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ABSTRACT

Random matrix theory comprises a broad range of topics and avenues of research,
one of them being to understand the probability of singularity for discrete random
matrices. This is a fundamental, basic question about discrete matrices. Although is
been proven that for random symmetric Bernoulli matrices the probability of singularity
decays at least polynomially in the size of the matrix, it is conjectured that the right
order of decay is exponential.

We are interested in the adjacency matrix @), , of the Erdés-Réyni random graph
G, and we study the statistics of the rank of @), , as a means of understanding the
probability of singularity of @, ,.

We take a stochastic process perspective, looking at the family {Q, ,}pe(0,1) as an
increasing family of random matrices. We then investigate the structure of @), , at the
moment that it becomes non-singular and prove that, similar to some monotone prop-
erties of random graphs, the property of being non-singular obeys a so-called ‘hitting
time theorem’. Broadly speaking, this means that all-zero rows, which are a ‘local’
property of the matrix, are the only obstruction for non-singularity. This fact, which is

the main novel contribution to the thesis, extends previous work by Costello and Vu.
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ABREGE

La théorie des matrices aléatoires a un large éventail de sujets et de pistes de
recherche, I'un d’entre eux étant de comprendre la probabilité de la singularité des
matrices aléatoires discretes. Ca a été prouvé que pour des matrices aléatoires de
Bernoulli symétriques la probabilité de singularité a des bornes polynomiales, mais la
conjecture est que le bon ordre de décroissance est exponentiel.

Nous sommes intéressés par la matrice d’adjacence ), , du graphe aléatoire d’Erdds
et Réyni G,,, et nous étudions les statistiques du rang de (), comme un moyen de
comprende la probabilité de singularité de @),,,. Nous proposons maintenant une per-
spective de processus stochastique.

Dans ce mémoire, nous considérons la famille {Qy, p } pe(0,1) comme une famille crois-
sante de matrices aléatoires et nous étudions la structure de (),, au moment ou il
devient non singuliere et nous prouvons de la méme fagon pour certaines propriétés
monotones des graphes aléatoires, la propriété d’étre non singuliere obéit a soi-disant
‘théoreme de temps d’arrét’. D’une maniere globale, cela signifie que les lignes remplies
de zéros, qui sont une propriété locale de la matrice, sont la seule obstruction pour
la non-singularité. Ce fait, qui est la nouvelle contribution principale de ce mémoire,

élargie les résultats antérieurs de Costello et Vu.
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CHAPTER 1
Random Matrices: A brief overview

The study of random matrices has been developed widely over the last decades due
to practical and theoretical motivations. Since the work of Ginibre and Wigner [46],
and up to that of Erdés, Schlein, Yau [13, 14], Tao, Vu [38, 40] , Rudelson, Vershinyn
[34] and Tran, Vu, Wang [44] (to name a few), random matrix theory has been a source
of interesting questions and conjectures, many of which remain unsettled. One major
goal has been to understand the universal behaviour of high dimensional systems. This
universality was first noticed in works on mechanical statistics, where models involve a
great number of components so that statistical considerations can be applied to them.
Physicists introduced random matrices, where each of the entries is itself random and
independent. In spite of the simplicity of this assumption (compared with the actual
complexity of the object of study), random matrices seems to yield good approximations
for many physical phenomena involving a large number of elements. As a consequence
of this, and for their inherent mathematical interest, random matrices have been widely
studied in different areas such as mathematical physics, theoretical computer science
and combinatorics, to name a few.

Broadly speaking, the universality phenomenon for matrix ensembles is the obser-
vation that as the size of a random square matrix tends to infinity, the behaviour of
many natural matrix-theoretic and spectral properties is determined just by the first
moments of the distribution of its elements, regardless of the actual distribution. This
parallels the universality of sums of random variables given by the central limit theorem.

In general, we say that a matrix A = {{;}1<ij<n is random if its entries are
random variables. Random matrices are classified into different ensembles, depending

on the general structure of the matrix and the distribution of the ;;’s. The principal



ensembles; and by far the most widely studied, are the Gaussian ensembles. These
possess a well established theory largely because they are endowed with an algebraic
structure (see, for example [1], [36]), while discrete ensembles have been more difficult
to analyse. Among the latter are the Bernoulli ensembles (where each ¢;; takes the
values +1 with equal probability), and the adjacency matrices of random graphs.

Random matrices are divided also into substantially different types depending on
the structure of the matrix. One of the principal dichotomies is between symmetric
and non-symmetric matrices. In non-symmetric ensembles, the main characteristic is
that entries of the matrix are independent. The canonical examples are those where
&; are iid On the other hand, a wide class of symmetric matrices is given by the
Wigner matrices, which includes self-/home/tpks/Documents/Latex/adjoint matrices
when the support of &; is complex. Wigner matrices are conditioned to §;; = f_ﬂ for
each entry in the matrix, and to have independent upper diagonal entries with mean
zero and identical second moments. The canonical continuous Wigner ensembles are
the Gaussian orthogonal ensemble (GOE) and the Gaussian unitary ensemble (GUE),
where the ;;’s are real-valued and complex-valued Gaussians respectively.

In this thesis we focus on a particular type of symmetric sparse ensembles: the
adjacency matrix @), , of the Erdds-Rényi graph G, , defined in Chapter 3, below.
The off-diagonal elements in these matrices take value 1 with probability p and zero
otherwise. Thus, the &;;’s are sparse and have non-zero mean; these hypothesis do not
fit the Wigner ensemble and so the approach to these matrices is slightly different.

A more difficult constraint in a matrix is the correlation between entries (other
than symmetry). This is the case for the adjacency matrix @), 4 of a random d-regular
graph, where each row of the matrix contains exactly d non-zero entries. The latter
ensemble is quite interesting but quite poorly understood from a theoretic perspective;

we briefly return to this model at the end of the chapter.
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We are interested in the statistics of the rank and determinant as a means of
understanding the probability of singularity of @, ,. We propose a stochastic process
perspective, looking at the family {Qn p}pe0,1) as an increasing family of random matri-
ces. From this point of view, new questions naturally present themselves. In this thesis,
we investigate the structure of @), , at the moment that it becomes non-singular and
prove that, similar to some monotone properties of random graphs, the property of be-
ing non-singular obeys a so-called ‘hitting time theorem’. Broadly speaking, this means
that all-zero rows, which are a ‘local’ property of the matrix, in that they correspond to
isolated vertices in G, ,, are the only obstruction for non-singularity. This fact, which
is the main novel contribution to the thesis, extends previous work by Costello and Vu
[11].

In the next section, we briefly pause to present some basic notation used throughout
the thesis. In the remainder of the introduction we give some heuristics concerning the
universality of the empirical distribution of Wigner and iid ensembles; then we see that
the ensembles coming from random graphs also present the same phenomenological
properties as the classical Gaussian orthogonal ensemble. We dedicate Chapter 2 to
present some history and current results on the probability of singularity for discrete
random matrices, along with Costello and Vu’s proof that the rank of @),,, equals the
number of non-zero rows in the matrix, for p > lg—n”, [11]. In Chapter 3 we introduce a
graph process approach for the family {Q,,}pe(0,1) and we prove that not only does the
property of non-singularity have a threshold function, but its hitting time also coincides
with that of connectivity with high probability. Chapter 4 contains the details regarding
the graph-theoretic part of our proofs; this builds upon work of Costello and Vu. We
conclude the thesis with some other related questions and further avenues of research.
1.1 Notation

We write @), and @, 4 for the adjacency matrix of the Erdds-Rényi graph G, ,,

and the d-regular random graph, respectively.
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Let {E, }nen be a sequence of events. We say that {E, },en holds asymptotically
almost surely (or a.a.s.) if

liminf P{E,} = 1.

n—00
If {X,, }nen is a sequence of random variables, we say that {X,},en converges almost
surely towards X if
P{lim X, = X} =1.
n—00

We use a;,a;; to denote fixed real numbers and z; to denote random variables.
For any positive integers [, m, we denote the set {1,...,l} by [[] and we denote the set
{l,l+1,...,m} by [l,m]; depending on the context, [m] will refer to a set of vertices

or a range of indices. We refer to the rows of an n x n matrix @) by ry,...,r, and to its

O = (v1,...,0,,0).

columns by cy,...,c,. For any vector v = (vy,...,v,), we define v
For @, we define i(Q,,) = {7 € [n]; r; = 0}|.

Given a graph G = (V,E) and v € V, we denote the neighbourhood of v by
Ng(v): this is the set of vertices adjacent to v in G. The number of isolated vertices
is i(G) = |{v € V; Ng(v) = 0}, and for any sets A, B C V we denote by Eg(A, B)
the set of edges connecting vertices of A and B. The minimum degree of a graph G is
d(G) := miney{|Ng(7)|}. If the graph has vertex set V = [n], then for any | <m <n
let us write G[m| to denote the subgraph of G induced by the set of vertices {1,...,m}
and G[m \ [] to denote the subgraph of G induced by the set of vertices {l+1,...,m}.

Finally, we occasionally omit floors and ceilings when these are not essential.

1.2 Universality of spectral statistics

Here we will present the global spectral statistics for both Wigner and iid ensem-
bles, along with some comments about the Lindeberg principle, which is an important
tool used to obtain universality results. The principal statistics in a matrix are the
eigenvalues and singular values (see [2] for definitions and basic notions), as other ma-

trix statistics can be derived from them, for example, the determinant, the norm of the

matrix and the condition number.



Consider an n x n matrix A,, with entries §;;. The eigenvalues of A,, are complex-
valued in general; however, if A, is self-adjoint, then its eigenvalues are real and so we
can denote them by A\; < ... < \,. On the other hand, singular values are always real,
as they are the square roots of the eigenvalues of the self-adjoint matrix A} A,,, and the
latter matrix is always positive semidefinite. Let us denote the singular values of A,
by0<o,<...<o0;.

We define the empirical spectral distribution (ESD) of a self-adjoint matriz A,, as

the normalized cumulative number of its eigenvalues below a threshold x:
1, ..
Wy(z) == |{i; \s < z}]. (1.1)
n

When the eigenvalues are complex we instead get a measure on the complex plane. We

define the empirical spectral distribution of an iid matriz A, as
L.
pn(2,y) = — |{i Re(A) < 2, Im(Ai) < g} (1.2)

Simulations of such distributions indicate that limiting distributions for these em-
pirical distributions exist, see Figures 1-1 and 1-2.

The first rigorous result, called Wigner’s semicircular law, was established by
Wigner in 1958 for symmetric ensembles where the &;;’s have common variance and
bounded higher moments, [47]. Its proof is based on the observation that the trace of

a matrix equals the sum of its eigenvalues, and so

trace(AF) = Z PV (1.3)
i=1

for any k£ € N; the expected value of the right-hand side is n times the k-moment of a
uniformly chosen eigenvalue ;. Thus, we transform the problem to understanding the
distribution of the trace of A~.

The semicircular law is defined as



Figure 1-1: The semicircular law and the ESD of a symmetric random matrix \/LHAH
where A;; ~ N(0,1) and n = 1024.

for || < 2 and W(z) := 0 otherwise. The following version of Wigner’s semicircular
law is due to Pastur [33], and is presented in the monograph of Bai and Silverstein [3],
see Figure 1-1.

Theorem 1.2.1 (Semicircular law [3]). Let A,, be the an n x n Wigner matriz whose
upper diagonal entries are 1id complex random variables with mean 0 and variance 1.
Then the ESD of \%An converges almost surely to the semicircular law.

Approaches to the study of the spectrum using observation (1.3) are collectively
called the trace method. The trace method cannot be applied when the eigenvalues are
complex, in which case other methods are used. The limiting distribution for Gaussian
ensembles was established by Mehta [31] in 1967, using Ginibre’s formula for the joint
density function of the eigenvalues of A,, see Figure 1-2. It was later extended to
ensembles with different restrictions on the distribution of ;;; breakthroughs were due
to Girko and Bai and more recently Tao and Vu have established the circular law for
any ensemble with iid &;; with mean zero and variance one (see [39] and the references
therein).

Theorem 1.2.2 (Circular Law [39]). Let A, be an n x n random matriz whose entries
are 11d complex random variables with mean 0 and variance 1. Then the ESD of \%An
converges (both in probability and in the almost sure sense) to the uniform distribution

on the unit disk.



Figure 1-2: The circular law and the ESD of a random matrix \/LﬁAn where A;; ~
N(0,1) and n = 1024.

The Gaussian ensembles are the best understood random matrices because they are
endowed with a strong group structure: Gaussian random variables are closed under
linear combinations, and the GOE and the GUE are closed under orthonormal and
unitary transformations, respectively. Thus, the joint distribution of the eigenvalues can
be explicity written and so other important quantities can be derived. To the contrary,
other ensembles lack this algebraic structure and consequently other techniques were
developed to study non-Gaussian ensembles.

Relatively recently, Chatterjee introduced the Lindeberg swapping method to ran-
dom matrix theory to treat Wigner matrix with exchangeable entries [9]. This method
is based on Lindeberg’s idea for a proof of the central limit theorem. Lindeberg proved
that the limit % is common for any sequence of independent random variables
Xi, Xa, ... with mean zero and variance one [28]; in which case it is enough to compute
such a limit for normalized Gaussian random variables.

In the context of random matrices, the Lindeberg swapping method is applied
by showing that a certain function of the variables, not necessarily linear, does not
vary too much if we replace one or two variables with a Gaussian with the same mean
and variance. If it is proven that the error becomes negligible in the limit, then any
ensemble with normalized elements shares the same limit (of the function) with the
GOE or GUE. Then, we can use the algebraic properties in GOE and GUE to compute

the actual limit.
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This method has been used for some other spectral properties such as delocal-
ization of eigenvalues and eigenvectors and the condition is that the ensembles have
four matching moments. Recent developments concerning Wigner matrices cover the
spacing between eigenvalues and the theory of Wigner matrices is almost complete, see
[12] and [41], though some results get weaker convergence than almost sure convergence
and, for some results, exponential moments for the elements are still required.

The picture for the universality phenomenon in the case of Wigner ensembles is
clear now, and, so it is in a less extent for some generalizations of Wigner matrices.
However, for such universality results it is of great importance that the elements in the
upper triangle are independent and that they have mean zero. The case of adjacency
matrices of graphs therefore requires a different analysis. A particular problem for @, ,
is that the elements can be heavily concentrated around zero. In the next section we
present the main spectral statistics of sparse matrices such as @,,, and @, 4, and some
recent breakthroughs.

1.3 Sparse Matrices and Graph ensembles

Among the symmetric models that do not fit the conditions of Wigner ensembles
there are, for example: self-adjoint matrices whose elements have different variance;
‘band” matrices, such as tridiagonal matrices; symmetric matrices where randomly
chosen entries are set to zero; and adjacency matrices of different classes of random
graphs. We are interested particularly in @, ,, the adjacency matrix of an Erdds-Réyni
graph. For fixed p € (0,1), the Erdés-Rényi graph G, , is the random graph on vertices
{1,...,n}, in which each possible edge is independently present with probability p.

Another interesting ensemble is @), 4, with d fixed or varying with n, and corre-
sponding to the d-regular random graph G, 4, which is uniformily chosen among the
d-regular graphs on n vertices. The latter is important because it is a simple model

where the elements in the upper triangle are not independent.
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In the case of adjacency matrices, the largest eigenvalue is not near the rest of
the eigenvalues. If A\; < ..., < A, are the eigenvalues of Q),, (resp. Qnq4) and p is
not too small, then A, is of the order of np (resp. A\, = d). However, after a proper
normalization, the rest of the eigenvalues follow the semicircular law if p is not so small
(resp. d — 00).

