e points is not 

constant; thos; cross ratios can vary more than 1.50 (note rows 3-a~ of the revised 

Table). This is no relation of projectivity, ev en though oneç.s:~: of the cross ratio 
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.. . ~, .. ' ~ 
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( 

. -) i~ ... 

r~mains const.4nt. Cutting is net fr.ee to choos~ one CfQSS ratio measu;e anQ ignore the 
\ 

rest; in any projective mapping, ail the cross ratio measures àre pre.served. When some 

cross ratios .'1e not preserved, no projective mapping, has been established. Ali cro'$s 

ratios can be controlled at once; any projective mapping trom Une to Une will achieve 
c' 

., 
. ,. 

that end. The poinf is tha.t the method by which Cutting attempts to, change the 

distances among points' or bars, while preserving a single cross ratio, Is not a , -. 
projective mapping. The variatior'l in valu~s seen among' these cross r.atio measujs 

indicates that, fo; his purposes, his stimuli are disordered~ His experlmentaJ conditions 
r ,... ~ 

do not manipulate projective propert'ies, as he intended (I conjecture that a distance" , ' 

ratio, not the cross ratio, is the quantity that Cutting has manipulated in thesè 

experiments. A distance ratio is a" simple ratio of two distances.) • 
Other Evidence 

o 

Chapters 8 and 9 seern to' exaggerate the importance of the cross ratio as an 

index of projective invariance. Klein 0925/1967, Vol. 2, p. 158) cautions against 

treating the quantities of projecti've geometry as if they were constr1uctions on the 
r~-s 

cross ratJo. He remarks that "such an emphasis makes insight into projective geometry 
~~ ~ 

difficult •. Perhaps it also makes insight into the applications of projective properties to 

perception difficult. Cutting measures the cross ratios of points on a .!lné; and 

complains that "the cross ratio is confined to collinear points or coplanar parallel 

lines" (p. 115). Yet he' continues to u,se thl~ cross rat,io, and fa il s to J explore' other 

invariant measures of planar projections. Instead' he pt"oposes 'lQ àsses~, planar' 
\ 

projective prop-erties by measuring many cross ratios on \skew lines, whîch he modeis in 
. \ . 

turn by an index of the proximity of points, that is by a "distance-density function". 
, 

His motivation is tenuous. He says "the general pattern ... is that cross ratio change is a 

function of proximity of a displaced element with others ... Thus changes in cross ratio. 

may have a systematic relation to various measures of density. The pursuit of thH idea 

" 

• 
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is the crux of this chapter" (p. 116).~ Cutting may have lost sight of his goal at this 

point, since he recognize5 that the measure he chboses i5 not a projective invariant 
- - . 

,(note 1 p. 273). Why choose thu5 when there are measures of planar projective 
~ ~ 

invariance? One exampJe js the two-dunensional analogue of the cross ratio, which 1 

me~(ioned i~ connection with ttydam,ental syzygy. 15 there any- greater moti~ation 

to use a distance-density model to appro~imate cross ra~s than there is to 

approximate visual a~ by'the same method? The appropriate measures should be 

applied in the first place. Chapter 8 explores and tests the hypothesis that "if a 
"" 

, dgidhy-violating element always appears in a region of the same density, it ought, to 

be equally easy t<f detect" (p. 124). This is a fair hypothesis about constraints on the 

information that i5 used in making petceptual judgments, but it i5 not an hypothesi5 

!~ -
about projective invariané'e or the cross ratio. lJ 

,-,_ CutÙng's generaf conclusion about the cross ratio -j5 that if" is someti es' 

effective in form perception, and sometimes note He concludes that cross ratios are 

useful to observer5 as they. judge the rigidity of planes in rotation, but not when they 
,.r 

" judge the rigidity of moving planes that, remain parallel to the picture plane. The latter 
\ . 

case 1s often considered to be sim p 1er • The par allel movement ~f planar figures ca'J,not 
.. 

be distinguished by a projective property from the rotation of pJanar fjgures,~and . . 
Cutting wisely attempts no such distinct~on. As it is, perhaps the cross ratio is never a ' 

, '" -
psychologically effective invariant. A strong case for its effectiveness ,has not yet 

been made.' 
,. 

0etical Flow 
« 

~ 

Chapters 10 to 13 are devoted to . probJems of optical fJow; .they are excellent. ' 
. 0 

The focus of expansion in Jan optical flow field has been cited as a visual cue bYjlhich 

an observer 'senses the direction of his own motion. Chapter la contalns summaries of a 
- 4iIIt '1 • . , 

good sample of relevant research and criticism. Clltting provides practical evidence 

o 
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about,direction finding bas~~~ another cue: motion parallax. He makes this topie easy 

to under'stand. In these chapters, Cutting defends the hypothesis that an observer can 

use changes in the optic array to tell the direction of his movement. Koenderink and 

van Doorn (1980 have provided an analysis whieh suggests that the focus ol' expansion 
• 1 

does no~ indicate the direction of an observer's own movement, independent of eye 

movements" Cutting suggests that changes based on -differential motion parallax do 

indicate the direction in which an observer is moving. He proviQes two experlments 'to 

document the point. He, specifies the asymmetries of optical floW that occ,ur as.a~ , 
/ '" 

observer moves ~n-a straight line, or. along a circular track. ,He shows that these 

~ymmetries of opticàJ' fJow are effecti ve indicators of direction. Here at Jeast, tAere 

seems to be ev idence fo~ an, expJanation bàsed\on ecological optics. 

