Locating the Zeros of an Analytic Function

by Contour Integrals
by

Eugene Kicak

Abstract

With the ready availability of complex arithmetic in present day
computers it is now possible to locate the roots of an analytic function
f(z) by contour integrals in the complex plane. If n is the number of

roots inside the contour C, then

1 f'(2

2mi Ic f((z)) dz

This formula is used in conjunction with Romberg's integration method
to produce practical algorithms.

After this study was started, the theoretical results needed were
found in a paper by J.N.Lyness and L.M.Delves: ""On Numerical Contour
Integration Round a Closed Contour" (Mathematics of Computation, vol.21,
1967). However the results are clarified and amplified, and the fine
details of the practical aspects are checked here. The procedures are

put together into practical computer programs and then illustrated by a



number of examples. We also evaluate numerically

_1_. r fl(z)
m oJ. % f(z)

(38

to get a reasonable approximation to a root when it is isolated inside C.

The problem of multiple roots is also considered and illustrated with

an example.
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CHAPTER 1

INTRODUCTION



Many iterative methods are currently available for an accurate
determination of the zeros of an analytic function provided a reasonable
first approximation is given. One of the best known and simplest methods

is Newton's iteration:

(1.1.1) zn+1=zn-f,(z).

However it is a much more difficult problem to find the rough location of
the zeros in order to apply these iterative methods as the final stage in
the calculation of the roots.

Here our aim is to find such approximations by a method which
depends on the explicit use of Cauchy's Theorem: if f(z) is analytic
in a simply connected region R and C is any regular closed curve

in R such that no zeros of f(z) occur on C, then

1 . .,
(1.1.2) n=5— ;| f(z)
2mi C T(z) dz

where n is the number of zeros of f(z) that occur in the interior of
C, a zero of order k being counted k times.

We choose two different ways of moving along the contour C. In
the first approach we consider a function f(z) which is analytic in a
region containing a rectangle (or square) with sides parallel to the
coordinate axes. Let (X.,Y:.) be the center of the rectangle of side
lengths A and B respectively. We begin by dividing each side into N

equal parts and let (X(I), Y(J)) be the lower left-hand corner and (C(I), D(J))



the center of each sub-rectangle thus formed. This is illustrated in

fig.1.1.1 with N=2.
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With respect to the subrectangle shown in the following figure,
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where 1<I, J<N, we use the notation HOR(N, I, J) to denote the
value of the contour integral of f’(z)/f(z) along the horizontal line
joining the points (X(I), Y(J)) and (X(I+1),Y(J)).

Similarly, VERT(N,I,J) denotes the value of the contour
integral of f{’(z)/f(z) along the vertical line joining the points
(X(D), Y(J)) and (X(I), Y(J+1)).

ROOTS(N, I,J) then denotes the number of roots inside the

subrectangle in fig.1.1.2. Thus, from eq.(1.1.2) we have



1
(1.1.3) ROOTS(N, I, J) = E;'l' [HOR(N, I, J)-HOR(N, I, J+1)

- VERT(N, I, J)+ VERT(N, I+1, J)].

FEach integral is evaluated by computing trapezoidal sums on the given
line with interval halving, and results are combined by the standard Romberg
method until the difference between successive values is less than the pre-
scribed tolerance as explained in detail in chapter 2.

We begin by carrying out numerically contour integrals of f'(z)/f(z)
on each segment on the outer sides of the original rectangle only, i.e.

we evaluate first

HOR(N,1,J) for 1<I<N, J=1, J=N+l

"and

VERT(N,1,J) for 1<JsN, I=1, I=N+1.

Adding the N integrals evaluated on each side of the original rectangle,
we combine these sums using eq.(1.1.2) and get the number of zeros
inside the original rectangle.

Note that the number of roots being necessarily an integer, we do not
have to determine it to high accuracy. If our error is less than 0.5 we
will have the exact number of roots. The computed value will be a complex
number with the real part being near an integer while the imaginary part,
being near zero, will give a rough check on the accuracy of the numerical
integration.

If the real part is less than 0.5, we conclude that theoriginal rectangle

contains no zeros of f(z) and we stop the procedure. However if there



are roots, we then evaluate contour integrals on the remaining edges
inside the original rectangle. Using eq.(1.1.3) we now find the number
of zeros in each sub-rectangle.

Thus in principle we can isolate the distinct zeros, and find their multi-
plicities by taking sufficiently small rectangles. The location problem of
zeros is thus solved.

In the second approach we do not divide the sides of the original region
to integrate along the segments individually. We rather evaluate (1.1.2)
round the entire region i.e. trapezoidal sums are computed along the whole
boundary with interval halving and results are combined by Romberg's
method. In this approach the region is restricted to a square since we need
equal sub-divisions on all sides when evaluating the trapezoidal sums above
in order to apply the modified Romberg method developed in chapter 2.

The original square is divided into subsquares if and only if it contains roots
and the procedure is repeated for each subsquare.

In each of the two approaches, as contour integrals are evaluated, we
check whether a root is too close to the contour, or possibly on the contour.
We perform the following test: if

f'(z)
(1.1.4) f(z)|2K

for a preassigned real number K, then a root is close to the path of integra-
tion and a warning is printed along with the value of z where the test has
failed thus giving us a rough approximation to a root of f(z).

After a first pass we may discard all subrectangles containing no roots

and re-enter the program using each of the other subrectangles as an

original rectangle. If a subrectangle is found to contain only one root, say



z,, then an estimate of z, can easily be obtained by replacing f'(z) by
z-f'(z) in the program since, in this case,
’
(1.1.5) zo=2—mj' sz—((;z)—)d
C
where C is the contour of the subrectangle containing z,. However the
accuracy of integration will have to be increased.

If we find a zero sufficiently close to the boundary to give a warning
we can re-enter the program after giving the center of the appropriate
rectangle a shift of one third the length of the appropriate side, for ex-
ample, so as to get the root well into the interior of the new rectangle.
We use the factor of one third to prevent the root from re-appearing on
the boundary of a sub-rectangle in the shifted rectangle (if we take N=2
for example).

If after several subdivisions we find a subrectangle with k roots

(normally k will be small i.e. ks4), then we can find these roots

0, -.-,0 by noting that
x 1 f'jz)
- S r 2 -
(1.1.6) K",El af =5~ [ 2 fz) 92 rL2,....k

where C is the boundary of the subrectangle. Again by replacing f'(z)
by zff’(z) in the program we can calculate each K, . From these values,
by use of symmetric functions, we can set up an algebraic equation of

degree k which has the q;'s as roots. To be specific if k=3 we fird

. 1. y T Q= t = — d = \
(1.1.7) ot ozt 0 - z f(z) z K,



1 f'(z)
2 2 2 _ % 2 =
(1.1.8) ;e tag® = 5o J“Cz fo) 92 = Ka
1 f (z)

3 3 3 — — 3 B -
(1.1.9) ;’tep’ s’ =5 'fc 2® g5y 4z = Ke
and set the polynomial
(1.1.10) z3+az%+bz+ ¢ = (z-0y Nz-03)(z-03)

= 2% (gt 0ot 03)2%+ (0 Qa0 O+ 02 03 ) 2 -0y 0 03

we immediately have

(1.1.11) a

'Kl
and
(1.1.12) b = 3(K,%-K,)

by squaring (1.1.7) and subtracting (1.1.8). To find ¢ we use
(1.1.13) (0 +op+a3)® = 0%+ 0%+ 0® +3(0y 022 + 400 + 02 02
+ 0% 050y%+ 05 02°) + 60y 0204

and

3, 3 2

(1.1.14) (o +ap+ag)loy 2+ a2+ as®) = &+ ax * o

o a7+ 007 a0 Yt a0 0G0 R L 07)



which yield

(1.1.15) K,® = Kz+ 3(K, K; - K;) +60; 0,0,
or
(1.1.16) c = -mopos = -5[K,%-3K;K,+2K,].

Hence o, , a2, 05 are the roots of the cubic:

(1.1.17) z°-Kz?+ 3(K,®-K,)z - 2 [K,*-3K, K, + 2K, ].

By solving this polynomial we can find estimates of ¢, 05, a3 depending

on the accuracy of K,,K;,K;.

In this way we can in principle deal with any multiple root situation,
although in practice the work gets somewhat out of hand for k>4. In this
thesis we will consider in detail the use of Romberg integration for the

contour integrals leading up to the location of zeros by (1.1.2) and (1.1.5}.
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METHODS OF INTEGRATION
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2.1 The Euler-Maclaurin Formula

A detailed derivation of the E-M formula can be found in Davis
and Rabinowitz, [3], pp.51-55. We merely state it here, modify it

slightly, then extend it to contour integration along straight lines in

the complex plane.

Let f(x) € C®*1[a,b] and let

b
(2.1.1) I=[ f(x)dx

(2.1.2) T, = h[ f(a) + f(a+h) +...+f(a+(n-1)h) + $f(b)]

where h = (b-a)/n. T, is the approximation to I, found by the n-

point trapezoidal rule and h is the step length. The notations

(2.1.3) T, f(x), h Z“f(a+jh)
+=0

will also be used instead of T,, the primes on the summation denoting

that the first and last terms are assigned a weighting factor 3. The

E-M formula is thus the following relation between T, and I:

Proposition 2.1.1

3
(2.1.4) T= -1 = z Cop hz: [f(zk-l)(b) - f(a-x)(a)} + R

=1

with

11



+ b /x-a
(2.1.5) R = h® [ Py, \—h—) £(24) () dx

where

2 2cos2fnx

(2.1.6) P. (x) = (-1)7?
20 (x) = az1  (2mn)®

_ (_qyd-1 ® 2sin2mmx
(2.1.7) Poyn(x) = (-1) n:[,l ——_(Zﬂn)a’“ .

In particular

(2.1.8) Po,y (0) = Py (1) =0 j>1
@ 2

2.1.9 P.(0) = P, (}) = (-1)""} § ——— i>1.

( ) 25(0) 2 (1) = (-1) Z G i>

We use (2.1.9) to define constants B, , called the Bernouilli numbers.

By definition,

Bz’ [ ] 2
PR T |
(2.1.10) Zn - GO D G

(2.1.11) Cay = oo .

Note that in (4], the constants B_, are defined by the formula

12
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(2.1.12)

which is just the absolute value of the 1.32‘, defined by (2.1.10), as
in [3]. Unless stated otherwise, we shall use (2.1.10) to define
B, -

In [2], Lyness and Delves use a slightly different form for the

term R. It can easily be obtained by integrating (2.1.5) by parts.

We get
X-a b b X~-a
(2.1.13) R = B3 [hPous ( X2V A0 - [ hPye (57 (5 20x) dx]
b
(2.1.14) R = h®%2[cq, ((3D(b)- {3V (a))- [ Pogip (52)1349(x) dx)
a
b b -
(2.1.15) R = ha”z[czuz .r f(2q+2)(x) dx - f p2q+2 (x—};é) f(a‘ﬂ)(X)dx]
a [ N
mez x-a (=+2)
(2.1.16) R = h®*2 [ [czm-Pam(T)] £02+2) (x) dx
a
"b
(2.1.17) R = [ £23(x) 0oh,.(x) dx
“a
where

(2.1.18) Oogea(x) = W22 [oggys - Paw(x: I



The Euler-Maclaurin formula can now be written in the following

form.

Proposition 2.1.2

Q
(2.1.19) T, -1 = T cy W[ (p) - £(ZV(a)] + R
k=1
with
b
(2.1.20) R = [ £33(x) @y.,(x) dx
_ LA+2 (X-a
(2.1.21) Oogsalx) = h [cwz-Pwa( = )]
Corollary 2.1.3
-1
(2.1.22) T, -1 = £ cxhZ (& 1)(p)- £(&1(a)] + R
k=1
and
b
(2.1.23) R = [ £®(x) oyp(x) dx

xX-a\
2h® (- 1)°-} l-cosZ1rr(h }

(2.1.24) oxx) = Tonw L T3

Proof :

Let g=p-1 in(2.1.19), then (2.1.20) becomes (2.1.23) and (2.1.21)

gives (using (2.1.10),(2.1.6))

14
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(2.1.25) Oz (x) = h? rczp-Pa(-x—;lé>]
2c0521rr()—{.—a)
W[ 1)1 S —2 (11 . h
(2.1.26) Oz (x) = h® [(-1) L amr T O L T }
2hP(-1)p-1 @ 1'°°52”r(x7_2)
(2.1.27) Oop (x) = “em® r§1 %
Note:

If, in particular, we consider the interval [0,1], i.e.
a=0, b=1, h=1/n

then in Cor. 2.1.3

_ -2(-1)? =@ l-cos2frnx
(2.1.28) 0z (x) = Goom T =5

which justifies eq.4.1 p.566 in Lyness and Delves, [2].

We are primarily interested in evaluating integrals of the type

I_ = JP f(z)dz

on the contour of a square in the complex plane. To approximate L,

we first consider the trapezoidal rule with complex step length on

each side of the square. However the E-M formula has been established
so far for real functions of a real variable only. We now wish to show

that it still applies in the case of contour integration along straight lines

in the complex plane, and find its explicit form.
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a+mh

a+jh

a+2h
a+h

fig.2.1.1

Let f(z) be analytic in a region containing the straight line joining the
complex numbers a and b (see fig. 2.1.1). Divide the line into m

equal elements. Let
(2.1.30) h = (b-a)/m € C
be the complex step length and

(2.1.31) T, = h " f(a+jh) € €

§eas

e

(2.1.32) 1= " f(z)dz € C

a
the trapezoidal value T, and the exact integral I being evaluated along

the line ab. Then the E-M formula still holds, i.e.



Proposition 2.1.4

q
(2.1.33) T,-1 = T cy W[ (p) - £(Z1)(a)] +R
k=1
where
b
(2.1.34) R =j' fR*2(2) Ouun(2z) dz
a
and
(2.1.35) = hR*2 z-a)
-1 Ox4+2(2) = [cxm+z- Pxeo _h-/’]
Proof:
Let
(2.1.36) z = a+(b-a)t = a+ mht 0<sts<

be the parametric representation of the straight line joining a and b.

Let

(2.1.37) z, = a+ jh = a+ mbht;

i.e. ty=j/m. Then

(2.1.38) f(z) = U(t) +iV(t) 0sts]

where U(t) and V(t) are real-valued. Furthermore, to simplify the

notation, let

(2.1.39) U, = U(t:) VJ = V(t‘-).

17
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Now
B a
(2.1.40) T, =h £” U, +ih "V,
J=o0 J=o
] 1
(2.1.41) T, = mh[} Z"U; - [ U(t)dt]
J=o 0

2 1
+ imh[3 7V, - j‘ V(t) dt]
J=o o}
1
+ mh [ [U(t) +iV(t)] at.
o

Each expression in brackets can now be expanded by the E-M formula

in Prop.2.1.2. Bringing the integral in (2.1.41) to the left-hand

side we get

1
(2.1.42) T, -1 = mh 53 cx (31 [UED(1)- uF=1(0)]+ [ UB*2(t) Y. (t)dt
k=1 Yo d

-

.

q 1
+ imh| T ey GQF[VE V(1) - VED0)] + [ VIE2(t)y.(t)dt
k=1 o] y

e

where
(2.1.43) Umsalt) = (DZF? [cqen- Pyea(mt)]

regrouping the terms in (2.1.42) we obtain
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(2.1.44) T,-1 = cx mh (1) {TUED(1)4iV D (1)]-rUuE-D(0)+iv (Z-1 (0}

k

Trge

1
+ mh [ [U@*2(t) + iV @*2(£)Ty_,(t) dt .
o d)a 2

Now, using the fact that
(2.1.45) (mh)F o £7)(2) = U t) +iVT(t)
(2.1.44) becomes

(2.1.46) T,-1= E cz h® [£(3V(p) - £(Z1)(a)]
k=1

b
+ [ Oxez(z) {342 (2) dz
a
where
(2.1.47) Gaselz) = hA2[cqp - pwz(%a)

which concludes the proof. Note that the argument of P4, is always

real for any z on the line since

(2.1.48) —z;l—a=mt€ ®.

Also

(2.1.49) Oxsdz) € C = hR2 ¢ C.



2.2 The Standard Romberg Method

The standard treatment is given in Bauer, Rutishauser and Stiefel,
(47, to which we shall refer as BRS. It is based on the E-M formula.

From Prop.(2.1.2) we can write

(2.2.1) T, -1= ké co h™ [£(ZV)(b) - £(Z1)(a)] + O(hE*?),
If we let

(2.2.2) ay = Cghy [{1EV(b) - £(&1)(a)]

(2.2.3) T, =T, when n = 2¥

(2.2.4) E(h) = T ™ -1

then (2.2.1) becomes

(2.2.5) E(h) = a,h®+a h%+ash%+. . .+azh% + O(h®*3),

E(h) is the discretization error and has what is called an h® expansion,

i.e.

(2-2-6) E(h)~azh2+a‘h4+aeh5+...

For q=1, (2.2.4) and (2.2.5) give

(2.2.7) T -1 = ayh?+ O(h*).

20



If we double the number of subintervals, keeping h=(b-a)2"%, we get

2
(2.2.8) To(k+1)—1=a2%—+0(h4).

Eliminating the term in h® in (2.2.7) and (2.2.8) we have

(k+1) _ (k)
(2.2.9) 1=[4T° . To ]+O(h“).

Define now Tl(k) by the expression in brackets in (2.2.9) i.e.

4Ta(k+1) - TQ“‘)

(2.2.10) T, = 3
(2.2.9) now gives
(2.2.11) T, -1 = O(h%)

i.e. T,'® eliminates the term in h?® and we may write

(2.2.12) T, -1 = Ah*+ O(h®)

where A is some constant. Repeating the process used to obtain (2.2.8),

we have
4
(2.2.13) TI("‘l)-IzA% +O(h®).

As before, eliminating the term in h® in (2.2.12) and (2.2.13) gives

,(x41) _ 7 ()
(2.2.14) 1=[16T‘ B ES! }*O(hs)

and we define

21
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16T, _ ()
15

(2.2.15) T, =

hence

(2.2.16) T -1 = O(h®)

i.e. T eliminates the term in h* and we may write
(2.2.17) T_(¥)-1 = Bh®+ O(h®).

Thus Romberg's method to approximate I, starts with the computation
of the trapezoidal values for subdivisions of the full interval into 1,2,4,8,...
equal parts. By continuing the process above we then find the values

T,, m=1,2,3,... which are computed, for m # 0, with the formula

4% T, ., (k+1) _T.-l(k)
4%-1.

(2.2.18) T, =

These values are then arranged vertically to form a triangular array

called the T -table.



41 42 43

fig.2.2.1

23



Thus T, is found from the values in the following positions relative

to T,(k)

T (0

-1

T, (4D ST (k)

| B9 > -

fig.2.2.2

Since, by construction,

(2.2.19) T,® -1 =0(h>*?

it follows that, in the T-table, the T,-column eliminates the term in
h2, the T,-column eliminates the term in h*, and so on, any T,-column

eliminates the term in h®.

