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Abstract 

Carbonaceous mesophases are naturally ocewTing discottc nernatie liqUld crystals 

WhlCh are used as precursor matenals for the manufacture of hlgh performance 

mesophase carbon fibers. The amsouoplC structUle of dlscotlC rnesophases irnparts 

superior mechamcal, thermal, and chernlcal properne:s to mesophase carbon fibers. To 

control the mIcrostructure of dlSCOUC mesophases dunng the spinmng processes a basIC 

rheological understandmg of these matenal5 in exten'iional flows IS reqUlred. The 

quanutatlve descriptIon and classIfication of the mam morphologH:al phenorncna during 

the extension al flows of discotle mesophases 15 the central therne of this work. 

In the first part of the present stlldy, a phenorncnologlcal theor)' describing the 

microstructure of dlSCOtIC mesophases under the influence of extenslOnal flows is 

developed. The theory IS then used to develop the governing equations for the uniaxial 

extenslOnal flow of umaJl.ial discOllC mesophases, which is the maIn type of flow 

encountered lfl the spmnlinc of the fiber-spinning manufacturing process. The driving 

forces for flow-mduced morphologlcal phenomena are ldenufied. The unit sphere 

descnptIon is used 10 disclIss and classify the analytieal and nurnerical results. 

Pararnetnc studies are perfonned using the alignrncnt Deborah nurnber, the nematie 

potential, and different mitial rnicrostruerural conditions. The average orientation of the 

mesophase flUld is found to lie anywhere in a plane perpendlcul ar to the extension 

direction, whieh agrees WiÙl existing experimental observations. 

In the second part of thü, thesis, the theory is generalized to de scribe the 

microstructure of discotic mesophases in various types of extensional flows. A 

comprehensive flow classification based on the orienting strength and aligning strength of 

various industrially relevant flows is given. 

In the last part of the thesis, the theOI-Y is extended to model flow-indueed 

biaxiality in uniaxial discotic liquid crystals subjected to uniaxial extensional flows. 

Analytieal and numerical solutions of the eharacterizing microstruetural fields are given. 

The main flow-induced morphological phenomena is efficienùy eaptured by projecting 

the results into orientation and alignment phase diagrams. 



Il 

RéSUI1rlé 

A l'état n,atun:l, le:" m~':)op'bast~S carbomques .iora des cristaux liqmdes nématiques 

discotiques. Matériaùx l'I'éCur~:eLU·S, Il,) SQnt uulisés il 10:\ p.répilfaw:m de fibres (k carbone 

mésophasiqlH~ d{~ haut~! perfOlTrWne,!. La stnJcture :lImotroplque de:; !:l.:!sopl1.lses 

dhicotiqut!s allglIl(!nte les i-,ropnétê's mée.wlqut:, the.m1.iql.le (~t chlmique, dc!> fibre'l de 

c,arocme mésopha.siqu(!. P,Dur comrôkr 1 il ml\.:rostruCl ur:: de s mé~;o Dna 'le) dl \COllques 

p('!lldant les ~\rocl~:~.SllS dl! l'ilage, um~ compr~hel\slon de base de la 1 héo\Ogll~ de (,:e~ 

ma~eriaUlx !iOUS de!\: conditio.tl'i d'écol.llemerlts extemaonC'ls ~!st né('css.auc La dC!\cnpllnn 

quantitativt: el la classification du phc.~ncrnène morphÜ'lol~llluc,' pnnc,tpal, pendant les 

écoulements c}uensionels de:s rnésoph<ises discotiques. conswu~!nt l'Idét! ('C'IHrak dt' ca 

travail. 

La p.remièrr! partie de: cette! ~tlJde c'éve'loppe \lf.\(~ .héone phén,)(n\'r1\ologu\ur. 

décIivam la microstructure ,je~; méso"has{ s dis(:otiques SOL.'; rmf1uenCt~ d'éco\Jkmel'1t~, 

e:xtensionels. L~\ théOlie est p::u' la suite uulisée à dével()ppt~r 1(':s équations gOHvC'manl 

l'écc,u,lemenr extl~:l1sionel IUnI.lldal des mé:wphases dls,t'l'tiques UI1l;uanm" type 

d'éc.:c·ulement pnndpak'mem reacolllré dan:; la ligm~ de filage du procédé dl~ pn~paration 

des. .71 bres, l.~'!s 1~on:(~s motrh,:es des p:lénCt.'nènes moqüH:,log,lqw:'s mdu l 'etlt par 

\'éc'lOulement sont ll'ldenllfiée:;. ta d\~:SCTIplic n de ~'ph\~re unH\~ est Llu.tisées aÏÏn de dlsçutel' 

(~t c\assilier les résulr.ats analytique'i el: nl1IT é]iqUl~s. Les études pruramémqllf.'s n~ah,l;ées 

\utiliSt~nt le nOIT.lbre d'a.lign,enrl''!\11: ete Debf.)ll',lhl, le potentit!1 nématlql1e et les (.hn~rentcs 

c:ona'itions initiales l1lt"S Irucros,On1lcmres. L'.rIIit!ntation moyenne du flUide mc~s(Jpl13,slque 

S,C! trouve n'impottt'! ~m d~tns lm pbn pel1~!'J:1dkulaire à la direction d'extl,:n~;JOoIIl; ce ~:UI ,est 

en ac'cord avt!C les ob~\lel"vatiol1ls ,e::tpérimemaJes existantes. 

La théorie est ,;énéralisét~ dans la dl:u dème pante dl: oCett,~ ~hése afin de (M(nve la 

microstructure des mésophase:,5 diswtiqU\~s d.ms divers types d'éc("lIlements extenslOnels. 

U ne classification conlpréhensiv.e de l'éCOLl, ement, basée sur le~i tt!nSlons onentant et 

alignant les diverJ> écoulements utllisés indlJstellement, est prédenlée. 

Dans la dernière panie de cette thé se, \a théorie est approfondie pour modéliser la 

biaxialitë induite par j'écoulement dans le cas de enstaux liquides dlscouques umaxlaux 

wumis aux écoulements extensionels uniaxlaux. Des solutions analyuques et numériques 

aux champs mlcrostructuraux caractéristiques sont présentés. Le phénomèna 

morphologique principal indUlt par l'écoulement est efficacement Illustré en proJcctant les 

résultats sous forme de diagrammes de phase pour l'onentation et l'alignement. 
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Chapter 1 

Introduction 

1.1. Historical Note and Introductory Comments 

Many organic eompounds do not undergo a single phase transition from the solid 

to the liquid phase, but assume one or more intermediate states called mesophases li, 2. 
3, 4]. The mesomorphic materials possess both liquid-like fluidity and solid-hke 

molecular order. In solid crystals the eenters of mass of the molecules are located on a 

three-dimensional periodic lattiee, henee they have both orientational as well as positional 

order. In the case of isotropie liquids only shon range order among the molecular eenters 

of mass is present. The ordering 10 mesophases (or mesomorphic or anisotropie liquids) 

lies between that of a solid and that of an isotropie Iiquid. Based on the partial orrlering 

two basically different types of mesophases have been observed [1, 2). First, there are 

those in which the positional order is still present but the orientational order ha~ 

disappeared or is strongly reduced, and are ealled disordered crystal mesophases or 

plastic crystals [1, 2]. Second, there are those in which the positional order is reduced or 

has even completely disappeared but exhibit long range orientation al order, and are c.;alled 

ordered fluid mesophases or liquid crystals [1, 2]. A particular type of liquid crystal is 

investigate.d in this thesis. 

The shape of the molecule is lL1 important criteria for mesomorphism to oceur. 

Since early investigations of liquid crystalline behavior the accepted fact, unul recently, 

was that for thennotropic mesomorphism to occur the molecules have to he rod-like in 

shape. It was discovered in the last decade that compounds composed of disc-like 

molecules also show stable thermotropic mesomorphism and are generally known as 

discotic liquid crystals or discotic mesophases. The frrst discotic liqUld crystal was 

prepared and identified in 1977 [5]. A number of synthetic [6, 7, 8] and naturally 

occurring [9, 10, Il, 12] discotic liquid crystals have been discovered. 

Naturally occurring carbonaceous mesophases display discotic crystalline 

behavior and are derived from the pyrolysis of the coal or petroleum pitches [9, 10, 131. 

This low cost mesophase is used as a precursor material for the manufacture of high 
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performance carbon fibers, which are currently competing with the more expensive ... 
carbon fibers derived from polymer textile yarns, such as PAN (poly-acrylonitrile) [14]. 

The basic know!edge of how to control the physical properties of high perfonnance 

m-:sophase carbon fibers is lacking but is essential for their continuous commercial 

development. In particular, the process of melt spinning, in which planar disc-like 

molecules become oriented aJong the fiber axis [13, 14, 15, 16], is dependent on the 

rheological and the viscoelastic behavior of the material. In addition, it is known that the 

molecular arrangement in the cross section of fibers controis the mechanical properties 

such as tensile strength and the Youngs modulus of fibers [9, 14, 15, 16]. To d~velop a 

basic scientific understanding of the mesophase carbon fiber spinning process, an 

understanding of the extensionaI rheology of discotic nematic liquid crystals is therefore 

essential. The general objective of this thesis is to elucidate, using theory and simulation. 

the fundamental couplings between processing and morphology, such as the cffeet of an 

extensional processing flo',N on the development of molecular orientation. This thesis 

considers, in addition to spinning flows, other frequently industrially used extensional 

flows, such as biaxial e.<tension and planar extensional flow [17] 

The rest of this chapter gives a brief presentation of the main quantities and 

phenomena required to quantitatively specify the flow-morphology relations of potential 

relevance to the mesophase carbon fiber spinning process. Wc stan with a brief 

description of mesophase behavior and molecular ordering in liquid crystalline phases, 

and then focus our discussion on discotic mesophases, including the carbonaceous 

mesophases which are precursors for mesophase pitch-based carbon fibers. We next 

identify relevant issues concerning flow-microstructure-product propenies. which 

motivate the practical utility of the present study. Then we derme the quamitative 

tensorial measures of microstructure and morphology, which form part of the model 

equations presented and used in chapters 2, 3, and 4. Subsequently we present the 

kinematic quantities that specify various extensional flows, used in chapters 2. 3 and 4 , 

and present the orientation distribution function. Finally we present the thesis objectives 

and organization. 

1.2. Types of Liquid Crystals 

1.2.1. Thermotropic Liquid Crystals 

Single compone nt systems that show mesomorphic behavior in a definite 

temperature range are called thennotropic liquid crystals. Every molecule in the 

thermotropic liquid crystalhne phase participates in the long range ordering. 



Thennotropics are of interest for applications ln electro-optical display. temperJture and 

pressure sensors, orgamc fibers, special materials of construction such as bullet proof 

jackets, etc. [1]. Most computer and watch displays use mixtures of low molecular 

weight rod-like ne matie liquid crystals, such as 8CB(p-octyl-p'-cyanobiphenyl). 

1.2.2. Lyotropic Liquid Crystals 

LYOtrOPICS shcw mesomorphic behavior in solution and are usually the solutions 

of rigid rnolecules in strong solvents [1, 2J. A weIl known ex ample IS Kevlar, WhlCh IS a 

solution of (Poly(p-phenylene terephthalamide» in sulphunc aCld. The temperature 

range in which lyotropics exist is mainly detenmned by the concentratton. The long 

range ordering is controlled by mainly the rod-like molecules (solute), LyotrOPIC liquid 

crystals are of great mterest blOlogically and appear to play an Imponant role in hvmg 

systems [IJ. 

1.3. Structural Classification 

Based on the nomenclature proposed originally by Friedel in 1922, liquid crystals 

can be classified according to their molecular order into three major classes: nematic, 

cholesteric, and smectic. 

1.3.1. Nematic Order 

Figure 1 shows schematic representation of the neroatie phase. The molecules 

tend to align parallel 10 each other and along sorne common axis called director n. The 

director is a unit vector (n.n = 1), and gives the average preferred orientation. Long range 

orientational order and cylindric!Ù (or uniaxlal ) symmetry are exhibited by this liquid 

erystallinc phase. The centers of gravity of the molecules are dlstributed at random. 

Thus, tbey posses orientation al order like erystals and position al dlsorder hke V1SCOUS 

phases [3. 41. 

n 

Fig. 1. Schematic representation of nematie order in liquid crystals. 
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1.3.2. Cholesteric Order 

FIgure 2 shows the s,chematic of the equilibnum structure of the cholesteric phase. 

The lack of long range rranslational order imparts fluidity to the cholesteric phase. On a 

local scale, the cholesteric order is similar to the nematic order, since the molecules tend 

to align along the dIrector n. On a larger scale, the cholesteric director follows a helical 

path given Jn a Caneslan cl.::K>rdinate system as [3J: 

n =( nx, ny, nz}::.( cos (qO z + cI> ), sin (qO z + cI», 0 ) (1) 

where qO is the wave vector and cI> is the arbitrary phase angle. The sign of qO correspond 

to left or right helices, and detennines the magnitude the spatial period P [3] of the 

twisted planar cholesteric structure; the spatial period or pitch is given by : 

p =.JL 
Iqol 

(2) 

Equation (2) shows that as qO -+ 0 then P -+ co • and the cholesteric liquid crystals 

becomes a ne matie liquid crystals [3]. 

-n ~ ----~-

n~ + 
/0 p = --.1L. 

1 qol 
.. - t ---n --

Fig. 2. Schematic representation of the cholesteric order. 

1.3.3. Smectic Order 

A smeetie phase has, in addition to the orientation order of nematics and 

cholesteries, a single degree of translational order whieh results in a layered structure. 
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Smectie phases always occur at temperatures below the nematie range, since they are 

more ordered. More than twelve smeetie phases have been identified, however, the best 

known are srnectic A and Smectie C. Figure 3 showg the schematics of (a) srnectic A 

phase and (b) smectic C phase. In smectic A ordering, the moleçules are aligned parallel 

to the layer normal within cach layer, whereas in smectic C ordering the molccules are 

tilted away from the layer nonnal in each layer [1, 2,3]. The layer spacing IS of the order 
o 

of20A [3]. 

Ip 11\1/1 
1 1111 \11/1 

(a) (b) 

Fig. 3. Sehematie representation of two types of smectic ordering: (a) srnectie A 

order; (b) smectie Corder. 

1.4. Discotic Phases 

The aceepted principle before the discovery of discotie nematies in 1977 [5], was 

that for thermotropie rnesophorisrn to oceur molecules have to be rod-like in shape. 

However, relatively recent studies [6, 7, Il, 12] have established that many compounds 

cornposed of disc-shapcd molecules also exhibit stable thermotropie Iiquid crystalline 

phases. Theoretica11y the possibility of existence of an assembly of plate-like panicles in 

the transition from isotropie to ncmatic phase was established [18] weil before the 

discovery of discotics. Sorne typical discotic nematics are shown in figure 4 (4). A 

typical discotic moleculc has fiat (or ncarly fiat) cores with six or eight long chain 

substituents which are essential for the fonnation of diseotic liquid crystals. Structually, 

discotic crystals fall into two categories: the columnar phase (see figure 4a,c,d,f,g,h) and 

nematie phase (see figure 4b,e). The columnar phase is seen more often in the 

compounds exhibiting discotic nernatie behavior. In its simplest form the columnar 

phase consists of dises stacked one on the top of each other aperiodically to fonn liquid

like columns. the different columns constituting a two dimcnsional lattice. However, a 

number of variants of this structure have been found [81. Figures (5a,e,c,d,e) show the 

different two dimensional lattice of columns found in columnar dlscotlC crystals [4,81. 
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The various ellipses represent dIses whieh are ulted with respect to the eolumn axis. To 

summarize, the columnar phase has long range translauonai penodiclty ln two 

dimensions and liqUld-hke dlsorder 10 the third dimensIOn. The eolumnar phase of 

diseouc liqUid <.:rystals IS not eonsldered in this thesls, and therefore will not be discussed 

further. 
Figure (5f) show a sehematic of the ncmatie phase (Nd) This phase 15 found to be 

exhiblled by relatively a few eompounds (see figure 4b,e). The nemaue phase of 

discoues has an onentauonally ordered arrangement without cl:-.) Jong-range translauonal 

order [41. Diseotic nematIcs, in eontrast tf' the rod-like nematics, are opucally negative 

and the duector n represents the preferred onentation of the short moleeular axis (or the 

nonnal to the dise-like molecule). Only discotic nematics of the type shown in figure (5f) 

are invesugated in this thesis. 

1.5. Carbonaceous Mesophases 

The carbonaceous mesophase is a uniaxial discotÎC nematic liquid crystalline 

therrnodynamic phase, which fonns during the liquid phase pyrolysis of coal or petroleum 

pitches, and is used as precursor in the manufacture of high perfonnance mesophase 

carbon fibers [19]. Figure 6 shows the thermodynamic and structural changes brought 

about by h4S 'lting a non-volatile organic compound, such as coal or petrolcum piteh, in the 

absence of air [9J. The organic substance melts on heating and becomes an isotropie 

pitch or Iiquid. As the temperature rises over about 3S00 C, optically anisotropie spheres, 

known as spherules, appear in the isotropie matrix [10, 19,20]. As the hydrogenative 

polymerization reactions continues the molecules get larger and the mesophase more 

viscous. When the molecules reach an average molecular weight of approximately 2000 

the y are, apparently, sufficiently large and flat to favor the formation of a liquid 

crystalline nematic phase call'!d the carbonaceous mesophase. 

The fonnation of the carbonaceous mesophase follows a nucleation and growth 

process, typical of metastable thennodynamic systems. The drop lets or spherules are 

easily observed because of their op tic al anisotropy. Attractive forces among the 

spherules give Tise [0 droplet coalescence and overdll growth of the mesophase. The 

structure of the spherules and the moleeular organization of the disc-like aromatic 

molecules wlthin the spherules has been described by Brooks and Taylor (1965) [12]. 

The eharacteristlc mesophase mechanisms that are involved in establishing the 

mesophase morphology are spherule precipitation, coalescence of spherules to fonn a 

bulle mesophase, and distortion of mesophase by mechal1ical deformation. 
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Fig. 4. Examples of disk-like molecules which display discotic mesophorism: (a) 

hexa-n-alkanoates of benzene, (b) hexakis «4-octylphenyl)ethynyl)benzene, (c) 

hexa-n-alkanoates of scylloinositol, Cd) hexa-n-alkanoates of tnphenylene and 

hexa-n-alkoxytriphenylene, (e) hexa-n-alkyl and alkoxybenoates of triphenylene, 

(f) hexa-n-alkanoates of truxene, Cg) bis(3,4-nonyloxybenzoyl)methanato 

copper(n), and (h) octasubstituted metallophthalocyanine. Reprinte<! from (4). 
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(a) (b) (c) 

Fig. 5. 

(d) (e) (t) 

(a)-(e) Top view of the columnar phases of disc-like molecules. The column 

axis is pointing out of the plane of paper, and the ellipses represent the dis,~s 

which are tiited with respect to the çoIumn axis. (t) Side view of a typical discotic 

nematic Iiquid crystal. 

The carbonaceous mesophase consists of dise-mec molecules that display long 

range orientational order, such that the molec'Iles lie approximately parallei to each other 

and there is no point-to-point registry between adjacent molecules. The orientation of 

each molecule is defined by its unit nonnal. The symmetry elements of the carbonaceous 

mesophase are [19]: 

(a) any translation; 

(b) any rotation about the unit normal to the dise-shape molecule; 

(e) a rotation of 11: radians about any axis parallel to the plane of the molecule. 



Although the degree of symmetry 1S the same for a dlscotlc ncmatlc and 

convention al rod-like nemanc crystal the faet that for the discoue nematIe the aXIs of 

symmetry is normal to the long dimenslOns of the moleeule has an Important 

consequences for opucaI propemes, the response to mechamcal stress. and the ahgnment 

ln external fields such as extenslonal flows. electnc lie Ids. and magneuc tields In thls 

the SIS we focus on the chsunguishmg features of flow-Indueed onentatIon of dl~COt1e 

mesophases. A schematlc model of carbonaceous mesophase formation I~ shown 111 

figure 7 [191. Tois model suggests that the stackmg, Slze. and the po~slble shapes of dl~' 

like molecules WhlCh may be quite lfl-egular and have vacant sites or holes 

State of Compound 

Organic Piteh 

Isotropie Pitch 

Carbonaceous Mesophase 
(Liquid Crystals) 

Temperature 

room temperature 

2000C - 3500C 

3500C - 4500C 

5000C - up 

Fig. 6. Changes in the non-volatile organic compounds like eoal or petroleum pitches 

brought about by heating in the absence of air [9]. 
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The mam mierostructural features of the carbonaeeous mesophases (uniaxial 

diseotic nematic hquid erystals) are captured by the director n • and by the degree of 

oTlentation order S. The director n IS a unit vector that descnbes the direction of the 

average molecular orlentatlon of the UnIt !~onnal to the dlsc-hke molecules. and S is a 

measure of the average molecular ahgnment along n. In dIsrotic nematlcs tte unit 

molecular normals are more or less ahgned along n. The dIspersIOn of molecular 

orientation along n is captured by the magmtude of S : when S = 0 the phase is isotropie, 

and when S = 1 all the mol>.!cules are perfectly ahgned along n. For normal discotic 

nemat1c~ the sca!ar order parame ter S 15 restricted to the range 0 ~ S ~ 1, and for ab normal 

discouc fl('maUCs to - 0.5 ~ S S; 0 [10, Il, 12 J. The basic morprological and rheological 

phenornc:w, have to at least include a description of temporal changes of (S, n). Below 

we show that in cenain Instances umaxlality may be lost and a more complex description 

that includes biaxial ordering IS necessary (see section 1.9.). 

Fig. 7. Schematic model of the carbonaceous mesophase. Reprin ted from [19]. 
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1.6. Carbon Fibers 

Three dlfferent t)pes of commercial carbon fibers. manufactured from three 

differ~:H preeursor matenals. are : rayon carbon fibers. acrylH: carbon fibers . .Ind 

mesophase puch based carbon fibers [21). The rayon carbon fibers have relatIvely low 

tenslle strength and low Young's modulus. and are used mamly a" L'ompo~1te" dr"lgned 

for use ln rocket and ~pace snuttle appltcanons. The acryhc carb0n tïbcr" comrnonly 

known as PAN-base.(j carbon fibers (poly-acrylol1ltnle) are copolymer; of more th.m S5% 

of acrylomtnle and the re~t ?re other cornonorner~ whll:h are ll~ed to llnprove 

processability. The PAN-based carbon fibers have hlgh strcngth and hlgh moduill" J.nu 

arc used in a wlde vanety of applicauons[ 13. 15. 16.211 Pltch-based carbon fihers can 

be manufactured from two dlfferent states of the same precur"or matenal (coal or 

petrolcum pllches) . the IiqUld ery~taJline (dISCOtlC) state called me<;opha.\c. and the 

isotropie state. The Isotropie pttch-based carbon fibers have low modl1ill'> Jno .. trength. 

and find apphcations as thermal msulatIons at hlgh temperatures. ga~kets and tillcr<; ln 

various plastIcs etc. (13]. The mesophase pltch based carbon tïber~ have ultrahlgh 

strength and rnodulus and can he used for the same applicallons for whlch PAN -ba~ed 

carbon fibers are used. Table l compares the PAN-based carbon fibcr<; and mc:-,ophase 

pitch-based carbon fibers on the basls of sorne 'ielected propertle~ of avadable 

manufaetured carbon libers [21]. The reason that rnesophasc pltch-ba'ied carbon fibcr .. 

are prefem.xl over PAN-based carbon fibers is the low-cost of the precur\or matcnal and 

processablhty in case of the fonner [22 j. AI50 111 addiuol1, the ~tructure .\nd propertle' ot 

mesophase based carbon fibers are umque lnd the fibcrs ran thus te ll',cd {or (hffclcnt 

purposes. The more graphltlc structure of mesophase pltch-based carbon ti ber .. leau') 

naturally to the ultra-high moduli necessary for suffness-cnncal purpo,>cs The large 

negative coefficier,t of thermal expansIon IS pamcular attractive for metal compo~lte~ 

which can be used for structures ln outer spaee. The hlgh thermal cOndl1ctlvlty 

(approximately of ttle order of Copper) has put me~ophase pitch-ba~ed carbon tiber<; ln 

the fore front for the applicauons where rapld heat dlss1pauon 1') Important. PAN-based 

carbon fi bers , rayon-based carbon fibcrs, and Isotropie pltch-ba'iCd carbon fibers are Ilot 

considered in the present study. 

