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Abstact 

! o 

This thesis consists of three chapters. Ch~ter l rerves as an 

introduction to the subject of invariants in Lie algebra theory; it also 

constitutes a 'bridge between the t~ remaining chapters. In chapter II, 
\ ~Î 

~-

a theorem on the number of indepèndent missing label operato~s altng wi~~ 

its proof is dlscussed. It Is proven that, if there are n missing labels, 

then there àre 2n missing label operators for semi-simple Lre algebras. 

The proof is supplemented by ~xamples which extend the validity of the . -

theorem to the non semt-simple case. Chapter. III is devoted to the 
~ 

classification of the conjugacy classes of the subalgebrâs of the simi-

l:Î.tude algebra into isomorphism classes, and Jto the determination Qf the .. 
invariants fOI each representative algebra of the conjugacy classes. 

These result~ are summarized in tables. 
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Cette thèse est divisé'e en trois chapitres. Le premier introduit 

, "..'-, 
la notioq. cl' invariant dans la theorie d' algebre de Lie, et relie le 

, .". ( " 
continu des d:ux . ~ier chapitres. Un th{oreme sur le nombre d'operateurs 

, , 'JI 

" ,. \ etiquettes manquants Independants ~t sa preuve font l'objet du deuxi~me 
, . . .. , ~, 

~hapitre ou est 'f\rou;e. que s il existe un nombre "n" d' ~tiquettes manquants . 

celui de· leurs operateurs est "2n" pour les alg~bre de Lie semi-simple; . . 
~ , '" en plus quelque examples montrent la vAlidite du theoreme pour le cas non 

semi-simple. Enfin le troi:ième chapitre se consacre ~ la claSsi~cation 

des classes de conjugaison des sous alg~bre qe l'algèbre de simi11tude 

. en cl~sses ~somorph~ues, et ~ la détermin~'ison d~s inva'Znts pour cha~ue 
- ,1 • 1 

~ .. ~ ~ algebre representatif des classes de conjugaison. ~s resultats sont t ules J,. 

a la ~{n du troisi~:ne chapitre. .. 
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,Statement of üriginallContribution to Knpwledge. 

• 
1.. The theorem on the number of independent missing label operators; 

and 
! 

its' proof 'are original, and have already appear,d in the Journal 
'1) 

in joint authorship with 
\ . 

of Mathematical Physics Vol. 17 (July) 

R. T. Sharp. 
" " 

, 
2. The élassification of the contuga~y classes of the subalgebras of the 

similitude algebra into iso~rPhism classes, and the determination of 
r \ 

the invariants alsC\ represfnt new knowledge. These, too, were prepared 

for publication in a res~arch journal. 
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CHAPTER l 
\ . 
.\ 

1 . ./ 
FOREWORD ,-

\ . . \ 
The concept of an invariant, in t~c "ontext of' a Lie algebra; fir#. 
(o\ , 

arose as what i5 now known a'5 the centriUzer of the wliversal enveloping '\. 

algebra of tht Lie ·algeb,ra. That is, i t was defined as a homogeneou~ \. 

polyiromial on the algebra, whose Lie produot wi th any element of the algebra 

is zero. This concept 'proved extremely froi tful in the representation theary. 

of semi-simple Lie algebras. These polynomials are referred ta as Casimir
l 

. opérators, after the man who first used them to demons~rate that any , 

representatlon of'lrloa ~emi -simple oLie algeDra which is reducible is also fully 
--~,/ 

reduèible. ' Ra~ah2, 1ater showed that the eigenvalues of the Casimir operators 

" 
label uniquely the irreducible representations (irreps) of the algebra. 

o 

This notion is mast fami liar . ta the \physicist v~a angular fmomentum theory, al' 
, , \ 

equivalcntly through the algebra 50(3):,. Let JI ,J
2

, and J 3 be the three 

components of the angular momentùm operat0r; or the basis elements Of450(3). 

1 t is weIl known, tha't the abstract representation vectors for a matrix 

representation of'SQ(3) are given by the ket lj,j3) where j(j3~ is the 

eigenvalue of J2':: Ji + J; + J;CJ3); J2 being''the Casimir operatar in this 
t 

'case. The ,speci fic i rreducib l-e subspaces of the representation space is 

selected by the value of J, while j 3 distinguishes' among the different basis 
1 

vectors within the subspace. This example illustrates the substance of 

representation theory; at the same time, it providJs an example qf Racah's, , 

,f. 

theorem, referrcd to in the above. However, due ta its si~licity, the 
l ',---------