24
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2.3 Integration Round a Square Contour

Consider the square of side 2R, whose vertices in order are the

complex numbers a,,a;,az,a,.

Y
a . a
4 ——t—— a 3
r b 2R
ay —— "3, :
shz
o - —» X
h, h,
Yh,
fig.2.3.1

The trapezoidal rule with complex step

(2.3.1) hy = (a4, - 3a5)/m j=1,2,3,4

is used for the section between a, and a,,;, m being the same on each

side. We thus have

Izn/m k =1
(2.3.2) he =
t



This obviously implies that
(2.3.3) h,_,*" = h* r an integer (hy = h,).

Applying now the E-M formula in Prop.2.1.4 (with q=2p) on each

side of the square we find for k=1,2,3,4

s A4y
(2.3.4) h 7 f(ay+jhe) - [ f(z)dz =
J=o ay

2p
> czrharrf(zr—l)(akﬂ) °f(2'-1)(ak)]
r=1

At (4p+2)
+ fak o, (z) £33 (2) dz

where
-ag\
(2.3.5) Oulz) = h**2 [cgpez - P4v+2\zhka x

Adding the four equalities in (2.3.4) we find

(2.3.6) R,

4 ]
L [hy Z7f(ay+jh )] - [f(z)dz =
k=1 150 -~

Cz.ff(z‘”(al)[h,‘z’-h,_z"’éffz"”(az)-"hlz’-h.f’]

I
™My

-
1]
e

: f(z-z)(ag)Ehzz_hsz-"_‘(;f(z""”(a‘):hsz-h42r] }

= T @lz) £9*%(z) dz

26



27

where if)p(z) is respectively equal to & (z), ©fz), ©i(z), @,(z) along

the sides of the square. Thus

(2.3.7)

m
1]
RISE;

4
Cor kz f(zr-l)(ak)[hk—la - hkz-] + j‘ap(z) f(4p+2)(z) dz
=1 ™

where h, =h,.

Now, from (2.3.3),

(2.3.8) he,* -h3 =0 r = integer

which implies that

(2.3.9) he, & - h* =0 r = even integer .

Hence the terms in c;,cq,€Cy5, - .+, Cygp vanish in the right-hand side of

(2.3.7) and we obtain

4
(2.3.10) R, = c; I fa,)(hy,%-h7]
k=1

4
+cqg k; £8)(a,) h,_,° - h,*]
-1

(o]
[

4
+cp T £9%a,) Th, " - h,?
=1

.
tCypp T f“;“?)‘ak)[ht-zk-z‘ h, 7727 - :5;(2) £'%°2(2)dz
k=

Py

[
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or

4
(2.3.11) R, [c,,,_z kz £33 (a, )M h,_,*% h,;"-ZJ} + [8,(2) %9 (2) dz .
=1 f—‘

1]
itge

r

It is easy to show that

{'Zhlh—z k=1,3
(2.3.12) hk_14f-2 -h42 =
thl4r—2 k

1}
N
>

Expanding the inner sum of (2.3.11) and using (2.3.12) above gives

P
(2.3.13) R,= T 2c4 o[ -£4N(a,)+£473(a,)-£ 373 (a ) +{(4"")(a,) Jh 42
=1

r

+ [@,(2) £49*3(2) dz
o

If we denote
(2.3.14) Ao = 2C4p [-£47"N(a))+ £97-N(a ) - 14730 (a2 ) +£(47-3)(a )1

(2.3.15) h = h; = 2ZR/m
(2.3.13) finally becomes

4 2 3
(2.3.16) z [hk ZZ"f(a,'ejh,)J - ff(z)dz

=1 J=2

=dh?:d h®+d L hitead %72 e TG (2) (4907 (2) dz.



Define, for i20

M)
-

4
(2.3.17) So'Y = T h, I “f(a,+jh,)
k=1 [o]

L=
1

where h, =(ay, -ak)/Z‘ . Thus So(” is the trapezoidal sum around the

whole square obtained with each side being divided into 2! equal parts.

So't? is the analog of T, used in section 2. If we denote

(2.3.18) ID= fmf(z)dz
then (2.3.16) gives

(2.3.19) E(h) = S,V - I - dyh2+dgh®+d,oh!°+. .. +d,,_,h%"?

+ [ @p(2) £%*I(2) dz

where h = h; = ZR/Zf . It is clear from (2.3.5) and (2.3.6) that @, (z)

depends on i. Eq.(2.3.19) can also be written in the form

d *
P -
(2.3.20) S.M-1_= T ;(—;—_1—”— + [L3y(2) £9*F(z) d2
bl c=1 -
where
(2.3.21) d.” = @R)*"2 4, _, .

From (2.3.19) we see that the discretization error E(h) contains terms

in h?, h%, h'° but not in h*, h®, h'%, ...

29
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2.4 The Adapted Romberg Method

In the previous section, we have shown that the error in the trapezoidal

rule applied round a square is of the form

(2.4.1) E(h) ~ d h®+dgh®+d, h%+. ..

compared with the real application where the error is of the form
(2.4.2) E(h) ~ d_h2+d,h*+dsh®+dgh®+. ..

Because of this we do not use the standard Romberg technique as
formulated in section 2 of this chapter.

Beginning with the trapezoidal values S,*, defined by (2.3.17),
in the S,-column we apply the usual Ranberg procedure to evaluate
the S,-column. This eliminates the term in h® and since no term

in h* appears in (2.4.1) we have

(2.4.3) S, -1 =0(h®).

Leaving h = (b-a)27™*, (2.4.3) gives

(2.4.4) S, -1_ = Ah® + O(h®)
(2.4.5) S, (1} . I_,_=A-E§+O(he)

eliminating h® from (2.4.4) and (2.4.5) we find
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(k+1) _¢g (k)
(2.4.6) E"‘SL - Sy ]- I, = O(h®).

Comparing with the standard technique we see that it all behaves

as if we had set the S;-column identical to the S;-columni.e.

(2.4.7) S, = 5, vk

and used this S,-column to evaluate the Si-column by the usual

procedure i.e.

4352(114-1) _ S,(k)
43 -1

(2.4.8) S, =
which, by (2.4.6), gives

(2.4.9) S, -1D=0(h8).

Continuing this way, for any term in h? that does not appear in
E(h) we set S.(") =S 1“‘), otherwise we use the standard relation

-

(2.2.17). The structure of the T-table differs from the normal structure

and has the appearance



SO(O)

50(1) N Sl(o)
2 N\ (1 o) _

So( ) S, ) Sz( ) - SI(O)
SO(S) N 81(2) Sz(l) = Sl(l) N Sa(O)

.\\ .

Ny \
\.

S, s, S, = 5,2 L5, N\ 5, =50

fig.2.4.1

Therefore every even-numbered column can be eliminated from the
table without any loss, and in order to avoid odd subscripts only, a new

table can be constructed by letting
(2.4.10) M™® = 5,

and

421 Mj-l(!"'l) - Mi_1(k)
42-1

(2.4.11) M, ® = j=z1

giving the following table
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Mo(l) MI(O)
MO(Z) Ml(l) M (0)
\\\\ \\\\
\\ \'~‘
Mo(a) N M1(2) ~ Me(l) MS(O)
fig, 2.4.2

Note: The reason why we did not go directly to the table in fig.2.4.2

will be apparent in section 3.1.

Each entry in the adapted table in fig.2.4.1 is given by

S,_l“‘) m even
(2.4.12) S, =
@ Sy ;™ + B S, ™™ m odd
where
v B | I
(2.4.13) Y B. = 3.1

It is clear that S;,,‘f” is a well-defined linear combination of values of

the first column:



P
(2.4.14) S = T A S (i20)
k=0

where the coefficients ), are independent of i.

Note: In order to simplify the notation we will sometimes let y, = Ay,

for a fixed p. Thus, for i=0 in particular,

P
(2.4.15) S = T ¥, S (p fixed)

x=

Lemma 2.4.1

The coefficients A, obey the following recurrence formula

(2.4.16) Apk = Q-1 Ap-n,kc * Bp-1Ap-1,k7» Osks<p
with
(2.4.17)  Apoy._q =Apop., =0

From (2.4.14), for 1=0, we have

P
(2.4.18) S = T Apc Soi.
=0

On the other hand,
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(0) (0)

S2P-1

- 0
= Oopn 529-2( ) + sz—lsap-z(l)

p—l P-1
- ' k+1
= Ozp1 & Ap-p,k Sot™ + Bap-1 T Apoi,k SPE
k=0 k=0
p=-1

P
(k)
O2p kz Ap=1,xSo ~ + Bapr
=0 k

k=0

comparing this with (2.4.18) gives (2.4.16).

P
Z [ozp1Ap-1,x + B )‘,,_1,,‘__1]50“‘)

z 1 Ap-1,k St

P P

k k

Ozp-1 2019-1.1: So™ + Bap-r Zo Ap-1, k-1 S
x = k=

by (2.4.12)

by (2.4.12)

by (2.4.17)

For every integer p21 define polynomials ty,(z) as follows

(2.4.19) top(2z) = z Ap, ok 2°.
x=0

As a consequence of (2.4.16) we have

Lemma 2.4.2

2p=-1 _
(2.4.20) (i) tg(z) = %z—,,—.l—_%)tzp-z‘z)

(p 2

(2.4.21) (i) ty(z) =

Q'iz')(';%)(lf’:') Q 42?:-1
(ST
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P
(2.4.22) (iii) = Ape = 1 (p fixed)
k=0
2
(2.4.23) (iv) Z 45fF=0 j=1,3,5,...,2p-1.
X=0
Proof:
P
(1) tg(z) = Zo (Ozp-1 Ap-1,p~x * Bop-1 Ape1,poker )2 by (2.4.16)
k=
p~1 P

k=1 by (2.4.17)

k
[ zo Ap-1,p-k-1 2 7 azp-lzki Ap—1,p-k 2

P~1
K
(Bap-y + O2py 2) fo Ap-1,p=k-12

'—'(52,_14'&2,_12)1:2,_2(2) by (2.4.19)

giving (2.4.20) by (2.4.13).

{ii) From (2.4.20) we infer that

6 (2) = (45~1-2)..... (4°%-2)(4%-2)(4-2)
2 = g1y (45 -1)(4°-1)(a-1)

giving (2.4.21).

(iii) (2.4.22) is obvious from (2.4.19) and (2.4.21) by letting z = 1.
{(iv) From (2.4.21) we have

-

ty(4') =0 j=1,3,5,...,2p-1
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hence (2.4.19) gives

X xEo A p-x 4 =0

P
“th-k 4-(=K)J _ ¢
x=0

App 477 0 (r =p-k)
o °

n Mo



CHAPTER 3

A BOUND ON THE TRUNCATION ERROR
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3.1 The Truncation Error in Particular Expansions

We have seen that in the case of integration of a real function over

an interval, the discretization error E(h) has the form

(3.1.1) E(h) ~d;h®+d h*+dgh®+dgh®+d, h1%+. ..

while in the case of contour integration round a square, it has the form
(3.1.2) E(h) ~dy;h®+dgh®+ d,oh!°+d, h1*+. . s

Lyness and Delves in [2] state that in contour integration round triangles

or hexagons, the effective discretization error is
(3.1.3) E(h) ~d;h®+ d h*+dgh®+d,0h1°+d  h¥%+. ..
while in two-dimensional quadrature over a square of a harmonic function

(3.1.4) E(h) ~d h*+ dgh®+ d,.h'%+. ..

As before, E(h) is defined as the difference between the trapezoidal value

and the exact value of the integral, each evaluated on the whole contour

under consideration.

When E(h) has the form (3.1.1) the usual Romberg technique is

used and it is shown in [4] that for any entry '1',“) is the standard table,

the truncation error is given by

39



1 1
(3.1.5) T, ™ - [ f(x)dx = 4D [ (25%) £2*F(x) dx
o] 0]

where the functions bg,; are defined by the following recurrence

relations: for m=1,2,3,4, ...

(a)  Bo(x) = Pa(Zxlbals)

(3.1.6) (b) ba,ﬂ(x):j‘o‘ba(t)dt

() basa(x) = [ ban(t) dt
o]
where
(3.1.7) bo(x) = $x(1-x)

for 0<x<1 and, by definition, periodic with period 1.

We wish to find a similar result for the case where E(h) is of the
form (3.1.2), as in square contours. However (3.1.5) can easily be
generalized to encompass any form of E(h) involving even powers and
to do so, it is convenient to build the adapted table, in each case, as

we did in fig.2.4.1 i.e., if a particular term in h® does not appear

in E(h) we set

(3.1.8) T, =71,.,, ¥k

40
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and call this a non-eliminating step.

Otherwise we use the standard relation (2.2.18).

When the T.“‘)-column is constructed from the T, ,*)-column in the
standard way and the term in h? (if there is one in E(h)) is eliminated
in the truncation error T.(k)-I. In this case we say that the step from

Ta i) to T, is an eliminating step.

Thus, each column in the table can be built in one of two possible

ways by either identifying it to the previous column or by uging thc
standard relation (2.2.18). Therefore, there are theoretically, 2*

ways of constructing the first m+1 columns of a T-table. Each of

these modifications does not necessarily correspond to a discretization
error E(h) used in a practical case.. By these modifications we can
generalize equation (3.1.5) and the results are given in proposition

(3.1.6) below. However we must obtain a generalization of the polynomials

defined in equation (3.1.6), which preserves their basic properties.

Definition 3A

A continuous function ¢(x) defined on (-=,®) is of class E (even)
if

(i) o(x) is even,

(ii) periodic with period 1,

(iii) ©(0) = 0,

(iv) olx) #0 on (0,1),

(v) @'(x) exists and does not vanish on (0, ;).



We immediately get the following properties:

(vi) ¢@(x) is symmetric about the line x =3 since
o(x) = @(-x) = o(1-x)

by (i) and (ii).

: ¢ (x)>0 in (0,3
(vii) ¢@(x)>0 on (0,1) =
o' (x)<0 in (3,1)

by (iii), (v) and (vi).

Definition 3B

A continuous function @(x) defined on (-», ») is of class O (odd) if
(i) o(x) is odd
(ii) periodic with period 1

(iii) o({x)#0 on (0, 3).
The properties above imply the following ones

(iv)  o(0) = o(z) = (1) = 0

0 is obvious while ¢(3) =0 follows from

o(0) = (1)
ol3) = ol1-3) = o(-3) = -o(3)

(v) o{x) is odd about x=% i.e.

since
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Lemma 3.1.3

If o(x) is of class O, then

o) = [ ott) at

is of class E.

Proof:

(1) o(-x) = J‘;"w(t) at j: o(-u) du (u = -t)

= [ olu) du = y(x) by 3B(i)
(o]
(iii) P(0) = 0 (obvious)
1 1
1) = [ olt)dt = [? p(t)dt =0 by 3B(ii), (i)
° -4
x+]1 1
(i) P(x+1) = g(x) + [ @lt)de = y(x) + [ oft)dt by 3B(ii)
x [o]
= P(x) +P(1) = P(x) by (iii) above

(iv) Suppose ¢lt)>0 on (0, }), then @(t)<0 on (3,1) by 3B(v).

1
follows that (2) >0 on (0, 1) since | o(t)dt = 0.
o]
(Similarly if @(t) <0 on (0,3)).

(v) Obvious since y’(x) = @®{x) on (0, ).

TLemma 3.1.4

If olx) is of class E,

ex) = ° [ol2t)-olt)] dt

o]

is of class O.

It
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Proof:

(@) pt-x) = [ Col2n)-eitldt

-J": [o(-2u)-¢(-u) ]du (u=-t)

= -j: (p(2u)-o(u) Jdu by 3A(i)
= P(x)
(ii)  9(0) =0 (obvious)
1 1
¥(1) = [ o(2t)dt - J’o elt)dt
(o]
1 2 1
=3 du - d =2
a‘fo ©o(u)du j;w(t) t (u=2t)
1 1
=3-2[ olu)du - [ oft)dt by 3A(ii)
(o] 0

+
Vix+1) = u(x) + [ [of2t)-olt)]dt

1
u(x) + 7 lo(2t)-o(t)]Jdt by 3A(ii)
Y2

e(x) +p(l)

e(x)



(iii) Assume @(x)>0 on (0,1). (Similarly if ¢o(x)<0 on (0,1).)

Then
>0 O<x<3 (a)
o(2x) - @(x) =0 x =% (b)
<0 -é-<x<-é— (c)

since

Wl
.

(b) by 3A(vi) we have ¢(2x) = ¢o(x) if 2x=1-x i.e.if x=

(a) O<x<é = 0<2x<%

/
0<x<2x<i

=°1 or

1 2
3S2x<¥®

'cp(x) < @(2x) by 3A(vii)

= § or

P(Zx) >p(2) = () >e(x) by 3A(vi)(vii)

{c) <x<i = 0<l-2x<4

[AY 0

= @(2x) =o(1-2x) <p(}) <o(x) by 3A(vi)(vii).

Hence y(x) is increasing in (0,4), decreasing in (3, 3).

Therefore (x)>0 in (0, %) since Y(0)=y(3)=0.

Lemma 3.1.5

If o{x) is of class E

b 4
ux) = 7 [o(t)-K]dt

hallo}
2

1
is of class O, where K=: it dt.
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Proof:

(i)

(ii)

(iii)

s-x) = [ Lolt-Klat |
- -j:[(p(-u)-K]du
= -[ [otw)-K]du
= -d(x)

$(0) = 0

1
Y1) = j‘ow(t)dt -K=0

x+1
Yix+1) = ¢(x)+jo [o(t)-K]dt

1
b(x) +jo [o(t)-K Jdt

¥ix) + (1)

= Y(x)

Assume @(t) >0 on (0,1). Then

x 1
Bix) = [ oft)dt - x| olt)at
o] o]

x 1
= [ oft)dt - 2x 2 t)dt
\-o yo

46

(u=-t)

by 3A(i)

(obvious)

by 3A(ii)

by 3A(ii)
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x 1
P(x) = (1-2x) [ @(t)dt - 2x[? (t)dt
o x

x(1-2x)p(£,) - 2x(3-x)p(£2) (0sg;<x<g<3)

n

x(1-2x)[0(£,)-0(E2)] <0 0<x<j3

since 0<§,<é,<2 = @(§;)<o(gz) by 3A(vii).

(Similarly if ¢(t)<0 on (0,1).)

Proposition 3.1.6

1 1
(3.1.9) T, M-[ f(x)dx = 47 DX [ b, (2%x) £ (x) dx
o] [¢]

.
+ Jz A..J(k) [f(zl-l)(l) - f(al-l)(o)]
=1

where the definitions of the functions b_x(x) and the constants A,“,(")

depend on whether the step from T,_ 1(") to TJ("), l1<j<sm, were eliminating

or not. In any case the by, (x) satisfy Def.(3A). The exact definitions

are given in the proof below.

