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ABSTRACT

We review the theory of submodular functions and matroids in Chapters 1 and
2 respectively. In Chapter 3 we consider the problem of given two matroids
M and M, find the smallest integer k such that there is a common partition
Xy, ..., Xy of My and My. We are interested in both the complexity of the
problem as well as in finding good approximations (if not the exact value).
We propose different approaches and present some partial results. One of the
approaches leads naturally to the study of the following problem: Given a
digraph D = (V, A) with a source node s, a sink ¢, and a partition Ay, ..., Ay, of
V —{s,t}, find an s-t dipath that contains at most one node from each set A;.

We show that this problem is NP-Complete and present some applications.
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ABREGE

Nous examinons la théorie des fonctions sous-modulaires et des matroides
dans les Chapitres 1 et 2 respectivement. Dans le troisieme chapitre nous
considérons le probleme suivant: Etant donné deux matroides M; et M, quel
est le plus petit entier k tel qu’il existe une partition commune Xi, ..., Xy de
My et My 7 Nous sommes intéressés a la fois par la complexité du probleme
ainsi que par la recherche de bonnes approximations (si ce n’est la solution
exacte). Nous proposons de différentes approches ainsi que des résultats par-
tiels. L’une des approches nous amene a étudier le probleme suivant: Etant
donné un graphe orienté D = (V, A) avec source s, puits ¢ et une partition
Ay, ..., A de V — {s,t}, comment trouver un chemin de s & ¢ qui contient au
plus un sommet de chaque ensemble A; 7 Nous démontrons ensuite que ce

probleme est NP-complet et présentons quelques applications.

v



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . ... .. ... . ...

ABSTRACT . . . .

ABREGE . . . .

Notation . . . . . . .

1

Submodular Functions . . . . . . . . .. ..

1.1 Introduction . . . . . . ...
1.2 Examples . . .. ...
1.3 Operations that preserve submodularity . . . . . . .. . ..

Matroids and Submodularity . . . . . . ... ..o 000

2.1 Definitions and examples . . . . . .. . ... ... ... ..
2.2 Rank function . . . . .. ..o
2.3 Geometric representation of matroids of small rank

2.4 Matroid optimization . . . . . . ... ..o
2.5 Matroid intersection . . . . . ... ... ... ..
2.6 Matroid union . . . . ... oo
2.7 Matroid intersection polytope . . . . . ... ... ... ..

The matroid common colouring problem . . . . . . ... .. ...

3.1 Introduction . . . . .. ...
3.2 The greedy algorithm . . . . . .. ... ... ... .....
3.3 A linear programming approach . . . . . ... ... .. ..
3.4 A 3-matroid intersection approach for common colouring

3.5 SBO matroids and the common colouring problem . . . . .

i
1ii

v

(=}

20

20
28
32
36
37

92
o4

o4
95
o8
63
67

The directed path with partition constraints problem and applications 73

4.1  Theproblem . . . . .. ... .. ...

4.2 Applications . . . . ..o
4.2.1 The perfect matching with partition constraints

problem . . . ... ... L

4.2.2 The maximum integral flow problem is NP-Hard for

trees with edge capacities 1 and 2 . . . . . . . ..



Bibliography

vi



Notation
We use S C T to mean that S C T but S # T.

For sets A, B C V we use A + B to denote the set union AU B, and A — B

to the denote the set minus A\B. For a set function f : 2" — R we denote
f({e}) by f(e).

Given a graph G = (V, E), for any S C V' we denote by 6(.5) the set of edges
in E that have exactly one endpoint in S. For a directed graph G = (V| A)
and a set S C V we denote by 0%(5) the set of arcs leaving S, and by §(5)
the set of arcs incoming S . We use subscripts (e.g. dg(S)) to specify the

graph G if necessary.
We use [H to denote a disjoint union of sets.
We use [k] to denote the set {1,2, ..., k}.

Given a graph G = (V, E) and a path P, we denote by V(P) the set of nodes
of the path P.

We denote by logn the logarithm to the base 2 of n, i.e., log, n, unless other-

wise explicitly specified.

Given a finite ground set V and a set K, we denote by KV the space of vectors
whose components belong to K and are indexed by the elements of V. The
component of x indexed by v is denoted by z,. For instance, if V' = {vy, v},
then RY = {(z4,, Tu,) : Tuy, T, € R}. Moreover, given a vector x € KV and a

set U C V, we denote by x(U) the sum ) ;.



CHAPTER 1
Submodular Functions

Submodularity is a property of set functions with deep theoretical conse-
quences and far-reaching applications. Optimizing submodular functions is a
central subject in operations research and combinatorial optimization [22]. It
appears in many important optimization frameworks including cuts in graphs,
rank functions of matroids, set covering problems, plant location problems,
certain satisfiability problems, combinatorial auctions, and maximum entropy
sampling. In computer science it has recently been identified and utilized
in domains such as viral marketing [14], information gathering [16], image
segmentation [2, 15, 13|, document summarization [21], and speeding up sat-

isfiability solvers [25].

However, the interest for submodular functions is not limited to discrete opti-
mization problems. The rich structure of submodular functions and their link
with convex analysis through the Lovasz extension and the various associated
polytopes makes them particularly adapted to problems beyond combinatorial
optimization, namely as regularizers in signal processing and machine learning
problems. Indeed, many continuous optimization problems exhibit an under-
lying discrete structure (e.g., based on chains, trees or more general graphs),
and submodular functions provide an efficient and versatile tool to capture

such combinatorial structures.



1.1 Introduction

Submodularity is a property of set functions, i.e., functions f : 2" — R that
assign each subset S C V' a value f(S). Hereby V is a finite set, commonly
called the ground set. We assume |V| = n unless otherwise specified. Sub-
modular functions can be defined in different ways. We start this section by

presenting three equivalent definitions of submodularity.

Definition 1.1.1. (Submodularity) Let V be a finite ground set and f : 2V —

R be a real-valued set function. Then f is submodular if for all A,B C 'V,

f(A4)+ J(B) > f(AUB) + (AN B), (1.1)

Equivalently, a submodular function can be defined as a set function exhibit-

ing the diminishing marginal returns property.

Definition 1.1.2. A function f : 2V — R is submodular if for all AC B CV
ande €V — B,

f(A+e)—f(A) = f(B+e)— f(B). (1.2)

This diminishing marginal return property makes submodular functions suit-
able for many applications, in areas such as economics, game theory, electrical
networks, and very recently, in machine learning, artificial intelligence, and
computer vision. We now show that the above two definitions of submodular-

ity are equivalent.

Lemma 1.1.1. A set function f : 2V — R satisfies (1.1) if and only if it
satisfies (1.2).



Proof. First, we show that (1.1) implies (1.2). Let SCT CVandeec V —-T.

Then, by applying (1.1) to A =S +e and B =T, we get

f(S+e)+[(T) = f((S+e)uT)+ f((S+e)NT)

= f(T+e)+ f(S).

Re-arranging the terms we obtain

f(S+e)—f(S) = [(T'+e)— f(T).

Next, let us show that (1.2) implies (1.1). First, notice that (1.2) can be

rewritten as
fS) = f(I) < f(S+e)—f(T+e) (1.3)

for S CT CcT+e Let X and Y be two subsets of V. If Y C X, then
XNY =Y and XUY = X, and hence (1.1) is trivially satisfied for the sets
X,Y. Soassume Y ¢ X, and enumerate the elements of Y — X as {ey, ..., ex}.

Then, note that for ¢ < k we have
(X N Y) U {61, ...,ei} cXUuU {61, ...,61'} cCXU {61, ceey €i+1}.

Hence, by taking S = X NY, T = X, and repeatedly apply (1.3) with the
elements ey, ..., e we get
fXNY)=f(X) < f(XNY)+e)— f(X+er)

< fXNY)U{erea}) — f(XU{er, ea})

< f((XNnY)U{er,...,ex}) — f(XU{er,....ex})

= Jf(Y) - f(XUY).



Finally, this can be re-arranged as
FX)+ F(Y) 2 f(XUY) + f(XNY).
O

Checking directly whether a function satisfies condition (1.1) or (1.2) is clearly
impractical. Our next definition of submodularity gives a condition that is of-
ten easier to verify. It applies the same diminishing returns condition (1.2),

but only considers a restricted family of set pairs.

Definition 1.1.3. A function f : 2V — R is submodular if for all A CV and

1,7 €V — A we have

fA+) = f(A) = f(A+i+j) = f(A+]). (1.4)

We now show that our three definitions of submodularity are equivalent.

Lemma 1.1.2. A set function f : 2V — R satisfies (1.4) if and only if it
satisfies (1.2).
Proof. The conditions of Definition 1.1.2 clearly imply those of Definition 1.1.3.

To show the other direction, let A C B CV and j € V — B. Enumerate the

elements of B — A as {by, ..., bs}. Now, by repeatedly applying (1.4) we have

f(A+5) = f(A) > f(A+j+b)— f(A+b)

> f(A U {]7 blabQ}) - f(A U {b17b2})

Z f(A U {Jv bl; 7bs}) - f(A U {bh ceey bs})



= f(B+J)— f(B).
Hence condition (1.2) follows. O

A function f is called supermodular if —f is submodular. A function is called
modular if f is both submodular and supermodular, i.e., if f satisfies (1.1) with
equality. We now define other properties of set functions that will be useful in
this thesis. Let f: 2V — R, we say that f is monotone if f(A) < f(B) when-
ever A C B C V. A function that is not monotone is called non-monotone.
The function f is called non-negative if f(S) > 0 for all S C V', and symmetric

if f(S)=f(V—=25) forall S CV. We say that f is normalized if f()) = 0.

1.2 Examples

Submodular functions arise in many applications. In this section we present

some classical examples of submodular functions.

Example 1.2.1. Modular functions: A function 2" — R is modular if
flA)+ f(B) = f(AUB)+ f(ANB) for all A, B C V. Modular functions can
always be expressed in the form f(S) = > .qw(e) for some weight function

w:V = R. Ifw(e) >0 for alle € V, then f is also monotone.

Example 1.2.2. Cut functions in graphs: Given an undirected graph
G = (V, FE) and a non-negative capacity function ¢ : E — Ry, we define the
cut function f : 2V — R of the graph G as f(S) = c¢(6(S)) = > ees(s) c(€).
The cut function of an undirected graph is submodular. If G = (V, A) is a

directed graph and ¢ : A — R, the cut function f : 2V — R defined as



f(S) =c(67(9)) is submodular. In general, cut functions are not monotone.

Lemma 1.2.1. (a) The cut function of a directed graph is submodular.

(b) The cut function of an undirected graph is submodular.

Proof. For a directed graph G = (V,;A) and X, Y C V, let E(X,Y) :=
{(z,y) e E:x € X =Y, yeY — X}. We use a counting argument to show

the result for directed graphs. Let Z :=V — (X UY'), and observe that

fX)+ f(Y)
= c(6H(X)) + c(6H(Y))
= (ET(X,2))+ c(EN(X,Y = X)) + «(E¥(Y, Z)) + (B (Y, X = Y))
= (ET(XUY,2)+c(EYXNY,2))+c(ENX,Y — X))+ c(EY(Y,X = Y))
= (§T(XUY)) +c(0H (X NY)) + (BT (X,Y)) + c(ET(Y, X))
> (0T(XUY))+c(6T(XNY))

= f(XUY)+ f(XNY).

Hence, the cut function of a directed graph is submodular and (a) holds.
Finally, (b) follows from (a) by replacing each undirected edge (u,v) by a pair

of oppositely directed edges (u,v) and (v, u). ]

Example 1.2.3. Coverage functions: Given a universe V and sets Sy, ..., Sy C

V', the coverage function f : [m] — Z, given by f(A) = | Usea S;| is monotone



submodular.

Example 1.2.4. Let V be the set of columns of a matriz A. For each S C 'V,
let v(S) be the rank of the matriz formed by the columns in S. Then r is

monotone submodular. We will see in Chapter 2 that this is a special case of

Example 1.2.5.

An even more general class is the class of matroids, which we discuss in-depth

in Chapter 2.

Example 1.2.5. Rank functions of matroids: The rank function of a
matroid M = (E,Z), defined as ry(A) = max{|U| : U C A, U € I}, is

monotone submodular [1].

Example 1.2.6. Let G = (AUB, E) be a bipartite graph. For each S C A, let
N(S) denote the set of neighbours of S. Then f(S) := |N(S)| is a monotone

submodular function on the subsets of A.

