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Preface

Rapid advances in the c1assificat.ion of Natural Exponential families using their Vari

ancp. Functions make the present. work timely, 1>ot.h from a theoretical point of view,

\'!here a h,,"dy reference c"n always be helpflll, and froman applied perspective,

, where qè'<lsi-likelihood estinwt.ion algorithms and Generalized Linear Models can

'easily be cllstomized 1.0 accomodate new and potentially useful models using only

v".riance fUllctioris or variance and link functioris.

This work was undert.aken al. the suggestion of Professor V. Seshadri, who as

t.hesis supervisar, has from the onset expressed greatenthusiasm for the project and

displayed more patience than t.he aut.horprobahly des,,~·ved. The author's heartfelt

gratitude goes 1.0 him, as well as 1.0 Professors George POIL Styan, David B. Wolfson

and Keith .1. Worsley from the Dep1Îrtmentof l\rat.hemaÙcs and Statistics of McGill

University for their unfailing support and open friendliness. The author also wishes

1.0 thank Professor Gérard Lctac of the Université Paul Sabatier in Toulouse, France

for an enlightening 'conversation concerning prolSabllity me~sure inver~ion, as well as

for suggesting the inclusion of a table of CanorlicaLQaste Members for the variance

functions.

.On a more personal note, t.he author also wislles 1.0 exp~ess his thanks and affection

1.0 Nina Gilbei( )vhose sllppol·t.iveness was one of tllefew consistent aspects of the

"tim~ spent. in the preparat.ion of this thesis.

,.' Algebraic resuns \Vere veri~ed lIsing Marle V ~elease 2: Maple i5'a trademark of

Waterloo l\faple Software. SoJe numerical checks wer,e performed with S-plus version

3.2; S-plus isa trademark of St.atsci. Jhis work was typeset using 'U\TEXv"rsion 2.09
': :~. i-i

by tli-è author. il
This resear~h was supported in part by NSERC grant 283-34 and NATO collab-

orativ~ res~1,rcf(granti921347. "
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Abstract

Natural Exponential Families (NEF) belong:ng 1.0 the Grand-Babel c1ass have vari

ance fundions (VI") of the fonn V dm) = P(m)~ (m) + Q(rn)J~ (m), \Vit.h 1" q
and ~ polynomials with deg P :::: 3, degQ :::: 2 and deg ~ :::: 2. Alt.hough t.he n1enl!",rs

of this class have not as yet. al! been enumerated, several usdul sub-c1asses ha\'''' l)('en

fully descrihcd, namely the Morris class, with al. most quadratic polynomial VFs: t.he

Mora class, with cubic polynomial Vfs; the Babel cbss, with cleg P = 0, dcg Q :5 1

and deg~ :5 2; and the Scshaclri class, with deg P = deg Q = cleg ~ = l. ln order

1.0 motivate a uniform presentaI ion of each member of these classes in,compendinlll

form, lhe hasic properties of NEFs are surveyed; with special insistance on extension

models such as "convolution families, exponential dispersion models and a[finit.ie" of

NEFs. The Grand-Babcl NEFs are presented with both a canonicalparametrization .

which emplH~sizes the link to their basis measure and a more familial' or utilit.aria.n

parametrization. Expressions for the variance funclion, the cumulant. t.ransforlll, t.he

mean-domain mapping, the densil.y (when available), the Legendre tmnsform and

sorne asymptotics are given for each NEF, thus providing links t.o t.he t.heories of

Likelihood and Quasi-likclihood, Gemeralized Linear Models, Saddlepoint approxi

mation, Large cleviations, Distributions and Asymptotic approximation. The notion

of Canonical Caste Memhêr (CC1\J), an easily identifiable representative of the cquiva

lence class of al! aflinities of a NEF, is introcluced; correspondingly, a table of variance

functions for the CCMs of the currently cU1ssified Grand-Babel NEFs is pr~vidcd.
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Résumé

Les Familles Exponentielles Nat.urelles(FEN) appartenant à la classe de Grand-Babel

sont caractérisées par une fonction variance (FV) de la forme VF (m) = P(m)6. (m)+

Q(m)j6.(m), où P, Q et 6. sont des polynômes a\'ec degP ::::: 3, degQ ::::: 2 et

deg 6. ::::: 2. Bien que les memhres de cclte classe n'aient pas tous été recensés, cer

taines sous-classes fort utiles sont déjà exhaustivement décrites, nommément la classe

de Morris, possédant des FV polynômiales de deg;ré in lërieur ou égal à deux; la classe

de Mora, aux FV polynômiales cubiques; la classe de Babel, où deg P = 0, deg Q ::; 1

et deg 6. ::; 2, et la ciasse de Seshadri, où deg P = deg Q = deg 6. = 1. Dans le but

de motiver une présentation uniformisée de chacun des membres de ces classes sous

forme de compendium, on effectue un smvol des propriétés élémentaires des. FEN,

en insistant plus spécialement sm leurs extensions, telles que les familles de convo

lution, les modèles exponentiels de dispersion et les affinités de FEN. On présente

les FEN de Grand-Babel à la fois sous une paramét,isation canonique qui souligne le

lien qu'elles possèdent avec leur mesure génératrice et sous:ûne paramétrisation plus

familière ou utilitaire. Chaque FEN est décrite à l'aide de sa fonction variance, de sa

tranformée des cumulants, de sa fonction de moyenne, de sa densité (lorsque celle-ci ,/

est disponible), de sa transformée de Legendre etde certainsJésultats asymptotiques,

établissant ainsi des liens avec les théories de vraise1llblance et de quasi-vrais~mblance,

des modèles linéaires généralisés, de l'approximation de point de selle, des grandes

déviations, des lois de probabilités et des approximations asymptotiques.· On intro

duit la notion de Membre Canonique de la Caste (l'dCC), un représentant facilement

identifiable de la classe d'équivalence forihée par les affinités d'une FEN; y faisant

suite, on produit un~ table des FV de chaque l'deC pour les FEN de Grand-Babel
\:

actuellement c1assifiéi~s.
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Introduction

In 1978, Ole Barndorff-Nielsen published Infam",! ion nnd E';/,!'onrnlinl !'\l1Il1ïù'", in

Statistical Theory, a treat.ise \\'hich exposed tl\(' first. finnll' nwasn/,(' th('or<'l.ic COII

structive approach to Exponent ial Families and inr('\'('nce t.heorl'. Four l'cars la.!.('r, the

publication or Carl N. Morris' seminal "Natural l'xpotH'nt.ial ramilies \\'it.h quadratir

variance functions" spurr('d a Ourry or research in t.he t.heorl' or NaLural Expoll('n

tial Families (NEF) and the classification of tlH'ir Va/'iance Fnnctions (VF), Ilotably

though not exclusively hl' a team of students and r('s('archers al, the Univ('rsit(, Panl

Sabatier in Toulouse lecl hl' G,~rard Letac. For thes(' r('a80ns, what wc havc s('ell lit

to dub "constructive NEF the01'Y" has been variously dubbed the "Danish" alld the

"Toulousain" approach.

Research in the classification of NEFs using thcir variance runctions has nllcarthed

not only many useful techniques in distribution t.heory but also a good nund.>er or

theoretical gems, particula!'ly as concerns relatiollships betwccn NEFs. The concept

of inversion of a probabilitl' measure, for example (§2.4, ch. 1), was pioneered hl'

M.C.K. Tweedie (1945) andlaler formalized bl' Letac (1992); il, boasts or an e1egant

formulation as weil as a deep ilsSociation with L(~\'y processes, alld still harbours

severalopen problems, even in the one-dimensional case. Likewise, the reduct.ioll or

NEFs to equivalence classes of g<'llerating measures (§2.1) has illuminated previously

unsuspected kinships bet\\'een NEFs, which in tnm have opened up new aVenueH l'or

research.

Efforts at classification of NEFs began with powcr variancc fml.ct'ions (PVFs), VFs

of the form V F (m) = cm.'" for mE lR+ and c, a E m, introduced by Tweedi" (198~).

PVFs were later explored and tlleir classificatioll c01l1plet.ed by .Jorgensen (1.986 and

1987), Bar-Lev and Enis (1986) and Bar-Lev and Stramer (1987). Anot.her important

class of NEFs has been clubbed the Grand-Babel c1ilss (see §2.6, chapter 1) by Letac

(1992), a whimsical acronym based on the names or it.s originators, namely Bar-Lev,

Bshouty, Enis (1991) and Letac (who had broached the subject in the discussion

following .JOI·gensen's [1987] paper). The classification of Grand-Babel NEFs hos

been progressing steadily.

At this stage in NEF VF research, the present work intends t.o provide a com

pact handbook on Grand-Babel c1ass natural exponP.Tlt.ial ramilies and their variance

funetions, thus partial1y fulfilling a need expressed in the research cornrnunity for a

1
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dietionary or atlas of classificd ,'ariance funcl ions, Space constraints have limited

the scope of the present work to classified (;rand- Babel dass NEFs; PVFs are thus

excluded from it., except iusofar as t.hey also belong ta Grand-Babel subclasses, The

PVFs inci<kntally covercd by this work are the Normal (l', 20), the Poisson (l', 21),

the Gamma (l', 26) and the [m'crse Gaussian (l', :l7) families, The Gamma-Poisson

Mixt.ure families are also ment ioned in appendix scct.ion 1. Stable laws and a dis

cussion of PVF c1assificat.ion are thus set outsid(' the scope of our study, Recent

work by l\lalouche (199,1) on the partial classification of a Grand-Babel subclass \Vas

complded too recently to be incorporated here,

Chapter 1 is devoted 1.0 a lHier, almost purely terminological, exposition of the

mathemat.iral gears and levers of constructive NEF them'y in general, and includes

a description of the role of the variance funetion in the related fields of Saddlepoint

approximation, Quasi-likelihood theory and Generalized Linear Models, A note on

an original cxtension of probabilit.y measure invcrsion appears in §2.4. The Grand

Babel c1ass is presented in §2.6, along with a discuesion of Canonical Caste Members,

il concept suggested by G. Ldac as a lexical device useful for the recognition of

variance functions of affine N!::Fs (see §2.2).

Chapter 2 forms the core of t.his \York, presenting in compendium form the classi

fied Grand-Babel NEFs and VFs, including the l\Iorris (p. 19), Mora (p. 29), Babel

(p. 39) and Seshadri (p. 78) classes. To each convolution Jamily (see §2.3) belonging

to these classes corresponds a standardized entry; the originality and usefulness of

the compendium lay in this standardization: variance functions, generating measure

and Laplacc transform related expressions are paramctrized uniformly throughout us

ing a form of extended canonical parametrization, \l'hile expressions for the density,

when available, include an explicit reparametrization in more familiar, meaning;ful or

convenient terms. On this topic, we note that scveral new explicit expressions for

densities arc stated in chapter 2 and derived in the appendix: these are the densities

for the Trinomial families, the Pascal Sum, Poisson-Pascal Sum, Binomial Sum and

Gamma Sum families, the S-Abel and S-Tak<ics families, and the Reciprocal Inverse

Gaussian families \Vith arbitrary dispersion paramcler.

Chapter 3 is a simple table of Canonical Caste Member variance functions for

the familics described in chapter 2, The inclusion of this section \Vas suggested by

G.Letac as a valuable addition to a compendium of variance functions. Appendix

B contains important l'roofs and derivations and sorne relevant mathematical back

ground.
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Chapter 1

Measure and Natural Exponential

Families

We define here the basic building blocks of constructive Natural Exponential Falll

ily (NEF) theory on IR, beginlling with the positive generating measures and t.heir

Laplace transforms, and ending with statistical properties and concept.s rdated t.o

NEFs or useful for their description. ,Our discussion will be limited wholly tü the

real line;however, suceess has been met in structlll'ing higher-dimensiollal NEFs,

notably bO' Letac (ÜlSS,1992 ch. 6), Casalis (1992, Hl94) and Hassairi (199~1). The

one-dimensional case evidelltlO' embodies many of the fundamental concepts of NEF

theory and is also (and naturally) more fully explorcd than its higher-dimcnsiollal

relatives.

The l'cader is assumed familial' with the fundamçntal definitions of measure theory

and of statistical estimation and inference. The notation used throughout this charter

will be used uniformly thronghotlt'the compendium, and is summarized in Appelldix

C.

1 Basis Measures and the Laplace Transforrn

In the constructive, measure theoretical approach ta Natural Exponential Family the

ory, the most basic object is the generating measure, also called the basis oUhe family.

As we will see in section 2, this measure is determined up 1.0 an eq'uiva!ence class. ln

general, however, 'most NEFs can be generated by simple transformations of simple

measures: the transformations involved not only often have a concrete probabilisti'c

meaning, but are also conveniently manipulated using the Laplace transform.

We will first define sorne operations on measnres and then establish a proper

panoply of generating and transformable measures.

1.1 The Laplace Transform and Operations on Measure

Let M+ be the set of positive measures on Dl and consider the Laplace transform oL

!' E M+ given by

3
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âefined for 1} E D(p) = {I} E m. 1 L" (0) < +oo}. Wc will be concerned only with the

int.erior of D(p) as the domain of variation for 0, whirh we denote 0 (IL) = intD(fL).

A fundamental result a.ssoriates bijectivc1y any measure with its Laplace trans

form, through an inversion formula (see for instance Feller [1971], XIII.4). The in

version of a Laplace transform is often a difficult task, and in sorne cases an explicit

expression for the measure to which it correspon'ds rernains unavailable. Nevertheless

the Laplace transform enables us to define sorne useful and natural operations on

measurcs.

The set of basis measlIrcs for real NEFs will be

M = VL E M+ 1 o (fl) =l0&,Ea E IR: p{a} = fL(JR)}

and our initial objective will be to construct measures bclong)ng to this set. The main

operations reviewed, apart from scaling (p' = afl,a E IR+, with Lo"(O) = aL"(Ii)) and

addition (l'" = fll + fL2, \Vi th L,'I +'" (Ii) = L", (Ii) +L", (Ii)) are imaging under affinity,

convolution, power, exponentiation and geornetric expansion. A discussion of rneasure

inversion is postponed until §2.4. The operation of rnixing is described in §3.1. Most

of the following staternents are provedor otherwisc discussed in Letac (1992, chapter

1).
."

The Dirac rneasure al. 0 80 is dcfined in §1.2.

Affinity Imagil1g

Let F = a(IR) be the a-field of interest. Consider the affine transformation

A : fi ~ lll, t H at +b, a, b E IR, a =1 0

We caU A *P the image mcasltre of fL under A, c1enotcd and defined by A * I,(E) =

l' (A- l (E)) , \lE E A(F). \Vith this definition (see Theorem 2.1 below) if f' E M
(respectivcly,M+)then A*fl E M (respectively, M+) as well and 0(A*fL) = 0 (fL).
Moreover L".,,(Ii) = eb9L,,(aO).

Convolution

The convolution of two measures f' and v in M+ is c1enoted fL * v and defined by

(p. *1I)(A) =JR v(A- x)p(c!x) , A E F

The Laplace transform of a convorutionmeasure is given by L"*v(li) = L"(Ii)Lv(Ii),

\Vith 0 (l'"*v) = 0 (p) n0(v) (see Letac [1992]). Wc abbreviate repeated convolution

of the sarne measure by I,*n = fL * fL * ... * fL for n' E lN, with the convention that
*0 <fL = va·

4
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Power

The simpiest method by "'hirh a well-defined no! ion of power for mea'l1\"('S l'an be

established is the consideration of their J,'J"gellSfll sri. The J0rg<'nsen set. dl' JI E A'l
is described by .

A(,,) = {À > 0 1 3".1 E M: L", (0) = (1",(0))"1,0 E El (JI)}

By analogy with L~'n(O) = (L,,(O)t for nE IN as s<'Cn above, we deline ,/ = "..1 for

À E A(,,) if Lv(O) = (L,,(O))·I for ail 0 E El (l')'

A measure JI will be said ta be infinite!y divisible if Ali') = m+; this definition is

equivalent to the usual delinition of infmite divisibility as provided, for instance, by

Feller (19ïl). We can note immedlate!y that IN" C A(,,) for ail l' E JV!+ (sec §2.a).

Exponentiation

If l' E M+, define
00 Jl,,"j

exp l' = 80 +L -'-1
j=1 J.

Then exp l' E M if l' # 80 , 0(exp l') = 0 (JI) and Lexp,,(O) = exp L,,(O) for 0 E 0 (l')'

Geometrie Expansion

Let JI E M+ be such that 0*(".) = {O E 0 (,,) 1 L,,(O) < l} # 0. Deline

_ (8 _ )*(-r) - 8 +.ç. 1'(1' +j) .j
V r - 0 l' - aL.' :If(') l'

. j=l J. 1

Then Vr E M if Vr is not il multiple of 80 , 0(vr ) = 0*(1') and Lv,(O) = (1 - L,,(Olf"

for (J E 0(I/r ).

1.2 . Ex~mples of Measures and 'Transformations

We list here a certain number of important measnres on IR. Not aU of these may

form the basis for a NEF, but ail form a starting point for the construction of such

a basis using the above operations.
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Table 1.1: Sorne important positive measures on IR

• Name of meU.91lre

Dirac

Counting Measure

Abel

Takâcs(a)

Lebesgue on A

Kendall-Ressel

Standard Normal

lTyperbolic Secant

Definition

- 0" where ox(A) = 1 if x E A and

ox( A) = 0 otherwise, for A c IR
00

LOj
j=O
00 (j +1)j-1
L ï Oj
j=O J.

f f((a +1)j + 1) 0 for a > 0
j=O r(j +1)r(aj + 2) J

ll.4(x) where A c IR
XX

r(x +2) llR +(x)

exp (_x;) llR(x)

fl = sech(x)llR(x)

•
Most of the NEFs inclnded in this compendium are rooted in one or more of the

above measll\"es. By suitably applying the various operations on measures mentioned

above, we can create a rich diversity of bases for NEFs. Some fundamental examples

are included here.

Example 1.2.1 Binomial Measure . n (n) .
Let It = 00 + 01. Then for n E IN", Itn =L . Oj, cal/ed the Binomial measure.

j=O J .

Example 1.2.2 Gamma IV[easure
t r - 1 C

Let fl = lln+(t), the Lebesgue measU1'e onlR+. Then fl*"= f(r) llR +(t), for r E IR+,

is cal/ed the Gamma measnre with seale parameter r.

Example 1.2.3

Let fl = exp(ol)'

Poisson Measure
00 O. .

Then It = L -:t, cal/ed the Poisson measure.
j=O J.

Example 1.2.4 Pascal and Negativ~Binomiàl Measures

) OO(r+j_1) _
Let fl = (00 - 01)"(-r. Then l' = L Oj, the Pascal measure for ,. E

--0 r-1?- c '
lR+. If rEIN", the image mensure fl' of It by the affinity ACt) =t + r is given by

It' = f ( j - 1 ) Oj, the Negntive Binomial measure.
j=r r-1

6
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2 N atural Exponential Families and Extensions

Natural exponential familics are constructed h<'re, as well as the ohjects which most

naturally characterize them, such as cumulant transform, mean domain and, of

course, variance function. The aforementioned measure operations of amnity imaging

and power are recast in !.<'rms of extension modds of NEFs, and proh<lbility measure

inversion is introduced. \Ve quo!.e some basic results in the asymp!.otic theory of vari

ance functions. Finally we make a note on castes, a type of lexical construct derived

from variance functions, and introduce an equivalencc dass across aIlinities of NEFs

with tb.e notion of Canonical Caste Member (CCM).
'-

2.1 Natural Exponential Families

\"!Ie need a fcw more definitions before moving on to the construction of NEFs.

We first define the cmllulanl lransfo'rmof Il as

1",,(0) = log L~(O), 0 E 0 (JI).

Ralder's inequality can be used to show that k~(O) isstrict1y convex and analytic ou

o (JI). Renee for JI E M and OE 0 (JI), define the probability measure

P(O,II)(dx) =exp(Ox - k~(O))JI(dx).

We calI () the canonical parame/erof the probability measure P(0, l') and the paramdriza..

tion in ternis of () E e (1/,) the canonical form of the NEF. It is a simple matter 1.0

show that the moment generating fnnction M(s) for this probability measure exists

in a neighborhood of 0 when () E e (JI) and is given by

.lIf(s) = exp (k~(() +s) -.k~(())).

The basis measure gen~rating P((),JI) is aot unique. If III = exp(ax +b)'I, with

a, b E IR, then k~l (()) = k,,(O + a) + b, () E e (Jl1) = e (JI) - a. Ilut then P(O, Il,) =

P(() +a, Il),0 +a E e (Jll) +a = e (JI). Renee defining

F(,I) = {P((),JI)(dx) 1 () E e (JI)},

we see that sinee F(JI) = F(JI,), F(JI) depends not strictIy on Il but ratheron the

equivalenee dass {Jl1 E M 1/11 = exp(ax + b)JI, a, b E IR}; we can thus write F =

F(JI), called the natural exponential family (NEF) generated by l'.

ln the sequel; we assuD'te as ~ matter of notational convenience that X ~P(O, Il)(dx).
o

Since k~ is strictIy convex on e (JI), the mapping r~(()) =k~(O) is injective. Define

7
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calleel the mean domain of F and easily seen ta depend on F rather than Il. The

name meaTl domain cornes from the property

Sa that T" maps 0 E 8 (Il) bijectively ta the mean associated with the probability

measure P(O,ll). We denote q, : MF --t 8 (,,), m H T;l(m). The bijectivity of <P

allows a rcparametrization of P(O,p.) , 0 E 8 (,,) as P(m,F), m E MF.
Denote now VF(m) = k::(\&(m)). Il. is easy ta show that

. +00
VF(m) = [00 (x -m)'P(m,F)dx = Var [X] ,

whencc we cali (VF, MF) the variance fundion associated with F. An alternative

expression for the variance funetion is

sup x(l - k~ (li)
6E6(1')

- xq,~(~') - k~(q,~(x)), x E MF.

The Legendre transform, like the cumulant transform, is a property of the mensure

IL and notof the family F(IL). Letac (1992) provides details about the use of the

Legendre transform in large deviation theory. Further motivation is provided for the

inclusion of the Legendre transform in the compendium throughout section 3.

