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Abstact

This thesis consists of three chapters. Chapter I ferves as an
introduction to the subject of invariants in Lie algebra theory; it also

constitutes a‘bridge ﬁetween the two remaining chapters. In chapter II,' q\\vf
\ N
a theorem on the number of independent missing label operatofs along with
; .

* 1its proof is discussed. It is proven that, if there are n missing labels,

then there are 2n missing label operators for semi-simple Lie algebras.

hl Ey

The proof 1s,supplement%§ by éxamples which extend the validity of the

theorem to the non semi-simple case. Chaﬁter II1 is devoted to the
' 4
clasgification of the conjugacy classes of the subalgebras of the simi-

(3

lisude algebra into isomorphism classes, and‘’to the determination qf the

-

. invariants for each representative algebra of the conjugacy classes.

These results are summarized in tables. . -
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Resune
. - . Sesume . ‘

Cette these est ‘divise'e en trois chapitres. Le premier introduit

la notion, d' invariant dans la théorie d' algébre de L’ie, et rélie le |
¢ .

{ . L

1
- , t
continu des deux %}}ier chapitres. Un théoreme sur le nombre d' operateurs

" P4 \ \
étiquettes manquants indépendants et sa preuve font 1' objet du deuxiéme

, g 1’ ’ 0
chapitre ou ‘est Rrouve que s' 11 existe un nombre "n'" d' étiquettes manquants

.

celui de- leurs operateurs est '"2n" pour les qlg?abre de Lie semi-simple;
+ Y L]
en plus quelque examples montrent la validité du théoreme pour le cds non
semi-simple. Enfin le '“troisi?ame chapitre se consacre 5 la classii}cation
- .

des classes de conjugaison des sous algébre de 1' algébre de similitude

. en classes isomorphigjues, et ila détemin;’ison des invariants pour chadue
- + - /. l

f 4 7 L4
alg‘ebre repre:'Sentatif des classes de conjugaison. ‘S\es resultats sont tabules

, N %
a la*fin du troisieme chapitre. ; ’
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,Statement of Original Contribution to Knowledge.

: X
\ , 1.. The t'he‘orem on t:hc;_ number of ,indepehdent missing‘label operators)
and its’ proof ‘are original, and ha’ire already appear?d in the Journal
Fa of Mathematical Physics Vol. 17”/(/Ju1y) ; in joint,author‘ship ::ith ",
' | R T. Sharp. ' /‘ o -

, b Y
‘ 2. The classification of the co‘n{ugacy classes of the subalgebras of the
similitude algebra into isoyéi)rphis'm classes, and the detergination of
f

, . the invariants also, repres/ént new knowledge. These, too, were prepared

for publication in a resd‘érch journal.
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" operators, after the man who first used them to demonstrate that any

CHAPTER I

’ / > \
- FOREWORD g
- ’ * ‘

: : . . !
The concept of an invariant, in the jontext of'a Lie algebra, first
3 » . - .
- A} . » . B . at
arose as what is now known as the centralizer of the universal enveloping '

« "

‘ 1

algebra of thé Lie algebra. That is, it was defined as a homogenebus h

-
> [

polynomial on the algebra, whose Lie product with rany element of the algebra
is zero. This concept ‘proved extremely fruitful in the representation theory

of semi-simplé Lie algebras. These polynomials are referred to as Casimir1

Tepresentation ofa {gi@i—simple Lie algebra which is reducible is also fully
redudible.’ RaEahz, later showed that the eigenvalues of the Casimir operators
label uniq{iely the irreducible representations (irreps) of the algeﬁra.

This notion is most familiar to the physicist via angular fmomentum theory, or

1

equivalently through the algebra SO(3)». Let J ,J

1’72’
components of the angular momentum operator; or the basis elements ofeSO(S)."

and J3 be the three

It is well known, that the abstract representation vectors for a matrix

representation of 'S0(3) are given by the ket Ij,j3> where j(js) is the
. ™~
eigenvalue of J2 2 Jf + Jg + Jg(Js); J2 being the Casimir operator in this

ks
case. The specific irreducible subspaces of the representation space is

11

selected by the value of j, while j3 distinguishes among the different basis
vectors within the sxlxb‘Space. This example illustrates the substance of —) J
representation theory; at the same time, it providgs an example of Racah's,
theorem, referred to in the‘above}. However, due to its simplicity, tl?e\ . —H
;omplications that arise in the more general situatioms [do not appear here.

Proceeding directly to 'the general case, let L be an arbitrary semi-

simple l{ie algebra of dimension r and of rank £ . Then, L has'a basis \

3
E
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cordsisting of the £ basis £&leménts of the Cartaw. subalgebra denoted by

~
I
g

P

; Hi’ i=1,2,3,..:,£ and (r-£)/2 pairs of lqdder operatorleia. Tbﬁ qommutaﬁor;
» . - . B L
(Lie products) with respect to this basis are
’ ! \
' [H.,H.§ = 0 [H.,E ] = a,.E oo
i i’V a, « ,
f J J , Jd aJ o,
1. 1 -
(\, | = 1 -
. \ [Ea’EB] NaB Ea+B where %-f B is a non zero root 1)
&~ 1
‘k - > L
3 2 14 " - v‘ o
E ,E = a. H.
[n“ ol 121 J 1 '
o - \ ’ .

and -all others are zero. Since L has rank £ it has £ algebraically independent,
: Y {
’ Casimir invariantss. A matrix representation of the algebra is obtained”when
\
the action of the r basis elements of the algebra on the representation vectors

is distinctly specified. Let J denote the eigenvalues of the £ Casimir

operators and M denote the eigenvalues of the £ elements of the basis of the

o

Cartan subalgebra. Then consider the matrix element

¢ !

