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ABSTRACT

Integer least squares (ILS) estimation problems arise from many applications.
In this thesis, we investigate the effects of the celebrated LLL reduction and some
well-known column permutation strategies on the success probability of the Babai
estimators, the widely used suboptimal solutions in practical applications, for both
ordinary ILS (OILS) and box-constrained ILS (BILS) estimation problems, and solve
a shortest vector problem (SVP) arising in compute-and-forward protocol design. For
the OILS estimation problems, we rigorously prove that the success probability P°®
of the ordinary Babai estimators can always be improved (not strictly) after the
LLL algorithm or its permutation-only version LLL-P is applied and give examples
to show that both the V-BLAST and SQRD may decrease P°®. For the BILS
estimation problems, on the one hand, we show that under a condition LLL-P always
increases the success probability P"® of the box-constrained Babai estimators and
argue why both V-BLAST and SQRD often increase P®® under the same condition;
and on the other hand, we show that under an opposite condition LLL-P always
decreases P"" and argue why both V-BLAST and SQRD often decrease P®® under
the same condition. This surprising result shows that the corresponding conditions
should be checked before applying these column permutation strategies. We also
solve a conjecture related to P®®. An efficient algorithm which is of polynomial time
indicated by the simulation is proposed for solving the SVP arising in compute-and-

forward protocol design. Simulations show that our algorithm is not only much more
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efficient than the existing ones that give the optimal solution, but also faster than

some of the suboptimal methods.



ABREGE

Les problemes d’estimation des moindres carrés entiers (MCI) surgissent de
plusieurs applications. Dans cette these, nous étudions les effets de la célebre réduction
de réseau LLL et quelques stratégies bien connues de permutation de colonnes sur
la probabilité de succes des estimateurs de Babai, les solutions sous-optimales large-
ment utilisées dans des applications pratiques, pour des problemes d’estimation de
MCI ordinaires (MCIO) et des MCI contraints par des boites (MCICB), ainsi qu’un
probleme du vecteur le plus court (PVC) qui survient dans la conception de proto-
cole calcul-et-transfert. En ce qui concerne les problemes d’estimation MCIO, nous
prouvons rigoureusement que la probabilité de succes P°® des estimateurs de Babai
ordinaires peut toujours étre améliorée (non strictement) apres que l'algorithme LLL,
ou sa version de permutation seule LLL-P, est appliqué et donnons des exemples pour
montrer que les V-BLAST et SQRD peuvent diminuer P°®. Quant aux problemes
d’estimation MCICB, nous montrons d’une part que, sous une contrainte, LLL-P
augmente toujours la probabilité de succes P®® des estimateurs de Babai contraints
par des boites et affirmons pourquoi V-BLAST et SQRD souvent augmentent P®®
sous la méme condition; d’autre part, nous montrons que sous une contrainte op-
posée, LLL-P diminue toujours P®? et affirmons pourquoi V-BLAST et SQRD sou-
vent diminuent P"" sous la méme contrainte. Ce résultat surprenant démontre que
les contraintes correspondantes doivent étre vérifiées avant d’appliquer V-BLAST et
SQRD. Nous résolvons également une conjecture reliée a PPP. Etant donné que le

PVC survient dans la conception de protocole calcul-et-transfert, nous proposons
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un algorithme polynomial pour le résoudre. Des simulations démontrent que notre
algorithme est non seulement plus efficace que ceux qui existent présentement pour
produire la solution optimale, mais il est aussi plus rapide que quelques méthodes

qui produisent des solutions sous-optimales.
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CHAPTER 1
Introduction

In this chapter, first we introduce the integer least squares problems, their ap-
plications and some numerical methods to solve them. Then, we briefly introduce
the background of three different problems which will be investigated in this thesis.
Finally, we summarize the contributions of this thesis and present the notation which
will be used in this thesis.

1.1 Integer least squares estimation

Suppose that we have the following linear model:
y= Az +v,v~N(0,0°1), (1.1)

where y € R™ is an observation vector, A € R"™*" is a model matrix with full column
rank, & € Z" is an unknown integer parameter vector and v € R™ is a noise vector
following the Gaussian distribution N(0, o*T).

A common method to estimate & from (1.1) is to solve the following ordinary
integer least squares (OILS) problem:

min
xeLm

y — Az |3, (1.2)

whose solution ", to be referred to as the OILS estimator, is the maximum likeli-

hood estimator of .



In some applications, the integer parameter vector & in (1.1) may be subject
to some constraints, such as the box constraints, i.e., we have the following box-

constrained linear model:

y=Az+v, v~N(007I), (1.3a)

zeB={zecZ": l<x<u, liucZ"} (1.3b)

Then instead of solving the OILS (1.2), one solves the following box-constrained

integer least squares (BILS) problem:
: _ 2
min || y — Az ||z, (1.4)

whose solution ", to be referred to as the BILS estimator, is the maximum likeli-
hood estimator of & € B.

The OILS problem (1.2) is also referred to as the closest vector problem (CVP)
in information theory (see, e.g., [36, 62]) as it is equivalent to find a point in the
lattice {Ax : @ € Z"} which is closest to y. If y = 0, then (1.2), where & # 0,
degenerates to the shortest vector problem (SVP).

ILS problems (OILS and BILS) arise from many applications, such as, combina-
torial optimization (see, e.g., [23]), GPS (see, e.g., [82, 37]), cryptography (see, e.g.,
[61, 35, 36]), communications (see, e.g., [65, 2, 21]), number theory (see, e.g., [28, 33]),
lattice design (see, e.g., [1]), Monte Carlo second moment estimation (see, e.g., [19]),
noncryptographic random number generation [46, pp. 89-113] and transportation

science (see, e.g., [48]), etc.



Van Emde Boas [86] showed that the general CVP is an NP-hard problem and
Micciancio [59] gave a simpler proof. Despite the similarities between CVP and SVP,
the analysis for the complexity of SVP has progressed much slower, and whether the
SVP is also NP-hard is still an open problem. The first breakthrough result is due
to Ajtai [3] who proved that solving the problem exactly is NP-hard for randomized
reductions. Later, Micciancio [60] showed that the SVP is hard to approximate
within any factor less than V2 under reverse unfaithful random reductions. For
more details, see e.g., [45].

1.2 Numerical methods

In communications, the commonly used approach to solving the OILS problem
(1.2) or the BILS problem (1.4) is called sphere decoding, which usually has two
stages: reduction and search. The most widely used reduction strategy for the OILS
problem (1.2) is the LLL reduction, invented by Arjen Lenstra, Hendrik Lenstra and
Lészlé Lovasz in 1982 [51], which consists of size reductions and column permuta-
tions. But it is difficult to use it to solve the BILS problem (1.4) because in general
after size reductions which are involved in the LLL reduction, the box constraint
would become too complicated to handle in the search process, although very re-
cently it was shown in [97] that some size reductions could be performed on some
columns of A. However, one can use its permutation strategy, which was referred
to as LLL-P in [90] (in [18] we referred to it as LLL-permute). Two well-known
reduction strategies for the BILS problem (1.4) are V-BLAST [25, 21] and SQRD
[95, 16]. The LLL-P, SQRD and V-BLAST strategies use only the information of A

to do the column permutations. Some column reordering strategies which use not



only the information of A, but also the information of y and the box constraint have
also been proposed, see, e.g., [80], [16] and [15].

The commonly used search strategy for solving an OILS problem (1.2) or a BILS
problem (1.4) is the Schnorr-Euchner search strategy [74], a variation of the Fincke-
Pohst search strategy [24], or its variants, see, e.g., [2, 21, 16], which enumerate
the lattice points in a hypersphere (this is the reason why the discrete enumeration
algorithms following the Fincke-Pohst search strategy or its variants are referred to as
the sphere decoding algorithms in communications), or equivalently, integer points in
a hyper-ellipsoid. Probably the earliest search strategy is Kannan’s approach [43, 44],
which enumerates the lattice points in a parallelotope. The complexity analysis of
Kannan’s approach can be found in [35]. In general, Fincke-Pohst search strategy
is more often used in practice and Kannan’s approach serves more as a theoretical
tool since Kannan’s approach has better theoretical results on the complexity and
simulations in [68] showed that, in general, Fincke-Pohst search strategy is usually
faster.

There are some other approaches to solving (1.2), such as, the Monte Carlo
probabilistic algorithms, see, e.g., [4, 5, 12, 36], which find lattice vectors that are no
more than 1+ e times further away from the target than the optimal solution, for an
arbitrary € > 0. Their best known upper bounds on the time and space complexities
are higher than that of the Voronoi cell based approach [79, 62|, which is based on
computing the Voronoi cell of the lattice and can solve (1.2) in time O(2?"+°(™) and
space O(2"+°M) For more details, see the survey paper [36] and references therein.

Very recently, a real relaxation based branch and bound approach has been proposed



in [7], which may be more efficient than the sphere decoding approach for some types
of problem data. We will only focus on the Schnorr-Euchner search strategy and its
variants since the Schnorr-Euchner search is usually the fastest one.

1.3 Babai estimators

The OILS problem (1.2) is NP-hard [86, 59] and solving (1.4) may become time-
prohibitive when o is large, the dimension of A is large, or A is ill conditioned [41].
Therefore, for some real-time applications, an approximate solution, which can be
produced quickly, is computed instead. For the OILS problem, the Babai integer
point °®, to be referred to as the ordinary Babai estimator, which can be obtained
by the Babai nearest plane algorithm [9], is an often used approximate solution.
Taking the box constraint into account, one can easily modify the Babai nearest
plane algorithm to get an approximate solution ®® to the BILS problem (1.4),
which will be referred to as the box-constrained Babai estimator. The Babai points
x°® and x®? are also the first integer points found by the Schnorr-Euchner algorithm
for the OILS problem (1.2) ([2]) and BILS problem (1.4) ([21, 16]), respectively. In
communications, algorithms for finding the Babai estimators are often referred to as
successive interference cancelation detectors.

There are many other suboptimal algorithms for the BILS problems. Probability
or statistic based pruning strategies have been used in, e.g., [30, 78, 94, 20], to reduce
the complexity of search. A so-called sphere-projection algorithm which is able to
achieve near-maximal likelihood performance and significantly increase the diversity
gains has been proposed in [8]. K-best decoding algorithm which only keeps the

K-best candidates at each level of the sublattice in the breadth-first search step



has been proposed in [32] to approach near-maximum-likelihood performance for
MIMO detection. There are some variants of K-best algorithms too, see, e.g., [34].
Some algorithms based on semidefinite programme techniques have been proposed,
see, e.g., [57, 88]. The fixed-complexity sphere decoder (FCD) which performs a
fixed number of operations during the detection process was developed in [11]. The
error probability of FCD has been analyzed in [40] and many variants of FCD have
also been proposed, see, e.g., [50]. In this thesis, we will only focus on the Babai
estimators as their cost are lowest among these algorithms and they are commonly
used in practice.

1.4 Success probabilities of Babai estimators

In order to verify whether an estimator is good enough for a practical use, one
finds the probability of the estimator being equal to the true integer parameter vector,
which is referred to as success probability [37]. The probability of wrong estimation
is referred to as error probability, see, e.g., [21, 40].

Let P°® and P°" respectively denote the success probabilities of the ordinary
Babai estimator °® and the OILS estimator £°" of & in (1.1). Similarly, the success
probabilities of the box-constrained Babai estimator " and the BILS estimator x®"
of & in (1.3) are respectively denoted by P®® and P"".

The success probability P°® of the ordinary Babai estimator x°® is very useful
due to a few reasons. If one just uses x°® as an estimator of the true parameter
vector & in (1.1) as often done in communications, certainly one is interested in
its success probability. Even if one computes the optimal solution x°" of the OILS

problem (1.2), P°" is still useful, as computing the success probability P°" of the



OILS estimator x°" is time-consuming and one often uses P°®, a lower bound on
PO [84], to approximate P°". Furthermore, if P°® is close to 1, one does not need
to spend extra computational time to find x°".

It is well-known that after the LLL reduction, P°® usually increases, but there
has been no rigorous theoretical justification and it is not known whether the LLL
reduction can decrease P°?. We will solve this interesting and important problem in
Chapter 3.

Similarly, for the BILS problem (1.4), it is also very important to compute P®?
if " is used to estimate the integer parameter vector @ in (1.3). Although the
formula for P°® was given in [83]. There has been no formula for computing P®® in
the literature and whether the LLL-P, V-BLAST and SQRD can always improve P®?
is still not clear from the literature. We will study this interesting and important
problem in Chapter 4.

In [58], the authors made a conjecture, based on which a stopping criterion for
the search process was proposed to reduce the computational cost of solving the
BILS problem (1.4). The conjecture is related to the success probability P°® of the
ordinary Babai estimator ®%. We will solve the conjecture in Chapter 4.

1.5 An SVP in compute-and-forward protocol design

In relay networks, compute-and-forward (CF) [67] is a promising relaying strat-
egy that can offer higher achievable rates than traditional ones (e.g., amplify-and-
forward, decode-and-forward), especially at the moderate signal-to-noise ratio (SNR)

regime. The main difficulty in the computer-and-forward scheme is to find the op-

timal coefficient vector that maximizes the computation rate, which is to solve the



following optimization problem [67, 89, 73, 101, 72, 102] to get the optimal coefficient

vector a*:

P
* : 1 T
h I - —— —hh 1.
a argaeg}Ll&O}a Ga, where G 1 || ”% , ( 5)

where P is the transmission power and h € R" is the channel vector.

Various methods have been proposed to solve (1.5). But the complexity of the
existing optimal methods are high and the existing suboptimal algorithms may fail
to offer satisfactory performance. We will propose an efficient algorithm to solve
(1.5) in Chapter 5.

1.6 Organization and contributions

The rest part of this thesis is organized as follows. In Chapter 2, we introduce
various reduction algorithms to transform the OILS problem (1.2) and the BILS
problem (1.4) to simpler problems, which can then be solved by search algorithms.

In Chapter 3, we investigate the effects of some typical reductions on the success
probability P°® of the ordinary Babai estimator x°® for the ordinary linear model
(1.1). In particular, we rigorously prove that the LLL reduction can always improve
P°®. We first show that P°® as a lower bound on the success probability P of the
OILS estimator x°" is sharper than the lower bound given in [37]. Then, we show
that any column permutation and any size reduction on the super diagonal entries
of the R-factor R of the QR factorization of A in (1.1) that is immediately followed
by a column permutation in the LLL reduction algorithm [51] increase (not strictly)
P°® and all other size reductions have no effect on P°®. We also investigate how

the parameter 0 in the LLL reduction affects P°®. After that, we give examples



to show that unlike the LLL and LLL-P, the permutation strategies SQRD and V-
BLAST may decrease P°®. Finally, we give some upper bounds on P°® after the
LLL reduction algorithm is applied by using the entries of the R-factor R of the QR
factorization of A in (1.1). These contributions were published in [18], which also
includes other results that are not covered by this thesis.

In Chapter 4, we investigate the effects of some column permutation strategies on
the success probability P®® of the box-constrained Babai estimator ®® for the box-
constrained linear model (1.3) and solve a conjecture proposed in [58]. In particular,
we show that under some conditions, all of the LLL-P, V-BLAST and SQRD may
decrease PPP. This surprising result indicates that we need to check whether the
corresponding conditions hold before applying them. First, we derive a formula for
the success probability PP?. Then, we investigate the effects of the LLL-P, SQRD
and V-BLAST on P®". On the one hand, we show that the LLL-P always increases
PP? and argue why both V-BLAST and SQRD often increase P®® under a condition;
and on the other hand, we show that the LLL-P always decreases P®"” and argue
why both V-BLAST and SQRD often decrease P®® under an opposite condition.
After this, we derive a column permutation invariant bound on P®®, which is an
upper bound and a lower bound under the two opposite conditions, respectively. We
also present some numerical results to illustrate our findings. Finally, we consider
a conjecture concerning the success probability of the ordinary Babai integer point
proposed in [58]. We first construct an example to show that the conjecture does
not always hold, and then propose some conditions to guarantee it holds. These

contributions were contained in [90].



In Chapter 5, we propose an efficient algorithm for finding the optimal coefficient
vector that maximizes the computation rate at a relay in the computer-and-forward
scheme, i.e., solving (1.5). First, we derive an algorithm with only O(n) flops to
compute the Cholesky factorization of G in (1.5) (we do not form the whole Cholesky
factor explicitly), to transform (1.5) to a standard SVP. Then, we propose some
conditions that can be checked by O(n) flops, under which the optimal coefficient
vector a* can be obtained immediately without using any search algorithm. After
that, by taking into account some resultant useful properties of a*, we modify the
Schnorr-Euchner search algorithm to solve the SVP. Simulation results show that the
average cost of our new algorithm is O(n'?) flops for i.i.d. Gaussian channel entries,
and our algorithm is not only much more efficient than the existing ones that give
the optimal solution, but also faster than some of the suboptimal methods. These
contributions were contained in [92].

Finally, we summarize theconclusions and discuss the directions for future re-
search in Chapter 6.

1.7 Notation

Let R™ and Z" be the spaces of n—dimensional column real and integer vectors,
respectively. Let R”*™ and Z™*" respectively be the spaces of m x n real and integer
matrices. Boldface lowercase letters denote column vectors and boldface uppercase
letters denote matrices, e.g., * € R"” and A € R™*"™. For & € R", we use |x] to
denote its nearest integer vector, i.e., each entry of « is rounded to its nearest integer
(if there is a tie, the one with smaller magnitude is chosen). Let 7, A” respectively

denote the transpose of @ and A. For a vector @, let x; be the element with index i

10



and x;.; be the vector composed of elements with indices from i to j. For a matrix
A, let a;; be the element at row 7 and column j, A;; ;. be the submatrix containing
elements with row indices from ¢ to j and column indices from k to ¢, and A;.;; be
the vector containing elements with row indices from i to 7 and column index k. Let
0" and 0™*" respectively denote the n—dimensional zero column vector and m x n
zero matrix, and let e} and 1" denote the k-th column of an n x n identity matrix I
and an n—dimensional vector with all of it entries being 1, respectively (sometimes

the superscripts are omitted if the dimensions are obvious).
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CHAPTER 2
Reductions of Integer Least Squares Problems

In this chapter, we first introduce the QR, QRZ and QRP reductions, each of
which reduces a full column rank matrix to an upper triangular matrix. All of these
reductions can be used to transform the OILS problem (1.2) to a new OILS problem.
The QR and QRP reductions can also be used to transform the BILS problem (1.4)
to a new BILS problem. The transformed OILS problem and BILS problem can then
be solved by a search process, typically by sphere decoding methods in applications.

Both the QRZ and QRP reductions are frameworks. The QRZ reduction is
actually the lattice reduction and the most often used one is the LLL reduction [51].
The QRP reduction involves column reordering strategies and two well-known QRP
reductions are V-BLAST [25] and SQRD [95].

We also introduce the Babai estimators, the suboptimal solutions to the OILS
and BILS problems, which are often used in practice.

The contents of this chapter will be used later.

2.1 QR reduction and Babai estimators
Assume that A in the linear model (1.1) or in the box constrained linear model

(1.3) has the QR factorization

R
A=1[Q, Q)] : (2.1)
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where [Q,, Q,] € R™™ is orthogonal and R € R™*™ is upper triangular. There

n m—n

are several methods to get (2.1), for more details, see, e.g., [29]. Without loss of

generality, we assume that the diagonal entries of R are positive throughout the

thesis.
Define
9=Qly, v=Qv. (22)
Then from (1.1), we have
y=Rx+v, v~N(0,0I). (2.3)

And the OILS problem (1.2) is reduced to

min ||y — Ra|)3. (2.4)

xeZn

Similarly, (1.3) and (1.4) can be respectively reduced to:

N
Il
)

z+v, v~ N(0,7I), (2.5a)
zeB={xecZ":l<zx<u, l,uecZ} (2.5b)
and
e 2
min ||y — Relf;. (2.6)

One can then apply a discrete search algorithm such as the Schnorr-Euchner
search algorithm [74] and its extension [14, 21, 16] to solve (2.4) and (2.6), respec-

tively.
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In some applications, the Babai estimators, which are suboptimal solutions and
can be computed quickly, are usually computed instead of solving (2.4) or (2.6). The
Babai estimator °® of OILS (2.4) found by the Babai nearest plane algorithm [9] is

defined as follows:

T L (2.7)

Jj=i+1

fori=n,n—1,...,1, where } " | =

Similarly, by taking the box into consideration, the box-constrained Babai esti-
mator " of BILS (2.6) is defined as follows:
.

li, if LC?B—I S ll

Z ris) [Ty 0= Q [B], if 1 <[] < (2.8)

J=i+1

Ui, it |cfP] >
\

fori=mn,n—1,...,1, where " | =

For search efficiency and improving the success probability of the Babai estima-
tors, one typically adopts some lattice reduction for the OILS (2.4) and some column
reordering strategies for the BILS (2.6) to obtain better R's. See the following sec-
tions for more details.
2.2 QRZ reduction

For any full column rank matrix A € R™*" the lattice generated by A is defined
by:

L(A)={Az|z € Z"}. (2.9)
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The columns of A form a basis of £(A). For any n > 2, £(A) has infinity many
bases and any of two are connected by a unimodular matrix, which is defined as
follows:

Definition 2.2.1 A matriz Z € Z™*" is said to be unimodular if its determinant is
1 or—1.

For any given lattice basis matrix A € R™" AZ is also a basis matrix of
L(A) if and only if Z € Z"*" is unimodular [2]. The process of selecting a good
basis for a given lattice, given some criterion, is called lattice reduction and in many
applications, it is advantageous if the basis vectors are short and nearly orthogonal
to each other [2].

For more than a century, lattice reductions have been investigated by many
people and several types of reduction have been proposed, which includes the HKZ
reduction [47, 39], the Minowski reduction [64], the LLL reduction [51] and Seysen’s
reduction [77], etc. Lattice reduction plays an important role in many research areas,
for more details, see the survey paper [96] and references therein.

Often a lattice reduction can be described as a QRZ reduction:

QTAZ = R (2.10)
0

where R satisfies the conditions of the corresponding reductions.
We introduce two commonly used QRZ reductions: the LLL reduction [51] and

the HKZ reduction [47, 39] in the following two subsections.
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2.2.1 LLL reduction
After the QR factorization (2.1) of A, the LLL reduction [51] reduces the matrix
Rin (2.1) to R:
Q'RZ =R, (2.11)

where Q € R™" is an orthogonal matrix, Z € Z™ " is a unimodular matrix and

R € R™™ is an upper triangular matrix satisfies the following conditions:

1
’fik| S 577“‘, 1= 1,2,...,]6'—1, (212)
OTh-tp1 < Thorp T T K =2,3,..,m, (2.13)

where § is a constant satisfying 1/4 < § < 1. The matrix R is said to be J-LLL
reduced or simply LLL reduced. Equations (2.12) and (2.13) are respectively referred
to as the size-reduced condition and Lovasz condition.

Notice that combining (2.1) and (2.11), the LLL reduction result in the following
QRZ factorization (see (2.10)) of A:

o R ~ Q O
0 o I,,

The matrix language can be used to describe the original LLL algorithm [51].

Two types of basic unimodular matrices, i.e., the integer Gauss transformations

(IGT) and the permutation matrices, are implicitly used to update R so that it
satisfies both (2.12) and (2.13).
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To meet the first condition in (2.12), we can apply an IGT, which has the
following form:

Zy =1~ Ceiel.
Applying Z ;. (i < k) to R from the right gives
R=RZ, = R (Ree].

Thus R is the same as R, except that 7z = rj, — (rj; for j = 1,...,4i. By setting
¢ = |rig/rii], we ensure |7 < 7;/2. This process is called size reduction.