2.2 Affine Natural Exponential Families

Consider the real aff1nity A(t) = at + b, a,b E lR, a of O. The fol1owing theorem

summarizes facts concerning the NEF generated by A * /-' as' il. relates 1.0 the NEF

generated by Il.

Theorem 2.1 (Le tac and 1\101'a [1990]) Let A be on affine transformation as abol'e,
and F = F(IL) be a.NEF. Then

(i) A*IL E M and 8(A*IL) = 8(/-,)
(ii) kA",( (1) = k,,(a(l) + bO ,0 E e (/-')
(iii) If for some /-,1 E M J F(p) = F(/-,'), then F(A * /-') = F(A * /-")
(il')M..\," = A(MF), and A * P (m, F(,,)) = P (A(m), F(A * ,,))
(v) V F(.-I',,) = a2V P("l (ri-l (m)) ,m E MF

8
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The fo11owing eorollary, thongh trivial in nature, spells out the computationa!

method and probabilistie interprctation assoeiated with act.ua.l mcmbers or a.fline

NEFs, by extendi.,g part (iv) or Theorem 2.1.

Corollary 2.2 Wilh .'1.. l' and F as above,
(vi) A * PlO, p) = PlO/a, il *1').
(vii) IfX~P(O,p)(d;r), then A(X)~[jhP(O,I,)](d:l:).

Part (vii), in turn, a110ws us 1.0 introduce a natura!notation. Wc will write

[aP(O,!,)+b] for A.*P(O,I'),
[aF(I/) + b] for F(A * p),

and so on, whenever eonvcnient.

2.3 Convolution Families and Exponential Dispersion Mod

els

Let F = F(I') be a NEF. The .T~rgensen sets of 11.11 measures in the dass whieh

generates f must be identieal, and thus we ean define the J~rgellsell set or a NgF' as
A (F) = 1\(1/). ."

For ÀE A(F), let l'À E JV/ be sueh that k", (0) = Àk" (0), and dellote

The notation is not abusive, sinee for P:, = exp(ax+b)p", ct, b E IR, we havefi"'(I') =

F(p.,,) = F(I'~) = F"(I"), where II' = exp(ax +b/À)II(dx) also generates F. We thell

eall convolution family (CF) (or additive modeQ the set of probability measures

CF(F) = U F À

.'EA(F)

and exponcntial dispersion modcl (EDM) the set

EDM(F) = U [F"].
"EA(F) À

We cali À the dispersion pommeler of the CF or EDM. EDMs were first introdueed

by J~rgen~en (198& and 1987.), From the above il. isdear that every NEF generates a

CF (respect.ive1y, EDM), and that the J~rgensen set induccs and indexes a partition

of the CF (respeetively, EDM) into NEFs. Theaetual forms of the clensities are

for CFs and

ED(O, À) = exp [À (Oy - k,,(O))] (A *p*")(dy)

9



A(ptl = A(pD (dena/cd by A) and F(p>.) = F(p,>.) (denoted by F>') for'x E A;

For 0 E. El (l'Il, P(O, /'1 )*.\ = P(O, 1',\);

For nll ,X E A, MFÀ = ,\MF,;

Foi- ail ,X E A alld ail m E MFÀ,

•

•

•

for EDMs, where the affillity 11 is given by A(t) = t/ X, t E IR; in both eases the

range of the parameters (O,'x) is El (p)xA(p). EDMs are sometimes reparametrized

in terms of the mean mand (72 = 1/\ yielding the density

Wc note t.hat A (F) is an additive semigroup in IR+. Let l', q E A (F). Since

for l', v E M, k,,,v(O) = k~ (0) + kv(O) we have that k~p*~q(O) = k~p (0) + k~q (0) =

(1' +q)k~ (0). Bence therc exist.s l'p+q = pp * pq sueh that kpp+' (0) = (1' +q)kp1 (0),
whence l' +q E A(F). In partieular, since 1 E A (F), we get IN* c A (F).

The following theorem (proposition 2.5 in Letae and Mora [1990]) summarizes the

above resu1t.s, and introduccs others whieh will enable us to determine the interplay

between variance funetion and CFs and EDMs.

Theorem 2.3 (Letae alld Mora (1990J) Let Pl, p~ E M and theù' Àth power P.\ = pI>'

alld l'~\ = 1',(.\ with ,X in A(J'I) alld A(pD respectively. Assume that F(Pl) = F(pD·

Then
(i)
(i·i)
(iii)
(iv)

The p'foofs are ail straightforward. Part (iv) above allows us, given a variance

funetion, not only to idcntifythe partieular NEF but also the CF and EDM associated

with it. (The relationship in part (iv) implies a mapping F-+F>' for ,X E A (F), the

so-cal!ed J{irgensen transformaUon.) For this reasôn, the variance funetions in this

compendium al! represent a generic member of their NEF p>' as a subset of the CF

generated by F. The generating measure is thus always represented as the power

of sorne fundamental measure, and the mean domain, in general, will he found to

depend UpOll this power.

A pair of simple propositions, useful in d~termining the form of an affine CF or

EDM from its variance function, close off this section.

Propositiol12.4 LetF and C be NEF 's, and let.x E A(C).

(i) SUl'lJOse that H is a NEF and that and a, bE IR, a =1 O.

Then F = C'\ and C = Cl ';= [aH +b] implies that F= [aH>' + 'xb].

(ii) If mE MF n Ma, Ihen

VI' (m.) = ~Va(m) if and only ifF = [~>'l fod E A(F).

10



the Binomial and Negative Binomial families (pages 23 and 24);

the Poisson and Gamma families (pages 21 and 26);

the Normal and Inverse Gaussian families (pages 20 and 37).

•

•

•

2.4 Inverse Natural Exponential Families

jlileasure inw'rsion is a rel11arkab1e operation which can best be defined in the cont.f'xt.

of probability measures. Jt, was [orl11alized by Letac (1992) and generalizes t.he concf'l't.

,)f inverse dist.ribution introducNI by Tweedie (1945). A good t.reat.ment. is [ound in

Seshadri (199:3, ch. 5). Inversion is defined as follows.

'Definition 2.5 (Letac and Mora [1990j) Let 1',111 E M. Denote 8+(1'.) = 8 (II) n
(0,+00). (l1,I'd :is an inl'frse pair (similady, PI is the inverse ofl' orviee vcrsa) if

(i) 8+(t,) # 0# 8+(1'1)

(ii) -~:~IÉl+(~): 8+(11) ---+ 8+(1'1) is a bijection, and -k"ie+(,,) (-k,,,I~)+(I,tl(O)) = 0

for 0 E 8+(111)'

If (Il, IId is an inverse pair as defined above, il. can be shown that (e"x+b l', cbx+" l'' )

18 also an inverse pair; hence inverse pairs of NEFs such as (1" = F(t,), F' = F(I,I))

!are well-defined.

i': Inversion sometimes admits of a probabili~tic interpretation, essent.ially rclat.ing

jlandom processes and their hitting time distribution. The reader may wish t.o consnlt." ~

]~etac and Mora (1990) for more details and references; we will simply indicat.e t.!11\t.
l' ~ .
ilmong the most famous int.erprctable inverse pairs of NEFs are:

11
l'
'i

\,': (i)
':\(ii)

\(iii)

In most cases, snch as the. Gelleralized Hyperbolic Secant and.Arcsine inverse pai r

(pages 27 and 34), such an interpretation is stilllacking. Moreover agiven measure

lleed not have an inverse i~ M. The Hermite families (page 42), forinst.allcc, do not.

have inverses,as is shown in appendix (§B.5).

When inversion is possible, however, the following t.heorcmshows that t.here ex

ists a natura1 injective correspondence not only between NEFs, but in fad bctwccn

individual members of the NEFs when the mean domains are conccnt.rated on lR+.

Theorem 2.6 (Letacnnd Mora [1990J) Let 1" and FI be NEF's in lR. For G n NEF,

denote Mt = MG n (0, +00 ).Then (1", FI) is an invèrse pair' if and only if

(i) Mf # 0# Mt" and the map rn f-> 1jrn restricted ta Mf is a bijection onlo Mt,;

(ii) For ail rn E Mf, V F(rn) = rn3 VF, (~)

V. Seshadri and the allthor, in joint unpublished work based in part on Kend"ll

(1957), Khan and Jain (1978) and Jain and Khan (1979), have generalized somewhat

the notion of inversion. Two NEFs 1" and Gare said 1.0 form an extended inverse

pair indexed by r if [-brF + b] "nd [rG +b-1
] form an inverse pair for some r E IR

11
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and for ail li E !lc. For r > 0, F can be thought of as a family of distributions ruling

an input (disrrete or continllous)in an infini te storage space subject ta deterministic

output, while G is a family of distributions rllling the time 1,0 first emptiness of this

space. A striking property of extended inversion is that it can be used ta generate

the Mora rlass convolution families from the families in the Morris class (chapter 2).

See appendix (§B.2) for details on the measure transformation involved.

2.5 Asymptotic Distributions and the Variance Function

Because they are often murh simpler in form than their parent density and Laplace

transform, and hecause they characterize their NEF, variance functions can provide

quick asymptotic results throllgh the following theorem, due 1,0 Mora (1990), and

here restricted.to the realline.

Theorem 2.7 Let (Fn);;'=o be a sequence '!f NEFs on IR with mean domains Mn

and variance functions V n. Assume that there exists a non-emptyopen subset JYI c
n;;'=oMn surh that limn _ oo V,,(m) = V(m) exists uniformly for allm E M and

V(m) > 0 for m E M.

Then Ihcre exists a NEF F on IR such that

V =V F, MF CM, and P(m, Fn)~P(m,F),

in the Sense of tight convergence.

J~rgensen and Martinez (1991) consider convergence of EDMs to EDMs with

power variance functions (Vp(m) = amk ).

2.6 Canonical Caste Members

The so-called Gmnd-Babel class of NEF's on IR is characterized by VF's of the form

V F (m)= P(m).6.(m) +Q(m)J.6.(m),

where P, Q and.6. are polynomials such that degP~ 2, degQ ~ 1 and deg.6.~ 2.

Various speèializations of the Grand-Babel form of the variance function give rise to

the groupings of VFs used in this compendium. A partial list of these groupings is

given below.

Table 1.2: Classified sub-classes of the GrandcBabel dass

•
Class

l'dorrîs

Mora

Babel

Seshadri

p

degP(m) = 0

P(m) == 0

degP(m) = 0

deg P(m) = 1

Q

Q(m) == 0
degQ(m) = 2

degQ(m) ~ 1

degQ(m) =1

12

deg .6.(m) ~ 2

deg.6.(m) = 2

1 ~ deg.6.(m) ~ 2
\<i'

Q<:lg .6.(m) = 1
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The conditions on P, Q <lnc! j. are not 1>y themsclves slIfficient to characterize a

given class. The notion of caste must'be introdnced in order to do so.

Among the various groupings it is convenient for geomctric<ll, probabilistic and

lexical l'casons 1.0 express the VF's of the Grand-Babel class in a canonical form based

on the polynomial ~(m). We shall say, following Letac's (1992) and Kokoncndji's

(1993) lead, that if there exists an affinity I\(t) = at +b, a, b E IR and a constant 1.,

such that J..j. (I(-I(m)) = l, m, nt2
, m2 - l, 1 - nt2 or m,2 +l, then P belongs to the

caste k~ (1\'-1 (m)). Kokonendji (1993) lists varions properties associated \Vith cast.cs,

such as closure properties nnder various measure operations, geomet.ric interpretation,

etc. We note that the above c!cfinition of caste together with Table 2.6 is' cquivalent

1.0 Kokonenelji's elefinition.

Morris (1982) introeluces the canonical membe,' of the Morris class as the famil)'

with variance function V(m) = am2 + s, where a E IR anel s E {-l,O,I}. We

extenel the concept by applying il. to the polynomial ~ anel ari'anging, withollt loss

of generality anel al. the cost of an affiuity, for a 1.0 belong to {-l, 0, 1}. The caste

member withvariance function V fœ (m)='a2V F (J(-I(m)) will then be called the

canonical caste member (GGAI) of the affinity family {[aF + b] 1 (a, b) E m:}.
The usefulness of canonical caste representation as a lexical tool is obvious, as

il. simplifies recognition of a l'articulaI' NEF given its VF by provieling a lIniform

representation amongst all affinities of the family. The following proposition makes

explicit the transformations used to proeluce caste canonical members (or equiva.lenl;ly

their variance function).

Proposition 2.8 Let VF(n~) = P(m)~(m) + Q(m)J~(m), with ~(m) = l'Im2+
(3m +i,l'I, (3" EO IR. Assume 1,81 i= 2..jQl3, i.e. that ~(m) 'is not a pe'lject slj'Ua,'e,

and thateleg ~ i= O.

Case 1: lfa = 0, let AI(t) = (3-1(t-,). IfG~ = Aïlp, then Vc,(m) =
P1(m)m +QI (m)yIrri, with

P1(m) - (32p [AI(m.)]

Ql(m) - (32Q [AI (m)].

Case 2: If a i= 0, let D = (32 - 4a" Œ= sgna and 8 = ŒsgnD. Let A2(t) =

~:~It- ~. IfG2 = Aï1 F, then Vc,(m) = P2(m)~'(m) +Q2(m)J~'(m), with

~'(m) _ Œm2
- 8,

P2(m) - lalP [A2(m)J,

Q2(m) _ 2~2Q [A2(m)]
IDI

These transforrriations facilitate the automatic determination of tbe CCM of a CF

from its variance function wben the CF belongs 1.0 tbe Grand-Babel class.
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3 Statistical Aspects

Wc nolV provide motivation for the information included in the compendium by de

scribing som" relevant sta1.istica! coneepts as they relate 1.0 constructive NEF theory.

3.1 Mixture Distributions

Consider the set of measl;res JI = {l'r E M+ t r E I} for sorne index set l CID., and

a measure 11 \Vith support 8(11) CI. (The support of v is the smallest set JI such

that v(lR \ JI) = O.) Then wc define the mixture of A by v as

l'r Ar /1 = r l'rv(dr).
ls(v)

Considcr no\V a measnrc l' E M+, l = A(p.) and A = {l''o\ 1 À E A(I')}' Then'

define for 8(/1) C A(JI)

l' A v = Il'1' Al' /1 = r l'*Y v(dy).
ls(v)

Berc Il is called the kerncl mCU'<llre and v the mixing meaSllre. Beneeforth, unless

'. ot,herwise specified, the tenu "mixture" will be used to denote the above type of

mixiug (with respect 1.0 powers of a single measure). Then k~"v(O) = kv (k~(O)) and

8(11 A v) = 8(11) n k;;1 (8(/1)).
The mixtnre of NEF mcmbers itself belongs 1.0 a NEF, sinee, as is shQwn in

âppeudix (§B.3),

P(OI,fl) A P(02,v) = P(OI, 1'1 Av)

where 1'1 = exp (02 - k,,(Od) 1',01 E 8(1'1 A v) = 8(1') n k;;1 (8(v) +O2 - k~(!JI))'

As 01 and O2 vary, the mixture itself does uot in general define a NEF (sinee

1'1 A v and 8('11 A v) depend upon !JI and ( 2 ), but each mixture belongs 1.0 and

induees a NEF. Mixture distributions often make for straightforward probabilistic

interpretations; these have beéu made explicit iu several cases in the compendium.

3.2 Saddlepoint Approximation

Let 'Ir E M be a probability measure with 0 E 8('Ir), and consider a random sample

XI, ... ,Xn~7r(dx), with }:;'n = (l/n) "L'J=oXj • Daniels (1954) has shown that if

fn(x) is the density of Xn and if gn(X) = V2'1r":F(X) exp (-k;(x)), where k;(x) is

the.Legendre transform of 'Ir, then Un(x)/gn(x)) -> 1 as n-> +00 for ail x E MF(~)'

Thefunct.ion gn may require renormalization 1.0 be used as an approximate density,

but. the error involved in the approximation is O(l/n).
Since for l' E M and ft' = exp(ax + b)11 we gel. k:,(x) = k: (x) - (ax + b), the

Legendre transforms includcd in this compendium may be used 1.0 derive a saddlepoint
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approximat.ion for t.he nl("lll of Xl, ... ,X,,~7I"(d,r) = "(Ii" E (-)(/'),JI)(d.r), s",\", h)'

taking /.';(J') = k;, ('1') - (lio,r - /.'"(lio)), for lio E 8 (JI). Not... t.hat. in (.his cas" II t'

8(71"), sine<' lia E 8 (J') = 8(71") + 00 . The Leg"ndre t.r"llsfol'll1 c"n t.llIlS h,' ns,'lI I.ll

approximat.e densit.iesfor ED!lls when c10sed forms an' nnavailahle or int.radahl,'.

Danieh (1980) has also shown t.hat. t.h" only llnivariak dist.ribnt.ions for which

the saddkpoint approxim"t.ion is exact are t.he Nol'tllal and 11I\','rs,' Ganssian, 'l'Il<'

Gamma dist.ribution also yidds an exact. saddlepoint. approxinl,üion, np t.,) " fad.ll!'

which dep"nds on n.

Seshadri (1993) provirks an "ffect.ive snmmary of saddlepoint. approxinl<üillli in

the context of NEF theot·y.

3.3 Generalized Linear Models

Consider a salnple ..Xi, i = 1, ... , n a.nd acoval'i~üc Inatl'ix Y nxl/ = [Yij] = lUt··· 'Yll]"

where Yi E m.", i = 1, ... , n. The associated genrmlizcd l"'HOnl' IIwdd (ULM) is f\iven

by

and
"g(1E [Xi]) = I: Yij(3j = y:13

j=l

where 9 : Mp->IRis an injective funetion, called the link fllnclion, and f3 E Ill" is

a parameter vector 1.0 estimatesuch that y:f3 E g(.MI')' Generali7,ed linear Illodds

were initially introduced by Nc1der and Wedderburn (1972).

Under a GLM, the density of Xi is

from which an expression for the likelihood can easily be derived. We cali 9 = cP l ' the

cnnonical link function. Under a canonical link, the densi ty becomes

ED(mi,o'f) = exp (:1 [xy:f3 - k,h:(3)l) f/,(dx).

This forrn may be computationally convenient in sorne ways, because the expression

for the likclihoodfunction is simplified. The canonicallink [unction, however, may in

practice make unreasonable restrictions on f3 and lack a rneaning[ul interpretation.

The dcviance can be used to per[orm tests o[ hypotheses in the GLM setting.

Assurning equal weights [or the observations Xi, and denoting the est.imated mean

vector for the observati?l1s by m, the deviance may be written as

D(m,:v)=2,\t r: ~(~dm.
i=11g(m,) l' m

1.5
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The devianc,' may be conslnH'd as a measure of goodness of fit of the GLM, and is

asyrnptol iCillly distributc'rl as X~_q as 71-+ + 00.

3.4 Quasi-Likelihood and the Variance Function

For a genC'l'ill family of reill non-dC'generate probability rneasures F, define the mean

domain of F by MF = {m E III 1 m = 1E"a [X]}. Then define the variance function

VF: Mp-+m+,m 1-> Vill"'EFlX]. For fi E F, X~I' and m = lE [X], caB quasi

likclihood j//lIclio71 the mal' [{ defined by the relation

af\(X,m)_X-m
am - Vdm)'

Wedderburn (1974) shows how estimation techniques using quasi-likelihood par

allel Ihose which lise the log likclihood, and ho\\', in faet, quasi- and log-likelihood

are equal \l'hen F is a NEF. The properties of quasi-likelihood depend on the faet

that estimation under l' is done using a NEF probability measure 7r which closely

approximales l' in a neighborhood of the maximum likelihood estimate under 7r.
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Chapter 2

Classified Real Grand-Babel

N aturai Exponential Families

Ali current.ly classified Grand-Babel variance functions arc listcd- in the present chap

ter along \Vith other basic information. The entries from each c1ass arc preccckd by a.

synoptic listing of the class accompanied by general information, inclllding t.he main

referenccs concerning theclass.

The convolution families arc ail generated from a basis measure chosen 1.0 be

as convenient as possible: expression and reeognizability of the measure anel of its

Laplace transform, shape of the support and mean elomain, amenability to intcrpreta

tion, clarity of the relationship 1,0 the generateel convolution family were ail concerns

in the choice of the basis measure, as weil as a desire to simplify the forl11 of the

variance fllnction and of the density (when avai!ab!e).

Wc briefly describe the structure of each ent.ry.

Introduction Section

Various detai!s concerning the fami!ies arc listcel berore each entry, including no·

tationa! informati9n, historiea! details, probabi!istic interpretations, occurrence in

statistical !iterature, etc.

Variance Function Section

The variance fnnction isexpressed in terms of no more than four terms:
m: the variance function argnment i~ MF;
À: the dispersion parameter from A (F), identifying the CF;

q: in most cases, a secondary dispersion parameter ratio;

a: a possible index to the generating measure.
The rncan domain MF andJ~rgensen set A (F) are specified when known, as weil

as the dornains of variation of q and a when appropriate. The dispersion ratio q

corresponds rnost often tothe ratio of the powers of two convolutcd mcasures, viz.

the generating rneasure. l' = v~'\*v;Àq Negative values for q, however, may som~tirnes

occur when the relevant Litplacc transforrn corresponds to a non-negative mcasure;

probabilistic interpretations arc quite difficu!t to come by in snch cases.

17
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Basis Measure Section

The basis measure is specified In terms of the simple measures of table 1.1 and

operations of §1.] in chapter'] whenever possible. The operation of inversion is not

used explicitiy 1.0 derive meaSllres in this section.

Cumulant Transform and Mean Domain Mapping Section

The mappi ngs k" (0) and ,pl' (m) are specified, as weil as thecanonical parameter

space El ('L).

Density Section

The densit)' is specified in explicit form whenever such a form is known; otherwise

il. is expressed in terrns of a Laplace Or Mellin transform on the support of the basis

measure. A reparametrization is effected 1.0 bring the canonical and dispersion (and

. possibly other) parameters in line with the usual forms of the distribution, or· 1.0

simplify the expression for the density when the distribution has had little exposure

in the literatnre. The mean is expressed nsing the new parametrization.

Legendre Transform Section

The Legendre transform of the basis measureis indicated under this heading. The

transform is often expressed of simpler quantities. The information in §3.2, chapter

1, should he con\ulted in order 1.0 use the Legendre tnmsform"in the Context of

saddlepoint approximation.