\ _ CIMJAlIMY Y Y AEL /
) \ g . -
) / It is evident from (1) that the matrix elements of the Cartan subalgebra

basis elements and 2 £ ladder operafors4‘are uniquely determined by the £ ;

\
components of M. Hence an additional (r-3£)/2 labels are required to distinguish
: \

the remaining (r-3£)/2 pairs of ladder opérators. This is commonly referred
\ -

to as the internal missing label problem.
‘ 3

- &~

More generally, it occurs whenever the irreps of an algebra are reduced

| to the irreps of its subélgeﬁ?as, and the subalgebras do not provide enough

labels to specify the irreps of the algebra unambiguously.

3

In the above case,, the Cartan subalgebra, was used as the reduction subalgebra
i ' \

J...20L is
n

( (denoted by L D H). A canonical reduction L D Li oL

7

2° L3
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adccomplished whenever, -the Casimir operators of L along with the Casimir

o ;"

operators of all the subalgebras featured in the reduction chain form a
complete sct. In other words, the’eigenvalues of all the Casimir operators

are sufficient to label uniquely the basis vectors for the irreps of the

1

algebra. The Gel'fand-Tseitlin patterns5 explicitly show the existence of
such a reduction for all classical Lie algebra;:; with the exception of Sp(2n)

where no such reduction exists. In particular, for SU(n), the reduction is

T vy ,
] VoA

SU(N) D S[U(n-1) ®%(1)] D S{U(n-2) ® uuj]/:...
f > s[u(1) & u(l)...u(n)].

However, these reductions far from™eliminate the missing label problem.
\ f
In the application of group-theoretic methods to physical problems, the

, . . o ¥ .
subalgebras appearing in the reduction are often specified by the particular
8 AN

problem Qnder considerationt For example, consider the algebra SU(3). 1If
it is applied to hadron physics, then the most convenient reduction is
SUéS) D S{u(2) ® U(1)] where the SU(2) irreps are used to label the igospin
staées, and the U(1) labels the hypercharge states. .The reduction is ,

canonical and is fully e;téblished in the arsenal of particle physicists.
| \
While, in the application of SU(3) to nuclear physics, as the symmetry
- /‘ . ' " " ‘5
algebra, of the three dimensional isotropic oscillator, the appropriate

reduction is SU(3) D SO(3), where SO(3) provides the ‘angular momentum label

for the statesv This reduction is not canonical, and in f%ct has :one missing

i
-

label. More will be -said on the number of missing labels- later.

The decomposition of direct products of the irreps of an algebra

.into the irfeps of that algebra, known as the external labeling problem, can

be reformulated into an internal labeling problem via the redugtion L @ LDL.
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!

(As in the case of the internal labeling problem for SO(3), the external
labeling problem is straightforward in this case. However,

SU(3) @ SU(3) @ SU(3) has one missing label. ) Whenever an irrep of the

algebra occurs more than once for a partlculgr direct product decomposition, '

—

a missing label problem results.

» )

These examples should have well stressed the importance of the missing
{ . . . . . x < 1 .
label problem in both practical applications and theoretical c0n51derat%ons.
A\

The missing label problem can'be restated as a degeneracy problem for the
. I
vectors of the irreps; a formulation that has been quite fruitful.

¥ t

Several methods have been proposed to remove this degeneracy for

specific cases. These methods can be divided into two categories. The

first category consists of adjoining to the other labels integer—\}alued

labels chosgn in_prescribed ways()’?’g’g. These solutioris, however,'do not-

produce orthogonal basis vectors; npr can the labels be associated with the
, .

eigenyalugs of any lineaar operators acting on the representation space.

This type of solution suffers from the dlsadvantage,/ that the missingglabels

cannot be made to correspond to observables as the remalnmg labels can.

The other more physical approach is based on completing the set of
algebi‘a and subalgebra invariants with additional operators, so that the
representation vectors will appear unambiguously as the eigenvectors of this

N %

6’10’11’12. A minor inconvenience regsults from R:;u:afh's13 proof

completed set
that the missing label operators cannot have integer eigenvalues, These
missing label operators must be gubalgebra fnvariants, since all subalgebra

irreducible subspaces must all correspond to t{e same eigenvalues of the

.
' '

‘'missing label operators; if t'hey are in fact to 1ift the degeneracies. Each

of these operators must also provide an independent label, and so must

x 6\

. A
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themselves be functionally.indep®ndent from the rest of the invariants.
Y P ;

1

The missing label ‘problem has been solved in detail for various semi-simple

-12 A

al gcbra-subélgebras reduccti0n57 In particular SU(3)} > SO(3) has.béen

studied in detai1l by Moshins:ky et a16, in which both approaches are considered.
* Al