- Directed Perception 

Cutting's book nei·ther extends flOgical optics, nor does it lend support to 

..[larve r.ealism'. Yet lt d~es seek to of fer a new approach to the theory of perception, 
u / 

which he. caUs 'directed perception'. Cutting Œaws, canclusions - about directed 
( • • 1 

perception trom his re~ults. He stresses the ~aI'iety ·o.! stimuJus info~mation that is , , 
o 

rel~vant to judgments o"f the shapes of objects. He contrasts directed percepllon' with 
, . 

both direct perception and perception .mediëtted by infe.-ence. He dJstinguishes directed 
,. . 

- PjfCeption from other theori~ in t~e w~: that this inform~tion is "mapped" b~tween 

e~rironment and observer. Direct perception implies that things cannot appear to be 

othèrwise than they are, that is, the physical descriptions of objects are assumed to be 

univocaJ: they map in a one-to:'one manner onto the kinds of information available to 

,Q • 

the obse·rver. Theories that suppose perception to be me~iate~. by inference assume ..... 

inf,ormation to be equivocal; many kinds of physical description are specifi~d by many 

kinds of inforftlation. Directed 'perception .is different: many kinds of information are 
~\t, ' 

. 
a~su~ed to spedfy each- property visible"" to an observer. Ttlere 1s' a many-to-one -. 

=-- -- ----.... 

.' 
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~ 

mapping of physieaJ descriptions onto information. Cutting's daim is tflpt whiJe 
• 

information about shape is not uhivoc~J~ neither 1s i\ whoUy equivocal. 

His theme is. the immediacy of perception, that is, how things may be sai", to be, 
'" 1) 

'ïpresent to the m)nd". Cutting rn.entions,vthe history 0{ the notion of immediacy in,hi6 

.u. l "'" • 

"Nine Issues Concerning Direct P~~ion" (~. 224). He would have done weil t~" rpfer 

"'" to a more comprehensive history of the relevant ideas,lsuch as YoJton (1984). Perhaps 
.... a ' 

.- ~! -

he mlstrusts such philosophie reviews, since he says of AlJstin's (1962) discussion of 
• r . 

o 
direct ~rception that it "was more about 'words than about perception" (p •• 234)~ , 

Cutting's own historical discussions occur in the fim four and the last two chapters of 

the book. These are: broad a~d insightful,. though misleadin!, in a \fe~ points. Her.e is '\ 

one: he suggests that the abstraction of primary trofn secondary qualities was , , . , 
acceptable doctrine for Berkeley (p. 227, but see Grayling, 1986, p. 74). At another 
J' ,- < 

point, he attdbutes to Poiricaré the view that projective notions are central to the 

... understanding of visual perception (p. 143, but see Poincaré! 1913). 1 have not been 

cOl)vinced by Cutting's arguments for the directedness of per,ception.. When Cutting~ 
~ 

~ 

discusses the the6ry of depth 'eues, for instance, he says that the number .of eues seems 

.IL to iocrease without" end, that "it seems difficult not to let everything floQd in" (P. 

24.5). Here the theory oi depth eues may be defended by a' paraphrase of Austin's 

O'?61, p. '2,2.1) statement on the many uses of language: nI think we 'should' not 'despair - . . 
.r- too easily and talk, as people are apt to do,-about the infinite [number of depth eues. 

, .. .. 1 

PsycholQgists] wHJ do this .when they have Hsted as many, Jet us say, as seventeenj but . \ - " ~ 
, 

. even if there were something like ten thousand (depth eues], surely we could li st - them 

ail ~n ti~e8 This, after ail, is no la~ger t~an the nu~ber of beetl~' that entomologists . . 
have taken the pains to specify." The p~int is that the number of depth cu es or the 

'( .. " . 
complexityof the·llmapping" between environment and observer is no bar to a theory of 

,---.. - . 
fatm perception that is based on depth eues. There is nothing inherestly wrong with .. 
theory that, is replete. with Baconian detail. Cutting' does construct an èffective 

... 

• 

.r 

, ' 

. 
• 
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argume~t 'to the effe'tt .thlt "?ir~ted, ~erception" ~s a better theo~y of form p~rceptlon 
~ • .. 0 , 

than is "direct ~erception". But in my view he ·has not shown that "directed perc~ption" 

Is' a satisfactory theory. There are perspectives on this subject that are yet unseen • ., 
" .. ~,.. '1\. • '\ 

Perception With an Eye for Motion has many positive quaUties, and 1t has serfouI 
. 

fJaws. The format of the book makes it easy to~ead, and the footnotes are apt and 
, ~ , 

informative. Although 1 wouJd not recortlmend this book to an unsophlst1cated reader, , 

an~' ser,ious stuqent o'f per~ePtion stio~ld have a top),. 