To meet the second condition in (2.13), permutations are needed in the reduction
process. Suppose that dr7_,, | > 13y, + 77, for some k. Then we interchange
columns k£ — 1 and k£ of R. After the permutation the upper triangular structure of
R is no longer maintained. But we can bring R back to an upper triangular matrix
by using the Gram-Schmidt orthogonalization technique (see [51]) or by a Givens
rotation:

R=G|_,,RP; 1, (2.14)
where G';_;  is an orthonormal matrix and Pj_ is a permutation matrix, and

2 2 2 2 2 9 _ _
Totho1 = Thotd T Thoks Thotde T Thk = Thotho1s Th-1h—1Tkk = Th-1—1Tkk- (2.15)

Note that the above operations guarantee 0 77_ ;_; < 7j_ + 7p, since § < 1.

The LLL reduction algorithm is described in Algorithm 2.2.1, where the final
reduced upper triangular matrix is still denoted by R.

It is well known that the cost of the LLL algorithm is a polynomial of the dimen-

sion n for any lattice with integer basis [51], [6]. Although the average complexity
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Algorithm 2.2.1 LLL reduction

1: compute the QR factorization: A = Q {R} ;

0
2:set Z=1,, k=2
3: while £ < n do
4:  apply IGT Zj_, to reduce ri_j x:
R=RZ) 1;;
5. update Z: Z = ZZj,_1 1;
o if 6, > 7ioy . T i then
permute and triangularize R:
R=G! , ,RP; 1;;

8: update Z: Z = ZPj,_y ;;

9: k=k—1, when k > 2;

10: else

11: fori=k—2,...,1do

12: apply IGT Z;; to reduce rj: R = RZ;
13: update Z: Z = ZZ,y;

14: end for

15: kE=k+1,;

16: end if

17: end while

of the LLL algorithm is polynomial if the basis vectors are independently uniformly
distributed inside the unit ball of R™ [22] or the entries of A independently follow
the normal distribution N'(0, 1) [53, 42, 55], it was proved in [42] that in the MIMO
context, the worst-case complexity is not even finite.

The LLL reduction is a powerful preprocessing tool that reduces the cost of
searching the OILS estimator for (2.4) [37, 2]. And it has many variants, see, e.g.,
[75, 76]. To reduce the cost of the arithmetic operations, the so-called effective LLL
and partial LLL have respectively been proposed in [53] and [98]. To reduce the cost
of the bit operations, a LLL with quadratic complexity and quasi-linear complexity

have been proposed in [69] and [70], respectively. For reducing the complex lattices,
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a complex LLL algorithm which reduces the computational cost roughly by half
compared to the traditional LLL has been proposed in [27].
2.2.2 HKZ reduction

A lattice basis matrix A is called HKZ reduced if its QR factor R in (2.10)
satisfies (2.12), and for each 1 < i < n, ry; is the 2-norm of a shortest vector in
L(Rin,in). An efficient HKZ reduction algorithm can be found in [100] and the
properties of the HKZ reduced basis can be found in [49].

HKZ reduction is more powerful than the LLL reduction in the sentence that
of the columns the resulting matrix R are shorter and closer to orthogonal, but it
has high complexity since n — 1 SVP’s need to be solved. Therefore, it is usually
used to solve a sequence of OILS problems (1.2) where A keeps the same for these
problems. In this thesis, we only focus on the LLL reduction since we only consider
its applications in solving the OILS problems with different A and y.

2.2.3 Reduced OILS

Let

v, z=2'x, 2=7"a. (2.16)

Then by (2.11), the linear model (2.3) and the OILS problem (2.4) can be respectively

transformed to

y=Rz+v, v~N(0,0I), (2.17)
and
e o2
min ||y — Rz|;. (2.18)
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The solution 2z of (2.18) is the OILS estimator of 2. One can also define the
ordinary Babai point z°® for (2.18) (see (2.4)).
2.3 QRP reduction

It is difficult to use a QRZ reduction to reduce the BILS problem (1.4) because
in general after size reductions, the box constraint would become too complicated to
handle in the search process, although very recently it was showed in [97] that some
size reductions could be performed on some columns of A under some conditions.
Therefore, one uses a QRP reduction to reduce the BILS problem (1.4). The QRP

reduction has the following form:

QTAP = R (2.19)
0

where P is a permutation matrix and R satisfies the conditions of the corresponding
reductions.

We introduce three types of QRP reductions: LLL-P, V-BLAST and SQRD in
the following three subsections.
2.3.1 LLL-P

The LLL-P strategy [18] does the column permutations of the LLL reduction
algorithm. After the QR factorization (2.1) of A, it performs on R in (2.1), and

instead of (2.11), the following can be obtained:
Q'RP =R, (2.20)

where P is a permutation matrix and R € R™™ is an upper triangular matrix

satisfying the Lovész condition (2.13).
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Notice that combining (2.1) and (2.20), the LLL-P reduction result in the fol-
lowing QRP factorization (see (2.19)) of A:
7 R _ Q O

Q AP = . 0=qQ : (2.21)
0 0 Imfn

Like the LLL reduction, permutation matrices and Givens rotations can be used
to update R so that R satisfies (2.13), for more details, one can refer to [18]. The
LLL-P algorithm can be described by Algorithm 2.3.1, where the final reduced upper

triangular matrix is still denoted by R.

Algorithm 2.3.1 LLL-P

—

compute the QR factorization: A = Q ﬁﬂ ;

2:set P=1,, k=2,

3: while k£ <n do

4 if 01y, > 7P, + 77 then

5: perform a column permutation: R:Gg_LkRPk,Lk;
6: update P: P = PPy,_,;

7 k=Fk—1, when k > 2;

8 else

9: k=k+1,;

10: end if

11: end while

2.3.2 V-BLAST
The so-called vertical Bell Labs layered space time (V-BLAST) optical detection
ordering [25] was proposed to do the column reordering for the BILS problem (1.4)

in [21].
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After the QR factorization (2.1) of A, the V-BLAST strategy is performed on
R in (2.1), and (2.20) can be obtained. Combining (2.1) and (2.20), the V-BLAST
strategy result in the QRP factorization of A in the form (2.21).

The V-BLAST strategy determines the columns of R from the last to the first.
Suppose columns n,n—1, ..., k+1 of R have been determined, this strategy chooses
a column from % remaining columns of R as the k-th column such that |rg| is
maximum over all of the k choices. For more details, including efficient algorithms,
see [25, 21, 38, 17, 54, 103] etc. For the performance analysis of V-BLAST, one may
refer to [56].

2.3.3 SQRD

The sorted QR decomposition strategy (SQRD), which was used to improve the
performance of the Babai point &®® for the BILS (2.6) in [95], was proposed to do
the column reordering for the BILS problem (1.4) in [16]. Although simulations in
[95] show that the bit error rate of the SQRD aided «®® is larger than that of the
aided V-BLAST «"®, SQRD costs less than V-BLAST.

The original SQRD can perform directly on A in (1.1) and it is computationally
more efficient than computing the QR factorization of A in (2.1) and updating R. For
the sake of description simplicity, we assume that the SQRD strategy is performed on
R in (2.1), then like using the V-BLAST strategy, (2.20) can be obtained. Combining
(2.1) and (2.20), the SQRD result in the QRP factorization of A in the form (2.21).

In contrast to the V-BLAST, the SQRD strategy determines the columns of the
permuted R from the first to the last by using the modified Gram-Schmidt algorithm

or the Householder QR algorithm. In the k-th step of the algorithm, the k-th column
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of the permuted R we seek is chosen from the remaining n — k 4+ 1 columns of R
such that |Fgg| is smallest. For more details and an efficient algorithm, see [95] and
[16].
2.3.4 Reduced BILS

With (2.20), let

y=Q'y. 2=P'a v=Q'0,
(2.22)
z=Plx, 1=P'l, u=Plu
Then by (2.20), the linear model (2.5) is transformed to
y=Rz+9v, v~N(0,0d), (2.23a)
2eB={zcZ":1<z<u,l ucZ"}, (2.23b)
and the BILS problem (2.6) is transformed to
min [|g — Rz|[3 (2.24)
zeB

whose solution zB' is the BILS estimator of 2. One can also define the box-

constrained Babai point z®® for (2.24) (see (2.8)).
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CHAPTER 3
Effects of the LLL and Some QRP Reductions on the Success
Probability of the Ordinary Babai Estimator

In this chapter, we investigate the effects of the LLL and some QRP reductions
on the success probability P°® of the Babai point °® (see (2.7)) for the linear
model (1.1). The success probability P°® is very important for several reasons. If
x°" is used as an estimator of the integer parameter vector & in (1.1), certainly it is
important to find its success probability P°®, which can easily be computed. Even if
one intends to solve the OILS problem (1.2) to get the OILS estimator &, it is still
important to find P°® since it is very difficult to compute the success probability P°"
of £°%, and P°®, which is a lower bound on P°", is often used as an approximation to
PO In general, the higher the P°®, the lower the computational cost of solving (1.2)
by the discrete search approach. In practice, if P°® is high, say close to 1, then one
does not need to spend extra computational time to find x°". It is well-known that
the LLL reduction can usually improve P°®. But, there was no rigorous theoretical
proof and it was not known whether the LLL reduction can always improve P°®.

In this chapter, we first prove that P°® as a lower bound on P°" is sharper
than the lower bound given in [37]; Then, we show rigorously that both the LLL
reduction given by Algorithm 2.2.1 and the LLL-P given by Algorithm 2.3.1 increase
(not strictly) P°® and investigate how the parameter ¢ in the LLL reduction affect

the enhancement of P°®. After that, we give examples to show that unlike the LLL
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and the LLL-P, the permutation strategies SQRD and V-BLAST may decrease P°".
Finally, we give some upper bounds on P°® after the LLL reduction is used by using
the entries of R in (2.4). The main results of this chapter were published in [18].
3.1 P°® and P°" and their relationships

In this section, we first give formulas for P°® and P°" and then show that P°®
as a lower bound on P°" is sharper than the lower bound given in [37].

In the following, we give a formula to compute P°®. This formula was original
given in [83], which considered a variant form of the OILS problem (2.4). But our
formula is more concise and our proof is easier to follow than that given in [83].

B

Theorem 3.1.1 Let P°® denote the success probability of the Babai estimator x®

given in (2.7), then
P =Pr(z” = &) = [ [ ¢o(ria).
i=1

¢/(20) 2
00 =2 [ S (3.)

Proof. By the chain rule of conditional probabilities:

where

=1
n—1
< [ Pr(af® = aifafly = g, ad” = &) (3.2)
=1

By (2.3), y ~ N(Rz,0°I) and

n
~ N 2 ~ ~ ~ 2 .
Un ~ N (Pondn, 0%), §; ~ N(rud; + Z riiZi,0%), i=n—1,...,1.
j=it1
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Thus, from (2.7) we have

OB o

e o8 _ A
and if 2% = i1, 2,

Then it follows from (2.7) that

Pr(ay® = &,) = Pr(jc, — Tn] < 1/2) =

1 0.5 t2
exp(—————)dt
27r$ /—0.5 p( 2(%)2)

nn

2 ran/(20) t2
El— -5 dt = Qg\T'nn )-
— [ =5t = 4r(ru)

Similarly, we can obtain

Pr<1’?B = ffzfﬂiffl = Tjq1, " 75623 = Si'n) = %(m)-

Then from (3.2) we can conclude that the theorem holds. [

In the following, we give a formula, which was original given in [37] without
proof, for P°%. For the sake of readability, we prove it.
Theorem 3.1.2 Let P°" denote the success probability of the OILS estimator x°"

for the OILS (2.4), then

1 1
P()L =P OL _ 5\ — o 2 d )
@ =)= o [ o0 (—galéleE 6
where
Voo={€ | 22" RT¢ < ||Rx||? for Vx € Z"}. (3.4)
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Proof. Define sets F1, Es, E5 as follows:

Ey ={v|d ~N(0,0°I),§ = R& + v,2°" = &},
By ={9|0 ~N(0,06°I),§ = R + 0, ||0|? < ||g — Rx|)? for Vo € Z"},

Es={%|9 ~N(0,0°I),§ = R& + 0, 9|3 = |g — R(z + &)||? for some x € Z", x # 0}.
Then it is easily to show that
Ey\E3 C Ey C Es.
Therefore, the following equalities hold:
Pr(v € Ey) — Pr(v € E3) < Pr(v € Ey) < Pr(v € Es). (3.5)

We firstly show Pr(v € E3) = 0. Let © € Ej, so there exists & € Z" such that

Z # 0 and ||9]]3 = ||y — R(z + #)||3. Then, by the following equality,
1915 = g — R(@ + &)|5 = |© — Rzl = [|o; + | Rz|; — 22" R"

we have 227 R"® = || Rz||?. This indicates that ® lies on an (n — 1)—dimensional
plane, but @ is an n—dimensional random variable, so Pr(v € E3) = 0. Therefore,

by (3.5), we have
PI‘(’INJ c El) = PI‘(’T) S EQ) (36)

Note that ||9]2 < ||g — Rx||? is equivalent to 22" R < ||Rz||?. Then, using
the density function of ¥, we obtain the formula for P°". [
From Theorems 3.1.1 and 3.1.2, P°® and P°" depend on R, so sometimes we

also write them as P°®(R) and P°"(R), respectively.
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By Theorem 3.1.2, P°" depends on its Voronoi cell V. (see (3.4)) and it is
difficult to compute it because the shape of Vp, is complicated [37]. In [37], a lower
bound F(d?,. /(40%),n) is proposed to approximate it, where dy;, is the length of
the shortest lattice vector, i.e., dmin = mingzezn |[Rx|2, and F(z,n) denotes the
cumulative distribution function of the chi-square distribution with degree n. How-
ever, no polynomial-time algorithm has been found to compute d,,;,. To overcome
this problem, [37] proposed a more practical lower bound F(r2. /(40%),n), where
Pmin = min; ;. It is well-known that P°® is also a lower bound on P°*, for more
details, see [84]. The following result shows that P°® is a sharper lower bound than
P2,/ (46%),n).

Theorem 3.1.3 F( b > < P98,

» u? follows the

Proof. Let uw ~ N(0,1,). Thus uy,us,...,u, are i.i.d. and >

chi-squared distribution with degree n. Let events E = {> i, u? < r2. /(40%)} and

=1 "
={uf <r}/(40?)} for i =1,2,...,n. Since ruym < 14, E C (i, E;. Thus,

F(%n) <PrﬂE HPr
r“/ 20)

—H\/Q_/ exp ( ——dt Hqﬁgr” =p°s. O
N

rii/(20)

In the following, we give an example to show that F(r2, /(40?),n) can be much

smaller than P°E.

0.001 0
Example 3.1.1 Let R = and 0 = 0.5. By simple calculations, we

0 10
obtain F(r2;,/(40%),n)/P°% = 1/1596.
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Although this is a contrived example, where the signal-to-noise ratio is small, it
shows that P°? can be much sharper than F(r2. /(40?),n) as a lower bound on P°".
3.2 Effects of the reductions on P°®

By (2.7), we can define the Babai estimator z°® for 2z in (2.17) and use it to
estimate 2z in (2.17), or equivalently, we use Zz°® to estimate & in (2.4).

In this section, first, we will rigorously prove that column permutations and size
reductions on the superdiagonal entries of R that immediately follows a permutation
in the process of the LLL reduction given by Algorithm 2.2.1 enhance (not strictly)
the success probability P°® of the Babai point x°®, as a result, the LLL-P can
improve P°®; Then, we will give simulations to show that unlike LLL and LLL-P,
both V-BLAST and SQRD may decrease P°?; After this, we will discuss how the
parameter 0 affects the enhancement of P°®. At last, we will give some upper bounds
on PP after the LLL reduction, by using the entries of R in (2.1).

3.2.1 Effects of the LLL reduction and the LLL-P on P°®

In the subsection we look at how the success probability P°® of the Babai point
x°® changes after LLL reduction or LL-P is performed to R.

The following result shows that if the Lovéasz condition (2.13) is not satisfied,
after a column permutation and triangularization, P°® increases.

Lemma 3.2.1 Suppose that 613_y ,_y > Ti_y, + 14y, for some k for the R matriz
in the OILS problem (2.4). After the permutation of columns k — 1 and k and
triangularization, R becomes R, i.e., R = Gi_; ;RPy_1 (see (2.14)). With y =
Gi_1,Y and z = P!z, (2.4) can be transformed to (2.18). Denote 2 = P, .

Then the Babai point z°% has a success probability greater than or equal to the Babai
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. on -
point 7, 1.e.,

Pr(x?” = &) < Pr(z?” = 2), (3.7)

where the equality holds if and only if rp_1, = 0.

Proof. By Theorem 3.1.1, what we need to show is the following inequality:

n

H¢a(7’z’z’) < Hﬁba(fu) (3.8)

i=1

Since 7;; = ry; for i # k — 1, k, we only need to show

o (Tk=15-1) 0o (Thk) < G0 (Tr—1,k-1) Do (Tik),

which is equivalent to

g t2 e 12 gt 12 o 12
/ exp(——)dt/ exp(——)dt S/ exp(——)dt/ exp(——)dt.
0 2 0 2 0 2 0 2
(3.9)
By the last equality in (2.15), we can let
Th—1k—1Tkk _ Th—1k—1Tkk
_ Thevk=1 TR _ The1k-1 Thi 1
200 20 200 20’ (3.10)
¢ 2 a/¢ 2
f(¢) = ln/ exp(——)dt + ln/ exp(——)dt. (3.11)
0 2 0 2
Note that f(¢) = f(a/¢) = f(max{(,a/C}). Then (3.9) is equivalent to
max{rg_1x 1, kk} max{ 71,51, "kk }
: < : . .
f< 20 > - f( 20 ) (3.12)

Obviously, if ri_1, = 0, then the equality in (3.12) holds since in this case

max{ry_1 -1, "kk } _ max{ry_1 k—1, Tkk }
20 20 ’
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So we only need to show if ry_; 5 # 0, then the strict inequality in (3.12) holds. In
the following, we assume r;_;; # 0.

From 675_ ,_y > r7_y; + 4y, and (2.15) we can conclude that

Thies Th—1,k—1> Tkl < Th—1,k—1-

Then, with (3.10) it follows that

max{ry_1x—1,kk _ =11 - max{T,_1k—1, Tkk } > Ja.
20 20 20

Thus, to show the strict inequality in (3.12) holds, it suffices to show that when
¢ > +/a, f(€) is a strict monotonically decreasing function or equivalently f'(¢) < 0.
From (3.11),

oy (=3¢ Een(=5h) :1( . g)
O focexp(—%)dt Oa/gexp(—%)dt ¢ 9(¢) g<<> ’

_1

where ¢(¢) = %. Note that ( > v/a, ( > a/¢. Thus, in order to show
o SXP{— 7%

f'(¢) < 0 for ¢ > +v/a, we need only to show that g(¢) is a strict monotonically

decreasing function or equivalently ¢’({) < 0 when ¢ > 0.

Simple calculations give

b exp(‘%@) v _ 2 Cex _ﬁ _Cex _l 2
IO = 7 (1) [ expl=at - cexn(—5¢4)|.

If 1 —¢? <0 and ¢ > 0, then obviously ¢’(¢) < 0. If 1 — ¢ > 0 and ¢ > 0, since
exp(—%) <1,

2

¢
(1= [ expl=)dt < ¢(1 - ¢ < Cexpl—5¢2),
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where the second inequality can easily be verified. Thus again ¢’(¢) < 0 when ¢ > 0,
completing the proof. [
Now we make some remarks. The above proof shows that f(¢{) for { > /a

reaches its maximum when ¢ = /a. Thus if 74_1 x_1 = Tk, or equivalently,

2 2
Th1k T Tk = Th—=1,k—1Tkk>

P°® will increase most. For a more general result, see Lemma 3.3.2 and the remark
after it.

In Lemma 3.2.1 there is no requirement that r;_; 5 should be size-reduced. The
question we would like to ask here is do size reductions in the LLL reduction algorithm
affect P°®? From Theorem 3.1.1 we observe that P°® only depends on the diagonal
entries of R. Thus size reductions alone will not change P°®. However, if a size
reduction can bring changes to the diagonal entries of R after a permutation, then
it will likely affect P°®. Therefore, all the size reductions on the off-diagonal entries
above the superdiagonal have no effect on P°®. But the size reductions on the
superdiagonal entries may affect P°2. There are a few different situations, which we
will discuss below.

Suppose that the Lovész condition (2.13) holds for a specific k. If (2.13) does
not hold any more after the size reduction on r,_; 5, then columns £ — 1 and k of R
are permuted by the LLL reduction algorithm and according to Lemma 3.2.1 P°®
strictly increases or keeps unchanged if and only if the size reduction makes 7,_1
zero (this occurs if r;_y j is a multiple of rj_; ;1 before the reduction). If (2.13) still

holds after the size reduction on r;_; j, then this size reduction does not affect P°".
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Suppose that the Lovasz condition (2.13) does not hold for a specific k. Then
by Lemma 3.2.1 P°® increases after a permutation and triangularization. If the size
reduction on rj_ 1 is performed before the permutation, we show in the next lemma
that P°® increases further.

Lemma 3.2.2 Suppose that in the OILS problem (2.4) R salisfies 5r,€_17k_1 >
Tryp + The and |re_g] > i1 k—1/2 for some k. Let R, g, z and 2 be defined
as in Lemma 3.2.1. Suppose a size reduction on ri_y is performed first and then
after the permutation of columns k — 1 and k and triangularization, R becomes R,
i, R= G\ RZy 1Py 1. Let§ = Gy, and w = Py, Z:, @, then
(2.4) is transformed to mingyezn |§ — Rw||y. Denote i = Pl Z & Then the
Babai point w°® corresponding to the new transformed ILS problem has a success

probability greater than or equal to the Babai point z°%, i.e.,

Pr(z°" = 2) < Pr(w®” = w), (3.13)
where the equality holds if and only if
"1, k= 1Th—1,k]| = le—l,k + 7). (3.14)
Proof. Obviously (3.13) is equivalent to

Go (Tr—1,k-1)Po (Tri) < G (Tr—1,k-1) P (Tik)

which, by the proof of Lemma 3.2.1, is also equivalent to

max{7r_1 51, Tkk | max{e—1,k-1, T}
f< ) < f( )
2 20
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where f is defined in (3.11). Since f({) has been showed to be strict monotonically

decreasing when ¢ > /a, what we need to show is that
Max{ 7151, ek} > MaX{Tr_151, Tk}, (3.15)

where the equality holds if and only if (3.14) holds.

Since |ri—1%| > rr—14-1/2,

= _ 2 2 2 2
Th=1k-1 = \/Tk—1k T Tk =~ \/Tk—l,k—1/4 + Tk

. Tho1k-1Thk Th—1k—1Tkk
Kk = -
2 2 2 2
\/Th-1.6 T The \/Tk—l,k—1/4 + Tk

2 2 Tk—1,k—1Tkk
But 7"1@71,1@71/4 + g > e = thus
et k-1 /4477,

max{Tk—1k-1,Tkk} = Th—1k—1-

Suppose that after the size reduction, ry_;  becomes 7,_; ;. Note that

- _ ~2 2 2 2 _ =
Th—1k—1= \/’"k—l,k + T < \/T'k—l,k + T =Tk—1,k—1-

Thus, it follows from (3.15) what we need to prove is that 7, < 7x_1 -1 or equiva-

lently

7Qkk < \/ r]%fl,k + Tl%k’ (316)

and the equality holds if and only if (3.14) holds.