Proof:

We establish (3.1.9) by induction. It is shown in [4] that it is true
for m=1 where b;(x) is defined by (3.1.7) and is clearly a function of

class E. Assume (3.1.9) is true for m=1 i.e.
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1
(3.1.10) T, ;@ -1 =47 [ by(2“x) {™(x)
[¢)

-1
+ T Al—l.J(k) [f(a!-l)(l) - f(ad-l)(o)]
=1

where b, (x) is of class E. There are two cases to consider:

(1) The step from T'_l(k) to T.(“) is an eliminating step.
(i) This step is noneliminating.
Case (i):
Since the step is eliminating, the T,’)-column is constructed
by the standard Romberg procedure i.e.

4% T'_l(k*'l) _ T._l(k)
4 .1

(3.1.11) T,® =

Substituting (3.1.10) into (3.1.11) we obtain

1 K+ k
(3.1.12) T.(k) -1 = 4-¥.J" [ba(z ;:‘)-lba(z X)] f(a)(x) dx
o -

+ El [4.A.-1,J(k’1)-Az.J(k) [f(ZJ-l)(l)_f(ZJ-l)(o)].
5| 4% -1

Define bu (X), bas; (X) and boo(x) as in (3.1.6). Since by(x) is of class
E, Lemmas (3.1.3) and (3.1.4) indicate that b, (x) is of class O and

bog+a(x) is of class E.
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If we set

(k+1) _ A (v)

4.
A 8-l,d lsjsm-1 (2)

=1,

4" -1

(3.1.13) Ay, =

0 j=m (b)

then integrate by parts (3.1.12) twice we obtain

1
(3.1.14) T, -1 = 475 [ b (2" x) £)(x) dx
[o]

A.'J(i‘) [f(ZJ-l)( 1)- f(3- 1)(0)}

+
Lty

which is of the same form as (3.1.10) with m-1 replaced by m. This

completes the induction proof for case (i).

Case (ii):
Again assume (3.1.10). Since the step from T,_,) to T,® is

noneliminating we modify the standard procedure and set
(3.1.15) T, =71,.,, vk
hence (3.1.10) becomes

) 1 .
(3.1.16) T, M) -1=47% [ by (28x) £™)(x) dx
o]

-1

+ T Aa—’...'u) {ffa-n“) _ f’?""-’(O):__._
\:1
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The idea now is to bring (3.1.6) to the same form as (3.1.10) with
m-1 replaced by m. If we try to proceed as in case (i) and tentatively
let Ba (x) =bgg(x) with ba4; (x) and bgus(x) as in (3.1.6), then we find

that bg4; (x) is no longer of ckass O as seen from the following result
1
bas1(1) = [ ba(x)dx = Kp (by definition)
(0]

and K, #0 since b, (x) is of definite sign over (0, 1).

To avoid this difficulty we simply define
(3.1.17) by (%) = by (x) - Ky Osxsl.

Lemmas (3.1.3) and (3.1.5) then guarantee that b, (x) and bg.s(x)

are of classes O and E respectively. Eq.(3.1.16) becomes

1
(3.1.18) T, -1 = 47 [ [by, (2"x)-Ky +Kg 1 £™)(x) dx
]
-1
+ X A.—I.J(k) [f(zJ-l)(l)_f(zJ-l) (0)]
=1

1. 1
(3.1.19) T,® -1 = 4-" J‘o ba (2¥x) dx + 47" K, jo £ (x) dx
=1
+ I A.-l..)(k) [f(ai-l)(l)_f(a-l)(o)]
i=1

1.
T, -1 = 475 [ ba(2"x)dx + 47 Kq [ (1)-£=2(0)]

=1
+ I Al—l.J(l) [f(a-n (1) - f(2-1) (0)].
=1



If we define now

(A,_l,,(’” lsjsm-1 (a)

(3.1.20)  A,,,® =
]4-"1(2_ j=m (b)
eq.(3.1.19) becomes

1~
(3.1.21) T, -1 = 47 [ by, (2%x) £ (x) dx
. (

A, J(k) [f(zd—l)(l) - f(23-1) (0)]

+
INE

integrating by parts twice we find that

(3.1.22) J‘:Ba(z“x) £(@® (x)dx = 4'kf:b2.+2(2"x) £(@¥2) () dx
and
(3.1.23) T, (-1 = 4-k(=+) j:ba+2(z'x) £(3+2) (x) dx

4 J;:;l A, [£2D (1) - £@=D) (0)]

which is of the same form as (3.1.10) with m-1 replaced by m.

This completes the proof.

Corollary 3.1.7

A, ‘!(1) [f(z-z)“)_f(z- 1)(0)1}

ISP

i
(3.1.24) T,™ - S Ax)ydx = C M f>2(g) - }
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where 0<g¢<1 and
1
(3.1.25) C, ") = 4= (»+1)k J‘o bosp(x) dx.

Proof:
We simply apply the integral mean value theorem to (3.1.9) and

since b,,,(x) is of definite sign in (0, 1), we obtain
1 1

(3.1.26) T, - [ f(x)dx = 47 (D% £33 (¢) [ b ,2(2"x) dx
[o] o]

+ T A-.J(k) [f(as-n(l)_f(as-n (0)]
=1

where O0<g<l. Since bg,,(x) is periodic with period 1 we have

1 1
(3.1.27) j‘o bogtz(25%)dx = [ bogp(x)dx.
o

This proves the corollary.

Corollary 3.1.8

If the j-th step is eliminating, then

(3.1.28) A =0,

8,

Proof:

Consider the following sketch of the T-table



N

TJ—l TJ TI

fig. 3.1.1

Let the step from T,_ 1(") to TJ(") be eliminating. There are two
possible cases:

(i) j=m

(ii) j <m.
(i) I j=m then the m-th step is also eliminating. Hence A, ,®

is defined by (3.1.13)(b) i.e. for j =m we have A.'J(") = 0.

(ii) Let j<m. The j-th step is eliminating by assumption; however

no restrictions are put on the m-th step. It can therefore be

either eliminating or noneliminating. Accordingly, A,'J(") is
defined either by (3.1.13)(a) or (3.1.20)(a).
(
4*A,, A, 5 if the m-th is  (a)
_ 4% -1 eliminating
(3.1.29) A'.J(‘) =1
\A,_l.,“') if the m-th is  (b)

noneliminating
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Now j<m implies that m =j+i for some integer i21. If m=j+1

then (3.1.29) gives

;
4'AJ'J("+1) -AJ,J(k) -0 if the m-th step is (2)
4% _] - eliminating
(3.1.30) Ags @ =
Ay, =0 if the m-th step is  (b)
| noneliminating

because AJ.J“‘) = 0, Yk, according to (3.1.13)(a) since the j-th step is

eliminating by assumption. By induction, we obviously have
AJ+1'J(k) =0 = AJ+2,J(k) =0 =... = A.'J(k) -0

completing the proof of the corollary.

Remarks:

(a) In the conventional T-table, every step is eliminating. Hence
by Cor.3.1.8, A,'J“‘)=0 for every j=1,2,3,...,m and (3.1.9)

reduces to (3.1.5) as expected.

(b) If we choose all the steps to be noneliminating then every column
of the table is identical to the first T,-column i.e. T,‘®)=T.*
Ym,k and no power of h is eliminated in the truncation error.

In this case, (3.1.9) is simply the Euler-Maclaurin summation

formula.



3.2 A Bound on the Truncation Error in a Particular Case

The results of the previous section can be applied to any
modification of the standard T-table. We now restrict ourselves

to the particular case where, for m>0

T, m even
(3.21) T.(k) =9

4 T, V-, ® m odd

{ 4" -1

This is the table which is associated to a discretization error E(h)

of the form

E(h) ~ dzh®+dgh®+d,oh°+d,; h*+. ..

as in the case of contour integration round squares. (See fig.2.4.1)
Our aim is to find an expression for Ca,(") which is easily

bounded. From (3.1.25) it is clear that
(3.2.2) Cp') = 47 (31 C (9,
On setting m=2p and k=0 in Cor.3.1.7 we get

= 4
(3.2.3) Ty -1= T A, T/ 3-V(1)-£2=-2(0)1+ /2 £'%*D(g).
J=1

However by (2.4.15)
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P
(3.2.4) T, = T 5, TH.
k=0

Since the Euler-Maclaurin formula gives an expression for T, -1 we
can therefore obtain another expression for Ta,(o) -I which when com-

pared to (3.2.3) will yield a formula for Ca,(o) and hence for Cap(k).

Proposition 3.2.1

N B

P
(3.2.5) T @-1(Z v) =

P
CzJ( p2 _k_‘;yls) [f<a1-1)(1)_f<a—1)(0)]
k=0 J=1 k=0

1
+ f f(4’+2)(x)(5(x) dx
(o]

where @(x) is defined below, ¥, is defined by (3.2.4), c, are numbers

1
defined by (2.1.11) and I= [ f(x)dx.
(o]

Proof:

Letting n=2* and q=2p in Prop.2.1.2 we have

-4 1

(3.2.6) TM-1= I 28 ({97 D(1)-£27D(0)] + [ £ I(x) g, (x) dx
J=1 o

where

(3.2.7) Oc(x) = h**2 [cppn - Peaa(2x)]  (h =279

for fixed p. Furthermore, from (3.2.4) we get
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P )4
(3.2.8) E=T, -1(Z %)= Z y%(To™-1)
k=0 k=0
Substituting (3.2.6) into (3.2. 8 ) gives
P 2 ¢ 1
(3.2.9) E=Z % (Z o8 [EFD(1)-13200)]+ [ £ (x) o (x) dx)
k=0 =1 [e]
or
2p p Vi
(3.2.10) E- I cy(Z Z5)£3D(1)-£2-1(0)]
J=1 x=0 4
1 P
= [ £ (x) (T yx @ (x)) dx
o] k=0
1
= j' £(9*(x) p(x) dx
(o]
where

P
(3.2.11) go(x)=k2 Y O (%)
=0

p Yk «
L g@mr [ceprz - Papea(27x)]

completing the proof.

Corollary 3.2.2

(3.2.12) Z vy = 1.
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Proof:

Let f(x)=1 in (3.2.5) and we get
1 P
1- ([ 1ax)( T %) =0
o} k=0

giving (3.2.12). This result was already found in section 2.4.

From (3.2.3) and (3.2.5) it follows that

2p
(3.2.13) Ty P-1= T A @ [£F-D(1)-£-1(0)]+C, (D {4+ (¢)
iI=1
» p
= T ey (T Z)[2-1(1)-£2-1)(0)]
=1 =0 4

+J”: £(9%+3)(x) p(x) dx.
Comparing the two expressions we expect to have the following equalities
(3.2.14) Ay O = ca_,( z 4,,) 1<js< 2p
and consequently
(3.2.15) Co (D £9*3(¢) = f“v*2>(x) B(x) dx .

We prove this in the following proposition.
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Proposition 3.2.3

P
(3.2.16) ca T %% = Ay, 1<js2p
Proof:

Since (3.2.13) is valid for all functions f€C4p+2[0, 1], we apply it
successively to polynomials of degree 2,4, ...,4p. Let f(x) = x°. Then

(3.2.13) gives

P

(3.2.17) Ay 00 (1)-1(0)] = co( © 7_:)[f'(l)-f'(0)J
k=0 4

3.2.18 Ay @ T %

(3.2.18) 2 2 B &

since f'(1)-£f/(0) =2 # 0. Hence (3.2.16) is valid for j=1. Assume it
holds for j=1,2,...,n-1 <2p. We show it remains true for j=n. Let

f(x) = x2, (2n s 4p); thus (3.2.16) becomes

(3.2.19) Si+ Ag P [{E-V(1)-fE-1)(0)] =

4 , -
= S; + cal T XE)[£=-1(1) - (=-3)0)]
k=0 4

where
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(3.2.20)

n-1

S, = & AZP.J(O) [f(ZJ-l)(l)_f(a‘l-l)(o)]
J=1
=1 P

S, = > ey (Z L:j)[f(al—l)(l)_f(a-l) (0)]'
J=1 k=0 4

However S,=S, follows from the assumption giving

(3.2.21)

since f(®-1(1)-£(2-1(0) = (2n)! # 0. This completes the proof.

A2p (0 = Cq % lk—
- k=0 4kn

Corollary 3.2.4

(3.2.22)

%.&_ = 0
:04”

for j=1,3,5,7,...,2p-1.

Proof:

(3.2.22) follows immediately from (3.1.28) and (3.2.16) since every

odd step is eliminating. This formula has already been found in section

2.4 by another method.

Corollary 3.2.5.

(3.2.23)

? Ye

C.?=c¢
> 5oz k=0 4(.29*1)3
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Proof:

Let f(x) = x**2  then

g(4p+2) (x) = f(4p+2) (e) = (4p+2)! £ 0

and (3.2.15) gives

1
CED(O) = Io (B(x) dx

P Yk P

1
Ik —Yx
‘E) [C4p+2(k§o 4(2p+1)k) ) kEo 4(+)k

Pg42(2x)] dx

» Yi L4 Yk 1 K
= Cepsz xEo TEF - ki[m J'O Pypia(2x) dx].

However, by (2.1.8)

1 1 1
[ Papea(2*x)ax = oF Pgea(2x)| =0
o o

proving (3.2.23).

Corollary 3.2.6

. 2%
(3.2.24) Ca™ =47 cfis T rmaw
=0

Proof:

This follows immediately from (3.2.2) and (3.2.23).
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Proposition 3.2.7

For any integer p21,

2 2.2
(3.2.25) W < Cgpiz < W
Proof:

From (2.1.11) we may write

Boy | (_pyr-2 2L(20)

(3.2.26) Cy = (21)! e
where
(3.2.27) i) = £ L
n=1 N
Thus

2L(4p+2)

(3.2.28) Cap+z = (21,)49‘,2

However [g(i)>1 for any integer i and { is a decreasing function of i.

Thus for any integer p21 we have

—"i <1.1

(3.2.29) 1 < Z(4p+2) < L(6) = 345

proving (3.2.25).

Proposition 3.2.8

’ " -p2 2 (1-47%)
.2.30 %o = (-1 (1-4-2°T)
(3.2 ) x§o 3(FDx (-1)7 4 JI=11 (1-4-271)
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Proof:

Let S denote the left-hand side of (3.2.30). Then

= (2p+1)p P 4P
(3.2.31) S =4 kz;o T Vi
P
(3.2.32) = 4~ (>H)p xEo 4(+1) (p=k) Ve
(3.2.33) = 4= (2+1)p to (4%*1) by (2.4.19)

p (1_421-3+2)

(3.2.34) = 4-(>p - -by (2.4.21)
(- =) .
(———1-—— 1)
- X2 -
(3.2.35) 4 (@Hp . gpmeeesy 4D O
. k:l (1- 1 )
45-1
(l-—-i——)
(3.2.36) = 4~ (+1)p . 4P(p+1) (-1)? ﬁ 4% %42
k=] (1_ 1 )
4%-1
2 -4 -8 -4p
-p® (1-27%)(1-2"%)...(1-2=%)
3.2.37 = (-1 4 P
( ) (-1) (1-2"3(1-2"%) .. .(1-2" (=2

proving (3.2.30). It can be shown that

(1-4-%)

3.2.38) Ep ﬁ (1-477) _ 4
(3.2. 3 LTy 3



Proposition 3.2.9

2
-P
(k - K 3 X4
(3.2.39) |C5 | < 4= (& Zn®=
Proof:

If we substitute (3.2.25), (3.2.30) and (3.2.38) into (3.2.24) we

obtain

x - (2.2) -p® 4
[C5™ | < 4=k 2n#? 4 (3)

2

4P
(2m)¥*=

8.8
(=)

|Cop )| < 4~ (@H1IE

e
3.47P

(k - (2p+1)k
|Cap )l < 4~ (&) (21,)494'2

Proposition 3.2.10

Let f(z) be a complex analytic function in a region containing the
interval of integration [0,1]. If p is the shortest distance from this
interval to any singularity of f(z) then for any fixed € >0 there exists
a number K(e¢) such that

e
3K(e) 4~ @V 4P (4500
(2m)**2 (p-¢€)**?

(3.2.40) |C™ 493 (g) | <

Proof:

It follows immediately from (3.2.39) and the fact that for any

€ >0 there exists a number K(¢) such that
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K(e)
(p-€)® °

£(») (2)
p!

This comes from the Cauchy formula

£ (z) 1 f(w)
p! Y Ic (w-2z)?* d

around a circle C of radius p-¢ and since f(z) is analytic and hence continuous
on the compact set {z: |z]|sp-¢€} it follows that [f(z)| is bounded by a

constant K(e¢) on C.



3.3 A Square Contour

As defined in Section 2.3, let So*) be the trapezoidal sum obtained
around the whole square when each side is divided into m =2! equal parts

with 1=0,1,2,3, ... and let

I = ‘Ef(z) dz

be the exact value of the integral where (U is a square with sides parallel
with the axes. We proceed with the modified Romberg table described in
fig.2.4.1 and apply the results of Sections 3.1 and 3.2 to bound the trunca-

tion error for any entry in the adapted table. We find

Proposition 3.3.1

(3.3.1) S - I, = J‘D &(z) £9°*3 (2) dz
with

P ~
(3.3.2) ¢(z) = T vy, g(2)

1=0

where v, is defined by (2.4.15), Z'op(z) is defined by (2.3.5) and (2.3.6)
with m =2!.

Proof:_

From (2.4.15) and (3.2.12) we have

’
(3.3.3) Sa(O) = T ¥, S:(i)

1=3
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(3.3.4) Szp(© - Z o [So - 1-].

Substituting (2.3.20) into (3.3.3) we obtain

sk
P P d -
(3.3.5) S -1, = Z [El Z@,_—ﬂﬁ + [ B (2) €42 (2) dz]

where d r and (Bp(z) are defined by (2.3.21) and (2.3.6) respectively.

(Note that ,(z) depends on i.)

P P23 P v P -
(3.3.6) S5 - I = r;z,l dr (T Z@,—‘_ﬁ) + 1;20 v, (J‘D(p,(z) £49*2)(2) dz)
p ~
(3.3.7) = J‘D( Z y, @(2)) £5*3 (2) dz by (3.2.22)
{=0
(3.3.8) = J‘D &(z) £(%* (2) dz

where

P
(3.3.9) $(z) = T v, &(2)
=0

{

concluding the proof.

Proposition 3.3.2

For any fixed ¢ >0 there exists a number K(¢) such that
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2R (4p+2)! 3K(e)
4p2 (Zﬂ)4p+2 [i_ -€ J4p+2
2R

(3.3.10) |szp<°>-1D| <

where d is the shortest distance from a singularity of f(z) to the

boundary of the square with sides of length 2R.

Proof:

By (3.3.4) we have

P
(3.3.11) sa,(°)-1':= 1}; ¥, [So“)-ID]-

Now, letting m =2!, we get from (2.3.17)

4 |
(3.3.12) S = T h, T “flay+jh,) (m=2*%)
k=0 3=0o
\ 4 Qx4+
(3.3.13) S -1 = I [he T " flag+jh) - [ f(z) dz]
k=1 1=0 ag

where ag =a,. A simple change of variable,
6 1

(3.3.14) z = ay +(agey -agt
gives
(3.3.15) f(z) = F () 0<txl

on the side a; ag., . At times we will consider t as a complex variable

and regard (3.3.14) as a complex transformation as well. Applying this
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to (3.3.13), and substituting into (3.3.11) we get

() P 4 1 L _1_ 1
(3.3.16) Sz -1 = 1_—_20 Y1 k§1 (aper-ae ) [ 4;20 Felz2) - _‘[; Fy(t) dt]

P 1
(2en-ac)l Z y; To' - [ Fu(t) dt]
{i=0

(3.3.17)
x

frae

using (3.2.12) and where

12, ]
T == Z"F, (L) (m = 2%).

