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ABSTRACT .. \ / 

.. 

Flow-induced vibration in~ube banks is of gteat concern, 
1,_ . 

particularly' in high performance heat exchangers and nu~lear 

reactoF fuel bundles. This ~hesis deals with the dynamics of 
~ / 1 1 • 

a cluster of parallel flexi~le pipes conveying fluid and 

simultaneously immersed in bounded axial flow. The equations 
t 

of small motions are derived taking into1account the con tribut-

ion of the two flows and the hY2rodynamic forces which result 
1 

from the coupling between motions of the cylinders. Solutions 

are obtai~ed by means of Galerkin's technique and yield the 
" 

eige~~encies of the system. It is shown that for suffïci

enJy 'rligh 'flOW velocities, either internaI or external, the 

system' is subject to diverg,ence and flutter and -Ebat the domain 

of skability is severely reduced by close spacing in the cluster. 

The role of fluid coupling in the propagation of transient 

per·turQations or excitations ois also investigè: ted and reveals 

to be of great importance since it may give ri se to appreciable 

nodes of vibrations, or even to resoqances. 
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RESUME 

Les vibrations induites ir des fluid'e'S 6' écoulant dans 
1 

des faisceaux de tubes.sont particulièrement préoccupantes 

dans les échangeurs thermiques de haute perforrnanGe et le coeur 

des réacteurs nucléaiL~s. Cette thèse traite,des vibrations . 
d'un faisceau de tubes contenu dans un condqit rigide, et 

soumis simultanément à un écoulement interne et à un co~rant 
-

externe axial. Dan les équations de ~ouvement sont pris ep 

compte la con ribution. d'es deux fluides ainsi que les forces 

hydrodynamiques qU1 résult~nt du, couplage entre les mouvements 

des tubes. Les sQ~utions sont obtenues à l'aidè de la méthode 

de Galerkin et fournissent les fréquences propres du ~ystèm~. 

9n morttre que pour des vitesses de ~luide suff.i~arrunent élevées, 

internes ,ou externes, le " système se déstab±1ise par f lamb'age 
\ . 

puis flottel!lent et que le domaine de stab'il,ité est sévèrement 

réduit par un resserrement étroit du faisceau. 
, 

Le rôle de couplage t nu par le fluide externe dans la 
. , 

propagation de per'turbatio s transitoires ou d' exci tations est 
, , 

ensuite examiné; il se ~vèle être assez préoccupant car il 
, l' 

peut engendrer ~es noeuds appréciables de vibrations ou même 

des résonances. 
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CHAPTER l ' 

INT RODUCT l ON -1 

Dynamics of pipes qonveying tluid and, to a 1esser extent 

of structures immersed in axial flow, have received n6table , 

a~tention in the past thirty years. The remarkab1e development 
tI , e 

of this subject was original1y due to concerns experienced with 
• ' 1 

vibrations ,of the Trans-Arabian pi~e1ine, and more recent1y 

with n'uc1ëai reactor fue1-elem~nt bundles a"nd sorne heat- ,exchang

ers where the flow is main1y axial. 
, \ , 

The problem of self~~xcited oscillations of pipes con vey-

ing f1uid has been studied quite extensive1y sinee this pheno

menon was first rEj!cognized by M. 'Bril1ouin in 1885. One of his 
1 

students, Bourrières, 'pub1ished in 1939 an outstanding paper [1] 

on the oscil1atory instabi1ities of canti1evered pip,es, but 
" 

which remained unknown until tt was rediseovered by Paid~ussis 

, in 1972. 
a 

In the early fifties several authors derived general 

mathematical eXPJessions of the equations of motion, and among 

them Feodos' ev and Housner [2J who found that for sufficient1y 
'--

high f10w veloeities tubes simp1y supported at both ends buckled 

1ike beams under axial,loading. But it was not until '1966 that 
1 

Gregory and Paidoussis [3] revealed the existence of oscillatory 

instabilities (flutter) of canti1evered pipes c~nveying fluid. 

In 1973 Paidoussis and Issid {4] found that conservative systems, 

o 
, . \ 

, , 

.. 
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such as s~mply support cd beams, could aIs a be subjeèt to flutter 

if the flow veloci ty was increa$ed beyond the point of di verg-

ence (buckling), at least according to linear theory. \ 

The dynamics of a flexible cylinder immèrsed in axi~lly 

flowing fluid remained unlnvestigated until recent years when 

Paidoussis [5J un~ertook bpth theorctical ~nd experimental study 
)1 

of the free motions of a cylinder in axial flow. It \vas shown 

that moderate flow veloclties conduced to damp free oscillatlons 

and to reduce the n~tu~~l frequ4ncies of vibràtion, but that 

sufficiently high flow velocities give rise to fluidelastic 

instabilities, namely buckling and flutter. However, these 

instabilit'ies were shown to be of li ttle practical c ncern since 

the critical flQw velocities required for thelr in.eption are 

far beyond those encountered in engineering appilca ions. 
Ô 

This work was extended by Chen and Wambsganss [6) who 

showed that the presence of motiopless boundaries) such as an 

enclosing channel, increased the inviscid hydrodynamic forces ' ~ 

acting on the cylinder. These forces resu 1 t (rom the press ure 

field generated whenever the fluid is displaced by the .~ovlng 

cylirider and are proportional to the laterai acceleratlons of' 

th_e cylinc1er and to so-called "added mass" coeff icients. The 

effect of confinement was la ter investigated by Paidoussis [7] 

for a cluster of cylinders in bounded flow; it was found that 

proximi ty to t~e chan:)l or to other cylinders' lncreased the 

hydrodynamic vlrtual ma s of a cylinder and that a cluster was 
"-

sevèrely destabilized by clos~ spacing. 

,. \ 



• 

• 
1 

• 

- 3 -

More recently Chen [8J dealt with the inviscid hydro-

dynami~ coupling of a cluster of cylinders in unboundeq still 
• . ' 

fluid.· The coupling was expressed mathematically in the forrn 

of a non-diagonal mass matrix, thus expressing the force acting 
.. 

on a c~linder as a linear cornbination of the acce1erations of 

aIl the cylinders in the bundle. Paidoussis and Suss [9J 

extended the work by considering both the fluid couplipg in the 

motions of the cy1inders and the confining presence of-a surround-

ing channel. Two distinct methods have been developed by 
/ 

Paidoussis, Suss and Pustejovsky [10] for the c~lculation of the 

virtual masses of such clusters of parallel cylinders in liquid-

filled channels. The firs~ rnethod is based on potential flow 

theory and the se~ond, less geornetrically restrictive but com-

puter-time consuming, rnakes use of fluid finite elements. From 

the results thu5 obtained, it tran~es that for tight COnfig~r

ations the critical flow velocities a~uch Iower than those 

necessary for a solitary cylinder in unbounded flow,~and reach 

values which rnight be of practlcal concern. 

Despite its practical inte~est in heat exchangers, the case 

of a tube subjected to both internaI and external axial flow 
~ 

received very little attention until 1978 when the complete 
" 

studyof instabilities o~ tubular bearns induced by internaI _-cl 

external axial flow was f~rst published by Hannoyer and 

Paidoussis [Il]. It was shown that for sufficiently hïgh flow 
~ 

velocities, either internaI or external, the pipe is subject 

to buckling or flutter, and that the effect of the two flows 
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is generally additive for a tubular beam with both ends support-

ed, sa that if either flow is just be~ow the corrcsponding 

critical value for instability, an increase in the,other flow 

precipitates instability; on,the other hand, for c~ntilevercd 

beams, the cffects are not additive, and increasc in ana flow 

may actually stabilize a nearly unstable system. 

The response of ~tructures to force fields wùs studied 

mainly b; Chen and }'lambsganss r 12], Lpkis and PaidousslS [ 131 

for random pressure fields, and Paidoussis [7] who produced a 
r~ 

general analytical method for the response ta an ùrbitrary 

force field. .I t bl' . t' Ch' ri, 14] -, c,"ls Wl' th the n a recen pu lCù ~on, en _ u ,. 

steady-state respo~se of a row of tubes where one of them is 

subject ta a steady excitation~ and shows that the response of 

the others may be very large if the frequency of excitati~n is 

within a certain band of frequencies. In the saffie paper is also 

examined the transient response of a tube bank ln stationary 
~-t 

liquid wh~re a tube rupture is modelled, and lt appears thal 

the tubes not directly 

Th~ present study 

cxcited maYJ~ave a significant amplitude. 

is concerne wi th the dynamics of a 

er of paralle~ flexible pipes/ln a cylindrical channel, 
, 

taneously subjec~ed to internaI and ta external aXlal flow. 

rganization of the thesis is as follo~s: 

In Chapte1:' II are dctailed and formulated aIl the forces 

acting on the system and the generai equation of motion is 

der ived . 

1 

~ 
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In Chapter III the equation of motion is rendered dimension

less and solved by means or Galerkin's rnethod, thus Ieading 

to the eigenfrequencies of vibration. 

Chapter IV deals with the transient response of the struct-. 
ure after initial displacements, or when sorne cylinders aFe 

subjected to prescribed motions. 
'f 

, Finally, Chapte:r V presents the theoretical resul ts and 

their interpretation. The respective ariœ comblned effects on , 

stabillty of the internaI and external flows are discussed, and 

stabili ty maps are produced to lay stress on the inf luen.ce . of 

several parameters. Finally, attention will a~so be focused 

on problerns involved with the response of the tube bank under 

certain excitations. 

.. 

----

1 1 
1 

d ' 

~-
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" 
CHAPTER II 

1 
DERIVATION OF THE EQUATIONS OF MOTION 

"-The system under consïderation consists of a cluster of 

unifarm and identicai cylinders containe~ in a rigid cyIindrical 

- channel. The axes of ~the cylinders at rest are aIl parallel to 

the axis of the channel which is vertical. This direction will , 

be referred to as that of the x-axis, pointing do~nwards. The 
'} . 

cylinders are siender and we as~rne that .the Iaterai motions 1 

·are sufficiently smaii so that no separation of the flow occurs 

across the cylinder. An· example of 'such a system is illustra t~d 

in Figure 1. 

Two incompre~sible fluids flow in the direction of the 

positive x-axis, ohe into the surrounding channel and the other 

inside the cylinders. Both unperturbed flows are assumed to be 

perfectly uniform and steady. The displacement of one of the 
~~ 

cylinders, say cylinder j, about its position of rest will be 
! 

denoted by h j (x, t) • 

1 
-. , 

1 . 
1_1- _ 1 1 
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' . 
We assume there §s no torsion nor rotation ara und the x-

axis. The cylinders are supported.at both of their extremities, 

and it is supposed that the supports produce negligible disturb-

ances to the idcalized flow conditions. 

-2.1 Dynamic Equation of a Cylinder \ 

The equations of motion for lateral displacement of a tube 

subrnitted to both intern'al and external flow have been derived 

by Paidoussis and Hannoyer and can be found in·detail in their 1 
papers r 4] 'Bnd [llJ. We rest~ict thé analysls to smaii displac~-

_ments and small slopes so that the fluid forces on each element 
J 

of the cylinder may be assumed to be the same as those acting 
Mf 

on a corresponding'~lement of a long s~raight cylinder of the 

same cross-sectional area and inclination. 

hl 

Il 

1 
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• .J The first order balance~of forces in the 'x- and hj-directions . 
for cylinder j yields the two equations~ 

~. 

ôQj j F j j p j ) ah
j 

ô J' ah
j 

ax- + Pin + en + (Fit + et ôx + ôx (T ~) (2.2) 

The cylinder is considered as a Bernoulli-Euler beam, of 
"-

mass per unit length m and flexural rigidity El. lt is subjected 

ta gravit y forc~, t~nsio~ T j , shear force Qj, and fluid forces 

j j F j F'9 . f the d ' Fin' Fit' en' et accountlng' or normal an tangentlal 
) 

forces per unit Iength exerted on the beam by the internaI and 

exterDal fluid, respectively. 

A third equation is derived from the-moments; upon neglect-

ing moments induced by external and internaI fluids, we obtain: 

= - (2.3) 

Using a viscoelastic Kelvin-Voigt model to represent the 
1 

internaI damping of the material, we set: 

~2.4) 

where ~~is the internaI darnping coefficient. 

• / 
\ 

\ ; 
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Clear-ly, Qj may bel eliminat~d by (2.3) and (2.4), and T
j 

, 

may be calculated'by inhe~ration 
1 

of Eq. ( 2 .1); hence, Eq. (2.2) 
" , 

becomes the equation of motion. The derivation will be complete~ 

j j j 
once we obtain expressions for the fluid forces Fit' Fin' Fet , 

F j and boundary conditionsofor'T j . 1 
en 

2.2 J~ternal Fluid Forces 

We assume that in any cross-section-the axial velocity pro- . 

file is uniform and that there is no significant secondary cross-

flow. SUCfr approximations are valid for a ,turbulent and fully - , 

developed boundary layer and when the curvatures of the flow 

trajectories are small. 

a cross- section. .. 
" \' 

/ 
Hence, the value of U. is constant 'in 

~ 

In~order to take into aFcou~t the effect of rotation of a 
, 

cross-section around the z-axis, we define two axes O~, OH 

a~tached to the cross-section of the beam and an angle of 'rotat-

ion n 

h 

• 1 

\ 

.\ 

,"-
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If we denote n = ~, the flow velocity relative to th~ beam has 

an additional velocity component due to rotation: 

, . 
\ 

The rate of change of th~ flow momentqm, inside the control 

-
volume t!.w of é\n element o~ the tube of, le~gth dx, may be express-

ed in terms of the convective derivative of the absolute velocity -. , 
, ! 

V., as, follows: 
1. 

1 where 

d 
dt 

, + 
p.V.d(lIw) 

J. 1. , 

\ 
p', is th'e internaI', fluid 

1. ) ~' 
..,. +' • + dh 

. Vi = U i - nHI ,+ de 

density, 

Î is the unit vector on,X-axis, , 
+ dh' dt is the velocity of point 0 'on the centerline. 

, 
As the size of the control volume remains constant, 

write 
" 

f + , d .... . + dh) P .dx dt (U i f2HI + dA. 
l. dt 1. 

~Ai 

where A .• à.s the internaI cros's-sectional are~. 
1: 

Th~s integral .simply reduces to 

+ 
d 2h dU, ·lt 

J. 
'p .A.dx (dt + dt~) J. 1. 

,() 

,~ 

we may 

e> 

\' 

1 
1" 
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\ " . .... 

Hence, assuming that the internaI velocity is uniform and con-
.' 

stant, the rate of change of fluid i~omentum may be written: 
~" 

1 .-, '. 
(a) in the x-direc"tiion: 

(b) in the hj-direction: 

au. 
1. 

P .A.U. "x 1.1.1.0 P i 

The external forces acting on the fluid e1ement balance 

this change of momentum 1~ding to 

?~'" 

p .A.g Cl (A.p. ) pj,. + p~ ôh
j
, b 

1. l.. ôx l. l.. it ~n ô.x 
"- il 

Cl' élh,j '.' . 
(A P ) - FJ 

ai' i i ax it ôX 

• 
F~ 

1.n 

~ 1 2 
..r'\A ( ô + u _a ) 0 h j 

Pi i at . i ôx ., 

;. 

where p. (x) is the average pressure along the median 1ine. To 
1.. , 

give th~m the form required for Eqs. (2.1) and (2.2) these two 

equations may be written as fo11ows: 

. 1 
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= - , 

(2.5) 

A ,( a +' u. ) 2. b j 
Pi i IT ].. 

2.3 Normgl and Tangential External Forces 

2.3.·A. General Formulation 

As th~ secondary (cross) flow cannot be n~glected, since ~ 

the axis of the beam no longer coin'cides .}'li th the axial veloci ty, 

'\ it is impracticéÙ:>le to de~ive d'ynamic equations from a control 

'volume. Therefore, the three types of force~ actîng on the 

o , 

/ 

. \ 

external surface which will be taken into account, will t be formu- \' 

lated separately,. ) 

(i) The i lateral force due to the motion of the cylinder 

in the ~nviscid fluid: 

(ii)' The tangential and normal frictional forces due ta 

'the fluid visca~sl flaw: q~t ~nd q~n 
(iii) The steady-pressure forces in the x- and hj-dii-"ect-

ions: 

h 
o 

) 
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l' 
A first order balance of forces-in the normal and ~ang~ntial 

directions yields: 

pj j + j + 
pj , pj ôh j 

en 
PAh qen ph px ÔX 

, 

, 
ah j 

pj , Fg 0 

j 
F

j pj + + + et Ah qet px ph ôX 

"" 
Writing these eguations in the form -required for (2.1)· and (2.2), 

, -
we obtain: 

\\ 
, ( 

-.' 

. ah j 
+ pJ 

et 3x 

\ 

j 
qet 

j 
qen 

F1h + j 
gen 

âh
j 

+ pj 
ax- . px , 

(2 ~ 6) 

+ 
j ôh

j 
+ -pj 

qet <lx. ph 

'We shali now Rroce,ed with the formulation of F j , gj and q~j, Ah' et en' 

F
j j 

and Fph' PX: 

. 
1 2.3.B. Inviscid Hydrodynamic Forces 

of 
Accor~ing to Lighthill [15J, the lateral flow generated by 

~ , 
'. 

a slender body could be represented by a two-dimensional potential 

o 
flow. It was shown that the force per unit length due ta the 

inviscid flow around such a body of uniform cross-section could 

be related to the fluid potential by the contour integral: 

) 

,( 2. 7) 



'~ 

" 

• 1 

• 

" 
'- 14 ~ r 

'. ~; 'f 

.... 
where 1) i~ the, unit vector in the dïrection of the displacement 

h, and ~ the f1uid potential. 

The integral is taken around the perimeter of the body at 

(position x. In order tp allow for the possibilitiès of coupling 
\ 0 .' \. -.\ 

oetween mutual1y perpend1cular motions of neighbouring cylinders, 

the arbi trar; lateral l~isPlacement h j 
,(x, t) is resolved .in two 

<> 
orthogonal directions y-and z. 

y 
1 

G) 
1 

z 

a 

By definition, the fluid potential ~ must satisfy 
........ 

+ 
V~ fluid velocity vector (in the y-z plane) i 

This equation must be sol\red 'with -the proper bounq,ary conditions', 

namely 

(i) the fluid velocity normal to the inner surface of 

the ~nclosing channel is zero, 

(ii) the fluid velocity nqrmal to the surface of each of 

the k cylinders is equal to the vel~city of the 

cylinder in that direction • 
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,,/ 

s. Suss [10] has sol ved this problem (vide Appen~îx At), and 

derived the two components on y- and z-axis of the inviscid 

hydrodynamic force exerted cy1inder j, 
-. 

on 
~ 

(F
j ) PeAe ~ le., D2wil.. 

+ e ji D
2V'] -

Dt
2 

Dt
2 A i=l J z 

), 
(2. 8) 

./ '\ 

(pj) PeAe ~ [,., D2wil.. 
+ k ji 

D
2

V
t
] -

Dt
2 A Y .2,=1 J Dt

2 

, Q 

where A and p are the external cross.-secti01a are a and fluid e e 

'densi ty, v9.. and w~ the veloci ty components of cylinder i in y-

and z-directions. The dimensionless constants C j Q, , e j Q. , KjQ.I 
-

kj i are the coeff~cients of the added mass mp.trix M -v 

M [ ['j ,l [lè'j,l] '2kx2k matrix -v 
[K j i J [~j il.. J 

" 

12.3.d. Viscous Frictional Forces 

The nature of the force acting on a long inclined cylinder 

in viscous flow has been studied by Taylor [16] and the relations 
1 

"pr~posed there have been utilized by Paidoussis [5, 7] for 

slender, flexible cylinders. The linearized version of the normal 

and longitudinal compopents"of the force, per unit length, for 

a displacement h, are given by 

/ 

, 0 \ 

1 

,., 

---" 
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= - 2 
P RU cfn e e 

2· 
p RU-,C

f e e . 

(2.9) 

where n is the angle of incidence tb the oncoming flow and is 

given by 

But, in our system, the fluid velocity approaching a parti-

cular cylinder j is not purely axial, but has small lateral com-
. 

ponents (V.) and (V.) and makes an angle with the positive 
J y J Z 

x-axis of tan-1[(v.) /U J in th~ xy-plane, and an angle of 
J y e 

tan-II (V.) /u l in th~ xz-plane. Hence, assuming that (V.) 
J z e J y 

and (V.) are of the same orde,r of magnitude as (l/U) (ah j la. t) , 
J Z 

the angles of incidence for the jth cylinder are 

." 

(n . ) 
J Y 

tan-l(dv
j

) + -1 1 f"dV
j 

(v.) J ;u r tan ax at J y e 
"-

1 • 

tan-l(dw
j

) -1 1 faw
j 

(Vj)z!/Ùe ( + tan ax at 
(n . ) 

J Z 

R~placing in (2.9) this yields the l~teral forces in bD th 

directions 



.-

1 

• 

r 17 -

[av
j av j ~ 

[ av
j 

(V~) y] (q~n)y\ - (V. ) - ] PeRUe1f ~ + U - Peco ~ e ax J y 

(q~n) z 
[ aw

j aw j 
[aw

j 
(v<?) ] PeRUe'C f ~ + U - (V.) ] - PeRCO at (2.10) 

e oX J Z J Z 

2 
P RU Cf ' e e 

(Vo)o and (v~) being the values of 
J y J Z 

The velocities (V.) and (V.) may be obtained 
J y J Z 

potential, taking into account the 

and Suss [9j has derived the fo11owing 
\ 

yiscous forces (vlde Appendix A) 

( j ) 
qen y 

~ [ Dw~ 
p RU Cf 1: ° -e e ~=l j2 Dt 

k [DW i DV2] P RU Cf E 1';. + g. 
e e 2=1 J2 Dt J~ Dt 

k [dW9. ov,Q'J 
o _ P RC L: r + 9 

e D t=l ~jt' ~ j~ ~ 

2 
P RU Cf e e 

O. 

the fluid 

the cylinders, 

the 

(2.11) 
& 

where r.;jt' gj2' 0jt and Sjt are the coeffi~i~nts of the vi$cbus 

coup1ing matrix Çv 
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2.3.D. Pressure Forces 
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2kx2k matrix 

The easiest way te der ive these forces 1s to consider an 

-
ele1ent dx of the beam suppos_ed to be immersed in flllid on all 

sides; the resultant of the hydrostatic forces is thé buoyancy 

force: 

Fr 

3p -+-
e A i ax- e 

..., , 

x 

h 

-+- 1 
Now, if we subtract from the buoyancy force F

B 
the pressure 

dn 
" .. 

force,s acting the top and bottom fiat faces, we shall obtain 

the resultant of the pressure forces acting'on the outer surface, 

i.e. 

-+ 
ê)p -+ 

[<-AePen)x+dx (AePe~) xl F = - ~A i - + p ~x e 

or 1 
ap .6+ a . + 

= '- ~A i + ax (A p n) ax e e e 
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components or 
+ 

cylinder j 
J 

Hence, the two F for are p 

-' 

pj a ap 
{AePe} A e 

px ax e ax , 

(2.12) ~ 

pj a . ah j 

ph (lx (AePe ~) 

2.4 Derivation of the Equations of Sma11 Motions 
- \ 

2.4.A. Equation of Spll. Motions 

Combining equations (2.1) with (2.5) ~nd (2.6) yields 

ClT
j aA.<p. 

j J Clh
j 

p j . d (Qj apj 
0 

l l + p,A.g + + +mg - -- - qet qen -- + a;c) ax ax l l ax px dX 

, \ 

a
2

h
j ClSh j - Cl Sh j 

Cl Clh j 
a Cl 2 

m 
~ 

- El -4- - III 4 (A.p. ax-) - p .A. (a-t + u. ClX) 
Clx atax Clx l l l l l 

+ P
A
j

h 
+ qejn + qjt ~hJ + Cl (T j ah

j
) 1. 

.e oX ax/ ax (2.13) 

a (Qj ah
j 

j ah
j 

As ax ~) and qen ax are of second arder of magnitude 

'" with respect to y, they may be neglected. NOw, using (2.11), , 
(2.12) and (2.8) in the x-, y- and z-coordinate system, and recal1-.. 
ing that v. and w. are the veloci't:y components of cylinder J' on . J J - . -

y- and z-directions, the fo11owing expressions are obtained: 
\ C' 

.1 

\ 

\ 

h j 



• 

• 

- 20 -

Cl • Clp . 2 
0-- (TJ + pA - p.A.) + (rn + Çl.A.)g - A ~ + P RÙ Cf ' (2.14), 

élx e el J. J. J. J. e oX e e 

r 

- p A e e 
D 2 v2 R-] 

~, n 
91" Dt: 

dV
t

] + RU2C av
j 

+ Sj~ dt Pe e f oX 

+.L [(T j + A P - A ._p ,) élV
j

-] 
ax e e J. J. Clx' 

p.A. 
J. J. 

• 

(2.15) 

1 k [- D2w9.. 
- p A E C' n ---2- + eJ'n 

e e .2,=1 JY.. Dt Y.. 

k [ Dw2-
P eRUeCf' Es· 

9..=1 J~ Dt 

, 

~] at 

[ (T
j aJj] +Ap -A.p.) e e J. J. {lX 

(2.16) 

In Eqs. (2.15) and (2.16), the only unknown quantity is 
1 -

T
j + A P - A.p. which can be obtained by integration of (2.14) e e J. 1. 
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(T
j + A P - A. P . ) L + e e J. J. 

f~ [(m 
x 

+ p.A.)g 
J. J. 

where L is the length of the cylinders. We now need to find 

th~ boundary 

\ \, 
cond~tion (T

j + A P - A.po)L· e e J. J. 