{ v
The number of missiny labels is

»

(rg- E’g“ Ty - Lh)/,z | |

.3

¢

Where rg(rh) is the dimension of the algebra (subalgebra), and while Zg(lih)

is the rank of the algebra (subalgebra). This formula is discussed in more

»

detail in chapter II..
A survey of the literature, on the missigg label operators, will
quickly reveal that the number of available such ope}ators is always twice ©
- ° g

the number required. It tugrns out that this confjecture is indeed a theorem

and constitutes the.subject matter of chapter IF, which was originally

o

written as a research paper in collaboration with R.T.- Sharp. The paper has

!
4

already appeared in the Journal of Mathematical Physics Vol. 17 (July).

- Thus far, only one aspect of the many uses of ipvariant operators

has been considered. Invariant operators play an illuminating and often

0
14,15,16

essential role‘’in speciral function theory Many, and possibly all of

the special functions occur as eigenfunctions of invariants. This approach to
special function theory, not only facilitates calculations, but also unifies

and edifies the entire theory into a consistent and elegant structure. In

physics, invariant operators of symmetry algebras can be used to yield
~y 1

appropriate quantum numbers for, the system. In many instances, the eigenvectors

and eigenvalues of the invariants will completely characterize the system

- . <
ice.: the invariants of 0(4) will yield the energy and angular momentum

v | h

} ¥

o
7’2-‘"
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quantum numbers for the hydrogen atom, while the invariapts of the Poincaré
algebra will yield the mass and spin quantum numbers, used to definc a

relativistic particle. In the case of dynamical symmetries, invariant

operatgrs provide mass formulae as in hadron physics and éhgggy spectra as

in the hydrogen atom, and etc. lSubalgebra invariants can be used to describe
specific features of the system,“su!& as angular momentum, isospin, spin,

charge states and etc. Invariant operators can also be useful in the study

The idealized or first order approximation might

J

of symmetry breaking.

suggest a particular symmetry algebra and may allow for the representation

' °

of a physical quantity by an algebra invariant? Howi;pr, second order

> corrections will usually break or reduce the symmetry algebra to one of its

subalgebras. This effect can be 1incorporated by adding to the representation
oé the physical quantity a term dependent on the subalgebra invariants.

It is appropriate to notice here, that al}hough the concept of invariagt

. p

was first introduced as a Casimir operator, it is inadequate as it stand§.\
For there are non semi-simple\Lie algebras which do not possess any Casimir
operators, but do, however, permit the existence of an invariantk‘ The
invariant is defined as any operator function on the Lie algebra such that

~

its commutator with any clement of the algebra is zero. The name is well
suited, because the function will be left invariant under the a;tion of the
group which corresponds to the algebra in question, and because they share \\/f
many of the important properties of the Casimir operators. ‘A fuller discussion
of these invariants appears in chapter II and chaptér IT1.

A systematic study of algebra-subalgebra structures, along with their

respective invariants will furnish useful information whick can be incorporated

in the construction of physical theories.

Such, a .study has been undertaken
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by J. Patera, R.T. Sharp, P, WinternigZ and H. Zaésﬁziaus at the University

oé Montreal. They developed a methodtforqobtain}ng all the conjugacy’

classes of subalgebras for a given Lie algebra with non trivial idéa117.

(The case of simple Lie algebras had already been treatedls). Their '

9,2

researches a}é summarized in a string of papers1 0; in which they applied
the method to various algebras of interest in physics. One of these papers20
was hevoted to the study of the similitude algebra of space-time. The
similitude\group is defined as the set of all non-singular éonstant
transformations on'space-time which leave the |Lorentz metric form invariant.

Let SG denote the siqilitude group, then . ¢ ’

1x4

%z (he v, aer™/ df X sh(AX)+ 3 then (dsn)? = nPws)?, neRr’)

“~

/;i 2 2% 2 2
where (ds)” = (dxl) + (dxz) +(dx3) - (dxo) . Alternatively, the group can
]
be defined componentwise by

-

"..“_%‘ l X =hA X + a ~
. u HV V. u

where h is the dilatation (scale) ‘transformation, Auv represent the matrix

components of the homogeneous Lorentz transformations, and the au's represent

-

the space-time translations. It is clear then, that the similitude algebra
¢ t
is of dimension 11 and has the strudture

DO (SL(2,0) OT,)

-

where D is the scale operator, SL(2,C) is a realization of the Lorentz algebra,

3

and T, is the four dimensional abelian algebra of 'the translations; by O \

the semi-direct product of algebras is to be understood.

F3
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The similitude algebra is of considerable physical interest in
Elementary pazticle physics and in gravitational interactions. In high
energy physics, it enters through scaling phenomena observed in deep

inelastic scattering. It should, therefore, influence the devclopment of

20-25

short distance behaviour in particle and/or field theory This group

also underlies Weyl's unified field theory26, which explains why it is

- N

sometimes referred to as the Weyl group. The similitude algebra, being the

22,25

largest non-trivial subalgebra of the conformal algebra (S0(4,2)),

figuréé prominently in the wide applications of the conformal/%roup in
diversified fields of physic526’27.