complications that aris'e in the more general si.tuations do not appear here. 
[ 

proceeding directly ta 'the g~neral case, let L be an arbitrary semi-

simple Lie algebra of dimension r and of rank t 
"\ 
( 

Then, L has'a,basis 

J 
1 

~~~:"'--"-r"""-- ;~- -..........,.~ ... ,--..-... ~-::~-__ .. _",,--, ... _~ ... ~"'J~t 
l ' 

1 
1 , 
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cOHsisting of the l basis/elemtnts of the Cart~~su~algebra deno~ed by 
J 

Hi' i=I.2 .• 3.,,;.l and'(r-l)/2 pairs of ladder operators E±Cl' The ç0mn.tutators, 

(Lie products) with respeçt to this basis are , 

1. 

\ 
('\ 

[H .• H.,~ 
,1 J 

[Eex,ElB] 

[E,E ] 
Il ex -Cl 

= 

= 

o [H.,E ] = Cl •• E 
1 Cl. '\li Cl. ' 

J, J 

N E aB ex+B where ex + B is 

:. 
.e. i 
L Cl. H. 

i=l J 1 

a non zero root (1) 

'" . . ,.,.. 

and-aIl others are zero. Since ~ has rank.e. it has.e. algebraically indepengent, 

Ca~imir invariants 3 . 
~ \ 

A IDatrix representation of the algebra is obtained~when 
\ 

the actio'n o( the r basis elements of the algebra on the representation vectors 

is distinctly spccified. Let J denute the eigenvalu6s df the l Casimir 

operators and M denote the eigenvalues of the .e. elements of the basis of the 

Cartan subalgebr~. Then consider the matrix element 

V A E L 1 

! 
It is evident from (1) that the matrix el~ments of the Cartan subalgebra 

, 4 
basis elements and 2 l ladder operators are uniquely determined by the .e. 

..",-

\ 

components of ~1. Hence an additional (r-3.e.)/2 labels are required to dis,tinguish 
\ 

the r~maining (r-3l)/2 pa~rs of ladder operators. This is commonly referred 
" 

to as the internaI missing label problem, 

More generally. it occurs whenever the irreps of an algebra are reduced 

to the irreps of its sub~lgebTas. and the subalgebras do ~ot provide enough 
1 

labels to specify the irreps of the algebra unambiguously. 
" . 

In the above case" the Cartan subalgebra,was used as the reduction subalgebra 

(denoted by L :::> Il) . A canonical reduction L :::> L~ :J L2 :J ~3 :J •• ,:J Ln is 
1 

i 
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àccomplishe'd whenever, othe Casimir operators of L along with the Casimir 

operators of aU' the subalgebras featured in the reduction chain fqrm a 
r _ 

complete sct. In other words, thc'eigenvalucs of aIl th~ Casimir operators 
j) 

are sufficicnt to label uniquely the basis vectors for the irreps of the 

algebra. The Gel' fand-TseH lin patterns
S explic~ tIy show the existenc~ of 

~uch a reduction for all,..classical Lie algebr~s, with the exception of Sp(2n) 

where no such reduction exists. In particular, for SUCn), the reduction is 

.. 
SU(N) :J 5[U(n-l) ®~(l)] :J 5(U(n-2) ~ 

:J 5 [U Cl) @ U ( 1) ... U Cl) ] . 

U(l)] :J ••• 
1 

\ . 

However, these reductions far frpm\'>eliminate the missing label problem. 

In the application of group-theorettc methods to physical problems, the 
'" .. 

subalgebras appearing in' the reduction are of tell specified by th; particular 

problem under considerat1Îon~ For example, conSider the algcbra 5U(3). IIf 

i t is applied to hadron phys ics, then the most convenient reduction is 

5U(3) :J 5[U(2) ® U(1)] where the 5U(2) irreps are used ta label the isospin 

states, and the U(l) la,bels the hypercharge states. .The reduction is .. 
canonical and is fully eS,t~blished in the arsenal of particle physicists .. 

r 
1 1 

Whi le, in the application of 5U(3) ta nuclear physics, as the synunetry 
i _ '. " 

algebra,of the three dimensional isotropic oscillator, the appropriate 

reduction is 5U(3) :J 50(3), where 50(3) provides the'angular momentum label 

for the 

- label. 

stateEr.) This reduc,tion is not canonical, and in f~ct has 'One missing 

More wi 11 be 'said on, the number of missing labels' later. 

The decomposi tj on of direct products of the irreps of an algebra 
, 

. into the irreps of that algebra, known as the external labeling problem, can 

be reformulated into an internaI labeling problem via the reduçtion L & L ':J L. 

i 



. , 

! 

1 
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4. 

\ . 
(As in the case of the intern'al labeling problem for sa (3), the external 

labeling problem is straightforward in this case. However, 

SU (3) 0 SU (;) :::> SU (3) ~as one missing l.abel.) whenev!l! an irrép of the 
l 

algebra occufs more than once for a particul&r direct product decomposition, 

a missing label problemresults. 

.. 

These exam~les should have weIl stressed the importance of the missing 

label prob lem in both practical applicati~ns and theoretical consi.dèrations. 
\ , 

The missing label prablem cao 'he restated as a degeneracy problell) for the 
( 

vectors' of the irreps; a formulation that has been quite fruitful. 

Several methods have been pr0p'bsed to remoVe this degeneracy for 

specifit caseS. These methods càn be di vided into two categories. The 

first category consists of ~djoining to the other labels integer-valued 

labels chos~n in.prescribed ways6, 7 ,8',9 These solutions, however, \ do not 0 

produce orthogonal basis vector's; npr cah the labels be associated with the 

eigenyalu(,;s of any line,ar operators acting on the representation space. 

This type of solution suffers from the disadvantage,1 that the missing~labels 
cannot be made to correspond to observables as the r~maining labels cano 

The other more physical approach is based on completing t~e set of 

algebra and subalgebra invariants with additional operators, 50 that the 

representation vectors wi Il appear unambiguously as ~he eigenvectors of this .. 
6 10 11 12 completed set' , 1 

. 13 
A minor inconvenience r~sul ts from Racah 1 s proof 

that the missing label operators cannot have integer eigenvalues. These 

mf.ssing label operators ~ust' be subalgebra !nvariapts, since all subalgebra 

irreducible subspaces must aIl correspond to tle same eigenvalues of th'e 

'missing 'label operators; if they are in fact to lift the degeneracies. Each 

of these operators must a~so provi~e an i~dependent label, and 50 'must 

, \ 

,< 

.. 

.. 
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The missing label 'problem ~as been solved in detail .for various, semi-simple 

" 0 7-12 
al gcbra-subalgebras reductions 

'\ 1 

In particular SU (3) :::> SO (3) has been 

, '6 
studied in detaIl- by Moshinsky et al , in which both approaches are cêmsldered. 

Tho number of ~~5ing. labels i5 

(r - .t - rt!.-
g g Il 

~)f2 

Where r g Cr h) is the dImension of the algebra Csubalgebra), and while .tg C~) 
~ , 

is the rank of the algebra (subalg~bra). ThIS formula is discussed in more 

detaif in ch91ptcr II., 

A survcy of the literature, on the missiQg label operators,' will 

quickly rcvcal that the numbçr of availablc such ope~tors is always twice -'" the number requi red. It tu;rns out that this con1ecture is~ indeed a theorem 

and oconsti tutcs thcosubject matter of chapter ~I., which was originally 

wri tten as a research paper in collaboration wi th R. T.· Sh,rp. The paper has 
. 

al ready appe~red in the Journal of Mathematical Physics Vol. 17 (July). 

, Thus far. only one aspect: of the many uses of ipvariant operators 

has bccn considercd. Invariant operators play an illuminating and often 
o 

j 

. lI' - 1 f - th 14,15,16 ~ssentia ro e ln SpCCl'-3. unction eory 0 Many, and possibly aIl of 

the special functions occur as eigenfunctions of invari,ants. This approach to 

specIal functio~ theory, not only facilit,ates calculations, but also unifies 
. 

and cdifies the ~ntire theory Into a consistent and elegant structure. In 

physics, i'~variant operators of synunetry algebras can be used to yield 
'j , 

appropria:te quantum numbers for, the system. In many instances, the' eigenvectors 
Q 

and eigenvalues of the inv{\riants will completely characteri ze the system 

Loe. : 
• • v <# 

the 1flvat1ants of 0(4) will, yield the energy and angular momentum 

y 

~..4_~~~", ... ",>~1,t' __ ~4~"""'~.,'''''-.'''~ ___ ' 9_ .... _ ..... M~~~(J_.~~, 
• 1.," . '. ", 

l' 

, ,""-



1. 

.' 

1 

~--'" .,} r·t.I·... ' 

rclatlvlstic partieic. In the case of dynamlcal symmetries, InvarIant 

operators providc mass formulae as ln hadron physics a~d ~rgy spectra as 

in the j1ydrogcn atom, and etc. ,St~bal~ebra invariants can be used to describe 

specifie features of the system, J suc~ as angular momentum, isospin, ,spin, 

charge states and etc. Invariant operators can also be useful in the study 

of symmetry hrcaking. The idealized or first" order approximation might 

suggest a particular symmetry algcbra and may allow for the representation 
, . 

b 

of a physlcal quantlty by an algcbra invariant. HoweT' secol'\d arder 

corrections will usually break or reduce the symmetry algebra to one of its 

subalgebras. This effect can be Incorpora~d by addlng to the representation 
( 

of the physlcal quantlty a term dependent on the subalgebra invariants. 
'> 

It .is appropr,iate to notIce here, that although the concept of invaria?t ... 
was flrst introduced as a Casimir operator, it is inadequate as it stan~., 

For there are non semi-simple Lie algebras which do not possess any Casimir 

operators, but do, however, permit the existence of an invariant. The 
l:.,.. 

invariant is deflned as any operator function on the Lie algebra 5uch that 

its commutator with any clement of the algebra is zero. The name is weIl 

suited, because the function will be 1eft invariant under the action of the 

group which correspond~ ta the algehra in, question, and beepuse they share 

\ 

many of the important properties of the Casimir operators. 
\! 

'A fuller discussion 

of the se invariants appears in chapter II and chapter III. 

A systematic study of algebra-subalgebra st,ructures. a10ng, wi th their 

b respective invariants will furnish useful information whic~ ca~ be incorporated 

ln the construction of physi~l thcories. Such, a.study has been undertaken 

.. " , "" ~", ",._.~iW"'I';~ __ .. 1 1_1V"Ii.WI. __ " __ lt~il.".Jrlii.~fi •• I'I._jif_ 
, "ri,!.' 

1 
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by J. P atcra. R. T. Sharp. P. h'intern'4-i" and Il. zaJhaus at the Univers i ty 

of Nontreal. They cleveloped a method',for obtaining a11 the conjugacy 

classes of subalgebras for a given Lie algebra with non trivial id~al17. 

(The case of simple LIe algebras had already been treated
lB

). Their 

. . cl' . f 19~20. h' h h l' d researches are summarlze ln a strIng 0 papers ; ln w lC t ey app le 

7. 

20 the method to various algebras of interest in physics. One of the se papers 

was devoted to the study of the similitude algebra of space-time. The 

si.mi.litud~roup is 'defined as the set of aIl non-singu1ar constant 

transformations on space-time which leave the \Lorentz metric form invariant. 

Let SG denote the ~i1itude gro P, then 

$G"':: {A E R 4 x 4 , a E R l x 4 / . f x t cb lA; ) + a then 
., 

Alternatively, the group can 

be defined componentwise by 

" 
" ... ,:;,,-<' x = h fi x + a 

lJ lJ\I \l, lJ 

where h is the dilatation (scale) Ctr~nsformation, fi represent the matrix 
1J\I 

components of the homogeneous Lorentz transformations, and the a t s represent 
, lJ 

the space-time translation;. Tt is clear then, that the similitude algebra 

is of dimension Il and has the s~rudture 

where D is the scale operator, SL(2,C) is a realization of the Lorentz algebra, 

and ~4 is the four dimensional abelian algebra of~the translations; by 0 

the semi-direct product of algebras is to be understood. 

.... -.. ______ -.0 .•• 0 ..... ~> ...... ~""'~.1..l1IIWt ....... WI ... Ii.II_.w~tteillllllll .... _IiIII'WlilllliitilaJQIiiINiI_l1li.111 ........ l1li1 .......... 1 ....... 11111.1 .·j_"I!IIIIIi ..... rm_.iIIsiIII.I •• 1I11lll.1III .• J1 •••• _11I! ..... ~t!il1iJf ..... IIi1IT.1 la 
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The similitude algebra is of considerable physical interest in 

'elementary pa1:ticlc physics and in gravitational interactions. In high 

energy physics, it enters through scaling phenomena observed in deep 

inelas~ic scattering. It should, therefore, influence the development of 

short distance behaviour in particle and/or field theory20-25 This group 

26 also underl ies Weyl' s unified field theory ,which explains why i t is 

8. \ 

somctimcs referred to as the Weyl gro~p. The similitude algebra, being tHe 
• 

largest non-trivial subalgebra of the conformaI algebra22 ,25 (50(4,2)), 

figur;s prominently i~ the wide applications of the conformaI ~roup in 

. 26 27 diversified fields of phySlcs ' 

~ Chapter III is devoted to the determination of the invariants for 

aIl the conjugate classes of subalgebras of the similitude algebra. These 

conju~acy classes are, then, assembled into isomorphism classes. This 
\ 

chapter was also written as a research paper. 

1 . 

" . 

, 
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CHAPTER Il 

NUMBER OF INDE PENDENT MISSING LABEL OPERATORS. 

1. Introduction , 
As mentioned in the forcword, in the application of Lie 1a1gebras 

to physical problcms, ~ is often necessary to rcduce the irreps of the 

algebra into the irreps of a subalgebra.: In most instances,. the reduction 

• wil~ not be canonical. The resolution of this difficulty by the missing 

label, operators wl Il be consldered here. The representat.ion vectors wi,ll 

be the common eigenve~tors of a complete set of commuti~ operators: 
" c, 

11. 

\ 

BesIdes the generalized invariants of the algebra and those of the subalgebra, . , " , 

an appropriate number of missing label operators must'be fQwnd. These 
/ 

~ 

should be subalgebra scalars. (invariants) which ~re functions pn the entire 
\ , , ' 

ai'gcbra. It will be shown that the number, of independent \missing' label 
l" <-

opera tors available, for semi-simple Lie algebras, is jùst,twice the number 
, ' 

~ 

of labels actually missing. The argument used strongly suggests that the 

same is true for aIl Lie algcbras. 
\) 
~umerous cxample~ of this result are known (sec foreword). In the 

1 
case of 5U(3) :J 50(3) there i5, one missing label .. Long lago Racah l prop.ose,d 

two indcpendent ~issing label' operators; he surmised 'and .]udd èt a1 2 later ,,-' 

proved that these did Icons~itute the most genersl solution to the ~issing 

label operator problem. Reccntly a similar result was shown t? hold3 ,4 for 

\ 
aIl cases of compact group-subgroup reduction with one missing label. Two 

cases with two missing labels have beeh investigated; 5U(4) :J,5U(2) 8 SU(2) 
1 , 

(The Wigner supermultlplet model for nuelear states of definite spin and 
~, 

isospin,and 0(5) :J 0(3). In each case four missing labels were available. 

.. 

\ 
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f 
2: Countin subalgebra scalars. 

6 aga . 

The invariants of semi-simple Lic algebras were determin~,d long 

numbar is l, the rank of the algebra ~ and may be chosen as 
, " 

P?lyns:lmials ori' the algehra Cie: Casimir"operatars). > Their 
~ .. l, _ .... 

'" 

cigenvalu s~ are necessary and sufficient ta labf~l unambig,,!ously the i,rreps 
1 

geb1'a (the possib'uit)' 'of using ratio~al ,functions of Casimir 
~ (r ~-l~" " 

1's'is 19no1'ed; in....any casj.< this c artif~ciàl way of reducing the 
~ t .. 

o , 

of l,abel ing L c\perators 'works only when (:~cecause of' compactness, the 

• 'eigenvalucs are restricted to a qiscrete sct}.,.!' In or'der that the following, 

12. 

considerations apply tg,non 'Semi-simple algebras, t\le plausible 
. 7,8 

assu~pt10n ~ 
L , \ 1 

indep~ndCl1t -'invariants un?IDbiguously • that the eigenvalues of,t~e label the 
, 

irreps of any Lie alg:ebra, 1S made ;,~/The existence of labels which assume/ - ", / --' 
only a finitc num.ber of values, as the sign of the energy in the case of 

the Poincaré algebra, is ignored. For non semi-simple algebras, th~{ 

invariants arc not necessarily polyn,Omials, but" may be rational or even 

transcendental functions on the algebra. 
/ 7 8 9 

The invariants are de~ermined ' , 

by solving a set of partial differential equations. Each eq~ation corresponds 

to a row of the commutator table. 
, 

Ret;(tning to the,problem at hand, the method of deriNation shows that 

the' number of invariants is 10 

, 
l = r.- R 

/ 
1 

,1 

/ 

( 

where r 15 the dimension of the algebra and R Is the rank of the commutator 

/ 
table, considered as a matrix. For purposes/of computing R, ~he elements 

\ / \, ' 

. lof the algebra are to be considered as c-Iumber variables. 

/ 

/ 

,/ 
'/ 

J 
1 

/ c. 

/ 
1 

(1) 
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d 

theorem due to Racah
l s~fWS that the number of' internaI labels 

needed to uniquely label the basis vectors of a general irrep ,of a Lie 

algebra is 

,. " 
i = (r-l) /2 

, 
When a subalgcbra H is used to label the basis vectors of t~e irreps of 

a Lie algebra G, it provides (rh + ~)/2 - i' labels. The appearance of i' 

13. 

(2) 

1 nllows for the possibili ty that the invariantS of H and G may not he mutualy 

inde,pendent; i' is the number of ~nvariants of G which are functions of the 

elements of H ooly. The number of missing labels is thus 

(Th~S is a genera'liza~ion of the equation n = (r-31) /2 which was deri ved 

in .the f~reword for 'the case when H 
~ 

Subalgebra scalars which are 

is the Cartan subalgebra.) 
\ 

tuoctions on 'the algebra may be 
... 

_ determined, ju~t as algebra invarLants, by~solving a set of partial differ-

ential equations. The equations are tl10se corresponding to the first "rh 

rows (i.e.' the subalgebra elements) of the algebra commutator table. The 
\ 

method of dcrivation shows that the number of subalgebra scalars is r -R'. 
g, 

The arguments parallel those leading to (1). Here R' i8 the rank of the 

j , 

(3) 

first rh rows of the algebra commutator table. Subtracting the number of 

algebra and/or su~gebra invariant~the number of missing label operators is 

\. 
In order to prove 

or thaJ 

i 

ID = r - R'- l - ~+ ,e' g, g 

the conj ecture, there remains to show that ID 
\ 

\ 

== 2n 

--

(4) 



l' 
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(S) 
: , , 

But (5) follows immcdi àtely from the defini tion of .e.'. Algebra invariants 1 

which are only functions of the elements of H, are found by solving r 
g 

partial diËferent~al equations corresponding to.:ifhe first rh co1.umns of the 
\ 

commutator table. Because of anti-symmetry of.,,~ table, the.first rh ., 

columns have the SaIne rank R' a~,:~o the first rh rows 1 and sa the number of 

solutions is (S). 
1 

Next. i t wi 11 be shown that for semi -simple Lie algebr:s R' = rh 

(and hence .t'=O). The trivial possibility-that G = G' ® G'! and H = H' 0 G" 

is excluded, for then G" plays no role in the labeling problem and .t ' = .t Il' 
, . . g 

The basis of H are chosen in a canonical~~ashion, so that the first,rh-~ 

ar~/!Iermitian conjugate pairs (ladder operators) and the last ~ are thè 
, 

weigpt elements (the Cartan subalgebra basis). The other generators of G 
1 

maY.he taken to 
l 