\ ,2.4. 'f3. Axial Boundary Conditions 
'Z 

(1) Sliding Support 
\ 

This case im~lies that the internaI and externa1 f1ùids 

come into contact at x L (otherwiseJ there is an external 

tension at x ='L, 4ue to the rest:of the cylinders). 

(2.17) 

The only force acting at the end of the tube is a drag force 

A. P')L J. J. 
(2.18) 

Hannoyer [Il] has estab1ished a quadratic fit to represent 
\ 

the base drag behind cy1indrica1 tubes: 

1 c A U2 1 2 l 2 2 ! 
2 fe Pe e e + -2 cf·p·A.U. + -2 Cf (p p.A A.U U.) 

1 J. l J. X e J. e J. ~ J. 1 
(2.19) 

1 where serni-ernpirica1 expressions were found for c fe ' cfi' cfx~ 

Cfe - 0.15 

cfi - 0.016 

c fx - . .(). 109 

for a blunt end piece ( 
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(2) SUEEort Not Pree 'to Move Axiall::i 
,,' 

Let us'set 

T T* + TI 

Pe p* + pl 
e e 

p. =; 
3. 

p~ 
3. 

+ p! 
3. 

where the asterisk characterizes the zero flow conditions. We 

have 

(T j + A A) P .p. L e e. 3. 3. 

ând'from Eg. (2.17) 

(T
j + A P - A. p. ) L* + (T

j + A P e e 3. 3. e e 

(T
j + A P e e 

* A.p. )L 
3. 3. 

, 
A. p. ) L " 

3. l 

+p.A.)g-A 
3. 3. e 

dPe] 
dX 

dx 

-j 
- Setting T (T

j + A P e e 

the middle of the beam), these two equations give 

(T
j 

-!AiPi)L 
-j fL ;2 [ (m 

. , 

+ AePe T + Ip.A.o)g - A 
·3.1 

" "-

(T2 1 

+ +, A P - A.p. )L ! • e e 3. 3. 

ap
e ] dx e dX 

(2.20) 

\ 

7 , 
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We shall nQw approxima te the tension distribution with an 

axial stress distribution given by 

°xx 
TI (x) 

A-A. e 1. 

, 

and the pressure distribution with, 

/ 
p!A. - pIA 

+ 2 1. 1. e e 
° °ee A -·A. rr e 1. 

Superposing the se two distributio,ns, we obtain. the axial 

strain doistribution: 

• J 

°xx - v(crr~ +- °ee) (T j ) 1 (x) - 2\! (p!A. - pIA) 
1. 1. e e 

E 

From (2.17) we may write 

\ 

-f 

..!' 2v(p!A. -
1. 1. 

E (A - A.) e 1. 

plK ) 
e e 

The condition of a non-sliding and support reqqires 

EXdx = 0, hence we have: 

• - f 

. , 
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(T
j + ApL A,P')L' L = (1 - 2v), e e ~ ~ 

Now, supP?se that 

p' 
e 

p! 
~ 

+ ( ,.L) 
Pe X -~-2 

ap 
e 

(-ax) 

1 

, 

, 

(A p' - A. P ~) dx e e ~ ~ 

ri' 

(2.21) 

where p and p. ,are the mean internaI and external pressures at 
e ap~ ap. 

x = L/2 and axe, ax1 constants. \ We can assume that, in-the 
.--- . 

channel, the pressure drop is given by 
\ 

= -

.p 

whè~ Ff is the total frictional force per un~~ length and ACH 

is the cross-sectional area that is available to f1~~,. 

, 

"-
~Hence, replaèipg in Eqs. (~l)'and (2.20) we obtain: 

..-
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(T
j + A p' - A P ) .. L e e ~ ~ 

2,,) (A P e e 
A.p. ) 
~ ~ 

l 2 D L E 
- -2 p RU C;fL (1 + ~) - (m - p A + p', A~.) g (-2 

e ' e Dh e e ~ :l. 

~ ~ 

where Dh = 4 ACH/2n(Re + kR) , 

D = 2R • 
e 

\. 

Now, if we use: ô o if the downstr~am end is free te 

move axially , '\ 

D = 1 if the 1ength is fixed 

• > 

. 
(2.22~ :. 

we can combine Egs. (21. 22), (2.18) and (2; 17) te obtain on1y one 

expression for the two cas~s: 

T j + A P - A.p. =. ô {if j + (1 - 2v)'(p- A - -P .. A·.)} 
e e' ~ ~ e e ~ ~ 

\\ 
o 
\ 

~I. 

/ 0 

{2.23) 

\ 

\ 

\ 
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CHAPTER III 

THE ÈQUATIONS OF MOTION AND THElR SOLVTION 

3~1 Formulation of the Equations,of Sma1l Motions 

"Substi tu t~ng the axial boundary conditions of Eq. (2.23) 

in the equations (2.15) and (2.16) "and re-grouping, one obtains 

the tWO equ~tiQns· for smal] arbitrary motions of cylinder j. in 
o 

y- and z-directions. 1. 

- . 
a5v j '. 4 j 

~~.~ 
~ 'DV~J III + El ~+ p RU Cf Dw + 

ax 4
at élX

4 'e e ~=1 J Dt Sj R. D"t: 
, 
-' , 

, .' 

k [ awf. av~] k [. D2wR. " 2 11 
+ P eRcD L cr. + Sjl + P A L K. + ~ 

1=1 J 9- at at e e .1=1 J R. Dt
2 ~ 9.. l)'t2 J 

" 

'[(m 
. 

De) 1 
2 .. , 

P A + p .A.) 2 é) v] 
+ 9 + P RU Cf (1 + x --2-e e ~ ~ e e Dh • dX 

} 1T 
r-. 

+ (1 - 2v~ (p A - p.A.) } + (l-- i) LU 1 (m - p A + P .1r:-) e e 
~ 

~ ~ 2 e e ~ ~ 

.. 

\ a2vj 
[ (m p.A. ) ~:] av j 

,+.,2p . A. U. + - p A + 
C', ~ ~ 1. atax e e 1. ~ (lx 

a2 j 
-1- (m + p .A. ) v = 0 ----:-2 1. 1. at .. 

, 1 

9 
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a5wj '-. 4 j 

lIf T El ~ + 
ax 4at , ax4 
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1 

k [ P RU Cf 1: l;jR, 
e e R,=1 

R. 
~+ 
Dt 

-

gjR. 

" 
.' 

DV
1

] 
Dt 
, 

k [ a
v1

] k ! 02 R. 
+ PRCD 

-aw 
1: e: •• __ w_ + L 1;;. at + gjR. ô~t + PeAe ejR. t=l ' J-t R,=1 J, R. Dt t . ! 

[6 t r' +' (1 - 2",> (iieAe - gi;Ai >} + (1 - !> L 1 (~ -,P eA• 
1 

2 ' D! 2] ô
2

w
j 

+" Pe'RUe Cf (l +'D
e

) + (1 - ô) Db - p.A.U. 2 
h l' 1 1.1. élx 

l ' 

+ (m + 

, . \ 
-

where 

-' p A e e 
l' '2 De] aw j 

+ p. A .) g + P RU Cf - a x 
.1. .1. e e· Dh 

p.A. ) a2wj 
- 6' 

1 .1._ ô't2 
, 

-:,.-

,1 
r 

\ 

1. 2 '2 2 ! '-J' + cf' P . A. U. + Cf .( pp. A A. U U.) 
1..1.1.1. X e1.e1e.1. 

.. 

D
2

V
1

] 

Dt
2 

+ p.A.) ~g 
1~ 

(3.2) 

T,his general eqqation of motion app1ies for different, 

boundary conditions, dependi~g on the case under consideFation. . ..... 
Therefore, equations (3.1) and (3'-.2) 'are subjected to'one'of the 

w fOl1owing conditions: 

j 

)' 

., 1 
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\ 

é) 2v j 
\ 

- j \ /' 

V - -y 0 at x =/ fO\and x = L 
ôX 

, ,/ \ 

~or 
~ 

Cl .pinned-pinned cylinder, and-

v j é)v j 
0 at 0 and L (3.3i -- - x= x 

dX 

f.or a clamped-clamped c~linder. The case of a free end will 

not be considered her~ince the proper for~u~+tio~of th~ 
\ -.. Il 
equations of motion wou Id depend on the _ shape 'of the free end. 

Rearranging the terms OfL:~qS. (3.1) and (3.2) and expanding 

the differential operators( we ~inally get 

- p A \ e e 

-
(1 - 2v).(p A ~ ~.A.)] + (1 e e ~ ~ 

o 

, 2 ! é) 2v
j 

- ô) Db - p. A. U . 2 
1. ~ ~ dX 

av j 2 k [ dWR. 
-;--x + p RU Cf E cr. 0 -;--x 
o e e R.=l J'" () 
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'(3.4) 

A similar expression in terms of wj may be obtained in the 

y-direction. 

3.2 Dimensionless Equations 

Tc render the equation dimensionless before attempting a 

solution ta the problrm, the following dimensianless quantities 

are defined: 

Se 

JI e 

Ye = 

u e 

x 
L 

Pe 
m + Pe A 

- A L2 
Pe e 

El 

3 
p A gL e e . 

El 

fPeAet 
.El 

j 

A 
e 
+ p .A. 

e ~ J. 

"" . .'1~11 

LU e 

1,2, ... k j+k 
n 

p .A. . 
a. l l 

l , m + PeAe + p.A. 
J. J. 

- 2 p.A.L . 
n. J. ~ 

J. El 

3' 
P .A.gL 

l l 
'(. 

l El 

'-,. 

U.= 
l 

[PiAif 
El ' 

LU. 
l. 

\ 

l' 

j 1,2, ..• k 

0 

y 
_1 rngL 3 
~ ""EI 

~c-

, . 
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D 

[E (m 
l 

poA ol]5 h e )..1 

Dh 
a + pA. + L2 

e e J. ~ 

li . , 

l 
4C f 

p A 2 

4 L (~) CD cf -- ;' C 
1T 1 1T El 

e 1[ 2 + 2 + = 2 cfeue cf .u, cf U li. } 
l ~ X e J. ~ 

.1 
El 2 t 

T ~ <m ) 
L

2 (3. 5) + P A + p .. A, 
e e ~ ~ 

With these quantities, the dimensionless equation of motion, 

written in a compact matrix form, takes the form 
1 

" 
d

5
!) a4

!) 
A 

aS 4
ÔT 

+ l --+ C - as 4 -

1 

an a!] 
+ G 

a~ 
+ H + - ~ Cl T " 

The various matrices are 

A aI 

2{BJ.' ~u;± + S Su M ) ... - e e-v 

\ 

"-

a
2

!) a2
T] a

2
!) 

+ E --21 + F S 
ôs 2 dSdT 

a~ 

r-· 
t 

a
2

n 
M 

a1'2 
0 -

defined as 'follows: 

l unit matrix 2kx2k-

l [fjt 1 l!'jt J 1 
where M - [K,R,] [ ~j R,] -v 

, - J 

.. 

, 
\ 

(3.6) 

.: 

1 
" 
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E li M e-v 

M e M + (1 - 6e ) I e-v 

l 2 2k T 
{T] , n , ••• n }-
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where c -.v 

, 

• 

(3.7) 

"-
As to 'the boundary conditions of equation (3.3 r, t'bey now 

may be wr i tten, 

n o 
, . 

fo~ ~inned ends, and . 

!} = Q and 

for clamped ends. 

o 

o 
~ -

\ 
;at E;. o and E;. 1 

(3.8) 

at E;. o and E;. l 

\ 

(' 
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3.3 Solution of the Dimensionless Equation 

An exact solution of equation (3.6) subject to one set of 

boudda~~ 'pondi tions (3.8) is complicated by the presence of the 
\ 

mixed terms. Therefore, Galerkin' s approximate method is' used 

to rempve the spatial dependence and transform the problem to a 

more tractable forme To\do so, consider the approxima te solut-

.ion 

co 

E 
i=l 

<p. (~)p~ CT) 
l 1. 

where pj(T) are the generalized co-ordinates and •. ~e 
eigenfu~ctions of th~ dimensionle$s beam eqUation:l. ' 

, 
a.cosÀ.~ + b.sinÀ.~ + c.coshÀ.~ + d.sinhÀ·s 

1. 1. 1. 1. '1. 1. 1. 1. 

The constants a. , b. , c. and d. may be found by applying 
1. 1. l. 1. 

(.3.9) 

the 

(3.10 ) 

the sam'e' boundàp::'y conditions ta (3.10) as those applying to the 

problem and by narmalizing 
!. 

4i (J) sueh "that 

(3.11) 

If we replace the formulation (3.9) into the ~quation of 

motion (3.6) we get an error c instead of 9 at the right-hand 
1 1 

side. 1 According to Galerkin's method (see Meirovitch [17Jj this 

error, weighted by any comparison function ~r(~) and integrated 

over the domain, must be equal to zero. Hence we obtain: 

\ \ , 1 
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...... 

œ JI d4~ . ' f 1 d
4 
•. 

A E p. 1 
cf>r d E; +' l E ' l. <fi d E; 

dt,;4, 
p. ,--

i=l -l. i -l. 'dF,;4 r 
0 0 

. jId<l>; r d 
2

4> . 
d 1 

~r d S , + C 1: p. 
dt; $r S + E E p. 

df,;2 i 
_l. ~ -~ 

0 
l. a 

! 

{ d
2

$ . 
p. J1 d$ . 

+ F 1: S 
J. 

CPr d t; + G E J. 
CPr d S p. 

di; 2 i dT i 
_J. 

i -J. 
0 

. Il <l>i Il <1> d + tf E p. "4l r d S + t1 L p. <Pr S 0 
i -1 i -J. ,J. 

0 0 

(3.12) 

for r = l, i~ 3, ... , where p. 
, , - l. 

1 2 {p., p., 
l. J. 

3 p. , J. ... , 2k T 
p. } , and the 

l. 
c 

dot denotes differentiation with respect to T. The beam equation, 
:.- ... 

with the boundary conditions of Eg. (3.8) is a self-adjoint; 

problem, which implies, in combination with eguation° (3.11), 

that t~e eigenfunctions $i(f,;) are orthonormal: Let us now def~ne 

Ia
1 d4~ . 

d t; 1.
4 l. 

cf>r ô 
d s4 r ri 

/ 

la. [ d<p. 
1 

d rJ. en- ~r E;. , . , 
0 

-[ d 24>. 
b . 1 

cf> d 'S 
P- . rl. d~2 r 

0 
! . 

"- . 
\ 

1 
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=f1 d . rl. 
o 

, ' 

which are given in Table 1 ~or.various boundary cOfditions. 

With these coefficients, equation (3.12) becomes 

\ 

(3.13) 

i~ll~ 'ri ~i + [ç ari + (H + A À~) <5.] p., + fÀl.~ I 0, + E b, 
l. . rl. ~l. rl. rl 

+ F dri + Gari 1 ~ il o (3.14) 

{or r l,2,3, ... N, 

where the infinite series has been truncated at i N, the number 

of comparison functions used. If we de~e 

/. 

{~1' 
. T 

(' = 
~2" ~3' p .} ••• 1 _N 

2 

Equation (3.14) is now of the form 

.. . 
M P + C :p + li.'P o (3.15) 

\ where 

M 0 0 

M 
0 M 0 

Q 0 t1 
\'~ 
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~all ~a12" • ~aIN 

c + ' Ça 2 i ga22 0 0 0 ~a2N 

0 0 ÀÀ 4 
- N ÇàNI ~aN2. 0 • ~aNN 

l' 

" 
1 

1 

H 0 0 

0 , 0 H + 

0 0 H -

L\ 4 0 0 ~.bll ~b12- ~ 0 ::b1N - l -
K 

0 ~ ... 0 
+ !?b21 ~b2ro .• ~b2N 

0 0 IÀ 4 
- N :§bNl :§bN2-- • !?bNN 

, 

fd1'l ~d12' •. ~dIN ç:all ~ilJt2 ... gaIN 

+ fd 21 ~d22' • 0 fd 2N + ga 21 g~2·· • ga 2N 

---- ~ 

fdNl fdN2 •·• fdNN gaNl g~2" 0 
Ça

NN 
' 

where 1:! l ,ç and x' are 2kNx2kN matrices 0 Fimally, in troducing 

the state vector z = {P, p}T, equation (3.~5) may be feduced 
-" 0 

to a, fi17st ,order differential equation, as follows: 

z -

., 
where 

y 

y z - - o 

_if-IlS ] 

Q 

(3.16) 

(3.17) 

1 

(3.18) 



/ 

• 

\ 

• 

- 36 -

A solution of Eg. (3.17) may be written under the c1assica1 

ferro 

iulT 
Z = ft. e 

which substituted in (3.17),yie1ds the eigenva1ue prob1em 

(iw ! Y) fi. o 

(3.19) 

(3.20) 

A' computer prbgram has been written to carry eut the com

Putktions 1~ading to the eigenva1ues iw of this equation, 

and is described in Appendix C. 

() 

, 
1 

ff 

, - .----
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CHAPTER IV 

THE TRANSIENT RESPONSE 

1 In the'previous chapter the general equâtion of motion of 

the system has been solved with the intent te obtain the differ-

ent modes of vibrations, and the limits of stability when the 

fIbw velocities are increased. But it is also of . to 

know the effect of an instantaneous or 
1 

one or more tubes and its propagation to the neighbo ring/tubes. 

4.1 Response to an ~nstantaneous Excitation 

In this casé the initial displacement and 
1 

state 
~ 

'of each cylinder is fixed, and then the system 

itself. Bence, the problem consists in finding tpe constants 

of integration of the gener~1 differential equation of the system. 

Once equation (3.20) 

(iw l Y) A o , 
(0 ~~ ~ 

has been solved for the eigenv~L~es iw . , 
J 

'1 

and the corresponding 

~igenvectors A., the solution z of the differential equation 
~J 

may be written as follows~ 
" 

Il 

z 
4kN 

L 
j=l 

"- iw . T 

C. 'h. e J 
) -J 

, 

where c. are arbitrary complex constants. 
J $ ~" 

the complex values of iw occur as complex 

, 
• 
\ 

, (4.1) 

1.. 

As Y is ~ real matrix, 
, "" 

conjugate pairs, as 

'. 

, 1 
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weIl as the corresponding e~genvectors. Hence, if we denote 

by a star the cornplex conjugate, and order w. and !I.. so 'that 
J - J 

iw. 
~ 

equation (4 .1) becomes 
1 

2kN[ 
L c. 

j=l J 

* ~i+2kN Il 

- J -iw ~~ e /' 

. 
We note that the physical condition for z bein~ real irnplies 

that 

* c. 
J 

then z becornes the surn of two complex conjugate expressions 
"-- -

----.. wh:Lcn reduces' to twice the reàl part of one of these. 'Hence, 

""' ,the nurnber of cornplex constants has been reduced ta 2kN, and if 

we denote 

c j 
c. + iC. 
.J ) 

w. o. + in. 
~ J ) 

A. R. + iI. 
-J -J -J 

equation (4. 2) becomes 

. \ 

1 
, 

, j 1) 2, ... , 2kN, 

.... 

\4-
\ 

(4.-3 ) 
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'(; 

"-

2kN[ z 2 Le. (~, cos n,. - 1. sin n.'r) 
j=l ) J J -J ) 

-n .• 
- C. (1 '. ,cos n.T + R. sin flj Tl] e J 

J -J J -J 1 

,,"-.. 

. 
wh~'re z = (~) , 

a 4kN vector. 

• ' 1 

Now 1 if we recall the defini tien of p 

where 

•• 1 

and replace in the general approximate solution of Eq. (3.9) 

f j 
n 

<'" we obtain 

'N 
~ ----

n(~,T) l: PR. (T) 
1=1 

N , 

~ ë ~ I~) E'PR.(T) 
1=1 -

.: 

1 
; 

4>R.(E;) 
'''-. 

4>R.(E;) 

',' 

!\ 

.. 

,.. 

(4.4) 0 
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1" In terms of the eigenvectors 1 this expression becomes 

. N 2kN C) ., 
= 2 E E CPR,(O[C.(R. R, cos Q ."[ - I. sin n.T) 

R,=l j=l J -J, J -J,R. ) 

-
} -o. T 

-'ë.(I. R- cos n.T + R. sin 0j"[) e J 1 " J. - J, J -J,9. 

~ 

whére 

n , 
....... _-----"'-----" '---- -----y---

z-directiorr y-direction 

j 
.•. , rI, 2k' 

j 
... , r N,2k' 

, , 
"-.. " 

j j" 
~1,2k+l' r 1 ,2k+2' 

j 
r N ,2k+2' , ... , 

, j 
···f rl?,4k' 

j 
... , r N 2k+l' , . 

• 1 • , 
j j "-

r i ,2k' rR.,2k+1,' 
, T 

••• 1 ri, 4k} 

and sirnilar expressions 't'or I. and l, n' 
. - J - J 1'1. 

" 

(4.5) 

" 

,-

In order to solve for the initialization constants C, and 
) 

c., it is more convenient to put Eq. (~. 5) into matrix form 
J 

where" 

.. 

(4.6) 
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! ' 
., • c 

(-

~2' ,. •. , 
ù 

_ "T 
C

2kN
} , 

o 
and 

--Q T 

cos n T - l sin QlT) e 1. 
1 ~1,R, 

, ... 

N -n2kN T 
••• 1 L ~R, (E;) (!.Z2kN,.t cos Q2kN T - l sin Q2'kN T) e , 

R,=l ,--2kN, R, 

\ 
.N ; 

-Q T 

L ~ R, (E;) (- "!l, R- cos Q T- - R sin n'l T), e 1 , . . . 
R,=l l ~l,! 

N '1 ~ -li 2kN Tl 
? •• , L ~R,(O(- l cos n2kN T -' R sin n

2kN 
T) 

R,=l - 2kN "g. - 2kN, R, 

(4.7) 

As the number 9f d~grees of freedom of the system is 4kN, 

we may set, at time T 0, for N values of ~, the displacement 
, 

and velocity ~fgeach of the k cylinders in bath y- and z-direct-
, 

1 ions •. ~his glves rise ta N~ystems ~f the farm of Eq. (4.6), 

thus allowing for the determination of the 4kN constants C. and 
\) 1> J \ 

C .. Once' these initialization constants are! determined, the' y . 1 , 

state vector {~ ~}T is readily ob~ained, at any time T and 

abscissa'~, by means of Eq. (4.6) . 

• , , 
<, 

'. fL 
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. 
The computer program "TRANSIT" described in Appendix E 

enables the determination of the initialization constants, and 

plots the response of the system-over a certain period of time. 
~ ~ 

1 

4.2 Response to a Steady Excitation 

The steady excitation of a cylinder may be interpreted 

either as the result 0./ an applied force /field, or a~ a con

strained movement: In the first approach, th~ force field 

f(s,T) is introduced in ~he eqüations of motion, and an applied 
v 

force matrix 

.. . ', ... , 

takes the place of the 9 matrix at the right-hand side of 

equation (3.6). After p~rforming the different manipulations, 

the equation of motion (3.15) becomes 

. 
yp+qp+Kp 

-
D 

where 

9 ~l (s). d F;, f
I 

o 
F;, ••• , Il 

,0 
/ 
1 
1 

(4.8) 

Equatior (4.8) may then "ge decbupled and solved, usin9 for 

instance an analytical" metpod developed by Paidoussis [7] 
r . 

wh±ch only requires that the eigenv~lùes'of the system for free 

vibrati~ns be allOdistinct . 
'~ 
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In the second approach, the rnovement of a cylinder,!' say 

cylinder j, is constrained, i.e. n
j (~,T) and ~j (~,T) are fixed. 

As the coupling between the cylinders was introduced for arbitrary 

displacernents of each of them, ~he equations of motions do not 

have to be modif~ed. The response of the system rnay then be 

consid~red as a succession of infinitely clos~ initial statei 

where the velocity and the displacement of c,linder j are con

stantly reinitialized to.their assigned value at this tirne, , 
while the other cylinders are left in their actual state. 

1 ~, 

T TIME T 
TIME 

It shoul~ be pointed out that the response sketched above 
o 

is theoretically exact, the only approximation being the fitting 
1 

of the actual movement of cylinder j to the assigned one. As 

for any numerical method, its validity is highly d~pendent on 

the interval of time between two successive initializations, 

but if the ~requencies of free and forced vibrations are suffi-

o ciently close, the rnodelization is quite satisfactory. 

1 
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• It is by t:he use of this, numerical method that the computer 
J 

program "TRANSIT" calculates and plots the response of the 

system where one (or several) cylinders are given an assigned 

sinusoidal rnovernent. 
. . 

\ 

-1 

' ••• 1 

:.. 

• 
\ 
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CHAPTER V 

L-) 
1tESULTS 

In the prev.ious chapters, 

"of motion hf' the form 

y (~) 
iWT 

e 

1 

solutions of the general equation 

have been considered, where W is Î complex dimensionless fre

quenc'y. The results produced by the computer programs "SOLINTER", 

"BUCKLING" and "TRANSIT" allow now for the dèterrnination of the 

dynamical behaviour with increasing flow, the stability maps 

and the response ta applied excitations. 

/ 
Computations have been carri'ed out for systems ranging from 

'\ 

one to five cylfnders arranged in syrnmetrical patterns as repre-
1 

sented in Figure 3. ~he confinement,of the oylinders is char-

acterized by the two parameter~ Gand G where 
c w • 

G 
smallèst cylinder-to-cylinder gaI? 

c radius of cylinders 

l, --
G 

smallest c~linder-to~channel gap 
w radius of cylinders 

As to the dimensionless parameters whicn appear in the 
'Jo 

, 

solution equatiDn, they will be generally given values correspond-

ing ta a so-called "standard case ll where 

/ . 

