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I n  the  Cal lowing r e p o r t  on :hc lmoblem o f  g r o u s e r - s o i l  i n t e r -  

a c t i o n ,  we d i r e c t  our a t t e n t i o n  t o  a s t u d y  of  the rncchan$,cs of g r o u s e r  

motion on sand. The aim of the s t u d y  is t o  p rov ide  n o t  on ly  an a n a l y s i s  

of the  mechanics of  l n t c r a c t i o n ,  but a l so  t o  p rov ide  ( th rough  the a n a l y s i s )  

a w a n s  fo r  p r e d i c t i n g  t he  developed t h r u s t  (or f o r c e )  due t o  t k  

oggrcssive a c t i o n  of thc g r o u s e r .  

It is shown t h a t  t h e  L i m i t  equilibrium approach can be used 

s u c c c s s f u I l y  t o  a r r i v e  s t  t h e o r e t i c a l l y  c m ~ ~ u t e d  t h r u s t  va lucs  which 

comparc v c r y  w e l l  w l c h  mcosured va lucs .  In a d d i t i o n ,  the shape and s i z e  

o f  f a i l u r e  s 3 r f a c e u  undur the  grouser can br predicted using L I I ~  method 

of c h a r a c t e r i s t i c s .  I n  Chapter  1,  thy overs11 p e r s p e c t i v e  p r o v i d e s  a  

ca ]>su l r  idea  o f  t h e  i n t e n t  and r e s u l t s  of thc s tudy .  It i s  shwn t h a t  

genera1 a p p l i c a t i o n  of  t h c  t h e o r y  can be sought  for  t h e  p a r t i c u l a r  case 

a t  hand. 

T h i s  s t u d y  on grouse r - so i l  interaction was conducted a s  p a r t  of 

t h e  o v c r a l l  s o i l - v c h i c I c  t n t c r a c t i o n  s t u d y ,  under c o n t r a c t  arrangemcnr 

w i t h  t h c  Defence Rcsearch Rs tab l i shment ,  O r t t l w ~  (DREO), Gcophysics S e c t i o n ,  

n e g o t i n t e d  through t h c  D c p r c m c n t  of Defcncc Produc t ion .  Acknowledgement 

I s  made t o  Mr. T.A. Hsrwood, C h i e f ,  Geophysics Sect ion ,  DRI'O, p r o j e c t  

o f f i c e r  f o r  t h i s  s t u d y .  
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CtIAPTER I 

OVERALL P E R S P E C T N E  

1 . 1  INTRODUCTION 

I n  I prcv ious  r e p o r t s  concerned w i t h  wheel-clay i n t e r a c t i o n * ,  

it has been shown t h d t  energy l o s s e s  r e s u l t i n g  from i n t e r f a c i a l  s l i p  and 

s u b s o i l  de fo rmat ion  can bc computed from an examina t ion  of t h c  s o i l  

deformat ion 3t I w l - 1  i n t e r f a c e  and a t  some dep th  t o  p rov ide  for 

nn a l m o s t  cm;lcE p r e d i c t i o n  of t h e  drawbar p u l l  from a known t o r q u e  i n p u t  

UJ. I w .  Whi 1st the  p r e v i o u s  studies have been concerned w i t h  the  problem 

of r i g i d  vt1et.1 motion or1 clay soils, t h s  l e s s o n s  l e a r n e d  from o b s e r v 3 t i o n  

of s o i l  d e f o r m a t i o n  under t h e  moving wheel d e m o n s t r a t e  t h e  fact t b ~ t  

n imi ln r  t e c h n i q u e s  shou ld  be used t o  d e f i n e  and  e v a l u a t e  the  mechanics  o f  

erouser-soil intcraction. 

r h u s  i n  view of  the f a c t  t h a t  the locomotive a b i l i t y  o f  m y  

v e h i c l e  i s  Jcpcndcn t  on i t s  i n t e r a c t i o n  w i t h  s o i l ,  i t  becomes obvious  t h ~ t  

i n  d c s c r i b i n ~ ,  t o r  example, t h e  performance of a t r , x k c d  v c h i c l c  on s o i l ,  

a bcEte r  u n d e r s t a n d i n g  of  the mechanics o t  the  i n t e r x t i o n  bctuccn grouscr 

and s o i l  w i l l  p rov ide  for  a  more r a t i o n a l  b a s i s  f o r  G v a l u e t i o ~ r  of v e h i c l e  

performance.  Previous a t t e m p t s  a t  examining t h e  gcomctry of t h c  f n i  l u r c  

s u r f a c e  k n e a t h  e moving ri.fi1.d g r o u s e r  hove been r a p o r t c d  ( c . g . ,  Ackkcr 

* "Drawbar P u l l  P r c d i c t i o n  from Energy Losses in Whccl-Clay I n t c r q c t i o n "  
by Yong and F i t x p a t r i c k - N a s h ,  S o i l  H c c h m i c s  Scrips No. 2 2 ,  Repor t  
QRTE (Geophysics)  24, A u g u s t  1968. 

"Response Behaviour of Clay S o i l  Undcr :i Movinfi Rigid  Wlwel" hy Yorig, 
Fi txpa t r i ck -Hash  and Wchb, S o i l  M,.cl~ar~icp. k r i c s  No. 23, Rtlport DRTE 
(Geophysics)  JO, September 1468. 

"Energy C o n s i d f r a t  ions  i n  Wt1cc*l-C13y So i  1  I n t c r ~ c t i o n "  by Yong and 
Urbb,  S o i l  Mechanics  S c r i c s  No. ? J ,  Rt.por~ DLlEO (Geophysics)  3 2 .  



1960; Haythornthwat t e ,  1961). Apparen t ly ,  inve t r t igo t  i o n s  i n t o  t h e  mode 

and mechanism o f  f a i l u r e  appear t o  be q u i t e  limi t c d ,  Except  f o r  t h e  

L a t t e r  work i t  w u l d  appear  t h a t  t h e  emphasis on research i n t o  this 

problcm h a s  c e n t e r e d  oround t h e  use of t h e  s t r i p  foo t ing  model. Madi f i c -  

a t  ions  in t roduced  th rough  f u r t h e r  r e s e a r c h  have becn d i r e c t e d  towards 

improving the constraints and p r o v i d i n g  f o r  a better definition of t h e  

boundary condl  t i ons  . 

1.2 THE PROBLPIS STUDIED I N  THIS REPORT 

I n  t h i s  r e p o r t  we a r e  concerned w i t h  t h e  mechanics of a s i n g l e  

g r o u s e r  a c t i n g  on sand as a f i r s t  phase of the  s t u d y  of  g r o u s e r - s o i l  

i n t e r a c t i o n .  The expec tmenta l  problem i s  reduced t o  a plane  s t r a i n  

c o n d i t i o n  where a  g l a s s - s i d e d  b x  is used t o  p rov ide  f o r  g r i d  rnorkings t o  

assist i n  vlaual o b s e r v a t i o n  of s o i l  de fo rmat ion  undcr t h e  a c t i o n  o f  t h e  

g r o u s e r .  The i n t e n t  h e r e  is  t o  p r o v i d e  i n f o r m a t i o n  on t h e  p h y s i c a l  

behaviour of a s i n g l e  g r o u s e r  i n  o r d e r  t o  fo rmula te  the n e c e s s a r y  mathem- 

a t  i c a l  mode 1 and boundary c o n d i t i o n s .  

From i n i t i a l  o b s e r v a t i o n s  of the g e n e r a t e d  f a i l u r e  s u r f a c e ,  i t  

became a p p a r e n t  t h a t  t h e  l i m i t  e q u i l i b r i u m  approach cou ld  be u t i l i z e d ,  and 

t h u s  f u r t h e r  e x p e r i m e n t a l  observations were d i r e c t e d  towards d e f i n i n g  t h e  

l i m i t s  of a p p l i c a b i l i t y  of  the s o l u t i o n  t echn ique  and a l s o  the  e x t e n t  o f  

thc  f a t  led  sot 1  moss under t h e  a g g r e s s i v e  a c t i o n  of  t h e  moving g r o u s e r .  

Thc method of c h a r o c t e r i r t i c s  h a s  been used a s  an  a d d i t i o n a l  means f o r  

soLul Ion  of  t h e  problem i n  o r d e r  t o  p rov ide  f o r  a comparison between t h e  

p r c d i c t e d  f a i l u r e  c h s r a c t e r i s t i c s  and the a c t u a l  s l i p  l i n e  observed from 

exp1'r iment3tIon.  



Thc  us^ o f  sand a s  an i n i t i a l  examination of the problem provides 

f o r  a l i m i t i n g  c a s c  for study in the hvyc t h a t  thc mcthod of a n a l y s i s  

generated could 1x7 modif ied br  a p p l i c ~ t  Lon t o  ochcr s o i  1 t y p s s .  In t h i s ,  

the s tudy  of the mechstiics of grouser-so i l  interaction, t h e  use of tlw 

l i m i t  equi l ibrium method of analysis provides for a tool for prediction 

or a n a l y t i c a l  computation o f  thc hori;:untsl  and v c r t i c a l  forces nccesaary 

to provide for aggressive a ~ t i o n  of the grouser.  We d e f i n e  a g g r r s s i v z  

grouser a c t i o n  t o  m a n  motion O F  the grouser  i n t o  rhc s o i l  to c r e a t e  a 

f a i l u r e  c o n d i t i o n  i n  the s o i l .  Thus t h c  limits of  the r n a g n i t u d ~ ! ~  of t h e  

hor izonta l  and v e r t i c a l  f o r c e s  def ined  for aggressive a c t i o n  o f  the yrourer 

serve  t o  identify the maximm f o r c e s  t h a t  can be appl ied t o  providc Eor 

torward motion of t h e  rracked v e h i c l c .  

In the a p p l i c a t i o n  of the rigorous method oi characteristics, 

the  Failure c h a r a c t e r i s t i c  i f  idcnt  ificd as corresponding t o  the o c t u s l  

sub-surface observed e r p e r i m e n L a l 1 ~  would pruvidc jus t i  Eicat ion for thc 

l i m i t  equilibrium approach of study to the problem. I t  w I l l  lx shown 111 

t h i s  p a r t i c u l a r  report that such is the casc and i t  thereforu appcars 

that  for a c o h c s i o n l e s s  mater ia l ,  the l imic  equi l ibrium technique arid 

mcthod o f  c h a r a c t c r l s t i c s  s o l u t i o n s  can  be a p p l i e d  to analyze the problem 

and prnvidc for a t o o l  f o r  predic t ing  the forward motion of a  tracked 

v c h i c l e .  

1.3 FXPERMENTAL CONSIDERATIONS 

T h ,  grousr.1 t c s t s  p r ~ , f o r m e d  i n  t h i s  study f a l l  in to  two 

I j i ,  v i ? :  

1. Constant Vertical h a d  Tcsts (CVL), and 

2 .  Constant Elevat ion (CL) Tc:; ts.  



1. Constant  Vertical h a d  Tes:s 

A c o n s t a n t  v e r t i c a l  l oad  in tended  t o  s i m u l a t e  a p o r t i o n  
o i  t h e  v e h i c l e  weight w a s  a p p l i p d  t o  t h e  t op  of t h e  
g r o u s e r  and mainta ined t t r o u g h o u t  t h e  e n t i r e  test .  Sine* 
t h e  g r o u s e r  W R S  mounted on s c a r r i a g e ,  i t  was f r e e  t o  
t r a n s l a t e  bo th  v e r t i c a l l y  and h o r i z o n t a l l y  bu t  was 
r e s t r a i n e d  a g a i n s t  r o t a t i o n .  'The measurable  response  
paramete rs  d u r i n g  t h i s  type  of t e s t  were t h e  h o r i z o n t a l  
d i sp lacement ,  the h o r i z o n t a l  f o r c e  and the v e r t i c a l  
d i sp lacement .  S i n c ?  a l l  of t h e s e  measurements werc tekcn 
st t h ~  s a w  time w i t h  a  c o m o n  time bast., t h e  v e l o c i t y  of 
h o r i z o n t a l  t r e n s l e t i o n  was a l s o  de te rmined .  