~ , 
be irreducible ten~or components with respect to H; the 

:'~ i'gntring of the trivial' case implies that these te~sors contain components 

whose weight elements spe.n al! directions in H-weight space. 

To show- that R' = rh' consider an rh x rh submatrix of the first rh 
1 

rows whose det."'erminant does not vanish. The only elements of the first rh 

rows which depend~on the diagonal (weigh~) elements of H are those at the 

in~ersection of a row and column corresponding to conjugate root elements 
"'" . 

of H. Such an element-(see Çl) of f6rehord) i is 1: Cl. H. where the H. are 
i J 1 1 

i 
the diagonal elements (Cartan basis) and the Cl. are tfle""'Weight components 

J \ ~ \ 

1 

of the root in question (the jth). Ignoring the other clements of the first 

r h - ~ rows and columns since they'cannot cancel the ones retained. the value 

. • + i 
value of this sub-detcrminant 1S n.O:.Cl.H.) * O. To complete the proof, th 

"'" J 1 J 1 

more colurons whose intersection with rows r h- th l to rh have non vanishing 



c oeterminant are chosen; this is easily don~ by choosing ~h columns 
\ 

cor'responding to tensor components wi th ~ indeRend'ent H weights, 

3. Examplcs. 

As· examples invol ving non semi-simple Lie algebras, two cases are 
\ 

considered; one ~f dimension three and the other of dimension four. They 

are taken fromMubarakzyanovls ll complete list of real Li'e algebras of 

dimension up to five. ~ In reference 7, these algebras are designated A3,l 

and A4,7' 

(a) A3,1' This i5 the algebra of the quantum mechanical group in 
~ 

one dimension (the Heisenberg algebra). The only non-zero commutator is. 

'[C2 ,C3] ::: cl' Th~re is one invariant cl' Hence rg = 
Then rh ::: ~ = 1. 

1 . .-

the one dimensional subalgebra Cl' . , 

3, l = 1. Cohsider g, 

According to (3) 

there is_only one mlssing label, but there are two missing label operators 
,< 

which can be taken as c 2 and c3 . 

'15, 

Cb) A4,7~ The nonzero commutators are [c2,c3] ='cl ' [cl'~4] = 2c1 

[c2 ,c4] = c2 and [c3,c4 ] = c2+ c 3 ' There are no invariant operators 50 that 

and l = 0, 
g For each of the one dimensional sabalg~bra5 c1 ,ci'c3 , 

rh = .lb = 1 and i' = O. There is one missing label. 

there are two available missing label operators, as follows: 

In each case 
.. 

Cl: c2 and c3; c Z: cl and cl c4- c2c3; 
'2 

c
3

: cl and c2 + Zcl c4 + ZCZc3.i c4 : cl and Cz exp [-c3/-c2 ] , 

-1 

For each of the two dimensiona,l subalgebras c1 ,c4 and cZ'c4 ; rh :: 2 l4 = l' = 0 .J, 

~d 50 there is one missing label. 
1 

2 
~re ~2/cl and Cz exp[-c3/cZ]; 

Z exp[(cl c 4- c2c3)/c2]· 
1 

For c
1

,c4 the two missing label operatdrs 
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1 1 
,(',1 

4. Discussion. 

, The examples o'f section 3 show that the method ,~f partial differenÜal 

eq~ations is a practical way o~ermin~ng the missing lab~l operators 

for Lie algebra~. This mcthod C~q be used systematic~lly ta determine 

suc.h operators 'for the algebra-subalgebra combinations of interest in physics. 
( 

The theofem of section 2 show:; that if there are n missing labels, then ther/é 

are 2n functionally independent missing lab-el operators; in each case for/ 
.,- - 1 

n > 1, therc remains the problem of choosing a set of n mutual1y commuting 
--........ / 

functions of the 2n operator~. 
" 1 

In many practical problems, the number of missing labels and'missing 

label operators, is reduced' by imposing restrictions on the algeb,ra irreps 

being, consider~d. Thus 0(5) :> 0(3) has two missing labels' and four missing 

label operators for the general irrep of 0(5). But if attention is confined 

to the .. 'irreps of the form (O.À) (such irreps are requirea in connection with 

Il dl' b . 12 d h J h I T Il ff 13) h . 1 nue car qua rupo c V1 rat10ns an t e a n- e er e eet , t ere 1S on y 

one missing label. Il 

., 

" '-

.i j se: LEt ; II~· 
, .... ~ .' 
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THE SUBALGEBRAS OF TIIE SlM-ILITUDE ALGEBRA: AND THEIR INVARIANTS. 

1 

1. 
\ 
Introduction dO 

A general mcthod for obtaining the subalgcbras of a gi ven Lie 

a~gebra was,g~ven in reference 1. The method consists of an iterative 
, , 

procedure for ~educing the problem of finding the subalgebras of L with 
u 1 

~on-tri Vi~l\ ideal NJ 'to that of fin~ the'\.) ~Ub~lgcbraS of the ideal N 

and those.of the factor algcbra. 1f the algebra L is simple, then matrix 

realizations of the aJgebra are used to ohtain its subalgebras. In a 

''later pape/ .. , this method was used to, obtain aIl the suba geb as of the 

similitude alfebra (the semi-direct~product 

the dilatation operator; see foreword). 

The subilgcbr,s were classified into co~jugacy 

and 

connëcted component of' the similitude group, and a representative a1gebra 
8 ' 

for e~lass was ~lSO 1isted. Two âigebras -L and LI are conjugate under 

-1 a group G if 3g ~ G su ch that gLg = LI. The virtue of such a classification 
""' ~ --::::=:::-

is clarifieSiby considering the physical interpretation of such a class. 

Identifying the clements of the subalgebras with the infinitesimal 

transformationson space-time (i.e. rotations, boosts, translations and etc.), 
1 

the st~tcment that two algebras are conjugate is equivalent to, the statement 
1 

that the two algebras describe the same set of transformations (or observables) 

as viewed from different coordinate systems. While,' unconjugat~ ,algebras " 
-! 

describe physically distinct,operations; for example, the algebra of rotalions 
1 

is physically distinct from the algebra of translations. 
\ , 

1/ 
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Be 101'1 , the algebras are reclassified in'o isomorphism classes. 

Each isornorphisrn class corresponds ta an orb'i t of GLen ,R) acting on the 

subalgebr~s of dimens10 In terms of the structure consta~s, th: 

statement can be rewri tcn in a more explicit form. Two algebra~ and L' 

of dimension n and 

isomorphic if 3g € such that 

k k c., and c! respecti vely, are 
1J 1J 

,k 
= c .. 

1J . 
-~--- -

Since conjugate algebras have the same structure constants, they are 

trivially isomorphi~, and sa only the conjugate 'classes of subalgebras are 

clasSlfied lnto isomorphism classes . 
• o 

The mftin interest in t?is type of cltssificatiod rests on the fact 

that through 1som~rphism aIl algcbraic properties ~btained for one algebra 
~.. ~ .' 

are immediatcly transferable to aIl algebras within the same class. Further, 

a knowledge of 1 

a suitable choice of structure constant within the otbit may 
• 8 

greatly reduce the., difficulties and complications arising in the actual 
\ 

Falculation of a particular result. ,. 
For each repre~entative àlgebra, a basis for the se;t of invariants 

is obtained. Bere, by Htvai:'1ant is understood a function of the elements 
.. ' 

of the algebra such that the function commutes with a11 the elements of the " 

algebra. The funct~on iS"assumed to be at least first dit:ferentiable in 

. aIl variables. 50 th~ any invariant with a finite range of eigenvalues is 

'~gnored. like the~gn, of the ene~gy \n the Poind:~é algebra. 

This chapter constitutes a sèquel to a paper by Patera 
3 et al in 

11, 
which the conjugaçy classes of the subalgebras of the Poincaré àlgebra were 

classified into isomorphism classes, and the respective invariants, for each 
-~ 6 

, 
" ;, 
-; 
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, , 

rcpreSfntative of,a conjugacy class, wcre caiculateg. Since so~e of the 

conjugacy cl as~,es of the Poincaré aigebra. are aIl conjugacy classes of 

the si~ili~twe algebra, parts of their results are contained in this , 
article, providing an independent check for these results. 

In sectIon 2, the general method employed in classIfying the 

20. 

conjugacy clas~es of subalgebras into ~somorphlsm classes, and in calculat-

Ing the ·invanants is discussed. The ca'lculation of the invariants and 

the role which these might play in labeling the irreps of an arbitra~y Lie 

algebra has been the subject ~f considerable Investigation recently3,4,S,6 
00 , 

From Schur's Icmma, It follows, that withui the irreps, the invariants are 

of the form Àl \\here À tE: ( and l 15 the identi ty operator (or the re'presen-

tation; $howing that À is distinct w~thin the dlfferent irreps would lead 

to applications analogous to those ôf the CasimIr operators for these 
/" 

(generalized) Invariants. T~o speciai types of invariants, the Casimir 

operators, and the ratidnal invariants w:ere systematically treated by 

4 Abellanos et al . RatIonal inva~iants are elements of the quotient field 

of the envcloping algebra. In other words, they are ratios of homogeneous 

polynomials on the algebra. Considerations On the more general invariants 
, 

along with additional references can be found in the above mentioned paper 

by Patera et a13~ also a short treatment will app~ar in,the conclusion. 

'For a diSCUSSIon of operator cal culus see V. P. Maslov "Operator Methods" 

Nau'ica, Moscow 1973 (in Russian). 

Section 3 containini the main results, consists of a list of represen-
1 

tativc algebras for the conjugacy clasees of the similitude algebra and 

theit respective invariants. The algebras aie organized first by dimènsion 

and th en for each dimension, they are grouped into isomorphism classes. 

ofl 

,"' 
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Each isomorphism class is designated by a notation which refers t~a 
, 

standard basis {hat characterizes that class, whenever ~uch a basis exists. 

This notation is consistent withlthe one used by PateraS, who listed the 

standard basis of the Lie algebra characterizing each isomorphism class. 

Comments on the classes and the invariants al50 appear ,in section 3. 

Section 4 is reserved for the conclusion. 

2. ~1ethods 

'AlI the conjugacy classes of the subalgebras of the similitude 

algeora, listed in reference 2, ~re reorganized first by dimension and 

then for each class the invariants are determin~d. A knowledge of the 

invariants, oftén, aids the mapping of conjugacy ~lasses into isomorphism 

classes. 

An algorithm for obtaining,the invariant:)is achieved by reducing 

the problem to that of solving a system of linear first order partial diff
l( 5 6 

erential equations. The method has been dis'cussed i,n the literature ' , • 

In one paperS, for each of the is~orphism c~asses of dimension 

n s S. the method was used to obtain ~basis for ~he set of its invariants. 

(However, here. for each represen~e algebra the invariants were independ
It 

ently determlned). The method consists in identifying the adjoint represen-

tation of a Lie algebra with a set of c-number first order lihear differential 

operatoIS. That is, let L be an n dimensional Lie algebra, th en 

and replàce 

VX. 
1. 

X. ! L 
J 

, . 

c ~x. ) 
J 
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where xi are c-numbers. The equation for the invariant 1S 

[x. J F(X I 'X2 •... ,X)] -,0 
1 , ~ 

and reduces to 

~ k (j -' 
2- xkc .. -;- F(XI,L •...• X ) = 0 Ia.,j ~J aX j -t. n 

VX. E: L 
1 

The invariant th us formed must then be converted from a function of 

c-number variables to an operator funetion. Simple identification of 

X. ~ x. will be sufficient. in the sense that the re$ulting function will 
1 1 0 

ind~d bè an operator invariant i~e. satisfy (1), onlr- if aIl the Xi 

appearing in the functi~n mutually commute. In the case where the funetion 

is a homogeneous polynomial (a Casimir operator) 'it is weIl known that the 

invariant operator must be fully symmetrized in aIl its variables. The 

reason being, that if u an v are polynomia15 in the x. and 
1. 

'f\. 

2" xke~ _ ~u = v then 
"J~ 1J aX j 

[X_ ,u] = V 
~, 

1 • 

provided U and V are the pOlynomials with the same coefficients as u and v 

,~nd are fully symmetrized in the correspon6ing X. € L. 
~ \ 1 . 

AlI the invariants found for these subalgebras are of the fOTm 

/ 

r 

where the U. '5 are relatively prime homogeneous polynomials in the x. ~ 
_1 1 

The exponents as well as the coeffident~ay be eomplex numbers. Then 

replacing x. by 
• 1 

*: in each pOlmomial and symmetrizing each individual 
1 ~ 

(1) 

(2) 

polynomial will lead to an operator invariant. The proof essentially follows 
, ' ... 
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fro~ (2), as for Casimir operators, and is based on the assumption that 

.. [[X. ,U.], U.] = 0\ VX. é: L, for aIl polynomials U. featured in the invariant • 
• 1) J 1 - J 

This assumpti'on \'1as indeed satisfied for al! invariants found here and G 

\ 1 3 5 ' 
e~sewhere' "ft can be shown that for semi-.simple and' nilpotent algebras, 

. the Casimir opcrators are sufficient- ~o define a basis for the set of àll 

invariants. Further, the nurnber of independent invaFiants for an ~lgeDra of 

dinension n has the sarne parity as n. 

As was mentioned earlier, in arder to élassify the conjugacy class~ 

into isomorphism classes, the represen~ative subalgebras, for each conjugacy 
. 

cla'ss, are first organiz'ed by dimension. Then for'each dimension theyare 

furt~er reorganized according ta the dimension of tne derived algebr~; this 

Iast step may be repeated as many times as i9 required. 
.. 

AlI isomorphism classes for real Lie algebras of dimension n ~ 5 

- 7 
have been listed by r-'ubarakzyanov and later reproduced in a more accessible 

5 • ~ 

paper. For algebras of dimension s S, the classification is reduced to 

identifying each representativ~ subalg~bra with an abstract representative ' 

of t~e isomorphism classes listed in reference S. The classes are denoted 

\ Cll··~ai 
Dy An,m ' where'n identifies the dimension of the subalgebra, m is used 

to index the different isomorphism classes for the same dimension, and the . 
pa'rameters Cl

I 
... an are used ta select a particular 'c1ass out of an infinite 

set of isomorphism classes. The str-uçture 'constants are functions of the 

parameters Cll ... u i • For example\. A~,S with st-andard basis c l ,c2 ,c3 suc~ that 
\ 

[c l ,c2] = Cl ' [cZ'c3] = hC2 wi th -1 S h s 1 is such an infinite set of 
) 

isomorph~sm classes. 
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J 

Since no complete classification of isomorphism classes for reai Lie 

algebras of dim ~ 6 exists8 , a slightly modified approach is used. The 
IJ 

aigebras arc first re-ordered as before, and then for each set consisting of 

say an algebra of dimension n with a derived algebra of dimension t and 
1 

second derived~a~gebra of dimension i' and etc .• the invariants are used to 

group the algcbra into possible is~morphism classes. At this point, it often is 

" 
evident which algebras are not isomorphic. Then from the so chosen candidates 

1 ' 1 

for a specifie class (the number of candidates is not large), their laigest 

abelian ideals are identifie~ and by comparing the respective' factor algebras. 
\ 

the algebras are classified into isomorphism classes. As a further test, the 
, . 

explicit transformation, which transfoums th~ strncture constants of one 
1 

"algebr~ into those of the other aigebras within the )cIass, is constructed. 

For the similitude subalgebras, isomorphism classes of dimension ~ 6 are 

found to contain at Most two sets of conjugacy classes . 

3. Isomorpnism Cl~sses and Invariants. 
, 

The usuai basis for the similitude algebra is used. with the L.' S 
1 

representing the Totation generators, the K.'s representing the boosts 
1 

generators, D representing the dilatation generator, and the P 's represent 
\ ~, 

the space-time translations. Then the commutation relations are 

\ . 

, ) 

[ L. ,L.] = lE:· . k Lk 
1 J l.~)' 

J 

[Li ,Pj] "'fE: ijkPk 
"-

[K. ,P.] = Ô •• Po 
1 J 1J 

• 

1 
[K. ,K.) = -le 'kLk 1 J __ 1J 

[L. ,K.] =).c 'k'Kk' 
l J ,. 't' 1J 
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\ 

" [Ki,POJ [K.,P.] = ôijPO = P. 
l J l ~ 

1 [D,"P ] = 2FU [Li,POJ = 0 
u 

[D,Li] = 0 [D,K. J = 0 
l ) 

. 
\ i,j,k, = 1,2,3 

"'. 
"-

The invariants of the Poincaré algebra Sl'l are weIl known 

1 -

", where W~ = E:\lvô'!.MvôP" is the Pauli-Lubanski spin operator with Mai = Ki 

and M .. = €. 'kLk' while the invariant of the similitude algebra SI 3 consists 
1) 1) '1 • 

of the ratio of these two operators which reduces to the spin operator in 
\ 

the frame with the eigenva1ues of P = O(the rest frame). 
~ 

The results of the classification and the basis for the invariants 
~ 

are summarized in tables 1-9. The notation S, . refers to the conjugacy 
.) 

classes as found in reference 2 • When listing the elements of a subalgebra, 

the semi-colon is used to indicate that aIl elements to its rignt be1o~g to 

\ the cler i ved al gebra. 

AIl one dimensional subalgebras are isomorphic and appear in table 1. 
1 

The n dimensional subalgebras appear in table n, except for those of dimension 
1 

10 and Il which are listed in table 9. 

If an infinite set of isomorphism classes contains an infinite set 

of conjugacy élass~s, then the parameters of the s,et of isomorphism classes 
1 

are functions of the parameters of the set of conjugacy classes. The functions 

c neecl not be one to one, and such a case arises in classifying the set S5 4 for 
• 

, 
----~--- ...... _. _~ __ ~1 " ............... rOW.W ... " ...... -............... ttMI 



1 

c 

( 
, 

each c~ the corresponding c is associated w1th an element of class of Ss 4 , 
P such that P The range of c 15 n, e -:/= n/2 which A3 ,7 = tan c. 0< e < 

implies that - 00 < tan c < CD , and tan c =1=- 0; however, the range of the 

parameter P is P > O. This sU~,gests that classes with Itan cl equal are 

isomorphic. This can be verified by a slight rearrangement of the basis 

c 
of the representat1ve algcbra of 5

S
,4 In this case. as for aIl those 

of dimension $ 5, the range of the parameters for the set of isomorphism 

classes has been defined 7 . For the higher dimensional case, even though 

the infini te sets of isomorphism classes have not been constructed yet, 
, a)b 

If the problem can be treatcd analogous1y. For' example, consider S 
1/ 10,)9 

wl'th a2+ b2·~ 0 from table 7,' h' . h h 1 b r Slnce t C lnvarlant as t e exponent +, 
1 

11; ,fo11ows that algebras w1th distinct bIs are not isomorphic. However, 

S
a,b 
10',19 

Pl and 

, h' S·-a,b h 15 lsomarp lC ta 10,19; t IS can be seen by intcrchanging P
2 

with 

Li+ KI with LI - K2 ln thclordercd basis of s~ôbl9' AlI other cases , 
can be approachcd ln a S 1mll ar manner. 

4. Conclusion. 

As was mentioned carlier, the greatest utility of such a classIfication 

of subalgebras lies in Its capacity to remove ~edundancies in computations. 

The avallablilty of a sUltable choice of structure constants for a particular 

class can reduce the complexitles in a particular calculation. 

It is expected that the invariants obtained here will provide a 

useful tool ln the representat10n theory of the se algebras; much like the, 

Casimir opcrators do, in the case of semi-simple Lie algebras. The extension 