Chapter III is devoted to the determination of the invariants for
all the conjugate classes of subalgebras of the similitude algebra. These
conjugacy classes are, then, assembled into isomorphism classes. This

l
chapter was also written as a research paper.

\
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( ‘ CHAPTER 11

NUMBER OF INDEPENDENT MISSING LABEL OPERATORS.

1. Introduction
L]

As mentioned in the foreword, in the application of Lie lalgebras

to physical problems, i; is often necessary to reduce the irreps of the

algebra into the irreps of a subalgebra! In most instances,.the reduction

wil} not be canonical. The resolution of this difficulty by the missing

W

label operators will be considered here. The rebresentation vectors wigl

3

v be the common eigenvectors of a complete set of commuting operators.

Besides the generalized invariants of the algebra and those of the subalgebra,

!

an appropriate number of missing label operators must 'be found. These
should be subalgebra scalars.(i;variantsjuwhich are fgqctions on the enfi;e
- \ algebra. It will be shown that the number of independeéf\missing/label
\\x operators available, }op semi-;imple Lﬁe algébras, is just-twice the number
of labels actually missing. Theoargument used st;ongly suggests that the
same is true for all Lie algebras.
ﬁum%rous examples of this result are known (see foreword). In the
case of SU(3) O SO(3) there ié one missing label,. .Long‘ago Racah1 proposed
two independent hissing labelcoperators; he surmised and Judd é? a1? 1ater "
proved that these did/cons;itute the most general solution to gbe yﬁssing

3,4

label operator problem. Recently a similar result was shown to hold for

all cases of compact group~sub§%oup reduction with one missing label. Two
cases with two missing labels have been investigated; SU(4) D/SU(Z) ® SU(2)
/

(The Wigner supermﬁltlplet model for nuclear states of definite spin and
~ ,

isospin,and O(5) 2 0(3). In each case four missing labels were available.

C ” \

+

-
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.~ ‘ 2. CountinL subalgebra scalars.
. , The|invariants of scmi-simple Liec algebras were determined long - .
_ago6. Theifr number is £, the rank of the algebra, and may be chosen as

homogeneou polynomials on the algebra (ie: Casi@iruoperators).a Their -

.

I
of the-glgebra (the p0551b111ty of u51ng rational functlonk of Ca51m1r

e xS

operayors is ignored; in_any qaspﬂ this®artificial way of reducing the y

©

. ) ' reigenvalucs are restricted to a discrete set%ﬁ' In ofder that the following

' 7,8
3

.
N
V.

considerations apply to non semi - -simple algebras, tre plau51ble assumptlon

13

that the eigenvalues of .the 1ndependent ‘invariants unambiguously label the

EN -

irreps of any Lie algebra, 1s made,. _/The existence of labels which assume’ X
™~ /“’ «

~

only a finite number of values, as the sign of the energy in the case of

the Poincaré algebra, is ignored. For non semi-simple algebras, the,
. . 7 |
invariants are not necessarily polynomials, but" may be rational or even .
: | . /7,89
transcendental functions on the algebra. The invariants are degtermined’ ’’
A\ ' \ \
by solving a set of partial differential equations. Each equation corresponds

/
)

to a row of the commutator table. ,

‘

/ Retwming to the problem at hand, the method of derivatioh shows that

the: number of invariants islo

\ \ L=1r.-R / : (1

7
/

. / C
where r is the dimension of the algebra and R ¥s the rank of the commutator

table, considered as a matrix. For purposes of computing R, the elements
\ / I

'of the algebra are to be considered as ciﬂﬁmber variables.
/ -

.-
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When a subalgebra H is used to

! {
f N
B L e . R . T

~z \

,F,m\\

/

!N theorem due to Racahl sﬁﬂws that the number of’internal labels
needed to uniquely label the basis vectors of a general irrep of a Lie
algebra is

i= (F-0)/2

l o : v

[
,

label the basis vectors of t%e irreps of

a Lie algebra G, it provides (ry,* Eh)/z - £' labels. The appearance of &'

(2)

‘Qllows for the possibility that the invariants of H and G may not be mutualy

independent; £' is the number of %nvariants of G which are functions of the

elements of H only. The number of nigsing labels is thus

(rg- ZB— T - Zh) + 2

N

i

(Thys is a generaliiapion of the equation n = (T-3£)/2 which was derived

in ,the fbreword for the case when H is the Cartan subalgebra.)
~ \
Subalgebra scalars which are functions on the algebra may be .

)

_ determined, just as algebra invariants, by-solving a set of partial differ-

. ential equations. The equations are those corresponding to the firsti}h

rows (i.e. the subalgebré elements) of the algebra commutator table. The
. \

method of derivation shows that the number of subalgebra scalars is‘rg-R'.
\ .