1 .  Cons tan t  ELevacion T e s t s  

In t h i s  p a r t i c u l a r  series ,  the  g r o u s ? r  was r e s t r a i n e d  i n  
a v e r t i c a l  d i r e c t i o n  and was o n l y  f r e e  t o  t r o l l s l a t e  
h o r i z o n t a l l y .  Thc method of r e s c r a i n t  kep t  t h e  g r o u s e r  
a t  a c o n s t a n t  h e i g h t  in r e l a t i o n  t o  t h e  i n i t i a l  sand 
a n c f a c e  throughout  t h e  d u r a t i o n  o f  the  t c s c .  

As a resu l t  of t tw v e r t i c a l  r f s t r a i n t ,  the  mrasurablc 
rt:sponse paramctrra i n  t h i s  typc of t e s t  werc once mow 
t h e  h o r i x o n t a l  forcc and hor i a o n t n l  displocernent and 
hcnce v e l o c i t y ,  However, i n s t f a d  of a v e r t i c a l  d l s p l a c c -  
mcnt, che f o r c e  r e q u i r e d  t o  r e s t r o i n  t h e  g r o u s e r  v e r t i c a l l y  
W R S  measured. 

I t  was reasoned t h a t  Chese two Cypcs of tests would s i m u l a t c  

most s i t u a c i o t r s  which a r i s e  i n  p r a c t i c e  and t h e  r e s u l t s  o b t a i n e d  thcrcfrom 

s t ~ o u l d  be r e p r c s c n t a t i v c  o f  t lw k h a v i o u r  o f  t h e  soi.1 mass under chc most 

cormnon loading systems which can k d p p l i c d  t o  a g r o u s e r .  

In each of t h e  two p r i n c i p a l  types of t e s t s ,  any one of s c v c r a l  

v a r i a b l e s  may be considered. S ince  the rcvponse of thc s o i l  t o  a g iven 

Eorclng f u n c t i o n  i s  s e n s i t i v e  t o  oach of t h c s c  variables,  i c  became 

n c c r s u a r y  t o  s c l c c t  t h o s e  v a r r a b l e s  w h i c h ,  i t  was es t imat t ' d ,  would be t h c  

m o s t  important  for t h i s  f i r s t  phnse of g r o u s c r  s tudy .  To t h i s  end t h c  

f o l l o w i n g  t e s t  v a r i a b l e s  were sc l cc ted:  

1. Grouser G e m c t r y  - i .e . ,  the  v a r i a t i o n  o f  chc r a t i o  
t ~ / &  as d e f i n e d  i n  Figure  1-1. The v a l u e  of I. wos 

kept c o n s t a n t  a t  3 inches  and d i l f f r c n c e s  i n  t h e  h/C 
r a t i o  were ach ieved  by changing 11. 



FIGURE 1-1. GROUSER GEWTRY 

2 .  System Variables  

a) Horizontal  Velocity 
b) I n i t i a l  V e r t i c a l  b a d .  

1.3. 1 Apparatus 

The t e s t  apparatus consisted of a grouser  p l a t c  r i g i d l y  a t t a c h e d  

to a c a r r i a g e  uhich al lowed it t o  t r a n s l a t e  both horizontally and vertically 

but which permitted no angular rotation (see Figure 1.2). 

The carrisgc itself was mounted on roller bearings which 

t r a v e l l e d  i n  po l i shcd  guide r a i l s .  The r a i l s  were machined to a tolerance 

of 0.003 inches, and a s  a consequence thc E c i c t i o n n l  resistance of  the  

system was reduced to o minimum, the force  required to overcome t h i s  

r e s i s t a n c e  being typically of the order o f  27, t o  A% of t h e  t o t a l  measured 

h o r i z o n t a l  force. 

The carriage, with the attached grouser ,  was driven  a t  a constant  

v e l o c i t y  by means of a h y d r a u l i c a l l y  powercd p i s t o n .  The hydraulic s y s t e m  

was so constructed t h a t  t h c  f l u i d  pressure appl ied t o  t h e  p i s t o n  was, l o r  

all practice1 purposes, constant in  time and a s  such, the velocity of  t h e  

p i s ton ,  once thc i n i t i a l  acceleration had reduced t o  zcro, was constant .  



Constant Vert ical  
Load Device 

Grouser-Carriage / ~ s s e r n b l ~  

FIGURE 1-2. ISOMETRIC VIEW OF EXPERIMENTAL APPARATUS 



By v a r y t n ~  rhe  f l u i d  pressure a p p l i e d  to the p i s t o n  and by a d j u s t i n g  t h e  

r a t e  of d i s c h a r g e  of the f l u i d ,  t h e  p i s t o n  speed w a s  c o n t i n u o u s l y  v a r i s b l r  

b e t r e e n  t h e  l i m i t s  of  1 i n c h  pe r  second and 25  i n c h e s  per second.  

To ensure t h a t  t h e  p i  sron v e l o c i t y  was a t  i t s  maximum v a l u e  a t  

Ehe beg inn jng  of the  t e s t ,  the  12 i n c h  s t r o k e  c a p a c i t y  p i s t o n  was al lowed 

t o  t r a v e l  f o r  a distance of approx imate ly  h i n c h e s  h e f o r e  c o n t a c t i n g  the  

grouser c a r r i a g e .  I n  view of t h e  fac:  t h a t  t h e  r i s e  t ime or^ t h e  v e l o c i t y  

LO i t s  maximum value was g e n e r a l l y  of t h e  o r d e r  of 0 . 5  seconds  at the 

lowest  speeds  t e s t c d ,  t h i s  d i s t a n c e  was s u f f i c i e n t  f o r  the  p i s t o n  t o  b u i l d  

up t o  f u l l  speed.  

The c a r r l a g e  and g rouser  assembly were mounted on a frame i n  

such a position t h a t  i t  was d i r e c t l y  dbove a soil b i n  whose d l m n s i o n u  

were 22-112 inches  x 4 i n c h e s  i n  planform and which u s u 3 l l y  accommodated 

a d e p t h  of eand of thc  o r d e r  of 9 i n c h e s .  The  b i n  w a s  equipped w i t h  

removable l u c i t e  s i d e  wall$ and was riiounted on c a s t o r s  t o  E a c i L i t a t e  i t s  

removal  from undrr  t h e  c a r r i a g e .  T h e  c a r r i a g e  and b i n  a r e  shnwn i n  

F i g u r e  1-2. 

1 . 1 . 2  Heasur i n g  and Recording Devices 

A l l  force and d i sp lacement  m e s u r c m c n t s  were made by illcans o f  

e l r c t r i c a l  transducers.  For measurement of sand deformat ion  and a s s a s s m n t  

of snnd performance d u r i n g  t h e  aggrcssivc a c t i o n  of the g r o u s e r ,  a hlnck 

sand marker g r i d  wss superposed on the  s u r i ~ c c  s i d e  o f  thc sdnd i n  t h e  

, . nn t . i ina r .  A I6 m c i n c  camera was uscd t o  record c o n t  i rwous g r i d  

d i s t o r t i o n  d u r i n g  thc  t e s t s .  



1 .4 SVHMARY AM, OUTLMlK 

From t h e  t e s t  r e s u l t s ,  i t  appears  t h a t  t h e  method oE s o l u t i o n  

shown i n  Chap te r s  2 and 3 p rov ides  a v i a b l e  means f o r  p r e d i c t i n g  and 

snalyaing g r o u s e r - s o i l  i n t e r a c t  ion.  For convenience,  we can  sumnarize 

thrce key graphs t o  show (schematically) the success ach ieved  l o  c o r r e l a t i o n  

hetween t h e o r e t i c a l l y  p r e d i c t e d  (or computed) and a c t u a l  measured valucs  

(see Pigure  1.3). The a c t u a l  grnph8 mAy be seen i n  Chapter  3 whcrc the 

proper  d i s c u s s  ion is provided accord ing ly  . 

llaving e s t a b l i s h e d  t h e  v i a b i l i t y  o f  thc  method, and i t s  

s u p e r i o r i t y  t o  p r e s e n t  r e p o r t e d  methods - as c v i d e n t  from Pigure  1-3 and 

Chaptcr 3 ,  i t  would appear t h a t  f u r t h e r  s t u d y  on m u l t i p l e  g r o u s e r s  is i n  

ordcr.  The cnd purpose  of m u l t i p l e  grouscr s tudy  i s  t o  de te rmine  optlmum 

spac ing  t o  achieve b e s t  t o t a l  a g g r e s s i v e  grouscr  motion. T h i s  would l ead  

to s morc r a t i o n a l  b a s i s  f o r  de s ign  of grouser spacing.  

I n  a c t u a l  f a c t ,  i t  w i l l  be nccn t h a t  grouser spac ing  can be 

e s t a h l i s h e d  from a s i n g l e  g r o u s e r  test - i n  view of the s u c c e s s  ach ieved  

i n  correlation betwc.cn t h e o r y  a p p l i e d  hcrc and a c t u a l  e x p c r i m n t a t i o n .  

A t t e n t i o n  is d t . r ec ted  towards t h e  a n a l y t i c a l  model shown ln Pigure 2-2 

and t h e  fact t h a t  t h i s  formed t h e  b a s i s  for  the t h e o r e t i c a l  considerations. 

Thus by placing thc next  grouser beyond the Rankine m n c  shown in F i g u r e  

2-2, t a k i n g  i n t o  account  the dependence of ol and P on grouser and system 

paramete rs ,  a r a t i o n a l  set of r u l e s  may be d e v i s e d  t o  n i d  i n  s t u d y i n g  

zrn- ser  spac ing .  T h i s  o u t l o o k  is f u r t h e r  d i s c u s s e d  in the l n t t e r  p a r t  o f  
I 

this report .  
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CHAPTER 2 

THEORETICAL CONSIDERATlONS 

2 .  I INTRODUCTION 

From i n i t i a l  t e s t s  with the  grouser ,  using a gr idded  g l a s s - s i d e d  

box, t h e  geometry of t h e  f a i l u r c  mass under  the aggress ive  a c t i o n  of t h e  

grouser showed paEtetns s imi lar  to that shown i n  Figure 2 - 1 .  U i t h  t h i s  

knowledge of t h e  p h y s i c a l  behaviour  of the  s o i l  mass, a t h c n r e t i c a l  s o l u t i o n  

can now be sought. 

2.2 ANALYTICALMODEL 

Thp e n a l y t i c n l  model ohovn i n  Figure 2-2 may be c v n s l r u c l e d  from 

Figure 2-1. We note t h a t  t h e  deforming soi  1 mass is broken doun into t h r e e  

p a r t s ,  nemcly: 

a) r i g i d  ?one where the soil i n  t h i s  r r g i o n  may be 
assuolcd to be an i n t e g r a l  p a r t  of t h c  grouscr .  
At a l a t e r  t i m e ,  i t  r i l l  be shown t h a t  the 
boundar ies  of E h i s  r i g i d  none a r e  dependent  on 
bo th  grouser geometry and c o n s t r a i n t s  s u r r o u n d i n g  
t h e  aggressive movcment of t h e  grouscr ,  i . c . ,  B 
and d a r c  i n f l u e n c e d  by t h e  i o r f g o i n g  factors. 

b) o zone of r a d i a l  sheer ,  nnd 

c) a  Rnnkino passive zone.  