By the conditions given in the lemma,

ITe—1k] < Tho1 k-1 < 2|Tk—1k]-
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Thus

Thetd = Thetde — |The1de/Th—1k—1|Th—1 k-1 = Th—1k — SIGN(T—1 )T k1 k—1-

Now we consider two cases 7,_1 > 0 and r,_; ; < 0 separately. If r;_; ; > 0, then

Th—1k—1Tkk  Tk—1k—1Tkk Tk—1k—1TkE

Pep = — = — .
kk Tk—1,k—1 ~2 2 V(r —r )2+ 12
, kal,k —+ Tk k—1,k k—1,k—1 kk

Thus, to show (3.16) it suffices to show that

Tk—1,k—1TkEk
< 7“1%71 pt Tl%k'
2 2 ;
V(1 — Th1k-1)2 + 72,

Simple algebraic manipulations shows that the above inequality is equivalent to

2 2 \2
(The1h—1Th—14 — Th—1k — k) >0,

which certainly holds. And obviously, the equality in (3.16) holds if and only if

Th—1k—1Th—1,k = T;%_uf + T
If r4_14 < 0, we can similarly prove that (3.16) holds and the equality holds if and
only if

k1 k—1Tk—1k = 7“1%71,1@ + T
completing the proof. [

Here we make a remark about the equality (3.14). From the proof of Lemma
3.2.2, we see that if (3.14) holds, then the equality in (3.16) holds, thus 7y, = 71 1.

But the absolute value of the determinant of the submatrix Rj_1.; ;1.1 is unchanged

35



by the size reduction, we must have 7;_1 1 = 7. Thus if (3.14) holds, the effect of
the size reduction on 74_1 j is to make 7 _; ;1 and 74, permuted; therefore the success

probability P°? is not changed by the size reduction. Here we give an example.

5 4 _ |2v6 25
Example 3.2.1 Let R = . Then it 1s easy to verify that R =
0 2 0 V5

.|V V5

and R = . From the diagonal entries of R and R we can conclude that

0 25

the success probabilities of the two Babai points corresponding to R and R are equal.

From Lemmas 3.2.1 and 3.2.2 we immediately obtain the following results.
Theorem 3.2.1 Suppose that the OILS problem (2.4) is transformed to the OILS
problem (2.18), where R is obtained by the LLL reduction given by Algorithm 2.2.1.
Then

8

Pr(z? =x) < Pr(z9 = 2),

where the equality holds if and only if no column permutation occurs during the LLL
reduction process or whenever two consecutive columns, say k—1 and k, are permuted,
Tk—1% 05 @ multiple of rp_1 -1 (before the size reduction on ri_1y is performed). Any
size reductions on the superdiagonal entries of R which are immediately followed
by a column permutation during the LLL reduction process will enhance the success
probability of the Babai point. All other size reductions have no effect on the success
probability of the Babai point.

Now we make some remarks. Note that the LLL reduction is not unique. Two

different LLL reduction algorithms may produce different R’s. In Algorithm 2.2.1,
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when the Lovasz condition for two consecutive columns is not satisfied, then a col-
umn permutation takes places to ensure the Lovasz condition to be satisfied. If an
algorithm which computes the LLL reduction does not do permutations as Algorithm
2.2.1 does, e.g., the algorithm permutes two columns which are not consecutive or
permutes two consecutive columns but the corresponding Lovész condition is not sat-
isfied after the permutation, then we cannot guarantee this specific LLL reduction
will increase P°P.

It is showed in [81] that the LLL-aided zero-forcing can achieve the maximum
receive diversity in MIMO systems. Here, we show the effects of LLL reduction from
another point of view.

It is interesting to note that [53] showed that all the size reductions on the
off-diagonal entries above the superdiagonal of R have no effect on the residual of
the Babai point. Here we see that those size reductions are not useful from another
perspective.

From Lemmas 3.2.1 we can also obtain the following results.

Theorem 3.2.2 Suppose that the OILS problem (2.4) is transformed to the OILS
problem (2.18), where R is obtained by the LLL-P which is given by Algorithm 2.5.1.
Then

Pr(x? =x) < Pr(z% = 2),

8>

where the equality holds if and only if no column permutation occurs during the
process of the LLL-P or whenever two consecutive columns, say k — 1 and k, are

permuted, Ti_1 = 0.
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3.2.2 Effects of the V-BLAST and SQRD on P°®

Theorem 3.2.1 and 3.2.2 respectively show that the LLL reduction and the LLL-
P can always improve (not strictly) P°®. In this subsection, we will show that both
V-BLAST and SQRD may decrease P°P.

In the following, we give simple numerical test results to see how SQRD, V-
BLAST, LLL-P with § = 1 and LLL with § = 1 affect P°®.

We performed our MATLAB simulations for the following two cases:

e Case 1: A =randn(n,n), where randn(n,n) is a MATLAB built-in function to
generate a random n X n matrix, whose entries follow the normal distribution
N(0,1).

e Case 22 A=UDV” U,V are random orthogonal matrices obtained by the
QR factorization of random matrices generated by randn(n,n) and D isanxn
diagonal matrix with d;; = 103("/2=9/(n=1)

In the tests for each case for a fixed n we gave 200 runs to generate 200 different
A’s. For n = 20, Figures 3—-1 and 3-2 display the average success probabilities of
the Babai points corresponding to various reduction or permutation strategies over
200 runs versus o = 0.05 : 0.05 : 0.4, for Cases 1 and 2, respectively. In both figures,
“QR” means the QR factorization is used, giving Pr(x°® = ).

From Figures 3-1 and 3-2, we can see that on average the LLL reduction im-
proves P°® much more significantly than the other three, V-BLAST performs better
than LLL-P and SQRD, and LLL-P and SQRD have similar performance. Note that
LLL-P is the permutation strategy of the LLL reduction and the size reductions

on the super diagonal entries can further increase P°® under some conditions (see
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Figure 3-2: Average P°® over 200 runs versus o for Case 2, n = 20
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Lemma 3.2.2) and may bring more permutations, so it is easy to understand that
the LLL reduction can usually bring higher improvement. We observed the same
phenomenon when we changed the dimensions of A.

Figures 3—1 and 3-2 indicate that on average SQRD and V-BLAST increase P°".
However, unlike LLL-P, both SQRD and V-BLAST may decrease P°® sometimes.
Table 3—-1 gives the number of runs out of 200 in which SQRD and V-BLAST decrease
P°® for various ¢ and n. From the table we can see that for both Cases 1 and 2,
the chance that SQRD decreases P°® is much larger than V-BLAST and when o
increases, the chance that SQRD decreases P°® tends to decrease. For Case 2,
when n increases, the chance that SQRD decreases P°®P tends to decrease, but this
phenomenon is not seen for Case 1.

Table 3—1: Number of runs out of 200 in which P°® decreases

Case 1 Case 2
Methods | 7001]02103]01]02]0.3
10 9 10| 6 | 13| 8 | 5
SQRD 20 2011 716 2] 1
30 1614110 1|1
40 5951 0]o0]lo0
10 olo| o 21[6]7
V-BLAST 20 ololololo]o
30 ololololo]o
40 ololololo]o

From Table 3-1, one can easily find concrete examples to show that neither

SQRD nor V-BLAST can always improve P°®.
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3.2.3 Effects of § in the LLL reduction on the enhancement of P°®
Suppose that R; and R, are obtained by applying Algorithm 2.2.1 to A with

0 = 01 and 0 = J9, respectively and §; < d5. A natural question is what is the relation

between P°"(R;) and P°®(Ry)? We try to address this question in this subsection.
First we give a result for n = 2.

Theorem 3.2.3 Suppose that Ry and Ry are obtained by applying Algorithm 2.2.1

to A € R™*™ with § = 01 and 6 = s, respectively and 01 < do. If n =2, then
P??(R;) < P?(Ry). (3.17)

Proof. Note that only two columns are involved in the reduction process and
the value of § only determines when the process should terminate. In the reduction
process, the upper triangular matrix R either first becomes ;-LLL reduced and then
becomes do-LLL reduced after some more permutations or becomes d;-LLL reduced
and do-LLL reduced at the same time. Therefore, by Lemma 3.2.1 the conclusion
holds. U

However, the inequality (3.17) in Theorem 3.2.3 may not hold when n > 3. In
fact, for any given n > 3, we can give an example to illustrate this.

Example 3.2.2 Let §; and &y satisfy 1/4 < §; < 0o < 1 and 0y < 67 + 1/4. Let n
and 0 satisfy 6 <n < dy and 0 < 6 < %\/51(77 —01). Let

1 0 1/2
R= | NTECEE (3.18)
0 O 01

Note that R s size reduced already.
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Suppose that we apply Algorithm 2.2.1 with § = 61 to R, leading to R,. The
first two columns of R do not permute as the Lovdsz condition holds. However, the
Lovdsz condition does not hold for the last two columns and a permutation is needed.
Then by Lemma 3.2.1 we must have P°?(R;) > P°*(R).

Applying Algorithm 2.2.1 with § = 65 to R, we obtain

Ji 0 0
Ry= |0 1 1/2|,

0 0 o0

whose diagonal entries are the same as those of R with a different order. Then we
have P°?(Ry) = P°?(R). Therefore, P°’(R;) > P°"(Ry).

With R € R**? given in (3.18), we define A as A= [§ 1] € R™™, it is easy
to show that we still have P°?(Ry) > P°?(Ry), where Ry and Ry were obtained by

applying Algorithm 2.2.1 to A with 6 = 61 and § = s, respectively.

Although the above example shows that larger ) may not guarantee to produce
higher P°® when n > 3, we can expect that the chance that P°®(R;) < P°®(Ry) is
much higher than the chance that P°®(R;) > P°?(R3). Here we give an explanation.
If R, is not do-LLL reduced, applying Algorithm 2.2.1 with 6 = d, to R; produces
R, with P°®(R,) > P°®(R,). Although R, may not be equal to Ry, we can expect
that the difference between these two d,-LLL reduced matrices is small. Thus it is
likely that P°?(Ry) ~ P°®(R,) > P°®*(R,).

Here we give numerical results to show how ¢ affects P°® (i.e., Pr(z°® = 2)).

We used the matrices defined in Cases 1 and 2 of Section 3.2.2. As before, in the
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tests for each case we gave 200 runs to generate 200 different A’s for a fixed n.
For n = 20, Figures 3-3 and 3-4 display the average Pr(z°® = 2) over 200 runs
versus 0 = 0.3:0.1:1.0 for Cases 1 and 2, respectively. The three curves in both
figures correspond to ¢ = 0.1,0.2,0.3. For comparisons, we give the corresponding
Pr(z°® = ) in the following table.

Table 3-2: Success probability Pr(z®® = x)

oc=20.1 c=20.2 c=20.3
Case 1 0.864 0.679 0.490
Case 2 | 1.92 x 1072 | 1.96 x 10~* | 5.54 x 107°

09

o
©

Average P o8B

o
3

0.65 L L L L L L |
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

J

Figure 3-3: Average P°® over 200 runs after the LLL reduction for Case 1, n = 20

From Table 3-2, Figures 3—-3 and 3—4, we can see that the LLL reduction has a
significant effect on improving P°®. Figures 3-3 and 3-4 show that as ¢ increases, on
average P°P increases too, in particular for large o. But we want to point out that we

also noticed that sometimes a larger ¢ resulted in a smaller P°® in the tests. Table
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Figure 3—4: Average P°® over 200 runs after the LLL reduction for Case 2, n = 20

3-3 gives the exact number of runs out of those 200 runs in which P°® decreases
when ¢ increases from ¢t to t + 0.1 for t = 0.3 : 0.1 : 0.9. From Table 3-3 we can
see that most of the time P°® does not decrease when ¢ increases. We would like to
point out that in our numerical tests we tried various dimension size n for the two
test cases and observed the same phenomena.

Table 3-3: Number of runs out of 200 in which P°® decreases when § increases

Case 1 Case 2
5 1o1l02]03/01]02]03
03 041 6| 4 510815
04051 9| 8| 7115|1616
0506 | 17|18 | 17 || 19 | 18 | 20
06071 91 9] 711620/ 20
07081 5| 81912116 15
08 09| 1]10] 8| 7|10/ 12
09101 0 | 13|14 15| 11| 11
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3.3 Some upper bounds on P°® after the LLL reduction

We have shown that the LLL reduction by Algorithm 2.2.1 can enhance the
success probability of the Babai point. A natural question is how much is the en-
hancement? We will answer this question in this section.

If the LLL reduction has been computed by Algorithm 2.2.1, then we can easily
obtain the ratio Pr(z°® = 2)/ Pr(z°® = &) by using Theorem 3.1.1. If we only know
the R-factor of the QR factorization of A, usually it is impossible to know the ratio
exactly. However, we will derive some bounds on Pr(z°® = 2), which involve only
the R-factor of the QR factorization of A. From these bounds one can immediately
obtain bounds on the ratio.

Before giving an upper bound on Pr(z°® = 2), we give the following result, see,
e.g., [69, Thm 6].

Lemma 3.3.1 Let R be the R-factor of the QR factorization of A and let R® be
the upper triangular matrix after the p-th column permutation and triangularization

in the LLL reduction process by Algorithm 2.2.1, then fori=1,2,... . n
Min{ 7, Tig1ie1, - - Tanf < rl(f) < max{ri1,792, ..., Tii} (3.19)

When the LLL reduction process finishes, the diagonal entries of the upper
triangular matrix certainly satisfy (3.19). Then using the second inequality in (3.19)
we obtain the following result from Theorem 3.1.1.

Theorem 3.3.1 Suppose that the OILS problem (2.4) is transformed to the OILS

problem (2.18) after the LLL reduction by Algorithm 2.2.1. The success probability
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of the Babai point for the OILS problem (2.18) satisfies:
Pr(zOB = '%) < H?:1¢U(%')> (3'20)

where y; = max{riy, rag, -+ ,Tii }-

In the following we give another upper bound on the success probability of the
Babai point, which is invariant to the unimodular transformation to R. The result
was essentially obtained in [85], but our proof is much simpler.

Lemma 3.3.2 Let R € R™"™ be an upper triangular matriz with positive diagonal

entries, then
i n 1/n
Héba(ﬁ'i) < ¢Z<<Hru> ), (3.21)
i=1 i=1

where the equality holds if and only if all the diagonal entries of R are equal.

Proof. Let h(§) = In(¢y(exp(€)) and v; = Inry for i = 1,...,n. Define v =

L3 v = 2 In(JT, 7). To prove (3.21), it suffices to show that

% Z h(v;) < h(v). (3.22)

It is easy to verify that

1

W) = 5= exp(€)d (5 (@),

where g(-) was defined in the proof of Lemma 3.2.1. According to the proof of Lemma
3.2.1, ¢'(¢) < 0 for ¢ > 0. Thus A"(&) < 0, i.e., h(§) is a strictly concave function.
Therefore, (3.22) must hold and the equality holds if and only if all v; are equal, or

equivalently all r;; are equal. [J
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Suppose that the OILS problem (2.4) is transformed to the OILS problem (2.18)

after the LLL reduction by Algorithm 2.2.1. Then det(R) = det(R) = []}_, 7. Thus

by Lemma 3.3.2 we have

Pr(z°®

z) = f[@(m) < ¢Z((f[m)1/"). (3.23)

The upper bound is reachable if and only if all the diagonal entries of R are equal to
det?/ "(R). If the gap between the largest diagonal entry and the smallest diagonal
entry of R is large, the upper bound in (3.23) will not be tight. In the following, we
give an improved upper bound.

Theorem 3.3.2 Under the same assumption as in Theorem 3.3.1, if there exist

indices 11,1z, ...,1; such that
Mk Skarl, k= 1,...,[, (324)
where
My = max{ri,_,+1i, 141, Tig 1420 1425 - -+ Tigig |
Migy1 = Hlin{rz’kﬂ,ikﬂ, Tip4+2,i+25 - - - 7Tik+1,ik+1};

with 19 = 0 and 41 = n, then

I4+1
Pr(z = 2) < [[ ob " (n) < ¢3(v), (3.25)
k=1
where
ik 1/(ik—ip—1) n 1/n
V = ( H Tjj) s UV = (H rjj) .
J=ik_1+1 J=1
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Proof. Partition R as follows:
R = [R17 R27 e 7Rl+1]7

where the diagonal entries of R which are in block Ry, € R™ =%~ arer; 1, 11,
Tip 142k 142 - Tipi, for k= 1,..., 1+ 1. The condition (3.24) is to ensure that
in the LLL reduction process by Algorithm 2.2.1 there are no column permutations
between Rys. Now we prove this claim. Suppose that Algorithm 2.2.1 has just
finished the operations on R, and is going to work on Rj3. At this moment, [R;, Ry
is LLL reduced. In the LLL reduction of [R;, Rs|, no column permutation between
the last column of R; and and the first column of Ry occurred. In fact, by (3.19) in
Lemma 3.3.1 and the inequality M; < my from (3.24), after a permutation, say the

p-th permutation, in the LLL reduction of [R;, Rs] by Algorithm 2.2.1,

(p)

: (p)
Tivin = max{ri, ..., Tip iy b < min{7i 11641, 5 Tigin } < Ti b1 41

Thus for any § satisfying 1/4 < ¢ < 1, the Lovéasz condition (2.13) is satisfied for
columns 7; and 7; + 1 and no permutation between these two columns would occur.
Now the algorithm goes to work on the first column of R3. Again we can similarly
show that no column permutation between the last column of R, and and the first
column of Rj3 will occur, so the algorithm will not go back to R,. The algorithm
continues and whenever the current block is LLL reduced it goes to next block and
will not come back to the previous block. Then by applying the result given in (3.23)
for each block Ry we obtain the first inequality in (3.25). The second inequality in

(3.25) is obtained immediately by applying Lemma 3.3.2. [
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If indices iy for £ = 1,...,[ defined in Theorem 3.3.2 do not exist, we assume
[ = 0, then the first inequality in (3.25) still holds as its right hand side is just ¢2(v).
We now show how to find these indices if they exist. It is easy to verify that

(3.24) is equivalent to

max{ My, ..., My} < min{mgiq1,...,m1} (3.26)
for k =1,...,1. Define two vectors u,v € R" ! as follows:
Uy = T1, W = max{ry, ...,y = max{u;_1,7;},
fori=2,...,n—1.
Un—1 = Tpn, U; = min{?“i+1’i+1, N ,Tnn} = min{?“i+17i+1, UZ'+1},

Then (3.26) is equivalent to
UikS’Uik, k:].,,l

Thus we can compare the entries of u and v from the first to the last to obtain all
indices 7. It is easy to observe that the total cost is O(n).
Let /31, B2 and P53 denote the three upper bounds on Pr(z°® = 2) given in (3.20)
and (3.25), respectively, i.e.,
I+1

B =Ty 60(v), Bo=[[ o7 (m), Bs=osw).
k=1

In the following, we first give some special examples to compare (1, S and fs.
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1/n X
Example 3.3.1 Let R = / , where 0 < n < 1 and X is any real number.
0 n?

Then
pr = qﬁi(l/n), fo = B3 = Qﬁ(\/ﬁ)

By the definition of ¢,(¢) given in (3.1), ¢o(1/n) = 1 and ¢,(\/n) — 0 when n — 0.
Thus, when n is very small, P2 and B3 are much sharper than (.

Example 3.3.2 Let

n/3 x x X

0 nn X X
R= , 0<n<l1,
0

]
—_
~
3
w
X

0 0 0 n/2

where X s any real number. Then

Br = ¢o(n/3)ds(n)d2(1/n°),
Bo = ¢o(n/3)05(V/1/(2n)), B3 = ¢4 (3/1/6).

From the definition of ¢,(C), we see that when n — 0,

B =0, B—0, B1/Ba—0, BafB3—0.

Therefore, when n is very small, 51 is much sharper than (B, which is also much

sharper than Bs.
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Now we use more general examples to compare the three upper bounds and also
compare them with Pr(z°® = 2). In additional to Cases 1 and 2 given in Section
3.2.2, we also tested the following case:

Case 3: A = QR, where @Q is a random orthogonal matrix obtained by the QR
factorization of a random matrix generated by randn(n,n) and R is an n X n upper
triangular matrix with 72 following the x? distribution with freedom degree i and
with r;; (j > 4) following the normal distribution A/(0, 1).

Case 3 is motivated by Case 1. In Case 1, the entries of the R-factor of the QR
factorization of A have the same distributions as the entries of R in Case 3, except
that the freedom degree for r% is n — i + 1, see [66, p99)].

In the numerical experiments, for a given n and for each case, we gave 200 runs
to generate 200 different A’s.

All the six tables given below display the average values of Pr(z®® = &) (cor-
responding to QR), Pr(z°® = 2) (corresponding to LLL with § = 1), 81, 5, and fs.
For each case, we give two tables. In the first table, n is fixed and o varies, and in
the second table, n varies and o is fixed. In Tables 3-5 and 3-9 ¢ was fixed to be
0.4, while in Table 3-7 ¢ was fixed to be 0.1. We used different values of o for these
three tables so that Pr(z°® = 2) is neither close to 0 nor close to 1, otherwise the
bounds would not be much interesting.

For Case 1, from Tables 34 and 3-5 we observe that the upper bounds £, and
(3 are sharper than the upper bound 3, especially when n is small, and the former

are good approximations to Pr(z°® = 2).
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For Case 2, from Table 3-6 we observe that the upper bound £, is extremely
loose when o is large, and (5 and 3 are much sharper for all those o. From Table
3—7 we see that when n becomes larger, the upper bounds 3, and 83 become worse,
although they are still sharper than ;. Tables 3-6-3-7 show that (3 is equal to (5.
Actually it is indeed true.

For Case 3, from Tables 3-8 and 3-9 we observe that the success probability of
the Babai point improves after the LLL reduction, but not as much as Cases 1 and
2. We also observe that (35 is sharper than i, both are much sharper than 3, and
fs is a reasonable approximation to Pr(z°® = 2).

Based on the numerical experiments and Theorem 3.3.2 we suggest taking
min{ 5, B2} as an upper bound on Pr(z°® = 2) in practice.

Although the upper bound min{f;, 52} is a good approximation to Pr(z°® = 2)
in the above numerical tests, we want to point out that this upper bound can be
very loose. Here is a contrived example: Suppose all the off-diagonal entries of R in

Example 3.3.2 are zero. Then

Pr(z®" = &) =Pr(2°" = 2) =04 (1/3) 04 (1) s (1/1°)$5(n/2).