Asymptotics Section

In accordance with Theorem 2:7 in chapter 1, asymptotic results hold true for fixed

m. In some cases theasymptotics are stated usingthe parametrization supplied in

the Densi 1.Ysection.

Note; Section

The Notes section cOlltains other relevant information snch as the inverse distribution

when il.. exi,ts aiId belongs 1.0 a c1assified NEF, special forms for the densityor the

variance function,· and otherpotentially useful facts;

Other References, Section

Referen.ces not indicated clsewhere are included in this section, along with a motiva

tion.
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1 Morris Class

The Morris dass cantains ail convolution families with al. most quadrat.ic polyuomial

variances. Tt was shown t.o contain exactly t.he six following faI)1ilies by iVlorris (1982):

Tàble 2.1: l\Jorris dass convolut.ion families

Normal: N(ç, 0-2 )1 (ç, 0-2)E lR xlR+ J' supported on III

Poisson: Po(Ç) 1 ç E lR+}, supported on IN

Binomial: {Bin(n,p) 1 (p, n)E (0,1) x IN"},

supported on {O,I, ... ,n}

Pascal

(Negative Binomial):

Gamma:

Generalized Hyperbolic

Secant:

{NB('.,p) 1 (p,r)E (0,1) X lR+}, sUPPol.-t.ed on IN

V(Q,,B) 1 (,B,Q) E lR+ X lR+}, supported on lR+

1.GHS(,·,,B) 1 (,B,r) E (~7f/2,+7f/2) x lR+}, .

supported on lR+

•

•

Letac (1992, ch. 3) quotes and reworks characterizati~ns of the Mon:is dass by

Meixner (193'1) and Feinsilver (1986), the latter being based essentially on the Cramér

transform, J~(x,m) = exp(-k: (~:)). Shanbhag (1972, 1976) produces another char

acterization orthe Morris class based on the diagonality of their 3 x 3 Bhattacharya

matrix. Laha and Lukacs (1960) chàracterized the Morris dass as those families for

which a quadratic form in ther.v. has quadratic regiession on a!inear fonn in the

r.v.

The Morris class families are among the most useful in applications, a [act which

convincinglyillustrates Letac's principle (1992, ch. 1): the simple.,. VFJ the mo7'e

useJul is F . The Morris and Mora classes together form a kernel of such useful F's,

which may be transformed and combined 1.0 form most families of the Babel dass

and of the Seshadri class.
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1.1 Normal Families

The Normal or Gaussian distribution is denoted N(ç,0"2), with parameters ç E IR

and (72 E IR+ denoting the meàn and variance of the distribution respectively.

One of the earliest mentions of a Normal-like distribution occurred when De

Moivre att('mpted to deriv(' an approximation for the Binomial distribution (see for

instance St igler [1986]). The Normal in fact occurs as the limiting distribution of

standardized sums of in<kpendeùt random variables with common mean, provided

their second moments arc slIitably small (see, for instance, Billingsley [1979], sec.

27). Closely associated with this property is the fact that N(0,0"2) is a stable dis

tribution (see Feller [1971), ch. VI). Perhaps due to these properties, it is found to

reneet or c10sely approximate the aetual distribution of many naturally occurring

random variates.

Variance Funetion:

VF(n:» = À

MF = IR, A(F) = IR+

Basis Measure:

p(dx) = ~exp(- x~) lln(x)(dx)
v 21l"À 2"

Cumulant Transform and Mean Domain Mapping:

k~ (0) = ,\02 /2, El (Il) = IR'

<P" (m) = m/À, m E MF

Density:

fx(x) = ~exp( (X?-P2),XEIR
21l"0"2 _0"

o= 1.. f. E IR . À - 0"2 0"2 E IR+ .
0-2 ' , .' ~ ., ,

then m =.ç.

Legendre Transform:

1.2
k:(x) =;À ,x E MF

Notes:

• IG(ijà2,ej0"2) is the inverse distribution of N(ç,0"2) for ç > O.

• The Normal and the Inverse Gaussian familles are the only univariate NEF's for

, which the saddlepointapproximation is exact.
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1.2 Poiss:m Families

The Poisson distribution is dcnot"d Po(Ç), where ç is often cal1ed the intensity Pil

rarneter, and equals both mcan lmd variance for the distribution.

.Historically, it was derived as the limiting distribution for a Binomial distribution

Bin(n,p) as n ---> (Xl with "1' = ç constant (Stigler [1982]). More generilHy, ,J~rgensen

(1986) showed that every nnivilriate discrete positive exponential dispersion mode!

converges to Po(m) as À ---> (Xl while m rernains fixed.

The Poisson distribution is also defined as the distribution of the number of l'vents

within a fixed time interva! which occur in a Poisson process.

Variance Funetion:

VF(m)=m

MF = m.+ , A (F) = lR+

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

Density:

çx
fx(x) = '1 exp(-ç), x E lN

x.

(} = log (&) ,ç E lR+

then m = ç

Legendre Transform:
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Notes:

• 1'(1, I/E,) is the inverse distribution of PoCE,) .

• ). can always be taken to be 1 by adjusting the canonical parameter eappropriately.

Howe\"or, the convolution family or exponenlial dispersion model form may male

the Laplace tiansfonns of convolutions invol\"ing Poisson random variables easier

to manage. We may examine, for instance, the closure under convolution of the

Poissoll distribution: silice ill general ED().l0 e) *ED().2, e) = ED().l + ).2, el, we get

Po(ç.) * Po(6) = Po(ç, +6) by taking Po' ;: BD ,e = log (6 + 6), ).1 = 1 + 6/6,

and ).2 = 1+6/6 (J0rgensen [1987]). Sec also, for instance, the NB + P and P - NB

families in the Babel cla".

Other Rderences:

• Billing,!ey (1979) [or a discussion of centrallimit theorems applied to triangular

arrays of random va.riables.
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1.3 Binomial Families

The Binomial distribution l3in(n, p) occurs as the number of successes in a series of

n E lN' independent trials, each with a probability p E (0,1) of suceess. The Binomial

distribution arose very early in the history of probability, ostensibly in the comse of

mathematical descriptions of games of chance (sec for instance Stigler [U1S6j. ch. 2).

Bin(l,p) is orten called the Bernoulli distribution.

Variance Funetion:
m

VF(m)=-(À-m)
À

MF = (0, .\) , A (F) = 1'1'

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

Density:

fx(x) = ( : )px(1- p)n-x, X E ~I

(}=log(~)'PE(O,I); À=n,nElN' mm
1- p .

then m = np

Legendre Transform:

Asymptotics:

Bin(n,p)~Po(ç) if n ..... 00 while np = ç r~mains fixed.

Notes:

• NB(lln,p) is the inverse distribution of Bin(n,p).
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lA Pascal (Negative Binomial) Families

The Pascal or Negative Binomial-l distribution NB(r,l') with rEIN' occurs as the

number of failures requirerl to ohtàin r suceesses in a series of independent trials when

.the probahility of success for each trial is p. Orten in the literature, the names "Neg

ative Binomial" or "Negative Binomial-2" will refer to the [NB(r,p) + r] distribution

while NB(",7') is called the Pascal distribution for r E lN'. NB(l,p) is often called

the Geometric distribution.

The choice of r may be extended to the positive realline. A simple interpretation

for this case results from the fact that NB(r,p) = Po(ç) !If, f (r,p/(l - pl). In this

compendium, we abusively retain the name "Pascal distribution" for general r E IR+

instead uf the more acceptable but less wieldy name of "Negative Binomial-1".

Variance Function:

m
VI' (m) = T(171 +.\)

MF = (0, +(0), A(F) = jR+

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

k" (0) = -.\ log (1 - eO) , El (/1) = IR

r/>~ (m) = log (m: J 'mE MF .

Density:

f(x + r) r x
fx(x) = x!f(r) p (1-1') , x E lN

0=log(l-p),pE(0,1); ,\=rEIR+
.. 1- P
then m = r-·-.

p

•
Legendre Transform:

. (XX .\,\ )
k" (x) = log (x + .\)x+.\ ,xE MF
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Asymptotics:

NB(r,p)-..E....Po(m) if l' -> 00 while 171 as ln the Density section "bove remains

constant.

Notes:

• If l/r E IN', then Bin(1/",/,) is the inverse distribution of [N13(r,p)+ '..J.

o NB (1, ("(1)1') 2) is the inverse distribution of NB(,·,p).
1'1-1'+1'

c
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1.5 .Gamma Families

The Gamma r!istribution wil h parameters a, ;3 E JR+ is denoted r(a, ;3), and is a left

skewed disl ribution with applicat.ions in modeling failure-time distributions, among

other phenolllena. It. arises as a result of convolution and/or division of the simpler

EXP(;3) distribution (sec helow), which has the usefuLmemorylessness property (i.e.

if X ~EXP(·), P[I + h > X 2:: IIX 2:: il = P[h> X]).

The case of f(l,;3) is the exponential distribution with parameter ;3, denoted

EXP(;3). The case of f(II/2,2) is the chi-squared distribution with Il degrees of

freedom, denoted X~. In particular, this latter distribution rules sums of Il squared

standard normal random variables when Il E IN'.

Variance Function:

m 2

VF(m) = T
MF = m.+ , A (P) = m.+

Basis Measure:

Il = ".\
where, = J1 R+(x)

Cumulant Transform and Mean Domain Mapping:

k~(O) = -.\Iog(-O), 8(1") = nr
.\

.. <P" (m) = --, m E AfF
m

Density:

fx(x) = l'(~) ;"X"-l exp ( -~) , xE lR+

o= _.!:. ;3 E lR+ . .\ = a E m+ . then m = a;3f3 ' . l ' ,

Legendre Transform:'

Notes:

• [(1/0)1'0(1/,6)] isthe inverse distribution of f(o,,6).

• The saddlepoint approximation for the Gamma distribution is exact, up to a constant
factor.
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1.6 Generalized Hyperbolic Secant Families

The Generalized Hyperbolic S<'cant distribution, denoted ClIS(r, ,ô), is the distribu

tion of the area comprised bctll"<'<'n an arc in a planar 13roll"uian C\\l've and th" chord

subtending it (Talacko [195G]). ]\!orris (1\)82) notes that tIlt' CliS distribution is th"

natural obs<'rvation of the 11<'1 a distribution. Harkness and Harkness (H1G5) charac

terize GHS(n, 0), n E lN', as tbe distribution of the logarithl11 of the geol11dric mean

of independcnt Cauchy ralldom variables. Shanbhag (197G) arrivcs ,ü a full form of

the GHS distribution throtlgb a 13haLtacharya matrix charadcri~ation.

Variance Funetion:

111.2 .

VF(m)=T+À,ÀEffi+

MF = TIl, A(F) = m+

Basis Measure:

Il == 1]"\
sech(7rX/2)

where1] = nn+(:r)2 .

Cumulant Transform and Mean Domain Mapping:

k~(O) = Àlog(secO) , 0(,,) = (-i,i)
rp~ (111.) = arctan(7), 111. E l\!F

Density:

f (x) = .Y_2I f (r/2 + 'ix)1
2

cosT((3)ef3x x E IR,
x - f(r)f2(r/2)' ,. ,

7r 7r +o= (3, (3 E (-2' 2) ,\ = l' , l' E IR

then 111. = l'tan (3

Legendre 'I\'ansform:
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Notes:

• [(l/r)Arc(), 0, rr/2 -;3)] is the inverse distribution of CUS(r, (3).

• Corrospondingly to th" form of the generating measure with ,\ = 1, the density for

r = 1 can be written as

. )_ cosun {3x
h(x - 2 1 (U)e ,x Effi.cos 1 T

üther References:

• Johnson and Kotz (HJiO) for general properties of the distribution.

• Abrenlowitz and Stegnn (1964) for expansions of the Gamma function

in the complex plane.
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2 Mora Class

The Mora class in its r<'stridcd form contains ail convolution falllili,'s \\'ith strictl."

cubic variance fuuctions. III the literature, ",Vlora class" and "lIlorris-II'lora cia,," an'

also used 1.0 denote the claRs of convolution families with al, most cu hic pol."u<Huial

variance functions. In her thesis, Mora (19S6) showed t.hat the follo\\'in1\ li"" falllili,'s,

up 1,0 affinit.", account for ail cnbic variance functions:

•

Table 2.2:

Generaliz<'d Poisson (Abel):

Generalized Negative

Binomial (Tak<ics):

Arcsine:

Kendall-Ressel:

Inverse Gaussian:

Mora c1ass convolution families

{GP(nhIC2) 1 (n2,nIl E (0,1) x m+},
supported on IN

{GNB("h T2,p) 1 (l', l'Il E (1'2/(1'2 + 1),1) X 1Il+},
for "2 E IH.+, supported on IN

{Arc('., a, ç) 1 (ç, ,.) E (0, arctan a- I
) X m+},

for a E IR+ U {O}, support.ed on IN

{KR(,.,ç) 1 (ç,,') E (1,+00) x In.+},
supported on lR+

{IG(X, 4') 1(.p, X)E IH+ x l\l+} ,
supported on IR+

•

Although we retain Mora's original classification concerning I;he Arcsine type,

Letac and l\Iora (1990) in an important papel' surveying cubic variance exponent.ia.l

families sec fit 1,0 distinguish bc1.ween the Strict Arcsine and the Large Arcsine fa.mi

lies; eliminating the distinction provides us with a uniform way of treat.ing t.his family

in the coutext of convolution families.

An immediate application of Theorem 2.6 shows that the Morris-Mora familieR

are closed under inversion. [1, is likewise straightforward 1,0 show tha.t. these families

are closed under weak convergence.
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2.1 Gcneralized Poisson (Abel) Families

The Gencrali~ed Poisson distribution, denoted CP("I'''2),.''1 E m+, was introduced

by Consul and .Jain (197:3) to rrovide a Poisson-like model which adm~ts of unequal

mean and variance. lt also mis"s as a limiting distribution for the Generalized Neg

ative Binomial distribution. [CP("I, "1) + "1"2] is usually called the Borel-Tanner

distribution, introduced bO' Borel (1942) for "1 "2 = 1 and generalized by Tanner

(195:3) for "'\ "2 E IR+ .

The Gcn"ralized Poisson NEFs are called Abc/type by Mora (1986) and Letac and

Mora (1990).

Variance Function:

m 2
V F (m) = ,\2 (m + À)

MF = m+ , A (P) = m+

Basis Measure:

IL = /1"\

00 (j + WCI
where /1 = L ï lij

j=O J.

Cumulant Transform and IV!ean Domain,Mapping:

k,,(O) = \(-1 (eO) , 8 (IL) = (-00,-1)

where }'-1 is the reciprocal of f: (0,1) -+ (D, e-1
), t f-4 ~

e
r/J~ (m) = log ( m ~) - m À' mE MF. m+_ m+

Density:

". then m _ 1
, -1-"2

•
Legendre. Transform:

k;, (x) = x [log(~) -1] ,x E MF
" , x +A
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Notes:

• The form of the densit.yfor the Borel-Tanner distribntion is

for r E IR+, 1< E (0,1 J. x E {r', r + l, ...}. (Theform relates \0 the CP distributiou

throu~h BT('",I<) = [CP(rjl<.I<) + rj.) Note the cnrious formaI rc1atiouship betwecu

the densities of the Borel-Tanner and the Kendall-Resseldist.ributions.

Other References:

• Consul (1989) devo!Ps a complete monograph to the Generalized Poisson dis

tribu t ion.

• Haight and Breuer (19GO) provide a survey of the Borel-Tanner distribut.ion,

inc1uding tables of prollability.
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2.2 Generalized Negative Binomial (Takâcs) Families

The Generalized Negati\'c Binomial distribution, denoted GNB(T" T2, pl, was intro

dueed in restrieted form by Tabies (1962), Mohanty (1966), and generalized to its

prcsent form by Jainand Consul (1973), as a probability distribution involved in

queueing theory and, morc generally, as a .diserete distribution the variànce of whieh

inereases with the mean at a rate whirh may differ from that of the Pascal.

The Generalized Negative Binomial family is also ealled Fluctuation type, after

Fcller, by Mora (1986) and Tnkrics type by Letae and Mora (1990),

Variance Funetion:

m
V p(m) = À' [(a + l)m +'\][nm +'\J
where a > 0

MF = 1Il+ , A (F) = 1Il+

Basis Measure:

00 H('\ + (a + 1)j)
Jt(dx) = 2: "f(' ') 8;(d,,)

;=0 J, 1\ + aJ +l

Cumulant Transform and Mean Domain Mapping:

k" (II) = ,\ log(l+ r'(èO)), 8(,,) = (-00, log [(a +a~)"+,]) .
wheref-' is .the reciprocal of. f: (0, lia) -> (O,a"/ta+ 1)"+') ,t >-> ( • t

1 + t)"+'

(
m[am + '\l" )

1" (m) = log [(a + l)m +,\]"+' ' ln E MF ·.i

Density:

f.( ) = T,f((T2 + l)x +Tl) X(l_ )r,+r,x IN '
x x X!f(T2 X +T, +1) pp,XE,

Il = log (l'(l·-p)"') ,l'E (0,I/(T2+1)) ; '\=T, EIR+' a-T T E(O +00)p , - 2, 2 , '.,

then m '7 T'l -(T2 + 1)1'

Legendre Transform:

• . (xx [(a -1)x + '\.l("-')x+~)
k (x) = log" fax + ,\]"x+,\
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Asymptotics:

Notes:

• [~NB (l,-P-) + ,."] is the inverse distrihlltioll of GNB(l·I,T",p).
Tl . 1 +P Tl



•
2.3 Arcsine Families

The Arcsinc type, which wc dcnote Arc(r, a, ç), a;::: 0, was introduced by Mora (1986)

as one the Rve NEF's with cuhic variances. Scshadri (private communication) has

discovered 1hat the Arcsine families represent the distribution of time to vanishing of

a queue wit l, binomial input and deterministic output.

The Arcsinc type was partitioned into two distinct classes by Letac and Mora

(1990), corresponding to !\rc('\,O,'Ç) ("Strict Arcsine") and Arc(>.,a > 0,.;) ("Ex

tended" or "Large Arcsine"). The reparametrization with respect to'\ E A (F) allows

us to ~onstruct the two types simultaneously with a single generating measure.

Variance Function:

. m [ ? 2]VF(m)= ,\2 (am+'\)-+m

where (l E \R+ U {O}

MF = \R+ , !\ (F) = \R+

Basis Measure:

•
Il = v··1

h 2::
00 pj(aj+l)ii;

werell= .... 1 ï
j=O aJ + J.

j-1 _

with 1'2j(l) = II (t2 -1- 4.;2)
i=O

j-1

and P2j+l(t) = t II (t2 + (2i + 1)2)
i=O

• t:·

Cumulant Transform and Mean Domain Mapping:

k" (0) = ,\ arcsin(r' (eO)) , 0 Ctt) = (-00, -log VI + a2 - a arctan a-1)

where 1-1 is the reciprocal of

f: (0,Vl+a2
) -> (0,Vl+a2exp(aarctana-1)),h--+ (t .. )

exp aarcsmt

<P" (m) = log (sinarctan [a~l: ;.]) - a arctan [am: ,\] ,m E MF

Density:

f () rpx(ax+r)sinXç -a'x lN
xx= e',xE'-. :r:!ax+r çT . . ,

where p" is as in the ]\leasure section above;

. () = log(sinç) - aç,Ç E (0,aretana-1
) ; ,\ = r, r E lR+, a E lR+ U {O}

r
then m = ---::--

cot ç - a
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Legendre Transform:

k:(x)=xlog(sinarrtan x ~) -(a~'+'\)arrtan ;r ~ ,;I:E A[F
a~' +' a;r +,

Asymptotics:

Arc(r,a,ç)-.-E....Po(m) as ,\ -+ += while m as in the Density section "hove re

mains constant.

Notes:

• [(1/'I')G][S(l,~ ~ Ç) - alrJ is the inverse distributiou of Arc(l',a,Ç).
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2.4 Kendall-Resscl Families

The Kendall-Ressel distrii,ution, which we denote KR(r, Ç), arises naturally as the

first-passagc time distribution of a Gamma proccss (Letac and Mora [1990]). Kendall

. (1957) observed this and dCl'i"cd the density funetion of this hitting time in the

context of stol'age theory. Resscl, in an unpublished result reportcd by Mora (1986),
demonstrales that the cxponcntiated reciprocal of f :IR+-+IR+ , t ...... et - t -1 is the

Laplace tl'ellsfol'm of a positive measure by showing its complete monotonicity (sec

Feller [1971], XIII.4).

Variance F\mction:

m2

VF(m) = -:\2(m+'\) ,

MF = 111+, A(F) = m+

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

k
"

(0) = _'\J-l(-0), e (fI) = jR-

where J-1 is the recipl'ocal [unetion of f : jR+ -+ IR+ , t ...... et - t - 1

<P" (m) = 1+ log C\: 7')_ (m~ P) ,In E MF

Density:

r
. thenm=-, ';-1

•

Legendre Transforrn:

Notes:

• [(l/")Po(Ç) - 1/r] is the inverse distribution of KR(r,ç).
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2.5 Inverse Gaussian Familîes

The Inverse Gaussian distribution. denoted IGCY,~'), is the lirst-passa.ge tim<' distri

bution of a 'Viener process. Ils many interesting properties a.nd re1ationship \\"ith

the Normal distribution have made il. a choice object o[ study in the 20th cl'utury.

Tweedie (1 !l56, 1957) provided the name [or this distribution, even though il. had

been discovered on several occasions since the early 20th ceutury. Sl'sha.dri (1 !)<):l)

provides a detailed monograph on the Inverse Gaussian [amilies in the cont('~t o[

NEF theory,inc1uding a his! orical survey.

The IC(O, 1) distribution is a stable distribution. ln general, the luvl'rse Camsi,,"

also acts as a limiting distribution [or ail memhers o[ the Mora class of NEFs. il.mollg

others.

Variance Function:

m3

VF(m) = 12
MF = JH+, A(F) = m+

Basis Measure:

Il = v··1

where Il =

Cumulant Transform and Mean Domain Mapping:

Density:

Legendre Transform:
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Notes:

• N( J,/'!"'(, l/X) is the inverse distribution of IG(X, 'Ij;).

• The Inverse Gaussian and the Normal distrihutions are the only univariate distribu

tions for which the saddlepoint approximation is exact.