Example 1.2.7. Entropy: Let Q = {X;,..., X} be a set of random vari-
ables, and H : 2% — R where H(S) denotes the entropy of the joint distribution

of the random variables in S. Then H is monotone submodular [10].

Example 1.2.8. Social Influence: Let V' denote the family of nodes in a
social network and assume an idea or product is adopted at a set of nodes
S C V. The idea propagates through the network following some random dif-
fusion process. Several different diffusion models have been investigated in the
literature. The Linear Threshold and Independent Cascade are two of the most

basic and widely-studied such models. Let f(S) denote the expected number of



nodes in the network which end up adopting the idea. Tardos et al. [1]] show
that for both the Linear Threshold and Independent Cascade models the func-

tion f is monotone submodular.

Example 1.2.9. Facility location: Let V = {1,...,n} denote a set of n
different locations. We are interested in selecting some of the locations to
open up facilities in order to serve a collection of m customers. There is
an associated matriv A € R™ " where A;; denotes the service or value that
opening up a facility at location j provides for customer 1. If we assume that
each customer chooses the facility with highest value, the total value provided

to all customers is modeled by the function

f(8) = 2 X Aij.

If the entries of the matriz A are non-negative, f is a monotone submodular

function [9].

1.3 Operations that preserve submodularity

There are many natural operations which build new submodular functions

from existing ones. In this section we present some of those operations.

Proposition 1.3.1. Submodularity is preserved under non-negative linear com-
binations. In other words, if fi, ..., fr : 2V — R are submodular functions, and

aq, ., o >0, then f(S) = Zle a; fi(S) is submodular.



Proof. The proof follows straightforward from the definition of submodularity.
Let X,Y CV, then

X+ fY) = Zaifi(XHZa@-fi(Y)
= Zai[fi(X)+fi(Y>]
k
Zai[fi(XUY) + (X NY)]

k k
= Y afi(XUY)+> afi(XNY)
i=1 =1

= f_(XUY)—i-f(Xﬂ}_/),

v

where the inequality in the third line follows from the fact that ay,...,a; >0

and fi,..., fi : 2V — R are submodular functions. O

Definition 1.3.1. Let f : 2¥ — R and A C V. The restriction of f to A,

denoted by fa, is a set function defined as fa(S) := f(ANS) for S CV.

Proposition 1.3.2. Let f : 2V — R be a submodular function. Then, for any

A CV the restriction fa is submodular.

Proof. Fix ACV,andlet X CY CV and e € V —Y. Then, either e € A or
e ¢ A. We show that in both cases condition (1.2) holds for fa, and hence f,

is submodular. First assume that e € A, then

falX +e) = fa(X) = f(X+e)nA) - f(XNA)
= f(XNA)+e) - f(XNA)
> f(YNA)+e) - f(YNA)
= f(Y+e)nA) —f(YNA)

= fa(Y +e)— fa(Y),

10



where the inequality in the third line follows from the fact that XN A CYNA

and that condition (1.2) holds for f.
Now assume that e ¢ A. In this case the inequality follows trivially since
falX +e) = fa(X) = [(X+e)NA) = f(XNA)
= f(XNA) - f(XNA)
=0
— (Y NA) - f(Y N A)
= f(Y+e)NA) — f(YNA)
= faY +e) = fa(Y).
O

Proposition 1.3.3. Let g : 2 — R be a monotone submodular function.
Then the truncation f(S) := min{g(S),c} remains monotone submodular for

any constant c € R.

Proof. Let g : 2¥ — R be a monotone submodular function and fix ¢ € R.
It is clear that f(S) := min{g(5), c} is also monotone. Take an arbitrary set
S C V and elements 4, j ¢ S. We show that (1.4) holds for f, i.e.,

min{g(S +1),c} — min{g(S), c} > min{g(S + i+ j),c} — min{g(S + j), c}.
Note that we have six different cases to consider:
(1) g(5) = c.
(2) min{g(S +j), 9(S + i)} = ¢ = g(5).
(3) g(S+j)=>c>g(S+1)

(4) 9(S+1i) =2 c = g(S+J).

11



(5) 9(S +i+j) = ¢ = max{g(S +1),9(S + j)}.
(6) ¢ > g(S +i+j).
In the first case the inequality holds trivially since
min{g(S+i+7j),c} = min{g(S+1), c} = min{g(S+7),c} = min{g(S),c} = c.
For the second case we have
min{g(S+i+j), ¢} = min{g(5+1), c} = min{g(5+j), ¢} = ¢ = min{g(5), c} = g(5)
and after substituting we obtain
c—g(S) > c—c=0,
which is true since we are assuming ¢ > g(.5).

For case (3) we get

9(5+1i) —g(S) 2 c—c=0,
which holds from the monotonicity of g.

After subbing in case (4) we have
c—g(8) = c—g(S+)),

which follows again from the monotonicity of g.

For case (5) we get
g(S+i)—g(S) > g(S+i+j)—g(S+j)>c—g(S+7),

where the first inequality follows from the submodularity of the function g.

12



In the last case the inequality follows straightforward from the submodularity
of g, i.e.,

g(S+1i) —g(S) > g(S+i+yj)—g(S+7).
0

Proposition 1.3.4. Submodularity is preserved under reflection: Let g : 2V —
R be a submodular function. Then, the function f : 2¥ — R defined as

f(S)=g(V—=25) for S CV is submodular.

Proof. The proof follows straightforward from the submodularity of g. Let
X,Y CV, then

JX)+FY) = g(V-X)+g(V-Y)
z g((V=X)n(V=Y))+g(V-X)u(V-Y))
= g(V - (XUY))+g(V - (XNY))

= f(XUY)+ f(XNnY).

]

Definition 1.3.2. Let f : 2V — R and A C V. The contraction of f on A,

denoted by 4, is a set function defined as f4(S) = f(SUA) for SCV.

Proposition 1.3.5. Let f : 2V — R be a submodular function. Then, for any

A CV the contraction f4 is submodular.

Proof. Fix A C V and let f* be the contraction of f on A. Let X CY CV
and e ¢ Y. Then, either e € A or e ¢ A. We show that in either case f4

satisfies condition (1.2), and hence f4 is submodular. First assume that e ¢ A,

13



then we have

FAX +e) = fAX) = fF(X+e)UA) - f(XUA
= f(XUA) +e) - f(XUA)
> f(YUA) +e) - f(YUA)
= (Y +e)UA) - f(YUA)
= fUY +e) - fFAY),
where the inequality in the third line follows from the fact that XUA C YU A

and that condition (1.2) holds for f. Notice that here we are using that e ¢ A

since in order to apply condition (1.2) we need to have e ¢ Y U A.

Now assume that e € A. In this case the inequality follows trivially since

FAX +e) = fAX) = fF(X+e)UA) - f(XUA)
— J(XUA) - f(XUA)
=0
= f(YUA) - f(YUA)
= f(Y+eUA) - f(YUA)

= fAUY +e) - fAUY).

[]

Proposition 1.3.6. Let g : 2 — R be a submodular function and A,B C'V
any two disjoint sets. Then, the function f : 24 — R defined via f(S) =

g(S'U B) — g(B) is submodular.

14



Proof. Fix any two disjoint sets A, B C V. We show that f satisfies condition

(1.2). Let X CY CAandec A—Y. Then

f(X+e)=f(X) = [g((X+e)UB)—g(B)] - [g(XUB) - g(B)]
= g(X+e)UB)—g(XUB)
= 9((XUB)+e)—g(XUB)
> g(YUB)+e)—g(YUB)
= 9((Y +e)UB) —g(Y UB)
= [9((Y +e)UB) —g(B)] - [g(Y UB) - g(B)]
= f(Y +e) = fY),

where the inequality in the fourth line follows from the fact that XUB C YUB

and that condition (1.2) holds for g. O

Proposition 1.3.7. The convolution of a submodular function and a modular
function is submodular: Let g : 2V — R be a submodular function, and z :
2V — R be a modular function. Then, f(S) := minycg g(U) + 2(S — U) for

S CV s submodular.

Proof. Let A; A’ C V', and B, B’ the corresponding minimizers defining f(A)
and f(A’). We show that f satisfies condition (1.1),

f(A) + f(A)
= [9(B) + 2(A = B)| + [9(B') + 2(A" = B')]
= g(B)+g(B)+2(A—B)+z(A' - B’
> g(BUB')4+g(BNB')+z2(A-B)+z(A" - B)
= g(BUB)Y+¢g(BNB)+2((A—B)U(A'=B")+z2((A-B)n (A - B))

= g(BUB)+g(BNB)+2((AUA")— (BUB"))+2((AnA") — (BN B))

15



= [g(BUB)+2((AUA) — (BUB")|+[g(BNB)+2((AnA")— (BN B))]

> fAUA) + f(AN A,

where the first inequality follows from the submodularity of g, and the second
inequality from the definition of f. The equality signs in the fourth and fifth

lines follow from the fact that z is modular and from the relations
(A—-B)UA -B)=[(AnA)—(BNBHU[(AUA) — (BUB')]
and
(A—-B)N(A'—=B)=[(AnA)—(BnB)n[(AuA") — (BUDB)].
O

A function f : R" — R is concave if the line segment joining any two points
on the graph is never above the graph. More precisely,
Definition 1.3.3. (Concavity) A function h : K C R* — R defined on a

conver set K is concave if for any two points x,y € K and X\ € [0, 1] we have
M@)+ 1 =Xf(y) < fAz+ (1= A)y).

The following lemma is a property of concave functions that will be useful to
prove some of the relationships between concavity and submodularity.
Lemma 1.3.1. Let g : Ry — R be a concave function and a > 0. Then, the
function f(t) := g(a+t) — g(t) is non-increasing.

Proposition 1.3.8. Let z : 2 — R, be a modular function given by non-
negative weights, i.e., there exists w : V. — Ry such that z2(S) = > .o w(e)
for all S C V. Let g : Ry — R be a concave function. Then, f : 2V — R
defined as f(S) = g(z(S)) for S CV is submodular.

16



Proof. Let ACV and i,7 ¢ A. We use Lemma 1.3.1 to show that f satisfies

condition (1.4).

Let a = w(i), ty = 2(A) = Y. cpw(e), and ty = 2(A+j) = w(j) + D .4 w(e).
Since w is a non-negative function, we have that w(i), w(j) > 0. In particular,

a > 0 and t; < ty. Hence, by Lemma 1.3.1 we have

gla+1t1) —g(t) > gla+t2) — g(ta).

But notice that

glat+t) —g(t) = glw(@)+ Y wle)) —gO_ w(e))

ecA ecA
= g(z(A+1)) —g(2(4))

and

glatts) —gts) = gw(@) +w(j) + Y wle) = glw(f) + Y wle))

e€eA ecA

= g(z(A+i+7j)) —g(z(A+])).
Thus, condition (1.4) follows and f is submodular. O

Proposition 1.3.9. The composition of a monotone concave function and a
monotone submodular function is submodular. Let g : 2V — R be a monotone
submodular function with values in a convexr set K C R, and h : K — R
a monotone concave function. Then, the composition f(S) := h(g(S)) for

S CV s submodular.

Proof. We show that f satisfies condition (1.4). Let A C V and 7,5 ¢ A.

Then, since g is submodular, we have that

g(A+i) —g(A) > g(A+i+j) — g(A+j),
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and hence

g(A+i+7j) <g(A+1)—g(A) +9(A+)).
Now, it follows from the monotonicity of h,
hg(A+i+ 7))

< h(g(A+1i) — g(A) + g(A+ 7))

= h(g(A+14) —g(A) + g(A+7)) — h(g(A+ 7)) + h(g(A+ 7))
And by Lemma 1.3.1 we get

h(g(A+1i) — g(A) + g(A+j)) — h(g(A+j))
< h(g(A+1i) —g(A) +g(A) — h(g(A))

= h(g(A+1i)) — h(g(A)).

Thus,
f(A+i+ )
= h(g(A+i+3j))
< h(g(A+i) —g(A) +g(A+75)) — h(g(A+j)) + h(g(A+ 7))
< h(g(A+1)) — h(g(A)) + h(g(A+j))

= fA+9) = f(A)+ f(A+]),

and the proposition follows.