of special function theory, via group theory J in order ta include these 

invariants should produce new and useful results. 

1 

\ 1 

l , 
Î ; 
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On the physical aspect, the eight dimensional algebra S2 1 is , 
importantly contained in thé "infinhe momemtum frame,,9, 10 calcu1ations, 

.,."... 

in Dirac 1 s IIfront frame" dynamics 11, and in the investigations of "Ga1ileian 

. 12 13 
sub-dynamlcs'~. ' One of the invariants of this algebra is 

\:> 

" Pl 
- -- CL - K ) 

p_p",l 2. 
o 3 

and because of lts sornèwhat extensive use in physics, it has a1ready been 

named the light-like helicity or the nuIl-plane helicity14 ,15, The name is .. • , 
appropriatc, sincc for zero rnass pa,ticlcs with discrete spin, L2+ KI and 

(3) 

L
1

- K
2 

are"both zero. and so (3) reduces to L
3

, The similitude algebra is 
r 

another examplc of an algebra \~ith non-polynomial i~variant which !las reached 

. . 1 . 1 l' . 16 promlnence ln plyslca app lcatlons 

Further investigations along these lines should reveal the relevent 

'and operational prop,crtiés of these ,more gcneral invariants, despite their 

present ~ather precarious rnathematical status. 

, 

____ ...... ll111' .. ' •• ~ .. ti .... _, .... ,h'_4'...c...,' ......... , ...... ,,_ .... _""' ... '~\III ........ nliijlil.lllillf .. ;7fI_ ••• _*"'lI10!IlI!llltQ1Iioi11lll; ... I ..... ilIIItIOI.W .. _IiIIIiII·OW)l.MaQliIiil_ ...... ~~' ... _ •• lIII'~~".I __ rlill_ .... __ .. ~ 
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Class 

AI 
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-

\ 

1 
1 

i 

r , 

t 

" 

-r 
" 

1 
1 

Table 1: "One dimensional subalgebras. 

tiotation- Generators 

' 5/1, .. L) - t.;.." KI ; /' 

S,l.ta L,) .> 

5,l.,.'lO : L) ~p ... P, ~ 
1 

5'1,11 ~Ll t Po • 
J 

S,).,J.~ l..L)-Psj -, 

Sll,~ fl: J ) 
: 

5\l, ,$ ~~:. - P .. · / - ~ --

5, .. .1' Ll..T ~,; • 

SI .... ~O 
, 

l1-z +.:t.k, - p.-~ ~ - -
, 
\ 

S,'t,~1 L.1. .. 1<,- Pa. j 
\ 
\ 

~ .. 
SIS,I Po-P.J; ~, 

-- 5.s,'I Po: 
~ 

P, . --S's, Il J 

-
5,s,u .. D~ .. , 

S'S'" .. / p 1"1.L Colt, L l -~c. '" .i 

~/J, '0 .. - o -la. - /';., ; 

/ 

. -
" 

Range of 
'" Pai'ameters Invariants 

o ( ( ", c. " n Iz.. genel'atol' 
0 

" 
€ 

" 
" 

" 
, " 

-

" 

" 
,pl " 

-< .1" , 
'Ie 

/ 

" - , 

- , 
" 

" 1 " 
-

" 

" .. 
1 

" oto'.","7 0 , 

" 
-# 

/ 

.-

-

1 , 

"' 

.. ~ ... -

-

"'-

~ 

" -
-

-

-

-

-

- -

" 
~ 

~ 
/' 

, 

~ r 

N 
\0 

\ 
\ ~ 

t 
,< 

i 
1 
1 
~ , 



FI' l ,..."""'.,,.. ...... t-~.. _ .... ~I~J'~J~ .... U\ii Pi Ji 4 ::;: j 

t"\ .. 

~-" 
1 

./ 

~ 

Table 2: Tw~ dimensional subalgebras. 
Range of . 

Class Notation Generators .- . ' Parameters 
< 

1 LA, 51, c- 1..:5, K, ; 
I 

" 
-

( 5'0, S Llo""", L.-kJ.) 

1 

5,.,13- L,-k",,1\. L ... ~tc,; 
1 1,-

' J 
. 

1 1 -
/ Sil. u. - 0, "", L.) - ~c. 1< ~ ; o~ c. ~ 1\'.1 C. i JV'J,. 

1 

S"I" 0+ :1.o.lJ CoAt L. 3 - ...:...c. x,' " 1. .,. 
J ~ ./ 

V 

S'~'l- Lll P.-;;; \ 

S,a" Ll rJ . 
1 J J 

.. ' 1 

S,~" '-3 J P. ~ 

5Î'l., ,,. li L:5 • Po '" ~, P. - R. ; 
/ 

- 1 

Sll... .• ' 2.1:, ~P.J R; .-

1 .. 
S'l,l~ J..L) -Pl . Po' 

1 } 1 

, \ 
.- 1 

SI)..ll. ./ DI L,,; \ 
1 

\ 

S,~ • ." D - s. .... Kl J L..3.i .. >~\ 

- \ 
.. 

------J ~u., 'Il. ~D -lite)'" P."") il; . , 
1 

/ 

S,).,," ~D -'II<) +-~(P.11..) 'u'. +Cfa+/U;.. _-.. <itC_ 
,J • 

. .s. 1 J,' ./ - - 1(,) P1-j 
\ 

S'J,II l..k.J -,0&.,"; -. ~ 

~ 

Invariants 
. 

both generators 

" 

" . 1 

" 

" 
" 
If 

-
,. 

" . 
" 

--; 
fi 

Il 

1 

" 
1 

" - / 

-

" 

-< " 
Il 

" 

A-..., 

1 

1 
, 

1 

1 

1 

1 

! 

1 

1 

1 

1 1 

.. 

.. 

:;r 
~$-

iIJ 

;J 

". 

/ 

w 
o 

----

'" 

~ 

~ 
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.~ ,~ \ 

')<~ 
(~ 
~~1; 

j 

~-: 

/, 

i 
[ 
! 

~ 

0 

Class 

J.AI 

, 

, 

-

-

A:J.. 

'. 

Notation 

S, ),:&'1 

~,.».lO 

S''I1 • 

5 lOf J' 
S l'l,'" 

-
5''1,1; 

S ... ", -

.s,,,,).O __ 

.s ''',r' 

SIS, r 

. 5'$.1.. 

. SIS' .,. 
I 

,S,s,JI 

S,. '1 
./ 

S~ I~ 

5~'JS 

~1>,,," 

Generators 
1 

D. k, ~ 
6 

~ 

_ D .. :L .... L) ) 'k~ j -

L'r ... k" P. - Pl j 

!.:lL~ IC ... ",,~ 
t 

./ 

l.La,. ... :U(,-P.-Pl, P.-l'1j, 
" 

L.k""'I-I"~ ,',-PI' 
1 J 

./ l. 1. .. +-:1.. IC, - f. - ~. PL; 
, 

D, L. .... 1<', i ,-
,/ , . , 

D+1.1 -k~, La.+k.) 

r. -P, ,~. 
. 

"" -
1 J 

P •• Ps.; , 
- . 

P. p~ . 
• J -

" 
I>~~L('-'L',- ..... c ""), P.-I"!I 

-
'Sa i J.. .... +- K, 

~k~ -Il i l..l+-I!:;î 
-

~c La -~, 11;3 ; P. - 13 
, 

k.~ ; p~ - p .. 
-

'1 

Range of 
param~ters 

, 

... ~ a 

" 

/ ,/ 

0-

- / 

-

..... -

--- ~ -

" /-=--

J 

-, - , 

A.~', c:. 2JlI'/~ 
-. 

-

~ -~ -
,'/ 

V/ 
tH,(I(/c..f//~ 

0 

Invariants , -
--= 

both generators 

" ./ 

., 
ft 

< -., 

" 
" , ---
" 

-
" -----
" 
" 

Y-
" ./ 

-
!10ne 

n 

" 
" 

t'" 

-
./ 

-

J -

. 

-

-~"> 
~--

, 

-

. 

tJ 

w ,... 

\ 
1 

1 

1 
i 

~ 
~ 
l , 
i 
1 
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/ e 

/ .: 
t 

~ , 

i 
Range of 

-

--- f 
Class Notation Generators Parameters Invariants ;,1 

~ 

Il,. .. S,",13 )..J:~ - P4 ; P. - ~ none 
.. 

S, .. ,,,,, D-.&o. k~ j L~,. k. é. ~ 40 " , 

- 5)'/ SO '\'0 t''ilCl.tPo-Pl ~ L.~,..k, 
, .. 

;J 
-

0 

S ''1.. ,a. - --

V 
t>-k3 j ;U~~~k,-~.-~ " 

?''I,U D.;l.vkJ +b{L,.,Kl.,.R); 4t-K •• Pa. 
.. 

1 ,o-
S 1$.'\ D .. P. - Pol 

.. " • 
1 

. 'j~ ~ , 

.s ,5',~. D~ Po 
Il 

,-
t 

-
S,~, ;1., 

Do Pol 
0 " 

J - &~., .... ." 

5,s,!.t' D+.;a."(CACI.3- "':"'d:.,); P.- & " -- • ~ ~ < .t" (." 11f/:I. 
J ~ 

5'{J' 
- .. li 

- D - J.). - le 1 .. P. - ':J 
J 

~ " S'S.31 [)~~, L~ j PD - A.,.J • 

-- - fi 

S',s,18 () + ~ .. Lj r Pl "' ... -

.. 

" S ''',3'1 D- ôl '" k l'; 1'$ 4l."0 

• If 

1 ~'S '/0 D + 3..L.l ~ l...IC, ~ ?.) / ~ , 
-----

... 



: 'l' , '" 

~"l " .... "t 

~~ 
t~\~ 

-~ 

> ,, , 

1 

1 

f 
1 

J 
• 1 

t 

.., 

". 

r\ 

.. 

Class 
, 

-.. 
3A, 

.. , 

,,' 

, 
, 

/ 

- . 

-

A,œ A", 

~ / 

/ 
c: 

. t:~..L ~._~4~_ Tab,l~_Ih d' :0 
.', - , -

Notation G 

S,. 1.1. 
1 D 1 L~ J Ic:~; 

Sl~'f L..1 ~ le l, L. - Je:r.., i> •• P.l ~ 

-. 
5,0,1 0 L.l +/(1. li· k ... 1P1., ~-'" j , 

. 
5, .... /~ D//..3>. .,.1<, 1 L, -k 1.; 

~ -

S'lo1 t l.l J P. J Pl; 

S'L,olta 0- ~ol!::), L.l, p.-~; 

.5 Il,' kl.P.JP..; - , 
/ 0 

5''fJ ., 

. ' 0~;/';.-~J Pa.; 

S.".I.,a,. :l1.~1-:t.)(', - P.-~ .... -~ P .. ·., 
J 1 J 

51S;~ P. - P,,, i>'a. 1 P. J , 
"'- . 

.5 ,s.~ p'. 'P"'J P..; . ' "" -
-i51~'t P. P, '"

D

j 
, 

-
" J .1 L . . 

, , 

, 

5r,r ~t) G ( ";.3; l.u Je, ) 

S',3o' 
. . '" 

(b) $ (11:1.; La. ... k,l 
-

5~.s- ll,J) lE> (k.,,; P. - ~Jl 
~"'-' ... ~ ... '" j, j ........ - .... i .... 

-
-. -. , 

5 / ~ /1 (0 - ,.d'c..L.J +..tKl)~(zA"cLJ -1r;3 ~ P.-~) 
, 

--

~ 

" 

Range of InvaTiants 
PaTameteTs 

~ /' aIl ge~ators -
0 li 

.. 
" 

0 

" , 

'. 

\o1t -: -! ~ , .. , 1. 
î , 

"" , , 

" 1 
" .. l 

0 1 
" 

1 
, . 

" ., . <> -- ~ L -
fi j 

1 

" 1 

" , 
" 

a -. \ 

~ - p 

-

" 
0 

. 

LJ 
c w 

W . 
l>-.l.de. '-i ~1..I:~ -

0; < ~ C. 'If.., '\ "'-L 

J , 



/ -.. 

:: ~ ~ 
f, .~.~ , 

---.. 
;F 

.. 
. 

-

Class Notation Genera~.qts 

. A.@A" ~"J 1=1 (D-t )..(",- ... lfULl t-l.~~)ê(c..tcLJ'-kl) P.-P.J) 

51 1 ,101 (L) ) $ ( 1) j P. - Pl,) , 

5'1,30 (LI ) @ ( D) P~) 
1 

, 
-' . 

511.,31 ll.l)@ (D; po) 

" -
~I~l' 

. 
(ll) El> ( D -',)1). "J; 1{ - e) - r 

., , ... . 5 Il,,·'O (L 3 ) ~(:2. D - '1 /(3 'H. + PJ J P .. - e.) 

":.,l 
5 Il-, 'if ('iL,l ·tPo1' &) Ef>(l D - '1 l'Cl -+- ;t[Pot P~).; P. -~) 

. 
C 

Sil r (P~.) ~C /<3 J P. - Pl ) , 

Sil, ,1 ( p, ) ~ ().. 1(1 - p~ : P. - 8) 

Su ;1.)", 
1 

(D t:l.1C,l)(f) (Il - .tI<:l; P.-~) 
. -...l 

5'1,1.1 (Kl)$(O, P",) 
... ~ 

51), 2f 
-

(Kl)E9C DHa.L); P.- f>.3) 

5,'1,J...I (LL+k.)@ {Di P.-~) 
~ 

S ,-1,1'1 (Ld'):") $(O;~) 
. -

., 

ç,'4, 'if (P.~Pl) (b(O -;. ... kl~ t.,.+kJ 
.., ~ 

5,'1,'" ( h t 1<.. ) (9 ( D H, - k 1. ~ Po - f; ) 

5'~.ll (P.-~) ~(D-~o. k.~. Pl) /" 
, J" . 

Ran?e of 

Pax:.arneters 
... ;!I, 0 .. 

o (. c.. (. " '" '- , '1/", 

, 

-

Il; ... -, 

) 

_ .... ~<IO 

1 . 

-

'Q..;'o ) 

~ 

/ 

... :: -, 

.. 
L= -, 

"' 

Invariants 

D-lla-c4t"dLlt-~k:l 

LJ 

L) 

L~ 
~ 

~ 

L) 

L;) 
. 

'1L.Jt'P.t8 

~ 
J 

P, 

o +2. "3' 
K3 

k:J 

L.)..+I:::. 

b.~)::1 

ro - 1>3 

L2.+K, 

-p,-rz 

L ~ 

, 

1 

-

\. 

~ 

·l 

1 

1 
1 

,~ 

IN 
.po. 

--"'-~---~.~. ~--....,,---_..I 

..,,' s 
"'\ 



~- " . ( . ... 
" 1 

~ 

. 
,Range of Invariants , 

Class Notation Generators . . -Eararnpt pre; .. ., 
A,œ Al. ~ IS,1l t P. - e, >(9 (Ot-~&.. ['-c.Lj -.-. (. le,] , r.-~) 0. .,. '" C. : tl/~ . Po -PJ 

) 1 . 

A3" '. S 10" Il l ,. ~ 1::. -' PL .~, - ,,~ .... b Pa. - P,' P. - Pl b~o P. -PJ 
l , 

• 

. S,O, J1- LI.+kl-P~J L, ~kl.~P, ; .P.- Pl ~ ptt.- PJ l 
t 

. 5)'tJ L 'l. +)0;., , P, J P. - P-, " -

S,'t' .,. lI. -t- le' 1 p. - b P, ; f. - fI b ~ 0 P. - PJ 
) . 

, 
1 « i 

~ 
1 " 

,> /1 

i 
~ - ~ 

') S''I,13 J.L.J.-t-2.I!\,-PO-~J P,~ P.-P.l Il 

S,'t''f l..~ T Ji:' 1 - p~ 1 P,; P. - p~ P. - P.l . 
1 ~ 

• 51't's ~&..l..+.2k",-P.-~, ~-bP,; P .. ~,P.,J b" o " 1 

1 
t 

',,-13 S 1'1,1~ 1.. ~ -t- Je 1 - j'Jo.. 'z. -b p, • P. - Pl - 1. ~ • • \ 
..- , J 1 . 

-; 
• # 

l' 

i 
~ 
• ~ 
• .. 
'" J 
.~ 

~ 
t 
f 

A3,?.. ~I"S l./Clt-P,; l. ... +Ic,/.-P.J 
(r.-Ij ) ~PgL. ~ + /C1~/l B- P.l] 

. 

S ~/'" ).",-f>a.~bP, L .. ~Io;, ~.-P..., 
/ 1 

.. 
(P. -~) ...... ,. CC L'I. 1-k. }/6 (/J - Pt>) ] ;$-

S'G,l1. 0- w·(Ll.#-kl) .. _c.Ci.,-k~); IL) P.-Pl i) <. Cc. " (f.-&) vp[ &/(pJ -fr,)J' 
/ -. 

c-

" 

-
':' 

_ ... __ .. _-----------~ 



" ,.. 
: 

'\ 

Class Notation Generators 

A~/.3 Sr,! 1'\3; 1. 1 ... fi; , ) 1.. - ,1<;" L -
. 

5",1- -
k.).; J..;~Jc" PIP-~ 

-
5,,'''' ~;2k]-P>.; L ...... ~I, P. - Pl 

.. 
F 

.:: 5/0,2.'1 D t;l.IIt.l..l-1b Ir.!~ /..~ #'/0:: 1 , L , -1-.... 

/ ~/·I'l..t$ Dt~ .... Ll +' ).kJ tP.-P,,; I.,,+,kl , L, - kJ,. 
-

5,0, :U .. D -;2.kJ j L1.~k, L.. -lr1.~" " 
) 

5'5",'" o ~ Plo, P. - & 
-

. S'S; I~ l>'- P. P,l-
J ,) 

" 

Sis," D' 
~ 

p,.J Pl. .. 
/ 

S/f,3J.. - ~-&.;«."CL;tJ:,) t-"';"".:. (1.,-II:1..); h, P.-~ 

A~., t "I5~~'1 .L3-~(.~l;P .... ~ 

, 

r 
1 

~,J/&/ k~; P., & - / 

SIl/ft.- ~t::~ -P"1.; P. J ~ 

1 ~~, 
$,'1.'1' l.D+YIr~ +P.-~;Ll.+t'l Pl. 

- '" , -
- ---

f 

• .. 
Range of 

Parameters Invariants 

G ~,_ \c'l. ) i ('-,,-+- 11:,) 

( L.l.of-k, ) 1 ( Po ~ P~) 

" '" , 

...:. b,. • , ~ 
Q-1. ... 1:., ) / l" -«\..} 

"'-_0 0 " , .. 
- (1.. ,- *" .. ,.. f'1.J 1 ( La of k,) 

(1). - P.J) 1 '2-
(f.-!'.J)/(! .... 1>.1) 

P.IPa.. 
~ 

c:. "0 (y. - f.J) / (fL 

l><C .. 11 C'$ rr/.z. , p'''-_pl 
"" .. 
" -

p,1-_ ~ .... 
/ 

Pl.(L"t k ,) 

-

/ 

e 

4 

/ 

. 

. 

! 

.: 
i 
l' 

, 
·1 
( 

" ..... ' 1 
- j 

r ~ f 
J~ 

w 
Cl' 

... j 
.-C-

j 
,1 ~ 

.? ~ 
~ 
~ 

" 

~ 
" ~ 



, 
$. 
1'" 
'i r· 

,. 
f, , 
~ 

t 

t 
f. 
f 
~ 

: 
". 

:1 

W"~~I-

'" 

" • • 
/-

r-( 
4 

1 Class '/' 
'J 

1 
N . 1 G Range of l' otatlon enexators p t nvarlants 

~ __ ~ __ ~.~ ________ ~. ________ ~~ ______________________________ ~_~a~r~am~e_~e~r~s~> __ ~~ ______________________________ ~ 
~ 

A.J.s 
1 
J. :. D./(J H.) 

:.t(.. 

-=ij 

=~ 

1 = '/l... 

= 1'1-4.. 

:"-tü..c 
"e.--t. 

/ 

- /lh
J

, 

_~',r 

.s ''t '1$ 

'5,'(.'1+ 

5 '''..j, 

.s ,.~,. 
S l'i/~' 

SIS 31 
1 

~S l.r,ll 

5"" , 

5,. ,. 

S" '0,) 

5,.,1~ 

SIL, " 

Su"., 

S,l., IS 

Silo, I.e 
----

Q 

o -). CL k:. ; 1. ... + k. 1 P. - Ps , 

D - ,l..f.lc l . L., + k 1 Pl.. 
.1 1 

[) - kJ " " Lz +2k, - P. - &. P. - Pl 
) - ~ 

D-.1.k,) L1.f"k.-Pl...~ p.- ei 

D - 1(3 -; .Hl. -t- .l ~I - P. - PI' Pl... 
, J 

'" D - ).. ... "1; Pl... P,,- Pl 

t> + Jo C(. ~, Ll - H. ~ c.. k'l " P. ~ PJ P. - P.-
ol J 

li' 

L); 1.1 - t, . L 1 of k2. 

" 
I.f L.J .,.P. -~ ,; J..;t-k" L, -k1. 

Ll - c....., k1 j P, l ,~ 

Dt-:UlL.l-:J..bkJ " La. -k, J.,':'ka. -
.1 J 

L. 3 · PI el.. 
J 01 

'f L;, ~ P"t Pol P, J p~ 

• H l +- (J.; p,'J Pl.. 

].,L1 -fJ . P, Pl... 
1 1 

• 

... ~ ~ -. 
A t\ .. 

4.'0,-1 

o.~., .. 1=' 

• ~ , < .l ~.1 (. $ '1" h .. 

J..-! 

"( cc." ~ 1- 1I1l.. 

~ ,. .. ..,. .... 0 

.( 

___ ... ___ ... _~a. ___ ~ ____ a. _____ ... ___ ._ ____ _ ____ ~. .,. 

r. I~I .... \Ll.~~.) (J--P.l) 

Ct.. J. .,. k.) / P ... --

("L1+Z IC. - P. ~fnJ/( 1". -Pl) 

l L ~ .. +: , _ P.J a. / ( P. - P;, ) 

{ 2.L,.. +2. IC".- P. - PJ} ~/ p~ 

(J~ - P;j ) , + .. / Pa..,. 

l , ............ "'/ lP~I"~) / ( '. _ ~) I_~~C. 

{f.Lr tr;) 1 +- OI-k~)2.. 

" 
p,L+-" .. --

(L~ +- ,....) ~ or <:i, - ka..) '-

p. l.~ PA 1. 

/ ,. / 

P. 'l. +- Pz. l-

" .. 

/ 

w ...., 

te 

/ 

tT 

, 
1 . 
j 
! 
! 

. i 
t 
f 
i 
~ 

i .. 
i 
1 
\ 



iI<-" 
";1 
fh, 
~i 

! 
• ;: 

f 
" 

~, 

" 

Class 
p 

.4J /1-

p':.. r:;;..." 

p:: '0/ .. / 

pc - VA. 

P ,,' Ilo..l.iIQt.. 

~ 

, 

A31 
1 

• .s IL <!, J) 

rb~ '-
S~GL) 

l, 

Notation 

Ss . ., 

5 1":1.,, 

5/CI,W' 

.Ç I~,,J~ 

.s '!. '1 

, 

53,0./ 

j 
'! 

/ 

./ 

Generators 
~ 

L.) - t:-., KJ ; /.~ t' II. '. L, - k'J. 
" 

. 

D fo,U"/.l -:a.bk~· 1...1. fk'IL,-Ir:~ J __ • 
, 

~t) t-1f .... Ll-"I1r1-fP.-P.l .. L,-If" h.,.k, 
j /' 1 1 

D t-;l.Q... t..r&c t-J - ~ 0.. ~(., k~ ; P, 1 p,- -
-<-

----- <' 

/' . 
j L,l • Ir • .,. k"l.. . 

-

..-
~ L.'1 l- 2-) L3 -

.. 

",: F . ___ ... _0--- ' 

/ 

Range of 
Parameters 

, \ 
Di. '1.. YT Co -1 "/L 

1 

I).~o,'b~p .. 
'). 

ct :. 0 

"->0 

D Jo t. ot '" t.. '1 tr/~ 
1 

1 

'\. 

J 
-

-

/ 

• 
/ 

: 

; . 
Invariants \ 

'u \ 
! (, . .-JL + (L, -'..1'] ~'-" -il l, +k,)' ..... <-

L, - /("1. .of i (L l. + 1: d --
liL •• ")' .(L,-k,)·l ~- •• -,q" k,) lb/il. 

_ t., _ k). j ~ (I..~ ;-1"" 
- -

-' 
~~""~"""'tl,.~~-I 

(i l- (1 ] i /L~c.. 
~ 

Po t-PJ ) (PI -, ~) If Pt +i p.,..) 
./ 

. 
k l. 'l.. , '- +- #1:. - L_~ 

/ 

'/ 
1. ~ • 

L-, +LIl ~ L,J 

/ 

" 
(",,> 

00 

J 
j 
l • ./ t 
1 " 
'" ! 

1 
l 

-1 
,1 
t 

-l 



...... ~/:t -,"'; ·-r.r,. .... ~ ;.""~. ,~......-.,y;-,-;;c:""-" 

. . ( 

/ 

1 

~ 

i 
f . ~ 

1 

JJ 

1 
8 1 

,.. .-
----

Tahle 4: Four dimensional subal~ebras. 

Range of 

1 . 1 Parameters Inyariant., Class Notatlon Generators aIl 

~~I SI'''' Po_ p,) P;;t, PJ~ generators 

lA. 6J A,). -1 5, ", 1/ 

J..A4 

/ 
.. 

1· 

.tLfb)A~1 

.s 19'~ 
~/J, a.. 

S,,:l"i 

S.r.-z. s 
1 

S,!,,, 

, :S";I" 

.5JJ.,~ 

S 1),10 

S Il,l '# 

~1e>,3 

5/~1 

(D H~J)@(LJ)6HCJ P.-p) 

~~+-k,) e (t.,-k .. }(!)([).)'P.-PJ )' 

( P,) (1) ( P~) ~ ( /(-1' Po- /?) ) 

([)tJ."'J~ h+~.)~(D. P.- P.J) 

(.+<'3 J L.u" k. ) ~( () _ Pl,..) 

( IH· l...~c.LJ -].~l . PD - 6) ~{ D ~; t.td.J t --2}(J • fa of h:) 
~ 1 

L 

/ 
/' 

(D + ~(tHe.:tC) l~ - 2}'f~ / f7.-A )<1;)( l> +"(4-r.;reL~) fZ/fJJ" P~+G) 

0> -J.~ ~ f>b-~) è ( l>~41o:\; P. t p .. ) 

(C-Z.k'l; P~) 8)(jçJ~PD-~) 

(1)+~,"-LJ--2/C~'i P,,-~)EtJ(bHQ.LJT2k~~ f.+e) 

lL:z.. + K, ) e ( '-, -kl. J P ~; P .. ~.1) 

(ll..,k,-P~) ~ (L:l+k'J t.1-If ... ,· 1:; PI> -~) • 

L3,O+2k:3 

L ... +k, ~ L, - le,.. 

P ... , f. 

none 

Il 

" < , < ni '-1- If/. none • 
.. >0 

• <<. < 1\' 1 G:t Y.l.. " 

none 

" 
none 

Q.~O 

b .. +I<:, (Ja - P:J. 
) 

L;z.f.l{,-P~~ P.-/!z W 
\Q 

~j 
4 .; 
1 
1 
; 

t 
i 

i' 

1 
1 

---------.' III' "'1 '1II1ililllltxilillt .15 .VIII' '." 1iIl
1

1'1IIT"1îIiiiiI"'" 'C'fsst air 'I1'lT ' lU PF.nr*~l~''''''-'-_~ ____ l_ .11 
, r, 



" 
( 

Class Notation 

RI~All 
J 

.s l'l" 

5J"-/0 
-

'" 
~_i_-~ .. , 

.AlffiAl l. ' '" S"f 1 . , 

.Ç ''l,J, 
/ 

-
1 
1 A.$AJ, l ~ ~:I~ 

5 ~., 

5,o,:l.l 

, ~ 1 J.,l.,~ 
./ 

5'1,2./ 

.s 1'(, 2...f 

,S,s.)..> 

': 
/' .. --/ 

Range of 
Generators Parameters 

( p.) Œ,) (l d· ,1: • .) p, ~ P. - e} 
, 

(Plo) $ ( J.Lz. "t 2 k, - P. - P.z 'P, • P. -~ ) 
.1 J 

(P,..) $) (2"J+P') J..l.+I\'1 P"~P.l\ 

(L1..+".)Œ(D't- L,-kt.; ~l.,.ro-P.J) 
, 

t 

-
t 

(D)~("'l; L&-"'~'J L,-kJ.). 
-

(Il> @Ck'J~ L~+-k, 1 P.-~) 
. 

/ 

-(f.,- 13)$( D + J. .. Ll - 2. b /(1; LJ. "'~II L,-,,~) L ........ 'b :: - 1 / 

-
(Ll)- (D ( 0/ ~ J Po) " 

{/(3) 0 (. ".; P" f{ ) 

~Ll.+k,) 4il (D ~ PJ./ p--~) . 
.-. 
' . -

(f.-P3) 9 (p,. ~ ~ (.q'I..~tJ - u ~,k:J .. p~ '" ) J , "-"" 1 (,. 111.z... 

~ 

~ 
/ 

• 
/ , . 

/ 

Invariants 
/ 

PL ; Po - j>~ 

Il 

, 

p~; (p.-P.J).yp(Â(I..l.~k,)/I~.P.}) 

Ll.-t- "-.; (P. - iSJ ~p (). p~ le",)'. '-I?J» 

D' .1 
(L. - kl . .) / (L:J. of k', ) 

p~ . 
J 

( P. - ~ ) / (1 ... + tt.) 

P.-fJ ; (L.-':~J/(LI -Ik,) 

L ~ ) P. / PJ 

/c:'J ~ P'/Pl. 

l.. ).'t/l:.; {J • .. &)'i Pl. 

f.-P.l . 
) 

P, /fl.. 

) 

.' 

/' 

/ 

1 

-'=" o 

'. 

-; 

, 
~ 
~ 
" 
.,; 
~\ 

'1 
4 
1 
~ .. 
..l 

t 
~ 

2 ,zr; t1 7t ttittc&tts*&- ft ~~~d"- Hf ma tle?,.,.M,'hnH#Cté t 'eStf ~tMtf\1MYf'lt-ttéRt)t t 7 ?tfw"'k~;;';')rt?' st'. t~) 

/ 
1. 

/ 



.~ 

too • 
} 

t 
; Class 

~ 1 ,Q,Œ)A~., 
• i 
~ 

~ 
~ • t t _ 

~ , 
A, ro A l,S 

t..- C!::.!. - ,- ... 

:: !IL. 

A,$AH 
J 

/ 

Notation 

~'4 , J 

..s Il,~ 

5,)". 

5,'!..), 

f.11.,l' 

S'C,ol' 

~, . 
1 

S,,,II 

.s \3 . 

5,2.,l. 

S,:>.,) 

.s '1 '1 1 

51~J 1/ 

Generators 

(l .. l) $ (1C'.l .) Po 1 p.) ) 

(P.} (f)(lc); P" f.J) 

( Po) $ ( .! le;, - fi j P.'pJ ) 

f!.. -Il) (!) ( li - .2 ... ~. h T ", P4 ) 
_, 1 J 

(L;) )(!) (D-lll.k'.J : P. , Pù' " 

l1' .. ..,/i)(!;>( I> -)a. f'C" P'i Po-P~) 

/' 

.(po -~)~( LJ~ Ll.+Ic, .. L,-~) 

'(0) ~(L~; h+k,,,L. -,,~) 

(~)~Y(L'J; P, 1 f>.t ) 

U ... ~) ~(L.) p, p~) 
J 1 

( P.l) ~ ( I-~ ; pJ. J P, j . 

l..P,,) t1)t lJo Pl. P,) 
1 

\ 

(P.-PJ)(f)(lft.3+P.T~~ P~~P,) 

~ 

Range of 

Parameters .. 

('A. :.. - 1 .. '\ 

4I->Q 

4L : 1 

, , 

1 .. 

t • 

Invariants 

L 11 j (P ... fI) / ( P ..... PJ) 

f,' .. '- " 

F· ~ (~t> .. f$ JI (f' .. t'~) 

~-~ 
" 

fi /(L~ -r it \ ) 

.. 

L~ .. 
) 

( ,~ ... 6. '-Cl. Po - &) Y Po + P" ) 

PO"'PL :; (P~ -f'i,):L / P, 

1 .. 
.. 1 P,-fil ~Q.1..tl:.l)~ +-~, - k~)l.. 

t> .. Il 

.) 

"'l ..) 
~ A'),. 

~ 1"" ~ 

Po- p..) 1 '1 

~ pl. 2.. 
,) , +- P:L 

PD J 
Il 

, 
.Po-f,j P,2..t &. ~, 

,~.--------- ., 1 '.ft: '1: 'rets 7~ .. ) • U CtrmuruZssntr n r $ -r rt » 11. ,ru '5 Il'1 tu ................ · .... · '''0 n 

~ 
...... 

--

1 if! _ ·V~ 



lU" '/' 

~: 
.' 

,.. 
---... 

:. 

f 
~ 
~ 

/ , 
~ 

Class Notation Generators , 

: . , , , 

A,fJAJC. 5/1,11.. (f'l) ~ (z L) f- P" j fI." f.) 
1 

i ~/2,11 (J',) ~ (2J.J -fJ.i Pl.) P.) 
, 

, 
'\ 

• f> . 
. 4,iAJ ... 

-
1 

p,.~<.. 55" ( D) <il CLJ -1; ... ,d('3 . L 2+Ic, L, - ~l.) 
J J 

-

::. Y ... 5 1(1,1.3 (1),, -p,) t'9 (J) +2etlJ -~a, /(:1.; h 4 If,,, L,· Ir&.) 
. -

;: I/Q.' ~Il, l, (/() œ~p +~ .. L,; p'J Pd 

T. 

A,$fh" .s '1,3 (Pi) Œ(;l-l, ;:.,) t\~) 

..s "tJ ' 
(D)iP(;LJ~ F..!~"'\..) 

-

-

5~J 0>0) ~ (;l.JJ li" l.1..) It,e/l~ " ~ 
..-

S:!,S' (p) 63 ~ L.J ) 1, 1 1 1. z. ~ 
-r 

1 
1 

, 

o 

Range of 
Parameters 

-

0< (. (.". Co ~ 17/. 

b ;: _1, Q. ... 0 

4.,;>6 

. 

, 

, 

-

" 

.> , 

./ 

~' -~ 

1 

~ 

Invariants 

p) . P.l. + P,. 2.. , 
J . , <- . 

p ... " 
" 

. -

--
< , 

D; {(L,- •• l"(h "~'IŒ'-" -'.l'.+.~,~< 
.' , L, -KI. + '(La.+-!t,) -

P' .. -f\ ) ----... ~ 'ti. !;.-. Co -"> '/ ... 

k'J . (p.2+-p&.'l.)~(p,-i(LJI{p.+;~Jl ~'1d... 
J • , 

, 

Pl' L 2 z. ~ )-IC-Ih. 
1 

D . 
) 

L.i -k~- I<~ 
? 

'--

Yo ~ 
L ~ ~ 

LI .. \.,. + II . 
2. ':L., 1- - / 

C· L, -t- L'). 1" L~ • 

o 

'it. 

""" N . ' 

" 

.... 
A 
~ 
! 

i 
1 

--1 
J 
j 
; 
} 

l 
l 
~~ 

1 
-1 
~ 
~J 

