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Rbstract 
-/' 

, This thesis treats some of the problems rel,ated I;-to.- the gooçi, dra~ings 

Dn of tlJ,.e corl!pTete graph Kn. The 'first of th,ese p'roblems is obtalnjng aIl . 
the non-iJ,~orphic good -drawings D~ of Kn' After- cohjecturing that any 

b good drawing JJn of Kn . has at, least one c~ossing-free Hamiltonian 
~ 

Circuit, an algorithm generating aU the non-isotnor~hic good drawings 
./' - -

Dn of Kn is develgped. The second problem, determinin,g the existence of 

a rectiline~r drawing 'Dn of Kn with ~ given set of crossip~sl i~ solyed 

by fin~g à characteristic ot' the, rectilinear drawings Dn of Kn', A~l 
1 _ 

a1gorithm u~irg this characteris~ip tietermines .whether a, given' set of ' 

crossings defines a rectilinear dràwing Dn of Kn' The last problem, to 

generate aIl the non-isomorphjc rectilinear drawings Dn of Kn, is solved, 
l "" j" .. 

by an algorithm using a set of rectilinear drawings Dn-l of Kn-l ' 
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Résumé 

Cette thèse tra~e quelqu~ problèmes ayant rapport aux bons 

dessins, "good drawings", On de Kn du graphe complet Kn, Le premier 

de ces problèmes est d'obtenir les bons d~ssins non-isomor,phes Dn de 
- . 

Kn. Après avoir conjecturé' que tout bon dessin On de Kn a au moins 
, 

un cycle hamiltonien sans aucun croisement, " un algorithme produisant 
t ; -

tous les 'bons, dessins Vn de Ku .ést développé ~ Le deuxième' ~roblèm" 

déterminer l'existenc~ d'un dessin On de Kn ayant un ensemble don6é 
'. f~-~ 0 

de croisements, est résolu en établissant une caracténst'ique des dessIns 

rectilignes Dn de Kn. Un algorithme qui utilise .cet~e caractéristiq~e (\' 

détermine si un ensemble donné de croisements définit un dessm 
t 

rectiligne~Dn de Ku. Le dernier problème, pPoduir'é tous les dessins 
c ' ' 

rectilignes non-isomorphes Dn' 4e .Kn, est résolu à l'aide d'un algorithme 

qui· utilise un _ ~~semble de dessins rectilignes" Dn-'l de Kn-l' 
(\ 
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Chvt~r 1 tl 

-- Introduction 
' . 

. This the sis treat~ sorne of ~he probl~ms rela't~d to the good <fra~'-' ... 
c <)1 ... 

Jngs On of the complète grapnKn. Th~ first of these problems' is to ob-
..... . 

tai?-all the non-isomorphic ~ood dra;nngs On of Ku. After conjectunn~ 

~t any ~ood draWing Dnpf ~ has at least one' Crossing-Free Hamilto­

ni an Circuit, an al~ori.thm generating aH the non-isomorphic good . . 
drawings Dn of Ku is d!elOped. The second problem, to determine the 

existence ?f a~ rectiline drawing Dn'~f Ku ~th a given set of crossing.s, 

1S solved by finding a characteristic of. the re.cti~inear drawings Dn of 
... --
v . An algorithm which uses this characteristic' determines whether a ~"n li . 

~ven set of ,crossings defines a rectilinear. drawing On of ~. The last 
" 

problem, to generate aU the non-isomorphic rectilinear drawings Dn of-
. b SIr 

Kn, i~ sdlved by an algorithm using a set of rectilinear drawings Dn- 1 0( , . 

Kn~l' 
\ %' 

Before proceeding however, let us examIne the definitlons which 

are required throughouf the thesis. A eri!ph G is a set V of vertJces 

and a subset E of the unordered p~jrs al' vertices, called. edges. 1 A 
• 

drawing D of ~ a gtaph 'G is a mapping of G into a sutface, which in this. 

thesis . will be the Euclidean. plane [S,10, 14,15]. The vertices are 

mapped into distinct points, called nodes. An~o edge is mapped into an 

open 4rc which is ~losed by its two definin~o9.es. 

e. drawil1g .in which (see Fig.l.l): 
\ 

A 800d _dri! wing is . a 

/' i) no\~rc intersects itseli, 

, 

" 
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ii' no two arcs incident with a common node have a 
~ . 

comtnon point (the tangents to the arc~ at the 

,point ar~ distinct) 

Hi) no two arcs have more than one point in common. , 

(1), (11) . (1u) 
F~ ~.1: The three cases which mUft be avo1ded'to obtain ? good drawing. 

S 

A good arc of a drawing 0 is an arc which does not interseet it-. . 
- , .. 

self. A common point of (wo arcs is called a erossing. We assume that 
;> -- .... 

no point of ,the plane belongs to more th~il two arcs. The coinplete 

graph, Ku, has n verticês and all (n2) possible edges. A Crossing optimal 

drawing On of Kn is one which has, among aIl po~ble drawings of Kn: 
the minimum number of crossings. This least number of crossings is 

, called the erossfng numher of Kn and is denoted hy v (Kn). If we con­
'\ 

sider only the rectilinear drawings of Kn then the minimum number of 

'" crossings is called the rectilinear erossing num~r of ~. The node re-

sponsihJlity is the tot~l number of' crossings on ~ll arcs incident with 

this node. The lire responsihilit.y is the total number of times this arc is 

crossed. For. the purposes of this thesis two drawings 0 and D'are 

called isomorphic when there is a one-to-one correspondence between 

~he nodes of D and the nodes of D' such that if any pair of arcs in 0 

crosses th en the correjsponding pair in D' also cr-osses. ThIs is ao ",'C?~k 

definition J isomorphism. Examples are given- in Fig: 1. 2. The usual 

f . 
2 
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definition of isomorphism would . distin~uish between dnlwings in which 

the same crosslngs on an arc were made in different orders. 

1 

;' 

l' 

(1) (2) 

o(a .. , (h) (c) 
Flg.1.2: The drawings (1) and (2) are isomorph1'c; whUe (1) 
and (3) are non-lsomorphlc. Simlla~ly (a) and (b) are 
isomorphic but (a) and (c) are non-isomorph1c. ", 

• 

,/ 

If aU the arcs of a drawing 1) are restrictwj to _ straight Hne seg-
" f'. \ 

ments then D is a rectJ1ine!lr drt!lwin~ as in the' dràwing of Fig: 1. 3. 

, 

\ 
Pi8.1.3: A reètUinear drawing. 

o .. 

J 

a 

A g-circuit of a drawing Dn is a sequence of arcs 0 

(ail a2), (a2' a3), .. : , (ai' ai+1)' .. -. , (at-l' all), (at, a~), such that -at a j 

whenever irtj. A HlJmJltonilJn Circuit, He,. of a drawing On is an n· 

o 

{ 
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circuit. If no two a)-cs in an 'HC cross one at1$ther, th~n it is called " 

crossing-Ir" "Htflmlltonùln Circuit or C-F HC. Examples of C-F HC's are 
< 

given in Fig. 1. 4. An n-circuit optimal' drawing On of Kn is one which 
-.....,.. 

has, among aIl possible drawings of Kn, the maximum number of C-F 
1 

HC·s. If only the rectiljnear dra~ngs Dn of Kn are considered then the 

term k-circuit is replaced by k-gon. An n!.gon optimal rectilinear 

.dra'wing On of Kn is one, which has, among an possible rectilinear 

drawings of Kn" the maximum number of C-F He·s. 

,,~----

. "'\ 
(a) (h) J 

Flg.1.4: Drawing (a) ha~ only one C-F HC, namely (1,2,3,4,5,1) 
Drawing (b)' has tour ditterent C-P HC's: (1,2,3,4,5,1), 
(1,2,3,5,4,1), (1,2,5,3,4,1) ~nd (1,4,3,2,5,1). , ,. 

Although studies related to the complete graph Kn started at leàst 

a few decades ago, only partial results, have been reported thu~ far. 
" Many of these results concern the crossings and the crossing number of 

Kn [3 - 5,7 - 9,.16 -20]. The./UJ>per bound for the crossing number of 
.... 

v(Kn) ~ '4 l 1/2 n l [1/2 (n -1)] [1/2 (n - 2)] [V2 en':' ~)], 

w:here brackets denote gret!ltest integer not greater than, has been ob­

tained by R. K. Guy [3]. It"'-has bee~ conjectured that the exact value 

of the crossing number' of Kn is P.Wh by this bound. Guy confirmed 

this conjecture for n ~ 7 [8], ~en later he cQnfirmed it for n ~ 10 
. r . ~ 1 

[13]. Lower bounds for v{Kn) have also been obtained by Gwy [13}. For 

C " the rectilinear crossing number of KJ1" an upper bound has been ob-

() 

\, 
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tained by"-H, F, Jensen [12] and independently by R, B, Eggleton, This 

boun,d was then independently improved by D, Singer and· H. F. 
) 1 

Jensen. Guy [14] has confirmed that _ the rectilinear crossing number 

for K8 is 19. R. a-;'"' Eggleton [16] obtained ail the non-isomorphic 
, 

drawings D5 of Ks. Most of the drawing~ D6 of K(, can be fQund in the , 
correspondence between R. Guy and both A. Uytterhœven and J. 

Backelin [18]. The first part of the thesis, Chapters 2, 3 and 4, treats , . 
~ 

the problem of generating, for a given n, aIl the non-isomorphic draw- . 
.... 

ings Dn of the complete graph Kn. An algorithm that generates aIl the 

non-isomorphic good drawings Dn of Kn is developed and results are ob­

tained by ,the corresponding computer pro gram for n ~ 7. The only 

input to this algorithm is the value of n. In theethird part of the the­

sis, Chapters 8, 9 and 10, the non-isomorphlc rectilinear drawings Dn" 

of Kn are obtained using a set of rectilinear drawings Dn-1 of Kn-l' An 

algorithm is written to obtain these drawings Dn. Using the corre-
" 

sDonding çomnuter nroaram. the non-isomorohic rectilinear drawinlls D., 

ar e ob tmnecJ U~Lne as,;' t 01 r e(:, tllmeur tlnl W Ing!:i u6 ' 

The problem concerning straight line representation of graphs has 

been considered for many years [1,2,11,16]. A necessary and sufficient " 

condition Jor ~ome .graphs to be drawn rectilinearly was presen ted by 

Eggleton [16]. A similar ~tion for the complete graph Kn is studied 

in the second part of this ttesis, Ch~pters 5, 6 and 7. A computer 

program is written to detelmine whether ther~ exists a rectllinear 

drawing' On satisfying a ,siven set of cro~sings of Kn' 

We summarize the three main contributions of the thesis IEl the 
., 

following: 

D , 
) il 
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1. Generating ail the non-isomorphic drawings Dn of Kn 
. . 

having at least one C-F He. In Chapter 2, along with 
, , 

the relevant theory, an algorithm is developed to gener-

ate, for a given. n, aIl the drawings Dn' The results of this 

algorithm for 3 < n ~ 7 are pr~nted in Chapter 3 and Ap­

pendices <A. 2 and ~. 3. Also in &ta pte; ~ having on tland 

the entire seCof aIl drawings D7, we are able to determine 
... 

aIl those with the l~rgest number of C-F HC's, co"nfirming 

the results obtailled by Newborn and Moser[19]. Chapter 4 
~ 

includes an analysis of the algorithm. 
\ 

2. Determining whether a drawing On of Kn (as speci-

fi~d by a set of crossings) is rectilinear. In Chapter 5 

we prove- that aIl non-rec~i1inear drawings Dn of Kn always 
.-

have a specifie sub-drawing which cannot be a sub-draw-

ing of a rectilinear draying. This characteristic can be de­

tèrmined by, just knowing the set of crossings of the 

drawing. In Chapters 6 and 7\we present the correspond-
t 

~ 

ing resuits and analysis. 

3. Generatkg the non-isomorphic rectilinear dl'awings r 

D. given the rectilinear d:rawings Da - 1 . In Cha~ter 8, 

, the relevant theory is presented(~Jto show that we c~n ob­

Jaïn the rectilinear drawings Dn using the rectilinear 

drawings Dn-1' The corresponding algorithm is presènted in 

Chapter 8. In Chapter 9, the summary of the results for 

Il = 7 is given; while the actual drawings are shown ln 

Appendix C. 2. An analysis of the algorithm IS proVlded in 

Chapter 10. 

6 
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Chapter 2-
. . 

RN RL60RITlIM.FOR flNDIN& RLL THE ,.ON-ISOP'tORPHIC 6000 ORRWIN6S D. Of KA 
, HRUING ft CROSSIN6-FREE HRMILTONIRN CIRCUIT. 

~ 1 

Work related to obtaining aH the non-isomorphic good drawings Dn 

of Kn st~rted a few years ago, [15,16,18]. ln this chapter an 
o 

algorithm is developed to generate aU the non-isomorphic good. drawings 

having at least one. C-F He, C. It can be shown that each rectilinear . 
drawing On of Kn has a C-F He. A proof of the existence of a C-F He in 

e~ch non-rectilinear good drawing On of Kn has not been obt~ined yet. 

The large number of unsuccessful trials to produce a good drawing Dn of 
,-

Kn with no C-F HC created t~e belief that there are no such good 

drawings. This beHef is strengthened by . examining both sets of" 
, ~ 

drawings D6 of K6 obtained by the, late Prof essor Uytterhœven and by 

Mr. Backelin and finding that each·" Q.f. the drawings has ~ C-F HC, 

From these facts we obtain the following conjecture .. 

Conjecture ,~ ~ 
() 

Every good dra~ng Dn of Kn has at least one C-F HC. 

We note that if On is not a good drawing it might still have a C-F, 

He as", shown in Fig.2.1. Only the dra,wings that have a C-F HC are 

,.,considered in this chàpter. 

1 

Fig.2.t: A drawing D5 in which the two arcs 
(1,3) and (1,4) cross. D5 1s not a good' 
drawing: however . it ha, a C-F HC, 
e=(1,2,3,4, 5, 1). 

. '1 
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6enel1l1 Descrtptlon of the Rigorithm 

The algorithm begins by determiriing the list of aU the edges (a, P) 
, -' 

QotKn different from the edges of C =(1,2,3, ... ,n-l,n,1). F..or each edge 

(a,p), the algorithm generates aIl the arcs (a,b) into which (a,p) could 

~be mapped, such that (a,b) crosses any of the arcs of C at most once
D 

and. does not cross any of, thep four arcs oof C which are incident to 

eîther node a or node b. If (a, b) îs a good arc, i. e. does not cross it-. 
self, then it is retained c by the algorithm; otherwise it is discarded. At, 

this point 'the algorithm has the list of good arcs (a, b) related to each 

'~he edges (a,p). 'Q ~ 
. Next, to the arcs af C, the alg<:>rithm adds~arcs' (a, b), one arc per 

.edge and one'arc at a time~ Before adding an arc, the algorithm' veri­

fies whether the crossings occurring between this arc Md each of the . 
arcs which ~ere previously added -to C dô not viola te conditions (ii) and 

'ili!) (on page '1) for a good drawing. If for each edge (a,p) an arc 

(a, b) is added to C then the algorithm has obtained a good drawing Dn 
, 

,of Kn .. 
~ 

Thé algorithm compares this drawing On to the non-isomorphic 
", 

drawings which were previously obtained. If On 

each - of these, the~ it· is added to the set \,f 
drawings of Kn~ 

" . 
, ,Detelled Descrtptlon of tha Rigorithm 

is non-isomorphic to 

non-isomorphic good ,. 

"9-

Consider n edges of Kn and rriap them into' ~ C-F He 

C=(1,2,3,".",n-1,n,1). We caU the area bounded bye, 1.ntC~ and the . ' 

remainder of the plane, Ext C: Consider, an edge (a,p) different from 
" , 

the edges of C. . The possible mappings of an edge (a,p) with respect to 
, , 

C are illustrated in lig. 2. 1. a, p, c, .. d and e for n= 5, 6, and 7. In 

,8 
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Theorem 2.1, we ShOW hOW we <1e'termlne 'tha't a partlcUlar mapplng 
1 • 

.. 

(a, b) of (a,p) is a good arc. 

1 

Fig.2.1.a: Each of the edges (1,3), (2,4), (3:5), (4,1,) 
and (5,2) of Ks can b'Lmapped Into eXiactly 4 arcs. 

Pig.2.1.b: "Each of,:tthe edges (1,3), - (2,4), (3,5), (4,6), (S, 1) 
and (6,2) of K6 can be- mapped into exactly 8 'arcs, - _r 

" 

9 
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\ ' 

Plg.2.1.c: Each of the three edges (1,4), (2,5), and (3,6) of K6 
can be mapped into èxactly 10 arcs. . 

6 

10 
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Fig.2.1.d: Each of the edges (1,3), (2,4), (3,5), (4,6), (5,7), 
(6,1) and (7,2) of K7 can be mapped into exactly 18 arcs. 

Il 
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'1. 

Pig.2.1.e: Each of the arcs(1,4), (2,5), (3:6), (4,7), (5,1), 
(6,2) and (7,3) of K7 can be qlapped into exactly 2,4 arcs. " 

Theonm 2.1 

Let On he a drawing (not necessarily a good drawing) of the com­

plete graph Kn~ C be a C-F He of On and (a, h) be. an arc of Dn, dtffer-
1- • 

ent from the arcs of C: In addition, if C, the arcs of C cl"'ossed by 

'(a, b) and the l~cation of each of the segments of (a, b) with respect to 

~ C are given Ci. e. whether it is in \nt C or Ext C), then, one can 

determine whether (l, b) is a good arc. 

" . 
12 
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Proof 

As defined fn Chapter 1, a good arc is one which does not inter-, 

sect itself. We prove Theorem 2.1 by cons tructing an algori thm tha t ~ 

de termines whether an arc intersects îtself. 

Let Dn be a drawing of Kn with at least "one C-F -HC, C, Label the 
\ 

-. nodes of Dn such that C becomes (1,3,5, .. , t 2n-1, 1). We label the arcs 

of C with the integers 2, 4, 6, ... , 2n as shown in Fig. 2.2, 
1 

( 

, 

, 

Flg.2.2: A C-F HC of a drawlng On' 

The arcs of C crossed by (a, b) will be denoted' by Pl' P2, , .. , Pr-l' . \ 

The notation (Po, Pl' P2, ... , Pr-l, Pr) will mean that starting frorn node 

a :: Po and going to· node b:: Pr, the arcs Pl' P2,"" Pr-l are cr'oss~ 

bt' (a,b~ in this order. The -arc (a,~) is said t.a be composed of 

se~ènts (Po, Pl), (Pl' P2), , , , , (Pr-l-t Pr)' For exarriple, in Fig. 2.3, the 

arc (a, b) is composed of three segments (Po, Pl), (Pl'~) and (P2, P3)' 

13 
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c 

c ~' 

Fig.2,3: The arcs P1 and P2 are crossed by the arc' (.,b). 
Starting trom node a, P1 1s crossed first, folloW"ed by P2. - . 

- - ~ 
') 

New form a list of aIl the segments of the arc (a,b) lying in W· 
C. Let these segments be denoted by (Pl' p). Each pair (Pt~ Pu) and 

(Pv, Pw.) is considered. separately. Assuming that Pt < Pu and Pv < Pw' ' 

we have the following: 

Pt < Pv < . P. < Pw 

<=) ~t, pJ X (Pv~PW> 

(Fig. 2.4) 

... 
We note that if thére are no segments in -\nt C tnm (à, b)--- does not 

èross itself in \nt C. In an analogous way, the-segments of the arcs 

,(a, b) lying in Ext C are considered. 0 

14 
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Pig,2.4: Then 10 a cross11\8 only in the first two diagrams . 

..- We have 'explained previously that'~he algorithm adds arcs one at . . 
a time to C to form a gOQd drawing of Kn, Betore âdding eadh arc, the 

• 
algorithm verifie~ ~hether the arc crosses ~ny of the arcs already 
l' , 

added in a way that violates conditions (ii) or (iii) for a good drawing" 

Two examples of suc,h violations are' given in Fig. '2.5, ln the followlng 

theorem we show that given two 'arcs (a, b) and (c, d), we can -

~etermine whet}:ler (a, b) crosses (c,.d). and- wnether they cross more 
• 0 

than once, The ability to determine 'how (a, b) and (c, d) cross is nec-

essary because the algorith;m" considers, with respect t.o C,' each good 
, , 

, , 

arc . (a, b) of an edge (a,p) along with each gaod arc (c,d) of an edge 
~ 

(0,3), where (a,p) and (o,a) are 'different from the edges, of C. The 

algorithrn stores information about each pair (a,.b), (c, d) reflecting 
~ ,. 

whether they cross and if so, whether there is any violation of condi-

tions (ii) or (iii). 

, 
\ ru 

. .' . . 
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Fig.2.5: Two pairs of arcs (a,b) "" and (c,d) result1ng i~ 
drawtngs which are not good drawtngs. The first violates 
condition (11) and the second viola tes' condition (Hi). . 

In this theorem we demonstrate that, ,given C, two arcs (a, b) 
'" 

and (c, d) of O~, the arcs of C crossed by each of (a, b) and (c, dr, and 

the location, \nt C or $~ C , of eaoh of the segments of (a, b) and 

(c, d)' with respect to C,. we can determine whether; (a, b) crosses (c, d) 

and whether the two arcs cross more th an once. This theorem applies 

to drawings On of Kn which have at least one C-F He. . -

Th,oram 2.2 

, ... Let On be a drawing (not necessarily a good drawing) ~f the c~m­
piete grapp Kn, C be a C-F H.C\'f On' and (a, b) and (c, d) be two arcs 

of On which are different from the arcs of C. Let the sub-drawing 

consisting of C and (a, b) and the one consisting of C and (c, d) be ~ood 

drawings. In addition, if C, the arcs of C crossed by (a, b), the ar~s of 

C crossed by (c, d) and the location of each of the segments of (a, b) 
, .. . 

, ...... 
and (c, d) with respect to 1} are known; then, we can determine 

whether (a,b) and (c,d) cross and whether they cross more Jhan 

once. 

, 
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Let On be a drawing of Kn with at least one C-F HC, C. We label \ 

", /' the nodes of On s~ch tha~ C becomes (1,5,9, ... , 4n-3, 1). An ~',:,rc -' 

(i,-i + 4) of C could 'be crosse,d by both (a, b) and (c, d). To avoid the 
-Ii ,'. -

meeting of- (a, b) ~and (c, d) at 1 the same point of (i, i + 4), we consider 

. tw~ distinct points on (i, i'+ 4) where it c~ut<l.8e crossed by (a, b) and 

(c, d~ label the point closer to node i with the integer i + 1 and the . 
one cl oser to i + 4 with the integer i + 3, as shown in Fig. 2.6. . .. 

4n-1 

1 

.... -
Fig.2.6: A,C-F He of a-'drawing On' ' 

-

,. 

, We assume that a < b, c < d and a ~ c. The arcs of C crossed 

by (a', b) will be denoted by Pi, P2"'" Pr -l and the arcs crossed by 
(---

(ç,'d) will be denoted by qi' q2' . ,", ,·q.-l' The nota~n (Po, PlI P2' ' , " Pr-l' 

Pr) will lnean that starting trom node a = Po and going, to ,node b = Pr''> 

the "'arcs labelled with the integers Pi' P2, , .. , Pr-l ar..e crossed by (a, b) , 
in this order.. The equivalent notation (cto,Ql,q2,'" ,Q.-l,Q.) is used 'to 

denote the arcs of C cro6sed by' (c, d) and their order. 

17 -
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When both (a, b) and (~d)~"oss an arc (i, i + 4)1 of C, we have 

two ways of dr~wing (a, b) and (c, d)\: 

1) (a, b) crossing at point i + 1 and 
(c, d) &ossing at point i + 3; 1 

2) (a, b) crossing at point i + 3 any ." 
(c, d) crossing at point i + 1. \ 

If k arcs of C are crossed by both ~,b) and (c, d), 

., 
\ 

then we get 

2k ways of drawing them. The number of times these two arcs cross is 

determined in the following manner: , , , 

Cons.ider ~ll the segments of the two arcs (a, b) and Ik;~d) lying in 

\nt ,i!. " Let .6tese s~gments be denoted by (Pl' p) wnen t~~ belong to 

~a, b) and by (q., '1) when they belong to (c, d)', as shoVln in Fig. 2.7. 
, 

(1) (2) 

• 

Flg.2.7: In (1) (a'~Wc,d), whlch 1s reflected also in (2) 
by the two segmentS (PO,P1) and (QO,Ql) crosslng. 

o 

... 
> 

~ach pair (Pt, p ,and (qv' q ) 15 considered separa tely . Assuming 
~ 

that Pt <, Pu and q~)< ve the following.: ., . 

r-.... ---.-
1 

1 

o 18 
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q", < Pt < qw< p" 
~. (Pt, p,,) X (QY4tÙ or 

\ 
Pt < qy < p" < qw (Fig.2.8) 

~S" 

qy 

o 

CJ 

. qy 

Fig.2.S: There 15 a crœs1ng only in the tirst two dlagram5. 
o. 

In an analogous way, the segments of the arcs of (a, b) andJ, d) lying 

in Ext C are considered. 
/ o 
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, We note that whenever k arcs of C are crossed by both arcs 

(~, b) and (c, d), these two ar~s can be drawn in 2k possible ways; but 

dhly the drawings' with the least number of crossings are good 

drawings; as shown in the two examples of Figs. 2. 9 and 2.10 . 

-

L_--!--"" S-c 

F~g.2.9: ln the two drawings (a,b) and (c,d) \cross the 
arc (21.25) but on~y the first drawtng is good. 

20 ' 

, 

< ! 

~ 



~ 

J. 

.... 

" 

a 

C 

b 

C 

~2.9: The'arcs (a,b) and (c,d) cross two arcs of C in/' 
'1our dltterent ways. The t1rst draWing 15 not a goM 

drawing. since (a,b) çrosses (c,d) more th an once. ..l4 

8RCKGROU~O THE RL&ORITHM \ 

:~ The purpose of the algorithm is to generate aU the good draWirgs 

.. 

/ 

Dn of the complete graph Kn, having a C-F HC. We let -'C:: ~ 

(1,2,3, ... ,n-1, n,l) be.a C-F HC of aIl the drawings Dn of K'p' 

\' Now, suppose that two edgés «a, 6) and (Y, 6) of Kn' :~hich are 

( . 

\ 

different trom the edges of C, can be mapped into'" p arcs and q arcs 

respectively. Then each of the parcs is considered along with each of 

the q arcs to generate p X q ,"sub-drawings, (man y of which will nct be 
• 

good dra~ngs). 

Hencé, the idèa behind the algorithm is to determine ân the dif­

ferent arcs of each of the edges of Kn (with respect to a C-F HC, C, of 

Kn) aRd to generate the drawings consisting '·'of the different combina­

tions of these arcs, as shown in Figs. 2.10 and 2.11. 
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1 Il 

2 1 ., 

A 

1 • 
1 1 2 , 

.... 

B 

\ 

3 • 3 

A1~BI AI~BII .. 

A11~BI A11,BII 
Pig.a.10: Por ~,- the edges (1,2),(2,3),(3,4)' and (4,1) are m~pped to 
form a C-P HC. The algorithm will generate aIl the drawings obtalned 
by combining one sUb-drawing trom row A with another trom row B . 
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A:a d,© <8 
B :rz:j: \CJ ~ 

c ,:12: g ,(8 (3, 
(J 

D :6: cr a2J 
, 

0~ '~r , 3 
! 

F1g.2.11: A C-F He (1,2,3,4,5,1) 1s us~d for J{5' Th~algor1thm w1ll 
generate aU possible drawings Dy (combin1ng exactly one sub­
drawing from each of the rows A, B, C, D and E. 

. . 

Let R be a set of arcs obtained by mapping each of the edges of 

Kn different trom the edges of Cinto an arc. For. example, considering 

the drawings in Fig. 2.15, if we take one of the arcs (1,3) from row 

A, an arc (1,4) trom row B, an arc. (2,'4) from row C, an arc (2,5) 

from rQw D, and an arc (3,5) trom row E; then we haye ~ ~et of arcs 

R. 

In general, there ar;e m = (n2) - n edges of Kn apart from the 

edges of C. If we denote the i-th edge- of these by al and the j-th good . . . 

mappinp; of a; by a;j' then -a set Ap = {a~} will consist of marcs each 
., 

23 
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of which is a mappir:tg of \ an edge ai of the m edges of Kn. If the 
, 

numb~r of good mappings of- ai is r l, th en the~number of sets Ap. will 

equal the product of aIl ri where i = 1,2, ... ,m . 

., After' generating the edges al and determinin~ .~pe ~ood arcs into 

'" which they could be mapped, the algorithm generates a matrix 
.. 1 , " 

,MX(.,.). reflecting the rela~ion between any twp arcs a and ~ 'of the 

different sets Al (i. e. whether they cross, and, in case they cross, .. ~ 

whether their crossing violates the rules of' a good drawing). If a pair_ 

of arcs a and ~ in Ai does not cross then MX (a, (3) is set to zero. If cc 

and ~ cross without violating -the rules of a good drawing then MX (a, ~) 

is set to one. Otherwise (a, ~) is set to two. 

From the information genetated in the matrix MX(.,·), the ~lgo-
1 

rithm th en checks the rel tionship between each pair of arcs of a set 

Ai' If f~r any pair a d~, MX(a,~) equals 2 then this set Ai is ,dis-, . \ 

carded and the algori hm starts checking the pairs of arcs of a . new 

set. If there exists no such pair of arcs in Al then a set of crossings, 

X, corresponding to a good drawing On of Kn is obtained. If the drawing 

. corresponding to X is isom~rphic to a drawing corresponding to any of 

the' previously generated sets of crossings then X is discarded by the 

algorithm: Otherwise the algorith~ adds K to a set D consisting of the 

sets of crossings corresponding to the ~n-isomorphic good dr~wings D.n 

of Kn' The algorithm stops when all the sets Ai are checked. 

E RL60RITHM 

Step 1 Generate a list f the m edges ai' a2 '. ; .. ,ap' . ' •. ,am 

""of Kn where ap is not an ~dge of C and m=(n2)-n. 
\ j / 

24 



Step 2 

5tép 3 

• 
Step 4.0 

Step 4.1 

, 

• Step 4.2 

For each a p ' determine i ts corresponding good arçs 
according to condition (i). 
For each pair of arcs a and ~, determine whether 
they cross, and whether any of the conditIons (11) 
and (Hi) is met. The existence or non-existence of 
such crossings is reflectéd in a matrix MX(·)·) 1 

where MX(a,~) -

i ..- 1. 

o if arcs <li and ~ do not 
croas 

-1- if arcs" <li and ~ cross 
such that the tub­
drawing C U <li U ~ \. 

is a good drswing 
Z otherwise 

D .- 0 CD will be composed of the sets of crossings 
corresponding te the non-isomorphic drawlngs 
On)' 

Form a set, Ai where Al consists of marcs, each of WhlCh 
1 

is a n:lapping of one of the m edges of Kn different from 
the edges of C . 

• X .- 0 ,(X will be a set of crossings) 
j +- 1 
IF MX(c:x,~)j =~, where (c:x,~)j is the j-th pair of arcs 
belo ing to Al . 

.,THEN ST P 4.3 

. 
. 

