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Abstract 

This Thesis examines the experimental and theoretical lateral vibration 

characteristics of flexible (rubber) cylinder clusters, subjected to axial 

incompressible (water) flow, within a rigid circular containment channel. 

The cylinders, some of which were instrumented with embedded strain gages, 

were clamped at both their upstream and downstream ends, to streamlined 

rigid fin assemblies. 

The theory is a random vibration model, with cylinder deflections based 

on natural beam mode summation, and response dependent on both the effects 

of the mean flow along the cylinders, and of turbulent boundary layer pres

sure fluctuations. 

Various bundles with different numbers of cylinders, as well as with 

combinations of flexible and rigid cylinders, were investigated, both exper

imentally and theoretically. It is shown that the theory is in excellent 

qualitative agreement with experiments, in terms of power spectral densi

ties, and coherences and phases between cylinders; nevertheless, predicted 

amplitude levels are one order of magnitude higher than those measured. 
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Sommaire 

Cette These traite des vibrations laterales de faisceaux de cylindres 

(en caoutchouc) flexibles, soumis a l'ecoulement longitudinal d'un fluide 

(eau) incompressible, a l'interieur d'un conduit circulaire rigide. Les 

cylindres, dont certains etaient munis de jauges d'elongation implantees, 

etaient fixes aux deux extremites (amont et aval), a un assemblage rigide 

d'ailettes profilees. 

La theorie est un modele d'oscillations aleatoires, avec les deflections 

des cylindres basees sur une sommation des modes propres d'une poutre, la 

reponse etant fonction des effets de l'ecoulement moyen le long des cylin

dres, ainsi que des fluctuations de pression dans la couche limite de 

l'ecoulement turbulent. 

Divers faisceaux, ayant differents nombres de cylindres ainsi qu'un nom

bre de combinaisons de cylindres flexibles et rigides, furent analyses, 

aussi bien experimentalement que theoriquement. 11 est demontre ici que la 

theorie est en accord qualitatif excellent avec les essais experimentaux, 

en terme de densites spectrales de puissance, et des coherences et phases 

entre cylindres; neanmoins' les niveaux predits des amplitudes sont d'un 

ordre de grandeur plus eleves que ceux qui ont ete mesures. 
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Preface 

The dynamics of cylinder bundles subjected to axial flow, differs from 

that of isolated cylinders basically for one of two reasons: (i) dependence 

of excitation pressure field characteristics on the geometry of the systems, 

and possibly on the very motion of those systems, and (ii) existence of 

inter-cylinder fluid coupling, implying that the motion of cylinders in a 

bundle is inter-dependent. 

The main objective of this research work was to investigate item (ii) 

above, based on random vibration theory, that is in terms of averaged fre

quency domain quantities (power- and cross-spectral densities). Of course, 

the latter (CSD's) include phase information, which allows measurement of 

(rms) motion of a given cylinder with respect to another in the cluster, 

i.e. the study of fluid coupling. 

The original contributions of this Thesis, to new knowledge in the field, 

are as follows. 

(1) Extensive experimental data on random vibration of flexible cylinders 

in axial flow, designed to provide a critical assessment of the lat

est theoretical model in the field, and also constituting a data bank 

for possible later evaluation of alternative theories. 

(2) Design of special tests and extension of the current theoretical 

model, to allow in depth investigation of the dynamics of fluid 

coupling; this involves the use of combination of flexible and rigid 

cylinders, for the first time to the author's knowledge. 

(3) The development of a new method to derive differential pressures, 

from the (simpler) measurement of single point pressures and their 

corresponding coherence function. This method also relaxes require

ments for the matching of pressure transducer gains, when direct 

differential measurements are impractical. This technique was used 

to measure in situ some of the pressure characteristics of the test 

channel. 
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The large volume of data, together with relatively lengthy text and ap

pendices, made the use of a second volume desirable. An unusual format has 

been chosen for material presentation, to facilitate reference to figures: 

all text, including appendices, has been bound in volume l, and all figures 

grouped separately, in volume 2. 
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Terminology 

Constants{-} [see eqn.(2.240)]. 

ak Lumping parameters{-} [see eqn.(2.64)]. 

asq Integration constant, natural beam modes{-} [see eqn.(2.85)]. 

a Index function{-} [see eqn.(2.162)]. 

b Constant{-} [see eqn.(2.213)]. 

Constants{-} [see eqs.(2.255) and (2.256)]. 

bk Lumping parameters {-} [see eqn.{2.65)]. 

b
1
q Integration constant, natural beam modes{-} [see eqn.(2.85)]. 

b Index function{-} [see eqn.(2.162)]. 

c Constant{-} [see eqn.(2.213)]. 

c Coefficient, drag ("linearized"), cylinder(s) {-} [see eqn.(2.52)]. 

c1 ,c2 Constants{-} [see eqs.(2.255) and (2.256)]. 

cb Coefficient, base drag, reference cylinder {-} [see 
0 

cf 

ck 

csq 

d 

dr 

dsq 

dr 

~i 

fl 

fr 

fr 

g 

~~ 

&i 

h 

hab 
k 

eqn.(2.52)]. 

Coefficient of friction, longitudinal flow {-} [see eqn.(2.52)]. 

Lumping parameters{-) [see eqn.(2.66)]. 

Integration constant, natural beam modes {-) [see eqn.(2.85)]. 

Constant {-} [see eqn.(2.213)]. 

Frequencies, modal, imaginary part {rad/s} [see eqn.(2.21)]. 

Integration constant, natural beam modes{-} [see eqn.(2.85)]. 

Frequencies, modal, imaginary parts{-} [see eqn.(2.98)]. 

Coefficients, virtual mass, ith direction, cylinder k {-} [see 

eqn.(2.27)]. 

Frequency, fundamental, real part (rad/s} [see eqn.(2.22)]. 

Frequencies, modal, real part {rad/s} [see eqn.(2.21)]. 

Frequencies, modal, real part(-} [see eqn.(2.98)]. 

Acceleration due to gravity {m/s2
}. 

Transfer function factor, response to pressure excitation {-} [see 

eqn.(2.271)]. 

Coefficients, virtual viscosity, ith direction, cylinder k {-} (see 

eqn.(2.29)]. 

Diameter ratio{-} [see eqn.(2.52)]. 

Components, impulse response function {-} [see eqn.(2.170)]. 

Index, usually denotes the kth cylinder (-}. 
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~i Coefficients, virtual mass, ith direction, cylinder k {-} [see 

eqn . ( 2 . 2 8) ] . 

lH Lateral distance, minimum, cylinder pair {m} [see eqn.(2.242)]. 

m Mass per unit length, individual cylinder {Kgm/m). 

~ Mass per unit length, reference cylinder [Kgm/m}. 

~ Mass per unit length, cylinder k {Kgm/m). 

p Pressure, fluid {KPa). 

p Pressure, average static {KPa} [see eqn.(2.15)]. 

Pa Pressure, acoustic {KPa} [see eqn.(2.276)]. 

Pd Pressure, differential {KPa} [see eqn.(2.278)]. 

PdM Pressure, differential, measured {KPa} [see eqn.(2.281)]. 

Pi Pressure, fluid, cylinder i (KPa} [see eqn.(2.195)]. 

Pi Pressure, fluid, cylinder i {-} [see eqn.(2.195)]. 

PAn Pressure, acceleration induced {KPa} [see eqn.(2.276)]. 

Pen Pressure, coherent {KPa} [see eqn.(2.286)]. 

PMn Pressure, measured {KPa} [see eqn.(2.276)]. 

Ps Pressure, static {KPa} [see eqn.(2.276)]. 

Ptn Pressure, turbulence induced {KPa} [see eqn.(2.276)]. 

Pun Pressure, uncorrelated {KPa} (KPa·) [see eqn.(2.304)]. 

qsq Integration constant, natural beam modes (-} [see eqn. (J.l8)]. 

p[w,Aw] Pressure, bandpass filtered{-} [see eqn.(2.208)]. 

r Index function{-} [see eqn.(2.197)]. 

xi 

ski Coefficients, virtual viscosity, ith direction, cylinder k {-} [see 

eqn.(2.30)]. 

t Time {s}. 

trigi Trigonometric function{-} [see eqn.(2.198)]. 

trigni Trigonometric functions {-} [see eqn.(2.246)]. 

u Velocity (bulk), fluid, axial direction{-} [see eqn.(2.5l)J. 

uc Velocity, convection{-} [see eqn.(2.214)]. 

uqrk Real part of Pqrk { -} [see eqn.(2.99)]. 

vk Displacement, lateral, y-direction, cylinder k {m} [see eqn.(2.39)]. 

vk Displacement, lateral, y-direction, cylinder k {m} [see eqn. (2 .112)] . 

Vrk Displacement, harmonic, lateral (y)' cylinder k {m} [see eqn.(2.39)]. 

vrk Displacement, harmonic, lateral (y), cylinder k {m} [see eqn. (2 .112)]. 

vqrk Imaginary part of Pqrk {- } (see eqn.(2.99)]. 
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xii 

Displacement, lateral, z-direction, cylinder k (m} [see eqn.(2.36)]. 

Displacement, lateral, z-direction, cylinder k {m} [see eqn. ( 2. 112) ] . 

Displacement, harmonic, lateral (z), cylinder k {m} [see eqn.(2.36)]. 

Displacement, harmonic, lateral (z), cylinder k {m} [see eqn. (2 .112)] . 

Displacement, longitudinal, along cylinder(s) {m}. 

Displacement, lateral, single cylinder (m}. 

Displacements, modal, lateral, cylinder(s) {m} [see eqs.{2.20) and 

(2.107)]. 

Area, cross-sectional, single cylinder {m2
}. 

Function, pressure measurements{·) [see eqn.(2.318)]. 
2 Area, cross-sectional, reference cylinder {m}. 
2 Area, downstream support, single cylinder {m} [see eqn.(2.13) and 

Fig. 3]. 
2 Area, downstream support, cylinder k (m} [see eqn.(2.35)]. 

2 Area, cross-sectional, cylinder k {m} [see eqs.(2.27) and (2.28)]. 

Area, net cross-sectional, fluid {m2
} [see eqn.(2.6)]. 

Modulus of Pqrk {-} [see eqn.(2.101)]. 

Function, pressure measurements {-} [see eqn.(2.318)]. 

Function, pressure measurements{-} [see eqn.(2.318)]. 

Coefficient, base drag, single cylinder{·} [see eqn.(2.12)]. 

Coefficient, base drag, reference cylinder{-} [see eqn.(2.52)]. 

Coefficient, base drag, cylinder k {-} [see eqn.(2.34)]. 

Coefficient, drag ("linearized"), cylinder(s) {m/s} [see eqs.(2.29) 

and (2.30)]. 

Coefficient of friction, longitudinal flow(-} [see eqn.(2.2)]. 

Diameter, cylinder (m}. 

Diameter, reference cylinder {m} [see eqn.(2.52)]. 

Diameter, cylinder k {m) [see eqs.(2.45) and (2.46)]. 

Diameter, hydraulic {m) [see eqn.(2.9)}. 
2 Modulus of elasticity, cylinder {N/m }. 

2 Modulus of elasticity, reference cylinder {N/m} [see eqn.(2.52)]. 

Modulus of elasticity, cylinder k {N/m2
} [see eqn.(2.45) and (2.46)]. 

Function, lateral pressure correlation{·} [see eqn.(2.267)]. 
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Force per unit length, lateral, single cylinder, inviscid fluid {N/m} 

[see FA(z)kJ. 

FA(z)k• FA(y)k Forces per unit length, lateral, cylinder k, induced 

by fluid acceleration, z- and y-directions {N/m} [see 

eqs.(2.27) and (2.28)]. 

FF Friction force per unit length, longitudinal, tunnel and cylinders 

{N/m} [see eqn.(2.5)]. 

F1 Friction force per unit length, longitudinal, single cylinder {N/m} 

[see eqn.(2.2)]. 

F1 Friction force per unit length, longitudinal, cylinder k {N/m} 
k 

[see eqn.(2.31)]. 

FN Force per unit length, lateral, single cylinder, viscous fluid 

{N/m} [see FN(z)kl· 

FN(z)k• FN(y)k Forces per unit length, lateral, cylinder k, induced by 

fluid velocity, z- and y-directions {N/m} [see eqs.(2.29) 

and (2.30)]. 

Fp Force per unit length, lateral, single cylinder, static pressure 

{N/m} [see eqn.(2.26)]. 

Fp(z)k• Fp(y)k Forces per unit length, lateral, cylinder k, induced by 

static pressure, z- and y-directions [see eqs.(2.38) and 

(2.41)]. 

FT Force per unit length, lateral, cylinder(s), turbulence induced [see 

eqn.(2.105)]. 

FT(z)k• FT(y)k Forces per unit length, lateral, cylinder k, induced by 

random pressure fluctuations, z- and y-directions {N/m} 

[analogous to Fp(z)k and Fp(y)k• see eqn.(2.116)]. 

GdidJ Dimensionless one-sided cross spectral density function, response, 

based on diameter{-} [see eqn.(2.268)]. 

Gp Measured one-sided power spectral density function, differential 
dM 

2 4 pressure (N ·s/m ·rad} [see eqn.(2.339)]. 

G · One-sided spectral density function, measured pressure(s) (N2 ·sjm4 ·rad} 
PMn 

[see eqn.(2.339)]. 

Calculated one-sided power spectral density function, single point 
2 4 pressure {N ·s/m ·rad} (see eqn.(2.340)]. 
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One-sided power spectral density function, pressure, generalized 

{~·sjm4 ·rad) [see eqn.(2.273)]. 

G Dimensionless one-sided power spectral density function, pressure, 
~~ 

generalized{-} [see eqn.(2.273)). 

Gain, pressure transducer(s) {-} [see eqn.(2.274)]. 

Gain difference{-} [see eqn.(2.283)]. 

Components of H matrix{-} [see eqs.(2.183) and (2.158)]. 
4 

Second moment of area, cylinder {m}. 

Second moment of area, reference cylinder {m
4

} [see eqn.(2.52)). 

Second moment of area, cylinder k {m4
} [see eqs.(2.45) and (2.46)]. 

Number of cylinders in the bundle{-}. 

Function, lateral pressure correlation, individual cylinder {-) 

[see eqn.(2.237)]. 

K1 J ,e Function, longitudinal pressure correlation, individual or cylinder 

pair{-} [see eqn.(2.266)]. 

K1 J .~' Function, lateral pressure correlation, cylinder pair {-} [see 

L 

~ 

~k 
~.~ 

M 

HiJ 

N 

NiJ 

p 

Pqr 

Pqrk 

Q 

R 

R 

~ 

Re 

Rrs 

eqn.(2.251)]. 

Length, cylinder(s) {m}. 

Weighted length, downstream support, cylinder {m} [see eqn.(2.13)]. 

Weighted length, downstream support, cylinder k {m} [see eqn.(2.35)]. 

Length, downstream support {m} [see eqn.(2.13)]. 

Moment, bending, cylinder(s) {N·m} [see eqn.(2.16)]. 

Trigonometric function{-} [see eqn.(2.263)]. 

Number of natural beam modes (comparison functions) {-}. 

Logical flag, used in F1 J function{-} [see eqn.(2.264)]. 

Ratio, measured pressures spectral densities {-) [see eqn.(2.314)]. 

Amplitudes, modal{-} [see eqs.(2.20) and (2.107)]. 

Amplitudes, harmonic, modal{-} [see eqs.(2.37) and (2.40)]. 

Force, lateral shear, cylinder(s) {N} [see eqn.(2.16)]. 

Radius, cylinder {m}. 

Ratio, pressures spectral densities {-} [see eqn.(2.315)]. 

Radius, cylinder k {m} [see eqn.(2.32)]. 

Radius, channel {m}. 

Inter-cylinder distance, center to center (m} [see Fig. 7]. 
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R Cross correlation function, measured pressures {-} [see 
PMl PM2 

eqn. ( 2. 305)] . 

Rpp' Cross correlation function, pressure, individual cylinder {-} 

(see eqn.(2.206)]. 

XV 

Rpp' Normalized cross correlation function, pressure, individual cylinder 

{-} [see eqn.(2.207)]. 

Rpp' [w,Aw] Cross correlation function, pressure, bandpass filtered, 

individual cylinder{-} [see eqn.(2.208)]. 

Rpp' [w,Aw] Normalized cross correlation function, pressure, bandpass 

filtered, individual cylinder {-} [see. eqn. (2. 210)]. 

R Cross correlation function, pressure, generalized {-} [see 
PtPJ 

eqn. (2. 202)] . 

R Cross correlation function, response{-} [see eqn.(2.173)]. '1t 1l j 
Rt1 ~J Cross correlation function, dimensionless force per unit length {-} 

[see eqn.(2.180)]. 
2 4 Spectral density function, coherent pressure(s) {N ·s/m ·rad} [see 

eqn. (2. 292) J. 
Spd Spectral density function, differential pressure {N2 ·sjm4 ·rad} [see 

eqn.(2.335)]. 

Spectral density function, measured differential pressure 
2 4 {N ·s/m ·rad} [see eqn.(2.336)]. 

Spectral density function, measured pressure(s) (~·s/m4 ·rad} [see 

eqn. (2. 312)] . 

Spectral density function, turbulence induced pressure(s) 
2 4 

{N ·s/m ·rad} [see eqn.(2.321)]. 
2 4 Spectral density function, uncorrelated pressure(s) {N ·s/m ·rad}. 

[see eqn.(2.320)]. 
2 4 Sp p Cross spectral density function, coherent pressures {N ·s/m ·rad} 

c 1 c2 
[see eqn.(2.291)]. 

2 4 Sp ~- Cross spectral density function, measured pressures {N ·s/m ·rad} 
M1 ""1'12 

[see eqn.(2.306)]. 

Cross spectral density function, pressure, generalized {-} [see 

eqn. (2. 200)]. 

Cross spectral density function, pressure, individual cylinder {-} 

[see eqn.(2.219)]. 
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SPiPJ Cross spectral density function, dimensionless pressure, generalized 

(-} [see eqn.(2.200)]. 

Strouhal number, radial {cycle} [see eqn.(2.239)]. 

Cross spectral density function, response{-} [see eqn.(2.186)]. 

Cross spectral density function, dimensionless force per unit length 

{-} [see eqn.(2.187)]. 

Strouhal number, longitudinal{-} (cycle) [see eqn.(2.211)]. 

Strouhal number, angular, individual cylinder {-} (cycle) [see 

eqn. (2. 212)] . 

Se Strouhal number, angular, cylinder pair{-} (cycle) [see eqn.(2.241)]. 

T Tension, cylinder {N} [see eqn.(2.1)]. 

Tk Tension, cylinder k {N} [see eqn.(2.33)]. 

Tqrk Displacement, lateral, harmonic{-} [see eqn.(2.97)]. 

T Tension, cylinder, externally imposed {N} [see eqn.(2.12)]. 

T0 Tension, reference cylinder, externally imposed {N} [see eqn.(2.52)]. 

Tk Tension in cylinder k, externally imposed {N} [see eqs.(2.45) and 

(2.46)]. 

U Velocity (bulk) of fluid, axial direction (m/s) [see eqn.(2.2)]. 

Uc Velocity, convection {m/s} [see ucl· 

Upp' Coincident spectral density, pressure, individual cylinder {-} 

[see eqs.(2.220) and 2.221)]. 

Vpp' Quadrature spectral density, pressure, individual cylinder {·} 

[see eqs.(2.220) and 2.221)]. 

Yq Beam modes, natural {m} [see eqs.(2.20) and (2.23)]. 

W Weight, downstream support, individual cylinder {N} [see eqn.(2.12)]. 

Y0 Yeight, downstream support, reference cylinder {N} [see eqn.(2.53)]. 

Wk Weight, downstream support, cylinder k {N} [see eqs.(2.45) 
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and ( 2 . 46) ] . 

Viscous damping coefficient, cylinder (material) {-} [see eqn.(2.52)]. 

Mass ratio{-} [see eqn.(2.52)]. 

Index function(-} [see eqn.(2.161)]. 

Phase angle, convection delay{-} (rad) [see eqn.(2.231)]. 

Phase angle of Spp' {-} (rad) [see eqn.(2.226)]. 

Gravitational acceleration parameter(-} [see eqn.(2.52)] . 
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Coherence function, "processes" a and b {-} [e.g. see eqn.(2.289)]. 

Gravitational acceleration parameter, (reference) cylinder {-} [see 

eqn. ( 2 . 54) ] . 

Gravitational acceleration parameter, fluid{-} [see eqn.(2.54)]. 

Logical flag, cylinder(s) lower end condition{-} [see eqn.(2.14)]. 

Kronecker delta{-} [see eqn.(2.86)]. 

Slenderness ratio{-} [see eqn.(2.52)]. 

Inter-cylinder spacing parameter{-} [see eqn.(2.254)]. 

Slenderness ratio, downstream support{-} [see eqn.(2.53)]. 

Slenderness ratio, downstream support{-} [see eqn.(2.53)]. 

Coefficients, virtual mass, ith direction, cylinder k {-} [see 

eqn.(2.27)]. 

Coefficients, virtual viscosity, ith direction, cylinder k {-} [see 

eqn. ( 2. 2 9) ] . 

Angle, point on cylinder {rad} [see 1:!.8]. 

Displacement, lateral, cylinder k, z-direction (or if k > K, cylinder k-K, 

y-direction) {-} [see eqn.(2.48)]. 

Displacement, lateral, cylinder k, z-direction (or if k> K, cylinder k-K, 

y-direction) {-} [see eqn.(2.117)]. 

Displacements, harmonic, lateral, cylinder k, z-direction (or if k>K, 

cylinder k-K, y-direction) {-} [see eqn.(2.59)]. 

Displacements, phasor, lateral, cylinder k, z-direction (or, if k > K, 

cylinder k-K, y-direction) {-} [see eqn.(2.69) and (2.118)]. 

Displacement, Fourier Transformed{-} [see eqn.(2.159)]. 

Angle difference, individual cylinder {rad} [see eqn.(2.204)]. 

Angle difference (equivalent), cylinder pair {rad} [see eqn.(2.242)]. 

Coefficients, virtual mass, ith direction, cylinder k {-} [see 

eqn.(2.28)]. 
2 Hysteretic damping coefficient, cylinder (material) {N/m } [see 

eqn.(2.18)]. 

A0 Hysteretic damping coefficient, reference cylinder (material) {N/m2
} 

[see eqn.(2.52)]. 

Hysteretic damping coefficient, cylinder k (material) {N/m2
} [see 

eqs.(2.45) and (2.46)]. 
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Eigenvalue, qth natural beam modes (-} [see eqn.(2.84) and 

Appendix G] . 

Viscous damping coefficient, cylinder (material) (N·s/m2
) [see 

eqn.(2.18)]. 

xviii 

Viscous damping coefficient, reference cylinder (material) {N·s/m2
) 

[see eqn.(2.52)]. 
2 

~ Viscous damping coefficient, cylinder k (material) {N·s/~ ) [see 

eqs.(2.45) and (2.46)]. 

v Poisson ratio, cylinder (material) {·} [see eqn.(2.12)]. 

vk Poisson ratio, cylinder k (material) (-} [see eqs.(2.45) and (2.46)]. 

e Displacement, longitudinal{-} [see eqn.(2.47)]. 

eo Location, longitudinal, calculations of experimental and theoretical 

lateral displacements {-} [see eqn.(2.269)]. 

6~ Longitudinal separation{-) [see eqn.(2.204)]. 

p Density of fluid (Kgm/m3
} [see eqn.(2.2)]. 

uq Characteristic constant, qth natural beam mode(-) [see eqn.(2.84) 

and Appendix G]. 

uki Coefficients, virtual viscosity, ith direction, cylinder k {-} [see 

eqn.(2.30)]. 

r Time (-} [see eqn.(2.49)]. 

r 1 Period, fundamental{-} [see eqn.(2.139)]. 

re Time, convection delay{-) [see eqn.(2.230)]. 

~q Normalized beam modes, natural(-} [see eqs.(2.60) and {2.84)]. 

~qrk Phase of Pqrk {-} {rad) [see eqn.(2.101)]. 

~ab Components of ~mn (-} [see eqn.(2.166)]. 

~rs Inter-cylinder angle, center to center (-) (rad) [see Fig. 7]. 

w Frequency{-} [see eqn.(2.50)]. 

w1 Frequency, fundamental{-} [see eqn.(2.139)]. 

wr Frequencies, modal{-} [see eqn.(2.62)]. 

wr Frequencies, modal, real{~} [see eqn.(2.120)]. 

6 wr Frequency differential { -} [see eqn. ( 2 .140) ] . 
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r Tension, externally imposed{-} [see eqn.(2.52)]. 

rA Weight, downstream support, reference cylinder{-} [see eqn.(2.53)]. 

T Hysteretic damping coefficient{-} [see eqn.(2.52)]. 

~ Forces per unit length, lateral, cylinder k, z-direction (or if k>K, 

cylinder k-K, y-direction), induced by random pressure fluctuations 

{-} [see eqn.(2.116)]. 

~mn Force, Fourier Transformed{·} [see eqn.(2.160)]. 

0 Frequency {rad/s) [see eqn.(2.50)]. 

Or Frequencies, modal (rad/s} [see eqn.(2.21)]. 
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Velocity and displacement vector, lateral, harmonic {-} [see 
eqn.(2.92)]. 

Null vector{-} [see eqn.(2.93)]. 

Amplitude vector, lateral, harmonic{-} [see eqn.(2.123)]. 

Displacement vector, lateral, harmonic{-} [see eqn.(2.78)]. 

Displacement vector, lateral, harmonic{-} [see eqn.(2.89)]. 

Coefficient, Fourier series, for{~}. {-} [see eqn.(2.133)]. 

Coefficient, Fourier series, for{~}. {-} [see eqn.(2.128)]. 

XX 

Displacement vector, lateral {-} [see eqn.(2.130)]. 

Displacement vector, lateral, modal {-} [see eqs.(2.131) and (2.146)]. 

Displacement vector, lateral, global {Fourier Transform) {-} [see 
eqn. ( 2 . 154) ] . 

Hilbert transform of{~}. (-} [see eqn.(2.151)]. 

Force (lateral) per unit length vector {-} [see eqn.{2.124)]. 

Force (lateral) vector, modal{-} [see eqs.{2.126) and (2.147)]. 

Force (lateral) vector, global (Fourier Transform) (-) [see eqn.(2.155)] 



0 [A] Global eigenvalue problem matrix {-} [see eqn. (2. 94)] . 

[ C J Damping matrix {-) [see eqn. (2. 82)] . 

[ Ca J Global viscosity matrix {-} [see eqn. (2. 90)] . 

[ Cv J "Virtual" viscosity matrix {-} [see eqn. (2. 83)] . 

[ E J Lumped parameters matrix {-) [see eqn.(2.82)]. 

[ F J Lumped parameters matrix {-} [see eqn. (2. 82)] . 

[ G] Lumped parameters matrix (-} [see eqn. (2.82)]. 

[H] Transfer function matrix{-} [see eqn.(2.157)]. 

[I ] Identity matrix {-}. 

[ K1 J Stiffness matrix (-} [see eqn. (2. 82)] . 

[ K2 J Stiffness matrix (-} [see eqn.(2.82)]. 

[ Ka ] Global stiffness matrix {-} [see eqn. (2. 90)] . 

[M] Mass matrix (-} [see eqn. (2. 82)] . 

[MG] Global mass matrix{·} [see eqn.(2.90)]. 

[Mv] "Virtual" mass matrix{-} [see eqn.(2.83)]. 

[ 0 J Null matrix { - } . 

[R J Lumped parameters matrix{-} [see eqn.(2.82)]. 

[ ~] Ratio matrix {-} [see eqn. (2. 80)]. 

xxi 
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[RA] Ratio matrix (-} [see eqn.(2.81)]. 

[ Rcb] Ratio matrix (-} [see eqn.(2.80)]. 

[ Rn] Ratio matrix {-) [see eqn.(2.80)]. 

[RE] Ratio matrix{-} [see eqn.(2.80)]. 

[RI] Ratio matrix(-} [see eqn.(2.81)]. 

[ RLo] Ratio matrix {-} [see eqn.(2.80)]. 

[ Rr] Ratio matrix (-} [see eqn.(2.80)]. 

[ Rw] Ratio matrix {-} [see eqn.(2.80)]. 

[ R;x] Ratio matrix {-) [see eqn.(2.80)]. 

[ R~] Ratio matrix{-} [see eqn.(2.80)]. 

[ Rv] Ratio matrix{-} [see eqn.(2.80)]. 

( S] Lumped parameters matrix (-} [see eqn. (2. 82)]. 

[ T] Lumped parameters matrix {-} [see eqn.(2.82)]. 

[X J Lumped parameters matrix (-) [see eqn. (2. 82)]. 

[ Y] Lumped parameters matrix {-) [see eqn. (2. 82)]. 

REMARKS 

xxii 

System parameters that are subscripted with a "zero", for example, Ro , 
represent reference values for non-dimensionalisation (see eqs.(2.49) to 

(2.54) inclusively). 
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1. INTRODUCTION 

The field of flow induced vibration, usually involving flow within or 

over slender structures (e.g. long cylinders), has been classified for 

research purposes, into two categories, namely vibration resulting from 

cross-flow and that resulting from axial flow. Main differences lie (i) in 

the fluid mechanics, as there is (usually) no separation in the axial case 

whereas the opposite is true in cross flow; (ii) in the system's geometry 

in the sense that flow (usually) "encounters" structural elements sequen

tially in the case of cross· flow, whereas in axial flow the fluid streams 

along the length of a given structure. 

We will be concerned with axial flow induced vibration. Although most 

of the studies relate to cylindrical structures, the field is nevertheless 

quite varied, as one may consider flow that is steady or unsteady, com

pressible or incompressible, and so on; inner, outer or annular flow (or 

combinations thereof); one- or two-phase flow; pipes that are articulated 

or continuous, straight or curved, thick- or thin-walled (shells); cylin

ders with various end (boundary) conditions; and so on. Only papers close

ly related to the subject of interest here, namely axial incompressible 

flow over cylinder bundles inside a bounding rigid channel, will be review

ed. Work in the field can generally be classified either as (i) the study 

of stability, which relates to the effect of mean (bulk) fluid flow on the 

system, neglecting turbulence, near- and far-field noise, or (ii) the study 

of (finite amplitude) vibration induced by fluctuating fluid forces. Note 

that the overall system response involves both of the above categories. 

The following review is chronological and, since developments on "stabil

ity" and on "vibration" were interdependent, it will prove necessary to 

alternate between categories as we proceed. 

Early studies* were concerned with the stability of cantilevered pipes 

subjected to internal flow, for example Bourrieres' in 1939 [1], or were 

* None of the earlier reviews can be said to be exhaustive, hence 

(involuntary) omissions of publications may have occurred here. 
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motivated by the existence of bending vibration of the Trans-Arabian pipe

line, in the early 1950's, such as by Ashley and Haviland [2], Feodos'ev 

[3], Housner [4] and Niordson [5] (see Paidoussis and Issid [6]). Then, 

late in that decade, the development of nuclear power plants required the 

study. of vibration induced by external axial flow over arrays of cylin

ders, modelling fuel elements in reactor cores. We shall now review re

lated work, outlining the evolution of mathematical models, leading to the 

theory generally thought to best represent the physics of the phenomenon. 

The earliest studies were done in the U.S.A.: Experiments conducted 

by Burgreen, Byrnes and Benforado [7],. on loosely packed arrays and at 

relatively low flow velocities, indicated (individual) rod vibration at a 

dominant frequency, corresponding to the first beam deflection mode; a 

semi-empirical model to predict deflection amplitudes was produced, based 

on dimensional analysis of a basic equation of motion involving rod flexural 

restoring and lateral inertial forces, viscous damping forces on the rod 

oscillating in stationary fluid, and assuming the forcing function to be 

proportional to the dynamic pressure of the main flow. Next, Shields' (8] 

experimental results also suggested rod vibration at a dominant frequency, 

and so did Quinn's [9,10] work on a single cylinder in a channel. The lat

ter proposed a model for a self-excitation mechanism, as follows: (i) the 

equation of lateral motion of the rod, integrated using an assumed first 

beam mode deflection, involves a "centrifugal" term, dependent on rod bow 

(i.e. lateral deflection) and fluid longitudinal velocity, which affects 

rod motion (and hence deflection), and (ii) an integrated (along the rod 

length) momentum equation, assuming constant pressure drop over the length 

of the rod, yields a relationship between flow velocity and rod deflection; 

the latter affects the hydraulic diameter of the channel hence the overall 

longitudinal friction pressure drop. (i) and (ii) interact to complete the 

feedback mechanism. It should be noted that Quinn considered the added mass 

(lateral accelerations) due to the fluid. Later Avanzini [11] would propose 

another self-excitation mechanism, but the latter is really semi-empirical 

(see Reference [12]). We shall not discuss further self-excitation mecha

nisms as they have never been very well substantiated. 
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Shortly afterwards, experimental studies were conducted in France [13] 

and Sweden [ 14, 15 ,16] (see Reference [ 12]) , reaching basically the same 

conclusion about cylinders vibrating independently at a dominant frequency 

corresponding to a first beam mode (for the given boundary conditions). 

This was to steer research mostly towards the prediction of vibration am

plitudes, with the exception of work on stability (to be examined short

ly). An early attempt at producing an empirical expression to optimally fit 

previous experimental data was made by Paidoussis [17]; it was based on a 

non-dimensionalized equation of motion including a number of new fluid in

ertial and frictional effects, the details of which were to be published 

shortly thereafter (see Reference [19] below). Later, Paidoussis [18] was 

to publish a systematic experimental study on the effects of varying var

ious parameters, in an effort to improve his empirical expression. He also 

conducted ad hoc tests (i) on the effect of large scale turbulence and 

swirl on vibration of single cylinders and (ii) on bundles. Results, some

times apparently contradictory, pointed to a definite need for fundamental 

research on system behaviour. 

The first study on instabilities induced by external (axial) flow was 

by Paidoussis [19] in the mid-1960's. As in earlier studies, rod elastic 

and inertial forces were taken into account, but fluid damping forces were 

modified to include mean flow effects, and lateral and longitudinal drag 

forces resolved using Taylor's [20] approach. Cylinder tension,* induced 

by (longitudinal) drag forces as well as externally applied at the cylinder 

ends, was incorporated in the model. Finally, fluid added mass effects 

were included, making use of Lighthill' s [ 21] slender-body theory. A 

pinned-pinned cylinder was investigated, both theoretically and experi

mentally (using a flexible rubber cylinder to allow manageably low fluid 

velocities, so as to reach instabilities easily); in addition to providing 

evidence that fluidelastic instabilities, both divergence and flutter, are 

possible, the work provided the first indications of the effect of mean 

*Although Paidoussis (see Reference [43]) later discovered an error rela

tive to that term, the system's essential (qualitative) features remain

ed unaffected. 
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flow on system dynamics; more specifically, flow induced damping and low

ering of vibration frequencies.* At that time, Paidoussis postulated that 

sub-critical vibration (i.e. vibration at flow velocities less than that 

for the first instability) are caused by departures from purely axial and 

steady flow. Note that instabilities are not of practical concern [19], but 

nevertheless can serve to test mean flow effect theories. System dynamics 

were further investigated in a subsequent paper by Paidoussis [22], where a 

more general theory was presented, considering various boundary conditions 

(pinned-pinned, clamped-clamped, clamped-free); the effect of various pa

rameters on stability was investigated theoretically, supplemented by ex

periments. It was shown that, in the case of cylinders supported at both 

ends, oscillatory instabilities are specifically caused by frictional 

forces and that, without hydrodynamic drag, only buckling is possible. 

Reavis, in 1967 [23,24], was the first to assume that cylinder motion 

is forced by random pressure fluctuations in the turbulent boundary layer 

(hence ignoring far-field noise§ and turbulence induced by upstream 

structural components, grids, supports, etc ... ) ; he considered that the 

pressure is homogeneous and unaffected by cylinder motion and that the 

process is ergodic. Furthermore, the cylinder was taken as lightly damped 

and response assumed in the first beam mode. The rod was modelled as a 

pinned-pinned beam, and the pressure characteristics used were those 

measured by Bakewell [25,26], el Baroudi et al. [27] and Corcos (28]. Those 

characteristics included power spectral densities and, longitudinal and 

circumferential correlations which were considered independent, following 

Corcos' [28] phenomenological model. The effects of mean flow and of the 

fluid added mass were ignored.t An explicit expression was obtained for the 

* At least for cylinders fixed at both ends. Also note that this latter 

effect would not necessarily be clearly evident in practical systems, 

where flow velocities are relatively low. 

§ Propagating acoustically. 

t. In retrospect, this is acceptable if rod density is high (compared to 

fluid), cluster is sparse, and flow velocities low (compared to insta

bility velocities). 
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r.m.s. deflection of the rod, versus a number of system parameters (such as 

rod length, damping ratio, etc.); although trends obtained corresponded to 

those of available data, the theory underestimated displacements by more 

than one order of magnitude. A major step towards improving the model's 

predictions was to measure both pressure and vibration characteristics in 

the same test rig: Gorman's [29] work involved vibration measurements of a 

pinned-pinned rod in water flow and pressure measurements at the wall of 

the -flow channel;* the theory used was essentially that of Reavis [ 23] . 

The modal damping was also measured (log decrement), for the first time in 

the flow, and for various velocities. Experimental and theoretical results 

agreed well (except at very low velocities where spurious vibration was 

deemed induced by the motion of mountings), lending support to the mecha

nism of turbulence induced vibration. Later, Gorman [30] reported results 

on two-phase flow, and agreement between theory and experiments was remark

able,§ leading to the conclusion that the so-called forced (by pressure 

fluctuations at the surface of the cylinder) vibration model is correct.t 

Among other facts, Gorman concluded that higher amplitudes in two-phase 

flow result from higher circumferential correlations. 

Beam mode summation (to account for higher deflection modes) was used 

by Kanazawa and Boresi [31], and by Chen and Wambsganss [32]. The latter 

also incorporated the effects of mean flow by using Paidoussis' [22] equa

tion of motion, and used Corcos' [28] phenomenological model for pressure 

disturbances. New data on turbulent wall pressure fluctuations, on a body 

of revolution (in water flow), by Bakewell [33], was also used. A Coriolis 

force term in the equation of motion was neglected so as to allow the use 

of normal beam modes for the solution, and agreement with experimental 

results also tended to confirm the forced vibration model. Again, response 

in the first beam mode was concluded to be dominant and damping was found 

* Measurements were differential, thereby eliminating static pressure 

fluctuations. 

§ Better than liquid flow, possibly because far-field effects, ignored in 

the theory, are negligible in two-phase flows. 

tAt least for single cylinders (as opposed to bundles). 
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to be proportional to flow velocity. The need for reliable pressure data 

at low (dimensionless) frequency was stressed, as considerable scatter was 

found among various researchers' measurements. 

Approaching the problem from a different point of view, Y.N. Chen [34]* 

argued that vibration stems from a kind of instability, initiated mainly 

by turbulence-induced longitudinal fluctuations in the flow velocity, re

sulting in a variable compressible load in the cylinder which in turn af

fects the cylinder bow. More energy can be extracted from the flow as the 

mean velocity follows a "curved" path along the cylinder, inducing centrif

ugal forces tending to deflect it further. The number of assumptions re

quired for this parametric oscillation (by analogy to a beam's response to 

harmonic end loading) model makes it more semi-empirical, and comparisons 

with experiments really do not confirm the theory (see Reference [12]). 

In a follow-up paper to Reference [32], in 1972, Chen and Wambsganss 

[35] extended their model (i) to take into account more general boundary 

conditions (inclusive of lateral and torsional spring stiffnesses at the 

ends) and (ii) to add to Paidoussis' [22] equation of motion other damping 

effects, namely due to the internal dissipation in the rod (Kelvin type) 

and to the stationary fluid. Furthermore, the concept of the added mass 

being increased by confinement was introduced, and a potential flow tech

nique§ to calculate it was applied to the case of a single cylinder posi-

tioned centrally in a confining channel: Also, damping was measured in 

flow, using a more refined technique than Gorman's [29], namely an electro-

magnetic motion excitation technique (see below). Finally, the response 

to random pressure excitation was obtained after making use of Galerkin's 

method and decoupling the resulting second order matrix equation of motion 

by neglecting some of the damping and Coriolis forces. In situ pressure 

measurements, on the surface of the rod, by Wambsganss and Zaleski [39], 

*As opposed to S.S. Chen, mentioned previously. 

§Earlier work on the subject is quoted later by Chen [36], namely Mazur 

[37] and Shimogo and Inui [38]. 
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were used; the latter included new and more reliable low dimensionless 

frequency data, where considerable scatter previously existed. Agreement 

with experiments was generally very good and can be said to validate the 

(single cylinder) turbulence excitation model. A further major contribu~ 

tion was the result that added mass can be significantly increased by con~ 

finement. 

Pursuing the study of virtual mass. Chen [40] introduced the important 

concept of fluid coupled structural motion, investigating theoretically the 

free vibration of a cantilevered cylinder submerged in a quiescent ideal 

fluid bounded by a channel (also treated as a cantilevered beam); coupled 

natural frequencies and beam modes were calculated. In similar· studies, 

Chen [41, 36] studied the response of two parallel, as well as a row of, 

circular cylinders in a liquid. In a later paper, Chen, Wambsganss and 

Jendrzejczyk [42] examined the effects of various (viscous) fluids on the 

added mass and damping of a cantilevered cylinder forced to oscillate har~ 

monically within a rigid circular confinement channel. An homogeneous equa

tion for the velocity potential, a form of linearized Navier-Stokes equation, 

was.used. The electromagnetic technique mentioned earlier was utilized: a 

frequency sweep was employed and resonant frequencies and damping coeffi

cients determined from the response amplitude and power required to sustain 

vibration, respectively. The channel-to-cylinder diameter ratio was also 

varied. Very good agreement was found between theory (taking into account 

fluid coupling) and experiments. 

Meanwhile, the mean flow theory (i.e. stability) was further improved: 

in 1973 Paidoussis [43] incorporated the effects of (i) gravity* (which 

induces tension/compression in vertical cylinders), (ii) external pressur

ization (yielding a compressive load on a cylinder fixed at both ends), 

(iii) material damping (similarly to Chen and Wambsganss [35]), and modi~ 

fied the equation of motion to take into account (iv) the higher longitudi~ 

nal pressure gradient found in bundles (frictional losses). In addition, 

* Useful for cylinders with comparatively low flexural rigidity (compared 

to mass x length squared). 
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a more general method for calculating the response to random pressure ex

citation was presented, which included a matrix method for decoupling the 

equations of motion (rendering the assumptions used by Chen and Wambsganss 

[35] unnecessary). Drawing on the work by Chen et al, lateral-motion zero

flow fluid damping, and added mass were included. Also, a correction was 

brought to an otherwise undetected inconsistency in one of the frictional 

forces terms in the equation of motion. Finally, the general theoretical 

behaviour of cantilevered and pinned-pinned cylinders, with increasing 

flow, was examined; the dynamics of the latter was found to have been al

tered significantly by the newly corrected error on the friction forces. 

Comparisons were made with experiments, in terms of stability, and good 

agreement found, supporting this latest mean flow dynamical model. An im

portant finding was that close spacing can severely destabilize the system. 

The physics of the problem was also extensively discussed, and so was the 

influence of various parameters on stability. 

In 1975, Chen applied his theory on fluid coupled motion [40,41,36] to 

bundles [44]: Mean flow behaviour was analyzed for a two-cylinder (cou

pled) system with the basic equation of motion based on Paidoussis' [43] 

latest and also making use of Lighthill's [21] slender-body theory to get 

hydrodynamic forces (in flow). Matrix equations were decoupled using an 

adjoint eigenvalue system (see Paidoussis [43]). The overall calculation 

procedure was outlined, and it was shown that the effect of the flowing 

fluid is to decrease natural frequencies and increase damping, similarly to 

cases of isolated cylinders (see Paidoussis [19]). Also, for a two- and 

three-cylinder system in still fluid and corresponding to the first beam 

mode, coupled frequencies (numbering twice the number of cylinders) were 

shown to broaden in range (simultaneously from both the lower and upper 

ends) as cluster spacing is decreased, and the corresponding inter-cylinder 

(coupled) vibration modes were illustrated. The response of a four-cylin

der bundle to forced harmonic excitation of one of them also showed the 

effect of fluid coupling (induced motion of adjacent cylinders). Subse

quently, Chen [45] further illustrated the (zero-flow) behaviour of the 

coupled ~ystem; there are groups of frequencies, each group corresponding 

to successive beam deflection modes and cantered approximately about the 
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in-fluid solitary beam frequency. Furthermore, a cross-sectional inter

cylinder motion pattern is common to each group. Among conclusions are 

that (i) the response to random excitation is primarily in the frequency 

range of the groups (i.e. like bandpass filtering) and (ii) only cylinders 

in the immediate vicinity of any one under analysis significantly affect 

its response. In a follow-up to Reference [42), Yeh and Chen [46] further 

studied theoretically the effect of fluid viscosity on coupled vibration; 

one conclusion was that viscosity becomes important, in terms of determin

ing frequencies, only for very small gaps; otherwise, the potential flow 

approach is sufficient. 

Experiments were later conducted on coupling in still fluid and re

sults strongly supported the theoretical model. For example Lubin, Haslin

ger, Puri and Goldberg [47] tested a three-by-five cylinder bundle and 

basically obtained the theoretically predicted (first beam mode group) 

vibration frequency range. Chen and Jendrzejczyk [48] and Chen, Jendrze

jczyk and Wambsganss [49] conducted extensive testing on cantilevered tube 

bundles (three to seven rods) and compared with theory, the frequencies, 

(cross-sectional) modes and coupled response (power spectral densities) 

when one of the cylinders is harmonically excited, with generally very good 

agreement. Various confinement schemes were used, namely, "no confinement" 

(large reservoir), circular channel (positioned eccentrically or not) and 

in proximity to a flat wall. 

Paidoussis and Suss [SO] investigated theoretically the stability of 

clusters of cylinders in a bounding circular channel, taking into account 

"viscous" in addition to inviscid hydrodynamic fluid coupling. Principal 

conclusions were that (i) the behaviour of coupled systems (versus flow 

velocity) is qualitatively similar to that of uncoupled ones (see also Chen 

[ 44]) but quantitatively different, close spacing d~stabilizing the sys

tem;* (11) since the frequency response of the coupled system is broader 

(see Chen [44]), more energy can be extracted from the flow; (iii) orbital 

cross-sectional motion is possible (due to viscous coupling and cylinder 

*See also Paidoussis [43]. 
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material dissipation, see below), contrary to what was previously thought. 

Later, Paidoussis, Suss and Pustejovsky [51] presented a finite-element 

method, for free vibration of cylinder clusters in still fluid; comparisons 

with the classical method of solution showed the latter to be more effi

cient, but with the finite-element technique being able to solve more com

plex geometries. Moreover, it was shown that the cylinder cross-sectional 

orbital motion was due to either viscous hydrodynamic coupling or to mate

rial dissipation (in the cylinder). 

On another front, Mulcahy, Yeh and Miskevics [52] tested a single rod 

in flow and at various upstream turbulence levels, also changing the hy

draulic diameter by varying the confining channel size. An important con

clusion was that turbulence propagated well, altering rod vibration levels, 

only for larger hydraulic diameters; in closely packed arrays, boundary 

layer pressure fluctuations are expected to be the dominant excitation. 

Among other such reports, Lin, Wambsganss and Jendrzejczyk [53] later es

tablished that, for low upstream turbulence, pressure power spectral den

sities are not only dependent on hydraulic diameter, but also on the system 

geometry, from seven-rod array tests (compared with the annulus experiments 

of Reference [52]). Results such as these provide much insight into the 

pressure forces deemed to cause vibration and shall be used to interpret 

experimental measurements. 

In 1979, incorporating hydrodynamic coupling fully into his model, 

Paidoussis [54] presented extensive results on the system's free vibration* 

behaviour (frequencies and damping) with increasing flow. It was shown 

that, for higher flows, although cross-sectional modes remained constant,§ 

the axial modes departed, especially at higher flow velocities, from the 

pure beam deflection shapes found earlier (at zero flow) by Chen [ 45] . 

Experiments on stability agreed well with the theoretically predicted 

critical (first instability) flow velocity. This was followed in the early 

1980's by a series of experiments by Paidoussis, Curling and Gagnon [55] 

* Effects of mean flow. 

§ At least for non-repeated eigenfrequencies. 
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which further supported the theory in terms of frequency bands versus flow 

velocity, leading to a zero frequency instability (divergence or buckling).* 

Flexible rubber cylinders were used so as to permit low (critical) flow 

velocities (see Paidoussis [19]). 

Further experimental work, concentrating on the subcritical vibration 

aspects of the problem, was carried out. Paidoussis and Gagnon [56,57] and 

Paidoussis, Gagnon and C. Chen [58] analyzed motion of strain-gage instru

mented flexible rubber cylinders in flowing fluid (water). Displacement 

power spectral densities, mostly for a cluster of four cylinders, repro

duced very well the trends predicted in theory: As flow velocities in

crease, the oscillation frequencies decrease, faster at the lower than at 

the upper end of the frequency band (i.e. a broadening of the frequency 

band takes place), until the lowest frequency reaches zero, signifying the 

onset of buckling. Higher vibration mode groups were also detected (the 

second and the third). Furthermore, from simultaneous power spectral density 

measurements in orthogonal planes of motion§ on a cylinder in the bundle, 

the sequence of dominant frequencies in each direction corresponded to that 

of the respective eigenvalues of the cross-sectional inter-cylinder coupling 

modes. Data was also obtained on the r .m. s. vibration amplitudes versus 

flow rate, and the study of hydrodynamic coupling (in flow) initiated by 

testing solitary cylinders and a single flexible cylinder adjacent to rigid 

ones. Finally, preliminary data was gathered on relative phase in inter

cylinder motion (simultaneous motion measurement on two different cylin

ders). 

The current state of knowledge on both the forced vibration and mean 

flow (free vibration) models was assembled into a "global" theory by Pai

doussis and Curling [59]. The "only" required input, other than geometric 

material and fluid characteristics, it is hoped, is the fluctuating pres

sure characteristics within the bundle. The latter, and also a paper by 

* Cylinders fixed at both ends. 

§ In the principal directions predicted in theory. 
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Curling and Gagnon [60], presented experimental phase measurements* which 

confirm the existence of the cross-sectional modes, as predicted by the 

mean flow theory, but more work was required to validate all aspects of the 

forced vibration model, a most important aspect of this work being the pre

diction of vibration levels. 

The interested reader can refer to general reviews in the field of 

flow induced vibration, the most recent ones being by Paidoussis [ 62,63, 

64], Pettigrew [65], and Chen [66,67]. 

This Thesis is primarily meant to provide a critical experimental 

assessment of the forced vibration model, especially as applied to bundles. 

The experimental part also provides a data bank for subsequent comparisons. 

Vibration power and cross spectral density as well as coherence measurements 

were made in water flow, varying such parameters as flow velocity and bundle 

geometry (number and spacing of cylinders). Furthermore, hydrodynamic coup

ling was investigated by testing special arrangements, for example a single 

flexible rubber cylinder adjacent to "rigid" aluminium ones. Upstream tur

bulators had to be developed so as to obtain symmetric and repeatable re

sults. The test tunnel was characterized by turbulence intensities and (in

tegral) scale measurements, as well as by mean velocity profiles.§ Pressure 

spectra, to be used as input to the forced vibration model, were also meas

ured, and a mathematical method to eliminate coherent (for example static) 

pressure fluctuations from power spectral densities was developed. The 

theory was expanded to include dissimilar (e.g. moduli of elasticity) cyl

inders in the cluster, and is presented in concise form, with appendices to 

provide detail where required; classical random vibration theory was used 

for the forced vibration model development, rather than the more rigorous 

but mathematically cumbersome approach originally used by Curling [61]. 

Qualitatively, predictions of the forced vibration theory agree very well 

with measurements, but not quantitatively, as r.m.s. amplitudes are exper

imentally lower. The reasons for this are discussed at the end. 

* Part of this Thesis. 

§Earlier work (Masters Thesis). 
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2. THEORY 

The random (forced) vibration theory for clusters of hydrodynamically 

coupled clamped-clamped* cylinders in a rigid containment channel (see Fig. 

1) and subjected to turbulent flow pressure fluctuations, is developed from 

consideration of lateral forces on an element of beam (see Fig. 2). Note 

that, as longitudinal forces along a deflected beam possess lateral compo

nents, the latter had to be taken into account. 

Before deriving the equation of motion for an arbitrary beam in the 

bundle, we discuss the two "types" of forces present in the system, specif

ically (i) beam (material) forces and (ii) fluid forces. 

2 .1: BEAM FORCES 

Beam (material) forces exist without immersion in a fluid (e.g. in vac

uo); they consist in lateral (i) elastic restoring forces, (ii) damping 

forces (viscous and hysteretic), (Hi) inertial forces, and longitudinal 

(iv) gravity forces.§ 

Since in practice the cylinders are slender and deflections small, the 

following assumptions are made: (i) lateral deflections can be resolved 

into two orthogonal planes, and in each plane, we neglect the effects of 

(ii) shear deformations, (iii) rotary inertia and, (iv) longitudinal elas

tic (tension) or dynamic (damping and inertia) forces due to beam elonga

tions (under deflections, with both ends fixed). Note that, as discussed 

later, compression induced in the cylinder(s) by static fluid pressure 

(which is not deflection dependent) is taken into account. 

2.2: FLUID FORCES 

There are normal (pressure) and tangential (shear) fluid forces pres

ent. Considered purely normal are (i) the inviscid hydrodynamic forces, 

* Other boundary conditions (e.g. pinned-pinned) could have been used, had 

they been required. 

§ Note that only nominally vertical beams are investigated here. 
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(ii) the static pressure forces (which yield stabilizing forces on a de

flected cylinder and destabilizing compressive longitudinal ones dependent 

on Poisson's ratio), and (iii) the turbulent boundary layer pressure fluc

tuations. There are also combined normal and shear forces from form drag, 

calculated from bulk fluid velocities across cylinders. Finally, pure shear 

forces are assumed to arise from the (longitudinal) mean flow along the 

cylinders (since small motion is assumed, flow separation is absent). 

2.3: TWO-DIMENSIONAL EQUATIONS OF MOTION 

Now that the various forces considered to influence the system's 

dynamics have been qualitatively described, the equations of motion in a 

plane are derived in detail. 

2.3-1: Longitudinal force balance 

The tension in the cylinder is altered mainly by (i) gravitational 

forces, ( ii) by static pressure induced compression (because ends are 

fixed), and by (Hi) longitudinal friction forces. Item (i) is a "beam" 

(body) force, item (ii) is categorized as a " fluid" force (although it is 

really a combination fluid-beam), and item (Hi) is a "fluidn force. Note 

that the buoyancy term FPx (see Fig. 2) is only second order (see Appendix 

A) and therefore, negligible. 

The static pressure induced (negative) tension, item (ii) above, is 

constant throughout the beam (see Appendix B), hence, does not appear in 

the following ntension gradient" equation. From Fig. 2, we see that 

aT 
8x + mg + FL- 0 ' (2.1) 

where x is the longitudinal coordinate, T and m are the cylinder tension 

and mass per unit length respectively, FL is the longitudinal friction 

(shear) force per unit length, and g the gravitational acceleration. 

Paidoussis [43] used Taylor's [20] approach for the longitudinal 

friction forces on the cylinder(s). For low angles of incidence, we can 

write (see Appendix C) 
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(2.2) 

where D is the cylinder diameter, p and U are the fluid density and mean 

(longitudinal) flow velocity respectively, and Cf is a constant friction 

coefficient. 

It shall prove convenient to group T and the product pA (static pres· 

sure and cylinder cross-sectional area) in the lateral equations of motion. 

For a cylinder with constant cross-sectional area, we have 

a an - (pA) -=A ax ax ' (2.3) 

which used in eqn. (2.1), together with eqn. (2.2) yields 

a £E 1 2 - (T + pA) - A · mg · - pDU Cf ax ax 2 (2.4) 

Now, the pressure gradient is assumed to stem from (i) gravity, and 

(ii) fluid friction losses along all wetted surfaces in the bundle, inclu

sive of the confining channel (see Fig. 1): 

(2.5) 

where Fp is the total friction force per unit length and AN is the net 

fluid cross-sectional area. We have 

(2.6) 

Re and R being the channel and cylinder radii respectively, and K is the 

number of cylinders in the cluster. If the longitudinal shear stress at 

the channel wall is taken as equal to that at the cylinder(s), then we can 

write 

(2. 7) 

for the whole cluster. 

Combining eqs. (2.5), (2.6), and (2.7), and making use of eqn. (2.2), 

we get 
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an 1 2 4 a;: - pg - 2 pU Cf . 1J 
1 

~· 

where we have used the hydraulic diameter 

Substitution of eqn.(2.8) into eqn.(2.4) yields 

Integrating the latter equation simply yields, -at location x 

T+pA- [(m- pA)g+~ pDU
2

Cf ( 1 +~ )] (L- x) + (T+pA) 
x-L 

16 

(2.8) 

(2.9) 

(2.10) 

(2 .11) 

where L is the beam length (and other parameters have been defined 

previously) . 

The last term, at x- L, depends on the lower support geometry and 

weight, and on the cylinder mounting procedure (e.g. hung vertically before 

clamping, etc.). Appendix C gives pertinent details; for cylinders clamped 

at both ends (but the lower end may be allowed to slide axially), we have* 

[ - - 1 1 2 L ( D )] (T + pA) - S W + T + (1 - 2v) p A+ 2 pAgL- 2 pDU Cf 2 1 + n. 
x=-L '"'n 

[ 1 2 2 1 2 ( D )] + ( 1 - S) · W - pAgl.w + 2 pD U Cb + 2 pDU Cf L1 + l.w ~ , (2.12) 

where 

(2.13) 

Here we have introduced new parameters: L1 , L2 , and A2 are lengths and 

area related to the lower attachment and W is its weight (see Figs. 3, 4 

and 5), 

*This expression is similar to Paidoussis' [43], but has been modified to 

account for actual experimental conditions. 
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J 0 , if axial sliding is allowed, 

6-1 
1 , if axial sliding is not allowed, 

(2.14) 

at the lower (downstream) end, T is an externally imposed (pre-) tension 

(applies only if 6- 1), Cb is a base drag coefficient (applies only if 

6- 0), v is Poisson' s ratio. The latter affects the compression induced in 

the cylinders, when 6- 1, by the fluid static pressure (see Appendix B), 

the average of which is 

p =-p 
L ' x--2 

since the pressure gradient is constant (see eqn.(2.8)). 

(2.15) 

Note that here, the term T will always be zero and 6 will always be 

one, but they have been retained in the formulation of the problem as re

lated computer programs are general and require the input of such parame-

ters. 

Eqs. (2 .11) and (2 .12) constitute the expression of the longitudinal 

force balance. 

2.3-2: Lateral force balance - beam element 

The cylinders are slender, and treated as Euler-Bernoulli beams.* 

Referring to Fig. 2, the moment balance yields 

aM 
Q+- -o ax . (2.16) 

since, as 6x-+ 0, circumferential surface (pressure and longitudinal shear) 

and body (inertial) forces tend to zero. Q is the lateral shear force and 

M is the bending moment.f 

* See Timoshenko and Young [68] for an illustration of the effect of 

neglecting shear deformations and rotary inertia. 

t Note that conventions for positive shear and moments may vary from 

author to author. 
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The lateral force balance yields (the approach is similar to that in 

Appendix A) 

2 
!Q a ( §::I. ] §::I. u ox + ox T ox + F L ox+ FP - m 8 t2 - (FA + F N ) + FT - O ' (2.17) 

where y is the lateral deflection of the cylinder and t the time, Fp is 

the net lateral (normal) surface static pressure force (per unit length), 

FA and F1 are, respectively, the inviscid and "viscous" hydrodynamic forces 

per unit length, and Fr is the turbulent boundary layer normal pressure 

force (per unit length). 

Note that beam material damping forces will appear in the 8Q/8x term 

and that fluid coupling effects will arise in the term FA, FN and FT: the 

former two depend on the motion of all cylinders in the bundle, and the 

latter on their presence. This shall become clear as we proceed. 

As the equations of motion take significantly different forms depend

ing on the nature of the response, we shall need to take two separate ap

proaches, (i) the first pertaining to the effects of the mean flow alone 

(FT - 0 in eqn. (2 .17)) and where the response y is assumed to be periodic 

and exponentially decaying (or amplified, in the case of flutter - to be 

discussed inCh. 2), and (ii) the second encompassing both the mean flow 

and turbulent boundary layer pressure fluctuations (FT"' 0) and where the 

response is assumed to be random in nature. 

Note that, were it not for the presence of hysteretic damping in the 

beam, we could have proceeded further with the analysis without yet having 

to assume the form of the response y (details can be found in Appendix D). 

2. 4: MEAN FLOW MODEL 

The bending moment for a beam with both viscous and hysteretic damp

ing is, referring to Appendix D, 

(2.18) 

where 
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CO 

y-y(x,t) -:L Yr(x,t) (2.19) 
r-1 

and 

CO [ jOt * -JO*t] Yr(x,t) -:L Yq(x) Pqr e r + Pqr e r 
q-1 

(2.20) 
r-1,2, ... ,co. 

Note that modal analysis is used here: the response (y) is expanded 

in terms of (i) natural beam modes (Yq), in this case comparison functions* 

(satisfying both geometric and natural boundary conditions, and fully dif

ferentiable (in x), and (ii) the latter are "modulated" by (exponentially 

decaying) harmonic functions, sometimes labelled generalized coordinates. 

or is the complex frequency for the rtb harmonic (and or*is its complex 

conjugate) , 

(2.21) 
r-1,2, ... ,co, 

fr is the frequency of oscillation, with 

(see eqn.(2.25)) (2.22) 
r-1,2, ... ,co, 

and ~ is a damping parameter. 

f 1 is the fundamental frequency of oscillation. We have introduced the 

following beam (cylinder) parameters: the modulus of elasticity E, the sec

ond moment of area I, and the viscous and hysteretic damping coefficients p 

and A. Yq(X) is the qth natural mode (undamped free vibration) of the beam, 

for the boundary conditions of interest. Since amplitude information can be 

found in the Pqr coefficients, the Yq (x) can be normalized arbitrari~y. 

When using dimensionless parameters later on, it will prove useful to have 

set 

(2.23) 
q-1,2, ... ,co. 

*See Meirovitch [69], P.l40. 
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Finally, the Pqr are complex amplitudes, corresponding to the qth beam mode 

and rth harmonic (and P:r are their complex conjugates). 

Now, combining eqs. (2 .16), (2 .17) (with Fr - 0), and (2 .18), we obtain 

the equation of motion 

(2.24) 

Note 

In eqn.(2.24), the term rf1 has been replaced by Re(Or) .. fr -rf1 • Since all 

harmonics need not be present in a periodic signal, we will, from now on, 

consider Or to be the rth frequency found in the signal; this then alters 

eqn.(2.22) to read 

(2.25) 
r-1,2, ... ,oo. 

(i.e. all harmonics not necessarily present). In our case, the values of 

mr and of f 1 are of no interest; only the Or (fr and dr) are. 

At this point, three lateral force terms have yet to be determined, 

namely Fp. FA• and FN. We recall that Fp is the net lateral force (per unit 

length) due to (normal) static pressure forces on an element of the beam. 

Fig. 6 illustrates an element of the beam completely immersed in fluid, in

cluding the end faces (following Paidoussis' approach, e.g. see Ref. [43]); 

this allows us to easily find the contribution of static pressure forces on 

the circumferential surface of the (bent) element. The lateral force bal-

ance is 

Fp Sx - _§_ ( pA £y ] Sx- 0 ax ax • 

yielding 

(2.26) 
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FA also stems from normal pressure forces at the surface of the cyl

inder, this time from the fluid lateral acceleration field. For a single 

(solitary) cylinder in unbounded (no channel) still fluid, the force (per 

unit length) can be found by considering changes in the fluid kinetic energy 

due to a change in the cylinder velocity; the velocity field in the fluid 

is found from potential flow theory. One finds 

i.e. there is an apparent (added or virtual) mass (per unit length) "at

tached" to the accelerating cylinder (equal to pA here). 

In the case of a cylinder in a bundle positioned within a bounding 

channel and subjected to longitudinally flowing fluid, the force, say in 

direction y, on cylinder k, labelled FA(y)k• is found to depend on the mo

tion of all cylinders in the bundle, in the z- as well as in the y-direc

tion. Derivations are found in Appendix E, following Chen's [44] approach. 

Results are: 

(a) for the z-direction 

(2.27) 
k-1,2, ... ,K, 

(b) and for the y-direction 

(2.28) 
k-1,2, ... ,K. 

In the latter equations, Ak is the cross-sectional area of cylinder k, 

"ki, kki, eki and eki, k,i- 1,2, ... ,K, are dimensionless coefficients de

pendent on bundle geometrical parameters, namely cylinder radii, their lo

cation within the cluster, and the channel radius. D/Dt is the total (or 

substantial) derivative, and w1 and v1 are the z- and y-direction lateral 

displacement coordinates respectively, for cylinder i (see Fig. 7). 
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Equations (2. 27) and (2. 28) now indicate fluid coupling between the 

motion of the cylinders in the bundle, namely inviscid hydrodynamic coup

ling. 

Paidoussis and Suss [50] assumed fluid viscosity not to be negligible 

in the immediate vicinity of any cylinder, where velocity gradients are 

likely to be the highest; lateral drag forces dependent on the (inviscid) 

fluid velocity field at the cylinder surface were postulated to exist, 

resulting in so-called "viscous coupling" between cylinders. One obtains 

expressions similar to those for inertial (inviscid) forces, namely (see 

Appendix F for details), 

(a) for the z-direction 

(2.29) 
k-1,2, ... ,K, 

(b) and for the y-direction 

(2.30) 
k-1,2, ... ,K. 

The coupled system requires two equations per cylinder, one for each 

( orthogonal) direction y and z. Consequently, we must use subscripts in 

previously derived equations (which were for a single cylinder, in one 

plane of motion). These are equations (2.2), (2.9), (2.11), (2.12), (2.13), 

(2.19), (2.20), (2.21), (2.24), and (2.26). We now have, in multi-cylinder 

terminology, 

(2.31) 
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(2.32) 

' (2.33) 
x-L 

k-1,2, ... ,K, 

(2.34) 

k-1,2, ... ,K, 
with 

Azk 
lwk - Lt + ~ Ax ' 

k-1,2, ... ,K, 
(2.35) 

and for the z-direction, we have 

OCI 

wk -wk(x,t) -:L wrk(x,t) , (2.36) 
r -1 k - 1 , 2 , . , . , K , 

(2.37) 
r-1,2, ... ,oo, 
k-1,2, ... ,K, 

where Or is given by eqn.(2.21). Note that the frequency has not been la

belled ork but rather or, since, for a given inter-cylinder coupling mode 

(to be explained in detail in a later chapter), the frequency is common to 

all cylinders. Proceeding, we have 

(2.38) 
k=l,2, ... ,K. 

Similarly, for they-direction (eqs.(2.36), (2.37), and (2.38)), we have 

OCI 

vk = vk (x, t) - L vrk (x, t) (2.39) 
r-1 k==l,2, ... ,K, 
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"" [ JOt* -·o*t] vrk(x,t)- L Yq(x) Pqr(k+K) e r +Pqr(k+K) e J r , (2.40) 
q-1 r- 1, 2 , .... , "" , 

k-1,2, ... ,K, 

and 

(2.41) 
k-1,2, ... ,K. 

Finally, the z-direction equation of motion reads 

"" L. 

a ( awk J awk ( J ax Tk ax - FLk ax - Fp(z)k + FA(z)k +FH(z)k -o. (2.42) 
k-1,2, ... ,K, 

and for the y-direction, 

Note that "longitudinal" quantities are common to all cylinders. These 

are the coordinate x, the lengths L, L1 and La (see Fig. 3), the beam modes 

Yq(x), and the downstream clamping parameterS. Furthermore, the fluid pa

rameters that apply everywhere are the density p, friction coefficient Cf, 

static pressure p (hence mean static pressure p also), and flow velocity U 

(taken as uniform). Finally, the timet, the drag coefficient C0 , the ac

celeration due to gravity g, and the hydraulic diameter J>tt, are likewise 

common parameters. 

Remarks 

Although the experimental work to be presented later applies to cylin

ders which are geometrically identical (D, L) and the flow velocity (U) is 

assumed uniformly distributed, the parameters I, FL, Fp (z), and Fp (y), de

pendent on the above variables, will be left subscripted to keep the anal

ysis general. 
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Now, using eqn.(2.38), we may write 

a ( ~) a [ < ) ~] ax Tk ax + Fp(z)k- 8x Tt+PAk ax (2.44) 
k-1,2, ... ,K, 

and similarly, for the y-direction. 

Substituting eqs.(2.29), (2.30), (2.31), and (2.44) into eqn.(2.42), 

and also making use of eqs. (2.33) and (2.34), we obtain the equation of 

motion, 

(a) for the z-direction: 

2 

+ [ (lilt - PAt) g + ! p~ U2 
Cf ( 1 + ~)] x aa;k -{ wk +lilt gL + 6 [ Tk + (1 - 2vk )p Ak J 

(2.45) 

and, proceeding similarly, 

(b) for the y-direction: 

2 

+[ (mk- PA.t)g+! pDkU
2

Cf ( 1+ ~)] x aa;k - { Wk+liltgL+o[Tk + (1- 2vk)pAk] 
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1 K ( 8w 8v1 ] 
+ 2 pDk Co L aki a: + ski at. - o ' 

i -1 k - 1 , 2 , . . . , K . 
(2.46) 

For convenience, equations shall be non-dimensionalized; the follow

ing (dimensionless) parameters render the equations of motion (eqs.(2.45) 

and (2.46)) dimensionless;* we define 

(i) the longitudinal dimensionless coordinate as 

X e - r: 
(ii) the lateral dimensionless coordinate as 

J wk/L , 
'1k - l vk -K/L 

k-1,2, ... ,K, 

k-K+l,K+2 .. ,2K, 

(iii) the dimensionless time as 

(iv) and conversely, the dimensionless frequency as 

(v) the dimensionless flow velocity as 

(.continued) 

*After post-multiplication by L3 jE0 I 0 • 

(2.47) 

(2.48) 

(2.49) 

(2.50) 
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(vi) and finally, the various system parameters are: 

L h 
Do 

( -- --Do Db 

I ]1/2 1-'o Ao 
a - [ Eo <mo : PAo ) L2 T --Eo 

(mo 
3 

f3 
pAo - pA0 )gL 

'Y -mo + PAo Eo Io 

T L2 pArJL2 
r 0 --- 1r - Eo Io Eo Io 

4 4 
cf - ; Cf cb'o -- cb 11 0 

4 ( PAo ]
1

/
2 

c ... fi Cn L Eo Io ' 
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(2.51) 

(2.52) 

which also include lower attachment (see Figs. 3, 4, and 5) parameters: 

lw 
tw --Do 

W L2 

rA 0 ---
Eo Io 

(2.53) 

finally, we shall require 

3 m0 gL 
'Ye Eo Io 

(2.54) 

where it is noted that 

'Y - 'Ye - 'Yr (2.55) 

The parameters D0 , Ao and 10 (geometric), E0 , mo, J.Jo and Ao (material 

properties), I.w, L1 , W0 , T0 and Cb (lower attachment parameters) are those 
0 

of a reference (typical) cylinder in the cluster. Other parameters are 

fixed, namely L, Db· g, p, p, Cf and C0 • 
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Recall that x and t are independent variables, wk and vk (k- 1, 2, .. 

.. ,K) are dependent variables, and U (the flow velocity) is a variable pa

rameter. Finally, 0, a generally complex frequency, will be obtained from 

the calculated (dimensionless) w. 

The resulting dimensionless equations of motion are: 

(a) for the z-direction 

(2.56) 

k-1,2, ... ,K, 

(b) and for the y-direction 
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_! J\-K 2 [ (2 • 6) ( ·J\-K ] ( J\-K l.wk-IC )] 
+ 2 00 

cf' u 2 1 + ---n;;-h e + (1- 6) e1 + ---n;;- lw ewh 

~-IC [ (2- 6) l.wk-K ew ]\ 8
2

'1k [ 11\:-IC ~-IC _! ~-IC 
- "/p ~ 2 + (1- 6) lw e f 8€2 + mo 'Ye - Ao 'Yp + 2 Ao 

(2. 57) 

k-K+1,K+2, ... ,2K. 

By analogy to eqs.(2.36) and (2.37) (and also (2.39) and (2.40)), and 

recalling eqn.(2.48), we have 

CD 
'1k (x, t) - !: '1rk (x, t) (2.58) 

r-1 k-1,2, ... ,2K, 

where 

(2.59) 
r-1,2, ... ,co, 
k - 1 , 2 , ... , 2K . 

The dimensionless beam modes are defined as 

(2.60) 
q-1,2, ... ,CD, 

and, from eqn.(2.23), the ~q(€) normalization reads 

1 

I ~q2<€> d€ - 1 • 
0 q-1,2, ... ,co. 

(2.61) 

Also, from eqs.(2.49) and (2.50), we may write 

(2.62) 
r-1,2, ... ,CD, 

hence the latter, together with eqs.(2.59) and (2.60), yield 
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(2.63) 
r-1,2, ... ,oo, 
k - 1, 2 , . . . , 2K . 

In order that equations may be written in more compact form, we define 

the following parameters: 

1Dtt + - -c u2 
2 Do f 

[ 
(2 - S) ( Dk ) ( Dk lwk )] 

2 1 + Do h e + ( 1 - S) e 1 + Do lw e14 h 

Ak [ (2 - S) lwk ew ] 
-y - - - + (1 - S)- -

- F Ao 2 lw e 
k-1,2, ... ,K, 

and 

~ "" - 1\: ( "" - .! e c hu2 J mo IC Ao IF 2 f 
k-1,2, ... ,K. 

(2.64) 

(2.65) 

(2.66) 

Now, equations of motion (2.56) and (2.57) apply not only to the to

tal response ~k• defined by eqn.(2.58), but also to each component ~rk sep

arately (at each frequency ~r• see Appendix D). Hence, eqn.(2.56) is writ

ten in terms of ~rk and expanded using the relation* 

D a u a ---+--
Dr 8r jp 8€ 

(2.67) 

together with eqs.(2.64), (2.65), and (2.66) ,yielding for the z-direction 

~rk 

2 a '1r i 

~ 

* Dimensionless form of the total derivative JL - Jl + U Jl 
Dt at ax 
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(2.68) 
r-1,2, ... ,co, 
k-1,2, ... ,K, 

with a similar expression for the y-direction. Note that eqs.(2.64), 

(2.65), and (2.66) have been used. 

It will prove easier to work with phasors (see Appendix D for proof 

that phasors can be used here) in the process of finding a solution to the 

equations of motion. Corresponding to eqn.(2.63), we define the phasor 

eo jw r 
11rk (~ • r)- L fJq (~) Pqrk e r 1 

Let 

q-1 r- 1 J 21 • • • ,eo 1 
k -1 1 2, ... 2K . 

r-1,2, ... ,eo, 
k-1,2, ... 2K, 

(2.69) 

(2.70) 

in eqn.(2.68), which yields the phasor equation(s) of motion (z-direction) 

(continued) 
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0 

j wr 1' 0 
e - ' 

r-1,2,.,.,1Xl, 
k-1,2, ... ,K, 

with a similar expression for the y-direction. 

Two simplifying assumptions are made, namely: 

(i) damping is taken as light, so that 

1 ' 
r-1,2, ... ,1Xl, 
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(2.71) 

(2. 72) 

where it should be noted that, since phasors are used, wr is always posi

tive (see eqn.(2.69)), and 

(ii) a finite number of beam modes is sufficient to represent the vibra

ting cylinder. Truncation to N terms shall be used, and it will be shown 

later that N of the order of 10 is adequate for our purposes. Hence, 

'kax - N • (2.73) 

Note that truncation {from IX)) to N limits the number of roots r to 

4KN; this is because the system consists in K cylinders vibrating in two 

directions and in N beam modes, and obeying a second order differential 

equation. Hence, 

rmax.- 4KN . (2.74) 

Applying eqn.{2.72), we may write 

1 
J
. P j wr 1' 

qrk e (2.75) 
q-1,2, ... ,N, 
r - 1 , 2 , ... , 4KN , 
k-1,2, ... ,2K, 

where eqs.(2.73) and (2.74) have been taken into account. 

Substituting eqn. (2. 75) into eqn. (2. 71) (and using eqs. (2. 73) and 

(2.74)), we obtain 



0 (a) for the z-direction 

N 

i: 

• ( ~ki Pqri + gki Pqr (i+K) J}] e j Wr1' - 0, 
r - 1, 2 , .•. , 4KN , 
k-1,2, ... ,K; 
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(2.76) 

and since equations of motion will be put in matrix form, we also write 

out, for visualization purposes, 

(b) the y-direction equations of motion: 

( O'(k-K)i Pqri +s(k-K)i Pqr(i+K)J}] ejWrf' ""'0, 

Now, we define 

r - 1 , 2 , .•. , 4KN , 
k-K+l,K+2, ... ,2K. 

(2.77) 
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(2.78) 
q-1,21'''1N I 

r - 1 1 2 , •.• , 4KN , 

a (2Kx 1) vector. 

Then, eqs.(2.76) and (2.77) can be written in matrix form as 

r - 1 , 2 , ... , 4KN , 

which may be rewritten more concisely as 

.t [ ([M]+ [ R ][My]] ~. «J ::z + [ [ C] 

+ [X] [ Cv] ~q <e)] ! + [ ([ K1 ] + j [ K2 ]] 

+ ([ G] + [ Y] 1 Cv J J ]]
/ \ f \ 
\P(r)Jqr -\Of, 

(2.79) 

r - 1 , 2 , ... , 4KN , 

where eqs.(2.64), (2.65), and (2.66) have been used and where the various 

matrices are defined as follows: 

• First, .. ratio .. matrices, which are diagonal, will be defined: 



[ R~] -
[ 

~1/~o ~ 1~ 
2 0 • 

- ---
0 

I 0 
· Inr</mo I - - - - i iii1 7m0 -: -

I 

I 
p,.g/~o I - - - i ii17~a-

' 
and similarly defined matrices 

[ RE ] , [ RA ] , [ Ro ] , [ Rw ] , [ Rr ] , [ Rv ] , [ Re b J and [ RL w ] • 

Note that we will be using the relations 

[ RA ] - [ R0 J 
2 

, 

[ RI ] - [ Ro J 
4 

, 
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(2.80) 

(2.81) 

which stem from the facts that A (area) ~ D2 (diameter squared) and I (the 
4 second moment of area) ~ D . 

• Furthermore, we have the following definitions: 

[M] =- (1 · ,8) [ ~ ] 

[ C ] - a [ Rr ] [ RP ] 

[ K1 ] - [ RE J [ RI ] 

[ K2 ] =- T [ RI ] [ RA ] 

[ F] =- 7c [ ~] • 7F [RA]+ ~ ecfu2 [ R0 ] ([I] + h [ R0 ]) 

[ E J - · { r A [ Rw J + 1c [ ~ ] + 0 [ r [ Rr ] + [ [ I ] - 2 v [ Rv ] ] · 1r [ RA ] ) 

(continued) 
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+ (1; ,S) [RA] [ Rcb] c~ u2 + ~ [ Ro] cf u2 { (Z z S) ([I]+ [ R0 ] h] e + (1- S) 

[ <1 [I]+ [ R, ] [ R,.w] •w h)}· ! ~F [ R,] { ( 2 · 6 ) [I]+ (1 · 6) [ R,.w] •: }} , 

[ G] - 'Ye [ ~] - ( 'YF - ! ecfhu2) [RA ] (2. 82) 

[ R] - -p[ RA] 

[ S ] - - 2 Jp U [ RA ] 

[ T ] - -u2 [RA ] 

[X] ! e Jp ( cf u + c) [ Ro ] 

where [I J is the identity matrix. 

Finally, we have 

where [ e J has elements t:mn , m, n- 1, 2, ... , K , and so on, 

subscript V denotes "virtual" (mass and damping) matrices. 

(2.83) 

and where the 

The orthogonality properties of the beam modes can be utilized to 

eliminate the spatial variable € from eqn.(2.79). We recall (from Appendix 

G) the normalized* beam modes for clamped-clamped boundary conditions: 

*Per eqn.(2.61). 
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(2.84) 
q-1,2, ... ,co, 

where we will actually consider only the first N modes. Aq and aq are char

acteristic constants evaluated by imposing relevant displacement, slope, 

and/or bending moment conditions at the ends of the beam under analysis. 

Values can be found in Appendix H. We find (see Appendix G) 

l 

f ~q<e>·~s<e>·de- ssq 
0 

l 

f ~g<e> ·~s <e> ·de - aaq de 
0 

l 

d2 ~~<e> f ·~s<e>·de- baq d(2 (2.85) 
0 

l 

d
4 
~~ <e> f ·~a (e) ·dE' - csq dE'4 

0 

l 
d2 ~~ (E') f ·e·~s<e>·de- dsq d(2 

0 s,q-1,2, ... ,co, 

where again, we shall use only N modes. 

In the above equations, 68 q is the Kronecker delta, i.e. 

' s- q, 
(2.86) 

'sJIII!q, 

and we have (see Appendix G) 

• s .. q, 

[(-l)q+a -1] 
s "'q, 

• s- q, 

(2.87) 

(continued) 
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' s- q, 

SJI'iq, 

s,q-1,2, ... ,c:o. 

Multiplying eqn.(2.79) by~.(~) and integrating over ~ in (0,1), and 

making use of eqn.(2.85), we obtain the matrix phasor equations of motion, 

now solely functions of time (as the independent parameter): 

{P} or + •~ { d, q [ F ] + b, q [ [ E ] + [ T ][ Mv ] ) + a, q [ [ G ] + [ Y ] [cv ] ) 

[s][M J d l JP\ fo\ + as q V dT J \ f q r \ f (2.88) 
s-1,2, ... ,N, 
r - 1 , 2 , ... , 4KN . 

The latter N matrix equations of motion can be assembled into a single 

(higher dimension) matrix equation, by defining global matrices, as fol

lows: 

Let 

(2.89) 
r - 1 , 2 , ... , 4KN , 

a (2KN x 1) vector (each component vector is (2K x 1); see eqn. (2. 78)), and 

[ ~ J-
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C A~[c]+[x][ev]l [o] I···· 
---------~---------~--( o] I A~ [ c ] + [ X ] [ Cv ] I 

[ CG ] - -----.----t---------1-:--:- I 
'_:j _________ _ 

I A~ [ C ] + [ X ] [ Cv ] 

(2.90) 
and 

. . . 

0 
------~----~------~----+- -~-----------

. bNl ( [ E ] + [ T ] [ Mv ] ] I bN 2 [ [ E ] + [ T ] [ Mv ] ) I· · · ·I bN N [ [ E ] + [ T ] [ Mv ] ) 

(continued) 
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where [ 0 J is the null matrix. The global matrices are of dimension (2KN 

x 2KN) . Note that [ ~ J is complex. 

Using eqs.(2.89) and (2.90), we can write eqn.(2.88) as 

[ ] /·· \ [ ] f. \ [ ] f \ f \ 
~ \P(r)Jr + CG \P(r)Jr + ~ \P(r)Jr- \Of (2.91) 

r - 1 , 2 , ... , 4KN , 

where dots denote time derivatives. 

Finally, a solution is facilitated by a reduction of order of eqn.(2.91) 

(a standard procedure), by using the vector 

I \ f CP(r)Jr l 
\ a(r) f - l J ' 

r (P ( T)} r r - 1, 2, ... , 4KN , 

so that eqn.{2.91) may be transformed to read 

f· \ 
\a(r) f 

r 

We find that 

r - 1 , 2 , ... , 4KN . 

a square matrix of dimension (4KN x 4KN). 

Now, from eqs.(2.92), (2.89), and (2.78), we see that 

/· \ . f \ 
\ a ( r) f - J wr \ a ( r) f 

r r r -1,2, ... ,4KN , 

(2.92) 

(2.93) 

(2.94) 

(2.95) 
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hence, eqn.(2.93) can be rewritten as an eigenvalue problem, namely 

( j wr [I ] - [A]) {a( T) } r - { 0 } (2.96) 
r - 1 , 2 , ... , 4KN . 

The solution of eqn.(2.96) yields 

(i) The 4KN complex frequencies wr, the real and imaginary parts of which 

represents the frequency of oscillation and the damping, respectively (see 

eqs.(2.62), (2.50), and (2.21)); note that the eigenvalues are jwr, i.e. 

wr- -j(eigenvalue)r. 

(ii) The components of the eigenvector(s) {a }r, which yield the components 
f \ of \ P /r, namely Pqrk , q -1,2, ... ,N and k-1,2, ... ,21< (for each r). 

The response of any cylinder k, corresponding to the rth frequency wr, 

is then given by 'Irk, from eqn. (2. 63), and the total response for that 

cylinder is '1k• given by eqn.(2.58). 

To assist in visualizing how to use the eigenvalues and eigenvectors, 

we define the following variables: 

jw r * -Jw*r 
Tqrk(r)-Pqrke r +Pqrke r 

q-1,2, ... ,N, 
r - 1 , 2 , ... , 4KN , 
k- 1' 2' ...• 21< ' 

and 

r - 1 , 2 , ... , 4KN , 

and 

q-1,2, ... ,N, 
r -1, 2, ... ,4KN , 
k-1,2, ... ,21<. 

Eqs.(2.97), (2.98), and (2.99) may be put in the form 

(2.97) 

(2.98) 

(2.99) 



0 

0 

-d '/' 
Tqrk(r)-Aqrke r cos(£r1'+</>qrk)' 

q-1,2, ... ,N, 

where 

[ 
2 2 ) 1/2 

Aqrk .. 2 Uqrk + Vqrk 

. (~] <l>qrk -arc tan 
Uqrk 

r-1,2, ... ,4KN, 
k-1,2, ... ,2K, 

q-1,2, ... ,N, 
r· - 1 , 2 , . . . , 4KN , 
k-1,2, ... ,2K. 
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(2.100) 

(2.101) 

Using eqn. (2. 97) in eqn. (2. 63) yields, limiting the response to the 

first N beam modes (see eqn.(2.73)), 

N 

'1rk(€,r)- L 4-q(€)·Tqrk(1') • 
q-1 r - 1, 2 , ... , 4KN , 

k - 1 , 2 , . . . , 2K . 

Note that r is now limited to 4KN (see eqn.(2.74)). 

(2.102) 

Each cylinder k has a total response given by eqn.(2.58), limited to 

the first N beam modes (hence limiting r), namely 

4KN 

"k <e. 1' > - i: '1r k < e, r > , < 2. 1o3 > 
r -1 k - 1 , 2 , ... , 2K . 

The mean flow model provides the following information about the 

system (note that theoretical results presented in this Thesis are obtained 

from the random model, to be derived shortly): 

(i) Vibration frequencies and damping; as the system's equations can be 

reduced to the form of eqn.(2.91), the response is that of a freely vibra

ting coupled damped system. 