~~~~ 



Class Notation -
A'l} S,o,'l-

S.o,e 

SI't,J 

., 5 ''i Il 

'" 

Generators 

LI' Ir," - P,., 2. Llo;: 2. K, - P • • ~ ; Pl. 1 P. - Pl 

L, - kz.) ~t~-r2...I(I-P.-P~)· P .. ) fJ.-r3 

L Jo rI<. J P. t PJ ; P. 1 Po - fI 

L ... +- k. - f~ J f~ of}1 • P. Po - P.1 J 1 

/ 

~ 

Range of 
Parameters 

v-/ 

A.:., /',0,-1 

/ 

• 

Invariants 

p._-& ~ (> .. 1.+ <e.P~)(''U2.''l·kl-'''-~ +.z..~) 

P.-P,; ~1..t(p.-e)(2.L.L"1Zo't.-p..-rJ) 

P. - l'.' Po ... r ~ l _ p,:l. . ) , ' 

h fi 

t 

;: 

, 
Q./ -1r;dIO'.-Ps)~ (f.-fJ) .y r «(Ù'L ~z. K,)/(1'o - ~J) 

~- -

P,,)('.-'~) ~ (p.-~) .t,Jpl~IU(P.-~)J 

(f. -1';.> -'Y p ( P, 1 (f>. - A. ); (}>., ~-13 '- p, '?I( P. -Jt J 1-

(P. '-~ JI (L,- kz.) ; (1,- ~)I (Ll.1'A"d 
~ 

, ~ 

(f,,-~) '/(I.,_Ir .. )·f-J. j (P. -e,) bj (i~ H, j N-b 

(P.-~) If!-,- kL).l-j ~ -I))){.t~ +,*.2-
~--------~--------~--______________________________________ ~ ______________ -L ________________________________________ -LI~ 

w . 
./ 

~ 

~ 
1 
~ 

} 
... 

i 
l 

i 
~ 

,<; 

" 

.. 



1 
\ 

1 
~J 44. ,- _1 
~ .JI .... .. 

1 

..J .. .. 
J 

... ~ :--'" .... .... 
J ...- 1 .. . 

o:! .. ~ .. 11 cl .\( 

± 1 
1 I~ 1 1 ~ - 1\ Ji 

...... 
l"; ..:r, ""' , ..: Jc-

l2' lê " " ""- t ,"" 'r> .. 
'" '''1 ... 

l 1 '''\ "- " .-. .. - " .... ~ ~ - ~ 
~ ~ .. \..1 . a.: + -. 

1 
.... \ 

+ 
~ ""' <:,;: " ~ Q ,~ .::1 ~ ....... 

~ ~ '" ....... ~ 1 ~ -..J 
~ ...... ct.! ... .. \ fii-
~ 

...... 1 
1 ... 1 ...... 

1 ~ ~ ~ J .... ..... 
\~ '..:;\ .J2 1 1 Cl:' ci: 'V ~ 

'" 
1 ., 

'0 ~ 
~ ~ ~ -... ........ r.I ~ 

VI .-
V V '-J ~ ~ ~ "" ........... -f..l ..... 

.; l'Ir;. ......... 
~ 

.... 
fi 

. '\ 
1 

" " 
.... ..... 

CIl ~ "\ .. ~ ~ ~ ~ -l '" 0\- .. - 1 A ..... \ 

]~ 
M , 

~ 
,.... 

1 
~ 

.. 
'-' ~ . CIl ~ ~ ~ !. ........ - ... > 

'" ~ "'i ~ ..... " "\. "'- ~ ~ ~ 1 1-< \ ~ .. -', ~ 
....... '"' 2 ~ ..... 

~ d:o, ,... 
\ ~ a.:- ~ ~ .. ~ 't- """ , ""- 1 ~ 4 1 1 -. 1 

Cl ~ 1 1 li 1 . 
~ .$ a:J <:12 ~ ~ ~ Q "" , 1 0: '-' ~I '" --a; -'-Ji 'V i 

-.;;::; 
"- -<:!J 

\ 

Il \)- .. 
1\ " ". te ... oI.t , 

~ i 
1 ~ ~ Il 

1 
() v ... ... ~ 1\ .. ..Q 

o~ 1 
, 

~ " t: ): .. .. 
It ... v 11) El 0 

v • ~~ \ .... \ Il ~ \ v' '1\' 

~~ ~ 
\ \ ... V 0 .. 

