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Abstract 
This dissertation studies three aspects of airfoil flows: (i) second-order theoretical 

solutions of airfoils in steady flows; (ii) unsteady solutions for oscillating flexible airfoils; 

and (iii) numerical analysis of airfoil flows at low Reynolds numbers. 

The first part presents simple and efficient analytical solutions in closed form for the 

velocity and pressure distributions on airfoils of arbitrary shapes in steady flows, which 

are obtained using special singularities in the expression of the fluid velocity. A second­

order accurate method is first developed for airfoils in inviscid incompressible flows to 

simultaneously solve the symmetric and anti-symmetric flow components defined by 

coupled boundary conditions. Then, the method is extended to take into account the 

viscous and compressibility effects on the pressure distribution. The resulting solutions 

were found to be in very good agreement with the available exact solutions (for specific 

airfoils), and with numerical and experimental results at various Mach and Reynolds 

numbers and moderate angles of attack. 

The second part presents a new method of solution for the analysis of unsteady 

incompressible flows past oscillating rigid and flexible airfoils. The method has been 

successfully validated by comparison with the results obtained by Theodorsen and by 

Postel and Leppert for rigid airfoil and aileron oscillations in translation and rotation. The 

aerodynamic stiffness, damping and virtual mass contributions are specifically 

determined, as required in the aeroelastic studies. In aIl cases studied, this method led to 

very efficient and simple analytical solutions in closed form. 

The third part presents an efficient numerical method for the incompressible flows 

past airfoils at low Reynolds numbers, which are of interest for micro-aircraft 

applications. The present analysis is based on a pseudo-time integration method using 

artificial compressibility to accurate1y solve the Navier-Stokes equations. Solutions are 

obtained with this method for airfoils at various incidences and very low Reynolds 

numbers between 400 and 6000. A detailed analysis is presented for the influence of the 

Reynolds number, incidence and airfoil shape on the pressure distribution, lift and drag 

coefficients. The flow separation is especially studied; the separation and reattachment 

positions are compared for various airfoil shapes, incidences and Reynolds numbers. 



Résumé 
Cette thèse étudie trois aspects des écoulements autour des profils aérodynamiques: 

(i) solutions analytiques pour profils en écoulements stationnaires; (ii) solutions 

in stationnaires pour profils flexibles en mouvement oscillatoire; et (iii) analyse 

numérique d'écoulements autour des profils à faible nombre de Reynolds. 

La première partie présente des solutions analytiques pour les distributions de vitesse 

et de pression sur des profils de forme arbitraire en écoulement stationnaire. Ces solutions 

sont obtenues à l'aide de singularités spéciales dans l'expression de la vitesse. Une 

méthode précise au second ordre permettant de résoudre simultanément les composantes 

symétriques et anti-symétriques, telles que définies par les conditions aux frontières 

couplées, est d'abord développée pour des écoulements incompressibles et non-visqueux. 

Un développement de la méthode permet ensuite de tenir compte des effets de la viscosité 

et de la compressibilité sur la distribution de pression. Les solutions obtenues pour des 

profils spécifiques sont en très bon accord avec les résultats théoriques, numériques et 

expérimentaux disponibles pour plusieurs nombres de Mach, de Reynolds et angles 

d'incidence modérés. 

Le deuxième partie présente une nouvelle méthode pour l'analyse des écoulements 

instationnaires autour de profils rigides et flexibles en oscillation. Cette méthode a été 

validée avec succès en comparaison avec les résultats obtenus par Theodorsen et par 

Postel et Leppert pour un profil rigide en rotation et translation muni ou non d'un aileron 

oscillant. Les contributions dues à la rigidité et l'amortissement aérodynamiques, et à la 

masse virtuelle sont déterminées de façon spécifique, tel que requis pour les études 

d'aéroélasticité. Pour tous les cas considérés, cette méthode a permis d'obtenir des 

solutions très simples et pratiques. 

La troisième partie de la thèse décrit une méthode numérique efficace pour la 

résolution d'écoulements incompressibles à bas nombre de Reynolds autour de profils. 

Ces écoulements sont d'intérêt dans la conception de micro-avions. L'analyse présentée 

est basée sur une méthode d'intégration pseudo-temporelle utilisant la compressibilité 

artificielle pour résoudre avec précision les équations de Navier-Stokes. Des solutions ont 

été obtenues pour des profils à plusieurs incidences et à de très bas nombres de Reynolds 
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variant entre 400 et 6000. Une analyse détaillée de l'influence du nombre de Reynolds, 

de l'incidence et de la forme du profil sur la distribution de pression ainsi que sur la 

portance et la traînée est présentée. La séparation de l'écoulement est spécialement 

étudiée et les positions de séparation et de réattachement de l'écoulement sont comparées 

pour divers incidences, nombres de Reynolds et types de profils. 
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Chapter 1 

Introduction 

1.1 Analysis of steady flows past airfoils 

The steady flows around airfoils (or wing sections) have been extensively studied 

during the last seven decades for their aeronautical applications in the aerodynamic 

design. lnitially, the method of conformaI transformations has been used to obtain exact 

steady flow solutions for particular airfoil shapes, such as Joukowski, Karman-Trefftz, 

Betz-Keune, Müller, Von Mises and Carafoli airfoils [7, 21,22,98, 142, 188]. Since it is 

in general difficult to develop an exact solution for the ideal flow past an airfoil of 

arbitrary shape, approximate methods have been developed to solve this problem. The 

classical thin airfoil theory developed by Glauert and Bimbaum [7,21, 65, 98, 142, 188] 

established the foundation of aerodynamics of thin airfoils of arbitrary shapes in 

incompressible steady flows, by using a modified Fourier series for the distributed vortex 

intensity on the chord. Based on a truncated Fourier series representation of the 

camberline shape (sometimes requiring a large number of terms), this linear method 

permitted the calculation of the steady aerodynamic forces and pressure distribution on 

the airfoil. Willcox and Megretski [205] used Fourier series for reduced-order linear 

computational applications. However, the Fourier series are not convenient to 

aerodynamically model the airfoils with discontinuities in the boundary conditions, such 

as the flapped airfoils [124]. 

In order to overcome sorne of the deficiencies of the methods based on Fourier series 

expansions, several authors, such as Weber [201, 202], have developed linear methods 

using velocity singularities, and others, such as Munk [147] and Cheng and Rott [28] 

mathematically derived inversion formulae for the analysis of thin airfoils in steady 

flows. The generalized inversion formula of thin airfoil theory, developed by Cheng and 

Rott [28], permits to obtain linear analytical solutions for the camberline problems of thin 

airfoils in the small perturbation assumption. When the inversion formulae are applied to 

symmetrical airfoils at zero angle of attack, the steady solution obtained gives infinite 
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velocity at the leading and trailing edges, in contrast to the actual velocity behavior 

characterized by the fact that the leading and trailing edges are stagnation points in 

inviscid flows. The unphysical behavior of these linear solutions has to be corrected by 

discarding the small perturbation assumption (on which the linear theories are based) and 

considering rigorously the correct boundary conditions. 

An efficient method using velocity singularities leading to simple analytical solution 

in closed form has been developed by Mateescu [115], Mateescu and Newman [124] and 

Mateescu and Nadeau [123] for thin airfoils in steady incompressible flow. The method 

based on velocity singularities (name used in Ref. [116] for the study of wings in 

supersonic flows) consists in the determination of the specific contributions in the 

expression of the fluid velocity (instead of the velocity potential) related to the singular 

points on the airfoil or wing, such as the leading edge and ridges, where the boundary 

conditions display sudden changes. These contributions are determined by taking into 

account the singular behavior of the fluid velocity at these points and satisfy all other 

boundary conditions, including Kutla condition at the trailing edge. These methods were 

proven to be also suitable to solve problems of unspecified geometry, such as flexible­

membrane and jet-flapped airfoils [124]. More recently, methods using velocity 

singularities in subsonic flow have been developed for the nonlinear analysis of airfoils 

of arbitrary shapes [119] and for the finite-span wings of arbitrary shapes [127]. 

Other solutions for steady flows past airfoils involving intensive numerical 

calculations have been obtained using conformaI mappings (Sells [171], Halsey [73], Ives 

[81] and Bauer et al. [14] ), or using boundary element methods based on source, doublet 

and vortex panels (see Kuethe and Chow [98], Hess and Smith [78], Hunt [80], Katz and 

Plotkin [91], Mavriplis [131] and Mateescu [114] ). These panel methods are based on 

distributed singularities in the expression of the potential (in contrast to the present 

method which uses different type of singularities in the expression of the velocity) and 

use geometrical discretization of the airfoil contour into numerous small panels (not 

needed in the present method). 

More recently, computational solutions have been obtained using various numerical 

methods for solving the Euler or Navier-Stokes equations, such as those based on finite­

difference or finite-volume formulations (for examples see Anderson [6], Drela and Giles 
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[43, 44], Jameson et al. [85], Jameson and Yoon [86], Elrefaee et al. [53], Nelson et al. 

[149] and Mateescu and Stanescu [128] ). A [mite element approach to solve several 

subsonic aerodynamics problems has been developed by Habashi [68]. Various aspects of 

airfoil design and analysis have been obtained by several authors such as Jiang et al. [88], 

Walsh and Zingg [197], and Liebeck [107, 108]. Deiwert and Bailey [37] solved 

numerically the compressible Navier-Stokes equations for a variety of airfoil 

configurations using McCormack [5, 112] predictor-corrector explicitlimplicit method 

and Bearn and Warming [5, 15] implicit method. Freuler and Gregorek [59] compared the 

solutions of four different airfoil analysis methods while Dvorak and Kind [49] developed 

a method for the viscous flow over circulation-controlled airfoils. More recently, Harris 

[77] compared and analyzed the aerodynamic characteristics of various NASA 

supercritical airfoils in steady flows. 

A great effort has been made to come up with computational methods that can 

accurately predict the aerodynarnic characteristics of airfoils. Unfortunately, in most of 

the cases these methods require a great arnount of set-up and computer time which limit 

their practical use as shown by Pueyo [159]. Many challenges in computational 

aerodynarnics were demonstrated by Jarneson [82-84] and McMullen [138]. Habashi et al. 

[69, 70] addressed several aspects of solver-independent numerical solutions including 

developing efficient flow solvers. Dutto and Habashi [46] and Dutto et al. [47, 48] 

developed a multilevel parallel method for the compressible Navier-Stokes equations in 

order to reduce the time required to perform the numerical analysis. Multigrid techniques 

with preconditioners drarnatically accelerated the numerical solution of the flow past 

airfoils. Ni [151], Jameson [82], and Martinelli et al. [113] have developed similar 

methods based on the multigrid approach. Unfortunately, multigrid acceleration is cell 

dependent and can slow down ifhigh aspect ratio cells are present. More recently, several 

authors have considered using Newton's method as a possible alternative for steady flows 

due to its robustness and speed. Zingg [209], Pueyo and Zingg [160] and Nemec [150] 

developed an efficient solver based on Newton's method for aerodynarnic applications 

and addressed many of the issues related to convergence acceleration. In order to 

overcome sorne of the difficulties involved with solving numerically the Navier-Stokes 

equations, several authors solved numerically the steady viscous flows past airfoils (or 
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wings) by combining the inviscid Euler solvers or the panel method with the analysis of 

the boundary layer developed along the airfoil contour (see Cebeci [23-25] and Drela and 

Giles [43,44] ). Hafez et al. [71] used a finite element method for analyzing the viscous­

inviscid interaction. 

The solution of the Euler or Navier-Stokes equations requires the availability of a 

structured or unstructured grid generation method which also in many cases renders the 

numerical methods into a time consuming analysis tool, which is user dependent, for 

examples see Kinsey and Barth [97], Merriam [141], Sorenson [177], Vinokur [193] and 

Thompson et al. [187]. However, advances in technology have reduced the significance 

of these issues, but the scarcity of efficient theoretical closed form methods of solution for 

airfoils of arbitrary shapes remains to be addressed. 

In the past, the development of airfoil aerodynamics had to rely heavily on 

experimental work. Testing and modifying airfoils of various shapes in the wind-tunnel 

was the primary design tool before building flying prototypes [159, 160]. However, 

experimental design and analysis is extremely expensive. Several airfoils in steady 

subsonic flows have been tested in the low speed wind-tunnel by Abbott and Doenhoff 

[2] and Selig and Guglielmo [169]. Experimental studies of the boundary layer 

development on airfoils have been conducted by Kerho [95] and Kerho and Bragg [96]. 

The aerodynamic characteristics of a high-lift airfoil have been tested in the NASA low­

turbulence pressure tunnel by Lin and Dominic [109]. An experimental database ofhigh­

lift airfoils is given by Fidders et al. [56] and Valarezo et al. [190]. More recently, 

experimental pressure distribution on various airfoils for analytical and numerical 

methods validation has been reported by Vidal et al. [192] and Thibert et al. [186]. An 

extensive experimental database for low-speed airfoils has been developed by Lyon et al. 

[111] and Selig et al. [170]. 

The theoretical solutions based on linear analyses are very efficient, but their 

accuracy is not very good, especially in considering the effect of the airfoil thickness near 

the leading and trailing edges. For example, in the linear solutions for the symmetric 

airfoils at zero angle of attack, the fluid velocity tends to infinity at the leading and 

trailing edges, although physically the airfoil edges are stagnation points in the inviscid 
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flow. This unphysical behavior of the linear solution in the vicinity of the airfoil edges 

has to be corrected by considering the nonlinear effects in the flow past airfoils. 

The first objective ofthis study is to present accurate and efficient analytical solutions 

for the velocity and pressure distributions on airfoils of arbitrary shapes in steady flows, 

which are based on the correct fonnulation of the boundary conditions (without resorting 

to the small perturbation assumption). These solutions are obtained by a method based on 

specific singular contributions in the expression of the fluid velocity which are associated 

to special points on the airfoil: the leading edge and ridges (where the boundary 

conditions, expressed using Heaviside functions, are changing). These singular 

contributions satisfy aH boundary conditions on the airfoil and outside it, including Kutta 

condition at the trailing edge. This second-order accurate method (as opposed to the 

linear methods based on the small perturbation assumption), simultaneously solve the 

symmetric (with respect to the airfoil chord) and anti -symmetric flow components which 

are defined by coupled boundary conditions (i.e. the boundary condition for the anti­

symmetric flow component contains also the unknown velocity of the symmetric flow 

component, and vice-versa). The solution of each of these flow components (anti­

symmetric or symmetric) is derived using velocity singularities, by considering fonnal 

expressions (with a priori unknown coefficients) for the other flow component solution 

(symmetric or anti-symmetric, respectively) in the coupling tenns of the boundary 

conditions. These fonnal expressions used for the two flow components are derived to 

satisfy the corresponding singularities and the fonn of the boundary conditions. The a 

priori unknown coefficients in these fonnal solutions are then detennined by collocation, 

by imposing that the actual solution derived in this process for each flow component is 

equal to the fonnal solution considered for the corresponding flow component at a 

convenient number (usually between 6 to 10) of collocation points along the chord. 

Accurate analytical solutions are first derived for inviscid incompressible steady 

flows. These solutions are successfully validated by comparison with exact solutions for 

special airfoils obtained by confonnal transfonnation (such as Joukowski and Karman­

Trefftz airfoils), and with numerical results obtained by panel methods [98] and by 

inviscid Euler solvers [43, 44]. 
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The second-order accurate method developed for inviscid incompressible flows is 

then modified to take into account the viscous effects on the pressure distribution on 

airfoils without flow separation regions. The viscous effects are taken into account in this 

modified method in two ways: (i) by considering the real physical behavior of the 

velocity at the trailing edge (which is different than that in the inviscid flows where the 

trailing edge is a stagnation point), and (ii) indirectly, by including the displacement 

thickness of the boundary layer developed on the airfoil contour and the wake. An 

equivalent modified expression has been used in (ii) instead of the known theoretical 

solution for the displacement thickness of the turbulent boundary layer on a flat plate (see 

Schlichting [166], Schlichting and Gersten [167] and White [204] ), in order to permit the 

derivation of closed form analytical solutions. These new analytical solutions including 

viscous effects for the pressure distribution are then successfully validated by comparison 

with experimental results and with numerical viscous results at moderate angles of attack. 

Finally, these viscous and inviscid nonlinear solutions derived for incompressible 

flows are extended for compressible subsonic flows past airfoils, by using the Karman­

Tsien compressibility correction [7, 8]. The resulting inviscid and viscous solutions are 

validated in comparison with numerical [43, 44] and experimental [186] results for 

various Mach and Reynolds numbers. 

1.2 Unsteady aerodynamics of oscillating flexible airfoils 

The analysis of the unsteady flows past oscillating airfoils has been mostly motivated 

by the efforts made to avoid or reduce undesirable unsteady effects in aeronautics, such 

as flutter, buffeting and dynamic staIl. Potentially beneficial effects of these unsteady 

flows have been also studied, such as propulsive efficiency of flapping motion, controlled 

periodic vortex generation, stall delay, and optimal control of unsteady forces to improve 

the performance of turbomachinery, helicopter rotors and wind turbines. Studies of 

unsteady airfoil flows require predicting the unsteady aerodynamic loads acting on thin 

lifting surfaces such as those inspired by biological systems (insects, birds, bats, etc.). 

Most of these studies concem either periodic motion of a rigid airfoil in a uniform stream 

or periodic fluctuations in the approaching flow. 
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In the last few years, interest in smaIl, unmanned air vehicles (UA V) and micro 

aerial vehicles (MA V) has stimulated research in biologically inspired flight and 

flapping-wing propulsion. The ability of micro flight vehicles to fly inside buildings, 

tunnels and confined spaces has significant military and civilian applications. These 

vehicles can be used in various environments without human involvement. Micro flight 

vehicles can include communication micro-devices, video cameras and chemical sensors 

which have many industrial applications. The biologically inspired flight is extremely 

challenging and pushes the limits of our understanding of flapping flexible-airfoil 

aerodynamics. The flexible nature of airfoils can provide several non-obvious advantages 

over classical rigid ones. For a rigid airfoil, the aerodynamic characteristics are 

determined by the airfoil shape and flow properties. For a flexible or membrane airfoil, 

its shape changes under unsteady loads and consequently the angle of attack and pressure 

distribution will change along with the flow behavior. This problem involves complex 

unsteady flow with the oscillating flexible airfoil generating vortices and interacting with 

them. 

The foundations of the unsteady aerodynamics of oscillating rigid airfoils have been 

established by Theodorsen [184], Theodorsen and Garrick [185], Wagner [196], Karman 

and Sears [195] and Küssner [100, 101], who considered the unsteady flow past a thin 

flat plate and a trailing flat wake of vorticity in incompressible flows. Further studies 

involving detailed unsteady flow solutions of oscillating airfoils have been performed by 

Postel and Leppert [158], Fung [62], McCroskey [134, 135], Kemp and Homicz [94], 

Basu and Hancock [12], Dowell et al. [40, 41], Katz and Weihs [92, 93] and others [9, 

21]. A method to analyze an airfoil undergoing high-frequency unsteady motion has been 

developed by Landahl [104] and extended by Amiet [4]. Mehta [139, 140] studied the 

dynamic staIl of an oscillating rigid airfoil. Studies of the methods in frequent use to 

solve unsteady subsonic problems have been performed by Hancock and Doe [75] and 

Geissler [63]. 

Sorne of the recent studies used computational methods and panel methods for these 

unsteady aerodynamic problems; Katz and Plotkin [91] have done an interesting analysis 

of unsteady flows past airfoils using panel methods. A discrete vortex method has been 

recently used by Han et al. [74] to analyze the fluid propulsion mechanism of two 
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pitching rigid flat plates. The small-disturbance aerodynarnic theory was used by 

Guruswarny and Goorjian [67] to investigate the aeroelastic characteristics of oscillating 

airfoils. Other authors such as Kandil and Chuang [90] solved the unsteady Euler 

equations for an oscillating rigid airfoil using an implicit finite-volurne scheme. 

However, this scheme requires adding implicit and explicit dissipation terrns which 

dramatically reduces the efficiency of the method. For predicting unsteady flows, 

Edwards and Thomas [50] have reviewed the significant advances of computational 

methods. Batina [13] developed two nurnerical finite-volurne algorithrns for the solution 

of the time-dependent Euler equations for the analysis of oscillating airfoils using 

unstructured grids. A similar method has been developed by Azevedo and Oliveira [10] 

by using a cell-centered unstructured grid made up of triangles. These methods require 

moving-meshes to conforrn to the new position of the oscillating airfoil which makes the 

solution process very lengthy. Acharya and Metwally [3] studied and quantified the 

sources of vorticity of a pitching rigid airfoil. Chandrashekhara and Carr [26] studied the 

effects of Mach nurnber on the dynarnic stall of an oscillating airfoil. AIso, Visbal [194] 

described the dynarnic stall process of a pitching NACA 0015 airfoil and employed the 

implicit Bearn and Warrning [15] method to solve the unsteady Navier-Stokes equations 

on an O-grid topology. The two-dimensional unsteady leading-edge separation on a 

pitching NACA 0012 airfoil has been studied numerically by Choudhuri et al. [33] using 

structured and unstructured grids. An implicit finite-difference solver with an automatic 

grid generation procedure was used by Chyu et al. [34] to ca1culate the transonic flow 

over a NACA 64A010 pitching airfoil. Two finite-volurne schemes were developed by 

Venkatakrishnan and Jameson [191] to solve the unsteady Euler equations for a pitching 

and plunging airfoil. 

Despite the advances in algorithrns and computer hardware, time-accurate solutions 

of the Euler or Navier-Stokes equations remain a computationally intensive problem. 

Several authors used the viscous-inviscid interaction methods to improve the 

computational efficiency in computing unsteady flows past oscillating airfoils. Among 

the pioneering works are those by Cebeci et al. [25] and Summa et al. [179]. A viscous­

inviscid interaction procedure to ca1culate the unsteady airloads for oscillating rigid 

airfoils using the full potential and integral boundary layer equations has been developed 
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by Coiro and Pagano [35]. However, the conventional approach has the well-known 

limitations of the boundary layer equations and needs an unsteady wake model. A 

simplified zonal approach has been developed by Singh and Wu [174] for the unsteady 

aerodynamics of bodies undergoing large amplitude time-dependent motions. Tuncer et 

al. [189] ingeniously employed a Navier-Stokes/potential flow interactive method to 

solve the unsteady flow past a pitching NACA 0012 airfoil. However, the application of 

the mixed boundary conditions is one of the limitations of this approach. 

Several investigators have developed various techniques to reduce the complexity of 

the unsteady aerodynamic models. Hall et al. [72], Florea and Hall [58], Romanowski 

and Dowell [165], Dowell et al. [41, 42], Nadarajah et al. [148] and McMullen [138] 

have developed reduced-order unsteady aerodynamic models of flows past airfoils. These 

methods depend on splitting the solution variable into steady and unsteady components 

with the assumption that the magnitude of the unsteady component is much smaller than 

that of the steady one. 

More recently, a method that uses the added mass of vortex sheets was developed by 

Sunada and Ellington [181] to estimate the induced power in flapping flight for birds and 

insects. Several studies have investigated the unsteady aerodynamics of animaIs such as 

birds, dragonflies and insects in flight. Different biologically inspired unsteady lift 

generation mechanisms such as the 'clap and fling' and 'hovering' have been the subject 

of considerable experimental and theoretical investigations (for examples see Weis-Fogh 

[203], Ellington [51, 52], Maxworthy [132], Ennos [54], Zanker [206], Zanker and Gotz 

[207], Dickinson and Gotz [39], and Dickinson [38] ). 

Various aspects of the unsteady flows past oscillating rigid airfoils such as the 

dynamic stall have been investigated in the wind-tunnel. An experimental study of an 

oscillating NACA 0012 airfoil was presented by McAlister et al. [133]. Experimental 

results by Ericsson and Reding [55] revealed how the mode of oscillation for the airfoil 

determines which unsteady flow effect will dominate. A detailed flow field visualization 

of an airfoil pitched sinusoidally over a wide range of reduced frequencies was carried 

out by Panda and Zaman [153], who also measured the evolution of vorticity and airfoil 

wake structure. Similar flow field measurements at low-frequency oscillations have been 

obtained by Bragg et al. [18] and Broeren and Bragg [20]. Other researchers such as 
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Oshima and Ramaprian [152] presented the results obtained in an open-surface water 

tunnel for a pitching NACA 0015 airfoil. The unsteady boundary layer developed on an 

oscillating airfoil was experimentally investigated in a low-speed wind tunnel by Lee and 

Basu [105] and Du and Lee [45]. 

In the aeroelastic studies, the unsteady aerodynamic analysis has to be performed, in 

conjunction with the analysis of the related structural motion, involving flexural and 

torsional deformations. A complete numerical approach to simultaneously solve the 

unsteady Euler and Navier-Stokes equations goveming the unsteady flows (which 

involves numerous iterations for each time step) and the structural equations of motion 

requires a large computational effort in terms of computing time and memory, even with 

the present computing capabilities. For this reason, there is still a need for efficient 

unsteady aerodynamic solutions to be used in the aeroelastic studies. 

The second objective of the present thesis is to present a new method of solution in 

closed form for the analysis of unsteady flows past oscillating flexible and rigid airfoils, 

which are obtained by a method using velocity singularities (previous results where 

mainly obtained for the case of rigid airfoil oscillations in translation and rotation). This 

method is based on the derivation of specifie contributions associated to the singular 

points on the oscillating airfoil, the leading edge and ridges (where the unsteady 

boundary conditions are changing) as well as the unsteady shedding free vortices in the 

wake, in the expression of the fluid velocity and unsteady pressure coefficient. These 

singular contributions satisfy all boundary conditions on the airfoil and outside it, 

including the Kutta condition at the trailing edge (Mateescu and Abdo [117, 118] ). 

The method has been successfully validated by comparison with the results obtained 

by Theodorsen [184] and by Postel and Leppert [158] for rigid airfoil and aileron 

oscillations in translation and rotation. This method has then been used to obtain 

solutions for the flexural oscillations of the flexible airfoils, fitted or not with oscillating 

flexible ailerons, which is of interest for the aeroelastic studies. The aerodynamic 

stiffness, damping and virtual (or added) mass contributions in the solutions of the 

unsteady pressure distribution, lift coefficient, and moment coefficient are specifically 

determined. An analysis of the relative magnitude of the quasi-steady and vortex 
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shedding contributions in the aerodynamic coefficients is also presented. In all cases 

studied, this method led to very efficient and simple analytical solutions in closed form. 

1.3 Airfoil aerodynamics at very low Reynolds numbers 

A special interest has been recently devoted to the aerodynamics of airfoils at low and 

very low Reynolds numbers. This interest is driven by a variety of applications ranging 

from domestic windmills to special military aircraft and unmanned air vehicles (UA V). 

Very small aircrafts called micro aerial vehicles (MA V) can operate in various 

environments including tunnels, de sert and jungle (for examples see Davis et al. [36] and 

Mueller [144, 145] ). These applications have shown that many questions are unanswered 

regarding the airfoil aerodynamics at low and very low Reynolds numbers. The flows 

past airfoils at low Reynolds numbers are dominated by viscous effects, transitional and 

flow separation phenomena and increased boundary layer thickness, which complicate 

the understanding of airfoil aerodynamics. 

Recently, research on micro-rotorcraft or Meso-Scale Flight Vehicles (a device that is 

much smaller than a conventional aircraft) has been initiated at Stanford University by 

Kunz and Kroo [99] (funded by the NASA Institute for Advanced Concepts). A 

comprehensive presentation of the NASA Morphing research project to explore the flight 

technologies inspired by natural fliers such as insects and hummingbirds was prepared by 

McGowan [136] and Raney and Waszak [162]. A detailed review of MA V concept and 

Reynolds number range for biological and mechanical flight vehicles ranging from 

Butterfly to Boeing-747 was performed by Mueller [144, 145]. The study of the flight of 

MA V is very challenging and is motivated by the revolution in microelectronics and 

MEMS, which made the micro flight vehicles feasible. Besides, vehicles at this scale 

would be capable to fly indoors or outdoors in groups to provide sens or information over 

a wide area at a specific time, as indicated by Kunz and Kroo [99]. Various successful 

designs and aerodynamic studies of Micro Aerial Vehicles at low Reynolds numbers are 

presented by Grasmeyer and Keennon [66], Morris and Holden [143], Shyy et al. [172] 

and Jenkins et al. [87]. Many researchers tended to use conventional thick airfoils Cl 0%-

12%) in their studies of flows at low Reynolds numbers (for examples see Sun and Tang 

[180], Wang [199], Freymuth et al. [60], Freymuth [61], Anderson [9] and Jones and 
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Platzer [89] ). Others used more realistic thin plates (for examples see Liu et al. [110] and 

Ramamurti and Sandberg [161] ). Several researchers proved that the thick airfoils will 

be outperformed by thin cambered airfoils (which are more representative of biological 

wing sections). Among the recent works are those by Laitone [103], Kunz and Kroo [99], 

Simons [173], Mueller and Balill [146] and Lentink and Gerritsma [106]. In addition, 

most of the biological systems (such as small insects) have thin cambered membrane-like 

wing sections (for various examples see Brackenbury [17] and Brodsky [19] ). 

For micro flight vehicles of very small size (ranging in mass from 10 to 20 g) flying 

at very low speeds, the Reynolds numbers are as low as 1000. There is very little 

aerodynamic research available on very small mechanical flying vehicles or biological 

ones (such as insects which fly at very low Reynolds numbers). Aerodynamics at very 

low Reynolds numbers in the range of 400 to 6000 is very challenging and different from 

those of conventional aircraft. Sorne of the aerodynamic characteristics at this flow 

regime are poody understood, and few methods of analysis and design tools are available 

for the low and very low Reynolds number flows. An important issue to be addressed is 

the lack of computational or experimental results, which could provide a reasonable basis 

for comparison and validation (for details see Mueller [144] and Kunz and Kroo [99] ). 

Experimental measurements of aerodynamic pressures are further complicated by the low 

magnitude of these pressures at low Reynolds numbers, hence creating the potential for 

large experimental error. 