Thus, when n — 0, Pr(z°® = 2)/ min{5, 52} — 0.
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Table 3-4: Average P°® and upper bounds over 200 runs for Case 1, n = 20

g

QR

LLL

A

B

Bs

0.05

0.93242

1.00000

1.00000

1.00000

1.00000

0.10

0.84706

1.00000

1.00000

1.00000

1.00000

0.15

0.75362

0.99999

1.00000

1.00000

1.00000

0.20

0.66027

0.99966

1.00000

0.99984

0.99984

0.25

0.56905

0.99815

1.00000

0.99891

0.99891

0.30

0.48130

0.99289

1.00000

0.99645

0.99645

0.35

0.39864

0.97589

0.99999

0.98849

0.98849

0.40

0.32279

0.93432

0.99997

0.96319

0.96319

Table 3-5: Average P°® and upper bounds over 200 runs for Case 1, 0 = 0.4

n

QR

LLL

B

Ba

Bs

5

0.37181

0.52120

0.92083

0.55777

0.56437

10

0.33269

0.73310

0.99634

0.75146

0.75146

15

0.30324

0.87116

0.99967

0.89076

0.89076

20

0.32896

0.94211

0.99999

0.97004

0.97004

25

0.31439

0.95364

1.00000

0.98993

0.98993

30

0.32649

0.96961

1.00000

0.99752

0.99752

35

0.34107

0.97361

1.00000

0.99939

0.99939

40

0.32538

0.97579

1.00000

0.99980

0.99980

Table 3-6: Average P°® and upper bounds over 200 runs for Case 2, n = 20

g

QR

LLL

B

Ba

Bs

0.05

0.27379

1.00000

1.00000

1.00000

1.00000

0.10

0.01864

0.99490

1.00000

0.99939

0.99939

0.15

0.00161

0.82023

1.00000

0.89650

0.89650

0.20

0.00019

0.38963

1.00000

0.46930

0.46930

0.25

0.00003

0.10896

1.00000

0.13462

0.13462

0.30

0.00001

0.02248

1.00000

0.02738

0.02738

0.35

0.00000

0.00411

1.00000

0.00489

0.00489

0.40

0.00000

0.00074

1.00000

0.00086

0.00086
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Table 3-7: Average P°® and upper bounds over 200 runs for Case 2, o0 = 0.1

n

QR

LLL

A

B

Bs

5

0.06157

0.75079

0.99984

0.83688

0.83688

10

0.05522

0.98875

1.00000

0.99344

0.99344

15

0.03069

0.99670

1.00000

0.99860

0.99860

20

0.01865

0.99486

1.00000

0.99939

0.99939

25

0.01149

0.97374

1.00000

0.99963

0.99963

30

0.00562

0.88945

1.00000

0.99973

0.99973

35

0.00324

0.76654

1.00000

0.99978

0.99978

40

0.00175

0.68623

1.00000

0.99981

0.99981

Table 3-8: Average P°® and upper bounds over 200 runs for Case 3, n = 20

g

QR

LLL

B

Ba

Bs

0.05

0.91780

0.92401

0.92450

0.92471

1.00000

0.10

0.85132

0.86372

0.87017

0.86856

1.00000

0.15

0.77339

0.79087

0.80902

0.79945

1.00000

0.20

0.68615

0.70836

0.74366

0.72379

1.00000

0.25

0.59499

0.62040

0.67610

0.64530

0.99986

0.30

0.50466

0.53153

0.60831

0.56704

0.99837

0.35

0.41858

0.44528

0.54164

0.49161

0.99038

0.40

0.33919

0.36432

0.47679

0.42031

0.96432

Table 3-9: Average P°® and upper bounds over 200 runs for Case 3, 0 = 0.4

n

QR

LLL

B

Ba

Bs

5

0.35057

0.37086

0.47342

0.38878

0.53300

10

0.35801

0.38542

0.49866

0.42252

0.75949

15

0.32379

0.35068

0.47865

0.40583

0.90613

20

0.34612

0.37149

0.49066

0.44551

0.96841

25

0.35252

0.37865

0.48907

0.44248

0.99232

30

0.32538

0.35542

0.46208

0.43224

0.99708

35

0.33183

0.35421

0.46524

0.42288

0.99933

40

0.32196

0.34759

0.45264

0.41220

0.99975
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CHAPTER 4
Effects of Some QRP Reductions on the Success Probability of the
Box-Constrained Babai Estimator and Solving a Conjecture

In this chapter, we study the box-constrained linear model (1.3), which arise
from some applications, including wireless communications, for more details, see,
e.g., [65, 2, 21]. Throughout this chapter we assume that & is random and uniformly
distributed over the box B. This assumption is often made for MIMO applications,
see, e.g., [41].

We showed in Chapter 3 that the success probability P°® of the ordinary Babai
estimator increases after applying the LLL reduction or the LLL-P column permu-
tation strategy, but it may decrease after applying the SQRD or the V-BLAST
permutation strategies. Therefore, a natural question is to ask whether this can be
extended to the box-constrained case.

In this chapter, we will present a formula for the success probability P®? of the
box-constrained Babai estimator " (2.8) and a formula for the success probability
P9 of the ordinary Babai estimator ®® (2.7) which is obtained via ignoring the
box constraints. Some properties of P®® and P°® and the relationships between
them will also be given. Then we will investigate the effect of the LLL-P column
permutation strategy on PPP. We will show that P®? increases under a condition.
Surprisingly, we will also show that it decreases after LLL-P is applied under an

opposite condition. Roughly speaking the two opposite conditions are that the noise
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standard deviation ¢ in (1.3a) are relatively small and large, respectively. This is
different from the ordinary case, where P°® always increases after the LLL-P strategy
is applied. Although our theoretical results for LLL-P cannot be extended to SQRD
and V-BLAST, our numerical tests indicate that under the two conditions, often (not
always) PP" increases and decreases, respectively, after applying SQRD or V-BLAST.
Explanations will be given for these phenomenons. These suggest that before we
apply LLL-P, SQRD or V-BLAST we should check the corresponding conditions.
Moreover, we will give a bound on PP®®, which is column permutation invariant. It is
interesting that the bound is an upper bound under the small noise condition we just
mentioned and becomes a lower bound under the opposite condition. These results
were presented in [90].

In [58], the authors made a conjecture, based on which a stopping criterion for
the search process was proposed to reduce the computational cost of solving the
BILS problem (1.4). The conjecture is related to P°®. We will first give a counter
example to show that the conjecture does not always hold and then show it holds
under some conditions. Based on some new theoretical results, we will also propose
a modified stopping criterion, which is more reliable, for solving the BILS problem
(1.4). These results were presented in [90].

4.1 Success probabilities of the Babai estimators
If we do not take the box-constraint into account, we can get the ordinary

Babai point & (see (2.7) ). In this section, we will respectively give formulas for
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the success probability P®? of "? (see (2.8) ) and P°® of °® for the reduced box-
constrained liner model (2.5). Then, we will investigate the relationships between
PPE and P°® and their properties.

Theorem 4.1.1 Suppose that in the linear model (1.3) & is uniformly distributed
over the constraint boxr B and & and v are independent. Suppose that the linear

model (1.3) is transformed to the linear model (2.5) through the QR factorization

(2.1). Then
P = Pr(a™ = &) = ﬁ [ Lt ) (4.1)
o i1 uz—ll+1 Ui—li—FlU w '
P =Pr(x? = &) = [ [ ¢o(ru). (4.2)

where ¢,(C) is defined as in (3.1).
Proof. Since the random vectors & and v in (1.3) are independent, & and © in

(2.5) are also independent. From (2.5a),

n
Yi = TiZ; —+ E Tij.ij + v;.

j=i+1
Then from (2.8), we obtain
n ~
BB A Tig (A BB Vi .
Gt =T+ E —(Zj—z")+—, i=nn-—1,...,1 (4.3)
= T Tii
Jj=i+1
Therefore, if 237, = &1, ,2;° = ), and Z; is fixed,
BB A 27,2
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To simplify notation, denote event

BB 2, BB o .
Ei=@=2a;,...,0,° =&,), i=1,...,n.

Then by the chain rule of conditional probabilities,

P*® = Pr(Ey) = [ [ Pr(af® = 4| Eiy), (4.5)

i=1
where E,, . is the sample space 0, so Pr(al® = &, |E,11) = Pr(al® = z,,).
In the following we will use this fact: if A, B and C are three events and A and

C' are independent, then
Pr(A, B|C) = Pr(A) Pr(B|A,C). (4.6)

This can easily be verified.

Then, using (4.6), we obtain

Pr(zi® =2; | Eiy1) = Pr(&; = 1;,c2® < 1; +1/2| Eiy1) (4.7)
+Pr(l; <& <wy, @i —1/2< P <@+ 1/2|Eiqq)
+Pr(Z; = ui, cf® > u; — 1/2| Eigq)
=Pr(Z; =1L)Pr(cf® <1l; +1/2|&; =1;, Eiv1) (4.8)

—|—Pr(li <z < ui)Pr(i‘i — 1/2 < C?B <z;+ 1/2|l1 << ui,Ei_H)

+ Pr(a}z = Ui) PI‘(C?B > U; — 1/2 | iz = U;, Ei+1)

where in deriving the second equality we used the independency of relevant events,

which can be observed from (4.3) and (2.8).
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Since & is uniformly distributed over the box B, for the first factors of the three

terms on the right-hand side of (4.8), we have

Pr(d; = 1;) = — Pr(l; < i < u;) = S Pr(2; = u;) = o —

By (4.4), for the second factors of these three terms, we have

(t — li)2>dt

1 i+
e [ (-
[om(2)2 J oo 2(;2)?

PI‘(C?B S lz + ]_/2|JA7Z = lzyEz

! / (= Syar = L1+ 6, ra)]
= —F= exp(— 5 )at =3 o (Tii)];
V2T J o P 2 2
I'+l A \2
A BB A A te (ti‘rl)
Pr(#; —1/2 <P <& +1/2|l; < 3 < ui, Eip1) = 27r(‘7)2/§ exp( 27 )2 )dt
- ¢o’(rii)a
00 t — ; 2
Pr(cf® > wu; —1/2| & = ui, Eiyq) = exp(— ( ng )dt
27‘[’(%)2 u;—1 2(7“)
= _[1 + ¢0(T11)]
Combining the equalities above, from (4.8) we obtain
Pr(z;® = 2| Eip1) = 57— 1+ &0 (ra)] + Ui_—li_l%(riz)
! 2(uz—ll+1) uz—ll—i-l
1 1 w; — I;
LT 0. (riu)| = ——— o (1

which, with (4.5), gives (4.1).
Now we consider the success probability of the ordinary Babai estimator x®®.

Everything in the first three paragraphs of this proof still holds if we replace each
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superscript ss by os. But we need to make more significant changes to the last two

paragraphs. We change (4.7) and (4.8) as follows:

PI‘(Z‘QB = ii ‘ Ei+1) = PI‘(ZZ S JA}Z’ S ui,i‘i - 1/2 S C;»)B S JA}Z‘ + 1/2 ‘ Ei+1)

7

= PI‘(ll S ji S uz)Pr(aAcl - 1/2 S C?B S i‘L + 1/2|l1 S jﬁz S uiaEi+1)~
Here

Pr(l; <z <w;) =1,

Pr(@ — 1/2 S CiOB < JA]Z + ]./2 | lz S Z)A’JZ S ui)E’H—l) = gbg(’l“z‘z‘).

Thus

PI'(ZL‘?B = li‘l | Ei+1) = gba(’l“n‘).
Then (4.2) follows from (4.5) with each superscript ss replaced by os. [

From the proof for (4.2), we observe that the formula holds no matter what
distribution of @ is over the box B. Furthermore, the formula is identical to the one
for the success probability of the ordinary Babai estimator °® when & in the linear
model (1.1) is deterministic and is not subject to any box constraint, see Theorem
3.1.1.

The following result shows the relation between P®® and P°P.

Corollary 4.1.1 Under the same assumption as in Theorem 4.1.1,
PeoP < PPP (4.9)

lim P" = P° (4.10)

Vi,ui —li—>OO
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Proof. Note that ¢,(r;) < 1. Thus

1 u; — 1 u; — 1

¢0<7’“) w, — l@ T 1¢U(Tzz> + w — lz T 1¢a<7'n) = — ll 1 + u; — ll +1

o (Tu)

Then (4.9) follows from Theorem 4.1.1. Obviously the equality (4.10) holds. O
Corollary 4.1.2 Under the same assumption as in Theorem 4.1.1, P?® and P°?

crease when o decreases and

lim P?% = lim P°? = 1.
o—0 o—0

Proof. For a given (, when o decreases ¢,(() increases and lim, .o ¢,(¢) = 1.
Then from (4.1) and (4.2), we immediately see that the corollary holds.

4.2 Effects of LLL-P, V-BLAST and SQRD on P®"

Similar to (2.8), for the reduced box-constrained linear model (2.23), we can
define its corresponding Babai point zP® and use it as an estimator of z, which is
equal to PT&, or equivalently we use Pz®® to estimate &.

In this section, we will investigate how the LLL-P, SQRD and V-BLAST col-
umn permutation strategies affect the success probability P"® of the box-constrained
Babai estimator x®".

4.2.1 Effect of LLL-P on P®®

The LLL-P strategy involves a sequence of permutations of two consecutive
columns of R. To investigate how LLL-P affects P®", we look at one column per-
mutation first. Suppose that §73_,, ; > 77_,, + 77 for some k for the R matrix
in the linear model (2.5). After the permutation of columns £ — 1 and k, R be-

comes R = G|_, ,RP)_y, (see (2.14)). Then with the transformations given in
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(2.22), where Q = Gy_1; and P = Pj_;, the linear model (2.5) is transformed
to the linear model (2.23). We will compare Pr(«®® = &) and Pr(z"® = 2) in this
subsection.

To prove our results, we need the following lemmas.
Lemma 4.2.1 Given o > 0, define

¢ 2 2

exp(—%)dt) —Cexp(—i), ¢>0. (4.11)

feay= - av | ;

0

Then, f(C,) is a strictly decreasing function of ¢ and has a unique zero r(«), i.e.,

fr(e),a) =0. (4.12)

When ¢ > r(a), f(¢,a) < 0 and when ( < r(a) # 0, f(¢,a) > 0. Furthermore,
0 <r(a) < 1, where the first inequality becomes an equality if and only if & = 0, and
r(«) is a strictly increasing function of c.
Proof. By a simple calculation, we obtain
2

affaif a) _2<<a n /0C eXp(—%)dt>.

Thus, for any ¢ > 0 and a > 0, 9f((,a)/9¢ < 0, where the equality holds if and
only ¢ = 0. Therefore, f((, ) is a strictly decreasing function of (.

Since f(0,a) = a > 0and f(1,«) < 0, there exists a unique r(«) such that (4.12)
holds and 0 < r(a) < 1. Obviously 7(0) = 0. Since f((, «v) is strictly decreasing with

respect to ¢, when ¢ > r(a), f((,«) < 0 and when ¢ < r(a), f(¢,a) > 0.
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From (4.12), we obtain that for a > 0,

(o) = (1= (r(e)”) y > 0.

2(r(c))? exp (=(r(a))?/2

Thus, r(a) is a strictly increasing function of ov. [

Given «, we can easily solve (4.12) by a numerical method, e.g., the Newton

method, to find r(«).

Lemma 4.2.2 Given a > 0 and > 0, define

¢ 2 B/¢ 2
oG8 =af [Cep(=Soat+ [ exp(=)at)
¢ 2 B/¢ 2
+/O eXp(—%)dt/O exp(—%)dt, 0. (4.13)
Then, when
min{\/3, 8/r(a)} < ¢ < max{\/B, 8/r(x)}, (4.14)

where r(«) is defined in Lemma 4.2.1 and 5/r(a) = oo if a« = 0, g(¢,a, ) is a
strictly decreasing function of C.

Proof. From the definition of g, we obtain

2 B/< 2
—89(%?,5) = a(exp(—%gz)—gexp (- %%)) +exp(—%(2)/0 exp(—%)dt
1 32 ¢ 2
— gexp (- 5%) /0 exp(—%)dt

== [C exp(—%CQ) (04 + /05/C exp(—g)dt>

= Lot [ e-Gyar) (ot [ expl= D) e — nac.
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where

Cexp(—$)
o+ foc exp(—%)dt

h(¢, ) =

It is easy to see that in order to show the result, we need only to show A((,a) —
h(B/¢, ) < 0 under the condition (4.14) with ¢ # 8/C.

By some simple calculations and (4.11), we have

Oh((, o) _ exp(—%)
s (a + foc exp(—%)dt)

Now we assume that ¢ satisfies (4.14) with ¢ # B/¢. If /B < B/r(a), then ¢ >

5 X f(¢, ). (4.15)

B/C¢ > r(a) and by Lemma 4.2.1, 0h({,a)/0¢ < 0, i.e., h((, «) is a strictly deceasing
function of ¢, thus h(¢,a) — h(B/¢,a) < 0. If /B > B/r(a), then ¢ < /¢ < r(a)
and by Lemma 4.2.1, 0h((,a)/0¢ > 0, i.e., h((, ) is a strictly increasing function
of ¢, thus again h((,a) — h(8/¢,a) < 0. O

With the above lemmas, we can show how the success probability of the box-

constrained Babai estimator changes after two consecutive columns are swapped
when the LLL-P strategy is applied.
Theorem 4.2.1 Suppose that in the linear model (1.3) the box B is a cube with edge
length of d, & is uniformly distributed over B, and & and v are independent. Suppose
that the linear model (1.3) is transformed to the linear model (2.5) through the QR
factorization (2.1) and 07i_y ;. > 1i_yy + Tip- After the permutation of columns
k—1 and k of R (see (2.20)), the linear model (2.5) is transformed to the linear
model (2.23).
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1. If ree/20 > r(V27/(2d)), where r(-) is defined in Lemma 4.2.1, then after
the permutation, the success probability of the box-constrained Babai estimator
mcreases, i.e.,

Pr(z”® = &) < Pr(z" = 2). (4.16)

8>

2. If re—1p—1/20 < r(V21/(2d)), then after the permutation, the success proba-

bility of the box-constrained Babai estimator decreases, i.e.,
Pr(z” = z) > Pr(2"" = 2). (4.17)

Furthermore, the equality in each of (4.16) and (4.17) holds if and only if ri_1, = 0.
Proof. When 74— = 0, by Theorem 4.1.1, we see the equalities in (4.16) and
(4.17) hold. In the following we assume 7;_1, # 0 and show the strict inequalities
in (4.16) and (4.17) hold.
Define

Th1k—1Tkk  Th—1k—1Tkk
= 2 - = " - 418
b 200 20 20 20’ ( )

where for the second equality, see (2.15). Using 677 ;. > 7314 + 77 and the

equalities in (2.15), we can easily verify that

Th—1k—1 Tkk Th—1k—1 Tkk Th—1k—1 &
< bt Thk) { » 7_} = TRkl , (419
VB < max { 200 ' 20 } A 200 ' 20 20 i/ (20) (4.19)

b = " in {rk_l’k_l Tﬁ} < min {Tk_l’k_l Tﬁ} <\/B. (4.20)

re—1k-1/(20) 20 20 20 200 ' 20

Now we prove part 1. Note that after the permutation, r;_; ,—1 and ry; change,

but other diagonal entries of R do not change. Then by Theorem 4.1.1, we can easily
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observe that (4.16) is equivalent to

[ﬁ + d;j_1¢0(rk1,kl)} [ﬁ + %%(ﬁm)]
1 1

d d
< [m + d—ﬂ(é”(m_l’k_l)} [m + ﬁﬁba(fkk)] (4.21)

By the definition of ¢, in (3.1) and the definition of g in (4.13), we can easily verify

that (4.21) is equivalent to

g(max{ﬁcq,kq Tkk}’@7ﬁ> §g<max{fk*1’k71 fkk}’ﬁ,B) (4.22)

20 207 2d 20 207 2d

If rep/20 > r(v/2m/(2d)), then the right-hand side of the last equality in (4.19)

satisfies
B B
rik/(20) = r(v2r/(2d)) (4.23)

Then by combining (4.19) and (4.23) and applying Lemma 4.2.2 we can conclude
that the strict inequality in (4.22) holds.

The proof for part 2 is similar. The inequality (4.17) is equivalent to

g (min { TR T VIT g o gy {Thotion Tikd, VOT Y

20 207 2d° 2 207 2d°

If r—15-1/20 < r(v27m/(2d)), then the left-hand side of the first equality in (4.20)
satisfies
58
r(v2r/(2d)) T Th-1k-1/(20)

Then by combining (4.20) and (4.25) and applying Lemma 4.2.2 we can conclude

(4.25)

that the strict inequality in (4.24) holds. O

We make a few remarks about Theorem 4.2.1.
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Remark 4.2.1 In the theorem, B is assumed to be a cube, not a more general box.
This restriction simplified the theoretical analysis. In practical applications, such as
in communications, indeed B is often a cube.

Remark 4.2.2 After the permutation, the larger one of ry_1 -1 and 7y, becomes
smaller (see (4.19)) and the smaller one becomes larger (see (4.20)), so the gap be-
tween r,_1 x—1 and i, becomes smaller. This makes P"" increase under the condition
k)20 > 7(v/271/(2d)) or decrease under the condition ry,_1x_1/20 < r(v/27/(2d)).
It is natural to ask for fived ri_1 k—1 and ry, when will PP” increase most or decrease
most after the permutation under the the corresponding conditions? From the proof
we observe that P®” will become mazimal when the first inequality in (4.19) becomes
an equality or minimal when the last inequality in (4.20) becomes an equality un-
der the corresponding conditions. Fither of the two equalities holds if and only if
Tk—1k—1 = Tk, Which is equivalent to T;%_ug + 12 = Th1 g 1Tke by (2.15).

Remark 4.2.3 The case where ry,/20 < r(v/21/(2d)) < r_14-1/20 is not covered
by the theorem. For this case, P?? may increase or decrease after the permutation,

for more details, see the simulations in Sec. 4.2.4.

Based on Theorem 4.2.1, we can establish the following general result for the
LLL-P strategy.
Theorem 4.2.2 Suppose that in the linear model (1.3) the bozx B is a cube with edge
length of d, @ is uniformly distributed over B, and & and v are independent. Suppose
that the linear model (1.3) is first transformed to the linear model (2.5) through the
QR factorization (2.1) and then to the new linear model (2.23) through the QR

factorization (2.20) where the LLL-P strategy is used for column permutations.
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1. If the diagonal entries of R in (2.3) satisfies
minr;/(20) > r(vV27/(2d)), (4.26)
where r(-) is defined in Lemma 4.2.1, then

Pr(z” = &) < Pr(2"" = 2). (4.27)

&>

2. If the diagonal entries of R in (2.3) satisfies
maxr;/(20) < r(vV27/(2d)), (4.28)

then

Pr(xz"” =

8

) > Pr(2" = 3). (4.29)

And the equalities in (4.27) and (4.29) hold if and only if no column permutation
occurs 1n the process or whenever two consecutive columns, say k — 1 and k, are
permuted, 11 = 0.

Proof. It is easy to show that after each column permutation, the smaller one
of the two diagonal entries of R involved in the permutation either keeps unchanged
(the involved super-diagonal entry is 0 in this case) or strictly increases, while the
larger one either keeps unchanged or strictly decreases (see (4.19) and (4.20)). Thus,
after each column permutation, the minimum of the diagonal entries of R either
keeps unchanged or strictly increases and the maximum either keeps unchanged or
strictly decreases, so the diagonal entries of any upper triangular R produced after
a column permutation satisfies min; r; < 7x, < max;r; for all £ = 1,...,n. Then

the conclusions follows from Theorem 4.2.1. O
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We make some remarks about Theorem 4.2.2.
Remark 4.2.4 The quantity r(v/2m/(2d)) is involved in the conditions. To get
some idea about how large it is, we compute it for a few different d = 2F — 1.
For k = 1,2,3,4,5, the corresponding values of r are 0.83992, 0.69666, 0.57157,
0.46475, 0.37525. They are decreasing with k as proved in Lemma 4.2.1. As d — oo,
r(v2r/(2d)) = r(0) = 0. Thus, when d is large enough, the condition (4.26) will be
satisfied. By Corollary 4.1.1, taking the limit as d — oo on both sides of (4.27), we

obtain the following result given in Theorem 4.2.2:
Pr(z®” =) < Pr(z°" = 2),

i.e., LLL-P always increases the success probability of the ordinary Babai estimator.
Remark 4.2.5 The two conditions (4.26) and (4.28) also involve the noise standard
deviation o. When o is small, (4.26) is likely to hold, so applying LLL-P is likely
to increase P®?, and when o is large, (4.28) is likely to hold, so applying LLL-P is
likely to decrease PPP. It is quite surprising that when o is large enough applying
LLL-P will decrease PP?. Thus, before applying LLL-P, one needs to check the
conditions (4.26) and (4.28). If (4.26) holds, one has confidence to apply LLL-P.
If (4.28) holds, one should not apply it. If both do not hold, i.e., min;r;/(20) <
r(v2r/(2d)) < max; r;/(20), applying LLL-P may increase or decrease PP,
4.2.2 Effects of SQRD and V-BLAST on P®®

SQRD [95] and V-BLAST [25] have been used to find better box-constrained
Babai estimators in the literature. It has been demonstrated in Chapter 3 that

unlike LLL-P, both SQRD and V-BLAST may decrease the success probability P°®
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of the ordinary Babai estimator when the parameter vector & is deterministic and
not subject to any constraint.