The arguments parallel those leéding to (1). Here R' is the rank of the

first I, TOWS of the algebra commutator table. Subtracting the number of

&

algebra and/or sub&@gebra invariants the number of missing label operators is

I
m = rg—(R'- Kg- £h+ YA }

A 3

or thaz

veoo . : \
In order to prove the conjecture, there remains to show that m = 2n .

i

(4)
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¢ r}“-R' ’ l a
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1 1
[

But (5) follows immediately from the definition of £'. Algebra invariants,
which are only functions of the elements of H, are found by solving rg

partial differential equations corresponding to #he first r, columns of the

h
commutator table. B;cause of anti;gymmetry Ofﬂqhﬁ table, the.first Ty
columns have the same rank R’ as.,do the first T rows, and so the number of
solutions is (S)F |

Next, it will be shown that for semi-simple Lie algebrfs R' = H
(and hence'l'=0). The trivial possibility-that G = G' ® G" and H = H' & G"
is excluded, for then G" plays no role ip the labeling problem and £' = Zg"'
The éasis of H are'chosen in a canonicai~fashion, so that the first,rh-tﬁ
are}?ermitian conjugate pairs (ladder operators) and the last lh are the
weiggt elements (the Cartan subalgebra bBasis). The other generators of G

3
’ . . ~ ¥ -
may'}e taken to be irreducible tensor components with respect to H; the

fg%éring of the trivial case implies that these tensors contain components
t

5)

whose weight elements spen all directions in H-weight space. i

To show: that R' = L consider an T x T submatrix of the first Ty

I
rows whose deferminant does not vanish. The only elements of the first Ty

rows which depend™on the diagonal (weighk) elements of H are those at the
intersection of a row and column corresponding to conjugate iggt elements
of H. Such an element (see (1) of foreword) is % a? H.1 where the Hi are

the diagonal elements (Cartan basis) and the a; are ﬁﬁE“Weiéhﬁ componentf

L4

of the root in question (the jth). Ignoring the other elements of the first

T Lh rows and columns since they cannot cancel the ones retained, the value

value of this sub-determinant is n;(ziu;ui) ¥ 0. To complete the proof, lh
.

more columns whose intersection with rows rh- lh h

1 to r, have non vanishing
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determinant are chosen; this is easily done by choosing &, columns

\ h
corresponding to tensor components with £h independent H weights.

3. Examples. h

As- examples involving non semi-simple Lie algebras, two cases are
\

considered; one of dimension three and the other of dimension four. They

are taken from Mubarakzyanov's11 complete list of real Lie algebras of

dimension up to five. In reference 7, these algebras are designated A3 1
] 2

and A4’7.

i

3.1 This is the algebra of the quantum mechanical group in
)
™~

one dimension (the Heisenberg algebra). The only non-zero commutator is

(a) A

. Hencer =3, £ = 1. Consider
1 g g.
1 Then r, = £h = 1. According to (3)

there is_ only one missing label, but there are two missing label operators

&

\ N
the one dimensional subalgebra ¢

-

which can be taken as4c2 and c3.

] =~ =
(b) A4’7. The nonzero commutators are [CZ’C3] ='¢)s [cl,g4] 2c1
[cé}c4] =c, and [ca,c4] = Cyt Cq. There are no invariant operators so that /

rg = 4, and Zg = 0. For each of the one dimensional subalgebras €11C51C3, -
and Cyi Ty = Zh =1 and £' = 0. There is one ﬁissing label. In each case

there are two available missing label operators, as follows:

i \ J
, Cyt c2 and ?3; cyt ¢ and ¢1€4- CyC35 r . )
2 C e .
cyt € and c, * 2clc4 * 20,645 €41 €y and <y exp[ c3/c2].
For each of the two dimensional subalgebras €€y and CyiCys Ty = 2 24 =£' =0 y

aﬁa S0 khere is one missing label. For C1:C4 the two missing label operatdrs
A\

2 ) o - i 2
are t2/c1 and <, exp[-cslcz], while for Cyr €4 ;hey are cz/c1 and c, x

exp[(c1c4- czcs)/cgl.- .
\ ' .
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cend

4, Discussion.

| ' The examples of section 3 show that the method of partial differential

. ’ F
equations is a practical way of ddtermining the missing label operators N

for Lie algebras. This method coyld be used systematically to determine

such operators for the algebra-subalgebra combinations of interest in physics,

. ) /
The theoftem of section 2 shows that if there are n missing labels, then the;ﬁ

are 2n functionally independent missing label operators; in each case for:

s/
n > 1, there remains the problem of choosing a set of n mutually commuging
N ) . g ‘
, \ ,
functions of the 2n operators. ' ‘ ’

2
7

' . In many practical problems, the number of missing labels and ‘missing
;

label opera;ors, is reduced by imposing restrictions on the algebra irreps

being considered. Thus 0(5) © 0(3) has two missing labels and féur missing
' label operators for the general irrep ;f 0(5). But if attention is confined

to thq_irreps of the form (0,X) (such irreps are requiréa in connection with

\ -
nuclear quadrupole vibrations12 and the Jahn-Teller effectl3

ﬂ \

), there is only

~. one missing label.