The airfoil aerodynamics at very low Reynolds numbers, which is dominated by 

viscous effects, flow separation and increased boundary layer thickness, requires careful 

investigation. It is misleading to analyze these flows based on the research results and 

experiments obtained for higher Reynolds numbers. The flow analysis at very low 

Reynolds numbers has to be done considering that the flow is incompressible (which is 

computationally more challenging than the compressible flows), since the Mach numbers 

are in this case considerably below 0.3 (the Mach number is extremely low in small 

insect flight as shown by Azuma [11] and Wang [198, 199] ). 

Kunz and Kroo [99] based their computational work on the INS2D code from NASA 

Ames (developed by Rogers and Kwak [164] ), after experimenting with FLûl03 

developed by Jameson [85] and MSES by Drela and Giles [43,44] with limited success. 
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More recently, Lentink and Gerritsma [106] found out that the incompressible code 

ISNAS developed by Segal et al. [168] did not converge well for this challenging flow 

regime. 

For the study of incompressible flows, several researchers such as Patankar and 

Spalding [154] and Patankar [155] developed solvers based on the pressure correction 

methods using the Poisson equation. However, sorne of these methods require the 

addition of artificial dissipation terms to avoid the odd-and-even points decoupling 

problem. Other methods are characterized by large numerical dissipation being based on 

upwind discretization procedures (for examples see Fletcher [57] and Hirsch [79] ). 

Harlow and Welch [76] used a set of marker partic1es which move with the fluid and 

upwind finite-differencing to solve the Navier-Stokes equations, this technique is called 

the marker and cell method. A fmite-difference scheme for incompressible flows using 

primitive variables has been proposed by Ghia et al. [64]. In this method, central second­

order formulas are used for discretization. However, the odd-and-even points decoupling 

problem still remains. Perié et al. [156] used the colocated methods, but it is not c1ear 

how the se methods avoid the odd-and-even points decoupling problem. More recently, 

Zdanski et al. [208] developed a second-order accurate method based on colocated 

central differencing with the aid of the Poisson pressure equation. This method requires 

artificial dissipation terms added explicitly by the user. However, the solution of an extra 

equation for the pressure (the Poisson equation) reduces the computational efficiency of 

the method. 

Several authors applied the pseudo-compressibility method (which was initially 

introduced by Chorin [30-32] ) to the computation of incompressible flows, which avoids 

most of the difficulties of the previous methods; among them are Temam [182], Steger 

and Kutler [178], Peyret and Taylor [157], Chang and Kwak [27], Choi and Merkle [29], 

Rizzi and Eriksson [163], Kwak et al. [102], Soh [175] and Fletcher [57]. 

The third objective of this work is to present a numerical method that is able to 

adequately analyze the flows past airfoils at low and very low Reynolds numbers in the 

incompressible regime. A similar method has been developed by Mateescu and Venditti 

[129] for the analysis of the unsteady confined flows with oscillating boundaries and with 

multiple separation regions. 
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The present analysis of airfoils in incompressible laminar flows at very low Reynolds 

numbers is based on a pseudo-time integration method using artificial compressibility to 

accurately solve the Navier-Stokes equations. This is done in a rectangular computational 

domain obtained by a coordinate transformation from the physical flow domain around 

the airfoil. The method uses a central differencing approach on a stretched staggered grid 

in the computational domain (for examples see Chorin [30-32], Soh and Goodrich [176], 

Mateescu et al. [125, 126], Mateescu and Abdo [120, 121] and Abdo and Mateescu [1] ). 

In the present method, the goveming equations are recast in delta form after the 

introduction of the pseudo-time relaxation procedure (not before, as done by Soh and 

Goodrich [176] ), which simplifies the approach considerably and increase the implicit 

coupling in the solution. A factored altemating direction implicit (ADI) scheme and a 

special decoupling procedure in each sweep using the continuity equation is used finally 

to reduce the problem to the computationally efficient solution of scalar tridiagonal 

systems of equations (algorithms for the solution of cyc1ic tridiagonal systems were 

developed by Temperton [183] ). 

The method is first used to obtain the pressure distributions, lift and drag coefficients 

for several NACA airfoils at very low Reynolds numbers between 400 and 6000. The 

present airfoil solutions are validated by comparison with the numerical results obtained 

by Kunz and Kroo [99] for Reynolds numbers between 1000 and 6000 (no results were 

available for Reynolds numbers smaller than 1000). 

The present method has then been used to study the effects of varying the Reynolds 

number, angle of attack and airfoil maximum thickness and camber (along with the 

maximum camber position along the chord) on the pressure distribution, lift and drag 

coefficients and the onset of the flow separation. The variation of the lift and drag 

coefficients with angle of attack as well as the drag polars has been determined for 

several flow conditions and airfoils. 

In order to better understand the complex flow separation phenomena in viscous 

laminar flows past airfoils at very low Reynolds numbers, the onset of separation and 

reattachment positions as well as the separation length have been calculated, analyzing 

the effect of various parameters (such as the Reynolds number, incidence, relative 

maximum thickness and camber, and the relative position along the chord) affecting the 
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flow separation. The streamline contours for several airfoils at various Reynolds numbers 

and angles of attack have been generated and compared. 

1.4 Tbesis organization 

After the introduction, in Chapter 2, nonlinear analytical solutions are first derived for 

inviscid incompressible steady flows and then modified to take into account the viscous 

and compressibility effects on the pressure distribution on airfoils without flow 

separation regions. This chapter outlines the validation of the method by comparison with 

previously obtained exact, numerical and experimental results. 

Chapter 3 is devoted to the development and validation of a new method for the 

analysis of unsteady incompressible flows past oscillating rigid and flexible airfoils. This 

chapter compares the present solutions with previous results obtained by classical 

theories for rigid airfoil and aileron oscillations in translation and rotation. The goal is to 

verify the accuracy of the present solutions. This method has then been used to obtain 

solutions for the flexural oscillations of the flexible airfoils, fitted or not with oscillating 

flexible ailerons. In this chapter, an analysis of the relative magnitude of the quasi-steady 

and vortex shedding contributions in the aerodynamic coefficients is also presented. 

Chapter 4 is devoted to the development of a pseudo-time integration method using 

artificial compressibility to accurately solve the Navier-Stokes equations. The coordinate 

transformation, the stretched staggered grid generation process, the spatial discretization 

and a special altemating direction implicit procedure are presented in this chapter. This is 

followed by a presentation of the solutions obtained for several airfoils at incidences and 

very low Reynolds numbers between 400 and 6000. The pressure coefficient distribution, 

lift and drag coefficients as well as the streamline contours around the se airfoils are 

calculated and presented. Then a detailed analysis for the influence of the Reynolds 

number, incidence and airfoil shape on the pressure distribution, lift and drag coefficients 

is presented. The flow separation phenomena is especially studied and compared for 

various airfoil shapes, incidences and Reynolds numbers. In certain cases, when previous 

numerical results were available, the present solutions were compared with these 

previous results. The goal is to validate the present method. 

Chapter 5 is devoted to the conclusions, followed by research contributions. 
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Chapter 2 

Nonlinear Analytical Solutions for Steady Airfoil 

Aerodynamics 

2.1 Problem formulation 

Consider an airfoil of chord e placed at an incidence a in a uniform inviscid and 

incompressible flow of velocity U 00 as shown in Figure 2.1. The fluid flow past this 

airfoil is referred to a Cartesian reference system ex, ey, where x and y are 

nondimensional coordinates, with the x-axis along the airfoil chord and its origin at the 

airfoilleading edge. 

ey 

ch(x) ee(x) 

LE TE --------C--------~~-~-----+ ex 

a ~ ee(x) 

~oo 

cl 

Figure 2.1 Geometry of a general airfoil placed in a uniform flow at incidence. 

Let V = U 00 [(cosa + u)i + (sin a + v)j] denote the fluid velocity around the airfoil, where 

u(x, y) and v(x, y) are the nondimensional perturbation velocity components 

(nondimensionalized with respect to U 00 ), which in incompressible irrotational flows are 
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harmonie funetions, satisfying the Laplace equation. Thus, a eomplex eonjugate velo city 

w(z) = u(x, y)- i v(x, y) ean be defined in funetion of the eomplex variable z = x + i Y . 

The upper and lower surfaces of this airfoil are described in nondimensional coordinates 

using the common notation 

Yu (x) = h(x)+ e(x) , 

YI (x) = h (x) - e (x) . 

(2.1) 

(2.2) 

where h(x) and e(x) define, respectively, the camberline and the airfoil thickness 

variation along the airfoil chord. Fora general point on the upper surface, the exact 

expression of the boundary conditions on this surface is, 

sina+vu h'() ,() -----"- = x + ex, 
cosa +uu 

(2.3) 

while for a point on the lower surface, the same condition is 

sina+v[ = h'(x)- e'(x) , 
cosa +u[ 

(2.4) 

where Uu' Vu and u[, v[ are the perturbation velocity components on the upper and 

lower surfaces, respectively. 

The boundary conditions on the upper and lower surfaces of the airfoil can be 

expressed in eomplex form as 

- lMAG{w(z)} = -sina + [cosa + u(x) ][h'(x)± e'(x)] (2.5) 

where the plus and minus signs (±) refer to the upper and lower surfaces of the airfoil, 

respectively. 

The flow around the cambered airfoil at incidence can be decomposed into two flow 

components in the form 

(2.6) 

where w A (z) = U A (x, y)- i V A (x, y) represents the complex conjugate velocity of an anti­

symmetric flow with respect to the airfoil chord, and ws(z)=us(x,y)-ivAx,y) is the 

complex conjugate velocity of a symmetric flow with respect to the chord. It is important 

to realize that this division of the flow field is performed regardless of the airfoil 

geometrical characteristics. 
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These flow components are defined by the following boundary conditions on the airfoil 

derived from (2.5) 

where 

IMAG{wAz)}= -vAx) , 

IMAG {ws(z)} = +Vs{x) , 

vAx) = -sina + [cos a +us{x)]h'{x)+uA{x)e'{x) , 

Vs (x)= [cos a + Us (x)] e'{x)+uAx)h'{x) . 

(2.7a) 

(2.7b) 

(2.8a) 

(2.8b) 

In these anti-symmetric and symmetric flows (denoted respectively by the subscripts 

A and S), the velocity components at symmetrical points with respect to the chord (with 

y = b > 0 and y = -b < 0 ) are related as 

uAx,b) = -uAx,-b), vAx,b) = vAx,-b) , 

us{x,b)=us{x,-b), vs{x,b)=-vs{x,-b) , 

(2.8c) 

(2.8d) 

(2.8e) 

Due to the flow anti-symmetry and symmetry with respect to the chord, the boundary 

conditions on the x-axis outside the airfoil (x < 0 and x > 1 ) are respectively 

REAL { wAz)} = 0 , (2.9a) 

(2.9b) 

One can notice that the nonlinear boundary conditions (2.7a,b) and (2.8a,b) are 

coupled, each containing both unknown perturbation velocity components UA and Us . 

Rence, both the anti-symmetric and symmetric flow components have to be solved 

simultaneously in order to obtain the complete nonlinear solution of the flow past the 

airfoil. The nonlinear nature of the boundary conditions is evidenced by the above 

relations, which indicate that the normal disturbance velocities v A and Vs are both 

functions of the associated chordwise disturbance velocities u A and us. It is also noted 

that the nonlinearities are proportional to both the flow quantities u A and Us and the 

geometrical quantities e'{x) and h' (x). In fact, the problem is truly linear in the case of a 

fiat plate only, for which h'{x) = 0 and e'{x) = O. 
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In the linear analysis, based on the small perturbations assumption (implying small 

incidence, relative camber and airfoil thickness, and hence small perturbation velocity 

components u and v), the nonlinear terms can be neglected in equations (2.8a,b), which 

become in this case 

VAx)=-sina+ h'(x)cosa , 

vAx)= e'(x)cosa . 

(2.10a) 

(2.10b) 

Thus in the linear analysis ofthin airfoils, the boundary conditions (2.7a,b), (2.10a,b) 

are decoupled, and the anti-symmetric flow past the thin-cambered airfoil at incidence 

and the symmetric flow around the airfoil of symmetrical thickness at zero angle of atlack 

can be studied separately. 

2.2 Linear method of solution 

2.2.1 Velocity and pressure distributions for thin-cambered airfoils 

Consider the prototype problem of a flapped thin airfoil, y = h(x) , placed at an 

incidence a in a uniform inviscid flow of velocity U 00 (as shown in Figure 2.2). The 

airfoil is defined by a ridge situated at x =s where the airfoil slope suddenly changes due 

to the deflection angle fJ of the flap. The slope of the airfoil, h' (x), is given by 

{ 

h'(O) = tanr 
h'(x) = 

tan(r - fJ) = h'(O)+ /).h' 

where /).h' = tan (r - fJ)- tan r . 

ey 

es 

for 0 < x < s 

for s < x < 1 

T 

cl 

Figure 2.2 Prototype problem of a flapped thin airfoil. 
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The velo city and pressure solutions of this problem based on the method of velocity 

singularities have been tirst obtained by Mateescu [116], Mateescu and Nadeau [123] and 

Mateescu and Newman [124] in the complex form 

wA(z)=-[vAo)+dVA C(s)]Jl~Z -dVA G(s,z) , (2.12) 

where vAo) = -sina + h'(O) cosa, d VA = dh' cosa and C (s) = (2/ff)COS-1 J;. The 

tirst right-hand-side term is the singular contribution of the airfoil leading edge (at 

x = 0), and G( s, z) = 2 cosh -1 ~ represents the singular contribution of the 
ff ~~ 

ridge situated at x = s. Note that these singular contributions satisfy an boundary 

conditions on the airfoil and outside it, including the Kutta condition at the trailing edge. 

The axial perturbation velocity on the airfoil (z = x ) can be easily obtained by taking the 

real part of equation (2.12) 

uAx) = -[vAo)+ dVA C(s)] JI :x - dVA G(s,x) , (2.13) 

where G(s, x) = REAL {G(s,z)} is 

~cosh-I ~ forxE(O,s) 
ff ~~ 

G(s,x)= 2 sinh-I ~ for x E (s, 1) 
ff ~~ 

(2.14) 

o for x < 0 and x > 1 

For a continuously cambered airfoil, the solution is obtained by considering a 

continuous distribution of elementary ridges [124], detined by d h' = h" (s) ds, or 

d VA = V~ (s) ds where V~ (s) = h" (s) cos a , in the form 

uAx)~ -[v, (0)+ IV~(s) C(S)dS] l ~ x - IV;(S) o(S,x) ds (2.15) 

A polynomial representation is used for the camberline slope, as in the case ofNACA 

airfoils, in the form 
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n 

h'(x) = l hk Xk , (2.16) 
k=O 

n 

which corresponds to the camberline equation h(x) = l [hk /(k + 1)]xk+! , where the 
k=O 

coefficients hk are specified. A very simple expression in closed form is obtained for 

U A (x) , as weIl as for the pressure difference coefficient ~c p (x) = 4 UA (x), as 

(2.17) 

where the coefficients gj = (2j)!/[2 2j (j!)2] are also defined by the recurrence formula 

This velocity singularity method has proven to be very efficient in solving the 

aerodynamic problems involving adaptive surfaces, such as flexible-membrane and jet­

flapped airfoils [124]. 

2.2.2 Velocity and pressure distributions for airfoils of symmetrical 

thickness 

Consider the prototype problem of a symmetric double-wedge airfoil (as shown in 

Figure 2.3), y = ± e(x), at zero angle of attack (a = 0), defined by a sudden change of 

its upper surface slope at x =s (and that of its lower surface si ope, which is symmetric). 

ey 

ee(x) 

LE TE ex 
cs 

cl 

Figure 2.3 Prototype problem of symmetric double-wedge airfoil at zero incidence. 
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The slope of the upper surface e'(x) is given by 

{ 
e'(O) = tan r 

e'(x) = 
e' (0)+ l1e' = tan (r - fJ) 

where l1e' = tan(r- fJ)-tanr. 

for 0 < x < s 

for s < x < 1 
(2.18) 

Similarly to the thin airfoil case, the solution of the perturbation velocity for this 

symmetrical flow problem can be expressed in the complex form as 

() ()
1 -z 1 s-z 

Ws z =Vs 0 -ln--+I1Vs -ln--, 
1r l-z 1r l-z 

(2.19) 

where Vs (0) = e' (0) and 11 Vs = 11 e' , and where (1/ 1r ) ln( s - z) represents the singular 

contribution of the ridge situated at x =s, while (1/ 1r ) ln( - z) and (1/ 1r ) ln( 1 - z) 

represent the contribution of the leading and trailing edges, which in this case have the 

same singular behavior as ridges. 

The chordwise perturbation velocity on the airfoil is obtained by taking the real part 

of equation (2.19), noticing that REAL { ln(s - z)}=lnls -xl, in the form 

( ) ( ) 
1 x 1 Is - xl 

Us x = Vs 0 -ln--+I1Vs -ln-- , 
1r l-x 1r l-x 

(2.20) 

For an airfoil with a continuously variable si ope, the corresponding velocity solution 

is also obtained by considering a continuous distribution of elementary ridges, defined by 

l1e' = e"(s )ds ,or 11 ~'i = V; (s)ds , in the form 

or, after integrating by parts, 

1 1 ds 
us(x)= -- fVs(s)- , 

1r0 s-x 

where for this case Vs (s) = e'(s) . 

For a polynomial representation of the contour slope in the form 

m 

e'(x) = l ek Xk , 

k=O 
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where the coefficients ek are specified, a very simple expression in closed form is 

obtained for Us (x), as weIl as for the pressure coefficient Cp (x) = -2 Us (x) , in the form 

us(x)=(l/n)I ek Xk ln--=-+ l -. . m { 1 X k-j xi } 

k=O X i=O k - } 
(2.24) 

A similar linear solution can be obtained by considering a continuous distribution of 

elementary sources on the airfoil chord in the expression of the velocity potential. 

The linear solution (2.24) provides a reasonable engineering accuracy for most part of the 

airfoil chord, except near the leading and trailing edges. However, at both edges of the 

airfoil the fluid velocity provided by (2.24) becomes infinite, instead of being zero, 

although physically both leading and trailing edges of symmetric airfoils at zero angle of 

attack are stagnation points in inviscid flows. This is in contrast to the linear solution 

(2.17) for the thin airfoils, in which the physical behavior of the velocity at the leading 

and trailing edges is correctly respected (that is, theoretically infinite at the leading edge 

and UA (1) = 0 at the trailing edge, according to Kutta condition). This unphysical 

behavior of the fluid velocity at the edges of the symmetric airfoils provided by the linear 

solution (2.24) has to be corrected in the nonlinear aerodynamic analysis of airfoils. 
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2.3 Second-order analysis of symmetric airfoils in inviscid flow 

2.3.1 Velocity behavior in the inviscid flows pa st airfoils 

In the previous section, a linear theory has been presented for the solution of the 

inviscid flows past airfoils, which is based on the assurnption of small disturbances 

implying small incidence, relative camber and airfoil thickness, and hence small 

perturbation velocity components u and v. As a result, the boundary conditions of the 

problem are only satisfied in an approximate manner. While this hypothesis may lead to a 

satisfactory first approximation, it is clearly inappropriate when the angle of incidence 

become large or in certain regions of the airfoil such as the leading and trailing edges. 

The special case of symmetrical airfoils (such as lenticular airfoils) at zero incidence 

provides a valuable insight into the problem; in particular it illustrates the importance of 

considering the nonlinearity of the boundary conditions in the vicinity of the leading 

edge. It is interesting to note how the linear theory can be misleading in this case. A 

representation of the behavior of the linear solution for the case of the flow past a 

lenticular airfoil (circular arc airfoil) at zero incidence is shown in Figure 2.4. 

u 

o 

L1vLE 

v=O 

Figure 2.4 Unphysical behavior of the linear inviscid solution for the case of the flows 

past circular arc airfoils at zero incidence. 
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In this case, the chordwise perturbation velocity, u, (shown in Figure 2.4) tends 

asymptotically to negative infinity (- OC)) at both the leading and trailing edges of the 

airfoil which violates the real inviscid behavior (both edges are stagnation points). The 

maximum chordwise velocity is reached for lenticular arc airfoils at the mid-chord of the 

airfoil, shown also in the same Figure. The normal-to-chord perturbation velocity, v, is 

characterized by a jump L1v at the leading and trailing edges of the airfoil (from a zero 

value outside the airfoil at x < 0 and x> 1), instead ofbeing zero at these points. 

Another interesting unphysical and misleading behavior of the linear solution lS 

demonstrated in Figure 2.5 for the case of the inviscid flows past symmetrical airfoils 

with rounded leading edges (such as the NACA four digits airfoils) at zero angle of 

attack. 

LE{U LE ~ 00 TE{U TE ~-OC) 

_L1_V_LE_=_V_L_E •• -~_~~EE::=====:::::::;:;;;~"'::/~~_ L1v

m 

=VTE-O 

Uoo 

U 

~ 
v 

L1vLE 

v=O 

o 

1 

v=O 
L1vTE 

Figure 2.5 Unphysical behavior of the linear inviscid solution for the case of the flows 

past symmetric airfoils with rounded leading edges at zero incidence. 
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In this case of linear analysis, the chordwise perturbation velocity tends unphysically 

to infinity at the leading edge (u LE ~ (0) from a zero value at x ~ -00, which 

contradicts the real inviscid flow behavior (the leading edge is a stagnation point). Aiso 

this velocity decreases asymptotically to the negative infinity at the trailing edge of the 

airfoil (UTE ~ -00 ) and then tends asymptotically to zero as x ~ 00, as shown in Figure 

2.5. It is noted also in this case the unequal jumps in the normal-to-chord perturbation 

velocity at the airfoil edges. This behavior is different for the case of the inviscid flow 

past lenticular airfoils at zero incidence (characterized by symmetric and equal velocity 

components at the edges of the airfoil, shown in Figure 2.4). 

The real behavior of the inviscid flow past symmetrical airfoils is shown in Figure 2.6. 

{

ULE = -1 {U TE =-1 
LE (stagnation) TE (stagnation) 

ll.v" ~ 0 ~ / ll.vm ~ 0 

--~. ~CE==~~~~L-
Uoo 

-1 -1 

v 

v=o 

Figure 2.6 Physical behavior of the real inviscid flows past symmetric airfoils with 

rounded leading edges at zero incidence. 
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Physically both the leading and trailing edges are stagnation points in real inviscid 

flows past symmetrical airfoils at zero angle of attack. As shown in Figure 2.6, the 

chordwise perturbation velocity changes in value from zero at infinity (x ~ ±oo ) to that 

of the uniform stream velocity at both edges of the airfoil and the jump in the normal-to­

chord perturbation velocity becomes zero at these points. Although the linear theory 

provides a good first approximation for most part of the airfoil chord, it fails to predict 

the real inviscid behavior at the leading and trailing edges. As a consequence of the small 

perturbation assumption (u and v are so small which implies that their squares and 

products may be neglected), the pressure coefficient becomes infinite at the leading and 

trailing edges of the airfoil since it depends only on the chordwise perturbation velocity 

(which is infinite in the linear analysis). 

This unphysical behavior of the fluid velocity (as weIl as the pressure) at the edges of 

the symmetric airfoils provided by the linear theory would not appear in an exact 

solution. In the present nonlinear method of solution, no assumption has been made on 

the size of the perturbation velocities and the rigorous form of the boundary conditions is 

used. 
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2.3.2 Present method of solution for symmetric airfoils 

In the case of the uncambered symmetric airfoils at zero angle of attack ( a = 0 and 

h'(x) = 0), the flow is symmetric with respect to the airfoil chord, and hence VA (x) = 0 

and 

(2.25) 

Since the leading and trailing edges are physically stagnation points (that IS 

Us (0) = us (I)= -1 and Vs (0) = Vs (1) = 0), one can assume for us(x) the expression 

(2.26) 

where the coefficients b j are a priori unknown. 

In general, the variation of the airfoil thickness can be defined (as in the case of 

NACA airfoils) by the modified polynomial expressIOn 

m 

e(x)=2eL~+L [ek /(k+l)]x k
+

1 ,wherethecoefficients eL and ek (k=O,I,··m) 
k=O 

are specified. This leads to the airfoil slope equation 

, eL m k 
e (x) = c + L ek x . 

'\1 x k=O 

(2.27) 

The square root term associated to eL corresponds to the airfoils with rounded 

leading edges, while eL = 0 for the airfoils with a pointed leading edge (such as the 

lenticular or double-wedge airfoils). In general, for the airfoils with rounded leading 

edges, the value of eL is specified in the equation of the airfoil contour y(x) , as in the 

case of NACA airfoils. For the special airfoils generated by conformal transformation, 

eL can be calculated as eL = ~2RL from the radius of curvature at the leading edge, 

Thus, taking into account (2.26) and (2.27), the expression (2.25) of Vs (x) becomes 

in this case 

(2.28) 
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By introducing equation (2.28) into equation (2.22) for the chordwise perturbation 

velocity, one obtains 

where the power terms (si and sk+ j ) in equation (2.29a) are then replaced by 

j-I 

sJ = xi + (s - x) l x q si-I-q , 
q;O 

k+i-I 
Sk+i =xk+i +(s-x) l sq x k+i-I-q 

q;O 

(2.29a) 

(2.29b) 

(2.29c) 

By also noting that the term (1- s) = (1- x)- (s - x), one obtains the following equation 

for the chordwise symmetric perturbation velo city, Us (x) 

(2.30a) 

where, 

(2.30b) 

(2.30c) 

ç = f ds 
1 0 2(s-x)Fs ' 

(2.30d) 

_ 1 If ~s(l-s) 
Ç2 -- ds . 

7r 0 s-x 
(2.30e) 

The detailed derivations of Li' Hq, Çl and Ç2 are given in Appendix A. 

The nonlinear solution for symmetric airfoils can then be easily obtained from (2.30), 

after integration, as 

M 

Us (x) = l bl FAx) , (2.31 ) 
j;O 

29 



m [ ( 1) k+ j-l ] -l e
k 

--x xk+j + l X
k

+
j-1

-
q 

Hq , 

k=O 2 q=O 

(2.32) 

2j 1 
where Lj = -.-Lj_l' Lo = 1, Hq = ( ) gq+l , in which g q are defined III 

2J+l 2 q+2 

Section 2.2.1 and derived in detail in Appendix A. 

The unknown coefficients b j are detennined by requiring the expressions (2.31) and 

(2.26) for Us (x) to be equal at a specified number M + 1 of collocation points 

conveniently distributed along the airfoil chord (usually M=6 to 10). As a result of the 

collocation process, one thus obtains the following simple system of linear equations 

f bj [xi ~Xi {1-xJ -~(xJ ]=1 (2.33) 
j=O 

where Xi is the x-position of the collocation point and i is the number of that point along 

the airfoil chord (i varies from 0 to M ). 

The nonnal-to-chord velocity component can be calculated based on the solution for 

Us (x) from the boundary condition Vs (x) = Vs (x) = [1 + U Ax)] e'(x) , and the pressure 

coefficient on the airfoil can be calculated as 

Cp =-2us -(u/ +v/). (2.34) 

Thus, a very simple expression (2.31) has been obtained for the nonlinear solution of 

the flow past a symmetric airfoil. This nonlinear solution is validated in the following 

sections by comparison with the exact solution for special airfoils, with the results given 

by Abbott and Doenhoff [2] and with numerical results obtained using a panel method. 

2.3.3 Method validation for Karman-Trefftz airfoils 

The Kannan-Trefftz airfoils [7, 142] are generated by the confonnal transfonnation 

z-Kb =(s -bJK, 
z+Kb S +b 

K=2-rT/J[ , (2.35) 
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from a circle of radius r situated in the complex plane ç = ~ + i 17 , with the centre at 

Ço = b(- eo + i 10). In equation (2.35), rr represents the dihedral angle at the trailing 

edge of the airfoil, and b defines the position of the trailing edge. By considering 

convenient values for ri b, eo and 10 one can obtain symmetric Karman-Trefftz airfoils 

(for 10 =0) and general cambered Karman-Trefftz airfoils, or other special airfoils, such 

as lenticular symmetrical airfoils with pointed leading and trailing edges (also for 10 = 0 ) 

and half-moon cambered airfoils. Joukowski airfoils represent a special class of Karman­

Trefftz airfoils with zero dihedral angle at the trailing edge (cusped trailing edge), that is 

r T = 0 and K = 2 . 

In Figures 2.7 and 2.8, the present nonlinear solutions of the pressure coefficients for 

symmetric Karman-Trefftz airfoils at zero angle of attack and relative thickness 

t = 0.08, t = 0.09, t = 0.10 and t = 0.12 are validated by comparison with the exact 

solutions obtained by conformaI transformation. A very good agreement can be observed 

between the two sets of results, even in the case of thicker airfoils. 

2.3.4 Method validation for NACA airfoils 

The present solution (2.31) is also validated for NACA 0009 and NACA 0012 airfoils 

at zero angle of attack by comparison with the results presented by Abbott and Doenhoff 

[2] as shown in Figures 2.9 and 2.10. Figure 2.9 shows that the present nonlinear solution 

for the fluid velocity on the airfoil contour, V = ~(1 + u y + v2 
, is in very good 

agreement with Abbott and Doenhoff data, while the linear solution (which tends 

unphysically to infinity at the leading edge) displays large errors on the first part of the 

airfoil. A very good agreement was also found for the pressure coefficients as shown in 

Figure 2.1 O. 
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Figure 2.7 Symmetric Karman-Trefftz airfoils at zero incidence; present non1inear 

solutions compared with the exact solutions based on conformaI transformation for the 

pressure coefficient distribution, Cp (x) . 
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Figure 2.8 Symmetric Kannan-Trefftz airfoils at zero incidence; present nonlinear 

solutions cornpared with the exact solutions based on conformaI transformation. 
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Figure 2.9 NACA 0009 and NACA 0012 airfoi1s at zero incidence; present non1inear 

solutions for the fluid velocity distribution, V(x) , compared with Abbott and Doenhoff 

data and with the linear solutions. 
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Figure 2.10 NACA 0009 and NACA 0012 airfoils at zero incidence; present nonlinear 

solutions for the pressure coefficient distribution, Cp (x), compared with Abbott and 

Doenhoff data. 
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2.3.5 Comparison with symmetric airfoils with pointed leading edges 

The symmetric airfoils with pointed leading and trailing edges represents a particular 

case of symmetric airfoils for which eL = o. This particularization has to be introduced 

in equations (2.31), (2.32) in order to obtain the nonlinear solution for these airfoils. This 

solution is validated for the Karman-Trefftz lenticular airfoils (with the upper and lower 

sides represented by circular arcs) by comparison with the exact solution obtained by 

conformaI transformation. 