(where "is a crossing of an arc of C 
and a or~, if any) 

IF X(c:x, ~)j = 1 
THE X..- X u (a x ~) 
IF j = (m2) where m == (n2)-n 
THEN IF X ~orresponds to a drawing which is non­

isomorphic to each of tlfe drawings 1 

corres~onding ~ the sets, of cro~sings in n 
THEN- D +- Duit 

25 



'C 
STE!? 4.3 

"C 

STEP 4.3 
ELSE j 4- j+1 

STEP 4.2 
IF'i < ri X r2 X ... X r m where rp is the number of 
good mappings of the edge ap of Kn ./ 
THEN i 4- i +1 

STEP 4.1 
ELSE STOP 

J 

.. ..,. .. 
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Chapter 3 

RESUlTS Of THE ftLGORITHM 

A compu~r program is written to implement the -EÙgonthm pre­

sented in Chapter 2: This program is listed in Appendix A. 1, and the 

drawings Dn having a C-F He for n ~ 6 are presented in Appendix A. 2 > 

while in Appendix A.:3 all the drawings 0., are listed. In addition, re­

sults related to the n-circuit optimal and n-gon optimal drawings 0, are , 

obtained [1 g] . 

DRAWINGS 05 
o 

By implementing the algorithm for n~ 5, the number of drawlngs 

~generated by the computer program IS one hundred twelve (112) D5' 
-....... 

as per Table 3.1. 

Number df Crossi ngs 1 2 3 4 5 

Number of D5 20 -0 70 0 22 J 

TQble 3.1: The number of drCLwings ~ generCLted by t.h. CLl~orithm. 

These 112 drawings yielded the five non-isomorphic drawings 
, 

'. which are displayed in Fig.3. L 1;hese drawings are essentially the sante 

as the ones of Diagram 37 in (16]. 

27 
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Fig.3.1: The fiv.e non-isomorphic drawings of K5: two 
drawings wi-th 5 crossings, two drawings with 3 crossings, 
and one drawing with 1 çrossing. , ~ , 

DRRWIN6S D, 

! 
1 

o 

., 
The number of good drawings D6 of K6 generated by the \ algorithm 

is fourteen thousand four hundred and sixt Y (14J 460)'. However, we 

need only, gener~ half of these drawings ·b, 230) _ sin ce the drawings 

gen~rated using the last four afes '(1,3) shown in Fig. 2.1. b are iso-

morphic to the dJ:~wings generated using }he first four arcs (1,3) as 

shown in Fig. 3. 2. 

. 
28 
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\, 
1 1 

Ca) (a') 
, Fig.3.2: AU the drawings generated when arc (1,3) 15 

as in (al) will be lsomarphic ta all the draWings 
generated when arc (1,3) i5 as in (a). ~ 

We get the one hundred and two (102) non-isomorphic drawings 

which are displayed in Appendix A.2. Most of these 102 drawings have 

already been found by Prof essor U>-:tterhœven and Mr. J. Backelin in 

the early seventies. Thes~ drawings are shown in their corresponden~ 
1 

with Professor Guy [18]. 

Backelin's cens us consists of one hundred and. twenty-three (123) 

,'drawings Dt>. When the crossings of these drawings are input to a 
j' -

computer prt%,ram to identify isomorphism, only ninety;-six (96) are 

shown, to be non-isomorphic. This discrepancy can most probably be 

explained by <the fact that it is ,extremely diffi-cult to detect instançes of 

isomorphism between any two of the drawings-- visually . 

Professor Uytterhœven's findings are presented in a Table 3.2 
~ 

which can be compare<! (he computer' 5 t:ndings. :--- . 

.. ,. 
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,Number of . Number of Drew1~gs found by 
-

Cross1ng's 
Uytterhœven . Computer program 

1 

3 1 1 . 
4 1 1 1 

1-"- 5 3 3 • 

6 3 • '3 
7 _9 ~ 

9 .... 

B 13 13 . 
9 16 17 

10 \ 9 9 "-
11 20 21 

...... 12 15 15 -
15 10 10 . 

, 

Number of 
~o ./ 102 ,,_. D, 

Table~,2: The number of drawtngs D6 found by Professor Uytterhœven 
comparecl With those generated by the computer program. 

/' 
~ 

1 

.1 
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_ Similarly~ in Table 3. 3, &ckelin~f~ures can be compareQ, to th~ 
program's results. .l 

Numberof 
Number of Drawfngs found by 

Cross1ngs 
BackeHn Computer progrem 

3 1 - 1 
~ 

4 1 1 
) 5 3 3 

6 3 3 
7 - 9 9 -

a 14 13 
9 19 17 

10 14 9 
. f 1- 25 21' 
12 0 19 15 
15 15 10 

• 
- • 

Number of ~ il' 
D, 123 102 

Table 3.3: The number of draWings obtained by Mr. Backelin 
and the ~umber' of drawings generated by the computer 
program. d 

""J, 

Table 3 _ 4 reflects the number of non-isomorphic drawings found 
o 

by both Uytterhœven and Backelin. 

1 
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l 

Number of 
, Number of Dr"w1 ngs f ound by , 

Crosstngs 
Uyt terhœven Beckeltn Computer ProgrJtm \ 

" / 

3 , (, 1 
4 - 1 1 1 

r, - , 

5 , 3 3 3 
6 3 3 3 
7 9 

, 
7 9 

, (, 

e 13 11 13 
9 16--' 15 

~ 
17 .' 

10 < 9 ..r 9 9 

• 

1 1 20 21 21 
/ 

12 15 15 15 -. c , ./ 15 10 10 10 
~ . t 

Number of 
0, 100 ,96 102 , , 

Table 3.4: The number dt non-isomorphic drawings D6 as obtained by 
Protessor Uytterhœven, Mr. Backel1n and the computer program. 

It should be noted that ,the computer program substantially confirms 
~. 

Professor Uytterhœven's results. 

DRRWIN6S D, . l 
AlI the non-isomorphic drawings D7 of K, are generated. Table 3.5 

reflects the number of drawings D7 distributed according to their num­

ber of cross,ings. Note that there are no drawings D7 having an even 

-' number of crossings. AlI these- drawings are listed in Appendix A. 3. 

o 

J 
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Number of Numb~r of 
Crossings' Drawings 

9 5 
11 27 
13 103 
15 363 
17 ~937 
19 653 . 
21 2259 
23 2344 

;~~ 'Jj69 
1030 

29 "\ 633 
31 \ 318 
35 ~ 115 

Number of D7 11556 . 1 
Table 3.5: The number of the non-lsomorphlc 
drawlngs D? havtng at least one C-F He. 

/ -

" 

_ The C-F HC's are counted 'for each D7' to ~ the ones wlth ttJ<, 

largest number. The results obtained confirm Newborn and Moser's re­

Slilts related to optimal C-F He drawings of K7 [19]. 
_/ 

1 

2~ ________________ _ 
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1 2 
Fig.3.3: The first two drawinse have the greatest number 
ot 7-circults in any drawlng ot K1. The thlrd one has the 
greatest number o'f 7-gons in any rect1l1near drawing of K7' 

" These two numbers are 96 and 92 respectively. 
• • .. ;; c 

• 

j 
.. ' 

() 
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Chapter 4 

IInllySI~ of the \Igortthm 

B~fon~ counting the number of operations that are performed by 

the ~lgorithm, we first determine t~umber of arcs into WhlCh the 

edges ot K" could_ be mapped. r . 
There ar~ n edges of Kn which are mapped into n arcs to form él . \ 

C-r He, C. C~sider the remaining k = (n2) - n edges (a,~) of Kn' Any 

arc (a, b) whlth is 'a mapping of (a,~) might cross i arcs of CJ where . 
0'S i 'S n-4, as shown in Fig. 4 .1. 

el 

/ 

/ 
/ 

. b t b i 
, -.,,{ 

./ Flg.4.1: A C-P HC, C. The c (a,b) migJlt cross any 
arcs of C except (a,ai)' ( ,a2), (b,bi ) and (b,bz). 

( 

c: 

Suppose (a, b) crosses somft the arcs ot C. Fro~ Fig. 4. 2 we can 

see that the arcs of C and (a, ) can be redrawn without changing the 

crossings occurring between a, b) and the arcs of C, or the order of 

these crossings. 

35 
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c 

1 

1 .2 

Flg.4.2: Two drawings of the arcs of C and an arc (a,b). The 
crossings and their order did not change from one drawing to 
the other. 

. Consider the segments of the arc (a, b) falling above the arcs of 

C. Put an open parenthesis above each of the ar~, which meet a .1eft 
il. .. 

end of these segments and put a closed parenthesis above each of the 

arcs which meet a right end of these segments. Now, consider the 

segments of (a, b) which are beldw the arcs of C, and in a similar 

manner open and closed parentheses are placed below the arcs of C as 

shown in Fig. 4. 3. Now, we note that for each of the arcs c of C, we 

~ve one of the following five possibilities displayed in Fig.4. 4. 
" 



\ 

o 

) ( ( ) 

o 

5 6 9 1 

o o 'O'C -7 o o 

( ) ( ) 

FigA.3: A parenth~sls 1s placed above and below each ot the 
arcs of C whlch are crossed by (a, b). 

( , ) ( ) 
0 0 0 0 0 0 0 0 0 0 

( ) ) ( 

Fig.4A: Any arc of C will have ~xactly 
two paren theses or no parentheses a t aH. 

Let p be the number of good afCS (a, b) into which an edge (a,~) 

could be mapped, then-

, p ~ 5n -4+1 

Now we obtain ~ bound for p, Let a, /3 he. two vertices of 

Kn1 and let a, b be thelt' corresponding nodes. Let (a, a1) and (b, bi ) be 

two arcs of C. If ai :: bi1 then the number of mappings of (a)~), will 

be s small as possible. f. {I 

The edge (a,~) might cross up to m=n-4 of the arcs of C which 

we dr w as in Fig. 4 . 5. The nodes are l-abeled above C; whiJe the m 

are labeled below C. 
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1 2 ..a • a-2 a-l A 1'-1 

0--..... - .... - ...... - ... --.. ••••••• 0 0 0' O •• ••• .... --4,-' ....... .-.0 

lia .-1 1+1 1 1-1 '" 1 

Flg.4.5: T~e heavy arcs cannat be crosse<! by (a;~). 

Starting irom a::d 3 going to .~ = 1, s~ppose the ?'5t arc of C to be oll 

crossed' by (0,13) is arc i, then there are. i -1 arcs on the right side of 

arc i. Each of these may or may not be crossed by (a,~) leading to 

2i - 1 possible combinations of arcs to ~e crossed, where 1 S i ~ m. On the 

left side of i there are m-i arcs. The edge (a, 13) may cross only an 
• even number of these arcs, hence there are 2m - 1- 1 possible cornbiw:1-: 

tions of arcs that (a,~) may cross where 1 ~ i ~ rn-l. The total num­

ber of arcs into which (a, f3) could be mapped is then at least 
m-l 

2--1+ L 2 i - 1 • 2m-l-1 • (m+l). 2.-2 

!Ill 

To this, the arc which does not cross any of the hl arcs, is added; 

then the total is multiplied by 2 since arc i could b~ crossed from ei­

ther side of C. Hence a lower bound for p is ' 

2 + (m+l) • 2m- 1 

\ 

Therefore, loweif'~nd upper bounds for the ,n4mber of good arcs into 
r . 

which an edge (a, ~r) could be mapped are given by the following 

inequalities: .e . , 
• 0 

" .. 
2 + (n~3) • 2n -& S p S 5n -4+1 

The following table reflects the number of arcs into which each of the 

m. edges of Kn cou Id be mapped without violating the rules of good 

drawings for 3 <n ~ 7. 

. 38 
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~ 1 5 6 7 

(1,3) 2 .. 8 18 
(2,1 ) 2 .. 8 18 
(3,5). '" - 1 8 18 
(1,6) - - 8 18 
(5,1) - - - 18 
(6,1) - - \ , - 18 
(7,2) - - - 18 
(1," ) - .. 10 21 
(2,5) 

~'-,- .. 10 21 -
(3,6) - - 10 21 
(1 11) - - - 21 
(5,1) - - 8 21 
(6,2) - - 8 21 
(7,3) - - - 21 

Table 4.1: The number 01 the possible good mapplng~or each 01 
the m edges of Kn' The C-F He (1,2,3 ... ,n, 1) is assumed in aU"" 
cases. 

The number of drawings that the algorithm generates is bounded 

by the product of the number of ~oQd arcs into wh~ each of the k 

edges of Kn could be mapped. Howeve~ this bound is ex~remely high, , 
since the larger number of drawings will not be good drawings, as re-

flected in Table 4.2. This is due, ob'1ous1y, to the tact that' many arcs 

when considered in pairs yield drawings which are not ..good drawings. 
7 

J 
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• Product of the Generated good 
n nu.ber of arcs dra.lnga 

".. 

5 l' • 1021 112 

. 
\ 

6 86 X 103 • 2621i1000 1i160 

Table 4.2: The number of good drawings generated by the 
algor1thm 15 small with respect to the product oi the numbers of 
arcs. ' 

) ( 

Now, we calculate the number of operations taken by each of the , . 
steps of the algorithm. 

Step· 

1 

2 

3 

Step Description Humber of 
Operations 

Generate a list of the m edges a1, o (n2) 

a2, ... , ap' ... , am of Kn where ap 

is not an edge of C and m=(n2)-n. 

For each ap' determine its O(n4 • 5n ) 

corresponding good arcs according to 
condition (O. 

For each pair of arcs a and ~J O(n2 • 52n) 

determine whether they cross, and 
wh ether any of the conditions (ii), 
and (üi) is met. The existence or 
non-existence of such crossings is 
reflec\ed jn a matrix MX(·,·), where-

\ 

o .if arœ ()C and l' do 
not cross , 

1 if arcs <le and ~ cross 
such that thâ Nb­
drawing C U <X U ~ 
is a good drawing 

2 - otherwise 
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J.-f: 4- l.J . 
f) ... 0 CD will ~'composed of the 
sets of crossin~s corresponding to 
the non-isomorphic ,drawings ~n) 

4. 1 Form a set Al where Ai consists 
of ~ arcs, each of which is a 
mappmg of one of the m edges of 
Kn different from. the edges of C. 
X .- 0 (X is a set of crossings y 
j 4- 1 

4.2 IF MX(a, ~)J = 2, where (a, ~)J is 
the j-th pair of arcs belonging to Al _ , 
THEN STEP 4. 3 

• 

'4.2.1 

4 ... 2.2 

4.2.3 

X 4- X u" (where" is a crossing of 
an arc of C ana a or /3; if any) 
IF MX(a, ~)J ~ 1 
THEN X .... X u (a x 13) 
IF j = (m2) where m = (n2)-n 
THEN , 

d 

Ob tain nodes responsibility 

Obtain arcs responsibility 

Determine ~ether On is 
isomorphic to any of the 
drawings in n 

, 

41 
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o~ 
O(~6) 

O(pn! ) 
where p is the 
l\umber of non­
isomorphic 
drawings in n 
which have the 
same nodes and 
arcs responsibilities 
as Dn 

, 
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A.2.4 

4.3 

• 

Store On if it is non-iso~orphic 
to each of the" stored drawings 
ELSE j ..... +- j+l 

STEP 4.2 

IF i = r 1 X r 2 X. . . X r Dl where r p is the 
number of good mappings of an edge 
a of Kn 
~HEN i +- i +1 . 

STEP 4.1 
ELSE STOP ( v 

An upper bound on the number of times Step 4.1 is perf<frmed is 

Q(5
AJ

) 

For each of these, Step 4.2 is performed at most O(n2) times. The 

number Oh operations shown for Step 2 is also an upper bound for this 

step: Neither of these two bou~ds is realized for the reasons --pÎeviously 

given; see Table 4.2. Indeed, determining whether the drawing in, hand 

is isomorphic to any of the previously obtained drawings takes the bu . ' 

of the algorithm's time. This is due to the fact that the nodes in 

drawings. have equal f'esponsibilities, in addition to the fact that 

responsïbilities are equal in many drawings, as shown in Table 4.3. 

6 
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HUlber of Huaber Largeet nu.ber of nodes 
Crosslnga of D, haulng equal reaponalbllitlea 

3 58 6 
i 288 ' 5 

l? 5 492 0 ,4 , 

'18 5 
6 652 

r 

3 
7 1638 '1 -

0 

8 1176 3 
1956 

/ 5 
Ji 

9 1632 3 

"- \ 
716 6 

10 1320 5 
11 2358 " i 
12 1680 3 
15 4'16 ~ 6 

,t 

o ~ 

Table 4.3: The large5t number of nodes with equal 
respon5ibility 15 six for aIl the drawings having 16 
crosslngs. Por many of these drawlngs, k x 61 comparlsons 
are required to determine isomorphism, where k:S 10. "(J 

, 

.; , 

" 

-

To obtain 'the 102 drawings of K6, an IBM microcomputer m.~ 

AT ran for about three days. Since, in addition, the product of the 
, . 

good -arcs into which the 14, arcs of K, could be mapped 'can be calcu-

lated to he 18
' 

X 247 ; it becomes clear that. obtaining aU the drawings, 
ft • 

\ 

\ 

'of K
" 

using the same computer, would require 50 long as to be irri-

practical. The SUN computer, mode} 3/280S at McGill :omputer Sci­

,ence School waS' used for n=7 _ Althbugh it. performs 4 x 106 instruc-

tions/secon~" it "'fequired about 18 days to produce the 11.556 non­

isomorphic drawings D, - " 
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Chaptlr 5 ' 

flN- flL80RITHM TU DmRMINE WHETHER THEBE EHISYS ft RECTILINERR 
- DRRWIN& Da Of Ka HRDIN& ft alDEN SET Of tROSSIN&S 

Background 

, 

A necessary and sufficient condition for sorne graphs to be drawn 
? \ 

~l-... 

rectilinearly is given by Eggleton [16]. In ~his chapter we present sorne 

propositions and theorems by which we show that given a set of 

crossings of Knl it is possible to determine whéther there exists a 

rectilinear drawing Dn which has exactly thls set of crossings. 

First, the . necessary definitions and explanation of 

terminol~gy that we are using are g~ven. 0 ~ 

A tria-on T of a drawing Dn of Kn consists of. three nodes a, f),"' y 

and three arcs (a, (3), (a, y), «(3, y) of Dn. Obviously any Dn has (Jl3) 

_ trigons. The con ten ts of a trigon T re(er, to~e nodes con tained in the 

al'ea bounded by the arcs "f T. Except for the vertices of T, we say 

that anode'\.) is conttJined in T whenever t> is inside T, and we write t> 

e \nt T. If u is not contained in T, w,e write u € Ext T. Two ,drawings 

of Ku are equivtJ/ent if there is a one-to-one correspondence between 

their nodes and their trigons such that if anode u is inside a trigon T ... 
in one drawing, then, in the other drawing, the node corresponding to -t> is inside the trigon corresponding to T. Counter examples are given 
;r,' '\ 

-in Fîg.-S:O.l. Finally, if a set of arcs, segments of arcs and nodes of 

On form a boundary, B, such thàt aIl the remaining nodes and arcs 

faU in the interior of B, then we call B the outer Doundllry of Dn. 

( 
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(a) (a') 

3 

(b) (b') 
Fig.S.O.1: Drawings (a) and (b) are lsomorphtc but non­
equivalent to drawings (a') and (b ') re~pectively. 

More than one drawing On of Kn may have the same "set 'or 
crossings. Some of J thes~ will be equivalent, while others will be non­

equivalent, as shown. in Fig < 5.0.2. 

2 ... ____ -oIV 4 _____ ---

(a) (b) 
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/ 
(c) 

Fig.5.0.2: Three drawings (a), (b) and (c) havlng one 
crosslng (2,5) x (3,4). Only (a) and (b) are equ1valent. 

• i 

~' 
( 

If the outer boundary B of Dn does not have any crossed arcs, as ~ 

ln Fig. 5.0.3 (b), then B is a convex huii of Dn and we denote it by CH. 

?n the other hand if any of these arcs is crossed then B is not a con­

vex hull of Dn' as in Fig.5 O. 3 (a) . 

'~ ________________ ~.2 

(a) (b) 
Plg.5.0.3: In (a) the outer boundary of D5 1s not a convex 
bull, wblle in. (b) the outer boundary of D5 is a CH. 

46 
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Let 02,°, .. ,'0 Cp' , , " Ct be the CH's of the set of drawlngs On 

of !rn and let us drâw a drawü,g Dn having the CH Cp' 

Consider the arcs (a,~), (a, y), (f3, y) and (a, ô) of a drawing Dn' 

We say that (a,~) and (a, y) are adjacen't with respect to (a,6) if, 

and only if, neither (a, ô) nor a segment (a, ôo) of (al ô) falls in the 

area T bounded by (a,~),u (a, y) and (~, y). If (a, ô) or (a,oo) is in T 

we say that (a,ô) is located between (a,~) and (a, y), as shown in 

the drawings (c} and (d) in Fig. 5.0.4. 
~ 

Cl 

(a) (b) 

ex 

(c) (d) 
Fig.5.0.4: Arcs (a,~), (a,y) are adjacent with respect to 
(ex,t,) in Ca) and (b) only. Ip (c) and (d) (4,&) 15 between 
(a,~) and (a, 'Y)' 

4.7 
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With the above definitions, the solution to the probl~? of deter­

mining whether' Kn can be drawn rectilinearly with a ~iven set of 

crossings is presented in ~~s cha-pter. First we show that there exists· a 

drawing, A, shown in Fig. 5.0.5, which is always a sub-drawing of any 

non-rectilinear drawing Dn. We also show that the dr:.awing A cannot 

be a sub-drawing of a rectilinear drawing On' 

) 
Fig.5.0.5: The drawing A. 

The drawing A is a good drawing 04 of K41 drawn such that the 

area bounded by a trigon T, consisting of three nodes al of 04 and their 

corresponding three arcs, con tains the four th node u of 04J and such 

that one of the arcs (u, aJ crosses an arc of T. , 

To determine whether A is a sub-drawing of DnJ we must know 

the content of each. trigon T of Dn~ in other words, for each T we must 

know whether u is contained in T, where u is any node of Dn' This 

ma tter is resolved when we show tha t, given a set of crossings of Dn 

along with its CH~ we can _determine whether an arbitrdry n,ode of On 

faIls in an arbitrary trig~n of Dn. 

In the above, we have assumed that a CH _of Dn is given along 

with a set of crossings of Kn' However J we want to be able to deter­

mine whether Kn can be drawn rectilinearly ju~t by being given a s~t 

48 
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of Its crossings. rOY thls purpose we produce a proposition shoWing 
o 

that, given a set of crossings of Kn1 we can determine aH of the CH's of 
, 0 

the dra,Wings Dn of Kn having this set of crossings. 

Finally an algorithm is developed. With a set of crossings of Kn as 

input, this algorithm determines whether there' exists a rectilinear 
f) 

drawing Dn of Kn having exactly this set of crossings. 

ft Characterlstlc of the Reetillnear Drawlngs 

The complete graph K. has exactly three non-equivalent good 

drawings D4' as shown in Fig.5.1.1 . 

. 1: The three non-equlvalent drawings of ~. 

The third of these, the drawingO A) is of gteat importance and lS 

used extensively in this chapter. We reter to the second drawlng by X 

This section is actually developed to show that A is always a sub-
\ 1 

drawing of any non -reatiliQS*1r drawing On' 

We prove that given the crossings of Dn and its convex hull C, 1t 

is possible to determin~hether the arcs(of On can he reahzed by 

straight Une segments. Essentially, we prove in the folloWlng theorem 

1 _ that Dn can he realized by straight line segments~ if) and only lf. A 15 

..... 
not a sub-drawing of On' 

" 

.. 
." 
• 
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Before proceedi,og With the theorem, we present three proposi-
• <, 

tions. In the first one it is shown that if A is a sub-drawing of Dn' by 

redrawing the arcs constituting A such that they form a sub-drawing 

equivalent to X instead, of A, then the new drawing Dn will have 'a 

CH, C which will necessarily be different from C. The second proposition 

is a generalization of the first, whereby we show that by determining _ 4 
the CH of Dn' the containment of each node of Dn is also determined 

~ 

with respect to each trigon of Dn' Fina}ly, in the third proposition, 
\ 

given a triangle T = (a,~, y, a) containing sorne arcs (a, Xl)' (a, y) and 

(Xi' YI)' aIl of which being straight line segments, we show that an arc 

(a,6) can be. represented by a straight line segment if (a,6) is located 

between each pair of arcs (a, Xl)' (a, y). ~ 

Each of these propositions is important m"froving the theorem. 
o', 

Proposition 5.1 

Let On be ~a'dra~ng of Kn' C he\~he ~f Dn' and A he a suh­

drawing of On' Denote the nodes of A hy 1, 2, ~ and 4. 

If Dln is a drawing isomorphic to Dn in which the sub-drawing 
/".... ... 

consisting of the nodes 1, 2, 3,' 4 and their corresp~mding arcs is , 
, 

equivalent to an X drawing instead of an A drawing; then C cannot he 

the CH of Dln. 

Proot 

Let u be a node of C, as in Fig. 5.1. 2 Ca), (b). Tt\e arc (u, 4) 

crosses either (1,2) or (2,3) but not both. When Kn is r~àrawn such 

that the nodes 1, 2, 3, 4 and their corresponding arcs form a sub­

drawing equivalent to X, and in order to maintain the crossing .{ u,4) 

X (1,2) or (u,4) x (2,3), node u must faU inside the area bounded 
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j ------- _._._--~---.----~----. 

1 

~ by the arcs (1,2), (2,4), (4,3) and (3,1); this leads to a CH differ­

ent from C. 

, , 

lcr-----.,----o 

10-_____ ....0-"" 

(a) (a1) 

(b) (bl ) 
Pig.5.1.2: Arcs forming sub-drawlngs A ln (a) and (b). 
The same arcs are redrawn ln (ai) and (b1) to torm 
sub-drawings X. 

'1 

o 
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In Fig. 5.1. 3 - 5.1. 5. we present some examples illustratlng the 

existence of a sub-drawing equivalent to the drawing A in every non­

rectilinear drawing On . For the purposes of _ this chapter, a drawing is 

considered rectilinear whenever its arcs are restricted .,.to straight Une . 
'" segments while preserving its CH. The two drawings in.' Fig. 5',1. 3(0 are 

equivalent; only the second one is rectilinear. The drawing in 

Fig. 5. 1. 3 (H) is ntn -rectilinear . 

(. -j 

/ 
/ 

! 

---
(i) 

• 

CH) , , 
Fig.6.1.3: Three isomorphic drawings of 's. In 
(1) the first draw1ng can be realized using 
str1ctly stra1ght Une segments to look l1ke; the 
second drawing with the same CH. In (il), 
(2,4) x (3,5) whl1e 4 15 inside the trigon 
(2,3,5,2). ( 
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,~----________ ~1 

(a) Ch) 
\ 

-Cc) > 

Fig.5.!.4: A j5 .. Qot a sUb-drawlng of anyof the 5ub-drawings 
in (a) and (b)~n (c) A i5 a 5ub-drawing of 06' (4,6) x (2,5) 
while node 6 15 ins1de the trlgon (2, 4, 5,4) . 

Fig.5.l.5: The drawtng A, in heavy Unes, 1s a 
sUb-drawing of a drawing 06 of K6' 
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Proposition 5.2 

Let T be a triangle with vertices a, 13, and y. Let S be a drawing 

consisting of T6, sorne arcs (a, x), (a, Yi), (Xl' YI) and one arc (a, ô) 

located in T, as shown in ~ig.5.1.6. Suppose that (a, x), (a,y) and' 

(Xl' YI) are straight line segments. If (a, ô) is located between each pair 
1 

(a, Xl)' (a, Yi), then (a, Et) can he realized by a straight line segment. 

1 

,Praof 

ex 

~~----------------------------~y 
Flg.5.1.6: A drawing cons1sting of a triangle and 
arcs (u,x l ), (a, Yi) and (Xi' YI)' AlI arc~ (u,x l ), 

(u, Yi) and (xi> Yi) are straight Une segments. 

For convenience we assume that all (a,xi) are on one si de of 

(a, 0), and all (a'Y1) are on the other side of (a,5). Among aIl (a,xi)' 

let (a, x.) be the closest arc from (a, ô); and among all (a, YI)' let 

(a, YI) be the closest arc from (a, ô), ,We extend (a, x.) and (a, yJ to 

meet (l3,y)at the points 130 and Yo, as shown in Fig.Q.i.7. The inte- ' 

rior of the triangle wit,h vertices a, 130' 'Yo contains nothîng but a seg­

ment of eac,h of the arcs (Xi' Yi) the arc (a,ô) and the node 5, hence 

(a, 6) c~ he realized rectilinearly. 

o 

.' 
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1'0--_____ --' 

1)0 &0 
) 

Fig.5.l.7: The shaded triangle contains no nodes except &. Th~ 
arc (a, &) can always be realized by a straight Une segment. 

Theorem 5.3 

Let Dn be a good drawing of Kn. Dn is non-rectilinear <=> A is d 

sub-drawing of Dn' 

Proof 

(i) First we prove that: 

A is a sub-drawing of Da ~ Da is non-rectilinear. .' 

AIl the arés of A cannot be realized rectilinearly unless they are re­

drawn to form a sub-drawing equivalent to X instead of A; obtaining a 

drawing D'n. By Pro}1osition 5.1, Don ;a! D'n. 

(ii) Secondly, we prove that: 
, 

Da is non-rectilinear => A is a sub-drawing of Da' 

Let C be the CH of Dn and let Xi dellote the nodes of C. Let the 

arcs (Xi,Xj) be straight line segments, as in Fig.5.1.S. ft any arc 

(xp , Xq) ,is not a straight line, then by pu/ling xp and- xq in the appro­

priate directions, (xp, Xq) will become a straight Une segment without 

affecting any of the crossings of bn , as shawn in Fig. 5.1. S. O. Of course; 

/ 5' 
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• 
some arcs (Xl' X) Will be pushing and pulh'ng some or the other arcs, 

howèv~r the crossings will be maintained. 

, " , 

Plg.5.1.8.0: Two equivalent drawtng~ D6J aU the arc~ 
(XbXJ) of the secônd one are straight Une segments. 

o ' 

56 



J 

'e 

o 

\ 
~-e 

1 

" 

Pig.5.1.S: The arcs (Xi'X) of a drawing Dn real1zed 
using straight Une segments. 

Hence, any arc which we cannot realize ~ strai~ht hne 

? segment has either: ',,-

(1) anode Xo belonging to C and ~ node Vo located in the interior of 

C, as sh?wn in Fig. 5.1. 9. , 

or 

(2) two nodes located in tfe interior of C, as shown in f~. 5.1.10. 

\ 

.. 
Fig. 5. 1.9: The arc (xo,vo) has onlyone node located ins1de C. 

\. 
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. Pig.5.1.10: The arc (v1,v2) has Us two nodes lns1de C" 
,~ -

Consider the tirst case. Arc (xo, vo) taIls e~tirely in a triangle T 

with vertices xo, X1 and X2' In order not to be able to represent 

(X01 vo) rectilinearly, (xo, vo) _ must be crossing sorne arcs (v
l1 

v). 

Now consider the triangle T and aIl the arcs (X01 v) J as shown In 

fig. 5.1.11. 