3.3.18
( ) -y

Thus T,!) represents the trapezoidal sums obtained from F,(t) on the

respective sides ay a,,, . From (2.4.15) we now get

1
(agsy -2x ) [T - J“o F,(t)dt].

n
ives

(3.3.19) S - I
; k

Applying (3.1.24) to each bracket in (3.3.19) we obtain

4 -]
Z (agn-2aJ){ T Ay D [FFV1)-F,F-10)]+E, ]
k=1 =

(0 _ -
(3.3.20) Sa L
where
(3.3.21) E, = C5'? F,**3 (¢,) O<gesl.

However by (3.1.28), A, ,'® =0 for jodd. Hence



tMw

P
(3.3.22) S ? - I = (31 -3y ) ,5‘1 Ay O [F D (1)-F #1(0)]

1

U]

k

+ ;} (ags -2y By ©
k=1
Noting that ay4; ~a; = mhy and using the relation
(3.3.23) F,%=U(t) = (mh, )¥-1 £(43-1) (3)
we obtain

4 p
(3.3.24) $3@ -15= J}: (mh)® Ay o O[FH"(a,,))- (D (a,)]
k=1 =1

4
+ L (ags1 - ax)Eg
k=3

n

4
L (agn - ag)Ey
k=1

since, for any j, h,_‘M =h¥ = h,* =n*. By (3.2.40), each E, is

bounded,

(4p+2)! 3Kk (€)
2

(3.3.26) |E.| <
4P [2mpy -€)]%*2

where p, is the shortest distance from a singularity of F,(t) to the

interval [0, 1] in the complex t-plane and 2Rp, is the corresponding

distance in the z-plane. Thus if we set



(3.3.27)

we find

(3.3.28)

(3.3.29)

(3.3.30)

p = min p,

d = 2Rp 1<ks4

K(e) = 4 max K, (¢)

LN

4
S (9. 2R E
1Sz, ID' S k§1| i

2R (4p+2)1 3 & Ky (€)
< 2 Z [ _€] 2
4p (Zﬂ)4p+2 k=1 pk

2R (4p+ 2)! 3K(e)
< p2 d
qp+2 . —_ _ 4p+2
AP 2m®*2 (o -€]

proving (3.3.10).
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CHAPTER 4

PROGRAMS AND EXAMPLES
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4.1 Introduction

In this chapter we apply the principles of the earlier chapters to
practical examples.

We are given a function f(z) and its derivative f’(z) and we choose
a region which is either a rectangle or a square with sides parallel to
the coordinate axes. We then proceed to determine whether this part-
icular region contains any roots of f(z) or not.

Basically we evaluate numerically

———l(z) dz

1
(4.1.1) I j‘c f(z?

and this is done in two different ways depending on the manner the con-
tour C is split.

In PROGRAM ONE we begin by dividing each side of the rectangle
into N equal segments and evaluate the integral along each segment
by the standard Romberg method described in chapter 2 until a specified
convergence criterion is satisfied. These results are then added properly
to give the total number of roots inside the given rectangle. If there are
any roots inside we then continue integration on the inner sides and again
the results are combined with the ones found on the outer sides to give

the number of roots in each sub-rectangle. This was explained in detail

in chapter 1.



In PROGRAM TWO, the path of integration is not a straight line
but the whole contour of the region i.e. we begin by evaluating the
trapezoidal sums S,(?,S.,Y, ..., defined by eq.(2.3.17) and then
combine these values by Romberg's method until the difference be-
tween successive values is less than the prescribed tolerance. The
region is then divided if and only if it contains a root and the pro-
cedure above is repeated automatically for each subregion. In
PROGRAM TWO the region is restricted to a square since we need
equal sub-divisions on all sides in order to apply the modified
Romberg technique extensively described in chapters 2 and 3. The
standard Romberg scheme is also built in to compare results.

PROGRAM ONE or PROGRAM TWO can be reapplied by the
user to each subregion containing more than one root. When a region

contains only one root, either program can be made to evaluate

1 f'(z)
(4.1.2) P j‘cz f2) dz

by assigning the proper value to the parameter NZERO (see the listings
of the programs). The integral in (4.1.2) gives the sum of the roots,

hence the root itself when it is unique. We can thus find a reasonable

approximation to the root.

We illustrate the programs by applying them to the following

examples:
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Ex.1: f(z)=z5+16r§-— 16i

within the square of center (0,0) and side 4.
Ex.2: f(z) = e* - 22°

within the square of center (0, 1) and side 4.
Ex.3: f(z) = cosh(2z) -1

within the square of center (-0.5,0.5) and side 6.

The first example is used to check our results since all the roots

of f(z) can easily be found by de Moivre's theorem; more specifically,
f(z) =0 « z € {20, 2y, 25,23, 24}

where, for k=0,1,...,4,

zZy = 2[cos(%+k%) + isin(-g +k157-)]

using a table we find

zo = 1.7321 +i
z, = -.41582 +1.95630i
zz = -1.98904+ .20906i
z, = -.81348-1.82710i
ze = 1.48628-1.33826i

as illustrated in the following figure
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-

\ .

Example 3 illustrates the problem of multiple roots. Obviously
z =0 and z =i are roots of f(z) but successive subdivisions show
that the disjoint subsquares obtained around these values keep con-
taining two roots, until a warning is printed to the effect that the
path of integration has come too close to a root. As mentioned in
chapter 1, in each case, we find these roots o, ,a3 and B,, B respectively

by evaluating

K --L j‘ zf—’-(-ﬂd a, + @
YT 2m f(z) 17 %2
C
and
K S S 22 f'(z)d = @2
2 -Zﬂi JC f(z) Z = 1 .az

2. p.2 .
about a suitable contour C (similarly B, + 8. and B;°- 82z ). Note that
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¢o; and @, are then the roots of the quadratic

2-
xz-K1x+£{J——2—I—<‘°‘=O.

From the computed values of K;, K; we easily see that z=0 and
z =i are double roots of f£(z).

PROGRAM TWO is illustrated with Example 1, showing faster
convergence for the modified Romberg technique. When a square
contains no roots the successive iterations in camputing the contour
integral give values converging to zero and because of the very small
numbers involved the relative error test (IDEL=-1) will not work.

It is therefore necessary to use the absolute error test (IDEL=1).



4.2 PROGRAM ONE

PROGRAM ONE

TYPE, COMMON, DIMENSION

®

READ
TITLE,XO0,Y0,A, B, DEL, IMAX,
IDEL, NZERO, N,INT

CALL PRINTA
(X0,Y0,A,B, TITLE, NZERO, N, IDEL, DEL)

CALL COORD
(N,X0,Y0,A,B,X,Y,C,D)

KASE = 1 |

® ;

CALL SIDES

50
l(N, KASE, X, Y,HOR,VERT, DEL, IMAX, IDEL)

; CALL ZEROS
‘ (N, KASE, HOR, VERT, TOTAL, ROOTS)

ﬂ}\,

N

Fig.4.2 Flow chart for PROGRAM ONE
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CALL
PRINTF (TOTAL)

@ |RETOTAL = REAL(TOTAL)
— RETOTAL /L\—_’Q
100
CALL ’

\ CA LL b CALL
lPRINTC (TOTAL) ‘PRINTD (X, Y, ROOTS)

PRINTB (TOTAL)

e lKASE:Zl B )

Fig.4.2 (cont)



SUBROUTINE ROMBG |

IER = 0‘
/\’6 0
—IDEL*IDEL-1 : 0 |

IER =2

|

RETURN ]

@SO |
‘ * | IER=3

|

‘ RETURN

1
so | IER=4

8o | RETURN

70

<o |1MAX=15]
|

Fig.4.3 Flow chart for SUBROUTINE ROMBG
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B

H=B-A

|C(1I)=ol

| s=(F(a)+F(B)) * 0.5 |

T(1) = S*H |

C(I) = C(I-1)* 4. + 3. |

[H1 = H*0.5]

eal

J=1

ISR

X
X = X+H]|
J=J+41

18015 =5 + F(X) |

<

J:JU

| T(I) = S*HI |

Fig.4.3 (cont)
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12 = 11

|

1-1]

—e e

11

T(I11)=T(12) + T__(___Izcg(};r(n) ]

170 |

]

180
S2 = T(2) + T—i————Z)C'(I'f“)

Fig.4.3 (cont)
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S1 = |S2-T(1)]

T(1) = S2
|
JU =JU+JU
I
20| H=HI

IER =1

=0 S =82

l

S2 = T(1)

l

RETURN

I

END

Fig.4.3 (cont.)
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[ MS FORTRAN (440)/MSOS 15707,

PROGRAM ONE

PURPOSE
(1) 70 EVALUATE THE NyMRE; OF QO0TS OF THE GIVEN FUNCTION
INSIDE THE PRESCRIBED RECTANGLE AND INSIDE EACH
SUR=RECTANGLE wHEN THE SIDES ARE DIVIDED INTO N
EQUAL PARTS,SET NZEDQ DIFFERENT FROM 1]
{(2) To EVALUATE THE vaLE OF THE ROOT (IF UNIQUE) OF

—

THE GIVEN FUNCTION I%NSINE THE PRESCRIBED RECTANGLE
SET NZERO=1 AND n=1

® & o & & o ., & o

PARAMETERS
(X04Y0) =CENTER OF RECTaANGLE
AysB =SIDE LENTGHhS o -
N =NO, OF SEGMENTs ON EACH SIDE
NZERO -~PURPOSE CODE (SEE PURPOSE)
IDEL -ERROR CODE (SEF SUBROUTINE ROMBG)
DEL ~ACCURACY (SEE SUBROUTINE ROMBG)
METHOD

INTEGRATION IS PERFORMEp ON EAC~ OUTER SEGMENT BY ROMBERGS
STANDARD METHOD AND RESHLTS ARE COMBINED TO GIVE THE
NUMRER OF ROOTS IN THE NRIGINAL RECTANGLE OR TO GIVE (2)
(SEE PURPOSE)je IN CASE (1)¢IF THE ORIGINAL REGION CONTATNS
A ROOTLINTEGRATION IS CONTINUED ON INNER SIDES AND RESULTS
ARE _COMBINED WITH THE OmES FOUND ON OUTER SIpDES TO GIVE
THE NUMRER OF ROOTS IN FACH SUB-RECTANGLE

TYPE COMPLEX (4) HOR,VERT, TOTAL.GOOTS
COMMON NZERO

 DIMENSION X(5)9sY(5)9C(4)9D(s) S
DIMENSION HOR(494¢5) sVERT (4+5,8)9R00TS(494494) o TITLE(79)

nnnnnnnnnnnnnnnnnnoonnnnnnnnnn;

READ 159 (TITLE(K) 9K=1,970)
1s FORMAT (70(A1))
20 READ 2S¢X0,Y0eAByDEL, IMAX, IDEL ¢ NZERO4Ny INT
25 FORMAT (4F)10,3.F10,694515)
IF(INTeFQe0) STOP
CALL PRINTA(X09sYOsA9BsTITLESNZEROeneILELDEL)
CALL COORD(NeXOeYO9A9BoX9YeCoM)
KaSE=1
50 CALL SIDES(M,KASE,X,Y,HOR,VERTsCELeIMaX, IDEL)
CaALL 2EROS(N,KASE HOR,VERT ,TOT2L 4~O0TS)
iF INZEROGNEL1) GO TO &0
CalL PRINTF (TOTAL)
G0 10 20
60 IF(KASEQNE.I)GO IO 159
RETOTALSREAL(TOTAL)
IF(RETOTAL «GTe043)G0 TO 100
CALL PRINTB(TOTAL,
GO TO 290
100 CallL PRINTC(TOTAL)
XASE=?
GO TO 99

- 150 CONTINJE




85
aa IF (NeNEs2) GO TO 20
CALL PRINTD(xsYsROOTS)
GO 10 20
END
k__, FORTRAN DIAGNOSTIC RESULTS FOR ONE 3
NO ERRORS
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MS FORTRAN (4,0)/MS0S

SUBROUTINE COORD(Ne¢XO9YO9A9RIX9YSCoD)

EVALUATES COORDINATES OF CORNFRS AND CENTERS OF ALL
SUBRECTANGLES WHEN THE SIDES oOF THE ORIGINAL RECTANGLE

1/077/°

() OO0 O

ARE DIVIDED INTO N EQUAL PARTS,

DIMENSION X (5)9eY(5)9C(4)9D(4)
X(1l) = x0 = a/2,
Y(1) = Y0 = B/2.

Rr=N
Hl

H2
M

Haun
o o]
N
Py
Z

DO 4] = 2.M

RI =1
X(I)=X(1)+(RT=14) %K1
Y(I)=Y(1)+(RI=1e)®H2

DO 61 = 14N

C(I)=(X(I)+X(TI¢1)) /20 ,_ e

D(I)=(Y(I)eY(I+1))/20

RF TURN
END

FORTRAN DIAGNOGTIC RESyLTS FOR COORD




s NeXeNeNeNeKe)
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~ MS FORPTRAN (4,0)/MSOS

SUBROUTINE STNES(NGKASE ¢ XeYsHNRsVERTIUEL IMAX,IDEL)
DETERMINES onM WHICH EDGES MUUMFRICAL INTEGRATION IS
" To BE _PERFOPMED AND CALLS INTEGRATION ROUTINE
KASE=) INTEGRATION ON O1:TER SIDES
KASE=> INTEGRATION ON INNER SIDES
KASE-3 INTEGRATION ON ALL SIDES
TYPE COMPLEX (4) AgBsF 4S29S9yHORyVERT,CMPLX
COMMON NZERO e
DIMENSION X(q) QY(S) ’H()R(“’495) 9VERT(49594)
DIMENSION R(?)
EQUIVALENCE (RsS)
EXTERNAL F

GO TO (5410915)9KASE e e

S L=1
M=N+1
JUMP =N
PRINT 7

7 _FORMAT (1HO92Xs25HINTEGRALS ON OUTER SIDES-)

PRINT &
8 FORMAT(1HO932X99HREAL PART¢5X,14HIMAGINARY PARTs5X,
110HITERATIONSs//)
GO TO 20
10 | =2
MeN
JUMP=1
PRINT 11
11 FORMAT(1HOs2Xs25HINTEGRALS ON INNER SIDES=4/)

GO TO 2¢
15 L=1
M=N+]
JUMP =1
20 CONTINUE
ICASE=]
INTEGRATICN NN HORIZONTAL STDFS OnLY
DO 40 JsL eMe JUMP
DO 40 I=1eN
AsCMPLX(X(T)eY(u))
B=CMPLX(X(Te1)eY (J))
EAEQ_ROﬁ@G(E.AOB'DELOS?’SQIOELQIEPvINuKOITER)
IF(IER«NELG)GO TO 150
HOR(Nes[9J) =S
PRINT 30,NyT1,JyRyITER
36 FORMAT (11 X96HHOR  (92(I19)re) el]19aMH) = 94X9E]12e395X9E12e30
15X919)
40 CONTINUE
ICASE=2
INTEGRATION ON VERTICaL SINES OrLY
DC &0 1= gMy JUMP
DO 60 J=]19N
AsCMPL X (X(T)eY(J))

19/07/"
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f B=CMPLX (X (1) sY (J*1))
CALL ROMBG(FsAsBIDEL9S29SeINE s IERsIMAXYITER)
IF(IER«NE.O0)R0D TO 150
VERT (N,I,J):S
PRINT SO,N’I,J’R’ITER
... .50 FORMAT(11X96HVERT ( 92(T191He)9T194H) = 94X9E12e395X9F 1239
r 15X915)
60 CONTINUE
RETURN
C - T D D D s o T D oy W O D g g D T gy SD D S D D D O gy T ORGSR o, G O TS Gy D G OB S G R gy W S
150 CALL PRINTE(ICASEsNyI,JsIER)
_RETURN e
END

FORTRAN DIAGNOSTIC RESULTS FOR SIDES

NO FRRORS e
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1970777

r-w‘“ - 7 fMS FORTRAN (2:0)/MSOS

SUBROUTINE ZEROS(N¢KASEsHORsVERT9TOTALsROOTS)

C - D - . D D D T G e P TR P TP S s T S B e B, S TP D D A P S WP D g R P AR G e S D G OB D G D W
C COMBINES VALUES OF INTEGRALS
c T D D e D D e D T O e T D D D D DTS o B e TP G W D o, T ST D > B e WP D D D TP g D WD TS AL s o P S gp WP D e e P G gy W
TYPE COMPLEY (4) HORGVERT, TOTAL ¢ROOTSsStIMeCMPLX ¢ T9CONSTANT
DIMENSION HOR(494¢5)9VERT (49544) sROODTS(49494) 9SUM(4)
DIMENSION R(?)
EQUIVALENCE (R T)
c -t e e P s e D T D S g DTS gn B D W wn s U e D D D e W P W D P g 5 D P e o P D - - -
. _IF(KASE eNEsY) 6O YO 135 .
C - e T D D D e s D P e TP D T ey s P TD D D S WD G D gy, TP TS D e BB G0 D P G B ey D D D WDy ap W D oy A D e AR WD Dy W
L=1
MmN+
JUMP=N
K=1
c T e s T T oo TEmrEEse"
DO 110 Js=LeMyJUMP
SUM(K)=0,
DO 100 I=1eMN
SUM(K) = SUM(K)+HOR(NyTIsJ)
100 CONTINUE
... K=K+l o
110 CONTINUE
C - P e N e T S T D D DD NS D G D e, D P e S Y W D D Ry P D D W a OF S e D O S R e =
DO 130 I=LyM,JUMP
SUM(K) =0,
DO 120 J=1N
... SUM(K)SSUM(K) + VERTI(N#I9J)
120 CONTINUE
K=Ke)
130 CONTINUE
c P TY pep prpepnpepapmpey Y et F S R P P e L P X P L D L L L Y R TR Y R
C=1¢0/642831R
CONSTANT = =cMPLX(0e0C)
TOTAL=(SUM (1) =SUM(2)=SUM(3) +SiyM (4)) #CONSTANT
RETURY
C - o T o T o D OO O G B > T R D e D P D S S
135 PRINT 140
140 FORMAYT (1HO042x+36NNYMBER OF RONTS IN E4CH SUBRECTANGLE,//)
00 169 J=)1sM
DO 160 I=1,NMN
ROOTS (NoTsJ)=(HOR(NeIoJ)=HOR(*19 1o J+1)=VERT(NeT9J)
10VERT(NQI¢1.J))’CONSTANT
T=ROOTS(NeIeJ)
PRINT ISS,N,!,J,R
155 FORMAT(11Xs6HROOTS(92(I191He) s1194H) = +4XeE12.395X9E)1243)
160 CONTINUE ’ ’
c B D D D D ® B e DO S oS Gy, o e e D e o
RETURN
EnD
FORTRAN DIAGNOSTIC PESyLTS FO~ ZERCq