Figures 2.11 a and 2.11 b show a comparison for the chordwise perturbation velocity 

distribution between the present solution and the exact solution obtained by conformaI 

transformation for two symmetric lenticular Karman-Trefftz airfoils of relative thickness 

t = 0.02 and t = 0.10 at zero angle of attack. The present nonlinear solutions were found 

to be in very good agreement with the exact solutions even in the case ofthicker airfoils. 

u 

0.026 .--------.-------r-------,-------,-------,.-------~ 

t=0.02 
0.024 

0.022 

0.02 +-____ ~~~---L------~------~----~----~_+----~ 

0.018 

0.016 +----=+---1 

0.014 

0.15 0.25 

o 

0.35 

Present solution 
(nonlinear inviscid) 

Exact solution 
(Karman - Trefftz) 

0.45 X 0.55 0.65 0.75 0.85 

Figure 2.11 a Symmetric airfoils with pointed leading edges; present nonlinear solution 

for Karman-Trefftz lenticular airfoil ( t = 0.02 ) compared with the exact linear solution. 
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Exact solution 
(Karman - Trefftz) 

-0.2 +-------~~------_r--------~--------~------~ 

o 0.2 0.4 X 0.6 0.8 1 

Figure 2.11 b Symmetric airfoils with pointed leading edges; present nonlinear solution 

for Karman-Trefftz lenticular airfoil ( t = 0.10 ) compared with the exact linear solution. 

2.3.6 Accurate nonlinear solutions for symmetric double wedge airfoils 

Consider the inviscid incompressible uniform flow of velocity U 00 past a symmetric 

double-wedge airfoil, y = ±e(x), at zero angle of attack (as shown in Figure 2.3). The 

slope of the airfoil is defined by 

e'(x) = {tan T for 0 < x < s 
tan ( T - fi) for s < x < 1 

(2.36) 

where s defines the position of the ridge, T is the surface slope angle between the 

leading edge and the ridge, and T - fi is the slope angle between the ridge and the 

trailing edge. Consider the following formai expression for the chordwise perturbation 

velocity Us (x) , which has been also used in Section 2.3.2. 

(2.37) 
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where the coefficients b i are a priori unknown. By introducing the formaI expression 

for us(x) into the expression (2.25) for V.~(x), one obtains 

By introducing equation (2.38) into equation (2.22) for the chordwise perturbation 

velocity, one obtains 

where the power terms (si) in equation (2.39a) are then replaced by 

i-l 
sJ = xi +(s-x) l sq X i-1-

q , (2.39b) 
q=o 

and the integrals of equation (2.39a) are hence given by 

(2.40a) 

(2.40b) 

where 

Q(X)=f~S(I-S) ds, 
o s-x 

(2.40c) 

Q (x) = f ~ s (1- s) ds, 
s s-x 

(2 AOd) 

s Sk 
J k = f ds , 

o .Js(l-s) 
(2AOe) 

(2AOf) 

The detailed derivations of Q(x), Q (x), J k and Jk are given in Appendix A. 

The accurate chordwise perturbation velocity is obtained after integration as 

M 

Us (x) = l bl FJ(x) , (2.41) 
J=O 
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where 

tan(r- p)[ --() j-I -1 (- -)~ 
- ;r x J Q X + ~ x J

--
q 

J q+1 -Jq+2 J ' 

in which 

Q(x)= (l-x)Jo -JI -2~{I-x)x G(s,x), 

Q (x) = (1- x)]o -]1 + 2 ~(1- x)x G(s,x), 

Sk-I 2k-l 
J = -- f(l-s)s +--J Jo = ;r-2 cos-I Fs , k k 'V 2k k-I' 

_ Sk-I 2k-l-
J k =k~{I-S)S+----:u-Jk-l' ]0 =2 cos-IFs , 

2 cosh-1 ~ for x E (O,s) 
;r V----;=-;-

G(s,x)= 2 sinh-1 ~ forxE(s,I). 
;r V~ 

o for x < 0 and x > 1 

(2.42) 

(2.43 a) 

(2.43b) 

(2.43c) 

(2.43d) 

(2.43e) 

The unknown coefficients b j are determined (by collocation) from the following 

simple system of linear equations 

f bj[x/ JXi{l-xJ -Fj(xJ]=1 . (2.44) 
J=O 

where Xi is the x-position of the collocation point and i is the number of that point along 

the airfoil chord (i varies from 0 to M ). The present second-order accurate solution for 

the pressure coefficient distribution on the symmetric double-wedge airfoils is validated 

in Figure 2.12 by comparison with results obtained by a panel method (Kuethe and Chow 

[98] ) for three airfoils with different relative thickness and ridge position: (i) t = 0.05 

and s = 0.5; (ii) t = 0.05 and s = 0.7; (iii) t = 0.10 and s = 0.5. A matrix of 120 x 120 

was solved using the panel method compared to an 8 x 8 matrix using the present 

method. A good agreement can be noticed between the two sets of results for all cases. 
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Figure 2.12 Symmetric double-wedge airfoils; present nonlinear solutions compared 

with panel method results (Kuethe and Chow [98] ), for t = 0.05 and 0.10, and s = 0.5 

and 0.7. 
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2.4 Present analysis of general cambered airfoils at incidence 

2.4.1 General accurate method of solution 

In the general case of thick cambered airfoils placed in a uniforrn inviscid and 

incompressible flow at incidence, the anti-symmetric and symmetric flow components 

are defined by the boundary conditions (2.7a,b), (2.8a,b) on the airfoil, in which h'(x) 

and e'(x) are defined by equations (2.16) and (2.27). 

As discussed in sections 2.2 and 2.3, in inviscid flow the physical behavior of the 

flow velocity at the leading and trailing edges can be summarized as follows: 

(i) Both edges are stagnation points for the symmetrical flow component, that is 

us{O)= us{I)= -1 and vs{O) = vs{l) = 0, and hence the following expression is assumed 

for Us (x) in equations (2.8a,b) 

(2.45) 

where the coefficients bj are a priori unknown. 

(ii) In the anti-symmetrical flow component, the velocity is theoretically infinite at the 

leading edge (x = 0 ) and at the trailing edge uA (1) = 0 , according to Kutta condition, and 

hence the following expression is assumed for UA (x) in equations (2.8a,b) 

() JI?-x ~ . 
U A X = -- L..J a j Xl , 

X j=O 

(2.46) 

where the coefficients a j are a priori unknown. 

The camberline and symmetric slope relations given by equations (2.16) and (2.27) are 

n 

h'(x) = l hk Xk , 

k=O 

e m 
e'(x) =_L_+ l ek Xk • 

..Jx k=O 

where the coefficients hk and ek are specified by the airfoil geometry. 

Thus, taking into account (2.45) and (2.46), the expression (2.8b) of Vs(x) becomes in 

this case 
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Vs(x)=,jx(I~x) t. biXlt+ ~ e,x}l:x ~h,X'~ajx' (2.47) 

Similarly, the expression (2.8a) of VA (x) for this case becomes 

V,(x)=~sina+J(I~x)x t.V~ h, x' +l:x ~ajxfrx+ ~ e, x'] , (2.48) 

The complex nature of the boundary conditions is evidenced by the above relations, 

which indicate that the normal disturbance velocities v A and Vs are both functions of the 

associated chordwise disturbance velocities UA and Us . It is also noted that the non-

linearities in the boundary conditions are proportional to both the flow quantities UA and 

Us and the geometrical quantities e'(x) and h' (x). 

In order to obtain the solutions for the symmetric and anti-symmetric flow 

components us(x) and uAx), the resulting expressions of Vs(x) and vAx) are then 

introduced in the integral form of the perturbation flow components, equations (2.22) and 

(2.15), respectively 

1 1 ds 
Us (x) = -- fVs(s)- , 

7[0 s-x 

Rence, one obtains 

(2.49) 

The integrals in the expression of UA (x) are performed by integrating by parts. These 

integrals are hence rewritten as 

fV~ (s) C(s )ds = C(s )VA (s)/ :~~ + fVA (s) C' (s )ds , 

fV~(s)G(S,X)dS=VAs)G(s,x)/~~~ + !VAs)G'(S,X)dS, 
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in which 

c (s) = (2/7l" )cos- I Fs , (2.50c) 

C'(Sl=(2/Jrl[ 2J(Ls)s] , (2.50d) 

G(s,x)=2cosh-1 ~ , 
7l" ~~ 

(2.50e) 

,( ) _ 2[ ~(1- x )x ] 
G s,x - 7l" 2(s-x)~(I-s)s . 

(2.50t) 

Thus the integral form of UA (x) becomes 

(2.51 ) 

The power terms (such as sl, Sk+ 1 and sl-l) in equations (2.49) and (2.51) are then 

1-1 
replaced by Sl = xl + (s - x) l sq x l-I

-
q . The resulting recurrence integrals that appear 

q=O 

in equations (2.49) and (2.51) are derived in detail in Appendix A. 

After performing the integrations and rearranging the terms one thus obtains the 

solutions for the symmetric and anti-symmetric flow components 

M N 

Us (x) = L)jFj(x) + l ajTj (x), (2.52) 
j=û j=û 

uAxl=l:x [Sin a + t,bjPj(Xl+ t,ajRj(xl] , (2.53) 

where F
l 
(x) is defined by (2.32), and 

Pj(x)=- i: hk[ 1. +xk+j+llnl-x +kt
1 

x
k
+
j
-
q

], 
k=û 7l" k + J + 1 x q=û q + 1 

(2.54a) 
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N-j [q+j-l ] 
Tj(x}=-~ hj ~ (1_X)X

q+j-1
-

1 gl-gq+j , (2.54b) 

R () - 2eL [1 j-1I2 h-1 kE ~ Xj
-

1
-
q

] X ---- ---+x cos ---~ 
} 7r 2 j - 1 1 - x q=Û 2 q + 1 

--L ek --. +x ln--+ L . 1 m [1 k+ j 1- X k+ j-2 xk+ j-I-q ] 

7r k=û k + } x q=Û q + 1 
(2.54c) 

The unknown coefficients a j and b j are determined by requiring the expressions 

(2.45) and (2.52) for Us (x) , and respective1y (2.46) and (2.53) for uAx)' to be equal at 

a specified number M + 1, and respectively N + 1, collocation points conveniently 

distributed along the airfoil chord (M and N are usually taken between 6 and 10). This is 

done by solving the following linear system of M + N + 2 algebraic equations 

fbj[Fj(x;}-x/ ~(l-xJxi 1+ fajTj(x;}=-cosa, (2.55) 
j=O j=O 

(2.56) 

where Xi is the x-position of the collocation point and i is the number of that point along 

the airfoil chord (i varies from 0 to M + N + 1 ). 

The perturbation velocity components on the airfoil are 

u(x}=±uAx)+us(x) , 

v(x) = vAx)± v:~ (x) , 

(2.57a) 

(2.57b) 

where the upper (+) and lower (-) signs refer to the upper and lower sides, respective1y, 

and where VA (X) and Vs (x) are calculated from (2.8a,b) with the solutions (2.52), (2.53). 

The pressure coefficient on the airfoil can be calculated as 

Cp =-2 (ucosa+vsina)-(u 2 +v2
) • (2.58) 

The present nonlinear solutions are validated in the following section by comparison 

with exact solutions for special airfoils obtained by conformaI transformation and with 

numerical results for NACA airfoils. 
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2.4.2 Validation for symmetric Karman-Trefftz airfoils at incidence 

In Figure 2.13 the present nonlinear solutions of the pressure coefficient distribution, 

Cp (x), for two Karman-Trefftz airfoils are compared with the exact solutions obtained 

by conformaI transformation. In both cases, defined by the relative thickness t = 0.03 

and incidence a = 5°, and respectively t = 0.05 and a = 10° , the present nonlinear 

solutions were found in excellent agreement with the exact solutions. 

The chordwise variation of the pressure difference coefficient between the two sides 

of the airfoil, Ô Cp (x) , is presented in Figure 2.14 for a Karman-Trefftz airfoil of relative 

thickness t = 0.09 at incidences a = 2° and a = 5° . The present nonlinear solutions 

were again found in excellent agreement with the exact solutions. By contrast, the linear 

solutions (also shown in the same figure) display larger differences with respect to the 

exact solutions. 

2.4.3 Case of general cambered Karman-Trefftz airfoils at incidence 

The pressure coefficient distributions, Cp (x), for two general Karman-Trefftz 

airfoils at two angles ofattack, a = 5° and a = 10°, are shown in Figures 2.15 and 2.16. 

The relative thickness, t, and the relative camber, f , of the two airfoils are: (i) t = 0.03 

and f = 0.02, and (ii) t = 0.05 and f = 0.05 . A very good agreement can be noticed 

between the present nonlinear solutions and the exact solutions obtained by conformaI 

transformation. 
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Figure 2.13 Symmetric Karman-Trefftz airfoils at incidence; present nonlinear solutions 

for the pressure coefficient distribution, Cp (x), compared with exact solutions 

( t = 0.03, a = 5° and t = 0.05, a = 10° ). 
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Figure 2.14 Symmetric Karman-Trefftz airfoils at incidence; present nonlinear solutions 

for the pressure difference coefficient, ~ Cp (x), compared with the exact solutions 

47 



-c p 

2 

t = 0.03, f = 0.02 and a = 5 ° 

1 +-~----4-------4-------~------~------~ 

o +-------+-------+-------4-------~----~~ 

-1 ~------+-----~ 

o 

-2 

Present solution 
(nonlinear inviscid) 

Exact solution 
(Karman - Trefftz) 

o 0.2 0.4 Je 0.6 0.8 1 

5 ~------~------~----------------------~ 

4-+-+------+-----~ 

3--t---'t''------+-----~ 

Present solution 
(nonlinear inviscid) 

o Exact solution 
(Karman - Trefftz) -c 

P 2 .~~----~------+_--------------------~ 

t = 0.03, f = 0.02 and a = 10° 

o ~------~------1_------~------_r----~~ 

o 0.2 0.4 Je 0.6 0.8 1 

Figure 2.15 General cambered Karman-Trefftz airfoils at incidence; present nonlinear 

solutions compared with the exact solutions ( t = 0.03 , f = 0.02, a = 5° and a = 10° ). 
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Figure 2.16 General carnbered Karrnan-Trefftz airfoils at incidence; present nonlinear 

solutions cornpared with the exact solutions ( t = 0.05, f = 0.05 , a = 5° and a = 10° ). 
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2.4.4 Case of tbin cambered airfoils at incidence 

The case of thin cambered airfoils is illustrated here by a thin circular-arc airfoil 

represented by a thin Joukowski airfoil obtained by the conformaI transformation (2.35) 

for rT =0 and K=2, and with eo=O, r/b=~1+/o2 and /0=2/, where / is the 

relative camber of the airfoil. 

The pressure coefficient distribution, Cp (x), is shown in Figures 2.17a,b for two 

circular-arc airfoils of relative camber /=0.02 and /=0.05 at the angles of attack 

a = 10° and a = 5° , respectively. The present nonlinear solutions were found to be in a 

very good agreement with the exact solutions obtained by conformaI transformation. The 

accuracy of the linear solution (also shown in Figure 2.17b for the pressure coefficient on 

the lower si de of the airfoil) is obviously not good. 

3 .~------------------~----------------------------~ 
Present solution 
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2 -~--------~------~ 

1 

o 
(nonlinear inviscid) 

Exact solution 
(Joukowski) 
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-1 

-2 ~, ________ -+ ________ -+ ________ ~ ________ ~L-______ ~ 

o 0.2 0.4 x 0.6 0.8 1 

Figure 2.17a Thin cambered airfoils at incidence; present nonlinear solution for the 

pressure coefficient, Cp (x) , on a circular-arc airfoil (f =0.05 at a = 5° ) compared with 

the exact solution. 

50 



o 
f = 0.02, a = 10° 

-0.2 

-0.4 

-c P 
-0.6 ++--------~~~---+--------~--------~------~ 

Present solution 
-0.8 ++ __ ~L---+ ________ -j 

-1 o 

(nonlinear inviscid) 

Linear solution 

Exact solution 
(Joukowski) 

-1.2 -l--------I-----+------r---------r----------' 

o 0.2 0.4 x 0.6 0.8 1 

Figure 2.17b Thin cambered airfoils at incidence; present nonlinear solution for the 

pressure coefficient, Cp (x), on the lower surface of a circular-arc airfoil (f =0.02 at 

a = 10° ) compared with the exact and linear solutions. 

2.4.5 Extension of the nonlinear solutions for compressible flows 

The present accurate solutions derived for incompressible flows can be extended for 

compressible flows using the Karman-Tsien compressibility correction 

(2.59) 

where f3KT is the Karman-Tsien compressibility correction factor, Cp is the pressure 

coefficient on the airfoil at Mach number M 00 and C pin is the nonlinear solution of the 

pressure coefficient calculated in Sections 2.3 and 2.4 for incompressible inviscid flows. 

The same compressibility correction will also used to extend to compressible flows the 

solutions derived in Section 2.5 for incompressible viscous flow. 

The present nonlinear solutions extended to compressible flows for NACA 0008 and 

NACA 0009 airfoils at zero incidence are shown in Figure 2.18 in comparison with the 
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numerical results obtained with the inviscid MSES code [43, 44] based on the integration 

of the compressible Euler equations. A good agreement was found between these results 

for Moo = 0.3 and Moo = 0.6 (MSES required a grid of 7740 points compared to 8 points 

using the present method). More validations of this compressibility correction are 

presented in Section 2.5 for the present viscous solutions in comparison with 

experimental results for NACA airfoils at Mach numbers M 00 = 0.3 and M 00 = 0.503 . 

0.3 

NACA 0008 
0.2 +-'f<'-----l------==~---__+-------__I 

Moo = 0.3 
0.1 ~---~----+---~~~--~--~ 

-c 
Po ~---~----L---~----~~-~ 

-0.1 

o 
-0.2 

Present solution 
(nonlinear inviscid) 

MSES (Euler - inviscid) 

-0.3 +, ___ ---j ____ +--___ -+-___ ---L...-___ --I 

o 0.2 0.4 Je 0.6 0.8 1 

0.5 .. ~---~---~---~-------~ 

0.3 

0.1 

-c P 
-0.1 

-0.3 .1:10------i 

-0.5 

o 0.2 

o 

NACA0009 

Moo =0.6 

Present solution 
(nonlinear inviscid) 

MSES (Euler - inviscid) 

0.4 Je 0.6 0.8 

Figure 2.18 NACA 0008 and NACA 0009 airfoils in compressible flows; present 

nonlinear solutions for a = 0 , compared with the inviscid MSES code results. 
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2.5 Extension of the present method to include viscous effects 

2.5.1 Velocity behavior in viscous attached flows past airfoils 

The effect of viscous and boundary layer displacement effects on the velocity 

distribution on airfoils placed in attached viscous flows (without separation regions) is 

shown in Figure 2.19. 

{

u = -1 {U TE 7:-1 
LE (~tagn~tiOn) TE (no st~ation) 

!J.vŒ - 0 ~ / !J.v", - 0 

-u----·- c:: ___ ====~~~_ 
00 

u 

-1 

v 

1 

v=o o v=o 

Figure 2.19 Real physical behavior of the viscous attached flows past symmetric airfoils. 

In the viscous flows (without separation) past airfoils, the trailing edge is no longer a 

stagnation point in the symmetric flow component, as in the case of inviscid flows. The 

boundary layers developed on the two sides of the airfoil are continued downstream, 

beyond the trailing edge, by the viscous wake trailing the airfoil. As a result, the 
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expreSSIOn (2.45), which implies that both leading and trailing edges are stagnation 

points, has to be replaced by the expression 

M 

us(x)=-cosa+~Lbjxj , 
j=O 

(2.60) 

which implies that only the leading edge is a stagnation point in the symmetric flow 

component. 

The viscous effects in the real flow past airfoils are taken into account by many 

authors [23, 43, 44] by considering the development of the boundary layer along the 

airfoil contour and the wake in the numerical analysis of the inviscid flows based on 

Euler or boundary element (panel) methods. 

As shown by Cebeci [23], a simple and efficient approach to consider these viscous 

effects is to modify the geometrical shape of the airfoil (or wing) by adding the 

displacement thickness of the boundary layer, 8(x). In the usual case of airfoils (not very 

thick or excessively carnbered), one can consider the same boundary layer development 

as that on a flat plate. For turbulent flows, the boundary layer displacement thickness can 

be expressed in the forrn (see Schlichting [166], Schlichting and Gersten [167] and White 

[204] ) 

8(x) = CT x(n-l)/n , (2.61) 

where n = 5 and CT = 0.04625 /Re1/n (for Re>105
). 

Thus, in the case of the flow without separation past an airfoil, the geometrical 

equations (2.1) and (2.2) have to be modified by adding the displacement thickness 8(x) 

of the boundary layer in the forrn 

y=g±(x)=h(x)±[e(x)+8(x)] . (2.62) 

The effect of the boundary layer on the airfoil can be thus introduced in the 

expression of Vs (x), defining the symmetric flow component, in the forrn 

(2.63) 

For convenience of the analytical derivations, 8'(x) = CT / X 1/5 is replaced in the following 

derivations by an equivalent modified polynomial representation similar to (2.27) in the 

forrn 
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5'(x) = lx +50 +5, x , (2.64) 

where 5L =0.2003767 a, 50 =0.9310225 a, 5, =-0.1313991 a and a=40"/5. 

2.5.2 General analytical solution including viscous effects 

The analytical solutions of the velo city and pressure distributions induding viscous 

effects for the general case of thick cambered airfoils at incidence can be determined in a 

similar way as that presented in Section 2.4.1. However, the function Vs (x), from the 

boundary condition (2.7b) for the symmetric flow component, is defined in this case by 

equation (2.63) instead of (2.8b). Also, the expression assumed for us(x) in the functions 

VA (x) and Vs (x) is in this case (2.60) instead of (2.45), since in the viscous flow the 

trailing edge is no longer a stagnation point for the symmetric flow component. The 

expression for VA (x) and the assumed expression for UA (x) remain the same as in the 

inviscid flow case, that is (2.8a) and (2.46). 

The solution for the anti-symmetric flow component, based on the resulting 

expression of VA (x) is derived using the same velo city singularity solution (2.15). 

However, the velocity singularity solution (2.22) for the symmetric flow component is 

not valid anymore for the viscous case, since it assumes that Vs (x) suddenly changes at 

the trailing edge from Vs (1) to zero. In the viscous flow case, because the boundary layer 

is continued behind the trailing edge by the viscous wake, one can consider that vs(x) 

remains practically unchanged at the trailing edge. 

For this case, the complex symmetric perturbation velocity is expressed as 

1 l ' l ,+& 

Ws (z) =-Vs (0 )ln(- z)+ - SV; (s )ln(s - z )ds+ - SV; (s )ln(s - z )ds , 
!r !r o !rI 

(2.65) 

where & is a small nondimensional distance behind the trailing edge beyond which 

Vs (x) is assumed constant, (1/!r) ln( s - z) represents the singular contribution of the 

ridge situated at x =s , while (1/!r) ln( - z) represent the contribution of the leading edge, 

which in this case have the same singular behavior as ridges. 

By integrating equation (2.65) by parts, one obtains 
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(2.66) 

As a result, the velocity singularity solution in complex form is 

( ) 1 If () ds 1 ~'i (1) [ ] 1 + & - Z 
W s z =-- Vs s ------ 1+&-z ln , 

1( s-z 1( & l-z o 
(2.67) 

The solution for Us (x) is obtained by taking the real part of the expression resulting 

after integration. By taking into account (2.60), the expression (2.63) for Vs(x) becomes 

in this case 

Vs (xl =,Ix t, hl xt't' + t, ( e, + 8, lx} l: x t, h,x' ~ aJ xl. (2.68) 

Similarly, the expression (2.8a) for VA (x) for this case becomes 

(2.69) 

The resulting expressions of ~'i (x) and VA (x) are then introduced in equations (2.67) 

and (2.15), respectively. 

One obtains thus, after performing the integrations of equations (2.67) and (2.15), the 

solutions for the symmetric and anti-symmetric perturbation velocity components 

M N 

us{x)= Ib)?j{x) + IajTj{x), (2.70) 
j=O j=O 

uAxl=l:x [Sin a + t,b)'j(Xl+ t,ajRj(xl] (2.71) 

where Tj{x) and Rj{x) are defined by (2.54b,c) with eL and ek now replaced 

56 



~ ()_ eL +t5L [ j 1 l-x Ij -
1 

x
q 

1 l+&-x 1 1+&-X] F X -- X n--+ --- + n---} . 1 
7r x q=oJ-q & -x 

1~( )[ k+j+h -lkE --L. ek +t5k 2x 2 cosh --
7rk~ l-x 

+ } x q 1 1 + & - xII + & - X k . ] 
- + n ~ k+j-q+1I2 & l-x' 

n 2h [ k+j+l R k+j-l ] 
Pj(x) = - l __ k Lk+j + ~Sinh-l -x + l x k+j-q Lq 

k=O 7r 1 - x x q=O 

2j 
where L j = -.-L j-l ' Lo = 1 is derived in detail in Appendix A. 

2J +1 

(2.72a) 

(2.72b) 

The unknown coefficients a j and b j are determined by requiring the expressions 

(2.70) and (2.60) for Us (x) ,and respectively (2.71) and (2.46) for uAx) , to be equal at 

a specified number M + 1, and respectively N + 1, collocation points conveniently 

distributed along the airfoil chord (M and N are usually taken between 6 and 10). This is 

done by solving the following linear system of M + N + 2 algebraic equations 

(2.73) 

M N 

LbjPj(x;}+ Laj [Rj(x;}-x/]= -sina . (2.74) 
J=O j=O 

where Xi is the x-position of the collocation point and i is the number of that point along 

the airfoil chord (i varies from 0 to M + N + 1 ). 

The present analytical solutions including VISCOUS effects are validated in the 

following section by comparison with numerical and experimental results for NACA 

airfoils. 
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2.5.3 Method validation for viscous attached flows past NACA airfoils 

The present nonlinear solution inc1uding viscous effects, extended for compressible 

flows as shown in Section 2.4.5, is validated in Figures 2.20-2.22 in comparison with 

numerical results obtained with the viscous MSES code developed by Drela and Giles 

[43, 44] (integration of Euler equations coupled with boundary layer analysis) and with 

experimental results [186] for NACA 0008, 0009 and 0012 airfoils at Mach numbers 

M", = 0.3 and M", = 0.503 . 

The present viscous solutions for NACA 0008 and NACA 0009 at zero incidence are 

compared in Figure 2.20 with the numerical results obtained with the viscous MSES code 

for M", = 0.3 at the Reynolds number Re = l.85 x 106 
• A very good agreement can be 

noticed between the two sets of results. 

Figures 2.21 and 2.22 show the pressure coefficient distribution on the NACA 0012 

airfoil for various angles of attack, Mach numbers and Reynolds numbers. A very good 

agreement can be seen between the present second-order accurate solutions inc1uding 

viscous effects and the experimental results. 
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o MSES (Euler + viscous B.L.) 
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o 0.2 0.4 X 0.6 0.8 1 

Figure 2.20 NACA 0008 and NACA 0009 airfoils in compressible viscous flows; present 

viscous solutions compared with the viscous MS ES code results for a = 0, M 00 = 0.3 

and Re = 1.85 x 106 
• 
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Figure 2.21 NACA 0012 airfoil in compressible viscous flows; present nonlinear 

solutions compared with the viscous MSES code and with experimental results [186]. 
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Figure 2.22 NACA 0012 airfoil in compressible viscous flows; present nonlinear 

solutions compared with experimental results [186]. 
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Chapter 3 

Unsteady Flow Solutions for Oscillating Flexible 

Airfoils 

3.1 Previous c1assical method of solution (Theodorsen's theory) 

For the unsteady flow past an oscillating rigid plate, Theodorsen [184] and 

Theodorsen and Garrick [185] have developed a method to determine the aerodynamic 

forces on an oscillating airfoiL The theory was based on the potential flow and the Kutta 

condition. In this classical method, the perturbation velocity potential around the 

oscillating airfoil is decomposed into two parts: (i) the perturbation potential 

corresponding to the motion without circulation around the airfoil, and, (ii) the potential 

corresponding to the motion with circulation due to the shedding vortices. 

By adding the potential corresponding to the motion without circulation around the 

flat plate, due to the normal velocity jump W(xI,t) on the plate at x = xl' and the 

potential corresponding to the pure circulatory motion, produced by the shedding free 

vortices in the wake of the airfoil, one obtains the total perturbation velocity potential for 

the complete motion around the oscillating plate or airfoil. The resulting equation of the 

pressure difference across the airfoil in integral form is given by, 

I1p x,t =-pu<XJ -- W xI,t __ 1 __ 1_ ( ) 2 J§-x If ( )Jê.+x dx 
Jr 1 +x -1 1-xI X-XI 

~ b fI aW(xl,t)L( )dx + p X'XI 1 
Jr -1 at 

+ ~pu. [l-C(k)ll-X fW(x, ,t)l+x, dx, 
Jr 1 + X -1 1-XI 

where b is halfthe chord and the reduced frequency k is given by, 

k = rob . 
U<XJ 

while Theodorsen's function C(k), is defined as, 
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H?) (k) . 
C(k)= (2)() . (2)() = F(k)+lG(k) , 

Hl k +lHo k 
(3.3) 

where H~2) (k), H?) (k) represent the Hankel functions of second kind of orders zero and 

one [137, 200]. See Appendix B for details. 

The function L (x, Xl) is obtained as, 

(X-X1Y+(p -Rr 
L(x,x j )= ln ( \2 

(X-XJ2 + jI-x2 + jI-x~ ) 
(3.4) 

Theodorsen's results are presented for the following oscillatory motions of the airfoil, as 

shown in Figure 3.1. 

y*=b Y 

bx 

h(t) x*=b X 

fJ(t) 

b b 

Figure 3.1 Flat plate geometry as presented in Theodorsen's solution. 