(ii) For each characteristic frequency wr, the relative motion of cylinders 

with respect to each other, in the y-z plane. These will be called cross

sectional modes, and stem from the eigenvectors (and natural beam modes 

(see eqn.(2.97))). 
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(iii) Finally, for each characteristic frequency wr, the beam deflection 

modes can be computed, from eigenvectors and natural beam modes. These 

will be called axial modes, and occur in y-x and z-x planes. 

2. 5: RANDOM MODEL 

2.5-1: Vibration response to net lateral forces 

When FT¥' 0 in eqn. (2.17) and using eqn. (2.21), the equation of motion 

(2.24) takes the form 

4 
.;.... Yr +EIU 
L Tf.1 8x4 
r-1 r 

(2.104) 

where FT is the force per unit length acting on the beam (cylinder), due 

to the random normal pressure fluctuations in the boundary layer, where 

(2.105) 

It should be pointed out that random excitation and response will be 

obtained further on, as a limit of the periodic case, when the period tends 

to infinity (see Appendix D); this allows handling with ease the special 

form of the hysteretic damping term. 

Having introduced a (periodic) force term that is independent of cyl

inder motion, namely FT, we are now dealing with a classical case of forced 

vibration. The response y is assumed to be of the form 

CO 

y(x, t) - 1: Yr (x, t) , (2.106) 
r--eo 

where 

CO •f t 
Yr(x,t)- L Yq(x)·Pqr eJ r , (2.107) 

q ... l r .. 0, ±1 '±2 •... , ±eo . 

Note that the condition of steady state excitation and response is 

assumed here (classical forced vibration problem). Also, unlike eqs.(2.19) 

and (2.20), the summation over r is extended to negative values so as to 

yield, in the limiting case, Fourier transforms. 
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There is no DC (zero frequency) component to the forcing function (no 

average cross-flow), so we may write 

Pqo- 0 , 
q-1,2, ... ,co. 

(2.108) 

Furthermore, eqs.(2.106) and (2.107) are a form of Fourier series with 

complex coefficients, hence, we must have (since y is real) 

* Pq(-r) -Pqr , 
q-1,2, ... ,co, 
r - 0 , ±1 , ±2 ' ... , ±eo ' 

and (the fr are real) 

r-0,±1,±2, ... ,±eo. 

Note that 

E0 -o . 

(2.109) 

(2.110) 

(2.111) 

Following an approach similar to that for the Mean Flow Model, we let, 

for multi-cylinder systems 

CO 

wk (x, t) - L w r k {x, t) , 
r--eo 

CO 

vk (x, t)- :L vrk (x, t) , 
k-1,2, ... ,K, 

where 

CO Jf t 
vrk(x,t)- LYq(x)·Pqr(k+K)e r , 

q-1 r- 0,±1,±2, ... ,±eo, 
k-1,2, ... ,K. 

(2.112) 

(2.113) 

Similarly to the single cylinder case (see eqs.(2.108) and (2.109)), 

we have 

Pqok- 0 , 
q-1,2, ... ,oo, 

(2.114) 

k-1,2, ... ,2K, 
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and 

* Pq(-r)k -Pqrk • 
q-1,2, ... ,,co, 
r - 0 , ±1 , ±2 , ... , ±eo , 
k-1,2, ... ,2K. 
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(2.115) 

We obtain equations of motion similar to eqs.(2.45) and (2.46), but 

with two differences: 

(i) The hysteretic term now reads (dimensional, z-direction) 

and 

(ii) there is a forcing term 

Fr (z )k ; 

and likewise for the y-direction. 

The new terms Fr(z)k and FT(y)k are the lateral forces per unit length 

on cylinder k and in directions z and y respectively, due to random pres

sure fluctuations in the boundary layer. These forces are assumed independ

ent of cylinder motion. 

Non-dimensionalization is effected as before (see eqs.(2.47) to (2.55) 

inclusively), and additionally, the dimensionless force (per unit length) 

reads 

f (L3 /Eoio) ·Fr(z)k • 

l (L3 /Eolo) ·Fr(y)(k-K) ' 

k-1,2, ... ,K, 
(2.116) 

k-K+l,K+2, ... ,2K. 

The dimensionless deflection now reads (steady state response) 

CO 

Ilk (.; • r) - L 'lr k (.; • r) • (2.117) 
r--eo k - 1, 2 I ••• ' 2K ' 

where 
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(2.118) 

Eqn.(2.104) develops into a form similar to (2.71), but with a differ

ent hysteretic damping term and with an additional forcing term (see eqn. 

(2.116)): 

ao ao [J ~ d2 lk 11-Jt. d4 tPq (~) d lk ).k d4 tPq (c;} 
L L 1;- (l- {J) tPq(e) d1"2 +I;- a de dT + Io i; T de 

r--eo q-1 0 0 0 

(2 .119) 
k-1,2, ... ,1<, 

and similarly for the y-direction (k- K+l, 1<+2, ... , 21<). Recall that ak , bk, 

and ck are given by eqs.(2.64), (2.65) and (2.66), respectively. 

Note that eqn.(2.50) has been used to define the (real) dimensionless 

frequency wr, namely 

( 
mo + pAo ] 1 /z 2 

Wr... E I L fr ' 
0 ° r - 0 , ±1, ±2 ' ... '±ao ' 

(2.120) 

and the sign function has been used in the expression 

1 d jw 1" • j 
"T":":": - e r - J · sgn(w ) · e wr 1" 
IWrl dT r 

(2.121) 

As for the Mean Flow Model, the equations of motion can be written in 

matrix form; we obtain 
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dr + 

[ ]1 I \ I \ 
· Cv J · \P(r)lqr - \~J(e,r>l • (2.122) 

where matrices [M J, [ C J, ... , [ Y] are defined by eqs. (2.82) and (2.83), 

and where 

I Pqr 1 l 
I \ Pqr2 jwr 
\P ( 1') I - . e r ' 

qr l Pqr(ZK)J 

(2.123) 
q-1,2, ... ,cc, 
r - 0 , ±1 , ±2 , ... , ±cc , 

and 

(2.124) 

As done previously, the space variable e may be eliminated from the 

equation(s) of motion by multiplying by ~s<e>. and integrating over e in 

(0,1). Eqn.(2.122) therefore takes the form 

,t [{([M]+[R][M.t]] ::, + [>-: [c]+[x][c,JJ d~ +A: ([K,] 

+ j · s gn ( wr ) [ Kz ] ) } {p ( r) } sr + t: { ds q [ F ] + b s q [ [ E ] + [ T ] [ Mv ] J + as q 
q-1 

· [ [ G ] + [ Y] [ Cv ] ] + a, q [ S ] [ Mv ] d~ } {P ( r)} "' ] - { ~( r) }, • 
s=l,2, ... ,cc, 

(2.125) 

where 

1 

{~(r)}s = J {~<e,r>} · ~s<e)·de , 
o s=1,2, ... ,cc. 

(2.126) 
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-

To convert the problem from periodic to random, we use the procedure 

for obtaining Fourier integrals as a limiting case of Fourier series. 

Firstly, we define {~} as a periodic quantity, represented by a Fou-
a 

rier series with complex coefficients: 

f \ eo 
\~(T)f - L 

11 
r--eo s-1,2, ... ,eo, 

where the coefficients are found from the usual expression 
+r 1 /2 

1 I f \ -jw r · \~(r) J
8 

e r dr 
"t 

-"1 /2 
s-1,2, ... ,eo, 
r - 0 • ±1 , ±2 ' ••.• ±eo . 

Secondly, we define the dimensionless displacement vector 

which may be written as 

{11<e ·">}- f:. f:. f/Jq<e> {P<">}qr 
r--eo q-1 

having used eqs.(2.117), (2.118), and (2.123). 

Now, similarly to (2.126), let 

1 

{IJ<r>}a - J {11<e.r>}·•.<e>·de 
0 s-1,2, ... ,eo, 

and by analogy to eqn.(2.127), we let 

{ 
\ ;:.. { \ jW 1" 11(1')f - L Pf e :r: ' 

a a:r: 
r--eo s-1,2, ... ,eo, 

(2.127) 

(2.128) 

(2.129) 

(2.130) 

(2.131) 

(2.132) 

where it can be shown (eqs.(2.117), (2.118), (2.85), (2.131), and (2.123)) 

that 
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(2.133) 
s-1,2, ... ,co, 
r - 0 , ±1, ±2 , ... , ±eo . 

The Fourier coefficients in eqn.(2.132) are found simply from 

+r 1 /2 

1 J I \ -jw r • Vt(r) f
5 

e r dr , 
1'1 s-1,2, ... ,co, 

-rl/2 r-0,±1,±2, ... ,±eo. 

(2.134) 

Note that, from eqs.(2.123) and (2.133), we may write 

(2.135) 
s-1,2, ... ,co, 
r- 0,±1,±2, ... ,±eo. 

We now substitute eqs.(2.135) and (2.127) into the equation of motion 

(2.125). We get 

CO 

:L 

+j · sgn(w,>[ I<, JJ} {P}., eJW,< + f; { d,q [ F] + b,q [[ E] + [ T ][M.,]] 

+ a, q [ [ G ] + [ Y ][ Cv ] ] + a, q [ S ][ Mv ] d~ } {P} q, eJW, ' ] - J:~ {q}"' eJ"', ' 

(2.136) 
s-1,2, ... ,co. 

Substitution of eqs.(2.134) and (2.128) into (2.136) yields 

CO 

:L 
r - ... 0() 



0 

so 

+r 1 /2 

.~ · I {o<•>} • • -Jw,• · dr ] 

-r 1 j2 

+r 1 jz 

1 J f \ -jw r 
1'1. \{J;J(r)Jse r ·?r, 

-1' 1/2 

(2.137) 
s-1,2, ... ,oo. 

Note that, for the general periodic signal represented by either eqn. 

(2.132) or (2.127), we have 

(2.138) 
r-1,2, ... ,oo, 

where ~ is the fundamental frequency and is related to the fundamental 

period by 

(2.139) 

Remark 

The latter equation implies that the product of dimensionless time and 

frequency is in radians (hence the 2n (radians per cycle) factor), so that 

units used must conform to that requirement. Subsequent derivations assume 

that same condition. 

Now, the limiting process is initiated by letting (see eqn.(2.138)) 

and consequently (see eqn.(2.139)), 

r - 0 ' ±1 '±2 ' ...• ±oo . 

Using this last equation into eqn.(2.137) yields 

00 

i: 

1 
21r 

(2.140) 

(2.141) 

· dr + 



0 

+r 1 /2 I { ~ ( <)} q e. JW, r . dr l 
-r 1 /2 

r --ClO 

S -1·, 2, ... ,eo • 

Now we let 

1 
21r 

51 

(2.142) 

r 1 -+-eo , ( 2 .143) 

1. e. w1 -+- 0 (~ r 1 - 211 - constant), and 

(2.144) 

hence, in view of (2.142) and (2.144), the limiting case when the period 

r 1 tends to infinity, becomes, 

+eo I [{[[M]+[R][Mv]] 
-eo 

1 ·dw·-
21r 

-eo 

CO 

I 1 \ - ·wr 
\''l(r)Jqe J 

-eo 

· dr 

-eo 

1 dw·-
21t' 

1 
dr J 

+eo 

jWT 
e 

I {~<rl},e·Jwr.dr, 
-eo 

(2.145) 
s==1,2, ... ,co. 

In the above equation, we recognize Fourier transforms, which are de

fined as 
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+eo 

{ll(w)} 
1 I f \ -Jwr -- \ll(r) f e · dr 

11 2n 11 
(2.146) 

s-1,2, ... ,co·. 
-eo 

and 
+eo 

f \ 1 I { \ -Jwr 
\~(W)f -- ~(r)J e · dr 

11 2n 1!1 
(2.147) 

s-1,2, ... ,co, 
-eo 

Using eqs.(2.146) and (2.147) into (2.145) now results in the equation 

+eo +eo 

I I \ jwr 4 [ ] \ll(W)J
11 

e · dw + A11 K2 • I . I \ jwr ] J · sgn(w) · \ll(w) 1
11 

e · dw 

[ d, q [ F ] + b, • ( [ E ] + [ T ] [ My ] ] + a, q [ [ G ] + [ Y ] [ C. ] ] 

+eo I {o(w) }. e
1
"" · dw - I {~(w) }, e

1
"' · dw ' (2.148) 

s-1,2, ... ,co. 

Equation (2.148) contains inverse Fourier transforms, namely the con

verse of eqs.(2.146) and (2.147), 

+eo 

I \ I f \ jwr \ll(r)J
11

- \'l(W)f
11

e ·dw (2.149) 
s-1,2, ... ,co, 

and 

(2.150) 
s-1,2, ... ,oo, 

-oo 

respectively, and a Hilbert transform 

+eo 

J -j · sgn(w) · {o(w) }, e1"'' · dw (2.151) 
s-1,2, ... ,oo. 

-oo 
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Remark 

For correct units (when dimensional forms are recomputed) , Fourier 

transform pairs must appear as in eqs.(2.146) and (2.149). See Appendix I 

for more details. 

As shown in Appendix D, even in the presence of Hilbert transforms 

(stemming from the modelling of hysteretic damping), eqn. (2 .148) can be 

written in transfer function form, namely 

, (w?! 0) (2.152) 
s-1,2, ... ,N, 

where the number of beam modes has been truncated to N (the q and s indi

ces above). 

The summation (over q) in eqn.(2.152) can be dispensed with by assem

bly into a larger dimension matrix equation, yielding 

(2.153) 

where [Mt. ] , [ CG J and [ RG ] are the "global" matrices defined by eqn. 

(2.90), and where we have used the "global" vectors 

f 
(l'}(w) }1 1 

I \ (l'}(w) }2 

\11(W)Gf -1 : I 
[l'}(w)}N 

(2.154) 

and 

(2.155) 
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Now, eqn.(2.153) may be written in standard form as 

(2.156) 

where 

1 (2.157) 

Noting that {11(w)G} and {~(w)G} are (2KNx 1) and [ H(w)] is (2KNx 2KN), 

we may write eqn.(2.156) in components form as 

f 

l111 (w) 1 
l11 (u) (w) 

l121 (w) 

1
112 (u) (w) j 
1131 (w) . 
11N (2K) (w) 

J
~ll(w) l 
!11 (2K) (w) 

~21 (w) 

l 
~2 (u.:) (w) I 
~31 (w) 

~N (2K) (w) 

H11 (w) 

H21 (w) 

H31 (w) 

H12 (w) 

H22 (w) 

H32 (w) 

H(zu )2 (w) 

Hl (2KN) (w) 

• Hz (2KN) (w) 

H3 (2KN) (w) 

H(aKN) (2KN) (w) 

where, from eqs.(2.154), (2.146), (2.131), and (2.129), we see that 

+<0 1 

11mn(w)- 2111. J. J 11n(~,r)·<fom<n·d~. e-jwr dr 
-eo 0 m-1,2, ... ,N, 

n-1,2, ... ,2K, 

and, similarly (from eqs.(2.155), (2.147), (2.126), and (2.124)) 

+<» 1 

llmn(w)- 2~ ·I· I ~n(~,r)·<fo111 (~)·~ • e-jwr dr 
-eo 0 m-1,2, ... ,N, 

n -1,2, ... , 2K. 

(2.158) 

(2.159) 

(2.160) 
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The components of [ H(w)] are apparent from eqn. (2 .153). Eqn. (2 .158) 

can be written out in components· form, using index functions; by inspec

tion, for given indices m and n of {n(w)G}, the corresponding row index of 

[ H(w)] is 

B(m,n) - n+ 2K (m- 1) (2.161) 
m-1,2, ... ,N, 
n - 1, 2 , ... , 2K , 

and, for a given column index r of [ H(w)] , the corresponding indices of 

{<tt(w)G} are 

a(r) - int [ (r + 2K -l)/2K] 

and (2.162) 

b(r) - r- 2K [a(r) - 1] 
r-1,2, ... ,2KN, 

where Curling's [70] terminology has been used. Now we can rewrite eqn. 

(2.158) as 

2ICN 

17mn(w) -!: HB(m,n)r(w)·~a(r)b(r)(w) ' 
r -1 m - 1 , 2 , ..• ; N , 

(2.163) 

n-1,2, ... ,2K. 

Rather than using the more rigorous approach of Curling [70] for the 

derivation of spectral densities, a more concise method has been developed 

here, based on classical random vibration theory. 

We start by back (Fourier) transforming eqn.(2.163), to yield 

'1mn ( 1') -

+<xl 

2ICN I !: · t/1 (w) ·ejwr ·dw 
B(m,n)r 

r-1 
-eo m-1,2, ... ,N, 

n-1,2, ... ,2K, 

where also 

+<xl 

'1mn(r) I '1mn(w)·ejwr.dw 

-eo 
m-1,2, ... ,N, 
n-1,2, ... ,2K, 

and where we have defined 

(2.164) 

(2.165) 



c 

c 

56 

(2.166) 
m-1,2, ... ,N, 
n-1,2, ... ,2K, 
r-1,2, ... ,2KN. 

Now, eqn.(2.164) can be written as 

tjl8(m,n)r(r) (2.167) 
m-1,2, ... ,N, 
n-1,2, ... ,2K, 

where 

(2.168) 
m-1,2, ... ,N, 
n-1,2, ... ,2K, 
r-1,2, ... ,2KN. 

We recall that, given a transfer function relatonship of the form 

tjl(w)- H(w)·~(w) , 

the Fourier transform of tjl(w), namely tjl(r), may be found from the convolu

tion integral (see Appendix I for information on units (l/2n factor)) 

+eo 

t/l(r)- 2~ ·I h(r 1 )·~(r -r 1 )·dr 1 

-eo 

where h(r 1 ) is the Fourier transform of the transfer function, called the 

impulsive response function and ~(r) is the Fourier transform of ~(w). In 

view of this, eqn.(2.166) yields 

+eo 

t/18(m,n)r(r)- 2
1
n. I h8(m,n)r(rl)·~a(r)b(r)(r- rl)·drl 

-eo 

(2.169) 
m-1,2, ... ,N, 
n - 1 , 2 , ... , 2K , 
r - 1, 2 , ... , 2KN , 

where 
+eo 

h8(m,n)r(r)- I H8(m,n)r(w)·ejwr ·dw 
-eo 

(2.170) 
m-1,2, ... ,N, 
n-1,2, ... , 2K, 
r - 1 , 2 , ... , 2KN , 

and 
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~a(r)b(r)(r) - I+co jW'I' 

~ a(r )b(r) (w). e ·dw (2.171) 
r -1,2, ... ,2KN. 

Then, eqs.(2.167) and (2.169) yield 

(2.172) 

m-1,2, ... ,N, 
n-1,2, ... ,2K. 

The system's behaviour in random vibration will be characterized by 

cross- and auto-spectral density functions, from which information such as 

relative phase between cylinder motions (versus frequency) and amplitudes 

of vibration (in selected frequency bands) will be obtained. 

Ye proceed by deriving the response cross-correlation, as a function 

of the displacement components given by eqn. (2 .172). By definition, the 

(response) cross-correlation function is 

+-rl/2 I 1Ji <e ,To) '1Jj <e' ,r + ro) ·dro (2.173) 

--rl/2 i,j -1,2, ... ,2K, 

where q1 (e,r) is the ith (dimensionless) displacement coordinate at (dimen

sionless) longitudinal location e. and at (dimensionless) timer, and simi

larly for flJ (e' ,,. + r 0 ). But we note that, from eqs. (2 .130), (2 .134), and 

(2.135), we have 

/ \ ~ ~ 
\TJ<e,r>J - i: t/Jq<e> i: 

q-1 r--~ 

which in the limit (see eqs.(2.141), (2.143), and (2.144)) yields 

+eo +eo 

f 1 f / \ -jW'I' . 2n \ 1J ( r) / q e · dr · ejW'I' • dw . 

But this equation becomes, in view of eqs.(2.146) and (2.149), and after 

truncating the number of beam modes (index q) to N, 
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(2.174) 

Now, we note that the components form of {Q(w)G}, given by eqn.(2.158), 

are such that (see eqn.(2.154)) 

{Qmn (w)} -+ nth component of vector {Q(w)} , 
m m-1,2, ... 1 N, 

n - 1 , 2 I ••• , 2K 1 

and similarly for Qmn(r). Hence, in components form, eqn.(2.174) reads 

N 

iji(e,r)- :t: rl>q<e> 'ijqi(r) • 
q-1 i - 1 , 2 , ... , 2K , 

(2.175) 

f \ where we recall that Q1 (e,r) are the components of \Q(e,r)J (see eqn.(2.129)). 

Utilizing eqn.(2.175) into eqn.(2.173) 1 we get for the cross·correla-

tion function 

N 

· ( L rl>a <e') · n. J ( r + '"o)) · dro 
a-1 

(2.176) 
i , j - 1 , 2 , ... , 2K . 

At this point, we may use eqn.(2.172) in the latter equation, yielding 

. ~a ( v) b ( v) ( r + r 3 • r 2 ) • dr 2 ) • dr 3 ' • • 
l.,J -1,2, ... ,2K. 

(2.177) 

The latter equation can be rewritten in the form 
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+eo 
N 

1: 
N 2KN 

1: ~q<e>·~.<e'> 1: 
2K.N 

1: J d1' 0 • hB ( q 'i) r ( 'T 0) 

+'Cl/2 

· J:,. hB(a,J)v(r,) ·,~U:~ ;, · I 111a(r)b(r)(r,- •a) 41a(v)b(v)(r+r,- <z)·dr, 

-eo ·'Cl/2 (2.178) 

i,j -1,2, ... 2K, 

and since for an ergodic process (assumed here) 

+'Cl/2 I 111a(r)b(r)(r,- •a)·fia(v)b(v)(•+•,- •z)·d•a

·'Cl /2 

+'Cl/2 

..,;~ -r~ • I "'a(r)b(r)(r,)·fia(v)b(v)(r+r, +•a- •z)·dr, 

-'Cl/2 

eqn.(2.178) may be written as 

+eo 
N 

1: 
N 2KN 

1: ~q<e> ·~. <e'> 1: 
2K.N 

1: I d1' 0 • hB ( q 'i ) r ( 1' o) 

-eo 

+eo 

J d1' 2 • h (.,. 2 ) • R (.,. + .,. o • .,. 2 ) 
B(s ,j )v ~B.(r )b(r) ~a.(v )b(v) 

(2.179) 

i , j - 1 , 2 , ..• 2K , 

where 
+'Cl/2 

R (T+1'o- 'Tz)- lim J:... I ~a.(r)b(r)(.,.a) 
~B.(r )b(r) ~a.(v )b(v) 'C1 ~eo '(1 

-'Cl/2 

(2.180) 
r , v - 1 , 2 , •.• , 2KN . 

Furthermore, the cross-correlation function is also the inverse Fourier 

transform of the cross-spectral density function, namely 
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-too 

R (r+r 0 - r 2 )- IS (w) 
~a(r )b(r) ~a(v )b(v) ~a(r )b(r) ~a(v )b(v) 

-eo 

(2.181) 
r , v - 1 , 2 , . . . , 2KN . 

Consequently, eqs.(2.179) and {2.181) yield, for the response cross

correlation function 
-too 

N 

i: 
N 2KN 

i: 1/Jq <e> ·t~J. <e > i: 
2KN 

i: I dro. h8(q ,i )r (ro) 

-eo 

-too -too 

I drz. hB(s ,J )v (rz) . I S (w) • ejw ( r + "o - "z). dw , 
~a(r )b(r) ~a(v )b(v) 

-eo 

that is 

is 

N 

a, i , j < e , e , " > - i: 
q-1 

-too 

N 2KN 

i: 1/Jq<e>·t~J.<e'> i: 
-too 

2KN 

i: I hB(q ,i)/'~'o) 
-eo 

I 
-Jwrz 

hB(s ,j )v (rz) . e · d'l' ) · S (w) 2 ~a(r )b(r) ~a(v )b(v) 

(2.182) 
i , j - 1 , 2 , . . . , 2K . 

Now, we note that the Fourier transform corresponding to eqn.(2.170) 

-too 

J -Jwr 
h8(m,n)r(r)·e ·dr (2.183) 

-eo 
m-1,2, ... ,N, 
n- 1, 2, ... , 2K , 
r-1,2, ... ,2KN, 

which, when used in eqn.(2.182), finally results in the following form for 

the cross-correlation function 

N 

a,i, j ( e, e I 'r) - L 
q-1 

N 2KN 

i: 1/Jq <e> ·t~J. <e' > i: 
2KN 

r: 
-eo 
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jW'I' 
• HB( ) (w) · S..,. ..,. (w) · e · dw 

11 ,j v '*'a(r)b(r) wa(v)b(v) 
(2.184) 

i , j - 1 , 2 , ... , 2K . 

Now, noting that 

+eo 

R,h,.,j ce,e' ,1') - J s,.,i,.,j Ce.e' ,w) • eJW'I' • dw 

-eo 

(2.185) 
i, j - 1, , 2 , ... , 2K , 

we conclude from eqn.(2.184) that 

N 

s,.,i,.,j <e.e' ,w) - :L 
q-1 

N 2KN 2KN * 
L· <Pq <e>. <P. (e') L L HB( ) (w) . HB( ) (w) q,ir a,jv 
a-1 r-1 v-1 

· S (w) 
~a(r )b(r) ~a(v )b(v) 

(2.186) 
i,j -1,2, ... ,2K. 

Furthermore, we wish to expand the termS (w). We have 
~a(r )b(r) ~a(v )b(v) 

+eo 

1 
s~ ~ (w) - 211 

a(r )b(r) a(v )b(v) I -jWT 
R ( r) · e · dr , 
~a(r)b(r) ~a(v)b(v) (2.187) 

-ao 

r,v= 1,2, ... ,2KN, 

which is the inverse of eqn.(2.181), and where (see eqn.(2.180)) 

+'C1/2 

R~ ~ (r)- lim ...!... J~ ( )b( )(r 0 )·~ ( )b( )(r+r0 )·dr0 a(r )b(r) a(v )b(v) -c1-+ ao '('1 a r r a v v 

-'('1/2 (2.188) 
r, v- 1, 2 , ... , 2KN . 

Now, by inspection of indices of eqs.(2.155) and (2.158), and from 

(2.124) and (2.126), we have, in components form 

1 

~mn<r) ... I <Pm<e> · ~n<e.r) ·de , 
m-1,2, ... ,N, 
n-1, 2, ... ,2K, 

(2.189) 

0 

which, when used in eqn.(2.188) yields 

+'t1/2 

R~ ~ (r)- lim...!.. · J · J
1

<Pa(r)<el> · ~b(r)<e1,ro) · de1 
a(r)b(r) a(v)b(v) '(1-+ao 'Cl 

-'tl/2 0 
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l l l I l,6a(v)<ea> · ~b(v)<ez,T+ro) · <1ez · dTo- I del I dez · <Pa(r)<el> · <Pa(v)<ez> 

0 0 0 

+'t"l/2 

lim .1_ · J~b(r)<el,,.o) · ~b(v)<ez,T+To)· dTo 
'(l -to CO '(l 

-'t'l/2 

that is 

l l 

R~a(r)b(r) ~a(v)b(v)(T) - I <1e1. I <1ez. <Pa(r)<el). <Pa(v)<ez> . 
0 0 

(2.190) 

Fourier transforming the latter equation, we obtain 

S (w) - .1_ 
~a(r )b(r) ~a(v )b(v) 211 

-eo 

that is 

l l 

s (w) - Ide1 · I<1ez · <Pa(r)<el> ·1,6a(v)<ez) 
~a(r )b(r) ~a(v )b(v) 

0 0 

(2.191) 
r , v - 1 , 2 , ••• , 2KN . 

Then, at last, eqn.(2.191) may be substituted into eqn.(2.186), to get 

the cross-spectral density of the response, i.e. 

N 

s1Ji1Jj ce.e ,w) - !: 
q-1 

(continued) 

N ZKN 

!: <Pq<e>·<Ps<e'> !: 
ZKN 

!: * HB( ) (w) · HB( . ) (w) q ,i r s ,J v 
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(2.192) 

0 0 i , j - 1 , 2 , . . . , 2K . 

2.5-2: Pressure forces and resulting response 

The one quantity left to be determined so that the latter equation may 

be used to compute the response cross-spectral density s,i '1j (~, €' ,w), is 

the cross-spectral density of the random normal pressure forces, namely the 

term 

Remark 

Curling [61] used empirical data by Bakewell [26,25] to model pres

sure force characteristics, in a cluster of equal radius cylinders; as that 

model is only an interim measure pending in situ measurements, and since 

vibration tests were also performed on bundles of equi-radius cylinders, 

we will keep the pressure force analysis in its present form, i.e. based on 

cylinders all of radius R (and length L). 

We first examine the pressure characteristics of flow over an isolated 

cylinder (multi-cylinder cases are an extension of the individual cylinder 

one and are treated more easily by defining an alternative coordinate sys

tem, as shown later). 

2.5-2a: Individual cylinders 

Let the instantaneous normal pressure on cylinder i be Pi(x,8,t). The 

instantaneous net lateral force per unit length is simply found by integra

ting the pressure forces around the circumference, hence, 

211 

Fr(,) 1 (x,t)- I -p1 (x,8,t)·Ricos8·d8, 

0 

211 

Fr(y) 1 (x,t)- I -p1 (x,8,t)·R1 ·sin8·d8, 

0 

(2.193) 

i-1,2, ... ,K. 
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The negative sign stems from the fact that the force is taken as pos

itive in the z- and y-directions respectively, whereas the pressure force 

is negative (at 8- 0° and 90°). The dimensionless lateral force per unit 

length is found by making use of eqn.(2.116), together with the above equa

tion, yielding 

(i) for the z-direction 

211 

2 Ri I ~i(e,r>-- ;Rot:.· p 1 (e,8,r)·cos8·d8, 
i-1,2, ... ,K, 

0 

} (2.194) (ii) and for the y-direction 

~1 <e,r>--
i- K+l ,K+2, ... , 2K , 

in which we have defined the dimensionless pressure by 

(2.195) 
i-1,2, ... ,K, 

where of course the function p1 (e,8,r) is found from p1 (x,8,t), and x and 

tare related toe and 1' by eqs.(2.47) and (2.49). 

Now, by definition, 

(2.196) 
i , j - 1 , 2 , ... , 2K , 
I i - j I - 0 or K, 

where the last statement restricts the equation to individual cylinders, 

and where, following Curling's [61] terminology, 

l
f i 

r(i)-
i-K 

, isK 

, i>K , 
(2.197) 
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an index function which selects the cylinder corresponding to the value i 

(i-1,2, ... ,K for z-axes and i-K+l,K+2, ... ,2K for y-axes), and 

f cos IJ , i :::; K , 
trig 1(8)- 1 

sin 8 i > K 
(2.198) 

The cross-spectral density is obtained by Fourier transforming eqn. 

(2.196); we get 

2 J
271 

S4) 1 4) J ( E' 1 • E' 2 • w) - ( ~ ~ ] Rr ( i ) . Rr ( J ) • dO 1 

0 

i,j -1,2, ... ,2K, 
r(i) -r(j), 

2.11 

-I d02. SPr(i }Pr(J) (~, • ~2 • o, • S2 ,w) 

0 

(2.199) 

where the last statement, which is equivalent to I i- j I- 0 or K (see eqn. 

(2.197)), again restricts the equation to individual cylinders, and where 

the dimensionless pressure cross spectral density relates to the dimen

sional one by (see eqs.(2.195) and (2.49)) 

and 

Of course, 

(2.200) 
i,j-1,2, ... ,K, 

i • j - 1, 2 ' ... I 2K . 

+'t1/2 

· I Pr(i)<e,.o,,r,) 

-'t1/2 

i,j -1,2, ... ,2K. 
(2.202) 

So as to be able to determine S4) cl> (E'1 , €2 ,w) in eqn. (2 .199) (single 
i j 

cylinder), we must know SPmPm (E' 1 , €2 , 81 ,92 ,w), where m- r(i) - r(j). The ran-

dom pressure fluctuations being assumed to arise solely from turbulence in 
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the boundary layer at the cylinder, and independently of cylinder deflec

tion or motion, we may state, for fully developed flow, that 

(2.203) 

that is, the cross-spectral density depends only on the separation between 

the pressure points, and not on their absolute (longitudinal and lateral) 

locations. Note that 

/1()- (}2 - (Jl 

Remark 

1 
J (2.204) 

The case where m"' n (pressure points on different cylinders) will be 

examined later, at which time an equivalent ~(J (~tJ.q) shall be defined. 

No theory exists to predict analytically SPmPm (~€ .~tJ ,w), given the 

cylinders' geometry and the system's physical properties. Furthermore, in 

situ measurements for the bundles used in vibration testing are not yet 

available (although power spectral density measurements were made at the 

wall of the test channel and will be used in "theoretical" computations). 

Consequently, Curling [61] finalized his theoretical model by using empir

ical data for the pressure characteristics; Lakis and Paidoussis' [70] ap

proach of using Bakewell's [26] measurements of pressure characteristics of 

airflow in pipes was utilized. Note that the applicability of the latter 

work to water flow over the outer surface of a cylinder was supported in a 

later study, also by Bakewell [33]. 

Before proceeding to examine Bakewell' s work and its application to 

the problem at hand, it should be pointed out that the work was originally 

deemed to apply only to single cylinders, and has been expanded to the 

general case where m"' n (see eqn.(2.203)) by Curling [61], whose assump

tions shall be reviewed shortly. 

Now, Bakewell [26] defined a (dimensionless) normalized cross-corre

lation function 
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where 
+'t"l /2 

· J p(<1 ,o,,.,)·p<<2 ,B 2 ,•+•0 )·d•0 

-'t"l/2 
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(2.205) 

(2.206) 

For convenience, we have used the dimensionless parameters ~ and r 

instead of the original x and t, as well as utilizing 88 instead of the 

circumferential distance originally used in Reference [26]. 

Bakewell actually measured bandpass filtered pressure signals, for a 

range of Reynolds numbers (based on pipe I.D.) from 100,000 to 300,000, to 

obtain 

(2.207) 

Note that in eqs.(2.205) and (2.207), there is the inherent assumption 

that the pressure field is homogeneous, as the zero time delay autocorre-

lation function 
+'t'l/2 

· J ptw,Aw){<,O,r)·dr 

-'t"l/2 

is not deemed dependent on the coordinates ~ and 8. 

(2.208) 

Following Corcos' [28] model, Bakewell assumed that the longitudinal 

and lateral (circumferential) correlations are independent of one another. 

The latter obtained two empirical expressions for zero time delay normali

zed bandpass filtered correlations, namely [25] 

·(2.209) 

for the longitudinal case, and from earlier measurements [26], 

Rpp'[w, 8w](O,il8,0)-
2 

2 (2.210) 
( 1 + cS 8 ) ( 2 - e- dS 8 ) 

1 

for the lateral (circumferential) case, where the Strouhal numbers 
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(2.211) 

and 

S _ Rr(i) (11 2 - 11 1 )(0/211) _ 1. Ji (11 2 - /1 1 )(wj21J) Rr(i) 

11r(i) Uc 2 c U 0 Ro (2.212) 

ar~ used, and where b, c, and d are constants: 

b-0.7' (from [25]) 1 c-10 , \ I 
(2.213) 

d- 80 f (from [26]) 

The dimensionless quantities <e 1 w, U 0 (U- Uc}) are defined in terms 

of dimensional ones in eqs. (2.47), (2.50), and (2.51) respectively (see 

also eqn.(2.52) for the definition of c and~). 

Note that the data for longitudinal correlations [25] is more recent 

and provides better resolution than that for lateral correlations [ 26] 

(bandwidths were 30 Hz instead of octave bands (the minimum of which was 

about 200Hz)). 

For fully developed flows, Willmarth and Yang [71] (referred to by 

Curling [61]) found that Uc ~ 0.8 x (free stream velocity), but Bakewell's 

[26] data indicates that at lower frequencies (0- 300 Hz), the convection 

and mean velocities are essentially the same. Hence, we shall set 

(2.214) 

where we recall that u is the (dimensionless) bulk velocity within the 

array. 

Now, the assumption of independent longitudinal and lateral correla

tions takes the form (see Lakis and Paidoussis [70]) 

Rpp' [w,Aw] <ae ,AO, O)- Rpp' [w,Aw] <ae, 0, 0) · Rpp' [w,Aw] (0 ,AO I 0) , (2.215) 

which yields, using eqs.(2.209) and (2.210): 
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-biSt"l e ·cos(2nSt") 
(2.216) 2 • 

(1+ cSfi)(2- e-dSoi) i -1,2, ... ,K. 

Curling [61] had also used a curve fit of Bakewell's· [26] data, devel

oped by Lakis and Paidoussis [70], on the pressure power spectral densi

ties; we shall use instead in situ measured tunnel wall pressure power 

spectral density data, to be presented in detail later. 

At this point, we wish to "extract" information from the empirically 

determined zero delay normalized band-limited autocorrelation function, 

given by eqn.(2.216). First, corresponding to eqn.(2.208), we have 

-w (w+t:.w) 

Rpp' [w,t:.wJ (0,0,0)- I Spp' (O,O,w) ·dw + I Spp' (O,O,w) ·dw , (2.217) 
-(w+t:.w) w 

where Spp'(O,O,w) is the double-sided power spectral density (a real, even 

function) of the pressure, i.e. eqn.(2.217) is the bandpass filtered power. 

For t:.w small enough to consider Spp, ( 0, 0, w) constant over the range 

(w, w + t:.w), we may write 

Rpp' [w,t:.w] (0,0,0)- 2 · Spp' (O,O,w) · t:.w • 

Then, from basic definition, 

(2.218) 

(2.219) 
(w:S lw I :S w + D.w) 

where it should be noted that when computed by the latter equation, 

Spp' (A~ ,AB ,w)- 0 outside the range ±(w,w+ Aw), since the signal has been 

filtered out. The latter function is, in general, complex, i.e. we have 

(2.220) 

where by inspection of eqn.(2.219), we obtain 

+eo 

Upp' (~e.~~ ,w) -in · J Rpp' [w,Aw] (~e .~o, r) ·cos (wr) · dr , 

-ClO 

and, (continued ... ) 
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+eo 
(2.221) 

V pp' (Ae ·"' ,w) - 2~ . I Rpp' [ ... /lw] (/le·"'''). sin(..,.). d< 
(w:S lwl :sw+.!lw) 

hence, from the latter equation, we see that Upp'(.!le,AO,w) and 

Vpp'(Lle,LlO,w) are even and odd functions of w respectively. 

Now, from basic definition, 

-w (w+.!lw) 

Rpp' [w,Llw] (.!le ,LlO, r)- I Spp' (.!le ,LlO ,w) · ejwr ·dw + I Spp' (.!lw,LlO ,w) 
- (w+ .!lw) w 

(2.222) 

which yields, after substitution of eqn.(2.220) and making use of the even 

and odd properties of the functions involved, 

-w 

Rpp' [w,Llw] (.!le ,AO, r) - I [upp' (.!le ,AO ,w) • cos(wr) +V pp' (Ae ,M ,w) 
-(w+Llw) 

(w + Llw) 

·sin(wr)] ·dw+ wi [upp' (.!le ,M ,w) ·cos(wr) +Vpp' (.!le ,LlO ,w) ·sin(wr)] ·dw. (2.223) 

For Llw sufficiently small (for the functions Upp' and Vpp' to be rel

atively constant over the interval), and since the integrand is even, we 

may write 

Rpp' [w,Llw] (Ae ,LlO ,r)- 2· [upp' (.!le ,LlO ,w) ·cos(wr) +Vpp' (.!le ,LlO ,w) ·sin(wr)] ·Aw. 

(2.224) 
It will prove convenient to rewrite eqn.(2.220) as 

(2.225) 

where 

and } (2.226) 

and eqn.(2.224) can be written as 
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(2.227) 

Now, from eqn.(2.218), and eqs.(2.207) and (2.227) with r-0, we get 

lspp' <~e .~o ,w) l·cos [!;pp' <~e .~o ,w)] 
Rpp' [ w, ~w 1 < ~e · ~0 • 0 > - s PP, < o , o , w) 

Finally, using eqn.(2.228) into eqn.(2.216), we get 

I Spp' <~e .~e ,w) l·cos [!;pp' <~e .~o I w)] 

Spp' (O,O,w) 

-biS€"1 e · ·cos(2nS€") 
2 

(1 S 2) (2 - e-dSe ) + c 8 

(2.228) 

(2.229) 

On the average, disturbances are being convected downstream at a ve

locity uc; hence, in the longitudinal direction, we may consider that the 

time delay between signals is simply* 

(2.230) 

which can be converted to a phase angle, corresponding to a frequency w: 

!3(-w·re, i.e. (using eqn.(2.230)) 

- e2 - e1 
fJ( - j f3 • w u ' 

c 

which can be written as (see eqn.(2.211)) 

(2.231) 

Bakewell [ 26] found virtually no lateral convection of disturbances 

and did find a strong longitudinal one, yielding the term cos(2n·S() in 

eqn. (2. 229); hence, the phase of Spp' (i.e .. f3pp') is not dependent on ~e, 

i.e. 

where eqn.(2.231) has been used. 

From eqs.(2.229) and (2.232), we obtain 

* Dimensionless form of tx- x2
; x1 

c 

(2.232) 
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(2.233) 
i-1,2, ... ,K. 

Equation (2.232) and (2.233), stemming from simplified empirical 

relationships, together with eqs.(2.211) and (2.212), now define 

Spp' (ll.E' ,t:.8 ,w). 

Using the above two equations, eqn.(2.225) becomes 

-biSrl -J211·St: 
e '"' · e <:» 

Spp' (t:.E' ,ll.fJ ,w)i - --------2:::-- SPmPm (O,O,w) , (2 .234) 
2 -dSg · 1 2 K (l+cs8i)(2-e i) ~- • , ... , • 

where it should be noted that SPmPm(O,O,w) is the same as Spp'(O,O,w). 

By virtue of the latter equation and eqn. ( 2. 203) , we can write eqn. 

(2.199) in the (single cylinder) form 

---2-----d-S-nz:::-- SPmPm (O,O,w) ' 
( 1 + cS 8 ~ )( 2 - e v ~) i , j - 1 , 2 , ... , 2K , 

1-r(i) -r(j), 

which may be rewritten as 

· S Pm Pm ( 0 , 0 , w) · K1 J , 9 ( w) , 
1 , j - 1 , 2 , . . . , 2K , 
r(i) -r(j), 

where we have defined a new function, 

271 271 

I I trig 1(8 1 ) • trig J(8 2 ) 
K1 J o(w)- d8 1 • d8 2 • 2 

' 2 -dS 
o 0 (l+cSg~)(2- e 8~) i,j -1,2, ... ,2K, 

1-r(i) -r(j). 

(2.235) 

(2.236) 

(2.237) 
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Remark 

Curling [61] initially defines the latter function as being also de

pendent on e. because the convection velocity uc (found in the expression 

for Se) has been found to vary with the longitudinal spatial separation 

(attributed to a more rapid decay of smaller pressure producing eddies 

[71]). This dependence is later dropped to simplify the analysis (this 

shall be discussed after having extensively reviewed the experimental 

data). 

Equation (2.237) was integrated numerically for a set of values for 

w; the resulting data points were curve fitted to yield (see Reference [61] 

for details) 

K1 J ,o(w)- o, 
i~j • 

where 

i- j • 
-50:SSR~:S+50, 

i,j -1,2, ... ,2K, 
1- r( i) - r(j) , 

S _ R~ (0/2n) _! Ji (w/2w) R~ 
R~ Uc 2 e u 0 ~ ' l-1,2, ... ,K, 

and where a1 ,a2 and a3 are constants: 

a1 - 38.344, 
~ -40.611' 
a3 -19.091. 

Notes 

l 
f 

} (2.238) 

(2.239) 

(2.240) 

(1) The constants in eqn.(2.240) are computed from those derived by Curling 

[61], which were applicable to "radian" Strouhal numbers of the form 

S -RO/Uc. 

(ii) In accordance with minimum lateral fluid distances between pressure 

points, and also consistent with Bakewell's results, Se (see eqn.(2.212)) 

in eqn.(2.237) is defined from the minimum angle between points at 81 and 

02 (note that the integration limits are 0 and 2n). 
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2.5-2b: Multi-cylinder (clusters) 

Spp' (.tl~ ,.tl8 ,w) of eqn. (2. 234) is the same as Sp
111

p
111 

(.tl~ ,.tl9 ,w) of eqn. 

(2.203) , i.e. for an individual cylinder. Lacking better information, Cur

ling [ 61] assumed that the current expressions for Sp p (.tl~ ,.tl8 ,w) I 
m n n-m 

could also be applied to cases where n"" m, by considering fluid "paths", 

as illustrated below. 

Both the single (i.e. individual) and multi-cylinder lateral dis

tances, 15 and lM, are of minimum length; to simplify the calculation of 

lM -1M(m,n,8 1 ,8 2 ), Curling [61] assumed that the path is not altered by the 

presence of one or more neighbouring cylinders blocking it {this can affect 

results significantly only if correlations remain high at such distances, 

and will be discussed in Chapter 6). 

I 

r--t---'-----1--l 
-L-------;--~~--~-----;----f 

~-~-, 



0 

75 

Curling [61] makes two additional assumptions so as to be able to 

apply the empirical relation for Spp•<~e.~o.w), namely eqn.(2.234), to cyl· 

inder pairs: 

(i) The longitudinal correlation for a cylinder pair is the same as that 

for the single cylinder; this implies that S~ in eqn.(2.234) can still be 

computed from eqn.(2.211), where E1 and E2 are now on different cylinders. 

(ii) The lateral correlation for a cylinder pair can be obtained by setting 

(2.241) 

that is, using 

(2.242) 

in eqn. (2. 212). 

The minimum path length lH- lH (m, n, 01 ,02 ) is calculated more easily 

in a coordi.nate system parallel to a line joining the centers of the cyl· 

inder pairs, as shown below. 

j 
cyl. i 

z' i 

Note that the unusual convention for angles •1 and •j stems from the 

derivation technique for the algorithm to compute lH. 

Now, corresponding to eqn.(2.194), we have, 
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(i) for the z'-directions 

i-1,2, ... ,K, 

211 } (2.243) 
and 

~j(<,T)-~~< ·I pj(Uj,r)·(-sin•J>·~j, 
0 

j-1,2, ... ,K, 

(ii) and for the y'-directions 

2 Ri -K 
~,(I: 1")---

i ... 11 Ro 

and 

2 RJ ·K 
~, (1: 1") ---

j ~· 11 Ro 

211 

< • I Pi-.<< ·•i ,r) ·cos •1 ·d•i , 
0 

211 

<·I Pl-•«·•J.r)·cos•J·~j, 
0 

i- K+l ,K+2, ... , 2K , 

} (2.244) 

j - K+l ,K+2, ... , 2K . 

By definition (similar to eqn.(2.196)), we have 

(2.245) 
i , j - 1 , 2 , ... , 2K , 
r(i) ;oo'r(j), 

where the last statement restricts the equation to cylinder pairs, and 

where 

J sin cl>i ' i:SK, 
trig11 ( cl>i) - l cos cl>i. i>K, l • 

I 
(2.246) 

J -sincl>i. • i:SK, 
trig21 (cl>i)- l cos cl>i. i>K. 

Note that the index function of eqn. (2 .197) has been used in eqn. 

(2.245). 
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trig 11(cJIJ.) · trig 2 J(cJ!j) 
2 

2 -dS9 ( 1 + cS 9 ) ( 2 - e ) 

(2.251) 
i I j - 11 2 I • • • I 2K ' 

Curling [61] shows that 

i,j -1,2 1 ••• 1 2K, 
i :S K and j :S K or 
r(i) "'r(j) , 

r(i) "'r(j) . 

(2.252) 

i>K and j >K, 

which means that, referring to the earlier primed coordinates figure, the 

zJ.zj and zJzJ. are equal, as well as the yJ.yJ and yjyJ.; also, by inspection 

of eqn.(2.253) to follow, the zJ.yj and yJ.zj correlations are zero. 

The non zero part of eqn. (2. 251) has been approximated utilizing a 

technique similar to that used for K1 J ,e(w) of eqn.(2.237), yielding (see 

Ref. [ 61]) , (the following equation now restricts all cylinders to be of 

egual radii; should it be required, an equivalent expression for cylinders 

of arbitrary radii could be easily derived) 

( 1 + e-ba I SR I ) ' 

K1 J , cJl, ( w) - 0 , 
i :S K and j > K or i>K 

i , j :S K or i , j > K '1 
-50 :S SR :S +50 , 
2:S£:S6, J(2.253) 

and j :S K, 
. i , j - 1 , 2 , . • . , 2K , 

where 
r(i) '# r(j) , Rr(i)- Rr(J) , 

(see Fig. 7) , 
i,j -1,2, ... ,K; 

in eqn. (2.253), e 1 j is raised to powers c1 and c2 • 

There are two sets of constants: 

bl .. -33.795. 
b2- 44.342 ' 
b3 - 0.06283 , 
c 1 - -1.7348 , 
c 2 - 0.62895, 

and 

l 
I 

(i,j :S K) 

(2.254) 

(2.255) 
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bl- 52.183 • 
b2 - 140.666 , 
b3- 0.03942 • 
c1 - ·1. 3449 , 
c2 - 1.2100. 

} (i,j > K) 

79 

(2.256) 

Note that, as in the single cylinder case (see eqn. (2.238)), the 

constants in eqs.(2.255) and (2.256) are derived from those of Curling 

[61] (the latter uses "radian" instead of "cycle" Strouhal numbers). 

Finally, a coordinate transformation must be used on the cross-spectra 

in the primed coordinate system, namely on s~,~,(~1 .~2 ,w) of eqn.(2.250), 
i j 

to yield the cross-spectra in the main coordinate system. This is readily 

accomplished by resolving the "primed" forces into the unprimed (main) 

coordinate system, as follows: 

~1 (~ ,r)- ~i (~ ,r) ·cos 1,61J - ~t+K (~ ,r) ·sin 1,61J 

~i+K (~ ,r)- ~i (~ ,r) ·sin 1,61 J + ~t+K (~, r) ·cos l/11J 

and similarly for cylinder j . 

1 
'i-1,2, ... ,K,J 

(2.257) 

(j -1,2, ... ,K) , 

Starting from the basic definition of the (dimensionless) cross-cor

relation function (see eqs.(2.194) and (2.196)), and utilizing the latter 

equation (and its cylinder j equivalent), we obtain 

~i ~j (~1•~2 ,r)- COS2Wij ·~{~j (~1 •~2 ,r) + sin2 Y,ij ·~i+K~j+K (~1•~2 ,r) 

Similar equations are obtained for the cases 

i :S K and j > K , 
i > K and j :S K , 
i>K and j>K. 

} 
Fourier transforming eqn.(2.258), we get 

(2.258) 

i,j-1,2, ... ,K, 
( i :S K and j :S K) , 
i;o4j. 

(2.259) 
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2 2 
s~1 ~J (E'1 , E"2 ,w) -cos Y,1 J • s~i~j (E'1 .e2 ,w) +sin l/11 J • s~i +K~j +K <E"1 , E'2 ,w) 

-sinY,1 J ·cosY,1 J • (s~i~.1+K(E'1 ,E"2 ,w)+S~i+K~j(E' 1 ,E'2 ,w)), (2.260) 

i,j-1,2, ... ,K, 
( i :s; K and j :s; K) , 
ir'j' 

with similar equations for the three other cases (see eqn.(2.259)). 

Now, after inspection of eqs.(2.252) and (2.250), we may rewrite eqn. 

(2.260) in the reduced form 

S~ ~ (E' 1 ,E'2 ,w)- cos
2 l/11 j ·S~'~' (E'1 ,E'z ,w) + sin

2 
l/Jij ·S~1, +K~~+K(E'l,E'2 ,w) , 

i j i j J (2. 261) 

i,j-1,2, ... ,K, 
(i:SK and j :sK) , 
il"'j' 

again with similarly reduced forms for the other three cases. All four 

cases can be combined to yield the two cylinder form of eqn. (2.236): 

s~i ~j <el. E'z ,w)- Mij (l/lr(i )r(j)). s~;.(i )~;.(j) <el I ez ,w) + ( Nij -

MiJ<~r(i)r(J)>)·s~;.(i)+K~;.(J)+K<el.ez,w) • 
i , j ... 1 , 2 , . . . , 2K , 
r(i) l"'r(j), 

(2.262) 

where we recall that the primed coordinate system cross-spectra are de

fined by eqn.(2.250), and where 

Mij (~r(i )r(J))- trig i(l/Jr(i )r(j)). trig j(~r(i )r(j)) ' (2.263) 
i,j -1,2, ... ,2K, 

the trig 1 function having been previously defined in eqn. (2 .198), and 

, if i , j :s K or i , j > K , 

, otherwise. 
i , j - 1 , 2 , . . . , 2K , (2.264) 

Note that Curling [61] utilizes a 4x 4 matrix of trigonometric func

tions instead of the ones defined in eqs.(2.263) and (2.264); his equation, 

corresponding to eqn. (2. 262) above, also contains summations. The latter 

equation is of a simpler form and is utilized in the FORTRAN computer 

program listed in Appendix K. 
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At this point, we have both the single cylinder and cylinder pair form 

of the cross-spectral densities S~ ~ (E'1 ,.;2 ,w), namely eqn. (2.236) (when 
i j 

r(i) - r(j)) and eqn. (2. 262) (when r(i) "' r(j)), which completes the pres-

sure forces characterization and allows us to finalize the expression for 

the response cross-spectral density defined by eqn. (2 .192). Hence, from 

the latter three equations we obtain 

H 

:L <Pq<e>·<Ps<e'> 
s-1 

2KN 

·:L (2.265) 

i , j - 1 , 2 , . . . , 2K , 

where we have defined two functions, namely 

and 

J K1 J,g(w), if r(i)-r(j) [single cylinder], 

FiJ(w)-l ( 
(2.267) 

Mij (tPr(i )r(j )) ·Kr(i )r(j) ,</>' (w) + Nij - Mij (tPr(i)r(j )) ) 

·K(r(i)+K)(r(j)+K),q,'(w) , if r(i) "'r(j) [cylinder pair], 
i , j - 1, 2 , ... , 2K. 

Theoretical results, namely eqn.(2.265), predict the double-sided CSD's 

of lateral cylinder displacements/length, at longitudinal locations x1 /L 

and xj/L respectively, for cylinder pair i,j (see eqs.(2.47) and (2.48)). 

For comparisons with experimental results, computer codes were written to 

calculate one-sided CSD' s of lateral displacements/diameter , at the longi

tudinal location x1 /L- xJ /L- 0. 4186. The latter value was chosen so that, 

at least, the first three (clamped-clamped) beam modes would be included 

in the response (see Fig.8). Based on eqn.(2.265), we may write 

N 

L 1/JqCE'o)·<Ps<~o) 
s=l 

(continued) 



0 

c 

82 

2KN 

·t= (2.268) 

i , j - 1 , 2 , ... , 2K , 

where 

eo""' 0.4186 ' (2.269) 

and where lateral dimensionless coordinates are now 

k-1,2, ... ,K, 
(2.270) 

k- K+l,K+2 .. ,2K. 

Note that we now have e4 in eqn.(2.268), instead of e2 (eqn.(2.265)). 

Both FORTRAN and BASIC computer coding was used, the former for the bulk 

of numerical calculations, and the latter for files handling, scaling and 

plotting the results. The FORTRAN program calculates the following "trans

fer function factors": 

N 

SdidJ <eo .eo ,w) -:L 
q-1 

N 2KN 

:L ~q<eo)·~.<eo>· :L 
2KN * 
L H8 ( ) (w) · HB( ) (w) 

V _
1 

q , i r S 1 j V 

• Ka ( r ) a (V ) , e ( w) . F b ( r ) b (V ) ( w) ' 
i , j - 1 , 2 , ... , 2K . 

(2. 271) 

From eqs.(2.268) and (2.271), the (dimensionless) response CSD's can 

be written as 

[
2 t.2]2 
-
11 

o Rr(i)·Rr(J) · Gp p (O,O,w) · Sdidj<eo.eo,w), 
"'"0 m m ( 2 . 2 7 2 ) 

i , j - 1 • 2 I ••• , 2K . 

Using eqn. (2. 200), the one-sided dimensionless pressure PSD' s may be 

written as 

GPmPm (0, 0 ,w) , 
m-1,2, ... ,K, 

(2.273) 

where GPmPm(O,O,w) are the dimensional pressure PSD's. 



0 

0 

83 

Concluding remarks 

(i) The term SPmPm(O,O,w) has yet to be defined in eqn.(2.265). Cur

ling [61] had used a curve fit by Lakis and Paidoussis [70], of Bakewell 

[26] data on power spectral densities at the wall of a smooth pipe con

veying air. We shall use instead in situ measured wall pressure data to 

determine pressure PSD' s; the methods utilized to interpret measurements 

are presented in Section 2.5-3 below. 

(ii) The function K1 j ,e(w) of eqn. (2.266) is derived in Appendix J, 

for clamped-clamped boundary conditions (Curling's [ 61] version was for 

pinned-pinned beams). 

(iii) As the function K1 j .~·(w), partly defining F1 j(w) in eqn. 

(2.267), applies only to cylinders of equal radii, and since all experimen

tal data pertains to such cylinders, all of the FORTRAN coding relates to 

such systems (see Appendix K for listings). 

(iv) Curling [61] computer programs were very general (not straight

forward to use) and furthermore, did not incorporate ratio matrices (see 

eqn.(2.80)); hence, new Fortran coding was developed for the computations 

specifically required here and structured for minimum execution time. 

2.5-3: Theoretical considerations - pressure measurements 

One parameter is left to be determined to permit the computation of 

the response cross-spectral density Sq
1
qJ(e.e' ,w) of eqn.(2.265), specif

ically the normal pressure PSD, SPmPm(O,O,w). Availability of a theoretical 

model would be ideal, not only to predict SPmPm(O,O,w), but also to deter

mine SPmPn (L:t.€ ,L:t.8 eq ,w) (for both the m- n and m"' n cases). Unfortunately, 

such models do not presently exist (as far as this author is aware of), 

hence, it was decided to resort to empirical approaches. 

The in situ measurement of pressure characteristics within the bundle 

is a major endeavour, being the subject of a research effort by another 

member of the flow-induced-vibration group at McGill (L.R. Curling). Nev

ertheless, it was felt that at least, pressure PSD's had to be measured in 

situ, albeit only at the channel wall (since "instrumenting" cylinders 
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within the bundle requires much development work: the cylinders are only 

2.5 cm in diameter and immersed in water). This course of action was con

sidered a minimum requirement, since upstream turbulators had to be de

signed so as to render the flow uniform, to obtain symmetry in the response 

(from one cylinder to another in the bundle). Because of the difficulties 

involved, and since in-bundle tests (which include inter-cylinder cases) 

are planned (Curling), channel wall cross-correlations were not measured, 

and the empirical ones presented in the previous section will be used. Note 

that pressure as well as velocity (profile), and turbulence (scale and in

tensity) measurements also serve to characterize the test facilities. 

The pressure fluctuations in the boundary layer are extremely small 

compared to the static pressure and its fluctuations (due to the circula

ting pump, etc ... ); these latter pressures do not result in net forces on 

cylinders, being uniformly distributed around the circumference. One 

obvious method for eliminating such unwanted pressure signals that are ei

ther constant (mean static pressure), or varying evenly around a cylinder, 

is to make differential pressure measurements across a diametrical line (as 

an indication of net forces). Significant error is possible in this latter 

method, should the pressure transducers sensitivity be even slightly mis

matched (to be analysed below). Furthermore, other effects such as channel 

lateral motion (e.g. due to pump motor transmitted vibration) can induce 

spurious signals, which would be read as net differential pressures (but in 

this case, this effect was found to be small). Here it should be noted that 

the effect of channel lateral accelerations on cylinder motion depends on 

the relative densities of fluid and cylinder material: no net cylinder mo

tion (relative to their end supports) will result if densities are equal, 

whether cylinders will deflect in the positive/negative direction of the 

acceleration if the fluid is more/less dense than the cylinders. 

We shall examine the various pressure signals present at the channel 

wall, whose characteristics will be assumed to represent those existing at 

the cylinders (in terms of PSD' s). The experimental setup is illustrated 

schematically on the next page. 
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Cylinder(s) 

Channel (cross-section) 

__ .. ..,.,..a(t) 

Pressure transducer 1 Pressure transducer 2 

The two point pressures are labelled p1 (t) and p2 (t), and a(t) is the 

lateral (bulk) channel acceleration (shell mode deformations were found to 

be negligible). The measured pressures are defined as 

(2.274) 
n-1,2, 

where the gains Gn are such that 

(2.275) 

and represent slight error in matching pressure transducers' sensitivities. 

Note that tests reveal a frequency response that is flat over the range of 

interest and the match between transducer pairs is excellent; little would 

have been be gained by making G1 and G2 functions of 0 - the nature of 

measurement errors is well.illustrated by the usage of constant gains. 

Now, the pressures p1 (c) and p2 (t) are considered to stem from: 

(i) the (mean) static pressure, p; 

(ii) the static pressure fluctuations, Ps(t); 

(iii) acoustically propagated flow disturbances, PA(t); in the cases where 

those are (essentially) plane waves travelling along the channel 

axis, they can be lumped with Ps(t); 

(iv) (turbulent) boundary layer pressure fluctuations, labelled PT (t) and 
1 

PT
2
(t); they are the quantities of interest here, and their spectral 

densities are required as inputs in the theoretical model; 
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(v) channel acceleration induced pressure, p.(t): it is positive at point 

1 and negative at point 2; this potentially yields spurious signals, 

both for point (absolute) and differential pressures. 

Hence, we can write 

P1(t) -p+pg(t) +pA (t) +p.(t) +pT (t). 
1 1 1 

J 

Using eqs.(2.274) and (2.276), we get the measured pressures 

PM (t)- G1 ( p + Ps (t) + PA (t) + Pa (t) +PT (t) ) , 1 1 1 

PM (t) -G2 (p+pg(t) +pA (t)- p.(t) +pT (t)) 
2 2 2 

} 

The true differential pressure is 

which, using eqn.(2.276), yields 

Pd(t)- (PA (t)- PA (t)) +(PT (t)- PT (t))- 2·pa(t) 
2 1 2 1 

(2.276) 

(2.277) 

(2.278) 

(2.279) 

The only term in the last equation that stems purely from boundary layer 

effects, is ( PT (t) - PT (t) ) . The other two are "extraneous", and are 
2 1 

deemed not to affect cylinder motion, for the following reasons: The term 

( PA (t) - PA (t) ) stems from acoustic pressure, which may be assumed to 
2 1 

propagate predominantly along the channel axis (i.e. plane wave) for sources 

far enough with respect to channel diameter, making that last term vanish. 

The effect of the acceleration induced pressure, - 2·pa(t), depends on the 

relative density of the fluid and the cylinder material; for example, if the 

cylinder is neutrally buoyant, lateral tunnel accelerations would not result 

in net cylinder motion, relative to the channel (the cylinder would accel

erate as a whole, in phase with the channel). In actual fact, cylinders are 

about 15 % more dense than the fluid, so that tunnel acceleration induced 

pressures will affect their motion to some extent, but because the latter 

have been found to be small (see Appendix N), the effects of Pa(t) (on cyl

inder) motion may be considered negligible. Hence, the desired pressure is 
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Pd(t) -pT (t)- Pt (t) · 
2 1 

(2.280) 

The measured differential pressure is simply 

PdH (t)- PH2 (t) - PH1 (t) , (2.281) 

which, making use of eqn.(2.277), becomes 

Pd (t)- ~G·p + ~G·p8 (t) + ( G2 ·pA (t) - G1 ·pA (t)) - ( G1 + G2) · Pa (t) 
M 2 1 

+ ( G2 "PT (t)- G1 "Pt (t)) , (2.282) 
2 1 

where 

(2.283) 

The term ~G·p represents a DC offset which, although potentially large 

(in "DC coupled" pressure transducers), is basically of no concern here , 

having no effect on motion. As discussed above, the acoustically propaga

ted pressures PA (t) and PA (t) are deemed equal and in phase (plane waves) 
1 2 

and lumped with the static pressure fluctuations term p8 (t). Therefore, eqn. 

(2. 282) takes the reduced form (excludes 0- 0, i.e. DC signals) 

(2.284) 
(0 > 0) . 

In spite of the gains being nearly equal (see eqn.(2.275)), there is 

potential for significant error in differential pressure measurements, 

owing to the term ~G·p8 (t) in the latest equation. This is because we have 

p8 (t)>>pt (t) (n-1,2). Furthermore, the elimination of the acceleration 
n 

induced pressure, in eqn. (2.284), calls for the measurement of the channel 

acceleration, together with the measurement of the coherence between the 

latter and the differential pressure (see Appendix N). 

Consequently, to relax requirements for close sensitivity match be

tween transducers, and to eliminate the need for tunnel acceleration meas

urements, a method based on single point (as opposed to differential) pres

sures and the corresponding coherence, was developed. 

The point pressures PH (t) and PH (t), given by eqn. (2. 277), were 
1 2 

measured either using (i) hydrophones, which are "AC coupled", or (ii) a 
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pair of differential "DC coupled" pressure transducers, one side of each 

of which was kept pneumatically at pressure p by a specially developed mean 

tunnel pressure follower (a necessary accessory to prevent not only over

ranges on the transducers, but also irreversible damage; see Fig.9). Hence, 

in both cases, the mean pressure p was not measured. Also, as discussed 

above, the acoustically propagated pressures PA (t) and PA (t) are lumped 
1 2 

with the static pressure fluctuations, Ps (t). Consequently, eqn. (2. 277) 

takes the form 

(2.285) 

The terms Gn ·ps(t) + (3- 2·n) ·Gn 'Pa (t) may be lumped into two fully cor

related pressures, to be shown at once: let 

Pc (t) -Gn (Ps(t) + (3- 2·n)·pa(t)), 
n 

(2.286) 
n-1,2. 

For convenience, we rewrite the above as 

pc ( t) - sn ( t) + ~ ( t) , 
n 

(2.287) 
n-1,2, 

where, of course, 

} (2.288) 

n-1,2. 

We shall make use of the coherence function, defined by 

Is (O) 12 
2 Pc1 Pc2 

'Yp p (O)- S (0) ·S (O) 
c1 C.z Pc1 Pc2 

(2.289) 

Now, we assume that the static (and acoustic) pressures and the accel

eration induced pressures are fully independent of one another, i.e. , we 

may write 

Ssl al (0) - Ssl az (0) - Ss2 al (O) - Ssz az (0) - 0 ' 

which allows us to write 

Sp p (O) - Ss s (0) + Sa a (O) , c1 c2 1 2 1 2 

* The term (3 - 2 ·n) determines the sign of the last term. 

(2.290) 

(2.291) 



c and 

Sp (0) - Ss (O) +SA (O) , 
en n ~ 1 2 n- , . 

The CSD's are, in general, complex, that is 

Ss s (O) - Rs s (0) + j . Is s (O) ' 
l 2 l 2 1 2 

Sa a (0) - Ra a (0) + j . Ia a (O) , 
1 2 l 2 1 2 

1 
f 
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(2.292) 

(2.293) 

but, in this case, since the signals s 1 (t) and s2 (t) are in phase, and the 

signals a1 (t) and a2 (t) are 11 out of phase" (180°), their imaginary parts 

are zero, hence, both Ss s (0) and Sa a (O) are real, i.e. 
1 2 1 2 

Is s (O) - la a (O) - 0 . 
1 2 1 2 

(2.294) 

Therefore, eqn.(2.291) may be written in the form 

2 2 2 
I Sp p (0) I - I Ss s (0) +Sa a (0) I - (S 5 s (O) +Sa a (O)) c1 c2 1 2 1 2 1 2 1 2 (2.295) 

From eqs.(2.289), (2.292), and (2.295), we obtain 

(2.296) 

The assumptions on sn(t) and ~(t) (n-1,2) are such that their respec

tive coherences are unity, and since their CSD's are real, we may write 

2 
Ss1 s2 (0)- Ssl (0) . Ssz (O) , 

2 
Sal a2 (0) -Sal (O) . Saz (O) ' 

} (2.297) 

which, after substitution eqn.(2.296), yields 

Ss (0) ·Ss (O) +Sa (0) ·Sa (O) + 2·J Ss (0) ·Ss (0) ·Sa (O) ·Sa (O) 
2 (0) - 1 2 1 2 1 2 1 2 

'YPc Pc Ss (0) ·Ss (O) +Ss (0) ·Sa (O) +Ss (0) ·Sa (O) +Sa (O) ·Sa (0) 
12 1 2 1 2 2 1 1 2 

The PSD's are assumed symmetrical, namely 

Ss (0) - Ss (O) , 
1 2 

Sa (0) -Sa (O) , 
1 2 

1 
f 

and, finally, combining eqs.(2.296) and (2.297), we get 

2 'Y (0) -1 . 
Pc1 Pc2 

(2.298) 

(2.299) 

(2.300) 
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Now that the full coherence of static (including acoustic disturbances) 

and acceleration-induced pressures has been established, we may resume the 

development of the single point pressure method. 

By the nature of the pressure signals, we may state that Gn·p7 (t) 
n 

(n-1,2) are totally uncorrelated to Pc (t) (m-1,2), i.e. 
m 

(2.301) 
m,n-1,2. 

Also, based on measured turbulence scales, which are about two orders 

of magnitude less than the test tunnel diameter, we assume no correlation 

between boundary layer pressures at points 1 and 2 (seeP. 85), i.e. 

z . ( ) 0 
7 (G ·p )(G ·p ) 0 - . 1 T1 2 T2 

Remark 

(2.302) 

Equations (2. 300), (2. 301) and (2. 302) would hold even had we used 

frequency dependent gains, i.e. Gn - Gn (0) , n- 1, 2. 

For more compact terminology, we rewrite eqn.(2.285) in the form 

PM ( t) - Pc ( t) + Pu ( t) , n n n _
12 n ' ' 

where Pc (t) is defined by eqn.(2.286), and where 
n 

Pu (t)- Gn 'P-r (t) , 
n n 

n-1,2, 

the fully uncorrelated pressures. 

Now, from basic definition, 

1 Rn.. p (t)- lim 
•M1 Mz 't"1+co't"1 

+'t"1/2 · I PH (r)·pM (r+t)·dr, 1 2 

-'(1/2 

which, making_ use of eqn.(2.303), reads 

RpM PM (t) - RPc Pc (t) + Rpc Pu (t) + Rpu Pc (t) + RPu Pu (t) 
1 z 1 2 1 2 l 2 l 2 

(2.303) 

(2.304) 

(2.305) 
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After inspection of eqs. (2.301), (2.302), (2.286), and (2.304), and 

Fourier transforming the resulting reduced equation, we get 

Sn... n..: (0) - Sp p (O) 
rMl .... Mz c 1 Cz 

(2.306) 

By definition, 

(2.307) 

and similarly for 7
2 

(0). From eqs.(2.300) and (2.289), we obtain 
Pc 1 Pc 2 

2 
I Sp p (O) I - Sp (0) · Sp (O) , 

cl Cz cl c2 
(2.308) 

and using this latter equation together with eqs.(2.306) and (2.307) re

sults in 
Sp (O)·Sp (O) 

2 cl c2 
7p p (O) - S (0) · S (O) 

M1 M2 PM PM 1 2 

From symmetry, we set 

Sp (O) =- Sp (O) , 
T 1 T 2 

which, when used in eqn.(2.304), results in the relation 

2 2 
G2 • Sp (0) - G1 • Sp (0) . 

u 1 u2 

By inspection, eqs.(2.300) and (2.303), we get 

which, combined with eqn.(2.311), yields 

G2
2 

• ( Sp (0) - Sp (0) ) - G1
2 

• ( Sp (O) - Sp (0) ) , 
Ml cl M2 c2 

which can be rearranged to read 

Sp (0) 
cz SPc l (0) . SPc 2 (0) [ Gl ] 2 SPM (0) 

SpMl (O)'SpMz(O)- G2 SpMl (0) 

Now, we define 

sP (O) 
cz 

(2.309) 

(2.310) 

(2.311) 

(2.312) 
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(2.314) 

a quantity to be experimentally obtained, and 

(2.315) 

a ratio to be computed, as shown below. 

Substituting eqs.(2.314), (2.315), as well as eqn.(2.309), into eqn. 

(2.313), yields 

R(O) - 7 
2 

(O) =- [ Gl ] 

2 

• P (O) • R(O) · [ 1 - R(O) ] , 
PM 1 PM 2 Gz 

which is a quadratic equation in R(O), namely 

[ 
GG21 ] 2 [ [ G ] 2 l . • P(O)·R

2
(0) + 1- G

1 
• P(O) R(O)- 7

2 
(0) =0. 

2 PM 1 PM 2 

(2.316) 

Since none of the four quantities (G1 /G2 )
2

, P(O), 7p2 p (0), or R(O) 
Ml Mz 

can be negative, the solution to eqn.(2.303) reads 

R(O) _ -B (O) + J B2 
(O) - 4 · A(O) · C(O) 
2·A(O) 

where 

A(O)- [ ~~ r · P(O) , 

B(O)- [ 1 • [ ~J · P(O) l , l 
I 

Note that the coherence function, 

mentally. 

(2.317) 

(2.318) 

7p
2 

p (0), is determined experi
Ml Mz 

Finally, from eqs.(2.312) and (2.315), we obtain 

(2.319) 



0 

0 

but, from eqn.(2.304), we get 

Sp (0) - G2
2 

• Sp (O) , 
Uz Tz 

hence, the latter two equations lead to 

S (0) - 1 - R(O) Sn... (0) ' 
PT G 2 rM 

n 2 2 n-1,2 

where eqn.(2.310) has been taken into account. 
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(2.320) 

(2.321) 

We shall prove that the factor (1 - R(O)), in the last equation, has var

iations of the same order of magnitude as either (G1 /G2 ), or P(O); this is 

to verify that the method developed above, resulting in eqn.(2.321), does 

not require accurate match of pressure transducer gains, and is not overly 

dependent on point pressure PSD's symmetry. 

For convenience, we let 

Eqn.(2.318) may therefore be rewritten as 

A-Q·P, 

B- (1 - Q • P) , 

2 c- - -y , 
PH 1 PH 2 

l 
J 

(2.322) 

(2.323) 

where independent variable 0 has been omitted for convenience. We note that 

the parameters Q and P only occur in the form of the product (Q • P): this 

allows us to seek only a single partial derivative; from eqs. (2. 317) and 

(2.323), we find 

2 
8 (1 - R) _ PQ{21 - 1) + 1 - S * 

8P 2P2QS 
(2.324) 

where we have defined 

(2.325) 

*For simplicity, the "subscript" has been omitted for the coherence (-y). 



0 

c 

Of course, we may write (interchanging P and Q in eqs.(2.324) and 

(2.325)) 

2 a (1 - R) PQ(21 - 1) + 1 - S 

8Q - 4PQ2 S 
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(2.326) 

a(l- R)/(1- R) 
Ye actually want the quantities aPjP , and 

a(l- R)/(1- R) 
8(G1 /G2 )/(G1 /G2 ) ' 

that is the rate of change of (1- R) with respect of the rates of change 

of P and (G1 /G2 ) respectively. First, we note that 

8(1- R)/(1- R) _ a(l- R) . _P_ 
aP/P aP .1 - R ' 

which, after making use of eqs.(2.317), (2.323), and (2.324), yields 

2 a(l-R)/(1-R) PQ(21 -1)+1-S 
aP/P - S (PQ + 1 - S) . 

From eqn.(2.322), we note that 

£Q 2 a(G1 /Gz) d di b we obtain Q- (G
1
/Gz) , an procee ng as a ove, 

2 a (1 - R)/(1 - R) _ 2 PQ(21 - 1) + 1 - S 
a ( Gl/Gz ) I ( Gl/Gz ) s ( PQ + 1 - s) 

(2.327) 

(2.328) 

Ye wish to evaluate the rates of change about the nominal conditions, 

which are P- P(O) -1 (symmetry of point pressure PSD' s), and Q -1 (equality 

of pressure transducer gains). Eqs.(2.327) and (2.328) yield 

a (1 - R)/(1 - R) 1 _ _ 1 
8P/P P-Q-1 2 ' 

and 

8(1- R)/(1- R) 
8(G1 jG2 )/(G1 /G2 ) I --1 

P-Q-1 

(2.329) 

(2.330) 

Ye see that the error in "measurement" of R(O) is of the same order of 

magnitude as the degree of deviation of point pressure PSD's from symmetry 

(see eqn.(2.314)), and likewise on the error in gain matching (ratio, see 

eqn.(2.322)); as PSD symmetry has been found to be excellent, and as the 

gain ratio is easily set very close to unity, the error in R(O) may be con

sidered negligible. 
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Gains G1 and G2 can be adjusted, easily to within l% (i.e. the maximum 

deviation of the gain ratio), hence we let 

(2.331) 

in eqn.(2.318), yielding for eqn.(2.317), 

[ 
2 2 ] 1/2 

[ P(O) - 1 J + [ P(O) - 1] + 4·P(O) ·-yPM PM (0) 
1 2 

R(O)- 2·P(O) ' (2.332) 

and for eqn.(2.321), 

Sp (O) - ( 1 - R(O) ) · Sp (O) , 
Tn H2 

(2.333) 
n-1,2. 

Note that the special case where we have perfect symmetry, i.e. G1 -G2 

-1, and P(O) -1 (for all 0), then eqs. (2. 317) and (2. 318) reduce to 

(2.334) 

In summary, the method utilized to compute the boundary layer point 

pressure fluctuations, from point pressure measurements, is as follows: 

(i) measurement of the point pressure PSD's, Sp (O) and Sp (0), is ef-
H1 M2 

fected (at points 1 and 2), as well as the corresponding coherence 

function -y 2 (O); 
PH 1 PM 2 

(ii) the function P(O), given by eqn.(2.314), is calculated; 

(iii) the function R(O) is computed from eqn.(2.332); and finally 

(iv) the boundary layer (point) pressure PSD, Sp (O) (n-1,2), is calcu
Tn 

lated, from eqn.(2.333). 

Note that, because of eqs.(2.310) and (2.301), eqn.(2.280) yields 

(n-1,2). (2.335) 

The direct method of measurement yields, using eqn.(2.284) (autocor

relation, Fourier transformed), subject to eqs.(2.301) and (2.302), 

2 2 2 
Sp (O) ""' (AG) · Sp (O) + G1 • Sp (0) + G2 • Sp (O) , 

dM S T l T 2 
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which can be rewritten, with little loss in accuracy, 

Sp (O)- (AG)
2 

• Sp (0) + 2·Sp (0) , (n-1,2) . 
dM S Tn 

(2.336) 

When gains are matched, eqs.(2.333), (2.335), and (2.336) yield 

2 ( 1 - R(O) ) · Sp (O) ... Sp (O) . 
Hz dM 

(2.337) 

The latter relationship was used to compare the direct method of meas

urement (RHS of eqn.(2.337)) to the computational one (LHS of eqn.(2.337)) 

-with excellent agreement (see Appendix N). 

Remarks 

(i) The measured PSD' s are single-sided (0;::: 0) rather than the double

sided ones presented in the theoretical models (which arise naturally from 

one of the frequency limits being-~). Recall that 

G(O)- 2·S(O) , oc::o, (2.338) 

since S(O) is always an even function of 0. 

(ii) Experimental data was processed using the single-sided form of eqn. 

(2.337), namely 

Gp (O) "" 2 ( 1 - R(O) ) · Gp (0) 
dM Mz 

(2.339) 

The latter results were later converted to single point pressure PSD's, 

by using the single-sided form of eqn.(2.335): 

(2.340) 

and then non-dimensionalized, yielding GPmPm(O,O,w) [see eqn.(2.273)], for 

input to the theoretical model. 
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3. TEST EQUIPHEHT 

3. 1: WATER TUNNEL 

Tests were conducted in a closed loop stainless steel water tunnel, a 

schematic of which is shown in Fig. 10.; cylinder bundles were mounted in

side a 74 cm (29 in) long vertical sub-section of the tunnel, which is a 

20. 5 cm ( 8. 06 in) diameter acrylic (plexiglas) channel, illustrated in 

Fig. 1. The latter (picture) also shows the two access windows, with the 

upper one holding a static pressure control transducer (see text below), a 

cluster of four aluminium cylinders together with their lower brass support 

(the upper one is barely visible), and a pair of wall mounted pressure 

transducers. Water was circulated by a centrifugal pump* driven by an SCR 

controlled 40 hp motor§, allowing average bulk velocities of up to about 6 

m/s (20ft/sec); continuous deaeration under partial vacuum (about 1/3 below 

atmospheric) was used to keep the water free of air bubbles and a heat ex-
o changer utilized to keep the temperature relatively constant (±1 C) [neces-

sary because of thermal expansion in the rubber, yielding a change in ten

sion]; the water static pressure was kept at 55.2±2.0 KPa (8.0±0.3 psi), by 

an automatic feedback system which controlled the position of the heat ex

changer water flowthrough valve (average flow rate through the exchanger 

could be varied by adjusting its outlet valve). 

Average (bulk) velocity in the bundle was calculated from the water vol

umetric flow rate and the net cross-sectional area in the channel (taking 

into account the presence of the cylinders); a Venturi insert nozzlet to

gether with a mercury manometer were used to measure volume flow rates. 

Flow in the test section was downward. Especially because of the relatively 

close proximity of turning vanes (see Fig. 10), flow characteristics in the 

test section were not sufficiently uniform to yield acceptable symmetry in 

the vibration response (tests with bundles of four cylinders). Consequently, 

a turbulator had to be designed to improve conditions: the basic aim was to 

obtain adequate symmetry of response while maintaining vibration levels to 

* Ingersol-Rand, Centurion type S. 

§ Beel Controls Ltd.; speed regulation 0.1%@ 95% load change. 

t BIF model 131. 
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a minimum. The two stage turbulator illustrated in Fig. 11 fulfilled such 

criteria: the first stage is meant to create larger scale turbulence to pro

mote mixing, while the purpose of the second one is to reduce both turbu

lence level and scale. The latter stage was located 32.5 cm (12.8 in) up

stream from (top of) cylinders. 

The basic measurements made pertained to cylinder vibration character

istics. Tests were also conducted on water pressure spectra at the channel 

wall, and fluid velocity profiles together with turbulence intensity and 

scale were measured so as to characterize the tunnel (see Appendix L). 

3.2: PRESSURE - TRANSDUCERS 

Pressures were measured at the tunnel wall, at diametrically opposite 

points, located 23.3 cm (9.2 in) downstream from the cylinders top (almost 

exactly mid-point along the cluster). Holes, 0.16 cm (1/16 in) dia., were 

drilled directly in the channel wall, and hydrophones were mounted at the 

outer surface of the wall, as shown in Fig. 12. The latter transducers were 

PCB microphones, model 106B; their frequency range is 0.5 Hz (-5%) to 60 

KHz (resonance), and linearity is 1.0 %. To investigate pressure character

istics at very low frequencies, some measurements were also conducted with 

unbonded strain gages differential pressure transducers, STATHAM model PM5TC, 

the frequency range being 0 to 12 Hz (resonance*) and linearity 0.5% of full 

scale; the latter measurements are presented in Appendix N.§ It should be 

noted that the response of hydrophones, mounted as shown in Fig. 12, has a 

lower resonant frequency, but in this case, owing to the very high stiffness 

of the PCB microphones (calculated in Appendix N), that limit is much higher 

than the range of interest. 

Note that to obtain differential pressures, one of two techniques is 

used, namely (i) subtraction of the two analog signals (voltages), or (ii) 

* Tested in water, see Appendix N. 

§ PCB measurements were smoothed and low frequency extrapolation utilized: 

the latter was based on STATHAM tests. 
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processing of the frequency domain information (PSD' s together with the 

coherence, see Section 2.5-3). 

3. 3: VIBRATION - INSTRUMENTED CYLINDERS 

Vibration experiments were conducted with 47.0 cm (18.5 in) long and 

2.53 cm (0.996 in) diameter flexible silicone (Dow Coming Silastic E) rub

ber cylinders, some of which were instrumented with strain gages. Mounting 

in the test section was ·effected: (i) for clusters of four or less, with 

ogival supports at the upstream end and cylindrical supports at the down

stream end; supports themselves were fixed to fins arranged in a cross and 

supported at the channel wall; [Fig. 13 depicts a typical bundle (in the 

picture, aluminium cylinders were used to make the assembly rigid); recall 

that cylinder mounting is also shown in Fig. 3]; (ii) for clusters of 28 

(of which only four were flexible), with machined support plates, the top 

one being shown schematically in Fig. 14. It should be noted that, as the 

rubber cylinders have a very low modulus of elasticity and the mountings are 

metal and firmly anchored to the tunnel wall, the upper and lower boundary 

conditions can truly be said to be clamped. Furthermore, flexibility easily 

allowed reaching high dimensionless velocities, up to and above the first 

beam mode critical buckling (divergence type instability) point [55]. 

The cylinders that were instrumented had been cast with embedded strain 

gages, shown schematically in Fig. 15: each of two orthogonal deflection 

planes of motion was sensed by a pair of gages. The latter were mounted 

relatively close to the outer surface, and in a longitudinal location that 

yielded almost equal response to unit amplitude deflections in the first 

three (free lateral vibration, clamped-clamped) beam modes; see Appendix H 

for details on the determination of that location, and Appendix M of Ref. 

[75] for the manufacturing technique. 

Details on the electronics used (strain gage bridge balancing and ampli

fication circuits, etc.) are found in Ref. [75]; Amplifiers* had a zero to 

* Analog Devices 606L instrumentation amplifiers (powered by Analog Devices 

902 power supply). 
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10KHz bandwi4th, and excellent linearity (0.002%). 

Calibration of the instrumented cylinders was necessary, mostly since 

the gages themselves are stiffer than the silicone rubber, thereby resist

ing deformation; the measured strain is lower than that which would occur 

should the gages have a flexibility equal to that of the rubber. Fortu

nately, the response was found to be repeatable and linear (albeit about 12 

times lower than strain levels calculated from beam geometry), in two sets 

of tests utilizing different beam deflection modes, the first for a clamped

free beam being deflected at the (free) end, and the second for a clamped

clamped beam being deflected at its mid-length (see Appendix M for details). 

None of the latter modes is identical to that of a freely vibrating beam, 

although the second is closer; to confirm the validity of the calibration 

results without the burden of a dynamic test, an instrumented cylinder was 

tested under static deflection (due to gravity) in a horizontal position 

(the latter mode is almost identical to a dynamic mode) and the strain gage 

bridge output was within 2% of the value predicted from the previous cali

bration results. 

For comparisons with theory, we wish to convert the voltage output from 

the strain gage circuits. to the dimensionless displacement at eo - 0.4186 

(see eqn.(2.269)). Although strain gage outputs reflect about equally~ 

imum deflections in the first three natural beam modes (which occur at dif

ferent values of e, see Appendix H), they do not reflect equal deflection 

amplitudes at ~0 • For later reference, strain gage outputs represent the 

following relative deflection amplitudes at eo. found by considering nor

malized deflections and their second derivative (see Figs. 8 and H.l): 

(dh -1.000 • 

(d)2- 0.563. 

(d) 3 - 0.586. 