It is not true in general that the minimum or the maximum of two submodular

functions is also submodular. However, in the case when the difference of the

two functions is an increasing or decreasing function we have the following

result [22]:

18



Proposition 1.3.10. Let f and g be two submodular functions such that f —g

is either increasing or drecreasing. Then min{ f, g} is also submodular.
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CHAPTER 2
Matroids and Submodularity

2.1 Definitions and examples

One of the most studied class of submodular functions are the so-called rank
functions of matroids. Matroids were introduced by Whitney [26] in 1935
to provide a unifying abstract treatment of dependence in linear algebra and
graph theory. Whitney’s definition embraces a surprising diversity of combi-
natorial structures. Moreover, matroids arise naturally in combinatorial opti-
mization since they are precisely the structures for which the greedy algorithm
works. There is a strong relationship between matroids and submodularity.
In fact, we will see in this chapter that matroids can be defined in terms of

submodular functions.

Definition 2.1.1. A matroid is a pair (E,Z) consisting of a finite set E with

a non-empty collection I of subsets of E, called independent sets, such that
(I1) If X CY and Y € T then X € T.
(12) If X, Y € T and |Y'| > | X| then Je € Y — X such that X + e € T.

Axiom (I1) is usually called the hereditary property, while (12) is usually called
the greedy property. The sets in 2 that are not independent are called depen-
dent. Minimal dependent sets are called circuits, and maximal independent

sets are called bases.
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We now present several examples of matroids, in some cases also describing

their bases and circuits.

Example 2.1.1. Uniform matroid: A very simple class of matroids is
given by the uniform matroids. A uniform matroid is a pair M = (E,Z) in
which

IT={XCFE:|X| <k}

for some 1 < k < |E|. This is usually denoted by Uy,, where |E| =n. It is
easy to see that a base of Uy, is any set of size k, while a circuit is any set of

size k + 1.

Example 2.1.2. Matroid restriction: Let M = (E,Z) be a matroid, and
let U C E. Then M' = (U,Z') where ' = {I € T : I C U} is a matroid.
M’ is usually denoted by M|y and it is called the restriction of M to U. The
bases of M|y are the mazimum independent sets of M contained in U, and

its circuits are the circuits of M that are contained in U.

Let us check that M|y is indeed a matroid. Let Y € 7/ and X C Y. Since
Y € 7', we have that Y € Z and Y C U. It follows from the hereditary prop-
erty of M that X € Z. Also, since X C Y we have that X C U. Thus X € 7/
and (I1) holds. To see (I12) let X,Y € Z' with |Y| > |X|. Then X,Y € Z
and X,Y C U. It follows from the greedy property of M that de € ¥ — X
such that X 4+ e € Z. Moreover, since Y C U we have that e € U, and hence

X+eeT.
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Example 2.1.3. Partition matroid: Let F., ..., E,, be a partition of the

ground set E, and
I={XCE:|XNE]| <k, Vie[m]}

for some numbers 1 < k; < |E;| with i € [m]. Then M = (E,TI) is called
a partition matroid. Notice that this generalizes uniform matroids. It is not
hard to see that the bases in this case are sets X C E satisfying the cardinality
constraints with equality, i.e., sets X C E such that | X N E;| = k; for all

i € [m]. The circuits are sets X C E; such that | X| = k; + 1 for some i € [m].

Let us check that M, as defined above, is indeed a matroid, i.e., that it
satisfies axioms (I1) and (I2) from Definition 2.1.1. The hereditary property
holds almost trivially, since if X C Y and |[Y NE;| < k; for all ¢ € [m], it is
clear that | X N E;| < k; for all ¢ € [m] as well. To see that the greedy property
holds, let X,Y € Z with |Y| > |X|. Then, since Ej, ..., E,, is a partition of
E we must have that | X N E;| < |[Y N E;,| < k;, for some iy € [m]. Let

ec (YNE;,)— (XNE,). Then, we have
and
|(X+€) ﬂE,;O\ = |XﬁEZO| +1 S |YOEIO| S kio'

Hence, X + e € Z. Moreover, since e € (Y N E;,) — (X N E;, ), we have that

e € Y — X, and this concludes the proof.

Notice that the disjointness condition on the sets E; is key and cannot be
relaxed. A simple example to see why this could fail is the following: Let
E =1{1,2,3}, By = {1,2}, By = {2,3}, and k; = 1, ks = 1. Define 7 as
above. Then the sets Y = {1,3} and X = {2} are independent and |Y| > | X|.
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However, for each e € Y — X we have X + e ¢ Z. Hence, axiom (I2) does not

hold and M = (E,Z) is not a matroid.

Example 2.1.4. Graphic matroid: A very important class of matroids in
combinatorial optimization is the class of graphic matroids. Given an undi-
rected graph G = (V, E) with |V| = n, a graphic matroid is a pair M = (E,T)
where

I={F CE:Fisa forest in G}.

It is usually denoted by M(G). The bases of a graphic matroid correspond to
the spanning forests of the graph G. If the graph is connected, the bases are
the spanning trees of G, 1.e., forests of size n — 1. The circuits correpond to

the cycles of G.

To see that a pair M = (F,Z) defined as above is indeed a matroid, first notice
that the hereditary property is trivially satisfied. Indeed, if F3 is a forest in
G (i.e., Fy € 7), any set of edges F; C F, will also be a forest since removing
edges does not create cycles. Now, let us show that the greedy property holds.
Let Fy,Fy, € Z with |Fy| > |Fy|. Then, n — 1 > |F,| > |Fi|, and hence
F} does not induce a connected component. Let C4,...,C) be its connected
components. Then F; induces a spanning tree on each component Cj;, and
thus |Fy| = YF (|Cs| —1) = n— k. Also, since |Fy| > |Fy|, Fy cannot only use
edges with both endpoints in some component Cj; if it did, F5 would also have
at least k connected components, and then |Fy| < n — k = |F}| contradicting
the fact that |Fy| > |Fy|. Thus, there exists e € I, with endpoints in distinct
components C}, i.e., e € F, — F;. It follows that F; + e is again a forest and

so F] + e € T as we wanted to show.
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Although graphic matroids are generally defined for undirected graphs, they
can also be associated with directed graphs by disregarding the orientations
of the arcs. That is, given a digraph D = (V, A) we can define the graphic
matroid associated to D, denoted by M(D), as M = (A,Z) where

Z ={F C A: F when viewed as undirected edges induces a forest on V'}.

Example 2.1.5. Linear matroid: Given a matrix A, let E denote the index
set of the columns of A. For a subset X C F, let Ax denote the submatrix of

A consisting only of those columns indexed by X. Then, define
Z={X CE:rank(Ax)=|X|},

i.e., a set X is independent in M = (E,T) if and only if the corresponding
columns in the matriz A are linearly independent. Notice that in this case a

basis B of M correspond to linearly independent set of columns of cardinality

rank(A).

Let us show that M is indeed a matroid: Assume that Y € Z and X C Y.
If the set of columns corresponding to Y are linearly independent, any subset
of them will also be linearly independent. Hence, X € Z. To show that (12)
holds, let X,Y € Z and |Y| > |X]|. Since the columns corresponding to both
X and Y are linearly independent, it follows that the column space of the
matrix Ax has dimension |X| and the column space of the matrix Ay has
dimension |Y|. Moreover, since |Y| > |X|, by a fundamental linear algebra
property we know that there exists a column of Ay that is not in the column
space of Ax. Adding this column to Ax increases the rank by 1, and thus

property (I12) follows.
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Example 2.1.6. Matching matroid: Let G = (V, E) be a graph and con-
sider M = (V,I) where

Z={SCV:S is covered by some matching M}.

Notice that in the definition the matching M does not need to cover exactly
S, other nodes can be also covered. Then M is a matroid, usually called the

matching matroid.

Axiom (I1) is trivial since if X C Y and Y € Z, there exists a matching M
covering Y, but then M also covers X and hence X € Z. To show that (I12)
holds let X,Y € Z with |Y| > | X|, and let M be a matching covering X and
M’ a matching covering Y. Consider MAM’, and notice that each induced
connected component alternates between M and M’ edges. Moreover, since
|M’| > |M|, some component must have more edges from A’ than from M.
We perform an augmentation on such a component, and we get a new matching
M" that covers Z, where Z D X and Z C Y. Hence, de € Y — X such that

X + e € T and axiom (I12) follows.

A matching matroid can also be defined for a ground set J C V/, i.e., the pair

M = (J,Z) where
Z={S C J:Sis covered by some matching M}

is still a matching matroid. Here the matchings are allowed to involve nodes

from outside J. A special case of this is our next example.

Example 2.1.7. Transversal matroid: Let G = (AU B, E) be a bipartite

graph with bipartition A and B. Consider M = (A,T) where

Z={IC A:1I is covered by some matching M}.
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Then M is a matroid, usually called a transversal matroid.

Example 2.1.8. Laminar matroid: Let F be a laminar family of subsets
over B, i.e., if A, B € F then, either ANB =0, or AC B, or BC A. Assume
that each x € E is in some set A € F, and let k : F — Z, be non-negative
weights on the sets of the family F. Then M = (E,Z) is a laminar matroid,

where

IT={XCE:|XNA|l <Ek(A), VAe F}.
Notice that laminar matroids generalize partition matroids, which in turn (as
mentioned above) generalize uniform matroids.
Example 2.1.9. Gammoid: Let G = (V, E) be a graph and let S, T C V.
Then, the pair M = (E,T) where
I ={X CS: there exist | X| node-disjoint paths from X to T}

15 a matroid, and it 1s called a gammoid.

Transversal matroids can be seen as a particular case of gammoids. Indeed,
given a bipartite graph G = (AU B, E), consider the gammoid defined on G
by taking S = A and T = B, i.e., M = (A, Z) where

Z={X C A: there exist | X| node-disjoint paths from X to B}.

Given that G is a bipartite graph with bipartition A U B we can rewrite the

independent sets as

Z = {X CA: there exist |X| node-disjoint paths from X to B}

= {X C A: there exist | X| node-disjoint edges from X to B}
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= {X C A: X is covered by some matching M }.

It follows that the gammoid M defined this way is just the transversal matroid

on the bipartite graph G = (AU B, F) with ground set A.

We have seen so far that transversal matroids are particular examples of both
gammoids and matching matroids. Also, that laminar matroids generalize
partition matroids, which in turn generalize uniform matroids. We summarize
these relations in the diagram below, where an arrow from A to B means that
A generalizes B (or equivalently, that B is a particular case of A).

Laminar
Gammoid Matching

Partition

Transversal

W

Uniform

We conclude this section by showing a couple of examples of pairs (F,Z) that

are not matroids.

Example 2.1.10. Let G = (V,E) be a graph and consider the pair M =
(E,T) where T = {F C E : F is a matching in G}. 1t is easy to see that
aziom (I11) is satisfied since any subset of a matching is also a matching.
However, M is not a matroid in general since aziom (12) does not necessarily
hold. To see this take a graph on four nodes, i.e., V. = {1,2,3,4}, and let
X ={(2,3)} and Y = {(1,2),(3,4)} (see picture below). It is clear that both
X and 'Y are matchings, but there is no edge of Y that can be added to X and

still have a matching.
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B

0RO
Example 2.1.11. Let D = (V,A) be a directed graph and consider I =
{F C A : F has no directed cycles}. Then, M = (A,Z) is not a matroid
in general. For instance, let G be the complete graph on four nodes, and let
X = {(1,2),(2,3), (3.4)} and ¥ = {(2,1), (3,2), (4,3), (4, 1)} (see picture be-

low). It is easy to check that there is no arc e in'Y — X such that X +e € Z,

i.e., such that X + e has no directed cycles.

<
Q Y: —
) .o

@.‘

2.2 Rank function

The rank function of a matroid M = (E,Z), denoted by either r(-) or ra(-),
is defined as a function r : 2 — Z, such that r(X) = max{|U| : U C X, U €
Z}. This is, the rank of a set of elements X C E, denoted by 7(X), is the size
of a maximal independent subset of X. The rank of the matroid M is defined
to be the rank of all of £. We now describe the rank function of some of the

examples of matroids mentioned in Section 2.1.
Matroid restriction: Let M = (E,Z) be a matroid and consider the restric-

tion M|y for some set U C E. Then the rank function of M|y is that of M

restricted to subsets of U, i.e., 7pq, (S) = rm(S) for all S C U.
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Linear Matroid: Let M be a linear matroid defined from a matrix A. Then
the rank of a set X C FE corresponds to the rank of the matrix Ax in the

linear algebra sense (i.e., number of linearly independent columns).