1.7. Spinning of Mesophase Pitch 

The mesophase puches or carbonaceous mcsophases are denved From the 

pyrolysis of the coal or petroleum puches. Mesophase pitch eonsists of planar di'ic

shaped awmatic moleeules WhlCh show, as discussed before, long range onentatlonal 
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order. The highly ordered but deformable mesophase pitch is extruded in the 

conventional melt spinning process to fonn a precursor fiber. The planar aromatic 

molecules constituting the mesophase pitch become oriented along the fiber axis during 

the melt spmmng and the orientation is preserved during the subsequent heat treatrnent by 

a chemlcal cross-linking or thetmosetting process. Figure 8 shows the schematic of the 

alignment of the dise-shape molecules in the spinning process. 

The fluid mechanical aspects of the carbon fiber spinning process include 

complex shear-elongational flows in the converging die (spinneret) and uniaxial 

extenslOnal flow in the spinnline. In this thesis the effect of extensional flows on 

morphology is studied in detail. 

Fiber 

Diseotic 
Mesophase 

Spinneret 

Fig. 8. Schematic of orientation process during the spinning process of carbonaceous 

mesophase (mesophase pitch). The various ellipses show the tilted dises 

orienting during the spinning process. 
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1.8. Morphology or Mesophase Pitch-Based Carbon Fibers 

It turns out that carbon fibers spun from carbonaeeous mesophases have a 

speetrum of transverse textures, that are associated with various mechanieal properties. 

The morphologicai fealures of the textures are defmed by the spatial arrangement of the 

flat disk-like aromatic moiecules in the cylindrical fi bers. Sornr typlCal examples (see 

figure 9) found in the literature [13, 14, 15, 16] display radial, onion-like. and mixed 

radial and onion-like textures. In radial textures, the discotie molecules orient with their 

unit normais describing circles concentrie with the fiber axis, while in the onion-like 

textures the dtscotie molecules themselves follow circular paths concentric Wlth the fiber 

axis. In addition, the fiber cores may be isotropie or anisotropie, with the latter ease 

giving rise to singular lines running along the fiber cores. For radial textures (or 

morphology) the presence of a singular Hne along the fiber axis introduces a potential fast 

failure mode by longitudinal crack propagation [16]; such failure modes are absent in the 

mesophase carbon fibers whieh have onion-like outer layers. The morphology or 

Fig. 9. 

(a) (b) (e) 

(d) (e) 

Schematics of the various observed transverse textures of mesophase pitch

bases carbon fibers : radial morpholog~ (a), on ion skin and mid-radial 

rnorphology (b), onion skin and mid-random morphology (e), onion morphology 

(d), and folded layer morphology (e). The lines indicate the molecular 

trajectories. 
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cross section texture of mesophase pitch-based carbon fibers lS controlled by the 

pretreatment of the mesophase pitches, the consntution and spinnability of puches. the 

spinning conditions, the fiber diameters, the spinnline tension, the temperature. and other 

factors [23]. In the present study the effect of constitutIon of mesophase prior to the 

processing (nematic potential U), spmning conditions (the effeet of extenslOnal flows) 

anJ the effect of different extension rate in the spmnline (the Deborah number) on the 

morphology of a mode! discotic mesophase are invesngated. 

1.9. Nematic Ordering 

The tenn tensor order parameter is used to distinguish between the phases of 

diff:rent symmetry. It represents the extent by whieh the state of the molecules in a less 

symmetric phase differs from that in the more symmetric phase. The nematie phase has 

lower (higher) symmetry (order) than the isotropie phase. So the order parameter is 

defined so that it is non-zero in nemaries and zero in the isotropie phase [2]. 

A second order, traceless, symmetric tensor order parame ter Q is defined 

quantitatively by using a tensorial physical property such as the magnetic susceptibility, 

the electric polarizability or the dielectric constant, and by subsequently extracting the 

anisotropie pan [24, 25]. The tensor order parameter Q is given as : 

Q = S ( nn - ta) + t p (mm - Il) (3) 

where the following restrictions apply: 

(4) 
n.n = m. m = 1.1 = 1; nn + mm + Il = Ô ; 

where n ! m, 1 (= n xm ) are unît vectors whieh fonn orthogonal director tri ad; n is 

known as the (uni axial) director and m,lare termed as the biaxial directors. On the 

principal axes, the tensor order parameter is written as : 
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_l(S-p) 
3 

0 0 

Q = 0 _l(S+p) 0 (5) 
3 

0 0 lS 
3 

where } S, -}( S - P ). and - }( S + P) are the eigenvalues corresponding the 

eigenvectors n, m, and 1 respeetively. If all the eigenvalues of the tensor order 

pararneter Q are zero (i.e., S = 0, P = 0) then the phase is defined as isotropie. If two 

eigenvalues of Q are equal ( Le., S * 0, P = 0), the phase is termed as uniax!al nemarie, 

and rhe uniaxial scalar order parameter S is sufficient to define the order of alignment of 

the molecules in the phase. If all the eigenvalues of Q are different ( Le., S * 0, P * 0), 

the phase is called biaxial nematie [11, 12]. 

In the case of perfect axially symmeoic molecules (for example rigid rods or rigid 

cireular disks) no molecular interactions can result in a macroscopic ordering that is less 

symmetric than the moleeules themselves. Thus an extemal cause, sueh as an external 

field perpendicular to 11, is necessary to produce ordering in a plane nonnal to n. The 

biaxiality induced, in a phase eontaining axially 'iymmetric moleeules, due to the 

presence of an extemal field is referred to as tield-induced biaxiality. In the absence of 

the extemal field, lhe biaxial nematic phase is expected only for molecules which are 

geometrieally biaxial or those that do not possess axial symmetric. In ehapter 4 of this 

thesis we eharacterize the extensional flow-induced biaxiality of a discotie that is uniaxial 

at rest. 

S is known as the uniaxial scalar order parameter or uniaxial alignment, and is a 

measure of the degree of alignment of the unit normaIs to the disc-like moleeules in the 

direction of director n. The uniaxiaI scalar order parameter S is given as lI, 3] : 

s == < 3. COS2 e - -1 > 
2 2 (6) 

where e is the angle of the unit nonnal to the disks with the director n and < > represents 

the averclge over all the molecules in a particular region of spaee. For nonnal nemaries S 

varies from 0 to 1; S = 1. for perfectly aligned molecules, S = 0 for isotropie liquid, and al 

the isotropie-nematie transition most theories prediet S = 0.5. The biaxial scalar order 

parameter P is a mea'iure of the degree of alignmcnt of the projection of rhe molecula.r 

nonnals along the biaxial director m, in a plane orthogonal to the uniaxial director n. In 

other words, the biaxial scalar order parameter specifies the amount of transverse 
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ordering. 

In the absence of biaxial ordering the umaxlal scalar order parameter S is slmply 

tenned as the scalar order parame ter. This standard nomenclature IS adopted ln chapter 2 

and chapter 3 of this thesis. whereas ln chapter 4 whlle discussmg the tlow-Induced 

biaxiality the two scalar order parameters. S and P, are referred as umaxlal scalar order 

parame ter (S) and biaxla! scalar order parameter (P), respectively. In the absence of 

biaxiality or where only the uniaxial behavlOr of the nemancs 15 assumed, the biaxlal 

directors m. and 1 are undefined and the uniaxlal director n IS referred slmply as the 

director. Following thlS standard nomenclature, ln chapter 2 and chapter 3 (on umax.Jal 

nematics), n is called director and m and 1 do not appear; whereas chapter 4 of this thesls 

(on flow-induced biaxlality of uniaxial nemancs) n is called the unia:nai director and m 

and 1 are called the biaxial directors . 

1.10. Extensional Flows 

In this thesis the standard fluid flow terminology of [17] is adopted, and known 

kinematics are assumed. In Cartesian coordinates, the velocity field corresponding to the 

extensional start-up flow are as : 

V x = a È x H(t); vy = - a ( 1 + b ) È y H(t); Vz = -a ( 1 - b ) È z H(t) ; 

H (1) = [ ~ : : ~ 1 
(7) 

where È is the constant extension rate, a = + 1 or - l,OS; b S; 1 are parameters whose 

values captures the range of possible extensional flows. For uniaxial extensional flow 

a = + l, b = 0 ; for hiaxial extensional flow a = - l, b = 0 ; for planar extensional flow 

a = + 1, b = + 1. Figure 1 in chapter 3 show the schematics of the defonnations of a unit 

cube of nematics subjected to three representative extensional flows. The corresponding 

rate of defonnation tensor ( Ai) = ( vi..J + v),l ) /2, i, j :: X. y. Z ). the symmetnc part of 

velocity gradient tensor, is given as : 

a o o 

A = E o -f(l+b) 0 (8) 

o o -f(l-b) 
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Extensional flows are encountered in many polymer processing operations such as 

fiber spinning, film blowing, sheet stretching, polymer foaming, and vacuum 

thennoforming etc. to name a few [171. 

1.11. Orientation Distribution Function 

The orientation dismbution function f(u) of a unit normal u to the dise-shape 

moleclJle of a uniaxial discotic nematic liquid crystal represents the probability of finding 

a molecular unit nonnal in an infinitesimal solid angle of the unit sphere. From the 

definition of u we have 

f(u) = f( - u) (9) 

The Fourier representation of feu) has the following form [27]: 

(10) 

where Qij. CJijkJ are the Fourier coefficients and fo. fij. fijkl are the surface spherical 

hannonics (or basis functions) which fonn an orthogonal basis such that 

( 1. fU du = ( 1. fijkl du ::: ( fiJ' fijkl du = . .. = 0 (11) ls2 lsl ls2 

and are given as [ 27]: 

fo = 1 

r = uu - .a 
3 

f = u u u u + is( 8 a + 1 + IT) 

-t ( 8 u u + u 8 u + U U a + T ( u 8 u) + ( u 8 G) T + T( u au) T ) 

(12a) 

(l2b) 

(l2c) 
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where from [27] : 

(l3a.b) 

The surface spherical harmonies âI"e ereated by the even symmetric products of the 

components of the unit molecular nonnais u, and are traeeless. The unknown Fourier 

coefficients QJ]. QJ]k.l are calculated usmg the onhogonality of the surface sphencal 

harmonics as given in equation (11). The resulung approximated onentauon distribution 

funetion, neglecting the Fourier coefficients of order higher than QI]' is given by : 

f(u) = h ( 1 + 1f Q :( u u - f)) (14) 

Using equation (14) and the following parametrization of u : 

u = cos 001 n + sin 001 cos 0>:2 m + sin C01 cos 0>2 1 (15) 

the final truncated fonn of the orientation distribution function f(u) is as given below: 

f(u} == h + fi (( 2 cos2 ro} - sin2 roJ s + (sin2 co} cos 2 roz) p) (16) 

where the three directors ( n, m, 1 ) fonn a right handed onhogonal tri ad. and where 

CO} • COl are the polar and azimuthal angles of u respectively. The orientation distribution 

function f(u) is used (see figure Il of chapter 4) to represent the density of the unit 

nonnals to the dises in the m-I plane. 

1.U. Thesis Objectives 

The main objectives of the this thesis are : (a) to understand the flow-induced 

molecular orientation of idealized uni axial discotic ne matie liquid crystals subjected to 

extensional flows. whieh are the main flows eneountered in fiber spinning and many 

other industrial processes. and (b) to establish the relevant qualitative features that 

describe the relations between extensional defonnation inputs and onentation and 

alignment responses. The particular objectives of this thesis are : 

(1) To formulate an approximate phenomenological theory that describes the 

orientation and alignment of a model disconc nematic hqUld crystal of variable 
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alignment, during isothermal, incompressible, extensional flows; 

(2) To apply the developed phenomenological theory to isothermal, incompressible, 

irrotational, three dimenslonal extenslOnal flows and to eharacterize the dynamic 

and steady state microstructure of model discotie liquid crystals; 

(3) To charaeterize the effect of operating conditions (flow rate, initial 

thennodynamie state, temperature, imtial onentation) and material properties 

(viscoelastic parameters) on transient and steady morphological phenomena; 

(4) To rank and classify the different extensional discaric nemaric flows according to 

their efficieney in producing typical patterns, and to provide a flow-morphology 

phase diagram for representative extensional flows; 

(5) To identify the main extensional flow-induced phase transitions, such as uniaxial 

nemarie-isotropie and uniaxial-biaxial; 

(6) To provide a fundamental understanding of morphology development phenomena 

of discotic ne maties in extensional flow, of direct use to the modeling of the 

carbonaeeous mesophase spinning prœess. 

1.13. Thesis Organization 

The organization of the thesis is as follows. In chapter 2 an approximate 

phenomenologie al theory is developed and subsequently applied to describe the uniaxial 

extensional flow of a model diseorie nemarie liquid crystal. The sensitivity of the director 

paths , director steady states, and alignment relaxation along the director paths are 

analyzed with respect to the initial director orientation and to the extension rate. The 

rninimizing princip le mat governs the direetor trajectories to the steady states are aIso 

determined in chapter 2. In ehapter 3 the tlleory is applied to a range of extensional 

flows; the dynamies and microstruetural response of uniaxial diseotic nematies in these 

flows is simulated. A praetical classification of various extensional flows based on 

orienting and alignment strength is !;iven. In Chapter 4 the developed theory is used to 

simulate and analyze the flow-indueed biaxiality in a uniaxial diseotic ne matie liquid 

crystal subjected to uniaxial extensional flow. 

Chaptcr 2 of ,his ,besis has appeared as an anicle in Journal de PhysiQue II 

CErance) 4 (994) 645-665 and js jdeotieal with th~ reference 'l'of cbapter 3 and 

reference '14' of ebapter 4... Chapter 3 of this th~sis bas been accepted as an anicle in 

Liquid CtystaIs (1994) and is idenrical wjth the referenee '15' of cbapter 4. 
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Chapter 2 

Extension Dynamics of Discotie Nematics of Variable Order: 
Geodesie Flow and Viscoelastie Relaxation 1 

2.1. Abstract 

Variational methcds are used to develop the goveming equations that describe the 

flow of spatially invariant uniaxial discotic nematic liquid crystals of variable order; since 

the equations are based on a phenomenological truncated expansion of the entropy 

productIon, the equations are approximations. Restrictions in the phenomenological 

parameters appearing in the governing equations are imposed taking into account the 

ordering of the discotic phase. Numerical and analytical solutions of the director 0 and 

alignment S are presented for a given uniaxial extensional start-up flow. The unit sphere 

description of the director is used to discuss and analyze the sensitivity of the director 

trajectories and the coupled alignment relaxation to the initial conditions ( Do. So) and 

to the alignment Deborah number (De). The numerical results are used to characterize 

the relaxation of the tensor order parameter Q alld to compute the steady flow 

birefringence. When the poles of the unit sphere are along the extension axis and the 

equator lies in the compression plane of the flow, il is found that the director trajectories 

belong to the meridians (great circles through the poles) and the dynamics follows a 

geodesic flow; when subjected to flow the director follows the shortest path that 

connects the initial orientation DO and the equator (compression plane), As typical of 

geodesic flows, there is a strong sensitivity to initial conditions: when no lies on the poles 

no predictions on the eventually steady director orientation are possible. If the prior to 

flow orientation is close to the poles the coupled alignment relaxation along the geodesics 

is non monotonie and for large De the discotic may become temporarily isotropie. The 

couphngs between n and S are captured by the tensor order parameter relaxation. At 

steady state, the director lies on the equator, and the alignment and birefringence increase 

with increasing De. 

This chapter has been published as an arucle in Journal de Physique II (France) 4 (1994) 645-665. 
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2.2. Introduction 

Discotie ne matie hquid crystals are an important c1ass of mesophases that ocrur 

naturally in carbonaceous mesophases [1, 2, 3). These mesophases are formed by 

condensation of aromau~ rings and tend to adopt a umaxlal dlscotic n\!matlc phase t-.;d 

[4, 5]. wlth the umt normals to the disc-llke molecules more or le~s Jhgned .dong J 

common direction (see Fig. 1 (b) ) , represented by the dtrector n , 11\ what follow~ wc 

use n and onentatlon lnterchangeably. The5e materials find praCtl~alllSe ln the ~p1Onmg 

of high performance earbon fibers [2, 3, 6], and understand10g the If tlow onentmg 

behavior in the presence of Ulllaxlal extensional defoffilations IS of practIc..ll lltlhty As 

a first step in developmg a basic qualitative understandlng of such complcx nonllnear 

problem, in this work we consider the flow orienting propertles of a model 

incompressible discotlc nematic liqUld crystal of variable degree of order 10 Isothemlul 

uniaxiaJ extensional flow. 

Previous work [ 7, 8, 9, 10, Il] on the rheology and tlow-mduced onentauon of 

uniaxiaJ discotic nematics assumed that the scalar order parameter S remams unaffected 

by the flow; in what follows we use Sand alignment interehangeably. The validity of 

this assumption for low molar mass materials justlfies then the use of the Le'ihc-Encksen 

(L-E) theory [12, 13] for uniaxial nematics Wlth the proper values of the matenal 

parameters. The important differences in sign and magnItude of the material parameters 

corresponding to uniaxial rod-like and discotic nemarics follow from the fact thai rod-hke 

nematics orient their longest molecular dimension along the dlrector whlle disc-like 

nemaries orient their shortest molecular dimension along the director As IS weil known, 

the orienting properties of uniaxial nematies during shear flow are governed by the sign 

and magnitude of the tumbling (reactive) parameter À: for aligning (non-ahgmng) rods 

À.> 1 (Û<À.< 1), and for allgning (non-aligning) dises À.< -l (-1 <À.< 0); the tumbhng 

parame ter À. is given by the negative catio of the irrotational torque coefficient (y 2) and 

the rotarional viscosities ( y 1), and represents the coefficient of the rano of straIn to 

vorticity torques acting on the dirt>.ctor D. Previous work [ 8,9 J focused on the onentlng 

properties of aligning uniaxial diseotlc nemarics 10 steady shear, ana it was found that 

shear orients the director in the shear plane and at a steady angle e, lylng ln the 

90" S 9 ~ 135" sector with respect to the f10w duecuon. In steady shear-free umaxlal 

extensional flows, the oriennng behavior of uniaxial nematIcs IS agam dctenmned by the 

sign of À. : when À. >0 the director align5 along the stretehmg (extensIOn) directIon, and 

when À. < Ü the direetor aligns somewhere in the compression plane, onhogonaJ to the 

stretching direction [11]. 



For matenals of larger molecular welghts the coupling between the director and 

the scalar order paramerer should be retained [14] nus coupling mtroduces addltional 

nonlineantie~ through the dependence of the generalized Leslie coefficients on the scalar 

order parame ter , as shown In vanous works [14,15,16, 17, 18]. The nonli:1ear shear 

onenung behavlOf of rod- and disk-Ilke nematics is now dependent on the shear rate, and 

flow-mducrd tranSItions InVOlvlOg aligmng and non-aligmng modes are tnggered by 

varying the she?r rate [18, 19, 20]. On the other hand, the behavlOr of rod-like nematics 

In extensIon is less dramauc smce the competinon between shear and VOrtlClty IS absent 

10 an irrotational flow , and the effect of flow is ro onent the dlrector along the 

stretching dIrection wlth a concomItant lI1crease in the scalar order para!neter. A more 

complex ~.ituauon presents itself for the uniaxial extension of discotic nematics , since 

rhey may orient anywhere in the compressional orthogonal plan~, and may exhibit a 

nonlinear relaxatIon of S. The former observatIon expla1l1s the va!"ÎoiJs observed cross 

sectIon morphologies of mesophase carbon fibers. 111 which the nonnals to the molecular 

planes lies in the plane normal to the fiber axis [6, 21]. 

Our mrun objectIve in this work IS to establish the relevant qualitative features 

that describe the relations between uniaxial extensional defonnation inputs and 

orientation and alignment responses in an idealized discotic nematie liquid crystal. In 

the present paper the phenomenological properties of the panicular model dIscouc 

ne matie liquid crystal chosen for study are not titted to those of any existing real 

matenal, and, as shown below , theu choice is bascd on prevlOus results. The 

particular objectives of this paper are: 

(1) To formulate and solve an approximate phenornenological theory that describes 

the orientation and alignment of a r.lOdel discotic nematie liquid crystal of variable 

alignment, during isothermal, incompressible, uniaxial extensional flow ; 

(2) To characterize the sensitivity of the director paths to the compressional plane, to 

the initial conditions and to the extension rate by usmg numerical simulation; 

(3) To characterize the alignment relaxation along the director paths. to the initial 

conditions and to the extension rdte by using numerical ~imulation; 

(4) To determine the minirruzing principle that govems the director trajectories to the 

compression plane. 

In this paper we use the umt sphere description of nematics [22. 23. 24, 25] only to 

facilitate the discussion and classIticatIOn of the numerical results that pertain to the 

above mentioned objectives 2, 3, and 4. 

The orgamzation of this paper is as follows. In section 2.3 we define the 

coordinate system and the state vanables, derive the govermng equations, and briefly 

24 



present the elements of the umt sphere descnptlon used to dlSCUSS and da~sl f)' the 

numerical solutions. A brief descnption of the numencal method med to mtegrate the 

goveming equations is presented. In section 2 -+ we present. dISCUSS. and das~lfy the 

solution vector, conslstmg of the ume dependent dlrector and ahgnment tïeld~:. obtamed 

from numencal mtegratlon of the govemmg equauons TyplcaJ computations of the 

tensor order parameter relaxauon and steady flow blrefnngence are presented. 