, \ 
{ 

1 • ,-
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\ 

.. 
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Note 2 \ 
Phenomenal Re ression and the Thouless 'Ind x er iment Three 

-
Shape constancy is not aJways comple~e. If one ëkcepts that shape constancy is 

achieved as if by operations on projective invariants, one may suppose that when 
~ 

constancy is incomplete, shape is perceived as a compromise between 'real shape ahd 
/' 

o \ 

sorne projective equivalent such as a perspeétive image on the retina. Thouless (1931a,' 
• 

19.31b) characterizes apparent shape on a scaJe between phY5icaJ shape and, a 
,.. 

perspecti ve image on the retina. He supposes that a "faw of c~omiselJ holds for 

shape and other perceptible qualities. For instance, apparent brightness may be a 

compromise between a surface's refJectance and the product of refJectanc:e and 

luminance upon the retina. Thouless calls the tendency "phenom~nal regression to the 

'rea;' object" Or, for short, "phenomenal regression". His measure of phenomenal 

regression, the Thouless index, can be applied to any y. Brunswick 

(1933) develops the same formula, and is explicit _ab t his assumptions. Brunswick 

imagines that the ind~x refJects congruence relation in the abstract, rather th an .any 
, 

single property, since it i5 unitless and can be plied to many perceptible qualides. 

Thus he recognizes that the unit o~ projective Jngruence is dimensi~nless. He deve~ops­
a measure of the degree of projective' transformation as a coroUary of the index. He 

\ " 
o 

sees the use of a logar ithmic fOrmulation of the index as a conversion of the scale of 

perceived shape from an arithmetic series to a geometric series. In this way, he relates - -

the values of the index to Fechner's Law, which makes Jogarlthmic scales omnipresent 

in psychophysics. Both Thouless and -Brunswick use projective congruenie as the 

• 
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standard by which they compare perceived shape. to reat shape. They accept' the tenet 

h .., . . h b . j f h!t~ \ t at projective Invanance 1S t e aS1S 0 s al-'c:' wnstancy. 

Tbe re~der rriay"wonder whether subjects' estimates c()~ld riot have been 

explained as phenomenal. regression. Thouless' (1931) formula' 1s an accepted. w.ay. to 
. , 

estimate the magnitude of thi5 effect, since it 15 independent of vJewing distance 
\ ,/ 

(Battro" Reggini &: Karts, 1978). The assumption th1lt~_the Thouless index for are&, Is 

constant across perspectives can be teste~, with the pr-;sent data 'a~d th~t ln tur~. tests 

wh~ther ~bserved effects ar~ to be attributed to phenomenal regresslon: • 

Let s stand for the area of the figure found by correct methods of projection, f 
- ,'. '\ -

for the actuaJ size of the object and ~ the estirnated or "phenomenal" size •. Thoul,ess's . 

index of phenomenal regression to the real object 1s given by the formula: 

'i '= Jog P - log s 
log r - log s 

The index ranges between zero and one. Mean ,values of,,! and .e. (acros5 subjects) c;a~) 

" 

, ' cr; f 
be supplied for six yiewpoints. Assume the index cp'1stant; one "variable" remains: !... 
. . 
When the' values for.! and ~ are substituted, wi!l!. (the real size of the object) vary? 

Sin~e· the reaJ size of the object i5 constant, variation in!. will reflect var jatlon in the 
~ 

Thouless index fo.r area, contrary to expectation; Let subscrlpts be ass1gned ·to ,.2, and .! 
r.· : 

to indicate the v1ewpomts to which' they 'belong, and let k = log r. The quantity to be 
J ./,.. ~_ 

estimated is r. Thè assumption that the Thouless index is 1ndepe~dent. of viewing 
CI 

distance predicts, tha~:, ~l i2 =.1) = i4 = i5 = i6, 50 that the following should be 
~ 

identities: 

log Pl .... log SI log p'- log 52 log P6 - log $6 
• 2 . ... • 

k - log s -
l Je - log, 8

2 
. k - log &6 l' 

j 

.! 
" 1 
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the view qints with indices~11 and 11' an-estimate If a pair of viewpoints is chosèn, say .. . . 
of k 15: 

... 
r , . . 

. log sl log P 2 - log s2 log Pl ~ , 
" k • 

(log Sl,f log s2 + log P - l,og P~) 2 
, . , -

-1 
~ 

" .. . 
-This computation was performed on '811 distinct pair,s of conditions. The values of 5 • 

f), <l \ 

were taken to be the areas of figures ASCD as found in th~ master drawings. The 
~ ! " 

values of J? 'Nere the mean estimated areas ASCD. The v;!lue of!. r~nged trom 874 CJ112 
l • \ 

to 151 O~ cm2• When th~se vaJues were reint~oduced to the individual equatiohs 

i = 
log r. -

J 

~ 

+ 

) !he "index ranged from negative S'core~ .to .19. A variation of at least 
; 

one-fUth of. thè. range of. the index seems sizeable" The variation in derive<f estimates 
l' , '" 

of, the size of ~he real .Obj~t suggest ',jat ~PhenOmen~J ~egrè~SiOn ,as describe~ ,by, t~ 

ThOUlrS i.~dex does r:t~l explain the effect that haS'~en ~oun~. , ' .' 