Partition Matroid: The rank function of a partition matroid M = (E,Z)

withZ ={X C E:|XNE;| <k Vi€ [m]} is given by
r(X) =) min{|X N Ej|, k;}.
i=1

Graphic matroid: Let M = (E,Z) be a graphic matroid defined on a graph
G = (V, E) with |V| = n. Then, the rank function of M is given by

T<X) =n- k<V7X)7
where k(V,X) denotes the number of connected components of the graph
induced by X.

There is a strong relationship between matroids and submodularity. The next
two propositions show that the rank function of a matroid is submodular, and

that in fact, matroids can be defined in terms of rank functions.

Proposition 2.2.1. Let r be the rank function of some matroid M = (E,T).

Then r satisfies the following:
LLVXCE, 0<r(X)<|X]
2. r is monotone, i.e., VX C VY, r(X) < r(Y).
3. ris submodular, i.e., VXY CE, r(X)+7rY) >r(XUY)+r(XNY).

Proof. The first two properties follow straightforward from the definition of

rank function. Proving submodularity requires some work.
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Consider X,Y C FE, and let J be a maximum independent set in X NY, i.e.,
|J| = r(X NY). Extend J to a maximum independent set in X and call it

Jx. Finally, extend Jx to a maximum independent set Jxy in X UY.

Now, notice that since J was a maximum independent set in X NY, we can
only add elements of X —Y to grow Jy. Hence, Jy — Y = Jx — J. In the
same way, given that Jy is a maximum independent set in X, we can only add
elements of Y — X to grow Jyy. It follows that Jxy NY = Jxy — (Jx = Y),

and using the fact that Jx —Y = Jx — J we get Jxy NY = Jxy — (Jx — J).

Thus,
r(X)+rY) > |Jx|[+][Jxy NY] (r(Y) > |Jxy NY])
= x|+ Jxy = (Jx = J)
= x|+ Ixy| = Jx[ + |J] (J € Jx € Jxy)
= |Jxy|+1J]
= r(XUY)+rXnY)
and the submodularity of r follows. O

Proposition 2.2.2. Let r : 28 — 7Z_, be a monotone submodular function
satisfying 0 < r(X) < |X|, VX C E. Then r defines a matroid on E by
setting

T={ICE:rI)=|I|}.

Proof. We check that axioms (I1) and (I2) hold for the set family Z. Let Y € 7
and X C Y. Since Y € Z, we know that r(Y) = |Y|. Also, by assumption
we have that 7(X) < |X|. Assume 7(X) < |X]|, i.e., X ¢ Z. Then, from the

submodularity of » we have
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r(Y) = r(XU(Y - X))
< r(X)+rY - X)—r( XN - X))
< |X|+|Y = X|—1r(0)

= Y],

contradicting the fact that 7(Y) = |Y|. Hence r(X) = |X| and X € 7.

Now, consider X,Y € Z with |Y'| > | X]|. Since X,Y € Z, we know that r(X) =
|X| and r(Y) = |Y|. Assume that there is no element e € Y — X such that
X+eeZ ie,VeeY —X wehave r(X +e) < |X +e| =|X|+1. Enumerate
the elements of Y — X as {ey, ..., ex }, and notice that by the submodularity of

r we have

r(X+e)—r(X) > r(X+e +e)—r(X+e)

v

r((X U{er,ex}) +e3) —r(X U{e,e})

v

v

r(XU{eq,....,ex1}) +ex) —r(XU{ey,....,ex1})

Y

r(Y)—r(XU{e,...,ex_1}).

Since | X| = r(X) < r(X+e1) < |X|+1, we have that r(X+e;) = | X| = r(X),
and hence r(X + e;) — r(X) = 0. Moreover, from the monotonicity of r we

know that r(Y) — r(X U {e,...,ex_1}) > 0. It follows that

0 = r(X+e)—r(X)

= r(X+e +e)—r(X+e)

— ’I“(Y) — T(X U {61, ---,ek—l})-
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Hence,
r(Y)=r(XU{e,....,ex1}) = ... =r(X +¢1) =r(X) = |X]|,

contradicting the fact that r(Y) = |Y| > | X]|.

Thus, there must exist some element e € Y — X such that r(X +e) = | X +¢],
ie., X +e € Z. It follows that the set family Z satisfies axiom (I2) and this

completes the proof. [

The above two propositions imply our next theorem [26], which gives a full

characterization of rank functions.

Theorem 2.2.1. A function r : 28 — Z. is the rank function of a matroid

if and only if r is a monotone submodular function satisfying 0 < r(X) <

IX|, VX C E.

2.3 Geometric representation of matroids of small rank

Matroids of small rank (e.g., 2,3 or 4) can be represented geometrically. In
such diagrams the elements of the ground set F are represented as points

following these basic rules:

(1) A dependent element is marked in a single inset.

(2) Two elements that form a circuit are represented by touching points.
(3) If three elements form a circuit, the corresponding points are collinear.
(4) If four elements form a circuit, the corresponding points are coplanar.

In such representations, the lines need not be straight and the planes may be

twisted. Let us start with a simple example to show how rules (1)-(2)-(3) from
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above are applied.

Example 2.3.1. Let M = (E,T) be the linear matroid induced by the matriz

A:[100111.
{01001J

In this case we can explicitly write all the independent sets of M. Indeed,

given B =1{1,2,3,4,5} we have that

T ={0,{1},{2}, {4}, {5}, {1, 2}, {1,5},{2,4},{2,5}, {4, 5} }.

Notice that M is a matroid of rank 2. Following the above rules we get that

the geometric representation of M s given by the following diagram,

1
2 5
, @ & 0,
4

Now we present some examples of important matroids of rank 3 that are usu-

ally described through their geometric representations.

Example 2.3.2. The Fano matroid, usually denoted by F, is a matroid on

a ground set of 7 elements which has the following representation

The line {1,2,3} is represented in the diagram by a circle. All sets of cardi-
nality 3 are independent, except those corresponding to a line in the diagram.

The Fano plane has several nice properties. For instance, every point is on
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exactly three 3-point lines and every line has exactly three points. The rank
of the matroid is 3, since the set {5,6,7} is independent (i.e., 5,6, and 7 are
not collinear), but all sets of cardinality 4 are dependent (all the points in the
diagram are coplanar). The Fano matroid is a special case of matroids arising

from projective planes.

Example 2.3.3. The non-Fano matroid is obtained from the Fano matroid
by deleting the line {1,2,3}. It is usually denoted by F, and its geometric

representation is given by

Example 2.3.4. Another important matroid that arises from the Fano plane

1s Pr, which can be represented as

P

The next examples are geometric representations of matroids of rank 4.

Example 2.3.5. The matroid Pg can be represented geometrically as
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Example 2.3.6. The Escher matroid has the following geometric represen-

tation [4],

Example 2.3.7. The following representation
3 6
5
2
4
1

corresponds to the graphic matroid M(G), where the graph G is given by

Indeed, from the diagram we see that the only dependent subsets of E with fewer
than five elements are the three planes {1,2,4,5}, {1,3,4,6} and {2,3,5,6}.
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Notice that we do not have any dependent set of size 3 since there are no three

collinear points in the representation.

2.4 Matroid optimization

In this section we consider the fundamental problem of finding an independent
set of maximum weight. Notice that this generalizes optimization problems
associated with each of our matroid examples, most notably perhaps graphic
matroids, where the underlying optimization problem is to find a maximum
spanning tree. We show that the classical greedy algorithm solves this problem,

and that in fact, the greedy algorithm characterizes matroids.

Assume we are given a matroid M = (E,Z) and weights w : E — R. The

greedy algorithm is defined as follows,

Greedy Algorithm for the maximum weight independent set prob-

lem:

Order E = {ey,...,e,} so that w(e;) > w(ez) > ... > w(en) > 0> w(emi1) >
o> w(ey)
S:=10

fori=1tomdo

IfS+e €7 then S:=85+e¢;
end for

output S

Theorem 2.4.1. Let M = (E,Z) be such that T is non-empty and it satisfies

axiom (11) from Definition 2.1.1. Then, M is a matroid if and only if the
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greedy algorithm finds an independent set of mazximum weight for each weight

function w : E — R.

Proof. (=) Let S = {s1,..., s} be the output of the greedy algorithm, and
assume T' = {ty, ..., t;} is an independent set of larger weight. WLOG, assume
w(sy) > w(sz) > ... > w(sg) and w(ty) > w(tz) > ... > w(t;). Then, since
S L w(s;) < SO, w(t;), there is at least one index 7 such that w(t;) > w(s;),
or w(t;) > 0 and i > k. Let iy be the smallest such index. It follows that
{81,y Sig—1} is a basis of A = {s1,...,Sig—1,t1, .., i } (1€, {S1,..0,8i-1} €T
and r(A) = ig — 1), since otherwise the greedy algorithm would have chosen
an element from ty,...,t;, as s;,. But {t1,...,t;,} is a larger independent set

contained in A. Thus, we get a contradiction and the implication follows.

(<) Assume M is not a matroid, i.e., there exist sets X,Y € Z such that
Y| >|X|andVee Y — X, X +e ¢ Z. Let k= |X| and consider the weights
given by

(

k+2, ecX

wle)=Sk+1, ecY —X-

0, otherwise
\

Then the greedy algorithm outputs a set S O X with w(S) = w(X) = k(k+2),
while w(Y) = (k+1)- Y| > (k+ 1)(k+ 1) > k(k + 2). Hence, the greedy

algorithm does not output the optimal solution and we get a contradiction. []

2.5 Matroid intersection

In this section we define the intersection of two matroids and we study its

properties.
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Definition 2.5.1. Given two matroids My = (E,I;) and My = (E,I,) on a
common ground set we define their intersection as My N My = (E, Iy N 1,),
where Iy N Iy denotes the collection of all sets that are independent in both

matroids.

Matroid intersection captures several optimization problems.

Example 2.5.1. Bipartite matching. Let G = (AU B, E) be a bipartite
undirected graph. Notice that the edges can be partitioned as E = [, 4 0(v)
and as E = |§,.50(v). Hence, we can define partition matroids as follows:
Let My = (E,Zy) where ; = {X C E : | X Ndw)| <1, Yo € A}, and
My = (E,Iy) where T, = {X C E: | X Nd(v)| <1, Yo € B}. Notice that a
set I C F is independent in My N My, i.e., I € Ty N1y, if and only if I is a

matching.

The above example shows that the intersection of two matroids is not neces-
sarily a matroid, since in Example 2.1.10 we showed that matchings (in both

general graphs and bipartite graphs) are not a matroid in general.

Definition 2.5.2. Given a digraph D = (V, A) and a special root node r € V,
an r-arborescence is a spanning tree (in the underlying undirected graph) di-

rected away from r.

Example 2.5.2. Arborescences. Let D = (V, A) be a digraph and r € V.
Consider the matroids My = (A,Z;) = M(D) and My = (A, Zy) where

XNé (w)| <L, Vv#r
IQZ{XQA;| (v)] < # }

IXNd(r) <0
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Then we have that I € Zy N Zy if and only if I induces a forest on V,
IINé(r)) =0, and [I N6~ (v)] < 1 for all v # r. It follows that I C A

is an r-arborescence if and only if I € Ty NIy and |I| = |V| — 1.

Example 2.5.3. Orientations on graphs. Assume we are given an undi-
rected graph G = (V, E) and targets d(v) € Z, for each v € V such that
Y owev dv) = |E|. Can we orient the edges of G to get a digraph where
each vertex v has in-degree (i.e., |0~ (v)|) d(v)? We can use matroid inter-
section to answer this question. First, create a digraph D = (V,E*) where
E? = ,pep{(u,v), (v,u)}. Notice that E* can also be partitioned as E* =
W,ev 05(v).  Consider the partition matroids My = (E®, ;) and My =

(E?, 1) given by
T, ={X CE*: | Xn{(u,v),(v,u)} <1, Vuv € E}

and

L,={XCFE*:|XNn§ (v)| <d(v), Vv eV}

Then an orientation satisfying the above condition exists if and only if Ty N1,

contains an element of size |E)|.

Example 2.5.4. Colourful Spanning Trees. Assume we are given a graph
G = (V,E) and every edge has a colour from [p]. Let E; denote the set
of edges of colour ©. Then we can partition the edges of the graph as E =
| E;. We are interested in finding a multi-coloured spanning tree, i.e., one
whose edges have all different colours. This problem can be approached using
matroid intersection by letting My = M(G) and My be a partition matroid

with partition E\, ..., E, and coefficients k; = 1 for all j € [p]. Then, it is
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clear that a multi-coloured spanning tree exists if and only if Iy N Zy contains

an element of size |V| — 1.