(reference) 

(3.1) 

The actual dimensionless deflection (d) 1 is obtained as follows. The 

true strain at E- 0.1047 (gage location) can be calculated, for a first 

natural beam mode deflection, from the amplifier output voltage e0 , by 

using eqn.(M.27), namely 
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(3.2) 

where we recall (Appendix M) that c0 is a calibrated "gage coefficient", 

G is the amplifier gain, and £t is the (theoretical) strain (at e-0.1047, 

for a first natural beam mode deflection). 

Now, from eqs.(H.l) and (H.7), we may write 

(3.3) 

and 

(at gage location) (3.4) 
e- o.1o41 

where we note that a new constant A1 has been used, since the beam mode 

[<fo1 (e) lmeas now represents the measured dimensionless deflection (corre

sponding to the first (natural beam) mode), where the non-dimensionalization 

is with respect to diameter (rather than length, as in Appendix M), that is 

(subject to eqn.(2.47)) (3.5) 

which results in 

(3.6) 

From eqs.(3.2), (3.3), and (3.4), we obtain 

[<fol <e> 1uas- cos(l e)+ cosh(l e> - 0' [sin(l e)+ sinh(l e> 1 
1 1 1 1 1 e-o .1047 

1 

(3.7) 

Recalling various system constants, namely 
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).1 ... 4. 730040745 • 

a1 ... 0. 982502215 , 

L-47 .0 cm, 

D- 2. 53 cm, 

a-1.00 cm, 

we obtain 
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} (see Fig. 14) 

(3.8) 

{cos(>.1 e)- cosh(>.1 e)- a1 [sin(>.1 e)- sinh(>.1 e)]J. 

(3.9) 

Three more parameters are constant in the experiments, specifically, 

the "gage coefficient" c0 (but we have slightly different values for each 

of the two instrumented cylinders), the amplifier gain G, and the longitu

dinal location e- eo. at which we wish to compute the measured displace

ment(s) [assuming a first beam mode deflection; this shall be discussed in 

the next Chapter, when examining the results]: 

• from Appendix M (eqn.M.26)), 

(co)cyl 1 ""1.11 (volts)- 1 , 

(eo )cyl 2 ""1.18 (volts) - 1 
(3.10) 

• the amplifier gain was set (to obtain output voltages in the range re

quired by signal processing instrumentation) to 

G- 5000 ; (3.11) 

• and, as established earlier (see eqn.(2.269)), 

eo-0.4186. (3.12) 

Finally, from eqs.(3.9) to (3.12), we get 

[ cP1 ( e 0 ) ] m ea s ... en . eo ' (3.13) 
n-1,2, 

where 

-3 J 25 . 2 x 10 , n- 1 , 

c -1 n -3 
26. 8 x 10 , n- 2 , 

(3.14) 
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which are calibration factors to be utilized with the two instrumented cyl

inders. 

Remark 

Calibration factors for ~0 - 0. 5 had been used in the processing of 

vibration signals (HP 5420A Spectrum Analyzer) in tunnel tests, namely 
-3 -3 C1 - 26.9 x 10 and C2 - 28.5 x 10 . The results were later rescaled to 

yield values at E'o - 0. 4186, for comparisons with theory. 

PSD's and CSD's obtained from processing cylinder vibration voltages are 

still not dimensionless, since the frequency axis (HP5420A) is in Hz, 

thereby yielding units of Hz- 1 for the density axis; final non-dimensional

ization is effected by making use of eqn.(2.49), as follows. 

Let a measured CSD (PSD) be labelled G(t)meas• with units of (-) 2 /Hz, 

and where the numerator represents "power" in dimensionless vibration ampli

tudes. Therefore, the fully dimensionless CSD (PSD) reads 

2 
G( ) G(t) [<-) s] 0 [rad] f cycle \ 

w me as - me as cycle ·-;- -s- . \271 rad f ' 

which takes the form (see eqn.(2.49)) 

1 ( Eo Io J 1/2 1 
G(w)meas- 271 . mo + PAo ·L2 ·G(t)meas • 

The system constants are: 

E0 ""2780 KPa (403 lbf/in2
) , 

! 0 ""'2.011 cm4 (0.0483 in4
), 

mo = 0. 577 Kgm/m (0. 388 lbm/ft) , 

p=l.OO gm/cm3 (62.4 lbm/fe), 

A0 = 5. 03 cm2 (0. 779 in2
) , 

L= 47.0 cm (18.5 in) . 

Eqs.(3.15) and (3.16) yield 

G(w)mea.s ""'0.1639 · G(t)meas . 

(3.15) 

(3.16) 

(3.17) 
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Note that the terms of the latter equation have the following units: 

G(w)meas 

0.1639 

G(t)meas 

Hz/rad 

Hz- 1 
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4. EXPERIMENTAL AND THEORETICAL RESULTS 

In order to compute theoretical vibration data, pressure PSD's had to be 

measured in situ (test channel; recall that pressure correlations are as

sumed to be the same as those for pipe flow); hence, pressure measurements 

are covered first, to be followed by theoretical and experimental vibration 

results. 

Dimensionless flow velocity will be used throughout, hence its relation

ship to the dimensional one is given now: eqn. (2. 51), together with the 

system physical constants (see Section 4.2, to follow), yield 

U [m/sec] -0.709 · u [-], (4.1) 

where U and u are the dimensional and dimensionless velocities, respective-

ly, and the factor 0.709 m/sec stems from the term 

4 .1: PRESSURE MEASUREMENTS 

4.1-1: Units - pressure data 

Before presenting the experimental data, it will prove helpful to discuss 

scaling from the dimensional measured PSD's, to the dimensionless ones. The 

latter are the ones used as input to the theoretical model, and are defined 

by eqn.(2.273), which reads 

G (0 0 ) - 32 [11 e2 
PmPm ' ,w j 3 

Eo ( mo+ PAo) 
GPmPm (0' 0 ,w) ' 

m-1,2, ... ,K 

where GPmPm(O,O,w) and GPmPm(O,O,w) are the dimensionless and dimensional 

pressure PSD's respectively. 

Remark 

The frequency argument in density functions, e.g. w in GP m Pm ( 0, 0, w) 

above, does not necessarily set the frequency units of the function itself; 

for example GPmPm(O,O,w) could have units of (KPa) 2 /Hz: when plotted versus 

w, and integrated, the resulting units of power would be (KPa) 2 
• (- )/Hz, 
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where (-) are the "units" of the dimensionless frequency w. This is equiva

lent to stating a length in, for example, m2 /cm, but is nevertheless valid. 

The units for pressure power could be made "proper" by multiplication by 

the factor 0.1639 Hz/rad, discussed at the end of the last Chapter, yielding 

(KPa) 2
• This remark is simply to stress that GPmPm(O,O,w) in the above equa· 

tion could have been written as GPmPm(O,O,O). 

Pressure data shall be presented in one of two forms; these are (i) in 

dimensionless form, i.e. GPmPm (O,O,w) versus w, and (ii) in dimensional 

form, i.e. GPmPm (O,O,t) versus t, with density units as (KPa) 2 /Hz, and 

frequency units as Hz. 

Dimensional pressure PSD' s may be obtained from dimensionless ones by 

multiplication by the factor 

J E~ ( m0 + pA0 ) 

32 J 11 £2 
(see above equation), 

which yields (see physical constants, in Section 4.2 to follow) 

2 Gpp<t > [ (KPa) /Hz] - 1. 545 · Gpp(w) [-] . (4.2) 

The frequency axis scaling is simply effected with the factor (see eqn. 

(2.50)) I 
l ( E I )l 2 

L2. moo+ ~Ao (together with 211 rad/(Hz·sec)) yielding 

t [Hz] = 0 .1639 · w [-] . (4.3) 

4.1-2: Pressure - results 

Processing of the measured data points may yield either differential 

or single point pressure PSD's (which are related by eqn.(2.340)). For exam

ple, in one-sided PSD terminology and with Hz as the frequency units, eqn. 

(2.333) reads 

(4.4) 

where GpM
2 

(t) is the measured (transducer no.2) single point PSD, and GpT(t) 

is the single point turbulent boundary layer pressure fluctuation PSD, and 
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where R(t) ·is found from (see eqn.(2.310)) 

(4.5) 

P(t) reads (see eqn.(2.314)) 

GPH (t) 
2 

P(t)- (4.6) 

To obtain differential pressure PSD's, eqn. (2.335) is used; it may be 

rewritten as 

(4.7) 

Since the theoretical model is set to utilize single point pressure 

PSD' s , that form (as opposed to differential pressure l'SD' s, i. e. using 

eqn.(4.7)) shall be used here. It should be noted that 

Pressure data was gathered for three different tunnel configurations, 

namely (i) K- 0 (no cylinders in channel), (ii) K- 4, Gc- 0. 75, and (iii) 

K- 28, Gc- 0. 75. In the latter two cases, the cylinders were rigid.* The 

K- 4 case yielded results very similar to the K- 0 case, hence, the former 

results shall not be presented. The calculated (eqs.(4.4) to (4.6) above) 

single point pressure PSD's, were utilized as input data for theoretical 

computations. The K- 0 data was used in all theoretical calculations, except 

for K- 28 cases (where the K- 28 pressure data was used) . The reasoning be

hind this was that in K=-1, 2, and 4 cases, the "outside" of the centrally 

located bundles was exposed to "unconfined" fluid, whereas the reverse was 

true for the K- 28 bundles (see Fig. 14). Recall also that, prior to being 

used as input data (for the theoretical model), pressure PSD's were smoothed 

by digital filtering (see Appendix 0): this was mainly to render calculated 

PSD' s smooth, so as to facilitate comparisons to experimental data. Note 

*Note that tests conducted with flexible cylinders, in the K-4, Gc=-0.75 

setup, yielded no correlation between cylinder motion and wall pressure 

(cylinders-wall separation too large). 
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that it is expected that both vibration and pressure measurements would 

yield "smooth" results (no rapid changes in PSD levels, from one frequency 

point to the next), were it not for various sources of experimental error 

(e.g. electrical noise); nevertheless, in the case of vibration data, it was 

deemed preferable to present the "raw" data, as interpretation of the data 

would not have been made easier, and as smoothing itself would have been 

more involved, especially for phase data. 

Figs. 16 and 17 illustrate measured point pressure PSD's and correspond

ing coherence functions, at flow velocities u -1, 3, and 5, for the K- 0 and 

K- 28 cases, respectively. The PSD levels are generally two to three orders 

of magnitude higher than the corresponding calculated turbulent boundary 

layer (single point) pressure PSD's; evidently, system disturbances emana

ting upstream and convected downstream account for most of the observed 

single point pressure fluctuations. This may be seen by comparing the u- 3 

data of Figs. 16 to the boundary layer pressure PSD depicted in Fig. 18, 

where the latter has been computed from the two measured point pressure 

PSD's and their corresponding coherence, using eqs.(4.4) to (4.6) inclu

sively. To help the reader visualize the actual physical magnitude of the 

results, Fig. 18 has dual dimensionless/dimensional axes. Note that there 

is no direct relation between the PSD's of measured single point and bound

ary layer pressures; a convincing example of this may be seen in Figs. 19a 

and 19b, where two significantly different measured single point pressure 

PSD' s and respective coherences (Fig. 19a), yield essentially "identical" 

boundary layer pressure PSD' s (Fig. 19b). Note that in the top graph of 

Fig. 19a, the solid traces correspond to the main scale (1.5 x 10-3
), which 

has been set high enough to show the very high peaks at w""' 54; the dotted 
-s traces have been expanded twenty times, i.e. plotted on a scale of 7. 5 x 10 , 

which is 160 times lower than the scale for the bottom part of Fig. 19a. The 

difference in the measured point pressure PSD's stems from the use of two 

different Venturi insert nozzles, for the measurement of the total volume 

flow rate of water in the tunnel (see Fig. 10); in the course of testing the 

match in calibration of Venturi insert nozzles, earlier vibration testing 

revealed that (vibration) PSD's were unaffected by the choice of either one 

of the two nozzles (one for low ranges and the other for higher ranges), so 



0 

0 

109 

it was only natural to verify excitation pressures as well. Note that the 

expectation of smooth PSD's is supported by the data in Fig. 19b, in the 

sense that the trace corresponding to the least "noisy" (i.e. high power 

level) measured single point PSD (in Fig. 19a) is smoothest. 

There is some similarity between measured point pressures, at all flow 

velocities and for both the K- 0 and K- 28 cases, viz. peaks near dimension

less frequencies 15 and 50 (Figs. 16 and 17), which reflect flow-independent 

"tunnel noise" characteristics. Structural acceleration-induced point pres

sure PSD peaks may also be seen, for example at dimensionless frequencies 

27 and 54 (first and second harmonics), at u- 1, in Fig. 16: these peaks 

stem from a slight unbalance in the main pump-motor assembly, which rotated 

at the dimensionless frequency of 27 (265 rpm). 

Figs. 20a illustrates boundary layer pressure PSD's for the full range 

of flow velocities (u- 0. 5 to 5. 0) , for the K- 0 case, in the dimension

less frequency range of 0-75. Fig. 20b is for the larger frequency range 

of 0-150. The former range is sufficient to yield vibration results (from 

the theoretical model) covering the first two beam mode groups (of vibra

tion),* and the latter is meant to be utilized for a handful of calcula

tions for the investigation the third beam mode group. The PSD's are rela

tively flat throughout, except for a very broad "hump" with a "center fre

quency" which appears to be roughly proportional to flow velocity. 

The K- 28 boundary layer pressure PSD' s are shown in Fig. 2la, in the 

dimensionless frequency range 0-75, again for the full range of flow veloc

ities. At lower frequencies (from about 0-20 at u-5 to 0-5 at u-0.5), the 

levels are roughly double those at K- 0, which can be seen more clearly in 

Fig. 2lb (a replot of Fig. 2la with double the PSD scales of Fig. 20a); be

yond those frequencies, these levels rise significantly to about ten times 

those of the K- 0 case. As before, we find a very broad "hump", whose "cen

ter frequency" is roughly proportional to the flow velocity. As the third 

*To be covered in detail shortly. 
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vibration mode group was never studied in the K- 28 case, the extended di· 

mensionless frequency range of 0-150 was not investigated. 

Digitally smoothed PSD' s (see Appendix 0 for details on the technique 

used) were utilized as inputs to the theoretical model; typical results at 

u- 1, 3, and 5, are depicted in Figs. 22a and 22b for the K- 0 case, and 

Fig. 23 for the K- 28 case. The original (unsmoothed) PSD' s are also shown, 

to indicate the extent of smoothing. In the K- 0 case, both the 0-75 and 

0-150 bandwidths are illustrated; The latter were analyzed separately 

(HP5420A analyzer)*, and then smoothed individually. Each bandwidth has 256 

data points. The digital filter parameters were set to retain the ••general 

trends" ("waviness 11
) in the PSD's, and to reflect the fact that, near zero, 

levels were found to be nominally flat, from measurements with DC coupled 

STATHAM pressure transducers (see Appendix N). Note that the unsmoothed PSD's 

of Figs. 22a and 22b, and Fig. 23 are not reliable near zero, as the PCB 

pressure transducers are AC coupled, (-5% at 0.5 Hz). 

* In bandwidth of 12.5 Hz and 25.0 Hz respectively. 
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4.2: VIBRATION, SUB-CRITICAL - PREAMBLE 

4.2-1: General characteristics - system dynamics 

The basic dynamical characteristics, with increasing velocities, of a 

cylinder cluster subjected to axial flow, may be obtained by neglecting ran

dom pressure fluctuations, that is by using the "mean flow model" described 

at the beginning of Chapter 2. One finds three basic regimes, as the flow 

velocity increases, depicted in Fig. 24 (the real part represents frequency 

of oscillation and the imaginary part the damping). 

(i) At low flow velocities, we have damped subcritical vibration; a sys

tem with initial displacements, and subjected to a mean flow velocity u 

(O~u<ucrit), vibrates at discrete frequencies, numbering 2K,* with expo

nentially decreasing amplitudes (i.e. as a damped freely vibrating multi

degree of freedom system). Note that with increasing mean flow velocity, 

frequencies are reduced, and bandwidth (the difference between the highest 

and lowest frequencies) is increased. 

(ii) As the flow velocity is increased further, the first frequency 

reaches zero (see Fig. 24); a critical velocity (ucrit), signifying the 

onset of divergence (buckling), is reached when the imaginary part of one 

of the roots becomes negative (see "*", in Figs. 24 and 25) - a zero fre

quency coupled with negative damping yields a static instability (diver

gence). 

(iii) With further increase in mean flow velocity, the "mean flow model" 

predicts flutter, which occurs when non-zero frequencies reappear, and damp

ing is negative (see Fig. 25). 

Regimes (i) and (ii) were both observed experimentally, and the predicted 

ucrit has been found to be in good agreement (10-15% low) with measurements 

[ 75]. Because divergence and flutter regimes are intermixed (at least in 

theory), and also because of the unstable nature of flutter, regime (iii) 

has not been studied extensively - but see Refs. [55] and [75]. 

* Two pairs of frequencies are repeated in Fig. 24, namely w3 & w4 (not 

labelled), and w5 & w6 (labelled, at top). 
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The behaviour described above is that of a first group of 2K frequencies, 

amongst N such groups, where N is the number of comparison functions used in 

the beam mode expansion (see eqs. (2.73) and (2.63)). At each frequency (in 

each group), cylinders in the cluster move with respect to their neighbours in 

in a definite pattern, resulting in so-called "cross-sectional" modes, which 

recur for subsequent frequency groups (see next Section); these "cross-sec

tional mode groups" also exist in the random model, and shall be discussed 

later. 

4.2-2: Test programme - general objectives 

Whereas the study of regime (ii) above was part of an earlier study [75], 

the test programme in this Thesis was designed to study subcritical vibra

tion, i.e. regime (i) above; primarily, we wish to study fluid coupling be

tween cylinders in a cluster, the main effect of which is to produce "cross

sectional" inter-cylinder vibration modes. Fig. 26 illustrates typical the

oretical modes, for a bundle of four cylinders (K- 4), at the discrete fre

quencies predicted by the mean flow theory. For example, at the lowest fre

quency cylinders move "radially" in an "imploding-exploding" pattern, at 

the highest frequency cylinders move "tangentially" in a twisting pattern, 

and so on. Note that, unlike the mean flow theory, the theoretical random 

model predicts vibration at all frequencies. The correspondence between the 

two is illustrated in Fig. 27, for three flow velocities: it can be seen 

that the random model PSD' s tend to peak in the vicinity* of mean flow 

(discrete) frequency values, indicating a propensity for the system to vi

brate at its natural (more specifically damped) frequencies (assuming a 

pressure excitation with relatively uniform power distribution). 

Remark 

The terms "Radial" and "Tangential" directions shall be used extensively 

when discussing experimental and theoretical results: these directions are 

*The PSD's do not reach a maximum exactly at the discrete frequencies. For 

example, in a single degree of freedom second order system, the damped 

frequency is j 4 mk - c2 /2 m versus j 4 mk - 2 c2 /2 m for the transfer func

tion maximum. 
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with respect to an imaginary circle with its center at the geometric center 

of the bundle (this is the test channel center when the bundle is located 

symmetrically). For example (K- 4), these directions correspond to Planes 1 

and 2 in Fig. 28, when IJ -45° . Likewise, "Edge" directions occur when IJ - 0° . 

Occasionally, the short forms "R", "T", and "E" will be used. 

4.2·3: Investigated clusters · description 

Two "types" of clusters were tested, the first with all cylinders flex

ible (Dow Corning Silastic E silicone rubber) and the second with a combi

nation of flexible and rigid (aluminium and/or acetal*) cylinders. 

Remark 

For conciseness, flexible cylinders shall be identified by an "F", and 

rigid ones by an "R".§ Furthermore, when applicable, the positions of the 

cylinders within the bundle will be given in brackets following the cylin

der type. For example, 1F(l)/3R(2,3,4) represents a four-cylinder cluster 

with a flexible cylinder in position 1, and rigid ones in positions 2, 3, 

and 4. The position numbering convention used for the latter case is simply 

the quadrant number in which the cylinder(s) lie. This convention shall also 

be utilized to identify positions in all other clusters, except for "28-

cylinder" bundles; numbering in this case is depicted in Fig. 29. 

Any given setup may be instrumented in a variety of ways, in terms of 

which positions are occupied by strain gages equipped cylinders, and in 

which angular directions the latter are oriented. Fig. 30 illustrates four 

typical measurement setups. When referring to any one of the experimental 

systems (to be listed shortly), the positions of instrumented cylinders as 

well as their respective orientation (which is always that of Plane 1 versus 

dir. 1, as in Fig. 28) shall be given. As an example, case (iii) of Fig. 30 

would be described as Pos.l @ 0° and Pos.2 @ 90° (the latter angle is that 

of measuring direction "1" with respect to dir. 1 in Fig. 28, i.e. (J- 90°). 

*Also known by the registered trade name of DELRIN (Cadillac Plastic). 

§The meaning of "R", whether Radial or Rigid, will be obvious from the 

context. 
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The main ("Reference") cluster consisted of four flexible cylinders lo

cated centrally within the test channel, and with a minimum inter-cylinder 

gap of three quarters of a (cylinder) radius, i.e. with the parameter Gc-

0.75. This setup is illustrated in Fig. 28. To investigate the behaviour of 

smaller bundles, a two-cylinder as well as a one-cylinder cluster were 

tested. Finally, experiments were conducted with a number of combination 

(flexible-rigid cylinders) bundles, to study the effect of the presence 

(rigid cylinders) versus presence and motion (flexible cylinders) of neigh

bouring cylinders. The various systems tested are tabulated below, together 

with a brief description of the test objectives. 
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Ref. K & 

No. Gc 

1 4 

0.75 

2 4 

3 

4 

5 

6 

0.75 

4 

0.75 

4 

1.00 

4 

1.50 

2 

1. 89 

7 1 

8 4 

0.75 

9 4 

0.75 

10 4 

0.75 

11 28 

0.75 

12 28 

0.75 

13 28 

0.75 

Combination 

& Directions Location in channel 

4F(l,2,3,4) Symmetrical, about 

45°(1) & 225°(3) center. 

4F(l,2,3,4) Symmetrical, about 

0°(1) & 180°(3) center. 

4F(l,2,3,4) Symmetrical, about 

45°(1) & 135°(2) center. 

4F(l,2,3,4) Symmetrical, about 

45°(1) & 225°(3) center. 

4F(l,2,3,4) Symmetrical, about 

45°(1) & 225°(3) center. 

2F(l,3) 

45° & 225° 

Symmetrical, about 

center. 

lF Near the center 

45° (slightly offset). 

1F(l)/3R(2,3,4) Symmetrical, about 

45° center. 

2F(l,3)/2R(2,4) Symmetrical, about 

45° & 225° center. 

2F(1,2)/2R(3,4) Symmetrical, about 

center. 

4F(l,2,3,4)/24R* Central inK- 28 

45°(1) & 225°(3) bundle. 

4F(6,7,2,1)/24R* Parallel offset in 

135° (7) & 315° (1) K- 28 bundle. 

4F(5,6,1,16)/24R* Diagonal offset in 

45°(5) & 225°(1) K-28 bundle. 

* All other positions occupied by rigid cylinders. 
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Purpose/Remarks· 

Main cluster, diagonal 

instrumented pair, R & T. 

Main cluster, diagonal 

instrumented pair, E & E. 

Main cluster, adjacent 

instrumented pair, R & T. 

Main cluster, reduced 

coupling (see Ref. No. 1). 

Main cluster, reduced 

coupling (see Ref. No. 1). 

Absence of other diagonal 

pair, in Ref. No. 1 (this 

results in the Gc -1. 89). 

No coupling (neglecting 

effect of channel). 

Coupling to rigid cylin

ders (see Ref. No. 1). 

Two rigid diagonal cylin

ders out of four, R & T. 

Two rigid adjacent cylin

ders out of four, R & T. 

Study behaviour when part 

of large cluster. 

Study behaviour when part 

of large cluster. 

Study behaviour when part 

of large cluster. 
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Note 

The "28-cylinder" bundle is actually composed of 24 full cylinders (of 

which 4 are flexible and 20 rigid), and 8 half-cylinders. The latter are 

not numbered (see Fig. 29). 

4.2-4: System physical constants 

The system geometry was described in Chapter 3. We have 

• Flexible cylinder(s) radius; R-1.265 cm (0.498 in*), 

• Test channel radius; Re - 10. 24 cm ( 4. 03 in) . 

Note 

The rigid cylinders were actually 1.000 inches in diameter (stock size), 

but for simplicity, in theoretical computations, rigid cylinders were assumed 

to have a diameter equal to that of the flexible ones (i.e. 0.996 in). 

The usual frequency analysis bandwidth utilized was 12.5 Hz. This range 

encompassed the first two "cross-sectional mode groups"; this is more than 

adequate as most of the (vibration) power occurs in the first group, and as 

inter-cylinder phase relationships (i.e. cross-sectional coupling modes -

see Fig. 26) do not change from one group to another (at least in theory). 

It was decided to generate theoretical data at frequency points equal to 

those obtained experimentally, for direct comparisons, and with the same 

(frequency) resolution. Measurement data (HPS420A signal analyzer) were 

available at 256 discrete points, starting with zero, and ending at tMAX

(255 · At), where 

and where tBw is the analysis bandwidth. In the case where 

tBW - 12. 5 Hz , 

*The manufacturing mould was 0.500 in. in radius, but the silicone rubber 

was subject to some shrinkage upon vulcanization. 
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AI 12.5 H 
,.. - 256 z. 

Now, AO-At • 211, and, using eqn.(2.50) [see below for physical con

stants], and rounding to four decimal places, we get 

Aw- 0. 2979 , and 

"'MAX - 255 · Aw- 75. 9645 . 
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The above high (dimensionless) frequency point was used for all cases, 

except when investigating the third mode group ("'MAX- 2 x 75.9645 in that 

latter case). 

We are left with the description of the physical properties of the flex

ible and rigid cylinders, and those of the fluid (water). 

(i) Cylinders: 

(a) Fixed geometrical, and lower attachment parameters: 

L-47.0 cm (18.5 in), 

D- D0 - 2. 53 cm (0. 996 in),* 

La -1.37 cm (0.54 in), 

L1 -1.09 cm (0.43 in), 

W0 - 0. 34 N (0. 077 lbf), 

o - 1 (lower end clamped) , 

T0 -0 (no pre-tensioning). 

(b) Physical properties: 

mo - 0. 577 Kgm/m (0. 388 lbm/ft), § for Silastic E, 

m-0.717 Kgm/m (0.482 lbm/ft),§ for acetal, 

m-1.339 Kgm/m (0.900 lbm/ft),§ for aluminium, 

*All cylinders (i.e. including the reference one) are of equal diameter . 

. Also, as pointed out earlier, rigid cylinder diameters (1.000 in stock) 

are assumed to be the same as that of the flexible ones. 

§ Based of D0 given above. 
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E0 - 2779 KPa (403 lbf/in2
), for Si1astic E, 

E- 3. 59 x 106 KPa (5. 2 x 105 lbf/in2
), for acetal, 

E- 6. 89 x 107 KPa ( 10. 0 x 106 lbf/in2
) , for aluminium, 

(ii) Fluid: 

.v0 -0.47, for Silastic E, 

v-N.A., for acetal, 1 used*) J (.vo 
.11- 0. 33' for aluminium, 

•4 for Silastic E, p.0 - 8. 5 x 10 sec, 

p.-N.A., for acetal, 1 
p.-N.A., for aluminium, 

J (p.0 used*) 

.).0 - 61.2 KPa 2 (8.87 blf/in ), for Silastic 

.).-N.A., for acetal, 
} (.).0 used*) 

.).-N.A., for aluminium, 

p -1000 Kgm/m3 (62 .4 lbm/ft3
), 

p- 55.2 KPa (8.0 lbf/in2
), 

cf - 0. 013 [yields cf ... 0. 016] ' 

Cb - 0 (not used), 
0 

E, 

C0 - 2.17 cmjsec (0. 85 in/sec) [yields c""' 0. 039] . 

The value of ~ is irrelevant, since the parameter 6 is always equal to 
0 

1 (full clamping at the lower end). The values for Cf and C0 were estimated 

as follows. 

4.2-4a: Longitudinal friction, c, 

The friction coefficient Cf is available empirically, and values were 

gathered from a few sources so as to obtain an estimate. The applicable 

equation is always of the general form 

(i.e., as eqn.(2.2)), (4.8) 

*As shall be proven later, since E for acetal and aluminium are so much 

larger than that for Silastic E, other parameters are of little import. 
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with minor local variations. Three publications have been used, and the 

corresponding values are discussed below. 

(1) A.P. DOWLING 1988, Journal of Fluid Mechanics 187, 507-532. nThe 

Dynamics of Towed Flexible Cylinders Part 1. Neutrally Buoyant 

Elements". 

The equation used here is 

(4.8a) 

where Fr and Cr are tangential force per unit length and friction coeffi

cient respectively, p0 is the fluid density, aA is the cylinder radius, and 

U is the (cylinder) towing speed. Eqs.(4.8) and (4.8a) simply yield 

C:f -n · Cr • 

Dowling utilizes the value Cr- 0. 0025* (from a private communication), 

which results in 

(2) C.C. NI and R.J. HANSEN 1978, Journal of Fluids Engineering 100, 

389-394. "An Experimental Study of the Flow-Induced Motions of a 

Flexible Cylinder in Axial Flow". 

The relationship utilized here is 

C Total drag 
D- 2 

pUM 11aL 

where C0 is the longitudinal drag coefficient, p and UM are the fluid den

sity and maximum velocity respectively, and a and L are the cylinder radius 

and length. Ni and Hansen refer back to empirical work by J.N. Knudsen and 

D.L. Katz for the ratio 

* Dowling does not give Reynolds number values, but because the phenomenon 

studied is towed sonar arrays, we can presume values of the order of those 

occuring here. 
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where U is the bulk velocity. The total drag is simply 

Total drag- (Force per unit length) x (Length), hence we may write 

. 2 2 
(FL)- p11aU (1.14) C0 • (4.8b) 

We obtain, from eqs.(4.8) and (4.8b), 

2 
Cr- 11(1.14) · C0 • 

Ni and Hansen present measured* values of drag coefficient, versus 

Reynolds number, as well as results from analytical models for infinite 

mediums and for annular flows. The test values center approximately around 

the infinite medium value, which is approximately constant at 3.0 x 10-3
• 

This latter value is used here, yielding (see the last equation): 

Cr ""'0. 012 . 

(3) M. HANNOYER, Ref.[72]. 

In his PhD Thesis, in Appendix G, Hannoyer uses the equation 

1 UzD , 
qe t - 2 P e e e f1Cf • (4.8c) 

where qat is the force per unit length, p 8 and U8 are the fluid density and 

velocity respectively, D8 is the cylinder diameter, and cf: is a friction 

coefficient. From eqs.(4.8) and (4.8c), we get 

Cr -11 • cf: . 

-3 Hannoyer uses the value cf:- 4 x 10 , stemming from elementary boundary 

layer analysis: The momentum thickness is assumed to remain small compared 

to the cylinder diameter, and the "Prandtl-Schlichting" skin friction for

mula provides an estimate for the average friction coefficient for flat 

plates (labelled cf in Hannoyer's Thesis). For Reynolds numbers of interest 

(2 x 106
), Hannoyer argues that a corrective factor proposed by Hoerner for 

turbulent flow over a cylinder, is negligible, hence allowing the assumption 

that cf: (flat plate)""' er (cylinder). The latter coefficient is evaluated as 

4 x 10- 3 (skin friction formula), which yields 

*Test section 19.05 cm in diameter with a single cylinder 1.59 cm in 

diameter and 7.92 cm length, located at the center. 
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The maximum of the three will be chosen (in any case differences are 

relatively small), that is we use 

cf- o.Ol3 . (4.9) 

4.2-4b: Lateral "drag", Cn 

The coefficient C0 is a linearized drag coefficient; the usual expression 

1 2 
Lateral drag-2 pDV (Co)ohuical 

is assumed to reduce to 

1 Lateral drag- 2 pDVC0 • 

The latter equation is given, in cylinder cluster form, by eqs.(2.29) and 

(2.30). Details are found in Appendix F. 

The "drag" coefficient C0 is analyzed in some detail in Ref. [42] (Added 

Mass and Damping of a Vibrating Rod in Confined Viscous Fluids, by Chen et 

al.), both in theory and experimentally. A short review is made here, leading 

to an estimated value for the constant. 

Lateral vibration of a rigid rod submerged in a viscous fluid enclosed 

in a concentric rigid shell, is modelled by the equation 

d
2 

d (m+,. · pA) · S!....Y + C · ~ + K · y- 0 
'"'M dt2 V dt > 

where m is the mass per unit length of the cylinder, ~ is an added mass 

coefficient, p is the fluid density, A is the cylinder cross-sectional area, 

Cv is a lateral friction ("drag") coefficient, K is the lateral stiffness, 

y is the lateral displacement of the cylinder, and t is the time. Note that 

the K is a pseudo stiffness, as the modelling applies to a cylinder forced 

to oscillate harmonically (K is never used directly in the analysis, nor is 

the forcing function). The fluid is modelled by a simplified vorticity 

transport equation, namely 
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4 1 a -2 V .t._-- V .t.-0 
"' 11 at "' • 

where V> is a stream function, and v is the fluid kinematic viscosity. A 

family of theoretical curves are generated for (i) CM versus D/d, and for 

(ii) Cv/PAw versus D/d, for a set of values of a parameter S, where D and 

d are the channel (not to be confused with this Thesis cylinder diameter, 

D) and cylinder diameters respectively, w is the frequency of (forced) os

cillation, and 

2 

8 _wd 
11 

Experimental values are generated to cover a significant portion of the 

theoretical range of values, with good agreement. In our case, the value of 

C0 shall be evaluated from Chen's et al. Cv, by computing the theoretical 

value for a single cylinder (K- 1), in infinite fluid. Note that, in this 

Thesis, effects of confinement or presence of other cylinders form an inte

gral part of the theory, i.e. we essentially wish to obtain the C0 for an 

isolated cylinder in fluid, or D/d-+rD. 

A value for w had to be chosen to determine the parameter S: a value of 

4 Hz (about 25 radjsec) is representative of test results in this Thesis. 
-6 2 Furthermore, we have 11"" 1 x 10 m /sec (water at 20° C). We obtain 

s ... 16085 . 

The values obtained from Chen et al. are 

(effect of confinement negligible) 

and 

The relationship between Cv and c0 may be deduced from 

. ~ 1 av * Force per un1 t length - C · - - pDC0 • ::...L 
V dt 2 at 1 

* NQw D represents the cylinder diameter (i.e. not D, the channel diameter 

in Chen et al. nomenclature). 
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where the first part stems from Chen' s et al. equation of motion (see 

above), and the second part is an equivalent single cylinder equation, 

based on eqn. (F.7) [see Appendix F]. Hence, 

2·Cv 
c--o p·D 

which may be rewritten as 

Substitution of the various values finally yield 

C0 ""0. 0217 m/sec. 

4.2-5: Input data for theoretical computations 

(4.10) 

Computer programs for calculating theoretical response (see Appendix K) 

are run in the following sequence: 

(1) Inter-cylinder coupling coefficients (mass and viscosity), correspond

ing to eqs.(2.27) to (2.30) inclusively, are computed. The required 

input parameters are basically the ffcross-sectional" geometrical dimen

sions of the system, namely: 

-the number of cylinders in the bundle (K), 

-for each cylinder, its radius and position in the channel (in polar 

coordinates, relative to the channel center*); all cylinders are of 

equal radii, R, and typical positions are given below, 

-for the channel, its radius, Re. 

Cylinder positions, of course, depend on the parameter Gc, and on the 

radius R (-0.498 inches- see next Section). As a typical example, we take 

the case of K- 4, and Gc- 0. 75; the resulting positions are (polar coordi

nates): 
(0.96874,45) 
(0.96874,135) 
(0.96874,225) 
(0.96874,315), 

*The angle is with respect to "dir.l", as in Fig. 28. 
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where the radial distances are in inches (as used originally for input 

data), and the angle in degrees. 

Note 

Length inputs to the computer program (CPL.f, see Appendix K) may be in 

any units, but the latter must be the same for all data. Angle inputs must 

be in degrees. 

In addition to the above inputs, the program requires the number of cyl

inders at the center of the channel (always -0 here), the value of Gc (used 

only as reference, for printout), truncation variables "mm" and "mp" (see 

Ref. [73] for details; values of 15 and 11 have been found to yield adequate 

accuracy; always used here), and finally, a flag to include/exclude computa

tion of viscosity coefficients (1, for include, always used here). 

(ii) The "normalized" CSD's of eqn.(2.271) are computed, in "Cartesian" 

directions (viz. dir. 1 and dir. 2 of Fig. 28), for either a single 

cylinder or a pair of cylinders. Both cases are illustrated below. 

d 

In single cylinder cases, Gaa(w), Ghh(w), and Gah(w) are computed, and, 

in cylinder pair cases, Gac(w), Gad(w), Ghc(w), and Gbd(w). Note that, in 

general, Gah(w)- Gt:z,(w) [single cylinder or a pair]. 
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Input data required by the program is stored in three separate types of 

data files; a fourth file, the "RUN. data" file (see Appendix K), controls 

(i) the number of runs to be effected, and for each run, (ii) the dimension

less flow velocity and (iii) the corresponding three files to be read by the 

program, which are: 

(a) The "CPLdata-" file, holding the following data: 

-the coupling coefficients calculated above [used to assemble matrices 

that define the frequency response function, see eqs. (2.157), (2.90) 

and (2.83)], 

-the cylinder(s) and channel radii, R and Re, 

-the number of cylinders, K, 

-the parameter Gc (for reference only- not used in calculations), 

-a file identifier (for reference only- not used in calculations). 

(b) The "CSDdatal-" file, holding the following data: 

-the ratio (diagonal) matrices (see eqn.(2.80)), which are unity matri

ces when all cylinders are identical (i.e. all flexible). 

Two types of flags are used to indicate whether ratio matrices are unity 

or not: (i) a global flag (second line in the file, after a reference iden

tification number) - if zero, all ratio matrices are initialized to unity in 

the main program (the file contains no data); if not the flag is equal to K, 

signifying that at least one matrix is not unity. In the latter case, sec

ondary flags are made use of; there is one (secondary) flag per matrix (a 

total of ten), with zero indicating a unity matrix (no data to be read), and 

one signifying a non-unity matrix, i.e. data is to be read. 

In addition to the above data, there is a file identification number (for 

reference only). 

(c) The "CSDdata2-" file, holding the following data: 

-the number of comparison functions to be utilized in the beam modes 

expansion, N; the value N- 3 was found to be sufficient to model the 

first two "cross-sectional mode groups" (see Section 4.3-lc). 



0 

126 

-values for the system physical constants (see preceeding Section), 

-the convection velocity ratio [this parameter was always set at 1 

(see eqn.(2.214)], 

-the longitudinal offset (from e- 0. 5) for the location at which 

displacements are to be computed (Ae- 0.4186- 0.5- -0.0814; recall 

that e 0 - 0. 4186 was chosen earlier [Chapter 3] ) ' 

-the (dimensionless) frequency limits for calculations, as well as the 

number of points (at regular frequency intervals) at which computations 

are to be performed (256 points were always chosen here, to emulate the 

HP5420A signal analyzer; the low frequency point was always chosen 

as 0, and the high frequency point usually fixed at the dimensionless 

equivalent of 12.5 Hz), 

-the number of inter-cylinder pairs for which calculations are to be 

effected, followed by the chosen pairs; here, a repeated pair specify 

a single cylinder, otherwise a cylinder pair is indicated. Examples 

will clarify the ensuing computations: 

Example 1; Pair: i i (i- 1, 2, ... ,K). 

In this case, the following are computed: 

G11 (w), a "z-direction" PSD, 

G(i+K)(i+K)(w), a "y-direction" PSD, 

G1 (i+K)(w), a z-y directions CSD. 

Typically, i-j -1, and K-4, hence 

G11 (w), G55 (w), and G15 (w) are computed, or 

two PSD' s and one CSD [note that G51 (w) =- G~5 (w)]. 

Example 2; Pair: i j (i,j-1,2, ... ,K), and i~j. 

In this case, the following are computed: 

G1 J (w), a "z-z direction" CSD, 

G(i+:t::}(j+K)(w), a "y-y direction" CSD, 

G1 (J+K)(w), a z-y directions CSD, 

G(i+K)J(w), a y-z directions CSD. 
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Typically, i -1 and j - 3, and X- 4, hence 

G13 (w), G58 (w), G18 (w), and G53 (w) are computed, 

i.e. four CSD's. 

(iii) The "normalized CSD's computed in (ii) are to be resolved in arbitrary 

directions. Computations to this point were carried out in FORTRAN, 

being time consuming;* from now on, calculations are to be effected in 

BASIC, and most of the input-output handled through data files, the 

latter compatible with a "utility" program§ used to examine (graphics 

display) and plot the data. 

The previously calculated CSD' s may readily be resolved in arbitrary 

directions; the technique is illustrated here: consider the cylinder pair 

shown below, with "Cartesian" directions a and b for the first cylinder, 

and c and d for the second one. 

J 

i 
I 

The quantities Gac(w), Gaa(w), Ghc(w), and Ghd(w) are known. Ye wish to 

compute GtJ(w). From basic definition, 

+'t'l/2 f 4(ro)·J(1'+1'o)·df'o 

-'t'l /2 

*On the HP9000 computer, FORTRAN was found to be approximately three 

times faster than BASIC (V). 

(4.11) 

§ Not listed as it basically does not perform any calculations (and would 

have unduly added to the length of this Thesis, being about 5000 lines 

of coding). 
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where t(r) and J(r) are the time dependent motions in the t- and J- direc

tions respectively. The latter may be resolved in terms of signals a(r), 

b(r), c(r), and d(r), as 

i(r)- cos 0 t" a(r) +sin 0 l' b(r) , (4.12) 

and 

J ( r) - cos 0 J' c ( r) + sin 0 J • d( r) (4.13) 

The above equations simply yield 

1 
RtJ(r) - lim 

'(" 1 -+ Cl) '(" 1 

+'t"1/2 . I [cosO~,· a(r0 )+sin8r b(r0 )] ·[cos OF c(r+r0 ) 

-'t"1/2 

which results in the relationship 

RtJ(r)- cos 0 l' cos Or Rac(r) +sin 8 r sin OF Rbd(r) +cos 0 i' sin 8J 

· Rad(r) +sin 0 t' cos 8}' Rbc(r) . 

Fourier transforming eqn.(4.13), we obtain 

G tJ(w)- cos 8 l' cos 8 }' Gaa (w) +sin 8 i' sin 8 J' Gbd(w) +cos (J t' sin (J J 

· Gad(w) +sin (J i · cos 0 J' Gbc (w) . 

(4.14) 

(4.15) 

In single cylinder cases (for example, cylinder "l" above), we are given 

(previously computed) Gaa(w), Gbb(w), and Gab(w); Gtt(w) may be derived in 

a manner similar to one utilized above. We get 

2 2 * G t t(w)- cos (J r Gaa(w)+ sin (} t' Gbb(w)+ sin (J i' cos(} i' [Gab(w) + Gab(w)] , 
(4.16) 

where the relationship Gba(w)- G~(w) was used. 

Eqs.(4.15) and (4.16) are the basic relationships used to compute PSD's 

and CSD's, in the (BASIC) program CSD_comp (see Appendix K). 

Other (BASIC) programs used are: (i) THEOR_CALC, for implementing eqn. 

(2.272), namely multiplying the "normalized" CSD's (computed by CSD_comp) 

by the appropriate (user chosen) pressure PSD, and non-dimensionalizing. 

Also, (ii) COH CALCis used to compute coherence (see Appendix K). 
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4.2-6: Units - vibration data 

Vibration data shall be presented in dimensionless form. For both the 

theoretical* and experimental cases, (i) the dimensionless amplitude is with 

respect to the (reference) cylinder diameter D (see eqn.(2.270)), and (ii) 

the dimensionless frequency is defined by eqn.(2.50). 

Dimensional vibration PSD's (CSD's) may be computed simply by multiply

ing the dimensionless ones by D2 w/O, i.e., from eqn.(2.50), by the factor 

2 (11lo+PA.c,J 1
/

2 

8 · L • n Eo . Hence, we may write (see also eqs. (2.47) and (2.269)) 

I 
2 ( mo + pAo J 1/2 

Gyy(t) - s · L · E · Gdd<eo ,e0 ,w) , (4.17) 
x/L- 0.4186 

11 0 

where Gyy(J.) is the dimensional PSD, and J. is the frequency in Hz (see 

eqn.(4.3)). Note that the diameter has been cancelled out, as it appears 

equally in the amplitude and frequency terms. For the particular values of 
2 the parameters of the system under analysis, the factor becomes 39.0 cm jHz, 

i.e., eqn.(4.17) becomes 

Gyy(J.) I [cm
2
/Hz]- 39.0 · Gdd<eo ,e0 ,w) 

x -19.67 cm 
(4.18) 

* Note that the original derivation is in terms of~ (see eqn.(2.48)), and 

later modified to be in terms of d (eqn.(2.270)). 
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4. 3: VIBRATION - RESULTS (THEORY AND EXPERIMENTS) 

Theoretical results have been presented along with experimental ones, to 

allow comparisons as we proceed, and to minimize the required number of 

plots. The experimentally investigated clusters were described earlier (Sec

tion 4.2-3), and theoretical computations have been effected for each case, 

at selected velocity points (usually u-1,3,5). 

Data for each of the thirteen tested clusters is presented in a standard 

format, which shall now be described in the course of reviewing the basic 

"Reference.. tests, namely the K- 4, Gc - 0. 7 5, 4F, diagonally opposite pair, 

Radial-Tangential case (see .. Ref. 1", in Section 4.2-3). 

4.3-1: K-4, Gc-0.75, 4F, R-T (1,3)- "Reference" test 

4.3-la: Basic results 

The K- 4, 4F configuration was chosen as the .. reference .. one, for the 

following reasons: 

(i) it was desirable to investigate a bundle with a large enough 

number of cross-sectional coupling modes, which number 2K (see 

Fig. 26); it was felt that K- 2 was too small, although K- 3 

might have provided an adequate number; 

(ii) mounting of four cylinders, calling for support fins arranged 

as a cross, was considered much easier than three, which made 

that last option undesirable; 

(iii) investigating K>4 (as a reference test, which calls for further 

comparison experiments), would have required considerably more 

computer time to generate theoretical data; 

(iv) four cylinders provided conveniently orthogonal symmmetry 

angles (Radial, Tangential, and Edge, described earlier); this 

is also true for the sub-case of K- 2. 

Both experimental and theoretical data for this case will now be exami

ned; Fig. 31 depicts power spectral densities (PSD's), in both the Radial 

and Tangential directions, for cylinder Position 1 (see Fig. 28), at the 
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values of the dimensionless velocity u- 1, 3, and 5. Note that the latter 

value is close to the critical velocity, hence the range 0-5 (for u) covers 

basically the whole range of sub-critical vibration.* Solid lines corre

spond to the PSD scale, whereas the dotted ones are an expansion of those 

(solid) lines, to permit visualization of lower power levels. The dimension

less frequency range was chosen to encompass both the first and second beam 

mode groups: recall that, theoretically (mean-flow or random models), it is 

predicted that motion occurs in subsequent frequency groups, each group 

corresponding approximately to motion in a dominant lateral beam deflection 

mode, the first such group corresponding, of course, to the lowest beam mode 

(least number of nodes), and so on. Experimental second mode group powers 

are already significantly lower than first group ones (by a factor of ap

proximately 500 for u- 1, 300 for u- 3, and 50 for u- 5) : for that reason, 

we shall (shortly) show only one case where the third mode group was de

tected, and show none for higher mode groups (fourth and on). Note that the 

assumption of a dominant nth beam mode for the nth mode group has been made 

here, for computation of powers: for example, in estimating powers, say for 

u- 1, the integrated PSD in the frequency range of 0 to about 45 is taken 

as first group power, and the integrated PSD in the frequency range of 45 

to 75, weighedbythefactor (0.563) 2 [see eqn. (3.1)], is taken as the 

second mode group power. The justification for choosing frequency ranges as 

done here will become obvious shortly, after comparisons have been made be

tween theoretical and experimental mode groups. 

In Fig. 31, one may see both the first and second mode groups, at each 

velocity, the latter albeit at much lower power levels. Individual "peaks", 

corresponding to mean flow discrete frequencies (see Fig. 27), are notal

ways present in the experimental PSD' s. With increasing velocity 1 (i) we 

observe a general decrease of frequencies, accompanied with a slow increase 

in bandwidth (the high limit frequency does also go down with velocity) 1 

(ii) there is an increase in power (i.e. in rms vibration amplitudes). The 

PSD shapes (power distribution) remain relatively constant (except for 

*Critical velocity is covered to some extent in Ref. [75]. 
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power levels and bandwidth), and so does the relation between radial and 

tangential motion: there appear to be two dominant peaks in the radial direc

tions, and two to three in the tangential one. When the latter (measured) 

PSD's are plotted together with the theoretical ones, it will be possible 

to infer much more about the behaviour of the system, especially when supple

mented by coherence and phase comparisons (experiments vs theory). 

To illustrate the correspondence between dimensional and dimensionless 

quantities (frequencies and PSD's), the u-3 case of Fig. 31 has been replot

ted in Fig. 32, with dual scales. For reference, the total (vibration) power 

for the latter PSD's (about the same in both radial and tangential direc

tions) is of the order of 130~ cm2 (0.11 mm (0.004 in) rms amplitude). Note 

that the latter Figure is not part of the "standard presentation format" 

mentioned earlier. 

System characteristics are easier to visualize by inspection of Figs. 33a 

and 33b, which illustrate in more detail behaviour of the system with in

creasing* velocity, covering the range u- 0. 5 to 5. 0, in 0. 5 increments: The 

very slow decrease of the upper frequency limits (both radial and tangent

ial) are obvious here (around w- 30), and so is the faster decrease of the 

lower limit (see Fig. 24 for the analogous behaviour of the mean flow model 

frequencies). 

Total powers (integrated areas under the PSD curves§) are plotted versus 

flow velocity, in Fig. 34: there is exponential increase at first, but this 

trend is not preserved at higher velocities (most cases will be found to 

behave exponentially, and this aspect will be discussed in more detail in 

Chapter 5). Note that, as mentioned in the last paragraph, the u- 3 point 

(about 20~) represents an rms amplitude of 0.11 mm. 

* Note that lowest velocities are depicted at the bottom of the page, in 

Figs. 33a and 33b. 

§ The lower bound used is w- 1, to cut off the effect of large DC offsets 

near zero. The upper bound is w-75 (factor of eqn. (3.1) not used here: 

effect negligible). 
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· Figs. 35a and 35b depict both experimental and theoretical PSD' s, at 

three flow velocities, for the Radial and Tangential directions respec

tively. Separate density scales were required, as measured and predicted 

power (density) levels differ by more than one order of magnitude; the 

left-hand side scales apply to the experimental data (RED traces), and the 

right-hand side ones to the theoretical data (GREEN traces). The dotted 

traces are expansions of the solid ones, to allow visualization of the sec

ond beam mode groups, and scales are given in the captions. Note that theo

retical scales had to be expanded more than experimental ones, signifying 

that the ratio of theoretical to experimental power (densities) is not the 

same for first and second mode groups; it is lower in the latter case, for 

all three velocities. 

In both Radial and Tangential directions, there is remarkable agreement 

between theory and experiment, in terms of PSD shapes (relative power dis

tribution, versus frequency), except for the following items: (i) There is 

(relatively) more power, at u- 1, at low frequencies (0-15), in both direc

tions (Radial and Tangential). (ii) There is a tendency for closely spaced 

theoretical"peaks" (e.g. w-26 and 28 in Fig. 35a, at u-1) to not be repro

duced experimentally (although we do find such peaks in the u- 1 case, for 

the tangential direction). (iii) Damping in the measured data seems to cor

respond to that modelled in the theory only at the lowest velocity (u -1); 

otherwise it appears that actual (experimental) damping goes up (relative to 

the theory) with flow velocity (broadness of PSD's). (iv) Second mode group 

PSD shapes are not as well matched as the first group ones, and theoreti

cally predicted frequencies are underestimated to some extent. The second 

mode group u-1 data, in the tangential direction (Fig. 35b), has "peaks" 

not predicted by theory, at W"" 38 and 49 (the measured peaks corresponding 

to theory are at w ... 60 and 66 respectively). The above discrepancies will 

be discussed in Chapter 5. 

Powers do not compare well: the theoretical results consistently over

estimate power levels, by a factor of 10 to 26 (i.e. amplitudes by a factor 

of 3 to 5) for the first frequency group [e.g. w- 0 to about 40 at u- 3] , 
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and by a factor of 3 to 7 for the second mode group. Discussion of power 

levels is postponed until Chapter 5. 

Inter-cylinder coupling characteristics are revealed by coherence and 

phase measurements; the present "Reference.. test was conducted with an 

instrumented cylinder pair located diagonally opposite within the bundle, 

with the measurement planes oriented in radial and tangential directions. 

Case (iv) in Fig. 30 depicts such a setup. There are two non-zero inter

cylinder cross-spectra* in that particular setup, namely the Radial-Radial 

and Tangential-Tangential cases. Figs. 36a to 36f inclusively depict data 

for the three flow velocities u-1, 3, and 5; the R-R (1,3)§ case at u-1 

is shown in Fig. 36a: Agreement can be said to be excellent, considering 

the relative complexity of the system. We note the same theoretical under

valuation of frequencies in the second mode group (found for PSD's), i.e. 

around w- 54 and 66. Furthermore, corresponding to the "noise" in PSD power 

found at low frequencies (Fig. 35a, at u- 1, in w- 0 to 15), we find the 

coherence is higher than predicted. Although the experimental and theoret

ical coherences of Fig. 36a do not match "perfectly", a review of the "large" 

number of cases investigated will reveal a close similarity between the two. 

The T-T (1,3), u ... l case is depicted in Fig. 36b, followed by the u-3 and 

u- 5 cases (for Radial and Tangential directions, Figs. 36c to 36 f). Exper

imental and theoretical phases are basically indentical, except where the 

measured coherence is low; Starting from w- 0, the phase sequence of 0°-180° 

-0° is found in both theory and experiments. The measured phase jumps to 

basically 180° at w =- 30, and the discrepancy persists until w"" 35 (at low 

levels of measured coherences). The next region of disagreement starts at 

w""' 45, again corresponding to low levels of measured coherence. Inspection 

of all phase results will show that theoretical and experimental phases 

always match, unless the measured coherence is low, which occurs mainly when 

the theoretical one is low as well (recall that, in general, coherences do 

match). Coherence and phase results will be much easier to interpret from 

global results (all cases), but nevertheless, more information can be ex-

* It can be seen by symmetry that R Pos.l and T Pos.3 should be uncorrelated. 

§Abbreviated terminology for Radial-Radial (directions), Positions 1 and 3. 
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tracted from Fig. 36 (a to f): (i) The measured phase tends to have the value 

of 180° or fluctuate "wildly", whenever coherence is low, (ii) the coherence 

shapes are generally the same: some examples are in the vicinity w- 26 in Fig. 

36a, at w ... SO in Fig. 36c, all of Fig. 36d, and so on. An important feature 

in the correspondence between measured and calculated coherences is that 

when a match does not exist, the relative shapes do compare, albeit at dif

ferent levels; for example, Fig. 36c at w ... 23, and Fig. 36f at w ... 10. There 

are discrepancies in terms of coherence "peaks bandwidth": Fig. 36a at w > 60 

and Fig. 36b at w > 62 indicate wider experimental coherences, while Fig. 36b 

at w""' 29 suggests the reverse. 

Additionallly, we note that (iii) there is a one to one correspondence 

between the "discrete" phase sequence of the mean flow model, and the re

lated values of the random model; for example, R-R "discrete" phases and 

frequencies are, at u-3, from Figs. 26 and 27, 0° at "'""16, 180° at W""23, 

and 0° at w"" 26 (note the measurement directions of instrumented cylinders, 

in Fig. 30). The random model phases are identical (at those frequencies), 

as seen in Fig. 36c. Note that this discrete sequence is repeated for 

higher mode groups, in both the random and mean flow models. By inspection, 

the T-T "discrete" phases also have a correspondence with the random case 

(i.e. 0° at w""l9, 180° at w"" 21, and 0° at "'""' 28). Of course, the random 

model does yield phase information at all frequencies; this yields addi

tional phase information, for example 180°, for T-T, at low frequencies (see 

Figs. 36b and 36d). In connection with the latter observation, we note that, 

with the downward shift of frequencies with flow velocity, this 180° T-T 

phase has dissapeared at u-S (see Fig. 36f), which means that (iv) the 

random model phase sequence (with increasing frequency) is not necessarily 

the same for each beam mode group, although it tends to be. Another example 

of "irregular" sequence can be seen for the u- 1, R-R case (Fig. 36a), at 

w = 39, where the phase is 180° instead of the value of 0° found at the other 

two velocities (Figs.36c and 36e), although the corresponding coherence is 

extremely low (so that this "irregularity" is not meaningful). 
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In summary, we may tentatively list the following salient features of 

the K- 4, Gc- 0. 75, 4F system: 

-In terms of PSD's: 

(1) Motion tends to occur in (frequency) groups, the n~h group corre

sponding to the n~h beam lateral deflection mode. 

(2) Most power lies in the first mode group. 

(3) The theoretically predicted PSD shapes are indeed reproduced exper

imentally, most accurately at low flow velocities. 

(4) Relative to the theory, experimental damping gets progressively 

higher, with increasing flow velocity. 

(5) The theory underestimates the second mode group frequencies, more 

so at higher flow velocities, by up to about 15%. 

(6) Theoretically predicted power levels are high by more than one order 

of magnitude (i.e. amplitudes by more than 1/2 order of magnitude). 

(7) Power increases exponentially with flow velocity, at least in the 

lower velocity range. 

-In terms of CSD's: 

(1) Experimental and theoretical coherences are generally similar, with 

a number of exceptions in levels (values), but with generally very 

similar shapes. 

(2) Phases (theory and experiments) are essentially identical, with the 

exception that where coherences are low, the measured ones tend to 

either fluctuate "wildly" or hover around 180°; as for PSD's, the 

second mode group theoretical frequencies are slightly low. 

(3) The mean flow model "discrete" phase sequences are a subset of the 

"continuous" ones of the random model, and the latter tend to recur 

in (frequency domain) groups. 

Comparisons with other systems (e.g. with larger Gc -1.00), and more 

detailed discussions will be presented later. 
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The following sections (4.3-lb to 4.3-lf inclusively) deal with selected 

topics which require discussion, and which were investigated using the 

same bundle ("Reference 11 
- K - 4, Gc - 0. 7 5 , 4F) . The sequence in which the 

foregoing information has been reviewed constitutes the so-called "standard11 

format (mentioned earlier). 

4.3-lb: Third beam mode group 

In 4.3-la, we discussed only the first two beam mode groups, that is 

results in a frequency range corresponding only to the first two beam lat

eral deflection modes. To verify that signal power does decrease as we 

proceed to higher mode groups, and to ascertain the existence of at least a 

third mode group, data was analyzed in a wider frequency band, namely in 

thew range of 0-150 (instead of the usual 0-75). Fig. 37 illustrates both 

experimental and theoretical* PSD' s, at u- 3, in Radial and Tangential di

rections. The left and right hand scales apply to the solid RED and GREEN 

curves respectively, and both the dotted and dashed traces have undergone 

a scale expansion. The experimental data is believed to represent the third 

mode group, but agreement with theory is rather poor: in the Radial direc

tion, the experimental peak at w ... 130 could represent the theoretical peak 

at w"" lOO, and similarly, the (experimental) tangential peak at w"" 130 would 

correspond to the (theoretical) peak at w ""110 (the measured peak at w ... lOO 

is thought to correspond to the 11 stray" power found in the u-1 second mode 

group tangential case (see Fig. 35b, at w"" 38). Powers for both experimental 

and theoretical data are more than one order of magnitude lower than the 

second mode group, and (third mode) experimental data is about three orders 

of magnitude lower than the first mode group data. 

Coherence and phase data can be interpreted fairly easily by keeping in 

mind the idea that the theory underestimates third mode frequencies by 

about 20% (see Fig. 37). The u- 3, R-R (1,3) and T-T (1,3) cases, are de

picted in Figs. 38a and 38b respectively: The experimental R-R coherence 

* With N- 5. Note that the theoretical data is from an earlier run: differ

ent values of the constants c and Cr (c-0, cr-0.027) were used at that 

time; this does not change the results in any major way (see 4.3-ld below). 



0 

0 

138 

"peak" at w""' 130 would represent the theoretical peak at w"" 100, and the 

measured T-T coherence "peak" at w"" 130 would correspond to the theory's 

c.>=l20 (the W""'ll7 measured peak would stem from the "stray" power mentioned 

above). As usual, phases do basically agree, where the measured data has a 

high enough coherence to yield reliable data. 

Note that the third mode was investigated mostly to support conclusions 

about the second mode, but given the very low signal strengths involved 
-3 -3 

(rms amplitudes of about 0. 2 x 10 in. [ 5 x 10 mm]), could not have been 

said to generate "independently reliable" data. 

4.3-lc: Choice of N 

The number of comparison functions utilized for theoretical computa

tions was three (N- 3), in most cases (for example, an exception is the 

analysis of the third beam mode in 4.3-lb above, where N- 5). We wish to 

determine the minimum value of N, so as to obtain reasonable accuracy for 

the frequency range of 0-75, which encompasses the second beam mode group. 

Theoretical radial and tangential direction PSD' s, at u- 3, are shown 

in Fig. 39, for the three values N- 5, 3, and 2. The second mode groups are 

shown as dotted traces, and the third ones as dashed traces (as before, 

density scale expansions were necessary here). We see that the radial and 

tangential direction results behave in a similar way. Any effects of N (5, 

3, or 2) on the first group PSD's are not apparent here, and we may safely 

state that N- 2 is sufficient for the first group. The difference between 

second mode group PSD' s, for N - 5 (RED) and N- 3 (GREEN) is very small and 

hence, N- 3 is in fact sufficient to model second mode group PSD' s. We note 

that some error exists in the third mode group when N- 3 (GREEN), and con

siderable error (virtual absence of power) occurs when N- 2 (BLUE). 

The above conclusions also apply to the computations of coherence and 

phase; compare the N-5 (RED) and N-3 (GREEN) data in Fig. 40a [R-R (1,3)], 

Fig. 40b [T-T (1,3)], Fig. 40c [R-R (1,2)], and Fig. 40d [T·T (1,2)]. 
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Unless otherwise noted, the value of N used for theoretical calculations 

will have been 3. 

4.3-ld: Effect of c and cf 

The only two system constants that have a relatively high degree of un

certainty are the "linearized drag coefficient" c, and the longitudinal 

(fluid) friction coefficient cf (see eqn. (2.52)). Approximate (dimensional) 

values have been established in Chapter 4 (Section 4.2-4). The corresponding 

dimensionless values, used in Appendix K, are c-0.039 and cf -0.016. 

Theoretical computations were effected with the values c- 0. 00, 0. 01, 

0.02, and 0.03,* and similarly for cf; the "Reference" system, that is 

K- 4, Gc- 0. 75, 4F, was utilized. Since the Edge (as compared to Radial or 

Tangential) direction PSD's contain "peaks" at all frequencies, this direc

tion was chosen for comparisons. The mid-range velocity u- 3 was chosen. 

The effect of varying c is shown in the top part of Fig. 41: We see that 

PSD' s are relatively insensitive to changes of c (integrated power level 

changes are minimal). The middle part of the same Figure depicts the effect 

of varying cf: In this case, the resulting PSD's are affected to a greater 

extent, but only in terms of the height of the "peaks"; the overall power 

varies to a lesser extent. The effect of varying both coefficients simulta

neously is illustrated in the bottom plot of Fig. 41. The trends resemble 

those found for cf, with slightly more accentuated effects. In summary, the 

dominant effect is for the PSD "peaks" to be reduced in height with increas

ing cf. 

The effect of simultaneous variations in c and cf on the coherence func

tion can be seen in Figs. 42a and 42b, for position pairs 1,3 (diagonally 

opposite cylinders) and 1,2 (adjacent cylinders) respectively. It should be 

noted that the second peak, dominant in the T-T case, is affected signifi-

* At the time when calculations were performed, the values commonly used 

for c and et were 0.00 and 0.027 respectively: hence the range of trial 

values was set at 0.03 (rather than 0.04). 
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cantly, reaching a fairly low level when c- cf - 0. 03 (this could be a plau

sible explanation for coherence level discrepancies between theory and ex

periments). 

Phases can be said to be essentially unaffected by c and cf (see Figs. 

42a and 42b) . 

4.3-le: Symmetry 

Most of the thirteen systems tested are inherently symmetrical; for ex

ample, the "Reference" K- 4, Gc- 0. 75, 4F system should possess identical 

PSD' s in all four Radial directions, all four Tangential directions, and 

all eight Edge directions (see Fig. 28). The experimental system response 

was not originally symmetrical, and the problem was eventually corrected 

with the development of the two-stage turbulator depicted in Fig. 11. Every 

experimental run involved symmetry checks, as verification for cylinder 

alignment, orientation of strain gage measurement planes, etc. Symmetry was 

comparable in all cases, therefore only one system will be presented; the 

"Reference" case shall be used, especially since it is the only one for 

which Edge direction measurements are available, in addition to the Radial 

and Tangential ones. 

Figs. 43a, 43b, and 43c illustrate symmetry for the flow velocities 

u- 1, 3, and 5, in the Radial and Tangential directions, and Fig. 44 

depicts symmetry for the same velocities, but for the four Edge directions 

(of the two instrumented cylinders). In general, it can be seen that symme

try is excellent; we notice a few isolated exceptions, namely low frequency 

"stray" power (Fig. 43a in the Radial direction, Fig. 44), and additional 

power "peaks" (Fig. 43a in the Tangential direction, Fig. 44 at u- 1 in two 

of the Edge directions [w"" 38]). 

We may say that symmetry is more than adequate, and includes at least the 

second mode group (in spite of much reduced power levels). 
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4.3-lf: Repeatability 

Another important criterion is experimental repeatability. Given the con

sistently observed symmetry of the various systems tested, it was felt that 

a single repeatability test, performed on the "Reference" system, would be 

adequate. PSD' s, coherence functions, and phases were measured for the K ""4, 

Gc- 0. 75, 4F system, at u -1, 3, and 5, in the Radial and Tangential direc

tions. Repeatability testing was effected by running two independent exper

iments with the same setup; for each setup, the whole assembly was taken 

fully apart, then reassembled and relocated in the test channel. This proce

dure included operations such as resetting the radial position· of cylinder 

support ogives (see Fig. 13) and angular positioning of the strain gage 

measurement planes. Figs. 45a, 45b, and 45c depict Radial and Tangential 

PSD's, at the three flow velocities tested, and Figs. 46a, 46b, 46c, and 46d 

illustrate coherences and phases, for cylinder Positions 1 and 3 (diagonally 

opposite). 

Repeatability is generally very good at all velocities, and in both direc

tions; the worst discrepancy may be seen if Fig. 45b, in the Radial direc

tion, at w.., 16. The largest phase discrepancy is for the u- 1, T-T ( 1, 3) 

case, in the low frequency range: this is of no concern (and normal), how

ever, since the corresponding coherence is low. 

The next system to be examined is the same as the "Reference 11 system 

discussed earlier, but with vibration measurements in Edge directions (e.g. 

case (i), Dir. 1, in Fig. 30} instead of the Radial and Tangential ones. 
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4.3-2: K-4, Gc=-0.75, 4F, E-E (1,3) 

Following the presentation format introduced in Section 4.3-la for the 

"Reference" test, we begin by examining PSD' s at u- 1, 3, and 5: Fig. 4 7 

illustrates the two Edge direction PSD's, for the cylinder in Position 1. 

As should be the case by symmetry, the PSD's are basically the same, for 

both the first and second mode groups (the latter, as usual, requiring a 

scale expansion). Note that this Figure is the Edge equivalent to Radial 

and Tangential of Fig. 31; in the case of the Edge direction(s), all inter

cylinder coupling mode frequencies (see Fig. 26) are present, as both Radial 

and Tangential directions have components in the Edge direction(s). This 

yields the more uniform PSD shapes of Fig. 4 7. Otherwise, the observed 

trends (i.e. dominant frequencies and power versus flow velocity) are the 

same as those for Radial and Tangential directions. Fig. 48 represents the 

data of Fig. 47 (6- 0° Edge direction only) versus flow velocity, for easier 

visualization of these trends. 

Total power, integrated from the data of Fig. 48, is shown versus flow 

velocity, in Fig. 49; it is comparable to those computed for the Radial and 

Tangential directions (see Fig. 34). Nevertheless, the u- 5 Edge power is 

about 15% lower than expected from Radial and Tangential power data: the 

latter read 76p and 88p respectively, yielding an expected 82p* for the 

Edge direction, versus the value of 69p of Fig. 49. 

Comparisons of the experimental to the theoretical PSD's is made in Fig. 

50, at the three flow velocity values of u- 1, 3, and 5. It can be seen that, 

similarly to the Radial and Tangential cases, closely separated theoretical 

peaks are not resolved in the measurements (assuming that they do indeed 

exist). Again we find some stray power at u"" 1, at low frequency and at 

w""' 38. The second mode group results do not appear to compare as well as 

they did in the· Radial and Tangential cases (see Figs. 35a and 35b), but 

are nevertheless acceptable. 

* The R-T CSD is zero (by symmetry, theoretically, and also measured), 

hence PE ""' (PR +PT ) /2 , where P is power. 
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Coherence · function and phase, both experimental and theoretical, are 

depicted in Fig. 51 (a to f), for u-1, 3, and 5. Two cases are examined, 

namely, E (1)@ 0° versus E (3)@ 180°, and E (1)@ 90° versus E (3)@ 270°. 

Theoretically, these two cases are identical (symmetry), and it can be seen 

from Figs. 51 a and Slb (u -1), Figs. Slc and Sld (u- 3) , and Figs. 51e and 

51f (u- 5), that the same is basically true of the measured data. Coherence 

functions generally compare well, with some particularly good instances, for 

example at w,.. 23 for u- 1 (Figs. Sla and Slb, see also phases), and some 

rather poor comparisons, for example at "'""53, at u- 1, for the 0°-180° 

case (Fig. Sla). Phases generally compare very well, except as before, in 

cases of low coherence. But there are coherence and phase discrepancies: 

at w"" 39, at u- 1, for the 0° -180° case (Fig. Sla) there is a coherence 

"peak" not present in the theory; the corresponding phase is 180° rather 

than the 0° value predicted in theory. An analogous situation exists for the 

90°-270° case (Fig. Slb). The cause for this appears to be the stray power 

mentioned above (see Fig. 50). Furthermore, for w < 12, at u- 5 (Figs. Sle 

and Slf), coherences basically do not agree (although phases do). This is 

believed to be due to the underestimation of damping, in the theory (see 

Fig. 50, at u- 5); a more detailed discussion of that problem shall be 

presented in Chapter 5. 

We proceed to examine a variant of the basic system (K- 4, Gc- 0. 75, 4F, 

R-T (1,3)), namely the same system, but Positions 1 and 2. 



0 

0 

144 

4.3-3: K-4, Gc-0.75, 4F, R-T (1,2) 

Since this is a variant of the "Reference" test of Section 4.3-1, no 

PSD's will be presented here (refer instead to Figs. 31, 33a and 33b, and 

35a and 35b), and we consider only the inter-cylinder quantities of coher

ence function and (CSD) phase. 

The usual R-R and T-T combinations have been chosen, and Positions are 1 

and 2 (see Fig. 28). Coherences and phases are illustrated in Figs. 52a and 

52b (u- 1) , 52c and 52d (u- 3), and 52e and 52£ (u- 5) . Coherence compare 

remarkably well in both the R-R and T-T cases, at all flow velocities. The 

"usual" theoretical underestimation of frequencies, for the second mode 

group, is again seen here. Whenever coherences are high enough, the exper

imental and theoretical phases fully agree; one could presume that the 

closer proximity of adjacent cylinders results in stronger coupling, but a 

comparison of coherence functions for this (1,2) case, with those of the 

(1,3) case [Fig.36 (a to f)] reveal that the latter are not any smaller in 

magnitude. 

This case provides strong reinforcement in terms of agreement between 

experimental and theoretical inter-cylinder data. 

The next two cases to be reviewed involve again variants of the "Refer

ence" system (K-4, Gc-0.75, 4F, R-T (1,3)), but for larger inter-cylinder 

spacing, namely Gc -1.00 (next Section) and Gc -1.50. 
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4.3-4: K-4, Gc -1.00, 4F, R·T (1,3) 

One important variable in the study of fluid coupling is inter-cylinder 

spacing. Results are now reviewed for this Gc - 1. 00 bundle, for eventual 

comparison with the (Gc- 0. 75) "Reference" cluster, and also with the Gc-

1.50 bundle, to be presented next. 

Measured Radial and Tangential PSD's are depicted in Fig. 53. Comparing 

this Figure with Fig. 31 (Gc- 0. 75), we see that power (density) levels are 

slightly lower, PSD's are not as broad, and dominant frequencies are about 

the same; differences are not obvious, unless direct graphical comparisons 

are used; this will be done in Chapter 5. 

Figs. 54a and 54b illustrate Radial and Tangential direction PSD's versus 

flow velocity, and Fig. 55 shows the corresponding integrated powers, also 

versus flow velocity: no new characteristics can be detected here. 

The comparison between experimental and theoretical PSD' s is made in 

Figs. 56a (Radial) and 56b (Tangential): the key feature here is that the 

lower dominant "peaks"* (as compared to the Gc- 0. 75 case · see Figs. 3Sa 

and 35b) in the measured PSD's are also found in the theoretically computed 

ones: this lends support to the theoretical model, in terms of relative 

trends (recall that power levels do not agree, hence the use of separate 

experimental and theoretical scales in Figs. 56a and 56b). 

The effect of increasing inter-cylinder spacing on coherence and phase 

may be seen by comparing Figs. 57a to 57£ (Gc-1.00), to Figs. 36a to 36£ 

(Gc- 0. 75): both experimental and theoretical coherences and phases, in R-R 

and T·T cases, and at u- 1, 3, and 5, are virtually the same, except for 

slightly narrower coherence "peaks" and corresponding phase "cycle". For 

example, in the R-R case at u-1, and "''"" 25, the Gc -1.00 (Fig. 36a) data 

(coherence and 180° phase) is "wider" than the corresponding Gc -1.00 data 

(Fig. 57a). Effects of Gc will be reviewed in more detail in Chapter 5 (and 

will include, of course, the Gc- 1. SO case to follow). 

*Ratio of "crests .. to "valleys". 
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4.3-5: K-4, Gc-1.50, 4F, R-T (1,3) 

To supplement the Gc- 0. 75 and Gc- 1. 00 cases, experimental and theoret-

. ical data was generated for the Gc- 1. 50 case; comparatively to the former 

two cases, the measured PSD's for this latter case, illustrated in Fig. 58 

do not exhibit trends easy to detect, other than a more pronounced tendency 

for the first two Tangential "peaks" (wac 24, 22, 16, corresponding to u-1, 

3, and 5 respectively) to merge. Comparison plots, in Chapter 5, will con

firm that the system does indee~ behave as predicted in theory, in the sense 

of narrowing of PSD's with increasing Gc; for example, the third Tangential 

"peak", at u-1, is found at W"" 29 in the Gc- 0. 75 case (Fig. 31, at top), 

and w ... 28 in the Gc- 1. 00 case (Fig. 53, at top) , whereas this "peak" is at 

w""' 27 in the Gc -1.50 case (Fig. 58, at top). 

Figs. 59a and 59b show the variation of Radial and Tangential direction 

PSD's with flow velocity: the behaviour of the system is basically the same 

as that for the Gc -1.00 (Figs. 54a and 54b) case. 

Total powers are depicted in Fig. 60, and are found to be slightly higher 

than those for Gc- 1. 00 (Fig. 55), and as for the latter case, Radial and 

Tangential powers are of almost equal magnitude, with the Radial being the 

highest of the two. The power versus velocity plots for the three Gc's (0.75, 

1.00, 1.50) all suggest an "exponential" increase of power, with flow veloc

ity (see Figs. 34, 55, and 60). 

As for closer spacings, this latter case compares well with theory, in 

terms of PSD shapes, as seen in Fig. 6la (Radial) and Fig. 6lb (Tangential). 

As before, the u-1 cases compare remarkably well (in the first mode group). 

The further "narrowing" of coherences and phases (with increasing inter

cylinder spacing) is obvious, when comparing Figs. 62a to 62f (Gc- 1. 50), 

to Figs. 57 a to 57f (Gc -1. 00). Furthermore, coherences have lowered notice

ably in this latter case (Gc"" 1. 50), both theoretically and experimentally, 

in comparison to the earlier cases (Gc- 1.00 and 0. 75). This indicates a 

reduction in fluid coupling, owing to an increase in inter-cylinder dis

tances. Note that even when experimental and theoretical coherence magni-



0 

0 

147 

tudes disagree, the lowering trend is nevertheless consistent: for example, 

the u-1, R·R (1,3) cases, at w> 60, in Figs. 57a and 62a. 

We now proceed to examine the various cases where the number (K) and 

combination of Flexible and Rigid cylinders were varied. The next two cases 

involve two flexible (K- 2, 2F) cylinders, and a single flexible (K- 1, lF) 

cylinder, respectively. 
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4.3-6: K- 2, Gc -1.89, 2F, R-T (1,3) 

The purpose of investigating this cluster is twofold: (i) to study the 

characteristics of a K- 2 system, as compared to the "Reference" (K- 4) 

system, where the former system is obtained from the latter, after two diag

onal cylinders have been removed (which results in the Gc- 1. 89 value), 

(ii) to provide a reference system, for comparisons with Gc- 0. 75, 2F/2R 

systems (to follow), for later investigation of the relative effects of 

(flexible) cylinder motion versus (rigid) cylinder "presence", in the study 

of fluid coupling. At this point, results shall only be discussed in rela

tion to item (i) above; comparisons of this Gc- 1. 89, 2F system (and Gc-

0.75, 4F system), with the (Gc-0.75) 2F/2R systems shall be effected only 

after reviewing the latter (Chapter 5). 

This K- 2, Gc- 1. 89 system is "widely" spaced; this can be seen by in

specting Fig. 28, Positions 1 and 3 only (i.e. Positions 2 and 4 cylinders 

removed). The resulting measured Radial and Tangential PSD's are almost the 

same, as shown in Fig. 63; little distinction remains between the two meas

urement directions, since fluid coupling is weak, owing to the relatively 

large inter-cylinder spacing. For the u- 1 case, we can distinguish two 

"peaks", in both directions; this is not as obvious at u- 3 and u- 5. The 

power (density) levels of the second beam mode group PSD's are similar to 

those found in the cases reviewed previously. We again note the "stray peak" 

at u-1, in the Tangential direction, at W'""38. As expected, the combination 

of a reduction in the number of cylinders and a fairly large inter-cylinder 

spacing yields PSD's which converge towards those for a single isolated cyl

inder, although in this case, Gc -1.89 is still low enough to retain typical 

two-cylinder characteristics (see below). 

The variations of Radial and Tangential measured PSD's with flow veloc

ity is illustrated in Figs. 64a and 64b. Note that the slower downward shift 

in frequencies with increasing flow velocity is simply due to a higher crit

ical velocity (for divergence) than that for four flexible cylinders. 
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The integrated total powers are depicted, versus flow velocity, in Fig. 

65. Again, approximately exponential curves are obtained, and power levels 

in Radial and Tangential directions are similar. 

Experimental and theoretical PSD's compare very well, as may be seen in 

Figs. 66a (Radial) and 66b (Tangential). As in earlier cases, the best 

agreement occurs at u- 1, and it appears that actual (measured) damping is, 

as before, higher than theoretically predicted (to be discussed in Chapter 

5). The theory underestimates to some extent the second mode group frequen

cies. 

Figs. 67a to 67f depict experimental and theoretical coherences and 

phases, for the R-R (1,3) and T-T (1,3) cases, at u- 1, 3, and 5 (usual 

format). In theory, there are four (2K) cross-sectional coupling modes, 

which are (as in the mean flow model) flow velocity invariant: for example 

(u- 1), at w.,. 24 ( Figs. 67a and 67b), the Radial and Tangential direction 

motions are in and out of (180°) phase respectively, and at w.,. 26, the re

verse (180° and 0°) occurs. The measured coherences and phases compare with 

the theoretical ones in the same fashion as before, i.e. whenever the ex

perimental coherence is high, phases do agree, with the usual undervaluation 

of second mode group frequencies. There is, however, an apparent discrepancy, 

for the T-T (1,3) case, at u-1 (Fig. 67b): coherence for 30<w<55 does 

not behave in the same manner as the theoretical one - there appears to be 

some coherent power in that frequency range, not predicted in theory; this 

occurs to a slighter extent at u- 3 (Fig. 67d), and basically not at all at 

u- 5 (Fig. 67f). At this point, no explanation can be found for this; the 

plausible cause of "stray power" is not even present here (see Fig. 63), 

but this problem can be considered secondary, as it pertains to the second 

mode group, where signal levels are quite low (resulting in higher possi

bilities of experimental error). 

We may now proceed to the single cylinder case. 
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4 . 3 - 7 : K - 1 , 1F 

The single cylinder was located near the center of the channel, which 

makes this case essentially that of an isolated cylinder in "infinite 11 

fluid (Gw ""5 .1 *). Mounting in the channel was slightly offset from the cen

ter (less than one diameter), hence the use of "Radial" and "Tangential" 

to identify the two mutually perpendicular measurement directions (the 

theoretical calculations were for a cylinder with the same offset). 

Measured PSD' s, in the "Radial" and "Tangential 11 directions, are shown 

in Fig. 68, for u -1, 3, and 5. As they should, these PSD' s are essentially 

identical. It should be noted that higher density scales than usual were 

required, as the PSD' s are relatively sharply "peaked". The dominant fre

quencies decrease more slowly than for the K- 2 and K- 4 cases reviewed 

previously; this is to be expected, since the critical flow velocity for 

the K- 1 is the highest of all. t It is interesting to note that there is 

again "stray" power near w- 37, in the "Tangential" direction (normal to 

the longitudinal axis of the support fins), at u -1. This suggests that this 

particular "noise" stems from the test setup itself (e.g. mountings), and is 

not inherently part of the systems under analysis. We also note some differ

ence in powers near w- 67 (but not a harmonic of the "stray" power). 

The variation of PSD's, with flow velocity, is illustrated in Fig. 69a 

("Radial") and Fig. 69b ("Tangential"). 

Total powers are shown in Fig. 70; an exponential trend is strongly 

apparent. 

Theory and experiments are compared in Figs. 71a ("Radial") and 7lb ("Tan

gential"): The PSD' s compare well, and as before the best agreement is at 

u -1, the theory underestimating damping§ at higher flow velocities. Again, 

*Spacing to wall; this value would have been 7.1 had the cylinder been 

located exactly at the center of the channel. 

t See Ref. [75] for more details on stability. 

§ Note that the theoretical damping model itself may not be valid. 
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the second mode group frequencies are lower in theory than in the measure· 

ments. 

Of course, no inter-cylinder measurements apply here. 

This ends the review of systems composed entirely of flexible cylinders. 

We are left with "combination systems", i.e. with mixed Rigid/Flexible cylin

ders. In all cases to follow, the inter-cylinder spacing is constant, namely 

Gc- 0. 75, and the systems are either K- 4 or K- 28. 

Specifically, the cases left to be reviewed are the following: a 1F/3R 

system, two 2F/2R systems (diagonal and adjacent flexible cylinders), and 

three 4F/24R systems (central, parallel offset, and diagonal offset 4F sub

clusters). 
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4.3-8: K-4, Gc-0.75, 1F(l)/3R(2,3,4) 

This test forms an integral part of fluid coupling testing; comparisons 

will be made with the lF case to study the effect of the presence of the 

three rigid cylinders near the flexible one. 

The measured Radial and Tangential directions PSD's are depicted in Fig. 

72. In comparison with the lF case (see Fig. 68), shapes are similar, but 

power levels are generally higher; also, dominant frequencies are lower 

(comparison plots will be presented in Chapter 5). Furthermore, Radial and 

Tangential power levels are not always the same (viz. u- 1 and u- 5). Fi

nally, as found for earlier cases, first mode group characteristics extend 

to the second mode group, powers for the latter being of the usual order of 

magnitude (see expansion scales in Fig. 72), and u- 1 low frequency "stray" 

power and w=-38 Tangential "peak" are also present. Tentatively, we may pre

sume that the main effects of the presence of the three rigid cylinders in 

the lF /3R case are to slightly increase the virtual mass of the flexible 

one, and to modify the boundary layer pressure field characteristics. 

System behaviour with increasing flow velocity is illustrated in Fig. 

73a for the Radial direction, and Fig. 73b for the Tangential one. The 

corresponding integrated powers are shown in Fig. 74: results suggest that 

powers in the two directions are not proportional to each other, as was 

the case for the other systems investigated (this can also be inferred from 

data of Fig. 72). 

Comparisons with theory are very similar to those for the lF case; see 

Figs. 75a and 75b (R and T, for 1F/3R), versus Figs. 7la and 7lb ("R" and 

"T", for lF). 

The next two combination systems involve 2F/2R cases. 
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4.3-9: K-4, Gc-0.75, 2F(1,3)/2R(2,4) 

'We recall that the "Reference" system is composed of four flexible cylin

ders; the two flexible cylinders system of Section 4.3-6 (Gc-1.89) stems 

from the "Reference" system, after two diagonally opposite cylinders have 

been removed. The case to be reviewed here is obtained by making the latter 

diagonal pair rigid instead, to provide additional insight into fluid coup

ling. (Note that the next case to be presented will involve making two 

adjacent rather than two diagonal cylinders, rigid.) 

Experimental Radial and Tangential direction PSD's are depicted in Fig. 

76: this may be compared to Fig. 31 (K- 4, 4F, Gc- 0. 75), and to Fig. 63 

(K- 2, 2F, Gc- 1. 89). All three systems have different characteristics, and 

this will later (Chapter 5) assist in discovering basic features of inter

cylinder fluid coupling. 'We note the constant presence of Tangential u- 1 

"stray" power (w""' 38), and the usual similarity and relative power levels 

of second to first mode PSD's. 

Figs. 77a and 77b illustrate PSD' s versus flow velocity: we see that 

Radial power density levels decrease more gradually than Tangential ones, 

a fact confirmed in the plot of total powers (versus flow velocity), in 

Fig. 78. The latter Figure again suggests an exponential increase with flow. 

Experimental and theoretical PSD's are illustrated in Figs. 79a (Radial) 

and 79b (Tangential). As was the case previously, the best comparisons are 

at u- 1 (rather than higher values of u- 3 and 5), with the theory still 

underestimating damping at higher flow velocities, as well as second mode 

group frequencies. 

No unusual features are found, when comparing theoretical and experimen

tal coherences and phases, depicted in Figs. 80a to f, except for a gener

ally better agreement of R-R coherences (versus the T-T ones). 