~~----------------------~K2 
1 

Pig.S.L11: The triangle T, the arc (xo,vo) and the arcs 
(xo, Vi)' 

By Proposition 5.2, the('e is a pair of arcs (X
OJ 

va) J (X
OJ 

Vb) which 

is adjacent with respect to (XOJ vo) J where (va' Yb) is crossed by 

(xo' voL as shown in Fig.5.1.12. 
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Kt 
~--------------~ Xl 2 

Fig.5.1.12: (XOJ va) and (xo, vh) are adjacent with 
respect to ( xo' vo), and (xo, vo) crosses (va' vb)' 

Now, by considering Ol)ly T and theo arcs (x,o, vo)' (xo, va) J (xo, Vb) and 

(va' Vb), we see that A is a sub-drawlng of Dn' as shown ln 

Fig.5.1.12. Looking at the second case, we suppose that (va' Vb) cà.nnot 

be dtawn rectilinearly, as shown in Fig. 5. 1. 13. 

Q 

Fig.5.1.13: An arc (v .. , Vb), with its tWQ "nadt! 
inside C, faUs in the Interior of a triangle naVing 
two nodes belonging to C. • 
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The arc (va' Yb) is located in a trigon with vertices va and two 

nodes of C. By changing the label Va to Xo and v b to v 0 we ob tain a 

case slmilar to the first case. D, 

Detennlnlng the Location of a Node 

In the preceding section we have concluded that the eXIstence of 
J • 

a rectilinear drawing Dn depends on whether A is a sub-drawing of Dn. 

To be able to find out ifJ1s>~u(drawi'ng of a given drawing Dn' it is 

necessary then to know: 

1. the crossings of Dn' and 

2. the location of eacfl of the nodes Wlth respect to each of 

the trigons of Dn' '9 Il 
Here in a theorem, we show how the location of an arbItrary 

node u of Dn with respect to an arbitrary triangle T qf Dn' can be 
" determined if the CH, C 'Of Dn is known along with the crossmgs of Dn 

While in this section we assume tha t C is given, in the next section we 

demonstrate that aU the CH's of the drawings Dn of ,Kn with a set of 

crossings can be obtained Just by knowing these crossings. 

First, we produce a proposition to be used in the~ proof . of the 

above mentioned theorem, 

Proposition 5.4 

Let {1,2,3,a,~} be the set of nodes of a dr~~ng Ds of~ Let T 

dènote the' triangle formed by (1,2), (2,3) and (1,3). If the crossings 
" ot D5 are given and if we know the location of a with respect to T, 

, ........ ,-/.,,-' " 

then We can determine the location of ~ with respect to T. 
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proor ,dt 

Assume tr.at ct E Int T. 

(a, ~) crosses ezact1y one of ) 
the arcs of T or a1l its arcs" 
Fig.5.Z.1. 

<=> ~ E ExtT 

(<<, ~) does net cross any of the) 
arcs of T or crosses exactly two ~ ~ E Int T 
of its arcs, Fig. 5. 2.oZ . 

Fig. 5.2.1: Node a 15 1nslde T and ~ 15 outs1de T . 

• 
Fig.5.2.2: Nodes a and ~ are both Inside T. 

A similar argumenf is used when ct is in Ext T. 

o 
~~ From the above. pro,~osition it is obvious that ln· order to 

de termine the location of a node ct with respect to a triangle T, the , 
, . 

location of ~a node ~ witli respect to T has to ,be known. ThiS does not 

\ 
\ 

\ 

\ 

) ",,'" 
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o represent an obstacle in locating the nodes of On as lon~ as C is known. 

Any of the nodes or C can be used as a reference node)~, since none of 

these is located in the interior of any of the triangles -of Dn, as shown 

in Fig. 5 . 2. 3. 

Pig. 5.2. 3: A: node ~ belanglng ta the CH 1s used as a reterence ta 
determlne \e location of "1 and "2 wlth ~e.pec"to a triangle. 

Theorem 5.5 

Let Dn be a drawing of K~, and let C be the CH of Dn' Denote the 
. 

nodes of C by x and the remaining nodes of On by v, as in Fig., 5,. 2. 4 . 

Knowing the nodes of C and the crossings of On' we can determine 
() 

whether a node v is contained in a trigon T of On. 

x 

Fig.5.2.4: A CH, C with nades x, and nodes v inside C. 
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Proof 
. 

The nodes of a trigon T of On ·can he 

• three x's, as shown in Fig. 5.2. 5. a, 
, 

• three v's, as shown in Fig. 5.2.5. h, 

• two x's and one v, as s.hpwn in Fig. 5.2.5. c, 
'" , 

• one x and two v's, as shown in Fig.5.2.5.d. 

/~---

To determine whether v • Int T or v • Ext T, we consider, along 

with T and v, any node of the x's which does not belong to -T, sây Xo . 

We know that Xo e Ext T, hence by Proposition 5.4 we can determine 

whether v is inside T. o 
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Detennlnlng the ConueH Hulls 

More than one non-equivalent drawing Dn of Kn might share the 

same set of crossings X. In this section we show that the CJi's of these 

drawings can be determined by examining this set of crossings X. 
- l ' Suppose we are -giyen an uncrossed C-F HC, ç of a drawing Dk 

along with the crossings of Dk' The arcs of Dk' different ·ï:rom the arcs 

of C, might be on either side of C, as in Fig. 5. 3.1. 

'. 1 

F1g.5.3.1: An uncros~C-F HC • C. (1,2,3,4,5,6,1) 
of two drawings D6' Only in the second drawi-!lg, 
ail the arcs faU on one s1de of C, namely Int C. 

If C is al~o a CH of Dk , then aIl the arcs, different from the arçs 

of C, must~ -in Int C. This happens only when the number of 

crossings of Dk is (k4)' If k = 3, then aIl thQ- arcs, different from the 

arcs of C, are on either side of C. 

f' Ip the next proposition, given a CH, C of Dk and the crossings of ' 
1 

On' we show how we can determine whether C is a CH of Dn.> 

Proposition 5.6 

Let Dk be a sub-drawing of Dn, and C be an uncrossed CH of Dk' 

Let v be a node of Dn but not of Ok and k> 3. 

cr.,j . 
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. v is in Int C if and only if there exists an arc (u, r) which crosses 

Cp, q) of Dk where p, q and rare nodes of C. 

Proof 
Ci) First we prove that 

". Int C~ (",r) X ~p,q) 

The arc (p, q) divides Ok into two sub-drawings. One of them 

contaips the node u. Let r be on the convex hull of the other sub­

drawing as shown in Fig. 5. 3.2 . Th~'- ârcs of C are uncrossed, Hence 

(u, r) X (p, q) . 

) 

Fig. 5.3.2: (v,r) x (p,q) whenll 1s in lnt C . 

. 
(H) Now we have to show that 

~) X (p,q) ~ 

Suppose u is id Ext C. Since oC 

u. Int C 

is uncrossed then any arc (u, i) 
J 

must faH completely in Ext C? as in Fig. 5. 3.3. Hence we can write: 

v« Ext C => there exists n~ arc (u, r) crossing (p, q), 
" 

or equivalently: 

there exists an arc (v, r) crossing (p, q) ~ u c Int C. 
-



( 

c 

p 

v 

Flg.5.3.3: v e Ext C (C in heavy Unes) impl1es that 
, (101, r) cannot cross any arc (p, q) where p, \JtI and r 

are nodes of C. 

The Rigorithm 

o 

From the preceding sections we know that Dn is non-reetilinear if 

. and only if A is a sub-drawing of Dn. Here we present an algorithm, 

which on~ being given the dimension n of Kn and a set of crossings X as 

its only input, determines whether Kn has a rectilinear drawing Dn 

wi th the set of crossings X. 

The crossings are input to the algorithm, which first finds all the 

uncrossed k-circuits Cl of Ku using the Depth First Search method (14]. 

From these Ci's the algorithm determines and retains the on es which 

are convex hulls for drawing~~ of Kn. For each of these ~u the loca-

, tion o~ each node Yj with respect to each of the trigons of On is then 

~eter~ned. For each YJ loc~ted inside a trigon T, the algorithm checks 

to see whether vJ u T is A. If no sub-drawing A is found, then it is 

concluded that On is rectilinear. On the other hand., if each On' has a 

sub-drawing A, then it is concluded ,that there is no rectilinear drawing 

On of Kn having' the set of crossings X. 
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Step 1. 0 

Step 2.0 

Step 3.0 

Step 3.1 

Step 3.2 

Step 4.0 

Step 4.1 

Step 4.2 

Input the dimension n and the crossings of Kn 

, 
Find the set C of aU uncrossed k-circuits Cl of Kn 
If C is empty 
Then Output: There is no rectJ!inear drawing D.u 
htt vil1g' the given set 0/ crossings 

STOP 

i +- 1 

Consider an uncrossed k-circu~t Cl 'Of' C 
~ IF Ci' is not a CH of a drawing Dn 

Then eliminate Cl trom C 
IF i = m (where m is the number of 
uncrossed k-circuits ~J.,s ';-~ 
THEN GOTO Step 3. 2 . ~) 

ELSE i~i+1Â t. 
GOTO Step ":5. 1 

p +- the number of CH's in C 
IF p = 0 
THEN Output: There i5 no rectJÏinettr draWlng Dn 
having the Riven set 0/ crossings 

STOP 

i ~ 1 

Consider a CH, Ci of C 

j +- 1 

1 

Step 4. 3 < C~nsider a trigon T of Dn ( the drawing with 
the CH. Cl)' and consider- the nodes \1 falling 
in \ni T ~ 

IF there exists a crossing (\1, ex) X (~, ô) 
where ex, ~ and ~ are the ~odes of T 

*t,-, 
\. 10.. 

) 
.sr 
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, 
Step 4.4 

{ 

Step 4.5 

THEN Q.\il~put: This drawing.on cannot.he 
realized rectilinearly 

GOTO Step 4. ,5 

IF j = (n3) (the number of trigons) 
THEN~OutPut: Cl' .on havinB' CH C; is rectijinear 

STOP 
ELSE j +- j + 1 

GOTO Step 4. 3 

IF 1 = P . 

THEN Output: There is no rectilinellr drawing.on 
ha vinS' the B'iven set 0/ crossinB's 

STOP 
ELSE i +- i + 1 , 

GOTO Step 4. 1 

In Appendix B, the corresponding computer program is presented. 

The next chapter gives sorne of the results obtained by running the , 

computer program, followed by an analysis in Chapter 7. 

) 

G· 
1 . · ~ 

Â . 
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Chepter 6 

RESUlTS OF THE Rl60RITHM 

. 
An algorithm which determines whether a rectilinear 

drawing On of Ku is developed in the chapter. In Appendix B 

a computer program to implement this algori 

sented. 

AlI non-isomorphic drawings 06 obtained by using the o algorithm of 

Chapter 2 and presented in Appendix A.2 were input to the computer 

program to determine the rectilinear ones. The results are given be­

low, along with the rectilinear drawings 06 , Sorne drawings Os. D9 and \ 
\. 

DiO are also shown here. 

Results re'ated to the non-Isomorphlc 'raWlngS D, 

By examining the one hundred and two non-isomorphlc drawmgs 

obtained in Chapter 3, it was found that: 

• 15 drawings are rectilinear, 
." 

• 21 drawings are non-rectilinear and have a CH, 

jY' 66 drawings are non-rectilinear and do not have 

a CH. 

Their distribution related to their number of crossin~ is as follows: 
> 

.J 

) 
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Noo-rectHJoear 
Hu.ber 01 IectlUneat TouJoumber 
era.sjop D6 HuJacJlO lfayjnc a 

Of CH D 
6 

3 1 - - 1 . . 

4 1 - - 1 

5 2 - 1 - 3 
. 

6 1 - 2 3 

7 2 6 1 9 
, 

8 2' 6 5 1 13 
, 

9 2 10 5 17, . 

10 1 8 
. 

9 -

11 1 If" 3 21 

12 1 10 4 15 

~S 1 9 - 10 . 
Total -

nWlberof 15 66 21 102 
D6 .. 

• 
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Pig.6.1: The 15 non-lsomorphic rectil1near draw1ngs D6' , 

o 
71 .. 
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Re.ult. for .ome drtlwlng. 0., D, Ind DID 

. In' order to illustra te the possible results which can be reached by 

the computer program, we present four examples corresp 

different sets of crossings. 

. , 

Fig.6.2: A drawing 08 with no CH's. 

The correspond~computer output for the ~et of crosSings defining the 

drawing in Fig. 6.2 is There is no rectJlinear drawing Dn having the 

given set of crossin;s, which is obviously the case. 

The two drawings 5ho"'(11 in Fig. 6. 3 share the same set of ~ss­
ings. The first one has the CH (1,2,3,1) while the second has the CH 

(4, 7,8,4). 80th are rectilinear drawings. 
\. 

• .1 

1 • 
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1 

Pig.6.3: Two drawf.ngs D8 with the ,ame ,et 01 cro,,1ngs. 

Similarly, the two rectilinear drawings, shown in Fig, 6.4 share 

the same set of crossings. The first one has the CH (1,02,3 ,1), whiJe 

the second has the CH (7,8,9,7). ' 

, , 
.' 

1 

Q . 
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9 

Plg.6.4: Two draWings D9 sharlng one set of crossings.· 

( 

2 

) 

8 

A set of crossings X of K10 Îs fead by; the algorithm which 

determines tha~there are three drawings D10 of K10 with the set of 

crossings X while havi? different convex hulls, (1,2,3,1), (2,3, 10,2) . 

mand (7,8,9',7). The d awing with CH ,(1,2,3,1) is rectilinear since it 

does not ha'le a' sub-d awing equivalent to drawi~g A, as presen~ed in 

Fig. 6. 5 ,The two other drawings are non-rectilinear. 

, \ 

) 
~ 
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In the drawing with CH (2,3,10,2), consider the ·trigon T = 
(2.3,5,2). It can be determined that, since' .(6,10) crosses only one 

side of T, node 6 is in th~ interior of T, as shown in Fig. 6. 6(a). But 

(2,6)' crosses (3,5), hence we get A as a sub-drawil'?-S of the drawing 

having the CH (2,3,10,2), as shown in FiS.6.6(b). 

1 1 

. 3~ ________ ~ __ ~ 
~------------~ 

10 

Plg,6.6: In (a), node 6 is in the interior of the trigon 
(2,3,5: 2). In (b), (2,6) x (3,5) producing the' sub­
drawing A shown ·in heavy Une. 

In the drawing with CH (7,8,9,7) the crossing (2,6) x (9,10) 

implies that node 10 is in the interior of the trigon T = (1,2,6,1), 

since (9, 10) does not cross any other si de of T, as in Fig. 6 . 7 (a) . In 
1 

0. 

addition (1,10) crosses (2,6) re'Sulting in the sub-drawing. A, as shown 
. ,... ,..., IL) 
lU l l~. V. 1 \ • 

76 .. 

b 

/ 



.... 

1) 

o 
. ' 

8~ ______________ ~ 

(a) 
F1g.6.7: In (a), node 10 15 in 
(1,2,6,1). In (b), (1,10) x (2,6) 
A shown in heavy Une . 
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• (b) 
the lnterlor of the tr1gon 
produclng the sUb-drawlng 
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t:hapter 1 

Rnalysls of the Rigorithm 

In Chapter 5--- an algorithm that det~rmines wh ether Kn ~ a 

given set of erossings can be drawn rectilinearly is developed. ~re we 

prove two theorems which are used in determining the amoun t of 

time required by the algorithm. Then we present an analysis of the 

algorithm itself. 

Blckground \, ~ ,,~ 
Let On)e a good drawing of the complete graph Kn and let C be 

/ . 
an uncrossed k-circuit of Kn. If the interior of C does not contain any 

" " 

nodes, arcs or segments of arcs of On' then C is the convex hull of a " 

drawing D'n having the same crossings as On. For convenience we call 

it CH-circuit, as in Fig. 7 .1. O. 

,gro.------~ 3 1~-----....o:IIQ, 

(a) (b) 
Pig.7.1.0: The drawing D5 in (a) has three uncrossed k­
circuits: (1, 2, 3,4, 1) which 1s i ts CH, (1,2, 3,5,4, 1) and 

. (3,4,5,3). Only the thtt:d one 1s a CH-circuit. It i5 aiso the 
convex hull of D5 in (b). 

. ~ 
We prove in theorem 7.3 that the largest \number of CH-circuits in 

\ ' 

any drawing Dn of Kn is less than n. In Theorem 7.4 we show that 

. . 

we cannot' have more than 2 (n-1) uncrossed arcs in any drawing Dn 

of Kn. To proye these two theorems, the following two propoJitions are 

needed. 

. 
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Proposition 7.1 ~ 

Let Dn be a drawing of the co~te graph Kn. If Dn has the 

maximum number of CH-circuits which can occur in a drawing of Knl 

then an these CH -circuits are trigons. 

Proof ,. Contradiction) , 

ÎLet Dn be a drawing of Kn hav~ng ~ the maximum number of Clr­

èuits. Suppose Dn has a. 9-circuit C which 1s not a trigon, say 

C=(l, 2,3,4,1), th en bot1Î (1,3), and (2,4) are in $xt C as ln 

Fig.7.1(i). 
J 

. 
By removing only one of (1,3) and (2,4) from $'Xt C to \nt C, 

,(;~ we ob:ëtin a drawing ~of Kn non-isomorphic to On which has at least 

one CH-circuit more than those of Dn, namely (1,2,3,1) or (1,2,4,1), 

as shown in Fig:7.1 (H) .... 
• 

(1) (ii) 
Fig.7.1: In (11), (1,2,3,1) i5 a CH-circuit which does not ex1st in (j). 

Propoiltlon 1.2 

Let Sn be a sub-drawing of On consisting of the largest ~un;lber of 
. 

uncrossed trigons, Sn has at most 2n - 5 trigons containing no nodes in 

their in terior . 

r}} 
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1 nductlon) '\ 

t., the maximum number of uncrossed trigons having no 

their interior is three as shown in Fig. 7.2. 

·â 
Fig.7.2: A draWing D4 with three uncrossed 

trigons containing no nodes in their interior. 

Suppose that for Sn-l' the maximum 'number of such tngons 15 

2(n-l) - 5. -We insert the n-th node V,- ,either in the Interior of any 

of the trigons of Sn-l' or in the exterior of an of the~e trigons. In ei­

ther case, at most three uncrossed arcs (v,.) can be Inserte~, hence 

increasing the number of trigons by 2, to 2n - 5 trigons as shown in 

Fig. 7. 3. 
o 

.. 
v 

(1) 
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(II) 

Fig. 7 . 3: In (1) anode 1s Inserted in the exterior of aU 
trlgons. In (li) a. node 15 inserted in the 1nterior of a trigon. 

Next, we present two theorems which are useful in analyzmg the 

algorithm. The first one establishes an upper bound on the number of 

CH-circuits in Dn' while the second theorem provides an upper bound 

on the number of uncrossed arcs in Dn' • 
Theorem 7.3 

The largest number of CH-circuits in a drawing Dn of Kn does not 

exceed n -1. 

Pro of 8 

From Proposition 7.1 anq 7.2 we know that the maXImum num­

ber of the uncrossed trigons of Dn having no nodes in thelr interior 

cannat exceed 2n - 5; however, sorne of these 2n - 5 uncrossed tngons 

are not CH-circuits because of the followlng. 

Suppose a node a is in the interior of a tngon T, then (a,~) must 

cr9SS one of the arcs of" T wlw~ver j3 is in':E~ T, as shawn ln 

Fig.7.4. 

, 
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Pig.7.4: Node a in ,. T and node f3 in !» 
--- T implies that (a,f3) crosses an arc of T. 

Hence, either no nodes are located in the interior of any <f"lthe 

trigons, or exactly one trigon con tains aIl nodes. This way we have a 

maximum of n - 1 CH-circuits as shown in Fig.7.5. 

Pig.7.5: A drawing Dn' can have at most 1}.-- -1 ,\-Circuits. 

Th.oram 1.4 ' - ~ 
"'----­

number of uncrossed arcs in any draWlng Dn 

) 

, 
of ~n 

of uncrossed 'arcs is -six as shown ln 

82 
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Fig.1.1t>: A 04 w1th the maximum 
number ot uncrossed arcs. 

'" ~ 

Suppose that for Dn- 1, the largest number of uncr-ossed arcs i5 . . 
2( (n - 1) - 1]. We add an n-th node,_ v, to Dn-l' If v is insel t~d in 

the interior of a tri~on (0t.02,03,01), th~ at most three arcs (v,,) 

are uncrossed. But at' least one arc (01' a) is crossed, hence at n10st 

only two uncrossed arcs are added. A sirrlilar argument can be u~ed 

when v is inserted in the exterior of Dn"li' as shown in Fig. 7, 7 

Rnalysls 

Fig.1.7: Three uncrossed arcs (v, (Xt) are added, while an arc 
(CIj,ex) wh1ch was uncrossed 1s nOVI crossed by (v,~). 

The four steps of the algorithm presented in Chapter 5 are 

considered and described with sorne details in the next three pages. 
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step· Step Descrtptton NUml:>er or 

( OperatIons 

1.0 * Input _ ~ 

" 

1.1 - Inpu't dimension and constant 
number of crossings of Ku 

1".2 - Input cros51ngs, sort them in O(n4) 
ascendlng order and reorder r 

a crossing Ca, b) x Cc, d) such 
that a < b, c < d and a < c 

2.0 * Find aU uncrossed k -circuits 
1, 

Ci of Kn 

2.1 - Flnd aU uncrossed edges of Kn o(n4) 
/ 

2.2 - Inttial1ze arrays to be used O(n2) 
in the Depth First Search 
procedure 

2.3 - Depth First Search procedure 
~ 

O(n!) 
to determine aU Ci' If none 

C exists Output Kn has no 
ulicrossecl cjrcuit~ t)1.ere is 
no rectJ1inear drawing On 
hav/na this set of crossings, Stop 

2.4 - Order each Ci,' such that O(n3) 

Cl (1) ~ C/J) for j=2,3, ... , k "-
and, ~ (2) < Ci (k) where k 1s the '. 

'lI_" number of vertices of Cl 

2.5 - El1minate dupl1cate Ci's O(n3) v 
and form a set C of the 
remalnlng ~ 's "\ 

\ 3.0 * Find aU CH's of Kn by O(n7~ 
"-- cons1der1ng each ~ of C 1 

'l 
\ and determ1ning whether 

it 15 a CH-circuit ;' 
3.1 - Determine aU the nodes ~( O(n2) 

d1fferent trom the nodes t 
Ci 

C' 
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3.2 - Determ1ne the number or o(nl\) 

0 
cross1ngs x Involving 

j only the nodes of Ci' If 
J 

,\ X ~ (k4) J then Ci is not a CH, 
E11mtnate Cl trom c. If C 1S 

empty and no CH has been 
tound, then Output Kn has no 
"CH, ;g:;e 15 no rectUinear 
dra i18 D.ll htJving,this set 0/ 
C~sing$ and Stop, else 
S ep 3'.0 

3.3 - If k = 3 then Ci ts a CH J and \ O(n6) 

Step 3.0 
- If x = (x.), then for each node v 

determln,e whether there 15 
a crosslng (v,a) x (b,c) where 
band c are nodes of Ci' If 
there 1s a node v whlch has 
no such cross1ngs then Ci 1s not a .0 

-~ 
CH. E11mlnate Ci trom C. If C 
becomes empty and 'no CH has 
been tound, then Output Kn 

- 0 has no CH, there is no rectijinear 
drawing J)n having this set 01 
crossings and Stop; else 
Step 3.0 

4.0 * Con si der a CH, Ci ot C O(n8) 

... - For each tr1gon T ot Dn, 
determlne whether there 1s 
a' cross1ng (v, a) x (b,c) such 

( 
that v 1s in ,. 1: and a, b, C 

are nodes of T 
" 

4.1 - Deter:mine aU node~ _ O(n5) 

located in \nt-T , 
, 

O{n5) 4.2 - For each v d~term1ne 
whether (v, a) x (b, c) 

- Ifr thQYQ li no T and v 
ror Whlcl'l such crosstngs 
~ur then Output On 1t4vill8 
CH 1 'Ï is Rectlline4lT, else Output 
.on cannot lie realized 
rl1CtJljn~arJy With CH Cr . '1 

0 
8S· 

\ 

" 
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If 

/ 

El1mlnate Cl trom C. ' If 
C 1s not empty then 
Step 4.0, else Stop. 

Although the bound used in Step 2. 3 is never lCeached, due to ·the 
/ 

existence of crossings when n > 4 1 we know that this step might require 

as muche as O(2i (n1} where f(n) is a function of n as mùstrated in 
Fig. 7.8. 

o 

5 
Pig. 7 .8: Only the uncrossed arcs of a ,draw1.ng 'On are 
sh~. The remaining arcs of Dn wou Id be in Ext C, 

;fi where C = (1, 2, 3, ... , n, 1). The number o~ uncrossed 
k-c1r~uits in this drawing is 2r where r =(n - 1)/2; 
while the number of C1fe'circuits i5 just (n + 1)/2. 

o 

. J 
On the other hand, from Theorem 7.3 the numbet( of CH-circuits 

in· any drawing Dn of Kn is less than n. 'ii~ce, if i~ add.it~ to the set 

of crossings of Kn. we are given the possible CH -circuits then Step 2. 3 

will be skipped and the time required by the algorithm will drop to 

o (n9). The drawing jn Fig. 7.8 illustrates the fact .that the number of 
1 

unctossed circuits is not propor.tional to ~he number of C~ -circuits. 

, 
, ' 

, 
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·Chapt.rl, 

RN Rl60RITHM FOR FINDIN& RlL NON-ISOMORPJlIC 
REtTlliNERR DRRWIN&S DIl OF Kil 

1 

In' this chapter we pre;;ent an algorithm to find aH the non-iso-
\ i 

morphic rectilinear dr.awings Dn of Kn: The input to tIJe algorithm is the 

set of crossings corresponding "to'" each of the non-equivalent rectilinear 

drawings Dn-1 of Kn-1. For each of these drawings, the algorithm gen­

erates a set of rectilinear drawings Dn' The set of aIl the sets of these J • 

drawings Dn contains aIl the non:'isomorphic rectilinear drawings Dn' 
, 0 

First we produce a theorem' on which the algorithm is based 
~r' 

Then we present the algorithm. 

Before proceedipg ~th the theorem, we ir..:roduce the following 
~yl • 

definition which is required for the theorem. 

Definition 

Let (v, a) and (\I,~) "be two arcs of Dn". If the area bounded by" 

the triangle havi~g nodes v, a and ~, does not contain ~ny arcs or\ 
, \ 

segmen t of arcs ( ~ J • ), then (\l, a) and (v, ~) are 8dJacen t. 
, 

Th.Gram 8.1 " >.... , 1 ", . . 

Let D,. he a reetilineardrawm~ ~/~~e eomrl:te grap~ Kn .. Le( the 

nodes of Dn be denoted by 1, 2,~, ' .. , n 'such that the arcs (n, i) an~ 

. (n, i +V ,be adjacent and suc}:l that' the node n he on the" CH of On as 

~hown lin Fjg.8.1 .. 1. ." , 
1'( ! 

1 
\ 

, 1 

1 J 
~ "1 
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lfall the crossings involving the node n are given, thèn aU the . . 

. remainiilg crossings of Dn can be determined. 0 

. 'roOf 

~ 

1 

, ~'. 
) ~ ~ . 

. Fig. 8. 1. 1: Knowing that aU the ~ossings involving ~~ 
6, are (6,3)X(2,4), (6,3)X(2,5) and (6,3)X(1,4), we can 
determ1ne that the, rema1ning crossings of DI) are 
~(1,4)X(2,3), (1,4)x(2,5) and (2,5)X(3,4). 

" 

Let 1 S r < s < t < u ~ n-l (1) 

then 

and 

(r,t) may cros§ (n,s), (s,u) may cross (n,t), 

(r, u) may cross any of (n, s) and {~t), 
By tonsiderirtg aH 

• P" 

the possible süb-drawings formed by n, t, s, t and u 

and their corresp~mding arcs, we get eight sub-drawings represented in 

Fig. 8.1. 2. 

" 
.. 

f> G.<'? r r 

• . 
·n 

J) 

t 

u u 
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Fig. 8.1. 2: "I:he eight possible sub-{lraWings with 
nodes n, r, s, t and u, and their corresponding arcs. 

From these ·sub-dtawings we obtain the following: 

\-

(r,t) x (S,U) _ 

(r,u) x (8,t) -

."\ 

,(r,t> 1( (n,s) and(s,u) 1( m,t;(, \ 

or . 

[(r,t) x (n,s) and (S,U) x (n,t)] 
. (2) 

~ , 

[(r,u) x (n,s) and (r,u) Il (n,t»)' 

or ... 

(r,u) 1( ~) and (r:u) x m,t>( } 

.' .J 

<: 
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1 

We consider every possible 'combination of four nodes ~ $, t and u sueh., 
, ..., . 

\ tha~ the inéqualities ,(1) are satisfied. From (2), -knowing aIl the 
, . .. "" 

crossings involving the arcs (n, s) and _(n, t) is ~quivalent to knowing . -

wheth_er (~, t)x(s, u) and whether (r, u)x(s, t). . . 
o 

Beckgroun?o the Rigorlt~~ , . 

Let Dn-l be a rectilinear drawing with k nodes on lits CH, C. CC:JJ1-

sider one of the ~ nodes of C a~d label it n-1. Label the remaining nodes ~ 
~ ~ .... ~ 

such that (n,i) and (n,i +1) become, adjacent, for i = 1,2, ... J n-2 as 

shown in Fig. 8 . 1. 3 . . \ 

F1g.8.1.3: A drawing 06 being labeled 5uch that 
(6,1) and (6,1 +1) Al\e adjacent, (1 =1,2,3,4). 

'J > 

.. 
We calI th~ area boun4ed by C, \nt C; . and' we .~all the remainder , 

, 

of the'plane, ExtC. We add anode 11 to 0n-1' such that (n-l,n) be. 

in' $xt C and (n-l,. n) ~nd (n-l; n-2) be adjacent as shown in . ) 

Fig.8.1.~. 

" 
- ~ 

/ 

... 
t;>. 
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< . 1 

"'" Fig. 8.1.4: The shaded area .t ind1ca tes 
-the pOSS1ble1ocations for node n. 

. , 

By considering aIl the possible mappings of ,an edge (n, i), we note . 
that they cannot exceed 2n- i - 2. This is of course due to the fact' that 

, . 
wheri mapping (n, i), only one of. the following two situations can occur 

ç as shown in Fig. 8 .1.)5: .. 
" . . 

(n,i) X (n-l,» i • 1,2,.:.,n-3 
<' 

(n,i) Il (n-l,j) i < j ~ n-2 \ ,-

1 f . "1 
') , 

, , 
. .. 

" 
1 

J!-

. ~ .. 

(8t) '" (a2) 
.l-

e '\ • ! 

• ... . . 
' .. ::' , ( 

C 
\ .. ," .. 
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_1_' _, ________ -----'_ 

t Fig.S.1.S: Two mappings are --possible for (5,2),-
1 (~) (b.) 

(ai) & (a2)j and the number of mapplngs ot (5,1) 
cannot exceed 22, We notice that (b3) i5 not a good 
drawing. 

We 'input the crossin.-ss of Dn-i to the algorithm which considers 
4 

each of the possible mappings of each edge (n, ij. Sorne of these map-

pings produce· rectilinear drawings., Only these rectilinear drawings are 

retained by the algorithm. 