Theorem 1.3.1 ([20]). There is a constant ¢ such that the following holds. If p =
p(n) > % then the ESD of ﬁ@nm converges to the semicircular law with prob-
ability one.

Theorem 1.3.2 ([44]). Let d = d(n) — co. Let Qpag = Qn.a— 41, where 1 denotes the
all-ones matriz. Then the ESD of m@md converges to the semicircular law with
probability one.

Theorem 1.3.1 is a result of Furedi and Kolmés from 1981 and Theorem 1.3.2 was
recently settled by Tran, Vu and Wang in 2010. The proof of the latter theorem uses
the fact that adding a matrix of rank 1 can not overly perturb the spectrum.

One of the problems in handling sparse matrices, is precisely the large number of
zeros in the matrix. This is essentially the reason why we have the condition p > %
for Theorem 1.3.1. It is remarkable that for the sparse d-regular graphs, when d fixed,
a limiting distribution also exists and this in turn approaches to the semicircular law

as d — o0o. Let
d?>—d
d?> —4(d — 1)2?

Theorem 1.3.3 (Kesten-McKay’s law [25] [30]). For any fized positive integer d, the

Wa(zx) := W(zx).

ESD of \/%de converges to Wy with probability one.
The Kesten-McKay’s law was established over 30 years before Theorem 1.3.2.
Some other statistics of @), and @, are known to behave as predicted by the

classical matrix ensembles. In particular, in @), , both eigenvalues and eigenvectors are

delocalized [44].
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Now consider @), 4 and let
A= sup |Av| = max{|\._1], | M|}
[vll=1,v-1=0

This parameter corresponds to the spectral norm of the normalized matrix and is useful
in that whenever A is significantly less than d, then @), 4 is in a certain sense ‘distributed’
as a random graph with edge density d/n (see [22] for more details). The difference
d — X\ is known as the spectral gap of @), 4.

We finish this section with a conjecture on the spectral gap. A d-regular graph
G is called a Ramanujan graph if A(G) < 2v/d — 1. The only explicit constructions of
Ramanujan graphs are based on deep results in number theory; however, it is believed
that a positive proportion of regular graphs are in fact Ramanujan. The most famous
result in this direction is Friedman’s theorem (Alon’s conjecture), which we state below.

Theorem 1.3.4 (Alon’s conjecture [19]). For any € > 0 and any fivred d > 3, a.a.s
MQna) =2+¢)vd— 1.

It is plausible that, in fact, ), 4 is Ramanujan with positive constant probability,
for d fixed and n tending to infinity. However, at this point, it is not even known that
for every d there are infinitely many d-regular Ramanujan graphs. Also, the analogue of
Alon’s conjecture in the case that d grows with n, has yet to be tackled. One reasonable
conjecture posed by Vu in [45] is the following.

Conjecture 1. Assume that d < % and both d and n tend to infinity. Then a.s.

MQna) = (24 o(1))4d (1 _ ﬁ).

n



CHAPTER 2
Rank and Determinant of discrete matrices

In contrast to the global spectral statistics of random matrices where both con-
tinuous and discrete ensembles have the same behaviour, the question of whether a
matrix is singular becomes non-trivial only in the discrete setting. Breakthroughs in
this direction have been possible due to the use of additive combinatorics tools such
as Littlewood-Offord results, which studies the concentration of linear combinations of
random variables; and Freiman’s inverse theorem, which gives conditions for a set of
integers to have a strong additive structure.

In the case of @), ,, Costello and Vu have gone beyond the study of the probability
of singularity to the study of the dynamics of the rank of @, ,, showing that with
high probability rank(Q,,,) equals the number of non-zero rows of @),,, when p > 1121—7’:
[CostelloVul0]. They also extended the study of the rank to smaller values of p, see
[11].

The Littlewood-Offord problem is part of the study of additive combinatorics and
has been one of the cornerstones in the study of the singularity probability and to
estimate the determinant and rank of both symmetric and non-symmetric random ma-
trices. As Littlewood-Offord results are of independent interest, and the basic results
have simple and elegant proofs, we start by presenting some of these results. Then we
return to survey the results and conjectures concerning the singularity probability of
iid Bernoulli ensembles, and of the @), , and @), 4 ensembles. Since we build upon the
work on [11], we present their work in full detail in the remainder of the chapter.

2.1 Littlewood-Offord results
The Littlewood-Offord problem is part of the additive combinatorics theory. It

studies the concentration of linear, quadratic and, more generally, polynomial forms of

11
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random variables. From its most simple form (Theorem 2.1.3) to the most recent and
sophisticated version of the inverse problem due to Tao and Vu [40], these concentration
inequalities have played a key role in the study of random matrices. Komlds used
Theorem 2.1.3 to bound the probability of singularity for Bernoulli random matrices
and more sophisticated version are used to bound the probability of singularity and to
estimate the determinant of discrete random matrices.

These inequalities are named after Littlewood and Offord, as they first posed the
question in a study of the roots of complex polynomials [29]. They were looking for an

upper bound on the number of different sums

n
E ;1)
i=1

that lie in a circle of radius 1, where n; are signs £+1 and a; are non-zero complex
numbers with norm at least 1. In 1945, Erdés showed [15] that the number of different
sums in any such circle is no more than (an;Q J)’ which is best possible if we set all a; to
be equal. The argument is simple and elegant, and uses Sperner’s theorem on the size
of antichains.
Definition 2.1.1. Given a set X, an antichain A is a collection of subsets of X, in
which for any two subsets A, B € A neither of them is properly contained in the other.
Clearly, for the set [n] = {1,2,...,n}, the collection of all subsets of size k form an
antichain with (Z) elements and so we maximize its size by letting k = [n/2]. Sperner’s
theorem asserts that the size of an antichain can not be larger than that. There are
several proofs to this theorem, here we present one with a probabilistic point of view.

Theorem 2.1.2 (Sperner’s theorem [42]). Let A be an antichain on [n]. Then

A= ()
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Proof. Consider a random permutation o : [n] — [n| uniformly chosen among the n!
possible permutations. We now compute the probability of the auxiliary event

U {o(4) = [1A[]},

AeA
that is, the probability that at least one of the sets A in the antichain is mapped exactly
into the first |A| elements in [n]. We claim the above union is a union of disjoint events.
To see this, fix distinct A, B € A with |A| < |B|. If 0(A) = [|A]] and o(B) = [| B|] then

necessarily A C B, contradicting the fact that A is an antichain. On the other hand,

P{o(4)=[Al]} = (|Zl|)_1

for any set A € [n]. Thus,
o\ L
P { U o(4) = HAI]} -y <|Ar> <1
AcA AcA
The result follows by replacing each of the binomial coefficients (|Z|) by the largest

binomial coeflicient (Ln72 J) to obtain

4l (LanJ)l <2 (LT;?J)l <2 <|Z|>l =t

]

Erdés’s observation was that a set of signed sums all lying in a sufficiently small
disc in the complex plane can be used to define an antichain of subsets of [n], at which
point Sperner’s theorem can be applied. For our purposes it suffices to consider the case
where the a4, ..., a, are real rather than complex and work with intervals rather than
circles. However, as we will not restrict the norm of the a;, the length of the interval
for which Sperner’s theorem can be applied will depend on the smallest of |a;|, i € [n].
In the next theorem we present the result in probability concentration terms as it will

be more convenient to look at the probability a random sum takes specific values.
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Theorem 2.1.3 ([15]). Let ay,...,a, be real non-zero coefficients, and let xy,...x, be

independent random variables taking values -1 and 1 with equal probability. Then

1
sup P {Z a;x; = c} < %

ceR
Proof. Write r = min{|a;|; 1 < ¢ < n}. Fix ¢ € R and write [ = (¢ — r,c+ ), note

that I is not empty because r > 0. We then have

P{Zaixi:c} SP{Z%% EI}.

We can assume that the coefficients a, ... a, are positive because the variables x; are
symmetric. Write A = {i € [n]; z; = 1}, we have
n
SUTED SRS o
i=1 icA i¢A
We now claim that the collection
A={S € n]; Zai—Zai el}
€S ¢S
forms an antichain. To see this, consider two different subsets S C T C [n], the
difference between their associated sums is at least
(Ca-Xa) - (Sa-Ta) 2 T aza
€T i¢T i€s i¢S i€T\S
and so the sums can not simultaneously lie in the interval I. By Sperner’s theorem it

follows that |A| < (Ln% J)‘ Therefore, for any ¢ € R we have

P{Zaﬂf@' = c} < P{Zaixi € I} < (LnT;ZJ)Qn < %

The last inequality follows from a nice manipulation of the closed form

(Ln%)” - ﬁ o

=1

which is developed in the appendix. O
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Remark 2.1.4. The bound of Theorem 2.1.3 also holds if we consider x; as independent
random varibles taking values 0 or 1 independently with equal probability. That is

sup P {Z a;r; = c} = %

ceR
Proof. Indeed, we can define 2 = 2z; — 1 so «, is 1 whenever z; = 1 and z} is —1
whenever x; = 0. Then rescaling the coefficients to a, = a;/2 and shifting the tarjet

value to ¢ = ¢ — > a; gives

1
P{S o=}~ Yt~} <
for any c € R. 0

Costello and Vu extended the results above to apply them to sparse random matri-
ces such as @), , with p < % The next two theorems give analogous bounds for random
variables taking values 1 with probability p and zero otherwise, and for random variables
taking values +1 with probability p/2 and zero with probability 1 — p.

Theorem 2.1.5 ([11]). Let ay,...,a, be real non-zero coefficients and x1, .. .x, inde-
pendent random variables taking values 1 with probability p and O otherwise. Then

sup P {Z a;T; = c} < \/in_p

ceR
Proof. First note that the supremum is trivially bounded by 1, so we can assume
np > 1. We transform the random variables by letting x; = v;2;, where the y; and
z; are independent 0-1 random variables, taking value 1 with probability 2p and 1/2
respectively. Then, for any ¢ € R, we can condition on the number of non-zero variables

y; to bound P {>" a;x; = ¢} with

P{Zyi < np} +3 P{ S (a)zi = ¢

k>np 5y =1

> v :k}P{Z% — K} (21)
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The first term can be bounded by Chebyshev’s inequality. Clearly, > y; has a binomial

distribution and thus

P{Zyi <np} SP{}Z%—%p‘ >np} < 2reld = 2p)

(np)?

As for the second term, Remark 2.1.4 gives that for each fixed k > np,

1
P{ > (awi)z =c Zyzk‘} <

4 yi=1
Finally, plugging the above bounds in (2.1) allows us to conclude that

1
supP{Zaimi :c} < —+

ceR np

IN

—_

3
N}

3

]

Theorem 2.1.6. Let aq, ..., a, be real non-zero coefficients and x4, ...x, independent
random variables taking values 1 or —1 each with probability p < 1/2 and 0 otherwise.

Then

2
supP{ aixi:c} < —.
ceR Z \/np

Proof. Following the ideas in the proof above, let x; = y;2;, where the y; and z; are
independent random variables, y; takes values 1 with probability 2p and 0 otherwise,

but now z; is 1 or -1 with equal probability. We get the same conclusion by conditioning

on the number of non-zero variables ;. ]

It is perhaps worth recalling here that in the linear combinations we encounter
during the study of random matrices we assume no detailed information about the
coefficients. Nevertheless, a lower bound on the number of non-zero coefficients is
sufficient to obtain a worse, still useful, bound for the concentration of such linear
combinations.

As we see in more detail in the next section, linear concentration bounds are useful

to study the probability of singularity of iid Bernoulli matrices. In contrast, the same
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probability for symmetric matrices involves a quadratic function of their entries. To this
end, Costello, Tao and Vu formulated the Litllewood-Offord problem for quadratic forms
[10] which is a key step in the proof that @, 1/, is a.s. non-singular (Theorem 2.2.4).
Here we present the quadratic Littlewood-Offord inequality developed in [11].
Theorem 2.1.7 ([11]). Let A = {a;;} be a n x n real-valued symmetric matriz in
which there are at at least 2k rows having at least 2k non-zero entries each. Let x =
(x1,xa,...,x,) be a column vector in which each x; is 1 independently with probability
p < 1/2 and 0 otherwise. Then, letting D(x) = >, > 7, ajjvix; we have

supP {D(x) = ¢} < 3(kp) ™",

ceR

The proof of this theorem uses a decoupling lemma to separate some of the vari-
ables, say {z;; 1 < i < k}, and extract from D(x) linear functions of the rest of the
variables, {z;; k < i < n}, for which we can apply Theorem 2.1.6, thus reducing the
complexity of the problem. The decoupling lemma, which is a particular case of a con-
jecture of Sidorenko, consists of a simple application of the Cauchy-Schwartz inequality.
Lemma 2.1.8. Let X and Y be random variables, and let E(X,Y) be an event de-

pending on X and Y. Let Y' be an independent copy of Y, then
P{E(X,Y)} <P{E(X,Y), E(X,Y")}.

Proof. For clarity we assume that X takes a finite number of values xq,...x,. Note
that

P{E(X,Y)} = ZP{E(X,Y) | X =2, } P{X =x;}.

By the Cauchy-Schwartz inequality we obtain

P{E(X,Y)}* < (ZP {E(X,)Y)| X =x0,}’P{X = xi}> (ZP {X = g;i})

=1

=P{E(X,Y),E(X,Y")}
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where the last equality is due to the independence of Y and Y. O]

Proof of Theorem 2.1.7. Let x1,..., %k, Yki1,---,Yn be independent random variables
taking value 1 with probability p and zero otherwise. We combine these variables to form
two independent random vectors X and Y; let X = (zq,...,zx) and Y = (Yga1, -, Yn)-
Denote by
ko k
DX,Y)=>)_

i=1 j

k n n n
AT + Z Z (aij + ajz‘)xiyj + Z Z QAijYiYj-

1 i=1 j=k+1 i=k+1 j=k+1
Then D(X,Y) is distributed as D(x). Now, for a fixed ¢ € R we use Lemma 2.1.8 to es-
timate the probability of E(X,Y"), the event that D(X,Y) =c. Let Y = (y 1, ---, ¥»)

be an independent copy of Y, then
P{D(X,Y)=c} <P{D(X,Y)=D(X,Y') = c}'/*;
thus, it suffices to bound the probability of the event
{D(X,Y)-D(X,Y") =0} D{D(X,Y)=D(X,Y') =c}.

We manipulate the quadratic form D(X,Y) — D(X,Y”) to obtain a linear function of

X.
k n
D(X,Y)-D(X,Y)=)_ (aij + a;i)(y; — y;)ws
i=1 j=kt1
Y D auluys — Y.
i=k+1 j=k+1

Recalling that A is symmetric, and thus a;; = aj;, we get

D(X,Y) = D(X,Y") = f(Y,Y') + > Wi(Y,Y");, (2.2)

i<k
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where
FLY) =) ay(yy; — v,
i,j>k
= 2ay(y;
j>k
Note that W is a linear form in the variables (z; — ), each of which takes values +1

with probability p(1 — p) each.