The harmonie oscillations of the airfoil are denoted as, 

(3.5) 

(3.6) 

(3.7) 

where h (t), a (t) and P (t) represent harmonie plunging, pitching and aileron rotation, 

respectively. 
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The boundary conditions on the airfail-aileron combination are defined as, 

W (x,t)= -aU", -1Ï-b(x-a)à for x E(-1,c]) , (3.8) 

W(x,t)= -aU", -1Ï-b(x-a)à-b(x-cJ/J- pU", for xE(c1'1) . (3.9) 

The lift force is given by, 

L = 7f pb' m' { p. : +[p. -G +a )r. ]a+pp fJ } , (3.1 0) 

The pitching moment equation is, 

M, =7fpb' m'{ [Mm -(±+a )Pm]: +[ M. -G +a )tp. +MJ+G+a r p. Ja 

+[ Mp -G+a )rp]fJ } , (3.11) 

The hinge moment equation is given by, 

M H = 7f pb' m' {1;, : +[T. -G +a )T. ]a+Tp fJ } . (3.12) 

where a in (3.8)-(3.12) is the point about which the airfoil is rotating. A list ofthe terms 

that appear in the above formulas is given in Appendix B. 

Theodorsen's classical solutions are restricted to the special cases of oscillatory 

translation and rotation of an airfoil. These formulas for the aerodynamic forces are 

complicated and are obtained only for airfoils oscillating as rigid bodies without 

considering the flexural oscillations. 

In the following sections, a new analytical method of solution for the analysis of the 

unsteady flow past rigid and flexible airfoils and ailerons executing various harmonie 

motions is developed and validated. 
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3.2 Method of solution for unsteady flows past oscillating airfoils 

Consider a thin flexible airfoil of chord c executing harmonie oscillations about its 

mean position situated along the x -axis, as shown in Figure 3.2. 

y 

x 

Figure 3.2 Thin flexible airfoil with a boundary condition e (x, t). 

The harmonie oscillations executed by the airfoil are defined by the equation 

y = e(x,t) = ê(x) e'w/ , eiW
/ = cOSOJt + isinOJt . (3.13) 

where x and y represent the nondimensional Cartesian coordinates with respect to the 

chord c, with the origin placed at the airfoil leading edge in its mean position, t is the 

time, OJ is the radian frequency of oscillations, and ê(x) defines the modal amplitude of 

oscillations in flexure or as a rigid plate. In the complex form convention used to define 

the oscillations, the reduced quantities marked by a hat, /\, are complex numbers. 

The oscillating airfoil is placed in an undisturbed and incompressible uniform flow of 

velocity U 00 parallel to the x -axis, and the unsteady perturbation velocity components 

generated by the airfoil oscillations are denoted by u(x, y,t) and v(x, y,t). 

The equation of the body surface f(x,y,t) is hence 

f(x,y,t)=y-e(x,t)=O, 

The boundary condition on the surface of the airfoil is defined by 

af + [(Uoo +u)i+jvlvf=O , 
at 

(3.14) 

(3.15) 

where u and v are the perturbation velocities in the x and y directions, respectively. 

By performing the derivatives and inserting them into the boundary equation (3.15), one 

obtains the perturbation velocity v on the surface in terms of e(x,t), 

ae ( ) ae v=-+ U +u-
at 00 ax ' 

(3.16) 
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(3.17) 

Thus, the boundary condition on the oscillating airfoil can be expressed as 

v(x,O,t) = V (x )e iml 
, (3.18a) 

where, 

(3.18b) 

In the small perturbation assumption u / U 00 is smaller than unit y and hence can be 

neglected in the above equations. 

In view of the form of this boundary condition, one can introduce the reduced 

perturbation veiocity components 

A ( ) ( ) -iml U x,y = u x,y,t e , (3.19a) 

and 

A ( ) ( ) -iml V x,y = v x,y,t e . (3.19b) 

Since in incompressible flows the velocity components are harmonic functions, 

satisrying the Laplace equation, one can introduce the complex conjugate reduced 

velocity w (z) expressed as 

wez) = û(x,y) - jv(x,y) , z=x+jy, (3.20) 

where j = FI ' and thus the boundary condition (3.18) on the oscillating airfoil can be 

expressed in the complex form 

(3.21) 

where the subscript j indicates an imaginary part taken with respect to the complex 

variable z = x + j y (not with respect to i from the complex representation of the 

oscillatory motion). 

The elementary circulation along an infinitesimal control volume placed around an 

airfoil portion of length c d x is d r = 2 u(x,O, t) cd x , which leads to the distributed 

circulation on the airfoil 

y(x,t) = dr = 2 û(x,O)e iml 

cdx 
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By integrating this relation over the chord, one obtains the unsteady circulation around 

the airfoil 

1 1 

rc(t)=2 fu(x,o,t) cdx=2eiO
)f fû(x,O) cdx, (3.23) 

o 0 

and hence the reduced circulation around the airfoil te can be expressed in the complex 

form 

(3.24) 

Since the circulation around the airfoil varies in time, at each instant III time an 

elementary free vortex is shed at the trailing edge (x = 1) through a complex process 

involving viscous effects, as shown in Figure 3.3. 

dx f 

Figure 3.3 Free vortices shedding at the trailing edge of the airfoil. 

The intensity of such a free vortex shed at the trailing edge, drf (l,t) , can be determined 

from Kelvin' s circulation theorem for a material contour K which includes the airfoil, 

drK/dt=O,as 

dïf (l,t) ~ -[ d;c ] dt ~ -; (j) fe e'·' dt . (3.25) 

These shedding free vortices move downstream with the fluid flow velocity 

( cd x = U cO dt), and their distributed vortex intensity just behind the trailing edge is 

(1 ) - drf(1,t) --(iO)Jr~ imt rf ,t - - ce. 
c dx U oo 

(3.26) 
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The intensity of the elementary shedding vortices remains constant in time while they are 

moving downstream with the fluid velocity, according to Helmholtz' circulation theorem 

[22, 98, 188]. Such a shedding vortex situated at time t in the airfoil wake at the location 

x = (J" has been generated at the trailing edge at a previous time t - /).t , where the time 

lag /).t = C ( (J" - 1) / U", represents the time needed by this vortex to travel from the 

trailing edge to its present location, as shown in Figure 3.4. 

y 

1 x 

cr 

Figure 3.4 Geometry of a flat plate airfoil indicating the free vortex distribution. 

Thus, the intensity of the distributed vortex sheet in the wake at the location x = (J" can 

be calculated as 

rf((J",t)=_{~k)re eim
(-i2k(a-l) , 

where k is the reduced frequency of oscillations and is given by 

k=~. 
2U", 

The reduced intensity of the free wake vortices fi f ((J" ), is then 

~ () ( ) -im( rf (J" = r f (J", te, 
where 

Û(x) = -i (:) re e- i2k
(X-l) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

Similarly to (3.22), one can express û(x,O) in terms of fi f ((J") by considering the 

circulation along an elementary control volume placed around a portion of the wake of 

length c d (J" in the form 

û( (J", 0) = fi f((J" )/2 = Û( (J") (3.31) 
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Thus, in addition to the boundary condition (3.21) on the oscillating airfoil, the complete 

unsteady problem formulation has to also inc1ude the following boundary conditions 

upstrearn (where f = 0) and downstrearn ofthe airfoil, expressed in complex form as 

(3.32) 

for x < 0 and x> 1, where Hl (x) (Hl (x)= 1 for x> 1 and 0 for x < 0) and Û(x) are 

defined by (3.34b) and (3.30), respectively. 

3.2.1 Prototype unsteady problem solution 

To solve the complete problem of the oscillating flexible or rigid airfoil, consider first 

the prototype problem characterized by the jumps of velocities due to the bound vortices 

on the airfoil, represented by a constant ho and a variable 5rÎ (which is a sudden change 

in the normal to chord velocity component). The jump or sudden change of velocity due 
~ 

to the free vortices behind the trailing edge of the airfoil is represented by 5U, as 

depicted in Figure 3.5. 

Û(x),V(x) 

~ 

/ 
5V 

5U 
ho / / 1 

1 1 
1 
1 1 

1 1 
1 

1 1 
1 

1 1 
1 

1 1 
1 

1 x 
1 

s 
1 

(j 

Figure 3.5 Representation of the velocity jumps in the boundary conditions of the 

prototype problem of an oscillating airfoil. 

The prototype problem is defined by the boundary conditions, 

IMAG;{5W(s,z)}z=x =ho-H(s,x)5V , 

REAL; {5W(s, z)} z=x = Hl (x) Û(x) . 
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where 

H(s,x}= {01 
for x < s or x > 1 

for s < x < 1 

{
1 for x> 1 

Hl (x) = 0 for x < 0 

Complex singularity functions 

(3.34a) 

(3.34b) 

Special singularities are used to determine the complex perturbation velocity (rather 

than the complex potential) in the airfoil plane (see Figure 3.5). The perturbation velocity 

displays the following singular behavior at the leading edge and at the ridges (where the 

velo city has sudden change): 

At the leading edge, z = 0 

~1~Z , (3.35) 

At the velo city jump on the airfoil, s ~ z ~ 1 

lrEiE 
cosh- V~' (3.36) 

At the velocity jump due to the free vortices outside the airfoil, 1 < z ~ a 

~ COS-IV~ • (3.37) 

The general behavior and the derivations of the above special complex singularities are 

given in Appendix C. The velocity jump au due to an elementary free vortex behind the 

trailing edge is defined by 

aû = dÛ aa 
da ' 

(3.38) 

The prototype complex conjugate velocity a W(s, z} is expressed in terms of the 

velocity jumps, due to the bound and free vortices, and special singularities related to the 

complex variable z = x + j y. The singular contributions associated to the sudden 

70 



changes in ve10city and satisfying the boundary conditions (3.33) are hence oV O(s, z) 

and [Û'(z)dzL=aH(a,z), where 

~( ) 2 -l~-Z S G s, z = - cosh ( )' 
rr s-z 

(3.39) 

U~,( )_dÛ(a) __ [2k2Jr~ -i2k(a-l) a - - ce , 
da c 

(3.40) 

~( ) 2 _l~-za Ha, z = - cos ( ). 
rr a-z 

(3.41) 

Taking the effects of aIl the free vortices from the trailing edge a = 1 to infinity a ~ 00, 

the solution of the prototype complex ve10city 0 W(s, z) is thus expressed by, 

~ ( ) Fz A ~ (2e J ~ ~ oW s,z =-jbo +oA V--;--z--OV G(s,z)- -c- rc F(z) , (3.42) 

where 0 A is an unknown constant and 

a' 

F(z) = l}m fe-i2k(a-i) H(a,z) da . 
a ---><Xl 

(3.43) 
1 

After integration by parts, equation (3.43) can be recast as 

F(z) ~ {"Ck J [E. cos-1-J!- z+ r (z)]. (3.44) 

where 

E = 1· [-i2k((j' -1)] 
00 lm e , 

(j' ~oo 
(3.45) 

and 

a' ~(1- Z)Z e- i2k (a-i) 
F*(z) = lim f da . 

a'--->oo 1 2(a - z) ~(a -l)a 
(3.46) 

Because the perturbation velocity vanishes at infinity, the unknown constant 0 A can 

now be determined from the condition [oW(s,z)L--->oo= o. From the real part of this 

condition one obtains Eoo = 0 for this indeterminate constant (the same conclusion can 
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also be obtained from the Riemann-Lebesque lemma on Fourier integrals when the the ory 

of distribution is used [62, 137, 195,200]). 

The imaginary part of this condition leads now to the value of the constant 

2 k a" -i2k(a-J) 
A A f e 5A = -bo -5VC(s)+i rc - lim ~ dCJ , 

. 7rC a"~oo J 2 (CJ-l)CJ 
(3.47) 

where C(s) = (21 7r)cos-1 .J;. With this value of c5A, equation (3.42) can be recast in 

the form 

A () (Fz J A [~ Fz] A (2e) c5W s,z =-bo ~-;--z-+ j -c5V G(s,z)+~-;--z- C(s) +i rc -c- F(z) , (3.48) 

where 

2 . a" (1- z)CJ e- i2k(a-J) 
F(z) =- hm f dCJ . 

7r a"~oo J (CJ-l)z 2 (CJ-z) 
(3.49) 

The reduced circulation around the airfoil, 

(3.50) 

becomesnow 

te =~ 4; ~;:; [l+D(k)lIbo+oV[C(s)+ f(s)Jl, (3.51) 

where f(s)=(2/7r)~(1-s)s, Hg(k) and HJ2(k) are the Hankel functions of second 

kind (zero and first order) and the function b(k) is given by 

b(k)=ê(k)-I= -iHg(k) 
HJ

2(k)+i Hg(k) , 
(3.52) 

where ê(k) is Theodorsen's function [158,184,185]. 

Reduced pressure coefficient 

The unsteady pressure coefficient Cp (x,t) on the oscillating airfoil, can be obtained 

from the Bernoulli-Lagrange equation expressed in terms of the perturbation potential rp, 

C (x t) = _~ arp _ 2 u(x,y,t) 
p' U~ at u 00 ' 

(3.53) 
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which can be recast in terms of the reduced pressure coefficient ê p (x) as 

êp(x)= Cp (x,t) e- 11iJ1 
, 

êp(X)=-~[i k f(x)+û(X,O)] , 
Uoo c 

x 

f(x) = 2 fû(x,O) c dx . 
o 

(3.54) 

(3.55) 

(3.56) 

For the prototype unsteady problem, the reduced pressure coefficient is calculated as 

where 

8f(x) = REAL) J2[ 8W(z) L=x c dx . 
o 

One obtains thus 

uoo 8êp(s,x)=2A ~1:X +8V [2+2 ik(x-s)]G(S,x) , 

A = [ho + 8V C(s) ] [1 + b(k )+ i 2 k x ]+ b(k) 8V f(s) , 

where G(s,x)= REAL) {8(s,z) }z=x is defined by 

~cosh-I ~ forxE(O,s) 
1l ~~ 

G(s,x)= ~ sinh-I ~ forxE(s,I). 
1l ~~ 

o for x < 0 and x > 1 

3.2.2 Complete solution for oscillating airfoils 

(3.57) 

(3.58) 

(3.59a) 

(3.59b) 

(3.60) 

The solution of the complete unsteady flow problem of an oscillating airfoil can be 

obtained considering a continuous distribution of elementary ridges along the chord to 

model the boundary condition (3.21 ). Thus, the boundary condition change 

8 V = [dV(x)/ dx L=s ds = V' (s)d s for such an elementary ridge is introduced in the 
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solution (3.59) of the prototype unsteady problem, which is then integrated with respect 

to s along the chord, 

1 

Cp (x) = f8C p(s,x) ds . (3.61) 
o 

In the general case of flexible airfoil oscillations, V(x), defined by the boundary 

condition (3.18), is expressed in the general polynomial form 

n 

V(x) = UooIbk Xk , where (3.62) 
k=O 

which leads to the following expression of the reduced pressure difference coefficient 

across the airfoil, !1ê p (x) = -2 ê p (x) : 

(3.63a) 

R V =ÎJ(k) 2n+1 R _ 1 ~ j+1 
n 1 g n' n - --1 L... g n-j X , 

n + n+ j=O 

(3.63b) 

where the coefficients 

(2j)! 
gJ = 22j (j!)2 ' (3.63c) 

are also defined by the recurrence formula gj = gj_1 (2j -1)j(2j) , with go = 1 while 

R: , which are proportional to ÎJ(k) , represent the effect of the free shedding vortices. 

To facilitate the aeroelastic applications (especially for the flexural oscillations), 

expression (3.63a) can be recast in the following form with separate pressure 

contributions related to the aerodynamic stiffness, P S (x), aerodynamic damping, 

pD (x) and virtual mass, pM (x) , which are use fui in the aeroelastic studies: 

(3.64a) 

N N 

pS(x)=-4Ixi I bn (A0 +A:J, (3.64b) 
j=O n=j 

N N 

pM (x) = -4 Ixi l anAnj , (3.64c) 
J=O n=j 
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pD(X)= -4 fx J f (an A~ +an A:/ +xbn Anj) , 

A . = gn-j 
nJ n+l 

j=O n=j 
(3.64d) 

(3.64e) 

(3.64f) 

where Oj; is Kronecker's symbol (5j; = 1 for j = i, and 5j; = 0 for j::/:. i ). In these 

expressions, A:j , which are proportional to b(k) , represent the effect of the free 

shedding vortices situated in the wake, and are usually much smaller than the quasi­

steady terms A;j ,especially for small values ofthe reduced frequency k. 

Equations (3.63) and (3.64) represent two simple expressions of the general solution 

in closed form for the unsteady pressure difference coefficient I1C p (x, t) on the airfoil in 

the general case of oscillations of flexible (or rigid) airfoils, 

(3.65) 

The unsteady lift and pitching moment (with respect to the leading edge, positive 

nose-down) coefficients, 

(3.66a) 

(3.66b) 

can be obtained by integrating the pressure difference coefficient over the chord, thus 

resulting in 

A N A 2n + 1 [ i kA] 
CL =-2:r L bn gn -- 1+--+D(k) , 

n=O n + 1 n + 2 
(3.67a) 

(3.67b) 

Both unsteady solutions (3.63) and (3.64), as weIl as the unsteady solutions (3.67) of the 

lift and pitching moment coefficients, reduce directly to the steady solution in the limit 

case when k tends to zero (because limk->o b(k) = 0). 

These equations can also be recast in the following forms, in order to introduce (for the 

aeroelastic applications) the corresponding aerodynamic stiffuess components, ê t and 
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ê ~, aerodynamic damping tenns, ê f and ê ~, and virtual (or added) mass 

~M ~M 

components, CL and Cm' 

where 

" "S· "D 2 "M 
CL =CL +12kCL -4k CL ' 

ê =êS +i2kê D _4k 2 ê M 
m m mm' 

N 

ê;: =-2JrLan Ln , Ln =L~/(2n+4) 
n~O 

L~ = gJ2n + l)j(n + 1), L: = ÎJ(k) L~ , 

Mf = 2L~ (n+ l)j(n+ 2) , M; = L~ . 

(3.68a) 

(3.68b) 

(3.69a) 

(3.69b) 

(3.69c) 

(3.69d) 

(3.6ge) 

(3.69f) 

(3.69g) 

(3.69h) 

In these equations, the tenns L: and M: represent the effect of the free shedding 

vortices situated in the wake, which are usually much smaller than the quasi-steady tenns 

L; and M nQ ,especially for low frequency oscillations, as shown in the next section. 

The unsteady lift and pitching moment coefficients can also be expressed in tenns of 

their amplitude, ACL' ACm' and phase, tpCL' tpCm with respect to the airfoil 

oscillatory motion, as 

C (t) = A eimt-i'f'CL 
L CL , 

C (t) = A eimt-i'f'cm 
m Cm , 
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(3.70b) 

(3.70c) 



(3.70d) 

where the superscripts Re and lm denote the real and imaginary parts, such as 

êfe = REAL; {êL } and ê~ = IMAG; {êL }. The phase lag of the aerodynamic 

coefficients with respect to the oscillatory motion of the airfoil is an important parameter 

in the aeroelastic studies. 

3.3 Method validation for oscillating rigid airfoils 

The present method of solution has been validated by comparison with the previous 

results obtained by Theodorsen [184] for the lift and pitching moment coefficients, and 

by Postel and Leppert [158] for the reduced pressure difference coefficient, in the case of 

rigid airfoils executing harmonie oscillations in translation h (t) 

(3.71a) 

and in rotation () (t) with respect to a rotation center situated at x = a on its chord 

(3.71b) 

In this case, the modal amplitude of oscillations is expressed as 

ê(x) = h - (x - a) ê , (3.72) 

and hence the coefficients bn and an defining the boundary condition (3.18) in the form 

(3.62), where N = 1, become bo =- ê, bl = 0, ao =h + êa, al =- ê. The reduced 

pressure difference coefficient and the reduced lift and pitching moment (with respect to 

the leading edge) coefficients are expressed in this case by equations (3.64) and (3.68), 

where the aerodynamic stiffness, damping and virtual mass components are 

p s (x) = 4 ê [ 1 + b( k )] , 

pM(x)=êx(I-4a+2x)-4hx, 

pD(X)= ê(2 +8x-4a)-4h+ b(k)[ ê(3 -4a)-4h] , 

êi = 27rê [1 + b(k)], 

ê~f =27r [ê(l/8-a/4)-h/4], 
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(3.73b) 

(3.73c) 

(3.74a) 

(3.74b) 



èf =2;r {ô (1-a)-h+D(k)[Ô(3/4-a)-h]), 

ê! =(;r/2)Ô [1+ D(k)] , 

êt;: =(;r/2) [ê(9/32-a/2)-h/2] , 

ê~ =(;r/2) {ê(3/2-a)-h+D(k)[ê(3/4-a)-h]} . 

(3.74c) 

(3.75a) 

(3.75b) 

(3.75c) 

The pitching moment with respect to the rotation center (x = a) is defined as 

è m R = è m - a è 1> • The aerodynamic stiffuess and damping components of the se reduced 

lift and moment coefficients can also be expressed in terms of their quasi-steady and 

vortex-shedding components (denoted by the superscripts Q and V, respectively) 

ès = èSQ +èsv èD = êDQ +èDV 
L L L' L L L' 

(3.76) 

where: 

èfQ =2;r[Ô (1-a)-h], ê~Q =(;r/2)[ê (3/2-a)-h] , 

êfv =4ê~v =-2;rD(k)[ê (3/4-a)-h] . (3.77) 

The chordwise variations of the real and imaginary parts of the reduced pressure 

difference coefficient, ~êp(x) given by solution (3.73), are compared for validation in 

Figures 3.6 and 3.7 with the results obtained by Postel and Leppert [158] in the cases of 

oscillatory rotation around the quarter-chord ( h = 0 ) and oscillatory translation ( ê = 0 ), 

for two values of the reduced frequency of oscillations, k = 0.24 and k = 0.34 . An 

excellent agreement can be noticed between the present solutions and Postel and Leppert 

[158] results in aIl cases. 

The variation with the reduced frequency, k, of the real and imaginary parts of the 

reduced lift and pitching moment coefficients, êL and èm given by solutions (3.74) 

and (3.75), in the cases of oscillatory rotation (h = 0) and oscillatory translation (ê = 0 ) 

are illustrated in Figures 3.8 and 3.9. The present solutions were found to be in excellent 

agreement with Theodorsen's results [184]. 
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Figure 3.6 Oscillatory rotation of airfoils; real and imaginary parts of the reduced 

pressure difference coefficient, Ô ê p (x) . 
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3.3.1 Aerodynamic stiffness, damping and virtual mass 

The relative values of the aerodynamic stiffness, damping and virtual mass 

contributions in the pitching moment coefficient amplitude, A~:m , A{!m = (2 k) Agm and 

A~ = (4e )A~m , are illustrated for a rigid airfoil in oscillatory rotation in Figure 3.10. 

Their phases with respect to the airfoil oscillations, q';m and q'tm are also shown (note 

that an additional 900 and 1800 should be added to q' ~~ and q'(~ = 0 , respectively). 

3.3.2 Vortex-shedding effect 

The variations with k of the amplitudes of the vortex-shedding and quasi-steady terms 

of the aerodynamic stiffness and damping contributions in the reduced lift coefficient, 

A~f , A~[, A{!LQ = (2k)AgF , A{!/ = (2k) Ag: ,are also illustrated in Figure 3.10, 

together with the phases q' ~[ and q' g: , for a rigid airfoil in oscillatory rotation 

(q' ~F = q' gF = 0). One can notice that the vortex-shedding term amplitudes are much 

smaller than those ofthe quasi-steady terms in the case oflow frequency oscillations, k. 
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3.4 Solutions for airfoils executing flexural oscillations 

Consider a flexible airfoil executing flexural oscillations, 

e (x,t) = ê(x )e imt 
, 

where 

N 

ê(x} = L en xn . 
n=l 

(3.78a) 

(3.78b) 

is the modal amplitude of oscillations. In this case, the coefficients bn and an become 

bn =(l-bnN )(n+l)en+l ' an =(l-bno )en ,and the solutions for the reduced pressure, 

lift and moment coefficients are given by (3.63) - (3.69). 

Parabolic flexural oscillations of airfoils 

As an example, consider the parabolic flexural oscillations defined as ê(x) = e2 x2 ,in 

which case N = 2, bl = 2 e2 , a2 = e2 and the rest of the coefficients are zero. The 

solutions for the reduced pressure difference coefficient d ê p (x) is also defined by 

(3.64a), where 

P"(x)=e2 [2x+1+3b(k)/2] , 

pM (x) = e2 [ x2 /3 + x / 6 + 1/8 ] , 

pD(x)=e2 [2x2 +x+3/8+sb(k)/8] . 

and the reduced lift and moment coefficients are in this case 

êL = -(Ji /2)e2 [6+ 7i k+ b(k)(6+5 i k)-5e /4] , 
êm =-(Ji/2)e2 [2+3ik+b(k)(3/2+5i k/4)-3e /4] . 

(3.79a) 

(3.79b) 

(3.79c) 

(3.80a) 

(3.80b) 

For the parabolic flexural oscillations, the chordwise distributions of the real and 

imaginary parts of dêp(x) are shown in Figure 3.11 for two values of the reduced 

frequency of oscillations. The variations with k of the real and imaginary parts of ê L 

A 

and Cm ,are shown in Figure 3.12. 
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Figure 3.11 Flexural oscillations of airfoils; real and imaginary parts of the reduced 
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3.5 Solutions for airfoils with oscillating ailerons 

To determine the effect of the aileron oscillations, consider a thin airfoil of chord c at 

zero incidence fitted with an aileron of chord (1 - s) c, as shown in Figure 3.13, which 

executes harmonic oscillations defined as 

y = e(x,t) = i(x)e im
( for s < x < 1. (3.81) 

y 

• 
Uoo 

• 
• x 

s 

1 

Figure 3.13 Geometry of an airfoil fitted with an oscillating aileron. 

The boundary conditions on the airfoil in this case can be obtained in a similar manner as 

for the entire airfoil executing oscillations, resulting in 

where 

IMAG J {w(z)L=x = -H(s,x) V(x) , 

REAL j {w(z)} z=x = Hl (x) û(x) , 

V(x)=imi(x)+Uoo ai , 
ax 

(3.82a) 

(3.82b) 

(3.82c) 

while H(s,x), Hl (x) and Û(x) are defined by (3.34a), (3.34b) and (3.30), respectively. 

As shown by (3.82), there is a sudden change in the boundary conditions on the airfoil 

at x = s, which is represented by the ridge contribution V(s) G(s,z) in the complex 

reduced velocity w(z). Similarly to the case of oscillating airfoil, the boundary condition 

on the oscillating aileron can be modeled by a continuous distribution of elementary 
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ridges, defined by the contributions [V' ((j) d (j ] G( (j, z) for s < (j < 1 . Considering the 

solution (3.59) of the prototype unsteady problem for both the ridge at x = s and the 

distribution of elementary ridges, one obtains for the reduced pressure coefficient in this 

case 

U ",êp(x) = 2A~I: x + [2 +i2k(x - s )]V(s)G(s,x) 

1 

+ f [2+ i k (x-(j)]V'((j)G((j,x)d(j, (3.83a) 
o 

A = V(s){ [1 + b(k) + i 2k x] C(s)+ b(k )f(s)} 
1 

+ f V'((j){[ 1 + b(k) + i 2 k x ]C((j) + b(k )f((j)} d(j . (3.83b) 
o 

As in (3.62), the function V(x) in (3.83) has the general polynomial representation 

N 

V(x)=U",L.Bn xn , .Ên =f3n+ i2kan . (3.84) 
n=O 

After inserting this expression in (3.83) and performing the integrals, one obtains the 

reduced pressure difference coefficient Ô ê p = -2 ê p for the case of aileron oscillations 

in the form 

Ôêp(X)=-4~I:X~.Ên {[1+i2kJ(n+l)]1\Q +P:} 

N 

-4 G(s, x) L .Bn [xn +i 2 k (xn+l _sn+l )j(n+ 1)], (3.85) 
n=O 

where G(s,x) is defined by (3.60) while 

(3.86a) 

and the recurrence formula for J n is given by 

Jo = C(s) = (2/ Jr)cos-1 -.Js, (3.86b) 
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The reduced lift and pitching moment coefficients due to the aileron oscillations are 

ê = _ 27i ~ pA {".n J _ [~+ i 2 k g j+l ] 
l L.. n L.. nJ . 1 1· 2 

n=O J=O } + n + } + 

PA V Q i 2 k [Q n+1 Q ] } + n + n + -- n+1 - S 0 , 
n+l 

Qn = f(s) t sn- j gj , 
n + 1 J=O 

PA v /4 Q i 2 k [Q n+l Q ] + n + n+1 + -- n+2 - S 1 
n+l 

where gj is defined by (3.63c). 

(3.87a) 

(3.87b) 

The unsteady lift coefficient of the aileron and the hinge moment, 

CLa(t) = êLa exp(irot) and Ch(t) = êh exp(irot), are obtained by integrating ~êp(x) 

over the aileron in the form 

(3.88a) 

(3.88b) 

3.6 Method validation for a rigid aileron executing oscilla tory rotation 

In the case of a rigid aileron executing oscillatory rotations about the hinge x = s , the 

modal amplitude of oscillations is i (x) = -(x - s) j!J , and hence the coefficients fin and 

an defining the boundary condition (3.82) in the form (3.84), where N = 1, bec orne 
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/30 =- fi, /31 = 0, ao = fi s, al =- fi, and then ~êp(x), ê L , ê m , êLa ' Ch are 

determined from equations (3.85)-(3.88). 

The chordwise variation of the real and imaginary parts of the reduced pressure 

difference coefficient, ~êp(x), are shown in Figure 3.14 for S = 0.75 and two values of 

the reduced frequency of oscillations, k = 0.24 and k = 0.34 . 