€C
f 

= 0.25 , 

II.=C=O. 
~ 

Pr 0.3 
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We may now proceed with the discussion of the results. 

5.1 The Eigenfrkquencies of the System 

5.I.A General Considerations 

First of aIl sorne remarks should be made about ~he order-

ing of the natural frequenc~es. It is observed that they occur 

in "groups", or "frequency bands", each group corrcsponding to 

the infinite number of natural frequencies ·of a ~olitary tube, 

and are associated with the axial mode shapes. Of course, in 

" our approximate solution, this infinite number has been truncated 

to N, the number of beam eigenfunctions ~i(é;) used. Within one 

of these frequen'cy b~nds there are 2k pairs of complex conjugate 

eigenvalues, each of these pairs corresponding to a certain 

cross-sectional (or "lateral") mode, which pattern recurs in 

each of -the N groups. This ordering arises because there 

are k ,degrees of freidorn in both y- and z-directions, and N 

- degrees in the axial direction. The frequency bands result 

from the coupling between the cylinders and, as it was emphas-
\ 

ized in a previous study [12], the spread of frequencies within 

each band increases as the relative interstitial gaps Gand c ,. 
Gw dirninish. 

i.r 1. B Behaviou~ with Increasing External Flow 

The dimension1ess internaI flow velocity·~ .• is kept at a 
1 

\ .. ~ constant value while the external flow veloclty u' increases e 

from zero. Two Argand diagrams have been plotted for u. = 0 
1 
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and u. = 6 in th€ case of a three cylind~r clampe~-clamped 
1 -

system, and they may be found in Figurès 4 and S, respectively. 

For u = 0, and in the absence of internaI dissip,ation, 
e-

the eigenfrequencies w are wholly real which is a characteristic 

of a sonservative system. Thus, the locus of each mode (axial/ 
" ' 

lateral) starts on the real axis, Re(w). For small u aIl 
e 

the ~igenfrequencies beçome complex with a positive imaginary 

component, Im(w), thus indicating that the flow damps the free 

motions of the system. With increasing u , the frequencies of e 

osc~llations Re(w) diminish, and eventually that of the first 

mode vanishes, and at this point (A) its locus reaches the' 

ima~inary axis. Continui~ ~rom this point the locus bifurcates 
, \ 

because the eigenvalues iw being real, they are no longer con-

jugatei thus one branch moves up and the other down the Im(w) 
\ 

axis. ,~t slightly higher flow (point B), the imaginary compon-

ent Im(w) vanishes as weIl for one bran\h, indicatin,_the onset 

of divergence (buckling). At! a yet higher value of u the two e 

branches coalesce and leave- the irnaginary axis at point C to 

re-enter the stable regibn. ,Finally, the locus crosses the real 
J ~ 

axis at point D which is -the threshold of !lutter, and the 
"-

system loses stabi\ity again. The lowest mode of the group of 

second axIal modes ~s als~ plotted and it is seen that it remains 

in the stable half-pl~ne for ,the range of flow velocities investi

gated. 

Comparing the two diagrams for u. = 0 and u. = 6 very 
1 1 f, . \ 

1 little difference appears, the behaviour being quite similar. 

. \. 
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in the case of u. = 6 the instabilities occur for much 
~ 

lower veloc~ties and the system is less darnped for small values 

ot' u . e 

• 

S.l.e Behaviour with Increasing InternaI Flow 

Two Argand diag!ams have ~een plotted versus u. for u = 0 
1 e 

and u e 
2 in Figures 6 and 7, respectively. As the benaviour 

is rather different, we shall discuss each of them separa tely. 
, " ~. 

In the first case (u = 0) it is observed '"that until the 
e 

1 
first buckling, the system i sund amped and the loci remain on 

the real axis. The ~irst mode buckles at ù. 
1 

6.315 and then 

the second mode at 'u, =~9.d36; at a slightly higher velocity, 
~ 1 

u. = 9.038, he loci of the modes coalesce on the Im{w)-axis 
1 

and leave his axis at symmetrical points, indicating the onset 

of coupl a-mode flutter. 

the second case (u = 2) the loci no longer start on 
e 

The first mode buckles at u. = 4.85 and at 
1 

8.11 the two branches coalesce and leave ,the Irn{w)-axis 

its intersection with the Re{w)-axis. Finally, beyond 

u. = 8.5 the loci of the two modes are almost symmetric, tpe J 
1 

first mode being unstable and the second stable. 

5.2 The Stabilit 

As it may be seen 

for each internaI flow 

flow 'velocity (ue ) 
cr. 

'( 

\ '1 

the Argand diagram of Figures 4 and S, 

ocity ~orresponds a-critical external 
J 

nd which the system loses stability 
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fir the first time by buckling (point B). The computer program 

"~UCKLING" allows te plot the curve (u) versus U., thus 
el, , cr. 

delimiting a stable domain between the two ceordinate axes, u. 
. \ l 

and u. We shall now proceed ta discuss the influence of the 
e ' 

various parameters and conditions on these stability maps. 

5.2.A Influence of Confinement 

The effect on stability of contiguity between cylinders 

and proximity ta the channel is illustrated in Figure 8. It is 

seen that at low internaI flow velocities, the confinement of 

the cylinders substantially reduces (u e ) which is more tha~ 
cr. \ 

halved when G
c 

and G decrease from 00 to 1/4. ',For high values ,w 

of 'U., which il7lply lower -(u) , the effect of confinement is 
l e cr. 

less important and even becomes insignificant at the upper limit 
1 

of u. 'for stabili ty (u. - 21T). This peculiari ty is explained 
l l 

by the static method ,used to s?lve the equations,: the cylinders 

are supposed to be still until buckling and hence no hydro-

dynamic coupling is applied to them •. Mathematically, the only 
\ 

term that involves coupling in the absence of external flow is 

the irtertial terrn, which is rnultiplied by the instantaneous 

acceleration; ~ivergence, however, is a phenomenon where tirne as 

such does not enter, and this term has no influence on the 

system. In practical cases, displacements of the cylinders 

might reduce the stability domaine 
. 

Furthermore, it is observed that the tighter the configur-

ation i5 spaced, the less-sma\:lues of u. affect the stability 
l 
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of the system. For G,.., = G = co u and u. have a rather .... w ' e ~ 

symmetrical influence, but for G c G = 1/4 the threshold ôf 
w 

buck1ing seems independent of the interna1've1ocity unti1 

u. = 4, beyond which u." becomes in i ts turn. the predominant 
~ ~ 

agent. Therefore, for~osely spaced configurations, the internaI 

flow will not be prejudicial to stabilit~ for u
l 

< 3 approxi---

mately. 
1 

of the End Conditions 

are shawn the domains of stabi1ity correspond-

ped-clamped and a pinned-pinned three cylinder 

system the pinned-pinned system is con-

stable, and the two curves are almost homothetic 

in a This similarity cornes from the fact 

thlit condLtions exert no influence on the forces 1 , . 
but stabi1ity by altering the modes and frequenc-

ies This is why this behaviour is very simi1ar 

for a single cylinde~ in unbounded f10w (see 

Ref. [Il] for~ instance) . 

-
5.2.C Influence of the Nurnber of Cylinders 

Stability maps have been plotted for systems of one to 

five cylinders' and for various spacings between them. It appears 

that 'the nurnber of cylinders does not change significantly the 

stability regions, especially for close-spaced clusters. More-

over, there is no obvious correlation between the number of 
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cylinders and the destabilizing effect it could induee~ For 

instance, the critical external flow velocity for a typieal 
• 

system (G = G = 1/4, standard parameters, clamped ends) of c w -l 

four cylinders is 3.12 compared to 3.07 for a two cylinder 
/ 

system. This difference is presumably connected to the relative 

space available to external flow in the cross-section. Shown 

in Figure 10 are the smallest and the largest stability domains 

out of the five configurations tested, in clusters where 

G c G = land G w e G w 1/4. 

5.2.D Influence of the System Parameters 

The effect of changing the various parameters in the equat~ 

ion of motion (et, 8, S., y, y., y , r, ô; e:c fl 11 , n., c, Pr) 
e ~ e ~ e ~ 

were inve~ated. Each of these parameters has been changed ' 

" , 1 

in turn and given extreme, but still physically realistic, valUes. 

For aIl of them, exc~pt the pressurization (TI
e

, n.), the beam 
1. _ 1 

1 • 
tension (r) and the viscous frictiorial coefficient Cf' the modi-

fication they create on the critical velocities is quite neglig~ 

ible, always less than 5%. As to the fluid pressure and eom-

pression on the beam , they produce similar effects sinee they 
, 

intervene in the same term of the general eguation of motion. 

" 
Increasing n. - TI or the compression r with ends hot free to 

t e 
G move (ô = 1) gives rise to a significant destabilization which , -

-' 
'1 rnay be viewed in Figure Il for a three cylinde~~nned-pinned 

system. Thus a eompress~on of r = -5. corresponds to a curve 

which is homothetie to the Il standard Il one in a ,ratio of 2/3 . 

# 

\ 
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" 
On the cQntrary, the viscous ~rictional forces, which 

depend on the group of parameters EC f , have a tendeticy to 

stabilize the system. Thus, increasing EC
f 

from 0.25 to l 

slightly enlarges the stability domain, as rnay be observed in 

" Figure Il. 

5.3 The Transient Response 

~ In this section we shall be concerned with the ~ransient 

behaviour of pinned-pinned systems subjected to various excit
\ 

ations. For the sake of simpli~ity - and incidentally in 
...... 

accordance with observation - aIl cases looked upon in this 

study are initialized according to the first axial mode shape, 
t' 

i.e. the initial stà~e of any cylinder j satisfies 

\ 1 

5.3~~ Response After Initial Displacernents 

In Chapter I~ ft is shawn that on~e the initial state of 

all the cylinders is given, the position and ve!ocity of each 

of them for aIl subsequent time are computable. "'-We shall 

discuss first sorne peculiar cases which lay emphasis on the 

rnultiplicity of the eigenfrequencies for each ~xial~mode. 

For better understanding, a system of two symmetrical' 
\ 

cylinde'rs (as depicted in Figure 3) will be examined in prefer-

ence, for in this case the motions in the y- and z-directions 

are independent, thus leading to sirnpler interpretation. As 
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~ rnent~oned pre.iously, there are in each direct~on two trans

verse modes of vibrations associated with two frequencies 

within each "group" of frequencies. ln t~e first group of fre-

quencies, i.e. those frequencies with the same axial mode, the 
,fi 

cross-sectional mode shapes,and frequencies are as follows: 

1 
1 

~ l~t mode v1(-r) v
2

(-r) 00 0 = 001 
, 

i) \n the y-direction 
1 2nd mode vI (d -v2 (-r) 00 00 2 

\ l 
lst mode w

i 
fT) = W2 (T) 00 00' 

ii) in t~e z-direction\ l 

2nd mode wl (d -W2 (T) 00 w' 
2 

The numerical values obtained with G G 1/4 and zero c w 

flow velocities are the following: 

Wl 6.83 w2 = 9. 'lI 

w' - 8.33 w' 8.92 
1 2 

--~~ 
~J_ 

If the system is given an initial state meeting one of 

these conditions it will vibrate at the frequency corresponding 
" 

. ., 
to the excited mode. In Figures 12 and 13 'these iniotiaÀ. states 

are \ assigned in turn, thus descr ibing res'pecti VEÜY the f irst 

.. 
'" 

vibrate wi th no phase shift, nor damping ince they are immerséd 

~ 

'-
in still fluid (supposed here ta be inViSffud) . 

Now, if we give the system arbitrary \iinit~al conditions; 

the resul ting resp~ns: will bé a' linear C~binati~n o~ thes~o: 
1 1 

two modes. ror instance, if the fitst cy inder is displaced 

'" 
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in the z-direction while the second is left "at"rest, it may 

be deduced from the constants of initialization that the move-

ments of the two cylinèers are governed by the relations 

, 
" 

w' + w' , w' - w' 
wl(T) = wI,,{O) 

1 2 2 1 cos 
2 1" cos 

2 1" 

~.f (5. 1) 
b w' + w' 1.1)' - 1.1)' 

W
2

(T) w1 (0) sin l 2 sin 2 l - - T T 2 2 
Q 

In Figure ~4 is viewed the beat phenomenon which results 

ftbm this" combination of modes: the Il fundamental" frequency 

(wi + w~)/2 is modulated by the "beat" frequency (w~_- w~~/2. 

The behaviour is: similar in the y-direction, but"'-.the beat ,is 

less evident because !.Ill and 1.1)2 are more remot~ from' each other. 

IA~other important aspect which proceeds from this beating is 

that the initial amplitude of the first cylinder is fully trans-

~ " 

mitted'to the second, thus expressing a continuous exchange of 

'energy between 'them. 

The case of a three-cylinder configuration has also been 

plotted in Figure 15 Ca and h) to illustrate the coupling 

between mutually perpendicular displacements. Thus, alt~ough 

the only initial d~splacement takes place in the z-direction 

(·for the first cylinder), the maximum amplitudes reached by 

the twd others actually occur in the y-direction. Of course, 

the qisplacements of~éylinders 2 and 3 are symmetric, but their 

equation o~ motion may no longer be expressed ,in al s~mple for~ 

"1 , L 

~, ... 

/' 
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,. 

since more than two modes are now involved. Clearly orbital 

motion of ~y1inders 2 and 3 taKes,p1ace . 

. The effect .of, a non-zero exter~a1 flow velocity appears 

in Figure '16,where u = 1.4 for the two cylinder system. As 
, \ e 

expected, the four transverse mode frequencie~ are lowered 

and become 

2.65 8.75 '. 

w' = 
l 6.?-7 7.38 

'" I~ consequence, the IIf\,1hdamenta1 11 frequency is lowered 

while the "beat Il frequency is increased, due ta the larger 

spr1rd w 2" - w1 of the frequoencies. Furthermpre, i t must be 

pointed o~t that in this case equ~tion (5.1) is o~ly an ~proxi~ 

mation of tHe equation of motion, for a more careful study of 

the;initialization constants indicates that the other aXia~ 
modes (main1y the second mode) are slightly excited. It means 

p that the axial mode shape is no longer pure, but ïs "a mixture 
'~ r5;~, 

of several modes which render the" modal shapë!~''-tirne-dependent. ,# 

Moreover, ther~ is an exponential darnping factor, the effect 

of which appea~s clearly on the plot, whi~h ha Ives the ampli

tude of oscillation by the time T = 20. 

5.3.B' Response Under Steady(~xcitation 

In this paragrap1h we shal~ consider the response of the 

system when one of the cyli~qers (cylinder 1) is constralned 
) 

1 -

if , 
1\ 
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, , 
to have a sinusoidal,rnotion of constant arnplituqe and frequ-

ency, of the form l 
1 

Tl (1) 
Qi) 

nI 
(0) cos ~n T 

'\ 

For a twb-cylinder,systern in still ftu~d, the differential 
\ 

equations of motions rnay be integrated by hand; the solutions 

pre derived in Appendix F. If we denote by m .. the coeff icients 
1J 

of the rnass matrix~, a "resonance" of the second cylinder is· 

shawn to occur in the following cases: 

i) in the y-direction with/ vI(T) = vICO) CQS fi T: 
c 

v 2 h·) - _1 fi 4 3 11"'1 
" T sln Q T, if n = n 

vI (0) '" 2 m44 ! res 

, , 

(5.2) 

ii) in the z-direction with w1(T) = wi (0) cos 91 .r 
T: 

l ffi21 niT sin niT 1 if ni "2 m22 
ni 
, res 
\ 

It seems worthwhile to enumerate sorne rernarks these 

" 

(5.3) 

resul ts arouse. First of aJ..l, the "resonance Il freguency n res 

is not one of the eigenfrequencies w described in the prévious 

section, but is located at an·inter~ediate value between thern 

, n' < w2 res 

"'-

Accordingly, this type of resonanée must not be confused -

with the resonances obtained when the system is excited with a , 
--
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steady sinusoidal force, for in this latter case the reson-

ancep are likely t? occur at n = wl and n = w2 • In the case 

at hand the displacement of one of the cylinders iS'fo~trained 

to rema~n constant, thus the system is neither free nor ~orced 

!.- in the norma 1 way. 

~Examining equations (5.2) and (5.3) it is noticed that 

the amplitude of the second cylinder is linearly increasing 

with tirne, and that the rate of increase per period' is independ-

ent of n . res The slope is proportional to the off-diagonal 

terms of the mass mâtrix, thus underlining the dramatic import-

ance of confinement, on 'which thesè terms are highly dependent. 

In the case where G = G = 1/4, the 'matrix coefficients are c w 

m
22 

= 1. 31 -0.0899 

1. 56 m
43 

= 0.526 

which yie1d the dimensiQnless resonant frequencies 

7.90 n f = 8.62 res 

and a rate of increase ''Of the amplitude per period of 1.'06 in 

the y-dir6ttion and of 0.215 in the z-direction. Hence, the 

resonance is much more pronounced in the ,y-direction, where in 

less than one period the amplitude of the second cylinder 

exceeds the level of excitation of the first one. I~ Figïre 17 

is plotted the response of such a system excited in both direct-

ions at the c9rrespondin~ resonant frequency, and the considerr 
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able amplitude reached by the second cylinder appears clearly. 

The response of systems c~mprising more than two cylinders 

... is much harder to derive by hand. - 'Howe:ver 1 in the case of 3 
1 

cylinders, at the middle of a row of r{gid tubes centered on 
1 

the z-axis, an approximate formulation of the response of the 

two non-excited cylinders is obtained in Appendix Fi the eguat-

ions of motion for displacements ,in the z-direction are found 

to be as follows: 

WIer) 
cos Q w

i 
(0) T , 

w2 Cr) 1 m 
st sin Q t" , w

1 
(0) - ï"ij t" , 

__ 18(mM)~2 st (3 Tsin n T + n 2 
T cos st T) , 

if (5.4) 

where M is the diagonal term of ~J:e mass matrix in the z

,direction, and m the off-diagonal 'term corresponding to the 

coupling effe:t between two ad jack nt CYl~nders in the z-direét~ 
ion. 

J 1 

The v~lidity of eguation (5.4) is, bowever, not reliable 
, 

after a few periods, for terms of higher orqer with respect ta 

time have been neglected. 

l t is observed tha t the respanse of the se<;ond c'y 1 inder is 
, 

Iinearly increasing with time, âùâ identical ta that obtained 

\ 
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in the previous case of two ~ylinders. As to the_third 

oylinder, its equation of motion contains'a quadratic term , 

which exceeds the linear term as soon as Q ~ > 3, i.e. in less 

"than half a pe+iod. Hence, even with a relatively'large, spac-

ing between the "cylinders, the displacements of the third 
, 

cylind~r may become guïckly impottant, due to the parabolic 

evaluation of its amplitude. with G ,= l~ G = 00 the coeffici-
-~ c w 

ents of the mass matrix are M = 1.02 and m = -0.0712 which 

yield the resonance fre'quency Q 
r~s 

equations of motion: 

9. 1'11 and the following 

1 

2 
T wl (0) sin Q T - :0>.058 L w

l 
( 0) 

\ res, 
cos Q L • 

l , 
In Figure 18 is given the digital p'lIDt corresponding ,to . 

such~a case and,inde~d, the parabolic evoRution of the third 

CYlijder amplitude may be viewed, as weIl as the limits of 
1 

res 

validi_ty of the above formula.e. Finally, in Figure 19 (a and b) 

is plotted the response of a system of three cylinder~ in classi-

cal equilùteral configuration, with Ge = G
V

\ 1/4. Cylinder 1 

is excited in the z-direction and here again the resonance is 

more dramatic in the y-direction where in 13 periods the ampli

tude reaches five times the level of exci~ation. 

\ 

, \ 
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5.3.C Precision of the/Computer program "TRANSIT" 
/ 

It should be recalled that to constrain the movement" of 

the fir~t cylinder the computer itogram proc~ds by continu6us 

reinitializatibns of its pos~tion and velocity in order to fit 

the prescribed motion. But, as the other cylinders are always 

left in their actual state, there is no way of recovering' the 

systernatic error which is generated whenever the prescribed 

freguency is different from the ~reguency of free oscillations 

of the system when abandoned ftom the reinitialization state. 
"-

There is a slight, but generally ~umuiative, displacernent of 

phase 'of the non-excited cylinders from the one they should 
/ 

actually have, and this sliding effect"is particularly sensit-

ive in cases of resonances where the phase plays an important' 

part. Moreover, little is gained by reducing the time interval 

between two reinitializations because the number of cumulating 
", Il 

errors is increased in the same proportion as the value of each 
1 

of the errors is reduced. This difficulty was, however, over-

come, in ,the cases' of re~na>nce, by giving to the "driv,ing" 
, / 

freguency a value slightly above the actual resonance freguency 

in order to compensa'te for this phase shiftin'.? 

But besides the necessity of introducing this correction, 

the computed response"proved to corroborate the predicted'behav-

fiour, in aIl cases tested; this agreement is quite satisfactory 

since the res'ponse is in fact more simulated than really çorn-

puted/by the program • 

, / 

( 
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1 
CHAPTER VI 

CONCLUSION 

The the ory developed in this thesis enables a prediction 

" 
of the dynamical behaviour of a cluster of flexible pipes coh-

veying fluid, i~ersed in axial flo/w bounded by a cylindrical 

channel. 'Structures of this kind are commonly encountered in 

practical engineering systems such as heat' exchangers and 

nuclea'r reactor fuel bundles. 

Among the fluid forces acting on th~ external surface of 

the tubes, the viscous and inviscid hydrodynamic coupling between 
\ 
\\ 

motions of the cylinders and the effect of proximity to the 

channel have been taken into account, according to a method based 

on potential flow theory presented in previous studies [9, 101. 

Expressions derived for these forces, which depend on the pres-

ence and motions of aIl cylinders in the bundle, werè incorpor-

'"ated in the general equation of motion'of a slender pipe sub~ 

j~cted simul~aneously to an-external axial flow and indepepdent 

internaI ~low. The equation of motion takes then a matrix form 

and was solved by rneans of Galerkin's approxirnate technique to 
1 

'yield the eig,enfrequencies of the system; these frequencies 

occur in bands centered around the eigenfrequencies of a single 

cylinder under the same con?itions, ,and are associated with 

modes of the same or similar axial shape. It was shown tha t -J 

pipes with both ends supported are subject to divergenc'e (buckl-

"ing) and then to flutter when ~ncreasing either the internaI 

\ 
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or external flow velocity~ or both. This behaviour was expected 

and may be interpreted as a combination of two previously 

studied limit cases, namely a solitary pipe in presence of t 
. -

paraI leI interna~ and èxternal flows [4, Il], and a cluster of 

cylinders surrounded by bounded axial fluid flow [10]. , , 

As the designer is mostly interested in the critical con-

ditions associated with the .first instability encountered with 

"" increasing internaI or externai ftow velocities, a simplified 
, . 

analysis referring exclusively to buckling was conducted. It 

~ '
showed that, whereas the two flows play almost interchangeable 

roles for widely spaced configurations, that of the external 
1 

flow becomes prominent for compact clusters. For a gap between 

cylinders or between the cylinders and the channel of 1/4 of 

the cyltnder radius, the divergence, due to external flow is 

independent of the internaI fluid ~~Iocities, as long as these 

rema~n rn~derate, and/0ccurs for half the velocity necessary in 

the pase of a single unbounded cylinder. However, unless there 
1 

is appreciable compressive Ioad on the beams,coupled with 

highly confined geometry, the hydroelastic instabilities are not 

l~kely to bccur for the velocities usually encountered in pract-

ice. , 

The most original results ,.of this thesis relate to the 

transient response of such a system under instantaneous perturb-

ations or steady excitations. When the system is released after 

sorne of the 

phenomeno!,} ta 

ylinders are given initial displacements, a beating 

place, hence e*rressing mutual transfer of 

\ 
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energy between the cylinders via the surrounding fluid. It 

may be çoncluded that if many cylinders are slightly disturbed, 

the energy fed into the system may eventually concentrate on ~ 

one cylinder'for awhile~ thus magnifying its displacements up 

to 4lnor;al values. Moreover, it was shown that to each 

cylinder is associated a resonant frequency which is distinct 
"-.. 

from the eigenfrequencies of the solution equation, the latter 

being relative to the whole system. Accordingly, in highly 

symmetric patterns where the resonant fr~quency is identical 

for aIl cyli~ders, the amplitudes of their oscillations may 

become cons~derable if the system ii excited at this resonant 

frequencYi indeed computations carried out fo~ rows of three 

cylinders, indicate that the e~i~agates to the neigh

bouring cylinders with cumulative effect. T~is 'behaviou~ con-
1 f 

duces to many practical implicationp and may explain the fret 
1 

marks noticed in sorne existing cases which result from repeated 

collisions' between adjacent cylinders. Indeed, in closely 

spaced bundles, even small amplitude vibration results in impact 
\ 

within the structure which, in time,. might causè the rupture 

of the elements with serious consequences • . ' 

A large field of investigations is therefore open, pertain~ 

ing to the origins oflthe perturbations or excitations that 

could generate abnormal displacements or resonancès. Probable 

sources of disturbances are a simple shock on sorne of the 

cylinders, an arbitrary force field due to external vibration , , 
'1 

sources,'an unsteady (luid flow, or else a random pressure field 
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which may arise from pressure fluctuations in the turbulent 

boundary layer of a subsonic flow. These types of excitation 

may feed energy into the system by means of a large spectrum of 
f 

frequenciesi among them one might coincide for awhile with one 

of the resonant frequencies of sorne elements and yield worrisome 

displacements. 
C' 1 

Hence, a great deal of work re~ains to be done onl th~ 
theoretical side, with the aim to shed light on the transierit 

phenamena of interaction between elements of a structure, and ~ 

the mechanisms from which resonances could originate. 