2.3. Governing Equations 

2.3.1. Definitions of Coordinates. Orientation and Alignment 

In this paper we study the microstructural temporal and spatially Invanant 

response of a model umaxlal discotic 'lemauc subjected at ume t = 0 10 a constant 

uni axial extension rate È. In what folle. ws we use carteslan tensor notatIon, repeate-AÎ 

indices are subjected to the summation convenUon [26], partIal dlfferentIatIon wlth 

respect to the jth spatial coordinate is denoted by a comma (1 e., V'J = av, /dXJ ) or by 

the symbol aj (i.e. viJ =dJVi ), and a superposed dot denotes the matenal ume denvatlve 

( i.e. S = ~ = as/dt + vIaIs ). The microstructure of ùle nematlc IS charactenzed by 

the uniaxiaI tensor order pararneter ~J (t) [13]: 

(la) 

where the following restrictions apply: 

(lb) 

and 5ïj is the unit tensor. The magnitude of the scalar order paramerer S is a ffi/.;asure of 

the molecular aIignment along the director n. and is glVen by S = 3 (ni QI, nJ ) /2 

Equation (la) gives a proper description of the order in a discotlc nematlc pha~e If we 

identify the director as me average orientation of the umt normaIs to the molecular dl~cs; 

see Fig.l(b ); as explained in [27], with thlS idennficatlon, S IS posltlve for both rod-hke 

and disc-llke Uniax.lal nematic hquid crystals. and no further distinctIOn In reqUlred 111 

mis paper since rods are not considered here. Since umaxlal ex.temlOnal flow Will not 

induce negauve values for me scruar order parame ter S we further restrict us vanatIon ta 

me positive umt mtervaI, ():O:;S~l [22]. 



x 

z 

y 

(a) 

./ 

1 
1 

1 

J-z 
y 

L"' 1 
1 

1 
1 

1 
1 

.,/ 
1 

1 
1 

V 

(c) 