.
N

4,45

i,
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CHAPTER III ™ ,
/

THE SUBALGEBRAS OF THE SIMILITUDE ALGEBRA AND THEIR INVARIANTS. ‘;»

i

1. \Introductionl

A general method f6r obtaining the subalgebras of a given Lie
algebra QasﬂgiVen in reférence 1. The method consists of an iterative
procedure forlredﬁcing the problem of finding the subalgebras of L with
non-tr{;igl ideal N, to that of fi;i}ng th%Ssubélgebras of the ideal N

and those,&f the factor algebra. f the algebra L is simple, then matrix

realizations of the algebra are used to obtain its subalgebras. In a

‘later papergq this method was used to.obtain all the subafgebXas of the
similitude alﬁebra (the semi-direct -product of the PoincarX algibra and
i

/ k)
the dilatation operator; see foreword).

\

' The subalgebras were classified into conjugacy clasges under the
€

connected component of the similitude group, and a representative algebra |
(.3 © 0

-

for egéEj!lass was also listed. Two algebras 'L and L' are conjugate under

a group G if 3g ¢ G such that ng-1 = L'. The virtue of such a classificaggon

1

is clarified/by considering the physical interpretation of such a class.
Identifying the elements of the subalgebras with the infinitesimal °

transformationson space-time (i.e. rotations, poosts, translations and etc.),
f ;

1
the statement that two algebras are conjugate is equivalent to the statement

1 o
that the two algebras describe the same set of transformations (or observables)
\ ¥
as viewed from different %Pordinate systems. While,aunconjugatg‘algebras b

o

describe physically distinct, operations; for example, the algebra of rotations

is physically distinct from the algebra of translations.




T

Below, the algebras are reclassified info isomorphism classes. ~ p
Each isomorphism class corresponds to an orbit of GL(n,R) acting on the

subalgebras of dimensio . In terms of the structure constaqfs, the

N ’

statement can be rewriften in a more explicit form. Two algebras L and L'

. . k .
of dimension n and stfucture constants Ci? and ciJ respectively, are

A

-
1

&
4 .
n -1 - 'k #,
€i¢%em®njBnk = Sij
el

isomorphic if 3g ¢ GL(n,R) such that

Since conjugate algebras have the same structure constants, they are

trivially isomorphig, and so only the conjugate classes of subalgebras are

° 2

classified i1nto isomorphism classes.
. .
o

The main interest in this type of cl?ssificatioﬁ rests on the fact
that through isomorphism all algebraic properties bbtg}ned_fo; one algebra
are immediately transferable to all algebras within the same class. Further,

+ Q . 1
a knowledge of a suitable choice of structure constant within the orbit may
1 ]
g

greatly reduce the difficulties and complications arising in the actual

-

calculation of a particular result. . f '

. r

- For each representative algebra, a basis for the set of invariants
-

is obtained. Here, by ¥tvariant is understood a function of the elements
! &

of the algebra such that the function commutes with all the elements of the \

algebra. The function is--assumed to be at least first differentiable in

_all variables, so thit any invariant with a finite range of eigenvalues is

. -
ignored, like the Sign of the energy in the Poindaré algebra.

This chapter constitutes a sequel to a paper by Patera et al 3 in
. .
which the conjugacy classes of the subalgebras of the Poincaré algebra were

o

classified into isomorphism classes, and the respistiVe invariants, for each

s l N

“@
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represgntative of.a conjugacy class, were calculated. Since some of the
conjugacy classes of the Poincaré algebra are algg conjugacy classes of

the similitude algebra, parts of their results are contained in this
)
article, providing an independent check for these results.

In section 2, %he general method employed in classifying the

4

conjugacy classes of subalgebras into isomorphism classes, and in calculat-
ing the .invariants is discussed. The calculation of the invariants and
the role which these might play in labeling the irreps of an arbitrary Lie

algebra has been the subject 'of considerable investigation recent1y3’4’s’6.

LN
From Schur's lemma, 1t follows, that within the irreps, the invariants are -
of the form Al where X ¢ € and I 1s the identity operator for the represen-

tation; showing that X is distinct wﬂthin the different irreps would lead

to applications analogous to those of the Casimir operators for these

(generalized) invariants. Two speciai types of invariants, the Casimir

operators, and the rational invariants were systematically treated by

Abellanos et ald. Rational invariants are elements of the quotient field

< ¢ o

of the enveloping algebra. In other words, they are ratios of homogeneous

.

polynomials on the algebra. Considerations on the more general invariants

.

along with additional references can be found in the above mentioned paper
by Patera et 313; also a short treatment will appear in.the conclusion.
For a discussion of operator calculus see V.P., Maslov "Operator Methods'

— s

Nauka, Moscow 1973 (in Russian).
Section 3 containing the main resulté, consists of a list of represen-
~ ]
tative algebras for the conjugacy clasges of the similitude algebra and

their respective invariants. The algebras are organized first by dimension

and then for each dimension, they are grouped into isomorphism classes.

4

«l
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\

Each isomorphism class is designated by a notation which refers taa

} 3 !
(‘ standard basis that characterizes that class, whenever such a basis exists.

’

-~ This notation is consistent with|the one used by Pateras, who listed the
standard basis of the Lie algebra characterizing each isomorphism class,
Comments on the classes and the invariants also aﬁpear'in section 3.

Section 4 is reserved for the conclusion.

2. Methods \ :

©

'All the conjugacy classes of the subalgebras of the similitude
~ algebra, listed in reference 2, are reorganized first by dimension and
'*_5’”\ ‘ ¢« then for each class the invariants are determined. A knowledge of the

invariants, often, aids the mapping of conjugacy glasses into isomorphism

N

"classes.

