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Locating the Zeros of an Analytic Function 

by Contour IntegraIs 

by 

Eugene Kicak 

Abstract 

With the ready availability of complex arithmetic in present day 

computers it is now possible to locate the roots of an analytic function 

f( z) by contour integrals in the complex plane. If n is the number of 

roots inside the contour C, then 

1 fi ( z) 
n = 21Ti J «z) dz. 

C 

This formula is used in conjunction with Romberg's integration method 

to produce practical algorithms. 

After this study was started, the theoretical results needed were 

found in a paper by J.N.Lyness and L.M.Delves: "On ~umerical Contour 

lnteg ration Round a Closed Contour" (Mathematic s of Computation, vol. 21. 

196ïl. However the results are clarified and amplified, and the fine 

details of the practical aspects are checked here. The procedures are 

put together into practical computer programs and then illustrated by a 
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number of examples. We also evaluate numerically 

1 r> f'(z) 
2m J z f(z) dz 

C 

to get a reasonable approximation to a root when it is isolated inside C. 

The problem of multiple roots is also considered and illustrated with 

an example. 
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CHAPTER 1 

INTRODUCTION 



Many iterative methods are currently available for an accurate 

determination of the zeros of an analytic function provided a reasonable 

first approximation is given. One of the best known and sirn.plest methods 

is Newton's iteration: 

(1.1.1) 
f( Zn ) 

= Zn - fi (zn) 

However it is a much more difficult problem to find the rough location of 

the zeros in order to apply these iterative methods as the final stage in 

the calculation of the roots. 

Here our aim is to find such approximations by a method which 

depends on the explicit use of Cauchy's Theorem: if fez) is analytic 

in a simply connected region Rand C is any regular closed curve 

in R such that no zeros of fez) occur on C, then 

(1.l.2) 
1 

n - 2'" J fi ( z) d 
Il'' C fez) z 

where n is the number of zeros of fez) that occur in the interior of 

C, a zero of order k being counted k times. 

We choose two different ways of moving along the contour C. In 

the first approach we consider a function fez) which is analytic in a 

region containing a rectangle (or square) with sides parallel to the 

coordinate axes. Let (X:;. y:::) be the center of the rectangle of si de 

lengths A and B respectively. We begin by dividing each side into N 

equal parts and let (X(I), Y(J» be the lower left-hand corner and (CO), DO)) 

2 
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the center of each sub-rectangle thus formed. This is illustrated in 

fig. 1 . 1 . 1 with N = 2. 

y 

~ A ~ 
Y(3) - - --

T • 
D(2) 

1 

1 

Y o = Y(2) -- -- -- B 

D(l ) • • 

Y(l) - - - - - ...L. 

----~~------~------~--------~------~--------+---~ X 

X( 1) C(l ) X(2)=XI') C(2) X(3 ) 

fig . 1 . 1 . 1 N;2 
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1 With respect to the subrectangle shown in the following figure, 

Y(J+1) 
HOR(N, l, J+ 1) 

-~ - ~ 

~ -+ 
...-4 ...-4 
~ ~ 

Z Z -E-t E-t 
~ ~ 
til til 
> > 

Y(J) 

X(I) X(I+l) 

fig. 1. 1 .2 

where 1:s: l, J:s: N, we use the notation HOR(N, l, J) to denote the 

value of the contour integral of f' (z) If( z) along the horizontal line 

joining the points (X(I), Y(J» and (X(I+ 1), Y(J». 

Similarly, VERT(N, l, J) denotes the value of the contour 

integralof f'(z)/f(z) along the vertical Une joining the points 

(X(l), Y(J» and (X(l), Y(J+ 1». 

ROOTS(N, l, J) then denotes the number of roots inside the 

subrectangle in fig. 1. 1.2. Thus, from eq.{l.1.2) we have 



(1.1.3) 
1 

ROOTS(N, 1, J) = -2 . [HOR(N, 1, J)-HOR(N, 1, J+l) 
1U 

- VERT(N, 1, J)+VERT(N, 1+1, J)J. 

Each integral is evaluated by computing trapezoidal sums on the given 

5 

line with interval halving, and results are combined by the standard Romberg 

method until the difference between successive values is less than the pre-

scribed tolerance as explained in detail in chapter 2. 

We begin by carrying out numerically contour integrals of fi (z) If( z) 

on each segment on the outer sides of the original rectangle only, i. e. 

we evaluate first 

HOR(N,1,J) for 1:S:1:s:N, J=I, J=N+I 

and 

VERT(N,1,J) for l:s:J:S:N, 1=1, 1=N+l. 

Adding the N integrals evaluated on each side of the original rectangle, 

we combine these sums using eq. (1.1.2) and get the number of zeros 

inside the 0 riginal rectangle. 

Note that the number of roots being necessarily an integer, we do not 

have to determine it to high accuracy. If our error is less than 0.5 we 

will have the exact number of roots. The computed value will be a complex 

number with the real part being near an integer while the imaginary part, 

being near zero, will give a rough check on the accuracy of the numerical 

integration. 

If the real part is less than 0.5, we conclude that the original rectangle 

contains no zeros of f(z) and we stop the procedure. However if there 
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are roots, we then evaluate contour integrals on the remaining edges 

inside the original rectangle. Using eq. (1. 1.3) we now find the number 

of zeros in each sub-rectangle. 

Thus in principle we can isolate the distinct zeros, and find their multi-

plicities by taking sufficiently small rectangles. The location problem of 

zeros is thus solved. 

In the second approach we do not divide the sides of the original region 

to integrate along the segments individually. We rather evaluate (1.1.2) 

round the entire region i. e. trapezoidal surns are computed along the whole 

boundary with interval halving and results are combined by Romberg's 

method. In this approach the region is restricted to a square since we need 

equal sub-divisions on an sides when evaluating the trapezoidal sums above 

in order to apply the modified Romberg method developed in chapter ? 

The origina 1 square is divided into subsquares if and only if it contains roots 

and the procedure is repeated for each subsquare. 

In each of the two approaches, as contour integrals are evaluated, we 

check whether a root is too close to the contour, or possibly on the contour. 

We perform the following test: if 

(1.1.4) I
f' (z) 1 K 
f( z) ~ 

for a preassigned real number K, then a root is close to the path of integra-

tion and a warning is printed along with the value of z where the test has 

failed thus giving us a rough approximation to a root of Hz). 

After a first pass we may discard aIl subrectangles containing no roots 

and re-enter the program using each of the other subrectangles as an 

original rectangle. If a subrectangle is found to contain only one roüt, say 
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zo, then an estirnate of Zo can easily be obtained by replacing f/(z) by 

z· f/(z) in the program since, in this case, 

(1.1.5) 
1 fi (z) 

Zo = 2TTi J
c 

z f(;) dz 

where C is the contour of the subrectangle containing zo. However the 

accuracy of integration will have to be increased. 

If we find a zero sufficiently close to the boundary to give a warning 

we can re-enter the program after giving the center of the appropriate 

rectangle a shift of one third the length of the appropriate side, for ex-

ample, so as to get the root well into the interior of the new rectangle. 

We use the factor of one third to prevent the root from re-appearing on 

the boundary of a sub-rectangle in the shifted rectangle (if we take N=2 

for example). 

If after several subdivisions we find a subrectangle with k roots 

(normally k will be small Le. k~4), then we can find these roots 

QI ' ••• , ~ by noting that 

(1.1.6) f Z r r.L~d 
- l1Ti fez) Z 

C 
r=1,2, ... ,k 

where C is the boundary of the subrectangle. Again by replacing f/(z) 

by zr f/(z) in the program we can calculate each Kr. From these values, 

by use of symmetric functions, we can set up an algebraic equation of 

degree k which has the QJ' s as roots. To be s pecific if k=3 we Hrrl 

(1.1. 7) 
__ 1_ " z f/( z) dz = 

21ri"
C 

f(z) 
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(1.1.8) '" '" ., 1 J ",f'(z)d 
~l c. + '" '" c. + "'3c. c. 

""'c. "'" - 21Ti Z f"(;) Z = 
C 

(1.1.9) 
f'(Z)d J z3 f( z) Z = 

C 

and set the polynomial 

(l.1.10) 

we imm ediately have 

(1.1.11) 

and 

(l.1.12) 

by squaring (1. 1 .7) and subtracting (1. 1.8). To find c we use 

(1.1.13) 

and 

(l.1.14) _ ,..:;. IV :; • "'_ :; 

- .... 1 ""2· """ 



which yield 

(1.1.15) 

or 

(1.1.16) 

Hence ~I' ~2' 0'.3 are the roots of the cubic: 

(1.1.17) 

By solving this polynomial we can find estimates of ~I' ~2' ~3 depending 

on the accuracy of KI' K 2 , K3 . 

In this way we can in principle deal with any multiple root situation, 

although in practice the work gets somewhat out of hand for k >4. In this 

thesis we will consider in detail the use of Romberg integration for the 

contour integrals leading up to the location of zeros by (1. 1.2) and (1. 1. ?). 

9 
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CHAPTER 2 

METHODS OF INTEGRATION 
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2.1 The Euler-Maclaurin Formula 

A detailed derivation of the E-M formula can be found in Davis 

and Rabinowitz, [3J, pp. 51-55. We merely state it here, modify it 

slightly, then extend it to contour integration a10ng straight lines in 

the complex plane. 

Let f(x) E Cé:lq+l[a, bJ and let 

b 

(2.1.1) I = f f(x) dx 
• 

(2.1.2) Til = h[ îf(a) + f(a+h)+ ... +f(a+(n-1)h)+'Îf(b)] 

where h = (b-a)/n. Til is the approximation to l, found by the n-

point trapezoidal rule and h is the step length. The notations 

Il 

(2.1.3) h 1:" f(a+jh) 
~=O 

will also be used instead of Til' the primes on the sum.mation denoting 

that the Cirst and last terms are assigned a weighting factor î. The 

E -M formula is thus the following relation between Til and 1: 

Proposition 2. 1 . 1 

:; 

(2.1.4) T: - 1 = E c2", ha [f(a-l>(b) - fca-U(a)] R 
«=1 

with 



(2.1.5) 

where 

(2.1.6) 

(2.1.7) 

In particular 

(2.1.8) 

(2.1.9) 

P 2 .l (x) 
ex) 2cos 21Tnx = (-1 )J-1 E 

n=l (21Tn)2J 

= (-1 )J-1 ~ 2sin 21Tnx 
n =1 (21Ttl )2J+1 

P 2J +1 (0) = P 2J +1 (1) = 0 j > 1 

j > 1 . 

We use (2. 1 .9) to define constants B2J' called the Bernouilli number s. 

By definition, 

(2.1.10) 

In (2. 1.4) we sitnply set 

(2.1.11) = BaJ 
(2 j)! 

2 
(2n1T)2.l 

Note that in C 4], the constants Ba: are defined by the formula 

12 
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(2.1.12) 
2 

which is just the absolute value of the B2J defined by (2. 1.10), as 

in [3J. Unless stated otherwise, we shaH use (2.1.10) to define 

B2J . 

In [2], Lyness and Delves use a slightly different form for the 

term R. It can easily be obtained by integrating (2.1.5) by parts. 

We get 

b b 

(2.1.13) R = h~+l [ hP2q+2 (x~a) f(~+l)(X) 1 - r hP (~~ f(2q+2)(X) dxJ 
J :êq+2 h 1 

a • 

b 
(~) f(2q+2)(X) dxl (2.1.14) R = h:êq+2 [Caa+2 (f(2q+l)(b)- f(:êq+l)(a»- J P2q+2 

• \ h -

b b 
(x~a) f(2q+l)(X) dx J (2.1.15) R = h aa+2 [ J f(2 Q+2)(X) dx - J P 2Q+2 C2Q+2 

• • 

b 

(2.1.16) R = h2q+2 J [C2Q+2 - P2Q+2(x~a)J r(:êq+2) (x) dx 
a 

b 

(2.1.17) R 
,. 

f(2 Q+2)(X) (,Oaa+2(x) dx = J. 

where 

(2.1.18) 



The Euler-Maclaurin formula can now be written in the following 

form. 

Proposition 2. 1.2 

q 

(2.1.19) Til - 1 = !; c 2k h 2k [f (2k- 1) ( b) - f ( 2k- 1) ( a) ] + R 
k=1 

with 

b 

(2.1.20) R = J f(:3q+2) (x) (,Oaq+2 (x) dx 
• 

(2.1.21) 

Corollary 2. 1.3 

(2.1.22) 

and 

(2.1.23) 

(2.1.24) 

Proof: 

p-1 

Til - 1 = !; c 211: h 2k r f (211:- 1) ( b) - f (2k- 1) ( a) ] + R 
k=l 

b 

R = f f(~)(x) '-'2p(x) dx 
• 

~(x) = 
lx-a\ 

1- cos 21TrCh) 

r~ 

Let q =p-l in{2.1.19), then (2.1.20) becornes (2.1.23) and (2.1.21) 

gives (using (2.1.10), (2. 1 .6)) 

14 



(2.1.25) c,o'2p (x) = '2p r (X-a ~ h c'2p - P'2p h)] 

(X-a) 
CI) CI) 2cos 21fr --

h'2p [( -1 )P-l ~ 2 '2p _ (_ 1 )P-l ~ '2p h ] (2.1.26) c,o'2p (x) = 
r=l (2r1T) r=l (21Tr) 

(x-a) 
2h2p( - 1 )P-l CI) 1-cos 21Tr h 

(2.1.27) c,o'2p (x) = (21T)2P ~ r 2P 
r=l 

Note: 

If, in particu1ar, we consider the interva1 [0, 1], i. e. 

a=O, b=l, h=l/n 

then in Cor. 2. 1 .3 

(2.1.28) ~(x) 
= -2(-1)P 

(21J'n)2P 
CI) 1- cos 21Trnx 
~ 

which justifies eq. 4. 1 p. 566 in Lyne ss and Delves, [2]. 

We are primarily inte rested in evaluating integrals of the type 

1,...., = J f( z) dz 

on the contour of a square in the complex plane. To approximate L. 

we fir st consider the trapezoidal rule with complex step length on 

each side of the square. However the E -~ formula has been establi shed 

so far for real functions of a real variable only. We now wi sh to show 

that it still applies in the case of contour integration along straight lines 

in the complex plane, and find its explicit form. 

15 
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y 

b 
a+mh 

a 

1 

~1~~_h ____________ ~)X 
fig. 2. 1. 1 

Let f( z) be analytic in a region containing the straight line joining the 

complex number s a and b (see fig. 2. 1. 1). Divide the line into m 

equal elements. Let 

(2.1.30) h = (b-a)/m E C 

be the complex step length and 

11 

(2. l.31) T 11 = h !;" f(a+ jh) E C 

b 

(2.1.32) 1 =: f(z)dz E C 
• 

the trapezoidal value T 11 and the exact integral 1 being evaluated along 

the Une ab. Then the E -~ formula still holds. i. e . 
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Proposition 2. 1.4 

(2.1.33) T.-I 

where 

b 

(2.1.34) R = J f(:3;+2) ( z) CP:3;+2( z) dz 
• 

and 

(2.1.35) :3;+2 [ (z-a\] 
CP:3;+2( z) = h Ca;+2 - P:3q+2 h) 

Proof: 

Let 

(2.1.36) z = a+ (b-a)t = a+ mht o ~ t ~ 1 

be the parametric representation of the straight line joining a and b. 

Let 

(2.1.37) zJ = a+ jh = a+ mhtJ 

Le. tJ =j/m. Then 

(2.1.38) f(z) = U(t) + iV(t) o ~ t ~ 1 

where U(t) and V(t) are real-valued. Furthermore, to simplify the 

notation, let 

(2.1.39) 
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Now 

R • 

(2.1.40) T. = h !;/1 UJ +ih !;/IYJ J=O J=O 

• 1 
(2.1.41) T. = mh r-i !; /1 UJ - f U(t) dt] 

J=O 0 

• 1 

+ imhrî !;"YJ - f Y(t)dt] 
J=O 0 

1 

+ mhf [U(t) +iY(t)] dt. 
o 

Each expression in brackets can now be expanded by the E-M formula 

in Prop.2.1.2. Bringing the integral in (2.1.41) to the left-hand 

side we get 

(2. 1 .42) 

where 

(2.1.43) 

T. - 1 = mh [,~, c" (~)a [U,a-ll( 1)- U'3<-ll(O) J + r: U''O+2l(t) .... dt)d~ 

+ imh[ i c2k (î)2K[y<3c-l)(l) - Y <3c-l)(O)] + fI y(3;+2)(thb3;+2(t)dJ 
k=l 0 j 

regrouping the terms in (2.1.42) we obtain 
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q 

(2.1.44) T. -1 = E c2k rnh('Î)2k (Cu(2k-1)(l)+iy(2k-l)(l)]-ru(2k-1)(O)+iy(2ic-1)(O)J1 
k=l 

1 
+ rnhJ [U(~+2)(t) + iy(~+2)(t)llP~+2(t) dt. 

o 

Now, using the fact that 

(2.1.45) 

(2. 1.44) becomes 

(2.1.46) 

where 

(2.1.47) 

q 
T .-1 = E Ca ha [f(a-1)(b) - f(2k-1)(a) ] 

k=l 

b 

+ J CP~+2(Z) f(~+2)(Z) dz 
a 

which concludes the proof. Note that the argument of P~+2 is always 

real for any z on the line since 

(2.1.48) 
z-a 

h 
= mt E HL 

Also 

(2.1.49) 
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2.2 The Standard Romberg Method 

The standard treatment is given in Bauer, Rutishauser and Stiefel, 

[4J, to which we shall refer as BRS. It is based on the E-M formula. 

From Prop. (2 .1. 2) we can write 

(2.2.1) 

If we let 

(2.2.2) 

(2.2.3) T. (k) = T o - n when n = 2 k 

(2.2.4) E(h) = T o(k) -1 

then (2.2. 1) becomes 

(2.2.5) 

E(h) is the discretizat ion error and has what is called an h 2 expansion, 

i. e. 

(2.2.6) 

For q= 1, (2.2.4) and (2.2.5) give 

(2.2.7) 



li 

If we double the nurnber of subintervals, keeping h = (b-a)l-Io:, we get 

(2.2.8) 
h 2 

T 0(10:+1) - 1 = a 24 + Q(h4 ) • 

Elirninating the terrn in h 2 in (2.2.7) and (2.2.8) we have 

(2.2.9) [
4T (1r:+1)_ T (10:)] 

1 = Q 3 Q + Q(h4 ) • 

Define now T/Ir:) by the expression in brackets in (2.2.9) i.e. 

(2.2.10) 
_ 4T 0(10:+1) _ T 0(10:) 

Tl (10:) - - 3 -

(2.2.9) now gives 

(2.2.11) 

i. e. Tl (It) elirninates the terrn in h 2 and we rnay write 

(2.2.12) 

where A is sorne constant. Repeating the process used to obtain (l.2.8), 

we have 

(2.2.13) 

As before, elirninating the terrn in h4 in (2.2.12) and (2.2.13) gives 

(2.2.14) 

and we define 



(2.2.15) 

hence 

(2.2.16) 

T (le) 
2. 

= 16 T, (le+l) _ T,(le) 

15 

i. e. T 2(le) eliminates the term in h 4 and we may write 

(2.2.17) 

Thus Romberg' s method to approximate l, star.ts with the computation 

of the trapezoidal values for subdivisions of the full interval into 1,2,4,8, ... 

equal parts. By continuing the process above we then find the values 

T. (le), m = 1,2,3, ... which are computed, for ml 0, with the formula 

(2.2.18) T (le) = 
• 

4& T (lt+l) _ T (le) 
e_J I_J 

These values are then arranged vertically to form a triangular array 

called the T -table. 