We can assume, without loss of generality, that the first k£ rows of A contain at
least 2k non-zero entries each. Thus, for any index ¢ € [k| we can guarantee that at
least k of the coefficients a;; with j € [n] \ [k] are non-zero. As a consequence the

random sum W; has at least k non-zero coefficients a;;, so by Theorem 2.1.6

2
P{W; =0} < m (2.3)

Furthermore, conditioning on the number of non-zero W, the probability that D(X,Y)—
D(X,Y’) =0 is at most

p {wa — _[(Y,Y") ‘ S Lo > k;/z} 4P {Z Lo > k:/2} ,

where the sums are over 7 € [k]. The second term in the expression above is bounded
by Markov’s inequality, using (2.3) we obtain

k 2P {W,; =0 4
P{lei:0>§}§ {k }S

kp(1—p)

For the second term we use Theorem 2.1.5 to bound

P{ZWM_ £V, Y 21W¢0>k/2}
kp —1/2
<supP{ZWxZ—c ) le¢0>k/2}<2(2)

ceR
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Putting these two bounds together and using that p < 1/2 we get

22 4\/§< 9

P{D(X,Y)—D(X,Y/):O}S\/k_er\/k_p_\/@,

therefore, by Lemma 2.1.8
P {D(X,Y) = c} < P{D(X,Y) — D(X,Y") = 0}'/* < 3(kp) /"

This holds for all ¢ € R, so the result follows. O

An inverse question arises naturally: if sup..p P {>_ a;z;} is large, what can be
said about the multiset {a;}icp? Tao and Vu proved the first inverse Littlewood-Offord
concentration bound in [43] and used it to study the condition number of a random
matrix. Essentially, they proved that if sup.cgp P {D a;x;} is large, then {a;};cp, has a
strong additive structure.

Previous results related to this phenomenon are in [35], where Sarkozy and Sze-

merédi showed that if the coefficients a; are all different, then the bound can be improved

~1/2 —3/2

from n ton . The latter bound is tight, for example, when the set of coefficients
are a; = k. More generally, if sup,cp P {D_ a;z;} is large then the coefficients are con-
tained in a generalized arithmetic progression (for explicit statements of this kind see
[32]).

This area of additive combinatorics has been a useful tool for the study of discrete
random matrices where not only the norm of the vectors is important but their direction
in the space (or structure). In the next section we cover some of the history of the
study of the probability of singularity, together with some estimates for the order of
the determinant.

2.2 Singularity probability and Determinant

Recall that an n x n matrix A, with row vectors ry,...,r, is singular if and only

if det(A,,) = 0 and note that the determinant of a matrix can be express as the volume
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of the parallelepiped spanned by its row vectors. Thus,

n

det(A,) = [ d(xe, Vo), (2.4)
k=1
where V}, is the subspace of R spanned by the row vectors ry,...,ry_;. If A, is random,

it follows that
P {A, is singular} = P {r) € V}, for some k € [n]}.

If A, hasiid entries and the distribution of the entries is continuous, then the probability
that a row ry, is contained in the span of the previous rows is zero. However, if the entries
of A, have a discrete distribution, then the distance d(rg, V) becomes less trivial: it
depends on the structure of the subspace V.

Singularity can also be expressed in terms of the rank. An n X n matrix A, is

singular if and only if rank(Q) < n. Here the intuition is that
‘Singularity should come from small dependencies’ (2.5)

To explain this intuition, we consider the random matrix M,,, whose entries are iid
taking values 1 or —1 with equal probability. The smallest set of linearly dependent

vectors in {—1,1}" has size 2. As a consequence,

P {det(M,) = 0} > (’;) (%)n

This follows from a union bound of all distinct pairs of rows vectors and pairs of column
vectors in )y, ,; the probability that any such pair is equal (up to sign) is 2-(n=1) Tt
has been conjectured that having two equal rows is essentially the only way to have
singularity.

Conjecture 2. For the random matriz M, and for n sufficiently large

P {det(M,) = 0} G + 0(1)>n.
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The first breakthrough towards this conjecture was give by Komlds in [26].

Theorem 2.2.1 ([26]). For the random matriz M,,, we have that for n sufficiently large

1
P {det(My) =0} < —

The next step was due to Kahn, Koml6s and Szemerédi in [24], where they estab-
lished an exponential bound: (0.999" + o(1))". Later, Tao and Vu introduced results
of the type of Freiman’s inverse theorem to improve the constant to % in [38]. To date,
the strongest result on this conjecture is due to Bourgain, Vu and Wood.

Theorem 2.2.2 ([8]). For the random matriz M,, we have that for n sufficiently large
P {det(M,) = 0} < (1/v2 4+ o(1))"

Once we have established that det(M,,) # 0 a.a.s., we can also think about the
expected value of det(M,,). A straightforward bound is given by Hadamard’s inequality
which states that the determinant of a matrix is upper-bounded by the product of the

length of its row vectors. So for M, we have

det(My) < (V)"

It is conjectured that the above inequality is tight a.a.s. (up to terms of smaller
order). A step towards this conjecture was made by Tao and Vu in [37].

Theorem 2.2.3 ([37]). The random matriz M, satisfy a.a.s.
|det(A,)| > Vnlexp(—29Vn1nn).

The proof of this theorem used the approximation of det(M,,) via the distance of
r to Vi as in (2.4) and Littlewood-Offord bounds are used for the case where k is close
to n. As we have seen, results on det(M,,) use mainly Theorem 2.1.3, which estimates

the concentration of linear forms of a random vector.
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A new obstacle to estimate P {det(Q, ) = 0} is that the entries of the matrix are
no longer independent. As a consequence, a) estimating P {d(ry, V})} is not trivial,
and b) the determinant of @, , is a quadratic function of its entries. The singular-
ity probability P {det(Q, ) = 0} is conjectured to have the same exponential order as
P {det(M,) = 0}. However, in contrast to the already exponential bounds for the prob-
ability of singularity for the iid ensemble, the best known bound for the singularity of
(n,p are still polynomial. And the question of whether P {det(Q, 4) = 0} tends to zero
for either d fixed or varying with n remains unsettled.

From now on, we only focus on the @),, ensemble. The study of the probabil-
ity of singularity for symmetric matrices required the development of new techniques
and tools. The breakthrough in this direction is due to Costello, Tao and Vu which
established a.a.s. non-singularity for @, 1/s.

Theorem 2.2.4 ([10]). The symmetric random matriz Q,1/2 5 a.a.s. non-singular.

More precisely

p {Qm/z 18 singular} = O(n—1/8+a)7

for any positive constant « (the implicit constant in the O(-) notation of course is
allowed to depend on «).

The current best upper bound for random symmetric matrices (with entries +1)
is due to Nguyen.
Theorem 2.2.5 ([32]). The symmetric random matriz A,, with entries taking values

1 or —1 with equal probability satisfy
P {A, is singular} = O(n™%).

for any positive constant C'.
To prove Theorem 2.2.4, Costello, Tao and Vu developed a quadratic version of

the Littlewood-Offord problem. Later, Costello and Vu introduced the vertex exposure
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method used in random graph theory to study @), , with p = 01% < %, with ¢ > %, see
Theorem 2.3.2 below.

In the case of symmetric matrices @), ,, the simplest cause of singularity is the
presence of all-zeros rows. This is, in fact, a general difficulty when studying sparse
matrices: their large amount of null entries.

For the case of )y, the probability that @), , has an all-zero rows tends to 0 if
p > IHT However, the intuition in (2.5) goes beyond the existence of all-zero rows in
Qnp- More can be said about small dependencies of Q,,, for p < 3.

To do so, we need to study a finer property than that of singularity. In the following
section we study in more detail the function rank(Q,,) which, interestingly, equals the
number of non-zero rows in @), , for p fixed with high probability.

2.3 Rank of symmetric sparse matrices

Recall that each matrix @, , represents a random graph G, , and zero-row vectors
in G,,, are in bijective correspondence with isolated vertices in the graph. Recall that
i(Qn,p) denotes the number of zero-rows in @),,. As we have seen in the previous
section, all-zeros rows in @), , leads to singularity of @), ,.

In this section, we consider the rank of @), ,, which is equal to the dimension of
the space spanned by its row vectors, ry,...,r, € {0,1}". A set of linearly dependent
vectors spans a space of strictly lower dimension than the number of such vectors. Thus,
the rank is full precisely if {ry,...,r,} are linearly independent.

The zero vector 0 has dimension zero and so we always have

rank(Qnp) <n —i(Qnp)-

We are interested in understanding when equality holds above.
Definition 2.3.1. A set of vectors {r;}ics is a non-trivial dependency or equivalently,

a vanishing set if r; # 0 for all i € S and there exist non-zero coefficients {a;}ics such
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that

Z a;r; = 0,

ieS
We say that {r;};cs has a trivial dependency if r; is the zero vector for some i € S.
The simplest set of linearly dependent row vectors r; are pairs of equal rows.
These pairs correspond in the graph model to pairs of non-adjacent vertices with the
same neighbourhood. One case of this is the endpoints of a path of length two. The
probability of having a 2-path in G,,, tends to zero if p > h;—g (see [23], Chapter 5).
In

“ the probability of having a non-trivial dependency in @,

Surprisingly, for p > 2=

tends to zero as n tends to infinity.
Theorem 2.3.2 ([11]). For Q,, with p = 2% < 1 and ¢ > 1/2 fized, with probability
1 — O((Inlnn)~1/4)

rank(Qnp) =n — i(Qnp)-

Consequently, for p in this range, the matrix is invertible if the graph G, , has no
isolated vertices, and the giant component has full rank.
As a warm up, we show that, with high probability the rank is close to n if p = an

Lemma 2.3.3. Consider the random matriz @y, ,, with p = lnT" For any € > 0,
P {rank(Q,,) < (1 —e)n} < cye~aninm,

2 €
where ¢c; = = and ¢y = (g) )

Proof. Let Ay be the event that the last en rows of (), , are contained in the span of

the first (1 — &)n rows. By symmetry and a union bound

P {rank(Qn,) < (1 —e)n} < (;)P {Ao} .
We view the matrix @), , as the following block matrix

B CT
Qn,p = 5
cC D
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where B is the upper-leftmost (1 — e)n x (1 — ¢)n submatrix of @, and D is the
remaining en X en symmetric matrix. If Ay holds, then necessarily exists a matrix F

(not necessarily unique) satisfying C' = F'B and
D= FCT, (2.6)

Note that the above equation holds for any such F. To estimate the probability of
Ao we condition on any fixed matrices B and C'. In this case, if Ay holds, then D is
determined by (2.6). The probability that an element of D, coincides with FCT is at

most 1 —p, (p < 1/2 <1 —p). The independence of the above diagonal entries yields
P{4y|B,C,C = FBy=P{D=FC" | B,C,C = FB} < (1 —p)(3).
This holds for any fixed B and C' so we obtain P {4y} < (1 — p)(? ) and therefore,

P {rank(Quy) < (1=} < () =%

EN

e EN 52n2p
9

S CgefCﬂLlnn.

O

This holds even if we look at a graph with an vertices for any fixed a € (0,1) and

In

we let p = p(n) € (B2, 1).
Corollary 2.3.4 ([11]). Fiz o > 0 and n’ = |an]. Let Q be the adjacency matriz of

G p with p = Cl% < % and fized ¢ > % For any e > 0,

P {rank(Q) < (1 —e)n'} < cpe—anom,

e2a?
8

where ¢, = and cy = (f)m.
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In the remainder of the chapter we present the proof of Theorem 2.3.2 due to
Costello and Vu. Later, in Chapter 3, we will generalize this proof to a new model of
random graphs for which certain edges are not random.

From now on, we consider only sets of rows containing only non-zero vectors. To
prove Theorem 2.3.2, we need to understand other forms of dependency.

Observe that if {r;};cs is a vanishing set of row vectors in {0, 1}", then for every
coordinate k € [n|, necessarily either r;, = 0 for all i € S or else there are distinct
i,7 € S with rj; = 1 and rj;, = 1. Translated to graph terms, a set of vertices S
corresponding to a non-trivial dependency in ), , necessarily satisfies that every vertex
in V is either adjacent to at least two vertices in S or to none at all. This simple
observation is a key in the proof of Theorem 2.5.8, which roughly states that with high
probability, any non-trivial dependency in @), , has large size.

An important technique is the wvertex exposure method, introduced for symmetric
matrices in [10]. The vertex exposure method has been used in random graph theory
before: it consists of adding vertices one by one and revealing just the edges connecting
to the vertices already exposed. This augmentation process is similar to that used in
the estimation of the determinant for non-symmetric matrices [26].

In the case of symmetric matrices, the dependence among the entry values modify
the way new information is added. The analysis starts with the symmetric submatrix
generated by the first an rows and columns in @), ,, where a € (0, 1) is chosen carefully.
From then on, at each step an independent row and its transpose are added, preserving
the symmetry of the matrix.

We now define the matrices of the exposure method through their corresponding
graphs. Denote by @, ,[m| the adjacency matrix of G, ,[m], which we define as the
subgraph of G,,, induced by [m]. Moreover, note that @, ,[m] is the upper-leftmost
m x m submatrix of @, ,. Writing n’ = [an] for an appropriately chosen a > 0, we

will consider the sequence of matrices Q,, ,[(n',n)] = (Qn '], Qnpn' +1], ..., Qunpln]).
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Costello and Vu used Corollary 2.3.4 together with the vertex exposure method to
prove Theorem 2.3.2. We close this section by briefly sketching our approach to the
proof of Theorem 2.3.2; the detailed proof can be found in Section 2.5.

We first apply Corollary 2.3.4 to show that with high probability @, ,[n'] has rank

0= (21,...,Zm,0)

close to n'. In Section 2.4 we explain how the addition of a new row x
together with its transpose can ‘optimally’ increase the rank of @, ,[m + 1] in terms
of the rank of @, ,[m], and obtain functions of the new row that determine whether
the increase of the rank is optimal or not. Additive combinatorics plays an important
role here as such functions are linear or quadratic in x;, so Littlewood-Offord bounds
obtained in Section 2.1 can be applied. The technical part of the proof consists of
showing that Q, ,[(n',n)] is endowed with a ‘robust’ structure that allows us to apply
the Littlewood-Offord bounds. The structure, as we will show in Section 2.5, is closely
related to blocking small dependencies. Fortunately, such robust structure occurs natu-
rally in G,,,, (with probability tending to one). As a consequence, matrices obtained in
the process will increase their rank optimally with probability large enough to guarantee
that, by the end of the process, all non-trivial dependencies will be removed.
2.4 Growing a symmetric matrix

In this section we study how the addition of a new row and column modifies the
rank of a symmetric matrix. Throughout this section, the randomness of the matrix
is irrelevant. We write simply () for an m x m matrix and define a growth operation
which takes a symmetric matrix ) and a vector x € {0,1}" and builds @’ by adding
to @ the row vector x and the transpose of x°.

Definition 2.4.1. The growth operation I'(Q,x) — @' maps an m x m symmetric

matriz Q with row vectors vy, ..., vy and x = (x1,...,2,) € {0,1}™ to Q" with row
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/ /
vectors ry,...1,, | defined as

(ril,...,rim,xi) Zf’L € [m},
(1, . T, 0)  ifi=m+ 1.

The matrices here used are deterministic, and we assume throughout this section
that @) contains no zero row vectors. It follows then, that no set of rows in ) has a
trivial dependency.

The first observation we can make about the growth operation is that
rank(Q) < rank(Q") < rank(Q) + 2. (2.7)

To see this, recall that the rank of a matrix equals the dimension of the span of its rows.
It is clear that the rows of ()’ span at least the same space in the first m coordinates as
the rows in @), so the rank cannot decrease. To see the second inequality, we now take
a closer look at the resulting matrix Q. We claim that the rows of )" are in the span
of

R={r},....1% x° e}, (2.8)

m?

where e,,;1 = (0,0,...,0,1) € {0,1}""! is the canonical vector of the m + 1-th coor-

dinate. This holds because the rows in r},7 € [m] are of the form
/ 0
r,=7r;, +T;€,41.