• The Tho~less mdex for'" ar~ has been appli~d ""to other experiments on shape 

dmstancy: ~e' variabi;ity in the index has been exam~n«:d ,as it ap,~lies t,o the 

height .. to-width rati~ of rectangular stimuÎi. That ratio is proportion al to 'th~ area of . ' . , ~ 

rèc\angular stimuli. Experiments have varied the angle which a rectangùlar stimulus 

makes with the picture plane. Lichte -(1952) rev iews severa! experiments, and tinds that 

th: l'houless index varies with angle 'of rotation from ~he f~onta'l plane. Koffka (~35) 
- 1 

" 

also recognizes such -an effect. A quantitative daim about the index was made by Hsia 
, .' . , . 

(1943), u~ing 'data from ThouJess's owrr investigations.; He 'conjectured that the 
, 0 

index c - . 
varies as / . 

c = ~R·. - cos 9)/(1 - cos Q) 

.' /. j 

o 

'. 
t 
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• l' 

where R is the' observer's mat,ch of height-to-width ratio, and 9 Is angle -of tilt from 
, , 

the frontal plane. T~e present results can be taken as addit ional ev idence for thls 

* daim. ~ consequence of Hs~a',s c.lëim is that R varies as cos !' S,~nœE. Is a constan~. 
'-

The ~atio. 'R can -be construed ~s an estimate of, ~ea. :h~ea Of, the quadrllateralt' 
r . 

Ithat the subjects pro duce is correlated witlf the angle thelr Une of sight makes wlth 
; 1 .,_ 

tt1,e obJect plane. The angle can be estimated, since the stimulus object wu about tohy 
~ - . 

/ ' "' 
m~ters Jrom the viewing stations. The correlatiol'\ of estimate4 are,a and the coslne of 

angl~ of' tH t i. ,.,ignll~cant. (Spear ";'n" rank corr ela~ion = 0.97 J. N=6! p~.O 1). In othe. 

words, the finding that the Thouless index for area varies with the viewpoint of an 
« " ~ . l '" , ~~ 

observer is consonant with established' data ont sha~e constancY. This Is not a new or 

surpr~g finding; estimated area' has already been f.ound to be a function af OI"der.ed 

distanc~s, and the cosine Qf angle of til t is anothér function of the ordered distances. . . 
, 

Accordingly, values of the angle of tilt are ordered tn the same way as the ordered 
-

distances, which could explain 
, 

wit~ estimated areas. 
, 

( 
~ 

J J 

-
, 

<. 

) 

\ 

tHe high rank correlation of the coslne ot angle of tilt 
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Depth eues and the Invariance Hypothesis 
J 

" 

What" seem.1 to have misled the writers of optics in this 
_tter 1. that they tmagine m~ judge of dJstancé as they do of a 

. conclUllon ln mathemat1cs, betwlxt whlch and the p..ern1ses it is 
ind'eed absoJuteJy, requlsite there be an apparent, necessary 
connèdon. But It is far otherwise in the sudden judlments men 
make of d.lItance.' , 

Q 

Berkeley, An Essay Towards a New Theory of Vision, p. 176 • 

r ' . . 
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Tthe ex~r iments ean be consid~red evidence fOf the c1assical theory of depth 
, t 

eues,' against the theory of directJy pereeived invat,iance. To understand thi~)c1aim, it 
, 1. ) . 

ïs necessary to know how the tenets ,of the invariance theory,and the theory· of depth 

cu es differ and what explanation is added by the theory of depth eues. 1 ask the 
" 

• ·reader'~ indulgence to outlim. this auxiliary daim at some length.. Depth cues require , ' 
, ' 

no, introduction, since the y are' reviewed in éÏhy elementary textb09k on perception 
(;> 

(e.g., Goldstein, 1980, chap. 7;, Rock, 1975, chap. 3; or Schiffman, 1976, chap. 16). In 

general, the theory of depth cues is a theory of shape constancy, as' is the invariance' 

theory. Both the or ies propose to account for the same phenomen'a. The theory of depth 

eues emphasizes distance, white the theory of invariance emphasiz~s projective 

quantities. 
. 

Oepth cues are meant to contribute to impressions of depth and form in varying 

degree. In contrast, the Gibsonian program incor'j:trates a theory of invariance that can 
, 

be construed as a search for foundational laws of shape constancy. 

,r , 
., 

\ 
r 

GibltiOUght that 

( 
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i,mpressions of dep(h and form have one kind of concomitant, not diverse kinds with 

vary!ng effective,ness. It will become c1ear that depth 'cues do not afford such laws. 
11- , 

Gibson believed that ~eometrical laws of stimulation underlie the classical dept~ eues. 