22 



T (le) 
o 

fig.2. 2. 1 
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Thus T JI (le) is found from the values in the following positions relative 

to T (le) 
• 

T (le) .-1 

T (lc+1) _______ + .-1 

fig. 2.2.2 

Since, by construction, 

(2.2.19) 

it follows that, in the T-table, the T1-column eliminates the term in 

h 2 , the T 2-column eliminates the term in h", and 80 on, any T.-column 

eliminates the term in h 2s
• 

24 
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2.3 Integration Round a Square Contour 

Consider the square of side 2R, whose vertices in order are the 

y 

2R 

~~~~ ______________________________ -Px 

fig. 2.3. 1 

The trapezoidal rule with complex step 

(2.3.1) j = 1,2,3,4 

is used for the section between a J and a J+1 , m being the same on each 

side. We thus have 

J2R/m k = 1 
(2.3.2) h& = 

1 
1 

lih it - 1 k = 2,3,4 



This obviously implies that 

(2.3.3) h 4r - h 4r k-1 - k r an integer (ho == h 4 ). 

Applying now the E-M formula in Prop.2.1.4 (with q=2p) on each 

side of the square we find for k = l, 2, 3,4 

• 
(2.3.4) h ~/f(ak+jhk) 

J=O 

2p 

~ c 2rh 2r rf(2r-1) (ak+1) - f(2r-1)( ak) 1 
r=l 

where 

(2.3.5) 

Adding the four equalities in (2.3.4) we find 

... . 
(2.3.6) 1\ = ~ (hk ~"f(alt +jhlt )] - ff(z) dz = 

k=l J=O ,:::. 

= r c 2r r f(2r-l)(a
1

) [h ... 2r - h l
2r ; ~(2r-l)(a:;) :h

1
2r - h22rJ 

r=l 

26 



where ~(z) is respectively equal to <'l(z), <-'Jz), <P3(Z), <P4(Z) along 

the sides of the square. Thus 

4 

(2.3.7) I; f(2r-l)(alt ) [hlt_l2r - hlt2r J + JéPp(Z) f(4P+2)(Z) dz 
k=1 :0 

where ho == h4 . 

Now, from (2.3.3), 

(2.3.8) h 4r h 4r -_ 0 
k-l - k 

which implies that 

(2.3.9) 

r = integer 

r = even integer . 

Hence the terms in c 4 ' ce' C12' .. " c4p vanish in the right-hand side of 

(2.3.7) and we obtain 

(2.3.10) 
4 

R. = C2 I; f'(alc)[hlt_1
2 -hlt2J 

1t=1 

.. 
+ C4p_2 I; f(4p-:3~(alt)[hk_!~-:O:- h

It
4 ;:-:O:l ... :ib;:(z) f'~-::;)(z) dz 

It-, 

27 



or 

(2.3.11) 

It is easy to show that 

(2.3.12) h 4r-2 _ h 4r-2 
k-l k 

= [-Zh1"_2 

llh1
4r- 2 

k = 1,3 

k = 2,4 

Expanding the inner sum of (2.3. Il) and using (l. 3.12) above gives 

(2.3.13) 

If we denote 

(2.3.14) 

(2.3.15) 

p 
R. = t lC4r_2 [ _f(4r-3)(a

1
)+f(4r-3) (a2) _f(4r-3)(a3)+f(4r-3)(a4) J h

1
4r- 2 

r=l 

+ JéPp(z) f(4P+2)(z) dz 

[1 

d = 2c [ - f (4r-3)( a ) + f (4r-3)( a \ - f (4r-:3)( a \ tf(4r-3)( a ) l 4r-2 4r-2 l 21 31 4 . 

h = hl = 2R/m 

(2.3. 13) finally becomes 

(2.3.16) 
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Define, for i ~ 0 

(2.3.17) 
2

1 

1; "f(ale + jhlc ) 

J=O 

where hie = (ak+l -ale )/2 1
• Thus 5 0(1) is the trapezoidal sum around the 

whole square obtained with each side being divided into 2 1 equal parts. 

5 0 (1) is the analog of T o(1) used in section 2. If we denote 

(2.3.18) 

then (2. 3 . 16) gi ve s 

(2.3.19) 

where h = hl = 2R/2~. It is clear from (2.3.5) and (2.3.6) that 0p (z) 

depends on i. Eq. (2.3. 19) can also be written in the form 

(2.3.20) 

where 

(2.3.21) 

p 

5 c(1)-L = 1: 
r=l 

oh 

d * r 

d r ~ = (2R)4r-2 d4r- 2 . 

From (2.3.19) we see that the discretization er ror E(h) contains terms 

. h Ol h 6 h' - b . h 4 he h'" 1 n • , . ~ ut not ln, • . •... 
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2.4 The Adapted Romberg Method 

In the previous section, we have shown that the error in the trapezoidal 

rule applied round a square is of the form 

(2.4.1) 

compared with the real application where the error is of the form 

(2.4.2) 

Because of this we do not use the standard Romberg technique as 

formulated in section 2 of this chapter. 

Beginning with the trapezoidal values 5 0(k), defined by (2.3. 17), 

in the 5 0 -column we apply the usual Ranberg procedure to evaluate 

the 5 1 -column. This eliminates the term in h 2 and since no term 

in h4 appear s in (2.4. 1) we have 

(2.4.3) 5 (k) 
l -

Leaving h = (b-a)2- k , (2.4.3) gives 

(2.4.5) 5 (lt+l) 
l -

eliminating he (rom (2.4.4) and (2.4.5) we find 



1 (2.4.6) 
1§45 (k+1) -5 (k)l 
[ J 63 J ] - ~ = Q(h

8
). 

Comparing with the standard technique we see that it an behaves 

as if we had set the 5 2-column identical to the 5 1 -column i. e. 

(2.4.7) 5 (k) 5 (k) 
2 - 1 , ifk 

and used this 5 2-column to evaluate the 5 3-column by the usual 

procedure i. e . 

(2.4.8) 5 (k) 
3 

= 4 3 5
2
(k+1) - 5

2
(k) 

4 3 -1 

which, by (2.4.6), gives 

(2.4.9) 

Continuing this way, for any term in hal that does not appear in 

E(h) we set 5. (k) = 5_1 (k), otherwise we use the standard relation 

(2.2. 17). The structure of the T -table differ s from the normal structure 

and has the appearance 
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5
0

(0) 

S~S(O) 
o 1 

S ~ S ) S (0) - S (0) o 1(1) ~ 2 - 1 

s~s~s (1)-S (l~S (01 o 1 2 - 1 3 

~ ~ ''-''-,'~ 
5 (4) 5 (3) 5 (2) - 5 (2) , S (1) '-., 5 (0) - 5 (0) 

o 1 2 - 1 3 -', 4 - 3 

fig. 2.4. 1 

Therefore every even-numbered column can be eliminated from the 

table without any 1055, and in order to avoid odd subscripts only, a new 

table can be constructed by letting 

(2.4.10) 

and 

(2.4.11) 
= 4~-lM'_1(k+l) - MJ_,(ï.:l 

42.1-1 - 1 

giving the following table 

j ~ 1 
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fig~ 2.4.2 

Note: The reason why we did not go directly to the table in fig.2.4.2 

will be apparent in section 3. 1 . 

Each entry in the adapted table in fig.2.4.1 is given by 

rn ev en 

(2.4.12) S (k) 

• 
rn odd 

where 

(2.4.13) as = 

It is clear that S2pr:) is a well-defined linear cornbination of values of 

the Cirst colurnn: 



(2.4.14) S (1) 
2p 

p 
= ~ '\ 5 (Hi) 

LJ "'Pk 0 
lc=O 

(i ~ 0) 

where the coefficients ÀPIe are independent of i. 

Note: In order to sim.plify the notation we will sometime s let 'rie = ÀPIe ' 

for a fixed p. Thus, for i = 0 in particular, 

(2.4.15) S (0) 
2p 

Lemma 2.4.1 

(p fixed) 
it=O 

The coefficients À PIe obey the following recurrence formula 

(2.4.16) O~k~p 

with 

(2.4.17) '\ - '\ = 0 . "'p-1. -1 - "'p-1. il 

Proof: 

From (2.4.14), for i = 0, we have 

p 

(2.4.18) S2p(~} = ~ À pk Soot). 
le =~ 

On the other hand, 
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S (0) - S (0) 
2p - 2p-l by (2.4.12) 

- s (0) Q S (1) 
- Q2p- 1 2p- 2 + I-'2p- 1 2p- 2 by (2.4. 12) 

p-l p-l 

= Q2p-l 1; À p- 1 , le SO(Ie) + (J2p-l 1; À p- 1 , le SO(Ie+l) 

le =0 lc=O 

P ~1 

= Q2p-l 1; À p- 1 ,1e SO(Ie) + (J2p-l !: À~l,1e SO(Ie+l) by (2.4. 17) 
1e=-1 

P 

= "''''"''---1 1; \ 1'" S (le) + Q",,",,-~._ I\p_ ,. 0 1-'_..-1 
le =0 

comparing this with (2.4.18) gives (2.4.16). 

For every integer p ~ 1 define polynomials t2p (z) as follows 

(2.4.19) 

As a consequence of (2.4.16) we have 

Lemma 2.4.2 

(2.4.20) (i) (p ~ 1) 

(2.4.21) (ii) 

fi-\ 

t 2J (z) = 

" 



1 

• 

• 

(2.4.22) 

(2.4.23) 

Proof: 

(i) 

(Hi) (p fixed) 

(iv) j=1,3,5, ... ,2p-l. 

P 

= I: [O'2p-l À p- 1 ,p-k + ~l À p- 1 ,P-k-l JZk 
\(=0 

p-1 p 

= {J2p-1 I: À p- 1 ,P-k-l Zk + 0'2p-1 Z I: Àp-l,p-k zk-l 
\(=0 le=l 

1>-1 

= ({J2p- l + 0'2p- l z) I: À P_ l , p_ k- l Z lt 
\(=0 

= ({J2p- l + 0'2p- l z) t2p- :2 ( z) 

giving (2.4.20) by (2.4.13). 

(ii) Fr om (2.4.20) we infer that 

giving (2.4.21). 

by(2.4.16) 

by (2.4. 17) 

by (2.4.19) 

(iii) (2.4.22) is obvious from (2.4.19) and (2.4.21) by letting z = 1. 

(iv) From (2.4.21) ..... e have 

j=l, 3,5, ... ,2p-1 
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hence (2.4.19) gives 

p 
~ \ 4- (p-It)J = 0 
LJ "I\~., p-It 

k=O 

= 0 (r = p-k) 
• 
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CHAPTER 3 

A BOUND ON THE TRUNCATION ERROR 



3.1 The Truncation Error in Particular Expansions 

We have seen that in the case of integration of a real function over 

an interval, the discretization er ror E(h) has the form 

(3.1.1) 

while in the case of contour integration round a square, it has the form 

(3.1.2) 

Lyness and Delves in [2J state that in contour integration round triangles 

or hexagons, the effective discretization error is 

(3.1.3) 

while in two-dimensional quadrature over a square of a harmonie function 

(3.1.4) 

As before, E(h) is defined as the difference between the trapezoidal value 

and the exact value of the integral, each evaluated on the whole contour 

under consideration. 

When E(h) has the form (3. 1.1) the usual Romberg technique is 

used and it is shown in [4 j that for any entry T. (li) i s the standard table, 

the truncation error is given by 
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(3.1.5) 
l l 

Ta(l') - J f(x) dx = 4-(a+l)k J b éla+2 (2 kx)f(éla+2)(X) dx 
o 0 

where the functions b éla+2 are defined by the following recurrence 

relations: for m=l, 2, 3,4, ... 

(3.1.6) 

where 

(3.1.7) 

(a) 

(b) 

D2a (x) 
= b éla (2x)-b?a(x) 

4- -1 

x 
b éla+1 (x) = J héla (t) dt 

o 

x 
(c) b éla+2 (x) = J b éla+1 (t) dt 

o 

for O:s; x:s; 1 and, by definition, periodic with period 1. 

We wish to find a similar result for the case where E(h) is of the 

form (3.1.2), as in square contours. However (3.1.5) can easily be 

generalized to encompass any form of E(h) involving even powers and 

to do so, it is convenient to build the adapted table, in each case, as 

we did in fig. 2.4. 1 i. e .• if a particular term in héla does not appear 

in E(h) we set 

(3.1.8) T (Il) == T (il) 
a _1' 'fk 
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and caU this a non-eliminating step. 

Otherwise we use the standard relation (2.2. 18). 

When the T.(IC)-column is constructed from the T_1Ck)-column in the 

standard way and the term in h::à (if there is one in E(h») is eliminated 

in the truncation error T. (le) -1. In this case we say that the step from 

T._1CIe) to T.CIe) is an eliminating step. 

Thus, each column in the table can be built in one of two possible 

ways by either identifying it to the previous column or by using the 

standard relation (2.2.18). Therefore, there are theoretically, 2· 

ways of constructing the first m+ 1 columns of a T -table. Each of 

these modifications does not necessarily correspond to a discretization 

error E(h) used in a practical case •. By these modifications we can 

generalize equation (3. 1.5) and the results are given in proposition 

(3. 1.6) below. However we must obtain a generalization of the polynomials 

defined in equation (3.1.6), which preserves their basic properties. 

Definition 3A 

A continuous function cp(x) defined on (-=, =) is of class E (even) 

if 

(i) cXx) is even. 

(ii) periodic with period 1, 

(iiO (.?(O) = 0, 

(iv) <.'(x);' 0 on (0, 1), 

(v) ",'(x) exists and does not vanish on (O,~). 
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We inunediately get the following properties: 

(vi) fP<x) is syrnmetrie about the line x = i sinee 

cp(x) = 'P( -x) = fP< l-x) 

by (i) and (ii). 

. {'P' (x) > 0 
( vii ) cp( x) > 0 0 n ( 0, 1) = 

cp'(x)<0 

in (0, i) 

in (î. 1) 

by (Hi), (v) and (vi). 

Definition 3 B 

A eontinuous funetion cp(x) defined on (-OCI, OCI) is of c1ass 0 (odd) if 

(i) cp(x) is odd 

(ii) periodie with period 1 

(iii) CO<x)" 0 on (0, i). 

The properties above imply the following ones 

(iv) (o?{O) = CD(î) = cp( 1) = 0 

CD(O) = ~ 1) = 0 is obvious while cp( î) = 0 follows from 

cp( î) = <0(1- t) = c,:>( - î) = -co( î) 

(v) (,.?(x) is odd about x=i i. e. 

sinee 



Lemma 3.1.3 

If co(x) is of class 0, then 

x 

!J>(x) = J co(t) dt 
o 

is of class E. 

Proof: 

-x x 
(i) !J>( -x) = J cp(t) dt 

o 
:; J ~-u) du 

o 

x 

= J CO(u) du = lt!(x) 
o 

(Hi) lt!(0) = ° 
l 

lt!( 1) = J cp(t) dt 
o 

1 

= JZ ~t) dt = ° 
1 

-Z 

x+l l 

(u = -t) 

by 3B(i) 

( obvious) 

by 3B(ii), (i) 

(ii) lt!(x+ 1) = lt!(x) + J ~t) dt = i,U(x) + J co(t) dt by 3B(H) 
x 0 

= lt!(x) + lt!(l) = i,U(x) by (Hi) above 

(iv) Suppose co(t) >0 on (0, il. then cp(t)<O on (.k, 1) by 3B(v). It 

l 
follows that ~(2) >0 on (0,1) since f co(t) dt = O. 

o 

(Similarly il <O(t) < ° on (O,î». 

(v) Obvious since ~'(x) = cp(x) on (0, i). 

Lemma 3.1.4 

If a(x) is of class E, 

x 
t(x) = t' [d2t)-<-,<t)! dt 

"0 

is of class O. 
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Proof: 

-x 
(i) ~(-x) = J [CP(2t) -cp(t) ]dt 

o 

x 
= -J [tP(-2u)-cp(-u)]du 

o 

x 
= -J [CP(2u)-cp(u)]du 

o 

= ~(x) 

(H) ~(O) = 0 

1 1 

~(l) = J cp(2t)dt - J fD{t)dt 
o 0 

:2 1 

= î J CD<u)du - J c.o(t)dt 
o 0 

1 1 

= î· 2 J <tJ(u)du - J CD(t)dt 
o 0 

= 0 

x+l 
~(x+l) = ~(x) + r [CP(2t)-cp(t)]dt 

.J 
:1 

l 

(u=-t) 

by 3A(i) 

(obvious) 

(u=2t) 

by 3A (H) 

= ",(X) • ,. [Cl(2t)-cJ(t)jdt by 3A(ii) 
"':1 

= ~(x) • ~( 1) 

= t;(x) 
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(iii) Assume (,O(x) > 0 on (0, 1). (Similarly if c.o(x) < 0 on (0, 1). ) 

Then 

I: : O<x<~ (a) 

CP(2x) - (,O(x) x = 1. (b) 
3 

l < 0 * <x<t (c) 

since 

(b) by 3A(vi)wehave CP(2x) = <p(x) if 2x=1-x i.e.ifx=~. 

(a) O<x<~ = 0<2x<i 

(c) 

o <x<2x~t 
= or 

l
CP(X) < CP(2x) 

= or 

CP(2x) >cP(;) = <P<~) >cp(x) 

.1 < x < -i = 0 < 1- 2x <~ 
3 

= CP(2x) =(,O(l-2x)<c.o<~)<c.o(x) 

by 3A(vii) 

by 3A (vi}(vii) 

by 3A (vi }(vii). 

Hence ~(x) is increasing in (o,~), decreasing in (~, -i). 

Therefore ~(x) >0 in (0, -i) since 1,)(0) = tid) = o. 

Lemma 3.1.5 

If o(x) is of class E 

s ,. r ~ t;(x) = .. o(t) - KJdt .. ~ 
l 

is of class 0, where K = .. <,?(t) dt. .. ~ 
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Proof: 

-x 
(i) ljJ(-x) = J [CP(t)-K]dt 

o 

x 
= -J [CP(-u)-K]du 

o 
(u=-t) 

x 
= -J [cp(u)-K]du 

o 
by 3A(i) 

( ii) ljJ( 0) = 0 ( obvious) 

1 

ljJ( 1) = J <o(t)dt - K = 0 
o 

x+1 
ljJ(x+l) = ljJ(x) + J [CP(t)-K]dt 

o 

1 

= lb(x) + J [CP(t) - K Jdt 
o 

by 3A(ii) 

= ljJ( x) + ljJ( 1 ) 

= lP(x) 

(Hi) Assumecp(t»O on(O,I). Then 

x l 

~(x) = r (O(t)dt - X r (O(t)dt 
~o ~o 

x ! 
= r C)(t)dt - lx il ~t)dt 

"'0 .J':) 

by 3A(ii) 
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x 
ljJ(x) = (I-lx)! ct>(t)dt 

o 

1 

lx!a ct><t)dt 
x 

O<x<î 

by 3A(vii). 

(Similarly if CO(t) < 0 on (0, 1).) 

Proposition 3. 1. 6 

l l 

(3.1.9) T.(k)-S f(x)dx = 4-(·+l)k J b:a.+2(llt x )f(2II+2)(x)dx 
o 0 

• + I; A •• }'.c) [f(aI-l)(I) - f(aI-l)(O)] 
J =1 

where the definitions of the functions b:a.+~x) and the constants A., }~) 

depend on whether the step from T J-l (k) to T J (k), 1 ~ j ~ m, were eliminating 

or not. In any case the b:a.+~x) satisfy Def. (3A). The exact definitions 

are given in the proof below. 

Proof: 

We establish (3.1.9) by induction. It is shown in [4J that it is true 

for m = 1 where b2 (x) is defined by (3.1.7) and is clearly a function of 

classE. Assume(3.1.9)istrueform=1 i.e. 



1 
1 

(3.1.10) T a_
1

(k) - 1 = 4- ka l béS(2 k x) f(éS)(x) 
o 

where b éS (x) is of c1ass E. There are two cases to consider: 

(i) The step from T_ 1(k) to T.Ot ) is an eliminating step. 

(H) Thisstep is none1irninating. 

Case (i): 

Since the step is eliminating, the T. Ot)-co1umn is constructe d 

by the standard Romberg procedure i. e. 

(3.1.11) T (k) = 
a 

4. T (k+1) _ T (k) 
_1 .-1 

Substituting (3.1.10) into (3.1.11) we obtain 

(3.1.12) 

Define béS(x), béS+l(x) and b2a+2(X) as in (3.1.6). Since béS(x) is of class 

E, Lemmas (3.1.3) and (3. 1.4) indicate that b 3 +1 (x) is of class 0 and 

b:a.+2 (x) is of class E. 
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If we set 

(3.1.13) A (It) = 
•• J 

o j = m (b) 

then integrate by parts (3. 1. 12) twice we obtain 

(3.1.14) 
l 

T.(It) -1 = 4- 1t (·+1) J ba+i2Itx) f(:iS+2)(x) dx 
o 

• + L A •• 
J

(It) [f(2J-1)(l)- f(2J-1)(O)] 
J =1 

which is of the same form as (3. 1.10) with m-l replaced by m. This 

completes the induction proof for case (i). 

Case (ii): 

Again assume (3.1. 10). Since the step from T _1 (It) to T. (le) is 

noneliminating we modify the standard procedure and set 

(3.1.15) 

hence (3.1.10) becomes 

(3.1.16) 
1 

T .(It) - 1 = 4- h f b a (2e x) f(a)(x) dx 
o 

.-1 
... I: A_t./It) [(~-t) (1) - f'Z-:l(O):;. 

: =1 
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The idea now is to bring (3.1.6) to the sarne form as (3. 1.10) with 

rn-1 rep1aeed by m. If we try to proeeed as in case (i) and tentatively 

-let bal (x) =b:;a(x) with ba.+l (x) and b:?a+2(X) as in (3.1.6), then we find 

that ba.+l (x) is no longer of eklss 0 as seen from the following result 

l 

b:;a+l ( 1) = J b:;a (x) dx = K:;a 
o 

(by definition) 

and K:;a" 0 sinee bal (x) is of definite sign over (0, 1). 

To avoid this diffieulty we sirnply define 

-(3.1.17) b:;a (x) = bal (x) - K:;a 

Lemmas (3.1.3) and (3.1.5) then guarantee that b aa+l (x) and b:;a+2(X) 

are of classes 0 and E respeetively. Eq,. (3.1.16) beeomes 

(3.1.18) 

(3.1.19) 

1 
T. Ct) - l = 4- t. J [b:;a (2t x) - Ka. + K~ J fC :;a)(x) dx 

o 

_1 
+ ,; A_ 1 .J et) [feal-l)(l) - f C2l-l) (O)J 

J =1 

_1 
+ 1; A_

1
.J et) [fe~-l)(I)-f(~-l)(O)J 

J=l 

_1 
+ ,; A_l./lt) [f(aJ-l) (1)-f(2l-1)(0)]. 

~ =1 
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If we define now 

(3.1.20) A (le) 
•• J 

[

A (le) 
&-1. J 

= lçko K .. 

1 s j s m-l (a) 

j = m (b) 

eq. (3.1.19) becomes 

(3.1.21) 
1-

T.Cle)_I = 4- lea J ba.(i'x) f(2a) (X) dx 
o 

a 
+ ~ A •• /le) [fC2J- l ) (1) - f(aI-l) (0)] 

J=l 

integrating by parts twice we find that 

(3.1.22) 

and 

(3.1.23) 
l 

l 

4- kJ b2a+2(2 le x) f C2a+2)(x)dx 
o 

T .(It)_I = 4- kCa+l ) J b a +2 (2 t x) f C2a+2) (x) dx 
o 

• + I; A •• J (t) [f(aI-l) (1) - f(2J-l) (0) ] 
J=l 

which is of the same form as (3.1.10) with m-1 replaced by m. 

This completes the proof. 

Corollary 3. 1 . 7 

(3. 1.24) 
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where 0 ~ ~ ~ 1 and 

1 
(3.1.25) C. (k) = 4- (.+l)k J ba+a (x) dx. 

o 

Proof: 

We sirnply apply the integral mean value theorem to (3.1.9) and 

sinee b2a+2 (x) is of definite sign in (0, 1). we obtain 

(3.1.26) 

• + r. A •• /k) [f(2J-1) (l)_f(2J-l) (0)] 
J=l 

where 0 ~ ( ~ 1. Sinee b 2a+2 (x) is periodie with period 1 we have 

(3.1.27) 

This proves the eorollary. 

Corollary 3. 1.8 

1 J ba +2 (x) dx. 
o 

If the j-th step is eliminating, then 

(3.l.28) A (k) = 0 
•• J • 

Proof: 

Consider the following sketch of the T -table 
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fig. 3. 1. 1 

Let the step from TJ_1(k) to T/k) be eliminating. There are two 

possible cases: 

(i) j = m 

(ii) j <m. 

(i) li j = m then the rn-th step is also eliminating. Hence A (k) .,J 

is defined by (3. 1. 13)(b) Le. for j = m we have A •• / k) = O. 

(ii) Let j <m. The j-th step is eliminating by assumption; however 

no restrictioœ are put on the rn-th step. 1t can therefore be 

either eliminating or noneliminating. Accordingly, A •• J (k) is 

defined either by (3.1.13 Ha) or (3. 1. 20)(a). 

4. A (k+1) -A (11:) 
_l,J _l,J 

(3.1.29) A (a:) = 
• ,J 

l· A (a:) 

_l,J 

il the rn-th is 
elirninating 

il the rn-th is 
noneliminating 

(a) 

(b) 
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Now j <rn implies that rn = j+ i for sorne integer i ~ 1. If rn = j+ 1 

then (3.1.29) gives 

(3.1.30) A (k) = _ .J 

4- A (k+l) A (k) 
J .J - J .J = 0 

4- -1 

A (k) = 0 
J ,J 

if the rn-th step is 
elirninating 

if the rn-th step is 
noneliminating 

because AJ.J(k) = 0, Vk, according to (3. 1. 13)(a) since the j-th step is 

elirninating by assurnption. By induction, we obviously have 

cornpleting the proof of the coroUary. 

Rernarks: 

(a) 

(b) 

(a) In the conventional T -table, every step is elirninating. Hence 

byCor.3.l.8, A_.J(k)=O forevery j=1,2,3, ... ,m and(3.l.9) 

reduces to (3.1.5) as expected. 

(b) If we choose aU the steps to be noneliminating then every column 

of the table is identical to the first T'l-column i.e. T (It) =T_ rit ) - .-
'fm, k and no power of h is elirninated in the truncation error. 

In this case, (3.1.9) is simply the Euler-~aclaurin summation 

formula. 
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3.2 A Bound on the Truncation Error in a Particular Case 

The results of the previous section can be applied to any 

modification of the standard T -table. We now restrict ourselves 

to the particular case where. for m > 0 

(3.2.1) T (t) = • 

m even 

m odd 

This is the table which is associated to a discretization error E(h) 

of the form 

as in the case of contour integration round squares. (See fig. 2.4. 1) 

Our aim is to find an expression for C:op (k) which is easily 

bounded .. From (3. 1.25) it is clear that 

(3.2.2) C (k) - 4- (:op+l)k C (0) :op - 2p • 

On setting m = 2p and k = 0 in Cor. 3. 1.7 we get 

(3.2.3) 

However by (2.4.15) 
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(3.2.4) 

Since the Euler-Maclaurin formula gives an expression for T 0(11:)-1 we 

can therefore obtain another expression for T ~ (0) -1 which when com-

pared to (3.2.3) will yield a formula for C2p(O) and hence for C2p(II:). 

Proposition 3.2. 1 

(3.2.5) 

1 
+ J f(4P+2)(X) ft> (x) dx 

o 

where (p(x) is defined below, h is defined by (3.2.4), c2J are numbers 

1 

defined by (2.1.11) and 1= J f(x) dx. 
o 

Proof: 

Letting n=2& and q=2p in Prop.2.1.2 we have 

(3.2.6) 

where 

(3.2.7) ( \ - h4p+2 [ P (2&) ï <."It X, - C4p+2 - 4p+ 2 X J 

for fixed p. Furthermore, from (3.2.4) we get 
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(3.2.8) 
p 

E = T ~ ( 0) - l ( 1; ')lit) = 
It=o 

Substituting (3.2.6) into (3.2. 8 ) gives 

(3.2.9) 

or 

(3.2.10) 

where 

(3.2.11) 

E -

1 p 

= J f(4P+2)(X) ( 1; i'1t ct'k (x» dx 
o k=O 

1 = J f(4p+2)(X) éP(x) dx 
o 

~x) 

p 

= I: 
k=O 

comp1etilig the proo!. 

Corollary 3.2.2 

(3.2.12) 
p 

1: i'k = 1. 
it=O 
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Proof: 

Let f(x) = 1 in (3.2.5) and we get 

1 p 

1-(J Idx)( ~ i'1t) = 0 
o It=o 

giving (3.2. 12). This result was already found in section 2.4. 

From (3.2.3) and (3.2.5) it follows that 

(3.2.13) 

= ~ c2J (~ 4~~ ) [f(:?J-l)(l)_f(:?J-l)(O)] 
J=l It=o 

1 
+ J f(4p+2)(X) ~x) dx. 

o 