It is apparsnt that s t h e o r e t i c a l  s o l u t i o n  may bc sought i n  terms 

of limit equil i b r i u m  if reasonab le  a s s u r a n c e  is provided by t h e  knowkd&e  

t h d t  a l l  thc  m u t e r i s l  i n  the r ~ d i a l  and p a s s i v e  zoncs are a t  t h e  l i m i t i n g  

: i q u i l i b r i .  Whils t  in a c t u a l  l n c t  t h i s  is a d i f f i c u l t  c o n d i t i d n  

t o  m e a t ,  somc d 2 p a r t u r c  f rom t h i s  r i f i l d  rcquir r rnent  mAy be t d l e r a t e d  i n  

a c t u a l  p r a c t i c e .  
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Accepting t h e  c o n s t r a i n t s  inposed i rm p h y s i c a l  b e h w i o u r  and 

w i t h  some reasonable  assurance thar t h e  m a t e r i a l  i n  thc r a d i a l  and pas s ive  

zones i u  i n  n f a i l a b l e  s t a t c ,  t h e  f o l l o u i n g  sections w i l l  b r  dcvuted L u  

prov id ing  the l i m i t  e q u i l i b r i m  s o l u t i o n  f o r  t h r  model shown i n  F igure  2 - 2 .  

2.3 THE METHOD OF LMIT EQU I LIBAIUM 

In  t h i s  s e c t i o n ,  t h e  equa t ions  necessa ry  for t h e  s o l u t i o n  of the 

g rouse r  problem under s tudy ,  us ing  t h e  r rchn iques  of l i m i t  e q u i l i b r i u m ,  wi 11 

be developed, t oge the r  w i t h  t h e  boundary cond i r i ons  necessary for tlw 

s o l u t i o n  of t h r s r  d i f f e r e n t i a l  equa t i ons .  The e q u a t f o n s  describing t h e  

geometry of t h e  i a i l u r r  s u r i ~ c e  u s i t ~ g  t hc  method of c h a r a c t e r i s t i c s  w i l l  

a l s o  he deve loped. 

R r f r r r i n g  t o  F tgu r r  2 - 2 ,  i f  w c  assume thot t h e  surfacr of 

d i s c o n t i n u i t y  ( i . ~ . ,  l i n r  0 0 )  r e p r e s e n t s  a r i g i d  s u r f a c e ,  thcn t h c  method 

a s  developcd by Yong et a l ,  1969, may he appl ied  to obtain e s t r c s s  

d i s t r i b u t l o n  i n  rhe  r a d i a l  and pa s s iv r  xoncs. U h i l s t  t h e r e  m y  he no 

rigorous thcor~tical j u s t i f i c i l t i o n  f o r  such  an assumption,  c x p e r i m c n t ~ l  

evidence o b t a i n e d  suggests the v a l i d i t y  of t h i s  assumption.  

One of t h e  p r i n c i p a l  consequctlces of t he  assumption t h a t  OB 

r e p r e s m t s  a r i g i d  su r f ace  is t h e  requirrment  t h a t  zonc OBCDO mavcs upwards, 

or downwards, i n  r e l a t i o n  t o  zone O'ARO. From an examina t ion  of tlw 

displacement  p a t t e r n s  of thr  g r i d  nodes atad of t h e  v e l o c i r y  f i e l d s  (show11 

i n  a l a t e r  s e c t i o n  of t h i s  r e p o r t )  it was noted t h a t  the v e l o c i t y  rn t h i s  

region was e s s e ~ ~ t i a l l y  zero,  r e l a t i v e  to the grouser  p l a r c .  As such, it 

was concluded t h a t  2onr OBCW movcd upward, or downward, i n  r e l a t i o n  t o  

zone O'AI30. 



With t h I a  assumption, the method of l i m i t  equilibrium may then 

be used t o  provide a simplified solution to the field equat ions ,  provided 

that  the fol lowing additional assumptions are  made: 

1. that  the f a i l u r e  configuration,  shown i n  Figure 2 - 3 ,  

c o n s i s t s  of three zones. Zone OCDmay be treated  as  a 

Rankine Pass ive  zone, with the major p r i n c i p a l  s t r e s s  

d i rec t i on  be ing  hor izonta l ,  while lone  OBC c o n s i s t s  o f  

a  t rans i t i on  ?.one, where the muterial  i s  in a s t a t e  of 

r a d i a l  shear nnd zone O'ABO i s  a s i m p l i f i e d  r i g i d  zone.  

This is not unlike the assumptions made i n  the c l a s s i c a l  

bearing c a p a c i t y  problems developed by Terzaghi ( 1 9 4 4 ) .  

2 .  t h a t  a l l  of the mater ia l  w i t h i n  the f a i l u r e  zone is i n  

a s t a t e  of l i m i t  s t a b i l i t y  or a t  impending shear f a i l u r e .  

3 .  t h a t  the mLer ia l  i s  hawgeneous, i s o t r o p i c  and 

incompressible,  end 

4 .  that  the va lue  of the term 1. Thus the 
Q 

i n e r t i a  terms o f  thc form ya(~v;) may be neglected. 
- z F r  

It follows t h s t  the cquations of  equ i l ibr ium,  rather 

than the equations of  momentum, m y  b used to d e s c r i b e  

t h c  s t a t e  o f  stress with in  the material. 

With these  assumptions, a trolurion may thcn bc found for  the fo l lowing  

systcm of  equa t ions .  

2 . 3 . 1  Equations of Equilibrium 

T h e  differential cquarions  of equi l ibrium in polar c o o r d i n a t e  

Eorm ( c o n s i ~ t c n t  wi th  the coordinates shown i n  FiRure 2-31 are g ivcn  a s  

follows: 



FIGURI: 2 -3 .  STRESS NOTATION CONVENTION IN POLAR 
COORDINATE SYSTEM 



2 . 3 . 2  Yield C r i t e r i o n  

The Mohr-Coulomb f a i l u r e  c r i t e r i o n ,  val ld  for the description of 

the s t r e s s  state i n  a granular mater ia l  a t  the p o i n t  of impending f a i l u r e ,  

may be expressed as: 

0 - Ux+V-  ( 1  + sin 0 cos  2 y l )  r - 
2 

'L3= o+ sm 0 sin 21t~  

where: ~ n g l e o f  i n c l i n a t i o n o f m a j o r  p r i n c I p a l s t r e s e  t o  
the x -ax is .  

Denoting the i n c l i n a t i o n  of the major pr lnc ipnl  stress d i r e c t i o n  

to the 0-axis as , equations ( 2 . 2 )  can be wrl t ten ,  i n  terms of r - 9 

coordinates, as: 

Y' 

The  emt try of  the pr inc ipa l  stresses i n  the physicnl  plane i s  shorn  i n  

Figure 2-5 .  

F o r  the general  case  of a  r ig id  surface  moving through a soil, 

thr. s t r e s s e s  acLing on ttw r i g i d  surface may be expressed as:  

Tre - fie can 6 i n  t h e  passive caEe, and 
( 2 . b )  

= - - , t a n &  i n  t h e  a c t i v e  case  re 





FIGURE 2-5. PRNCIPAL S-li7ESS HEPRESENTA'rIOH 
IN THE W S I C A L  PLANE 



where:  6 = a n g l e o f f r i c t i o n b e ~ w e e n t h c s u r f a c e a n d t h e s o i l .  

The gcomctry of the forces  act ing un thc  surface may be seen  i n  Figure 2-6 

Rig id  Surface  

FIGURE 2-6 .  FORCES ON R l G L D  SURFACE MOVING THROUGH SOIL 

I n  thc c e s r  where the wall or surfncc is moving Into the soil, 

the passive case will be considered and thus unly   he p~sltivc case w i l l  

be used.  That is ,  

2 . 3 . 3  The S t r e s s  Function 

To facilitate t h e  solution of the system of equations w h i c h  

d e s c r i b e s  the problem, we introduce a diroensionless  stress function S (8) 

def ined  as 

a =  C ~ T  sCel (2 .61 

where:  Q is t h e  mean stress a t  a point, 

0 ,  and O are t h e  major  and minor principal s t res ses  respectively. 
3 



It is accn that the stress funct ion r e l a t e s  the s t r e s s  at a point 

to the density of t h e  material and also to the s p a t i a l  position of that 

p o i n t  i n  r e l a t i o n  to the or ig in  of coordinates. The use O E  S ( 8 ) ,  enables  

equat ions  ( 2 . 2 )  and ( 2 . 3 )  t o  be expressed i n  a form which is readily 

amenable to a n a l y s i s ,  thus constituting a similarity variable which enables 

the stress a t  any point i n  the m a t e r i a l  to be determined. Its dctcrminution 

at various points within a region enables the mapping of the stress 

distribution t l~rougl~out the region. Substituting for 0 in equation ( 2 . 3 1 ,  

ue obtain:  

mr - D (1 + s i n  0 cos 2 y') 

From equations ( 2 . 7 ) ,  ( 2 . 6 )  and ( 2 . 2 ) ,  

= cos  6 

( 2 . 8 )  

d s  
(1-sin 0 con 2l.p') - + 2 S sin 0 sin 2y' 

do 
[ + ,] + 5 sin o sin 2 t p 1  

= - s i n  e 

From equations (2.81, ue obtain:  

iw = 
2 cos 0 - sin 0 c o s ( 2 y '  + 8 )  - S cos 0 

d e  
- 1 

2 S s i n  O ( c 0 s  2 W '  - s i n 0 1  



A solution of equation (2.9) requires the s p e c i f i c a t i o n  of boundary 

c o n d i t i o n s  along the surfnces OB and OC shown in Figure 2-2 .  

2 . 3 . 4  Boundory Conditions 

Since Regton I In Figure 2-1 represents  a Rankine Passive zone, 

the h u n d a r y  condtcions along OC may k r e a d i l y  specified. The boundary 

condit ions at point C (Sokolovski, 1960, Harr, 1966) ace:  

S = cos 8 
1 - s i n  0 

where: b w + -  e = r  2 

Subst i tut ing  for 8 ,  we obtain: 

S = 
L 

1 - s i n  0 

The: second of equations (2 .11)  may be derived d i r e c t l y  from t h e  knowledge 

that the m a j o r  principal stress ~ c t s  in a horizonta l  direction in Region I. 

Since the bundary conditions a t  point B and along the boundary 

OB ( i n  Figures 2-2 and 2-7)  ure in no way defined, and recalling that 

c q u ~ ~ c i o n  ( 2 . 5 )  describes thc strcss conditions ;it the rigid wall-soil 

in tcrfuce ,  the assumption t h a t  thc ma68 in zone O'ABO i n  F i g u r e  2 - 2  is 

rigid provides one with the knowledge that  t h c  dirzction o f  the m ~ j o r  





p r i n c i p a l  s t r e s s  w i l l  be c o n r t a n t  throughout  t h i s  r eg ion .  Thus t h e  

d e t e r m i n a t i o n  of  y '  a t  p o i n t  A w i l l  be s u f f i c i e n t  f o r  t h e  d e t e r m i n a t i o n  

o f  ' a t  B. 

S u b s t i t u t i n g  e q u a t i o n  (2.7) i n t o  e q u a t i o n  ( 2 . 5 ) ,  we o b t a i n :  

s i n  0 s i n  2 iyfB = [(l - s i n  0 c o s  2  y'B)] t a n  

Hence : 

s i n  % s i n  2 ~ ) ' ~  cos 6 = s i n  6 - s i n  0 cos 2 y t B  s i n 6  

s i n  % s i n  (180 - 2 y B )  c o s  6 = s i n  6 s i n  0 c o s  (180 - 2 y t B )  s i n d  

There fo re :  

(180 - 2 PIB) cos ck - c o s  (180 - ZylI) s i n  

s i n  & 
s i n  (180 - 2 y i B  - A )  

We t h u s  o b t a i n :  

ynB = 0.5 TT - 6 - a r c  s i n  [ s i n  6 
n I 

where v'B i s  t h e  a n g l e  o f  i n c l i n a t i o n  o f  t h e  p r i n c i p a l  

stress d i r e c t i o n  to t h e  8 - a x i s  a t  p o i n t  B. 