The second inequality in (2.7) follows from the observation that R spans a space of
dimension at most rank(Q) + 2.

So, the rank of () does not increase by more than 2 after the growth operation. It
is clear that if the matrix is already invertible, then the best increase we can obtain

by adding a new row/column is 1. The next lemma states the condition under which

rank(Q’) = rank(Q) + 2 is achieved.
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Lemma 2.4.2. Let Q be an m x m symmetric matriz and let x = (x1,...,%y). Let

Q' =T(Q,x), then
rank(Q’) = rank(Q) + 2

if and only if x is independent of the rows of Q).

Proof. Recall that the rank of a matrix is also defined as the dimension spanned by its
columns. Suppose x is independent of the rows in (). Then, in particular, rank(Q) < m.
Furthermore, adding x to () will increase its rank by one. We claim that the transpose
of x¥ is independent of the remaining columns of ()’ and so the rank increases further by
1. Otherwise, by the symmetry of @', x" is in the span of r},...,r/ and, in particular
x is in the span of ry,...,r,,. This is a contradiction; hence the rank of ) increases by
2 after the growth operation.

Now, suppose x is not independent of the rows in (). Recall that the rank of @)’ is
at most the dimension of the span of R, defined in (2.8). Since x is in the span of the

rows in @, it follows that

span({xl, ... .10, x", € }) = span({rl,....x, €nin}).

Hence, the rank of () increases at most 1. O

Motivated by Lemma 2.4.2, we next define ‘optimal’ rank increase and state a
lemma describing linear and quadratic polynomials that determine whether optimal
rank increase occurs. When we move to considering random matrices, we will need the
coefficients of the polynomials to be independent of x to apply the Littlewood-Offord
concentration bounds.

Definition 2.4.3. Let QQ be an m x m symmetric matriz and let x = (x1,...,Zy).

We say that the rank of () increases optimally after the growth operation, if writing
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Q' =T(Q,x), we have

rank(Q) +1 if rank(Q) = m,
rank(Q') =

rank(Q) +2 if rank(Q) < m.
Lemma 2.4.4. Fiz an mxm matriz QQ, a vector x = (x1,...,%,) and let Q' = '(Q,x).
If Q is singular, then there exists a linear polynomial f such that if () does not increase
optimally, then f(x) = 0. The polynomial is defined as

f(x) =z, — Z a; x;, (2.9)
i€s
where the coefficients a; # 0 for all i € S and the choice of {a;}ics depend exclusively
on Q.
Proof. Write r = rank(Q) and assume without loss of generality that the columns
Ci,...,c, of (Q are a maximal set of independent column vectors. We consider c,,, the
last column of @); since r < m, it follows that there exist unique integers a, ... a, such
that ¢, = >, aic;. Let S = {i <r; a; # 0} so that in fact,
Cm = Z a;C;.
€S
Denote by {c;}icim the set of columns of the matrix obtained after adding x. Note,
that ¢ is obtained by appending z; to the vector c¢;. Now, suppose () does not increase
optimally. By Lemma 2.4.2, the vector = is dependent of the set of rows of () and so
the addition of x does not increase the rank of the matrix. Thus,
c, = Z a;C;.
€S

In particular, the last coordinates satisfy

Tm = E Q; T,

€S
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where all a; with ¢ € S are non zero and {c;};cs is a linearly independent set. The

result follows. O

For the case rank(Q) = m, @ spans the space {0, 1} and so there exist coefficients
such that x = )", a;r; and, consequently, the last coordinates of rf...,r/, have to

satisfy as well
m
0=2pm41 = Z ;T
i=1

However, we require another function as the coefficients a; depend on the vector x and
not exclusively on Q).
Lemma 2.4.5. Fiz an mxm matriz Q, a vector x = (x1,...,%,) and let Q' = '(Q,x).
If Q is invertible, then there exists a quadratic polynomial g such that ) increases
optimally if and only if g(x) # 0. The polynomial is defined as
g(x) = Z Z A TiT5, (2.10)
i=1 j=1

g(x) is the determinant of Q)" and the coefficients a;; depend exclusively on Q).

Proof. By Definition 2.4.3, the rank of () increases optimally if and only if the deter-
minant of ()’ is non-zero. There is a clever way to compute the determinant of Q)" as a
quadratic function of x. The determinant of @)’ is expressed as
det(Q') = Z Z AT,
i=1 j=1

where a;; = (—1)*7+det(Q")) and Q) is the matrix obtained by deletion of the i-th
row and j-th column of Q).

To see this, we make a double application of the cofactor expansion of the deter-

minant. The cofactor C;; of an m x m matrix M is defined as

Cij = (—1)i+jd€t(M(i’j)),
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where M9 is the matrix obtained by deletion of the i-th row and j-th column of M.

Then the determinant of M is defined either by its j-th column cofactor expansion,

det(M) = Z Cij Mij;

i=1

or by its i-th row cofactor expansion,
j=1

To get the desired expression we write the determinant of @)’ with its m + 1-th column

cofactor expansion; let x,,,1 = 0, then

m+1

det(Q) =Y (1) det(Q V). (2.11)

i=1
In the same way, for each i € [m] we can express det(Q'®™ V), with its m-th row
cofactor expansion. Note that after deleting the j-th column and m-th row of ¢/¢™+1)

we get exactly Q) thus

det(Q ) =Y "(=1)"Hdet(Q))z;.
j=1
The result follows by plugging these equalities into (2.11). O]

In the next section we define conditions on the structure of (), , which guarantee
that, with high probability, the functions in Lemmas 2.4.4 and 2.4.5 have a minimum
number of non-zero coefficients and so we can apply efficiently the Littlewood-Offord
concentration bounds of Section 2.1 to prove Theorem 2.3.2.

2.5 Robust sequences and the proof of: rank(Q,,) =n—i(Qn,)

In this section we describe the structure that G, , must possess in order for the
vertex exposure method to establish that rank(Q,,) = n — (@) (Theorem 2.3.2).
This structure guarantees, with high probability, that the difference between the rank

and the number of non-isolated vertices decreases optimally through the augmentation



34

process; we formalize this intuition in Theorem 2.5.7. We close the section with the
proof of Theorem 2.3.2.

The following definitions are equivalent to those in [11].

Definition 2.5.1. Fiz a set of vectors {r;}ics, where v; = (r;1,...,1;y) for alli € S.
We say that the j-th coordinate is a blocking column in S if and only if there exist
exactly 1 non-zero value among r;;, © € S.

Definition 2.5.2. A set of non-zero vectors {r;}ics, S C [n], is blocked if it has at
least two blocking columns.

We will say that a matriz Q is k-blocked if every set {r;; i € S} of non-zero rows
in Q with 2 <|S| <k is blocked.

Remark 2.5.3. If Q) is k-blocked then any non-trivial dependency in Q) has cardinality
greater than k. Moreover, this property still holds in Q) after deleting any given column.

The remark follows from the observation that a non-trivial dependency cannot have
blocked columns. The condition that a blocked set has two blocked columns ensures
that even after deleting a column in (), blocked sets still have at least one blocked
column.

Recall that we denote by @), ,[m] the adjacency matrix of G,,, which we take to
be the subgraph of G, , induced by [m]. Note that the vertex exposure method is
equivalent to the growth operation defined in Section 2.4. This is so because, given the
matrix @y, ,[m], we can write @, ,[m + 1] = I'(Qn ,[m], x), where x is a random vector.
Lemmas 2.4.4 and 2.4.5 provide functions which determine when the growth operation
increases the rank optimally. Moreover, these functions are closely related to sets of
independent rows in @), ,[m| and sets of non-trivial dependencies.

The exclusion of small non-trivial dependencies allows us to obtain bounds, via
the Littlewood-Offord inequalities, on the probability that the rank increases optimally

under assumption that we explain below. In the following definition we insist that
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the necessary conditions to apply the Littlewood-Offord bounds are fulfilled in all the
matrices of Q,, [0, m| := (Qn,p["],. .., Qnplm]).

Definition 2.5.4. Let k = 1“5%. We say that the sequence Q,, ,[n’, m| is robust if for
alln’ < 3 <m, Quyplj] is k-blocked, and additionally @, ,[j] has at most (plnn)~! rows
which have at most 2 non-zero entries.

Let Q,, = Qnp[n',n] and set n’ = [an]; the value of a € (0,1) is carefully chosen
so that Lemma 2.5.8 below holds. However, apart from its role in Lemma 2.5.8, the
actual value of « is not relevant throughout the rest of the section.

Let Z,, be the number of all-zero rows in @), ,[m| which contain a non-zero coordi-
nate in ), ,[m + 1]. The following two lemmas bound from above the probability that
the rank does not increase optimally, under the assumption that the sequence is robust
and Z,, = 0. We remark that the bounds achieved are directly related to the value of
k in the definition of robust sequence.

Lemma 2.5.5. Fizn' <m <n and consider Q,,[m| and Q,,m+1] = T'(Qnp[m],x),
with x a random vector whose entries are distributed independently as Bernouilli with
parameter p. Conditioning on the event that Q,,[n',m| is robust and Z, = 0; if

rank(Qnp[m)) +i(Qnp[m]) < m, then with probability at most 23/?(In1nn)~1/2
rank(Qnplm + 1)) — rank(Qnpm]) < 2.

Proof. 1f Z,, = 0, then the rows that contain only zero in @, ,[m| do so in @, ,[m + 1]
as well. In this case, removing those rows and their corresponding columns will not
change the rank of @, ,[m] and @, ,[m + 1]. As a consequence, by conditioning on
Zy, = 0 and given the independence of the coordinates of x we can assume that @, ,[m]

has no all-zero rows.
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By Lemma 2.4.4, if rank(Q,,[m]) < m, there exist S C [m| and non-zero coefhi-
cients a;, © € S such that if the rank does not increase optimally, then
Ty — Z a;x; = 0. (2.12)
ies
Furthermore, by construction, the set {r;};cs is linearly independent; and {r,, } U{r; }.cs
is a non-trivial dependency of size |S| + 1. Since @, ,[m] is blocked, it is the case
that |S| > k. Thus, the linear function in (2.12) has at least k non-zero coeflicients.
Therefore, by the Littlewood-Offord concentration bound (Lemma 2.1.5)

p 0 2 23/2
— T = < < .
o Zalmz ~ VEkp ~ (Inlnn)l/?

€S

]

Lemma 2.5.6. Fizn' < m <n and consider Q,,[m| and Q,,m+1] = I'(Qnpm],x),
with X a random vector whose entries are distributed independently as Bernouwilli with
parameter p. Conditioning on the event that Q, ,[n',m| is robust and Z,, = 0; if

rank(Qn.plm)) +i(Qnp[m]) = m, then with probability at most 5(InInn)~1/4
rank(Qnplm + 1]) — rank(Q, ,[m]) < 1.

Proof. As explained in the previous proof, conditioning on Z,, = 0 we can to assume
that @, ,[m| has no all-zero rows and rank(Q,,\m|) = m.

By Lemma 2.4.5, if the rank fails to increase then

det(Qnplm +1]) = Z Z a;;riv; =0, (2.13)
i=1 j=1

where a;; = 0 if and only if the minor Q,,,[m]® is singular. To apply the quadratic
Littlewood-Offord concentration we need to bound the number of non-zero coefficients
;.

Fix j € [m]. We claim that the number of non-zero coefficients a;; is greater than

k if the deletion of the j-th column does not create all-zero rows in the matrix. To
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see this, note that if the deletion of the j-th column does not create a zero row, the
resulting m x m — 1 matrix has rank m — 1 and so there exists (up to scaling factors)

a unique vanishing linear combination

where rg is obtained from r; by deleting the j-th coordinate. Now, the matrix becomes
invertible again if and only if we delete a row rg with a; # 0. The set of rows with
a; # 0 is, by definition, a non-trivial dependency, so it holds that its size is greater than
k.

Finally, since Q,, ,[n’,m] is robust, no more than (plnn)~' rows in @, ,[m| have
less than 2 non-zero entries. Consequently, at most (pInn)~! columns leave zero rows
after their removal. It is clear then that at least k indices j have at least k indices ¢ such
that a;; # 0. Therefore, by Lemma 2.1.7, equation (2.13) then holds with probability
at most 3 (%)_1/4. The result follows. O

We now define an auxiliary variable which allows us to use a martingale-like ap-
proach. Let Y,, = m — rank(Q,,[m]) —i(Q,,[m]) be the decrease in rank due to non
trivial dependencies in @, ,[m]. Let

4¥m if Y, > 0 and Q,,,[n’,m] is robust,
Xm =

0 otherwise.
The following theorem formalizes the intuition that the variable Y,, tends to decrease

during the augmentation process.

Theorem 2.5.7 ([11]). Given a graph G, , with p = <22 < L and ¢ >

= 5 For any

1
5

sequence Q, [0, m] ={Qnp[n], ..., Quplm]} as defined above,

3
E [Xpi1 | Qupln’,m]] < ng +20(Inlnn) =14, (2.14)
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Furthermore,

E[X, | Qup[n]] < (g) ) X, 4 50(Inlnn) =4, (2.15)

Proof. Assume Q,, ,[m] is robust, otherwise X,,1 = 0 and the inequality holds trivially.

We analyse X,,.1 by conditioning according to the events {Z,, =i}, 0 <i < m.
E [ X1 | Qnplm ZE mi1 | Qnplm], Zom = i{]P{Zy =i | Qnplm]}.
If Z,, =1 > 0 then, regardless of the increase in the rank,
Y1 <Y, + 2, + 1.

Since Q,,,[n’, m] is robust, there are at most |(plnn)~'] all-zero rows in @, ,[m]. The
distribution of Z,, is binomial, thus P {Z,, =i | 9, ,[n/,m]} is bounded by

P{Zm Z i | Qn,p[nlym]} S (L(plnin)lj)pi
< [(plnn) = |'p'

= (Inn)™"

Summing over i, it follows that for n large enough (we need that Inn > 5, say),

m

E [Xpi11iz,50 | Qupln'.m]] < Z‘lym““(lnn)%

=1

< 4sz lnn

20X
Inn

If Z,, = 0, then we consider separately the cases Y,, =0 and Y,, > 0. If Y,,, =0,
then X,, = 0. In this case, X,,11 = 0 if the rank increases optimally, and otherwise

X1 = 4. Lemma 2.5.6 then yields

E (X110 | Qupln’,m], Zy = 0] <
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Likewise; if Y,, > 0, then X,,.1 = )ST’" if the rank increases optimally, and otherwise

X1 £4X,,. By Lemma 2.5.6 we then have

X,, 2%?%.4X,,
4

E [Xoirlpy, >0 | Qupln'sml, Zn = 0] < =% + (Inlnn)L/2’

Using that P {Z,,, =0 | Q,,,[n/,m]} < 1; all the cases together yield, for n large enough,

1 16 20
E[X,, ol < X,, 201 -
[(Xint1 | Qnpln’,m]] < ( nn + 4 + (lnlnn)1/2> T (Inlnn)t/4

< ZX,, +20(Inlnn) Y4,

ot w

Next, we prove by induction that for all integer 0 < k < n —n/

E|X Q M < 5 kX k 3\ 20 2.16
[ n’+l<:| n,p[n]]_ g n""; g W ( )

The base of the induction follows from the previous inequality. We assume now
that (2.16) holds for a fixed k < n —n’ and prove that it holds for k 4 1 as well. Using

the Tower Law for conditional expectations, we have

E Xy ka1 | Qupln]] = B[E [Xoipir | Qupln', 0" + K] | Qnp[n]]

{3 20

°x & ’
5 Xtk T Ty | QW[”]}

3((3\" 3\ 20 20
<2 (2) x, 2
—5 ((5) * ; (5) (lnlnn)1/4> * Inlnn)t/4
3\ k1 kt1 i1 9
2 X+ Y 3y, __ 20
5 —~\5 (Inlnn)t/4

The first inequality follows from (2.14), whereas the second inequality follows by the

induction hypothesis. Let k = n — n/, this yields

oo (T N3 20
E[Xn|Qn,p[n]]§<g) XwZ(g) )/t

=1

3\ 50
<(2) xp+—2
- <5> * (Inlnn)t/4
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We now present the proof of Theorem 2.3.2 assuming that the robust structure of
Q,.p[1', n] occurs with probability tending to 1, for p = Cl% and ¢ > % fixed.
Lemma 2.5.8 ([11]). Given a random matriz Q,, with p = <22 < 1 ¢ > 1. For
a € (0,1) with 5 < ac < £, consider the matriz sequence Q,,[n',n] with n' = an.
Then for any fized &' > 0, the probability that Q,,[n’,n] is not robust is O(n=2ca+<"),

Its somewhat technical proof is omitted as we prove a more general version in

Chapter 4.