Comparing the two expressions we expect to have the following equalities 

(3.2.14) 1 s j s 2p 

and consequently 

(3.2.15) 

We prove this in the following proposition. 
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Proposition 3.2.3 

(3.2.16) A (0) 
2p,J 1 ~ j :;; 2p 

Proof: 

Sinee (3.2.13) is valid for aU funetions fEC4p+2[O, IJ, we apply it 

suee.essively to polynomials of degree 2,4, ... , 4p. Let f(x) = x 2
• Then 

(3.2.13) gives 

(3.2.17) A (O)[f'(l)-f'(O)J 
2p ,1 

(3.2.18) A (0) 
2p .1 

sinee f'(l)-f'(O) = 2 ! O. Henee (3.2.16) is valid for j=l. Assume it 

holds for j= 1,2, ... ,n-l < 2p. We show it remains true for j=n. Let 

f(x) = x 3l
, (2n:;;4p)j thus (3.2.16) beeomes 

(3.2.19) 

where 



0-1 
(3.2.20) S1 = L 

J=1 
A2p./O) [f(2J-1) (l)-f(2J-l) (O)J 

0-1 p 

S2 = E CJ ( E ')Ik )[f(2J-1)(l)_f(aJ-1) (O)J. 
J=1 k=O 4 kJ 

However S1 = S2 follows from the assumption giving 

(3.2.21) 

since f(31- 1)(1)_f(31-1)(0) = (2n)! 1: O. This completes the proof. 

Corollary 3.2.4 

(3.2.22) 

for j=I,3,5,7, ...• 2p-1. 

Proof: 

(3.2.22) follows immediately from (3.1.28) and (3.2.16) since every 

odd step is eliminating. This formula has already been found in section 

2.4 by another method. 

Corollary 3.2.5. 

p 

(3.2.23) C (0) = c ~ 
~ 4p+2 ~ 

Il=O 
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Proof: 

Let f(x) = X 4P+2 , then 

f(4p+:a) (x) = f(4p+2) (~) = (4p+2)! ~ 0 

and (3.2.15) gives 

1 
Cé\) (0) = J éP(x) dx 

o 

1 

= J 
o 

However, by (2.1. 8) 

pr ovi ng (3. 2 . 23) . 

Corollary 3.2.6 

(3.2.24) 
p 

C (It) - 4-(2;I+1)1t C ~ 
~ - 4p+2 ~ 

it=o 

Proof: 

This follows il'TUllediately from (3.2.2) and (3.2.23). 



Proposition 3.2. 7 

For any integer p ~ l, 

(3.2.25) 

Proo!: 

From (2. 1. Il) we may write 

(3.2.26) c 21 
_ ~ = (_1)1-1 2C(2i) 
- (2i)! (217)21 

where 

(3.2.27) C(i) f 1 
= ;r n=l 

Thus 

(3.2.28) C4p+2 = 
2'(4e+ 2) 

(217)4p+2 

However C(il> 1 for any integer i and ( is a decreasing function of i. 

Thus for any integer p ~ 1 we have 

(3.2.29) 1 < (4p+2) s (6) = ::5 < 1.1 

p r ovi n g (3. 2 • 2 5) • 

Proposition 3.2.8 

(3.2.30) 
_p2 

= (- I)P 4 

62 



Proof: 

Let 5 denote the left-hand side of (3.2.30). Then 

(3.2.31) 

(3.2.32) 

(3.2.33) 

(3.2.34) 

(3.2.35) 

(3.2.36) 

(3.2.37) 

p 4 (2P+l)P 
5 = 4- (24l+1)p I; 

4(2P+l)1t YIt 
It=o 

p 
4(24l+1)(P-It) YIt = 4- (2P+l)P I; 

It=o 

by (2.4. 19) 

P ( 1-424l- ~+2\ 
= 4- (2P+l)p n 1 

It=l 1 
"- by (2. 4 . 2 1 ) 

(1-4a=T) 

= 4- (2P+l)P • 42+4+ ••• +211 

= 4- (24l+l)p • 4 p (p+l) (-I)P 

1 
p (1 - 424l- 2k+2 ) 

n 1 
It=l (1- 42k-l ) 

(1-2- 4 )(1-2- 8 ) ••• (l-2-4p ) 
(1-2-~(l-2-6) .•. (1_2-(41>-2» 

proving (3.2.30). It can be shown that 

(3.2.38) 
4 

< -
3 
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Propos~tion 3.2.9 

(3.2.39) 

Proof: 

If we substitute (3.2.25), (3.2.30) and (3.2.38) into (3.2.24) we 

obtain 

Ic~yt) 1 < 4-(:2p+l)k {2.2) _p:3 
(i) 

(27T)4p+2 4 
3 

_p:3 
( 8.8 ) 1 C2p (k) 1 < 4- (:?P+l)k 4 

(27T)4p+:3 3 

:3 

1 C2p (k) 1 < 4- (:?P+l) k 
3.4-P 

(27T)4p+:3 

Proposition 3.2.10 

Let f( z) be a comp1ex ana1ytic function in a region containing the 

interval of integration [0, 1]. If P is the shortest distance from this 

interval to any singularity of f(z) then for any fixed (>0 there exists 

a number K«() such that 

(3.2.40) 

:3 
3K«() 4- (2p+l)k 4 -p (4p+2)! 

1 Ca> (It) f(4p+~)( t) 1 < - -
.. (27T)4p+:3 (p_ ()4p+2 

Proof: 

It follows immediately from (3.2.39) and the fact that for any 

(>0 there exists a number K«() such that 



If(P) (z) 1 < K(() . 
p! (p-()P 

This cornes from the Cauchy formula 

f(p) (z) 

p! 
1 =-- J f(w) 

(W-z)P+l dw 
C 
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around a circ1e C of radius P-( and since f(z) is analytic and hence continuous 

on the compact set {z: Izl Sp-(} it follows that If(z)1 is bounded by a 

constant K(() on C. 
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3.3 A Square Contour 

As defined in Section 2.3. let So(1) be the trapezoidal SUIn obtained 

around the who le square when each side is divided into m = 2 1 equal parts 

with i=O, 1.2,3, ... and let 

be the exact value of the integral where 0 is a square with sides parallel 

with the axes. We proceed with the modified Romberg table described in 

fig.2 .4. 1 and apply the results of Sections 3. 1 and 3.2 to bound the trunca-

tion error for any entry in the adapted table. We find 

Proposition 3.3. 1 

(3.3.1) s~(o) - ~ = JO 4t(z) f(4p+2) (z) dz 

with 

p -
(3.3.2.) 4t(z) = E )'1 <Dp(z) 

1=0 

where )'1 is defined by (2.4.15), ~(z) is defined by (2.3.5) and (2.3.6) 

with m = 2 1 • 

Proo!: 

From (2.4.15) and (3.2.12) we have 

(3.3.3) 



67 

(3.3.4) 

Substituting (2.3.20) into (3.3.3) we obtain 

(3.3.5) 

* where d r and ~ (z) are defined by (2.3.21) and (2.3.6) respectively. 

(Note that êjJp (z) depends on i.) 

(3.3.6) 

(3.3.7) 
p 

= ~ 1 ( ~ Yi ~ (z» f(4p+2) (z) dz 
o 1=0 

by (3.2.22) 

(3.3.8) = JO ~(z) f(49+2) (z) dz 

where 

p 

(3.3.9) 4l(z) = 1:: 'Yi 0p(z) 
1=0 

concluding the proof. 

Proposition 3.3.2 

For any fixed (>0 there exists a number K(f) such that 
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(3.3.10) 

where d is the shortest·distance from a singularityof fez) to the 

boundary of the square with sides of length 2R. 

Proof: 

By (3.3.4) we have 

(3.3.11) 
p 

5:ap (0) -~ = !; 'Y1 [50 (1) -L] . -u 1=0 -0 

Now, letting m = 2 1 , we get from (2.3.17) 

4 • 
(3.3.12) 5

0
(1) = !; hlt ~ " f(alt + jhlt ) (m=21) 

It=o J=O 

4 • alt+l 
(3.3.13) 5 (1) ~- E [hlt ~ Il f(alt + jhlt ) - fait fez) dz] 0--

It=l J=O 

where a6 = al. A simple change of variable, 

(3.3.14) 

gives 

(3.3.15) Ost~l 

on the side ait alt+l. At times we will consider t as a complex variable 

and regard (3.3.14) as a complex transformation as welle Applying this 
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to (3.3.13), and substituting into (3.3.11) we get 

(3.3.16) 

(3.3.17) 
4 P l 

= E (ak+l-ak)[ E Y1 T o(1) - J Fk(t) dt] 
k=l 1=0 0 

using (3.2.12) and where 

(3.3.18) _ 1 ~ 1/ F k (.1..) 
m J=O m 

(m = 2 1
). 

Thus T 0(1) represents the trapezoidal sums obtained from F k (t) on the 

respective sides ak a k+1 • From (2.4.15) we now get 

(3.3.19) 

Applying (3.1.24) to each bracket in (3.3.19) we obtain 

(3.3.20) 

where 

(3.3.21) 

However by (3. 1.28), A2p ./0) = 0 for j odd. Hence 



(3.3.22) 

4 

+ ~ (all:+1 -ail:) EII: . 
k=l 

Noting that ak+1 -ail: = mhk and using the relation 

(3.3.23) 

we obtain 

(3.3.24) 

4 

+ ~ (ak+l - a k )Ek 
k=l 

4 

= ~ (ak+l - ak )Ek 
k=l 

since, for any j, h l
4J = h 2

4J = h 3
4J = ~4J. By (3.2.40), each EII: is 

bounded, 

(3.3.26) IEItI < (;p+2)!3Kk(E") 

4P [21T(Pk -() J4p+2 

where Pk is the shortest distance frorn a singularity of Fil: (t) to the 

interval [0, 1] in the cornplex t-plane and ZRpt is the corresponding 

distance in the z-plane. Thus if we set 
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(3.3.27) 

we find 

(3.3.28) 

(3.3.29) 

(3.3.30) 

[p = min Pk 

1

d = 2Rp 

K( E') = 4 max Kk (E') 
.... 

s: 2R(4p+2)! 3 
2 

4P (21T)4p+2 

proving (3.3.10). 
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CHAPTER 4 

PROGRAMS AND EXAMPLES 



4. 1 Introduction 

In this chapter we apply the principles of the earlier chapters to 

practical examples. 

We are given a function f(z) and its derivative f'(z) and we choose 

a region which is either a rectangle or a square with sides parallel to 

the coordinate axes. We then proceed to determine whether this part-

icu1ar region contains any roots of f( z) or not. 

Basically we evaluate numerically 

(4.1.1) 1 J f'(z) dz 
2 Tri C f(z~ 

and this is done in two different ways depending on the manner the con-

tour C is split. 

In PROGRAM ONE we begin by dividing each side of the rectangle 

into N equal segments and eva1uate the integral along each segment 

by the standard Romberg method described in chapter 2 until a specified 

convergence criterion is satisfied. These results are then added properly 

to give the total number of roots inside the given rectangle. If there are 

any roots inside we then continue integration on the inner sides and again 

the results are combined with the ones found on the outer sides to give 

the number of roots in each sub-rectang1e. This was explained in detail 

in chapter 1. 
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In PROGRAM TWO, the path of integration is not a straight line 

but the whole contour of the region i. e. we begin by evaluating the 

trapezoidal sums 5 0(0),5 0(1), ••. , defined by eq. (2.3.17) and then 

combine these values by Romberg's method until the difference be-

tween successive values is less than the prescribed tolerance. The 

region is then divided if and only if it contains a root and the pro-

cedure above is repeated automaticaUy for each subregion. In 

PROGRAM TWO the region is restricted to a square since we need 

equal sub-divisions on aU sides in order to apply the modified 

Romberg .technique extensively described in chapters 2 and 3. The 

standard Romberg scheme is also built in to compare results. 

PROGRAM ONE or PROGRAM TWO can be reapplied by the 

user to each subregion containing more than one root. When a region 

contains only one root, either program can be made to evaluate 

(4.1.2) 
1 fi (z) 

21Ti Je z f(z) dz 

by assigning the proper value to the parameter NZERO (see the listings 

of the programs). The integral in (4. 1.2) gives the sum of the roots, 

hence the root itself when it is unique. We can thus find a reasonable 

approximation tJ)- the root. 

We illustrate the programs by applying them to the following 

examples: 



" 
Ex.l: 

Ex.2: 

Ex.3: 

f(z) = Z6 + 16 (3 - 16i 

within the square of center (0,0) and side 4. 

f(z) = e Z 
- 2z2 

within the square of center (0, 1) and side 4. 

f(z) = cosh(2z) - 1 

within the square of center (-0.5, 0.5) and side 6. 

The first example is used to check our results since aU the roots 

of f(z) can easily be found by de Moivre's theorem; more specifically, 

w he r e , for k = 0, 1, . . . , 4, 

using a table we find 

Zo = 1.7321+i 

Zl = -.41582 + 1.95630i 

Z2 = -1.98904+ .20906i 

Z3 = -.81348-1.82710i 

z" = 1.48628-1.33826i 

as illustrated in the following figure 
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y 

-2 
-----+----------~----------~----.X 

. -2 

fig. 4. 1 

Example 3 illustrates the problem of multiple roots. Obviously 

z = 0 and z = i1T are roots of fez) but successive subdivisions show 

that the disjoint subsquares obtained around these values keep con-

taining two roots, until a warning is printed to the effect that the 

path of integration has come too close to a root. As mentioned in 

chapter l, in each case, we find these roots Ctl' Cta and !Jl' Pra respectively 

by evaluating 

Ki 
1 

S 
fi (z) 

- z~dz = Ctl + exa 2m 
C 

and 

Ka 
a fi (z) d = et 2

'CX 2 -
21Ti J z f( z) Z l ... a 

C 

:2 
about a suitable contour C (similarly f3l. ... !J:2 and 131 2 

... 8-;; l. ~ote that 
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Qi and Q2 are then the roots of the quadratic 

From the computed values of Ki' K 2 we easily see that z = 0 and 

z = i1T are double roots of f(z). 

PROGRAM TWO is illustrated with Example l, showing faster 

convergence for the modified Romberg technique. When a square 

contains no roots the successive iterations in cŒDputing the contour 

integral give values converging to zero and because of the very small 

numbers involved the relative error test (IDEL=-l) will not work. 

It is therefore necessary to use the absolute error test (IDEL=l). 



4.2 PROGRAM ONE 

1 PROGRAM ONE 1 

1 
r TYPE, GOMMON, DIMENSION 1 

J 
l 

READ 

TITLE,XO, YO,A, B, DEL, IMAX, 

IDEL, NZERO, N~1NT 

1 

l ~= 
ISTOpl 

GALL PRINTA 

(XO, YO, A, B, TITLE, NZERO, N, IDEL, DEL) 

GALL GOORD 

(N,XO,YO,A,B,X,Y,G,D) 

1 KASE

I
= 1 1 o ~ 

60 1 GA LL SIDES 1 

1 (N, KASE, X, Y, HOR, VERT, DEL, lMAX, IDEL)j 

1 
1 

. GALL ZEROS 

1 (N, KASE, HOR, VERT, TOTA L, ROOTS) 

~î 
'-/ 

Fig.4.2 Flow chart for PROGRAM ONE 
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= 

, GALL 

1 PRINTF (TaTA L) 

{3 
'\ l-R.....:~-T-O-T-A-L-=-R....:.E-A-L-( T-O-T-A-L-') 1 

GALL 

PRINTB (TOTAL) 

ch 
! GALL 

1 PRINTG (TOTAL) 

1 KASE = 2 1 

è 
Fig.4.2 (cont) 

GALL 

PRINTD (X, Y, ROOTS) 

ct 
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SUBROUTINE ROMBG 

1IEïO j 

__ IDEL* IDEL -1 
f; 0 

------------ 10 

= 0 

~SO 
1 RETURN 

. DEL: 0 
30 

1ER =3 >0 

40 1 RETURN 
<0 

~O 60 lER=4 

60 
1 RETURN 

>0 

70 

~ 0 

Fig. 4.3 Flow chart for SUBROUTINE ROMBG 



!C(1)=ol 
1 

S=(F(A)+F(B»* O.S 
1 

T(1) = S*H 1 

C(I) = C(I-l) * 4. + 3. 

160 

Hl = H* O. si 
1 

lx =A-Hl\ 
1 

1 J = 11 

j 
x = X+H\ 

1 T(I) = S * Hl i 
:J< 
:,~ 

Fig.4.3 (cont) 
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s:0 

~O 
160 . 

IlMl =1-11 , 
1 Il = Il 

l , 
! J = 2i 

r . 
iIl = Il - 11 -, 

170 T(I2) - T(Il) 
T(Il)=T(I2) + C(J) 

< 

180 T ( 2) - T ( 1 ) 
S2 = T(2) + C(I) 

Fig.4.3 (cont) 
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1 
J = J+l 
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SI = \S2-T(l) \ 

190 

~o 

< 

l = 1+ 1 

Fig.4.3 (cont.) 
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C 
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C 
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~s ~O~TPAN f4.0)/MSOS 19/071 

PROGRAM ONE 

------------------------~---------------------------------~-----
PURPOSE 

(1) Ta EVALUATE THE Nu~~E~ OF ROOTS OF THE GIVEN FUNCTION 
INSIDE THE PRESCRIBED ~fCTA~GLE AND INSIDE EACH 
SUR-RECTANGLE wHEN T~E SIOEs ARE DIVIDED INTO N 
EQUAL PARTS,SET NZEDO DIFFERENT FROM 1 

_____ (.!...I2--.') Ta EVALUATE THE VALuE OF THE ROOT (IF UNIQUE) OF 
THE GIVEN FUNCTION J~SI~E THE PRESCRIBED RECTANG(i 
SET NZERO=l AND ~=1 

PARAMETERS 
(XO,YO) 
A,a 
N 
NZERO 
IDEL 
DEL 

METHOO 

-CENTER OF RECTA~GLE 
-SIDE LENTGhS 
-NO. OF SEGMENTS O~ E4CH SInE 
-pUR POSE CODE 15EE PURPOSE) 
-ERROR cODE ISEE SUeROUTINE ROMaG) 
.ACCURACY (SEE SUPROUTI~E ROMBG) 

-- - - --------------'--

INTEGR~TION IS PERFO~h'Eo 0 ... EAC~ OUTER SEGMEN-r
u 

aY ROMSERGS 
STANDARD METHOD AND RES,.LTS ARE COMeINED TO GIvE THE 
NUMBER OF HOOTS IN TH~ nRI6I~AL RECTANGLE OR TO GIVE (2) 
(SEE PIIRPO~E).-IN CASE rI,.IF THE ORIGINAL REGION CONTAyNS 
A ROOT,INTEGRATION IS CO~TINUED ON INNER SIDES AND RESULTS 
ARE COMBINE.O WITH THE O.,ES FOUNù ON OUTER SI_l1E.~_!Q_JH~~ 
THE NUMRER-OF ROOTS IN EACH SUS-RECTANGLE C 

C 
C 

c 

------------------------------~--------------------------.-.-.--TyPE COMPLEX(4) HOR,VERT,TOTAl.H~OTS 

COMMON NZERO 
DIMENSION X(~),Y(5),C(~1~4) __________ _ 
DIMENSION HOFH4,4,5) 'VERT (4,5.4) .ROOTSC4'4,4) ,TiriE!7,j", 

-----------------------------~----------------------------~-----READ l5,(TITLECK),K=1,70) 
15 FORMAT (70 (A 1» . 
20 READ 2S,XO,Yo,A,B,DEL,lMAX,10fL,hZERO.N,I~T 
Z~_EORMAT(4FI0.3,Fl0-A...~~St.~) _ 

IF(INT.EQ.O) STOP 
CAL L P R 1 NT A ( )( 0 , y 0 , A , B , T 1 TL E • ~ lE"' 0 • l'\i • 1 ;; EL' DEL) 
CALL COORD(N.XO.YO,A,B,X'Y,C.~) 
KASE=l 

50 CALL SIDESCN,KASE,x,Y,HOR,VEPT.DEL.I~AX,IDEL) 
fALL __ z!._~O~~_~S~I-HORJ~~~T, TOTAL~_konTS, 
iF(NZERO.~E.l) GO TO ~o 
CALL PRINTF(TOTAL) 
GO TO 20 

60 IFCKASE.NE.l)GO TO 150 
RETOTALzREALCTOTAL) 
lEJRE1JlTAl .GL_Q..~JGO TO 109 
CALL PRINT8CTOTAL, 
GO TO 20 

100 CALL PRI~TCCTOTAL' 
I<:ASE=2 
GO TO 50 
C N I~ E 



__ ---~. __ ~ _____ --,c'--______ _ 

NO ERRORS 

IF(N.NE.2) GO Ta 20 
CALL PRINTDex,y,ROOTS) 
GO Ta 20 
ENU 

FOR T RA NOl A G NO S TIC RE 5 lJ L,--.:.T-=S~.!-F=O~R __ O-'!:...~-,-,E~ 

--- --'-'--"-'-. -_. 

-_ .. _--_._---------_._----- _ .. _---_ ... _ .. 

-'-. __ . _. ----------------_._---_._-._--- --------------_ .. _---_._-- .. __ .. _ .... - _._- '-.---

_ .. _._---------------

85 



MS FORTRAN (4.0)/MSOS 

c ---------------------.-------.-----------.-----------
C EVÀLUATES coaRDINATES OF cORNFRS AND CENTERS OF ALL 
C SUBRECTANGLES WHlN THE SIOES OF THE ORIGINAL RECTANGLE 
C ARE DIVIDED INTO N EQUAL PARTS. 
C -.----------.----------------.-----.------------------

DIMENSION XCS),'l'CS),ÇC4),OC4) 
c ------------.----------------.-----------.------------

XC 1) = X 0 - A/2. 
'l'Cl) = 'l'O - R/2. 
R~'=N 
Hl = A/RN 
H2 = A/RN 
M = N+l 

c ------------.--------.-------.-----------.------------
___ .~ _____ . _ __'Do<_;O""__=4 .... I__==___S;,2 .... ,'_'_M_'__ ____________ _ 

RI =1 
XCI)=XCl)+CPI-l.)*Hl 

4 VCI)='l'Cl)+CRI-l.)*H2 
c ------------.--------.-------.-----------.--------.---

DO 61 = l,N 
CCI)=CXCI)+XCI+l»/2. 

c ------------.--------.-------.------------------------

NO ERRORS 

RFTURN 
END 

FORTRAN DIAGNOSTIC RESIJLTS FO~ COORO 

86 
19/07/7 



87 · .. _. -_._-----~~~~--_._--_._-- . 

M~ FOPTRAN (4.0)/M505 i 9/07/7-

5UBROUTINE 5TnE5(N,KA5E,X,y,HnR,VERT,uEL,r~AX.IDEL) 

c ---------------------------------~-----------------------.-c 0 ETE R MIN E 5 0 "1 WH 1 CHE 0 G E 5 ~ Il J M r R 1 CAL 1 N TE G RAT 1 0 I\J 1 5 
C .T(' __ e~_PERFOPMED AND~_~I,.._~_J!"!F.GR~TI0N ROUTL~~ __ _ 
C KASE=l INTEGRATION ON OIITER 5IOE5 
C KASE=? INTEGRATION ON INNER 5IDE5 
C ~ASE=~ INTEGRATION ON ALL 5IDES 
C ------------.--------.-------.-----------.---------------.-

TYPE COMPLEX(4) A,B,F,S2,S,HOR.VERT.C~PLX 
___ COM_~ON NZERO ________ .____ _ _ ____________________ . __ 

DIMENSION Xe~),Y(S) ,HOR(4,4,S),VERT(4.S,4) 
DIMENSION Re?) 
EQUIV"LENCE(P,5) 
EXTERNAl F 

c -.---------------------------.---------------------------.-
___ .... __ ~Q ___ TO (St!O,1C;) ,KA~~n_ . __________ . 

C ------------.----------------.---------------------------.-
S L=l 

M=N+l 
JUMP=N 
PRINT 7 

7.fQB.MA T.( 1 H 0 '.zLt25!!tNTE(3~M~S. ON 0YTf'3.5.r.OE?-) 
PPINT 8 

8 FOR~AT(lHO'32x'9HREAL PART'SX'14HIMAGINARY PART,sX, 
11oHITERATION5,//) 

GO TO 20 
c ---.-------------------------.---------------------------.-

10 .1..=2_ _ ________ ~ __ ~. 
~=N 
JUMP=l 
PPI~T 11 

11 FORMAT(lHO'2X,2SHINTEGRAL5 nN INNER 510ES-./) 
GO TO 20 

c ------------.----------------.---------------------------.-
1S L=l 

M=N+1 
JUMP=l 

20 CONTINUE 
c ------------.----------------------------------------- -~---

ICASE=l 
C INtEGRATjÔN~('I~J HORIZONTAL 5TDFS O"JLY 

DO 40 J=L.M.JUMP 
DO 40 l=l,N 
A=C"'PLX(XeI) ,Y(J» 
B=C",PLX(X(I+l) 'Y(J» 
CALL RO~BG(F,A.B'DEL'52,S.IGEL'lEP,I~~~.ITER) 
î F TtE: R • ~'E ~O-)-Got 0 ISO 
HOR(N.I,J)~S 
P~INT 30.~,I,J,R.ITER 

3G FOR~ATellx'6HHO~ ('2(Il'1~') ,ll'4 H ) = ,4X,E12.3,5X.El?3, 
lS X,IS) 

40 CONTIN~E 
c -----------------------------.-----------.----------------~ 

ICASE~2 
C INTEGRATION OP-l VERTICAL SIOES ()~·LY 

OC . ~ f) 1 ~L, M, .J""'P 
DO 60 J=l,N 
A=C~PLXeX(I),y(J» 



____________________________________ 88 __ 
B=C~PLX(X(I) .V(J+l» 
CALL ROMAG(F.A.B,DEL'S2,S.r nE L,IER'IM Q X.ITER) 
IF(IER.NE.O)~O TU 150 
VERT(N,I,J)=~ 
PRI~T 50,N,I,J,R,ITER 

_ s..Q...LDRMAT ( Il X, 6H VERT _L_'-2J_Jl~ LH.....!J.-,-ll-' 4H )_-= • .A-X.....! E 12.3. S~~.U2 .. 3.'­
lSX,IS) 

60 CONTINUE 
RETURN 

c -----.------.--------.-------.-----------.-----------.---.-
150 CALL PRINTE(ICAS~,N,I,J.IER) 

_ BEl.lL~N____________________ __. ______ . ___ . __ . ______ . ____ _ 
END 

FORTRAN DIAGNOSTIC RESULTS FO~ SIDES 

NO fRRORS 
. - - --
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C 
C 
C 

~S FORTRAN (4.Û)/MSOS 19/07/7 

SUBROUTINE ZEROSCN,KASE,HORtV~RT,TÜTALtROOTS) 

-------------~-------------------------------------------.-COMBINES VALUES OF INTEGRAl~ 

------------.----------------.--------------------.------.-
TyPE CÜMPLE y (4) HQR, VERT '# TOT AL ;ROOTS, SI lM, CMPLX, T. CONS·TANT 
DIMENSION HORC4,4.S),VERT(4,5,4 l ,ROOTSC4'4,4),SUM(4) 
DIMENSION R(?) 
EQUIVALENCE (R,T) 

c ------------.----------------.-----------.---------------.-
........ IE e KA SE ,~E.l) GJL_HL1~~ .. H •• _._ •• _. _______ •• _ ._. __ • __ •••• 

c ---------------------.-.-----.-----------.---------------.-
L=1 

w M=N+l 
JUMP=N 
K=l ------------.--------.-------.---------------------------.-
DO 110 J=L,M.JUMP 
SUMeK)=O, 
DO 100 l=l,N 
SUMeK) = SUMrK)+HOReN.I,J) 

100 CONTINUE 
iiIi, I!' ._K~K~.l ... _ ._ .. __ 

t 

t 

11 0 CONT 1 NUE 
c -----------------------------.-----------.---------------.-

DO 130 I=L,M,JUMP 
SUMeK)=O, 
DO 120 J=I'N 
SJL""J_IO =S.~.tKl .. +.. VERT' N' l ' . ..J ) .. 

120 CONTINUE 
K=K+l 

130 CONTINUE 
c -.-.-.------.--------.-------.---------------------------.-

C=l,O/6.2831P 

~·g~-t~~~U~·(~f~~~~~l~·;8~ e 3; +SIJ~1(4-)·) .CON-SiANT· 
RE TUR~J 

c ---------------------.-------.-----------.---------------.-
135 PRINT 140 
140 FORMAT(lHO,2x,36HNuMBER OF ~OnTS IN EACH SuBRECrANGLf..//) 

DO \6Q . .J:al'!' 
DO 160 1=1,"" 
R 0 0 T S (th l , J) = ( HO R eN, l , J ) - H 0 R C ~" t • J + 1 1 - vER T ( N , t , J ) 

l+VERT(N.I+l,J»*CONSTANT 
T=ROOTS(N.I,J) 
PRI~T 155,N,T,J,R 

15~ FORMATCllX,6HROOTS(.2eIl'lH,),Il'4H) = .4x,E12_3,5X,E12_31 
160 cONtINUE·' . 

c -----------------------------.---------------------------.-

NO ERRORS 

RETUR~ 

END 

ZERf'c:; 
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90 - - _ .. -". ~-----~--------------------------=--------,----------------~ ---
MS FO~TRAN (4.0)/MSOS 19 / 0717 

c 
c 
ç -
C 
C 
r. 
c 
c 

~---ç,­
c 
c 
c 
C 
C 

_ ,C, 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
ç 
C 

c 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
PURPOSE . 

INTEGRâTES THE GIVEN FUNCTION O~ER THE PRESCRIBED 
lINE SE'GMENT IN COMPLEX PLAr-IE 

USAGE 
_ .. __ '_ CALL ROM~§--'f_~~,! 8. DEL, '52 '~_',JPE-.b.'l.s_~~A~_!_lL ~ ~ 

DESCRIPTION Of PARAMETERS 
F -NtiME OF USER FUNCTT('I\i SU~P~OGRAM GIvING F(X) 
A -LO~ER INTEGRATI0~ Ll~IT 
A _UPPER INTEGRATIO~ LI~IT 

, ____ .!~ACCURAC Y~Q[)~ __ \II~~ RF~ __ 
TnEL=-l RELhTIVE EpROR 
IDEL= 1 A~SOLUTE EpPOR 

DEL -PEGU 1 RED ACCURACY nR TOlE R ,."JCE 
IMAX-MAXIMUM NUMBER OF JTERATIO~S 
S _RESULTANT FINAL VALUE OF l',,TEGRAL 
~~~ -WORKING VEçTOR OF IENGTH I~AX 
T':'WORKINC; vEcToROF LË-t-~G'fH l'~AX 
1ER -P~SULTANT ERROR cOnE WHEPE 