To d e t e r m i n e  t h e  stress f u n c t i o n  SB, a t  p o i n t  B, w e  employ an 

i t e r a t i v e  s o l u t i o n  (Runge-Kutta Method), a s  fo l lows :  

1. e s t i m a t e  a  v a l u e  o E S  B 

2 .  by a  p r o c e s s  of  numer ica l  i n t e g r a t i o n ,  work from p o i n t  A 
t o  p o i n t  C 

3 .  compare t h e  v e l u e  o f  SC a s  de te rmined  above w i t h  t h e  v e l u e  
c a l c u l a t e d  Erom e q u a t i o n s  (2.12). I€  t h e  d i t f e r e n c e  i s  t o o  
large, e s t i m a t e  a  new v a l u e  o f  S  and r e p e a t  t h e  p rocedure .  B 

By r e p e a t i n g  t h e  p rocedure  u n t i l  t h e  two v a l u e s  of  S o b t a i n e d  from C 

e q u a t i o n s  (2.11) and by c e l c u l a t i o n  a g r e e  t o  w i t h i n  0 . 0 1 ,  t h e  t r u e  v a l u e  



of SB i s  ohtained. The r c s u l t s  o f  t h i s  cnmputatlon a r e  summarized in 

Figures  2-8  and 2-9,  which show the v a r i a t i o n  of  y 1  and S w i t h  B 

r e s p e c t i v e l y ,  for  vur ious  va lue s  of  t h e  angle  B. 

2 .  ?1 G E W T R Y  OF THE FAILURE SURFACE 

To o h t a i n  a c o m p l e t e  s o l u t i o n  o f  t he  r i g i d  wall-soil interaction 

problem, we require the determination of t h e  shape of the  f e i l u r e  s u r f a c e .  

From the  exper iments ,  i t  w a s  observed t h a t  l i n e s  AB and CD i u  Figure  2 - 2  

were s t r a i g h t ,  which i s  c o n s i s t e n t  with t h e  asswnption t h a t  zones O'ABO 

and OCD r ep r e sen t  a  r i g i d  and a Rankine zone r e s p e c t i v e l y .  S I m e  t h e s e  

are regions of constant s t s t e  i t  i s  thus only necessary t o  specify the 

cquation of the f i p i r a l  r l l r v e  rrpres+t~rcd by BC in Figure 2-2. 

The s o l u t i o n  t o  this p a r t  oi the problem may be sought through 

the use of the method of c h a r a c t e r i s t i c s .  We rccall t h a t  a c l ~ ~ r a c t e r i s c i c  

i s  dc f ined  as a l i n e  alot~y: which discontinuitics i n  dcrivativer propagate 

or ticross which derivatives of t h e  f i r s t  or second ordcr, or hoth, are 

discontinuous. Cn consideration of thc Equat ions  of  V a r i a t i o n  o f  the 

p resen t  system, g i v e n  a s  equations ( 2 . 9 ) ,  it w i l l  bc scen t h a t  t he  

d e r i v a t i v e s  of w '  and S hccorne. discon t inuous  when 

+ 
We note  t l w t  when 7+J ' = -,AL in cquations (2 .9 ) ,  t h e  denominators 

of thesr equations v a n i s h .  Ttw numerators may s imul ta r \cous ly  v a n i $ t ~  or  
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FIGURE 2-1 1. C E W T R Y  OF SLIP L l W S  IN THE PHYSICAL PLANE 



FIGURE 1 -12 .  INCREMENT AIDNC RADIAL SLIP LRJE 



may he different from zero. If the numerators v a n i s h ,  then equstirrns (2.13) 

define the characteristics of the system. If they are d i f f e r e n t  from zero, 

equations ( 2 .  13) define a l i n e  of discont inu i ty  whlch has hecn shown t o  

co inc ide  w i t h  the s l i p  l i n e s  of the system (Herr, 1966). I t  has heen 

stiown that t h e  s l i p  l i n e s  form the envelope of  the charac tcr i s c i c s  oE any 

system (Prager, 1953; Harr, 1966) and as such, equations  ( 2 . 1 3 )  deEine the 

slip l i n e s  of the present system. 

The s l i p  lines cornprige two fami l i e s  of curves which intersect 

7 + nt nn a n g l e  of 2 ~ =  - - 0 and arc inclined a t  angles of yr - p t o  the 
2 

radiun vec tor s .  The geometry of  the slip l i n e s  in the Mohr plane is nhnwn 

s s  Figurc 2-10, whilc the genmztry in the phys ica l  plane i s  shorn  a s  

Figure 2-11. 

Thc equation of t h e  s l i p  l i n e s  themselves may be determined from 

consideration oE FiEurc 2-12, It will be seen that 

rdD - -  = t e n  
d r  

i" jQ c o t  ( ly '  + -p)  do 

Tb 0 

+ 
r e = . 0 '"P [jg 0 c o t  ( W f  -P) dB] 

t v l ~ ~ r e :  r length of  radius  vector at .rngle of 0 to i n i t i a l  
pos i t ion  

= length of radius vcctor  ~t in i t i . 11  p o s i t i o n  

6 = angle  of inclinatinn of surface 00 (Figure 2-2)  
t o  v e r t i c a l .  



The e q u a t i o n  o f  t h e  C+ c h a r a c t e r i s t i c ,  which d e f i n e s  t h e  f a i l u r e  s u r f a c e  

i s  g iven  by 

Equa t ions  (2.15) may be s o l v e d  by a  p r o c e s s  o f  numer ica l  i n t e g r a t i o n ,  

u t i l i z i n g  Simpson 's  Rule,  t o  y i e l d  t h e  f a i l u r e  s u r f a c e .  

2 . 5  PREDICTION OF HORIZONTAL FORCES 

With t h e  d e t e r m i n a t i o n  o f  t h e  stress f u n c t i o n  a t  p o i n t  B (F igure  

2-2) i t  now becomes p o s s i b l e  t o  d e t e r m i n e  t h e  h o r i z o n t a l  and v e r t i c a l  

f o r c e s  a c t i n g  a l o n g  OB. To compute t h e  f o r c e s  a c t i n g  on t h e  g r o u s e r  

however, and hence t o  p rov ide  a  complete s o l u t i o n  t o  t h e  problem, t h e  

stresses a c t i n g  w i t h i n  zone O'ABO (F igure  2-2) must be e s t i m a t e d .  S i n c e  

no  knowledge of  t h e  s t r e s s  d i s t r i b u t i o n  w i t h i n  t h i s  zone is r e a d i l y  

a v a i l a b l e ,  w e  r e s o r t  to a  s i m p l e  s t a t i c  e q u i l i b r i u m  approach  as a f i r s t  

o r d e r  approx imat ion .  

Assuming t h a t  t h e  v e r t i c a l  f o r c e ,  P, a c t i n g  on t h e  t o p  of  t h e  

g r o u s e r  produces  a  Coulombic f r i c t i o n  f o r c e  a l o n g  t h e  f a i l u r e  s u r f a c e  AB, 

we o b t a i n :  

T = P t a n a  (2.16) 

. - c t ing  a l o n g  AB. The h o r i z o n t a l  component T w i l l  be d e f i n e d  by: H 

T~ - (P t a n  0) cog d. (2. 17) 

a s  shown i n  F i g u r e  2-13. 





Takfng i n t o  account the f r i c t i o n a l  rcsistmcc T at  rhe in t er face  
f 

of the luc i t e  s i d r - w a l l  and the sand: 

W ~ E  re : =f 
= f r i c t i o n a l  force 

U = weight of sand within f a i l u r e  zone 
1  

= a n g l e  of f r i c t i o n  a t  l u c i t e - s o i l  interE;icr 

k = i n t e r a l  pressure c o r f f i c i e n E  (taken to be u n i t y  
f o r  ttlc l i m i t  equ i l ibr ium case)  

An c s t i m n t r  of t h z  anElc a t  w h i c h  Tf s c t s  may be obtained frm c x p c r i m e n t e t i o n  

where t h c  mean angle  a t  which the s o i l  mows r e l a t i v e  to  t h c  h o r i z o n t a l  i s  

d c t e m i n e d .  The r e s u l t a n t  force configurat ion 1 5  shuwn Lo f i gure  2-1$. 

FIGURE 2 -  14.  CALCUIATION OF LUCITE-SAND 
IXTERFACTAL FRICTION 

From t h e  f i g u r r ,  i t  w i l l  be seen that :  

T = Tf cos 
fh  

whrre: T f  = hori;.ont.~l  compolwnt of  i n t c r f n c i a l  friction forcc 
il 

Tf = vertical cmponcnt of i n t e r f ~ c i a l  f r i c t i o n  force 
V 

= angle of i n c 1 i n ; : t i o n  of mean dircc , t ion  of motion 
of  s o i l  mass t o  h o r i z o n t a l  d i r e c t i o n .  



CHAPTER 3 

APPLICATION OF THEORY 

PRESENTATION OF RESULTS 

the Apprndir 

A sumnary o f  the  experimental t e s t  results  i s  giveti it1 Table  A-1 

. The v a l u e s  o f  S and SC together w i t h  ?#I end YiC are 
B B 

A 4  for t h e  t e s t s  for which they were c a l c u l a t e d .  listed i n  Table  

Also l i s t e d  i t )  Table  A-2 arc  the values of @ and €or the 

v a r i o u s  t e s t s .  In each c a s e ,  5 and o< were determined by plotting t h e  

displacement  p e t t e r n s  of the t e s t s  end measuring the cxpcrimental ly  

obtained anglce . 

7.2 PROCEDURE FOR APPLICATION OF TWORY 
I N  EXPER MENTATION 

To demonstrate t h e  theory and its usefulness and a p p l i c a b i l i t y  

in p r e d i c t i n g  the developed hor izonta l  and v e r t i c a l  forces due t o  the 

aggressive a c t  loti o f  t h e  grouser ,  we may consider the fol lowit ig  example. 

Using the b a s i c  system parameters for Test Number 9, ut. have: 

Constant v e r t i c a l  load t e s t  

0 = f r i c t i o n  angle of sand = 38' 

6 = f r i c t i - o n  angle  aL disconrinuity OB 
e ,  r i g  a = 29.5' 

A L  = friction angle  between sand and lucl t t !  w a l l  = 20' 

Density = f 9  = lW.93 pcf 

Wtdth of grouser = 4 inches = b 

Crouurr dimensions: = 3 inches  
h = .! inches 

HorI rontal  v e l o c i t y  = 5 . 2 5  incheslsecond 



FIGURE 3-1.  

We noce t h a t  the fricrion angle 6 a t  the discontinuicy OB 

i e ,  r i g i d  w a l l )  is d i f f e r e n t  from 0, the friction angle oE the sand. 

Thc r a t i o n a l e  for t h i s  may be found in  terms oE: 

a )  the arnumption o f  a r i g i d  mass O'ABO o r i g i n a l l y  
expla ined  i n  Chapter 2 .  It is ~ s s u m e d  that  thc 
p r o p c c t i e s  a t  OB arc carried over f r o m  O'A. 

b) i f  & - 0 < t  w i I I  bc obvious t h a t  rhc radia l  zone 
will no longer e x i s t .  Experimentat ion shows t h e  t 
this cannot be t r u e ,  i.e., the r a d i a l  zone (zone 
OBC i n  Figure 2 - 2 )  ~ C F Y  e x i s t .  

To complete the speciEication of the system parameters, i t  ncu 

remains to obtain ~, fi and thereby c m p u t e  the lcngth of OB. Wc note  

that the length o f  OB is  r i n  Figurc 3-1. 

From c o n t r o l  t e s t a  such a6 those reportcd in TabIe A -  we may 

exper lmcnt~  l l y  determine d and P .  In Figures 3 . 3  and 3 - 4 ,  variations in 

6 due to l / h  ra t io  and also due t o  v e l o c i t y  are given. S i m i l a r  graphs 

may be drawn for d. Thus with this kind of information, it becomcs 

l?oss ib le  to s p e c i f y  d and R and thus  compute r ,  the length of OR ( sce  

Figure 2-2 €or p h y s i c a l  descr ipt ion  o f  N, B and On) 



Constant Elevat ion  

/ \ 

/ Y '\Q 
Constant Vertical Load 
of 21-1/2 l b s .  