Finally, it would be worthwhile and presurnably workable to 

conduct sorne experiments in order to view, at least qualitat

kVelY, the beats and resonances which have been brought to 
\ 

light by this thesis. 

, 1 

\ 

il 
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Pinned-Pinned Cylinders linders 

... 
", a (r T s) rs 

2 r s {( -1 ) r+ s _ l} 
2 2 s -r 

(_l)r+s -l} 
/2-' 

a rr 

b (r rs 

d rs (r T s) 

2 2 -r 1T 

o -

o ,~ 

where Àr and C1 r \satisfy 

cos À cosh À = .1 r r 

cosh À cÇ>s -r a = r 'sinh À - sin r 
\. 

i 

i 
j , 

o 

C1 - À (1) {<_Ù r+s +l} 
s r r 

\ 
À G' (2 - À cr) 
r r r r 

( 1) r+s b 
r rs 

{(_l)r+s + ;'} 

r 

X r 
r 

Àr 

Table, l - The constants ars~ b rs and drs _as defi:ned in Chapter III 
for pinned-pinned!and clarnped-clamped beams. The values 

1 

of Àr.and or for a clamped-clamped beam are tabulated in 
Bishop and Johnson (18]~ . 

) 
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z-directions for a two-CY1\'nder\Syst~m in still 
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ment in the z-direction ' ' 
Standard èaS'e with Ge = Gw = 1/4 .. 
The response in the z,-dire.ction. is piotted in 
Figure 15 (b) • " 

o ~ , . " 
" 



• 

o , . ' 

• 

o 
o 

o 
o 

Z - 0 IRE C T ~I 0 N: 
crLlNDER 1 

CYLINDER 2 , 

~:l ! 
91.00 

• 0 c 
• ÙUNDEFt3 

0.00 

, 1 

~:+-l--.::::<::>t",c-oC">-"rr-r(\.....-\--rlC4'--+r--+-/"'\.-->r· -t/\'--;-.-f-f\-T--rff\-+, --,' ...... P~<::::>:7'.ç:=-~ ........ ~~~~O~i 
9l.00 . 1.00 V 2.0~ l.'aV 1I\4JY' T ~~tïô'\:A.t10 Il.00 9.W 'iD. 00 

Figure 15{b) 

" 

/ , 

~, 



• 

• 

..J 
11. 
o.n 

o 
<> 

\ /. ~ aJ 
y - 0 l'~R E C T [d N' 

Z-DIRECTION 

00 

O.QO 

o 
<> 

CTlINOER l / ' 

" 

0, CYLINOER 2 ' 
<> , . 

, -
I~ 

:11.
(fl 

Figure P.6 

0.00 

Response of ~linder system in ~lOwing fluid 
when cy,linder 1 is giveI) an initial' displacement 
in the y- or z-direction 1 

Standard case with Ge - Gw- -= 1/4, ue = 1.4, u 1 -= o • 

.. 
., 



• 

" 

- \ 

• 

- 85 -

Y-DIRECTICJN 

ct ' 
en 

91.00 9 00 10.00 
• 

,. 

~ 

Z-DIRECTION 
o CTLINOER 1 
CJ --. ~ ~ 

~~b· f\ fVV\ !\[\f\ f\ f\{)f\ f\ • 
<t.0\.l@ V,OOV 3·\Vva\1~~OV~00 Va.0v.~ \j.OO 

- , 

" o 
o 

CTL INOER 2 

-1 
0-
en 

<t.oo 

Figure 17 R~sonances of a two-cy1inder system in still f1uid. 
The first· cylinder is .~xcited at 1'2 = 8.3 in the y- , 
direction", and 1'2 1 = a. 62 in the ~-direction wi th « 
constant imposed amplitudes', The second cy1inder 
is free. J 
Standard case ith Gco- Gw = 1/4. "/ 

.. 

<:" 
_J 



.. 

1 

• 

, J 
86 

z DIRECTIO~ 
" C) ou NOER 1 

~:1A W f\, f\ '~A f\JV\ (lM 
~ V'{jOV 2''\JV4J~:\JH~VVV7'6fr'dOOV 9.~0 00 

• l 

C) 

o 
C (L'I NOER 2 

..J 
Q.. '" . 
~g 

, . 
~.oo 

, 0 CYL 1 NOER 3 
o 

Figure ,18 

l 

,> 

J. 

"-Resonance pf â row of three cylinders in still fluid 
when cylinder 1 is excited at n =-9.90 in ther
direction 
Standard case with G = 1 c ' 

.' 

.. 

l' 



• 
, 

! 

( 

• 

- 87 

.. 

y - D, IRE C T ION 
/ z --. 

g CTLINDER 1 

~:~]=====-====~==~~~~'===-=====-====~~==~~~==~~==~~~~ tl.oo 1.00 2.00 3.00 '1.00 S.OO 6.00 1.00 8.00 9.00 10 00 
lIME 

0 CTLlNDER 2 
0 . -

..J 
Il.. 
en 
...... 
0 0 

0 

<t.oo 1.0 

o CYLINOEA 3' 
o 

,1 

/ 

Figure 19(a)' Resonance of a three-ey1ind€r system when cy1inder 
l'is exeited at n = 8.0 in the z-direction 
Standard case with Ge ~ Gw = 1/4. 
The response in the z-âirectron is plotted in 
,Figur'e 19 Ch) • ' 

" 



• 

• 

• 
1 

, L 
a 

a 
a 

a 
a 

'. 
- 88 

/ 

.' 

Z-DIRECTI'(jN 
CYLINDEA 1 

ClLll/DEA 2 

-
~ ~-~ ~ ~. Q ~ A ~r 

~ 2. 00 "=' 3.P ~ Y.ôô\J 6 oV~\ilJïïV. ooV 1 O. 00 
• 0 TI ME . 

OLll/DEA 3 

~:+-1---ri,""",===--<?'-~=:7'<C>~-7'L).~~6~~C\~-A0~1-C)~I-Î\-\-,-,<AL....\--Irf\~-/--,r. 
'li. 00 1.;00 2.00 <::::> J.OP .. 'Si? YOD Ç/6.00"-./ 1.bQlVo VôëV 10.00 

, TIME 

Figure 19(b) 



•• 

( 

• 

-~ 89 -' 

, APPENDIX A: THE ADDED MASS AND VISCOUS coupurm COEFFICIENTS 

This appendix is a summary of the work done by ? $uss, 

M. Pustejovsky' and M.P. Paidoussis whjch can be found in detail in 
• 

reference~ [9] and [10 J . 
~ 

.. 
A.l~ added mass coefficients -

.As shown in chapter 2 the general expression of the inviscid 

hydro.dynamic \orc~ven 'by eqUa~iOn (2.7) may be written in the y

and z- direc~ f:r cylinder j as fQl1ows: 
1 

(. 

27T 

(F j ) = -Jo Pe[;t + U ~X] 1jJ.{R.,8.} sin e. de. 
A y. e J J, J . J J 

\ 

! 

~-
(A.1) 

J 20 . (pj) -- p l~ + a J ljJ • (R. , e . ), cos e':'-d6. u -
A z e at . _ e, dX J J ) J J 

0 

- , 
where ~j(rj' 8j ) is the fluid velocity ~6tential at the point P(rj , 8 j > 

.. , 
due to the motion of cylinder j alone, and (rj , 8j ) the polar coordinates 

, , \\ 

of P centered on the axis of cylinder j. Let us also denote ~ Rij 
the lingth bf the lin~ joining the centreoof cy\inders i and j and 

/ 
~i' the angle this line makes with the positive z-axis, i being the J, 

, 
vertex (see figure 2); By convention a zero value of a~ index refers' 

to a coordinate system at the cerrtre of the enclosing channel, the 

radius of which is Ro' .> 
f' 

Il 
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, 
\' 
\1 

p 

The total potential ~ is the sum of all the potentials ~j; " 

,moreover by virtue of linearity, we ha~e 
2 ' 
v·~.=O • 

J 

The classical solution of tris,equation in polar-~o-ordinates 

has the fonn 

~ 1 [ 
<jl.{r., e . ) E A. n ne. + B 

n sin ne. r. cos nj r. 
~ ,J J ,n=l n] J ] J J 

+ e -n ne. + D -n 
sin na j ] nj r. cos nj 

r. 
r. J J J 

to apply the boundary conditions, it is necessary to expr.ess 

each <p. in terms of coordinates centered on each bf the,other cylinders. 
J 

This can be done by the use of the complex coordinate transformation 

, ., 

-r.e 
) 

ie. 
J r.e 

1. 

. -

ie. 
1. 

i1jJ •. 
1.J R .. e 

1.) 
'- i 

j 

o 

0,1, •.. k 
0,1, ... k 

~ After lengthy manipulation, the potential due to cylinder j 

in tenns of' coordinates centered on cy1i.nder i may be written as 

() 

/ 
CA.2) 

(A.3) 
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) ~ ~ n=1 · m=O 
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(-1) 
n-m n-m m , 

R.. r. n. 
~J ~ 

m!, (n-m)! 

x fA . cos[m e. + (n-m) 1/I •• J + B . sin[m e. + (n-m) ", .. J) l n]' - ~ ~J nJ 1 ~ ~J 

\ 
, 

00 

+ r 
m=n 

(-1) n (n+m-l)! r~ 

m! (n-I)! RZ:-:ffi 

~J 

x{c. cos[me. - (n+m) 1/1.,] 
nJ ~ ~J 

which converges for r· < R .. ; or alternatively 
1 lJ 

~~(r., S.) = ; r ~- (same as first internaI sum in (A.4» 
) ~ ~ n=l t m=Q 

00 

+ î 
m=n 

(m-l)! R~-: n t 
____ --=~::....J.t___ x ,c . cos r me. -

m n] ~ (n-l)! (rn-n)! r. 
~ 

.. 
- (rn-n) - "' .. J1) 

o ~J 
- . 

f + D . sin [m e. 
nJ ~ 

which conVerger for ri > Rij' 
, 

The two boundary conditions require that 

& 

(i) the velocity of the fluid normal to the enclosing channel be 

\ 

(ii) 

zero on its surface, 

a$<? 
~ 
aro r =F 

~ 

= 0 j = 1,2, ••. , k . 
1 

the velocity OOf t~e f.luid normal ~he surface of each' 

cylinder be equal to the velocitY~the. cylinder in that 

direction, 

/ 

(A. 4) 

1 

CA. 5) 

(A.6) 

\. 
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Dw. Dv. 
341

i 

3r. 
1 

- Dt
1 

COS 6i + Dt
1 

sin 6i 
(A. 7) , . 

r.=-R. 
1 1 

j ="1,2, ••• , k , 

i ~ 
where '~ is the total potential written in terms of 

... 
co-ordinates centered on cylinder i, 

f 

-Je 
1:* 41~ 

j=l J 
1 

the starred summation excluding j=i. 
, 
\ 

~) 

- Now, applying the boundary conditions and'isqlating the 

coefficients of cos m e. 
/ , - 1 

and sin me., it appears that the con
l. 

1 
, 

stants A ., B ., C . and 
n] n] n] 

D .' rdust he of the fQllowing forro:, 
n) 

" 

rnjl ' I-n 
k rr . 1 Dw9., rnjlj Dv l] = R. L ".n] 9., + Bnj , J 9.,=1, 8nj 9., Dt b nj 9., Dt 

, 

rnj)~ l+n J4Wnjl} Dw~ 
+ rnjl1 DV

l] ~rfj Rj 9.,1: 1 °njt Dt d . R. Dt n] 

, 

(A. 8) 

Substituting these relatiQns into the previous ~quations, the 

following eight sets of linear equations with the constants 

qnjR. t,o dnjR. as unknowns are obtained; 

" ' -, 
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(-1) n-m n-m m-1 
BnjR. 

k "" n! R .. R.' bnjR. ~J l. 
r* r 

j=l n=rn 

+ 

+ 

J+ 

k 00 

r* L 
j=l n=l 

)'nji 

°njR. 
-6 njJl. 
-d njR. 

where m 

00 

sin (n-m) 1lJ .. 
(m-1) ! (n-m) ! n-1 -anjR. l.J 

Rj 

cos (n-m) 1/1 •• 
• ~J 

. " 

-a 

(_l)n (n+m-1)! R~-l ~~+l 
l. J 

(n-1)! (m-l)! R~:m 
:tJ 

amiJl. 

amiR. 
cos (n+rn) 1lJ .. + m 

/3mi R. ' ~J 

b-mi R. ... 

njJ., 

- m 

ÔnjR. 

dnjR. 

y nj R. 

cnjR. 

YmiJl. 
C miR. 
15 miR. 
d miJl. 

sin (n+m) 1lJ .. 
l.J 

(0 lrno iJl. 

= 0 

0 

°lmOit 

1,2,3, ... ; R. = 1,2,3, ••. , k; i , 1,2, ..• , k; 

, Rn - rn Rrn- l n. . 
OJ 0 cos (n-m) 1lJ .-t 

n=m (rn-l)' ! " oJ 

+ 

BnjR. 

bnjR. 

QnjR. 
anj R. 

! 

sin(n-rn)1lJoj 

\ 
\ 

\ 

~ 
,~ 

, (A.9) .. 



• 

• 

m-n Rn. +1 p 

/ 
m! R • 

0] J' 
m 
1: 

n=l (n-l)! (m-n)! Rm+l 
o 

.' ~ 

~~jR. 
dnjR. 

y nj! 

~njR. 

sin (m-n) 1/1 • 
0) 
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{a} 

Ynjt 
c . n 

nJA. 
-ô . 

< .P) t 
-dnjt 

1 
cos (m-n) lJ! .' 

C?J 

where m 1,2,3, ••• ; 1, = 1,2,3, •.• , ki j'= 1,2,3, •.. , k. 

t' 

(A.IO) 

" These sets of infrnite equations can be truncated to 

allow for the determination of a finite number of the constants 

an) R. to dnj ~ 'and._ anj ~ to Ônj ~. Then, performing the operations 

required by (A.l), the inviscid hydrodynamic forces may be written as 

= -

2 
p nR 

e 

(1\.11) 

for j = l',f, ... , k, where Ej1,' ej1,' KjR,' kj~ are the non

dimensiona1 coefficients of the added mass matrix which have been 
j ;1 

found to satisfy 
" 

E:jR. ôj,V, + 2y 1j R. e j R. = , 
2Cr! • ' 

,. -

2cSlj~ k jt 
t 

"jR. 
= = , cS. . ... 2d1 · n . 

) l. J~-

<5. 
) t, 

being Kronecker's delta. 

'- -
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,A.2 The viscous coupling cqefticients' 

This section dea1s with the resolution of equation (2.10). 

The only unknowns are the velocities CV.} 'a~d (v
J
.) of the oncoming 

l , 'J y z 
flow in the vicinity of cylinder j; they, can be dérived from the fluid 

vélocHy potentjal as in the previous section, but comp,uted as if this 

particular cylinder, tne jth, were missing. Hence, the procedure is 

exactly the same, since the derivation was for an arbitrary number of 

cy1inders; the fluid velocity at any point in~the YZ-R,lane, with the 

jth cyl inder left out, may be expressed as 

v y 
,; 

Vz 

where 

(r./e.) 
= o<jJj sin El •• + 

ar. J J 
J 

J 

(r.,e.) 
__ a <jJj 

a . -~ cos 
J J or. J' 

J 

k 
~j = 1:* ~~ (r./e.) 

i=l 1 J ) 

ri 

-

the starred summation excl~ding i=j. 

l'a <jJj 
- -- cos r. ae. 

J J 

l a <jJj 
sin ---- --r. aa. 

J J 

1 -

a. 1 
J 

a . , 
J 

As the distribution of ve10cities found in this way is 

nct uniform around the cylinder, we,shall take a mean value along its 

circumference, setting 

V
y 

(R.,a.) da. 
) ) . ) 

2n 

(V • ). = 1
2 
f \1 ( R . , a .. ) de . 

JZ 1f z~J ) J 
o 

1 

(A.13) 

(A .14} 

(A.15 ) 

• 
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LI l 'f t 

-Combining these three last equations in a siml1~r way to 

thejprevious ~ect\on, the velocitie.s are found to be 
, ~,l" ,', 

, ~ ~ k [, ow1· . Dv 11' 
(V j) Z I\R. L ~ < v j R. 'Dt + n j R. i5"t7" ' 

(V'. ) ,. ",~ .~ *' [V. ft DOWtR. + Ii). ~ 'DoVtR.] : 
. ) y 1.=1 ) ~ . 

(A.16) r 

g 
" 

1 

where 

"ji 

n(~rl( 
ansR. 

on, k 
(:"1)n-1 

a" 
_)R. r* nsR. c05,(n-1) tP js v .. 

5=1 /3ns R.' ' 0 

_J R. , P, 

njR. bnsR. 
1 
1 

/3 ns R. 
1 

\ ' (, 
.1 

1 

~. ) + 

'J n+1 

+ 
bnsR. 

sin (n-1) (-1) n n(Rs) . " -a 
nsR. JS \R. '" JS 

":'ansR. 

'YnsR. cS 
nsR.. 

"~( cnsR. 
d, ~js ) cos (n+l) IP js + 

nsR. sin (n+).) 
-6 

nsR. 'YnSR. 0" 

:"'dnsR. C 
nsR. 

with 1 1,2, ..... , r , ,j 1,2, .•. ~ k' ; R.. r j , 

""-~' i 
./ 

,,. 

the-c?nstan~s ans1 , ans1, 8ns R..' bns~' etc. being evaluated-with the, 
, 

jth, cyl inder missing. ) 

\ ' 

! -
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Finally, the normal viscous forces may be put in the fonn . 

\ 

where T,;j1' 9jl' C1jt', Sjl' are called the,,~iscouS coupling coefficients 

and equal, respectively, -vj.R.' -njR,' -Vjt' -njR,' for j!R. and. 
"-

r - S - 1 "g - C1 = 0 for JO=R.. "jt -, j1:- , d·.R, - jR. -;;:> 

. , ..... 
The added mass and viscous couplin~ coefficients are 

produced and punched out by the computer program 1 COUPLAGE 1 listed 
'" 

in Appendix B. This program is a modified version, of Suss l originnl --, 
prÇ>9ram 'COUPlING ' where the'-added mass matrix has the opposite sign. 

~'--... ---------

JI 

) 
• 0 

() 

= 

. \ 

' . 

/ 

-
(A .18) 
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'\ . 
APPENDIX B: THE CO~PUTER PROGRAM t

I COUPLAGE ' -"~t 

DATA CARDS 

Ca rd 
Number 

2 

, .' 3 

4 

~ 
+ 

K+4 

+ 
-K2+3 

Symbo1 

1'11,R11 
"'12" R12 

"'21 ,R21 

, ~kk,Rkk 

Fortran 
Nartle 

() 
\~/ 

Designati on 

Number of cylinders, 
'number of cyl i nders a t 
centre of the channel 

t4M,MP Number of terms taken in 
the series solution 
(see note 1) 

~DEA, IPUNCH Se'e note 2 

" CH (l , l ) , R (1 , n \ 
) 

CH (1 ,2) ,R (1 ,2) parameters of position 
of each cylinder with 

CH(2,1),R(2,1) 
respect to the others 
(see Figure 1) 

~H(k,k) ,RCk,k) 

• 

Format 

213 

213 

213 

2F1O.5 
Il 

Il 

., 
Il 

K2+4 R1 ,t/J0l ,ROl RI (1) ,CI (l) , 

l 
radius of each cyl inder 3F1O.~ 

RAC1 ) + parameters of position 
/ with respect to the 

K+K2+3 Rk,t/JOk,ROk RI(k},CI(k): centre of the channel 
RACk} , 

K+K2+4 Ro RO Radius of the outer channel 

" Note 1: r-f.1 > MP. A -good convergence ls obta i ned in a 11 cases wi th 
.MM=15 and MP=ll .. 

\ 

Note 2: IDEA=O if on1y the added mass matrix is required 
=1 o'fherwise .' 

IPUNCH=O if the matrices should not be punched 
=1 otherwi se 

.. 

Fl 0.5 

'Note 3: The angles are expressed in degrees and the lengths in millimeters. 
- ~ 

1 . 
.' 

" 1 
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• CCUPL~GE • · " . .......... . 

C** ••••• * ••••••••••••••••••••••••••••••• -••••••••••••• •••• ~.* .......... . 
C* • 
C* K 15 THE r-.UMEER CF ('iL l''CE~5 
c* ,.,t.="U"'BER OF CYL l"OE~ ,liT CENTER OF ~f;"AY 
C* I1C=I1ACIUS OF EfI,CLCSII\G CYUNCE" 
C'* Cl(I)=CH(O.I). RA(l)=~(O.I). RICI)::f;,.CIUS CF (YLI"CEf; 1 
C* CI"'E"SION A(,.,~.,.,P;.K'.B(PII".MM.K) •• 1{,.,"'."'M) ..... 2(,.,M."',.,) • .,.::(t-"'.M,.,) .... 4("''''.'''''') 
Cil 0 1 ", E "5 1 ONS ( 2"'''' + 1 ) • CC ( 2 ,., " + 1 ) • F ( 2" ,.,) • F 1 ( 2 fJ M + 2 ) • R 2 ( 2'" .. + ~ ) ,R ~ ( 2" fol + 1 ) ~ 
C. OI"'E"SICfI, G(2MFK,2IJFK) ."5(2~PK.2t<) ... t:(2P11PK)."(2K.21<) 
c* 0 1'" E " SIG N CH ( K ,K ) • R ( K , K ) , ~ r ( K ) • F ,. (K ) , ( 1 ( K ) 
Cs Or"'E"SION AIC,.,M) ,"2("'''') • .A::(2.2PiF(K-l »,,a4(2.2(K-I» 
CAt OI"'E"SION VC(~K.25),A,.,(2.(K+l).l:.(K+I» 
CIt: 
C$$~.$.~.~~.*h ••• * ••• $ •• * •••• * •••••• * •••••••••••• * ••• * ••• $.~.* ••••••••• t 
C 

( 

c 

3., 1 

: 

(PIIFLICIT ~EAL.8("-H.C-2) 
OIPIIE"SlON A(le.15.3, .e05.15,3' 
Clt<tE'fI,SICI\ ~1( 15,15) ,w2(15.15,.IIt]( l!:tl5).114(15.t5) 
DI "'E "S 1 C 1\ G ( e e .. é f: ) • '" 5 ft: é , €: ) • \1 f: (6 é ) 
C 1 ~ ENSI a N CH ( 3 .3 ) ,P ( ~ , .:) • J; 1 (3 ) • R A (::! ) • C 1 ( 3 , 
CI~E~SIOl\ VC(6,6) 
o 1 ~E 1\ S r 0'" ,. 1 ( 25) ,A 2 ( ~ ~ , • A.3 ( :: .44) • " 4 ( 2 .. 4 ) 
CIt<tENSION AM(e.8) 
o 1 ~E '" S 10"" S ( 5 C ) ,C C ( 50 ) • F ( 5 (! , , J; 1 ( ~ c ) • ~ 2 ( 50 ) • R .3 ( ~o J 
(NTEGER DIGIT( 10) /'1','2'. '~·.'4' ,'5' ,'f'.·7' ,'e' ,'«;','10'/ 
II\:TEGEF' EC(4'/1(11-I)'.· ·.·F12.·.·5'·/ 
REAO C;C;.K.,.,,.., 
RE,.C QC;."'~.~J: 
~E.AO 99, ICEA. IPUI\(H 

REAC Ct-(I.J) Al\D Cl([) rl\ CEGJ;EES 
~EAD2tj(\. «(1-( I.J),I==(I.J'.J=l,KJ. I=I.K) 

READ R( I,J} .~I(1) .~,6(Il.RC IN Tt-E SA~E UNITS CF LEf\GTH 
RE.AD 21)1. (RI( 1) ,Cl( l' .f<A( I} .I,.t. K') 
J;E"O 202."0 
F F = ~ • 1 il 1 5 <; 4: t ~ 3 ~ E ç EDe / 1 eu. 0 c' 
FRINT IO<;.K.~~,~".MI= 
PF;I"'T IOI.RG 
FRINT 110 
KI<K=K 
IF(K.GT.IO) KKK=10 
EC( 2J=DIG(T(I<KK) 
~ ~ 1 T E (6. E C , ( (C ... ( 1 .J ) , J = 1 • K t< K ) el = 1 .1< KI< » 
p~ 1 NT Il l , 
"" 1 TE (6. EC ) ( (R ( 1 • J , • J = 1 • K KI<) .1 = 1 • 1< 1< K) 
PRINT In7 
Pli:II\T 1:)8'<1,111(1) ... ,.(1),(1(1),1=1.10 

CEGREES TC RAOIA~S 
CC 3IJI 1=I.K 
C1(,( '=(1 «( )*FF 
CO 301 J= 1 .K 
ChCI.J)=Ct-CI,J).FF 
CALL FA(T(P;~.~F.F) 
fi 1 =2*MPIilK 
CAL L FIX U F f ~ Ji • K • A .8 , \Ij 1 • ~2 , ... 3 • W 4. ~ C , ,.,,, • RI. R 2. R.3 • RI. RA. Cl. 5 • CC. F , 
IF(IOEA.EC.O'GOTC 411 / 
CC 1 ICEA= 1.K 
KI<=2* (K-l , 
CAL L F 1 x'u r= 2 ( Ji Il • "F • K , K K • Ml. ~ • E • 1111 • la 2 • -. 3 • W 4 ,C" • R • RI. RI. J; 2 • JO ~ • s • CC. F • 