The variations with k of the real and imaginary parts of the reduced lift and pitching 

moment coefficients, ê Land ê m' and of the reduced aileron lift and hinge moment 

coefficients êLa and êh are shown in Figures 3.15 and 3.16 for S = 0.7 . The present 

solutions were found to be in excellent agreement with the results obtained by 

Theodorsen [184] and by Postel and Leppert [158], also shown in the sarne figures. 

3.7 Solutions for an aileron executing flexural oscillations 

Consider an airfoil with a flexible aileron executing flexural oscillations defined by, 

& (x, t) = & (x) exp(i rot), where the modal amplitude of oscillations of the flexible aileron 

N 

is & (x) = L & n (x - S y . This leads to the corresponding values of the coefficients /3n 
n=O 

and an' and the solutions for the reduced pressure, lift, and moment coefficients are 

obtained from (3.85)-(3.88). 

Parabolic flexural oscillations of ailerons 

As an exarnple, consider the parabolic flexural oscillations defined as 

& (x) = &2 (x - S y, in which case N=2, /30 =-2&2 s, 

al =-2&2 S ' /32 =0, and a 2 =&2. In this case, the variation with k of the real and 

imaginary parts of the reduced aileron lift and hinge moment coefficients êLa and êh 

are shown in Figure 3.17 for s = 0.6. The chordwise distributions of the real and 

imaginary parts of the reduced pressure difference coefficient, ~ê p (x), are shown in 

Figure 3.18 for s = 0.6 and two values of the reduced frequency of oscillations. 
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Figure 3.14 Oscillatory rotation of ailerons; real and imaginary parts of the reduced 

pressure difference coefficient, ô ê p (x) . 
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Figure 3.15 Oscillatory rotation of ailerons; real and imaginary parts of the reduced lift 

and pitching moment coefficients, ê Land ê m • 
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Figure 3.16 Oscillatory rotation of ailerons; real and imaginary parts of the reduced 
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aileron lift and hinge moment coefficients, eLa and Ch . 
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Figure 3.17 Flexural oscillations of ailerons; real and imaginary parts of the reduced 
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aileron lift and hinge moment coefficients, eLa and Ch . 
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Figure 3.18 Flexural oscillations of ailerons; real and imaginary parts of the reduced 

pressure difference coefficient, Ll ê p (x) . 
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Chapter 4 

Numerical Analysis of Airfoils at Very Low 

Reynolds Numbers 

4.1 Problem formulation and governing flow equations 

Consider an airfoil of chord e placed at an incidence a in a uniform stream of 

velocity V 00 as shown in Figure 4.1. 

Upper far-field boundary 
r-------------------~---------------------------------------------

eY 

Vif) 

• 

~ 
In-flow 
boundary 

Vif) 

• 

.... 

Ch(4) 
ce4-) 

U"" lt 

Out-flow 
boundary 

eH3 
a 

L I 1 cL 
1 COI . 1 
L ___________________ ~---------------------------------_l _________ _ 

Lower far-field boundary 

-------, 

cHI 

eH2 

1 
_______ J 

Figure 4.1 Geometrie definitions for a general airfoil at incidence in a uniform flow. 
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The vis cous fluid flow past the airfoil is referred to a Cartesian reference system ex, 

e y ,where x and y are nondimensional coordinates, with the x-axis along the airfoil 

chord and its origin at the airfoil leading edge. Let U <Xl U and U a:J v denote the fluid 

velocity components along the x- and y-axes, where u and v are the nondimensional 

velocity components. 

The airfoil upper and lower surfaces are defined by the equations 

with 

el (x) = h (x) + e (x) , 

e2 (x) = - h (x) + e (x) . 

(4.1) 

(4.2) 

(4.3) 

where the subscripts 1 and 2 refer to the upper and lower surfaces, and where h(x) and 

e(x) define, respectively, the camberline and the airfoil thickness variation along the 

airfoil chord. The special case of symmetric airfoils is characterized by 

el (x) = e2 (x) = e(x) and h(x)= o. 
The incompressible steady-state Navier-Stokes and continuity equations for the flow 

past the airfoil can be expressed in the nondimensional conservation form 

Q(V,p) =0 , (4.4) 

VeV=8u+8v=O 
8x 8y , 

(4.5) 

where V = { u, v r represents the vector of the dimensionless velocity components, and 

Q(V, p), which includes the convective derivative, pressure and viscous terms, can be 

expressed in two-dimensional Cartesian coordinates in the form 

(4.6) 

(4.7a) 

(4.7b) 
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and where p is the dimensionless pressure, nondimensionalized with respect to pU 00 2 , 

and Re = cU 00 / v is the Reynolds number based on the chord length (p and v are the 

fluid density and kinematic viscosity). In the present computational analysis we focus our 

attention on flows at very low Reynolds numbers (which represent a measure of the ratio 

of inertia forces to viscous forces), in which the viscous effects play a very important 

role. 

4.2 Method of solution 

4.2.1 Computational domain 

Consider the physical and computational spaces shown in Figure 4.2 which are further 

divided into five sub-domains (or zones). The steady-state incompressible Navier-Stokes 

and continuity equations are formulated and solved in a computational rectangular 

domain (refer to Figures 4.1 and 4.2) obtained by the geometrical transformation 

x = x cos a + y sin a , 

y = f(x,y) , 

where 

-x sina+ y cosa 

y-el(x) 
--~~~--~~~--~~HI cosa 
HI -[-x sin a + el (x) cosa] 

y+e2(x) 
f(x,y) = 

-----;:----.:---~~-:-:-----::- H 2 cos a 
H2 +[-x sina-e2 (x) cosa] 

H3 +(-x sina+ y cosa) H 
1 

HI +H3 

_ H H3 +(-x sin a + y cosa) 
2 

-H2 +H3 

o < x < 1 and y < -e2 (x) 

x> 1 and y > - H3 

x> 1 and y < -H3 

(4.8a) 

(4.8b) 

(4.8c) 

in which HI and H 2 are the physical coordinates of the upper and lower far-field 

boundaries (see Figure 4.1) of the computational domain, and H3 = sin a . The upstream 

inflow and downstream outflow boundaries of the computational domain are defined by 

the physical coordinates X = - Lo and X = LI cos a . 
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The geometrical transformation Y = f(x, y) is derived and implemented separately for 

each resulting computational domain. The correlations between the physical and the 

resulting rectangular computational domains are given below for each sub-domain. 

For Domain 0 (x < 0 and - H 2 < Y < Hl) 

f(x, y) = -x sin a + y cosa , 

af . 
-=-Slna 
ax ' 

af =cosa , 
ay 

a2 f 
-=0 
ax 2 

' 

a2 f 
-=0 
ay2 ' 

At the upper far-field boundary, one obtains 

y cos a = Hl + x sin a and f(x, y) = Hl , 

and similarly at the lower far-field boundary 

y cosa = -H2 + x sin a and f(x,y) = -H2 , 

where along the line passing through the X -axis, one thus obtains 

y cosa = x sina and f(x, y) = 0 . 

For Domain 1 (0 < x < 1 and el (x) < y < [J!L+ x tana] ) 
cosa 

f(x, y) = y-el(x) H 
[ ] 

l cosa , 
Hl - -x sina + e1 (x) cosa 

af _ -[y-eJx)]sina-e;(x)G;(x,y) H 
- - ( )2 1 cos a , 
ax GI x 

af _ Hl cosa 
ay- G

1
(x) 

a2 f _ F;(x,y)+F2 (x,y)H 
--2 - ( )4 1 cos a , 
ax GI x 
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(4.9a) 

(4.9b) 

(4.9c) 

(4.9d) 

(4.ge) 

(4.10a) 

(4. lOb) 

(4.10c) 

(4.10d) 



Upper far-field boundary 

-- - - - - - - - --- -.- - - - -- - -- ---- - -~ - - - ~ - - - - -- - - - -- --- -- -- - -- - - - - -- - - - - -

eY 
Domain 1 

Airfoil surface 

~ In-flow 1 

: boundary 

Domain 3 

1 ex 

Out-flow 
boundary 

Domain 2 
: 1 1 

Domain 4 

-------, 

:. ·;1 ~ ~----------------------~~--~ 
: eLo : cL] !.. _____________ L ______________ ~ ___ J _______________________________ _ 

Lower far-field boundary 

eY 

Domain 1 Domain 3 
Domain 0 

Solid wall 

Domain 2 Domain 4 

, '. .. , 1 

: eLo : cL] L _____________ L ______________________ J _______________________________ _ 

Figure 4.2 Physical and computational domains. 

where 
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F; (x,y) = CI (x y [- e;'(x )GI (x,y)] , 

F2(x,y)= 2GI(x)(sina -e;(x)cosa ){[y-el (x)]sina +e;(x )GI (x,y)} , 

GI(x)=HI +x sina-el(x)cosa , 

GI(X,y)= Hl +x sina- y cosa , 

At the upper far-field boundary, one obtains 

y cosa = Hl +x sina and f(x, y) = Hl' 

and on the airfoil upper surface, the transformation becomes 

y=el(x) and f(x,y)=O. 

For Domain 2 ( 0 < x < 1 and [- H 2 + x tan a] < y < -e2 (x) ) 
cosa 

f(x y)= y+e2 (x) H cosa 
, H

2
+[-xsina-e

2
(x)cosa] 2 , 

af _ e; (x) G; (x,y)+ [y+e2(x)]sina H 
- - ( )2 2 cos a , ax G2 x 

af H 2 cosa 
= ay G2 (x) 

a2 f ~(x,y)+~(x'Y)H 
-2 = ( )4 2 cos a , ax G2 x 

where 

F;(x,y)=G2 (xY [e;(x)G2 (x,y)] , 

~(x,y)= -2 G2 (x)(-sin a -e;(x)cosa )([y + e2 (x)] sina +e;(x )G2 (x,y)} , 

G 2 (x) = H 2 - x sin a - e 2 (x) cos a , 

At the lower far-field boundary, one obtains 

y cosa = -H2 + x sina and f(x, y) = -H2 , 

and on the airfoillower surface, the transformation becomes 
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(4.11a) 

(4.11b) 

(4.11c) 

(4.11d) 

(4.11e) 



y = -e2 (x) and f(x,y)= 0 . 

For Domain 3 (x> 1 and y> -H3 ) 

(
X ) = H 3 + (- x sin a + y cos a) H 

f ,y H HI' 
1+ 3 

af . HI - = - sm a -----'---
ax HI +H3 

af H 
-=cosa 1 

ay HI +H3 

a2 f 
-=0 
ay2 ' 

At the upper far-field boundary, one obtains 

y cosa = HI +x sina and f(x, y) = HI , 

(4.12a) 

(4.12b) 

(4.12c) 

(4.12d) 

(4. 12e) 

and on the common boundary dividing domains 3 and 4, which becomes a line passing 

through the X -axis, one obtains 

y cosa = -H3 + x sina and f(x,y) = 0 . 

For Domain 4 (x > 1 and y < -H3 ) 

f(x ) = _ H H 3 + (- x sin a + y cos a) 
,y 2 -H H ' 

2 + 3 

af H 
-=cosa 2 

ay H 2 -H3 

a2 f -=0 al ' 
At the lower far-field boundary, one obtains 

y cosa=-H2 +x sina and f(x,y)=-H2 , 
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(4. 13 a) 

(4.13b) 

(4.13c) 

(4.13d) 

(4.13e) 



and on the common boundary dividing domains 3 and 4, which becomes a line passing 

through the X -axis, one obtains 

y cosa = -H3 +x sina and f(x,y)= 0 . 

The coordinate transformation of the form (4.8a) and (4.8b) is used to transform the 

Navier-Stokes and continuity equations from the physical domain (x,y) to the 

rectangular computational domain (X,Y). By applying the chain rule of partial 

differentiation, the derivatives appearing in the goveming flow equations become 

a ax a 8Y 8 
-=--+--
8x 8x 8X 8x 8Y , 

(4.14) 

8 8X 8 8Y 8 
-=--+--
8y 8y 8X 8y 8Y , 

(4.15) 

and upon introducing the derivatives of the transformation equations, one obtains 

8 8 8f 8 
-=cosa -+--
8x 8X 8x 8Y , 

(4. 16a) 

8 . 8 8f 8 
-=sma -+--. 
8y 8X 8y 8Y 

(4. 16b) 

Similarly, the second-order derivatives are then defined by 

(4.17a) 

--=(sma) --+2sma- + - --+----. 8
2 

• 2 8
2 

• 8 f 8
2 

(8 fJ2 8
2 

8
2 
f 8 

8y2 8X2 8y 8X 8Y 8y 8y2 8y2 8Y 
(4.17b) 

In the computational domain obtained by this coordinate transformation, the steady 

incompressible Navier-Stokes and continuity equations become 

where 

G(V,p)=O, 

DV=O, 

( )= {GJu, v,p)} 
G V,p ( )' Gv U,v,p 
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(4.18) 

(4.19) 

(4.20) 

(4.21) 



G uv) =C 8 (uu) +C 8(uu) +C 8(vu) +C 8(vu) +C 8p +C 8p 
u ( "p 7 8X 2 8Y g 8X 3 8Y 7 8X 2 8Y 

8 2u 8 2u 8 2u 8 u 
+C1 --+C6 +C5 -

2 
+C4 -, 

8X 2 8X 8Y 8Y 8Y 

uv) =C 8 (vv) +C 8 (vv) +C 8(uv) +C 8 (uv) +C 8p +C 8p 
Gv ( "p g 8X 3 8Y 7 8X 2 8Y g 8X 3 8Y 

in which 

1 
C =--

1 Re' 

c = 8f 
2 8x' 

C = __ 1 (8 2f 
+ 82f

] 

4 Re 8x2 8y2 ' 

C 6 = - 2 [ cos a 8 f + sin a 8 f] , 
Re 8x 8y 

C7 = cosa , 

Cg = sin a . 

(4.22a) 

(4.22b) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

(4.30) 

4.2.2 Method of artificial compressibility and pseudo-time relaxation 

technique 

The pseudo (or artificial) compressibility method consists in adding a pseudo-time 

derivative of the pressure to the continuity equation. At steady state, the divergence-free 

condition is satisfied and the incompressible viscous flow equations retain its physical 

meaning. The use of artificial compressibility for the analysis of incompressible flows 
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was first suggested by Chorin [30-32] and frequently used since by other authors (such as 

Temam [182], Rogers and Kwak [164], Soh [175] and Mateescu et al. [125, 126] ). 

The continuity and incompressible Navier-Stokes equations are augmented by pseudo­

time derivative terrns involving pressure and velocity in the forrn 

(4.31 ) 

(4.32) 

v={:}. (4.33) 

where 8 represents an artificially-added compressibility relaxation parameter, p = p /8 

is the artificial equation of state and p represents the pseudo density. The pseudo-time t 

in this formulation is not a real physical quantity; however it is similar to the physical 

time in a compressible flow problem. Although many authors proposed different methods 

to determine the value of the artificial relaxation pararneter (for instance, see Hirsch [79], 

Chang and Kwak [27], Soh [175] and Mateescu et al. [125, 126] ), an optimal value of 8 

is better obtained by numerical experimentation. 

The pseudo-continuity and Navier-Stokes equations (4.31) and (4.32) are solved in 

pseudo-time until a steady state is reached and the physical divergence-free condition is 

satisfied. An implicit Euler scheme is then used in this respect to discretize these 

equations in pseudo-time, and the resulting equations are expressed as 

v n+1 V n 

- +Gn+1(V)= 0 --L1-t-- ,p, (4.34) 

n+l n 1 
p - P +_ DV n+1 = 0 

L1t 8 
(4.35) 

where L1 t = t n
+

1 
- t n is the pseudo-time step and the superscript n indicates the solution 

at the pseudo-time level t n = n L1 t . By introducing the pseudo-time variations 

L1 V = V n+1 
- V n , 
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(4.36) 

(4.37) 

(4.38) 



equations (4.34) and (4.35) can then be expressed in pseudo-delta form 

8 V +l1t I1G = -l1t G n 
, 

I1t ( ) I1t n I1p+-DI1V=--DV. 
cS cS 

(4.39) 

(4.40) 

The implicit system of equations (4.39) and (4.40) are nonlinearly coupled by the term 

I1G. The initial conditions at time t n = t l required to start the pseudo-time relaxation 

technique are taken to be V n and pn. The corresponding values on the boundaries of the 

fluid domain are imposed as boundary conditions and kept unchanged. Then equations 

(4.39) and (4.40) are iterated in pseudo-time until a steady state is reached at t n 
= t k

, at 

which point the pseudo-time variations are equal to zero (11 V = 0 and 11 p = 0) and 

hence Vhl = V k and phi = pk . This iterative solution procedure in conjunction with 

the spatial discretization will be discussed in detail in the following sections. 

4.2.3 Alternating direction implicit technique 

In order to facilitate the pseudo-time relaxation technique, the implicit nonlinear 

system (4.39) and (4.40) must be appropriately linearized. This is done by lagging the 

velocity components, which are expressed in pseudo-time delta form as 

AV~[~:] , (4.41 ) 

(4.42) 

where 

I1G (u v ) = C 8(u
n 
l1u) + C 8(u

n 
l1u) + C 8(v

n 
l1u) + C 8(v

n 
I1U) 

u "p 7 8X 2 8Y 8 8X 3 8Y 

(4.43 a) 

C 811p C 811p C 8
2
11v C 8

2
11v C 8

2
11v C 811v + --+ --+ --+ + --+ 

8 8X 3 8Y 1 8x 2 6 8X8Y 5 8y 2 4 8Y , 
(4.43b) 
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and 

(4.44) 

This first-order accurate approximation is consistent with the order of accuracy of the 

implicit Euler pseudo-time discretization. The delta-form implicit system (4.39) and 

(4.40) is then expressed in the general matrix form 

where 1 is the identity matrix, and 

M 0 C~ 
7 ax 

D = X 0 M C~ 
8 ax , 

C7 a C8 a 
0 -- --

g ax g ax 

N 0 C~ 
2 ay 

D -y- 0 N C~ 
3 ay , 

C2 a C3 a 
0 -- --

g ay g ay 

-Gu{Un,Vn,pn) 
s= _G)Un,Vn,pn) 

-(11 g )DVn 

in which the differential operators M and N are defined as 

Mrh=C a(unrjJ)+c a{vnrjJ)+C a2rjJ 
If' 7 ax 8 ax 1 ax2 ' 
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(4.45) 

(4.46) 

( 4.47a) 

(4.47b) 

(4.48) 

(4.49a) 

(4.49b) 



By applying an approximate factorization to the left-hand side ofthe general matrix form 

(4.45), one thus obtains 

[1 + ~t(D x + Dy )]~f = (1 + ~t Dy )(1 + ~t D x )~f , 

Hence, equation (4.45) is rewritten as 

(1 + ~t Dy )(1 + ~t D x )~f = ~t S , 

A factored altemating direction implicit (ADI) scheme is used to solve this system of 

equations. The solution proceeds with the altemating sequence of a Y -sweep followed by 

a X -sweep. Upon introducing the intermediate variable vector 

where 

the y -sweep is defined by 

(1 + ~t Dy )~f = ~t S , 

whereas the X -sweep is given by 

(1 + ~t D x )~f = ~f . 

In scalar form the Y -sweep matrix equation (4.52) is then expressed as 

(4.50) 

(4.51 ) 

(4.52) 

(4.53) 

~u+~t + + + + --+ --- [c 8(u
n ~u) C 8(v

n ~u) C 8
2 ~u C 8

2 ~u C 8~u C 8~P] 
2 8Y 3 8Y 6 8X 8Y 5 8y2 4 8Y 2 8Y 

= -~t Gu (Un, Vn ,pn) , (4.54) 

- [c 8(un~v) C 8(vn~v) C 82~V C 82~V C 8~v C 811P ] 
~V+~t + + + --+ --+ --

2 8Y 3 8Y 6 8X 8Y 5 8y2 4 8Y 3 8Y 

= -~t Gv (Un, V n ,pn ) , (4.55) 

~ - + ~t[c 8~u +C 8~V] = _ ~t DVn 
p g 2 8Y 3 8Y g , (4.56) 

whereas l1u, ~ V and 11 p are solved subsequently in the X -sweep defined by the scalar 

equations 
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A [e a(UndU) e a(VndU) e a2dU e adP ]_ A-du + ilt 7 + 8 + 1 2 + 7 - ilU , ax ax ax ax 
(4.57) 

A [e a(Un 
d V) e a(Vn 

dV) e a2 
dv e a dP ] _ A-

dv + ilt 7 + 8 + 1 2 + 8 - ilV , ax ax ax ax 
(4.58) 

dt[ adu adV] dp+- e --+e - =dp- . 
S 7 ax 8 ax (4.59) 

By solving the X -sweep and Y -sweep scalar equations (4.54-4.59), the variables 

Un+1 = un + du, vn+1 = vn + d V and pn+l = pn + d P are hence obtained. The solution 

can then be progressed to the next pseudo-time step until convergence when du, d V and 

dp are equal to zero. During this altemating direction implicit technique, du and dv 

on the boundaries of the computational domain are zero, as the values un and vn are 

imposed at the beginning of the pseudo-time iteration and kept constant. 

4.2.4 Spatial discretization 

The Navier-Stokes and continuity scalar equations (4.54-4.59) are further spatially 

discretized by central differencing on a staggered grid. In order to obtain a good spatial 

resolution, stretched grids were generated based on hyperbolic sine stretching functions 

in both the X - and Y - directions. This will cluster more points in regions of higher 

velo city gradients, for example near the leading and trailing edges of the airfoil. A sketch 

of points clustering strategy is shown in Figure 4.3. 

Consider a domain bounded by two parallel boundaries in the Y - direction with 

(J + 1) points distributed between them, the hyperbolic sine stretching function gives the 

coordinates Yj , j = 0, ... , J , of the grid points between the two boundaries by the relation 

(4.60) 

where Yo and YJ is the coordinates of the points where the mesh is the fine st and 

coarsest, respectively. The amount of stretching is controlled by the parameter r and the 

larger it is, the more the points are clustered near the boundary, in this case 1'0. Similarly, 
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if we want to stretch the grid in the X -direction, we obtain for the locations Xi of the 

(J + 1) points between X 0 and XI 

Sinh(r 7) 
X;=Xo+(X/-Xo). , 

slnhr 
(4.61) 

Different uses of the hyperbolic sine stretching functions are described by Vinokur [193]. 

The evaluation of the spatial derivatives that appear in the X -sweep and Y -sweep scalar 

equations (4.54-4.59) on a stretched grid is described below. 

eY /' 
v 

hyperbolic sine stretching -

eX 

~ 

hyperbolic sine stretching 

Figure 4.3 A sketch of grid stretching in the rectangular computational domain. 

Consider a one-dimensional portion of a typical irregular stretched finite-difference 

grid, shown in Figure 4.4. 

o----~o~------~o~----------~o~--------------------o 

Figure 4.4 Portion of a one-dimensional stretched finite-difference mesh. 
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Denote by Xi the coordinate of a mesh point and /; = f(Xi ) the function value at 

that point. The partial derivative of a function f(X) with respect to X is numericaUy 

evaluated using central-differencing approximation through the use of Taylor series 

expansions. Thus, one obtains 

(4.62a) 

or in the alternative form 

a f /;+1/2 - /;-1/2 = (4.62b) 

Similarly, the numerical evaluation of the second partial derivative of the function f(X) 

is done as 

(4.63) 

The Navier-Stokes and continuity flow equations (4.54-4.59) is centraUy differenced 

on a stretched staggered grid [76] in the computational space, as shown schematically in 

Figure 4.5. In a staggered grid, the velocity components U and v are defined at different 

grid points, namely at (Xi
u ,Y/) and (XiV ,Y/) for ui,} and Vi,}' respectively, which are 

also different from the grid point where the pressure Pi,} is defined, which is (Xiv, Y}U ). 

For a ceU (i, j) centered at the point (Xiv, y}u) where the pressure is defined, the four 

sides correspond to grid points where uH ,)' u i ,}' Vi,)_l and Vi,) are defined. Moreover, 

the X- and Y- momentum and the continuity equations (4.54-4.59) are centraUy 

differenced about the points where U i ,}' Vi,} and Pi,} are defined, respectively. 
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Y}:l OVH,)+1 OVi,)+1 OVi+1,J+l 

Y;+l o PH,}+1 o Ui-1,)+1 o Pt,}+l OUt,}+1 o Pi+l,}+l o Ut+1,}+1 

y v 
) OVt_1,) OVi ,} OVi+1,J 

yu o PH,j o UH,J o Pi,} OUi,} o Pi+l,j OUt+1,j } 

yv 
OVi_1,}_1 

1 
OVi,}_1 
~ OVi+U - 1 j-l 

yU
1 )- o Pi-l,}-l o UH,j-l o Pi,j-l OUi,j_1 o Pi+l,j-l o Ui+l,j-l 

Figure 4.5 Schematic representation of the staggered grid used ln the spatial 

differentiation. 

In order to perform the spatial discretization of the equations, we first introduce the 

linear interpolates of the velo city and pressure components on the staggered mesh, which 

are given by 

Y'Xi: 1 u i ,) + Y'Xi: 1 U i+1,} 

L1Xi: 1 

Y'X':1 Vi,j + Y'xt vi+l,J 

L1X
u 
1 

U x - = Y'xt U i- 1,} + Y'Xi
v 

Ui,j 

u L1X v 
1 

Y' XiV Vi-l,) + Y' Xi"-l Vi,) 

L1Xi"-1 

v y - = Y'Y/ Vi,j_l + Y'~U Vi,) 

v L1Yu 

) 
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(4.64a) 

(4.64b) 

(4.64c) 

(4.64d) 

(4.64e) 



(4.65a) 

( ) +- ()--Uv i-I,j = Uv i,j , (4.65b) 

where 

(4.65c) 

( ) ++ ()--Vu i-I,j-I = Vu i,j , (4.66a) 

(4.66b) 

where 

VXVV1·+VXU1V. V = / /-,j /- /,j 

2 ~Xu 
/-1 

(4.66c) 

(4.67a) 

(4.67b) 

where 

(4.67c) 

where, in these relations, ~ and V, which we will sornetirnes refer to as the delta's and 

nabla's of the grid point coordinates, denote the central and backward difference 

operators applied to these grid point coordinates. These are defined as 

~XiU = X i:1 - xt , ~Xiv = xt - Xi~1 , (4.68a) 

~Y: = Y/ - Z~I , ~Zv = Yl'rl - ZU , (4.68b) 

VXu=xu_X v 
/ 1 / 

, V Xiv = Xiv - Xi~l , (4.68c) 

VZ
U = Yj

U 
- Z~I , VY/ = Y/ _yj

U 
• (4.68d) 
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The spatial discretization of the partial derivatives that appear in the X- momentum 

equation (4.22a) denoted by Gu (u, v,p) is performed using central differencing about the 

point where Ui,j is defined. Thus, one obtains 

G (u v ) = C 8 (uu) + C 8( uu) + C 8( vu) + C 8( vu) + C 8 P + C 8 P 
u "p 7 8X 2 8Y 8 8X 3 8Y 7 8X 2 8Y 

(4.69) 

where 

(4.70) 

8() 
y+ y+ y- y-

~= Uu Uu -Uu UU 
8Y ~yu 

J 

(4.71) 

(4.72) 

8() 
y + y + y - y-

~= Vu Uu -vu UU 
8Y ~yu 

J 

(4.73) 

8p Pi+l,j - Pi,j 
= 

8X ~Xu 
1 

(4.74) 

8p (Pu )~; - (Pu )~~ 
= 

8Y ~yu 
J 

(4.75) 

(4.76) 

(4.77) 

(4.78) 

(4.79) 
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Similarly, the spatial discretization of the partial derivatives that appear in the Y­

momentum equation (4.22b) denoted by G v (u, V, p) is performed using central 

differencing about the point where Vi,} is defined. Thus, one obtains 

G (u V ) = c a (vv) + c a (vv) + c a (uv) + c a (uv) + c a P + C a P 
v "p 8 ax 3 ay 7 ax 2 ay 8 ax 3 ay 

where 

a () x+ x+ x- x-vv Vv Vv -vv Vv 
= ax i1X v 

1 

a () y+ y+ y- y-
~= Vv Vv -vv Vv 

ay i1Y v 
} 

a() x+ x+ x- x-uv Uv Vv -uv Vv 
= ax i1X V 

1 

i1X V 

1 

ap = Pi,}+! - Pi,} 

ay i1Y v 

} 

a y+ y-v Vv - Vv = ay i1Y V 

} 
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(4.80) 

(4.81) 

(4.82) 

(4.83) 

(4.84) 

(4.85) 

(4.86) 

(4.87) 

(4.88) 

(4.89) 

(4.90) 



The spatial discretization of the partial derivatives that appear in the continuity 

equation (4.20) denoted by D V is performed using central differencing about the point 

where Pi,j is defined. Thus, one obtains 

where 

DV=C au +C au +C av +C av 
7 ax 2 ay 8 ax 3 ay , 

au Ui,j -Ui-l,j 

ax 

au 

ay 

av 

ax 

= 

av Vi,j - Vi,j-l 
= 

ay 

(4.91) 

(4.92) 

(4.93) 

(4.94) 

(4.95) 

The evaluation of the viscous derivatives near a boundary (such as a solid wall) 

requires special treatment. In fact, in the staggered grid a boundary parallel with the X­

axis passes through the points where for example, Vi,l are defined, and similarly a 

boundary parallel with the Y-axis passes through the points where Ul,j are defined, see 

Figure 4.6. Hence the numerical evaluation of a2u / ay2 in the former case and of 

a2v / ax2 in the latter case would require points defined outside the physical domain. To 

overcome this difficulty, we use non-central differencing (second-order accurate three­

points forward or backward differencing obtained from Taylor series expansion) to 

compute the derivative of the term in (4.63) which would otherwise require points outside 

the domain. Thus, the viscous derivatives near a boundary are numerically evaluated as 

(4.96) 

(4.97) 
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The second term in the square brackets in these last two expressions represents the one­

sided evaluation of the first derivative at the boundary, Ui,b and v b,} are the velocity 

components at the boundary (such as a solid wall) which are specified as boundary 

conditions. 