IIThe theory i5 that they are retinal gradients and steps of ordin .... al sti'mulation and that 
[~ 

they are geometricaJly precise" (Gib~on, 1950a, p •. 138). DePt~es might t~en ~ 

described as the eff~ts of perspective. A' proponent of tf\e theory of d,epth ~ues, might 

respond that such a reduction of depth eues to geometric laws of perspective 15 neither 

plausible, necessary, nor desirable. Aceording to the theory of-lnvarlance, such basic 
, . \ 
geometri~ laws in turn ?Uld relat!e properties of the effectiv~ stimulus fo.r vision to 

\ ...pr.operties of .objects, and relate them univocaJJy. The validity of these laws wouJd then 

depend on optical laws, whose .v.glidity 1s the province' of physics. This ,,-much ls 
~ 

undisputed: the projected image ,(e,.., the retinal image) of an object Is related tl' :he • 

object's geometrical form by laws o~)physlcar o~ties. EqUiValenllYII~rOjecti;~ invariant~ , 
;... which Gibson thinks 'are seen directly -- are relate~ an object's form by laws of 

ecoJogical Optic5. That is what Gibson, ·(1966, p. 187> means when he daims that 
\ 

per'ception yields information about forme 

The principle implicit in Gibson's program is both genetal and pr:actical: it is 

that the basic congruences ,of the 'dioptrie conditions of observation are al50 the 
" 

elements of a psychology of" apparent shape. The consequence for his theory is that 

ünear perspective (that is, perspeetJ'e projection) and the effects of perspective on 
/ 

texture are emphasized, at the expense of other eues to depth.. He presents the 

dependence; of perceived shape on the geometrical structure of the 11ght impinging on 
- t 

the eye as the central problem of shap~ constancy. Vet, Ts there a problem at ail? 
r 

There . may be no problem if impressions of shape are rêliabJe eues to real shapé. The , 

/ 

',. 
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'onJy probJem is -that Gibson and ot/l;lers' postuJate a' certain kind of geometricaJ 

relationship between impressions of shape and real shape. 

<> •. .T~e PostuJate' 1s paft of al\,long intellectlJaJ tradition, as old as Loçke.According 
-4 'il • 

~ to the tradition, the appearances of things' dist-inguish them insofar as those 

~ 

appearances are one of two things: "constant effects or else exact resemblances of 

something ln the things themsélves" (Locke, 1690/1959, vol. 2, p. 498). The way things 

look distingoishes Them' when there is a recurrent ~orrespondence between the way 

They are and the way the y look. That is, if Çhere i5 either a constant effect of actual 
". ' . : 
shape on perceived shape, or else there is an exact resemblance between actual shape 

and perceiyed shape, then objects-can be distinguished by th~ way they ~ook. The t'?'o . ,- . 
grounds for distinguishing objécts by thelr ap"earance were once marked by the 

division of perceptible qualities into secondary - qualities and primary qualities, 

respectively. This distinction is~ foreign to the theory of depth eues. (~ibson impHes 

that he does not make the distinction in just This way, but rus distinction between 

sp~ifjcation by convention and specificaton by projection impli~s just This distinction. 

The resembJance he daims 1s in terms of projective quantities.) ln modern times, the 

notion of resemblance between object and idea sèems to have lost its definite sense 

(for example, as)n the exchange between HenJe, 1984 and Pribram, 1984). Modern 

writers concentrate on the consequences of postulating primary qualities, rather than ; 

on the relation of resemblance (that is, on Lockian orthodoxy) itself. 

What is the import of the division between primary and secondary qualities? AH 

, primary qualities were supposed to be immediately perceived, as were sorne secondary 

qualities. Today, one would say' they are directly perceived. Sorne aspects of form are 

still thought of as primary qualitfes. If sorne J'are, it is important to know which aspects 
fi 

They are, because th~ descriptions (say, the geornetrical descriptions) "cjesignating the 

"-' 

, ) 
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primary quaH.ties of things l1lay aJso be used, without ambiguity or change of meaning, 
" 

to designate the w~ys in which some things appear" ,(Ctùsholm; 1975, p. 133). This is 

the importance of primary qualitles for contemporary theories -of y1sion, and it is the 

reason the di~tinction 1s made today. 

The invariance titeory motiyates a search for such aspects of forme .The reason 

is that the descriptions of those aspects can, be borrowed- irom. dioptries r~a'dy for" use 

in a theory of shape constancy, as is desirable for an ecologlcal optlcs. If the p..operty . . 
of bèing')qUare' exemplified a pr1mary qual~ty, then square things wet:t-ld havé to loo~ 

square; things that look square would nave to be squar~; and "square" could be ta'ken 

as a basic description of a way thi/gs look. It's unJÜcely that "squareness" descrlbes a 

prllnary quality; to sorne people, othèr geometric properties seem more plausible 

candidates~ If projective properties were primary qualities, then pr~jective descriptions 

could be taken as a basic Jev~J of description for the way things look. This mlght lead 

one (such as Johanss:> n, 1977, p. 403) to make "the principles of central projection, as 
fi 

estabtished in projective geometry, an _ appropria te model for visual space perception." 
" 