The same process is repeated with each of the nodes of C ;', hence­

the algorithm generates a set of drawings containing . aIl the non~ 

isomorphi,:: rectilinear drawings On whtch have\ Dn-i as a sub~drawing 

'and' a' node n located in $xt C as shown in Fig. 8 , 1: 6, 

\, 
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~r ... ·...... • •••••••••••••••• ......... " .. ............... . ......... ............. . ... ~.,. .. ........... . 

• 1, ::-, ••••••••••••••••• . -::, '.::::. 

P1g.8.1.6: The ~H; C of a drawing Dn-l 15 shown in 
heavy l1ne. Chas k nodes, and Eoc.t C· 15 d1vided in k 
regtons (shaded areas). Anode n ls placed ln one of 
the k areas and aU rectilinear drawings On consist­
ing of the union of Dn-l and the arcs (n,1) are ob-, ~ 

tained. The node n 15 then placed in another shaded 
area to ob tain another set of rectil1near draw1ngs 
On' The process is repea ted for each of the k shaded 
areas. The nsult 15 the set of aU r.ect111neal] draw-
ings On satisfying the following: 1 

1. Dn-l 15 a sub-drawin 
2. node n 15 on the" CH 0 

, 

",' 

• 

o 

. \ 
Let Dn-1 ~e the set of al! n~n-eq~ivalent rectil' ear dr~wings with 

n..;1 nodes, 
, '" 

" • à! 1 

nn-l={Dn-l1, Dn_12, Dn_13, ... ;Dn- 1'1}l 
" 0 

If Dn- 1j has a 'CH with k nodes then the nodes of Dn - 1j migh t haN'e to ,. 

" 

. , 

be re-labeled k times. We den ote the set of crossiflgs using the, i..lth .la- ~ 

i)eling of the nodes Dn- 1j by XiJ, 
• 

Fina'lly, let P be the- set o~ aIl values of .. , 
. - l"~ 

{Pt.t, P2.1' P2.2' .. , , Pk,i' Pk.2 j , •• , Pk.lt, , ',' , Pn-3.1' Pn-3.2, 1 .. , Pn-3.n-3}' 
,f.. J 4 

il 1 ! 
where Pk,l takes the valije 0 or 1 dep~nding on wheth~r the two arcs 

(n, l=l-k-2) and (n-l, n-!-1) ·cross. 

" 

'1 
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. The Rlgorithm 
Step 1: . Input: 

1 

+ 
Step 2 

Step 2.1 

, Slep-2.2: 
.. 

" ;.i 

j+-=l 

i +-,1 

X+- Xij 

m+-l 

Step 2.3: k +- 1. 

Step ~ .. 4: i +- 1 

. , 
(1) the dimension n 
(4) the number of crossings of Dn - 1J, 

• ' J 

where Dn - 1j belong to nn-l' 
• 1 

~3~he number of nodes on the ·CH of 
Dn - 1j, . 

(4) 'the crossings X1j obta(ned with the IJ 

- first labèling 

(5) the q-j, ~'S~ts of labels to be us~d in. 
generating Xzi, X~, ... , ~qJ -' 

'-, 

1 

Step 2.5: IF 1 pmk,l = 1 where pmk,l = Pk,l of the rn-th set of " 

, 

. Step 3: 

l ' 
THEN - X+-)(, u- (n, n-k-2) x (n, n-l-l) ~ 

• IF 1= k 

THEN - Ir- . k = .-3 

THEN Step '3 . , 
ELSE k +- k+l 

Step 2.4 

ELSE }.+- 1+1 . ~ 

Step 2.5 

Consider each combina~ion of nodes r, s, t a!png with 
tfie two nodes n and n-1, where r < s < t < n-l; . and 
let SJ'.~,t be the sub-drawing consisting' of the nodes) 
r., s, t, n, n-1 and their corresponding arcs, 

,. 
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P. 

(, 
~ , ,-

, . 

.. 
... 

C .. 

c 

~ J\\ ' .- .",. -/- , -
, .' 

/ \ ' 'yi, , il; , '. 41 , , .< - ' 1 . 

- , 
1 

: .,' "" , • step 4: IF Sr,.~l;cis rectilinear for Etaoh 0' tpe 
.-tcomhin~ tions, of r, ~ and : ,il ;l 

'~ lHENf using Theorem· 8.1, . deterl'n:ine the remainlng. 

crossings of Dn, and .' ~i . :~ --:-,;_':', 
Output the set of crosslngs X o,f Dn, -. ' 

1-

step 5: IF m < M (wh ete M is the nJbber oi sets .P of p)">,~.' ,>' 
'1 Y" ... :. 

THEN m +- m+1 " 

\ 

. Step 2.3 Q '\ 
~ 

~put the .crossings, of .n ~ 

" 
4 .' ..~ •• 

Step 6: F i<q;' . 
.1" ,. 

.- . 
THEN i +- i+1 ,t • .J" ..-

Step- 2.2 ... , 
Step 7: IF"j<J (where J is the ~.umber of draw.ihgs Ôn -; t9 be 

read by the pr~~ram) 
1 

THEN j +- j+l 
.4 .. 

- ' Step 2.1 

ELSE S~OP. 
, . '\) 

_ The set of drawings Dn produced by the algorithm con tains aIl the 

non-isomorphic r~ctilinear drawings Dn. A computer program to obtain 
-' -, I\t 

aIl Dn from the non-equivalent drawings Dn-1 has been 'developed and 
o _ , 

J.ts l~sting' is ')roduced in Appendix C.l. AlI non-isomorphic rectilinear 
~ ~ 

drawings~ D7 are given in Appendix C.2. Results' which are obtained by 

implementing the algorithm for Ô. and D5 and by using the correspond-
• 1 A' 

ing comp'uter programs for D6 and' ~ ar~presented in' the ~ext chap-

tèr. 

) 
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Chapter 9 

Results of the Rigorithm 

In this chapter, we find aIl the non-isomorphic rectili.near draw­

i~s On using Dn-l when' n ~ 7'. Usin~ t,ge rectilinear drawing D3! we 

obtain exactly two drawings D. as shawn in Fig .-9 . 1. 

" . 

. 
Ptg.9.1: Two tilrawings Dol are obtatned trom the drawing ~. 

, 

"'!e call 'the fir~t drawing D.~ (a) J and the secotId one, (b).' 

Usine; Ca), 'W~ obtain the four drawings D5, (a. 1) J (a. 2), (a.3) and 
, Q 

Ca. 4); ~sing (b), we obtain the four dr~wings (b.l), (b,·2), (b.3) and 

(bA) as shown in Fig. 9. 2. The' three non-isomorphic rectilinear 

, drawings 05 are am0!l~ these eight drawings. 

(a.~) . èa.2) 

~" 1 
''''-.....-"-F 

Q • ... . , 96 Q) ~ 

'\ 
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, \ .fl 

~ 
~ 

) . 
o 

Ca. 3) 

.. 

c 
5' 

(b.1) (h.2) 

\ 

(b.3) (b.4) 
PIg.9.2: Elghtvdrawlngs ~ are obtained trom' the two drawings D4' 

~ 1 

-' 

\ 
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f 
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1 #, 
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Of' 

We cQnsider one of the" three drawings I)&ça.swshown in Figs. 9.3 and 
/~ ') 

9.4, ", . 
- i 

Ca) 
/. 

(h) 
P1g.9.3: ln (a), --.the..--Same drawings D6 are ~bta1ned by plac1ng . -
the sjxth node to the r1ght or to the lett ot the l1ght Une. We 
then note that 1t sutt1ce~ to cons1der the slxth node in the re­
gions Ri and R2 in (b) since thasa two regions will cover aU 
th~ haIt plane'on the right ot the l1ght Une. 
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( . " 

.'t> 

'Pig.9.4: AU rectilinear draWÏngs .D6 obtained by 
considering the sixth node in region Ri. 

. . 

.. 

'" 0 

First, we place the sixth node in the. region R1 to obtain the 

rectili~ear drawings shown in Fig. 9.4. In a. similar fashion we consider 

99 
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• 'If 

o 

, 

the si.xth node b} th~ region~2 to Qbt~iri ',a' set of r~tilinear' drawmgs 
D6 'as shown in Fig: 9.5. 

o 

6 0 

Flg,9,5~ A node v 15 placed in the reg10n R2 and drawlngs D6 ,ar~ 
obtained py" connecting v to the nodes of D5 in every possible way, 

The two other drawings' D5 as shown in Fig. 9.6, are, tr,eated sj~ilarly 
\ 

to obtain aIl the, rectilinear drawings D6, as :shown in Fig. 9.7. 

-. 

t 

- \ 
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) 
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.. 

r , 

(b) 

"f 

Pig.9.6: The drawing (a) is symmètric about the 
th in Une, only the regions R1, R2 and R3 need to be 
considered. 'In (b), we consider only the region R. 
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Pig. 9. 7: AU the non-equ1valent rect1l1near drawlngs 06, 

l. 
./ 

The sixteen drawings D61 given in Fig. 9.7 , are used to obtain aIl the 
'. 

non-isomorp~lic rectilinear drawings D1. The total number of tnese , . 
.drawings is one hundred and twent.y-two (122). The following table 

.0 , 

represents their distribution by the number of crossings and by the 

number of arcs of their convex hulls'. A lis~ing of the computer pro-
~ . 

gram which has generated. the one hundred and twenty-two D7 is given 

in Appendix C.l. 

~. 

o 
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Nu~ber of ~on-jlomorphic Rectillnear D 7 

9 

Il \ 

13 
15 

17 

19 
21 

23 
, 25 

27 

29. 

31 

35 

No. of 
DrawlDil 

number 01 cronin u ber or arcs or 01 

1:1 

3 5 6 7 

3 
11 

12 
9 10 

1 ~ 21 

21 1 

. 6 4 

1 10 

5 
2 2 

1 

1 

1 
~.-.---­---------

ri! . 
4 '1 36 59 22 

. ' 

. --.. -- ,...-\.~----
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.. 

No. or 
Drawlnp 

3' 
Il 

1'2, 

19 

22 

22 
10 

Il 

5 
4, 

1 

1 

1 

122 

" 

.. 

.' . 
., 

r 
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Chapter 10 ,. 

Roalysls of the Rigorithm 

An analysis of the preceding algorithm is presented in this 

chapter, whereby we show that the number of operations required by 

the algorithm is 

p being tbe number Qf drawin~s Dn-1 used to generate the drawings On 
, 

For 'a given rectilinear drawing Dn-l with arcs (n-l, n-;2) , (n-l, 

n-3), ... , (n-l, 1) as shown in Fig. la .1, we generate the arcs (n, 1), 

where i = 1,2,,, ~ . ,'~-2. Anode n is placed in th.e area bounded by the 

exten~ion of the arc (1, n-l) and by the arc (n-l, n-2) and its exten':" 
1 

sion as shoWn in Fig. 10. 2. An arc (n,i) maYJ,Çl"OSS any of the arcs (n-, ,. 
\ . 

1,j) where i <j :s; n-2 as shown in Fig. 1·0. 3. , 

o .. 
1 

0-

• 

, ~ __ ~ ____________ 4-____ ~S 

Fig.li.l: The ar~ (6,1),1- 1,~,3,4,5 of a recUl1near draw1ng Of>' 
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c· 

of 

, 

.... 

. .. 

FIg. 10.2: Anode n is adc:led in the shaded area .... 
o '" L 

Pig.10.3: An arc (7,1) may cross a14 of the arcs (6,J) as in (a,l), 
or some of the ,arcs (6,j) as in (b,l), or noné of them as in (c, 1). 

An upper bound on th~ number of drawings Pn w:hich could be 

, 

generated USinta rectilinear drawing Dn-1 is 
, . ( 2 ) __ . 'Ia +_ 

kx2 2 C m=n-3 and k is the number of arcs of the convex hull of Dn-l ' 

own in Table 10.1. 
/ . , .... 

.. .... 
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~ .. ) 
n 2 ' 2 

, 

(1) 

t 

1 d 2 

5 8 

6 61 . , 

7 102-1 

Table 10.1: 
Column (1) = 

Column (2) = 
. , 

r'. 

. 

Dn generated by HQn-lsolorphfc 
. Aigorithi rect f 1 f near bn 

(2) . 
. 

2 ' . 2 

~ .' 7 3 
.> 

- 16 15 $ 

, 
608 122 

. .. 
- , 

the largest number of drawlngs On 
wh1ch could be genetated using one 
~ectll~near drawing Dn"1~ (m =- n-3). 
the number of drawlngs generated by 
the algorithm using aU the non­
equlyalent recUl1near drawlng' 0n-1' 

. " 

. 

) , . The number of Dn in column (2) are obtained when we take ad­

vantage of obvious symmetry which exîsts in sorne drawings 0n-1' The 
, ~ r .. • / 

\ number of generated Dn is generally higher if· symmetry IS discarded, 

" Table 10.2. . • 

" 
.. 

. , 106 
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, ... 

. 

\ 
j 

n Da-i 
.. 

, (1) 

4 1 

5 2 

6 3 

. 7 16 

Table 10.2: 
Column (1) III 

Column (2) :r 

Column (3) :II 

Column (4) = 

Colu~n (5) :II 

1 

! 
: 

• 
SYMMETRY . SYMMETRY T AKEN 

DISCARDED INTO ACCOUNT 

D GENERATED' 0 GENERATED ,,-1 o a-1 
INPUT Da INPUT Da 

, (2) 
'\. 

(3) (4) (5) 

3 . 6 ,1 2 

7 24 2 1 7 . 
~ 

12 94 6 '46 
, 

59 aS7 41 60a 

Number of. the non-equivalent rectilinear draw .. 
ings Dn -1' • 
Number of sets of crossings input to the algorithm, 
without tak1ng into consideration the possible 
symmetry in a drawing. If a CH of a drawing has 
k arcs, th en the crossings of this drawing will be !», 

input k Umes to the algorithm uslng k appropria te 
different sets of labels. 
Number of generated drawings Dn wh en possible 
symmetry in drawings 1s not considered. 
Number of sets of cross1ngs input to the algorithm. fil 

when obvious symmetry in a drawing 1s taken into 
account. ' 

. Number of generated drawings Dn ,when obv1ous 
symmetry 1s tâken into consi~eration. 

J 

...q 

1- .' 
We have shown that the, p-ot'ential number of drawings Dn to be gen-

erated for each Dn-1 is 
1 

, 
k being the number of. arcs of the convex hull of 0n"1 and m = p-3. In 

th~,Jollowing we look at the details of the algorithm to determine the 

number of operations required to generate each drawing Dn' 

-107 



o 

o 
') 
) 

Step • 

1 

3 

5 

6 

t . 

Step Description 

. Input tl).e data related to Du-t 
which is use<! to generate 
the drawings On. This data 
includes the crossings of Dn-l 

~et the relationship between 
each pair of arcs (n, ri-k-2) and 
(n-l, n-1-1), where 
n-k-2 < n-l-l 

Check whether the sl\b-drawing 
consisting of the nodes r,s,t,n-1, 

Humber of 
Operations 

o (n4.) 

o (2m) 

ln =. (~-3)2~(n-3) 

2 

o (n3) ~ 

n and their corresponding arcs is 
rectilinear, where 1 ~ r < s < t < n-l 

r 

De~ermine the remaining 
crossings of Du 

Output the crossings of Dn 

Repeat steps 2 to 5 for 
each set of labels of Dn-l 

o (n7) 

7 . Repeat steps 1 to 6 for 
each drawing Dn-1 . 

We go to- Step 6 k times for ea'Ch On-l' where' k is the numb~r o'f.. J 

~cs of the convex hull of Dn- 1 . Step 7 is repeated p times wherl p is 
, . 

the number' of drawings Dn-t. Hen~e, based on this and the number of 

operations at Step 2, we can conclude that the algorithm requires np 

more than pX n X 2m . 
( 

î 
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Chepter 11 

Jo this 

Conclusion 

chapter we first summarize the results obtained in the . 
thesis, then we shed light on sorne problems. whlch c01Jld be considered 

for- future· research. 

In the first part of the thesis, related to generatil1g aIl th~ non-
~ ::;> 0 

isomorphic drawings On of the complete graph Kn, we conjecture that 

any good drawing On of Kn has at ,least one C-F HC, C. An algorithm is 

developed to obtain aIl such drawings. The only input required by the 

algorithm is the dimension n. Upon reading n, the algorithm generates 

all the edges et of Kn different trom the edges of C. For eacl? edge ei, 

the algodthrn constructs aIl the arcs aij into which ei .can 'be mapped 

without violating any of the rules of a .good drawing. The good d~aw­

ings are then obtained and only the non-isomorphic good' on es are kept 
~ 

by the algQrithm. A computer program is written and results are ob-

tained for n = 6 (102 drawings) ~nd for n = 7 (U556 drawings). The 

drawings for n = '4,5,6 are produced manually in Appendix A.2. The 
, 

complete set ot aIl the no~-isomorphic drawings D1 of K7 is generated 

1 by t.fie~ program in list form in Appendix A. 3. Results obtained by . 
Newborn and Moser [19] ·for the n-circuit and the n-gon optimal 

). . 
drawings are confirmed for n ='7. Exactly two non-rectilinear 'drawings 

1 

01 have the large st number of C-F HC's in any drawing D1 of K" This 

,/J number is 96, Only one rectilinear drawing D7 has 92 C-F. Hé's which 

is the largest number of C-F HC's in any rectiline~r drawing D7 of K1 . 
1 
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~ characteristic of the rectilin~ar drawings Dn of Kn_ is obtained . 
in the second part of the thesis. This characteristic is based on the 

, 

1 existence of a ~pe~ific dr,awing O. of K. as· a sub-drawin~ in only. the . 
non-rectilinear drawings On of Kn. For convenience we caU this D.; A. 

. ' 

, This drawing A has a node, say v, located in the area bo~nded by the 

arcs (a, b), (b, c) and (a, c), such that (a, v) x (h, c), where a, b. 
-

and c are the three other nodes of A. Using this characteristic, an 

algorithm is developed to determine. whether there exTsts a. rectilinear 
~ , 

drawing On of Kn which has a given set of crossings, X. The only in-

puts required hy the algorithm are the dimension ---.n and the" set of 

çrossings X. Upon reading n and X, the algorithm finds the uncrossed 
" 'f .... 
edges of Kn, aU uncrossed k-circuits and then an the convex hulls! 

each of which has a corresponding drawing Dn of Kn having the set of 
- , 

crossings X. For each of these drawings"Dn it verifies ,whether Dn has a 
1 < 

sub-dràwing equivalent to the drawing' A. If one of these drawings has 
1 

"the characteristic of rectilinear drawings, i. e . do~s not have the 
, 

drawing A as a ~ sub-drawing, then the algorithm stops after pnntmg 

the convex hull corresponding to this reétilinear drawing; otherwlse it . 
~onc!u';t~ LhaL Lh~ seL oi <':!OS~iClg~ X does t1:0t determine any rectllinear { 

dra~ng On of Kn. By applying this algorithm to the set of the non­

isomorphic drawings DfJ obtained earliero in the thesis, we can deter-

~ mine that 15 out of the 102 drawings 06 are rectilinear and ?>7 are " 

non-rectilinear. We note that 66 of the 87 non-rectilinear drawings D6 

do not have a convex h\111. 

If 
In the last part 'of the thesis, an algorithm 15 written to genera~e 

aIl' the non-isotnorphic rectilinear drawings Dn of Kn, . USiJ1g the non-
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-
equivalent rectilinear drawings Dn-1 of Kn-1' The corresponding com-

puter program is implemented for n = 7. The sets of crossings of the 16 

non-équivalent drawings D6 of K6 are used as input .to the computer , ~/ 

program. The complete set of aIl the non-isomorphic rectilinear draw-

ings D1' '1hich consists of 122 drawings, i~ o~ined. The actual 

drawings are displayed in Appendix C. 2. 

In the following paragraphs, we direct the reader's' attention to 

some of the problems which could ·be 'viewed as poslible rese~r~h proh-

lems .. 1:;:- .. 

-
The first of these problems-is to confirm the èonject!JTe of Chap-

ter 2 stating. that: -Every good -arawing Da' of A;;, has at least one Ç-F 
- , 

He Whil~ this conjecture can be easily confirmed for the rectilinear 

drawing~ Dn of Kn, it is apparently an extremely difficult problem to 
. . 

resolve for the casè -of non-rectili~ar good drawings. 

The algorithm generating aIl the non-isomorphic dra~ngs Dn of 

Kn requires a large amount of time when implemented for n = 7. lm­

provement in thé efficiency of the A,lgorithm, cou pIed with· the in-. \ 

creased speed of the new generation computers, might pave the way 
) 

. to. implement the algorithm for larger values of n. Such improvement 

might be obtained if we can find a way to determine isomorphism for -
larger numbers of drawings without actually genera'ting these draw-

ings. We might then be able to ob tain , for example, aIl the non-iso­

morphic drawings Da of Ka or \ the complete set of aIl crossing optimal 

drawings D9 of K9 a~d DiO of K10 . • 

, 
To cfetermine whether there is a rectilinear drawing Dn of !<n 

having a giyen set of crossings, .. th~ algorithm of Chapter 5 must first 

. -
111 
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find aIl the uncrossed k-circuits -in orde-r to obtaîn aU Uie ~ possible CQn­

vex hulls. The large number of these uncrossed k-circuits reduces the 
. Cf 

efficiency . of the algorithm. One way to eliminate this might be to 
- -

obtain the convexe hulls without requiring aIr the uncrossed k,-circuits. 
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,.1. GENERAL DIAO'RAM 

. --
... n Il 1 if ~ 

• PROGRAn , 
.- -. 

• 
,. 

l'~ 1 HtRE)(TR iEGeRS ISOnOR . 
-

t • 
/ NODRSP IlRCRSP , ARRNGX SORT)( 

\ 
1 

t t 
1 1 1 ~ \ 

~I INTRCHG I~ _ 
NAIN 1 G.n.rat •• III -th, non-isoMorphlo 900d drlwin9' D ot K • 

~ n n 
1 NrRIXIRI S.l.ot. th. 900d arc. Into whioh an .d9' • ot 1 oould b. MIPp.d. 

wh.r. 1 ls th. s.i ot .d"s ot X d!tl.r.nt troM th •• d9" ot C , n 
Ind wh.re C 1. 1 C-F HC ot X • 

- n 
(Tht Stt ot th.s. 900d arcs will b. d.not.d bv A.) 

SIGCRS 1 D.ttrMlnes wn.th.r two arcs ot Il oro •• and 
wh.th.r th,lr oro.sinq wltl 1.ld ~o a 900d d~awlnq. 

ItOMOR 1 DeterMin •• wh.th.r two drlwinqs Ir. 1,0Morphio. 
MODRSP 1 Calouhtu nodu' rupon.ibi lith •• . ,' 
ARCHSP 1 Calculat •• lrc~t~ponslbilftl.i. 

,_ARRNGX 1 Arranq.s tn. nod.s oorr.spond!nq to th. oros.inf (I.b)x(o,d) 
such thltl a(b, c(d, ICb. 

SORTX 1 Sort~ a Stt ot orossinq. In Iloendin9 ord.r. 
Juoh,thlt it x,:(l,b)x(o,d) Ind xz:(,,')x(9,h) 
th.n x, 1. li.ttd b.tor.._xz wh.n.y,r tht nUM~~ ~badri •• Mlll.r 
thln th. nUMbtr ,tih. 
U. not. that "n i. IIIUMtd to bt .Mlll.r th an 10. 
For n~10, th •• ubroutlnt will n •• d 'OM' Modification •• 

IfffltCllG 1 Inttrchan9t1 th. yalUfS ot two yuilbl .. p lnd q', .uoh that p 

tak •• th. Yllu. ct q , Ind q tlk., th. Yllu. of p. 

1 
j 

1 , 

\ 
~ r 
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Consid,r a c-F He C of Knh G.n,rat. a ut 1 ot &11 t , 
.ditS ot ln .xc,pt t~os. ot C 

G.n.rat, a s.t A of ail itod 
aros into Whtoh ,ac~ of h. 
,dits 1 cou d h. ,",app.d. _ .... 

L.t D hl th. set which wi Il 
contain ,th. non-iso,",orphio 

. drawi n9 Dn. 
Inltlallv D is 'MPtV. 

Uith th. arcs of C, 'consid,r 
a n.w lubs.t S ot arcs ot A 

suo~ that uè~ .dg. ot ! nas 
txaott von. arc 111 S" 

Proc •• d to tOrM a 
drawing Dn 

Add Dn to tht ut of ail 
non-lsoMorphio drawinvs D . 

J 

,r 

... 

<0 

\\ 
\ . 

• 
""1 "' 

.t .. 
• 

..,. 

l 

~ 

1 

.' 1 
1 

Q 

.. 



111- COMPUTER PROGRAK (FORTRAN 77) 

J .. 
• 

-_ .. ----_ .. _-_ .. _--_.-._*--.. --_ .. *--_ .... _--._.**-*.--­
• 

• -• 

~ 
iven su:f:ficient 
nerate all t.he 

ne C-F H C, C. 
is n. 

spac. and t1mR, thi. program v111 ~ • 
good dr.wing. D~ o:f K~ having at l ••• t -
Th. only input r.quired by th. program .. 

• 

,t; 

• 
• 
• '. • 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 1 

The program consista o:f the follov1ng :four parts ~ 

PART l ~ 

PART II 

Given n, the program v111 generàte all the 
edgea (a,b) vhich are di:f:ferent :from the 
edge8 o:f C. 

For .ach edge (a,b>, the program v111 • 
generate all the good arcs 1nto vh1ch 
(a,b) could be mapped. 

In Part l and Part II, the node. of Kn are denot.d by 
the od~ numbers 1,3,5, .••• ,2n-3,2n-l and th •• dg __ of 
Kn arae denoted by the even numbera 2,4,6, •.• ,2n 
vhere i 1s the edge (1-1,1+1) ~or 1 < 1 < 2n-l , and 
2n ia the edge (2n-l,1). In both parts, the program 
assumes that the vert1ces o~ Kn are labelled such 
that the C-F 'ifC, '6C, is (1,3,5, ••• , 2n-3, ~n-l~ 1). 

• 
• 
• 
• 
• 
• .. 
• 
• 
• 
• 
• 
• 
# .. 
• 
• .. .. 
• 
• 
• 

PART III: For each pair o:f arcs corre.ponding to tvo • 
distinct edgea (a,b) a~d (c,d), the program .. 
will dstermine vhetherXa,b) and (c,d) • 
cross each other, and vhether they cro.s • 
more than once. .. .. 

• In th1s part ~ the program~ the node. of Kn are .. 
• ,denoted by the ~dd numbers 1,5,9, ••• ,4n-7,4n-3 auch • 
• such that C bec6mes (1,5,9, ••• ,4n-7,4n-3,1). E.ch arc­
* c a (1,i+4) has two points l.belled i+l and 1+3, au ch .. 
• that vhenever c 1s cros~ed, it will be cro •• ed in either*' 
• 1+1 or i+3.· .. 
* 
* 
* 

• 
• 

PART IV \ • In th1. part o~ the program, all the 
non-1aomorphic dravinge are gene_ated. 

• 
• 

• .***--_ ...... , ... _ .... _ ........ _ .. _ ..... _ .................. . 
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............ , ......................... . .. .. 

.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 
.. .. .. .. .. .. .. .. .. .. 
.. .. .. .. .. .. 
.. .. .. .. .. .. .. 

EOGEC.,l) , EDGE(.,2) 

EOGE2(.,1), EDGE2(.,2 

, 

vi~l cont.in the .dge. o~ Kn 
di~~erent ~rom the edges of C 
vhen the vertic •• o~,Kn are 
label'.d 1,2,3, •• '., n r 
) will ccn't.:Ln the saille edges, 

but when the vertic.. are 
lab.led 1,~,7, .•• ,2.n-l 

NEOGEC.) vill re~.r to the .dg. numb_r 

.. 

.. .. .. .. .. .. .. .. .. .. .. .. .. 
AOOTCi+l) • the number of good arcs into vhich all -the • 

i edg.. could be map,ped • .. , 
NUMARCCi+l) '. the number of arcs related to any edge .. 

belonging to the i-th group of edges. .. 

OIMENSION EOGEC14,2),EDGE2C14,2),NEDGE(294),AODT(1~) 
DIMENSION NUMARC(4) 

VC.) vill contain a good arc o~ Kn 

ARCst.) will cont.in an arc o~ Kn, usually not 
arc 

MARCSC.,.) vill cont.in a~l good arcs of Kn , 
. dif:fdent from the arcs of C • 

, 
DIMENSION V(6)'ARCSC6)'MARCSC~6) 

INOXC.) and IARCC.) vill be used to generate the, 
drawinge DI' 

tNDX<i) • ~ i-th arc of the drawing on hand 

DIMENSION IHDX(14),IARCC14) 

INTRC.,l) , INTRC.,2) vill contain the segmente of)arc 
~ loc.ted :Ln Int C 

.. 

.. 

.. .. .. .. 

.. .. .. 
il' 

• 
• 
.. 
• .. .. 

EXTRC.,l) , EXTRC.,2) vill cont.in the segmenta of arc .' 
loc~t.d in Ext C .. 

DIMENSION' INTR(24,2),EXTRC24,2) 
if 
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o~ 
r 

1 
J 

/ 

( 

if 

• ARC1C.), ARC2(.) • a pair o~ 'good arc. o~ Dn 
• 
• 
• • 

if Each pair o~ arcs o~ Dn is cdnsider~d in or der to 
if det_rmine vheth.r Dn ia a good draving. 

if 

• 
• • 

... 
• 
• 
• 
if 

if 

if 

if 

DIMENSION AR1C2,~),ÂR2C2,7),AR3C2,7),AR4(2,7) 
DIMENSION INDX1(7),INDX2(7),NXARCS(?) 
DIMENSION ARC1(7),ARC2C7) , 

). 
MXCi,j) vill cont.in a value indicating vh.ther th. 

i-th arc oro •••• th. j-th arc, and vheth.r 
they aras. mare th an once 

DIMENSION MX(294,294) , 

• 
• 
• 
• 
if 

• 

• 
,if NODESC.). nades o~ the draving an 'hand 

if 

• 
• 
if 

• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 

Xl (. ~2 C. ), X~ (. ), X4 (.) • ero.sin"s of th. dravi}g 
() , on hand <' 

RSPNDC.) • nod •• re.panaibiliti •• 

RSPARC.) • arc. rapon.ibilit~ •• 

DIMENSION NàDES(7),Xl~~),X2(3~),X3(3~l,X4C3~) 
DIMENSION RSPNO(7),RSPARC21) 

~ 

• 
•• 
• .. .. 
.-

): 
SNODESC. J • nad •• of the draving ta b. campared against • 

th. draving on ha 

SXl C. ), SX2 C. ), SX3 C. ), SX4-<. 1 • 
" 

• 
• 

crassing. o~ ,he d~aving ~ 
to be eampar.d'ag.inst .. 
th. draving on hand 

.... 
if 

• 
• SRSPNDC.). nod •• r •• ponaibi ti.~ of th. draving to b. if 

h. draving on hand • • oompared again.t '. • 
• 
if 

if 

if 

if 

• 
SRSPNDC. ) • nodes r.sponaibilit of th. draving to b •• 

SINO,XC i) 

oompared against th. drav~g on hand : 

• th. i-th arc o~ th. dravin' to b. campar.d if 

again.t th. draving on hand if 

if 

DIMENSION'SNOOES(7),SX1C3~),SX2C3~),SX3(3~),SX4(3~) 
DIMENSION SRSPND(7),SRSPARC2l) ~ 

DIMENSION SINDX(14) " • 

, { 

Ils 
ç 

\ 



• 
• 

c • 
• 

r * • 
• 
• 
• 
• 
• 
• 
• 
* . , 

\ 1 

• .' • 
• ", • 
• 
• 
• 
• 
• , • c 
• 
• 
• 
• 
• 
• 
• 

-
• 

-c 

• 
• 

"NX(1) • number o~ cro •• ing. o~ th. 1-th non-1aomcrphic • 
drawing • 

., 
X1Ci,.), ••• , X4Ci,.) • cro.singe cf the i~th 

non~1ecmorph1c drawing 

• 
• 
• 
• 

"NODESCi,. ),KRSPHD(i,.),"RSPARCi,.) = ncd.e, nod •• and ~ 

l are. reepona1bilities o~ the, .~ 
~ i-th ncn-isomorphic draving • 

"INDXCi,j) • t j-th arc of the i-th ncn-iaomorphic • 
draving • 

1 • 

• 
• 
• 
• 

DI"ENSION MNX (!SOOO) , .... 
KX1(3~,~OOO),"X2C3S,5000), / 
KX3 (3~, ~OOO) • "X4 (3:5, ~OOO), -of 

KRSPNO(7,~OOO),KNOOES~7,~OOO),KRSPAR(21,!SOOO), 
KINOX(~4,~OOO) ) 

• t, 

NNXCi) • number of dr.vings vith i ctc.singe 

DI"ENSION NNXC3:5) , {' -

IS01(.) vill be u.ed in ccmparing the firet n 
elemente of INDXC.) against tho •• c~ 
KINDXC. , • ) 

DIMENSION IS01(~),IS02(7),IS03C7),IS04(7),SYKCla) 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

DATA SYK/l, 2,a,7, 6, !S, 4, 3, 13, 14, 11,12,9,10, 16, 15, la, 17/ 

r 
WRITEC *, , (-IX, " l N P U T N")') 
REAOt, , (12)') N 
NK! N-l 
NT2 • 2*,. 
NK4 • N-4 '" 

n 
119, 

" 

... 