We would like to know how SQRD and V-BLAST affect P®®. Unlike LLL-P,
both SQRD and V-BLAST usually involve two non-consecutive columns permuta-
tions, resulting in the changes of all diagonal entries between and including the two
columns. This makes it very difficult to analyze under which conditions P®" increases
or decreases. We will use numerical test results to show the effects of SQRD and
V-BLAST on PP®? with explanations.

In Theorem 4.2.2 we showed that if the condition (4.26) holds, then applying
LLL-P will increase P®", and if (4.28) holds, then applying LLL-P will decrease P"".
The following example shows they are not true for SQRD and V-BLAST.

Example 4.2.1 Let d =1 and consider two matrices:

35 3 0 1 —15 15
RY=10 1 —15|, R?=1{0 08 —1
0 0 1 0 0 042

Applying SQRD, V-BLAST and LLL-P to R%Y and R®, we obtain

1.8028 —0.8321 0 31623 3.3204 —0.4743
RY =1 0 30509 34417|, RV=RY =1 0 11068 14230 |,
0 0 0.6364 0 0 1

17 —1.7941 —0.8824
R?Y =10 04556 —0.1823|, R® =RP® = R®.

0 0 0.4338
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If 0 = 0.2, then it is easy to verify that for both RY and R®, the condition
(4.26) holds. Simple calculations by using (4.1) give

PEE(RW) = 0.9876, P*(R®) = 0.8286.
Then
PPP(RW) = 0.9442, P**(R\V) = P**(RWM) = 0.9910,
PPH(RW) = 0.7513, P"(RY) = P"*(R®) = 0.8286.

Thus for RY SQRD decreases PPE, while V-BLAST and LLL-P increase PP and
for R® V-BLAST decreases PP2, while SQRD and LLL-P keep PP? unchanged.

If ¢ = 2.2, then it is easy to verify that for both RY and R®, the condition
(4.28) holds. Simple calculations by using (4.1) give

P2(RW) = 0.2738, P"*(R®) =0.1816.
Then
PEE(RM) = 02777, PPE(RY) = PPE(RV) = 0.2700,
PP2(RW) =0.1898, P**(RY) = P"*(R») = 0.1816.

Thus for RY SQRD increases PP, while V-BLAST and LLL-P decrease P and
for R® V-BLAST increases P®®, while SQRD and LLL-P keep PP unchanged.

Although Example 4.2.1 indicates that, unlike LLL-P, under the condition (4.26),
both SQRD and V-BLAST may decrease P®®, but they often increase P*®. This is

the reason why SQRD and V-BLAST (especially the latter) have often been used
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to increase the accuracy of the Babai estimator in practice. Example 4.2.1 also in-
dicates that, unlike LLL-P, under the condition (4.28), both SQRD and V-BLAST
may increase P"", but they often decrease P"". This is the opposite of what we
commonly believe. Later we give numerical test results to show both phenomenons.
In the following we give some explanations.

It is easy to show that like LLL-P, V-BLAST increases min; r;; after each per-
mutation and like LLL-P, SQRD decreases max; r;; after each permutation, see [25],
[54]. For the relation between V-BLAST and SQRD, see, e.g., [17] and [54]. Thus
if the condition (4.26) holds before applying V-BLAST), it will also hold after ap-
plying it; and if the condition (4.28) holds before applying SQRD, it will also hold
after applying it. Often applying V-BLAST decreases max; r; and applying SQRD
increases min; r; (both may not be true sometimes, see Example 4.2.1). Thus often
the gaps between the large diagonal entries and the small ones of R decrease after
applying SQRD or V-BLAST. From the proof of Theorem 4.2.1 we see reducing the
gaps will likely increase PP under the condition (4.26) and decrease P®® under the
condition (4.28). Thus it is likely both SQRD and V-BLAST will increase P®® under
(4.26) and decrease it under (4.28). We will give further explanations in the next
subsection.

4.2.3 A bound on P®"

In this subsection we give a bound on P®", which is an upper bound under one

condition and becomes a lower bound under an opposite condition. This bound can

help us to understand what a column permutation strategy should try to achieve.
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Theorem 4.2.3 Suppose the assumptions in Theorem 4.1.1 hold. Let the box B in
(1.3b) be a cube with edge length of d and denote v = (det(R))Y/™.
1. If the condition (4.26) holds, then

X 1 d n
Pr(z” =) < [m + m%(’ﬂ} ~ (4.30)
2. If the condition (4.28) holds, then
. 1 d n
Pr(a" = &) > |5 + 7500 (4.31)

The equality in either (4.30)or (4.31) holds if and only if ry; =y fori=1,...,n.
Proof. We prove only part 1. Part 2 can be proved similarly. Note that
" = M7 7. Obviously, if r; = v for ¢ = 1,...,n, then by (4.1) the equality in
(4.30) holds. In the following we assume there exist j and k such that r;; # ry, we
only need to show that the strict inequality (4.30) holds.
Denote F(¢) = In(1 + do,(exp(€))), m = In(ry) for i = 1,2,...,n and n =

L3 mi It is easy to see that (4.30) is equivalent to
1 n
LS Fm) < .
i=1

Since min; r;; > 207 (v27/(2d)) and r;; # ryy, it suffices to show that F'(¢) is a strict
concave function on (In(20r(v/27/(2d))), +00). Therefore, we only need to show that

F"(¢) < 0 when ¢ > In(207(v/27/(2d))).

To simplify notation, denote & = exp(¢)/(2¢). Simple calculations give

Cexp (— 1¢%)

F = .
O E Few (-t

73



Using (4.11), we obtain

gexp (- 56°)
CFF + I o (— 3y’

F//(C) — 2d

G

When ¢ > In(207(v/27/(2d))), € > r(v/27/(2d)). Thus, by Lemma 4.2.1, f(&,v/27/(2d)) <
0. Then we can conclude that F”(¢) < 0 when ¢ > In(20r(v/27/(2d))), completing

the proof. [

Now we make some remarks about Theorem 4.2.3.

Remark 4.2.6 The quantity v is invariant with respect to column permutations,
i.e., for R and R in (2.20), we have the same v no matter what the permutation
matriz P is. Thus the bounds in (4.30) and (4.31), which are actually the same
quantity, are invariant with respect to column permutations. Although the condition
(4.26) is variant with respect to column permutations, if it holds before applying LLL-
P or V-BLAST, it will hold afterwards, since the minimum of the diagonal entries of
R will not be smaller than that of R after applying LLL-P or V-BLAST. Similarly,
the condition (4.28) is also variant with respect to column permutations. But if it
holds before applying LLL-P or SQRD, it will hold afterwards, since the mazimum
of the diagonal entries of R will not be larger than that of R after applying LLL-P
or SQRD.

Remark 4.2.7 The bounds (4.30) and (4.31) are reached if all the diagonal entries
of R are identical. This suggests that if the gaps between the larger entries and
small entries become smaller after permutations, it is likely that P"" increases under

the condition (4.26) or decreases under the condition (4.28). As we know, the gap
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between the largest one and the smallest one decreases after applying LLL-P. Nu-
merical tests indicate usually this is also true for both V-BLAST and SQRD. Thus
both V-BLAST and SQRD will likely bring P?? closer to the bound under the two
opposite conditions, respectively.

Remark 4.2.8 When d — oo, by Lemma 4.2.1, r(v/27/(2d)) — 0, thus the condi-
tion in part 1 of Theorem 4.2.3 becomes max; r; > 0, which certainly holds always.
Taking the limit as d — oo on both sides of (4.30) and using Corollary 4.1.1, we
obtain

Pr(z? = z) < (¢5(7))". (4.32)

The above result was obtained in [85] and a simple proof was provided by Lemma
3.3.2, for more details, see [18].
4.2.4 Numerical tests

We have shown in Theorem 4.2.2 that if (4.26) holds, then the LLL-P increases
P®® and (4.30) is an upper bound on PP®?; and if (4.28) holds, then the LLL-P
decreases P®® and (4.31) is a lower bound on PPP. Example 4.2.1 shows that this
conclusion does not always hold for SQRD and V-BLAST. To further understand the
effects of the LLL-P, SQRD and V-BLAST on P®? and to see how close they bring
their corresponding PP® to the bounds given by (4.30) and (4.31), we performed
some numerical tests. For comparisons, we also performed tests for P°".

We performed MATLAB tests for the following two cases.
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o Case 1: A= %irandn(n, n), where randn(n, n) is a MATLAB built-in function
to generate a random n X n matrix, whose entries follow the i.i.d normal dis-
tribution N (0,1). So the elements of A follow the i.i.d normal distribution
N(0,1/2).

e Case 2: A=UDV?" U,V are random orthogonal matrices obtained by the
QR factorization of random matrices generated by randn(n,n) and D isanxn
diagonal matrix with d;; = 103*/2=9/(*=1 " The condition number of A is 1000.

In the tests for each case, we first chose n = 4 and B = [0, 1]* and took different
noise standard deviation o to test different situations according to the conditions
(4.26) and (4.28) imposed in Theorems 4.2.2 and 4.2.3. The edge length d of B is
equal to 1. Soin (4.26) and (4.28), r(v/27/2d) = r(v/27/2) = 0.83992. Details about
choosing o will be given later.

We use PP®, PPP PP® and PJ}® respectively denote the success probability of the
box-constrained Babai estimator corresponding to QR factorization (i.e., no permu-
tations are involved), LLL-P, SQRD and V-BLAST. Let x"® denote the right-hand
side of (4.30) or (4.31), so it is an upper bound if (4.26) holds and a lower bound
if (4.28) holds. Similarly, P°® PP® P® and PP respectively denote the success
probability of the ordinary Babai estimator corresponding to QR factorization, LLL-
P, SQRD and V-BLAST. We use u°® to denote the right-hand side of (4.32), which
is an upper bound on P°?, PP? PP and PP". For each case, we performed 10 runs
(notice that for each run we have different A, & and v due to randomness) and the

results are displayed in Table 4-1-Table 4-6.
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In Tables 4-1 and 4-2, 0 = o7 = min(r;)/1.8. It is easy to verify that the
condition (4.26) holds. This means that in theory P®® < PP® by Theorem 4.2.2
and P"°, PPP PP® < 1/°® by Theorem 4.2.3 and Remark 4.2.6. The numerical re-
sults given in Tables 4-1 and 4-2 are consistent with the theoretical results. The
numerical results also indicate that SQRD and V-BLAST (nonstrictly) increase P,
although there is one exceptional case for SQRD in Table 4-2. We observe that the
permutation strategies increase PP more significantly for Case 2 than for Case 1.
The reason is that A is more ill-conditioned for Case 2, resulting in bigger gaps be-
tween the diagonal entries of R, which can usually be reduced more effectively by the
permutation strategies. We also observe that PP® < p"® in both tables. Although
in theory the inequality may not hold as we cannot guarantee the condition (4.26)
holds after applying SQRD, usually SQRD can make min; r; larger. Thus if (4.26)
holds before applying SQRD, it is likely the condition still holds after applying it.
Thus it is likely P2® < p®® holds.

Tables 4-3 and 4—4 are opposite to Tables 4-1 and 4-2. In both tables, 0 = g9 =
max(r;;)/1.6, then the condition (4.28) holds. This means that in theory P®® > PpP®
by Theorem 4.2.2 and P®®, PP®, PP® > u®® by Theorem 4.2.3 and Remark 4.2.6.
The numerical results given in the two tables are consistent with the theoretical
results. The results in the two tables also indicate that both SQRD and V-BLAST
(nonstrictly) decrease P®?, although Example 4.2.1 shows that neither is always true
under the condition (4.28). We also observe that PZ® > 1®® in both tables. Although
in theory the inequality may not hold as we cannot guarantee the condition (4.28)

holds after applying V-BLAST, usually V-BLAST can make max; r; smaller. Thus
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if (4.28) holds before applying V-BLAST, it is likely the condition still holds after
applying it. Thus it is likely P”® > u"® holds.

In Tables 4-5 and 4-6, 0 = 03 = (0.3 max(r;;) + 0.7 min(r;))/1.68. It is easy to
verify that neither (4.26) (almost) nor (4.28) holds in theory. In theory we do not
have results cover this situation. The numerical results in the two tables indicate all
of the three permutation strategies can either increase or decrease P°® and p"" can
be larger or smaller than P"®, PP PPP and PP®. The reason we chose 0.3 and 0.7
rather than a more natural choice of 0.5 and 0.5 in defining ¢ here is that we may
not be able to observe both increasing and decreasing phenomenons due to limited
runs.

Now we make comments on the success probability of ordinary Babai points.
From Table 4-1-Table 4-6, we observe that LLL-P always (nonstrictly) increases
P95 and SQRD and V-BLAST almost always increases P°® (there is one exceptional
case for SQRD in Table 4-2 and two exceptional cases for V-BLAST in Table 4-6).
Thus the ordinary case is different from the box-constrained case. We also observe
P°o® < PP for the same permutation strategies. Sometimes the difference between
the two is large (see Tables 4-4 and 4-6).

Each of Table 4-1—Table 4-6 displays the results for only 10 runs due to space
limitation. To make up for this shortcoming, we give Tables 4-7 and 4-8, which
display some statistics for 1000 runs on the data generated exactly the same way as
the data for the 10 runs. Specifically these two tables display the number of runs,

in which PP® (P°P) increases, keeps unchanged and decreases after each of the three
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permutation strategies is applied for Case 1 and Case 2, respectively. In the two

tables, 01, 09 and o3 are defined in the same as those used in Tables 4-1—4-6.

Table 4-1: Success probabilities of Babai points and bounds for Case 1, ¢ =
min(r;)/1.8

o PBB PEB PS]‘BB P‘]/BB H‘BB POB PI(?B PSB P‘(/)B MOB
0.0738 0.8159 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.6319 | 1.0000 | 1.0000 | 1.0000 1.0000
0.1537 || 0.7632 | 0.8423 | 0.8423 | 0.8423 | 0.9083 | 0.5503 | 0.6988 | 0.6988 | 0.6988 0.8231
0.1575 0.7938 | 0.9491 | 0.9491 | 0.9491 | 0.9698 | 0.5977 | 0.8998 | 0.8998 | 0.8998 0.9403
0.2170 0.7235 | 0.8577 | 0.8577 | 0.8577 | 0.8670 | 0.4893 | 0.7300 | 0.7300 | 0.7300 0.7477
0.1285 0.8133 | 0.8534 | 0.8534 | 0.8521 | 0.9882 | 0.6278 | 0.7070 | 0.7070 | 0.7049 0.9766
0.1676 0.6809 | 0.7529 | 0.7529 | 0.7529 | 0.8896 | 0.4255 | 0.5375 | 0.5375 | 0.5375 0.7885
0.3665 0.7039 | 0.7273 | 0.7273 | 0.7273 | 0.8004 | 0.4629 | 0.5093 | 0.5093 | 0.5093 0.6324
0.1968 0.6892 | 0.7320 | 0.7320 | 0.7385 | 0.8073 | 0.4420 | 0.5103 | 0.5103 | 0.5270 0.6439
0.3322 0.7087 | 0.7317 | 0.7317 | 0.7317 | 0.7665 | 0.4718 | 0.5156 | 0.5156 | 0.5156 0.5765
0.5221 0.4754 | 0.4754 | 0.4754 | 0.4754 | 0.4758 | 0.1899 | 0.1899 | 0.1899 | 0.1899 0.1910

Table 4-2: Success probabilities of Babai points and bounds for Case 2, ¢ =
min(r;)/1.8

o PBB PLE}B PSE}B P‘];»B #BB POB P£)B Pé)B P‘(/)B ,U'OB
0.0101 0.8155 | 0.9452 | 0.9354 | 0.9452 | 1.0000 | 0.6312 | 0.8905 | 0.8708 | 0.8905 1.0000
0.0130 0.7983 | 0.9839 | 0.9839 | 0.9839 | 1.0000 | 0.6045 | 0.9679 | 0.9679 | 0.9679 1.0000
0.0173 0.8159 | 0.9793 | 0.9793 | 0.9793 | 1.0000 | 0.6319 | 0.9586 | 0.9586 | 0.9586 1.0000
0.0066 0.8159 | 0.9913 | 0.9913 | 0.9967 | 1.0000 | 0.6319 | 0.9826 | 0.9826 | 0.9933 1.0000
0.0177 || 0.8106 | 0.9998 | 0.9998 | 0.9998 | 1.0000 | 0.6236 | 0.9997 | 0.9997 | 0.9997 1.0000
0.0060 0.8159 | 0.9841 | 0.9841 | 0.9998 | 1.0000 | 0.6319 | 0.9681 | 0.9681 | 0.9996 1.0000
0.0168 0.7833 | 0.8098 | 0.7625 | 0.8159 | 1.0000 | 0.5813 | 0.6224 | 0.5250 | 0.6319 1.0000
0.0150 0.8159 | 0.9999 | 0.9999 | 0.9999 | 1.0000 | 0.6319 | 0.9998 | 0.9998 | 0.9998 1.0000
0.0231 0.8159 | 0.9999 | 0.9999 | 0.9999 | 1.0000 | 0.6319 | 0.9999 | 0.9999 | 0.9999 1.0000
0.0211 0.7912 | 0.9696 | 0.9696 | 0.9892 | 1.0000 | 0.5935 | 0.9393 | 0.9393 | 0.9784 1.0000

Table 4-3: Success probabilities of Babai points and bounds for Case 1, ¢ =
max(r;;)/1.6

o PBB PEB Pg’B P‘];’B ,LLBB POB PI?B PSQB P‘9B ;LOB
1.1726 0.1557 | 0.1310 | 0.1310 | 0.1380 | 0.1121 | 0.0005 | 0.0006 | 0.0006 | 0.0006 0.0006
0.6432 0.2756 | 0.2756 | 0.2756 | 0.2756 | 0.2731 | 0.0387 | 0.0387 | 0.0387 | 0.0387 || 0.0395
0.5962 0.2915 | 0.2912 | 0.2912 | 0.2909 | 0.2900 | 0.0472 | 0.0473 | 0.0473 | 0.0475 0.0478
1.2435 0.1875 | 0.1632 | 0.1673 | 0.1632 | 0.1571 | 0.0040 | 0.0044 | 0.0044 | 0.0044 0.0045
0.8332 0.1873 | 0.1769 | 0.1769 | 0.1769 | 0.1750 | 0.0070 | 0.0074 | 0.0074 | 0.0074 0.0074
0.4875 0.2709 | 0.2709 | 0.2709 | 0.2709 | 0.2667 | 0.0356 | 0.0356 | 0.0356 | 0.0356 0.0366
0.9684 || 0.2769 | 0.2709 | 0.2709 | 0.2709 | 0.2688 | 0.0358 | 0.0369 | 0.0369 | 0.0369 0.0375
0.9971 0.1846 | 0.1665 | 0.1665 | 0.1665 | 0.1588 | 0.0043 | 0.0046 | 0.0046 | 0.0046 0.0047
1.2791 0.1501 | 0.1308 | 0.1308 | 0.1308 | 0.1294 | 0.0015 | 0.0016 | 0.0016 | 0.0016 0.0016
0.6327 || 0.2641 | 0.2564 | 0.2564 | 0.2564 | 0.2556 | 0.0301 | 0.0316 | 0.0316 | 0.0316 0.0318
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Table 4-4: Success probabilities of Babai points and bounds
max(r;;)/1.6

for Case 2, o

BB

POB

o [ P°® [ PPE [ PES [ PP [ g PO [ PO [ PO" [ &
3.9438 0.1064 | 0.0947 | 0.0987 | 0.0947 | 0.0709 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
2.4510 0.1173 | 0.1173 | 0.1173 | 0.1173 | 0.0764 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
0.5790 0.1788 | 0.1640 | 0.1640 | 0.1640 | 0.1363 | 0.0019 | 0.0019 | 0.0019 | 0.0019 0.0021
5.3809 0.1011 | 0.0701 | 0.0701 | 0.0701 | 0.0686 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
2.2574 0.1140 | 0.1023 | 0.0954 | 0.0954 | 0.0777 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
3.7623 0.1099 | 0.0801 | 0.0801 0.0757 | 0.0713 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
3.9225 0.1063 0.0834 0.0834 0.0834 0.0709 0.0000 0.0000 0.0000 0.0000 0.0000
1.3198 0.1153 | 0.1153 | 0.1153 | 0.1153 | 0.0900 | 0.0001 | 0.0001 | 0.0001 | 0.0001 0.0001
1.2416 0.1394 | 0.1108 | 0.1108 | 0.1108 | 0.0920 | 0.0001 | 0.0001 | 0.0001 | 0.0001 0.0001
0.8411 0.1719 | 0.1532 | 0.1532 | 0.1532 | 0.1090 | 0.0004 | 0.0004 | 0.0004 | 0.0004 0.0005

Table 4-5: Success probabilities of Babai points and bounds
(0.3 max(r) + 0.7min(r;))/1.68

for Case 1, o

BB

POB

OB

o [ P°® [ PP [ PBP [ PEF [ & PO® [ PO® [ PY* [ &
0.2848 0.4208 | 0.4336 | 0.4336 | 0.3184 | 0.2846 | 0.0154 | 0.0165 | 0.0165 | 0.0252 0.0451
0.6313 0.4720 | 0.4829 | 0.4829 | 0.4829 | 0.4863 | 0.1630 | 0.1932 | 0.1932 | 0.1932 0.2017
0.4328 0.4540 | 0.4599 | 0.4599 | 0.4599 | 0.4623 | 0.1517 | 0.1673 | 0.1673 | 0.1673 0.1776
0.6105 0.5054 | 0.5061 | 0.5061 | 0.5061 | 0.5092 | 0.2123 | 0.2161 | 0.2161 | 0.2161 0.2259
0.3306 0.4268 | 0.3807 | 0.3807 | 0.3805 | 0.3484 | 0.0321 | 0.0539 | 0.0539 | 0.0539 0.0829
0.2600 0.5055 | 0.5103 | 0.5103 | 0.5103 | 0.5252 | 0.1544 | 0.1868 | 0.1868 | 0.1868 0.2437
0.4743 0.4235 | 0.4283 | 0.4283 | 0.4283 | 0.4259 | 0.0631 | 0.1225 | 0.1225 | 0.1225 0.1437
0.5878 0.4104 0.4161 0.4161 0.4161 0.4170 0.1159 0.1304 0.1304 0.1304 0.1359
0.3977 0.4429 0.4431 0.4431 0.4431 0.4477 0.1477 0.1479 0.1479 0.1479 0.1636
0.6273 0.4684 | 0.4684 | 0.4684 | 0.4684 | 0.4696 | 0.1792 | 0.1792 | 0.1792 | 0.1792 0.1848

Table 4-6: Success probabilities of Babai points and bounds
(0.3 max(r;) + 0.7min(r;))/1.68

for Case 2, o

o PBB PLE}B P?B P‘];»B MBB POB P[(?B Pé')B P‘(/)B ,U‘OB
1.0377 || 0.1608 | 0.1324 | 0.1324 | 0.1625 | 0.0987 | 0.0001 | 0.0002 | 0.0002 | 0.0002 0.0002
0.3648 0.2774 | 0.2774 | 0.2774 | 0.2405 | 0.1987 | 0.0034 | 0.0034 | 0.0034 | 0.0025 0.0126
0.7603 0.1681 | 0.1758 | 0.1758 | 0.1758 | 0.1150 | 0.0003 | 0.0005 | 0.0005 | 0.0005 0.0007
0.8769 0.1835 | 0.2062 | 0.1713 | 0.2062 | 0.1067 | 0.0002 | 0.0003 | 0.0004 | 0.0003 0.0004
0.4708 0.2794 | 0.2352 | 0.2352 | 0.2352 | 0.1590 | 0.0010 | 0.0030 | 0.0030 | 0.0030 0.0048
1.1983 0.1572 | 0.1319 | 0.1319 | 0.1319 | 0.0932 | 0.0001 | 0.0001 | 0.0001 | 0.0001 0.0001
1.0001 0.1758 | 0.1596 | 0.1596 | 0.1464 | 0.1003 | 0.0001 | 0.0002 | 0.0002 | 0.0001 0.0002
0.8523 0.1671 | 0.1733 | 0.1733 | 0.1715 | 0.1082 | 0.0002 | 0.0003 | 0.0003 | 0.0003 0.0005
0.2128 0.3478 | 0.3478 | 0.3728 | 0.3478 | 0.3539 | 0.0599 | 0.0599 | 0.0711 | 0.0599 0.0866
0.3956 0.2188 | 0.2117 | 0.2117 | 0.1973 | 0.1844 | 0.0047 | 0.0047 | 0.0047 | 0.0034 0.0093
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Table 4-7: Number of runs out of 1000 in which P®® and P°® changes for Case 1

PBB POB
o | Resut Strategy || 111p | SQRD | V-BLAST | LLL-P | SQRD | V-BLAST
Increase 933 928 951 933 922 953
o1 No change 67 47 42 67 47 42
Decrease 0 25 7 0 31 5
Increase 0 25 6 942 947 950
o2 No change 58 40 37 58 40 37
Decrease 942 935 957 0 13 13
Increase 781 797 740 942 945 952
o3 No change 58 40 37 58 40 37
Decrease 161 163 223 0 15 11

Table 4-8: Number of runs out of 1000 in which P®® and P°® changes for Case 2

PBB POB
o | Result Strategy || 111p | SQRD | V-BLAST | LLL-P | SQRD | V-BLAST
Increase 858 803 938 858 800 938
o1 No change 142 76 56 142 76 56
Decrease 0 121 6 0 124 6
Increase 0 23 69 906 944 831
o2 No change 94 46 48 94 46 48
Decrease 906 931 883 0 10 121
Increase 134 189 97 906 943 840
o3 No change 94 46 48 94 46 48
Decrease 772 765 855 0 11 112

From Tables 4-7 and 4-8, we can see that often these permutation strategies
increase or decrease P®” for the same data. The numerical results given in all the
tables suggest that if the condition (4.26) holds, we should have confidence to use
any of these permutation strategies; and if the condition (4.28) holds we should not
use any of them.