Proof of Theorem 2.3.2. Write Q,,, for Q, ,[n’,n]. We show that rank(Q,,) = n —
i(Qnp) With probability 1 — O((Inlnn)~Y/4). By definition, X,, < 1 if and only if

rank(Qn,p) = n —i(Qn,) or the sequence Q,,, is not robust. Hence,
P {rank(Q,,) +i(Qn,) <n} <P{X, >1} +P{Q9,, is not robust} .

Let By be the event that rank(Qy,[n']) > (1 — 1-2) n’. Then the probability that

rank(Qnp) < n —i(Qn,) is at most
P{X, >1B}+P{B;}+P{Q,, is not robust} . (2.17)

So it suffices to show that each term above is at most, say 60(Inlnn)~'/4. The last

~1/4 for n large enough. To see this,

two terms in (2.17) decay faster than 60(Inlnn)
first, Lemma 2.5.8 yields P {Q,,, is not robust} < n'~2¢*+' where we choose & small
enough that 1 — 2ca + ¢’ < 0.

Next, setting € = 1;—0[0‘ in Lemma 2.3.4 yields that there exists constants cy,co > 0
such that with probability at most cfe=1"" the event B; does not hold.

We use the Tower Law for conditional expectation to bound the first term in (2.17),

P{X.\15,) 2 1} <E [Xp1p)] = E[E [ X1, | Q]
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Now, Bj is measurable with respect to (), ,[n’], thus
E [E [X,1p) | Qup[n]]] =E [E[X, | Qupln]] 1s,].

We are in condition to use (2.15) in Theorem 2.5.7, the conditional expectation

above is at most

, VAN
E [((3/5)"—” X,y +50(1n1nn)—1/4) 1[31}] < (T\[) 4 50(InTn )~ 1/4

The last inequality is obtained since the variable is zero except on the event B;, where

we have that X,y < 2093 Thus we concluded that

(1—a)n
2
P{X,>1 B} < (%) +50(Inlnn)~* < 60(Inlnn) =14,
The last inequality holds for n large enough as %ﬁ < 1. Combining the three bounds

we obtain the desired result. O

Theorem 2.3.2 currently yields a bound that is not strong enough to give useful
bounds for P {rank(Q,,) = 0} with p being a random function. In the next chapter
we extend Theorem 2.3.2 to matrices which possess a bounded number of deterministic
rather than random entries. The latter extension allows us to handle the particular

case of (), where p* is the hitting time corresponding to not having all-zero rows in

Qn,p-



CHAPTER 3
A Graph Process approach for the rank of @), ,

We want to bring the techniques used in random graph theory to analyse the be-
haviour of sparse random matrices. In particular, in this thesis we study the invertibility
of @, via a careful investigation of suitable structural properties of the corresponding
graph G, .

Random graphs were introduced by Erdés and Rényi back in 1959 [16] and have
been widely studied ever since (see, for example, the books by Bollobés [5] and Janson,
Luczak and Rucinski [23]).

One useful perspective on Erdés-Rényi random graphs is given by coupling the fam-
ily {Gnp}pe(o,1) to form a stochastic process. Formally, the graph process {G,p}pe(0,1)
is built from a set of variables {U;;; i < j € [n]} which are independent and uniform
on (0,1). Then for p € (0,1), we define G,,, as the graph with vertex set [n] and edge
set {e =1j; U. < p}. Hence, the process {G,p}pe(0,1) starts with an empty graph and
adds edges e one by one according to its time of arrival U,. We see that the process
{Grp}tpe(,1) is increasing, in the sense that for p < p/, with probability one G, is a
subgraph of G, ;.

A graph property P is a class of graphs closed under isomorphism. We say that
a graph property is increasing (or respectively decreasing) if it closed under addition
(respectively, deletion) of edges. The graph process is widely used to study how a given
property of the graph G, ,, evolves as p goes from zero to one.

In the following sections we define ‘hitting times’ and comment on some classic
results of random graph theory that show a relation between the hitting times of mono-

tone graph properties and the minimum degree of G,,,. We then present the novel

42
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contribution of the thesis (Theorem 3.2.1), which states that in {Qy}pe(0,1), the hit-
ting time for rank(Q,,) = 0 equals the hitting time for (G, ,) > 1 a.a.s. The last two
sections of this chapter are dedicated to proving Theorem 3.2.1 assuming Theorem 3.3.5
below, which itself is proven in Chapter 4.
3.1 The minimum degree condition for hitting times

One of the most important and well known monotone properties is that of being
connected. In fact, in their first paper on random graphs, Erdos and Rényi investigated
the probability that a graph on n vertices and about nInn edges uniformly chosen at
random is connected. They proved the following theorems (although not directly for
graphs G,, ).

Theorem 3.1.1. Let G, be a random graph with p = bg++“” and x € R. Then,

lim P {G,, is connected} = e ¢ "
n—oo

Theorem 3.1.2. Let G, be a random graph with p = 22~ and x € R. Let i(Gp,)
denote the number of isolated vertices in G, ,. Then for any k € N,

e—xke—e*

lim P {i(Gny) = k} =

That is, i(Gyp) converges in distribution to a Poisson variable with mean \ = e™*.

We can observe that the probability that G, , is connected is (asymptotically)
equal to the probability that G, , has no isolated vertices. It is clear that the latter
property is necessary for connectivity. In [17], Erd6s and Rényi made the link between
connectedness and minimum degree, showing that for p near the connectivity threshold,
the number of vertices one must delete in order to disconnect the graph is with high
probability given by 0(G,,,). In particular, if i(G),,) = 0 then the graph is connected
a.a.s. Such a result holds for any fix p, however, a stronger version of this fact holds

for {Gnp}pe(0,1)- To state this we need the notion of a hitting time.
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Definition 3.1.3. In the graph process {Gy p}pe(0,), let P be a graph property, then

the hitting time of P s defined as the random variable
p = Tp(n) :=inf{p € (0,1); P holds in G, ,}.

We will set the infimum of an empty set as co.
We define p* to be the hitting time for §(G,,) > 1 and 7¢ to be the hitting time
for connectivity. Then p* < 7 and moreover, equality holds a.a.s.

Theorem 3.1.4 ([7]). In the graph process {Gnp}pe(0,1)
P{rc(n) =p*(n)} — 1, as n — oc.

Results such as Theorem 3.1.4 are often called hitting time theorems. For many
monotone graph properties P, a minimum degree requirement is an obvious necessary
condition. Interestingly, for the random graph process, it is also often the case that
7p(n) is a.a.s. equal to the first time the minimum degree condition is satisfied.

Bollobas and Frieze established one of the famous early hitting time theorems, on
perfect matchings and Hamiltonian cycles [6]. The former events require §(G) to be
at least 1 and 2k, respectively. Bollobas and Frieze showed that if n is even then, the
hitting time for a perfect matching is equal a.a.s. to p* and the hitting time of § = 2k
coincides with the hitting time of having k disjoint Hamiltonian cycles. These results
extended previous work of Komlés and Szemerédi [27], which discussed the case of a
single Hamiltonian cycle.

One of the key steps of the proof in [6] is a general lemma about ‘minimum-
degree’-type hitting time theorems. The lemma essentially states that for monotone
graph properties, suitably precise estimates such as those in Theorems 3.1.1 and 3.1.2
can be transformed into hitting time theorems. It is proved by use of the so-called

‘edge-exposure martingale’, and an ‘edge rejection procedure’.
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Although the property of having full rank is not monotone itself, the monotonicity
of G, is crucial. We will use, for example, the FKG inequality [18] which establishes
positive correlation between increasing functions in certain probability spaces. The
FKG inequality is an extension of Harris’s lemma [21], which already implies that any
two increasing graph properties in G, , are positively correlated.

Lemma 3.1.5. Let A(n) and B(n) be increasing graph properties of G, ,, then
P{A(n),B(n)} > P{A} P{B5}.

If A(n) is an increasing graph property and B(n) is a decreasing graph property, then
P{A(n),B(n)} <P{A}P{B}.

See the appendix for a proof of the lemma above.

In the following section we make some remarks about rank(Q, ) and present the
novel result of the thesis, which is a hitting time theorem for full rank in the random
graph process.

3.2 The hitting time for full rank

We study the rank of @), , as a graph property as a means of understanding the
structure of the dependencies that exist between the rows of @, (see also, [11]). A
main observation is that the rank of a graph is not monotone under addition of edges
(e.g., the path on 4 vertices has full rank, but the cycle on 4 vertices has rank 2).
Therefore, the machinery for monotone properties can not be directly applied to the
event of non-singularity, that is rank(Q,,,) = n.

In this thesis we focus on the rank of @), , with p in a small interval around IHT”,
which is the threshold for p*. In particular, we are interested in the event (), , has full
rank, rank(Q,,) = n, and its hitting time 7p.

In spite of the lack of monotonicity, the rank of @), , has a direct relation with the

number of isolated vertices, as has been proven by Costello and Vu [11]. Theorem 2.3.2
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implies that the giant component of G,,, has full rank if p is fixed and lies in a small
interval of around an This suggests that the hitting times 77 and p* coincide, and
this is indeed the case

Theorem 3.2.1. For the matriz process {Qnp}pe(0,1)
P{rr(n) =p*(n)} — 1, asn — oc.

Clearly, a matrix with full rank contains no all-zeros row so p*(n) < 7g(n). There-
fore, the following proposition is equivalent to Theorem 3.2.1.

Proposition 3.2.2. In the matriz process {Qnp}pe(0,1) we have
P {rank(Qn,) =n} — 1, asn — oc.

This proposition is similar to Theorem 2.3.2, however, note that Theorem 2.3.2
is valid for fixed p, so it can not be extended directly to a random point such as p*.
Instead, we condition on the ‘last stage of the evolution’ before connectivity. In the
following paragraph, we sketch the proof of Proposition 3.2.2.

To prove Proposition 3.2.2, we fix p; small enough that P {p* > p;} is high, and
partition the probability space according to the set M of isolated vertices in G, p,
and on the neighbourhoods of these vertices in Gy, ,-. By symmetry, we may assume
that M = {1,...,|M|}, and write Si,. .., S|u for the neighbourhoods of these vertices
in G, For fixed | > 1, consider working on the event that M = [I| and that
Ng, .(i) = S; for each i € [I]. In this case we may replace G, by another graph,

later denoted G7

np+» in which the neighbourhoods of vertices {1,...,l} are deterministic

rather than random, without changing the event under consideration. Theorem 3.3.5,
below, generalizes Costello and Vu’s Theorem (2.3.2) to the case where a subset of the
vertices have deterministic rather than random neighbourhoods. Applying this theorem

will then allow us to prove Proposition 3.2.2. We now proceed with the details.
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3.3 The graph Gzp and its relation with G, ,-

In this section we derive an expression for the probability that the adjacency matrix
of G, ,~ has full rank. To do so we establish suitable conditional independence between
events depending on different edges of the graph process. This follows from the basic
observation that, given two independent o-algebras F; and Fs, for every Ay, B; € F;

and As, By € Fy, we have
P{A,Ay | B;,B:} =P{A; | Bi} P{A; | By }.

To see this, it suffices to express the term on the left-hand side of the equation using
the definition of conditional probability and then use the independence of F; and F
to separate the terms accordingly.

For any positive integer [ < n, let
Fr=o({Uy; i €[l],5 € [n]}), Fori=0o({Uy; 4,5 € [\ [1]})-

For any positive integer [ < n and for any real p € (0,1), we define the following
two events; let A; = A;(p) be the event that G, ,[n \ [] has minimum degree at least 1
and let B; = B;(p) be the event that each vertex i € [I] is isolated in G, .

Additionally, let 7; be the hitting time of the event that all vertices in [I] are not
isolated,

7 :=min{p € (0,1); Vi € [l], U;; < p for some j € [n]};

and for any sequence 7 = (S;)icy, let C7 be the event that Ng, . (i) = S; for each
vertex i € [I].

Definition 3.3.1. For any positive integers n,l, L with 1 <1 <mn, let M"(I, L) be the
collection of ordered sequences of subsets of [n], T = (Si)icyy of pairwise disjoint sets

such that for each i € [l]: S; C [n]\ [I] and 1 < |S;| < L.



48

Definition 3.3.2. For any p € (0,1), positive integers n,l, L with 1 < [ < n, and
T € M*(I,L), we write G], for the graph with vertex set [n] obtained from Gy, by
replacing the neighbourhood of each vertex i € [I] by the set S;, so that Ny (i) = Si.
We write A;, B; instead of A;(p), Bi(p) when the dependence on p and [ is clear
from the context. We observe that B;, C+ and 7; are measurable with respect to Fy,
whereas A; is measurable with respect to F~;. Furthermore, the edges that are random
in Gz’p are precisely those corresponding to the random variables generated by F-;.
The next lemma uses this fact to split the conditional probability of Y (G, ,+) = 0 given
Ai(p), Bi(p) and C'r in such a way that the random value p* is replaced with an integral.
Later this allows us to use uniform bounds of the type of Theorem 2.3.2. To shorten

some coming formulas, for a n X n symmetric matrix @, let

Y(Q) :=n—rank(Q) —i(Q).