-. 

~ 

" 
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• ••••••• 

•••••••• 
•••••••• 
•••••••• 
•••••••• 
•••••••• 

G E N E RAT E THE à ~ 0 G E S • ••••••• 
• ••••• .!-~-

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• - . • 
• 
• 
• 
• 
• 
• 
• • • 
• 

1000 

,1100 

• 

-. 

" ") 

G:l.vetn n, a11 th. t'dg •• (.,b) diff.r.nt from the 

edges of C, ar. generat.d. 

• • • • 
NA • 0 
NAKAX .. 
KA =- 2 

~ 

• • • 

DO 1100 1=-1, H 

• • • 

HA • HA+l 
EDGECHA,l) • l 
EDGE(HA,2) • I+KA 

• • • • • • • 

IF CEOGECHA,2~.GT.H) EOGECHA,a> 
EDGE2CHA,1) .' EDGECHA,1).2-1 
EDGE2CHA,2) • EDGECHA,2).2-1 
IF CHA. EQ. HAKAX) GOT a 2000 

COHTIHUE 
KA • KA+l 
GOTO 1000 

1 

., 
120 

• • • • • • • • 

• EOGECHA,2 ' -H 

.' . 

., 

• 
• 
• 
• 
• 
• 
• 

• • 
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••••••• fI-' • •••••• 
••••••• ••••••• 
••••••• P A R T II .* •• ** • 

7 

••••• *. " **.1.* •• 
••••••• G &: H E R A T E A L } .... T H E G 0 0 0 ••••• * • , 
••••• *. 

'" 
** ••••• . ., ...... A R C S l H T 0 W H l C H "T.H &: .* ••• *. 

••••••• ~ .* ••••• 
&: 0 G E S C A B ) 0 F 

t. 1 

••••••• ., ~K n * •••• * • 
•••••• * " ••••• *iI-
•••••• * C O"U L 0 B E lf A P P E 0 -; W H E R E ** ••• *. , 
······Z .* ••••• 
•••••• A A N 0 S A R E T W 0 H 0 0 E S ••••••• fi ~ 

o ••••••• • •••••• 
••••••• a F C. ••••••• 
~., ..... • •••••• 
••••••• ••••••• 
••••••••••••• * ••••••••••••••••••••• * •••••••••••••••••••••••• 
••••••••••••••••••••••••••••••••••••••••••••••• *·t ••••••••••• 

• • 
• In thi. part, the program generates all the good arcs • · \ : . 
• into vhich (a,b) could be mapped, by indicating the ar~s • 
• • 
• o~.C vhich ar. c~ps •• d by (a,b) and their order as .. 

(,J, cl, c2, , cp-l,cp,b) 

.. m.aning that the •• gment o~ arc Ca,clJ i8 in Int C, 
.,' 

• 
• .. (~, a, cl, c2, , cp-l, cp, b) , 

• m.aning that the .egment o~ arc (a, cl) i8 in Ext C. 
o. 
• 

or 

· ................ , ................. ...... 
• .,. 
2000 

." 

ZERO • 0 
II • 0 
DO 2400 IK·l, KA-l 

lfAXEOGE • H 
HAOD • HAQD ~ HUMARCCIK) 
,IF CIK.EQ.KA-l) MAXEOGE • 
II • II ~ 1 , 
AODTCII) • HARC 
A • EDGE2CII,1) 
"S • EDGE2 C II, 2) 

• 121 

... 
• MAXEDGE 

NAMAX-H*CKA .. 2) 

• 
• .. 
• .. .. 
* • 
* .. 
.. 
* 



'J 
\. 

• 

o 

• 

WRITE ( *, , CI/ ) , ) 
WRITEe *, , (lX, " EDGE ( ''',12,'',''', 12, , , ) " , ) ') A, B 
WRITE( *, , < lX, " ••••••••••••• '!' ••••• ''')') 

20~O 

WRITE<*, '(lX,/" CORRESPONDING ARCS II')') 

WRITEC., "( lX, " ------------------ ''')'') 
NAR • 0 
NAR '. NAR+l 
WRITE C ., , C lX, 12, 5X, 213) ') NAR, A, B 
NAR • NAR+l ' 
WRITE(., 'ClX,I2,5X,313)') NAR,ZERO, A, a . 
DO 2010 I.l, NM1 . 

VeI) • a 
CONTINUE 
NC • a 

~DO 2020 1.2, NT2, 2 

* 
IF CIABSCA-I).HE.l • AND, IABSCB-I).NE.~ • AND. 

IABSCA-I). NE.·.HT2-l • AHD. 
* IABSCB-I).HE.NT2-l) THEH 

NC • NC+l 
ARCSCNÇ) • l 

EHDIF 
2020 COHTINUE 
• 
• 
• 
• * • * * • • • * • •. • • * • • • • • • • • • • • • • • 
• .J 

• The edg.' Ca,b) i8 mapped into an arc which cro •••• p 
• 

• 
• V(2),VC3), ••• ,VCp+l), while • and bar •• tor.d 
• 
• ~n V(!) and VCp+2) r •• pectiv.~y. 
• 
• .. 
• * • • * • • • • • • • • * * • • • • • • • • • • • • • 
• 
• 

" 

HARC • HARC+! 
NUKARCCIK+l) • NU"ARCCIK+l) + 1 .~ 
NEDGECHARC) • II 
"ARCSCHARC,;) = A 
KARCSCHARC,2) ,= B 
NARC • HARC+~ 

c 

HUKARCCIK+l) • NU"ARCCIK+l) + 1 
NEDGECHARC) • II 
"ARCSCHARC,l) • a 
"ARCSCHARC,2) • A 
KARCSCHARC,3) • B 

l> 

122 

• 

• 

• 
• 
* 
• 
* 
• 
* 
• 
• 
• 
* 
* 

. ~ 
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2030 
203:5 

DO 2300 K2-1, NK4 
DO 20~0 1-1, RK4 

INOXC 1) - 1 
IARCCI) - HK4 

CONTINUE 
DO 20~0 1-1, "2-1 

DO 2040 3-1.1, K2 

• 

IF CINOXCI>.EQ.INOX(3» GOTO 2105 

C 

2040 
20~0 

2060 

.. .. .. .. .. .. 

.. 

.. .. .. 

2070 .. 

.. .. .. 

CONTINUE 
CONTINUE 
V(1) - A 
DO 2060 1-2, "2+1 

VeI) - ARCS(INDX(I-l» 
CONTINUE 
V(K2.2) :II B 

.. .. .. .. .. .. .. .. .. .. .. .. 
Ch.cking whethetr V C. ) 1a a 

.... dt ..G .. .. .. .. .. .. .. .. .. .. .. 
X - 0 

IN • 0 
EX - 0 
NSEG - N/2 
DO 2070 K-l,NSEO.l 

INTR(K,l) - 0" INTRCK,2) --0 
EXTR(K, 1) • 0 
EXTRCK,2) - 'Cl 

CONTINUE 

\' 
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\ 

'0 

) 
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... 

Splitting- the arc VC.) into tvo .et. 01' 
-.egmenta o:f arc.: 

1 • •• gments falling in Int C, vhich are 
repr ••• nted by INTRC.,l) " INTRC.,2) and 

2 . " .egmenta falling in Ext C, vhich are 
repr ••• nted by EXTRC.,l) , EXTR(.,2) • 

.. 
• .. 
• 
• 
• 
• 
• 
• 
• 

....................................... ' ............... .. 

... 

... 

2080 
... 

DO 2080 Kal, NSEG+l, 2 
IN -_ IN+l 
INTRCIN,l) • VCK) 
INTRCIN,2) • VCK+l) 
EX • EX+1 
EXTRCEX,l) - VCK+l) 
EXTR(EX,2) ~ VCK+2) 

CONTINUE 

... * * • * ... * * ... * * • ... * * ... ~ ... * * * * * * .. • .. • * * 
• 1 

• Each pair o:f segmeqt. of Ca,b) located in 
• Int C i8 con.idered in arder to determine the 
... existence of a arossing. I~ a cros.ing ia 
* found, then VC.) 1s rej.ated. 
• 

* 
* 
* 
* 
* .. 

• * ....... * ... * * .......... * .. * • * .... * • * * ' 
~ALL IHTREXTRCHT2,NSEG,INTR,NX) 1 
IF CNX.GT.O) GOTO 210~ 

• * • ... • • • * •• * * * ~* .. ... * • .. ... * * * * _ .. * .. .. .. 
• .. 
• 
• 
• ... 

, 
Each pair of segments of ~a,b) locat.d in 
Ext C 1s con.idered in order to d.termine the 
existence of a cros8in~. I:f a cro •• ing 1a 
found, thén VC.) 1s r.jected. 

b 

• * •• * .. -, * ... * ... * ................... :-* ... 

. ... 

, 

1 

CALL INTREXTRCNT2,NSEG,EXTR,NX) 
IF CNX.GT.O) GOTO 2105 

, 
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( 
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c ( 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
• 
• 
• 
• 

. .. 
• 

Here Vei) i. a good arc. It i. then storéd in the • 
matrix KARCSC.,.) which containe all ~he good arcs • 
ot (a,b), and which will be u •• d .s input to the part (: 
o~ th. program gen.rating all the non-isomorphic good • 
drawing. o~ the complet. graph, ,having at least one * 
C-F H C. • 

• 
• 
• •• • - * - - - • • • - - • • • • • • - - - - * - - • • * - - * 

{ 
2090 

2100 

-210~ 

2110 

211~ 
2120 ., 

2130 

2200 

2300 

~. 

NAR • NAR+l 
NARC • NARC+"" 
NUKARCCIK+l) • NUKARceIK+l) + 1 ~ 
NEOGECNARC) • II 
DO 2090 I·l, K2+2 

KARCSeNARC,I) • VeI) 
CONTINUE 
WRITEC., , CIX, 12, :SX, 1013)') 

, NAR, CVCI), I·l,K2+2) 
NARC • MARC+l 
NUKARCCIK+l) • NUKARCCIK+l) + l~ 
NEOG.E(NARC) • II t 
KARCSCNARC,l) • 0 
NAR • NAR+l 
DO 2100 I.2, K2+3 

KARèsCNARC,I~.VeI-l) 
"CONTINUE 
WRITEC-, , CIX, 12, SX, 1113)') 

NAR,ZERO, eVeI-l), I=2,K2+3) 
IF CINOX"nt2).LT.IARCeK2» GOTO 2110 
LAST • 112 
GO')'O 2120 
INOXeK2) • INOXeK2)+1 
GOTO 203~ 
IF ('INOX e LAST) • L T. IARC (LAST» GOTO 2130 
IF eLAST.EQ.l) GOTO 2300 
LAST .-LAST-l 
GOTO 2115 
INQXeLAST) • INOXeLAST)+l 
DO 2200 I-LAST+l, NM4 

INOX el) • 1 
CONTINUE 
GOTO 2033 

CONTINUE 
00 23~O l ·l,KAXEOGE-l 

II • II + 1, 
AOOTeII) • NARC 
A • EOGE2eII,1) 

, ..... EOGE2eII,2) 
WRITEC-,' (//)') 

WRITEe~,'elX," EDGE ( ·',I2,",",I2,.")")') 
WRITEC-,' CIX~" ••••••••••••••• IUI •• ")') 

WRITEC-, '(lX,/" CORRESPONDING ARCS ")') 
WRITEC -, , (lX, " ------------------ ")') 
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\ 
* 

1 2330 

l ) * 2340 . 
23!50 
2400 

, 

,0 

i; ~'Î, • ~ l' \ " " ,:A·:1,'sD 

MAR - 0 
DO 2340 Xl -l, NUKARC(IK+~) 

NARC - MARC,.. 1 
NEDGECNARC) - II 
NAR • NAR"'1 
DO 2330 31 -l,' M • 

IF CKARCSCl1+MADD,31).NE.0) THEN 
KARCSCNARC,J1) • KARCsil1+NADD,Jl>+2-1 

1 IF (MARCS(NARC,31).GT.H-2) 
, KARCS(MARC,31> • KARCS(NARC, J1')-H*2 

ENDIF . 
CONTI HUE 
WRI'TE( -, , (lX,.I2, !5X, 1013)' ) 

HAR, (KARCSCNARC,J1), Jl-1,Nfll> 
CONTI)lUE 

COIfT1NUE 
COHTINUE 

-

..... .. 

.. 
l 
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c 

( 

c 

, .. , ~ 

••••••••••••••••••••••• w •••••••••••••••••••••••••••••••••••• ............................................................ 
•••••••••••• 
•••••••••••• 
•••••••••••• 
•••••••••••• 
•••••••••••• 

PAR TIll 

G E N E RAT E ' T ~H E 

• ••••••••••• 
••••••••••• 
• •••• ~ •• 1! •• 

••••••••••• . .......... . 
•••••••••••• MAT RIX M xc. , .) ••••••••••• ............ \ ........ ' ... . . ~ ....... ~ .............................. ~ ... \~ .............. . 
•••••••••••••••••••••••••••••••• * ••••••••• ~ .................. . 

# • · . . . ... . . ... . ... ... . ... . . . . . ... . . . . . . . . . . . 
• • 
• Giv.n a~~ th. arc. corr •• ponding to each o~ the edges, • 
• a matrix MXC.,.) vith .ntri.~ B ,·1 or '2, is produced •• 
• • 

• • • 

2998 
2999 

3000 

~ 

" x C i, j ) 

/ 

~ 

• * • • • • • • • 
DO 29'99 I-l,294 

DO -2998 ,]-1,294 
MXC t~.]) - 0 

CONTINUÈ: 
CONTINUE 
DO 3800 II a l, NARC 

-

• • 

DO 3700 .].]a1, NARC 

C 
( 

C 
( 

C 
C 
C 
( 

( 

• 

0 i~ arc i and arc j 
do not cross \ 

1 i~ arc i and arc j 
cro •• exact1y-once, 
and i~ they do not 
have a cammon nade 

~2 oth·F"ise 

• • • • • • ." . • • ... .. 

IF (NEDGEC II). EQ. NEDGE (..1.]) ) 

DO 3000 Kal, HMi 
GOTO 3700\ 

ARl <1, K) = 0 
AR1(2, K) ~O 
AR2<1, K) - 0 
AR2C2, K) • 0 
INDX1<K) • 1° 
INDI2CK) - 1 
NXARCS ( K ) - 1 

CONTINUE 

1 

A .• 
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3001 

3002 

3003 

3004 

\ 

a005 

3006 

.. 
.. 

o. 'il ., , 

7 
~; ~ \ 

DO 3002 K-l, NIU 
A • KARCS ( II. K) 
IF (A.EQ.O) GOTO 3001 

.' 

I~ (A/2*2.NE~A) AR1(1,K) - A*2 - 1 
IF '(A/2*2.EQ.A) THEH 

AR 1 ( 1, K ) • Nt 2 
AR1(2,K) • ~1(1,K)-2 

EHDIF -
A '. KARCS Cl' .1, K) fIl"" 
IF (A.EQ.O) GOTO 3002 
IF (A/2*2.NE.A) AR2(1,K) - A*2 - 1 
IF (A)2*2.EQ.A) THEH 

AR2( l, K) • A*2 
AR2(2,K) - AR2(1,K)-2 

EHDIF 
CONTINUE 
DO" 3004 1-1, ,NK1 

IF (AR1(2,I).NE.0) THEH 
DO 3003 .1-1; NK1 
" IF""(AR2(2,.1).NE.0) THEH 

" < v IF (ARlC'2, 1). EQ. AR2 (2, .1) ) 
ENDIF 

CONTINUE 
AR1 (2, 1) - 0 

, ENDIF ,? 

CONTINUE 
DO 3006 1-1, HKl 

IF CAR2(2,I).HE.0) THEN 
DO 300~ .1-1, NK1 . 

.. ". 
IF (AR1(2,.1).NE.0) THEN 

IF (AR2 (2, 1). EQ. AR1 (2 • .1) ) 
ENDIF 

CONTINUE 
. AR2 ( 2, 1) • 0 , 

ENDIF 
CONT:INUE 

'fIIII1 

-/ 

12S 

'. \ 

,) " dM 

GOTO 3004 

GOTO'a006 

o 



( 

1 
1 

J 
l , 

,1 
, J 

·c 

., 

c 
o 

( 

1) 

\ 

3007 
3008 

, ,- -

3009 

3010 
3012 

3020 
.. 

Y 

1-. 

HINX ,. 100 
DO 3007 J(-1, Nl'fl 

IF (AR1(2,K).NE.0) NXARCSCK) = 2 
CONTINUE , 
DO 3010 1-1, Nl'fl . 

A ~ AR1(INPX1(I),I) 
IF (A.NE.d .ANO. A/2*2.EQ.A) TH EN 

00 3009 .1:.:1, Nl'fl 
IF (Â.SQ.AR2(INOX2(.J),~» THEN 

_INOX2(.J) = IfOX2(J) +1 
IF (INOX2(J).EQ.3) I~DX2C.J)~= 1 
GOTO 3010 

EHDIF 
CQNTINUE 

EHOIF 
CONTINUE ----f 
DO 3020 Kil, NI'f,L, 

ARCl ( K)~· ARl C INOXl ( K) , K) / 
oARC2(K) • AR2(INOX2(K),K) 

CONTINUE 

\ 

-, , ' 

Cl / 
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ù 

û , 

·0 

• + • 
• 
• 
• 
• 
• 
+ 

•• + •• * • *-' • * *, • * * • * ••• * •• * 

Giv~n tyO arcs cerreBPe~ te two .dg •• , 
each e~ the8~ ia divided inte two •• t. o~ 
segments. 
~ matrices INTRC.,l}, INTRC.,2) will cent.in 
the .eg~enta located in Int C, whil. EXTRC.,l), 
EXTRC.,2) Yill centain th. segmenta locat.d in 
Ext C. 

~ 
( 

• • • • 
\\...,. • 

• 
• 
• 
• 
• 
• 

" • 
• 

+ * ••• or • • + • ••• • * •••• * ••• * •• - •• ' - • 

3300 
+ • + 

+ 
+ 

+ 
\) 

• • 

NX· a ~ 
IN = ç 
EX :II a 
DO 3300 K-l, 

INTRCK, 1) 
INTRCK,2) 
EXTRCK, 1) 
EXTRCK,2) 

CON'l:INUE 
• • • • • • * • 

2+NK4+1 

• a 
:II a ~ . 
• O~---............ 
=0 ~ ...... \, • • -. 

Storing the segments of the first arc 

* •• - •• 
• 
• 
• . •• * ••••• **.* •••••••••••••••••• 

• 

3400 " · .. ~ -
• 
• 
• 

DO 3400 K=l, N-2, 2 
IN = IN+'l 
IHTR (IN, 1) .. ARCl C K) 
IHTRCIN,2) .. ARClCK+l) 
EX :& EX+l 

° EXTRCEX, 1) = ARC1CK+l) 
EXTRCEX,2) • ARC1CK+2) 

CONTINUE 
*_ ••••••• * •••••••••• 

Storing the segments of th. s.cend arc 

• • • • • 
-1 • 

• 
• • - ••• * ••••••• if ••••• if •• if •••• - • _ • 

3410 
• * * if • * • 

DO 3410 K=l, N-2, 2 
IN :& IN+l 
INTRCIN,l) :1 ARC2CK) 
INTRCIN,2) • ARC2CK+l) 
EX :& EX+1 4 

EXTRCEX,l) :II ARC2CK+l) 
EXTRCEX,2) • ARC2CK+2) 

CONTINUE 
• if • • if • • • • • • • • 

. 

• * • • • • • if • • * 
if 

* Oetflrmining Yhether the •• gm.nt. in Int C cro •• * 
if 

• if _ 
• 
• • * • • tt • * if • if if • • if • if • • • • * • • • • • 

CALL SEGCRSCN,INTR,NX) 
~ 

... , L 
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- . 

c 

c 

.......................................... "," ......... .. .. .. .. 
~ .. 

Determining vh.ther the segments in Ext C cross 
.. .. .. ................... .- .................................... .. 

CALL SEGCRSCH,EXTR,HX) 
.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. . .. .. .. 

3420 

3425 

3435 

3437 

3600 

36~0 
'3700 
3800 

• .. .. 

IF CHX.LT.MIHX) K~HX .. HX 
IF CMIHX.EQ.O> GOTO 3650 
IF CINDXICHMI>.EQ.HXARCSCHM1» THEH 

LAST. • HMI 
GOTO 3425 

ENDIFJ. 
INDX1(HK1) • IHDX1CHMI)+1 
GOTO 3008 
IF CINDXICLAST).LT.NXARCSCLAST» GOTO 3435 
IF CLAST.EQ.O) GOTO 3600 
LASr ~"! LAST-1 
GOTO 3420 
INBX1CLAST) = INDXICLAST)+l 
DO 3437 ~·LAST+1, HM! 

INDX! (I) = 1 
CONTINUE 
GOTO 3008 ' fI 

IF (MINX. EQ. 0)1 GOTO 3650 
IF C KINX. GT. 1) ldrHEN 

MINX • 2 ' 
GOTO 3650 

END IF'- • 
NIl • NEDGECII) 
N.J.J .. NEDGE <'1.J ) 

... 

. IF (EDGECNII,!).EQ.EDGECN.J3,1) .OR. 
EDGECHII,!).tQ.ED~ECNJ.],2) .OR • 
EDGE(NII,2).EQ.EDGECNJJ,l) .OR • 
EDGECNII,2).EQ.EDGECNJJ,2» HINX = 2 

KX(II,J']) .. KINX 
CONTINUE 

CONTINUE 
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1) 

l ' 

o 

o 

\. 
~';ij 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 1). 

•••••• • ••••• 
•••••• P A R Ti IV • ••••• 
•••••• • ••••• ...... , G E N E R A T E T H E D R A W l N G S •••••• 
•••••• • ••••• 
•••••• U S l N G T H E l N F 0 R 11 A T l 0 N • ••••• 
•••••• 

X( 
• ••••• 

•••••• l N 11 A T R l Ji X , ) • •••••• 
•••••• • ••••• .................. ~ ........................................ . 
•••••• ~ •••••••• *.** ••••••••••••••••••••••••••••••••••••••••• 
• •.••• ! ••••• , ••••••• *( . 
• M - nurer of arcs of Kn - n.Cn-l)/2 
• Ml- nu er of arcs different ~rom th arc. 
• Il M .,. n 
• •• * ••••••••••••••••••• 

4000 
4005 

* * * 
* 

Ji = N*<N-1)/2 
111 = N.<N-l)/2-N 
ADDT C 111 + l") - NARC 
ND = 0 
DO 4000 1=1, Ml 

INOX< 1) .. l 
IARCCI) Il ADOTCI+l)-AODTCI) 

CONTINUE 
NX = b 
* • • • • • • • • * • • • • * * • • • • 

• •• 
of C 

• •• 

• • • 

• ••• 
* • 
• 

• ••• 

( 

c: 
* It * * 1 

* 
h • Forming the crossings occuring b.t ••• n the .~g •• (.,b) * • • 

• • * * • • • * • * • • • * * * * * • • * * • • • • • • * * 
DO 4040 Kl=-l, Ml 

Il .. INDXCK1)+AoDTtKl) 
" 

~ <.. 
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c 

c 

.) 

c 
\ 

..., ....... -..................... . 
• 
• 
• 
• 
• • 

4020 

4030 
4040 
• 
• 

Forming the cros.ing."occuring between 
the .dg.s (.,b) and th. edge~ o~ C. 

.,/' 

• 
• 
• 
• 

• • .. 11 ••••• - ••• .. -...... . • •••••• 

) 

DO 4020 K-l, NMl 
A • MARCS ( Il, K) 
IF CA.EQ.O .OR. A/2.2.NE.A) GOTO 4020 
NX • NX ... t· 
IF CNX.GT.MAXCRS) THEN 

LAST • K1 
GOTO 4115 

ENDIF 
X1CNX) - EDGECK1,1) 
X2CNX) = EDGECK1,2) 
X3CNX) - 1./2 
X4CNX) - 1./2 ... 1 
IF ~X4CNX).EQ.N+1) X4CNX) • 1 

CONTINUE 
DO 4030 K2=1, Kl-l 

12 • INDX(K2) ... ADDT(K2) 
IF CHXCI1,I2).EQ.2) THEN 

LA ST = K1 
GOTO 4115 

ENOIF 
IF CMX1I1,I2?EQ.0)GOTO 4030 
NX • NX ... 1 
IF CNX.GT.MAXCRS) THEN 

LAST - K1 
GOTO 4115 

ENOIF 
X1CNX) 
X2(NX) 
X3(NX) 

= EDGE(1f1,1) 
• EDGECK1,2) 

·X4(NX) 
CONTINUE 

CONTINUE 

• ED~~lK2, 1) 
= E~(K2, 2) 

/) 

• • 11 • • .. .. • • • .. 11 .. • 11 • .. 11 • • 11 • .. 11 • • 11 • • • .. .. .. .. 
• 

Arranging •• ch cro •• ing Ca,b) x (c,d) such 
. that • < b ,. c ~"d ,. and a < c; and 
.orting th. crossings in ascending ,order • 

• 
• 
• 
• 
• 

.. • 11 • .. • • .. 11 • • 11 • • 11 • .. • • .. 11 • • 11 • .. 11 .. • • .. 

• 

CALL ARRNGXCNX,X1,X2,X3,X4) 
CALL SORTXCNX,X1,X2,X3,X4) 

r 
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o 

1t 1t 1t 1t 1t 1t 11t * 1t 1t 1t 1t 1t * 1t 1t tt 1t 1t 1t tt tt * 1t * * * tt * • 
1t 

1t 

4042 

4044 

4046 

4048 

4050 

4060 

4070 

4080 

Obtain1ng ncdea and arc. r •• pcn.ibi11ti •• * 
1t 

1t 

tt * 1t * 1t 1t 1t • • • 1t 1t * 1t • .. 1t 1t • 1t • 1t 

CALL NOORSP(N,NX,Xl~X2,X3,X4,RSPNO,NOOES) 
CALL ARCRSP(N,M,NX,Xl,X2,X3,X4,RSPAR~ 

-
IF (NO.GT.O) THEN 

ISO - 0 
00 4070 1-1, ND 

S~X • MNXCIJ 
00 4042 J'-l,SNX 

SX1(J') • MX1CJ',I) 
SX2CJ') • MX2CJ',I1 
SX3(J') = MX3CJ',I} 
SX4CJ') = MX4(J',I) 

CON-TINUE ' 
00 4044 J'=1, N 

SRSPNO(J') a MR?PNOCJ',I) 
SHODESCJ') - MNODESCJ',I) 

CONTINUE 
00 4046 J'=1, M 

SRSPARCJ') = MRSPARCJ',I) 
CONTINUE 
DO 4048 J'=1, Ml 

SINDXCJ') - HINDX(J',I) 
CONT:r;NUE ' 
IF CSNX.EQ.NX ) THEN 

DO 4050 .1=1, N \ 

IF CSRSPNO(J').NE.RSPNOC.1» GOTO 4070 
CONTINUE 
DO 4060 .1=1, M 

IF CSRSPAR(J').NE.RSPARCJ'» GOTO 4070 
CONTINUE 
CALL ISOMOR 

• 
• 

CN,NX,RSPNO,NOOES,SNODES,Xl,X2,X3,X4,' 
SX1,SX2,SX3,SX4,ISO) 

IF 
ENOIF 

• 1) GOTO 410:5 

CONTINUE 
ENOIF 
HNXCNX) • NNXCNX) + 1 
ND • ND + 1 
MNXCND) • NX 
DO 4080 J'.l, 

MX1CJ',NO) 
MX2<'J, ND) 
MX3CJ',ND) 
MX4(J',ND) 

CONTINUE 

NX 
• X1CJ') 
- 'X2( J') 
• X3CJ') 
• X4CJ') 
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~ 

C 

Q( 

( 

( 

4082 

4084 

4086 
~ • • 
• 
• 
• 
• 
• • • 
• 

4100 

4105 

4110 

4115 
4120 

4200 

4205' 

. DO 4082 3-1, H 
KRSPNO(3,ND) :8 RSPNOC.]) 
KNODESe3,NO) - NOOESe.]) 

CONTINUE 
DO 4084 3-1, 1'1 

KRSPARe3,NO) :8 RSPARC.]) 
CONTINUE 
00 4086 3-1, 1'11 

KINOXC3,NO) • INOXe.]) 
COHTINUE 
• .. .' . • • • • • • • • • • 

Di.pl.ying the cro •• :l.ngs 
non-iaomorphic dr."ings 

-• • • • • • • • • • • • • 

• • • • • • • • 
o:f the / 

• • • • • • • -
WRITEe., '( lX, " DRAWIN,G # ",15, 4X, H513)') 

• eINOXCI»), 1=1, lU),NX 

• 
• 

DO 4100 1-1, NX 
WRITEC., , (lX, 13, SX, , , C ' ',12, , " , " 12, , ") 

\ 12, , , , , , , 12, , , ) , ., ) , t 
I,X1CI),X2CI),X3CI),X4CI) 

CONTINUE 
WRITEC.,' <lX, 1414)') CNNXCI), 1=9, 3:) ,2) 
IF CINOXCK1>. LT. IARCCK1» GOTO 4110 
LAST _ Kl 0 0 

GOTO 4120 
INOXCK1) - INOXCK1)+1 
GOTO 4QP5 
IF CINOXCLAST).LT.IARCCLAST» GOTO 4200 
IF CLAST.EQ.l) GOTO 9999 
LAST • LAST-l 
GOTO 4115 
INOXCLAST) :8 INOXeLAST)+l 
DO 420~ I=LAST+l, 1'11 

INOX (1) :8 1 
CONTINUE ~ 

• • • 

• • • 
ND, 

x '(" , , 

• 
IF (LAST.LT.3) WRITEC.,'(lX," Il 12 ",213)') 

INOX ( 1>, INOX ( 2 ) 

4210 

42~0 

4300 

IF eLAST~LE.N) rHEN 
KAXl - INOXCN) 
DO 42~0 3-1, N-l 1 

IFI' CKAX1. LT. INDX(3» KAXl :8 INOXC3') 
CONTINUE t: . 
INDX C N) .• ftAXl 
DO 4300 3-1, N 

P • INOXeJ) 
ISOl (3) :8 P 
POSNEG - 1 
IF CP/2-2.EQ.P) POSNEG = 
IS02(3) - P + POSNEG 

CONTINUE 
KAX2 • 1802CN) 
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.. 