JER=O REQUIRED ACCURACY ~ET 
IF.P=l REQUIREfJ ACCURACY '"-OT MET IN IMAX yTERIITI(jt-IS 
JER=2 IDEL NOT 1 OR -1 
JE~~3 OE~ NOT POSITIVE 
JfR=4 IMAX LESS THAN 3 

SU8ROUT HlfS AND FUNeT 10".! SllbPROGRA~S REQU 1 RED 
F- FUNCTION SU8PROGRA~ wHICH co~PUT~S F(X) FOR X RETWEfN 
A AND R 
CALLINA PROGRAM ~UST HAVE FORTRAN EXTE~NAL STATEMENT 
CO-';;TAINiNG NAMES OF Fljl'JCTION sU-~PRbGRAMS 'L.ISTED IN CALL TG 
ROM8G 

~ETHOD 
TRAPEznTDAL SUMS ARE CO~PUTED 0' G1vEN LINE wITH 
INTERVAl HALVING AND PESUlTS ARE CO~8INED 8V 
ST A~DtI QI) ROMBERG ME THOO 1,,1\ t 1 L 1) 1 FFEpENCE BE T ~EE~' 
SUCCESSIVE VALUES IS LE~S THAN nEL 
FAILUPE: TO REACH THE TO, ft~A~JCE ~FTEp IMhx ITfRATIONC; 
TER~I~II'TES THE SURRnIJTI"IE EXECUTION 

• • ! • ~ • • • • • • • • • • • • • • • ~ • • • • • • • • • • • • • • • • • ! ~ • • • • • • • • • • • • • • • • • • • • • • • • • 

TyPE COlolPLEX(4) f.A.~.H.H, .C;2.S,~.T 

COM,..ON NZERn 
DI ME /Ii SION r: ( , c;) • T ( 1 c; ) 

c • • ! • ~ • • • • • • • t • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c 
C C~~CK FOR PAPA~ETER EP~ORS 

IP~=O 
IF (IDEL·lrEL-l) 10.20'10 

II) IER=2 
R~TUR~ 
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, 

f 

--. ---- _. ----------------------~--

e 

20 IF(DEL)30,30.40 
30 IER=3 

RETURN 
40 IF(IMAX-3)SO.60,60 
50 IER=4 

--- ---

60 
70 
RO 

RE TUR~J 
IF(IMAX-lS)80,80,70 
IMAX=15 
H=8-A 
ell)= O. 

------------.--------.-------.-----------.-----------
__ C __ _ __ ~I.§.MI\ (1) = TPAPEZOIOA.l: §U~ WH_;~_PRF.:5C~IBE-,:~ ___ RANGr::nI~ 
e 
C 
C 

C 

DIVIDEO INTO 2~oCI-1) EQUAL PARTS. 
------------.--------.-----.-.-----------.-----------
COMPUTE SIGMA(I) 
5=(F(A)+F(B»OO.5 
T(l)=S~H 

----------~---------------------------------------------- --- --------_.- - . - --- - -- -- -- --- - - --

C COMPUTE SIGMACI) 
JU=1 
DO 220 I=2,IMAX 
CII)=e(I-1)04.+3. 
H1=HoO.~ 

. ___ ~=A_~ ___ ~____ 
on 150 J=I,JII 
X=X+H 

150 S=5.F(X) 
TIl) =so .. n 

c -.----------.--------.-.-----.-----------.-----------
ç uCO_MBIN~_!BAffZQJ~l_, 5UMS tj'Y'. _R()~B_~_~~~ ..METt:10D 

IF(I-2) IBO,1AO,160 
160 IM1=I-1 

Il = 1· 
DO 17(1 J=2,IMI 
I2=I1 
11=11-1 

17 O-,.-(TiT =T 1 1 2Y+CTTfzf-T ( J } ) ) le (J) - - ------

180 52=T(2)+CT(2)_TC1»/CCI) 

c -----------------------------------------~-~~-----~~-C TEST FOR CONVERGENCE 
51= CAS5(S2.TC}» 
.I F C _U?~ ~) __ l!!Q'l~ ~ ~ 200 

190 51= Sl/CAB5fS2) 
200 IFISI-DEL) 2~Q.230,210 

C REGUIREo AceURACY NOT t.4ET - NF::XT TTER .. TION 
210 T(1)=52 

JucJU+JU 
220 HIIHl 

lÉR=l 
C REYUIRED ACCIJRACY MET 

NO FRROR5 

230 5=52 
52=TC}) 
RF.:Tu RN 
END 

FnRTpAN DIAG'~05TIC pES',LTS Fo~ 

91 



--- --------------------------------------- --________ . __ <t?__ __ _ 

C 

C 

fUNCTION F(l, 
REAL K,NORM 

MS FORTPA~ (4.0,/MSOS 19/n7/7: 

----~---~------~--------------------------------------

---------------~--------------------------------------COMMON NZERO 
DIMENSION R(?) 
EQU 1 VALENCE (l:h T) 

T=Z 

CI = CMPLX(O •• 2.) 
ARG = CI4I-Z 
FUNC = CCOS(AQG) -1.0 
DERIV = -CI4I-CSIN(ARG) 

c -.-.-.---.-------------------.-----------.--------.--. 
____ fEQERI V/fUNC _____________ _ 

IF(NZERO.~E.l' GU TO 30 
F=F 4I-Z 

C F=F4I-Z 
GO TO 80 

30 NORM=CABS(F) 
_ __ _____ ____K= IJ>ft __________ _ 

NO F.:RRORS 

IF(NORM.LT.K,GO TO 80 
PRINT 40 

40 FORMAT(lHo'ln X'45HWARNING-A HnnT 15 Ton CLOSE TO THE cONTOUP AT) 
PFINT 6Q,R 

,,0 FORMAT (lHO'22X'2HZ=.E10.3'4H+,1 ( ,EIO.3tlH» 
__ L~_IJ~T_1Q_____ _ __ 
70 FORMAr(lHO,lnx,24HINTEGRATION Is ABANUONEO/IHl) 

STOP 
80 RETURN 

ENO 
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t 
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, 
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f 

t 

- -- --- - ------- - --- ----------------------
r·,s FOR T R A N ( 4 • 0 ) / t" SOS 

SUBROUTINE PQtNTA(XO'YO,A,8,TITLE,NZE~O,N,IDEL.DEL) 
DIMENSION TITL[(70) 
P~INT S 

____ S_FORMAT C lHl , ___ _ 
IF(NZE~O.NE.l) GO Ta 9 
PRINT 6 

6 FORMATCI1X,2~HEVALUATION OF THE ROOT UF) 
GO TO Il 

9 PPINT 10 
_____ ~a.J:ORI-IAT (11 X, 1 AHNUMBER !:lf __ 8.9_QJ_!5 __ ilf_> ______ ---- --- ---------- ---

Il PRINT 15,CTITL[CK),K=l,70) 
15 FORMATC1HO,19X,70Al) 

93 
19/07/7 

PPINT 20 
20 FORMATClHO,10X,40HINSIOE THE FOLLnwlNG RECTANGLE OR SQLlARF) 

PRINT 25, xO,vO 
25 FOR~AT C 1 HO' 19X, 13HCENTEB _____ -==-_J_!f7 _·3 '_1 ":l_!.'E..1 ~.Ltil> 

PRINT 30,A 
30 FORMATC20X,12HSIOE A 

PRINT 35,8 

- - -~--_. 