HUE: Tcsts done on 3 ins. a 2 ins. Ctouser 

Carriage Velocfcy, in ins.lsec. 

FIGURE 3 - 3 .  INFLUENCE OF C A R R I a E  V E L O C I n  ON MEASURED VALUES 
OF fi FOR CONSTAW! VERTICAL LOAD AND FOR CONSTANT 
ELEVATION TESTS 



:me: Mean Carriage Veloc i ty  
= 4 . 1  i n s . / s e c .  

\ - C o n s t a n t  V e r t i c a l  
b a d  of 21-1/2 1hs 

/ 1 - Constant E l e v a t i o n  

FIGURE 3 - 4 .  INFLUENCE OF GROUSER GEOtlETRY ON MEASURED VALUES 
OF 5 ,  FOR CONSTANT EWATIOPI TESTS 



Thus: for a v e l o c i t y  of 5 . 2 5  inches/second, we w i l l  obtain:  

8 = 38.0'  

- - 2 . 5  O 

r = 2 .28  inches = 0 .19  f e e t  

Proceeding w i t h  the a p p l i c a t i o n  of the theory, we now determine 

valuer for Sg a n d Y f B .  This is a c c m p l i s h e d  by noring t h a t  s o l u t l o n  o f  

Bquations (2 .9)  i n  Sect ion  2 . 3 . 3 ,  together w i t h  t h e  boundary condi t ions  

gtven as equations ( 2 ,  11) and (2.12) w i l l  yield values of the s tress  

function SB and p r i n c i p a l  stress angle a t  point  8 (Figure 2-2).  

AltetnaLively, we can make use of Figures 2-8 and 2-9 t o  obta in  a graphical 

determination o t  y'B and S We thus obtain, 
B' 

Frca equations ( 2 . 7 )  i n  Sect ion  2 . 3 . 3  

u = U (1 + s i n  0 cos 27)1') r 

W note from equation (2 .6)  i n  Section 2 . 3 . 3 ,  

0 = grS 

Substituting ( 3 . 2 )  i n t o  (3.1) y i e l d s ,  

5 - , grS(1 + sin 64 cos 2y') 

ue = e g r S ( 1  - s i n  0 cos 2Yr) 

Substitutin8 numerical values ,  we obtain:  

= 100.93 x 0.19 x 2 . 2 0  x 0 .92  
r 

= 3 8 . 9 p s f  

ur = 0.27 psi 



Slmi l o r  ly, 

a, = 0.316 psi. 

Since the value of S v a r i e e  linearly between 0 . 0  a t  point 0 and 2.20 a t  

point  '8 i n  Figure 2-2, the forces may be found from: 

where: b fs the u i d t h  of the grouser. 

Similarly, 

0 . L )  

i n t o  equations  ( 3 . 3 )  and (3 .4 )  y i t  Ids, K t t j n g  numerical values  of r and b 

F = ( 0 . 2 7 ) ( 4 . 5 6 )  = 1 r 

Fg = (0.316)(4.56) = 1 

F r ~ a  considerntion of Figure 3-2, it will be eeen that  

= F s i n p t F  c o s B  
r @ 

FH 1.23 s i n  38 + 1.LL cos 38 

- 1.89 lbs 

!count for the shear force due to the a p  ed v e r t i c a l  1 

Ibe, the fa i lure  surface for the part icu lar  experimental  constraints may 

k deternincd using equation (2.15) in Section 2 . L .  Wc thus obta in  the 

weight of r o i l  m zone O'ABO (Figure 2 - 2 )  = 1 . 6 6  lbs. With refcrencc to 

equation (2.17 and Figure 2.13,  

t o t s 1  vertical weight = 21.5 t 1.66 

= 23.16 lbs 



-refore : 

- (23.16 ran 0) con d 

= (23.16) (0.78) (0.998) 

= 18.2 lbs 

maal ly ,  account m u s t  be taken of the side friction forces. From the 

tkot~tically prcdicrcd fa1 lure configuretion using cqunrion ( Z . l 5 ) ,  t h e  

totat weight of sot 1 in thc Sat led  mass may be found to be 

W = 3.0 lbs 
1 

Thus,  frm equations (2.18) and (2.19) we obtain: 

T = 1.09 ibs  
h 

The t h e o r e t i c n l l y  predic ted  t o t a l  h o r i z o n t a l  force, H,  i s  t h u s  

- 1.89 + 18.2 + 1.09 

= 21.18 Lbs 

Ue n o t e  fram Table A-1 i n  the  Appendix t h a t  t h e  measured v a l u e  

for  A for T e s t  9 was 22.30 pounds - a s  c m p a r e d  t o  t h e  t h e o r e t i c a l l y  

predicted value of 21.18 pounds. It is thus  e v i d e n t  that  some measure of  

4trCccsu In p r e d i c t i o n  h a s  been ach ieved .  Tab le  3 .1  shms the comparison 

bratween p r e d i c t e d  and measured values of the h o r i z o n t a l  f o r c e  H. 

3 -3 GBWERAL. APPLICATION OF THEORY 

We n o t e  t h a t  t h e  e x p e r i m e n t a l  c o n s t r a i n t s  a s s o c i n t c d  with plnne 

atrain & e n e r a t i o n  c r e a t e s  s i d e  f r i c t i o n  f o r c e s  between s o i l  and test 

y~ltainer. I n  t h e  e v e n t  t h a t  t h i s  can be o b v i a t e d ,  the t o t a l  horizontal 



force H predicted would no longer need t o  account for the term T f h *  

Thus : 

H = F " + T  
H 

In three d i m e n s i o ~ ~ a l  problems - as would be encountered i n  f i e l d  

application, empirical modifications (possibly in t h e  form o f  introduced 

cvefficirnts) would be necessary in view of t h e  horrendous c w p l e x i t i e s  

arising in the s o l u t i o n  of the equations in three dimenatonal form. (The 

problem of s ta t eren t  of boundary condit ions in  the three-dimensional 

problem can be equal ly  d i f f i c u l t . )  



TABLE 3 .  1 

CIWPARISON OF MEASURED AND CALCUZATED HORIZONTAL FORCES FOR ALL 

TESTS IN WHICH COFIPUTATIONS W E  CARRIED OUT 

I1 (lbs) 
Measured 

rea t  
Ipo. 

B 

9 
11 

13 

14 

16 

17 

20 

24  

27 

28 

29 

30 

32 

34 

35 

2 5 . 3 8  

2 2 . 3 0  

19.30 

18.20 

2 8 - 4 0  

53 .40  

2 1 . 3 0  

38.00 

5 0 . 7 0  

45 .60  

3 1 . 9 0  

15.50 

24.10 

52.00 

SO. 50 

80.50 

Density 
(pcf 1 

98.73 

100.93 

100.25 

100.48 

102.20 

101.60 

100.79 

100.42 

100.90 

100.80 

99.94 

101.41 

100.34 

99.10 

100.a 

100.33 

I1 (lbu) 
Calcu latcd 

22.37 

21.20 

14.50 

i5.m 

2 9 . 8 7  

49 .7  5 

2 4 . 8 1  

36 .40  

4 6 - 5 0  

43 .80  

32 .70  

15 .40  

22 .00  

50 .50  

L1.10 

75.50 



CHAPTER 4 

DISCUSSION OF RESULTS 

4.1 C W A R I S O N  BETWEEN THEMETICALLY COPIPUTED 
AND MEASURED VALUES 

I n  Figures b-1 and 4-2 w e  show comparisons between t h e o r e t i c e l l y  

p r e d i c t e d  end a c t u a l  measured v a l u e s  f o r  g r o u s e r  performance.  It will be 

M e n  that  good agreement c x i s t s  between t h e  e x p e r i m e n t a l l y  measured and 

the c a p u t e d  r e s u l t s .  The a p p a r e n t  s l i g h t  d i s c r e p a n c i e s  p r e s e n t  l i e  

w i t h i n  t h e  limits of experimantal e r r o r  ( u s u a l l y  10%). It w i l l  be noticed 

that discrepanc ies  b e g i n  to become apparent a t  l a r g e r  va lues  of carriage 

velocity and d p p l i ~ d  v e r t i c a l  load. These may be due to :  

a )  n e g l e c t  of i n e r t i a  terms i n  t h e  a n a l y s i s  or 
t h e o r e t i c a l  computat ions ,  

b) t h e  s p e c i f i c  v a l u e  of & a t  the OB disconrinuity 
used in the computat ions ,  and 

C )  t h e  computed f a i l u r e  s u r f a c e  u s i n g s e l e c t e d v a l u e s  
of ci and B from p r i o r  exper imenta t ion .  

- rT 
I n a l l ,  i t  w i l l b e  seen  t h a t  e V x *  is s u f f k i e n t l y  s m a l l  f o r  t h e  

test c o n s t r e i n t s  and t h u s  c a n  be n e g l e c t e d .  

S i n c e  t h e  d e v i a t i o n s  between t h e o r e t i c a l l y  computcd and measured 

v a l u e s  a r e  n o t  s i g n i f i c a n t ,  i t  would appear  t h a t  t h e  assumpt ions  associa ted  

w i t h  b)  and c) a r e  a d e q u a t e l y  t e n e b l e  (wi th in  l i m i t s )  and t h u s  do nor d e t r a c t  

from t h e  a d m i s s i b i l i t y  o f  t h e  mathemat ica l  modcl uscd.  

4.1 CLRlPARISON OF RESULTS WITH RESULTS 
COPLPUTED FRWI BEKKER 'S EQUATIONS 

With reference to Figures 6-1 and 4-2, i t  will he seen t h a t  

r e s u l t s  computed f rm B c k k e r ' s  e q u a t i o n s  (Beklrcr, 1960) shown i n  both  



McGi 11 Measured 

McGi l l  Computed +-A 

B ~ k k i r  Computed +-- - 

N N E :  Results  fot 3 in. x 2 i n .  Grousrr 

C o n s t a n t  EIevation 
(McGill) 

Constant V e r t i c a l  Const; int  Vertical Load of 
Load of 2 1 - 1 1 2  i b s  21-112 ibs (HcGilI) 
(Rrkkrrl 

1 2 3 ?r 5 6 
H o r i z o n t a l  Vclociry, in i n s .  l s r c .  

F I G U R E  h - 1 .  PLOTS OF PREDICI-ED ctVD WEASURm HORIZGWAL FORCES 
VERSUS HORIZONTAL V E L O C I T Y  FOR CONHTAYT ELLVAI'ION 
AND CONSTANT V E R T I C A L  LOAD TES'I'S 



NOTE: A l l  r e s u l t s  for 3 in. x 2 in. grouser w i t h  
mean carriage v e l o c i t y  a €  L .  1 1 n s . l s t . c .  

10 20 30 SO 
V ~ r t l c a l  Lead. in lhs 

FIGURE &-2.  PLOTS OF PREnICTET) AND MEASURED HORIZOX'TAL 
FORCES AGAINST APPLIED VERTICAL WAll 



graphs  arc compared w i th  both  t h e  t h e o r e t i c n l l y  computed and measured 

v a l u e s  (McCill results). I n  the Bekker cquations, the h o r i z o n t a l  and 

v e r t i c a l  forces ,  H and W,  re not  expressed explicitly i n  terms of system 

p r a m e t e r s  but r ~ t h e r ,  are p r o p o r t i o n a l  t o  an  a n g l e  8 d e f i n e d  by:  

b - g r o u s e r  w i d t h  

z = s inkage  

It i s  seen t h a t  H and Y are dependent  on such d i m e n s i o n l e s s  t r a f f i c a b i l i t y  

f a c t o r s  a s  n q' "c 
and 7'' a l l  of w h i c h  i n  themselves a r c  dcpcndcnt on 'd ' 

0, B and t h e  r a t i o  of L/h.  