Other References:

• Chhibra and Folks (l989) for a monograph on the statisticai properties of the

Invcrs(' Gaussian distribut.ion.
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3 Babel Class

The Babd dass is defined as that class of N'Ers F for which t.h" ,'"rianc" fuudicm

has the form

Vr(m) = P.6.(ln) +Q(m)V.6.(m)

with dcg P = 0, deg Q ~ 1 and 1 ~ deg.6. ~ 2, If a f"tn ily sport.i ug a YM!,UlC"

function oi I.his form belongs to caste 1 or m2, il. will be sœu inlll1edial.e!y 1.0 belongs

to the l'vlonis class, Onl)' the so-called non-dcgerierate castes ln, m2 - 1, 1 - m"

and m 2 + 1 will therefore be admitted within t he Babel class, (Sec ch, l, ~2.(i for'

more details concerning castes), The Babel c1as, was exhaustivcly classified by Letac

(1992); com'olution families are listee! below by caste, up to amnity,

Caste m contains th l'ce sets of families,

Table 2,:3: Babel caste m convolution l'ami lies

•
Hermite:

Laguerre:

Non-Central Chi-Squaree!:

{Ilermite(.",ç) 1 ((.") E lR+ X IR+}, suppo,'ted ou IN,

{Laguerre("J,"2, Ç) 1 (ç, ",) E m+ x 1Il+}
for "2 E (-"1, +(0), supported on IN,
{r'(Œ,,8,8) 1 (,8,8) E IH+ x nt+} for ŒE IH+ U {O},

supportee! on 1R+,

•

Babel caste m e!istribntions are fairly well-e!ocumentee! in the statisticailiteratlll:e,

Exponentiation is involyee! in the expression of the basis nieasure for all thrce types,

Caste m 2 _1 contains two complex sets of convolution families indexed by two

paramete-rs,

Table 2.4: Babel caste m 2 - 1 convolution families (\
>,,"

Mixee! Geometrie: {MGh,"2,a,Ç) 1 (ç,rd E (0,1) x m.+},
for h,a) E [0,+(0) x [-1,1) \ {(O,-l)},

sul'portee! on JN ,

Mixed Exponenl.ial: {ME(r" r2, b,,8) 1 (,8, r,) E IR+ x lH.+},

for (r2, b) E J[t+ X IR+, supportee! on IH.+,

These e!istributions are probably common in the literature, but can also bé difficult

to ie!entify at a glance (sec the examples for the Mixee! Geometric families),
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Caste 1-rn' contains a singiP set of farnilies, indexe,l by one parameter.

Table 2.0: Babel caste 1 ~ m2 convolution family

Trinomial: {Trin(n,a,,6) 1 (,6,n) E IR x IW}, for a E (0,1),
supported on {-n, -n + l, ... , n}.

Caste rn'+l is the most Jlopulous of the Babel dass with 12 sets of families.

Table 2.6: 13ahcl caste '(112 + 1 convolution families

•

Pascal Sumo

Pascal Di fference:

Pascal-Binomial Sumo

Poisson- Pascal Sumo

Poisson- Pascal

Difference:

BinomialSum:

Poisson-Binomial Sumo

Poisson Difference:

Gamma Sumo

Gamma Difference:

Normal-Gamma Sumo

Hyperbolic Secant

Sumo

{NB +NBh,r2,p"p2) 1 (1',,1',) E (0,1) x IR+},
for (1'2,1'2) E (0,1) x IR+, supported on lN

{N13-NBh,r2,p"p2) 1 (1',,1',) E (0,1) xIR+},
for (1'2,1'2) E (0,1) X IR+, supported on Z

{D+NB(n,I',p"p2) 1 (p"n) E (0,1) x A},
for (p2,r) E (0,1) X IR+, supported on lN.
A 80 far ï1 still unknown.

{P + NB(ç, l', 1') 1 (p,r) E (0,1) X IR+}, for ç E IR+,

sUJlported on lN.

{p - NB(ç,I',p) 1 (p,r) E (0,1) xIR+}, for ç E IR+,

su pport.ed on Z.

{D +D(n" n2, Pl> 1'2) 1 (1'" n,) E (0,1) X lN'},
for (1'2, n2) E (0,1) X IN', supported on lN.
{P + B(ç,n,p) 1 (p,n) E (0,1) X lN'}, for ç E IR+,

sUJlJlorted on lN.
{p + P(Ç"Ç2) 1(ç,,6) E IR+ X IR+}, supported on Z.

{G + G(a" a2,,6,, ,62) 1 (,6" a,) E IR+ X IR+},
for (,62, Ci2) E IR+ xIR+, supported on IR+.

{G - G(a" a2,,6l> ,62) 1 (,6" a,) E IR+ X IR+},
for (,62, a2) E IR+ X IR+, supported on IR.
{N + G(0'2,a,ç,,6) 1 (,6, a) E IR+ X IR+},

for (ç,0'2) E IR X IR+, supported on IR.

{H+H(r"r2,,6,,,62) 1 (,6"T,) E (-7r/2,7r/2) xIR+},
for (,62, r2) E (-7r /2, 7r /2) X IR+, supported on IR.

•
These families consist of distributions of sums or differences of discrete families in

the Morris dass, of Normal and Gamma families, and of two Generalized Hyperbolic

Secant families. Since Poisson l'andom variables are reproductive under convolution,

their sum bc!ongs 1.0 the 1\10rris dass. As weil, an operation of difference can be

reJllaced by a sum with a tf.anslated family member or with another member of the
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D [Bin(",l - p) - 1/]
D N( _1;, ,,")

GHS(7', -,6) .

[-Hin(",]»]

[_:'\(ç, ( 2 )]

'p
[-GHS(I", ln]

family in the following cases:

•
The operation of difference does not create new ramilics in t.hese sit.uat.ions.

•
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3.1 Caste m - Hermite Families

The Hermite distribution, which we denote Hermite(r,ç), arises as a generalization

of the Poisson distribution. l\emp and Kemp (1965) propose several probabilistic

illt<'rprctaliolls of the lknllite random variable:

(l) As a special case of the Poisson Binomial Po(JO Il) Bin(2,r).

(2) As the distributioll of the sum of two correlated Poisson random variables

(b"ing an application of case (:~) helow, in accordance with Ahmeel [1961], section 2).

(3) As the sum of a Poisson random variable and a so-calleel Poisson doublet: if

X ~PO(ÇI) and Y ~Po(6) with X and Y independent, then

X + 21'~Hermite G(çUç~), Ç2) .

Variance Funetion:

V F (rn) = 2~ (L". (ln) - ,\JL'i (ln))

L". (m) = ·1Àm + À2

MF = m+, A(F) = 1R+

Basis Measure:

IL = exp(-\ Il )

.where Il = 8, + 82/2

Cumulant Thansform and Mean Domain Mapping:

k" (0) = X (eO +:;) ,0 (,L)= IR

<P" (m) = log (JL'i (~) - À) , mE MF

Density:

. (rO X

fx(x) =~ exp (_,.2ç[ç + 2]) H;(r), x E lN

where H;(x) = i- jHj(ix), Hj the jth Hermite polynomial.

O=logç,çEIR+ ; À=2,·2,pEIR+ ;then m=2r2ç(l+ ç)

. Legendre Thansform:
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Asymptotics:

Hermil,'(r,ç)-..E....[2Po(11I)] as r --+ 0 whilcm = 2,."';(1 +.;) l'<'IIlaiIlScollôtalll..

Notes:

• Unlikc Kemp and Kemp (1965) or Kendall and Stnart (195:\), Wl' are uôiug Ihe

dassiral definition of the Hermite polynomial (see, for iustaucl', SZl'gii [19:19]), "<'

that

•

•

• The polynomials fIJ(z), jE IN above are simply polyuomials wilh cOl'lIkil'nls l'quai

ta the "hsolute vaIncs of Iho coefficients of the Hermite polynomial,; Ifj(:).

• Letal' (1992) starts wil h the 1>a8is measure 1"' = ,\-f l' sa that "'",(8) = ,,(fic" +.."0/2.
In gencra.l, if "'.(8) = exp(a,ro+ a2e20 /2),8 E Ul, theu we get F(II) = F(/,!), lakiug

,\ =ai/a2'

• Letal' (1992) shows how the Hermite type l'an he thonght ofas a limiling case of the

LaguelTe type.

• See appendix (§B.5) for a <1erivation of the basis measnre for arbitmry power '\.

Other References:

• McKendrick (1926) for an carly application of the Hermite distribution.

• Jain (1983) for a general discussion of the Hermite distribution.

• Watson (1988) for .another approach ta the derivation .
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3.2 Caste m - Laguerre Families

The Laguprre distribution, denoted Laguerre(r}, 1'2, Ç), arises in practice in quantum

theory. ClIrl"nd et al. (198:3) ,h'scribe the Laguerre distribution, which Letac (1992)

generali7.ps by allowing rz ::": -l', instead of 1'2 > O.

For a ::": 0 and ç > 0, if X~NB(ra, (1 + Ç)-I) (assuming a degenerate dis

tribution at 0 if a = 0) and S'~[NB(N, (1 + Ç)-I) + N] /\N Po(rç-I), then (X +
S)~Laguprrp(r, a, Ç). Tt is <'Osy with this interpretation to see that the Laguerre typè

is a generalization of the so-called Poisson-Pa.sca.l distribution (given by NB(N,p) /\N

Po(.)) (spe, for instance, .Johnson and Kotz [1969]).

Variance Function:

VF (m) = 2\ ( -q6. (m) +[2m + Àq(l +q)] J6. (m))

'> 6. (m) = 4Àm + À2(q + 1 j2
where q ::": -1

MF = 111+, A(F) = IR+

Basis Measure:

Cumulant Transform and Mean Domain Mapping: '

.' .,. Àeo
k~ (Ii) = -Àq log(l - eU) + --0' El (1')= IR~

1-e

_ ,(2m +À.(1+ q) - J6. (m))
<P" (ln) - log 2(m + ,\q) .... ,m E MF

(' ,

Density:

fx(x) = Èiçl(-1'1) e-
r,

<(1 +Ç;)X+~2 ' xE IN

whereLj(x),a-x::":O,jEIN, ~",.,

is the j'hi Generalized Laguerre polynomial in' x E IR of order a,

li = log (1 çt.) ,ç ,E 11\+ ; À = 1'1, 1'1 E IR+ ; q = 1'2/1'1 ; rZ.E(-rl'+OO)
.' . . +~ \
then m = !ilÇ(l + Ç) + !'Z'Ç.,. ,

t>
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/e

Legendre Transform:

k~(x) = ~ (-\(q+ 1) - V~{:r)) +

(

[2Tn+-\(q+ 1) - V2,.(x)]X [À(q-l) + VD.(X)],\q). ._.
log . .1'+\ ' :t; E MF. [2(x+,\q)] ,q " ".

Other References:

• Helstrom (1976) for an application ta quantull1 theor:y.

• Watson (1988) for anot.her derivation of the distribution.

• Szego (1939) for backgr6und materiai concerning generalized Laguerre polyno

mials.

c
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3.3. Caste m - Non-central Chi-SquaredFamilies

The Non-reni l'al Chiosquarec! distribution, ",hich we will denote f'( a,,8, 0), is in faet

a gcneralizaj ion of the distribut ion of the same name introduced by Fisher (1928), the

properties of which are sumniarized in Johnson and Kotz (1970). The less general

version of the distribution is (knoted X~2(0) in the latter work, corresponding to

f'(u/2, 2, 0/2) in our notation.

For a,,8.8 > 0, ifX~r((\',,8) and S~f(J,,8) IIJ Po(o), then X + S~f'(a,,8,o).

A'typica] application arises if X;~N(çi,l), i = 1, ... ,n and S = ~2:;=I(Xi-X?,

for then S~X~2 (2:;=I(Ç; - t?), ",here X = n- I 2:;=0 Xi and [ = n-1 2:;=0 Çi.

Variance F\mction:

VE(m) = 2\ (-q~(m)+[2m+.\q2]J~(m))N
~ (m) = 'l.\m + .\2q2, q 2: 0

MF = m+ , A (F) = m+

Basis Measure:

ft =,"\' *.exp.\,
wherê, = ]n+(x)

Cumulant Transform and Mean Domain Mapping:

k,. (0) = ~O ~.\q log(-0),0 Ii,) = IR

-.\q-Jb.(m)
q,~(m) =, -, 2m ,ln E MF

Density:

h(x) = xc<-le-(SiJ+x/fl)~f (ox/ x EIR+
. . ,8" ;=0 fU + l)f(a +.i) ,

1 + . + (\' ,
0= --3 ,,8 E IR ; ,\ = 0,,0 E IR ;q = 'ë' a E IR+ U{O}1 .' . u

then m = ,8(a +,80).

Legendre'n'ansform:

. " (.\q t JKW) ."~ .
k~(x)=.\q]og. ,2x -V~(x),XEMF
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Notes:

• The density of the Non-cent raI Chi-squared dis! ribn t ion \::'(8) = 1"(,,/'2, '2, 8/'2) rail

be expressed in terms of elementary fundions - sec Johnson and Kotz (In/O) for

f("SlIltS and referenc('s.

• r'(o. ,B, 8) = r(J,{3) A.T Po(8) is a member of the T\\'eedie scaIe.
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3.4 Caste m 2 _ 1 - Mixed Geometrie Families

The Mixed C:pometrietypp, denot edMG(rh r2, a, 1;"), with fixed (a, r2) E [-1,1) X [0, +(0)\

{-l, O}, and parameler 1;" E (0,1), is a rich and comp!ex type which allows for severa!

differenl intprpretations. i\mong these are:

• (Letac [1992]) The dist.ributions with Miibills probability generating funetions

appparing in Harris (19GO) helong to the NEF F ((b + 1)80 + E~=1 8n ), which

can Iw shown to correspond to the [(H l)l\IG(b/(b+ 1), l/b, b/(b+ 1),1;")]-, 1;" E

(0,1) family.

• (Lctac [1992]) For fixed a E (0,1), the [Bin (N, /.:1 (1;))+N]/lNNB (l, 1 - /':2(1;)) , 1;" E

(0,1) family, with /.:1(1;) = aÇ/(al;" + 1 - a) and /.:2(1;) = ç(aç + 1 - a) can be

shown to"correspond to the family MG(a, (1- al/a, -a,Ç).

• (Letac [1992]) [2N13('\h 1 - 0] * [NB(,À1'\2, 1- ç) + ,À1] = MG(,À1,,À2,-1,ç).

This distribution is analogous to the Hermit.e distribution in its interpretation

as the sum of a Poisson and a Poisson doublet.

• (Seshadri (1991]) The mixture distribution

pw 1
-"---,-:-NB(r,p) + NB*(l",p)
1X'-,+1 pw+l

where NB*(r, p) = [N13(r+ l, p) + 1] is the so-called length-biased distribution of

NB(r, 7'), belongs to the Mixed Geometrie type ifw > 1. The distribution is then

given by MG (2(p + l)/(k + 1), k, 1/(1 - 7'),), where k is a rathercomp!icated

expression in p and w.

In the fol1owing we use the notation (1_0z)b/0 to mean lim(l-az)b/a = exp('--bz),
a~O

for b E IR.

Variance Function:

Vp(m) = P/::;' (m)+ Q(m)j,è:. (m)
P _1 - a(l + q) Q(m) _ (1 - a)[l + a(l + q)]m - ,Àq[l - a(l + q)]

- 2,\(1+q) ' -2,À(1-a)(I+q) ,

( )

2q +2 ,Àq
/::;.(m)=m2+2,À--m+ -- ;

. 1-a 1-a
a E (-1,1) , q ~ 0, or a = -1 , q > 0,
MF = m+ , A (P) =IR+ C

48



•

•

,

Basis Measure:

Il = v;,\ * (00 - ol)*l-,\')
00

where lIa = .L C~(j)Oj ll'ith C~ (j) sneh that
j=O

00 l' _j _ (l-az)'/" ,
.LCa(j)~ - (_~) ,aE[-l,l)
j;O 1 -

Cumulant Thansform and l\.fean Domain Mapping:

k~ (II) = ,\ log (1 - aeot" - '\('1 + 1) log (1 - eO) , e (l') == (-00,0)

1 (J~ ('171) - (1 +a)m - '\'1)
<p~(m)=log2 À[I-a(l+'1)]-am ,mEAfF

Density:

(1 _ ç)',+r,
fl:(a:) = çxCr""'(l:) X E IN, ~ (1 _ aÇ)r,Jaa " . ,

00 ,(1 _ b-)c/b
where ~ C:,c(j)z' = (1 _ z)c+d for b E [-1,1), c E m+ , dE IHf U {O} ,z E (0, L)

Il = logç, ç E (0,1) ; ,\ = 1', ,1'1 E IR+ j q = 1'2/"1, '1'2 E 111+ U {O}
a E [-1,1) sueh that (a,1'2) i' (-1,0) jthen

m=1'
l
é.(_1'2 __1 )
, 1 - ç 1 - aé.

Legendre Thansform:

(
A(X)X [1 - A(,a:)],,\(q+I))

k*(x) = log
~ [1-a,1(x)]Ya

, .. _ (l+a)x+,\q-J~(x)
whereA(.c)- 2( À[ ( ) ])'ax +, aq +1 -1

Asymptotics:

MG(1',,1'2,a,ç)..E..Po(m) as 1',-+ + 00 or 1'2-+ + 00 while m as in ;he Densil.y .

section above remains fixccl.

MGh, 1'2, -l, ç)..E..[2NB(1'1: 1 - Ç)] as 1'2-+0.

MG(r" "2, a, ç)..E..NB(~q, 1 - Ç) as a-+l.

49



•

•

Notes:

• The cornbinatian (n,T") = (-1,0) is disallawed sirnply becallse in snch a case the

basis measurc J-l = 00 .

• If .. T, < a < l, we can gel an explicit farrn far the density:
T, + T"

where F is the hypergeamotric functian. See appendix (§B.8) far a derivatian .
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3.5 Caste m2 - l' - l\Hxed Exponential Families

The Mixee! Exponential type, which we e!cnot(' ili E(", 0,,0",,1i) i, allother rirh cla"

of NEF's, li arises natlll'ally (Seshadri [1991]) as the mixtlll'e e!i,tributioll

w 1'( J) 0'!3 l' ( J)D,P + .' i' o,P ,
vJ +oN (,.' +0,1

where r*(D, ,B) = 1'(D + 1, ,8) is the Icngth-biased distribution 01' 1'(n, ,d); thi, di,tri

bution belongs to the l\!ixed Exponential family ME,[w/D, 1,0, ,Ii] , li E IH+,

Variance F\metion:

V F (m) = 2),(ql+ 1) (-q6 (m) + [(q + 2)m + ,\q2a] Jt:. (m))

t:. (m) = m2 + 2),a(q + 2)m + ),2 a2q2 ;

where a, q E IR+

MF = ffi+, A(F) = m+

Basis Measure:

fi = (afin +7)*'\ * 7,\,

where 7 = llR+(X)

Cumulant Transform and Mean Domain Mapping:

k" (0) = )'log (a +~) -),q loge-0), El (l') = IR

</>" (m) = __I_J!:!. (m) -m + ),qa, mE III"
2am .

Density:

{3Ql+Ct2 XQ'2- 1

fx(x) = (3 ) r( )c-(HK)x,F,[a, +«2; 0'2; II:x], xE m+,( + II: "1 r2

where ,1", is the confluent hypergeometric function;

o= -~, ,B E IR+ ), == 0'1,0'1 E IR+ ; q = {'(da, , a2 E m,+

a = 11:-1 , II: E IR+ ;

then m = (3 ( a
,

l1:(3ç + 0'2)
1+11: 0',
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Legendre Transform:

(
[ r:::r::\]'\(Q+l l ), Àq(J-,7'+V~(x) ~(x)

k;, (x) = À log >. - -?-, a' E NIF
[2a:"]'\'1 [,\qa 2 + (l.T +av::" (.T)] _a

Asymptot.ics:

Not.es:

• See appendix (§B.9) fol' a d"I'i\:ation ~f the Mixed Exponential density.
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3.6 Caste 1 - m 2 - Trinomial Families

The Trinornia] type, which wc denot" Trin(n, a, ;3), is a genemlization of t.he Binomial

type, to whirh it converges. IIp 10 an afl1nity, as a appmaches t.h .. bOllndaries of (0.1).

The Trinomia.l t.ype is not. illnnilely divisible.

The Trillomial type was apparently introduced illit.ially by .10rgell,,·n. \'('(.ar alld

Seshadri (Hl89) as a counlcr-ex,dtlple t.o a propcrt.y of <]uadrat.ir variil.IlCl· fllllclioll

NEF's. It is 1he only Babel type in caste 1 - m".

Variance Function:

Vdm) = .\(1 ~a2) (è.(IIl) -aJè.(m))

6.(m) = .\2 - (1 _ a2 )m2
,

where a E (0,1)

MF = (-.\,.\), A(F) = IN"

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

k" (li) = .\ 10g(2 cosh(o.) +2a), El (p) = lR

. (am +JX2 - (1 - a2)m2
)

<PI' (m) = log.\ _ m

Density:

fx(x) = ( a (3)"[t (~)(~)(2ati]el),;'XE{-n,-n+l, ... ,n}
a +cosh i=lxl,2 ~ 2

lI=j3,j3ElRj .\=n,nEIN" ; aE(O,l)

sinhj3 ,
then m = n. hj3

COS +a
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Legendre Transform:

(
1I(,')x+,\ )

k' x - Jo
,,()- g [1I(x)2+2(1/\(:1:)+1]"

ax+6(:r)
whereA(:r) = À _", .' x E MF

Asymptotics:

Trin(n,a,,8)~[2Bin(n,c{3j(l + e(3)) -n] as a -> O.

Trin(n,a,,8)~[Bin(2n,f{3j(1 +efJ)) -n] as a-> l.

[Trin(n, a,,8) + nJ~Po(efJ) as n -> +00.

Notes:

• Seeappendix (§B.IO) for a derivation of the.Trinomial density.