OVh 4 

1 ' 

OV2,4 OV3,4 OV4,4 

DUl4 
1 ' 

o P2,4 DU2,4 o P3,4 DU3,4 o P4,4 DU4,4 

OVb 3 

1 ' 

OV2 ,3 OV3,3 OV4,3 

1"" 
o P2,3 o U 2,3 o P3,3 o U 3,3 o P4,3 DU4,3 

OVb 2 

1 ' 

OV2 ,2 OV3,2 OV4,2 

DU1,2 o P2,2 DU 2,2 o P3,2 DU3,2 o P4,2 DU4,2 

~ Ov2,l o U 2,b -- OV3,1 -- DU3,b -- Ov4 ,l DU4,b 

Figure 4.6 Numerical evaluation ofviscous derivatives near boundaries. 

4.2.5 Efficient decoupling procedure and the solution of scalar 

tridiagonal system 

It is se en in the Y-sweep, equations (4.54-4.56), that the continuity and Navier-Stokes 

equations couple l1ïi and I1v to 11j5. Renee (4.54) and (4.55) can not be solved 

independently of (4.56). Rowever, it is possible to uncouple l1ïi and I1v from 11j5 by 

elimination of 11 j5 from the equations after performing the differencing on the staggered 

grid. 

The X-momentum equation (4.54) is written III differenced form utilizing the 

expressions for the partial derivatives similar to equations (4.70-4.79) and the interpolates 

of overbarred quantities similar to those found in Section 4.2.4. Thus, the discretized X­

momentum equation after regrouping the terms becomes 
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( 1 1 J (VY/+1 VZ~lJ}] -c --+-- +c -----
5 LlYv LlYv 4 LlYv LlYv 

j j-l j j-l 

[ ( n n n) C 8Llp C 8
2 
Llu ] =-Llt Gu u ,v,p + 2--+ 6 , 

8Y 8X8Y 
(4.98) 

where Gu (un, vn ,pn) is obtained from (4.69) and (4.70-4.79) and the coordinate 

transformation coefficients (such as C2 and Cs) are numerically evaluated at the point 

where Ui,j is defined, as shown in Figure 4.5. 

The partial derivatives 8Llp / 8Y and 8 2 Llu / 8X8Y that appear in the right-hand side 

of (4.98) are either assumed zero because at convergence the delta quantities Llp and 

Llu become zero or they are numerically evaluated at the previous pseudo-time step 

n -1 from (4.75) and (4.77), respectively. 

For a given X-coordinate location, Xi' the setting up of (4.98) for each j, 

2 ~ j ~ J -1 , where J is the number of grid points in the Y-direction, gives a tridiagonal 

system of equations which has to be solved for LlUi,j" This is done at each Xi' 

2 ~ i ~ 1 -1, where 1 is the number of grid points in the X-direction, in order to obtain 

LlUi,j' for aIl i,j . 

The flow quantities at Xi' i = 1 and i = 1 , are specified as boundary conditions and 

this is why the tridiagonal systems are set up only for Xi' 2 ~ i ~ 1 -1 . Near a boundary 

(such as a far-field or a solid wall), the implementation of non-central differencing as 

shown in Section 4.2.4 will result in a slightly modified equation. 
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In addition, on a far-field or a solid wall boundaries I::.ïi is zero because the velocity 

U;b' of the boundary at t n is imposed as a boundary condition and remains unchanged 

during the pseudo-time relaxation. 

Similarly, as with the X-momentum equation, we can express the Y-momentum and 

continuity equations (4.55-4.56) in differenced form, after utilizing expressions for the 

partial derivatives similar to equations (4.81-4.90) and for the interpolates presented in 

Section 4.2.4. Thus, in Y-sweep the discretized Y-momentum equation becomes 

[ ( n n n) C a2 l::.v] = -I::.t Gv U ,V ,p + 6 , aXay (4.99) 

M M[ (I::.ïi )~+ -(I::.ïi )-- I::.v . -I::.v 1] 1::. - . = __ DVn . __ CP v l,) . v l,) +CP l,) 1,)-

P,,) g l,) g 2 1::. yu 3 I::.yu ' 
) ) 

(4.100) 

where Gv (Un, V
n 

, p n
) is obtained from (4.80) and (4.81-4.90) and the coordinate 

transformation coefficients (such as C2 and Cs) are numerically evaluated at the point 

where Vi,) is defined while Ci and Cf are evaluated at the point where Pi,} is defined, 

as shown in Figure 4.5. The partial derivative a 21::. v 1 axay that appear in the right-hand 

side of (4.99) is either assumed zero because it is very small and at convergence the delta 

quantity I::.v becomes zero or it is numerically evaluated at the previous pseudo-time step 
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n -1 from (4.88) utilizing the barred variable. It is seen that (4.99) requires the derivative 

al1.p 1 ay , which is given by 

(4.101) 

where the expression I1.Pi,J+] -I1.Pi,J is evaluated from the continuity equation (4.100), 

hence 

where the interpolates that appear in this last expression are evaluated in a similar manner 

as shown in Section 4.2.4. Upon substituting (4.102) in (4.99), we thus obtain for the 

latter 

=-l1.t[G (un vn n)+c a
2

11.v ]_l1.tC.3 [_l1.t DVn +l1.t Dvn 
v "p 6 aXay 11. Y v 8 I,J+l 8 I,J 

J 

(4.103) 
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This is the tridiagonal system of equations which has to be solved to obtain ~V;,j that has 

been uncoupled from ~P;,j' A procedure similar to that for the Y-sweep for ~ïi;,j is then 

used, specifically equation (4.103) is set up for each j, 2::;; j ::;; J - 2 (j = J -1 

corresponds, for example, to a far-field boundary or a solid wall), to obtain tridiagonal 

systems of equations which are solved for ~V;,j' where 2::;; i::;; 1 -1. ~P;,j is thus 

obtained from (4.100) after evaluating ~ïi;,j and ~v;,j' This special decoupling 

procedure which remarkably reduced the problem to the solution of tridiagonal systems 

of equation is computationally efficient. 

The solution of the X-sweep proceeds in a similar manner as in the Y-sweep. ~ p is 

eliminated from (4.57) with the aid of (4.59) to obtain ~u. Here we will thus only give 

the scalar tridiagonal systems of equations that one sets up from the differenced forms of 