3S FORMATC20Â,1~HSIUE B 
PPINT 60 

___ ~2 __ ..i.2_~t:AA !_!J_ti~~! 4~!'fY~} NG !.~~ ~T ~'~I?~~Q __ ~OM~~_R~ COl'ITOUR 1 l'lTE r,R (l. T J ON) 

NO ERRORS 

PRINT 100 
100 FORMATC1HO'2X,8H~ESULTs-/,Hn) 

PRINT 110 ,DEL 
110 FORMATCIHO,2X,11HPARAMETER5-,,2Â,6HOEL = ,FIO.6,2x, 

11I')HCACCURACy» 
_.!FCIDEL.EG.P G9_ TO 130 

PRINT 120. IOfL - - -
12 0 FORMA TC 1H '25 X,SHJDEL=,I4,9X'?lH(RELATIVE ERROR CODE» 

GO TO 144 
130 PPINT 140,IOEL 
140 FORMATC1H '25X,5HIDEL=,I4,QX'?IHCAHSOLUTE ERROR COnf» 
14 ~_ PJi.lliL~~_!lL ______ _ 
145 FORMATCIH '2~X'5HN 

RETURN 
E"'D 

FORTRAN OIAGNOSTIC PESIILTS FO~ PRINTA 



~~_~ ______ ~ ______________ ~ __________________ ~_---,9'---.:.4~_ 

5U8~OUTiNE P~INT~ (TOTAL) 
TyPE COMPLEX(4) TOTAL.T 
DIMENSION RC?) 

,~s FORTPAN (4.0)/1-1505 

E QU 1 V A LE NCE--t-RL.IL_________ _ __ _ __ u_u __ _________ ~ _~ _______ ~ _~ __ .~ ______ ~~ 
T=TOTAL 
PRINT 5 

5 FORMATCII,3X.?4HNO ROOT5 IN GyVEN PEGION) 
PRINT lO,R 

19/()7/71 

,0 FORMAT(II.3X.,4HVALUE FOUND = ,EIO.4.4H+J( ,EIO.4'2H )/IH1) 
___ RE TURN __ ~ ________ ~ ______ ~ _______ ~ ______ ~ _______ ~ ______ ~ _______ ~ ________ ~ 

Er-.ID 

FO~TPAN OIAGNOSTIC RfSllLTS FOR p~H!TR 
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-------------------------------- -----~ ---------- ------ ------------

SU~ROUTINE PRTNTC(TOTAL) 
TyPE COMPLEX(4) TOTAL,T 
DIMENSION R(?) 
EQUIVALENCE(R,T) 
T = TOT A L ------- ------

PRINT 5 
5 FORMAT(//,3X,31HNUMBER OF 

PRINT lo,R 
10 FORMAT(lHo,2QX,E12.3,6H 

______________ .------'R-'-'E_T-'-U~R'-'-"'-'-l_ 
E/l.JD 

MS rORTRAN (4.0)/~SOS 

ROOTS IN WHCLE REGI0N) 

+J .E12.3) 

FORTP/lt-I DIAGNOSTIC RFSllL TS FOf~ PRII\JTC 

95 
19/071" 



------------------~~ 

------ ----------- -------~------------------------------

~s ~O~TPA~ (4.0)/MSOS 

SUBROUTINE PRINTuCX,y,ROOTS) 
TYPE COMPLEX(4) ROOTS,R212,Q222,R211,~221 
DIMENSION XC~),Y(5),ROOTSC4,4.4) 

__________ ___ __ f) 1 MENS ION R C 2) ,U C 2) , V C 2) , 101 CZL~___ _ _________ _ 
EQUIVALENCE(P.R212),CU,R22~).,V,P211) .(w.~221) 
PRINT 100 

100 FOR~ATCIH1'2X.36HNU4HER OF ROnTS IN EACH SURRECTANGLE) 
PRIt-IT 5 

5 FORt-'ATClIIII) 

--------fû ~~~~!T~~;:;~!1;yX-,-il-(2-H.~)--)---u------ ------ ____ u_ ----

15 FORMATclOX,lHO.2(29X,lHO» 
DO 16 1=1,4 

16 PRINT 15 
R212=ROOTS(2.1,2) 
R222=ROOTSC2.2,2) 
PRINT 20,~,lJ - - - - ----

20 FORMATCIOX,lHo,?,C4X,F7.3'6 H +J ,F7 ••• 5X,lHO» 
PRINT 25 

25 FORMATCIOX'lHO'2(12X'5HROOTS'12X'lHO») 
DO 26 1=1'4 

_____ ?f? __ ~B 1 N 1 __ J~ _______ _ 

NO fRRORS 

PRINT lO,Y(2) 
DO 21 1:1,4 

27 PRINT 15 
R211=ROOTSC2.1'1) 
R221=ROOTSC2.2,1) 
eRI!iL_~~~-,~ _ 
PRINT 25 
DO 28 1=1.4 

28 PRINT 1S 
PRlt-IT IO,YCI) 
PRINT 30.XCp.XC2ltX(3) 

3 0 FOR /of_A r CI 1 ,~x, 3 C F 1 , 3 , 20 X ) 1 hd ) 
RETUR~ -
END 

FORTRAN DIAGNOSTIC PFSIILTS FO~ 

_95> 
19/07/7: 
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--~---------_._-----------~-----------~---~~_.~-~ ---~~ - - --~~~ 

MS ~ORTRAN (4.0)/MSOS 

SUBROUTINE PPTNTE(ICASE,N.I.J,IER) 
IF(ICASE.EQ.?)GO TO 20 
PRINT lQ.Ntt,J 

_~._~~ ___ . ___ ~_~_l 0 FORMAT (1 OX. 2~HERROR MES~~~GJ:_fQ!< HOR (. 3J 2, 1til) __ 

2n 
30 
40 
50 

GO TO 40 
PRINT 30,N,I,J 
FORMAT(lOX.23HERROR MESSAGE FOR VERT(,312,lH» 
GO TO(SO.60.10,80).IER 
PRINT 55 

97 
19/011" 

. ____ ~~ ____ ~~.~~_ ._~5 5 FORMA T (10 X • !tA!! IER=] nR~gu 1 ~fJLPCCUR ACY N()~~ MEI _l."l __ J MA)C STFPS) 
STOP 

60 PRINT 65 
65 FORMAT(loX'23HIER=2 JOEL NOT 1 OR -1/1Hl) 

STOP 
10 PRINT 75 

~~ ___ ~ 75 FORMAT (1 OX. 23HIER=3J)j:_~_N~~i>~~JIV;/ tt11L~ ___ _ 

NO ERRORS 

STOP 
AQ PRINT 85 
85 FORMAT(lOX'23HIE~=4 IMAX LESs THAN 3 / 1Hl) 

STOP 
E~,JD 

FORTRAN DIAGNOSTIC RESIILTS FOR PRIt-iTE 



· - ----_._------------- --------------------- -~-_. 

SUdROUTINE PRINT~ (TOTAL) 
TyPE COMPLEX(4) TOTAL,T 
DIMENSION R(?) 
E Q U 1 V ALE Ne E (R • TL __ 
T=TOTAL 
PRI~T 5 

5 FOR~AT(II,3X,22H~OOT IN GIVEN REGION =) 
C 5 FORMAT(II,3x,3nHSUM OF ROOTS IN GJVEN REGION =) 
C 5 FOR MAT (/ l , 3 X • 4 1 H 5 U M 0 F S QUA RES 0 F R 0 0 T 5 l "1 G 1 VEN f~ E GIn N =, 

. _____ PR1R~~ft____ ________ ______________ ____ __ _ _______ _ 

NO FRRORS 
LOAD,S6,Ol 
RUN,3,NM 

10 FORMAT(III,22 X,7 H7 = ,El?.3,6H +J ,EJ2.3/1 Hl) 
Rr:-TURN 
ENO 

FOR T R A t,j DIA G NOS TIC p E S 1 J L TSF 0 ,; PRHJTF 

19/07/7 



f 
4.3 PROGRAM TWO 

~ 

1 PROGRAM TWO 1 

1 
ITYPE, COMMON, DIMENSION, EXTERNALI 

1 
READ 

TIT LE, XO, YO, R, DEL, IDEL, IMAX, 

MET, NZERO, N, INT 

= 
INT: 0 

" CALL PRINTA 

(XO, YO, R, TITLE, NZERO, MET, IDEL, DEL, N) 
-\ 

DIV = 1./6.28318 

CONSTANT = -CMPLX(O., DIV) 

1 
CALL SQUARE 

(F, XO, YO, R, DEL, S2, SU, IDEL, 1ER, IMAX, MET, ITER) 

160 
1 SU = SU*GONSTANT 1 

1 
GALL 

PRINTG(ITER, SU) 

= 
;;>-----~ fJ 

RESU = REA L(SU) 

:::::>----~ p 

Fig.4.4 Flow chart for PROGRAM TWO 

99 

• 

[frQ~J 

GALL 1 
PRINTE(IER) 



100 

cv 
+ 

CALL COORD 
(N,XO,YO,R,X,Y,C,D) 

r 
1 DN=N 1 

1 

1 R = R/DN l 
1 

J = 1 

xo = C(1.) 

YO = O(J) 

1=1+ 1 CALL PRINTA 

(XO, YO, R, TITLE, NZERO, MET, IDEL, DEL, N 

1 

CALL SQUARE 
(F, XO, YO, R, DEL, 52, SU, IOEL, 1ER, IMAX, MET, ITER) 

160 

CALL 

PRINTE(IER) 

j= 
Isu = SU*CONSTANT 

1 

CALL 

PRINTG(I'IER, SU) 

1 
L-_____________________ <~ 

< 

Fig.4.4 lcO!1t.) 

100 

J = J+ 1 



, SUBROUTINE SQUARE 1 

1 
11ER = 0 1 

. J 

20 

~ .. 

\~ 

~O 

<0 

10 

Fig.4.5 Flow chart for SUBROUTINE SQUARE 
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/'--

'. a 

80~-------L--------ï 

CI = CMPLX(O., 1.) 

CT = CMPLX( 1. , -1. ) 

=1 =Z 
85 1 

i C(l)= 0.1 
LI ------------------~~~=t==~-------------------

Fig. -1 . 5 ( C 0 nt. ) 

XZ = XO+R/Z. 

YI = YO-R/Z. 

YZ = YO+R/Z. 

A(l) = CMPLX(Xl, YI) 

A(Z) = CMPLX(XZ, YI) 

A(3) = CMPLX(XZ, Y2) 

A(4) = CMPLX(XI, Y2) 

lô5 

1 K~K+ll 
< 

lFA(5) = FA(l) 

1 

IT(I\"~1 
1 K = 1 

~~--------------------II 
S(K) = (FA(K)+ FA(K+I»:(!O. 5 1 1 

1 

1 

!. /K=K+II 
i T( 1) = T(l h S(K)O:!H _J + 

, -
~-

p 

10Z 



140 

1 J = }+ll 
11 ______ -< 

H = H""CI 

Hl = Hl:''' CI 

103 

=2 

1 C(I)=C(I-l),n6.+(5.! 

<(5)-< ------! 

Fig.4.5 (cant.) 



170 

180 

o .. 
::;;0 

160 

T(Il) = T(I2) + T(I2)-T(Il) 
C(J) 

S2 = T(2) + T(2) - T(l) 
CCI) 

6 

Fig.4.5 (cant.) 

104 



105 

51 = 1 52 - T ( 1) 1 

190 

51 

~o 

JU = JU + JU 

< 

1 = 1+ 1 

1 RETURN 

1 

END 

Fig.4.:; Icont.) 



106 
.~-... - .-.- -----------------·-------------:f----:c-1r:;.-------:~=--0=R=--TR~A-;-;-N--.(...,---4-.-;-O...,..-)-.I,..M:-..S=O--:;;;;S,------~--rrln7 / 

c 
c 
c 

------------.--------.-------.-----------.-----------.---.-.-.--
- -.- --c- -~---. PURPOSE---- --. -- -- -.------------.- ----- --.-.-.-------.. -- .. -. -.- ...... -.--... -

c 
c 
C 
C 
C 

(1) Tf) EVALUATE THE NUMRER OF ROOTS OF THE GIVEN FUNCTloN 
It-ISTDE THE pRESCRTBFO SQUARE ANn INSIDE EACH SU8-
SOliARE WHEN THE SJDF'S ARE DJVIDFD INTO N EQUAl PARTS 
S~T NZEPO DTFFERENT FROM 1 

C--·-
(2) TO FVALUATE THE VALIJE OF THE: ROOT (IF UNJaUf) OF 

THF GIVrN FlT~Cnl~HJ-TfJSIOE!Fr PPESClrrBED-S~UARE 
SET NZERO=1 C 

C 
C 
C 
C . --. -·C--

C 
C 
C 
C 
C -e--
C 
C 
C 
C 
C 

-C 
C 
C 
C 
C 
C 
C 

PARAMETER~ 
(Xtl,VIl' -CENTFR OF srWAPE 
P -SIDE lfNTGH 
N ~·--;;mr;-m=--S-t~rNlcc-nt-r E Ac-rf·-·STr5E'- . -
NZEPO -pURPOSr COOE (r:;EE PURPnSE) 
MET -METHOD CODE WHERE 

MET=l STANOARn ROMBERG METHOD 
MET=2 MOO!F'tEn ROMBERG METHOD 

IOEl -F.PROR cODE (SEF SURROUTINE SQUARE) 
- . tJEL·-----~ACCcm-ACY -CSEF-WSRmJTINE S~UAREJ 

,..En-iOD 
INTFGP~TION IS PEPFnp~En ROUNO THE GIVEN SQUARE RV 
THE TPAPEZOYOAL RULE \NITH INTERVAl HAlVING AND PESULTS 
ARE cn~RINED eV ROMRERGS STANDARD METHOO (MET-l, OR AV 
ROMQEP~~"fJUr5TF'IF'f) MFfROhuTMrTa-ZlfO-GTVE THE NUMRER OF 
ROOTS pl THE ORJG 1 N AL SolJARE OR TO ~ 1 VE (2) (SEE PUPPOSf) 
IN CASF (l),IF THE nRyGTNAL SQUARE eONTAINS A RooT, ITS 
stOES ~PE DIvIDrn INTn N EQuAl PART~ ANn INTEGRATION IS 
CARP IFn ROU~IO EACH ONF TO GI VE THE NUMAER OF ROOTS T NIT 

---- _. --~---

~-----------~--------------------------------------------.-.----TVPE COMPLEY(4) F,S2,su,cnNSTANT,CMPLlC 
COM~OP! NZERn 
DyMENSION X (C:;) ,V(5) ,C(4) ,0 (4) ,TTTLE (70) 

ExTERNAL F' 
c -----------------.---.-------.---------------------------.-.-.--. 

RFAD 15~fT~~C~(K),K=1,1n) 
15 Ff)R-'-AT (7" (Al) ) 
20 Pr:AO 215,xn,vn,R,OE'L,InEL,IMAX,MET,NZE"O,N,INT 
25 FnRwAT(3FI0.~.FI0.6,6TS) 

IF' (INT.EQ.O) r:;TOP 
CtLL PRINTA(y~,VO,R,TTTLE,~7EpO,~ET,InEL,"EL,N' 
D TV li: r./6 ~~A"18 
cnNSTANT • _r~PLX(o.,nIV) 

CALL ~QUARE(~,XO,Vo,R,DEL,~"r:;u,InEL'rER'TMAX.MET,ITEP) 
I~(tER.NE.O) r,o To lSn 
Si! = ~U.CONST ANT 
CALL P~t~TG(TTER,SU) 
fFTNZEAo~n--uGO T060 
G" TO 20 

~('I RFSU • REALCC;") 
IF(~Esu.GT.n.~) Go TO 100 
GO TO 2" 

1"0 C4LL cOoQr(~'.Y",Yo,R'1,V,c,r) 



----~ ~-------------..~----;-;--------------- - -----~------ --------- ------
ON = tJ 
R = RION 
On 120 J=l,N 
on 120 I=l,N 
XI) = f:CI) 
'(fi = nCJ) 
C ALL PR INTA ('In, Vo·'-Fr,n'[E ,N7E150,"MET, IUECH'lEliN) 
CALL SQUAP~(~,XO'YO,R,OEL,S2,~U,IDEL,IER'IMAX,MET,tTEP) 
IFCIEP.NE.O) r;o 10 lSn 
SU = SU"CON5TANT 
CtLL PRrNTG(TT~P'5U) 

12n CoNTINUE --_. -----"" -------·-r,n TO ---zn--~--- .~----

NO FRRORS 

l~O CALL PRINTE(T~R) 
Gr'! Ta 2n 

F()RTPI\~1 Dlf\GrJO~TIC RE5"L T5 FO~ TWO 

107 



f 
NO F'RRORS 

t 

, 
f 

~s FORTRAN C4.0)/MSOS 

SUBROIITIII./F t"'nnPO(N,XO,YO,R,X,V,C,O) 
DIMENSION X C~' ,y(S) ,C(4) ,D(4) 
XCl) = X/)-R/:::». 
YCl) = YO-P/? 
R~I = '" 
Hl = P/R~! 
M = N+l 
On 40 I=2.M 
RI = l 
XCI) = X(U • CRI-l.HtHl 

40 Y C 1) = y ( 1) • nH ..;r; n.RT--- - -- m _____ u - - mu --------------

DO 60 1:=1 ,N 
CCI) = (XCI) • )(T+1»/2. 

"0 Dcl) = (y(J) + y{J.1l)/2. 
RF"TURt! 
E~.1D 

FOPTPIlt-' DIAGNOSTIC RESuLTS FOR COORn 



------------------------- --

c 
c 
C 

St J8ROU TI NF=: ~n' JARE f F, X n, V 0, ~. DF'L' S2, SU. 1 DEL' 1ER, 1 MAx, MET, 1 ) 

............................................................... , 
-~-_. -~-------------- .. ----- PURPOSf----------- ---- --- _______ n_ c 

C 
C 
C 

IN~fGPATfS THE r,IVEN FUNCTION OVER THE PRESCRIBEO 
SQUARE TN COMPLEX PLA~E 

C USlIGE 
C CALL SnIJARE(F,XO'VO,~,DEL.S2.SU.IDEL.IEP,IMAX,MF'T'I) 

-------·---C------------· - ------- ---- - ---.-----------.---------- .. --------- -

C DESCRIPTTON OF PARAMETERS 
C F -NaME OF US~R FUNCTTON ~UBPROGRAM GIVING F(X) 
C XO,VO-rOORDINATrS OF CENTER OF SQUA~E 
C R -~TnE LF.NTGH OF SQU~RE 
C IDEL-ACCURACV CODE WHERE 
C JOEL=-} R-U~A"TIVF. E~RM 
C InEL= } ABSOLUTf. ERROR 
C OEL -RF'nUIRED ACCURACV OR TOLERANCE 
C IMAX-MAXIMUM NU~AER OF TTERATtONS 
C SU -RESULTANT FINAL VALUE OF INTEGRAL 
C C -WORKINr, VEr,TOR OF LENGTH IMAX 

- -- n _____ y ___ ----- T -wnPI< t NG --VEt~OF-TENGTR-rv"A-X-- - . 
C 1ER -PF'SULTANT fRROP cOnE WHERE 
C TF'R=O REoUIREn AcCURACV ~ET 
C IFP=} REnUtRED ACCURACV NOT MET IN tMAX TTERATIONS 
C TF'P=2 IDEL NOT 1 OR -1 
C TFP=3 DEL NOT pO~ITIVE 

---C~---- --------------rfP=4 - l'''AX l"ES-S 'fflA~-3 -
C MET -pn~AF.Rr, INTEGRATJO CODE WHERE 
C MFT=l STANDARD RnMBERG cnEFFICIENTS USED 
C MF'T=2 ADAPTEn POMRERG COEFFIcIENT~ USED 
C 
C 

-C-
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

SURROUT 1 NF'''; ANn FU~JC T 1 0'" SIIBPROGRAMS REQUI RED 
--------r--FUKirrroN SUBPRO<WA"J.l wHTC~-Cl)lifPUTF"S-rTZ1FOR '-

ON CONTOUR OF SnUARE 
CALLIN~ PROr,PAM MUST ~AVE FORTRAN ExTERNAL STATF'MENT 
CONTATNTNG NAME~ OF FtJNCTTON ~URPROGRAMS LISTED IN CALL T( 

SQUAPE 

ME"THOlf--
T~APE7.nTDAL SUMS ARE COMPUTFD AROUND THF WHOLE 
SQUARf ~ITH INTfRVAL ~ALVING AN~ RESULTS ARE 
COMPINFn SV STANDARD nR ADAPTEO ROMRERG METHOO 
UNT T L n TFFERENCF RETWFE", SUCCESS 1 vE VALUES 1 S 
LESS T"'AN DfL 
rA-T(lTQ~ iO PEACH iHE TOt FJ?ANCF AFiEp tMAX tTEPATtONS 
TEP"'I"J~TF.:S THE C;URRCUTIME EXECUTION 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 1 

TvPE CO~PLEX(4) F,H,Hl,S2,S,X,T.CI,CT.A,FA,SU,CMPLX 
OTMENS10N Ct1~' ,T r1~1 ,A c., ,~A (5) ,S(4) 

C • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 1 

C 
C C~ECK FOR PAPAMETFR E~RORS 

IFR=" 



t 

f 

• , 
• 
f 

f 

t 

110 ----·--------.I .... F..,C,...,I.,.O ..... E...,Lr-.. ~I=n-E-:-L-_-=-l~)~1~O~,~2~O·-t~1~O~----------------------

10 IF:R=2 
Rr:-TuR"J 

?n IFCOEL)30,30.4n 
30 IER=3 

RETURr..j 
40 1 F ( P1AX-3) 5 r)."0 t 60-------- - -- -------. ----.------ ---.-­

C;O IFR:=4 
RETURN 

60 IFCIMAX-1S)An.80.10 
7n IMAX=15 
AD CY=CMPLX(n.,l.) CT =C MP[)( ( 1 •• -1 • ) ~-~p -~- - .- ~--~_ .. - -- ---.--------- ------ ---- -------

GO TO (8s.90).MET 
85 CCl)=O. 