Another 2F/2R setup was also investigated, this time with two adjacent 

rigid (and two adjacent flexible) cylinders, to follow. 
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4.3-10: K-4, Gc-0.75, 2F(l,2)/2R(3,4) 

This system in meant to complement the previous one, by considering 

adjacent instead of diagonal pairs of (flexible and rigid) cylinders. Appar

ently due to a combination of few flexible cylinders (two) and their prox

imity (Gc- 0. 75*), this case will be seen to yield the best results of all, 

in terms of agreement between theory and experiments. 

An interesting feature here is that Radial and Tangential PSD's are very 

similar to one another: this may be seen in Fig. 81. The usual peculiari

ties of Tangential u- 1 "stray" power at w""' 38 and w- 0 to 15 "noise" are 

still present. 

Radial and Tangential PSD's and the corresponding total powers are shown, 

versus flow velocity, in Figs. 82a and 82b, and Fig. 83. Note the somewhat 

lower Radial power. 

Comparisons of measured and theoretical PSD' s follow prior trends, as 

illustrated in Figs. 84a (Radial) and 84b (Tangential). 

Where results are exceptionally good are for coherences and phases, which 

may be seen by inspection of Figs. 85a to f. Other than areas of phase dis

agreement where measured coherence is low, and other than underestimation 

of second mode group frequencies by the theory, agreement is g~nerally ex

cellent; there are a few instances where the experimental coherence ampli

tudes are lower than theoretically predicted, but (coherence function) 

shapes are nevertheless correct, for example in w- 0 to 15, at u == 5, in 

both Radial and Tangential directions (Figs. 85e and 85f). 

The above data will be further discussed in Chapter 5. We are left to 

review data for the three 4F/24R syst~ms. 

*Note that the other two flexible cylinder systems, i.e. those of Sections 

4.3-6 and 4.3-9, have an inter-flexible-cylinder Gc of 1.89. 
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4.3-11: K-28, Gc"""0.75, 4F(l,2,3,4)/24R(rest) 

This is the first of three 28-cylinder test clusters; the four flexible 

cylinders are located centrally within the test channel, namely Positions 

1, 2, 3, and 4, in Fig. 29, and the twenty full cylinders and eight half 

cylinders (counted as four cylinders, hence the use of K- 28) are rigid. 

The two other systems to be studied are a parallel offset one (Positions 6, 

7, 2, 1 in Fig. 29), and a diagonally offset one (Positions 5, 6, 1, 16 in 

Fig. 29). 

Because 28-cylinder theoretical calculations require large amounts of 

computer memory and time, it was decided to approximate the K- 28 system(s) 

by smaller clusters, and to use only two comparison functions (N- 2); the 

one used here is discussed next. 

4.3-lla: Reduced size theoretical equivalent, K-12, Re- 8.00 cm 

The first "equivalent" reduced system, for representing the 4F(l,2,3,4) 

/24R(rest) case, was chosen as follows: (i) The eight rigid cylinders clos

est to the four central ones were retained (viz. Positions 6, 7, 9, 10, 12, 

13, 15, and 16 in Fig. 29), and (ii) the enclosing channel diameter was re

duced, so as to "simulate" the presence of peripheral cylinders, inclusive 

of half cylinders and the original channel wall. The choice of the new Re 

(reduced channel radius) was based on the matching of hydrodynamic coupling 

coefficients, as described below. The resulting equivalent system, with K-

12 and Re- 8.00 cm, is illustrated in Fig. 86. 

Note that in terms of fluid coupling, the system dynamics is dominated by 

the hydrodynamic, rather than by the "viscous" part; for example, setting 

the coefficients c and cf (dimensionless form of Cf and C0 of eqs.(2.29) and 

(2.30)) to zero did not alter the theoretical PSD, coherence function, and 

phase of the "Reference" system very much (see Figs. 41, 42a, and 42b), 

compared say, to the difference between the latter system, and a single 

cylinder (no hydrodynamic coupling* - see Fig. 7la, at u- 3). 

* In the single cylinder case, we have equal Radial, Tangential, and 

Edge PSD's. 
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The following discussion pertains to equations (2.27) and (2.28), i.e. 

hydrodynamic fluid coupling forces (per unit length) on cylinders, induced 

by acceleration of others. The structure of these equations implies that: 

-p~£ki is the force per unit length on cylinder k, in the z-direction, 

due to a unit acceleration of cylinder i, in the z-direction 

(see Fig. 7 for "cross-sectional" directions). 

In short tabular form, 

Force per unit length Due to acceleration 
Coefficient Cylinder Direction Cylinder Direction 

£ki k z i z 

eki k z i y 

ICk i k y i z 

~i k y i y 

The "square" array geometry possesses a number of planes of symmetry: 

Fig. 87 depicts typical symmetry examples for the four cylinders of the 

central bundle (Positions 1, 2, 3, and 4). In part (a) of the Figure, we 

consider coupling between motion of cylinder 1 in the z-direction, and cyl

inder 3 in the y-direction; first symmetry results in the relation 

e13 - ~~:: 31 , that is, the force (per unit length) induced on cylinder 1 in 

the z-direction, due to a unit acceleration of cylinder 3 in the y- direc

tion, is equal to the_ force (per unit length) induced on cylinder 3 in the 

y-direction, due to a unit acceleration of cylinder 1 in the z-direction. 

A 90° counterclockwise rotation of selected vectors yields, again by sym

metry, and equivalent pair (dashed vectors): hence, we may also state 

-~~::24 - -e42 -e13 -~~::31 . Yet another symmetry situation is obtained by piv

oting the original vectors about the diagonal line through cylinders 1 and 

3 (dotted vectors), resulting in additional matched coefficients 

Similar operations in part (b) of the Figure yield 
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By inspection, we see that symmetry dictates a total of seven (out of 64) 

independent hydrodynamic coupling coefficients, representing the following 

inter-cylinder motion: 

£11 -£22 -£33 -£44 -k11 _k22 .k33 _k44 single cylinder(s); 

z- (y-) direction force (per unit length), due to 

its z- (y-) direction acceleration. 

single cylinder(s); 

z- (y-) direction force (per unit length), due to 

its y- (z-) direction acceleration. 

£12- £u- £34- £43-~3- ka 2 - k41 - k14 adjacent cylinder pair(s); 

z-direction force (per unit length) on first cylinder, due to 

the z-direction acceleration of the other. 

£23-£32•£41 -£ 14 -k12 -~ 1 -k34 -k43 : adjacent cylinder pair(s); 

y-direction force (per unit length) on first cylinder, due to 

they-direction acceleration of the other. 

e12- -ezl-e23- -e32 •e34- -e43 -e41- -e14-

·~<:12 •~<:21- ·~<:23 •~~:32- -11:34- ~<: 4 3- -~~:41 -~~:14 : adjacent cylinder pair(s); 

z- (y-) direction force (per unit length) on first cylinder, due to 

they- (z-) direction acceleration of the other. 

£13-£31-£24-£42 •k13 -k31 -k24 -k42 : diagonal cylinder pair(s); 

z- (y-) direction force (per ~nit length) on first cylinder, due to 

the z- (y-) direction acceleration of the other. 

e13 - e31 - -e24 - -e42 -~~:13 -~~:31 - -~~:24 - -~~:42 : diagonal cylinder pair(s); 

z- (y-) direction force (per unit length) on first cylinder, due to 

they- (z-) direction acceleration of the other. 

Identical groupings exist for "viscous" coupling, where £ ~ r , e-+ g , 

~c:-+a,k-+s. 

The four central cylinder coefficients, for the reduced K- 12 cluster, 

were compared to those for the K- 28 cluster (actually a K- 24 bundle, as 

the half-cylinders were absent), and an "optimum" Re found by trial and 

error. For Re - 8. 00 cm ( 3. 154 in) , results are: 



Parameter 
ell 
e12 
€13 
el4 
ell 
eu 
e13 

K- 28 values 
-1.359 
0.230 
0.00265 

-0.418 
-0.00327 
0.00399 
0.158 

K•l2 values 
-1.361 
0.227 

-0.00095 
-0.422 
-0.00080 
0.00374 
0.158 

158 

We note that not all coefficients are well matched, some even reversing 

in sign (e13 ), but-the poorly matched coefficients are small compared to the 

dominant ones, namely e11 , e11 , and e12 , versus e11 , e12 , e14 , and e13 • 

It is interesting to note that in this case, the "viscous" coupling coef

ficients end up well matched as well; the Re - 8. 00 cm values are: 

Parameter 
r11 
ru 
r13 
r14 
gll 
gl2 
g13 

K- 28 values 
1.000 

-0.0976 
-0.00101 
0.177 
0.000 

-0.00182 
-0.0668 

K-12 values 
1.000 

-0.0962 
0.00046 
0.179 
0.000 

-0.00158 
-0.0667 

Again, the poorly matched coefficients are relatively small (compared 

to the magnitude of the matched ones). 

Theoretical PSD and CSD computations are then effected, using the above 

K • 12 coupling coefficients as input to the FORTRAN program CSD. f (see Ap

pendix K). 

4.3-llb: Modulus of elasticity, rigid cylinders 

The rigid cylinders were made of one of two materials, namely aluminium, 

or acetal {plastic), with moduli of elasticity of 6. 89 x 107 KPa (10. 0 x 106 

6 5 . 
psi) and 3. 59 x 10 KPa (5. 2 x 10 psi) respectively. In test bundles such as 

this K- 28 one, both types of rigid cylinders were utilized simultaneously; 

we wish to show that both types can be considered equally rigid, relative 

to the flexible, Silastic E rubber cylinders, whose modulus of elasticity 

is only 2779 KPa (403 psi). 
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Figs. 88, 89a, and 89b illustrate the fact that whether the modulus of 

elasticity (ratio matrix for E [eqn.(2.80)]) used in theoretical computa

tions is that for aluminium, or that for acetal (DELR.IN), results are es

sentially identical, in terms of PSD's, coherence functions, and phases. 

This confirms the validity of using E for acetal in all K- 28 computations, 

to represent either aluminium or acetal cylinders, and indicates that we 

may indeed consider both types of cylinders "rigid". 

4.3-llc: Basic results 

Now that parameters pertaining to the theoretical calculations have been 

established, we shall review experimental and theoretical results for this 

case (K- 28, Gc- 0. 75, central K- 4 flexible sub-cluster). 

The main purpose for this test, in addition to studying fluid coupling 

(presence of peripheral rigid cylinders, about the 4F cylinders), is the 

investigation of the response of the sub-bundle, subjected to the different 

boundary layer pressure field that exists in the closely spaced K- 28 bun

dle (as compared to the "open" K- 4 case); recall that pressure PSD' s were 

different, for the K- 0 and K- 28 cases (Figs. 20 and 21) . 

Fig. 90 depicts measured Radial and Tangential PSD's, at three flow ve

locities; note that the maximum is u- 4, since divergence was present as 

early as u- 4. 5. The usual low frequency ( w- 0 to 15) "noise" is observed, 

but this time, the u-1 Tangential"stray" power (was at W""'38 before) is 

absent: this latter observation strongly indicates a support structure in

duced vibration, when the 90° cross of Fig. 13 is positioned in the channel, 

either mechanically transmitted or in interaction with the flow (e.g. a 

Strouhal frequency). The cross was used in all tests except the (three) K-

28 systems, the latter utilizing a support machined from a 0.95 cm (3/8 in) 

thick solid brass plate (see Fig. 14). 

Radial direction PSD's are shown, versus flow velocity, in Fig. 9la; note 

that the maximum u depicted is 4 (rather than the usual 5). Compared to the 

K- 4, Gc- 0. 75, 4F case (see Fig. 33a), we note similar power levels, in 

spite of higher boundary layer pressure PSD' s (K == 28 data versus K- 0 data), 
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although it should be kept in mind that the two systems do not have the 

same transfer function matrices (see comparisons with theory below). Another 

difference is the absence of the first Radial "peak" in this K- 28 case, at 

least at the higher flow velocities. Tangential direction data, shown in 

Fig. 9lb, is quite similar to the K- 4 data. 

Total Radial and Tangential direction powers are plotted in Fig. 92, 

versus flow velocity. As found for a number of other systems, both powers 

are about equal, and the power increase with flow velocity is basically 

exponential. Note that this system has become divergent at u- 4. 5, hence 

there are no available PSD' s at u- 4. 5 and 5. 0. 

Comparisons of theoretical and experimental PSD's, shown in Figs. 93a 

and 93b, reveal a few aspects that differ from those found previously: 

(i) The Radial direction discrepancies are more pronounced, at higher flow 

velocities (u- 3, and 4), specifically the absence of a clear first "peak". 

(ii) The theory overestimates power levels even more than before (compare 

scales with those of Figs. 35a and 35b, which are for the "Reference" K- 4 

test). (iii) The u-4 PSD's (Radial and Tangential) do not suggest that the 

critical flow velocity is being approached, although experimentally reached 

at u-4.5; note the u-S PSD's of the "Reference" case (Figs. 3Sa and 3Sb). 

As a check the theoretical u- 4. 5 and 5. 0 Radial and Tangential PSD' s, for 

this K- 28 case, have been plotted in Fig. 94, to confirm that divergence 

was in fact not (theoretically) imminent at u-4. (iv) The Tangential direc

tion theoretical "peak" preceeding the last one (first mode group) is not 

found experimentally. Recall that second mode group comparisons cannot be 

made here, as corresponding theoretical data is not reliable (N- 2 used in 

the computations). 

In terms of coherence and phase, the u-1 results compare fairly well, 

but already with some exceptions: (i) Referring to the R-R (1,3) case, in 

Fig. 95a, it can be seen that the theoretically predicted coherence "peak'', 

at w ... 27, is very small in the measured data; nevertheless, the tendency of 

the corresponding phase (w ... 27) to go to zero would suggest that the very 
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small amount of coherence represents the particular cross-sectional coupling 

mode predicted in theory (this is rejected below). (ii) An analogous situa

tion is found in the T-T (1,3) case as well; in Fig. 95b, the coherence 

"peak" at w"" 21 (theory) is not found in the measured data, although one 

could have interpreted the rapid local change in phase (w ... 21) towards zero 

to signify detection of the predicted coupling mode. The coherence function 

shapes do not agree, in the T-T (1,3) case (Fig. 95b), near w-24: the ex

perimental data is basically "single peaked", whether the theoretical data 

is "double peaked"; nevertheless, corresponding phases do agree. 

It will prove easier to discuss the remaining two (u- 3 and u- 4) cases 

for Radial and Tangential directions separately, each versus the corre

sponding u -1 data. Radial coherence and phase comparisons get progressively 

worse: ( i) the w"" 27 "peak" of the u -1 data is now, in theory, at w"" 24 for 

u- 3 (Fig. 95c), and w ... 22 for u- 4 (Fig. 95e); in the u- 3 case, we may 

state that neither the coherence nor the phase are detected experimentally, 

and at u- 4, we may say that the phase alone appears to be present, as in 

the u- 1 case, but in itself, the measured phase is meaningless without some 

coherent power. Hence, we can state that that particular theoretical mode 

has not been measured. (ii) The first (R-R) coherence "peak", found both 

in theory and experimentally for the u- 1 case, at w ... 20, is barely present 

at u- 3 (Fig. 95c), at w=- 14 (note that the phase tends to zero in both 

cases also), and basically absent at u- 4 (theory at w ... 11, in Fig. 95e). 

Tangential coherence and phase comparisons fare better than Radial ones 

(as did the PSD's). The first coherence "peak" and corresponding 0° phase, 

in theory at w"" 17 for u- 3 (Fig. 9Sd) and at w = 12 for u- 4 (Fig. 9Sf), 

is still not present in the measured data - this particular theoretical 

coupling mode has not been detected experimentally, at any velocity. 

Overall for this system (K- 28), theory and experiments do not agree 

very well, and possible explanations for this shall be discussed in Chapter 

5, after reviewing the other two K- 28 systems. 
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4.3-12: K-28, Gc-0.75, 4F(6,7,1,2)/24R(rest) 

The second 28-cylinder cluster is a variant of the first, where the sub

bundle of 4F cylinders is moved in the y-direction: the purpose is to test 

the uniformity of the flow and pressure field in the water tunnel, as well 

as providing an additional test case versus the theory. As in Section 4.3-11, 

a reduced cluster is used for theoretical computations, described below. 

4.3-12a: Reduced size theoretical equivalent, K-12, Re- 8.00 cm 

Since in the case of a central bundle (Section 4.3-11), the additional 

peripheral cylinders are best simulated by a reduced channel radius of 8.00 

cm, it is to be expected that this parallel offset case of four cylinders 

(see Fig. 29) will be represented well by the same reduced system (i.e. same 

Re). The following comparison (coefficients of Section 4. 3 -lla, but for 

translated cylinders) bears this out. 

Parameter K- 28 values K-12 values 
£ss -1.416 -1.405 
£s 7 0.209 0.208 
£sz -0.00994 -0.0159 
£sl -0.438 -0.453 
ess -0.00578 0.0277 
es7 0.0309 0.0455 
esz 0.170 0.178 

Note that the only poorly matched coefficients are relatively small. In 

this latter case, there are more than 7 independent coefficients (the number 

is 19), since symmetry is now only about a single axis (y), rather than the 

two axes (x and y) of the central cluster case, for the two cylinders in 

Positions 6 and 7. The remaining coefficients are tabulated below. 

Parameter 
£11 

t:1z 

eu 
el2 

el6 

el7 

esl 
ku 

K- 28 values 
-1.359 
0.230 

-0.00327 
0.00399 

-0.00466 
-0.146 
-0.00855 
-0.418 

(continued) 

K-12 values 
-1.361 
0.227 

-0.00080 
0.00374 

-0.00777 
-0.144 
-0.00129 
-0.422 



0.228 
0.00444 

-1.363 
-0.416 

0.207 
-0.00830 
-1.351 
-0.426 

We see that all dominant coefficients are well matched. 
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As was the case in the previous Section, the K- 12 coefficients are used 

as input data for the computation of theoretical PSD's and CSD's. 

4.3-12b: Basic results 

The parallel offset sub-cluster, namely Positions 6, 7, 2, and 1, may be 

seen in Fig. 29. We note that, in terms of fluid coupling, this situation 

is very similar to that for the case of 4F(l,2,3,4)/24R (Section 4.3-11 

above)*: In the latter system, four flexible cylinders in Positions 1, 2, 

3, and 4, are coupled mostly to immediately "surrounding" rigid cylinders, 

in Positions 5 to 16 inclusively. Similarly, in the present system, the four 

flexible cylinders in Positions 6, 7, 2, and 1, are coupled to the rigid 

cylinders in Positions 17, 18, 8, 9, 10, 3, 4, 15, 16, and 5, as well as 

to (unnumbered) half-cylinders adjacent to Positions 17 and 18 respectively 

(including the channel wall at Re- 10. 24 cm [the outer diameter in Fig. 

29]). Differences between the two systems are expected to stem chiefly from 

non-uniformity in flow through the test channel, the latter brought mostly 

by the presence of the channel wall (both within and upstream from the bun

dle). 

The usual format for data presentation will not be followed exactly here, 

as a symmetry investigation will be made. We start by comparing measured 

Radial and Tangential PSD's, in Positions 7 and 1, to evaluate the extent 

of asymmetry in the tunnel: Figs. 96a, 96b and 96c illustrate experimental 

PSD's, at u- 1, 3, and 4§, in Positions 7 and 1: the Tangential direction 

data exhibits little asymmetry, at any flow velocity, but this is not the 

case for the Radial direction, where we observe both power and, to a lesser 

*At least in theory, to be shown below. 

§ As in the previous K- 28 system, instability occured at u> 4. 
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extent, PSD shape differences, getting progressively worse with increasing 

flow velocity.- There is one exception in the Tangential direction, specif

ically, at u- 4, in the second mode group (Fig. 96c), where power levels 

and distribution (i.e. shapes) do not compare well (in the two Positions). 

Globally, this indicates flow field asymmetry, principally in gaps such as 

"8-18-7" ("surrounding" Positions - see Fig. 29), rather than gaps such as 

"18 -17-6- 7". This shall be discussed in Chapter 5, after having reviewed 

the third K-28 system (Section 4.3-13 to follow shortly). 

Fig. 97a depicts measured Radial and Tangential PSD' s for Position 7, 

at u- 1, 3, and 4 and Fig. 97b shows similar data for Position 1. As for 

the previous K- 28 system, the u- 1 Tangential "stray" power (was at w ... 

38 in other cases) is absent, in either position, reinforcing the concept 

of the 90° cross (Fig. 13) being the source of "stray" motion of the cylin

der. Moreover, it is interesting to note that the (w- 0-15) low frequency 

"noise" is stronger is Position 7 (closer to the channel wall) than it is 

in Position 1, the level in the latter case basically remaining the same as 

the one found (in that position) for the central 4F/24R case; this provides 

new data to provide insight into the ("noise") problem and shall be discus

sed in Chapter 5. 

PSD' s are plotted versus flow velocity, in Figs. 98a (Rad. , Pos. 7), 

98b (Rad., Pos.l), 98c (Tan., Pos.7), and 98d (Tan., Pos.l); other than the 

previously noted Radial direction power level differences with cylinder po

sition, the only unusual characteristic is the sudden increase in low fre

quency (w< 15) power in the Position 1 Radial PSD, from u- 3.5 to u- 4.0: 

this may very well indicate that instability occurs first in centrally 

located cylinders (Positions 1 and 2), possibly because of a relatively 

higher average flow velocity there. However, a contradiction of sorts exists 

here, since we normally expect higher total powers (integrated PSD's) when 

flow velocities are themselves higher; but Position 1 Radial PSD' s have 

lower power levels than those in Position 71. Again, we postpone detailed 

discussion to Chapter 5, where all available data shall be utilized for 

analysis. 
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Total powers versus flow velocity are depicted in Fig. 99, for both 

cylinder positions, and for the Radial and Tangential directions; trends 

are still basically exponential, and we note that rates of change of power 

with velocity are similar, except for the case of Tan., Pos. 1, which is 

lower. 

The concept of the central and parallel offset K- 28 systems being bas

ically equivalent (fluid coupling to "surrounding" cylinders, discussed 

above), is supported in theory, as shown in Figs. lOOa, lOOb and lOOc for 

Radial and Tangential PSD's (at u-1, 3, and 4), and Figs. lOla to lOlf, 

for corresponding coherences and phases, where Position 1 (and 3) of the 

central sub-cluster is compared to both Positions 7 and 1 of the parallel 

offset system (the latter two positions are not truly symmetrical, on ac

count of the offset). Note that phase "spikes", e.g. the GREEN trace in Fig. 

lOla, at w ... 33, simply mean that the phase is going down "gradually" towards 

-180°: All plots had been formatted to interpret a zero real part for the 

CSD's, as 180°, rather than -180°, which is valid in cases of "instantaneous" 

phase changes, but not in the latter case, where indications are for a -180° 

phase instead. However, the usual format has been retained for convenience, 

and to facilitate comparisons. We note slight departures from the usual 0° 

or 180° phases 1 in the theory; for example, in Fig. lOlc at w"" 32: this is 

due to numerical error, stemming from very small real and imaginary parts of 

the CSD used to calculate coherence. This is of no real concern here, as 

phase for essentially non-coherent signals is meaningless. 

We may now compare experimental and theoretical results. Figs. 102a and 

102b illustrate Radial PSD's, for Positions 7 and 1 respectively, and Figs. 

102c and 102d depict the same information, for the Tangential direction. In 

all but one case, first mode group frequency* ranges are in agreement, but 

power distribution within these ranges (shapes of PSD's) are not always the 

same; the one (frequency range) exception is Radial, Position 1, u- 4 (Fig. 

102b) , where higher theoretical power levels near w - 11 and w- 14, do not 

* Recall that theoretical results are not reliable for the second mode 

group I as N- 2 (comparison functions) was used. 
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materialize experimentally. As before, better agreement is found at the low

est velocity (u -1). Theoretical to experimental power ratios are comparable 

to those for the central K- 28 case (see Fig. 93). 

Experimental and theoretical coherences and phases are illustrated in 

Figs. 103a to 103f (cylinder Positions 7 and 1): comparisons with data for 

the central K- 28 cluster reveals that, in all cases (Radial and Tangen

tial, u- 1, 3, and 4) , coherences are quite similar, but for two obvious 

exceptions; (i) the R-R u- 3 measurement, in the w- 0 to 9 range, where the 

central sub-bundle displays a higher (not theoretically predicted) magnitude 

than found the present parallel offset system (Fig. 95c versus Fig. 103c), 

and (ii) the R-R u- 4 data, at w"" 22, where some coherence is in evidence 

(in agreement with theory), not present earlier in the central cluster case 

(see Figs. 103e and 95e). 

Where measured coherences are high, theoretical and experimental phases 

are for the most part equal, with the difference that phase changes are oc

casionally more gradual in this (parallel offset) system, but to a greater 

extent than theoretically predicted: for example, the R-R case, at u- 3 

(Fig. 103c) and u- 4 (Fig. 103e), near w- 25 and 23 respectively. Note that 

measured R-R phase at u- 4, in the range w ... 37 to 50 (Fig. 103e), reads 

about -30°, which might be indicative of an experimental error; however, 

the matter will not be pursued further, since second mode group comparisons 

are not being made here (N- 2 only in the theory). 

The last K- 28 system, this time with a diagonal offset, will now be 

reviewed; this will end the presentation of experimental. and theoretical 

data, and shall be followed by "Discussion and Conclusions" (Chapter 5). 
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4.3-13: K-28, Gc-0.75, 4F(5,6,1,16)/24R(rest) 

This third and last 28-cylinder bundle is also a variant of the central 

one of Section 4.3-11: the 4F sub-bundle is moved diagonally, i.e. in the 

z- and y-directions simultaneously, to provide further testing on the water 

tunnel pressure field uniformity, and a last case for comparison with theory. 

In the case of this diagonally offset sub-bundle, a reduced K-12 cluster 

is not sufficient for modelling, since the cylinder in Position 5 would be 

missing (see Figs. 86 and 29). Hence, a larger K- 16 reduced cluster was 

utilized .to represent the diagonally offset case, illustrated in Fig. 104. 

It is described next. 

4.3-13a: Reduced size theoretical equivalent, K-16, Re- 9.40 cm 

The coefficients matching (with the K- 28 cluster) procedure used in 

the above Section (4.3-lla) was also made use of here. This latter case 

exhibits only "diagonal" symmetry, resulting in 20 independent coefficients, 

which are listed below, for the "optimized" channel radius of Re- 9.40 cm 

(3. 700 in), versus the true (K- 28) values. 

Parameter K- 28 values K-16 values 
£11 -1.359 -1.344 
£51 -0.00502 -0.0220 
tss -1.344 -1.472 
ea a -1.416 -1.283 
esa 0.201 0.209 
es 16 -0.431 -0.470 
.ta1 -0.438 -0.395 

ea 16 -0.0140 0.00939 
£16 1 0.228 0.231 
£16 16 -1.363 -1.351 
ell -0.00327 0.00305 
e1s -0.00466 0.0126 
es1 0.146 0.178 
ess 0.0175 0.0612 
esa -0.00222 0.0500 
es1 -0.00855 -0.00065 
ess -0.0373 0.00449 
eas -0.00578 0.00308 
ea 16 -0.193 -0.152 
e16 s -0.157 -0.129 
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The agreement for the most dominant coefficients is more than acceptable, 

viz. e11 (-1.344 instead of -1.359), e55 (-1.472 instead of -1.344), e66 

(- 1.283 instead of -1.416), and e16 16 (-1.351 rather than -1.363); simi

larly for "secondary" coefficients (e.g. e5 16 at -0.470 versus -0.431). 

4.3-13b: Basic results 

This diagonally offset sub-bundle (flexible cylinders) may be visualized 

in Fig. 29, viz. Positions 5, 6, 1, and 16. ~ere it not for the cylinder in 

Position 5, this system would be very similar to the last two K- 28 cases, 

the latter consisting essentially in four flexible cylinders "surrounded" 

by rigid ones. Nevertheless, the Position 5 cylinder is located near two 

adjacent half-cylinders and the channel wall, approximating two full cylin

ders (and no wall between them). Experimental data for this system will be 

compared to data for the previous two K- 28 cases (central and parallel off

set). 

As in Section 4. 3-12b (Basic results for the parallel offset system), 

the usual presentation format will not be followed to the letter here. Figs. 

lOSa, 105b, and lOSe depict Radial and Tangential directions PSD's, at the 

flow velocities u -1, 3, and 5 (note that divergence has not occured here, 

contrary to the two other cases), and in Positions 5 and 1. Given the two 

potential sources of asymmetry present in this case, namely the different 

fluid coupling environment of the cylinder in Position 5, and possible non

uniformity in the fluid flow field (e.g. due to the presence of the channel 

wall), results are surprisingly symmetrical: this suggests one of two pos

sibilities, namely (i) tunnel flow is uniform within the bundle and fluid 

coupling of the flexible to the rigid cylinders is similar in both Positions 

5 and 1, or (ii) one effect (tunnel flow non-uniformities) compensates for 

the other (coupling environment). 

Fig. 106a illustrates Radial and Tangential directions PSD' s, at u- 1, 

3, and 5, for Position 5; Fig. 106b depicts the same infomation for Position 

1. Trends found earlier occur again here, namely (i) the absence of u- 1 

Tangential "stray" power, which confirms the 90° cross as being the source 

of noise at w""'38, and (ii) the low frequency "noise" (w-0-15) is stronger 
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in the offset Position 5, than it is in Position 1 (similar to previous 

case). 

The measured PSD's are plotted versus flow velocity, in Figs. 107a {Rad., 

Pos. 5), 107b (Rad., Pos. 1), 107c (Tan., Pos.S), and 107d (Tan., Pos.l): A 

sudden increase of low frequency power from u- 4. 5 to u- 5. 0, indicating 

incipient divergence, occurs in all four cases at once for this diagonally 

offset system, rather than being restricted to the Radial direction in Po

sition 1, as was found for the parallel offset system. This contradicts the 

presumption of higher average flow velocities in the central part of the 

tunnel, made in the previous Section (to explain why the parallel offset 

system should buckle in a central Position first); Chapter 5 shall deal 

with this subject. 

Fig. 108 depicts measured total powers, versus flow velocity (as before, 

obtained from integration of PSD's, namely those in Fig. 107): An exponential 

increase is again found here, and powers vary with cylinder position, in a 

fairly consistent manner (Rad., Pos. 5 being dominant and so on). 

PSD comparisons between Position 1 of the central sub-cluster (Section 

4.3-11), and each of Positions 5 and 1 of the diagonal offset sub-cluster, 

are made in Figs. 109a, 109b, and 109c, for the flow velocities u-1, 3, and 

5 respectively, and in both the Radial and Tangential directions. Relative 

to the comparisons made with respect to the parallel offset system (Figs. 

lOOa, lOOb, and lOOc), we find that the Radial direction PSD's still match 

fairly well, but that this does not occur to the same extent in the Tangen

tial direction: comparisons get progressively worse in this latter case, and 

at u- 5, only frequency ranges still agree. Inspection of Figs. 29 and 104 

does suggest a much poorer fluid coupling equivalence, in Position 5 Tangen

tial direction, between the K- 28 system and the reduced K -16 system (used 

for the diagonal offset system), the latter having no close solid (wall or 

cylinder) surface (Tan. direction); furthermore, because Position 1 is not 

only coupled to "adjacent" Rigid and Flexible cylinders, but also to the 

(Flexible) cylinder in Position 5, its PSD is also "adversely" affected (see 

BLUE as well as GREEN traces in Fig. 109c). We can infer that the reduced 
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K- 16, Re- 9. 40 cm system models the full K- 28 system only poorly in the 

Tangential direction; consequently, in this case, more emphasis should be 

put on the measured PSD's, and not so much on the theoretical ones. 

The situation is similar for coherences and phases, although the Tangen

tial direction comparisons are now better: Figs. llOa to llOf illustrate 

comparisons between theoretical results for the central versus the diagonally 

offset sub-bundles; Radial direction coherences and phases compare well, and 

Tangential direction ones are fairly similar, except for coherences corre

sponding to the first tangential coupling mode within a mode group, for ex

ample, at w=20 and u-1 (Fig. llOb), with coherences being underestimated 

in the diagonal offset case. 

Experimental and theoretical PSD's are depicted in Figs. llla and lllb 

for Position 5, and Figs. lllc and llld for Position 1, for the three flow 

velocities of u- 1, 3, and 5. In the theoretically more reliable Radial 

direction, PSD shapes agree well only at u -1 (Figs. llla and lllc); other

wise (at u- 3 and 5), measured PSD's suggest higher damping (no "sharp 

peaks"). In terms of frequency ranges (e.g. w= 18-25, at u-1), agreement 

is always very good. In the Tangential direction, experimental PSD's indi

cate (even at u-1) less sharply peaked power distributions, which is to be 

expected from the previous theoretical comparisons of Fig. 109. Frequency 

ranges compare very well, as did those in Fig. 109. Experimental and theo

retical coherence functions compare very poorly in the R-R case, but reason

ably well in the T-T case, as seen in Figs. 112b, 112d, and 112£). Note that 

in the latter case, there is nevertheless an obvious discrepancy, namely the 

double peaked coherence (e.g., at W"" 21-26 for u- 1, Fig. 112b) found in 

theory do not repeat experimentally. The reason for the above poor coherence 

comparisons may be inferred from phase results: the usual good correspond

ence between experimental and theoretical phases (neglecting regions of low 

coherence) is also present here, indicating that the inter-cylinder coupling 

modes are indeed detected in the measurements; more gradual phase changes, 

t;ogether with less "peaked" PSD's and coherences, in the experiments, sug

gest much higher damping than predicted in theory, which can explain the 
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poor match of coherences and "flatter" PSD's (see Figs. 42a and 42b for ef

fect of varying c and cf, on coherences). 

This (diagonal offset) system will provide mostly experimental data for 

comparisons with the previous central and parallel offset systems, in the 

Chapter to follow, although we have had some reinforcing evidence that the

oretical results for offset combination (Rigid-Flexible cylinders) systems 

are meaningful!, except for a strong underestimation of damping (or possibly 

other causes such as nonlinearities, etc.). 

Having reviewed all systems, we may now proceed to the last Chapter, 

"Discussion and Conclusions". 
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S. DISCUSSION AND CONCLUSIONS 

This last Chapter is structured as follows. 

Part 1· will consist of comparisons between different types of systems, 

to investigate effects of varying selected system parameters, for example 

varying the inter-cylinder spacing Gc· This shall include the discussion of 

inter-cylinder fluid coupling, as the relevant systems are examined. 

Part 2 shall review and discuss discrepancies between theory and experi

ments, and propose explanations where possible. 

Part 3 will discuss characteristics that are common to both experiments 

and theory: for example, the lowering of frequencies with increasing flow 

velocity; this will form a set of what may be termed major system charac

teristics. Finally, overall conclusions and recommendations for future re

search shall be provided. 

5.1: INTER-SYSTEM COMPARISONS 

In this Section, the effect of varying selected system parameters will 

be examined so as to establish major system characteristics, and investigate 

inter-cylinder fluid coupling. Note that power levels will be discussed 

separately later, in Section 5.2. The first comparison deals with the effect 

of inter-cylinder spacing. 

5.1-1: Effect of Gc 

Inter-cylinder spacing was tested on the K- 4, 4F bundle, and involves 

data of Sections 4.3-1 (Gc-0.75), 4.3-4 (Gc-1.00), and 4.3-5 (Gc-1.50); 

the latter data is for position pair 1,3. The interpretation of the effect 

of Gc is intimately linked to the understanding of inter-cylinder coupling 

modes, hence, for this K- 4 case, data for the position pair 1, 2 (Section 

4. 3-3, for Gc ... 0. 75) is also important. Because theoretical computations 

were found to be in agreement with measured data, and since the former are 

much easier to "read", they have been utilized to deduce basic system char

~cteristics. The theoretical behaviour of the system is illustrated in Fig. 

113, at u- 3, for both the Radial and Tangential directions, and for the 

values of Gc of 0.75, 1.00, and 1.50. The dominant effect is that of a nar-
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rowing of the bandwidth with increasing Gc, i.e. the frequencies correspond

ing to the mean flow cross-sectional coupling modes depicted in Fig. 26 are 

closer to one another. The frequencies corresponding to repeated (mean flow 

roots) tend to remain constant, in both the Radial and Tangential directions, 

with w = 23 and 21 respectively, in Fig. 113, and other frequencies about 

those values move in, fastest where differences are greatest; for example, 

the lowest Radial frequency (w"" 16 at Gc-0.75) moves in the fastest. This 

behaviour is also similar in the second mode group, and furthermore is found 

at all flow velocities, as shown in Figs. 114a and 114b (u-1, 3, and 5). 

It should be noted that a coupling mode is considered dominant when we have 

a local maximum in coherent power, the latter being the product of the PSD 

of interest (e.g. Radial) and the corresponding coherence function; the lat

ter is found to peak smoothly at frequencies very close to those of the 

PSD' s (maxima), which themselves usually peak sharply; consequently, the 

frequency values corresponding to given coupling modes are determined from 

the PSD's (to avoid having to compute coherent power, which from the fore

going argument, peaks at basically the same frequency). 

Note that, in general, mean-flow-model repeated frequencies do not nec

essarily exist {for example, not found in the K- 2 case), and are not proven 

to have values which are relatively insensitive to variations in Gc (slight 

variations may be seen, in the Tangential direction [highest peak] - see 

Fig. 114b). Rather, the reasons for system characteristics will be inter

preted physically, and the resulting "rules" shall allow general conclusions 

to be drawn. First, the random vibration model cross-sectional coupling 

modes will be investigated by inspecting coherence and phase plots, at u-

3, for Radial and Tangential directions; in Figs. 115a and 115b, data for 

position pair 1,3, and Gc-0.75, 1.00, and 1.50, is depicted; in Figs. 116a 

and 116b, data is shown for position pair 1,3 versus pair 1,2, for Gc -0. 75. 

Coupling modes are determined as follows: for example, the (random model) 

coupling mode, in the Radial direction at w""' 23 and Gc- 0. 75, has a phase 

of 180° for both pairs 1,3 and 1,2 (Fig. 116a), which indeed agrees* with 

* Recall the convention for measurement and computation (theory) directions: 

Radial positive outward and Tangential positive counterclockwise {Fig. 30). 
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the mean flow model mode depicted in Fig. 26 (w5 ,w6 ). We have additional 

information from the random model data, which indicates that (Radial direc

tion) cylinder motion of pairs 1,3 and 2,4 are essentially independent of 

one another: this is because the pair 1,2 coherence is basically zero at the 

frequency of interest (w"" 23). Note that other coupling modes involve all 

four cylinders simultaneously, for example the Radial mode at the lowest 

frequency (w"" 15 [Gc- 0. 75], in Fig. 116a), where phases are 0° and coher

ences basically unity (see Fig. 26, the w1 mode). We may now infer why the 

w"' 23 frequency is relatively unchanging with inter-cylinder spacing: cyl

inders 1,2 move in unison, with the result that the added mass due to "sur

rounding fluid" is very insensitive to the spacing of those cylinders, the 

"entrained fluid mass" being relatively constant. We also note that the 

total added mass is about twice that for an unconfined single cylinder, 

which is why the dominant frequency for that particular coupling mode is 

very close to the one for a single cylinder. 

A similar situation is seen to occur in the Tangential direction, at 

W""21 (Gc-0.75, u-3, see Fig. 116b): pairs 1,3 and 2,4 move essentially 

independently of one another, and each pair again moves in unison (see the 

"w3 ,w4 " case, in Fig. 26), and the fluid "entrained" by both cylinders is 

about twice that for a single cylinder. 

Furthermore, R-T coherences and phases for position pairs 1,3 and 1,2, 

see Fig. 117, reveals an interesting additional (random model) feature: in 

the frequency range (w ... 20-25) were both Positions 1,2 R-R and T-T coher

ences vanish, we find some coherence between the Radial and Tangential 

directions, for position pair 1,2. Note that, by symmetry, we cannot have 

any R-T coherence between positions 1 and 3. The phases (0° and 180°) cor

responding to the two "peaks" (Fig. 117), indicate that both the "w3 ,w4 " 

and "w5 ,w6 " modes of Fig. 26 exist simultaneously; note that this indication, 

together with the Gc- 0. 75 PSD' s of Fig. 113, point to a gradual change from 

a Tangential direction dominated "dual" (Radial-Tangential) mode to one that 

is Radially dominated (as frequency goes from w ... 21 to w"" 23). 
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Conversely, in a coupling mode such as the lowest frequency Radial (see 

w1 in Fig. 26), cylinders move in opposite directions, with the result that 

proximity significantly increase the influence of motion of one cylinder on 

that of the (three) others, "entrained" fluid regions opposing each other. 

It should be noted that Gc does not alter the coupling modes themselves, but 

predominantly their corresponding dominant frequencies. Another "type" of 

situation may be illustrated using a Tangential direction coupling mode: 

at u- 3, and Gc- 0. 75, Fig. 116b reveals that (w"" 28) all four cylinders 

execute a twisting motion (see Fig. 26, the w8 case) - the corresponding 

higher (than single cylinder) frequency can be explained by the fact that 

"entrained" fluid is common to all cylinders, i.e. reducing the effective 

added mass on each cylinder, to a value below that for a single cylinder. 

In terms of dominant frequencies, Figs. 115a and llSb indicate a trend 

similar to that found for the PSD's. 

It should be noted that the random model predicts simultaneous motion in 

Radial and Tangential directions at all frequencies, that is, a dominant 

R-R coupling mode does not preclude T-T modes at the given frequency, and 

vice versa: for example, the Gc-0.75, u-3 data, at W""l5, shown in Fig. 

116a, is a dominant R-R mode which coexists with a T-T mode, shown ·(at W""' 

15) in Fig. 116b (position pair 1,2). 

As would be expected, as inter-cylinder spacing is increased beyond cer

tain values, the cylinders may be considered to behave independently, as 

individual single cylinders. This effect is depicted, in theory, in Figs. 

118 (PSD's), 119a and 119b (coherences and phases), where data is forGe

l. 00, 1. 50, 2. 00, and 2. 50: both Radial and Tangential direction PSD' s 

converge with increasing Gc to that of a single cylinder (see Figs. 7la, 

71b), and coherences tend to zero (although not as quickly as PSD's would 

suggest). 

We may generalize the above theoretical results in a few rules: with 

increasing Gc, in a given mode group, in an arbitrary direction (e.g. Ra

dial), as follows. 
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(1) The frequency band remains cantered on a constant "canter" frequency, 

corresponding to that of a single cylinder. 

(2) The frequency bandwidth is progressively decreased, resulting in gradual 

coalescing of various frequencies, until in the limit, only the single 

cylinder PSD remains. 

(3) The cross-sectional coupling modes remain unchanged, and the coherence 

function decreases, eventually reaching zero in the limiting case. 

Typical experimental data·is shown in Figs. 120a and 120b for PSD's, and 

Figs. 12la and 12lb for coherences and phases; behaviour is essentially the 

same as predicted in theory and as summarized in the foregoing. 

5.1-2: Effect of K 

As was the case for the effect of Gc (Section 5.1-1 above), agreement 

between theory and experiments was found to be good enough to warrant using 

(more easily interpreted) theoretical results, for discussing the effect 

of K (the number of cylinders in an all-flexible bundle). 

Theoretical Radial and Tangential direction PSD' s, at u- 3, are illus

trated in Fig. 122, for K- 1, 2, 4, and 12*. The K > 1 systems have a Gc of 

0.75. We recall that a total of 2K "peaks" are expected for a K flexible§ 

cylinder cluster, unless (mean flow model) repeated frequencies are present; 

note that the 2K total occurs in any two orthogonal measurement directions, 

e.g. Radial and Tangential, as utilized for K- 4 (in which case there were 

six distinct frequencies, with two mutually exclusive sets of three in the 

Radial and Tangential directions, and two "repeated" frequencies). These 

individual dominant frequencies are easily seen in Fig. 122, namely (i) for 

K -1, one independent and one repeated (resulting in a single frequency, for 

both the Radial and Tangential directions) , ( ii) for K- 2, four independent, 

with two in each direction, (iii) for K- 4, six independent, with three in 

* Position 1 in the cluster; other Positions are similar. 

§ Or more correctly, "equally flexible". 
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each direction, and two "repeated" frequencies, as described above, and (iv) 

for K- 12, a not easily counted series of "peaks" (a mix of distinct and 

repeated frequencies). 

Based on the discussion of fluid coupling in Section 5.1-1 above, we may 

presume that some "in unison" coupling modes will result in frequencies 

close to that of a single cylinder, some "in opposition" modes generating 

lower frequencies 1 and some "common entrained fluid" resulting in higher 

frequencies. This, together with the evidence of Fig. 122, suggest that K > 1 

systems will manifest some dominant frequencies both above and below that 

of the K-1 (single cylinder) system. 

Theory predicts that the effect of varying K is basically flow independ

ent 1 for the K- 1, 2, and 4 * systems shown in Figs. 123a (Radial direction) 

and 123b (Tangential direction) , for u- 1, 3 1 and 5. Note that the second 

mode group behaves in a fashion similar to that of the first group. It is 

important to note that increasing the number of cylinders (K) does destabil

ize the system: this is obvious from Figs. 123a and 123b 1 where PSD shifts 

toward a zero frequency is much faster for the K .. 4 system than the other 

two (and the K- 12 system is already divergent at u- 5) , and faster for the 

K- 2 than the K- 1 one (this latter may be seen by observing the increasing 

difference between the single cylinder "peak", and the lowest Radial and 

Tangential "peaks" of the two-cylinder system, as flow velocity goes up. 

In summary, we may state that increasing K will increase the number of 

dominant frequencies, while broadening the corresponding bandwidth, "about" 

the single cylinder frequency; the latter appears to occur faster at the 

low end (e.g. , in Fig. 122, the difference between the K- 1 frequency and 

the lowest dominant K- 12 value [w"" 23 and 15] is larger than the differ

ence between the K- 12 highest dominant frequency and that for the K- 1 

[w"" 27 and 23]. As evidenced by data in Figs. 122 and 123a, an increase in 

K also severely destabilizes the system, the lowest dominant frequencies 

* The K-12 system is already divergent at u- 5, hence was not included 

in the Figure. 
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for larger (K) systems reaching zero much faster; however, it should be 

kept in mind that experimental high velocity PSD's exhibit power distri~ 

butions that basically match those in theory, only in terms of frequency 

bands and to a much lesser extent, in terms of shapes; for example, the 

K- 4, Gc- 0. 7 5, 4F Radial PSD' s, in Fig. 35a (theoretical data is the same, 

in the latter Figure and in Fig. 123a). Nevertheless, in spite of PSD shape 

differences, theory and experiments still agree fairly closely in terms of 

critical flow velocities, which makes the above conclusion about destabil

ization essentially correct. 

Note that, should fluid coupling be absent, each cylinder in a bundle 

would "behave" as a single cylinder (neglecting the effect of adjacent 

cylinders on the flow field characteristics). 

The available experimental evidence supports the foregoing theoretical 

conclusions, as shown in Figs. 124a and 124b. Note that the K- 2 data is 

for the larger value of Gc- 1. 89; the corresponding Gc - 0. 7 5 system would 

have broader PSD's, because of the closer spacing. 

5.1-3: Effect of neighbouring rigid cylinders 

A third variant (other than inter~cylinder spacing Gc, and the number of 

cylinders K) was utilized to study fluid coupling, namely the substitution 

of some of the flexible cylinders in the "Reference" K- 4, Gc - 0. 75, 4F 

cluster, by essentially rigid ones: we recall that the systems tested were 

(i) 1F(l)/3R(2,3,4), i.e. three flexible cylinders replaced by rigid ones, 

(ii) 2F(l,3)/2R(2,4), where two diagonal flexible cylinders have been re~ 

placed by rigid ones, and (iii) 2F(l,2)/2R(3,4), which is similar to the 

previous case, but where adjacent cylinders have been changed. 

The effect of surrounding the "Reference" system by rigid cylinders was 

also studied, namely the 4F(l,2,3,4)/24R(rest) system; finally, tunnel flow 

field symmetry was investigated by testing variants of the latter system: 

a 4F(6,7,1,2)/24R(rest) parallel offset system, and a 4F(5,6,1,16)/24R(rest) 

diagonal offset system. 
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- 5.1-3a: 1F(l)/3R(2,3,4) and related cases 

In addition to making comparisons between the K- 4, 4F and K- 4, lF(l)/ 

3R(2, 3 ,4) systems (both with Gc- 0. 75), results for the K- 1, lF system 

will also be used. Fig. 125 depicts theoretical Radial and Tangential PSD's, 

at u- 3, for the three types of systems, and Fig. 126 is the corresponding 

experimental data (where damping is seen to be higher): the similarity be

tween the IF and 1F/3R systems is obvious, signifying that the substitution 

of three flexible cylinders by rigid ones virtually eliminates any "coup

ling" effect that was present when all cylinders were flexible. However, the 

three rigid cylinders do increase the added mass of the flexible one, the 

result of which is a slightly lower dominant frequency for the latter cyl

inder, as compared to that of a single (flexible) cylinder. 

Note that the pressure excitation PSD used for theoretical computations 

was the "K- 0" one, for all cases in Fig. 125; this is of course only an 

approximation, as we expect the flow field to be affected, if only by the 

presence (motion itself could also change the excitation field) of one or 

more adjacent cylinders. The relative power levels, between systems, is not 

as different in theory (Fig. 125) as in the experiments (Fig. 126), and we 

see clearly (experimentally) that the presence of three rigid cylinders, in 

the 1F/3R case, has resulted in an increase of the response, relative to 

the lF case (see the BLUE and RED traces, in Fig. 126). Power level consid

erations will be discussed shortly. 

We continue with an examination of the first 2F/2R system. 

5.1-3b: 2F(l,3)/2R(2,4) and related cases 

Again, three types of systems will be compared, namely two K- 4 systems, 

the 2F(l,3)/2R(2,4) and the 4F systems, and the K- 2, 2F system. As before, 

since theory and experiments compared well in Chapter 4, we shall analyze 

the various effects by inspecting theoretical data first; Radial and Tangen

tial PSD' s are illustrated in Fig. 127, for u- 3, and for the three systems 

described above. The RED traces apply to the K- 2, 2F system (Gc -1.89); if 

two more (diagonal) cylinders are added, we obtain the K-4, 4F (Gc-0.75) 

system, shown as GREEN traces in the Figure, and if the added cylinders 
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are made rigid, we obtain the 2F(l,3)/2R(2,4) (Gc- 0. 75) system, plotted 

in BLUE. We wish to examine coupling modes, in addition to the latter PSD's; 

Figs. 128a and 128b depict theoretical coherences and phases for the above 

three systems, at u- 3, in both the Radial and Tangential directions, for 

position pairs 1,3 (pair 1,2 data for the 4F case is shown in Figs. 116a 

and 116b). 

The 2F inter-cylinder coupling modes are first inferred; there are four 

distinct dominant frequencies, namely w=21.2 (T-T), 21.6 (R-R), 23.4 (R-R), 

and 23.8 (T-T), associated to phase angles of 180°, 0°, 180°, and 0° respec

tively. The coupling modes are shown in part (a) of Fig. 129. The corre

sponding coupling modes for the 2F(l,3)/2R(2,4) system is, at w ... 19.9, 

20.8, 22.6, and 23.3, 0° (R-R), 180° (T-T), 0° (T-T), and 180° (R-R); we 

note that frequency shifts, due to the presence of the diagonal rigid cyl

inders, have occurred, as may be seen in Fig. 129: the frequency sequence 

has now changed to w2 , w1 , w4 , and w3 (part (b)). In a similar way, the 

coupling modes for the K- 4, 4F case are obtained and shown in part (c) of 

Fig. 129; the dominant frequencies are w1 "" 15.8, w2 ""' 18.9, w3 - w4 "" 20.8, 

w5 - w6 "" 23. 2, w7 ""' 25. 8, and w8 ""' 27. 7. The corresponding modes, between sys

tems, are shown in each of the four columns in Fig. 129. Note that eight 

4F coupling modes have been shown (rather than the six depicted in Fig. 26); 

this format was utilized to illustrate two "additional" coupling modes that 

may be obtained by symmetry, simply by mirror imaging on a diagonal line,* 

the modes corresponding to the mean flow repeated frequencies, namely the 

first and third columns of part (c) of Fig. 129. We proceed by comparing 

frequencies of each of the three systems shown in Fig. 129, columnwise: 

System dominant frequency 
Column 2F 2FL:2R 4F 

1 21.2 20.8 20.8 

2 21.6 19.9 15.8, 25.8 

3 23.4 23.3 23.2 

4 23.8 22.6 18.9, 27.7 

* These modes simply correspond to the original ones, after having been 

rotated 90°, clockwise (column 1) and counterclockwise (column 3). 
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We first examine the coupling modes of column 1, that is the first (T-T) 

mode of the 2F system, and the corresponding ones of the other two systems 

(2F/2R and 4F): going from the 2F to the 2F/2R system, we see only a slight 

lowering of the dominant frequency (from w"" 21. 2 to w"" 20. 8) , due to the 

presence of the additional two rigid cylinders - the "entrained fluid" mass 

is relatively constant, as the rigid cylinders are not directly in its 

"path". Furthermore, we find the 2F/2R and 4F systems to possess basically 

equal dominant frequencies (20.8); having made the two additional cylinders 

rigid has altered the dynamics very little, i.e. the cylinders in positions 

2 and 4 are "seen" by those in positions 1 and 3, almost as if they were 

rigid, each pair moving at right angle with respect to the other (note that 

in the theoretical model, boundary conditions are imposed at the position 

of rest of cylinders- motion amplitudes have no effect on system dynamics). 

Note that Tangential direction forces on, say Position 1 cylinder, due to 

potential flow induced pressure changes from Tangential motion of Position 

4 cylinder, would be cancelled by motion of Position 2 cylinder; the reason 

why the 4F dominant frequency is slightly higher than the 2F/2R one (see 

Fig. 128b, at w""'20.8) is found in Fig. 117: there is some coherence between 

the Radial direction motion of Position 1 cylinder in the Radial direction 

and Position 2 cylinder in the Tangential direction which, by symmetry, im

plies the converse. The phase is 180°, i.e., referring to part (c) of Fig. 

129, while cylinder 1 moves tangentially "counterclockwise", cylinder 2 has 

a (non-dominant) motion in the opposite direction, i.e. radially inward (and 

similarly for the other cylinders). 

A very analogous situation is found in column 3 (see the above table), 

i.e. in relation to the "in unison" Radial direction motion of cylinders; 

this includes some R·T coherence, in the 4F case (see Fig. 117).* 

The modes illustrated in columns 2 and 4 of Fig. 129 involve cylinders 

moving "in opposition", rather than "in unison" as was the case for col

umns 1 and 3 above. Comparing the 2F and 2F/2R cases, in column 2, reveals 

* Radial and Tangential direction motions still oppose each other, and the 

0° phase (instead of the former 180°) stems from direction conventions). 
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some reduction in frequency with the addition of two rigid cylinders, spe

cifically from w"" 21. 6 ( 2F) to w"" 19. 9 ( 2F /2R) ; the presence of the two 

rigid cylinders in the latter case, results in a change in "cross-sectional 

flow pattern", where outward/inward motion of the two flexible cylinders 

require fluid to flow inward/outward, through interstitial gaps between 

cylinders - this increases the added mass seen by the moving cylinders. 

Inspection of the two 4F coupling modes (column 2) and their corresponding 

dominant frequencies (w .... l5.8 and 25.8), indicate an increase (four cylin

ders instead of two moving in phase) and a decrease respectively, of that 

"choking" effect. 

The Tangential direction modes of column 4 are very similar to those of 

column 2, and need not be discussed. 

Experimental data is behaved basically as predicted in theory: typical 

u- 3 data is shown in Fig. 130 (PSD' s) and Figs. 131a and 13lb (coherences 

and phases); so, the foregoing analysis is supported by experiment. 

The previous qualitative explanations shall be reinforced by a similar 

review of inter-cylinder coupling modes for "adjacent" pairs. 

5.1-3c: 2F(l,2)/2R(3,4) and related cases 

In Section 5.1-3b above, our attention was focused on cylinder Positions 

1 and 3 ("diagonal" pair); we now supplement that data with results for Po

sition pair 1,2 ("adjacent" cylinders), namely the 2F(l,2)/2R(3,4) case. 

The latter system shall be compared to the 4F one. 

Theoretical data will again be presented first, starting with Radial and 

Tangential direction PSD's, shown in Fig. 132, for the 4F (RED traces) and 

2F(l,2)/2R(3,4) (GREEN traces) systems (at u- 3). Inter-cylinder coupling 

modes may be obtained from the usual coherence and phase plots: Figs. 133a 

(R-R) and 133b (T-T) depict that data, for the two systems of interest (at 

u- 3) . We recall that the data for the 4F system pair 1, 2, necessary to 
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fully determine coupling modes,* is shown in Figs. 116a and 116b. The cor

responding cross-sectional coupling modes are illustrated in Fig. 134, and 

dominant frequencies are w1 "" 19.0, w2 "" 19.9, w3 "" 23.8, and w4 "" 24.5, for 

the 2F /2R system, and (as listed in the previous Section), w1 "" 15.8, w2 "" 

18.9, w3 -w4 ""20.8, w5 -w6 ""'23.2, w7 ""25.8, and w8 ""27.7, for the 4F system. 

Note that the 4F modes depicted in Figs. 134 and 129 are the same, but they 

are not plotted in the same order (since comparisons are to different sys

tems). 

Following the format used in the previous Section, we tabulate frequen

cies, columnwise. 

System dominant frequency 
Column 2FL2R 4F 

1 19.0 15.8, 23.2 

2 19.9 20.8, 18.9 

3 23.8 20.8, 27.7 

4 24.5 25.8, 23.2 

In the light of the discussion on fluid coupling in Section S.l-3b above, 

it shall not prove necessary to discuss data of Fig. 134 in detail. Suffice 

it to say that, when the two (adjacent) rigid cylinders of the 2F/2R system 

are replaced by flexible ones, the resulting (4F system) frequency will be 

lower or higher than the 2F/2R one, depending on whether the (replacement) 

flexible cylinders tend to "displace" fluid in the same or in the opposite 

direction to the original (flexible) cylinders; for example, in column 1 

(Fig. 134), the 4F coupling mode at w1 has cylinders in positions 3 and 4 

moving "in opposition" to those in positions 1 and 2, thereby lowering the 

dominant frequency associated with that mode, whereas the reverse occurs 

with the "w5 -w6 " coupling mode (frequency increases). This behaviour con

firms the interpretation given in Section 5.1-3b. 

Experimental data follows theoretically predicted trends, as seen in 

Fig. 135 (PSD's) and Figs. 136a and 136b (coherences and phases). 

*Done in the previous Section (see Fig. 129). 
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S.l-3d: 4F(l,2,3,4)/24R(rest) and related cases 

Two sets of comparisons shall be effected here: (i) the 4F(1,2,3,4)/24R 

and the [K- 4] 4F(l, 2, 3 ,4) systems, and (ii) the three K- 28 systems, 1. e. 

4F(1,2,3,4)/24R, 4F(6,7,1,2)/24R, and 4F(5,6,1,16)/24R systems. The usual 

u- 3. 0 flow velocity used for comparisons is now too close to the experi

mental critical velocity (close to 4.0); hence, data at u-1.0 will be util

ized instead, for all 4F/24R cases. 

Recall that to minimize computer time requirements, all 4F/24R theoreti

cal calculations were effected with N- 2 (comparison functions), making 

these results valid only for the first mode group (see Section 4. 3-lc); 

therefore, (theoretical) PSD plots do not illustrate the second mode group. 

(a) K- 28 versus K-4, with 4F(l,2,3,4) 

We wish to investigate the effect of "surrounding" the four Flexible cyl

inders, in the 4F case, by Rigid cylinders, i.e. the 4F/24R case. Theory is 

again used to discuss trends (since good agreement with experiments* has 

previously been found). Radial and Tangential PSD' s, at u- 1, are depicted 

in Fig. 137. As is expected from single cylinder results (Section S.l-3a), 

we observe a general lowering of frequencies, when Rigid cylinders are pres

ent (GREEN traces). We also note that, relative to the Tangential direction, 

there is an increase in Radial direction power, specifically at w"" 22. 3 

(GREEN trace); the corresponding power in the 4F system was "negligible", 

as seen at w"" 23.9 {RED trace).§ A similar situation exists for the Tangen

tial direction power (relative to the Radial one), at w"" 24.8 (GREEN trace), 

corresponding to the (previously negligible) 4F system power at w""' 26.3 (RED 

trace§). CoherEmces and phases for both systems are illustrated, for u-1, 

for the R-R and T-T cases and for both Position pairs 1,3 and 1,2, in Figs. 

138a, 138b, 138c, and 138d, and furthermore, the R-T data for Position pairs 

1,3 and 1,2 is shown in Fig. 139. The 4F/24R dominant inter-cylinder coupling 

* At least at low flow velocities. 

§ Barely visible at u =- 1; see Fig. 35 for PSD' s at u- 3, and 5. 
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modes are the same as those illustrated in Fig. 26,- except that "w5 - w6 " 

modes are now also significant at "w3 - w4 " and vice versa.* 

We may conclude that, theoretically, the presence of the neighbouring 

rigid cylinders has not only depressed frequencies (as occurs in the case 

of the single cylinder), but has also brought about some alteration of the 

system transfer function matrix (see eqn. 2 .157), since the (relatively 

flat) excitation pressure power yields different characteristic responses 

(see Fig. 137). It should be noted that the pressure PSD's used for compu

tation of the theoretical responses is not the same, in the 4F and 4F/24R 

cases, being the so-called K- 0 PSD's (see Figs. 20a and 22a) and K- 28 

PSD' s (see Figs. 21a and 23) respectively; this mostly accounts for the 

power level differences found in Fig. 137 (note separate PSD scales). Inter

cylinder coupling modes are identical, except that associated powers (PSD's) 

may differ (due to the changes in transfer function matrix). 

These effects have been observed experimentally, but with some excep

tions; we shall examine the measured data in some detail, to verify to what 

extent the theory is supported experimentally. The theoretically predicted 

lowering of frequencies (with the presence of surrounding Rigid cylinders) 

is indeed observed in measurements: a comparison of Figs. 137 (theory) and 

140 (experiments) reveals much similarity in terms of frequency shifting; 

the Radial frequency downward shift occurs mostly at the high end, whereas 

the reverse is true for the Tangential direction. In terms of coherence and 

phase, u -1 measurements for Position pair 1, 3, § for the R-R and T-T cases, 

shown in Figs. 141a and 14lb, exhibit frequency shifts much like those pre

dicted in theory: for example, the Fig. 141a R-R downward shift of the 0°-

1800-00 phase sequence, from 22.0, 27.0 (RED trace) to 20.9, 26.2 (GREEN 

trace), and the Fig. 14lb T-T low end (0°-180°) downward shift of the 0°-

1800 -0° phase sequence, from 22. 2 to 21. 3. Unfortunately, experimental 

phase sequences, which have compared very well for other systems (K< 28), 

* These theoretical modes do exist in the 4F case, except that the associ

ated power is relatively low. 

§ Measurements for Position pair 1,2 were never made. 
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do so only to a limited extent here, as was previously discussed (Section 

4. 3-13b). Nevertheless, we may state that downward frequency shifts are 

present in the measurements, supporting the theory. 

Note that second mode group comparisons are not made, as theoretical 

computations were effected with N- 2. 

We recall that another theoretically predicted effect of the presence of 

Rigid surrounding cylinders is an increase, at specific frequencies, of 

Radial (relative to Tangential) power, and vice versa: the (theoretical) 

frequencies """" 22.3 (Radial) and"""" 24.8 (Tangential), and with correspond

ing new "peaks" may be seen in Fig. 137 (GREEN traces); this effect was 

experimentally found, with certainty, only in the Radial direction, as seen 

at w""' 21.9, in Fig. 140 (GREEN trace), and moreover with the correct corre

sponding phase and similar coherence (see Fig. 138a for theory and 14la for 

experiment). Note that there is some indication that the Tangential direc

tion data exhibits a relative increase in power: this can be seen in Fig. 

93b (RED trace, at top, at """"' 24. 7), where a slight inflection in the PSD 

exists; again, the corresponding phase corresponds to the theoretical one 

(Figs. 14lb and 138b). Hence, experimental evidence does provide some sup

port for the theory, in this latter respect. 

In summary, there is only limited experimental evidence to support the 

theoretical effects of surrounding four Flexible cylinders by Rigid.ones, 

although it must be stressed that some of these effects are quite small 

(e.g. relative increase of Radial power), and their very detection could be 

said to be surprising in the first place. The latter results provide some 

support as well as casting some doubt, in terms of the soundness of the 

theoretical model, and/or the correctness of the pressure PSD's and pressure 

correlations used. Discussion of discrepancies shall be deferred to Section 

5.2. 
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(b) Three K- 28 systems 

Experimental PSD's for the 4F(l,2,3,4)/24R (central), 4F(6,7,1,2)/24R 

(parallel offset), and 4F(5,6,1,16)/24R (diagonal offset) systems, will be 

compared, in an attempt to establish the uniformity of the test tunnel char

acteristics. Differences* may be attributed to one or a combination of two 

causes, both related to the 4F location of the cylinders within the 24R 

ones: (i) inherent differences between systems, which will be evaluated from 

theoretical data, and (ii) differences due to non-uniformity in the flow 

field within the test tunnel. 

The common (to all three systems) cylinder Position 1 shall be examined. 

In theory, the first of the above causes proves to be negligible, as seen 

in Figs. 100 and 109, that is, in spite of the existence of inter-cylinder 

fluid coupling (which is to adjacent cylinders possessing slightly different 

PSD's, depending on which of the three systems we are looking at), the PSD's 

(Radial and Tangential) of the cylinder in Position 1 remains basically the 

the same. Note that this can be explained by the fact that the immediate 

surrounding of Position 1 cylinders is the same in all systems, namely 

five Rigid cylinders and three Flexible ones (e.g., in the central case, 

Positions 7, 6, 5,16,15 and 4, 3, 2 respectively - see Fig. 29), where the 

surroundings of the other three cylinders themselves is not radically dif

ferent from one system to another. 

Measured Radial and Tangential direction PSD's, for the cylinder in Po

sition 1, are depicted in Figs. 142a and 142b respectively, for u- 1, 3, 

and 4: except for the Radial direction, at u- 4, PSD's have basically the 

same bandwidths, but with some differences in PSD shapes; this author can 

think of only one explanation for this, namely test channel flow asymme

tries, which would alter the response of "off-central" (i.e. not Positions 

1 to 4 incl.) cylinders, affecting Position 1 through fluid coupling. How

ever, experimental data contradicts this, as follows: the "off-center" 

responses (PSD's), coupled with their corresponding coherences, result in 

*Other than experimental error, assumed negligible since repeatability 

was found to be very good. 
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even less influence on Position 1 cylinder(s) than theoretically predicted 

(with the latter resulting in almost equal PSD's, as discussed above). This 

is because the experimental PSD's are less "peaked" than their theoretical 

counterparts (see Figs. 102 and 111), and their corresponding (measured) 

coherences are usually lower than in theory (see Figs. 103 and 112). At this 

stage, it has to be said that the PSD shape differences found in the three 

4F/24R systems remain unexplained. 

Power levels tend to be lowest in the central sub-bundle case; this sug

gests that the bulk flow velocity in the central portion of the tunnel is 

not higher than that at the "periphery", implying a fairly even velocity 

distribution in the test channel. This is not unexpected, given the regu

larity and density of cylinders in K-28 clusters (see Fig. 29). 

Discrepancies between theory and experiments are discussed next. 
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5.2: EXPERIMENTS & THEORY, DISCREPANCIES 

We proceed with a discussion of discrepancies between measurements and 

theoretical computations. We shall deal with (i) PSD levels (powers), (ii) 

PSD shapes (power distributions), (iii) dominant frequencies, (iv) phases, 

and (v) coherence functions, in that order. 

5.2-1: PSD levels 

The greatest discrepancy between theory and experiments lies with power 

levels; for example, for the "Reference" system (K- 4, Gc- 0. 75, 4F), the 

ratios of theoretical to experimental scales are approximately 24* (u- 1), 

13 (u-3), and 27 (u=S) respectively, as seen in Fig. 35 (a, b); this cor

responds to rms amplitudes about five times higher in theory than in exper

iments. As tabulated below, we see that the (theoretical/experimental) scale 

ratios do not, in general, vary significantly with the system tested (note 

that all theoretical computations for these systems were effected using the 

K-O pressure PSD's), but do vary with the mode group. 

First mode group Second mode group 
scale ratios, at scale ratios,§ at 

K Gc System u- 1 3 5 1 3 5 
4 0.75 4F 24 13 27 19 8 13 
4 1.00 4F 40 13 27 21 9 11 
4 1.50 4F 32 13 27 21 8 11 
2 1.89 2F 32 11 20 16 8 8 
1 lF 31 13 31 13 8 7 
4 0.75 1F(l)/3R 25 13 33 16 5 5 
4 0.75 2F(l,3)/2R 32 15 27 21 9 12 
4 0.75 2F(1,2)/2R 32 15 27 21 9 12 

Scale ratios for the systems utilizing K- 28 pressure PSD' s are as fol

lows: 
First mode group Second mode group 
scale ratios, at scale ratios 

K Gc System u- 1 3 4 
28 0.75 4F(1,2,3,4)/24R 200 120 53 Not available: 
28 0.75 4F(6,7,1,2)/24R 150 43 25 theoretical data 
28 0.75 4F(5,6,1,16)/24R 180 42 10 (u- 5) for N- 2 only. 

* Equal to 1. 2/0. OS." 

§ Experimental second beam mode integrated powers were corrected by the 

factor 1/(0.563) 2 
- see eqn. (3.1). 
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Scale ratio changes are the greatest for (i) K"' 28 versus K- 28 systems 

(note that different pressure PSD's are used for the two categories of sys

tems), (ii) the second versus the first mode group, and (iii) different 

flow velocities. To verify if some trend exists for the last item, data 

at u- 0. 5, 1. 5, 2. 0, 2. 5, 3. 5, 4. 0, and 4. 5 is plotted in Figs. 143a to 

143g inclusively, for the "Reference" system, and the corresponding scale 

ratios tabulated below, together with the previous data at u-1.0, 3.0, and 

5.0. 

Mode 
groUE u- 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 

1 60 24 9 8 12 13 13 15 17 27 
2 76 19 9 8 7 8 6 6 9 13 

Similar data for the "central" K- 28 case follows, corresponding to Fig. 

93 (a, b), and Figs. 144a to 144e inclusively. 

Mode 
grouE u - 0 . 5 1. 0 1. 5 2 . 0 2. 5 3 . 0 3. 5 4. 0 

1 ss 200 240 330 200 120 80 53 
2 Not available, theoretical data is for N- 2 only. 

The tabulated K- 4 and K- 28 scale ratios are shown in graphical form in 

Fig. 145. The two K- 4 mode groups behave in a very similar way, namely 

higher scale ratios at low and high flow velocities, with a "dip" in the 

mid-range. Interestingly, the behaviour for the K-28 system in basically 

the reverse, and with greater variations (minimum to maximum). 

5.2-la: Excitation pressure characteristics 

A general discussion of pressure excitation forces is in order at this 

point. Fig. 1 illustrates a typical four-cylinder bundle (K- 4, Gc- 0. 75) 

in the test channel; a longitudinal view, representing schematically that 

system "hydraulic configuration" is shown to scale, in Fig. 146. We recall 

that flow is downward, with the two stage turbulator upstream. The ogives 

are fixed to streamlined fins (not shown here - see Fig. 13), and so are 

the lower supports, with the flexible cylinders mounted in between. 

Strategic longitudinal points are marked in Fig. 146; they are (1) the 

region immediately downstream from the lower stage of the turbulator, (2) 
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the leading tip of the support ogives, (3) the top level of the flexible 

cylinders, (4) the level at which pressure PSD's were measured (basically 

at the mid-point of the cylinders), and (5) the bottom level of the flexible 

cylinders. 

Level (1) corresponds to what may be termed upstream conditions, where 

flow has a relatively high level of turbulence and the velocity distribution 

is uniform (see Appendix L for details on turbulence characteristics, meas

ured at level (4)). Level (2) is approximately where flow conditions start 

changing, due to the presence of the cluster, and level (3) represents "up

stream" flow characteristics, as seen by the cylinders. Level (4) is where 

pressure (and turbulence - see Appendix L) data has been gathered, and also 

represents "mid-way" conditions as seen by the cylinders. Finally, level (5) 

corresponds to "downstream" flow conditions as seen by the cylinders. 

Ideal test conditions would have required, as a minimum, very long (sev

eral hydraulic diameters) top support ogives, so that fully developed flow 

conditions could exist at level (3), resulting in pressure PSD's and CSD's 

which are independent of the longitudinal location (of measurement points, 

along the cylinders); practical limitations did not allow this, and tests 

had to be carried out under the "less than idea!~' conditions, shown in Fig. 

146. 

The various parameters thought to influence excitation pressure charac

teristics (hence cylinder vibration) in the system depicted in Fig. 146, 

are the following: (i) fluid properties, namely density and viscosity, (ii) 

upstream flow characteristics, which may possibly be defined* by bulk veloc

ity, velocity profile, and turbulence intensity and scale at level (1), 

(iii) the distances between levels (1), (2), (3), and (5), (iv) the channel 

diameter, and the geometry of the bundle (cylinder diameter, number [K], and 

positions in the channel); furthermore, (v) channel and cylinder surface 

roughness could be relevant, and of course so could be (vi) the very motion 

* Assumed here; the listing of relevant system parameters is not necessarily 

exhaustive, but serve to illustrate the complexity of the problem. 
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of the cylinders. The latter two items will be ignored, for they would be 

amongst the last causes to ever be investigated, after other effects have 

either been ruled out or thoroughly understood. 

Note that item (ii) has been included here, in spite of previous indi

cations that upstream turbulence is not convected very deep in a bundle 

[53], because (a) the K"' 28 bundles are sparsely populated, in the sense 

that the tunnel cross-section remains mostly free of cylinders (see Fig. 

28), and (b) the original turbulator-free vibration experiments (none were 

performed with K- 28) yielded power levels about seven times lower than 

those with turbulator. It should be stressed that item (ii) is more likely 

to be negligible in the K- 28 cases, because of the smaller hydraulic diam

eter ( "' 2. 8 cm) . 

The above items alone cannot determine pressure PSD's and CSD's, as the 

latter should also be dependent on (a) the chosen cylinders (K- 28 bundles 

only, as other clusters of interest here have symmetry such that one cylin

der is equivalent to another), and (b) the longitudinal and circumferential 

position of the chosen reference point(s) (PSD or CSD) on the cylinder(s). 

The pressure CSD may be written in general form as 

SPmPn- function ( [items (i) to (iv) incl.], <em, em), <en, en ),m, n), (A) 

where the first (reference) point has longitudinal and lateral coordinates 

<em,em), on cylinder m, and the second point coordinates <en,en), on cylin

der n. Note that (A) includes the case m- n (isolated cylinder). 

With the condition of fully developed flow (sufficiently long top sup

port ogives), form (A) may be written as 

SPmPn -function ([items (i) and (iv)].u,e111 ,en,en-e111 ,m,n), (B) 

where the pressure CSD no longer depends on upstream conditions (item (ii)) 

or on distances between levels (1), (2), (3), and (5) (see Fig. 146) (item 

(iii)), or on the absolute longitudinal location of measurement points; 

dependence is retained on (a) fluid properties, (b) system geometry, (c) 

angular position of measurement points, and (d) which cylinder pair is under 

consideration (m,n). 
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It should be noted that form (B) [developed flows] is still of consider

able complexity, especially due to the dependency on system geometry and, 

to a lesser extent (because of the lower magnitude of correlations), on the 

chosen cylinder pair; it will prove sufficient to discuss the "Reference" 

K- 4 system and the ttcentral" K- 28 one, for qualitative understanding of 

factors which influence PSD's and CSD's. Note that we may divide the latter 

spectral densities into three "categories": (i) PSD' s, which are measured 

on a single cylinder, (ii) CSD's on a single cylinder (a function of longi

tudinal and lateral (angular) separation, and (iii) CSD's between a pair of 

cylinders (also a function of the cylinders chosen). 

5. 2-lb: K- 4 system (developed flows) 

Even where m- n (correlations on one cylinder) , we would generally retain 

a dependence on which cylinder, within a bundle, is chosen. In the case of 

either very small clusters or very large ones, symmetry conditions lead to 

some simplifications. 

By inspection of Fig. 28 (K- 4), we see that because of symmetry, (a) the 

dependence on which cylinder is chosen dissapears,* i.e. form (B) reduces to 

SPmPm -function ([items (i) and (iv)],u,81 ,82 ,e1 -e2 >. 

where <e 1 ,8 1 ) and <e2 ,8 2 ) are two points selected on cylinder m (m-1, 2, 

3, or 4). 

Another feature of this particular (K- 4) system is (b) a lateral symme

try about "diagonal" lines, such that if a family of (single cylinder) CSD's 

(i.e. a range of [e 1- e2 J and [8 2- 81 J) were to be measured, e.g. for Position 

1 cylinder, the range 81 -45° to 225° would be sufficient to cover all pos

sible cases. As an example, assume that m- 2, 81 -90°, 82 -180°, and e2 - e1 

-~e; the particular CSD, namely Sp
2

p
2

(u,90°,180°,Ae), is simply equal to 

Sp
1
p

1
(u,90°,0°,Ae). Note that, in this case, AS-90° for cylinder 2, and 

-90° for cylinder 1. In general, for the K- 4 system, we may write 

* Note the same situation would also arise when chosing a cylinder within 

a very large cluster. 
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(C) 

where f 1 and f 2 are simple functions to define equivalent angles. Note also 

that the PSD, namely SPII!Pm (u,8 1 ,8 1 ,0), has a "cycle" of 180°, with the pre

vious range of 81 - 45° to 225° . 

The CSD's on a selected cylinder in a bundle, that is form (C) above, 

would still require considerable amounts of data, as an interdependence 

between longitudinal and lateral coordinates is implied; hence, for each 

81 selected, one would have to cover the full range of interest for JJ.€, 

for each value of 82 (i.e. IJ.IJ). Inter-cylinder CSD' s are even more data 

intensive, in that some dependence is retained on which cylinder pair is 

chosen: with four cylinders, two types of choice are possible, namely adja

cent or diagonal pair. For inter-cylinder CSD's, form (C) may be rewritten 

as 

Sp p (u,8 1 ,8 2 ,1J.e)-Sp p ( )(u,h1 (1J 1 ,m,n),h2 (8 2 -IJ 1 ,m,n),JJ.€), (D) 
m n 1 L m ,n _, 1 2 3 4 m,n , , , , 

where h1 and h2 are functions similar to f 1 and f 2 , with the difference that 

equivalent angle selection also depends on m and n; L(m,n) is a logical (bi

nary) function, to select either the adjacent or diagonal pair CSD, with the 

cylinder in Position 1 as reference (e.g. L(4,2)-3, since 4,2 is a diagonal 

pair, equivalent to pair 1 (reference cylinder),3). 

5.2-lc: Central K- 28 system (developed flows) 

The "central" K- 28 system has different symmetry conditions than those 

of the K- 4 one. If we consider the central sub-cluster, that is Positions 

1, 2, 3, and 4 in Fig. 29, and assume that conditions in the central portion 

of the channel are the ones for an "infinite" size cluster, then the follow

ing symmetry conditions will apply: (a) there is no dependence on the chosen 

cylinder, and the "cycle" of symmetry now spans only 45°* (versus 180° for 

the K- 4 case) , with for example a range of 81 - 0° to 45° . As for the K- 4 

* Preliminary results of recent tests, by L.R. Curling of the Fluid-Struc

ture Interaction research group here at McGill, suggest such a behaviour. 
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case, one could obtain CSD's (and PSD's) for a given cylinder, from data on 

say the cylinder in Position 1 alone, 

(E) 
m-2,3,4, 

where g1 and g2 are functions similar to f 1 and f 2 in (C). 

In both Sections 5.2-lb and 5.2-lc, in spite of reductions in the forms 

for PSD's and CSD's, the required data would nevertheless still be quite 

voluminous. Additional assumptions are necessary if further simplification 

of PSD and CSD expressions is desired. Bakewell [25], following Corcos' [28] 

model, assumed that longitudinal and lateral correlations were independent 

of each other, for flow inside a smooth pipe, which in terms of symmetry, 

is equivalent to an isolated cylinder (not part of a bundle, but in a 

"large" channel). For lack of data, Curling [61] used Bakewell's measure

ments, both for (a) single cylinders (in a cluster) PSD's and CSD's, and 

(b) inter-cylinder CSD's, where the concept of the "least fluid paths" was 

used for lateral correlations (see Section 2.5-2b), implying the following 

assumptions: (i) correlations measured for (low velocity) air flow in a pipe 

are applicable to (axial) water flow over an isolated cylinder, (ii) these 

correlations may be used for a single cylinder that is part of a bundle, and 

(iii) the "least fluid distance" scheme may be utilized to extend correla

tions to pairs of cylinders within a cluster. 

As a set, the latter assumptions are most probably not justifiable, and 

even the present state of knowledge confirms this: as a simple example, 

PSD's for an isolated cylinder are measurement-angle independent (by symme

try), but such is not the case for a single cylinder within a bundle. The 

situation for CSD's has briefly been discussed above, and does also indicate 

the implausibility of these assumptions, especially (ii) and (iii). Finally, 

the much reduced form for CSD's, including inter-cylinder cases and PSD's 

(when A~ - 68 - 0) , is 

SPmPn (u, ~~I ~2 I 81 '8z ,w) - clons (u,Ae ,w) • cla t (u,A8 eq ,w) . Spp(u,w) ' (F) 

m,n-1,2, ... ,2K, 

where C1 ons and C1 at are normalized longitudinal and lateral correlations, 
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Spp is a cylinder-wall PSD, and where ~o.q is used for cylinder pairs (see 

eqn. (2. 242)). 

Unfortunately, this is the best that could be done at this time, no 

other data being available; an intermediate measure was taken to slightly 

improve accuracy of theoretical computations, namely pressure PSD' s were 

measured in situ, but at the channel wall, (a) in the cylinder-free channel 

(K-0), reflecting "open space" excitation (i.e. the outer region of small 

bundles located at the center of the channel), and (b) in the fully popu

lated channel, reflecting the excitation within K,.. 28 clusters and in the 

inner region of smaller bundles (i.e. in between cylinders). 

We recall that so-called K- 0 pressure PSD' s were used for all but K- 28 

clusters, as input data for theoretical calculations, and K- 28 pressure 

PSD' s for K- 28 bundles. Although a certain source of error, it seems un

likely to be the main cause of power scale ratios of up to about 300 (see 

Fig. 145) . Nevertheless, this subject calls for some discussion, before 

turning our attention to CSD's. 

5.2-ld: Pressure PSD's as sources of discrepancies 

There are two main sources of potential discrepancies between the pres

sure PSD' s used in the calculations (K- 0 and K- 28 channel wall PSD' s) , 

and what actually exists within the various bundles tested: namely, (i) 

longitudinal variations along a particular cylinder, and (ii) lateral vari

ations either (a) on a specific cylinder (angular orientation of the meas

urement points), or (b) due to the location of the selected cylinder in the 

bundle. 

Longitudinal variations are expected to exist here, because of inadequate 

distances between (i) the downstream end of the turbulator and the leading 

tip of the top support ogives (levels (1) and (2) in Fig. 146), and (ii) 

the latter level and the leading end (top) of the cylinders themselves 

(levels (2) and (3) in Fig. 146). Furthermore, the decay of upstream turbu

lence depends on the hydraulic diameter, and so does the very generation of 

turbulence within an array. In situ measurements of PSD's (for various bulk 

flow velocities) were made only at the mid-cylinder level of the channel 
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wall (labelled (4) in Fig. 146): the K-O tests, yielding virtually the same 

results as a separate K- 4 experiment with aluminium cylinders, may be in

dicative of turbulence generation in "open spaces", provided upstream turbu

lence has already decayed at that longitudinal location. The K- 28 tests 

likely reflect turbulence generation in "closed spaces", that is within 

clusters, as we expect upstream turbulence to decay rapidly owing to the 

relatively small hydraulic diameter (~ 2.8 cm) of that cluster. It should 

be pointed out that, as pressure PSD' s for the K- 28 case are higher than 

those for the K- 0 case (see Figs. 20a and 2lb) , we expect the turbulence 

generated within the K- 28 array to actually exceed upstream (level (3) in 

Fig. 146) values. Note that in both cases (K- 0 and K- 28) , we would expect 

the pressure PSD's at level (3) (see Fig. 146) and at a given bulk velocity, 

to be different from those actually measured at level (4); specifically, 

pressure PSD's should not have attained steady state at level (3), although 

we would expect that condition to occur fairly rapidly in the K- 28 system. 

One consideration reduces the importance of longitudinal variations in 

PSD' s, should they exist (plausible in the K- 4 case): in terms of vibration 

response in the first beam mode, PSD values in the mid-length region of the 

cylinder(s) have a dominant effect, as the system "admittance" is lowest 

there, and the measured PSD's would represent more of less the average ex

citation in that mid-length region. In any case, the K- 4 cluster is sub

jected to both "open space" and "closed space" PSD' s (K- 0 and K- 28 meas

urements respectively), the latter expected to reach steady state fairly 

quickly. 

In summary, it is not expected that longitudinal fluctuations in pres

sure PSD' s are the major cause of vibration level discrepancies between 

theory and experiments; in particular, the K- 28 pressure PSD' s should ex

hibit relatively little change longitudinally, although this is where the 

largest discrepancies occur. 

Lateral variations in pressure PSD's have been discussed qualitatively 

in Sections 5.2-lb and 5.2-lc; as stated there, we would expect "symmetry 

cycles" of 45° and 180° for the K- 4 and K- 28 systems respectively. Refer-
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ring to Fig. 28, we may infer "close space" (I<- 28) PSD' s in the inner port

ion between cylinders, and "open space" (I<- 0) PSD' s in the outer· region 

around the cylinders; in retrospect, it might have been more realistic to 

utilize an average between I<- 0 and I<- 28 pressure PSD' s for the I<""' 28 cl us

ters, and although this would have raised scale ratios, it would have re

duced the difference between the I<-4 and I<-28 systems (see Fig. 146). Ref

erring to Fig. 29, and recalling that I<- 28 pressure PSD' s were measured at 

the channel wall, specifically between cylinder pairs 19,20 and 23,24; those 

measured PSD' s (various velocities) are not in the "symmetry region" pre

sumed to exist in the central region of the cluster. Preliminary experimen

tal data obtained by Curling* suggests a five-to-one ratio between low fre

quency band (10 to 50 Hz) integrated pressure signal power, at 0° and 45° 

measurement angles respectively (see Position 1 cylinder, in Fig. 29); 

whether the I<- 28 PSD' s are within that range of power or not is not known. 

Consequently, we can only presume that the measured I<- 28 PSD' s are of the 

same order of magnitude, with similar power distributions (frequency con

tent), as what could be termed net effective PSD's, stemming from the "sym

metry region" PSD's. 

In conclusion, although "effective" I<-0 or I<-28 pressure PSD's are not 

known with certainty, it would be rather surprising if their magnitudes were 

anywhere up to ""300 times less than measured wall PSD' s (assuming that the 

~heory yields correct results given accurate PSD's, and that currently used 

correlations are valid): hence, we may safely conclude that lateral varia

tions in PSD's would not result, by themselves, in the scale ratio depicted 

in Fig. 145. 