F 

./ 

1/ 

F 

r ~.?l ~ 

~~~ 
~~ 

(b) 

S ame cube of nematic 
met>O alti 

/' 

/' 

Unit cube of nematic 
al time t = 0 

Fig. 1. Definition of (a) Coordinate systems, (b) Director orientation of a uniaxial 

discotic nematie liquid crystal, and (c) Uniaxial extensional flow defonnation. (a) 

Direetor angles and unit sphere: e ( 0 s e ~ 21t) is the azimuthal angle and 

cp ( 0 S ~ ~ 1t) is the polar angle. The north pole of the sphere is located at cp = 0, the 

south pole al cp = 1t , and the equator at (9, ~ ) = ( [0, 21t] , ±1tI2), n denotes the 

director. (b) The director in a diseotic nematie phase is the average orientation of the 

unit nonnais to the disc-like molecules. (c) Defonnation of a unit cube, submined to a 

uniaxial extension defonnation along the x-direction. 
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To enforce the unit length consuaint n.n = 1 and to visualize the director orbits 

on the unit sphere, we parametrize the director with: 

n = {J1x.ny.nJ = (cos q,. sin ~ cos a, sin q, sin a) (2) 

as shown in Fig. l(a); 9 ( 0 sas 2n) is the azimuthal angle and 4> ( 0 S q, S n) is the 

polar angle. The north pole of the sphere is located at q, = 0, the south pole at q, = n. and 

the equalor al (9, q,) = ( [0, 2n], ± 1t/2 ). 

In the unit sphere description [22, 23, 24. 25 1 the director tip. in the presence of 
flow, defines a ttajectory O(n 0) on the surface of the sphere : 

(3) 

where no = n (l=O), 0 2 denotes the surface of the unit sphere and R+ the positive reals. 

To characterize the director orbits O(no) we need to define geodesics and mendians. A 

geodesic Gis the shortest arc connecting two points on the sphere, and is given by [28]: 

. (N) iii. ( • 9 sin~ sin a sm 2 cos't' - cos N2) Sl~ cos - - = 0 

" tINt - t 
(4) 

where NI and N2 are constants that depend on the two points: the geodesic or great 

circle, is the intersection of the sphere with the plane containing the given points and the 
center of the sphere. When the two points are the poles (N2=7t) the degenerate geodesics 
are the meridians M, which in tenns of (9, q,) and the director components (ni), are given 

by [28] : 

(5a,b,c) 

ny = b nz ; -IS ny SI; -lS nz st (6a,b.c) 

where a ( -00< b <00) is a constant whose numerical value defines a particular meridian; a 

family of meridians is shown in Fig. 1 (a). 

Figure 1 (c) shows the applied force F and deformations of a cube of discotic 

nematic subjected at l=O to a uniaxial extensional flow; the applied extension and flow 

direction are along the x-axis (polar axis) and the compression (y-z) plane, that contains 

the equator of the unit sphere, represents the degenerate circle of stable steady director 



• 

• 

orientation: Dss = (0, nyss, nzss) = (0, cos Ou, sinOn) , where the subscript ss denotes 

steady state. 

To characterize the relaxation of the alignment as the director traverses the swface 

of lhe sphere, we divide the sphere into three characteristic regions: two equivalent 

spherical caps on which 1 n" 1 > IIfJ, and the remaining spherical zone on which 

1 0l!. 1 <l/'/!. In an irrotatiooal uniaxial extensiona1 flow, the only flow effeet on the 

orientation and alignment is due to the symmetric part of the velocity gradient 

tensor ( v lJ) , usually known as the rate of strain tensor or rate of defonnation tensor 

and denoted by A • and whose ij and ji components are given by ~J=AJi= (vi.j + Vj,i Y2. 
An important observation, used below to classify the numerical results of alignment 

relaxation, is that a director whose tip lies in the spherical caps sarnples extensional 

strains (A:nn >0), whi1e a dirt'ctor whose tip lies in the spherical zone samples 

compressional strains (A:nn < 0). 

2.3.2. Governing Orientation and Alignment Equations 

A sufficiently g:neral entropy production density fi, similar to that propos~ by 

[14], is given by [18]: 

2 D = fi = ( v KT) [0" 1 (QIJ AJi)2 + 0" 2 (AiJ Ajl) + Cl 3 (QJ QJi) Alk Akl 
A A 

+ 2 0" 4 (Qij Ajl) + 20" s (Qj Ajk Alti ) + 4 (J 6 ( QiJ Qjk Alti ) (7) 
"'" """""" + 2 07 (QjJ Qjk AJù Ah) + ti (QIJ QJI )+ 2 t2 (~J Qjk~) ] 

where the ij components of the corotational time derivative of the tensor order parameter 
Q, and of the vorticity tensor W are givell by : 

(8a,b) 

and where vk is the kth component of the linear veIocity vector, (Ji (i=1 •...• 7) and 'ti 

(i= l ,2) are scalar phenomenological constants with units of time that satisfy certain 

thermodynamic restrictions such that ~ ~ [14]. 1/v is a molecular volume, T is the 

absolute temperature, and K is Boltzmann's constant. The most general expansion 

representing ~ is not closed, but the truncation given by equation (7) is sufficiently 

general and can be shown to reduce [18] to that of Leslie-Ericksen theory [12, 13] . 

In the absence of spatial gradients (QIJ. k =0) the Lagrangian density A is the sum 

of entropie AH(Q) [27] and tlow AF (v, Vp, F ) contributions: 
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(9a) 

(9b) 

(9c) 

where A, B, and C are temperature dependent phenomenologie al coefficients ,u is the 

displaeement vector, p is the density, p is the pressure, F is external body force per umt 

volume. The negative of the entropie contribution AH adopted here is known as the 

excess Landau-de Gennes free energy density [27] , which is obtamed from a truncated 

phenomenologie al expansion in terms of the two independent invanants QIJ QJI and 

Qij Qjl QU. For uniaxial nema.tics equation (la) holds and expression (9b) leads to the 

following exeess free energy denslty G (S,1') expansion: 

(10) 

Usually • close to the nematIe-lsotropie transition , Band C are assumed to be 

independent of temperature • and it is further assumed that A= a (T -T* ), where a is a 
constant. The eubie term ensures a flfSt order transition at Tc > T* , where Tc is the 

nematie-isotropie transition temperature and T· is the temperature at which the free 

energy has zero eurvature al S=O ( @ S=O • 'iPG/i)S2= 0 ). For B < 0 and for the 

appropriate temperature range, equation (10) prediets the existence of the normal 

uniaxial diseotie nematie phase , with the molecular umt nonnals oriented along the 

director. The minima predicted by ~uation (10) are : 

S=O (isotropie); S= - fë +~(fëJ -~ ( nematie) (lla,b) 

Equation (10) prediets the existence of four temperature regions [27] : (i) T>-rN : the 

stable phase is isotropie; (ii) for Te<1'< ~ : there are two nunima. the global one at S=O 

(isotropie) and the other one for the superheated nematie phase; (iii) T*<T<Te: there are 

two minima • the global one eorresponding to the nematie phase, and the local one 

eorresponding to the ')upercooled isotropie phase; (iv) T<T·: there is one minimum 

eorresponding to the nematie phase. At the nematie-isotropie transition temperature 

T=T e the free energies of the isotropie and nematie phases are equal and from equation 



( 10) it follows that : (a) T c= T* + 2 B 2/ (9aC) • (b) the value of the order pararneter at the 

transition is Sc = -2 BI (3C), and (c) the latent heat per unit volume for the frrst order 

nematie-isotropie transition IS L= 2 a B2 Tc 1 (9C2), The temperature r# divides the 

biphaslc region from the single isotropie region and the following holds: 

(a) r# =T* + 82/( 4aC) , (b) S* =- B/(2C), The temperature T* is the lowest 

temperature for whlch the isotropie pha~ is metastable and at that temperature S*= -BIC. 

Thus a characterizanon of G requires the specification of the four pararneters a, 8, C, and 

T*. One common way to ob tain values for the parameters is to use the Maier-Saupe 

molecular field theory and express the results in the form of equarion (la). Here we use 

the following adapted results of Doi and Edwards [29] • for such parameter mapping 

between the phenomenologie al Landau-deGennes expansion and the moleeular mean 

field theory : 

(l2a,b,e) 

where the nematie potential U=3 T*rr . and where vKT refer to tht! same quantities as in 

equation (7). The two parameters are now v and U. The resulting excess free energy 

density now reads: 

(13) 

The minima predicted by this free energy are [29]: 

S=O (isotropie); S = i + i YI - 8/(3U) (nematie) (14a,b) 

ln what follows we use the symbol Seq (U), as given by the right hand side of equation 

(14b), to denote the equilibrium order parameter in the absence of flow. Comparing 

( Il b) and (14b) it follows that if B/C= -lfl , which is generally consistent with nemaries 

[271, bath equations predict the SaIne dimensionless ternperature dependenee of S, as 

embodied in the tenn NC . In addition, equation (13) predicts the existence of four 

temperature regions with the same thennodynamie behavior as that predicted by equation 

(la) [ 29]. In terms of the nematie patentia! V, the boundaries of these four regions 

and the values of the alignment S in the nematic phase can he shown to be given by : (i) 

V* = 813, S* = 1/4. (ii) Uc = 27/10 ,Sc=ll3. (Hi) U· = 3. S· = 1/2. In mis work: we 

use the two parameter equation (13) to construct the Lagrangian AH, since as shown 
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above ( see also [29]), it is able to capture with two parameters the same qualitative 

thennodynamic behavior as the more general equation (10), and because it is consistenl 

with our objectiv\!s. 
The presence of a given flow field in a spatially invariant uniaxial discotic liquid 

crystal generates the following dynamical system: 

y= y (y(t) ); y = (n,S); y E 0 2 
x[O,l]; y: R+ ~ 0 2 

X [0,1] (15a,b,c,d) 

To find Y (y (t», we use the following set of Euler-Lagrange equations [26,271: 

(l6a,b) 

(l6c) 

il _ (aA aA a aA) 
as - as -~ a(~s) - at as (l6d) 

(l6e) 

(160 

where 'ôAfôy is the projected total Euler-Lagrange derivative, and &l'ay is the 

projected space Euler Lagrange derivative [17]. The projection operator (&J - ni nJ ) that 

appears in the director derivatives is I"e<\uired to eliminate the undetennined Lagrangian 

multiplier that arises from the unit length constraint on the director n.n = 1; for the 

alignment no constraints are imposed and the projector operafor IS unity. 
As shown in the Appendix, with the choices of A and Ô given in the equations 

(7, 9 , 12 ), the dynamics of the director n and the alignment S are found to he : 

W1J nj + Â. ( AIJ nJ - (A!k nln,,) ni) 1 
~l Alk nlnk + ~U'tl 

(17a,b) 



where À(S) is the tumbling function, ~ 1 (S) the ordering function, and 132(S,U) is 

proportional to BAH/ôS; these functions are given by : 

(18a) 

• • 1 • 131 = -(9 04 + 6 06 S) (6 t- 4 t2 S) (18b) 

P2 = ( -3S ... U S + U S2 - 2 U S3 ) 1 ( 3 + 2 t; S) (18e) 

where the starred coefficients are scaled with the alignment relaxation time 'tl. 
• • • 

To select numerical values for the three phenomenological parameters 04' 06. ~ , 

we enforce the following constraints on the signs of Â. and 'YI [ 7, 8, 9, 10 ] and on the 

values of Â. when S=O and S=l [ 7 ] : 

( 19a,b,c,d) 

The adopted values that satisfy the constraints are: 0: = 1/1 0, o~ = 1.7, t; = -1.0, and the 

resulting À and ~1 are shown in Fig.2. An indirect validation that the presently adopted 

values of the phenomenological coefficients , that appear in the dirnensionless 

fonnulation of the governing equations for the idealized disconc nematic, rnay describe 

qualitatively sorne in\ ,ortant features of the flow of real carbonaceous mesophases can be 

found by comparing the shear flow predictions of [32] with the experiments of [331. In 

[32] the present model was solved for simple shear drag flow ,using approximately 

similar values of the phenomenological coefficients (cr;, cr~, t;) ,and il was predicted 

that shear flow instabilities rnay set in at critical values of the shear rate; these 

instabilities are transitions between flow-tumbling and flow-aligning modes that 

characterize nematics of variable degree of orientation and rnathematically are 

bifurcations between two types of periodic attractors and a steady state attractoI'. Tnese 

shear flow instabilities were previously observed experimentally in a pressure-driven 

shear flow of a real carbonaceous mesophase by [33], where the observed pattern 

fonnation phenomena was explained using the tumbling-aligning transition, as 

calculated by [32]. Lastly, other set of parameters obeying the constraints (15a, b, c, d) 
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Tumbling funetion Â. and the ordering funetion ~ 1 as a function of the sealar 

order parameter S. The tumbling function is the ratio of the coefficient for strain 

and vorticity viseous torques. while the ordering function is the coefficient for the 

ambient strain rate A:nn that govems the relaxation of S. For discotics (roo-like) 

nematics both are negative (positive). 

were used in this work, but because the present flow is irrotational and all the attractors 

are steady states, the only differenees in the computed solution vectors will he in the time 

scales ,and hence , for brevity, these essentially similar resulLc; are omitted here . 

If the alignment S is assumed to he constant, the present mode! is identical to the 

Transversely Isotropie Fluid ( TIF) model of Ericksen [34] applicable to purely viseous 

nematic fluids : 

dn' Tt = WiJ nj + Â. ( AIJ nj - (Alk n\nk) ni ) 
(20a,b) 

Â. = constant; Â.>O (roos), Â. <0 (disks) 

The constant alignment case was not studied in the present paper , but rigorous results 

for uniaxial extensional and biaxial extensional flows for rod-like nematics using the TIF 

model were obtained recently [ 35, 36]. A direct comparison of equations (l7a) and 

(20a) shows that for irrotational flows (W =0), the present model and the TIF model 

predict exactly the same director orbits 0(00) and the only diffcrence hetween the 
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predicted director fields is the time parametrization along the orblts; this difference is 

important in applications sinee it affects the number of strain umts required to achieve a 

given orientation. 

The following simplifying assumptions and approximations, have been made in 

denving the mathematical model that deseribes the flow-induced alignment and 

orientation of an ideal discotic ne matie liquid crystal, as given by equations (17, 18 ) : 

(1) the fluid IS incompressible and the flow is isothermal; (2) The orientation and 

alignment are space invariant; all elastic effects dùe 10 spatial gradients are neglected; (3) 

the entropy production has been arbarariJy truncated. such chat ie reduees to the Leslie

Ericksen expression; (4) The three coefficients of the Landau-de Gennes excl"'SS free 

energy have been fitted using two parameters; (5) Fluctuations that are important near 

the nematie-isotropie phase transition are neglected; (6) The velocity field is considered 

ta be given, and therefore we dispense with solving the Cauchy equation of motion 

which invoJves the use of the ni ne pararneters appearing in equation (7). 

2.3.3. Goverring Equations for Uni axial Extensional Start-up Flow 

The velocity field v(x, y, z) eOITesponding to the uniaxial extensional stan-up 

flow of the ne matie sample, is given by [26] : 

v" = Ë X H(t)~ vy = - t y H(t)~ Vz = - t z H(t); H(t) = {O t <0 l (21a,b.e,d) 
1 t~ 

where Ë is the constant extension rate. The non-zero components of the corresponding 

rate of defonnation tensor A are: A Il = Ë; A22 = A33 = - Ë /2; this flow is irrotational 

and the vorticity tensor W = O. A usefuJ decomposition of the director field n and the 

rate of deformation tensor Ais: 

n = n L + n/l; n L = ny 1 + n, k; D/I = n" Î; A = Ë Ô - Ji p 
2 

(22a,b,e,d) 

""'" ""'''''' .................... """" ................... 
where 5 = ii + j j + k k and P = j j + k k . Replacing equations (21, 22 ) into 

equations (17a, 17b), we obtain the following dimensionless set of coupled nonlinear 

ordinary differential equations : 
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tÀ(ni-t}n.L 
(23a. b) 

~t (2 ~ 3 ni ) + De-t 132 

nl{ = sign (nl{ (t=O».J 1 - ni (23c) 

where e = Èt is the strain, De = Ë'tl is :he alignment Deborah nurnber (dirnensionless 

strain rate). When De --> 0 the alignment (S) relaxation is elastic. when De ._> 1)0 it is 

purely viscous. and for the intennediate values it is viscoelastic. At intennediate De the 

director relaxation is also viscoelastic, sinee it is coupled to S through À.(S). 

The initial conditions used to solve equations (23) are : @ €=Ü : n = 110 ; So = Seq. 

no n 0=1 , where So = Seq{U) is given by equation (14b). In this paper we use two 

representative nematie potentials U = 3 and U = 5, and the corresponding 

initial conditions are: Seq (U=3) = 0.5 and Seq (U=5) = 0.76. Ali angles are reported in 

degrees. 

Equations (23a, 23b) are integrated using an implicit corrector-predictor flfSt 

order Euler integration method with an adaptable rime step [37]. Application of the 

implicit corrector-predictor method transforms the set of coupled nonlinear ordinary 

differential equations (23a,23b) into a set of coupled nonlinear algebraic equations . 

For each time step the algebraie equations are solved using the Newton-Raphson 

iteration scheme [37] ; the predictor step generates a flrst guess for the iteration loop and 

the corrector step is the iteration loop itself. The adopted convergence critena 1S mal 

the length of the difference vector between the calculated solution vectors corresponding 

to two successive iterations is less than 10.6. The transie nt solution vector obtained 

from the numerical solutions ( n (E), S (E», is used to calculate the tensor order 

pararneter Q(e). and the converged steady state solutions ( Ilsa. Su) are used to compute 

the steady flow birefringence. To facilitate the discussion and perfonn an analysis of the 

numerical solutions, sorne of the computed results are presented in reference to the unit 

sphere description of the director field. 
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2.4. Results and Discussions 

2.4.1. Director Dynamics : Geodesie .1ow and Viscoelastic Relaxation 

Integration of equation (17) yields, for W =ü and for A as defined above, the 

fullowing expression for the director relaxation n (e) for the uniaxial extension stan-up 

flow: 

and in the component fonn: 

n - Exx nxo. r1 - Eyy nyo • n _ Eu nzo 
x - lE l' y - lE. Do l' Z - lE 1 .Do .no 

(25a) 

(25b) 

where njo is the jth compone nt of the initial director orientation (n (0». From (25a, 

25b) it follows that ny = a Ilz (a = nyolnzo), and comparing with equations (5,6) it follows 

that the director orbits belong to the meridians, and the director dynamics belong to the 

c1ass of geodesic flows. Therefore the present problem should exhibits the characteristic 

sensitive dependence on initial conditions, that is typicaI of geodesic flows [30]. 

Equations (25a, 25b) shows that the stable director steady states are 

nsa = (0, nyo /n.la ' nzo /n.la ). 
The director orbit fo11ows a geodesic flow due to the inherent symmetry in the 

uniaxial extensional flow. This results is aIso predicted by the TIF equation (20a), since 

as mentioned above, for irrotationaI flows the geometry of the director orbits are 

insensitive to variations in the magnitude of the alignment. 

Figure 3(a) shows that the unit sphere with representative meridians, Fig.3 (b) 

shows the computed polar angle q, as a function of azimuthaI angle 9 ,and Fig. 3 (c) 

shows the corresponding computed scientific visualization of the average disc's 

relaxation, for U=5 and De=1, and the following directQT mitiaI orientations (90, $0) : 

A=( 88.72, 2.56), B=(63.4, 2.56), C=(45, 2.56),0=(26.56,2.56), E=(1.28, 2.56). Figure 

3(a) shows that when starting on the poles , the director steady states, depicted by the 
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Fig. 3. Sensitivity of the director orbits to the initial conditions. (a) Schema tic of the 

unit sphere and severa! meridians (great circles through the poles); the x-direction IS 

along the extension direction and the equator represents the degenerate circle of 

stable steady director orientations. (b) Polar angle lb as a funcnon of the aZlmuthal 

angle 9 for U=5 and De= l, and for the following dlrector Initial orientations 

(9o• q,o) : A= ( 88.72, 2.56), B= (63.4, 2.56), C= (45. 2,56), D= (26.56, 2,56), 

E= (1.28, 2.56). (c) Corresponding computed scienufic visuaiizauon of the 

director relaxation, represented by the normals to the shown dises. Predictability is 

lost when the initial orientation is on the poles; close to the poles there is high 

sensitivity to Do. 
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equator, are unpredictable. The (e, ~) plot shows that the final steady state, denoled by the 

upper horizontalline. IS hlghly sensitive to small vanatlons of the mlOaI onentatlon when 

the mitlal director tlp IS next to the poles. The computed director orbits follow the 

mendians defined by equatIons (5, 6). The vlsualizatlons shows the director (nonnal to 

the shown djsc~) relaxatIOn, along the five dlfferent paths. exhlbmng dlfferent 

combmatlOns of ulting and twlsung along the Ume axis, but eventually learling to a stable 

orientation on the plane (y-z), nonnal to the extensionaJ drrecuon. 

Figure 4 ~hows the polar dIrector angle ~ as a function of strain E, for De= 1 (a), 

0.5 (b). and 0.1 (c); U=3 (dash-dot line), U=5 (solid !ine), and (90 , <»0) = (45. 2.56). The 

figure shows that the director relaxation is viscoelastic. and that lt is faster at higher De 

and at lower U. since for these conditions À. samples larger absolute values. 

2.4.2. Alignment Vi.,coelastic Relaxation and FlowaInduced Melting 

The ahgnment S(E) relaxation depends on no through the ambient strain rate 

A:nn. Fig. 5 (a) shows the three representative regions for A:nn in the two equivalent 

spherical caps RI the rate is positive (A:nn >0), and in the sphericaJ zone R2 the rate is 

negative (A:nn <0). The mitial allgnment relaxation charactenstics are given by: 

no in RI : (f)€=Ü+ <0; Do in R2 :{~)E::.O+ >0; 

no in aRl:::: (R2 : (~)€=Ü+ :::: 0 

(26 a,b,c) 

Figure 5 (b) shows the three representative regions for A:nn, where the upper and lower 

rectangles represent RI, and the midd1e rectangle represents R2, and three charncteristic 

initial orientations (60 , ~o): PI= (45,2.56) in Rt, P2 ::: (0.9,54.7) in RI U R2, and 

P3=(2.56, 89.9) m R2. Figure 5(c) shows the corresponding initial alignment S relaxation 

for l)e::::{).l and U::::5. It follows that for any De, a sufficient condition for increasmg S is 

that n is in R2. 

Figure 6 shows the alignment relaxation S(E), corresponding to the conditions of 

the director relaxation of Fig. 4. The figure shows that at higher De (De= 1), the vlscous 

mode dominates the visçoelastic relaxation at all the times , and the effect of the relative 

magnitude of U is small. Ar lower De (De =O. 1), the elastic mode dominates at ail rimes 

if U:::5 , and negligtble changes occur since Scr-:&q, white for U=3 the viscous mode 

dominates the initial response, but the elastic mode dcminates the later stage. Since in 

38 



90 
1 ;;;:==- i 

1 

l 
1 

...-" 
(a) ! 

1 -
1 

<l'l 
~ 

~ 45 1 

Q 
1 

1 

....., 

.e- l 
De=1.0 

--1 (b) 

1 -<l'l 1 ~ 

~ 1 

~ 
45 1 

....., 

.e-

De=O.5 

---...-
(c) 

// -(Il 

~ 45 1 

~ 
1 

-.. 
De=O.l 

0 
0 1 2 3 4 5 6 

Strain, E 

Fig. 4. Polar director angle ~ as a function of strain E, for De= l (a), 0.5 (b), and 

0.1 (c); U=3 (dash 8 dot line). U=5 (solid line), and the initial director orientatlon 

(80,~) = (45, 2.56). The director relaxation is viscoelastic, and il is faster at 

higher De and at lower U. 

J9 



,.... 
'" ~ 
~ ... 
0() 
u 
Cl -
9-

x 

._~_.-

1 

R1--+-- : 2/,";3 (a) 

0.80,---------------, 
180 r ~ - - - - - - - --RI 

::::::_-~-----------
,(P3 

90 R2 
1 M"P2 

0.75 

RI /1 
o '----'- 07°L 

0 90 180 270 360 
e (Degrees) 0.65 --------' 

0.00 0.05 0.1 0 

Strain, e 

(b) (c) 

Fig. 5. Sensitivity of the initial alignment S relaxation to the initial director 

orientation. (a) The tbree characteristic regions for the ambient strain rate A:nn. 

(b) Planar (6, cp) representation of the three representative regions for A:nn : where 

A:nn >0 on the two equivalent upper and lower rectangles (RI) and A:nn <0 on the 

middle rectangle (R2) to the two closed curves, and three characteristic initial 

orientations (80,4)0): (60, CPo): Pl = (45 ,2.56) in Rt, P2 = ( 0.9, 54. 7) in aR1::aR2' 

and Pp(2.56, 89.9) in R2. (c ) initial alignment S relaxation for De=O.1 and U=5. 
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Fig. 6. Alignment relaxation S(E), corresponding to the conditions of the director 

relaxation of Fig. 4. The figure shows that at higher De the viscous mode dominates 

and the effect of relative magnitude of U is small, white at lower De the elastic mode 

dominates and the effect of relative magnitude of U is small. 
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this figure no is in RI, the alignment relaxation always shows an i!âtial decrease in S. 

Comparing the steady state alignment Sss for all cases, il is seen that at larger De, the 

viseous mode dorninates and the effect of U is small, while at lower De, the elastie mode 

dominates and the effect of U is large. 

Figure 7 (a) shows the alignment S and x-compone nt of the director nx as a 

function of strain E, and Fig. 7 (b) shows the projection of Fig.7(a) on the (S, nx) plane, 

with the mitIal orientation (80 , ~0)=(45, 2.56) close to the pole, for U=5, and De=O.l 

(dash-triplc dot line), 0.5 (dash-dot line), and 1 (fullline). Figure 7(a) shows the eoupling 

of the orientatIon and alignment relaxations, which indicates that by increasing De the 

increasing fOllows a two step process: an initial deerease in S followed by monotonie 

inerease (decrease) in S (nx). The nature of the (nx, S) coupling is shown figure 7 (b) , 

where the doned line corresponds ta dS/dnx ::::(). For the given nO. the higher De the lower 

the value of nx al whieh S starts increasing; for large De, discotie nematies undergo 

prac tic all y a temporary melting while the director is in RI (nx>(3)-1!2). For this partieular 

case a more ace urate model should include the fluctuations that are present near the 

isotropie-nematie phase transition. 

In contrast to the steady state direetor orientation which may exhibit a strong 

sensitivity to the initial orientation, the steady state scalar order parame ter is independent 

of the initial orientation, and depends on the magnitudes of De and U, as shown by the 

lower equation (23 b). 

2.4.3. Tensor Order Parameter Relaxation and Flow Birefringence 

Figur'e 8 shows the relaxation of the components of the tensor order parameter Q 
with the initial orientation (80. ~)=(45. 2.56) close to the pole, for U=5. and 

De=O.l(triple dot-dash line}. O.S(dash-dot line). and l(fullline). For the chosen initial 

orientation nyo=nzo. and frorn equation (6) it follows that Q,y=<bz and Qzz = Qyy. For 

the shown parameters the relaxation is virtually complete after 5 strain units. At low De 

the relaxation of ~le trace components (Qii) are dominated by the director relaxation 

shown in Fig. 4, since for U=5 the alignment is nearly constant (see Fig. 6). At higher De 
the relaxation of the trace components is dominated by the viscous mode, and reflect the 

two step proce~s described in Fig. 7. At low De the non-diagonal terms of Q are again 

governed by the director relaxation, while at higher De, the viscous effeet introduces an 

initial large decrease in S while n is in RI and a subsequent increase in S while n is in R2. 

with the result that the only large compone nt is Qyz. which follows a lag plus exponential 

growth relaxation. 
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Fig. 7. (a) Alignment Sand x-component of the director nx as a function of strain E, 

and (h) projection of Fig.7(a) on the (S, nx) plane, with the initial orientation 

(90 , c!>o) = (45, 2.56) close to the pole, for U = 5, and De = 0.1 (dash-triple dot line), 

0.5 (dash-dot line), and 1 (fullline). The doued Hne corresponds to dS/dnx = 0; at 

high De discotic nematies undergo practically a temporary melting while the director 

is in RI (nx>(3t 1(2). 
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dash Hne), O.5(dash-dol line), and 1 (full line). For the chosen initial orientation 

nyo = nzo, and from equation (6) il follows that Qxy = Qxz and Qzz = Qyy. 



-------------------------------------------. 

According to [27], the birefringence AT\ can he expressed by: 

(27) 

where ell and e.L are the elements of the dielectric tensor eij parallel and nonnal to the 

director, the tensor is given by CtJ = eÔjJ + ÔCmu.QJ' where the first terrn is the average 

trace of el] and L\emax is the anisotropy for S= 1; for discotics, AT\ <0 since Aemax <O. In 