GO TO 100 
qo C(1)=-O.7~ 

---------------------.-------.-----------.-----------
STG~A (1) = TPAPEZOIOAC-sfTMONWHOLE--SQUAR~-WHEN -!ftOÉS 

APF OYVYOEO INTa 200(1-1) EQUAL PARTS 

-.-------------------.-------.-----------.-----------
COMPUTE SIGMI"l) 

1nn H=R 
Xl=XO-P/2 • 

_u _______ --X2s XO.R/2.------·----

Yl=YO-R/2. 
Y?CYO.R/2. 
Ael)=CMPLxeXl.Yl) 
A(2)=CMPLX(X~.Yl) 
A(3)=CMPLX(X~.Y2) 

H_ ·---A-(4)=CMPLX CX' ,v?T 
DO 105 K=I.4 

In5 FACK) = FCACIf» 
fACS) = F~Cll 
Tel) = /'). 
DO Il n 1<=1.4 

. -S lKT-':--( F A fj('-. F A( K • 1 ) ) *1'} • "t; 
T Cl) := Tel) • S ct<) OH 

lin H • H*CI 
c -.----------.----------------.-----------.-----------
C CnMPUTE STG~arI) 

JI)=l 
rr('--~~o T lii?-, T,xA X 
TrI) = ('1. 

Gn TOe120.130),~ET 
120 crI) = CCY-l,04.+3. 

Gn TO 140 
13n CCl) = CeY-ll"16.+JS. 
141'1 H1 Il I-i*O,-C;-

X 1: Ael)-"'l 
Of) 155 l< a l.4 
on 150 Jal,JII 
X=X.H 

lsn SrK) = so().~rx) 
Tf If- T(TJ~~'~)·~l 
X.X.CT*H1 
HsCI·~ 

155 H1=CY*Hl 

c ------------.----------------.-----------.-----------
C C(\~A 1 NE Tr:f APF70 IOAL SIIMS ~y Rf'MPEPGS 'IETHf'O 



------ --------------.rO-;;F.-C"'r--·-,2..-,):-c1..-:a..-O-=-,--=-1 ~~O -, ~1 ~6~O----------- ------- ---- - --­

160 

------------T70 

1PO 

I tA l=I-1 
11=1 
DO 170 J=2,rM1 
11'=11 
11=11-1 
T (Il) =T (12) + (T (12) -T (T nT7r.U tJr -----
52=T(2)+(TC?,-T(1»/CCI) 

C 
C ------~----------------------------------------------TEST FOR CONVFRr,E~'CE 

51= CABS(~2-T(1» 
IF(IDEL) 190,190,200 

-- ----------Tqn-Sl= SI/CARS cc;i?) 

C 
200 IFCSI-DEL) 2~0,230,21n 

REQUIREn JlCC"PACY NOT MET -
210 T(1)=~2 

JU=JU+JU 
220 H=Hl ------ -------- --~I~F=_ R~=-l~----

C REQUIREO ACCIIPACY MET 
230 511=52 

5?=T(1) 
RFTUR~! 

E"'D 

NF'XT ITERATIO", 

FORTPI'~1 DIAGNOSTIC PE511LTS FO~ SQUAPE 

NO fRRORS 

III 



FUNCTION F(l) 
REAL I<,NO~M 

MS ~ORTRAN f4.0)/MSOS 
112 

c ------------.----------------.-----------------------------
C 

TYPE COMPLEX(4) F.OERYV.FUNC'CMPLX.Z.T 
---_._------- ---_.~------ ------------------.--------.-------.-----------.---------------.-

COMMON NZEPO 
DJMENSION Rf?) 
EQUIVALENCEtP,T) 
T=Z 

c -----.------.----------------.-----------------------.---.-
~-- ---------------f"DNC=Z*Z*Z*Z*l + ro.;*SQ-in-~(3~-f.;.CMPLX ( O., 16.) 

DERIV=S.ooZ*7*Z*Z 
c ---.-------------------------.-----------.-----------.---.-

F=DERIV/FUNr. 
IF(NZfRO.NE.1' GO TO 30 
F:F*Z . -- .. ----------- --_.- GO To 80 

~n NORM:CABS(F) 
K:IOO.O 
I~(NOPM.LT.I<)r,O Tn 80 
PPINT 40 

40 FnRMAT(lHO.lnX.45HWAR~ltNG-A RnOT IS TOO CLOSE TO THE CONToUP AT) 
- ----~-.. -.- --t:JlITNJ 60. P ._-- - --- --- --.-

NO fRRORS 

~O FORMAT(lHO,2?X,2H7=,EI0.3.4~+J( ,F.IO.3.1H») 
PPINT 10 

7n FnRMAT(lHn,ln~.24HINT~GRATInN IS ABANnONEO/IH1) 
STOP 

~n RFTURN 
-UiU------ ~~ 

FOPTP ~ Nol AGNOST T C PF"SIIL TS FOR F 



-------------------- - ---- -----~S FORTPAN -14;O)/MSos--

SUBROUTINf PCTNTA(XO,VO,R,TTTLE,NZERO,MET,IDEL,DEL,N) 
DIMENSION TynE (70) 
PRINT S 

5 FORMAT () HU 
-- - ~-------_.- 1 F (NZERO. ~ E. ]) 60 TO q -- - -- .-- -- - ---- ---------------.--.--~ -­

PRINT 6 
6 FORMAT(11X,?~HEVALUATTON OF THE ROOT ~F) 

GO TO Il 
9 PPINT 10 

ln FnR~AT(llX,l~HNUMRER ~F ROOTS OF) 
______ n ________ ~ ____ Il PPINT 15, tTTTI.E (K) ,KCl-.flJ'---

1S FORMAT(lHO,lQX,70Al) 
PPINT 20 

20 FORMAT(lHO,lnx,27HINSYOE THE FOLLOWING SQIIARE) 
PRINT 25, Xn,vo 

2S FORMAT(lHO,lq~,13HCENTER = (,F7.2,lH"F7.2,lH» PR 1 N T 30, R ------- -------------- ------------------ -

3n FORMAT(20X'1,HSIDE = ,FS.2) 
PRINT lno 

100 FnRMAT(lHO,Sv,AHRESULTS-/IHn) 
PRINT 110 ,DEL 

lIn FoRMAT(lHO,~v.llHPARAMETERS-,qX,6HOEL = ,rlO.6,2X, - - ---- ------11 nA (ACCORACV, ,_u ____________________________ -------------- ---
IF(IDEL.EQ.l) GO TO 130 
PPINT U~O,InF'-

120 F~RMAT(lH ,2~X,SHyOEL=,14,9X'2lH(RELATIVE ERROR CODE») 
Gr" TO 144 

110 PRINT l40.InFL 
--r40 FoRMAT Cl R '2C\X ,5HtOEL::::, r4tC1Ti-,.nr(ARSO[tJTE-~ROR-COOEn 

144 GO TO(150.l7n,,~ET 
150 PRINT 160 

113 
-2fT071" 

160 FORMAT(lHO'5X.IIH~ETHno 
1/1HO) 

-,qX,2BHSTANDARO RO~BERG INTEGPATInN 

NO '€RRORS 

GO TO 190 
lfij-PIHNT 180 
180 FnRMAT(lHn,5x.1lH~FTH~D 

I/1 HO) 
lQO RETURN 

END 

PRtNTA 



NO ERRORS 

SlJBROUTINF: P~INTE(IER) 
GO TO(50.60,7n,AO),IE~ 

;1) PRINT 55 

MS ~ORTRAN C4.0)/MSOS 
114 

--217OT. 

55 FnP~AT(lOX,4~HIER=1 
RfTURN 

PEQUTPED ACCUPACV NOT MET IN IMAX STFPS) 

60 PPINT 65 
~5 FnRMAT(lOX,2~HIER=? IDEL NOT 1 OR -1) 

RF'TURN 
70 PPINT 75 
7S FOR~AT(1~X,21HIER=3 DEL NOT pOSITIVE) 
RETURNH---~---~------- ---- ... ~ __ u 

~o P~INT 85 
85 FORMATCIOX,?1HIER=4 IMAX LfS~ THAN 3) 

RfTUR~1 

END 



------~~ ~ -- ~ -- ~---~--

NO ERRORS 
LOAO,56,01 
RON, 3 ,-NM- -

SUBROUTINF PPJNTGIITEP,SU) 
TvPE COMPLEX(4) SU,T 
cnMMON NZFPn 
DIMENSION QP') 

- EnOIV~LENCEI~.T) 
T = SU 
P~INT 50,ITl::o 

50 fORMAT(lHo.5~.23HNUMBER OF ITERATIONS = ,YS) 
IF(NZERO.EO.l) GO TO 70 
PRINT 60,0 

115 
- 2f/-67/" 

FOR~AT ( 1 Rn, 5)(. 17H~Jrnœ-nr-or"R"OnTS = ,ET-z-;3f6W---.j"u ,T12. 3/1 Hl) 
RI!"TURN 

70 PRINT 80,Q 
An fORMAT(lHn,5~.16HVALUF OF POOT = .E12.3.6H +J ,E12.3/1Hl) 

R~TURN 

E"·!D ------ - ~--~---- ~~---- -----~-~-----

FORTRHJ DI A(;NOSTYC RESIIL TS FO~ PRINTG 
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4.4. EXAMPLES WITH PROGRAM ONE 



t 

• 
• 
• 
• 

• 
1 

f 

f 

r---- --------------- --------------- ---- -------- ____________ J.l1 ___ _ 

RESULTS-

CEf\ITE:R 
SIf1E /1 

SIDE p 

= 1), 

= 4.00 

o ) 

1 J SIN C, THE: 5 TAN n 1\ P f1 Rn M BEP G C 0 ~ 1 T ()" R 1 t-.I T E G ~ AT ION 
- --------------._-------------------

PARA~ETE~S- rFL = ___ --'-f)I)JJI.Q!L_ (ACCURAC~Y~) _________ _ 
TflEL= -1 (RELATIVE ERROR CODE) 
~: = 2 (NO. nF SlJ13nIvIsIONS) 

1 NT E G R A L S () N 0 U TF. R 5 y- DES -

_______________________________________ R~A L_PA p r ______ __ r ~ A G r NA R Y PART ________ 1 T E~ ~Ili>~!; 

~OR (2,1,1) = 
I-I()R (2'2'1> = 
HOH (2,1.3) = 
~np (2.2,) = 

- ---"-----_._--- ------_ .. --
VE~T 

VERT 
VfRT 
vF»T 

HO~ 

..... Of.' 

VE.4T 
VFRT 

(2,1.1) = 
(2.1.2) = 
(2'3'1> = 
(2.3,2) = 

(2'1-'2) = 
(2.?,2) = 
( 2 , 2 , 1) = 
(2.?2) = 

;:( r~l T C; ( 2 , l ,Il = 
~(,\'1TS(?,2.1l = 
~')nTS(;::,1,2) = 
ç.,rY)!S(2,2,?) = 

_1.241E oC' 
9.078E-(l1 

-1.R91E no 
1.70?E (\0 

-2.449E Or) 
2.'5'50E nn 

-S.A87E- r'l 
1.143E n(i 

c;.OQOE 00 +J 

6.c:;SSE- ,11 
6.r:;'3SE.nl 

-5.443E-rll 
2.230E-n6 

l.nOOE-on 
l.nOOE (In 

2.'100E ('1,1'1 

1."O/)E (ln 

4.612E 00 
3.348E 00 

-S.013f 00 
_~~.J03r: 00 
-2.456F 00 
_5.197F 00 

3.720r: 00 
4.366F 00 

=,.411E-05 

1·30q~ 00 
2.618F-Ol 
5.236F-Ol 
1.047F 00 

-q.870~-01 

-5.I,S4F-01 
1.0'50F-05 
6,15 9 13:_1)6 

----- ------

7 
6 
9 
5 -------

6 
, 1 

6 
6 

--
7 
5 
5 
6 



1 

... 

1 

t 

1 

t 

, 
, 
, 
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,------------=-------~---~--

NlJ~BER ÜF I.WOTS pJ F:6CH <:;uHI"<f:CTAl'IIGLE 
.- .... _----- ._- .~._--_._----'-----~-------

2.000 ........ * ...... * * * * * * * * * * * .... * * * * * .. * * * * 

-_._------
0 

-2.000 

.. * * .. 
* .. 
-1<-

* 
* 
* 
.1) 

2.~OO +J .000 
R nrlT Ci 

* .. .. .. 
* 
.1) 

* 
.1) .. 

.. 
* 
* --_._-----~ . 

1.0011 +,1 .000 * 
ROnTS * .. 

* 
* 
* ---------- - - . _.. -----------------" - ._----- -~-_.--

.1) * .. * * * * * .. * * .. * .. * .. * * .. * .. .. * .. * .. * .. * * * 

.1) 

.1) 

* .. 
.1) .. .. .. .. 
* .. .. * .. .. .. .. * 

-2.(100 

.. .. .. .. 
l~QQ.Q_~_ .. J. __ .~Jl~_QQ..Q~~ __ ._.!~_. _ ... 

ROnTS * 
* 
* 
* 
* * * * .. .. .. .. .. .. .. .. .. * .. * .. .. .. .. * .. .. 

2.00n 



t 

f 

t 

f 

, 

~ __ ~~ __ ~_~_~_~_~~~~ ______ ~~ ______ ~9 __ _ 

RFSULTS-

~liJ'-18ER OF RoeTS nF 

CENTEO 
SIOE A 
SIDE: n 

= ( O. 0) 
= 4.00 
= 4.0n 

PA~AMETE~S- l'fL = .001000 (ACCUPACV) 
---~---------------~----~----- - .- - - - -- ----~------ ------------------"--- -~-- ---

TI1EL= 
~, = 

INTEGRALS 0N OUTF~ STDfS-

~(JI-( (2,1,1) = 
.~HH< (2,2,1) = 
t-'()R (2,1.3) = 
rl()R (2,2.3) 

----
VFRT (2,1.1) = vn<T (2,),2) = 
VERT (2,3,1) = 
VERT (2,3,2) = 

INTEGRALS O~ INN~R StDF~-

HOR (2.h2) = 
r'10R (2.2,2) = 
VF~H (2,2tl) = 
vEQT (2.2,2) = 

1 (ABSOLUTE EPROR rODE) 
2 (NO. OF SU8I1IvI~IONS) 

-1.241E 00 4.612~ 00 
9.978E-Ol 3.348~ 00 

-1.A91F On -S.013F 00 

8 

" 10 
6 1 __ 7 0 2 t; _Qil_~ _ _ _ - 2 ~ 7 0 3 E 0 0 

-,._---------------"----- . 

-2.449E on -2.456F 00 
2.SS0E 00 -S.191F 00 

_R.A87E_Ol 3.720f 00 
1.n43E 00 4.366f 00 

r;.oooE 00 +J -1.034E-06 

6.r;AsE- n t 1·3 09F 00 
6.r;8SE_Ol 2.6181=:_01 

-S·493E-Ol s·236F-Ol 
2.230E-OF, 1.041f 00 

7 
12 

6 
7 

---

7 
5 
5 

" 
NUPl8EP OF ~OOTS IN EACH c::;tJR~fCTAtJGLE 

- .. -

~()OTS(2,1,1) = 1.nflOE-0o -1.783f-06 
~OOTS(2,2tl) = 1.OOOE 00 -S.6S4f-01 
P00TS(2,h2) = 2./'IOOE on 1.8S3E-01 
~()OTS(2.2,2) = 1.I')OOE Of) 1.129f-06 



l 

. ________ 12_0 ______ _ 
NU~BER OF ROeTS IN EACH SURHECTANGLE 

2.000 .. .. .. .. .. .. .. .. .. .. .. 

.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 

2.000 +J 
ROOTS 

.. * .. .. 
* * .. * ----------- .- ---- --- -- -------- ----------- ._-- _.- ----------_._-----------

.000 .. 1.000 +J .000 * 
.. ROOTS .. 
.. * 
* * 
* 
* 

* 
* ----- -----~- - --- . -"--------- ---- ---------- ----

o .. .. • .. • • • • .. .. .. .. • .. * * * .. * * * .. .. • * .. * .. • * • .. .. .. 
* .. .. .. .. 
• 
• .. .. • 

1. 000 .~_ .. ..Q~900 
ROOTS 

* 
* 
* 
* .. 
* 
* 
* 
* 
* 

1. 0 O~ ____ ~J ___ _~Q~O 0 0 
ROOTS 

* • 
* 
* 
* 
* 
* 
* .. 
* * • * * * .. .. * * * .. * .. * * • .. * .. .. * * * .. * * * • 

o 2.000 



t 

f 

f 

f 

, 
t 

t 

,.---- --- ---------- ----~---------------- - --- --

~JU""RER OF ROOTS OF 

IN SIn E TH E Fe LU') \011 NG _B.f_C TAN.c!U" __ Qp_S QU A."-..:R=E _________________________________ _ 

CENTER 
SIDE A 
SIOE A 

= -1.00, 
= 2.00 
= 2.00 

1.00 ) 

USING THE STAND~RD ROMBERG CONTOIIR INTEGRAlI.91L... _____________ _ 

RESULTS-

PARA~ETERS- nEL = 
TOEL= 
N = 

INTEGRALS ON OUTER SI OES-

HOR (2'1,1) III 

HOR (2.2,1) = 
HOR (2'1'3) III 

HOR (2.2.3) III 
---._---

vERT (2.1.1) = VERT (2'1·2) III 

VERT (2.3,1) = 
VERT (2.3,2) • 

. - ._-----------_._-------_ .. _--_ .. --

6.312E-Ol 
2.731E.02 

-1·339E 00 
-S.S26E-Ol 
-1;446E 00 

1·104E 00 
_1.S37E.02 

1.s37E-02 

NUMBER OF ROoTS IN WHOLJ::' REGION 

2.000E 00 

INTEGRALS ON INNER SIDES-
- --_. -- - - ---------_. 

HOR (2.1,2) = -6.287E-01 
1-1 OR (2'2'2) • -1·738E-Ol 
VERT (2.2,1) • 1.857E_Ol 
VERT (2.2.2) III 3.q42E-Ol 

NU~BER OF ROOTS IN EACH SUBRECTANGLE 
--

ROoTS(2.1.1) • 1.nOOE 00 
ROOTS(2.2.1) • 7.o12E-o~ 
ROOTS(2.1,2) • 1.31qE-O" 
RQQTS (?-'_~ ,2) ~- 1.OooE 00 

(ACCURACY) 
(RELATIVE ERROR CODE) 
(NO. OF SUBDIvISIONS) 

1.293E 00 
1.606E-02 

-1.066E 00 
-3.948F 00 
_4.081F 00 
-l.l10E 00 

2.749E_02 
1.020E 00 

-_ .. ---. -- . __ .- ~ - .-- - - . 

.J 1.849E-05 

';'Q.262e:-Ol 
6.655E-02 

.. 2.300E_02 
-1.249E 00 

8.398E-06 
-4. CH SE-08 
1.326E-01 
9.40~F_06 

6 
4 
4 
8 

10 
4 
4 
5 

4 
5 
5 
5 



t 

-.;JJ 

1 

1 

t 

f 

.,-------------=----::=-------------:----- -- -- -- ----------- -- -- -----
NUMBER OF ROOTS IN EACH SUBRECTANGLE 

2.000 • • • * * • • • • * • * • • * • * * • * • * • • • • • • • • • 
• 
• • 
• • • 
• • 

.000 +J 
ROOTS 

.000 

* • 
• 
* 
* .. 
* • 
* 

1.000 +J 
ROOTS 

.. 
• 
* 

.000 • 
• .. 
• 

• * • . . .. 
~ .. ~ ._._~----- - -------~._--~._--~-------

1.000 • * • • * • * • * * • • * * • * • * * * * • * • ~ ~ • • • • .. • • 
* • 
* ----------• 
• • 
* 

1 • 0 0 0 _+--'J"---_____ ~ 00 0 
ROOTS 

* • 
* 
* • 
* • 
* 
* 

.000 +J -~~ooJ 
-Roofs 

.. 
• 
* • 
• 
* 
* • • • • • 

__ J) __ ~ __ !......!. • • • • • • • • • • * • * • • .. •• _ ~ _! _. _! _. • .~ _ -* _ • __ 

-2.000 o 

122 



t 

~ r 
t ... 

t 

• 
i 

t 

f 

t 

• , 
t 

f 

t 

l 

RfSULTS-

EVALUATION OF THE ROOT OF 

F (l) = ZooS + 16. o SQRT (3.) -16.01 

CENTER 
SIOE A 
SIOE B 

= ( -1.00. -1.00) 
= 2.00 
• 2-00 

--1h':2-3---

PARAMETERS-____ _ _ __ .~ nE L __ ~_ .. ____ ,_o0 t() .QQ ____ l..!CC lJR A C y, _. ___ ~_._~_ 
TOEL- 1 (ABSOLUTE ERROR CODE) 
N = 1 (NO. OF SUBDIvISIONS) 

INTEGRALS ON OUTER SIDES-

1o40R ( 1 • 1 • 1) 1: 

"'OR (lt1.2) = 
VERT (1.1.1) • 
VERT (1.2.1) = 

-~~--------- -~--~-- -- ----- -

POOT IN GIVEN REGION = 

z • 

1_194E 01 
-1.n21E 00 

2.312E 00 
a.270E-Ol 

-1.631E 00 
-2.317E 00 

6.707E 00 
9.1S1E-Ol - -- - "----------_ .. --

8 
7 
7 
6 



f 

, 
f 

------------------------ _________________________________________ 124 __ _ 

RESULTS-

EVALUATION OF TWF ROOT OF 

CENTER 
SIOE A 
SIOF ~ 

= ( 1.00. -1.00) 
= 2.00 
= 2.00 

PARAMETERS~ _______________ nEL_ =_ 
YOEL= 
t-I = 

.001_ 0 Q O_~~_CÇ~R A=C_Y~) __ 
1 (ABSOLUTE ERROR CODE) 
1 (NO. OF SUBDIVISIONS) 

INTEGRALS ON OUTER SIDES-

_______________________ __________________ __ R_E_AL P~RT 

HOR ( l, l , 1) = 
HOR Cl, lt2) = 
VERT (lt lt 1) = 

__ _ _____ _ ___ J.lF"RT __ ( l, 2~_~ ____ _ 

ROOT IN r,IVEN REGION ~ 

z = 

8.009E 00 
1.069E 00 
e.27oE-Ol 
2.295E 00 

1.696E 00 
4.083F-Ol 
9.151E-Ol 
~_ .. _~~~ __ QJ) _ 

-1.338E 00 

tJE~ATIONS 

6 
5 
6 
6 



• 
• 
• 

125 
---------------~-~~- - ~ ~- - ~~ -~ ~- -~---- - -----~--~ ~---~-~ -----~ - - -----------~-~ -----~~~ -