4304 

4310 

4320 

4321 

~ 4322 

4323 

4325 

4326 

4328 

4350 

00 4304 J.l,N-1 
IF (KAX2.LT.IS02CJ» KAX2. IS02(J) 

CONTINUE' 
00 4~50 KJ-1, N-1 

T • ISOl(1) 
00 4310 J~r, N-1 

IS01(3) • IS01(J+l) 
CONTINUE 
IS01CN) • T 
IF CT.EQ.KAX1) TH EN 

00 4322 J·l, NO 
00 4320 31·1, N 

IF (IS01CJ1).NE.MINOX(31,J» GOTO 4322 
CONTINUE 
LA ST • N 
IF (INOX(LAST).LT.IARC(LA9T» THEN 

INOX(LAST) • IHDX(LAST) +1 
GOTO 4210 

EHDIF , 
IF (LAST.EQ.1) GOTO 9999 
LA9T • LAST -; 1 ", '" 
GOTO 4321 

CONTINUE 
ENOIF 
T ,. IS02'( 1 ) . 
DO 4323 ~=1, N-1 

1902(3) • I902(J+l) 
CONTINUE 
IS02eR) • T 
IF CT.EQ.KAX2) THEN 

DO 4328 J=l, RD 
DO 4325 31=-1, H 

'1 

IF (IS02(J1).NE.MINOXC4(-,J», GOTO 4328 
COHTINUE 
LA ST • N 
IF CINOXeLAST).LT.IARceLAST» TH EN 

INOXCLAST) • INOXCLAST) +1 
GOTO 4210 

ENDIF 
IF '( LAST. EQ. 1) GOTO 9999 
LA ST • LAST - 1 
(!OTO 4326. . { 

CONTI HUE l 
EHOIF 

CONTINUE ........................................................ 
00 4400 Jal, N . 

P • SYM ( INOX C J) ) , 
IS03(N+1-J) = P 
POSNEG • 1 
IF (P/2-2.EQ.P) POSNEG • -1 

" IS04(~+1-J) • P + POSNEG 
4400 CONTINUE 

IfAX3 • IS03eN) 
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c 

c 

c 

4402 

4404 

4410 

4420 

4421 

4422 

442:5 

4426 

4428 

44:50 

9999 

DO 4402 3-1, N-l 
IF CMAX3.LT.IS03CJ» KAX3 - IS03(3) 

CONTINUE 
KAX4 ~ aIS04 ( N ) 
DO 4404 3-1, N-l 

IF (MAX4.LT.IS04C3» KAX4 = IS04(3) 
CONTINUE 
DO 4450 K3-1, N 

J' - IS03( 1) 
DO 4410 3-1, N-l' 

IS03(3) - IS03(3+1) 
CONTINUE 
1S03'( H )' "- T 
IF CT.EQ.KAX3) THEH 

DO 4422 3-1, ND 
DO 4420 31-1, H 

\ 

IF (IS03(31).NE.KINDXC31,3» GOTO 4422 
CONTINUE 
LAST :1 H 
IF (INOXCLAST).LT.IARCCLAST» THEN 

INDX(LAST) :1 INDX(LAST) +1 
GOTO 4210 

ENDIF 
IF (LAST.EQ.l) GOTO 9999 
LAST :1 LAST - 1 
GOTO 4421 

CONTINUE 
ENDIF 
T :II' 1S,04 (1) 
OQ.4423 3-1, H-l 

, IS04 ( .] ) - IS04 j 3 + 1 ) 
CONTINUE \ 
1S04(N) • T 
IF CT.EQ.MAX4) THEN 

DO 4428 3 a l, ND 
DO 442:5 31·1, N 

IF CIS04(31).NE.KIHDXC31,J» GOTO 4428 
CONTINUE 
LAST - H 
IF CINDXCLAST).LT.IARCCLAST» THEN 

INDXCLAST) • INDXCLAST) +1 
GOTO 4210 

ENDIF 
IF CLAST.EQ.l) GOTO 9999 
LAST :1 LAST - l 
GOTO 4426 

CONTINUE 
" EHDIF 

CONTINUE· 
ENDIF 
GOTO 400:5 
WRITSC., '(lX, "TOTAL HUMBER 'OF ORAWINGS = ",I5)') ND 
END 
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fi 

/ ,. 

•••• 4 ••••• ~ •• , ••••••••••••••••••••••••••••••••••• \ •••••••••• 

••••••••••••••••• * S U B ROU TIN E ••••••••••••••••••• 
} •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

• This subreutine determin.. whether ~n arc ia good. It • 
• considera ·the aegments o~ the arc. located in Int C and , 
• the segments in Ext C. I~ a crb •• ing ia ~ound in either • 
• .et o~ .egmenta tnen the arc on hand ia net a good arc. • 
••••••• ~ ••••••••• * ••••• * ••••••• ** •••• * •••••••••••••••••••• *-

SUBROUTINE iNTREXTR(~~2.NSEG,INEX,NX> 
IMPLICIT, %NTEGER.2 (A-Z> 

• 

• 
10 

20 

DIMENSION INEX(24,2) 
DO 20 Kal, NSEG 

Cl =- INEX(K,l) 
C2 =- INEX ( K, 2 ) 
IF CC1.NE.0 .AND. C2.NE.0) THEN 

00 10 Kl-K.l, NSEG 
Al :II Cl 
A2 =- C2 
Bl =- INEXCK1, 1 > 
B2 Il INEX(Kl,2) 

J 

IF (Bl.NE.O .AND. B2.NE.0> TH EN 
Al Il 0 

,\ A2 :. A2-Cl 
IF (A2.LT.0) A2 - A2.NT2 
Bl =- Bl-Cl 
IF CB1.LT.0) Bl - Bl.NT2 
B2 • B2-Cl 
IF (B2. LT. 0 ~ B2 =- B2.NT2 
IF «Al.LT.Sl .AND. 81.LT.A2 

) 

• AND. A2.LT.82) .OR • 
o (Al. LT. B2 • AND. 82. LT. A2" 

ENDIF 
CONTINUE 

ENDIF 
CONTINUE 
RETURN 
END 

• AND. A2. LT. Sl) > 
NX = NX.l 

••••• * ••••• * •••••••••••••••••••••••••••••••••••••••••••••••• 
~ •••• * •••••• ** •••• S U B ROU T l HE •••••••••••••••••••• 
••••••••••••••••••••••• * •••••••• * ••••••••••••••••••••••••• ~. 
• Interchapge the value. o~ two variable. * 
••••••••••••••••••••••• * ••••••••••••••••• ~ •••••••••••••••••• 

SUBROUTINE INTRCHG (A, 8) d 

INTEGER.2 A,B,T 
T =- A l' 

A ::1 B 
B ::1 T 
RETURN 
END 

.. 

( 
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•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
••••••••••••••••• S U B ROU TIN E ••••••• ~ •• ~~ •••••• * • 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• • 
• Thi. .ubroutine calculates the number p~ croasings • 
• occuring batv •• n th. ..gments o~ arcs located on one • 
• ~ .id. o~ C. • 
• • ..........• ~ .............. ~ ......................•.......... 

( 

• 
• 
• 

10 

20 

. . 
SUBROUTINE SEGCRSCN,INEX,NX) 
IHPLICIT INTEGER.2 (A-Z) 
DIHENSIO~ INEXC24,2) 
NT4 -'4.N 
DO 20 K-l, 2.(H-3)-1 

lv Cl • INEX (K, 1) 
,C2 • INEX(K,2) 

IF (Cl.NE.O .AND. C2.NE.0) THEN 
IF (C2.LT.Cl) CALL INTRCHG(~1,C2) 
DO 10 Kl-K+l, 2.(N-3) 

Al • Cl 
A2 - C2' 
Bl • INEX C IÜ, 1) 
B2 • INEX(Kl,2) 
IF (Bl.NE.O .AND. B2.NE.O) THEN 

Al • 0 
A2 • A2-Cl 
Bl - Bl-Cl 
B2 = B2-Cl 
IF (A2.LT.0) A2 = A2+NT4, 
IF (Bl.LT.O) Bl • Bl+NT4 
IF (B2.Lt.O)'~B-2. B2+NT4 
IF «Al.LT.Bl • AND. Bl.LT.A2 

• AND. A2.LT.B2) 
(Al.LT.B2 .AND. B2.LT.A2 

• OR. 

• AND. A2.LT.Bl» NX = NX+l 
ENDIF 

CONTINUE 
ENDIF 

CONTINUE 
RETURN 
END 

6 

... 
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,0 

t{/ 

•• *~ •••• ***.~ •• ** ••• * ••••• *.* •• **** ••• * •••••• * •••• * ••••• * •• 
••••••• * •••••••• * S B R O'U TIN E •••••••••• * ••• * •• ** • 

••• ~* ••• * ••• *.*.*.* ••••••••••• * ••••••• 
• • 
• Nodés respen.ici it1 •• ar. c.lcul.t.d-h.r.~ -'Th ••• ar. ~ 
• sorted in iqe.c.nding ord.r and their corr •• ponding nod.. • 
• are rearranged accordingly. * 
• , 
.*** ••• * ••••••••••• * ••••••••• *.**.**********.* •••••• * ••• * ••• 

10 

<P 
20 
30 

40 

50 
60 

• 

SUBROUTINE NODRSpeN,NX,Xl,X2,X3,X4,RSPND,NODES) 
IMPLICIT INTEGER.2 (A-Z) 
DIMENSION Xl(NX),X2CNX),X3CNX),X4CNX) 
DIMENSION RSPND C N) ,/~àPES (N) 
DO 10 3=1, N 1 

RSPNDCJ) :r a 
CONTINUE 
DO 30 ~1~ NX 

DO 20 cr"l, N 
IF eXl(I).EQ.3 .OR. 

X2 CI). EQ. 3 • OR. 

'" 
3 CI) . EQ. 3 . OR • 

• î X4 CI) • EQ. 3) RSPND(3) .. RSPNDC.])+! 
C,oNTINUE 

CONTINUE 
DO 40 I:rl, N 

NODESc( 1) :II l 
CONTINUE 
DO 60 1-1, N-l 

DO ~o ,]-1+1, N 
IF CRSPNDCI).LT.RSPND(3» THEN 

CALL INTRCHG (RSPND,( l ) , RSPND ( .]) ) 
CALL INTRCHGCNODESCI),NODES(']» 

ENDIF 
CONTINUE 

CONTINUE 
J RETURN 
. 'END 

t 

\ 

. ' 
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, ' 

c 

* •• * ••••• ****.* •••• ** ••• ***~~ ••• ** •• *.* ••• ~*************** •• 
o " ' 

••• * ••• *** •••• **. S U B ROU T- l N E *.****************** 
.** •••••••• * ••• * ••••••• *.*.******* •• *.*****.*******.***.**** 
• * 
• Arc. r •• p~n.ibi11ties are~calculated then arranged in * * d •• c.nding arder. * 
• * 
•• *.* ••••• *.*.* •• *.**.*.*~***** ••• **.***.***** •• ********* •• * 

10 

20 
30 
40 

:50 
60 

SUBROUTINE ARCRSP(N,M,NX,Xl,X2,X3,X4,RSPAR) 
IMPLICIT INTEGER*2 (A-Z) 
DIMENSION Xl(NX),X2(NX),X3(NX),X4(NX) 
DIMENSION RSPAR(M) 
DO ;0 .1-1, M 

( RSP AR ( .1) • 0 
CONTINUE 
DO 40 I-l, NX 

.1K • 0 
DO 30 .1-1, N-l 

DO 20 K=.1+1, N 
.1K - .1K+l 
IF « ~l ( l ) • EQ • .1 • AND. X2 ( l (. EQ. K) • OR. 

* (X3 ( l ) • EQ • .1 . AND. X4 ( l ) • EQ. K) ) 
* RSPARt.1K) = RSPARC.1K)+l 

• 

CONTINUE 
CONTINUE 

CONTINUE 
DO 60 I-l, M -1 

DO 50 .1=I+l, M 
IF (RSPAR(I).LT.RSPAR(.1» 

CALL INTRCHG(RSPAR(I),RSPAR(.1» 
CONTINUE 

- CONTINUE 
RETURN 
END' 

••••••••••••••• **.*.**~******.*****.*****.**** •• *****.******* 
********.******** S U B ROU TIN E **********.********* 
.*.** •• **.*** ••• * •• *** •• * •• *** ••• ******.**.*.*** •••• ******** 

1 

* A crQssing (a,b)~(c,d) i8 arranged ~uch that * 
* a < b, c < d and a < c * 
•••••••• *.* ••••••• * •• *.****.********.*.*.*******.**.***** ••• 

10 

__ SUBROUTINE ARRNGX(NX,Xl,X2,X3,X4) 
IMPLICIT INTEGER.2 (A-Z) 
DIMENSION Xl(NX),X2(NX),X3(NX),X4(NX) 
DO 10 I-l, NX , 

IF (Xl(I).GT.X2(I» CALL INTRCHG(Xl(I),X2(I» 
IF (X3(I).GT.X4(I» CALL IHTRCHG(X3(I),X4(I» 
IF (Xl(I).GT.X3(I» THEN 

CALL INTRCHG(Xl(I),X3(I» 
·CALL INTRCHG(X2(I),X4(I» 

ENDIF 
CONTINUE 
RETURN 
EHD 

141 

, 

.. \ 
l 



O · u' 

......•... ~ ........................••............. ~ ...... ~ .. 
••••••••••••••••• S U B ROU TIN E •••••••••••••••••••• 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• , . 6 . 1 • 

• The cross1ngs o~ a drawing sr. aort.d- 1n •• c.nding Qrd.J • 
\ 1 . , . 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SUBROUTINE SORTXCNX,Xl,X2,X3,X4) 
IMPLICIT INTEGER.2 CA-Z) 
DIMENSION X1CNX),X2(NX),X3CNX),X4CNX) 
DO 30. I1I1, NX-l, 

DO 20 .]'=1+1, NX 
IF CX1(I) .• LT.Xl(']» GOTà 20 
IF (X1CI).GT.Xl(.]'» GOTO la 
IF (X2(I).LT.X2(J'» GOTa 20 

-IF (X2(I).GT.X2f.]')l GOTa 12 
IF CX3CI).LT.X3C.]» GOTa 20 
IF (X3CI).GT.X3C.]'» GOTa 14 
IF ~X4CI).LT.X4(']» GOTa 20 
IF CX4C~).GT.X4(.]'i) GOTa 16 

10 CALL INTRCHG(Xl(I),Xl(.]'» 
12 CALL INTRCHG(X2CI),X2(.]'» 
14 CALL INTRCHG(X3(I),X3(.]'» 
16 CALL INTRCHGCX4(I),X4(.]'» 
20 CONTINUE ~ 

30 CONTINUE 
RETURN 
END 

, 
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c 
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•••••••••••••••••••••• ~ ••••••••••••••••••• * ••••••••••• ~····r 
••••••••••••••••• S U B ROU TIN E ••••••••••••••••••• 

• l ' 

··················································i··· .... 
• . Tvo drawings are compared ~or isomorph;s~. ode • 
• r.sponsibilities are used to reduce the number • 
• ~ ot comp"risons. • · ~ . 
• 
• 
• 
• 

Variabl. ISO takesethe value 1 vhenever the two 
drawings are isomorphic~othervise it retains its 
original value ot zerol 

, 

• 
• 
• 
• 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SUBROUTINE ISOMOR(N,NX,RSPND,NODES,SNODES, 

• Xl, X2, X3, X4, 
• SX1,SX2,SX3,SX4,ISO) 

IMPLICIT INTEGER.2 (A-Z) 
DIMENSION RSPNO(N),NODES(N),SNODES(N) 
DIMENSION Xl(NX),X2(NX),X3(NX),X4(NX> 

ri DIMENSION SX1(NX),SX2(NX),SX3(NX),SX4(NX) 

::~~(. ),PRM(. ),MP(.,. >,MINI(. ),MAXI(.) are used to generate: 
nev nodes' labeis • 

• 
• 

• 
DIMENSION PR(7),PRM(7),MP(7,7),MINI(14),MAXI(14) 

, .. 
• Yl(. >,Y2(. ),Y3(. >,Y4(.) = crossings a~ter relabelling 
• the l'lodes 
• 

lCO 

110 

120 
130 

DIMENSION Y1(3S),Y2(3S), Y3(3S), Y4'(35) 
DO· 100 L=-1, N 

PR(L> "" 0 
CONTINUE 
J "" 1 
PR(l) "" 1 
DO 110 L=2, H 

IF (RSPND(L-l>.GT.RSPHD(L» THEN 
J =- J+l 
PR(.J) "" 1 
GOTO 110 

END IF 
PR(J) • PR(.J)+l 

CONTINUE 
S • 0 
R • 0 
DO 130~N 

DO 120 .1.1, N 
MP( l, J) III 0 

CONTINUE 
CONTINUE 
DO 220 J=-l, N 

S • S+PR(J-1> 
IF (PR(3).NE.O) THEN 

143 
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200 
210 

220 

300 
310 

320 

330 

400 
410 

600 

700 

710 

720 
730 

740 

QO 2lJl Klll, PReJ) 
il' R = R+ 1 

DO 200 L=l, PReJ) 
MPeNODESeL+S)~K) a SNOOES(R) 

CONTINUE 
CONTINUE 

ENDIF 
CONTINUE 
00 320 1=1, N 

PI .. 0 
DO 300 .1=1, N 

IF CMPCI,J).EQ.O) GOTO 310 
PI = PI+! 

CONT·INUE 
MINI(1) = 1 
MAXI CI) la PI 

CONTINUE 
ts = l' ,~ 
00 410 RW=IS, N 

'PRMI '= MP (RW, MINI (RW) ) 
PRM C RW) =, PRMI 
DO 400 .1=1, RW-l 

IF (PRM(J).EQ.PRMI) GOTO 700 
CONTINUE 

CONTINUE 
DO 510 K=l, NX 

DO 500 J=l, N 
IF (Xl (K). EQ. J) 
IF (X2 C K). EQ. J) 
IF (X3CK).EQ.J) 

, IF (X4 C K). EQ. -J) 
CONTINUE 

CONTINUE 

YICK) 
Y2(K) 
Y3(K) 
Y4CK) 

CALL ARRNGX(NX,Yl,Y2,Y3,Y4) 
CALL SORTXCNX,Yl,Y2,Y3,Y4) 
DO 600 1=1, NX 

"PRM(J) 
.. PRMCJ) 
=PRM<.J) 
=PRM( J) 

* 
IF (SXl CI) • NE. Y 1 CI) 

SX3 el) • NE. Y3 el) 
• OR. SX2 ( l ). NE. Y2 ( 1) • OR. 
.OR. SX4CI).NE.Y4CI» 

* 
CONTINUE 
ISO = 1 
GOTO 900 
IS = RW 

G~ 700 

IF CK1NleRW).LT.MAXICRW» GOTO 710 
LST = RW 
GOTO 730 
M1NleRW) Il MINICRW)+l 
GOTO 330 
IF C!'fINI(LST). LT. MAXleLST» GOTO 740 
IF eLST.EQ.l) GOTO 900 
LST = L5T-l 
15 = IS-1 
GOTO 72Q 
MIHltLST) :1 M1NleLST)+l 
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.. 
DO 7:50 L-LST+ 1, N 

MINI (L) or 1 

( 750 CONTINU{:: 
GOTO 330 r 900 RETURN 
END 

.. ,'\ 
~ -
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Note 1 
o 

The prograin generates aIl possible sets of~ arcs correspondmg ote 
./ 

thf edges of Kn different trom the edges of C, where 

C = (1,2,3, ... , n-l, n, 1). The first n arcs generated correspond ~ th~ 
/ 

edges (1,3), (2,4), (3,5), ... /(n-l, 1), (n, 2) . 
/1 

Let A = {a, a2, a3, ... , an} be a set of arcs corresponding to the 

first n edges and suppose that aIl the non-isomorphic drawmgs havmg 

A have been obtained:, Whenever the program genera tes a new set ot 

arcs B = {b, »2' b3, ... , bn } corresponding to the first n edges, it starts 

checking in the l'lon-isomorphic drawings on hand whether 

o B1 = A i = 2, 3, ... , n 

where B1 = {bl' b1+1, .•. bn , bi , b2, ... ,b1-J . 
,. 

If there is a B1 = A then the program drops this set Band gen-

erates another se , hence avoidin.s a large number of drawmgs WhlCh 

would have turne out to be isomorphic to previously generated 

drawings. 

Iso checks whether 

B·*=A 1 . ic: 2,3, ... , P 

where Bl *= {b1*,bi+1*" .. ,bn*,bi*,b2*, ... ,bl _ i .e} 
o 

{bj+l if bJ 15 odd 
and b/ = { 

{bj-l if bJ is even 

duce the num~ of comparisons rween A's and B's the 

program retains only the JrawingS in which 

.,. êln = max{a1}, i = 1,2, ... , n. 
\ 

• ) 
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Note 2 

'The program segment between the two dashed Unes was added to 

the algorithm to benefit trom possible symmetric properties ln the 

drawings On when drawn using a C-F HC as a basis. Figures A .1. 1 and 

A. {2 provide examples illustrating how symmetry can be used to 

speed up the process of obtaining the non-is0n:lPrphic drawings. 

-- / 

1 " 

Fig.A.1.i: The dashed Une spUts the C-F HC into t 0 

part, to reflect a possible symmetry in drawing5 l' 

Fig. A.i. 2: Taklng 5ymmetry into consideration, we 
can readlly see that (b) i5 a ~1rror image of (a): 

y 

• 
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o 

Any drawing having its first seven arcs as in Fig. A. 1. 2 (a) wlll be . 
isomorphic to a drawing having its first seven arcs as in Fig. A.'l. 2 

(b). Hence, if all the non-isomorphic drawings having (a) as a sub­

drawing are obtained, then we can ig ore an the drawings havmg (b) 

as a sub-drawing. 

So, in a similar manner the explanation in Note l, whe~ever 

a new set of arcs B is generated. the progr~~";h~CkS in the non­

isomorphic drawings on hand whether , 

andwhet~d) 
, 

B1 =A 

B*=A 1 

where A, B, Bl and Bl* are as defined in Note 1. . 
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ALL~NON-ISO~ORPHIC-GOO DRAWINGS 

D OF K HAUING AT LEAST 0 E C-F HC. 
n n 

FO R ""' = 4.::5. 6, • 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
as 
26 
27 
28 
29 
30 
31 
32 
J3 
34 
as 
36 
:ri 
38 
39 
40 
41 
42 
43 
44 
4S 

l46 
47 
48 
49 
50 

THE 

CRDSSINBS 

\ 
\, 

\ 

1 2 J 4 5 6 7 8 9 10 11 12 13 14 1~ 

131124 Ilx2:5 131126 14x25 141126 1411~ 141136 1Sx26 15.36 1'S.46 2411lS 241136 
131124 13112:5 13x26 14x25~x26 1411lS 1SX26 1SJ46 24.3:5 251146 3Sx46 
~ lJx26 141126 14x3:5 1~ 151146 2411as 2Sx36 &46 

131124 131126 14x2S 14x36 1Sx26 ISx46 2411as 2Sx36 ~46 
13x24 13112:5 14x2S 14x3:5 141136 ISx36 151146 2411lS 24x36 251136 2S1146 lSlI46 
13124 13x2S 14x2S l'x3:5 1S1146 2'xlS 2Sx46 3Sx46 
12x36 Ilx24 t3112S 1.x25 l'lIlS ISx46 24xas 241136 2Sx36 251146 J:5x46 
131124 1411as ISx46 24x3:5 2Sx36 J:5x46 
12x36 131124 1411lS 15x46 2411lS 2'1136 3Sx46 
12x36 131124 1411lS ISx46 16112:1 2'lIlS 241136 2Sx36 2Slè46 %'lSlI46 
13112. lJx2:5 141126 lSx36 1S1146 2'x~ 24x36 2Sx36 2Sx46 3S1146 
13112. 13x2S 141126 141136 151146 2'x3S 2S1146 ~1I46 
12x36 131124 13x2S 1'x26 1'1136 lSx46 24113:5 241136 2Sx36 251146 3S1146 
13112. 1411es 14ii26 14136 151146 2'1I~ 2:11136 3Sx46 
12x36 131124 14112:1 14J26 1'1136 151146 2411as 2'1136 lSx46 
12x36 llx24 14112S 1~ 141136 lSx46 16x25 2'1I3S 2'x36 251136 2Sx46 3:51146 
1312. J1x2S Ilx26 1~ 1'113:5 lSx46. 24113:5 2S1146 26xJ4 26113:5 3Sx46 
13112. i!i26 1411lS lSx46 16x2S 2'x3S 2Sx46 261134 26x3:5 351146 

, 13112. 13112:5 lJx26 1.126 141136 lSx46 24113:5 2S1146 26xJ4 26l1lS 3:51146 
Ilx2. 13x26 14x2S 14x26 141136 lSx46 1611~ 241135 2Sx46 261134 26l1lS lSlI46 
13x24,.13x2S 14112:1 14x3:5 14'x36 1Sx26 24113:5 241136 2Sx36 251146 lSlI46 
13124 13x2S 14x2S 14x3:5 1Sx26 1Sx36 24113:5 2Sx46 ~x46 
12x36 Ilx24 lJxes l'II~ l'lIlS 1Sx26 15136 2411lS 24x3f 2:11136 2:11146 lSlI46 
13124 1411as 141136 ISx26 2411lS 2'x36 3:5x46 

• 13124 14l1lS 151126' ISx36 2'113:5 2Sx36 3:51146 
12x36 Ilx24 1411lS .,.26 151136 2'xlS 241136 lSlI46 , 
1312' 13112:5 1'1126 141136 151126 lSx36 241135 2S1146 lSx46 
12x36 131124 l~es 141126 1'1136 15xZ6 15136 24113:5 2'x36 2:11136 2Sx46 lSlI46 
13124 141125 141126 141136 151126 15x36 241135 2S1136 JSx46 
12x36 131124 14112S 14126 1'1136 15xZ6 151136 2'xlS 24x36 lSlI~ 
12x36 131124 llxes l'x~ 141126 14xlS 141136 1411~ 15x26 151136 2411lS 241136 
12x36 13112.4 141126 14x35 141136 l'x~ ISx26 151136 24x3:5 241136 J:5x46 
13x2.4 ll1C25 13x26 14x25 14l1lS 15x26 1S1136 2411lS ~ 261134 26113:5 3Sx46 
1312. 1~ Ilx26 14x26 1'1136 15xZ6 ISx36 2411lS qsx46 261134 26l1lS lSlI46 
13x24 1311~ lJx26 14x~ 141126 14l1lS 141136 14~ ISx26 15136 24113:5 ~1I46 
13x2.. 14113:5 1'1136 2'1135 241136 26l1lS 2611.5 3Sx46 -" 
12x36 131124 141135 ISx36 2'lIlS 2'x36 2611~ 261145 lSx46 
Ilx24 1'~ 141126 2411lS 241136 26xlS 2611.5 3Sx46 
12x36 13112. 14x2S 1.126 141136 15136 2411~ 241136 26xlS 261145 lSlI46 
13x2.4 141126 14xlS 1'~ 2'lIlS 2'x36 26113:5 261145 &46 
12xX 131124 141126 14x3:5 14x36 14x~ ISx36 24x3S 24x36 26xlS 26x'5 35x46 
12xX 131124 141126 14113:5 l'x36 1'~ 15x23 151124 15x26 lSx36 2411lS 24x36 
13124 1~ 14112S 14x3:5 14x36 15136 2411lS ~~II36 2Sx36 
13x24 13x2S 14x2S 14113:5 2411lS 
13124 141135 141136 1Sx'.l6 2'lIlS 24,,36 2Sx46 
1312. 141135 2'lIlS 25136 2Sx46 
13124 141135 141136 1Sx36 16x2S 24xJ5 241136 2SJ36 
1312. 141135 16x2S 24x35 . 
Ilx24 1.x25 141126 1Sx36 2.x3S 2.x36 2Sx46 
13124 14x25 141126 14x36 24x3S 25x36 2Sx46 

1&.4 

, 
26113426x3:5lS1146 

26l1lS 26.45 lSx46 
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51 
se 
53 
54 
55 
5 
57 
sa' 
59 
60 
61 
62 
63 
64 
~ 
66 
67 
68 
69 
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73 
74 
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76 
77 
78 
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ao 
81 
82 
83 
84 
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86 
87 
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89 
90 
91 
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95 
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91 
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101 
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fi' CROSSIN9S 
2 3 4'- ,~ 5 6 7 8 9 10 11 12 13 14 15 

- . 
1 • 

131124 14x2S 141126 15x36 16x2S 24x~ 241136 2Sx36 ,~, 
l~x24 14x2S 141126 ,141136 16x2S 24x~ 
131124 14x2S 14.36 14115 151136 161125 241135 24x36 ~36 
131124 13x26 14x2S ~1I26 141136 161125 241135 261134 261135 
13M24 13126 14.25 14115 16x2S 2411lS 261134 26xlS 
131124 131126 141126 141135 16x2S 2411lS 261135 26x4S 
13X2}i3x26 14.25 14x36 161125 24xlS 261135 26x4S J 
131124 ' 3x26 14~ 141126 14115 16x25 24x35 26xlS 2611 
13112 x2S 14x2S 141135 141136 151126 151146 2411lS 24x36 2Sx36 
13M24 1 14,,25 141135 151126 l\5x36 151146 24"lS 
131124 131125 141125 14x35 14x36 l\5x26 15x36 151146 24x35 24x36 36x4S 
13M24 14x35 141136 ISx26 151136 1\51146 24x35 24x36 251136 2Sx46 36x4S 
121136 131124 1411lS 1151126 15x36 151146 24x35 24x36 251146 
131124 131125 131126 14x2\5 141135 15x26 151136 151146 241135 26x34 261135 ~ 
131124 131125 131126 141126 14x36 151126 lSx36 lSx46 24x35 261134 261135 
131124 13x25 131126 14x2S 14x26 1411lS 1151126 151136 151146 24xlS 261135 26x4S 
131124 13x2S 131126 14x2\5 141126 1411lS 14x36 151126 151136 ISx46 241135 24,,36 26xlS 2611415 361145 
131124 13x25 13x26 141136 151124 151126 151134 151136 24x35 26xlS 26x4S 
131124 13x2S r13l126 1151124 15x26 15x34 lSx36 24x35 24x36 26xlS 261145 36x4S 
131124 13x2S 131126 141126 14x5 151124 15x26 1151134 lSx36 24xlS 26x35 26x4S 
131124 131125 131126 141126 141136 1411156 1151124 151126 15x34 ISx36 241135 24x36 26xlS 261145 36x4S 
121146 131124 131125 131126 131146 1411156 24x35 251146 261134 26xlS 351146 
121146 13x24 13x26 131146 14x2S 14xS6 16x2S 241135 25x46 26x34 26x35 3Sx46 
121146 131124 131125 131126 131146 141125 14.35 151126 151136 ISx46 241135 2Sx46 2h34 261135 351146 
131124 131125 141125 141136 151136 1151146 24.36 251136 251146 
131124 131125 14,,25 lSx46 251146 , 
131124 151146 241136 
131124 13.25 14x26 141135 151136 15x46 24x36 251136 25x46 
131124 13,,25 14x26 141135 14x36 151146 2Sx46 
131124 13x2S 141126 14x35 14x36 15x36 151146 25x36 2S1146 36x45 
131124 14x25 14x26 14x35 14x36 15x46 2Sx36 
13M24 14x25 141126 141135 14x36 1\51136 15x46 361145 
131124 13x25 141125 14x26 14x35 141136 151136 15x46 2Sx34 2Sx36 361145 
121136 13x24 13x25 141125 141126 141135 14x36 ISx46 241136 2Sx34 25x36 
13x24 131125 131126 141126 14~41136 15x46 25x46 261134 26xlS 
131124 13x26 14x2S 141126 14 141136 151146 16x2S 2Sx46· 26.34 261135 
13x24 13x26 15x5 15x46 2Sx 1134 261145- . , , 
131124 131126 14x2S 14x26 14x3S 14x36 151126 151146 2Sx36 26'X34 261145 
121136 131124 13x2S, 141125 151126 151136 24,,36 25x36 25x46 
131124 131125 141126 141135 14x36 151126 2Sx36 2Sx46 3611~ 
121136 131124 13x2S 141126 14x35 141136 151126 151136 2.1136':ex36 2151146 
13M24 13x2S 14x2S 141126 14x35 141136 151126 2Sx34 2Sx36 36x45 

~ 121136 131124 13x2S 141125 14x26 14x35 14x36 15x26 151136 24x36 251134 2Sx36 
131124 131125'131126 14x26 14x35 141136 151126 15x36 2Sx46 26,,34 26x3S • 
131124 13x2S 131126 14x2S 14x26 14xJ5'I4't36 151126 151136 2Sx34 26x34 C 
13x24 131125 13x26 14x2S 141126 141136 '14x5 15x26 151136 2Sx46 26x34 x35 
121136 131124 141125 141126 14x35 14x36 151136 24x36 26113S 26x4S 
121146 13x24 131126 131146 14x2S 14x35 14x5 161125 2Sx46 26x34 26x3S 
13M24 131126 141126 14113S 14x36 14x5 151123 151124 151126 '16x3S 24x35 26x34 261135 26x4\5 361145 
lJx24 13x2S 13x26 14x2S 141126 14x3S 14x36 151146 16x2S 16x3S 251134 2Sx36 2Sx46 26x34 3Sx46 
12x3S 121146 13x24 13x26 131146 15x24 151126 151134 15x36 15x46 241135 26x34 "35 26x4\5 36x45 
141126 14x35 141136 26x34 26x35 3Sx46 . 
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ItfPLlClT lNTEGER-2 (A~Z) 
COtftfON Yl, Y2, Y3, Y4, NX, Xl', X2, X3, X4, XX, lS 

." " -
t~ • ~ ..... 