*G.liI5.W6, (DEA 1 
CALL ~ISCCU(~P.~~.K.jOEA.~1,S.CO.~.C ... Rl.RI.Al.Aé.A3.~4.\Ij~.A.E) 
IX= IDEA+K ' 
J)C=O 
1< 1<=2* K 
CC 2 J=l.KK 
IF(J.EC.IDEA.CR.J.EC.IX)GDTQ 2 
JX=JX+l , 
\tCC IOEA, J)=-A4( I.JX) 
VC(lX.JI=-~4(2.JX) 
CCNT( NUE 

" 

\ -



• 

1 ) 
1 

" 

/ 

/ 

1 

EOO 

vc"( 1 DE', ICEA ,= 1 .00 
V( ( 1 X, 11< ) -= 1. CO 

& VCC IDEA, 1>< ,=/).0-' 
VC( IX.IDEA'=O.OO 
CG:"T l "UE ' 
I(I<K=I<K 
IFCKK.GT.I0'ICKI<=KK/;? 
EC(2,=DIG IT(I<KK) 

- 100 

Ff<INT lf)~ . 
• RIT E ( 6 , E C , ( (V C ( l ,J ) • ..J = 1 .1< K K » • 1 = 1 .1< 1< ) 
IF(KK.LE.~10) GC TC 600 
PRINT 10= " 
I<KI<=I<I<K+ 1 
"J; 1 T E (6. E C ) ( (VC ( 1 • J. ) • .J -= le I<K , K K ) ,1= l ,K K , 

ICEA=O 
CONTINl.E' "'~ 

477 1<1C=2$1< -
CAL L FIX U P 2 ( ,,'" , ~ F • K , KI<. fil l , ~ • El , "1 • Il 2 , " :3 • W 4 • Ct-. R • RI, R'1 • F< 2 , F< 3 • 5 , CC, F , 

*G,W5.W6. IDEA) 
IX='I 
1< 2=1<+ 2 

<; CC 81 I=l.~l,~F 
IX=IX+l 
CC 82 J= 1 • KK 
JX=J+ 1 
IFC J.GT.K' JX=J+2 
IF( IX.EQ.K2) IX=I X+l 

82 Il !:,( 1 • J 1 = 2 .. 00 t1 * Ir. S ( 1. J ) 
J=(I-l+~F'/MI= 
'S{ l ,J)=llfOOO+lr.5( I.J' 
CC"TI~UE' . 
IX=n 
CC 85 I=l.fill.~F ~ ,; 
IX=IX+l 
CC 85 J=l.KI< 

,85 A PI ( 1 X, JI = - '115 ( 1 • J , 
10<K=KK 
IF(KK.GT.I011<t<K=KK/2 

/ 
1 

1501 

EC ( 2) =01 G 1 T (KKI< ) 
FJ;INT 1~3 
\1 f< 1 T E ( t: • E C ) ( ( "PJ ( l ,J ) ; J = l ,K K K , ,1 -= t ,1< 1< , 
IF(t(K.LE.ll)) Ge TC 601 
PFèINT 1:'13 
KKK=KK + 1 
'~ITE(6.EC 1( (A~( l,J, ,J=I<KK,KI< ,.1= I,KK' 
CONT 1 NlJE 
IF(II=Ut-.O-.EO.'l) Ge TC ~30 
DO 529 1 = l ,K 1< 

52<,; PUNCH 200.(Af/CI.J',VC(I.J,.J=t,Kt<) 
530 STCP 

ç<,; FCF<PJAT(2131 

f • 

lOt FORMAT('O'//~X'RADILS CF Tt-E ENCL(SI~G CHA~NEL RC=',FI0.5' 
103 FCJ;MAT(' l' //IOX.' THE ACDED ~ASS ,.,,aTRIX,:') 

104 FCf'MAT(ll') _ 
~06 FC~~AT('l'//IOX'T~E ~ISCOUS CCUPLI~G f/ATRkx',-

1015 FCJ;MAT('O'.5C12.5) • 
107 FO~MAT(/I'/.'C·.12)(.II·.7X.'R(I}·.IQX.'R(O.1)·,ÇX,·c",,(O.1) IN CEG" 
loe FC~MAT(tO' .lOX.I3.JF14.7) _ 
10C; FC",.,AT(ll' .SX.'I<='.I2,' ~"'=·.12.· CYLI"CE~ AT CE"TRE OF ARRA"·.I 

"'2.' ~P;:' .12,//) 
11C FCPMAT('O T~E ~ATRlx [EFI~I"G C .... (I.J) IN DEGREES') 
t'Il FJ:~MAT(I//.'O THE "ATJ;IX CEF(~Ir-<: ~(I.J'·) 
20C Ft~MAT(2Fln.~, 
201 FC~MAT(3FIO.5) 
20ê FORMAT(FIO.5' 

E~O 



• 

/ 

• 

C 
C 

è 

IC 

C 

C 

37 

1 

1 

4 
2 

2 
1 

5 
4 
3 

'L 

- 101 -

j 

GEN=RATE FACTORIALS SUC~ THAT F(J+l)=J FACTC~I~L 
DOUBLE PRECISION Fe 1 ) 
MTT=2:.'rMP 
MT=MM+l 
IF(MTT.GT.MT)~T=~TT 
r- ( 1 ) = 1 .D ) , 
OC 37 1=2.MT 
1 P=I-l 
FCI)=IP F(IP) 
RETURN 
END_ 
SU~ROUTINE GEN{C~.M,S.C) 

GENERATE C(I' A~D SCI) SUCH THAT 
IMPLICIT REAL*SCA-H,C-Z'I 
OI~ENSION C(1),5(1' 
C(1)=1.0,) 
SC1}=!).Dl 
OC 1 I=2,M 
H=(I-l) 'CH 
C(I)=DCI1S( .... ' 

/ 

IF(DA05(C( 1) ,.LT.ID-l) 'CC 1 )=.}.D'I 
S(I)=DSll\CH) 

-_ 1 F ( C A A S ( S ( 1 ) ) • L T • 1 f). - F\ ) S ( 1 ) = ·'1 • D Il 
CQNT 1 NUE 
RETURN 
E"O 
Sl}3ROUTINE CCf\TCRt.W,A) 

(1+1 )=DCOS( .. CH) 

GE"JEQATE ACl' SUC1-I THAT A(I+l)=Rl-~lil 
IM~LICIT REAL~8(A-H.C-2) 

D 1 MC N S ION A C 1 ) 
A(l):::l.Dl 
DO 1 1 =2."" .• 
IP=I-l 
A(l)=R1 1 A(IP) 
rcETURN 
END ' 
SUBROUTINE:' TtlULT(M,A,B.C) 

MULTJPLI~S TWC U~FER TRIA"GUL.A~ MATRICES, A~B=C 
IMPLICIT REAL X8(A-H.O-Z) 
o 1 ~=: N 5 ION A ( ", , 1 ) • 8 ( tJ • 1 ) • C ( ,., • 1 ) 
DO 1 1=1,"" 
DC 1 J:=:. 1 , ~ 
C(I,J)="I.O"' 
00 2 I=l.M 
De 2 J= 1 • tJ 
DO 4 L=I,J 
CCI , J ) = C ( l , J ) + A ( l ,L ) .:. 8 CL. J ) 
CCNTINIJE 
RETURN 

ND 
S BROUTINE TI~V("'.A.B) 

INVERTS AN UPPER OI.AGON~L ~ATRIX 
lM LICIT REAL~8(~-H.C-Z) 
Dl, NSION P.(~.1).(}(,..t1) 

DO 1=1."" 
DO J=l,"" 
A(l J)="'OI') 
B(I.I)=l~O~/A(I.l) 
"=M-l ' 
DO 3 1 =1 • po. 
IP=IIo1-I 
OC 4 J=I.1 

.JJ=M+I-J 
\IG=IP+l 
OC 5 L=IG,JJ 
O(IP.JJ)=A(IP.4J)-A(lP.L)~E(L.JJ' 
BC IP,JJ)=BClP.JJ)/A( IP,IP) 1 

ceNT INUE-
RETURN 
END 

.-

" . 
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SLBPOUTINE O~ULTC~.A.A,C) 
~ULTIPLI[S MATRICES, A~e=c 

1 MPL le 1 T R~AL -'8( A-H. C-Z) 
o 1 PIE ,... 5 ION ,. ( ~ • 1 ) • E ( r.I , 1 ) , CC". 1 ) 
DO 1 1 = l • PI 

.DC 1 J=l.M 
'c ( J , J ) = (, • 0 C 
DO 2 L= 1 • ~ 
cc I,J)=C( Id )+A( I.L )!,IBCL,J) 
CCNTINUE 
PE TlJ~N . 
END· : 
SLBROUTINE AOD(~,A,~.C) 

. AD[)S T\II8 ~.ATnICt-S. A+B=C 
l'''~LICIT REAL~8("-H,C-Z) 
oI~ENC:;Iù"l A(P.I.t).f~CMol).C(r.lt1) 
DO 1 [=1,'" 
oc 1 J=l.fJ 
CCI,J)=A(I.J)+BCI,J) 
~ETUtm 
END 
SUUP0UTINE C"LLT(~,X.AI 

"'ULTIPLI~S AJAT. IX ey A CONST~NT 
Ir.lPLICIT QF.AL"A(A- -.O-l) 
C 1 "'[ NS ION A C ~, 1 ) 
oc 1 1=1./<J 
DO 1 J=l. '" 
A( I.JI=X 'A(I.J) 
RETUPN 
END 
SLPP~UTI"IE RIPL(M.X.Y.~1.w2.A,q) 

\ 

, ' 
, 

CO\1PUTES THE SuvS x -A-Y' E A"D x 'e+v :A .\NC STC'qES Tt-f"'1 IN W 1 A"'D 
IMPLICIT nEAL~9(A-H.a-Z) 
o 1 "'E "S l ') "1 )( ( v • 1 ) ,Y C ~ • 1 ) • W 1 C ~ , 1 ) • '" ;:: (r-A , 1 ) , A CM. _ 1 ) ,l3 C ", • 1 1 
U=-l,f), 
CAL L F) '-1lJ L T ( M , )( • A ..... 1 ) 
CALL O~ULTC\1.Y.E.~2) 
CALL C~ULT(M,U.w2) 
C ,a L 1..,._ A iJ 0 ( :', • 'II 1 • w 2 • w 1 ) 
CALL D~ULT(M.X.8''''2) 
C,ALL D\1ULT(\1,Y.A,X) 
CALL ADO(M,W2.X,W2) 
F<ETUKN 
~ND J' 
S L f1 F<'O U·T 1 NE R E ~ L ( fJ , A • e • c, t, YI 1 • W ~ ) 

Cr.MPUTES (H AINV'8+A)IIW~(H AINV':C-C) AND ST<;hES fT IN 0 
caMPUTCS -(~·AINV.:3+A)lNV~(3IAII\V;D+C) AND'-STCGES IT IN A 

.t",FLICIT REAL"ACA-H.C-Z) 
DI "'1': ,..; SION At> M. 1 ) ,R ( fJ • 1 ) • CC w. l ) ,D ( '" • 1 ) • W 1 ( /.J , 1 ) , '112 ( ~ • 1 ) 
U=-l.O) 
CALL TINVCfI.~,INl) 
CALL TMULT(M,e,Wl.W2) 
CJlLL T'o1ULT(M,w2.P~Wl) 
CALL ADO(~.wl,A.A) 
CALL TINV(~.A.Wl) 
CALL D~ULT(M.~2.C,B) 
CALL D~ULT(M,~2,D.A) 
C JI LL C" LJL T (M , U • C ) 
CALL ADDCfJ.R.D.C) 
CALL OMULTCM,Wl.O.B) 
CJlLL A~OC/<J.A.C.C) 
CALL DMULT(M,Wl .C.A) 
CALL CMULT(M,U.A) 
PETURN 
Hm 
SLJBROUTINE 0IAGCL.A,A.~1.W2) 
I~PLICIT REAL~8(A-H.C-Z) 
DI"'ENSION A(L.t) ;B(L.l ) ,lin CL .1)' • ...,2(Ltl) 
r:c J M=l.L 
DO 2 N=l.L 
W 1 ( toi. N) = ,.,~. A C fi. N ) 
',â(M,N)=,., tF!(t.'.N)c 
Wl'(M.M)="'l (M.~)-OFlOAT(M) 
RETURN 
EfIIO 

\II; 1 

\ 
1 
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._SlJAROUTINE VlSCOU(M.tlM.K.ICE •• ~l ,5.C,R.C .... Hl.RI •• 1.W2.W3.W4.Wp.A.t:3 
'1t ) • 

THIS SlJ8RCUTINF C~LCULATES THE ~ISCOUS COlJPLI~G CCEFFICIE~TS 
ON CYLINDF.N ICEA , 

IMPLICIT REA(~A(A-H.C-Z~ 
o 1 Mf N 5 r 0 N w 3 ( 2 • 1 ) • W 4 ( 2 • -1 ) • 'II 5 ( ~ 1 • 1 ) • A ( MM. MM. K ) • El ( ,.,,., • MM. K , 
DI~E~SIO~ R(~.l).CH(K.l) 
D 1 ~~ N C; 1 Q N 5 ( 1 ) • C ( 1 ) , R 1 ( 1 ) • r. 1 ( 1 ) • ~ 1 ( 1 ) • w 2 ( 1 )
"'2=2l1C~1:(K-l) 
1 I::M1'- ( K- 1 ) 
~3=M+ 2 
IFC~M.GT.tl3)~3=M~ 
J X=tl 
DCI J=l.K 
IF(J.EC.ltEA)GOTC 
J X=JX'+ 1 
N4=R(IDEA.J)/RI(J) 
Ré=l.D I/Q4 
CALL Cr.NT(RA.M~.Rl) 
CALL G~N(CH(IDEP.J).~3,S~C) 
DG 2 N= 1 .",M 
I-.:l=N-l 
P 5 = (-1 .0 ) ) h t-... 1"" R 1 (N) * G fL C AT (N ) 
~ 1 (N) = f.< 5 "'te ( N ) 
W;:>CN)=r<5 ~'3(N) 
CALL CC~T(R6.M3.Rl 
003L=1,'" 
1 I=(JX-l) .'~+L 
~ 1 =L+2 
IP=)l+IZ 
F4=IJ.D' 
P5=".D -' 
P6=!-,.D \ 
N7="".0-' 
OC 4 N=l.,....., 
R2=ACN,L.J) 
~3=ECN.L.J) 
r;:; li. =R4 + NI ( ~) '~2 
~5=R5+ .... 1 (N) 'R3 
r;:; {- = R c + \~ 2 ( 1\ ) • R 2 
P7=R7+W2 C 1\ )f·"3 
R 8 = C - 1 • D ) ) , , L :' Q 1 ( NI) ,. G F L 0 A T ( L ) 
R9=R"""CCI\t) " 
R 1 :\=Q~ '. 5 (N 1 ) 
W3( 1.1 r) =f(IHc(4-R7 
.3(1,yP)=r.l. +R5+r.6 
W3(2.Ir)=~1 ,'-P'5-':;6 
~3(2.I~)=q4-R7-R9 
CC~TJt>.UE 
Kl=2'l(K-t) 
DC 5 1=1.? 
DO 5 J=I.KI 

-. 

lt 

,} 

rJ!
CltJ)=.,.oo) 

C 5 L=I,tJ2 -
5 '4CI.J)=W4(I.J)+\lj3CI,Ll'W5CLtJ) 

fO TURN . 
END 
SU8ROUTI~E FIXUP(~~.K.A,B.~ltw2.~3,w4.~O.~N.Rl.r.é.~3tRI.RA.Clt5.CC 

:'1 t F ) • 
IMPLICIT REALr8(A-H.C-Z) 
() l ~F N S J 0 N A ( /lM. ,) "" • K ) ,F3 ( ,.. M. ~ M • K ) • W 1 (M M • 1 ) , 'Ii 2 ( M rv , 1 ) • y. 3 ( ,., ~ • 1 ) • R 1 ( 1 ) 
C 1 ~:::NS 1 O~ ~A Cl) • Cl ( 1 ) t 5 (1 ) • cc ( t ) ~ F (1 ). Hl ( 1 ) • Q2, ( 1 ) • P3 ( 1 ) ..... 4 CM"'. 1 ) 
U=- 1.0"\ / 
~~=MM+2 
DC 31 L=l.K 
DO 31 1 = 1 • M'.1 
OC 31 J=I.,..M 
A ( J. 1 • L) =.~ , D ,~ 

.3 1 E (,J. 1 • L ) = ~ • 0 '''1 
CALL CCNT(RO,tJV.Rl) 
00 1 J:::l.K 
IF(J.Ea,~N)GCTO 5 
DC 34 N=1 ,tJM 
DO 34 "':1,"'''1 
~3("'.N)=1.D·) , 

34 W4 ( fol. , N) = ) 0 D ) 

\ 
\ 

---, 
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C~Ll G~N(Cl(J).M~,S,CO) 
CAL L C OH ( Q 1 (J )' .... V • H 2 ) 
~ALL CCNT(~A(J),~~.~3) 
OC 2 M=I .W~ 
R4=Pl C"')/F(M) 
~4:~+1 

"5=~+2 
R6=F(N4)/Pl(f\.S) 
OC 3 N=M.MM 
1\11="-"1 
f\.2=t-.-M+l 
N'3=N+l 

104 

q5==L -J'''l !Fn~.:I)· P)(N2) R4/R2Cf\.)/F ("'2) 
A ( "'. ,...,. J) = q 5'- CC (N 2 ) 
A(~.N~J)=~5JS(N2) 

OC4N=1.'" 
Nl=~-N+l 

t-.3=N+ 2 
~t=R6~~3(""'1)-~2(N3)/F(N}/F("'1 ) 
~ 3 ( fol, , N ) ::;; U''C R 5'· CO ('N 1 ) 
~4(tI,.N )=k'5''3 (f\.I) 
CC"-TINUt:: 

.. 

CALL REPL(~~.ACl.1,J).~(1, 1,J).W~.~4,~l.w2' 
GCTr 1 
~'5=CRI (Mt-.)/~C)',? 

~e::=P6. 
r) C 7 ~'= l ,~M 
A ( ~ • ~ , 1v'~.1 ) = Pf. 
RI;=f:;é':{5 
CCf-.TI"-U::: 
PFTUPN 

/ 

Ef\.O . - f 
SUBROUTI~E FIXUP2(1v'~,~F,K.KK.~1.A.e.Wl.W? 3,W4.Cr,P.Rl,Rl.Rê.R3.S 

'.CO,F,G,w5.~t.IDEA) 
l'''PL ICIT PfAL ~R( A-H. [-Z) 

D 1 /viF t-.S 1 rH" A ( ~ '" , /vi M , K ) • e ( M t\.1 • ,., ~ • K ) • w 1 ( /vi M , 1 ) • W 2 ( /vi M • 1 ) ...... 3 ( /vi /lA, 1 ) 
OIM~NSI~~ W4C/vIM,~ ,.:r(K.l).~(K.l ',GC"'l.l) .~~(~1. l).Wt(l) 
D 1 /IF t-. '3 10'" R ,1 Cl) , S (1 ) ,C C ( 1 ) ,F ( 1 ). q 1 ( 1 ) • R? ( 1 ), f-< J C l'~) 
U=-l" D " ' 
/15=2 MP+ 1 
IF(/lS.LT.~~)"'S=/vI'" 
"1~=MM+2 
~C=",D""K 

IF(IOEA.,Nf,)· )"'O::;;~F~CK-l) 
1 X=l-' 
DC 9 1=I,K 
IFCI.>ECJlDEA)GOTC 9 
IX=IX+l 
CALL C("-T{RI (1) ,p.AM.Rl) 
JX="'I 
DOl" J= l , K 
IF(J.EC.ICFA)GOTn 1" 
JX=JX+l 

-If(I.EC.J)GOTC 11 
C/ILL CCNT(RI (J) ,~w.P2) 
CALL CCNT(RCI.J),/lS,R3) 
co 3',6 N::;; l ,~/vI 

DC3"16/1=1,MM 
IN~("'.N)="I.D) 
\-.4(,.....,..)=).D·.' 
CALL GENCCH(I.J).~S.S.CO) 
OC 12 M= 1. MM 
R4 =~ 1 ( P.') IF CM) 
DO 13 ~/oA.MM 
~l=I\-M 
N2=N-M+l 
N~=N+l 

-. , 
~, . ;., __ t~:r:J::.} \ 

/ 
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i 
R 5 = li' ,~" l "F ( N ~ ) " n 3 ( N 2 ) .. R 4 1 R 2 ( N ) IF ( ". ~ ) 
~3(w.~)=~5~CC(N2) , 
"'4C~.N,-:R!:,"lC;C"2) 
ceNi,I NUE 
CALl PIPL(fI/I.~3.~4.Wl.~2.A(I.1.J).E( 1.1.J» 
DO 1 4 l'J=I.'''P 
II:( JX-l ). ""F=HI 
IP=II+MQ 
R4=Pl(M)/F(M' 
DO 1~ N=l.""F= 
JJ;:(JX-l )'l'''P+I'I. 
JF==JJ+Mfl 
"1=1\+/1+1 
"2=N+2 
"3=~+M , 
R5=U~w"~F(N3)*R4~~2("2)/F(")/~3("'1 ) 
P6=R5-1COCNl) 
FF=k,:,ltSCI\l) 
P5=Wl(M,") 
R7=W2("1,I\) 
G ( 1 1 • ..1 J ) =~ '3 + G A 
G(IF • .JF)=r;:5-C;~ 
(II,.Jr)=!:7+Ff!' 
G ( 1 r • JJ ) ;-F F - r:; 7 
CC"H 1 NUE 
GCTO l, 
CALL 0lAGC"",...A(l.l.I).E(I,I. I,.wl .w?) 
DQ 7~7 ~=l,MP . 
11-=( JX-l ). ""F= +'" 
IP=lI+MO • 
DO 76'3 r-I-=l,MP 
J~=( JX-l) I/F+" 
..11='=..1 J + Ma ' 
QE='tt 1 (M. ~) 
FF"=1N2("".") 
GCIT • .JJ'=r.jC, 
r,CII • .JP)=Fc 
r,(IP.J.J)=U··FF 
(j( IP • .JP) ::P6 
CC/l.TINl.C:: 
CC"TINUE 
CONTINUE 
CCNTI"ILE 

TC SOLVE T~r ECUATICNS 

"'T=? ''''P'K 
IFCIDr::A,NE.' ''''T=2: M F',('K-l) 
IC=-
DC 65 ..1= 1 • KK 
DO f. '5 - 1 = l "MT 
\o,5(1 • .J)=1.D,) 
II =( J-l ) ~"'F=+ 1 -

65 W!:(II.J,=l.D' 
CA,LL LECTIF(G.KK.,..Tdl ! ,INS. I:J.Yt6. 1ER) 
PF. TUP N 
E "Do ... 

\ 

/ 
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APPENDIX C: COHPUTATION OF,"THE EtGENFREQUENCIES 

The frequencies 00 of the system are~btained 'by solving the 

eigenvalue problem defined in equation (3.20): 

1 (ioo ! - !) ~ = Q 

The eigenvalues ioo satisfy the equation 

'.' 
det(ioo ! - ~) = 0 '. 

A computer program 1 SOLINTER' has,ieen wri tten to generate 
~ 

the matrix X for-cases of pinned-pinned and clamped-clamped cylinders. 

A library subroutine (EISPACK) was used to obtai~ the eigenvalues iw , . 
,of y. The computer listings and lnput data cards are listed on the 

following page~. The program requires as input~data the~added mass and 

viscous coupling matrices as punched out by the program 'COUPLAGE'. 

The computer program prints out the input informatidn, the 

'dimensioniess flow veloe,Hies and the corresponding 4*K*N eigenvalues 

for eaeh case. These are printed in columns of thirty, and if there 

are more than ninety eigenvalues to be printed, they will be printed 

-. on two pages. " 

As underlined previously, the print€d eigenvalues are the 
4 

frequencies 00 of the system multiplied by i. The eigenvalues are 

printed in groups of two columns side by,side,the left column being 

the negative of ~he imaginary part of 00, and the column on the right 

the real part of w . 

,. 
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• THE COMPUTER PROGRAM ·SOLINTER' 

DATA CARDS 

Card Symbol Fbrtran Designatlon Format 'Number Name \'-

..-l 
1 '\ _ k, k number of cylinders 12 

'" - number of comparison functions Il 2 , N N 
.-c:: 

-----3 NV number of velocity sets Il 

1 

4'- rBOUND 
J' o for pihned-p1nned, 1 for Il 

clamped-clamped 

5 CI. ALPHA cyli~der ~amping cgefficient F15.6 

6 Se ~TA external fl ui d dens ity .. 
/ 

7 ," ~. BETAI internal fluid density /1 , 
Cf> 

8 Ye GAMMAE 

jdefined in equ.tion 

.. 

9 Yi GAMMA 1 (3.5) Il 

10 Y GAMMAM " 
-
11 r GAMMAT uniform tension /1 

12 cS DEL O. if, end free to move, Il 

1. fotherwi se 

13 e: EPS 1ength/diameter of a cylinder Il 

14 ne rIE external pressure Il 

15 'lfi PlI, 
; 

internal pressure Il 

16 c CL pressure~drag coefficient Il 

, 

17 \1 PR Poisson ratio 1 Il 
- 18 Cf CF friction coefficient If -'-

1 19 Cfe 
1 CFE 

J d~fined 
Il 

• 20 Cfi CFI in equation (2.19) 1\ 

21 ,Cfx CFX Il 

'- \) 



................ --------------~---------
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DATA CARDS (continued} 

Card • Symbol Fortran Designation Fonnat Number Name , . 
-.' 