The above examples motivate the problem of finding a common independent
set of maximum cardinality. Since matroid intersection is not necessarily a
matroid, the greedy algorithm cannot be used to solve this problem. In this
section we discuss an algorithm due to Edmonds which finds such a com-
mon independent set in polynomial time. At each step, the algorithm takes a
common independent set I, and either ouputs a common independent set J
satisfying |J| = |I| + 1, or certifies correctly that I is a common independent
set of maximum cardinality. Before stating the actual algorithm we need some

definitions and partial results.
Definition 2.5.3. Let M = (E,Z) be a matroid and I € Z. We define the
exchange graph of I in M, denoted by Dpy(1), as a digraph D = (E, A) where

A={(z,y):xel,ye E-I1,1 —ax+y eI}

Similarly, for two matroids M; = (E,Z;) and My = (E,Z,), and a common
independent set [ € Z; N Z,, we define the exchange graph of I in My N M,

as a directed graph D = (E, A) such that
A={(y,2):yel,ze E-I,I-y+z € T)}U{(z,y) cy € I,z € E—I,I—y+z € T,}.

This graph is usually denoted by Da, am,(I). Notice that both Day(I) and
Dy m, (1) are directed bipartite graphs with bipartitions I and E — I. The
exchange graph of a matroid M has some interesting properties. For instance,

Brualdi [3] showed the following:
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Lemma 2.5.1. Let M be a matroid, and let I,.J be two independent sets in
M such that |I| = |J|. Then Dy (I) has a perfect matching on IAJ.

Krogdahl [19, 18, 20] gave the following counterpart to Lemma 2.5.1.

Lemma 2.5.2. Let M = (E,Z) be a matroid. Let I € T and J C E such that
|I| = |J|. If Dpm(I) has a unique perfect matching on IAJ, then J € T.

This implies the following result.

Corollary 2.5.1. Let M = (E,T) be a matroid and I € Z. Let J C E be
such that |J| = |I|, rpm(IUJ) = |I], and Dap(I) has a unique perfect matching

on INJ. Then, for any e ¢ I U J such that I + e € T we have J +e € T.

Proof. Let s ¢ I UJ be such that I + s € Z. Denote by N the unique perfect
matching on IAJ in the digraph D (). Let ¢t be a new element and consider

the matroid given by M" = (E + t,Z') where
T ={ICE+t:I—teT}
We claim that Dy (I + t) has a unique perfect matching on (IAJ) + {s,t}.
To see this it is enough to show that (see picture below):
(1) There are no arcs from ¢ to J — I.
(2) There is an arc from ¢ to s.

Since then N + {(t, s)} is the unique perfect matching on (IAJ) + {s,t} in

Dy (I +1t).
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To show (1) assume that there is an arc from t to some e € J — I. Then by
definition of exchange graph we have that (I +t) —t+e€Z' ie, [+e€ .
It follows that I +e—t € Z. But I +e—tis just [ +e. Hence, since [ +e € Z
and I +e C [ UJ we have that (I UJ) > |I|, contradicting our assumption
of rp(IUJ) = |I|. To see condition (2) notice that I + s € Z, and therefore

(I+s)+t €Z'. Inparticular ([ +t)—t+s € Z’, so (t, s) is an arc in Dy (1 +1).

Hence D (I +1t) has a unique perfect matching on (IAJ)+ {s,t}. Moreover,
since [+t € ' and | +t| = |J + s/, it follows by Lemma 2.5.2 that J+s € 7'.
Thus, J+s—t=J+sel. n

These two last results are useful when proving the correctness of the matroid
intersection algorithm. We now show an easy upper bound on the size of a

common independent set.

Claim 2.5.1. Let My = (E,Z,) and My = (E,I,) be two matroids with rank

functions r1 and ro respectively. Then

max |I| < minr(U) +ro(E —U).
I€LNT, UCE

42



Proof. Take an arbitrary I € ZyNZ; and U C E. From the hereditary property
of matroids we have that INU € Z; and I — U € Z,. Also, since INU C U
and I — U C E — U, we have that [INU| < r(U) and [ —U| < ry(E —U)

respectively. It follows that

(| =|INU|+ I -U|<rU)+r(E-U).

Since the sets [ and U were chosen arbitrarily from Z; NZ; and E respectively,

the result follows. ]

We see at the end of this section that in fact Claim 2.5.1 holds with equality.
This result is known as the Matroid Intersection Theorem, and is due to Ed-

monds [6].

Corollary 2.5.2. Let M; = (E,I;) and My = (E,1y) be two matroids with
rank functions r1 and ro respectively. Let I € I; NIy and assume |I| =
r(U) +ro(E —U) for some U C E. Then I is a common independent set of

mazimum cardinality.

Proof. 1t follows directly from Claim 2.5.1. [

We now present the matroid intersection algorithm and then verify its correct-

ness. We appeal to these arguments in Chapter 3.

Edmonds’ Matroid Intersection algorithm

I+ 0

While I not maximal
Construct Dy, m, (1)
Xi{zeE-1:1+2€1}
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Xo{z€eE—-1:1+z2€ly}
Let P be a shortest X;-Xo dipath in Dy, a, (1)
if P is not empty then
I« IAV(P)
end if
end while
output 1

We show the correctness of the algorithm in the following two lemmas.
Lemma 2.5.3. If there is no X1-Xs dipath in Dy, pm,(1) = (E, A), then I is

a common independent set of maximum cardinality.

Proof. If X; = (0 or X5 = (), then I is already a base of M; or M, and hence
a maximum size common independent set. So assume X; # () and Xy # ().
Let U be the set of nodes that can reach Xy in Dy am, (), ie., a node x
belongs to U if there exists a dipath P = zvy...ut in Dy, aq, (1) with ¢ € Xo.
By construction of U we have that Xo C U and ¢~ (U) = (). Moreover, since
there is no X;-X, dipath in Dy, a, (1) we have that X; NU = (). We claim

that the following two conditions hold:

(1) r(U) < |INU]|.

2) ro(E —U) < |I - UJ.

To show (1) assume that r1(U) > [I N U|. In this case, there exists some ele-
ment z € U — (I NU) such that (INU)+ z € Z;. Moreover, since X; NU =)
we have that z ¢ X; and hence I + z ¢ Z;. Now, since (INU) + z € Z; and

I+ 2z ¢ 7,, there must exist an element y € I —U such that I —y+2z € Z;. But

then (y,z) € A with y ¢ U and z € U, contradicting the fact that 6~ (U) = 0.
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Condition (2) is proved in a similar way. Assume ro(E — U) > |I — U|.
Then there exists an element z € (E—U) — (I —U) such that (I —U)+z € I.
Moreover, since Xy C U it follows that z ¢ X5, and hence I + z ¢ Z,. Again,
given that (I —U) + 2z € Iy and I + z ¢ I,, there must exist an element
y € INU such that I —y+ 2z € Z,. But then (2,y) € Awith 2 ¢ U and y € U,

contradicting the fact that 6~ (U) = (. Combining (1) and (2) we get
[I|=[INU|+|I-=U|>r(U)+ry(E—-U). (2.1)
It follows from Claim 2.5.1 that
[I| =ri(U) +ro(E—U),

and thus by Corollary 2.5.2 we have that I is a common independent set of

maximum cardinality. O

Lemma 2.5.4. Let P be a shortest X;-Xo dipath in Dy pmy,(L). Then, J =

IAV(P) belongs to Ty N Iy, where V(P) is the set of nodes of the dipath P.

Proof. Let P = zoyi21...y:2: be a shortest X;-X, dipath in Dy, a, (1), and
let J =1—{yr,...,ut} + {#1,..., 2} (see picture below). Then |J| = |I|
and the arcs from {y;,...,y:} to {z1,..., 2} form the only perfect matching
on IAJ in Dy, (1), since otherwise P would have a shortcut and this would
contradict our assumption of P being a shortest dipath. It follows from Lemma
2.5.2 that J € Z;. Moreover, z; ¢ X; for all i > 1, since otherwise P’ =
2iYiy1---Yrze would be a shorter X;-X, dipath. Hence, I + z; ¢ Z; for i > 1,
and this implies r1(I U J) = r(I) = |I| = |J|. Finally, since zp € X; we

have that I + zy € Z;, and by Corollary 2.5.1 it follows that J + zy € Z;.
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Thus, I — {y1,..,y:} + {20,...,2¢} = [AV(P) € Z;. By symmetry we have
that IAV(P) € Z,, and the lemma follows.

I E—-1
G s
T
q
W—1

/A

|4

]

Clearly, the running time of the algorithm is polynomially bounded, since we

can construct Dug, am,(I) and find the path P in polynomial time. Thus:

Theorem 2.5.1. Given two matroids, a mazximum size common independent

set can be found in polynomaial time.

To conclude this section, notice that Equation (2.1) in Lemma 2.5.3 proves the
other direction for the inequality in Claim 2.5.1. Hence, the min-max result

follows with equality.

Theorem 2.5.2. [Matroid Intersection Theorem] Let My = (E,Zy) and My =
(E,Zy) be two matroids with rank functions r1 and ro respectively. Then the

size of a largest common independet set is given by

minry(U) +ro(E —U).

UCE
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2.6 Matroid union

Definition 2.6.1. Given matroids My = (F1,Z4), ..., My = (Ex,Z), we de-

fine their union as My V ..V My = (E1U...U Ex, Iy V ... V I},) where

V. VI, = {Il U.Ulg: 1 €Xly,. I € Ik}

We show that unlike matroid intersection, matroid union generates a matroid.

We first need the following theorem due to Nash-Williams [23].

Theorem 2.6.1. Let M' = (E',T') be a matroid with rank function ', and
let f: E — E. Forany set U C E' let f(U) = {f(s) : s € U}. Then
M = (E,I) is a matroid where T = {f(I') : I' € T'}. Moreover, the rank

function of M is given by

r(U) = min([U = S| +7'(f71(9)))-

SCU

Proof. 1t follows from the definition that Z is non-empty and closed under
taking subsets. To see that the greedy property holds let XY € Z with
Y| > |X|. Choose sets X',Y' € I’ such that f(X') = X, f(Y') =Y,
| X'| = |X]|, |Y'| = |Y]|, and | X’ NY’| is as large as possible. By the greedy
property of M’ there exists e € Y’ — X’ such that X’ + e € Z'. Notice that
fle) ¢ f(X'), since otherwise we would have that f(e) = f(s) for some s € X',
and we could increase | X’ NY’| by replacing X’ by X' — s + e (contradicting
our assumption). It follows that f(e) € f(Y') — f(X') and f(X') + f(e) € Z,
ie., fe) e Y — X and X + f(e) € Z. Hence M is a matroid.

To derive the rank function of M, fix U C E and let U’ = f~%(U). Then

notice that the rank of U can be written as
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r(U) = max{|[|:[€Z,] CU} (2.2)
= max{|[I: ' € T f(I) C UL F(I) = |I')

= max{|l'|: I'eZ, ' CU, f(I') = |I'|}.
Define a partition matroid P = (E',Z") with
T'={I'CE:|I'nfs)|<1VseUl|l'Nnf'(s)=0Vs¢ U}
Observe that the rank function of P is given by

rp(S)=He€U:f ()N S #0}].

In particular, we have that I’ € Z" if and only if I’ C U’ and |f(I")| = |I'|. It

follows from (2.2) that

r(U)= max |['|= max |I'].
I'ez’nz” I'ez’'nz”
rey

Moreover, from the Matroid Intersection Theorem (Theorem 2.5.2) we have

Ilg}ag(z”|l| = é15/11g1[r]1/7“(S)+7“7>(U—S)

rey’
a1 ~177 _
= minr’(f7(S) +rp(f7 (U - 5))

= min/’'(f7(8) +|U - 3],

where the second equality follows from the fact that it is optimal to have S’ of
the form f~1(9) for some S C U. Indeed, if S’ C U’ is such that S’ # f~1(.9)
for all S C U, defining S = U' — f~Y(f(U' - 8")) = f~Y(U — f(U' — S")) gives

a new set satisfying:

(i) S € ', and hence 7/(S) < 7/(S").
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(ii) rp(U' — S) = rp(U’ — S’). This follows from the definition of rp and the
fact that U’ — S = f=1(f(U' — S")).