Tables 4-7 and 4-8 do not show which permutation strategy can increase P""
most. The information on this given in Tables 4-1 and 4-6 are limited. In the
following we give more test results to investigate this.

We still consider Cases 1 and 2, but we take B = [0, 15]™ and choose different n
and o from before. In Figures 4-1 and 4-2 for n = 20, we take 0 = 0.1 : 0.1 : 0.8

and 0 = 0.01 : 0.01 : 0.08 for Cases 1 and 2, respectively. For each o, we give
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200 runs to generate 200 different A’s. These two figures display the average PP
corresponding to QR, LLL-P, SQRD and V-BLAST over 200 runs for Cases 1 and
2, respectively. Figures 4-3 and 4—4 display the average P®® corresponding to the
various permutation strategies over 200 runs versus n = 5 : 5 : 40 with 0 = 0.4 and
o = 0.04 for Cases 1 and 2, respectively. The reason we choose different ¢ for the
two cases is to ensure PPP is neither close to 0 nor close to 1; otherwise, it is not
much interesting to investigate the effects of the column permutations on P®®.
From Figure 4-1—Figure 4-4, we can see that on average all of the three column
permutation strategies improve PP?. The effect of V-BLAST is much more signifi-
cantly than that of LLL-P and SQRD, which have more or less the same performance.

This phenomenon is similar to that for P°®, as shown in [18].

o —
K O, ——
098FN. O,
0.96 O 8
"""" o
m L
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0.82 . . . . . . )
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Noise o

Figure 4-1: Average P"" over 200 runs versus o for Case 1, n = 20
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Figure 4-2: Average P"" over 200 runs versus o for Case 2, n = 20
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Figure 4-3: Average P"® over 200 runs versus n for Case 1, 0 = 0.4
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Figure 4-4: Average P®® over 200 runs versus n for Case 2, 0 = 0.04

4.3 Solving a conjecture

In [58], a conjecture was made on the ordinary Babai estimator, based on which
a stopping criterion was then proposed for the sphere decoding search process for
solving the BILS problem (1.4). In this section, first, we give an example to show that
this conjecture may not hold in general. Then, we show that the conjecture holds
under some conditions. And finally, we propose a new stopping criterion, which is
more reliable, for solving the BILS problem (1.4).

The problem considered in [58] is to estimate the integer parameter vector & in
the box-constrained linear model (1.3). The method proposed in [58] first ignores
the box constraint (1.3b). Instead of using the column permutations in (2.20), it
performs the LLL reduction (2.11), then the linear model (2.3) can be transformed
to (2.17). For the reduced model (2.17), one can find its ordinary Babai estimator

z%%. Define & = Z2z°®. In [58], & is used as an estimator of the true parameter
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vector . If & # @, then a vector error (VE) is said to have occurred. Note that
& may be outside the constraint box B in (1.3b). If € B, then & is called a valid
vector, otherwise, i.e., & ¢ B, & is called an invalid vector. The conjecture proposed
in [58] is: a VE is most likely to occur if & is invalid; conversely, if & is valid, there
is little chance that the vector is in error.

From the definition of VE, if & is invalid, then VE must occur. So in the
following, we will only consider the second part of the conjecture, i.e., Pr(x # &|x €
B) ~ 0.

4.3.1 The conjecture does not always hold

In this subsection, we first show that Pr(& # &|x € B) can be very close to 1,
then give a specific example to show Pr(& # &|x € B) > 0.9275, and finally perform
some Matlab simulations to illustrate this example.

Theorem 4.3.1 For any given € > 0, any fixred dimension n > 2, any boxr B and
any standard deviation o of the noise vector v, there always exists a boz-constrained

linear model in the form of (2.5), where & is uniformly distributed over the box B,

such that
Pr(z £ &z eB)>1— — —  _ (4.33)
g - Ul—ll—f-]_ '
Proof. Note that
_ i PrlzeB)—Pr(z=2z)N(xeB
br(o 2 ala e 5 PHEED) pr&e )) (z € B))
Pr(z =z
=1- 4.34
Pr(z € B) (4:34)

85



Thus, to prove the theorem, it suffices to show that there exists a box-constrained

linear model such that

1

e =)< (=15

+ e) Pr(z € B). (4.35)

For any fixed o, box B and € > 0, there exists r;; € R such that

x (—1
2(U1 — ll + 1)

(4.36)
where ¢,(-) is defined in (3.1). In fact, for any fixed o, it is easy to verify by
L’Hopital’s rule that

lim ¢a(7“11) 1

o st Lo [0 (2u = 20 = 20 i) + @p((20+ D)) =l D

Therefore, there exists r;; € RT such that (4.36) holds.
To construct the linear model, we need only to construct a matrix R € R™*™.

With 7 satisfying (4.36), take ros such that o9 > r1; and define

11 0.57’11 BT
R =
0 7“22In—1,n—1
where e = [1,...,1]T € R"'. For the resulting linear model, in the following we

show that (4.35) holds.
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Note that R is already LLL reduced, thus, & = z°® = x°® and & = 2. Then,

by (4.2), the left-hand side of (4.35) satisfies

Pr(z = &) = ¢o(rin) ¢y " (r22). (4.37)
Obviously,

Pr(z € B) = Pr(«°® € B) > Pr (:L‘?B € Iy, uq] ﬂ(ﬂ?zg(IQB = j:z)))

= Pr(af” € [l w]|(Miy (29" = &) - Pr( My (a9 = &)

7

= Pr(a?® € [l u][(MLy (2 = 24))) &~ (ran) (4.38)

where the last equality follows from (4.2). Therefore, by (4.37) and (4.38), to show
(4.35) it suffices to show

1

Cbo—(?“n) < <m

) Pr(af™ € [, ] [(Ny(af® = 7)),

Then, by (4.36), it suffices to show

Pr(z7® € [li, w][(Nio (27" = 34)))

i

1 u1—l1

= X o((2u; — 20 — 214+ 1 (20 +1 . 4.39
=L +1) ;[é ((2ur — 20 = 2i + 1)) + ¢6 (28 + 1)r11)] (4.39)
From the proof for Theorem 4.1.1, we see that if 2® = z; for i = n,n —1,...,2
and 7 is fixed, then ¢{® ~ N (%1,02/r3). Since z9® = [{®] and & is uniformly
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distributed over the box B,

Pr(a?® € [l w][(My (27" = 24)))
u1—l1

= Z Pl"(fil = l1 + ’i, .CL’?B € [ll, ul]Km?:Q(.ﬁE?B = .Ci’l)))
=0
u1—I1

— Z Pr(# =l 4 1) Pr(a{® € [li, wi]|(&1 = I 4+ 1) N (NIy(27® = &)))
i=0
1 u1—I1

B uy — Il +1 Z Pr(c?B < [ll B 1/2,u1 + 1/2”@1 =l + Z) M (ﬂ?:z(l'z‘OB = jz)))

up— ll

1 u1+1/2 (t . ll - 2)2
_ e — 7 | dt
Uy — l1 +1 Z \/27r0/7"11 /zl 1/2 P < 202/7"%1 )

2u1 —201— 2’L+1)7“11/(20’)

uy — ll + 1 \V/ 27T / 2z+1 T11/ 20’

u1 l1
1
exp(—t%/2)dt

1 u1—l1

= =L+ ; [0 ((2ur = 20y = 2i 4+ 1)r11) + ¢ ((2i + 1)r11)],
where the second equality follows from (4.6). Therefore, (4.39) holds, and this com-
pletes the proof. [J

As uy —1; +1is at least 2, Theorem 4.3.1 shows that Pr(z # | € B) can be at
least 1/2 — € and can be very close to 1. In the following, we give a specific example

to show that Pr(& # &|x € B) > 0.9275 and give some simulation results.

Example 4.3.1 For any fized n and o, let e = 0.01 and B = [0,15]", and define

0.040  0.020e”
R= . (4.40)
0 100In—1,n—1

It is easy to verify that this matriz R satisfies the requirements given in the proof of

Theorem 4.3.1. Then by (4.33), we have Pr(& # x| € B) > 0.9275.
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We use MATLAB to do some simulations to illustrate the probability. In the
simulations, for any fized n and o, we generated an n X n matriz R by using (4.40).
After firing R, we gave 10000 runs to generate 10000 v’s and 10000 x’s according to
their distributions, producing 10000 y’s according to (2.3). For each y, we found the
Babai point °” by using (2.7). For each pair of R and o, we computed the theoretical
probability Pr(x = &) denoted by Py, by using (4.37) (notice that Py, = P°” since
& = x°” here) and the corresponding experimental probability P., (i.e., the ratio of
the number of runs in which & = & to 10000). We also computed the experimental
probability P, of ®@ € B (i.e., the ratio of the number of runs in which @ € B to
10000) and the experimental probability P, corresponding to Pr(x # x|x € B) (i.e.,
P.=1-P,/F).

Tables 4—9 and 4—10 respectively display those probabilities versus n =15 :5 : 40
with o = 0.1 and versus ¢ = 0.1 : 0.1 : 0.8 with n = 20. From these two tables,
we can see that the values of P, are larger than 0.9275 except the case that n = 40
in Table 4-9, in which P, 1s smaller than 0.9275, but it is close to the latter. Thus
the test results are consistent with the theoretical result. We also observe that Py, is
very small and P., is a good approximation to Py,. In Tables /-9 the values of Py,
are actually different, but very close because ¢, (r92) is very close to 1 (c.f. (4.37))
and in Tables 4—10 the values of Py, are ezxactly equal because in (4.37) ¢(r11) and
Gy (r22) are independent of o. This experiment confirms that even if & is valid, there
may be a large chance that it is in error.

4.3.2 The conjecture holds under some conditions

In this subsection, we will show that the conjecture holds under some conditions.
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Table 4-9: Probabilities versus n =5 :5: 40 with 0 = 0.1

n

Py,

PC]}

P,

P

>

0.0160

0.0160

0.2484

0.9356

10

0.0160

0.0150

0.2485

0.9396

15

0.0160

0.0164

0.2469

0.9336

20

0.0160

0.0163

0.2499

0.9348

25

0.0160

0.0173

0.2564

0.9325

30

0.0160

0.0172

0.2500

0.9312

35

0.0160

0.0172

0.2473

0.9304

40

0.0160

0.0182

0.2434

0.9252

Table 4-10: Probabilities versus o = 0.1 :

0.1:0.8

with n = 20

o

Py

Pex

b,

I

0.1

0.0160

0.0159

0.2503

0.9365

0.2

0.0160

0.0168

0.2522

0.9334

0.3

0.0160

0.0156

0.2434

0.9359

0.4

0.0160

0.0156

0.2399

0.9350

0.5

0.0160

0.0175

0.2435

0.9281

0.6

0.0160

0.0173

0.2475

0.9301

0.7

0.0160

0.0157

0.2541

0.9382

0.8

0.0160

0.0162

0.2517

0.9356

Recall & = Z2°® and & = Zz, thus Pr(z = ) = Pr(z°® = 2).

(4.34), we have

Pr(z #z|x € B) <1—Pr(z°" = 2).

So, if Pr(z°® = 2) ~ 1, then the conjecture holds. From Corollary 4.1.2 we see that
when ¢ is small enough, we have Pr(z°® = 2) ~ 1. But the upper bound given
in (4.41) is not sharp because it was derived from (4.34) by using the inequality

Pr(z € B) < 1. We will give a sharper upper bound on Pr(z # x|z € B) based on

a sharper upper bound on Pr(z € B).
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Since & = Zz°®, & € B if and only if 2°® € £ = {Z 's|Vs € B}. Thus
Pr(xz € B) = Pr(2°® € £). But the set £ is a parallelotope and it is difficult to
analyze Pr(z°® € £). Thus in the following we will give a box F to include &£, then
we analyze Pr(z°® € F). Let U = (u;;) = Z~' and define for 4,5 = 1,2,...,n

lj, if Uyj >0 Uy, if Uyj >0

Hij = » Vig =

Uy, if Uiy < 0 lj, if Uiy < 0

Then define I € Z" and @ € Z" as follows:
L:Zuijmj, ’&i:Zuij/Lij, i:1,2,...,n. (442)
j=1 j=1
It is easy to observe that
ECF={2z€Z":1<z<u}. (4.43)

Actually it is easy to observe that F is the smallest box including .

With the above preparation, we now give the following result.
Theorem 4.3.2 Suppose that the assumptions in Theorem 4.1.1 hold and the linear
model (2.5a) is transformed to the linear model (2.17) through the LLL reduction

(2.11). Then the estimator & defined as & = Zz°" satisfies

Pr(z # x|z € B) < ﬁ

o (Tii)
Syt (4.44)

where ¢, is defined in (3.1) and I and @ are defined in (4.42).
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Proof. Since Pr(z € B) = Pr(z°® € £), it follows from (4.43) that
Pr(z € B) < Pr(z°® € F). (4.45)
In the following, we will show
Pr(z°® € F) < ﬁ Oo((u; — Ui + 1)T3). (4.46)
i=1

Then combining (4.45), (4.46) and the fact that Pr(z = &) = Pr(z°® = 2) =
[T, ¢ (7i), we can conclude (4.44) holds from (4.34).

To show (4.46), instead of analyzing the probability of z°% on its left-hand side,
we will analyze an equivalent probability of v as we know the distribution of v.

In our proof, we need to use the basic result: given v ~ N (0,0?) and n > 0, for
any ¢ € R,

Pr(v e [¢,C+n]) < Pr(v € [=n/2,1/2]) = ¢o(n). (4.47)
By (3.1), the equality in (4.47) obviously holds. To prove the inequality, let
¢+n 12
q(¢) = /c exp (— @)dt.
Thus the inequality can be written as ¢({) < ¢(—n/2). We can easily show that
q(—n/2) =0, ¢(¢) > 0if ( < —n/2 and ¢'(¢) < 0if ¢ > —n/2. Thus, the inequality
holds.
From (2.17) and (2.7), we observe that z° is a function of v. To emphasize this,
we write it as z°%(v). When @ changes, z°%(v) may change too. In the following

analysis, we assume that 2 is fixed and v satisfies the model (2.23a).
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For later uses, for =n,n —1,...,1, define

gi = {wi:n’ Iyzn = Ri:n,i:néi:n + Wi.p, Z]SB(wi:n) € [Zka akL k = ia { + 17 e 7n}' (448)

From (4.48), it is easy to verify that z°%(v) € F if and only if © € G;. Therefore,

(4.46) is equivalent to

Pr(v1., € G1) < H¢a(<ﬂi — I 4+ 1)7y).

=1

We prove (4.49) by induction. First, we prove the base case:

Pr(v, € G,) < o((tUy — b+ 1)Tpp).
By (2.7) and (2.17), we have
Since z98(v,) = [®], by (4.48),

Pr(v, € G,) = Pr (zn + ?—” € [l,—1/2,a, + 1/2])

nn

= Pr(v,, € [(In — 2p — 1/2) 7, (tin — 20 + 1/2)Fn])

where in deriving the inequality, we used (4.47).

Suppose for some ¢ > 1, we have

Pr(v;, € G;) < H%((ﬂk — I+ 1)Prpe)-

k=i
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Now we want to prove

Pr(;_1n € Gii1) < H b (i — Tp + 1)) (4.51)

k=i—1

For our proof, we partition the set G; into a sequence of disjoint subsets. To do

that, for : =n,n —1,...,1, we first define the discrete set
" r
—_ iilvj 2 OB
Hi = {jz:; Ti 141 (% — “j (wj:n))|wi:n S gz}

Then, for any t € H;, we define

n
7’.7 N
Gis = {wi:n\wi:n € G; such that E e =L (2 — 2% (wjm)) = t}.
- i—1,0—1
J=t ’

It is easy to verify that Uiy, Gi+ = G; and Gy, NGy, = @ for ty,1, € H; and t; # to.
Therefore,
Pr(v;, € G) = »_ Pr(viy € Giy) (4.52)
teH;
and
Pr(0;_1.n € Gi—1) = Pr(Vin € Gy, 22% (Viz1n) € [lim1, Ui—1])

= Z Pr(v;.,, € Gity 225 (Viz1m) € [lic1, Uie1))
teH,;

= Z Pr(v,., € G;;) Pr (ZZQ,Bl (Vi—1n) € [lio1, Ui 1]|Vin € gi,t) :
tEH,;

(4.53)
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Now we derive a bound on the second probability of each term on the right-hand

side of (4.53). By (2.7) and (2.17), we have

— A n — A — n —
op  Timti1Zicn D Tic1 25+ Vicr — D5 Tic15270 (Vgin) B
Ci1 = — =Ziq+t+ =
Ti—1,-1 Ti—1,i-1
where

n

Y Z rrill jl (2]‘ N Z;?B(@j:n))o
K2 X2
Jj=i

If v;., € G, for some ¢, then t' = ¢ € H;. Since 227 (V;_1.,) = |[¢25],

Pr (ZIO 1 (Vi) [li—la Ui—1]|Vim € gi,t)
— Pr ( Lt el - 12,100 +1/2))
Ti— 1:—-1
= Pr (021 € [(lim1 — Zim1 —t = 1/2)Tim1m1, (Gm1 — Zim1 — 4+ 1/2)Tim1-1])
S ((ﬂz 1~ lz 1 + 1)T1 10— 1) (454>

where for the inequality we used (4.47). Thus, from (4.53) it follows that

Pr(v;_1., € Gi1) < Z Pr(v;.,, € Git)po (-1 — lin+ D)Tic1i-1)

teEH,;

= Pr(0in € Gi)bo (i1 — licy + 1)Fi1-1)

where the equality is due to (4.52). Then the inequality (4.51) follows by using
the induction hypothesis (4.50). Therefore, the inequality (4.49), or the equivalent
inequality (4.46), holds for any fixed Z.

Since (4.46) holds for any fixed 2, it is easy to argue that it holds no matter

what distribution of z is over the box F, so the theorem is proved. [
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By Theorem 4.3.2, if HL% ~ 1, then Pr(z # x|z € B) ~ 0,
i.e., the conjecture holds. The condition will be satisfied when the noise standard
deviation o is sufficiently small.

Here we make a comment on the upper bound in (4.44). The derivation of
(4.44) was based on the two inequalities (4.45) and (4.46). The inequality (4.45)
was established based on the fact that & C F in (4.43). If the absolute values of
the entries of the unimodular matrix Z ' are big, then it is likely that F is much
bigger than &£ although F is the smallest box to contain £, making the inequality
(4.45) loose. Otherwise it will be tight; in particular, when Z = I, then &€ = F
and the inequality (4.45) becomes an equality. In establishing the inequality (4.46)
we used the inequality (4.47) (see (4.54)), which is simple but may not be tight if
¢ is not close to —n/2. Thus the inequality (4.46) may not be tight. Overall, the
upper bound in (4.44) may not be tight sometimes, but it is always tighter than
than the upper bound in (4.41). The following example shows that the former can
be significantly tighter than the latter and can be a sharp bound.
Example 4.3.2 We use exactly the same data generated in Example 4.3.1 to com-
pute the upper bounds in (4.41) and (4.44), which are denoted by piepr and pieps,
respectively. The results forn =5 :5: 40 with 0 = 0.1 are given in Table 4—11. To
see how tight they are, the values of P, given in Table 4-9 are displayed here again.
Recall P, is the experimental probability corresponding to the theoretical probability
Pr(x # x|x € B) in (4.41) and (4.44).

From Table 4—11, we can see the upper bound piepe s obviously tighter than the

upper bound fiepy and pieps s close to P,. When n = 10, P. > liep2, this is because
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there are some deviations between the experimental values and the theoretical values.
The values of ey are actually not exactly the same for different n, but they are very
close. This is also true for fieps.

Table 4-11: P, and bounds versus n = 5:5:40 with 0 = 0.1

n P, Hebl fleb2
5 || 0.9356 | 0.9840 | 0.9364

10 || 0.9396 | 0.9840 | 0.9364
15 || 0.9336 | 0.9840 | 0.9364
20 || 0.9348 | 0.9840 | 0.9364
25 || 0.9325 | 0.9840 | 0.9364
30 || 0.9312 | 0.9840 | 0.9364
35 | 0.9304 | 0.9840 | 0.9364
40 || 0.9252 | 0.9840 | 0.9364

4.3.3 A modified stopping criterion
From Theorem 4.3.1 and Example 4.3.1, the stopping criterion developed in [5§]
may be too optimistic. However, we can use Theorem 4.3.2 to develop a more reliable

stopping criterion, see Algorithm 4.3.1.

Algorithm 4.3.1 Modified Stopping Criterion
1: Use the LLL reduction to reduce (1.3a) to (2.17) and find the corresponding
Babai point z°® by using (2.7).
2: Define & = Z2°°, if & € B (see (1.3b)) and []}_, Wﬂj"jfﬁ is close to 1 (see
Theorem 4.3.2), then use & to estimate &; otherwise, solve the BILS problem
(1.4) to get the maximal likelihood estimator " and use it to estimate &;

From Algorithm 4.3.1, if & ¢ B, but part entries of & are in the corresponding
constraint interval, then the BILS problem (1.4) should be solved to get . There-

fore, from this point of view, there is still room to improve the stopping criterion.
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One method of dealing with this case is to use column permutation strategies in-
stead of the LLL algorithm to reduce (1.4), establish a theorem which is similar to
Theorem 4.3.2 to bound Pr(z # x| € B) and use partial validation techniques to
do the estimation. We leave this part to the interesting readers.