,22 R R radius of a cyl inder F15.6 

23 Ro RO radius of the enclosing " 
channel 

24 0 M AM(I,J) added mass and viscous coupling ""V 

... St V,C(I,J} 
matri ces 'as punched out by 2FlO.5 'COUPLAGE' (one eJ ement of 

4k2+Z3 
eac~ on each card, By columns). 

) 

4k2+24 u ,u. ULULl 1 st set of externa 1 and 2F1O.5 
J;! l interna1 flow velocities 

+ .. Il " , 
c 

4k2t23tNV last set ofoexternal and " Il " internai flow velocities ., 

A11' these quantities are dimensiontess, except the radi; expressed in 

mi 11 imetres. 

, , 

:: 

\. 

;: 

,1 
, 1 

i 
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c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C " 
C 
C 
C 
C 
C 

C 

C 

C 

C 

•••••••••••• · ' . 
• SCLINTEf; • • • .......... "' .. 

••••••••••••••••••••••••••••••••• $ •••••••• $$ ••••• , •••••••••••••••••• 
THIS PROGRA~ 'SCLI~TER' COMP~TES T .... E EIGENFREaU~~cIES·FDR SElS CF 
I~TE~~AL A~C EXTER~AL FLCW VELCCITIES. 
K IS THE Nu~eE~ OF CYLlf\CERS. 
" 15 THE NU",SEf' CF C(l~I=AR ISOf\ 'FUNCT ICNS USED. 
\..L AND ULI ARE THE EXTE~~ftL ftf\D INTE~f\AL FLCW VELCCITIES. 
'W IS THE NU"'BER CF V-€LCCITY SETS. 
THE ~ATR[CES MLST SE CI"'~ENSIat\~ED ftS FCLLOWS: 

D 1 ~E f\ SION .a M ( t< K • K K ) , v C ( I<K ,I<I< ) ~ "r.A 1 (J( K • KK ) .. C ( KK • K K ) • E 1 ( "K. K K ) .. G ( 1< 1< • 1< K ) 
01 "'E" SION H ( I<K • Î< t< ) • WI< ( KK ) ,WR C 2. KKI!tN) .W 1 ( 2t'1K K $N ). 't ( é: JtKK • N • 2. K K~ N ) 

ClfoIE/'I..SICN SIS('I<K,KI<) ,SI"T(I<K.KI<) 

* •••• ~* •••••• * •••••• *~ ••••••• $ •• $~ •••••• $ •• * •• * •• ~4 •• $ •••• $.Q •••••• t 

J~PLICIT REAt*8(A-H.C-Z' 
DI ME N SION AM ( 6 ,6 ) , VC ( 6 ,6) , ~ ~ t( 6 t 6 ) • C ( 6 ,6 •• El ( 6 • ~ 1. G ( 6 .6) " .... ( 6 • t ) , 
ï"~ 1 ME ,... SION VI K ( 6 ) • SIS ( 6 • € ) • SIJ ( f .6 ) .. " ( 7 2 • 7 2 » , lit R ( 72 ) • !III 1 ( 72 ) 
Cl:,.,,,,C'" leaUNC ""-. 
INTE-GER OIGIT(lO) /·1·.·2·,·;:·,·4·,·5·.·6·,,·1',,·~'.''i','lO'/ 
INTEGER EC(4)/'C lt"'o'.' ·.·F12 •••• 5)·/ 

~E~D IN ~u~eER CF CYLINCERS ~NC Nu~eER CF CC~PARISC~ FLNCTICNS LSEC 
READ lO!).K.N 
KI<=2*K 
KS=2*KK*N 

~E_C IN NU~BER CF ~ELCCITY SETS 
READ 101),f\V 

READ IN BOUf\DA~Y E"'C èCf\CITICf\S (0 FC~ P-P.l FCR C-CJ 
READ l()O,IBO\..ND 

REAC IN SYSTE~ PARA"'eTER5 , 
READ 101.ALPHA.AETA.EETAI.GA~~AE,GAM"'AI.GA~"'A"'.G~~~AT.CEL.EPS • 

• PIE,PII.CL.PR,CF.CFE,CFI.CFX.R.RC 
C 1 RE~C ACOEO MASS ",ATRIX Af\C MATRIX CF VISCOUS COUPLlf\G 

RE AD 1 C2. ( ( A toi ( l , J ) • v C ( l ,.J) • J = 1 • KI<) • 1 = l ,}< K , 
PRINT 200,K.f\ 
PRINT 2('l.R.RO 
PR INJ" 202 ' 
PRINT '203.eETA,GA~"'AE.FIE 
PRI NT 2t'\4 
PRINT 2n5.AETAI,GA"'~AI.PII 
PRtNT 2n6.ALP .... A.GAM~AT.PR 
PRINT 207.CEL,EP5.CL.CF.CFE.CFl.CF~ 
hL=2.DO*R/«RO**2-K.R •• 2).2.CQ/(RC+K.R)) 
FRINT 20S.HL ~~ 
IF (IBCU~D.Ea.o) PRI~T 98 ' 
IF (IBCU/'\D.EC.l) PRIt\T 99 
GA~~~=GAW~AM-GA"'~_E 
PRINT 299 
P~lNT 224 0 

EC(2)=DIGIT( 1<1<) 

"R 1 TE ( é • E C ) ( ('II M ( 1 • J ) • J = 1 • KI<) • 1 ::: 1 • 1< t< ) 
PRINT 225 • 
~RITE(é.EC)«VCCI .. J).4=1.KI<).1=1.1<1<' 
DO 10 I=I.KK 
oc 10 J=l.KK 
SIS(I. J)=AM( I.J, 

10 SIT(I.J)~VC(I,J) 



• 
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00 20 INR=l.",V 
REAO EXTERN~L A"'D I~TE~~~L VELCCITIe~ 
, READ I02.UL.ULI 

F .... INT 229.ULI,UL 
CALL SCLN(KK.KS.A~.V(.A~l.C.El,G.~.WK.WR.WI.Y.'LF~A.BETA.eET~I. 
IGAMMAtGA~~AI.GA~~AT,FIE,Ptl.EPS.~L.CL.UL.ULJ.CF.CFE,CFI.CFX.DEl. 
"P R t (~ " 

9 

17 

18 
16 
20 

OC 9 LIP=l,KK 
OC 9 LID=l.KK 
A~(LIP~LID)=~IS(lIP.LIC) 
VCCLIP,LID)=SIT(LIP,LIC' 
Kl=KS/2 ' 
KR=30 
IF(KS.LE.90)Kl=KS 
DO 17 u ,J='l ,KR 
PRINT 221 ,(.R( Il ,'al( IhI=J,Kl,KR) 
fF(KS.LE.90)GCTQ 16 
PRINT 299 

,K 1=KS/2+ 1 
.J<2=Kl +29 
00 18 J=Kl.K2 
PRVNT 221,Ol/R{ IhWI( I).I=.I,KS,30) 
CYNT 1 NUE 
C"C '" T l'NUE ' 
STCP , 

98 'FC~M.AT(////,' PIt\"'EC-Plt\NEC CYLlt\CERS·/24P.'" 
S9 FC~MAT(////,' CL.A~PEC-CLAMFEC CYLl"'DERS'/26( '.'» 

100 FCRMAT([2) 
101 FCRMAT<FI5.6) 
102 FORMAT(2FID.~) ( 

, 1 

200 FORMATC' IT~E~E ARE·~I3.· CYLI"'DER5, AND THE NU~eER CF CC~PARlSC'" F 

201 

202 
2'.)3 

204 
205 

*l;"'CTIO~S USEe WAS'.I3', ) 
FOR MAT C ' 0 T ~ E RA C î US' C F E A C t-1 CYL l ,.. CE RIS t • F (: • l " ... 1 L LI" E T RES • 

1//' THE RAelUS CF THE SURROU"'qI"'~ CHANNEL IS·,Fl.l. 
~. "'ILLI""ET~E~') 
FOR~.AT(//.~','O[~ENSIC~LESS EX~E~"'~L FLO~ CUANTI1IES:'/41('.") 
FC~~AT(/'O·.·FLUIC CE~SITY EElAE',flO~5/' GAMMAE;',FIO.5/ 

:(rI EXTERNAL PRES5LRE::' .Fl0.~) 
FCRMATC//'O' ,'OIfoIENS ICf\LESS' I~TEf:\"'AL FLOW CUANTI1ICS:'.I41( ' •• ,) 
FO~MATC/·O'.'FLutD DE~SITY eET.AI=',FIO.5/ 

•• GAMMAI='.FIO.5/ 
tic 1 l'''TE!1~AL P~ESSU~E::I.FIO.~' 

o l, 

296 FCRMATC/////' INTERf\~L OAMP[NG ALP~A=',FI0.5/ 
•• ' CIME/l.SIO)\LESS Lf\IFCR", TE~SICN=' ,FIO.5'" 
•• FCISSON RATIC=',Fl('t.5) 

~07 FORMAT(//~O·.IDEL1A=·.Fl~.~.~X.'L/C::I.Flo.e.5x.'cÉ G~CU~I~C=' •. 
• F 1 0 • 5 .1 ' CF:: , ,F 1 0 .5 • 8 X • 'C FE = • • F 1 0 • 5 , 6 X • • CF 1 =' • F l Cl • 5 • ~ x. • CF X = • , F 1 O • 
• 5) 

208 FORMAT('O·,'O/D~=·.FI0.5) 
221 FC~MAT('O·.5X,2FI6.Ç.5X,2FIE.~.5X.~F16.9) 
224 FO~MAr(tO T~E ACDEC "'~SS ~ATRIX') 
225 FORMAT(///.-'t) THE MAT~IX OF ThE \/ISeeUS COUPLI"G') '-

229 FOF<MATC'l './,TIO.'U.1t<.T='.FC;.5,T30.'U.EXT::' .FC;.5/,TI0.!:S( '.t)/) 
299 FOR,..ATC '1,') . 

END . 

.. 

• 
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S~BROUTINE stlN(KK.KS,~~.VC.~MI.C.E.G,H.WK.~R.~I.,.ALPHA.eET~.eE~ 
1 AI .G~M"'A.GAM"~I~ GAM,.,,GT.F IE.PI l ,EPS.t1L.CL. UL.UL 1. Cf,CFE.,CF 1 _\CFX • 
• OEL,P~) . \ 

IMPlICIT REALtB(A-H,C-Z1 
o 1 tJE"" SIG NA'" ( K K , 1 ) • V C (I( K • 1 , , ~", t( K K • 1 ) • C ( K K, 1 ) , E ( 1< 1<. 1 ) • G ( K K. 1 ) , , 
CIME N S ION H ( K K • 1 ) • li! K ( 1 » ., ., R (1 ) • ~ [ ( 1 , ., y ( K S. 1 , 
CO'foION 1 SOUNe 
U":-l • 0'" 
PI=3.141SQ2653Segeoc 

o "'=K5/,2I'KI< 
WR ( 1 ) =4.730(' 400 
WR(2,=7.8S32000 
,.R (3) -= 10 .QÇS fCO 
,.R(4'=14.137200 
,.R(5'=17.278eoo 
WI(t '=O.9825~2200 
,.1( 2' == 1. ')1)1)7 77300 
WI(3'=O.9999f6500 
,.1(4'=1.0000C15DO 
WI(S)==O.9<;<;9C;99DO. 
OC 8 1=6.1\ 
WR(I'=(2.CO$I+l.CO'.FlI'2.DO 
W 1 ( 1) = 1.00 

GE"E~ATE MATRJCES c.E.G,~.ANO M 

o 

TETA=( CFE~UL~11r2+CFI(lLl I*$2+CFX.UltlJLI )/2 
XI= 2.D~.UL*OSCRT(BETA) 
X2=UL*~2 ~ 
x~=O.eO~*EPS.CF.ll •• 2 
X4=O.5DO*EPS~DSaRT(EETA)*(CF.UL+CL' 
Xe=BETA 
,X6=UN*(OEL*(GAM~AT+(PIE-PIt)~(1.CC-2.00$P~)'+TET~.(1.CO-DEL).(O.! 

.OO*EPS*CF.UL •• 2*(1.CO+rL)+(AM~A+G~tJMAI)~( 1.00-CEL/2.00'-ULr**2J 
X7~GA~~A+GA~~Al+O.5CO$EP5Q<F~rL~lL •• 2 
xe=2.0nMULI~CSaRl(8ETAI) 
CC 1 1=1 .1<1< 
CO 2 J=I.KK 
CCI,J)=Xl*AM(I,J' 
E( I,J)=X2*AM( l ,J) 
G( I~J'-=X3.$VCC I.J) 
t1(I,JJ=X4$VC(I,J) 
A~1(1.J)~X5~A~(1,J) 
EC1,I)=E(I.I'+Xti 
G ( l ,1) =G ( 1 • 1 ) +X7 
C(I,I)=C(I,I)+XB , 
A~I(I.I)=A~l'I,I)+l.co-eETA 

l''''ERT ~ 
CALL LINVIF(~~1.t<K.t<t<.A",,4.~t<.IE~) 

• 

FO~'" PRCJOUCTS Il INVERSE*C, M If\VERse.E. M INVERSE.'" ")1 M ."VERSE*G 
CALL O~ULT(KK'~~tC.A~l) 
CALL D"'U~'(KK.AtJ.E.VC) 
CALL O~ULT(KK.A~.~.C) 
CALL O"'UL1(Kt<.A~tG.E) 

FINO DIAGON,GL ELEMEhT OF F 
F=O.5DO*EPS.CF.UL.*2.(1.DOt~L'+G~W~A+GAMMAI 

If'IIITIALIZE y 
CO :3 1=I,KS 
OC 3 J-=L.KS 
yu .J)=O.Ooo 
K"=KK*" 
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GE"ERATE Y 
OC 4 1=1."" 
OC 5 ·j-=l.h 
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IF( IBCUNC.EC.O J GC T-t;- :26 
PARA~ETE~S FOR CLA~PEC-CLAMFEC CYL[~CERS 

)(3=~R (y) **4 
)(~=ALPHA$)(J -
IF (y .fa. J) Ge TC 24 
Ae=4.00*(WR(J).~~(I" •• 2/(.R(J).*4-_R(1) •• 4, 
AC =" R ( J) • W 1 ( J ) -; YI R ( J , l) "-1( 1 ) 
H = AB * ( ( - 1 • De) _li) ( 1 + J ) - 1 • DO , 
ef:=A8:t1«-1.DO) •• ( I+J )+1.00 ).AC 
OO=Ae*AC.(-1.oO) •• (1.J)-C3.DO.wR(J) •• 4+wR(I) •• 4).~A/(_R(J) •• 4-_R(1 

24 

26 
C 

?B 

• )'-'4' 
Ge :ro 25 
AA=O.~OO 
eB=YlR (1)." 1 (I)IflIt (2.o0-.J;( r ,." 1( l' » 
oD=8B/2.DO 
Ge TO 28 
CCI\TIt\UE 

FARA~ETE~S FOR PYI\I\Eo-Çtl\I\ED CYLtNCE~S 
X3= (P 1 H , .. *4 
X5=.ALPt-A"')(3 
1 F ( 1 • E a. J» Ge T 0 27 . 
A /1 = 2 • DO'" 1'* J * n - 1 • CO ) *. ( 1 + J ) -1 .0 (l • / ( J •• 2- 1 * .2 ) 
ee={\. DO 
DC=4.D~$I~J.*3.(1.DO-(-1.C~'-.(ltJ»/«J •• 2-I-.2) •• 2) 
GeTO 25 
AA=O.Oo() 
e8=UN*(PIlfIl' ... 2 
OC=Be/2.00 
CON T 1 Nl.E 
)e4=F*DO+X3 
OC 9 11=1. KK 
1 p= ( 1 - 1 ) * K K t 1 1 
lX=IP+KI\ 
DO 11) JJ-=l.KK 
JF=( J-l)"KK+JJ 
JX=JP+KN . 
Y(IP.JP)=~~~(AA~A~lCII.JJ)+)(€.AM(II.JJ)+è(II.JJ)' 
Y(IP.JX'=UN*(X4*AM(II.JJ)+VC(II9JJ)*BB+E(II9JJ).~A) 

10 CCIIo' tNUE 
V(IX,IP)=1.o0 
(OI'lT 1 NUE 9 

C 

c 

GeTe 5 
25 X4=F*OO 

7 
6 
5 

" 

2 
1 

OC 6 II=l.KK 
IP=( 1-1) I.'IKKt [J 

IX= 1 P+KN 
- OC -7 JJ=l.KK 

JP= (J-l) *KK+JJ 
JX=J P+KN _ 
Y(IP,JF)=U"*II/11t( Il.JJ).AA / 
Y(IP.JX'=~N*(e8*~C(II,JJ'+)(4.~M(II.JJ)+AA.E(II.JJ)' 
CC~TINUE 
CC" Tl N\..E 
CONT 1 Nl..E 
CONT 1 NUE 

F 11\0 Et GEN\lALUE S CF y 
C ,!ILL E 15 P A C ( K S • K S • MAT ~ ~ x ( • RE" L • • y , ." AL UE S ( _ R , __ 1 ) , 
RETURN ' "-
END 
S\J8ROUTINE D~ULT(M.~.e.c) 

~ULlIPLIES tw'~TRICES. A.e=c 
IMPLICIT REAL*S(A-H,C-Z) 
D-t"'E"SION "("'.1' .e(~t1 J .CO'.l) 
DC 1 [= 1 • f# 
CC 1 .j=1.'" 
(I.J)=O.oo 
00 2 L= l ,,,, 
C ( 1 • J ) ':: C ( 1 • J ) tA ( 1 • L , • E (L • J , 
CCIIoTINUE 
fèETURN 
E"D 

/IGO.E [SPACLB CO [YSf\=CFLB.SUEL IB.O ISP=St-F< 
//GC.SYSIN CD. \ 

o 
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APPENDIX 0: THE STABILITY ~OMAIN 

Once the eigenfrequencies iw'of the system are available, 

it is theoretically possible ta delimit the zones of staQility, i.e. 

where Re(iw} < 0, \'l.lth respect to the internal and external flow veTocities. 

But, as it has been observed for pinned-pinned or clamped-clamped end 
c 

conditions that the first instability to occur is always buckling, it is 

sufficient to detennine the onset of this first buckling. It corresponds 

ta the critical set of internal and external flow.velocities (u
1
' ,u) l't , ' e cr . 

1 

at which the eigenfrequency iw is annulled for the first time,when 

one of the two flow velocities is increased. 

Then, replacing the condition iw = 0 in eqn, (3.15) of 

Chapter 3, 

it leads, for a non trivial solution p, to 

1 
1 

de~ 15 = Q (0.1) 

/ 
where K is defi~ed in eqn. [3.16J and depends on the internal and ... 

external flow ve1ocitiis. Then the prob1em simply reduces, for a 

given interna1 ve1ocity, to f~nding the lowest external velocity which 

makes the determinant of ~ to vanish. The computer program 'BUCKLING ' 
~ 

described in the following pages carries out these operations and 

allows to delimit the domain of stability . 

'- 1 

1 

1 
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/ 

1 

THE CONPUTER PROGRAM 1 BUCKLING 1 

For an él'ssigned initial internal velocity ~~, the progt'am 

computes the critical external velocity'u! at which the first buckling 

'- occurs, i.e. when det[!}(ue}] vanishes. Th,is routine 'is reiterated 

\~ith a higher internal velocity u~+l ,. till the velo~ity u~ where the 

system buckles without external flow (u~=O). With the help of these 

n plots, the curve of the buckling onset may then be drawn . 

- - - - -

STABLE 

- - 1- -

1 
1 

u ' · 1 

.. 

U. 
1 

U. 
1 

The numerical method used to solve 'eqn. (0.1) is the 

classical secant method applied to the value of the determinant or 
j 

to its first derivative with respect to ue" The reason of this 

latter alternative is that'the order of magnitude of the determinant 
-. 100 

may be very high (~lO ) even for values of ue extremely close to 

the noot,which may therefore be missed in the step-by-step method 

used here. Hence, if such a difficulty is encountered, the program 

searches for the minimum of the determinant which almost coincides 

L 

• 



) 
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/ 

1 

\ 

.. 
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; 

with its root. The program itself seleçts the appropriate method 

and, in Qur trials naver failed in its computations. 

The program starts at'a given value of the internal 

1 . t l d ttl h t' t . t 1+1 R-ve OCl y Ut an se es eac lme the correc lncremen ui - ui 

in order to satisfy 

1 
R-+l R.I D" u - u ~ , 
e e '" max 

where Dmax is a given constant. In this way, the curve ue(u i ) may' 
\. 

be drawn with a selected accuracy. 
/ 

o 

/ 

\ 

/ 
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DATA CARDS fOR 'BUCKLING' 

Card Symbol Number 

l k 

2 N, 

3 

4 u~ 
1 

5 

6 

7 

8 Dmax 

9 

la Cl 

28 / Ro 
29 My 

+ - Cy 

4k2+28 

1 
! 

Fortran 
Name 

k 

N 

rBOUND 

UU 

UU 

UL2 

XINI 

DNAX 

INDY 

ALPHA 

RO 

AMtI,J) 

VC (l, J) 

Desig~ation 

number of cylinders " 
number of comparison functions 

o for pinned-pinned, 
l for clamped-clamped 

initial internal flow velocity 

lower estimated bound for u! 

upper estimated bound -for u2 
. e 

upper bound of ·the internal 
velocity step size 

maximum allowed value for 
luR-_u i +l , 

e e 

maximum number of computed 
roots (INDY>' n) 

' .. .. 

( 
syste~ parameters (same as in 

J 'SOLI NT,ER' ) 1 
p 

added mass and viscous 
coupling matrices as punched 
out by 'COUPLAGE'. 

Format 

12 

Il 

Il 

F15.6 

Il 

" 
" 

" 

12 

F1O.5 

, 

2F1O.5'-



• 

• 

c 
c 
c 
c 
c 
c 

- 117 .... 

•••••••••••• 
'" * • eUCKLJNG • 
• • •••••••••••• 

c •••••••••••••••••••••••••••••••••••••••••••••••••••••• ~.~ •••••••••••• *. 
c ' 
C Tt-'IS PROGRAfoI CC,.,FUTES T,..E ExTERNAL ~ELCCITIES AT "HIlCH ThE FI'RSl 
C BUCKLING OCCURS.FOR INC~EASING I~TER~AL VELOCITIES ~ 
C K IS THE ~U",eER CF CYLI~CERS 
C N IS THE NU~8ER CF CC~FA~ISON FU~CTIC~S U5ED 
C, ULI IS THE FIF~ST INTER""J'L VELCCITY , -
C Ull AND UL2 ARE T~E Z EXTERNAL VELOCITIES 8ETWEEN WIICH T~E FIRST 
ç RceT IS SEARCHEC (ULl < ULZ) 
C XINI 15 THE FIRST l"TE~"~l VELCCITY ~TEP SIZE 
C O,.,AX 15 THE MAXIMUM INTE~VAL éET_EE" ? FaLLO~i~G RoeTS 
C l''OYI 15 tHE fJAXIfoIUfoI r-oU-IiEER OF CCfJPt..'lED I1COTS 
C T~E SYSTEM PA~AMETERS AI1E THE SA~E A~ I~ 'SOLINTE~
C 
C OI"'E~SION AM(2K.ZK).VC(2K,2K).E(éK.2K).~(2K,2K) •• R(").wl(N) 
C OIME~SION SK(2K".2K").SK1(2K".2K").SK2(2K".2K").WK(~K") C' ~ . 
c •••••••••••••••• $ ••••••••••••••••••••••••••••••••••••• *.* •••• * ••••••••• 

IMPLICIT REAL*8(A-~.O-Z) 

c 

c 

C 

c 
11 

14 

OI~E"S[ON AfJ(é.é).VC(6.6).E(6.f).~(f.f).WR(10).~I(\O) 
OI"'Ë~SION SK(36.J6).SKl(36.36 •• SK2(36.36).~K(36) 
CO~~ON ALP~A.eETA.EETAI.GAM~A.GAM~~I.GAMMAT.OEL.EÇS.HL • 

• PIE.PII.RO.CL.PR.CF.CFE.CFI.CFx.R.IeGU~D _ 
INTEGER 0IGIT(10) /'1'.'2' .·3·.'4·.'5'.'6'.'7','S',-9'.'10'/ 
l''TEGE" EC(4)/' (1,"'0'.' ·.'F12.' .'5) '/ 
REAO idO.K,,... 