NO ERRORS
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MS FORTRAN (440)/MSOS 157077
SUBROUTINE ROMBG(FeA9BIDEL9S2,SeIDELIJERIIMAXYT)

 PURPOSE
INTEGRATES THE GIVEN FUNCTION OVER THE PRESCRIBED

LINE SFGMENT IN COMPLEX PLAME

USAGE
~ CALL ROMBG(FoAIRIDEL 9S24SeIDELYIERIIMAXSI)

l

DESCRIPTION OF PARAMETERS
F =MaME OF yYSER FUNCTTON SURP~0OGRAM GIVING F (x)
A =LOWER INTEGRATION (IMIT
A ~UPPER INTEGRATION LIMIT
~ IDEL=ACCURACY CODE WHERF e
INEL==1 RELATIVE ERROR
IDEL= 1 ABSOLUTE ERROR
DEL =REQUIRED ACCURACY nR TOLER:(NCE
IMAX=MaAXIMUM NUMBER OF JTERATIONS
S «RESULTANT FINAL VAL UE OF I~TEGRAL
C =WORKING VECTOR OF | ENGTH I+AX

T -WORKING VECTOR OF [ENGTH Imax
IER =PESULTANT ERROR CONE WHERE
I1FR=0 REQUIRED AcCURACY r~ET
IFR=1 REQUIRED ACCURACY AOT MET IN IMaAX ITERATIOMS
1ER=2 IDEL NOT | OR =)
~IER=3  DEL NOT POSITIVE
1ER=¢ IMAX LESS THAN 3

SUBROUTIMES ANp FUNCTION SHBPROGRAYS REQUIRED
F= FUNCTION SUBPROGRAM whICH CO~PUTES F(X) FOR x BETWEEN
A AND R
CALLING PROGRAM MUST HAVE FORTRaN EXTERNAL STATEMENT
CONTAINING NAMES OF FHNCTION SUZPROGRAMS LISTED IN CALL 10

ROMAG

METHOD
TRAPEZNIDAL SyMS ARE COMPyUTED O GIVEN LINE wlyvw
INTERVAL HALVING AND RESULTS aRE COMBINED BY
STaANDaoD ROMRERG METHOD (NTIL DIFFERENCE BET4EEM
SUCCESSIVE VALVES IS LESS THaN NEL
FAILIPF TO REACH THE TO| ERANMCE SFTEP IMAy ITERATIONS
TERMIMATES THE SURROUTIMNE EXECUTION

TYPE COMPLEX (4) FoeAoBeHoH1I 9S24Se Xy T
COMMON MNZERDN
DIMENSION c(18)eT(15)

c
C 000000000000 900000000 00000000 ,0000000°000,000000000000000%000¢c00°
C
C CHECK FOR PARAMETER ERRORS
IER=0
IF (IDEL®INEL=1)10920%10
10 leR=2
\ Re TURN




-

00 0o o

ol

NO FRRORS

20

30

40
50

IF(DEL) 306430440
IER=3

RETURN

IF (IMAX=3)50460960
IER=4

RETURN

60
70
A0

IF(IMAX=15)B0480970
IMAX=15

HzB=A

ctly= o,

SIGMA(I)= TRAPEZOIDAL SUM WHEN PRESCRIBED RANGE IS

DIVIDED INTO 2##(l=1) EQUAL PARTS,
COMPUTE SIGMA(1l)
S=(F(A)+F (B))#0,5
T(1)=S%H

COMPUTE SIGMA(I])
Ju=1

DO 220 1=z241IMAX
Cll)=Cc(I=1)#4,+3
HI=SH®0.5

X=A_H}

150

160

DN 150 J=1,eJu
X=XeH
S=SQF(X)
T(1l)=S%H]

COMBINE TRAPEZOIUAL SUMS gY ROMBERGS METHOD

IF(1=2)18091809160

IMl=T]=]

I1=1

DO 170 J=291IMI

I2=11

11511l-1 S

0 T(IP)=T(I2)e(T(I2)=T(1]1))/C(U)

S2=T(2)+(T(2ry-T(ly))sC(IH
TEST FOR CcONVERGENCE

S1= CABS(S2-T(1}))

IF(IDEL) 19041909200

S1= S1/CABS (S?2)

IF(S1=DgL) 230:230+210

REQUIRED ACCURACY NOT MET =« NpXT I1TERLTION
T(l)=s2

JUEJYUe JU

HEH]

I1ER=)

REQUIRED ACCURACY MgT

S=S2

S2=T (1)

RETURNM

END

FORTRAN DIAGNOSTIC RES!HLTS Fow ROMBG

21




30

40

60

MS FORTRPAN (4,0)/MSOS 1970777

FUNCTION F(Z)
REAL KsNORM

_TYPE CcOMPLEX(4) FoDERIVeFUNCIZ9TocToaRGICMPLXICSINICCNS

[ Rk X K L g F ¥ Yy 3 R X P X T A X 3 2 X X T 2 E SN L X L X K Bl Rk X N L Ak ¥ X X K X X 33

COMMON NZERO
DIMENSION R(?)
EQUIVALENCE(RST)
T=2

" CI = CMPLX(0,+2,)

ARG = CI#2
FUNC = CCOS(ARG) =140
DERIV = «CI#CSIN(ARG)

_F=DERIV/FUNe e R

IF (NZEROGNEL1) GO TO 30
F=F®Z

F=Fa2

GO T0 890

NORM=CABS (F)

K=100,

IF (NORM LT, K)GO TO 80

PRINT 40

FORMAT (1H 910X 9245HWARNING=A ROOT 1S TOO CLOSE TO THE CONTQUR aT)
PRINT 604R

FORMAT (1HO 922X 92HZ=9E10e394H*1( 9£10e391H))

PRINT 70

70 FORMAT (1HO,10x924HINTEGRATION Ig ABANDONED/1H1)

80

NO FRRORS

STOP
RETURN
END

__FORTRAN DIAGNOgTIC RESuLTS FO-A F
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e 93

6

9

-

TS FORTRAN (440)/MS0S8 C19/07/7

SUBROUTINE PRINTA(XO9YDeAsBsTTTLEINZE~OINoIDELDEL)
DIMENSION TITLE(70)

PRINT 5

FORMAT (1H1) o S

IF(NZERONE 1) GU TO 9

PRINT 6

FORMAT (11X925SHEVALUATION OF THE ROOT UF)
GO TO 11

PRINT 10

10 FORMAT(]11Xsy8HNUMRFR OF RONTS OF) .

11
15

20

25

PRINT 1S5, (TITLE (K) ,K=1,70)

FORMAT (1H0919X9T0A1)

PRINT 20

FORMAT(1H0,10X,40HINSIDE THE FOLLNWING RECTANGLE OR SHUARF)
PRINT 254 x0,sY0
FORMAT(1HN9]19X913HCENTER = (sF7+391HssFT7e393H))

NO ERRORS

30
35

60

PRINT 30+¢A
FORMAT (20X912HSIDE A = 4F5,2)
PRINT 35,8
FORMAT (20Xs12HSIVE B = sFS,.2)

PRINT 60
FORMAT (1H0 9] 0Xs46HUSING THE STANDARD ROMBERG CONTOUR INTEGRATION)

100

110

PRINT 100
FORMAT (1 HO 92X s BHRESULTS=/1H0)

PRINT 110eDEL
FORMAT(1HN 92X+ 11HPARAMETERS=912X964DEL = oFl0e692Xy

110K (ACCURACY))

IF(IDEL<EQs)) GO TO 130

"PRINT 120,IDFL

120

130
140
144

145

FORMAT(1H c25Xo5HIDEL=oI4oQXo?1H(RELATIVE ERROR CODE))
GO TO 146

PRINT 1404+1IDFEL
FORMAT (1M 925X95HIDEL=914’9X971H(ABSOLUTE ERROR CODE )

PRINT 145N e
FORMAT(1H 925X e5HN =91499X921R{(NO, OF SUBDIVISIONS))
RETURN

£nND

FORTRAN DIAGNOSTIC RESIILTS FOk PRINTA
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o MS FORTRAN (440)/MSOS 19/07/7
SUBROUTINE PRINTB (TOTAL)
TYPE COMPLEX (4) TOTALST
DIMENSION R(2)
S ____EQUIVALENCE (R,T) - e o
T=T0TAL
PRINT S
5 FORMAT (//93Xs24HNO ROOTS IN GIVEN REGION)
PRINT 10,R
10 FORMAT (//93Xe14HVALUE FOUND = sE10eb494H+J( 9E10e492H ) /1H])
- RETURN e
END
FORTRAN DIAGNOSTIC RESHILTS FOR PRINTR
_NO FRRQRS : - _ o e




—-

_EQUIVALENCE (R T)

MS FORTRAN (440)/MSOS

SUBROUTINE PRINTC(TOTAL)
TYPE COMPLEX (4) TOTAL,T
DIMENSION R(?)

T=TOTAL

PRINT S

FORMAT (//93X931HNYMBER OF ROOTS IN wHCLE REGION)
PRINT 104R

FORMAT(1H0 929X gE12e396H +J ,E12.3)

RE TURN e

~ NO _FRRORS

END

FORTRAN DIAGNOSTIC RFSIILTS FOR PRINTC

95
19707,
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e L __ .96
( S FORTPAN (440)/MSOS 1970777

SUBROUTINE PRINTU(XsYsROOTS)
TYPE COMPLEX(4) ROOTSsR21248222sR21192221
DIMENSION X(S5)eY{(5)sROOTS(4e4e4)
. DIMENSION R(2)Ul2),V(2)eWw(2) e e
f> EQUIVALENCE (P4yR212) ¢y (UpyR222) 9 1VoeR211) s (WyR221)
PRINT 100
100 FORMAT(1H]92Xs36HNUMBER OF RONTS IN E4CH SURRECTANGLE)
PRINT S
5 FORMAT(///77)
. PRINT 10eY(3) e
10 FORMAT (2XeF7,391X931(2H® ))
15 FORMAT (10Xs1H®#e2 (29X 1H#))
DO 16 I=144
16 PRINT 15
R212=R00TS(2,41+2)
R222=R0O0TS (24292) S o
PRINT 20¢R el
20 FORMAT(10XslH®sp(4XeFT7e396H +J oFTe195X,1H#))
PRINT 25
25 FORMAT(10Xs H® 92 (12X95HRONTSy 1 2X91H®))
DO 26 I=1+4
26 PRINT 15 o o o o

PRINT 10eY(2)
DO 27 Iz1,.4
27 PRINT 15
R211=RO0TS(24191)
R221=R00TS(2,2,1)
PRINT 20evew
PRINT 25
DO 28 I=144
28 PRINT 15
PRINT 10eY (1)
PRINT 3p0eX(1)eX(2)9X(3)
30 FORMAT(//98Bx93(F7,39420X)7/1RK1)
RETURNM
END

FORTRAN DIAGNOGTIC RFSI'LTS FOR PRINTD

NO FRRQORS
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M5 FORTRAN (4,0)/MS0S 19707,

SUBROUTINE PRINTE (ICASEsNsIsJ,IER)
IF(ICASE+EQ.2)GO TO 20

PRINT 10eNeTeJ

2n
30
40
50
55

GO TO 40
PRINT 304NyI,4J

FORMAT (10X 9 23HERROR MESSAGE FOR VERT(9312,41H))
GO TO(50960070980) 91ER

PRINT 8%
FORMAT (1nX94sHIER=Y

REQUIRED ACCURACY NOT MET IN IMax STFPS)

60
65

70
75

STOP

PRINT 65

FORMAT (1oX9ep3HIER=2
STOP

PRINY 75

FORMAT (jaXep3HIER=3

IDEL NCT | OR =1/1H1)

DEL NOT POSITIVE/1H1)

NO ERRORS

80
85

STOP

PRINT 85

FORMAT (19X923HIER=4
STOP

EnD

IMAX LESS THAN 3/1H])

FORTRAN DIAGNOSTIC RESIILTS FOR  PRINTE
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5
c s
c 5
10
NO FRRORS
LOAD956401
RUN 34 NM

MS FORTRAN (4,0)/MSOS (o707

SUBROUTINE PRINTF (TOTAL)
TYPE COMPLEX (4) TOTAL,T
DIMENSION R(?)

_EQUIVALENCE(RsT) e

T=TOTAL

PRINT 5

FORMAT(//43X,22HRO0OT IN GIVEN REGION =)

FORMAT (//43X,30HSUM OF ROOTS IN GIVEN REGION =)
FORMAT(//+e3Xe41HSUM OF SQUARES OF ROOTS IN GIVEN REGINN =)

PRINT 10eR
FORMAT (///7422XsTHZ = 9F17e3¢6H +J 4E12e3/1H1)
RETURN
END

FOrTRAM DIAGNOSTIC RESULTS FO& PRIMTF




4.3 PROGRAM TWO

| PROGRAM TWO
{
ITYPE, COMMON, DEMENSION, EXTERNA L

l

READ

@——a TITLE, X0, YO,R,DEL, IDEL, IMAX,

MET,NZERO, N, INT

IN T} :

#
CALL PRINTA

(X0, Y0,R, TITLE, NZERO, MET,IDEL, DEL, N)

|
1./6.28318

DIV

CONSTANT = -CMPLX(0., DIV)

I

CALL SQUARE

(F,X0,Y0,R,DEL,S2,SU, IDEL, IER, IMAX, MET, ITER)

szo7)

pR=le]

[ SU = SU*CONSTANT |

CALL

PRINTG(ITER, SU)

l

[ #
RESU = REAL(SU) |

v

Fig.4.4 Flow chart for PROGRAM TWO

CALL
PRINTE(IER)

|

99



100

O,

#

CALL COORD

(N, X0,Y0,R,X,Y,C,D)

1=I+ 1 ‘

X0 = C(1)
YO0 = D(J)

CALL PRINTA

(X0,Y0,R, TITLE, NZERO, MET, IDEL, DEL, N

CALL SQUARE

(F,X0,Y0,R,DEL,S2,SU,IDEL, IER, IMAX, MET,ITER)

180

PRINTE(IER)

CALL

SU = SU*CONSTANT

|

100

J

J+1

CALL
PRINTG(ITER, SU)

Fig.4.4 (cont.)



[SUBROUTINE SQUARE !

JIER =0 |

—

DEIﬁJDEf;;i;Q//

10

1

101

IER = 2

—

!

[ RETURN

30

}

|

|

IER [= 3

[ RETURN ]

80

I

=4 ”_;_]
[ RETURN l
<0 7 [IMAX = 15
;L :
&

Fig.4.5 Flow chart for SUBROUTINE SQUARE
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80

CI = CMPLX(0., 1.)
CT = CMPLX(1.,-1.)

102

. 2l MET 22 |
TC(N)=0 |C(1) =-0.75
N |
100 _Ii_‘—' R
X1 = X0-R/2.
X2 = X0+R/2.
Y1 = YO-R/2.
Y2 = YO+R/2.
1
A(1) = CMPLX(X1, Y1)
A(2) = CMPLX(X2, Y1)
A(3) = CMPLX(X2, Y2)
A(4) = CMPLX(X1, Y2)

Fig.4.5(cont.)

K=1

*® IFAK) = FAK) |

<

K:4

<>

|FA(5) = FA(l) i

1

!T(l)=Oi
K =1

'1['

[ S(K) = (FA(K)+ FA(K=1))%0.5 |

| T(1) = T(1)+ S(K)*H
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o
f/ —>
T(I)=0
120 ¢ =1/ME$ =2
C(I)=C(I-1)%4.+3.] T~

~ 1130

| c(D)=C(1-1)*16.+15.]

|

0 [H1=H*0.5 |
!

IX=A(1)-H1|

K1

J=1]
[x=x+H]
160
|J = J+1[ | S(K)=S(K)+F (X) |

l <

J:J

&

[T(I) = T(I)+S(K) *H1 ]

[X=X+CT #H1 ]

¥ [TH=H*CI

H1 =H1=*ClI

|
1

|

Fig.4.5 (cont.)
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<0

160

J=J+1 '
A
170
[Tm) - T(1z) + TE2)-TAY l /
C(J)
%;u\
\/

180

s2 =T(2) + &= T ’

C(I)

;)

.

Fig.4.5 (cont.)



T

St = |s2-T(1)]

1

=1
IDEL

s1 - s1/|sz|

T(1l) =S2

l

JU =JU +JU

I=1+1

l

H=HI

I:.IMAX

IER =1

j—

Su=S2
S2 = T(1)

i

RETURN

END

Fig.4.5 (cont.)

105
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—
i
i
00000 Aqono0

ionnonni

1
]
1

|

12Xz Nals e XeNe

(
1

2 ¥ s XsXs X3 Xz Ks X2 XaXals)

MS FORTRAN (4,0)/M50S 21707/

PRPOGRAM TwD

T PURPOSE

(1) Tno FVALIIATE THE NUMRER OF ROOTS OF THE GIVEN FUNCTION
INSTDE THE PRESCRIBFD SQUARE ANP INSIDE EACH SUB-
SOIIARE WHEN THE SIDFS ARE DIVIDFD INTO N EQUAL PARTS
SFT NZERO OYFFERENT FROM 1
(2) 10 FVALUATE THE vALpE OF THE ROONT (IF UNIQUF) OF
T THF GIVEN FUNCTION TNSIDE THE PRESCRIBED SQUARE
SFT NZERN=1

PARAMETERS
(X04YN) =CENTER OF SNI'ARE
R -SINE LFNTGH
- N TTTaNO, OF SEGMFENTe ON EACH SInE
NZEROD -PURPOSE CONE (SEE PURPOSE)
MET ~METHOD CODE WHERE
MET=1 STANDARPn ROMBERG METHOD
MET=2 MODIFIENn ROMBERG METHOD
IDEL «FRROR CODE (SEF SURROUTINE SQUARE)
"DEL ~ ~ =ACCURACY (SEF SUBROUTINE SQUARE)
METHOD

INTFGRATION IS PERFORMEN ROUND THE GIVEN SQUARE RY
THE TPaAPEZOTIDAL RULE WITH INTERVAL HALVING AND RESULTS
ARE CNMRINED BY ROMRERGS STANDARD METHOD (MET=1) OR BY

© 7 7T T ROMREPRPGE MONRTFIFD METHONn (MET=22) 7O GIVE THE NUMBER OF
RONTS TN THE ORIGINAL SAUARE OR TO GIVE (2) (SEE PURPOSF)
IN CASF (1) 4IF THE ORIGTINAL SQUARE cONTAINS A ROOTs ITS
SINDES ARE DIVIDED INTN N EQUAL PARTg AND INTEGRATION IS
CARRIFN ROUND EACH OMF TO GIVE THE NUMBER OF ROOTS IN IT

TYPE COMPLEY(4) FyeS29SUsCONSTANT 9CMPL X
COMMOM! NZEROD
DIMENSION X(8)eY{5)sC(&)D(4)TITLE(T7D)
EXTERNAL F
READ 1S (TITLF (K) oK1, 70)
15 FORMAT (7p(ay))
20 READ 2S5¢XNeYNeReDEL ¢ INEL s IMAX METoNZERO N, INT
25 FNRMAT(3IF10,3«F10,6¢615)
IF(INT.EQ,0) STOP
CELL PRINTA(XNeYOeReTITLEJNZEROeMEToINELYNEL o)
DIV = 1,/76.7R718
CONSTANT 3 «rMPLX (N, eN]IV)
CallL SQUARE(FeX0'YNIRWDELSPISUSINELITERITMAXIMETIITER)
IF(TER.NE,0) GO Tn 150
Sit = SUSCONSTANT
CallL PRINTG(TTERYSU)
TFINZEROAE,YY GO tn 60
GNH TO 20
Ar RFSU = REAL(S!'!)
IF(RESU«GTeN,5) GO TO 100
Go T0 2n
100 CALL COORP(MeXNeYOeReYeYeCol)




DN = N
R = R/DN
Dn 120 J=1en
DO 120 I=1.N
X0 = (1)
Yn = ND(J)
T T T CALL PRINTA(YN YO GWRy TTTLEWNZ7EDOYMETy IDELSDELWN)
CALL SQUARE (FeXO09YOsReNELIS29ISUYIDELIIERIIMAXIMETITER)
IF(IER,NE,0) 60 To 15n
SU = SU#CONSTANT
CLLL PRINTG(YTERSSU)
12n CONTINUE
T TGN T0 2n
1e0 CALL PRINTE(TFR)
Gn 1O 2n
EMD

FORTRAM DIAGQQSTIC RESULTS FOR  TWO

NO FRRORS




MS FORTRAN (4,0)/MS0S

SUBROUTINF ~ANRD (MeX0sYNsReXovYeCoN)
DIMENSION X(5)eY(5)eC(4)eD(4)
XND=eR/?,

Y0=R/2.