Lemma 3.3.3. For positive integers |, L, K and fized p € (0,1), let A, = Ai(p) and
By = Bi(p). If T € M™(l, L), then the difference

K-1
P {Y(Gppe) =0 |AZ,BZ,CT}—ZP{Y(GZ’%) ~0 ]AZ}P{TZ € [L, 2 | B, Cr)

=0
s at most
nd
KP {Al7 Bl7 CT} ‘

Proof. If A;, B; and Cr all occur, then necessarily rank(Gn,) = rank(G] .) and
7 =p*. Forany K € N, P{Y (G, ,+) =0 | A, B;,C7} is equal to

K—1

Y P{Y(G])=0m€l£ %) | A,B,Cr}. (3.1)

=0

We can replace GZTI with GZ i if % <7< % and no edges come in the interval
' K

(1, H2) for each i € [0, K — 1]. Let D be the event that a pair of distinct edges arrive

T

n,T

within an interval of length % Thus, if G, _ # GZTZ .1 then at least two edges arrived
TR
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in the interval [1,7; + &] and D holds. Thus, it follows that

K-1
P{Y(Gn,p*) =0 ‘ Al,BlacT} — ZP {Y(GZL—,%)’TZ € [%, %) | AlyBl;CT}‘
1=0

1S at most

P {D}
T T <
P {Gn,n + Gmﬁ% \ Az,Bz,CT} = P{A,B,Cr}

We apply a union bound over all possible pairs of distinct edges e and €', and use that
P{|U.~Us| <Lt} <2 Then P{D} < (2)’2, and so

n4

< .
-~ KP{A, B, Cr}

P{GT, #GI_ .. | AL B, Cr}

Finally, we claim that each term in (3.1) is equal to
P{Y(GT.) | AP {nelf ) | BLOr}. (3.2)

This follows from the previous observation about conditional independence as F; and

JF-; are independent. =

Taking K — oo, the following corollary is immediate
Corollary 3.3.4. For positive integers I, L and fixzed p € (0,1), let Ay = Ai(p) and
Bl = Bl(p). IfT S Mn(l, L), then

1
P{Y(Gnp) =0 |Al,Bl,CT}:/ P{Y(G],)=0| A} f(t | B,C7),
0

where f(- | By, Cr) is the conditional density of 7, given By and Cr.

T

The following theorem is a generalization of Theorem 2.3.2 to @, ,,,

the adjacency
matrix of GTZP. It is one of the novel results of the thesis; its proof appears in Chapter
4.

Theorem 3.3.5. Fiz positive integers l, L. Then there ezists ng = no(l, L) such that

for any n > ng, T = (S)iey € M"(I, L) and any p € (222, 210) e have

100

TN — -
P{Y(Gr,) =0} 21 (Inlnn)i.
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We are now ready to present the proof of Proposition 3.2.2.
3.4 The graph G, ,- has full rank

Theorem 3.3.5 is the key to the proof of Proposition 3.2.2. It can be applied to the
expression of Corollary 3.3.4 in which certain events are assumed to hold. For suitable
choices of p and range of [, the events A;(p), B;(p) and C7 occur with high probability
up to relabelling of the vertices.
Definition 3.4.1. Fiz positive integers k, K. Let Dy i (p) be the event that there exists
a set M C [n] with 1 < |M| <k such that M is the set of isolated vertices in G, ,, M
is a stable set in G+ and the sets {Ng, .(i)}ien are pairwise disjoint and of size at
most K.
Lemma 3.4.2. For any real a > 0. Let p; = pi(a) = B2=% py = py(a) = 2ot

lo = lp(a) = |2¢*| and L = L(a) = |8a]. Fix e > 0, then there exists a = a(e) and

no = no(e) such that if n > ng we have

Y% (})P (A, o), Cr. < pa} =P Do) <) 21

I=1 TeMn(i,L)
Proof. Throughout this proof, we write M for the set of isolated vertices in G, p,. First,

lo
P{Di,(p1),p" < p2} = ZP {Dio,r.(p1),p" < pa, [M| =1}

_Z<)P{D10Lp1)ll < pa. M| = 1)}

the last inequality holding by symmetry. But we also have
Dirlp) N {M =1}y = [J Alp)NBip)NCr,
TeMn(l,L)
and this union is disjoint. The equality in Lemma 3.4.2 follows. We next derive a lower
bound on the probability that both Dy, (p1) and p* < py hold. Let Dr(p1,p2) be the
event that

i) Nag,,,(i) C[n]\ M for every i € M,



o1
i) |Ng,,, (1)] < L for every i € M and
i) Ng,,, (1) N Ng,,. (7) =0, for every i # j € M.

Then, P {Dy, (p1),p* < pa2} is at least
1—=P{Dr(p1,p2) |1 <|M| <o} —P{|M|=0o0r [M|>1l} —P{p*>ps}. (3.3)

We analyse first the event Dy, (py, p2) given that 1 < |M| < ly. The probability that an

edge e with an endpoint in M is present in G, ,, is

2a

=P {U, <py | U. =—
q {Ue<p2 [Ue>pi} nd— )

4a
< —
n

for n large enough. Let ¢ = 2 and assume 1 < [M| < ly. Under this conditioning, the

probability that there is at least one edge in G,, 5, with both endpoints in M is at most

2 n

On the other hand if i € M, then |Ng, , (7)| has a binomial distribution with parameters

n — 1 and ¢. Since L = 2nq/,

(2”‘1/)2 —].60,2

P{|Ng,, ()| > L |ie M} <P{Bin(n,¢)>2ng} <e  + =e

Consequently, the probability that there exists i € M with [Ng, , (i)| > L is at most
lpe 160" = 9¢a-16a  Pinally, the probability that distinct i,j € M share a common
neighbour in G,,,, is at most ng?, so given that 1 < |M| < Iy, the probability that the
sets {Ng, ,, (i) }ienms are not pairwise disjoint is at most

2 n

a—16a?
)

Let a = a(e) satisfy max{2e l—e ", (i)ea ,e~“} < £. Then, for n large enough

we have

0)2(20’ + 80’2) + 26a716a2 S

— l €
P {Dyfpip) | 1< |M] <} < 2
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We proceed to bound the remaining two terms in (3.3) using Theorem 3.1.2. The

Inn+x

number of isolated vertices in G,,, with p = is asymptotically distributed as a

Poisson variable with mean e™. Therefore,

P{p" > po} = P{i(Gnp,) #0} +0(1) =1—e " +0(1) <

»l>|m

where the inequality holds for n sufficiently large. To estimate the probability that
M =0 or |M| > ly, let A = e*, by a Chernoff-like bound (see Lemma 5.0.9 in appendix)

we have
P {i(Gpp) > 20} +o(1) < (Z)A +o(1).
Thus,
P{p*<pior |M|>Il}<e®+ (Z) +o(1) < g
where the last inequality holds for n sufficiently large. The result follows. O

Proof of Theorem 3.2.2. Fix € > 0, let ly, L, p1,ps and a = a(e) be as in the proof of
Lemma 3.4.2. For any positive integer [ < [y let us write A; = A;(p1) and B, = B;(p1).

Let T € M"(l, L), we will show that for n large enough

P {Y(Gn,p*) = 07 Ala Bl7 CT} 2 (1 - %) P {Ala Bl7 CTvp* S p2} . (34)

If (3.4) holds, then we consider the space where there are 1 < [ < [, isolated vertices
in G, to get a lower bound on P {Y (G, ,+) = 0}.

lo

PAY(Gurr) =01 2 3 (1 )P Y (Gur) = 0,400, B

SHD>

=1 TeM"(l,L) <

SHD>

I=1 TemM"(l,L)

200e°”
= (Inlnn)l/4

)P{Y ) =0, Ay B Cr)

n *
l> (111111??51/4) P{A, B;,Cr,p" < pa}
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where the second last inequality follows if (3.4) holds and the last inequality follows
from Lemma 3.4.2. We now proceed to prove (3.4).
Let N =n —1, so that G,,p, [n\ {] is distributed as Gy,,. Write pj = 20=2 > p,,

it follows that P {A;(p1)} is equal to

P (i(Gyp) =0} > P Li(Gyy) =0} = ¢ +o(1) > —

— 2"’

where the last inequality follows from Theorem 3.1.2. Additionally, if p € (p1, p2) and

n is large enough, Theorem 3.3.5 can be applied to get

P{Y(G],) >0} __ 200e”
P{A} ~ (Inlnn)¥/4

P{Y(G])>0]A4}<
On the other hand using Corollary 3.3.4 and (3.5) we get

P2
P{Y (G ypr) = 0 |Al,Bl,(JT}2/ P{Y(GT,)=0| A} f(t]| B.Cy).

p1

> (1 - (1112?132 1/4 / f t ‘ BlacT)

= (1 — ( 200e® 1/4) P{Tl [pl’pQ] ‘ BZ,CT}'

Inlnn)

Finally, we multiply by P {4, B;, C+} on both sides of the inequality above to get (3.4).

On the right-hand side of the inequality we use that

P{n € p1,p2) | Bi,Cr} P{A, B, Cr} =P {A, B, Cr, 1 € [p1,p2]}

=P {Al7 Bl7 CT7p* S p2} ;

this follows as 7;, B; and C7 are independent of A;, and 7, = p* > p; if all A;, B; and
C7 hold. Therefore,
lim P {rank(G, ) =n} = 1.

n—oo



CHAPTER 4
The rank of Glp

In this chapter we consider the graph G7 . defined in Section 3.3, with fixed

n,p?
T = (Si)iey € M™(l, L) for positive [ and L. This means that the sequence (.S;);cq
satisfies the following properties: the sets are non-empty, pairwise disjoint and, for all

i € [I] we have S; C [n]\ [I] and |S;| < L. The graph G is obtained from G, by
replacing the neighbourhood N, (i) by S; for each i € [I]. The aim of this chapter is
to complete the proof of Theorem 3.3.5.

Theorem 3.3.5 states that for p in a sufficiently small interval around 1“7”, we have
that rank(G] ) = n —i(G] ) with high probability; that is, rank(G] ) = n—i(G] ).
This theorem is an extension of Theorem 2.3.2. In Section 2.5 we present a proof for

Theorem 2.3.2 in which the required structural property of Gy, , is to be robust. In the
model of G

»p» Which concerns us now, the structure is random except around the set of

vertices [[| where edges are determined by 7. By hypothesis, the number of such edges
is bounded by a constant, and it is possible to prove that the property of robustness is
achieved in this new setting with high probability. Moreover, the bound we obtain is
uniform in a small interval around th”

Once the result concerning the property of robustness is settled (analogous to
Theorem 2.5.8), Theorem 3.3.5 is proven with the same line of argumentation as Theo-
rem 2.3.2 with minor changes. (As the changes are almost purely notational we decline
to rewrite the proof of Theorem 3.3.5 in its entirety.) We now explain what those
changes are.

The vertex exposure method relies on adding at each step, a new vertex which is
connected to each of the previous vertices independently with probability p; from the

matrix point of view, at each step we add a vector x = (x4, ..., x,,) and its transpose. At

o4
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this point we use Littlewood-Offord concentration inequalities on polynomial functions
of x. Throughout the proof of Theorem 2.3.2, we assume that all coordinates of x
are i.i.d. Bernoullis with parameter p. The rows of the adjacency matrix of Glp
are not completely random as they are determined in their first [ coordinates. We
overcome this problem by relabelling the vertices {{ 4+ 1,...,n} so that for each i € [I],
S; C H%"H In this way, if the vertex exposure method starts with the adjacency
matrix of the first n’ := [an] vertices, with a € (2,1), then the remaining vectors to be
added are of the form x = (0,...,0, 241, ..., %y), where z;41, ..., z,, are i.i.d. random
variables. Consequently, the first [ coordinates have no bearing in the application of

the Littlewood-Offord inequalities. After this consideration, the proof follows without

other major changes.

8lnn 121nn)
9n 7 1ln

In this chapter we present a complete proof that Gz,p is robust if p € (
4.1 Robustness in Glp

Recall that, for a graph G = (V, E) and a set S C V, we say that v € V' is a blocker
for S if |[Ng(v) N S| = 1. (Earlier we stated this definition in terms of the adjacency
matrix of G.) The main property of a robust sequence (Section 2.5), is that if S C V
satisfies certain conditions, then we can find at least 2 vertices that are blockers for S.

For fixed T = (Si)icyy € M™(, L), we relabel the vertices {{ 4+ 1,...,n} so that
we can assume S; C [[2]] for each i € [I]. Let M :=[l] and T := Uicp Si- Note that
T C [n]\ [I] and that G7 [n\ ] is distributed as G,,—;,. The only deterministic entries
in the adjacency matrix of GZJ} appear in rows and columns corresponding to the set
M UT. Therefore, it is natural to expect that for S € [n| \ (M UT), the required
blocking columns can be found within [n] \ (M UT). We now extend the definition of
a blocked set by insisting that some of the blocking vertices do not lie within a given
set of vertices.
Definition 4.1.1. Fiz a graph G = (V,E) and J C V. We say that S C V is J-

blocked if there exist distinct v,w € J that are blockers for S.
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Definition 4.1.2. Fiz a graph G = (V,E), a set J C V and s € [2,|V|]. We say
that G is (J, s)-blocked if for all S C V' of size |S| € [2,s] and containing no isolated
vertices, we have that S is J-blocked.

This essentially generalizes Defintion 2.5.2 as a graph is (V, k)-blocked if and only
if it is k-blocked. We next define robustness, in graph theoretic language.
Definition 4.1.3. Fiz a € (3,1). Set k = k(n,p) = 1“21% and n' = [an]. We say
that the sequence G] = (GT [n],...,G] [n]) is robust if for all integer m € [, n,
GT Im] is k-blocked, and additionally G| [m] has at most (pInn)~" vertices of degree
at most one.

Theorem 4.1.4. Fix positive integers I, L. Then there exists ng = no(l, L) such that

for all n > ng and all T € M™(I, L), for any p € (81n 12Inn) e have
In 11n

8

'7' .
P {g 18 robust} >1— PRVITE

n?p

We now prove Theorem 4.1.4 assuming the following lemma, which itself is proved
in Section 4.2.
Lemma 4.1.5. Fir positive integers I, L and let s = s(n) = 212 Thepn there

3lnn

exists ng = no(l, L) such that for all n > ng and all T = (S;)icy € M"(I, L), writing

T = UeSi, for any p € (222, 12100) e haue
P{G] 1] is (T, s)-blocked for all ‘)l =1
{G] Im\ 1] is (T, s)-blocked for all m € [n',n]} > VI

Proof of Theorem 4.1.4. Recall we are assuming that 7' C [[22]]. We define the follow-
ing events: Let A; be the event that for every m € [n/,n], the graph G7 [m] contains
at most (plnn)~' vertices with at most one neighbour in G7_[m]. Let A be the event
that [Ngz (v)N[n]\(MUT)| > 2 for every vertex v € TUU, where U := Ngz (T)\ M.
Finally, let A3 be the event that G7 _[m \ {] is (T, s)-blocked for all m € [[2],n].

We first prove that QZ , 1s robust if events Ay, Ay and Az hold. The event A, is

one of the conditions of being robust. So, it remains to show that for any m € [n/,n]
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W

Figure 4-1: The graph G/ [m]. The sets M = [I], its neighbourhood T = UjcyS;, and
S =Wy UW, with Wy € M and Wy C T'U Ry, where Ry, = [m] \ (M UT).

and any set S C [m] of vertices in G} _[m] with no isolated vertices and |S| € [2, k] has
two blocking vertices in [m)].

We now focus on G7 [m] for fixed m € [n/,n]. Let us write for any v € [m],
Nimy(v) = Neg jm)(v). Let Ry = [m] \ (M UT). Consider a set S C [m] with no
isolated vertices and |S| € [2, k]. Write S = WUW, where W, C M and Wy C TUR),,,
see Figure 4.1. We then have 4 cases.

Case 1. If W, = (), then every vertex in Ny, (S) is a blocker for S. This follows
since NGTTW(S ) = UiesS; and the sets S; are non-empty and pairwise disjoint. Further-
more, [2%] < m and so Ngz (S) = Npppy (S). Hence, the number of blocking vertices of
S is at least |S| > 2.

Case 2a. If W, = {v} and v ¢ TUU, then Ng7 (W1)NNgr (v) = 0. Consequently,
every vertex in N, (S) is a blocker for S. Again, the number of blocking vertices of S
is at least |S| > 2.