An.algorithm for obtaining -the invarianézgis achieved by reducing

the problem to that of solving a system of linear first order partial diff-

e
erential equations. The method has been discussed in the 1iterature4’5’6.

s

' — In one papers, for each of the isghorphism classes of dimension

1

n s 5, the method was used to obtj::/fzs/basis for the set of its invariants.

(However, here, for each representative algebra the invariants were independ-
4

ently determined). The method consists in identifying the adjoint represen-

tation of a Lie algebra with a set of c-number first order linear differential

¢ P !
operators. That is, let L be an n dimensional Lie algebra, then . .

.Y
K
VX, X5 e L, let ad(X))X, [xi,xj] -{cijxk

and replace - u A,

. k 3 g o ‘
, ad X, 4-1 xkeij (—;—; )
TN j ’




‘ 1
where X, are c-numbers. The equation for the invariant is

i

[‘xi s FOX0 o0 X)) 50 VX, e L

(1)
o
. ) |
and reduces to
i K F(x., x) =0 i=1,2,3,....n
' ij ax 1° x2’ B ¢} 2ErTan e
The invariant thus formed must then be converted from a function of )
c-number variables to an operator function. Simple identification of
~ LY ‘
Xi “ X5 will be sufficient, in the sense that the resulting function w}ll
indqfd be an operator invariant ile. satisfy (1)}, only if all the X,
appearing in the function mutually commute. In the case where the function
is a homogeneous polynomial (a Casimir operétor)\it is well known that the
invariant operator must be fully symmetrized in all its variables. The
reason being, that if u an v are polynomials in the X5 and
2? | \
4 Xy 1j 5——-= v then [Xi,ul (2)
| ] [
provided U and V are the polynomials with the same coefficients as u and v
£ :
and are fully symmetrized in the corresponding Xi € L. ~
o

All the invariants found for these subalgebras are of the form

U m Q.
m+1 1
Y _ e"P[U 130y Y

where the U 's are relatively prime homogeneous polynomials in the x v

The exponents as well as the coeff1C1ents*may be complex numbers. Then

replacxng X; by % in each polynom1a1 and symmetrizing each 1nd1v1dual
gy
The proof essentially follows

-

polynomial will lead to an operator invariant.
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Y

from (2), as for Casimir operators, and is based on the assumption that
m[[xi,Uj], Uj] =0 VX, € L, for all polynomials Uj featured in the invariant,

This assumption was indeed satisfied for all invariants found here and®

AN
eisewhere3'5

. "It can be shown that for semi-simple and'nilpotent algebras,

, the Casimir opcrator§ are sufficient to define a basis for the set of all
- Eall

invariants. Further, the number of independent invariants for an algebra of

dinension n has the same parity as n. '

A /

As was mentioned earlier, in order to classify the conjugacy classgs
into isomorphism classes, the representative subalgebras, for each conjugacy
! . class, are first organi?ed by dimension. Then for-each dimension they are

ty

further reorganized according to the dimension of the derived algebré; this

last step may be repeatea as many times as 1is required.

- ~

All isomorphism classes for real Lie algebras of dimension n < §

y

. have been listed by Mubarakzyanov7 and later reproduced in a more accessible

. L)
papers. For algebras of dimension < 5, the classification is reduced to

identifying each representative subalgebra with an abstract representative

of the isomorphism classes listed in reference 5. The classes are denoted

\

[ PR o - |
by Anlm 1, where n identifies the dimension of the subalgebra, m is used

to index the different isomorphism classes for the same dimension, and tpe

parameters aj...a are used to select a particular ‘class out of an infinite

.

set of isomorphism classes. The strugture constants are functions of the

P

parameters a,...a,. For example, AP

1 3,5

[cl’CZ] =¢ [c,,cz] = hc2 with -1 s h £ 1 is such an infinite set of

.

with standard basis cl,cz,c3 such that

isomorphism classes.
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- ~
"‘ Since no complete classification of isomorphism classes for real Lie

algebras of dim = 6 existss, a slightly modified approach is used. The

-

&
algebras are first re-ordered as before, and thén for each set consisting of

-

s say an algebra of dimension n with a derived algebra of dimension £ and
second derived algebra of dimension £' and etc., the jinvariants are used to

group the algebra into possible isomorphism classes. At this point, it often is

evident which algebras are not isomorphic. Then from the so chosen candidates
1 - L4

for a specific class (the number of candidates is not large), their largest

abelian ideals are identified and by‘comparing the respective~%actor algebras,

!

the algebras are classified into isomorphism classes. As a further test, the
explicit transformation, which transforms the structure constants of onew
‘algebra into those of the other algebras within the class, is constructed.