From the definition of £ (see the paragraph above (4.42)), if & € B, then 2°° € &,
by (4.43), z°® € F. Therefore, instead of finding the Babai point 2°® by using (2.7),
we can find the box-constrained Babai point 2" with the constraint box F via (2.8)
and assume x = Zz"". Note that, in practice, this modification probably can not
bring much improvement of the effectiveness of the stopping criterion if the box B is

large, because in this case the box F may be very large.
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CHAPTER 5
An Efficient Algorithm for an SVP Problem in Computer-and-Forward
Protocol Design

In this chapter, we consider the problem of finding the optimal coefficient vector
that maximizes the computation rate at a relay in the computer-and-forward scheme.
Based on the idea of sphere decoding, we propose a very efficient method that gives
the optimal coefficient vector, i.e., solves (1.5). First, we derive an algorithm with
only O(n) flops, to compute the Cholesky factorization of G in (1.5) (we do not
form the whole Cholesky factor R explicitly), to transform (1.5) to a SVP. Then,
we propose some conditions that can be checked by O(n) flops, under which the
optimal coefficient vector a* can be obtained immediately without using any search
algorithm. After that, by taking into account some resultant useful properties of
a*, we modify the Schnorr-Euchner search algorithm to solve the SVP. Simulation
results show that the average cost of our new algorithm is O(n!5) flops for i.i.d.
Gaussian channel entries, and our algorithm is not only much more efficient than
the existing ones that give the optimal solution, but also faster than some of the
suboptimal methods. Part of the contributions of this chapter appear in [92] and
[93] is a more complete version which includes all of the main contributions.

5.1 Introduction of compute-and-forward
In relay networks, compute-and-forward (CF) [67] is a promising relaying strat-

egy that can offer higher rates than traditional ones (e.g., amplify-and-forward,
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decode-and-forward), especially in the moderate SNR regime. The crucial idea of
CF is the application of linear/lattice codes [99] and physical layer network coding
(PLNC) [52]. The received signal at a relay is the linear combination of a set of
transmitted signals, where the linear combination coefficients form the channel vec-
tor from the involved sources to that relay. By multiplying the channel vector by
an amplifying factor, the obtained new channel vector can be close to a coefficient
vector with all integer-valued entries. This means that after applying an appropriate
amplifying factor to the received signal at a relay, it will be approximately an integer
linear combination of the transmitted signals. Since the same linear code is used at
the sources, an integer linear combination of valid codewords is still a valid code-
word, which means the aforementioned integer linear combination of the transmitted
signals is possible to be successfully decoded as a linear combination of the messages
corresponding to the transmitted signals. Under certain conditions, with enough such
decoded linear combinations of the transmitted messages, the transmitted messages
can be recovered.

Obviously, the amplifying factors and the integer-valued coefficient vectors need
to be carefully designed. When Nazer and Gastpar [67] proposed the CF scheme, they
defined the computation rate and set it as the metric for designing the amplifying
factor and the integer-valued coefficient vector. Roughly speaking, computation rate
refers to the maximum transmission rate at the involved sources of a relay such
that the combined signals at the relay can be reliably decoded. It has been pointed
out that setting the amplifying factor at a relay as the minimum-mean-square-error

(MMSE) coefficient can maximize the computation rate at that relay. The difficulty
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lies in the design of the coefficient vectors. To optimize the performance of the whole
system, the coefficient vectors should be designed jointly. However, this requires each
relay to know the channel state information (CSI) at other relays. Also, it could be
far too complex. One suboptimal choice is to design the coefficient vector of each
relay with the criterion being maximizing the computation rate of that relay. This
is reasonable when only the local CSI at each relay is available. Unfortunately, the
problem is not trivial even for this case, as it turns out to be a classical shortest
vector problem (SVP) in a lattice. In this chapter, we will focus on this case, i.e.,
finding the optimal coefficient vector at a relay such that the computation rate at
that relay is maximized.

Various methods have been proposed for designing the coefficient vectors. The
Fincke-Phost method [24] was modified in [89] to solve a different but related prob-
lem, leading to the optimal coefficient vector and some other suboptimal vectors. A
branch-and-bound algorithm, which uses part of the properties of the optimal vector,
was used in [71]. But it appears that this algorithm is not efficient in this application.
There are methods that give suboptimal solutions. Three methods were proposed in
[73]: the one based on the complex LLL [27], the simple quantized search method and
the iterative MMSE-based quantization method. Although the average complexity
of the LLL algorithm [51] is polynomial if the entries of the basis vectors indepen-
dently follow the normal distribution A/(0,1) (see, e.g., [42], [55]), the cost of the first
method maybe too high since it was proved in [42] that in the MIMO context, the
worst-case complexity of the LLL algorithm is not even finite. The last two methods

are of low complexity, but they may fail to offer satisfactory performance especially
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when the dimension is large. Besides these, the quadratic programming relaxation
method in [101] and its improvement in [102], are of relatively low complexity. Al-
though their performance in terms of the computation rate are better than that of
the last two methods proposed in [73], the differences between their performance and
that of the optimal methods are still large when the dimension is large and the SNR
is high.

In this chapter, we will propose an efficient algorithm for finding the optimal
coefficient vector that maximizes the computation rate at a relay. First, we will derive
an efficient algorithm with only O(n) flops to transform the problem to a standard
SVP by fully using the structure of the matrix to compute its Cholesky factorization
(we do not form the whole Cholesky factor R explicitly). We will also propose some
conditions that can be checked with O(n) flops, under which the optimal coefficient
vector can be obtained immediately without using any search algorithm. Then, we
will propose a modified Schnorr-Euchner search algorithm to solve the SVP by taking
advantage of the properties of the optimal solution. Simulation results indicate that
the average cost of our new algorithm is O(n'®) flops for i.i.d. Gaussian channel
entries.

We have noticed that very recently, an algorithm with the complexity of O(n*?)
flops has been proposed in [72]. This algorithm finds the optimal solution by solving
an optimization problem with one variable over a bounded region. Our proposed
algorithm is totally different from this one and our simulations indicate that ours is

much faster.
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5.2 Problem statement

We consider the problem of finding the optimal coefficient vector that maximizes
the computation rate (defined in [67]) at a relay in the CF scheme. The application
scenario we focus on is the additive white Gaussian noise (AWGN) network, where
sources, relays and destinations are linked with linear channels with AWGN. For the
ease of explanation, we will focus on the real-valued channel model in the sequel.
Definition 5.2.1 (Channel Model) Each relay (indexed by i =1,2,...,m) observes

a noisy linear combination of the transmitted signals through the channel,
Yy, = Y hi(j)z; + 2,
j=1

where x; € RN with the power constraint ~ |lx;||3 < P is the transmitted codeword
from source j (j =1,2,...,n), h; € R™ is the channel vector to relay i (here h;(j)
denotes the j-th entry of h;), z; € RN is the noise vector with entries being i.i.d.
Gaussian, i.e., z; ~ N (0,I), and y, is the signal received at relay 1.

For relay ¢ with the channel vector h;, let a; be the chosen coefficient vector,
the computation rate is calculated according to the following theorem [67].
Theorem 5.2.1 The computation rate at relay i is uniquely maximized by choosing

the amplifying factor as the MMSE coefficient, which results in a computation rate

1
P(h?ai)2 ’
14P|[h]13

1
R (hz, ai) = 5 10g+

(5.1)

il =

where log function is with respect to base 2 and log™ (z) £ max (log(x), 0).

Also, we define the optimal coefficient vector as below.
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Definition 5.2.2 (The Optimal Coefficient Vector) The optimal coefficient vector

a; for a channel vector h; is the one that maximizes the computation rate,

F = h;,a;). .
a; argaigzlg\ﬁo}R( ir Qi) (5:2)

The optimization problem (5.2) can be further formulated as the following

quadratic form [89]:

* : T
- _ r'Gia;, 5.3
a; = arg aier%{l{o} a; G,a (5.3a)
P
G=I-—— _hn (5.3b)
L+ P|hi[3

753}
[

Hereafter, we will ignore the subscript “”, e.g., h; will be directly written as h.
In the next section, we will propose an efficient method based on sphere decoding to
solve (5.3).

5.3 Proposed method

In this section, we will derive an efficient algorithm to solve (5.3).

Define the scaled channel vector t as

| P
t=\|————h, (5.4)
1+ P|hll3

then, (5.3) is equivalent to the following problem:

* : T
p— 5-5
a* = arg aeBZI}LI\I%O}a Ga, (5.5a)
G=T1-tt". (5.5b)

Obviously, ||t]|s < 1 and G is symmetric positive definite. Throughout this chapter,

we assume h # 0; otherwise, it is trivial.
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The problem in (5.5) can be solved via two steps:
e First, for a given ¢, computes G and finds its Cholesky factorization, i.e., finds
an upper triangular matrix R such that G = R'R. Then (5.5) is equivalent

to the following shortest vector problem (SVP):

a* = arg aerzl}ti\l}o}”RaHQ' (5.6)

e Second, use a search algorithm, such as the LLL-aided Schnorr-Euchner search
strategy [74], to solve (5.6). We will explain the details later.

It is easy to see that for a given t, computing G costs O(n?) flops. Besides, it is
well-known that computing the Cholesky factorization of a general n x n matrix costs
O(n?) flops. Moreover, the cost of the LLL-aided Schnorr-Euchner search strategy
[74] for solving (5.6) maybe too high. Fortunately, we find out that it is possible to
accelerate the two steps mentioned above as follows:

e First, take advantage of the special structure of G in (5.5b) to compute its
Cholesky factorization and transform (5.5) to (5.6), but do not form G, the
whole R and the SVP explicitly.

e Second, investigate the properties of a solution a* to (5.6) and take them into
account to modify the Schnorr-Euchner search strategy [74] to find a*.

If a* is a solution of (5.6), then —a* is also a solution. To reduce redundancy,
we apply the following restriction.
Restriction 5.3.1 Throughout this chapter, we restrict the solution a* to (5.6) such

that ta* > 0.
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5.3.1 Transformation of the problem

To transform (5.5) to the SVP (5.6), we need to find the Cholesky factorization of
G in (5.5b). Besides the regular method, one can use the algorithm proposed in [13],
which costs 2n?+O(n) flops, to get the Cholesky factor R. However, the cost can be
further reduced. Also, to analyze the complexity of our proposed search algorithm in
Section 5.4, we need to know the diagonal entries of R. In this subsection, we will take
into account the special structure of G to achieve this goal with only O(n) flops (we
do not form the whole R explicitly. If the whole R is needed for other applications,
it costs n?/2 + O(n) flops). Based on the diagonal entries of R and by investigating
their properties, we will also propose some conditions that can be checked by O(n)
flops, under which the optimal solution a* can be obtained immediately without
using any search algorithm.

Our proposed algorithm to find the Cholesky factor R of G in (5.5b) is based
on the following theorem:
Theorem 5.3.1 The Cholesky factor R of G in (5.5b) is given by:

-0 e .
Usssrs s
Tij = (5.7)

ij s
—tit;

— - s
\/172;:1 t12 \/1*2?:1 tzz

1<j<n

. 0
where 1 <i <n and denote ) ;- =0.
Proof. To prove the theorem, we show any element of G is equal to the correspond-

ing element of R” R in the same position, i.e., by (5b), we would like to show

rp=1-1t;, 1<k<n (5.8)

M=

=1
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and
Z"’lkrw 5, 1<k<j<n. (5.9)

By (5.7), we have

k k—1
Zr?k = Ty + 27221@
=1 3
1- R 1242
Zz i Z it

i—1 i
1= p= = ) (1= 220 1)
1
_1_21:1tl2 k z=1tl2 —1—¢2
o 1 k—1 t2 1 k—1 t2 - k>
T =1 Y T =1 Y

and

k k—1
E TikTij = TkkTkj T+ E TikTij
i—1 i=1

— _tkt + Zz 1 ztkt
o k
1= (- )1 =2, 1)
—tit; tit; ZZ Lt —

_1_25—11@2 1_Zf 11t12_
Thus, both (5.8) and (5.9) hold, completing the proof. O
We can use Theorem 5.3.1 to design an efficient algorithm to find R. To simplify
notation, we introduce an n—dimensional vector variable f. Let
fo=1, fizl—Zt?, 1<i<n. (5.10)
=1

Then by (5.7), we have

Ty =/ fi/fi—lv 1§Z§TL,
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and
Riivin = (—ti/\fifi)th i, 1<i<n.
Note that R, ;;1., is a scaled tZJr1 -

After getting R, we will modify the Schnorr-Euchner search algorithm to solve
(5.6). Later we will see that it is not necessary to form R explicitly (we will give
more details to explain this in the last subsection of this section), i.e, we do not need
to compute the multiplication of —t;/ \/m and t;;1.,. Thus, the cost is O(n)
flops.

By (5.7), it is easy to see that the entries of R have the following properties:

Theorem 5.3.2 For 1 <k <n, the following inequalities hold:

12 < < 4/1— 12, (5.11)

2
[Iri= VL - It o (5.12)
5 / k 1 12
=k 2 1 z

Under Theorem 5.3.1, we have the following interesting result, which can be

n

used to describe the geometry of the search space later.
Theorem 5.3.3 For 1 <i < j < n, the eigenvalues of R””Ri:j,i:j are f;/fi1 (f
is defined in (5.10)) and 1 with algebraic multiplicity j — 1.

Proof. We first prove

tin tL
n__in (5.13)

V fz;l V fifl

T
R; Ri:n,i:n - In—i—l—l -

’LTZ’L’/L
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If i = 1, then by Theorem 5.3.1 and (5.10), (5.13) holds. So we only need to prove
it holds for ¢« > 1.

By Theorem 5.3.1, we have

RZ:n,i:nRiin,iin = InfiJrl - ti:ntg:n - szifl,i:anzifl,i:n7
1 i = - _—tl —l2 —ti—1 T

Rl:zfl,z:n (tz:n |:\/m ViR T \/fi—in—1:|) ‘

Thus, we have
i—1 tQ
RzTn ﬁann in = In_z' — (1 + k tzntzTn

B = (4D gt

By (5.10),
o1 1
fk‘fk—l fk; fk‘—l
Therefore,
tin tL
Rg:n,i:nRi:n,i:n = In—i+1 — - _un__

V fifl V fifl7

i.e., (5.13) holds.

From (5.13), we can immediately get

ti; t;
\V fz’—l V fi—l.

Ri:j,i:j are 1’s and

RT

925,807

Rijij=1Ij-it1—

Thus, the eigenvalues of szm

fi—l fi—ll
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Generally speaking, after getting R, a search algorithm should be used to find
the solution a* to (5.6). Theorem 5.3.1 gives the closed-form expression of R, so a
natural question is whether there exist some easily-checked conditions, under which
the optimal solution a* can be obtained without using any search algorithm? In the
following, we will answer this question.

Theorem 5.3.4 The optimal solution a* satisfies

1_Z;:1t§ > 2

*y > 1 : — . .
|Ra™]l2 > min | -— i e U1 (5.14)
Furthermore, if we have
i—1
#<81-Y t), i=23...n, (5.15)

I=1
then ey is a solution to (5.6).

Proof. The first inequality in (5.14) follows directly from (5.7) and
|Ra™||> > min 7y, (5.16)

which was given in [63, pp.99].

By the first inequality in (5.11),

min 7 > /1 — ||t||3.
1<i<n

Therefore, the second inequality in (5.14) follows.

If (5.15) holds, then by some simple calculations, we have:
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and the first inequality in (5.14) becomes an equality with a* = e;. O

It is easy to see that (5.15) can be checked by O(n) flops.
5.3.2 Reordering the entries of ¢

After getting (5.6), a search algorithm, such as the Schnorr-Euchner search
strategy [74] can be used to solve it. For efficiency, lattice reduction for R in (5.6)

is usually used to strive for
1 ST S STy (5.17)

to accelerate searching. Notice that (15) may not be achievable. For more details on
why (5.17) should be strived, readers are referred to, e.g., [2] and [18].

The LLL reduction [51] is a commonly used reduction method to strive for (5.17).
However, for this application, it has two main drawbacks. First, its complexity is
high. In fact, it was shown in [42] that in the MIMO context, the worst-case cost
is not even finite. For more details, see, e.g., [51], [22] and [55]. Also, from the
simulation results in Section 5.5, we will see that the cost of the LLL reduction is even
higher than that of our proposed algorithm. Second, it may destroy the structure of
R and some properties of the optimal solution a* to the reduced problem (we will
explain this in the latter part of this subsection). In this subsection, we will propose
a method to strive for (5.17) without the above shortcomings.

From (5.7), to strive for (5.17), we permute the entries of ¢. To make r; as small
as possible, we permute ¢ such that [t;| is the largest. Suppose that t;,1 < j <
have been fixed, then from (5.7), r;;,1 < j < are fixed. To make 7,4, ;41 as small

as possible, we permute the entries of ¢;,i+1 < j < n such that |t;;1] is the largest.
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So after the permutations we have
[t1] > [ta] > ... > |ta]. (5.18)

Here we want to point out the above idea of reordering the entries of ¢ is actually
the same as that of SQRD [95], a column reordering strategy for a general matrix in
the box-constrained integer least squares (BILS) problem [16], [90]. It is interesting
to note that if we use the idea of V-BLAST [25], another column reordering strategy
used in solving BILS problems [21], we will get the same ordering of ¢. In fact, by

(5.7),
P e 1
R TR

Thus, to make r,, as large as possible, we need to permute ¢t such that |t,| is
the smallest. Suppose that t;,i + 1 < j < n have been fixed, then from (5.7),
7,1+ 1 <j <n are fixed. By (5.7),

2 n 2
P o e vy
R S 8

Thus, to make r;; as large as possible, we permute the entries of ¢;,1 < j <4 such
that |¢;| is the smallest. So after the permutations we also have (5.18).

To make the late search process faster, we also want to make t; > 0 for 1 <i <n.
This can easily be done. In fact, when we determine the i-th entry of ¢ in the
permutation process, we can use a sign permutation matrix so that the new i-th

entry is nonnegative. Thus, eventually we have

>t > ... >t, > 0. (5.19)
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The above process can be described mathematically as follows. For a given t,

we can find a signed permutation matrix Z € Z"*" such that ¢ = Zt satisfying:
L>th>... >4, >0.

This transformation is a sorting process and the cost is O(nlog(n)), see [101] for
more details. Note that ZZ7 = I. Then, with @ = Za, the optimization problem

(5.5) can be transformed to

a*= min a’Ga,
aczZn\{0}
G2r-1wt".

Obviously a* = Z7a*.

Therefore, for a given t, we use the above method to transform it such that the
transformed ¢ satisfies (5.19). For the sake of convenience, in our later analysis, we
assume the entries of ¢ satisfy (5.19).

Except speeding up the search, ordering the entries of ¢ like in (5.19) has another
important effect, i.e., by the results in [71] and [101], if (5.19) holds, we can find a

solution a* to (5.6) such that
ay >ay>...>a; > 0. (5.20)

The order of the elements of the solution a* in (5.20) is a key property of the
solution we restricted for (5.6). It has been used in [101] to find a suboptimal solution
o (5.6), but only the property that a; > 0,1 < i < n has been used in [71] to solve

(5.6). In this chapter, we will fully use it in designing the search algorithm. Note
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that, if the LLL reduction is used for reducing R in (5.6), then (5.20) may not hold,

which is the second drawback of using the LLL reduction in striving for (5.19). The

motivation for reordering the entries of ¢ in [71] and [101] is to obtain the property

(5.20), which was (partially) used in their methods. Here we gave another motivation

from the search point of view.

Under (5.19) and Theorem 5.3.1, we have the following interesting results:

Theorem 5.3.5 If (5.19) holds, then for 1 <i<n—1
Tii < || Riit1i41ll2 < || Risiv2it2llz < oo < || Rinnll2

Proof. By (5.7), for 1 <i < j <n,

j—1

R 51I” = Z T T
k=i
L _
3 tit} L A=Y )
k—1 k j—1
R S B (B » 2V
- —1 i—1 i—1
A=3351) (=-X58%) -2
+2
-1 - 7
1—1 .
(1 - =1 tl2)

(5.21)

By the aforementioned equations, (5.7) and (5.19), it is easy to see that (5.21)

holds. I

5.3.3 Schnorr-Euchner search algorithm

We first introduce a depth-first tree search algorithm: the Schnorr-Fuchner

search algorithm [74], [2], a variation of the Fincke-Pohst search strategy [24], to

solve a general SVP, which has the form of (5.6). Note that, the Schnorr-Euchner
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algorithm is generally more efficient than the Fincke-Phost, for their comparisons,
see, e.g., [2]. Then we modify it by using the properties of R and the optimal solution
a* to make the search process faster..

Let the optimal solution be within the following hyper-ellipsoid:

|Rall; < 3, (5.22)
where (3 is a constant. Define
1 n
dy =0, dy=—— Y rya;, k=n—1..1 (5.23)
Tkk .=
j=k+1

Then (5.22) can be written as:

n

ZTZ-QZ-(G,Z‘ — dl)Q < 52

=1
which is equivalent to

n

rip(ar — di)? < % — Z r2i(ai — d;)? (5.24)
Jj=k+1

for k =n,n—1,...,1, where k is called the level index and ) = 0.

j=n+1"

Based on (5.24), the Schnorr-Euchner search algorithm can be described as
follows. First we set the initial 5 = oo, and for kK = n,n — 1,...,1, we compute
dr by (5.23) and set ap = |dj]|, leading to a; = 0, for which (5.24) holds. So we
obtain an integer vector @ = 0. Since the optimal solution a* is a nonzero vector,
we need to update a. Specifically, we set a; as the next closest integer to d;. Note

that (5.24) with k£ = 1 holds for the updated a. Then, we store this updated a and

set 0 = ||Rally. After this, we try to find an integer vector within the new ellipsoid
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by updating the latest found a. Obviously, we cannot update only its first entry a4,

since we cannot find any new integer a; that satisfies (5.24) with & = 1, which is now

an equality for the current a. Thus we move up to level 2 to try to update as by

choosing it being the next nearest integer to dy. If it satisfies (5.24) with k = 2, we

move down to level 1 to update a; by computing d; ((5.23)) and setting a; = |d; ]

and then checking if (5.24) with & = 1 holds and so on; otherwise we move up to

level 3 to try to update az, and so on. Finally, when we fail to find a new value for

a, to satisfy (5.24) with k& = n, the search process stops and the latest found integer

vector is the optimal solution a* we seek. This is a depth-first tree search. For more

details, see, e.g., [2] and [16].

We summarize the search process in Algorithm 5.3.1, where

sgn(z) = . (5.25)

Algorithm 5.3.1 Schnorr-Euchner search algorithm

Given a nonsingular upper triangular matrix R € R™*", this algorithm finds a solu-
tion a@* to the SVP (5.6).

1.
2.
3.

(Initialization) Set k = n, 8 = +oc.

Compute di by using (5.23), set ar, = |di| and s = sgn(dy — ax) (see (5.25)).
(Main Step) If the inequality in (5.24) does not hold, then go to Step 4. Else
if k> 1,set k=Fk—1and go to Step 2. Else (k =1), go to Step 5.

(Outside ellipsoid) If k£ = n, terminate. Else, set k = k + 1 and go to Step 6.
(A valid point is found) If a@ is a nonzero vector, then save a* = a, set 5 =
|Ralls and k =k + 1.

(Enumeration at level k) Set ax = ag + sg, s = —sp—sgn(sx) and go to Step 3.
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5.3.4 Modified Schnorr-Euchner search algorithm
In the following we make some comments to Algorithm 5.3.1 and make some
modifications. It is easy to see that, the first nonzero integer vector encountered by

Algorithm 2 is e; and the corresponding search radius is

B=rul=4/1-1. (5.26)

Note that reordering the entries of ¢ that makes (5.19) hold gives the smallest
among any other orderings. This shows one of the benefits of the reordering leading

to (5.19). Also from (5.21), the reordering gives:

B = |7“11’ = min HRlzi,iH27
1<i<n
which implies e; is better than any other e; for ¢ = 2, ..., n, as the former corresponds

to the smallest residual. In the modified algorithm, we just start with g given by
(5.26).