equations (4.57-4.59). The equation for ~u is given by 

~~~J 

+~u .[l+~{C [(un):+VX;:1 _ (un):-vx;v]+c [(v;t~,j \lX;:l _ (v;r~\lx;vJ 
1,) ~Xu 7 M V MV 8 M V MV 

1 1+1 1 1+1 1 

At (~v )+- - (~v )--. At (~v )+- - (~v )-- ] 
__ Ll_ C {J u 1+1,) U 1+1,) + _Ll_ C P U 1,) . U 1,) 

t5 8 ~Xv t5 8 ~Xv ' 
1+1 1 

(4.104) 
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and then the equation for ~ v 

-c (_1. +_1 )} J 
1 MU MU 

1 1-1 

_ a~p 
=~v . -C8~t-- , 

l,} ax (4.105) 

while the pressure variation ~ P is recovered by the relation 

~t[ (~U.-~.UI.) ((~v+-) .. -(~v--) .. J] ~ . +_ CP l,) l-,} +CP U l,} U l,} =~-. 
Pl,} <5 7 ~Xv 8 ~Xv Pl,} 

1 1 

(4.106) 

The partial derivative a~ P / ax that appear in the right-hand side of (4.105) is either 

assumed zero because it is very small and at convergence the delta quantity ~ P becomes 

zero or it is numerically evaluated at the previous pseudo-time step n -1 from (4.85) 

utilizing the delta variable and (4.106). 

The serting up of (4.104) or (4.105) for each i, 2 sis 1 -1 , gives a tridiagonal system of 

equations which is solved for ~Ui,j at each Yj, 2 s j s J -1, and 2 s j s J - 2 for 

The inflow and outflow boundary conditions are assumed to be at Xi' i = 1 and i = l , 

respectively. Fluid is entering the domain at the inlet, such that we impose the velocity 

profile there; the velocity components U and v will thus be set to known values at XI' 

for example U = cos a and v = sin a. Since the velocity components U and v are 

imposed at the inflow, we thus have that ~ul,J and ~VI,j are equal to zero there. Aiso 
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there is no need to impose boundary conditions for the pressure at the inflow because we 

are using a staggered grid, as shown in Figure 4.6. Now, at the outlet, Xi = XI ' the fluid 

leaves the domain and the velocity components are thus extrapolated from inside the fluid 

domain, using the following second-order accurate relations 

( 
~Xv J ~Xv u . = 1+ 1 u . - 1 U . 

f,j ~Xv I-I,j ~Xv f-2,j' 
1-1 1-1 

(4.107) 

-(1 ~X;_1 J ~X;_1 v- + v- v. 
I,j ~Xu I-l,j ~Xu 1-2,j 

1-2 1-2 

(4.108) 

The viscous boundary conditions are imposed on the airfoil upper and lower surfaces 

which are transformed in the computational domain to a solid wall, that is u = 0 and 

v = o. The upper and lower far-field boundaries can be either treated as solid walls 

(u = 0 and v = 0) or the velocities can be imposed as those of the uniform stream at 

incidence (u = cos a and v = sin a), we thus have that ~u and ~ v are equal to zero 

there. As far as the pressure at the outlet is concemed, it can be either extrapolated from 

inside the fluid domain, computed from the momentum equation normal to an upper or 

lower far-field boundary at the outlet, or set equal to zero in order to fix the pressure level 

in the domain. 

4.2.6 Comparison with experiments 

The present numerical method has been first validated by comparison with 

experimental and previous numerical results for the two-dimensional flows over a 

downstream-facing step before using it for the analysis of the flows past airfoils at very 

low Reynolds numbers, for which there are no experimental results available. The details 

ofthe numerical validations are given in Appendix D. 
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4.3 Solutions for airfoils at various low Reynolds numbers 

4.3.1 Pressure distribution for symmetric airfoils at zero incidence 

The method presented in Section 4.2 has been first used to analyze the flow at zero 

incidence past symmetric airfoils at very low Reynolds numbers. Four symmetric NACA 

airfoils ranging in relative thickness from 2% to 8% were investigated. These airfoils are 

shown in Figure 4.7. 

NACA0002 

NACA0004 

NACA0006 

NACA0008 

Figure 4.7 Geometry of four symmetric NACA airfoils with 2%-8% relative thicknesses. 

The pressure distributions obtained with the present numerical method for NACA 0002 

and NACA 0008 airfoils at zero incidence, for the Reynolds numbers Re=400, 600, 800, 

1000,2000 and 6000 are shown in Figures 4.8 and 4.9. 

The present solutions for the pressure coefficient distribution on the NACA 0002 and 

NACA 0008 airfoils are compared in Figures 4.8 and 4.9 with the results obtained by 

Kunz and Kroo [99] using the INS2D code from NASA Ames (developed by Rogers and 

Kwak [164] and based on an upwind differencing scheme, instead of the central 

differencing scheme on a stretched staggered mesh used by the present method). The 

comparison shown for the Reynolds numbers Re=1000, 2000 and 6000 (no results were 
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available for Reynolds numbers smaller than 1000) indicates a very good agreement 

between the present solutions and the results obtained by Kunz and Kroo [99]. For a 

better illustration of the low Reynolds number effects, the inviscid solutions obtained 

using the analytical method developed in Chapter 2 are also shown in Figures 4.8 and 4.9. 

One can notice a dramatic change in the pressure coefficient distribution at Re=6000 in 

comparison with the inviscid solution. 
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Figure 4.8 Pressure coefficient distribution on a NACA 0002 airfoil at zero incidence 

and Reynolds numbers Re =400, 600, 800, 1000, 2000 and 6000. 
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Figure 4.9 Pressure coefficient distribution on a NACA 0008 airfoil at zero incidence 

and Reynolds numbers Re =400, 600, 800, 1000, 2000 and 6000. 

4.3.2 Pressure distribution for airfoils at incidence 

The present method has also been used to analyze the flow at incidence past symmetric 

and cambered airfoils at very low Reynolds numbers. Several cambered NACA airfoils 

were analyzed. Figure 4.10 shows the geometries of various NACA four-digits airfoils with 

different relative thickness, camber and maximum camber location along the airfoil chord. 
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NACA2302 

NACA2502 

NACA2702 

.... 
NACA4402 

NACA4404 

NACA2404 

NACA4404 

NACA6404 

NACA2702 

--------------------~~ 
NACA4702 

~----------~~ 
NACA6702 

Figure 4.10 Geometry comparison ofvarious cambered NACA airfoils. 

The numbering system of NACA four-digits airfoils is very simple, NACA 4702 for 

example, has a 2% relative thickness and 4% maximum camber positioned at 70% of the 

chord from the airfoil leading edge. The pressure distributions on a NACA 0002 airfoil at 

various Reynolds numbers and angles of attack are shown in Figures 4.11-4.13. 
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Figure 4.11 Pressure coefficient distribution on a NACA 0002 airfoil at Reynolds 

number Re = 1000 and angles of attack a = 0, 2 0 
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number Re =2000 and angles of attack a = 0, 2°, 40 and 6° . 
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Figure 4.13 Pressure coefficient distribution on a NACA 0002 airfoil at Reynolds 
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The pressure distributions on a NACA 0004 and NACA 0006 airfoils at Reynolds 

number Re=2000 and angles of atlack a = 0, 2°, 4° and 6° are shown in Figures 4.14 

and 4.15. Figures 4.16 and 4.17 present the results obtained for NACA 0008 airfoil at 

Reynolds numbers Re=2000 and 6000 at a = 0, 1°, 2°, 3° , 4° and 6°. 

Solutions were also obtained for NACA 4402 airfoil (2% relative thickness, 4% 

maximum camber positioned at 40% chord from the leading edge of the airfoil) at 

Reynolds numbers Re=1000 and 2000 and incidences a = 0, 2°, 4° and 6°, as shown in 

Figures 4.18 and 4.19. It is shown in these figures the effect of the relative camber on the 

pressure distribution as compared to the symmetric NACA 0002 airfoil (with a 2% 

thickness) at Reynolds numbers Re=lOOO and 2000. The comparison is indicative of the 

large variations in performance (larger pressure difference between the upper and lower 

airfoil surfaces) due to the introduction of camber, even at low incidences. 
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The effects of varying the location of the maximum camber along the chord were 

investigated by computing the pressure coefficient distribution on NACA 2302,2502 and 

2702 airfoils. For these profiles, the relative thickness and camber are 2%, while the 

locations of the maximum camber are 30%, 50% and 70% chord from the leading edge. 

The present computational solutions for these airfoils at Reynolds number Re=1000 and 

angles of attack a = 0, 2 0
, 4 0 and 6° are shown in Figures 4.20-4.22. 
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The pressure coefficient distributions on a NACA 4404 airfoil (4% relative thickness and 

4% maximum camber positioned at 40% chord) at Reynolds numbers Re=400, 600, 800 

and 1000 and angles of attack a = 0, 2°, 4° and 6° are shown in Figures 4.23-

4.26. Figures 4.27 and 4.28 present additional results obtained for NACA 2404 and 

NACA 6404 airfoils at Reynolds number Re=800 at a = 0, 2°, 4° and 6°. NACA 2404 

and NACA 6404 airfoils have the same relative thickness and camber location as those of 

NACA 4404 airfoil and are characterized by a 2% and 6% relative camber, respectively. 

These figures illustrate the dramatic effects of Reynolds number and maximum camber 

on the negative pressure peaks and the slopes of the adverse gradients in the pressure 

recovery region. As the Reynolds number is reduced, these pressure gradients and peaks 

are reduced. 
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number Re =800 and angles of attack a = 0, 2°, 4° and 6° . 
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Figure 4.28 Pressure coefficient distribution on a NACA 6404 airfoil at Reynolds 

number Re =800 and angles ofattack a = 0, 2°, 4° and 6°. 

The pressure distributions at Reynolds numbers Re=400, 600, 800 and 1000 on a NACA 

4702 airfoil (2% relative thickness and 4% camber located at 70% chord) and angles of 

attack a = 0, 2°, 4° and 6° are shown in Figures 4.29-4.32. For NACA 2702 airfoil 

which is less cambered than NACA 4702 airfoil by 2%, the solutions were also obtained 

at Re=600 and a = 0, 2°, 4° and 6°, as shown in Figure 4.33. Figure 4.34 presents the 

solutions obtained for NACA 6702 airfoil (with a 6% relative camber) at Reynolds 

number Re=600 at a = 0, 2a
, 4° and 6°. Figures 4.29-4.34 demonstrate the effect of 

Reynolds number, angle of attack and airfoil relative camber (the airfoil thickness is fixed 

at 2% and the maximum camber location is kept unchanged at 70% of the chord while the 

relative camber is varied) on the pressure coefficient distribution. 
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Figure 4.34 Pressure coefficient distribution on a NACA 6702 airfoil at Reynolds 
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4.3.3 Lift and drag coefficients at very low Reynolds numbers 

No matter how complex the airfoil (or body shape) may be, the aerodynamic lift and 

drag forces are entirely due to the pressure and shear stress distribution over the airfoil 

surface [7]. The pressure p obtained by solving the incompressible Navier-Stokes and 

continuity equations acts normal to the surface and the shear stress r acts tangential to 

the airfoil surface. The shear stress is due to the friction between the airfoil surface and 

the air. To calculate the lift and drag coefficients, consider an airfoil of chord c placed at 

an incidence a in a uniform flow ofvelocity U 00 as shown in Figure 4.35. 

cY 

Figure 4.35 Illustration of the components of the resultant aerodynamic force. 

The resultant aerodynamic force R is due to the net effect of the p and r 

distributions integrated over the complete airfoil. The aerodynamic lift L per unit span is 

the component of R perpendicular to U 00 while the drag force D is the component of 

R parallel to it. The normal force N is defined as the component of R perpendicular to 
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the chord of the airfoil while the chordwise force A is the component that is parallel to it. 

From Figure 4.35, one deduces 

L = N cos a - A sin a , 

D = Nsina + Acosa . 

(4.109) 

(4.110) 

The pressure and shear stress on the upper surface of the airfoil are denoted by Pu and 

Tu' with Pl and Tl for the lower surface, as shown in Figure 4.36. At a given point, the 

pressure is normal to the surface and is oriented at an angle B relative to the 

perpendicular; shear stress is tangential to the surface and is oriented at the same angle 

relative to the horizontal. In Figure 4.36, the sign convention for B is positive when 

measured clockwise from the vertical line to the direction of P and from the horizontal 

line in the direction of T . 

y 

TE x 

Figure 4.36 The integration ofthe pressure and shear stress distributions over an airfoil. 

By considering an elemental surface unit area on the airfoil dS = dS.1 and integrating 

the normal and tangential pressure and shear distributions along the airfoil arc S from the 

leading edge (LE) to the trailing edge (TE), one obtains the total normal and chordwise 

forces per unit span 

JE TF 

N=- f(pu COSB+Tu sin B) dsu + f(PlcosB-TlsinB)ds l , (4.111) 
LE LE 
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lE TE 

A = f(- Pu sine + ru cose)dsu + f(PI sine + ri cose)ds l , (4.112) 
LE LE 

The lift and drag forces per unit span are then evaluated using (4.109) and (4.11 0), 

respectively. The normal and chordwise coefficients are then expressed in terms of the 

pressure and skin friction coefficients by noting that 

dx = dscose , 

dy = -(dssine) , 

and hence 

lf( ) lf( dyu dYI) CN = \Cpl -Cpu dx+ Cju -+Cjl - dx, 
o 0 dx dx 

(4.113) 

(4.114) 

(4.115) 

(4.116) 

nondimensional pressure coefficient (p is nondimensionalized with respect to Poo U 00 ) 

and C j = r /(+ Poo U 00) is the skin friction coefficient, while dy / dx is the slope of the 

surface. The shear stress on the airfoil surface is evaluated numerically from 

(
8V(n)] r=Ji -- , 

8 n airfoil surface 

(4.117) 

where V(n) is the velocity in the direction tangent to the surface and n is the direction 

normal to the airfoil surface, and Ji is the viscosity. 

The two-dimensionallift and drag coefficients can then be expressed as 

(4.118) 

(4.119) 

The present method has been further validated by comparison with the results obtained 

by Kunz and Kroo [99] using the INS2D code from NASA Ames (developed by Rogers 

and Kwak [164] ) for the lift and drag coefficients. The drag polar (Cf, - CD plot) for 

NACA 4404 airfoil at Re=1000 is shown in Figure 4.37. Figures 4.38-4.41 present the 
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variation of the lift coefficient with incidence (CL - a plots) at Re=2000 for NACA 

0002, 0004, 0006 and 0008 airfoils, the solutions of Kunz and Kroo [99] are also shown 

in the same figures for comparison. Figure 4.42 presents a comparison for two NACA 

airfoils (NACA 0002 and NACA 4402) at Re=1000 with the previous results obtained by 

the INS2D code from NASA Ames. The gains in airfoil performance due to the 

introduction of camber at such low Reynolds number are weIl pronounced in Figure 4.42. 

At a Reynolds number Re=6000, the present lift coefficient solutions compared 

favorably with the previous results [99] obtained by the INS2D code [164] for NACA 

0002 and NACA 0008 airfoils, as shown in Figure 4.43. The CL - CD plots obtained with 

the present method for NACA 4402 airfoil were also compared with the numerical data 

of Kunz and Kroo [99] for two Reynolds numbers Re=1000 and 2000, as shown in 

Figure 4.44. In aIl these comparisons, the results obtained with the present computational 

method were in excellent agreement with the results obtained by Kunz and Kroo [99] 

using the INS2D code from NASA Ames [164]. 
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Figure 4.37 Drag polar for NACA 4404 airfoil at Re=1000. 
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Since no previous results were available for Reynolds numbers smaIler than 1000, 

after validation, the present method has been used to obtain solutions for different airfoils 

at various low Reynolds numbers. This will help us better understand the complex nature 

of the viscous flows at very low Reynolds numbers, the effect of geometric variations on 

airfoil performance and establish benchrnark solutions for viscous flows with separation. 

The drag coefficient variation with angle of attack (CD - a plots) as weIl as the drag 

polars (CL -CD plots) were obtained for NACA 4404 airfoil at Reynolds numbers 

Re=400, 600, 800 and 1000, as shown in Figure 4.45. At Reynolds number Re=800, the 

lift and drag coefficients as weIl as the drag polars were obtained for NACA 2404, 

NACA 4404 and NACA 6404 airfoils (maximum camber is increased in increments of 

2%), as shown in Figure 4.46. 

For NACA 2302, NACA 2502 and NACA 2702 airfoils (with the maximum camber 

located at 30%, 50% and 70% chord, respectively), CL - a, CD - a and CL - CD plots 

at a constant Reynolds number Re=1000 were generated and presented in Figure 4.47. 

For profiles with 2% relative thickness, 70% carnber position along the chord and 2%, 

4% and 6% maximum carnber (NACA 2702, NACA 4702 and NACA 6702 airfoils), the 

lift, drag and drag polar plots at Reynolds number Re=600 are shown in Figure 4.48. 

For NACA 4702 airfoil, the drag variation with incidence and the drag polars are shown 

in Figure 4.49 for Reynolds numbers Re=400, 600, 800 and 1000. 
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Figure 4.47 Lift, drag and drag polar curves for NACA 2302, NACA 2502 and NACA 

2702 airfoils at Re=1000. 
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Figure 4.48 Lift, drag and drag polar curves for NACA 2702, NACA 4702 and NACA 

6702 airfoils at Re=600. 

155 



0.22 -,---------------,-----------, 

o Re=400 D Re=800 
0.2 LI Re=600 0 Re= 1 000 

0.16 
Present computational solutions 

(N avier-Stokes) 

0.14 ~===t====::ij!:=-~f-------l---_l_-_I_-____=~~--.-j 

0.1 +--~--~-~--_r--r_-_+--+_-~ 

o 1 2 3 4 a 5 6 7 8 

0.9 -,----------r-----------------, 

NACA4702 
0.8 +------r-------f 

Present computational solutions 
(N avier-S tokes ) 

0.7 +---_+-~-+"""7"'="-------;-_--..__--__r___:~~ 

C 0.6 

L 0.5 +--~_+----,F_-+__-~--+----+____.r'h_-_r-------l 

0.4 +---+-_+-+---+__f-----+----~---'--------l 

0.3 +---t---+-----I-'r-----+---~ 

0.2 +--t-----I-----it------+----+-i 

0.1 +----+---+-----+--------; 

o Re=400 
LI Re=600 

D Re=800 
o Re=lOOO 

o +----+---+----+---+---~--~ 
0.1 0.12 0.14 CD 0.16 0.18 0.2 0.22 

Figure 4.49 Drag variation and drag polars for NACA 4702 airfoil at Reynolds numbers, 

Re=400, 600, 800 and 1000. 
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4.4 Discussion of the numerical results 

4.4.1 Reynolds number effects 

The effects of Reynolds number on the pressure distribution and the aerodynamic 

performance of a series of airfoil sections have been investigated based on solving the 

two-dimensional, incompressible, Navier-Stokes equations. The effect of the change in 

the Reynolds number on the pressure coefficient distributions on NACA 0002 airfoil can 

be seen by comparing the results shown in Figure 4.8. One can notice a marked increase 

in the pressure coefficient on the airfoil with the decrease in the Reynolds number. The 

increase in the pressure coefficient, which is due to a thicker boundary layer, is more 

pronounced towards the trailing edge. At the same time, the variation of the pressure 

coefficient near the leading edge is smoother due to stronger viscous effects at smaller 

Reynolds numbers. 

Similar effects, although less pronounced, can also be seen for the pressure 

coefficient distributions on the NACA 0008 airfoil by comparing the results shown in 

Figure 4.9. However, the low Reynolds number effects are somewhat less pronounced 

than for NACA 0002 airfoil, because in this case the boundary layer thickness is 

relatively smaller with respect to the airfoil thickness. For a better illustration of the low 

Reynolds number effects, the inviscid solution obtained in Chapter 2 is also shown in 

Figures 4.8 and 4.9. One can notice a dramatic change in the pressure coefficient 

distribution at Re=6000 in comparison with the inviscid solution. 

It is also se en in Figures 4.11-4.13 that reducing the Reynolds number from Re=6000 

to Re=1000 results in a reduction in both the slope of the adverse gradient in the pressure 

recovery region and the minimum pressure close to the leading edge of the airfoil. The 

Re=1000 case for NACA 4402 airfoil results in a reduction of the leading edge suction 

peak more than that for Re=2000 case. The reduction of Reynolds number alters the 

effective camber of the airfoil and hence results in smoother pressure distribution near the 

leading edge of the airfoil. As shown in Figures 4.23-4.26, for NACA 4404 airfoil the 

effect of reducing the Reynolds number on the pressure distribution is more pronounced 

at the trailing edge of the airfoil and at high angles of attack, for example at a = 6° . A 

similar behavior is also observed for NACA 4702 airfoil when the Reynolds number is 

reduced from Re=1000 to Re=400, as depicted in Figures 4.29-4.32. It is seen that the 
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effect of reducing the Reynolds number plays a more important role in improving the 

performance of thin airfoils compared to thicker ones. 

The most obvious effect of flight at very low Reynolds numbers is the increase in the 

drag coefficient of the airfoil due to viscous effects. At the same lift coefficient, flows at 

lower Reynolds numbers have more drag than those at higher ones. This is observed in 

the drag polar plots shown in Figure 4.44 for NACA 4402 airfoil when the Reynolds 

number is decreased from Re=2000 to Re=IOOO. An interesting physical aspect to 

observe is the fact that the increase in drag due to the reduction of Reynolds number is 

not reciprocated in lift, as shown in Figure 4.45 for NACA 4404 airfoil. For the sarne lift 

coefficient, the drag is much higher, nearly double, for Re=400 case than Re=1000 one. 

This is explained by the changed airfoil geometry due to the more dominant viscous 

effects at lower Reynolds nurnbers (that is physically re1ated to the increase in boundary 

layer thickness) which in turn reduces the effective camber of the airfoil. This phenomena 

can also be observed for NACA 4702 airfoil when the Reynolds nurnber is reduced from 

Re=1000 to Re=400, as shown in Figure 4.49. 
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4.4.2 Flow separation on airfoils at incidence 

The viscous effects in flows at very low Reynolds numbers dominate the fluid inertia 

forces. The velocity changes from zero at the airfoil surface to that of the free stream at 

sorne distance far from it; this change takes place in the boundary layer. An important 

question to answer is to determine the conditions when separation of the flow from the 

airfoil surface may occur. The point of separation is defined as the point where the 

velocity gradient at the airfoil surface becomes zero, which is the limit between regions 

of forward and reverse flow. NumericaIly, 

point of separation: (av(n )) = 0 . 
an _'-".] .. -" 

i:UJIOl SWlace 

(4.120) 

In order to better understand the flow separation phenomena in highly viscous flows 

and answer the question of whether and where separation occurs, the streamline contours 

for different airfoil sections at various low Reynolds numbers and angles of attack have 

been generated. 

A comparison of the separation and reattachment positions (denoted by x, and x r , 

respectively) as weIl as the separation length ls is given in Table 4.1 for NACA 0002, 

NACA 0004, NACA 0006 and NACA 0008 airfoils at Reynolds number Re=2000 and 

a = 6°. The corresponding streamline contours are shown in Figure 4.50. Streamlines 

near the trailing edge of the airfoil are displayed at an enlarged scale in the same Figure. 

Table 4.1 Flow separation comparison for NACA 0002, NACA 0004, NACA 0006 and 

NACA 0008 airfoils at Reynolds number Re=2000 and a = 6° . 

Airfoil type separation position, x, reattachment position, x r separation length, 1 s 

NACAOO02 0.009448 0.983755 0.974307 

NACAOO04 0.345298 0.985038 0.639739 

NACAOO06 0.493517 0.987267 0.493749 

NACAOO08 0.501505 0.986959 0.485453 

159 



0.2 

x 

x 

_0.05~1t;i~~IJ~~M1~; -0.1 -0.15 
-0.2 I~.'-·~ccc'. __ _ 

-0.25 

x Figure 4.50 Streamline contours at Reynolds number Re=2000 and a = 6° for NACA 0002, NACA 0004, NACA 0006 and NACA 0008 airfoils, respectively. 

160 



As shown in Table 4.1 and Figure 4.50, increasing the airfoil thickness from 2% to 8% 

(NACA 0002 to NACA 0008 airfoils) at Reynolds number Re=2000 and a = 6° has the 

effect of shifting the onset of separation from the leading edge to almost mid-chord while 

reducing the separation length and maintaining the reattachment position at nearly 98% 

of the chord. It is seen that a region of recirculation extends behind the trailing edge of 

the NACA 0008 airfoil as compared to the other thinner profiles. 

The streamline contours for NACA 0004 airfoil at Reynolds number Re=2000 and 

a = 4 0
, 6 0 and r are shown in Figure 4.51. It is seen that at a = 4° the flow is 

completely attached and separation only appears at higher angles of attack. At a = 7° , 

separation is initiated at x, = 0.07848 from the leading edge of the airfoil with a 

separation length of ls = 0.90638 compared to Xs = 0.34529 and ls = 0.639739 at 

a = 6°. In this case, increasing the incidence by 10 results in a severe separation 

extending almost along the entire airfoil chord with a more pronounced circulation 

reglOn. 

A comparison of the separation and reattachment positions as well as the separation 

length is given in Table 4.2 for NACA 4402 airfoil at Reynolds numbers Re=1000 and 

2000 and angles of attack ranging from a = 3° to a = 8°. The streamline contours for 

NACA 4402 airfoil at Re=2000 are shown in Figure 4.52. A notable physical aspect of 

the flow at these conditions is the development of a recirculation region at a relatively 

low incidence a = 6° behind the trailing edge of the airfoil. The onset of trailing edge 

separation is pushed from a = 3° at Re=2000 to a = 5° at Re=1000. For the same 

amounts of trailing edge separation, the lower Reynolds number case achieves more than 

1.5 0 higher angle of attack as the incidence is increased. 
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Table 4.2 Flow separation cornparison for NACA 4402 airfoil at Reynolds nurnbers 

Re= 1000 and 2000 at different incidences. 

Reynolds nurnber, Re 1000 2000 

x, 0.935308 

a = 3° xr No separation 0.984812 

ls 0.049504 

x, 0.836689 

a = 4° x r No separation 0.986345 

ls 0.149655 

x, 0.904969 0.734218 

a = 5° xr 0.975679 0.985281 

ls 0.070710 0.251063 

Xs 0.795799 0.639649 

a =6° x r 0.978205 0.983608 

l, 0.182406 0.343958 

x,, 0.683689 0.553424 

a =7° xr 0.977878 0.984331 

l, 0.294189 0.430906 

Xs 0.571705 0.450262 

a =8° xr 0.975285 0.961226 

l, 0.403579 0.510963 
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At Reynolds number Re=800, the separation and reattachment positions are given in 

Table 4.3 for NACA 2404, NACA 4404 and NACA 6404 airfoils (characterized by 4% 

relative thickness while the camber is fixed at 40% chord and 2%, 4% and 6% maximum 

camber, respectively) at a = 2°, 4°, 6°, 7° and 8° . It is seen that the separation at the 

trailing edge is initiated at lower incidences for NACA 6404, while the flow is fully 

attached for the lower cambered sections (NACA 2404 and NACA 4404 airfoils). 

Table 4.3 Onset of separation comparison for NACA 2404, NACA 4404 and NACA 

6404 airfoils at Reynolds number Re=800 at different angles of attack. 

Airfoil type NACA2404 NACA4404 NACA6404 

x, 0.930617 

a = 2° xr No separation No separation 0.975605 

ls 0.044988 

x, 0.812921 

a = 4° xr No separation No separation 0.979555 

l, 0.166634 

Xs 
0.929389 0.777701 0.689317 

a = 6° x r 
0.965549 0.976729 0.976999 

l, 0.036160 0.199027 0.287681 

Xs 
0.749063 0.682713 0.632371 

a = 7° x r 
0.974572 0.975893 0.974353 

l, 0.225509 0.293180 0.341982 

x, 0.573599 0.592716 0.579414 

a=8° xr 
0.973947 0.972774 0.969257 

ls 0.400348 0.380058 0.389843 

For the same angle of attack, augmenting the airfoil camber from 2% to 6% causes an 

increase in the separation length while the separation position is pushed towards the 
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leading edge. However, it is seen that the reattachrnent position is maintained at nearly 

97% chord as indicated in Table 4.3. The onset oftrailing edge separation is displayed for 

NACA 2404 airfoil at Re=800 and a = 6° , rand 8° in Figure 4.53. 

-

----- -~~------
-~~- --

- - -- ----
- - ---
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x 

Figure 4.53 Streamline contours for NACA 2404 airfoil at Reynolds number Re=800 

and a = 6°, rand 8° , respectively. 
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A comparison of the streamline contours and the onset of trailing edge separation is 

shown in Figure 4.54 for NACA 2404, NACA 4404 and NACA 6404 airfoils at Re=800 

and a = r. As a result of increasing the airfoil camber, a region of flow recirculation 

behind the trailing edge (in the wake of the airfoil) develops for NACA 6404 airfoil at 

this angle of attack while flow continues without recirculation for NACA 2404 and 

NACA 4404 airfoils. 
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Figure 4.54 Streamline contours for NACA 2404, NACA 4404 and NACA 6404 airfoils 

at Reynolds number Re=800 and a = r, respectively. 
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For NACA 4404 airfoil at angles of attack a = 40
, 60

, rand 80 
, the onset oftrailing 

edge separation is compared for Reynolds numbers Re=400, 600, 800 and 1000 in Table 

4.4. As the Reynolds number is reduced, the effects of the increased boundary layer 

thickness become more pronounced and the onset of trailing edge separation is pushed 

from a = 4 0 at Re= 1000 to a = 7 0 at Re=400. For the same amounts of trailing edge 

separation, the lower Reynolds number case achieves more than 2.5 0 higher angle of 

attack as the incidence is increased. The reattachment position slightly moves towards the 

trailing edge for higher Reynolds numbers. It is seen that the effective airfoil geometry is 

altered by the increased boundary layer thickness at lower Reynolds numbers which has 

the effect of decambering the airfoil and hence delaying the onset of trailing edge 

separation. The streamline contours for NACA 4404 airfoil at a fixed angle of attack 

a = 8° and Reynolds numbers Re=400, 600, 800 and 1000 are shown in Figure 4.55. 

Table 4.4 Comparison of trailing edge separation for NACA 4404 airfoil at Reynolds 

numbers Re=400, 600, 800 and 1000 at different angles of attack. 

Reynolds number, Re Re=400 Re=600 Re=800 Re=1000 

Xs 0.901651 

a = 4° Xr No separation No separation No separation 0.978418 

ls 0.076766 

x, 0.860459 0.777701 0.717352 

a = 6° xr No separation 0.970041 0.976729 0.979368 

ls 0.109581 0.199027 0.262016 

Xs 0.894895 0.765829 0.682713 0.625532 

a = 7° xr 
0.953618 0.971379 0.975893 0.977933 

l, 0.058723 0.205550 0.293180 0.352401 

x, 0.800136 0.670082 0.592716 0.550572 

a =8° xr 0.960186 0.969762 0.972774 0.975735 

l, 0.160050 0.299680 0.380058 0.425163 
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Figure 4.55 Streamline contours for NACA 4404 airfoil at a = 8° and Reynolds numbers Re=400, 600, 800 and 1000, respectively. 
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At Reynolds number Re=1000, the separation and reattachment positions are given in 

Table 4.5 for NACA 2302, NACA 2502 and NACA 2702 airfoils (characterized by 2% 

relative thickness and 2% maximum camber positioned at 30%, 50% and 70% chord, 

respectively) at a = r and 8° . The flow is fully attached at incidences below a = 7° . 

Table 4.5 Onset of separation comparison for NACA 2302, NACA 2502 and NACA 

2702 airfoils at Reynolds number Re=1000 and a = rand 8° . 

Airfoil type NACA2302 NACA2502 NACA2702 

x, 0.661726 0.790039 0.890950 

a = 7° x r 
0.977018 0.975401 0.972803 

ls 0.315292 0.185362 0.081853 

Xs 
0.433419 0.503408 0.456976 

a =8° Xr 
0.976692 0.975639 0.974173 

l, 0.543272 0.472231 0.517197 

Although these airfoils are characterized by very similar performance, it is seen that 

NACA 2702 airfoil is slightly better than the other two airfoils in terms of drag reduction 

and separation. AIso, at a = 7°, shifting the maximum camber position from 30% to 70% 

chord results in a reduction of the length of separation. 

A comparison of the streamline contours and the onset of trailing edge separation at 

a = 7° and Reynolds number Re=1000 for NACA 2302, NACA 2502 and NACA 2702 

airfoils is shown in Figure 4.56. The reduction of the circulation region at the trailing 

edge due to moving the camber position is indicated in this Figure. 

As shown in Table 4.5, the reattachment position for these airfoils is similar and is 

located at nearly 97% chord. 
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Figure 4.56 Streamline contours at Reynolds number Re=1000 and a = r for NACA 

2302, NACA 2502 and NACA 2702 airfoils, respectively. 

Similarly for Reynolds number Re=600, the separation and reattachment positions are 

given in Table 4.6 for NACA 2702, NACA 4702 and NACA 6702 airfoils (characterized 

by 2% relative thickness while the camber is fixed at 70% chord and 2%, 4% and 6% 

maximum camber, respectively) at a = 6°, r and 8° . 
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Table 4.6 Onset of separation comparison for NACA 2702, NACA 4702 and NACA 

6702 airfoils at Reynolds number Re=600 and a = 6° , 7° and 8° . 

Airfoil type NACA2702 NACA4702 NACA6702 

x" 0.909446 

a =6° xI' No separation No separation 0.971874 

l, 0.062428 

Xs 0.934453 0.890378 

a =7° x r No separation 0.961508 0.969632 

l, 0.027055 0.079254 

x, 0.906227 0.888767 0.864333 

a =8° x r 
0.959092 0.964874 0.967086 

ls 0.052864 0.076106 0.102753 

As the maximum camber is reduced, the onset of trailing edge separation at Re=600 is 

pushed from a = 4 ° for NACA 6702 airfoil to a = 8° for NACA 2702 airfoil. The flow 

remains fully attached for NACA 2702 and 4702 airfoils at a = 6° compared to NACA 

6702 airfoil. For the same amounts of trailing edge separation, the lower camber airfoil 

achieves more than 2° higher angle of attack as the incidence is increased at Re=600. 

AIso, the separation length is linearly proportional to the angle of attack, that is, 

separation severity is more pronounced at high incidences for NACA 6702 airfoil than 

NACA 2702 one. 

For NACA 4702 airfoil, the onset of trailing edge separation at angles of attack 

a = 6°, 7° and 8° is analyzed in Table 4.7 for Reynolds numbers Re=400, 600, 800 and 

1000. It is se en that the flow is fully attached at Reynolds number Re=400 due to the 

dominant viscous effects which modify the effective geometry of the airfoil and hence 

decamberit. 
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However, for higher angles of attack the onset of separation at the trailing edge is shifted 

towards the leading edge and characterized by an increase in separation length. The 

separation position at a = 80 is shifted from X s = 0.89 at Re=600 to X s = 0.80 at 

Re=1000. 

Table 4.7 Comparison of trailing edge separation for NACA 4702 airfoil at Reynolds 

numbers Re=400, 600, 800 and 1000 at angles of attack a = 6 0 
, 7 ° and 8 ° . 

Reynolds number, Re Re=400 Re=600 Re=800 Re=1000 

x, 0.935611 0.913614 

a =6° x r No separation No separation 0.971238 0.976174 

ls 0.035627 0.062559 

x, 0.934453 0.899760 0.871858 

a = 7° xr No separation 0.961508 0.971579 0.975112 

ls 0.027055 0.071818 0.103254 

x, 0.888767 0.842411 0.799521 

a =8° xr No separation 0.964874 0.970268 0.972652 

l, 0.076106 0.127856 0.173131 

A comparison of the streamline contours and the onset of trailing edge separation at a 

fixed angle of attack a = 8° and Reynolds numbers Re=600, 800 and 1000 is shown in 

Figure 4.57 for NACA 4702. The growth of trailing edge separation is proportional to 

Reynolds number, as shown in this Figure. 
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Figure 4.57 Streamline contours for NACA 4702 airfoil at a = 8° and Reynolds 
numbers Re=600, 800 and 1000, respectively. 
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4.4.3 Effect of maximum thickness on airfoil performance 

Four uncarnbered airfoils ranging from 2% to 8% thick in 2% increments have been 

tested to better understand the effect of maximum thickness on airfoil performance. 

At a constant Reynolds number Re=2000, the pressure distribution for NACA 0002, 

NACA 0004, NACA 0006 and NACA 0008 are presented in Figures 4.12 and 4.14-4.16. 

The most obvious effect of reducing the maximum airfoil thickness is an increase in the 

pressure difference between the upper and lower surfaces of the airfoil. The growth of the 

boundary layer dominates the flow at very low Reynolds numbers which in turn alters the 

effective geometry of the airfoil; hence increasing the maximum thickness of the airfoil 

results in a reduction in the lift curve slope in the linear region, as shown in Figures 4.38-

4.41. It is seen that the lift coefficient for the 8% thick section (NACA 0008 airfoil) is 

lower than that for the 2% thick airfoil. Another effect of increasing the airfoil thickness 

is a reduction of the slope of the lift curve beyond the linear range due to the severity of 

the trailing edge separation which degrades the performance of the airfoil, as shown in 

Section 4.4.2 and Figure 4.50. 

The effect of increasing the airfoil maximum thickness on the pressure distribution can 

also be seen in Figures 4.18 and 4.26 for NACA 4402 and NACA 4404 airfoils at 

Reynolds number Re= 1000 and angles of attack a = 0, 20
, 4 0 and 6 0 

• The variations in 

drag with section thickness are illustrated for NACA 4404 and NACA 4402 airfoils by 

the drag polars in Figures 4.37 and 4.44. It is noted from this comparison that for the 

same lift coefficient the thinner NACA 4402 airfoil generated less drag than NACA 4404 

airfoil which is thicker by 2%. Also notable is the large increase in the drag coefficient 

between the Re=2000 and Re=1000 results for NACA 4402 airfoil, as indicated in Figure 

4.44. The drag penalty, which is due to the pressure recovery associated with increasing 

thickness, grows as the Reynolds number is reduced. 

4.4.4 Cam ber effect on airfoil performance 

One of the effective geometric parameters that play an important role in improving the 

performance of the airfoil is the camber. The gain in performance is notable when 

comparing the pressure distributions on NACA 0002 and NACA 4402 airfoils, as shown 

in Figures 4.11 and 4.18 for Reynolds number Re=lOOO and Figures 4.12 and 4.19 for 
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Re=2000. The introduction of 4% camber positioned at 40% chord results in smoother 

pressure distributions as compared to the uncambered NACA 0002 airfoil; this effect is 

c1early seen at incidences a = 20 and 40
• AIso, the cambered airfoil produces a larger 

pressure difference between the upper and lower surfaces for the most part of the section. 

A comparison of the NACA 2404, NACA 4404 and NACA 6404 airfoils indicate the 

overall effects of camber on the pressure distribution. For these airfoils, the maximum 

thickness is 4% while the camber position is fixed at 40% chord and the maximum 

camber is increased from 2% to 6% in increments of 2%. The differences in pressure 

distributions at Re=800 are shown in Figures 4.25, 4.27 and 4.28; increasing the camber 

results in shifting the minimum pressure from the leading edge area in the case of NACA 

2404 airfoil to around the quarter-chord for NACA 6404. Lift and drag curves as well as 

drag polars are provided for these airfoils in Figure 4.46. An important behavior to 

observe is the increase in both the lift and drag coefficients as the maximum camber is 

increased. Although the drag is increased, the ability to attain higher lift coefficients 

generally results in a net gain in airfoil performance. In flows at very low Reynolds 

numbers, the addition of camber results in earlier trailing edge separation while still 

maintaining higher lift coefficients, as indicated in Table 4.3 and Figure 4.46. 

The design space is further investigated by exploring the possible benefits of varying 

the location of maximum camber along the chord. Three NACA airfoils were 

investigated using 2% maximum thickness and camber; located at 30%, 50% and 70% 

chord; that is NACA 2302, NACA 2502 and NACA 2702 airfoils, respectively. The 

aerodynamic characteristics for these airfoils at Re=1000 are given in Figure 4.47. An 

interesting behavior to observe is the negligible reduction in the lift coefficient in the 

linear range due to shifting the camber from 30% to 70% chord while producing less 

drag. This behavior is associated with the fact that the NACA 2702 airfoil displays a 

reduced or equivalent trailing edge separation as compared with NACA 2302 and NACA 

2502 airfoils at the same angle of attack, as shown in Table 4.5. AIso, shifting the 

location of maximum camber toward the trailing edge results in less adverse pressure 

gradients than sections with forward camber. This concentration of camber acts like a 

separation ramp in the pressure distribution [99, 130]. Thus, by maintaining less adverse 

pressure gradients ahead of the maximum cam ber location, the onset of trailing edge 