deriving equation (27) we have assumed that ë » 2 ~&lt sn for the values of S 

corresponding to the nematic phase. Equation (27) shows that the stcady tlow-induced 

birefringence AT\ss is proponional to the magnitude of the steady alignmcnt Sss. 

Figure 9 shows the stearly state alignment Sss as a function of De, for U=3 (dash

dot line) and U=5 (full line). The figure shows a monotonie increase in the flow 

birefringence, at high De the viscous mode dominates and the effect of the magnitude of 

U is small, while at low De the elastic mode dominates and the effeet of the magnitude of 

U on Sss is large. 
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Fig. 9. Steady state alignment Sss as a function of De, for U=3 (dash-dot !ine) and 

U=5 (fuIlline). The flow birefringence is proportional to Sss and increases with De. 
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2.5. Conclusions 

In this initial investigation of the nematorheology of uniaxial discotics in uniaxial 

extensional flows, we have performed a useful characterization of the sensitivity of the 

director , scalar order parameter, and tensor order parameter relaxation with respect to the 

nemarie potential, the alignment Deborah number, and the initial director orientation. Use 

of unit sphere description identified the director dynamics as a geodesic flow. This 

observation IS used to expIain the loss of predictability when the director is initially 

aligned along the extension direction, and allows for the use of the simple geometrical 

principle to identify the director orbits. The identification of the governing De parameter 

aIJows for the classification into the different elastic and viscous dominated relaxations. 

For large De, temporarily flow induced rnelting of the nematic phase may occur. This 

unified picture of relaxation under extension may be used lO explain the characteristic 

patterns found in the cross-section of melt spun carbonaceous mesophases. In the 

extension-dominated flow process the normais to the molecular planes always align 

anywhere in the plane normal to the fiber a.xis, as shown in this paper for the stretching 

of a model discotic. The present analysis provides for a basis for the more general 

spatially inhomogeneous case, where Frank elasticity must he included. 

2.6. Appendix 

Substituting of equation (1) into (7) , and the negative of equation (13) yield , 

respectively. the following equations for the dissipation !J. and the Langrangian AH 

2D (vKT)-l =!J. (vKT)-l = al (ni Aü.nkf + a4 AijAJI + (as + a6) (nJAjkAklnJ) 
(A.t) 

+ 11 Nf + 2 'Y2 njAij NJ + III S2 + 112 S (nj Aij nj) 

AH = _ vKT {I (3 - U) S2 _.2.. U S3 + l U S4) 
9 27 9 

(A.2) 

where: 

(A.3a) 

(A.3b) 

(A.3c) 
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11 = 2 ( tl + t2 5/3) 5 2 

"f2 = 2 (04 + 06 S/3) S 

III = 2 (3 tl + 2 t2 S)19 

112 = 2 (904 + 6 06 5)19 

anj 
Ni = àt + (vJàJ) nj - Wij nj 

Taking the space Euler-Lagrange derivative of D (equations (16e.16f ». yields: 

-
aD. = vKT (Ill S + 112 AJI nj nI /2 ) as 

(A. 3d) 

(AJe) 

(A.30 

(A.3g) 

(A.3h) 

(A.4a) 

(A.4b) 

where X is a scalar Lagrange multiplier. Taking the total Euler-Lagrange derivative of 

AH (equations ( 16c.16d ) ) yields : 

H 
~=O (A.5a) 
anj 

Subtracting equation (A.4a) from equation (A.5a), and equation (A.4b) from equation 

(A. Sb) yields: 



-

which yield equations (17a, 17b), upon the following identification 
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Chapter 3 

Computer Simulation of Dynamics and Morphology 
of Discotic Mesophases in Extensional Flows 1 

3.1. Abstract 

A previously presented model [1] is used to simulate the dynamics and 

microstructure of spatially invariant uni axial discotic ne matie liquid crystals in 

isothermal, incompressible, irrotational, extensional (shear-free or elongational ) flows. 

Numerical and analytical solutions of the director n and alignment S are presented for 

given uniaxial extensional, equi-biaxial extensional and planar extensional start-up flows. 

The unit sphere description of the director is used to discuss and analyze the sensitivity of 

the director trajectories and the alignment relaxation to the initial conditions (no, So), to 

the alignment Deborah number (De), and to the type of flow. The numerical results are 

used to rharacterize the relaxation of thl: tensor order pammeter Q and to compute the 

steady flow birefringence. The various flows are ciassified according to their orienting 

strength and alignment strength, and according to whether they generute geodesic 

(shortest path) director orbits. Equi-biaxial extensional and planar ex ·ensional flows are 

found to he sU'ongly orienting and strongly aligning flows, while uni axial extensional 

flow is a weakly orienting and weakly aligning flow. The number of strain units required 

to achieve steady state are shown to depend on whether the flow is geodcsic (uniaxial 

extensional and equi-biaxial extensional flows) or not (pl anar extensional flow). 

3.2. Introduction 

Carbonaceous mesophases are an important class of naturally occurring discotic 

nematic liquid crystals [2, 3, 4]. These mesophases are formed by condensation of 

aromatie rings and tend to adopt a uniaxial discotic nematie phase Nd [5, 6], with the unit 

normals to the disc-like moleeules more or less aligned along a common direction 

(see Fig. 2(b) ), represented by the director n ; in this paper we use n and orientation 

This chapcer has been accepced as an arucle for publication m Llquld Crystals (1994). 
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interchangeably. Carbonaceous mesophases can be spun into snff and strong (hlgh 

perfonnance) fibers [3, 4, 71, and understanding their flow behavlor is of pracucal 

utility. 

Many industrial materials processing methods, such as the moldmg of polymers. 

are designed with the objeçùves that the alignment and onentation mtroduced dunng the 

defonnation and fonrung stages are controlled [S} . TIle process chOlces are based on 

these two independent qualities of the flow, its orienting and aligning strength. which 

alsa form the basis for pol ymer flow classifications [9]. Although slich classification 

has not been develop for discotic mesophase fluids. it certamly can provlde uscful 

guidelines on the dependence of orientation and alignment on flow type. In thls respect 

extensional flows, such as spinning flows. seem to be the most relevant to processing 

discotic mesophase fluids. 

Previous work [10, lI, 12, D, 14] on the flow proptnies of uniaxial discouc 

nematics assumed that the scalar order pararneter S (alignment) remaIns unaffected by 

the flow, and were based on the Leslie-Ericksen (L-E) theory [15, 161 for umaxial 

nematics. The important differences in sign and magnitude of the matenal parameters 

corresponding to uni axial rod-like and discotic nematics folio", from the fact that rod-like 

nematics orient their longest molecular dimension aiong the director whlle disc-hke 

nematics orient their shonest molecular dimension along the dirt:Ctor. As is well known, 

the orienting properties of uniaxial nematics during shear tlow éJ,:,e govemed by lhe slgn 
and magnitude of the tumbling (reactive) panuneter À.: for allgning (non-alignmg) rods 

À> 1 (Ü<À< 1). and fOl" aligning (non-aligning) dises À< -1 (-1 <À<O); the tumbling 

parameter 1.. is given by the negative ratio of tht: ÎlTOtatIonal torque coeffiCient (y 2) and 

the rotation al viscositi<:s ( yt), and represents the coefficient of the ratio of strain to 

vorticity torques acting on the direetor n. Previous work [11, 12) focused on the 

orienting properties of aligning uniaxial discoùc nematies in steady shear, and it was 

found that shear orients the director in the shear plane and at a steady angie e, lying in 

the 90° S 9 S; 135- sector with respect to the flow direction In steady umaxial 

extensional flows, the orienting behavior of umaxial nematics is again detenmned by the 

sign of Â.: when À>O the director aligns along the streochmg (extension) direction. and 

when À < 0 the director aligns somewhere in the compression plane, onhogonal to the 

stretching direction [14J. 

For materials of larger molecular weights the coupling between the director and 

the scalar order parameter should be retained [17]. This coupling introdl1ces additjl)nal 

nonlinearitits through the dependence of the generalized Leslie coefficients on the scalar 

order parameter, as shown in various works [17, 18, 19,20,21,22). In a prevlOus 
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work [1] • the authors developed from variational principles a model that takes lOto 

account variable alignment in disconc nematics, and applied il to umaxlal extensional 

flow. Ir was found that the direcror trajectories on tl-te umt sphere (n.n = 1) follow a 

geodesic flow from the initial onentation to the compresslOnal plane, and that the 

alignmem relaxation was sensitive to the initial orientation, to the extension rate, and to 

the nernatIe potenual mat controls the magnitude of S in the absence of flow. The 

senslUvny to imual conditions, typical of geodesic flows, was shown to be the cause for 

the loss of predictabllity that occurs when the imnal orientation lies along the extension 

axis of the flow. 

Our malll objecnve in This work is to establish thP, relevant quahtanve fearures 

that describe the relations between extensional defonnation inputs and onentation and 

alignment responses, in a model discotic nematie liquid crystal, and to use these results 

to fonnulate a practlcal tlow classHkation of vanous extensiona1 nows. In the present 

paper the phenomenologlcal parameters of the particular model dlSCOtiC ne matie liquid 

(,,"rysta! çhosen for study are not fltted to those of any existing real materi al , and their 

choice is based on prcvious results [ 1 J. The panicular objectives of this paper are : 

(1) 1'0 chamcterize the sensiuvlty of the director paths to the cornpressional axis or 

compressional plane, to the initial conditions, to the extension rate, and to the flow 

type, by using numerical simulation; 

(2) To characterizc the aiignment relaxation along the director paths, to the initial 

conditions, to the extension rate, and to the flow type by using numerical 

simulation; 

(3) To de termine the geometry of the director trajef~tories to .l1e compression axis or 

compressional plane, and to c1assify various extensional flows as geodesic or nt'n

geodeslc flows; 

(4) To provide a general classification for extensional flows according to the magnitude 

of their aligament strength and orientation strength. 

The organization of this paper is as follows. In section 3.3 we define the 

coordinate system and the state variables, present the governing equations, and briefly 

present the elements of the unit sphere description used to di~cuss and classify the 

numerical solutions. A brief description of th~ numerical method used to integrate the 

goveming equations is presented. In section 3.4 we present. discuss, and classify the 

solution vet..:tor, consisting of th~ ume dependent director and alignment fields, obtained 

from nurnerical integration and an al y tic al solutions of the governing equations. Typical 

computanons of the tensor order parame ter relaxation and steady flow birefringence are 

presemed. Overall classifications according to traje.ctory geometry of the director on the 
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unit sphere, alignment strength, and orientatton strength are given. 

3_1. Governing Equations 

3.3.1. Definitions of Coordinates • Kinematics, Orientation litnd Alignment 

In this paper we study the tem~oraJ and spaually Invariant microstructural 

response of a model umaxlal discotic nemanc, subJected at ume t=O, to a range of 

extensional flows of const.<Jlt extension rate Ê. In thls paper lhe adopted tllud flow 

tenninology is that of Bird et. al. [23J. Due to the Ir prevalenc-e ln apphcauons here we 

empl-.asize the I.hree representativt! extensional flows: umaxlal cxtenslOnal flow , eqUl

biaxial extenslonal flow , lJJlG planar extenstonal flow , but whenever posslb!e allow for 

further generalil..ations by introducmg representaüve pararneters., as glven In l231 In the 

rest of this paper equi-biaxlal extenslOnal flow IS referred to as blUlal cxtenslOnal flow 

Figure l shows the defonnatlon of a cube of discOliC nemattc liquid crystal subjected at 

rime t=O to: (a) uniaxial extensional tlow (UE), (b) biaxla! cxtenslOnal flow (BE), and 

(c) planar extensional tlow (PE). We note that the word um:lxÎaJ 10 umax18J 

extenslonal flow and biaxial in bi<L'tial extensional flow refer to the number of extension 

(stretching or pulling) dirtctions ; these irrotationa~ flows are threc (ÎlmenslOnal. Equi

biaxiaJ extenslonal flow lS kinernatically the Inverse of UmIDtlal extenslonal flow. On the 

other hand, planar extensional flows, also known as pure shear [32, ~31 or stnp blaxial 

flows, are irrotational two dimensional flows. where the defonnanon charactcnz.ed by an 

extension direction and an orthogonal contraction directIon occurs (Jn a plane. In planar 

extensional flow the stream Iines are a farruly of rectangular hyperb01a whose center IS a 

stagnation (saddIe) point [33]. 

An experimental set up to generate a uniaxial extenswnal flow IS to pull a 

cylindrical sample from is two opposite ends al ~ rate that mcreG ses exponentjally with 

rime; in Figure 1 the sketch representing uniaxial ~xte;-I:;i()n (UE) , usmg rectangular 

coordinates, shows the extension direction along the x- aXIs whIle the contraction 

directions are along the y- and z- axes. A way to genc ... te a blaxlal extenslonal flow iS 

to stretch a thin sheet of ma te ri al in two onhogonal directions slmultaneou~ly at equal 

rate, with a corresponding decrease in the sheet thickness. An approximauon to this flow 

is found 10 lubrication squeeze-film flow and during the InflatIon of a balloon; ln 

figure 1 the sketch representlng biaxial extension (BE) , using rectangular coordinales, 

shows the two extensIOn directions along the y- and z- axes whlle the contractIon 

direction is along the x- axis. Planar extensional flow is equlvalent to ~tTetching a fiat 
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Fig. 1. Defonnation of (a) unit cube of material al time 1 > 0 submitted to (b) uniaxial 

extensional flow (UE), (c) biaxial extensional flow (BE), and (d) planar extensional 

flow (PE). The veiocity components for these flows are given in equation (10). In 

uniaxial extensional (UE) flow, the x- axis is the extension direction and the y- and 

z- a.xes are the directions of compression; this flow is an irrotational 3D flow. In 

biaxial extensional (BE) flow the y- and Z· cUes are the extension directions and 

the x- axis is the compression direction; this three d:.nensional irrotational flow is 

kine'llatically the inverse of uniaxial extension. In planar extension, the extension 

direction is along the x- axis, the contraction direction is along the y- axis, while no 

motion occurs along the z- axis; planar extensional flow is a two dimensional 

(planar) irrotational flow. 
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thin sheet of fluid in one direction. with a corresponding contractIon in an orthogonal 

direction, but with no motion in the third direction; in Figure 1 the sketch rc.-presenting 

planar extension (PE) • using rectangular coordinates, shows the extensIOn direction 

along the x- axis, the contraction direction along ùie y- axis, while along me z- aXls 

no motion occurs. An experimental generation of an approximate planar extensional 

flow is the four-roll mill flow, where four long cylinders of equal radit, placed along Ûle 

four corners of a square are set to rotate with equal magnitude but wlth directions 

opposite to the two nearest neighbors. The resulting essentially two dimensional 

irrotational flow generates a family of rectangular hyperbolic stream lines • with a 

stagnation point at the center of the square. 
The microstructure of the model nematic considered here is characterized by me 

uniaxial tensor order parameter Qij (t) [16]: 

(la) 

where the following restrictions apply: 

(lb) 

and Ôïj is the unit tensor. The magnitude of the sealar order parameter S is a measure of 

the molecular alignment along the director n, and its magnitude is given by 

S :: 3 (ni Q iJ nJ ) 12. Equation (la) gives a proper descripti'Jn of me macroscopic order in 

a discotic nematic phase if we identify the direetor as the average orienr!.ltion of the unit 

normais to the moleeular dises; see Fig. 2(b ); as explained ln [24), with this 

identification, S is positive for both rod-like and dise-like uni axial nematic liquid C1)st.als, 

and no further distinction is required in trus paper since rods are not considered here. 

Sinee extensional flows will not induce negative values of the scalar order parameter S 

we funher restrict its variation to the positive unit interval, ~S~l [24]. 

To enforce the unit length consU'aÏnt n.n = 1 and to visualize the director orbits on 

the unit sphere, we parametrize the director with: 

n = (nll , ny, nz) = ( cos ~, sin cj) cos 9, sin ~ sin 9 ) (2) 

where e (0 ~ e s 2x) is the azimuthal angle and ~ ( 0 S cj) ~ x) is the polar angle, see 

Fig. 2(a). The north pole of the sphere is located at ~ = 0, the south pole at q, = x, and the 

equator at (9,~) = ([0, 21t], ± 7t/2 ). 
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In the unit sphere description [25, 26, 27] the director tip, in the presence of 

flow, defmes a trajectory O(no) on the surface of the sphere : 

O(no ) = ( n E rl; n = n(t, Do), tEP + 1 (3) 

where no = n (t=O), 0 2 denotes the surface of the unit sphere and P+ the positive reals . 

To characterize sorne of the clirector orbits O(no) of interest we need to define sorne 

unique trajeclories such as geodesics and mericlians. A geodesic G is the shonest arc 

connecting two points on the sphere, and is given by [28]: 

(4) 

where NI and N2 are constants that depend on two points belonging to G; the geodesic or 

great circle, is the intersection of the sphere with the plane containing the given points 

and the center of the sphere. When the two points are the poles (N2=1t) the degenerate 

geodesics are the meridians M, which in terms of (9, ,) and the director components 

(ni, i = x, y. z), are given by [28] : 

(5a.b.c) 

ny = dl nz ; -1 S Dy SI; -1 S nz S 1 (6a,b,c) 

where dl ( -00< dl <00) is a constant whose numerical value defines a panicular meridian; 

a family of meridians is shown, by the fulllines, in Fig. 2 (a). 

To cha.."ëlcterize the initial relaxation of the alignment as the director traverses the 

surface of the sphere, we divide the sphere into different characteristic regions, as shown 

in Fig. 5. by the R+ and R- regions. In ïrrotational extensional flows, the only flow 

cffect on the orientation and &.1igr.ment is due to the symmetric part of the velocity 

gradient tensor ( viJ)' Imm"n as the rate of strain tensor and here denoted by A. and 

whoç ... ijth and jith components are given by AIJ = A JI = (vÎJ + VJ.i ) f2.. An imponant 

observation. used below to classify the numerical results of alignment relaxatioll, is that a 

director whose np lies in the R- regions. samples extensionlÙ strains (A:nn > 0). while 

a director whose tip lies in the R+ regions. samples compression al strains (A:nn < 0). 
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3.3.2. Goveming Orientation and Alignment Equations 

The macroscopic model used in this paper has been described in detail in [11. 

Here we just present the governing equations for the temporal evolution of the director 

field n(t) and the alignment Set), and refer the reader to the above mentioned paper for 

details. The governing equations for our model uniaxial discotic nematies. subjeeted to a 

given isotherma1 flow, are: 

W iJ ni + À (A iJ nj - (A Ik ni nk) ni) 1 
~I A lk ni nk + 1l2/t1 

(7a. b) 

where the components of the vorticity tensor W are Wij = (vi,j - Vj,ï>!2. À(S) is the 

tumbling function, ~ 1 (S) the ordering function, and Jn(S, U) is proponional to the 

thermodynamic driving force; these fllncrions are given by : 

(Sa) 

(8b) 

(Sc) 

where the sta.rred coefficients are scaled with the alignment relaxation time tl that 

appears in equation (7b). 

To select numerical values for the three phenomenologie al parameters a: ' 0'; . t; . 
we enforee the following constraints on the signs of À. and 'YI [10, Il, 12, 13] and on the 

values ofÂ. when S=O and S=1 [10] : 

(9a,b,c,d) 

The adopted values that satisfy the constraints are: 0: = 1/10, CJ~ = 1.7, 'ti =-1.0, and 

the resulting Â. and ~l are shown in Fig. 3; the relevant phenomena described in this paper 

are captured by other arbitrary triplets that satisfy equations (9), and the values adopted 

here were chosen only for convenienee. It is worth noting that for extensional flows all 

stcarly states are simple fixed points and thus adoption of the dIfferent À(S) and ~ 1 (S) will 
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x 

y 

(a) 
(b) 

Fig. 2. Definition of (a) coordinate system, and (b) director orientation of a uniaxial 

discotic nematic liquid crystal. (a) Director angles and unit sphere: e ( 0 ~ e s 2lt) 

is the azimurnal angle and 1/> ( 0 ~ 1/> ~ lt) is the polar angle. The north pole of the 

sphere is located at $ = 0, the south pole at 1/> = 1t, and the equator at (9, $ ) = 

([0,2lt1 , ±7tI2), n denotes the director. (h) The director in a discotic nematic phase 

is the average orientation of the unit nonnaIs to the disc-like molecules. 

0 0 
.< ~ § CD .- -1 -1 ::2-- :s 
§ CJQ 

.." u.. , c:: 
bO :s 
.S '~ -2 

0 
-2 =-. ::s , 0 

6 FI 
:s "Ç) 
E- --3 -3 

0.0 0.5 1.0 

Scalar Order Parameter, S 

Fig. 3. Tumbling function Â. and the ordering function 131 as a function of the scalar 

order parameter S. The tumbling function is the ratio of the coefficient for strain 

and vorticity viscous torques, while the ordering function is the coefficient for the 

ambient strain rate A:l1o that govems the relaxation of S. For discotics (rod-like) 

nematies both are negative (positive). 
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only change the time scales but the significant phenomena will be essentially unchanged. 

The simplifying assumptions and approximations made in derivmg the 

mathematical model mat de scribes the flow-induced alignment and orientation of an Ideal 

discotie nematic liquid crystal, as given by equations (7, 8), can be found in [Il. 

The velocity field v(x, y, z) corresponding to the extensional start-up flow of the 

nematie sample, is given by [23] : 

. . 
Vx = a É x H(t); vy = - a f (1+b) Y H(t); Vz = - a f (l-b) z H(t); 

H(t) = lOt <0 l 
'1 t~ 

( lOa,b,c,d) 

where É is the given constant extension rate. The eorresponding rate of defonnation 

tensor A, is given as : 

a 

A=e o 

o 

o 

- 1.(1 + b) 
2 

o 

o 

o 

- 1.(1- b) 
2 

(11) 

where a=+ 1 or -1, and O~Sl captures the range of possible extensional flows. Uniaxial 

extensional flow (UE) is given by a=+ 1, b=O, biaxial extensional flow (BE) by a=-l, b=O, 

and planar extensional flow (PE) by a=+ 1, b=+ 1. These flows are irrotational and the 

vorticity tensor is zero (W = 0). Replacing equations (10. 11) in equations (7), the 

following set of eoupled nonlinear ordinary differential equations for extensional 

isothennal, incompressible flows of uniaxial discotic nematie crystals are obtained : 

(12a) 

:r = - ~. À [3 n; + b (1 - n; + nt )] ny (12b) 

~ = - .il À [3 n; - b (1 + n 2 - nt )] nz œ 2 y 
(l2c) 

(12d) 
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where E = Et is the strain ( dimensionless time) , De = Ètl is the alignment Deborah 

number (dimensionless strain rate). We note that equations (12) are dimensionless, and 

thus, for a given set of parameters , the solution vector ( S, n) is only a function of the 

strain (dimensionless time) E = Et. In the absence of Frank elasticity [16] , strain scaling 

is typlcal of liquid crystalline flow phenomena [34]. When De-->ü the alignment (S) 

relaxauon is elastic, when De-->oo it is purely viscous, and for the intennediate values il 

is viscoelastic. At intermediate De the director relaxation is also viscoelastic, sinee it is 

coupled to S through À(S). 

The initial conditions used to solve equations (12) are : 

@ E = 0 : n = 0 0; S = Seq; 0 0 .n 0 = 1 (13) 

where Seq (U) is the equilibrium scalar order parameter of the nonnal ( S> 0) uniaxial 

nematie phase, found by setting the numerator of equation (8e) equal to zero [29]: 

(14) 

For U < 8/3 the stable phase is isotropie, for 8/3~S3 there is biphasic equilibrium. In 

this paper we use two representative nematie potentials U = 3 and U = 5, and the 

corresponding initial conditions are: Seq (U=3) = 0.5 and Seq (U=5) = 0.76. AlI angles 

are reponed in degrees. 

Equations (12) are integrated using an implicit corrector-predictor flfst order 

Euler integration method with an adaptable rime step [30]. Application of the implicit 

corrector-predictor method transforms the set of cou pied nonlinear ordinary differential 

equations (12) into a set of coullied nonlinear algebraic equations . For each time step the 

algebraic equations are solved using the Newton-Raphson iteration scheme [30] ; the 

predictor step generales a fml guess for the iteration loop and the correetor step is the 

iteration loop itself. The adopted convergence criteria is that the length of the 

difference vector between the calculated solution vectors eorresponding to two 

successive iterations is less than 10 -6. The transient solution vector obtained from the 

numerical solutions ( n (E), S (e», is used to ealculate the tensor arder parameter Q(E), 

and the converged steady state solutions (oss. Sss) are used to compute the steady flow 

birefringence. To facilitate the discussion and perfonn an analysis of the numerical 

solutions, sorne of the computed results are presented in reference to the unit sphere 

description of the director field. 
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3.4. Analytical Results 

3.4.1. Director Dynamics 

Integration of the set of equations (12) yields, with A given by equation (11), the 

following expression for the director relaxation n (e) for any extensional start-up flow : 

~n 
n\(e) = ~; n\ (0):: nlO ; 

E;,(E) = exp (A'j L ~de) Aij =Ai, li: 

( 15a,b,c,d) 

and in the compone nt form: 

(16a,b,c) 

(16d) 

(16e) 

(160 

(16g) 

whcre njo is the jth component of the initial director orientation (n (0». Figure 4 shows 

representative computcd director trajectories for uniaxial extensional, biaxial extensional 

and planar extensional flows projected onto the y-z plane, here the x-axis is nonnal to the 

plane of the paper, and the direction of the director paths are indicated by the direction of 

arrows. The figure shows that for uniaxial extensional and biaxial extensional flows the 

director follows identical paths but in reverse directions. In terms of the adopted polar (8) 

and azimuthal (,) angles, the director trajectories. given by equations (16), are as follows: 
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Uniaxial Extensional Aow: tan(9) = l/dl ; 0 ~ cp ~ 11; -00 < dl <- (17a) 

Biaxial Extensional Aow: tan(9) = l/dl ; 0 ~ cp ~ 11; -00 < dl <- (l7b) 

Planar Extensional Aow: tan(9) sin(9) = l/d2 cot(ej); 0 ~ cp ~ 11; -00 <d2 < 00 (l7c) 

where dl = ny /n l , and ~ = n" ny / nt. for time t ~ O. Comparing equations (5, 6) and 

(16) it follows that for uniaxial extensional and biaxial extensional flows, the director 

trajectories belong to the meridians of the unit sphere, and the director dynamics belong 

to me class of geodesic flows [11. Equation(17c) and Fig 4 shows that planar extensional 

flow is not a geodesic flow, except when d2 -) 00 (110 lying along the x-y plane or the y-z 

plane); in practice due to the presence of the fluctuations this exceptional case will not 

occur. The director trajectories should exhibit the characteristic sensitive dependence on 

initial conditions which is typical of geodesic flows [31] or of arbitrary flows on a sphere 

with multiple fixed points. The sensitive dependence on initial conditions for each 

extensional flow type are: 

U niaxial Extensional Aow: nxo = ± 1 (18a) 

Biaxial Extensional Aow: nxo = 0 (l8b) 

Planar extensional Aow: nyo = 0 (I8c) 

When the initial director orientation for each flow type is along those defined in 

equations (18) predictability is lost; for example in planar extensional flow, if nyo = 0 the 

direclor may evolve with equal likelihood towards the positive y-axis or towards the 

negative y-axis. Table 1 sununarizes the relations bctween flow types (a= ±I, 0 S b ~ 1), 