. - " \ 
, 

~ 

\ ee" 
~ 1 ~ ~ 1 ~--
~ 1 1 

-c -. 
~ ~ \ .... .. 1 

~ "'- " .t 
~ ... 

~ 
~ 

<a \ ~ ~ , .. 'i:l: 
1 .J 1 ~ . '\ 0 

' '\ ~ - ~ c:;:. , 

:2 &" ~ :i ~ -.J .. ... • 'ol J + ~ ~ '!-
~ .. 

~\ .. , -.l .. 1 .- .. \ ~ 

'" ~ ~ ~ .. - '" os ... 
..l ~ VI + ... 1 ~ .' "'\ ..,. 

M ..:J t. 
~ 

Q;: ... ... ... .- 4 
0 .. 

~-
"1 ..., J2 t'\ 

f..l ... 
~ .... ..J .,( 1 \ as , ' .. '" ~~:f .... 

3 l<!: 

J R l ::; 1 M ..... ... ... .J 11) .. 
1: CI 

.., c.:: a: Q: III .:f ~ \ 4 
CU 11 .le 'l ri 1 1 

1'1 
J 1 ..... 

~ .j. ~ ,'\ ." ·1 ,... 
\ ~ 

Q Q 0 0 0 Q a ....a Q 
. , -, 

~ 
, ,. .... -0 , -.. '.:! ! ~ " ':J .., ..., 

~ '" - .., 
f..l t' 

,., ",- ",- ~- ",- ':2' on \ ~ .. , .-CIl ... - Vi -
f..l V) V) V") '-() V) V) V) Vl Vi 0 z 

~ 

,,~ ~ - - -1~ -i! it , ,4J -Il 10 l' .1 
" ~ " " .f lI>", '" ~ .. ..., 

~ 
VI cQr> - -1! -i! ~! ,," ~-. J ~4 VI <l:" ~~ ~ - - <t" lU - .\ 

r-I If ,1 •• 'I " f' Il Q.. 

" " 1 U '>2 _"'(f-' • 'é 

\ 



" 

Class Notation 

.," 
Ii'l~...r-

1 

CII'~~c. f=-o 1 :S " .. l.-

~: 1 he., 1_ .s 'S',).$ 

p:: ........... t. 
(L.':-' \ 

,J.:: lfo f: !{ 1 ,Ç,!,).~ 

o{:: ~ p ~ y~ 1 /' S's ,"~ 

A..,~~ 

A~, 

S''!,''f' 

S,'t,-n-

5 '"!,IiO 

5 l'f, ~ 

.s J~I' 
/ 

-' 

..... 

----

Generators 

I.) - u....c.~; p,) p~, f.-P.J 

li .,. u ~L3 -.1. f>~c. k,,i Po, ".1. , P.- 8 Î 

D fl.lt LJ ~ P,' P~ P:J 
. " 

'D Ur.. L.:,.; P, PL. ft, 
J , -

.2t> -l.f~J l' P.T-P~j Ld k.) Po l'. -'.1 
_ lI) -"L/kJ+~(P_- &}J. L1+-Ir,-Ii) P.,P,-f.J 

b - h ~ ~ La.+- k,. P, J P. - e, , \ 

D -,hlû; Lz+/ç J P2.. -C.el P.-& 

D - ~ Il ":1 t IL ('.J) (I~-d); JHk,-'" I,~ -Ill P" ~-~ 

,. 

J ___ Ci __ .-:: 

Range of 
Parameters 

O~, ~ "', c. '$ "/ .. -

./ 

... ~,. C? zr4 ... 1%. 

~, c. " ~" 

a.,)o 

A.;> 0 

.M<>t<; __ )11'.. 

.. :a - 1 

":;.-1, (..10 

(). -i 0 b-:;. -1 

,. 

• 
--

.. , .. 

Invariants 

- ,l;....c. 
P,'~P.1.J (f. 2 .. l.l..JL(p,-tfL )/(l>.t--rP,l.)] . 

(Po -1) )L (P,~P. ~) Dp, -/ pa t /'~t. 
G ~ ,-) I~.c..t-C) ~ 

Po. ,. Po " r, +-c Pz. 

z.. Z. 1..l L-JJ \ , .Al. 
fJ 1(Po1+r.Jj ~(j.rPl,.) \[.-, PL)/(P,tt.~l..J 

P.~/( P. 2+ fJ/) j Il 

none 

" 

-
(Dr1 t.,,)(~-P.) tJ .. P.{I.:lf-k,)· fo - P..l \/-- .. 

,,(0 UX";J)( fI-P')t2.CCP,-/t){Ll""~); P.-~ 

a..[C>+,) lr:J - 2o(P.t~D(PJ -P.) t- 2..t.4. P, -ïi){J.J- "/kt-" fit 
Po - ~ 

.&l
UI 

'" 

.' 

1 
~ 

,-~ . 
" 

'1 

î 

! 
1 

- ! 

~ 

1 

t 
j 
l , , 
" 

, ... -"'~. ~",,~ .... ,~..J~ '! "&'r:tH Mt te' nt? re' t .. ~ 



-- " 

.. 
. -

Çlass notation 
e. 

A'1.' 

~:. 0 S p'r 

~ 0 S',,, , 

:: 0 S ",'2. 

:: 0 S" \J 

- S tt,l. :: 1 

=( S •• ,J' 

-
=0 ~N)" , 

1 -' 

~~).?-=0 

=0.. S /., "10 
:.1 

:'0 ~ 1'1... 'Il-

::Q., S/~ 'il 

=0 5,'1.)'1'1 

":: Yz. S ,<t, '1$ 

, 

:. 1 S,.,,$(./ ' 

'/ 

/ • 

" 

- Range of 
Gener.ators Parameters Invariants 

. 
-

" ~--

/cl P,' l-l.~tç, P.- ~ 
J,J 1 

none 

k'lJ P...-bp, Ll..+-k., 
,J 1 

p. - l'J b "1 0 " 
,2 tl - &. PI' h .. Ir;: , P .. - PJ ' 

? ,. 1 none 

)k) - PL fz - li P,' L~ +- k 'J P.. - PJ .bl"-O " \ J J -
, 

D-l fc;.J • /"1.1. k, - ft L.1-k,-",hPa·~ p,,-~ b1fo , 
. J ). l ' none 

- . 
1 

{)-.;t/ALJ -.l k l j"\;trk.- f. l.-k. 1 -;: P .. -(3 {(. ... " ./ 

" , J J 

/ 

()) L "- of- k, ; l', Po - P:J , 
.1 / none 

D; L'l..+k., j ~ - t P, P. - P.J .J. '" 1> " 
"" 

, 
-

[)-J.~.t:r/J~ rie" I,) 'Q-~, ""f I1 ,-' none 
~ 

D-IL,-k.1 /..J+k,· p,)P.-~ li 

) J 
/ 

b- 10.. ".); L2. + k '.J-...P~ -(.1', ,J PD - fJ a t- 0 ... ~/, c'; 0 . none -
tf+l, -", .. " L~.,. 1\, . fJ -, P, Pli - ~ 
o ) j. .J c ~ 0 " 

- / 

D - k.J . 2 Lz -+ oZ Ir 1 - l' .. - 6 P, J l'. - ~ / 

-' none 
J < 1 

;J.,p -'1/(J 1'%(P,,-~); lz flt,-/?", 1, / .. -~ " )l'-:;.p 

. 
/ 

1 . 

'-________ ...... "' ... _ .... b==_ .... ·~f' .... "t ......... ~ ... _.L,~+ C,O"""'", ......... A~_' •.. ">r •• _~~_ .• ..:l.. .. ~"""-r __ ~' .. -"'-__ ~_~_ ... ___ • .-...-'-.-....,. _ ........ , ............ _ _r ~ ... __ .. ...-.---..~, ........ 

r , 

" 

~ 
0\ 

/ 

i 
" 

~ . 
t 
~ 

't 
1 , 
~ , 
~ 

1 / 

} , 
~ 
~ 
1. 
.l 
t 

-:.i 



• 
f 

~ 
Ir't. l '1 b-K 

l , : b 

_\:.I 
, 1 

P - 1 

A~ " J 

1-
P":: 1/1-

fi .. ,1-
1 

/I1ntlltinn 

.s IYJ.r ~ 

S '''1, $' 

.s '" 
~'~.l/ 

S'O,J/ 

5.1./1 

.s 5,/2. 

5,,1(, / 
, 
5 ',n 

ô 

r.p.np.rlltnrc: 

20 -H~l .., ""HL, -kz.) +- h,,( flu-~) j 'Ll.. t Z ... .. Pt> t- Pol 

j>;t -0. P,.I p. - Pol 

,,- d Kl + 0. ~-J)(P. ;13) ; LL+~' -POo, P ... - Cl A, 

Po - P3 

~ 

LJ ~ L}.. fIC, -ft}" L, -ka. -P, J Po - ();, 

t) - 2. lA L l -.2 ~l .. 1.1 t 1<., - P ..... , L. 1 - k 1- - P. f>. - ~ 
.) J 

o 't:U.LJ "-lkJJ' L~.,K,-fJJ... L,-~l"P, P.-e, 
, J ~ , 1 • 

L.l I<l' L1.+k, L.-~1.. 
) J J 

,; 

Q -l~k3 J t." - ~c K.J; L2 +k,,1 11 -11\1.. 

D-Z(ka , Ll ;.J.l+k, J L,-k,1.. .. 
'J.O.yI.{1<J 1{Po-P')1 L.Jj L.;-rk"'J L.,-tel.-

1 

Range of 
Parameters 

01 .. CJ 

. ...:IO<.i>< .... 

(...,. 0 b "\ -, 

-..0<1<-0 

d. = 0 

.... ;. 0 

~ * 0 

0(., " fr.J c t- rr/~ 

(1. :t. 0 

, 

----_ ...... _--, .. _-- ." . 

• 

Invariants 

hone 

" 

none ~, 

" 

P'-P.l; .z(Po-I))LJ -(Ll'lkl-Pl~l.-{J., -~>.-P, f-

~ PO-Pl" ).U~-~)(D-l/t;j) -f!., ,.JrL-~~l_~,_~, _p')2 

1)one 

none 
.. 
" 

none 

" ..t::
-..J 

i • ! 
tI . 
~ 

~ 



• / 

, 
\0. ~_ ... 

~ ~ 

generators 

;1.0-t Llkl t~(P.-P~) 'iL.] i'p"-,~+~,.L.-k4 . "',' 

D+LQ L,l kl' Ll.'" k, L, -1:.1-
, J J 

L l - t-., k,s [) - f>, PI. 
J .) , 

D #- 2.<t..Ll J ~J -1...-,.G /(1; P,,) p. 

o J Ll ~ P.
J 

Pl. 

o D - ..:l Do 1'\:) 1 L J ; ." J K 
~ c t!:J 

2.D -'l./~J -II. -t~ ; L~ ; P. J Pz G 

:lD -'IK.) +10 f~) 4L] 1"P.+~, p..1 Pl. 
~ 0 

" 

\ .. 

'~ Table 5: Five dinensional subalgebras. 
-- -~ 

- , 
c , -

Class Nota,tion Generators 

Alé)l~~ ~~,IO (L~) (j){ D +z kJ ~ PD +&)$( b -1 k~ / p" -fJ ) 

. -- ...-. -
) ~ 

Î7O; p,. - fJ ) 6) ( 0 + 2 k J ; L, - Ir&.: 1.., + K, ) A~~AJ/3 .5 1- ,; 
.1 

~ . 
--- ----

.~ --~ _.~.- ._.~--~~- / 
~7 -

'......-' 

-'! 

Range of 

Parametres 

-""'<x<. ... 

~ :t 0 

O<'<.n ... c-:tlr/~ 

.... Jt 0 

o " t: <. 'Ii, C 1 rr/~ 

.,.. 

A... ;'''0 

-"<'.\'.(oD 

• 

Invariants 
~ 

none 

" 

none 

" 

none 

" ..::: 

none 
., 

~ 

. 
Range of 
Parametltrs Invariants 

L.J 
\ 

. 
~ 

~ 

(1. 'L. f,,/'(,Ji (LI - k'l-) 

-,. , 

-

/ 

....-,... 

- ,; 

1 

1 

1 

i. , 
\ 

~ j 
00 

" 
~~Ji~~'--



~~"9l" ...... Ihtt1?"'~'Ct f:t .ot1.' F ... .,.. .... ;:;:;-_ 

~-~ .. ~«I~. '1l 

" • 

Class Notation Generators 
-, 

.tA,Ef) Al, "1 S fl.-Jf (P,) (i (P~) ~ (1<3' P. -+ & Po -~) 
J ' ~ 

2A;~~, ~Il, J (Po) $(~) Cf) (LJ; P" fU 
-. 

) 

Aze.4H 
1 ., .s '," (P. Po-P;a) GJ( L, . l> Ir, Lllk,) 

) , . 
S cr,;" (k3; flo- 8) (fj(L 3 ~ P. J fi .. ) , 

• 

f .. 
4.t.$Al,1- . il" -... 

• / p:t'4,..(.. 5,r.1 (D; P,-fi)G) (ll, - ~~blclf':fJ"LI.IIv. l,-h) 

... / . 

f= I/a.. S'l,l." (k3 P.-PJ) ® 
J 

(D".21c.!fZ.I.:J; f',l'l) 
~ 

! .IfIII 
." -- ---" . 

AJ.(f)lb,z ~~ :;z. .- (J); P3)$ {; L..l , 1::: 'J K~ L 
~ ~ 

(l>; Pp ) œ e:;(,,,, LI-, LJ) 
-

A;.ElJAJ,~ S~~ 
--

... 
'# .. 

R.ange of 
PJ!!.am et er s 

, 

-

-

'-

--

OC.(<'IT
J 
,"1~~ 

, 

~~.o 

! 

-

., 
(' 

Invarian~s 

(po - ~') l(fo T~) P, PL. -, .) 

" , 

L :z. 
Po t- f~ 

<!-, -4c~)z..-T (!2+~' ).2.. 

P. l.. + P..:l- - . 
~ ~ 

--.. , 

. L, -.'1: .. ) ~(i.:L.-t"IC,) L...,-tc1.. -, (1.1.+1<,\ { ( • '} ~ . @ , '-L 
L,-k~t-, (/.l./c') 

1 L { r/er-(P, r",. ) ((J, - ( P~) 1 c. P, -t 1 Pl.) 

-

L J :2 - k., ~ _ K J- -

~ 

1 L L 1-
li t- z.. + LJ "J 

-. 

~ 
\0 

'" 

t 

! • 
~ ~ 
1 

~~ 

,~ 
-~ 
}l 

1 

l 
• 
! 

L 

j 



"-• .-
----------=-

- .--.------

~ 

C) 

,- r 

". 
" 

, 

-
Class Notation Generators Range of Invariants 

PaTamPT".,.c:: ~ 

: {:h~ A~l _ 
r 

(fI..) ~ (L , t k,' P.,· ~ PI - f • .. f 1 } 
) ''', 1 - P,,-!'.J; p~. P\~-tP .. -~)('-~H:.) 1 1 

A,e A .. ,:S: SJJ • .l.) (PD "P.t)@(D-+~Ù('-'a..(.1-1-~(."-kJ; f>.-f.J, fJ'J PL) / ~-;"/~.1 41.=1 f'Q+ p~ ~ (1'" - PJ)/ p/ (J. - PJ) / PI l.. 

~ - - . ,.- . 
1l.@A .. " . 

1 . 
~; 0 .s" 1- (P • .) <!) (~lJP'j J.L+k,. P. -~) , P.l.. 

t. ... o 5 '''1' (l..+k,) fi) (p l ,LI- /C""l.,J P.&.,J fo-~) L l.. -II<.., ,. . 
/ 

- . 
\ - 1 

A,$A~,.1 ---.$ ~- r l 0 J 6> (1.'1, 1<3; L~+k" .l, -X:a.J \ 
() 1 , . \ -

5 ~/C ;.-edS( L-l, /)-~.k~ - L.,.,.k, ,I.,-Je..) 
-

"' .. -1 P .. - Pl 
j . ' ~ 

.. 
S\t ( /cJ) @ ( L.J 1 ~j' Pol J P,) - kl 

Sll,l" U.-~If){iJ, 0- ..l..A~,); PI.. l'. l "'-. -, P. - P-s . , . 

"i 
." 

., l 
j 
~ 

1 
1 

~ 
, 

~ As.., $,.,2- l..l, +1<., } L, -kl. 1 ~, f.t; f~ - Pl Po - ~ 

-~ .. 
-J 
'f 
i , 

-
1 "7-

41,> . S'l! 6- 1-, -1::3- ~LI.~~k, -A -~;r 1 P; Ji . P. - ~ 
,-1 

P. - f~ 1 .. ' . , , -, 

'" 
.--) 
1 



• 
~ 

. '" 

". 