We are left to discuss CSD's, which are thought to be the main cause of 

vibration power level discrepancies between measurements and theoretical 

computations. 

5.2-le: Pressure CSD's as sources of discrepancies 

A lenghty discussion of CSD's, either on single cylinders (in a bundle) 

on cylinder pairs, will not be required here, as the subject was quite 

* Of the Fluid-Structure Interaction group, here at McGill. 
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thoroughly reviewed in Section 5.2-la. Of the various assumptions made to 

reduce the general form of CSD's, from form (A) to form (F), three are very 

major, namely isolated cylinder CSD's (a) are the same as those for a pipe 

with internal flow, (b) these same CSD's apply to any selected cylinder in 

a cluster, and (c) they may be extented to apply to cylinder pairs. These 

are very strong assumptions indeed, and can really be justified only by in 

situ measurement of pressure characteristics. To this author's knowledge, 

very limited data is available on the influence of system geometry on pres

sure correlations, which leads to the conclusion that excitation pressure 

CSD's are the weakest link in the overall theoretical results. Note that in 

addition to the likelihood of dependence on system geometry, correlations 

would have to vary with flow velocity as well, so as to result in the scale 

ratios found in Fig. 145 (no other cause seems likely to result in such wide 

variations of scale ratios). 

5.2-lf: Causes of vibration PSD level discrepancies 

In the light of the foregoing discussion, the first plausible dominant 

source of vibration power level dsicrepancies between theory and experiments 

is excitation pressure CSD's (PSD's are likely to be of the right order of 

magnitude). Another source of power discrepancies is likely to be weak

nesses in the theoretical model, at least in terms of system damping; from 

PSD shape comparisons (see Section 5.2-2 below), the system damping appears 

to be progressively underestimated, theoretically; this effect by itself 

would tend to make the scale ratios of Fig. 145 go up gradually with flow 

velocity, which would alter the data of Fig. 145 quantitatively, but not 

qualitatively (i.e. it cannot explain by itself the discrepancies found). 

5.2-2: PSD shapes (power distributions) 

Other than for "finer detail", it can be said that experimental and the

oretical PSD's essentially agree, in terms of power distribution, at lower 

flow velocities (e. g. u- 1). This may be seen, for all systems tested, in 

Figs. 35, 50, 56, 61, 66, 71, 75, 79, 84, 93, 102 and 111. However, in all 

cases, the low velocity measurements indicate low frequency "noise" (w- 0 

to 15), the level of which does not appear to change much with flow veloc

ity, as evidenced by its absence at higher velocities. Industrial systems 

usually operate at velocities far from critical (ucrit), meaning that the 
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"noise" in question could be of practical interest, since its power levels 

are of the same order of magnitude as the "predicted" signal; for example, 

in Fig. 35a (u- 1), the "noise" power is about equal to that for the char· 

acteristic Radial PSD (w ... 17 to 30). 

The investigation of sources of that "noise" should proceed in the same 

direction as that for power levels, as discussed in Section 5.2·1. In situ 

measurement of pressure characteristics (PSD's and CSD's) might reveal pe· 

culiarities, especially in terms of longitudinal or lateral correlations, 

that would explain the overall system response, and truly confirm the va

lidity of the random model. Alternately, weaknesses in the model could be 

revealed. 

It is important to note that, whatever the causes of the low frequency 

"noise" might be, it is certainly extremely sensitive to cylinder position 

in the channel, as shown in Fig. 43a, for the Radial direction; we see that, 

although symmetry for the "predicted" signal is excellent, such is not the 

case for the "noise" level (but this is less pronounced in the Tangential 

direction). 

Where discrepancies become significant, in terms of PSD shapes, is at 

higher flow velocities and for the second mode group, as may be seen by 

inspection of the Figures listed at the beginning of this Section. For the 

"Reference" system (K- 4, 4F, Gc- 0. 75), Fig. 35(a·, b) and Fig. 143(a to g 

inclusively) suggest that discrepancies become significant at about u-3.5. 

Theoretical data on the effect of varying the fluid damping coefficients c 

and cf, at u- 5. 0, and up to high values,* are depicted in Figs. 147a (cf 

only), 147b (c only), and 147c (c and cf together, including experimental 

data): It can be seen that altering the values of these coefficients is not 

sufficient to model mea~ured data adequately, and it is suspected that the 

damping mechanism utilized in the theory fails for the higher range of flow 

velocities; this could stem from the adaptation of G.I. Taylor's [20] mod-

* Recall that variations about low values, and at u- 3, were examined in 

Section 4.3-ld. 
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elling (see Appendix F) for flow about long cylinders inclined to the flow, 

and/or the linearization procedure for lateral viscous forces (following 

Paidoussis, see Appendix F). In the latter procedure, a dependence on tt 
is dropped, which may lead to unacceptable error for larger values of U. 

Note that frequencies that are closely spaced in theory, are not usually 

resolved in the measurements, for example, at u-1 in Fig. 35a, at w-26 and 

28: Higher experimental damping is strongly suspected as being the cause for 

this phenomenon. 

5.2-3: Dominant frequencies 

It can be said that agreement between theory and experiments, in terms 

of dominant frequencies, is generally excellent for the first beam mode 

group, and good for the second group, but with theory consistently underes

timating frequencies in this latter case; typical results may be seen in 

Figs. 35 (K- 4, 4F) , 66 (K- 2, 2F) , and 71 (K- 1, lF) . 

One could argue that the second and higher deflection modes should be 

modelled by a Timoshenko beam rather than a Bernoulli-Euler one; unfortu

nately, the net effect of doing this, which results in rotary inertia and 

shear deformations to be taken into account, would be to even further de

press theoretical frequencies, hence this is not a plausible explanation for 

higher experimental values. 

On another front, PSD shapes suggest that damping is underestimated in 

theory; however, further increases of theoretical damping would increase 

the gap between measured and calculated values even more, therefore, damping 

does not provide an explanation for frequency discrepancies. 

Another potential effect was tension induced by the deflection of the 

cylinders, which are fixed at both ends; because of higher curvatures in 

the second beam mode as compared to the first, this (time variant) tension 

should affect second mode frequencies more than the first (i.e. a plausible 

explanation for second mode group frequency discrepancies). However, a brief 

examination of data indicates that, even for the higher theoretical vibra-
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tion amplitudes, induced tensions are orders of magnitude less than for 

example, longitudinal fluid friction forces, hence negligible. 

Rather, it would appear that the modelling of mean flow (as distinguished 

from random boundary layer pressure) fluid forces has deficiencies, in cyl

inder deflection modes with smaller radii of curvature (although theoretical 

frequency underestimation has not been demonstrated conclusively for the 

third beam mode group (Section 4.3-lb)). The model for inter-cylinder coup

ling is not suspected to be at fault, since second mode group theoretical 

frequencies are also lower in the case of an isolated (single). cylinder 

(Figs. 7la and 7lb), by basically the same amount as other systems. Although 

the following observation does not presently improve our understanding of 

the problem, it might eventually prove useful to note the following (approx

imate) features of the frequency discrepancy, (i) !JJ.,) a. Ju, and (11) !JJ.,) a. w; 

this may be seen to occur for various systems, although the amount of shift

ing does vary with the system under consideration. For example, if we let 

then we find: CA ... 0.03 for the K-1, lF system, and ""0.04 for the K- 4, 

4F (Gc- 0. 75) system. 

If one presently assumes that mean flow fluid forces may be adequately 

represented by a quasi-static model, then measurement of components of 

forces on immobile bent elements of cylinders, in nominally axial flow, 

could very well provide guidance on how to improve the current modelling. 

It should be noted that dominant frequency discrepancies become "signif

icant" only in the second mode group, where power levels are relatively 

quite low: this makes potential improvements more an academic than a prac

tical interest. 

5.2-4: Phases 

In comparisons between theoretical and experimental phases, whenever the 

magnitude of the corresponding coherence function was "high enough" (approx

imately 0.10), the agreement has been excellent. The reason for this may be 

inferred from Fig. 42(a, b) and Fig. 148(a, b), which depict the effect of 
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varying fluid damping parameters on theoretical phases; it can be seen that, 

unlike coherence (and PSD's- see Fig. 147), phases are very insensitive to 

variations in (fluid) damping, which can be said to be the least "estab

lished" mechanism of all. Consequently, it is not surprising that agreement 

of measured phases with theory be so consistent, and this provides very 

strong support for at least inertial inter-cylinder fluid coupling (note 

phases for c- cf - 0, in Fig. 42). 

5.2-5: Coherence functions 

In the two systems where the cylinder pair utilized for coherence func

tion measurement was closest, namely the adjacent pair 1,2, agreement with 

theory has been found to excellent. The first such system is the 2F(l,2)/ 

2R(3,4), whose coherence functions are shown in Fig. 85 (a to f incl.), and 

the second is the K- 4, 4F, Gc- 0. 75, with Position pair 1,2 instrumented, 

the coherence data for which is depicted in Fig. 52 (a to f incl.). In all 

other systems, the instrumented cylinder pair was a diagonal one, with cor

respondingly greater separation ("fluid distance"); for these latter sys

tems, the general agreement between theory and experiments, in terms of co

herence function, has not been as good, although the larger discrepancies 

tend to be confined to specific coupling modes, as will be discussed shortly. 

At this point, we can at least conclude that the fluid coupling mecha

nisms incorporated in the theory do dominate at small distances, but become 

increasingly inadequate as cylinder separation increases; three such mecha

nisms are utilized, namely (i) inertial coupling, where cylinder accelera

tions are considered interdependent, determined from potential flow theory, 

(ii) so-called viscous coupling, where normal (to cylinder axis) fluid fric

tion forces on cylinders are deemed altered, by the potential flow velocity 

field (item (i) above) at the cylinder boundary, and (iii) lateral correla

tions in the turbulent boundary layer pressure fluctuations, using the 

"shortest lateral fluid distance" scheme. Note that mechanisms (i) and (ii) 

depend on potential flow theory, where the fluid is assumed incompressible, 

which implies instantaneous propagation of the acceleration of a given cyl

inder, through the fluid; this is a valid approximation, as the speed of 

sound in water is much larger than any system velocity. Mechanism (iii) 

stems from statistical properties of the fluid flow, and is also "instanta-
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neous", being obtained from simultaneous measurements at two points of in

terest. 

No investigation of theoretical dependence of coherence on pressure cor

relations has been done, but because inter-cylinder distances (center to 

center) are of the order of cylinder half-circumference (maximum correla

tion length), it is expected that mechanism (iii) does not alter coherences 

very significantly. Inertial coupling dominates, but "viscous coupling" does 

alter somewhat coherence functions, as seen in Fig. 42(a, b) and Fig. 148(a, 

b), where it should be kept in mind that the latter Figure covers a very 

wide range of damping parameter values. We now proceed to review some spe

cific cases, where we shall restrict ourselves to u- 1 as PSD comparisons 

were best at low velocities, and to the first beam mode group as power lev

els are quite low in the second. 

Starting with the simplest cases, we examine two-cylinder (flexible) 

systems, which number three: the K- 2, 2F system, and two K- 4 systems, the 

2F(l,3)/2R(2,4) and the 2F(l,2)/2R(3,4) cases. 

Coherences for the K- 2, 2F (Gc- 1. 89) system are illustrated in Figs. 

67a and 67b. The worst agreement involves the first Radial and second Tan

gential "peaks"; referring to Fig. 129 (part a), we see that these modes 

involve the highest interaction between cylinders (the other two modes ap

proach the situation of two cylinders moving independently of each other), 

which is bound to yield more error, should fluid forces on the cylinders 

not be modelled accurately; poor matching in theoretical and experimental 

coherences indicates an inadequacy in modelling fluid forces, for cylinders 

not spaced "very" closely (recall excellent matching for the two tested Gc-

0.75 systems with adjacent cylinders). 

Data for the K- 4 (Gc- 0. 75), 2F(l,3)/2R(2,4) system is depicted in 

Figs. 80a and BOb, and the corresponding cross-sectional coupling modes 

shown in Fig. 129 (part b). Somehow, it seems that the presence of the two 

rigid cylinders (at least at u-1; see Fig. 80c) alters the flow field such 

that agreement is good for the first Radial "peak", unlike the 2F system, 
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but as for the latter case, agreement is poor for the second Tangential 

"peak••. The better agreement for the first Radial "peak" might stem from an 

effect which is not part of the theory at all, namely a requirement for the 

"outflow"/"inflow11 of fluid from the central region between cylinders, due 

to the inward/outward motion of the moving cylinders, resulting in an in· 

crease of coherent fluid forces on cylinders; the presence of the two rigid 

cylinders would increase such action, raising the experimental value over 

that for the 2F case, but having limited potential effect on the theoretical 

value, as it is already near one.* 

Results for the K- 4 (Gc- 0. 75), 2F(l,2)/2R(3,4) system show excellent 

agreement between theory and experiments (Figs. 85a and 85b), which sug· 

gests that, at close proximity, the theory models the system adequately, as 

far as coherence is concerned. Should the "outflow11 /"inflow" mechanism 

mentioned above have any significance, it would not necessarily alter coher· 

ences notably, when those are already at a high level. Note that comparisons 

are still very good at higher flow velocities, as evidenced by Figs. 85c to 

85f inclusively. 

We shall examine the three K - 4, 4F systems with varying Gc, to verify 

that the data supports previous inferences. 

For the most closely spaced system, i.e. with G- 0. 75, we have data for 

both pairs 1,3 and 1,2. Data for pair 1,3 is.shown in Figs. 36a and 36b, 

and coupling modes illustrated in Fig. 129 (part c). As for the 2F(1,3)/ 

2R(2,4) system and contrary to the 2F system, agreement for the first Radial 

mode (w1 in Fig. 129) is very good; this is again assumed to result from 

the "outfloW11 /"inflow" mechanism, which raises measured coherences to levels 

of the theory (already high and therefore plausibly insensitive to the lat

ter mechanism). The second Radial "peak" (w5 ,w6 in Fig. 129) shows good 

agreement; as before, the low interaction between cylinders may explain why 

this is so. The third Radial "peak" (w7 in Fig. 129) compares less well, 

* Note that adding coherent power to a signal will produce higher percent

age changes in originally smaller coherences. 
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which is consistent with previous explanations, in that there is interaction 

between diagonal (hence farther apart) cylinders, but no "outflow"/"inflow". 

In the Tangential (i.e. T-T) case, the first "peak" (w2 in Fig. 129) agree· 

ment is poor; here the explanation might be more indirect, in the sense that 

motion of the diagonal pair can be said to be correlated (T-T), mostly be

cause each of those cylinders (Positions 1 and 3) is itself fairly strongly 

correlated, at least in theory, to its immediate neighbours (Positions 2 

and 4), as shown in Fig. 52b. The lower experimental coherence in the latter 

case would explain the poor agreement found here (first T-T/1,3 "peak", K-

4, 4F system), to be discussed shortly. The second Tangential "peak" of Fig. 

36b (w3 ,w4 in Fig. 129) has excellent agreement (experiment versus theory), 

and corresponds to an "in unison", minimum inter-cylinder fluid forces situ

ation, as discussed above. The comparison for the third Tangential "peak" 

(w8 in Fig. 129) is poor; as for the second "peak", there is an indirect 

dependence on pair 1,2 coherence, to be discussed next. 

Pair 1, 2 of the latter K- 4, 4F (Gc- 0. 75) system will now be examined. 

Coherence data is found in Figs. 52a and 52b and, as for the 1, 3 case, 

coupling modes are illustrated in Fig. 129 (part c): again, we have very 

good agreement for the first Radial "peak" (Fig. 52a), which corresponds 

to the w1 mode in Fig. 129 (part c), as expected since we are dealing with 

an adjacent pair. The agreement is also very good for the second Radial 

"peak" of Fig. 52a (w7 in Fig. 129), for the same reason. In terms of Tan

gential coherences, we have a lower than expected experimental coherence at 

the first "peak" in Fig. 52b (w2 in Fig. 129); here the fact that cylinders 

of interest are adjacent does not result in the predicted good agreement: 

this constitutes an exception to earlier observations, and is very unlikely 

to stem from experimental error (misalignment, etc ... ) , as the same "poor" 

agreement has also been found for the 1, 3 pair, the latter being a com

pletely separate test. The second Tangential "peak" (w8 in Fig. 129) follows 

predicted trends in that agreement is good. 

We turn our attention to K- 4, 4F bundles, with increased spacing: com

parisons of Gc - 1. 00 and Gc- 1. SO cases to the Gc - 0. 7 5 one reveal the same 

system behaviour, as seen from Figs. 36a, 57a, and 62a for the R-R coher-
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ences, and Figs. 36b, 57b, and 62b for the T-T ones. The greater inter

cylinder distances result in slightly lower experimental coherences (versus 

theory), as expected. 

The effect of increased flow velocity degrades comparisons significantly 

for diagonal pairs, but surprisingly very little for adjacent pairs. The 

former may be seen by inspection of Fig. 36 (a, b), (c, d) and (e, f), for 

u-1, 3 and 5, respectively, for the K-4, 4F (Gc-0.75) system; the same 

applies to a lesser extent, for the K- 2, 2F (Gc -1. 89), as depicted in Fig. 

67 (a to f incl.) and in Fig. 80 (a to f incl.), for the K- 4, 2F(l, 3)/ 

2R(2,4) (Gc- 0. 75) system. Adjacent cylinder setups are shown in Fig. 52 (a 

to f incl.) for the K=-4, 4F (Gc-0.75) system, and Fig. 85 (a to f incl.) 

for the K-4, 2F(l,2)/2R(3,4) (Gc-0.75) system. 

5.2-6: Miscellaneous 

In the light of previous discussions, it is apparent that, for items such 

as the low frequency experimental ttnoise" (w= 0-15, e.g. see Fig. 35a) and 

the K- 28 systems asymmetries, for example PSD power level differences with 

cylinder Position in the parallel case (see Radial direction, in Fig. 96), 

cannot really be explained without knowing more about excitation pressure 

characteristics, at which point it would be possible to verify whether the 

present theory predicts the measured vibration data. 



0 

0 

208 

5.3: CONCLUSIONS 

Finally, we may draw general conclusions about axial {parallel) flow 

over cylinder clusters. 

5.3-1: System characteristics 

For symmetric systems with a cluster of K flexible cylinders, surrounded 

or not (i.e unbounded fluid) by a channel and/or rigid cylinders, we find 

the following experimental and theoretical characteristics. 

(1) Motion tends to occur in (frequency) groups, the nth group corre

sponding to the nth beam lateral deflection mode (the number of 

groups is truncated toN in the theory); this is basically due to 

the system transfer function which tends to peak in regions corre

sponding to natural frequencies of cylinders in fluid. 

(2) In each group, motion tends to occur (see items (3) and (4) below) 

according to definite inter-cylinder (fluid) coupling modes, predom

inantly in either "radial" or a "tangential" directions (the latter 

stemming from symmetry considerations); a dominant frequency is as

sociated with each mode, and there are up to 2K such frequencies 

(some of which will be "repeated", whenever a given coupling mode 

possesses symmetric equivalents, e.g. see Fig. 129); the system sim

ply behaves as a multi-degree of freedom m,c,k system, with charac

teristic frequencies and modes. 

(3) In each mode group, PSD power distribution tends to peak at the 

dominant frequencies associated with coupling modes. 

(4) In each mode group, the coherence function tends to peak at the dom

inant frequencies associated with coupling modes, which reflects the 

tendency of the system to extract energy from the flow at its char

acteristic frequencies and in the corresponding modes. 

(5) Most power lies in the first mode group. 

(6) Dominant system frequencies are lowered and the power distribution 

broadens (lower frequencies go down faster than higher ones), as the 

flow velocity increases; this is mostly due to a decrease of system 

stiffness, owing to "centrifugal forces" proportional to u2
• This 
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eventually leads to divergence (instability), as effective stiffness 

reaches zero and "damping" (imaginary part of the complex mean-flow 

model frequency) becomes negative. 

(7) The system damping increases with flow velocity, due to longitudinal 

fluid friction forces. 

(8) Overall system response is due to a combination of effects of the 

mean flow, which is velocity and deflection dependent, and effects 

of random pressure fluctuations in the boundary layer, where the 

latter depends on flow velocity, upstream turbulence, and the geome

try of the system, as well as other parameters. 

5.3-2: Weaknesses in the theory 

(1) Because the theory consistently underestimates second mode group 

frequencies, it is felt that the modelling of the longitudinal 

fluid forces has weaknesses, for lower radii of beam curvature. 

(2) From coherence function investigation, it appears that the modelling 

of lateral fluid friction forces is inadequate for cylinders inter

spaced to Gcml or more. Furthermore, it appears that a geometry and 

coupling mode dependent "outward/inward" flow mechanism (~luid dis

placed out/in of a region because of cylinder motion) may be at work, 

a phenomenon not taken into account in the present theoretical model. 

(3) Flow velocity dependent damping is progressively underestimated, as 

velocity gets higher; this may be seen by PSD shapes comparisons. 

At this point, the principal discrepancy between theory and experiments, 

namely power levels, cannot be concluded to stem from a flaw in· the theory: 

the pressure field correlations used as input data to the theory are most 

probably not indicative of the situation existing in the clusters tested. 

Hence, this discrepancy is likely mainly due to the inadequate and inappro

priate empirical input into the theoretical model, which is nevertheless 

the best available at present. 
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5.3-3: Recommendations 

In order of importance, the following research could eventually provide 

data leading to a definitive evaluation of the theoretical model: 

(1) In situ experimental data on pressure characteristics should be 

gathered, or alternatively similar applicable data should be used, 

as input to the theoretical model. This is mostly to confirm that 

power level discrepancies are due to having used improper correla

tions. 

(2) Data should be gathered on flow velocity dependent friction forces on 

(a) deflected cylinders in nominally axial flow, in both the lateral 

and longitudinal directions, and (b) a moving (first beam mode) cyl

inder in still flow, to evaluate lateral forces. This is to shed 

light on the theoretical undervaluation of second mode group fre

quencies as well as undervaluation of damping at higher flow veloc

ities, and on the inadequacy of modelling of fluid forces at larger 

separations, as evidenced by coherence measurements. 

(3) It may prove useful to include the "outward/inward" flow mechanism 

in the model, should comparisons using new data and possibly modified 

fluid damping mechanisms still result in coherence discrepancies, as 

discussed in Section 5.2-5. 
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Appendix A 

S~a~~c c~rcumferen~~a1 pre~~ure force~ and momen~~ 

We wish to examine net forces and moments arising from static pressure 

acting on the circumferential surface of an element of cylinder. The task 

is facilitated by considering the element fully immersed in fluid (see Pai· 

doussis [43]) and making use of the overall buoyancy force and forces at the 

ends of the element, as shown below. 

Consider an element of cylinder, immersed in fluid: 

OX 

L circumferential 
J pressure 

Sy . L ay;ax + a;ax ( ay;ax) ox 

The net (upward) buoyancy force is 

F - £..E. (A · Sx) 
l ax 

The upward force due to the end faces is 

F2 • ( p + ~ Sx) A · cos 82 - pA · cos 81 . 

(A.l) 

(A. 2) 
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Hence, the net upward force due to the circumferential pressure is 

Fx - F1 - F2 , i.e. we have 

Fx - pA (cos 01 - cos 02 ) - ~ 6x · A ( 1 - cos 02 ) - 0 . 

The lateral force Fy is opposed by end face forces, so that 

Fy + pA · sin 01 - ( p + ~ 6x] A· sin 02 -0 . 

(A. 3) 

(A.4) 

Now, we approximate the trigonometric functions in terms of slopes: 

Sy 

6y l6x << 1 . 

6x 
cos e- -::===::;::::

J 6x2 + 6y2 

1 ~ --------=1 ________ _ 
j 1 + (oy 16x)2 1 + 1/2 • (6y l6x) 2 

2 
cos e ~ 2 + (ay I ax)z 

and, we also have 

. 2 · ay;ax 
Sln °"" 2 + (oy 1 ax) 2 

Consequently, we can write 

2 
cos 01 - cos 82 "" --2-+~(~~-x~J~2 -

2 

2 

and dropping the last term in the second denominator, we get 

(A. 5) 

(A.6) 
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• i.e. 

Similarly, 

1 (aavxJ 2 + !b: ~ 1 - cos 62 = 2 ::::...l- ax ax2 Sx , 

and (see (A.6)) 

2 · [ !b: + .E._ ( !b: ) &x ] ax ax ax 
sin 9 z ... _2_+___,(;;;..!b:.;;..;;;;._+--=a:.::.;...~( :..;!b:;..;;=:-)=-o-x~] =-z-

ax ax ax 

Using (A.7) to (A.lO) inclusively, in eqs.(A.3) and (A.4) yields 

[ !b: ~ 1 ~ (!b:)2 ~ !b: ~ ] Fx -A. &x p ox 8x2 + 2 ax 8x + ax 8x 8x2 Sx - O ' 

i.e. 

for !b: 
ax 

~ and axz << 1 , 

and (fourth order terms neglected in numerator) 

4A·&x ( t:J. + ~ !b: ) 
p ax2 ax ax 

F y - _,...,[,..-2-+ ~( ~-x..,...,r,.....,J,.....,[,..::-.2-+ ~( ~;__x_+-=.;;::;:_x .=:..:::;(;.....:;~-=-)-sx_,...,)..,...z ~] 

which reduces to 

F - A • ox ..£.. ( p !lJ: ] 
y ax ax 
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(A. 7) 

(A.8) 

(A. 9) 

(A.lO) 

(A.ll) 

(A.l2) 

To investigate moments, it will prove sufficient to consider that FY 

acts at &x/2; ignoring end faces we get, for the fluid forces, 
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c Sx A 2 a ( av ] M-- F -- (Sx) - p ::....~.-2 y 2 ax ax , 

i.e .. M""O (A.l3) 

which is to be expected for distributed forces (as compared, for example, 

to lateral shear). 1 

0 
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Appendix B 

Ax~a1 ~~re~~e~ ~nduced by f1u~d pre~~ure 

The axial compressive force induced in the cylinder, due to the static 

fluid pressure is examined here. As is shown below, it is a special case of 

- * Lame's problem. 

An initially unstressed thick tube is bound at its ends, by two planar 

surfaces. It is then subjected to uniform internal and external pressures 

p1 and p2 • The cross-sectional view below illustrates the problem: 

L 

where L is the (fixed) tube length, and r 1 and r 2 are the (unstressed) tube 

inner and outer radii respectively. 

*See: Advanced ~t~n~th at Mateftiat~ (1971) by E. Volterra & J.H. Gaines, 

ch.3. 
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A solution is found by assuming a state of plane strain. Recall the 

basic relationships for stresses, strains and displacements for bodies at 

rest, with no body forces: 

(a) Equations of equilibrium: 

aO'X ar xy ar X z 
-+--+---0 ax ay az • 

ar yx aO'y ar yz 
--+-+---0 ax ay az • 

ar n a.r zy aO'z 
~+ ay + az -o. 

(b) Strain-displacement relationships: 

au+av 
'Yxy- ay ax . 

(c) Compatibility equations: 

2 2 2 a ez a ev a 'Yxy --+ --"-- _ _::;.,_"" ay2 ax2 axay • 

Note that (B.3) follows from (B.2). 

(d) Stress-strain relationships: 

aw 
ez- az . 

(continued) 

(B.l) 

(B.2) 

(B.3) 
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and } (B.4) 

f'xy -f'yz- G"fxy- G"fyx • 

f'yz- 1'zy- G 'Yyz- G 'Yzy • 

1'zx- "xz- G 'Yzx- G 'Yxz 

Note that the above equations use standard terminology. 

We take the plane normal to the tube axis as the (y,z)-plane. A state 

of plane strain exists in that plane, if the displacements obey the follow

ing relations 

u•O * I 

v-v(y,z) 1 

w-w(y,z). 

From (B.S) and (B.2), we get 

au 
£ --•0 

X ax ' 

au av 
"' --+-•0 XY ay ax 

aw au 
"' --+-•0 zx ax az 

Eqn.(B.l), making use of shear relations in (B.4) and (B.6), yields 

aoy 01' yz 
+---o ay az 

(B.S) 

(B.6) 

(B.7) 

* The statement • 0 means identically zero, i.e. all derivatives are also 

zero. 
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Substituting the normal strain relation (ex -0) of (B.6) into (B.4), we 

get 

(B.8) 

The other two normal strain relations of (B.4) become, upon substitu

tion of (B.8), 

(B.9) 

Using the fact that ryz- rzy, the last two equations of (B. 7) can be 

lumped, after differentiation yielding 

Now, recall the fundamental relation 

E 
G-2(1+11) . 

(B.lO) 

(B.ll) 

Making use of the (shear) stress-strain relation of (B.4), and using 

(B.ll), eqn.(B.lO) becomes 

8 2 o 8 2 o E 82 -y..,. __ Y+--z+ J 0 
ay2 az2 (1 + 11) ayaz -

and using (B.3), the above equation becomes 

(B.l2) 

From eqs.(B.9) and (B.l2), we get 

which is rewritten 
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(B.13) 

To solve (B.7) and (B.l3), Airy's stress function is used, namely 

(B.l4) 

such that 

} (B.lS) 
and 

Note that, by (B.lS), the last two equations of (B.7) are satisfied. 

Substituting the normal stress relations of (B.l5) into (B .13) yields 

( :;2 + ::2 ] [ ::: + :~: ] -0 (B.l6) 

In polar coordinates (r,8)*, eqn.(B.l6) becomes 

(B.l7) 

Furthermore, recall the rules for two-dimensional partial derivatives: 

(B.l8) 

a2 sin 28 ..£:_+cos 28 a2 sin 26 a2 sin 26 a cos 20 a 
ayaz- 2 ar2 r ara8 - 2r2 a82 - 2r ar - r2 88 

* 8-0 being along the positive y-axis (unlike the convention in the main 

body of the Thesis. 
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The problem is simplified by making use of the fact that we have sym

metry with respect to 9. 

We have (at 9 - 0): 

a z 1,-o -a o I e-o • 

} (B.l9) 

ez 1,-o - e olo-o • 

From (B.l9) and (B.8), we can write 

but, by symmetry, we can say 

(B.20) 

Similarly, (B.9) can be written in the form 

l+v 
er--E- [(l-v)ar-va8], 

(B.21) 

Likewise, using (B.l9), (B.lS) and (B.l8) yields 
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but since we have no variations with 0, we have 

1 dllt 
(1 --r r dr • 

Lastly, eqn.(B.17) takes the form 

( d 2 1 d ] (d
2 

(I + 1 dllt] 0 
dr2 + r dr dr2 r dr - , 

the general solution of which is 

llt(r) -A ·ln(r/R) + Br2 ·ln(r/R) + Cr2 + D , 

where A, B, C, D and R are arbitrary constants. 

Substitution of eqn.(B.24) into (B.22) yields 

A qr-r2 +B[l+2 ln(r/R)]+2C, 

(1 --o ~+B[3+2 ln(r/R)]+2C, 
r 

and, as before, 

Recall the basic plane strain relations 

a 
£ --0 r ' 
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(B.22) 

(B.23) 

(B.24) 

} (B.25) 

(B.26) 

where a and b are the radial and circumferential displacements respectively. 

Again by symmetry, a does not depend on 0 , and v- 0; therefore, from 

(B.26), we get 

"Yr 0-0 ' 
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which is in agreement with r r 8 -0 of (B. 22). 

Substituting the normal stresses of (B.25) into (B.21), and using the 

resulting normal strain equations in (B.26), we obtain 

~-~ [(l-v2 ){:Z+B[l+2 ln(r/R)]+2C} -v(l+v){;~+B[3+2 ln(r/R)] 

+ 2C}] , (B.27) 

and 

a-i [(1- v2 ) {;~+B[3+2 ln(rjR)] +2C}- v(l+v) {:z +B[l+2 ln(r/R)] 

+ 2C}] . (B.28) 

Differentiating eqn. (B.28) with respect to r and using the resulting 

equation in (B.27), we get 

4(1- v)B-0 , i.e. 

B-0. 

From (B.29) and (B.25), we have 

A 
ur --z+ 2C , r 

The boundary conditions on ur are 

(B.29) 

(B.30) 

(B.31) 

hence, from (B.31) and (B.30), we find the constants A and C, and conse
quently 

1 
u r - -r--i=--=--r-1.,..2-

(B.32) 
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1 

Finally, we substitute (B.32) into eqn.(B.20) to get the stress in the 

axial direction 

(1 -X 

2 2 
2 v (r1 p1 - r2 Pz) 

rz2 • r12 (B.33) 

The case of interest here is that of a solid rod immersed in a fluid 

with static pressure p. Therefore let 

(B.34) 

From eqs.(B.34) and (B.33), we obtain 

u--2vp. (B.35) 

Note that, in the actual experimental set-up, the static pressure varies 

(linearly) along the x-axis. For a longitudinal force balance on an arbi

trary element* of the cylinder, we must have a constant tension§ through

out. This occurs by a longitudinal stress redistribution through a varying 

strain. The pressure gradient in the fluid is relatively small, hence, the 

assumption of plane strain is still valid. 

From eqn.(B.35), we have 

T(x) -A u(x) , (B.36) 

where A is the cross-sectional area of the cylinder. u(x) is given by 

(B. 35) with p- p(x). 

The average (through stress redistribution) tension is 

L 

T-f J T(x) dx , 
0 

* The fluid static pressure is the sole effect considered here. 

§ In our case, the tension is negative. 

(B.37) 
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0 where L is the cylinder length. 

From (B.35), (B.36), and (B.37), we have 

T--2v~A, (B.38) 

where 

L 

~ -i J p(x) dx , 
0 

the average static pressure. 

0 
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Appendix C 

New boundary conditions, reflecting the actual experimental set-up, are 

derived here. This involves the term (T+pA)I:x:-L of eqn.(2.11). 

The flexible rubber cylinders are mounted (see Fig. 3) in the test chan

nel using glued-on rigid end attachments. The upstream (upper) ends are 

clamped in all tests. The "clamped" downstream (lower) ends may have one 

of two "status", specified by the parameter 6: 

J 0, for free axial sliding, but no rotation, 

0 - 1 
1, for full clamping. 

(C.l) 

We first establish the boundary conditions in the case of S - 0. 

(a) Free Axial Sliding (no Rotation) 

The test channel set-up is made in the following sequence: 

(1) The cylinders are hung vertically, being clamped on top and "support

ing" the sliding lower attachment(s) (weight) at the bottom; 

(2) The water tunnel is filled; 

(3) A downward velocity U is imposed on the fluid, keeping the static 

pressure constant. 

A force balance (see Fig. 5) on the lower attachment yields 

for the tension at the lower end of the cylinder. 

(C.2) 

The base pressures Pb and Pb are assumed to result from the static 
1 2 

pressure (at U- 0), reduced by a form drag effect, i.e. 

and 

Pb2A2 -A2 plx-L+SL+L +L 
1 2 

(C.3) 

(C.4) 
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where Cb and Cb are base drag coefficients similar to that used by 
1 2 

Paidoussis [43]. 

Note that in (C.2), (C.3), and (C.4), &Lis the elongation of the cylin

ders at x- L, due to longitudinal forces. It is shown below (see table in 

subsection after eqn. (C.8)) that &L/L<< 1. 

Using (2.2) and (2.8), together with {C.2), (C.3) and (C.4), we get 

Tlx-L+&L -w- pAgL0 +~pD2U2 Cb +~pDU2 Ct (L1 + L0 ~]- ApL-L+SL , 

where 

and 

(C.S) 

(C.6) 

(C.7) 

It is shown below that, for typical experimental data, SL/L is much 

smaller than 1, hence we rewrite (C.S) as 

(C.8) 

Typical cylinder elongation 

We consider the following diagram: 

p 

L 

T 
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where, 

L is the original (unstressed) length, 

p is the static pressu~e (circumferential), 

F is the overall force per unit length, resulting from the cylinder weight 

and from fluid longitudinal frictional forces, and 

T is the lower end tension. 

We take the total elongation 6L as a linear combination of: 

(1) oL1 , due toT, 

(2) 6L2 , due to F, and 

(3) SL3 , due to p, 

that is 

Assuming 6L/L << 1 , * we can write (C. 5) as 

T-T L-L - w- pAgLa + !p02U2 Cb + !pDU2 Cf ( Ll +La ~] - Ap I X""'L. 

But, we have 

PI -p+~ 1 .§ 
x-L OX 2 ' 

therefore, from the above two equations and (2.8), we obtain 

T -w- AP- pAg(Lo + ~] + }pn•u•cb + }pnu•c, [ r., + ~ (L, + ~] ]. 

Also, from fundamental stress-strain relationships, we have 

Substituting (C.lO) into (C.ll), we get 

SL1 - A~ {v- AP- pAg(lo +~] +}pD2U2 Cb +}pDU2C, [r., +~ [1.o +~] l } 
* To be proven below. 

L 

§ t>-f I p dx-Pix-L/2• since op/8x is constant. 
0 

(C.9) 

(C.lO) 

(C.ll) 

(C.12) 
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Now, we have (see Appendix B of Ref. [75]) 

(C .13) 

and furthermore,* 

(C.l4) 

where p, is an "equivalent" density: 

(C.lS) 

Consequently, from (C.l3), (C.l4), and (C.lS), 

(C.l6) 

Finally, if L were fixed, the static pressure would induce a compressive 

axial force of (see Appendix B) 

C- 2vpA . (C.l7) 

Hence, taking the elongation required for "compression relief" as 6L3 , 

with 

(C.lB) 

then substitution of (C.l7) into (C.lB) yields 

6~ _2v~ . (C.l9) 

Using (C.l2), (C.l6), and {C.l9) in (C.9) yields 

&L 1 f muL ( L) 1 1 [ ( L) D L - AE l W + 2 - (1 - 211)'.PA- pAg L0 + 2 + 2pD2 U2 Cb + 2pDU 2 Cr L1 + 2 + ~ 

· [t., +~)]} · (C.20) 

For numerical computation of a typical 6L/L, we will use (C.7), (C.20), 

and eqn.(2.6), which reads 

* See The~ft~ ~t ~ta~tlctt~ (1961) by S.P. Timoshenko & J.N. Goodier, Ch.9. 
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and (alternate form of eqn.(2.9)) 

The following typical (experimental) data is used: 

(i) Test channel and cylinders: 

D"" 2. 53 cm (0. 996 in). 

A n D2 5 03 2 (0.779 1.'n2
). -4 "" . cm 

D 
R-2""1.27 cm (0.498 in). 

K-4. 

L- 47.0 cm (18.5 in). 

R0 ""10.24 cm (4.03 in). 

~ ""12.85 cm (5.06 in). 

(ii) Fluid: 

p"" 69 KPa (10 lbf/in2). 

p""' 1. 00 gm/cm3 ( 62.4 lbm/ft 3 ). 

U""6.1 m/s [max.] (20ft/sec). 

238 

(iii) Cylinder material (Dow Corning Silastic E rubber, lot# QL 119778): 

E"" 2780 KPa (403 lbf/in2). 

m"" 0.577 Kgm/m (0.388 lbm/ft). 

V""' 0.47. 

(iv) Lower attachment: 

W= 0.34 N (0.077 lbf). 

L1 ""1.09 cm (0.43 in). 

~ ""5. 08 cm (2. 00 in). 
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~-.!n21 
4 Z Dz~o.eo cm 

Lo ... 1. 3 7 em ( 0 . 54 in) . 

Finally, we determine the base drag and friction coefficients: 

Recall, from (2.52), 

and 

A reasonable value for cb is 0.20 (experimental value; see Appendix H of 

[72]). Hence, we take 

~ ~ 0.16. 

For e - L/D ... 20, a reasonable value of ecf is 0. 30 (see Ch. 5 for 

details). Hence, we take 

et ... o.Ol3. 

Computations were made for a number of values of U. They are tabu

lated below. 

u SL1 /L &~/L ol.a/L &L/L 

(m/s) (ft/sec) due to T due to F due to P overall 

0 0 -0.0237 0.0010 0.0233 0.0006 

0.9 3 -0.0237 0.0010 0.0233 0.0006 

1.8 6 -0.0236 0.0010 If 0.0007 

2.7 9 -0.0234 0.0011 .. 0.0010 

3.7 12 -0.0231 0.0013 " 0.0015 

4.6 15 -0.0228 0.0015 n 0.0020 

5.5 18 -0.0224 0.0018 11 0.0027 
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We see that 6L/L < 0. 3%, hence, 6L is negligible. Note that the two dom

inant factors, the tension T* and the static pressure p, essentially cancel 

each other. Hence, eqn.(C.8) is correct. 

We next examine the case of 6 -1. 

(b) Full Clamping 

In this case, the test channel set-up is made in the following sequence: 

(1) The cylinders are hung vertically, being clamped on top and "support

ing" the sliding lower attachment(s) (weight) at the bottom. 

(2) Pre-tensioning is imposed (if any) by hanging a weight T to the lower 

attachment(s). 

(3) Lower attachments are locked in place with set-screws and the pre

tensioning weights are removed. 

(4) The water tunnel is filled. 

(5) A downward velocity U is imposed on the fluid, keeping the static 

pressure in the tunnel constant. 

Hence, before locking the lower attachment (i.e. clamping), the tension 

at the downstream (lower) end of the cylinder is 

(C.21) 

After clamping and filling the tunnel, the static pressure p acts on the 

circumferential surface and induces an axial compressive load along the 

cylinder(s), yielding (see Appendix B) a change in tension 

(C.22) 

where 

(C.23) 

* Negative because of buoyancy effects. 

§Inspection of eqn.(2.8) reveals that 8pj8x is independent of x. 
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It should be noted that the flexible cylinder is bonded directly to its 

top and bottom rigid supports; consequently, the stresses at the cylinder 

-support interface(s) are not affected by buoyancy forces. 

Imposing the velocity U on the fluid causes a longitudinal friction 

force FLL to act on the cylinder. By symmetry, half the force appears as 

a compressive load at the lower end, causing the change in tension 

I L 
D.T - -F -2 x-L+OL L 2 

From the above equation and (2.2), we get 

(C.24) 

Consequently, the lower end tension is 

T lx-L+OL -To lx-L+SL + D.Tl lx-L:i-OL + D.Tzlx-L+OL (C.25) 

Substituting (C.21), (C.22), and (C.24) into (C.25) yields 

T I ~ -W + T - 2vpA- -2
1 

pDU2 Cf L 
x-L+aL 2 (C.26) 

but, we can write 

I p + £E. (L + oL] 
p x-L+OL - 8x l ' 

or, multiplying the above equation by the area A and using eqn.(2.8) for 

the A(8p/8x) term, we get 

ApL=-L+oL -pA+pAg ~- ~pDU2 Cf ~ ~ + c5L[pAg-~pDU2Cf ~]. (C.27) 

Adding Apl ~ to both sides of (C.26), and using (C.27), we obtain 
x-L+aL 

(C.28) 

It is shown below that, for typical experimental data, c5L/L is much 

smaller than 1, hence we rewrite (C.28) as 



0 

C-9 242 

(C.29) 

Typical cylinder elongation 

Consider the following diagram: 

m 

L 

where 

L is the original (unstressed) length, 

m is the mass per unit length of cylinder, and 

T0 is the lower end tension, before the lower end is locked (clamped). 

We take the total elongation SL as a linear combination of 

(1) 6L1 , due to T0 , 

( 2) 5 Lz , due to m , 

that is, 

Assuming &L/L<< 1 (proven shortly), we can write (C. 21) as 

T0 I -T0 - W + T . x-L 

(C.30) 

(C.31) 



0 

Using (C.ll) and (C.31), we get 

SL1 W+ T 
T- ""AE 

C-10 

For elongation of bars under distributed loading, we have* 

0l.a _ mgL 
L 2AE 

From (C.30), (C.32), and (C.33), we obtain 

SL _ ..l.(w + T + rngL) 
L AE 2 . 
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(C.32) 

(C.33) 

(C.34) 

We use the experimental data listed previously in this Appendix, to

gether with 

T- 2.30 N (0.516 lbf). 

We obtain, 

SL L""' o.oo29. 

of which~ 0.0016 is due to T, and~ 0.0013 is due toW and m. 

We see that c5L/L < 0. 3%, hence negligible. 

(c) Downstream Boundary Conditions - General Case 

The two different boundary conditions (free axial sliding, but no rota

tion, and full clamping) are lumped into one (T + pA) I term by using the 
x-L 

"status" parameter c5, that is, from (C.l), (C.8), and (C.29); we can write 

(T+pA)L-L -s [w+T+(l-2v)pA+pAg ~- ~pDU2cf(l+~] ~]+Cl-6) 

· [ W - pAgLa + ~pD2U2 Cb + ~pDU2 Cf ( L1 + Lo ~] ] . (C.35) 

*See Theafl~ at ~ta~ttclt~ (1961) by S.P. Timoshenko & J.N. Goodier, Ch.9. 
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Appendix D 

Since we are interested in beam dynamics (a continuous system), rather 

than the "usual" mass-spring-damper system, we shall examine the former. 

(a) Viscoelastically damped beam in free vibration 

The lateral force balance on a freely vibrating beam is a reduced form 

of eqn.(2.17), namely 

£Q 2!.:t. 
ax -m 8t2 - 0 • (D.l) 

where Q is the lateral shear force, m the mass per unit length, y the lat

eral deflection of the beam, x the longitudinal beam coordinate, and t the 

time. 

From classical beam theory, the bending moment for a Bernoulli-Euler 

beam with viscoelastic damping of the Kelvin-Voigt type is 

2!.:t. a ( 2!.:t. ) M- El ax2 + f'l at ax2 I (D.2) 

where M is the bending moment, E is the modulus of elasticity, I is the 

second moment of area, and J..' is the viscoelastic damping coefficient. 

Also, recall eqn.(2.16): 

Q + aM _ 0 ax (D.3) 

Combining eqs.(D.l), (D.2), and (D.3), we get the equation of motion 

(D.4) 

Now, y- y(x, t) may be expanded in terms of the natural (undamped) 

modes of vibration of a beam with the boundary condition of interest, i.e. 

CO 

y- L Yn • (D.S) 
n-1 

with 
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(D.6) 
n-1,2, ... ,co, 

where Yn(x) is the nth natural beam deflection mode, Pn are complex coef

ficients, and On are complex frequencies whose real part represent the fre

quency of oscillation and imaginary part the rate of exponential attenua

tion of the vibration amplitude. Note that eqn.(D.6) is real, as it should 

be. 

As shown later, we will need the energy dissipated per cycle of vibra

tion. We shall investigate the (arbitrary) nth mode. Now, the energy dis

sipated per unit length is 

E, (x) - If, (x, t) · 

cycle 

ayn (x, t) 
at dt , 

n-1,2, ... ,co, 
(D.7) 

where fn(x,t) is the viscoelastic damping force per unit length which reads, 

from eqn. (D.4), 

(D.8) 

and where [8yn(x,t)/8t]·dt represents the distance travelled owing to the 

(lateral) motion of the beam. Hence, eqn.(D.7) is an integral of the work 

performed (per unit length), over a cycle of motion, by the viscoelastic 

forces. Eqs.(D.6), (0.7), and (D.8) yield 

znjRe(~) . I [ O,P •• JO, t - 0: p: -jn: t] 2 e · dt , (D.9) 

0 n-1,2, ... ,co, 

where the period is given by 2n/Re(On), the latter denominator being the 

real part of On (i.e. the frequency of oscillation). 

It will shortly prove useful to 11 decompose" ~ and Pn; let 

(D.lO) 
n-1,2, ... ,co, 

and 
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Pn- Bn + bn j • (0 .11) 
n-1,2, ... ,co. 

Note that, from eqn.(O.lO), 

(0.12) 
n-1,2, ... ,co. 

Using eqn.(O.l2) in (0.9), and expanding, we get 

2 2 I211/F~* +0: P! · e- 2 j."ntdt 

0 

Making use of eqs.(D.lO) and (0.11), the above equation can be inte

grated to yield 

~(x) -J,'I·Yn(x) d4~;x) ( 1- e-4110n/Fn). { ~O:O~nP! + [ 2 BubnFn 

(0.13) 
n-1,2, ... ,co. 

In eqn. (0. 13) , it will prove more physically meaningful to use the 

amplitude and phase of y rather than its complex amplitude Pn, i.e. Bn and 

bn; eqn.(0.6) can alternatively be written as 

(0.14) 
n-1,2, .. ,eo, 

where it is readily shown that 

(0.15) 

n-1,2, ... ,co, 

or conversely, 

~ 
J'l - -2 cos (..1. ) -n 'Pn ' (0.16) 
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Au 
bn - T sin (t/>n) , 

n-1,2, ... ,co. 

Making use of eqs.(D.lS) and (0.16), together with eqs.(D.lO) and 

(0.11), into eqn.(D.l3) yields 

d4Yn (x) A 2 ( I ) J F 2 + 0 2 
En (x)- }JI ·Yn (x) dx4 T 1 - e -uron Fn . 1. n on n + Fn sin (21/>n) 

(0.17) 
n-1,2, ... ,eo. 

The total energy dissipated along the beam is simply 

L 

En - I En (x) . dx • (0.18) 

0 

where Lis the length of the beam. From eqs.(O.l7) and (0.18), we obtain 

where 

4 1 
Pn - L3 

( 
-4110 /F ] f Fn

2 
+ On

2 l 
1-e n n '1. On + Fnsin (21/>n)+ On cos (21/>n)J, 

(0.19) 
n-1,2, ... ,eo' 

dx , (0.20) 
n-1,2, ... ,co. 

For the boundary conditions of interest here, that is clamped-clamped, 

we have (see Appendix G): 

(0.21) 
n-1,2, ... ,co, 

where p0 is the beam density, A its cross-sectional area, E its modulus of 

elasticity, and I its second moment of area. Fn is the nth natural fre

quency of the (undamped) beam vibrating in vacuo. 

As is, equation (0.19) would not be easy to apply to cases of hyste

retic damping (using the equivalent viscoelastic damping concepts illus

trated in the next section). But, we note the following: 



0 

0 

D-5 248 

( 
- 41ID /F ] ( Dn ] 1 Fn 1- e n n sin (2t/ln) +Fn cos (2t/ln) J , 

n-1,2, ... ,eo. 

By l'Hospital's rule, 

and furthermore, 

lim ( 1 - e- 4 nDn /F n J - 0 
Dn/Fn ~ 0 n-1,2, ... ,co. 

Applying the above results, we get 

n-1,2, .... eo. 

- 411 ' 
n-1,2, ... ,co, 

(D.22) 

This equation shall shortly be shown to correspond to the case of 

steady state forced harmonic oscillation (as expected). 

We now examine the "behaviour" of eqn. (D .19) for typical (measured) 

values of frequency of oscillation (Fn) and viscoelastic damping coeffi

cients (Dn). For convenience, the equation can be rewritten as 

sin ( 200 + 0 n ) ] , 

(D.23) 
n•l,2, ... ,eo' 

where 

(D.24) 
n-1,2, ... ,oo. 

We see that ~ has a constant average value, ~ , which is "modulated" 

sinusoidally by a function of the phase angle, ~(t/1n). We can write 
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(D.25) 
n-1,2, ... ,eo. 

The material properties of the cylinders used in water tunnel testing 

were measured (see Appendix R of Ref.[75]), and for a vertically hanging 

cantilever first beam mode. Typical values are 

F1 ~ 1.2 Hz ~ 7.54 rad/sec , 

sl ~ 0.038 (logarithmic decrement), 
(D.26) 

so we find 

D1 ~ 0.0456 (radjsec) , 

since 

(D.27) 

Remark 

Part of the energy dissipation was found to be due to hysteretic damp

ing (see Appendix R of Ref.[75]); it is assumed here that &1 is entirely 

due to viscoelastic damping, which yields conservative results as D1 is then 

overestimated. 

The values in eqn.(D.26) yield, for eqn.(D.25): 

(D.28) 

i.e. the signal phase ~ 1 can be ignored, at least for a first cantilever 

beam mode. The same is assumed here for the first clamped-clamped beam 

mode, and since the latter was found to be dominant in water tunnel tests, 

eqn.(D.28) will be considered applicable for higher modes as well, eventu

ally allowing the general use of "equivalent" viscoelastic damping, for 

hysteretically damped systems. 

Equation (D.23) (see also (D.l9)) takes the reduced form 

(D.29) 
n=-1,2, ... ,eo, 
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no longer a function of rPn . 

Now, from eqs. (D. 29) and (D.22), we find 

~ 1 ·41TDn/Fn 
( Fn

2 
~ Dn

2
] - e 

lim ~ 4n-Fn n-1,2, ... ,co. 
Dn/Fn-+ 0 

(D.30) 

For the values of F1 and D1 given by eqn.(D.26), we obtain 

El 
--::-1~-· m---''--~E~ = 0 • 9 6 • 

1 
D1 /F1 -+ 0 

(D.31) 

Hence, for a typical case, the energy dissipated per cycle, in free 

vibration (first beam mode), is about 4% less than that for steady state 

vibration; consequently, the error in using an "equivalent" viscoelastic 

damping coefficient, as shown below, to apply to free vibration cases, will 

certainly be acceptable. 

(b) Equivalent viscoelastic damping - hysteretic systems 

For forced vibration of a viscoelastically damped Bernoulli-Euler beam, 

eqn.(D.4) takes the form 

£.:..y a (b) b m 8t2 + JLI 8t 8x4 + EI 8x4 =- f ' (D.32) 

where f- f(x, t) is the force per unit length acting on the beam. 

W'e wish to investigate the special case where f forces the beam to 

oscillate harmonically at constant amplitude, and in its nth natural de

flection mode. Generally, for the latter condition to occur, f cannot be 

fully separable in x and t, but nevertheless can take the simple form 

JFt * -JFt fn (x, t) - en (x) e + en (x) e . ' 
n-1,2, ... ,.,;, 

(D.33) 

where 

en (x) - ~ (x) + j vn (x) (D.34) 
n"" 1,2, ... ,eo. 

Now, as desired, we let the response be 
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[ JFt * -JFt] Yn - yn (x) Pn e + pn e (0.35) 
n-1,2, ... ,oo, 

i.e. constant amplitude harmonic oscillation in the nth deflection mode, at 

the excitation frequency F. 

The solution of eqn.(0.32), subject to eqs.(0.33), (0.34), and (0.35), 

simply yields, for the functions ~(x) and vn(x) 

(0.36) 
d Yn (x) 2 d Yn (x) 

[ 

4 l 4 
vn (x) - EI dx4 - mF Yn (x) bn + J.£IF dx4 

where Yn(x) is the desired deflection mode,·~ and bn, i.e. Pn (see eqn. 

(0.11)), can be determined from the desired amplitude and phase of Yn (see 

eqn.(0.16)). F is the frequency of oscillation and E, I, m, and J.' are prop

erties of the beam. 

Similarly to eqn.(D.7), the energy per unit length dissipated per cy

cle of oscillation is 

E, (x) - I fv
0 

(x, t) 

cycle 

ayn (x, t) 
at dt , (0.37) 

n-1,2, ... ,a:~, 

where fv (x,t) is the viscoelastic damping force (per unit length). 
n 

Proceeding as for the case of free vibration (preceding section), we 

obtain 

n-1,2, ... ,a:~, 

and applying eqn.(O.l8) to (0.38), we get 

~ - (11l{Jn4 L3 )JlA.n2 F ' 
n=l,2, ... ,a:~. 

(0.38) 

(0.39) 

Recall that Pn is given by eqn.(0.20) and note that the first part of eqn. 

(0.15) has been used. 
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As pointed out in the last section, the energy (per cycle) for steady 

state vibration, eqn.(D.39) above, is the same as the energy for free vi

bration, when the exponential decay* tends to zero, viz. eqn.(D.22). 

As shown by eqn.(D.39), the modal energy dissipated per cycle of os

cillation, for a viscoelastically damped beam, is proportional to the visco

elastic damping coefficient~. to the square of the amplitude An. and to 

the frequency of oscillation F. 

When damping is hysteretic, the energy dissipated per cycle of vibra

tion is still dependent on the square of the amplitude, but is no longer 

a function of frequency. It is still proportional to a damping factor (to 

be discussed below). The classical approach is to assume that motion (of 

the hysteretically damped system) is still harmonic, which allows the use 

of an "equivalent" viscoelastic damping coefficient as shown shortly. Note 

that the assumption of harmonic motion implies that either the hysteretic 

damping force is itself harmonic (and its amplitude varies with frequency so 

as to keep E constant), or that it is so small that other (harmonic) forces 

dominate. Moreover, note that the applicability of "equivalent" viscoelastic 

damping to periodic and to random motion will be discussed later. 

Now, for hysteretic damping, the energy dissipated (per cycle of os

cillation) can be written as eqn.(D.39), but without the frequency depend

ence and with a proportionality (hysteretic damping) coefficient: 

~ - (11l/Jn4 L3 )A An2 ' (0.40) 
n-1,2, ... ,co, 

where ). is the hysteretic damping coefficient. Equating energies, namely 

eqs.(D.39) and (D.40), we obtain an equivalent viscoelastic damping coeffi

cient, 

(D.41) 

where the absolute value of F is required whenever negative frequencies are 

to be used in the mathematical representation of the deflection y (since 

(~)eq must always be positive). 

* Eqn. (D.22) applies either to Dn -+0 or Dn/Fn -+0. 
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The use of eqn. (D.41) into eqn. (D.32) yields the equation of motion 

a2 
A a ( a4 

) a4 

m itf + m I at ~ + EI ~ - f . (D.42) 

Equation (D.42) is valid only for an harmonic f of frequency F. Note 

that F is arbitrary and the energy dissipated per cycle of oscillation 

obeys the correct equation, that is (D.40). 

(c) Visco-hysteretic syst811S - harmonic excitation 

A combination visco-hysteretically damped system can be represented by 

an equation of the form 

(D.43) 

again valid only for harmonic f (of frequency F). 

(d) Visco-hysteretic systems - periodic excitation 

Let f be periodic, i.e. 

Ql) 

f(x,t) - !: fp(x,t) , (D.44) 
p-1 

where 

(D.45) 
p-1,2, ... ,<l0, 

corresponding to eqn.(D.33). By analogy to eqn.(D.34), we have 

cp (x) - ~ (x) + j vp (x) (D.46) 
p-1,2, ... ,co. 

Similarly (see eqn.(D.35)) 

Q) [ JF t JF t] () "\-Y() p p*- P Yp x, t - L- q x qp e P + qp e 
q-1 

(D.47) 
p-1,2, ... ,<l0, 

where we no longer have restricted the response in only one (previously the 

nth) beam mode (for a given frequency F- FP). Furthermore, similarly to 

eqn. (D.ll), 

(D.48) 
p,q-1,2, ... ,co. 
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For an arbitrary p, we can apply eqn.(D.43), yielding 

2 4 4 

~ ( A J a(~) ~ m a t 2 + Jl. + 1FT I 8 t 8x4 + El 8x4 - fp . 
p 

(0.49) 

From eqs.(0.45) to (D.49) inclusively, we obtain the functions ~(x) 

and vP(x), for multi-mode response at FP: 

u,. (x)- .1;, { (El d'~;x) - mF.' Yq (x)] a•• - ( pFP + >.) I d'~;x) b•• } 

ex> J[ d
4

Yq (x) 2 ] ( ) d
4

Yq (x) 1 
vP (x)- L 1 El dx4 - mFP Yq (x) bqp + p.FP +A I dx4 aqp J 

q-1 

(0.50) 
p- 1,2,.,.,<:10, 
(FP~ 0). 

Note that eqn.(O.SO) is equivalent to (D.36), but now includes multi

beam deflection modes response (for the single frequency FP), and hyste

retic damping. 

Equation (D.49) is valid for an arbitrary p. If we sum the equations 

in (D.49), we get 

f 2 " " 1 
CIO ~ ( A ) 8 [~] ~ L 1 m 8t2 + jJ. + 1FT I at ax4 +El ax" f - f ' 

p-1 p 

and if we define 

CX) 

y(x, t)- L Yp (x, t) (0.51) 
p-1 

we can write 

Yn 8
4 

TFI +El~ -f 
p 

(D.52) 

Equation (0.49) has the form ~(Yp)- fP , where ~ is an operator. Now, 

in the case where A - 0, 

CIO CIO 

L ~(Yp) - L fP reduces to 
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CO 

~ L Yp - ~(y) - f . 
p-l 

The above form does not apply when there is hysteretic damping, which 

slightly complicates the equation of motion (see eqn.(0.52)). However, the 

use of phasors yields qualitatively similar results; hysteretic damping 

brings about the existence of a complex stiffness, as shown below. 

For an arbitrary p, from substitution of eqs. (0.45) and (0.47) into 
·F t 

eqn.(0.49), we get two equations, one corresponding to e3 
P and the other 

to e -JFp t: 

and 

eo J[ d
4

Yq(x) 2 ] • ( __!p_ ) d
4
Yq(x) 1 * 

q~ 1 El dx4 -mFP Yq(x) +Jl JJFp+ IFPI A dx4 fpqp-Cp(x) 

CO 

:L: 

(FP~ 0), 
(0.53) 

f1[EI d4Yq(x) 2 ] • ( FP ) d4Yq(x) 1 * * 
dx4 - mFP Yq (x) - J I JJFp + TF;T A dx4 f Pqp- CP (x) 

(FP~ 0), 

the latter equation being the complex conjugate of eqn.(0.53), that is, all 

the information about the dynamics of the system is contained in one of the 

equations, allowing the use of phasors: 

(0.54) 

(yp) -+ f. Yq (x) P qp eJFp t 
q-1 

Now, the classical complex frequency response function is defined as 

the ratio of response and force phasors, i.e. 

(0.55) 

*Using eqs.(0.46) and (0.48) into (0.53) will yield eqn.(O.SO). 
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which becomes, using eqn.(D.53) 

The Pqp may be set arbitrarily, hence 

CO 

~(FP) - L Hqp(Fp) (D.56) 
q-1 

where 

Y (x) 
(D. 57) 

We have introduced the complex stiffness 

Ec - E+ Aj . (D.58) 

It should be noted that the complex stiffness arises in conjunction 

with the use of phasors, and cannot be used directly in a real equation of 

motion, i.e. it must be used in a phasor equation of motion. The following 

form is valid: from eqn.(D.S5), we may write 

that is 

(D.59) 

From eqs.(D.Sl) and (0.59), we get 
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y(x,t)- t. [ ~(Fp)·Cp(x)·eJFpt + ~*(Fp)·CP*(x)·e-JFpt] (D.60) 
p-1 

(e) Visco-hysteretic systems - random excitation 

An approach similar to that used in Appendix I, i.e. obtaining the 

Fourier transform as a limiting case of Fourier series, is used here. 

First, the forcing function can be written as a Fourier series with 

complex coefficients: eqs.(D.44) and (D.45) take the form 

CO JF t 
f(x, t) - :t: er (x) e r 

with 

C0 (x)- 0 (zero DC component) 

and 

Similarly, eqs.(D.51) and (D.47) can be written as 

where 

q-1,2, ... ,co, 

and 

q,r-1,2, ... ,eo. 

Note that we may write 

and 

Yp - YP + y_P 

r - 0 , ±1 , ±2 , . • . , ±eo 
(Y0 - 0) 

p-1,2, ... ,co. 

(D.61) 

} (D.62) 

(D.63) 

} (D.64) 

(D.65) 

(D.66) 
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Also, we note that 

(0.67) 
r-1,2, ... ,eo. 

Substituting eqs.(0.63), (0.66), and (0.61) into the equation of mo

tion for periodically excited systems, namely eqn.(0.52), we get 

(0.68) 

Now, we note that, for the excitation to be truly periodic, we must 

have (Fr/F8 ) rational, for all values of r and s (otherwise, the fundamen

tal period tends to infinity and the excitation is no longer periodic). 

Hence, there is no loss of generality in setting 

(0.69) 
r - 0 , ±1, ±2 , ... , ±eo , 

where F1 is the fundamental frequency. Note that eqn.(0.69) satisfies eqn. 

(D.67). 

From eqs.(0.69) and (0.68), we get the equation of motion 

(D.70) 

Similarly, eqs.(D.61) and (D.63) can be rewritten as 

(D.71) 

and 

CO 

y(x,t) - i: (0.72) 
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Now, from Fourier series relationships, we may write the Fourier coef

ficients as 

:+T1 /2 

I -JrF t · f(x,t)·e 1 ·dt 

-T1/2 

(D.73) 

for the force (per unit length) f, and 

(D.74) 

for the displacement y, where T1 is the fundamental period, i.e. 

Using eqs.(D.73) and (D.74) in (D.70) yields 

CO 

!: 

• .1.. . CO 

+!: 
r--eo 

Let 

and using eqn.(D.75) in (D.77), we can write 

1 AF1 
T1 - 211 

(D.75) 

(D.76) 

(D.77) 

(D.78) 

Substituting eqn.(D.78) into (D.76), and also using (D.69), we obtain 

* Note that the 211 factor applies when F1 is in rad/(unit time) and T1 is 

(unit time). 



0 

0 

D-17 

Cl) 

:L 

Cl) 

+:L 

We have, in the limiting case 

which, when used in eqn.(D.79), yields 

+eo 

J 
-JFt y(x,t)·e ·dt 

-eo -eo 

+eo +eo +eo 

+ J u J -JFt J JFt y(x,t)·e ·dt- e · dF 

-eo -eo 

+eo 

1 Jf(x,t)·e-JFt ·dt 
211 

-eo 

We have two new Fourier transforms, namely 

+eo 

1 I -JFt y(x,F)- 211 y(x,t)·e ·dt, 

-eo 

and 
+eo 

f(x, F)- 2~ J f(x, t) · e ·JFt · dt . 

-eo 

-eo 

Eqs.(D.Sl) and (D.82), used in (D.80), yield 

260 

(D.79) 

(D.80) 

(D.81) 

(D.82) 



0 

+eo 

I 
y(x,F) .

6
JFt ·dF _ 

IFI 

0-18 

+eo I Y<x,F) .• ;Ft ·dF + n 

+eo 

J
- JFt f(x,F) ·e · dF 

-GO 

261 

(D.83) 

The term associated with hysteretic damping can be written in an al

ternate form, as 

+eo . J y(x,F) 
IFI 

-GO 

+eo 

J 
y(x,F) 

IFI 

where sgn(F) is the sign function. 

+eo 

J . F y(x,F) 
J IFI 

-eo 

+eo 

J j sgn(F) · Y<x, F) · e;Ft · dF (0.84) 

-eo 

We recall the Hilbert transform, which can be defined in terms of the 

Fourier transform as 

y(x,F)- -j sgn(F) · y(x,F) (0.85) 

Hence, eqs.(0.85) and (D.84) may be used in (0.83), to yield 

-eo 
+eo +eo 

I- JFt y(x,F)·e ·dF- I
- JFt f(x,F)·e · dF (0.86) 

-eo 

As shown below, the phasor form of the (real) equation of motion need 

not require the use of Hilbert transforms. 

Equation (D.83) must hold in an arbitrary frequency band, say F1 , F1 

+ SF1 • In this case, the integration limits are - (F1 + SF1 ) to -F1 and F1 to 
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(F1 +c5F1 ). As 6F1 -+O; the integrands in eqn.(0.83) must obey the relation 

. [y(x,F). JFt+ y(x,-F). -JFtl- [-f( F)· JFt+ -f( -F)· -JFt) 
IFI e 1-FI e X, e X, e (0.87) 

(FC!:O). 

Note that, as the equation is symmetrical, we can impose the condi

tion that F be positive. 

By inspection of (0.82) and (0.81), we see that 

y(x,-F) - y*(x,F) 

and 

- -* f(x, -F) - f (x,F) ; 

} (0.88) 

hence, using (0.88) in (0.87), and the condition that FC!:O, we may write 

8 - Ft - Ft - - Ft 
4 l + I(E- J A) ax4 y*(x,F) e J - f(x,F) e1 + f*(x,F) e J , 

The above equation has the form 

(0.89) 

(FC!:O). 

A(x,F) · y(x,F) · eJFt + A*(x,F) · y*(x,F) · e-JFt- f(x,F) · ejFt + f*(x,F) 

-JFt 
. e ' 

which may be split into two equations, namely 

- JFt - JFt A(x,F) · y(x,F) · e - f(x,F) · e 

A*(x,F) · y*(x,F) · e-JFt - f*(x,F) -JFt 
. e ' 

} (0.90) and 
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where 
84 a4 

A(x,F)- -~ + j piF ax4 + I(E+ j >.) ax4 (D.91) 

a complex operator. 

Since both equations in (D. 90) are equivalent, either one can be 

used. We then obtain 

y(x,F) -H(x,F) · f(x,F) , (Fe!!: 0) (D.92) 

a phasor equation of motion, where 

1 
H(x,F) - a 84 

-~ + j piF ax4 + I(E+ j >.) 8x4 
. (D. 93) 

an "operator" (in x) transfer function. 

Note that eqn.(D.93) again involves the complex stiffness, defined by 

eqn. (D. 58). 
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Appendix E 

Cylinder bundles immersed in an incompressible frictionless fluid may 

exhibit inviscid hydrodynamic coupling: pressure forces on a given cylinder 

may be induced by the motion of others, through fluid coupling. 

A detailed review of Chen's [44] theory, extended by Suss [73] to take 

into account effects of the mean flow,* is made here. The method essentially 

consists in deriving a two-dimensional fluid velocity potential, for any 

arbitrary cross-section in the (y,z)-plane, by imposing velocity boundary 

conditions at the cylinder§ and channelt walls. Lighthill's (see Appendix F, 

in Ref. [75]) slender body theory is then used to determine pressure forces 

on the cylinders, for a flowing fluid. 

Note that all cylinders are taken as identical and with the same bound

ary conditions. The coordinate system for clusters of cylinders is illus

trated in Fig. 7. 

The fluid being assumed inviscid, its velocity potential must satisfy 

2 
V </>(y,z)- 0. (E.l) 

(The boundary layers for both longitudinal and lateral directions are 

assumed to be small, potential flow existing everywhere else in the fluid.) 

The general solution to eqn.(E.l) is, in polar coordinates, 

where An· Bn, en, and Dn are constants (determined from the boundary condi

tions). It should be noted that n takes integer values only, because of the 

* The presence of a confining channel is treated in both [77] and [73]. 

§ Small motions are assumed. Hence, the cylinder positions are taken as 

fixed. 

t The channel wall is taken as rigid. 
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periodicity of the boundary conditions (period of 2n in 0). 

Following Chen's [36] approach, the total potential is taken as the sum 

of the K potentials due to the presence of each cylinder in the channel. 

In its local coordinate system, each cylinder has the potential 

+ Dn1-r:/ sin(nO J) J , 
J-1,2, ... ,K, 

(E.3) 

where Ani-• BnJ• Cn/-• and Dn/- are to be determined from the boundary condi

tions. 

As seen from Fig. 7, the coordinate transformation from one cylinder to 

another is, in complex form: 

(E.4) 

Taylor series* expansion of (E.4), for both positive and negative expo

nent (n), yield the coordinate transformation equations (after separating 

the real and imaginary components): 

n Jcos(nOJ)L t (-l)n-mn!Ri/rj Jcos[mO~,+(n-m)t/ltJJl 
r/- ls!n(ne /-) f- m-o m! (n-m)! lsin[m e i+ (n-m)l/J tJJ f 

and, for r t < R lJ , 

§ 

(E.S) 
n-1,2, .. ,oo, 

i,J-1,2, ... ,K, 

J cos[mOr (n+m)tPtJlL l f (E.6) 
-sin[m er (n+m)t/ltj.] 'n-1,2, ... oo' 

t,J-1,2, ... ,K, 

* Binomial theorems, for positive and negative exponents, can also be used. 
§ f \ In this case, the brackets \ 1 represent a vector. 
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or, for r t > R t.i , 

-n J cos (nO.;) l «) (m-1)! R~/ J cos [m 0 r (m-n)~ l.i] l 
r.; lsin(nO.;)f ... ~ (n-1)! (m-n)! r~ lsin[mOr (m-n)~t.;Jf' n-1,2,~~::>. 

i,.i-1,2, ... ,K. 

Recall (ref. [73]) that, 

~.i is the potential of cylinder .;, expressed in its own coordinates, 

(r.;,O.;). 

~(i).i is the potential of cylinder .i, expressed in terms of cylinder l lo

cal coordinates, (rt.~£), and 

~(t) i is the total potential, expressed in terms of cylinder i local coor

dinates, (r t, ~ t,). 

It should also be noted that subscripts "c" refer to the coordinate sys

tem centered on the channel, (r0 ,0 0 ). 

The total potential is (in coordinates (rt. Ot)) 

K * 
~<t> t-~,+ :L ~<t>.;. 

1-""'1 t - 1 , 2 , . . . , K , 
(E.8) 

where the starred summation excludes .i- i. 

The first boundary condition on each of the cylinder potentials is that, 

at the channel wall 

-o, (E.9) 
.i-1,2, ... ,K, 

that is, velocity components normal to the wall are zero. 

The other boundary condition on the total potential is, at each cylinder 

where 

Dwt Dvt 
- Dt cos 0 t + Dt sin () i , 

rrRt 

n a a 
Dt - at + u ax · 

(E.lO) 
i=l,2, ... ,K, 

{E.ll) 
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the total* derivative. 

The use of the total derivative can be easily visualized by considering 

a direction vector 4, in the (y,z)-plane, with angle 8t (relative to the Wt 

axis). We examine a cross-section of cylinder l, in the (a,x) plane: 

\ 

Cylinder i 

We have 

awl. avl 
S ,- ax COS 8 t + ax sin 8 t 1 and 

\ 

fluid velocity""' U 

Direction of 4 

cylinder velocity component 
c1 , in direction of 4 

\slope in (a,x) plane- s 1 

At point 0, the fluid velocity is 

which yields eqn.(E.lO). 

We now impose the boundary conditions I and II, which will yield sets of 

equations for the coefficients AnJ• Bn;. Cn;. and Dn; of eqn.(E.3). 

*Also labelled "substantial" or "material". 
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(a) Imposing Boundary Condition I 

(i) Special case of a cylinder positioned at the center of the channel 

This case is labelled with the index J - CJ. 

Since t/J(c)q-t/Jq, we can rewrite (E.9) as 

-o 8rq R • 
rq- c 

(E.l2) 

Substituting eqn. (E. 3) with J- CJ in (E.12), and making use of the fact 

that sin(8q) and cos(8q) are linearly independent, we obtain 

(E.13) 

(ii) General case ( J t q) 

The expression for t/J(c)J. is obtained by using the coordinate transforma

tions (E.S) and (E. 7) with t- c, in eqn. (E.3). Imposing the boundary con

dition (E.9) on the latter expression for t/J(c)J. yields* 

:;... :;... n. cJ. c ( 
[ ( 

( -l)n-m 1 Rn·m Rm-1 ] 

~1 ;;
1 

(m-l)! (n-m)! An;cos[m8 0 + (n-m)t/10 J.] + Bn; sin[mOc 

) 
eo ( (·l)m!R:.t ] ( + (n m)t/1 J] + "'t- - • c ... ;COS [m8 0 - (m-n)t/10 J] + D,.. i 

- c ~ (n-1)! (m-n}! R:+1 ~..,. • ., 

·sin[m80 - (m-n)t/10 J])l- 0, §. 
I,. q, 

(E.l4) 

J.-1,2, .•. ,K. 

Using trigonometric identities for sin(a±b) and cos(a±b), and using the 

fact that sin(m8 0 ) and cos(m80 ) are linearly independent, eqn.(E.l4) can be 

be split into two, resulting in 

* Note that we have re -RC here. 

§Note that the sum m-0 ton has become m-1 ton, as 8(rc111 )/8rc lm- 0 -0. 
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eo ( (-l)miR:/ ) ) 
·cos(m8 0 ) +1: m+1 (cn;cos[(m-n)tP0 J)- Dn;sin[(m-n)tP0 J] 

m-n (n-1)! (m-n)! R0 

·cos(m9,)]- 0 , 

and (E.lS) 

[ 
((

-l)n-m IRn-mRm-1] eo n n. cJ c L L . ( -l)' ( _ )' (-An;sin[(n-m)tP0 J]+Bn;cos[(n-m)l/10 J]) 
n -1 m -1 m . n m . 

eo [ ( -1) m! R: / ] 
·sin(m9 0 ) +1: m+l · (cn;sin[(m-n)tP0 J] +Dn;cos[(m-n)l/10 J]) 

m-n (n-1) ! (m-n) ! R0 

· sin(m9 0 >] -0 , 
Jy&q,, 
J-1,2, ... ,K. 

The sin(m9 0 ) and cos(m9 0 ) terms can be isolated, in (E.lS), by using the 

identities* 

and 

Furthermore, by virtue of the linear independence of the sin(m9 0 ) terms 

and the cos(m9 0 ) terms, the resulting homogeneous equations have (sin(m8 0 )) 

coefficients equal to zero, i.e. 

(continued) 

* Proven by expanding and rearranging t·erms. 
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-r ( m! ~/ ~+· ] . [ ~ ~~ lJ cos [ (m-n)Y,c.,tl + ~ -~~ lJ sin[ (m-n)Y,c.,tll 
n-1 (n-1) ! (m-n) ! l .,.,. l .,.,. 

(E.16) 
j.,. 'I ' 
.,t-1,2, ... ,K. 
m-1,2, ... ,co. 

(b) Imposing Boundary Condition 11 

Note that the case of j- c; need not be treated separately here. 

The expression for ~(t).f is obtained by using the coordinate transforma

tions (E.5) and (E.6) in eqn.(E.3). Imposing the boundary condition (E.lO) 

on the latter expression for ~(t).,t yields* 

.;.. ( nRZ:· -1 [ - (n +1 ) L.. ~ An.tcos(n8 t) + Bntsin(n8 t)] - nRt [Cntcos(nO t) + Dnt 
n-1 

n m -l 
eo ((-1) (n+m-l)!Rt] 

·sin[m o t+ <n-m)Y,t;l) + :L n+m (cn;cos[m or <n+m>Y,t;l 
m-1 (m-1)! (n-1)! Rt.,t 

l Dw· Dvt 
- Dn;sin[mfJ t- (n+m)Y,t;l) - Dtt. cos (} t+ Dt sin 0 t, (E.17) 

t-1,2, ... ,K. 

Proceeding as for boundary condition I, using the additional identity 

we get 

* Note that we have r t - R l here. 
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+f. ((-l)n (n+m-1)1 Ri-1] ( J -DC~}cos[(n+m)1Pt;l+ Jnc::Jlsin[(n+m)1Pt;JJ]] 
n-1 (m-1)! {n-1) l RtJ l • ..,. l . .,. 

J {Dw tfDt)cos 8 t} 
- l {Dv tfDt) sin 8 t ' 

(E.l8) 
t-1,2, ... ,K. 

Again using the fact that the sin(m8t) terms and the cos(m8t) terms are 

linearly independent, eqn.(E.l8) becomes 

n m -1 J ) 
] 

CIO [ ( -1) ( n+m- 1) ! R l ] ( cnJ l 
·sin[(n-m)1Pt;l +:L n+m · ) 0 Jcos[(n+m)1Pt;l 

n-1 (m-1)! (n-1)! Rt; l- nJ 

J DnJ l ] ] JAm t l m -1 J Cm i l m J Dw tfDt l 
+ l CnJ f sin[ (n+m),P t;l + l Butt f mRt - l Dm t f Rt+l - 6 tm l Dv t/Dt f ('E.l9) 

t-1,2, ... ,K, 
m-1,2, ... ,CIO, 

where St; is the Kronecker delta. 

(c) Final Boundary Condition Equations Using Dimensionless Constants 

Inspection of eqn.(E.l9) reveals that the coefficients AnJ, BnJ, CnJ, 

and DnJ are linear functions of Dw t/Dt and Dv t/Dt ( t- 1, 2, ... ,K). Further

more, the units of ~J being L2 /T*• and those of r; being L, we see from 

eqn.(E.3) that the above coefficients have the following units: 

L2 
-n /T for AnJ and BnJ , and 

Lz+n/T f C d D or nJ an nJ. 

Consequently, the following linear relationships can be written 

and 

* L: length and T: time. 

l 
J 

(E.20) 
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(eqn.(E.20) continued) 

n-1,2, .. ,co, 
J-1,2, ... ,K, 

272 

where an;t. Pn;t• etc. are dimensionless constants, dependent on (fixed) 

geometric conditions: namely, the channel and cylinder radii, and the num

ber and location of the cylinders in the channel. The cylinder radii, R;, 

are used* to render the constants (An;, etc.) non-dimensional. 

The final sets of linear equations, for the determination of the latter 

dimensionless constants, are found by substituting eqn. (E. 20) into the 

boundary condition equations (E.l3), (E.l6), and (E.l9), yielding, after 

isolating the Dwt/Dt and Dvt/Dt terms, 

(1) for boundary condition I 

r~~r -l 

J anl#t l -[~:r+l anqt l Pnqt J 
bnqt 

(2) for boundary condition 

CO 

r:: 
n-m 

1 Rm -n Rn+l 
m. c/- J 

(n-1)! (m-n)! R:+l 

m-1,2, .. ,co, 
J,t-1,2, ... ,K. 

and J- 11: 

J ln11t l J~l Cnl#t l Snl#t J - l ~ J ' dnl#t n-1,2, ... ,co, 
t-1,2, ... ,K. 

* Any fixed parameter with units of length could have been used. 

(E.21) 

(E.22) 
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Note that the signs of all coefficients in the 3rd and 4th parts (rows) 

of the above equation have been changed (allowable since RHS- 0) to get the 

same form of equation found in [50]. 

(3) for boundary condition II: 

K * co (-1) n•R·· R· T- . (,,f t 

[ 

n-m n-m m-1 

L- n-1 ~1 n-m (m-1)! (n-m)! R.; 

(E.23) 

m-1,2, ... ,co, 

l,.t-1,2, ... ,K. 

The solution of the above equations,* namely (E.21), .(E.22), and (E.23) 

is found in reference [73]. 

The potentials for the cylinders are found by substituting eqn. (E.20) 

into (E.3), yielding 

CO r_ [Rj ·a [["nJ' ~· + 
DvtJ [ . DW.t ~,;(rJ,(Ji) = L n 

r,; an,;t Dt cos (nO J) + f3n,;t Dt 
n-1 .t-1 

+ bn.;t Dvt] ] l+n -n [ [~n;t Dwt Dvt] [ Dwt 
Dt sin(nO,;) + R,; r,; Dt + cn,;t Dt cos(n9,;) + 6n.;t Dt 

(E.24) 
J.-1,2, ... ,K. 

* Truncated to m-1,2, ... ,N. 
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Finally, to obtain the total velocity potential q,{t. ).I• one substitutes eqn. 

(E.24), i.e. q,1 , and the equation resulting from the use of coordinate 

transformations (E.S) and (E.6) in (E.24}, i.e. q,(i)J• into eqn.(E.S). The re

sulting equation, in matrix (vector) form, reads 

) 
R

1
t+n r"t ( J 'Ynl1. 1 J 0nit 1 . ] l-n n 

·sin(nDt} + (K-l) 1 Cntt J cos(n8t,)+1 dntt J s1n(n8;,) +R; I;o 

. (-l)n-m n! R~/ r~ ( J an;t 1 J fJn;t 1 ) 
m! (n-m)! 1 an;t J cos [m8 t + (n-m)l/1 t;l + 1 bn;t J sin[mD;, + (n-m)l/> t;l 

Rl+n 
+ .I "" !: 

m-o 

( -l)n (n+m-1)! r~ [ J 'YnJt 1 J 0n.lt 1 
n+lil 1 c~ 't f cos (m8 t - (n+m)ljl tj] - 1 rL 't f 

m! (n-1)! R l.l l ... ,. l ""''V 

·sin[m6 t- (n+ml>Pt;l] ]] , (E.25) 
t-1,2, ... ,K. 

Equation (E.25) completely defines the total velocity potential which is 

seen to depend linearly on Dwt/Dt and Dv,t/Dt ( t- 1, 2, ... , K) , the other pa

rameters depending on fixed geometric conditions. 

(d) Inviscid Force(s) per Unit Length 

Slender body theory is used to evaluate pressure forces (normal to the 

wall) induced on cylinders. Following Lighthill (see Appendix F of Re£. 

[75]), we write the inviscid hydrodynamic forces per unit length as fol

lows: 

(E.26) 
k-1,2, ... ,K. 
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Only the derivations for FA(y)k are carried out here, the procedure for 

FA(z)k being analogous. 

Note that the (inviscid) hydrodynamic coupling effect is present in the 

total potential tP(t )k . 

Since Rk is constant and Ok does not depend on x or t, we can write* 

(E.26) as 

(E.27) 
k-1,2, ... ,K. 

Substituting eqn.(E.25) with t-k into (E.27), making use of 

f 
211 

0 

sin(n9)·sin9·d9-61 n·11, 

n-1,2, ... ,«~, 

and 

f 
211 

0 

cos(nO)·sinO·d0-0, 
n-1,2, .. ,«~, 

and noting that the integral is at the cylinder wall, i.e. rk- Rk (k - 1, 2, 

... ,K), we obtain 

j
0
nJt1 J]J] ·sin[(n+l)7/lk;l -1<in;tJ cos[(n+l)7/lkJ] , (E.28) 

k-1,2, ... ,K. 

The problem is simplified by defining the following dimensionless con

stants: 

* Leibnitz' rule. 
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· cos[(n+l)~k;ll], k-l,
2

, ... ,K. 
(E.29)* 

From eqs.(E.29) and (E.28), we obtain 

2 K [fD
2
wt D

2
Vt} J "kt 1.] 

FA (y )k .. -npRk El l Dt2 Dt2 l kktJ ' k-1,2, ... ,K. 

But, in our case, all cylinder radii Rk are the same and equal to R. 

Hence we have 

(E.30) 

Finally, the last two equations of (E.23), with m-1, are 

JfinJt"\. J rR·]n+l [f'YnJt"\. . J&nJt"\. 
*"\.bnJtJ cos[(n-l)tfot,;] + R:,; LcnJtJ s~n[(n+l)y,t,;] -"\.~tJ 

· cos [ (n+l)Y, t,;J J] , . 
t-1,2, ... ,K. 

(E.31) 

Subtracting (E.31), with t-k, from (E.29), we obtain 

(E.32) 

k,t-1,2, ... ,K. 

Similar results hold for FA(z)k . They are found in reference [73]. 

*Note that there is a sign error in Suss' [73] eqn.(3.30). 
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Appendix F 

""V1.scous•• hyd.rodynam1.c coup~1.ng 

At any arbitrary (y,z)-plane cross-section, there are two kinds of fluid 

forces* acting on a cylinder: namely, normal pressure forces and tangential 

friction forces. The boundary layer is assumed infinitesimally small,§ 

hence all forces are assumed to act at the surface of the cylinder. The 

normal pressure forces are treated in Appendix E, and the tangential fric

tion forces are examined here, following Suss' [73] approach. 

The forces of interest here lie in the (y, z) -plane and arise because 

of relative fluid-cylinder velocities. A viscous fluid friction model, 

adopted by Paidoussis [22]f is used. 

A coupling effect exists because the velocity field in any (y,z)-plane 

is dependent on the motion of all cylinders, as established in Appendix E. 