: Xl(. ).' X2(. ), X3C. ), X4(.) • j __ ~t o~ cro •• ing. 

~llfENSlON Xl(100),X2ClmO),X3(100),X4Cl00) 

--- TRC.,.) • al1 th. trigon. ot K. 

o:f Kil 

- NT(i,j) • th. j-th nod~ 10acated in the i-th trigan' 
- INei) • nu.ber ,a:f nod •• locat.d in the i-th trigon 

-
• -

bltfEHSlOH TR~120,7),NT(120,3),IN(120) 

1 

• 
• .. .. .. 

• ;;. 
• 

• 
It 

• 
It 

• 
• 
• 

• "C.,.) and LBC.,.) al'. u.ed i~ th. d.pth ~ir.t •• arch • 
• proe •••• ' •. 

- , 
• tf (i, j) • v wh en .dge (i, v ~ i. the j -th uncro ••.• d .dg. 

---• -t 
~B(i,j) • 1 i~ nad. j -h •• be.n vi.ited ~ro. node i 

• 0 oth.rwi.e 
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o 

o 

... 

DIMENSION "(10p9),LB(10,10),Al(SO),Â~(~O) 
• 
• 
.. CR (. ,". ) '-- • all unara ••• d k-a:Lrcu:L t.. 
• 
• CRCT(.,.). an unara ••• d k-aircuit ., 
• LGCi) - 1 • n~.b.r af ara. of t.h. i-th unara ••• d 
• k-a1rcuit. 
• 
.. TC(1) u •• d wh.n 8ort1ng CR(.,.) 
• 
• 
• 
• .. 

,. 

DIMENSION CR (Sa, 11), CReT ( 11'1, LG (sa) , TC (sa) 

ND(.) • no~ ... d~~1.r~~ra. th. nad •• o~ th., 
unara ••• d k-airau1\ 

.. .. 
•• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• .. .. .. .. 

• 
• 
• 
~ .. 
• 

OD(.) • nu.b.r of nad •• diff.r.nt fram th. nad.. /: 
af th. una~a ••• d k-cirauit .. '. • IX(.) u •• d in calculat1ng th. numb.r of aro •• ~ng. 

.. involv1ng th. nad •• ôf an uncra ••• d k-a1rcu:Lt 

:~ Dl"ENSlON BD(50.7).DD(50).lX(~O) 
.. .. 
• 

.. 
< ' 

,. 0 
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c 

c 

'" 

( 

c 

\ 

,-. (' 

- '4. 

................. STE P 1 ........ ~ ........... . ................ ................ . ... , ......... ~ ..... . 
I-NPUT 1 ••• ~ ................. . 

••••••••••••••• • •••••• l'l#oI' ••• I' • ••• , ••• 

l' ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

• 
• 
• 
• .. .. 

Inputs , 
,1. di .... n.ian, 'N *' . , 

2. nu_ber a~ cro ••• i~gs, NX 
3. cra •• ing., X~(. ),~2(. ),X3(.),X4(.) 

Sort the cro •• ing. in •• cending arder and 8uch that 
'i~ (.,b) x (c,d) then. <·b , c < d and. < c • 

• .. 
• .. 
• .. ............................................................ ~ ....... . 

WRITEC., '(lX, Il INPUT N, NUMBER OF CROSSINGS")') 
REA!;)C., 1 (212) '.) N, NX~ 
WRITEC., , (lX, " INPUT CROSSINGS' , ) , ) 
DO 1000 1"1, NX 

READ ( l', , (4i2) ') Xl ( 1 ) , X2 '( 1 ) , X3 ( 1 ) , X4 ( 1 ) 
IF (Xl(I).GT.X2(I» CALL INTRCHGCX1(I),X2(I» 
IF (X3(I).GT.X4(I» CALL INTRCHG(X3(I),X4(I» 
IF (Xl ( 1), GT. X3 C 1 n THEN 

CALL INTRCHG(Xl(I),X3(I» 
CALL INTRCHG(X2(I),X4(I» 

ENDIF 
1000 CON~INUE 

Il 

100S 

1006 

100'1 

1008 

qo 1020 1-1, NX-l 
A • Xl(I) 
B .-X2(I) 
C • X3(I) 
D • X4(I) 
DO 1010 J-I+l, NX 

If CAIoLT.Xl(rJ» 
1 F (A. GT. Xl ( J » 
IF, (B. LT. X2(J» 
IF (B. GT. X2(J» 
IF (C. LT. X3(J» 
IF (C. GT. X3 (J) ) 

IF (D. LT. X4 (J) ) 

IF (D. GT. X4 ( J) ) 

A - Xl(.1) 
Xl (.1 ) - Xl ~ 1 ) 
Xl (1) - A 
B - X2(J) 
X2 ( .1 ) - X2 ( 1 ) . 
X2( 1) - B 
C. - X3 (.1) 
X3fJ,) - X3( 1) 
X3( 1) - C 
D - X4(J) 
X4 C .1 ) - X

D
4 ( 1 ~ 

X4(Iv - \ 
1010 CONTINUE 
10~0 CONTINUE 

GOTO 
GOTO 
GbTO 
GOTO 
GOTO 
GOTO 
GOTO 
GOTO 
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1010 
1003 
1010 
1006 
1010 
1007 
1010 
1008 

\ 

Î 

. , 

.. 

, 



o 

o 
" 

../ 
• J 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ft ,( ........ . ;. . ........ ; . 
•••••••• .. ~ ..... ....... ~ 
•••••••• 
•••••••• 
•••••••• Cl •••••••• 

~ S.~T E P 2 1 

F· 1 N D 
'" 

A L L U H C Ros S E D 

K - C 1 R GUI T S U.S 1 N G 
)'" 

D E P T H F 1 R S T S,EARCH 

. .., ..... . 
• •••••••• 
•••••••••• . .... , ... 
'i'.-. •••••• 
• •••••••• 
• •••••••• 

•••••••• • •••••••• •••• * ••••• * ••••••••••••••••••••• * ••••• ~ •• ~ ••••••••••••••••• 
.. , • ~ • Q' J .. ;. 

" 

• 
• ." . . 

Al " 1.2 ) 
• 
• 
• .............•...........•..•........... ~ .... ~ ............. . 

• 
• 

;. 

2000 

2010 
2020 .. 

.. .. .. 

NA • 0 
NC .- 0 
DO 2020 1-1, 'N-1 

DO 2010 J-I+l, N 
~DO 2000 K-l, NX 

IF « Xl (K) 0 EQ. 1 

(X3(K). EQo 1 
GOTO 2010 

CONTINUE 
N~ • NA+l 
Al (NA) • 1 
A2(NA> a J 

CONTINUE 
CONTINUE 

<fi 

• AND., X:?<K)oEQ.J) 
• OR • 
.AND. X4(K)~EQ.J» 

.. . 

................. ~ ....................... ~ .... .-..................................... . .. 
• .. .. .. K ( :1., 0 ') • V 

Form~ng array "<.,.) 

wh.n .dg. (i,y) :1.. uncro ••• d , 
',' 

tt 

• 
Il 

' . 
tf". 

............................................................................ .. 

2030 
2040 

20~O 

DO 2040 lal, NI 
DO 2030 Jal, N-l 

"(I,J) a 0 
CONTXNUE 

COHTIHUE 
DO 2050 X-l, NA 

IX( 1) - 0 
CONTINUE 

1 

r 
19~ 



.C 

c 

\ 

c· 

t 

",2060 

2070 
2080 
• .' • 

• 

/ - \ 

DO 2060 1-1, NA' 
'U - Al (1) 
K2 - '0\2(1) 
I~(Kl) • IX(ltl)+1 
IX(K2) • IX<"2)+1 
K("I,IX(Hl» - "2 
K 0'2, IX ("2» lItJ'U 

CONTINUE 
DO 2080 1-1, N 

DO 2070 J-1, N-1 
IF ( H(l,J).EQ.O) 

IX(I) • J-l 
GOT a 2080 

~ND~F 
CON"lNUE 

CONTINUE 

.. 

, . . 
'-

t 

l 
• , 

• 
- :--

THEN 
~ 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
~ . , . 

• .. Initi.~iz. LB(.,.) to zero 
\ 

' . 
.. 
• ......................... ~ .................................. . 

• 
• 

2090 
2100 

DO 2~OO 1-1, N 
DO 2090 J-l, IX(1) 
. LB ( l, J) ,.. 0 
CONTINUE 

CONTINUE ~ 

• .Ij 

: \. ,........ ,,0, 

• • • f . ••••••••••••••••••••••••••• • ••••••• ~ ••••••• * •••••••••••••• 
• Il!' • 

• .. 
•• -. 
• 

o E P T H F I R S T SEARCH 

NC- • numb.r of uncroa •• d k-circuita 
CRCT(.)' • an uncro8sed k-circuit 

.' .. 
• 

·~·;·· .. ·7········*···································· ..... · - \ . 
~ . . . 

NC - 0 
DO 2110 1-1, N 

IF (K(I,l).GT.O) THEN 
RS - l 
GOTO 211~ 

ENDIF 
CONTINUE 
CRCT(1) la RS 
A • RS 
1 • 1 

f 
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0 ~ 

;.. 

0 ;'" ' 
> 

D 

e 

.1 -.: 

o 

~ 

0 
" 

,~ --
" 

/ 
~ 0 

• 

\-
\ 

• "" 

• 
0 • ,. 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• ,. 
• • 
• ( '1 wh.n· nod. j ha. b •• n • 
• ~B(:i.,j) • ( v:1.:1t.d ~rom nad. 1 ~ • ( 

• C a ath.rw:1 •• • 
• fi .. 
• o " \ / 

.. 
•••••••••••••••••••••••• * ••••••••••• ** ••••••••••••••• ~ •••••• 
• 
• 
2117 DO 2120 J-l, IX(A) 

1 
2120 

2130 

2115 

- 2140 

2150 

2152 
21:53 

'-21:5:5 

) 

IF CLa<A,J).EQ.l) GOTO 2120 
P :1 l'ICA,.]') 
1 • 1 ... 1 
CRCT( 1) • P 
B :1 J 
LB (A, J) -1 
GOTO 213:5 

, < 

CONTINUE 
IF (I.EQ.l) GOTO 21~:5 
DO 2130 Jal, IXCA) 

LB~A,J) Il 0 
CONTINUE 
l :1 1-1 
A :1 CReTCI) 
GOT a 2117 

" .. 
• 

IF <CRCTCI-2).EQ.CRCTCI» GOTO 21:52 
DO 2150 K-l, 1-2 

IF CCRCTCK).NE.P) GOTO 21:50 
NC la NC ... ! 
LGCNe) • I-K ... l, 
DO 2140 LaK, 1 

CRCNCI\:L-K"'l) 
CONTINUE 
GOT a 21:520' 

CONTINUE 
GOTO 2153 
l - 1-1 
A Il CRGTCI) 
GOTO 2117 

• CRCTCL) 

, . 

IF CHC.'EQ.O) THEH \ 
W RITE C ., , C \x, , , . . . . . . . . . . . . ... . . . .- . . . . · . '\ · . · · · · · ' , / 

"THERE lS NO U"CROSSED k-CIRCUIT"/ 

GOTO 9999 
ENDIF 

, , • • • .. 1". • • • • • • • • • ~ • • • • • • • .. • • • • • • • .- , , , 1 ) 
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( 

" è 

c 

, ' 

( 

- o 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 1 

• 
• 
• 
• 

Arranging,circuit CR(i,.) au ch that CR(i,~)<CR(i,k), 
• • 
• 
• 
• • • • , ~ ......•................... ~ ................................ . 

2160 

2170 

2180 

2182 

2190 
2200, 

DO 2200 1-1, NC 
DO 2160 .1-1, LG CI) 

, TCCJ) - CRC I~ 
~ TCeJ+LGeI)-l) ~CR(I,J) 
CONTINUE ' 
IfN - N+l , 

,DO 2170 .1-1, LGCI)-l ., . 
IF eTCCJ).GT.KN) GOTO 2170 
KN - TCeJ) 

FR - .J 
CONTINUE v t 

IF (TCe,FR+l). GT. Tce FR+LG( I) -2» 
DO 2180 R-l,LGCI) 

CReI,R) • TCCFR+R-l) 
CONTINUE. 
GOTO 2200 
DO 2190 R-l, LGCI) 

CR C'I, R) • TC C FR+ LG CI) - R ) 
CONT~NUE ~ 

CONTINUE 

GOTO 2182 

1 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• 
• 
• 

• .. .. .............................................................. " .. 
Da 2230 I-l, NC-l 

L -,.J...PeI) 
DO ,....Q220 K~I+l, NC 

• 

.. IF eCRCK, 1). EQ • .o • OR. LGCK). NE. L) 
GOTO 2220 
DO 2210 J-l, L 

2210 
IF (CReI, .J).NE. CRCK, .1» GOTO 2220 

CONTlNUE 
(;ReK,l) • 0 

~220 CONTINUE 
2230 CONftNUE 

"C • 0 .,,-' 
DO 22S0~: NC 

IF CC eI,l).EQ.O) GCTO 2250 

2240 

IfC - +1 ' 
DO 2240 .1-1, LGCI) 

CR(lfC,.1) • CRU,J) 
CONTINUE 
LG ( "C ) • LG CI) 

2250 CONTINUE 

: (/), 
.-.r-
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, 

o 
• 

o 

... 

0-

, " ! 

\ 

.. .. .J ~ , , . "~ 

................................ ; ............. ~ ................. . ...... . ....... . 
••••• S T E P 3 • •••••••• 
J!If" •• • ••••••••• ••••• 0 E T E R If ,~ N E W H E T H E R A N • •••••••• 

" ....... . ......... 
••••• U N C R 0 S S;E 0 K-CIRCUIT IS A CH. • ••••••••• 
••••• • •••••••• 
••••• ~ •• , •••••• ~............................................ v .. . .. 

OB • 0 
DO 3130 II a l, IfC 

L - LG(II) 
• 
• 1 .. 

~ ............................................................ . 
• 
• 
• .. 
• 
• 

HN • number o~ nod •• di~f.r.nt ~rom the nodeâDo! 
th. uncro •• ed, circuit und.r con_ideration. 

The •• nod •• are atored in array ND(.) 
s 

• 
• 
• 
• 
• 
• 

••••••••••••••• i •••••••••••••••••••••••••••••••••••••••••••• .. .. 

3000 

3010 

· -
• 
• 

\. , 

NN - q 
DO 3010 J-1, N 

DO "3000 I-l, L-1 
IF (CRCII,I).EQ.3) GOTO 3010 

CONTINUE 
HN • NH ... 1 
ND(II, HN) • j 

CONTINUE 
DOC II) :1 HN 

o 
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c 

c 

c-

b 

'-
& 

) 

. •••••••••••• * ••••• ~ ••••••••••••••••••••••••••••••••••••••••• 
• 
• 
• 
• 

XN ·.nù.b.r oi.~ro •• ing. involving the nodes.oZ the 
uncro •• -.d k-,c:Lrcui t. 

• 
• 
• 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• 
• 

3020 

3030 
3040> 
• 

XN - NX 
DO 3020 1-1, NK 

IX( 1) - 0 
CONTINUE 
DO 3040 J'-l, NN 

NU • ND ( II, J' ) 
DO 3030 1-1, NX 

IF (IX ( 1 ) • EQ. 1 ) 
IF (NU.EQ.Xl(I) 

NU.EQ.X3<I) 
IX (I) • 1 

f IF (IX(I).EQ.l) 
CONTINUE 

CONTINUE "-

• 

Gm-O 3030 
• OR. HU.EQ.X2(I) .OR. 
.OR. NU.EQ;X4(I» 

XN - X~-l 
j 

,. 

: •••••• ' •••••••••••••••••••••••••••••• ~ ••••••• ) ••••••••• * ••• 
• • 
• " I:f XN < kil (41 (k-4) 1) th.n C \. not- a C • 
.. --0 y'he-. k' i,. length oz C • 

• • 
.................... .* ••••••••••••••••••••••••• \ •••••••••••••• 
• • 
• 

304S 

3047 

'30S0 

\ 
$ 

IF ~XN.EQ. (L-l).CL-2).CL-3).(L-4)/24)GOTO 3045 
IF Cll.LT."C .OR. OB.GT.O) GbTO 3130 
WRITE ( ., ~ (lX, , , ••••••••• t •••••• ,. ~ •• -••• ' ~ 1 

• lX,-I-' THERE 15 NO CONVEX HULL" / 
• lX, , ,.. •..••.••... ~ .••..••••... ' , ) , ) 

• 
• 

IF 
IF 
DO 

CNN:EQ.O ) GOTO 3105 
(L.EQ.4) GOTO 3105 
3100 1-1, NN 
NU • ND CIl, 1 ) 
DO 3090 ,J-l, NX 

IF (X1C~).EQ.NU .OR. X2C,J).EQ.NU) 
GOTO 3065 , 
IF (X3(J).EQ.NU • OR. X4C,J).EQ.NU) 
GOTO 30~7 "' 
GOTO 3090 
DO 3050 Ka l, L-l 

IF (CRC 1-1, K). EQ. xi (.J~) GOTO 30:55 
CONTINUE· 
GOTa 3065 
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o 

• 

o 

!~) 

o 

30~5 

3060-

3065 

3070 

307~ 

3080 
3090 

3100 
3105 

3110 

3120 
3130 

• 
• 
• 

• 
• 

DO 3060 K-l, L-l 
IF (C'RCII,K).EQ.X2(J',» 

CONTINUE 
GOTO 3090 
DO 3970 Ka l, L~l ~ 

IF (CRCII,K).EQ.X3(J'» 
CONTINUE 
GOTO 3090 
DO 3080 Ka l, L-l 

IF (CR(II,K).EQ.X4(J'» 
CONTINUE 

'CONTINUE 
GOTO,3130 

, CONTINUE 
OB a OBt.1 
DO 3110 K-l, L 

CR (OS', K) • CR CIl, K ) 
CONTINUE 
LG(OS) • 1. 
DDCOB) Il DDCI1) 
DO 3120 K-l,~DD(OS) 

ND(OS~K) • ND(1I,K) 
CONTINUE 

CONTINUE 
IF COB.EQ.O) THEM 

GOTO 3100 

GOTO 307~ 

;. . 
GOTO 3100 

, 
WR1TE(., '(lX, ',' ........................ "1 

GOTO 9999 
ENDIF 

• 

lX, "THERE 15 NO CONVEX HULL") 
lX " . '" , , ) , ) , .................... " .. 

"-1 

201. 
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( 

( 

c 

\ 

• ...............•............. ~ ............................. . ...... ~ .~ ...... . 
••••••• 
••••••• 
•••••• i! ........ ..... ' .. 
••••••• 
••••••• 
••••••• 
••••••• ·····f· ••••••• 
••••••• 
tt •••••• 

••••••• 

FOR E A C. H 

STE p~ 4 

TRIGON T , 

D ETE R " 1 N E 'lt H E Tc H E R 

THE R E 1 S 

v 1 S 1 N 

B , C ARE 

A CROSSING 

SUCH TH:AT 

1 N TT, A N 

NOD EQS o Fr 

D 
i 
f . 

A ; 
~ 

, 
••••••••• 
• •••••••• 
••••••••• 
••••••••• 
• •••••••• 
••••••••• 
••••••••• 
• •••••••• 
••••••••• 
• •••••••• ....... ~ .. 
••••••••• .......... . ........ . . ~ , •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ,. 

• • 

) 

• 
• 

DO 4100 II-l, OB 
L • LGCII) 
NN - OO(I1) 
WRITEC., 'C1X,III'- CONVEX HULL - '-,20X2)-) 

.. . ( CR ( II, K) , K -1, L) 
WRITE ( ., , ( / / ) , , 

~, 
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, , 

\ . " 
, 

.r- r 
<'-

" 

\0 .. 
•••••••••••••••••••••• * ........................................ 

• • .. 
• Determine ~h.ih.r the drawi.ng under con.ideration • • • 

has a BUbdrawing -' equivalent to drawing A. ~ • .. 
\. • • ........ .: ...................................................... , .. 

• 
• 

DO 4060 g-l, IH<IJX) 
NU • NTCIJK,Q) 
Yl ·"I 
Y2 - NU 
Y3- • 3 ..) 

Y4 • K 
CALL DRWA 
IF (IS.EQ.l) GOTO 4100 
Yl Il 3 ' 

" Y2 -HU 
"'" Y3 Il I 

Y4 -K 't 

CALL'DRWA 
IF CIS.EQ.l) GOTO 4100 
Yl • K 

0 Y2 • NU 
Y3 • I 
Y4 • J 
CALL DRWA. ( 

IF CIS.ÊQ.l) GOTO 4100 
4060 CONTINUE 
4070 CONTINUE 
4080 CONTINUE 
4090 CONTINUE 

WR ITE ( ., , (lX, , , ••••••••••• ' ....... ~. , •••••• ' , ) , ) 
WRITE(., , (lX, , '. R E C T 1 .L I N E A R .")') 

"WRITE<., '(lX, " ••••••••••••••••••.••••••• "////)') 
4100 COHTIN~ 

~ 9999 EHD 
• 

'" .. • • 
• 

" 

". ~ 

\ 

0 

0 .. , 
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-, • 
-----~--~--~--------------

c-

-

.. 

C 
~ 

C 

--

1 

c 

~ ,_! 
- ~ 

!ii~' , -~~ 

.­.' • 

~ 

......................... , .............•.................... 
• > • • · , . ;, w • 1 wh.n' T i. th CH. • 
• 
• H.ne. W • 1 impli •• titat nad. v i. in Int 'T/ 

• 
• '. " . •••••••••••••••••••••••••••••••••••••••••••• ~ •••• ~ ••• * •••••• 

• 
• ~ 

IF (W. EQ. 1) THEM 
X~ • 1 
GOTO 403:5 

Ef{DIF 
IF ev. EQ.\I • OR. 

t • V. EQ. J • OR • 
• V.EQ.K , GOTO ,404Q 

XX 0 • 
Y1 • 1- -

-) Y2 • J 
Y3 • V 
Y4~ • EX 
CALL TRGL 
Y1 -1 
Y2 -.K 
Y3 • V , 

Y4 • EX """"; K 

CALL TRGL 
Y1 • J 
Y2 -K 
Y3 -V 
Y4 -EX 4 

CALL TRGL 
403:5 IF (XX.EQ.l • OR. XX.EQ.3) THEH 

IH(I3K~ • IH(IJK)+l , 
MT (IJK, IN ( I3K) ) • V ENDIF 

4040 ... CONTI HUE 
IF (INeIJK).EQ.O)GOTO 4070 .4 . 
WRITE ( ., , ( 1:X, 312, :5X, 1712) , ) 1,.3, K, 

* . (HT(IJK, R), a-l, IN(IJK» 
TRe IJK, 1) &1 1 
TRe 13K, 2) • :r 
TR( IJK, 3) • K • 

• t 

' '0/. 

/" .. 
) 
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o 

.. 

fi"' 

o 

o 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• • .. 
• 
• 
• 

Determine whether the drawing un der coneideration 

~a. • ~ubdr.win~ equival.nt ta dra~ing A. 

• 
, '. 

• 
• 
t . ..................•....•...•.•.•........•.•.............. ~. 

• j 

4060 
4070 
4080 

~ 4Q90 

4100 
9999 
• 
• 
• 

1 •• 

. \ 

f' DO 4060 Q-l, IN <IJ'K) 
NU • NTCIJ'K,Q) 

~1 • 1 

Y2 • NU \ 

Y3 -.J 
Y4,· K 
CALL ORWA 
IF (IS. ~Q: 1) GaT a 4100 
Y1 • .J , 

Y2 • NU 
Y3 • 1 

. ~4 - K 
CALL DRWA 
IF (IS. EQ. 1) GOT a 4100 

'Y1 • K 
Y2 • NU-
Y3 • 1 
Y4 - .J. 
CALL DRWA 

. IF (IS. EQ. 1) GOTO 4100 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE -
\W~lTE(.,' (lX, " •••••••••••••• , ••••••••••• ") ') 

WR TE(.,' ( lX, , '. R E C TIL I HElA R .")') , 
WRITE(.,' (lX, " ••••••••••••• , •••••••••••• ' 1'1/11) ') 

CONTINUE 
END ,1 

, . 

? • 

r 

,. 

, 
>-

) 



( 

, 

•••••••••••••••• 
• 

S U B ROU TIN E ........ , .•........ 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• r b ... ~ •.•.......................................... ~ ..... ~ .... · "- . 

SU8ROUTIHE TRGL ~ 
IKPLICIT INTEGER.2 CA-Z) ~ 
COftftON Yl,Y2,Y3,Y4,NX,Xl,X2,X3,X4,XX,IS 
DIftENSION Xl C 100), X2( 100)-, X3C 100), X4C 100j 
IF' CY3.GT.Y4) CALL INTRCHGCY3,Y4) 
IF (Yl.GT.Y3) THEN 

CALL INTRCHGCY1,Y3)\ 
C~LL INTRCHGCY2,Y4) 

ENDIF 
"DO 10 S-l, NX "-

IF CY1.EQ.Xl(S) . AND. Y2.EQ.X2(S) • AND. 
• Y3.EQ.X3CS) . AND. Y4.EQ.X4(S» XX • XX.l 

10 CONTINUE < 
RETURN 
END 

• • 

• 

\ 

,\'-< 

i • 

iIii'lviloi' -..... ___ ...................... ..:,;",..;;..._ .. '-.;..' _'.;..' ___ -'''--_'""''"' "...:.-' "'::':;'~h'~" ~,~~, __ ~ ___ -'--,~ ~.~~_. ~t"": ._:"_'':-'" ~ . _. _" J n , 

• 

.. 



'. ; 

o 

o 

.V 

o 
, ' 

........ ~~ ..... . 
• 

SUBROUTINE 
" 

•••••• 4 •••••••••••• 

• • 
• 
• 
• 

• 
• 

J -•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• 

• 

SUBROUTINE DRtfA 
IKPLICIT INTEGER.2 CA-Z) 
CO"KON Y1,Y2,Y3,Y4,NX,Xl,X2,X3,X4,XX,IS 
DI"EHSION X1<lOO),X2(100)r,X3(100),X4(100~ 
IF CY1.GT.Y2) CALL INTRCHG(Y1,Y2) 
IF CY1.GT.Y3) TH EN 

CALL INTRCHGCY1,Y3) 
CALL INTRCHG(Y2,Y4) 

ENDIF 

- I~ Cv,i)xCj,k) then drawing i. nQn-r.ct~lin.ar. 

- IS - 0 
DO 10 'S.-l, HX 

IF CYl. EQ. Xl CS) .' AN.o. Y2. EQ. X2< S) • AND. 
• Y.3.EQ.X3(S) • AND. Y4.EQ.X4(6» THEN 

WRITEC-, '<lX, "<",12, ", '·,,12, 
• 1 1 )xr", 12, ", ", 12, ")")' )Y1, Y2, Y3, Y4 

W RITE ( -, , < 1 X, , , • • • • • • • • • • • • • • • '. • '.' • • • • 1 , )., ) 

WHITEC., '(lX, ". NON - RECTILINEAR • ")') 

•• 

ENDIF 
la . CONTINUE \ 

RETURN 
END 

• 
• 

WRITEC-, '(lX, " ••••••••••••••••••••••• Il 

19. - 1 
RETURN' 

( 

III/)' ) 

• 
•••••••••••••••• S U B ROU T 1 H E ••••••••••••••••••• 
• 
• 
• 

Int.rchang.. th. valu.. of Â and B 
If 

, . 

., 

.. .. ~ .................................... ~ ................... . 

• 
• -

SUBROUTIHE IHTRCHGCA,B) 
"INTEGER.2 A, B, T 
T • A 
A - B' 
B - T 
RETURN 
END 

" 

, 
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APPENDIX CI!. 