< X
— o~
[ ]
~—
naun

RN = N
H1 = R/RN
M = Nel
DO 40 I=29M
R =
X(I) X(1) & (RI=1,)#H]
G0 V(I = YO s (RI=TLVeRT ——  — =
DO 60 I=1eN
CtI) = (X(1) + X(141))/2,
60 D(I) = (Y(]) + vY(Te1)) /2.
RFTURM
EMD

FoORTRAN DIAGNOSTIC RESULTS FOR COORN

niu -

NO FRRORS
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MG FORTRAN (4,0y/MSOS ~ 21/0T7.
SIIBROUTINF SOUARE (FeXNeYOsReDFL9S29SUIDEL s IER IMAXIMET 1)

........C'.l................’........O............O....O.......1

PURPOSF
INTEGRATES THE GIVEN FUNCTION OVER THE PRESCRIBED

SQUARE IN COMPLEX PLANE

US»rGE
CALL SAUARE(FsXnsY0sRsDEL#S29SUsIDEL 9 IERIIMAXIMFTST)

DESCRIPTINN OF PARAMETERS
F =NaAME OF USFR FUNCTTON SUBPROGRAM GIVING F (X)
XNeYN=rONRDINATES OF CENTER OF SQUARE
R «gTNE LENTGH OF SQUARE
IDEL=ACCURACY CNODE WHERE

I
]
|

INFL= 1 ABSOLUTE ERROR
DEL =RFOUIRED ACCURACY NR TOLERANCE
IMAX=MAXIMUM NUMBER 0OF TTERATIONS
SU «=RFSULTANT FINAL VALUE OF INTEGRAL
c =WNARKING VEGTOR OF | ENGTH IMAX

|

|
AQAOYOODOONDNONONOIDOONOODOODOARDT OO DHOOOD

nnnnnnnnnnnfnonnndnonno

s NeNeNel

T “WORKING VEFTOR OF (ENGTH T™aXx -
1ER =RFSULTANT FRRORP CONE WHERE
IFR=n REQUIREN ACCURACY “ET
1FR=1 REQUIRED ACCURACY NOT MET IN IMAX TTERATIONS
1FR=2 IDEL NOT 1 OR =1
TFR=3 DEL NOT POSITIVE

o TER=4  IMAX LESS THAN 3

MET =RPNMBERG INTEGRATIO CODE WHERE
MFT=1 STANDARD RnNMBERG CREFFICIEMTS USED
MFT=2 ADAPTEN POMBFRG COEFFICIENTS USED

SURROUTINFS AND FUNCTIOM S1IBPROGRAMS REQUIRED
S Ee  FUNFTION SUBPROGRAM WHICH COMPUTFS F(Z) FOR 7
ON CONTNUR OF SQUARE
CALLING PROGRAM MUST WAVE FORTRAN EXTERNAL STATFEMENT
CONTAINTNG MAMES NF FUNETIOM SURPROGRAMS LISTED IN cALL T

SQUARE

"METHOD
TRAPEZn7DAL SUMS ARE COMPUTED ARQUND THE WHOLE

SNUARF WITH INTFRVAL HALVING ANND RESULTS ARE
COMRINEN BY STANDARD NR ADAPTED ROMRERG METHOD
UNTTL NTFFERENCF RETWFEm SUCCESSIVE VALUES IS

LESS TwAN DFL
FETCURF TO REACH THE TO| ERANCE AFTEP IMaAX ITERATIONS

TERMIMNATES THE SURROUTINE EXECUTION

TYPE COMPLEX (4) F.HQHIOSZOSQXQTQCIoCTvoFAoSUoCNPLX
DIMENSTON C(1S)eT(15)4A(8)FA(S)¢S(4)

CHECK FOR PaARAMETFR ERRNRS
IFR=0
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10

2n
30

IF(IDEL®#TIPELL1)10,20910
IFR=2

RETURN

IF(DEL)3ne30440

IFR=3

RETYRN

40
50

60
70
R0

IFTIMAX=3)50,604560
IFR=4

RETURN
IF({IMAX=1S)RN.B0970
IMAX=15
CI=CMPLX(Ne01,)

85

S0

CTECMPLX (Tes=1e)
GO TO (BRS54+90)+MET
ctly=0,

GO TO 100
Cll)=e0e75

OO OO0

1n5

SIGMA(1)= TRAPEZOIDAL SI/M ON WHOLF SQUARE WHEN SIDES
ARF DIVIDED INTO 2a#(I=1) FQUAL PARTS

COMPUTE SIGMA (1)

H=R

X12X0=R/2,

TTX7¥X0eR/72.

Y1=Y0=R/2,
Y2EY0eR/2,
A(l)=CMPLX(X1eY])
A(2)=CMPLX (X2+Y1)
A(3)SCMPLY(XDeY2)

AR SCHPLX (X1, Y2)

DO 105 K=144
FA(K) = F(A(¥))
FA(S) = FA(Y)
T(l) = 0.

- DO 110 K=1e4

11n

150

155

SUKY = (FAa(K) + FA(K*+1))#N,5
T(l) =2 T(1) « S(K)®H
H = H#C]l

COMPUTE SIGmat(l)
Ju=1
DNT220 T2 9 TMAX

T(I) = 0,

GO TO(1204+130) eMET
C(l) = C(1~1)94,¢3,
Gno TO 140

C(I) = C(1=11%#16e415,
H]l s H80Q . %

X =2 A(l)aK]

DN 155 K=1,4

D0 180 JsY e Jnt

X=XeoH

S(K) = S(K)eF(X)
T(T) = T(1)ec(k)®n]
XaXeCr®NH])

HzCl®w

HI=CTeH)

CAMRINE TEAPF7010AL SHMS 8Y RAMRERGS “ETHND




T I TN =TT Z s (T{I2Y T Y 7000y

c
c

IF(I=2)180s1R04160
160 IMl=]=1

I1=1

DO 170 J=2+TM)
17=11

Il=1la}

180 S2=T(2)+(T(2)y=T(1))/C(])

TEST FOR ¢cOMVFRGENCE
S1= CABS(S2=T(1))
IF(IDEL)Y 190,1909200
8§12 51/CARS (|7)
IF(S1=DEL) 2302304210
REQUIRED ACCiRACY NOT MET « NFXT ITERATION
T(1)=S82
JUsJu+Ju
H=H1

19n
200

210

220

IFR=1

REQUIRED ACCIIRACY MET
230 SU=s2

S2=T(1)

RFTURN

END

FORTPAN DIAGNOSTIC RESHLTS FOR

NO FRRORS

SQUARE

11




112

MS FORTRAN (4,0)/MSOS 21/n7/

FUNCTION F (7))
REAL KeNORM

TYPE COMPLEX (4) FoDERIVFUNCICMPLX9Zs T

COMMON NZERO
DIMENSION R(2)
EQUIVALENCE (PeT)
T=2

C L L L X L L X Py ey ¥ T F ¥ ¥ 3 F L L 2 2 X T B F ¥ L L L L T L L 2 X A& 1 L & X X ¥ 3 X & X L J ¥ X X X % J
o o FUNC=Z#Z8287687+16,8SQRT (3,)=CMPLX (04916,) .
DERIV=5,0#Z8y8#2427
c - T TP D o D o ey P O D D ey P P TP s G G SO D D D G gy G5 D D G P 0 P S G5 N G g G5 TP OB b P ar T TP ap WD D gp OB OB @ on OB
F=DERIV/FUNC
IF (NZFROJNELY)Y GO YO 30
F=fFuz
T Go YO 89 T C T T
2N NORM=CARS (F)
K=100,0
IF(NORM,LT.K)GBO TO RO
PRINT 40
40 FORMAT(1HOe1NX945HWARNING=A RNAOT IS TOO CLOSE TO0 THE CONTQAUR AT)
LT T T TPRINY 60, T T T T e
60 FORMAT(1H0 927X e2H724E10,304H+)( 9F10e391H))
PRINT 70
70 FORMAT (1HNy1nY ¢24HINTFGRATINN IS ABANNONED/1H]Y)
STOP
R0 RFTURN
T UTENMDTTTT T
FORTRAN DIAGNOSTIC RFSULTS FOR F
NO ERRORS
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o o 7 MS FORTRAN (4,0)y/MS0s = 21707/

SUBROUTINF PRINTA(X0eYO 4Ry TITLE¢NZEROSMET,,IDEL yDEL4N)
DIMENSION TITLE(T0)
PRINT 5
] S FORMAT (1H])
? T T T TTIFINZEROWLWE,YY GO YO 9 T
PRINT 6
6 FORMAT(11X+s25HEVALUATTION OF THE ROOT NF)
GO 10 11
9 PRINT 10
1n FORMAT(11Xe]AaHNUMBER OF ROOTS OF)
ST T T 1T PRPINT IS (TTTIE(KY o K=Y 70y
15 FORMAT (1H0,.19X%470A])
PRINT 20
20 FORMAT(1HN1nXe2THINSIDE THFE FOLLOWING SQARE)
PRINT 259 XnsY0

25 FORMAT(1HN916X913HCENTER T (9FT7e291HooFT7e201H))
T PRINT 30,R T — T
3n FNORMAT (20X e12HSIDE = oF5,2)
PRINT 100

100 FORMAT (1H0 ¢Sy ¢ BHRESULTS=/1Hn)
PRINT 110+DFEL
110 FORMAT(1HO 95X s 11HPARAMETERS=99Xs6HNEL = 9sF10e642Xy
T T T T YT OH(ACCURATYYyY i T
IF (IDEL.EQe))Y GO TO 130
PRINT 120,1DFL
120 FORMAT(1H 425X sS5HIDEL=,14,9Xy21H(RELATIVE ERROR CODE))
Gn T0 144
130 PRINT 140.,IDFL
TG0 FORFAT{IR 926 XeSHIDEL=9 I&WSY s PIRTABSOLUTE ERROR CODE) )
144 GO TO(150,170) ¢eMET
150 PRINT 160
160 FORMAT(1HQ9SXe]11HMETHND =99X928HSTANDARD ROMBERG INTEGRATION
1/1H0)
Go TO 199
179 PRINT YB0 o T
180 FORMAT (1HNsSX e 11HMFTHND «99X928HMODIFIFD ROMBERG INTEGRATION
1/1H0)
190 RFETURN
EnD

© FORTREM DIAGHMOSTIC RESULTS ~FOR PRINTA

NO FRRORS
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- MS FORTRAN (4,0)/MSOS 21/n7

SUBROUTINF PRINTE(IER)
GO TO(5006097N9B0)y 1ER
50 PRINT S5
55 FOARMAT(10Xes4AHIER=1 REQUIRED ACCURACY NOT MET IN IMAX STFPS)
k' - RE’TURN T e T
60 PPINT 65
65 FORMAT(10X923HIER=2 TIDEL NOT 1 OR =1)
RFTURN
70 PRINT 75
e 75 FORMAT(1n0Xs23HIER=23 DEL NOT POSITIVE)
RETURN - T T
B0 PRINT 85
RS FORMAT(10X923HIER=4 IMAX LFSs THAN 3)
RFTURN
END

T B FORTPAN DIAGNOSTTC RFSIILTS FOR®  PRINTF




T 7 MS FORTRAN (4,0)/MSOS

115
21707/

SUBROUTINF PRINTG(ITERSU)
TYPE COMPLEX(4) SUsT
CNMMON NZFRO
DIMENSION Q(?)

~ EAQUIVALENCE (0o T)
T = SuU
P=INT S04,ITFp

50 FORMAT(IHO.SY.ZBHNUMBEP_OF ITERATIONS = ,4165)
IF (NZEROLEQ,.,1) GO TO 70
PRINT 60,0

T 60 FORMAT(IHA+SX+17THNUMBER OF ROATS = JE12.3,6H +J 4E12,3/1H1)

RrTURN

70 PRINT 80,0 ,

AN FORMAT(1HNeGXe16HVALUF OF ROOTY = 4E£12.396H +J 9F12.3/1HY)

RETURN

FORTRAN DIAGNOSTIC RFSIILTS FOR PRINTG

NO ERRORS
LOAD,56,01 S
RUNy39NM
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4.4. EXAMPLES WITH PROGRAM ONE
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-
MURKRFER OF ROCTS NF
F(Z) = Z%%5 + 16.%SQRT(3e) =16.%1
t }V_ TMSINE THE FCLLNING RECTANGLE Or_SQUAPE e
‘ CENTER = | Ny 0)
R SINE » = 4en0
SIDE R = 4400
o USING THE STannaPD ROMBEPG COMTOUR INTEGRATION o
RESULTS-
&
# |  PARAMETERS= rELL = ,001000 (ACCURACY) e
THELS =1 (RELATIVE ERROR CODE)
‘ b = 2 (NO, OF sUBNIVIQIONS)
INTEGRALS ON OUTER STDES-
& . REAL PaPT  IMAGINARY PART  ITERATIONS
@& HOR  (2914]1) = =1,241E no 4,612 00 7
HOR  (29291) = QeQ78E=p1 3.348€F 00 6
HOR  (29143) = =1eR91E 00 -5.013F 00 9
# o HOP  (29243) = " 1e702E 00 =2.703¢ 00 .5
VERT (29141y = -2¢449E 0N =2.456F 00 6
VERT (29192) = 2,550E non «5.197F 00 11
4 VERT (29391) = =8+887E=n} 3.720F 00 6
vFaT (29342) = 1¢043E 00 4,366F 00 6
¢ e L
NUMRER OF ROOTS IN wHOLE RFEGION
$ SenNJ0E 00 ¢J ?e411E=05
INTEGRALS NN INNER SINDFS-
| A , A )
HOR (2oye2) = 6¢5885E =) 1.309F 0o 7
=0P  (24242) = 6,585E.01 2,618fFa01 S
§ VE=T (29291) = =5e493E=N1 S.236F=01 5
VERT (24242) = 2.230E=n6 1.047F 0O 6
] NUMRER OF RONTS TN EACH SUBRFCTAMNGLE
i RONTS(29191) = 1.000E=0nN «9,870F=07
RONTS(2,2,1) = 1«000E 00 «S.h54F =0T
ENNTS(29142) = 2¢N00E 0N 1.950F=05
f RONTS(294242) = 1,000E 0N 6,159€-06




re

-

FW,

NUMBER

4 & B B B o oun % & & B &

2,000 %
#
*
#
&
& 2.000 + L000
1Y) RNNTS
%
¢
o
#

B R EEEEE EE R R

@
%
#
*
@ 1,000 +J  =0,000
# RONTS
o
#
»
&

=2,000 *

B # B B B & 4o # B B # B

-2.000

E R B E BB B IO LB KX ES E XD R K &S
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& % & & B & %

L - - B B - B -

# % % 8 & B O

™
™
™
-]
1000  + « 000 #
RONTS )
%
A
s
<%
EE EEEEEEEEEEEEE:
®
'
- 4
&

10000 ¢y =0,000
RONTS s
™
- ]
»
Y
% % & & & O o o




Fz}

MUMRBER OF ROCTS NOF

= 78#%5 ¢+ 16.%SNRT(3,) =16.%1

CENTER
SIDE A
SIDE r

HSIMNG THFE STANNARD

TNSINE THE FoLLowING RECTANGLE OR_SQUARE

( 0 0)
44,00
4enNN

ROMRERG COMTOUR INTEGRATINN

119

INTEGRALS ON

~OR
VERT
VEQT

CwoR

INNER SIDFS~

(29192)
(2e242)
(29291)
{(292¢2)

ROOTS (299 1)
ROOTS(24241)
PNNTS(29142)
ROOTS(29242)

N ou

"NUMBER OF ROOTS IN WwHQOLF REGINN

5¢000E 00 ¢)

=1e034E~=06

6s5RGE=N1 1.309F 00
6.585E.01 2,618F.01
=5¢493E=01 S5e236F=01
2¢230E=06 1.047F 00

NUMBER OF W0OTS IN EaCH SURKECTANGLE

1leNNNE=0N -1.783F=06
1¢000E 00O 5 ,654F=07
2.N000E O 1.853€=07
1.700E 90 1,129F=06

L JUINT RYY

RFSULTS=-
~ PARAMETERS=- _rFL = ,001000 (ACCURACY) ] B )
TNELS 1 (ABSOLUTE ERRNR CODF)
N = 2 (NO, OF SyBSNIVISIONS)
INTEGRALS AN OUTFR STDPFS=
o ~ REAL PART  IMAGINARY PART ITERATIONS
HOR  (241,1) = -1e?241E 00 4.,612F 00 B
HOR  (29291) = 9e978E=0] 3.348F 00 6
HOR (291e3) = =14891F 00 -5.013¢ 00 10
HOR  (292+3) = 1,702E 060 = &2,.703F 00 6
VERT (2919l1) = ~2e449E 0N -2.456F 00 7
VERT (29142) = 2¢550E 00 =5.197¢ 00 12
VERT (29341) = =R,A87E=01 3,720F 00 6
VERT (2¢342) = 1en43E 00 4,366F 00 7