Recall eqn.(B.12) of Ref.[75] (Appendix B): 

(F.1) 

for the normal force per unit length on a cylinder inclined to the flow, at 

an angle 1/J. 

Let us consider an (x,y)-plane cross-section of an element of cylinder 

k, shown on the next page, where: 

(Ok)y is the angle of incidence (1/J), for cylinder k, in the "y-direction", 

and 

(Vy)k is the fluid velocity component, in the y-direction, due to the mo

tion of all other (K-1) cylinders of the bundle (excluding cylinder k): 

* Per unit length of cylinder. 

§ It is also assumed that there is no flow separation. 

t Paidoussis found an error in his paper [22] and subsequently corrected 

it in [43]. 
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X 

cylinder k 

By inspection of the above diagram, we can write 

relative 
velocity 

av~c 
slope--ax 

k-1,2, ... ,K. 

From (F.l), using multi-cylinder terminology, we get 

k-1,2, ... ,K, 
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(F.2) 

(F.3) 

where FN(y)k is the normal viscous force per unit length, acting on cylin

der k, in the y-direction. Note that, since we consider only small motion, 

i.e. small angle(s) of incidence, the y- and x-direction components of the 

normal force (per unit length) are taken as FN(y)k and zero respectively. 

Hydrodynamic coupling appears in the term (V1 )~;; of eqn.(F.2), which al

ters the angle of incidence (Oy)~;;, and therefore, from (F.3), the force per 

unit length FM(y)k· Hence the label "viscous" hydrodynamic coupling. 
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The force(s) FN (z )k is not derived here, the procedure being exactly 

the same as for FN(y)k . 

Substitution of eqn.(F.2) into (F.3) yields, for (0y)k<<l: 

1 [ av k av k ] 1 [ av k av k ] 
2 

FN(y)k- 2pDUCf U ox+ at- (Vy)k +2pDCoP U ox+ 8t- (Vy)k , (F.4) 

k-1,2, ... ,K. 

To avoid powers of derivatives in the final equation(s) of motion of the 

cylinders, which would make it non-linear, Paidoussis has 1inearized the 

quadratic viscous forces at U- 0. Note that this amounts to assuming that 

lateral drag (viscous damping) forces are proportional to velocity rather 

than velocity squared. (Chen et al. [43] has measured such damping coeffi

cients, which have been used in this Thesis in FORTRAN programs for theor

etical computations.) The linearization procedure, involving the second 

term of eqn.(F.4) is illustrated here. 

As U-+0, eqn. (F.4) becomes 

k-1,2, ... ,K, 

where 

or, 

(for conciseness) 
k -·1 , 2 , . . . , K , 

This expression is linearized by using the approximation 

FN (y )k lu-+o [avk ] 
1/2(pD) "" Co at - (Vy ,o )k • 

k-1,2, ... ,K, 

illustrated graphically below. 

(F.S) 

(F.6) 

(F. 7) 



c 

0 

0 

/ 

/ 
/ 

/ 

F-4 

(U-+ 0) 

/ 
/ 

/ 

Note that CD has dimensions L/T. 

/ 

/ 
/ 

Eqn.(F.7) is retained as the new second term of (F.4), hence 

280 

0 

We obtain (Vy)k from the total velocity potential ;(t)k• less the poten

tial of cylinder k, ;k. From eqn.(E.8) of Appendix E, we have 

(F.9) 
k-1,2, ... ,K, 

the starred summation excluding I.- k. 

· The fluid velocity component in the y-direction, resulting from the ve

locity potential (;(t )k - ;k) is, 
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or 

) a<~<~:.>*- - ~*-> 1 a (tP(t. >*- - ~*-> (F.lO) .... (r n - - sin 8 L +- - - cos 8 L , vy k•Uk - ark ~ rk 88k, r<; 

k-1,2, ... ,K. 

To estimate (Vy) k, Suss [ 73] takes an average of vy, around the cir

cumference of cylinder k, that is 

211 

(Vy)k- 2
1

71 
f vy(rk,8k) d8k, 

0 k-1,2, ... ,K. 

Using (F.lO) in (F.ll), we get 

(F.ll) 

cos'*] dlk, (F.l2) 

k-1,2, ... ,K. 

Using eqn.(F.9) in eqn.(F.l2), and carrying the integration as done in 

Appendix E, we obtain 

K * ( Dwt Dvt) 
(Vy )k,- L i>kt Dt + ilkt Dt • 

t-1 k - 1 , 2 , . • • , K , 
(F.l3) 

the starred summation excluding t- k, and where 

(F.l4) 

the starred summation excluding "'- k. 

Note that the dimensionless constants i>kt and ijkt depend on parameters 

which are themselves geometric (e.g. R"') or dependent on the geometry of 

the system (e.g. an/J.t) (see Appendix E). 
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From (F.6) and (F.l3), we have 

K * ( 8Wt., 8Vt,) 
(V,. ,o )k- L Vkt. at + ilkt. 8t ' 

t.-1 k-1,2, ... ,K. 

Substituting eqn.(F.l3) and (F.lS) into (F.8) we get 

The format of the above equation is simplified by defining 

and 

if t.,.. k ' 

' if t.- k • 

1 if t.,.. k 1 

' if t.- k ' 
k-1,2, ... ,K. 

Finally, from (F.l6) and (F.l7), we can write 

} 
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(F.lS) 

(F.l6) 

(F.l7) 

(F.l8) 

k-1,2, ... ,K. 
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Appendix G 

Free1y vibrA~ing beam mode~ 

We consider the free lateral vibration of a clamped-clamped* beam. 

Bernoulli-Euler beam theory is used, for which the following assumptions 
apply: 

(i) Any lateral beam cross-section remains plane during motion (or static 

displacements), 

(ii) The motion (displacements) can be analyzed in a plane (going through 

the beam longitudinal axis), that is, the problem is two-dimensional, 

(iii) The radius of curvature of the (deflected) beam longitudinal axis is, 

at any point, much larger than the beam width, i.e. displacements are 

much smaller than the beam width, 

(iv) The shear deformation effects are negligible, 

(v) The rotational inertia (in the plane of motion) is negligible, and 

(vi) All properties are constant and homogeneous. 

The resulting equation of motion is§ 

2 4 
u+Er u_o 
at2 pA ax4 

where 

E is the modulus of elasticity, 

I is the second moment of area, 

p is the density, 

A is the cross-sectional area, 

t is the time, and 
. 

x,y are the axial coordinate and beam deflection, respectively. 

Using separation of variables to solve eqn.(G.l), i.e. letting 

y-Y(x) · F(t) , 

one obtains 

(G.l) 

(G.2) 

* A clamped but axially sliding (with no rotation) beam has the same modes. 

§See Bishop and Johnson [74]. 
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z 
d F(t) 2 F(t) dtZ - -wJI 

where F(t) was assumed harmonic, and 

where 

{J• £!!:. 2 
.If- El w.lf • 

The general solution to the above eigenvalue problem, 

given by 
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(G.3) 

(G.4) 

(G.S) 

eqn. (G.4), is 

YJI(x)- C1 JI sin({JJ!x)+ Cz.lf cos({JJ!x)+ C3 ,/f sinh({JJ!x)+ C4 JI cosh({JJ!x) , 

where 

n-1,2,3,4, 
Jl-1,2, ... ,co, 

are arbitrary constants. 

(G.6) 
.If- 1,2, ... ,co, 

Imposing the boundary conditions (clamped-clamped) on (G.6), one ob

tains the characteristic equation 

cos({JJI L) ·cosh({JJI L)- 1 , (G.7) 
Jl-1,2, ... ,co, 

where Lis the length of the beam, and the modal beam shapes YJI(x), corre

sponding, in free vibration, to harmonics of frequency w,/f, 

(G.8) 
Jl-1,2,.,, 1 CIO 1 

where the CJI are arbitrary constants, and where 

(G.9) 
JI-1,2, ... ,CIO, 

Before examining the orthogonality properties of the eigenfunctions, we 

non-dimensionalize and normalize them as follows: 
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(i) Let the beam dimensionless longitudinal coordinate be 

e- x/L. (G.lO) 

(ii) Let the normalized dimensionless modal shapes be ~ft(e), such that 

1 I r~ft<e)J 2 
de-1. 

o ft-1,2, ... ,co. 
(G.ll) 

Since we must have {Jft X - >..ft e' where >..ft are the dimensionless eigenvalues' 

ft-1,2, ... ,co. 

Using (G.l2) in (G.7) and (G.9) respectively, we get 

cos >..ft ·cosh >..ft - 1 , 
ft-1,2, ... ,co, 

and 

cos >..ft - cosh >..ft 
qft-sin >..ft-sinh >..ft' 

It can be shown that 

ft-1,2, ... ,co. 

together with eqn.(G.l3), satisfy (G.ll). 

(G.l2) 

(G.l3) 

(G.l4) 

(G.lS) 
ft-1,2, ... ,co, 

In Chapter 2, eqn. (2. 88) results from (2. 79) by using the following 

modal shape integrals: 

Bmn-
0 

bmn =-

0 

dmn-
0 

1 I d~n de ~m de , 

1 I d2r/Jn 
de • de2 r/lm 

1 
d2~n I e de, de2 ~m 

m,n-1,2, ... ,N, 

1 
J 

(G.l6) 
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and 

4 

cJ.E' - Au c5mn • * 
m,n-1,2, ... ,N, 

where omn is the Kronecker delta. 

The latter equation results from the fact that 
4 

d tPn 4 
cJ.E'4 - An tPn • 

which can be seen by inspection of eqn.(G.lS), and also because 

1 

I tPn tPm cJ.E' - c5mn • 
0 

the basic orthonormality property of the normalized modal shapes. 
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(G.l7) 

The procedure to obtain the constants of (G.l6) is illustrated with the 

derivation for ~n· 

and 

From eqn.(G.l7) we have 
s 

d tPn 4 dtPn § 
d~s - Au d~ . 

Consequently, we can write 
4 

(~ : 4
m] dtPn 4 dtPn 

us de - (Am tPm > de ' 

Combining eqs.(G.l8) and (G.l9), we get 

(G.l8) 

(G.l9) 

* N is the number of comparison functions used in the solution (see Chapter 

2). 

§The range of the indices m and n, always 1,2, ...• ~. is omitted for the 

sake of conciseness. 
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Using integration by parts, the above equation can be written as 

which becomes 

1 3 2 2 
1 

4 4 I #n [ d
4 

tPn dtPm d tPn d
3 

tPm dtPn d tPm d tPn] 
O.n - Am ) de tPm de- tPm de4 - de de3 - d€3 d€ + de2 ~2 (G. 20) 

0 0 

But, from eqn.(G.lS), we see that 

and 

Using (G.21) and (G.22) in (G.20), we obtain 

1 

4 4 I #n d
2 

tPm d
2 

tPn I 
0

1 

(An - Am ) ~ tl>m de- de2 de2 
0 

Also, using eqn.(G.lS), we get 
2 

d 1/>n I 2 
dez e-o- -2 .\n ' 

and 

d
2

t/>n I _ 2An
2

(cos An ·sinhAn -sin An ·cosh An) 
de2 e-o sin ..\n- sinh An 

Consequently, from (G.24), (G.25), and (G.23), 

where 

(G.21) 

(G.22) 

(G.23) 

(G.24) 

(G.25) 

(G.26) 

(G.27) 
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The terms Fn and Fm of eqn.(G.21) can be considerably simplified as fol

lows: From eqn.(G.27), we have 
2 2 2 2 • 

cos An· sinh An+ sin An· cosh An- 2 Sl.n An· cos An· sinh An· cosh An 
Fn- sin2 >. + sinh2 \. - 2 sin A · sinh A ' n ~ n n 

which becomes, using eqn.(G.l3),* 

(G.28) 

The sign of Fn is obtained from the fact that, for all roots >-n of eqn. 

(G.l3), the following holds: 

cos >-n << 1 • 

sinh An>> 1 , 

cosh An ... sinh >-n , and 

sin An""' ( -l)n. 

The latter stems from the fact that the roots An"" (2n + 1)11/2. 

Therefore, using above and (G.27), we get 

0 - ( -l)n cosh An 
F "" or n -cosh An 

which, by virtue of eqn.(G.28), becomes 

(G.29) 

Finally, substituting eqn.(G.29) into (G.26), making use of the first 

part of (G.l6), we get 

4 A2 A2 
n m +n 

~n-).4._x4 [(-l)m -1]' 
n m 

~n-o. 

} (G.30) which, for m- n, reduces to 

* Together with sin, cos, sinh, and cosh identities. 
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Similarly, one obtains 

, if m"' n , 

} (G.31) 

and 

, if m"' n , 

(G.32) 

Numerical values for the An and un are found in Appendix H, for the low

est values of n. 
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Appendix H 

Long1~ud1na1 1oca~1on of ~~ra1n gage~ 

The location of strain gages is shown diagrammatically in Fig. 13. The 

radial location was made to be as close as possible to the cylinder sur

face, mostly constrained in this respect, by the manufacturing procedure 

(see Appendix M of Ref. [75]). The criterion for the longitudinal location 

of the gages follows. 

The dimensionless modal shapes for clamped-clamped beams are obtained 

from eqs.(G.8), (G.lO), and (G.l2), namely, 

(H.l) 
r-1,2, ... co, 

where the~ are arbitrary (dimensionless) constants* and where (eqn.(G.l4)) 

cos Ar - cosh Ar 
u -r sin Ar - sinh Ar 

(H.2) 
r-1,2, ... co. 

Let the 4>r<e) be "normalized"§ such that 

(H.3) 
r-1,2, ... co. 

Letting the first derivative(s) of 4>r<e) go to zero, we get 

(H.4) 
r-1,2, ... co. 

For each r, one of the roots of eqn.(H.4), called eH will yield a max

imum for 14>r(€)1. Hence, we let 

(H.S) 
r-1,2, ... ,c:o. 

Now, for large radii of curvature, we have the elementary relationship 

* Equal to Cr/L. 

§ Scheme local to this Appendix (see eqn.(2.61) for alternate scheme). 
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a d2 t;r<e> * 
£ --r L ~2 r-1,2, .•. c:o, 

where t:r is the (fiber) strain, 

a is the radial distance from the neutral axis, 

L is the beam length. 

From eqs.(H.6) and (H.l), we can write, 
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(H.6) 

d2 t;r(E) L . 
_.-;..... ___ t:r- -Arlr 2 {cos(lrE) +cosh(lrE)- ur[s1n(lre> +sinh(lre>Jl. (H.7) 

dE2 a 
r-1,2, ... c:o. 

Numerical values for the first four modes are tabulated here, to about 

six significant digits (lr and ur are from [74], p. 376). 

r Ar ur EM Ar 

1 4.73005 0.982502 0.5 -0.629665 

2 7.85320 1.000777 0.290426§ -0.662592 

3 10.9956 0.999966 0.207742§ -0.661138 

4 14.1372 1.000001 0.161567§ -0.661201 

Using the constants Ar• ur• and Ar of the above Table, the second deriv

ative, eqn. (H. 7), is plotted in the interval 0 :SE :S 1 (for the first four 

modes). The dotted lines are the negatives of the solid lines. The second 

plot depicts an expanded portion of the first one. 

Fig. H-1 illustrates that the first three beam modes, for a unit maxi

mum displacement, have approximately equal second derivatives (absolute val

ues); hence, by eqn.(H.6), approximately equal (fiber) strains exist, at 

*The L appears because of non-dimensionalization, i.e., d2Yr(x)jdx2- (1/L) 

·d2 t;r<e>/de2 • 

§ There are two symmetrical roots in this case (one at each beam end) . 
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H-3 

r- e I ( ) -~L I ( ) "" 0.104 7 . ,.,. ,.,. 
This criterion has been used for longitudinally locating the strain 

gages. 

Appendix M of Ref. [75] discusses the radial location of the strain 

gages. 
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(H.8) 
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Fig. H-1: Second derivatives of beam modes. Note: The circled digits iden

tify modes. 
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Appendix I 

Un~~~--Four~er Tr~forms and convo1u~~on ~n~egra1g 

(a) Fourier Transforms 

Fourier transform pairs are defined in the literature as 

+<o 

f(t)- c 1 f F(w) eJwt dw , (1.1) 

-eo 

and 

+<o 

F(w)- c2 I f(t) e -Jwt dt (I. 2) 

-eo 

The values assigned to the constants c1 and c2 depend: 

(i) On the units of w and t. 

For example, if the product wt is in radians, yielding 2n (radians) per 

cycle, then we find (various authors) 

(I. 3) 

(ii) On the author. 

In the example given in (i), common values found for c1 and c2 are 

(a) 

e.g. A. PAPOULIS, .The Fourier Integral and its Applications, McGraw Hill, 

1962, p.7, 

(b) 

e.g. KORN, G.A. and KORN, T.M., Mathematical Handbook for Scientists and 

Engineers, McGraw Hill, 2nd ed., p.l39, 

(c) 
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e.g. C.R. WLIE, Advanced Engineering Mathematics, McGraw Hill, 1975, 

p.244. 

Often, units are chosen such that wt-1 (e.g. win Hz, tin sec), and 

c1 - c2 - 1 is used, which will be shown to lead to correct units for PSD's 

(power spectral densities). 

Before proceeding, we should note that the units of the complex expo

nent of e, namely jwt, may be considered arbitrary, as long as they are 

compatible with the trigonometric functions (sin and cos) used, as 

ejwt- cos(wt) + j sin(wt); 

for example, wt may have to be in degrees. Alternatively, if the infinite 

· · · used for ejwt, th · t t b · di ser~es expans~on ~s en we requ~re w o e ~n ra ans. 

We shall adopt the latter units. 

The proper values for c1 and c2 (such that a PSD from an autocorrela

tion function has the correct power) will be found by considering the lim

iting case of Fourier series, yielding Fourier integrals. 

Recall the complex form of Fourier series: 

(1.4) 
n --<X) 

where w1 is the fundamental frequency, An the complex amplitudes, and c a 

units scaling factor to make the product cw1 t in radians (assumed above). 

The units of w1 and tare taken as arbitrary, and the units of T1 , the 

fundamental period, are taken as those for t. We have 

(I. 5) 

Note that, in general, c has "units", e.g. (rad· min/deg· sec). Now, 

let the units of f(t) be Uf (e.g. Uf could be L2
, M/L, etc ... ). Hence, the 

. jncw1 t An also have un1ts of Uf; e is (always) dimensionless. 

The coefficients An in eqn.(I.4) are given by 
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-T1 /2 

+T1 /2 

I f(t) .-;ncw,t ·dt 
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(1.6) 

Note that units are correct in the above equation, ~ and f(t) having 

units Uf, and the units of T1 cancelling those of dt. 

Substituting eqn.(I.6) into (1.4), we get 

CO [ 1 
f(t) - n~co Tl 

+T1 /2 I f(t) e- jncw, t . dt l eJncw, t ' 

which can be rewritten as 

n--ee 

+T1 /2 I f(t) e -Jncw1 t ·dt . 8 ;ncw1 t . (I. 7) 
CO 

f(t)- :L 
-T1 /2 

Now, we define 

} (I. 8) 

which substituted into eqn.(I.7), yields 

CO 

f(t)- :L 
+T1 /2 I f(t) e- jcwn t . dt . &.>, (I. 9) 

n--co 
-T1 /2 

In eqn.(I.9), we may define 

+T1 /2 I f(t) .-;c...,t ·dt (1.10) 

Note that the factor l/w1 T1 has been "arbitrarily" assigned to the 

function F(wn); the correctness of so doing will be proven below, when 

considering units of PSD's versus the autocorrelation function. 
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By inspection of the above equation, we see that the units of F(wn) 

are Uf/Uw, where Uw are the units of w1 (e.g. deg/min). Combining eqs.(I.9) 

and (1.10), we obtain 

(I.ll) 
n--co 

Note that correct units are still maintained. Pursuing the standard 

procedure for obtaining Fourier integrals from Fourier series, we let 

T1 -+eo , w1 -+ 0 (w1 T1 constant), 1 
and wn -+ w , Awn -+ dw , f (1.12) 

which, when used in eqs. (1.10) and (I.ll), results in the expressions 

+eo 

J f(t) e -J=t ·dt (1.13) 

-eo 

and 

+eo 

f(t)- J F(w) e1""'t ·&.. . (1.14) 

-eo 

In terms of units, we note, 

(a) for eqn.(I.l3): 

where Ut are (time) units of T1 and dt, and (-) means dimensionless. Hence 

, which is correct. 

(b) for eqn.(I.lS): 

i.e. uf : uf ' which is also correct. 
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Equations (1.13) and (1.14) indicate that, for correct units for the 

Fourier transform pair of eqs.(1.1) and (I.2), we must have 

cl 1 ' l 
1 I c2 ---

wlTl 

(I.l5) 

For example, if wl is in rad/sec and t (T1 ) in sec, then w1 T1 - 2n rad 
and 

Note that, to be more general, the factor c may be used in the exponent of 

e (eqs.(1.1) and (I.2)). 

Applying eqs.(1.13) and (1.14) to PSD's is straightforward. The auto

correlation function is the Fourier transform of the PSD, i.e. by analogy 

to eqn.(1.14), we have 

+eo 

Rf (t) - J Sf (w) ejcwt dw (I.l6) 

-00 

Now, we have (from its basic definition) 

(1.17) 

where Pf is the total power in the function f(t). From eqs. (I .16) and 

(!.17), we get 

(!.18) 

which is true for the (double-sided) PSD ,Sf(w). In terms of units, we have 

the form 

where UP are units of "power", in the sense that UP = ~ (recall that Uf 

are units of f(t)). Conversely, from eqn.(I.l3), we may write 



0 
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I-6 

+eo I R,(t) .-Jc"'t ·dt , 

-oo 

where the autocorre1ation is, by definition 

1 
Rf(t)- 1im T 

T-..co 
-T/2 

+T/2 I f(r)·f(r+t)·dr 

and, can be seen to have units of~ (as expected since Rf (0) =- Pf). 

In terms of units, we see in eqn.(I.l9) that 
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(I.19) 

(I. 20) 

which confirms eqn. (I .15) as the correct values for c 1 and c2 in the 

transform pair of eqs.(I.l) and (I.2). 

In the particular case where the product wt is in radians (i.e. w1 T1 

-2n), the correct Fourier transform pair reads (see eqs.(I.13) and (1.14)) 

1 
F(w)- 2n 

-oo 

+eo I f(t) e -J"'t ·dt 

+eo 

f( t) - I F("') •j"'t . do> • 

-oo 

Note that in the above case, c - 1. 

} (I. 21) 
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(b) Convolution integral 

In addition to the functions defined in eqn. (I. 21), we consider 

+c:o 

X( ) 1 I x(t) e -Jwt ·dt w - 2n 
-c:o 

+c:o 

x(t) - J X(w) ejwt · dw . 
J (I.22) and 

-eo 

Furthermore, we assume that X(w) and F(w) are related by a transfer 

function. i.e. 

X(w) - F(w) · H(w) . (I. 23) 

Now, as done earlier, the units of f(t) are taken as Uf and those of 

time and frequency as Ut and U., respectively. The units of x(t) are as

sumed to be Ux. The first part of eqn.(l.22) is, units-wise, 

ux 1 
u., : uwut ux (-) ut 

and in the second part of the equation, F(w) has units of Uf/U.,, as before. 

Consequently, we must have Ux/Uf for the units of H(w), by eqn.(I.23). 

The impulse response function is the Fourier Transform of the transfer 

function: 
+c:o 

h(t)- I H(w) •Jwt •dw , 

-c:o 

+c:o 

H(w)- 2~ I h(t) e·jwt ·dt . 

} (I. 24) and conversely, 

-c:o 

By inspection, the units of h(t) are UxU.,/Uf. 

Finally, we recall the convolution integral corresponding to eqn. 

(I. 23) 



·o 

0 

1 x(t)--2n 
-CD 

I·S 

:+eo 

I h(r) ·f(t- r) ·dr , 

where we see that units are balanced, as 
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(1.25) 

which shows that the factor l/2n is required in eqn.(I.25) (note that UwUt 

is assumed to be in radians here) . The general form of the convolution 

integral is 

1 
x(t)- -

wlTl 
-CD 

:+eo I h(r)·f(t-r)·dr, (1.26) 

where the product w1 T1 is for a.cycle and based on units of Uw and Ut (as 

before). 
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Appendix J 

Recall eqn. (2.266): 

1 1 

KiJ,e<w>- Jde1· J~z·t/J1<e1>·t/JJ(ez> ·e-b 18~ 1 ·e-J2n·se , (J.l) 
i,j -1,2, ... ,N. 

0 0 

Ye wish to integrate the above function, for clamped-clamped boundary 

conditions, that is, when 

(J .2) 
i-1,2, ... ,eo, 

the normalized (dimensionless) beam modes, and where 

(J.3) 

Recall (Appendix G) that the A1 above are obtained from the character

istic equation 

(J.4) 
i-1,2, ... ,co. 

Also recall that b is a constant (see eqn.(2.213)) and, from eqn. 

(2.211), 

./- <ez - el )(w/211) 
s~- p u • 

c 
(J. 5) 

a "cycle" (versus "radian") Strouhal number. 

Substituting eqn. (J. 5) into (J .1), and breaking up the second inte

gral in the latter equation, we may write 

(w ~ 0) 
i,j-1,2, ... ,N, 
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where the frequency w has been restricted to positive values (experimental 

work and computer programs do not consider negative frequencies). The above 

equation is rewritten as 

or more concisely as 

where 

Z - ~w (~11 + j) 

(w~ 0) 
i,j-1,2, ... ,N, 

(J. 6) 

(J.7) 

Equation (J.6) is reduced, for two separate cases, namely (i) w>O, and 

(ii) w-0. 

Case (i): w>O 

Both integrals in eqn. (J.6) have the form 

h 

xi ( z . a.. h) - f t/J i (e) . e z e . de • 
a. i-1,2, ... ,N .. 

Using integration by parts, we obtain 

a. 

and continuing the process, leads to 

[ 
z e [ 1 1 dt/Ji <e) 1 d

2
t/Ji <e> _ l d

3
t/Ji <e) J] 

Xi (Z,a.,h) =- e z t/Ji (e) - z2 de + z3 dez Z4 ~3 

(continued) 

(J. 8) 

a. 
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(J. 9) 

We can use a property of the modes ~1 (e) for clamped-clamped beams, 

namely (see Appendix G) 

d'~i <e> 4 
de4 - .xi ·~1 <e> • (J .10) 

i-1,2, ... ,co, 

which, after substitution into eqn.(J.9), yields an explicit expression for 

X1 (Z,a.,h): 

(J .11) 
i-1,2, ... N I 

where we have defined the new function 

(J.l2) 
i-1,2, ... ,N. 

which can be expanded to read 

· [e·Z · ~(Z,O,l) · IJ(-Z,l) -Y1 J(-Z,O,l)], (w<!!:O) 
i,j-1,2, ... ,N, 

(J.l3) 

where 

Y,J (Z,«,b) -r.JI, <e) · IJ (Z,e) ·<I<, 
a. i,j-1,2, ... ,N. 

(J .14) 

Note that eqn.(J.l3) contains terms of the form X1 (Z,O,l) and Y1 J(Z,O,l). 

From eqn.(J.ll), we get 
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(J .15) 
i,j -1,2, ... ,N, 

and from eqs.(J.14) and (J.12), we obtain 

that is 

oij 
Y1 J (Z,O,l) -z 

where 
1 

sij - J q,i <e> ·4Jj <e> ·~ • 
0 

i,j-1,2, ... ,N, 

(Kronecker delta) 

which are evaluated in Appendix G, and where 

i,j-1,2, ... ,N, 

(J.16) 

} (J .17) 

(J.l8) 

We need only evaluate this latest coefficient; the techniques of Appen

dix G are utilized. From eqn.(J.lO), we can write 

d
7 ~i <e> • d

3 q,i ce> 
de' - li dE'3 

i,j-1,2, ... ,oo, 

which may be combined with eqn.(J.lO), to yield 

d4 q,i <e> ds q,j ce> 4 ds ~j <e> 
dE'4 dE'3 - li . ~i (e) . dE'3 

and 
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Explicit expressions are derived for qiJ• separately for the cases i~j 

and i- j. When i"" j, the latter two equations can be subtracted, resulting 

in 

(J .19) 
i'JIIIj 

i,j-1,2, ... ,N. 

Integrating eqn.(J.l9) over~. in the range (0,1), we obtain 

1 
qij - l 4 - l 4 

. j i 

Integration by parts yields 

and by inspection, the first term in the brackets is zero (no displacements 

at the ends). Again using integration by parts, we may write 

[- <~<~~e> . d5 <PJ (~) 
1 1 

d5 <Pj (~) d3 <Pi(~) 1 f d2 <Pi(~) 
d~-qij ~ lj4 - li4 d~5 + ~2 ~5 d~3 

0 0 

d
3 "'j <e> 

1 

d
2 

.Pi <e> d
4 

<Pj <e> 
1 1 

d<l 
J d2 <Pi <e> . ds <Pj <e> 

~3 
0 

+ ~2 • d~4 
0 

~2 ~5 i,oEj 0 
i,j-1,2, ... ,N. 

The first term in the brackets is zero (slopes are zero at the ends), 

and the second and fifth terms cancel out. Making use of eqn.(J.lO) in the 

latter equation, we get 

1 

<Pj <e> ]. 
0 i,oEj 
i,j -1,2, ... ,N, 

which reduces to (the last term is zero) 



c 
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qij-l4-l4 

j i 

Now, from eqn.(J.2), we may write 
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(J.21) 
iJO'j 
i,j -1,2, ... ,N. 

da f,t <E> 
dE3 - li

3 
{sin(li e> - sinh(li e> + O'i [ cos(li e> + cosh(li e>]} . (J. 22) 

i-1,2, ... ,oo. 

Hence, we obtain 

(J.23) 

and 

-l1
3 

{sin l 1 - sinh l 1 + ad cos l 1 +cosh ltJ} , 
E-1 i - 1, 2, ... , oo • 

Making use of eqn.(J.3) in the latter, we get 

3 
-2 l 1 • sin l 1 • sinh l 1 

sin l 1 - sinh l 1 
(J.24) 

e-1 i-l,2 1 ••• ,oo. 

Furthermore 1 we may write 

2 2 2 
(cos l 1 - cosh l 1 ) - sin l 1 · sinh l 1 , (J.25) 

i-112, ... ,<10, 

where eqn.{J.4) has been used. Now, for all l 1 , we have (see Appendix G) 

sinh l 1 "" cosh l 1 >> 1, and 

Consequently, 

cos l 1 - cosh l 1 < 0 1 and since 

sinh l 1 >0 (for all i), we have: 

if sinl1 >0, cos l 1 - coshl1 - - sinl1 · sinhl1 , 

(J.26) 

for all i. 
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0 From Appendix G, the sign of sin >.1 is 

(J. 27) 

for all i, hence, from eqs.(J.25), (J.26), and (J.27), we may write 

(J.28) 
i-1,2,,,, 0 CIO, 

Substitution of eqn.(J.28) into (J.24) results in the relation 

3 1+1 -2 >.1 ( -1) [cos >.1 - cosh >.1 ] 

sin >.1 - sinh >.i i-1,2,,,, 1 CI0 1 

which reduces to, after making use of eqn.(J.3): 

i 3 -2(-1) · o1 • >.1 , (J. 29) 
E'-1 i-1,2,, .. 0 CIO. 

Now, combining eqs.(J.23), (J.29), and (J.21), we obtain 

(J. 30) 
i,.j 
i,j -1,2, ... ,N. 

When i- j, eqn. (J .18) takes the form 

and again utilizing integration by parts, we may write 

The first term vanishes, and q11 is further expanded to read 

i-1,2, ... ,N. 

c Finally, the last term is written as (the first term again vanishes) 
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i-1,2, ... ,N, 

that is, 

(J. 31) 
i-j 
i,j -1,2, ... ,N. 

Finally, eqn.(J.l3) may be written in the compact form 

* -z * * O) K1 J ,e(w) -AtJ (Z)- A1 J (-Z ) + e · B1 J (Z) · IJ (-Z,l)- B1 J (-Z ) · IJ (Z , , 

where we have defined 

-z4 
Ai J ( z) - z4 - A 4 . y i J ( - z' 0 ' 1) ' 

j 

z4 
B1 J (Z) - z4 _A 4 • X1 (Z,O,l) , 

J i,j-1,2, ... ,N. 

This completes the w > 0 case. 

Case (ii): w-0 

(w;:?: 0) (J. 32) 
i,j -1,2, ... ,N, 

l 
I 

(J.33) 

In this case, we have (see eqn. (J. 7)) Z- 0, which alters eqn. (J .1) to 

read 
1 1 

Kij .e<o>-J del ·t.61 <e1> -J ~z ·t.6j <ez>. 
o o i,j -1,2, ... ,N. 

(J.34) 

Ye simply require an explicit expression for an integral of the form 

1 

ci - J ~ · t.61 <e> • 
0 i-1,2, ... ,ao, 

(J. 35) 

where the eo limit just signifies that the results will be applicable over 

the full range of i. 



0 

0 

J-9 

Substituting eqn.(J.2) into (J.35), we obtain, 
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C1 - J {cos(.\1 E')- cosh(.\1 E')- u1 [sin(.\1 E')- sinh(.\1 E')] }d.;, 

0 i-1,2, ... ,co, 

which reduces to 

1 
C1 - r- [sin .\1 - sinh .\1 + u1 (cos .\1 + cosh .\1 - 2)] , 

i i-1,2, ... ,eo. 

Using eqn.(J.3) in the latter equation, and manipulating the resulting 

expression, we get 

i-1,2, ... ,co. 

Making use of eqn.(J.28) in the above equation, we obtain 

i+l (cos .\1 -cosh .\1 ) 

Ci- -2 [(-1) +1] .\i (sin.\i- sinh.\i) ' 
i-1,2, ... ,co, 

which simply reduces to, using eqn.(J.3), 

O'i 
c1 - -2 r- [ ( -1) 1 +1 + 1 1 , 

i i-1,2, ... ,co. 

In view of eqs.(J.35) and (J.36), we can rewrite eqn.(J.34) as 

4u1 uj 
~<tj,e<o>- AtAj £<-l>i+l+ll£<-l>j+l+ll. 

i,j -1,2, ... ,N. 

By inspection, we may write eqn.(J.37) as 

if i and j odd, 

if i or j even , 
i,j -1,2, ... ,N. 

} 

(J. 36) 

(J.37) 

(J.38) 
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Appendix K 

Time consuming computations were effected in FORTRAN 77, and others, 

inclusive of plotting, were carried out in BASIC V (for convenience, flex

ibility and expediency (particularly for the development of a "general" 

plotting program: FORTRAN compiling is very slow]). The steps leading to 

theoretically computed results are the following. 

(1) FORTRAN 77 program for the computation of the coefficients of eqs. 

(2.27) to (2.30) inclusively. This program called "CPL.f", is that of 

[ 73] , modified to eliminate input data redundancies (which became a 

major inconvenience for larger systems). 

(2) FORTRAN 77 program to calculate the "normalized" CSD's of eqn.(2.271). 

Computations are in "Cartesian" directions only, namely in the z- and 

y-directions; the program in (3) can then resolve CSD' s in arbitrary 

directions. This program is called "CSD.f". 

(3) A BASIC V program to resolve PSD's, single cylinder CSD's, and inter

cylinder CSD' s, as desired, from data generated in (2). Its name is 

"CSD-comp" . 

(3) A BASIC V program to calculate the non-dimensional CSD' s (PSD' s) of 

eqn.(2.272), from data generated in (2). Its name is "THEOR-CALC". 

(4) A BASIC V program to calculate coherence, from either theoretical or 

experimental data. The program is called "COILCALC". 

(5) Finally, a program to display (colour monitor), scale and format data, 

for plotting. Because of its large size and since no computations are 

involved, this program, called "DISK....RDPL", shall not be listed and its 

usage not covered here. 

Remark 

Other programs, such as one for bulk non-dimensionalization of the 

experimental data, are omitted. Likewise, operational details, such as 

integer format storage of real variables (as used in the HP5420A spectrum 

analyzer) for space economizing, are not presented. 
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1. CPL.f 

This program is taken from Ref.[73]; it has been modified so that inter

cylinder distances and angles are computed by the program, rather than hav

ing to be input as data (a redundancy anyway). 

c 

c 

c 

(a) Listing 

This listing is FORTRAN 77 compatible. 

implicit integer*2 (i-n) 
implicit real*8 (a-h,o-z) 
dimension a(l5,15,4),b(15,15,4) 
dimension wl(l5,1S),w2(15,15),w3(15,15),w4(15,15) 
dimension g(88,88),w5(88,8),w6(88) 
dimension ch(4,4),r(4,4),ri(4),ra(4),cl(4) 
dimension al(l5),a2(15),a3(2,66),a4(2,6) 
dimension vc(8,8),xc(4),yc(4) 
dimension s(31),co(3l),f(30),r1(32),r2(32),r3(31) 
dimension am(l0,10) 
character*9 filel 
character*8 file2 
character*2 num 

open (l,FILE-'CPLinp') 
open (4,FILE-'/devjconsole') 
filel-'CPLprint-' 
file2-' CPLdata-' 
ioff-48 

write (4,31) 
read (4,*) id 
jl-id/10 
j 2-id-lO*j 1 
num(l:l)-char(jl+ioff) 
num(2:2)-char(j2+ioff) 
open (2,FILE-filel//num) 
open (3,FILE-file2//num) 

read (1,11) k,mn 
if (k.eq.4) go to 80 
write (2,32) 

32 format ('ERROR: knot equal to 4') 
close (1) 
close (2) 
close (3) 
close (4) 
stop 

80 read (1,26) gc 
read (1,11) mm,mp 
read (1,27) idea 
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read ri ('length'), cl (degrees) and ra ('length') 
read (1,24) (ri(i),cl(i),ra(i),i-l,k) 
read (1,26) ro 
close (1) 

ff-3.1415926535898d0/180.d0 
rfac-1.0d03 
zrol-ra(1)*l.Od-06 
zro2-l. Od-02 
do 10 i-1,k 
x-rfac*ra(i)*dcos(ff*cl(i)) 
y-rfac*ra(1)*dsin(ff*c1(i)) 
ix-idnint(x) 
iy-idnint(y) 
xc(i)-dble(ix)/rfac 
yc(i)-dble(iy)/rfac 
do 10 j-1,k 
if (i.ne.j) go to 15 

30 ch(i,j)-O.OdOO 
r(i,j)-O.OdOO 
go to 10 

15 x-ra(j)*dcos(ff*cl(j))-ra(1)*dcos(ff*c1(1)) 
y-ra(j)*dsin(ff*c1(j))-ra(i)*dsin(ff*c1(1)) 
r(i,j)-dsqrt(x**2+Y**2) 
if (dabs(x).1t.zro1) go to 20 
if (dabs(y).lt.zro1) go to 25 
fi-datan(y/x)/ff 
if (dabs(fi).1t.zro2) fi-Q.OdOO 
sa-dsign(l.OdOO,x) 
sb-dsign(1.0d00,y) 
ch(i,j)-f1+(2.0d00-sb*(l.Od00+sa))*90.0d00 
if (dabs(360.0d00-ch(i,j)).1t.zro2) ch(i,j)-O.OdOO 
go to 10 

20 if (dabs(y).lt.zro1) go to 30 
ch(i,j)-90.0d00 
if (y.lt.O.OdOO) ch(i,j)-270.0d00 
go to 10 

25 ch(i,j)-Q.OdOO 
if (x.lt.O.OdOO) ch(i,j)-180.0d00 

10 continue 

write (2,19) k,mm,mn,mp 
write (2,21) 
write (2,12) ((ch(i,j),j-l,k),i-l,k) 
write (2,22) 
write (2,12) ((r(i,j),j-l,k),i-l,k) 
write (2,17) 
write (2,18) (i,ri(i),ra(i),cl(i),i-l,k) 
Degrees to radians 
do 35 i-l,k 
cl(i)-cl(i)*ff 
do 35 j-l,k 
ch(i,j)-ch(i,j)*ff 
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call fixup(mm,k,a,b,wl,w2,w3,w4,ro,mn,rl,r2,r3,ri,ra,cl,s,co,f) 
if (idea.eq.O) go to 40 
do 50 idea-l, k 
kk-2*(k-l) 
call fixup2(mm,mp,k,kk,ml,a,b,wl,w2,w3,w4,ch,r,ri,rl,r2,rJ,s 

*,co,f,g,w5,w6,idea) 
call viscou(mp,mm,k,idea,ml,s,co,r,ch,rl,ri,al,a2,a3,a4,w5,a,b) 
ix-idea+k 
jx-0 
kk-2*k 
do 45 j-l,kk 
if(j.eq.idea.or.j.eq.ix) go to 45 
jx-jx+l 
vc(idea,j)--a4(l,jx) 
vc(ix,j)--a4(2,jx) 

45 continue 
vc(idea,idea)-l.OdO 
vc(ix, ix)-l.dO 
vc(idea,ix)-O.dO 
vc(ix,idea)-O.dO 

50 continue 
write (2,16) ro 
write (2,12) ((vc(i,j),j-l,k),i-l,kk) 
kl-k+l 
write (2,16) ro 
write (2,12) ((vc(i,j),j-kl,kk),i-l,kk) 
idea-o 

40 kk-2*k 
call fixup2(mm,mp,k,kk,ml,a,b,wl,w2,w3,w4,ch,r,ri,rl,r2,r3,s 

*,co,f,g,w5,w6,idea) 
ix-1 
k2-k+2 
do 55 i-l,ml,mp 
ix-ix+l 
do 60 j-l,kk 
jx-j+l 
if(j.gt.k)jx-j+2 
if(ix.eq.k2)ix-ix+l 
am(ix,jx)-2.d0*w5(i,j) 
w5(i,j)-2.0d0*w5(i,j) 

60 continue 
j-(1-l+mp)/mp 
am(ix,ix)-l.OdO+am(ix,ix) 
wS(i,j)-l.OdO+wS(i,j) 

55 continue 
kl-k+2 
am(l,l)--1. OdO 
am(l,kl)-O.OdO 
am(kl,l)-O.OdO 
am(kl,kl)--l.OdO 
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do 65 j-l,k 
jx-j+l 
jp-jx+k+l 
ff-(ri(j)/ro)**2 
am(l ,jx)-ff 
am(l,jp)-Q.OdO 
am(kl, j X) -o. OdO 
am(kl,jp)-ff 
am(jx, 1)-l.OdO 
am(jp, 1)-o. OdO 
am(jx,kl)-Q.OdO 
am(jp, kl)-l.OdO 
do 70 i-l,k 
ix-i+l 
ip-ix+k+l 
fg-(ri(i)/ro)**2 
am(l,jx)-am(l,jx)-fg*am(ix,jx) 
am(l,jp)-am(l,jp)-fg*am(ix,jp) 
am(kl,jx)-am(kl,jx)-fg*am(ip,jx) 
am(kl,jp)-am(kl,jp)-fg*am(ip,jp) 
am(jx,l)-am(jx, 1) -am(jx, ix) 
am(jp,l)-am(jp,l)-am(jp,ix) 
am(jx,kl)-am(jx,kl)·am(jx,ip) 
am(jp,kl)-am(jp,kl)-am(jp,ip) 

70 continue 
am(l,l)-am(l,l)-am(l,jx) 
am(l,kl)-am(l,kl)-am(l,jp) 
am(kl,l)-am(kl,l)-am(kl,jx) 
am(kl,kl)-am(kl,kl)-am(kl,jp) 

65 continue 
kl-kk+2 
write (2,14) ro 
write (2,13) ((am(i,j),j-l,kl),i-l,kl) 
ix-o 
close (2) 

c********** 
c File 3 is ONLY valid for equi-radii cylinders 
c********** 

c 

write (3,27) id 
write (3,28) k,gc 
write (3,29) ri(l),ro 
write (3,23) (xc(i),yc(i),i-l,k) 
do 75 i-l,ml,mp 
ix-ix+l 
write (3,23) (w5(i,j),vc(ix,j),j-l,kk) 

75 continue 
close (3) 
close (4) 

stop 
11 format (213) 
12 format (4dl2.5) 
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13 format (5dl2.5) 
14 format (/,10x,'The mass matrix with enclosing ' 

*,'cylinder at' ,/,'ro-' ,flO.S,/) 
16 format (/,lOx,'The viscosity matrix with enclosing' 

*,'cylinder at' ,/,'ro-' ,fl0.5,/) 
17 format (/,Sx,'i' ,7x,'r(i)' ,lOx,'r(O,i)' ,4x,'ch(O,i) in deg' ,/) 
18 format (3x,i3,3fl4.7) 
19 format (Sx, 'k-', i2,' mm-', i2,' cylinder at centre of array', i 

*2,' mp-' ,i2,/) 
21 format (/,'The matrix defining ch(i,j) in degrees:',/) 
22 format (/,'The matrix defining r(i,j):' ,/) 
23 format (2fl0.5) 
24 format (fl0.5,f7.2,fl0.5) 
26 format (fl0.5) 
27 format (i3) 
28 format (12,f8.3) 
29 format (2fl0.3) 
31 format ('Enter run no.:') 

end 

subroutine fact(mm,mp,f) 
c Generate factorials such that f(j+l)-j factorial 

integer*2 mm,mp,mt,mtt,i,ip 

c 
c 

real*8 f(l) 
mtt-2*mp 
mt-mm+l 
if (mtt.gt.mt) mt-mtt 
f(l)-l.OdOO 
do 10 i-2,mt 
ip-1·1 
f(i)-dble(ip)*f(ip) 

10 continue 
return 
end 

subroutine gen(ch,m,s,c) 
c Generate c(i) and s(i) such that, 
c c(i+l)-dcos(i*ch) and s(i+l)-dsin(i*ch) 

implicit real*8 (a-h,o-z) 
integer*2 m,i 
dimension c(l),s(l) 
c(l)-1. OdOO 
s(l)-O.OdOO 
do 10 i-2,m 
h-dble(i-1)*ch 
c(i)-dcos(h) 
if (dabs(c(i)).lt.l.Od-10) c(i)-O.OdOO 
s(i)-dsin(h) 
if (dabs(s(i)).1t.l.Od-10) s(i)-O.OdOO 

10 continue 
return 
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c end 
c 
c 

subroutine cont(rl,m,a) 
c Generate a(i) such that a(i+l)-rl**i 

integer*2 m, i, ip 
real*8 a(l),rl 
a(l)-1. OdOO 
do 10 i-2,m 
ip-i-1 
a(i)-rl*a(ip) 

10 continue 
return 
end 

c 
c 

subroutine tmult(m,a,b,c) 
c Multiplies two upper triangular matrices, c-a*b 

integer*2 m,i,j,l 
real*8 a(m,l),b(m,l),c(m,l) 
do 10 i-l,m 
do 10 j-l,m 
c(i,j)-Q.OdOO 

10 continue 
do 15 i-l,m 
do 15 j-i,m 
do 15 1-i,j 
c(i,j)-c(i,j)+a(i,l)*b(l,j) 

15 continue 
return 
end 

c 
c 

subroutine tinv(m,a,b) 
c Inverts an upper diagonal matrix 

integer*2 m,i,j,n,jj,ip,ig,l 
real*8 a(m,l),b(m,l) 
do 10 i-l,m 
do 15 j-l,m 
b(i,j)-O.OdOO 

15 continue 
b(i,i)-l.OdOO/a(i,i) 

10 continue 
n-m-1 
do 20 i-l,n 
ip-m-i 
do 25 j-l,i 
jj-m+l-j 
ig-ip+l 
do 30 1-ig,jj c b(ip,jj)-b(ip,jj)-a(ip,l)*b(l,jj) 

30 continue 
b(ip,jj)-b(ip,jj)/a(ip,ip) 
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0 25 continue 
20 continue 

return 
end 

c 
c 

subroutine dmult(m,a,b,c) 
c Multiplies matrices, c-a*b 

integer*2 m,i,j,l 
real*8 a(m,l),b(m,l),c(m,l) 
do 10 i-l,m 
do 10 j-l,m 
c(i,j )-0. OdOO 
do 15 1-l,m 
c(i,j)-c(i,j)+a(i,l)*b(l,j) 

15 continue 
10 continue 

return 
end 

c 
c 

subroutine add(m,a,b,c) 
c Adds two matrices, c-a+b 

integer*2 m, i,j 
real*8 a(m,l),b(m,l),c(m,l) 
do 10 i-l,m 
do 10 j-l,m 
c(i,j)-a(i,j)+b(i,j) 

10 continue 
return 
end 

c 
c 

subroutine cmult(m,x,a) 
c Multiplies a matrix by a constant 

integer*2 m, i,j 
real*8 a(m,l),x 
do 10 i-l,m 
do 10 j-l,m 
a(i ,j )-x*a(i ,j) 

10 continue 
return 
end 

c 
c 

subroutine ripl(m,x,y,wl,w2,a,b) 
c Computes the sums x*a-Y*b and x*b+y*a, 
c and stores them in wl and w2 respectively 

integer*2 m 
real*8 x(m,l),y(m,l),wl(m,l),w2(m,l),a(m,l),b(m,l),u 

0 u--l.OdOO 
call dmult(m,x,a,wl) 
call dmult(m,y,b,w2) 
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c 
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call cmult(m,u,w2) 
call add(m,wl,w2,wl) 
call dmult(m,x,b,w2) 
call dmult(m,y,a,x) 
call add(m,w2,x,w2) 
return 
end 

K-9 

subroutine repl(m,a,b,c,d,wl,w2) 
c Computes (b*ainv*b+a)inv*(b*ainv*c-d), and stores it in b, 
c and, -(b*ainv*b+a)inv*(b*ainv*d+c), and stores it in a 

integer*2 m 

c 
c 

real*S ·a(m,l),b(m,l),c(m,l),d(m,l),wl(m,l),w2(m,l),u 
u--l.OdOO 
call tinv(m,a,wl) 
call tmult(m,b,wl,w2) 
call tmult(m,w2,b,wl) 
call add(m,wl,a,a) 
call tinv(m,a,wl) 
call dmult(m,w2,c,b) 
call dmult(m,w2,d,a) 
call cmult(m,u,d) 
call add(m,b,d,d) 
call dmult(m,wl,d,b) 
call add(m,a,c,c) 
call dmult(m,wl,c,a) 
call cmult(m,u,a) 
return 
end 

subroutine diag(m,a,b,wl,w2) 
c (not commented) 

integer*2 m, i,j 

c 
c 

c 

real*S a(m,l),b(m,l),wl(m,l),w2(m,l),di 
do 10 i-l,m 
di-dble(i) 
do 15 j-l,m 
wl(i,j)-di*a(i,j) 
w2(i,j)-di*b(i,j) 

15 continue 
wl(i,i)-wl(i,i)-di 

10 continue 
return 
end 

subroutine viscou(m,mm,k,idea,ml,s,c,r,ch,rl,ri,wl,w2,w3,w4,w5 
*,a,b) 
Calculates the viscous coupling coefficients on cylinder "idea" 
implicit integer*2 (i-n) 
implicit real*8 (a-h,o-z) 
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dimension s(l),c(1),rl(l},ri(l),wl(l),w2(1) 
dimension r(k,l},ch(k,l) 
dimension w5(ml,l},a(mm,mm,l),b(mm,mm,l) 
dimension w3(2,l),w4(2,1) 
u--l.OdOO 
m2-2*m*(k-l) 
iz-m*(k-1) 
m3-m+2 
if (mm. gt.m3) m3-mm 
jx-o 
do 10 j-l,k 
if (j.eq.idea) go to 10 
jx-jx+l 
r4-r(idea,j)/ri(j) 
r6-1. Od00/r4 
call cont(r4,mm,rl) 
call gen(ch(idea,j),m3,s,c) 
do 15 n-l,mm 
nl-n-1 
r5-u**nl*rl(n}*dble(n) 
wl(n}-r5*c(n) 
w2(n}-r5*s(n) 

15 continue 
call cont(r6,m3,rl) 
do 20 1-l,m 
ii-(jx-l)*m+l 
nl-1+2 
ip-ii+iz 
r4-o.Od00 
r5-0.0d00 
r6-o.Od00 
r7-0.0d00 
do 25 n-l,mm 
r2-a(n,l,j) 
r3-b(n,l,j) 
r4-r4+wl(n)*r2 
r5-r5+wl(n)*r3 
r6-r6+w2(n)*r2 
r7-r7+w2(n)*r3 

25 continue 
r8-u**l*rl(nl)*dble(l) 
r9-r8*c(nl) 
rl0-r8*s(nl) 
w3(l,ii)-r9+r4-r7 
w3(l,ip)-r10+r5+r6 
w3(2,ii)-r10-r5-r6 
w3(2,ip)-r4-r7-r9 

20 continue 
10 continue 

kl-2*(k-1) 
do 30 i-1,2 
do 30 j-l,kl 
w4(i,j)-O.Od00 
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do 30 1-1,m2 
w4(i,j)-w4(i,j)+w3(i,1}*w5(1,j) 

30 continue 
return 
end 

subroutine fixup(mm,k,a,b,w1,w2,w3,w4,ro,mn,r1,r2,r3,ri,ra,cl 
*,s,co,f} 

c (not commented} 
implicit integer*2 (i-n) 
implicit real*8 (a-h,o-z) 
dimension a(mm,mm,l),b(mm,mm,l) 
dimension wl(mm,l),w2(mm,l},w3(mm,l),w4(mm,l) 
dimension ri(l),ra(l},cl(l),s(l),co(l},f(l),rl(l},r2(l),r3(1) 
u--l.OdOO 
mv-mm+2 
do 10 1-l,k 
do 10 i-l,mm 
do 10 j•l,mm 
a(j , i, 1)-0. OdOO 
b(j, i ,1)-0. OdOO 

10 continue 
call cont(ro,mv,rl) 
do 15 j-l,k 
if (j.eq.mn) go to 45 
do 20 m-l,mm 
do 20 n-l,mm 
w3(m,n)-o.Od00 
w4(m,n)-O.Od00 

20 continue 
call gen(cl(j),mm,s,co) 
call cont(ri(j),mv,r2) 
call cont(ra{j),mm,r3) 
do 25 m-l,mm 
r4-rl(m)/f{m) 
n4-m+l 
n5-m+2 
r6-f{n4)/rl(n5) 
do 30 n-m,mm 
nl-n-m 
n2-nl+l 
n3-n+l 
r5-u**nl*f(n3)*r3(n2)*r4/r2(n)/f(n2) 
a(m,n,j)-r5*co(n2) 
b(m,n,j)•r5*s(n2) 

30 continue 
do 35 n•l,m 
nl-m-n+l 
n3-n+2 
r5-r6*r3(nl)*r2(n3)/f(n)/f(nl) 
w3(m,n)-u*r5*co(nl) 
w4(m,n)-r5*s{nl) 
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35 continue 
25 continue 

K-12 

call repl(mm,a(l,l,j),b(l,l,j),w3,w4,wl,w2) 
go to 15 

45 r6-(ri(mn)/ro)**2 
r5-r6 
do 40 m-l,mm 
a(m,m,mn)-r6 
r6-r6*r5 

40 continue 
15 continue 

return 
end 

subroutine fixup2(mm,mp,k,kk,ml,a,b,wl,w2,w3,w4,ch,r,ri 
*,rl,r2,r3,s,co,f,g,w5,w6,idea) 

(not commented) 
implicit integer*2 (i·n) 
implicit real*8 (a-h,o-z) 
integer*4 kk_4,mt_4,ml_4,id_4,ier_4 
dimension a(mm,mm,l),b(mm,mm,l) 
dimension wl(mm,l),w2(mm,l),w3(mm,l),w4(mm,l) 
dimension w6(l),ri(l),s(l),co(l),f(1) 
dimension r1(1),r2(1),r3(1) 
dimension ch(k,1),r(k,l),g(ml,1),w5(ml,1) 
u--1.0d00 
ms-2*mp+1 
if (ms.lt.mm) ms-mm 
mw-mm+2 
mq-mp*k 
if (idea.ne.O) mq-mp*(k-1) 
ix-o 
do 10 i-1,k 
if (i.eq.idea) go to 10 
ix-ix+l 
call cont(ri(i),mm,rl) 
jx-o 
do 15 j-1,k 
if (j.eq.idea) go to 15 
jx-jx+l 
if (i.eq.j) go to 45 
call cont(ri(j),mw,r2) 
call cont(r(i,j),ms,r3) 
do 20 m-l,mm 
do 20 n-l,mm 
w3(m,n)-o.Od00 
w4(m,n)-O.Od00 

20 continue 
call gen(ch(i,j),ms,s,co) 
do 25 m-l,mm 
r4-rl(m)/f(m) 
do 30 n-m,mm 

322 



0 

0 

K-13 

nl-n·m 
n2-nl+l 
n3-n+l 
r5-u**nl*f(n3)*r3(n2)*r4/r2(n)/f(n2) 
w3(m,n)-r5*co(n2) 
w4(m,n)-r5*s(n2) 

30 continue 
25 continue 

call ripl(mm,w3,w4,wl,w2,a(l,l,j),b(l,l,j)) 
do 35 m-l,mp 
ii-(ix-l)*mp+m 
ip-ii+mq 
r4-rl(m)/f(m) 
do 40 n-l,mp 
jj-(jx-l)*mp+n 
jp-jj+mq 
nl-n+m+l 
n2-n+2 
n3-n+m 
r5-u**n*f(n3)*r4*r2(n2)/f(n)/r3(nl) 
r6-r5*co(nl) 
ff-rS*s(nl) 
r5-wl(m,n) 
r7-w2(m,n) 
g(ii,jj )-r5+r6 
g(ip,jp)-r5-r6 
g(ii,jp)-r7+ff 
g(ip,jj )-ff-r7 

40 continue 
35 continue 

go to 15 
45 call diag(mm,a(l,l,i),b(l,l,1),wl,w2) 

do 50 m-l,mp 
ii-(jx-l)*mp+m 
ip-ii+mq 
do 55 n-l,mp 
jj-(jx-l)*mp+n 
jp-jj+mq 
r6""'Wl(m,n) 
ff-w2(m,n) 
g(ii ,jj )-r6 
g(ii ,jp)-ff 
g(ip,jj)-u*ff 
g(ip ,jp)-r6 

55 continue 
50 continue 
15 continue 
10 continue 

c (to solve the equations) 
mt-2*mp*k 
if (idea.ne.O) mt-2*mp*(k-l) 
id-0 
do 60 j-l,kk 
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do 60 i-l,mt 
w5(i,j)-O.Od00 
ii-(j -l)*mp+l 
wS(ii ,j )-1. OdOO 

60 continue 
kk 4-kk 
mt 4-mt 
ml 4-ml 
id 4-id 
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call leqtlf(g,kk_4,mt_4,ml_4,w5,id_4,w6,ier_4) 
ier-ier 4 
return 
end 

(b) Dimensions 

324 

The above program is dimensioned for a four cylinder cluster (k- 4), 

and for specific values for the truncation constants mm and mp, namely 

mm- 15 and mp- 11. The latter values have been minimized to yield ade

quately accurate results with reasonably fast computation times (see [73] 

for details), and have not been changed. 

(c) Data 

Parameter(s) 

a,b 

wl,w2,w3,w4 
g 

wS 
VC 

ch,r 
am 
a3 
a4 
w6 

rl,r2 
s,co,r3 

f 
al,a2 

ri,ra,c1,xc,yc 

Dimension 

mm,mm,k 

mm,mm 
2·mp·k,2·mp·k 

2·mp·k,2·k 
2·k,2·k 

k,k 
2· (k+ 1) ,2· (k+ 1) 

2, 2 ·mp · (k - 1) 
2' 2. (k- 1) 

2·mp·k 
2·mm+ 2 
2·mm+ 1 

2·mm 
mm 

k 

A typical input data file is listed below, together with explanatory com

ments (right hand side). This particular data set is for a four cylinder 

bundle with Gc- 0. 75, positioned in a square pattern at the center of the 

channel (R-0.498 in and Re -4.03 in; note that units are unimportant here, 



c 

0 
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as the program works with dimensionless ratios). 

4 0 
75000 

15 11 

no. of cyl. & no. of cyl. at center 
Gc 
mm & mp 

1 1,0: viscous coupling coefs. desired or not 
49800 
49800 
49800 
49800 

4500 
13500 
22500 
31500 

96874 
96874 
96874 
96874 

l cylinder radii, position angles and 
J radii (relative to channel center) 

403000 channel radius 

(d) Output 

Data is output to two different files: (i) A "CPLprint·" file, which con

sists in (a) an echo of input parameters, (b) the calculated inter-cylinder 

distances and angles, and (c) the computed viscosity and mass matrices 

(printed four and five columns at a time, respectively, in the above exam

ple). (ii) A "CPLdata-" file, which contains (i) a file identifier (input 

manually at run time), (ii) the values forK and Gc, (iii) the cylinder(s) 

and channel radii, (iv) the z-y cylinders positions, and (v) the computed 

mass and viscosity coefficients (in a convenient two columns format). The 

"CPLprint-" file is listed below, with added comments on the right-hand 

side where required; the "CPLdata-" file is identical to the one used for 

input to the program CSO.f, listed later. 

CPLprint- file: 

k- 4 mm-15 cylinder at centre of array 0 mp-11 

The matrix defining r(i,j): 

.OOOOOD+OO 

.137000+01 

.193750+01 

.137000+01 

.137000+01 

.OOOOOD+OO 

.137000+01 

.193750+01 

.193750+01 

.137000+01 

.OOOOOD+OO 

.137000+01 

.137000+01 

.193750+01 

.137000+01 

.OOOOOD+OO 

The matrix defining ch(i,j) in degrees: 

.OOOOOD+OO 

.OOOOOD+OO 

.450000+02 

.900000+02 

.180000+03 

.OOOOOD+OO 

.900000+02 

.135000+03 

.225000+03 

.270000+03 

.OOOOOD+OO 

.180000+03 

.270000+03 

.315000+03 

.OOOOOD+OO 

.OOOOOD+OO 



0 

0 

i 
1 
2 
3 
4 

r(i) 
.4980000 
.4980000 
.4980000 
.4980000 

r(O,i) 
.9687400 
.9687400 
.9687400 
.9687400 
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ch(O,i) in deg 
45.0000000 

135.0000000 
225.0000000 
315.0000000 

The viscosity matrix with enclosing cylinder at 
ro- 4.03000 

.lOOOOD+Ol -.125360+00 -.213110-01 .14985D+OO 
-.12536D+OO .lOOOOD+Ol .14985D+OO -.213110-01 
-.213110-01 .14985D+OO .lOOOOD+Ol -.125360+00 

.14985D+OO -.213110-01 -.12536D+OO .100000+01 

.OOOOOD+OO -.206650-01 -.734360-01 .183380-01 

.206650-01 .OOOOOD+OO -.183380-01 .734360-01 
-.734360-01 .183380-01 .OOOOOD+OO -.206650-01 
-.183380-01 .734360-01 .206650-01 .OOOOOD+OO 

The viscosity matrix with enclosing cylinder at 
ro- 4.03000 

.OOOOOD+OO .183380-01 -.734360-01 -.206650-01 
-.183380-01 .OOOOOD+OO .206650-01 .734360-01 
-.734360-01 -.206650-01 .OOOOOD+OO .183380-01 

.206650-01 .734360-01 -.183380-01 .000000+00 

.lOOOOD+Ol .14985D+OO -.213110-01 -.12536D+OO 

.14985D+OO .lOOOOD+Ol -.12536D+OO -.213110-01 
-.213110-01 -.12536D+OO .lOOOOD+Ol .14985D+OO 
-.125360+00 -.213110-01 .14985D+OO .lOOOOD+Ol 

The mass matrix with enclosing cylinder at 
ro- 4.03000 
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ru ru r13 r14 
ru ru ru r24 
r31 r32 r3 3 r34 
ru ru r43 r44 
0'11 0'12 0'13 0'14 
0'21 0'22 0'23 0'24 
0'31 0'32 0'33 0'34 
0'41 0'42 0'43 0'44 

gll gu g13 g14 
gu gu g23 g24 
g31 g32 g33 g34 
g41 g42 g43 g44 
su 812 813 814 
S21 su s23 S24 
s31 s32 s33 s34 
841 s42 8 4 3 s44 

-.11319D+Ol .329750-01 .329750-01 .329750-01 .329750-01 (see variables 
.867360-18 -.222010-02 .222010-02 -.222010-02 .222010-02 list below) 
.21594D+Ol -.115320+01 .27214D+OO .480930-01 -.32637D+OO 

-.14539D+OO -.144730-01 -.450220-01 .15986D+OO .450220-0l 
.215940+01 .272140+00 -.115320+01 -.32637D+OO .480930-01 
.14539D+OO .450220-01 .144730-01 -.450220-01 -.15986D+OO 
.21594D+01 .480930-01 -.32637D+OO -.115320+01 .27214D+OO 

-.14539D+OO .15986D+OO .450220-01 -.144730-01 -.450220-01 
.21594D+01 -.32637D+OO .480930-01 .272140+00 -.11532D+Ol 
.14539D+OO -.450220-01 -.15986D+OO .450220-01 .144730-01 

-.433680-18 -.222010-02 .222010-02 -.222010-02 .222010-02 
-.11319D+Ol .329750-01 .329750-01 .329750-01 .329750-01 
-.14539D+OO -.144730-01 .450220-01 .15986D+OO -.450220-01 

.21594D+Ol -.11532D+Ol -.326370+00 .480930-01 .27214D+OO 

.145390+00 -.450220-01 .144730-01 .450220-01 -.15986D+OO 

.21594D+Ol -.326370+00 -.11532D+Ol .272140+00 .480930-01 
-.145390+00 .159860+00 -.450220-01 -.144730-01 .450220-01 

.215940+01 .480930-01 .272140+00 -.115320+01 -.326370+00 

.145390+00 .450220-01 -.159860+00 -.450220-01 .144730-01 

.21594D+01 .272140+00 .480930-01 -.326370+00 -.11532D+01 
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Note: Because of lack of space above, the added mass coefficients 

are identified here. 

£oo eo 1 £o2 £03 £o4 
eoo eo1 eo2 eo3 eo4 
£10 £11 eu £13 £14 
e1o ell eu el3 e14 
£20 £21 £22 £23 £24 
e2o e21 e22 e23 e24 
£30 £31 £3 2 £3 3 £34 
e3o e31 e32 e33 e3 4 
£40 £4 1 £42 £43 £4 4 
e4o e41 e42 e43 e44 
"oo "o1 "o2 "o3 "o4 
koo ko1 ko2 ko3 ko4 
"1o "11 "12 "13 "14 
k1o ku ku kl3 kl4 
"2 0 "21 "22 "23 "24 
k2o k21 k22 kz3 k24 
"3o "31 "32 "33 "34 
k30 k31 k32 k33 k34 
"4o "41 "42 "43 "44 
k4o k41 k42 k43 k44 

Remark: The zero index above represents a channel wall which is free to 

move. These are not printed to the "CPLdata- •• file: the channel 

is always considered rigid here. 
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2. CSD.f 

This program has been written for computing normalized CSD's and PSD's, 

in the orthogonal z- and y-directions. Note that part of the program is 

designed to handle execution interruptions (multi-users time sharing of the 

computer) which does not relate in any way to the computations. 

(a) Listing 

This listing is FORTRAN 77 compatible. 

c 
c VERSION 9 (09 Nov. 1988) 
c 

c 

c 

c 

implicit integer*2 (i-n) 
implicit real*B (a-h,o-z) 

complex*l6 kg(24,24),h(24,24),h1(24,24) 
complex*l6 kxst(3,3),kx,vlp,snv,z,cdumy,hco 
complex*l6 dcmplx,dconjg 
real*S mg(24,24),cg(24,24),wv(24) 
real*S mv(8,8),cv(8,8),kfpst(8,8),ktst(8,8),mst(8,8),fst(8,8) 
real*B wml(8,8),wm2(8,8),wm3(8,8),wm4(8,8),wm5(8,8) 
real*8 m(8),r(8),c(8),s(8),x(8),kl(8),k2(8),f(8),e(8) 
real*B t(8),g(B),y(8) 
real*B rm(B),ru(8),re(8),rb(B),rd(8),rw(8),rt(8),rn(8) 
real*S rc(8),rl(8),ra(8),ri(8) 

real*S 
real*S 
real*B 
real*S 
real*S 

xc(4),yc(4),param(l6) 
rrs(4,4),frs(4,4),cosf(4,4),sinf(4,4) 
lam(8),sig(8) 
am(3,3),bm(3,3),cm(3,3),dm(3,3),bmst(3) 
snst(4,256,28) 

real*S nu,kt,kfp,kfnc,mf,nij 
real*S uv(25),rk2 
integer*4 leql,leq2,itst,itstl,itst2,itst3,lop4,1pr4 
integer*2 diml,dim2,dim3,dim4,dim5 
integer*2 cr(l6),cs(l6),rv(8),adx(24),bdx(24) 
integer*2 bfst(3,8),igst(4,4),ist(l6,4),jst(l6,4),mdst(4) 
integer*2 cofs,nv(2S),runlop,flg,wflg,pflg,tintv 
character*70 line 
character*22 unffile 
character*l9 datdir 
character*l2 datf(3,25) 

common /BLKl/alp,ups,beta,gamc,gamf,gama,gam,del,eps 
*,epsw,epsl,pie,cd,nu,cf,cb,rr,rch,u 

common /BLK2/al,a2,a3 
common /BLK3/bal,ba2,ba3,cal,ca2,bbl,bb2,bb3,cbl,cb2,rrblk3 
common /BLK4/zo 
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c 
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equivalence (param(l),alp) 

open (l,FILE-'/devjconsole') 
open (8,FILE-'/usersjJean/CNTRL/STOP.data' ,FORM-'unformatted') 
open (9,FILE-'/users/Jean/CNTRL/INDX.data' ,FORM-'unformatted') 

c GENERAL CONSTANTS 

c 

pflg-o 
cofs-48 
unffile(l:l9)-'/usersjJean/CSDunf-' 
datdir-'jusers/Jean/INPDTA/' 
pi-3.14159265359d00 
diml-16 
dim2-24 
dim3-8 
dim4-4 
dimS-3 

c CONSTANTS FOR MAIN PROGRAM 
bz-o. 7d00 

c 
c CONSTANTS FOR ROUTINES 

zo-l.Od-07 
al-38.344d00 
a2-40.6lld00 
a3-19.09ld00 
bal--33.795d00 
ba2-44.342d00 
ba3-Q.06283d00 
cal--1.7348d00 
ca2-0.62895d00 
bbl-52.183d00 
bb2-140.666d00 
bb3-0.03942d00 
cbl--1.3449d00 
cb2-1.2100d00 

c 
c BEAM MODES CONSTANTS, CLAMPED-CLAMPED 

lam(l)-4.730040744864d00 
lam(2)-7.853204624096d00 
lam(3)-10.995607838002d00 
lam(4)-14.137165491257d00 
lam(S)-17.278759657399d00 
lam(6)-20.420352245626d00 
lam(7)-23.561944902040d00 
lam(8)-26.703537555508d00 
sig(l)-0.982502214576d00 
sig(2)-1.000777311907d00 
sig(3)-0.999966450125d00 
sig(4)-l.000001449898d00 
sig(5)-0.999999937344d00 
sig(6)-1.000000002708d00 
sig(7)-0.999999999883d00 
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c 
c 

c 

sig(8)-1.000000000005d00 

INITIALIZE RATIO MATRICES 
do 10 i-1, dim3 
rm(i)-l.OdOO 
ru(i)-l.OdOO 
re(i)-l.OdOO 
rb(i)-1. OdOO 
rd(i)•l.OdOO 
rw(i)-l.OdOO 
rt(i)-l.OdOO 
rn(i)-l.OdOO 
rc(i)•l.OdOO 
rl(i)•l.OdOO 

10 continue 

K-20 

c READ IN TIME DELTA AND INITIALIZE STOP FLAG FILE 
read (8) flg,tintv 
rewind 8 
flg-0 
write (8) flg,tintv 

c 
c PARAMETERS INPUT FROM "RUN. data" AND data FILES 

open (5,FILE-'/users/Jean/CNTRL/RUN.data') 

c 
c 

c 

read (5,*) nrun 
if (nrun.ne.O) go to 260 
write (1,32) 

32 format ('ERROR: no run(s) requested',/,"$") 
close (5) 
go to 300 

260 if (nrun.gt.O.and.nrun.le.25) go to 225 
write (1,1) 

1 format ('ERROR: too many subsequent runs',/,"$") 
close (5) 
go to 300 

225 do 220 i-l,nrun 
read (5,*) nv(i),uv(i),datf(l,i),datf(2,i),datf(3,i) 

220 continue 
ncnt-nrun 
do 230 i•nrun+l,25 
read (5,*,END-235) nv(i),uv(i),datf(l,i),datf(2,i),datf(3,i) 
ncnt-ncnt+l 

230 continue 
235 close (5) 

READ CURRENT LOOP INDICES 
read (9) llop,llpr 
rewind 9 
lops-llop+l 
lprs-llpr+l 
ltst-llop+llpr 
if (ltst.eq.O) go to 280 
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c ECHO RUN (CONTINUATION) INSTRUCTION 
c (delete last two lines from 'STAT.data') 

open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
305 read (7,33,END-310) line 

go to 305 
310 backspace 7 

backspace 7 
endfile 7 
close (7) 
wflg-1 

c (echo ... ) 
write (1,38) 

38 format ('Background run continued',/,"$") 
c 
c READ COMPUTED DATA FROM FILE (CONTINUATIONS ONLY) 

c 

open (lO,FILE-'/users/Jean/CSDtemp' ,FORM-'unformatted') 
read (10) igmx 
read (10) (((snst(i,j,1),1-l,igmx),j-l,lops),i-1,4) 
close (10) 
go to 285 

c ECHO RUN (STARTING) INSTRUCTION 

c 

c 

280 wflg-o 
write (1,34) 

34 format ('Background run started',/,"$") 

285 do 240 runlop-l,nrun 
irun-nv(runlop) 
u-uv(runlop) 

265 

270 
22 

23 

350 

5 

6 

7 

15 

if (wflg.eq.l) go to 350 
open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
if (ltst.eq.O) go to 270 
read (7,33,END-270) line 
go to 265 
write (7,22) irun 
format ('RUN NO.:' ,iS) 
write (7,23) u 
format ('u (-):' ,f8.2) 
close (7) 

open (2,FILE-datdir//datf(l,runlop)) 
read (2,5) idO 
format (i3) 
read ( 2 , 6) k, gc 
format (i2,f8.3) 
if (k.le.dim4) go to 15 
write (1,7) 
format ('ERROR: K too large' ,/, 11 $") 
close (2) 
go to 300 
nrd-2*k 
rk2-dble(k**2) 
read(2,8) rr,rch 
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c 

c 

8 format (2fl0.3) 
rrblk3-rr 
read (2,9) (xc(i),yc(i),i-l,k) 
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read (2,9) ((mv(i,j),cv(i,j),j-l,nrd),i-l,nrd) 
9 format (2fl0.5) 

close (2) 

open (3,FILE-datdir//datf(2,runlop)) 
read (3,5) idl 
read (3,11) kts 

11 format (i3) 
if (kts.eq.k.or.kts.eq.O) go to 65 
write (1,12) 

12 format ('ERROR: ratio matrices K does not match',/,"$") 
close (3) 
go to 300 

65 call vecrd(nrd,rm) 
call vecrd(nrd,ru) 
call vecrd(nrd,re) 
call vecrd(nrd,rb) 
call vecrd(nrd,rd) 
call vecrd(nrd,rw) 
call vecrd(nrd,rt) 
call vecrd(nrd,rn) 
call vecrd(nrd,rc) 
call vecrd(nrd,rl) 
close (3) 

c CALCULATE RATIO MATRICES (actually vectors of diagonal 
c elements) Ra and Ri 
c 

c 

do 60 i-l,dim3 
ra(i)-rd(1)**2 
ri(i)-rd(i)**4 

60 continue 

open (4,FILE-datdir//datf(3,runlop)) 
read (4,5) id2 · 
read (4, 6) n 
if (n.le.dim5) go to 20 
write (1,13) 

13 format ('ERROR: N too large',/,"$") 
close (4) 
go to 300 

20 read (4,14) param 
14 format (8f8.6) 

read (4,16) cvr,dxsi 
16 format (2fl0.3) 

read (4,17) wmin,wmax,nw 
17 format (2fl0.4,i5) 

if (nw.eq.l) go to 200 
dw-(wmax-wmin)/dble(nw-1) 
go to 205 
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200 
205 

18 

55 
19 

c. 

380 

385 
31 

c. 

dw-O.OdOO 
read (4,5) npair 
if (npair.le.diml) go to 55 
write (1,18) 
format ('ERROR: npair too large',/,"$") 
close (4) 
go to 300 
read (4,19) (er(i),es(i),i-l,npair) 
format (2i3) 
close (4) 

if (wflg.eq.l) go to 290 
open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
read (7,33,END-385) line 
go to 380 
write (7,31) id0,idl,id2 
format ("Data files ID's: ",3i4,/) 
close (7) 

c. ADDITIONAL PROGRAM CONSTANTS 

c. 