EVALUATION OF THE ROOT OF 

RESULTS-

PARAMETERS-

CENTER 
SIDE A 
SIDE R 

= ( 1.00. 
= 2.00 
= 2.00 

1.00) 

.001000 (ACCURACY) ----- r,EL = 
TnEL= 1 --------(ABSOCUTE ER-RORCODET----- -- - --~ 

'" = 
INTEGRALS ON OUTER StDES-

--~-----~--~~ 

!-IOR Cl' 1 • 1) = 
HOR (1.1.2) = 
vERT (1,1.1) = 

~~~ _________ y E R T _ ( l , 2 ~_~ ___ _ 

1 (NO. OF SUBOIVISIONS) 

REAL PART 

1.n69E 00 
6.e82E 00 

_1.7S3E 00 
_2.223~ 00 

IMAGINARy PART 

4.083F-Ol 
S.lOlE'-Ol 
8.363E'-02 
~_~JO_?_~_~_Q~_ 

5 
6 
7 
7 

f ROOT IN GIVEN REGION = 

f 
Z Il 

f 

t 



-------------------

EVALUATION OF THE ROOT OF 

RF.:SULTS-

CENTER 
SIDE A 
SIOE B 

= ( -0.50. 
= 1.00 
= 1.00 

126 

1.50) 

PARAtoIETERS- _ 1'~J,._~ 
JDEL= 
N = 

_1001 ()0_Q1AÇÇU_RAC y ) _____________________________ _ 

INTEGRALS ON OUTER SIDES-

--- ------------ -- ---------

HOR 
HOR 
VERT 
VERT 

Cl,l,1) = 
Cl,l.2) = 
(1,1,1) = 
Cl,2,1) = 

ROOT I~ GIVEN REGION = 

--- ---- --- ------ -- ---z c 

1 (ABSOLUTE ERROR CODE) 
1 (NO. OF SUBDIVISIONS) 

7.609E-02 
9.016E 00 
1.622E 00 

-i ~730E 00 _ 

-

-4.158E-Ol .J 

-1.760E-Ol 
6.342E-Ol 
1.899E 00 
9.~~43.E_~g2_ 

1.956E 00 

4 
9 
5 
5 



RF.SULTS-

EVALUATION OF THE ROOT OF 

CENTER 
SIOE A 
SIOE A 

= ( -1.50. 
iii 1.00 
= 1.00 

127 

.50) 

PARAt-lETERS- --- OEL = 
IOEL= 

.001000 (ACCURACY) -f~---~~ --TABSOLUT=-=E=-'--=E=-R-R--=O=-=RC---C-O-OE )-- - - -._---

'" = 
INTEGRALS ON OUTER SIDES-

.--~------~--_._-----~- ----

HOR (lel,1) = 
HOR (1,1.2) = 
VERT (1'1,1) = 
VERT (1,2.1) • 

ROOT IN GIVEN REGION = 

1 (NO. OF SUBDIVISIONS) 

REAL PART 

-9.984E-Ol 
1.916E 00 

-1.723E 00 
-1.218E-01 

-2.304E 00 6 
8.634E-01 4 
9.480E 00 Il 
l.498E-01 4 



f 

f 

, 
f 

f 

f 

t 

f 

f 

t 

f 

Rf SuL T5-

~lllMf,:\FR OF ROOTS 'IF-"' 

TNSlnE T~E FCLLn~ING RECTANGLF OP SQUARE 

eEr'HEP 
SIDE r. 
SIOE P 

= fi, 

= 4.00 
= 4.00 

IISING THE STM,Jf)I\Pf) ROMRERG COt\JTOIIR INTEG~ATI()N 

l--__ -'--P~A'-'-R_'_'_A.:...:,tJ__=E=_T.:.._:E=_P_'__=_s_-_______ __'r_\E~·L=__= _____ ~ O-=.I-"o-'o_n __ C-'-'A_C=-C::::...U-=--R'--'-'-'.A-=-C-'-Y--'-' __________ _ 
TnEL= -1 CRELATIVE EQROR CODE, 
ri = 2 cr\JO. Of su8oIvIe;IONs) 

INTEGRALe; ON OuTF~ STOE~-

IMAGI/lJARy PART ITERATIONS 

HOR (2tl.l) = -7.471E-f)1 1.4551: 00 4 
HI)~ (2.2tl) = 2.4A9E-rn 2.010E no 4 
HOR (2.1.3) = -7.471E-01 -1.455f 00 4 
HnR (2,2.3) = ______ ~~!±!> 9 E - f) , 

---- - _.---- ---- . 
-2.010E 00 4 

VERT (2tl.ll = -7.179E-Ol -1.S67f 00 4 
VERT C2.1.2) = 7.179E-(11 -1.567E 00 4 
"EPT (2,3,1) = -2.773E no 1.251f 00 " VE~T C2.1,2) = 2·773E on 1.251f 00 f., 

--------------- - --

2.nOOE 01) +J o 

INTEGRALe; ON I~~Ek S!DF~-

o ) 



1 

f 

f 

, 
f 

f 

17Q 

PISlnE Tt-IE Fnl.1 r\oIIt-JG PFCTj\ . .:..I\J~Gl.-' .... E-----'-'O~P:è.--. ----'S~Q~I:..'..J!:.A!:.P.!:E'___ _____________ _ 

RFSULTS-

CE.~JTER 
SIr)F: A 
SIOF.: n 

= ('J. 
= 4.0() 
= 4.001 

~_~P~IA~R~IA~~=E~T~E~R~S~-_______ r~,F~I_=_~01000 
rnF::L= -1 
rI = 2 

INTEGRALS ON OUTF.:R STDkS-

HO~ (2.1.11 = -1.,23E 00 
~OR (2.2,1) = 3.?1AE-O~ 
HOR (2.,.3) = -4·23('\E-01 

1.00 ) 

(ACCUPACV) 
(RELATIvE ERROR CODE) 
(NO. OF SUHnIVIsTONS) 

1.882F 00 
2.735f 00 

-1.113f 00 

5 
r; 
3 

~OR {2.2.3} = _~ ___ ~ __ ~~i,-~_~_E_ ... _ll_L ____ ~ -1.463F 00 _~-"-=--=-c...----=--=----___ .. ___ ~_~_~_~~_. __ 
VERT (2.1tl) = 
VEPT (2'1'2) = 
VEi-<T (2.3tl) = 
Vf~T (2.3.2) = 

,_ ()H (2.1.2) = 
HOk (2.?2) = 
vERT (2.2.1) = 
VE~T (2,2.2) = 

~O()TS(2'1·11 = 
QOOTS(2,2.11 = 
~Oc.'TS(2,1,2) = 

_ ~Oi)T~{2_,?.!.?J .. 

0 
g.4 g4E-Ol 
1.410E-11 
2·152E 00 

2.()OOE 0('\ +J 

-1.323E ()n 

3.?1~E::-()' 
~.3gSE-l? 

1. A49E on 

1.1i{)OE 0'1 
1.I"OOE ()r. 

-1.jj4~E-(J~ 
~.293E_('JC; 

-1.88 0f 00 
-1.021f 00 

1.452E 00 
9.6141:-01 

- -----. __ ._------_. -------

-1.~82F 00 
-2.735F 00 

6.3g7F-01 
-3.1161="-01 

-1.3361="-12 
-~.050F-13 

2.9131="-06 
7.6 C;}F_05 

--_._- ----

4 
4 
5 
3 

5 
5 ,., 
4 



0 
('1') 
...... 

1 
i 

* * * * * ****** * * 
1 

* * * * ******1 
* ~ * C 

C 

* * ~ 0 

• ~ C ~ 0 * N 0 0 

* 0 ~ 0 * • • * ~ c ~ 

• ~ ~ * li) li) 

* t- * t- * JO J C 
~ + 0 ~ + C * a- n: 
~ * * ~ C, 

* 0 * 0 * 0 0 

* • ~ • ~ .... 
* * * 
* * * 
* * * 
* « * ~ :;: * * * * * * * * 

c 

* '* * '* ~ * * * * * W * * ~ . ..J 
L" * .:. * * <1. * 0 * 0 * t- 0 0 
U * 0 * 0 * I.J... • • Cl: * * ::. * cr' 

* * * II· Il Il 

* t- * t- * :J Je - c u * + r * + c * <!: U U 
1.1: * * * c 0 

* 0 * 0 '* ...... 0 0 

* • * • * V1 C .... 
t- * 0 

1 * * 0 * * :1 0 n. 0 

* * 0 
lL 1 

0 * * * * * * * * * * * * * * * * * * .... ~I N 
1 Cl: 0 c 

w 0 0 
ID 0 0 
:L • • -.. Pl .-4 
L. 

1 

- - -



t 

1 

t 

t 

, 
t 

• 
t 

, 
, 
t 

t 

E V A LI' A T 1 ntl () F T ~ r p. 0 () T OF 

RFSULTS-

PARA~ETEPS-

rENTEP 
SInE r. 
5 T nF " 

= -1.00. 
= 2.0() 
= 2.00 

nf:L = 
T IJF:, = 
~. = 

__ 00 1" (1 n 
l 
l 

INTEGRALS O~ O~TF~ ST0FS-

0) 

(ACCUQACY) 
(ABSOI UTE ERROR CODE) 
(NO. OF SUAnIVI~IONS) 

131 

---------------------- _~J~ E A L. __ P ~ PT __ --<I---=-M_A_G"'-, =-.1 N'-'-A-'-R__'_Y--'-P~A-'-R'_'T ___ I"'_T_'_'_E_'_R_'__'A__'_T_=I_=O'_N'_=_S 

HOR (1.1.1) = 
HOP (1.1.2) = 
\lF~T (hl,}) = 
I/FRT (1,;?d) = . _. -----~-_._------ ------

ROOT 11\ (; 1 v E~' REGION = 

7 = 

3.443E 
3.443E 

--.- ---------

0(1 -2.320F-Ol 
00 2.320F.-Ol 

n 4.076F. 00 
n l.l48F' 00 

------------"---

o 

5 
5 
4 
6 



,it1 

t 

1 

• 
t 

t 

t 

f 

CENTEO 
SIDE fi. 

SIDE P 

= 1.00, 
= 2.(\.') 

= 2.00 

n) 

U SIN G TH F ST fi N n " P f) R 0 /II' BEp G Cf) f\lT () 1 1 R 1 NT F GP A T 1 (') N 

RfSULTS-

1--__ --'..P~A'_'_R_'_'_A_'_~_'E=_T_E=__p=S_-_______ "'_F_L=___=_. __ :--~-D 0 l 0 0 Cl 
TnF.L= l 

= 1 

I~TEGR~LS 0N OUTFR STn~s-

hOR (l,1.1) = 2.g73E no 
... n4 (ld.2) = 2.973E on 
VERT (1'1,1) = '1 

(r..CCURACY) 
(ABSOLUTE ERROR CODE) 
(NO. nF SUBnIVISIONS> 

rr-1AGINARy PART 

2.954~ 00 5 
-2.954 E 00 5 

1.148F 00 6 
Vf~T (1,2.1> = ______ J~~LJE~ l 2 ._.---- --~-_._--. --=-=-'--______ 4~. --'..5_9_0-'-E_O_O _____ . _______ -=--6 .. _____ _ 

ROOT 11\ r;IvE.~! ~EG 1 O~·j = 

-" '-'- _.-----_.- ---- _._--_._-----
l. = 

-.---.-.-----,----:--:-::-c--::--=-----.--- .... - .. 
1.4~qE on +J -1.196F-12 

132 



f 

f 

f 

f 

t 

t 

1 

t 

f 

NUMBEH Of ROOTS Of 

f (Z) = COSH(2.*Z) - 1.0 

INSIDt:. THE FOLLnwINb RECTANGLE OR SQUARE 

CENTER = ( -0.500. .500) 
SIDE A = 6!OO 
SIDE B = 6.00 

USING THE STANDARD ROMBERG CONTOUR INTEGRATION 

HESULTS-

PARAMETERS- DEL = 
JOEL= 
~J = 

INTEGRALS ON OuTER SIDfS-

HOH (2,ltl) = 
HO~ (2.201) = 
HOR (2'1'3) = 
~OR (2,2,3) = 
VERT (2,ltl) = 
VERT (2,1,2) = 
VERT (2,3.1) = 
VERT (2'3'2) = 

.001000 

Rt:.AL PART 

-6.076E 00 
4~072E 00 

-6.542E 00 
4~533E 00 

-2.981E-04 
-2~496E-04 
-3~486E-03 
-2.906E-03 

------ -----------._-------------------_. -- -

NU~BER OF ROOlS IN w~OLF REbION 

(ACCURACY) 
(RELAT 1 vE TRR-OR CODE) 
(NO. OF SU~DIVISIONS) 

IMAGINAHY PART 

-7.486E-Ol 
-2.953E 00 
-6.443E-Ol 
-4.1951: 00 

--------
-6.000E 00 
-6.000E 00 

S.998E 00 
5.99~E 00 

4.000E 00 +J 

INTEGRALS ON INNER SIOES-
-- -------- -~- .-_._~---------- . 

HOR (2tl,2) = 
HOR (2,2.2) = 
VERT (2.211) = 
VERT (2.2.2) = 

ROOTS (2.1.1) = 
R001S(2,2'1) = 
ROOTSt2t1.2) = 
ROOTS(2.2.2) • 

-6.303È 00 
4.297E 00 

-2.279E-01 
-2~395E-Ol 

8.201E-Ob 
2.000E 00 
2.958E.-OS 
2~(\00E 00 

--;;T;J5ifE;; 0 l 
-3.534E 00 
-5.9871: 00 
-5.908F. 00 

3.S70E-OS 
6.708E-06 
3.759E-OS 
2.929E-06 

133 

ITERATIONS 

5 
6 
5 
7 
3 
3 
4 
4 

5 
7 
7 
7 



t 

, 
t 

( NUp8ER OF HUOTS IN EACH SUBHECTANGLE 

1 

~-------

134 

i 
1 
1 

3.500 .. * ...... * ...................... * ........ * * .. * ........ .. .. .. .. 
* .. ------.-O~O-O- + J 

.. ROnTS .. .. .. 
.. .. 
* 
* 

______ ~__ ______ .11 0 V + ,) 
.. ~0nTS .. 
* 
* .. 
* * 

.. .. 
... .. 

--~00lf------ --*--- ---r. 0 0 lJ +J 
ROOTS 

.000 

.. .. .. 

... 

-0.500 

2.00u + • .1 
~OoTS -

.. .. .. .. 
.000 ---T 

.000 
---

2.500 

.. .. .. .. 
.. .. 
* 
* 
* --. -

* .. 
* .. 



t 

t 

1-<(: SUL TS-

~UM8EH OF ROOTS OF 

F(Z) = COSH(2.~Z) - 1.0 

INSlot THt FCLLnwI~G RECTANGLE OP SQUARE 

CENTER 
SrOE fi. 
SII1E R 

= 1.000, 2.000) 
= 3·00 
= 3;00 

USING THE STANDARD kOMBERG CONTOUR INTEGHATION 

nEL = .001000 
-r-

2 

(ACCUoACy) 
(RELATIVE ERROR CODE) 
(~O. OF SU~DIVISIONS) 

135 

REAL PART IMAGINARY PART ITERATIONS 

HO;' (29191) = 
HUI-< (?',2d) = 
rl()K (291.3) = 
... i)~ (2,2.3) = 
vEtH (2'ltl) = 
VEhT (2tl.2) = 
vE~T (2.::1,1) = 
\l'tRT (2.3.~) = 

I~TtGK~LS UN l~~EI-< SIDES-

,..')~- --- -(2-'-J --,-2,--:­
'",()~ 12,i>,2) = 
vt.~T (?,?t!) = 
\iE~T (e:,2.2) = 

1.167E 00 
3_130E ()O 
1.338E 00 
3.195E 00 
7-R42E-Ol 

-1_024E. 00 
1.607E-02 

-1_897E-02 

2.000E 00 +J 

6. Cj B 2E";(j-r --_ .. 

2.A30E 00 
3_152E-01 

-3.R3AE-01 

r llj '1 r:r. f< ü F" ,.; ü J T 5 1 ~j E A C ~ S u H k E C T A ',1 G L E 
-- -- - - - - --

~<j\JTSI2tl.ll = 
... Ü LI T C; ( 2 , 2. , l 1 = 
PJ()UTS(2'1.21 = 
f< 'J {.1 ! S ( ~ , 2 t ~) = 

2.f-52E-07 
9.108E.ù7 
2.000E 00 

-1.104E-06 

-3,3UIE 00 
-2.331F-Ol 
-4.007E 00 
-1.885F-Ol 
-I.82IE 00 
_4.087E 00 

2.978E 00 
3.019F 00 

1.0!i6E-06 

6 
4 
6 
4 
5 
6 
3 
3 

'---1. Q8fiE' u-o------u-----S--
1.775E-Ol 4 
2.56dE 00 4 
3.385E 00 5 

-1.67~f-06 
2.866f-06 
2.743F-06 

-2.845E-06 



t 

f 

f 

t 

t 

f 

t 

t 

f 

2.0uu +J 
FiOOTC:; 

.000 

.000 +J -ù.OOO 
~O()l S 

-O.OOv +J -0.000 
ROOTS 

.00v +J .000 
ROOTS 

.. 
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* 
* 
* 
* 
* 
* 
* 
* 

* .. 
* 
* 
* 
* 

___ ~"_ù,--O_iI' __ iI'_iI' __ o_* __ *_* ___ *_~ __ * __ * _~ __ * __ * _~ __ * __ * __ * ____ * __ *_* __ *_* __ *_* __ * __ *_* ___ *_* ___ * ____ _ 

-V.50.,J 1.000 2.500 

- ---------------- ------------------------



f 

r 

1 

f 

f 

~FSLJLTS-

F(l) = f:USH(2.""71 - 1.0 

l".5I, it. THI:. FClLn oAi 1 Nc, PECTAhlGLE OR S\JUARE 

Ct.I\ITEP 
SI ùE 1\ 
5 HIE F-

= 1.000. -1.000) 
= 3·00 = 3~OO 

rEL = 
FlEt. = 
!".I = 

-1 
2 

.001000 (ACCURACY) 
(RELATIVE EPROR CODE) 
(~O. OF SUbnIVISrONS) 

137 

RI:.AL PART l'v1AGlI\1ARY PART ITERATIONS 

rHj" (29111) = 1.(116E 00 
H(lk (2'2.11 = 3.056E 00 
rlur:< (~,1.3) = 1.167E. (JO 
'"1(1;"; (2.2,3) = 3.130E no 

-- ._.------, 

VI:. f~ T (2'ltl) = 4.419E-Ol 
Vr RT (2tl ,2l = -6.(,98E-01 
VI: k r (2,-;.1) = q.420E-O~ 

vFhT (2.3,2) = -1.i'H9E-112 

2.nûOE. 00 +..J 

l f\J T E. (, 1"< .. L S ()N 1 ,~t lE' 1-< SI CIF s-
t 2 ,,-, 2T ---- -

7.'i14E·r'l H11~ = 
~j ,)t- ( ~ • 2 , d l = 2.81j3E OC 
VE'- T (2.2, Il = 1.H33E-Ol 
1,' i:. ~. i (~,2,il = -2.599E-01 

ro,U/w'rE'-< UF ;.<U( 1 S 1,,. E ;.C;~ ~Ubr<ECTAr'JGlE 
- . _.. - -- -- - - -- ----"--_._-- - .. ~-----

Ru'JTS(i,ltll = 
;JüUTS (2,2, 1) = 
~wuTS(~'l ,~l = 
~0(:;r:;«(: 2 2 = '_' __ , _ _, __ ,.1 __ 1 __ ,1- , __ ' ... 

"4.1 Y~E.-t.,'" 
2. 269E. ,16 

2.r.O(lE. o·') 
- 2 • 4 3 1) E. - ,1 ~ - .-

-2.69BE 00 
-2.553f:-Ol 
"3.301E 00 
-2.331F-Ol 
-1.685E 00 
-4.302[ 00 

2.975E 00 
3.024E 00 

5 
4 
6 
4 
4 
6 
3 
3 

-T. 48 7 E:-{rU----'~-' ---15 
2.197F-Ol 4 
2.50uf Où 4 
3.476[ 00 5 

-7.i:H)7f:-OY 
1.713F_06 
2·47df-1U 

-2.243E-Q6 



t 

f 

t 

t 

f 

f 

t 

t 

1 

1 

1 

, 
f 

* 
* 
* 
* 
* 
* 
<Jo 

-l.'JùC: * 
il-

0 

0 

* 

* * 

~.OU(J +J 
~t)nTC:; 

.oou -O.OOJ +J -0.000 
ROOTS 

138 

.. .. .. .. 
'If .. .. .. .. .. 

.,. .,. .,. .. .. .. .. .. ·v.Goa +J -U.OOO .000 +,J .000 .. 
1--

* 
0 

v 

o 
o 

F< 1:0 T <; 

t---~. ~_. 2 • 5 (,.j * * .. it .. .. .. * * 

- -._-------- ~_.~---------

ROOfS 'If .. .. 
~ .. 
o .. 

~ .. .. * 0 0 .. 0 0 00" 0 .. 0 .. .. .. .. .. .. .. 
------ _._-_._---~-_.~~-~---------------------~ 

1.000 2.500 

~--_._------------------~--._--------~---~. 
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t 

t 

t 

f 

f 

, 
, 
, 

HESULT~-

U 1 SI. t. TH t. F f] L l"HJ l ~ \3 R ~ CT" I\J G L E 0 P S QUA RE 

CEr~ TER 
SI Of, .\ 
SIOE ~ 

= ( .250. ?.750) 
= 1.'ïO 
= 1.5û 

~_,-I-'~A,-R:..:../~::-r-..-=l:=--I =E_IJ-=S_-_______ -.:' ~-=-f--=L~= • 0 0 1 0 0 0 ( AC C U R A C Y> 
T () E L = _ l ·--=---(:-if.(-;<E=";L:-A7""T...-T"r"""VrE-'-E-;:;R"'R"O""R"--'C""O"'O"'"'E...-:-) -----

---- -~_ .. _----

~UH (2.191) ., 

,.;u~· (2,2.1) = 
HOk (2. l.3) = 
ril ) ... (2.2,3) = 
VEkl (29191) = 
vbJ r (2.1.2) = 
vE~T (2,391) = 
vt~T (2,~;,2) = 

--- .-~~ ciJ)"---TZ,T-,-Z-) --=-­
ri".... (2,2,2) = 
vE~l (2.?,l) = 
vt~r (i::.2.2) = 

>J () (j T ~ ( 2 , 1 t 1) = 
;J \) f, T :;;; ( 2 • 2 tl) = 
~(jurS(t:::,l.t.) = 
;~ u \.1 T:; ( f' , ;; • ~) = 

= t:! (;',0. Of SUtiD!VISIONS) 

RE/IL PART 

-2.096E"01 
9.n19E-Ol 