Other References:

• J~rgcnsen (1986) for a discussion of convergence of univariate discrete distribu

tions to the Poisson distribution.
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3.7 Caste 1 + m 2
- Pascal Sum Families

The NB + NI3(rl' 1'2, 1'1,1'2) mies the SlIlll of two Pascal randolll variables, vizo

Variance Function:

VF(m) = P!1(m) + Q(1l1)J!1(m) ,wh"re

q+l 1 (q-1 a
2 +q)P=-- Q(m)=- --m-[q+l]-.-2,\q , 2q.\ a2 - 1

2· a2~q 2(a2+qJ2
!1(m)=m +2.\-2--m +.\ (2 )2a --,-1 a ~1

where q E lR+ , a E lR+

MF = IR+ , A (F)= lR+

Basis Measure:

Cumulant Transform and Mean ])omainMappi;lg:

k~(O) = -.\log(l- aee) - .\qlog(l-eo/a) , 0(1-')= (-oo,-Ioga)

_. (~. [.2 _ (a
2

- 1)}!1 (n~) +. .À(a
2q+1)].).

<P~ (m) - log 2. a +1. .\(.) , m E MFa . m+ q+1

Density:

•

fx(x) = 1'~'1';'( rd 1'2: 07: - 1 ) (L~ P2YF ( -x; ri; rOI + r02 ;;' -=- ::22 )

where F is the hypergeomefric function;
. 1 . .. . ,.,---c-.,---,-.,---,-.,---,-

0= "2]og[(1- 1'1)(1--'-1'2)] ; a= J(1-Jit)/(1-P2), pi ,1'2 E (0,1)

À =1'1 ,r\ E lR+ ; q = 1'2/1'1 , 1'2 E ÎR+
, ., ~

1 -'1'1 1 - 1'2
then m = 1'1-·- + 1'2--'-.--'--'0

Pl 1'2
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Legendre Transform:

. ([(a 2 + 1)13(.7:) - C(x)t)
k,. (x) = log [2aB(x)]R(x) (I.\(q-1)

+ log ([(1-('2)l3 el') + C(x)]" [(a2 - 1)B(x) + C(x)]"")

wherc lJer)=x+,\(q+1) and C(x)='\(al+1)+(a2 -1)V6.(x)

Asymptotics:

NB +Nn(p"P2,,·,,1'2)~Nn(1"'p,) as P2 --41 or 1'2 --4 O.

NB +N13(P', P2, rI, "2)~Nn(1'2'P2) as p,--4 1 or ", --4 O.

NB + Nn(PI,P2,1',,1'2)~Po(m) as 1', or 1'2 --4 +00 while m as in the Density

section abovc remains constant,.

Notes:

• Watson (1988) produces distributions based on the Legendre and on the Gegenbauer

polynomials. The Gegenballer po1ynomials Cj(k) have generating function

co

I: Cj(k)zj = (1 - 2kz + z2)-r
j~o

Letting ", = "2 =; r in our parametrization of the NB+NB distribution thus yields the

Gegenhallerclistribution. III this case, putting q, = l-p" q2 = l-P2, ifA = (q, +(2)/2

and lie = Jq,Q2, the dcnsitycan be written as

for", E 1'1. Since CJ (k) is the Legendre polynomial, the so-called Legendre distribu

tion occurs for ,. = 1 (Watson [1988]).

• See appcndix (sec. D.11) for a derivation ofthe Pascal SUffi density.

Other References:

• Meixncr (1938 and 1941) for a definition of Meixner polynomials, on which the

NB +NB density is based.

• Erdélyi (1953, sec. 10.2-1) for properties of the Meixner polynomials.

• Abramowitz and Stcglln (1970) for properties of the Legendre and Gegenbauer

"" polynomials.
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3.8 Caste 1 + m2 - Pascal Difference Falnilies

The NB - NB(Tl 1 1'2, Pl, p-,:) rnl('s the difference of two Pascal randolll v~H'iabl('s, viz .

Variance Function:

V p (m) = Pô. (m) +Q(m )J6. (m) 1 where

p = q + l 1 Q(m) = .2.. (q - 1 m _ a
2 +a

2 q
2 +2q)

2,\q 2'1'\ a2 - 1

i\ ( ) _ 2 ') \ (a 2
- q _) \ '2 '2 <iq +a2

( q - If
u m - ln + ~A 2 . q m + A a 2)2

a - 1 (a - 1

where q E IR+ 1 a E (0, 1)

NIp = ffi. , A (F) = IR+

Basis Measure:

Cumulant Transfofnl and :rYlean Domain Mapping:

kJl (0) = -À log(l - aeO) - ,\q log(l - ae-O) 1 B(p) = (log a, - log Cl)

(
(a2 + l)m - >'a2(q -1) - .(a2

- l)J6. (m))
tPJl (m) = log . 2a(m +À) ) m ENrp

Density:

f () rI r2 'Arl.r2 () (1- PI)Xi
2 Z

X X = Pl P2 2 a(p p.) X. 1 X E
, 1,2 I-P2

where a(PhP2) = 1(1- pt}(l - P2) and

çe ( k)-C
wherej];çe 2At,c(j)zj = (1- kztb 1- -; 1 b, c E m,+, 0 < Izl < k < 1

O=~log(l-PI) ,P],1)2 E (0,1) ; a=a(pl,P2);
.., , 1- P2

À = 1'1 , 1'] E IR+ ; q = 1'2/1'1 , 1'2 E IR+ ;

1 - Pl 1 - P2
then m = Tl - 1'2'--

Pl P2
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Legendre Transform:

• ( [2,\ + nt·r) + C(xW[C(x) - B(x)]·\q )
k :r = IOn" • :r E 1\1

l' () 0 aX[2(.T + .x)J*[2.T _ B(x) _ C(x)J-Iq-x F

where IJ(.r) = a2>.q + (a2 - !)J6,.(x) ; C(x) = x - a2(1' +.x)

Asymptotics:

With rn as in the Density section above remaining constant:

NB-Nn(rl,r2,Pl,1)2)~NB(rb 1'1) ifm>Oas (1-PI)(1~P2)---+0.
rI +m

NB- NB(1·1,r2,PbP2)-.E[-NB (1'2, 1'2 )] ifm < 0 as(1-pJl(1-P2) ---+0.
r2- 1n

NB - NB(r" 1'2, PI,1'2)~[-PO( -ml + rd as 1'2 ---+ +00.
NB - NBh,.r2,PI,1'»~[Po(m) - 1'2] as l', ---+ +00.
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3.9 Caste 1 + m 2 -,-- Pascal-Binomial Sum Families

The B + NB distributions l'Ille the sum of â Binomial and a Pascal randolll variables.

V1Z.

Variance Function:

~
VF(m)=P~(m)+Q(m)V~(m),where

P= l-q Q(m) =,2. (q+l m + (q-l)(a
2 +q))

2.\q , 2q.\ a2 + 1

, 2 • a2_q 2(0.2+q)2
~ (m) = m - 2À 2 ,m +.\ (2 )2

a +1 a +1
C where q E lR+ , a E m+

MF = ffi+ , A (F) as yct. nnknown

Basis Measure:

Cumulant Thansform and Mean Domain Mapping:

k~ (II) = .\1og(1 +. aeO) - .\q log(1 - eO /a), e (It) = (-00, log a) ,

_ ((a2-1)m-.\(a2+.q)+(a2+1)J~(m)),·
<p~(m)-log 2(l[m+'À(q~l)] "

J)ensity:

fx(x) == (1 - Pltp; 3A:(;J.r2l:r;)(Pl~=:~r/2 ,x E lN

where a(])],P2) ~J(1- Pz)(l- pd/Pl anel ,

where~3A~c(j)zj = g'~zk/~;c anel k, b, c are such tllat 3A~c(j) ,;::: 0:. j E IN .

Il''''~log(P]-~,,-:-:~) ,P],]l2E(O,I); a=a(PI,]l2);
.' , __ _ r :::'"

À= n, n \Vith unknown range ; q =-, r E llt+ ;
n "

'" ,1 - P2
then m = npi + r-"':"'::

P2
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Legendre Transform:

. (' [(a2-1)n(.T)-c(X)]X[(a2+1)B(X)+C(1: lVQ ) .k: (x) = log a),(Q+I)[208(.1.)]8(x)[(''12 + l)B(x) _ C(x)].\ . ,x E MF

where n(.c) = x + À(q -1) andC(3) = ,\(a2q + 1) - (a 2 + l}J!::>. (x)

. Asymptotics:

'N'ith nI as in the density section above rernaining constant:

NB +D(n, r,l'"p;)..2'...,[NB(r, rlCr + 171)) + n] as a-> + 00.

NB+ B(n,r,p"p2)..2'...,NB(r,,)(r+m)) as a->O.

NR+ B(n, r, p" P2)..2'...,Po(m) as l'j-> + 00 or r2-> + 00.

Notes:

• Necessary and sllf!icieùt conditions on a,À, q for I!{n} ~ (j,n E lN, are not yet knmvn.

Letac (199'2, ch. 5) points out t!lat the basis measure remains positive for a = 1 and

q = 1, lettiugA E m+.

~:~

<~01

•
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3.10 Caste 1 + m 2 - Poisson-Pascal Sum Families

The P + N13(ç, T,l') rules the sHm of a Poisson and a Pascal randolll '""l'jables, viz .

P + ND(ç, ", 1') = PO("Ç) * NB(,', 1').

Variance Function:

VF(m) = 2~ (6.(m) + [m - ,\(a2 + 1)]J6.(m))

6. (m) =m2 - 2À(a2-l)m +,\2(a2+ 1)
where aE lR+

MF = lR+ , A (P) = lR+

Basis Mcasure:

Cumulant 7'ran:,form and Mean Domain Mapping:

k~(IJ) = Àfil- À log (1/.:?eOja) 0(1') =J,80,loga)

'rf;~ (m) = log (m + À(a
2
~\~) - 6. (m)) , mE MF

Density:

. fx(x) = (1'e-<)"Çx I(-IYL;'-x C~p)] ,x E lNo~\

where a(ç,p) = JÇj(I- p) (/
1

IJ = 2log[ç(1 - 1')], ç E.lR+,p E (0,1) j a = a(ç,p) ; À = ", r E m+

then m =r(ç-le} ; 1')

Legendre'Transform:

• .(B(X)X[2À{L2_B(X)]'I) 1 .
k~ (x) = log· (2Àa)x+>'a.l - 2B (x), x E MF

where B(x) = x + À(a2+ 1) - J6.(x) 0,.

-:~~~~

'~
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Asymptotics:

With rn as in the Density seet ion above remaining constant:

vNB + P(r,e,p)->Po(m) as r -> +00 or as a -> +00,
NB + P(7', ç,p)~ [Nll (r, r; rn) - r] as a(ç, p) -> O.

Notes:

• Sec appcndix (3]3.12) for adNivation of the density.
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3.11 Caste 1 + m 2
- Poisson-Pascal Difference Families

The P ~ NB distribution rnks the differt'nce of a Poisson and il Pa~cill randol\1

variables, viz.

P - NB(ç,r,l') = Po(rç) * [-NB(7",1')]

Variance Function:

Vp(m)= 2\ (.6.(m)+[o\(a2+2)-m]j.6.(m))

.6. (m) = m 2
- 2Àa2m + .\2a2(a2+ '1)

where a E lR+

MF = m., A (F) =m.+

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

kM (0) = Àaeo - Àlog(l- ae~o), e (Il) = (log a, +00)

(
m + Àa

2+ j.6. (m))
rPM(m) = log ')À ,m E MF

~ a

Density:

Legendre Transform:

k*()' 1 (B(X)X-'\[B(.1:) - 2Àa2V ) lB() M'x=og -- x xE l",'
M [2Àa]x 2'

., where B(x) = x + Àa2+ j.6. (x)

Asymptotics:

P - NB(ç, r,p)~Po(m) asr -> +00 while m remains constant.

P - NB(ç,r,p)~Po(m) as ç(l- p) -> Owhile m remains constant.

63
/



•

•

•

3.12 Caste 1 +m 2 - Binomial Sum Families

The 13 +B(" 1, "2, 1'1,1'2) dist.rihution rules the sum of two Binomial random variables,

vi~.

Variance Function:

V dm) =+ (-[q + l]i:l (m) + [(q -l)m + À(q + 1) a: +q] )t::. (m»)
2/1q a - 1

2 a2 _q 2(a2 +q)2
t::. (m) = m. - 2À-2--·m +,\ (2 )2a-j a-1

where q E {jl.\; jE IN"} ,a E IR+

MF = (O,À(q +1)) , A (F) = 1\1*

Basis Measure:

Cumulant Transform and Mean Domain Mapping:

k,. (0) = ,\ log(l +aee) + Aq log(l + eOla) , El (Il) = IR

_ . ((a
2+ l)m - À(a

2+q) +(a2 -1))t::. (m))
</>,,(m) -log '.. ['()] ,m E MFa.,q+1-m,

Density:

f ,(.) - TI-X T2-X( )X p(nl-X,n2-xi/Plq2 +p2ql) IN
-~ x - ql q2 P2 - Pl x \. pl"": 1'2 ' x E

where P is the Jacobi polynomial,

. Vplq - 2a(pl,1'2) = and
p2ql

o= ~log (1'11'2). , a = Vp1q2
,1'1,1'2 E (0,1), qi = 1- pi,i = 1,2 ;

- qlq2 P2ql

À = nJ , q = n2/nl , n" n2 E IN* ; . /

then m. = nI PI + n2p2
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Legendre Transform:

k* x = 10 ([B(X) - C(:r) + D(:r)]'[2ac(:r.)]C(X'a l
(,,-\))

~() g [B(:r) +C(:r) +D(x)V

-log ([2'\(a2'l + 1) - B(x) -C(:r)+ D(:r.)]"'(<I+t)) ,:1' E l\h'

where B(:r.) =a2.c-,\(a2-1) ; C(a:)='\('l+I)-a:; D(:r)=(a"-I)i1(:I')

Asymptotics:

\Vith m. as in the Density section above remaining constant:

B + B(1l"n2,PI,P2)~Po(m) as nI --4 +00 or n2 --4 +00.
v . 1'1(1- P2)

B+B('I1\,n2,p1:p2)----+Bm(n\,m/ntl as ) --4 +00 and '1/2 varies appro-
1'2(1 - l', .

priately.
V . PI(l - ]J2) ..

B +B(n],n2,p1:p2)----+13111(1l2,m/n2) as ( ) --40 and n, vanes approp"'-
1'2 1 - /'1

ately.

Other References:

• Szego (1939) for propcrtics of the Jacobi polynomial.
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3.13 Caste 1 +m 2 '- Poisson-Binomial Sum Families

The l' + 13 distribution ml"s the sum of a Binomial and a Poisson random variables,

VIZ.

l' + I3((,n,p) = PornO * Bin(n,p)

Variance Funetion:

Vp(m) = ~ (-6. (m) + [m + .\(a2 + 1)])6. (m))
2.\ '

6. (m) =m 2+ 2.\(a2 - l)m + .\2(a2+ 1)2
where a E IR+
Ml' = m+ , A (F) = 1~'

Basis Measure:

Cumulant 'Il-ansform and Mean Domain Mapping:

k" (0) =.\ (aeO + log(l + eOla)), 0 (tt) = IR

(
m-.\(a2+ 1) +)6., (m))

<P~ (m) = log 2.\a' m E Ml'

Density:

(
ç )X/2

h,·(x) = (e-«I- p)f 7i\~(Ç,p)(x) 1~ p ,x E lN,

where a(ç,p) = )(1- p)çlp and
b

where I: ,AU)zi = [exp(zk)(1 + zlk)Jb ,b E lN*, k E IR+, z E IR+

li = ~ 1::

0

(1~ p) ,a = a(ç, l'), ç E IR+ ,p E (0,1) ;

.\=n,nElN* ;

then m = n(ç +p)

Legendre Transform:

.' _' '('B(X)Xa'\[2,\af -X) B(.'!:)
k" (x) - log " [B(x) +2,\a2].\ - -2- , x E j'vIl'

where B(;1') = x - .\(a2 +1) +)6. (x)
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Asymptotics:

With nI as in the Density seri ion above' re'maining constant:

J)
P+ B((.n,p)--+Po(m) as n -> +00 or as (1- pkl]' -> +00.

P + B(ç. n,p).-E..,[Po(m) + 11] if k == ç + l' > 1, as ]' -> 1 whilc 11 (and (.hu" k) ,,\so

remains nXe'Q.

P+B(ç, n, p).-E..,Bin(ll, 111 ln) if k = ç+p < 1, as f, -> 0 whil" n also relll"inRiixed.

Notes:

• If 1; < 1, from Erdélyi (195:l) the density beCümes

fx(x) = e-"'L~'-x) (_nl;l;l') pX(1- p)"-x,:r E IN

where L}Q)(-) is the jth Gelleralized Laguerre polynomi,,[ of orde)' n.

• See appendix (§B.14) for a note on the asymptotics of the P + n families.

Other References:

• Szegii (1939) for properties of the Generalized Laguerre polynornial.
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3.14 Caste 1 +m,2 - Poisson Difference Families

The P - P distribution rulcs thê difference of two Poisson random variabl~s, viz.·

P - P(6, 6) = Po(6) * [-Po(6)]

Variance Funetion:

VF(m)=V6.(m)
t:.. (m) = m2 +4,\2

MF = m, A(F) =m,+

Basis Mcasure:

Cumulant Transform and l\iean· Domain Mapping:

•
kil (0) = 2,\ cash 0,0 (JI) = m,

(
m+ JD.(m))

ljJ/l(m) = log"" ".. 2,\ " ' m E.Nfp

'.' Density:

)'

.'

f(x) ~ exp [-~ (6 -+-1/6)] Ix (2V66) (6/6t/ 2 ,':~ E Z
where lA·) is the modified Dessel funetion of thefirst kindj

o= ~ IOg(~:) ;À= V~,6, ~,,6 E1R+

thenr:rn = ~l ~6

Legendre Transform:

. (x+~) ~kJl(x)=xlog "2'\ -V~(x),xEMF
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Asymptotics:

With m as in the Density section above' remaining constant:

. p - P(6,Ç2)~Po(m) as Ç2->0.

P - P(6,ô)..E...[-Po(-m)] as ';'->0.

Notes:

• The Bessel distribution is the inverse of the P - Pdistribution.

Other References:

• Abramowitz and Stegun (J9TO) for a reference onmodified Besselfunctions ..
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3.15 Caste 1 + rn2 - Gamma Sum Families

The G + G distributions mie the sum of two gamma random variables, viz.

Variance Function:

1 ( [ À(q + 1)
2

] V )Vp(m)=-.- [q+1]b.(m)- (q-1)m+ . b.(m)
2,\q . 2a

A() 2 À(q-1) ·(,\(q+1))2um=m+' m+. a 2a
where q E IR+ , a E IR

MF = !r{+ , A (F)= m.+

Basis Measure:

fi. = cxp( -axh"\ *cxp(a:rh,·\q
where"l = 11n+(x)

Cumulant Transform mid Mean Domain Mapping:

k" (0) = -Àlog(a - 0) - Àq log( -a - 0), e (Il) = (-00, -lai)
2aJô (m)+ À(q +1)

rp~(m)= .),mEMF
...711

Dcnsity:

:rQl+C<2-1e-X/iJ2 ( [ 1 1])
f(x) = F(0'1+Q2),6rl,6~21FlQ2;0'1+Q2; ,61 - ,62 x.

where lf] is the confluent hypergeometricfunction;

,x E lR.+

•
Legendre Transform:

.' _. ([B(X) +2ax]-'[B(x) - 2ax]-'q).. B(x)
k" (x) - log [2x].\(q+l) . - 2' x E MF

where n(.?:) = À(q + 1) +2aJô (x)
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Asymptotics:

"Vith m as in the Density s"clion above rcmaining constant:

Notes:

• See appendix (§B.15) for a derivation of the density of the G + G distributioll.
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3.16 Caste 1 + m 2 - Gamma Difference Families

The G - G distributions l'nie the difference of 1.wo gamma random variables, viz.

Variance Function:

1 ( [ À(q+l)2] V )VF(m)=---,- ['1+1]6(112)+ ('1-1)112+ , t:>.(m)
2"'1 2a

A(·) 2 À(q-J) (À(q+. 1))2tim=m+ m+
a 2a

where '1 E IR+ , a E IR+

MF = m, A(F) = IR+

Basis Measure:

p = exp( -axh':;:\ * exp(o"h::\q

where 1'+ = lln+(x) and 1'- = lln - (x)

Cumulant Transform and Mean Domain lVlapping:

k" (0) = -À log(a - 0) - .\'1 log(a +Il),0 (p) = (-a, a)

2aJt:>. (m) - .\('1 +1)
cP" (m) = ?'m E MF_m

Density:
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Legendre Transform:

k" ( ) _] ~ ([2a:r + n(;1')f[2à:r - B(;l')fq). li( ...). ,
~ :r - og [2.1']'\('/+1) - ~' .1 E ;\lp

where n(:I:) = ,\(q + 1) - 2"/:::' (:1:)

Asymptotics:

With m as in the Density s<'ction above remaillillg ronstant.:

i
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3.17 Caste 1 + m 2 -"- Normal-Gamma Sum Families

The N +(; distributions fille the sum of a gamma and a normal random variables,

viz.

Variance Function:

V F (m) = 2\ (6. (m) + [m - 2'xQaJV6.(m))

6. (m) = 10
2

:- 4,Xqam + .l,\2 q(qa2 + 1)

whcre q E IR+ , a E m
MF = 1R+ ,1\ (F) = m+

Basis Mensure:

- . ( .) •.\* (. ) ..\ql' - exp -ax 1 exp a.r v
1

where 1 = lIR+(x) and v = RLexp(x2j2)
v2rr

Cumulant Transform and Mean Domain Mapping:

Density:

) 1 c ( e) ~ .'/2 ( ," [x ( ç 1)]f(x = fi~ exp -20'2 3 Baie.•',(3) x) exp "2 0'2 - /3 ,x E IR.

where a(ç, 1'2, fi) = ~ (;2 +~) and

1 roof:;;' Bbc( ) 1 exp [c(k + t)2] " +
Wlere '1"\' c~·( 3 k' l' (J'= (k )b ,b,cEIR. ,kEIR.,tE(-oo,k)

() = ~ (~(~i), a = a(ç,u2,fi); ~tEIR.+,ç E IR;

,X = cr, q = 0'2 j cr ; cr, 0'2 E m+

thcn m = ç+ cr(3
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Legendre Tran!3form:

. ' '(E("')+~) . (B(",)+~)" .'. ._
k,,(:r)=_\log . +. -(,,[,(,r)+.\).,r'="h'

2.\'1 8.\'1

where E(a,) = 2>.qa - j'

Asymptotics:

With m as ;n the Dcnsity Sf'clion above rem~iJliJlg constanL:

N + G(a2,a,ç,,6)~N(tn;2(\) as a2 -> +00.
N + G(a2,a,ç,,6)~r(a2,:~) as a -> O.