the compression direction or compression plane, and the stable steady state director 

orientations. The entries in Table 1 show that for all cases the director always aligns 

along the compression direction or the compression plane of the flow. It is wtJrth noting 

that when a= -1, the stable steady state director orientation is insensitive to the magnitude 

of b, since for the se flows the strongest compression direction always lies along the 

x-axis. On the other hand when a= +1, the strongest compression plane changes from the 

y-z plane when b= 0, to the y-axis when b ;\1: O. 'Ibese observations can be used to classify 

the orienting strength of each extensional flow. since as shown above, the sensitive 
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UE BE PE 

~-+-_z t----o-~-_+_-... z z 

y y y 

a = +1 a =-1 a 0= + 1 
b= 0 b = 0 bo:. 1 

(a) (b) (c) 

Fig. 4. Schematics of the director trajectories on the y-z plane for (a) uniaxial 

extensional flow (UE), (b) biaxial extensional flow (BE), and (c) planar extensional 

flow (PE). For uniaxial (biaxial) extensional flow the sources are the poles 

(equator) and the sink is the equator (poles). For planar extensional flow the 

sources are the poles and the sinks are n y = ± 1. 

Table 1 

Steady States and Sensitive Initial Conditions of the Director 

Strongest Director Steady States Sensitive 

AowType Compression Dependence to 

Direction qxss nyss nzss Initial Conditions 

_±nyo ± 0 1.0 

a=+1 b=O y-z plane 0 --- n"o = il YI -~o ,.j 1 - rtxo 

a =+1 O<b~l y-axis 0 il 0 nyo = 0 

a= -1 O~b~l x-axis ±l 0 0 n"o = 0 
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dependence to initial conditions for biaxlal extensional and planar extensional flows lead 
to no uncenainty (since n = on) while for uniaxial extensional flow the magmtude of 

largest uncertainty IS the whole equator ( nx = 0). Thus, on a relative seale, biaxial 

extenslOnal and planar extensional flows are strongly orienung flows while umaxial 

extensional flow is a weak.1y orienting flow. 

Another Important pracucal pro pert y of each flow IS Lhe presence or absence of 

geodeslc flow, because this will detennÎne the number of strain units require.d to achieve 

the steady dlrector orientation; geodesic flows will, in general, require less strains 

because a geodesic path is the shonest. For example Fig. 4(c) shows that for planar 

extensional flows the paths are generally longer and thus the number of applied strains to 

achieve steady state must be larger than for the uniaxial extensional and biaxial 

extensional flows. 

3.4.2. Alignment Dynamics 

The alignment relaxation S(e) depends on no through the ambient strain rate 

A:nn. Figure 5 shows different representative regions for A:nn: in the R- regions the 

ambient strain rate is positive ( A:nn > 0), and in the R + regions the ambient strain rate 

is negative (A:nn <0). The initial alignment relaxation characteristics are given by: 

110 in R - : (:)€=O+ < 0; 110 in R + : (:)t=O+ > 0; 
(19a,b,c) 

110 in aR -= aR -t. :(àS.) = 0 
dE1E=O+ 

It follows from equations (19) that for any De, a sufficient condition for increasing S is 
mat Do is in R+. For large De, discotic nematics, initially in R-, undergo a temporary 

melting while the director is in region R- [1]. 

In case of polymer flows [9] a flow type may he characterized as weakly aligning 

or ~trong1y aligning depending on the degree of alignment change in the flowing units. In 

the present case, om- model predicts mat the alignment strengtil is directly proportion al to 

1 ( A:nn ) ss 1. Figure 6 shows the dimensionless steady stale alignment strength 

1 (A:nn) ssl for all the possible extensional flows (a= fI, 0 :S b ~ 1). The figure clearly 

shows that when a= -1 the alignment strength is insensitive to the magnitude of b, but for 

a= + l, it is highly sensitive to the value b. The figure aIso shows the location of the tllree 

representative extensional flows. Table II shows the relations between the flow aligning 
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UE 
x 

a= +1 
b= 0 

(a) 

BE 
x 

a =-1 
b= 0 

(b) 

y 

PE 

x 

a =+1 
b = 1 

(c) 

Fig. 5. Sensitivity of the initial alignment S relaxation to the initial director 

orientation. The different characteristic regions for the ambient stram nue A :nn for 

(a) uniaxial eXiensional flow (UE), (b) biaxial extensional flow (BE), and (c) planar 

extensional flow (PE). In the R- regions the alignment rate is positive ( A:nn > 0), 

and in the R+ regions the aHgnment rate is negative (A:nn <0 ). 

Table II 

Alignment Strcngth of Extensional Flows 

Alignment Strength 
AowType 

1 (A : nnhsl 

a=+l b=O l 
2 

a = +1 O<b~l t{l + b) 

a =-1 O~b~1 1 
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• 
strength and the flow parameters a and b, for general extensional flows. Comparing the 

various entnes in Table Il, il foUows that the highest flow alignment strength scales with 

the strongest compression al strains (a= -1, 0 ~ b ~ 1; and a= 1, b= 1) as in biaxial 

extensional and planar extensional flows, while the lowest flow ahgnment strength scales 

with the weakest compressional strains (a= + l, b=O) as in uniaxial extensional flow. 

LI 

[" 1.0 a=-I 

en 0.9 71 
en BE .-. 
= PE 1 = 0.8 .. a=+l l< 

~E/ 
"- 0.7 

0.6 
1/ 1 1 0.5 

0.0 0.2 0.4 0.6 0.8 1.0 

b 

Fig. 6. Alignment strength (absolute value of steady state dimensionless ambient 

strain rate) 1 ( A:rm ) ss 1 as a function of the flow parame ter h, for all types of 

extensional nows. lne biaxial extensional and planar extensional flows are more 

strongly aligning than uniaxial extensional flow. 

3.5. Numerical Results 

3.5.1. Orientation Relaxation 

Figure 7(a) shows the director orientation relaxauon, in terms of the azimuthal 

director angle 8 and the polar director angle 4» as a function of strain (dimensionless 

time) E = E t, for uni axial extensional flow (solid line), biaxial extensional flow (dot-dash 

line), and planaI' extensional flow (triple àot-dash line), for De=O.5, U=5, and with the 

imtial director onentation (80, <Po)=(45, 45). Figure 7(b) shows the conesponding 

computed scientific ',flsualization of the director relaxation, represemed by the normals to 

the shown OISCI). Figure 7(a) shows that for uniaxial extensional flow the steady director 

orientation is (8ss, 41ss) = (45, 90), for biaxial extensional flow it is (9s:;. 4»ss) = (45,0), and 
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for planar extensional flow it is (9ss , $ss) = (0, 90), in agreement with the predictions 

summarized in Table 1. The v\sualization in Fig. 7(b) shows that the director exhlbHs 

different combinations of tWlsting and tilting as the stram increases but that the tinal 

steady state onentation is always along the strongcst compression dlrectlOn(s) for each 

flow. It can be shown that for a11 exten5ional flows, the ~.hrector relaxation IS faster at 

higher De and at lower U, since for these conditIons the adapted À<S) ~amples larger 

absolute values. 

UE UE PE 

t 
E+ 

(a) (b) 

Fig. 7. (a) Azimuthal director angle e and polar director angle cp as a function of 

strain (dimensionless time) € = Ë t , for uniaxlal extensional flow (solid liilc), biaxlUl 

extensional flow (dot-dash line), and planar extenslona! flow (triple dot-da~h line) 
for De=O.5 , U:::.5, and iniuaJ dlrector onCnt3.tlOl1 (80, $0) =- (45, 45) The figure 

shows the orientation relaxatIon of the direstor for thrce dl ffen'nt lype'i of 

extenslOnal flows. (b) Corresponding computed sClenllfic vl\ualizatlOn of the 

director relaxation, represcnted by the normals to the shown dises. For the "iame 

initial orientatIon, the steady state dlrector orientatton IS dlfferent and the final 

steady staie depends on the type of extensional flow. 
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Figure 8 shows the x and z components of the director as a function of strain 

(dimensionless time) E = Ê t, for uniaxial extensional flow (solid line) and planar 

extension al flow (dot-dash line), for De=O.5. U=5. and with the initial director orientation 

(nxo= 0.9990, nyo= 0.0004, nzo= 0.0447) or (80' ~o) = (89.4, 2.56). The figure 5.hows 

that the number of stram (dimensionless lime) units requrred 10 achieve steady state 

director orientation for planar extensional flow is considerably larger than those for 

uniaxial extensional flow. For the selected Do, the director follows, in both cases, a 

trajectory close to the x-z plane till the equator is reached; this is the reason for the 

comparable nx dynamics in both the cases. The main difference in required strains arises 

from the faet that for planar extensional flow only the y-axis is the compression direction. 

and thus nz must now decay to zero. 

1.0 

0.8 (a) 

x 0.6 
c: 

0.4 
\ . 

0.2 

L_ 
0.8 (b) 

, , 
0.6 

N c 
0.4 

0.2 

0.0 - - -
0 2 4 6 8 

')train, e 

Fig. 8. Director eomponents as a function of strain (dimensionless time) E = Ê t, for 

uniaxial extensional flow (solid line) and planaI extensional flow (dot-dash Hne) for 

De=O.5. U=5. and mitIal duector orientation (nxo= 0.9990, nyo= 0.0004, 
nl.O= 0.(447) or (80 • ctlo)=(89.4. 2.56). The nurnber of strains (dimensionless time) 

units required to achieve steady state orÎt'ntation for planar extensional flow is 

conslderably larger than for umaxial extenslOnal flow 
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3.5.2. Alignment Viscoelastic Relaxation 

Figure 9 shows the alignment relaxation S(E) for uniaxial extenslOnal flow (solid 

Hne), biaxial extensional flow (dash-dot hne), anu planar extensional flow (triple dot-dash 

line) corresponding to the initial director orientaùon of Fig. (7), and for (a) U=5, De=O.5; 

(b) U=5, De=O.l; (c) U=3, De=O.5; and (d) U=3, De=O.l. The rclaxatlon coordmate 

t = è t is the strain (dimensionless ùme). The figure shows that blaxial exten~,ional and 

planar extensional flows have similar relaxations and both lead to hlgher steady state 

values of the alignment S than in case of uniaxial extensional flow, as predlcted in 

1.00 

~ 0.75 

~ 0.75 

,.---------------r-------- --- --- --

1,' 

/.' , 

--- ------ -
~ ...... -~ 

/.' , 
/ ' , 

/ ' , 
/ ' , 

....-:r'~~ 
-- .--' 

~-' 

~. __ ._- -- -- -- -- --

",--- -- ... _- -- -..-- --
~~ ---------- --.:::;------

d 0.50 ~_----'-__ _'__ _ ____' __ :>..:..o:......a..:::...__"'____ _ ___'_ __ __'_______'~ 

0.0 0.5 1.0 1.5 0.5 1.0 1.5 2.0 

Strain, E 

Fig. 9. The alignment relaxation S (e = É t) for uniaxial extenslOnal flow (sohd line), 

biaxial extensional flow (dash-dot line), and planar extensional flow (tnple dot

dash Hne) corresponding to the imtial director orientativn of Fig (6). for (a) U=5, 

De=O.5; (b) U=5, De=O.l, (c) U=3, De==0.5; and (d) U:=:3, De=O.l Herc E = C t 

denotes strain or dimenslOnless time. The figure shows that the relaxatIOn l~ more 

sensitive to the alignment strength of the flow at tugher De (Vl~COUS mode) and at 

lower U (elastic mode). 
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Table II. The figure shows that at higher De, the dynamics of S are slower than at lower 

De, for both Iow and high values of U, and that this trend is independent of the flow type. 

In addition at higher De, the viscous mode; dominates the viscoelastic relaxation al all the 

times, and the effcet of the relative magnitude of U IS smaller, while al lower De, the 

elastic mode dommates and the effcet of U is larger. It aiso follows from the figure that 

at hlgher De, the dynamics and steady state value of S is more sensiùve to the value of U 

in t.he case of umaxial extenslOnal tlow than in case of biaxial extensional and planar 

extensional flows, becausc at a given De, the flow aligllment srrength d ( A:nn )ssl ) in 

the fonner 1:' lower than in the last two cases. At lower De, the flow-type sensitivity is 

weaker since in this regime the elastic mode dominates. 

3.5.3. Tensor Or der Parameter Relaxation and Flow Birefringence 

Figure 10 shows the relaxation of the components of the tensor order parameter Q 

as a function of strain (dimensionless lime) E = È t with initial direetor orientation 
(60, cj)o):::(45, 45), for U=3 and De=O.5, and for (a) uniaxial extensionai tlow (solid line), 

(b) biaxial extensional Flow (dash-dot hnc), and (c) planar extensional flow (triple dash

dot Hne). For the shown parameters the relaxation is virtually complete after 5 strain 

(dimensionless time) umts. The trace elements of Q scale with the alignment strength of 

the flow and the relative onentauon between nss and compression directions of A. A 

summary of the main features of the steady state values of trace of Q is as follows : 

Qyy: The biaxial extensional flow exhibits the lowest value since ny is nonnal to the 

compresslOn axis (x-axis) while planar extensionai t10w attains the highest 

magnitude since ny is along the compression axis (y-axis) and the alignment 

strength is high. 

Qxx: Since nx is nonnal to the extension direction for uniaxial extensional and planar 

extensional flows, thus Qxx is smaU, while for biaxial exœnsional flow, the net 

combination due to the fact that nx is along the compressional axis and that the high 

a.1ignment strength glves a relative large Qu. 

Ou: Here the compressIOn directiOns for biaxial extenslOnal and planar extensional 

flows are orthogonal to Il z and thus for these f10ws QlZ IS small. For umaxial 

extenslOnal flow. althou.gh rIz lle~ ln the compres5IOnai plane the weakly aligning 

character of the ilo\\' ylelds a relatIvely low <h.z. 
The steady stale values of the off-diagonal components (QI) , l '# j) are equaJJy explained 

by tal-:ing lOto account the alignment strength of the flow and the compreSSlOn directIons 

of the flow. For ex ample QYl vam~hes for biaxlal extensionaI and planar extensional 
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flows since nz is parallel to the compression direction of these flows, while for uniaxial 

extensional flow Qyz is relatively large since ny and nz are both in the compression plane 

of the flow. 
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Fig. 10. The relaxation of the components of the tensor order paramett~r Q (E = È l ) 

with initial director orientation (90, q>o) =- (45, 45), for U=3 and De:::O.5, and for 

(a) uniaxial elttensional flow (solid line), (b) blaxial extensional flow (da~h-d(}t 

line), and (c) Planar extenslonal flow (triple dash-dot line) The magnitude of the 

different components scale with the alignmcnt strength of each t1ow, and with the 

relative onentations between the different elements of Q and the çompression 

directions of each flow. 
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According to [24], the birefringence 811 can he expressed by: 

(20) 

where ell and el are the elements of the dielectric tensor eij parallel and nonnal to the 

director respectively, the tensor el) is given by C!ïJ = ê'ÔU + &maxQJ' where the nrst tenn is 

the average trace of eij and 6emax is the anisotropy for S=I; for discotics, 811 <0 since 

.1emax <O. In deriving equation (20) we have assumed that ë» 2 .1emax S/3 for the 

values of S corresponding to the nematie phase. Equation (20) shows that the sleady 

flow-induced birefringence L\l1ss is proportion al to the magnitude of the steady alignment 

Sss· 
Figure Il shows the steady state alignment Sss as a function of De for uniaxial 

extensional tlow (solid line), for biaxial extensional and planar. extensional flows (dash

dot Hoc) for (a) U=5, and (b) U=3. As shown in Table II, the alignment 

strength of biaxial extensional and planar extensional flows is identical and thus the 

shown curve for these two flows superpose. The figure shows a monotonie increase in 

the flow birefringence. At high De the viscous mode dominates and the effect of the 

magnitude of U is smaller, while at low De the elastic mode dominates and the effect of 

the magnitude of U on Sss is larger irrespective of the flow type. The figure shows, in 

agreement wIth Table JI, that the birefringence for uniaxial extensional flow is smaller 

than for other tlow types since it is a weakly aligning flow. 'The alignment strength of 

each tlow type explains the relative sensitivity of the birefringence to De for the various 

flows, At higher U the effect due to the different alignment strengths is smaller than at 

lower U. At lower U. the viscous mode domlnates and the effect due to the different 

degrees of alignment strengths increases rapidly with increasing De. 

3.6. Conclusions 

In this initial investigation of the nematorheology of unlaxial discotics in 

extensional flows, we have perfonneti a useful characterization or me sensitivity of the 

director • scalar order parame ter, and tensor order parameter relaxation with respect to the 

flow type, the alîgnment Deborah number, and the irnual directm orientation. Use of the 

\lOit sphcre descnption Identiflcd the director dynarrllcs of umaxial extensional and 

biaxla1 extensional flows as geodeslc flows, and as non-geodesic (exçept for one special 

case) for planar extensional flow. The three flows cxhibit sensitive dependence to initial 
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conditions, but due to the double arrow nature of the director vector (n = -n,) biaxial 

extensional and planar extensional flows are strongly orienting flows since they have one 

stable fixed point. On the othet hand, uniaxial cxtensional tlow is a weakly orienting 

flow, since the stable steady states are a degenerate circle, and when 110 is on the poles of 

the unit sphere, predictability is lost. Significant differences between tlow types anse ln 

the number of strain units required to achieve steady state orientations, aceording to 

whether the flow is geodesic (uniaxial extension al or biaxial extensional tlows) or non

geodesic (planar extensional flow). The alignment strength (1 ( A:nn ) ssl ) of the tlows 

scale with the magnitude of the ambient strain rate ( A : no). It is found that uniaxial 

extensional flow is a weakly aligning flow but biaxial extensional and planar extensional 

flows are strongly aligning flows. A summary of the aligning and orienting propertie~, 

and of the geometry of the director orbits of the main extensional flows, is given in Table 

III. 

Flow Type 

Uni axial 

-

Biaxial 

Pure Shear 

Table III 
Classification of Extensional Flows 

Orientaùon Alignment 

Strength Strength 

(Director) (Scalar Ordc.r Parameter) 

Weaker Weaker 

Stronger Stronger 

Stronger Stronger 

Geodesie Flow 

Y(:s 

--
Yes 

No 
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Fig. 11. The steady state alignment Sss as a function of De for uniaxial extensional 

flow (solid Hne), and for both biaxial extensional and planar extensional flows 

(dash-dot line), for (a) U=5, and (b) U=3. The flow birefringence is proportion al 

to Sss and increases with De. The birefringence for biaxial extensional and planar 

extensional flows is identical and is greater than for uniaxial extensional flow for 

all U and De. 
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Chapter 4 

Theory and Simulation of 
Extensional Flow-Induced Biaxiality in Discotic Mesophases 1 

4.1. Abstract 

Aow-induced biaxiality is simulated for a uniaxial discotic neroatie liquid crystal 

subjected to a constant uniaxial, isothe1l11al, incompressible, irrotational, extensional, 

three dimensional flow. Numerical and analytical solutions of the director triad (n, m, 1 ), 

and uniaxial (S) and biaxial (P) alignments are given. The unit ~phere description of the 

director triad is used to discuss and analyze the sensitivity of the director triad trajectories 

and the coupled alignment (uniaxial and biaxial) relaxations to the il1iual orientation, 

nematie potentia1 (ln, and to the alignment Deborah number (dlmenslOnlcss extenslOll 

rate). The evolution of the director triad is given by the rotatIon of a movmg dIad (n, 1 ) 

around a fixed director (m). When d'le poles of the orientatiun unit sphere are along the 

extension axis, and the equator lies in the compression plane of the flow, il IS found lhat 

the director diad (n, 1) dynamics follow geodesic flow and the trajectones belong to the 

same meridians (great circles through the poles). The space of stable stc<Jdy slate 

orientation of the uniaxlal director n and the biaxlal dircctor m is the wholc compression 

plane (the equator of the unit sphere), while that of the biaxial director 1 is the extcn~ion 

direction (poles). A high degree extension flow-induced biaxiality is found whtn the 

umaxiaJ director is away from the extension axis and when S is relatively low. The ~alar 

order parameter couplings are captured by analyzing the traJcctories in the alIgnment 

triangle. Computed scientific visualizations of biaxial molecular Orientation distributions 

are used to correlate the dire.ctor triad dynarnics and the alignment's dynamics. The 

tensor order pararncter is used lO calculate the rnain flow-birefringences. 

This chapte: bas been submllted as an aruc1e for publication an Journal de PhysIque II (France), 
(August 17, 1994). 
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4.2. Introduction 

Carbonaceous rnesophases are an important class of low cost precursors in the 

manufacture of high perfonnance carbon fibers [1, 2, 31. This mesophase precursor is a 

uniaxial discotic nematie liquid crystalline material. These mesophases are formed by the 

condensation of the aromatic molecules present in the coal or petroleum pltches [l, 2, 4] 

and tend to adopt a umaxial discoùc nematic phase Nd [5, 61, with unit normals tO the 

disc-Iike molecule~ more or less aligned along a common direction (see upper Fig. 1 ), 

represented by the unlaxial director n; in what follows we use n and ut1iaxial orientation 

illterchangeably. The degree of alignment of the unit nonnais along ri is given by the 

scalar order parame ter S [7]; in what follows we use Sand uniaxial alignment 

ioterchangeably. Since spinning of disC0tic carbonaceous mesophases involves stretching 

and extension, a fundamental understanding of extensional flow-induced orientation and 

alignment is highly desirable. In this paper we use the extensional tlow classification 

terminology of [81. 

For flow of mesophase materials of relatively large molecular weights, the 

coupling betwceo the director and the scalar order parame ter should he retained [91. This 

dynamic coupling introduces additional nonlinearities through the dcpendence of the 

generalized Leslie coefficients on the scalar order panuneter, as shown in vanous works 

19, 10, Il,12,131. In previous works [14.,15], the authors used variational principles to 

develop an approximate macroscopic model that allows for variable uni axial orientation 

and alignment in discotic nematics, and applied it to various exten~jonal flow~. For 

uniaxial extensional flow, it was found that the umaxial director trajecrories on the unit 

sphere (n.n ;:: 1) follow, from the initial orientation to the compression al plane (nonnal 

plane to the extension direction), a geodesic mendian flow and that the uniaxial 

alignment relaxation was sensitive to the imtial orientation, to the extension rate, and to 

the nemauc potenttal that controis the magnItude of S in the absence of flow. The 

sensitivity to mitIal conditions, typical of geodesic flows, was shown to be the cause for 

the lo~s of predlctabihty that occurs when the initial nniaxial dlrector orientation lies 

along the txtension aXIs of the flow. In addition, stlvng extension was found to produce 

large decreases 10 the umaxlal scalar order parameter when the umaxial director was 

ahgned ncar the extension axis. The prevlOus works [14, 151 precluded flow-induced 

blaxlalJty because they are bascd on a umaxial macroscoplC mode!. 

Field-mduced blaxiahty in nematic liquid crystals has been shown to occur under 

vanous conditions. Uniaxial nematic liquid crystals of negative dielectric anisotropy 

display bla;{lal ordering when subJected to an electric field normal to the uniax,al director 
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axis [16]. U niaxial nematies of negative magnetic susceptibility also dl splay biaxial 

ordering when subjecting the material \0 a magne tic tield oriented parallel to the initial 

Wrector orientation [171. Extensional flows are known [14, 151 to have orÎen'iÎng q\1alitie~ 

similar to those of decuomagneuc fields, and thlS forms the basts for thl" tnuustnal 

manufacluring of organic fibers. The basic flow onentmg phcnomena of nem.\tl(·s in 

uniaxial extensionaI flows depends on the molecular geometry. ln extem;lonaJ t10ws the 

reactive pararneter À [71 plays the analogous role as the dlamagnetlc su:.cePHhlhry ln the 

magnetic ficld-induct:d rcoriemations. For rod-like nematics À > 0 .lOd eXlenSIO!\ aligns 

the director along the ~tretching direction, while for dISCOUr.. ne maties )'" < 0 and 

extension a1igns the diI'!!ctor anywhere !fi the compression plane. Glven the st.lted field

orienting properties of the umaxial discûtic nemati~s and the analogy wah magnetH': 

reorientation phenomena, wc expecl that u uniaxial ex.tenslOnal tlow will also induce 

biaxial ordering. The biaxial ~tate is dcscribe,d by orthogonal dliector triad (n. m, 1 ) and 

two scalar arder parameter'i (S, P) 118, 19}. Although no c'{per:rnental mea\urCmCnls of 

the state of alignrnent of uniar..ial dlscotic during exlensio~:tl flows CXIst, sigmficant 

flow-induced changes of the uniaxlal scalar order parametcr of rod-like rnamchain 

neroatic polymers are belicved to dominate their rheology (201. Thus wc t::Kpect that 

flow·induccd biaxiality may be accessible and signiflcant for dlscotic mesophases 

subjccted to uniaxial extt!nsional fl('tNs. 

The main objective of thlS work is to establish the relevant qualitative featl/res mal 

describe the relatIons belwecn uniaxlul extensional defonnations mpute; and oncntation 

(uniaxial and biaxial) and alignment (uniaxial and biaxial) responses ln 'ln Idcahzcd. 

uniaxial discodc nematic liquid nystalline phase. The rameular objectives of till~ paper 

are: 

(1) To characterize the sensitivlty of director tnad (n, m, 1 ) trajC<.'tones and their 

stable steady states to the Initial condition,>. and to the extemion rate, U\Hlg anaJysls 

and numencal simulation; 

(2) To charaçterize the sensitivtty of uOlaxHtl (S) and blaKHlI CP) alignment 

relaxations, along the corrcsponding dlrector paths, to the 1I1ltial conditions and to 

the extensIOn rate, using numencal simulation. 

In this paper we use the umt sphere de~cnpt1on [14, 151 of nemat1c~ only to 

facilitate the disclls~ion and classification of the numencal result~ that pertain to the 

above mentioned objecuves. 

The organilatlOn of thls paper l~ as foilows. In section 43 wc dcfine the 

coordinate system and the state van ables , ddinc the uma]{w.! extcnsional flow, bridly 

present the elements of the umt sphen." dC5cnption used to diseuse; and cJat,'>lfy the 
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analytical and numerical ~OllltlOnS, and present the governing equations. In this section 

we aJso present anaJytlcal onentatIon (unia>.ial and biaxial) and alignment (uni axial and 

biaxial) results, and the prmctples use<! to sdeer the phenomenologleal parameters of ù1e 

model. A brief description of the numeneal method used to integrate the governing 

equations is also presented. In section 4.4 we present, diseuss. and cJasslfy the solution 

vector, consl~ling of the lime t...~pendent dlreetor and ahgnment fields, obtained from 

numerical IntegratIOn and analytteal solutions of the govermng eqllatlOns. Typical 

computatIOns of the tensor order parameter relaxatIon and flow birefringence are 

presenled. 

4.3. Theory and Govcming Equations 

4.3.1. Definition of Coordinates, Kinematics.. Orientation and Alignment 

ln this paper we study the temporal, spatially unifol'm microstructural response of 

a model umaxlal discouc nematk subjected at lime l = 0 to R ronstant uniaxial extension 

rate Ë. The microstructure of the nematic is characterized by the tensoI' order parameter 

QIJ(l) [19J: 

(la) 

where the following restrictions apply: 

(lb,c,d,e,t) 
ni ni = mi m i = Il 1 i = 1; 

where i.j = x, y. z. The uniaxial director ncorresponds lO the maximum eigenvalue ts, 
the biaxial director m corresponds to the second large st eigenvalue - t (S - P) , and the 

blaXlal director J -:.. n x ID corresponds to the smallest elgenvalue - t (S + P). The 

onent4\Uon is defmed by the orthogonal director triad (n, m. 1). The magnitude of the 

uniaxlal sca!aï order parameter S i5 a mea5ure of the molecular ahgnment along the 

umax.lal dlrector n, and 15 glven by S = 3 ( ni Q 1] n] )/2. The magmtude of the biaxial 

sealar order parame ter P lS a mea~ure of the moleculru allgnment along the bIaxial 