(iii) S = f71(S) for S=U — f(U' - 9"). O

Theorem 2.6.2. [Matroid Union Theorem/| Let My = (E1,Z;),..., My =
(Ex, Zx) be matroids with rank functions rq, ...,y respectively. Then My V ...V
M. is again a matroid, with rank function given by
k
r(U) = min[|U — S| + ;msm E))).
Proof. For i = 1,...,k let M, = (El,Z!) be a copy of M; with F1, ..., E}
disjoint. Then trivially M| V..VM} = (E{U..UE},Z|V...VZ},) is a matroid,

" (U N E}), where r denotes the

1=1"1

with rank function given by ' (U) = >
rank function of M. Now consider the function f : E{U...UE] — E1U...UE}
that sends a copy s € E! to its original in F;. Then, by Theorem 2.6.1 we

know that M = (Ey U...U E,Z) is a matroid, where
I=A{fI):I'eZyVv..VI.}.
Moreover, M = M; V ...V M, and hence M; V ... V M}, is a matroid.
From Theorem 2.6.1 we know that the rank of M is given by
r(U) = min[lU = S| +'(f7(S))]

Notice that the rank of M) V ... V M can be written in terms of f as

k k
r(U) =3 riWUNE) =3 rilf(U)NEy),
Hence,
k k
r'(f7H(9)) = Zn(f(f’l(S)) NE;) = Zn(S N E:),
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and the formula for the rank follows. O]

Applying the Matroid Union Theorem to a single matroid gives the following

interesting results.

Corollary 2.6.1. Let M = (E,Z) be a matroid with rank function r, and let
k € Z,. Then the mazimum cardinality of the union of k independent sets of

M is equal to

rUnc_lg[]E— Ul+k-rU).

Proof. It follows from Theorem 2.6.2 by taking M; = ... = M, = M. m

Given a matroid M = (E,Z) and an integer k € Z,, we denote by Mk =
(E,T*) the matroid union M; V ... V. M}, where M; = ... = M, = M.

Corollary 2.6.2. Let M = (E,Z) be a matroid with rank function r, and let
k € Z.. Then the ground set E can be covered by k independent sets if and
only if k-r(U) > |U|, YU C E.

Proof. The ground set E can be covered by k independent sets if and only if
there is a union of k independent sets of size | E|, i.e., if there is an independent
set in MF of size |E|. By Corollary 2.6.1 we know that this happens if and
only if

min[|E - U[+k-r(U)] 2 |E].

It follows that

UmQI%HE —Ul+k-r(U)]

v

B

AVARE =

|E—U|+k-r(U) |E|, VU C E
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)
k-r(U) > |U|,VUCE.

]

Similarly, we have the following result for the maximum number of disjoint

bases in a matroid due to Edmonds [7].

Corollary 2.6.3. Let M = (E,Z) be a matroid with rank function r, and let

k € Z,. Then there exist k disjoint bases if and only if
k(r(E) —r(U)) < |E - U], VU C E.

Proof. The matroid M has k disjoint bases if and only if the maximum size
of the union of k independent sets is k - r(F). We know from Corollary 2.6.1

that this happens if and only if

|E—-Ul+k-r(U)] >k -r(E).

min
UCE

It follows that

rUngi%[|E—U|+k‘-r(U)] > k-r(E)
)
\E—-Ul+k-r(U) > k-r(E),VUCE
]
|[E—-U| > k(r(E)—rU)), VUCE
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2.7 DMatroid intersection polytope

To conclude this chapter we introduce the notions of independent set poly-
tope and matroid intersection polytope, and we mention two important char-
acterizations due to Edmonds. We first need some concepts from polyhedral

combinatorics.

A convex combination of x,y € R™ is any vector of the form Ax+(1—\)y, where
A € [0,1]. A vector x € R" is a convex combination of vectors z!, ..., 2% € R™ if
there exist nonnegative Ay, ..., Ay such that Zie[k] N =1and z = Zie[k] P
A set X C R" is convex if it is closed under convex combinations. An extreme
point of a convex set X is any point x € X which is not a convex combination
of other points in X distinct from x. The convex hull of an arbitrary set of
points X C R" is the set
conv(X) = {Z Nt 0 S C X, [S] < o0, N > OW,Z)V =1}
ziesS i

A polytope is any set which is the convex hull of finitely many points, i.e., it is
a set of the form conv(X) where X is finite. The extreme points of a polytope
are called vertices. A half-space is any set of the form {z : a’x < ~} where
a is a nonzero vector in R” and v € R. A set P is a polyhedron in R™ if it is
the intersection of finitely many half-spaces, i.e., P = {x : Az < b} for some
m X n matrix A and b € R™. Given P C R", we say that F' is a face of P if

there is a € R™ and v € R such that
F={reP:a"r=7}, y=max{a"z:2¢€ P}.

We call F' a facet of P if ' is a maximal (inclusion-wise) face of P distinct

from P.
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Given a ground set E, we define the incidence vector of a set I C FE as

X' €{0,1}F where x! =1lifee land x! =0ife ¢ I.

Definition 2.7.1. Let M = (E,I) be a matroid and let X = {x' : I € T}.

The independent set polytope of M is defined as Py = conv(X).

Edmonds gave a complete characterization of Py, by showing that Py, = P

where

P:{NRE: z(U) <r(U),YU C E }

e >0, Vee E

Moreover, given two matroids M; = (F,Z;) and My = (E,Z,), Edmonds
[6] also proved that the intersection of the independent set polytopes of M;
and M, gives exactly the convex hull of the common independent sets, i.e.,

P./Vl1 ﬂPM2 = PM1QM2 where
Py, = conv({x' : I € T, N T,}).

It follows that

z(U)<r(U),VUCFE
Priinm, = {-TEREi z(U) <ry(U),YVUCE -
e >0, Vee E

We refer to Pug,nm, as the matroid intersection polytope.
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CHAPTER 3
The matroid common colouring problem

3.1 Introduction

We say that a matroid M = (E,Z) is k-colourable if there exists a partition
C1,Cs, ..., Cy, of E such that C; € T for every i € {1,..,k}. We call such a

partition a k-colouring of M, and we call the sets C; the colour classes of M.

Given two matroids M; = (F,Z;) and My = (E,Z,) with rank functions
r1 and ry respectively, we define a function ry5 : 28 — Z, where 715(U) =
max{|X| : X C U, X € 7, NIy}. That is, r15(U) is the size of the largest
common independent set contained in U. It follows from the definition that
r12 < min{ry, 7 }. For any two matroids My = (F,Z;) and My = (F,Z,) we

also define:
x; = the smallest integer k£ such that M; is k-colourable.

k1o = max{x1, x2} (i.e. the smallest integer k such that both matroids M,

and M, are k-colourable).
x12 = the smallest integer k such that there exists a partition C, Cs, ..., C of
E with C,L € Il ﬂIQ for every 1€ {1, .y /{}}

Ul
7‘12(U) :

CUE = mangE
wiz = [wi,].

We sometimes refer to 12 as the common colouring number of My and My,
or just the common colouring number when there is no ambiguity. In this

chapter we consider the problem of finding x5 for two general matroids. We
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are interested in both the complexity of the problem, as well as in finding
good approximations (if not the exact value) for yio. We start by showing

some simple bounds for the common colouring number.

Claim 3.1.1. k12 S X12 S k%Q

Proof. Observe that x; < x12 for ¢ = 1,2 since any colouring for M; N M is
also a colouring for M;. It follows that yio > max{x1, x2} = ki12. To see the
second inequality, let X7, Xo, ..., Xj,, and Y7, Y, ..., Yy, be k-colourings for M,
and M, respectively. Then, X; NYy, X1 NYs, ..., Xi NYy,, XoNYy, .o, Xipy N
Y1, ooy Xiyp N Yiy, 18 a k¥y-colouring for My N My, where X; NY; € Ty NI,

follows from the hereditary property of matroids. Hence yio < ki,. O

Claim 3.1.2. wiy < x12.

Proof. Let U C E, and denote by Y, the common colouring number of the

|U]
ri2(U)

matroids M|y and Ms|y. It is clear that < x% < x12. Now the
inequality follows by taking the maximum with respect to sets U C E in the

left hand side and the fact that x5 € Z,.. O

3.2 The greedy algorithm

In this section we discuss the performance of a greedy algorithm for the com-
mon colouring problem. At each step the algorithm packs a largest common
colour class available, i.e., a maximum common independent set available.
Notice that we can find such colour class in polynomial time thanks to the
matroid intersection algorithm due to Edmonds. The following algorithm
works in O(logn) rounds, where each round will use at most wyy common

independent sets.
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The greedy algorithm for common colouring

U+ FE

k<1
while U # ()
find a maximum size common independent set C; in (M7 N Ms)|y
U+U-CG;
if | Ui, G5 > B
then
VeV = (UL C))
S+ S+{Cy,Cy,...,C}
by <1
140
k< k+1
end if
1 1+1
end while

output S
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Claim 3.2.1. In the above greedy algorithm we have b; < wyo < x12 for every

1> 1.

Proof. The second inequality follows from Claim 3.1.2. To see the first inequal-
ity, let b = b; for some 7. If b = 1 we are done. Otherwise, we must have that
Z?: C5| < |2ﬂ and 2?:1 |C;] > |—¥| Denote by U’ the set of remaining un-

coloured elements after packing the colour class Cy_q, ie., U =V — (U?;%C’j).

Then,
b—1 b—1 b—1 b—1
U] = V] =>1C51 > 2> 1G5 = > IC1 =D 1. (3.1)
j=1 j=1 j=1 j=1

Also, by the greediness of the algorithm we have
|C;| > 112(U’) for each j € {1,2,...,b— 1}. (3.2)

By combining (3.1) and (3.2) we get |U’| > Z?; |C;| > (b—1)-112(U’). Hence,

| |A
< ma;

b—1< < )
Tlg(U/) o I/I\lgé{ Tlg(A) = @2
Finally, since both b and w5 are integers it follows that b < wys. O

Corollary 3.2.1. The greedy algorithm finds a common colouring of size

O(wy2 - logn).

Proof. In each round the algorithm colours at least half of the remaining un-
coloured elements. Hence, the algorithm runs in O(logn) rounds. Moreover,
from the above claim we know that the algorithm uses at most w;s common
colour classes in each round. It follows that the greedy algorithm outputs a

common colouring of size O(wy2 - logn). O
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3.3 A linear programming approach

Note that x;2 is the solution to the minimization (covering) problem

min ZIeImb x(I)
st S o.2()>1 Yee E, (3.3)
x(I)€{0,1} VI eI, NI.

We define x7, to be the solution to the linear program relaxation for the integer

program above, i.e.,

Xiz = min 21621012 z (1)
st Y o.a()>1 Ve E, (3.4)

Notice that by linear programming duality we have

*

Xiz = max . .cpyle)
st y(I) =2 yle) <1 VIE€Ti NI, (3.5)
yle) >0 Vee E.

We refer to xi, as the common fractional colouring number or just as the
fractional colouring number of My N My. Similarly, we can see y; and ys as
the solutions to minimization integer programs, and we can define xj and x5

to be solutions to the respective linear programs relaxations.

Claim 3.3.1. max{x?, x5} < xis-

Proof. Any fractional colouring of M; N M, is also a fractional colouring of

both M; and M. Thus, xj, > X7 and X}, > x5. O
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We see later that very interestingly, Claim 3.3.1 holds with equality. Before
stating the main result of this section we need the following definition.
Definition 3.3.1. For a polyhedron P of R", its antiblocking polyhedron A(P)
15 defined by

AP)={yeR": 2"y <1, Vo € P}.

Theorem 3.3.1. For any two matroids My = (E,Zy) and My = (E,I,) we

have X35 = wis.

Proof. Let us see first that xj, > wj,. Clearly, it is enough to show that
Xig > % for all U C E. From (3.4) we know that Xi, = > 7 7, ¥(I) for

some vector y satisfying Y7 o y(I)x' > x”. Therefore,

17 <170 ) whxh).