For the similitude subalgebras, isomorphism classes of dimension 2 6 are

found to contain at most two sets of conjugacy classes. ~ )
3. Isomorpliism Classes and Invariants. , N
’ 4] » v
//i The usual basis for the similitude algebra is used, with the Li's

representing the rotation generators, the Ki's representing the boosts

generators, D representing the dilatation generator, and the Pu’s représent

the space-time translations. Then the commutation relations are
~ g

3

\ , )
[Li,Lj] =‘:j\jk‘1,k [Ki,Kj] = -Eeijk[,k
. 3 ‘ .
' [Li2P5] =de; i Py (LX) =i€ijk'xk
A Y “
>~ -
AN
. | \’ [Kitpj] iij [Ki’PO] = pi ,

sue e TR WPz
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\
- \ ‘
- B o
- ) ) ' ‘ E
= [Kl’PJ] = Gljpo [Kl,POJ = Pl . o '
7 07,0 = 28 [Lj,Pd =0 | 3
[D,L;] =0 [D’Ki] =0 . - . T 4
. - 1
L 1,3,k = 1,2,3 . )

s

Cat st

. The invariants of the Poincaré algebra Sl'l are well known

. AT, 2

2 _ 52 52 2y .2 g
m = Po- Pl~ P2 P3
!
~ t W= W W
¥
where Wu = euvdvaépk is the Pauli-Lubanski spin operator with MOi = Ki |
and Mij = EijkLk' while the invariant of the similitude algebra 51’3 consists .

of the ratio of these two operators which reduces to the spin operator in
A\

s

the frame with the eigenvalues of Pu = 0(the rest frame).

The results of the classification and the basis for the invariants

Y
are summarized in tables 1-9. The notation S3 3 refers to the conjugacy

classes as found in reference 2 . When listing the elements of a subalgebra,
the semi-colon is used to indicate that all elements to its right belong to
! the derived algebra. .

All one dimensional subalgebras are isomorphic and appear in table 1.

\
i

The n dimensional subalgebras appeé} in table n, except for those of dimension
l
10 and 11 which are listed in table 9.

If an infinite set of isomorphism classes contains an infinite set

of conjugacy classes, then the parameters of the set of isomorphism classes
N b . . .
are furictions of the parameters of the set of conjugacy classes. The functions
c

5,4 for

need not be one to one, and such a case arises in classifying the set S
\

N
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C

each ¢, the corresponding class of S5 4 is associated with an element of
»

‘ Ag 7 such thét P = tan ¢. The range of ¢ is Q0 < ¢ < M, ¢ ¥ N/2 which
H

implies that - = < tan ¢ < «, and tan c # 0; however, the range of the

parameter P is P > 0. This suggests that classes with [tan cl equal are

) isomorphic. This can be verified by a slight rearrangement of the basis

C

of the representative algebra of SS 4 In this case, as for all those

I of dimension £ 5, the range of the parameters for the set of isomorphism

“ .
‘ classes has been defined7. For the higher dimensional case, even though
) “the infinite sets of isomorphism classes have not been constructed yet,
. , - - a,b
” the problem can be treated analogously. For'example, consider 816 19
’

W AL Py eeiitadiy

with az+ b2.¢ 0 from table 7, since the invariant has the exponen} 1+b,

it follows that algebras with distinct b's are not isomorphic. However,

a,b . . ~a,b | . . .
SIU,IQ 1s isomorphic to 810,19, this can be seen by interchanging P2 with
b

. . v . a,
; P1 and L2+ hl with L1 kz in the:ordered basis of 510’19. All other cases

can be approached in a similar manner.

. N
T ¥ S C-D VO

At B RO e s,

¢ 4, Conclusion.

- As was mentioned earlier, the greatest utility of such a classification

!

,

of subalgebras lies in 1ts capacity to remove redundancies in computations. |
The availability of a suitable choice of structure constants for a particular
class can reduce the complexities in a particular calculation. ' .
| It is expected that the invariants obtained here will pravide a
useful/tool in the representation theory of these algebras; much like the.
’ N
Casimir operators do, in the case of semi-simple Lie algebras. The extension

of special function theory, via group theory, in order to include these

invariants should produce new and useful results.

1
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-

On the physical aspect, the eight dimensional algebra 52 1 is
L
importantly contained in thé "infinite momemtum frame”g’10 calculations,
- '

in Dirac's "front frame" dynamicsll, and in the investigations of "(Galileian

sub-dynamics?iills. One of the invar%?nts of this algebra is

P « P
(L

Py-Ps 0

1
2t ¥ - S (g Ky, (%)

Py

.L_

and because of its somewhat extensive use in physics, it has already been

named the light-like helicity or the null-plane helicity14’15. The name is
t . 1

appropriate, since for zero mass pagticles with discrete spin, L2¥ Kl and .

L.~ K2 are"both zero and so (3) reduces to £3" The similitude algebra is

1
. !
another example of an algebra with non-polynomial ipvariant which has reached
s . . . . 16 : y
prominence in physical applications™ . i

Further investigations along these lines should reveal the relevent

and operational properties of these more general invariants, despite their

«

»

present rather precarious mathematical status.
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Table 1: One dimensional subalgebras.
|. Range of T e
Class Notation- | Generators Parameters Invariants
Al Su,b Ly -twe K, ) - oceem 3N/ generatof' ’
5'1.”’ L}) " :::
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JA.BR, Sq,u (© +25,)© LG (D, P-F) L ! Lz, D+2%;
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Table 9: Nine, ten, and eleven dimensional subalgebras. -
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