I n  vicw o f  t h e  above c o n s i d e r a t i o n s ,  t h e  two e q u a t i o n s  f u r  H 

and W do n o t  p e r m I t  a direct d e t e r m i n a t i o n  o f  these f u r c c s  hut i n s t e a d ,  

must he s o l v e d  by an iterative process .  

The r e s u l t s  of  t h e s e  computat ions  a rc  p l o t t e d  i n  Figurcs  5-1  

and L-2 and i t  w i l l  be seen t h a t  a p p r c c i a h l c  d e v i a t i o n s  occur bctwccn t h c  

Bekker and McGill  r e s u l t s .  The r e s u l t s  u b t a i n e d  fh-om Bckkcr's cquations 

are c o n s i s t e n t  wi th  the definitiun uf the terms uscd i n  equations (!+.I>, 

and t h e  d i s c r e p a n c i e s  can only bc a t t r i b u t e d  to t h c  a s a u n p t i o n s  i n h e r e n t  

Ln t h e  d e r i v a t i o n  o f  cquativns (L.1). T h i s  d e r i v a t i o n  assumes an e l a s t i c  

s t r e s s  d i s t r i b u t i o n  b e n e a t h  t h e  g r o u s e r  and q u o s i - s t a t i c  c o n d i t i u n n ,  a 

f a c t  which w i l l  accoun t  for t hc  diucrcpcrncicn hctwccn t h e  r c s u l t s  shown 

i n  F i g u r e  L-2. However, a t  lower virlues of v e r t i c a l  load ,  guud agreement 

between the r e s u l t s  u h t a i n e d  f r u m  nckkrr'n c q u a t i o n s  und from t h e  McGill 

t e s t s  i s  obse rved  i n  Figurc A-2. 



The computation% for the case  o f  the constant  c l c v ~ t i o n  tests 

w o u l d  appear t o  be incorrcct  in the l i g h t  of the large discrepancies 

between the Bekker r e s u l t s  and the McGill results. T t ~ l a  i t r  expected s i n c e  

( in the case  of thesr  L c s t s )  hoth the va lues  of I1 and W must he estimated 

to a r r i v e  a t  an es t imate  for @ Eor t h e  s o l u t i o n  o f  rcjuatiotw ( 4 . 1 ) .  4 s  a 

consequence, a n y  cornpartson hetwccn t h e  Bekkrr and H c C I l l  r e s u l t s  is  

meaningless for the c o n s t m t  e l e v a t i o n  t e s t s .  

In t h c  l ight  of the good agreement hcrwccn thc McGill r e s u l t s  

m d  those cumputed from Bekkcr's equations however, it can  be said with 

some degree o f  justif i c ~ t i o n ,  that Bekker's cquationu arc  appl icable  where 

t h e  speeds  arc  s u f f i c i e n t l y  1 w  so t h a t  i n e r t i a  effects may be n e g l c c t c d .  

If t h i s  asswnption cannot be made, i t  would t h e n  a p p c a r  rhar equations 

(4 .1)  are not p a r t i c u l a r l y  v a l i d .  

4 . 3  GENERAL 

Thc gcnera l  d i scusa ion  fol lowing i n  t h i s  nnd subsequent sections 

w i l l  d e ~ l  w i t h  n o t i c e d  e f f e c t s  and s m  of t h e  reasons Lor thew e f f c c t u .  

U i t h  reference t o  Table A-2, i t  w i  11 k sccn that  the va iucs  of 

Sc iind y ' c  arc i n  good agreement w i t h  thosc obtained by invoking t h c  

Rankine condit ion a t  point  C (Figure 2 - 2 ) .  The s m 1 1  e r r o r s  prrsthnt can 

be accounted for  by the trunciit ion and round-off approximations inherent 

i n  machine compurations using thc Runge-Kutt;~ method. 

In a l l  c a s e s ,  t h e  h o r i z o n t a l  Eorccv exerted  on the grouscr can 

be thought of as c o n s i s t i n g  of two p a r t s ,  one p o r t i o n  due t o  a ctmngc i n  

i n c r t i ~  f o r c e s  wi th  changes in  v e i o c i t y  stid w i g h t ,  and the o t i ~ c r  portion 

duc t o  tlrc cmponcnt provided by t h e  mater ia l  which i s  i n  a s t a t c  o f  



ltmiting equi l ibrium fn t h e  r a d i a l  shear and Rankine zones.  With t h i s  i n  

mind, the r e s u l t s  o f  t h i s  s tudy  can be r e a d i l y  exp l e ln rd .  

4 .  & EFFECT OF CARRIAGE VELOCITY 

From F igu re  L - 1  we n o t e  t h a t  the  developed hori  z o n t a l  f o r ce  

Incrcascs s lowly w i t h  a n  increasc i n  h o r i z o n t a l  v e l o c i t y  up t o  a value of 

about h .5  Inches per second. Around t h i s  region,  the s lope  of t h e  curve  

hcgins  to increase f a i r l y  r a p i d l y ,  r e f l e c t i n g  a  r ap id  increnee Ln h o r i z o n t a l  

force  w i t h  c a r r i a g e  v e l o c i t y .  

WhIlst i n e r t i a  forces (which  a r e  p r o p o r t i o n a l  t o  t h e  square of 

t lw vr loci  t y )  i n c r ea se  w i t h  incrcas ieg  velocities, f r m  F igu re  3-3 we 

t ~ o t c  that fo r  lower velocities (hclow 5 Inches  per second) t h e  angle  P, 

which i n c r e a s e s  w i t h  i n c r e a s i n g  vcloci ty ,  w i l l  produce dccreas in6 va lue s  

of calculated r e s i s t i v e  f o r c e s .  Thus the t o t a l  h o r i z o n t o l  f o r c e  which 

c o n s i s t s  of i n e r t i a  and resistive focccs  w i l l  i n c r ea se  relatively slowly 

s i n c e  t h e  two components a r e  i n  oppos i t i on .  

A t  v e l o c i t i e s  i n  e x c e s s  of 5 inches  per second, the value of p 

begins  t o  dec r ea se ,  and as a r e s u l t ,  the resistive force component 

r e s u l t i n g  f r o m  t h e  soi l  i n  t h e  r a d i a l  shear and Rankine zones w i l l  t end  

Lo i n c r e a s e .  The t w o  f o r c e  components now r e i n f o r c e  each  o t h e r  and t he  

h o r i z o n t a l  forcc w i l l  begin to i n c r e a s e  r a p i d I y  a s  shown i n  Figurc 4 -1 .  

The e f f e c t  or thc v e l o c i t y  induced forccs i s  even rwre apparen t  when these 

r e s u l t s  a r e  comparcd w i th  those  shown i n  F igure  b - 2 .  It w i l l  be readily 

s een  t h a t  o t  the low v e l o c i t i e s  a t  which these tests were conductcd (oi 

t h e  order o f  O.U1& inches per second), thc change in  h o r i z o n t a l  force wf th  

h o r i z o n t a l  ve l o c i r y  is n o t  no t i ceab le .  



The e f f e c t  of the c a r r i a g e  v e l o c i t y  on t h e  rnngnitudc of t h e  

measured v e r t i c a l  f o r c e s  i s  a s  shown i n  Figure !.-4. I t  can  be neen t h a t  

t h e  trend of the curve  i n  t h i s  c a s e  i s  s i m i l a r  t o  t h a t  w h i c h  d c s c r i b s  t h e  

v a r i a t l  on of horizontal Eorcc with vcloc i  t y  (F igure  L - 1 ) .  A s  mentioned 

p r e v i o u s l y ,  no c m p u t e d  value8 of v e r t i c a l  forces a r e  n v a i l a b l c  i n  view 

o f  the lack o f  knowledge of  thc s t r e s s  d i s t r i b u t i o n  is the s o i l  i m d i a t e l y  

&nea th  the grouser .  

4 . 5  EFFECT OF APPLIED VERL'ICAL LOAD 

I n  the case  of t h e  v a r i a t i o n  of t h c  h o r i z o n t a l  f o r c e s  w i t h  

a p p l i e d  v e r t i c a l  load,  the i n c r e a s e  i n  g e n e r a t e d  horidontal force w i t h  an 

i nc r eaae  i n  v e r t i c a l  load, shown i n  Figure  2 i s  c a n s i s t e n c  w i t h  the 

concept  of an i n c r e a ~ e  i n  shear s t r e n g t h  w i t h  an i n c r e a s e  i n  c o n f i n i n g  or 

overburden p r e s s u r c .  I n  comparing Figure 4-2 w i t h  Figure 4-5 €or c o n s t a n t  

v e r t i c a l  load tests o t  very low s p c c d s  (of the order of 0.014 inches p e r  

second), a marked divergencc between the two is observed a t  lnrge v a l u e s  

of appl ied v e r t i c a l  load. 
< 

The d ivergence  can be e x p l a i n e d  i n  terms of i n e r t i a  e f f e c t s .  

At h i g h  speeds  and large v o l u e s  01 v e r t i c a l  loads, t h e  mementurn forces 

bccome s i g n i f i c a n t  and wi 11 tend t o  increase t h e  magnitude of t h e  

h o r i x o n t a  L force. Hence tlur forces w i l l  i n c r e a s e  u i t h  increasing v e r t i c a l  

l o a d ,  g i v i n g  a curve  which is convex t o  t h e  ax i s .  A t  very Low speeds  

however, momentum force3 a r e  n e g l i g i b l e  even a t  h i g h  v e r t i c a l  load l e v e l s .  

S i w e  the angle  H ,  shown i n  F i g u r e  2-17 t e n d s  to i n c r e a a c  w i t h  i n c r e a s i n g  

v e r t f c a l  load,  the hori;. .oncnl component of shear  force a long  the  surface  

AB (Figure 2-13) w i l l  decrease .  Ar such, the r a t e  o f  i n c r e a s e  i n  hor i  x o n t s l  
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forcc with incrcase  i n  v c r t i c o l  toad, [or thc iw speed cane ,  w i l l  d r c r r a s e .  

Consequently,  the r e s u l t i n g  crirvr w i l l  bc concave towards thc abscissa 1 

Axis. 

A .  6 EFFECT OF GROUSER CEmLETRY 

The e f f e c t  of grouscr geometry on performance may be seen in 

F i g u r e s  5-6 and 4 - 7 .  It  is  n o t c d  that  sn e x c e l l e n t  c o r c c s p o ~ ~ d a u c e  is  

achieved between theoretically computed and measurcd values  f o r  the 

constant  elevation tests ( F i ~ u r c  A-6) .  For t h e  conscant v e r t i c a l  load 

t c s t s  divergence occurs .qr l o w  vntues o f  a / h .  

The v a r i a t i o n  o i  hori.?ontal force  with st~apc i a c t o r  i s  not 

s o l e l y  a r e s u l t  o f  t11+ I ~ > r r r a s c d  force produced  by the incrcascd contact  

area.  I f  t h i s  wcrc t h e  c ~ s c ,  t h e  c u r v ~ s  shown i n  Figurcs '+-6 and 4-7 

would be parabolic. i n  shape s i n c e  t h e  hor izonta l  force i s  a f u n c t i o n  o l  

t h c  square o f  the d c p t h .  It  would appear that t h e  curves exh ib i t  a 

s ingular  point  for  shape factors  i n  the neighbowhood of 1 . 7 .  A t  t h i s  

p o i n t ,  the curves change slopc rather abrupt ly ,  a f a c t  w h i c h  i s  emphasized 

on an examination oi  Figurc 3 5 ' 4 .  

In Figurc 3-5 wc note  t h a t  the va luc  of P increases  rapid ly  with 

a decrcasc  i n  shapc f . ~ c c o r  2nd reaches a m,lxi~nu~n V R ~ U C  dt il shape  factor 

i n  thc region of 2 .  T h i s  would correspond t o  o d c c r c ~ s c  i n  stress funct ion 

and hcncc i n  Ilor i z o n t ~ l  force. As mentioned prev ious  l y ,  such a decrease  

would a c t  i n  oppos l t iou  to an increase  i n  Eorcr a s  ,I consequence 01 the 

increase  in  h.  A s  such,  the net hor.i.r,ontol iorc,e c,omponcnt w i l l  chanse 

s lowly with i n c r e a s i n g  h,  a fac t  which i s  apparent i n  Figures  4-6 and '4-7. 