IeT\NZs

But 17x® = |E| and

O wxh) = D yHa"h

I1eT1NIy I€el1NIy

= > oyl

IeT NIy
< ra(B) Y y()
IeT NIy
= 112(E) - XJa-
|E|

7‘12(E) :

Hence, xjy > Now, for every U C FE, let us denote by xj,|v the
fractional colouring number of (M;NMs)|y (i.e., Xis|v is defined in the same

way as X7, but changing the ground set from E to U). Then

U]
7“12((])7

XT2 > XT2|U >

where the last inequality follows from the above argument by changing the

ground set from F to U. Thus, xj, > wis.
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To see the other direction let us denote the matroid intersection polytope
by Puynm,. We saw in the previous chapter that the matroid intersection

polytope can be written [6] as

Puiom, = conv{x':1€ZT,NT,}
= {x>0:2(U) <r(U),z(U) <ry(U),YU C E}

= {z>0:2(U) <min{r(U),r(U)}, YU C E}

>0: min{ﬁ(U),Tg(U)}x(U) <1, VU C E}

U

) X T,
- (min{rl(U),Tg(U)}) <1 Wbl

Notice that we defined the common fractional colouring number (3.5) as

X]p = max 1Ty

st. yeP

where P = {y > 0: y(I) < 1,VI € Z; N Z,}. Moreover, observe that we can

write the polytope P as

P = {y>0:y(I)<1,VI € Iy NT,}
= {y>0:> g <1VIeL,NL}
ecl

= {y>0: 9" <1LVI€T,NT,)}

= {y>0:y"2 <1,Vz € Pryrnns -

Hence, P = P}, ~ar,, Where Py, 1, denotes the antiblocking polyhedron of

PMIQMQ. ThUS,
X, = max 1Ty

st Y€ Py,
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It is known [24] that the facets of Py(,~a, correspond to the maximal vertices
of Piynn,- It follows that the optimal solution of the above linear program

is attained at a vertex corresponding to some facet of Py,~aq,. Hence,

Xi, = max 1Ty = max 1Ta

st ¥ € Piam, s.t.  aTx <1 induces a facet of Py,

But we know that the facets of Py, are induced by a’z < 1 with a €

U .
{m U g E} Hence,

* _ T xU _ U]
X1z = max 1 (min{rl(U),'rz(U)}) = MaX o 0O} '
s.t. UCEFE s.t. UCFE

Given that r12(U) < min{r(U),r2(U)}, it follows that

. U] _ o]
X12 = max max

VS min{r (U), ra(U)} = UCE rp(U) 12

O
Theorem 3.3.1 leads to a number of interesting results.
vl _ Ul
Corollary 3.3.1. maxycg @) = MAXUCE mrr ) )]
Proof. Tt follows directly from Theorem 3.3.1. [
Corollary 3.3.2. xi, = max{x}, x5}
Proof. From Theorem 3.3.1 we have
Xi2 = mMax Ul = max{max Yl , Max ﬂ} = max{x7, X5}
vee min{r(U),ro(U)} UcE r1(U)" UCE ro(U)
O
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We find this last result very interesting and perhaps surprising, since in prin-
ciple there is no obvious reason why there should not be any gap between the
common fractional colouring and the maximum of the single fractional colour-

ings.

Corollary 3.3.3. Let M be a matroid. Then X = wiy-

Proof. 1t follows from Theorem 3.3.1 by taking M = M; = M. O
Lemma 3.3.1. Let M be a matroid. Then xpm = [Xu]-

Proof. Since xy > X3y we need to show that xp — Xy < 1. In order to
do this we will show that for any integer b such that M is not b-colourable

we have x’3, > b. Then, since y is the smallest integer b such that M is

b-colourable, it follows that xj > xm — 1.

Let b € Z, such that M is not b-colourable. By matroid union we know that

rave(E) < |E|. Also, by using the rank formula

e (U) = gngllr}\E— S|+0b-rm(9),

we get |E| > ryp(E) =|E — S|+ b-rpm(S) for some set S C E. Hence,

po lELZIE=S|_ Is| _ oWl L
rm(S) rm(S) T UCE rpq(U) M A
where the last equality follows from Corollary 3.3.3. [

Lemma 3.3.2. [x},] = k12

Proof. Recall that k1o = max{x1, x2}. Let us show first that k5 > x%,. From

Theorem 3.3.1 we know

. U] U] U]
X1z = mMax = max{max ,max

vceE minf{r(U), r(U)} UCE r1(U) UCE 15(U)

1.
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Moreover, since x; > x; = maxycpg ‘( it follows that

U U
k12 = max{xi, xo} > max{max el , max ] = Xt

UCE r1(U)" UCE ro(U)

Hence, k12 > x75. Now, WLOG assume that x; > x2. It follows that k1o = x1.

Since k12 > X7 = X7, we have
0<Fkiz—Xi2<ke—Xi=x1—xi <1,

where the last inequality follows from Lemma 3.3.1. Since kj, is an integer,

we must have [xi,| = k2. O

Corollary 3.3.4. k12 = W12.

Proof. Tt follows directly from Theorem 3.3.1 and Lemma 3.3.2. O]

3.4 A 3-matroid intersection approach for common colouring

Let My = (E,Z;) and My = (E,7,) be two matroids on a common ground
set £ = {eq,...,e,}. Let E; = {el ,62 ,...,eff)} be disjoint copies of £ with
1<i<k,and ' = E; U E>, U---U Ej,. We define the projection f : B — E

such that f(egi)) =ejforl1<j<mnandl<i<k.

Consider the matroid M} = (E',Z}), where a set I C E’ is independent if
and only if f(INE;) € Z; for i = 1,...,k (i.e., M/ is the matroid union
of k disjoint copies of M;). We define M}, = (E’,Z}) in the same way for
M. Let Ty = (E',Zr) be the partition matroid on E’ with partitions P, =

6(11)7652), ...,egk)}, P, = {65,,1),6%2), ...,egc)}, and capacities 1, i.e., a set I C
E’ is independent in 7y if and only if | N P;| < 1 for i € [n]. Observe that for

each set I € Zr we have |f(I)| = |I|. The figure below shows this construction.
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In this setting, there exists a common k-colouring of M; and M, if and only

if max rezinzynz, 1| = |E|. Indeed, if we can find such a set I we immediately
have that f(INE}), ..., f(INE}) is a common k-colouring. Adding the partition

constraints (i.e. T) to the intersection is key, otherwise we trivially have that

max |I| =k max |I|,
I€TiNT; IelynIs

since we can take k disjoint copies of a largest common independent set of
M and M,. However, while the problem of finding the maximum common
independent set for two matroids is solvable in polynomial time (matroid in-
tersection algorithm), it is known that it becomes NP-Hard to find such a set

when we are dealing with three or more matroids.

Theorem 3.4.1. It is NP-Hard to find a mazximum cardinality common inde-

pendent set for three matroids.

Proof. We reduce a general instance of the Hamiltonian path problem (which
is known to be NP-Hard) to our problem. Given a digraph D = (V, A) and
two nodes s,t € V, the Hamiltonian path problem consists of finding an s-t
dipath that visits each node exactly once. We construct three matroids as

follows: Let M; = (A,Z;) be the graphic matroid on D, i.e., M; = M(D).
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Let My = (A, Z,) be the partition matroid given by

O(v)NF| <1, Vv #s
@—{FQA:|() | < # }

6-(s) N F| =0

and M3 = (A,Z3) the partition matroid given by

OT()NF| <1, Vv #t
@:{FQA:|() | < # }

5T NF| =0

That is, a set F© C A is independent in M, if each node has at most one
incoming arc in this set (except s that has none), and independent in M3 if
each node has at most one outgoing arc in this set (except ¢ which has none).
It follows that F C A is a common independent set of M7, My and M3 if and
only if F'is the union of node disjoint dipaths with one of them starting at s
and one ending at ¢. Hence, there exists a Hamiltonian path in D from s to ¢
if and only if
max |I|=|V]| -1

I1€eT1NIaNIs

[]

However, our 3-matroid intersection is a really special case since Ty is very
simple, so it is not immediate that finding a maximum cardinality common
independent set for M} N M, N Ty is NP-Hard. From now on we try to make
use of the special structure of 7, and we try to find a modified version of
the matroid intersection algorithm for M} N Mj that takes into account the
partition constraints from 7. The setting would be the following: At a given
step we have a set of some coloured elements C' € Z] N Z), and a set of the
remaining uncoloured elements that we denote by U (i.e. U = E — C). We
say that C' is feasible if it does not contain two copies of the same element of

E, ie., if |f(C)| = |C|. Our goal is to run some sort of matroid intersection
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algorithm with bipartitions C' and U in a way that the set C remains feasible
at each step of the algorithm. In other words, we want to find a shortest X;-X5
augmenting path in Dy nag (C) such that after doing the augmentation our
new set of coloured elements (which has one more element than the previous

one) remains feasible.

U
O
\

7{) Xi={z€U:C+ze1j}
Xo={z€U:C+2z€eT}}
\

O

Q@ °

D pgopm, (C)

Q

We consider the following approach: If ez(j ) € C for some i € {1,...,n} and
U]

%

j € {1,...,k}, we say that the elements e

(g

7

are constrained for all [ # j.
Otherwise, we say that the elements e ) are free for all j € {1,...,k}. Clearly,
we can only add a constrained element to C' if we take out its copy in the same

step. We can add any free element to C' as long as we do not add two copies

of the same element at the same time.

Let P be a X;-X, path in the exchange digraph Dy nag (C). We say that
P is feasible if it does not have any shortcuts and if it satisfies the following
two conditions: (1) If a constrained element belongs to the path, then its copy
from C' must also belong to the path, and (2) The path cannot contain two
free elements that are a copy of the same element (this can also be written as
|f(PNU)| = |PNUJ). If we can find such a path, the analysis for the ma-
troid intersection algorithm guarantees that the corresponding augmentation
would lead to a larger common independent set, while constraints (1) and (2)

guarantee that the new set C' remains feasible. It follows that the existence of
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such a path is a sufficient condition for having a valid augmentation of C. We
believe it would be very interesting to show whether this condition is necessary

as well, i.e., if our current set C' is not optimal then such a path must exist.

We are also interested in the complexity of finding such a path. In the next
chapter we consider this problem in a more general setting and show that it
is NP-Hard in this general setting. However, the nice properties of matroids
and the special structure of the exchange digraph D g (C) do not allow

us to determine if the path problem defined above is also NP-Hard.

3.5 SBO matroids and the common colouring problem

In this section we introduce two special types of matroids: strongly base or-
derable and weakly base orderable matroids. We will see that the common
colouring problem can be solved exactly when the two matroids in the inter-

section are strongly base orderable [5].

Definition 3.5.1. A matroid is strongly base orderable (abbreviated SBO) if
for any two bases By and By there is a bijection f : By — Bs with the property
that By — X + f(X) is a base for any X C By.

Notice that from the definition it follows that By + X — f(X) is also a base
for any X C By, since Bo+ X — f(X) =B —Y+f(Y) withY = Bi— X C B;.

Definition 3.5.2. A matroid is weakly base orderable (abbreviated WBO) if

for any two bases there is a bijection f : By — By with the property that

By — e+ f(e) and By — f(e) + e are bases for any e € B;.
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It is clear from the definitions that every strongly base orderable matroid is
weakly base orderable. Uniform matroids, gammoids, Py, and transversal ma-
troids are SBO, while Py is WBO but not SBO. M(Kjy), i.e., the graphic
matroid on the complete graph on four nodes, is not WBO. We prove this last

result since it is going to be useful later in this section.

Claim 3.5.1. M(K,) is not weakly base orderable.

Proof. Let us denote the ground set E as follows

and let By and By be the following bases of M (K})

€1

B €5 €4 €6 €2 B,

€3

We show that there is no bijection f : By — By such that By — e+ f(e) and
By — f(e) + e are bases for any e € B;. Let us start by deciding the image for
e1, i.e., f(e1). We have three different possibilities for this, either f(e;) = eq,
or f(e1) = ey, or f(e1) = eg. Notice that f(e1) cannot be eq, since By —e; + €2
has a cycle, i.e., By — e; + €5 is not independent anymore. In the same way,
we cannot define f(e;) as e4 since By — e4 + €1 has a cycle. Hence, the only

possible image for e; is eg (it is easy to check that both By — e; + eg and
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By — eg + e are acyclic). Next, we decide the image for e3. We have two
different possibilites, either f(e3) = es or f(e3) = e4. But observe that none of
these are feasible since both By — e; + e3 and By — e3 + e4 have cycles. Hence,

M(K,) is not weakly base orderable. O

Davies and McDiarmid [5] showed the following interesting result regarding
the colouring number of the intersection of two strongly base orderable ma-

troids.

Theorem 3.5.1. Let My = (E,Zy) and My = (E,Zy) be two SBO matroids

on a common ground set. Then x12 = kia.