290 kk-2*k 
kn2-2*k*n 
zrl-rr*l.Od-06 
zr2-l.Od-07 

c. SETTING INDEX VECTOR r(2K) 
do 85 i-l,kk 

c. 

if (i.gt.k) then 
rv(i)-i-k 
else 
rv(i)-i 
endif 

85 continue 

c. COMPUTATION OF INTER-CYLINDER DISTANCES AND ANGLES 
c. AND TRIG FUNCTIONS ON ANGLES 
c 

do 25 i-l,k 
do 25 j-l,k 
d.x-xe(j)-xe(i) 
dy-ye(j) -ye(i) 
dmg-d.x**2+dY**2 
dumy-dsqrt ( dmg) 
rrs(i,j)-dumy 
if (i.ne.j) go to 30 

35 frs(i,j)-O.OdOO 
go to 90 

30 if (dabs(dx).lt.zrl) go to 40 
if (dabs(dy).lt.zrl) go to 45 
fval-datan(dy/dx) 
if (dabs(fval).lt.zr2) fval-O.OdOO 
sx-dsign(l.OdOO,dx) 
sy-dsign(l.OdOO,dy) 
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c 
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frs(i,j)-fval+(2.0d00-sY*(l.Od00+sx))*pi/2.0d00 
if (dabs(2.0d00*Pi-frs(i,j)).lt.zr2) frs(i,j)-o.OdOO 
go to 90 

40 frs(i,j)-pi/2.0d00 
if (dy.lt.O.OdOO) frs(i,j)-l.SdOO*Pi 
go to 90 

45 frs(i,j)-o.OdOO 
if (dx.lt.O.OdOO) frs(i,j)-pi 

90 if (i.le.j) go to 95 
cosf(i,j)--cosf(j,i) 
sinf(i,j)--sinf(j,i) 
go to 25 

95 arg-frs(i,j) 
dumy-dcos(arg) 
cosf(i,j )-dumy 
dum.y-dsin(arg) 
sinf(i,j)-dumy 

25 continue 

ASSEMBLE SYSTEM MATRICES 

call mckecc(n,k,dim5,lam,sig,am,bm,cm,dm,dim3,rm,ru,re,rb,rd 
*,rw,rt,rn,rc,rl,ra,ri,mv,cv,m,r,c,s,x,kl,k2,f,e,t,g,y,wml,wm2 
*,wm3,wm4,wm5,dim2,mg,cg,kg) 

c CALCULATE IGST AND RELATED VECTORS 
do 395 ii-1,4 
md-mod(ii,2) 
mdst(ii)-md 
do 170 j-1,4 
igst(ii,j)-0 

170 continue 
395 continue 

npl-o 
np2-0 
igmx-0 
do 210 lpr-l,npair 
ic-cr(lpr) 
jc-cs(lpr) 
if (ic.eq.jc) then 
npl-npl+l 
else 
np2-np2+1 
endif 
igst(ic,jc)-igmx+l 
do 215 ii-1,4 
ieq-1 
if (ic.ne.jc) go to 80 
if (ii.eq.4) go to 215 
ieq-0 

80 md-mdst(ii) 
ia-iabs(ii-md-2)/2 
i-ic+k*(l-md) 
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0 j-jc+k*(1-ia) 
ist(1pr,ii)-i 
j st(1pr, ii)•j 
igmx•igmx+(1-ieq)*ia+ieq*md 

215 continue 
210 continue 

1tst1•18*np1+23*np2 
itst2-12+1tst1 
itst3-nw*itst2+20*(npa1r+1) 

c 
c COMPUTE VECTOR OF BEAM MODES 

x1oc-o.5d00+dxs1 
do 120 1-1,n 
dumy-bmf(1am,sig,i,x1oc) 
bmst(1)-dumy 

120 continue 
c 
c CALCULATE Mij FUNCTION 

do 125 1-1,kk 
do 125 j-1,kk 
dumy-mf(d1m4,cosf,sinf,rv,i,j) 
mst ( 1, j )•dumy 

125 continue 
c 
c CALCULATE BETA INDEX FUNCTION 

do 150 1-1,n 
do 150 j-1,kk 
bfst(i,j)-j+kk*(i-1) 

150 continue 
c 
c CALCULATE A AND B INDEX FUNCTIONS 

do 160 i-1,kn2 
adx(i)•(i+kk-1)/kk 
bdx(i)-i·kk*(adx(i)-1) 

160 continue 
c 
c (FREQUENCY DEPENDENT CALCUlATIONS) 

do 75 1op-1ops,nw 
lop4-1op 
llop-1op-1 
w-wmin+dble(lop-1)*dw 
w2-w**2 

c 
c CALCULATE FREQUENCY RESPONSE FUNCTION 

do 70 i-1,kn2 
do 70 j-1,kn2 
c1--w2*mg(i,j) 
c2-w*cg(i ,j) 
hi(i,j)•dcmplx(cl,c2)+kg(i,j) 
h{i,j)-dcmplx(O.OdOO,O.OdOO) 

0 if (i. eq.j) h(i,j)-dcmplx(l.OdOO,O.OdOO) 
70 continue 
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rewind 8 
read {8) flg 
if {flg.eq.l) go to 275 

c 
leql•kn2 
leq2•dim2 
call leqtlc{hi,leql,leq2,h,leql,leq2,0,wv,ier) 

c 
c COMPUTE Kij,xsi FUNCTION 

templ-bz/{2.0dOO*Pi) 
z-w*dsqrt(beta)*dcmp1x{templ,1.0d00)/(cvr*u) 
do 100 i•l,n 

c 

do 100 j-l,n 
if (i.1e.j) go to 105 
kxst{i,j)-dconjg{kxst(j,i)) 
go to 100 

105 cdumy-kx(1am,sig,dim5,am,bm,i,j,z) 
kxst(i,j)-cdumy 

100 continue 

c COMPUTE Kij,teta AND Kij,fi primed FUNCTIONS 
sr-w*dsqrt(beta)/(4.0dOO*Pi*eps*cvr*u) 
kfnc-kt(sr,1,1) 

c 
c 

do 110 i-1,kk 
do 110 j•l,kk 
if (i.eq.j) then 
ktst(i,j)•kfnc 
else 
ktst(i,j)-Q.OdOO 
endif 
if (i.1e.j) go to 115 
if (i.gt.k) then 
if (j.gt.k) go to 50 
go to 115 
else 
if (j.gt.k) go to 115 
endif 

50 kfpst(i,j)•kfpst(j,i) 
go to 110 

115 dumy•kfp(dim4,rrs,rv,k,sr,i,j) 
kfpst(i,j)-dumy 

110 continue 

CALCULATE Fij FUNCTION 
do 130 i-1,kk 
do 130 j-1, kk 
ic-rv(i) 
jc-rv(j) 
if (ic.eq.jc) go to 135 
temp1-mst(i,j)*kfpst(ic,jc) 
nij•O.OdOO 
if (i.eq.ic.and.j.eq.jc) nij•1.0d00 
if (i.ne.ic.and.j.ne.jc) nij-1.0d00 
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fst(i,j)-templ+(nij-mst(i,j))*kfpst(ic+k,jc+k) 
go to 130 

c 

135 fst(i,j)-ktst(i,j) 
130 continue 

c COMPUTE NORMALIZED CSD's 
do 165 lpr-lprs,npair 
lpr4-lpr 

c 

c 

llpr-lpr-1 

rewind 8 
read (8) flg 
if (flg.eq.l) go to 275 

itst-(itst3-itst2*lop4-20*lpr4)/60 
if ((lpr.eq.lprs).and.(lop.eq.lops)) go to 390 
if (mod(itst,tintv).ne.O) go to 335 

390 time-dble(itst)+O.ldOO 
time-time*rk2/16.0d00 
itime-idint(time) 
imin-mod(itime,60) 
ihr-(itime-imin)/60 

c (round off minutes) 
mod5-mod(imin,5) 
imin-imin-mod5+5*int(mod5/3) 
if (imin.eq.60) then 
imin-O 

c 

ihr-ihr+l 
endif 
if ((imin+ihr).eq.O) imin-2 
open (7,FILE-'/users/Jean/CNTRL/STAT.data') 

340 read (7,33,END-345) line 
go to 340 

345 if (pflg.eq.O) then 
pflg-1 
else 
backspace 7 
backspace 7 
endif 
write (7, 39) 

39 format ('Time 
close (7) 

335 

175 

ic-cr(lpr) 
jc-cs(lpr) 
do 140 ii-1,4 
ieq-1 
if (ic.ne.jc) 
if (i1.eq.4) 
ieq-o 
md-mdst(ii) 
i-ist(lpr,ii) 
j-j st(lpr, ii) 

ihr,imin 
left (this run), approx. ',i4,' hrs' ,i4,' min' ,/) 

go to 175 
go to 140 
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c 
c 
c 

c 

ig-igst(ic,jc) 
if (ieq.eq.O) go to 195 
if (ii.gt.2) ig-ig+l 

195 snv-dcmplx(O.OdOO,O.OdOO) 
do 145 in-l,n 
do 145 jn-l,n 
vlp-dcmplx(O.OdOO,O.OdOO) 
do 155 ikn2-l,kn2 
do 155 jkn2-l,kn2 
ial-adx(ikn2) 
ia2-adx(jkn2) 
ibl-bdx(ikn2) 
ib2-bdx(jkn2) 
ihl-bfst(in,i) 
ih2-bfst(jn,j) 
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hco-dconjg(h(ihl~ ikn2)) 
vlp-vlp+hco*h(ih2,jkn2)*kxst(ial,ia2)*fst(ibl,ib2) 

155 continue 
snv-snv+bmst(in)*bmst(jn)*vlp 

145 continue 
snvr-dble ( snv) 
snvi-dimag(snv) 
if (ieq.ne.O) go to 180 
if (ii.eq.3) go to 185 
snst(ii,lop,ig)-snvr 
go to 140 

185 snst(ii,lop,ig)-snvr 
snst(ii+l,lop,ig)-snvi 
go to 140 

180 idx-1+2*(1-md) 
snst(idx,lop,ig)-snvr 
snst(idx+l,lop,ig)-snvi 

140 continue 
165 continue 

llpr-o 
lprs-1 

75 continue 

WRITE COMPUTED DATA TO FILE 
(set file number) 
j 1-(irun/10)*10 
j 2-(j 1/100)*100 
11-irun-jl 
12-(jl-j2)/10 
13-j2/100 
unffile(20:20)-char(13+cofs) 
unffile(21:21)-char(l2+cofs) 
unffile(22:22)-char(ll+cofs) 
(write data) 
open (6,FILE-unffile,FORM-'unformatted') 
write (6) irun,id0,idl,id2,k,gc,u,nw,npair,igmx 
write (6) (cr(i),i-l,npair),(cs(i),i-l,npair) 
write (6) ((igst(i,j),j-l,k),i-l,k) 

338 



c 

c 
c 

c 
c 

c 
c 

c 
c 

c 
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write (6) wmin,wmax 
write (6) (((snst(i,j,l),l-l,igmx),j-l,nw),i-1,4) 
rewind 6 
close (6) 
go to 295 

275 if ((llop+llpr).ne.O) then 

365 

375 
41 

42 

360 

325 

330 

355 
36 

43 

295 

open (lO,FILE-'/users/Jean/CSDtemp',FORM-'unformatted') 
write (10) igmx 
write (10) (((snst(i,j,l),l-l,igmx),j-l,llop+l),i-1,4) 
close (10) 
go to 360 
endif 

EARLY ABORT CONDITION 
write (9) llop,llpr 

ABORT (EARLY STOP) ECHOED 
open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
read (7,33,END-375) line 
go to 365 
write (7,41) 
format ('Background program aborted early, per request',/) 
close (7) 
write (1,42) 
format ('Background program aborted early, per request',/,"$") 
go to 300 

UPDATE "INDX.data" file 
write (9} llop,llpr 

STOP REQUEST ECHOED 
open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
read (7,33,END-330) line 
go to 325 
if (pflg.eq.O) go to 355 
backspace 7 
backspace 7 
write (7,36) 
format ('Background program stopped, per request',/) 
close (7) 
write (1,43) 
format ('Background program stopped, per request',/,"$") 
go to 300 

UPDATE "INDX.data" AND "RUN.data" FILES 
llop-o 
llpr-o 
wflg-0 
1tst-1 
lprs-1 
1ops-l 
write (9) llop,llpr 
rewind 9 
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open (5,FILE-'/users/Jean/CNTRL/RUN.data') 
write (5,4) nrun-runlop 
do 245 i-runlop+l,nrun 
write (5,3) nv(i),uv(i),datf(l,i),datf(2,i),datf(3,i) 

245 continue 
if (ncnt.eq.nrun) go to 255 
do 250 i-nrun+l, ncnt 
write (5,3) nv(i),uv(i),datf(l,i),datf(2,i),datf(3,i) 

250 continue 
255 close (5) 

c DELETE "Time left" FROM "STAT.data" FILE 
if (pflg.ne.O) then 

c 

open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
400 read (7,33,END-370) line 

go to 400 
370 backspace 1 

backspace 1 
endfile 1 
close (7) 
pflg-0 
endif 

c EMPTY OUT CSDtemp 

c 

open (lO,FILE-'/users/Jean/CSDtemp' ,FORM-'unformatted') 
rewind 10 
endfile 10 
close (10) 

240 continue 

c PROGRAM ENDING ECHOED 

c 

c 

open (7,FILE-'/users/Jean/CNTRL/STAT.data') 
315 read (7,33,END-320) line 

go to 315 
320 write (7,37) 

37 format ('Background program ended, all runs finished',/) 
close (7) 

300 close (1) 
close (8) 
close (9) 

3 format (i3,fl0.3,3x,"'",al2,"'",3x,"'",al2,"'",3x,"'",al2,"'n) 
4 format (i2) 

33 format (70a) 
end 

c (09 Nov. 1988) 
c 

subroutine vecrd(kk,rat) 
real*8 rat(l) 
integer*2 kk,if1g 
read (3,1) iflg 
if (iflg.eq.O) return 
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0 

c 
c 

c 

c 

read (3,2) (rat(i),i-l,kk) 
1 format (il) 
2 format (4el0.4) 

return 
end 
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subroutine mckecc(n,k,dl,lam,sig,am,bm,cm,dm,d2,rm,ru,re,rb,rd 
*,rw,rt,rn,rc,rl,ra,ri,mv,cv,m,r,c,s,x,kl,k2,f,e,t,g,y,wml,wm2 
*,wm3,wm4,wm5,d3,mg,cg,kg) 

implicit integer*2 (i-n) 
integer*2 dl,d2,d3 
implicit real*S (a-h,o-z) 
real*8 mv(d2,l),cv(d2,1) 
real*8 wml(d2,l),wm2(d2,l),wm3(d2,l),wm4(d2,l),wm5(d2,1) 
real*8 rm(l),ru(l),re(l),rb(l),rd(l),rw(l),rt(l),rn(l),rc(l) 

*,rl(l),ra(l),ri(l) 
real*S m(l),r(l),c(l),s(l),x(l),kl(l),k2(1),f(l),e(l),t(l) 

*,g(l),y(l) 
real*S mg(d3,l),cg(d3,1) 
complex*l6 kg(d3,l),jc,dcmplx 
real*8 lam(l),sig(l),am(dl,l),bm(dl,l),cm(dl,l),dm(dl,l) 
real*8 nu,li2,li4,1j2,lj4 
common /BLKl/alp,ups,beta,gamc,gamf,gama,gam,del,eps 

*,epsw,epsl,pie,cd,nu,cf,cb,rr,rch,u 

jc-dcmplx(O.OdOO,l.OdOO) 
kk-2*k 
rk-dble(k) 
dh-2.0dOO*(rch**2-rk*rr**2)/(rch+rk*rr) 
h-2.0d00*rr/dh 
cons-eps*cf*u**2/2.0d00 
sqbt-dsqrt(beta) 

do 10 i-l,kk 
m(i)-(l.OdOO-beta)*rm(i) 
c(i)-alp*ri(i)*ru(i) 
kl(i)-re(i)*ri(i) 
k2(i)-ups*ri(i)*rb(i) 
f(i)-gamc*rm(i)-gamf*ra(i)+cons*rd(i)*(l.OdOO+h*rd(i)) 
templ-del*(gam*rt(i)+(l.Od00-2.0dOO*nu*rn(i))*pie*ra(i)) 
templ-templ+gama*rw(i)+gamc*rm(i) 
templ-templ+(l.Od00-del)*ra(i)*rc(i)*cb*u**2/2.0d00 
temp2-(2.0d00-del)*(l.Od00+h*rd(i))*eps/2.0d00 
temp2-temp2+(l.Od00-del)*(epsl+rd(i)*rl(i)*epsw*h) 
templ-templ+temp2*rd(i)*cf*u**2/2.0d00 
temp2-2.0d00-del+(l.Od00-del)*rl(i)*epsw/eps 
e(i)--(templ-temp2*gamf*ra(i)/2.0d00) 
g(i)-gamc*rm(i)-(gamf-cons*h)*ra(i) 
r(i)--beta*ra(i) 
s(i)--2.0d00*sqbt*u*ra(i) 
t(i)--u**2*ra(i) 
x(i)-eps*sqbt*(cf*u+cd)*rd(1)/2.0d00 
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c 

0 

y(i)-cons*rd(i) 
do 10 j-1,kk 
wm1 { 1, j )-0. OdOO 
wm2(i,j)-Q.Od00 
wm3(i,j)-O.Od00 
wm4(i,j)-Q.Od00 
wm5(i,j)-Q.Od00 

10 continue 

do 15 i-1,n 
do 15 j-1,n 
if {i.eq.j) go to 20 
1i2-1am(1)**2 
1i4-1i2**2 
1j 2-1am(j ) **2 
1j4-1j2**2 
fac-4.0d00*1i2*1j2/(1j4-li4) 
iexp-i+j 
pow1-(-1.0d00)**iexp 
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temp1-lam(j)*sig(j)-1am{i)*sig(i) 
am{i,j)-fac*(powl-l.OdOO) 
bm(i,j)-fac*(pow1+1.0d00)*temp1 
cm(i,j)-O.OdOO 
dm(i,j)-fac*(pow1*temp1-(3.0dOO*lj4+li4)*(powl-l.OdOO)/(lj4-1i4)) 
go to 15 

20 am(i,j)-O.OdOO 
bm(i,j)-1am(i)*sig(i)*(2.0d00-lam(i)*sig(i)) 
cm(i,j)-1am(i)**4 
dm(i,j)-bm(i,j)/2.0d00 

15 continue 

do 25 i-1,kk 
do 25 j-l,kk 
wml(i,j)-r(i)*mv(i,j) 
wm2(i,j)-x(i)*cv(i,j) 
wm3(i,j)-s(i)*mv(i,j) 
wm4(i,j)-t(i)*mv(1,j) 
wmS(i,j)-y(i)*cv(i,j) 
if (i.ne.j) go to 25 
wm1(i,j)-wml(i,j)+m(i) 
wm4(i,j)-wm4(i,j)+e(i) 
wm5(i,j)-wm5(1,j)+g(i) 

25 continue 

do 30 ip-1,n 
do 30 jp-l,n 
if (ip.eq.jp) li4-lam(ip)**4 
do 30 i-l,kk 
do 30 j-l,kk 
idx-kk*(ip-1)+1 
jdx-kk*(jp-l)+j 
mg(idx,jdx)-O.OdOO 
cg(idx,jdx)-am(ip,jp)*wm3(i,j) 
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templ-bm(ip,jp)*wm4(i,j)+am(ip,jp)*wm5(i,j) 
if (i.eq.j) templ-templ+dm(ip,jp)*f(i) 
kg(idx,jdx)-dcmplx(templ,O.OdOO) 
if (ip.ne.jp) go to 30 
mg(idx,jdx)-wml(i,j) 
cg(idx,jdx)-cg(idx,jdx)+wm2(i,j) 
if (i.ne.j) go to 30 
cg(idx,jdx)-cg(idx,jdx)+li4*c(i) 
kg(idx,jdx)-kg(idx,jdx)+li4*(kl(i)+jc*k2(i)) 

30 continue 
return 
end 

c (09 Nov. 1988) 
c 

c 
c 

c 
c 

c 

c 

real*8 function bmf(lam,sig,i,xloc) 
integer*2 i 
real*8 lam(l),sig(l) 
real*8 xloc,arg 
real*8 dcos,dsin,dcosh,dsinh 
arg-lam(i)*xloc 
bmf-dcos(arg)-dcosh(arg)-sig(i)*(dsin(arg)-dsinh(arg)) 
return 
end 

complex*l6 function kx(lam,sig,ndim,am,bm,m,n,z) 
implicit real*8 (a-h,o-z) 
implicit integer*2 (i-n) 
integer*2 ind(4) 
real*8 fi(2,4) 
real*8 am(ndim,l),bm(ndim,l) 
real*8 lam(l),sig(l) 
complex*l6 z,zc,af,bf,if,zexp,dconjg 
common /BI.J!..4/zo 
common /BI.J!..S/fi 
common /BLK6/dmn,amn,bmn,fmn 

ind(l)-m 
ind(2)-m 
ind(3)-n 
ind(4)-n 

if (zabs(z).gt.zo) go to 10 
kx-16.0d00*sig(m)*sig(n)/(lam(m)*lam(n)) 
if (mod(m*n,2).eq.O) kx-O.OdOO 
return 

10 amn-am(m,n) 
bmn-bm(m,n) 
if (m.eq.n) go to 15 
dmn-O.OdOO 
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fmn--amn*1am(m)*1am(n)*sig(m)*sig(n) 
go.to 20 

15 dmn-l.OdO 
fmn-Q.OdOO 

c INDEX DIRECTORY FOR fi(i,j) 
c i-1: Second Derivative 
c -2: Third Derivative 
c j-1: Mode m, xsi-0 
c · -2: m, 1 
c -3: n, 0 
c -4: n, 1 
c 

c 

c 

20 zc-dconjg(z) 
do 25 j-1,4 
k-ind(j) 
arg-Q.OdOO 
if (mod(j,2).eq.O) arg-1am(k) 
cs•dcos(arg) 
sn-dsin(arg) 
ep•dexp(arg) 
en-dexp( -arg) 
c1•-1am(k)**2 
c2-1am(k)**3 
fl•(1.0d00-sig(k))*ep/2.0d00 
f2-(1.0d00+sig(k))*en/2.0d00 
fi(1,j)-c1*(cs-sn*sig(k)+f1+f2) 
fi(2,j)•c2*(sn+cs*sig(k)-f1+f2) 

25 continue 
kx-af(1am,z,n)-af(1am,-zc,n) 
ipas-4 
kx-kx+zexp(-z)*bf(1am,z,m,n)*if(-z,ipas) 
ipas•3 
kx-kx-bf(1am,-zc,m,n)*if(zc,ipas) 
return 
end 

complex*l6 function if(z,j) 
integer*2 j 
comp1ex*16 z 
real*S fi(2,4) 
common /BLKS/fi 
if•(fi(1,j)-fi(2,j)/z)/(z**3) 
return 
end 

comp1ex*16 function af(1am,z,n) 
integer*2 n 
comp1ex*16 z 
rea1*8 dmn,amn,bmn,fmn 
rea1*8 ·lam(1) 
common /BLK6/dmn,amn,bmn,fmn 
af-dmn/z+amn/z**2+bmn/z**3+fmn/z**4 
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c 
c 

c 
c 

af-af/(1.0d00-(1am(n)/z)**4) 
return 
end 
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comp1ex*16 function bf(1am,z,m,n) 
integer*2 m,n,j1,j2 
comp1ex*16 z,if 
comp1ex*16 zexp 
rea1*8 1am(1) 
j1-1 
j2-2 
bf-zexp(z)*if(z,j2)-if(z,j1) 
bf-bf/(1.0d00-(1am(m)/z)**4) 
bf•bf/(1.0d00-(1am(n)/z)**4) 
return 
end 

rea1*8 function kt(sr,i,j) 
integer*2 i, j 
rea1*8 sr,a1,a2,a3,x1,x2,x3 
rea1*8 dabs,dexp 
common /BLK2/a1,a2,a3 
if (i.eq.j) go to 10 

15 kt-Q.OdOO 
return 

10 if (dabs(sr).gt.50.0d00) go to 15 
x1-a1*sr 
x2-1.0dOO+dexp(-a3*sr) 
x3-1.0d00+a2*sr**2 
kt-x1*x2/x3 
return 
end 

rea1*8 function kfp(kdim,rrs,rv,k,sr,i,j) 
ineeger*2 kdim,k,i,j,idx,jdx 
integer*2 rv(1) 
rea1*8 sr,e1,x1,x2,x3 
real*8 dlog,dexp 
rea1*8 bal,ba2,ba3,ca1,ca2,bb1,bb2,bb3,cb1,cb2,rr 
real*8 rrs(kdim,1) 
common /BLK3/ba1,ba2,ba3,ca1,ca2,bb1,bb2,bb3,cbl,cb2,rr 
idx-rv(i) 
jdx-rv(j) 
if (idx.ne.jdx) go to 25 
kfp-O.OdOO 
return 

· 25 el-dlog(rrs(idx,jdx)/rr) 
if (i.gt.k) go to 10 
if (j.1e.k) go to 20 
kfp-Q.OdOO 
return 
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10 if (j.gt.k) go to 15 
kfp-O.OdOO 
return 
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20 xl-bal*dexp(cal*el)*sr 
x2-l.Od00+dexp(-ba3*sr) 
x3-l.OdOO+ba2*dexp(ca2*el)*sr**2 
kfp-xl*x2/x3 
return 

15 xl-bbl*dexp(cbl*el)*sr 
x2-l.Od00+dexp(-bb3*sr) 
x3-l.Od00+bb2*dexp(cb2*el)*sr**2 
kfp-xl*x2/x3 
return 
end 

real*8 function mf(ndim,cosf,sinf,rv,i,j) 
1nteger*2 ndim,i,j,ic,jc 
1nteger*2 rv(l) 
real*8 cosf(ndim,l),sinf(ndim,l) 
real*8 ci,cj 
ic-rv(i) 
jc-rv(j) 
if (i.eq.ic) go to 10 
ci-sinf(ic ,jc) 
go to 15 

10 ci-cosf(ic,jc) 
15 if (j.eq.jc) go to 20 

cj-sinf(ic,jc) 
go to 25 

20 cj-cosf(ic,jc) 
25 mf-ci*cj 

return 
end 

(b) Dimensions 

346 

The above program is dimensioned for a four cylinder cluster (k- 4), 

and for three comparison functions (n- 3). Note that the last two dimen

sions of the vector snst reflect the number of frequency points for which 

computations are carried out (set to the number used in the HP5420A analy

zer, i.e. 256) and the maximum number of independent inter-cylinder combi

nations for the case under analysis (28 exceed by far the usual number 

utilized, namely 3). 
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Parameter(s) Dimension 

snst 4,256,28 
ist,jst 16,4 

datf 3,25 
mg,kg,cg,h,hi 2·k·n,2·k·n 

mv,cv,kfpst,ktst,mst,fst \ 2·k,2·k wml,wm2,wm3,wm4,wm5,igst I 
bfst n,2·k 

am,bm,cm,dm,kxst n,n 
xc,yc,rrs,frs,cosf,sinf k,k 

uv,nv 25 
cr,cs,param 16 

lam,sig 8 
mdst 4 

wv,adx,bdx 2·k·n 
m,r,c,s,x,kl,k2,f,e,t 1 g,y, rm., ru, re, rb, rd, rw J 2·k 
rt,rn,rc,rl,ra,ri,rv 

bmst n 

(c) Data 

Typical input data files (three required here) are listed below, together 

with explanatory comments (right hand side). Note that "program execution 

control" (STOP.data and INDX.data) and "temporary storage" (CSDtemp) files 

have no bearing on how calculations are effected, and furthermore, are 

unformatted (binary data): hence they are not listed. 

RUN.data: This file controls input data to the program. The first number 

determines how many sequential runs are to be carried out, in this case, 

3. The next three lines furnish information for each of the three runs to 

be performed; starting from the left column, we have (i) the run number 

(solely an identification number), (ii) the dimensionless velocity u for 

that run, (iii) the name of the file holding cylinder cluster geometry data 

as well as the corresponding coupling coefficients, (iv) the file name for 

ratio matrices data, and finally, (v) the data file name for the system's 

parameters (physical properties, etc.), frequency points (band and number 

of points), and the selected inter-cylinder pairs. 
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0 RUN.data file: 

3 
1 1.000 'CPLdata-1 'CSDdatal-13 ' 'CSDdata2-23 ' 
2 3.000 'CPLdata-1 'CSDdata1-13 ' 'CSDdata2-23 ' 
3 5.000 'CPLdata-1 'CSDdatal-13 ' 'CSDdata2-23 ' 

CPL data file ("CPLdata-" file, from CPL.f program): 

1 identification number 
4 0.750 number of cylinders and Gc 

0.498 4.030 cylinder(s) and channel radii 
0.68500 0.68500 1 -0.68500 0.68500 and y- coordinates of cylinders 

-0.68500 -0.68500 J 
z-

0.68500 -0.68500 
-1.15326 1.00000 virtual mass and viscosity \ ell rll 
0.27215 -0.12536 viscosity coefficients f £12 r12 
0.04810 -0.02131 £13 r13 

-0.32637 0.14985 £14 r14 
-0.01448 0.00000 ell g11 
-0.04505 0.01835 el2 g12 
0.15995 -0.07347 el3 g13 
0.04505 -0.02068 e14 gl4 
0.27215 -0.12536 £21 r 21 

-1.15326 1.00000 £22 r22 
-0.32637 0.14985 E:z 3 r23 
0.04810 -0.02131 e2 4 rz4 
0.04505 -0.01835 ez1 g21 
0.01448 0.00000 ezz gzz 

-0.04505 0.02068 eza g23 
-0.15995 0.07347 e24 g24 
0.04810 -0.02131 £:31 r31 

-0.32637 0.14985 £32 r3a 
-1.15326 1.00000 £33 r33 
0. 27215 -0.12536 ea 4 ra4 
0.15995 -0.07347 eJl 831 
0.04505 -0.02068 e32 g32 

-0.01448 0.00000 e33 g33 
-0.04505 0.01835 e34 g3 4 
-0.32637 0.1:4985 £41 r1o1 
0.04810 -0.02131 £42 r42 
0. 27215 -0.12536 £4 3 r43 

-1.15326 1.00000 £4 4 r44 
-0.04505 0.02068 e41 g41 
-0.15995 0.07347 e42 g42 
0.04505 -0.01835 e43 g43 
0.01448 0.00000 e44 g44 

-0.01448 0.00000 11:11 (111 
0.04505 -0.02068 11:12 (112 

0 
0.15995 -0.07347 11:13 (113 

-0.04505 0.01835 11:14 (114 
-1.15326 1.00000 ku su 
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-0.32637 0.14985 kl2 sl2 
0.04810 -0.02131 k13 su . 
0. 27215 -0.12536 kl4 5 14 

-0.04505 0.02068 IC:21 (721 
0.01448 0.00000 IC:22 (722 
0.04505 -0.01835 IC:23 (723 

-0.15995 0.07347 IC:24 uz4 
-0.32637 0.14985 k21 Sz1 
-1.15326 1.00000 kzz 5 22 
0.27215 -0.12536 ka3 5 23 
0.04810 -0.02131 kz4 Sz4 
0.15995 -0.07347 IC:31 (731 

-0.04505 0.01835 IC:32 (732 
-0.01448 0.00000 IC:33 0'33 
0.04505 -0.02068 IC:34 (734 
0.04810 -0.02131 k3l 5 31 
0. 27215 -0.12536 k32 S32 

-1.15326 1.00000 k33 5 3 3 
-0.32637 0.14985 k34 5 3 4 
0.04505 -0.01835 IC:41 (741 

-0.15995 0.07347 IC:42 (742 
-0.04505 0.02068 1(;43 (743 
0.01448 0.00000 IC:44 (744 
0.27215 -0.12536 k4l 541 

0.04810 -0.02131 k42 S42 
-0.32637 0.14985 k43 5 43 
-1.15326 1.00000 k44 s,.,. 

CSDdata1 file: 

13 
4 

1 
1.0000e00 
1.0000e00 

1 

identification number 
flag: 0 if all matrices are identity, k otherwise 

flag set (read ratio matrices) 
1.2400e00 1.2400e00 1.2400e00 \f ratio coefficients mass 
1.2400e00 1.2400e00 1.2400e00 

l.OOOOeOO O.OOOOeOO O.OOOOeOO O.OOOOeOO 
l.OOOOeOO O.OOOOeOO O.OOOOeOO O.OOOOeOO 

1 

flag set (read ratio matrices) 
\ ratio coefficients, viscous 
f damping 
flag set (read ratio matrices) 

1.0000e00 1.3000e03 1.3000e03 1.3000e03 
l.OOOOeOO 1.3000e03 1.3000e03 1.3000e03 

1 

} ratio coefficients, stiffness 

flag set (read ratio matrices) 
\ ratio coefficients, hysteretic 
f damping 

l.OOOOeOO 0.9000e00 0.9000e00 0.9000e00 
l.OOOOeOO 0.9000e00 0.9000e00 0.9000e00 

0 flag reset (diameter ratios) 
flag reset (attachment weight ratios) 

flag reset (pre-tension ratios) 
flag set (read ratio matrices) 

0.7000e00 0.7000e00 \ratio coefficients, Poisson 

0 
0 
1 

l.OOOOeOO 0.7000e00 
l.OOOOeOO 0.7000e00 

0 
0 

0.7000e00 0.7000e00 f ratio 
flag reset (lower end drag coef. ratios) 

flag reset (attachment length ratios) 
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CSDdata2 file: 

23 identification number 
3 

0.000865 
18.57 

1.000 
0.0000 

3 
1 1 
1 2 
1 3 

number of comparison functions 
0.022 0.466 10.52 9.16 1.36 0.0 1.0 \ system 
0.54 0.43 109.6 0.039 0.47 0.016 0.0 I param.* 

-0.0814 convection velocity ratio and longitudinal offset 
75.9645 256 dimensionless frequency limits and no. of points 

number of inter-cylinder pairs 

} inter-cylinder pairs 

*The (dimensionless) system parameters, defined by eqs.(2.52) to (2.54) 
inclusively, and by eqn. (2 .14), are the following (v is Poisson ratio 
[no defining equation]): 

a T P 7c r o 
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3 • CSJLcom.p 

This program resolves the normalized CSD's and PSD's computed by 

"CSD. f", in arbitrary directions. The user simply inputs the desired cyl

inder pair (of course that particular pair has to have been previously se

lected, when running "CSD. f") , followed by an angle for each of the two 

cylinders. Note that a PSD is obtained if only one cylinder is selected, 

and if the two angles are equal (e.g. pair 1-1 and angles 45°-45°). 

After computation of the resolved normalized CSD (or PSD), data is. 

stored on (3.5 in) diskette. The printout is for "accounting" purposes only 

(keeping track of the data). 

Remark 

Because experimental results originally had Hz for the frequency axis, 

this program stores the data (diskette) with Hz as the frequency axis unit 

(note that the so-called normalized CSD's are not densities. They simply 

are multiplication factors "modulating" the pressure PSD's which are them

selves densities). This allowed preliminary comparisons between theory and 

experiments, without having to make use of pressure PSD's. 

10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 

(a) Listing 

This listing is BASIC V compatible (run on HP9000-300 computer). 

OPTION BASE 1 
COMPLEX Csd(256,4),Res(256) 
DIM B$[15] ,F$[34],A$[3] 
DIM F(4),Snst(4,256,28) 
INTEGER Irun,Id0,Idl,Id2,K,Nw,Npair 
INTEGER Igst(l6,16),Cr(16),Cs(l6) 
INTEGER Hi(20),Vi(l024),Rn(2) 
INTEGER Ic,Jc,I,J,L,Vl,V2,V3,V4 
INTEGER Ig,Igmx,Ieq,Rcnt,Rno,Rflg,Rprt 
INTEGER Diml,Dim7,Flg,Dumy(2) 
INTEGER Aflg,Icv(3),Jcv(3),Icnt,Jcnt,Dflg 
INTEGER Igdim,Case 
DIM Trv(3,3),Tsv(3,3) 

DEG 
Flg-0 
Tr-1.0E+6 
Ts-l.OE+6 
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Q 190 Igdim-16 
200 I 
210 lent-O 
220 Jcnt-0 
230 Icv(l)-1 
240 Icv(2)-1 
250 Icv(3)-1 
260 Jcv(1)-1 
270 Jcv(2)-2 
280 Jcv(3)-3 
290 Trv(1,1)-0. 
300 Trv(1,2)-45. 
310 Trv(1,3)-135. 
320 Trv(2,1)-0. 
330 Trv(2,2)-45. 
340 Trv(2,3)-135. 
350 Trv(3,1)-0. 
360 Trv(3,2)-45. 
370 Trv(3, 3)-135. 
380 Tsv(1,1)-0. 
390 Tsv(1,2)-45. 
400 Tsv(1,3)-135. 
410 Tsv(2,1)-180. 
420 Tsv(2,2)-135. 
430 Tsv(2,3)-225. 
440 Tsv(3,1)-180. 
450 Tsv(3,2)-225. 
460 Tsv(3, 3)-315. 
470 
480 Yfac-12.5176.2624 
490 Dim1-16 
500 Dim7-256 
510 Hi(S)-0 
520 Hi(10)-500 
530 Hi(11)-20971 
540 Hi(12)--31239 
550 Hi(l7)-0 
560 Hi(lS)-0 
570 Hi(l9)-2 
580 Hi(20)-0 
590 
600 Fmtl: IMAGE I, I, "Record no . : " , 5D, " Unix file: ", 15A 
610 Fmt2: IMAGE "Run:",4D," Data files id's:",3(4D) 
620 Fmt3: IMAGE "K-",3D," Gc-", 2D. 3D," u-", 2D.D 
630 Fmt4: IMAGE "Nominal band (Hz):",3D.4D,",",3D.4D," No. pts.:" ,4D 
640 Fmt5: IMAGE I,"Cyl. pair:",3D,3D 
650 Fmt6: IMAGE "Angles (deg):",SD.2D,5D.2D,61 
660 
670 BEEP 
680 INPUT "1, 2 or 3, forK- 4, 12, 16:",Case 

0 690 SELECT Case 
700 CASE 1 
710 REDIM Igst(4,4) 
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720 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 
850 
860 
870 
880 
890 
900 
910 
920 
930 
940 
950 
960 
970 
980 
990 
1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
1110 
1120 
1130 
1140 
1150 
1160 
1170 
1180 
1190 
1200 
1210 
1220 
1230 
1240 

Igdim-4 
CASE 2 
REDIM Igst(l2,12) 
Igdim-12 
CASE 3 
CASE ELSE 
GOTO 670 
END SELECT 
r 
BEEP 
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DISP "Put printer on- press Continue ... " 
PAUSE 
ASSIGN @Printer TO 701 
OUTPUT @Printer USING "@" 
WAIT 7 
BEEP 
DISP "Align top of page- press Continue ... " 
PAUSE 

BEEP 
DISP "Insert data disk- press Continue ... " 
PAUSE 

ASSIGN @Outdir TO "UXDIR:,700,l";FORMAT OFF 
ASSIGN @Outrec TO "UNIXDTA: , 700, 1"; FORMAT OFF 
CONTROL @Outdir,5;1 
ENTER @Outdir;Rn(*) 
Dflg-o 
IF Rn(l)-Rn(2)>1 THEN 
BEEP 
DISP "Incompatible Rn(2) -press Continue ... " 
PAUSE 
GOTO 3640 
END IF 
IF Rn(2)<Rn(l)+250 THEN GOTO 1160 
Dflg-1 
GOTO 1160 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
BEEP 
DISP "Change disk- press Continue ... " 
PAUSE 
GOTO 950 

BEEP 
DISP "Enter UNIX File (null for stopping)"; 
B$-"" 
INPUT B$ 
IF B$-"" THEN GOTO 3640 
F$[1,12}-"/users/Jean/" 
F$[13,27]-B$ 
F$[28,34}-":,700,0" 
ASSIGN @File TO F$;FORMAT OFF 
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1250 
1260 
1270 
1280 
1290 
1300 
1310 
1320 
1330 
1340 
1350 
1360 
1370 
1380 
1390 
1400 
1410 
1420 
1430 
1440 
1450 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
1530 
1540 
1550 
1560 
1570 
1580 
1590 
1600 
1610 
1620 
1630 
1640 
1650 
1660 
1670 
1680 
1690 
1700 
1710 
1720 
1730 
1740 
1750 
1760 
1770 
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CONTROL @Fi1e,5;1 
ENTER @Fi1e;Dumy(*),Irun,IdO,Idl,Id2,K,Gc,U,Nw,Npair,Igmx,Dumy(*) 
IF Nw<-Dim7 THEN GOTO 1320 
BEEP 
DISP "ERROR: too many frequency points" 
STOP 
IF Npair<-Dim1 THEN GOTO 1370 
BEEP 
DISP "ERROR: too many cylinder pairs" 
STOP 
I 
REDIM Cr(Npair),Cs(Npair) 
ENTER @Fi1e;Dumy(*),Cr(*),Cs(*),Dumy(*) 
ENTER @Fi1e;Dumy(*),Igst(*),Dumy(*) 
ENTER @Fi1e;Dumy(*),Wmin,Wmax,Dumy(*) 
I 
W1-Wmin*Wfac 
W2-Wmax*Wfac 
Dw-(W2-Wl)/(Nw-1) 
Nbw-Nw*Dw 
CALL Tri(W1,Hi(13),Hi(14)) 
CALL Tri(Dw,Hi(l5),H1(16)) 

REDIM Snst(4,256,Igmx) 
ENTER @Fi1e;Dumy(*),Snst(*),Dumy(*) 
! 
A$-"NO" 
Rf1g-O 
BEEP 
DISP "Want data replacement (def. NO) "; 
INPUT A$ 
IF A$-"YES" THEN 
Rf1g-1 
BEEP 
DISP "First record number to be REPLACED "; 
INPUT Rno 
IF Rno<Rn(l) OR Rno>Rn(2) THEN 
BEEP 
DISP "ERROR, record number out of range- press Continue ... " 
PAUSE 
GOTO 1520 
END IF 
ELSE 
IF Dflg-1 THEN 
BEEP 
DISP "ERROR, disk full - press Continue ... •• 
PAUSE 
GOTO 1090 
END IF 
END IF 
! 
A$-"YES" 
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1780 
1790 
1800 
1810 
1820 
1830 
1840 
1850 
1860 
1870 
1880 
1890 
1900 
1910 
1920 
1930 
1940 
1950 
1960 
1970 
1980 
1990 
2000 
2010 
2020 
2030 
2040 
2050 
2060 
2070 
2080 
2090 
2100 
2110 
2120 
2130 
2140 
2150 
2160 
2170 
2180 
2190 
2200 
2210 
2220 
2230 
2240 
2250 
2260 
2270 
2280 
2290 
2300 
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BEEP 
DISP "Want auto choice (def. YES) [pairs 1-1,1-2,1-3] "; 
INPUT A$ 
IF A$-"YES" THEN 
Af1g-O 
FOR I-1 TO Npair 
FOR J-1 TO 3 
IF Cr(I)-Icv(J) AND Cs(I)-Jcv(J) THEN GOTO 1920 
NEXT J , 

BEEP 
DISP "ERROR: auto pairs not all available- press Continue ... " 
PAUSE 
Aflg-1 
GOTO 1970 
NEXT I 
ELSE 
Aflg-1 
END IF 
! 
IF Aflg<>O THEN 
IF Flg<>O THEN 
Flg-0 
BEEP 
DISP "Advance paper- press Continue ... " 
PAUSE 
ELSE 
Flg-1 
END IF 
! 
BEEP 
DISP .. ID of first cylinder (zero for new UNIX file or STOP) "; 
INPUT le 
IF Ic-0 THEN GOTO 1160 
BEEP 
DISP "ID of second cylinder (zero for new UNIX file or STOP) "; 
INPUT Jc 
IF Jc-0 THEN GOTO 1160 
IF Ic>Igdim OR Jc>Igdim THEN GOTO 2070 
IF Ic<l OR Jc<l THEN GOTO 2070 
lg-Igst(Ic,Jc) 
IF Ig<>O THEN GOTO 2390 
BEEP 
DISP "ERROR: Data not available for this pair - press Continue'' 
PAUSE 
GOTO 2070 
ELSE 
lcnt-Icnt+l 
IF Icnt<4 THEN GOTO 2290 
lent-O 
Jcnt-0 
GOTO 1160 
Ic-Icv(Icnt) 
Jc-Jcv(Icnt) 
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2310 
2320 
2330 
2340 
2350 
2360 
2370 
2380 
2390 
2400 
2410 
2420 
2430 
2440 
2450 
2460 
2470 
2480 
2490 
2500 
2510 
2520 
2530 
2540 
2550 
2560 
2570 
2580 
2590 
2600 
2610 
2620 
2630 
2640 
2650 
2660 
2670 
2680 
2690 
2700 
2710 
2720 
2730 
2740 
2750 
2760 
2770 
2780 
2790 
2800 
2810 
2820 
2830 

Ig-Igst(Ic,Jc) 
IF Ig<>O THEN GOTO 2390 
:SEEP 
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DISP "ERROR: Data not available for this pair • press Continue" 
PAUSE 
GOTO 2070 
END IF 
I 
IF Ic-Jc THEN GOTO 2480 
Ieq-1 
FOR 1-1 TO Nw 
Csd(I,l)-cMPLX(Snst(l,I,Ig),Snst(2,I,Ig)) 
Csd(I,2)-CMPLX(Snst(3,I,Ig),Snst(4,I,Ig)) 
Csd(I,3)-cMPLX(Snst(l,I,Ig+l),Snst(2,I,lg+l)) 
Csd(I,4)-CMPLX(Snst(3,I,lg+l),Snst(4,I,Ig+l)) 
NEXT I 
GOTO 2560 
Ieq-0 
FOR I-1 TO Nw 
Csd(I,l)-CMPLX(Snst(l,I,Ig),O.) 
Csd(1,2)-CMPLX(Snst(2,I,Ig),O.) 
Csd(I,3)-CMPLX(Snst(3,I,lg),Snst(4,I,Ig)) 
Csd(l ,_4)-CMPLX(Snst(3, I, Ig), -Snst(4, I, Ig)) 
NEXT I 
! 
IF Aflg<>O THEN 
Trst-Tr 
Tsst-Ts 
BEEP 
DISP "Enter ANGLE (deg) at cyl. (no input for new pair) ";le; 
INPUT Tr 
:SEEP 
DISP "Enter ANGLE (deg) at cyl. (no input for new pair) ";Jc; 
INPUT Ts 
IF Tr<>Trst THEN GOTO 2780 
IF Ts<>Tsst THEN.GOTO 2780 
GOTO 1970 
ELSE 
Jcnt-Jcnt+l 
IF Jcnt<4 THEN GOTO 2740 
Jcnt-o 
OUTPUT @Printer USING "@" 
GOTO 1970 
Tr-Trv(Icnt,Jcnt) 
Ts-Tsv(Icnt,Jcnt) 
END IF 
! 
Cl-COS(Tr) 
C2-COS(Ts) 
Sl-SIN(Tr) 
S2-SIN(Ts) 
F(l)-Cl*C2 
F(2)-Sl*S2 
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2840 F(3)-Cl*S2 
2850 F(4)-Sl*C2 
2860 FOR I-1 TO 256 
2870 Res(I)-CMPLX(O.,O.) 
2880 FOR J-1 TO 4 
2890 Res(I)-Res(I)+F(J)*Csd(I,J) 
2900 NEXT J 
2910 NEXT I 
2920 ! 
2930 Hi(1)-Id0 
2940 Hi(2)-Id1 
2950 Hi(4)-Id2 
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2960 IF Ieq-0 AND Tr-Ts THEN GOTO 3140 
2970 Hi(3)-1024 
2980 Hi(5)--30717 
2990 Hi(6)--7 
3000 Hi(7)-258 
3010 Hi(9)--27660 
3020 FOR I-1 TO 256 
3030 L-4*1-3 
3040 A-REAL(Res(I)) 
3050 B-IMAG(Res(I)) 
3060 CALL Tri(A,V1,V2) 
3070 CALL Tri(B,V3,V4) 
3080 Vi(L)-V1 
3090 Vi(L+1)-V2 
3100 Vi(L+2)-V3 
3110 Vi(L+3)-V4 
3120 NEXT I 
3130 GOTO 3270 
3140 Hi(3)-512 
3150 Hi(5)--30718 
3160 Hi(6)--3 
3170 Hi(7)-256 
3180 Hi(9)--28684 
3190 FOR I-1 TO 256 
3200 L-2*1-1 
3210 A-REAL(Res(I)) 
3220 CALL Tri(A,Vl,V2) 
3230 Vi(L)-Vl 
3240 Vi(L+l)-V2 
3250 NEXT I 
3260 
3270 IF Rflg-o THEN 
3280 Rn(2)-Rn(2)+1 
3290 IF Rn(2)-Rn(l)+249 THEN Df1g-1 
3300 Rprt-Rn(2) 
3310 Rcnt-Rn(2) MOD 250 
3320 IF Rcnt-0 THEN Rcnt-250 
3330 ! 
3340 CONTROL @Outdir,S;l 
3350 CONTROL @Outdir,7;3 
3360 OUTPUT @Outdir;Rn(*) 
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3370 
3380 
3390 
3400 
3410 
3420 
3430 
3440 
3450 
3460 
3470 
3480 
3490 
3500 
3510 
3520 
3530 
3540 
3550 
3560 
3570 
3580 
3590 
3600 
3610 
3620 
3630 
3640 
3650 
3660 
3670 
3680 
3690 
3700 
3710 
3720 
3730 
3740 
3750 
3760 
3770 
3780 
3790 
3800 
3810 
3820 
3830 
3840 
3850 
3860 
3870 
3880 
3890 

ELSE 
Rcnt-Rno MOD 250 
Rprt-Rno 
IF Rcnt-0 THEN Rcnt-250 
Rno-Rno+1 
IF Rno>Rn(2) THEN 
Df1g-1 
END IF 
END IF 
I 
CONTROL @Outrec,7;251 
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OUTPUT @Outrec,Rcnt;Hi(*),Vi(*) 
I 
OUTPUT @Printer USING Fmt1;Rprt,B$ 
OUTPUT @Printer USING Fmt2;Irun,Id0,Id1,Id2 
OUTPUT @Printer USING Fmt3;K,Gc,U 
OUTPUT @Printer USING Fmt4;W1,Nbw,Nw 
OUTPUT @Printer USING Fmt5;Ic,Jc 
OUTPUT @Printer USING Fmt6;Tr,Ts 
I 
IF Df1g-o THEN GOTO 2560 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
BEEP 
DISP "Disk now full- insert new disk- press Continue ... " 
PAUSE 
GOTO 950 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
BEEP 
DISP "Finished" 
END 

SUB Tri(A,INTEGER I1,I2) 
INTEGER I,J,K 
Aa-ABS(A) 
11-0 
12-0 
IF Aa-0. THEN SUBEX.IT 
I-FNint(LOG(Aa)/LOG(2.0)) 
Aa-Aa/(2.0AI) 
IF Aa<1.0 THEN GOTO 3820 
Aa-Aa/2.0 
I-I+1 
FOR J-1 TO 15 
Aa-Aa*2. 
K-FNint(Aa) 
Aa-FNFract(Aa) 
IF K<>O THEN I1-BINIOR(I1,2A(15-J)) 
NEXT J 
IF Aa-0. THEN GOTO 3990 
FOR J-16 TO 22 
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0 3900 Aa-Aa*2.0 
3910 K-FNint(Aa) 
3920 Aa-FNFract(Aa) 
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3930 IF K<>O THEN I2-B1NIOR(12,2A(23-J)) 
3940 NEXT J 
3950 Aa-Aa*2.0 
3960 IF Aa<1.0 THEN Aa-Aa*1.000001 
3970 K-FNint(Aa) 
3980 IF K<>O THEN 12-BIN10R(I2,1) 
3990 IF A>O. THEN GOTO 4070 
4000 I1-BINCMP(I1) 
4010 SELECT 12 
4020 CASE 0 
4030 11-11+1 
4040 CASE ELSE 
4050 12-256-!2 
4060 END SELECT 
4070 I2-SHIFT(I2,-8) 
4080 SELECT I 
4090 CASE <0 
4100 12-12+2*(128+1)+1 
4110 CASE ELSE 
4120 I2-I2+2*I 
4130 END SELECT 
4140 SUBEND 
4150 
4160 SUB Tir(INTEGER l1,I2,REAL Rw) 
4170 INTEGER Sm,Se,M1,M2,E,Cb 
4180 IF 11--32768 THEN 
4190 11-0 
4200 12-0 
4210 END IF 
4220 Sm-BIT(I1,15) 
4230 Se-BIT(I2,0) 
4240 M1-I1 
4250 M2-I2 
4260 M2-SHIFT(M2,8) 
4270 IF Sm-0 THEN GOTO 4330 
4280 Cb-0 
4290 M2-BINCMP(M2)+1 
4300 IF M2-0 THEN Cb-1 
4310 M1-BINCMP(M1)+Cb 
4320 M2-BINAND(255,M2) 
4330 E-SHIFT(I2,1) 
4340 E-SHIFT(E,-9) 
4350 E-SH1FT(E,9) 
4360 IF Se-1 THEN E-128-E 
4370 Fu-REAL(Ml)/32768.0 
4380 F1-REAL(M2)/8388608.0 
4390 F-REAL(l-2*Sm)*(Fu+Fl) 
4400 Rw-F*2.0A((l-2*Se)*E) 
4410 SUBEND 
4420 
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4430 DEF FNlnt(A) 
4440 B-SGN(A)*INT(ABS(A)*1.0000000001) 
4450 RETURN B 
4460 FNEND 
4470 I 
4480 DEF FNFract(A) 
4490 B-A-FNlnt(A) 
4500 IF ABS(B)<1.E-10 THEN B-0. 
4510 RETURN B 
4520 FNEND 

360 
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4. THEOLCALC 

This program has a triple purpose: firstly it sets the frequency axis 

units of the computed results to be the same as those of the specified 

(input data) pressure data files (those may be selected either in Hz or as 

dimensionless), secondly it multiplies the normalized CSD's obtained previ

ously, by those pressure PSD's, and finally it non-dimensionalizes such that 

the theoretical CSD' s (PSD' s) represent lateral displacement divided by 

cylinder diameter. Here, the user simply inputs the diskette record numbers 

for both the pressure PSD and for the theoretical (normalized) CSD to be 

used. Data is then stored on (3. 5 in) diskette. The printout is for "ac

counting" purposes only (keeping track of the data). 

Remarks 

The parameter "Facl" (line 70 in the program) stems from the term 

[~ ~
2

rRr(i)·Rr(j) in eqn.(2.272), with Rr(i)-Rr(j)-R0 • 

Likewise, "Fac2" (line 80 in the program) represents the ratio wiO of 

eqn. (2. 50). 

(a) Listing 

This listing is BASIC V compatible (run on HP9000-300 computer). 

10 OPTION BASE 1 
20 INTEGER Cnt,I,J,K,L,M,N,Q,Ndsk,Dflg,Rp,Rt,Mt,Rcnt 
30 INTEGER Bwn,Ofs,Udsk(6),Kflg,Ofsv(2,2) 
40 INTEGER Hl(20),Vl(l024),H2(20),V2(1024),Rn(2),U(2) 
50 DIM Vc(512),Va(256),Vp(256) 
60 
70 Facl-4.824E+4 
80 Fac2-76.2624112.5 
90 Cnt-0 
100 Ofsv(l,l)-10 
110 Ofsv(2,1)-30 
120 Ofsv(l,2)-SO 
130 Ofsv(2,2)-0 ! Not defined 
140 
150 Fmtl: IMAGE I' I' "Record numbers n' n The or. ·." 'SD' 11 Pres . " 4D I 16X "T r .. , , , , a ge 
160 BEEP 
170 DISP "Put printer on- press Continue ... " 
180 PAUSE 
190 ASSIGN @Printer TO 701 
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200 OUTPUT @Printer USING "@" 
210 'W'AIT 7 
220 BEEP 

K-52 

230 DISP "Align top of page· press Continue ... " 
240 PAUSE 
250 
260 BEEP 
270 INPUT "12.5 Hz: 1, 25.0 Hz: 2",Bwn 
280 IF Bwn<>l AND Bwn<>2 THEN GOTO 260 
290 
300 BEEP 
310 INPUT "Pres. ; K-o: 1, K-28: 2" ,Kflg 
320 IF Kflg<>l AND Kflg<>2 THEN GOTO 300 
330 t 
340 BEEP 
350 INPUT "No. of UNIX disks to copy",Ndsk 
360 IF Ndsk<7 THEN GOTO 410 
370 BEEP 
380 DISP "No. of disks too large- press Continue ... " 
390 PAUSE 
400 GOTO 340 
410 BEEP 
420 SELECT Ndsk 
430 CASE 1 
440 INPUT "UNIX disk no. ?",Udsk(l) 
450 CASE 2 
460 INPUT "Two UNIX disk nos. ?",Udsk(l),Udsk(2) 
470 CASE 3 
480 INPUT "Three UNIX disk nos. ?",Udsk(l),Udsk(2),Udsk(3) 
490 CASE 4 
500 INPUT "Four UNIX disk nos. ?11 ,Udsk(l),Udsk(2),Udsk(3),Udsk(4) 
510 CASE 5 
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520 INPUT "Five UNIX disk nos. ?",Udsk(l),Udsk(2),Udsk(3),Udsk(4),Udsk(5) 
530 CASE 6 
540 Udsk(l)-1 
550 Udsk(2)-2 
560 Udsk(3)-3 
570 Udsk(4)-4 
580 Udsk(S)-5 
590 Udsk(6)-6 
600 END SELECT 
610 
620 FOR I-1 TO Ndsk 
630 INITIALIZE ":MEMORY,O,"&VAL$(Udsk(I)-1),2200 
640 BEEP 
650 DISP "Insert disk no. "&VAL$(Udsk(I))&11 -press Continue ... " 
660 PAUSE 
670 DISP 11 COPYING disk no. "&VAL$(Udsk(I)) 
680 COPY 11 :,700,1" TO ":,O,"&VAL$(Udsk(I)-l) 
690 SELECT Udsk(I) 
700 CASE 1 
710 ASSIGN @Urecl TO "UXDIR:,O,O";FORMAT OFF 
720 ASSIGN @Unixl TO "UNIXDTA:,O,O";FORMAT OFF 
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0 

730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 
850 
860 
870 
880 
890 
900 
910 
920 
930 
940 
950 
960 
970 
980 
990 
1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
1110 
1120 
1130 
1140 
1150 
1160 
1170 
1180 
1190 
1200 
1210 
1220 
1230 
1240 
1250 
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CASE 2 
ASSIGN @Urec2 TO "UXDIR:,O,l 11 ;FORMAT OFF 
ASSIGN @Un1x2 TO "UNIXDTA: , 0,1"; FORMAT OFF 
CASE 3 
ASSIGN @Urec3 TO "UXDIR:,0,2";FORMAT OFF 
ASSIGN @Unix3 TO "UNIXDTA: ,0,2";FORMAT OFF 
CASE 4 
ASSIGN @Urec4 TO "UXDIR:,0,3";FORMAT OFF 
ASSIGN @Unix4 TO "UNIXDTA: , 0, 3"; FORMAT OFF 
CASE 5 
ASSIGN @Urec5 TO "UXDIR:,0,4";FORMAT OFF 
ASSIGN @Unix5 TO "UNIXDTA: ,0,4" ;FORMAT OFF 
CASE 6 
ASSIGN @Urec6 TO "UXDIR:,0,5";FORMAT OFF 
ASSIGN @Unix6 TO "UNIXDTA:,0,5";FORMAT OFF 
END SELECT 
NEXT I 

INITIALIZE ":MEMORY,0,6",2200 
CREATE BDAT "PRES:MEMORY,9,6",10,2088 
ASSIGN @Pres TO "PRES:MEMORY,0,6";FORMAT OFF 
BEEP 
DISP "Insert pressure data disk (no. 37) -press Continue ... n 
PAUSE 
ASSIGN @Pdta TO "TAPE37:CS80,700,l";FORMAT OFF 
CONTROL @Pres,5;1 
CONTROL @Pres,7;11 
DISP "Copying dimensionless pressure PSD's" 
Ofs-ofsv(Bwn,Kflg) 
FOR I-1 TO 10 
ENTER @Pdta,I+Ofs;H2(*),V2(*) 
OUTPUT @Pres,I;H2(*),V2(*) 
NEXT I 
! 
ASSIGN @Pdta TO * 
BEEP 
DISP "Insert target diskette- press Continue ... " 
PAUSE 
ASSIGN @Outdir TO "UXDIR:,700,ln;FORMAT OFF 
ASSIGN @Outrec TO "UNIXDTA:,700,ln;FORMAT OFF 
CONTROL @Outdir,S;l 
ENTER @Outdir;Rn(*) 
Dflg-0 
IF Rn(l)-Rn(2)>1 THEN 
BEEP 
DISP "Incompatible Rn(2) -press Continue ..... 
PAUSE 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
GOTO 1080 
END IF 
IF Rn(2)>-Rn(l)+249 THEN 
BEEP 
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1260 DISP "Error, target disk full- press Continue ... " 
1270 PAUSE 
1280 GOTO 1200 
1290 END IF 
1300 ! 
1310 Rp-0 
1320 BEEP 
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1330 INPUT "Enter record no. (null or, Pres. PSD, Theor. PSD or CSD factor):", 
1340 IF Rp<>O THEN GOTO 1400 
1350 ASSIGN @Outdir TO * 
1360 ASSIGN @Outrec TO * 
1370 BEEP 
1380 DISP "Stopped" 

·1390 STOP 
1400 Rp-Rp-Ofs 
1410 IF Rp<l OR Rp>lO THEN GOTO 1310 
1420 
1430 K-FNint((Rt-1)/250)+1 
1440 FOR J-1 TO Ndsk 
1450 IF K-Udsk(J) THEN GOTO 1510 
1460 NEXT J 
1470 BEEP 
1480 DISP "Error, record number not available- press Continue ... " 
1490 PAUSE 
1500 GOTO 1310 
1510 SELECT K 
1520 CASE 1 
1530 CONTROL @Urecl,5;1 
1540 ENTER @Urecl;U(*) 
1550 CASE 2 
1560 CONTROL @Urec2,5;1 
1570 ENTER @Urec2;U(*) 
1580 CASE 3 
1590 CONTROL @Urec3,5;1 
1600 ENTER @Urec3;U(*) 
1610 CASE 4 
1620 CONTROL @Urec4,5jl 
1630 ENTER @Urec4;U(*) 
1640 CASE 5 
1650 CONTROL @Urec5,5;1 
1660 ENTER @UrecS;U(*) 
1670 CASE 6 
1680 CONTROL @Urec6,5;1 
1690 ENTER @Urec6;U(*) 
1700 END SELECT 
1710 IF Rt>-U(l) AND Rt<-U(2) THEN GOTO 1760 
1720 BEEP 
1730 DISP "Error, record number(s) out of range- press Continue ... " 
1740 PAUSE 
1750 GOTO 1310 
1760 SELECT K 
1770 CASE 1 
1780 CONTROL @Unixl,5;1 
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1790 ENTER @Unixl,Rt;Hl(*),Vl(*) 
1800 CASE 2 
1810 CONTROL @Unix2,5;1 
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1820 ENTER @Unix2,(Rt-250);Hl(*),Vl(*) 
1830 CASE 3 
1840 CONTROL @Unix3,5;1 
1850 ENTER @Unix3,(Rt-500);Hl(*),Vl(*) 
1860 CASE 4 
1870 CONTROL @Unix4,5;1 
1880 ENTER @Unix4,(Rt-750);Hl(*),Vl(*) 
1890 CASE 5 
1900 CONTROL @Unix5,5;1 
1910 ENTER @Unix5,(Rt-1000);Hl(*),Vl(*) 
1920 CASE 6 
1930 CONTROL @Unix6,5;1 
1940 ENTER @Unix6,(Rt-1250);Hl(*),Vl(*) 
1950 END SELECT 
1960 Q-H1(3)/2 
1970 Mt-SHIFT(H1(9),-1) 
1980 Mt-SHIFT(Mt,lO) 
1990 ! 
2000 CONTROL @Pres,S;l 
2010 ENTER @Pres,Rp;H2(*),V2(*) 
2020 Q-H2(3)/2 
2030 FOR L-1 TO Q 
2040 M-2*L-1 
2050 CALL Tir(V2(M),V2(M+l),Vp(L)) 
2060 NEXT L 
2070 ! 
2080 Q-H1(3)/2 
2090 SELECT Mt 
2100 CASE 7 
2110 FOR L-1 TO Q 
2120 M-2*L-1 
2130 CALL Tir(V1(M),Vl(M+1),Va(L)) 
2140 NEXT L 
2150 CASE 9 
2160 FOR L-1 TO Q 
2170 M-2*L-1 
2180 CALL Tir(Vl(M),V1(M+l),Vc(L)) 
2190 NEXT L 
2200 CASE ELSE 
2210 BEEP 
2220 DISP "Error, ':"'rong type of theoretical file- press Continue ... " 
2230 PAUSE 
2240 GOTO 1310 
2250 END SELECT 
2260 
2270 Q-H2(3)/2 
2280 SELECT Mt 
2290 CASE 7 
2300 FOR L-1 TO Q 
2310 M-2*L-1 

365 



0 

0 

2320 Vr-Va(L)*Facl*Vp(L) 
2330 CALL Tri(Vr,Vl(M),Vl(M+l)) 
2340 NEXT L 
2350 CASE 9 
2360 FOR L-1 TO Q 
2370 M-2*L-l 
2380 N-2*M-1 
2390 Vr-Vc(M)*Facl*Vp(L) 
2400 CALL Tri(Vr,Vl(N),Vl(N+l)) 
2410 Vr-Vc(M+l)*Facl*Vp(L) 
2420 CALL Tri(Vr,Vl(N+2),Vl(N+3)) 
2430 NEXT L 
2440 END SELECT 
2450 ! . 
2460 FOR L-12 TO 13 
2470 M-2*L-ll 
2480 CALL Tir(Hl(M),Hl(M+l),Hr) 
2490 Hr-Hr*Fac2 
2500 CALL Tri(Hr,Hl(M),Hl(M+l)) 
2510 NEXT L 
2520 Hl(20)-l 
2530 I 
2540 Rn(2)-Rn(2)+1 
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2550 IF Rn(2)-Rn(l)+249 THEN Dflg-1 
2560 Rcnt-Rn(2) MOD 250 
2570 IF Rcnt-0 THEN Rcnt-250 
2580 CONTROL @Outdir,5;1 
2590 CONTROL @Outdir,7;3 
2600 OUTPUT @Outdir;Rn(*) 
2610 CONTROL @Outrec,7;251 
2620 OUTPUT @Outrec,Rcnt;Hl(*),Vl(*) 
2630 
2640 OUTPUT @Printer USING Fmtl;Rt,Rp+Ofs,Rn(2) 
2650 Cnt-Cnt+l 
2660 IF Cnt-14 THEN 
2670 Cnt-0 
2680 OUTPUT @Printer USING n@" 
2690 END IF 
2700 ! 
2710 IF Dflg-0 THEN GOTO 1300 
2720 BEEP 
2730 DISP "Disk now full- press Continue ..... 
2740 PAUSE 
2750 ASSIGN @Outdir TO * 
2760 ASSIGN @Outrec TO * 
2770 BEEP 
2780 DISP "Insert new target disk- press Continue ... " 
2790 PAUSE 
2800 GOTO 1110 
2810 END 
2820 
2830 I 
2840 SUB Tri(A,INTEGER !1,!2) 
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2850 INTEGER I,J,K 
2860 Aa•ABS(A) 
2870 I1-Q 
2880 I2-0 
2890 IF Aa-Q. THEN SUBEXIT 
2900 I-FNint(LOG(Aa)fLOG(2.0)) 
2910 Aa•Aa/(2.0AI) 
2920 IF Aa<1.0 THEN GOTO 2950 
2930 Aa•Aa/2.0 
2940 I-I+1 
2950 FOR J-1 TO 15 
2960 Aa-Aa*2. 
2970 K•FNint(Aa) 
2980 Aa-FNFract(Aa) 
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2990 IF K<>O THEN I1•BINIOR(I1,2A(15-J)) 
3000 NEXT J 
3010 IF Aa-D. THEN GOTO 3120 
3020 FOR J-16 TO 22 
3030 Aa•Aa*2.0 
3040 K•FNint(Aa) 
3050 Aa•FNFract(Aa) 
3060 IF K<>O THEN I2•B1N10R(I2,2A(23-J)) 
3070 NEXT J 
3080 Aa•Aa*2.0 
3090 IF Aa<1.0 THEN Aa-Aa*1.000001 
3100 K-FN1nt(Aa) 
3110 IF K<>O THEN I2-BIN10R(I2,1) 
3120 IF A>O. THEN GOTO 3200 
3130 I1•BINCMP(I1) 
3140 SELECT I2 
3150 CASE 0 
3160 I1-I1+1 
3170 CASE ELSE 
3180 12-256-I2 
3190 END SELECT 
3200 I2-SHIFT(I2,-8) 
3210 SELECT I 
3220 CASE <0 
3230 I2-12+2*(128+I)+1 
3240 CASE ELS~ 
3250 I2-I2+2*I 
3260 END SELECT 
3270 SUBEND 
3280 
3290 SUB Tir(INTEGER I1,I2,REAL Rw) 
3300 INTEGER Sm,Se,M1,M2,E,Cb 
3310 IF 11--32768 THEN 
3320 11-0 
3330 12-Q 
3340 END IF 
3350 Sm-BIT(Il,15) 
3360 Se-BIT(I2,0) 
3370 M1-Il 
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3380 M2-I2 
3390 M2-SHIFT(M2,8) 
3400 IF Sm-0 THEN GOTO 3460 
3410 Cb-0 
3420 M2-BINCMP(M2)+1 
3430 IF H2-0 THEN Cb-1 
3440 Ml-BINCMP(M1)+Cb 
3450 M2•BINAND(255,M2) 
3460 E-SHIFT(I2,1) 
3470 E-SHIFT(E,-9) 
3480 E-SHIFT(E,9) 
3490 IF Se-1 THEN E-128-E 
3500 Fu•REAL(Ml)/32768.0 
3510 F1-REAL(M2)/8388608.0 
3520 F•REAL(1-2*Sm)*(Fu+F1) 
3530 Rw-F*2.0A((1-2*Se)*E) 
3540 SUBEND 
3550 ! 
3560 DEF FNint(A) 
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3570 B-SGN(A)*INT(ABS(A)*1.0000000001) 
3580 RETURN B 
3590 FNEND 
3600 
3610 DEF FNFract(A) 
3620 B-A-FNint(A) 
3630 IF ABS(B)<1.E-10 THEN B-0. 
3640 RETURN B 
3650 FNEND 
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5. COILCALC 

This program calculates coherences. The latter were not stored (al

though measured) during tests, for space economizing (HP5420A magnetic tape 

cassettes). The calculations of theoretical coherences are also conven

iently effected with this program. The user need only input diskette record 

numbers, for the cross-spectral density (CSD) and the two corresponding 

power spectral densities (PSD's). In most theoretical cases, because of the 

problem symmetry, the same record number is repeated twice for the latter 

two items (PSD). The frequency units are preserved (either Hz or dimensiop

less). 

10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 

(a) Listing 

This listing is BASIC V compatible (run on HP9000-300 computer). 

OPTION BASE 1 
INTEGER Cnt,I,J,K,L,M,Q,Ndsk,Dflg,Rcnt,Cflg 
INTEGER Rn(2),H(20),V(l024),R(3),U(2),Hst(3,20) 
INTEGER Tno(4,2),Id(2),T(3) 
INTEGER Udsk(6),Sflg 
DIM Vc(512),Vpl(256),Vp2(256) 
DIM T$(2)[6] 

T$(1)[1,4]-"TAPE" 
T$(2)[1,4]-"TAPE" 
Cnt-0 

130 Fmtl: 
140 Fmt2: 
150 Fmt3: 
160 

IMAGE /,/,"Record numbers"," CSD:",SD,u PSD #l:",SD," PSD #2:",5D 
IMAGE /,/,"Tape numbers 11

," CSD:",3D, 11 PSD #l:",3D," PSD #2:",3D 
IMAGE "Record numbers"," CSD:",SD," PSD #l:",SD," PSD #2:",5D,/,l 

170 BEEP 
180 DISP "Put printer on- press Continue ... " 
190 PAUSE 
200 ASSIGN @Printer TO 701 
210 OUTPUT @Printer USING "@" 
220 l\TAIT 7 
230 BEEP 
240 DISP "Align top of page - press Continue ... '' 
250 PAUSE 
260 
270 BEEP 
280 INPUT "The or. 1, Exper. 2 : •• , Cflg 
290 IF Cflg<>l AND Cflg<>2 THEN GOTO 270 
300 ! 
310 BEEP 
320 IF Cflg-1 THEN 
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330 INPUT "No. of UNIX disks to copy",Ndsk 
340 IF Ndsk<7 THEN GOTO 450 
350 BEEP 
360 DISP "No. of disks too large- press Continue ... " 
370 PAUSE 
380 GOTO 310 
390 ELSE 
400 INPUT "No. of (tape) disks to copy",Ndsk 
410 IF Ndsk<7 THEN GOTO 660 
420 GOTO 310 
430 END IF 
440 
450 BEEP 
460 SELECT Ndsk 
470 CASE 1 
480 INPUT "UNIX disk no. ?",Udsk(1) 
490 CASE 2 
500 INPUT "Two UNIX disk nos. ?",Udsk(l),Udsk(2) 
510 CASE 3 
520 INPUT "Three UNIX disk nos. ?",Udsk(1),Udsk(2),Udsk(3) 
530 CASE 4 . 
540 INPUT "Four UNIX disk nos. ? .. ,Udsk(1),Udsk(2),Udsk(3),Udsk(4) 
550 CASE 5 
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560 INPUT "Five UNIX disk nos. ?",Udsk(1),Udsk(2),Udsk(3),Udsk(4),Udsk(5) 
570 CASE 6 
580 Udsk(l)-1 
590 Udsk(2)-2 
600 Udsk(3)-3 
610 Udsk(4)-4 
620 Udsk(5)-5 
630 Udsk(6)-6 
640 END SELECT 
650 
660 FOR I-1 TO Ndsk 
670 SELECT Cflg 
680 CASE 1 
690 INITIALIZE ":MEMORY,O, .. &VAL$(Udsk(I)-1),2200 
700 BEEP 
710 DISP "Insert disk no. "&VAL$(Udsk(I))&,. - press Continue ... " 
720 PAUSE 
730 DISP "COPYING disk "&VAL$(Udsk(I)) 
740 COPY ":, 700,1" TO ":, 0, "&VAL$ (Udsk(I) -1) 
750 GOTO 990 
760 CASE 2 
770 INITIALIZE ":MEMORY,O,"&VAL$(I-1),2200 
780 BEEP 
790 DISP "Insert disk "&VAL$(1)&" -press Continue ... " 
800 PAUSE 
~no DISP "COPYING disk no. "&VAL$(I) 
820 COPY": ,700,1" TO ": ,0,"&VAL$(I-l) 
830 END SELECT 
840 I 
850 ASSIGN @Diskfile TO "TPFILES:MEMORY,O,"&VAL$(I-l);FORMAT OFF 
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860 
870 
880 
890 
900 
910 
920 
930 
940 
950 
960 
970 
980 
990 
1000 
1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
1110 
1120 
1130 
1140 
1150 
1160 
1170 
1180 
1190 
1200 
1210 
1220 
1230 
1240 
1250 
1260 
1270 
1280 
1290 
1300 
1310 
1320 
1330 
1340 
1350 
1360 
1370 
1380 

ENTER @Diskfi1e;Id(*) 
ASSIGN @Diskfi1e TO * 
FOR J-1 TO 2 
Tid-Id(J) 
Tno(I,J)-Tid 
IF Tid<10 THEN 
T$(J)[5,5]-"0" 
T$(J)[6,6]-VAL$(Tid) 
ELSE 
T$(J)[5,6)-VAL$(Tid) 
END IF 
NEXT J 
! 
SELECT Cf1g 
CASE 1 
Sf1g-Udsk(l) 
CASE 2 
Sf1g-I 
END SELECT 
SELECT Sf1g 
CASE 1 
IF Cf1g-1 THEN 
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ASSIGN @Urec1 TO "UXDIR:,O,O";FORMAT OFF 
ASSIGN @Unix1 TO "UNIXDTA:,O,O";FORMAT OFF 
ELSE 
ASSIGN @Tape1 TO T$(1)&":,0,0";FORMAT OFF 
ASSIGN @Tape2 TO T$(2)&":,0,0";FORMAT OFF 
END IF 
CASE 2 
IF Cflg-1 THEN 
ASSIGN @Urec2 TO "UXDIR:,O,l";FORMAT OFF 
ASSIGN @Unix2 TO "UNIXDTA:,O,l";FORMAT OFF 
ELSE 
ASSIGN @Tape3 TO T$(1)&":,0,1";FORMAT OFF 
ASSIGN @Tape4 TO T$(2)&":,0,l";FORMAT OFF 
END IF 
CASE 3 
IF Cf1g-1 THEN 
ASSIGN @Urec3 TO "UXDIR:,0,2";FORMAT OFF 
ASSIGN @Unix3 TO "UNIXDTA:,0,2";FORMAT OFF 
ELSE 
ASSIGN @TapeS TO T$(1)&":,0,2";FORMAT OFF 
ASSIGN @Tape6 TO T$(2)&":,0,2";FORMAT OFF 
END IF 
CASE 4 
IF Cflg-1 THEN 
ASSIGN @Urec4 TO "UXDIR:,0,3";FORMAT OFF 
ASSIGN @Unix4 TO "UNIXDTA:,0,3";FORMAT OFF 
ELSE 
ASSIGN @Tape7 TO T$(1)&":,0,3";FORMAT OFF 
ASSIGN @TapeS TO T$(2)&":,0,3";FORMAT OFF 
END IF 
CASE 5 

371 
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1390 
1400 
1410 
1420 
1430 
1440 
1450 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
1530 
1540 
1550 
1560 
1570 
1580 
1590 
1600 
1610 
1620 
1630 
1640 
1650 
1660 
1670 
1680 
1690 
1700 
1710 
1720 
1730 
1740 
1750 
1760 
1770 
1780 
1790 
1800 
1810 
1820 
1830 
1840 
1850 
1860 
1870 
1880 
1890 
1900 
1910 
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IF Cflg-1 THEN 
ASSIGN @UrecS TO "UXDIR:,0,4";FORMAT OFF 
ASSIGN @Unix5 TO "UNIXDTA:,0,4";FORMAT OFF 
ELSE 
ASSIGN @Tape9 TO T$(1)&":,0,4";FORMAT OFF 
ASSIGN @TapelO TO T$(2)&":,0,4";FORMAT OFF 
END IF 
CASE 6 
IF Cflg-1 THEN 
ASSIGN @Urec6 TO "UXDIR:,0,5";FORMAT OFF 
ASSIGN @Unix6 TO "UNIXDTA:,0,5 11 ;FORMAT OFF 
ELSE 
ASSIGN @Tape11 TO T$(1)&":,0,5";FORMAT OFF 
ASSIGN @Tapel2 TO T$(2)&":,0,5";FORMAT OFF 
END IF 
END SELECT 
NEXT I 

BEEP 
DISP "Insert target diskette- ~ress Continue ... " 
PAUSE 
ASSIGN @Outdir TO "UXDIR:,700,1";FORMAT OFF 
ASSIGN @Outrec TO "UNIXDTA:,700,1";FORMAT OFF 
CONTROL @Outdir,S;l 
ENTER @Outdir;Rn(*) 
Df1g-O 
IF Rn(l)-Rn(2)>1 THEN 
BEEP 
DISP "Incompatible Rn(2) -press Continue ... " 
PAUSE 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
GOTO 1570 
END IF 
IF Rn(2)>-Rn(1)+249 THEN 
BEEP 
DISP "Error, target disk full- press Continue ... " 
PAUSE 
GOTO 1690 
END IF 

IF Cf1g-1 THEN GOTO 1850 
! 
BEEP 
INPUT "Tape numbers (CSD,PSDl,PSD2)",T(l),T(2),T(3) 
I 
R(l)-Q 
BEEP 
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INPUT "Record numbers [1st: null to stop] (CSD,PSDl,PSD2):",R(1),R(2),R(3 
IF R(1)<>0 THEN GOTO 1950 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
BEEP 
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1920 DISP "Stopped" 
1930 STOP 
1940 I 
1950 FOR J-1 TO 3 
1960 IF Cflg-1 THEN 
1970 K-FNint((R(J)-1)/250)+1 
1980 FOR L-1 TO Ndsk 
1990 IF K-Udsk(L) THEN GOTO 2090 
2000 NEXT L 
2010 BEEP 
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2020 DISP "Error, record number too large- press Continue ... " 
2030 PAUSE 
2040 GOTO 1800 
2050 ·ELSE 
2060 GOTO 2570 
2070 END IF 
2080 
2090 SELECT K 
2100 CASE 1 
2110 CONTROL @Urec1,5;1 
2120 ENTER @Urec1;U(*) 
2130 CASE 2 
2140 CONTROL @Urec2,5;1 
2150 ENTER @Urec2;U(*) 
2160 CASE 3 
2170 CONTROL @Urec3,5;1 
2180 ENTER @Urec3;U(*) 
2190 CASE 4 
2200 CONTROL @Urec4,5;1 
2210 ENTER @Urec4;U(*) 
2220 CASE 5 
2230 CONTROL @Urec5,5;1 
2240 ENTER @UrecS;U(*) 
2250 CASE 6 
2260 CONTROL @Urec6,5;1 
2270 ENTER @Urec6;U(*) 
2280 END SELECT 
2290 IF R(J)>-U(l) AND R(J)<-U(2) THEN GOTO 2350 
2300 BEEP 
2310 DISP "Error, record number out of range- press Continue ... " 
2320 PAUSE 
2330 GOTO 1800 
2340 I 
2350 SELECT K 
2360 CASE 1 
2370 CONTROL @Unix1,5;1 
2380 ENTER @Unix1,R(J);H(*),V(*) 
2390 CASE 2 
2400 CONTROL @Unix2,5;1 
2410 ENTER @Unix2,(R(J)-250);H(*),V(*) 
2420 CASE 3 
2430 CONTROL @Unix3,5;1 
2440 ENTER @Unix3,(R(J)-500);H(*),V(*) 

373 
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0 2450 CASE 4 
2460 CONTROL @Unix4,5;1 
2470 ENTER @Unix4,(R(J)-750);H(*),V(*) 
2480 CASE 5 
2490 CONTROL @Unix5,5;1 
2500 ENTER @Unix5,(R(J)-1000);H(*),V(*) 
2510 CASE 6 
2520 CONTROL @Unix6,5;1 
2530 ENTER @Unix6,(R(J)-1250);H(*),V(*) 
2540 END SELECT 
2550 GOTO 3170 
2560 
2570 FOR K-1 TO Ndsk 
2580 FOR L-1 TO 2 
2590 IF Tno(K,L)-T(J) THEN GOTO 2660 
2600 NEXT L 
2610 NEXT K 
2620 BEEP 
2630 DISP "Error, tape not found" 
2640 STOP 
2650 ! 
2660 SELECT K 
2670 CASE 1 
2680 IF L-1 THEN 
2690 CONTROL @Tape1,5;1 
2700 ENTER @Tape1,R(J);H(*),V(*) 
2710 ELSE 
2720 CONTROL @Tape2,5;1 
2730 ENTER @Tape2,R(J);H(*),V(*) 
2740 END IF 
2750 CASE 2 
2760 IF L-1 THEN 
2770 CONTROL @Tape3,5;1 
2780 ENTER @Tape3,R(J);H(~),V(*) 
2790 ELSE 
2800 CONTROL @Tape4,5;1 
2810 ENTER @Tape4,R(J);H(*),V(*) 
2820 END IF 
2830 CASE 3 
2840 IF L-1 THEN 
2850 CONTROL @Tape5,5;1 
2860 ENTER @TapeS,R(J);H(*),V(*) 
2870 ELSE 
2880 CONTROL @Tape6,5;1 
2890 ENTER @Tape6,R(J);H(*),V(*) 
2900 END IF 
2910 CASE 4 
2920 IF L-1 THEN 
2930 CONTROL @Tape7,5;1 
2940 ENTER @Tape7,R(J);H(*),V(*) 

0 2950 ELSE 
2960 CONTROL @Tape8,5;1 
2970 ENTER @Tape8,R(J);H(*),V(*) 
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2980 END IF 
2990 CASE 5 
3000 IF L-1 THEN 
3010 CONTROL @Tape9,5;1 
3020 ENTER @Tape9,R(J);H(*),V(*) 
3030 ELSE 
3040 CONTROL @Tape10,5;1 
3050 ENTER @Tape10,R(J);H(*),V(*) 
3060 END IF 
3070 CASE 6 
3080 IF L-1 THEN 
3090 CONTROL @Tape11,5;1 
3100 ENTER @Tape11,R(J);H(*),V(*) 
3110 ELSE 
3120 CONTROL @Tape12,5;1 
3130 ENTER @Tape12,R(J);H(*),V(*) 
3140 END IF 
3150 END SELECT 
3160 I 
3170 FOR L-1 TO 20 
3180 Hst(J,L)-H(L) 
3190 NEXT L 
3200 Q-H(3)/2 
3210 SELECT J 
3220 CASE 1 
3230 FOR L-1 TO Q 
3240 M-2*L-1 
3250 CALL Tir(V(M),V(M+1),Vc(L)) 
3260 NEXT L 
3270 CASE 2 
3280 FOR L-1 TO Q 
3290 M-2*L-1 
3300 CALL Tir(V(M),V(M+1),Vp1(L)) 
3310 NEXT L 
3320 CASE 3 
3330 FOR L-1 TO Q 
3340 M-2*L-1 
3350 CALL Tir(V(M),V(M+1),Vp2(L)) 
3360 NEXT L 
3370 END SELECT 
3380 NEXT J 
3390 I 
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3400 IF Hst(2,3)<>Hst(3,3) OR 2*Hst(2,3)<>Hst(l,3) THEN GOTO 3530 
3410 FOR L-10 TO 16 
3420 IF Hst(1,L)<>Hst(2,L) OR Hst(2,L)<>Hst(3,L) THEN 
3430 IF L-11 OR L-12 THEN 
3440 BEEP 
3450 DISP "WARNING: H(11) discrepancy !" 
3460 WAIT 2 
3470 ELSE 
3480 GOTO 3530 
3490 END IF 
3500 END IF 

375 
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c 3510 NEXT L 
3520 GOTO 3580 
3530 BEEP 
3540 DISP "Error, records not matched- press Continue ... lt 

3550 PAUSE 
3560 GOTO 1800 
3570 
3580 Q-Hst(2,3)/2 
3590 FOR L-1 TO Q 
3600 M-2*L-1 
3610 Den-Vp1(L)*Vp2(L) 
3620 IF Den-0. THEN 
3630 Vr-1.0 
3640 ELSE 
3650 Vr-(Vc(M)A2+Vc(M+1)A2)/Den 
3660 END IF 
3670 CALL Tri(Vr,V(M),V(M+1)) 
3680 NEXT L 
3690 
3700 H(1)--1 
3710 H(2)-15215 
3720 H(4)-0 
3730 H(5)--32766 
3740 H(6)--7 
3750 H(7)-258 
3760 H(8)-0 
3770 H(9)--26636 
3780 H(l7)-0 
3790 H(18)-0 
3800 H(19)-2 
3810 
3820 H(3)-Hst(2,3) 
3830 H(20)-1 
3840 FOR L-10 TO 13 
3850 H(L)-Hst(1,L) 
3860 NEXT L 
3870 
3880 Rn(2)-Rn(2)+1 
3890 IF Rn(2)-Rn(1)+249 THEN Df1g-1 
3900 Rcnt-Rn(2) MOD 250 
3910 IF Rcnt-0 THEN Rcnt-250 
3920 CONTROL @Outdir,5;1 
3930 CONTROL @Outdir,7;3 
3940 OUTPUT @Outdir;Rn(*) 
3950 CONTROL @Outrec,7;251 
3960 OUTPUT @Outrec,Rcnt;H(*),V(*) 
3970 
3980 SELECT Cf1g 
3990 CASE 1 
4000 OUTPUT @Printer USING Fmt1;R(1),R(2),R(3),Rn(2) 

0 
4010 Cnt-Cnt+l 
4020 IF Cnt-14 THEN GOTO 4110 
4030 CASE 2 
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4040 
4050 
4060 
4070 
4080 
4090 
4100 
4110 
4120 
4130 
4140 
4150 
4160 
4170 
4180 
4190 
4200 
4210 
4220 
4230 
4240 
4250 
4260 
4270 
4280 
4290 
4300 
4310 
4320 
4330 
4340 
4350 
4360 
4370 
4380 
4390 
4400 
4410 
4420 
4430 
4440 
4450 
4460 
4470 
4480 
4490 
4500 
4510 
4520 
4530 
4540 
4550 
4560 
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OUTPUT @Printer USING Fmt2;T(1),T(2),T(3) 
OUTPUT @Printer USING Fmt3;R(1),R(2),R(3),Rn(2) 
Cnt-Cnt+1 
IF Cnt-10 THEN GOTO 4110 
END SELECT 
GOTO 4140 
! 
Cnt-0 
OUTPUT @Printer USING "@" 

IF Df1g-O THEN GOTO 1800 
BEEP 
DISP "Disk now full -press Continue ... " 
PAUSE 
ASSIGN @Outdir TO * 
ASSIGN @Outrec TO * 
BEEP 
DISP "Insert new target disk- press Continue ... " 
PAUSE 
GOTO 1590 
END 

! 
SUB Tri(A,INTEGER I1,I2) 
INTEGER I,J,K 
Aa-ABS(A) 
I1-0 
12-0 
IF Aa-0. THEN SUBEXIT 
I-FNint(LOG(Aa)/LOG(2.0)) 
Aa-Aa/(2.0AI) 
IF Aa<1.0 THEN GOTO 4380 
Aa-Aa/2.0 
I-I+1 
FOR J-1 TO 15 
Aa-Aa*2. 
K-FNint(Aa) 
Aa-FNFract(Aa) 
IF K<>O THEN Il-BINIOR(I1,2A(l5-J)) 
NEXT J 
IF Aa-0. THEN GOTO 4550 
FOR J-16 TO 22 
Aa-Aa*2.0 
K-FNint(Aa) 
Aa-FNFract(Aa) 
IF K<>O THEN I2-BINIOR(I2,2A(23-J)) 
NEXT J 
Aa-Aa*2.0 
IF Aa<l.O THEN Aa-Aa*l.OOOOOl 
K-FNint(Aa) 
IF K<>O THEN I2-BINIOR(I2,1) 
IF A>O. THEN GOTO 4630 
Il-BINCMP(Il) 

377 



0 4570 SELECT 12 
4580 CASE 0 
4590 11-11+1 
4600 CASE ELSE 
4610 12-256-12 
4620 END SELECT 
4630 12-SH1FT{12,-8) 
4640 SELECT I 
4650 CASE <0 
4660 12-12+2*{128+1)+1 
4670 CASE ELSE 
4680 I2-12+2*1 
4690 END SELECT 
4700 SUBEND 
4710 I 
4720 SUB Tir(INTEGER I1,I2,REAL Rw) 
4730 INTEGER Sm,Se,M1,M2,E,Cb 
4740 IF I1--32768 THEN 
4750 I1-0 
4760 12-Q 
4770 END IF 
4780 Sm-BIT(I1,15) 
4790 Se-BIT(I2,0) 
4800 M1-Il 
4810 M2-I2 
4820 M2-SHIFT(M2,8) 
4830 IF Sm-0 THEN GOTO 4890 
4840 cb-o 
4850 M2-BINCMP(M2)+1 
4860 IF M2-0 THEN Cb-1 
4870 M1-BINCMP(M1)+Cb 
4880 M2-BINAND(255,M2) 
4890 E-SHIFT(I2,1) 
4900 E-SHIFT(E,-9) 
4910 E-SHIFT(E,9) 
4920 IF Se-1 THEN E-128-E 
4930 Fu-REAL(Ml)/32768.0 
4940 F1-REAL(M2)/8388608.0 
4950 F-REAL(1-2*Sm)*(Fu+F1) 
4960 Rw-F*2.0A((1-2*Se)*E) 
4970 SUBEND 
4980 ! 
4990 DEF FNint(A) 
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5000 B-SGN(A)*INT(ABS(A)*1.0000000001) 
5010 RETURN B 
5020 FNEND 
5030 
5040 DEF FNFract{A) 
5050 B-A-FNint(A) 
5060 IF ABS(B)<1.E-10 THEN B-0. 
5070 RETURN B 
5080 FNEND 
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Appendix L 

Tunne1 - ve1oc~~y pro~~1e and ~urbu1ence ~e~~~ 

The test channel has been characterized by measuring velocity profiles 

along diametrical lines, and by performing turbulence intensity and scale 

measurements. 

(1) Velocity profiles 

Data on velocity profiles are available from Ref. [75]. Various bulk 

velocities were considered, and the tunnel configurations tested were K- 0 

(no cylinder in tunnel), (i) in dir.l, and (ii) in dir.2 (see Fig. 19 for 

directions identification), and K- 4 with (iii) Gc- 2.0, (iv) Gc -1.5, and 

(v) Gc- 1.0. It is important to note that these velocity measurements were 

effected without a turbulator; nevertheless, they do indicate that the ve

locity distribution is flat in K- 0 cases, and that velocities in the inter

stitial spaces between cylinders (K-4) is somewhat reduced. In spite of 

satisfactory velocity profiles when no turbulator was used, vibration tests 

exhibited fairly strong asymmetry: hence the need to eventually develop an 

effective turbulator. It is believed that since the turbulator utilized has 

solved the symmetry problems (by rendering the flow more uniform), resulting 

velocity profiles should be even flatter than those presented here. 

The Pitot-static tube used is depicted Fig. L-1, together with ~ts sup

port, wall mounting sleeve, connection tubing, and radial positioning slider 

(top part). The only in-tunnel components are the Pitot-static tube itself 

and its horizontal support bar. External dimensions are given in Fig. L-1 

(bottom part); pressure port diameters are 0.081 cm (0.032 in) for the dy

namic one and 0.048 cm (0.019 in) for the six static ones. This probe was 

custom-made, the main component being the commercially fabricated Pi tot

static tube, intended primarily for airflow measurements. It was stiffened 

by adding the (0.635 cm dia.) support jacket, and a special chamber designed 

to accommodate hydraulic connections at the output end; furthermore, a 

slider was incorporated for accurately locating the probe. 
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The very high hydraulic resistance of that probe (small diameter ports 

and conduits) required relatively low displacement pressure transducers (to 

avert very long stabilization delays), precluding the usage of, for example, 

a mercury manometer. Consequently, unbonded strain gage differential pres

sure transducers were used: a ±1 psid STATHAM model PM80TC±l-350 for lower 

velocity ranges and a ±5 psid STATHAM model PM280TC±5-350 for the higher 

velocity ranges. 

The usual expression (Bernoulli's equation) 

ap- ~ P • tl (L.l) 

is used, where ap is the difference between dynamic and static pressures, 

p is the fluid density, and U is the fluid velocity. The average ap is ob

tained from low-pass filtered outputs of the aforementioned transducers 

(signals were also amplified by a factor of lOO); we have (from calibra

tion factors, bridge excitation voltage, and the latter amplification fac

tor): 

(L. 2) 
n-1,2, 

where n- 1,2 represent the ±1 psid and ±5 psid transducer respectively, 

apn and en being input(s) and output(s), and where 

J 216.1 KPajvolt (31.34 psi/volt) , 
G -l n 1243.0 KPajvolt (180.27 psi/volt) (L. 3) 

Figs. (L-2) to (L-6) inclusively depict the measurements. Figs. (L-2) 

and (L-3) show that velocity profiles are nominally flat, in both (orthog

onal) dir.l and dir.2. The boundary layer at the wall is about 1.3 cm (0.5 

in) thick. Figs. (L-4) to (L-6) illustrate the gradual reduction of mid

gap (interstitial, between cylinders) velocity, as cylinder spacing is re

duced; this indicates the extent to which the assumption of uniform veloc

ity distribution is violated. Note that for the higher flow velocities, it 

was impossible to gather data all the way across the tunnel, because of 

cross-flow induced lateral vibration. 



c 

0 

L-3 381 

(2) Turbulence tests 

In this case, tests were conducted both with and without the turbulator* 

(depicted in Fig. 11). Measurements included PSD's as well as autocorrela

tions, from which turbulence intensities and integral scales could be cal

culated, respectively. Of course, conditions "experienced" by the cylinders, 

in vibration testing, are those with the turbulator in place, hence they 

define what shall be considered as tunnel characteristics. 

Turbulence intensities and scales were measured using a TSI hot film 

anemometer model 1054B, together with a model 1231W probe. Fig. L-7 shows 

the probe (vertical) mounted on its holder (horizontal), the latter being a 

0.635 cm (0.250 in) diameter bar which slides within a wall mounted sleeve; 

the probe itself is 0.152 cm (0.060 in) in diameter and 1.270 cm (0.500 in) 

long, and attached to a horizontal stem 0.318 cm (0.125 in) in diameter and 

3.429 cm (1.350 in) in length. The measurement surface (probe tip) is con

ically shaped, and was located 22.1 cm (8.7 in, slightly upstream from the 

cluster mid-point) from the top of the cylinders. Turbulence measurements 

were effected along a diametrical line, at various radial positions, illus

trated in Fig. L-8. One set of tests was conducted with a bundle of four 

rigid cylinders (Gc- 0. 75), and one set without any cylinder (in the latter 

case, radial positions were slightly different). 