dlrector m ln a plane perpendicular to unia:dal director Il, and is given as 
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P = 3 (mi Qlj m J • li Qij Ij ) /2. On the principal axes, the tcnsor order pammeter Q IJ(t) 

Îs given by : 

. .1(S-P) 
3 

0 0 l 
Qi] = 0 • .l{S+P) 0 

~ 
(2) 

3 

0 0 2.S 
3 

We next adopt this weIl known description to discotic nem~tic liquid crystals 

Figure 1 shows an !'chematic sid\.' view (top) and l:lP view (bottom) of:} typlcal tlow

induced biaxIal ordering in a disr:otic nematie liquid crystal. The top figure shows lhat 

the uniaxial director n descnbes the average orientatwn of the n0n11als to the' cm;ular 

dises. The bottorn figure shows a projection on a plane pcrpcndicular to the ulIlaxial 

director, here glven by the m-! plane. The bottom figure shows fJlat DI I~ the average 

orientation of the projection of Hie norrnah to the cIreular dl~S omo the n,", plane As 

explained in [17, 19), Wlth the <J~ove glven I.dentIfication. bot~, Sand P <ire pO~lHve for 

both rod-hke and dlsc-like umaxial nemauc Hquict crystals, and no furth~r dl~tmction IS 

required in thls paper sinee lods are not consldered here. Herc Sand P are the scalar 

order parameters in the direction of the dix ceton. n and m rcspertively. 

Having established the ordenng and orientation measures. wc bnetly dlsçu~s thclr 

restrictions and magmtudes in typical states.. The eorrespDndcnce t)1~twecn phase and 

alignment is : Isotropie (S = 0, P =- 0), rniaxial ncmatIe (S :;ê O. P = 0), and blaxml lIematic 

(S 1:- 0, P "# 0). Since the cigenvalues III ( i = l, 2, 3) of the tensor order parame ter Q are 

restricted by : 

(3) 

hence it follows that biaxial ordcr parame ter P obeys the following restrictIOns : 

S - 1 :S; P :S; 1· S (4) 

Equations (Id, le, 4) define the alignment tnangle contalning aIl Lhe possible ordenng 

state~ of dlscotÏe nernatlc liqllld crystals. FIgure 2 show,; d schematle of the alIgnment 

triangle, whose sides are glVcn by P = 1 - S (P :?: 0), P = S - 1 (P $ 0), and S::: - 0.5. 

The seven limiting alignment states are shown by an arrow origlllatmg from each 
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n 

n 

1 

m 
1 

n m 

Fig. 1. Definition of director orientations of a diseotic ne matie liquid crystal 

undergoing flow induced biaxiality. The uniaxial director n in a diseotic nematie 

phase is the average orientation of the unit nonnaIs to the disc-like molecules. The 

biaxial directors m, 1 lie in a plane perpendieular to uniaxial director n, and fonn a 
right hand triad. The biaxial director m is the average orientation of the projection 

of the unit normais to the dise-like moleeules in a plane orthogonal to uni axial 

director n. The biaxial direetor 1 is given as n x m. The lower 2-D figure is the 

projection, of the upper 3-D schematie, in m-l plane. In this paper we consider the 

extension dynamics of a discotic nematie that is uniaxial prior to the imposition of 

flow. 
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n 

~I 
m 

S=O,P=l 
m ~ p 

. ~ 
1.5 

S=-O.5. P=1.5 

n / 0.5 
5=0. P=O 

/ s .0, n 
.. , 

f 

-
S=-O.5, P=O 

n 

J-~ 
• 

S=l,P=O • 
m 

S=-O.S, P=·1.5 

S=O, P=-l 

Fig. 2. The alignment (uniaxial and biaxial) P-S triangle. The unit sphere description 

of the director triad (n, m, 1 ) is used to explain the alignment characteristics at 

different limiting points on the alignment phase plane. The dark rings or dots 

represent the direction in which the unit normals to the disc-like molecules point. 

Seven limiting alignment states are shown by an arrow originating from each 

corresponding unit sphere. Wherever S = 0, the uniaxial director n is undefincd, 

and wherever P = 0, the biaxial directors m,lare undefmed. The figure shows that 

when P -+ - P, then m ~ 1. 

v 
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eorresponding unit sphere description [14] of the molecular orientation stale. Wherever 

S = 0, the uniaxial director n is undefined, and wherever P = 0, the biaxial directors m, 1 

are undefined. The dark dot or the dark ring on the unit sphere indicates the orientation 

of the normals to the dises. For exarnple, for ( S = 0, P = 1), the uni axial director n is 

undefined, and the unit nonnals to the disc-like molecules lie along the meridian passing 
through the biaxial director m. The figure also shows that when P -+ - p. then m -+ 1. 

The rings in the figure corresponding to (S = 0, P = 1), (S = - 0.5, P = 0), and 

(S = 0, P = - 1) correspond to planar orientation. The dark dots in the figures of 

(S= - 0.5, P = l.5), (S = 1, P = O), and (S = -0.5, P = - 1.5) correspond to various perfeet 

alignments. Sinee uniaxial extensional flow will not induced negative values of S and P, 

in the present study the state of alignment lies within the triangle defmed by S = 0, P = 0, 

and P = 1 - S, whose vertiees are the isotropie plane, the perfeet uniaxial ne matie phase, 

and the planar oriented phase. In what follows we Tefer to this Testrieted alignment space 

as the alignment triangle. 

To enforee the unit length constraint on the orthogonal direclor triad 

(n • n = m • m = 1.1 = 1) and to visualize and analyze the direetor triad orbits on the unit 

sphere, we parametrize director triad as follows : 

where 

[ 

n = (nu ny, nz) = (cos 4J, sin 4J cos e, sin cp sin 9) 1 
[ n, m, 1]: m = (m", llly, mz) = (cos 'l', sin 'If cos n, sin 'II sin a ) 

1 = nxm 

"If = tan - 1 ( cot{ - ~) ) . 
cos ( 9 - cp) 

(Sa) 

(Sb) 

The parametrization is shown in figure 3(a), where 9 (0 S 9 S 21t) is the uniaxial 

azimuthal angle and ~ (0 ~ ~ ~ 7t) is the uniaxial polar angle defining the uniaxial director 

n. The biaxial director m is eompletcly defined by the biaxial polar angle", (0 ~ 'II ~ 1t ) 

and biaxial azimuthal angle a (0 ~ n ~ 2n). In tenns of the uniaxial angles, the north 

pole of the sphere is located at cil = O. the south pole at ~ = Tt, and the equator at 

(9, cp) = ([0, 2Tt], ± 7r/2) . In this paper x is along the extension direction of the imposed 

flow. 
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The unit sphere description of the director triad is used just to facilitate the 

analysis and discussion of the analytical and numerical results of director triad relaxation 

and alignment relaxation. In the unit sphere description [14, 15, 21,22, 23, 24] each 

director tip, in the presence of flow, defines a trajectory. As shown below, in uniaxial 

extensional flow, m(t) == m(O) and the trajectory of mis just a point on the equator of the 

unit sphere. To characterize the moving director diad (n(t), I(t» orbits we define 

geodesics and meridians. A geodesic is the shortest arc connecting two points on the 

surface of the sphere, and is given, in tenns of the uniaxial director angles, by [25]: 

. . e sin cp sin 9 0 
sm N 2 cos cp - cos N2 sm cp cos - =; 

~Ni2 - 1 
(6) 

where NI and N2 are constants that depend on the two points; the geodesic or great 

cirde, is the intersection of the sphere with the plane containing the given points and the 

center of the sphere. When the two points are the poles (N2 = 1t) the degenerate geodesics 

are the meridians M, which in terrns of (9, cp) and the rlirector components 

«a .. i = x, y, z), â = n, 1) , are given by [25] : 

(7a,b,c) 

(Sa,b,c) 

where b ( - 00 < b < 00) is a constant whose numerical value defines a particular meridian. 

A family of meridians is shown by the r.olid Hnes passing through the poles in 

figure 3 (a). 

Figure 3(b) shows the deformations of a unit cube of discotic nematic subjected at 

time t = 0 to a uni axial extensional flow; as shown below, the applied extension direction 

along the x-axis (polar axis), is parallel to the steady state biaxial director 

Iss = (lASS, 0, 0) = (± l, 0, 0). The unifonn compression along the (y-z) plane con tains the 

equator of the unit sphere, and as shown below represents the degenerate circle of stable 

steady uniaxial and biaxial director orientations : nss = (0, nyss, nzss) = 
( 0, cos ass, sin ass ); and mss = (0, myss, rnzss) = (0, cos CXss, sin Œss) respectively; 

where the subscript 'ss' denotes steady state. 

To characterize the relaxation of the uniaxial and biaxial alignments as the 

directors traverse the surface of the sphere, we divide the sphere into three characteristic 
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regions, denoted by R- and R+, and shown in the schematic of figure 4. The two 

equivalent R- regions are given by 1 â,,1 > INJ, and me R+ region is given by 1 â~1 < l/YJ • 

where â is a unit vector. In an irrotational uniaxial extensional flow, the only floweffeet 

on the orientation and alignment is due to the symmetric part of the velocity gradient 

tensor ( VI)' usually known as the rate of strain tensor or rate of deformauon tensor and 

denoted by A, and whose ij and ji components are given by A IJ = A JI = ( vlJ + V J.I ) {2. An 

important observation, used below to classlfy the numerical results of alignment 

relaxations, is that a director whose tip lies in me R- region samples extenslonal strains 

(A: â â > 0, â = n, 1 ), while a director whose tip lies in the R + region samplcs 

compression al strains (A : â â < 0, â = n, 1 ). 

4.3.2. Governing Equations for Uniaxial Extensional Start-up Flow 

The macroscopic model used in this paper is described in detail in 114. 15). Here 

we just present the governing equations for the temporal evolution of the tensor order 

parame ter and refer me reader to the above mentioned references for further details. The 

dimensional governing equations for me microstructure response of the model diseotie 

nematics, subjected to isothermal. incompressible. irrotational extensional flow are 

approximated by : 

( 1- -V-)QiJ - U( Qilt (àj - SQllt ~l ~J) + U (Qlk ~ dQij 

+ 04 A ij + t4Qj + (J6(Q\tAkJ + Aik~J - !QlkAkl&J) (9) 

+ t6( Qk~J + QikQcj - ~Qlk~IÔIJ) = OIJ 

where (i, j = x, y, z); U is the nematie potential. AIJ is the rate of deformation tensor. QJ 
is the time rate of change of the ij component of the symmetric traceless tensor order 

parameter Qi j, and <16. (J4, t6t t4 are the dimensional phenomenologieal parameters. The 

simplifying assumptions and approximations made in denving the mode! that deseribe 

the flow-indueed tensor order parameter of an ideal discotic ncmatie liqUld crystal. as 

given by equation (9) ean be round in [14, 26]. The numerically integrated set of 

dimensionless governing equations in compone nt foml and the dimensionless van ables 

are given in Appendix A. The corresponding eigenvector-eigenvalue versions, 

goveming the evolution of the direetor triad and alignment's extension dynamics, are 

given by: 
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..-I---~ Same cube of nematic 
at time t > 0 

'].I-+~-H-.f-,J Unit cube of nematic 
at time t = 0 

(b) 

Fig. 3. Definition of (a) coordinate system, (h) uniaxial extensional flow defonnation. 
(a) Director angle and unit sphere : 9 (0 ~ 9 S 21t) is the azimuthal angle and q, 
(0 S q, ~ 1t) is the polar angle which define completely the orientation of the uniaxial 

director n. The biaxial director m is completely defined by the polar angle 

'1' (0 S '1' S 1t ) and azimuthal angle a (0 S a :5; 21t). The north pole of the sphere is 

located al q, = 0, the south pole at q, = 1t, and the equator at (9, q,) = ([0, 21t), ± TC/2). 

(b) Defonnation of a unit cube, subjected at time t = 0 to a uniaxial extensional 

flow. The x-axis is along the extension direction, and the y-z plane contains the 

uniform compression; the flow is an irrotational 3-D flow. 
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R +; A:ââ <0 

Fig. 4. Sensitivity of initial uniaxial alignment S and initial biaxial alignme:1t P 

relaxation to the initial director orientation. The three characteristic regions for the 

ambient strain rate A: ââ (where â = nt 1). In the region R~ the ambient strain is 

positive (A: Sa > 0); in the region R+ the ambient strain rate is negative 

( A : ââ < 0 ); and on the boundary of the two regions aR+ = aR- the ambient rate is 

zero(A :0=0). 
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de 
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(10) 

(11) 

(12) 

(13) 

(14) 

where A = A 1 È is the dimensionless rate of strain tensor. Il! = È 14. is the alignment 

Deborah number (dimensionless strain rate). and E = Ë t is the strain (dimensionless 

time). Equations (10 - 14) are only used to obtain analytical results and to develop a 

selection procedure for the parameters of the model; aIl numerical re:,ults of this paper 

were obtained by numerical integration of equations (A.l - A.5). Equation (11) shows 

that m == constant for uniaxial extensional flow, as we prove below (see Fig. 5); this 

analytical result is not used in the numerical integration of equations (A. 1 - A.5). The 

director diad (n, 1) evolution equations (10, 12) contain uncoupled and mixed flow terms. 

The parame tric functions introducing these tenns are the four reactive parameters 

(~ ; i = n. 1; j = n. l, mix) • where the subscript mix denotes the cross coupling reactive 

parameters. In this paper the following terminology is used for the set of reactive 

parameters : uniaxial reactive parameter ~. mixed-uniaxial reactive parame ter I..!ix. 
biaxial reactive parameter~. and mixed-biaxial reactive parameter~. The alignments 

relaxation equations (13. 14) conta in only uncoupled flow tenns and the parametric 

functions introducing these terms are the four ordering functions 

( ~1,j ; i = n. m; j = S. P) • and the two el as tic functions ( ~ j ; j = S. P) . The following 

terminology is used for the set of ordering functions : n-S ordering function 13~.s. m-S 

ordering function ~r.s, n-P ordering function f3~.P. and m-P ordering function ~r.p. The 

elastic functions are called uniaxial elastic function fu.s and biaxial dastic function ~ 

and contain the thermodynamic contribution. The expressions fol' the set of reactive 

parameters ( ï!.1!u,~. J.!rux ). the ordering function set ( 13~.s, ~~s .13~.P .13T.p ). and the 

elastic functions ( 132. s. 132. s) are given in Appendix B. When De ~ 0 the alignments 

dynamics are purely elastic. when De --. 00 purely viscous. and for the intermediate De 
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values viscoelastic. At intennediate De the moving director diad (n, 1) is also 

viscoelastic, as it is coupled to alignments (S, P) through the set of reactive parameters 

(~, ~'" Àt I.!u" ). 
The velocity field v (x, y, z) corresponding to the unifonn uniaxial, irrotational, 

3-D extensional start-up flow of the dtscotic nematie crystal s, is given by [8] : 

v" = Ë x H(t) ; vy = -! y H(t) ; Vz = -! z H(t) ; 

H(t) = lOt < 0 } ; 

'1 t~ 0 
(15a,b,c,d) 

where È is the constant uniaxial extension rate. The non-zero components of the 

corresponding rate of deformation tensor A are: A Il = é; A22 = A33 = - é /2; this flow 

is irrotational and the vorticity tensor is zero, W = O. 

The initial conditions used to solve equations (A.l - A.5), in eigenvalue

eigenvector fonn, are : 

@ t = 0 : n = no; mo::: (0, myO, mza) ; 10 = no x mo ; 
no.no = mo.mo = Ig.lo = 1; (16) 

So = ~; Po = 0; 

where Seq(U) is the equilibrium scalar order parameter of the normal (S > 0) uniaxial 

nematic phase, given by [27]: 

(17) 

For U < 8/3 the stable phase is isotropie, for 8/3 ~ U ~ 3 there is biphasic equilibrium, and 

for higher values of uniaxial nematic potential U the phase is uniaxial nematic. High 

values of U correspond to stronger uniaxial alignment. In this paper we use two 

representative nematie potential U :.: 3 and U = 5, and the eorresponding initial condition 

values for uniaxial sealar order parameter are: Seq (U=3) = 0.5 and Seq (U=5) = 0.76. In 

this paper, all angles are reported in degrees. 

Equations (A.l - A.5) are integrated using an implicit corrector-predictor first 

arder Euler integration method with an adaptable time step [281. Application of the 

implicit correetor-predictor method transfonns the set of coupled nonlinear ordinary 
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differential equations (A.I - A.5) into a set of coupled nonlinear algebraic equations . 

For earh time step the algebraic equations are solved using the Newton-Raphson 

iteration scheme [28]; the predictor step generates a tirst guess for the iteration loop and 

the corrector 'itep is the iteration loop itself. The adopted convergence criteria is that 

the length of the difference vertor between the caIculated solution vectors corresponding 

to two successive iterattons is less than 10 -6. The transient solution vector obtained 

from the numericai solutions consists of the five independent components of the tensor 

order parameter (Q(E» as a function of the strain (dimensionless time) E = Êt . In 

addition to the uniaxial nematic potential U, the other dimensionless parameter 

investigated in this paper is alignment Deborah numher De. The numerically obtained 

tensor order parame ter Q(E) is subsequently transformed into principal fonn to tind its 

eigenvectors or director triad (n, m, 1 ) and its eigenvalues, given by equation (2). 

4.3.3. Analytical Results 

4.3.3.1. Diredor Triad Dynamics 

Assuming that the biaxial director m a1ways lies on the equator, or the plane of 

unifonn compression, then it can he written as m = ( 0, my. mz ). U sing this restriction 

(mx ::; 0) and the symmetry of the flow type ( Ayy = Azz ) the mixed terms , 

A: mn and A: ml, in the director diad (n, 1 ) relaxation equations (10, 12) take the 

following form : 

A : m n = Ayy ( my ny + m z nz ) ; (18) 

and 

A : m 1 = Ayy ( my ly + mz lz) . (19) 

The orthogonality of the d.irectors (m .L n and m J. 1) now gives : 

my ny + ml. nz = 0 ; my Iy + Illz Iz = 0 (20a,b) 

Use of equations (20) in equations (18, 19) shows that the mixed terms 

A: mn and A: ml appearing in the director diad relaxation equations (10, 12) are zero. 

Hence the uniaxial director relaxation n(E) and biaxial director relaxation I(E) are affected 

only by the uniaxiai reactive parameter J! and the biaxiai reactive parameter J.l. 
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respectively. Integration of equations (10) and (12) yields the following expressions for 

the moving director diad (n, 1 ) relaxation 111 the uniaxial start-up extenslonal tlow: 

and in the component fonn: 

â - Eu âxo • 
x - 1 E.1101 ' 

- AI) A · - . IJ - • , 

" _ Eyy âyO . 
a

y 
- 1 E.1101 ' 

Eïj = 0 for i;é j ; 

e 

(21a,b,c,d) 

(22a,b,c) 

(23a,b,c) 

where â = 0, 1; and ajo is the jth component of the initial director orientation 

(â (0) = 0(0), 1(0». The direction of the director trajectory and steady state is govemed 

by the sign of the corresponding director reactive parameter. The uniax.ml reactive 

parame ter ~ is negative for discotic nematics [14] (see figure 7). For the present case 

(mx = 0), it cao he shown that the biaxial reactive parameter ~ is related to the uniaxial 

reactive parameter by the following relation: 

(24) 

which, since ~ < 0 [14], implies that ~ > 0 for discotic nematics (this relation follows 

from equations (B.1, B.3». The equations (22, 23, 24) show that the y and z 

components of the uniaxial director n will increase, whcreas the corresponding 

components of the biaxial director 1 will decrease; hence n rotales towards the equltor, 

and 1 towards the close st pole. From equations (22, 23) it also fol!ows that y and z 
components of the moving director diad (n, 1 ) are reJated by: ny == b n" (b == ny{/nzO), 

and ly :;: b Iz (h:: ly<Ylzo). Using the last result and equations (7, 8), we conclude that 

the uniaxial director 0 and biaxial director 1 orbits belong to the meridians, and the 
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director diad (n, 1 ) dynamics belong to the rlass of geodesic flows. Comparison of 

equations (22, 23, 24) with equations (7, 8) also shows that the director diad (n, 1 ) belong 

to the same mendian of the unit sphere. From the mendian flow of the director diad 

(n, 1 ) Il follow~ that the bJaxlal director m should lie somewhere on the equator of the 

unit sphere The computed numerical simulations for the director triad relaxation, shown 

below, confim1 the above analysis. 

The selection cnteria for the biaxial director m can he explained by the following 

argument. BlaXlahty wIll be present in a plane normal to the extension direction, that is, 

in the (y-z) plane. Since m is normal to n and must lie on the equator, hence m(O) is 

normal to P . n(O), where P = (ù - n n ) is ùle projection operator. In addition, since D 

follows a geodesic meridian flow ( ny = b nz, b = nyOlnzO ), thus it follows that : 

'" P. n(O) 1 ('" "') 
Dl. = 1 P. n (0) 1 = Y 1 + b2 j + b k ; (25) 

and from m l.Ôl. we finally get the following components for m : 

mx = 0 ; ml ::: - b DY (26a,b,c) 

Equations (26) show that for a given b = nycYnzO, there is indetemunlcy in the selection 

of the biaxial director m, since there are two equivalent directions perpendicular to no and 

farthest away from the extension direction for each initial uniaxial orientation no. As 

1 = n x m, thcre are also two possible equivalent biaxial director 1 trajectories for each 

uniaxial director D trajectory. 

Equations (22,23,24, 26) show that the stable state director triad is given by : 

"ss =( 0, nys., nzss) =( 0, b , 1 ) 
YI + b2 YI + b2 

mils =(0, muss, rnzss) =( 0, ± l ,± b ) (27a b c) 
J y 1 + b2 V 1 + b2 ' , 

Iss = ( 1, lysa, lzss) = ( ± 1, 0, O) 

where b = nytYnzo . 

Figure 5(a) shows the computed director triad (n, m, 1) trajectOIies on the surface 

of the unit sphere, and figure 5(b) shows the corresponding cO'llputed director triad 



trajectories on the q,-8 plane. for an initial uniaxial dlrel'tor orientation of 

(80,4»0) = (45, 2.56). The figure shows that for the glven ullIaxlal dlr~ctor n traJectory 

there are two different biaxml director m, 1 traJcctones. where the .UTOWS mctll:a\e the 

direction of the director paths. Th~ uniaxlal dircctor trajectory and the IWO corre~;pondmg 

equivalent blaxial dtrector trajectories lie on the samc mendlan 111e l'omputcd dlrector 

triad steady states agree wlth equatlOn (27) . I"s lte~ alnng the püle,>. n" ht.''> on the 

equator, and mss lies on the equator and IS normal to Il,,s 

The uniaxial director n and blaxlal duector 1 orblt~ follow gcmlc!->Ic tlow due to 

the inherent symmetry In the umaxlal extcmional tlow. TlllS le~ult IS also prctl1cted by 

the TIF equations of [291, WhlCh are applicable to umaxlal nematics of constant order 

parame ter, since as mentloned above, for lITotauonal flows the geolllctry of the dlft~ctor 

orbits are insensitive to vanatIOns 111 the magnItude of t!le ahgnlllcnt The dlrector 

trajectories shou1d exhibit the characteristlc ~enSltl ve dependcnce on tnltlal conditions 

which is typical of geodesic flows [3D]. When the lnIllal llluaxlal onentatIon is I1x = ± l, 
along the poles, predictablhty 1S lost. Close to the poles therc I~ hlgh sen~I:lvity to illltiai 

uniaxial orientation "o. Figure 6 shows the director triad traJcctones on the surface of the 

unit sphere when the lOiual uniaXlal orientation IS clo~e to the north pole, 

for (8u, 4>0) = (45. 2.56) (solid hne, corresponding dlrector tnad traJcctonc'I arc dcnotcd 

with subscript 'A') and (eo, ij>o) = (315, 2.56) (dot-dash lme, correspondlllg dircctor tnad 

trajectones are denoted with subscript 'B'). The arrows IIltltcatc the directIOn of the 

director palhs. The figure illustrates that the there is a Iligh sen~Jtlvlty cf the director tnad 

trajectories arld steady states, when the initial ur.iaxtal orientation l~ close to the pales. 

The whole compression plane or equator contams the space Jf ~tablc umaxial n."" and 

biaxial mss orientations, whlle the poles or the extension ducctions are the stable states 

for the biaxial director 1. 

4.3.3.2. Uniaxial Alignrnent Dynamics 

The uniaxial alignment relaxation S(E) and biaxial alignment relaxation P(E) 

depend on âo ( â = n. 1) through the amblent strain ratc A : ââ. FIgure 4 'Ihows dlfferent 

representative regions for A : ââ. In the R- regiolls the ambicnt ~lraIn rale l~ po~ltive 

(A: ââ > 0), and in the R+ reglOrtS the amhlcnt ~traln rale 1<) negatlve (A : ââ < 0). The 

uniaxial alignment relaxatlon equation (3) cao be wntten, uSlIlg the nght handed 

orthogonality of the dlrector tnad ( il = n n -1- m In + Il ), as : 

dS. (n m)~ m-
dE = ~1.S - ~I.S A : nn - PI.S A : \1 + De- 1 fh.s (28) 
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Fig. 5. (a) Computed director triad (n, m, 1) trajectories on the surface of the unit 

sphere with representative meridians and equator. (b) Corresponding computed 

director trajectories on the +-9 plane for initial uniaxial director orientation 

(80, qto)=(45, 2.56). There is indeterminacy in the m, 1 trajectories; for each uniaxial 

director n trajectory there are two different biaxial director m,1 trajectories. The 

aITOWS indicate the direction of the director paths. The steady states for the uniaxial 

director n and the biaxial director m lie on the equator, the plane of unifonn 

compression, whereas for the biaxial director 1 the poles (extension direction) of the 

unit sphere are the stable states. The uniaxial director n and biaxial director 1 follow 

geodesic meridian flow, whereas the constant biaxial director m remains at all the 

limes on the equator. 
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Fig. 6. Sensitivity of the director orbits to the initial director orientation. For the 

uniaxial director 0 and the biaxial director m. the whole equator represents stable 

director orientations. Predictability is lost when the initial uniaxial director 

orientation lies along either of the poles; close to the poles therc is a high sensitivity 

of the final steady state orientation to the initial uniaxial director orientation Do. 

The two stable orientations for the biaxial director 1 are the poles of the unit sphere. 
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where (~~s - pf:s) and p~s both are negative (see figure 7); hence the initial uniaxial 

alignment relaxation characteristics are given by: 

(29a,b,c) 

Il follows from the equations (29) that for any De, a sufficient condition for 

increasing uniaxial alignment S is that nO is in R+. For large De, discotic nematics, 

initially in R- undergo a temporary melting the uniaxial director is in the region R- [14]. 

4.3.4. Selection of Phenomenological Parameters 

ln this section we show and use the concepts used to construct a selection 

procedure for the three dimensionless phenomenological parameters (0:,0:, t:) of the 

present model. The non-dimensionalization of the three parameters is given in equation 

(A.41). To select the numerical values of the three dimensionless parameters 0:, cr:, t: 
we enforce the following constraints on the signs of~, 11 D' ft. D [14, 15, 31, 32, 33, 34] 

and on the values ofÂ: when S = 0, S = 1 [31]: 

'1 D=_ 'f2.D<O,· D 0 "'D 12. D ~ ; 1r ft ~ 0; 

lim ~=-oo; s-.o 
p=o 

Hm ~ = - 00; P-.O 
8=0 

lim Â: = - 1; 
S-.1 
p=o 

Hm Â: = - 1 . P-.l 
s=o 

(30a,b,c) 

(3Od,e) 

(3Of,g) 

where ft is the rotational viscosity for n, and "ft D is the irrotational viscosity for n, whose 

meaning is identical to that of uniaxial nematics [7]. 

ln addition to the above mentioned well known constraints. additional restrictions 

imposed on the phenomenological parameters, appear for the physically meaningful 

alignrnent of the director triad at steady state ( nS5 and mss lie perpendicular to the 

extension direction). This physically meaningful steady state director triad orientation is 

automatically selected by using equation (24). 
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The adopted values that satisfy the above mentioned constraints are : 

a; = 0.55, 0: = 0.30, 't~ = - 1.05. The resulting uniaxial reaetive parameter ~ (~= - ~ ) 
and the set of ordering functions ~~. s, ~f. s, f3~, p, ~f. p , given by equations (B.I, B.5. 8.6, 

B.7, B.8) respectively, are shown in figure 7. The values of the phenomenologieal 

parameters used in this paper are not fitted to any of the original existing discotic 

mesophases, but capture the essential phenomena of the problem. Other parameter 

vaIues will only change the time scales for the various relaxations. 

The appropriateness of the signs of the various ordering functions shown in figure 

7, for discotic nematics, can he justified by expected physical phenomena [14. 15]. When 

extension is applied nonnal to the uniaxial director n of a discotic nematie, there is an 

increase in the alignment of the molecular normals along n. Hence when the uni axial 

director n lies on the equator (region R +), the start-up uniaxial extension al flow should 