Where the stuay of visual, imager y develops an analogy with vision, ille search for 
i>o. 

primary aspects' of form motivates similar claims for visual imagery. There the mi~take 

of thinking that "sorne qualities are "primary" in that the y designate both th~ 

appearances and the physical properties of things can be construed as a "seemingly 

innC?Cent scope slip that takes image of object x with property P to mean (image of 
, 

object x) with property P instead of the correct image of (object x with property P)" 

(Pylyshyn, 1981, p. 153). 
" 

Now the basic difference between the invariance theory and the t?eory of depth 

• 
cues can be statecf briefly. The' invar iance theory postulates primary quai Hies of form 

in the sense that there' are certain geometrical descriptions that are true both of the 

• 0 
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objects . seen and al50 of their appearances. The theory of depth cues, on the other 

hand, does not recognize the distinction between primary and secondary qualities of 

forme In effect it treats ail perceived qualities as secondary qualities. Inasmuch as the 

experiments show that projecti-ve. properties are not primary properties, or that they 

are not directly seen, they support the theory. of depth cues against the invariance \ 
\ 

theory. The distinction between primary and secondary qtJ~lities will be elaborated, to 

indlcate why one theory' rnight be accepted. 

There is an assay that distinguishes primlu-y fr~m secondary qualities. Primary 

qualities, if there were any, would license the following inference-: "if there exists 

something whlch' appears to have a certain property, then there exists something which 

has that .property" (Chisholm, 1957, p. 173). Let us understand "there exists something" 

as "there is 50mething in the ,visual field of the perceiver." Qualities that license the 
~"'I 

'Inference without exception could bear equivaJent descriptions in both physlcal and , 

psychological applications without undue ambiguity. Secondary qualities would not 

license this inference. If something appears pink and elephantlike, it doesn't foUow on 

that alone that something akin to a pink elephant exists. 

When an aspect of shape is supposed primary, then if 50mething appears to have ~) 
that shape, something of that shape must existe The inference might seern banal, since 

it's unusual for medium-sized objects to have shapes other than those they appear to 
~ 

have. Yet the import of the statement 1S that it 1S necessary that something of the 

right shape should exist. About primary qualities, 50 runs the theory, there is no' 

chance of illusion •. (One may be reminded of the importance and place of geometric 

illusions in Rock's theory of shape constancy). The inference is rooted in the definition 

of a primary quality. The look of a primary quality is an exact resembJance of that 

, . 
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physical quality, though "resembles" has only the force of "is ainenable to the sanie 

description as" in this context. 

An example may help to. darify what it means for projéctive pro.perties to be 
6 ' 

primary q~lities. The example .demo.nstrates the initial plausibility o.f the daim, as 

wèll. The sides o.f World Trade. Center One are rectangular. One might hypo.thesize 

that a necessary condition for me to know they are rectangular is that they appear 
J 

quadrilateral fro.m any vantage point. Whatever' one's vantage point, whether 

Rockefeller Center, Trinit y Church, or the 5taten Island Ferry, the waUs o.f World 

Trade Center One al ways appear quadrilateral. 50 do the walls of World Trade Centre 
. 

Two. ,(Ali convex quadrllaterals are equivalent in projective geometry, and 
1 

quadrilaterality can - be taken to be a pro.jective qual~ty). Their c:mnstancy of 
<' 

appearance, that is, the perceptio.n o~' a constant projective 'pro.perty, could 
, 

conceivably be a basis or a necéssary conditio.n fOf" my knowledge tJliat World Trade 

Center One and World Trade Center Two. are the same shape. 

This example hints at an explanation o.f the way shapes are known through 

vision, an explanation based on the invariance hypothesis. The assertion that pre je ct ive 

-properties are primary qualities, though it invo.lves a daim about resemblance, do.es not 

imply any such thing as that brain states are quadr ilateral or that cross ratios o.f ideas 

can be measured. It is no longer crucial t<;> the theory how o.r where the relation of 

resemblance can be fo.und. The assertio.n does lnvolve the daim that terms drawn trom 
t" 

projective geometry.are adequate to describe how things appear w..ithout metaphor,. 

elision or ambiguity. A description o.f apparent shape would not be parasitk on a 

knowledge of o.bjects, in the sense that an understanding of the e)(pr.ession "from here 

thosë peop1e lo.ok like ants" is dependent on kno.wledge about ants. The appearance of 
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prim~uy qualities of shape .would bear descriptions' of shape independ~ntly, in their own 

right. .. 
The overwhelming number of perceptible properties are secondary qualities. 

Or'iginally, the primary 'qualities ~, objects were thought to be "the bulk, figure, 

number, situation, and moÙon or dist of their soUd parts" (Lockè';, 1690/1959, vol. 2, p. 