ë. 

Class 
~b,L 

hs, 1-

U-::.I l.~ , 
b ::. 1 

Cl=: I/U+Il} 

b ... 1/(fI. ... } 

t; =-d-"JÂJ+/u 

~ 

AS; 1/ 

C::=../ 

!J~I 
As,/~ 

1:.=-1 ,,~D 
~. t;f"c,. 

1:>=.1-" ........ , 
l ... c~C 

P .. -1 
-, .... 4o,-C; 

t~~ 
1 #"e40:.0" 

A 

.,. 

" ;;.~ 

~ 

Not:tion 1 Generators 

S lfi /J- f) / P, 1 P'a- , ~ ,fo 

5;'S",J.l Il D+J.~(Cn.t...L~- ~~K:,); P"P~ f>.J, P. 

1\ 
/ 

~ IJ;:J.. .. '" -il. -/(, j fz. J 1,.1 P.J, P. 

\ /" 

~/'.J , Grt"\"":' d', l 
p. 1 P>Ol ~, PD 

5,s.~J O-~"(û(,,I.J-~c..i~)·/PI P,i. Pl P. .Y 1 ~ 1 1 

- l ,. ft 

" )..\\:; ~1':' . 
.' 

" 

, 

Range of 
Parameters 

, ,. "'/:1-
0.>0,0..:;'/ 

.O,,- (. r.;--- ,.". If/l. 

o~, (. 11.1 G t ..-/1.. 
A>" 

• /~-

... ~ 

Invariants 

P~/(P.·PJ) J (Po-Pl )/p,.1 (po-ri>/(f.+~) 

/' 110 -I>:J) 1 P~ It-A.. ft; - ~)Ip. '''~ 
J ' J 

(1'" - P,7) 1 - c./ ({Jo f ~ ) 1 +- .... 

/ 

----
(l'" -f})1 PL . (f .. -~ J .-y"f/I'o rlj)/{f) -PD? 

J 

'( p, Il. / ... ~) t (P. t P.2) ~ / ( Po - fJ ) ~ :. 

,. • 1)2..,oz.. / )..I.~~{ ']L 'po- P.l .; r, '-f1Z.; ,,1'0 -f~ (', -, l'" 

fi + ,.,"~ 

~ ~F - ~.[ " (p.-l'.Jl j fb..;!U . (t.-~) P, - (PL 

Il ~ ~ J . 
,. +PJ _ P, +Pl P, + j 1>1. 

éllo., .... "' ~ ,f..,~' ~ .. 
VI .... 

---

1 
• ~ 

i 
t 
c;, . 

. m,n nt' ~' . n!Rn ;. F?l? Il 1 tI 1 ».. "'web' t 



----=-.. 
-

/ 

- --

-!( ~ ~ 
" 

1 

Class- Notation i Generators / 

" ; 1 

Ar;; 'f 
. 

(. ... 1 li ... , S'I J k"lJ l.lt'I\I, L'-~)..J f~r, P.-fJ 
--

:: 1+/ :"-. .5'0,21-- e - .1 II. k.) ; i l ~)c. J L,· t 1. 1 P ~ 1 P. -.f\ . 
! 

:.l..- -:. J S 10,1.1 tri K:l L~+ /1:1 /., - Ir). -1, p~ P. - PJ 
1 l , J 

= , ::. \ S'''JH D; L1.+ Je, ) P, ,P&., P. -/3 

= (lof 1 ::. , 5
'
'4:33 ~-).~kl; L'I.+k. 1 P'I h, P: -P.J. 

- 's,'t. U .. ~ - ~.l ; .Uï. tJ Ir, - P. -13 J Y,.. ta, P. - e, -=2 :1-

" 
l> ' 

A.rl..~ . , 
~;:. , ~ 'U ,.l.kl-P,; Ll.+k" L,-k1.

J 
P. -Pl) p~ 

b: 1 51"~s D+ L, - ~2. • 
,.' .J 

t.).~k/~ ~ 1 Pz, pJ-l'o 

/ 

~ 

AS',Z3 . 
-

~ =: 1 5 '''I..J,,/ ·.1D-'f-~.J tP.,+A ; LJ...+k'J p'. PL) P.-Pl 
-

-
... 

.,.. 

• 

j 

Range of Invariants Parameters 

, . 

(Po-PJ)/(L~"'k.IJ 
"-

.-.~o (Po -P.J)" / Üz. ~k • .) ,~,~ 

(P. - PJ) / ( L.z. 4)< f) 2.. 

(P. - f}) 1 P2... ..,.F' . 

- CI. ~ 0 
( "-",, P. - (1 ) 1 fI.. 

, 
(P. - fJ ) ~ / p ~ 

/ 

-
/(P.-~·) A;lf f I..LI.+k,)/(PJ - foJ} 

. (p,- PJj Jyf J J. fL/tP,! -{jJ! 

... 
1 

\ 

(y .. - &)1 f.~ 
. 

\ 

/ 

/' :.f 

/' 

~ 
r, 

t 
T 

/, , 
-~ 
::: 

J 
-i 

) -

i 
f 

~ 

VII '" -:~< 
N . tii4;';-~~{;' 

--~. : 
·~-·-~l 

.... 1. .. -------------
~- ~ ::~ .. ,,; r7~ ': 1 11I1I"IIII~iI""IIII""""""·cl~~*-I_.l.t •..••• wt~",,, . '- rNm 5? $ ÙWrZtlf 17 el 7 S ... __ '""", 'i-rtttm 'y .1...... . .• -----.. IPsrrc mm &. . .•• 



~",,4 "'''1iF'' _ 'Iii!à>' 

" / 

• 

\. 

~ Range of 
Class Notation Generators Pararnetèrs 

~ 
.. 

A l,30 
0 

~~D ~I,l I:"J P, . L,. t KI 
1 .1 

Pl PD 
.1 1 

, , 
::D 5~,/~( V .l~.J -Pa. PtJ Ll-+It, Pl P. 

} 1 1 

- - < 

~2. S',~~q. D-/(3; L'-/(I- .tL2.+2k,-f>.-~ PL 'P.-P,J 
1 1 1 

ï= yc.. ~I'!,3-;' b - LIt k:~. b. + k, P, P.J Po 
J J 1 1 6~O 

:/ 5,'1.,.0 D-.2.~l . /...lo'" ", - h P, fJ P. / 
J 1 l , --

~ ~ 

A ~,J:' -
/ . 

t..=o S 1'1,2.'1 D, L.:.~k,: f, J Pl, P. .' . . 
, 

--
" 

ll.~ , 

Af.Jj " . 
4-= " L:, !>8,l.l /(J 1 p; 'Ll.+k, J RII.~P~ - PJ q. 

, = 0 :: , 5,3, f~ k3,0; P,.) PL.) P.-fJ 

:;-/:2- .5 13," /() J (); P,.1 Pl Po 
1 .. .-, 

t 
/ 

", 

,r:- ., 

/ 

,-

Invariants -' 

-

pl. L p'L 
' T PJ - " 

-

" 
(fI. tt Pollo. _ p,,' - ~ {11-P.){l..z rk,)3 )(J.J _ p.) ~ 
( , L t.) 1./( )a. p, L + Pl - Po P • • ~ 

(P, 2.-rf.JJ. -r.Z)/(p.-Pl) 
-

. 
• 

/ 

-
(f,1.+ PJ 2._ p.l-) / t Po. _ P.l) z. 

~ 

, 
p~ (L .. +k,) / ( P .. - Pz) 

PLI P, 

< p. - fj) ~ / P, { f, -t- f.,J / 

/ 

" -
/ 

, 

1 
1 

1 

IV! 
IN 

, -. 

:. 

f 

I 
1 -
~ 

~ 

<! 
.". l! 

1 

;. 

i 
j 
] 

" 

":;' *t . , 



l .~ . 

" ., 
# 

~ 

j J 
'" 

f 
/" 

/' " 
~ 

/" 