120

" NUMBER OF ROCTS IN EACH SUSRECTANGLE

1
|

-

2000 # & # # & & o & o & & B H H 4B H BB BB 4B B N8B B s
#* ) # ]
% & +*
® % &
& [ L]
# 26000 <+ 000 # 1,000 <+ 0000 ®
b ROOTS # ROOTS M
% & *
% & *
L4 ® L]
* ) &
i 0 @ o & & & 8 0 @ 5 # € 8 % 9 6 B G BB & B BB WD G H B HH B
L] ® [ ]
& » *
* & *
L ® *
. ® 1,000 ¢y =0,000 2 14000 _¢g_  =0,000 »
O ROOTS @ ROOTS ®
* [} L ]
* * L}
®* [ &
» * +*
# D B 8 D B g O g BB BN DN OB NN NN U N 8N B8 n

=24000

-2.000 n 2000
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MUMBER OF ROOTS OF

Y

F(Z) = Z#%g + 160*SQpr30) =16.%1
INSINE THE FCLLOWING QgQIANQLEWQQMSQUARE ) L
CENTER 2 ( =1,009 1,00)
SIDE A S 2400
SIDE B = 2400

USING THE STANDARD ROMBERG CONTOIR INTEGRATION

RESULTS=
PARAMETERS= nEL = 001000 (ACCURACY) S
IDELE =1l (RELATIVE ERROR CODE)
N = 2 {NO, OF SUBDIVISIONS)
INTEGRALS ON OUTER SIDES=
o ___REAL PART IMAGINARY PART ITERATIONS
HOR (29191) = 6¢312E=01 1.293€ 00 6
HOR (29291) = 2¢731E=02 1.606F=02 4
HOR (29193) = =1¢339E gp =1066E 00 4
__HOR (292¢3) =  =54526E=01 = «3,948F 00 8
VERT (29191) = 1,446E 00 «4,087TF 00 10
VERT (29192) = 1¢104E 00 =1110E 00 4
VERT (2’3’1) = -1.537E-02 2.7‘9E-02 4
VERT (243+2) = 1e537E=02 1.020fF 00 5
'NUMBER OF ROOTS IN WHOLF REGION o i
20000E 00 oJ 1+849E-=05
INTEGRALS ON INNER SIDESe
THOR  (2e192) = =6e287E=01 «9,262€=-01 4
HOR (29292) = =1¢738E=0y 6+.655€=02 S
VERT (2929]) = 1e857E.01 «2¢300F02 5
VERT (29292) = 3¢942E=01 =1.269F 00 5
NUMBER OF ROOTS IN EACH SUBRECTANGLE
ROOTS(29191) = 1¢n00E 00 8,398F=06
ROOTS(24241) = Tenl2E=0R ©4,515E=08
ROOTS(29192) = 1¢319E=04 7.3266-07
RO0TS(29292) = 1, 000E 00 9,409F=06




'é-ag;
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( NUMBER OF ROOTS IN EACH SUBRECTANGLE

i
1
{
i
|
i
1
P
P
|
|
i
|
|
i
1

2,000 % & # # & & 2 8 4 # & B W B BB W

-
-
*
-
%
L
&
&
®
*
&
*
]

® Y .
® & &
™ Y *
- * - o L. B,
® 0000 ¢y «000 # 1000 ¢y «000 o
® ROOTS » ROOTS »
L] % *
® & L
& - »
# Py o
1,000 & @ # ® & # & & 4 & % & & 8 % 8 & & & & & % 0 %2 5 % 888

o ™ o
L] ) &
o o °
* [ *
# 1000 ¢ 4000 * «000 +4 «0,000 -
@ ROOTS 4 ROOTS #
o o ®
® o '
® ® )
L ] (-4 »

[ I B B B BN NS B 2K I K JEN JEN BEN BN BEE JEE - K BEK JEE BEK JBEE R BEE BN N B BN

o

-2,000 =14000 0




'
(48]
(W M)

. .-

EVALUATION OF THE ROOT OF

F(2) = Z#%5 + 164%SQRT(3e) =16,.%1

INSINE THE FOLLOWING RECTANGLE Op SQUARE =

CENTER = ( "10009 -1000)
SIDE A = 2600
SIDE B 8 200

USING THE STANDARD ROMBERG CONTOUR INTEGRATION

RFSULTS=
~ PARAMETERS=- PEL = L,001000 (ACCURACY)
IDEL® 1 (ABSOLUTE ERROR CODE)
N = 1 (NO, OF SUBDIVISIONS)

INTEGRALS ON OUTER SIDES~

_ _ e ~_ REAL PART  IMAGINARY PART  1ITERATIONS
HOR (19191) = 16194E 01 =]1,637E 00 8
HOR (19192) = =1¢021E 00 =2.317€ 00 7
VERT (1919]1) = 2¢312E 00 6.7T07E 00 7
VERT (14291) = 8¢270E=01 ~ 9.151g-01 6

Z = =8,135E=91 +J  =1,827E 00
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USING THE STANDARD ROMBERG CONTOUR INTEGRATION

—
EVALUATION OF THE ROOT OF
F(Z) = Z8%5 + 164#SORT(3e) =164%1
N INSIPE THE FOLLOWING RECTANGLE OR SQUARE =
CENTER = 1,009 «=1,00)
sIDE A = 200
SIDE 8 2 2400

ROOT IN GIVEN REGION =

RESULTS=
 PARAMETERS= i NEL = .001000 (ACCURACY) B
IDEL= 1 (ABSOLUTE ERROR CODE)
N = 1 {NO, OF SUBDIVISIONS)
INTEGRALS ON OUTER SIDES=
. REAL PaART IMAGINARY PART
HOR (lele)l) = 84009E 00 1.696F 00
HOR (19192) = 14069E 00 4,083F=01
VERT (1ls19l) = Be270E=01 9.151E=01
 VERT (19291) = 24295 00 8,966 00

T 1e4RKE 00 o) o1.338F 00

~ ITERATIONS

o 3 T e




& @

&
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EVALUATION OF THE ROOT OF

F(Z2) = 2895 ¢+ 16,%SORT(3e) =16,%1

INSINE THE FOLLOWING RECTANGLE OR SQUARE =

CENTER
SIDE A

SIDE ®

USING THE STANDARD

( 1,009 1,00)
2400
2¢00

ROMBERG CONTOUR INTEGRATION

RESULTS~-
PARAMETERS= NEL =  ,001000 (ACCURACY) B ~
NEL= 1 (ABSOLUTE ERROR cODE)
N = 1 (NO, OF sUBDIVISIONS)
INTEGRALS ON OUTER SIDFES-
_ REAL PART  IMAGINARY PART =~ ITERATIONS
HOR (191901) = 1¢n68E 00 4.083F=01 S
HoOR (l9l92) = 6.882E 00 5.101F=«01 6
VERT ‘1’101) = -1.753E 00 80363E-02 7
____VERT (14241) = -2,223E 00 1,107 01 1
ROOT IN GIVEN REGION =
B 2= 1732E n0 +J 1,000 00
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EVALUATION OF THE ROOT OF

F(Z) = 728%g & 16.%SORT(3e) =16.%1

S INSIPE THE FOLLOWING RECTANGLE OR SQUARE e
CENTER Z ( «0e500 1¢50)
SIDE A 2 1.00
SIDE B = 1,00

USING THE STaNDARD ROMBERG CONTOUR INTEGRATION

RESULTS-
__PARAMETERS-= NEL =  ,001000 (ACCURACY) B
IDEL= 1 (ABSOLUTE ERROR CODE)
N = 1 (NO, OF SyUBDIVISIONS)

INTEGRALS ON OUTER SIDES=

REAL PART  IMAGINARY PART = ITERATIONS
HOR (1919l) = 7¢609E=02 =1.760E=01 4
HOR (1,1,2) = 9:016E 00 6¢342E=01 9
VERT (l9l9l) = 16622€ 00 1,899 00 5
~ VERT (1929¢1) = =1¢730E 00 . 9e643E=02 = -

ROOT IN GIVEN REGION =

Z®  =4s158E=01 +J = 1,956 00




—
EVALUATION OF TWHE ROOT OF
F(Z) = Z29%5 ¢ 164%#SQRT(3s) =16.%1
}W”ﬁ_w INSINE THE FOLLOWING RECTANGLE OR SQUARE L
CENTER S ( =1,50 «50)
SIDE A b 1,00
SIDE B £ 1le¢00
o USING THE STANDARD ROMRERG CONTOUR INTEGRATION o
RESULTS=
~ _PARAMETERS= NEL =  L,001000 (ACCURACY) o
1DEL= 1 (ABSOLUTE ERROR CODE)
N = 1 (NO, OF SUBDIVISIONS)

INTEGRALS ON OUTER SIDES~-

. __ REAL PART IMAGINARY PART  ITERATIONS
HOR {19191) = «9¢984E=01] =2+304E 00 6
HOR (1.1.2) = 1.916E 00 8.634E-01 4
VERT (191s1) = =1¢723E 00 9,480F 00 11
___VERT (19241) = _ =1¢218E=01 = 1.,498€-01 = = 4
ROOT IN GIVEN REGION =
o Z 2 2 =1e9R9E 00 +J = 2.091F=01
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MUMBER OF ROQTS NF
F(7) = CEAP(Z) = 2,47%42

TNSINE THE FCLLNAWING RECTANGLF Or SQUARE

CENTER = {1y n)
SIDE a = 4400
SIDE R = 44,00

NSING THE STalDaRND ROMBERG CONTOHIR INTEGRATION

RFSyULTS=-
PARAMETERS=- reEL = L,00100n (ACCURACY)
TNELE =1 (RELATIVE ERROR CODE)
Pi = 2 (D, NF syBNIVIGINNS)
INTEGRALS ON OUTFR SINES-
REAL PART IMAGINARY PART ITERATIONS

HOR  (29101) = =Te4T1E=n0] 1.455F 00 4
MOR (2929]1) = 2e¢4r9E=N1 2,010 00 4
HOR {(2e193) = ~Te4T1E=n}] =1,455F 00 b4
 wOR (29793) =  2e468E=N) -2,010F 00 4
VERT (291¢l1) = ~7e179E=N1 «~1.567F 00 4
VERT (29192) = 7e¢17SE=0] ~1.567F 00 4
ERT (29341) = =2¢773E N0 1.251f 00 6
VERT (29342) = 2773E on 1.251F 00 6

1

" TNUMRER OF ROOTS TN wKOILF RFGTON
2.n00E 0N +J 0

INTEGRALS ON INNEK SIDFRe

HERNING=r ROCT 1S TOOG CLNSE TO THE CNANTOuUR AT
7==c,.313F=N10)¢ 0)

TNTEGRATION IS aRAZUNNED




o
(]
NO

b 3

HULBER OF ROCTS OF
F(7) = CEAPI(Z) = 2.,#7%22

IMSINE THE FNl 1 ndInNG RECTANGLE Op SQUARE

e
Wf

CENTER = | Ny 1.00)
SINF & = 40N
SIDE n = 4e0d

USING_THF STAMNAQDN RAMBERG COAMTOUR INTEGRATION o

RFSULTS=-
PARAMETERS=- nEl = .001000 (a.ccuraCcyy
INELE =1 (RELATIVE ERROR CODE)
P = 4 (NO, OF SUBDIVISIONS)
INTEGRALS ON OUTFR STNFS=-
- REAL PART IMAGINARY PART ITERATIONS
HOR (29141y = ~1¢323E 00 1.882F 00 o)
HOR (29241) = 3.718E=07 2.735F 00 5
HOR (29193) = =4e23nE=01 =1.173F 00 3
B HOR (Pe293) =  3en66E=n1 -] 463F 00 3
VERT (2919)1) = 0 =l.880F 00 4
VERT (29192) = 9e494E=01 =1.021F 00 4
VERT (29341) = le4l0F=11 1.452¢ 00 5
VERT (29342) = 2152E 09 9.614F=01 3
"NUUMRER OF RONTS IN wkNLE REGTONM T T
2.N00E 00 +J 7.989FE=05
IMTEGRALS ON INNER ST{.FSe-
CL0R (29192) = -14323E 60 «1,8B2F 00 &
HOK (29242) = 3¢718E=0N7 =2.735¢F 00 5
VERT (29241) = Re395E=]7? 6.397F=01 6
VERT (24242) = 1.243E 0n -3.116F=01 4

NUMBER OF ROCTS InN EaCH SUBRFCTAMGLE

FOOTS(2e19]1) = 1en20E g5n ®].336F=12
ROOTS(2e241) = 1000 N0 «3.050p=13
Q0TS (29192) = elernynE=N¢g 2.973F=0¢
L ROOTS(249292) = 24293E205 7.691F=05
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FVaLitATIOoN OF THF RONT OF
F(7) = CFEAP(7) = 2.#74#42
>_ THSINE THE Felin®IMG RECTANGLF OR SQUARE
CENTEPR = ( =1ls00, 0)
SIDE »~ = Z2enh
SInF o« = 2¢00

USING THE STAanNnarD KOMBERG CNNMTONR INTEGRATINN

RFSULTS=
PARAVETERS= nEL. = 001100 (aCCUQACY)
THFy) = 1 (ABSOI UTE ERROR CNDE)
M s 1 {NO, OF SUBDPIVISINNS)
INTEGRALS ON QUTFR STNFS=-
o REAL PART IMAGINARY PART ITERATIONS
MOR (lelol) = 3,443E 0o -2.320FE=01 S
HOR {le192) = 3e¢443E 00 2.320F=01 ]
VERT (lelely = n 4.076F 00 4
VFRY (le2ely = o 1.148F 00 6
ROOT IN GIVEN REGION =
T T T T T T2 aB5,36BF=01  +J 0 T )
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USING THE STANNAPD

FVALUATINN NF TuF RONT OF
F(7) = CEXe(Z) = 2.,#7%82
%: INSINE THE FOLLNA®TING RECTANGILF 0P SQUARE
CENTEP = ! 1,00, 0)
SIDE A = 209
SINE R s 2,00

ROMBERG CNANTOIIR INTFGRATIONN

RESYLTS=-
PARAMETERS= nEL = 001000 (ACCURACY) -
TNEL= 1 (ABSOLUTE ERROR CODE)
' = 1 {NOe OF SUBNIVISIONS)
INTEGRALS ON OQUTFR SINFS=-
______ REAL ParY IMAGINARY PART ITERATIONS
ROR {lelel) = 2¢973E nn 2.954F 00 )
“0OR  (lele2) = 2e973E 00 =2.954F 00 5
VERT (19191) = ) 1148F 00 6
VERT (1e29]1) =  Te513g=12 4,590 00 6
ROOYT IN GIVEM REGION =
e 7 = T 14488E 00 4J ~]4a196F=12 - i
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NUMBER OF ROCTS OF

F(z) = COSM(2,%7) = 1,0

INSIDE THE FOLLOWING RECTANGLE OR SQUARE

\ﬁ
CENTER = ( =0,500, 4500)
SIDE A = 6400
SIDE 8 = 6400
USING THE STANDARD ROMBERG CONTOUR INTEGRATION
RESULTS=
PARAMETERS= DEL = .001000 (ACCURACY)
TOELE =1 (RELATIVE ERROR CODE) -
NG 2 (NO, OF SUBDIVISIONS)

INTEGRALS ON OUTER SIDES=

Real PART IMAGLINARY PART ITERATIONS
HOR  (29191) = -6e0NT6E 00 =7.486€=01 5
HOR (2920]) = 4¢072E 00 =24953E 00 6
HOR (29193) = =6e¢542E 00 =6,443E-01 S
HOR (29293) = 4e533E 00 ~4,195¢ 00 7
VERT (29191) = =2+981E=04 «6.000€ 00 3
VERT (29192) = =2.496E=04 «6,000€ 00 3
VERT (29391) = «3,486E=03 5,998 00 4
VERT (29392) = =2¢906E=03 Se998F 00 4

" NUMBER OF ROOTS IN WHOLF REGION

4e000E 00 <J He293E=05
INTEGRALS ON INNER SIDES~
C HOR  (29192) = -6¢303E 00 = =7.,3%8€E=-01 = 8
HOR (29242) = 44297E 00 -3,534g 00 7
VERT (29291) = =2¢279E=01 =5.987F 00 7
VERT (29292) = «2¢395E=01 -5,908F 00 7

NUMBER OF ROOTS IN EACH SUBRECTANGLE

ROOTS(24101) = 8,201E=06 3.570€=05
ROOTS(29291) = 2¢000E 00 6.708E=06
ROOTS(24142) = 20958E=05 3.759E=05
_ROOTS(292+2) = 2¢000E 00 2.929€=06
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[ NUPBER OF K0OTS IN EACH SUBRECTANGLE
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NUMBE

R OF ROCTS OF

RIUTS

~#O0TS

RO0UTS(2ecr l)

*JLTS(29242)

(2910l

(2e192)

HUMRER OF RGOTS IN EaCe SUBRECTANGLE

2e¢652E=07
9,108E«07
20008 00
-1:104E-06

=]l 6TEBE=06
2.566F=06
2.743F=06
=2.B465F =06

F(Z) = COSH(2.,%7) = 1.0
>7 INMSINE THE FCLLOWING RECTANGLE OR SQUARE
CENTEQ = ( 1.000’ 2.000)
SIDE » S 300
SINE R = 3.00
USING THE STANDaRD KOMBERG CONTOUR INTEGRATION
KE SULTS=
PARAMETERS= NEL = L,001000 {ACCUnACY)
INELE =1 (RE_LATIVE ERROR CODE)
N = 2 (NO, OF SUBDIVISIONS)
INTEGRALS ON OUTER SINESe
REAL PART IMAGINARY PART ITERATIONS
HO; (29lel) = 1.167E 00 -3.301g 00 6
HOK  (Pe2el) = 3¢130E 00 =2.331F=01 4
HORW (29143) = 1338k 00 -4,007E 00 6
 wOR_ (292e3) = 3e195E 00 -«1.885f=01 4
VERT (p9lel) = 7e842E=01 -1.821F 00 5
VERT (24102) = =1e024E 00 -4,087E 00 6
VERT (293¢1) = l1e607E=02 2.978 00 3
VERT (29392) = -IQR97E-02 3.019F 00 3
‘NUMSER OF ROOTS IN WrOLF REGION .
2000 00 +J l.086E=06
INTEGRALS ON INNER SIDES-
R (29192) = pe9B2E=(1  1.088BF 00 -
rlyp (29292) = 2¢R30E 00 1.779g=01 4
VERT (29291) = 3¢152E=01 2+56dF 00 4
VERT (292902) = =3,R38E=01 3.385F 00 s




136

(" NUMBER OF -0U0TS 1u EACH SUBRFCTANGLE
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o ruClsleygye)