178). Not- ail aspects of figure, thëit 1s, not aIl aspects of shape, are '[low thought to be 

primary qualities. Length is not: that 1s the point of l?ostuJating the c1assical cues for 

depth, or any theory of shape constancy at all. } The way théft 8istance 1s seen might 

weJJ be Jikened to the way that distance 1s heard. There is a temptation to say one 

sees distance, but not tempted to say one hears distance. Various signs or ~ for 

distance (such as the regularities of pjtch know,,-as the Doppler effect) are used in 

audition, but distance is not heard directly. A similar account of visually perceived 
, 0 

distance is given by the classical depth eues. Various signs or eues for ,distance are 

employed in vision, but none of the se 1s described as an exact resemblance of distance. 
o 

They 'are co~stan't effects of distance, and they .are not described in -the way distance 

is. Prop'èrties that provide constant effects, and not exact resemblances, are secondary 

qualities. A simile.r account of projective qualities is not hard to imagine. To quote one 

• writer who denies that there are distinct' primary qualities of shape, "Can you even . 
separate the ideas of extension and motion, from the ideas of a11 those qualities which 

they who make the distinction, term secondary?" (Berkeley, J 113/1979, vol. 2, p. 193). 

How~ is the theory of depth eues different from the invariance hypothesis? The 

theory stipuhltes that geometric quantities are made visible by eues that have no 
. 

necessary eonnec<tion" with the quanti~ies they represent. ~hat suggests some shapes 

ean suggest other shape s, and what suggests col ours ean indicate shape. These eues 

have the nature of signs. Though the relation of a .sign to its significate is called an -" 

" ,. 
.' " ~ 
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arb1trary relation, the cues do not denote haphaza~dly, nor 1s tt:leir significanc"ê 
\ , 

:stablished through human convention.' ,Depth eues, are natural signs that indicate the 
( 

, shapes of things. r• The tradition is that these cues have beenr.>' used to explain 'the 
1 

perception of distance from the observe(, but there 1s no reason that their" use should 
, c 

not ~ncompass more than 'length. 
,.-

What is. an explanation that employs secondary quàlities l1ke? There is a fine 

example of a dep~ cue, one which has been neglected. The example is telling bécause 

it seems absurd to postuJate a simiJarity or a resemblance between thls sign and the 
. \ 

\ quantity it signifies. Far-away mountains appear blue, and the Hollywood hUIs look 

brown trom downtown Los Angeles on a smoggy day; this is the effect of aeriaJ 

perspective. The. apparent colours and brightnesses of things change with their distance 
, 

from an observ~r. The reader m~y note that routh terrain is often d\o~en for these 

examples, not because aer,ial perspective cannot be demonstrated eisewhere, but 

because cues to texturaI gradtents are ineffective in the se situations, since the 
f ~ ... CI' "'-

regularity of text~ral e}eménts cannot be a~sumed (see Gibson and Flock, 1962). >-
Aeriai 'perspective once plpyed a greater role in perceptual theory t,han it does 

. , . 
now. Le~do considers that "~spective is di_~'ided into three parts. The first part 

~ . 
incJudes onJy the outlines of bodies, the second incJudes the diminution of colours at 

o 

varying distances, and th~ ttfird, ,Ioss of dist1nctness of bodies at var·ious distances" (Da , 

Vinci, 1490/1956, p. 5). < The modérn emphasis on linear perspective sc(lrcely alJows 

discus~ion of aerial perspective. Rock wondçrs if it can be considered a perceptual cue 
o 

at all (~ock, 1975, p. 92). UncharactéristicalJy, Gibson sing~es it out as a depth èue 
IJ 

,that is independent of projective invariance: "it is only reasonable to suppose that it 
, 

would suggest the impression of distance, as red suggests warmth, without 'compelling 

the impression in the way a stimulus is supposed to do (Gibson, 1950a,p.1l5)". That 
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does not mean that aerial perspective 1s ineffective 'as a' eue to distance. It can 
.' 

indicate depth in the absence of cues of familiar size, texture gradient, and relative 

position in the picture plàne. Leonardo describes a demonstration to this effect. T 

importance of Leonardo's example is that he eliminates cues due to Iinear perspective. 
~. . 

"There is another perspective, whlch we cali aeriaJ, because 
through the differences in the air we can perceive the 'varying 
distances of various buildings which are cut off at the visual base 
by il single line. This would be the éase if many buildings 'were 
seen beyond a wall, 50 that aH of them appeared to be the same 
sb:e above the edge of that wall ••• Therefore, paint the first 
building above the wall its true colour; the next in distance rnaKe _ 
Jess sharp in o~line and bluer;""another which you wish to place an 

. equal distance away, paint corresponding bluer still ••• By this rule, 
the buildings whlch are on one Une and seem to be of the same 
size will c1ear ly be understood, 50 that it will be kno;Tn which 1s 
the most distant and which is longer than the other ," 

+ 

Da Vinci (I490!1956, p. 101) reaJjzes that the effect depends' upon a naturaJ . 
interpr.etation of this sign for- depth. The interpr~tation of such signs as a means for . 
the perception of depth and form is a current theme in psychological theory. Rock, 

Shallo t and Schwartz (1978) have found that perspective èues such as texture gradients , 

depend on such',lIY interpl'~tation (see Rock, Wheeler, Shallo, and Rotunda,_J 982, as .. , 
weil). The importance of aerial perspectivè 1s that it becomes a prototypal depth cue 

when depth cues are considered as natural signs· or indicators of shape. The study of 
\. 
~ 

aerial perspective illuminates the possibility of pérceptual theory without primary 

qualities. No geemetric invariant may ever be singled out that has a "necessary 
'; 