PROGRAM TO GENERATE THE NOH-ISOMORPHIC 

RECTILINEAR DRAWI,NGS D USING 

-' 

n 
THE NON-EQUIUALENT'RECTILINEAR 

DRAWINGS D 

208 

- r '~I , --..[ ~ 

n-.1 

,..-

. 
" 

. \ 

• 



. 
o 

; • .D .J 

,. -

41 

:' 
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• 
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. 1. GENERAL FLOWCHART 

( STAR!) 

+ 
IMPUT'I' ot orossinvs ancl 

t~t orossinvs ol,Dn-l 

Ltt R ht th. ut If dl 
- oon-lsol"lOf'phlo reot liour 

c1NWinqs to bt obtl ntlS. 
JI Is Initiall~ 'MP ~. 

IHPUtl* of o~oslln9J and 
t~. orossin'qs of Dn-1 

Obhi n l ut of oros; i n91 
le = (n p )x(n-1,.) 

HO 

NO 

209 

o 

t"L 
1 

U.in9 Thtor.M 8.1, obtaln 
~'M&ini.nq or.ossinq. of Dn. 

\.. 

1 
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.. 

/ 
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~III- COMPUTER PROGRÂM (FORTRAN 

~f 

77) ... 

(;-~ 

· '. • • • • • • • • . -. • • • • • • • • . ( -' • • • .. • • · - !" 
• L.t 0 .. _. be a ree1:.ilin •• r draving o~ the complete • • • • graph K .. _ a. w. label tb. node. o~ D .. -a such th.t • • • • th. nod. n-l b. on its convex hull and Bueh that the. 
• ~ • • Ifrc. Cn-l, i) and C n-l, 1.+1) be adjacent to each other· 0 

• • • vith re.p.ct to node n-l, a. .hown in Fig.S.l.3 o:f • • • • Chapt.r S. • 
••••••••••••••• ~ ••••••••••••• a,-•••••••••••••••••••••••••••• 

-• • • Cl I V E N r-...T H"E C R o S S l ~G S Q F E A C,H • • E"Q • • 0 F THE N Q,N U l V A L E N T • . CI 
• • • R E C T l L l N E A R 0 .. _ a A L o li G W I T H'. , 
• • • T H E l R A P P R 0 p- R l Â T E N 0 0 E S , • • • • L Il B E L S Il S E X P L Â l N E 0 I N .r'-r "-. • • C H Â P T E R S , T H l S P R 0 G R Il M W I L L • • • • Cl E oN E R Â T E A L L N 0 N-I S 0 " Q R P H l C • 
* • • 0 R A W I N Cl S '0 .. • \ • • • • • • • • • • • • • • ~ • • • • • • • • • • • • • • • • 

.. 

\ 

.. 210 
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1 

,. 

o 

o ... 
L 

IKPLICIT INTEGER.2 (A-Z> 
.. L.t DR b. th. draving on hand, and 
.. ·~.t D.* b. a drawing belonging to th ••• t 
.. non-i.oMorphic drav~ngs alr.ady gen.rat.d 
.. vhich ve compare D. ~or isomorphisme 
• '. 

• 

.. 
.. Xl (. >, X2 (. ), X3 (. ), X4 ( .~) :1 crossi!nga o:f DR • 
.. SXl (. ), SX2 ( • ), SX3 ( • ), SX4 ( • > • cros.ingill of DIO· .. 
.. Zl (. >, Z2 (. >, Z3 (. >, Z4 (. > • cro.sing. o:f D .. - a .. 

DIMENSION Xl(210),X2(210)pX3C210>,X4(210> 
DIMENSION SX1(210),SX2(210>,SX3(210>,SX4(210) 
DIMENSION Zl(210),Z2(210>,Z3(210),Z4(210) 

.. NODESC. >,RSPNDC. ),RSPAR(. > • nod •• , nod.. .. 

.. r •• ponsibili ti.. and .. 

.. arCB r •• ponaibi.l.i ti.. • 

.. re.pectively, :for 0.. .. 

.. SNODES(. >.SRSPND(.>,SRSPAR(.) • node., node. .. 

.. re.ponaibilitie. and • 

.. arcs r.spon.ibiliti .... 

.. re.pectiv.ly, ~or DR' .. 

.. .. 

DIMENSION NODES(10),SNODES(10) 
DIMENSION RSPND(10),SR~PND(10) 
DIM~SION RSPARC4S>,SRSPAR(45) 

.. INDXC. > and IARC(.) are used in the proo ••• of 
-.. generating the arcs (n,i> o~ drawing D~. .. 

.. .. .. .. .. 
.. INDXC.) vill contain the valué 1 if arc (n,i> cro ...... 
• arc (n-l,j>, and th. valu. 0 ath.rwi... .. 
• IARe(.) will contain the large.~ value. that~the -* 
• elements a~ INDX(. > could attain, namely 1. • 
• 
.. 
• 
• 

DIMENSIpN INDX(2B>,IARC(28>,SIHDX(2S) 
.. 
.. .. .. 

• MNC.) and MX(. > are used in the proc ••• a:f d.t.rmining* 
* wl'ether the sub-drawing conaiating a:f t.h. nod •• r,., t." .. 
• n, n-l and their corr •• ponding arc., i. r.ctilin •• r. • 
.. MNC.> vil~ contain nodes r,. and t. . .. 
.. MXC.> wi~l cq~tain th. maximum ,valu. :for .ach ot th ... 
.., ,nades r; sand t. h' • 

,) .. 
.. '. • 
• 
• 

DIMENSION MN(3),MX(3) 

DIMENSION PERM(10) 

( 211 
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# 

" 
C-

l 

o 

, 
o • 

(~C,,~ , 
\ ) 

• • • • • • .' ••••••••••• * • • • • • ••• * * 
• • 

Input th. d1 •• n.ion, n, , .. ' . • 
• 
• 

th. numb.r !:f cross1nga, 
,D .. - l • 

and th~ crossings 01' * 

• 
* •• *- * • * • • * •••••••• * ..... 

OPÈN (2, FILE- ' C: MONISO' , STATUS- ' NEW' > " 
NORAW - 0 
WRITEC *, , (lX, " 'INPUT N")') 
READ C., ~O 1 > N 

• * * 

• 
• 

••• , 

" ..... 100 
IF (N.EQ.O> GOTO 9999 
WRITEC.,' (lX,/11 • 

, 
{ 

• 

-'\1000 
1002 

1004 
100~ 

0, 
0 

• ' , , 'oF REGIONS,' OF CROSSINGS")') 
READ (., ~pl > PC, HXO • 
IF CPC.Ed:O .OR. NXO.EQ.O) GOTO 9~99 
NN1 .,~ N.CN-l )/2 ~ ......... 
N3N2-. "CN-3).CN-2);i2 

"1 • N-1 
WRITE(., l(lX, "INPUT CROSSINGS")') 
DO 1000 1-1, NXO 

REAO (-,301) Xl(I),X2~t),X3(I),X4(I) 
1 F ( PC. GT. 1) THEN' 

2HI) :. Xl(I) 
Z2 ( I) - X2 ( l ) 
Z3 ( I) - X3 ( l ) 
Z4 ( 1 > • X4 ( l > 

ENOIF 
CONTINUE 
00vl004 lai 

IARC( 1) 
,INDX(I> 

CONTINUE 
NX ~NXO 
K - 0 • 

, 83N2 

- 1 
• 0 

00 1020 11-1 , N-3, 
00 1010 12-11+1 , N-? 

K - K+l 
IF (INOXCK) • NE. ) THEN 

MX • NX+l 

... 

J 

Xl (NX> • Il 
X2(NX> • N 
X3(NX) • 1 
X4(NX> • N 

ENOIF 
CONTINUE , 

CONTINUE . \ 

~ r""-
* 
* 

I 
I 

• 
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/ 

-

,~ 
'JI 

O~ 

• • • •••••••••••••• . . ' .. • • =i: of oro •• ing. (n,.) x en-l,.) ia ch.oked to 
.,. det .. r in. wh.ther it could belong. to • reotilin •• r 
• dravi 
• 

• • 
• 
• 
• 
• 
• 

• I~ th1 set oannot b.~ong to • rectilin •• r drawing, • 
f~.n it ia ignored~ Oth'rwi •• , the r.maining cro •• ing •• 

~~ of the drawing are obtained uaing Th.or ... 8. 1 o:f • 
1. Chapter 8.' h • · ~ . 

• •••••••••••••••••••••••••••• 
• • 
• • 

DO 1030 1-1 , :3 

1030 
1035 

104Q 

• · , 
• • 

MX ( l ) - N + l - S 
MN ( 1)-1 

CONTINUE ~ 
R = MN( 1> 
S • MN(2) 
T os MN(3) 
A os 0 
B os 0 0 

C os 0 
... D os 0 

DO 1040 r-1, MX 
IF ( R. EQ. Xl rI) \ AND. T. ECl. X2 ( 1> • AND. 

• S.~Q.X:3(I) • AND. N1.EQ.X4(I» C-1 
IF ( R. EQ. Xl ( l ) • AND. N. EQ. X2 ( I) • AND. 

• S. EQ. X3( 1) • AND. Nl. EQ. X,4( 1» A-1 
IF ( R. EQ. Xl ( l ) • AND. M. EQ. X2 ( 1) • 4ND. 

• T. EQ. X3( 1) • ~ND. Nl. EQ. X4( 1) >' 8-1 
IF (S. EQ. Xl ( l ) • AND. N. EQ. X2 ( 1) • AND. 

• T.EQ.X3(I> • AND. Nl.EQ.X4(I» 0-1 
CONTINUE 

( 

o. 

\" 

\ 

~-./, 
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( • * . -. * • • • * • * * • • . • • • * * * * • * * • * * • * .. ' 
& * • Ch.cking wh.th.r t.h. cro •• ing. b.l~ng t.o a rectilinear* 

• dr.wing.' • • * 
f ?' • * * • • * • • * • * * * • • • • • * • • • • * • * • * * , 

• * • * ~ 

IF C CA. EQ. 0 • AND. B. EQ. 0 • ANp. > C. EQ. l • AND. D. EQ. 1) 
• ; OR. r • ,(A. EQ. 0 • AND. B. EQ. 1 .. AND. C.EQ.O • AND. D. E.Q. 0) -
• • OR. 

r • (A.EQ.O • AND. B. EQ. 1 • AND. C.EQ.l • AND. D. EQ. 0) 
• .1 • OR • 
• (A.EQ.O • AND. B. EQ. 1 • AND. C.EQ.1 .-AND. D. EQ. 1) 

, a " • • OR. -• (A.EQ.1 • AND. 'B. EQ. 0 • AND. C.EQ.O • AND. D.EQ.O) 
• • OR. 
• (A.EQ.1 • AND. B.EQ.O • AND. C.EQ.O • AND. D. EQ. 1) 

c, • • OR. 
• (A.EQ.1 • AND. B.EQ.O • AND, C.EQ.l • AND. D. EQ. 1) 
• • OR. 
• CA. EQ. 1 • AND. B. EQ. 1 • AND. C.EQ.O • AND. D. EQ. 0) ) 
• GOTO 2112 

• • ( • * • * 

, 

i 

( 



j 

/ 

L 

• .* •• **.* •••••••••••••••••••• 
• Obtaining th. r ••• ini~g o~ th. aroaainga. • 
••••••••••••••••••••••••••••• 

• 
• 
• 
• 

1050 

• 

• 

10:55 

1065 

1067 

1085 

• 

A • 0 
B - 0 
-t: - o· 
o - 0 ~ 
DO 1050 P-1,NX 

If ( x l. ( P ) • Eg. R 
X3CP). Eg. S 

IF (Xl(P)' Eg. S 
X3(P). Eg. T 

IF (Xl (P ) • Eg. R 
X3(P)' EQ. S 

IF (Xl(P). EQ. R 
X3(P). EQ. T 

CONTINU~ • 

• AND. 
• AND. 
• AND. 
• AND. 
• AND. 
• AND. 
• AND. 
• AND. 

X2 ( P ) • Eg. T • AND. 
X4(P).EQ.Nl) 
X2(P). EQ. N • AND. 
X4(P).EQ.Nl) 
X2 ( P ) • EQ. N • AND. 
X4(P). EQ. Nl) • 
X2 (P) • EQ. N • AND. 
X4(P)'EQ.N1) 

IF «A~Q-: 0 • AND. B. Eg. 0) • OR. 
(A. EQ. 1 • AND. B. Eg. 1» THEN 

NX -NX+l 
Xl(HX) :1 R 
X2(NX) :1 T 
X3(NX) :1 S 
X4(NX) :. N 
GOTO 1055 

EHDIF ) 
IF «C. EQ. 1 .• AND. D. EQ. 0) • OR. 

(C.EQ.O .AND. D.EQ.l» THEN 
NX =-NX+1 
X1(NX) :Il R 
X2(NX) :1 N 
X3(NX) :r ~ 

X4(NX) • T 
ENDIF 
lF (MN(3).EQ.MX(3» THEN 

-LST - 2 
GOTO 1067 ~ 

ENDIF, 
MN ( 3 ) - KN ( 3 ) + 1 
GOTO'1035 
IF (KNELST).Eg.KX(LST» THEN 

IF (LST.GT.1) THEN 

,.ELSE 

- LST - L..ST-l 
GOTO 1067 

.GOTO 1095 
ENDIF 

ENDIF 
"NCLST) - "N(LST) + 1 
DO 1090 I-LST+l , 3 

KN ( 1) • MN ( 1--1 ) + 1 
CONTINUE 
GOTO 1035 
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c 
:. 

'. 

, 

(--\ 

'1. 

J 

( 

1 

• . " .*.*~1t •• 
1 • '. ~ • ~ •••••••• * •• • • • 

* • 
• • 
• • 
* • 
• • 
* * 
109S 

Arranging .ach croaaing (a,b) x (c,d) au~h 
that a < b , c < d , and a < c ; 'and 
aorting th. crOa8irga in :~cending order; 

• • .' • * • * • * • *'. ,. . ..• . . * • ~* • • • 
CALL ARRNGXCNX,Xl,X2,X3,X4) 

• • • 

• • • 
• 
* 
* 

CALL SORTXCNX,Xl,X2,X3,X4) 
• * * .• • • * • • • • ••• * • • • 

! 

~ 

* • • • • • • • 
• 
* 

• • • • * • • * • * • • • * • • • * • * \* • • • * • • 
CALL nODRSP(N,NX,Xl,X2,X3,Xt,RSPND,NODES)' 

.. 
* • 
* 
* 
* 
* 
* 
* 
• 
• 
• 
• • 

J 

20S0 

2060 

• 

2010 

* 

* 

CALL A RCaSP(H, NN1,NX, Xl, X2,X3,X4,RSPAR) 
• * * • * • • • * • • • • • • • • * • * • • • 

Fil. NONI~ on' drive c ,will contain the 
non-i.omor~hic t' awings. Each o~ these is 
ôompar.d ag,in& the drawing on hand. 1%· 
it ia iaomorphi to _ny of the drawings 
alr.ady ator.d in NONISO then it ia ignor.d, . 
oth.rYi.. i t is atored in NONISO- and i ta ' 

&croaainga ar. di.play.d. , . 

• • • 
• 
• 
• 
• 
• 
• 
• 
• 
• 

• • • • • • • • • • • • • • • • • • • • • • • • • • 
IF (NDRAW.GT.OJ THEN 

OPEN (2,FILE='C:NONISO') 
ISO • 0 . 
DO 2070 1=1, NDRAW 

READ(2,501) SNX 
READ (2,501) 

• (SX1(3),SX2(J),SX3(3),SX4(3),J=1,SNX) 

• 
' . 

READ (2,501) (SRSPND(3), J=l, N) 
RE~D.(2,~01) (SNODES(3), J=l, N) 
READ (2,~1) (SRSPAR(3), Jal, NN1) 
READ (2,4501) (SINDX(J), 3=1, N3N2) 
IF (SHX.EQ.NX) THEN 

DO 2050 3 a l, N 
IF (SRSPND(3).NE.RSPND(3») 'GOTO 2070 

CONTINUE 
DO'2060 3=1, NNl 

IF (SRSPAR(3).NE.RSPAR(J» GOTO 2070 
CONTINUE ' , 

- CALL ISO!tOR 
(N,NX,RSPND,NODES,SNODES,Xl,X2,X3,X4, 

SX1,SX2,SX3,SX4,ISO) 
IF (ISO.EQ.1) GOTO 2112 

ENDIF 
CONTINUE 

ENDIF ~ ., 
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'0 
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· '. . . . . . . . . .. . . . . . . .. . . .- . . . . . . . .... 
• OUTPUT .. .. . .. . . .. .. . . . . . . . .. . ~ ...... ~ ~ ." .. . 

WRITE(2,501) NX 
WRITE(2,SOl) 

--. - (Xl (J), X2 (J), X3 (J~, X4 (J), J-l, NX) 

2110 
2112 

2117 
2125 

/ 

2135, 

2137 

WRITE(2,501) (RSPNO(J), J-l, N) 
WRITE(2,5~) (NOOESeJ), J-l, H) 
WRITE(2,5'bl) (~SPAR(J), J-l, NN1) 
WRITE(2,501) (INDX(~), J-l, N3N2) 
CLOSE(2) 
NORAW • NDRAW + 1 ~ . 
WRITE C., 601) NDRAW, (INOX el), 1-1, N3N2) 
WRITEC.,602) 

DO 2110 1"'1, MX 
WRlTEC.,603) t;_ Xl(I),X2(I),X~(I),X4(I) 

CONTINUE ~, 

I~ (tNOXCN3N2).GE~RC(N3N2» TH EN 
. LAST • N3N2 --

GOTO 2125 
ENOIF . 
INOXCN3N2)~. INDX(N3N2) + 1 
GOTO 1005 

,IF .( INOX C LA ST ). LT. lARe (LAST» GOTO 2135 
IF (LAST.EQ.1) GOTO 2145 
LAST Il LAST - l 
GOTO 2117 
INOX(LAST) - INDX(LAST) + 1 
DO 2137 I-LAST+1 , N3M2 

INDX(I) = 0 
CONTINUE . 
GOTO 1005 · . . . . . . . . . . . . . . . . . . . .. .' . . . '-. . . . . 

• • 
• Changing the region in wh1ch th.,n-th nod. ia plac.d ... 
• • · . . . . . . . . . . . . . .. . . . . .. . . . . .. . ~ . .. 

? 2145 

2160 
? 2170 

IF (PC.NE.l) THEN 
PC • PC -1, 
WRITE(.,'(lX,III" INPUT NEW LABELS")~) 
READ(»,501) (PERM(I), I=;, N-l) 
DO 2170 1-1 , NXO 

• DO 2160 J'al, N-l 

, IF (Zl ( 1 ) • EQ. J') 
IF (Z2 (I). EQ,. J) 
IF (Z3(~).EQ •. 1> 
IF, (Z4CI).EQ.;) 

CONTINUE -
CONTINUE 

217 

Xl(l) 
X2(I) 
X3(l) 
X4 (I) 

- PERM(J) 
- PERM(Ji 
• 'PERM(J) 
- PERMCJ) 
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l.. 

~ 
DO 2180 1.1 , NXO 

IF ( Xl ( 1) • GT. X2 ( 1 ) ) 
CALL INTRCHG (Xl ( 1 ~', X~ ( 1) ) 

IF (X3(I).GT.X4(I» 
CALL LNTRCHG(X3(~),X4(I» 

IF (Xl(I).~T.X3(I»-THEN 
CALL INTRCHG( Xl CI) "X3( 1) ) , CALL INTRCHG(X2~I),X4(I» 

; EHDIF ,l . , 
~180 

!SOl 
601 

602 

603 

.. 
* 

.* 

CONTINUE 
GOTO 1002 

EHDIF \ 
GOTO ,100 \ 

FORIIAT (28I2)~) 
FORtfAT('O', '/D R A W l H G Il ',14,1 

,~/ ····················'/1X,28(I2» 
FORIIAT(lX~/I' C, ROS S l' H G S '1 

; '. 
1 --------------~--'/) 

FORMAT( " ',12, , ( , , 12, " " I2, ') x (', 

9999 END 
!2, " " I2, , ),,' ) 
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• •• ***** ••• *.* ••• **.* •• ** •••••••••••••••••••••• * •••••• * •• * . . .. *.............. S U B ROU TIN E •••••••• * ••••••••• 
-•••• ** •••••••••• ** ••••••••••••••••••••••••••••••••••••••• 

• • 
• Nodes reaponaibiliti.a ar. calculat.d ~.~.. Th ••• ar ••. 
• aorted in deacending ord.r and th.ir corr •• ponding • 
• nod.. arr. r •• rranged acoordingly. • · ~ . 
•••••• ~ ••••••••••••• *.* ••••••••••••••••••••••••••••• * •• 

'SuaROUTINE NODRSPtH, NX,Xl,X2,X3, X4,RSPND,NODES) 
'I"PLIC~T INTEGER.2 'A-Z) 
DIMENSION X1CNX),X2CNX),X3(HX>,X4CNX) 
DI!fENSION RSPNDCN>,NODESCN) " 

. ~ DO 10 3 = 1, H 
RSPND(J) ,- 0 

la' CONTINUE 

·20 
30 

40 

50 
60 

* 
• 

DO ,30 1,;,1, wc 
DO 20 J=-l,·H 

IF C Xl ( l ) • EQ • .1 • OR. 
X2(I).EQ • .1 • OR. 

, 
• 

X3 C ± ) • EQ. J • OR • 
X4 <'1 l.J. EQ • .1 ) RSPNDCJ) • RSPND(J)+l 

CONTI.NUE . 
CONrINUE 
DO 40 1=1, H . 

_NODESC I) ::a 1 

'CONTINUE 'J DO 60 1-1,' H-1 a' 

DO 50 .1-I+1, N 
IF (RSPHD<I).LT.RSPND(.1» THE 

CALL INTRCHG(RSPND(I),RSPND(.1» 
CALL INTRCHG ( NaDES ( 1), NODES ( J) )­

ENDIF 
CON:rINUE 

CONTINUE 
RETURN 
END 

L 

" ' 
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-'1 ',.) " 

, ••••••••••••••• * ••• * •••••••••••••••••••••••••••••••••••••. 
••••••••••••••••• S q B ROU TIN E ~ ••••••••••••••••• 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• • 
• Arc. r •• pan.1b11it1e. are calcu~ated th en arranged in. 
• d •• cend1ng arder. • 
• • 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

10 

20 
30, 
40 

:SO 
60 

SUBROUTINE ARCRSPCN,H,NX,X1,X2,X3,X4,RSPAR) 
IMPLICIT INTEGER.2 C A-Z > \ 
DIMENSION Xl(NX),X2(NX>,X3(NX),X4CNX) 
DIMENSION RSPAR(H) 
DO 10 J-1, If 

RSPAR(J) - 0 
CONTINUE 
DO 40 1 11 1, NX 

JK Il 0 J 
DO 30 J e l, N-l 

DO 20 K=J+l, N 
JK :1 JK+1 

.. IF « Xl ( l ) . EQ • .] 
(X3 ( 1) • EQ • .] 

RSPAR(JK) 

. AND. X2 (I ) • EQ. K> • OR. 

. AND. X4 ( l > • EQ. K) ) 
• 

CONTINUE 
CONTINUE 

CONTINUE 
DO' 60 1-1, 11 -1, 

DO :SO J. l + 1, 11 

= RSP AR ( JK ) + 1 

IF (RSPAR(I).LT.RSPAR(.]» 
• CALL INTRCHG'RSPAR(I),RSPAR(J» 

CONTINUE 
CONTINUE 
RETURN 
END 

( 
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•• (~.* ••• * ••••••• ** ••••• ** •• * •• *.*.* ............ *.*.** ••• 
••• **** ••••••••• * S U B R, OUT l N E ••• **** •• *.**** ••• 
* •• ** *~.* ••••••••• * ••• ,:!* •••••.••••• * ***** * •• * *..... ...... ~4' · . -• 
• 

o _ 

A cro •• ing <a,b)x(c,d) ia arrang.d auch that 
a < b, c < d and a < c 

• 
• 

••••• * ••• * •••••••• *.** ••••••• ** •••• *.* ••• ~ •••• ** •• ** •• *.* 

10 

.. 

SUSROUTINE ARRHGX(HX,~1,X2,X3.X4) 
IMPLICIT IHTEGER.2 (A-Z) 
DIMENSION Xl (MX), X2(HX), X3(NX), X4'(HX) 
Da 10 1-1, NX 

IF (Xl(I).GT.X2(I» CALL INTRCHG(Xl(I),X2(I» 
IF (X3(i).GT.X4(I» CALL INTRCHij(X3(I),X4(I» 
IF (Xl(I).GT.X3(I» THEM 

END 
CONTIN 
RETURN 
END 

\ 

CALL IBTRCHG(Xl(I),X3(I» 
ALL INTRCHG(X2(I)~X4(I» 
F 4 

E 

/ 
'/ -

/~ 

" " 1 
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.. 
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. a 

, 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
••••••••••••••••• S U B ROU ·T l NE •••••••••••••••••• 

. ••••• , ••••••••••••••••• * •••• * •••••••••••••••••••••• * ••••• 
• 
• The cro •• ing. o~ a draving are aorted in asc.nding 
• order. r 

• 

• 
• 
• 

f.. 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

10 
12 
14 
16 
20 
30 

* • 

'SUBROUTINE SORTX(NX,Xl,X2,X3,X4) J 
IMPLICIT INTEGER.2 (A-Z) • 
DIMENSION Xl (NX), X2(NX), X3( NX), X4(NX,> 

IDO 30 1-1, NX-l - ( 
- DO 20 J'-I+l, NX, ( 

IF CX1(I).LT.Xl(J'» GOTO 20 
IF (Xl(I).GT.Xl(J'» GOTO la 
IF (X2(I).LT.X2(J'» GOTO 20 
IF (X2CI).GT.X2(J'» GOTO 12 
IF (X3(I).LT.X3(J'» GOTO 20 
IF (X3(I).GT.X3(J'» GOTO 14 
IF (X4 ( l ) • L T. X4 (vJ» GOTO ~O 
IF (X4(I).GT.X4(J'» GOTO 16 
CALL INTRCHG(Xl(I),Xl(J'» 
CALL INTRCHG(X2(I),X2(J'» 
CALL INTRCHG(X3(I>,X3(J'» 

~CALL INTRCHG(X4(I),X4(J'». 
CONTINUE 

CONTINUE 
RETURN 
END 

1 
1 
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o 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• ~............... S U B ~ 0 U TIN E •••••••••••••••••• 
•••••••••••••••••••••• * ••••••••••••••••••••• ~ ••••••• * •••• 
• • • Two draw:1ngs ar. compared :far :l..omarph:l..m. Nade • • reepana:1bi'li ti •• ar. u •• d ta r.duce th. nu.ber • • a:f camparisons. • .- • 
• ' Var:J.ati'l. ISO tak.. the v.~ue 1 

" 
when.ver the tvo • • drawinge er. iagmorphic. atherw:l. •• :l.t 'k.ep. it. • • or:1gina~ valu. af z;.ro. .. 

• ............................. ~ .......................... . 

• 

SUBROUTINE ISOMOR(N,NX,RSPND,NODES,SNODES, 
.. Xl, X2, X3, X4, 
• SX1,SK2,SX3, SX4, ISO) 

IKPLICIT INTEGER*2 (A-Z) 
DIMENSION RSPND(N),NOOES(N),SNODES(N) 
DIMENSION Xl(NX),X2(NX),X3CNX),K4(NX) 
DIK~HSION SX1(NX1~SX2(NX),SX3(NX)~SX4(NX) .. 

.PR(. ),PRK(. ),MP(.,. >,"INI(. ),.HAXI(.) are usedtogenerate. 
• new nod •• ' label •• 

/ · .. DIMENSION PR (6), PRtl< 6), .HP (6,6), MINI (9), .HAXI (g) -· .. 
• Yl(. ),Y2(. >,Y3(. >,Y4(.) = cro •• ing. after relabelling. 
• the node. • 
• 

, 100 

110 

120 
130 

, 

,\ 

- ~ 
DIMENSION Y~(15),Y2(15),Y3(1~),Y4(15) 
DO 100 L=l, N' 

PR(L) = 0 
CONTINUE 
.l..:8 1 
PRe 1) = 1 
DO 110 L=2, N 

IF (RSPNO(L-l).GT.RSPNO(L» THEN 
,J • J+l 
PR(.1) • 1 
GOTO 110 " 

ENDIF 
PR ( J) :8 PR (.1 ) + 1 

-CONTINUE 
S • 0 
R • 0 , 
DO 130 1-1, N 

DO 120 .]-1, 
.HP (l, J) • 

CONTINUE 
CONTINUE 

. 
N 

o 
, \ 
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( 

• 

c 

200 
210 

220 

300 
310 

320 

330 

400 
410 

~oo 
~10 

600 

• 

• 
• 

DO 220 :S-1, N 
S • S+PR(.J-l) 
IF ePR(J).NE.O) THEN 

DO 210 Ka l, PReJ) 
R .• R~l 

o 

\ 

DO 200 La l, PReJ) 
MPCNODESCL+S),K) • SHOOESCR) 

CONTINUE 
CONTINUE 

, ENOIF. 
CONTINUE 
DO 320 1=-1, N 

PI • 0 
DO 300 J-l, N 

IF (MP (l, .J). Ed. 0) GctrO, 310 
PI =- PI+l .. 

CONTINUE 
MINI (I) :1 l' 
MAXleI) ~PI 

CONTINUE 
15 ."1 
DO 410 RW-IS, N 

PRMI =- MPCRW,MINICRW» 
PRM (RW ) • PRltI 
DO 400 .J.l,' RW-l 
, IF (PRM ( .J ) • E~. PRMI) GOTO 700 
CONTINUE 

CONTINUE 
DO ~10 Kal, NX 

DO ~OO .J=1, N, 
IF C Xl (K ) • EQ. 'J ) 
IF (X2 e K) • EQ. J) 
IF. (X3eK). EQ. J) 
IF· (X4 ( K ) • EQ. J ) 

CONTINUE ". 
CONTINUE 

Yl(K) aPRM(.J) 
Y2<K) -PRMC.J) 
Y3(K) -PRMe.J) 
Y4( K~=PRM (.1) 

.'" 

... 

CALL ARRHGXeNX,Yl,Y2,Y3,Y4) 
CALL SORTXCNX,Yl,Y2,Y3,Y4) 
DO '600 1-1, NX 

IF (SX1(I).NE.Y1<I) .OR. SX2e~).NE.Y2(I) .OR. 
SX3(I).HE.Y3eI) .o~. SX4(IhNE.Y4(I» 

CONTINUE 
ISO • 1 
GOTO 900 

.. -- .. 
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-,0 
G 

~ 

o 

,0 

?OO 

?10 

?20 
7,,30 

?40 

?50 

900 

* 
* 

\ 

,", 

1S • RW 
IF, (MINI(RW).GE.MAX1(RW» THEM, 

LST • RW 
GOTO ?30 

ENDIF 
K1NI(RW) • MINI(RW)+l 
GOTa 330 ' 
IF (MIHI(LST).LT.MAXI(LST» GarO 740 
IF - (LST. EQ. 1) GOTO 900 
LST • LST-l 
IS • IS-1 
GOT a 720 
KIHI(L~T) • KINI(~ST)~l 
DO 750 L-LST+l, N 

MINI(L) -1 
CONTINUE 
GOTa 330 
RETURH 
END 
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"---IHTEGER*2 A, S, T 
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A • B 
S • T 
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