Proof. Let Xy, ..., Xk,, be a colouring of M; and Y7, ..., Yy, be a colouring of
M, which maximize 7% | X; N Y;|. If this sum equals |E| (i.e., X; = Y; for
i € [k12]) we are done, since then Xj, ...., Xj,, is a colouring of M; N My and
hence x12 = kig; 50 assume S.72 |X; NY;| < |E|. Let i € [kyy] be such that
X; #Y;, and WLOG assume that X; —Y; # (). Then we can find i # j € [kq2]
such that Y; N X; # (). Extend the colour classes X;, X; to bases C;, C; of M,

and the colour classes Y, Y] to bases D;, D; of Mj respectively.

Xi

Given that both M; and M, are strongly base orderable, we can find a bi-

jection f : C; = C; satisfying that (C; — X) U f(X) is a base of M for any
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X C C;, and a bijection g : D; — D; such that (D; — X) U ¢g(X) is a base of
M, for any X C D;. Now consider the graph G on the set of nodes £ whose
edges are given by {(e, f(e)) : e € C;)} U{(e,g(e)) : e € D;}. Notice that
the sets of edges {(e, f(e)) : e € C;)} and {(e, g(e)) : e € D;} can be seen as
two matchings, since f and g are bijections from Cj, D; to C;, D; respectively.
Hence, the set of edges of GG is given by the union of two matchings and thus

G is a bipartite graph. Let S UT be its bipartition.

Let I be an independent set in the graph G (i.e., there is no edge between any
two nodes in I) that is contained in X; U X;. We claim that I € 7y, i.e., I is
independent in M;. To see this, let J := f~1(INX;). Then, by definition of f
we have that C; — J+ f(J) € 7y, and since I C X; — J+ f(J) C C; — J+ f(J)
it follows that I € Z;. In the same way, if [ is an independent set in the graph
G that is contained in Y;UYj, then I is independent in Mj. The picture below

depicts this argument.

I = green nodes
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Now define X; = SN (X; U Xj), X; =TnN(X;UXj), and similarly for Y/, Y.
By the above observation, we know that X;, X} € 7; and Y/, Y] € Z,. Also,

notice that X; U X} = X; U X; and Y/ U Y] =Y; UY;. We claim that

| XiNY/ |+ [X;NY]| > [XinYy| +]X;nY.

To see this let e € X; NY;, then either e € Sore € T. If e € S, we have that
e € X;and e € Y/, and hence e € X;NY/. If e € T, a similar argument shows
that e € X;NY]. In the same way, for each element e € X; NY; we have that

either e € X/ NY/ or e € X;NY]. Thus,

XIAY|+ XN > X0 Y+ X N Yl

However, we picked ¢ and j such that X;NY; # 0. Let e € X;NY; and observe
that e ¢ (X; NY;) U (X; NY;). Moreover, we have that either e € X/ NY] or

e € X;NY], depending on whether e € S or e € T respectively. It follows that
XAV + X, 0 Y]] > XYl 4 X 0 Y]

but this contradicts the maximality of >, [ Xi N Y.

Thus, we can can find colourings X7, ..., X,, of M; and Y, ..., Y},, of My such
that >y, [ X0 NY)| = |E] and the theorem follows. O

A natural question is whether the converse holds, i.e., if we have two matroids
My and My such that xi;2 = ki, are the matroids necessarily SBO? The
answer is no. In fact, we cannot even guarantee that the matroids are WBO.
A simple example is to take M(Ky) and Usg. It is easy to check that both
matroids are 2-colourable, i.e., k12 = 2. Moreover, notice that M(K4)NUsg =
M(K,), since every subset of cardinality at most 3 is independent in Us g, and

M(K,) has rank 3 (i.e., every independent set of M(K}) is also independent
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in Usg). It follows that the intersection is 2-colourable, i.e., x12 = 2. However,

as shown in Claim 3.5.1, M(K}) is not weakly base orderable.

Another natural question is whether we can adapt the above argument to
two WBO matroids, or one SBO and one WBO. The answer to this is that
we do not know. The SBO condition is key in the above proof to show that

X;, X}, Y/, and Y] are independent sets of M; and M respectively.
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CHAPTER 4
The directed path with partition constraints problem and
applications

4.1 The problem

Recall that in the previous chapter we considered the problem of finding what
we called a feasible path in the exchange graph Dy nag(C). Such a path
would automatically lead to a valid augmentation of the current common in-
dependent set C' € M} NM,. Moreover, there were some partition constraints
(encoded in the matroid 7;) guaranteeing that the sets f(CNE}), ..., f(CNEy)
were pairwise disjoint and independent in both M; and M. Our goal was to
get a good approximation of a common k-colouring of M; and M, by finding

a good approximation of maxcer;zynz, |C]-

In this chapter we study a problem that arises naturally from the setting dis-
cussed above. Given a digraph D = (V, A) with a source node s, a sink ¢, and
a partition Ay, ..., Ay of V' — {s,t}, find an s-t dipath that contains at most
one node from each set A;. We denote this problem by DPPC (Directed Path
with Partition Constraints). Note that some of the sets A; can be singletons.
Also, WLOG we can assume that the sets A; are stable sets. After writing this
thesis we found out that this problem generalizes the path avoiding forbidden
pairs (PAFP) problem, first studied by Krause et al. [17] and shown to be
NP-Hard by Gabow et al. [11]. In this chapter we give an alternative hardness

proof for the DPPC problem and mention some applications.

Lemma 4.1.1. The DPPC problem is NP-Complete.
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Proof. Given a digraph D with two (not necessarily distinct) sources s1, $3 and
two (not necessarily distinct) sinks 1, to, it is known that the problem of find-
ing s1-t; and s»-to node disjoint dipaths is NP-Complete (Fortune, Hopcroft,
and Wyllie [8]). We reduce a general instance of this problem to the DPPC

problem.

Given a digraph D = (V, A) with sources s, o, and sinks t1, 5, we create an
instance of DPPC as follows: Create two disjoint copies of D, call them D,
and Dy. Denote by vf the node in D; which is a copy of v; € V in D. Delete
sy and t} from Dy, and s? and ¢ from D,. Add an arc from ¢] to s3. Call this
new digraph D’ = (V' A’). Finally, for each node v; € V' — {s1, 59, 11,12}, let

A; :={v},v?}. The picture belows depicts this construction.

1771
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Now, consider an instance of DPPC with digraph D', source s}, sink #3, and
a partition Ay, ..., Ay of V' — {s},13}. Then, notice that any si-t2 dipath will
first follow a dipath P, from s} to ¢] in Dy, then use the arc (¢1, s3), and finally
follow a dipath P, from s2 to t2 in D,. Moreover, our partition constraints
guarantee that we use at most one node from each pair {v},v?}. Hence, P

and P, will denote s1-t; and ss-t5 node disjoint dipaths in our original digraph

D. ]
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Observe that from a general instance of DPPC we can get a bipartite instance
by just subdividing each arc and assigning the new node arbitrarily to any of
the two sets A; that the original arc was visiting. Hence, we have the following
result.

Corollary 4.1.1. DPPC is NP-Complete for bipartite digraphs.

4.2 Applications
4.2.1 The perfect matching with partition constraints problem

Given an instance of DPPC with a bipartite digraph D = (V U U, A), source
s € V,sink t € V| and a partition Ay, ..., Ay of (V UU) — {s,t}, we create an

undirected bipartite graph using an idea due to Edmonds as follows:

Let VT = {st tT v, .. v} and V™ := {s7,¢t7, v, ...,v, } be two copies of
V,and UT :={uf,...,u; '} and U~ := {uy,...,u; } be two copies of U. Delete
t* from VT and s~ from V. For every arc uv € A add an (undirected) edge
between u* and v~. In addition, we add edges between v and v; for all
i € [n], and between u; and u; for all i € [[]. Denote by E the set of edges
of this new graph. Then it is easy to see that the graph Bp = (VT UUT)U
(V-UU™), E) is bipartite. Moreover, for each A; = {u;,, ..., u;,,v;,, ..., v, } We
define A} := {u;, u;,...,u} ,u; ), v5 .05 v; b The figure below shows

the construction of Bp.
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We consider the problem of finding a perfect matching M on Bp such that
|M No(AL)| < 2 for all i € [k]. We denote this problem by PMPC (Perfect

Matching with Partition Constraints).

Lemma 4.2.1. A perfect matching M as above exists if and only if there is a

feasible s-t dipath in D for the DPPC problem.

Proof. First, assume that such an s-t dipath P exists. Denote this path by
SUj, Vj, Uiy Vjy V5, U, t. Then, we get a perfect matching M on Bp by first tak-
ing {(s*,u;), (v}, v;), (V) ug)s o (0w ), (uf,27) ). Next, for each node
u; that has not been matched yet take the edge (u;,u; ), and for each node
v} that has not been matched yet take the edge (v;",v; ). It is easy to check
that this indeed gives a perfect matching M. Moreover, since P is a solution

to the DPPC problem, we must have that M satisfies |M N §(A})| < 2 for all
i € [kl

Now, assume that we have a perfect matching M on Bp satisfying |M N
d(AL)| <2 for all i € [k]. We get a feasible s-t dipath P for DPPC as follows:

First, delete from M the edges of the form (u;,u; ) and (v;",v;). After doing

1
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this, we are left with a set of edges of the form

{(s7u), (w,v), (V) ugy), s (v g ), (g 27) 3

We claim that sug,vj,ui,v;,...v5,_u,t is a feasible s-t dipath P for DPPC.
The fact that su;vj wi,v),...v;,_ u;,t is an s-t dipath in D follows from the

construction of Bp and the fact that

{(s7,uy), (u,v5), (0], ugy), e (’U;-;il,u,;), (ui 1)} C E.

To see feasibility with respect to the partition sets Ay, ..., Ag, notice that | M N
d(Aj)| < 2for all i € [£] if and only if su;, v u;,v;,...0;,_, u;,t contains at most

one node from each A;. O

Corollary 4.2.1. The perfect matching problem with partition constraints is

NP-Complete.
Proof. This follows from Corollary 4.1.1 and Lemma 4.2.1. [

4.2.2 The maximum integral flow problem is NP-Hard for trees
with edge capacities 1 and 2

This result was first proved by Garg-Vazirani-Yannakakis in [12], by reducing
the three-dimensional matching problem to the maximum integral flow prob-
lem. Here we give a different proof of this result by making use of the hardness

result for PMPC (Corollary 4.2.1).

Let B = (V, E) be an instance of the perfect matching problem with partition
constraints described above, with B a bipartite (undirected) graph. We have
seen that this problem is NP-Complete. We construct a tree Ty of height 2 as

follows:

7



The nodes at level 1 are labelled: 1,2, ..., k, s,t. Each node i € [k] has as chil-
dren the elements of the set A;. Thus, there are k + 2 nodes in the first level
and |V| — 2 in the second level. Edges (r,4) have capacity 2 for every i € [k].
All other edges have unit capacity. The figure below depicts the construction

of the tree.

For each edge (u,v) € E where u has a “+” label and v has a “~” label, we

add a source-sink pair (u,v). NP-Hardness now follows from:

Claim 4.2.1. The graph B has a perfect matching M satisfying |M N§(A;)| <

2 for alli € [k] if and only if T has an integral flow of %' units.

Proof. Assume M is a perfect matching on B satisfying |[M NJ§(A;)| < 2 for all

i € [k]. For every edge in M of the form (v;", v; ), we route a unit flow for the

source-sink pair (v;",v;"). After doing this, we must be left with a set of edges

17

in M of the form {(s*,v;), (vif,v;,), - (v, v ), (v #7)}. For each of these

119 Yo ip—17 Tip

edges (u,v) we route a unit flow for the source-sink pair (u,v). Now, since M
satisfies |[M NJ(A;)| < 2 for all i € [k], it follows that the integral flow defined
above is feasible with respect to the edge capacities of the tree Tg. Moreover,
V]

it is a 551 units flow since M is a perfect matching on B, i.e. |M| =

Wi
2 2

Conversely, assume T has an integral flow of |21| units. We get a perfect

matching M on B as follows: for each source-sink pair (u,v) routed by the
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flow (note that there must be ‘—g' of these pairs), add the edge (u,v) to M.
To see that the condition |M N §(A;)| < 2 holds for every i € [k], notice that
the edge (r,7) has capacity 2 for each ¢ € [k]. Hence, for each iy € [k] we can

have at most two source-sink pairs with exactly one element being a child of

7,-0. Thus, |Mﬂ§<Azo)| S 2. ]
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