Case 2b. If W, = {v} and v € T U U, we claim that for w € Ny, (v) N Ry, we
have Npq(w) NS = {v}. This follows since Ngz (w) N M = @ by definition of Ryy).
Hence, the number of blocking vertices of S is at least 2 is | Np,)(v) N Rppy| > 2 by the
assumption of Ay (Njy(v) = Neg (v) N [m] and n' < m).

Case 3. If [W,| > 2, then Wj is T-blocked in G7 [m \ I] by the assumption of As

(and k < s). It follows that there exist vy, vs € Ry, = ([m] \ [{]) \ T which are blockers
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for W,. Furthermore, vertices in Ry, are not adjacent to any vertex in M. It follows
then that v; and vy are blockers for S and so S is T-blocked as well.
We now proceed to bound the probability that events A;, As and Ajz fail to occur.

For fixed v € [n]\ [l], [Ngp (v) N [n/]] is Binomial(n', p), thus

p {’Ncgp(v) N < 1} <(1 —p)”' +a'p(l —p)(”lfl)
< e PV — p 4 n'p)

e T (2n'p).

IN

8lnn 12Ilnn
9n 7 1ln

Since n' > ?jT” and p € (

), the above inequality yields

(4.1)

2 (241nn 1

For the event Ay, let X be the number of vertices v € [n]\[l] with [Nz (v)N[n']] <

1. We have no information about the degree of vertices in [{], then
P {Zl} <P {X > (plnn)~! — l},

an application of Markov’s inequality yields

(= DP{INop ()W <1} 312,

< <
- (plnn)—t —1 — nl/s ni/10’

the second to last inequality uses (4.1) and the last inequality holds for n sufficiently
large.

Let ¢t := |T|. If the event Ay does not hold, then there exist at least one vertex
in T"U U which has at most one neighbour in [n'] \ (M UT). Let Y be the number of
vertices v € T'U U for which |Npn(v) \ (M UT)| < 1. Then

4tInn
P{A4} <) P{Y>1|U=k+P{U|>4tlnn}.

k=0



29

We analyse the two terms separately. For k < 4t In n the conditional Markov’s inequality

yields
P{Y > 1, U] =k} < (t + k)P {|Npy(0) \ (M UT)| < 1} P{U] = k}.

In this case, | Ny (v) \ (M UT)| is Binomial(n' —k,p) with k < [+t. Thus, we similarly

get
1
P {|Np(v) \(MUT)| <1} < 7 (4.2)
By (4.2), we get
4tlnn
t(1+4lnn)

The distribution of |U| is binomial and
P{|U| > 4tlnn} < P{Bin(n,q) > 4tlnn},

where g :== 1 — (1 — p)? is the probability that a vertex v € [n] \ [I] is connected to T.

It follows that g < tp and so 2ng < 4tInn. Hence, the Chernoff bound yields
P{|U| > 4tlnn} < P{Bin(n,q) > 2nq} <e 7 < n=i;

in the last inequality we use that ¢ > %’. Therefore,

t(1+4lnn) N 1 < 1
/5 n2t/45 = 1/10°

P {1} <

the last inequality holding for n sufficiently large, as 1 <t < [L is bounded. Finally, by

Lemma 4.1.5, P {43} < 6n~"/!°. Combining the three bounds we get the result. [

At this point, we have proved, assuming Lemma 4.1.5, that the graph GZP has a
robust sequence G/ = (G7 [n/],...,G] [n]) with high probability. The next section

is therefore dedicated to proving Lemma 4.1.5.
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4.2 (J,s)-blocked graphs in G, ,

8lnn 121nn)
9n 7 1ln

In Lemma 4.1.5 we consider G7 _[m \ I] for m € [[an],n] and p € (
These graphs are subgraphs of G [n \ I] which is distributed as G,_;,. To simplify

the notation we therefore work with the graph G,,, and its subgraphs G, ,[m| for

m € [[%],n] and p € (122 8120): gee the comment just before 4.2.6, below. We start
by defining two useful properties of G,,, in the range of study.

Definition 4.2.1. Let G be a graph with vertex set V. = [n|. We say that a vertex
v € V is a low degree vertez if its degree in G is at most d := |Inlnn]|; otherwise, we
say that v 1s a high degree vertez.

We say that G is well-separated if every pair of low degree vertices are at distance

at least 3.

Lemma 4.2.2. Ifp € (4;11”, 6;:;”) and n is sufficiently large, then the probability that

Gplm] is well separated for all m € [[3],n] is at least 1 — no.

Proof. Let n; = [%ﬂ For each m € [ny,n], we obtain upper bounds on the probability
that G, ,[m] is not well separated graph and G, ,[l] is well separated for all | € [ny, m —
1].

First, consider the graph G, ,[n1]. The event that fixed vertices v; and vy are at
distance at most 2 is a monotone increasing property; while the event that both vertices
have low degree is monotone decreasing. By Lemma 3.1.5, these events are negatively
correlated and so the probability that both events hold is bounded from above by the
product of their probabilities.

The random variable |Ng, i, (v1)] in G, p[n1] is Binomial(n, — 1,p) distributed.

It follows that for n sufficiently large and for d = |[Inlnn],the probability that v; has
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degree at most d is
4/ d
> (" -t < 4 Y2ty
=0 1=0

S e—nlp(2n1p)d+l

< n3%(31nn)*.

Where in the first inequality we use that 1 — p > = and in the third we use that

p c (4lnn 6lnn

5n 7 bn

221) - The same inequality holds for the probability that vy has at most d
neighbours excluding v;. The event that v; and vy are low degree vertices implies that
|Ng, ,im](v1)| < d and v, has at most d neighbours in Gy, ,[n;] excluding v;. Moreover,
the latter conditions are independent. Hence, the probability that two fixed vertices v,

and v, have low degree is

(3lnn)¥*? _ In*n

this bound also holds for the probability that [N, ,pm(v1)], |Na, m(v2)] < d for any
m € [ny,n].

On the other hand, the probability that v; and v, are adjacent or have a common
neighbour is at most p + np®. By a union bound, the probability that G, ,[n1] is not

well separated is therefore at most

(n1> In®* n(p + np?) < 2132 p
2

n6/5 = /5

We next consider G, ,[m] with m > n;y. Let z = m be the unique vertex of Gy, ,[m]
not in G, ,[m — 1]. If G, ,[m] is the first graph which is not well separated, then it is
the case that either (a) z connects two low degree vertices vy, vy which were at distance
at least 3 in G, ,[m — 1] or (b) z is itself a low degree vertex at distance 1 or 2 of a

second vertex vy of low degree. By a union bound over the pairs of low degree vertices
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in G, p[m — 1] we obtain that (a) occurs with probability at most

m\ p? 3 I3t
9 nb/5 =  p6/5

Similarly, a union bound over all vertices of G, ,[m — 1] implies that (b) occurs with

probability at most

mIn* n(p+np?)  3In**2p
1675 =65

this follows since z and any fixed vertex vy € [m — 1] are at distance 1 or 2 with
probability at most p + np?.

Combining these bounds, we obtain that the probability that there exists mg €
[n1,n] for which G, ,[mo] is the first not well separated graph in (G, ,[n1], ..., Gnpln])

1s at most

22 n /T2 n 41032 p < 1
nl/s + 4 n6/5 ni/s = pi/10’

where the last inequality holds for n large enough. O]

We now generalize the definition of small set expander from [11].
Definition 4.2.3. A graph G = (V, E) is a small set expander if every set of vertices

S with |S| < 7z, and which contains no isolated vertices, we have
[Ea(S, VA S)| = [5].

As we are interested in J-blocked sets, we generalize the concept of small set
expansion. Here, Ng(J) will play the role of the set of non-isolated vertices in the
definition of small set expander.

Definition 4.2.4. Let G = (V, E) be a graph with vertex set V = [n] and a set J C V.

We say that G is a J-expander if for all S C Ng(J) with |S| < 77, we have

|Ec (S, J\S)| = [S].
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For J ¢ V we will simply write J-expander instead of (J N V)-expander. The
importance of well separatedness and small set expansion is that they allow us to easily
bound the probability of linear dependencies among sets of small size, where S € V' is
considered small if |S| < 77~ In the following lemma we give conditions under which
the graphs G, ,[m| are well separated and are J-expanders with high probability.
Lemma 4.2.5. Fiz a positive integer k. Then there exists ng = no(k) such that for all

n >ng and all J C [n] with |J| > n —k, for any p € (222 81y e have that

Sn 7 5n

2
P {G,,[m] is well separated and J-expander for all m € [[3],n]} > 1 — RSVITE

Proof. Let ny = [22]. Let B be the event that G, ,[m] is well separated and is a
J-expander for all m € [ny,n]. If B doesn’t hold either one of G, ,[m] is not well
separated, or there exists Gy, ,[m] which is well separated and not a J-expander . The
former condition holds with probability at most n~'/1° by Lemma 4.2.2. We claim that

for any fixed m € [ny,n],

P {G, p[m] is well separated and is not a J-expander } < %. (4.3)

Assuming (4.3), by a union bound over m € [ny,n|, we obtain

1 3 _ 2
P{B} < 5+ 5 < 2w

proving the lemma, so we now turn to proving (4.3).
Suppose that G, ,[m] is well separated but is not a J-expander and consider a

minimal set Sy C Ng,, ,m)(J) of size at most —7— for which
|E(So, (J N [m]) \ So)| < [Sol.

Write Sy = L U H, where L is the set of low degree vertices in Sy and H = S\ L. If
Gnp|m] is well separated then L is a stable set. We claim that every vertex in L has at

least one neighbour in H. Suppose to the contrary that for some v € L it is the case
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that Ng, jm)(v) N H = (. Since L is a stable set and Sy C Ng, ,mj(/), it follows that

|Na, m(v) N J\ So| > 1. Hence, the set Sy = Sy \ {v} satisfies
[E(S1, (N0 [m]) \ S)] < |So| =1 = [S].

This contradicts the minimality of Sp.
On the other hand, if G, ,[m] is well separated, then no two vertices in L have a
common neighbour in H and it follows that |L| < |H].

Now, the average degree of G,,,[So] is at least

o (Z [N, ()] = | E(So, ) \50)|) > B0 () ),

veH

We have that |[m]\ J| < k. Hence, for n large enough, the average degree of
GppSo] is greater than 8. We claim that the probability such a set Sy exists in G, is
at most 3n~%,

Let C' be the event that G, , contains a subgraph of size at most 77, and induced
average degree greater than 8 and let p; be the probability that there exists S C [n]
with |S| = j and such that G, ,[S] has average degree at least 8. By a union bound

over all sets of size j, we have
, A i i
by < (M) < () (2)7 (Sl
J 43 J 8 on
314 J
()
n

It follows that

[nIn™2n| g0y \J
7°In"n
P{C} < g ( o ) (4.4)
j=10

1/4

We analyse the sum in two parts. If j < n'/* then we have that for n large enough,

j3In*n 1n4n< I
n3 = oA = 27



65

whereas for j > n'/4, the upper bound on j yields
37,4 1
n "% n

Furthermore, if j > n'/%, then (Inn)™/2 < n=2! for n large enough.

Therefore P {C'} is at most

[n1/4] [nIn=3/2n| [nIn=3/2 | 1
-9 /2 —2
Z”J+Zlnnj<2n3+2ﬁ
J=10 [n1/4] J=10 j=[nt/4]
2 1
The result follows. O

In Lemma 4.1.5 we consider G7 [n \ I] with p € (322 12128) and its subgraphs

Toim\ 1] for m € [[an],n]. and . These graphs are distributed as G,, with

4lnn 6lnn
p € ( bn 7 5n

) and the subgraphs G, ,[m] for m € [[3],n] respectively. Hence,

the following theorem implies Lemma 4.1.5.

2ninlnn

N . Then there exists
nn

Theorem 4.2.6. Fiz a positive integer t and let s = s(n) =

ng = no(t) such that for all n > ng and T C [n] with |T| < t, for any p € (R, Shn)

5n 7 bn

we have

P {G,,[m] is (T, s)-blocked for all m € [[2],n]} > 1 0

= nl/10°

Proof. Let ny = [2*]. By relabelling the vertices we may assume 7' C [n;]. Let D be
the event that G, ,[m] is (T, s)-blocked for all m € [n;,n] and let D; be the event that
|Ng,,(v) N [n] \ T| > 2 for every v € T'U Ng, ,(T'). We define further two auxiliary
events; let Dy be the event that G,,, has maximum degree at most |10np|, and let Dj
be the event that G, ,[m] is well separated and is a T-expander for all m € [ny, n].

We bound the probability that there exists m € [ny,n| such that G, ,[m] is not
(T, s)-blocked by

P{D} <P{D,Dy,D,,Ds} +P{D,} + P{D,} + P {Ds}. (4.5)



66

We bound the terms in the right-hand side of the inequality in reverse order.
First, by Lemma 4.2.5, we have that P {Ds;} < 2n71/1%. Second, by Markov’s
inequality, the probability that G, , has one vertex with degree at least [10np] is at

most the expected number of such vertices, so

P (D) (15, )7

[10mp]
<n nep
- 10np

< e~ M10n]

<nT.

where in the last inequality we used that p > 4;%.
Now, if D; does not hold, then there exists at least one vertex in T'U Ng, (T

which has at most one neighbour in [n] \ 7. For fixed v € [n],

p {|NGn,p(U> N[ \T| < 1} <(1 —p)”l_t_l +n/p(1 _p)m—t—2
< e—p(m—t—z)(l —p+ n1p)

<e T (2mp).

8lnn 12Ilnn

: 3n
Since n; > 7 and p € (55%, -

), the above inequality yields

3

P {|Ng,, () N[m] \T| <1} <n (

— ) <7 (4.6)

12 lnn) 1
<
Let X be the number of vertices v € T'U Ng, ,(T') for which |Ng,, ,(v) N [n4]] < 1.

Then,

4tlnn
P{D} < ) P{X>1|Ng,,(T) =k} +P{|Ng,,(T) > 4tln},

k=0
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we will analyse the two terms separately. First note that for fixed v € [n] the events

veTUNg,,(v)and {|Ng, ,(v) N[ni] \T| < 1} so by (4.6) we have

1

P{|Ng,,w)N[m]\T|<1|veTUNg,,(v)} < 75

Now, for k£ < 4tInn the conditional Markov’s inequality yields

7'V Ng,, ()P {|Ng,, (T)| =k}

P{X>1,|Ng,, (T =k} <

ni/s
_ (4 BP{INa,, (T)] = K}
= nl/s :
Summing over k we obtain
4tlnn
t(1+4lnn)
Z P{X > 17 ’NGn,p(T)| = k} < T
k=0

The distribution of |Ng, ,(T)] is binomial and
P {|Ng,,(T)| > 4tlnn} < P{Bin(n,q) > 4tIlnn},

where ¢ = 1 — (1 — p)* is the probability that a vertex is connected to T'. we have that

q < tp and so 2ng < 4tInn. Hence,
P {|Ng, (T)| > 4tlnn} < P{|Ng,,(T)| > 2nq} < P{Bin(n,q) > 2nq}.