'D ç 1
N + G(a2 ,a,ç,,6)-->N(m,n) as a" + 73---> +co .
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3.18 Caste 1 + m? - Hyperbolic Secant Sum Families

The II + Ir distributions rule the surn of two Generalized IIyperbolic Secant random

variables, viz.

Variance Ftlnction:

VF (m) = Pb. (m) +Q(mh/~ (m)!
• 2

SlIl a
P = -.-(1.+ q),

2,\q

sin
2

ct ( (2))Q(m) = -,- (1 - q)m.+ ,\ csc(2a) (1 - q) cos(2a) - 4q and
2..\q

6. (m) =m? +2..\(1- '1) cot(2({)m + ..\2 [(1 - q)2 cot2 (2a) + 4q csc(2a)]

where q E IR+ , a E (--7r/2, rr/2)

MF = fi, A (F) = lR+

Basis Measure:

Il = exp (0.1: )17"'\ * exp( -(l;1: )1(,\q
sech(7rx/2)

where 1] :;= . 2' ]1 n+ (;1')

. "~

Cumulant TransfOl~m iiJ1d 1\1ean Domait;l Mapping:
'-'i~ \:-~_. ~~~"/:'

\' ,'\
""'\\.

kp. (0) = ,\ log sec((} + ct) + ,\q log sec(19 - ~) , e (Il) = (-7r!2 +Ial, 7r/2- laI)
c;·:: ~(;+\ncsc(2a)+J6. (m) \.

<PJt(m)=- ~ +..\(1 ) ,mE'MF
man (1 - q,.

Density:

J( ) (
[f31+ f32}:>:) ·B r1 .l'2 () Tl f3 1'2 f3 lRx = fXP. 2 "0((3],132) x cos 1 COS 2 l X E l

,Nwherc O((31,{32) = ~ (fil - (32) a~9
': 1+= b

W

, Cwhere _= etx4!3k'C(~r)d;1~ = sccb(t + k) secC(t - k),

k E (-1rL~,7r /2) , b, cE n+ ,t E (-7r /2 + Ikl,1i"/2 - lkl) ;
1 \..,'

0= "2 ({JI +,82) ,a = a(,'3],/32) ' ,8b,82Et-7r/2,7r/2) ;

".,À. = rl ,fi = 1'2/r 1

~,-,'then m = rI tan,81 +1'2 tan ,82
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Le~endre Transform:

k: (x) = log (cos'\(ECr) - a) ros"q(E("') +a)) - ;l'E(:l')

À(q+ ])rsc(211) + J!:::.(;r)
where 13(,1') = ------:-:-:-'--:---

X tan a +,\(] - q)

Asymptotics:

[
2Jr1r2(1'1 + r2) ] V . ,..

1

2 21 H + JI(rl,r2,ç1,6) --+N(m,l) as P. -1'2 -> 0, \VIth III as III
. il - r2

the Density section above remaining constant.

:::;'\
'.\
"),, ,

. \i

(
"l'
(
~

0-
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4 Seshadri Class

The Seshadri class contaills a]] convolution families with variance functions of t.he

form

VI" (m,) == P(m)~ (m) + Q(mhjf). (m)

where deg P = deg Q = deg ~ = 1. Kokoncndji (1993, ch. 2)has exhausj,ivdy

c1assificd its members, by showing that for deg f). = 1, their variance function muId

be written in the form

where P. is a polynomial of dcgree 3. P., in faet, ranges across the forms of aIl

variance functions of Mora c1ass members.

Kokonendji and Seshadri (1094) show that families generated by the Linclsay

translorm of measures wil.h strictly cubic va,ri"nce functions areinfinitely dÎ\'isible

and belong ta th~~ Seshadri dass. Seshadri (1991) investigates several membersof the

Scshadri class i~nit; context o~ finite mixtures of Mora class members.

The SC$had'rida':ss contai~1s'~'HP 1,0 affinitics, 5 convolution families.
1 ~l

"\\ /-:"".:.:..;

Kokonendji (1993, ch. 2) distinguishes between the S-Striet ArZsine (a = 0) and

S-Large Arcsine (a.,> 0) distributions.
/~

•

•

S-Abel:

s-Ta,kâcs:

S-Arcsine:

S-Kendall-Ressel:

Reciprocal

Inverse Gaussian:

Table2.ï: Sc~hadri class convolutlon families

{SAb(Tl,r2~O 1 (ç,Tr) E (0,1) x [max(O+,-r2)'+00)},
for 7'2 E TIl, supported on lN

{STa(l'],7";l,a,ç) 1 (ç,rl) E (0,(a+1t l
) x [max(O+,-TZ),+OO)},

for (7'z~ a) E lRx IR+, supported on IN

{SArc(rh7'2, a, ç) 1 (ç,rd E (0, aretan a- l
) X

[rnax(0+,-aT2)'+00)},for (rz,a) E IRx [0,+00),
suppart.ed ,on IN

r \\

{Shn(rl,r~\,ç) 1 (Ç,T1) E (1,+00) x [max(O+,-TZ),+OO)},
for 7'2 E fi" snpported on m.+
{RIG(X , 4" T) 1 (x, ~))E IR+ x IR+},
for '1/) E 1R+, supported on IR+

,'.
..;,:-.' ,
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4.1 S-Abel Families

The 8-Abcl families, denol "d 8,\h(r1, 1'2, 0, aris" as generalizations of the Babel Gen

eralized Poisson families. "kml"'rs of thesc falllilies were discussed in the con\.e:d of

random rnapping theory hy Berg and Nowicki {1 991), while Kokonendji and S('shadri

(199-1) recast these distributional results within exponential family theOl·Y.

Variance Function:

VF (m) = 2~2 ([m + -\q'l~ (m) + [_\(1- 3q)m. - ,\V(q + 1)] J~ (m))

~ (m) = ilÀm+ À'(q + 1)',

where q E [-1,+(0)
MF = m+, A(F) = m+

Basis Measure:

Ji = (Do - /1)*<-.\) * v*·\q,
. 00 (j + l)i-'

where /1 ='Do +L ï Di
. . j=' J.

is a generating meaSllr" for q 2:: O.

Cumulant 'Iransform and Mean ])ê>r1ùiln Mapping:, ',..,. .,' -:, . .' ,

k~ (0) = -À log (1- f-l(eO)) +Àqr'(eO), e (,,) = (-00,-1)
t

where r' is the reciprocal off: (0,1) ---> (0, e-'), t f-> t
e

q,~ (m) = log (A(m)) - A(m)

2m+À(q+ l)-J~(m)
where A(m) = 'Je' À )

~ m+ q .

Density:

f (x) = 1',1', c(r"r')('c\e-ç<x+r')(l - c)r1l:x X E lNx f(r, + 1) , . , ~ ~, ,

where ,C<b.c)(O) =1 and ,C<b,cl(z) =.; [(b+ z) + (c+ l)T-' ,
z.

for bE m,+ ,c E ("--b, +(0), z EJN* , and,·

where [s +qn = t (. ~ )si(t)(n-i )
/ j=O J

odTc;g"'{."'ç, çE(O,l) ; À = rI, 1', E JR+ ; q = ri/r, ,1', E [-1'1>+(0)
ç .

then m = (1 _ çl' h +"2(1 - ç)]
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Legendre Transform:

k* ,t = ~ 10 ([2X + >'('1 + 1) - ~x ['\('1- 1) + ~À)
l' () 2 g [2(x + >''1)]'"+.\

-~ (2X + >'('1 + 1) -).6. (x)) ,3' E MF

Asymptotics:

With Hl as in the Densit.y section above remaining constant:

- v )SAb(1', ,1'2, ç)--+Po(m as 1', -> +00 or 1"2 -> +00.

v (m,r2 111.)SAb(1'" 1'2, ç)--+GP , as 1", -> 0 for 1'2 > O.
Hl +1'2 m +1"2 _

Notes:

• Thc variance function may 0150 be written out as

a representation which emphasizes the relationship between .the S-Abel families and

theM01'a Abel families.

• Whcn 1'2 = -rI thc variancc function takes the following simple form:

• See appcndix (§B,17) for a derivation of the density,
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4.2 S-Takacs Families

The S-Takiics families, denotcd STa(,'" "2, a, Ç), arise as furthcr g('ncl<liization" of lit,'

Babel Gencralized Negat.in' llinomia1 families.

Variance Fllnetion:

V F (m) = P(m)te. (m) +Q(m )Jte. (m)

. 1 [
P(m) = ,\2 a2(a +1)2 a(a + I)m + '\'1('1 -1)] ,

1 '. c
Q(m) = ,\2(12(a +1)2 [,\(I(a + 1)(a + 2 - 3q)m - ,\.'1('1 - 1)((1 + '1)]

te. (m) = '1.\(I(a + l)m + ,\2((1 + '1)2,

where ft E m+ and '1 E [-a, +00)
MF = m+ , 1\ (F) = m+

Basis Measure:

p. = (00 - avr(-,\) * 1/*'\? ,

<>0 1 f( aj +j +1)
where v =:L" f(' ')) Oj

j=O J. aJ +-
isagenerating measuœ for '1 2: o.

''\;.
~"

"-,---'-".

Cumulant 'Iransform and Mean Domain Mapping:

.'
k~(B) = -..\Iog (1- ar1(eO)) +..\.qlog (J + r 1(eO)) ,
e (p.) = (-00, log (aa) -log ((a +1)"+1))
where J-1 is the reciprocal of

f: (0, l/a) --> (O,a"/(a +1)"+1) ,t l-> t/(12 t)"+1

m = 10 ([2(a + l)m + l'ra + q) -c;:t?f(m)].)
<PM ( ) g [2(a+l)((a+l)m+l'i;)]"+I.

+a log (2a(a + J)m +l'(q +2aq - a) + ';'6.-(-m-)) tm E MI'
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Density:

fx(x) = (1 - (a + l)Ç)Tl CCl - çT2-ax2C~Tl,T2)(x), x E IN, where

2Ck - 1(1),cl(O) = 1 and

2clb,c)(x) ~ ~ (c[(c- 1 + b~ + x)~ + k'l/"r- 1 + kb((r2 + kx + x)", + k(b -1rr- l
)

x. - - - -

where (s_ +tu"'t =t (1~ )(S)(i).tn-i(u)<n-J) ,and._
,- J=U J .

wherc (b)" = b(b+ 1) '" (b + c - 1) , c E IN" , x E IN'"

O=log~-alog(1-~),çE(O,1/(a+1)); a=a,aElR+

..\ = 1'1 1 Tl E IR+ ; q = 1''1/1'1 ,7'2 E [-arl, +00) ;

1
ar'l + (1 - (a + 1)ç)1'2

tIen m = ç . .
(1 - (a + 1).;)2

Legendre 'Il-ansform:

'.. .' .([2B(X) +C -.J~(x)]X[2aB(x) - c + Jt1(X)]llX)
kiL (x) = log -.~[2-B--'-(:---:-,rJ-./~-'~--'-~(';--':'--+-:'..\""7""":)]:-:-'\{:-::-l--q---=-)[Z-:'(-a-+-l-:-)B=-(:-x-:-:-)]-;::;-:B(;--;x)--,:-\~-

'. ('. [Vt1 (x)-C-:Ü]"a.\Q )
+ log , , x E NIF

. [2aB(:) -C - sqrt6. (x)l'\~

wherc U(.l') = (a +1):1' +..\q, C = ..\(a -iq)'

Asym.ptotics:

.~ STa(I\~c?~2,a, ç)~Po(m) as 1'1 -+ +00 or 1'2 -? +00 for m élS in the Density sec-
, ' (C

'tion abovc rcmaining constant.

Notes:

• As a factored polynomial or v'X, the variance function is

\\

••
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4.3 S-Arcsine Families

The S-Arcsine families. dcnoted SArc(rl. 1'2. a. Ç). Iîrst arose III the cOllrs(' of the

classification of ,the mem1.lf'rs of the Seshadri class by KokOllcndji (199~l).

No probabilistic intcrprd.at ion has bcell 1'roposcd for theee fami!ics thlls far.

Varian<:e Function:

V F (m) = P(m)6. (m) +Q(m ))6. (m)

P(m) = 2V(a~ + 1)2 [((2 + l)m + ,',(l + 1)] ,
Q(m) = \2(; )2 [,\((2 + 1)(( -3'1)111 - ,\2(a+ '1)('12+ 1)]2, a + 1 . .

6. (m) = .1,',(a2 + 1)m + 'L\2(q + a)2,

where a E IR+ U {O} , '1 E [-n.+oo)

MF = m.+, A(F) = m.+

Basis Measure:

*.\ *.\q
fl = VI * V2 ,

00 00

where v,= L 111,/ij an cl /12 = L V2,/ij ,
j=o j=o

00 . ( -. ) -1 1 p. (aj + 1)
with L 111, jZJ = JI - J-' (Z)2 - ar1(z) , V2,j = .'1 J. 1

j~O . J.aJ +
,: j-l j-l

where P2j(t) =II(t2 + 4;2) arid P2jH(t) = t il (t2 + (2'i + 1?)
i=O i=O

and r 1
(.) as bèlow,

is a generating measuyé'TBr. '1 ?:: 0,

Cumulant Transform and Me:an DomainM:apping:

•

k,,(O) = --)109,()1- J-l(CO) - o.eO) + ,',qarcsin(r'(eO)):

8(fl)= (-oo,\~logVl+ 0. 2 - a aretan 0.-
1

) ,: .

where rI is tHi~ reciprocàl of . '

f: (0, v'T+ 0.
2)1--4 (ô, VI +a2 exp (a arctan a-')) ,t H ( t ')

!' exp a. arcsml
</>" (m) = log (s\narctanA(rn)) - aarctan A(m),

/ 2am + ,',(d\ '1) -)ti (m)
where A(n.y,l) = 2 (2 . \( 1))/ am +, (lq-

":"" ,//.
~J'~;\{~

~~ <'. --- ---~</' "
--'-:"':':.:~:="~.:::;:::::::"~ -
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Density:

fx(x) = (rosI; - asin t;rI3C;'''''(x) sinx I;c-Ç(ax+,,) ,

00 bc'; cxp(carcsinf-l(z))
where I: "Ck' (;)z = b

;=0 (VI-J-1(z)2-kf- 1 (z))
+. + . , ,I exp(arctan a- I

))
for b E TI{ , k E IRU {a} , cE [-a,,, +00), - E \0, 1 + a2

o= log sin 1; .:... aE, , E, E (0, aretan a- I
) ; .\ = '1 , '1 E IR+

a = a, (/ E IR+ ; q = -d"I' 1'2 E (-m'I,+oo)

then m = E, )2 [(aI'l +"2) +E,h- a1'2))
(1 - aE,

Legendre Transform:

• 1 ( [13(3')-V6 (x)t[aV6(x)-D( )
k~ (x) = :J log . x+.\ ' x E MF

~ 2x +À [2C(x) (CCx)+ x) +6 (x) - B (x)V6 (x)]
where l3(x) = 2ax +.\(a +q), C(x)= a2x + .\(aq -1), D = .\[a(a +q) - 2)]

Asymptotics:

SArch"'2,a,ç)~Po(m)as 1',--> +00 or ~'2 --> +00 while m as in the Density

section abo\'e remains fixecl,

Notes:

• Kokoncndji (1993) trcats as separate the cases where a = a and a > 0; in the first

case the distribution is denoted SSA (Seshadri Strict Arcsine) and in the second SLA

(Seshad ri Large Arcsine).

• The ,'afiance function of the SArc familles may also be written out as

a representation which emphasizes the relationship between the Seshadri Arcsine

familics and the Mora. Arcsine familles,

• The gcncfating measure bccomes more tractable when a = 0, In this case we get

SArc(1'], 1'2,0, Ç) = [2NB(1'1 /2,p)] • Arc (1'2,0, UVI +Ç2)

where p = log (1 - f,/ JI +e),
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4.4 S-Kendall-Ressel Families

The S-Kendell-Ressel fe1llilif's, dènoted SKR(1"I, 1"2, Ç), arisf' as gencralizations of t!l,'

Babel Kendell-Ressel familif's. Kokonendji (1993) givcs a straig!ltforwe.rd pro1Je1Ji!is

tic interpretation of the SI,R felllilics for 1"\ > 0 andr2 ::": 0: !et X ~KR( J!. Ç) /111

NB(1""l - ]/é,) and Y ~Knh, é,); then X + Y~SKR(rhr2, Ç).

Variance Function:

VF(m) = 2~2 ([m+,\q(q-J)]6(m)- [.\(3q-2)m+,\V(q-l)] f6.(/Il))
6 (m) = Üm + ).,2l,

where '1 E [-1, +(0)
1YlF = m+ , A (F) = m+

Basis Measure:

Il = (00 - ;/)*,1 * v*Aq,

xXe-X
where II = r(x +2) lln+(;r)

. is a gencrating measnrc for q ::": O.

Cumulant Transform and Mean Domain Mapping:

kM(O) = -.\log (1- r'(-O)) - .\qf-l(-O), 8(/,) = IR:
where f- 1 is the reciprocal of f: JR+..,.., JR+ , t H et - t - 1

(
2m+,\q+J6(m)) .\q+~ ..

<PM (m) = log ? -?' m E MF
~m,"m

Density:

çX XX+T2-1-- .

fx(x) = '( ) (1 - e-'f e-,(x+r'),F, h -1; x +1"2; ",) , x E m+
1 x + 1'2 .

where ,F, is the confluent hypergeometric function

and 0 = log ç+ 1 - ç, ç E (], +(0) ; .\ = 1', , 1', E IR+ ; q = 1'2/1'1 , '·2 E [-], +(0)

h
_ 1", + r2(e' - ])

t en m - (e' _ 1)2
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gendre Transforln:

," '. _ ([2X + B(:t')y+I(,/-l)[B(;<:W) R(;!') , _, "
k" (x) -log [) ] '+1 - -)-, ,1'" ,\1[.... :'m J . q :.

where B(;r) = ,\q + J;:,> (m)

Notes:

• An al1ernative expression for the variance function is given by Kokoncnjdji (199:1)

and clarifies th" relalionship between the "ariancc fnnctions of the Kendall· Rcssel

and the S-Kendall-Ressel fammes:

JK(ijï)(~ \2 ( .;_ )VF(m)= sP V~(m)--\q) vù (m)+-\(2-q)

• The form of the density is due ta Kokoncndji (1993),
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4.5 Reciprocal Inver:3e Gaussian Families

The Reciproca! Inverse Gaussian famiIies, dcnotcd RIG(-I/J, x, "),consist of the pow

crs of the rcciprocal of an IG(-,,\ X) random ,'ariabic, namely X ~RIG("v, X, 1/2) =}

X-I~IG(q"X).

Since the Inverse Gaussian has a natura!illtcrpretation as a first-passage time in

Brownian motion, the Reciprocal Inverse Gaussian LV, is proportional 1,0 the speed

with which the process approaches a bound, RICc-,·, 1/2) and IG are both special

cases of the Generalized Inverse Gaussian distrib"tion. An important featurc of the

IUG famiIics in application is that they consist of convolutions of Gamma and Inverse

Gaussian random variables.

The RIG families correspond lo I\okonendji's (1993) SIG tyP~'

Variance Funetion:

Vdm)= 2~2 ([m + ,\q21~ (m) + ,\q[3m + '\q2]J~ (m))

~(m)=4Àm+,\2l

where q E IR+

MF = m+ , A (F) = IR+

Basis Measure:

Cumulant Thansform and Mean Domain Mapping:

Density:

f( .) = X
rev;;;, r-1 -1/2(xx+",!x) [F ( _ ~,L1.) +

x 2r f(r) x e 1 1 r 2'2'2x

(1 _ ?,/ r; fer) F ( . ~,1.)]. - ~V z;: f(r +1/2) 1 1 r'2' 2x

where 1FI is the con fluent hypergeometric function;

() = _Îi X E IR+ ,\ = .)" q ~ 0f} r E IR+·I. E IR+
2'/ ' ... , 2r' If"

VX"v +2rthen m = ...:....:~--

X
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Legendre 'Iransfonn:

r:-c--:-

k ' ( ) - ,\ 1 . (A(a:)) \ V.'\(;1') A(:1')x -- og -- +.'} -----
f.L 2 ·a: ~:,' 2'

where .'1(.1') = 2'\3: + ,\2'}2 + ,\'1)L'>. (:1:)

Asymptotics:

With Hl as in the Detisit.y section above remaining const.ant.:

RIG(,p, x, 7·)..E....IG(m/yr,r, 4') as r --+ 0 while m,,p remain fixed.

RIG(4,,\:,r)..E....r(7·,m/l') as 4' --+ 0 while m,r remain fixed.

Notes:

(12)• RIG(x, lb, 7')~r 2' X as 1/' -l- O.

• See appendix (§B.16) for a derivation of the density.

Other References:

• J~rgensen (1982) for a complete smvey of the Generalized [nverse Ganssian.

• Seshadri (1993) for a complete smvey of the Inverse Gaussian and l'clatcCi dis

tributions in the éontext of exponentia[ family them·y.

"
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• Chapter3

Canonical Caste Members

vve prof1d~' in this tabu1<'H chaptcr a synoptic table of the variance functions of the

Canonica.l Coste Members for {Ill classifieè convolution families in the compendium.

The Grand-ISahel form of the variance funetion V F (m) = P(m).6. (m)+Q(m)V.6. (m)

i8 assurùccl; accordingly, the val"iance of the qC1\1s is expressed in terms of P andQ,

with .6.corresponciirig 1.0 the caste. The background .material is presenteci in§2.6,

; cha.pterl.-

J'.:';y
F':~unily -.Caste .d(7n) K(t) /-/Y/IÙF(m)

-'----'-----~----'--

'.'r.Y '•
N

Po

1

m''- t

" P -":'1,

Q=O

1>
'.'