-, connection with perceived forme Thêre may not be a basic level of description .for the , r' -
way things Jook, at least in geometr kal ter ms. Pel:haps aU cues to depth and shape 

• tunction on the' model of aerial perspective. That is the alternative postuJated in the 

theory of depth cues •. 
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The '~Ial.lllbility of" such a program may be hard to imagine for those (among, 

whom 1 am inc1uded) who have been immured ,in the tradition t,hat \inear perspective is 

the onJy ~ indicator of depth. There is'a subtle connotation to 4h~ very terms "eue" 

and "sign" tbat indicat?s the fixedness of this idea. "Depth cue" ois a misnomer, 

because, counter ~"tto the purposes of the theory of depth eues, the ter~ presupposes . ' 

that the "interprétation ~f clWs is se~ondary to the immediate perception o~haRe. The 

usage implies a "contrast with inspection of the item itself" (Austin, 1961, p. 7~), that 

1s, "depth eues" sound like that with which one makes do when one 15 not seelng depth 

dir~tly. Yet the c1é1im -made about depth cues ls that t~ how one sees depth and 

for~. '''Sign ll has the same connotation aS lieue": signs, Iike traces, are what one has 
'- ' 

'" when the obj~t ~tself is absent. "When we talk of 'signs of a storm', we mean signs of 

an impending storm, or of a past storm, or of a storm beyond the hori,zon; we do not 

mean a storm on top of us" (Austin, 1961, p. 74). A sign 'for depth is mearft to be 

different; these slgns have prior place in the theory. (t 
U!"ear perspecti~e does not have pride of place ~e 'theory of depth eues. 

Aerial perspectiv.e m!1y ~rve as a remind.er that the study of depth eues ~an \e 

broadened il'\ other directions. The characteristics of aerial perspective, by WhiC~S 
~"': a model for visual signs, are thëse:< 

1. There is no necLsary conn~tion between the' sign and th~ 
quaHty it signifies (aerial perspective. depends upon the 
composition of the air, and the seasons of th~ year), and 

2. The physical law that is reflected in the regularity, that i5, 
the sign, need not be invoked to explain perception of the 
concomitant quaHty (it has not been proposed th~t impHcit 
knowledge of gaseous density or of the scattering of Iight is 
.invoked when depth is seen' by aèrii'il perspective). 

, ,l-

The tReory of depth eues differs from the invariance hypothesis il'l these two daims. 

Since the invarianc~ hypothesis can be construed as a foundational program that seeks 
! 
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to estabÙsh th'e basic co.ngruences of optic~ -laws as priJTIary qualities ·lor, vision, the 

difference is crucial. 

The experiments provide evidence 'fi that projectiv~ equivalence is not se en 

uniformJy. The sense in which it caR be said ~o be seen might ba ttlat in which we can 

say. that depth is heard. Yet t~iS assertion runs counter to established 'accounts ; 

shape constancy. For instance; Rock bases his th~ory on a projective regularity ~f 
optics, the inverse-square law. ~e sup~ the inverse-square law to be a sl;lfficient 

basis for i theory of strape constanCyh His supposition is essenti~ly the one with which 

we began: shapes "appear the same when the laws of optics would allow that their 

appearances had been occasioned by objects of the same shape. 

çP -What 'could be wrong with such a minimally adventurous daim? It i5 just 

possible that the wrong sort of expl..,rtion ha~een sought for the ph enom en a of 

shape constancy. The invariances gi~n in laws of optiçs a,e not, it seems, the basis 

for a satisfactory account of perception. The laws of optics are part of a description 

of the causes of perception. Perhaps a description of the causes of perceptio,!l is 

insufficient to a theory of shape cbnstancy; perhaps the best explanation of shape 

constancy 1s not a ca,usal explanation. 1 would affirm that there are causal processes in 

vision, and there ar:e useful causal explanations in the study of vision. "But not ail aur 

questions about perception are causal questions; and the proffering of causal answers 

- teS non-causal questions Jeads to inevitable dissatisfaction, which. cannot be relieved by 

promises of yet more advanced causal ànswers still to be discovered"' (Ryle, 1956/1975, 

-p. 201). The invariance hypothesis is a stipulation about the causal conditions of '\' 

perception. Under the hypothesis, the geometric conditions of vision aie stipulated to 
• 0 , 

be a sufficient explanation df phenomena of shape. Various arguments and results have 
" 

be~ri presented against this hypothesis. 1 hope that they motivate acceptance of a 
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simple pr_inciple for vision research, that is: A desqiption of the geometrical and 

causal aonditions of vision is not a sufficient basis for a ,theory of visual shape 

. constancy. The results ~ the exper iments d~\ not C,ompel thi's conclusion. It 15 hard to 

imagine what ever would. .$~iIl, the resuJts can be ~ as one reason .-to accept the 

~ ptinciple. 
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