In Section 5.3.1, we mentioned that it is not necessary to form the entries of R
explicitly; in the following, we show how to compute ry, and dj for 1 < k < n, which

are needed in (5.24). By (5.7) and (5.10), we have
o = fi/fior, 1<k <n (5.27)

In the modified algorithm, we will use a n—dimensional vector g to store r7,, i.e.,

let g, = ri,.
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By (5.7), (5.10) and (5.23),

n

178
dk = ﬁ Z t]'CLj.

j=k+1
Thus, for computational efficiency, we introduce an (n + 1)—dimensional vector p
whose last entry is 0 to store some computed quantities. Specifically, after a, 1 <

k < n is chosen in the search process, we assume
P = Pr+1 Hlgag, 1<k <mn, (5.28)
which explains why p,+1 = 0. Therefore, we have

'
dk—%, 1<k<n. (5.29)
k

Now we make the main modification to Algorithm 2 by using the property of
a* in (5.20). Note that in the search process of finding an integer point a in the
hyper-ellipsoid, the entries of a are determined in the following order: a,, a,_1, ...,
a;. When we enumerate candidates for a, at level n, we will only enumerate the
non-negative integers. When we enumerate candidates for a; at level k (note that
at this point, a,, a,_1, ..., a1 have been chosen), we will only enumerate those
greater than or equal to ax1. By doing these we can prune a lot of nodes from the
search tree to make the search process much faster.

For the users to implement the algorithm easily and for our later complexity
analysis, we provide the pseudo code of the modified algorithm in Algorithm 5.3.2.

Here we make a few comments to Algorithm 3. To unify the enumeration strate-

gies for level n and for any lower level, we set a to be an (n+ 1)—dimensional vector
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Algorithm 5.3.2 Finding the optimal coefficient vector based on sphere decoding

Given a n—dimensional vector t that satisfies [[t|| < 1 (see (5.4)) and (5.19), this algorithm solves
(5.5).

L f=0"qg=0"%//q =13,

2t fi=1—4t2,q, = f1; // see (5.10) and (5.27)

3: for i=2:n do

4 fi = fi—1 —t2;// see (5.10)
01 qi = fi/fi—13// see (5.27)
6: end for
7
8

:d=0"p=0""//see (5.23) and (5.28)
s dist = 075 // dist(k) = Y20,y v (a; — dy)? for k < n;
9: a = e?"!; // intermediate solution
10: a* = e};
11: B2 =f1,v=fi,k=1,5=1", flag= 1"
12: while k£ > 1 do
13: newdist = dist(k) + ~;
14: if newdist < 82 then

15: if £ # 1 then

16: Pk = Prt1 + trag//see (5.28)
17: k=k—1;

18: dist(k) = newdist;

19: dy = tipr+1/fr; // see (5.29)
20: ap = |di];

21: flag;, =0

22: if a, < apy1 then

23: ap = ap41;

24 sk = 1;

25: flag, =1

26: else

27: sk = sgn(d — ay); // see (5.25)
28: end if

29: v = ax((di — ax))?

30: else

31: B2 = newdist;

32: a* = ai.n;

33: end if

34: else

35: if kK =n then

36: return;

37: else

38: k=k+1;

39: ap = ag + Sk;

40: if ap = apy1 then

41: flag;, = 1;

42: Sk = —Sk — sgn(sk);
43: else if flag; = 1 then
44: sk = 1;

45: else

46: sk = —sk — sgn(sg);
47: end if

43: v = q((di — ax))%;
49: end if

50: end if

51: end while
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with a,,1 = 0, so that a; > ag41 holds for k£ = n. To avoid enumerating any integer
smaller than ag,, at level k, we introduced a flag variable "flag” in the algorithm to
indicate whether the enumeration has reached the lower bound ax., for 1 < k < n.
In the algorithm s is the difference between the next integer candidate for a;, and
the current value of a; and it is used to get the next integer candidate for ay.
5.4 Complexity analysis

In this section, we will analyze the complexity, in terms of flops, of the proposed
method, and compare it with two optimal methods proposed in [71] and [72], and two
suboptimal methods, which are the LLL reduction approach [73] and the quadratic
programming relaxation (QPR) approach [101] and its improvement in [102].

5.4.1 Complexity analysis for the modified Schnorr-Euchner search al-
gorithm

In this subsection, we try to analyze the cost of Algorithm 5.3.2. The approach
is to first count the number of nodes visited in the search tree and then to count
the number of arithmetic operations for each node. Unfortunately, we cannot give a
good bound on the number of nodes visited. Instead, we will give a conjecture about
it, which will be supported by numerical results.

It is difficult, if not impossible, to analyze the cost of Algorithm 5.3.2 because
the search radius  changes in the search process. Thus, we assume that the search
radius 8 keeps unchanged in our following analysis.

To illustrate our discussion, in Figure 51 we display the search tree correspond-
ing to Algorithm 5.3.2 with the assumption that £ is a constant. Since there is not

a true tree root, the dashed line is used for the root node in Figure 5-1. We will
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analyze the cost of this search tree, which is an upper bound on the cost of Algorithm

5.3.2.

k=4 (’l\ \\\HE‘X
k=3 \®C

k=2 & Q\
k=1 Cl) X O ®

Figure 5-1: Search tree

To estimate the number of nodes at each level of the search tree, for k = n,n —

1,...,1, we define sets:
Ek(ﬁ) = {a'k:n € Zn_k—H Dag > Ap41 > .2y > 0, ||Rk:n,k:na'k::n||2 < /B} (530)

Note that each non-leaf node at level k in the search tree corresponds to an ay., €
Ei(B), and each leaf node labeled by x at level k corresponds to an a., ¢ Ex(3)
with a1, € Exi1(8) (K < n).

Let |Ex(B)| denote the number of elements belong to Ej(3). Thus the number
of non-leaf nodes at level k in the search tree is |Ey(5)|. It is easy to argue that the

number of leaf nodes at level k in the search tree is exactly equal to |Ej1(3)|. Thus
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the total number of nodes (including both the non-leaf and leaf nodes) at level k is
IBu(B)| + | Bra(8)

From Algorithm 5.3.2, any node at level & (k < n) comes from two possibilities.
One is that it is generated after its parent node at level k£ + 1 is generated. This
process corresponds lines 14-33 of Algorithm 5.3.2 and the cost is O(1) flops. The
number of such nodes is |Ex11(8)|. The other is that it is generated after a leaf node
at level k£ — 1 is generated. This process corresponds lines 38-48 and the cost is also
O(1) flops. The number of such nodes is |Ex(5)|. Thus, the total cost for generating

all nodes at level k is

cr = (|Ex(8)] + [Era (B)))O(1), (5.31)

where we denote |E,11(5)| = 0. Let C(n) denote the total cost of the search tree,

then, by (5.31), we obtain

n n

Cln) = e =01) Y |E(B)]. (5.32)

k=1 k=1
Obviously, |E.(8)| < [B/rmw]. However, it is hard to rigorously compute or
estimate |Fx(5)| since the inequalities are involved in (5.30), so for k = 1,2,... n,

we define supersets:
Fi(B) = {akn € Z"" ¢ || Rpnpen@ren| < B3, (5.33)

where § is the initial search radius used in Algorithm 3 (see (5.26)).
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Let |Fi(8)| denote the number of elements belong to Fj(8). Obviously, we have

E(B)] < |Fa(B)]. (5.34)

Then we would like to find |F)(f)|. But it is difficult to give a good bound on it.
Naturally we would like to try to use a common approach used in the complexity
analysis of sphere decoding methods, which is approximating |Fj ()| by the volume
of the hyper-ellipsoid || Ry kn@rnll2 < B (see, e.g., [31, 10, 2]), i.e.,

ﬂn—k—&—l

|F(B)| = = Va—k+1, (5.35)

Hi:k (L
where V,,_j 41 denotes the volume of an (n — k + 1)—dimensional unit Euclidean ball,
le.,

71.(nfk+1)/2

T(n—k+1)/2+1)

Vijs1 = (5.36)

with [ being the Gamma function.
Unfortunately, the approximation (5.35) is not valid for this specific problem.
In fact, by (5.12) and (5.26), from (5.35) we have

1= SoF-lg2y1/201 _ 42y (n—k+1)/2 1
|Fk(5)| =~ ( Zz_l l> ( 5 1) Vn_k+1 S —2Vn—k+1- (537)
1[Itz 1=tz

According to [26],

iv (14 2 /ﬁ ~dt) < 27
= e — e < 2¢e™.
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Therefore, by (5.34)-(5.37), we have

n

- 2e™
Do IE) < DI § (5.39)

This indicates that if ¢ is fixed, the number of nodes in the tree is approximately
a constant. But the number of nodes in the search true certainly depend on n. Thus

the approximation (5.37) is problematic. In fact, if we assume t = ||t|2e;, then by

(5.7), R is a diagonal matrix with

rii=+/1—|t||3, mi=1,2<k<n.

Thus, by (5.30) and (5.26), |Ex(5)| = 1 for 2 < k < n since only the zero vector is

contained in the corresponding sets. And it is not hard to see that

s

B -
E(B)] € ———=+1

VI

Thus, for this special case,

<ne—b (5.39)

/6 n
1< E.(B)] <
Eayr RG] Tt

k=1
If we assume ||t & 0, then by (5.38), >°7_, |Ex(8)] = 2¢™, contradicting with (5.39)
if n is very large. However, we think the following conjecture holds.

Conjecture 5.4.1
cn

E(f)) € ——2
;' N T

(5.40)

where ¢ is a constant.
In the following, we do some simulations to support that (5.40) holds for general

n and t. Note that ¢ is defined by P and h in (5.4). Thus, we consider the case that
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Table 5-1: Average and largest ratios of > ;_, |Ex(83)| to n/y/1 — ||t||3 over 10000
realizations of h

n P P =0dB P =20dB P =40dB

AR LR AR LR AR LR
2 0.4241 | 1.4747 || 0.3032 | 1.3399 || 0.3178 | 0.9292
4 0.5259 | 1.7803 || 0.4273 | 1.3123 || 0.4401 | 1.4314
8 0.4408 | 1.2875 || 0.4040 | 1.2632 || 0.4253 | 1.5001
16 0.3204 | 0.9109 || 0.1813 | 0.5917 || 0.1887 | 0.6826
32 0.2205 | 0.6348 || 0.0610 | 0.1770 || 0.0509 | 0.2033
64 0.1471 | 0.3783 || 0.0265 | 0.0602 || 0.0127 | 0.0394
10? 0.1143 | 0.2937 || 0.0183 | 0.0338 || 0.0054 | 0.0154
10° 0.0381 | 0.0567 || 0.0048 | 0.0063 || 0.0005 | 0.0006
10* 0.0129 | 0.0151 || 0.0014 | 0.0016 || 0.0001 | 0.0002
10° 0.0040 | 0.0043 || 0.0004 | 0.0004 || 0.0000 | 0.0000

the channel vector h ~ N (0,I) (see Definition 5.2.1). For each n and each P, we
randomly generate 10000 realizations of h.

Table 5-1 displays the average and largest ratios of S_1_, |Ex(8)| to n/+/1 — [[t]2
over 10000 samples. "AR” and "LR” in Table 5-1 respectively denote average and
largest ratio. From the largest ratios in Table 5-1, we can see that (5.40) holds
with a small constant ¢ = 2 for all the test cases. The average ratios in Table 5-1
show that averagely our algorithm searched far less number of nodes than what the
conjectured bound with ¢ = 1 especially when n is large. Note that the number of
nodes searched by Algorithm 5.3.2 can not be larger than >, _, [Ex(8)| because the
radius [ reduces whenever a valid integer vector is found in the search process.

By (5.32), we get the following result.

125



Theorem 5.4.1 If (5.40) holds, then we have

O(n)

VI3

In the following, we would like to investigate the expected value of C'(n) when

C(n) < (5.41)

the entries of h are independent and identically follow normal distribution A (0, 1).
It is easy to see that ||h]|3 follows the chi-squared distribution x?(n). Therefore,

E[||h||3] = n. Since v/1 + Px is a concave function of z, by Jensen’s Inequality,

E {,/1+P||h||§} < \/1+ PE[|h|32] = VI + nP. (5.42)

Therefore, by (5.4), (5.41) and (5.42), it is easy to see that the cost of Algorithm
5.3.2 is O(n'®) flops if (5.40) holds.

5.4.2 Comparison of the complexity of the proposed method with other
methods

It is easy to see that, for any given h, computing ¢ by (5.4) costs O(n) flops. And
for any fixed ¢, transform it such that (5.19) holds costs O(nlog(n)) comparisons.
Since the total cost of Algorithm 5.3.2 is O(n'?®) flops if (5.40) holds. Simulation
results in the above subsection indicates (5.40) holds for the test cases, thus, the
total cost of the whole method is O(n!?) flops for the test cases.

The complexity of the QPR in [101] and [102] is O(n?®) and O(n'?) flops, re-
spectively. The method based on LLL lattice reduction [73] uses the regular method,
costing O(n?), to obtain the Cholesky factor R. The optimal method proposed in
[71] needs to find the inverse of n matrices and solving n linear equations with the
dimensions from 1 to n, so its cost is higher than O(n?®). The complexity of the

optimal method proposed in [72] is O(n*®) flops. Therefore, it is expected that our
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optimal algorithm is faster than the LLL reduction based method, the QPR in [101]
and the two optimal methods proposed in [73] and [72], and faster than or has more
or less the same speed as the QPR in [102] if the conjecture (5.40) holds.

5.5 Numerical simulations

In this section, we present the numerical results to demonstrate the effective-
ness and efficiency of our new method. We consider the case that the entries of the
channel vector h € R™ are i.i.d. Gaussian, i.e., h ~ N (0,I). The dimension n of
h ranges from 2 to 16. For a given n, we randomly generate 10000 realizations of h
for each P from 0 dB to 20 dB with the step length 2 dB, and apply different meth-
ods to calculate the corresponding computation rates. To compare the effectiveness
of different methods, we compute the average computation rates; To compare the
efficiency, we record the running time.

The methods considered include our new method called the improved sphere
decoding (ISD) method, the branch-and-bound (BnB) algorithm [71], the optimal
method proposed in [72] (to be called SG named after the authors), the method
based on LLL lattice reduction algorithm [73] (to be called LLL), the quadratic
programming relaxation (QPR) approach [102] and the simple quantized search (QS)
method [73]. The quality-complexity tradeoff factor § in the LLL method is set as
0.75. A larger 0 (1/4 < 6 < 1) can give a higher rate, but the running time will
increase drastically as ¢ increases. The number of real-valued approximations, K, in
the QPR method is set according to the criterion proposed in [102], i.e., setting K to
be the smallest K such that the simulated average computation rate at 20dB using

the QPR method with K = K| is greater than 99% of that with K = Ky + 1. Exact
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values of K are listed in Table 5-2. The QS method implemented here consists of two
phases: 1) selecting an amplification factor a = ap € {1,2,..., | PY?}]; 2) refining
a by searching in [y — 1, ap + 1] with a step size 0.1.

Table 5-2: Number of real-valued approximations in QPR method

ni23456789 1011 12 13 14 15 16
Ki23455566 6 7 7 7 6 7 6
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Figure 5-2: Average computation rates by different methods for n = 4

We first compare the average computation rates. Figures 52, 5-3, 54 show
the average computation rates over 10000 samples with the dimension n being 4, 8,
and 16, respectively. The ISD method, the SG method and the BnB method are
optimal. As expected, numerical results show that they always provide the highest
computation rate. The corresponding curves of these two methods in Figures 52, 5—
3, b—4 exactly overlap with each other. The QS method is of low complexity; but as

shown in Figures 52, 5-3, 54, the corresponding rate is very low, especially when
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the dimension becomes large. The QPR method and the LLL based method provide
rates close to that of the optimal methods. However, as the dimension increases,
their performance degrade.

Now we compare the running time. We consider methods that offer optimal and
close-to-optimal rates: ISD, BnB, SG, LLL, and QPR in [102]. Figures 5-5, 5-6, 5-7
show the running time of simulating 10000 samples with P being 0 dB, 10 dB, and
20 dB, respectively. For the optimal methods, it is obvious that our new ISD method
is much more efficient than both the BnB method and SG method. It can also be
observed that the ISD method is also faster than the LLL based method. Although
the QPR method [102] is faster than our ISD method in Figure 5-7, it is a suboptimal

solution and its performance degrades for high dimension (see Figure 5-4).
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Figure 5-5: Running time for 10000 samples by different methods for P = 0 dB
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Figure 5-6: Running time for 10000 samples by different methods for P = 10 dB

10°

T
—+—1SD
—*— SG
—E—BnB
- * —LLL,5=0.75
A QPR

Running time for 10000 samples (seconds)

2 4 6 8 10 12 14 16

Figure 5-7: Running time for 10000 samples by different methods for P = 20 dB

131



CHAPTER 6
Summary and Future Work

In this thesis, we have investigated the effects of the LLL reduction, and the LLL-
P, V-BLAST and SQRD column permutation strategies on the success probabilities
of the Babai estimators for the ILS (OILS and BILS) estimation problems, and
designed algorithms to solve a SVP arising in computer-and-forward protocol design.

In Chapter 2, we gave an extensive background introduction to the QRZ reduc-
tion, i.e., the lattice reduction, and the QRP reduction, i.e., the column reordering
strategies, to transfer the ILS problems to new ILS problems which can then be solved
by a search algorithm. We also introduced the Babai estimators, the commonly used
suboptimal solutions to the ILS problems in practice.

In Chapter 3, we investigated the effects of the LLL reduction and some column
permutation strategies on the success probability P°® of the ordinary Babai estimator
x°® for the ordinary integer linear model (1.1). First, we showed that P°® as a lower
bound on the success probability P°" of the OILS estimator " is sharper than the
lower bound given in [37]. Second, we gave a rigorous proof to show that the LLL
reduction algorithm can always increase (not strictly) P°®, and it keeps the P°®
unchanged if and only if no column permutation occurs during the LLL reduction
process or whenever two consecutive columns, say k — 1 and k, are permuted, 7,_1
is a multiple of 74141 (before the size reduction on r;_yy is performed). We

also showed that any size reductions on the super diagonal entries of R of the QR
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factorization of the channel matrix which are immediately followed by a column
permutation during the LLL reduction process will enhance P°® and all other size
reductions have no effect on P°®. Furthermore, we show that the LLL-P column
permutation strategy can also always increase (not strictly) P°®, and it keeps P°®
unchanged if and only if no column permutation occurs during the LLL-P process
or whenever two consecutive columns, say k£ — 1 and k, are permuted, r4_1% = 0.
Third, we gave an example to show that larger §, which is a parameter in the LLL
reduction, may not bring higher improvement of P°®, and did some simulations
to show that larger 0 usually bring higher improvement of P°®. Fourth, we gave
examples to show that unlike LLL and LLL-P, the permutation strategies SQRD
and V-BLAST may decrease P°®. But simulations showed that both of them usually
increase P°®, and averagely the LLL reduction improves it much more significantly
than the other three, V-BLAST performs better than LLL-P and SQRD, and LLL-P
and SQRD have similar performances. Finally, we gave some upper bounds on P°?
after applying the LLL reduction algorithm by using the entries of the R-factor R
of the QR factorization of the channel matrix.

We will investigate the following problems in the future. We will study the ef-
fects of the LLL reduction algorithm on P°® if the model matrix is a random matrix
following some distributions, instead of being deterministic assumed in this thesis,
since in some communications applications, see, e.g. [42] and [55], the entries of
the model matrix independently follow the normal distribution N'(0,1). The HKZ

reduction usually returns a basis matrix whose columns are shorter than that of the
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LLL reduction. We will study if there is an algorithm for computing the HKZ re-
duction, which can always improve P°® and guarantee to have higher improvement
than the LLL reduction algorithm. Since the running time of the LLL reduction
algorithm varies much from matrices to matrices even for matrices with fixed dimen-
sion, which may cause problems for the real-time communications system from the
implementation point of view. To address this issue, fixed complexity LLL reduction
algorithms have been proposed, see, e.g., [87]. We are designing some more effec-
tive fixed-complexity LLL reduction algorithms by using the theories developed in
Chapter 3 in [91].

In Chapter 4, we investigated the effects of some typical column permutation
strategies on the success probability P"" of the box-constrained Babai estimator a"®
for the box-constrained integer linear model and solved a conjecture proposed in [58].
First, we derived a formula for PP®. Then, on the one hand, we showed that LLL-
P always increases PP® and argued why both V-BLAST and SQRD often increase
PP? under a condition, which, roughly speaking, is the noise is relatively small; and
on the other hand, we showed that LLL-P always decreases P®® and argued why
both V-BLAST and SQRD often decrease P®® under an opposite condition, i.e., the
noise is relatively large. These surprising results indicate that we need to check the
corresponding conditions before applying these strategies. After this, we derived a
column permutation invariant bound on P®®, which is an upper bound and a lower
bound under the two opposite conditions, respectively. We also gave some numerical

results to illustrate the above results. Finally, we constructed an example to show
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that the conjecture proposed in [58] does not always hold, and then provided some
conditions to guarantee it hods.

In the future, we would like to consider the following problems. As shown in
Chapter 4, the LLL-P has better theory than V-BLAST and SQRD in terms of their
effects on PP®, but numerical experiments indicate that often V-BLAST is more
effective than LLL-P and SQRD. Therefore, we will try to combine their advantages
to develop a more effective column permutation strategy for the BILS problems.
Although it was shown in [84] that the success probability P°® of the ordinary
Babai estimator &°® can not be larger than the success probability P of the OILS
estimator x°", it can be shown that this conclusion can not be extended to the BILS
problem if the true parameter vector @ is deterministic. Whether P"® < P"" always
holds for uniform distributed & will be studied in the future.

In Chapter 5, we proposed an efficient algorithm for finding the optimal co-
efficient vector that maximizes the computation rate at a relay in the computer-
and-forward scheme. First, we derived an O(n) algorithm to compute the Cholesky
factorization of the n x n matrix by fully using its structure to transfer the opti-
mization problem to a standard SVP (we did not form the whole Cholesky factor
explicitly). Then, we proposed some conditions, which can be checked by O(n) flops
and under which, the optimal coefficient vector can be obtained immediately with-
out using any search algorithm. After this, we proposed a modified Schnorr-Euchner
search algorithm to solve the SVP by taking into account some resultant useful prop-
erties of the optimal coefficient vector. Simulations showed that the average cost of

our new algorithm is O(n'?) if the entries of the channel vector independently follow
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the normal distribution N(0, 1), and our proposed algorithm is not only much more
efficient than the existing ones that give the optimal solution, but also faster than
some of the suboptimal methods.

In the future, first, we will try to show in theory that indeed the complexity
of our algorithm is O(n'?). Then, we intend to extend our algorithm to find the
integer network coding coefficients over a compute-and-forward multi-source multi-

relay system, i.e., solving the following optimization problem:

P
. T _ -
A maX @, Gnm,  Gm =TI = 7pmr, (6.1)
subject to: A = [ay,ay,...,a,]”, (6.2)
and: |A| # 0, (6.3)

where P is the transmission power and h,, € R" is the channel vector. For more
details, see, e.g., [89]. And we also intend to design efficient algorithms for finding
the coefficient matrix with full rank for the integer forcing linear receiver design, i.e.,

solving the following optimization problem:

1
- T _r_ T T, 1
,oin | max a,Qa,, Q=I1—-H (HH + PI) H, (6.4)
subject to: A = [a1,as,...,a,]", (6.5)
and: |A| # 0, (6.6)

where P is the transmission power and H is the channel matrix. For more details,

see, e.g., [73].
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