REAO IN BCUNCARY END CO"DITIO,...S (0 fC~ P-P,l FOR C-() 
REAO 100.IBCUNO 
REAO 101.LLI.lLl.UL2 
REAO lOl,XINI.DMAX 

,REAO 100.1~DYI 
REAO IN SYSTEM PARAMETE~S. ' 

RE AD 101~ALPHA.eETA.~ET~I.GAM~_E.GA~MAI.GAMMAM.GA~~AT.O~L.EPS, 
.PIE.PII.CL.PR.CF.CFE ,FI,C~)(.R.RO " 

HL=2.00*R/«RC.*2-K* •• 2 •• 2.CO~(RCiK$R» 
PRI"T 200.K.,... 
PRI"T 20l.R.RC 
PRI"T 202 
PRINT 203.8ETA.GA~~AE.PIE 
PR 1 ~T 204 " 
PRI~T 205.8ETAI.GA~MAI.Fll 

yRINT 206.ALPI-A.GAMMAT.FR- 4, 

~ PRINT 207.DEL.EPS.CL.CF,CFE.CFI.CF)( 
PRINT 20a.hL 
PRINT 209.ULI.lLl.UL2 
PRINT 210.XINI.DMAX.I"DYI 
IF (IBGUNO.Ea,c) PRI"T 98 
IF(IBCU~D.EC.l) P"INT ~ç 
GA~~A=GAMMAM-GAMMAE 
KK=Z.K 
KK"=KK.~ 
PR 1" T 299 \ 

R~AC ADDED MASS MATRIX ANC MATRIX OF ~I5COUS COUPLl~G 
READ 102,«AM(I.J).VC(I.J).~=1.KK).1=1.KK. 
E C ( 2 ) = 0 1 G 1 T ( K k ) \" 
PR INT 224-
WRITE(6.EC)«AM(I.J,.J=1.KK).I=I,KK) 
PRINT 225 
WRITE(6.EC)«~C(1.J'.J=1.Kk).I=I.KK) 
PRI"T.300 
OC 8 II=l.If\..OY( 

ACJLST STEP SIZE FeR U.EXT 
STEfI=1.DO/5/K 
STEP=S TEP /2 
Gll=(Ul2-UL1,/STEP 
IF(GLl.LT.10.CO)GC TC Il 
IF(GLI.G"T.IOO) GO TO 7 ' 
UL=UL 1 
l''''OEX=O 



• . 
\ 

l ' 
1 

• 

c 

15 

16 

1 

C 

17 

C 

2 

c 
C 
3 

12 

118 

CCMP~TE OETER~I~ANT OF STIFFNESS ~AT~IX 
A': 1.00 
C~LL BUCK(UL,ULI.SK.~~.VC.E.G.KK.KK~.~.~R.Wl • 
C~LL LINV3~(SK •• R.4.KK~.KKN.A.B,Wk,IER) 
IFCA.GT.O.OO) GG TC 1 
IF(Il.GT.l) Ge TO 16 
UL2=UL 1 
ULl=ULl-l.00 
IF(ULl.LT.O.OO' Ge TC 4 
GO Ta 14 
xUd=xI"I/2 
IF(XINI.LE.O.05CO) GO TC 33 
ULI=ULI-XI"I 
GC TC 14 
ULL=UL+STEF 
"A=I.00 

CCfoIPUTE DETER"'1 "ANT AT "EXT STEP _ ( I"~c 
l"OEX=INDEX+l \ ! 
CALL BUCK(LLL.ULI.SK,~~.VC.E.G,KK.~~.N.WR.wI) 

\ CALL LI"V3F(SK,wR.4.KK~.KKN.AA.BB._K.IER) 
\ 1 F C A A. L T • o. 01,) Ge T a _~2 

\ 

RATIC=A/AA$2.00IU(B-EE) 
IF( l''OEX.GT.l )GC TC 17 

"IFCRATICIJLT.l.CO) GO TC 15 

\
PRI"T 501.l.LI .UL1.UL2 
IF(RATIO.Ll.-l.OO' GO TC:3 
P~INT 400.ULL.~A.ee 
A=AA 
B=BB 
UL=ULL 
IF(UL.GE.UL2~ GC TC 5 
GO TO 1 ~ 

SECA"T METHCO Ta FI"O RCCT OF OETER~I~A~T(CASE WHERE Il 8ECC~ES<O) 
GLU=AA$2.00 •• (S8-B) ~ 
UL3=(UL*GL~-ULL*A)/(GL~-A. 
IF( INDEX.Ea.l) PRINT 501,ULI.l.Ll.UL2 
PRI"T 400.LLL.~A.eB 
GO TO 32 

SECA"T METHOC 0" DERIVATIVE QF OETE~~IhA~T Ta FINe Ils ~INIMUM 
CASE WHERE T~E OETERNI"ANT R~AINS AL_AYS NEGATIVE' • 

ULl=UL ' -
UL2=Ul.L 
P"lhT 298 
A'I=1.00 
A Al = 1 • ..,0 
..1=0 
STEP=(lL2-ULl'/100 
CALL BUCK(lLl.ULl.SKl.A~.VC.E.G.KK.KKN.N.~R.WI) 
CALL LI~V3F(SKl.~R.4.KK~.KK".Al.81 •• K,IER' 
ULLl=ULl+STEP -

°CALL 8UCK(ULL1.ULI.SKl.A~.VC.E.G.KK.KKN.N.~R.WI) 
CALL LltW3F(SKl t~R.4.KK~.KK".AAl.EEl."K.IER) 
DER 1== ( AA 1 -A 1 +,lI 1* OLeG (·2. CO) * (E~E 1-~ 1 ) )/S TEP 
CALL 8UCK(UL2.~LI.SK2.AII.VC.E.G.KK.ICK".h ... ·R.WI) 
A2=1.00 
AA2= 1,.00 
CALL LI~V3FCSK2.~R.4.KK~.KK".J2,B~ •• K.IER) 
ULL2=UL2+ S TEP - ~ 0 

CALL 8UCK(ULL2.ULI.SK2.~M.VC.E.G.KK.KKN.N._R.wl) 
CALL LI"V3FCSK2."R.4.KK".KK".A~2,ee2.wK.IER) 
OER2=(AA2-A2+A2.CLCG(2.CO).(EE2-62»/STEP 
GLC=OER2*2.00 •• (8Z-Bl' 
UL3~(ULl.GLC-UL2.0eRl)/(GLC-OE~IJ 
J=J+l 
JJ=5 
PRINT 500 • .J.LLI .lJL2.UL3'" 



• 
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• 

31 

32 

13 
8 

4 

7 
33 

119 -

IF(OABS(UL3-UL2).LT.t.D-02) GO-TD ~2 
IF(J.EQ.JJ) GC Ta 32 
RATIC=DER2/0E~I.2.to.*(e2-Bl) 
IFCOABSCRATIO).GT.l.OO) GO TO 21 

'- UL1=UL2 
'DER 1 =OER2,\.' 
Al=A2 
81=82 
UL2=UL3 
STEP=5TEP/IO 
Ge TO 12 
eOl\TINUE 
PRl"T 401.UL3 
IF(ULl.EC.O.DO) PRINT 50J.ULI 
IF(UL3.LT.O.2) GO TO ~3 

- Ull=ULJ-OfolAX 
UL2=UL3 

1 IFCULl.GT.O.OO) GO TO 13 
ULl=O.OO 
XII\I=Xlt-4I/2 
ULI=ULl+XINI 
CO'IIIT INUE 
GO TO 33 
PRINT 502 
GO TO 33 
PRlfloT 403 
Ge TO 33 
PRINT 404 
COp.,TINUE 
STCP 

98 FO~MAT(////.' PIN~ED-PI~NED CYLINOE~S'/24(·.'») 
99 FO~MATC////.' CLAMFED-CLAMPEC CVLI~CERS'/26('*'») 

100 FCF<foIAT (12 ) 
101 FOF<M~T(F15.6) 
t02 FCF<MAT(2FIO.5) 
200 FORMAT('lT~ERE ARE',13,' ~YLINCERS. AND THE NU~EE~ CF CC"'PA~lSON F 

*Up.,CTIONS USEO ~AS'.13) 
FORMAT('O THE RAOIUS CF EACH CVLI~CER IS',F6.1.· ~ILLINET~ES' 

1,1/' THE RADIUS QF THE SURRCUI\DING CHAillNEL IS'.Fé.l. 
201 

~ .' "ILLIMETf~ES') -" 
202 FORM~T(//'O'.·DI"EI\SICNLESS EXTERI\A~ ,FLOW CUANTITIES:·/41('.·)' 
203 FORMAT(/'O'.'FLUIO DEI\SITY EETAE·.FIO~5/' GAMMAE='.FIO.S/ 

204-
205 

.' EXTERNAL PRESSURE=',FIO.5' 
FORMAT(//'O','DI"'EI\SICNLESS II\TERI\~L FLOW OUANTITIES:'/41('.'» 
FC~MAT(/'O·.·FLUIO DENSITY EETAI;'.FIO.5/ ~ 

•• GAMMAI=',FI0.S/ 
•• ' INTERNAL PRESSURE=',FI0.5, 

206 FORMAT(/////' II\TERNAL CA~PI~G ALF~~='.FI0.5/ 

207 

•• OIME~SIONLËSS UNIFCRM TE~SION=',FI0.5/ 
•• POISSON R~TIC~·.Flt.'),5J 

FORMATC//·O','OELTA=',FIO.5.5X.'L/O=',FIO.5.5X.·CC GRCUPING=', 
.FIO.5./' CF='.Flo.5,ex. ·CFE~',Fl0.e.6x,'CFI=',F10.S.5X.'CFX='.F10. 
*5) 

208 
209 
210 

224 
225 

298 
299 
300 

FORM~T(·O'.'D/OH=·.FIO.~) 
FORMAT(///'O·.'ULI=·,FB.4,T30.'UL1:'.F8.4.TEO.'UL~=·,Fe.4, 
FORNAT( 'O' ,'XINI=' .Fe.4 .T30.·C~AX=· ,FS.4,T60. '1"0'1:' ,15) 
FO~MAT('O THE ADDEO ~ASS MAT~IX" ~ 
FOR~AT(///.'O -THE MATRIX OF T~e ~ISCCUS ~OUPLI"G') 
FORMAT('~') , 
FeRMAT('1') 
FORM~T('l',///.TI0.'I~TERNAL A~O EXTERNAL FLOW VElCCITIES FeR eLCK 

lLING'./,TlO.50('.')///) 
400 FORMATC'O'.TIO,'UL=',F9.5,T30.'A=',014.7.T55.'8=·,C14.7) 
40~ FCR~AT('O',TIO,'LO_EST ROOT FeR BLCKLING U.EXT=',FÇ.5./. 

ITlO,41('."//II) 0 

403 
404 

500 

501 
502 

503 

FORMAT('O'.TIO.'ROOT FeR eUCKLI~G ~FTER UL2') 
FORMAT('O',TtO,'. WARNI"G:T~E~E AF<E MCRE T~AN 100 STEPS 

1 BETweEN ULI AI\O UL2.~EOUCE T~E II\TERVAL.·) 
FORMATC'O',TIO,'J='.12.T20.'ULl=·,F9.5.T45,'UL2=',F9.5.T7C.'OLJ='. 

IF9.S) , 
FQRMAT('O'.Te.~. U.INT=',F9.5.T30.·~Ll=~.F9.5.T55,'UL2=·.F9.5./) 
FO~MAT('O'.//,TIO,·NC RCQT ~AS FOUI\O eeTwEEN U.EXT=O. ANC ~.EXT=~L 

.2') "-
FORMAT('O',TIO,'OR eUC~LING eeFORE U.JNT='.F9.S) 
E"O 

/ 
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c 

2 

1 

c 

8 

24 

26 

C 

27 

28 

25 

- 120 - ! 
SL8ROUTINE BUCK(UL.ULI.SK.A~.VC.E.G.KK.KKN.~.wR.wI' 

THIS SUBROUTJ~~ COMPUTES THE STIFFNESS MATRIX SK 
I~PLICIT REAL*S(A-H.O-21 -
DI JtE ~S 1 eN A,.. ( KK • 1 ) • v C ( KI<. 1 ) • E ( KK. 1 ) • G ( KK. 1 ) • W R ( l) ." f( 1 , • SK (KK ~ • U 
CO~~ON ALPHA.eETA.eETAI.GAM~A.GAN~~I.GAM~AT.OEL.EFS.HL • 

• FIE.PII.RO.CL.PR.CF.CFE.CFI.CFX.R.IEOUNC , 
Uto.=-l.OO-
PI:J.14015ç2~5J5eçeOO \ 
TETA=(CFE.UL •• 2+CFI*ULI •• 2+CFX.ULtLLI'/2 
X2=UL**2 
X3=O.500*E~S.CF.UL**2 
X6=UN*'OEL*(GAMMAT+(PIE-PII).Cl.DO-2.00.PR)+TETAt(1.CO-OEL)+(O.~ 

.DO.EPS.CF.UL •• 2.(1.00iHL'+GAMMA+GA~~AI).(1.CO-DEL/2.DO)-ULl*.2) 
X7=GAMMA+GA~"'Al+0.500tEFS.CF.HL*ULt.2 
00 1 1 = 1. KK 
oc 2 J=l.KK 
E(I.J)=X2.A~(I.J) 
G(I.J)=X3*~C(I.J' 
EC I.IJ=E( I.I)+X6 
G(1.I)=G(I.I)+X1 
F=O.500*EPS*CF.UL •• 2.(1.OO+~L'+GA~~A+GAMMAI 
OC 4 1=1.'" 
OC 5 J= 1 • ~ 
IFCIBOUND.EO.O' Ge TC 26 

PARA~ETERS FeR CLA~PEO-CL~MPEC CASE 
III~ ( 1) =4.73004 co 
IIWR(2,=1.8532000 
IIIR(3)=10.9C;56CO 

A
(~)=14.137200 

R (5) =1"7. 278800 
1111(1'=0.982502200 

, 1IW1(2)=1.000777JOO 
1111(3'=0.999966500 
IIWI(4o)=1.000001500 
IIWI(5)=0.9~S999900 
DO 8 I=6.~ 
WRC!)=(2.00*I+l.DO)*PI/2.00 
1111(1'=1.00 
X3=IIIR( 1 );h$4 
X5=ALPHA* )(J 
IF CI.eo.J' GC Ta 24 
A8=4.00*(~~(J).~~(I».*2'(IIW~(~)**4-~R~I)*.4) 
AC=WR(J)*Wl(J)-_R(I)*_ltl) 
~A=A8~«-1.00)**(I+J)-1.DO) 
ee=AB*«-I.DO)**(I+J)+1.0~).AC 
DD=Ae*AC*(-1.00)~.«(+J.-(3.CO*wR(~) •• 4~WR(I)*.4).~A/(.R(J) •• 4-~~(1 

.) •• 4) 
X4~F*00 
GO TO 25 
AA=O.ODO 
88=WR( 1 l*w [( [ ,. (2.00-~R (1 )." 1 ( 1» 
00=88/2.00 ' 
GO TC 28 
COf',jTINUe 

PARA~ETERS FOR PIN~EC-PI~~eD CYLINOE~S 
XJ=(PI*I, •• 4o 
X5=ALPHA*X3 

f 

IF(I.ea.J) GO Ta 21 
AA=2.DO.I.J*«-~.pO).*(I+J'-1.DO)/'J*.2-I*.2' 
8B=0.00 , 
OC=4o.00*I.J •• J.(I.CO-(-1.00)·.(J+J)/«J •• 2-1.~2) •• 2) 
X4=F'4I00 
GCle 25 
AA=O.OOO 
Be = U 1\*'< PI. 1 ) •• 2 
00=8B/2.00 
CO"TINUE 
X4=F*OO+X3 
DO 9 JI=I.KK 
IF=( 1-1 J*KK+I 1 
OC 10 JJ=t'.KK 
JP=( J-U*KK+JJ 

v' 5K( IP. JP'=BS.E( 1 1 .JJ )+A"*G( Il.JJ) 

1 

1 F ( 1 1 • E a • J J) 5 K ( 1 P • J Pt) = 5 K (. J F • J P , + )c .. l 
10 CO~TINue 0 

!5 

" 
9 CCI'IolINUE 

CCNTINUE 
CC~TINUE 
RETURN 
E',..O 
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APPENDIX E - THE COMPUTER PROGRAM "TRANSIT" , 

This program 'allows for the deterrninatio~ of the transient 

response of a pinned-pinned system in two cases: 

i) sorne cylinders are given initial displacements and 

then the system is abandoned to itself, 

ii) sorne cylind~rs are constrained to have a sinuso~dal 

displacement of constant amplitucle and frequency, and 

the response of the others is ~ornputed. 

In both cases the program computes the y- and z-displacements 

of three (or less) selected cylinders at equal intervals of 

time and, if desired, plots the response over a certain period 

of time. 

INPUT 

Like the other programs it requires as input the system 

parameters, the added mass and viscous coupling coefficients. 

At non-d'imensiona1 time T = 0 aIl the cylinders are supposed 
" 

to be at their position of rest except KI cylinders which are 

either simply displaced or submitted ~ a steady excitat~on of 

frequency OMEGA. A~ the system po~sesses N degrees of freedom 1 
in the x-direction (see Chapter V for further detai1s), the 

disp1a~ements of the KI cylinders must be given at N abscissae 

~. (i = l, •.. , N). The selected ~ylinders for which the 
~ 0 

response is computed, and the time intervals are aiso to be 

defined . 1 

1 



1 

• 

• 

--

\ -

r' 
1 
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OUTPUT 
1 • "-

The program calculates ana prints the mass matrix ~, the 

eigenvalues .iw, the initial state vector {~(O), ~(O) }T, the 
o 

constants of initialization {9, g} and the displacements of the/ 

selected cylinders in the y- and z-directions at the first 

abscissa where the initial displâcements were given, i.e. 
f , -

~ = ~l. Note that in order to spare paper, every other computed 

point only is printed. o I~ ~he digital plot is not desired sorne 
1 • 

cards have ~o be removed as indicated on the listing. 
~ 

1 
, / , , 

\ 
\ 

1 

o 

o __ 



l? 

<, 

Card Number .SymboI 

l K 
2 'N 
3 Cl 

.j. 

0 21 

~~ 22 
1-

4K~+~1 Çy 
4K +22 lle,ui 
4K423 

; 0 41<2+24 ~i 

'41<2+25 
41<2+25 

"" 41<2+25 

°41<2+25 

4K2+25 

4K
2

+N*KI+2S 
4K2tN*KI+26 , 

.lli2~N*KI +27 
4K4N*KI+28 

1" 

'. 
" 

• 
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DATA CARDS FOR "TRANSIT" 

Fortran 
Narœ 

K 
N -/ 

ALPHA 

ID 
AM(I,J) 

~ (1,J) 
UL,ULI 
KI 

XI (1) 

,1CYL 
ZDISPL 

YOISPL 

0MEGl\ -

OCYL{I) 
TIME 

mcp 
NPPP 

Designation 

number of cylirrlers 
nl.llTber of canparison functions 

'j sy,stan parameteJrs ""'in "SOLINl'ER" ' 

1 
aàdErl mass' an::1 viS<:::QlS coup1ing 
mér~rices_ as punchErl out by "COUPIAGE" 

external am internaI flow _ve1oci ties 
• number of displacErl cylinders at time 

'( '"" 0 
i th abscissa_7where an initial state is 
giVeh (i = l, ••• , N) 
initially di~lace::i cylinder. nurnbeÎ:" 
ampli tude of disp1aceDB'lt in z-direct-
ion . 
amplitude ~f displaeement in y-direct
ion - . 1 
fre:JUency of excitatioo if any (blank j 

otherwise) ~ ~ , 
~~ card is repeated KI times. 
If i < N return to ~. er 

Format 

12 
12 

FIO.S 
0; 

2FIO.5 

2FIO.5 
I2 

FIO.S . 

12,8X 
FIO.S 

FIO.S 

FIO.S 

abscissa ~i+1 
p10tted cylin:1 nwnbers (~3) 312 
peric:x1 of t' over vmich thel response FIO. S 
is computed ~ ,i &> 

maximum n of o:::nq:uted p:Jints 13 
-number 0 c::atpUta:1 points per period 13 
of the ' irst excitErl cyliOOer (mt.hi.nj 
tor f vilfrations) 

\ 
( 

f. 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
C 
C 

c 

c 

c 

C 

•••••••• * •• • • 
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THIS PRaGRA~ ec~p~TES ~~c PLCTS THE ~ESFC~5E CF FI~~EC-FI~~EC 
CYLINDERS SU8JECTED TO Af\ l''STA'''TAt<.ecus OR STEADY EXCITATIOf\. 

K 15 THE NU"'BER OF CYLIf\CERS. 
~ IS THE NU~BEP CF CO~FA~ISO'" FUNCTICNS USED. 
~L AND ULI ARË THE EXTER~~L ~t<.o INTE~"AL FLC~ VELOCITIES. 

THE ~ATRItES Af;E DI~E"SIC~NEC .aS FCLLC~S: 
\ ~ 

~ p.A ( 2K , 2K ) , VC ( 2 K ,2K , ,A /II t ( <: K , 2 K ) , C ( 21< ,2 K , .E 1 ( 2 t< , 2K ) , ( (2K". 21< ) ,~ ( 2 K .;: K ' 
~ K ( 2 K ) 9 SIS ( 2 K 9 2 K ) , S (T ( 2 1< • 2 K ) .cV ( 4 t< N 9 4 K N ) .. W R ( 4 K 1\ ) , w 1 (~K N ) 
CT ( 4 KN) , .a S ( 4 K • 4 K ) • e AS ( 41< " , 4 K '" 1, , " .a K ( 4 1<" ) ,lP ( 4 K'" • 4 1< t-. ) ,ST C (Ç 0 l ,f ) 
~CYL (K) , 1 PL( 2K ) ,zo ( 2K ) • vo (2K' • C ~ (21<) • XI (K' . '. 

••••• ~*~~~* ••• ~.$$ ••••••• $*.4 •• ~.~ •••• ** ••• *.~ ... * ••••••••••••••••• 
I~FLIeIT REAl*8(~-H.C-2) 
P I~E N S ION AM ( 4 • 4) • \1 C ( 4 • 4 ) • AMI ( 4. 4 ) • e ( 4 ,4 ) .. E 1 ( 4 • 4 ) • G ( 4 • 4) .... ( 4 .4 ) 
CI/oIËJ\SICt<. WI«4).SIS(4.4, .. SIT(4,4',Y{24.24),WR(24'.'t.l(24) 
DIWEI\SION CT(e).~S(8.8).BAS(B,8),~'t«8).lP(8.B).!lC{tQl.4) 
CI tJE 1\ S 101\ Ne YL (3 )' • 1 PL ( é ) • Z c· U: ) • y () (f ) • Ct.' ( (; ) • x I( 3 ) 
INTEGER OIGIT(I('l) /·I·.·2·.·:;·.·4·.·5· •• 6·.,.7· ... e·.·ç·.·l0./ 
INTEGEf; EC(4)/'Clt-O'.' ·,·F12.·.·5)·/ 

RE~C IN "'U~8ER Of: CYLINCERS ~I\IC NU~EER OF CCtJPARlSCt- F\..,t-.CTICNS USEt 
~EAD lO"K.N . 
t< K=2*K 
KS.::2*KK*1\ 
1< 1< t<.= K KJ1r " 
1<1< K=4* K 

REAC 1" SYSTEM FARAp.AETERS 
, READ 101.ALPHA.8ETA.EE~Al.CA~~AE.~AM~AI.GA~~A~.G~~~AT.OEL.EPS. 
*PIE.PII.CL.PR.CF.CFE.CFI.CFX,f;.RC ' 
HL=2.DO*~/«~C**2-K.R •• 2)$2.CO/(~C~K.R») 
PRINT 200.K,,,-
PPINT 201.R.J;C 
PRINT 2()2 
PRINT 203.BETA.GAtJ~AE.~IE 
Pf;INT 2'14 0 

PRII\T 205,BElPI.GAMtJAl,PII 
PRINT 20é.ALPt-A.GAM~AT.PR , 
PRINT 201,DEL,EPS.CL.CF.CFE,CFI.CFX, 
PRINT 20e,HL 
GAM~A=GA~~A~-GAto'~AE 

J<E~C ADOED MASS tJAolRIX· AND MATRblX CF VISCOUS CCUPL l"G 
READ 102,«API(I.J)."CCI.J),J=1.I<JC).1=1.KI<) 
EC(2l=0 1 GIT( t<K) 
FRINT 299 

PRINT 224 
"RltE(6.ECH (A .... ( I,J) .J=I.I<t<' .1=1.I<K) 
PfélNT 225 
"R 1 TE ( f, E C) C ( "C ( 1. J ) • J= l ,1< 1< ) • J, = 1 • 1< 1<) _ 
OCt 1 = 1 • KK 
OC 2 J";_1 • KI< 
AMl(I.J)=eET~.AM(I.J) 1 

A~l CI, 1 )=A"'l (1.1 tu. CO-EET ~ 
PfHNT 22t: 
• R tTE (6, EC ) ( ( .a .... 1 ( 1 .. J ) • J= 1 • K K , ,1 = 1 • KK ) 
DO 10 I=l.I<K 
DO 10 .J= 1.K'1( 
SIS(I,.J)=A~(J.J) 

10 SITCI,J'=VC(I.J' 
.RE,\C ,EXTERt-."L A"'O l''TER~''l VELCCITJES 

REAC If)2.UL.ULI 
PRIN:r 229"ULI.U'1.!1 
CALL SCLNèKK,KS.A~,V(.A~l.(,Et.G.~.WK •• R,WI.Y.~LF~A,BETA.eET.4I. 