Hot film anemometers work on the same principle as hot wire anemometers, 

namely an electric current is circulated through the probe, heating it to 

a temperature above ambient (fluid being measured), and such that its elec

trical resistance and hence its temperature, remains constant (resistance 

is temperature dependent); changes in probe resistance are detected by a 

Wheatstone bridge and fed back to a current control circuit (which changes 

the current in response to bridge unbalances). The bulk temperature of the 

fluid is kept constant, and changes in its velocity past the probe result 

in changes in heat transfer rates (probe to fluid), hence in probe current 

(for constant probe temperature). The heat transfer rate is a function of 

* Intermediate tests, carried out during the development of the turbulator 

itself, will not be presented. 
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the probe itself and the fluid (fixed parameters), and of the fluid veloc

ity (variable parameter), the latter in a non-linear fashion. In situ cali

bration is necessary and the details of that procedure, which is standard, 

will not be covered here. Suffice it to say that, typically, the anemometer 

was calibrated to read 

u-0.6·e, (L.4) 

where u is the dimensionless flow velocity and e the anemometer output vol

tage. Note that, by design, such probes are much more sensitive to velocity 

changes in the direction of the flow, so that fluctuations in the voltage 

e may be assumed to indicate changes in u only. 

We shall review turbulence intensity measurements first, followed by 

those on turbulence scales. 

(a) Turbulence intensity 

The intensity (or level) of turbulence may be defined* as 

1 [ 1 2 2 2 ]1/2 
It - u 3 (u + v + w ) , (L. 5) 

where u is the mean velocity of the flow, and u, v, and w are the three 

(orthogonal) components of velocity fluctuation (the terms in eqn. (L. 5) 

represent their root mean square (rms)), with u being in the direction of 

u. When turbulence is isotropic (generally the case, at "a certain distance 

from screens"*), i.e. 

2 2 2 u -v -w (L. 6) 

then it is sufficient to restrict oneself to fluctuations in the direction 

of the flow, that is, from eqs.(L.S) and (L.6), 

It - ~ [ u2 J 1/2. 

* ~oundaft~Zapefl Theofl~, by H. Schlichting (1979, 7th edition, McGraw 

Hill), P.475. 

(L. 7) 
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For all measurements to be discussed u has been taken as the maximum 

(which is close enough to the average) velocity on a diametrical line; this 

is at the center of the channel when K- 0 (no cylinder), and at about a ra

dial distance (from the center) of 6.35 cm (2.5 in) when K-4 (rigid cylin

ders, Gc- 0. 75). The fluctuating component u has power at frequencies up to 

and beyond 1.6 KHz (the maximum bandwidth utilized here*), but with ever 

diminishing (power) density. Figs. L-9a and L-9b illustrate PSD's for the 

K- 0 case and u- 3, at the center of the channel, and with the turbulator 

in place; various bandwidths are depicted, down to 50 Hz. As we are mostly 

interested in low frequencies (vibration tests), a bandwidth of 2-50Hz has 

been chosen for intensity computation purposes (the low limit was chosen at 

2Hz, to 11 filter out" DC [average velocity] data). 

Experimental turbulence intensities versus flow velocities are shown in 

Fig. L-10; these measurements are for the K- 4 (Gc- 0.75) case, at the 

radial position (from the center) of 6.35 cm (2.5 in), the latter location 

chosen because it corresponds to the peak velocity (arbitrary choice). Note 

that rms velocity fluctuations from which the intensities are calculated, 

generally tend to increase 'with flow velocity (intensities here generally 

decrease because rms values increase more slowly than velocities). As the 

Latter measurements only serve to characterize the tunnel, they are not 

discussed further. 

Fig. L-11 illustrates variations of turbulence intensities with radial 

position (origin is at the channel center), at U:- 3, for three cases: (i) 

no turbulator and K-0, (ii) with turbulator and K- 0, and (iii) with turbu

lator and K- 4 (Gc- 0. 75). The no-turbulator intensities are seen to be 

considerably less than the with-turbulator ones. The uniformity of the for

mer, coupled with flat velocity profiles (presented earlier), nevertheless 

did yield asymmetrical (with cylinder position in the channel) vibration 

PSD's: the main reason is believed to be very large (and probably non-uni

form) variations in turbulence scale, throughout the test channel, although 

* Tests at an intermediate stage of turbulator design indicate power up to 

and beyond 6.4 KHz. 
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this has not been verified experimentally, since turbulator design was 

called for in any case (scale values in this case are available only at two 

points [see below]). Where the turbulator is present, we see that intensi

ties increase gradually as the channel wall is approached. Also, in the 

K- 4 case, it should be noted that intensity levels are higher in the inter

stitial space (between cylinders). 

(b) Turbulence scale 

Single point autocorrelation function measurements were utilized to 

obtain integral times, from which scales could be computed. The integral 

time is defined here as* 

t: 

T - I R(t). dt • 
0 

(L. 8) 

where R(t) is the autocorrelation function of the flow velocity at a point 

(in the channel), t is the time, and t: is the time for the first zero cross

ing of R(t), i.e. 

R(t:)-0, (the first zero of the function). (L. 9) 

The "integraP scale (length) is simply 

L-Ii·T, (L.lO) 

where T is defined in eqn.(L.8), and u is the average flow velocity, at the 

point of interest. 

Fig. L-12 depicts a typical measured autocorrelation function (case with 

turbulator, K- 4, radial position 8. 9 cm (3. 5 in) - see Fig. L-8); here, 

the data obtained was: 

*seeRef. [52]. 

Zero crossing, t:- 28.2 m sec, 

Integral time, T- 6. 51 m sec, 

Local velocity, u- 2.49. i.e. 1. 72 m/sec (5. 64 ftjsec), 

Integral length, L-1.12 cm (0.440 in). 
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Fig. L-13 illustrates turbulence scales, at fixed radial positions and 

with the turbulator in place, versus (average) flow velocity, for both the 

K- 0 and K- 4 cases. The radial positions were chosen (arbitrarily) as those 

corresponding to peak velocities, being at the channel center for the K- 0 

case, and 6. 35 cm (2. 5 in) for the K- 4 test. It can be seen that scales 

are relatively constant (with velocity); also, it should be noted that, in 

all cases, the turbulence scales are a fraction of {less than) the cylinder 

diameter (0.996 in), and conversely, three to nine times greater than the 

pressure transducers tunnel port (1/16 in). 

The variations of turbulence scale with radial position in the channel 

can be seen in Fig. L-14. The two tests shown were conducted with the tur

bulator in place, and for u- 3; note that u itself varies with position. 

It should be kept in mind that, as the anemometer output tended to exhibit 

some DC drift, thereby yielding some uncertainty in the values of (local) 

u, the confidence in the scale values shown in Fig. L-14 is not high; errors 

of the order of 25% are not deemed unlikely. Extensive testing, including 

repeatability, was not thought necessary, as we only wished to evaluate the 

test channel characteristics. An exploratory test on the turbulence scales 

in the K- 0, no-turbulator channel yielded scales of the order of 1.0 cm 

(0.40 in) near the wall, and 7.6 cm (3.0 in) at the center. 

From Figs. L-13 and L-14, it appears that the presence of cylinders in 

the tunnel tends to increase turbulence scales throughout. This increase 

seemingly also occurs for flow near the channel wall (see Fig. L-14)). 
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(1. 70 in) 

0.81 cm 
(0.32 in) 

L-8 

Pitot-static tube, 0 . 305 cm (0.120 in) dia. 

0.953 cm (0.375 in) rad. 

Support jacket. 

0.635 cm (0.250 in) dia. 

Fig.L-1: Pitot-static tube, with support. 
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Fig.L-7 : Hot film probe and support . 
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2.750, 3.438, 3.500, 3.600, 3.700, 3.800, 4.030. 
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Appendix H 

Ing~rumen~ed cy1~nder ca1~bra~~on 

Owing to the fact that the embedded strain gages have a higher modulus 

of elasticity than the surrounding silicone rubber, they resist deformation 

and consequently, indicate a lower strain than would exist were the gages 

not present. 

This effect, that is, the ratio of the expected (theoretically) to the 

measured strains, has been evaluated by calibration of the instrumented 

cylinder(s), as follows. 

Given a modal shape and its amplitude, longitudinal strains (induced by 

bending) can readily be calculated, for any arbitrary point within the cyl

inder. The calibration procedure used here involves forced static deforma

tions, in two different beam modes (neither of which corresponds exactly to 

a freely vibrating clamped-clamped cylinder, in each of the two strain gage 

pair planes (see Fig. 14). 

The two different modes were tested to ascertain that the ratio (of the

oretical to measured strains) is not modal shape dependent. The two strain 

gage pair planes were tested to verify that no asymmetry was present (for 

example, due to a manufacturing defect). 

The two deformation configurations used were (1) a vertically hanging 

cantilevered cylinder with a concentrated lateral load (forced displace

ment) at the free end, and (2) a vertical clamped-clamped cylinder with a 

concentrated lateral load (forced displacement) at mid-span (see Fig. M-1). 

The deflections being relatively small, the effect of gravity was neg

lected. 

Let 

(M.l) 
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where s is the strain ratio, £t is the theoretical (calculated) strain, and 

£m is the measured gages strain. 

We recall (see Fig. 14 and also Appendix M of Ref. [75], and Appendix 

H) that the strain gages are located at a radial distance a from the neu~ 

tral axis of the cylinder and at a distance r·L from its upstream (upper) 

end, where r is a constant and L is the cylinder length: 

a - 1. 00 cm ( 3 . 92 in) , and (M. 2) 

r- 0.1047 . (M. 3) 

The strain gage bridge, for one of the two planes of motion, is shown 

below (exclusive of balancing or amplification circuits*). 

+ 
V 

+ 

e 

Here, v is the excitation voltage, and e is the bridge output 

voltage. Resistors R1 and R3 are the gages themselves, and R are fixed ref~ 

erence precision resistors. 

When the output current of the bridge is negligible,§ we have 

* See Ref. [75] for details on the electronics. 

§ Which is the case here, amplifiers being of high input impedance. 
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(M.4) 

We can write 

R1 - R + SR , and 
(M.S) 

R3 - R- SR, 

since the strains will be of opposite sign (note that SR can be negative) 

and equal. Neglecting second order terms, eqs.(M.4) and (M.S) become 

(M.6) 

Now recall that, 

(M.7) 

is the (strain) gage factor, furnished by the manufacturer; £m is the meas

ured strain. 

If the bridge output is amplified by a factor (gain) of G, then 

e 0 - G· e , (M. 8) 

where e0 is the amplifier output voltage. 

Finally, from eqs.(M.6), (L.7), and (M.8), we may write 

(M.9) 

The theoretical strains for the tested deformation modes are as follows: 

(a) Vertically hanging cantilevered cylinder 

With gravity, including the presence of the lower (light aluminium) cap, 

neglected, we have* 

w 
O'M -z (L- x) , (M.lO) 

where O'M is the maximum (fiber) stress, W is the concentrated lateral load, 

*e.g. see Machtnefl~·~ Mandbaak c19th ed.), by Oberg & Jones, P. 408. 
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z is the beam section modulus, L is the beam (cylinder) length, and x is 

the distance of the point of interest from the fixed end. We also have 

(M.ll) 

where y is the free end (lower)lateral deflection, E is the modulus of elas

ticity, and I is the second moment of area. 

Next, recall the definition of section modulus: 

I z--· c ' 
(M.l2) 

here, c is the maximum distance, in the plane of deflection, from the neu

tral axis. Furthermore, from basic stress-strain relationships, 

E-J:!:... 
£ ' 

(M.l3) 

where u and e are fiber stress and strain respectively. 

Now, the theoretical stress at a distance a (rather than c) from the neu

tral axis is 

and, using eqn.(M.l3), 

From eqs.(M.lO), (M.ll), (M.l2), (M.l4), and (M.lS), we obtain 

3 ay (L- r) 
et 1 - L3 

But, in our case, 

x-r·L, 

hence, the latter, together with eqn.(M.l6), yield 

3 ay (1 - r) 
Ctl- L2 

(M.l4) 

(M.l5) 

(M.l6) 

(M.l7) 

(M.l8) 
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~(b) Vertical clamped-clamped cylinder 

Proceeding in a similar way, we get, for a concentrated load at L/2, 

(M.l9) 

Calibration procedure 

The varied test parameters are y in eqs. (M.l8) and (M.l9), and e0 in 

eqn.(M.9); the other parameters are fixed. 

From eqs.(M.l), (M.9), and (M.18), we have 

(M.20) 

and from eqs.(M.1), (M.9), and (M.19), we get 

12 a f Gv (1 - 4r) .:L 
sz - L2 eo ' 

(M.21) 

where s 1 is the gage ratio based on beam mode 1 testing, and s2 on mode 2 

testing (see Fig. M-1). 

Typical calibration data is shown in Tables M-1 and M-2. The values of 

the fixed parameters were: 

a-1.00 cm 

r- 0.1047 

f- 2.085' 

G- 2000 , * 

(see eqn.(M.2)), 

(see eqn. (M. 3)), 

v- 5.03 volts, and 

1-47.0 cm (18.5 in). 

The gage ratios s 1 and s2 were computed from eqs.(M.20) and (M.21), util

izing mid-range values of e0 ; the latter was to minimize errors due to non

linearity (if high end values of e0 chosen) and DC offsets (if low end val

ues of e0 used). In the case of mode 1 results, e0 averages for positive 

* Note that the gain used for vibration testing was 5000. 



0 

406 

and negative deflections were taken, for y- 2. 54 mm. For mode 2 deflec- · 

tions, the value y-1.27 mm was used. The computed gage ratios are, respec

tively 

s 1 .. 11.65 , and 
(M. 22) 

The two values are remarkably close and strongly suggest that the ra

tios are indeed independent of the beam deflection mode. Note that for 

relatively low radii of curvature at the gage longitudinal location (i.e. 

high cylinder bending iri the vicinity of the gages), for example in combi

nation higher beam modes/deflections, the gages may no longer behave in a 

linear fashion.* The average gage ratio is, from eqn. (M.22), 

s -11.66 . (M.23) 

For a given cylinder, the accuracy of s and linearity (small displace

ments) are estimated to be of the order of 1%. 

For completeness, gage ratios were also measured for different cylinder 

lengths: Fig. M-2 illustrates the variations. The length was varied by cut

ting the cylinder at the lower end, which was tested solely as a vertically 

hanging cantilever (mode 1). It should be noted that the ratio r did not 

remain constant, as the longitudinal distance at the gages from the top was 

fixed, while the cylinder length was varied; hence results not only reflect 

variations in cylinder slenderness (L/D), but also the effect of variations 

of r. 

Remark 

In the latter tests, the ratio s has different values from that of eqn. 

(M.22) because both the type of strain gage used and the silicone rubber 

lot number were different (earlier work on the development of instrumented 

cylinders). 

* Such cases do not occur in actual testing in flow (amplitudes are very 

small. 
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Given a value for the ratio s, the "theoretical" strain, corresponding 

to the actual deflection, can be calculated: from eqs. (M.l) and (M. 9), we 

find 

(M.24) 

For convenience, the known parameters, namely the gage ratio s (cali

brated), the gage factor f (gage manufacturer's data), and bridge excita

tion voltage (fixed power supply) are lumped into a single constant, here 

called gage coefficient: 

s 
Co- fv. (M.25) 

Two* instrumented cylinders were manufactured and individually cali

brated; their gage coefficients were found as 

(eo ) 1 ""1.11 (volts) -1 , 

(c0 ) 2 ""1.18 (volts)-1 

Finally, from eqs.(M.24) and (M.25), we obtain 

eo 
e - 2·c · -t o G 

(M.26) 

(M.27) 

*A 52.0 cm (20.5 in) cylinder has also been manufactured, but has not been 

used here; it had a c0 value of 1.40 (volts)-1. 
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Deflection y y eo eo/Y eo/Y 

plane (mm) (lo-3in) (m V) (mV/mm) (mV/0.050 in) 

1 0.00 0 0 

1.27 50 138 108.7 

2.54 100 279 109.8 

3.81 150 419 110.0 

5.08 200 559 110.0 

0.00 0 -2 

1 0.00 0 0 

1.27 50 -133 104.7 

2.54 100 -273 107.5 

3.81 150 -411 107.9 

5.08 200 -549 108.1 

0.00 0 0 

2 0.00 0 0 

1.27 50 137 107.9 

2.54 100 278 109.4 

3.81 150 417 109.4 

5.08 200 555 109.3 

0.00 0 7 

2 0.00 0 0 

1.27 50 -141 111.0 

2.54 100 -278 109.4 

3.81 150 -414 108.7 

5.08 200 -551 108.5 

0.00 0 -4 

Table M-1: Strain gage response, deflection mode 1. Silastic E 

(lot# QL119778), L-47.0 cm (18.5 in). 

138.0 

139.5 

139.7 

139.8 

133.0 

136.5 

137.0 

137.3 

137.0 

139.0 

139.0 

138.8 

141.0 

139.0 

138.0 

137.9 
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Deflection y y eo eo/Y eo/Y 

plane (mm) (lo-3in) (m V) (mV/mm) (mV/0.050 in) 

1 0.00 0 0 

0.64 25 365 570.3 

1.27 50 730 570.3 

1. 91 75 1089 567.2 

2.54 100 1447 565.2 

0.00 0 8 

1 0.00 0 0 

0.64 25 -362 565.6 

1. 27 50 -724 565.6 

1. 91 75 -1085 565.1 

2.54 lOO -1442 563.3 

0.00 0 -8 

2 0.00 0 0 

0.64 25 356 556.3 

1.27 50 710 554.7 

1.91 75 1064 554.2 

2.54 100 1415 552.7 

0.00 0 -2 

2 0.00 0 0 

0.64 25 -351 548.4 

1.27 50 -706 551.6 

1. 91 75 -1059 551.6 

2.54 100 -1409 550.4 

0.00 0 1 

Table M-2: Strain gage response, deflection mode 2. Silastic E 

(lot# QL119778), L=47.0 cm (18.5 in). 

730.0 

730.0 

726.0 

723.6 

724.0 

724.0 

723.4 

721.0 

712.0 

710.0 

709.4 

707.6 

702.0 

706.0 

706.0 

704.6 
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L 

Mode 1 

L ~-~~~~--- - - ---

Mode 2 

Fig. M-1: Deflection modes (forced displacements) for tests on imbedded 

strain gage response - instrumented cylinder calibration. 
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Appendix If 

Pressure measurements were made at the wall of the test channel, at two 

opposite points on a diametrical line. A pair of pressure transducers (in 

this case, STATHAM model PMSTC) can be seen mounted in Fig. 1, at mid

length. Ideally, DC coupled transducers of high sensitivity and reasonably 

high bandwidth would have provided measurements covering the complete range 

(of frequencies) of interest; unfortunately, the available DC coupled trans

ducers (STATHAM unbonded strain gage, model PMSTC) had a fairly low natural 

frequency (about 40Hz), and that problem was compounded when measurements 

were for water (transfer function tests are presented below). Hence, basic 

pressure tests were conducted with hydrophones (PCB, model 106B), which are 

AC coupled with a low frequency -5% point of 0.5 Hz; the latter are pre

sented in Chapter 4. 

This Appendix shall cover the following: (i) basic theoretical calcula

tions to predict the frequency response of both types of transducers used, 

(ii) transfer function tests for investigating the effect of reducing the 

pressure port diameter, inclusive of second order system curve fits, (iii) 

presentation of tests on tunnel acceleration induced pressures, together 

with a method for correcting the measured differential pressure PSD, (iv) 

comparison of the latter method to the one used in the main measurements 

(single point pressures), and (v) presentation of the pressure measurements 

made with the STATHAM transducers (to investigate pressure PSD's near zero). 

The two hydraulic configurations used (channel wall mounting) are de

picted in Figs. N-1 and N-2, for the PCB microphones and the STATHAM trans

ducers, respectively. Both mountings were designed with hydraulic pressure 

losses minimization in mind. The test chamber used for transfer function 

measurements is depicted in Fig. N-3; note that its hydraulic configuration 

at the transducer is very close to that found in the tunnel (when the 

0.159 cm dia. "pill" in used). The bleed valve (top chamber port) and pres

sure source (bottom chamber port), the latter consisting in a diaphragm con

nected to a shaker, are not shown in this Figure. 
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(1) Basic theoretical calculations 

An estimate of the natural (undamped) frequency of a pressure transducer 

and attached tube may be estimated from the relationship* 

-1/2 

l ' (N.l) 

where, 

wn is the natural (undamped) frequency of the transducer/tube system, 

wt is the transducer's natural frequency (in air), 

cvp is the transducer's volume change per unit pressure coefficient, 

p is the fluid density, 

L is the tube length, 

d is the tube diameter. 

In the case of N cascaded tubes, we shall use the equation 

~n- [ 
1 16 p cvp 

--2 + 311 
wt 

(N.2) 

where LJ and dj are length and diameter of the jth tube. 

At this point, we require: (i) The geometry (hydraulic configuration) of 

the tubing system; this will include the internal pressure chamber in the 

case of the STATHAM transducer, since its diaphragm is not on the outside 

(as is the case for the PCB microphone) and since wt is measured in air 

whether the fluid of interest here is water. All pertinent geometrical pa

rameters are illustrated in Figs. N-1, N-2 (water tunnel), and N-3 (test 
3 3 chamber). (ii) The fluid (water) density; its value is l.Ox 10 Kgm/m 

(62.4 lbm/ft3
). (iii) The transducer's natural frequency (in air) wt; the 

value for the PCB microphone is given in its specifications, namely 60 KHz, 

but in the case of the STATHAM transducer, it had to be measured (by observ

ing its response to a step change in air pressure). This latter value was 

* Mea~ment ~~~tem~-Apptlcatl~n and de~l~n, by E.O. Doebelin (1975, 

McGraw Hill), P.396. 
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found to be about 40 Hz. (iv) Finally, the volume "swept" by the diaphragm 

for a unit change of pressure is required; the value being relatively large 

for the STATHAM transducer, it could be measured directly, using a water 

filled pipette (and, of course, transducer· pressure chamber as well) to re

cord volume changes. Air pressure was varied at the pipette open end and 

its change measured by the transducer itself. The value (Cvp) was found to 
·8 3 ·2 3 be 6. 2 x 10 m /KPa (2. 6 x 10 in /psi). In the case of the PCB microphone, 

calculations had to be performed; the approach makes use of the acceleration 

sensitivity of the microphone (a parameter given in its specifications), as 

follows. 

We model the pressure transducer (PCB microphone) as a spring-mass sys· 

tem (diaphragm & piezoelectric element assembly), as illustrated below. 

pressure P · · · · 

~ . . K 

Note that D.::r is the effective piston area, where Deft: <D, the diame

ter of the diaphragm. 

From (PCB) specifications, 

D-1.10 cm (0.435 in), 

wt - 60 KHz , 
-2 

C8 - 1. 38 x 10 KPa/g (0. 002 psi/g) , 

l 
I (N.3) 

the latter coefficient being the transducer's acceleration sensitivity, 

where g is the acceleration due to gravity (9.8 mjs2
, or 32.2 ft/sec 2 ). 
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The d' Alembert force on the "piston", due to an acceleration a, is the 

apparent pressure divided by the "piston" area, that is 

(N.4) 

where A8 u is the effective ("piston") area. 

That force is also equal to that required to accelerate the "piston", 

namely 

f-m·a. 

Equations (N.4) and (N.S) simply yield 

Recall the elementary relationship 

2 
K-m· wt , 

which combined with eqn.(N.6), yields 

The basic definition of the coefficient Cvp is simply 

i.e. the ratio of volume to pressure changes. Therefore, 

A• ff . L1x f A. ff 
Cv P - L1P - A8 r. f • K · f , or 

2 

(N.S) 

(N. 6) 

(N. 7) 

(N.8) 

(N.9) 

Aeff 
Cvp - K (N .10) 

Finally, combining eqs.(N.8) and (N.lO), we obtain 

(N .11) 

The only unknown is A8 u. The latter must be a fraction of the actual 

diaphragm area, that is 

11 2 A -c·A-c·-·D eff 4 • (N.l2) 

where O<c< 1. 
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As the value of c is unknown, it will be estimated by assuming that the 

diaphragm (PCB) deflects as a spherical segment, as illustrated below. 

--- D 

From elementary geometry, as h/r-+ 0, we find 

c -1/2 . (N.l3) 

Equations (N.3), (N.ll), (N.l2), and (N.l3) yield an estimate for Cvp 

for PCB microphones: 

-13 3 ·7 3 Cvp ... 2. 37 x 10 m /KPa (1.01 x 10 in /psi). (N.l4) 

Note that this is about 260,000 times the value for the STATHAM trans-

ducer. 

We are now ready to perform the basic estimates for resonant frequencies 

of transducer (STATHAM or PCB) - "tubing" systems (test chamber or tunnel 

wall). First, we shall examine the case of the PCB microphone in the test 

chamber, using the "pill" (see Fig. N-3) with the 0.159 cm (1/16 in) diam

eter hole (this is later selected as the port size for the tunnel itself). 

Note that the other diameters used are 0.079 cm, 0.119 cm, 0.238 cm, and 

0.318 cm (1/32 in, 3/64 in, 3/32 in, and 1/8 in). The hydraulic configura

tion of the circuit of interest can be seen in Fig. N- 3: we have L1 - 0.11 

cm and d1 -l.ll cm (see Fig. N-1), a tapered section, and~ •0.269 cm (see 
2 table in Fig. N-3) and d2 •0.159 cm. Since ~/d2 - 10.64 cm·l, is much 

larger than L1 /d{- 0.09 cm· 1 , we shall neglect the latter, as well as the 
3 3 tapered section. From eqs. (N. 2), (N. 3), (N .14), and p- 1. 0 x 10 Kgm/m 

(water), we get 
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wn ""7600 Hz . (N.15) 

Tests conducted in the chamber (to be reviewed shortly), with one PCB 

microphone as reference (see Fig. N-3), yield a lower value (in this case, 

about 3100Hz); this is not unexpected, as eqn. (N.2) is only an approxi

mation, and damping is not taken into account. Furthermore, as shall be 

seen, some air left in the system can easily degrade response. Nevertheless, 

the calculated value (eqn. (N.l5)) is useful in the sense that it confirms 

that the value of Cvp of eqn. (N.l4) is of the right order of magnitude. 

Since the hydraulic configurations of both the test chamber and the 

tunnel wall mounting are similar, and because the frequencies of interest 

for tunnel pressure measurements are at most a few hundred Hz, calculations 

for the PCB microphone when mounted at the channel wall will not be carried 

out. 

Now, we proceed by evaluating wn for a STATHAM transducer mounted in the 

test chamber, using a "pill" of 0.159 cm diameter. The purpose served will 

be similar to that for the PBC. The hydraulic configuration of interest can 

be obtained by inspection of Figs. N-2 and N-3: L1 -0.38 cm and d1 -3.81 cm, 

La- 0.38 cm and d2 '"'0.6 cm, ~- 3.98 cm and d3 - 0.48 cm, L4 - 0.11 cm and 

d4 -1.11 cm, and L5 - 0. 269 cm and d5 - 0.159 cm* (the fourth and fifth data 

pair are taken from Fig. N-3). 

We obtain 

(N.l6) 

The experimentally obtained value is actually higher, at about 13 Hz. 

One would have expected a lower value since damping is ignored in the 

calculation; at least, the values are of the same order of magnitude. We 

shall rely on test chamber calibrated values (but calculations do indicate 

that the STATHAM characteristics [Cvp and wt] are roughly correct). 

* The taper is omitted. 
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(2) Transfer function measurements 

The test chamber depicted in Fig. N-3 was used to perform frequency 

response measurements on both PCB microphones and STATHAM pressure trans

ducers; as shown, the chamber is set up with the reference transducer on 

the right-hand side (PCB microphone with no "pill") and a PCB microphone on 

the left, with a "pill" having a pressure port of 0.159 cm (1/16 in) in di

ameter. The chamber was designed to allow easy interchange of "pills". 

Two series of transfer function tests were conducted, one involving a 

PCB microphone, the other a STATHAM transducer. In both cases, the ref

erence transducer was a PCB microphone, with no "pill". In each case, 

transfer function measurements were made with (i) no "pill", and (ii) with 

a choice of up to five "pills"": the respective sizes of pressure port (see 

Fig. N-3) diameters were 0.079 cm, 0.119 cm, 0.159 cm, 0.238 cm, and 0.318 

cm (in inches, those dimensions are 1/32, 3/64, 1/16, 3/32, and 1/8). Note 

that Fig. N-3 illustrates the setup for a PCB transducer with an insert of 

0.159 cm (1/16 in). 

Fig. N-4 illustrates results for a STATHAM transducer. In addition to 

the no "pill" case, tests were carried out with 0.318 cm, 0.238 cm, 0.159 

cm, and 0.079 cm port diameters (it was felt unnecessary to conduct a test 

with the 0.119 cm "pill"). By inspection, we see that with the 0.159 cm 

(1/16 in) dia. port, the resonant frequency is already down to about 13.0 

Hz, with a fair increase in damping from the no "pill" case. For the 0. 079 

cm (1/32 in) dia. port, the system is highly damped. To verify the exist

ence of second order behaviour, the test data were curve fitted (theoretical 

second order system); this is shown in Figs. N-Sa toN-Se. To allow util

izing the STATHAM transducers for near zero frequency measurements (recall 

that the PCB's may be used down to about 0.5 Hz), it was decided to use a 

0.159 cm (1/16 in) port (which involved drilling the tunnel wall). Repeat

ability was adequate, especially considering that the STATHAM measurements 

are meant to investigate pressures only near zero frequency (in a bandwidth 

only about a tenth of resonance), and coherence was close to one. 
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Remarks 

(1) Results near DC are not reliable, because the reference PCB micro

phone is not DC coupled. This is unimportant as we can safely assume that 

the STATHAM transducer response there is unity (magnitude of 1 and phase 

of 0). 

(2) The no "pill" hydraulic configuration is very similar to the one 

shown in Fig. N-2; only the pressure port area differs slightly in the test 

chamber (that configuration is depicted in Fig. N-3). 

Measurements of PCB microphone transfer functions proved much more dif

ficult: this is attributed to the considerable effect of even small air 

bubbles on the microphone side of the pressure port - with no air present, 

virtually no "flow" is required through the port when pressure changes, 

owing to the extremely low Cvp of the microphone (this effect is much less 

important for the STATHAM as the required "flow" is much larger; recall the 

Cvp ratio of 260, 000) - but the effective Cvp can be increased signif

icantly when air is present. 

Therefore, only tests to model the chosen port diameter, namely with the 

0.159 cm (1/16 in) diameter "pill", are reported here. In any case, the low

est measured resonant frequency is about 2400 Hz (presence of air is sus

pected), which is much higher than the highest frequencies of interest here 

(at most a few hundreds of Hz). Fig. N-6a illustrates the rather poor re

peatability of the measured transfer function (0.159 cm "pill"), and Fig. 

N-6b shows the corresponding coherences. The range of lowest resonant fre

quency is from about 2400 Hz to about 3400 Hz; more air (on the microphone 

side of the "pill") will lower the resonant frequency, hence we could con

sider 3400 Hz as a lower limit for the actual resonant frequency of the par

ticular microphone/"pill" combination, were it not for the odd behaviour 

of the corresponding coherence (which may indicate a problem with the ref

erence transducer). The "blue" coherence being fairly high, we shall con

sider 3100 Hz as the lowest limit for the resonant frequency (note that air 

may be present even in this latter case). 
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We may safely state that the frequency response of PCB microphones, when 

mounted at the channel wall (0 .159 cm pressure port), is flat over the 

range of interest (<<3100Hz). 

(3) Acceleration induced pressure 

As mentioned in Chapter 2,* differential pressures (across a diametrical 

line, at the channel wall) will be induced by tunnel accelerations (along 

the said diametrical line). The tunnel cross-section is illustrated schemat

ically below~ 

Cylinder(s) 

Channel (cross-section) 

,.--, i"" '"''\ 
' .. ) '~-' 

Pressure transducer 1 Pressure transducer 2 

A channel acceleration, a(t), will result in a pressure gradient in the 

fluid, say -dp4 (t)/dx, where Pa (t) is fluid pressure and x the distance 

along the diameter. The pressure difference between points 1 and 2 (due to 

the acceleration of the tunnel) is simply 

Pa (t)- p • De · a(t) , (N.l7) 

where p is the fluid density and De is the channel diameter. 

A test was conducted to ascertain that tunnel motion had a negligible 

effect on measured pressures. A preliminary test confirmed that shell modes 

were virtually non-existent in the tunnel (i.e. accelerations at points 1 

and 2, in the diametrical direction shown, were the same). Hence, the read

ing from only one accelerometer was retained for analysis. The outputs from 

*See the end of Section (c). 
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pressure transducers (PCB microphones) at points 1 and 2 were electrically 

subtracted, to yield the differential pressure.* 

First, the applicability of eqn. (N.l7) was confirmed by measuring "back

ground" differential pressure and acceleration, at U- 0 (no flow); the 

latter condition was chosen so as to obtain high values of coherence. The 

top part of Fig. N-7 shows PSD's for both (differential) pressure and accel

eration; the analysis bandwidth was chosen as 12.5 Hz, which is about 80 

dimensionless units (the range most commonly utilized for main vibration 

data is 75). The density scales are set to correspond to eqn. (N.l7). The 

bottom part depicts the corresponding coherence. It can be seen that, where 

coherence is near unity (i.e. nearly all of the pressure signal is due to 

tunnel motion), agreement is excellent. 

Next, a technique similar to that described in Chapter 2 may be used to 

remove the part of the (differential) pressure due to tunnel motion: the 

relevant equation is§ 

2 
Gd (0)- (1 • 'Yda (O)) • Gmeas (0) • (N.l8) 

where Gmeas(O) and Gd(O) are the measured and computed (differential) pres

sures respectively, and 1'! 8 (0) is the coherence function (between the dif

ferential pressure and the acceleration) . This method is illustrated in 

Fig. N-8: The earlier u- 0 (u- 0) case is shown on top and a typical case, 

at u- 2. 0, is shown on the bottom (the clipped peak corresponds to the 

tunnel circulation pump rotation frequency, the latter inducing channel 

motion). 

The technique used in Chapter 2, to compute differential pressures, will 

automatically remove the acceleration induced pressures, as they are fully 

correlated, between pressure points 1 and 2. 

* As these measurements are not part of the main work of this thesis, 

details on instrumentation are not given. 

§ The derivation technique is similar (and simpler) than that used in 

Chapter 2. 
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We close with the following remark: Because the cylinder density is 

different from that of the fluid, some net cylinder motion excitation will 

occur due to tunnel accelerations (discussed in detail in Chapter 2), but 

removal from the measured differential pressure is still effected for three 

reasons: (i) measured accelerations together with cylinder/fluid density 

differences indicate only small motion excitation due to tunnel accelera

tion, (ii) channel acceleration PSD's show significant power only a very 

few (usually only one) discrete frequency points, and (iii) there is no 

evidence of increased power at those discrete points, in the measured vi

bration PSD's. 

(4) Comparisons - methods of pressure PSD correction 

The method used for correcting the measured pressure PSD's, detailed in 

Chapter 4, is meant to remove not only the acceleration induced pressure 

part (from the total differential pressure PSD), but also effects of fluc

tuations of static pressure (which includes plane acoustic waves). Whereas 

the method described in Section (3) above utilizes the directly measured 

differential pressure (which, when transducer gains are "perfectly" matched, 

does not include any effect of fluctuating static pressure), together with 

the test channel acceleration and corresponding coherence, the "main" method 

uses the two single point pressures, and corresponding coherence. The latter 

method has two advantages over the former one: (i) tunnel acceleration need 

not be measured, and (ii) transducer gains do not require very close match

ing. Typical results are shown in Fig. 9, and this single comparison will 

suffice to evaluate both methods. The top part depicts the single point 

PSD's, together with the corresponding coherence function; this is to il

lustrate the fact that the level of single point pressure PSD' s is much 

higher than the one for the differential pressures (bottom part) , which 

confirms the need for closely matched gains when differential pressure is 

obtained directly from the difference between the pressure signals. The 

bottom part illustrates differential pressure PSD, computed from both 

methods. It can be seen that results are very similar (especially when one 

considers the power levels found in the single point pressures), with ex

ceptions near 2 Hz: It appears that the analog (voltage) subtraction of the 

pressure signals has yielded an error in the resulting differential pres-
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sure PSD. Note that the differential pressure PSD stemming from the single 

point pressures has a more constant value, which is assumed to reflect more 

accurately the true PSD. A series of such comparisons does suggest that 

PSD's are indeed flat, which confirms that the single point pressures method 

is the best one (the alternate method always possesses local peaks). Note 

that acceleration induced pressures are properly corrected by both methods 

(i.e. they are absent from the differential PSD's in Fig. 9). The pressure 

measurements were effected with four* rigid cylinders at Gc- 0. 75, using the 

PCB transducers; the mid-range value of u- 3 is shown in Fig. 9. 

(5) STATHAM measurements 

To investigate near-zero frequency behaviour of wall pressure, the DC 

coupled STATHAM pressure transducers were used. This complements the main 

measurements which were effected with AC coupled (-5% @ 0.5 Hz) PCB micro

phones. In each case (STATHAM or PCB), tests were conducted for three dif

ferent values of K, namely 0 (no cylinder in the test channel), 4, and 28 

(rigid cylinders). Each test included ten values of dimensionless flow ve

locity (u), which were 0.5 to 5.0, in 0.5 increments. 

The K- 0 and K- 4 tests yielded very similar results,§ hence, the K ... 4 

data is not presented here (K- 0 data can be compared with pipe flow re

sults available in the literature). Fig. N-lOa illustrates differential 

pressure PSD's computed from measured point pressuret PSD's and correspond

ing coherence (the method used is detailed in Chapter 2), for the K- 0 case 

(no cylinder in the test channel). Fig. N-lOb is the single point pressure 

dimensionless PSD equivalent (see eqn.(2.340)) of Fig. N-lOa, to allow com

parisons with PCB transducers data [Chapter 4]. Figs. N-lla and N-llb depict 

the same information, but for the K ... 28 case. 

* Results are almost identical to the K- 0 case (for which no tunnel 

acceleration measurements were made). 

§ See Chapter 4 for comparisons of PCB results. 

t Single point, as opposed to differential (two-point) pressure. 
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It should be kept in mind that the STATHAM transducers were used only 

to investigate pressure PSD' s at frequencies near DC, as the PCB micro

phones are AC coupled. Both tests (K- 0 and K- 28) suggest that PSD's are 

basically flat at very low frequencies. This information has been utilized, 

in Chapter 4, to extrapolate the PCB measurements. 

Typical point pressure PSD's and coherence are shown, for the u- 3 runs, 

for both the K-0 and K-28 cases, in Figs. N-12 and N-13 respectively. Only 

the K- 0 case exhibits excellent symmetry and high coherence: this is be

lieved to stem from the absence of "interfering" cylinders between measure

ment points, which occurs in the K- 28 case. 
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Fig. N -lOa: Differential pressure PSD' s, for K • 0, versus flow 
velocity. In descending order, u- 5. 0 to 0. 5, in 
steps of 0.5. Colour sequence: RED, GREEN, BLUE, 
BLACK. 

<:; Note: Last trace of each plot is repeated in the next. 



c 

c 

...... 
I 12 -
"" 'f 

9 

0 
- 6 

Q 3 
(I) 
11.. 

N-29 

0o~~-J--1~5--~-L-3~0--~~--4~5~--~-6~0--~~~75 

FREQUENCY {-} 

6--~-,--~-T--.--r--r-.--.--.--.--r--r~r-~ 

...... 
I -

CO 

5 

4 

I 3 
0 -- 2 
Q 
(I) 1 
a.. 

0o~J_~--~~5~--~-3~0~--~-4~5~~~-6~o--~~~75 

FREQUENCY {-} 

3.0~~·~--T--r-..-,--.--.--.-.--.--.--r-m-~ 

...... 
I -

CO 

2.5 

2.0 

'o 1.5 -'-' 1.0 
Q 
(I) 0.5 
a.. 
o.o~~ao~~~~~~~~~~~~~=d~ 

0 15 30 45 60 75 
FREQUENCY {-} 

Fig.N-lOb: PSD's, dimensionless single point pressure 

equivalent of Fig. N-lOa data. 

440 



c 

(KPa) 2 /Hz 

-(0 
I 
0 --
Q 
U) 
a. 

N-30 

150 

100 

so 

0~~~-L~~~~~-L~~~~~~~~~~~~~ 

0.0 2.5 5.0 7.5 10.0 
2 (KPa) /Hz FREQUENCY <Hz) 

-(0 

120 

'o so --
Q 
U) 

so 

a. 30 

0~~~~~~~~~~~~~~~ 
0.0 2.5 s.o 7.5 10.0 12.5 

(KPa)2 /Hz FREQUENCY {Hz) 

-tO 
I 
0 --
Q 
U) 
a.. 

0~~~~~~~~~~~~~~~~~~ 
0.0 2.5 s.o 7.5 10.0 12.5 

FREQUENCY <Hz) 

441 

Fig.N-lla: Differential pressure PSD' s, for K- 28, versus flow 
velocity. In descending order, u- 5. 0 to 0. 5, in 
steps of 0.5. Colour sequence: RED, GREEN, BLUE, . 
BLACK. 

C Note: Last trace of each plot is repeated in the next. 
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Appendix 0 

As for vibration PSD's, measured pressure power spectral densities ex

hibit (non-repeatable) rapid fluctuations about the "mean". These pressure 

PSD's are to be utilized as empirical inputs to the theoretical model, and 

to keep the resulting theoretical PSD's "smooth", for easy differentiation 

with experimental data, those fluctuations were filtered out prior to their 

use (in the theory). Note that only the "mean" values are of interest here, 

as fluctuations likely stem from experimental error (in any case, having 

kept the pressure data intact would have made theoretically computed data 

more similar to the measured vibration PSD' s, albeit more difficult to 

distinguish from the latter). 

As all data was stored in digital form, the most natural way to process 

the information was by using a digital filter. In fact, techniques such as 

analog filtering would not have been possible, as they introduce phase 

shifts in the signal, clearly unacceptable for PSD's. Such problems can be 

readily compensated for in digital filtering, by following a forward pass 

by a rearward one (this technique, which may or may not be standard in 

other fields, was suggested to me by Mr. Bill Mark, of our research group). 

Following are the details of the particular algorithms used in this case. 

In [76], P. 297, the recursive relationship for a low pass RC filter is 

Yn- (1- a) Xn +aYn-1 • (0.1) 

where Yn is the output corresponding to the input Xn (and is also a func

tion of the previous output, Yn- 1 ). The parameter a is defined as 

-Llt/RC a-e , (0.2) 

where at is the sample point "time" (in this case frequency) spacing, and 

RC is a "time" constant. The (dimensionless) parameter a will be assigned 

a value based on trial and error (to be illustrated graphically shortly). 
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Multiple (in forward-rearward pairs) passes shall be used, which is the 

equivalent of a cascaded, hence higher order filter. The number of passes, 

as for the parameter a, is also determined by trial and error. 

Before filtering can be effected on a given PSD trace*, a scheme has to 

be devised for handling data at both ends: for example, for data point num

ber one (zero frequency in this case), namely x1 , there is no y1 _ 1 data. 

This problem could be circumvented by starting the filtering procedure at 

point two, in which case x1 - y2 _1 - y1 and x2 are both available to compute 

y2 , but this produces two problems, specifically (i) the next pass has to 

start at point three, since there is no new data at point one (and so on for 

subsequent passes), and (ii) large DC offsets (zero frequency) caused by 

voltage drifts produce unwanted (nonexistent) signal power at low frequen

cies. Particularly in view of solving the latter problem, an extrapolation 

scheme was devised, as detailed below. 

First, it must be noted that pressure data obtained from measurements 

with DC coupled pressure transducers indicate that PSD levels are essen

tially constant near zero frequency. Moreover, because of superior charac

teristics, such as higher bandwidth and stiffness, hydrophones were used 

for final measurements; but the latter, being AC coupled, do not yield data 

at very low frequencies. Therefore, the extrapolation scheme to be used 

should tend to produce constant PSD's at low frequencies. Finally, it was 

found (to be seen graphically shortly) that the same scheme worked well at 

the upper end also, as the data there usually changes slowly and monoton

ically. 

To recap, the desired trace values near the ends must: (i) have values 

close to those slightly away from the ends, and (ii) have a slope matching 

that slightly away from the ends. This can be accomplished fairly effect

ively by extrapolating as follows: 

* Exactly the same procedure would apply for a time trace. 
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Let the original data points vector be X(I), I- O,N. Let each extrapo

lated point be such that the generated traces (at each end) are the in

verted (pivoted about the end point(s)) mirror image of the main trace, as 

illustrated below. 

/ 
x 

-4 

/ 
/ 

/ 

x 

-3 

Therefore, we have 

;r-_ 
/ ... , 

/ ' 
/ ' 

/ ' 

-2 -1 

X(-I)- 2 · X(O)- X(I) , 
I-1,2, ... ,M, 

for the lower end, and 

X(N +I) - 2 · X(N) - X(N- I) , 

0 

' / ' / ' / x...... / .... ....,(. 

1 2 

I-1,2, ... ,M, 

~ 

3 

/ 

/ 
/ 

/ 

){ 

4 

(0.3) 

(0.4) 

for the upper end. The constant M represents the number of extrapolated 

points (taken as equal atboth ends). 

If we let the number of passes (forward and rearward) be P, we may now 

summarize the method. 

SUMMARY 

Given a set of data points X(I), I= 0,1, 2, ... ,N to be filtered. 

(i) Set the parameter a (0 <a< 1), which basically determines the low pass 

cutoff "frequency" (when data is versus "time"), 

(ii) Set the number of extrapolated points, M. Recall that this applies at 

both ends. 
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(iii) Set the number of passes, P. This is equivalent to cascading filters, 

yielding sharper cutoffs. 

For each pass, the computation procedure is: 

(a) New points are defined, at each end, using eqs.(0.3) and (0.4). 

(b) Forward filtering is effected, utilizing eqn.(O.l), sequentially, for 

n- (-M+ 1) to n- (M+ N) [n incremented]. 

(c) This is followed by rearward filtering, for n =- (M+ N- 1) to n- (-M) 

[n decremented]. 

Note that a new set of extrapolated points is generated at each (for

ward/rearward) pass. 

Original and filtered data are presented in Chapter 4, Section (b). 

Remark 

The data to be smoothed stems from measurements with AC coupled PCB pres

sure transducers, which yield unreliable low (near zero) frequency data: an 

extra parameter shall be used to determine the index below which data is to 

be extrapolated, as follows 

X(I)- X(B) , (0.5) 
I-O,l,2, ... ,B. 

B is the new low frequency extrapolation parameter. Its value is based 

on measurements with DC coupled STATHAM pressure transducers (see Appendix 

N). 
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• 

• Fig.l: Typical cylinder bundle in test channel . 
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Fig.2: Forces and moments balance on an element of cylinder, 
in the x-y plane. 
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Fig.7: Lateral coordinate system. 

Note: the longitudinal system (x-axis) points 
into the page. 
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Follower (the bottom part of this 
schematic represents the 
control section). 

Fig.9: Pressure follower . 
Note: The shaded area shows water filled regions. 
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Array (holes in acrylic, top): triangular. 
Center to center distance: 3.53 cm (1.39 in). 
Holes diameter: 1.59 cm (5/8 in). 
Thickness: 0.95 cm (3/8 in). 
Major diameter: 20 . 3 cm (8.0 in). 

Mesh pattern: 
(metallic, bottom) 

0.16 cm (1/16 in) wire, 
0.42 cm (0.165 in) spacing, 
0.47 cm (0.185 in) weave thickness. 

Stages spacing (inner surfaces): 13.8 cm (5.43 in). 

Fig.ll: Turbulator . 

459 



c 

0 

Main body, 
microphone 

~o' 

: 
Gasket .: 

460 

1.11 cm 
Meas. Dia . 

.. ···surf. (7 /16 in) 

in) 

Channel 
wall 

0.25 cm 
(0.100 in) 

0.27 cm 
(0.108 in) 

0.064 cm 
____,........,.,.__ (0. 025 in) 

Fig.12: Hydrophones mounting, channel wall. 



461 

• 

• Fig.l3: Assembled cylinder cluster . 
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Thickness: 0.95 cm (3/8 in). 

O.D.: 20.47 cm (8.06 in). 

Fig.l4: Top support (brass} for 28-cylinder cluster. 

Note: The bottom support is similar. 
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Fig. 2lb: Data of Fig. 2la, replotted to double the PSD scale 

of Fig. 20a, for comparisons (at low frequencies). 
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The dotted traces are expansions of the solid ones; 
·10 •I •I scales are , fr011 top: 3 . 0 x 10 , 8 . 0 x 10 , 1. 2 x 10 . 
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Fig.33a: Measured vibration PSD's for K-4, Gc-0.75, 4F, 
Radial direction, versus flow velocity. In descending 
order, u- S. 0 to 0. S, in steps of 0. S. Colour sequence: 
RED, GREEN, BLUE, BLACK (lowest trace of each plot is 
highest of the next one). 
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Fig.35a: Measured (RED) and theoretical (GREEN) vibration PSD's 
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Fig.35b: Measured (RED) and theoretical (GREEN) vibration PSD'• 
for K- 4, Gc- 0. 75, 4F, Tangential direction. 

The dotted traces are expansions of the solid ones; scales are, 
-10 -• -e from top, (RED): 3.0xl0 , 8.0xl0 , 1.2xl0 , 

·• -7 -e (GREEN): 2.0xl0 , 1.8xl0 , 4.0xl0 . 
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Effect of the number of comparison functions used in the 
theory,* on vibration PSD's. Test case: K-4, Gc-0.75, 4F, 
u- 3. Note the higher bandwidth used. 
Values: N • 5 (RED), 3 (GREEN), 2 (BLUE). 

The dotted and dashed traces are expansions of the solid 
•7 ·8 ones; scales are 3.0x 10 and 4.0x 10 respectively. 

* Earlier values of c - 0 and ct - 0. 027 used here. 
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case: K- 4, Gc- 0. 75, 4F 1 u- 3. Note the higher bandwidth 
used. 
Values: N- 5 (RED) 1 3 (GREEN), 2 (BLUE). 

* Earlier values of c - 0 and cf - 0. 027 used here. 



0 

--
:c 
0 
u 

-C) 
Q) 

"C -
L&.J 
(J) 
a: 
:c 
a. 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 
0 

270 
1-
1-

180 1-
1-
1-

90 1-

1-
0 

-90 r-
fo 

-180 1-
fo 

-270 
0 

Fig.40c: 

I 

502 

30 60 90 120 150 

FREQUENCY {-) 

I I I I I I . I . 

-. 
-. 
-
. -

I I I I 
. 

30 60 90 120 150 

FREQUENCY {-} 

Effect of the number of comparison functions used in the 
theory,* on coherence function and phase, R·R (1,2). Test 
case: K- 4, Gc- 0. 75, 4F, u- 3. Note the higher bandwidth 
used. 
Values: N- 5 (RED), 3 (GREEN), 2 (BLUE). 

* Earlier values of c- 0 and cf - 0. 027 used here. 
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Effect of the number of comparison functions used in the 
theory,* on coherence function and phase, T-T (1,2). Test 
case: K- 4, Gc • 0. 75, 4F. u- 3. Note the higher bandwidth 
used. 
Values: N • 5 (RED), 3 (GREEN). 2 (BWE). 

* Earlier values of c - 0 and Ct - 0. 027 used here. 
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Fig.41: Effect of the values of c and ct used in the theory, on 
vibration PSD's. Test case: K-4, G0 -0.75, 4F, u-3. 
c only (top), et only (aid), and both (bottom). Values are 
0.00 (RED), 0.01 (GREEN), 0.02 (BLUI), aad 0.03 (BLACK). 
Note that Edge direction PSD's were used here. 
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Effect of the values of c and cf used in the theory, on 

coherence function and phase , E- E ( 1, 3) . Test case : K- 4 , 

Gc-0.75, 4F, u-3 . .Soth c and cf varied simultaneously. 

Values are 0.00 (RID), 0.01 (GREEN), 0.02 (.SLUE), and 

0.03 (.SLACK). 
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Fig.42b: Effect of the values of c and cf used in the theory, on 

coherence function and phase, E-E ( 1, 2) . Test case : K- 4, 
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Fig.43a: Positional symmetry, measured vibration PSD's. 

Test case: K-4, Gc-0.75, 4F, u-1. 

Positions 1 (RED) and 3 (GREEN). 

The dotted traces are expansions of the solid ones; 
scale is 3.0 x 10.10
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Positional symmetry, measured vibration PSD's. 

Test case: K•4, Gc•0.75, 4F, u-3. 

Positions 1 (RED) and 3 (GREEN). 

The dotted traces are expansions of the solid ones; 

scale is 8.0 x 10~ 8 • 
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Test case: K• 4, Gc • 0. 75, 4F, u•l. 
First (RED) and second (GREEN) tests. 

-e Note: Main PSD _ fCale is 0. 06 x 10 instead of the usual 
0. 05 x 10 , to show the high Tangential peak (GREEN) • 

The dotted traces are expansions of the solid ones; 

scale is 3 . 0 x 10 ·l 0 
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The dotted traces are expansions of the solid ones; 

scale is 8.0 x 10-8
• 
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The dotted traces are expansions of the solid ones; 
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Fig.46b: Repeatabi1ity, measured coherence function and phase, 

T-T (1,3). Test case: K-4, Gc-0.75, 4F, u-1. 

First (RED) and second (GREEN) tests. 
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R-R (1,3). Test case: K-4, Gc-0.75, 4F, u-3. 
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Fig.47: Measured vibration PSD's for K-4, Gc-0.75, 4F, 
Edge directions; Pos. 1@ 0° (RED) and@ 90° (BLUE). 

The dotted traces are expansions of the solid ones; 
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order, u- 5.0, 3.0, and 1.0. Colour sequence: UD, 
GREEN, BWE. 
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Fig. 59b: Measured vibration PSD' s for 1t • 4, Gc - 1. 50, 4F, . 
Tangential direction, versua flow velocity. In descending 
order, u- 5.0, 3.0, and 1.0. Colour sequence: RED, 
GREEN, BLUE. 



-I 
'-' 

,.... 
(Q 
I 
0 ..... ...., 

et: 
w 
3: 
0 
a.. 

0 

100 

so 

551 

VELOCITY {-} 

Fig. 60: Powers versus flow velocity, for lC - 4, Gc • 1. 50, 4F, 

from (integrated) PSD's of Figs. 59a and 59b. 

Radial (RED) and Tangential (BLUE) directions. 



c 

-I ....... 

-CD 
I 
0 -.._, 

-I ....... 

-CD 
I 
0 --
Q 
(I) 
0.. 

5 

4 

3 

15 

12 

9 

6 

3 

---r--r-~--r--r--~-r--T--r--~-T--~~--T--,1.6 

15 

15 

. . . u- 3 
. . 
. . .. 

.. ... ... 
,• .. . 

" .. ·:: · ... . . . . . . . : . . : 
. · .. · 

60 

1.2 

0.8 

0.4 

60 

50 

40 

30 
... 
~. 

. ·.· . :::. :·· .. : ...... : 20 ·. . . . . .. . . . . . . . . ~-·. ....... . . · .. 
··.· .... : :. ·. :··:: ... :....... .. . . . 10 

30 45 
FREQUENCY {-) 

u-5 

60 

.. .. . 
.. . . . . " .· . ... .· ·... . . . . "' -:·. ... ..• . .. . ... . . . . 
. ·· .. . . ........ . 

.. : •. ·.: : : .·. · ...... . 
30 45 60 

FREQUENCY {-) 

300 

200 

100 

552 

Fig.6la: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K- 4, Gc- 1. 50, 4F, Radial direction. 

The dotted traces are expansions of the solid ones; scales are,· 
-10 -e -e from top, (RED): 3.0 x 10 , 8.0 x 10 , 1.2 x 10 , 

-e ·7 -e (GREEN): 2.0xl0 • 1.8xl0 • 4.0xl0 . 



c 

...., 
I ....., 

-CD 
I 
0 ...... -
r::l 
(J) 
a.. 

-I ....., 

........ 
CD 
I 
0 --

-I ....., 

........ 
CD 
I 
0 ..... -
r::l 
(J) 
D.. 

0.05 

0.04 

0.03 

0.02 

0.01 

553 
r-,-~--r-.-~--.-.-~--.-.. -.--r-.. -.--,1.6 

. . ... .. . . .. '··. · . :··: . . . . . 
··. 

u-1 

.. .... 
:. · .. : ~: . ... . .~ . . . . . . ... . . . . 

1.2 

0.8 

0.4 

0.00 

4 

2 

1 

15 

12 

9 

0 15 

15 

30 45 
fREQUENCY {-} 

... .. . . . 
. . . . .. . . . . .. 

. . . .. . . 

u-3 

60 

.... 
• t• . ·' . . . ' .. 

• I '"• • . . . 
.~.· .· . . . .. .. . .. .. 

*, ••• • • •• • .:, • .,.1:. •• ·· ... : .... '"'_' :·: .· .... . .. . . 

. . 
. . 
. . . . . " . . . . .. . . . . ..... . 

···~ .· . ... . . . . . . . . .. . . · .. ··. . . . 

30 45 
FREQUENCY {-} 

. .... . . . .. ...... 

60 

300 

200 

100 

Fig.6lb: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K- 4, Gc • 1. 50, 4F, Tangential direction. 

The dotted traces are expansions of the solid ones: scales are, · 
-10 -a -a from. top, (RED) : 3. 0 X 10 , 8. 0 X 10 , 1. 2 X 10 , 

-e -1 -a (GREEN) : 2 • 0 X 10 , l. 8 X 10 , 4. 0 X 10 • 



c 

0.8 

" I 0.8 

J: 0 0.4 
u 

"' tD 
Q) 

"'D -
w 
(/) 
a: 
J: 
0.. 

0.2 

15 30 45 so 75 

FREQUENCY C-} 

-270~~~~~~--~~--~~--~~--~_.--~~~ 

0 15 30 45 80 75 

FREQUENCY {-} 

Fig.62a: Measured (RED) and theoretical (GREEN) coherence 

functions and phases. for K • 4, Gc- 1. 50. 4F, 

R-R (1,3), at u-1. 

554 



0 

,..., 
I -

:c 
0 u 

w 
(J) 
a: :c 
D.. 

1.0 

0.8 

0.6 

0.4 

0.2 

FREQUENCY {-) 

270----~~~~------~~~--~-T,_~-~~r--r-, 

1 8 0 J.l.k,..jW..y.uj..j..-..JI-#WI~ 

-270L--L~~-L~--~-~--~~--~~--~~--L-~~ 

0 15 30 45 60 75 

FREQUENCY {-) 

Fig.62b: Measured (RID) and theoretical (GREEN) coherence 

functions and phases, for lC.- 4, Gc - 1. 50, 4F, 

T·T (1,3), at u-1. 

555 



c 

,.... 
I ..._, 

::r: 
0 u 

-m 
CD 

"D ..._, 

w 

1.0 

o.8 

o.s 

0.4 

0.2 

o.o 
0 15 30 45 so 75 

FREQUENCY {-} 

270~~~~~~-----~--~~--~-T--T-~~~-r~ 

180 

so 
0 ~r..w-q~(I¥Wli~Wio-r-U 

~ -so 
::r: 
a.. -180 

-270~~~~~~--~~--~~--~~--~~--~~~ 

0 15 30 45 so 75 

FREQUENCY {-} 

Fig.62c: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc- 1. 50, 4F, 

R.-R. (1,3), at u• 3. 

556 



0 

....... 
I ......, 

:r: 
0 
u 

w 
(J) 
a: 
I 
0.. 

1.0 

o.e 

0.6 

0.4 

0.2 

0.0 
0 15 30 45 60 75 

FREQUENCY {-} 

15 30 45 60 75 

FREQUENCY {-} 

Fig.62d: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc - 1. 50, 4F, 

T-T (1,3), at u- 3. 

557 



c 

,.... 
I ...., 

J: 
0 u 

w 
Ul 
a: 
J: 
a.. 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 
0 15 30 45 60 75 

FREQUENCY {-) 

FREQUENCY {-) 

Fig.62e: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc • 1. 50, 4F. 
ll-ll (1,3), at u-5. 

558 



0.8 
,..... 
I O.S 

:c 
0 0.4 
u 

270 

,.... 180 
m 
G) 90 

"'C ....., 
0 

w 
(J) -so a: 
:c 
D... -180 

-270 
0 

c 

15 30 45 so 
F'REQUENCY {-) 

15 30 45 so 75 

FREQUENCY {-) 

Fig.62f: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc - 1. 50, 4F, 

T-T (1,3), at u-5. 

559 



0 

0 

560 

""" I 0. 04 . . ....., 

-er 
0 --

-(.Q 
I 
0 --

-(.Q 
I 
0 --
Q 
(J) 
Q.. 

0.03 

0.02 

0.01 

.. . .. 
~ .. 

I. ••• :\. ~: .. . ..... 
·.~:. 

'·· '' .. '· . ... ... . . ·.: 

u-1 

. •." 

' . .. . . . .·. . .. .. . . 
" •;': : . . . ... . .. " . 

, It. • • • 

: .~.:· "': ·. . .. 
.. . . 

o.ooo~~~--1L5==L-~~3~o~._~~4~5~ __ .__s~o--~----75 

FREQUENCY {-) 

4 

3 

2 

1 

. . . , 
·' . ... 

u-3 

0~~~~-J--.~~~_.~---~.._~----~ 

12 

9 

6 

3 

0 15 30 45 60 75 
FREQUENCY C-) 

Fig. 63: Measured vibration PSD' s for K- 2, Gc -1.89, 2F, 
Radial (RED) and Tangential (BLUE) directions. 

The dotted traces are expansions of the solid ones; 

·10 -· -· scales are, from top: 3. 0 x 10 , 8. 0 x 10 • 1. 2 x 10 . 



-I 
Q - 8 

........ 
CD 6 I 

0 -"-J 4 

1=1 
(/) 
a.. 

5 -I - 4 
........ 

CD 3 I 
0 - 2 ....., 

1=1 1 (/) 
a.. 

0 
0 

1.0 -I - 0.8 
........ 

CD 0.6 I 
0 -- 0.4 

1=1 0.2 (/) 
a.. 

0.0 
0 

561 

15 30 45 60 75 

FREQUENCY (-} 

15 30 45 60 75 

FREQUENCY {-} 

- - .. - .. X 100 

15 30 45 60 75 
FREQUENCY {-} 

Fig.64a: Measured vibration PSD's for K• 2, Gc •1.89, 2F, . 
Radial direction, versus flow velocity. In descending 
order~ u- 5.0 to 0.5, in steps of 0.5. Colour sequence: 
RED, GREEN, BWE, BLACK (lowest trace of each plot is 
highest of the next one). 



10 
""" I 
""' 8 
,.... 

CD 6 I 
0 -...., 4 

Q 
(J) 
a.. 

5 
""" I 

""' 4 
,.... 

CD 3 I 
0 - 2 ...., 

a::~ 1 (J) 
D.. 

0 
0 

1.0 
""" I 
\.,J o.a 
,.... 

CD 0.6 I 
0 - 0.4 ...., 
Q 0.2 (J) 
a.. 

0.0 
0 

c 

562 

15 30 45 60 75 
FREQUENCY {-) 

15 30 45 60 75 
FREQUENCY {-} 

- - - - - X 100 

.... , 

15 30 45 60 75 
FREQUENCY {-) 

Fig. 64b: Measured vibration PSD' s for K- 2, Gc - 1. 89, 2F, . 
Tangential direction, versus flow velocity. In descending 
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The dotted traces are expansions of the solid ones; 
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Fig. 69a: Measured vibration PSD' s for K- 1, lF, "Radial" 
direction, versus flow velocity. In descending order, 
u- 5.0 to 0.5, in steps of 0.5. Colour sequence: RED, 
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direction, versus flow velocity. In descending order, 
u- 5.0 to 0.5, in steps of 0.5. Colour sequence: RED, 
GREEN, BLUE, BLACK (lowest trace of each plot is 
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for K- 1, lF, "Radial" direction. 

The dotted traces are expansions of the solid ones; scales are,. 
•10 -1 •6 from top, (RED): 6. 0 x 10 , 1. 0 x 10 , 3. 0 x 10 , 

-a -7 -e (GREEN): 2.5xl0 , 2.4x10 , 6.5xl0 . 
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Fig.71b: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K- 1, lF, "Tangential" direction. 

The dotted traces are expansions of the solid ones; scales are, · 
•10 •7 -6 from. top, (RED): 6.0x10 , l.OxlO , 3.0xl0 , 

-1 •7 -6 (GREEN): 2.5xl0 , 2.4xl0 , 6.5xl0 . 



-I 
c --CD 

I 
0 -....., 
Q 
Ul 
a.. 

-I --CD 
I 
0 -....., 
Q 
Ul 
a.. 

-t --CD 
I 
0 -....., 
Q 
Ul 
a.. 

c 

0.08 

0.06 

0.04 

0.02 

0.00 
0 15 

8 

0 
0 15 

18 

15 
.. .. . 

:~·; 
12 

.. .. • " .. . ,.~. . , . .. . 
I tf ,; t' ~ 

9 .. 
I' •' • • .. 

... 
. . . . •. 

. . 
.. .. 

u-1 
. 

~ ... ..... 
·~· . .. . 

: . 
.. . :. ·. : 

• • ... ·.::. :'"* •• 

. : . . .. .. :~· · ... ·. ···; ... . 
... t ' • • .. ··.. .. . "". . . ·.. .. ·.. .. .... ·.... ' . .... . .... 

' • ': • • • ". • ' • :. ,• ~ : ~ \ ~ • • t t I : ; '". 

30 45 60 
FREQUENCY {-} 

... 
"• -. ... .. .. .. ... 

.;: :.·· .. . . . .. .. .. .. ...... . . . . ... ~ . . 
··:. ..:· ... : :· .. : ·... -:. :·. . .. . ... .. ~ .. .. 

·.:. ·. .. ~ .. ::· :·. . . . .. .. : 
~· .~: .. : .;,...,," .... ,~ ... ;· ... ··.· .. . .. . . . 

... ··. 
··:·.· .. : .. . . 

30 45 
FREQUENCY {-} 

u-5 

60 

.... .... . . 

... 

75 

75 

578 

. ····~~.: .. .. '" .... . .. ·.- ... ... ' .. 
6 

3 

0 
0 

' .. .. 
' ' 

15 30 45 
FREQUENCY {-} 

·-:· .. : : . . .. .. . . ... . ··. 

60 75 
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Radial (RED) and Tangential (BLUE) directions. 

The dotted traces are expansions of the solid ones; 
·10 -7 ·6 scales are, from top: 6.0 x 10 , 1.0 x 10 , 3.0 x 10 . 
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Fig. 73b: Measured vibration PSD' s for K- 4, Gc - 0. 7 5, lF /3R, 
Tangential direction, versus flow velocity. In descending 
order, ·u- 5.0, 3.0, and 1.0. Colour sequence: RED, 
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Fig.75b: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K- 4, Gc- 0. 75, 1F/3R, Tangential direction. 

The dotted traces are expansions of the solid ones; scales are, · 
·10 •7 •6 from top, (RED) : 6. 0 x 10 , 1. 0 x 10 , 3. 0 x 10 , 

-8 ·7 ·6 (GREEN): 3. 0 X 10 , 1. 6 X 10 , 5. 0 X 10 . 
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F1g.76: Measured vibration PSD's for K•4, Gc-0.75, 2F(l,3)/ 
2R(2,4), Radial (RED) and Tangential (BLUE) directions. 

The dotted traces are expansions of the solid ones; 

•10 -· -· scales are, from top: 3. 0 x 10 , 8. 0 x 10 , 1. 2 x 10 . 
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Fig. 77 a: Measured vibration PSD' s for K - 4, Gc - 0. 7 5 , 
2F(l,3)/2R(2,4), Radial direction, versus flow 
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Colour sequence: RED, GREEN, BLUE. 
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Fig. 77b: Measured vibration PSD' s for K- 4, Gc • 0. 75, 
2F(l,3)/2R(2,4), Tangential direction, versus flow 
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F1g.79a: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K• 4, Gc- 0. 75, 2F(l,3)/2R(2,4). Radial direction. 

The dotted traces are expansions of the solid ones; scales are,. 
-10 -a -e froa top, (RED) : 3. 0 x 10 , 8. 0 x 10 , 1. 2 x 10 , 

-a -1 -e (GREEN): 2.0x10 , 2.4xl0 , 4.5xl0 . 



0 

589 
o.o5~~~--T--r-..-,--.--.--r-.--T--r--.-.--,t.s -I 0. 04 ..... 

-U) 
I 
0 

0.03 

- 0.02 

~ o. 01 
a. 

-I ..... 

er 
0 --
~ 
(J) 
ll. 

4 

3 

2 

1 

15 

.. 

: ... . .. . . . 
.. : ... . . . .. .. . .... .. .. . . . 

. . 
.. . 

u-1 

.. . . .. .. . .. . .. . . . . ·. . . . . . . . " .. . . .. . . . ' ......... · .... . . . ..... . 
30 45 so 

FREQUENCY {-) 

... .. .. .. 

')o. .. .. .. .. 
••... . . 

u-3 . 
"' .. ......• , .... . ·.. . .. . . .. .. . . . . -. : ·•· . . . 

-·~-: ·. "·· . . . . . . . .. . .... . . . ....... · ..... ,. .... . .. . .. ·. .. . . .. . r ,_ ... · ..... 

1.2 

0.8 

0.4 

so 

45 

30 

15 

o~~~~~~~~--._~~---._~_. __ ._~~o 

-I ..... 

-er 
0 ..... ....., 

0 15 30 45 60 75 

12 

9 

s 

3 

FREQUENCY {-) 

15 30 45 
FREQUENCY {-) 

. . 

.. 

'!. ·. 
:· .. 

: ··:· .. 
~ . . . . ·. . :-· . . . . .. .. . . .,. ... , . .. . 

. .. 
. . . . . . . . 

60 

. . .. . .. . . . . 

300 

200 

100 

. .. 0 
75 

Fig.79b: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K•4, Gc-0.75, 2F(l,3)/2R(2,4), Tangential direction. 

The dotted traces are expansions of the solid ones; scales are,. 
•10 •I •I from top, (RED): 3.0xl0 , S.OxlO , 1.2xl0 , 

•8 ·7 ·I (GREEN): 2.0x10 , 2.4xl0 , 4.5x10 • 



0 

1.0 

0.8 
,.... 
I o.s .._, 

J: 0.4 0 
u 

0.2 

270 

,.... 180 
m 
Q) 90 

"D 
'-' 

w 
U) 
a: 
J: 
a.. 

0 

FREQUENCY {-} 

30 45 so 75 

FREQUENCY {-} 

Fig.80a: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc- 0. 75. 

2F(l,3)/2R(2,4). R·R (1, 3), at u-1. 

590 



0 

""' I -
::I: 
0 
u 

""' 
0') 
G.) 

"'0 -
41 
Ul 
cc 
J: a.. 

1.0 

0.8 

0.6 

0.4 

0.2 

FREQUENCY (-) 

FREQUENCY {-) 

Fig.80b: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc- 0. 75, 

2F(1,3)/2R(2,4), T·T (1,3). at u-1. 

591 



0 

-I -
J: 
0 u 

-m 
Q) 

"C -
w 

1.0 

0.8 

0.6 

0.4 

0.2 

FREQUENCY {-} 

270--~~--~~--~~~~~----~~--r--.~~~ 

180 

90 

0 ~---~A..IIIIIA;&WI'W 

~ -so 
J: 
a.. -180 

-270o~~-J--1~s--~-L-3Jo--~~--4Ls-J--~-s·o--L-~~7s 

FREQUENCY {-} 

Fig.80c: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc- 0. 75, 

2F(l,3)/2B.(2,4), B.-R (1,3), at u- 3. 

592 



1.0 

0.8 

- o.s 
'-J 

J: 0.4 0 
u 

0.2 

15 30 45 so 
FREQUENCY {-} 

270~,-~~.-~--r--.--~Jr.~--.-~--r--r~.-. 

-m 
CD .,., -
w 

180 

90 

0 

~ -90 
J: 
0.. -180 

-2700~~~--1~5--~~-3~0--._~--4~5~--~-6~0--~~~75 

FREQUENCY {-} 

Fig.80d: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc • 0. 75, 

2F(l,3)/2R(2,4), T-T (1,3), at u-3. 

593 



0 

1.0 

0.8 

-I 0.6 ........ 

:J: 0.4 0 
u 

0.2 

0.0 
0 

270 

-m 
Q.) 

"'0 
........ 

w 
(J) 
a: 
:J: 
a.. 

-270 
0 

0 

15 30 45 60 75 

FREQUENCY {-) 

15 30 45 60 75 

FREQUENCY {-) 

Fig.80e: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc - 0. 7 5, 

2F(l, 3)/2lt(2,4), lt-lt (1,3), at u- 5. 

594 



0 

,.... 
I ....., 

:c 
0 
u 

L&.l 
Ul 
a: 
:c 
a.. 

1.0 

0.8 {\ 

I\ t\ 
I, 

o.s :I 
I 

I 
0.4 I 

I 
/ 

0.2 

o.o 
0 15 30 45 so 75 

FREQUENCY {-} 

-27o~~~L-~~--~~--~~--~~--~~--~~~ 

0 15 30 45 60 75 

FREQUENCY {-} 

Fig.80f: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 4, Gc - 0. 7 5, 

2F(l,3)/2R(2,4), T-T (1,3), at u- 5. 

595 



0.05 

-I 0.04 

0 -- 0.03 
CD 
I 
0 - 0.02 -
1=1 0.01 U') 

0.. 

5 

-I 4 -- 3 CD 
I 
0 - 2 -
1=1 1 U') 

0.. 

0 
0 

15 -I 12 -,.... 
9 

CD 
I 
0 - 6 ._, 

1=1 3 (J) 
a.. 

0 

15 

15 

15 

'· .. .. .. .. 

·. · . . .. 
...... " 

·. •. u-1 
.. .. ... ·. 

• .. · .. ... . 
. ,• .· .. · . 

.. · .... ·. 

30 45 
FREQUENCY {-} 

.. . . 
' ' • .. .. 
' . 
' •. ,,. 
~· 

30 45 
FREQUENCY C-) 

. 
• 
.f 
lj 

\ 

:~ 

u•5 

.. .· 
" : ~: 
.......... .... ... .. 
• t- • 

: : ... : ·:. . . . : ., 

:' \ 
~ . 
:. " ..... . 

• •• 5 . . . 

60 

...... 

• •.. ::·· ·.···~fro ·:· .. . ... ,' ........ · . . ' .... 

60 

· ... 
· .. ~::~-:~: 

I 

~. ~· 
.·. 

' . .... . ~ .. . .. ,,.. >- :·, 
t •••• t • • 1 t t 

~ .~ . . . ... . ,~. ' . '·.·. . .. , . 
·. . . . . ., 
'•,,.. •\ 
•' ' 1." : . 

'" 

75 

75 

• • '· ••••• • .11''"•• ····· . 
30 45 60 75 

FREQUENCY (-} 

596 

Fig.81: Measured vibration PSD's for K-4, Gc-0.75, 2F(l,2)/ 
2R(3,4), Radial (RED) and Tangential (BLDE) directions. 

The dotted traces are expansions of the solid ones; 
•10 ·8 ·IS scales are, from top: 3. 0 x 10 , 8. 0 x 10 , 1. 2 x 10 . 
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Fig. 82a: Measured vibration PSD' s for K- 4, Gc- 0. 75, 
2F(l,2)/2R(3,4), Radial direction, versus flow 
velocity. In descending order, u- 5. 0, 3. 0, and 1. 0. 
Colour sequence: RED, GREEN, BLUE. 
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Fig.82b: Measured vibration PSD's for K- 4, Gc- 0. 75, 
2F(l,2)/2R(3,4), Tangential direction, versus flow 
velocity. In descending order, u- 5. 0, 3. 0. and 1. 0. 
Colour sequence: RED, GREEN, BLUE. 
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for 4F(l,2,3,4)/24R(rest) and 4F(l,6,7,2)/24R(rest) 

theoretical computations. 

Note: See Fig. 29 for full cluster. 
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The dotted traces are expansions of the solid ones; · 

-10 -· -7 scales are. from top: 3. 0 x 10 , 8. 0 x 10 • 5. 0 x 10 . 
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for K- 28, Gc- 0. 75, 4F(l,2,3,4)/24R, Tangential direction. 
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The dotted traces are expansions of the solid ones, 

with a scale of 3.0 x 10- 10
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Fig. 96c: Measured vibration PSD' s for K- 28, Gc- 0. 75, 4F(6, 7 ,1, 2) 
/24R, at u- 4.0; Position 7 (RED) versus Position 1. 
(GREEN). 

The dotted traces are expansions of the solid ones, 

with a scale of 6.0 x 10-7
• 



0.08 

-I 0.06 -
........ 

to 
I 0.04 0 --
~ 0.02 
(J) 
Q.. 

8 

-I -
........ 

to 
I 
0 -....., 
~ 
(J) 
Q.. 

12 

-I 9 -
........ 

to 
I 6 0 ...... -
~ 3 
(J) 
Q.. 

c 

15 

15 

15 

.. , 
•;·· .. .. 
-;,~ 

u-1 
~ .. · ... .... . ,. . ~ . ..... 

"• .... ... . . .. .. ·. .. 
; · .. :; ·. . .... 

·.: .. : .. 
·-.':;~: ··.:··. .:: . 

. ... ' . ....... . ,· , .. 
·:. . . 
•. "• . .... :· ....... : ... · . ·: .. .. _.·· ... ··· ·· .... 

30 45 
FREQUENCY {-} 

... 

.. .... . ... .... .... ... 
u-3 

60 

.. ·: . .. .. 
.. ... . 

:-.: .. : . . . .... 

.. ... 
·.· .. 

:: .~: ... .. . . . .· 
~." .. :: .. :. : .. · .. ··. ·: '\:;•.,•, .. • :•l "• I ••.,.•• .;. " ... .. . . . . .. . .: .·.· .. : .. ·: .:.·:: ... ··~ . · .... , ........ ·. ;·.· .. ·. . . . . . . . . ···'·' .· ...... ...... . 

~.. . .. . . . " .. .. 

30 45 
FREQUENCY {-} 

60 

. .. .. .. 
• : •• ..,! 

.: : : ··~ :: : :; : . . ~ .. . . . . . .. u-4 

• • ~ .. : .. :: ,. : .; ' : i 
.: :::-.: :--··. : . ::~. . ~:: 

.. .. . .. ... .,... . .. . .. ·.· ...... .. . ;. ·~· . 
: ~- : .. · ... · ..... ;:.: .: ·: .. . 

•• "'"f'i' ..... '.. ....... ·.;: ....... •• 

.. 
.. . .. 

30 45 60 
FREQUENCY {-} 

. .. 

75 

75 

75 

Fig. 97a: Measured vibration PSD' s for K• 28 1 Gc- 0. 75, 
4F(6,7,1,2)/24R, in Position 7, Radial (RED) and 
Tangential (BLUE) directions. 

629 

The dotted traces are expansions of the solid ones; 
•10 ·7 ·7 scales are 1 from top: 3. 0 x 10 , 1. 5 x 10 1 6. 0 x 10 . 
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The dotted traces are expansions of the solid ones; 
·10 -7 -7 scales are, from top: 3. 0 x 10 , 1. 5 x 10 , 6. 0 x 10 . 
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Fig. 98a: Measured vibration PSD' s for K- 28, Gc- 0. 75, 4F(6, 7, ~, 2) 
/24R, Position 7 in Radial direction, versus flow velocity. 
In descending order, u- 4. 0 to 0. 5, in steps of 0. 5. Colour 
sequence: BLUE, BlACK, RED, GREEN (lowest trace of each 
plot is highest of the next one). 
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Fig.98b: Measured vibration PSD's for K-28, Gc-0.75, 4F(6,7,~,2) 
/24R, Position 1 in Radial direction, versus flow velocity. 
In descending order, u- 4. 0 to 0. 5, in steps of 0. 5. Colour 
sequence: BLUE, BLACK, RED, GREEN (lowest trace of each 
plot is highest of the next one). 
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Fig.98c: Measured vibration PSD's for K-28, Gc-0.75, 4F(6,7,1,2) 
/24R, Position 7 in Tangential direction, versus flow 
velocity. In descending order, u- 4. 0 to 0. 5, in steps 
of 0.5. Colour sequence: BLUE, BLACK, RED, GREEN (lowest 
trace of each plot is highest of the next one). 
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Fig.98d: Measured vibration PSD's for K-28, Gc-0.75, 4F(6,7,1,2) 
/24R, Position 1 in Tangential direction, versus flow 
velocity. In descending order, u-4.0 to 0.5, in steps 
of 0.5. Colour sequence: BLUE, BLACK, RED, GREEN (lowest 
trace of each plot is highest of the next one). 
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Fig.lOOa: Theoretical vibration PSD's for K-28, Gc-0.75, 4F/24R, 

at u- 1; central, Position 1 (RED) versus parallel offset 

system, Position 7 (GREEN) and Position 1 (BLUE). 
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Fig.lOOb: Theoretical vibration PSD's for K•28, Gc-0.75, 4F/24R, 

at u- 3; central, Position 1 (RED) versus parallel offset 

system, Position 7 (GREEN) and Position 1 (BLUE). 
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Fig.lOOc: Theoretical vibration PSD's for K-28, Gc•0.75, 4F/24R, 

at u- 4; central, Position 1 (RED) versus parallel offset 

system, Position 7 (GREEN) and Position 1 (BLUE}. 
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for K-28, Gc-0.75, 4F(6,7,1,2)/24R, Radial direction, 

Position 7. 



Fig.102b: Measured (RED) and theoretical (GREEN) vibration PSD'~ 

for K- 28, Gc- 0. 75, 4F( 6, 7, 1, 2) /24R, Radial direction, 

Position 1. 
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direction, Position 7. 
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Fig.103a: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K-28, Gc-0.75, 4F(6,7,i,2) 

/24R, R-R (7 ,1), at u-1. 
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Fig.l03b: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 28, Gc- 0. 75, 4F(6, 7 ,1, 2) 

/24R, T-T (7,1), at u-1. 
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Fig.l03d: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 28, Gc- 0. 75, 4F(6, 7, 1,2) 
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Fig.l03f: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K-28, Gc•0.75, 4F(6,7,i,2) 

/24R, T-T (7,1), at u-4. 
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Fig.l04: Reduced cluster (K-16, Gc•0.75, R.c•9.40 cm), 

for 4F(5,6,1,16)/24R.(rest) theoretical computations. 

0 Note: See Fig. 29 for full cluster. 
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Fig.105b: Measured vibration PSD's for K-28, Gc-0.75, 4F(S,6,1,16) 
/24R, at u- 3.0; Position 5 (RED) versus Position 1 
(GREEN). 

The dotted traces are expansions of the solid ones, 

with a scale of 1.5 x 10-7
• 
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Fig.105c: Measured vibration PSD's for K-28, Gc-0.75, 4F(5,6,1,16) 
/24R, at u- 5.0; Position 5 (RED) versus Position 1 
(GREEN). 

The dotted traces are expansions of the solid ones, 

with a scale of 1. 5 x 10 -e. 
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Fig.l06a: Measured vibration PSD' s for K- 28, Gc- 0. 75, 
4F(5,6,1,16)/24R, in Position 5, Radial (RED) and 
Tangential (BLUE) directions. 

The dotted traces are expansions of the solid ones; 
-10 -7 -6 scales are, from top: 3. 0 x 10 , 1. 5 x 10 , 1. 5 x 10 . 
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Fig .l06b: Measured vibration PSD' s for K- 28. Gc - 0. 7 5, 
4F(5,6,1,16)/24R, in Position 1, Radial (RED) and 
Tangential (BLUE) directions. 

The dotted traces are expansions of the solid ones; 
·10 -7 •6 scales are, from top: 3. 0 x 10 , 1. 5 x 10 , 1. 5 x 10 . 
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Fig.l07b: Measured vibration PSD's for K-28, Gc-0.75, 4F(5,6,1,16) 
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Fig.l07c: Measured vibration PSD's for K-28, Gc-0.75, 4F(5,6,1,16) 
/24R, Position 5 in Tangential direction, versus flow 
velocity. In descending order, u- 5.0 to 0.5, in steps 
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Fig.l07d: Measured vibration PSD's for K-28, Gc-0.75, 4F(5,6,1,16) 
/24R, Position 1 in Tangential direction, versus flow 
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Position 1. 
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Fig.llld: Measured (RED) and theoretical (GREEN) vibration PSD's 

for K- 28, Gc- 0. 75, 4F(5, 6,1, 16)/24R, Tangential 

direction, Position 1. 
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Fig.112e: Measured (RED) and theoretical (GREEN) coherence 

functions and phases, for K- 28, Gc- 0. 75, 4F(5, 6,1, 16) 

/24R, R·R (5,1), at u- 5. 
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functions and phases, for K-28, Gc•0.75, 4F(5,6,1,16) 
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Fig.l23a: Effect of number of cylinders on theoretical vibration PSD's 
for Flexible cylinder bundles, with K-4, Gc-0.75 spacing, in 
Radial direction; K-1 (RED), 2(1,3) (GREEN), and 4 (BLUE)·. 

The dotted traces are expansions of the solid ones; 
-9 ·7 -6 scales are, from top: 1. 5 x 10 , 2. 0 x 10 , 4. 0 x 10 . 
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Fig.124a: Effect of number of cylinders on measured vibration PSD's for 
Flexible cylinder bundles. with K- 4. Gc- 0. 75 spacing, in 
Radial direction; K-1 (RED), 2(1,3) (GREEN), and 4 (BWE). 

The dotted traces are expansions of the solid ones; 

•10 -· -· scales are, from top: 3. 0 x 10 , 8. 0 x 10 , 1. 5 x 10 • 
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Fig.l24b: Effect of number of cylinders on measured vibration PSD's for 
Flexible cylinder bundles, with K•4, Gc-0.75 spacing, in 
Tangential direction; K-1 (RED), 2(1,3) (GREEN), and 4 (BWE). 

The dotted traces are expansions of the solid ones; 
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Fig.l43b: Measured (RED) and theoretical (GREEN) vibration PSD's 
for K-4, 4F, Gc-0.75, at u-1.5. 

The dotted traces are expansions of the solid ones; 

scales are 3. 0 x 10- 9 (RED) and 9. 0 x 10-9 (GREEN). 
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for K- 4, 4F, Gc- 0. 75, at u- 2. 0. 
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Fig.l44d: Measured (RED) and theoretical (GREEN) vibration PSD's 

for K-28, Gc-0.75, 4F(l,2,3,4)/24R, at u-2.5. 
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