D

•

-.I.~

~ ~,.

(~

ND rpoi -1 c.

[~

r m 2

("'" .
~~

89

2t(>.,+ 1

P _l/À,

Q=O
."
\.~'1

t .

P =1/>",
Q.=O

i/>"
P -1/>",

,cQ = 0

'C:

('\

,"

.. ':
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Family Caste Ll(m) K(t) / VK_F(m)

Babel Class

( COll Linucd)

•

<,.~

~ t

MG

ME

Trin

NB'+NB

ND-NB

m'2-1

I-m2

m 2 +1

----:-a.....,-=l=t _ q + 2
2Ày'q"TI y'q"TI2
P = 1 - a(l + q)
" 2À(q+1)'

Q(m)=-2>.(ql+ l ) ([l+a(q+l)]m

+ a(q+1)(q+4)+3q +4)
2y'q"TI "

(a,q) E [-':"1, l)x[O, +00) \ {(-l,O)}

t q +2
2>'aJq +1+ 2y'q"TI
P = - ." q .'

2>.(q+l)' .
1 ' . q2 + 8q + 8 -

Q(m) = 2).(q+ 1) (q + 2)m -2y'q"TI

"Jl- a 2

-).-t

P:= 1/>', .
Q(m) = a/>.2

aE(O,l)

a2 - 1 a2 - q~ .
. t+-
2>.avq 2avq
p= q+1

. 2>.q' C"-

q - 1 3a2q - q2 - a 2 +3q
Q(m) = --m - -=---=--------'--=-

- 2).q Àaqyq
(a, q) E IR+ x1R+

a 2
- 1 t _ a(q - 1)

2>.avq 2yq
p= q+1

? \ '~I\q

(Q(m) = q - 1m"": a
2
(q2 + 1) +2q

2).q 2(a2 -I)q
(a, q) E (O,l)x1R+
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Babel Class

(continued)

NB+B

P+NB

P .-:- NB

B+B

P+B
,'-

<~?~- ;~

m 2 +1 a2 + l a2 - q
--t--
2..\a0i 20 fi .

l-q
P = -.)-,-~

~/lq

Q( )
. q + l . 3a2 q + a2 - ~lq _ q2

rn = --m + ---=-------.:...-.:.....
2,\q 'L\(~q0i

(a, q) E 1R+ xlR+

l a2 - 1
-t---
2..\a 1 2(1

P = 2,,\' .
m a 2

- 3
Q(m) = 2.\ m + -L\a
a E m.+

1 . a
-t-
2Àa 1 2
p=-

') \'
~/l 2

Q(m) = _ m _ a - 2
2). 4Àa

a E m.+
a 2 -1 a2 - q
--t-_·_~

2).ay!7j . 2a.fij
p=_q+l

, 2,,\ ,
.. q , ( . 2 2 2)

Q(m) = ~.' (q -.:. l)m _ a - 30. q -. 3q +q
2"\q. a..,fti

(a,q)E lR+x {il).]j E lN*}

t a2
- Ip-+---

2Àa 1 2a
p=--. ,

2..\ l
m là2 -'3

Q(m) = 2). - 4Àa
a E m.+

(0:1
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• Family Caste ..::1(m) K(I) / l'j'.F(rn)

Seshadri

Class

SAb m 4.\/ + ,\2(q + 1)2
Plln) = 2m/,\ + 2,\(3q + 1)(q-1),

Q(m) = (2 - 6q)m - 2.Qq + l)(q -Il'
qE[-l,+=)

STa m 4.\(I(a + l)t + -\2(a + q)2

P(m) = 2m/-\ - 2,\(a2 + 2aq + 4q - 3q2),

Q(m) = 2(a + 2 - 3q)m - 2-\2(a + 2 _ q)(a2 _ '12)
aE TR+ , q E [-a, +=)

SAre m 4.\(a2 + l)m + 4-\2(q + a)2

P(m) = 2m/-\ - 8,\(a2 + 20.q- 1)

Q(m) = 2(a - 3q)m - 8-\2 (a + q)(a2 - 2aq - 2q2 + 1)
a E [0, +=) , q E [-a, +=)

• SIm m 4.\/ + -\2q2

P(m) = 2m/-\ +2-\q(3q -4)

Q(m) = -2(3q - 2)m - 2-\2q2(q - 2)

qE[-I,+=)

RIC m '1-\m + -\2q2

pem) = 2m/ -\ + 6,\q2,

Q(m) = -6qm - 2-\2q3

q E lR+

•
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Appendix A

Examples of Other Variance

Functions

Wc inclue!,' !Jere a kw examples of variance functions which do not belong to the

fully classifiee! sets of farnilies. Our purpose here is simply to provide an immediate

refercnce 1,0 Iwo sets of convolution families to whichchapter 2 refers.

",

•
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1 Gamma-Poisson Mixture FaIuilies

The gamma-Poisson mixture distribution, denoted [' /\ Po (,L1 , 1') has the init'restin,l\

property of being a self-inw'rse distribution. The full form of the mixture. r(J, ,dl /\.1

Po(>.), chrifies its proba1>ilistic interpretation.

Variance F\metion:

Basis Measure:

l' ((h) = exp .\''YI
00

where II(dx) = L 8,,(1:>:)
n;;:;O

Cumulant Transform and Mean Domain Mapping:

.\ .'
k~ (0) = -, e (,1) = m

-0

<P~ (m) = -{!i;, mE MF

Density:

•.) _ (_ 0 +1) ,.-1 -{3X~ (1J~Y . . +
fx(~ -exp 1J O . .r e L..J (' )("I)2'X EIR

j=O J +1 J.
1JO=-{3,{3EIR+; '\=l',l'EIR+ ;then m= (32

Legendre Transform:

k~ (x) = -2";>;;,.7: E MF

Notes:

• The r /\ Po({3,p) distribution is its own inverse.

Other References:

• Tweedie (1984) in the context of a discussion of Tweedie scale families (families

F for which Vdm) = amb for sorne (a, b) E IR x IR).
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2 Bessèl Families

Variance FllDction:

. 2

V ' (.. ) - m ,; 2 \2J. In .-~ m.+,

. MF = m.+ , A (F) = m+

Basis Mensure:

Il (d.r) = .\!>,(x)x-1Iln+(:t)dx,

whcrc 1.\(.) is the modifk'd Bessel function of the first kind with index À

Cumulant Transform and rvlean Domain Mapping:

kit (0) = ,\ log (-0 - J(j2 - 1) , e (Il) = (-00, -1)

vm2 +V
4>11 (m) = - ,m. E .MFm .

Density:

lx (:r) =è Pf l p(x) exp [-~ (~ +ç) x] ,x E IR+

1 (1 ) . 2ç0=-"2 Z+ ç . ,ç E (l, +00) ; À = p, PE IR+ ; thenm = pe+ 1

Legendre Tl-ansform:

, x E 1\!IF

•

Notes:

• [(ljp)P -:- P(X = 1,-)], the Poisson Difference type, is the inverse distribution of

Besscl{p, ç).

• The dellsity g(x; ,\ )dx = eXiL (dx) , >. E lN'" \Vas determined by Feller to be the

density of the first-passagc time through À for a randomized randbm walk.

'D .
• Bessel(p,ç)----+IG(p2,4e/(ç2 +1)2) as p -+ O.

Other References:

• Feller (1971) p.437

• J~rgcnscn (1987) presents this type as an example of EDM generation from a
NEF..
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• Appendix B

Proofs and Derivations

B.l Preliminaries

(13.1.)

•

Measures Concentrated on l~

Wereproducc here part. of Proposit.ion 4.'1 from Letac and Mora (1 ~l90), which will

help us 1.0 determine whet.hcr inverse families exist. in certain ca,scs.

Theorem B.l Let F be a NEF eoncentmted on III ",it.h val'iance Iundi"n V dcjl:n<"ll

on MF. Then F = F(,,) is eoneentmted on IN sneh l/W./I' {a} ,l' {I} > 0 if IInd "n/y

if

1. MF = (0, b) for some 0 < b ~ +00;

2. Th ere exists an open subsr/. A of the eomplex plane eontainÙ'!1 [0, b) IInd nn

analylie fllnction ~' on il sneh th"t </J'(m) = nt/V(m) iJO < ln < band sneh

that ,p'(O) = 1.

Lagrange Expansion

Let. g be a mapping analytic at. 0 anlsuch thil.t g(O) #: o. Consider the transfonnat.ion

u = g~t)' If f is analyt.ic in a ncighborhood of 0, then

f(t(u)) = f(O) +~j~ [;:;:~..r'(t)g(t)j] 1,=0'
called the Lagrange expansion (sometimes Lagrange expansion of the jirst kù"l) of J
in terms of u. See for instance Consul and Shent.on (1972) for an application to t.hc

generation of probability distrihntions.

(Mora [1!J86, ch. II, Prop. 4.1] provides a streamlinecl version of the La.grange

expansion formula, directly applicable 1.0 the computation ofvariance funcl.ions for

the c1iscrcte Mora class fam il ies, among others.)

•
Meixner Polynomials

From Meixner (1941) we gel. that with k < 0, 0' + f3 E IR Ctf3 ~ 0, if

00 zj· (1 - f3z)if~!;,)
LPj (.r)1= ~
j=O J. (I-Ctz)"Q-
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•
t.hen

( k/O!J) '(' x+ k/a )Pj(X) = / (-fi)'F -J; a-fi ;-k/afi;l-a/fi (B.3)

(B.5)

(B.6)

•

where F( ... ) is t.he hypcl'gcomcll'ic funct.ion. We call Pj(x) t.he Meixner polynomial.

Erclélyi (1953, §10.2;j) tll'fInes t.he Meixner polynomial as

prO(,r) = (fi +x)jF (-j, -x; 1- ,8 - j - x; c-') (BA)

= (fi)jF( -j, -.-r; fi; 1- c-')

for fi > 0 anel 0 < c < 1. In t.his case, il. has generating funetion
00 . ...i
L p{'(xt, = (1 - z/c)X(l - z)-x-iJ
j=u J.

for Izi < min(l, Ici). We shall use ident.it.ies n.3 and BA associated respect.ivc1y with

generating fllnetions B.2 and B.5 according to convenience.

Jacobi Polynomials

Erdélyi (195:'1, §lO.8) givcs the following explicit. expression for the Jacobi polynomial:

Pj",iJ\:r) = 'Ti t ( j ~ a) ( J: ~ ~ ) (x - l)i-k (x +II
k=O k J k

Erdélyi's Generating E\metion for Laguerre Polynomials

Erdélyi (1953, §10.12) prodnces thefollowing gencrating function for Laguerre poly

nomials:

for Izi < 1.

Meijer's G-funetions

00

L Lj-izi = exp(-xz)(l + z)'"
j=O

(B.7)

•

Meijer's G-fllnetions turn out to be quite useful in the determination of closed-form

densities, mainly because in spite of their apparent unwieldiness, they can easily

be manipulated into inverse Laplace transforms and can represent a wide array of

higher funcl.ions. We list.here somekey identities and properties taken or adapted

from Mathai (1993, ch. 2 and :1).

Identity 1 Rational Funclion

(B.8)

for laz"'l < 1.
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•
Identity 2 Confinent Jl!ll'cl'gcomètl'ic Funetion

1,1 (-l" ) - f(l ~ a + (3) _/3 , ..",_
G , ,2 - ;1,; - l'(l-')+(3f ,F, (I-a+;3,I+,â-'),-_)

Identity 3 Exponential FUllction

G~:~ (pz" 1 ) = ~/"z/3exp(1'z")
J.'jer

Identity 4 Whittaker Fundioll

where W".(') is the Whitlaker funetion (see flbmmowi/.z and Slegllll [.t9v.W,

Property 5 Ana/ytic Continuation:

Gm,n (~I""''''O") = Gn,m (~I'-"l''''''-"''):r p,q .... q,p
b1 .... ,b,1 ..,. ·'-b I-b

.... 1,''''· q

Property 6 Order increase/n'duction:

(\3.H)

(13.10)

(El.!l)

(13,12)

• Property 7 Additivity of indices:

forl',q,n;::: 0;

fo!' p, q, 117. ;::: 0;

(13,13)

(13.14)

•

Property 8 Multip/icativily of indices:

G';,;n (zl"""""") = (21rl"-r)SruG~';,;:;,n (zr rr(I,_q)I[>(r",,), ... ,[>(r,"I'»)
b1,...,bq ~(r,bd,···,fi(r,b'l)

p+q
whereo - 117.+11.---,

2
q p l' - q

11 - I)j - 2:: a.+--+ 1,
j=l ;=1 2

6.(1', a) = (~,a+1"",a+r-1),
ï r r

Property 9 Laplace Transform:

(
k' I"'"""·'"p)·"-IGm,n+l .

II p+l,q.·-

U bl •... ,bq

. . 1
for '!R(k) > 0, 0 = 117. + 11. - 2'(1' + q) > D, .1 arg kl < 01r, '!R(miuj bj - a) > -,1.
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•

B.2 Extended Inversion

We make ('xplicit the basis m('aslIre transformation involved in extended inversion

(§2.4, ch. 1). The following is a reworking and extension of the work of Khan and

Jain (1978), itself largely hased on Kendall (1957).

Consid('r a measure l' E M, and a mpasure 1/ defined by its Laplace transform

(
-1 e)"Lv(O) = L" .'J (e) ,

where

. e'
u E AF("j, .'1-1 is the r('ciprocal ofg : t f-+ L~(tY'

,. E lR is sucJ1that Il E :\Jt, and

oE {t E m.1 t~rk~(i) E o (Jt)}.

Then, writing F = F(,/) and G = G(I/), and applying the definitions of section 2

in chapter 1, it is a simple maller ta show that

Vc(m) = (rm+Il)3VF ( m )
rm+1l

whence
2 (m - U) ? 3( 1 [U ]),'Vc r = "-m VF -:;: m- 1

,
sa that, using Theorem 2.1,

V[r'a+"l(m) = m3Vr_Cr/u)F+(1/U)] (~) .

Letting l/u = b E Ac yiclds the parametrization of §2.4, ch. 1.

B.3 l\1ixture Measures

Under the setup described in §3.1, the Laplace transform of Jt /1 y is given by

L~AV(O) = (. exp(O;r)( ( Jt*>'Y(d>')) (dx)
JS(,,) . JS(v)

- 1(1. exp(Ox)Jt*\dX)) Y(d>')
S(v) S(/:)

- h(v) exp(~k" (O))y(d>') ,for O.E 0 (Jt)

= Lv (k~(O)) ,for k~(O)E 0(y).

Thug k"AV(O) = kv (k~(O)) and 0(Jt /III) = 0(Jt) n k;' (S(Y)).
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Now consider the NEF gen<'raled by 1,1\ 11, with 0 E 8,,,,,, anel St,,) E A(I')'

P(O, l' 1\ ,,) = [exp(Ox) - /"v (k,,(O))] r 1"'\II(d,\)
ls(,,)

r exp (0;1' - '\kp (0)) 1"'\ <'xl' (,\k" (0)) -. /"nlL(k" (0))) ll(d.\)
)S{I/)

= r P(O, ""\)P(k" (0), Il)((L\)1St,,)

= Plo, Il) 1\ P(k" (0),.1/)

Since PlO, l') = PlO, eb,,) for a1l b E m, il. is a simple matter to see that

P(O"l'') 1\ P(Oz, 11) = P(O"l'' f\ II)

where l'' = exp (02 - k,,(O,)) l'. Then we neeel 0 E 8(11, 1\ 11). By putting ::: =
kp,(t) = kp(l) + O2 - k,,(O,l..we gel. that /";:i(:::) = k;:' (0 + k,,(O,) - Oz); sincc also

8(1") = 8CJl), we see thal 8(j1, 1\ Il) = 8(,,) n k;:' (8(11) + k,,(O,) - O2),
For l' E M, we establish t.he relationship between P (O,exp(rl')) (and, rcspec

tively, P (0, (80 - 1')'(-'\))) and t.he mixt.ure distribution P(0, I,·J) I\J poeÇ)' (respec

tively, P(O,jl·J) f\J NB(r, 1')) directly.

In the Poisson mixing case,

P (O,exp(rp.)) exp (O~:- kdp(r,,)(O)) exp(''11)
00 t,i .

exp(Ox - 7'1",(0)) 2: ;jll']
i=O J.

00 (rè"(O»)' .
= 2: exp (-rLp(O)) '1 exp(Ox- jk" (0))1

"
.1

i=O • J.

00 ("L (O))i .. .
= 2: exp (-"L,,(O)) Pï PlO, l''')

i=O J.

= PlO, jl.J) I\J Po ("Lp(O))

To deteI'mine the NEF in canonical formproduced bymixing prO, jl'i)with Po(Ç),

. ç> 0 arbitrary, the parameter r may he adjusted appropriately.

To mix \Vith a Pascal probahility measure, consider

P (0, (80 - 1')*(-r») = exp (Ox - k(50_p)'( -rJ(0)) (80 - l'r(-r)

_ exp (0.1: +r log(1 _ Lp(O)))~ ( r ~ ~~ i ) I,,'i

_ ~ ( r 7.~~ 1 ) exp (r log [1 _ L,,(O)]),

exp(jkp (0)) exp(Ox ~ jkp (O))lt'i

_f( r~ j - 1)' [1 - Lp(O)J' L,,(OVprO, It'i )
i=O 1 - 1

= PlO, J,l.J) I\J NIl (r, 1 - Lp(O))
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•
To dctf'rTnine the NEf in canonical form produced by mixing P(O,/1 oj ) with

NB(r,p), p E (0,1) arbitrary, the basis measure must be adjusted appropria tel y,

viz.
P(O, I,d) I\J NB(r,p) = P (0, (80 - /11)"<-r»)

( 1- p)
where /11 = \L,,(O) l',

BA Basis Measure for the Hermite Families

Using Szegii's (1939) defillition of the Hermite polynomials,

sc> that if we let HJ(2:) = i-n Hj(ix) (so that HJ(x) has coefficients equal to the

coefficients of Hj(x) in ahsolute value),

If we now let. z = ).j2co and 2: = )À/2, wc get

~ H;()À/2) ()À/2eOY=exp (ÀeO+Àe;O) ,

The explicit form of the basis measure for the Hermite distribution with power À is ':0

. thus

. 00 (À)j/2 (M)
11 =1,;"2 Il; V"2 '

B.5 Inversion and the Hermite Families

•

Proposition B.l Tite lJCI'mitc Jamilies have no inverse.

Proof. If Fis the im'erse family,then Vdm) ~ À-2VG(Àm), where VG(m) =

m(m2+ 'lm) - m2vm2 +4m. Tbus we çan take </>G(m) = ~ log(m2 +mvm2 +4m)
and kG(O) = t)1 +exp(40)/2. Up to an affinity, we can therefore take the Laplace

transform of tl~c inverse fa,?il)' to be L;,(O) = exp G)l+ eO /2) which in turn

'corresponds to a variance function V F, (77l) = mb. (m) - 2m2) b. (m), with b. (m) =

4m2 + 1.

Now m+ ::l MF! = MG, sillce MF = IR+ ans the map MF-+MG' m 1-> I/m is
/.

bijective. Also, FFI (m) < 0 for m < 0, so t~!LyAIIF! = IR+. Rence a straightforward

application oftheorem B.1 ;hows thatF1 it~oncentrated on lN if F1 is a NEF.

103



•

•

•

Co-nplltation of the fir!;t tcrms of the entirc series expansion

shows that flO - el / 2 , al = [.1/2/8 as reqtiired by the thcorcrn, but <7.'.l = -e'/'.l/L'28.

Renee FI i8 not a NEF, and the Hermite type does not ha.ve a.n inverse. 0

B.6 Letac's Second Mixed Geometrie Exaluple

Let P[Xi = 1] = 1 - 1'\.1 a.nd P[Xi = 2] = ""l, "~l E (0,1), .j = 1,2,., .. Then if

Sn = Li=l Xi, Sn = Tn +n, where Tn"-'Bin(n, ,,"1)' Renee Afs,,(t) = etH MT.. (t) wherc

AfTn(t) = (1 - ICI + IClet)n. Now let P[N = n] = (1 - 1'\.2)1\':2' n = 0,1, .. " 80 U\(\.t

N ......[NB(l, l - IC2) - 1]. Thf'n

00

1\!Is".(l) -, (1-1\.2)'E lIfsn(t)I\.~
n;;;;:O
00 ,

(1 - IC2)"L: [IC2et(1- ICI + ~let)r
n;;;;:O

(1 - IC2)
-

1 - 1C2(1 - K.I)e t - IC21'\.le2t

Nowsetting /;;2(1-,-1\.t} = aeo and /;;2/;;1 = ae20 andsolving, wegeÙromlogMsN(t) =

kil (0 + t) - 1.:1<(0)that',-'

1
1 - (1 -a)eO - ae20

, Le:""*91-" ( 0).

This completes the proof.

B.7 Length~BiasedDistribution of a Pascal'Ran

dom Variable and Seshadri's Mixture NEFs

IfX ......P(O,/I,), then the length-hiasl(d distribution of X is given b,;/P" (0, p.) = xP(O, l.t) "
_". m
. where mis the expected value of X. Thus if

P(O(P),Pr) = ( x +, -l)pr(1_p)XSx = [NB("p}l,
,-1

we get
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for x E IN, sincc Œ[X] = r(l - pl/p. Thus P*(O(P),!'r) = [NB(r + 1,p) + 1], since

if y ~f'*(O, l')dx, t,hen PlY = xl = P[X = x - 1] = P[X + 1 = xl so thal. Y g
(X + l)~[Nn(r + 1,p) + 1].

In th" case mentioned und"r t.he Mixed Geometrie type, we have

w' m
'+ P(U,!,) + '+ pOCO,!,)

Lt,.' m w m.
wp 1-1'

---'--[NB(r,p) - rl + [NB(r + 1,p) - r]
wp + 1 - l' wp + 1 - P

where w' = rw, yielding a Mixed Geometrie type, a Pascal type or a NB +NB type as

w > 1, w = 1 or w < 1 resp"etive1y (from the form of the mixture variance funetion;

see Seshadri [1991]). Looking more closely al. the case w= 1, we gel. that in fact

PI(O(p), vr) = p[Nn(r,p)] + (1- )J)[NB(r + l,l') + lJ

(X~:~l )pr+l(] ~p)x+ (X+~-l )pr+l(l_p)X

_ ('T~r)1'r+l(l_p)X

= [NB(r +1, l')]

as required by the variance funetion.