For shape f a c t o r s  below a v a l u e  of 2 . 0  howcvcr, :3 decreases  r a p i d l y  and 
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FIGURE L-7. INFLUEXCE OF GROUSER G E m T R Y  ON PREDICTED 
AND MEASURED HORIZONTAL FORCES FOR COSSTAKI 
VERTICAL LOAD TESTS 



thus  t h e  h o r i z o n t a l  fo rce  c o n t r i b u t e d  by t h e  r a d i a l  s h e a r  und Hankine 

nones w i l l  i n c r e a s e .  Consequently,  the  force component r e s u l t i n g  f r m  an 

increase in  h w i l l  be r e i n f o r c e d  by the  component r e s u l t i n g  from t h e  

decrease  in  F and t h e  n e t  h o r i z o n t a l  f o r c e  w i l l  begin  t o  increase r a p i d l y .  

Again, t h i s  i s  apparen t  on an examinat ion of t h e  f i g u r e s .  

The ex is tence  of such  a po in t  o f  s i n g u l a r i t y  i s  s i m i l a r  t o  

r e s u l t s  o b t a i n e d  by Chen (1969) i n  h i s  s t u d y  of s o i l  c u t t i n g .  I n  t h i s  

p a r t i c u l a r  c a s e  i t  was found t h a t  a m i n i m u m  v a l u e  o f  hor iy-onta l  f o r c e  was 

o b t a i n e d  Eor an ang le  of b l a d e  incl in .1t ion o f  65 d e g r e e s .  In t h e  p r e s e n t  

case of t h e  xrouser, i t  w i l l  be seen t h a t  t h e  a n g l e  F reaches a maximum 

v a l u e ,  i n  t h e  r e g i o n  of 3 5  d e g r e e s ,  .it a shape f a c t o r  i n  the neighbourhood 

of  2. T h i s  dues not c o r r r s p o n d  t o  a minimum h o r i ~ . o n t s l  force however, 

s i n c e  the  force c o n s i s t s  of t w o  components. It u i l  I hr recognized tha t  

on ly  onc of these, t h e  component a r i s i n g  f r m  t h e  s o i l  i n  t h e  r a d i a l  s h e a r  

and Hankinr zones,  r e a c h e s  a minimum. The second component, a r i s  in.g f r c i n  

the  increased surface  area with i n c r e a s i n g  h, i s  a monotonic i n c c e e s i n g  

f u n c t i o n ,  and a s  such,  t h e  sum o f  C h e w  two i e ,  t h e  nct  hori ; ,onta l  

f o r t e )  shou ld  c o n r I n u a l l y  decrease  with  i n c r e a s i n g  J?./h r s c i o .  

I n t u i t i v e l y ,  i t  is reasonab le  t o  expect  such 8 p o i n t  t o  occur 

i f  one c o n s i d e r s  t h a t  a grouser  p l a t e  c o n s i s t s  o f  tuo elements; a f l a t  

p l a t e  s l i d i n g  on the  s o i l  s u r f a c e ,  and a v e r t i c a l  b lade.  A t  low v a l u e s  

of h, and hence a t  l a r g e  v a l u e s  oE shape f a c t o r ,  tht? Elat p l a t e  iiwchanism 

w i l l  p r e v a i l  and t h e  r r s u l t i n g  hori;:ontal f o r c e r  w i l l  be d e s c r i l w d  by a  

s t r a i g h t  l i n e  a t  some smal l  negative s l o p e .  Correspondingly ,  a t  l a r g e r  

v a l u t l ~ .  of h  ( i . ~ . ,  m a l l  v a l u e s  of shape f a c t o r ) ,  t h e  v e r t i c a l  b lade 

mechanism w i l l  govern g rouser  behaviour and the  h o r i e o n t a l  f o r c e  - shape 



f a c t o r  r r i n t i o n s h i p  w i l l  be g i v e n  by a s t r a i g h t  l i n e  i n c l i n e d  d t  a l < ~ r p , e  

n c g a t i v c  s l o p c  t o  t h e  a b s c i s s t l l  a x i s .  S i n c e  thr n c t u n l  grouser bchnviour 

i s  a combindcion of t h e s e  two modes,  a "singulnri ty" w i l l  occur  n t  t h e  

p o i n t  of i n t e r s e c t i o n  of thc tuo Lines. 

Numc.ricn1 c a l c u l n t l o n s  were a t t c m p c c d  iis a means of  justifying 

t h e  above cons ide ra t i ons .  Howevcr, s e v e r a l  d i f f i c u l t i e s  arc n v s o c i a t e d  

with these  c.2 l c u l a t i o n s .  Thc r n r i o  k f h ,  w h i  l r  bcing all i iwrd t o  vnry, 

was c a l c u l a t e d  w i t h  t h e  va lue  o f  kc3t  c o n s t a n t  a t  3 i n c h e s .  Consequent ly ,  

i n  n r d c r  f o r  %/ I )  t o  approach w r o ,  chc v a l u e  of h must bcc+me w r y  large. 

In a n  a t t e m p t  t o  o v c r c m e  t h i s  prnblem,  the r a t l o  wns allowed 

t o  go t o  z c r o  by numerically s e t t i n g  t q u a 1  t o  Lero and s e l e c t i n g  h 

equal t n  3 inches .  Asstrming passive. p r c s s u r r  c n n d i t  i o n s ,  t h e  hnr i . ?on ta l  

force cxertcd by t l ic  s n I l  nn the v e r t i c a l  g rouser  f a ce  w.?s then  computed 

and found t n  be eqwl  t o  9 4 . 5  pounds. An cxnminatinn nf Figure  4 - 7  will 

show that t h c  interccpr of the  curve  and the  o r d i n a t e  a x i ~  w i l l  occur  a t  

sonw v a l u e  in  e x c e s s  nI 9G.5  pounds w h i c h  i s  c o n s i s t e n t  with t h e  i d e a  t h a t  

l o r  Plh  t o  go t n  x c m ,  i n  t h i s  casc ,  thc  value of h will h ~ v c  to be v e r y  

l a r g c .  

F i n a i l y ,  t tw v a r i a t i o n  of mcasurcd v e r t i c a l  f n r c c  w i t h  sl iapf  

f n c t o r  i s  shown in Figure  b - 8 .  It = i l l  be r e a d i l y  scrn t h a t  t h e  gonernl  

s h ~ p c  of the c u r v r  i s  s i m i l a r  t o  t h n t  shorn i n  F i g u r e  A-6,  e x p r e s s i n g  t h e  

v a r i a t i o n  of h o r l m n t a t  f o r c e  w i t h  jirnuscc geometry. 

Fcnm t h c  f n r e g o i n g  c o n s i d r r a t i o n s ,  i t  would RppcAr t h a t  an npt -  

Imum vvlue  o f  shapc  Lactor e x i s t s  which, in  t h i s  c.isi.! was i n  thc rcg inn  

n f  1 . 7 .  No c s t i n ~ n t c  cnn k m d c  A S  t o  whether t h i s  v . ~ l u r  i s  p c c u l i a r  cn 
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t h e  p r e s e n t  test conditio116 and Eurther r e s e a r c h  needs t o  he c a r r i e d  o u t  

t o  determine t h e  s i g n i f i c a n c e  oE t h i s  p o i n t .  

6.7 VARIATION OF ANGLE OF INCLINATION, B, 
WITH SYSTEM AND CRMJSFA PARMETERS 

The v a r i a t i o n s  of 5 w i t h  carr iage  v e l o c i t y ,  shape f a c t o r  and 

a p p l i e d  v e r t i c a l  lond have heen shown in F i g u r e s  3.3 and 3 . L .  The 

variation of p w i t h  a p p l i e d  v e r t i c a l  load is shown i n  F igure  L-9 and t h e  

r e s u l t s  a r e  consistent w l t h  the v a r i a t i o n  of the  h o r i z o n t a l  forces w i t h  

a p p l i e d  v e r t i c a l  l o n d  (Figure 4 - 2 ) .  It w i l l  he r e e n  t h a t  the h o r i z o n t a l  

force  i n c r e a s e s  s lowly  w i t h  an i n c r e a s e  in v e r t i c a l  load up t o  a lond 

l e v e l  of about 32 pounds. A t  values  o f  l o a d  i n  e x c e s s  of t h i s ,  t h e  s l o p e  

oE t h e  c u r v e  shorn i n  Figure L-2 b e ~ i n s  to i n c r e a s e .  T h i s  i s  c o n n i s t e n r  

w i t h  the i n c r e n s e  i n  D e x h i b i t e d  at  load l e v e l s  less than 32 pounds. A t  

t h i s  p o i n t ,  t h e  vnlue of P becomes a rnnxinum and t h e n  begins t o  decrease; 

t h e  decrease cor respond ing  t o  an l n c r c a s a  i n  s t r e s s  function and hrncc, 

in h o r i z o n t a l  f o r c c  (Figure 4-9).  Consequcnt l y ,  for  v a l u e s  of  a p p l i e d  

v e r t i c a l  load less than 32 pounds, thc  magnitude o f  t h e  increasc in thc 

forcc cmponrnt  r e s u l t i n g  from the i n c r c a s c  i n  v c r t i c a l  lotld t ends  t o  be 

reduccd by thc  dccreasc i n  t he  f o r c c  component c o n t r i b u t e d  by t h e  r a d i a l  

s h e a r  and Rankine zones. A t  v e r t i c a l  loads  in  excess of 32 pounds, t h c  

o p p o s i t e  holds  t r u c  and t h e  f o r c c  c o m ~ ~ o n o n t s  r e i n f o r c e  each  o t h c r .  

I n  a d d i t i o n ,  a s u m a r y  of  thc changes i n  0 w i t h  spccd and shape 

f a c t o r  i s  shorn i n  F i g u r e  6-9  Cor a constant vcrtical load of 21-112 

pounds. I t  is a p p a r e n t  that  thc general tendency i s  • ’ o r  3 t o  d e c r c a s c  

w l t h  i n c r e a s i n g  grouser depth w h i l e  P tends t o  increase for i ~ ~ c r c a s i n p .  
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v e l o c i t y .  A s  such ,  any optimum dcsign ~f a  g r o u s e r  f o r  v a r i a b l e  specd 

c o n d i t i o n s  a t  a g iven  value oi appl i -cd  v e r t i c a l  load must take  these 

e f f e c t s  i n t o  c o n s i d e t a t i o n .  

8 COMPARISON OF CONSTANT ELEVATION AND 
COSSTANT VERTICAL LOAD TESTS 

I t  w i l l  bc a p p a r e n t  on comparing analogous r e s u l t s  f o r  t h c  

c o n s t a n t  c l eva tLoo  and c o n s t a n t  v c r t i c a l  load t e s t s  t h a t  t h e  former 

e x h i b i t  higher values of h o r i m n t a l  f o r c c .  This i s  c o n s i s t e n t  w i t h  the 

r c s u l t s  shown i n  Tab lc  A-1.  I t  w i l l  be observed i n  t h i s  t a b l e ,  tha t  t h e  

sum of  t h e  rneasurcd v c r t i c a l  fo l -ces  and t h e  r e s t r a i n i n g  fo rce ,  which w a s  

a t  a l l  t i m e s  e q u a l  t o  12 pounds for  t h e  c o n s t a n t  e l e v n t l o n  t e s t s ,  is 

consistently g r e a t e r  than  t h e  appLied vertrcal load in  t h e  constunl 

v c r t i c a l  Ioad t e s t s .  In d d i t i o n ,  i t  will be noted  i n  F i g u r e  3-3 t h a t  

t h e  v a r i a t i o n  of t3 w i t h  c a r r i n g e  v e l o c i t y  for  t h e  c o n s t a n t  elevation tests 

is shown as a broken l i n e  and i g n o r e s  one po in t  a t  n c a r r i a g e  v e l o c i t y  of  

0 
5 inches p e r  second and o t  an  ang l e  of  i n c l i n a t i o n  of - 5  . This  point i s  

not r e p r e s c n t a t i v t .  of t h e  g c n e r a l  t r e n d  of v a r i a t i o n  i n  'p a n d  s ince  no 

reason could  be found f o r  the shapc oE the cul-ve which would r e s u l t  f r o m  

an i n c l u s i o n  of this p o i n t ,  i t  was neglec ted .  It must be emphasized 

h o w v e r ,  t h a t  t h e  brokcn linc o n l y  rcprescnts  a suggested v a r l n t i o o  i n  

this  case. 