1 GA,. ... A • GA'" ~ AI. G AM,., AT • FIE. P [ l , EPS. ,. L , CL. UL • U LI. CF. CF E , CF 1 • CF )( , CEL • 
• PFê .ZP) 
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9 

17 

18 
16 
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cc q LtP=l,KI< 
OC 9 LIO=I.KI< 
A~«LIP~LID)=SIS(LtP.LtC) 
V C ( L 1 P • LlO) = S IT ( LI P .'l. 1 C) 
I<I=K5/2 
tcéR=~O 
IF(K5.lE.90)Kl=I<S 
Del 7 J = 1 • KR 
PIHNT 221.cWR(I)."rclJ.I=J.Kl,I<R) 
IF(KS.LE.90'GCTC 16 
Pf<tNT 29<; 
1<1=1<51'2+ 1 
.1<2=Kl+29 
00 n3 J=I<I,K2 
Pf<lNT 221.C"'RCI).UCI'.I=J.KS.JO' 
CO" Tl NUE ) 

~ ~lhE T~A~SIENT ~ESPC~SE 

~~~~{1~?~~26i35EgeOO 
50 

51 

53 
52 

c 

_ c 
.., <: 
,e 

OC 50 I=l.tcS 
CT( 1 )=0. 
KCF=n 
READ 10Cl.I<I 
OC 52 1=1.1'. 
REAC IOI.XI(n 
OC 51 J= 1 • K l 
REAC 104. ICYL,Ze ISPL .VCISPL .CME(i" 
[P=( I-l).I<I<K+ICY'L 
CT(IP+KK)=ZOISPL 
CTCIP+3*K,=YCI5PL 
IF(C~EGA.Ea.o) Ga TO 51 
KCF=KCF+ 1 
IFL(KCF)=IP 

7'ZO C KCF)= lO 1 SR 
VO(KCF )=YO ISFL 
Cil ( 1< CF ) = C ~ E G A 
IFe I.Ee.1) PJ;ItIi,. 700.J\.CtJE<:A 
CC" TI NUE 
TC=(). 
)CP=XI(I. 
(ALL ASSEMB(TO,XP,AS.I<.N,KK.ICS.I<I<".KKK,ZP.1IR •• I.FI' 
oc 53 1I-=I.KI<K 
oc 53 JJ=l.KS 
e A S ( K K K* ( 1-1 , HI. J J , = Il S ( 1 1 • ~.J , 
CO" Tt NuE 
PR INT 500 
PRIN,. 50I.«(HI'.I=I.I<S) 
CALL LE~TIF(EAS.l.KS,I<~.CT.O •• AK.IER. 
FJ; INT 51)3 
FRIN~ 504.(CT(I) .1=I.I<S' 
t<P.::3 
IF(K.t.T.3' KF=K 
t<FP=2*KP 

J;E,6C THE Nl.MBEJ:;S OF n·E THREE CVUt-CER5 TC- BE CO '"'Pl TEe 
REAO 103,,(I\CYL(I).1::1.I<Fl 
~E,60 101,TI~E 
REAC-ID5.~"CP 
JF(t<:CF.GT.O' Ge TC fiC; 

FREE ~IeRATIONS 

'CSTEP=TI~E/.OO. 
IF(TOSTEP.GT.O.05' TCSTEP=Q.05 
~CP=T l "E/T CSTEPf- J 
IF(NCP.Gl.~NCF' "CP=~"CP 
XP=XI(l) 
oc 55 [ND=l,,.CP _ 
C.,6lL ASSE~ e (lC. XP .AS ,IC.N .Kt< .I<S.I<I<" .... ItK. ZP. "R •• 1. F , • 
co 56 l=l.KKI< 
,,~K( 1 ) ='h 
CC 57 ·J=l. KS 
",61« i ).::"AK (1 )+'-5 ( I.J'. CT (J) 
CONT INlJE 

, ( 

r 
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, 
S8 

55 

c 
c 
C 
69 

72 

73 

l 
OC 58 IJ=l,KP 

- 126 

STO( IND. IJ)=.~K(KK+"CYL(IJ)) 
STOl INC. IJ+K)=WAK(Ktc+K+"CYL( IJ») 
CCNTINUE 
lC=TC+ TC S TEP 
CONT INUE 
GC TO 71 

FORCED VIER~TIC"S 

CCt\T 1 N\..E 
F<E ~D 105" f\PPP 
lCSTEP~2~PI/~PPP/(M(1' 
I\CP=TUiE/TCSTEP+l , 
IF(NCP.GT.""CP) I\CP=",,,CP 
CO 7() INC=l."CP 
DO 72, 1= 1 .1\ 
)(P=XI(I' 
C .6LL A SS È'" B ( l C. X P .A S • 1< .1\ .1< 1< • 1< S • K te ,. .KI<I< • Z F , w R • W 1. f! 1 ) 

,DC 72 1I=I.KI<I< 
D C 72 J J =: -1 • K 5 
e,6S(KKK'I'( 1-1)+11 .JJ)=AS(II • .J.J) 
DC 73 }==1 "KS 

,"o6K( 1 r::/'). , 
OC 73 J= 1 • 1< S 
"'-K ( 1 ) :: 'ft PK ( 1 )+ E A S ( 1 • J ) tCl( .J ) 
Da 74 IJ=l.KF 
M.-=KI<+f'.CYL( IJ)-
STOl IND,[ .J)';:;~"K<"'A) 

i 
--~- --

• 74 ~TO(INC.IJ+K'=",,6KO'A+I<) 
... pC 76 1=1" KS 

76----' CTC 1 )=~AK (1) 

75 

70 
C 
C 
C 
71 

62 
C 
C 
C 
C 
C 

DO 75 1=I.KS 
OC 75 J=I.I<CF 
IF(IPL(J).I\E.I) GC TC 75 
CT(I):-ZQ(J)~C~(J)*D~I"(O~(.J)*TO) 
CT ( 1 + K ,:- yry ( J-)" C toi (J ).0 SIN ( CM ( J ) *T C ) 
CT ( 1 +-1< K ) "" Z 0 ( J , ~ 0 ces ( (fol ( J) • TC-) 
CT(I+3.K':YO(J).OCCS(C~(J).TC) 
CG" TI f\lUE 
C.6lL LEQTIF( EAS.t.KS,1<5 .Cl.O ."AK, 1ER) 
TC=TC+ TOST EP 
CC" TI NUE 

FRHT OUT 

P~ 1"" T 505. XI ( 1.) 
OC 62 I=1.I\ÇJ=.2 
TC=TOSTEP* (r-l) 
PRII\T 5~6.TO.(STC(I,J' • .J=l.1<I=P) 
CONTI Nl..E ' , 

FLCT 

o 

\ 

IF A DIGITAL PLOT IS "CT DESIREe RE~cve ThE CARDS FFC~ ·CALL PLCTCI" 
TO 'CALL E I\;OPL T' PLUS TM E 2 CC"'" TROL C,ARPS -O,F n-E C ~LCO"'P PLCTTE~ • 

CAlL PLOJe t\ 
CALL SYMBCL ( 1.,10 •• 0.4.11 HZ-D 1 REC' ION.O. 0.(1) 
CA lL S y tI BeL ( 14. ,1 0 •• 0. 4 • 11 t- Y - C 1 RE CT 1 ON ,0 • 0 • 1 1 ) 
TT T= T 1 fol E Il o. ' 
CALt. PLOTCO •• a •• -3''l' 
oc 59 J=1.2 
XCR=(J-l)*13.CO 
YOR=(KP-l).(J-l).3. 
OC 60 I=l.KP 
CALL PLOT(XOf;,yOf'.-~) __ 
C~LL AXIS(O •• " •• 4 ... Tl/llE.-4.10 •• 0 •• 0.0.TTT) 
C A LL A X 1 S ( 0 • • o •• 5 t- OIS PL. 5. 1 • • Ci o. • 0 • 0 • 1 • ) 
GJ;=Df=LCAT(~CVL( l' ) \ 
CAlL SYtl8CL(O.5.1.2.0.12.9 ... C .... LINOEJ: .0 •• 9) 
CALL NUMBER(1.SS.1.2,O.12.GR.O.,-1' 
OC 61 11=1 ,,,"CP \ 
)( )(= ( 1 1 - 1 ). T 0 STE P. 1 0 • 1 TI" E 
........ =STO(II.I+(J-l).KP' 
1 F (YV • G T .1 .5) "c P = 1 1 
1 PEN=-2 
IFCII.EO.I)IPEN=O 
IF(II.EO.NCFl IPE""=-24 
CALL SMClOU X)!.yy, IPE", 

/ 

\ 
\. 
1 
\ 



• 

• 

61 

60 
59 

CONT INLE 
)(CP=O. 
YC~:::-:!. 
ceNT INlJE 
CCr-.Tl N\...E 
CALL E"OPLT 
STCP 

- 127 -

98 FORMAT(~~//.' PI"NEO-Pl~NEO (VLI~CERS·/24(·.·" 
100 FC~MAl(I2) 
101 FC~MAT(F15.6' 
1()~ FCf1MAl(2FlO.5) 

103 FC~MAT(312' 
104 FCf1MATCI2.8X,4FlO.SJ 
105 F0f1MATC213' 

200 FC~MAT('lTHE~E ~QE'.13,' CYLI~DERS. ANO THE NU~BE~ CF CO~PARISC~ F 

204 
• 205 

206 

201 

*U~CTICN5 U~EC WAS'.I3) 
FC~MAT('O Tt-'E RACIUS CF EAC .... CYLlt-CER lS",F~.l." "tLLI~ETf'ES' 
1~~' THE RACIUS CF THE SURROUI\Dl~G CHANNEL IS'.Fl.l • 
• ' ""ILLIMElf'ES') 

FCRMAT(//'O','OI"ENSICI\LESS E)(TEf;~Jll FLCW CUA,..TI1IE5:'/41(".',) 
FCfëMAT(/"O' ,'FLUIC DEI\SlTY 8ETAE' .flO.S/" GAM,.,AE='.FIC.5/ 

"", EXTERNi\L P~ES~LRE-=' .FIO.!:> 
FQRMAT(//'(i','OI"'E~SIC"'LESS l''TERI\~L FLOW CUANTllIES:'/41C'.'» 
FCRMAT(/'~','FLU[C DEI\SITY eETAI=',FIO.5/ 

.' GA~MAI='.FIC.5/ 

.' l''TERNAL ç:r;ESSUF<E=' .FIO.=} 
FCRMAT(///~/' II\TERf\PL OA",PII\G ALF~A:·.FI0.5/ 

.' DIME~SICI\LE~S UI\IFCR~ TE~SICN=·.FIO.~/ 
*' PCISSCN RAT[C'='.FIO.5) 

FO RM A T (II • l1 • ."0 EL TA = 1 • FI O. !:: .5)( • • L.;' C= , • FI 0 • !': • ~ x .. ' (C G f' C~ FI "<l== 1 • 

*F 10.5, / 1 C F= , .. FI 0 .5 .. 8 X .1 Cfi'" E =' ,F 10 .5 .. 6 X .. • CF 1 =' • FI 0 .5 .. !:)(. • CF X-= , • F 10. 
*5) , 

208 FORMAT('O' .'D/O ... ='.FIO.S) 
22 1 FOR M ~ T ( , O' .. 5 )( • 2 F 1 6 • <; • 5 X .. 2F 1 6 • 9 • 5 X .. ~ F 1 6 • 9 ) 
224°FCf;~AT('f) Tt-E ACDEC .,~ss .,ATJ;IX·) 
225 FORMAT(///.'IJ ThE ~ATf;IX CF THE \IlSCOUS CCUPLff\<;') 

226 FCRMATU//,''l T~E MAS5 /plAT~IX" 
2 2 9 F CH'" A T (' l' • T 11).. • U • 1 ~ T -= • ,F 9 • 5 .. T 31) • • 1... • E X T.:: , • F 9 • 5 • T ;'e .. 

*'EIGENVALUES I*Of.lEGP CF THE SYSTE~·./ .. TI0t36( ':$' '.T7C.J4(·.Ql') 
299 FeRMAT(' 1" 

SOO FOf:(MATftO' .1!lX.' I~ITIAL ST~fTE \/ECl(R'/) \ 
,501 ~CHMAT('O' .1"X.F12.5) ç \ 

5n3 FO~MAi(·1'//10X.·CO"ST~f\TS CF INITI~LIZATICN·.//) 

c 

51)4 FORMAT('O' .10X.D15.S) 
505 FeRM AT (' l! IT 10. • 0 ISFLA (EloiE" T S CF n-E PLOTTED CVLl "CE" SI" THE Z ~N 

506 
700 

$0 Y DIRECTIO"S AT X='.FB.5/Tl().7e('(lI)//) 
FC~MAT(·~·.'lIME~· .. F7.3.T20 .. f(F7~~ .. e~» 
FC~MAT('O' .. 1~~,'(YLINOE~·,I2 .. • 15 EXCITEO AT THE F~EaUENCY C.,EGA= 

.·.Fe.~I'I' 
E"O 

Sl,;BROUT l "E SCLN( KK. KS,~". vc.~" l, c. E .. G .H. WK .w~ .. W 1 ." .ALPHA. 8ETA .eET' 
lAI.GAM""A.GA"'''AI .. GAM~AT.FIE.PII .. EPS.~L .. CL.UL.ULI.(F.CFE.CF!.CFX. 
*OEL,PR,ZP)' ' 
I~PL[CIT REAL.8(~-H.C-2) 
o 1 ~E N S ION AM ( K f( t 1 , • v C ( K K ,Il. A'" 1 ( K K .. 1 , • C ( K K • 1 ) ,E ( te K • 1 ) • G ( KI< .. 1 ) 
OIMEN,sION H(I<K.l) .WI«l ).WR(J '.W[( 1 ),Y(KS.l./ . 
OI"'ENSION lP(KS.l. ' 
UI\;-I.CO . 
PI=3.141~926~35egeoo 
.... =1<5/2/KI< 

GE"E~ATE MATRICES C.E .. G,~ .. A""C ~ 
TETA=(CFE*UL*.2+CFI.ULI •• 2.CFX*Ul.ULI)I'2 
XI= 2 .. 0~$I.L.C5CR1'8E1A) 
X2=UL**2 
X3=O.5D~.EPS.CF.UL •• 2 ~ 
X4=O.5DO tEPS:tOSQRT (8ET .... (CF*UL+Cl, " 
X5=BETA ' . l ' 
X6;UN.(DEL.(G""'~AT+(FIE-PIt'.(1.CO-2.00.P~)+TET~.(1.CO-OEL'.(C.! 

.OO*EPS*CF.UL •• 2.(1.CO+~L)+GAMMA+G~~MAI).(1.OO-CEL/2.0O)-~LI •• 2) 
~7=GA"'~A+GA"'''AI+O.5CO.EPS.CF.~L.Ul •• 2 
xe=2,OO~ULt$CSaRT(BETAI' 

------~------............. 
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c 

•• 

2 

1 
C 

oct! [.:: 1 • K K 
OC 2 J=l.l<t< 
C(I.J)=XI-AMel.J' 
E(I.J)=X2.A~(I.J) 
G ( 1 • J , -= X 3$ VC ( ( • J ) 
~(I.J)=X4.VC(I.J) 
A,.,U I •• J)=XS* .. N(l •• J) 
E ( 1 • 1 ) =E: ( 1 • 1 ) -+ xe 
G(I. 1 )-=G( 1.1 )+X7 
C (I. [ , =c ( 1 • 1 )+X8 

'. 128 -

A'" 1 ( 1 •. 1) =,. Pt 1 ( 1.1 ) + 1 .OO-BETIA 
II'\VERl M 

• 
CALL LINVIF(Ar.ll ,,1<1<.I<K • .A~.4.~~.IEJ; J J 

c' FO,.", PROCUCT5 " INVERSE$C. M I~\lERSE.E, M IN\lERSE .... 
CAlL O"'ULT(KK.A"'.C.~~l) 
CAlL O"'UlT(KK • .A"'.E.~C) 
CALL ONULT(KK,""',t-l,C) 

c 
c 

c 

c 

27 

2e 

CAlL oWUlT,(KK.AW.<:.E) 
F 1 N'C 0 t ,e GO 1\ ALE LE PI E "T CFF 

F=I).500*EPS*CF*UL.*2.( I.DO ..... L )+G.A"''''A+GAMMAI, 
l''ITIALIIE Y 

cc :3 1=I,KS 
OC 3 .1=1,1<5 

3 l "CI,J)=').OD., 
K"'=KK*'" 

GE"ERATE Y 
DC 4 [=I.t>-
De 5 .1= 1 • II. , 

FA"AMETERS FeR PI""EO-FI""ED CYLINCERS 
X 3= ( P 1 * 1 ) 13:0 ~ 4-
X5=ALPt-A*X3 
IFCD.EC.J) Ge Ta 27 
AA=2.00*1*J*«-1.0n'*.(I+J)-1.DO'/(J •• 2-1 •• 2' 
e E =0 • o'J L '" -, 
D C = 4 • D J~ 1 ~ .1 2!1 ~ 3'" ( 1 • 0 0 - ( 1. DO ) * #1 ( 1 -+ J ) ) / ( ( J •• 2 - 1 $" 2 ) •• 2 ) 
GeTO 25 
AA=C.OCO 
ES=UNit(P[$I )~fl2 
DO=B8/2. CO , 
cé" 1'1 ,,"UE 
X4=F$OC+)(3 
OC 9 11= 1. KK 
IP=«(-lP:'KK+1[ 
IX=IP+KN 
cc lO-JJ=l,KK 

JF=(I-l ,'.1<1<+ JJ 
JX=JP+KN 
" ( 1 P, J P ) -=ut>-* (M* AM 1 ( II • .JJ ) iX!: lt AM ( 1 1 • .1 J >te ( Il , J.J , ) 
y ( 1 P • .1 X) -= U r-.* ( )(4 * A" ( 1 l, J J , + v-c r [ 1. J J a. e e iE ( 1 l, J J ). ,. A l 

10 CONTlNLE ". 

9 
YClX,IP)=l.DO 
CC"'TINUE ' 
GCTO,5 

25 X4=F*OO 

7 
E 
5 
4 

OC ~ Il:l.KK 
11==(1-1» .KK+ Il 
[X=IP+KN ' 

" 0 C 1 J J= l ,K K 
JF=(J-l'.KK+4J 

'JX="JP+KN 
y ( Ill. J P ) :: U NI!t ,ll ... l( 1 1. .1 J ) • A A 
"c IP,J~)=UN*"(eB.VC( JJ,JJ)+XUAM( Il,J.J)+AA*EC Il.JJ a) 
CC"llNLE ' 
CONTINUE 
CCNTINUE 
CC" TI r-.UE 

FI"C: EIGENVALUES CF y 
CALL EISPAC(KS.KS,MAT~IX(.Re"L',y"V~LUES(~R.WI'. 

$\lECTOR (ZP" 
J:;E TURN 
E"D 

, ' 

'-, 

(' 
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SlBROUTINE C~LLT(~.A,B,C) 
C ~ULTIPLIE~ ~AT~ICES, A*e=C 

IfoIFLICIT ':;EAL*8C_-H,C-2' 
O-f1'~ h SION ~ ( ~ el ) • e ( ~ , 1 ,. C ( ~ • 1) 

('cd (1 ) (=1 ,~ , 
OC 1 J=l.,., . 
le ( l , J ) =0 • 00 
CC-2 L=l.'" 

2 CCI,..I'.::C( I,.,HA( I,L).E(L.J) 
l ,CO~TINUE 

f'ETl.R'" 
END 
SL8ROUTI"'E ASSF~e(T(,XI,AS'~''''.KK,~S.KK~,KKK.ZF.~~.wl.PI' 
I~PLICIT ~EAL.B(A-H.C-Z) 
CI"'E"'SIC~ ZP(KS'.1),,,f'( U.\\I(l),AS(ICK/(,l. 
CC 1 1=I.KI<K 
CC 1 . ..I=1.KS 
AS(I,J}=f), 
CC 2 .,=1,/(1('" 
OC=DCOS(\\I(2~J-l )tliTC) 
CS=DSI"(~I(2.J-l )ltre) 
DE=DEXP(",:o (2*J)*TC), 
CC 2 L=l.'" 
FHI=DSII\(FI*L*XI) 
DC31=I.KI< 
"'=I<K'" (L-l ) + 1 
AS (l, J)=AS( [,J)+2*FI- 1* (lP(P-I. 2*.,-1 '.OC-ZP( ",.2*., ).CS,*OE 
AS ( t ... K K, J) = A!: ( 1 ... t< 1< , J ) + 2. PH 1* ( 2 P ( ~ + 1< K". 2* J -1) *0 (-lP ("'''' K K/I:. 2+.J ) +C S ) 

•• OE . 
A 5 ( l , J + K KI'.) .:: ,4 5 (1 • J + 1< 1<" ) - 211' F ... 1. ( Z J= ( ,., • 2" J ) .0 C + Z F ( M , ~ * J - 1 U 0 S ),. 0 E 
AS ( 1 + K K. J+KKI'. , =A S ( 1 +KK 'J7KKN) -'2*Jllt- t* (ZP( M ... KKN, 21'\ J ).OC+ZP (~+KKI'; .2." 

$-l)*OS'.CE • '. 
3 . CC" TIN l:E 
2 CONTINL.E 

J; ETURN 
E"O 

/IGO.PLCTTAPE cc U"IT=T~PEe~VCL=SE~=FLCTTP.LAeEL=(1.SL},015P=NE. 
~/bC.EISP~CLe co D5"=CFLB.s~eLIB,DISP=S~~ 
/IGC.SY~IN CD * 

, , 1 
! . 

/ 

"-------------.......... 



• 

• \ 
\ 

- 130'-
.. , 

APPENDIX F - RESONANCES OF ROWS OF TWO AND THREE CYLINDERS 

F.I Resonances of Two Cylinders 

Consider the case Of, two pinned-pinned cYlirders arranged 

as in Figure 3 and not subjected to any external or internaI 

flows (u = u. e ~ 
0). As the tubes are immersed in still fluid, 

it is reasonable to consider that they vibrate in their first 

axial mode only, and under these conditions the general eguation 

of motion (3.15) / 
. 

~~-+ qp + !fp o , 

becomes 

, 
\ o , (F.l ) 

where M is the ma~s matrix and K the stiffness matrix .. 

M= Be~v + (1 - Be> l K = 4 
l , 'If 

Because of the syIIlIhetry of the system, W may 

mIl ml2 0 0 

m21 m22 0 0 
M 

0 0 nll nl2 
, 

0 0 n2l n22 

and then the eguations of motion (F.I) become decoupled in the 

two directions; we may solve for instance for motions in the z-

direction, the following two eguations: 

/ 
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.. 4 0 mll 
w

1 
+ ml2 w2 + 1f w1 

, (F.2) 

.. 4 
m2l w1 + m22 w2 + 1f w2 

= 0 , (F. 3) 

Now, if we suppose that the-movement of cylinder I is 

fixed, Eq. (F.3) allows for-- the determination of the response 

of cylinder 2. The two cross-sectional modes of vibration in 

t~e ~àirèctions are easiIy obtained as fo11ows: 

i) lst mode 2 l 
) ~ w1 w2 

Equation (F. 3) becomes 

(m22 m21 ) 
.. 

+ 4 
0 + w2 11 w2 

the solution of which is 

= wO 
4 

where wl 
1T 

w2 2 cos wl T , m2l + m22 
t 

ii) 2nd mode 2 1 
~ ( ') v == - w2 l 

Equation (F. 3) becomes 

- .. 4 (m22 - m21 ) w2 + 1T w = 0 2 

wlilich has as solution 

---~" 

.... wO- cos where 
. ~' . w2 w2 T w2 
= 

~- 2 m22 - m21 
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Here w1 and w2 are the two resonant frequencies for the 

system in the z-direction,and they are the eigenvalues in the 

z-direption given by the computer progriun "SOLINTER". 

t'If aù:ernatively cylinder 1 is given a sinusoidal movement 

of constant amplitu9~ , 

dos n T , (F.4) 

equation (F.3) becomes 

, (F.5) 

with the initial conditions w2 (O) = ~2(O) = 0 

This differentia~ equation may be very easily solved using 

the Laplace transform 

which reduces Eq. (F.S), with the 9_iven initial conditions, to .. , 

, 

or 

The inverse Laplace transform of this expression may bé 

found in a~y ~able of Laplace transforms (reference [19] for 

/ 
\ 

( 
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• instance) and takes a very simple form in the case of resonance, 
4 r 

i. e .-' when n 2 0= _Tr_ 
m22 

1 m2l D 
w (t) = - --- w n l sin n l , 2 2 m

22 
l , 

jl 
Thus', the amplitude of vibrations of the second cylinder 

~
4 

where n = m22 

is linear1y increasing. 

F.2 Resonances of Three Cylinders in a Row 

Consider a' r~w of ~ylinders where, ~xcept for the middle 
Q -

three cylinders, aIl others are assumed to be rigide 

Under the sarne assumptioni as in the case of a system of 
.. 

two, cyli.nde~s-, the equations of mot~on for cylinders 2 and 3 

in the z-directi~e 

.. .. - .. 4-
m21 w1 + mZ2 w2 + m23 w

3 + 11' w2 0 , 

Wl~2 
.. 

(F.7) ,.. 

w2 + W3 + 4 == 0 m31 m33 11' w3 

Because of the symmetry of the configuration, w~ have 

m
Z2

'- rn33 = M and m21 - rn23 - m32 = m; furthermore, the 
~ \ 

• hydrodynamic coupling between cyl~nders 1 a~d 3 can be negl~cted, 
1 
J 

------------.......... 
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. yielding m31 O. Equation (F. 7) may then be written as 

/ - follows~ 

4 «; 
" .. 

M w2 + 1T w2 + m w3 - m wl 
, 

....t..... CF. 8) 

+ M + 4 = 0 ~ m w2 w3 1T w3 .------

As in .the previous section we consider a steady constrained 

",motion for cylinder l of the ferm 

w = wO cos n T 
l l 

and null initial conditions for the two other cylinders: 

~(O) 

using again the/Laplace transforms w2 .(p) and W3 (p) 
1 

system (F.8) r~duces to 

"'-

(M p2+1T 4 ) W2 + "- 2 W = m 0 2 E 0 m -p, 
3 2 0

2 
,w

I 
, 

P + 

) 
-1 

The Laplace transforms are readily obtain~d 

; 

, / 

the 

(F.9) 

... -
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If we make the assumption that : < < 1 and set 

. f:4 
' g =- j~ 1 

\ 
first approxima~ions for W2 and W3 may be obtained as follows: 

- CF.10) 

, 

the ihverse transform of which may be found in Ref. [191, i.e. 
! 

w~ 1 m o - '2 M n T ~in n 1" 1 

wl " 

(F .11) 

Thus, the amplitude of the second cylinder is linèarly 

increasing, with time while thàt of the third cylinder eventual1y 

becornes almost pa~abo1ic. 