B.S Density fora Special Case of the Mixed Ge

ometrie Type

Assume thal. rI < a < 1. We wish 1.0 find C~l'r2 (j), j E IN, sueh that
rI +r2 .

00. (1 ")r1/a
'" crhr2( .)zi = - az. .
LJ a J (1-z)r1+r2
)=0 .

Let c = lia, x = rl/a and fi = rI + r2 - rI/a, , we see that 0 < c < 1 and fi >0.
We can therefore use equations B.5 and BA 1.0 show th<it

The final form of the density is thus·

(1 ç)",+r2

fx(x) = çXcrhr2(x)
(1 - aç)rl la a

. . " " ( rI +r2 ) (1 - ç)"' +r2 x
- F(-x,-rI/a,1-rl-r2- x ,a) "(. 1 ç

x 1- aç)"' a

where F is the hypergeometric function.
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B.9 Density for the Mixed Exponential Type

Wc nced to find Il(dx) = E",,\,,(~')(d;~) sueh that

_ [''''' -Ir, . _ (1 +at)'\ ,+
L(t) - Jo e Ea,,\,q(~,)dx - t.\(q+l) ,t E Ih. .

Now with ~, = ay and

E ( .) - À(q+I)-IE* (./)_Ja,.\,q·1. - a a ..\,q X a ,

we have

(11.17)

L·(1I) =

•

['''' (1 + t)·\
Jo e-

Iy
E;,,\,q(y)d:r = t,\(q+l) ,

We let u = u(t) = (1 + t)-', so that 0 < u,< 1 and t = t(u) = (1 - u)l", Wc
dcnotc L*(1I) = L(t(u)); thcn

(1 ~ 1I),\(q+l)

U,\q-l

= u-,---~_.,..,.(1 - u).\Cq+J)

From equation B,S,

.Iq-l ( 1).1':"'1
U _ - GI,I ( II-,\(q+l)+,\q-,)

(l-u),\(q+J) - r[À(q +1)] 1;1 -u ,\q-I

where G is Meijer's G-funetion, whence we get

( 1).Iq~l

L*(1I) = r[~(q + l)]uG~:~ (-ul>:,.I_1)

From equation B.13,
.G" I( 1-'\) G' ,2 ( 1°'-.1), 1,1 -'il Àq-l = 2,2 -u Àq-l,O

andthus
L*() (-1 ).Iq

-I { GI ,2 (-1 1°,-.1 )}
U = r[À(q + I)J u 72,2 u-I .Iq-I,O

IVe now use equation B.16, whieh governs the Laplace transform 'of G-funet.ions,

Taking

w'= u- I , so ~(w) > 0,

m ='n = p = 1, P = 2·, so 6 = 1/2 > 0,

TJ = -1 , so '1 arg TJI = 1 < 61r , and

a=1 , so ~(a+minjbj) = 1 > 0

we get
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•
so that we ean put, by un i'luenes,; of the Lap!ace transforrn,

( 1),\,-1
E- () - - -YC1,1 (- I-À )

a,.\,? x - r[.\(q+ l)]e 1,2 y À,-l,O

From e'lllat.ion B.14,

Cl ,l (_, 1-'\ ) = (~ )",-lC1,1 (_y'll-À(,+l))
1,2 J .\'1-1,0 Y 1,2 0,1-..\'1

and from eqllaticin B.9,

(B.1S)

(B.19)

(B.20)

fx(x) =•

•

Cl,l( 11-,\(,+11) _ r[.\(q +1)]F [.\( ). .\ . ]
1,2 -y 0,1-.\, - r[.\q] 1 1 q+ l, q, y ,

where lF, is the confluent hypergeometric function. Combining equations B.19 and

B.20 with eql1ation B.1S, wc gct

and finally, from B.17

Thus wc can write the c1ensity fx of a Mixed Exponentia! random variable as

(
aç,+t ) À XÀ,-l

, __e-(ç+l/o1xlFl['\(q + 1)' .\q' x/a]
1 +aç f(.\q) , ,
çTt +r2 xT2-1

(0' +çY' r(r2) e-(Ç+a1xlFl[rl +r2; r2; O'x]

where r1 =.\, "2 = .\q, 0' = lia and ç= -().

B.lD· Densityfor the Trinomial Families

We wish 1,0 findak such that Lk=-n akzk = (z + l/z +2a)n, for nE lN. We define

the symbols E:p and Op as t.he nearest even, respective!y odd, integel' not exceeding

p.
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Now let l:.= 2j - i, so t.hal l· E {-i, -i +2, ... , il. Then

(z + 1/= +2at = (2a)" ~ ( '; ) (2at' j;.2 (~ )=k

= (2a)"[t ( .~I) (2a)-2i t (~) =k+
. i=O ....l. k=-2i,2 '2

O~' ( n ) (2a)-2i-' 2~' (2; +1)=k]
Li ')' 1 LJ ~·+:.!r+1
1=0· ....~ + k=-2i-l,2.. -2-

- (2a)" [t t ( ;.) (2a)~2i ( ~ ) =k+
k=-ên,2 ,._~ .... 1. . 2

- 2

~ O~' ( n ). ) "i L ( 2i + 1 ) k]
L-J . L..J,): (2a - .. - k±2i±l. z

k=.:....(ln,2 i= Ik;l! .... t + 1 2 .

Thus the coefficients are givcn by

" (n)( L). .ak == (2at L . iW (2at'·
i=lkl,2 1. . h 2

, '

B.Il Density for the Pascal SUffi Families

The Mellin transform of the basis measure of a Pascal sum falllily is given by

co. ' (1 - z/a)-·\qL 1 A'"r2 (j)zJ=M(z)= ( ),.
j~O 1 - az .

From equat.ion B.3 above, putting '" = a, (3 = l/a, x = X(q+a2 )/a and k = -'\('1+1),
we have that. if

P,,(,\,q,a) = (-,\(:+1) )(-at"Fc-n;À;,\(q+1);1-a2)

then
00

L(z) = L Pn(,\, q, a)zn
n;;;;;O

Thus we obtain
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The c!ensit.y is t.hen given hy

B.12 Density for the Poisson-Pascal Sum Fami··

lies

Wc wish t.o And "A~(j), j E lN, snch t.hat.

n~, Ar (.. ),i = exp( -7'aZ )

~ " a J .~ (1 _ zla)r'

Using equat.ion B.7, rcplacing z with -zia and putting x = ra2 and Cl! = -r, we

f L"jr-i (ra2)(:C-zla)i = ~xp(-7))'
i=O ,1- z a r

hence "A~(j) = (-atiL"jr-i(1·a2). Since a = JÇ(1- pl, the density is givenby

fx(x) = (pe- xi )' [Ç(1.,.. pW/2
4A~(x)

= (pe-<yè [(_l)X L;;r-x C~ p)]

fof x E lN.

B.13 Density for the Binomial SUJ;n Families

We wish ta find 6A~"n'(j), j E lN; such that

nl+n2

L 6A:,·n'(j)zi = (1 +az);" (1 +zla)n,
j:O
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Expanding the right-hand sicle yiclds

F . B 6 . 1 . (./ . a:.! + 1 1) 1 .rom <,ql1atlOn . \VIt 1 Cl' = nI - J, fJ = n2 - J, :r = -.-)- auc 1 t. 1C .Ja.cobl
a~ - 1 .' .

polynomia1we get

• Since a = Pl~l - P2~, the clensity becomes (putting qi = 1- Pi, i = 1,2)
P2 1 - Pl . .

fx(x)

The apparent asymmetry betwcen subscripts 1 and 2. disappears in light of the rcla.

tionship

B.14 Asymptotics for the Poisson-Binomial Sum

Families'

Let a = a(ç,p) ~J(1 ~p)ç. Wc then get'

V F (m) -+ 2~ ((m + n)lm~ nl- (m - n)2) as a -+ 0

for fixedm ànd n.
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•
Now if m > n, or e'l"iva1c'ntly since m = n(ç + l') if k = ç + l' > 1, th"n

VI' (m) ---> m-n, sa that F(m) -+ [Po(m)+n]. Also k must remain fixed, since bath
. (1 - p)ç

m and n mnst themselve, r"mam fixed. Bnt t.hen a -+ o~ -+ O~(1-1')(1.. -
l'

p) -+ O~p ---> 1, t.his last candit ion being e'lnivalent ta ç -+ k - 1 under k fixed.

If m < n, or equivakntly if k = ç + p <1, then VI' (m) -+ m - m 2 /n, sa tll1lt

F(m) -+ Bin(n,m/n). /\~ jJ('fore, with k < 1 fixed, a -+ 0~(1-k+ç)ç -+ O~ç -+ 0,

t.hi, last condition being e'lnivalcnt ta l' -+ Â, under k fixed.

B.15 Density for the Gamma Sum Families

The Laplace transform of i:he measure exp( -axh'" * exp(axh"2, which generates

the G + G distributions, is given by

with 0 E (-00, -laI).
Let" =l+O/a, sa that" E (0,2). Tl1C'n

•
from eq. B.S

from eq. B.12

from eq. B.13

from eq. B.16

(y = ax)

•
Thus the generating measure Il for a G +G family can be given by

p.(dx) =

from eq. B.9
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Reparamet rizing as in 3.15 yields the final form of the d,'nsit.y. Not.e t.ha\. t.he familial'·

reproductil'ity property of t.he Gamma distribution in it.s dispersion pal'amet,,1' (\ fol'

fixed fJ is obvious l'rom t.he form of t.he density when /'1 = ,112,

B.16 Density for the Reciprocal Inverse Gaussian

Families

'vVe wish ta find p(dx) Slldl that.

i.e. we nccd E.\,q(x) sneh that

where z = -2() > O. Now

•
Z->'/2 exp (_Àqz'/2) = =-.\/2c:6:~ ( ÀqZI/21J

= z-.\f~ Gg'~ (À2 q
2 zl' ).

,fi '. 4 0,1/2

_ ;;-.1/2 G~'g (_4_ ',1/2)

,fi , À2 q2z

.->'/2. ( ,-,1/2,[,1/2)
, GO,3 4

- f7r' 3,1 -2-2-

V"X '1 z 1-.1/2

1 inoo
-xx >'/2-1 GO 2 ( 4x 1,'/2) d=-·e x ù-- x

f7ro '\22
V" Aq 1->'/2

1inOO
Oy >'/2-IGO,2 ( 2y 1. ,1/2 ) d= r,;,- e y '21 -- X

V 2'\11" ° .' À2q2 1->'/2

Hence

l'rom eg. n. 1()

From eg. IJ. [,5

l'rom eq. 13. L2

l'rom eq. I3.H

l'rom eq. 13.16

(y = 2x)

with W the Whittaker fnnetion.•
p(dx)

(
\ ' 2[>'/2 )_ 1 >'/2-1G,2,0 ,-'1 d

- tn\X 12 -- X
V 2>'11" ' 2x 0,1/2

__1_x>'/2-1 (,\2'1
2)-1/4 exp (_ À2q2

) W3-" _1 (À
2q2) dx

J2>'11" 2x 4x' '. 2x
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B.17 Explicit Measure for the S-Abel Families

Wc determine an explicit expansion for the measure IL described in section 4.1 of

chapter 2. The Laplace transfonn of this measure is given by

r (0) = exp(rd-'(O))
'l' (1 _ j-l(e8))"'

,where 'l", = ,\ > 0, r2 = Àq 2: -r" 0< t < 1 and

t
u = jet) =-et

If we write g(t) = cr2t (1_ t)-r" then the Lagrange expansion (eq. B.1) of gin terms

of u yields

•

ge/cu)) - g(O) +f [~~2, cjty/(t)] , u~
)=, ( '=0 J.

00 [(/.i-' r,eU+r2)L] u j

- g(O) +~ d/H (1 - t)"+l _ j!
)-1 t_O '
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",[. j-l (l', +j - k -. 1)!jk'J lI i

1 + 'L r, 'L. -:-
j=1 k=o ",!() - 1., - I)! I..! J

00 '1'

= 1 +'L -:i- [U + "2) + (l', + 1)_]'-1 lIi
j=1 J. .

where WC introduce the not ation
n

[a +/,-r = 'L ak(b)(n-'l,
k=O

Note t hat in partiell1ar, for 1'2 = 0 and "1 = 1 we get

(\3.21)

•

1 - l(u)
- 1+~ ttU- ~il-I] "j

= 1+ f: [I: {~ -I: d~~)!] !lj
i=l k=o k=l

= 1+ f: [I: {~ -~ {~] !lj
j=1 k=O' k=o'

00 "j'::"'l

= 1+ 'L (J_ )1 "j
j=1 J 1 .
00 -j

_ 1 +'L J., "j
j=1 J,

B.18 Explicit Measure for the S-Takacs Families

Here we dcrive an explicit rncasure for IL as defined in section 4,2 in ehapter 2.

Consider first Ac,d(t) = (1 +t)b(l - cttd, \Vith b > -d and d > O. It is easy to show

by induction that

:>(t) = t .'( ~ )b(k)Ci-kd(i-k) kb-k,c,d+i-k(l)
k=O

dl'1(0) = [b_ +cd-ji ,
cl l .

. cl' 'b . . 1 h f 13 21 h (n) f(a +n)mtro uemg an 0 VIOUS nota!Jon ana ogous to t at 0 eq. . , w .ere a = l'(a)

,. f(a+1)
ancla(n)= f(a-n+1)'

. 1. (1 + tl" ..
Now If wc let" = ( ) +1 and gel) = ( ) = fT, a Tl (1), wlth 1'2 > -l'"1+1" ., 1-a1 T1 .,. -

the Lagrange expansion (13.1) for 9 in terms of u beeomes immecliately available sine~•

so that

g(t(u)) =
00 j [dj-I ]U , 1 . (aH)j

g(O) +~ il dli-l fT"a,Tl (t)(l +1), 1=0
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00 "i [di-1
= 1+ I:"""'T dti- 1rdT2-1+(a+t)i,a,Tl (t)+

j=1 J.

d
j
-

1
] .

dlj-1 artfT2+(a+t)j,a,Tl-1 (t) ,=0

= 1+~ Gr2[h-l+(a+l)j)_+arî']i-1+

ar] h + (a + 1)j)- + a(r, -lnj
-

1
) "i

From which anexplicit form for the measure may he determined to produce a density.
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• Appendix C

Notation

Notation used in the compendium

indicator function: 11.'1 (x) -=-
1 if x E A
o if x rj. A

•

•

(a)(k)

(a )(k)

A~B

â,an,aA
aG
[aA(·) + b]

A' a'1

A*JL

JL*V
Jt*À

(80 - p)*C:-'\)
n

L: ak
k=i,i

){""A

(ab", +cd"'t

Are(.,·, .)

B + B(· ...). , , ,
B +NB(· ...), , , ,

r(a + ".)
r(a)
r(a + 1)

r(a-k+1)
family, distribution, random variable, A converges weakly to-B

arithmet.ic meanof a collect'ion al, a2, .. . , an

geomet rie nican of a collection al, à2 , ••• , ait

affine density, distribution or family of probability mcasurcs;

ifX",,[aA(·) +b}, (X - b)/a""A(·) (ch. l, §2.1)

A and B bdong to the. same di~tributiôn

f(a +1)
r(b+l)T'(a-b+l)

transpose of the matrix A, the vcctor a

image of a measureJl under a.n affinity A (ch.l, §l.l)

eon~olutionof two measures JL and v (ch.l, §l.l)

.Ath power of a measure Jt (ch.l, §1.1)

.Ath power of the geometric expansionofll (fh.l, §Ll)

aj+ aHi + Cl j+2i+· ..+ an-(n-i)(modi)

random,variable){ has distribution, proba:bility measure family

or density A, depending on t.he context

notation f~.'r.t ( .~ ) aib(j)cn-idCn-i) ,
. i=O J .

mixture measure of the measure set {f.lr 1rEl") l by the measure

vd~fined on ±(ch.l, §3.1)
Arcsinc distribution (ch.2, §2;3),

Binomial Sumdistribution (ch.2, §3.12)

Pascal-Binomial Sum distribution (ch.2, §3.9)
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Notation used in the compendium (continued)

•

•

•

Bessel(-,' )
Bin(·, .)

CCM

CF,CF(F)

D(p.)
D(m,:c)

6.(-)
fia

Œ[·],Œ~ [·l
fa

ED~(O, -X), ED'(O,-X)
ED,,(O, -X), ED(O,-X)
EDM(F)
exp(p.)

F, F(,")

(
1

""''''0').G m,n ...
T p,q ....

b\ ....,bq

G-G(·,·,·,·)

G+G(·,·,·,·)

GHS(" .)

GLM
GNB("., .)

GP(" .)

f(x)

f/(·,',' )
f(" .)
I-Iermite(-, .)

I-I + H(.,.,·,.)

KR(·,·)

IG(·, .)

k" (0)
k~ (x)

.c (X)
L,,(O)

Bessel distrib~tion (ch.2, §2)

Binomial distribution (ch.2, §1.3)

canonical caste member (ch.l, §2.6)

convolution family generated by F (ch.l, §2.3)

fOfll E .:\11+, D(p.) = {O E IR 1 L,,(O) < +oo} (ch.l, §l.l)

dC\'iance associated with a GLM and an observation,

:c from it (ch.l, §3.3)

polynomial function of degree ::; 2

Dirac measure at a (ch.l, §1.2)
expcctcd value, expected value under probability measure 1C

nearest cven integer not exceeding a

convolution family density (ch.l, §2.3)

exponential dispersion model density (ch.l, §2.3)

exponentialdispersion mode! generated by F (ch.l, §2.3)

exponentiation of a measure l' (ch.l, §l.l)

NEF generated by the measure p. E M (ch.l, §2.1)

Meijer's G-function (see appendix, §B.I

Gamma Difference distribution (ch.2, §3.16)

Gamma Sum distribution (ch.2, §3.15)

, General ized Hyperbolic Secant distribution (ch.2, §1.6)

Generalized Linear Model (ch.l, §3.3)

Takacs (Generalized Negative Binomial) distribution

(ch.2, §2.2)

Abel (Generalized Poisson) distribution (ch.2, §2.1)

gamma function fa"'" tX-1e-tdt

Noncccntral Chi-squared distribution (ch.2, §3.3)

Gamma distribution (ch.2, §1.5)

Hermite dist~ibution (ch.2, §3.1)

Hyperbolic Secant Sum distribution (ch.2, §3.18)

Kendall-Ressel distribution (ch.2, §2.4)

Inverse Gaussian distribution (ch.2,§2.5)

cumulant transform of l': log 1,,(Il) (ch.l, §2.1)

Legendre transform of /l- with argument x E MF,

F = F(,,) (ch.l, §2.1)

prohability distribution of the r.v. X

Laplace transform of p. \Vith argument Il (ch.l, §l.l)
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Notation used in the compendium (eontillued)

•

•

•

L'JO
Lagucrrr(·,·,· )

A(I'), A (F)

M+
M
MF
ME(·,·,·.·)

MG(·,·,·.·)

lN, lN"

N(·, .)

N+G(-,·,·)

NB(·,·)

NB - Nll(.,·,·,·)

NB +NB(-,·,·,·)

NEF

Oa

P(m,F)

P(·), Q(.)

prO, Il)
P - N13(·,·,·)

P + NB(·,·,·)

P + N13(-,·,·)
p}",{J)0
P-P(·,·)

<PI'U

Po(·)
IR+ IR-,
RIG(·,·, .)

r.v.

SAb(.,·, .)

SAre(·,·,·, .) ,

sgna

Genrralized Laguerre polynomial

. Laguerre distribution (rh.2, §3.2)

the J\lrgf'nsen set assoriated \Vith measure l'

or family F (cid, §2.:3)

set of positive measures on IR (eh.l, §l.l)

suhset of .'-'1+ not eoncentrated on a singlf' point. (eh.l, !il.l)
mean domain of the NEF F (eh.l, §2.1)

1\1ixed Exponential distribution (eh.2, §3.5)

Mixed Geometrie distribution (eh.2, §3A)

{O, 1,2, ...}, {l, 2, 3, ...}

Normal distribution (eh.2, §l.l)

Normal-Gamma Sum distribution (eh.2, §3.l7)

Pascal (Negative Binomial) distribution (eh.2, §l A)

Pascal Difference distribution (eh.2, §3.8)

Pascal Sum distribution (eh.2, §3.7)

Natural Exponential Family (cid, §2) .

nearcst odd integer not exceeding a

reparametrization of prO, l') in terIns of its mean '111,.

and its NEf F = F(lt) (cid, §2.1)

polynomials of degrees :::; 2 and:::; 1 respectively

NEF probability measure generated by It (cid, §2.1)

Poisson-Pascal Difference distribution (eh.2, §3.11)

Poisson-Binomial Sum distribution (eh.2, §3.13)

Poisson-Pascal Sum distribution (ch.2, §3.10)

Jacobi polynomial

P-P distribution (ch.2, §3.14)

mean domain mapping M F -+0 (,t), m"":'O, l'Il. the mean of

.P(O,I!) (ch.1,§2.1)

Poisson distribution (eh.2, §1.2)

(0, +00), (-00,0)
Reciprocal Inverse Gaussian distribution (ch.2, §4.5)

random variable

S-Abel distribution (eh.2, §4.1)

S-Arcsine distribution (ch.2, §4.3)

1
-1 if a < 0

signum function: sgna = 0 if a = 0

1 if a> 0
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STa(" " " .)

SKR(·,·, .)

Trin(·, ".)

T1L (-)

El (Il)

Notation used in the compendium (continued)
s-Takâcs distribution (ch.2, §4.2)

S-Kcndall-Ressd distribution (ch.2, §4.4)

Trinomial distribution (ch.2, §3.6)

the mapping 8 (Jl)--+MF, () 1--+ m, m the meanof P(O, Il) (ch.l, §2.1)

canonical pararncter space of Il for Il E M+, 8 ('I) = intD(,u) .

(ch. l, §1.1) --

variance funetion AtF--+IR+, lE [X) 1--+ Var[X] if X,....,P(m, F)
(ch.l, §2.1)
variance, variance under probability measure1r

\Vhittaker funct.ion (ch.2, §B.l)
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