- 1 Range of l' -' , \ 
~~~~ __ ~N~~;~~tio~, Genelators pàrameters nvarlants 

~I b 
S, JS 

b-::. JI "l':. 0 

b.:: l.±!-. 
(L 

y= -~ 
et. 

b:: .LtJ 
~ 

b"":. 0 

b-.:., 

'Y = ,It>. 

b:::: 1 

y:-1:i.,...c. 

h:. 1- .. ti..-L. 

't'-:.. - tà-c. 

\ 

1>:1 #":'0 

=/ ::0 

.:: J ,:;.0 

5~3 
1 

~!'J/ 
~ 

..s ' .. If 

5 ~/' 

Sil' J 

S' I~ ,~ 
~/ 

, . 
1 .s, 2.,l..'i 

_ LS 11., 1S' 

I~'l.,l.' 

L.l,/(J" " il f/(,,/ J,-kz. 1 p, - ~ 

<i 
IL ~o 

D -2.CA.. k'.l J /...I:J.(.l..J -~" k;r L) 0" ,l-, -K'1.; P. - Pli. L l..l ~ If , (, 7 d/~ 

V-élAK"l,LJ; L:z -r k, -, L.. - "a.. , P. - PJ 

[)- ~~ L,l K;)' L, +-K, L, - ,,~ f. - i>l 
J 1 1 J 

D J J.l '- kt. k3j P,j PI>J f,-Pl • 

'-. 

D-2.I.. L:l, J..,J- ~c.~:1' f, Pl P.-~ 
1 ~ , 

/" 

1 

D , 1-J ; P, Pl.. P. - p~ .; , 
D 1.. • p, ~ PL J p) 

1 J) 

Q~ 

..,. 

1-0, L:l~ r, PI. P. 
1 1 

" 

"\p. 

(J...i./o~ -1 

A/o 

'( ~ c'I 

c. 1- qlJ., 

... '# IJ 

.~è~ Ti '111'/~ .. 

/ 

(P,-fJ)·/{ (LI-k)J't.T(J.'l~"II'lJ 

(p" _ p,) "''''-

(
a." 1)'+4 (L, -k~)+l..h+-~,\ 

r:!:,-k .. - ',J.~ .... ~n ,'c;... c:. 

l= 1 -K~ ~, L,z.. .... kJ " 

A za./r ~ l.} ,.~ ·J'.-fJ)l> (t,~k~) +(I-r+J<;j) 
.; 

p, - PJ n
'/I(/ 

/.., - ~z. -, (L1 'tl:,) 

(1., - k1)1.+~.tt Ir,)~ [J, -"'1. + l baie,) 

U:. -p.J2 L ~1. -, PI]' ~ (... 
'1 1-P, ~ +- PL n ' 0 ,la. t , r, 

( 
PI. ~ , PI) 1 i&...... Co / 

Po. + 1 P, 

+(P ~ _ f'j) 1.. / (P, z. -t' !'L l J 

fj ~ / (PI 2+ Pl. 1.) 

f" ') / (J/ + -p). 1.. J <-. 

" ,~ 

( 

~ 
i 

.j. 
1 

,:1 
.~ 
'1 , , 

"! 

~ 
.~ 
j 

) 

.1. '...: ...... 

"Ù~~:(~ ... '.i; ..-:f' 

.... 11,'/" 
, ~f.~;: 
:if. .' .... "I! • 

~ . 
..; 
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-t 

t 
l' 
t 
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\ 

1 
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J 
Class 

A"f,b 
S, ,).f 

b~ 1~ItJ~:O 

:, l ~ 0, 

=2- ::0 

A S",.1" 
/ 

/ 

A~-/l1-

, 

-

Notation 

, 

~ 'L,J '1 

S Il,15 

5.l,.H 

.5 ',ll. 
S,,~J 

S~, 11 

- - -

.... 

/j 

.. ) 

./ 

./ 

Generators ! 

/ 

, 
, 

D-~ ..... kl.lL...3; P" ~, 1'.-[>.1 -

l 0 - 11 K.J t Po t Pol l' <) J' P'.t PL 1 P. -: \J _ 
.l/)- '1kJ-r~{P.- P.1) 4{/",).,.p. tJ1; P, PL P.-fj 

J J 1 

~ 

, 

D /(;. 
J 1 Ll ,.Ir, J l',~ r.-I) 

D, k) ~ l-z. + ~ 1 1 P;a.. c:: P, 1 P. - P:J 

• ( 

/ -

t>-"k.3"L...l; L ... +-k,-f~. L.I-ka-P,/f.-~ 

• - ~ ---

/ 
~ 

{ / 

q 

Range/of 
Parameters 

tJ..:fo~-, 

, 

-,#b "J(" -"Q 

~ -
-

-
~ 1 () 

-

~ . 

~ 

• 

-
~ts . -
\ ./ 

~ 

(P. _ ~) :3../CP, l.-+-~ ~) /1> .... 

(P • . l'J ) Z. / ( ,,1..,. Pc. 'l. J 

Il 

-
b-Z.~l -:l.(J.1."k,) ~ / (p, -'0) -

C-2K) +2{L%+-k;){P.L-C.P,)/(~p()-C.~) 

~ (Ll.+-k.-P'Jl.f (L,. ~-P.)z.}/(z..f'o-z.P.d + 

;;1.1.1 

- . 
/ 

./ 

./ 

1 
1 

\JI 
\JI . 

./ 

--:------
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Table 6: Six dimensional subaigebras. 

Dim. of 
rlcrived L 

5 L(7, c.) " 
'~ 

fO) , 

E(~/) , 

5 

1 ~ 
S 

5" 

ç 

! 

Notat'ion 

S'Il.. 

5.1,4 

SY,l 

ICn 
5,:,20 

1 

s ", ~ 

s, S' 
1 

~ 

SII,l' ' 

.5 /11, ~. 

... 
Generators 

l- • L ~ '-3 F- , ;:: ~ " ~ ~ 
" ~ J .1 il 

/ 

L,,, '-L~ '-J, P, ~ ~ 
l ' 1 

k, Ka... t.J P, ~ 1'0 
1 "7 " 1 1 

LJ - ~c:.1t\J " t) f "'/ L,-k1 , P" f l, P. -PJ 

[) +~àL) -:l.bJ:.~· Lz.~1\11 ~-kz... ?','J f. -"J , '1 

/..3.; i.~nti/ J,-j(~) PI, PL, P.-fj 

4f LJ .". -f fj; J.z 1-"'" L, - "3.., f" Il., ,,, - fj 

'Range of 
-Parameters 

./ 

• < Co .: Il, ~., 11/1.. 

b--, --~o 

--
b.". 0" -, 

D-.1o l:J - lb k3 . J..'" 1:, l, -ka,. P, Pz P. -11 - ICI < .... <. #0 
J"" l '" 

o -:"Q.L.J - ;l./;,J<Jj L2.+-"'1 L, - K.l., r. , ~I., fI> -(J 
li" -/ 

-.D("'-<''''' 

./ 

/ 

Invariants 

(i:) :z..: (iÇ)L ). L' k . 

P, 2.+p~ l. +- PJ~ 

... 
p. il 

" 
.. 

,~LJJ 
~, \ 

f,l.rfiL_ J>..L , 
Îr 

f. il 

none 

" ./ 

P..-f:J· P.I.J+VxK'}J -P-i: 
J • 

./ 

.' 

-' 

'\ 

P'-P.l; P.LJ r<!)(i)1-f.~~(f'.~-~"J~"'t 

~ 

no~ 

)f 

f'o-fJ , D - ).,r 4 (Po L.J - i'.'i+(p~"-~-t

- '1 k - {PXE).1 l/(!, -P.J) 

?A} 

1--•. ____ _ ____ ~ .L-____ , ____ ~ ___________________ _ 

I11III 
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:t 
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,~ 
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'~ 
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1/) .... 
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+l 
~ 

'"' Cl) 

~ 
Cl) 

,t.:) 

5 
• .-1 
~ 
~ .... 
0 
:z 

~ 

~-o 
0 Cl) 

> •• .-1 
El '"' -,-4 Cl) 

0-0 

\ 

1 

,Cl) 
~ 
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~ 

1 \ 

'" 'V 
<1 .., 
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~ 
1 

Cl.! 
.,'" 
~ 

... 
Q;' 

.... .. 
~ , 
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~ .... 
.4.c" 
" .. 
-4 
.'\ 

Cl::! .,.. 
~ 
~ 

\ 

~ 
~ 

1 ,., ...., 
CI 
;)-
.... 
~ 

'" -

-... 
0" 

\.Il 
1 

\,() 

...... 1 III 

~ 
1 

.... '" a:.. 
1-

ft 

Cl:' 

~ .., 
~ 

II) '- ~ 
: - - 0 

~ ~ 
1 

~ s: 
+ .. ,J 

~ 
\ 

lOI 

"" f!I 

"-

, 

~ 
1 / 

~ .. • 
~ 

'\ 
, 

~ ~ ~ ~ 1 , 
~ ~ 

~ , 
<:( 
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~ 

1 .. 
~ ~ " .. ...., ... ~ 
~ ~ 1 ... .. 
'" .. "" "C 

~ ~ , .. .., 
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'" , ... 

\ '" ..., .... 
. - ~ .... 
'" ft 
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~, t'1 ~ , • 
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\ 
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57. 

,.. 

1 
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1 
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~ ri 
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~ 
.,\ 1 

<a!' 
. 

, 
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\ -, 

, 
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\ -

-
-

! 
"- , 
~ 1 .. ~ .... . 
Q,,"! • <f! 
~ .... ~ ~ .. 

~' " ~ 
~ 

1 ... » '''' ~ 
, ... .., a: <\... .. .J ~ ., ~ -....J 

..J .Ji ' .. - ~ G) ' .. i-.... -.., \ ~ 

"'" 
ri IC -' , "'4 

'J . ... .. 
~ 

.. ~ .., Q 
""' le . .. 
~ .. 12 .... 
"'V Cl . Q ~ 

" ... o . - ..... 
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'" , .. ", .. 000--
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1 
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1 
1 
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r 
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" / 

'd' 1 lm. of 1 
~erived L 1 Notation 

"t 

/. -~~, 

Lf 

't 

'1 

1/ 

~.~ .... . . 

.5 1I~ 1] 

.s 1l1~.l 

Sl~n 
1 

Su,., 
...... 

'::1 

t , 

Go 

Genera.tors 

D 1 ~J .. ~~ k, 'P. P2 fol P. 1 - # 1 J 

o P-t.lct L.} / J.J -C-;-c.k:Jj "!I../~'pa 

D ,1.. ~ ,; p, 1 ~, l'j J Po 

D - z. k l j P.. p~ 1 ~) Po 

D) Kl; P, 1 Pl., Pl, Po 

li SIJ,).s ..f O+-l.4.LJJ I<l,; /'J J'lI li, P, 

,~ 

'"f ~/'tu. l1,',- Zr;;, J" Pt P% ~ Pli 
1 l , 

'« 

"1 ~/'tIJ 2.. o i'L.,- kJ-,J Lz.."Jv J' ~~p~) ~ 1 P.,' 

o / 

Range of 
ParameterS' 

D< c.< 11, " nl3. 

CIl .> 0 

Q~c~'!. c.tf,( 

- .~. 

~>CJ 

C:~"T',.~~ 

'. 
/ 

Invariants 

1 l'-r;:..~ (P~'L-rP."1.)J{p."';.f>.J ï
J

: (PJ 2-+ Pz2)/(f.-~) 11{f~ -,'p' ).{fz. -tIf.) , 

., - 1. , •• r:.......t./ t:-. '~ (,p. 2+ P. ) PJ.. . ( P, l' c-
t p. - P.o.) ~ Pl. ... ; ~ 

(pl+p,z)I(p .. +p
3

JJ ;7(fL'*P' Z,)I(p._ pJ)1 , 

/ 

( 
~ I-~/ t: '" 2) ... .,.'/ .a. r .... P,'Z.) /~P._+~)'·/"~ +p. / Cf. - 15) 

Pz.:~'/( P .... - p/-)) P, / 11».1. 

-
... - ~ l. / 2.) l' . 1 ,Ica.. (fo -p"]/(P, -t1{2); 0 l f-P. (~-dD/(fil,P,) / . 

~ 

( p,i +~ L _ ft; 2.) 1 f~ l. : ~".. f;) Ipa. 

./ 

(p.-6)~p ( 2. ~/CPfJ -~Û j (f,l'rIl.2-r1}1_ ,;:zJ!t li_Il) 2. 

;' / 

-- - ~~- --- -- "1 en 7S 'mtm n'fYr t pa 

VI 
()Q 

::: 

.,( 

f 

l 
1 

i 
" 

/ 



/' 

" 
~ 

, 
Dim. of 
deriven J, Nntatinn r.enp.ratnrc: 
Ih.$n·, .~ 

Sol, ~ 
; , 

, (D. P. - ~ ) ES ( J. l [) -1- J ~ / LL 1- Ir, )., -It.a. ) g .. .. / l , 
, 

"1 [ 59; k'l J ".1 f.t./ J.~ F}.'.1 L., - 1\')..., 1. -~ 
"S,o, Ir D,l.., -ka./ '~.,.Ic,~· P, / p~, Po -8 

.. l /' 

-, 
3 5,,; .. 0 Fk~, Lj.l· p,]~.1 P.-8 1 

0 

.. 

~ 

3 S/' 1 

~-
, , 

L 1+*, J L,-k2., p,.,.~:. P'; ~, p. -t) 1 

" . . 
/ . 

? 

/ Table 7: Seven dimensiGRal subalgebras. 

Dim. of 
d'erived L Notation Generatots 

ptf)S~ C) 

~/V -t..- (b) (f)(j L'I h, "'/ k'J k,. 1 Kl) .1 

/ 

A.li) E(:!) , . , . 
( 5~J ~~)'rv (;~/.I J..l/ t...J, p~/ flllJ) 

.. 
---

~ . .:,:."'1 lOI 

Range of 
/ 

... "pre:: -

.. 

- , 
, /' 

/ 

.. 

1 

-

'-,\ 

/ 
\ 

-----
/ 

Range of 
Parameters 

, 
/ 

/' 

Invariants 

none 
\ 

nonn 
fi 

.. 

none 

~-rJ j p'_2..~ e. ~ ~..2. - Po ~ 

Invariants 
.. 

D . 
J 

j:~-kl)" l"~ 

1 

• -).- - Joi P. Jo. 
Po.l p. L } f T P 

• 

-

J 
J, 
1 

-> 
:/ 



,. .. 

Dim. of 
, derived LI Notation 

o a ~(J) 
6 53,' 

IM~ E~p 
& 

DO ~.'J , 

{; 

b 

5,,1 
" 

.s"" , 

.s ~,' 

.s"" 

s 
[

5 :12-

S~f 
(~ // 

s r ~.f~ 

-:. 'Generators 

b; R, Pao, p~, L"il., /.J 

.-
~HP(~ ~J'ft,"/~'JI<i.IJ..JJ 

D,) " -' P ... ~ 1>., k 1 J k 2. 1 k..J 

,-4 

1\.1' L, -Ir '-, LI-+k. P, 8 13 p. 
J 1 1 l , 

()-2.IILLJ -z.bk.s i l,-ka, J.~"k'J P"I:, il.lP, 
~ 

~ 
K;" L3 ;. lo, - k~, L ~+k;) fi, ; p~ 1 P. - 5 

II , L.,J j li - ~L , L). -1 k, 1 P, 1 JI • A - ~ 

~ 

• L. ' 
l>'~ L:z - ~t.I\.JJ' ~I."*'J l, - k'&.,P.J /{, II-~ 

.·5 0 1 l.5 ~/Y ~ P -~ .. 1.3, "'~; Lz+k~ l, -k~ 1 p,J P~ Po-6 

" 

Range of 
Parameters 

a l#-J.l-;. 0 

tH.C. < IIJ c./nlt 

a. ;/" 0 

~ • 

" 

Invariants 

~ f'L 1 ((J,lo ... Pi + B LJ , 
~ f. LJ ~(J)XK ~ j P/'+ (lL.- fr, L 

(PoL3 +l.fir;;J;r) Y(P/<I- Al_ p.,I..) 

plo_ fo2. 

" 
,~J. 

(p., ~_ pl..) "/ (!. - t'?r l ~ 

(r.LJ #,,1CK)3 - r-i.) / (f.- '.1) 

Il 

p.......,.(. t- 2 {Gn" (1. i. -(l...-1;).I - p. Ll ) 

+~r..(P~16 - (j)(Zh -~. p)]/tP,-IJ) 

C> +- .).. { Il (.. P:t -(pxk'h - P. L3) + 
(p. K.l -<t'x l)j - k' Pl} l{fo -~) 

0-
o 

/ 

. , 
t 

l 
1 

f 
·1 • l 

~ 
1 
~ 
i 
i 
1 , 
-!. 

;~--=---- ~ , 
-. 

/ • :><j'l"Ji<. 

7 ~~ .:: . ra 5S5rTZff'n pp_r EZrSttp '5 P '1Ii0'.$%1:1hltor:'SYifrlSfX ;i.{j 
, , 



~ 

" 
" Q 1 -

/ 

Dim. of / 
derived L 1 'Notation 

5" 5.s; ,. 

5 ~(,I / 
ô 

:> 
!9 

S',u 

~ , .5 ',1.) 

5" S,,'V 

5 5".' 

5" ~1~1 

QJ t _& ~4"","l$kS<t_t... "",. ua ",,~ "",-;;'-~" 
"",-"'A ~~,~~... , .... .,.~. 

'-

'. 

Generators 

0- J'+:J , LJ - ~ (. kl,' La." /1:,,1., - ki.., R, PL., P.-f..J 

/"1-;~~/1!J.; tL+*'J l'''/(L, P",~, p.-~ 

0-24/(3 l..J" l,-k'& '1..al'k"P, li P.-~ 
- ~ ~ ~ '" '. 

1> - :a. ~3 L~ . i, - /cl. Lz '1-*' Pt Ji P..,.'1 
I.J .1 l '.' 

• 
2..0 -"IKJ"rP. r}!, , 1,3"'; L2.rk,~ L,-Irl.,p",~, P.-~ 

, 
, 

D 

;"J)-4K ... +"(Po-~) qL~1"P.+P~·i;-kL Lz.I-k', . .. 1 1,/ 

p" P1., P. --~ . 

~ 

f),k3j ~1t·I:.I~ L,-k1./·P,,'fl.,P.-~ 
JJ 

Range of 
Pararneter~ 

«' ~Q 
\, 

'( "n G 1 .fh. , 

4. .J.., -1 

a= -1 

-#l")(M'(..:1 

// 

... ~ "'J t!:"-;;-. .. ~ ... - ..... ,)""" , ,-

• 

Invariants 

o ~ Co + ~ ~ l 4. +- ~ tA. () ( p: Z -(f x [)J - Po L) ) + 
~c... (P. /(J - (PxZJ - P: k) J 1ft'. - Pol) 

/ l. -~ /,- \ --
Po -e " '0 -r , ~o L,J +I.PX'"i;.I') - P·L 

{PoL..:/ +(P;;;h - PL)I(p.-~) 

po - PI' 1'0 LJ 't" (j:X k h - p. L 
) 1 

).. (PokJ -(j;'-):J - ~ j) r{fo -~) 0 

(PoL.1 f.-lPx i(}..) - fi ) 1 (P: -~ ) 

{ P, l+ p,l ... ~~ _ ft1. +~ (]f, - ~)LJ -t f,(t, -t'loI 

+- P.l L:z. -.rk,)] ] / (p, - fJ) ---
2.(P.~~ ..f!ÏtL'>J-P·k)l(f.-fj) + 1) 

) 

t 

1 

~ 
! 

~ 

r 

~~I Il \ ~ ~ l ' 
t 

s o , k3 j Lz. ofk, J P'I '~I !'.JI P. (P,L+- fJJ!- P.l..)/ ,~ 2.. 



( 
~ 
'i
f , 

1 

,-e f 

./ 
/ 

.. ---,' 

Dim. of . 
derived L Notatfan Generators - -

.. --
.s~/ i ''1 o J k l 1. '3 0 "PL. ?.1 Po ,_ J , 1 l, , 

-
, 

If - .s/~ ,t( D J 1.., • KI., 1.. ~ ft,)' P, ~ PJ P. 
• 1', 

- -

Table 8: Eight dimensional subalgebras. 
..-- . 
Dim. of 
<ierived L Notation , Generators -. ... 

(, S~~, k.J,1.1,· L,-kt, L, -f/4:" '.J P'I P~/P~ -
~ i 

- , 
-. 

- S],J . P, L:J • /..1 .. /.2/ Pli /1', l'~ 1) . b 
< .... ' " 1 J , ... . .... 

/ 

, S '1" S' ,D 1 L..J j Je 1 1 /(~ 1 Pli, P, 1 ~I 13 --
• 

0 

'. r . 

S~S( 
. 

" . , b J l.J -r;..'--~l; L;z +k,/_J..,- kl., ~ ,P,,,f>z .1 
" 

< -
51;1 " , /)-z.~k.J.I/..J-~(..Kl~·J.I.I-*, L,·~" P. f, Plo,f:! . , '.1 1 l , 

.. 

Range of 
Parameters 

0 

, 

. 
, 

, 
-

Range of 
Parameters , 

c .. 
. ,~. 

~ 

o<c.~"", c ., .v~ 

, 

Cl. -1 0 

6.t.c ~ , / l '1 .v/. ' 

ts 1 ~ ~ . q mFlrt ._,6, ,uq21 tÜ1î11i11 ~. ~ f • 

• 
~'-

--.......... --- -/' of 

u " 

. 
0 

l'''variants. 

-~ / {P, 1. -t-.. / ( P. 4 _ 1\ ~) , 

. , , 

(P:-- -,r ~) / ( fq - P.,) ~ 

. . ... 

• " -
, 

Invariants " 

p/- pZ) (P.Ll -I(fit;JJ - P~(P •• f>:J l . 

tr )2.lp .. l.. 
J 

P /' P. z... 
.. 

~:J -t{,-;( ~)" )/1'3 ; D( P /-+ p~ z_ Po Z)~ f1 if4' 

- -c 

none . 
--.;. 

... 

, 
none - 1 "> 

4 

1 

i 

~ 

~'\ 0\ 

\ N 

.... 

• 

~ 

« 

-;~ 
ré , . 
.i ~ 
~~ 
"1 

.: 

i 
" 



• ~ 
"'. 

----

/ 

..... 
'" 

0 

Dim. of 1 

,d~ived L Notation Generators . 
'", f:. S, g 

1 D.l ll / ll-Irl., llolk.,/ P"'I P,.) Pt, ~ 
~ 

\ . .. 

" .$, 5"Il. 
/ 

"P-:7A..k1 , L.J; LI - l'e1., L1 t~11 P .. , P" Pz, P.J-..., 

41 , 
# ., S't,' 0) k.l; ).., - If z.. 1 L ~ f}: 1 J Po J P,.) 8. 1 P., 

} 

, , 
5'f.1J ~I..)J I\~j ~z."'Ir" '-,-/(z. 11'"; f; ~ ~i. 

1 1 

- '/, o , .. 
~ 

~ .... 
5' .5,,, ~ t 

D, L l 1 K.J; ~7..; k., ; L, - lI::a.. 1 P" p~,/ - Pl , 
.. op 

p . 
/ .'-

1 

,. 

\. 

v 

-.... 

~ 

-~ 

Ra~~ Par eters 
, 

r .J 

fA.. '1 CI 

.. 

"1''' . 

'" ,.:. 

.-• 
;. 

c -
...., Invariants 

(PoLJ lf;;~ -f.L)/ O.-Fj). (Po1;.P~/(P.-~'L. 
J ~"..... 

. .... 

(i ;1. l.. }'+~ l. 
" 

• P,. - P ~ cP. - fJ) 
-

.) , 
" 

none .. 
«&/'\ 

<0 

0 
0 

. none 

P. L..l -r (~)/ ~ )~ - p. CID -J:... ~ p.i< ~(p~Z~ -~-t} 
1 P P p'-P.J / ,- ~ 

~ 

-, 
J".; 

~ 

0\ 
W 

J ' " 

, l 

~ 
1 

t 
! 
l 

i 
! 
~ 

f 
~ 

'. 

\-t 
< 

~ ! 



-
). 

Dim. of 
derived L 

-
/ 

U.) 
, 

- -
(tO) " 

-

1 

(10 ) 

., 

" 

1 

1 • , , ,r 

l 
~ , 

i 

// 
:/ 

p 

c 
Table 9: Nine, ten, and eleven dimensional subalgebras. 

- Range of 
Notation Generators Parameters 

~ l., S" 1) 1 L.l k:J . L, - te ~ L3 t j;, 1 Po 1 p, P... PJ 
~ 1 1 'c l, J 1 

\ 
, ., 

-.. 
0 

5~, -... j L, 1 L2., l:l / kil Xl-.1 K" Pi, PL ~, pp 

.. 
5~3 D; L" L 21 L~ 1 k'i ~~I /1;, PJ 1 PL, fJ, 'P. 

-- ~ . 

-...",......-. 

.. 
.., 

<,......~ 

/ 

.. 

~ 

'"" 

-- • 
.. 

... 
.- -

Invariants .. 
~ 

(fI. 1..1 +(!~ ~):J - f. [) I~. - P.1) --1 .. il' /' 

tr. P '1_ P. ~ • w~ o J 
i 

W iL 7 ( p ~_ ~ L ) 0 

~ , 

1 f 

/ 

l ' 

/ 

61 
• 

0'\ 
-'=" 

f 

/ ; 

1 
Î 

1 
t 
1 , 
~ 

! 