tend to increase the aIignment along n. Moreover when n lies in region R+, the flow 

contributions in equation (13) are both negative ( A : nn < 0, and A: mm < 0). Hence, 

for S(E) to increase, equation (13) shows that the two ordering functions must be 

negative : ~~,s < 0 , and f3'f.s < O. 

When n lies on the pole the effect of bjaxiality is zero, since both biaxial directors 

(m, 1 ) lie on the compression (y-z) plane. As n moves towards the equator the biaxiality 

increases because of the preference of the projections of the molecular normaIs to align 

themselves along ID in a plane perpendicular to n. Thus when n lies on the equator (1 lies 

on the pole, and m lies on the equator) the application of the flow should increase 

biaxiality, and when n lies along the poles flow will not induce any biaxiality. 

Consideration of equation (14) with n on the equator indicates that the expected increase 
ft Am ofP is captured only if the two ordering functions are negative: ~l,P< 0, and pl,P< O. 

4.4. Numerical Results 

4.4.1. Uniaxial and 8iaxial Orientation Relaxation 

Figure 8 shows the polar uni axial angle q, as a function of suain (dimensionless 

time) E = F:t , for De=O.6 (a), 0.4 (b), 0.1 (c); U=3 (dash-dot Hne), U=5 (fullline), and for 

the initial uniaxial director orientation (90, cj)o)=(45, 2.56). The figure shows that the 

uniaxial director n relaxation is viscoelastic , and that it is faster at higher De and lower 

U, since for these conditions the uniaxial reactive parameter x: samples higher absolute 

values. The biaxial director m is fixed at the equator (see figure 5), and the biaxial 

director 1 follows the viscoelastic relaxation of the uni axial director n, since 1 .1 n . 
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Fig. 7. Parametric functions of the model. The unîaxial reactive parame ter ~ and the 
set of ordering functions ~.s. J3~.s. ~~.P. and pr.p as a function of the uniaxial scalar 

order parame ter S and biaxial scalar order parameter P for the chosen set of 

dimensionless phenomenological parameters (cr:. (J~, and 't;>. For discotic nematic 

liquid crystals these all are negative (see text). 



100 

90 
(a) 

...-.. 
CIl 
CI) 

~ 45 
CI) 

0 
'-' 
-Er 

De=O.6 

f (b) ...-.. 1 CIl 

~ 
1 
1 

CI) 45 1 
0 1 
'-' 
-Er 

De=O.4 
,- -

1 (c) 
...-.. 1 CIl 

~ 45 CI) 

Cl 
'-' 
-Er 

De::O.l 
0 

0 1 2 3 4 5 

Strain, E 

Fig. 8. Polar uniaxial angle ~ as a function of strain (dimensionless time) E = ft, for 

De=O.6 (a), 0.4 (b), 0.1 (c); U=3 (dash-dot line), U=5 (fullline), and initial uniaxial 

director orientation (60, cj)o)=(45, 2.56). The uniaxial director relaxatioil is 

viscoelastic. and it is faster at higher De and at lower U. The biaxial director m is 

fixed on the equator, and the biaxial director 1 follows the viscoelastic relaxation of 

the uniaxial director n. 
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4.4.2. Uniaxial and 8iaxial Alignment Relaxation 

Figure 9 shows the uniaxial alignment relaxation S(e), and the biaxial alignment 

relaxation P(e), for De=O.6 (fullline), De=O.4 (dash-dot Hne), and De=O.l (triple dot dash 

Hne) eorresponding to the initial uniaxial director orientation of figure 8, for (a, e) U=5, 

(b, d) U=3. The figure shows that the uniaxial and biaxial alignment relaxations are 

viscoelastie. For a high nematie potential (U=5) the viseous mode dominates for higher 

De (De=O.6), while the elastie mode dominates the viscoelastie relaxation for lower De 

(De=O.l). For a low nematie potential (U=3) the viscous mode dominates at higher De 

(De=O.6); at lower De (De=O.l) the viseous mode dominates the initial response but the 

elastie mode dominates the viseoelastie relaxation at the later stage. Sinee in this figure 

1.00 
(a) (b) 
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_.---~-------~-------

CIl 0.50 

0.25 

(c) (d) 

0.75 

~ 0.50 

0.25 \ 

\ 
....... _._-_. 

0.00 - -1 1 1 1 

0 1 2 3 4 5 1 2 3 4 5 6 

Strain, E 
Fig. 9. Uniaxial alignment relaxation S(e) and biaxial alignment relaxation P(e), for 

De=O.6 (full line), De=O.4 (dash-dot Hne), and De=O.l (triple dot dash Une) 

eorresponding to initial uniaxial director orient'ltion of figure 8, for (a, c) U=5, 

(b, d) U=3. The figure shows that at higher De the viscous mode dominates and the 

effeet of relative magnitude of U is small, while at lower De the elastic mode 

dominates and the effect of relative magnitude of U is large. The Deborah number 

De is the dimensionless strain rate ( De = E t4 ). 
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the initial orientation of the uniaxial director no is in R -, there is an initial decrease in the 

uni axial alignment relaxation (figure 9 a, b), and there is an initial lag in the biaxial 

alignment relaxation (figure 9 c, d). A comparison of the computed steady state 

alignment shows that at higher De, the viscous mode dominates and the effect of the 

relative magnitude of the nematic potential U is small, while a~ lower De, the elastic 

mode dominates and the effect of U is large. 

Figure 10 shows the alignment's evolution in the alignment triangle (P-S triangle) 

for De=O.6 (full line), De=O.4 (dash-dot line), and De=O.l (triple dot dash line) 

corresponding to initial the uniaxial director orientation of figure 8, for (a) U=5 and (b) 

U=3. The empty circles show the initial alignments condition (S=Seq, P=O), and the 

direction of arrows represents the relaxation with increasing strain E (E = È t). The figure 

shows an initial decrease in the magnitude of the uniaxial scalar order pararneter S, from 

the equilibrium value Seq. because the uniaxial orientation prior to flow was in region R-. 

1.0 

~ 0.5 

~ 0.5 

0.0 
0.0 0.5 

S 

(a) 

1.0 

Fig. 10. Alignment trajectories in the alignment triangle (P-S triangle) for De=0.6 (full 

line), De=O.4 (dash-dot line), and De=O.l (triple dot dash line), corresponding to 

initial uniaxial director orientation of figure 8, for (a) U=5 and (b) U=3. The 

circles show the initial alignment condition (S=Seq, P=O), and the direction of 

arrows represent the relaxation with increasing strain E(e = ét ). 
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Figure 10 shows that the aIignment trajectory is well approximated by a three stage 

process. In the initiaI stage, S decreases and P remains close to zero, since the uniaxial 

orientation 0 is close to the poles, and the flow will not induce biaxiality. In the 

intennediate stage, S is relatively low, 0 is oriented away from the pole and both of these 

effects eontribute to the increase of P. In the third stage, 0 is close to the equator and the 

potential for tlow-induced biaxiaIity is maximum but, the high uniaxbl ~~gnment S 

dominates and causes a decrease in P. 
Figure 11 shows a trajectory in the aIignment triangle and the corresponding 

computed scientific visuaIizations representing the density (f(Olt, 0>2» of the unit normaIs 

to the discs in rn-a plane (0 is out of the plane of paper), for U=3 , De=O.6, and for the 

initial uniaxiaI director orientation of figure 8. The density f(Olh IDl> is approximated 

by: 

where (COI, COl) are the polar and azimuthaI angles respeetively of the unit normal to a 

disc-like molecule. Equation (31) was obtained by using the standard single molecule 

distribution function f(u):= fi + uu : Q, where u is the unit nonnal to the disc-like 

molecule. In the figure we mapped the magnitude of f(COI, COl) onto a gray scaIe; darker 

(lighter) regions correspond to higher (lower) value of f(co., 0>2). The four insets 

correspond to the following alignment states: bottom right (S = 0.5, P = 0), bottom left 

(S = 0.03, P :: 0.03) , top left (S = 0.25, P = 0.65) , and top right (S = 0.74, P = 0.2). A 

darker area represents the higher density of unit "ormaIs to the disc-like moiecules. The 

boltom right visuaIizatioo, representing the initiai uniaxiaI state, shows that the rn-I plane 

is isotropie as P = 0; since S ~ 0 the density of the unit nonnaIs is high near the center 

(0 is pointing out of the plane of paper al the center) but it decreases as we move away 

from the center. The bottom right visualization, representing a nearly isotropie state, 

shows a higher distribution of unit normaIs along rn than 1; as S is nearly zero there is 

aImost a constant density of the unit nonnais. The top left visualization, representing a 

stronger biaxial state, shows a stronger anisotropy of the distribution than in the previous 

bottom left case, as P is now higher. The top right visualization, representing the stable 

state, shows a weaker anisotropy of the distribution of the unit normals along rn than 

previous visualizations, since an inerease in S has lowered P; also as the magnitude of S 

is now significant there i5 a higher density of unit normaIs near the center than away from 
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the center. Comparison of the top right and the bottom right visualizations shows that the 

intensity of the gray level decreases more rapidly in the former than in the latter, as S has 

a higher value in the former. 

Figure 12 shows the biaxial alignment relaxation peE = èt) for Dc=O.6, U=3, and 

for nO near the pole. (80. ~) = (45, 2.56). (full line), and no on the equator. 

(90, CPo) = (45, 90), (dot dash line). The figure shows an initial lag in the biaxial 

relaxation when the initial uni axial director orientation is near the poles (region R -). The 

source of this is the competition between two effects : (i) when the initial uniaxial 

director orientation is near the poles (region R-) there is always a decrease in the initiaI 

uni axial alignment response, whieh does not impede an increase in biaxiality; (ii) when 

the uniaxial director is near the poles. the biaxial director 1 (m) lies near (on) the equator 

and there is no significant competition of the unit normals to align along any one of the 

two biaxiaI directors. and hence there is no significant inducement for biaxiaIity. When 

the initial uni axial director orientation is near the poles (region R-) the combination of the 

two effeets results in a lag in the initial biaxiaI alignment relaxation. When the initiaI 

uniaxial director orientation is in the region R+, the biaxial director 1 is in the region R-. 

md there is preference of the molecular normaIs to lie aIong the director which lies in the 

compressional plane (biaxial direetor m), and henee the biaxial alignment relaxation 

shows a monotonie inerease. The steady state biaxiality P is the same for both initial 

0.70 

Q.. 0.35 

__ -- ______ 4_----

0.00 

o 2 4 6 

Strain, e 

Fig. 12. Biaxial relaxation peE = Ët) for De=O.6. U=3. and for no near the pole. 

(80,4'0)=(45, 2.56). (fuUline), and no on the equator. (80. cI»o)=(45, 90). (dot dash line). 

The figure shows an initial lag in the biaxial relaxation when initial uniaxial Jirector 

orientation is aIong poles. 
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orientations. However, the relaxation time is considerably longer when the: initial 

uniaxial director orientation is along the poles (region R~) than when the initial uniaxial 

orientation is along the equator (region R+). 

Figure 13 shows the relaxation of the components of the tensor order pammeter Q 

(E = êt ), with the initial orientation (8o. $0) ::; (45, 2.56) close to the nonh pole. for U ;;: 5, 

and De = 0.6 (fuIlline), 0.4 (dash~dot line), and D.l(triple dot-dash Hne). For the chosen 

initial orientation nyo = nlO' and from equation (la) il follows that QllY = Qu and 

Qzz = Qyy. For the shown parameters the relaxation is vinually complete after 4 strains 

units. At lower De the relaxation of the components of the tensor order parameter is 

controlled by the orientation relaxation, as for U = 5 and lower De the uniaxial alignment 

is nearly constant and there is not much increase in the biaxial alignment (see figure 9). 

At higher De the relaxation of the trace components of the tensor order parameters is 

governed by the alignment because there is larger changes in the uniaxial and biaxial 

alignments as viscous mode oominates the viscoelastic relaxation. At lower De the 

non~agonal components of the tensor order parameter Q are governed by the orientation 

relaxation, while at higher De, the viscous effects introduces an initial large decrease in 

uniaxial alignment and a lag in biaxial alignment. The latter case foilows since the initial 

uniaxial orientation nO is in region R-, and a subsequent increase in both uniaxial and 

biaxial alignment (see figure 9), with the result that the only large component is Qyz. 

which follows a lag plus exponential growth relaxation. 

At steady state, the magnitude of the differences of diagonal componcnts of tensor 

order parame ter are proportion al to the steady flow birefringences [35]. Using equations 

(A.I - A.5) these differences are given by : 

= b2 
SIII + t(2 + b2

) PIII 

J + b2 

SIII +t(2 b2 + 1) Pss 

1 + b2 

(328) 

(32b) 

(32c) 
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where Sss and Pss are the steady state alignments. Figure 14 shows the absolute of the 
difference of the steady state diagonal components 1 (Qxx - QYY}ssl (a), i (Qyy - Qr.J~1 (b), 

and 1 (QIZ - Qllll) 1 (c), of the tensor order parame ter as a function of De, for U=3. The 
S5 

initial uniaxial direclor orientations are : (80, «Po) = (45. 2.56) or b = 1 (full line), 

(80, cl»o) = (90, 2.56) or b = 0 (dash-dot line), and (ao. </>0) = (0, 2.56) or b = 00 (triple dot

clash line). In aIl cases there is a monotonie increase with increasing De. The value of 

the y-z birefringence is identical for b = 0 and b = 00, hence the shown curves for these 

cases superpose. Comparison of figures 14(a} and 14(c) show that : the x-y and the z-x 

birefringences are the same for b = 1; the x-y birefringence for b = 0 is equal to the z-x 

birefringence for b = 00 and vice versa. The figure that y-z birefringence is a weaker 

function of De, whereas the x-y and the z-x birefringences are stronger functions of De. 

4.5. Conclusions 

In this initial investigation of the nematorheology of discotic nematics subjected 

to uniaxial extensional tlows, we have performed a useful characterization of the 

sensitivity of the director triad ( 0, m, 1 ) trajectories, uniaxial and biaxial alignments 

(S, P), and tensor order parameter relaxations with respect to the strength of the llniaxial 

nematic potential, the alignment Deborah number (dimensionless strain rate), and the 

initial director orientation. The use of unit sphere description identified t"e dynarnics of 

the uniaxial director n and biaxial director 1 as geodesic meridian flows, whereas the 

constant orientation of the biaxial director m al ways lies on the equator. The stable 

steady state director triad is collinear with the axes of the strain rate ellipsoid. The 

uniaxial alignment undergoes an initial decrease whereas the biaxial alignment shows an 

initial lag when the initial uniaxial orientation is close to the exten'iion axis. Relatively 

large transient de<..Teases of the umaxial alignment and relatively large transient increases 

of the biaxial alignment are predicted to occur whenever the initial uni axial dirt".ctor is 

aJong the extension directioil. This comprehensive and unified view of microstructure 

relaxation under extension may be used in the future to explain the characteristic patterns 

found in the cross-section of melt spun fibers from carbonaceous mesophases [3, 36, 37]. 
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Fig. 13. Relaxation of the components of the tensor order parame ter Q (e)with the 

initial orientation (00, $0) = (45,2.56) close to the pole, for U=5, and De =: 0.6 (full 

line), 0.4 (dash-dot Hne), and 0.1 (triple dot-dash line). The relaxation coordinate 

e = Èt is the strain or dimensionless time. For the chosen initial orientation nyo=n,.o, 

and from equation (1 a) it then follows that Qxy=Qxz 3Jld QLZ = Qyy. See t~xt for 

discussion. 
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Fig. 13. Magnitude of the difference of the steady state diagonal components 
I(Qu-QYY>s.~1 (a), I(Qyy-QzJ~1 (h), and I(QlZ-QXX>s.~1 (c) of the lensor order 

parame ter as a function of the dimensionless strain rate De, for U=3. The initial 
uniaxial director orientations are : (90, 4»0) = (45, 2.56) or b = 1 (full Hne), 

(90, ~)=(90, 2.56) or b=O (dash-dot line), and (90, ~)=(O, 2.56) b = 00 (triple dot

dash line). These differences are proportion al to the steady flow birefringences 

[34]. Except for ont" c~e (figure 14 (b), b = 1 ), the birefringences increase with the 

increasing De. 
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4.6. Appendix A 

The dimensionless coupled, nonlinear ordinary fust order differential equations 

goveming the microstructure of a discotic nematic, subjected to unisxial extensional flow, 

are: 

T121 dQxx + 1122 dQxy + 1123 d<bz + 1124 dQyy + Tl2S dQyz + KS De-1 +l;s = 0 (A.5) 
dE. dE. dE de de 

where De = É 1.4, is the alignment Deborah number (dimensionless strain rate) and E = É t 
is the strain. The coefficients 11i (i = 1,2, ... 25) and Ki (i = 1,2, .. .11) are given by : 

Tll = 1 ... t t: (Qu - On) (A.6) 

112 = t t; {by (A.7) 

Tl3= l't: Qu 
3 

(A.8) 

114 = -! t; (Qx" + 2 ~) (A.9) 

Tls = - ! t; Qyz 
3 

(A.lO) 

116 = t~~y (A.ll) 

117 = 1 + t~(Qu + Q,.y) (A.l2) 

----- ------
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• 118 = t6Q)'z (A.t3) 

• 119 = t6CJxy (A.l4) 

• 1110= t6Qu (A.t 5) 

1111 = 0 (A.l6) 

• 1112 = t6 Qyz (A.17) 

11 13 = 1 - t; Qyy (A.t 8) 

• l'l14 = - t6<lxz (A.t9) 

• l'lIS = t6 CJxy (A.20) 

1116 = -t t; (2 CJxx + Q,.y) (A.21) 

1117 = t t: Qxy (A.22) 

4 • (A.23) 1118 = --t6 Qxz 
3 

1119 = 1-~ t: (CJxx - q,y) (A.24) 

1120 = r t: Qyz (A.25) 

• 1121 = - t6 Qyz (A.26) 

• 1"\22 = t6CJxz (A.27) 

• 1"\23 = t6 CJxy (A.28) 

• 1124 = 0 (A.29) 



Ki ={l-l})Qxx - 2 u(Qix + ~ +<lxx Qyy + ~y + Qiz+ ~z)Qn 

-lf (Qix -2 ~ - 2 Qu Qyy + ~y + ~z - 2 ~z) 

K2=(1 -1j-)Qxy - 2 u(Qix + ~ + <lxx Qyy + ~y + o1z + ~z)QXY 

- U(Qu <6y + QyQyy + ~ QxJ 

K3=(1 -lf)Qxz - 2 U(Q~ +~ +<lxx Qyy + ~y + Qiz+~z)Qxz 

- U (Qyz ~y -~ QxJ 

K4={1 -1j-)Qyy - 2 u(Qix + ~ + <lxx Qyy + ~y + Qiz + ~z)Qyy 

-1f ( -2 Qix + ~ - 2 Oxx Qyy + ~y - 2 Qiz + ~z) 

KS=(l -l})Qyz - 2 u(Qix +~ +<lxx Qyy + ~y + ~z +~z)Qyz 

- U(Qxz ~y - <ltx QyJ 

Th di . al • • d· . b e noo- menSlon parameters 0'4. 0'6. an 't6 are glVen y: 

l'P. _ ~. 
V6 - • 

't4 

112 

(A.30) 

(A.31) 

(A.32) 

(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 

(A.38) 

(A.39) 

(A.40) 

(A.41) 
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4.7. Appendix B 

The reactive parameter set ( ~,ï.!a,~, ~ ), the ordering function set 

(~~.s. ~~S . p~,p, ~f.P ), and the elastic functions set (~2.S .Ih,p ) are given by : 

Â: = _ ~D:: _ 90: + 3 06(S -Pl 

'Yr 3 S (3 + 't6 S) + 3 P (3 -t; p) -2 t~ S P 

Â.~ = _ 12.1= ~.I= 90: + 3 06 (S -Pl 
1 D (".) ( • ,\ • 'YI 'YI 3 S "' + t6 S + 3 P 3 - t6 PJ - 2 t6 S P 

~D _ 806 t; (3 S + P) P - (9 0: + 2 06 (3 S - P»)(9 - 2 t; (3 S - Pl) 

I,S- - 4 t; (3 + 2 t6 (S + Pl) P -(6 + 4 t; S) {9 - 2 t; (3 S - Pl) 

p" _4t6(90:-206(3S -P»)p- 406(9-2t6(3S-P»)P 

I,S- 4 t; (3 + 2 t6(S", P») P -(6 + 4 t; 5)(9 -2 t: (3 S - Pl) 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

pD _ 60; (3S+P)(6+4t6S)-3(90:+206(3S-P)}(3+2t:(S +P») 
I,P - - 4 t: (3 + 2 t6 (S + Pl) P - (6 + 4 t; S)(9 - 2 t; (3 S _ Pl) (B.7) 

Am _ 3 (9 0: - 2 06 (3 S - Pl) (6 + 4 t: S) - 12 0: (3 + 2 t6 (S + Pl) p 
tl'I,P- • ( • ) ( • ) ( • ) 4 t6 3 + 2 t6 (S + P) P - 6 + 4 t6 S 9 - 2 t6 (3 S - P) 

(B.8) 

(8.9) 

(8.10) 
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Xl =( -9 (S - P) +U (- 3 P - p2 + 2 p3+(3 + 6 P - 2 p2) S +(3 + 6 P) S2 - 6 S3)) 
(B.11) (st t: p) 

X2=(3 - tt~(3 S - Pl) (18 S + U (2 p2 +(4 p2 - ~ S - 6 S2 +12 S3)) (B.12) 

X3 =(- 9 (S - P)+ U(- 3P - p2 + 2p3 +(3 + 6P - 2p2) S +(3 + 6P) S2 - 6S3)) 
(B.13) 

(6 + 4t~S) 

X4={3 + 2 t~ (5 + P»){t8 S + U (2 p2+(4 p2 - ~ S - 6 S2 +12 S3)) (B.14) 

XS = 4 t6(3 + 2 t;' (S + Pl) P - (6 + 4 t: S) (9. 2 t~ (3 S - Pl) (B.15) 
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Chapter 5 

Thesis Summary, Conclusions and Recommendations 

This chapter is divided into three sections. nIe frrst section con tains an overall 

summary of this thesis, the second section gives the conclusions of this thesis, and the last 

section presents recommendations on further work. 

5.1. Thesis Summary 

Naturally occurring carbonaceous mesophases are derived from the pyrolysis of 

coal or petroleum pitches, and display discotic nematic behavior. These low cost 

disco tic mesophases are used as precursor materials for the manufacture of high 

perfonnance mesophase pitch-based carbon tibers. The fiber morphology, that is the 

molecular arrangement in the cross-section of tiber, governs the mechanical propenies of 

the tiber. Thus the understanding of the behavior of these materials under the effeet of 

spinning flows is essential. This was the goal of this thesis. 

Chapter 1 contains the introduction to the basic concepts of discotic 

nematodynamics which are used in the later part of the thesîs. A description of 

carbonaceous mesophases, mesophase carbon fiber morphology, and elongational flows 

is also presented. 

ln chapter 2 an approximate phenomenologieal theory governing the orientation 

and alignment of a model uniaxial discotic nematie liquid crystal of variable order was 

formulated. The theory was used to derive the governing equations that describe the 

behavior of uniaxial diseoties under isothennal, incompressible, irrotational, three

dimensional. uniaxial extensional flow. The unit sphere description of the director is 

used to analyze the analytical and numerical orientation and alignment relaxations. 

Computations of tenSllr order parame ter relaxations and tlow-induced birefringence are 

also given. Flow-induecd melting of the nematie phase is also discussed in this ehapter. 

In ehapter 3 the application of the theory developed in chapter 2 was generalized 
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to describe all types of isothermal, incompressible, irrotational, three dimensional • 
-.. 

extensional flows. Computations corresponding to uni axial extensional flow, biaxial 

extensional flow. and planar extensional flow are presented. A flow classification based 

on the orienting strength and aligning strength of the three flows is given. The unit 

sphere description of the director is used to discuss and analyze the sensitivity of the 

director paths and the alignment relaxations to the initial orientation and alignment 

conditions, to the Deborah number, and to the flow type. The tensor order parameter 

relaxations and tlow-induced birefringence for the three extensional tlows are given. 

Chapter 4 models the uni axial extensional flow-induced biaxiality in a uniaxial 

discotic nematic crystal. Numerical and analytical solutions of the director triad and 

uniaxial and biaxial alignments are presented. The dependency of the uniaxial and 

biaxial alignments on the initial uniaxial orientation is identified using unit sphere 

description of the director. The analytical and numerical results of the director triad, and 

of the uniaxial and biaxial alignments relaxations are given. An alignment triangle is 

identified and is used to capture the couplings between uni axial and biaxial orderings. 

The tensor order parameter relaxations. and computed scientific visualizations of biaxial 

molecular orientation distributions are presented in this chapter. 

5.2. Thesis Conclusions 

Chapter2 

(1) The behavior of uniaxial discotic nematics was studied under the influence of a 

constant uniaxial, isothennal, incompressible, irrotational, extension al, three 

climensional flow. 

(2) The sensitivity of the director trajectories, director steady states, scalar order 

parame ter. tensor order parame ter and flow-induced birefringence was analyzed 

with respect to the nematic potential. the alignment Deborah number. and the 

initial director orientation. 

(3) The cürector trajectories belong to geodesic meridian flow. 

(4) The director aligns. at steady state, anywhere in a plane normal to the extension 

direction and predictability is 10st wh en initial director orientation is along the 

extension direction . 



118 

(5) The governing parameter (alignment Deborah number) was used to classify the 

different elastic and viseous dominated relaxations of the director and the scalar 

order parameter. 

(6) For large Deborah number, the temporary flow-induced melting of the nematie 

phase may occur when the initial orientation of the director is near the extension 

direction. 

(7) The stable steady state value of the scalar order parame ter is independent of the 

initial director orientation and is only a function of the alignment Deborah number 

and the nematie potential. 

(8) The presented unified view of the relaxation of di scotie ne matie under extension 

may he used to explain the characteristie pattern found in the cross-section of melt 

spun mesophase carbon fibers. 

Chapter 3 

(1) The investigation of the nematorheology of uniaxial diseotic nematics subjected to 

various extensional flows was performed. 

(2) The eharacterization of the sensitivity of the director paths, director steady states, 

scalar order parameter, tensor order parame ter, and flow-indueed birefringence 

was performed with respect to the flow types, alignment Deborah number, the 

nematic potential, and initial director orientation. 

(3) Using the unit sphere description, the director dynamies of uniaxial extensional 

and biaxial extensional flows were identified as geodesie meridian and non

geodesic (exeept for one special case) for planar extension. 

(4) The number of strains required to achieve steady state is governed by whether the 

flow is geodesic or non-geodesic. The number of strain units needed to reach 

steady state director orientation is larger in the case of planar extensional flow 

than for uniaxial extensional or biaxial extensional flows. 

(5) Sorne mierostructural features of discotic nematie liquid crystals subjected to 

uniaxial, biaxial. and planar extensional flows exhibit sensitive dependence to the 

initial director orientation. 
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(6) BiaxiaI extensionaI and planar extensional flows are strongly orienting flows as 

they have one stable director orientation (since n = - n); whereas uniaxial 

extensional flow is a weakly orienting flow since the stable states represent a 

degenerate circle. 

(7) The alignment strength (1 ( A:IUl)sa 1) of the flow scales with the magnitude of 

the ambient strain rate ( A:nn). 

(8) Uniaxial extensional flow is a weakly aligning flow, whereas biaxial extensional 

and planar extensional flows are strongly aligning flows. 

Chapter4 

(1) Flow-induced biaxiality is simulated for a uniaxial discotic nematic liquid crystal 

subjected to a constant uniaxial, isothermal, irrotational, extensional, three 

dimensional flow. 

(2) A useful characterization of the sensitivity of the director triad (n, m, 1 ) 

trajectories, director triad steady states, uniaxial and biaxial scalar order 

parameters, and tensor order relaxations was perforrncd with respect to the 

strength of the uni axial nematie potential, the alignment Deborah number, and the 

initial direetor orientation. 

(3) The uniaxial director n and the biaxial director 1 trajectories exhibit geodesic 

meridian flow and belong to the same meridian, whereas the constant orientation 

of the biaxial director m always lie on the equator. 

(4) The steady state orientations of the uniaxial director n and the biaxial director m 

lie on the compression plane (the equator); whereas the stable orientation of the 

biaxial director 1 is the extension axis (along the poles). 

(5) The uniaxial alignment undergoes an initial decrease whereas the biaxial 

alignment shows an initial lag when the initial uniaxial director orientation is 

close to the extension axis. 

(6) Computed scientific visualizations of biaxial molecular orientation distributions 

are used to correlate the director triad dynamics and alignments dynarnics. 
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5.3. Rec:ommendations 

The following modifications to the model presented in chapter 2 are 

recommended : 

(1) The description of the microstructure of the discotic nematic liquid crystal should 

be refined by constraining the (uniaxial) scalar order parame ter S to a realistic 

range ( -t ~ S s: 1 ). 

(2) Frank elasticity should he included in the mode} to capture spatial variations of the 

microstructure. 

After these modifications the mode} should he frrst applied to transient conical 

flows encountered in the converging spinneret of the fiber spinning process. 