-7.475E-i'l 
2.n86E (JO 

---- ,;,;q-;f1jijt;;;.OT---

-5.S73E-oi? 
-3.hA9E-Ol 
-1.492E-r.2 

2.o00E 00 .J 

-6.A90E-nr-
1.ql1bE 00 

-1.447E OIJ 
-1.1 4 2E-01 

-1·C,65E.-O~ 
3.114E-Of. 
2. fi 0 uE (l ü 

- 5 • f-,4 "1 E - ,-/ 6 

If-lAGIhIARy PART 

6.401E-ù1 
4.475F-Ol 

-2.937F 00 
-1.069F ùO 
-1.2661: 00 
-2.H21E' 00 

1.477E 00 
1.908F 00 

--z. 7541: 00 
1.077F 00 
8.475F-nl 
'+.054F 00 

-1.327F.-06 
8.S99F-06 
1.036E- Ob 
1.534F-()7 

ITERATIONS 

4 
4 
5 
4 
4 
5 
3 
4 



• 
, .. 

f 

• , 
• 
f 

f 

f 

, 
f 

1--
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3.500 0 0 * * 0 0 0 0 * 0 0 ~ ~ ~ ~ .. * * ~ ...... 0 .. * ...... ~ .... 
* 
* 
* 
* 

-O.0Uû +J -U.OOO 

.. .. .. .. .. 

-o.oou +J 
~üI1TS 

.oou +J 
ROOTS 

.000 

.000 

.. .. * 
2.000 .. * * 0 * 0 * .. 0 0 ...... 0 ................ 0 ...... * .... .. .. 

-v.50u .25,1 1.000 

-------------_._-----------------_._._-- . -- --------------------~-----_.- . 



t 

1 

t 

f 

f ----

f 

f 

f 

CENTt' W 

SrOE A 
SlOt ri 

= .250. -0.250) 
= 1·130 
= l.~[l 

USII\lf:, THE ST/HJ[IAPfJ kO~1B~r;JG CONTOIIR IhlTEGHATIOhl 

141 

--------

RFSULTS-

PA PAt., E TI:. k 5 - nEL = .001000 (ACCURACY) 
TIIEL= -1 (Rt.LA Tl 'lE t:.RROR CODE) 
',1 = 2 (1\10. OF SUBDIVISIONS> 

INTEGRMLS () l'j UUTER 5 l L!ES-

Ht.AL PART 1 rJlAG 1 f\IARV PART ITERATIONS 

;.;OR < 2 • 1 .1) = -2.383E-01 8.B89E-Ol 4 
rlüf-< <2.2,1) = 9.951E-01 5.911E-01 4 
HOH (2'1.3) = -S·350t.-Ol -Z.247E 00 5 
~qH (2.2.3) = 1.702E 00 -1.05~F 00 4 
VERT (2tl.ll = -1.0i10E 00 -1.S5SF 00 4 
VEkT <2tl'2) = 4·100E-01 -Z·147E 00 5 
VEkT (2.3,1) = _3.105E_(11 1.585E 00 3 
vE~., T (~,3.2) = 1.106E-01 1.891E 00 4 

------.------=c--------------- ----- .. --- ----.. -----------------.--------
~jUMdEi-< uF K()(.lTS r~ ihl"'()\ r= RE.Ii!OII 

. - .-----------.- ._. ---------------_.-.-
. .(,R (2.1.t!) = 
H'll-< ( ~ • 2 , 2 ) = 
VEh:T (2.~, 1) = 
vE~T ( 2 , ? • 2 ) = 

~1J(:TS(2,1,1) ~ 

~CJl..:T"(2,2tl) = 
o-JuC:f:-,(2,1,2) = 
"'üuT:,(2,2,,,) = 

2.000t. 00 +J 

~9. 7jj9E~ 61 
2.445E 00 

_1.R20E no 
8.539E-(11 

4.162E-011 
1.51ùE-OS 
2.000E an 

-1.()52t:.-nc; 

.. _-------- .. 
3.661~ 00 -'t)'-----

~.65~f-Ol 4 
1.217f 00 5 
3.911f 00 6 

-1.486~-06 

-4.312E-06 
-1.390F-ll 

8.396F-U6 



'. 
f 

, 
, 
f 
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.5ûO * * * * * * il' * * * * * * * * * il' * * .......... * * * .. * * * 
* 
* 
"" 
* .. .. 
"" 
i~ 

2 • l) U 1) + , 1 - Û • 0 0 0 
f.<' If") TC:; 

.. .. 
"" 
* i.' 

* 

-o.oOu +~l .000 
ROOTS 

* 
* 
* 
* 
* 
* 
* 
* 
* 

-0.250 .. il' .. * * * * ........ "" * * * ...... * ...... * * .. il' * * * * * 
* .. * .. * * 
* .. * 
il' "" .. .. .000 +J _U.OOO .. .oou +J _0.000 .. .. r;; () f) T C;; ---------.. ::---- --------:R""'O--::O=-'r"""s--------,o..-------·-----

* .~ 

oU .. .. * 
* .. * 

-l.OOlJ il' * * * .. * .. * * * .. .. * .. .. * * .. .. .. .. * .. .. * .. * .. * * * ---------. ----_ .. _--._-_._-_ .. _---------------------_._--- _. -

1.000 

._- --------------------_ ... _--_._--------- ._--
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--------N-U-'-,8-E-R--O-F-R-O-O-T-S-O-F------------------------------ -, 

F(Z) = COSn(2.*Z) - 1.0 

INSIDE THE FOLLowING RFCTANG_,"-f __ Q8_JiQUAfŒ 

RESULTS-

CENTER 
SIDE A 
SIDE P 

= .125) 
= 
= 

____ ----"-'n-=:E:..L.I_= ___ , O.J)lQ~O_~CCJlR~C'r'_) __________________ _ 
IOEL= -1 (~ELATIvE ERROR CODE) 
"1 = 2 (NO. OF' SUAnIVISIONS) 

INTEGRALS ON OUTE~ SIDES-

_________________________________________ RJ: AL __ ~ ART_ 

HOR (2,1,1) :: -1.46SE on 
HOR (2,2,1) = 4.858E-01 
HOR (2'1.3) = -1'139E-(11 
HO~ (2,2,3) = 1.1S9E_Ol 

----- -- - ------"- - -.- ---

VERT (2,1,1) :: -1.416E-01 
VERT (2'1'2) = 5.S16E-01 
VERT (2,3,1) = _4.545E_01 
vERT (2,3,2) = 1.30SE 00 

-------

NUMBER OF ROoTS IN WHOLF REGION 

INTEGRALS ON INNER SIDE~-

HO~ 
HOR 
VERT 
vE~T 

(2,},2) = 
(2'2'2) = 
(2,2,1) :: 
(2.2.2) = 

2.000E 0(') .J 

-2.218F: flO 
ch3 19E-Ol 

_9.001E_Ol 
2.061E 00 

NU..-SER OF ROOTS IN E~CH C;UBHECTMIGLE - - --

~OOTS(2,1.l> = 
~OOTS(2.2.l) = 
~OOTS(2,1.2) :: 
ROO!S(2'2'2) = 

-1.('52E-,,5 
2.000E DO 
1.133E-"5 
4.764E-n7 

IMAGINARY PART 

1.226f 00 
2.436f 00 

-9.S66F-Ol 
_1.291F 00 
-i~-4ff 60 
-1_206!=" 00 

2.561F 00 
1.JSIE 00 

-3.011E-11 

-1.0S0F" 00 
-3.154f: 00 
-3.816E 00 
-1.113f 00 

8.396E-06 
-9.843F-ll 
-6.Q09F-06 
-1· 486f- 06 

ITERATICJNc:; 

4 
5 
4 
4 
4 
4 
C; 

4 

4 

" 6 
r; 



- .-.---.-----oc------------~.-----.-.----.-----.-.. -. -- -----.-.. - .... -- -... ---- ---.-.- ... --
NUMBER OF ROOTS IN EACH SUBRECTANGLE 

---------_._. __ . __ ... _-
.000 +J -0.000 

ROOTC; 

.. .. .. .. 
-._------.. .. .. .. .. 

.000 + 1 -0.000 
ROnTS 

.. ~ .. 
--"- ---- -.--- _ ... - ".-------------- -- . ---------------~_._-- --~----

.125 ............................................................ .. .. .. .. .. 
.... _!_.. ___ .~~JL~_O .. .. .. .. 

+J 
ROOTS 

_~~0.9_Q. ... '!') __ _ 
~WOTS 

.. .. * 
-O. ?5Q._*-__ .. __ ~_ .... _~~~_.~ .. __ ~ ............ ~ ~ __ ~ .... ~ ~_~ _~ .. ~ .......... .. 

-0.500 -0.125 .250 

144 



HESuLT:,-

F (Z) = C Cl S n ( 2 • 0 7) - 1. 0 

CE NT E r~ 
SIùE r. 
SInE >=< 

= 
= 
= 

-0.125, 3.125) 
.75 
.75 

145 

_-'-fJ-'='A'-'-R:...:.A"-t<l----'E.::.....:..r-=I:.--'--~__=s=_· -_______ ~! ...:.:f:~L~=- • U 0 1 0 0 r) ( j\ ecu P A C y ) 
TnEL= _l·~~~~~(~R~E~L~~~T.rI~V~E~E~R~R~O~R~C~O~D~E~)-------------

= ê UJO • 0 F su H n 1 VIS l (1 N 5 ) 

____________________ ~R~~L _P_A_R_T _______ r_'~_A_G_l_N_A_R __ Y_P_A_~_T _____ I_T~E_R_A_T_I_O_N __ S_ 

HUk (291.1) = 
,-<OH (2.291) = 
HO .... (?" ,3) = 
r1(JR (2,2,3) = 
VE~T (?tltl) = 
vE .... T (2,1,2) = 
vEl-<f (2,3,1) = 
VEPT (~,3,2) = 

INTEGi-ü.LS (Ji. l.r..t'Ek SI,JFS-

-9.~99E-Ul 
2.f,U9E-Ol 

-1·o45E nI) 

2.Q77E-Ol 
·----~4-;28sr;.;O 1 

3.127E_Ol 
-1.lij4E 00 

1.1')70E on 

- 2 • ii 3 1+ Enif· . 

1.09ôE 00 
1.656E 00 

-1.138F 00 
-1.79~F 00 
-1.187E 00 
_1.434f. 00 

1.936E 00 
2. ll9E 0 a 

-'5.639E-06 

4 
4 
4 
4 
4 
4 
4 
5 

5 



t 

f 

t 

f 

t 

1 

t 

t 

f 

EVALUATION OF THE ROOT OF 

F (Z) = COSH (2. *Z) .. 1.0 

INSIDE THE FOLLoWING RECTANGLE OR_ SQUARE _____________ u ___ •• _____ _ 

CENTER 
SIOE A 
SIOE B 

: ( .250, -0.250) 
= 1.50 
;; 1.50 

PARAMETERS- DEL : 
JOEL: 
1\1 : 

INTEGRALS ON OUTER SIDES-

HOR Cl,l,l): 
HOR (1'1'2) = 
VERT <1,1,1) : 

_ __ _ __ .___ _____ _V-,-"E=R..'-CT'_('-'I!1c...::.'-",2....:..'--"'..1..!-) -=--

.001000 
1 
1 

(ACCURACY) 
(ABSOLUTE ERROR CODE) 
(NO. OF SUBDIVISIONS) 

2.278E 00 -5.182E-01 
3.010E 00 2.375E-01 

.2.623E_01 3.013E 00 
_____ ~. 698E-.cu __ . ________ .. 3. I.69~JtQ. __ _ 

4 
4 
4 
3 

, SUM OF ROOTS IN GIVEN REGION: 

Z = 
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,-- -- --- ----------------------- ___________________________ ~1_ 

EVALUATION OF THE ROOT OF 

F(Z) = COSH(2. o Z) - 1.0 

____ 1 NS IDE THE FOLLnw l NG RECTAN§J __ E_OP __ !5_QUA_'-'-R=E'-------_____________________________________________ _ 

CENTER 
SrDE A 
SIOE A 

= ( .250, -0.250) 
= 1.50 
= 1.50 

__________ I.l.S 1 N{L THE STANDARD ROMB_~B_G __ .CO~lJlli8_ 1 NTEGR ATIQ!~Lu __ 

RESULTS-

_________ -""O=E=L __ = ____ ~ ~OX9JtQ ____ !}\CCl:lB~1L _____________ _ 
rOEL= 1 (ABSOLUTE ERR OR CODE) 
N = 1 (NO. OF SUBDIVISIONS) 

INTEGRALS ON OUTER SIDES-

HOR 
HOR 
VERT 
VERT 

______________________ B~AL __ PAPT 

(l,1,1) = 
(1'1'2) = 
(1'1,1) = 
(1,2,1) = 

1.791E-Ol 
7.312E- Ol 
7.959E-Ol 
1 ~3~8; _ 00_ 

SUM OF SQUARES OF ROOlS IN GIVEN REGION = 

z c 3.736E-07 .J 

-2.804E 00 
1.745F 00 

-1.247E 00 
_~~_~O?g 00 

ITERATIONS 

4 
4 
4 
4 



f 

f 

1 

RESULTS-

EVALUATION OF THE ROOT OF 

F ( Z ) ~ COSH (2. oZ) - 1.0 

INSIDE THE FOLLOWING RECTANGLE Op SQUARE 

CENTER 
sIDE A 
SIDE A 

= ( .250, 2.750' 
= 1.50 = 1.50 

USING THE STANDARD ROMBERG CONTOUR INTEGRATION.~ __ 

PARAMETERS- DEL = ~.-=.O~O-=-l-=-O~O.=...O _.:.c.( A.:...:C:-::CURACY , ____ _ 
JOEL= 
N = 

INTEGRALS ON OUTER SIDES-

HOR ( l,l, 1) = 
HOR ( 1 • 1 ,2) = 
VERT <1'1.1) = 

1 (ABSOLUTE ERROR CODE) 
1 (NO. OF SUBDIVISIONS) 

-1.453E 00 1.580E 00 
1.571E 01 4.312E 00 
1.242E 01 -2.914E-01 

_____________ VERT (1.2'1) = ______ ... _9~~~~~ _________ Q5_0J_~ JLO. __ 

SUM OF ROOTS IN GIVEN REGION = 

z = 

5 
1 
6 
5 
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f 

f 

t 

t 

-~~~~~~~_~ __ ~ __ ~ ___ ~~ ____ ~~ ___ ~~ __ ~_J-±9 __ _ 

EVALUATION OF THE ROOT OF 

FeZ) = COSHe2.*Z) - 1.0 

CENTER 
SIDE A 
SIDE R 

= .250. 2.750) 
= 1.50 
= 1.50 

_____________ USING_J'_HE_2A"'nAFW ROM_~E_~~_~ONT_~UR I~JTEGRATION~ ___________________ _ 

RESULTS-

__ ~..!.L.I) E L __ = _____ ~ 0 O_~.J>~JL __ ~ ecu R A c Yl __ ~ _______ _ 
lDEL= 1 eABSOLUTE ERROR CODE) 
N = 1 (NO. OF SUBDIvISIONS, 

INTEGRALS ON OUTER SIDES-

________ _______________ .R~ A~ __ PAB_ T_ 

HOR ( l, 1 • 1) = 
HOR <1,1,2) = 
VERT <1,1,1) = 

__ _ v ~ BT __ e1JJ!_!lJ _ = ___ _ 

-3.l01E 00 
-1.345E 01 
-7.060E 00 
-J.~J!tlE QJ_ 

SUM OF SQUARES OF ROOTS IN GIVEN REGION = 

-1.259f 00 
6.046F 01 
3.662E 01 

.. 2 .!_~~ 8 E __ 9 X _ 

5 
7 
7 
(, 
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t 

4.5 EXAMPLES WITH PROGRAM TWO 



NUM~EH OF ROOTS OF 

RESULTS-

CENTER 
SIDE 

151 

= ( 0, 0) 
= 4.00 

r----------------------------------------------------------------------------

PARAME.TERS- nEL = .010000 (ACCURACY) 
rOEL= -1 (RELATIVE ERROR CODE) 

METhOD STANUARD ROMBERG INTEGRATION 

NUM8ER OF ITERATIONS = Il 

------------------~-- ---------- - -- --------------------------------------- ----



t 

1 

1 

t 

t 

NUMAER OF ROOTS OF 

F(Z) = Z~~5 + 16.~SQ~T(3.) -16.~I 

INSIDt THE ~OLlOwIN6 SQUARE 

RESULTS-

PARAMETERS-

METHOD 

CENTER 
SIDE 

= ( -1.00. -1.00) 
= 2.00 

nEL = .010000 (ACCURACY) 
TOEL= -1 (RÊLATIVE ~RROR CODE) 

STANUARD ROMBERG INTEGRATION 

NUMB~R OF ITERATIONS = 7 

NUM8ER OF ROOTS = 1.000E'-OO +J 6.170E-Q6 

--------------------------------------------------------------------------

- ------------------------------ ----- ---------------
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t 

f 

1 

1 

1 

, 
f 

NUM~EH OF Roers OF 

ThJS Tr',t:. THF ~nl 1 nw T N(j SQUARF 

RESULTS-

PARAMETERS-

CENTER 
SIDE 

= ( 1.00. -1.00) 
= 2.00 

nEL = .010000 (ACCURACY) 
ynEL= -1 (RELATIvE ERROR CODE) 

~ ____ ~M~IE~T~H~U~ID~ __ ~ ________ ~~;T~A~N~U~A~R~()~POMBERG INTEGRATlON 

NUM~tR uF ITERATIONS = 5 

NUM~~R Of HOOTS = 1.OOOE 00 +J 
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NUM~ER OF ITERATIONS = 10 

t 

t 

t 
----~-----------------------------------------------

f 
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NUMBER OF ROOTS OF 

NUM~ER OF ITERATIONS = 5 

NUMbtR OF ROOTS = l,OODE 00 +J 

l 



NUMBEH OF ROOTS OF 

F(Z) = Z".a:S + 16."SQRT(3.) -16."1 

1 NS 1 [)t.. THF ~m.1 mH NG SQUARF' 

RESULTS-

PARAMETERS-

M~THOn -

CENTER 
SIOE 

= ( 0, 0) 

= 4.00 

DEL = .010000 (ACCURACY) 
IDEL= -1 (RELATIvE ERROR CODE) 

Monlt"IEO ROMBFRG TNTEGRATION 

NUMBER OF ITERATIONS = 10 

NUM~ER OF RüOTS = 
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NUMBER OF ROOTS OF 

FeZ) = Z~~5 • 16.~SQRT(3.) -16.~I 

Tt\l<:;TrH~ TI.I~ C',.,. 1 OWING SQUARE 
.. --

RESULTS-

PARAMETERS-

METHOD -

CENTER 
SrOE 

= e -1.00. -1.00) 
= 2.00 

nEL = .010000 (ACCURACY) 
IOEL= -1 (RÉLATIVE ERROR CODE) 

MODI~IED ROMBERG TNTEGHATION 

NUMbER OF ITERATIONS ~ 6 

NUMtjER OF HOOTS = 1.000E 00 +J -6.391E-1J5 
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f 

f 

.-

t 

f 

t 

1 

1 

1 

1 

t 

f 

NUMBER OF ROOTS nF 

l NSIr)1:. THF FOU nw l N6 SQUARE 

RESULTS-

PARAMETERS-

MF THOn -

CENTER 
SIDE 

= ( 1.00. -1.00) 
= 2.00 

DEL = .010000 (ACCURACY) 
IDEL= -1 (RELATIVE ERROR CODE) 

Mno Tf' T Fn ~OMBF'RC:; T NTEGRA TI ON 

NUM8ER OF ITERATIONS = 5 
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NUMBER OF ROOTS OF 

T NS 1 nE THF ~l'lLl l'lIN 1 Nü ~QUARr: 

RESULTS-

PARAMETERS-

METHon 

CENTER 
SIDE 

= ( -1.00. = 2.00 

OEL = .010000 (ACCURACY) 
IDEL= -1 (RÊLATIVE ERROR CODE) 

MODI~IED ROMBERG INTEGRATION 

NUMB~R OF ITERATIONS = 10 

NUMaER OF HOOTS = 
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NUM8E~ OF ROOTS OF 

RESULTS. 

CENTER 
SIDE 

UARE 

= ( 1.00. 1.00) 
= 2.00 

PARAMETERS- nEL = .010000 (ACCURACY) 
JOEL= -1 (RÊLATIVE ERROR CODE) 

NTEGRATION 

NUMBER OF ITERATIONS = 5 

NUMA ER Of ~OOTS = Q.99~E:-Ol +J -7.812E-06 

---------------~-----~.-._~ 
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