F i n a l l y ,  t h e  p l o t s  of h o r i ~ m n t a l  and v e r t i c a l  components of  

p a r t i c l e  v e l o c i t y ,  r e l a t i v e  t o  t h e  cerrisge v e l o c i t y ,  a re  shown i n  F i g u r e s  

A-10 and 4 - 1  1  respectively. These r e s u l t s  arc  t y p i c a l  o f  the i s o - v e l o c i t y  

c o n t o u r s  i n  n l l  t e s t s  and serve  t o  show t h a t  t h c  dssumpt lon of zone OIAnO 

as being r i g i d  i s  a j u s t i f i a b l e  one.  Th i s  w i l l  be r e a d i l y  sccn from t h c  

f a c t  t h a t  the  r e l a t i v e  v e l o c i t i c s  i n  t i i s  zone a r e  ze ro .  





( C a r r i a g e  V e l o c i t y  = 4 . 2 9  i n s . / s e c .  ; 0 - 38O, B = lgO,  Grouser 3 ins. x 2 ins . )  

FIGURE L-11. LIWES OF EQUALVERTICALCWONEMT OF PARTICLEVELOCITY, v IN INS./SEC. 
R E W I V E  TO CARRIAGE VELOCITY FOR TEST NO. 1 6  Y' 



CHAPTER 5 

APPLICATIONS AND CONCLUDING REMARKS 

5. 1 APPLICATION M D  M K S  

S i n c e  tho a i m  o t  m y  g e n e r a l  s t u d y  o n  g r o u s e r - s o i l  i n t e r a c t i o n  

is  t o  a c h i e v e  a b e t t e r  r a t i o n a l e  f o r  t h e  d e s i g n  oE g r o u s e r s  and t h e  s p a c i n g  

of such g r o u s e r s  on a t r a c k ,  I t  bec~mes necessary  t o  unders tand  tht: 

mech~nics of  grousec-so i l  interaction.  

For a c = U material (sand) ,  i t  has  been shown from t h i s  study 

t h a t  H means e x i s t s  whereby one can p r e d i c t  g r o u s e r  performance i n  t r r m s  

of d r v r l o p e d  h o r i z o n t a l  Eorcc under t h e  a g g r e s s i v e  a c t i o n  of  t h e  g r o u s e r  

(see F i g u r e s  4-1  and 4 - 2 ) .  The problem of  system p a r a m e t r i c  v a r i ~ t i o n s  

con be accounted • ’o r  and r e s o l v e d  i n  the  t h e o r e t i c a l  computa t ions  t o  

provide f o r  a reasonable accuracy  i n  p r e d i c t i n g  v a l u e s  for  t h e  developed 

horizonta 1  force. 

S p e c i f i c a l l y ,  t h e  p rocedure  t o  predict general  g r o u s e r  pertomonce 

in sand e n t a i l s :  

1. Determine the d and B (see F i g u r e  2 - 2 )  pa ramete rs  
~ x p e r i m e n t a l l y .  A l t e r n a t i v e l y ,  a set a €  bC , P 
curves  can be g e n e r a t e d  f r m  t h i s  study; for  example 
a l i s t  of values such a s  those i n  Tab le  A-2 i n  the 
Appendix may be obta ined .  

2 .  W i t h  t h e  procedure  ,developed i n  Chapter  3 and t h s  
curves  for S tmd ly as f u n c t i o n s  of 8 ,  t he  developed 
f o r c e s  under a g g r e s s i v e  g r o u s e r  t x t i o n  may be  
computed. It i s  unders tood t h o t  the  f a i l e d  mas8 
under a si11Rle grouser may bc r6tirntt ted (or computed) 
u s i n g  cornputtitions a r i s i n g  from the  use  of t h e  
method of c h n r a c t e r i s t i c s .  

Uhilst tha use of the l i m i t  e q u i l i b r i u m  approach c o n s t r a i n s  t h e  

system to a c t  i n  a c e r t a i n  i d e a l  manner, i r  hs6 b r r n  shown t h a t  s l i g h t  



a b e r r a t i o n s  from i d e a l  behaviour  c a n  be t o l e r a t e d  - a s  ev idenced  from t h e  

c l o s e  agreement between t h e o r e t i c a l l y  computed and e x p e r i m e n t a l l y  measured 

va lues .  Thus,  i n s o f a r  a s  t h e  p h y s i c a l  model co r responds  t o  t h e  mathemat ica l  

model, a f a i r  d e g r e e  of  s u c c e s s  c a n  be a c h i e v e d  i n  p r e d i c t i n g  g r o u s e r  

performance.  

I t  would appear  from t h e  r e s u l t s  of t h e  s t u d y  and t h e  approach ,  

t h a t  when min imiza t ion  of  t3 o c c u r s ,  a  g r e a t e r  h o r f z o n t a l  g r o u s e r  f o r c e  

i s  developed.  From t h f s  s t u d y ,  i t  a p p e a r s  t h a t  a n  !-/h r a t i o  of  abou t  

1.7 p r o v i d e s  f o r  t h e  g r e a t e s t  min imfza t ion  of  e,  (and c o r r e s p o n d i n g l y  the  

optirmm v a l u e  f o r  t h e  developed hor  i z o n t a  1  g r o u s e r  f o r c e ) .  

With r e g a r d  t o  t h e  s p a c i n g  o f  g r o u s e r s ,  the  ev idence  shows t h a t  

s o  long  as the  Rankine zone is a l lowed t o  form w i t h  no h i n d r a n c e  from a d j a -  

c e n t  g r o u s e r s ,  maximum h o r i z o n t a l  f o r c e s  c a n  be developed.  Thus,  a s  h a s  

been s t a t e d  p r e v i o u s l y  by o t h e r s ,  s u c c e e d i n g  g r o u s e r s  shou ld  be p laced  o u t -  

s i d e  t h e  Rankine zone of i n f l u e n c e  (see P ig .  2 .2 ) .  I n  view o f  t h e  v a r -  

i a b i l i t y  of  and tr, it  would be a d v i s a b l e  t o  s e e k  a  s o l u t i o n  i n  term 

of  a n t i c i p a t e d  o r  "wors t"  v a l u e s  of  a and 0. 

5 .2  WHERE W WE CO FROM HERE? 

The s u c c e s s  ach ieved  i n  d e s c r f b i n g  grouser-& mechanics s h o u l d  

p rov ide  a r e l a t i v e l y  sound b a s i s  f o r  f u r t h e r  s t u d y  w i t h  o t h e r  s o i l  types .  

S p e c i f i c a l l y ,  s i n c e  t h e  c = 0  c a s e  is w e l l  e s t a b l i s h e d ,  i t  now remains  t o  seek  

a a o l u t i o n  Eor t h e  o t h e r  ext reme (and r e l a t i v e l y  cornon) c a s e  of  a @=0 

m a t e r i a l  - c lays !  C r e a t e r  problems a r e  a n t i c i p a t e d  i n  c l a y s  i n  view of  t h e  

d i f f i c u l t i e s  s u r r o u n d i n g  t h e  c o n d i t i o n  of l i m i t  e q u i l i b r i u m  throughout  



the  e n t i r e  f a i  l a b l e  zone. I t  would RppeRr t h a t  pcrhaps some form o f  

p l a s t i c i t y  s o l u t i o n  similar t u  t h a t  cst t tbl ishcd by Yong and Webb (1969) 

would have to be developed. Much also rcmuins t o  bc done for mixed s o i l s ,  

i . e . ,  2 # 0 ,  B # 0 .  

For general application of the prcscnt r c u u l t s ,  i t  would be 

most a p p r o p r i a t t ,  at chis r i m e  t o  determine whether the gC and B v a l u e s  

dctcrmined may bc applied to other systems e  experimental and f i e l d ) .  

Theory suggvsrr char i f  thc c o n s t r a i n t s  i n  t h i s  present  study have been 

proper ly  controlled, chc d and E va lues  given i n  Tablc A-2 and Figures  

3 - 3  and 3 4  should be g c n c r a l l y  a p p l i c a b l e .  In a d d i t i o n ,  i t  would be 

generally d r s i r a b l c  t o  t e s t  thc validity of the grouser geometrical  ra t io  

o f  sbouc 1 . 7  f o r  s u i t a b i l i t y  i n  optimization of developed aggress ive  force  

from t h e  grouscr.  

F ie ld  a p p l i c a t i o n  of genera l  theory would be appropriate a t  

t h i s  time. It i s  imagined that a new set of constra ints  would be 

n e c e s s a r i l y  imposed. 
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APPENDIX 



-7 1 -  

TAI3LE A- 1 

EXl'i73DLkNTAL RESULTS 

Grouser 
S i ~ . e  

( i n . x  in.) 

3 x 2  

3 x 2  

3 x l  

3 x 2  

3 x 2  

3 x 1  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

3 x 2  

1 x 2  

3 x 2  

3 x 1  

3 x 1  

3 x 1-11? 

3 x 1-1/? 

3 x 2-11? 

3 x 2-l I2 

3 x 3  

3 x 3  

Test 
No. 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20  

2 1  

22 

2 3  

24 

27 

28 

2 9  

30 

31 

3 2  

33 

3 4  

35  
-. 

Speed 

(in./sec.) 

T y p e  
of 

T e s t  

C . V . L  

C . V . L  

C.V.L 

C . V . L  

C . V . L  

C . V . L  

C . V . L  

C.V.L 

C.V.L  

C . V . L  

C . V . L  

C . V . L  

C.E 

C.E 

C.E 

C .  E 

C .  E 

C.E 

C.E 

C.E 

C.V.L 

C . V . L  

C . E  

C . E  

C . V . L  

C . V . L  

C.E 

NOTE: Grouser sizc dcslgnated as 1 x h .  

Ierticsl Yorce 

21-1/2 1 5 - 3 8  

V e r t i c a l  
Force 
v ( l b )  

22.50 

20.30 

13.50 

21.20 

32.40  

26.00 

19.00 

17.10 

32.80 

43.00 

C.V.L = c o n s t . u ~ t  v e r t i c a l  load test. 

C . B  = c o n s r m t e l ~ v u t i o n k s t .  



Test 
No. - 
8 

9 

11 

13 

14 

16 

17 

20 

24 

27 

28  

29 

30 

32 

31, 

3 5 

r 
COMPUTER VALUES OF S,, S,, -q I B  AND Y', FOR 8 = 38', cb = 19 .5  0 

Sc  
1Calcu la tcd)  

1.1660 

l .  1387 

1 . 1 4 a  

1,1392 

1 .  1493 

1.1365 

1 . 1 4 4 9  

1.1401 

1.1455 

1.13& 

1.1503 

1.1419 

1.1420 

1.1392 

l.l43Y 

1.1334 

(Rankina) b Error 2 A - l  y'cO 
(Rankine) 

26 

26 

26 

26 

26 

26 

26 

26 

26 

2 b 

26 

26 

26 

26  

26 

26  

y "cO 
7. Error 

2 . 0  

2.8 

2 . L  

2.6 

1.6 

2.9 

2.5 

2 .  L 

2.0 

2 . 8  

2.0 

2.5 

2 . 1  

2 . 6  

2 . 2  

3.5 

Positive values o f  d. denote angles  below hori::ontal. 