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separation is contained after the maximum camber, as displayed in Figure 4.56. This 

physical behavior is clearly captured in Figures 4.20-4.22 which present the pressure 

coefficient distribution for these airfoils. 

By fixing the location of maximum camber at 70% chord, the effects of varying the 

amount of camber are further investigated. Three NACA airfoils characterized by 2% 

maximum thickness and 2%, 4% and 6% maximum camber are examined; they are 

NACA 2702, NACA 4702 and NACA 6702 airfoils, respectively. By comparing the 

pressure coefficient distribution for these airfoils one can observe that the adverse 

pressure gradients ahead of the maximum camber become more pronounced as the 

camber is increased from 2% to 6%, this is depicted in Figures 4.33 and 4.34 for 

Reynolds number Re=600 and angles of attack a = 0, 2°, 40 and 6°. For a given angle 

of attack, increasing the camber is translated into lift gains and drag penalties, as shown 

in Figure 4.48. However, it is seen that the NACA 4702 airfoil maintains an equivalent 

performance in terms of the lift-to-drag ratio and the levels of trailing edge separation as 

compared to the more cambered NACA 6702 airfoil. 
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Chapter 5 

Conclusions and Future Work 

The mam conclusions which can be drawn from this work are presented below in 

categories corresponding to chapters 2 through 4. 

5.1 Airfoils of arbitrary shapes in steady flows 

An efficient and accurate method was presented for the steady aerodynamic analysis 

of airfoils of arbitrary shape. This theoretical method is first developed for the second­

order analysis of inviscid incompressible flows past airfoils, by using velocity 

singularities [115, 116, 119, 124]. Efficient analytical expressions in closed form are 

determined for the velocity and, hence, the pressure distributions on airfoi1s of arbitrary 

shapes by solving simultaneously the anti-syrnrnetric and syrnrnetric flow components, 

which are defined by coupled boundary conditions. In the present analysis, the physical 

behavior of the ve10city at the leading and trailing edges of the syrnrnetric airfoils at zero 

angle of attack is respected (they are stagnation points), in contrast to the linear methods 

in which the fluid velocity tends unphysically to infinity at both edges. The accurate 

analytical solutions derived in this work have been successfully validated by comparison 

with the exact solutions obtained for special airfoils defined by conformaI transformation, 

with panel method results [98] and with numerical results obtained by an Euler code 

(inviscid MSES code [43, 44] ). In aIl cases studied, for both syrnrnetric and carnbered 

airfoils at incidence, the present nonlinear solutions were found to be in very good 

agreement with the exact solutions and with the nurnerical results. 

The second-order method developed for the inviscid flows was then modified in order 

to take into account the main viscous effects on the pressure distribution for attached 

flows past airfoils at moderate angles of attack. This modified method includes the 

viscous effects by taking into account the real physical behavior of the velocity at the 

airfoil trailing edge (which is different than that in the inviscid flows where the trailing 

edge is a stagnation point), and by considering the displacement thickness of the 
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boundary layer developed along the airfoil contour and the airfoil wake. Simple 

analytical solutions in closed forrn have also been derived for the viscous case, by using 

velocity singularities. The present analytical solutions inc1uding viscous effects have 

been successfully validated by comparison with experimental results [186] and with 

numerical results obtained using the viscous MSES code [43,44]. 

The present inviscid and viscous solutions derived for incompressible flows have then 

been extended to compressible flows by using the compressibility correction developed 

by Karrnan-Tsien [7, 22, 142]. The present compressible viscous solutions have been 

found to be in good agreement with numerical results obtained with the viscous MSES 

code [43, 44] and with experimental results for various Mach and Reynolds numbers and 

angles of attack. 

The accurate analytical solutions derived in this work for inviscid incompressible, 

viscous and compressible attached flows are applicable to airfoils of any arbitrary shape, 

including airfoils with rounded or pointed leading edges, double-wedge airfoils, 

symmetric and cambered thin or thick airfoils at incidence. The present solutions were 

found to be very efficient and accurate in an cases studied. 

5.2 Unsteady flows past oscillating flexible airfoils 

A new method of solution has been presented in this thesis for the analysis of 

unsteady incompressible flows past oscillating airfoils. The method is based on the 

deterrnination of the singular contributions of the leading edge, ridges (points where the 

airfoil boundary conditions change) and the unsteady shedding free vortices in the 

expression for the reduced velocity and pressure coefficient [117, 118]. This has led to 

very efficient and simple theoretical solutions in closed forrn for the pressure difference 

coefficient, lift and pitching moment coefficients and aileron lift and hinge moment 

coefficients. These unsteady flow solutions lead directly to the steady flow solutions in 

the limit case when the frequency of oscillations tends to zero. 

The method has been validated for the case of rigid airfoil and aileron oscillations in 

translation and rotation, by comparison with the results obtained by Theodorsen [184] for 

the lift and moment coefficients and by Postel and Leppert [158] for the reduced pressure 
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difference coefficient. An excellent agreement was found between the present solutions 

and these previous results. 

The present method was used further to derive efficient theoretical solutions, also in 

closed form, for the case of flexural oscillations of flexible airfoils, fitted or not with 

oscillating flexible ailerons, which are of interest for the aeroelastic studies in the 

aeronautical applications. 

The aerodynamic stiffness, damping and virtual (or added) mass contributions in the 

solutions of the unsteady pressure distribution, lift, and moment coefficients (which are 

needed in the aeroelastic studies) are specifically determined. An analysis of the relative 

magnitude of the quasi-steady and vortex shedding contributions in the aerodynamic 

coefficients is also presented. 

5.3 Airfoil flow analysis at very low Reynolds numbers 

An efficient numerical method for the analysis of the steady flows past airfoils at very 

low Reynolds numbers has been presented. This is of interest for the micro aerial vehicles 

(MA V), as well as the biologically inspired systems (such as small insects), for which 

there are few computational and experimental aerodynamic results available. The flow at 

very low Reynolds numbers is dominated by viscous effects, flow separations and the 

growth of the boundary layer modifies significantly the effective shape of the airfoil. 

The present analysis of airfoils in incompressible laminar flows at very low Reynolds 

numbers is based on a pseudo-time integration method using artificial compressibility to 

accurately solve the Navier-Stokes equations. This is done in a rectangular computational 

domain obtained by a coordinate transformation from the physical flow domain around 

the airfoil. The method uses a central differencing approach on a stretched staggered grid 

in the computational domain. 

In the present method, the goveming equations are recast in delta form after the 

introduction of the pseudo-time relaxation procedure (not before, as adopted by Soh and 

Goodrich [176] ) and a factored altemating direction implicit (ADI) scheme is used, 

which simplifies the approach considerably and increases the implicit coupling in the 

solution. A special decoupling procedure in each sweep using the continuity equation is 
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used finally to reduce the problem to the computationally efficient solution of scalar 

tridiagonal systems of equations. 

The method is first used to obtain the pressure coefficient distributions, lift and drag 

coefficients for several airfoils at very low Reynolds nurnbers between 400 and 6000. 

The present airfoil solutions were validated by comparison with the numerical results 

obtained by Kunz and Kroo [99] for Reynolds numbers between 1000 and 6000 (no 

results were available for Reynolds numbers smaller than 1000). A very good agreement 

has been found between the two sets of results. 

The present method has then been used to study the effects of varying the Reynolds 

number, angle of attack and airfoil maximum relative thickness and camber as weIl as the 

maximum camber position along the chord on the pressure distribution, lift and drag 

coefficients and the onset of flow separation. The variation of lift and drag coefficients 

with angle of attack as well as the drag polars have been determined for several flow 

conditions and airfoils. 

In order to physically understand the complex flow separation phenomena in viscous 

laminar flows past airfoils at very low Reynolds nurnbers, the onset of separation and 

reattachrnent positions as weIl as the separation length have also been calculated, 

analyzing the effect of various parameters (such as the Reynolds nurnber, incidence, 

relative maximum thickness and camber, and the relative position along the chord) 

affecting the flow separation. The streamline contours for several airfoils at various 

Reynolds numbers and angles of attack have been also generated and compared. 

The mûst obvious effect on the flight at very low Reynolds numbers is the increase in 

the drag coefficient of the airfoil due to viscous effects, which are also reducing the 

effective camber. At the same lift coefficient, the drag coefficients at lower Reynolds 

numbers are much larger than those at higher ones. In addition to the decambering effect, 

flow separation occurs at lower angles of attack which results in reduced airfoil 

performance. 

A decrease in the low Reynolds nurnber leads to an increase in the negative pressure 

coefficient on the airfoil, due to a thicker boundary layer, which is mûre pronounced 

towards the trailing edge. This effect was found to be more important for thinner airfoils 

due to the relative thickness of the boundary layer in comparison with the airfoil 
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thickness. At the same time, the variation of the pressure coefficient near the leading edge 

is smoother due to stronger viscous effects at smaller Reynolds numbers. 

Reducing the Reynolds number results in a reduction in both the slope of the adverse 

gradient in the pressure recovery region and the leading edge suction peak of the airfoil. 

An important behavior to be observed is the increase in both the lift and drag 

coefficients as the maximum camber of the airfoil is increased. Although the drag is 

increased, the ability to attain higher lift coefficients generally results in a net gain in the 

airfoil performance. In flows at very low Reynolds numbers, the addition of camber 

results in earlier trailing edge separation, while still maintaining higher lift coefficients. 

It was found that shifting the location of maximum camber toward the trailing edge 

results in less adverse pressure gradients than sections with forward carnber. This change 

acts like a separation ramp in the pressure distribution. Thus, by maintaining less adverse 

pressure gradients ahead of the maximum camber location, the onset of the flow 

separation is moved downstrearn towards the trailing edge after the maximum carnber. 

5.4 Future work 

As a suggestion for future work, the numerical method developed for solving the steady 

incompressible Navier-Stokes equations can be extended for solving the unsteady flows 

past oscillating airfoils at low Reynolds numbers. 
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Originality and Research Contributions 

The main contributions of this thesis consist in the development of three methods of 

solution for the theoretical and numerical analysis of steady and unsteady flows past 

fixed or oscillating airfoils. New computational solutions have been obtained for flows 

past airfoils at low Reynolds numbers, which are presently of topical interest for micro 

aerial vehicles (MA V). 

Accurate theoretical solutions for airfoils in steady flows 

An accurate method of solution was developed for the steady aerodynamic analysis of 

airfoils. Efficient analytical expressions in closed form are determined for the velocity 

and the pressure distributions on airfoils of arbitrary shapes, which are based on the 

correct implementation of the boundary conditions (without resorting to the small 

perturbation assumption). These solutions are obtained by a method based on specific 

singular contributions in the expression of the fluid velocity (in contrast to distributed 

singularities in the expression of the potential that is used in the boundary element 

methods). These singular contributions are associated to special points on the airfoil 

(leading edge and ridges) and satisfy aIl boundary conditions on the airfoil and outside it, 

including Kutta condition at the trailing edge; hence there is no need in this method to 

specifically impose the Kutta condition in the final solution. This second-order accurate 

method (as opposed to the linear methods based on the small perturbation assumption), 

simultaneously solves the symmetric and anti-symmetric flow components which are 

defined by coupled boundary conditions. The treatment of the coupled nonlinear 

boundary conditions using velocity singularities represents one of the contributions of the 

present analytical method. 

Accurate analytical solutions are first derived for inviscid incompressible steady 

flows and then modified to take into account the viscous effects on the pressure 

distribution for airfoils in attached flows. The derivation of closed form analytical 

solutions including the viscous effects for the velocity and the pressure distributions also 

represents a contribution of this thesis. 
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The accurate analytical solutions derived in this work for inviscid incompressible, 

viscous and compressible attached flows are applicable to airfoils of any arbitrary shape, 

inc1uding airfoils with rounded or pointed leading edges, double-wedge airfoils, 

symmetric and carnbered thin or thick airfoils at moderate angles of attack. This unified 

approach for the solution of the velocity and pressure distributions on various airfoils at 

different flow conditions perrnits a better understanding of steady airfoil aerodynamics. 

Theoretical solutions for oscillating flexible airfoils in unsteady flows 

A new method of solution was developed for the analysis ofunsteady incompressible 

flows past oscillating thin airfoils. This method is based on the derivation of specific 

contributions in the solutions of the fluid velocity and unsteady pressure coefficient 

associated to the singular points on the oscillating airfoil and to the unsteady shedding 

free vortices in the airfoil wake. 

This method is used to obtain simple and efficient aerodynamic solutions in c10sed 

forrn for oscillating rigid or flexible airfoils fitted or not with oscillating rigid or flexible 

ailerons. This method, which avoids the difficulties encountered in the c1assical theories, 

provides an effective approach for the general case of oscillations, inc1uding the flexural 

oscillations (previous results were mainly obtained for the case of rigid airfoil oscillations 

in translation and rotation). The derivation of a special c1ass of velocity singularities for 

unsteady flows, the treatment of the unsteady shedding free vortices in the airfoil wake 

and the development of unified c10sed forrn solutions for oscillating rigid and flexible 

airfoils (which are needed in the aeroelastic studies) represent the main contributions of 

the present method. 

The aerodynamic stiffness, darnping, and virtual (or added) mass contributions in the 

solutions of the unsteady pressure distribution, lift coefficient, and moment coefficient 

are specifically deterrnined, which provide a better understanding of the complex nature 

of the unsteady flows past oscillating flexible airfoils. 

Numerical analysis of airfoil flows at low Reynolds numbers 

In this thesis, an implicit pseudo-time integration method usmg artificial 

compressibility has also been developed to accurately solve the Navier-Stokes equations 
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for airfoil flows at very low Reynolds numbers. This method of solution is based on a 

central differencing approach on a stretched staggered grid. The problem is solved in a 

rectangular computational domain defined by a general coordinate transformation from 

the fluid flow domain around the airfoil. 

A special decoupling procedure based on the continuity equation and on a factored 

altemating direction implicit scheme reduced the problem to the computationally efficient 

solution of scalar tridiagonal systems. 

A detailed study of the effects of varying the Reynolds number, angle of attack and 

airfoil relative thickness and camber (along with the maximum camber position along the 

chord) on the pressure distribution, lift and drag coefficients has been performed. This 

study has broadened our understanding of the flows past airfoils at very low Reynolds 

numbers. 

A thorough analysis of the flow separation on the airfoils at very low Reynolds 

numbers has been performed by determining the onset of the separation and the 

reattachment positions and by studying the streamline contours generated for four 

symmetric and nine cambered airfoils at various angles of incidence and a large range of 

Reynolds numbers between 400 and 6000. This represents a very useful database for 

airfoils at low Reynolds numbers (not available previously) which permits the analysis of 

the influence on the flow separation of various parameters, such as Reynolds number, 

angle of incidence, relative thickness and camber, and maximum camber position along 

the airfoil chord. This database can also be used for comparison by future experimental 

and computational results. 
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Appendix A: General Integrais 

A.1 Recurrence formulas for the integral LJ 

Consider the recurrence integral defined by, 

When j = 0 , equation (A l.1) becornes 

Lo = f ds = -Fs - =.JI = l , 
1 1 1 s-I 

o 2Fs s=o 

By integrating equation (A1.1) by parts one thus obtains, 

1 si [ li s=1 1 [ 1 Li = f Fsds=si -~ - fjsi- I -~ ds, 
o 2 1- s s=o 0 

By noting that 

~ -(I-s) 
-,,1-s=2 r;----' 

2"I-s 

one obtains 

After rearranging the cornrnon terms, one obtains the following equation 

L = ,,1-s +--L sJ [r;---- li s=1 2 j 
J 2 j + 1 8=0 2 j + 1 J-l 

for j?:.l , 

This equation finally leads to the recurrence formula for the integral Li 

L=~L 
) 2j + 1 J-I 

for j?:. 1 and Lo = 1. 
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A.2 Recurrence formulas for the integral g k 

Consider the recurrence integral defined by, 
1 1 Sk 

gk = J[ f ~(I-s)s ds , 

Note that Sk can be written by, 

k 1 r( ) k-I k-I ] s =-2"rl-2s s -s , 

By substituting the value of Sk into the recurrence integral, one obtains, 

1 [1 Sk-I (1- 2s) 1 Sk-I ] 
g --- ds- ds 

k - J[ f 2~s(I-s) f2~S(I-S) , 

1 k-I (1 2) 1 

Notethat F ~ (- s) ds=sk-l~s(l-s)-(k-l)fsk-2 ~s(I-s)ds 
o2s1-s 0 

The second integral can then be given by, 

1 1 k-2 (1 ) 1 k-I 1 k 
f Sk-2 ~ s (1 - s ) ds = F ~(s ) s ds = f ~ ( ) ds - f ~ ( ) ds , 
o 0 l-ss 0 sl-s 0 sl-s 

By arranging the terms, one conc1udes, 

The value of the integral at k = 0 (go) is given by, 

A.3 Recurrence formula for the integral H q 

Consider the recurrence integral defined by, 

1 1 

Hq =- fsq ~s(l-s) ds , 
J[ 0 

(A2.I) 

(A2.2) 

(A2.3) 

(A2A) 

(A2.S) 

(A3.1) 

By noting that this integral is related to the recurrence formula for the integral g k derived 

in section A2, one obtains 
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1 1 Ils (1 s) 
H =- Jsq (s(l-s) ds=- Jsq - ds g g q \j 1 ( ) = q+1 - q+2' "0 "0 \jsl-s 

By noting that 

2(q+2)-1 
gq+2= 2(q+2) gq+l' 

one obtains the following recurrence formula for the integral Hq 

where gk is derived in section A.2. 

A.4 The iotegral Çl 

Consider the integral defined by, 

ç = f ds 
1 0 2(s-x)Fs ' 

(A3.2) 

(A3.3) 

(A3.4) 

(A4.1) 

This integral can be easily determined by noticing the derivative of the following special 

function 

iil (x, s) = cosh- I RI ' (A4.2) 

where, 

~_g-x 
RI - . 

s-x 
(A4.3) 

The derivative of this function is given by the following relation, 

(A4.4) 

After performing the derivation and arranging the terms, one thus obtains 

dii l =!!.-.[COSh-1 ~l-X] = -~ 
ds ds s-x 2(s-x)Fs· 

(A4.5) 

The integral Çl is then given by 

ç - f ds - -1 cash' p-x'~' 1 (i7r ·nh 1 FxJ 
1 - 0 2(s-x)Fs -~ s-x s=o = ~ 2+ S1 

- ~~-x- , 
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By taking the real part of the equation, the integral is then reduced to 

;, ~ FxSinh-'/-X . 
1-x x 

A.5 The integral q2 

Consider the integral defined by, 

1 If ~s(1-s) ;2 =- ds , 
110 s-x 

This integral can be rewritten in the following form 

_ 1 If ~s(l-s) _ 1 If s(l-s) 
~-- ~--~. 

1l 0 s-x 1l 0 (s-x)~s(l-s) 

(A4.6) 

(A5.1) 

(A5.2) 

By noting that s(1-s)=(s-x+x)(1-s)=x(l-s)+(s-x)(1-s) which can be also 

rewritten in the form s (1- s) = x (1 - x) - x (s - x) + (s - x )(1 - s), the integral becomes 

1 1 ~x(l-x) 
q2 =(1-x)go -gl +- ~x(1-x) f ( )~ ( ) ds . 

1l 0 s-x s1-s 
(A5.3) 

The integral within q2 is determined by noticing the derivative of the following special 

function 

if] (x, s) = cosh -] R] , (A5.4) 

where, 

~ _~-xs 
RI - ( ). s-x 

(A5.5) 

The derivative of this function is given by the following relation, 

dHI 1 dRI 
=-;=;==;== 

ds ~(RJ2-1 ds . 
(A5.6) 

After performing the derivation and arranging the terms, one thus obtains 

(A5.7) 

Thus equation (A5.3) becomes 
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;, ~(l-x)go-gJ+ ~ M-X)(-2COSh-J~~;_x!î) :~: 
=(I-x)go -gl +iJx{l-x) (A5.8) 

where i=~. 

By taking the real part of equation (A5.8) and introducing go =1 and gl =1/2, one 

obtains 

A.6 The integrals Ik 

Consider the recurrence integral defined by, 

Note that Sk can be written by, 

k 1 r{ ) k-I k-I] s =-"2r1-2s s -s , 

By substituting the value of Sk into the recurrence integral, one concludes, 

Ik =_[rk-l(1-2S)dS_ J Sk-I dS] 
2 J s (1- s) 2 J s (1- s) , 

Sk-I (1- 2s) 
Note that J J ( ) ds = Sk-I J s (1- s) - (k -1)J Sk-2 J s (l- s) ds 

2 s 1-s 

The second integral can be then given by, 

JSk-2 JS(1- s )ds = r
k
-
2 
s{1- s )ds = J sk-l ds - J Sk ds 

J(1- s )s J s (1- s) J s (1- s ) , 

(A5.9) 

(A6.1) 

(A6.2) 

(A6.3) 

(A6.4) 

Substituting the above integral into the definition of the recurrence integral, one obtains, 

1 =-[sk-1JS(1-S)-(k-1)(I -1 )-!I ] k k-I k 2 k-I , (A6.5) 

By arranging the terrns, one concludes, 
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1 =--~s(l-s)+ -- 1 Sk-I (2k -1) 
k k 2k k-I , 

The value of the integral at k = 0 (10 ) is given by, 

f i -1 r:: 
10 = ~ ( )ds=-2cos -VS , 

s l-s 

The value of the integral at k = 1 ( II ) is given by, 

A.7 The integrals J k and Jk 

Consider the integral defined by 

S Sk 
J k = f ds , 

o .Js{l-s) 

k z 1 . (A6.6) 

(A6.7) 

(A6.8) 

(A7.1) 

This recurrence integral is a special case of the integral 1 k defined in Section A.6, by 

introducing the limits of integration, one hence obtains 

Jk =lk =--~s(l-s) + -- 1k_I' 
I
s Sk-I IS (2k-l) 
s=o k s=O 2k 

(A7.2) 

The value of the integral at k = 0 (Jo) is given by, 

(A7.3) 

The value of the integral at any k is thus given by, 

Sk-I 2k-l 
J = -- '{1-s)s +--J . k k 'V 2k k-I (A7.4) 

Similarly for Jk which is also a special case of the integral defined in Section A.6, one 

obtains 

(A7.5) 
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A.8 The integrals Q(x), Q (x) 

Consider the integral Q(x) defined by 

() sI·~ s (1- s) 
Qx= ds, 

o s-x 

This integral can be rearranged in the following equivalent form 

() sI (1- s )s 
Q x = ( )~ ( ) ds , o s-x sl-s 

By noting that s (1- s) = (s - x )(1- s - x)+ (1- x)x , the integral thus becomes 

() 
sI ~ s (1- s ) sI (1 - x) - s ~( ) <l' ~(1- x )x Qx= ds= ds+ 1-xx ds, 
o s - x 0 ~ s (1- s) 0 (s - x )~(1- s )s 

By noting the derivative of the following special function 

- cosh = , d [ -1 JH-x s] -~ x{1-x) 
ds (s-x) 2(s-x)~ s{1-s) 

and the recurrence integrals J k , the recurrence integral Q(x) is then given by 

which is then given in the final form 

By following the same procedure given above, one obtains for Q (x) 

where 

~cosh-1 ~ forxE(O,s) 
TC ~~ 

G(s,x)= ~ sinh-1 ~ for x E (s, 1). 
TC ~~ 
o for x < 0 and x > 1 
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(A8.3) 
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J 1 
A.9 The integral f ( )Fs ds 

02 s-x s 

Consider the special function 

HI (x,s) = cosh-I RI , 
where, 

The derivative of this function is given by the following relation, 

dH I 1 dR I = --;::c====c=== 
ds ~(RIY -1 ds . 

By noting that 

dR 1 s-x -x ~ ~( J ds
I 

="2 -s- (s-xY , 

~(RJ -1 = lx . f;=~ 

After rearranging the terms, one thus obtains 

dHI =~[COSh-I ~]= -j; 
ds ds ~R 2(s-x)-Ji' 

Thus one obtains for the special integral 

5=1 

If 1 -1 ~ -1 ~ ( )Fs ds = r cosh-
J 

( ) = r cosh-
J 

-( -) • 
02 s-x s '\IX s-x '\IX 1-x 

8=0 
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Appendix B: Theodorsen's Formulas 

B.I Formulas related to Theodorsen's results 

Poo =1-2i~(F+iG), 
bm 

Pf') =~_i~[1+2(F+iG)]_2(~)2 (F+iG) , 
2 bm bm 

( ) ( )

2 

~ . V T4 • V ~] . V TIO • 
P, =--+1 - --1--(F+IG)-2 - -(F+IG) , 

13 1t bm 1t bm 1t bm 1t 

3 .V 
M =--1-

f') 8 bm' 

(B1.1) 

(B1.2) 

(B1.3) 

(B1.4) 

M =- ~ -(Cl +~)T, +i~ T, -~(p) _(~J2 ~ +~o , (B1.5) 
13 1t 2 1t bm 1t bm 1t 

~ . V ~2 ( .) Too =---1-- F+IG , (B1.6) 
1t b m 1t 

1 [ ( 1 )] V ~ (~1- C]2 ) + 2 ~ + T4 V T, 
Tf') = -- T7 + c] +- ~ +i- 3 -i-~(F+iG) 

1t 2 bm 21t bm 1t 

_[~)2 ~2 (F+iG) 
bm 1t 

(B1.7) 

(B1.8) 

(B1.9) 

(B1.lO) 
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(
1 2) { _] )2 1 ~ _] ( 2) 1 ( 2)( 2 ) T3 =- -+C] \COS C] +-C] ,,1-c] COS C] 7+2c] --I-c] SC] +4 , 
8 4 8 

( 2 ) { _])2 ~-] 
TS = - 1- CI - \COS Cl + 2 CI ,,1- c] cos Cl' 

7;1 = COS-
I 

CI (1- 2cJ+ ~1- CI
2 

(2 - cJ ' 

7;2 =~I-cI2(2+cJ-coS-ICI (2 CI +1), 

1 
7;3 =-[-T7 -(CI -a)7;] , 

2 

1 1 
7;4 = -+-aci • 

16 2 

Note that, 

v=u oo • 

B.2 Theodorsen's function 

Consider the integral 

00 

f -i2k(0"-1) (J' d 
1 e ~((J' -1)0- (J', 

By substituting (J' = (ç + 1)/2 into this integral, one obtains 

Note that Hankel's integrals are defined by, 
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(B1.11) 

(B1.12) 

(B1.13) 

(B1.14) 

(B1.1S) 

(B1.16) 

(B1.17) 

(B1.18) 

(B1.19) 

(Bl.20) 

(B1.21) 

(Bl.22) 

(B1.23) 

(B2.1) 

(B2.2) 



(B2.3) 

le-iks 1 dÇ=_/rH~2)(k). 
1 ~Ç2 -1 2 

(B2.4) 

where H~2)(k) and H j(2)(k) are Hankel's functions [137,200] of second kind of zero and 

first order. 

The function C(k) is called Theodorsen's function, the exact expression ofit is given by, 

. H
I
(2)(k) 

C(k)=F+IG= (2)() . (2)()· 
HI k +lHo k 

(B2.5) 

The standard notations for the real and imaginary parts of C (k) are F and G, which are 

tabulated in Table B.1. 

Table B.1 Theodorsen' s function C (k) = F + i G . 

k l/k F -G 
00 0.000 0.5000 0 

10.00 0.100 0.5006 0.0124 
6.00 0.16667 0.5017 0.0206 
4.00 0.250 0.5037 0.0305 
2.00 0.500 0.5129 0.0577 
1.50 0.66667 0.5210 0.0736 
1.00 1.000 0.5394 0.1 003 
0.80 1.250 0.5541 0.1165 
0.66 1.51516 0.5699 0.1308 
0.60 1.66667 0.5788 0.1378 
0.56 1.78572 0.5857 0.1428 
0.50 2.000 0.5979 0.1507 
0.44 2.27273 0.6130 0.1592 
0.40 2.500 0.6250 0.1650 
0.34 2.94118 0.6469 0.1738 
0.30 3.33333 0.6650 0.1793 
0.24 4.16667 0.6989 0.1862 
0.20 5.000 0.7276 0.1886 
0.16 6.250 0.7628 0.1876 
0.12 8.33333 0.8063 0.1801 
0.10 10.000 0.8320 0.1723 
0.08 12.500 0.8604 0.1604 
0.06 16.66667 0.8920 0.1426 
0.05 20.000 0.9090 0.1305 
0.04 25.000 0.9267 0.1160 

0.025 40.000 0.9545 0.0872 
0.01 100.000 0.9824 0.0482 

0 Cf) 1.000 0 
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Appendix C: Special Complex Functions 

C.l The complex function O(s, z) 

Consider the following complex function, 

G(s,z)=cosh-1 R , 

where, 

~ 
R=~~. 

The derivative of the complex function is given by, 

dG 1 dR 
= 

dz ~R2-1 dz ' 

where, 

dR l-s ..Js 
dz = 2(s-z)~(I-z)(s-z) s, 

~R2-1 ~J~s-:!) . 
The derivative is given by, 

dG ~(I-s)s 
= -------;-----'--'~r====;;== 

dz 2(s - z )~(1- z )z 

At z = x> s, 

R=jR* .~ 
where, R =~~ . 

The complex function can be expressed by, 

G =cosh-1 R = In(R+~R2 -1), 
At R = jR*, 

G = In(jR* + ~(jR*) -1 ) = lnj + In( R* + ~(R*) + 1) , 
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(C1.IO) 

where, 

G* = sinh -1 R* = In( R* + ~(R*) + 1) . (C1.II) 

The derivative of the complex function is given by, 

dG* 1 dR* 
=-----,=:===;== 

dz ~(R*)+I dz ' 
(C1.12) 

The derivative is given by, 

(C1.13) 

From the above derivations, one conc1udes, 

dz dz 
(C1.14) 

At z = x > 1, 

(C1.1S) 

Note that, 

R 2 <1, (C1.16) 

G=ln(R +~R2-1)=ln(R + j~I-R2 )=±jCOS-l R =±jG . (C1.17) 

Note that, 

G =cos-1 R , (C1.18) 

dG -1 dR 
= 

dz ~1-R2 dz 

-J(I- s )s 
= -2 (;--s ----'---z~).;f7(z=-=1 )C=z (C1.19) 

By comparing the derivatives, one conc1udes, 

dG .dG 
-=+J-, 
dz dz 

(C1.20) 

G=+jG . (C1.21) 

For z = x < s < 1, 
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A ~_ 
R=R=~~, R>l 

dG - j ~s(l-s) 
= ------;---;-'--;=;='====T'7====T" 

dz 2(s-z)~(1-z)(-z)· 

The complex function in this domain is expressed by, 

0= cosh-I R = ln( R+ j~1-R2 ) = + jcos-I R =+ jG . 

Note that, 

By comparing the derivatives, one concludes, 

dO .dG 
dz =} dz ' 

~ A 

G=jG. 

Note that for s < z = x < 1, 

IMAG(O)=jJr . 
2 

The following are special cases of the complex function O(s, z), 

O(l,z)= ° , 

O(o,z)= 

One concludes, 

j Jr + lim(Sinh -, p(l- z )s) ) = j Jr 
2 ~O z-s 2 

T ( -1~) .Jr }s~ cos ~~ =}2 

.Jr 
}-

2 

0(0, z) = j Jr , for any z, 
2 
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o<z <1 

l<z<oo , 

-oo<z<o 

(C1.22) 

(C1.23) 

(C1.24) 

(C1.25) 

(C1.26) 

(C1.27) 

(C1.28) 

(C1.29) 

(C1.29) 

(C1.30) 

(C1.31) 



0(1,00)=0 , 

0(0,00)= j Jr • 
2 

C.2 The complex function ii(o-, z) 

Consider the complex function ii(o-, z) given by, 

where, 

ii(o-, z) = cos-1 R , 

~ 
R=~~. 

The derivative of the above complex function is given by, 

dii -1 dR 
= 

dz ~1-R2 dz ' 

where, 

dR 1-0-
dz = -2 (/o---'z )1~(=r=I_=z'T':)(;==o-=_ z~) , 

~1-R2 = {Flf 
~~' 

The derivative is given by, 

dH ~(o- -1)0-
= ----;-----'--'----:-""""FF=~= 

2(0-- z )~(I-z )z dz 

For 0- > z = x > 1 , 

dii . ~(o- -1)0- . dH* 
-=) =)-
dz 2(0--z)~(z-l)z dz' 

R .~ ·R' 
=-)~~=-) , 

The complex function in this range is expressed as, 

218 

(C1.32) 

(C1.33) 
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(C2.3) 

(C2.4) 

(C2.5) 
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li = j In( - j)( R* + ~1 + (R* ) ) = ; + j sinh -1 R* . 

Note that, 

H* = sinh-I R* . 

The derivative of the above cornplex function is given by, 

dH* 1 dR* 
= -----;====:==:= 

dz ~1+(R*) dz ' 

where, 

dR* 0"-1 J;; 
dz = 2(0"-z)~(0"-z)(z-l) 0", 

The derivative is given by, 

_dH_* _ ~(0"-1)0" 
dz 2(0" -z )~(z -1)z . 

By cornparing the derivatives in this range, one concludes, 

~ dH* dH . 
-=j-. 
dz dz 

dli dH* 1 dz f -dz=jf-dz=-j-f-, 
Iz-o-I<e dz dz 2 z - 0" 

fdH . 1 [1 l' 10=11" 7r -dz =-j-lnz-O" +lB..Ie =-. 
dz 2 =0 2 

For z = x > 0" > 1, one obtains, 

The cornplex function is expressed by, 

li = cos- I R = jln(R +~R2 -1)= jcosh-I R , 

li=cos-1R=jcosh-1R=jH. 

The above conclusion is supported by cornparing the derivatives, 

219 

(C2.l0) 

(C2.11) 

(C2.12) 

(C2.13) 

(C2.14) 

(C2.15) 

(C2.16) 

(C2.17) 

(C2.18) 

(C2.l9) 

(C2.20) 

(C2.21) 



For z = x > a > 1 , one obtains 

dit ~(a-1)a .dH 
-= =J-
dz 2(a-z)(- jN(z-1)z dz' 

For z = x < 0 < 1 < a, one obtains 

~ ~-za ~ 
H= ( ) =H , a-z 

dit . ~(a-1)a 
- = - J ------;--'---2-r:;="===T=;==~ 
dz 2(a-z)~(1-z)(-z) , 

The complex function is expressed by, 

it = cos -1 R = ± j ln ( R + ~ R2 -1 ) = ± j cosh -1 R = ± FH . 

The derivative of the complex function in this range is given by, 

1 dR ~(a-I)a 
-dz - ~R2 -1 dz =- 2(a-z)~(1-z)(-z) . 

~ 

dH 

By comparing the derivatives, one concludes, 

dit . dÎl 
dz=J dz ' 

~ ~ 

H=jH. 

The following are special cases of the complex function ff( a, z), 

~() -1 ~ H a,z =cos ~~ , 

ff(1,z) = 0 , 
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Û <z <1 

ii(oo,z )= 7r '1' ('nh 1~-1 J -+) lm SI - ( ) 
2 (J'->OO (J' - Z 

l<z<oo (C2.32) 

j lim(COSh-J ~(1-Z )J 
1->-00 ~~ 

-oo<z<û 

The final expression of the complex function for this special case is given by, 

COS-l~ û<z<1 

ii(oo,z) = 7r . 'nh-l~ -+ }Sl z-
2 

1<z<oo (C2.33) 

j cosh-1 .Jl- z -oo<z<Û 
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Appendix D: Numerical Method Validation 

D.I Method validation for flows with multiple separation regions past a 

downstream-facing step 

Before using it for the analysis of the flows past airfoils at very low Reynolds 

numbers, for which there are no experimental results available, the numerical method 

presented in Chapter 4 has been first validated by comparison with experimental and 

previous numerical results [DI-D7] for the two-dimensional flows over a downstream­

facing step shown in Figure D1.1. For a meaningful comparison with these previous 

results, computations have been performed for the value of the channel expansion ratio, 

H 1 h = 2 (the step height being in this case equal to the upstream channel height, hs = h 

= H 1 2 ), and for various Reynolds numbers, including Re = 800 which has been most 

commonly used in the previous theoretical and experimental investigations. A fuIly­

developed laminar flow defined by a parabolic velocity profile is considered at the 

channel inlet: 

U(y)=24 Uoy(0.5 - y), (D1.1) 

where Uo is the mean flow velocity and y is in this case the physical coordinate 

nondimensionalized with respect to H. The following two cases of the channel inlet 

geometry have been considered, again for meaningful comparisons: 

(i) Case in which the upstream portion of the channel is missing, that is 10 = 0 , and 

the fully-developed velocity profile (D 1.1) is assumed just above the downstream-facing 

step (at x=O ), at the entrance of the downstream channel. This case is considered for 

comparison with the benchmark numerical solution given by Gartling (1990), as weIl as 

with other previous numerical solutions. 

(ii) The physical case in which the fully-developed velocity profile (D 1.1) is assumed 

at the inlet of the upstream portion of the channel having the nondimensional length 10 =2 

with respect to the downstream channel height, H . This value resulted after a detailed 

study of the effect of the upstream length of the channel on the numerical solution 

obtained, which has shown that increasing the nondimensional length, 10 , above 2 did 

not further affect the numerical solution for the range of Reynolds numbers considered. 
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Figure Dl.1 Geometry ofa channel with a downstream-facing step. 

The present numerical results for the flow past the backward step were obtained using 

a stretched staggered grid with 1001 x 201 grid points for each variable (that is 2001 x 

401 grid points in total) in the case 10 = 0, and 1097 x 201 grid points in the case 10 = 2 

(obviously in his case there was no need for the coordinate transformation mentioned in 

Chapter 4). The mesh spacing in the x-direction was minimum at the step, àxmin = 0.0104 

(for the staggered grid), and maximum at the outlet boundary, àxmax = 0.0252 , while in 

the y-direction the minimum mesh spacing was at the walls and the step corner, ~Ymin = 

0.00182. Computations were performed for a nondimensionallength of the downstrearn 

channel, ft = 30, with 8 = 0.8 and ~'t = 004, and convergence was considered reached 

when aIl of the r. m. s. residuals were less than 10 - 9. 

At low Reynolds numbers, the flow over the downstrearn-facing step is characterized 

by two separation regions, one at the lower wall just behind the step and the other at the 

upper wall. This is shown in Figure D1.2 which presents a graphical illustration of the 

computed cross-channel velocity profile at various axial locations along the 

computational domain ( -2 < x < 30 ) for Re = 800 and an expansion ratio H / h = 2 . 

The streamline contours, illustrating the recirculation regions near the upper and lower 

wall s, are also shown in background in this figure. 

The present results for the nondimensional lengths of separation on the lower and 

upper walls, LI and Lu= Xr - Xs , and for the locations of the separation and reattachment 

points on the upper wall, Xs and Xr , respectively, are compared in Table Dl.1 with 

previous numerical and experimental results. One can notice good agreement with the 
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previous numerical solutions obtained for the case 10 = O. The agreement with the 

benchmark solution obtained by Gartling [D 1] is excellent. 

For Re = 800 the agreement with the experimental results was not as good for this 

Reynolds number. Thus, the experimental results obtained by Armaly et al. [D2] by using 

a laser-Doppler velocimetry technique, displayed differences of the order of 20% with 

respect to the theoretical results. More recently, T. Lee and D. Mateescu [D3] performed 

very thorough experimental investigations using a non-intrusive technique based on 

multi-element hot-film sensors glued on the wall surface. As shown in Table D1.l, their 

experimental results were much doser to the numerical predictions, although the 

agreement can not be considered satisfactory for this Reynolds number. 

As suggested by Gartling [Dl], Armaly et al. [D2], and Kim & Moin [D4], these 

discrepancies between the experimental results and the numerical predictions are due to 

the three-dimensional effects in the experimental channel flows (as compared to the 

rigorous two-dimensional computational solutions), which appear to become significant 

for Re > 600 . This explanation seems to be confirmed by a very good agreement 

between the present numerical solutions and the experimental results for lower Reynolds 

numbers, such as Re = 400 and Re = 600. This can be seen for the lower wall separation 

length in Table D1.2, as weIl as in Figure D1.3, which shows the variation with the 

Reynolds number of the separation and reattachment locations on both the upper and 

lower walls. 

0.5 

y il 

-0.5 

x 

x 

Figure D 1.2 Steady flow over a downstream-facing step ( H 1 h = 2 and Re = 800 ). 

Typical cross-channel velocity profiles at various axial locations along the computational 

domain ( -2 < x < 30 ), as weIl as the streamline contours illustrating the recirculation 

regions near the upper and lower walls. 
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Table D1.1 Computed nondimensional lengths of separation on the lower and upper 

walls and the upper wall separation and reattachment positions compared with previous 

numerical and experimental results. 

Lower wall Upper wall 
Length of Length of Separation Reattachment 
separation separation position position 

LI Lu= Xr - Xs Xs Xr 

Computational solutions (for Re = 800 and H / h = 2 ) 
Present solution for 10 = 2 5.90 5.65 4.66 10.31 
(with upstream channel) 
Present solution for 10 = 0 6.09 5.63 4.85 10.47 
(without upstream channel ) 

Gartling (1990) (10 = 0) 6.10 5.63 4.85 10.48 

Sohn (1988) (10 = 0) 5.8 4.7 - -

Kim and Moin (1985) (10 = 0) 6.0 5.75 - -

Experimental results (* for Re = 805 and H / h = 2; ** for Re = 805 and H / h = 1.94 ) 

T. Lee and Mateescu (1998) * 6.45 5.1 5.15 10.25 

Armaly et al (1983) ** 7.0 4.3 5.7 10.0 
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Table D1.2 Cornputed nondirnensional length of separation on the lower wall, L, 

,cornpared with previous nurnerical and experirnental results for various Reynolds 

nurnbers. 

Re= 400 Re = 600 Re = 800 Re = 1000 Re = 1200 

Computational solutions for H / h = 2 

Kim and Moin (1985) (10 = 0) 4.3 5.3 6.0 - -

Sohn (1988) (10 = 0) 4.1 5.2 5.8 - -

Present solution for 10 = 0 4.32 5.37 6.09 6.71 7.29 
(without upstream channel) 
Present solution for 10 = 2 4.12 5.17 5.90 6.53 7.11 
(with upstrearn channel) 
Experimental results for: * H/h=2; ** H / h = 1.94 

T. Lee and Mateescu (1998) * 4.1 5.21 6.45 7.4 8.4 

Armaly et al (1983) ** 4.3 5.8 7.1 8.1 8.9 

*,**The expenrnental Reynolds numbers were shghtly dIfferent III sorne cases (see also 
Figure D1.3). 
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Figure D 1.3 Steady jlow over a downstream-facing step ( H / h = 2). Variation with the 

Reynolds number of the location of the separation and reattachment points on the upper 

and lower walls. Comparison between the present theoretical solutions ( -- , lower 

wall reattachment; - - - ,upper wall separation; -. - . -, upper wall reattachment ) 

and experimental results: 0, D, il - Lee & Mateescu (1998); 0, D, il - Armaly et al. 

(1983). 
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