-2:430§-n6

=2.243€=06

—
U= mER OF RQCTS OF
F(Z2) = cOSH(2.%7Z) = 1.0
}7 1%S1.t THE FCLLOWNING RECTANGLE OR SWUARE
CENTEPR = 1.000¢ =1.000)
SIVE & = 300
SINE & = 3400
USING THE STANDARD ROMBERG CONMTOUR INTEGHATION
RFSULTS=
FARAVETERS = NEL = L001000 {ACCURACY) o
INELE =1 (RE_ATIVE ERROR CODE)
A = 2l (NOe OF SUBNDIVISIONS)
INTEGRALS U VDUTER SIDES-
) REAL PART IMAGINARY PART ITERATIONS
HU.  (29lel) = lenl6E 00 -2,698€ 00 S
HOK {(Pe2e1) = 3e056E g0 =2¢553F=01 4
HUF  (29143) = 1¢167E 40 =3.301F 00 6
o AR (29293) = 3130 00 «2.,331F=01 4
VERT (2919]1) = 4e419E=01 «1+685E 00 4 T
VrRT (29192) = -6e698E=01 ~4,302F 00 6
VERT (29391) = 9e420E=017 2975 00 3
VERT (29392) = el 2H9E=0? 3,024 00 3
TNUM<ER OF ROGTS IN weOLF REGION i o
2¢000E 00 U -5,341E~07
INTEGRALS ON InHER SIOFS-
Thie (291 42) = 7TeS5T4E="1 T TTJeBTE 00T T wH
L {(29292) = 2e¢R83E 0C 2¢197F=01 4
VET (29291) = lets33E=01 2.500F 00 4
VekT (2e2eé) = -24599E=01 3,476€ 00 5
NUMcGER UF <UGTS 1 EaCH SUBRECTANGLE I
RUUTS (29l 9l) = =4¢193k=nk =T.867E=09
POUTS (29201 = 2,259E296 1,713Fa06
ROUTS (2919 2) = 20008 (9 24678F=10
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( NUMEER OF #0071 1N FaCH QUBHECTANGLE
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NmSF R OOF <QO0
F(2)

1151 & THE FO

s OF

= COSN(2,%7) = 1,0

LLNAVING RECTANGLE OP SQUARE

CENT
SIDE
SIVE

USInG THE STa

1\ = 10;0
2 = 1450

M ARD KOMBERG CONMTOUR INTEGHRATION

PESULTS=-

FPARANME TERS= HEL = « 001000 ({ACCURACY)
THELE 1 (RELATIVE ERROR CODE) -
= 2 (nOe OF SUBDIVISIONS)
INTEGCRALS 01 OUTER STNFS=
REAL_PAQT IMAGINARY PART ITERATIONS
AU (29]lsl) = =2 (196E=91 6+.401E=01 4
~AOr (2e29el) = GeNTIE=01 4,475F=01 4
HOK (29193) = =T ea15E=n] =2,937F 00 5
Hr (29293) = 2eN86E 00 -1.069F 00 4
VERT (29l9l) = = «=9.6B0E=N1 -1.260F 00 4 o
VERT (2els2) = =5 e6T3E=n? -2.821F 00 5
VERT (2934l1) = =346RB9E=01 le477€E 00 3
VERT (29342) = ~1e492E=02 1.908F 00 4
NUNMEFR OF ROCTS [N wheOLF RFOTION D I
26000E 00 oJ B3,462E=06
INTEGRALS ON LIWNEK STUFES=
Y T R -2 Y-S B =6 AFJE-TT Z2.T9%F 00 -
e (ce2e2) = legr6E 0O 1.077¢ 00 4
VEwrT (2’?,1) = -1.“476 0O BeaT15F=0n] 4
VERT (c9242) = =lel42E-01 4 _054F Q0 6
LUMBER UF Wi TS It E4Cn SURRECTANGLE
WOULTS(Z919]) = =]e65E=pE =146327F=06
RPOCTS(2e29]1) = 3e114E=NF 8.599F=06
cUTS(celee) = 2e0OUE NI 1.036FE=00
= «H b4 3E=6 1.534F=07

wuuTS ez
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( NUMBER OF KOOTS I~ ELCH SUXKECTAMGLE
\
>
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pUMBRER OF ROCTS OF
F(Z) CUSH(2.%7) = 1.0
%, InSIne THeE FOLLOWING RECTANGLFE ORr SQUARE
CENTE®R = | 02509 -00250)
SIDE & = lesy
SIDE = 1e80
USInG THE STarmpafRD ROMBERG CONTOUR INTEGRATION
RESULLTS-
PARALETE WS- nEL = «001000 (ACCURACY)
THELE =} (RELATIVE ERROR CODE)
~ = Zl {NO, OF SUBNDIVISIONS)
INTEGRALS OUvi UUTER SI{ES=
REal PaART IMAGINARY PART ITERATIONS 7
HOR {29191y = =2e¢383E=01} 8eB89E=01 4
HOK  (29241) = 9+957E=01 5.,977E=01 4
HOKR (Z9193) = -5e350E=01 =2e24TE 00 S
B POR  (Z9243) = 1¢702E 00 =1.054F 00 4
VERT (29191) = ~1e0R0E 00 ~1.555F 00 4
VERT (29l92) = 4¢100E=01 “2+747€ 00 5
VEKT (29391) = «3,705Ea01 1,585E 00 3
VELT (29342) = 1e106E=01 1.891g 00 4
" NUmMBER OF wOGTS IN wkO(F RESTO )
240008 00 oJ CeH98E=06
IMTEGHaLS (o INMER STDES-
TR T(Ze1vey = T -9 789 =01 3.661¢ 00 6 7
)i (29292) = 2e¢445E 00 9.654F=01 4
VERT (2929l) = eleR20E 0O 1,217F 00 o)
VERT (292e2) = Be539E=n1 3.911F 00 6

NUMBER (2 HUOTS Im E~Cn SURKECTAMOLE

ROCTS
ROUTS
ROCTS

“0uls(ecee)

(2910e1l)
(Z9291)
(Zele2)

4e762E=07
1e510E=05
2¢0N00E 00
=]leN52b=0n8

-] 4B6F=06
-4 ,312€E-06
-10390F-11
B8,396F=06
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[ NUMBEKR OF wUGIS T EaCn SUBRECTANGLE
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NUMBER OF ROOTS OF

F(Z) = COSH(ZO*Z) - le0

INSINDE THE FOLLOWING RECTANGLE OR SQUARE e

CENTER = ( =0,125, .125)
SIDE A = 75
SIDE R = 75

USING_ THE STANDARD ROMBERG CONTONIR INTEGRATION

RESULTS=-
 _PARAMETERS= NEL = o,001000 (ACCURACY) -
INEL=E =] (RELATIVE ERROR CODE)
N = r (NOo NF SUBNIVISIONS)
INTEGRALS ON QUTER SIDES-
... . REAL PART  IMAGINARY PART
HOR (29191) = «1¢465E 00 1.226F 00
HOR (2¢9291) = 4,858E=01 2.,436F 00
HOR (291¢3) = =«7¢]139E=n1 -9,566F=01
__HOR _ (24243) =  14789E-01  -1,291F 00
VERT (29191) = =le476E=01 -l.541f 00
VERT (29192) = SeST6E=01 =1.206F 00
VERT (29341) = -4 ,545Ex0) 2,561F 00
VERT (2¢392) = 19308E 00 1,351 00
NUMBER OF ROOTS IN WHOLF REGION
2.000E 00 J -3,011E=11
INTEGRALS ON INNER SIDESe
HOR (29102) = =2.218¢ 00 -1.050¢ 00
HOR  (29292) = 9¢319E=01 =3.754F 00
VERT (29292) = 2.061E 00 -1,113F 00
NUMBER OF ROOTS IN EACH SUBRECTAMGLE
RNOOTS(29190]1) = =1e(052E~nS 8.396E=0n6
RO0OTS(2,2,1) = 2000E 00 -9.843F=~11
ROOTS(291¢2) = 1¢133€=-Nn5 -6.,Q0GF=06
RONTS(29292) = 4eT764E=nNT7 -1.486F=06

U I ST IS

SO

ITERATIONS
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NUMBER OF ROOTS IN EACH SUBRECTANGLE
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MUMRE

r JF ROGCTS OF

F(Z) = C(_)SH(ZQ*?) - 1.0

TSI E Tre FOLLOwIMNO RECTANGLE OR SQUARE

\_
4
CENTER = ( =0,125y 3,125)
SIDE A = e 75
SINE & = 75
- USInG THE STaANDARD ROMAERG CONTOR INTEGHRATION
RESULTS=

PARAMETERS= CEL = 2001000 {nCCURACY)
TPEL= =1 (RELATIVE ERROR CODE)
N = 2 (NOos OF SUBNIVISTIONS)
INTEGRALS Ofi UUTEK SIDFS=-
ReEalL PaRTY IMAGINARY PART ITERATIONS
HOK  (Z291el) = -Feu9FE=(1 1.098F 00 4
AOR  (2e4291) = 2enUGE=0]) l.656F 00 4
HOR  (P29193) = ~1e0n4SE nn -1«138F 00 4
) AOR (29293) =  2e9377E=-01 =1,799F 00 4
[ VERT (29191) = ~4eP86E=01 =-1.387E 00 4
VERT (24192) = 3,727E~01 -1,434F 00 4
VERT (29391) = -1e184E 00 1.936FE 00 4
VERT (£9392) = 1¢n70E 00 2«119F 00 9
"NUMBFR UF ROUCTS 1IN wWweOLr RFOTON
20(\UOE 0ov ¢ J =3 4,639E=06
INTEGKLLS Uid LKNEK SIOFSe

THOW T 2vve2Yy =7 =2eA34E HA T T T T 935 =01 5

wnr i G=aA wQCT 1S TUuO CLOSE Tn TwE CnyTOLUR AT

7==7,413Fe03+J( 3,125t nu)
I7cGaraTION IS ARLNUNMED T




EVALUATION OF THE ROOT OF

F(Z) = COSH(2.%Z) = 1.0

INSIDE THE FOLLOWING

RECTANGLE OR SQUARE

USING THE STANDARD

CENTER s
SIDE a =
SIDE B &

( ¢2509 =04250)

150
150

ROMBERG_CONTOUR INTEGRATION

RESULTS~
PARAMETERS= DEL = .001000 (ACCURACY) -
I1DEL= 1 (ABSOLUTE ERROR CODE)
N = 1 (NO, OF SyBDIVISIONS)
INTEGRALS ON OUTER SIDESe
_REaAL PART IMAGINARY PART  ITERATIONS
HOR (lelel) = 2.278g 00 «5,182g=~01 4
HOR (19192) = 3.010E 00 2¢375€=01 4
VERT (lylyl) = «2,623Ea0l 3,013 00 4
o VERT (19291) = 44698E=0} __3769E 00 3
SUM OF ROOTS IN GIVEN REGION =
B 7 = 2.2R6E=N6 +J «9,254E=07




——
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EVALUATION OF THE ROOT OF

F(Z) = COSH(2.%Z) =~ 1,0

____INSIDE THE FQLLOWING

RECTANGLE OR SQUARE

CENTER =
SIDE A =
SIDE R =

_____USING _THE STANDARD ROMBERG CONTOyYR INTEGRATION

( «2509 =0.250)

1,50
150

RESULTS=-

PARAMETERS= DEL

IDEL
N

INTEGRALS ON OUTER SIDES~-

2001000

_ (ACCURACY)

1
1

REAL PART

HOR (lelel)
HOR (19192)
VERT (19191)
) ~ VERT (19241)

14791E=01
7¢312E=01
7¢959E=0]

. 14348E 00

=2 .804E

1745F
‘10247E
3.302€

SUM OF SQUARES OF ROOTS IN GIVEN REGION =

Z =

3,736E=07

IMAGINARY.

(ABSOLUTE ERROR CODE)
(NO, OF SUBDIVISIONS)

PART

00
00
00
00

eJ  4,575E=07

NS

ITERATIONS




EVALUATION OF THE ROOT OF

F(Z) = COSH(2+4%Z) = 1,0

INSIDE THE FOLLOWING RECTANGLE OR SQUARE

CENTER
SIDE A
SIDE R

USING THE STANDARD

( e250s 24750)

-
= 1650
2 1e50

ROMBERG CONTOUR INTEGRATION

RESULTS=

148

PARAMETERS= DEL =  ,001000 (ACCURACY) -
IDELE 1 (ABSOLUTE ERROR CODE)
Noo= 1 (NO, OF SUBDIVISIONS)

INTEGRALS ON OUTER SIDES=

__REAL PART IMAGINARY PART
HOR (l9lel) = =1453E 00 1.580E 00
HOR (l9l92) = 1.571E 01 4,372 00
VERT (19191) = 1e242E 01 ©2:914F=0)
 VERT (19291) = «9eR91E g9 = 2e501FE 00
SUM OF ROOTS IN GIVEN REGION g
""" ) o Z = «3,1B4E=0T7 +J 6.283F 00

O NN

_ITERATIONS




o~
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EVALUATION OF THE ROOT OF
F(Z) = cOSH(2,%2) = 1.0
__INSIDE THE FOLLOWING RECTANGLE OR SQUARE o

},__,,,,,A, —

CENTER = ( ¢250s 24750)
SIDE A = 1e50
SIDE B = 1le50

USING THE STANDARD ROMBERG CONTOUR INTEGRATION

RESULTS~

__PARAMETERS- DEL =  ,001000 (ACCURACY) o
1DEL= 1 (ABSOLUTE ERROR CODE)
N = 1 (NO, OF SUBDIVISIONS)
INTEGRALS ON OUTER SIDES=-
- o _ _ REAL_PART  IMAGINARY PART ITERATIONS
HOR (lglsel) = =3¢101E 00 «1.259F 00 5
HOR (19192) = 16345 01 6,046 01 7
VERT (141,1) = =7e060E 00 3.662F 01 7
VERT (19291) = _=le74lE 01 =~ = =2,568e 01 6
SUM OF SQUARES OF ROOTS IN GIVEN REGION =
2 2 ale974E 01 +J < =6.844F=07
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4.5 EXAMPLES WITH PROGRAM TWO




151

NUMBER OF KOQTS OF

F(2) = Z**S + 164%SQART(3e¢) =16e%1

}_—————____lmslgt_IaE_EOLLgﬂlNG SQUARE

CENTER { 0, 0)
SIDE 4¢00

RESULTS=

PARAMETERS= NEL = «010000 (ACCURACY)
IDEL= =1 (RELATIVE ERROR CODE)

METHOD - STANUARD ROMBERG INTEGRATION

NUMBER OF ITERATIONS = 11

NUMgER OF ROOTS = 5,000 00 J -348B61E=04




-
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—
MUMBER OF ROOTS OF
F(Z) = Z%%5 + 164%SORT(3e) =164%]
f: INSIDE THE FOLI OWING SQUARE
CENTER = ( =le00y =1e00)
SIDE = 2400
RESULTS=
PARAMETERS= NEL = «010000 (ACCURACY)
IDEL= =1 (RELATIVE ERROR CODE)
METHOD - STANUARD ROMBERG INTEGRATION
NUMBER OF ITERATIONS = 7
NUMBER OF ROOTS =  1,000F=00 ¢J 6¢170E=06




. P

NUMBER OF ROCTS OF

F(Z) = Z%%5 + 164%SQRT(3e) =166%]

METHUD -

}, INSIGE THE FOLLOWING SQUARE
CENTER = 1600y =1000)
SIDE = 2400
RESULTS=-
PARAMETERS= NnEL = 010000 (ACCURACY)
INEL= =1 (RELATIVE ERROR CODE)

STANUARD ROMBERG INTEGRATION

NUMBER OF ITERATIONS =

NUMBER OF RQOTS = 1,000 00

5

+J

5¢917E~05




e

i
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! NUMBER OF ROQTS OF
F(2) = Z#%5 + 164%SQRT(3e¢) =16e%]
%, INSIut THE FOLLOWING SQUARE
CENTER S ( «=1s000 1400)
SIDE = 2400
RESULTS~
PARAME TERS= nEL = «010000 (ACCURACY)
INELE =1 (RELATIVE ERROR CODE)
METHOD - STANUARD ROMBERG INTEGRATION

NUMBER OF ITERATIONS =

NUMBER OF RQOTS = 2.000F 00

10

+J

=3.861lg=04
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NUMBER OF ROCTS OF

F(Z) = 2995 + 164%SAQRT(3e) =16+*%]

}_———______JNSIDL_IHE_EDLLQKLNG SQUARE

CENTER = (1430 1400)

SIDE = 2400
RESULTS=
PARAMETERS= NEL = «010000 (ACCURACY)

IDEL= =1 (RELATIVE ERROR CODE)

METHOD - STANUARD ROMBERG INTEGRATION -
NUMBER OF ITERATIONS = 5
NUMHBER OF ROOTS = 1,000E 00 +J 54 784E=y5 B
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—
NUMBER OF ROQTS OF
F(Z) = Z%%5 ¢ 16.%SQRT(3e) =16.%]
- INSIDE THE FOLLOWING SQUARE
CENTER = O 0)
SIDE = 4400
RESULTS=
PARAMETERS*" DEL = «010000 (ACCURACY)
IDELZ =1 (RELATIVE ERROR CODE)
METHOD - MODIFIED ROMBERG YNTEGRATION

NUMBER OF ITERATIONS

NUMGER QF RQOTS =

= 10

5,003 00 +J 3.711F=03




-~

-
un

NUMBER OF ROOTS OF

F(Z) = 2%%5 4 1649SQRT(3e) =16e%]

. INSIDE THE FOLLOWING SQUARE

CENTER S ( =1.009 «1000)
SIDE = 2400
RESULTS=-
PARAMETERS= NDEL = «010000 (ACCURACY)
IDEL= =1 (RELATIVE ERROR CODE)
METHOD - MODIFIED ROMBERG INTEGRATION
NUMBER OF ITERATIONS = 6

NUMBER OF ROOTS = 1.000F 00 +J =6¢391E=05




-
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~
NUMBER OF ROOTS OF
F(Z) = Z#%5 + 16,%SQRT(3s) =164%]
% INSIDE THE FCLIOWING SQUARE
CENTER = ( 14009 =1400)
SIDE = 2600
RESULTS=
PARAMETERS= DEL = +010000 (ACCURACY)
I0EL= -1 (RELATIVE ERROR CODE)
METHOD - MODIFYED ROMBERG INTEGRATION
NUMBER OF ITERATICNS = S
NUMBER OF ROQTS =  1,000F=00 +J 84483E=06
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8 NUMBER OF ROCTS OF
F(Z) = 2975 + 164%SQRT(3e) =16.%]
— INSIDE THF FOLILOWING SQUARE
CENTER S ( =1le00y 1.00)
SIDE = 2400
RESULTS~
PARAMETERS~ DEL = «010000 (ACCURACY)
IDEL= =1 (RELATIVE ERROR CODE)
METHOD - MODIFIED ROMBERG INTEGRATION
NUMBER OF ITERATIONS = 10
NUMakR OF RQOOTS = 2.000F 00 +J =14010g=04




,...
o8
[«

r? NUMBER OF ROOTS OF
F(Z) = Z%%5 ¢+ 164%SQRT(3e) =16¢%I
- INSIDE TwE FOL} OWING SQUARE
CENTER = 1000 1.00)
SIDE = 2400
RESULTS-
PARAMETERS= NEL = «010000 (ACCURACY)
IDEL= =1 (RELATIVE ERROR CODE)
METHOD - MODIFIED ROMBERG INTEGRATION
NUMBER OF ITERATIONS = 5
NUMBER OF ROOTS =  g.99BE=01 +J =7+812E=06
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