Moreover, the Chernoff bound yields

n

=2
B

P{Bin(n,q) > 2nq} <e 1 <n’1

[=}

Y

where in the last inequality we use that ¢ > %’. Therefore,

1+4lnn) 1 2

— t(
P {Dl} < nl/s nt/10 = p1/10°

the last inequality hold as 1 < ¢t and ¢ is a constant. This completes our bounds on
P {51} , P {ﬁz} and P {33}, and we now turn to the first term on the right-hand side
of (4.5).
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Given positive integers m € [ny,n] and j € [2, s, let D,, ; be the event that for all
S C [m] with | S| = j containing no isolated vertices in G,, ,[m], the set S is T-blocked in

Gnp|m| so that

D= () () Dmj

m=nj j=2

We claim that for all m € [ny,n] and j € [2, 5]
P {Bm,ja Dy, Dy, D3} < p 210, (4.7)

from which a union bound yields

Inlnn

n L Inn
_ _ 1
P{D.D;,Dy,Ds} < > > P{Dy;,Di, Dy Ds} <~

m=ni j=2
completing the proof of Theorem 4.2.6. The remainder of the proof is devoted to proving

the bound (4.7).

ninlnn
Inn

To warm up, we treat the (simplest) case that [ 7] <j < | |. Fix such a

J, and m € [nq,n], fix S C [m] with |S| = j. Let R, = R, (S) = [m]\ (SUT), and let
gm(S) =P {S is not T-blocked in Gn’p[m]} ,
we have that
4 (S) = P {At most one vertex v € R, has |Ng, m)(v) N S| =1}.

If v e R, then
P {|Ng, ,m(v) N S| =1} = jp(1 —p)~.

Note that the events {|Ng, ,m)(v) NS| = 1}ier,, are independent. For the following

computations we recall that |T'| <t and that writing r = | R,,,| we have that for n large,
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2L <y’ <n, astis constant and |S| = j < s = o(n). Thus,

1

gm(S) = (1= jp(1 —p)’ )" +rjp(l —p) " (1= jp(1 —py~ ")
. _1\r—1 . i
< (1 =jpL=p)Y)" (L+rjp(l—p)™)
< (1—jp(L—p))"" (1+2rjpe 7).
By assumption, m <7< %, and it follows that 2rjpe=? > nln~'n > 1; also,

for n large enough, (1 —p)? > e~%P/>, Hence

G (S) < (1~ jpe=®7/%)" " (3rjpe7)

< e’%”jp(Gjp/s(anpe’jp).

We use now a union bound over all sets of size j in [m] to get

P{Dy;} < (m) e 3njpe ).
J

J
Using that (m) < (’;) < <%> , we obtain that

J
In(P {Emd}) <jln (%) — %njpe_m’/5 + In (anpe_jp) ) (4.8)
To prove (4.7), it suffices to show that In(P {D,,;}) < —3Inn. To accomplish this, we
show that the term —2injpe %?/5 decreases with a higher rate than the rate at which
the remaining terms increases. First,

jln (%) +In (3njpe ™) < j <ln (B—H) + M)

J J
3/2
< (ln <3 13/ n) N In(.8nlnlnn)ln n)

n

<j(2Inlnn).
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a vertices Ng, ,m (S) N R (S)

Figure 4-2: The graph Gy ,[m|. The sets T', S and Ng, ) (S) N Ry, where R, (S) =
[m]\ (SUT). We let a = |[Ng, ,m)(S) N Ry| and b = |E(S, R,y,)|.

Second, using the upper bound on j we get

! —64p/5 2 : —2Zninn
J(5npe ) > :zjlnne” %

v

> %j In'/? n.

Thus, the right-hand side of (4.8) is at most

2 J nin'/?n
i(2lnlnn — ZimY®n) < -Z2I/Pn< —— ",
j( 5j -5 ~  5In%%n

Hence,
P{D,,;,Di,Ds,D3} <P{D,,;} < %
This proves (4.7) in the case j > [—=7—].
For smaller j we use the auxiliary events Dy, Dy, D3 to control the number of edges
going from S to Ry,. Fix S C [m] with [S| = j < 77— and let

In3

q,,(S) =P {S is T-blocked in G, ,[m], D1, D5, D3} .
And let

a = am(S) :=|Ng, ,m(S) N Ry,

b = bm(S) 3:|EGn,p[m](Sa Rm)l
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If Dy and D3 hold, then

J < b < 10npj.

Moreover, if S is not T-blocked , then there exists at most one vertex v € [m] \ T
with |Ng, imj(v) NS| = 1. Since every vertex of Ng, ,im(S) N Ry, has at least one
neighbour in S, it follows that b > 2a — 1. Let F,; be the event that a < HTl. By the

preceding remark, if S is not T-blocked, then F,; occurs. Conditioning on the value of
b, yields

[10mps]
¢(S) < Y P{Fu, D1, D5, D5 | b=w}P{b=mw}.

w=j

The following definitions are to shorten coming formulas. Let

Pm(S,w) :=P{F,p,D1,D9,D3 | b=w},

8j—1

F08) = > Plb=w}pu(S,w),

SC[m] w=j
|S|=j

[10npj ]

FS) = > P{o=w}pu(S,w).
5C[m] w=8j

|S|=3

With the notation above we have

[10npj ]
P (D, D1, Dy, Do} < Z 6 () < F(S) + 12(9).
SC[m]:
[S|=4

To bound ) and f? we first bound P {b < 8j} and p,,(S,w). We claim that

135

P{b<8j}<n =, (4.9)
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Note that b is the sum of jr independent Bernoulli(p) variables. Thus, the exact value

of P{b <8j}is

1=0

87 . 7
< e~JTP Z <126;Z) lnn)
1

1=0

Z’ <12ej lnn) |

=0

The second inequality holds since £~ - < 12lnn - 12inn

=t < =2t for n osufficiently large, and the

last inequality holds since r > 2?" and p > 4;%. It remains to show that the sum in the
last term is at most n#. To do so, let K = %, divide the sum in two parts and use

that j < ﬁ; then

Kilnn\' &l , |
( . ) < Z (Kjlnn)zg(Knlnfl/Qn)L%J

=0

and

8 8

Kjl A
E ( jnn) g (75K Inn)" < (75K Inn)¥ !,
7L

i=L4]
where the last inequality follows from the fact that ¢ > [2£]. Thus, (4.9) holds for n
large enough as In” n = o(n¥) for any =,y > 0.
We next bound the probability that |Ng, m)(S)NR,,| is small (and that Dy, Dy, Ds
hold) given |Eg, ,im](S, Ry)|. Let

) on [ 18w £l
g(j,il)) = D .
Jj n
We claim that for S C [m] with |S| = 7,

1
Pn(S) = P{a < =D\ Dy, D;

b:w} < g(j,w). (4.10)
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To do so, we estimate the number of different vertices that are reached by the edges in

im] (S, Ry) as follows. We imagine that each edge in Eg,, (S, Rn) chooses its end-
point in R, uniformly at random and independently of all other edges in Eg,, ) (S, Bm).
This underestimates the size of Ng,, ,m(S) N Ry, since if edges have a common endpoint
in S, they can not have a second common endpoint. However, this assumption only
increases our estimate for the probability that Ng, mi(S) N Ry, contains few vertices.

Applying a union bound over all sets W C R,, of size | % |, we bound the prob-

2

ability that each edge in Eg, (S, Rm) has an endpoint in W. This yields the bound

s () ()

We claim that for n large

(153,) = (2

To see this, note that on one hand, Lw J

)7 )

% On the other hand, we have w < 2er

because w < 10npj, j < ﬁ and r > %" This yields

w41
2er\ 2 [w+1\"
mS7 < —
mis < (57) © (5)

() () (5

now we use, in the first term, that j < w and r < n; for the remaining terms we use

thatrZ%"andw—i—lﬁthoget

P(Sy0) < 4] 2 (18—“’) — g(j,w).
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Furthermore, the function ¢(j, w) is decreasing in the range of w. To see this, we

verify that the derivative is negative. The derivative is

M:ﬁ(w_w){ll(w_w> +1},

dw J n 2 n 2

which is negative if w < 3=, and the latter holds for 2 < w < 10jnp and n large
enough, by the assumption that j = |S| < ﬁ Now we are ready to obtain further
bounds for f,S} ) and f}f ). We divide the analysis in two cases.

Case 1. Suppose 150 < j < | —7—]. Then

f(s) < (m>P{b < 8j}max max p,(S,w).
] TSCI[:J]': J<w<8j—1

Using (4.9) and (4.10) and that g(j,w) is decreasing, we get
(1) m (i
fm’(5) < j P{b<8j}g(j,w)
[6n ( me )j (18;’)5
S|\ —= —
J \yn2 n
[6n (18@2>;
S - 1 .
J \jnz

In this case, 7 > 150. Hence j}(,})(S) < Kin2, where K, is a constant. We proceed

similarly for f,g )(S ), but now we neglect the probability P {b > 85}; so

f,(,?)(S) < (m) max max  g(j,w)
9 Tgl[m]; 8j<w<[10npj |

< (?)jg(j, 8;)

6n (144%;53\’
< — ,
<5 =

the last inequality by the definition of g. Let Ky = 144%¢ and denote by h(j) the term

in the right-most term in the inequality above. We note that for n sufficiently large
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h(j) is decreasing for j € [2, 7], since its derivative,

%(7]') — h(j) {111 (ng3> +3- %}

is negative in that range. Therefore, f,gf)(S) < h(2) = Ksn~ 2, where K3 is a constant.

Combining the bounds on fi: )($) and Ji5 )(S) we have that

22
ol

P{Em,jaDlaDQaD:’)} S [(ln_g +K3n_% S n 10,

Case 2. Suppose 2 < 7 < 149.

First, note that if S has no isolated vertices in G, ,[m], then any vertex of S\
(T U Ng,,(T)) has at least a neighbour in 7'N [m]. If, additionally D; holds, then
every element of SN (T'U Ng, (7)) has a neighbour in 7 N [m], and it follows that
S C Ng,_,(T)N[m]. On the other hand, if S C Ng, (T)N[m] with |S| = j and w < 8j,
then

P{Fayb,Dl,DQ,Dg ’ b= ’U)} =0.

To see this, note that if D3 holds, then G, ,[m] is is well separated and is a T-expander.

So b < 8 implies
|EG, ,1m) (S, [m] \ S)| < [S|(|T] +8) < 16(t + 8).

Thus, vertices in S have bounded degree. It follows that S contains only low degree
vertices, which are not adjacent by the well separatedness assumption. Therefore, all
vertices in N, ,m(S) have exactly one neighbour in S. On the other hand, there exist
at least |S| > 2 edges going from S to R, since G, ,[m] is a T-expander. Therefore S
is T-blocked and consequently, condition F,; does not hold.

Hence, féll ) = 0. The bound obtained previously for f,(n2 ) is valid in this case, so for

n large

[V
-

P {Dy.j, D1, Dy, D3y} < < Kyn™2 <n i,



The proof is complete.
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CHAPTER 5
Conclusion

In this thesis we extended the study of sparse symmetric matrices to the study
of the stochastic process for the family {Qnp}pe0,1)- This allowed us to show that the
property of singularity, though not being monotone, still follows a so-called hitting time
theorem.

The latter settles one of the questions that naturally arises from this novel stochas-
tic point of view. It would also be of interest to know whether

e a similar phenomenon occurs for the event rank(Q,,) + i(Q,,) = n, which by
Theorem 2.3.2 has a threshold at p = ©('22);

e there exist an interval I C (0,1) of length ©(n™!) in which {rank(Qu,)}per is
monotone increasing.

In the direction of Theorem 3.3.5, we are also interested in finding a threshold for
the number of vertices whose neighbourhoods can be fixed and whether the result holds

if the corresponding fixed neighbourhoods have more edges.

7



Appendix A

To state Harris’s lemma we need the following notation. We write ({0,1}", P),
for the product space of n iid Bernoulli (p) and fixed p € (0,1). We endow {0, 1}"
with the following order: for any two elements x,y € {0,1}" with x = (21,...,x,) and
y=(y1,-..,yn) we say that x <y if z; <y, for all i € [n].

We say that an event F C {0, 1}" is an increasing event if for all x <y and x € E
theny € E. We say that £ C {0,1}" is a decreasing event if {0,1}"\ E is an increasing

event. Let

EO = {(xlw .- ,l’n—l) € {071}77»—1; (m17‘ e 7x”_1’0> < E}’

By ={(z1,...,20-1) € {0,1}"7 (21,...,2p_1,1) € E}.
Note that, by the independence of each coordinate, we have that
P{E} = (1-pP{E} +pP{E}.

Lemma 5.0.7 (Harris’s Lemma [4]). For fized p € (0,1) and ({0,1}",P), let A,B C

{0,1}™. If both A and B are increasing events, then

P{ANnB}>P{A}P{B}. (5.1)
If A is an increasing event and B is a decreasing event, then

P{ANnB} <P{A}P{B}. (5.2)

Proof. We prove (5.1) by induction on n. For n = 1 the inequality is trivial. Now,
suppose n > 2 and consider two events A, B € {0,1}". If A and B are increasing then

Ay C Ay, By C Bysso (P{A1}—pAy)(P{B1} —P{By}) > 0 holds. This in turn, yields

P{A} P{Bi} + P{A1} P{Bo} < P{Ao} P{Bo} + P{A:} P{Bi}. (5.3)
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Now, using that (AN B); = A; N B; for i = 0, 1; and the induction hypothesis we get

> (1=p)P{Ao} P{Bo} +pP {A} P {Bi}
> [(1=p)P {Ao} +pP {A ] [(1 = p)P {Bo} +pP {B1}]

=P{A}P{B},

where the last inequality is obtained using (5.3). To prove (5.2) we apply (5.1) to the

increasing events A and B. This yields,
P{ANB} =P{A} -P{ANB}
<P{A} —P{A}P{E}
—P{A}(1-P (B}

—P{AP{B}.
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Appendix B

Lemma 5.0.8. For all n, (MT/L%)T" <n71/2,

Proof. Let m = |n/2]. We will expand the terms and group them conveniently to get

a product.
Ifn=2m+1,
n\ogen _ 1(2-1)3(2-2)5---(2-m)(2m + 1)
|n/2] B m + Um|2»
C1-3---(2m+1)
 m+ 112mH
B ”ﬁl 2 — 1
ALy
=1
If n =2m,

n \oon  12-1)3(2-2)5---(2m —1)(2-m)
(Ln/2J)2 -

m!mi2n
C1:3---(2m—1)
N ml2m
Cyr2i—1
_E 2i

In both cases the product goes from ¢ = 1 to [n/2]. Let’s deduce now the following

equality

k

F 91 1 1
== }:[(1_@)‘ 5:4)

i=1 1

Denote by K the product in the left-hand side and multiply by (2k + 1)K, which is a

similar product but the factors are (2¢ + 1)/2i. We obtain that

s T 2—1)(2i+1) yp4*-1
(2k + K" = H 472 o H 452

=1 =1
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It is clear that the second term in the right-hand side of (5.4) is less than 1 and so

K < 1
T V2% +1

Letting k = [n/2] in (5.4) we get

(UZ;?J)Q“ et
O

Lemma 5.0.9. For any A > 0. If X is a Poisson(\) random wvariable, then for any

positive integer k
ek—1\ A
P{X > kN < (?> :

Proof. To obtain this, we use a Chernoff type of argument. Let ¢,x > 0, then

E tX
P{X >z} =P{e* >¢"} < g; } (5.5)
Now, we calculate the expected value above,
X tmym,—\ Aet X t\™m _—Aet
X7 emA\e™ e ()" e (1)
E[e }_mzz:l m! _e/\mzzzl m)! =l
Let t =Ink and x = kA, then by (5.5)
k—1)A
P{X >} < (e Z .
(K*)
O
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